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Chapter 1

Introduction

The present PhD thesis deals with the following generic mathematical problem:

Reconstruct a function f : 7 — R, where T is a domain in R?, based on its values at
a finite set of data points (“sampling locations”) {t,...,t,} C T.

Such kind of problem arises (directly or indirectly) in applications such as

e surface reconstruction

numerical solution of partial differential equations

fluid-structure interaction

e learning theory, neural networks and data mining
e modelling and prediction of environmental variables

Specific instances from different fields of application can be found in [¢] and [11]. In
order to derive “optimal” procedures for reconstruction and to provide a priori estimates
of their precision it is necessary to make assumptions about f. There are basically two
different fields of mathematics that deal with the above problem in different ways:
approximation theory and spatial statistics.

In approximation theory f is assumed to belong to some Hilbert space H of functions
of certain smoothness. This allows to use Taylor approximation techniques to derive
bounds for the approximation error in terms of the density of the data points. Smooth-
ness is a comparatively weak and flexible assumption, and the error bounds allow to
control the precision whenever it is possible to control the sampling. In this work the
focus will be on kernel interpolation. This procedure allows to adapt very flexibly the
degree of smoothness of f and it turns out to be optimal in the sense that it leads to
minimal approximation errors with respect to the norm || - ||%.

In some applications there is only limited or no control over the sampling and one has
to get by with the (sometimes very sparse) data that are available. Typical examples
are environmental modelling or mining where sampling involves high costs or is limited
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by lacking accessibility of the variable of interest. Moreover, in these applications the
variable of interest is often a very rough function, and together with the sparsity of
data this implies that error bounds obtained on the basis of Taylor approximation are
only of limited use. A way out is possible if the stronger model assumption that comes
with a statistical modelling approach is adequate: the assumption that f is a sample
path of a (second-order) random field. Then, again optimal approximation procedures
can be derived, and a satisfactory stochastic description of the approximation error is
available.

It is quite remarkable that both approaches finally come up with the same type of ap-
proximant, despite the different model assumptions and motivations of its construction.
Moreover, even the function that characterizes the magnitude of the approximation er-
ror appears - with different interpretations - in both frameworks. This motivates a
synopsis of the two approaches that have so far been developed completely indepen-
dent of each other (except for their common interest in classes of positive definite
functions).

In this thesis we review and compare the approaches taken in approximation theory and
spatial statistics to solve the reconstruction problem sketched above, and we contrast
the different model assumptions that come with these approaches. Our main focus is
to answer the following questions

1. To what extent do the probabilistic assumptions made in spatial statistics already
imply assumptions about the smoothness of f7

2. How sensitive are approximation accuracy and the accuracy of approximation
error prediction with respect to changes of the model / kernel parameters?

3. Which procedures can be used for parameter identification and how does the
efficiency of those procedures depend on the adequacy of the model assumptions?

Substantial new contributions that considerably exceed the results in the stochastic
literature are made in connection with the first question by proving a number of the-
orems providing an extensive characterization of the smoothness of the sample paths
of second-order random fields. Another major contribution of this thesis consists in
deriving an alternative interpretation of the maximum likelihood estimator for model
parameters in spatial statistics which motivates its use in a non-statistical framework
and helps to identify its scope of application.

In order to make this thesis completely self-contained and readable for mathematicians
from both fields - statistics and numerical analysis - we give a summary of all relevant
notions of probability theory (Chapter 2) and of reproducing kernel Hilbert spaces
(RKHSs) and show their connection to the Hilbert spaces associated with stochas-
tic processes (Chapter 3). This connection reappears in Chapter 4 where particular
representations of RKHSs and stochastic processes are given that allow to draw first
conclusions on the regularity of sample paths. Results of more immediate applicability
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are then derived - from a completely different starting point - in Chapter 5. After
explaining the general principles behind the construction of stochastic processes we
state and generalize some results from the literature on continuity and differentiability
in the mean square sense. Continuity and differentiability of the sample paths is first
discussed for the Gaussian case only. We then propose to focus on criteria for weak
differentiability as it will turn out that this type of regularity is entirely determined
by the second-order structure. Necessary and sufficient conditions on the second-order
structure of the process are proved that ensure weak differentiability of any degree, and
examples are presented to illustrate these statements.

In Chapter 6 we finally turn to the actual approximation problem, outline and contrast
the different approaches to solve it and the different ways to quantify the approximation
errors coming with these approaches. We also study the sensitivity of approximation
accuracy and accuracy of the prediction of the approximation error to changes of the
model parameters. Two standard methods (cross validation and maximum likelihood)
for selecting such parameters are introduced in Chapter 7. An alternative derivation of
the maximum likelihood procedure is given, allowing to widen its scope of application
to the non-statistical framework and to better understand the limits of its applicability.
Last but not least we compare the ability of both methods to select parameters that
lead to a good reconstruction of f and to an adequate prediction of the approximation
error in both a statistical and an approximation theory framework.

In this and the following chapters we are often sloppy with the nomenclature of the
mathematical fields “stochastics”, “statistics”, “spatial statistics”, and “geostatistics”.
These terms are used as synonyms whenever contrasting the stochastic approach with
the deterministic approach. Likewise, when talking about the latter, we use the terms
“numerical analysis” or “approximation theory”. The same is done with the nomencla-
ture for the people working in these fields.

We often use a “/” between two expressions corresponding to terminology from spa-
tial statistics and approximation theory when making statements that apply to both

frameworks but describe objects with different nomenclature.



Chapter 2

Basic Notions of Probability Theory

In this section we will give some basic definitions and theorems from measure and
probability theory, and from the theory of stochastic processes, which we will frequently
need in subsequent sections. We mainly follow [3] and |5], and these are also our main
references for proofs and further details in this chapter.

2.1 Measure and Probability

Definition 2.1.1. Let Q be a set. Then A C 29 is called a o-algebra on  if
1. e
2. Ac A = A°=Q\Ac A
3. (AhenCA = JA,€eA

neN

If Ais a o-algebra on €2, then (€, .A) is called measurable space and each A € A is
called a measurable set.

A o-algebra can be interpreted as an information system on 2. We will only be allowed
to make (probabilistic) statements about subsets of ) (so-called “events”) that are
contained in A.

Every intersection of (finitely or infinitely many) o-algebras in a set Q is itself a o-
algebras in €). Tt follows that for every system = of subsets of {2 there exists a smallest
o-algebra o(Z) containing Z. If A = ¢(Z), then E is called a generator of A.

Example 2.1.2. An important example for a measurable space is (R? B?), the real
space of dimension d, endowed with the Borel o-algebra, which is by definition the
smallest o-algebra generated by the open subsets of R

The set of open subsets is not the only generator of BY. Other generators are

4
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1. The set of all open cuboids (a, b) in R? where

(a,b) = {xERd:ai<xi<bi, for all 1§i§d}

2. The set of all closed cuboids [a,b] in R? where

[a,b] = {xGRd:ainigbi, for all 1§i§d}

3. The set of all right half-open cuboids [a, b) in R? where

la,b) = {xeRd:ai§x¢<bi, for all 1§i§d}.

In many cases, the space €2 of interest is naturally represented as the Cartesian product
of spaces €);, i € I, where [ is an arbitrary index set. This motivates

Definition 2.1.3. Let {(€;,.A;)}icr a set of measurable spaces, let ) := X;¢; €; and
mj : 0 — ) the j-th canonical projection. Let

g = {W;l(Ai)ZAZ'GAi, ie]}

Then the product o-algebra ®;c1.A; on Q is defined as o(G).

By interpreting R? as the n-fold Cartesian product of R!, Definition 2.1.3 yields a
product o-algebra ®¢ ;B on RY, generated by all sets of the form

{xeRd:ai<xi<bi, for one 1§i§d},
{xeRd:ainigbi, for@lgigd},or
{xERd:aigxi<bi, for@lgigd}.

It is well-known that B? = @%_, B, so we have yet another generator for B?.

When working with real-valued functions f, it is sometimes necessary that f takes
values in the compact extension R := R U {—o00, 00} of R. The corresponding Borel
o-algebra B then consist of the sets

By, BoU{—o0}, ByU{oo}, and ByU{—o00,00} with By € B.

Definition 2.1.4. Let (©2,.4) and (E, B) be measurable spaces. A mapping f:Q — F
is called A/B measurable or simply measurable if

f'(B)e A forall BcB.

Example 2.1.5. Continuous mappings f : R? — R” are measurable. This follows
directly from the definition of continuity (“preimages of open subsets are open”) and
the next theorem.
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Theorem 2.1.6. (c¢f. [3, Thm. 1.7.2]) Let (2, A) and (E, B) be measurable spaces with
B =o0(2). A mapping [ :Q — E is measurable if and only if

fH(B)e A foralBEeE.

There is also a reverse point of view on the measurability of mappings:

Consider a set ((£2;,.4;))ier of measurable spaces and a set (f;);c; of measurable map-
pings f; : Q — Q' i € I. Define o(f;,i € I) as the smallest o-algebra with respect
to which every f; is still .A/A; measurable. This sub-o-algebra of A on ) induced by
(fi)ier reflects their information content, and we will come back to this interpretation
in subsection 2.5.

We give some results concerning the measurability of functions f : Q — R:

Theorem 2.1.7. ([, Thm. 2.1.2]) A function f : Q — R on (2, A) is A/B measurable
if and only if it satisfies one of the following conditions

L. {w: fw)y<a} €A foral a€R,

(w)

2. {w: (w)<a}€A for all a € R,

8. {w: flw)>a} €A foral a€R,
)

4. {w: f(w)>a}e A foral aeR.

Theorem 2.1.8. ([, Thm. 2.1.3, 2.1.4]) For any two A/B measurable functions f, g :
Q— R on (2,A), the sets

{w: flw)<gw)}, and {w: f(w)=gw)},

(and of course their union and their complements) are all in A. Moreover, the functions
f+g, f—g and f-g are also A/B measurable, provided they are defined everywhere
on 2.

Theorem 2.1.9. ([7, Thm. 2.1.5, Cor. 2.1.6, 2.1.7]) B
Let (fu)nen be a sequence of A/B measurable functions on (2, A), with values in R.
Then each of the following functions is also A/B measurable:

’fl’a Sup(flao)a inf(fbo)v sup fm lnlf\] fm hmsup fna lim inf fn
neN ne

n—00 n—00

If (fo)nen is pointwise convergent, i.e. if lim f,(w) exists in R for each w, then this
n—oo

limit function is also A/B measurable.
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The following Lemma ([3, Lem. 3.2.1, 3.2.5]) links measurability of sets and mappings
w.r.t. a product space to measurability of their cross-sections.

Lemma 2.1.10. Let (21,.4,), (22, A2) and (E, B) be measurable spaces.
If Ae Ay ® Ay, then we have for the cross-sections:
Ay, =A{ws : (wr,wq) € A} € Ay forall wi € Q7 and
Ay, = A{wr : (w,wo) € A} € A4 for all wy € Q.
If f:Q1%xQy— FEis Ay ® Ay / B measurable, then
flw,+) is Ag / B measurable for each fived wy, and
(- we) is Ay | B measurable for each fized ws .

We are now ready to introduce the notion of a (probability) measure:

Definition 2.1.11. A set function p : A — [0,00] on a measurable space (€2, A) is
called a measure on A, and the triple (€2, A, 1) a measure space, if

L u(@)=0

2. (A)nens C A, ApN Ay =0 (n#m) = M( U An> = S u(A)

neN neN

If, in addition, u(€2) = 1 then p is called a probability measure (and usually denoted
by P) and (2,4, u) is called a probability space.

Definition 2.1.12. A measure p on (£2,.4) is called o-finite if there exists some count-
able or finite sequence of A-sets (A,,)nen so that

A, /Q asn— oo and u(A,) <oo forall n € N.

In many situations, the subsets of {2 with measure 0 (called null sets) are of particular
interest having the interpretation of “exceptional sets” which are somehow negligible.
From this point of view, it is often desirable that subsets of null sets are again null sets,
although they might not even be measurable a priori. This motivates the following

Definition 2.1.13. A measure space (2,4, i) is called complete if A’ C A, A€ A
and P(A) = 0 imply that A’ € A (and that P(A") = 0).

In any probability space it is possible to enlarge the o-algebra and extend the measure
in such way as to get a complete space [3, Sec. 1.5].

Notation: If some property holds for all w € Q\ N, where N C Q is a set of y-measure
0, we say that the property holds (u-)almost everywhere (a.e.).

In the same way, in a probabilistic context, we say that some statement is true
(P-)almost surely (a.s.) if it holds for all w outside a P-null set.
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Example 2.1.14. (Lebesgue Measure)
As noted above, the Borel o-algebra B? on R? is generated by the set

Z = {la,b) CRY: q,b €R?, q; <b; forall 1 <i<d}

of right half-open cuboids in R?. Now define a measure A% on Z by

X(la, b)) = [] (b — a:).

=1

It can be shown (|3, Sec. 1.4,1.5]) that this measure has a unique extension to B.
Moreover,

B, = [-n,n)%, neN

defines a sequence (B, )ney in Z with B, /' R? and \4(B,) = (2n)? < oo, so A\ is
o-finite. This measure \? is called Lebesgue-Borel measure, its completion is called
Lebesgue measure.

Having defined products of measurable spaces, we need to introduce the notion of a
product measure.

Definition and Theorem 2.1.15. Let (2, A) = (X, Q;, ®" | A;) be the product
space of measurable spaces (0, A;, i), © =1,...,n. The product measure 1 = Q" u;

15 defined by

u( X Ai) = H i (A;) forall A;e A, i=1,....n
i=1

Such a measure p exists and is uniquely determined on (2, A) by the preceding require-
ment (cf.[7, Thm. 3.3.1]).

For later use we state the first Borel-Cantelli lemma:

Lemma 2.1.16. (/7, Lem. 6.2.1]) Let (Q,A, P) be a probability space and (Ay)nen
be a sequence of A measurable events. Then

D P(A) <0 = P(ﬂ UAm) — 0,

neN neN m>n
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2.2 Integration

2.2.1 The Lebesgue integral

Following [3, Ch. 2] we give the main ideas of integration of a real-valued function f
w.r.t. some measure y. The Lebesgue integral is a special case.

In this and all subsequent sections, 14(x) denotes the indicator function of the set A,
ie.
1, z€ A
La(z) = { 0, ¢ A

Definition 2.2.1. Let (2,4, 1) be a measure space. A function f:Q — R, is called
an elementary or simple function, if it allows the representation

FO) =D aila(), a;>0, A€A i=1...n neN (2.1)
=1

If in addition the sets Ay,..., A, are pairwise disjoint with Q = JI_, A;, then (2.1) is
called normal representation of f.

Clearly, a normal representation of an elementary function f always exists, but it is
not unique. However, this is of no concern for integration.

Definition and Lemma 2.2.2. Let f : Q@ — R, be an elementary function on
(Q, A, p). Then the number

n

| i@ = Yauay <R,

i=1

is called the (u-)integral of f (over Q).

It 1s independent of the chosen normal representation.

This definition of integrals can be extended to nonnegative .4/B measurable functions
f. Such a function can always be represented as the limit of an increasing sequence
(fn)nen of elementary functions. Indeed, by defining

n-2"

falw) =D G-127" Lot cpuy< g} @) + 1 Lncpep W), we s,

J=1

we obtain such a sequence with f = sup f,, but again, the f, are not unique.
neN
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Definition and Lemma 2.2.3. Let f : Q — R, be a A/B measurable function on

(A, 1), and (fn)nen an increasing sequence of elementary functions with f = sup f, .
neN

Then the number

/Q fw) pldw) = sup / folw) plde) € R,

neN

is called the (u-)integral of f (over Q).

It is independent of the particular sequence (fy,)nen-

Finally the definition of the integral is extended to certain measurable functions of
arbitrary sign. To this end, for every function f: Q — R, we set

ft = sup(f,0) and f~ := —inf(f,0).

Clearly, f© >0, f~ > 0 and we have f = ft—fand |f| = fT+ f~. Hence, by
Theorem 2.1.8 and 2.1.9, if f is A/B measurable so is f* and f~.

Definition 2.2.4. Let f : Q — R be a A/B measurable function on (£, A4, 1) so that
at least one of the (u-)integrals

/Q f* (@) p(dw)  and / § (@) p(dw) (2.2)
is finite. Then the number
/Q F(w) pldw) = / £ () pldw) — / f() pldw) €R

is called the (u-)integral of f (over Q).
If both (u-)integrals in (2.2) are finite, then f is said to be (u-)integrable.

Remark 2.2.5. So far integration was always over the whole of €. Now, for any A € A
we know that if f:Q — R is an A/B measurable function so is 1,4 f, and we define

/ f(w) pldw) = / 14(w) f(w) pu(dw).
A Q

We note some basic properties of the p-integral:
Theorem 2.2.6. Let f,g be (u-)integrable functions on (Q, A, ). Then
Lige = [ @) < [ g udo),
Q Q

10
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2. for any o, B € R the function o f + (g is (u-)integrable and

/Qaf(wHﬁg( /f (d) +ﬁ/

‘/Qf(“)’“‘(d“ = /Q\f(w)\u(dw).

As an immediate consequence of part 2. in Thm. 2.2.6 we note that both integrals in
(2.2) are finite (i.e. f is integrable) if and only if | f| is integrable.

One of the big strengths of the p-integral (which is the Lebesgue integral if p is the
Lebesgue measure) compared to the Riemann integral lies in the validity of the following
theorems, which provide sufficient conditions under which the passage to the limit of
a sequence of functions and integration can be interchanged.

Theorem 2.2.7. (Monotone Convergence Theorem, [7, Thm. 2.5.4])
For an increasing sequence ( f,)nen of nonnegative A/B measurable functions on (2, A, u)

it holds that
/ (Sup fn)(w) = sup / fa(w
(9] neN neN

Lemma 2.2.8. (Fatou’s Lemma, [, Lem. 2.7.1])
For every sequence (fn)nen of nonnegative A/B measurable functions on (Q, A, n) it

holds that
/(hminf fn> (w) p(dw) < liminf /fn
0 n—oo n—oo

Lemma 2.2.9. (Dominated Convergence Theorem, [5, Thm. 16.4])
Let (fn)nen and f all be A/B measurable functions on (2, A, u), and let g be a non-
negative p-integrable function on (0, A, u). If

\ful < g ae.  forall n €N, and f,— [ a.e. as n— 00,

then

n—oo

/f p(dw) = lim fn( ) p(dw).

In the following sections we will consider measure spaces (€', A’, 1//) whose measure p/’
is defined indirectly by a A/.A" measurable mapping 7" from a measure spaces (€2, A, )
to (', A") by

p(A) = p(TH(A)), Ale A

The following theorem shows the connection between pu- and p/-integrals:

11
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Theorem 2.2.10. (Transformation theorem, [9, Cor. 2.10.2])

Let (Q, A, ) and (U, A, i) be as above, and let f : Q' — R be an A'/B measur-
able function. Then the p'-integrability of f' implies the p-integrability of f' o T and
conversely. In this case we have

[ r@) ) = [ (o)) nla)

The next theorem ([3, Thm. 3.2.6, Cor. 3.2.7]) shows the connection between the full
integral and the marginal integrals of functions on product spaces.

Theorem 2.2.11. (Fubini’s Theorem)

Let (Q, A, jt), i = 1,2 be o-finite measure spaces and let f : 9y xQy — R a A1®A; /B
measurable function. Define Fy, Fy by

Fi(w) = A flwi,wa) pa(dws), Fy(ws) = i fwi,wa) pa(dwy).

If f is nonnegative, then Fy and Fy are A;/B and As/B measurable, respectively,

/ Slwr,wa) (1 @ po) (d(wy,ws)) = / Fi(w1) pa(dwr) (2.3)
Q1 %09 Q1

and /Q . flwr,ws) (,u1®u2)(d(w1,w2)) = /Q Fy(w2) pia(dws) (2.4)

(if one side of (2.3) or (2.4) is infinite, so is the other).

If [ is g ®uo-integrable, then f(wy, -) is po-integrable for uy-almost all wy and f (-, ws) is
pu1-integrable for ps-almost all we. Further, Fy is defined py-a.e., Fy is defined ps-a.e.,
and again (2.3) and (2./) hold.

We have already emphasized the importance of null sets and introduced the notion
of almost everywhere properties. The following theorem (see [3, Sec. 2.5]) shows the
significance of these concepts in integration theory.

Theorem 2.2.12. Let f,g : Q — R be two A/B measurable functions on (2, A, i)
that are p-a.e. equal. Then

1. /f(w),u(dw):O — f=0 a.e
0
2. if [ and g are nonnegative, then /f(w) p(dw) = /g(w) p(dw).
Q Q

3. if f is p-integrable, then so is g and /f(w) pu(dw) = /g(w) p(dw).
Q Q

12



2.2: Integration

4. if f is p-integrable, then it is p-a.e. finite on 1.
Note that this allows us to define the integral for a function f defined only almost
everywhere on (2, provided that f can be extended to an integrable function f* on €2.

Following [5, Sec. 19], we can now introduce the LP-Spaces.

2.2.2 LP-Spaces

Fix a measure space (2,4, p). For a A/B measurable function f : @ — R and
1 <p < oo define

1
oo = ([1ruan) . 1sp<oo  ma e
Q
| fllze@) := esssupq |f]. (2.6)
where esssupq |f| = inf{a € R : p({w: |f(w)| > a}) = 0}.
Then for any 1 < p < oo we define the function space

LA p) = {f: Q>R : fis A/B measurable and ||| 1rq) < o0}.

fFQ=TCR) A=B%:=B'NT and u = \? (restricted to B%), then B% and \? are
usually dropped from the notation and one writes LP(T') instead of LP(T,B%, \¢) and

/T f(z)dxr instead of /T f(z) AX(dx).

In this context, spaces of locally integrable functions are also of interest. Writing
I cC T for a subset I that is compactly contained in T, i.e. I C I C T and I is
compact, we further define

LP

loc

(T) == {f:T—R: feL’(I) foreach I CCT}.

The great utility of LP-spaces is due to their good mathematical structure:

Theorem 2.2.13. Let (Q, A, 1) be a measure space and 1 < p < oo. If we identify
functions that are equal p-a.e. the space LP(Q), A, 1) defined above becomes a normed
vector space with the norm defined in (2.5) and (2.6) respectively. Moreover, it is
complete under the corresponding metric.

13



2.3: Fourier Transforms of Measures

Theorem 2.2.13 says that, for any 1 < p < oo, LP(Q), A, 1) is a Banach space. For
p = 2 we can even make it a Hilbert space by defining a scalar product

(F. ) = /Q fou(do)  frge LD, A p).

In the following section we will frequently encounter this kind of Hilbert space either
w.r.t. the Lebesgue measure or w.r.t. some probability measure.

The following Lemma allows to draw conclusion about the integrability of products of
functions:

Lemma 2.2.14. (Holder’s inequality)
Let 1 < p,q < oo so that p~' + ¢7' = 1 (with the convention co™' = 0). For
ferr(Q A p) and g € LIY(Q, A, ) it holds that f - g is u-integrable and

/Q gl u(dw) < 1y - lollzoe.

We conclude this subsection by introducing the concept of weak convergence of se-
quences of finite measures on (R? B%):

Definition 2.2.15. Denote by C,(R?) the set of all continuous and bounded functions
f: R — R. A series of finite measures (i, )neny on (R?, B?) is called weakly convergent
towards a finite measure p on (RY,BY), if

lim [ f(w)pn(dw) = [ f(w) p(dw) for all f € C,(R%).

In this case we write f, — j.

2.3 Fourier Transforms of Measures

We shall briefly introduce the concept of Fourier transforms of measures, which are a
useful tool for working with probability measures. For proofs and further details we
refer to |3, Sec. 8.1, 8.2].

Definition 2.3.1. Let p be a finite measure on the measure space (R”, B"™). Then the
function 1 : R™ — R defined by

A(r) = / e ) = / con(r'y) uldy) + / () (27)

is called the Fourier transform of p (by 7" we denote the transpose of 7).

14



2.4: Random Variables and Vectors

We note some basic properties of Fourier transforms:

Lemma 2.3.2. Let p,v be a finite measures on the measure space (R",B") and u,v
their Fourier transforms according to (2.7). Then

1. p(r) is defined for every T € R";
11(0) = p(R™);
1 is uniformly continuous on R";

[ 18 a symmelric measure <= i is real-valued and symmetric;

u(r) =v(r) forallT e R" <= p=v.

