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Abstract

A generalization of Marshall-Olkin(1967) bivariate exponential model is proposed and
the existence, uniqueness and asymptotic distributional properties of the maximum like-
lihood estimators are studied. The classical Marshall-Olkin model is a mixture of an
absolutely continuous and a singular component, that concentrates its mass on the line
x = y. In this paper, I generalize Marshall-Olkin’s results considering a distribution with
concentrate positive mass on the line x = py. Some simulation results to compare the two
models are presented.

I also derive an extension of Marshall-Olkin (1967) model for any function which
is continuous and twice continuously differentiable in some open dense domain. This
extension gives class of models some of it have exponential marginals. We derive its
asymptotic normalities.

I model the first mixed moments of bivariate exponential models whose marginals are

also exponential using the method of generalized linear models.
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Chapter 1

Introduction and Motivation

The idea behind maximum likelihood estimation (MLE) is to determine the parameters
that maximize the probability (likelihood) of the sample data. From a statistical point
of view, the method of maximum likelihood is considered to be more robust (with some
exceptions) and yields estimators with good statistical properties. In other words, MLE
methods are versatile and apply to most models and to different types of data. In addition,
they provide efficient methods for quantifying uncertainty through confidence bounds.
As a general method of estimation it was first introduced by Fisher (1912) in a short
paper and he made further developments in a series of papers. MLE has many optimal
properties in estimation: sufficiency (complete information about the parameter of interest
contained in its MLE estimator); consistency(true parameter value that generated the data
recovered asymptotically, i.e. for data of sufficiently large samples); efficiency(lowest-
possible variance of parameter estimates achieved asymptotically); and parametrization
invariance(same MLE solution obtained independent of the parametrization used).

The consistency of a maximum likelihood estimator has been established under very
general conditions by Wald (1949) and Wolfowitz (1949). Conditions needed for it to be
asymptotically efficient, that is , consistent and asymptotically normal with variance equal
to the Cramer-Rao lower bound has been treated by several authors. Typical conditions are
given by Cramer (1946), Dugue (1937), Gurland (1954), Kulldorf (1957). Chanda (1954)
generalizes a result by Cramer (1946) and proves, under some regularity conditions stated
in Chanda (1954), that there exists a unique solution of the likelihood equations which is
consistent and asymptotically normally distributed. Using the same conditions Peters and
Walker (1978) show that there is a unique strongly consistent solution of the likelihood
equations, which locally maximizes the log-likelihood functions. Consistency problems
have been studied in many particular cases: see Jewell (1982), Hathaway (1985), Pfanzagl
(1988), Leroux (1992) , Van De Geer (2003) and Atienza et al. (2007). Authors such as,
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8 CHAPTER 1. INTRODUCTION AND MOTIVATION

for example Le Cam (1955) and Bahadur (1960) discussed large sample estimation in a
more general context. Daniel (1961) developed an argument showing that it is possible
to deduce asymptotic efficiency from a much weaker set of assumptions concerning the

behaviour of the density function.

Generalized linear models(GLMs) were introduced by Nelder and Wedderburn(1972),
as a means of unifying a number of classical statistical models such as normal-theory
linear models and analysis of variance, logistic regression, Poisson regression and log linear
models for contingency tables. The unification extends to the method of inference, known
as analysis of deviance, which generalizes the analysis of variance for normal models.
GLMs have unified regression methodology for a wide variety of discrete, continuous, and

censored responses that can be assumed to be independent.

A main feature of GLMs is the presence of a linear predictor, which is built from
explanatory variables. This linear predictor is linked to the mean response by a so called
link function, which may take various forms. Many ideas of linear regression carry over
to this wider class of models. An important extension of GLMs is the incorporation
of nonparametric parts in the predictor. The parametric model assumes that variables
enter the model in the form of a linear predictor in non- and semiparametric regression
techniques, however, this assumption is weakened when the covariates are allowed to have

unspecified functional form.

An important consideration is that (generalized)linear models are easily understood
and can be summarized and communicated to others in a straightforward manner. In
addition, parameter estimates from these models can be used to predict or classify new

cases simply and readily.

GLMs as described for example by Nelder and Wedderburn (1972) and McCullagh and
Nelder (1989) are regression models to analyze continuous or discrete response variables.
The association between the response variable and the covariables is given by the so-called
link function. GLM assume that the observations are independent and do not consider
any correlation between the outcome of the n observations. Marginal models, conditional

models and random effects models are extensions of the GLM for correlated data.

There are many publications on these models, like, Gibbons and Hedeker (1997), Hea-
gerty (1999), Heagerty and Zeger (1996), Hedeker and Gibbons (1994), Zeger and Karim
(1991), Molenberghs and Lesaffre (1994), Lipsitz and Ibrahim (1996), Daniels and Zhao
(2003), Zeger and Qaqish (1988), Zeger, Diggle and Yasui(1990), Zeger(1988) and others.
In the marginal model, the primary interest of the analysis is to model the marginal expec-
tation of the response variable given the covariables. Here, the correlation-or more general

the association-between the outcome variables is modeled separately and is regarded as



nuisance parameter. The major goal is to investigate the effect of the covariables in the
population on the response variable. Including the correlation structure in estimating the
effects mainly yields different variance estimation. Marginal models have been introduced
first by Zeger, Liang and Self(1985), Liang and Zeger(1986).

Exponential distributions have been introduced in a rich literature as a simple model
for statistical analysis of lifetimes. There is an extensive literature on the construction of
bivariate models, for example, Gumbel (1960), Freund (1961), Block and Basu (1974) and
so on. Marshall-Olkin (1967) proposed a multivariate extension of exponential distribu-
tions which is much of interest in both theoretical developments and applications.

The physical motivation for the bivariate exponential distribution due to Marshall-
Olkin (1967) is common in engineering applications. This model has received the most
attention in describing the statistical dependence of components in a 2-component system
and in developing statistical inference procedures. Statistical inferences for scale param-
eters have been considered by many authors. For example, Arnold (1968) and Bemis,
Bain and Higgins (1972) derived estimators for the scale parameters. Bhattacharyya and
Johnson (1971) and Proschan and Sullo (1976) studied the existence, uniqueness and
asymptotic distributional properties of the maximum likelihood estimators.

Objectives of Research: The objectives of this thesis are to

1. generalized Marshall-Olkin (1967) bivariate exponential model and derive its asymp-
totic normalities. The classical Marshall-Olkin model is a mixture of an absolutely
continuous and a singular component, that concentrates its mass on the line x = y.
In this paper, we generalize Marshall-Olkin’s results considering a distribution with

concentrate positive mass on the line z = uy.

2. derive an extension of Marshall-Olkin model for any function which is continuous
and twice continuously differentiable in some open dense domain. This extension

gives class of models some of it have exponential marginals.

3. model the first mixed moments of bivariate exponential models whose marginals are

also exponential using the method of generalized linear models.

As already stated in the objectives, we propose a BVE distribution which is a general-
ization of Marshall-Olkin model with concentrate positive mass on the line x = py and
derive its asymptotic normalities. One important characteristic of this model is that, there
is a late failure of one component when a ”big shock” strikes both components simulta-
neously as against the case of Marshall-Olkin’s model where both components failures

simultaneously when they are strike by the ”big shock”.
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In Marshall-Olkin (1967), the authors derived a multivariate exponential distribution from
the points of view designed to indicate the applicability of the distribution. Two of these
derivations are based on ”shock models” and one is based on the requirement that residual
life is independent of Age. In their paper Marshall-Olkin (1967b), the distribution of joint
waiting times in a bivariate Poisson process was investigated. They gave several ways of
definitions to ”joint waiting time”. Some of these lead to the Marshall-Olkin BVE model

with a joint survival function given as:

F(z,y) = exp{—Ar— Ay — Asmax(z,y)}; 2,y >0;A1 >0, A2 >0, A3>0

but others lead to a joint survival function given as:

F(z,y;9) = exp{—Mz — Ay — Agmax[z,y + min(z,9)]}; ¢ >0; 2,y >0
= exp{—A\z — Ay — A3 max|x,y + min(z, —9)]}; I < 0; z,y >0

which is the generalization of it. The parameter ¢ is called a ”shift” parameter, though
it is not simply a location parameter. The course when ¥ = 0 the above equation reduces
to Marshall-Olkin BVE model.

Hyakutake (1990) proposed a bivariate distribution having location parameters which is

also a generalization of Marshall-Olkin BVE model. The joint survival function is

F(z,y) = exp{—Ai(z—m1)— A2y — m2) — Asmax|(z — 71,y — m2)]};
-T>7Tlay>7r27)‘1>05>\2>07)\320

w1 and w9 are location parameters. The case where m; = m9 = 0 we have Marshall-Olkin
BVE model. He then derived a two-stage procedure of constructing a fixed-size confidence
region for the location parameters and the procedure was applied to the ranking and
selected problems. The author proposed two-step procedures of testing a hypothesis on
a structure of location parameters. None of these two authors examined the asymptotic
distributional properties of the maximum likelihood estimators.

The uniqueness and asymptotic properties of the maximum likelihood estimators of Marshall-
Olkin BVE model were studied by Bhattacharyya and Johnson (1971) and Proschan and
Sullo (1976). Bhattacharyya and Johnson (1971) and Proschan and Sullo (1976) proved
the uniqueness of properties of MLE by splitting the negative of the matrix of the sec-
ond partial derivatives of log likelihood (Hessian matrix) into positive definite matrix and
positive semi-definite. They then concluded that the Hessian matrix is negative definite

and thus, the log likelihood is strictly concave. In this dissertation, similar method will be
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used to prove for the uniqueness but we will also show that, the Hessian matrix is negative
definite for any vector. Bhattacharyya and Johnson (1971) used the strong consistency
property of MLE (c.f. Rao 1965, page 300) to deduce that for large sample, the maximum
likelihood estimator is the unique root of the likelihood equation and that the maximum
likelihood estimator converges to the true parameter with probability 1. Proschan and
Sullo (1976) proved consistency and asymptotic normality by showing that the informa-
tion matrix of the sample is positive definite and so Cramer-Rao regularity conditions
are satisfied. We will prove consistency by considering the behavior of the log likelihood
taking at all points on the surface on the sphere with center at a certain true point and
with some radius. We will show that for any sufficiently small radius the probability tends
to 1 that log likelihood at all points on the surface is less than that at the true point.
This will mean that the log likelihood has a local maximum in the interior of the sphere.
This will then follow that for any radius, with probability tending to 1 for large sample
size, the likelihood equation have a solution within the sphere. Bhattacharyya and John-
son (1971) stated that since the likelihood function satisfies Cramer conditions (c.f. Rao
1965, page 299) asymptotic normality follows. In proving asymptotic normality, we will
use results from the prove of consistency that the expectation of the first derivative of the
likelihood function is zero so that we can then claim that ﬁl’ is asymptotically normal

with expectation 0 and covariance matrix IT, from this the results follow.

Marshall-Olkin (1967) characterize a bivariate distribution, assuming that it has ex-
ponential marginals and the following functional equation holds: F(sy + t,s9 +t) =
F(s1,82)F(t,t) which represents a particular type of lack of memory property. This
distribution is a mixture of an absolutely continuous and a singular component, that
concentrates its mass on the line z = y. Muliere and Scarsini (1987) generalize this results
by considering a lack-of-memory-property functional equation which involves operations
different than the addition: F(sy xt,s9 *t) = F(s1,s2)F(t,t) and analogous equations
for the marginals. The authors considered an associative, binary operation *. They ob-
tained a class of bivariate distributions whose marginals are not necessarily exponential;
their form depends on the associative operation. These distributions concentrate positive
mass on the line z = y like Marshall-Olkin’s one. They also examined some properties of
these distributions. In this dissertation, we give the prove of some of the properties. As
another form of model extension, we a bivariate exponential function which depends on
some function ¢(z,y), where this function ¢(x,y) is continuous and twice continuously
differentiable in some open dense domain G = G4 C R2. We obtain a class of bivariate
distributions each of whose marginals depends on the structure of ¢(z,y). With the as-

sumption that ¢” vanishes to make the equation easy to solve, we derive the MLE and
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examine the asymptotic normalities.



Chapter 2

Bivariate Exponential

Distributions

In this chapter we will take a look at the derivation of Marshall-Olkin bivariate exponential

model and some examples of bivariate exponential distributions.

Definition 2.0.1 A bivariate exponential model (BVE) is defined as a two-dimensional

distribution function with exponentially distributed one-dimensional marginals.

If F' is a bivariate distribution function, let

F(l’,y):1—|—F(£B,y)—F(IL‘,OO)—F(OO,y) (x,y)ERQ,

where F(x,00) = limy_.o F'(z,y) and similarly for F(co,y), We begin noticing the well

known characterization of a bivariate distribution function.

Lemma 2.0.1 Let Fy and Fy be one-dimensional distribution functions. Then a function
F :R? — [0,1] is a distribution function with these marginal distributions if and only if
the following conditions hold:

F(z,—00) =1-Fi(z) = Fi(z) ; F(-oo,y)=1-F(y)=Fy) zyeR

) = F(0o,y) = F(00,00) =0 r,y € R

F(x2,y2) — F(x2,y1) — F(z1,92) + F(x1,1) > 0 1 < x2; Y1 < Yo

Lemma 2.0.2 If a bivariate distribution function F has mized partial derivatives in a
domain G C R2, then its probability P is absolutely continuous on G with respect to the
Lebesgue measure on G and Pg = P(- N G) has density

-
fa(z,y) = igy(x,y) (z,y) € G.

13
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Corollary 2.0.1 If L C R? is a line and if F has mized partial derivatives in G = R?\ L,
then the probability P associated to F' has a decomposition P = Py2 + Pp, where Py2 is
a measure on G with density fg with respect to the two-dimensional Lebesque measure A\

and where Py, is a measure on L.

Definition 2.0.2 A bivariate random variable (X,Y) is said to have the loss of memory
property (LMP) iff

F(fEl +y7m2+y) :F(xl,-TQ)F(y,y), T1,T2,Y 2 0 (21)

where F(z,y) = P(X > z,Y > ).

2.1 Derivation of Marshall-Olkin BVE Model

Fatal Shock Model: Marshall and Olkin’s (1967) ”fatal shock” model assumes that
the components of a two-component system die after receiving a shock which is always
fatal. Independent Poisson processes Si(t; A1), Sa(t; A2), S3(t; A\3) govern the occurrence
of shocks. Events in the process Sp(t; A1) are shocks to component 1, events in the process
Sa(t; A2) are shocks to component 2, and events in the process S3(t; A3) are shocks to both

components. The joint survival distribution (X,Y") of the components 1 and 2 is

F(z,y) = P(X>z,Y >y)
= P{Si(z; A1) =0, S2(y; A2) = 0, Ss(max(z,y) ;A3 = 0)}
= exp[—Aix — Ay — A3max(x,y)] ;2 >0,y>0 (2.2)

Nonfatal Shock Model: Let assume that the shocks from the three sources are not
necessarily fatal. Instead a shock from source 1 causes the failure of component 1 with
probability ¢;, a shock from source 2 causes the failure of component 2 with probability

g2- Also, a shock from source 3 causes the failure
1. of both components, with probability ¢i1
2. of component 1 only, with probability gi9
3. of component 2 only, with probability go1
4. of neither component, with probability ggg

where ¢11 4+ q10 + go1 + oo = 1. We assume that each shock represents an independent

opportunity for failure.
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Then the joint survival probability for X, the life length of component 1, and for Y, the

life length of component 2, may be written according to Barlow and Proschan (1975) as

o0

PX>2,Y >y = {kzo m(k}j)(l—ql)’“}
x {Ze—*w L1 - ')
x {z;zo[m )
B RO

when 0 < z < y. Summing series and simplifying, using the fact that

0 k
Z e~ N1z ()‘}{f) (1 B ql)k _ e*/\lxe/\lx(lfq)
k=0 '

we obtain
PIX > 2,Y > y| = exp{—z[\iq1 + A3q10] — y[A2g2 + A3(1 — go0 — q10)]}-
For 0 < y < z, by symmetry,
PIX >2,Y >y| = exp{—z[Mq1 + A3(1 — q00 — q10)] — y[A2q2 + A3q01)]}
combining the two survival probabilities, we have the BVE
P[IX > xz,Y > y] = exp{—A]z — ANy — A3 max(z,y)}

where A\] = A1q1 + A3qi0, A3 = A2g2 + A3q01, A3 = A3qi1.

2.2 Some Examples of Bivariate Exponential Distributions

2.2.1 Gumbel’s BVE

Gumbel (1960) studied the bivariate exponential distribution, given by the joint distribu-

tion
F(x,y) =1—exp{—x} —exp{—y} +exp{—x —y — dzy}; 2,y > 0,0< 5§ < 1. (2.3)

The marginal probabilities are exponential.
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2.2.2 Moran’s BVE

Moran (1967), considered a class of distributions with positive correlation w, and marginal
distributions of gamma type whose index parameter is any positive integral multiple of
1/2. He considered the case where the marginal distributions are negative exponentials.
Let

X=Ui+Us Y=U;+U;

where Uy, Us are jointly distributed normally with zero means, variances 1/2 and correla-
tion w (0 < w < 1). Here Us, and Uy are independent of (Uy, Us) but have the same joint
distribution. The joint probability distribution is of the form

F(z,y) =Y wCulx,y)
n=0

where C), has a Fourier transform

n n

Cr(z,y) =Y _nl/(r!(n—r))(=1)7/jlale™™ > " nl/(k! (n — k))(—1)F /Kl yFev.

§=0 k=0

2.2.3 Freund’s Model

Freund(1961) suggested a bivariate distribution based on a model where two components
share a common load. Suppose that X and Y are random variables representing the life-
times of two components 1 and 2. The respective density functions(when both components

are in operation) are

fi(z) = Aexp{-A1};2>0
fa(y) = Aoexp{—Xa};y >0

for A1, A2 > 0, then component 1 and component 2 are dependent in that a failure of either
component changes the parameter of the life distribution of the other component. Thus
when component 1 fails, the parameter of component 2 becomes A, when component 2
fails, the parameter for component 1 becomes \j. There is no other dependence. The

joint survival distribution for the two components is given as:

— A v Ao — AL v
F(z,y) = 5 1X [exp(=A9y — (A = Ap)a)] + ; A,z exp(—Ay); z <y
— A2 A2
A2 , v , AL — A v
= 3 [exp(= Nz — (A= A)y)| + ——exp(—Az);y <z (2.4)
Y, XN

where A = A1 + Ao. The marginal distributions are in general not exponential.
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2.2.4 Block-Basu’s ACBVE Model

Block and Basu(1974) proposed absolutely continuous bivariate exponential ACBVE which
is absolutely continuous part of Marshall-Olkin (1967) also a proper sub-family of Fre-
und(1961) with joint distribution given by

— A
F = — % exp[~Aiz — Moy —
(z,9) T exp[—Mz — Aoy — A3 max(z,y)]
A3
————exp|—Amax(z,y)|; x,y > 0. 2.5
W pl (z,y)]; Yy (2.5)

The marginal distributions are given as:

A
Fi(z) = S exp[—(A1 + A3)z]

A3
AL+ Ao
A
Fa(y) = Ny exp[—(A2 + A3)y]
A3
AL+ A

exp(—Az); x>0

exp(—=Ay);y >0

where A = A1 + Ao + A3. The above marginals are not exponential. Thus ACBVE model
is not a special case of the BVE since the BVE must have exponential marginals and
ACBVE does not.

2.3 Marshall-Olkin model revisited

In this section, we will introduce a different model of the Marshall-Olkin (1967) bivariate
exponential distribution (BVE).
Let (X,Y) be bivariate random variable. We propose a BVE for (X, Y) to be of the form

F(@y) = P(X>zY>y)
= exp{—-\z — Aoy — Agmin(z,y)}; z,y >0, € AT (2.6)

where

A= (A1, A2, A3)

and the parameter space is
AT={A:0< N <o00,i=1,2,A3 <0;A3+X; >0,5=1,2}. (2.7)

Lemma 2.3.1 1. AT is convex
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2. For every A € AT ;
=M
FY(z,y) = Fy (z,9) + F{'(2) + B (y) - 1
is a bivariate distribution function on R?.

Proof: The proof of (1) is obvious from the definition of convexity. For the proof of (2),
we show that Fy(x,y) defines a distribution function if the conditions of Lemma 2.0.1

are satisfied. Clearly, by definition,
lim Fﬁ/[(x,y) = lim Fﬁ/[(a:,y) =0
T—00 Y—00

We have

Fy (2,—o00) = Fy (z,0) = exp[—Aiz]

and

—M —M
Fy (—00,y) = Fy (0,y) = exp[—Azy).

Finally, let 21 < x5 < y1 < yo. Then

F(x2,y2) — F(x2,51) — F(x1,y2) + F(x1,11)
= (exp[—(A1 + A3)wa] — exp[—(A1 + A3)z1]) (exp[—Aaya] — exp[—A2y1]) > 0.

The following results can easily be checked
1. Fﬁ/l(m,O) =0 when x — o0
=M
2. F, (0,y) =0 when y — oo
3. Fy (0,0) =1
4. fi/[(oo, 00) =0

So, from above, we have

FM0,0) = 1+F2(0,0)—Fy (0,0) — Fy (0,0)
= 1+1-1-1
= 0
also,
FM(co,00) = 1+ Fy (00,00) — Fy (00,0) — Fy (0,00)
= 140-0-0
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The minimum of X and Y given as
Pmin(X,Y)>z) = PX >uzY >x)
= exp{(-A1 — A2 —A3)z}; x>0

that is the minimum of X and Y is exponential with parameter (A + A2 + A3). Let the

e
partial derivative 8827(523’) exist almost everywhere, then the joint density f(x,y) > 0 as

Lemma 2.0.2, is defined as

0*F(z,y)
f(x7y)_ax78y7 337y>0
so the joint density for eqn. 2.6 is given as
XA+ 23) Fy (z,y); 2 <y; 2,y >0
=M
fla,y) =9 Ma+A3) Fy (z,y)y<zi2,y>0 (2.8)

Because P(X =Y) is not equal to zero, the function f(x,y) may be considered to be a
density for the minimum model, if it is understood that the first two terms are densities
with respect to two-dimensional Lebesque measure and the third is a density with respect
to one-dimensional Lebesque measure. The conditional probability distribution P(X >
x| Y =y) is derived (cf.Barlow and Proschan, 1975, page 132) by differentiating F'(z,y)
w.r.t. y (evaluated at value y) and divided it by the pdf of Y. Thus

A5t g 4 A3) exp{— iz — Ny} y < x5 2,y >0

P(X>x|Y:y):{ (2.9)

exp{—(M + X3)x};y > a5 2,y >0

Lemma 2.3.2 The family of distributions given by Fi/[ : X € AT is exactly the family of
distributions given by the Marshall-Olkin model.

Proof Using the identity
T + y = max(z,y) + min(z, y)
. =M
we can rewrite F'y (A € AT) as
—M
Fy (z,y) = exp[— (A1 + A3)x — (A2 + A3)y + Az max(z, y)].

Reparametrising 7; = \; + A3 (i = 1,2) and n3 = —\3 shows the claim. O
We consider a model similar to eqn. 2.6 which was proposed by Marshall and Olkin in
1967. Let F,0(z,y) denote Marshall-Olkin’s model.

Fro(z,y) = exp{—A1x — Aoy — A3max(z,y)}; z,y >0 (2.10)
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Theorem 2.3.1 If Fpo(2,y) is BVE(A1, M2, A3) and X\ = A1 + X2 + A3, then

= A1+ Ado— A3 =
Fmo(xvy) = \ Fa(.%',y) + M+ )\QFS(x7y)

where

Fs(x7 y) = exp[—/\max(:z, y)]

s a singular distribution, and

— A
Fa(xa y) = )\1 _l_ )\2 exp[_)\lx - )\Qy - >\3 max(x7 y)} -

oy expl-Amax(a.y)]

s absolutely continuous.

Proof of Theorem 2.3.1 The proof can be found in Marshall-Olkin (1967, page 34 and
35). O

A singular distribution is of the fact that its mixed second partial derivative is zero where
x # y, and the absolutely continuous is from the fact that its mixed second partial deriva-
tive is a density. In the case of the BVE, the presence of a singular part is a reflection of
the fact that if X and Y are BVE, then X =Y with positive probability, whereas the line
x = y has two-dimensional Lebesgue measure zero.

The marginal distributions for X and Y are given by
Fro1(z) = exp{—(A1 + A3)z} ;2 >0
and the corresponding pdf is
fmo1(x) = (A1 + A3) exp{—(A\1 + A3)z}; 2 >0

similarly, the marginal distribution of Y is

FmoQ(y) = exp{_()‘Q + )\3)y}; y>0

and the pdf is
fmo2(y) = (Ay + Az) exp{—(Xy + A3)y}; ¥y > 0

The minimum of X and Y for Marshall-Olkin is again exponential with parameter A (cf.
Marshall-Olkin, 1967, page 37). The conditional probability distribution P(X >z | Y =
y) for Marshall-Olkin’s model is

A2(A2 + A3) " texp{—(A1 4+ A3z + Ay} y <5 x,y >0

(2.11)
exp{—-Mz};y>x; 2,y >0

P(X>:cyY:y):{
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2.4 Copula

The copula concept is used frequently in survival analysis and actuarial sciences.

Definition 2.4.1 A 2-dimensional copula C is the joint distribution function
C:[0,1% =10, 1]
of a vector (U,V) of a uniform (0,1) random variables, that is
C(u,v) = P(U<u,V <w), u,v€l0,1].

The following theorem, which was first proved by Sklar in 1959, states that for any joint
distribution function H there exists a copula C that ”couples” H to its marginal distribu-
tion functions G7 and GGo. Before we can state the result, we first recall that a distribution
function G is non-decreasing with lim, .., G(z) = 0 and lim, .., G(z) = 1. As a dis-
tribution function G does not need to be strictly increasing, we define its quasi-inverse

as

GY(t) = inf{x : G(x) > t}.

If G is strictly increasing then the quasi-inverse is just the ordinary inverse.

Theorem 2.4.1 {Sklar 1996} Let H be a joint distribution function with marginals
G1,Go. Then there exists a copula C such that

H(xvy) = C(Gl(x)vGQ(y))
Let H = {(G1(z),Ga(y)) : =,y € R}, then for any (u,v) € H,C is given by
Clu,v) = (G (w), 65" (v)

In particular, if G1,Go are continuous then C is unique; otherwise C is uniquely deter-
mined on RanG1 X RanGa, where RanG denotes range of G. Conversely, if C is a copula
and G1,Ga are distribution functions then the function H defined above is a joint distri-

bution function with marginals G1,Go

2.4.1 Bivariate Marshall-Olkin Copulas

In the Marshall-Olkin model, the times till the event occurs which kills component 1 only,
2 only or both the components is modeled by independent exponential random variables

Ty, Ty and T3 with parameters A, A2 and A3 respectively. Then X = min{7},73} and
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Y = min{7, T3} and the probability that component 1 survives beyond time z and

component 2 beyond y is given by
P(X >z,Y >y) = exp{—A\ix — Aoy — Asmax(z,y)}; =,y > 0
using the fact that = +y — min{z,y} we learn that

P(X >2zY >vy)

exp{—A1z — Aoy — Asmax(x,y)}; z,y > 0
= exp{—(/\l + A3)x — (A2 + A3)y + A3 min{z, y}}
= P(X > x)P(Y > y)min{exp(A3z), exp(A3y) }

let a; = A3/(A1 4+ A3) and ay = A3/(Aa + A3), then

—ao

eXp(AS .T) = Fmol (x)ial ) eXPO\S y) = Fmo2(y)

and hence the the survival copula of (X,Y") is given by

~

C(u,v) = u,vmin(u~*

, v792) = min(u'" %, ww!To?).

This construction leads to a copula family given by

Cot,a0(u,v) = min(ulfalv, uvk”)
= ul %y, u® > ™
= ww'To? yo < 2

This family is known as the Marshall-Olkin family.

2.4.2 Comparison of the bivariate exponential with the case of indepen-

dence

It is common practice in reliability theory to assume the components of a system have
independent life lengths. It is of interest to see the effect of this assumption when in fact
the lives have a BVE distribution.