Because of the last uniqueness property, Fourier transforms are usually called characteristic
functions in the stochastic literature. We will stick to the term “Fourier transform” to
avoid confusion with characteristic functions of sets.

The next theorem shows, that weak convergence of measures is equivalent to pointwise
convergence of their Fourier transforms:

Theorem 2.3.3. ([7, Thm. 8.2.7]) Let i be finite measure on (R™,B"), and (n)nen
a sequence of finite measures on (R",B"). Then j, — p implies

n(T) — (1) asn — oo, forallT € R",

and the convergence is uniform on every compact subset of R™. If in turn there exists
a function [ : R"™ — C that is continuous at 0, so that

n(17) — f(T) asn — oo, forallT € R",

then there exists a finite measure p on (R™, B") with i = f and j, — .

2.4 Random Variables and Vectors

Definition 2.4.1. Let (2, A, P) be a probability space. A measurable mapping X :
(Q,A) — (R,B) is called random variable (RV).

It induces a push-forward measure Px on B via

Px(B) :== P(X '(B)) forall B€B. (2.8)

Instead of push-forward measure we also say distribution of X.

Definition 2.4.2. Let (€2, A, P) be a probability space. A measurable mapping X :
(Q,A) — (R",B™) is called random vector (RVct).

15



2.4: Random Variables and Vectors

Notation: To express that a RV or a random vector X is distributed according to
some distribution D, it is common to write X ~ D.

Definition 2.4.3. (see also |3, Thm. 5.4.4]) Let (X;);cr be a set of RVs on (9, A, P),
where [ is an arbitrary index set. For any finite subset J C I denote by X, the
random vector whose components are the RVs X;, j € J. The RVs X;, i € I are
called (mutually) independent if

finite

Px, = ®jecs Px; forany J C I (2.9)

According to Definition 2.1.15, condition (2.9) is equivalent to

P(X;eB;, jeJ) = |[P(X;€B)), BjeB forall jeJ,

jedJ

which illustrates the idea behind Definition 2.4.3: changing a marginal (i.e. determined
by only one of the X;) event By, k € J, affects the joint probability on the left only
through the change of the respective marginal probability.

The generalization of Definition 2.4.3 for random vectors is obvious.

Notation: If the RVs X;, ¢ € I, are independent and have identical marginal distri-
butions, we write

id.d.
(Xi)z'el ~ M.

to specify their (common) marginal distribution p.

The definition of the push-forward measure reduces everything to the probability space
(Q, A, P). In practice however, it is often more natural to specify the distribution on
the image space (R, B), without any reference to the original probability space. This
can be conveniently done using the following notions:

Definition 2.4.4. Let X : (2, A, P) — (R",B") be a RV (n—=1) or a RVct (n>1). The
distribution function of X is given by

F(t):=P(X;<t;, 1<i<n) t=(ty,...,t,) € R"

The distribution function F' uniquely determines the push-forward measure Pyx. If Py
is absolutely continuous w.r.t. the Lebesgue measure, it can also be characterized by
its probability density:

Definition and Theorem 2.4.5. ([, Thm. 2.9.10]) Let X be a RV or a RVct. If Px
is absolutely continuous w.r.t. the Lebesque measure \?, i.e.

M(B)=0 = Px(B)=0 forall B cB",

16



2.4: Random Variables and Vectors

then there exists a non-negative, integrable function f : R™ — R so that
Px(B) = / f(x)dx  for all B € B".
B

f is called the probability density function.

We give some examples of important univariate distributions (i.e. n = 1):

Example 2.4.6. The uniform distribution U, with parameters a,b € R, a < b, is
defined by its probability density function

flz) = 1 1 (), r €R.

Example 2.4.7. The exponential distribution Exp()\) with parameter A € R, is
defined by its probability density function

f@)=Xe™ 1o (2), r € R.

Example 2.4.8. The Gaussian or normal distribution A (u1, 02) with parameters y, o €
R, o > 0, is defined by its probability density function

1 (w—p)?
flz) = e 207, r € R.
V2mo?
In the case where o = 0, the Gaussian distribution N (x,0) is no longer absolutely
continuous w.r.t. the Lebesgue measure. It is then defined by its distribution function

F(:L’) = 1[%00)(1’), r e R.

The special case NV (0,1) is called standard Gaussian or standard normal distribution.

The parameters p and o of the univariate Gaussian distribution will turn out to be its
expectation and variance. The latter are the two most important quantities that can
be used to characterize random variables.

Definition 2.4.9. For a RV X € LP(Q), A, P)), the k-th moment is given by

E(X*) := /Q (X(@)" P(dw), keN, k<p.

E(|X|*) is called the k-th absolute moment and, for k > 2, E((X — E(X))k) is called
the k-th centered moment.

The first moment, E(X), is called the expectation or the mean of X, the second cen-
tered moment is called the variance Var(X) of X (provided that p > 1 and p > 2,
respectively).

17



2.4: Random Variables and Vectors

Remark 2.4.10. The existence of the integrals in Definition 2.4.9 follows from Lemma
2.2.14 (Holder’s inequality), which yields for & < p

p—k

E(IXY) < (E(XP))* (EQ)7 < o

We also briefly note the relation Var(X) =E(X?) — (I['I‘,(X))2

For many distributions the mean, the variance and higher moments can explicitly be
calculated. We shall only state those for the normal distribution:

Lemma 2.4.11. Let X ~ N (u,0%). Then for any n € N we have

E(X)=p, E(X-EX)P") =0, and E(X-E(X)) =200

2nn!

In particular, all centered moments exist and are determined by o>.

We note the following inequality (see [5, (21.12)]) that bounds the probability of a
deviation from 0 in terms of the absolute moments:

Lemma 2.4.12. (Markov’s inequality) For a RV X € L*(Q, A, P)) it holds that

P(|X]|>¢€) < l/ | X (w)|" P(dw) < i1[-3(|X|P).
{w: X (w)[>e} 2

ep

The special case P(|X —E(X)| > ¢€) < % Var(X) is usually referred to as Chebyshevs’s
inequality.

A certain subset of random variables, namely those with existing second moment, are
of particular interest:

Definition 2.4.13. Let (Q,A, P) be a probability space and X,Y € L?(Q, A, P)
second-order RVs. The (centered) covariance of X and Y is

Cov(X,Y) == E((X —E(X)) (Y —E(Y))).
The RVs X and Y are called uncorrelated if Cov(X,Y) = 0.

Lemma 2.4.14. (cf. [5, Sec. 21] Let X,Y € L'(Q, A, P) be independent RVs. Then
E(XY) exists and E(XY) = E(X)E(Y).
In particular, if X,Y € L*(Q, A, P) are independent, then they are uncorrelated.

Using the relation Var(X +Y) = Var(X) + 2 Cov(X,Y) + Var(Y) we obtain

18



2.4: Random Variables and Vectors

Corollary 2.4.15. For two independent RVs X, Y € L*(Q, A, P) we have
Var(X +Y) = Var(X) + Var(Y).

Moments of random vectors are defined by applying the above notions to their compo-
nents. We are particularly interested in the first two moments:

Definition 2.4.16. Let X be a RVct whose components X;, ¢ = 1,...,n, are second-
order RVs. Then the vector

E(X) = (E(X),...,E(X,))

is called expectation or the mean of X and the matrix

Cov(X) := (Cov(X;, X;),

1,7=1,...,n

is called (variance-)covariance matrix of X.

We briefly note that for any second-order random vector X, any vector b € R" and
any matrix A € R™*™ we have

1. E(AX +b) = AE(X) + b
2. Cov(AX +b) = ACov(X) A

Following |5, Sec. 29| we can now generalize the Gaussian distribution to the multi-
variate case:

.....

1€ R™ and A € R""™. Then the distribution of
Y i=AX +yp, (2.10)

denoted by N (u,Y), where X = AA’| is called n-variate Gaussian or n-variate normal

distribution with mean p and covariance .

Lemma 2.4.18. Let Y ~ N(u,X) be a random vector in R™.
1. Y has mean E(Y) = p and covariance Cov(Y) = X.

2. For Z:=TY +b with b€ R™ and T € R™*"™, we have

Z ~N(Tpu+bTET).
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2.4: Random Variables and Vectors

3. If 3 is reqular (i.e. ¥ has full rank), then Py is absolutely continuous w.r.t. \"
and its probability density function equals

Fl@) = — b =)

(2m)3 2|2 '
4. The Fourier transform ID; of Py s given by ]/3;/(7') = e”‘/T_%T/ET, wn particular
(see part 5. in Lemma 2.5.2) N (u, ) is well defined by (2.10).

5. Then components Y1,...,Y, of Y are stochastically independent if and only if
they are pairwise uncorrelated, v.e. if X = I,.

Note that the necessity of ¥ = I, in part 5. follows from Lemma 2.4.14. It is one of
the remarkable properties of the multivariate Gaussian distribution that this is also
sufficient.

Next, we introduce different notions of convergence of a sequence (X, ) ey of random
variables or random vectors on a probability space (€2, A, P). In the latter case, con-
vergence is with respect to some suitable norm on R%:

Definition 2.4.19. The sequence (X, ),en is called almost surely convergent towards
X, if

P(limsup|Xn—X|>e> =0 for all e > 0.

n—oo

In this case we write X,, —> X.

Definition 2.4.20. The sequence (X,,),en is called stochastically convergent towards
X, if

lim P(|X,—X|>¢ =0  foralle>0.

n—oo

. . sto.
In this case we write X,, — X.

Definition 2.4.21. Assuming that X, X,, € L*(Q, A, P) for all n € N, the sequence
(Xn)nen is called convergent in the mean square towards X, if

lim E(]X, — X[*) = 0.

n—oo

In this case we write X, —5 X.

If X, =% X, then the first and second moments must also converge, since

E(X, - X]) = E(X2) -2 EX.X)+E(X) > (VEXD) - VEX?)

E(X2)E(X?2
and < VEXR)E(X?)

[NIES
[NIE

E(X, ~ X)) > (B(X,—X])* > [E(X,) - E(X)|>.
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2.5: Conditional Expectation

The following theorems (collecting results from |3, Sec. 2.11, 7.7]) clarify the relations
between the different types of convergence:

Theorem 2.4.22. For (X,,)nen and X as above, we have the implications

10X, "X = X, X.

sto.

2. X, 25 X — X, 2> X.

9. X, 2% X = Py, - Py.
The converse statements are not true in general, and there is no implication between
a.s. and m.s. convergence. For part 2. of Theorem 2.4.22 however there exists at least
some kind of converse statement:

Theorem 2.4.23. The sequence (X, )nen converges stochastically towards X if and
only if from every subsequence of (X, )nen we can extract a further subsequence which
converges to X a.s.

2.5 Conditional Expectation

We introduce the notion of conditional expectation of RVs. It can be generalized to
RVcts by applying it componentwise.

Theorem 2.5.1. ([7, Thm. 10.1.1]) Let X € Li(2, A, P), A" C A a sub-o-algebra
on Q and P|a the restriction of P on A'. Then there erists a random variable X €
Li(Q2, A, P| ) satisfying the condition

X (w) P(dw) = X (w) P(dw) forall A'e A
A A

X is unique up to P|-null sets, is usually denoted by B[X|A'] and is called conditional
expectation of X given A'.

The conditional expectation E[X|A’] reflects the information about X contained in
A’. In practice we are interested in the information about X contained in another RV
Y or, more generally, in a set (Y;);e; of RVs on the same probability space (€2, A, P).
As noted in subsection 2.1, the sub-o-algebra o(Y;, i € I) on 2 generated by the set
(Y:)ier reflects its information content, and so we call

E[X|Y;,iel] = E[X|o(Y;, i€l

the conditional expectation of X given (Y;)c;.

For X € Ly(2, A, P) we can give an equivalent definition of the conditional expectation
as an orthogonal projection:
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2.5: Conditional Expectation

Proposition 2.5.2. Let (X2, A, P) be a probability space and X € Lo(2, A, P), further
let A C A be a sub-o-algebra on Q. Denote by Il4 the orthogonal projection of
LQ(Q,A, P) on LQ(Q,A,,P‘A/). Then

HA/X = E[X|A/] a.s.

The following two properties of conditional expectations emphasize its meaning as
projection on some “less informative” o-algebra |3, Sec. 10.1].

Lemma 2.5.3. Let (Yi)ier a set of RVs on (Q, A, P), and X € L,(2, A, P).
1. If o(X) C o(Y;, i €1), then E[X |V, i€ I]=X P-a.s.

2. If X is independent of (Y;)er, then E[X | Vi,iel|=E(X) P-as.

In the first case, (Y;);c; contains exhaustive information about X and so X is projected
onto itself, while in the second case of independent RVs, no information about X is
contained in (Y;);e; and Iy (v;, icr) is simply the projection on the constant RVs.

We note some more properties (see [3, Sec. 10.1] and [5, Sec. 34|), which are more
technical, but will be needed in later chapters.

Lemma 2.5.4. Let X, X;,Xo € L1(Q, A, P), Y an A'/B measurable RV on (Q, A, P)
where A" C A is a sub-c-algebra, and aq,as € R.

1. E(E[X|A]) = E(X)
2. E[a1X1 +a2X2|A’] = a E[Xl‘/l/} + a9 E[X2|A/] P-a.s.
3. ElYX|A] = YE[X|A] P-as.

Note that the integrals are with respect to different measures: the outer expectation
in part 1. in Lemma 2.5.4 for instance, is with respect to P|4 and not with respect
to P as usual. Here and in the future, we will suppress this subtle difference in the
notation to keep notation simple.

Factorization

Lemma 2.5.5. (/9, Lem. 10.2.1]) Let X be a RVs and Y be an n-dimensional ran-
dom vector on (Q, A, P). X is o(Y)/B measurable if and only if there exists a B"/B
measurable function

g:R" =R sothat X =goY
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2.5: Conditional Expectation

Lemma 2.5.5 allows us to define a B/B measurable mapping y — E[X|Y = y|] with
the property

/ X (w) P(dw) = /E[X\Y:y] Py(dy)  forall BeB.
Y-1(B) B

E[X]Y = y] is called factorized conditional expectation and assigns to every observed
value y the expected value of X given that Y = y. It is Py-a.s. and inherits all of the
properties of the conditional expectation.

Apart from the restriction that E[X|Y = y] must be B"/B measurable it can be
of arbitrary form. It is another remarkable property of the multivariate Gaussian
distribution that the conditioning of some of its components on the remaining ones
leads to a very simple form:

Proposition 2.5.6. Let (X1, X5)' be a random vector of size ny +nqy that is distributed
according to a multivariate Gaussian distribution, i.e.

X1 H1 Y Y
~N : .
(X2> << :“2) <221 222 ))
Then the factorized conditional expectation of X1 given Xy = xo equals

E[X1|Xy = 23] =+ D12 555 (22 — pi2).

Recalling the projection property of E[X|Y] from Proposition 2.5.2 and that E[X|Y =
y] is the function g such that E[X|Y] = ¢(Y’), we can interpret the factorized conditional
expectation as the best predictor of X given Y = y. Proposition 2.5.6 states that in
the case of a multivariate Gaussian distribution the best such predictor function g is
linear in y, and only depends on the means and the covariances.
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2.6: Stochastic Processes

2.6 Stochastic Processes

Definition 2.6.1. A (real valued) stochastic process X on a set T'is a set (X;);er of
random variables X; : Q — R sharing the same probability space (€2, A, P).

When T'C R? X is also called a random field (RF).

There are two ways of looking at a stochastic process:
1. For fixed t € T, X;:w+— X;(w) is simply a random variable,
2. For fixed w € Q, X, (w) : t — Xi(w) is a sample path.

Taking the path point of view amounts to interpreting a stochastic process as a map
X:(QAP)— (RT, IB%T) into the space RT of real-valued functions on T with product
o-algebra BT.

If T is a metric or at least a topological space (as e.g. in the case of a RF), one can
ask whether the sample paths of (X);cr are continuous functions. We postpone this
problem to section 5.

Definition 2.6.2. A stochastic process (X );cr over the probability space (22, A, P) is
of second order if X; € L*(Q, A, P) for all t € T. Then

K(s,t) == Cov(Xs, X;) forall s,teT

is called the covariance function or covariance kernel on 7" x T and

m(t) = E(X;) forallteT.

is called the mean function. Sometimes one uses the second moment function

R(s,t) := E(X,X;) foralls,teT
and it holds that

R(s,t) = K(s,t)+m(s)m(t) forall s,teT. (2.11)

The following theorem is a consequence of the properties of the covariance (see Defini-
tion 2.4.16 and the subsequent remark):

Theorem 2.6.3. The covariance and the second moment function of a second order
stochastic process (X)ier are symmetric (i.e. R(s,t) = R(t,s) and K(s,t) = K(t,s)
for all s,t € T) and positive semidefinite (see Definition 3.1.1) functions on T x T.

The converse, i.e. the existence of a second order stochastic process on T for any positive
semidefinite function on 7" x T, is also true as is shown later in Corollary 5.1.2.
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2.6: Stochastic Processes

Definition 2.6.4. A stochastic process (X);cr is called a Gaussian process, if for any
finite subset {t1,...,t,} C T the random vector (X,,...,X;,)" is n-variate normally
distributed.

Let us now turn to the special case of RFs. This is the case we will deal with in all
subsequent chapters. We shall introduce some important subclasses:

Definition 2.6.5. A random field (X):cr is called (strictly) stationary if for any finite subset
{t1,...,tn} C T and any h € R? with {t; +h,...,t, + h} C T it holds that

P(thz"'7th)/ = P(Xt1+h,~~-7th+h)'7
i.e. if the finite dimensional marginal distributions are shift-invariant.

Definition 2.6.6. A second-order random field (X);er is called (weakly) stationary if the
mean function m(-) is constant and the covariance function K(s,t) depends on s and ¢ only
via t — s, i.e. if

K(s,t) = ®(t—s) forall s, teT.
for some function ® : T'— R (which we will call covariance function as well).
From Lemma 2.4.18 we can see that the multivariate Gaussian distribution is completely
determined by its mean and its covariance. Hence, if a random field (X);er is Gaussian and

weakly stationary, it is also strictly stationary, and we will no longer distinguish between the
two notions in this case.
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Chapter 3

Hilbert Spaces in Approximation
Theory and Stochastics

3.1 Reproducing-Kernel Hilbert Spaces

In this section, we shall introduce the notion of a reproducing-kernel Hilbert space (RKHS),
one of the basic notions to describe the classes of functions that are dealt with in approximation
theory. To this end, we study continuous functions R : T x T — R (called kernels in the
following), where T'C R? is an arbitrary region which contains at least one point.

Requiring R to be continuous is not always necessary, but allowing for discontinuous kernels
would complicate many of our considerations, so we shall stick to continuity as one of our
working assumptions in this and all subsequent chapters.

Another important property we need to impose on kernels is the following:

Definition 3.1.1. A continuous kernel R : T' x T — R is called positive semidefinite on
T c R4 if for all n € N, all pairwise distinct {t1,...,t,} C T, and all a € R"\ {0} we have

> ajar Rty tp) > 0. (3.1)

j=1k=1

If the sum in (3.1) is strictly > 0, then R is called positive definite on 7' C R<,

Now for a positive definite kernel R on T' C R with R(s,t) = R(t, s) define
m
Hp = {ZaiR(ti,~) :a; € R, tiET,mEN}. (3.2)
i=1

with inner product

Zai R(Si,‘),ij R(t]’,') = ZZal bj R(Si,tj) (33)
1=1 j=1

Hp =1 j=1
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3.2: Sobolev Spaces

By the positive definiteness of R we have (f, f)n, > 0 forall f € Hg, and (f, f)n, =0
if and only if f = 0, so the inner product (3.3) defines a norm || f|lx, = (f, f)%i on Hpg.

Furthermore, for any f € Hp, we have

(F.R(t.))y, = (ZaiR(Si,-),R(t,-)> = Y @Rt = [ (34

Hr

This is the reproducing kernel property.

The closure of Hg under || - [|3, is a space of real-valued functions, denoted by Hp, and called
the reproducing kernel Hilbert space (RKHS) of R. By the continuity of the inner product,
the reproducing equation (3.4) carries over to Hpg.

From (3.4) and from the continuity of R it follows that any f € Hpg is continuous since we
have

[f@) = f(s)l = [(f, R(t,-) = R(s, ))mpl < Wfllrg - 1R(E ) = R(s, )l

and
|R(t, ) — R(s, )||%{R = R(t,t) + R(s,s) — 2 R(s,t).

3.2 Sobolev Spaces

Following [12, Sec. 5.2] we introduce an important class of RKHSs, the Sobolev spaces. Each
one of these spaces guarantees a certain smoothness of the functions it contains. They will
turn out to be the natural function spaces for the sample paths of second order random fields
(see Section 5.5).

Notation: Here and in all following chapters an open subset T C R? is called a domain. Tts
boundary is denoted by 9T, its closure by T.

For an (arbitrary) domain T C R? we denote by C(T') the space of continuous (real valued)
functions, by C*(T) the space of k times continuously differentiable functions and by C>(T)
the space of infinitely differentiable functions f: T — R.

Further we denote by C.(T'), C¥(T) and C°(T) respectively the corresponding classes of func-
tion which in addition have compact support in T, and by C(T'), C*(T) and C*°(T) respectively
the classes of functions whose partial derivatives up to order 0,k or oo respectively can be
extended continuously to 7.

Finally, for f € C*(T) and a multi-index o € N¢ of order |o| <k, |o| == 3% oy, let

Hlal
Dozf — al—fad ,
Oel!' -+ Oegq

where e; is the unit vector in R? in the direction of the i coordinate axis.

The notion of smoothness that comes with Sobolev spaces is a weakening of the notion of
partial derivatives (cf. [12, Sec. 5.2.1]).
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3.2: Sobolev Spaces

Definition and Lemma 3.2.1. Suppose that f,g € L (T), and o € N? is a multi-index.

loc
We say that g is the ot weak partial derivative of f, written

D*f = g,

provided

/ f(2) Dop(a) d = (~1)l / o(z) pla) dx
T T

for all functions o € C°(T) (so called test functions). A weak ! partial derivative of f, if
it exists, is uniquely defined up to a set of measure 0.

If f € CH(T), then for any a with |a| < k an o weak partial derivative of f exists and
coincides (up to a set of measure 0) with the ordinary o' partial derivative. A simple
example of a function that is differentiable in the weak, but not in the ordinary sense, is the
function

fR->R, z~ |z

with weak derivative
-1, <0
Dl — ) =
f(z) { 1, >0
Note that the notion of weak differentiability is always a global one, there is no weak coun-
terpart for differentiability of f at a certain point t € T.

We can now introduce a new class of function spaces, whose members have weak derivatives
of order k € Ny lying in some LP space:

Definition 3.2.2. Let T be a domain in R? and 1 < p < oo. The Sobolev space W*P(T)
consists of all locally integrable functions f : T' — R such that for each multi-index « with
la| < k, D*f exists in the weak sense and belongs to LP(T'). If it only belongs to L (T), we

loc
obtain the local Sobolev space I/Vl]f)f(T)
For f € W*P(T) we define its norm to be

1/p
(Ser 1Dy ) 1<p <00

2laj<k esssupp [DYf[, p=oc.

[ fllwewry =

We note some elementary properties of weak derivatives ([12, Sec. 5.2.3|):
Theorem 3.2.3. Assume f,g € WEP(T), |a| < k. Then

1. D*f € Wklel»(T) and D*(DPf) = DP(Df) = DPf for all multi-indices o, 3
with o] + 6] < k.

2. For each a,b€ R, af+bgec WEP(T) and Da f+bg) =aD®f +bD%, |a| <k.

8. If I is an open subset of T, then f € WFP(I).
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3.2: Sobolev Spaces

Like the LP-spaces, Sobolev spaces have a good mathematical structure:

Theorem 3.2.4. For each k € N and 1 < p < oo, the Sobolev space W’”’(T) is a Banach
space. The special case W*2(T) is a Hilbert space.

Next, give a characterization of the class of weakly differentiable functions f as functions
which are absolutely continuous on a.e. line parallel to the coordinate axes (taken from [24,
Sec. 5.6]). This will be useful in the study of regularity properties of stochastic processes in
Chapter 5. First we recall the definition of absolute continuity in the one-dimensional case:

Definition 3.2.5. A function f: I — R where either I =R or I = [a,b], a,b € R, is said to
be absolutely continuous (on I) if for every e > 0, there exists a 6 > 0 such that

d Bi—ai) < - Z |f(Bi) — flai)| < e

=1

whenever (aq, 1), ..., (an, Bn) are disjoint subintervals of I.

Theorem 3.2.6. ([72, Thm. 8.17, 8.18]) Let g € L*(I) with I as above. For some xg € I
define the function f on I by

fla) = [ gty

0

Then f is absolutely continuous and f' = g a.e. on I (f' = % in the ordinary sense).

Conversely, if f : I — R is absolutely continuous, then f is differentiable (in the ordinary
sense) a.e. on I, f' € LY(I), and it holds that

f(x) = flxo) + /l’ f(t) dt for all z € 1.

The notion of absolute continuity of functions f on [a,b] C R is generalized to open and
connected subsets T of R? (domains) by considering the restrictions of f to all straight lines
parallel to the coordinate axes that intersect 1. More precisely, let

I R? - R and T - R? — RI!

denote the projections of some point in R¢ on the i* coordinate and on all other coordinates
respectively. For some set By € B4! and some set By € B denote by

By x; By = {t S Rd : fi(t) € By, Wi(t) S Bg}
the Cartesian product of By and By that is taken in the i*" component.

Now fix i € {1,...,d}. For some t € 7;(T) consider the line l;(t) := t x; R. For every such
line there exists a (finite or infinite) sequence (Jn),ez). Z(¢) € N of disjoint open intervals
Jn = Jn(t) C R such that



3.2: Sobolev Spaces

Definition 3.2.7. Let T be a domain in R%. A real valued function f defined on 7 is said
to be absolutely continuous on the line [;(¢) if the function

&) = f((, - tic1, & by ta1))s § € U In(

neZ(t)

is absolutely continuous on every compact subinterval of J,,(¢) for any n € Z(1).

Definition 3.2.8. For 1 < i < d and T as above the space AC;(T") consists of all functions
f that are absolutely continuous on /;(%) for almost every ¢ € 7;(T). Further we set

d
= ﬂ AG(T
=1

We note the following relation between AC(T') and WIOC( ) (see |24, Lem. 5.6.2 and Thm.
5.6.3] or |28, Sec. 1.1.3]):

Lemma 3.2.9. Let f € AC;(T) N L. (T), and denote by a the ordinary partial derivative
of f in the direction e; (it exists a.e. in T since f is absolutely continuous on a.e. line l;). If

af € L (T), then it is a weak partial derivative of f.

Theorem 3.2.10. Let f € Wk 1( T) and D% f a weak derivative of f in the direction e;.

loc
Then there exists a function g € AC;(T) which is equal to f a.e. on T and whose ordinary

partial derivative g—g is equal to D f a.e. on T.

The notion of Sobolev spaces can be extended to non-integer orders (|24, Sec. 6.8]) which
altogether yields a class of function spaces with continuously parametrized degree of smooth-
ness.

For 1 <p< oo, p € Ry \N and k := || (the biggest integer < ) define

| Flwwoiry = / / D°f(@) = DWI

= o

1/p

1/p
I lweray = (1 Byniy + 1 Broer)
Definition and Theorem 3.2.11. Let T C R? and 1 < p < co. For pn € R.\N the Sobolev
space WHP(T), defined by

WeT) = {F € W) < s < o)

is a Banach space. The corresponding local Sobolev space T/Vl‘éCp(T) 1s defined by

loc loc

WHP(T) = {feW’”’ T) : (| lwesy < oo for all VccT}.
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3.2: Sobolev Spaces

Now that we have defined the full scale of Sobolev spaces we shall outline their connection to
the general idea of RKHS introduced in Section 3.1. To this end we introduce a particular
class of radially symmetric kernels (i.e. R(s,t) = ®(||t — s||)) that will turn out to be the
reproducing kernels for the Sobolev spaces.

Definition 3.2.12. For 7 > % the Whittle-Matérn kernel is given by

d o r—d
(2m)> |[A[I7">

erh) = ST

K _a(linll), (3.5)
where KC; is the modified Bessel function of the third kind. It is the Fourier transform (see
Definition 2.3.1) of a measure on (R B?) that is absolutely continuous w.r.t. A¢ with density

pr(w) = (1+]lwl®) ™" (3.6)

In the Numerical Analysis literature this kernel is also called Sobolev kernel. Its great use in
both Numerical Analysis and Spatial statistics (as a covariance function, see Chapter 5) is
due to its property to quantify the smoothness of the associated RKHS (see next Theorem)
and the associated random field (see Sections 5.3 and 5.5) respectively.

Theorem 3.2.13. ([/1, Cor. 10.13]) Suppose that ® € L1(R?) NC(RY) satisfies
a(l+]wf>)” < dw) < 1+w®), weR?

with T > % and two positive constants c; < co. Then the RKHS Hg coincides with the Sobolev
space WT2(R9), and the norms || - |1, and || - [ wr2(ray are equivalent.

Note that the kernel @, itself (and hence any finite linear combinations of kernel translates)
is contained in the Sobolev space WH*2(R?) if and only if u < 27 — % which directly follows
from

(L+[z]*) " e L*RY) = s> 4

and from the alternative characterization of W*2(R?) as (cf. [11, p. 141]

~

WrARY) = {f € L*®RY) : FO) L+ - IP)*? € La(R)}.

We have already noted that Sobolev spaces are characterized by the degree of smoothness
of the functions they contain, where smoothness (differentiability) was always in the weak
sense. The next two theorems (see [10, Ch. 3.3, 3.4 and 4.2]) are just two of many imbedding
theorems for Sobolev spaces and provide a link to the “classical” notion of smoothness.

Definition 3.2.14. A domain 7' C R? is called a bounded C* domain in R? if it is bounded,
connected, and if the boundary 0T can be covered by finitely many open balls B; C R?, j =
1,...,m, centred at 0T such that - upon relabeling and reorienting the coordinate axes if

necessary - we have
TﬂBj = {.f S Bj T xg > ’yj(xl,...,md,l)}
with functions v; € C¥(R?"1). For d = 1 it simply means open bounded interval.

If T is a bounded C* domain for every k € N, it is called a bounded C*° domain.
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3.2: Sobolev Spaces

Theorem 3.2.15. Let T be a bounded C® domain in R%. Then, for > k +%l we have the
implication

feWr T) = 3feCT) sothat f=f ae onT.

This result can be generalized by introducing a class of functions that continuously parametrizes
the degree of smoothness in the classical sense.

For a bounded and continuous function f: T — R on a domain 7' C R? we write
Ifllecy = sup [F®)]
teT
Moreover, for 0 < 3 < 1 we define the 3 Hélder seminorm of f : T — R by

- |f(t) — f(s)]
[fleosy = fj}g; Ce—slf
s#t

Definition 3.2.16. The Hélder space C*#(T), k € Ny, 0 < 8 < 1 consists of all functions
f € C¥(T) for which the norm

sy = 3 1D%Flleery + 32 1D Flensery

|a|<k la|=k

is finite. We define the local Holder space ¢ (T') by

loc

CHB(T) = {feck(T) N fllgwsry < oo forall V cc T}.

loc

Theorem 3.2.17. Let T be a bounded C® domain in R?, further let k € Ng and 0 < 3 < 1.
Then, for p>k+ [+ % we have the implication

feWHANT) = 3fec™(T) sothat f=f ae onT.

For later use we finally prove the following
Lemma 3.2.18. For the Whittle-Matérn kernel ®; from Definition 3.2.12 it holds that

o, cCPRY) = 2r>k+p8+d  k=0,1, 0<B<1.

loc

For k=1 and 8 =1 we even have the strict inequality

o, eCl(RY) = 27r>2+4d.

loc
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3.3: Canonical Isomorphism

Proof: Using the expansion

®.(h) = aor+O(||h]|* ), der<1+4

(3.7)
O,.(h) = aor+O(|h|>log|h]]), T=1+4

(stated in [39, p. 31| with a different parametrization) around the origin we see that

L 190(0) — B ()

Lim HhH’g < oo = 2r>p0+4+d

which shows the first implication for the case k = 0. For k = 1, we calculate the Lagrange
form of the Taylor expansion (order 0) of ®, at the origin. Due to the radial symmetry of
®.,., we may w.l.o.g. assume that h = a - e1, a > 0. Then there exists some 0 < £ < a so that

oD, oD, oD, 148
_ — A — — a <
#:(0) = @r(aer)] = |Gee) - foarl]| = | e (e - G)] 0 < Ca
and so we must have =
®.(h) = ©.(0) +O(|h|*) or  @.(h) = @,(0) +of[|n]|*+7). (3.8)

For 0 < 8 < 1 we are still in the first case of (3.7) and we conclude 27 > 1+ +4+d. If =1,

the second expansion is relevant and for (3.8) to hold we must have 27 > 2 + d as asserted.
O

3.3 Canonical Isomorphism

Following [1, p. 61-65], we now go back to Definition 2.4.13 in Section 2.4 and consider the
space L?(2, A, P) of all second-order random variables on the probability space (0,4, P).
Furthermore, we assume that (X;)icr is a random field over that probability space, and we
have the Hilbert space Hp in which the second moment kernel R(s,t) = E(X;X¢) of (X¢)er
is reproducing. Throughout this section, R is considered to be fixed.

Consider the space Sx of all linear combinations of random variables from our stochastic
process (X¢)ier, i.€.

n
Sy = ZCLthj : ajER, tjET,TLEN
j=1

This clearly is a subspace of L?(12, A, P), and we know the L? inner product
(Xt, Xs) = E(X4Xs) = R(t,s) foralls,teT

on its generators. We can map the space Sx to Hgr by the map
n n
Ux (Y a; Xy, | = ajR(t;,-), (3.9)
j=1 J=1
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3.3: Canonical Isomorphism

in particular we have
Ux(X;) = R(t,r) forallteT.

and we will always write U x to stress the dependence of ¥ on X.

We still need to prove that the map is well-defined. Assume that the zero random variable
Z =0 € Sx has a nontrivial representation

n
Z = a;Xy.
j=1

Then we have to prove that the function

Ux(Z) = Ux | D Xy | = Y a;R(t;,)
= =1

vanishes everywhere. We check this via

n

Ux(Z)() = Y a;R(t;,t) = > a;E(X;,X)
j=1

Jj=1

= E|Y aX,X; | = E(ZX;) =0 forallteT.
j=1

Thus Py is an isometry between Sy and ¥y (Sx) C Hpg, and it extends continuously to the
Hilbert space closures. This is why we call Ux in (3.9) the canonical isomorphism. We define
Sx to be the Hilbert space closure of Sy under the L? inner product (.,.), and we know that
the Hp closure of Wx(Sx) is all of Hp (cf. |41, Ch. 10]). Thus the closure Sx of Sx under
(.,.) is isometrically isomorphic to H, and it still is a closed subspace of L?(Q2, A, P).

Summarizing, for each second-order random field (X;)¢cr, the canonical isomorphism induces
two isometric Hilbert spaces: a space Hp of functions on T and a subspace Sx of random
variables in L?(€2, A, P). The function space Hp is only dependent on the kernel R, while
the space Sx of random variables still depends on the particular process (X¢)ier, its Hilbert
space structure, however, being only dependent on R.

Finally we note that if (X¢)ier is Gaussian, then any random vector Z with components
Z1,...,Zy € Sx follows an m-variate Gaussian distribution. For Z; € Sx, j = 1,...,m,
this follows from part 2. in Lemma 2.4.18, because in this case Z is a linear transformation
of some random vector (Xy,,..., Xy, )" which is multivariate Gaussian by definition. Now if
Z is the L?-limit of random vectors Z™ ~ N (i, %y), we have (Theorem 2.4.22)

n — W, 2p — 25 and PZ<n>l>PZ as n — oo.

Using Lemma 2.3.3 and part 4. in Lemma 2.4.18 we obtain Z ~ N (u,X), in particular the
limit distribution is m-variate Gaussian as well.
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Chapter 4

Expansions

4.1 Mercer Eigenfunction Expansions

In this section we give another characterization of a RKHS in terms of the eigenfunctions of a
linear operator associated with the reproducing kernel. This operator, Tx : L*(T) — L*(T),
is given by

Tr(f)(t) = /TR(s,t)f(s)ds, FeLXT), teT.

For the eigenvalues (\,)nen and the eigenfunctions (g, )nen of Tr we have the following
theorem (see [13, Thm. 13.5], [23, Thm. 3.a.1])

Theorem 4.1.1. (Mercer) Let R: T xT — R be a conlinuous symmetric positive definite
kernel that satisfies

/R(s,t) £(s) f(®) dsdt > 0, forall f e L2(T). (A1)
T

Then there is an orthonormal basis (¢n)nen in L2(T) consisting of eigenfunctions of Tr such
that the corresponding sequence of eigenvalues (An)nen S nonnegative. The eigenfunctions
corresponding to non-zero eigenvalues are continuous on T, and R has the representation

R(s,t) = > Xj;(s)ei(t) (4.2)
j=1

where the convergence is absolute and uniform on T x T.

This representation can now be used to give an alternative characterization of Hp:

Theorem 4.1.2. ([1, Lem. 3.2.2]) (VAn ©n)nen s an orthonormal basis for Hr, and we
have o

e 2
Hr = < f f(t):Znyijj(t), tefT, Z % < 00 g (4.3)
j=1 j=1 "
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4.2: Karhunen-Loéve Expansion

The inner product on Hp can be rewritten as
N CriCy
(F e = D 25 (4.4)
=t

Note that the above series expansion is just a matter of the kernel R and the domain T'. It is
completely independent of whether the kernel has a stochastic background or not. However,
(following [1, Sec. 3.1]) we can use it for an alternative representation of a random field:

4.2 Karhunen-Loéve Expansion

Let (X¢)ier be a random field with second moment function R and assume that 7" and the
kernel R are such that a Mercer expansion exists.

From Theorem 4.1.2, using the canonical isomorphism (cf. Section 3.3), we obtain an or-

thonormal basis (£,)nen for Sx C L2(Q2, A, P) by setting &, := \If;(l (\/)\n gpn). Thus we
have the representation

X, = Z & E(X &), forallteT (4.5)

where the series converges in L?(12, A, P). By using that ¥ is an isometry, we have

E(X: &) = (B( \F‘PJ)HR VA5 (t)

where the last equality follows from the reproducing kernel property of Hgr. Putting both
together yields the Karhunen-Loéve expansion

Xy =Y & V/Ag(t), forallteT, (4.6)
j=1

with an orthonormal sequence (&,)nen of random variables.

If (X{)ier has zero mean, then K = R, and all RVs in Sx (in particular (&,)nen) also have
zero mean. If, in addition, (X;)ier is Gaussian, then it follows from the last paragraph in
Section 3.3 that any finite subset of (§,)nen is multivariate normally distributed. But then,
by Lemma 2.4.18 and the orthonormality of (&,),eny We even have

i.4.d.

(fn)neN ~ N(O’ 1) .

The equivalence in (4.6) is only in L?(€, A, P), i.e. the sum is, in general, convergent, in each
t, only in the mean square sense. The following result (|1, Thm. 3.1.2]) shows that much more
is true if we know that (X;):er has continuous sample paths a.s.

Theorem 4.2.1. If (X})ier has continuous sample paths a.s., then the sum in (4.6) converges
uniformly on T with a.s.
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4.2: Karhunen-Loéve Expansion

Based on the representation in (4.3), we can now directly compare the different model as-
sumptions of geostatisticians and numerical analysts:

The common assumption of the latter that f € Hp implies that the squared coefficients ci j
divided by the eigenvalues \; of the Mercer expansion are summable. The typical assumption
of the former that f is a sample path of a zero-mean Gaussian RF implies that the cf ;’s are
realizations of independent RVs C; with Cj ~ N (0, );), j € N.

The next proposition shows (provided that R and 7" are such that (4.1) is satisfied), that
these two assumptions can never be true at the same time (although they lead to the same
interpolation scheme, see Chapter 6).

Proposition 4.2.2. Let (X;)ier be a zero-mean Gaussian RF with covariance kernel K (= R)
that has continuous sample paths a.s. Assume that (4.1) is satisfied. For a positive sequence

(Wn)nen and Aj, @ from (4.2) let

W _ )% o G W
Hy ' = chgpj(-) : Z J)\‘ < 00
j=1 j=1
Then for the sample paths X, (w) of (X¢)ier it holds that

ij < o0 = X.(w) € HE%W) a.s.
7j=1

ij = =  X.(w) ¢ HEQW) a.s.
j=1

Proof: The preceding arguments show that under the assumptions of the proposition, the
sample paths can a.s. be represented as

- ii.d.
X(w) = D> &) VA@i(),  Enlnen =T N(0,1).
j=1
so it follows that X (w) € Hgv) = Y &Www; < oo
j=1
The first implication then follows via monotone convergence

E(Y Gui| =Y E@E) w =Y w
j=1 j=1 j=1

by noting that a RV that assumes the value co with positive probability cannot have finite
expectation.
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4.2: Karhunen-Loéve Expansion

Now assume that Z] LWy "% o0. Then, for any € > 0 we have

n n n
Zf?TUjS(l—E)ij = Z & wj — wj) —Eij
j=1 j=1 j

A
|
g
o
&
|
&
v
(@)
g
&

and hence, by the Chebyshev-inequality (Lemma 2.4.12)

Var (Z?zl &3 wj> 2 3w
2 27
€2 (Z =1 w]) €2 (Z?:l wj)
where the second equality holds due to the independence of (&,)nen and

Var(ff) — E(f;l) N (E(sz))2 Lemmg?.él.ll 3.1 = 9.

n n
Sus0-03w) <
i=1 j=1

Now for arbitrary M > 0 we can find ng € N so that (1 —¢€) >>"_; w; > M for all n > ng and
for these n it holds that

n n n
2
200, 200, _ )
Sz < p(Sgnza-odn) < apt o
7j=1 7j=1 7j=1 J
Using the dominated convergence theorem, we obtain

> 2
20 < < e —
L <M | < i, e =

j=1
which shows, that the assumption Z _ w; =3 oo implies that Z 15 w; exceeds any

bound a.s. which proves the second 1mphcat10n
O

For the special sequence of weights w; = 1, j € N, we have Hgv) = 'Hpg, so under the

assumptions of Proposition 4.2.2 the sample paths of (X;).er are outside Hg a.s. Without
the assumption that (X;)ier is Gaussian, however, it is possible to construct a zero-mean
random field with covariance function R and sample paths in Hp a.s.

Example 4.2.3. Let U and V' be independent RVs on (2, A, P) with
U~Ugy and P(V=-1)=P(V =1) =05

and set ,
&=V -20/2%. Lo (2yim1,1-(3)] (0).
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4.2: Karhunen-Loéve Expansion

Using Theorem 2.2.11 (Fubini) we have

E(¢) = E(V)-22.PA-(3QyY t<U<1-(3))
0.2j/2.(%)j = 0, for all j € N,

and
B() = E(VY-2-PO— () <U<1- (1))
1.2%(%)1 =1, for all j € N.

For i # j the two conditions
Ue(1-(3)""1-(3)] and Ue(1-(3)7 1 1-(3)]
can never hold at the same time, so it follows that E({;&x) = 0.

Hence, (§)jen is an orthonormal sequence of centred RVs, and we can use it to define a
random field (X¢)ier by its Karhunen-Loéve representation (4.6). By the construction of
(&) jen for each w € Q there is only one nonzero coefficient /A; &;(w), so it follows from (4.3)
that X,(w) € Hg.

The sample paths of the random field from Example 4.2.3 would be considered very untypical
by a geostatistician, since they do not reflect what he has in mind when modelling some
spatial variable by a (stationary) random field. The reason for this is that this random field
is not ergodic, a property that is tacitly assumed in geostatistical modeling and that basically
means that the behaviour of any sample path of (X;)ier reflects the probabilistic properties
of this random field (see [, Sec. 1.1.6] for a proper definition and discussion of ergodicity in
the geostatistical context).

The non-ergodicity in Example 4.2.3 results from the fact that for every w, only one component
; is seen, so these paths do clearly not reflect the probabilistic structure of (X;)ier. The
reason for this is that the members of the sequence (&;) ey are highly dependent (although
uncorrelated). Conversely, the independence of (§;);jen was (besides the existence of fourth
moments) was the crucial point in the proof of Proposition 4.2.2 for which the Gaussian
assumption was needed. It is therefore plausible to conjecture that the result still holds for a
more general class of stationary RFs but so far we did not pursue this issue any further (see
however Proposition 5.5.5 where this issue reappears in a similar context).
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Chapter 5

Sample Path Regularity of Random
Fields

In this chapter we describe how random fields that have prescribed covariance or second
moment functions can be constructed. We will also look at the sample paths generated by
these random fields and study their regularity properties. Throughout the whole chapter we
will always consider random fields on an index set 7 C R9.

5.1 Existence of Stochastic Processes

The most straight-forward image space (from a stochastic point of view) for a random field
(X¢)ter is the whole of RT with the product o-algebra BT. If we define the probability space
(2, A, P) by Q:=RT A :=BT, then the process (X;)ier is simply the identity on (€2, A).
The probability measure P can now directly be interpreted as a probability structure on the
measurable subsets of paths. Potentially any function f : T — R can occur as a path of
(X¢)ter, but only special subsets of functions will occur with positive probability.

In other words: while the image space of (X;);er is completely unspecific, it is the probability
measure P that determines the properties of the paths, that are actually observed (in Section
5.2 we will however see, that further assumptions on (X;)ier are needed in order that BT
is an appropriate o-algebra to study path properties, and in order that these properties are
uniquely determined by P).

Usually it is most convenient to define P by specifying the distribution of Xy := (Xy,,..., Xy,,)
for every vector of indices t € T™, m € N . If this is done in a consistent way, then such a
probability measure P on (£2,.4) exists.

Theorem 5.1.1 (Kolmogorov). ([15, Ch. I, §4, Thm. 2])

Let T C R? and
{ie = pey,ty = t€T™, m e N}

be a system of probability distributions that respect the two subsequent consistency conditions

Mtlw'wtm(xyilBi) = /‘Ltﬂu),-‘.,tﬂ(m)(Xf:IBTr(i))a BieB VielJ (51)
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5.1: Existence of Stochastic Processes

for any permutation © of t:= (t1,...,tm), and
[ty (X By = iy, (X' By xR),  B;eB Vi€l (5.2)
Then there exists a unique probability measure P on (RT,BT) with

Px, = 1t forall teT™, meN.

Corollary 5.1.2. For any function m(-) on T and any positive definite function K(-,-) on
T xT with K(s,t) = K(t, s) there exists a Gaussian random field (Xt)ier with mean function
m and covariance kernel K.

Proof: It suffices to prove the corollary for m(-) = 0, the general case follows by simply
adding the desired mean function which doesn’t change the covariance structure.

Define (€2, A) and (X;):cr as above, and for any t € T let

K(ti,t1) - K(ti,tm)
O(t) = o
K(tm,t1) -+ K(t1,tm)

From theorem 5.1.1 we then get the existence of a probability measure P on (€2,.4) that makes

(Xt)ter a random field with the prescribed properties by verifying the consistency conditions
(5.1) and (5.2) for the system of probability distributions defined by u¢ := N(0, C(t)).

Let tr := (tx(1)s- - trm))s t) = (t1,. .. tm—1)" and let ¢ Xy — Xg and ) Xy — Xy,
denote the corresponding permutation and projection maps. We have to show that

Vr(pit) = pt, and ¢ () = Mty

For the present case, this can be verified by calculating the respective characteristic functions.
For a multivariate Gaussian distribution, these have a nice and simple form with respect to
their dependence on their covariance matrices (see lemma 2.4.18) and using Theorem 2.2.10
we obtain:

—

B = [ e @) = [ e )

— / ci(5)' pe(dt) = e 3(5)Cw(G) = m3mC)T fe, (1)

and

—

Gu)r) = [ e () (den) = [ e pfat)

_ YR YT 3Ol T — e (r)

The validity of the consistency conditions then follows from the uniqueness of Fourier trans-
forms (cf. Lemma 2.3.2).
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5.2 Separable Random Fields

The above construction of random fields is straightforward and appealing from a point of view,
that is focused on the finite dimensional distributions (as is taken e.g. in kriging). However,
we will see that in order to study sample path properties such as continuity or differentiability,
the information about the finite dimensional distributions alone is insufficient, and must be
supplemented by the additional assumption of separability.