Let us suppose the marginal distributions are known to be given by
Fi(2) = exp{—Miz}, Fa(y) = exp{—loy}

suppose that we operate under the assumption that the joint distribution F(z,y) is

Fy(x)Fy(y), when in fact, F(z,y) is given by eqn. 2.6. Clearly, the difference
Fz,y) = Fi(z)Fa(y) = exp{=Miz — Aoy} (exp{-A3 min(z, y)} — 1)

is negative for larger values of x and y, so the probability that both items survive is lesser.
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On the other hand, using Fo(z,y) in eqn. 2.10, the difference

Frno(,y) — Frno1 () Frno2(y) = exp{—XA1z — Aoy — A3 max(z, y) } (1 — exp{—A3 min(z, y)})

is positive for all z and y, so the probability that both items survive is actually greater

than the assumption of independence would lead us to believe.
Lemma 2.4.1 If (X,Y) is distributed as the minimum model of eqn. 2.6, then
1. PY < X) = (A2 +2A3) /(A1 + A2+ A3)
2. P(X <Y)=M~+2)/( A+ A+ A3)
3. P(X =Y) = -X3/ (M + X+ As)
Proof The proof of point (1) is as follows:
PY <X) = /OOO /0 MO + Ag) expf—taz — (s + Ag)y)da dy
= /OOO A1(A2 + Ag) exp{—A1x} {/Ow exp{—(A2 + A3)y} dy}daz
= A\ [/Ooo exp{—M\zdzx} — /000 exp{—(A\1 + A2 + A\3)z dx }]
= A+ 2A3)/ (M1 + A2+ A3).

The proof of point (2) follows from the symmetric property of the distribution.
We proof point(3) as follows:

PX=Y) = =X /000 exp{—(A\1 + X2 + A\3) z}dx
= x/On 0+ ) [expl—(a + Ao+ Ag)r}]
= =A3/(A1+ A2+ A3). u
Lemma 2.4.2 If (X,Y) is distributed as the Marshall-Olkin model of eqn. 2.10, then
1. P(Y < X) = Ao/ (M1 + A2+ A3)
2. P(X <Y) =M/ + Ao+ Ag)
3. P(X =Y) = A3/ (M + Ao+ Ag)
Proof The proof of point (1) is as follows:

0 ry
P(X<Y) = /0 /0 A + As) exp{ =Mz — (o + Ag)y}dz dy
= A(A2+A3) [/000 exp{—(X2 + A\3)y} dy} /Oy exp{—(\1)z dz}

= O+ ) [ el +Awdn) — [ expl=( +da + Ny}
= A /(M + A2+ A3)
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The proof of point (2) follows from the symmetric property of the distribution.
We proof point(3) as follows:

PX=Y) = 1-PX<Y)-PX>Y)
= 1 =X/ +X+XA3) — A2/ (A1 + A2+ A3)
= A3/(A1+ A2 + A3). O



Chapter 3

Generalized Marshall-Olkin model

3.1 The generalized Marshall-Olkin model

There is an extensive literature on the generalization of Marshall-Olkin bivariate exponen-
tial model, for example, Marshall-Olkin(1967b) proposed that there are several ways to
define ” joint waiting time”. Some of these lead to the bivariate exponential distribution
previously obtained by the authors, but other lead to a generalization of it. Hyakutake
(1990) proposed a Marshall-Olkin BVE distribution having location parameters. Ryu
(1993) extended Marshall-Olkin’s BVE such that it is absolutely continuous and need not

be memoryless.

Lemma 3.1.1 For \; >0,¢1=1,2,3, and u > 0 the function

Fx(,y) = 1gz (2,y) exp[= A1z — Aoy — Az max(z, py)]

defines a bivariate exponential model where the marginals have parameters A1 + A3 and

Ao + pAs.

Proof: The function F'y(x,y) defines bivariate exponential model if both marginal distri-
butions are exponential, cf. Johnson and Kotz (1972, page 260). Let F'y(z) = F(x,0) and
Fa(y) = F(0,y) denotes the marginal distributions of X and Y respectively. Then

Fi(x) = exp{—Aiz — X2(0) — A3 max(x,1(0))}; x>0
= exp{—(A1+A3)z}; >0

which is exponential with parameter (A1 + A3). Also,

Fa(y) = exp{—A1(0) — Aoy — Az max((0), uy)};y >0
= exp{—(A2+ pA3)y};y>0

25
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which is exponential with parameter (A2 + ps). Hence the function F(z,y) defines

bivariate exponential model. O

Corollary 3.1.1 Let A = (A1, A2, A3, ). Then F\ restricted to the domain G = R2 \
{(z,y) : x = py} has a density with respect to dxdy given by

fg(l‘, y) = )\1()\2 + ,U,)\g)F)\(l‘, y)l{z<uy} + )\2(/\1 + )\3)F)\(l’7 y)l{x>uy}

and the measure on the line L = {(x,y) : © = py} is given by the density

A
fu(@,y) = ——— exp—(\1 + Ao/ + Ag)z
1+p

with respect to the measure \/1 + p?dx on L.

Proof:

F(u,v)=Fg+ Fr.
Now,

//fc(wvy)dwdy = ///\10\2 + 1A3) Fa(2, y) 1 facpyy
+ >\2(/\1 + )\3)F)\($7y)1{x>uy}dxdy'

When z < py, we have

)
B(u,v) = A(A2 + p1A3) / / e~ Ma=atuda)y g gy

) v
:)\1()\24—”)\3)/ e(Aeru)\s)ydy/ N gy

v u

= exp{—A1u — Aav — Azpuv} — exp{—A1puv — Agv — Aguv}.

When = > py, we have
o
Clu,v) = (M + )\3)/ / e~ MtAs)z=doy oy

= 2N +)\3)/ e(>‘1+)‘3)mdaj/u e Y dy

u

= exp{—Au — v — A\gu} — exp{—Aju— Aoup ! — Asu}.
If x < py,

Fg(u,v) = B(u,v) + C(pwv,v)

e—)\l,u—)\gv—/\g/w _ e—)\luv—)\gv—/\g;w
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If x > py,

u
FG(uv ’U) = B(“? ;) + C’(u,v)
— e—)\lu—Agv—Agu _ 6—)\1u—)\2%—)\3u.
since,

_ A
Fr(u,v) =exp{—(A\1 + ;2 + A3)u} s u=pv

so we have that

F(u,v):FG —I—FL. ]

Definition 3.1.1 A bivariate random vector (X,Y) satisfies the generalized Marshall-

Olkin model if its distribution function is given by some

Fy(z,y) = Ig2 (x,y) exp[— A1z — A2y — Az max(z, uy)] (3.1)

where A = (A1, A2, A3, 1) € A = Ri.

The joint density function for eqn. 3.1 is

M (Ao + pA3)Fa(z,y); o < py; x,y >0
fla,y) =< XM+ X3)Fa(z,y); o> py; 2,y >0 (3.2)

\/ETGXP{—(M +Xa/p+A3)wt; v =py; v,y >0

Remark 3.1.1 There is a simple interpretation of this model: Looking at implants, once
the side represented by Y survives the other side, the survival time has a different rate

only at some later time (if p < 1).

Lemma 3.1.2 If (X,Y) is distributed as the generalized Marshall-Olkin model of eqn. 3.1
then

A
A

2. P(pY < X) = o
A

3. P(X = pY) = oo

4. P(min(X, pY) > 1) = exp{—(A1 + Ao/ + A3)t}
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Proof. The proof of point No.1 is as follows:

0 puy
PO <) = NOatimd) [ [ expl-Mahexp{~(a + uha)y} dudy
y=0 Jz=0

o0

1y
= A(A2+ pAg) / exp{—(A\a + pA3)y} dy / exp{—A\iz}dzx
y:O x=0

[e.e]

= (ot ph) / exp{=( + i)y} [ = exp(=Augw)] dy
.

= (A2 +pAs3) [/O exp{—(A2 + pA3)y} dy — /OOO exp{—(uA1 + A2 + pA3)y} dy}

pAL
(A1 + Ao + pAs)

The proof of point No.2 is as follows:

Puy < X) = PY <u'X)

oo rx/p
= () / / exp{—Aay} exp{—(\1 + As)} dy da

z/p
exp{—(A1 + A3)z} dz / exp{—A2y }dy
y=0

[e.9]

= XM+ )\3)/
=0

= Out ) [ exp{=(h+ Aa)ab 1~ exp(-Aai/p)]da

= o[

y=0
A2
(A1 + A2 + pAs)

o0

exp{—(A\1 + A3)z}dx — / exp{—(A1 + Xex/pu+ A3)x} d:v]

=0

The proof of point No.3 is as follows:

P(X =uY) = 1— P(uY < X) — P(X < pY)
HUA3
(A1 + A2 + pA3)

To proof point No.4 we have that

Pmin(X,puY)>t) = P(X>t,Y > ,Z) = F(t,;)
= exp{—(A\1 + Xo/p+ A3)t} O

This implies that min(X, 1Y) is distributed according to the exponential distribution with
parameter {\; + A2/p + Az}. Then

, 1
E X, pY)) = . O
(min(X, pY)) S
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3.2 Maximum Likelihood Estimation

This section is devoted to the derivation of the maximum likelihood estimation for the

parameters of the generalized Marshall-Olkin model.

To begin with notice the following fact. If a sequence (X1,Y7), ..., (X, Y,,) of independent
identically distributed random vectors from the distribution F) is observed, then

ng=4#{1<i<n:X;=puY;} >2

holds for at most one parameter u, and as n — oo,

P(ny >2)— 1.
This suggests the estimator for u:
- Xy X
where ¢ and j are chosen to satisfy
X X X X
— ——| = — — —|:1<l<k<
‘ Y, Y} mln{ Y, Y, <k<n

Note that 1 = pu for large n almost surely.

We let ny = #{i : X; < pYi} , no = #{i : pY; < X;} and ng = #{i : X; = uY;}, whence
ny + n2 + ng = n. Also, let Z = (X,Y). The conditional likelihood function for the
generalized Marshall-Olkin model for a random sample of size n of pairs z; = (x;,y;) for
1 <4 < n, conditioned that p is fixed and A = (A1, A2, \3), is given by

n

) = /@)

i=1
n n n
= exp{-M Y @i~ X > yi— sy max(z;, uyi)}
i=1 i=1 i=1

[A2(A1 + A3)]"2 [A1 (A2 + pAs)™ <)\3> (3.3)

1+ p?

the log likelihood is
1Id) = logl(})

= —)\1 Z T; — )\2 Z Y; — )\3 Z max(ﬂsi, ,uyi) + no log[)\g()\l + )\3)]
=1 =1 =1

+ 10g[>\1(>\2 + u)\g)] + ns log

A3
V1+p?
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For brevity’s sake we write 1 for 1()). The partial derivative of 1 with respect to A; is given
by

81/8)\1—n1/)\1+n2/ )\1+)\3 Z.IZ

setting 91/0\; = 0 gives the following likelihood equation

n1/A1+na/(A1+ A3) = Zﬂfz
The partial derivative of 1 with respect to Ao is given as

O1/ONg = na/Ag +n1/ (N2 + pA3) Z y;

setting 01/0\y = 0 gives the following likelihood equation

na/A2 +ni1/( A2 + pA3) = Zyz
The partial derivative of 1 with respect to A3 is given as

Ol/OAs = n3 /A3 +na/(M + A3) + puni /(A2 + pAs) Zmax Ty 1Y)

setting d1/0\3 = 0 gives the following likelihood equation

n3/As +n2/(A + A3) + pni /(A2 + pAs) = Zmax iy 11Ys)

Definition 3.2.1 Given p, any value A(z) that mazimizes the likelihood function

Iz | Az)) = sup i(z]2)

is called a mazimum likelihood estimate (m.l.e) of \.

Hence, the likelihood equations are

ni/A +na/(A 4+ A3) = D0
na/A2 +ni1/( A2+ pAs) = Z:Ll Yi (3.5)
n3/As +na/ (A1 + As) + pna /(Mg + pAs) = 327, max(wi, ;)

The second partial derivatives of the log likelihood (Hessian matrix) on A is given by

Q = V2IA) = (0°1/0N0N))i =123 (3.6)
e Tt 0 a)?
- 0 (/\2fﬁ>\3)2 t % (/\2-5-Ml>\3)2
no pny pPny

EYES e Coatrins)? Nt o T e’
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Letting
n1/\? 0 0
C= 0 n2/A3 0 (3.7)
0 0 n3 /A3
and
a 0 a
a pb a+ b
= Dlna/(A1+X3)%, n1/(A2 + pA3)?] (3.8)
then

Q = —{C + D[TL2/()\1 + A3)2 s nl/()\g + /L)\g)Q]}.
The existence and uniqueness properties of MLE are given in the following theorem.

Theorem 3.2.1 Let (X;,Y;);i = 1,...,n,n € N be independent identically distributed
(i.i.d.) sequence with cumulative distribution function (c.d.f) Fy given by eqn. 3.1, the
generalized Marshall-Olkin model, conditioned on p with parameters A = (A1, A2, A3) € A
cf. eqn. 3.1. Let R = {(zi,4i) ..., (@n,yn) : Fi 22y < w3,3) 1 y; < x4,3k 1 yp, = x} C
R2". Then for all (x;,y;);i = 1,...,n;n € R. The MLE h) for X\ exists and is uniquely
determined by eqn. 3.5.

Proof of Thm. 3.2.1 Let /()\) denote the likelihood function of the generalized Marshall-
Olkin model as derived in eqn. 3.3. The Hessian @ of the likelihood is given as eqn. 3.6
where ny,n9 and n3 denotes #{i : X; < pY;} , #{i : pY; < X;} and #{i : X; = uY;}
respectively. The likelihood function (\) is twice differentiable. The negative Hessian
(—Q) can be written as C'+ D where C and D are defined in eqn. 3.7 and eqn. 3.8. resp.

The matrix C is positive definite because:
1. The first entry nq /A2 > 0.

2. The determinant of the matrix

’I’Ll/)\% 0 >0
0 712//\% .