To motivate this assumption, we state the following

Proposition 5.2.1. For an open subset T C R? let C(T) C RT denote the subset of all
continuous functions f : T — R. Then

c(T) ¢ B,
i.e. the set of continuous functions on T is not measurable.

Hence, if we stick to our construction of a random field (X;);er according to Theorem 5.1.1,
we may not even ask for the probability of (X;);er having continuous paths.

Proposition 5.2.1 is just a special example for the more general fact that a subset A ¢ R”
cannot lie in BT unless there exists a countable subset D of T with the property that, if z € A
and z(t) = y(t) for all t € D, then y € A (see |5, Thm. 36.3]). This is a consequence of the
definition of a product g-algebra which starts from events defined by finite projections only
(cf. Definition 2.1.3) and generalizes to countable projections by intersection. Properties of
(X¢)ter such as continuity, that effectively involve all the points in ¢ € T, in general are not
in the product o-algebra.

Moreover, defining the probability measure P on (2, A) = (R”,BT) by specifying the finite-
dimensional distributions Py, does not determine the process (X;)ter uniquely:

Example 5.2.2. (from [5, Sec. 38]) Let (2,A,P) = ([0,1],BN [0,1],U)y 1)) and define the
two processes

Xi(w) = 0 for all t,w

o - {113

Then P(Xt = Y}) =1 for all ¢t € T, which implies that they have the same finite-dimensional
distributions, but

P(X, is continuous on [0,1]) =1
P(Y, is continuous on [0,1]) = 0.

It is because the position of the discontinuity has a continuous distribution that the two pro-
cesses have the same finite-dimensional distributions.
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5.2: Separable Random Fields

Definition 5.2.3. Let (X;)ier and (Y:)ier be two random fields on some index set 7" over
the same probability space (2, .4, P). If

P(X;=Y) =1 forall teT

then (Yi)ier is called a version of (X¢)ier.

A way out of this dilemma, that important path properties lead to unmeasurable events, and
are not fully determined by finite-dimensional distributions of (X})¢er, is to restrict attention
to separable processes:

Definition 5.2.4. [15, Ch. III, §2, Def. 2|

A random field (Xy);er over the probability space (2, A, P) is called separable, if there exists
a countable dense subset D C T and a set N € A of probability 0, so that for any open set
I C T and any closed set B C R the two sets

Ap 1 = {w: Xy(w)eB foral tel}
Aprinp = {w: Xy (w)eB foral telInD}

differ from each other only on a subset of N.

Note that Ap np is measurable while Ap r in general is not, but fqr a separable process we
can switch from Ap to Apnp by adding/subtracting a subset N of N. It is convenient

to require all of these subsets to be measurable with P(N) = 0, therefore from now we will
tacitly assume that (£2,.A4, P) is complete (see Def. 2.1.13 and subsequent remark).

A priori, separability is defined with respect to some (countable) set of separability D. Under
a mild additional condition, which will always be fulfilled in our case of continuous covariance
kernels (see Section 5.3), the choice of D is arbitrary.

Definition 5.2.5. A random field (X;):er is called stochastically continuous at point ¢ if for
any € > 0

P(|X4h—X¢| >€) =0 as h—0

The random field is called stochastically continuous if it is stochastically continuous at every
tefT.

Theorem 5.2.6. ([15, Ch. III, §2, Thm. 5]) Let (X;)ier be a separable random field. If
(Xt)ter is stochastically continuous, then any countable dense set D C T may serve as its set
of separability.

We prove the next statement from |5, Sec. 38] based on Definition 5.2.4:

Lemma 5.2.7. Let (Xi)ier be a separable random field. Then

sup Xy = sup Xy as. and infX, = inf X; a.s.
tel teInD tel teInD

for any open set I € T.
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5.2: Separable Random Fields

Proof: Using the same notation as in Definition 5.2.4 and letting B = [a, b] with a,b € R,a <
b, we note that

= : < < <
Alap)1 - {w a< %rgXt(w) < stg)Xt(w) < b}

By Definition there exists a set N = |J Ngp C Q of probability 0 so that
a,beQ, a<b

A[a,b],IﬁD \A[a,b],l CN foralla,beQ, a<b,
Now we have the implication

sup X¢(w) # sup Xy(w) = FbeQ : sup Xy(w) < b < sup Xy(w)
tel telnD teInD tel

so if the suprema on the left differ, then necessarily w € Ay 4) 11D \ Aja ), for some a € Q, a <
b, so this can only happen with probability 0. The argument for the infimum is the same.
O

If in addition it is known that the finite-dimensional distributions of a random field (X;)¢er
allow for continuous sample paths, then the assumption of separability entails a certain unique-
ness:

Lemma 5.2.8. Let (X;)ier be a separable random field and let (Yy)ier be a version of (Xi)ier
having continuous sample paths a.s. Then

P(Xt =Y, forall te T) =1.
In particular (X¢)ier has continuous sample paths a.s.

Proof: (generalizes [2, Ch. 1, Sec. 4, Prop. 1.9] to the case d > 1)
Let D and N be as in the definition of separability. Let

A ={w : Xy(w) =Yy(w) forallt € D}.
Since (Yi)ter is a version of (X;)ter we have P(A’) = 1. Further let

A = ﬂ {w : sup X¢(w) = sup Xt(w)} and
J=Bc(a)NT : e€Q4,acQ? teJ teJND

A = D1 = i .
4 A e i ) = g, X
J=Bc(a)NT : e€Q4,acQ?

where Be(a) denotes the open ball of radius € centred at a. It follows from Lemma 5.2.7 that
P(A OA) =1 and w.l.0.g. we can also assume that (Y;);cr has continuous sample paths for
alwe A/ NnAnA.

Now let w € A/ NANAandtcT. For any e € Q; we can choose a € Q% so that ¢t € B.(a).
Defining J(€) := Be(a) N'T we have

Xi(w) < sup Xg(w) = sup Xg(w) = sup Yis(w) < sup Yi(w)
seJ(e) seJ(e)nND seJ(e)ND seJ(e)
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5.2: Separable Random Fields

Letting € — 0 it follows from the continuity of Y (w) that

Xi(w) < limsup Ys(w) = Yi(w).
e—0 s€J(e)
In a similar way one proves X;(w) > Y;(w), so the two versions are identical for all w €
A'N AN A, which is a set of probability 1.
O

Note from the proof that we could replace the requirement that (Y;):cr is a version of (Xi)ier
by the weaker requirement that

P(Xt:Yt) =1 forall te D,

where D is the set of separability. In particular, if (X;);er is stochastically continuous, then
the statement of Lemma 5.2.8 still holds as long as

P(X;=Y:) =1 forae teT,

since by Theorem 5.2.6 we may choose D such that it does not contain any of the exceptional
points.

The next theorem (a special case of [15, Ch. III, §2, Thm. 2|) shows, that among all versions
of (X¢)ier we can always find a separable one:

Theorem 5.2.9. For any random field (Xy)ier there exists on the same probability space a
separable version (Yy)ier taking on values in the compact extension (R,B) of (R,B).

When constructing the paths of a separable version (Y;)icr, it may be necessary to assign
this path the additional value oo, but for every fixed t € T the probability of this is zero.
Combining Theorem 5.2.9 with Kolmogorov’s existence theorem shows that for any consistent
system of probability distributions {ut : t € T™, m € N} there exists a separable process
with these finite-dimensional distributions.

We conclude this section with a lemma (actually a corollary of [5, Thm. 38.2]) that generalizes
Lemma 5.2.8 in that it allows to compare processes over different probability spaces.

Lemma 5.2.10. Let (X;)ier and (Yi)ier be two random fields over the probability spaces
(Q, A, P) and (', A", P') respectively having the same finite-dimensional distributions. If
Ap = { € Q : Y, () is continuous on T}
lies in A" with P(A;) =1, and if (X¢)ier is separable, then for
Ac = {w e Q : X (w) is continuous on T}
we also have P(A¢) = 1.

Lemma 5.2.10 presents a useful link between the point of view of a numerical analyst and a
statistician. The former would probably not think of constructing a random field as in Section
5.1 but rather start from a space like Q = C(T) with Borel o-algebra A on it, define (X)ier
as the embedding of C(T) in RT and use P to assign a probability structure on (£2,.4). This
way the continuity of the paths of (Xy)ier is trivial. Lemma 5.2.10 now tells us, that any
separable process (Y;)ier with the same finite-dimensional distributions as (X;)ier will also
necessarily have continuous paths a.s.
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5.3: Sample Path Regularity in the Gaussian Case

5.3 Sample Path Regularity in the Gaussian Case

We are mainly interested in regularity properties such as continuity and differentiability of the
sample paths of a random field. Nevertheless we shall also introduce the (weaker) concepts of
mean square continuity and mean square differentiability as these are directly linked to the
second-order structure of a random field.

In this and all subsequent sections we always assume that (X;);er is a second-order random
field with second-moment function R, covariance function K and mean function m. As in the
preceding Chapters, we assume that R, K and m are continuous.

5.3.1 Continuity

Definition 5.3.1. A random field (X;)er is called continuous in the mean square sense
(briefly m.s. continuous) at point ¢ if

E(Xpin— X)) =0 as h— 0.

The random field is called continuous in the mean square sense (briefly m.s. continuous) if it
is m.s. continuous at every t € T.

Remark 5.3.2. A related notion is that of stochastic continuity at ¢ (see Definition 5.2.5). By
Lemma 2.4.12 (Markov’s inequality) m.s. continuity at ¢ implies stochastic continuity at ¢.

Continuity of a covariance kernel and m.s. continuity of the corresponding random field are
linked in a natural way (cf. [27, P-2-1]):

Theorem 5.3.3. Let (X¢)ier be a random field with second-moment kernel R : T x T — R.
Then the following statements are equivalent:

1. (Xy)ter is m.s. continuous,
2. R is continuous on T x T,
3. R is continuous on the diagonal of T x T.

The natural link is between m.s. continuity and the second-moment function R. From the
stochastic modelling point of view it is however preferable to work with the covariance function
K rather than R due to the interpretation of a random field as some random fluctuation,
controlled by K, around some deterministic mean function m. Recalling that

R(s,t) = K(s,t)+m(s)m(t) forall s,teT,

we have that in the case of a continuous mean function m continuity of R is equivalent to
continuity of K. Throughout the section, we will therefore assume that (X;)er is centred (i.e.
m(t) = 0), bearing in mind that the general case can be obtained by adding some continuous
mean function m.

In the same way, we will also study all other regularity properties only for centred random
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5.3: Sample Path Regularity in the Gaussian Case

fields. Adding a mean function that has itself the required regularity will always give the
general case.

In the special case of a stationary random field we note the following

Corollary 5.3.4. Let (Xi)ier be a weakly stationary centred random field with covariance
kernel K(-,-) = ®(- — -). Then the following statements are equivalent:

1. (Xt)ter is m.s. continuous,
2. ® is continuous on T,

3. @ is continuous at the origin.

In the case where ® is defined (and positive definite) on the whole of R? we can obtain a
further equivalent statement (cf. e.g. [41, Thm. 6.6]):

Theorem 5.3.5. (Bochner)
A function ® : R — R is continuous and positive definite if and only if a finite symmetric
non-negative measure v on R? ezists so that

®(h) = /Rd cos(h'w) v(dw) for all h e RY.

In stochastics, v is called spectral measure and we will use it frequently in this chapter to
formulate alternative sufficient conditions for the regularity of sample paths. If v is absolutely
continuous w.r.t. the Lebesgue measure A\? (see also Definition 2.4.5), then there exists a non-
negative, integrable function ¢ : R™ — R so that

v(B) = / o(w) dw for all B € B".
B

@ is called the spectral density. In Definition 3.2.12 we have already introduced the Whittle-
Matérn class of covariance functions which was characterized by its spectral density

pw) = (1+wl?)™"

Note that all statements so far only depend on R respectively K and do not require any
further assumption on the finite dimensional distributions of (X;)er. This is no longer true
(see Example 5.5.1) for the following Theorem (|1, Thm. 1.4.1]) on a.s. sample path continuity,
the proof of which explicitly uses the assumption that (X;)ier is Gaussian.

Define the (pseudo-)metric d on T' by

d*(s,t) = E((Xy — X5)?) = K(s,8) + K(t,t) — 2 K(s,1).
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5.3: Sample Path Regularity in the Gaussian Case

Theorem 5.3.6. Let (Xy)ier be a separable centred Gaussian process on a compact index set
T C Re. If for some 0 < C < 0o and §,n > 0,

d*(s,t) < ¢
| log ||t — s|l|

- (5.3)

for all s,t € T with ||t — s|| < n, then the paths of (Xi)ier are a.s. continuous and bounded
onT.

The restriction to compact T C R¢ is not a serious problem. As far as continuity is concerned,
if T' is o-compact (i.e. if it can be represented as a countable union of compact sets) then a.s.
continuity on its compact subsets immediately implies a.s. continuity over T itself (the same
is not true for boundedness).

Condition (5.3) is quite sharp, but not necessary. There are simple examples of processes (see
[1, Sec. 1.4.1]) with a high level of nonstationarity that are a.s. continuous but do not satisfy
(5.3). However, for the class of stationary processes, which are most important in practice,
the following theorem ([1, Cor. 1.5.5]) shows, that this condition is reasonably definite.

Theorem 5.3.7. Let (X;)ier be a separable centred stationary Gaussian process on an open
index set T C R® with covariance function ®. If for some 0 < C1,Cy < o0,

Cy
(- log||Al)" "

Co

( (—log ||n]) "+

for all ||h|| small enough, then the paths of (Xi)ier are a.s. continuous if d2 > 0 and a.s.
discontinuous if 01 < 0.

Via Tauberian theory (cf. e.g. |6]), which translates the behaviour of ® at the origin to that
of v at infinity, one can also obtain a sufficient condition for path continuity on the spectral
measure ([1, Sec. 1.4.1]):

Theorem 5.3.8. Let (Xy)ier be a separable, centred and stationary Gaussian process on an
open T C R? with spectral measure v. If the integral

[, Cog(1+ [wl) " v(d)

Rd

converges for some 0 > 0, then (Xi)ier has continuous sample paths a.s. If it diverges for
some § < 0, then (Xt)ter has discontinuous sample paths a.s.
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5.3.2 Differentiability

As before, we denote by e; the unit vector in R? in direction of the i-th coordinate axis. We
study the behaviour of the difference quotients

Xt(i,h) _ KXitthe; — Xt ’
h
Definition 5.3.9. A random field (X;);er has a m.s. partial derivative at ¢ in the direction
e; if there exists a RV Xt(z) € L*(Q, A, P) so that

tel, heR st. t+ he; €T.

E (Xt(“h) - Xt(’)) —~0  ash—0.

If (X¢)ier has a m.s. partial derivative in the direction e; at all ¢t € T', we say that it has a

m.s. partial derivative in the direction e;, and we denote by (Xt(i))teT the corresponding m.s.
partial derivative process.

If (Xi)ier has a m.s. partial derivative in all directions e;, i = 1,...,d, we say that it has
mean square partial derivatives.

M.s. differentiability hence corresponds to m.s. convergence (see Definition 2.4.21) of Xt(i’h) to

Xt(z). When asking for a.s. differentiability of the sample paths, we actually want to establish
a.s. convergence (see Definition 2.4.19). As was pointed out in the remark subsequent to
Theorem 2.4.22, neither of these notions implies the other, but in this subsection we shall
derive additional conditions under which the respective implications hold.

First, we shall however explore the connection between m.s. differentiability and differentia-
bility of R (or K and m). To this end we need to study the limit behaviour of the covariances

i i h! ih
RY (s,1) = E(Xs(’h)Xt( )>

R(s+ he;, t + he;) — R(s + hei,t) — R(s,t + he;) + R(s,t)
hh' ’

Theorem 5.3.10. Let (Xy)ier be a random field with second-moment function R. Then the
following statements are equivalent:

1. (Xt)ter has a m.s. partial derivative in the direction e; at t,

2. The generalized mized partial derivative D™ R(t,t) := hlfzfmo Rg,)l, (t,t) exists, i.e. for
every € > 0 exist a 0 so that 7

Bl b <6 = |RY), (t,t) — DY R(t,t)| < e.
If D% R(t,t) exists for allt € T, then D"'R(s,t) exists for all s,t € T.
Proof: (generalizes [15, Ch. IV, §3, Thm. 4] to d > 1)
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(1) = (2): If Xt(i) exists as limit in L?(2, A, P), we have

: (4) _ (1) (@)
s -2 (500

- i, B )X 5 (x50

Using the continuity of the scalar product in L?(£2, A, P) we get
‘E ((xf - x{) Xt(“)‘ — 0, ash'—0 and

‘E ((Xt(z‘,h)_ Xt(z‘)) Xt(i,h’)>‘ < ‘E ((Xt(z‘,h)_ Xt(z'))2> 3 E ((Xt(z‘,h’))2)

—0 as h—0 <M VK

so the limit exists as h and I’ tend to 0 independently.

In the same way, if both Xs(i) and Xt(i) exist as limits in L2($, A, P), we obtain the
(4)

existence of lim R s, t).
h,h!—0 e (5:2)

(2) = (1): If the limit hl}iﬂmORg})L, (t,t) exists, then it follows that

i h')\ 2 i i i
E ((Xt“’h) - xh )) > — R (t,6) —2 RY), (t,4) + RY),, (¢,1)
tends to 0 as h and A’ tend to 0. Hence, for any null sequence (hy)nen, Xt(i’h") is a
Cauchy sequence in L%(€2, A, P) and has a limit Xt(z).
O

It follows directly from Definition 5.3.9 that (Xt(i))teT is itself a second-order random field
and we have

, 1 OR
() — k le: 1) — —
E(X{Y X;) }}}310 7 (R(s+ hWei, t) — R(s, 1)) e (s,1),
@Oy 1 N _ OR
E(X, X;”) = }llll% . (R(s,t+he;) — R(s,t)) = By, (s,t),
2
@) x@y = () _ R
E(XS Xt ) }ILILI%) hl’lglo th/ (8 t) 81el- 32&‘ Sjt)’

where 53}5 and aR denote the partial derivatives of R in the direction e; with respect to

the first and the second argument respectively.

Moreover, by the Holder inequality we have

1) = (-7

and hence the mean function of (Xt(i))teT exist and is given by

() = iy 5 (x0) = 2200

[N

)

E(|x" - X
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5.3: Sample Path Regularity in the Gaussian Case

M.s. differentiability of (X¢):er allows to bound d(s,t) (as defined before Thm. 5.3.6) in terms
of the euclidean distance of s and ¢:

Lemma 5.3.11. If the random field (X;)ier on a compact T C R has m.s. partial derivatives
and if these are m.s. continuous, then for some 0 < C' < oo and some n > 0 we have

d(s,t) < Cljt - s]|
Jor all s,t € T with ||t —s|| <n.

Proof: First fix i € {1,...,d} and define the function ¢ : 7T x [1,1] — R by
RO (tt), h#0
g(t,h) = "
DYR(t,1), h=0

We show that g is continuous with respect to the metric max(||¢||,|h|). At any point (¢, h)
with h # 0 this is an obvious consequence of the continuity of R. For any point (¢, 0) it follows
from the continuity of D*'R and

lg(s,h') = g(t,0)] < g(s,h') —g(t,h")] + |g(t,h") — g(t,0)]

— |RY.(t,1) = RS (s,5)| + |R\), (t,1) = DY R (t,1)| .

— 0 as s—t —0 as h’—0

Since T was assumed compact, g is even uniformly continuous on 7' x [1,1] and it follows that
for every € > 0 there exists an 7; > 0 so that for all |h| < n;

\Rﬁj,ﬁ(t,t) — DRt t)‘ < ¢ forall t € T.

Defining C? := € + sup ‘DWR (t,t)| this implies
teT

Pt t+he;) = ROt -h® < C2h2 forall [B] <,

Finally, setting C :=d- max C; and n:= mi

1<i<d R, T we have for ||t — s|| <7

=1

d(s,t) = d <s7 s+ % (t; — Sz‘)%‘)

IN

d i1 i
> d <s+ S (ti—si)es, s+ S (t — s,-)el) < C|t—s|
i=1 / 7=1

J=1

<C; |ti—57',| <cC Ht—SH /d

which completes the proof.

By applying Theorem 5.3.6 we obtain
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5.3: Sample Path Regularity in the Gaussian Case

Corollary 5.3.12. If the random field (X;)ier is separable, Gaussian, and has m.s. partial
deriwvatives, and if these are m.s. continuous, then (X¢)ier has continuous sample paths a.s.

From now on, we will again restrict ourselves to centred random fields and formulate all
subsequent conditions in terms of the covariance kernel K. In the special case of a stationary
random field where K(-,-) = ®(- — -) we have the following corollary to Theorem 5.3.10:

Corollary 5.3.13. Let (Xy)ter be a weakly stationary centred random field with covariance
function ® and spectral measure v. Then the following statements are equivalent:

1. (X¢)ter has a m.s. partial derivative in the direction e;,
2. (Xy)ter has a m.s. partial derivative at some to € T in the direction e;,

3. The second partial derivative (gzq))g exists on T,

4. The second partial derivative (gz—fisz exists at the origin,

5. The i-th spectral moment M; := / w? v(dw) exists and is finite.
Rd

Proof:

(1) = (3), (2) = (4): follows from Theorem 5.3.10 by noting that

im K\ (s,) = — 32 (t—s), lim K (t1) = — 22 (0).

hyh!—0 (9eq)? h,h/—0

(1) = (2), (3) = (4): trivial

(4) = (5): (from |9, Thm. 6.4.1]) If e (0) exists and is finite, we have

(0e;)
0*P . D(he)) —29(0) + D(—hey) ) 1 — cos(w;h)
g @ = o TR oy [ S

by the symmetry of ® and Bochner’s Theorem. Using Fatou’s lemma we get

. 1—cos(w;h)

2 - (2

/[Rd wi v(dw) = 2 /Rd }1113% — 2 v(dw)

0’0

) 1 — cos(w;h) B
< 2 lim —— v(dw) = (@02 (0).

h—0 JRrd h?

(5) = (1): (oral communication with Prof. Schlather, see also [27, P-3-5])

We show that the existence of M; implies the existence of

: () i O((h = N)e;) — ®(he;) — B(We;) + @(0)
h,lﬁfrgo Phw (0) = h,lﬁ/nio hh! '
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5.3: Sample Path Regularity in the Gaussian Case

From Theorem 5.3.5 (Bochner) we have
B0 0) = [ Tur(wn) v(d),
Rd
where cos(w;(h — 1)) — cos(w;h) — cos(w;h') + 1
Ihh/(wi) = b .

By expanding the cosine terms it is easy to see that

Inw (wi) = w? (1+ o(w;h) + o(w;h)) as wih,w;h/ — 0,.

Next, using |sin(z)| < |z|, 1 — cos(z) < min (%,2) and the trigonometric identity

cos(z — y) = cos(x) cos(y) + sin(x) sin(y) one can derive the inequality
| cos(z — y) — cos(x) — cos(y) + 1‘ < 2zl |y].
Applying this to the enumerator of Ip;(w;) yields a dominating, integrable function

2 |wibl Wikl _

[ Tnws (wi)| < = 2

and via dominated convergence we get

. (%) o . . ] _ 2
hylﬁ/rgo Cpp (0) = /Rd h,lfi/rgo Iy (wi) v(dw) /Rd w; v(dw).

But this implies, according to Theorem 5.3.10, that (X;)cr has a m.s. partial derivative
in the direction e;. O

For later use we state another characterization of m.s. differentiability in the stationary case.

Clearly, the existence of (gz_q)’g at the origin implies

28(0) — 2P (he;)
h?

|0 (0)| = <b,  forall heR (5.4)

for some b € R. It is quite remarkable that the converse is also true:

Lemma 5.3.14. ([27, P-3-5]) Let (Xi)ier be a weakly stationary centred random field with
covariance function ®. If (5.4) holds for some b € R, then (X;)ier has a m.s. partial derivative
i the direction e;.

Another remarkable property of weakly stationary random fields is that m.s. differentiability

automatically implies that random fields (Xt(z))teT of the m.s. partial derivatives are m.s.
continuous.
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5.3: Sample Path Regularity in the Gaussian Case

Proposition 5.3.15. The m.s. partial derivative (Xt(i))teT of a weakly stationary centred
random field (X;)ier with spectral measure v, has itself the spectral measure V() defined by

v (B) = /Bu)i2 v(dw) for all B € B%

In particular the m.s. partial derivatives of a weakly stationary random field are always m.s.
continuous.

Proof: In the same way as above, we write

0*® . D(t+ he) —20(t) + O(t — he;)
Gz M = Jim 72
# i) — 2cos(t' o — wih
_ }Lin% cos(t'w + w;h) cozg w) + cos(t'w —w )y(dw).
—> Rd

Using the identity cos(z 4 y) = cos(z) cos(y) — sin(z) sin(y) it is easily checked that the last
expression simplifies to

0*® ) ,  cos(wih) — 2+ cos(—w;h)
(0e,)? (t) = fllli% y cos(t'w) 2 v(dw),
= —Ipn(wi)

and by the dominated convergence theorem we see that

(2232 t) = —/Rd cos(t'w) <}1grb Ihh(wi)) v(dw)

_ /R cos(tw) o v(de) = — /R cos(tw) vy (d)

By Theorem 5.3.5 (Bochner) (gz_q)) must be continuous and hence m.s. continuity of (Xt(i))teT

follows from Corollary 5.3.4.
O

Since (Xt(i))teT is itself a second-order random field, it is straightforward to define higher-
order m.s. partial derivatives of (X;)ier and to formulate the corresponding counterparts of
the above theorems.

The next theorem shows, that if a separable Gaussian RF (X});cr has k-th order m.s. partial
derivatives, and if these have continuous sample paths, then (X;);er has paths in C¥(T).

If all |a|-th order generalized mixed partial derivatives D**K (defined as in Theorem 5.3.10
by repeated application of D) exist, we define

d%(s,t) := D**K(s,s) + DK (t,t) — 2 DK (s,t).
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5.3: Sample Path Regularity in the Gaussian Case

Theorem 5.3.16. Let (X;)icr be a separable centred Gaussian process on an open subset
T C R with covariance kernel K. If DK ezists for all o with |o| < k, and if for some
0 < C < o0 and d,n > 0 it holds that

C

2

d(s,t) < - (5.5)
|log ||t — s|||

for all o with || = k and for all s,t € T with ||t — s|| < n, then the sample paths of (Xi)er
are in C*(T) a.s.

Corollary 5.3.17. Lel (Xi)ier be a separable, stationary centred Gaussian process on an
open T C R? with spectral measure v. If

[, (10814 1l)) P vids) < o0 5:5)

for some & > 0, then the sample paths of (Xi)ier are in C¥(T) a.s.

Proof of Theorem 5.3.16: (The proof given here generalizes the idea given in [2, Ch. 1,
Sec. 4.3] for d =1 to higher space dimensions)

We state the proof for k = 1, the case k > 1 is proved by applying the following arguments
to separable versions of the k*-order m.s. partial derivatives and repeating the steps of the
proof for k—1,...,1. Fixi e {1,...,d}.

First note that the m.s. partial derivatives (Xt(z))teT are themselves Gaussian processes as a
result of the stability of Gaussian random variables under passage to the limit. According to
Theorem 5.2.9 there exists a separable version (Y;(Z))teT of (Xt(z))teT, and due to (5.5) this
version a.s. has continuous paths on 7" that are bounded on every compact Q) C T'.

We show that there exists a set N; € Q with P(N;) = 0, so that K(i)(w) is the partial
derivative of X (w) for all w € Q\ N;.

Let [a,b] := {a: eRY:q; <z <b;, forall 1<i< d} be a closed cuboid in R?, and define
the random field (}Q[l})te[%b] by

. ti .
Y () = Xy (w) + / | Y ane, @) dh € [a0) (5.7)

where t:= (tl, Ce 7ti—17 ai,ti_H, Ce ,td)/.

Note that the existence of all D*K, i = 1,...,d implies that (X;);er has m.s. partial
derivatives. Now either (5.5) or the existence of higher order derivatives of K guarantee that
these m.s. partial derivatives are m.s. continuous and hence, by Corollary 5.3.12, (X})icr has
continuous sample paths a.s. Since the (marginal) integral function of a continuous function

is continuous, it follows that (Y;[Z])te[a’b] has continuous paths a.s.

%)



5.3: Sample Path Regularity in the Gaussian Case

Now, for all ¢ € [a,b] we have

; L
E(Yt[zlxt) = K(t,t)+/’ S5 (t+ (h— ai)ei, t) dh
= K(tt) + K(t,t) — K(t.t) = K(t1).

In the same way we can verify that E <(Y;[i])2) = K(t,t), and hence

E ((Yt[i] o Xt)2> ) ((Xt)Q) _9E (Yt[i] Xt) 4 E ((th)2> — 07
which implies that (Yt[i})te[a’b] is a version of (X )ser restricted to [a, b]. Since it has continuous
sample paths a.s. and (X;)ier was assumed separable, we have, by Lemma 5.2.8, a set Né,b
of probability 0 so that for all w € Q\ N/, with

X.(w) =Y"w) onlab.

Now T' can be represented as the countable union of (overlapping) closed cuboids [a, b], so we
obtain that the sample paths of (X;);er have continuous partial derivatives in direction e; for
all w € Q\ N; with P(N;) = 0.
Repeating the same argument for all other partial derivatives yields a P-null-set N = Ule N;
outside of which X, (w) is continuously differentiable.

[

In both, Theorem 5.3.16 and Corollary 5.3.17, the existence of the k-th order m.s. partial
derivatives is part of the sufficient condition for a.s. sample path differentiability. In Propo-
sition 5.5.5 we show that for stationary Gaussian random fields it is also necessary. The
following counterexample however shows, that it is no longer necessary if the assumption of
(X¢)ter being Gaussian is dropped without substitution.

Example 5.3.18. Let v be a symmetric probability measure on (R?, BY).
Define (Xt)tET by
Xi(w) = V2 cos (Y O(w) + ¥(w)), (5.8)

where © and ¥ are independent RVs with © ~ v and W ~ U]y o51. For the mean function of
(X¢)ter we have by Fubini’s theorem

2m
E(X) = \2/3 /Rd/(] cos (t'0 + ) dy v(df) = 0,

=0

for the covariance function we obtain (|13, p. 92])

E(X.X;) = / cos ((t — s)'0) v(d6) .

Rd

so (X¢)er is a weakly stationary centred process with spectral measure v. Hence, by choosing
v accordingly (see Corollary 5.3.13), we can realize any order of m.s. differentiability. However,
it follows immediately from (5.8) that (X;)er has always sample paths in C>(R%).
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5.4: Measurable Random Fields

We illustrate the preceding theorems by applying them to the Whittle-Matérn model for
covariance functions introduced in Section 3.2:

Example 5.3.19. (Whittle-Matérn model, part 1)
Consider a separable, stationary centred Gaussian random field (X;);c7 on an open set 7' C R?
with spectral density

orlw) = A+, 7>

First note that the finiteness of the integral in (5.6) is only an issue of its finiteness on
BE(0) := R4\ B,.(0) for an arbitrary 7 > 0. Now, for every e > 0 there exists an 7 > 0 so that

))1+5

(log(1+r < re for all r > n.

Hence, we have the inequality

146 . .
/ (log(1+ [lw])) "™ lw|[** v(dw) < / w55 (14 Jwl?) ™7 dw
Bg(0) BE(0)

< Hw”2(k—7—)+e

and it follows that (5.6) holds if k < 7 — %€,

Since € can be chosen arbitrarily small, we can conclude

T > k+4 — X, (w) € CH(T) as.
In Section 5.5 we prove a theorem that will finally yield

T < k+4 = X, (w) ¢ CHT) as.

(we will obtain a statement even stronger than that, see Example 5.5.6).

5.4 Measurable Random Fields

In Section 5.2 we have introduced the notion of separability, which turned out to be a suitable
means to overcome the problem of non-measurability of events related to path properties.
Moreover we have seen that it ensures a certain uniqueness of a random field (X} )¢er, provided
that finite dimensional distributions allow for continuous sample paths. The notion of a
measurable random field, which will be introduced in this section, will play a similar role in
our discussion of sample paths properties of general second-order processes in Section 5.5.
Throughout this (and the subsequent) section, we will always tacitly assume that 7' C R is
Lebesgue measurable.

Definition 5.4.1. Let (X})ier be a random field over the probability space (92,4, P). Let
A® ]B%% the product o-algebra of A and B%, and A ® IB%% its completion with respect to the
measure P ® A%, Then (X;)er is called measurable if it is A ® B% /B measurable as a map

X:(2xT)—R.
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5.4: Measurable Random Fields

It follows from Theorem 2.1.10 that the paths of a measurable random field (X;);er are BS /B
measurable. The following Theorem (stated in [15, Ch. III, §3, Thm. 1] in more generality)
gives a condition for the existence of a measurable separable version of (X;)er:

Theorem 5.4.2. If the random field (Xi)ier is stochastically continuous, then there exists a
measurable (and separable) version (Yi)ier of (Xi)ter-

In the case where (Y;)ier is also required to be separable, it may again assume values in the
compact extension (R,B) of (R,B).

Note that the condition that (X¢).er is stochastically continuous is always fulfilled in our case.
Indeed, it follows from Remark 5.3.2 and Theorem 5.3.3, that our working assumption that
(X1)ter is second-order with continuous mean and covariance function automatically implies
stochastic continuity. The following Proposition is a another consequence of this working
assumption:

Proposition 5.4.3. The sample paths of a measurable random field (Xy)ier are in L2 (T)
a.s. If in addition

/ R(t, ) dt < oo, (5.9)
T
then the sample paths of (X¢)ier are in L*(T) a.s.

Proof: For any compact subset I C T" Theorem 2.2.11 (Fubini) yields

E(/IXE dt> = /IE(XE) dt = /IR(t,t) dt < oo. (5.10)

But then necessarily it must hold that

P(/IXE dt<oo> =1, (5.11)

which implies that X,(w) € L2 (T) a.s. If condition (5.9) holds, we obtain the same conclu-
sions in (5.10) and (5.11) for T instead of I.
O

Remark 5.4.4. In the weakly stationary centred case we have R(t,t) = ®(0), so condition
(5.9) holds if and only if 7" is bounded.

If (X4)ier is stationary Gaussian then, by Lemma 2.4.11, we have

(2n)!

o] (@(0)) P < oo for any p e N.

/ E(X7?) dt = wol(T)
T

With the same arguments as in (5.10) and (5.11) we conclude that for bounded T and for any
p € N the paths of (X¢)ier are in LP(T') a.s.
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5.4: Measurable Random Fields

The restriction to measurable random fields entails a certain uniqueness of processes with
given finite dimensional distributions:

Lemma 5.4.5. Let (Xi)ier and (Yz)ier be measurable RF's over the probability space (€2, A, P).
If
P{w: X¢(w) =Y;(w)}) =1 for X-almost all t € T, (5.12)

then there exists a P-null set N C Q so that
M{teT : Xy(w) #Yi(w)}) =0 for all we€ Q\ N, (5.13)

i.e. the sample paths of (Xy)ier and (Y;)ier are a.s. identical as functions in L*(T).

Conversely, if almost all sample paths of (Xt)ier and (Yi)ier differ only on a subset of T with
Lebesgue measure 0, then (5.12) must hold.

Proof: Since (X)ier and (Y)ier are measurable processes, so is their difference. Hence the
indicator process (1{ Xt;éyt}) rer 18 measurable and by assumption we have

E(l{XﬁéYt}) = P(Xt % Yt) =0 for \-almost all t € T.

Applying Theorem 2.2.11 (Fubini) yields

E</Tl{xt¢m}dt> = /TE(l{XﬁéYt}) dt =0,

so for all w outside a set of probability 0 we have

)\d({t e’T : Xt(w) 7é Yt(w)}) = /Tl{Xt(w)#Yt(w)} dt = 0.

Reversing the steps of the proof shows the converse implication.
O

We already note a special result on measurability that we will need in a proof in the next
section.

Lemma 5.4.6. Let f be a real-valued function on the product space of the measure spaces
(Q, A, ) and ([a, b],IB%[a’b],)\l), where a,b € Q, a < b. If f(-,t) is A/B measurable for every
fived t € [a,b] and if f(w,-) is continuous on [a,b] for every fived w € 0, then f is A®B|, /B
measurable.

Proof: According to Theorem 2.1.7 we must show that for all M € R
Gy = {(w,t) e x[a,b] : f(w,t) <M} € ARBy.
First note that

Gu = U {w: flw,t) <M Vtelt,ty} x [t td) . (5.14)
t1,tu€Q, a<t; <ty <b ~

=t AN 1)ty
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5.5: Sample Path Regularity in the General Case

Indeed, since f is continuous in ¢, f(w,t) < M implies f(w,s) < M for all s in some interval
[t1,tu] D t, where t,t, € Q, a < t; < t, <b. Hence, if (w,t) € Gps it is also contained in the
set on the rhs of (5.14). The converse inclusion is obvious.

The rhs of (5.14) is a countable union of sets of the form Ay, 4, X B, B € Bj,;) and thus is
in A® B, provided that Anry, 1, € A

Now for any t;,t, € Q, a <t <ty <band any M € R by using again that f is continuous
in t we obtain

Ario ey = U {v: flwt)y<m vielt,t}
meQ, m<M
= U {v: flwt)y<sm vielt,tnQ}
meQ, m<M

= U ﬂ {w: flw,t) <m}.

meQ, m<M teft;,t.]NQ

By assumption, {w : f(w,t) < m} € A for any fixed t € [a,b] (and any m € R) and so
Ang b, € A as a countable union and intersection of .4 measurable sets and this completes

the proof.
O

5.5 Sample Path Regularity in the General Case

We have seen in Section 5.3 that m.s. continuity and m.s. differentiability are linked to the
probabilistic structure of a random field (X;);er only through the covariance function. In
contrast to that, the above results on a.s. sample path continuity and a.s. sample path differ-
entiability were formulated for the special case of a Gaussian random field, and we shall give
an example that shows, that the above theorems indeed do not hold in the general case.

It will however turn out, that m.s. differentiability implies a.s. weak differentiability (as defined
in Section 3.2) of the sample paths, whatever the particular distribution of (X;)er.

Example 5.5.1. Let K(s,t) = e~ It=sll be the so-called exponential covariance function on
T = R%. It easily verified that condition (5.3) holds e.g. for 6 = 1 and so a separable centred
Gaussian random field with exponential covariance function has continuous sample paths a.s.

Now define a process (X¢)ier with the same covariance function as follows:
The starting point is a homogeneous Poisson point process on R? with intensity 1. This is a

stochastic process that assigns to each w €  a countable set of points {(1(w), (a(w), ...} C R?
with the following properties (see e.g. |25, Sec. 11.1])

1. The number N(B) of points inside a set B € B? is a Poisson RV with parameter vol(B),

i.e.
I(B)¥
P(N(B) =k) = e (B 22 ]i' ) , forall ke Ny. (5.15)
2. If By,..., B, € B?are pairwise disjoint, then the RVs N(Bj),..., N(B,,) are mutually
independent.
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5.5: Sample Path Regularity in the General Case

For simplicity we take d = 1 (an RP-counterpart of this example can be constructed via
Poisson tessellation, see [25, Sec. 12.3]). Then we can relabel the random point sets ((,)nen
t0 (Cn)nez such that (j(w) < (j+1(w) for all ¢ € Z and all w € Q.

Now let (U;)iez i~ N(0,1) and independent of ((;);ez and define

Xy =U, for te [CnaCnJrl)

Since the (U;);cz are centred so is (Xi)ier. By (5.15) and and the independence of (U;);ez
and (Cn)nEZ we get

E(X;X;) = E(U}) -P(3ne€Z: s,t€ (1)) = 1-P(N([s,]) =0) = e I3l

Hence, (X;)ier has indeed the prescribed covariance function, but obviously does not have
continuous sample paths. To complete this counter-example it remains to show that (X;)ier
is separable.

Let I be a closed, B an open, and D an arbitrary dense subset of R. With the notation from
Definition 5.2.4) we have

Apy = {w : Up(w) € B VneZ with [((w), (a1 (w)) NI #0}.
Since [ is open, we have the implication

[Cn(w)>Cn+1(w)) ayi 7& @ — (Cn(w)vgnJrl(w)) NI 7& @

Consequently, both intersections must also contain points from D, so it follows that Ap s
and Ap np coincide, which proves separability and shows that it is really the fact that
(X¢)ter is not Gaussian that causes Theorem 5.3.6 to fail. (Note that the univariate marginal
distributions are Gaussian, but the multivariate ones are not multivariate Gaussian).

Having shown that Theorem 5.3.6 does no longer hold if we just drop the assumption that
(Xt)ter is Gaussian, we might ask for other criteria that ensure a.s. sample path continuity
in the general case. A condition for weakly stationary random fields on R? is derived in [22]:

Denote by pg(h) the polynomial of degree d given by the Taylor series expansion of ®(h)
around h = 0. If ® € C%(R?) and if for some 0 < C' < co and § > 0

C|[h]l

|(I>(h)_pd(h)‘ < W

(5.16)

for all ||| small enough, then the sample paths of (X;);er are continuous a.s.

As can be expected, the loss of information about the distribution of the random field (X;)er
must be compensated for by requiring much more smoothness from the covariance kernel than
in Theorem 5.3.7.

It is therefore quite remarkable that if one settles for weak differentiability, nothing is lost
compared to the Gaussian case, as it turns out that this kind of regularity is completely
determined by the second-order structure:
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Theorem 5.5.2. Let (X;)ier be a measurable centred random field on an open subset T C R?
with covariance function K. If D®*K exists and is continuous on the diagonal of T x T for
all |a] < k, then the sample paths of (Xy)ier are in VVIIZ’CQ(T) a.s. If in addition

/ DK (t, t)dt < oo for all o with 0 < || <k, (5.17)
T

then the sample paths of (Xy)ier are in WH2(T) a.s.

In the stationary case we can again give a criterion in terms of the spectral measure:

Corollary 5.5.3. Let (X;)ier be a measurable, stationary centred random field on an open
subset T C R% with spectral measure v. If

/Rd w2 v(dw) < oo, (5.18)

then, the sample paths of (X;)ier are in W"2(T) a.s.

loc

If in addition T is bounded, then the sample paths of (Xi)ier are in WF2(T) a.s.

The idea of the proof is similar to the one in the proof of Theorem 5.3.16. For the definition

of the marginal integrals in (5.7) we only need integrability of (Y;(Z))

(4] )

te@- The problem is then,

however, that the integrated random field (Y;);eq is not continuous in general, and we must
use another argument to show that its sample paths coincide a.e. with those of (X;)eq-

Another problem arising from the lack of continuity of (th)teQ is that more caution is needed
when patching together these RFs to a RF defined on the whole of T'. In order to obtain the
statement for any open subset T' C RY, we therefore need the following technical lemma, (with
the notation of Section 3.2):

Lemma 5.5.4. For any open subset T C R% andi € {1,...,d} there exists a sequence (Qp)nen
of bounded measurable subsets of T and a sequence (Sp)nen of real numbers s, € m;(Qy,) with
the following properties:

(a) T= UnGN Q"
(b) Qn=Q% % [an,b,], Q% €B¥! a,,b,€Q, neN.

i.e. each Qy 1s cylindrical in the direction of the i-th coordinate axis

(¢) If the points t; € Q; and ty, € Qk, j < k, are the endpoints of a line segment | C T that
is parallel to the i-th coordinate axis, then | C Q) and s = s;.

Proof: First we construct a sequence (Qp)nen of cubes with T = Unen Q,, such that

i<k = T(Qr) CT(Q;) or T(Q;)Nmi(Qx) =0.

Such a sequence is obtained as follows:
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We consider cubes of the form Q = Q° x; [@,b], a,b € Q, a < b, where Q° is a right half-open
(see Example 2.1.2) cube in R4~! with edge length b — a. Denote by Q, the set of all cubes
of that type with edge length p and corners on the grid pZ?. For m € N define

Tm = {Q € Q2—m : QCTQ[_mvm]dv )‘d(QﬂQ) =0 for aHQG Uj<m73}‘

Every 7, consists of finitely many cubes and by enumerating the set | J,, .y Zm starting with all
cubes in 77 and continuing with 75, 73, .. ., we obtain a sequence (Qn)neN with the prescribed
properties from above. We write Q,, = Qn X; [an, bn]

We will now modify the sequence (Qn)nen to obtain a sequence (Qn)neny and a sequence
(Sn)nen of real numbers with the prescribed properties (a) - (c).

Start with @Q; := Q; and s1 := @i, then (b) and (c) trivially hold so far. Assume now that
these properties hold for the sets Q1,...,Q, and points s1, ..., sy that have been constructed
from Q1,...,Qs, and assume that in addition U] 1 QJ - U] 1Qj. Forallt € Qny1 define
the open line segment

lig1p = {s€T :s=t+7¢, yER and ns+ (1—n)teT Vne[0,1]}

which is parallel to the " coordinate axis and entirely contained in 7. Further let

Aft1t = (mm {S S ln+1 t N Un+1 })

and

Brt1,t == T (maX{S €lnrie N UM Q]})

the minimal (maz(imal) value of the i*" coordinate of all points from l+1+ that are contained
in the union of @Qq,... 7Qn+1 For any t € Qn+1 we have one of the following alternatives:

(i) apy1e=a; and Brt1s = b, for some 1< j. k <n, j#k,
(ii
(i

a1t = @ and Brqp1¢ = b for some 1 < j <,

Op1,t = dﬁ+1 and ﬂﬁ_t'_l,t = bk for some 1 < k < ﬁ, or

)
)
)
)

(iv) afq1e = Grq1 and Bry1y = D1
This allows to construct disjoint sets Qp41,. .., Qnip by setting
Qnir = Ti({t € Qas1 : anyrs =y, Bar1e = b, }) xi [aj,, p,] (5.19)
forr=1,...,p, where (j1,k1),...,(jr, k) is an enumeration of all pairs of indices 1 < j, k <

n + 1, for which one of the above alternatives applies.

Clearly dj, < @pt1 < bip1 < by, for all # = 1,...,p, and hence Qa1 C U’—; Qnir-

Consequently, property (a) follows from T = (J,,cny @n by induction.

Note that this conclusion still holds if we omit all sets Q4 that correspond to alternative (i)
in the construction of Q41 ..., Qntp. Indeed, for any t € Q741 so that Iy intersects both
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Qj and Qj, with j, k as for (i), there must already be a set of the form (5.19), constructed in
an earlier step by alternative (i) or (iii), that contains the points 7;(t) x; [a;, by,)-

We assume therefore that each Qn+1, ..., Qnp corresponds to (ii), (iii) or (iv). Then we can
relabel these sets in such a way that for some 0 < u < v < p we have

Ele <...<Elju <&ﬁ+1, ZleH—l :...:djv :dﬁ"rl? and
bkl :...:bku:bﬁ+1, bku+1 >~-->bkv >bﬁ+1.
We use this to prove that 7; (Qn+1), e ,fi(Qnﬂ,) are measurable. First, for 1 < r < u, we

have y € T;j(Qn4r) if and only if
® Yy c fi(@jr) N fi(@ﬁﬂ),
o y ¢ 7i(Qnys) forall 1 <s<r, and
*yE ﬂqe[@jmgﬁﬂl Tilg) =,
where T;(-) is a the cross-section of T" orthogonal to the i-th coordinate axis, i.e.
Ti(q) = {7 € R . (Thy ey Tie1, Qs Tit1s---57d) € T}

Hence, measurability of 7;(Qn+,) follows if we can show measurability of J.

If y € J, then the line segment [ := y X; [G;,, bs+1] is completely contained in 7. Now [ is
compact, and so its distance to the boundary 9T of T assumes its minimum at some point
s € 1. Since T is open we must have ¢ := dist(s,d7") > 0 which implies Bs(y) C J. Hence, J
is open and in particular J € B4,

The same argument can be used to prove 7;(Qny,) € B¥ ! for w41 < r < v. Finally, if
v < p, Qn4p corresponds to alternative (iv) and we have

Ti(Qntp) = fi(@ﬁﬂ) \ Ufj fz‘(@m-s) c Bi1,
which concludes the verification of property (b).

Property (c) of (Qn)nen is an obvious consequence of its construction, so it only remains to
provide a suitable choice of s4,, 7 =1,...,p. If @4, corresponds to alternative (iv) we can
simply set Sp4r 1= Gi4+1. Otherwise, it necessarily holds that

Ti(Qnir) C Ti(Qj) for some j < n,

so we find that s,, := s; is a suitable choice that respects property (c) and this completes
the proof.
O

Proof of Theorem 5.5.2: We state the proof for £ = 1, the case £ > 1 is obtained by
applying the steps of the proof recursively.