3. The determinant of the whole matrix
ny/ )\% 0 0
0 no / )\% 0 >0
0 0 n3/A\3
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The matrix D is positive semi-definite because:
1. The first entry na/(A1 + A3)2 >0

2. The determinant of the matrix

(ng/()\1+)\3)2 0 ) > 0
0 nl/()\Q + ,u)\3)2

and

3. The determinant of the whole matrix

ng/()\l -+ )\3)2 0 712/()\1 + )\3)2
= 0 nl/(/\g + /L)\g)Q ;ml/()\g + /J/\3)2 =0
na/(A1 4+ A3)? pna/(A2 + pAs)? no/(A1 + A3)? + p?ni /(A + pAs)?

and for any vector 6, we have
0T(-Q)0 = 0TCoO+06T Do
= >0+2>0
In order to show that this inequality is strict, for any 8 # 0 write
01 (-Q)0 =0T CO+6T Do.

If 6 = (04,02, 93)T with 01 or 0 #£ 0 then strict positivity from

n1
N2
Al

n2

0T C o =
A3

07 + 5605 >0

and positive semi-definiteness of D. If @ = (0y,64,63)" and 6; = 6 = 0 and 3 # 0, then

ng

eTcezxﬁ§>o
3

and )
n2 pony

+
(A1 +23)2 (A2 + pA3)?
So —Q is positive definite, hence @ is negative definite. By Thms. 3.2 and 4.2 of Mangarsin
(1969, pages 89 and 91 ) the likelihood function I()) is strictly concave on A. Hence ()

9TD9:( )63 > 0. O

must have a unique maximum on A given by the roots of the VI(A) = 0.

Definition 3.2.2 A statistic S = (21, Za, ..., Zy) 1s said to be sufficient for a parameter

A € A if conditional probability function
P{Zy=21,Z9=2z0,..., Zp = 2 | S(Z1, Zo, ..., Zy) =V}

does not depend on .
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To find the sufficient statistic for the exponential distribution given by eqn.3.1, we use the

general factorization theorem for sufficiency.

Theorem 3.2.2 {The General Factorization Theorem for Sufficiency} Let Py be
a family of probability measures and let Py admit a probability density py = dPy/dy with
respect to a o- finite measure 1. Then S is sufficient for Py (or simply), if and only if
there exist non-negative measurable functions g\[S(Z1, Za, ..., Zyn)] and h(Z1,Zs, . .., Zy)
such that

P\(Z1,Z,...,Zy) = gx\[S(Z1, 22, ..., 2,) 021, Zs, ..., Zyp)

Using the above theorem, we write likelihood function in the form
f)x(l‘byi) = h(Xv Y)gé(%(X7Y))

= [PaA+23)[" A (A2 + pAs)[™ </\3>

1+ p?
exp{—X\1 Z Ti— Ao Zyi — A3 Zmax(wi, wyi)}
i=1 i=1 i=1

where s
A3
h(X,Y) = [A2(A1 + A3)]"2 [M (A2 + pXg)|" | ———=
V142
and
9 (S(X,Y)) = exp{-X Z Ti — Az Zyz — A3 ZmaX(ﬂﬁi, 1yi)}
i=1 i=1 i=1

Hence,

n n n
{nl , N2, Z:CZ ) Zyl 3 Zma‘x(xlaﬂyz)}
i=1 i=1 i=1

or equivalently,

n n n n
{nl , N2, Z ma'X(xiy ,u’yl) ) Z min(xi7 ,uy’b) ) Z max(mi, Myl) - Z min(xi7 :u’yl)}
i=1

i=1 i=1 i=1
are jointly sufficient statistics. Bemis et. al.(1972)and Bhattacharyya and Johnson (1971)
obtained the similar results for Marshall-Olkin BVE using factorization criterion but not

for the case of .

3.3 Asymptotic Properties

This section is devoted to the study of the asymptotic properties of the MLE for the

parameters of the generalized Marshall-Olkin model given pu.
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3.3.1 Consistency

Theorem 3.3.1 For everyn € N, let Z' = (X", Y");i =1,...,n be i.i.d sequence with
c.d.f. Fy given by eqn. 3.1, the generalized Marshall-Olkin model , with parameters A =
(M, A2, A3) € A ¢f. eqn. 3.1. Let in denote the MLE for )\, based on Z7,...,Z";n € N.
Then for each A € A and for a fized p, An converges stochastically to A under the law F).
The consequence the MLE is consistent. For n — oo
An 2N

that is

lim Fk(\in - A < 6) =1

n—00
Proof Let /(A) denote the likelihood function of the generalized Marshall-Olkin model as
derived in eqn. 3.1. We are considering a set

Cs={AeA:[A— 2] <6}

where § > 0 and A = X in Thm. 3.3.1 is fixed. Let the notation ©Cs denotes the boundary
of Cs. We want to show that V4§ > 0

lim P;(zn(g) < LAV € pC’g) —1= lim PXOQH A< 5) —1

Let
Ap={weQ: L,(\z2w)) < L)) : VA € pCs}
B, ={[A, — Al <4}
Known

lim P5(A,) =1,claim lim P;(B,) =1

n—oo = n—oo =

if we would know that A,, C B,, then

v
b
g
IA

PS\(Bn)

SO
1 > lim PS\(Bn) > lim Pj\(An) =1

n—oeo =

To show that A, C B,, let w € A, this implies
WA 21 (@), 2n(@)) < (A1 (@), 2n(w) A € pCs)

this implies, the maximum of I,(\; z(w)), is attained in the interior of C5 = 1I,(.; z(w))

has a zero for I’ in Cy. I’ has only one zero implies MLE lies in Cy implies A € Cj, implies

A — A <0 = weB,
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The next point is to proof that lim, . P; (ln(g) < ln(i);V)\ € {{JCg) = 1 we proof this

by first showing that

lim (A NN, _5 = Bs[l],_5 =0

n—oo n

where 1 = algff and that

lim (A~ HTI)A — &), _; = Exli],_; <0

n—oo n

The partial derivative of 1 with respect to A; is given as
/oL = ny /M1 +na/(A1 + A3) sz

dividing both sides by n, we obtain

n

1 0l 1
= — A AL+ A3) — i
"N n(nl/ 1+mn2/(A1+ A3) ;1@)
_ nq + no _ Z?:l I,
nA1  n(A+ A3) n
1 01 1 1
lim —— = —PuYy >X)+ —P(X > puY) — BE(X
W 5, Pl )+ oot ) ( 1Y) (X)
_ 1 fiA1 1 A2 B 1
A1 (A1 4+ A2 + pAs) (M + A3) (A1 + A2 + puA3) (A1 + A3)
=0
The partial derivative of 1 with respect to Ao is given as
81/3/\2—n2/)\2+n1/ )\24—,[1)\3 Zyl
dividing both sides by n, we obtain
1 dl 1
e (n2/)\2+n1/ A2 + p1A3) Zyz
_ ny n i1 Y
ni2 - n(Az+ pA3) n
lim -2 Lp(uy < X)+ —1 P(X < u¥) — B(Y)
im —— = — —_— —
n—oo N 8)\2 )\2 H ()\2 + ,u/\g) H
_ 1 A2 n 1 A1 B 1
A9 (,u)\l + Xy + ,u)\3> ()\2 + /L/\3) (/L)\l + Ay + /L)\g) ()\2 + /L/\3)
0

The partial derivative of 1 with respect to As is given as

O1/0A3 = n3/ A3+ na/ (A1 + A3) + pn1 /(A2 + pA3) Zmax T, [1Y;)
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dividing both sides by n, we obtain

1ol 1 n3 1 ny L niy iy max(wy, pyi)
Ny AJ7N4_Q1+A@(n ot n) n )
. 1 01 1 I
1 - = —P X = uY ——P(X > uY —P(X < uY
oo n O3 A3 ( ) (A1 + A3) ( Y (A2 + pAs) ( )
~ B(X) — B(4Y) — E(min(X, u¥))
© 1 A2 %
—~ + +
((,u/\1 + Xy + ,U/\3)> ()\1 + )\3) ( (M)q + Ao + M)\g)) (<)\2 + /L/\g))

() ()
AL+ A2 + pA3) (M + A3) (A2 + pA3) (Ap+ A2+ Agp)

(
=0

this shows that B;[I],_; = 0.

Now, by taking a third order Taylor expansion around ), we have

A -10) = (- HTIG)

n

- 1@—3)?’(%‘1‘@)@—&)
; Zzz/\ =2 = A = A { et () Hrst( Z0) }
r=1s=1t=1
= S1+5+ 853
where
&:%Q—bﬁw
8 = 30- 37 (@) e -

k
SS = é% Z Z Z(Ar - ir)(&s - ;3)(At - it){’Yrst(Zi)Hrst(Zi)}

we make assumptions that 0 < |v,5(2)] < 1 and |%| < H,st(Z;). We have seen

that
S1 50
The Hessian @ is negative definite so the second term Ss is negative with probability
tending to 1. S; and Ss are small compared to S5 so the
sup (Sl + Sy + 53) <0
AECs

Thus, for n large enough,

L) —1) <0 0

n

this completes the proof.
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3.3.2 Asymptotic Normality

Theorem 3.3.2 Let Z, = (X,,,Yy); (n > 1) be independent identically distributed (i.i.d.)
random variables with cumulative distribution function (c.d.f) Fy given by eqn. 3.1, the
generalized Marshall-Olkin model , with parameters A = (A1, A2, A\3) € A. Then for a fized
w, the MLE h) for X\ is asymptotically normal

N(A, B
where

Y()) = It
Proof Let § > 0 and set

Grn={(z1,-- ., zn) ER™ :|A — Az1,...,2n)| < 6
If 0 is small enough, then for (z1,...,2,) € Gy, \is unique. Then , by consistency,
P\(Gp) — lasn — oo

hence for € > 0 there is ng € N such that

P\(G) < eVn > ng

It follows that for n > nyg

| Py({w: A(z1(@), ... 20 (W) < £} N {21, .., 20 € G}
— P{w:AzW), ... zmw) < )] < P(GS) < e

Note that ¢ € R3 and s < ¢ means s; < t; (i = 1,2,3). The likelihood function [ can be

expressed as a Taylor series by
) = 1)+ = )T
for some value of A* € B(), ), the §-ball around A. So if z1,...,2, € Gy, n > ng

'(A(z1,---,20)) = 0

and
V(zty ez, A) = = (Mz1y e 20) = M (21, 00 20, AY)
by eqn. (3.4)
(21, y2n,A) = log l(z1,...,2n,A)
= -\ Zﬂfz D) Zyz — A3 Zmax(xinuyi) + nglog[Aa (A1 + A3)]
i=1 i=1 i=1

+ nylog[Ai(A2 + pAs)] + nglog

A3
V1+ p?



38 CHAPTER 3. GENERALIZED MARSHALL-OLKIN MODEL

SO
Al/O\
Uz, oy 20,A) = Ol/O\y
Ol/0As

nl/)\l + Tl2/()\1 + )\3) - Z?zl Xy
= n2/A2 +n1/(A2 + pA3) = 221 vi
| 73/A3 +m2/ (M + As) + pma /(Mg + pAs) — 307 max(@, py;)

where E'l’ = 0 as calculated in the proof of theorem 3.3.1 (consistency). It follows that
ﬁl’ (21,...,2n, A) is asymptotically normal with expectation 0 and covariance matrix

IT = (mi;)1<i,j<3 - We calculate this matrix as follows:
var(X) = 1/(A; + A3)?

var(Y) = 1/(\y + pX3)?

var(min(X, pY)) = p®/(A1p + Ao + Aap)?

var(max(X,nY)) = wvar(X + pY —min(X, uY))
= wvar(X) + pPvar(Y) 4+ var(min(X, pY)) — 2cov(X, uY)
— 2cov(X,min(X, uY)) — 2cov(Y, min(X, uY)).

Now,
cov(X,pY)=pE(XY)—-pE(X)EY)=0

cov(X, min(X, puY)) = //mmin(m,,uy)dFd:cdy — E(X)E(min(X, nY))

0o ruy
//xmin(x,,uy)dFdacdy = /\1(/\2+uy)/ / 2le NP ety gy,
y=0 Jz=0

[e.9]

z/p
+ (M + )\3),u/ / zye” M) =2y 4o gy
T y=0

=0
oo

+ )\3/ p2e~MtAe/utAs)e g
=0

2 2@*(NetpAs) 2u(e + phs)

)\% ()\1/1 + Ao + ,U/\3)3 )\1()\1,u + Ao + M)\3)2

_ 2(Xo + pA3) oA +23) 203+ Ag)

A+ A2 +pA3)  A5(A+A3)2 (Mgt g+ pds)?
1M1+ As) 2\31

Aa(Arpe+ A2 + pA3)2  (Ap+ Ao + pAg)?
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hence,
: 2 20% (A2 + pA3) 2u(A2 + pAs3)
cov(X, min(X, uY = — - —
( (X, 1Y) A (M A+ pAs)? M (Ap+ Ag + pAg)?
2(X2 + pA3) pra(A+X3)  2uP (M 4 Ag)
M+ Ao +prs) A +23)2 (Mg + Ao+ pAg)?
12 (A1 + A3) 2\3p° 1 1%

)\2(}\1/J/ + Ao + /L/\3)2 ()\1# + Ao + /L/\3)3 B ()\1 + )\3) ()\1/1 + Ao + u)\g)

cov(Y, min(X, uY)) = //ymin(m, py)dFdedy — E(Y)E(min(X, uY))

0o ruy
//ymin(m,py)dFd:Udy = A (Ao +,u)\)/ / zye NP~ A2tuAa)y go gy,
+  puXa(A1 + As) / / e MY~ )‘1+)‘3)mda:dy

+ M)\3/ y e (>\1+/\2/M+>\3)ydy
y=0

_ 1 (A2 4 pAs) 2p(A2 + pAs)

T oMot pds) MOap A pAs)? (gt de + ps)?
(2 (A1 +As) 217 (A1 + Na) 2p

B ()\LU + Ao + ,u)\3)3 B )\2()\1M + Ao + M)\3)2 )\7%
1A+ A3) 2x3u

A4 Ao+ pAz) A+ Ao+ pdz)3
hence,

1 _ (A2 + pA3) o 2p(Aa + pg)

Y, min(X,uY)) =
COU( ,IHIH( y b )) /\1()\2+/LA3) )\1()\1M+)\2+:U)‘3)2 ()\1/L+)\2+M)\3)3

2Pt ) 2P+ ) 2p
(Mg 4 Ao+ pA3) Xa(Aip+ Ao+ pA3)? A3

2PN+ ) 2\t _ 1 p
Mg+ A+ pA3)  (Ap+ Ao+ pA3)3 (Ao 4 pA3) (Mg + Ao + pA3)

hence the var(max(X, pY')) is calculated from the above results. The next is

cov(X, max(X,puY)) = //xmax(x,uy)dFdxdy — E(X)E(max(X, pY))
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oo rx/u
//xmax(x,uy)dFdxdy = )\2()\1+)\3)/ / ple”Matd)z oAy gy gy
=0 Jy=0
0o ruy
+ u)\l(/\2+u)\3)/ / zye M e~ 2ty 4oy
y=0 J =0

+ A3 /00 p2e~MtAe/ptAs)z g,
0

_ 2 2t ) (Ao 4 pA3)
()\1 + )\3)2 (/\1,u + Ay + /L)\g) A1 ()\1# + Xy + u/\3)2
21% (A2 + pi)3) [ 2A3p3

()\LU + Ao + ,u)\3)3 )\1(/\2 + ,u)\g) ()\1# + Ao + ,u)\3)3

hence the cov(X, max(X, uY)) is

2 20° (M1 + A3) 1(A2 + pA3)
X X.uY)) = _ _
cov(X, max(X, pY)) (M 4+X3)2 Mg+ A+ pA3)  A(Aip+ Ao+ pAz)?