Fix i € {1,...,d}. Our assumptions imply the existence of a m.s. partial derivative (Xt(i))teT
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of (X¢)ier , and a measurable version (Y;(i))teT of it. We show that Y_(i) (w) is a weak partial
derivative of X, (w) for almost every w.

For any n € N let
Qn = Q?L X3 [ana bn]
with @y, b,, and QY from Lemma 5.5.4. Since @, CC T and K is continuous on T x T we

have
/ ]E((Yt(“)Q) dt :/ DYEK(t,t)dt < oo.

n n

Hence, by Fubini’s theorem there exists a P®@ A4 1-null set Ni(?n C Ox QY so that the marginal
integral

bn .
L Ve b= s}

exists for all (w,t%) € (Q X Q?l) \Ngn. Then N, := NP %; [an,by] is a P ® A-null set

in

and, denoting by ¢ the orthogonal projection of ¢t € Q,, on Q% x; {s,}, we can define for all
(w,t) € (2% Qn) \ Nip

. ti .
Vi w) == Xyw) + / Y sy e, (@) dh. (5.20)

For (w,t) € N;, we set Ynmt(w) = Xy(w). By Lemma 2.1.10 X,(-) is P ® A?~! measurable
and for every fixed t; € [ay,b,] Fubini’s theorem implies that the second term of the rhs of
(5.20), set to 0 on Njp, is P @ A%"! measurable as well. For every fixed (w,t%) € (€ x QY)

Y. (4]

.¢(w) is continuous as a function of ¢; and hence, by Lemma 5.4.6, (Yﬂ)teQn is measurable.

Now repeat this construction for all Q),,, n € N, and set

N? = Upen N2 N; == (N xR)NT.

) neN “Yin»

Let (w,t) € (2 x T) \ N; and assume that t € Q; N Qg, j < k. Then it follows from (c) in
Lemma 5.5.4 that s; € Q) and s, = sj, so the rhs of (5.20) for j and k coincide and we have

Vi) = Vi),
Moreover we have T = |J,,cy @n and so the random field (th)teT is well-defined by

yil(w) = Yilw) i () € (@xT)\N; and t € Q,
0 if (w,t) € N;

An alternative representation of (Y;[i])teT is given by

Y (w) = Liaeryw, (@) - sup Y (w).
ne

and from this and Theorem 2.1.8 and 2.1.9, it follows that (th)teT is measurable.
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Next, for some (w,t°) € (2 x7;(T)) \ N{ let | be an arbitrary closed line segment on the line
t” x; R that is completely contained in 7. By (c) in Lemma 5.5.4 there exists a set Q}, so that

I C Qp, and so it immediately follows from (5.20) that Y_[i] (w) is absolutely continuous on [.

Since [ was arbitrary, Y_m (w) is absolutely continuous on the line t° x; R by Definition 3.2.7.
Now (P ® A*"1)(N?) =0 implies

P({w : X1 (N)(w)) > 0}) = 0,

where NP(w) := {t° € 7;(T) : (w,t’) € NP} denotes the N? cross section for fixed w, and
altogether we conclude that

Y_[i] (w) € AC,(T) for almost every w € €, (5.21)
with “classical” partial derivative Y_(i) (w) (defined a.e. on T').

Finally we show that the sample paths of (Y;M)teT and (X;)ier are a.s. identical in L%(T).
Note that (P ® A%)(N;) =0 and consequently

M({teT : P(N;(t)) >0}) =0

where N;(t) := {w: (w,t) € N;} denotes the N; cross section for fixed ¢. This means that for
A-almost every t € T, Y;M is a.s. defined according to (5.20).

But then, using the same notation as above, we have for almost every t € T

s (§+ (h — sn)ei,t) dh
1€

E(vx) = K(t,t)+/ti SK

= K(tt) + K(t,t) — K(t,t) = K(tt) and

t.
i] [0 P OK
(v = K(t,t)+2/ gle, (t+ (h— sn)ei,t) dh

t; t; .
—I—/ / DK (§+ (h — sp)ei, t + (B — sn)ei) dh' dh

“ oK
— K(tt t+ (h—s,)ei t
(,)+/Sn Dre (t+ (h — sn)e;,t) dh

4 OK
+/sn ore; (Lt (= saes )
= K@)+ K@) - Kt + Kt - KLt = Kt).
Putting both together we have

E((v"-x)") = E((X0)%) —2E (v x,) +E((v1?) = o,
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and therefore

P ({w s Xi(w) = th (w)}) =1 for \-almost all t € T.

But then it follows from Lemma 5.4.5 that the sample paths of (}Q[i])teT and (Xy)ier are
indeed a.s. identical in L?(T). By Proposition 5.4.3 this implies in particular

Y_m (w) € L3 (T) for almost every w € Q.

and from this and (5.21) we obtain from Lemma 3.2.9 that Y_(i) (w) is a.s. an i weak derivative
of Y_M (w) and hence also of (X;)er.

Repeating these arguments for all m.s. partial derivatives (Xt(l))teT, e (Xt(d))teT, completes
the proof.
O

Theorem 5.5.2 shows that in order for a random field (X¢);er to have weakly differentiable
sample paths it is sufficient that it is m.s. differentiable, and that the m.s. partial derivatives
are m.s. continuous. If (X;)¢er is stationary and Gaussian, then we can prove that this is also
necessary:

Proposition 5.5.5. Let (X¢)ier be a measurable centred stationary Gaussian process on an
open subset T C RY. If (X;)ier does not have m.s. partial derivatives of order k, then its
sample paths a.s. do not have weak derivatives of order k.

Proof: We give the proof for £k = 1, the case k > 1 follows in the same way.

For some sequence (hy)nen of real numbers with lim h,, = 0 define the set
n—oo

A = {(w,t) € Qx T : limsup ‘Xt(i’h")(w)‘ < oo}.

n—oo

and denote its the cross sections by
Ay, = {teT: (w,t)e A} and A = {weQ: (wt)e A}

Note that the fact that (Xy)ier is a A ® By /B measurable random field implies that A is an
A ® Br measurable set (see Theorem 2.1.9).

If (X;)ter does not have a m.s. partial derivative at ¢ in the direction e; (which can hold for
either no or all ¢t € T, see Corollary 5.3.13), then it follows from Lemma 5.3.14 that (h,)pen
can be chosen such that ‘

lim &, (0) = oo

n—oo
Now for the Gaussian density function ¢, ,2 (see Example 2.4.8) we have
(1) < Puar() = —=
Puo2(x) < @ua2(n) = :
a e V2no?
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and from that we obtain for any fixed ¢t € T and any M < oo

; 2M
P(}Xt(z’h”)’ SM) < — — 0, as n— oco.

-~ /2rel, (0)
We can therefore choose a subsequence (ng)ken of (n)nen so that
P([x{") ] <k) < 27% foral n>my.

Then

P(1x" < k) < o,
k=1
and so Lemma 2.1.16 (Borel-Cantelli) yields

P( N U {e: x"w)| gk}) — 0.

meN k>m
This means that for a.e. w and every m € N there exists a k¥ = k(w) > m so that
!Xt(l’h"’“)(w)‘ > k, so we have P(A;) =0 for any ¢t € T" and hence, by Fubini’s theorem
(P AY)(A) = 0. (5.22)

Now let W C Q the set of all w for which X,(w) has an i*" weak derivative. For every such
w, according to Theorem 3.2.10, there exists a function Y,(w) € AC;(T) that coincides with
X.(w) AM-a.e. on T. Hence, the following sets

Io(w) = {teT:limsup ‘Yt(i’h")(w)‘ = oo},
Iiow) = {teT :Y(w)# X¢(w)}, and
Itp(w) = {t €T :t+hpe; €T and Yigp,e, (W) # Xithe, (w)}

are all A\%-null sets, and so is the set
oo
I(w) = Lo(w) U |J Ixn()
n=0

For all t € T'\ I(w) it holds that

lim sup ‘Xt(i’h")(w)‘ = limsup |Y;(i’h")(w)‘ < oo0.

n—oo n—0o0

so we have T'\ A, C I(w) and therefore \%(A,,) = vol(T) for all w € W. But then, using
(5.22) we get

Fubini

0= (PeX)(4) > (PX)((WxT)NA) P(W) - vol(T)
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and it follows that P(W) = 0 which completes the proof.

O]
The assumption that (X;):cr is Gaussian was only needed for the implication
lim @), (0) = oo — lm P(|X"™[<M) =0 (5.23)
n— 00 nitn n—o0

for any M < oco. The statement of Proposition 5.5.5 should therefore hold under much weaker
assumptions (we could e.g. replace the assumption of Gaussianity by the requirement that
(5.23) must hold). However, as we can again see from Example 5.3.18, it is not possible to
drop this assumption without any substitution.

We continue Example 5.3.19 and illustrate the preceding Theorems with the Whittle-Matérn
model:

Example 5.5.6. (Whittle-Matérn model, part 2)
Consider a measurable, (weakly) stationary centred random field (X;)ier on an open and
bounded domain T' C R with spectral density

prw) = (L+|wl?)™, >4

As in Example 5.3.19 we may compute the integral over B$(0) := R?\ B,.(0) only rather than
R? in condition (5.18). For k < 7 — ¢ we have

/ ol (dw) = / Jl (14 w]?) " dw < oo,
Bg(0) Bg(0)
<Jw||2k=7)

and so Corollary 5.5.3 yields

T > k+4 == X.(w) € WRYT) as.

On the other hand, if k> 7 — ¢, we find that (w.lo.g. r > 1)

/ ol v(dw) = / Jol® (14 w]?) ™ dw = oo,
B<(0) Bg(0) N——

2277 flwl| 737
and by Proposition 5.5.5 and Corollary 5.3.13, if (X})er is Gaussian, we conclude
T < k+4 == X, (w) ¢ WEHT) as.

If T is not bounded, both statements hold for VVIIZ’CQ(T) instead of Wk2(T).

Now, we go one step further and give conditions for (X;)ier to have sample paths in some
fractional order Sobolev space WH2(T) a.s.:
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Theorem 5.5.7. Let (Xy)ier be as in Theorem 5.5.2. If it holds for some k < p < k+1,
0<C <o andd,n >0 that

C (D**K(s,s) + D*K(t,t)) ||t — s|>#=P
144

d2(s,t) < (5.24)

| log ||t — s]|

for all o with || = k and all s,t € T with ||s — t|| < n, then the sample paths of (Xi)ieT are
in VVl’éf(T) a.s.

If in addition condition (5.17) holds, then the sample paths are in WH2(T) a.s.

Proof: According to Definition 3.2.11 we must show that for a.e. w € Q

| DX (w) — DYX(w)|?
// t ( )| dsdt < oo.

e

This follows again from Theorem 2.2.11 (Fubini) if we can ensure that

E(D2X: = DX o for all @ with |a| =k
// = s|[Er2h) sdt < oo or all « with |a| = k.

To this end we split the integral in two parts and verify that

1 ; E(|D*X; — D*X,?) et .
/T/T {lit—slzn} (5,1) 6= s[[dr20 %) sdt < oo (5.25)

and

1 y BUDTX— DOXGF) 5.26
/T/T {||75—5||<77}(5’ ) ||t—8||d+2(“*k) S < 00. (5.26)

Taking D*X; = Y;(a) (from the proof of Theorem 5.5.2) we prove (5.25), noting that

E (|D“X; — D*X,?) D**K(s,s) + D**K(t,t) — 2 D**K(s,t)

IN

DK (s,s) + DY K (t,t) + 21/D**K(s,s) DK (t,t)
3 (D**K(s,s) + D" K(t,t)).

IN

Then, denoting by Sy the surface of the d-dimensional unit sphere, and using condition (5.17),
we have for any 0 < n <1

L . E(|D*X; — D*X[?) s di
/T/T Ue=slizn}(:8) = — ety 48

3 o, oo
S (D“*K(s,s) + D**K(t,t))
< /T/T L{ji—sli2n} (:2) [ — 5|2 ds dt

1
< 3/Da’aKt,t dt‘/ ——dh < 0.
T (t,1) RA\B,(0) |[R]|d+2B=R)

<oo =8y fnoo r=1=2(b=F) dr < co
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In the same way, now using condition (5.24), we obtain

1 (st)EODaX“_DQXAa<mdt
iy {llt=s[l<n}\> Ht—st+2(“_k)

D**K(s,s) + DYK(t,t
< C/T/Tl{”t_s<n}(s,t) ( ) ( )det

146
[t — s[|¢ | log [t — s]]]
1
< QC/DO"O‘K(LLJ) dt~/ 176 dh < o0,
T B,(0) [|h]|4 | log |||
<oo < o0

where we have used that

1 n S logn S
/ s dh = / 7d1+5 = / 1d+6 dr.
B,(0) |14 [ log||ll] o 7 [log(r)l oo ||

This shows (5.26) and completes the proof.

Corollary 5.5.8. Let (X;)ier be a measurable (weakly) stationary centred random field on
an open subset T C R% with spectral measure v. If

[ (logt+ [wl) ' ol v(a) < oc 5.7

for some > 0, u ¢ N, and some 6 > 0, then the sample paths of (X;)ier are in VVl’éf(T) a.s.
If in addition T is bounded, then the paths of (X;)icr are in WH2(T) a.s.

Proof: We start as in the proof of Theorem 5.5.7 with k := |p]. Then (5.25) directly follows
from the boundedness of T', and we show that (5.26) is implied by condition (5.27).

Note by repeated application of Corollary 5.3.13 and Proposition 5.3.15 that (X;)ier has k*?
order m.s. derivatives with spectral measures v, and spectral moments

M, = / Vo (dw) = / wlzo‘l---w;ad v(dw).
R4 RE e et

=: w2

Using the simple inequality

2
= <
1 _ COS(I') < { 2 |$’ — 2
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we obtain

2. (_1)|a\ (D2a ‘I)(O) o DQa (I)(t - S))
/T /T Lje—sl<n} (s, ) [ = 5||d+20 ) ds dt

< dh

voll(T )/ 2. (=1)lel (D% @(0) — D** ®(h))

||h”d+2(u k)

— wol(T (1 — cos(h'w)) 4o dh
= wol( / /]Rd [ ]| d2(n—F) Va(dw)

(Ww)? Loy (@, h) 4 Ligrpyzsoy(w, b)
= wol(T) /Bn /]Rd T2 + [ 205 Vo(dw) dh

Il ]2

Now, if (hWw)? > 2, we also have ||h?||w||* > 2 by Cauchy-Schwarz inequality and hence

1 oo 2=

2(u—k)
e < gen < I

W.lo.g. we can assume 7 < 1, and we get for ||h| <n

1+4
146 1 146 1+5
Jog 1] = (1og (o)) < (og ol < g1+ ul)
and hence I can be bounded by

_ 1+9

4+ Jw]2ER) - (log(1 + [|lw])
146
1h]| [1og [|A]l|**

Next, note the Cauchy-Schwarz inequality further implies
—log|lh]| < —log|h'w| + log ||w]|
and hence, assuming again that n < 1, it follows that

1446 146

[log [|Al[[ " < (| log [I'w]| +log(1 + [|w]]))

For any ¢ > 0 it holds that a®-|log(a)] — 0 as @ — 0, and this implies that there exist
constants Cp, Cy > 0, so that for |h/w| < /2

(Ww)>21=0) (| log [w]| +log(1 + [lw])) ™ < (C1 + Ca log(1 + [|w]])) .
Now if [|w|| > 1, then log(1 + ||w]|) is bounded away from 0, and C; can be absorbed into Cy,
ie.

5 A 5
1jwf=1y - (C1+ Co log(1 + [lw]) '™ < Ca (log(1 + [lw])) .
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Conversely, if ||w|| <1, then log(1 + |lw]|) is bounded as well, and we have

i<ty - (C1 + Ca log(L+ [lwl) ™ < 1gpuy<ry - G,

so it finally follows that I; can be bounded by

C1 + Co |[w]| X8R - (log(1 + [|w])) " *°
1446
|h]| | og || ]|
By condition (5.27) we have
o = / (1og(1 + [|w])) " w20 by (duv)
Rd

146 _ o
= [ (0B 1l) 7 P @2 v < e

< w2

and hence, in the same way as in Theorem 5.5.7, it follows that

2. (_1)\a| (DQa (I)(O) — D2 <I>(t _ S))
/T/T Lije—sl<n} (s, 2) 6= s[[20 ) ds dt

él M, +OQC* +4C*
< wol(T) / y T
By0)  [|A]|? |log [|h]]|

oo,

which completes the proof.
O

By application of the imbedding theorem for Sobolev spaces from Section 3.2 we can now
state sufficient conditions for a (not necessarily Gaussian) second-order random field to have
continuously differentiable sample paths a.s.:

Theorem 5.5.9. Let (X;)ier be a separable centred RF on a domain T C R? with covariance
function K. If for some p >k + % D**K ewists for all |a| < |p] and

C (D**K(s,8) + D*°K(t,1)) ||t — s|]*¢~ 1)
144

dg(s,t) <

| log ||t — s]l|

for all o] = |u], some 0 < C' < 0o some § > 0, and all s,t € T where ||s — t|| is small, then
the sample paths of (X)ier are in CH(T) a.s.

Corollary 5.5.10. Let (X;)ier be a separable (weakly) stationary centred RF on a domain
T C R¢ with spectral measure v. If

146
[ (10814 1l)) ] v(d) < o
for some p >k + % and § > 0, then the sample paths of (Xy)ier are in C*(T) a.s.
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Proof of Theorem 5.5.9: First, instead of T' consider the restriction (X;)iey to some
bounded C* domain V CC T. By Theorem 5.4.2, we can pass on to a separable measurable
version (Y;)iey of (X¢)iey. Then the assumptions of either Theorem 5.5.9 or Corollary 5.5.10
imply

Y(w) € WHAV)  forall we Q\N,

where NV is a set of probability zero. By Theorem 3.2.15 and our choice of p we can modify
Y,.(w), if necessary, on a A%null set I(w) C V and we obtain a random field (Y;);ey with
sample paths in C*(V) a.s. so that

)\d({te Vi Yi(w) #Yi(w)}) =0 for all we Q\ N.

The a.s. continuity of its sample paths implies that (fﬁ)tev is measurable and hence, by
Lemma 5.4.5, it follows that

P({w: Yi(w)=Yi(w)}) =1  for \-almost all t € V.
Using Lemma 5.2.8 (and the subsequent remark) we conclude
X.(w) = Y(v) = Y, () for almost all w € (2,
and hence then the sample paths of (X;)ev are in C¥(V) a.s.

Now the domain T can be covered by a countable union of open balls that are contained in
T. Applying the above arguments to each one of these balls yields the desired result.
O

Remark 5.5.11. Note that the same proof, if Theorem 3.2.17 is applied instead of Theorem
3.2.15, yields the following result:

If the conditions of Theorem 5.5.7 and Corollary 5.5.8 hold for k + [ instead of k, then the
sample paths of (X;)ier are in Cllzf(T) a.s.

Example 5.5.12. (Whittle-Matérn model, part 3)
Consider a measurable, (weakly) stationary centred random field (X¢)er on an open and
bounded domain T' C R¢ with spectral density
orw) = (14?7, 7>
By Corollary 5.5.8, the same calculations as in Example 5.3.19 finally yield
> p+d — X.(w) € WHY(T) as.
If T is not bounded the statement holds for I/Vl‘éf(T) instead of WH2(T).

Recall from Section 3.2 that the RKHS associated with the Whittle-Matérn kernel K corre-
sponding to the above spectral measure is W72(T). Hence, the Sobolev space containing the
sample paths of a random field with covariance function K is “rougher” by a bit more than
g. In the light of kernel interpolation / kriging this means that a statistician and a numerical
analyst who interpolate a sample path of a (weakly stationary) second order random field
would use kernels the smoothnesses of which differ by about g.

The next in our series of examples with the Whittle-Matérn model is the Non-Gaussian
counterpart of Example 5.3.19:
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5.5: Sample Path Regularity in the General Case

Example 5.5.13. (Whittle-Matérn model, part 4)
Consider a separable, (weakly) stationary centred random field (X;)¢er on a domain 7' C R?
with spectral density

orw) = L+l >4

By Corollary 5.5.10, the same calculations as in Example 5.3.19 yield
T>k+d =  X,(w)e€CHT) as.

The price for not requiring (X¢)ier to be Gaussian is hence an increase of the required
smoothness of the covariance function by g

By Remark 5.5.11 we can finally obtain the more precise characterisation

> k+fB+d =  X.(w) €T as

loc

The sufficient conditions given in Theorem 5.5.2 and Corollary 5.5.3 for (X¢)er to have sample
paths a.s. in some integer order Sobolev space W*2(T') were proved to be even necessary in
the stationary Gaussian case. The following example shows that the sufficient conditions for
the sample paths to be in some fractional order Sobolev space WH2(T) a.s. (Theorem 5.5.7
and Corollary 5.5.8) are also at least very sharp:

Example 5.5.14. (Whittle-Matérn model, part 5)
Let (¢n)nen be a labeling of the (random) point sets of a homogeneous Poisson point process
on R? with intensity 1 (see Example 5.5.1) and define

(2m)2 ||h)*2

X; = Z brp2(t — ()  where  ¢s(h) = 21 1(s) ’Cs_g(HhH)- (5.28)
j=1

This defines (cf. [22, Example 5]) a stationary random field (X;),cga with mean

[ oy an, tere
Rd

and covariance function ®; = (¢, /2 * ¢r/2) = (2m)4 ¢, .

This is, up to the constant factor (27)?, the same Whittle-Matérn model with parameter 7

that was also used in several preceding examples. We have already seen that
T>k+d = X,(w) € C*RY) as and

> k+8+d = X.() € CPPRY as.

loc

However, we noted in Lemma 3.2.18 that 7 < k+ 8 +d implies ¢,/ ¢ Clko’f(Rd) for k=0,1
and 0 < B < 1, and that the same implication even holds for r = k+ 8+ dif k=06 =1.
From the properties of a homogeneous Poisson point process it follows that a.e. realization

contains at least one point, and since ¢, /, > 0 we can conclude for k =0,1and 0 < < 1:

T<k+8+d = X.(w) ¢ CPRY) as.

loc
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5.5: Sample Path Regularity in the General Case

Further, since CF*1(R%) < ¢P!(R?), we have

loc

T<1l4+d = X.,(w) ¢ C'RY as and
T <24d = X.(w) ¢ C*(RY as.

In order for this example not to be overloaded by technicalities we do not attempt to prove
that the RF defined by (5.28) is separable. We rather appeal to the reader’s intuition that
any other version of it would be even more irregular and would still not have sample paths in
clP(RA) or CF(RY) respectively.

loc
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Chapter 6

Kernel Interpolation / Kriging

In this section we present the approach taken in spatial statistics and approximation theory,
respectively, to reconstruct a function f : 7' — R based on its values at a finite set of sampling
locations 7 := {t1,...,t,} C T which we will always assume to be distinct.

Despite of starting off with different model assumptions, both approaches result in the same
type of interpolants. We will compare the different concepts of evaluating the approximation
errors that correspond to the two modelling approaches and elaborate the different notions of
optimality. We finally comment on the influence of the kernel that is chosen for interpolation.

6.1 Kernel Interpolation

In approximation theory, the model assumption is that f € Hr where Hp is the RKHS that
corresponds to a kernel R as defined in Section 3.1. The idea is now to consider the linear
subspace

VR,T = Span{R('vtl)w"aR('7tTL)} C HRa

and to build an interpolant sg of f from this subspace, i.e. we set
n
sr(t) == Y aj R(t,t;) (6.1)
j=1

with coefficients a1, . .., a, yet to be determined. Now, for si to interpolate f at the locations
where values are known, it must satisfy

(SR(tk) - ) 3 o Rtit) = flte),  k=1,...,n. (6.2)
j=1

If this system is solvable (which is ensured if R is strictly positive definite), then the coefficients
a1,...,0, are uniquely determined. Apart from being an interpolant of f at 7, sg is also
the best approximation to f (cf. [11, Thm. 13.1]):
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Theorem 6.1.1. Suppose that R is a symmetric, continuous and strictly positive definite
kernel on T C R®. Suppose further that f € Hpr is known only at T. Then sg is the best
approzimation to f from the subspace Vg 1 in the sense that

If = sgllne < |If =sllng  forall seVrr.

Hence, sg is the orthogonal projection of f onto Vg .

The interpolant sp can be rewritten in an alternative form (cf. [11, Sec. 11.1]). To this end,

we define the cardinal basis functions uj, ..., u; that are of the same form as sg, i.e.
n .
uit) = Y oV R(t,ty), i=1,...n (6.3)
j=1

and satisfy the Lagrange conditions
w; (tg) = Ok, iLk=1,...,n. (6.4)

If R is strictly positive definite, then this system is solvable and all cardinal basis functions
are uniquely determined. But then, we obviously have

sr(t) = Y ui(t) f(t:) (6.5)

i=1

since the rhs of (6.5) has the form (6.1) and satisfies the interpolation condition (6.2). This
is the so-called Lagrange form of sg, and another optimality result ([41, Thm. 13.3]) can be
given for the cardinal basis functions:

Theorem 6.1.2. Suppose that R is a symmetric, continuous and strictly positive definite
kernel on T C R®. Then for f € Hgr and fired t € T it holds that

n
sup |f(t) —sr(t)] < sup ft) — Z u; f(t)
feEHR | fllHp=1 JeEHR I fllng=1 i—1
for all choices of u1,...,u, € R.

In other words: the interpolant sg is pointwise more accurate in a worst case sense than any
other linear combination of the given data.

Another characterization of sg is given through the following minimal property (|41, Thm.
13.2)):

Theorem 6.1.3. Let R be as above. Then sg according has minimal norm || - ||, among all
functions s € Hg that interpolate the data f(t1),..., f(t,) at T.
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6.2 Generalized Kernel Interpolation

Sometimes it is desirable that certain types of functions (e.g. constant or linear functions) are
reproduced exactly. Some motivation for that in the application of interpolation methods to
the numerical solution of partial differential equations is given in [13, Sec. 6.1].

Let P := span{pi,...,pq} be a subspace of C(T'). One will usually have in mind the space
mm(T') of polynomials of degree m restricted to T', but we will formulate all results for a general
subspace of finite dimension. A first challenge that must be dealt with when functions from
P are to be used for interpolation is to guarantee the solvability of a system of interpolation
conditions involving p1,...,py. This motivates the following notion:

Definition 6.2.1. A finite subset 7 C T containing at least ¢ points is called P-unisolvent
if the zero function is the only function from P that vanishes on 7.

Note that the points {t1,...,¢,} are P-unisolvent if and only if the matrix
pi(t) - pg(ta)
P = : : (6.6)
D1 (tna ) tet pq(tn)

has full column rank. Criteria for m,,(R%)-unisolvency are discussed in [41, Sec. 2.2] and [13,
Sec. 6.1].

Now, the interpolant sp p is formed by both the basis functions R(:,¢1),..., R(-,t,) and the
basis functions p1,...,pq:

n q
spp(t) == Z a; R(t,t;) + Z Br pr(t). (6.7)
j=1 k=1
In order to determine the coefficients o, ..., ap and B4, ..., 3, we require sg again to satisfy

the interpolation conditions

n q
Y aiR(tity) + Y Bepk(t) = f(t:), i=1,...,n, (6.8)
i=1 k=1

However, this is no longer enough. To guarantee a unique decomposition of sgp into the
part made up of the kernel translates R(-,t1),..., R(-,t,) and the part made up of the basis
functions from P we additionally require

> aipe(ty) =0,  k=1,....q (6.9)
j=1

The system of equations (6.8), (6.9) can be written in compact form

(ﬁ’];)(g):(é) (6.10)
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6.2: Generalized Kernel Interpolation

with f = (f(tl),...,f(tn)),, coefficient vectors a = (ai,...,a,), B = (61,...,0,), the
matrix P corresponding to the basis functions from P (see (6.6)), and the system matrix

R(t1,t1) -+ R(ty,tn)
A= : : : (6.11)

R(tny tl) U R(trn tn)

If R is strictly positive definite, then A has full rank, and together with the remark after
Definition 6.2.1 this implies that (6.10) has a unique solution. This implies in particular that
any function from P is reproduced exactly by the expansion (6.7).

Remark 6.2.2. Within the generalized kernel interpolation framework discussed in this sub-
section, it is possible to weaken the requirement of R being positive definite to requiring only
conditional positive definiteness with respect to P. In this work we do however not want to go
beyond positive definiteness and refer to [11, Ch. 8] for a detailed discussion of this concept.

As above, spp can be rewritten in the Lagrange form (6.5), now with cardinal basis functions
uj,...,uy, of the form

n q
wi(t) = S VRt ) + Y 8 pt),  i=1,...m, (6.12)
j=1 k=1
with coefficients agi), ce aﬁf) and ﬂgi), e ﬁ(gi), i=1,...,n satisfying (6.9) and the Lagrange
conditions (6.4). The fact that functions from P are reproduced exactly entails the following

additional property of the cardinal basis functions

n

p(t) = Z u (t) p(t;) for every t € T and all p € P. (6.13)
i=1
This is the form in which the P-reproduction condition will appear in the framework of spatial
statistics in Section 6.4.

We shall at least briefly comment on the consequences of working with these generalized
kernel interpolants sgpp on the link with RKHS theory. We follow [11, Ch. 10.3], a much
more detailed outline of the theory can be found there.

At the beginning of Section 6.1 kernel interpolation was introduced as a projection of f € Hpg
onto the subspace spanned by the kernel translates R(-,t1),..., R(-,t,). Now that the basis
functions from P are involved in the projection as well the space of functions to be interpolated
must be redefined. First, we choose a P-unisolvent set {{1,...,&,} C T and define the
projection operator

Op : C(T) > P,  Tp(f) = Y f(&)pr-
k=1

In order to account for the kernel interpolation part we define

HR/P = {ZaiR(-,ti) ta; €R €T, meN,
i=1
with Zaip(ti) =0 forallp e 77} .
=1
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6.2: Generalized Kernel Interpolation

which is the counterpart of Hp in (3.2) but with an additional restriction imposed on the
coefficients a;. We use the same inner product || - |3, as for Hg (see (3.3)), define Hr/P to
be the closure of Hi under this inner product, and further define the mapping

R:Hp/P—C(T), R(f) = f—Tlpf.

Due to the restrictions on the coefficients a; this mapping is injective (|41, Lem. 10.15]), and
this allows us to define the space

Hrp = R(Hr/P) + P (6.14)
equipped with the semi-inner product

(fag)HR,P = (R_l(f_HPf)a R_I(Q_HPQ))HR'

as an appropriate function space for our extended interpolation framework.

It can be shown (|11, Cor. 10.23]) that neither the space Hpg p nor the inner product (-, -)
depend on the choice of the set {&;,...,&;} used to define IIp.

Hr,p

The space Hg p need no longer have a reproducing kernel but it is the natural generalization
of Hp for the extended interpolation framework of this subsection. In particular we note the
following generalizations of Theorem 6.1.1 - 6.1.3 (see [11, Sec. 13.1]):

Theorem 6.2.3. Suppose that R is a symmetric, continuous and strictly positive definite
kernel on T C R®. Suppose further that T := {t1,...,t,} is P-unisolvent and that f € Hr,p
is known only at 7. Then srp is the best approzimation to f from the subspace Vrp 1 in
the sense that

If— SR,PHHR,P < |f- SHHR,‘P for all s € Vrp 1.

where
VRpT i =45= Zoej R(-,t;) : Zajp(tj) =0 forall peP ) + P.
3=1 j=1

Hence, sgp is the orthogonal projection of f onto Vrp 1.

Theorem 6.2.4. Suppose that R is a symmetric, continuous and strictly positive definite
kernel on T C RY. Suppose further that T is P-unisolvent and let t € T be fized. Then we
have

n

FO) =" wi f(ta)

i=1

wp 0 —smp®)] < sup
feHRr P N flng p=1 feHR P g p=1

for all choices of ui, ..., up € R with > u; p(t;) = p(t) for all p € P.
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Theorem 6.2.5. Suppose that R is a symmetric, continuous and strictly positive definite
kernel on T C R?. Suppose further that T is P-unisolvent and that values f(t1),..., f(t,) are
gwen. Then sgpp has minimal norm || - |4y », under all functions s € Hpp that interpolate
the given data at T .

Finally we note the orthogonality property (cf. [1], Lem. 10.24]):

Lemma 6.2.6. Let R and f be as above and suppose that T is P-unisolvent. Then we have
for the interpolation errors

(f — 8}2’73,8)7-(&73 =0 fOT all s € VR’p;T.

In particular, it holds that

lsrpler + If = srplt, = 1513

Both the definitions of sg and sgp as well as the preceding theorems that motivate this
definition were linked to the assumption that f belongs to Hgr or Hgp respectively. It is
therefore quite remarkable that the completely different model assumptions made in spatial
statistics lead to the same interpolant.

6.3 Simple Kriging

In spatial statistics f is assumed to be a sample path of a second-order RF (Xy)er, i.e.
f = X.(w) for some w € Q. The observations f(t1),..., f(t,) are then realizations of the
RVs Xy, ..., Xy,. To predict the value of (X;)ier at some (unobserved) location t € T, we
consider all linear predictors of the form

Y, = Y () Xy, (6.15)
i=1
which are themselves random variables. The prediction of f at ¢ given the observations
f(t1),..., f(t,) is then
y(t) = D Nilt) f(ts). (6.16)

We are now looking for the “best” linear predictor Y,*, which we define to be the RV with
minimal distance to X; in L2(Q, A, P), i.e.

E((X:—Y")?) < E((X¢—Y:)?) forallY; of the form (6.15).

If R is the second moment function of (X;)ier this amounts to minimizing

E(X:X;) —2 z": Ai(t) E(Xy, Xe) + i zn: Ai(t) A (1) E(Xy, X))

i=1 i=1 j=1
= R(t, t) -2 zn: )\Z(t) R(ti, If) + zn: zn: Az(t) Aj(t) R(ti, tj), (6.17)
i=1 i=1 j=1
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and by standard arguments concerning quadratic forms, it is seen that the minimum is attained
for kriging weights A} (%), ..., Ak (t) satisfying the linear system

i )\:(t) R(ti,tj) = R(t,tj), j = 1, ... n. (618)
i=1

If R is strictly positive definite then this system is uniquely solvable, and this implies
1. the kriging weights Aj(¢), ..., A% (t) have the form (6.3)

2. “prediction” at the sampling points ¢1,...,%, yields
)\:(tk) = 0k, Lk=1,...,n,
i.e. the kriging weights satisfy the Lagrange conditions (6.4).

It follows that the kriging predictor (6.16) coincides with the Lagrange form of sp if the second
moment function R of (X¢)ier is used as interpolation kernel.

Note that the kriging procedure does not require any knowledge of the underlying random
field apart from the second moment function. This is because we defined optimal prediction
in terms of the L?(f2, A, P) distance, which depends on (X;);er only through R.

Now, from a statistician’s point of view working with the second moment function is quite
unnatural. It is much more intuitive to work with the covariance function K which describes
the structure of the random fluctuations of (X;)icr around the (deterministic) mean function
m, while R is a combination of K and m (see (2.11)).

The simplest way to pass from R to K is to assume m(t) = 0. In this case the kernels R and
K coincide, so we can simply replace R with K in all of the above equations. This approach,
which models f as a sample path of a zero mean random field, is called simple kriging.

6.4 Ordinary and Universal Kriging

In most cases the assumption of a zero mean random field does not seem realistic. Another
possibility to pass from R to K is to further restrict the class of potential predictors by
requiring them to be unbiased, i.e.

E(Y;) = E(X;) <:> anxi(t)m(ti) - m(t)> forall ¢t €T (6.19)
=1

This additional condition ensures that the mean function is reproduced exactly. From a
statistical point of view, such a requirement is plausible as it prevents systematic over- or
underestimation of X;. However, as we are interested in reconstructing a sample path of
(Xt)ter rather than its mean function, it is by no means necessary. We will return to this
question at the end of this subsection and give another motivation for condition (6.19) based
on practical considerations. Before, we shall study its implications on the form of the optimal
predictor.
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Introducing the auxiliary function

Gr(s,t) == R(s,t) = > Xi(s) R(t;,t)
7j=1
we can now write (6.17) (the L?(€2, A, P) distance of ¥; to X;) as

E((X: - Y;)?) = Grlt,t) — Z)\ )Gr(t,t;)

and using (2.11) we see that

Gr(s,t) = K(s,t) = > N(s) K(t;,t) +m(s) m(t) = Y Xj(s) m(t;) m(t)
j=1 j=1
= Gx(s,t)+m(t) | m(s) = > X(s)m(t;) | = Gxls,t)
j=1
=0

Hence, if we restrict to the class of unbiased predictors we can again replace R with K in the
target function (6.17) that we want to minimize.

The corresponding equation system, however, is no longer of the form (6.18). While the target
function is still the same, we now have to take into account additional constraints that ensure
the unbiasedness of our predictor. In spatial statistics one usually considers models where
means behave like

= Broi(t) (6.20)
k=1

with known functions p1,...,p,, and unknown coefficients 31, ..., ;. Such a mean function
is also called a trend.

A very simple but common assumption is m(t) = 1, i.e. the mean function is constant (but
unknown), and the corresponding procedure is called ordinary kriging.

If the trend has the more general form (6.20), the corresponding interpolation procedure is
called universal kriging.

Now, if m(t) is of the form (6.20), the unbiasedness condition (6.19) becomes

Z Br pr(t Z Ok Z)\ pr(ts) forall teT.

This condition must hold for any set of coefficients 1, ..., 3, and so we have ¢ conditions
n
= Y AOmlt), k=1, (6.21)
i=1
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restricting the n kriging weights \i(t), ..., \%(¢). For minimizing the L?((2, A, P) distance of
Y; to Xy subject to (6.21) we need Lagrange multipliers (i(t),...,(,(t), and we find that the
optimal kriging weights must now satisfy

q

SN K t) + > G pe(ty) = Ktt), j=1,...,n (6.22)
=1 k=1

If the set 7 of sampling points is P-unisolvent with P := span{pi,...,p,}, then the linear
system given by (6.21) and (6.22) uniquely solvable.

Solving this system for the kriging weights Aj(¢),..., A (¢t) shows that they now must have
the form (6.12), and calculating their values at t1,...,t, shows that the Lagrange conditions
are satisfied. Hence, the universal kriging predictor coincides with the Lagrange form of
the generalized kernel interpolants s p, the special case of ordinary kriging corresponds to
interpolants that reproduce constant functions.

Beside the idea that the prediction should be unbiased, another motivation for universal
kriging can now be given based on the representation (6.7):

The second term of the predictor is a linear combination of basis functions p1, ..., ps, which
account for the global trend of f. Such a component can be very useful to reduce the prediction
error at locations in sparsely sampled subdomains of T', especially when preliminary analyses
suggest that such global trends are present. The first term is a linear combination of kernel
translates K (-,t1),..., K(-,t,) which accounts for (local) deviations from this global trend
and provides additional accuracy in more densely sampled subdomains. Universal kriging
therefore compromises between modelling global and local features, and such a compromise
is often adequate in practical situations.

6.5 Error Analysis

No matter how we proceed, in all cases we obtain the same expression for the expected squared
prediction error (also called kriging variance)

E((X: — Y)?) = R(t,t)—2 zn: Ni(t) R(ti, ) + zn: zn: A7 (8) N5 (t) R(ti, t), (6.23)
=1

i=1 j=1

where we note once again that for all of the different kriging approaches discussed above we
can replace R with K, provided that our respective assumption on the form of the mean
function is correct.

The rhs of equation (6.23) is also well-known to numerical analysts as the square of the
(optimal) power function Pgp(t) for the kernel R (see |11, Sec. 11.1]). Its interpretation in
Numerical Analysis is as follows:

Let IIgp : Hrp — Hrp be the map that projects any function g € Hgrp on its interpolant
spp at 7 with the convention that P = {0} means standard kernel interpolation. Then

Prp(t) = sup |9(t) — Trp(9)(1)]

g€HRP glrp p#0 19117,

: (6.24)
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i.e. Prp is the norm of the pointwise error functional of Il p (see [34, Sec. 4.1]).

If the function f to be interpolate is in Hpr p, then equation (6.24) yields a bound

F(t) = spp®)] < Prp(t)-|fllup,  forallteT (6.25)

for the maximal interpolation error, independent of any stochastic assumption about f. Now,
for Ppp(t) itself, a variety of asymptotic bounds in terms of the fill distance
h . in ||t —t;
Tr = sup min 1t — 5]l
is available (cf. e.g. [41, Sec. 11.2-11.6]), and we shall state one of those bounds that is
applicable in the case where P = {0} and Hp is norm-equivalent to some Sobolev Space
WT2(T). In particular we assume that R(-,-) = ®(- — -) and that the Fourier transform of ®

satisfies R
a(l+|wl?)" < @w) < e+ |w)?) T, w e RY, (6.26)

for some positive constants ¢; < ¢o and 7 > g.

Definition 6.5.1. ([11, Def. 3.6]) A domain 7' C R? s said to satisfy an interior cone condition

if there exists an angle 6 € (0, %) and a radius 7 > 0 such that for every ¢t € T" a unit vector

&(t) exists such that the cone

C(t,£(t),0,7) == {t+ X u: h e RL |ul| = 1,W/&(t) > cosh, X € [0,7]}
is contained in T

Theorem 6.5.2. ([/1, Cor. 11.33], cf. also [30, Sec. 4]) Suppose that T C R? is a bounded
domain with Lipschitz boundary thatl satisfies an interior cone condition with radius v and
angle 0. Let f € WT2(T) and Tg(f) its kernel interpolant based on its values at T :=
{t1,...,tn} C T. Further assume that R(-,-) = ®(- — ) so that (6.26) holds for T = k + s,
where k is a positive integer and 0 < s < 1. If l € Ng satisfies k > | + g, then there exist
positive constants hg and C, so that the interpolation error can be bounded by

r—l—d(i-1
1 = TalPllyoney < Chag 27

provided that T has fill distance hrr < hy.

’ HfHWT,z(T) ; 1 <7 < oo,

Corollary 6.5.3. Under the assumptions of Theorem 6.5.2, the power function is bounded by

_d
Pr(t) < Chy,?, foralteT,
provided that T has fill distance hrr < ho.
It is obvious from equation (6.24) that Pgr(t) only depends on the domain 7', the set 7
of sampling locations, and the kernel R used for interpolation. It does not depend on the

particular function f that is interpolated, and thus Corollary 6.5.3 is valid also in the simple
kriging framework:
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If simple kriging of a weakly stationary second-order zero-mean random field with covariance
function K (=R) is carried out on a domain T satisfying the assumptions of Theorem 6.5.2,
then the kriging variance is bounded by

E(X,—Yy)?) < ChZp%  forallteT,

provided that 7 has fill distance hrr < ho.

For later use we proof the following
Lemma 6.5.4. If f € Hrp has the particular form

n q
f = aoR(t)) + > a;jR(-t;) + Y bepk (6.27)
=1 k=1

with coefficients that satisfy ag # 0, agp(to) + Y. aip(t;) =0 for all p € P, then
i=1

|f(to) = srp(to)] = Prp(to)-|If —srp

‘HR,P'

Proof: Define the error function ey := f — sgp. Since ey has the form (6.27) as well, it
has minimal norm || - ||, » among all functions that have the same values on 7 U {to} (see
Theorem 6.2.5). This form moreover implies ef(ty) # 0 because otherwise we would have
er = 0 (by the uniqueness of kernel interpolants) which is impossible since ag # 0. Using
Lemma 6.2.6 and the linearity of Il we get

|l9(to) — TP (g)(to)|

Prp(ty) < sup
geHR,P:Hg”HRﬁpio Hg_HRyp(g)HHR,p
_ sup l9(t) ~Tlrp(9)()] _ |es(to)]
geHpp 9(to)-Trp(e) ) =erta) 19— HRP()|Hnp lefllrn p

=

The other inequality follows from (6.25) since ey € Hpp .
0

Corollary 6.5.5. Let u} be the k' cardinal basis function according to (6.12), (6.4) and
Ppp -k the power function for kernel interpolation based on the function values at T \ {ty}
only. Then we have

PR”/D,[—k](tk) = H“lt:H;i;p

We conclude this subsection by showing how the different notions of optimality are linked
to the way prediction errors are measured. A comparison of both modelling approaches is
best possible by looking at the Lagrange forms (6.5) and (6.15) respectively. As usual let
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6.5: Error Analysis

T :={t1,...,t,} be the set of sampling locations. Denote by F(7T') the space of all functions
u: T — R™ and define the set

Fp(T) = {u eF :pt) = Z u;(t) p(t;) forall t €T andall p e P}
i=1
of permissible weight functions. For u € Fp(T') define the projection

n
I, : RT — span{uy,...,n.}, f+— Z u; f(ti),
i=1
which generalizes the projection IIz defined above. Indeed, for f € Hgrp and u* according to
(6.12), (6.4) and (6.13) we have IIg p(f) = IL,«(f). Finally, we generalize the power function
and define
|9(t) — u(9)(t)]

Pu(t) = sup ) = FP(T)7
9€MR P :llgllrep p#0 191175 p

which is the norm of the pointwise error functional for approximation according to (6.5) with
weight functions vy, ..., u,. Now, by Theorem 6.2.4, we have

Py (t) < Pyu(t) for all t €T and all u € Fp(T),

and hence the cardinal basis functions uJ,...,u;, can be defined pointwise as the minimizers
of P,(t) in u. On the other hand, the proof of [11, Thm. 13.3] shows

Pu(t) = R(t, t) -2 zn: ul(t) R(ti, t) + zn: zn: Uq (t) Uj (t) R(ti, tj), (628)
=1

i=1 j=1
which is the same expression as (6.17), the expected squared prediction error at ¢, the mini-

mizers of which were defined to be the optimal kriging weights.

As a summary we note:
1. In both approximation theory and spatial statistics the optimal interpolant of a function
f at sampling points t1,...,%, can be represented in the form

n

sur(t) = e () = S ui(t) f(t),

i=1
with weight functions uj,...,u) defined pointwise as the minimizers of (6.28) in wu,
where minimization ranges over all u € Fp(T) (this ensures that s, reproduces func-

tions in P).
2. For numerical analysts the target function P,(t) is interpreted as

Py(t) = sup |9(t) — Tu(9)(t)] .

ge HR,P : ”g”HR"p: 1

They assume f to belong to some space Hr p and consider an approximant as optimal
if it minimizes for every fixed t € T the worst possible approximation error over all
choices of f € Hrp with || |3, = 1.
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3. For spatial statisticians the target function P,(t) is interpreted as
2
Pu(t) = E ((Xt —TL(X)()) ) .

They leave the function space of f unspecified (i.e. RT) but assume a probability struc-
ture on this space. Specifically they assume f to be a sample path of a second-order
RF (X})ter with mean function m € P and covariance function K, and consider a
predictor of f as optimal if it minimizes the expected squared prediction error at every
tefT.

6.6 Best Prediction of Random Fields revisited

Simple kriging can also be viewed as a projection of the unknown RV X on the linear subspace
generated by the RVs at the sampling locations t1,...,t, where (X;)ier is observed.

Recall the definition of Sx in section 3.3 as the Hilbert space closure of the space Sx of all
linear combinations of RVs from (X})er under the inner product

<Xt7XS> = ]E(XfXS) = R(t,S), S,tET.

The RVs Xy, ..., X;, define a linear subspace Sy of Sx
n
Sy = Zantj 1oaj eER,
j=1

which inherits the inner product defined above. Now simple arguments from Hilbert space
theory show that the construction of the interpolation process (Y;*)ier by pointwise mini-
mization of (6.28) is equivalent to calculating the orthogonal projection of X; € Sy on Sy
for each t € T'. This projection property yields a decomposition into two orthogonal RFs

(Xt)ter = (Vi)ter + (et)ier- (6.29)

Indeed, defining p(t) := (R(t, tl),...,R(t,tn))/, X7 = (th,...,th)/, and A as in (6.11),
we can combine the kriging system (6.18) and the representation (6.15) and rewrite it in the

compact form
Y = p(t)A X7

The second moment function of (Y;*)ier is then given by
E(YYS) = p(t) A p(s) . (6.30)

Defining the kriging error process (e¢)ier by ¢ := X —Y;*, we note as immediate consequence
of (Y;*)ier being a pointwise orthogonal projection on Sy:

(e, Z) =0 forallt €T, forall Z e Sy. (6.31)

Hence, the random fields (Y;*);er and (e¢)ier are indeed orthogonal and (g;)er has second
moment function

E(eres) = R(t,s) — p(t) A p(s). (6.32)
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6.6: Best Prediction of Random Fields revisited

Under the simple kriging assumption (m(¢) = 0) the second moment functions in (6.30) and
(6.32) coincide with the respective covariance functions and (6.31) implies that any e;, t € T
is uncorrelated with any RV Z € Sy.