202 (A2 + pi3) 1 2\3°
(Arp 4 A2 +pA3)3  Ai(Aa+pA3) (Mg + Ao+ pAs)3

1 1 1% p

(A1 + )\3){(0\1 + >\3)) - (()\2 - W\S)) (A1 + A2 + As#)}

similarly,

1 20 (A + Xs) 21
Y. X, pY)) = -
covlYsmax(X, 1Y) = S s T it d £ ha)? T Ot i)

21(A2 + pA3) 223t
A+ A2+ Asp)3  (Ap+ Ao+ Azp)3

1% 1 p 14

()\2 + ,u)\g) {(()\1 + )\3)) * (()\2 + ,u)\g)) ()\1,U + Ao + )\3[0 }

If we denote the covariance matrix by IT = (7)1 <; j<3 then

w11 = var(X), mg = w1 = 0, m33 = var(max(X, pY))

oo = var(Y), mig = cov(X, max(X, uY)), ma3 = cov(Y, max(X, nY))

since

P((Zi...Z,)eGy)—1lasn — o0

Li(zy,...,Z,,)) and —= (XA = X\)T1"()\*) are equivalent. Now,

n n

B

1 1
—U"Zy, . T N = =U(Zh, .. Zn) B 5
n n
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using @ from eqn. 3.6 with \; = A} we work ¥ as follows:

0%l 194
U T
__t m_ 1m
IRNCY VIS e
1 1
= ——SPuY<X)+ =sPX Y
A 7

= A A
1 3 1

where ® = (Ajp + A5 + Ajp)

9%l 1 0%
T =Elgis) = e
_ b m Im
A5+ uX5)2n A2 n
1 1
= el (X <pY) + 5 P(uY < X)
(A5 + uX3)? M52
_ [ L
(A pA)2R N5D
0%l 1 9%
=BE(—+s) = lim ==
733 ( 8)\§2> nl_)ngo na)\§2
ot e o m 1
AT+ n - (A +pA)?n A n
1 2

7] 1
= — P <X)+ 5 PX<pY)+ - SPuYy =X
(AT + A5)? ( ) (A5 + 1A3)? ( ) 52 ( )

A3 PN u
N+ A2 T (A 1 A2 | AP

0%l

Ti2 = To1 = E(—W) =
1023

9%l N

g im ~_ 2"
ONTON; n—oo n ONJONS

1 n
R

1
= —PpY <X

TR
T
(\F + \5)20

T13 — E(



42 CHAPTER 3. GENERALIZED MARSHALL-OLKIN MODEL

B 0%l ) . 0%l
To3 = L(—rany) = e Ay
» ON;ON n—oo 1 ONJONS
Kk m
(A3 + pA§)? n

"

REERT A
pAT

(5 + uhg)2a

consequently the information matrix has the form

11 0 73
o = 0 T2 723

731 732 733

it follows that
1
S Un

is equivalent to /(A — A) hence the claim with

UV (Z1y. s Zn M5!

Y(\) = Iyt O

3.3.3 Asymptotic Efficiency

The efficiency of a method is measured in terms of the ratio of the Cramer-Rao lower
bounds of the individual estimates to the sum of the mean squared errors (MSE) of the
individual estimates. That is, Eff. = tr(I;1)/ S MSE();). Also the asymptotic relative
efficiencies are based on the ratio of the traces of the appropriate asymptotic covariance

matrices. We define trace of asymptotic relative efficiency as
tr. ARE = tr(I,")/tr Y MSE(X;) (3.9)
and
Generalized ARE = |(I,")|/| > MSE(\,)| (3.10)

Arnold (1968) and Bemis et. al. (1972) have used the criteria eqn. 3.9 while Bhattacharyya
and Johnson (1971) used eqn. 3.10 to study the asymptotic efficiencies of BVE estimators
relative to the MLE, eqn. 3.9 comparing asymptotic average variances and eqn. 3.10
asymptotic generalized variance. From Arnold(1968, page 850), the information matrix

for Marshall-Olkin model is given as
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a-+c 0 a
In:% 0 b+d b
a b a+b+e

where A = A1 + X+ A3 , a = da(Ar +23)72, b= Mo+ XA3)72 c= A1 d=)\1
and e = )\gl. Let ¥,,, denote the dispersion matrix of the limiting normal distribution
of Marshall-Olkin BVE estimator, i;no, and Y0 = (I,) L. Let Y4 denote the asymptotic
dispersion matrix of in, the MLE of the generalized Marshall-Olkin model, and ¥, =
(X0)~!. We define the trace of asymptotic relative efficiency tr. ARE of X,,, relative to

Y, as
trace (3g)

tr. ARE= ————=
g trace (Xmo)

Using the simulated results, the following values were obtained for tr. ARE:

In the case of 500 simulations with pu = 1.33,

trace (Xy)  0.16671

tr. ARE = = = 0.57681
g trace (Smo)  0.28902

In the case of 1000 simulations with pu = 0.067,
tr. ARE — trace (¥y)  1.04712 108665

trace (Bmo)  0.96362

The results show that as the sample size increases and with a decrease in p, the information
matrices of both models are approximately the same and the efficiency of the MLE’S is

almost 1.

3.3.4 Simulation results

The S — Plus" (2001) programming language was used to conduct the statistical sim-
ulations. The aim was to compare the estimates of Marshall-Olkin’s model with that
of the generalised Marshall-Olkin model. The data were simulated using the marginal
distributions of the respective models. Sample sizes of 500 and 1000 were simulated.

From the table 3.1, it can be deduced that the estimates for Marshall-Olkin’s model seems
better than that of the Generalized Marshall-Olkin model in both simulations. Generalized
Marshall-Olkin model shows some good results as the sample size increases but with a
decrease in p. When the sample is small then we have ng = #{i : X; = puY;} to be less in
that of Generalized Marshall-Olkin model than of classical Marshall-Olkin model. This

can explain the discrepancy in the results.
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Initial value | Marshall-Olkin | Gen. Marshall-Olkin
500 1000 | 500(p = 1.33) | 1000(p = 0.067)
A1 =0.100 | 0.0667 | - 0.1178 -
A2 =0.200 | 0.1675 | - 0.1611 -
A3 =0.300 | 0.3627 | - 0.1699 -
A1 =0.250 | - 0.185 | - 0.213
Ag =0.360 | - 0.318 | - 0.290
A3 =0420 |- 0.521 | - 0.166

Table 3.1: Comparison of Marshall-Olkin ML estimates with Gen. Marshall-Olkin ML

estimates



Chapter 4

Model Extension

We generalize the BVE’s to any given function. Muliere and Scarsini (1987) characterized
a class of bivariate Marshall-Olkin type distribution that generalize the Marshall-Olkin
exponential distribution through functional equation involving binary associative opera-
tions. These classes of bivariate distributions and their marginal distributions and their
form depends on the associative operation. They concentrate mass on the line x = y
as in the case of bivariate exponential distribution introduced by Marshall-Olkin(1967).
It also should be noted that Marshall and Olkin treated the case of the binary relation
x*xy = x+y in 1967. That is they considered a lack-of-memory -property-type functional

equation which involves addition:
F(x1 %y, 22 y2) = F(x1 4 y1, 22 4 y2) = F(21,22)F (y1, y2)

A binary operation * over real numbers is said to be associative if (z*y)*h =z (y*h).
The operation * is said to have an identity element e if x x e = x. Let * be a binary
associative operation with an identity element e € R. It is known (see Aczél 1966) that

there is a strictly monotonically increasing continuous function g : Ry — R satisfying

zxy=g"(g(x)+g(y))

Assuming there is an identity e for the relation, and the relation is associative and re-

ducible, then any continuous solution of the equation
H(sxt)= H(s)H(t)

is of the form
H(s) = exp(—Ag(s)).

45
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Here we extend this concept by fixing some p > 0. The case u = 1 will lead to the results

of Muliere and Scarsini. If ;1 # 1 assume in addition that

Skt s t
—_— = — % —.

[T

Suppose that the survival function S(z,y) satisfies the functional equations

S(xxt,yxt/p) = Sz, y)S(t,t/n) (4.1)
Si(x 1) = Sy(2)Si(t) , Si(x) = S(z,e) (4.2)

and
Sa(y xt) = Sa(y)Sa(t) , S2(y) = S(e,y) (4.3)

for all x,y,t > e. Example 1: If z xy = x 4+ y, then g(x) = z and
S(z,y) = exp{—A1z — Agy — Agmax(z,y)}; =,y > 0.

This is the Marshall-Olkin distribution.
Example 2: If z x y = zy, then g(z) = logx and

S(a,y) = 2 My 2 (max(z, y)) .

This is the bivariate Pareto distribution over the set (1,00) x (1, 00).

Example 3: If z xy = (z® + y®)'/<, then g(z) = 2® and
S(z,y) = exp{—A12® — Xoy® — Az max(z,y*)}; z,y >0

This is the bivariate Weibull distribution (cf. Marshall and Olkin(1967)); Moeschberger
(1974). We extend the result in the following theorem.

Theorem 4.0.3 The only continuous solutions of the equations (4.1)-(4.3) are of the

form

F(u,v) = exp[=A1g(u) — Aag(pv) — Azg(max(u, po))], (4.4)

where A; > 0.
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Proof: We first note from eqn. 4.3 that Fy(z) = F(z,e) satisfies Fi(x*y) = F1(z)F1(y),

whence has the form

Fi(z) = exp[—01g(x)].
Likewise, the function Fo(z) = F (e, x/u) satisfies

Fo(w+y) = Fle, "

) = F(e, % * %) = Fo(x)Fo(y),

hence

Fi(x) = Fo(ux) = exp[—bag(uz)].
According to our assumptions,

Flast, x;’f) — F(w, 2)F(t t/1).
Defining H(s) = F(s,s/u), we find H(s*t) = H(s)H(t) and so
H(z) = exp[—Ag(z)].
It follows that

F(sxt,ex ;) = F(xz,e)F(t,t/u) = exp[-Ag(t) — 619(s)].

Putting u = s xt and t = pv we arrive at

Fu,v) = exp[=Ag(pv) — 01[g(u) — g(po)]];
where we used the fact that g(u) = g(s) + g(uv). On the other hand
Flexu, s+ ) = Fle s)F(uu/n) = exp[-Ag(w) = bag(us)]

Putting pv = ps * u and using g(puv) = g(ps) + g(u) we obtain

F(u,v) = exp[—Ag(u) — O2[g(uv) — g(u)]].
Setting Ay = XA — 03, Aa = A — 61 and A3 = 01 + 05 — A it follows that

F(u,v) = exp[—Aig(u) — Aag(pv) — Azg(max(u, pv))].

4.1 Another extension of Marshall-Olkin model

Let ¢(x,y) be function which is continuous and twice continuously differentiable in some

open dense domain G = Gy C R2. F is a two-dimensional distribution function so the
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mixed partial derivative gives a density. We generalize our joint distribution by changing

the notation from F(.,.) to Fy(.,.). The resulting bivariate distribution is given by:

Fo(r,y) = P(X>z,Y >y)
= exp{—-Mz — Aoy — \sp(z,y)}; 2,y >0, A €A (4.5)

We call eqn. (4.5) the ¢ model. We always assume that this defines a bivariate distribution
function. Note that the marginals need not to be exponential. In case where ¢(z,y) =
max(z,y) we get the Marshall-Olkin’s models with exponential marginals. See below. The

parameter space is obtained by taken a negative partial derivative with respect to x and
Tk
—0F 4(z,y)/0x = —[—)\1 — /\36cp(m,y)/8:r}F(p(x,y) >0
S0 A1 + A30p(x,y)/0x > 0,Va,y

—OFy(x,y)/0y = —[—)\2 —Agaw(w,y)/ay}ﬁo(%y) > 0
S0 Ao + A30p(z,y)/dy > 0,Vz,y.
It follows that the density is

I*F,
0xdy

(u,v) = (A3¢"(u, V) + (A1 + N30z (u,v)) (A2 + A3y (u, v))) Fy(u,v);

thus,

A= { (20, 28) - A5 (2,9) + (1 + At (2, 9) (A2 + Asdy (2,9)) > 032,y >0 [(4.6)

when ¢(z,y) = min(z,y), we have

0;ifx < y;
op(z,y) /0y = {

1;ifx > y;

In that case ¢ = 1, we define the joint density function in this case as g,(z,y) > 0 as:

- (4.7)

Ae( A1+ A3)Fys o <y;a,y> 0,
go(T,y) =
MA2+M3)Fysy<ax;xy> 0,

where ¢, and ; denotes dp(x,y)/0x and dp(x,y)/dy respectively. The case where

Fy(z,y) = exp{—M1z — Aoy — Aszy}; 2,y >0
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this is recognizable as Gumbel’s type 1 bivariate exponential distribution (cf. Gumbel,
1960) but in this case, A1, Ay > 0 and 0 < A3 < 1.

We define the joint density function on G for the general case as

Fo(z,y) = (A30" (2, 9) + (M + Asge (2, 1) (A2 + Aspy(2,9))) Fo(z,y). (4.8)

Let Fw(l) and fw(Q) denotes the marginal distributions of X and Y respectively.

Ea(l)(ﬂc) = Fy(,0)
= exp{—A\iz — A3¢(z,0)}

the density for X is given as

fcp(l) (.’L’) = (Al + )\3()01) eXp{_)\lx - )\3@(3"’ 0)}

and

E(X) = (A1 + Az0)
likewise, the marginal of Y is
Fo2)(y) = exp{—Xay — A3¢(0, )}

the corresponding density is

Fo@)(¥) = (A2 + Azpy) exp{—A2y — A39(0,9) }

and

B(Y) = (o + Asipy) ™

4.2 Maximum Likelihood Estimation

In this section we will derive the MLE for eqn. 4.8. when assuming that ¢” vanishes. The

likelihood function of a sample of size n of pairs z; = (z;,y;) for 1 <i < n individuals is

n

2 = [ folim)

i1
= exp{—\ Z Ti — A2 Z Yi — A3 Z (i, yi) ¥
i—1 i1 i1
H[)\Zi?b//(xia Yi) + (A1 + A0z (w4, y:)) (A2 + A3y (i, 94))]- (4.9)

=1
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The log likelihood function is

Jig
= MY w - wi— Ay (i)
=1 =1 =1

+ ) log [)\3¢”($z‘,yz’) + (A1 + Az (@i, 1i)) (A2 + Asipy (i, i) | (4.10)

log L¥(A)

The likelihood equations obtained by taken partial derivatives of I¥ with respect to ;s

and setting to zero are given as:

Z{(Az + A3y (i, yi)) /(M1 + A3pa(Tis i) ) (A2 + Azy (24, i) } sz
i

n

Z{()\l + A3 (i, i) /(A1 + Asa (i, 4i)) (A2 + Aspy (w4, i) } Z Yi
=1

n

> {[%(ﬂfia yi) (A2 + Asy (@i, i) + @y (@i, i) (A + Asew (@i, 1))
=1

/Ot + Aapa (@i, ) Oz + Aoy (i, ) | = Zgo 73, i)

from the assumption of ¢”. Hence, the likelihood equations are

S0 Ohz o Aapy (21, 00)/ Ot + g (i, 1) O + Aoy (s, i)) | = S0y
Dim1 ) (A4 Asa (@i, 13)) /(A + Aspa (i, 13)) (A2 + Aspy (@i, yi)) = D07 vi
Sy {50 O + Aay (1, 0) + 2y (1, 3) O + Aaipu (i, )]

/O + o (s, 1)) Oz + Doy (i 30)) | = Yy (e )

(4.11)

For brevity we omit > ; and write ¢, = ¢ (;,y;) and ¢y = @y(z;,y;). The Hessian

matrix on A is given by

Qp = V2I? = (017 /ONiON )i j=123 (4.12)
1/(A1 + Azgs)? 0 ©o /(AL + Aspe)?
== 0 1/(A2 + A3y )? ey/ (A2 + Azpy)?

P/ (A1 +X302) 0y/ 2+ A3py)? 02/ (M + A392)? + 95/ (A2 + Aapy)?

The existence and uniqueness properties of MLE are given in the following theorem.
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Theorem 4.2.1 Let (X;,Y;);i = 1,...,n,n € N be independent identically distributed
(i.i.d.) sequence with cumulative distribution function (c.d.f) F, given by eqn. 4.5, with
parameters A = (A1, A2, \3) € A ¢f eqn. 4.6. Let R = {(2,9i) ..., (xp,yn) : i : 2 <
Yi, 35 1 y; < w3, 3k yp = x;} C R*™. Then for all (v;,y;);i =1,...,n;n € R. The MLE

P\ for X exists and is uniquely determined by eqn. 4.11.

Proof of Thm. 4.2.1 Let [¥()\) denote the likelihood function of the model as derived in
eqn. 4.10. The Hessian @), of the likelihood is given as eqn. 4.12. The likelihood function
I¥(A) is twice differentiable. We want to show that the negative Hessian (—@Q.,) is positive
definite :

1. The first entry 1/(A\1 + A3pz)? > 0.

2. The determinant of the matrix

( 1/(A1 + Aspz)? 0 > .
0 1/()\2 + )\3(,0y)2

and

3. The determinant of the whole matrix

1/ (M1 + A302)? 0 /(A1 + A3pz)?
0 1/(A2 4 Aspy)? ©y/ (A2 + Azpy)?

0o/ (M4 A302)% 0y/ M2+ A30y)* 02/ (A4 Asp2)? + @5/ (M2 + Azipy)?

_ 1 { 1 03 N o 9
(A +A302)2 L2 + A30)2 L (A1 +A302)2 (A2 4+ A39y)2 | (A2 + Azipy)?

1 02
(A2 + A30y)2 (AL + A3ipp)t

In order to show that —Q, is positive definite, for any 6 # 0 write If § =
(01, 02,03)T with 61 or O, # 0 then strict positivity from
1 2

- PP ——— 02 > 0.
A1+ X302)2 1 (Mo + Agpy)2 2

07 (-Qu) 0 =
If 0 = (01,04,03)" and 6 = 6, = 0 and O3 # 0, then
0 (~Qu) 0 = [03/ (M + Xspa)® + 62/ + Doy )?] 62 > 0.

So —Q), is positive definite, hence @), is negative definite. By Thms. 3.2 and 4.2
of Mangarsin (1969, pages 89 and 91 ) the likelihood function I¥()) is strictly

}
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concave on A. Hence I¥()\) must have a unique maximum on A given by the
roots of the VI?(\) = 0. O
Using theorem 3.2.2, the joint sufficient statistic for eqn. 4.5. is

n n n
{n1,ma, Y @i, > i Y el yi)}
i=1

=1 =1

4.3 Asymptotic Properties

In this section we shall deal with the asymptotic properties of the MLE for the
parameters of eqn. 4.5.

4.3.1 Consistency

Theorem 4.3.1 For every n € N, let Z' = (X", Y/");i = 1,...,n be i.id
sequence with c.d.f. F, given by , eqn. 4.5, with parameters A = (A1, X2, A3) € A
cf. eqn. 4.6. Let Xn@ denote the MLE for A based on Z7,...,Zp;n € N.
Then for each A € A, )} converges stochastically to X\ under the law F,. The
consequence the MLE is consistent. For n — o0

PLAELEDY

that is
lim PA(|AAnsO — Al < e) =1

n—oo

Proof Let [*(\) denote the likelihood function of the model as derived in eqn.

4.11. We are considering a set
Cf = {rek:[A-37) <o),

where § > 0 and A” is fixed. Let the notation pCY denotes the boundary of
C?. We want to show that vV > 0

lim P;(zn(g)%@ < LGV € pc;;’) ~1= lim P{’(@f 3 < 5) — 1

Let
AL ={keQ: (N 2(k) < EE(N?) 1V € pCf}
Bf ={|A, - X"| < 4}
Known

lim Pf(A%) =1,claim lim Pf(Bf) =1

n
n—oo n—oo

if we would know that AY C Bf then

» ©
PE(AS) < PE(BY)
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SO

1 > lim PY(Bf) > lim P;,(Af) =1

n—oo A n

To show that Af C By, let K € A}, this implies
P z1(k), . zn(R) < B(Mz1(K), ..., za(K)) 1V € pCY)

this implies, the maximum of [f(X; z(x)), is attained in the interior of C} =

I7(.; 2(k)) has a zero for I*’ in CY. ¥/ has only one zero implies MLE lies in

n

C¥ implies P C¢, implies
A2 — X?| <6 = ke BY
The next point is to proof that
lim PE(BQ) < EQ)VA € pCf) =1
we proof this by first showing that
lim ~(\—A")T1P (V) 5, = ECfI¥],_5, =0

where 19 = % and that

lim (A~ 37T (A) (A Ayos = BxllPl, 5 <0

n—oo N

The partial derivative of 19 with respect to A1 is given as

31‘p/3)\1 = n/ )\1 + )\39095 le

dividing both sides by n, we obtain

© n
oA (ULEE AR
_ 1 D i1 Ti
T (Mt dsp.)  m
10K 1
TR e v B
B 1 1
B (())\1 + A3¢z) - (A1 + A3¢2)

It can same way be shown that

1 01¥
im ——— =
n—oo 1 OAag
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The partial derivative of 19 with respect to A3 is given as

n

917 /0N; = [9096()‘2+)‘390y)+‘:0y()\1 + >\3<Pm)} /O + Asw) 2 + Aspy) — D (i, i)
=1

dividing both sides by n, we obtain

1 01¥ 1
noAs = ([%()\2 +  A3py) +oy(A + )\3(,0x):| /(A1 + As0z) (A2 + Asy)

- Yl y¢)>

i=1

1017 . 1
lim 2= = 1im = e+ Aswy) + 0 +A3%)}/(A1+A3%)(A2+A3¢y)>

n—oo na 3 n—oo n

—E(e(X,Y)) = 0

where we have assumed the weak law of large numbers.

Now, by taking a third order Taylor expansion around A, we have

Lae) - () = (- NTRQ)
+ 0= (CR@) -1
k k k
T D 3) ) DU TP NS BIEWE B EAMEAY Py

where
1 o s
Sf = (- 1T
S = 50 - DT (@) 4 -3)
11 k k k ~ 3 )
Sf == 30D = A = A) R — A {20 Hya(2)

r=1s=1t=1

3
we make some assumptions that 0 < |y,5(2)] < 1 and |%| < Hyst(Z;)%.

We have seen that
Sf »—0

The Hessian Q is negative definite from Thm. 4.2.1, so the second term S3 is

negative with probability tending to 1. S7 and S are small compared to S§
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so the
sup (S7 + S5 + 53) < 0.
AeCy?
Thus, for n large enough,
1 -
S(1PQ) ~1P(1) <0 0

this completes the proof.

4.3.2 Asymptotic Normality

Theorem 4.3.2 Let Z,, = (X,,Y,);(n > 1) be independent identically dis-
tributed (i.i.d.) random variables with cumulative distribution function (c.d.f)
F, given by , eqn. 4.5, with parameters A = (A1, A2, A3) € A. Then the MLE A

for X\ is asymptotically normal

where

Proof Let § > 0 and set

G ={(z1,...,2) ER | A — Az1,..., )| < &

n

If § is small enough, then for (z1,...,2,) € G, A s unique. Then , by consis-
tency,

P\(GY) - lasn — oo

hence for € > 0 there is ng € N such that
P\(Gr°) < e ¥Yn > ng
It follows that for n > ng

| Py({w : A(z1 (W), ... zn (@) < EY0{21,. .. 20 € GEY)
— P AzW), .. zm(W) < )] < PA(GE) < €

Note that ' € R? and s’ < ¢ means s/, < t/;(i = 1,2,3). The likelihood

function ¥ can be expressed as a Taylor series by

PO = FP'A) 4+ = )T
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for some value of \* € B(), d), the §-ball around \. Soif 21, ..., 2, € Gf,,n > ng
P'Nz1,. .. 22)) = 0

and

P21,z A) = — (W21 2n) = AP (21, 2, AY)

by eqn. (4.10)

log LP(\) = ¥
= —Alzxi—)\QZyi—)\BZSO(fEi,yi)
i=1 i=1 i=1

+ ) log [A3¢//($i7 yi) + (M + Asa (@i, yi)) 2 + Aoy (i, yz'))]

SO
a1% /oA,
P21, 20,A) = 017 /O
I1% /0N
Z{()\Q + A3y (@i, ¥i)) /(A1 + A3e (@i, ¥i)) (A2 + sy (24, vi) } sz
i1
Z{()\l + X302 (2is ¥i)) /(A1 + Aspa (i, ¥i)) (A2 + Ay (i, yi)) } Z Yi
i—1

S {lealmg)e + Aspy(winu) + oy (i 50) Ot + Aapalwi, 1))
i=1
/O Aa (i) Oz + Aspy (i)} = 3 ol )
i=1
where E ¥/ = 0 from theorem 4.3.1 (consistency). It follows that ﬁl‘p "(z1y -y 2n, A)

is asymptotically normal with expectation 0 and covariance matrix II¥ =

(Wij)fgi, j<3 - We calculate this matrix as follows:

var(X) =1/(A\1 + Aspa)?
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var(Y) =1/(Aa + )\3903/)2

n

17/0xs = Z {[@x(l‘z" Yi) (A2 + Aspy (i, i) + oy (@i, yi) (A1 4 Aspe (@4, 4i))]

=1

/(A4 Aspa (@i, 4i)) (A2 + /\390y($i,yi))} = (i y)
=1

var((p(X,Y)) = B((p(X,Y))? = E*((¢(X,Y))

but
E((¢(X,Y)) = E(017/0A3) =0

from the proof of consistency

1 oI¥ 1
o —ﬁ{[%(xi,%)(&+>\3<Py(90i,yz‘))+90y(3€z‘,yz')(>\1+>\3<Pz(90i,yz‘))]

J (A1 4 Az (@i, yi)) (A2 + Asy (4, yi))}

- E((p(X,¥))? = BV /0xs)?

therefore

(~Tron) = om0+ dagy o1,0) + 4 o1 ) O + Al )
O+ A 3) O + Doy (i) )

i=1 i=1 - \/ﬁ 8)\3) \/ﬁ 8)\3)
therefore
var((p(X,Y)) = {[%(‘ri’ yi) (A2 + Ay (i, yi) + oy (@i, yi) (A + Aspe (@i, i)

O+ Nl yi)) Qo + Aoy (s, 3) )
Now,
coo(X, p(X.Y)) = B(Xp(X,Y))~ B(X)B(p(X,Y))

= BEXp(X,Y)) - {1/(M1 + >\3¢z)}{7}i_{§o % ([%:()\2 + A3¢y)

+ @y + Do) | /O + Do) Oz + Agsoy))}

= E(Xe(X,Y))
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also,

coo(Y, p(X,Y)) = EYe(X,Y)) - E(Y)E(p(X,Y))

- EOW&KYD—{UQr%&%Hg@&;<PA&+%ww

+ oy(Ar+ A3pz) | /(A1 + Aspz) (A2 + >\380y)>}

= E(Ye(X,Y))
If we denote the covariance matrix by TI? = (m;;){ j<3 then

ﬂ'fl = var(X), Ter = 7T2<'01 =0, 71'%"3 = var(yp)
oy = var(Y), Wf3 = cov(X,p), ng = cov(Y, o)

since

P((Zy...Z,)€Gf)—1lasn— o0

Lz, . Za, A) and —-2 (X — N)T 7 (\*) are equivalent. Now,
vn

1 1
SEN L T N = —UR(Z4,. .., Zn) D S8
n n

using Q,, from eqn. 4.12 with \; = A} we work X as follows:

o0%1°
M= B(=gy) = /00 + Agwa)?
1
P ,
22 :E(_W) = 1/(A2 + Azipy)
2
T —E(——Mp)— 2/ (M + Asp2)® + 902/ (A2 + Azipy)?
33 = o) = 2/ (A1 + A302)" + 03,/ (A2 + Asipy)
0217
Ti2 = To1 = E(—m) =0
0%1° 9
T13 = E(—m) = /(A1 + A3pz)
0217
T3 = B ) = @y/(A2 + Aspy)?

NN
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consequently the information matrix has the form

11 0 73
%g = 0 72 723
T31 T32 733
it follows that
1

P2y, ... T, A)DET!
\/’Tl (17 ) ,7) 0

is equivalent to /(A — A) hence the claim with
NP(N) = P58 O

We define the trace of asymptotic relative efficiency tr. A.R.E. of ¥,,, relative

to X, as

trARE. — 10 2

trace Ymo

where X, = Eg_l.
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Chapter 5

Multivariate Generalized
Linear Models

The generalized linear model (GLM) introduced by Nelder and Wedderburn(1972)
and (McCullagh and Nelder 1989) neatly synthesizes many of the most statisti-
cal techniques for the analysis of both continuous and discrete data in a unified
conceptual and methodological framework. It permits the adaptation of proce-
dures for model building and model checking, originally developed for normal

theory of linear regression, for use in a much wider setting.

Definition 5.0.1 A family of distributions Py of a q- dimensional random vari-
able Y, 0 € © C RY, which have densities

Fylo,v) = exp{[y0' — b(0)]/v + c(y, )]} (5.1)

(c(.) > 0 measurable,) with respect to a o-finite measure is called a natural
exponential family with natural parameter 0. v > 0 is a nuisance or dispersion

parameter.

The GLM specification according to Fahrmeir and Kaufmann (1985) has the

following three components:

i. The random component specifies the probability distribution of the re-
sponse variables. Specifically, it states that the components of Y have
(probability mass function)pmf or pdf from an exponential family of distri-
butions. We let [(6,v;y) denotes the logarithm of the likelihood function.
Since

E(1/96) = 0

61
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E(0%1/060% + E(01/00)*=0
and
01/00 = {y = V(0)}/v
0*1/06% = —b"(0)/v
it follows that E(Y) = p = b"'(6), and var(Y) = b”(0)v. The function
b”(0) depends on the canonical parameter, and hence on pu, and is called
the variance function, denoted by V' (u).
ii. The systematic component specifies a linear predictor n = X8 = Y ?_, z;;,
as a function of explanatory variables X1, ..., X; and unknown parameters.
iii. The link function g(.) provides a functional relationship between the sys-
tematic component and the expectation of the response in the random
component, n = g(u).
If (i) = pg, i€, s = pgy, i =1,...,n, we call g(.) the identity link function.

5.1 GLM for Minimum model

We apply the method of GLM to the Marshall-Olkin model with parameters of
the minimum model. We start by evaluate the EXY for the joint distribution
X,Y. To enable us determine what happens at the other halves of the plane,
we exclude the case where X =Y. We are considering positive random vari-
ables, hence the Laplace transform (moment generating function) exists. This

transform is given by

P(s,t) = /0 /0 exp{—sx — ty}dF\(x,y) (5.2)
Fy(x,y) = exp{—A1z — Ay — Az(z,9) }; 2,y >0

The corresponding joint density is given as

/\2(/\1 =+ /\3)F<p; T <y

fay) = { MA2+A3)Fy; y<z (5:3)

using eqn. 5.3 in eqn. 5.2, we have
P(s,t) = // exp{—sz — ty}\1 (A2 + \3) Fodzdy
x>y

+ // exp{—sz — ty} 2 (M1 + A3) Fodzdy
<y
= IT+1II (5.4)
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Now considering

// exp{—sz — ty}\1 (A2 + \3) Fodzdy
y

For

o0

I = )\1()\2 + /\3)/ / 6_()‘1+5)x{e_()‘2+)‘3+t)y}dyd$
z=0 Jy=0

= M(A2+ /\3)/ 6(/\1“)96{/ ef()‘2+)‘3+t)ydy}da:
=0 y=0
00 —(A2+A3+t)y | 2
— Mg+ e~Wits)e (€ 7 T
(2+ 3)/ ( ()\2+)\3+t)>0
1(A2 + )\3 / e~ (A1+s) —(A2+A3+1)
— S Z’ X d
)\2 + A3+ t — ¢ ) v
Ar(A2 +A3) / ~(s)z _ g~ (st
= )T _ STUT)de s A=A+ X+ A
)\2+)\3+t ):E, LA+ A3
/\2 + )\3 —(A1+s)zx e~ (A tstt)z
B A2+>\3+t< )\1+s ()\—i—s—i—t))
B /\2 + )\3 ( 1 )
N /\2+)\3+t A +s) (A+s+t)
A1(A2 4 A3)

AM+s) A+s+1)

By symmetry, Do(hn + 2a)
2(A1 + A3

Do+ (A +5+1)

Hence, the moment generating function

A(A2 + A3) A2 (A1 + A3)
M+siA+s+t) A+ t)(A+s+1)

1l =

¢(57 t) =

(5.5)

differentiating eqn. 5.5 with respect to s and ¢ and setting s =t = 0, we have

(21 + 2)\3) ()\1 + /\3) (2/\2 + 2)A3) ()\2 + A3)
+ +
A3 A2)\g A3 A2\

E(XY) =

which upon simplification yields;

A2(A1+ A2) + 2210003
AN

E(XY) = (5.6)

Let p be the correlation between X and Y, then we can say that

11

Let p be the correlation between X and Y, then we can say that

11
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E(X?% = /Oonfl(x)dx

0
= / 22\ exp(—\; ) dx
0
= 2/M (5.7)

similarly,

E(Y?) =2/)3
By Cauchy-Schwarz inequality
0<EXY <VEX?EY?=2/(\Xo)

thus the correlation FXY is in the range [0,2/(A1A2)].

We consider the model (Xj;,Y;;) for 1 < i < n and 1 < j < n; where the
random vectors denote the lifetimes of j — th pair organs under the i — th
experimental condition. The joint survival distribution of the (Xj;,Y;;) for
fixed i is denoted by Fy;) with parameters A1(), A2(i) and Az(i). We will
denote its corresponding joint density function by f)\(i)(xi, y;). We will assume

for simplicity that only A3(i) depends on i. Thus,

Fyiy(wi,yi) = exp{—A1z; — Aayi — A3(i)wi(wi, vi) }

and we consider the model (omitting the index j for simplicity)

EX;Y;, = C<)‘1;/\27)\3(i))// xiyi exp{—A1x; — Aoy — A3(i)pi(xs, ys) fdxdy
_ b
= P Mo
1—e @Bt 2

= B >0 5.8
1+ e Pt A1 i 0 ( )
1—e— > B
I4+e— =0t
parameters, t; models the ¢ — th experimental condition. We have assumed

where is a link function with predictor a + §t;, a and 8 unknown
that the model is non-linear in its parameters. When ¢;(z;,y;) = min(x;, y;),

we have from eqn. 5.6 that

A(D)2(A1 + A2) + 20 A2 (1) — 2A1 A0 (A1 + Ao)

Bx®) = M)

SO

1—e @ Pt )\(1)2()\1 + )\2) + 2)\1)\2)\(2) — 2)\1)\2()\1 + )\2)

1+ e-aBti 2M(7)3
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Multiplying this equation by (i) and differentiating both side in 3 yields

Qtie_a_ﬁti
(1 + e_a_ﬂti)z ’

dA(4)
dp

We want to determine the maximum likelihood estimator for 3. Note that the

o1 — e 7Pt d\(i)
1+e-abti 4

(2)\( N+ Ao) + AlAQ) — 6)(3) +2)(i)

model is given by
1( ) 10gl T y ZZf)\( '/“Ul]?y’Lj
i=1 j=1

hence differentiating with respect to 4 and using eqn. 3.5, for the case p = 1,

yields
dl(z,y) B n na(7) n1(7) (i) dAs(i)
g ZZ:; A1+ As(7) + Ao+ Ag(i ) @) ;max{xzpyw} B

where ny (i) denote the numbers ny, for the i — th sample. Using A(i) = A\; +

A2 + A3(i) we can rewrite this expression as

dl(z,y) na(i) n1 (i) n3 (i) NG
g ; () — Ao + NOESY + ) 3)\1 ;max{l‘w,yw} 5

This is the maximum likelihood equation to determine the maximum likelihood
estimator B for the parameter (3. In order to show that this is a.s. well defined

we calculate the second derivative:

Pl(z,y) S (i) na (i) ns (i) dA(i) )
@ ‘Z<(A<i>2—xz>2*<A<z’>1—m2*(A(z‘)—il—&)?)( dﬁ)

i=1
- n2(l) nl(z) ng(
i ; A7) — A2 * (i) — M\ + i) — A\ — ;max{xw,yw}
d?\(i
U

It has been shown in the proof of Theorem 3.3.1 that

na (1) n1(i) ns(3) B
E M) — Mg + NOESY + ORI z;max{x”,y,]} =0

hence (assuming that all ny(i)/n stay bounded as n — o0)

. 1 nz(Z) nl(z) ng(
1 - 179 J1 -
e (Y0 5 S (7 1 VD Y () ey v Z;max{x pyit | =0 as

Therefore the second derivative is a.s. negative and the maximum likelihood

estimator B is well defined.
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Theorem 5.1.1 The MLE , B, of B is consistent and asymptotically normal.

Proof: We first show that the classical Cramer-Rao cf. Cramer (1946, pages
500 and 501) conditions are satisfied. For each recall that we consider only the
case when [ is unknown, all other parameters are known. It can be shown in

o 1
a similar way as above that d"log (i) (2.9) exists for k = 1,2,3 and M

dgF
bounded by integrable function. Since
Cho _ Chao (0, dha PAG) (59)
dp? d\(4)?2 \ dp d\(i) d?p '

it follows that it is bounded by integrable function for all 3. There is a function

H satisfying

d’log fagi (. y)
PIE < H(z,y) (5.10)
with
/H(x,y)fA(i)(x,y)d:Edy < oo independent of A(7) (5.11)

in a Taylor’s series around the point 5 = [y,

Expand the function %g)(z’y)

where Gy denotes the unknown true value of the parameter.

dlog f dlog fx d dlog fy
2 8L ) (5 - o) g%

1 &2 dlog f
+ 58— 60)2(762(%))[«5%)%1

(

s = (

))ﬁo

where |v(z,y, 3, 60)| < 1. Summation of this relation over the n observations

and division by n the likelihood equation may be written as

1 dlogly(z,y)

n dp +(B—0o)B1+ 5 (6 50)?B (5.12)
d]' 7 7 ?
-1y S e,
i=1 j=1
d dlong %’Z/U)D
i=1 j= 1
- dlogf)x Dﬂzj,y@])))
peiet dﬁ2 ds [v(8—B0)+00]

j=
. dlog f(i) (®i5,Yi5 .
now, since EW = 0 we obtain



5.1. GLM FOR MINIMUM MODEL 67

7t = (DO )y [T G ey <

dp dp —oNdF? B

By use of strong law of large numbers, we find that By converges to zero a.s, By
to o2, while By converges in probability to the non-negative value EH (x,y) <
M, where M depends on By and 0 < M < oo. Given two positive quantities,
0 and ¢, it is then possible to find a number ny = ny(d, €, By) such that for any
n > ng

P, = P(|By| > %) < ée

1
P,=P(B, > 7502) < 3e

1
P; = P(|BQ| > 2M) < ge
Let T denote the set of all points for which the inequalities
1
|By| < 52, B < —50'2, |Ba| < 2M

are simultaneously satisfied. Let T* denotes that complementary set of T, we
have
P(T*) <P +P+P;<e

and hence
P(Y)>1—¢

if n > ny. Let ¢ be sufficiently small so that the parameter values 8 = [y £ 9.
We then have

1 (dlog Ny, yig)

1
_ = By+ Bid+ ~86°Bs.
- 03 ) B=B0+6 0 10+ 56" By

For every point in T
1
|Bo + 55232| < 8*(1+ M)

and , if § < 20%/(1 4+ M),
1
|+ 6By| > 5025 > §%(1+ M)

which shows that the sign of the expression By + B16 + %5232 is determined
by the sign of its second term. So that we have (%;“’%)) > 0 for § =
By — 0, and (%ﬁ”’yij)) < 0 for 8 = By + 6, further by eqn. 5.9 the function
(%};”’yﬁ)) is bounded by integrable function for all 3. We can therefore

conclude that, when ¢ is sufficiently small, the root Bn of the likelihood equation
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exists and lies between By — d and 3y + ¢ for every point in Y. For all n > ny
we have

P(|Bn — Bol < 8) > P(Y) > 1—¢

which completes the proof of consistency. Insertion of @l in eqn. 5.12, the

likelihood equation for 3 gives

By + (B — o) B1 + %(Bn — (0)*(B2)5_p, = 0 (5.13)

from which we obtain

5 “~ dlog fr (2ij, Yij
\/ﬁ(ﬂn - 60) = |:O_Qi/ﬁ Z( gf/\( )< s ))B:ﬁo]
=1

ag
_ B — Bo)(Ba) 5_
/| £1 ! ;)0(2 2)6’9”} (5.14)

In eqn. 5.14, the denominator of the fraction on the right-hand side converges in
probability to unity, while the numerator is asymptotically normal with mean
zero and variance ﬁ It then follows from convergence theorem by (Cramer,
page 254) that \/E(Bn — (o) is asymptotically normal with mean zero and vari-

ance % . O
o
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List of Notations

X Random variable

Y Random variable

F(z,y) Bivariate distribution function of continuous random variables X and Y
F(z,y) Joint survival distribution function for X and Y

Fi(z) Marginal distribution function of X

Fa(y) Marginal distribution function of Y

Fi(z) One-dimensional distribution function of X

Fy(y) One-dimensional distribution function of Y’

Fro(z,y)  Joint survival distribution function of Marshall-Olkin’s BVE
Frnor () Marginal distribution function of X in the Marshall-Olkin’s BVE
Foo2(y)  Marginal distribution function of Y in the Marshall-Olkin’s BVE
Fi/l (x,y) Joint survival distribution function of the minimum model

Fﬁ/[ () Marginal distribution of X in the minimum model

Fi\\/l (y) Marginal distribution of Y in the minimum model

flx,y) Joint density function for X and Y

fmo1(z Probability density function of X in the Marshall-Olkin’s BVE

)
fmo2(y) Probability density function of X in the Marshall-Olkin’s BVE
Fy(x,y)  Joint survival distribution function of the Generalized Marshall-Olkin model
fa(z,y) Joint density function of the Generalized Marshall-Olkin model on the domain G
fro(z,y) Joint density function of the Generalized Marshall-Olkin model on the line L
F,(z,y)  Joint survival distribution function of the ¢ model
AT Parameter space for the minimum model
A Parameter space for the Generalized Marshall-Olkin model

A Parameter space for the ¢ model



70

CHAPTER 5. MULTIVARIATE GENERALIZED LINEAR MODELS



Bibliography

1]

2]

[10]

[11]

Arnold, B.C. (1968). Parametric Estimation for a Multivariate Exponential
Distribution. J. Amer. Statist. Assoc. 63, 848-852.

Atienza, N., Garcia-Heras, J., Munoz-Pichardo, J.M. and Villa, R. (2007).
On the Consistency of MLE in the finite Mixture Models of Exponential
Families. J. Statist. Plann. Inf. 137, 496-505.

Bahadur, R. R. (1960) ”On the Asymptotic Efficiency of Tests and Esti-
mates,” Sankhya 22 No. 3-4, 229-252.

Barlow, R.E. and Proschan, F. (1975). Statistical Theory of Reliability and
Life Testing Probability Models. Holt, Rinechart and Winston, New York.

Bemis, B.M.(1971). Some Statistical Inference for the Bivariate Exponen-
tial Distribution. Unpublished Ph.D dissertation, University of Missouri-
Rolla.

Bemis, B.M., Bain, L. J., and Higgins, J. J.(1972). Estimation and Hypoth-
esis Testing for the Parameters of a Bivariate Exponential Distribution. J.
Amer. Statist. Assoc. 67, 927-929.

Bhattacharyya, G.K. and Johnson, R.A. (1971). Maximum Likelihood Es-
timation and Hypothesis Testing in the Bivariate Exponential Model of
Marshall and Olkin. Technical Report No. 276, Department of Statistics,
University of Wisconsin.

Block, H. W. and Basu, A. P. (1974). A Continuous Bivariate Exponential
Extension. J. Amer. Statist. Assoc. 69, 1031-1037.

Chanda, S. (1954). A notes on the consistency and maxima of the roots of
the likelihood equations. Biometrika. 41, 56-61.

Cramer, H. (1946). Mathematical Methods of Statistics. Princeton Uni-
versity Press.

Daniels, H. E. (1961). The asymptotic efficiency of a maximum likelihood
estimator. Proc. Fourth Berkley Symp. Math. Statist and Prob. 1, 151-164.

71



72

[12]

[13]

[14]

BIBLIOGRAPHY

Daniels, M. J. and Zhao, Y. D. (2003). Modelling the Random Effects
Covariance Matrix in Longitudinal Data. Statist. in Medicine. 22, 1631-
1647.

Dugue, J. L. (1937). Application des propiétés de la limite au sens du calcul
des probabilités a 1’étude de diverses questions d’estimation. Journ. de
I'Eec. Polytechn. , 305.

Fahrmeir, L. and Kaufmann, H. (1985). Consistency and Asymptotic Nor-
mality of the Maximum Likelihood Estimator in Generalized Linear Mod-
els. Ann. Statist. 13, No. 1, 342-368.

Fisher, R. A. (1912). On an absolute criterion for fitting frequency curves.
Mess. Of Math. 41, 155.

Freund, J. E. (1961). A Bivariate Extension of the Exponential Distribu-
tion. J. Amer. Statist. Assoc. 56, 971-977.

Gibbons, R. D. and Hedeker, D. (1997). Random Effects Probit and Lo-
gistic Regression Models for three-level data. Biometrics. 53, 1527-1537.
Gumbel, E. J.(1960). A Bivariate Extension of the Exponential Distribu-
tion. J. Amer. Statist. Assoc. 56, 971-977.

Gurland, J. (1954). 7 On regularity conditions for maximum likelihood
estimators”. Skand. Aktuar. 37, 71-76.

Hathaway, R. J.,. (1985). A constrained formulation of maximum likelihood
estimation for normal mixture distributions. Ann. Statist. 13, 795-800.
Heagerty, P. J. (1999). Marginally Specified Logistic-Normal Models for
Longitudinal Binary Data. Biometrics. 55, 688-698.

Heagerty, P. J. and Zeger, S. L. (1996). Marginal Regression Models for
Clustered Ordinal Measurements. J. Amer. Statist. Assoc. 91, 1024-1036.
Hedeker, D. and Gibbons, R. (1994). A Random- Effects Ordinal Regres-
sion Model for Multilevel Analysis. Biometrics. 50, 933-944.

Hyakutake, H. (1990). Statistical Inference on location parameters of Bi-
variate Exponential Distributions. Hiroshima Math. J. 20, 525-547.
Jewell, N. P., (1982). Mixtures of Exponential Distributions. Ann. Statist.
10(2), 479-484.

Johnson, N. L. and Kotz, S. (1972). Distributions in Statistics: Continuous
Multivariate Distributions. Wiley, New York.

Kulldorf, G. (1949). ” On the conditions for consistency and asymptotic
efficiency of maximum likelihood estimators”. Skand. Aktuar. 40, 130-144.



BIBLIOGRAPHY 73

[28]

[29]

[30]

[31]

[39]

[40]

[41]

Le Cam, L. (1955). 7 On Some Asymptotic Theory of Estimation and
Testing Hypotheses”. Proc. Third Berkley Symp. Math. Statist and Prob.
1, 129-156.

Leroux, S. (1992). Consistent Estimation of a Mixing Distribution. Ann.
Statist. 20(3), 1350-1360.

Liang, K. Y. and Zeger, S. L. (1986). Longitudinal Data Analysis using
Generalized Linear Models. Biometrika 73, 13-22.

Lipsitz, S. R., and Ibrahim, J. G. (1996). A Conditional Model for Incom-

plete Covariates in Parametric Regression Models. Biometrika 83, 916-922.

Mangasarin, O. L. (1969). Nonlinear Programming New York: McGraw-
Hill Book Co.

Marshall, A.W, and Olkin, 1.(1967). A Multivariate Exponential Distribu-
tion. J. Amer. Statist. Assoc. 62, 30-44.

Marshall, A.W, and Olkin, I.(1967(b)). A Generalized Bivariate Exponen-
tial Distribution. J. Appl. Prob. 4, 291-302.

McCullagh, P. and Nelder, J. A.(1989). Generalized Linear Models. 2nd
ed. London: Chapman and Hall.

Moeschberger, M. L. (1974). Life Test Under Dependent Competing Causes
of Failure. Technometrics 16, 39-47.

Molenberghs, G. and Lesaffre, E. (1994). Marginal Modeling of Correlated
Ordinal Data using a Multivariate Plackett Distribution. J. Amer. Statist.
Assoc. 89, 633-644.

Moran, P. A. P. (1967). Testing for Correlation between non- negative
variates. Brometrika. 54, 385-3941.

Muliere, P. and Scarsini, M. (1987). Characterization of a Marshall-Olkin
type distributions. Ann. Inst. Statist. Math. 39, 429-441.

Nelder, J. A. and Wedderburn, R. W. M. (1972). Generalized Linear Mod-
els. J. Roy. Statist. Soc. Ser. A135, 370-384.

Peters, B. C., Walker, H. F.,(1978). An Iterative Procedure for obtaining
Maximum-Likelihood Estimates of the parameters for a Mixture of Normal
Distributions. SIAM J. Appl. Math. 35, 362-378.

Pfanzagl, S. (1988). Consistency and Maximum Likelihood Estimators for

certain Nonparametric Ffamilies, in particular: Mixtures. J. Statist. Plann.
Inf.19, 137-158.



74

[43]

[44]

[45]

[46]

[47]

BIBLIOGRAPHY

Platz, O. (1984). A Markov Model for Common-Cause Failures. Reliability
Engineering. 9, 25-31.

Proschan, F. and Sullo, P. (1976). Estimating the Parameters of a Multi-
variate Exponential Distribution. J. Amer. Statist. Assoc. 71, 465-471.
Rao, C. R. (1973). Linear Statistical Inference and Its Applications. New
York: Wiley. 2nd Edition.

Ryu, K. (1993). An Extension of Marshall-Olkin’s Bivariate Exponential
Distribution. J. Amer. Statist. Assoc. 88, 1458-1465.

Sklar, A.(1996). "Random variables, distribution functions, and copulas-
a personal look backward and forward,” in Distributions with Fixed
Marginals and Related Topics, ed. L. Rueschendorff, B. Schweizer, and
M. Taylor Institute of Mathematical Statistics, Hayward, CA. 1-14.

Van De Geer, S. (2003). Asymptotic theory for maximum likelihood in
nonparametric mixture models. Comput. Statist. Data Anal. 41, 453-464.
Wald, A. (1949). Notes on the consistency of the maximum likelihood
estimates. Ann. Math. Statist. 20, 595-600.

Wilks, S. S. (1962). Mathematical Statistics. New York: Wiley. 2nd Edi-
tion.

Wolfowitz, J. (1949). 7 On Wald’s proof of the Consistency of the Maxi-
mum Likelihood Estimates”. Ann. Math. Statist. 20, 601-602.

Zeger, S. L. (1988). A Regression Model for Time Series of Counts.
Biometrika. 75, 621-629.

Zeger, S. L., Diggle, P. J., and Yasui, Y. (1990). Marginal Regression
Models for Time Series. Inst. for Mathematics and Its Appl, Time Series
Workshop, Preprint.

Zeger, S. L., Liang, K.-Y. and Self, S. G. (1985). The Analysis of Binary
Longitudinal Data with time independent covariates. Biometrika. 72, 31-
38.

Zeger, S. L. and Karim, M. R. (1991). Generalized Linear Models with
random Effects: A Gibbs Sampling Approach. J. Amer. Statist. Assoc.
86, 79-86.

Zeger, S. L. and Qaqish, B. (1988). Markov Regression Models for Time
Series: A Quasi-Likelihood Approach. Biometrics. 44, 1019-1031.



BIBLIOGRAPHY 75

Curriculum Vitae:

Name OKYERE Ebenezer

Date/Place of birth 1/9/1967, Agona Nsaba, Ghana

Nationality Ghanaian

Sept. 1980 - June 1985 G.C.E. Ordinary Levels, Nsaba Sec. School

Sept. 1985 - June 1987 G.C.E. Advanced Levels, Swedru Sec. School

Sept. 1990 - June 1994 BSc(Hons) Mathematics and Statistics(Combined), Univ. of Ghana, Legon

April 2001 - May 2003 MSc. Mathematics, Georg-August University, Goettingen

Sept. 2003 - July 2007 PhD in Statistics, Georg-August University, Goettingen



76 BIBLIOGRAPHY

ACKNOWLEDGMENTS

I am extremely grateful to my advisors, Prof. Dr. Manfred Denker and Prof. Dr. Jochem
Mau for all their help and guidance during the course of my graduate studies. I am espe-
cially thankful to Prof. Dr. Mau for providing a wonderful work environment here at the
Institute for Statistics in Medicine (ISM), Duesseldorf. The autonomy and the resources
provided to me have been unmatched. 1 have the highest appreciation for the manner in
which he has encouraged and supported me at all times. I am equally indebted to Prof.
Dr. Denker for his unflinching confidence in me and for all the valuable time he spared
from his busy schedule for the innumerable discussions we had. His wisdom and humour
have been a source of motivation and amazement for me. Without their constant support,
motivation and useful suggestions, this project would never have taken its present shape.l
would like to thank Prof. Dr. Brunner, Prof. Dr. Schlather, Prof. Patterson and Prof.

Dr. Waack for being part of the examination committee.

I would also like to thank my colleagues of ISM, Dr. Yong, Pharm, Li, Feuersenger, Dr.
Drabik and Jahavel for creating a wonderful work atmosphere. I also thank my friends,
Dr. and Mrs. Kwabena Adusei-Poku, Daplah family and Christiana Essiaw for making
my stay at Duesseldorf and Germany as a whole one of the most enjoyable and memorable

experiences of my life.

Finally, words cannot describe the love, support, advice and encouragement that I have
received from my family (Mr. and Mrs. Okyere, Fred, George, Alex, Sarah, Gladys and
Norah). My wife, Connie, has always been a constant source of energy in my life. I thank
her for her unfailing and loving support and for her boundless patience during the course
of this work. As for my parents, Mr. and Mrs. Okyere, their love, support, prayers and
motivation have been the very backbone of my existence. All that I have achieved today

is a result of the innumerable silent sacrifices they have made over the past decades.



	Abstract
	Contents
	Chapter 1 Introduction and Motivation
	Chapter 2 Bivariate Exponential Distributions
	2.1 Derivation of Marshall-Olkin BVE Model
	2.2 Some Examples of Bivariate Exponential Distributions
	2.3 Marshall-Olkin model revisited
	2.4 Copula

	Chapter 3 Generalized Marshall-Olkin model
	3.1 The generalized Marshall-Olkin model
	3.2 Maximum Likelihood Estimation
	3.3 Asymptotic Properties

	Chapter 4 Model Extension
	4.1 Another extension of Marshall-Olkin model
	4.2 Maximum Likelihood Estimation
	4.3 Asymptotic Properties

	Chapter 5 Multivariate GeneralizedLinear Models
	5.1 GLM for Minimum model

	List of Notations
	Bibliography
	Curriculum Vitae:
	ACKNOWLEDGMENTS