Remark 6.6.1. If (X;)er is a Gaussian random field then so is (g¢)iep. More precisely, it
follows from the arguments in the last paragraph in Section 3.3 that any RVct

!/
(651,...,Esm,th,...,th), mGN,

is multivariate Gaussian and hence, by Lemma 2.4.18, (¢)¢cr is independent of Sy.

The interpretation of simple kriging as the pointwise orthogonal projection on a linear sub-
space illustrates why only the covariance information of the underlying random field is needed
to construct interpolants and to provide a probabilistic error analysis. However, the restric-
tion to linear subspaces can limit the potential precision of the resulting predictors (see [39,
Sec. 1.4] for an example where linear prediction is suboptimal) compared to the conditional
expectation

E[X¢ | Xt,,. .., X, ],

which was found to be the best O'(th, e ,th) /B measurable predictor (see Proposition
2.5.2). However, in the special case where (X¢);er is a Gaussian random field, it follows from
Proposition 2.5.6 that E[Xt ‘ Xiysoo ,th] is a linear function of X ,...,X;, and coincides
with the kriging predictor Y;* from (6.15), so simple kriging already yields the best prediction
in the statistical sense that can be obtained.

In the light of the preceding remarks, we can once again contrast the different points of view
from spatial statistics and numerical analysis (see end of Section 6.5) in the special case of
simple kriging (P = {0}):

1. With respect to prediction, spatial statisticians take a somewhat Bayesian point of
view. They impose a “prior distribution” on R” assuming a zero-mean Gaussian RF
with covariance function K. The posterior distribution, i.e. the distribution given the
observations (f(t1),..., f(tn)), =:f is then a Gaussian RF with mean function

Y1) = k() A7,
where r(t) := (K(t,t1),..., K(t, tn))/, and covariance function
K.(s,t) = K(t,s) — s(t) A k(s).
2. Numerical analysts on the contrary take a minimax point of view. They limit the space

of considered functions to Hp and seek to minimize at each location ¢ € T' the maximal
approximation error over all choices of f € Hp.

In the case of ordinary and universal kriging X; is projected on the space
n n
Syﬂ),t = Zantj DAy S R, Z Qj p(tj) = p(t) Vp eP 5
j=1 J=1
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which is no longer a linear space. For ordinary kriging it is an affine space, for universal kriging
it even depends on ¢, and the uncorrelatedness of the random fields (Y;*)er and (e¢)ier can
no longer be guaranteed. However we note

Lemma 6.6.2. Let the RV Z be a contrast of Xy,, ..., Xy, with respect to P, i.e.

n

n
Z = Zantj, a; € R, Z ajp(tj) =0 forall pe P
j=1 j=1

Then ¢ is uncorrelated with Z for anyt € T.

Proof: Using the equation (6.22) for the kriging predictor Y;* we get

Cov(ey, Z) = Zn:aj< Z)\* K(ti,t; )
=1

- 3w X G0n) - XG0 unt) - 0
j=1

k=1 Jj=1
—_——
=0
O

6.7 Kernel Interpolation / Kriging with Wrong Ker-
nels

So far we have proceeded as if we knew the correct covariance function K that should be
used for constructing the interpolant. However, in practice it is usually unknown and an
appropriate choice for it must be “guessed” based on the available data. In this case we can
no longer assume to be using the covariance function that exactly corresponds to the actual
second-order structure of the random field (X¢)er, so it is reasonable to ask how much our
prediction deviates from the prediction based on the true second-order structure.

This question also arises from the perspective of a numerical analyst, who works under the
assumption f € Hg or f € Hg p, which is linked to the smoothness of the interpolation kernel
R.

We start with the numerical analysts’ point of view but restrict our discussion to the case
= {0}. We assume that f € Hr = WH?(T) (in the sense that Hr and W*?(T) coincide
as Vector spaces and are norm equivalent) but we use a kernel R with Hp = WT2(T).

For 7 < p, i.e. in the case were the kernel used for interpolation is too rough, we always have
f € WH2(T) Cc WT2(T) and hence Theorem 6.5.2 is still applicable and yields for any I € Ny
that satisfies 7 > 1+ %l :

r—1—d(

1_1
Hf—HR(f)HWM(T) < Chyp t HfHan(T)'

91



6.7: Kernel Interpolation / Kriging with Wrong Kernels

This means that choosing the interpolation kernel R too rough will in general imply losing
the advantages of R, so that everything works as if we were in the R setting.

For 7 > p, i.e. in the case were the kernel used for interpolation is too smooth, f is no longer in
the RKHS of R, and the traditional RKHS techniques do not apply. However, using different
arguments, [30] proved the following “escape” theorem, that extends Theorem 6.5.2 to the
case where f ¢ W7T2(T). Beside the fill distance hz 7 it involves another characteristic of 7,
the so-called separation radius

1 .
qr = 5 min ||t; — tg
2 ik 1t |

which is half of the smallest distance between any two distinct points in 7. The mesh ratio
prT = hrr/qr then characterizes the uniformity of the set 7 of sampling points in 7.

Theorem 6.7.1. (50, Thm. 4.2]) Let T C R? be a bounded domain with Lipschitz boundary
that satisfies an interior cone condition with radius r and angle 6. Suppose that f € WH2(T)
and let TL5(f) its kernel interpolant at T with kernel R(-,-) = ®(- — -) so that (6.26) holds.
If w <7, u==k+ s for some positive integer k > %l and 0 < s < 1, then there exist positive
constants hg and C, so that the interpolation error can be bounded by

Hf - HR(f)HWN,z(T) < ChTT PTT HfHWHQ (1)’ for any 0 <r < p,
provided that T has fill distance hrr < ho.

Hence, if p7,7r is bounded by some constant p < oo, the interpolation error w.r.t. || - [lyx2(7)
tends to zero at the rate p — k as long as Hp = WT2(T) D WH2(T) > f.

Remark 6.7.2. The final conclusion on the issue of misspecifying the smoothness of the in-
terpolation kernel R seems to be that the approximation order is maintained even if R is too
smooth, but is reduced to the order that one could expect in the Hp setting if R is too rough.
This is not yet the whole truth, however. [10] shows that for kernels of the type considered
above the approximation order doubles if f is in a certain (smooth) subspace H’}% of Hy.
Thus, a kernel R with about half of the smoothness of the “right” kernel R may still yield the
same approximation order. In general, HE must not only guarantee double smoothness, but
also certain boundary conditions of its functions. We shall refer to [40] and [35] for details
and further results (the second author discusses the general case Hg p with P = 7, (R?) and
expresses the smoothness and boundary conditions of HE in a general RKHS framework).

Now, we take the spatial statistician’s point of view. Denote by 5\*( t) the vector of optimal
kriging weights at ¢ according to either (6.18) or (6.21) and (6.22), respectively, but now
with respect to the covariance function K, and by Y* the corresponding (K-optimal) kriging
prediction at t. The L? interpolation error of Yt is then

n 2
Ex((X: - Y)?) = Eg (Xt > @) Xti)
=1

= K(t,t)—Qf:X;(t) K(t,t;) + iZX: Xi(t) K (ti, ),
i=1 i=1 j=1
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which is a non-optimal “mixed” power function for K (respectively R).

We have seen (Remark 6.6.1) that for simple kriging, when (X;);er is in addition assumed
to be Gaussian, the kriging error process (&;)ier is independent of Xy, ..., Xy, . In this case,
we can make the effect of misspecification of the covariance function used for kriging explicit
by calculating the kriging error variance conditionally on the available data. By splitting the
interpolation error and using the properties of conditional expectation we obtain

Ex[(X: —Y7)? | X¢yyo.o, Xy, |
= Ex|[(Xe - Y+ Y =Y | Xy, ... X, |

= Ex[(Xe—Y)? | Xoooo, X ] + Ex[(Y = Y0)? | Xoy, oo, X,
+2Bx[(Xe = Y)Y =Y | Xeyyoo, Xy, |

= Ex((X - Y% + (07 — V) + 207 - V) - Ex (X, - Y)
~—_——

* {7k =0
= Pilt) + (Y7 - Y)?

The conditional expectation of the squared prediction error given the data is then
Ex[(Xe =Y | Xy = f(t1),- ., Xe, = f(ta)] = PR(t) + (i — 7).

Hence, subject to our assumptions, the kriging variance increases by a deterministic term
(yf —77)? that depends on K, K, the given data f(t1), ..., f(t,), and the geometry of TU{t}.
If the misspecification of K is small enough to at least guarantee that y; € Hx, we can use
(6.25) to get

E[(Xe =Y | Xoy = f(t1),- o, Xe = f(t)] < PR - (L llyp — 517,

The term ||y} —g; ||${K is an upper bound for the relative increase of the kriging variance when
the covariance function K is used instead of the (correct) covariance function K.

We study the effect of misspecifying the covariance function on prediction for a particular
class of stationary covariance functions, i.e. K(-,-) = ®(- — -), the Whittle-Matérn class

1/2 v 1/2
(I)r,y(h) _ 1 (21/ ||h||> ICl/ (W) , rv > 0, (6.33)

2v=1T(v) r r

where K, is the modified Bessel function of the third kind. This class was already introduced
in Definition 3.2.12, but here we use an alternative parametrization, that was recommended
by [18], and has the following attractive features:

1. ®,, is independent of the state space dimension d and @, ,(0) = 1.

2. the parameter r rescales the argument h and therefore determines how quickly the
correlations of the RF decay with distance.

93



6.7: Kernel Interpolation / Kriging with Wrong Kernels

00 02 04 06 08 1.0

Figure 6.1: Plots of the covariance function ®1 , for different values of v.

3. the parameter v parametrizes the smoothness of ®,, at h = 0 and hence of the asso-
ciated RF. Unlike the original smoothness parameter 7 it has only moderate influence
on the covariances at longer distances (see Figure 6.1).

Due to the last point the interpretation of r is largely independent of v, which is also illustrated
by the fact that
lim &,,(h) = eIl /r

V—00

(see [39, p. 50]). This limit model is the Gaussian model with scale parameter r that has the
same interpretation as above.

In later calculations we will need the partial derivatives of ®,., with respect to the parameters
r and v. These are given by

Qu+1 Kv-1(0)

%q)r,u(h) = 2V—1I‘(V)7“
Y (log (2) —¥(v)) Ky Y (5 Ky TK,-
250 = @ ( g(;z_léﬁ((y))) (0 _ ¢ 2(Va_VlF(V))(@) 0 zer(;)(Q)

201/2|n|

where 1 denotes the Digamma function, and o := =

For the derivatives with respect to v at v = 0.5,1 and 2, we can use the formulae

T z t

1/2 .
9 _ - o
v ICV(Z)‘,,ZO.E) = - (Z> e® Fi(—2z) where Ei(z) = /_oo ?dt
% KV(Z)’Z/:l = Z_IKO(Z)
% KV(Z)’:/:Q = 22’_2,C0(Z) + 22_1IC1 (Z)
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([16, 8.486(1), 9., 21.]) and the functional relations

2
Ki1a(2) = 212 e and  Knp(z) = ZKa(2) + Kol2)

([16, 8.469, 3., and 8.486, 17]) to obtain the explicit representations
& ()]s = (logle) = v(3) — o) e — Ei(~20) e
ov ~ TV v=0.5 2
2
& @),y = (log(§) —v))eKilo) + (1- %) Kolo)

2o, = (log(§) —v() - §)ekile) + (1+ (log (8) —¥(2) %) Koo)

We consider prediction of f : [—lmax, lmax] — R at ¢ = 0 based on its values at
T = {£6,£24,...} N [~lmax, lmax]-

f is assumed to be a sample path of a zero mean weakly stationary second-order RF with
covariance function ®g, 6 = (r,v) according to the model (6.33).

Now suppose that prediction is done by simple kriging with the (incorrect!) covariance func-
tion @5, § = (7,7). We can write the simple kriging system (6.18) in compact form as

AN = b

where by = (®4(t —t1),...,P4(t — tn))/, and Aj is the system matrix (6.11) with ®; instead
of R. The expected squared prediction error (at ¢ = 0) is then

Vo(0) = Ea, (X; = V7)) = 1 = 20 A5 by + b5 A Ag A7 by,

and we will study the second derivatives of Vg(é) with respect to 6, =7 and 6y =0 at 6 = 6.
The motivation for this comes from the Taylor expansion

Vo(B) = Vo(6) + (6—0) (VVo)(8) + § (6—0) Hess(Vp)(8) (6—6) + O(|d — 6],

where (VVp)(-) is the gradient and Hess(Vy)(+) is the Hessian of Vy(0) w.r.t. 6.
Note that
Vo(f) = P3,(0) and (VVy)(8) = 0
since f = 6 is the optimal choice and hence the minimizer of Vy(). Consequently, we have

Vo(0) ~ P3,(0) + 3 (6 —6) Hess(Vy)(0) (6 —0) (6.34)

when the deviation of § from 6 is small. The second derivatives of Vy(0) at § = 6 can give
us an indication about how strongly a misspecification of r and v, respectively, increases the
expected squared prediction error.
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Figure 6.2: The variable Aﬁel Vy as a function of § for different values of v. k = 1 corresponds to prediction sensitivity
to deviations from r, k = 2 corresponds to prediction sensitivity to deviations from v.

These derivatives are given by

92V -1 9 -1 9 1 19
aéka%l(g) = 20 Ay a5 A0 Ay 5o A0 Ag b9+2 b9A ;.06

-2 8b’A9 89 Ag Ayt by — 26y A" 3A9A— 52-by

k
In our calculations we use lnhax = 10, 7 = 1 and plot the variables

_ 1 82V9 2 9 _
AtaVe = 5 <(8§k)2(9) 9k) /P2,(0), k=12 (6.35)

for different values of v as a function of § (the distance between ¢ = 0 and the nearest sampling
point). The definition of A V, is motivated as follows:

rel

e Multiplying the second partial derivatives by 02 passes from absolute deviations (ék—ek)
to relative deviations (0 /0, — 1) in (6.34)

e Dividing by P(%e (0) passes from absolute to relative increase of P(%Q(O)

This facilitates the interpretation and makes it independent of the magnitude (and physical
dimension) of r,v and P(%Q(O). For instance, 1072 - A¥ ,V, gives the relative approximate
increase of the expected squared prediction error for a relative deviation of 10~! from the
correct parameter value.

rel

Figure 6.2 shows plots of Affel Vp for v =0.5,1 and 2. ¢ is given in multiples of the scaling
parameter r (the curves are then virtually independent of the choice of r as long as r < lpax)-
The following conclusions can be drawn from these plots

1. If the sampling points are very dense (i.e. § < r) then prediction accuracy depends
mainly on the correct choice of the smoothness parameter v and hardly on the scale
parameter 7.
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Figure 6.3: The variable —AF P<12>e (0) as a function of ¢ for different values of v. k =1 and k = 2 correspond to the

changes of the predicted kriging variance due to deviations from r and v respectively.

2. The influence of v decreases rapidly as the sampling points get thinner. The influence
of r increases first, becomes maximal when § ~ r and then goes down again.

3. The magnitude of Afel Vy increases with increasing smoothness. For the values of v
used here (these are realistic in statistical applications) it is quite moderate: a 10%
misspecification of either r or v increases the expected squared prediction error by at

most 0.2% (for v = 0.5), 0.4% (for v = 1) and 0.9% (for v = 2) respectively.

In spatial statistics one is not only interested in the best possible prediction of f at an
unknown location ¢ € T, but also in obtaining reliable information about the magnitude of
the prediction error. Such information is given through the kriging variance

P3,(t) = Ea, ((X; — ¥)?).

Now, if ®; is falsely assumed to be the covariance function, one would take P(%G_(t) as kriging

variance. Therefore we shall also study the effect of misspecifying 6 on the value of Pc%,e (t).
In the above setting, we now consider the first order approximation

P§.(0) ~ P§,(0) + (0-6) (VP3,(0)
where VP(%G (0) is the gradient of P(%G(O) w.r.t. 6, and we study the variables

oPz (0)
Al P, (0) = (399) /P30, k=12,

which give the relative increase of P<12>9 (0). For instance, if the relative deviation of 6 from 6
is 1071, then the relative increase of P%G(O) is 1071 - Ak, P<12>e (0).

k
rel

Figure 6.3 shows plots of —A
from these plots

ng (0) for v =0.5,1 and 2. We note the following conclusions
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1. Here, too, the influence of the smoothness parameter v is big if the sampling points are
very dense and decreases rapidly as J increases.

2. The influence of r is now also decreasing as d increases. For § very small its influence
is biggest, but smaller than that of v, however the decline of its influence is slower.

3. The magnitude of Afel P(%Q(O) increases with increasing smoothness.

4. P%G(O) is much more sensitive to parameter misspecification than Vj(6):

increasing r by 10% decreases the kriging variance by up to 10% (for v = 0.5), 20% (for
v =1) and 40% (for v = 2), respectively.

Summing up, based on these studies we can expect that the prediction accuracy is relatively
robust against parameter misspecification, but our ability to predict the magnitude of the
prediction error may suffer substantially if we fail to identify the true underlying covariance
function.

In the preceding sensitivity study we took a statistical point of view, but many of our con-
clusions also apply to the numerical analysis framework. For example, we observed that in
finite settings the scaling of the covariance function (interpolation kernel) plays a role for
prediction (approximation) accuracy as well although it did not appear in the statements on
approximation orders at the beginning of this subsection.

We come back to this issue in the next section, where we discuss methods to identify the true
covariance function or, in the language of numerical analysis, an optimal interpolation kernel.
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Chapter 7

Parameter Identification

In Section 6 interpolation methods for functions f € Hpr and for sample paths X, (w) of a
second order RF (X})ier with covariance function K were derived. These methods were
based on the assumption that the appropriate reproducing kernel R or covariance function
K, respectively, are known. In practice, this is not the case in general, and hence there is a
need for algorithms that select R or K based on the available data (f(t1), ..., f(tn)), =:f.
The ideas of what a “good” choice of a kernel or covariance function is are not the same for
statisticians and numerical analysts. For the latter the main interest is in selecting a kernel
that yields the best possible approximation of f. The former are trying to identify “true”
covariance function K of (Xy)ier which, by construction, leads to the best (linear) prediction
in the stochastic sense.

In this section we describe the procedure of leave-one-out cross validation (LOOCV) which was
proposed by Rippa ([31]) in the context of kernel interpolation, and the maximum likelihood
estimator (MLE) which is one of the standard methods in the context of spatial statistics. Both
methods assume that R or K is from a parametric family of kernels {Rg : 6§ € © C RP} and
they try to realize a near-optimal choice of the parameter 8. We show that the MLE, despite
its probabilistic background, has a reasonable interpretation also in the kernel interpolation
framework and we assess the performance of both methods from both a statistical and a
numerical analysis point of view.

7.1 Cross Validation

Cross validation is a very general idea that has long been used in the statistic literature. The
algorithm proposed by Rippa corresponds to LOOCYV, one of its variants. The idea is to split
off one single location ?j at a time, calculate the partial interpolant sg, p 4 of all data pairs
except (tk, f(tk)) and, from it, the approximation errors at ¢y

€k = f(tk?> - SRg,'P,[—k]@k)a k=1,...,n.
If we let g9 = (e1,...,6n) be the vector of cross validation errors, the parameter 0 is then
chosen as the minimizer of some norm || - ||, of ey, i.e.,
Ocv, = argmin |leglp ,
CVp 0%9 lleollp
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assuming that ||eg||, should depend on 0 in the same way as ||f — sgr, p||, (7). The plots in
[31] show, that for p = 1,2 such an assumption is plausible.

Another way of looking at the LOOCYV errors would be to consider the error function f;, :=
SRe,P — SRy, P,—k] Of the surrogate problem of interpolating sg, » based on the data at the
locations {t1,...,t,} \ {tx}. Then we have e = f;, (tx)-

The LOOCYV procedure does not make any explicit assumption on the function f that is
to be reconstructed, so in principle it can be used in both the statistical and the numerical
analysis framework. Its performance however depends on the implicit assumption that the
general behaviour of f with respect to interpolation is reflected well by its behaviour on the
discrete subset 7 := {t1,...,t,} C T. Its performance relative to other methods will therefore
strongly depend on f and 7. This issue will be studied later in this section.

An inconvenient feature about LOOCYV from the computational aspect seems to be that n
interpolants sg, p [_1]; - - - SRy, P,[—n] have to be calculated for each choice of §. The following
proposition generalizes a similar statement in [31] to the general interpolation framework with
interpolants of the form (6.7) that reproduce functions from a finite dimensional space P. It
shows how the LOOCYV error vector can be obtained with the same computational effort that
is needed to calculate a single interpolant.

Consider the interpolation system (6.10). It follows from the calculation rules for block
matrices that the inverse of a block matrix has a block structure as well and so we can

write
A P\ ! W
P 0 -\ = '

We shall use the convention that for interpolants of the simpler form (6.1) we understand
P = {0} and hence (6.10) simply becomes Aa = f. Then, this case is also covered by the
following Proposition.

* [1]

Proposition 7.1.1. The LOOCYV errors e1,...,e, defined above are given by

oy
Ep = —, k=1,...,n. 7.1
= g (7.1)

Proof: (generalizes the proof in [31])

( Ay Py ) ( af-y ) _ < fi-x) )
(Py) O Bk 0

the equation system corresponding to sg, p - A[—4 is obtained by removing the k" row

Denote by

and the k" column of A, P_;) is obtained by removing the k" row from P, and f_p s
obtained by removing the k*" element of f.

Using the same notation for some matrix M and compatible vectors y, z we note

My=z y=0 = M_yyn =2k (7.2)
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7.1: Cross Validation

Denoting by ¥.;, and 2., the k" column of ¥ and = respectively, and by e, € R*? the k"
canonical unit vector we can write

(AD)(B) - o

Necessarily we must have Wy # 0, otherwise (7.2) and (7.3) would imply

< A P[—k}) v ) o
(P—w) O E.

But since ( Apw - Pk ) is invertible, this would mean (

(P—w) O

since (7.3) has a unique (nonzero) solution.

[ &

k > = 0 which is impossible
.k

Now consider the vector

We have
A P vk (AP a\ o (AP U,
P 0 nk) ~ \P o B U PO E.k
a /
= (flw",fkflvfk_T:}cvfk+17'”7fn707"‘70)

and since ﬁl(f) = 0, the uniqueness of the coefficient vectors and (7.2) imply

Q-] \ _ (k) (k) o(k) k) (k) K
(6{“1) N LT T N R LR L)

so we obtain for the interpolant sg, ;) at i

q

Sko k() = Do Rolte,t) + > Biow,; pi(te)

i=1 i=1
ik J

n q
— Z ﬁgk) Rg(tk, ti) + Z 77](}::) pj(tk) .
i—1 j=1

o A P 9k :
The last term however is simply the k" row of P o k) which we found to be

equal to fi — lﬁ‘—:k and this completes the proof.
O

An interpretation of the variables Wqy,..., ¥,, can be given by the following
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7.2: Maximum Likelihood

Lemma 7.1.2. For the power function Pg, p_y corresponding to sg,p -k we have the
relation

2 —1
Pryp-u(tk) = Vi

Proof: Let u} be the k' cardinal basis function according to (6.12), (6.4) with coefficient
vectors a®), 3%) For functions of this form, the norm || - 1 #5.» can be calculated explicitly
(see Section 6.2) and we obtain

HUZH%R’P - (a(k))/Aa(k) - (a(k))’ek_ (a(k))’pﬁ(k) — (a(k))’ek,

since, by condition (6.9), we have P'a(®) = 0. Using (6.10) we get

. a® N\ /e ee N (A P\ ' /e
H%”%R,p:<ﬁ(k)> <6€>:<é€> (P’ 0> <§>=‘I’kk,

and the assertion of the Lemma follows from Corollary 6.5.5.

7.2 Maximum Likelihood

The idea of maximum likelihood is also a very general idea that is used in many differ-
ent fields in statistics for parameter identification. Yet it is not as general as cross val-
idation because it is always based on very specific model assumptions under which the
maximum likelihood estimator (MLE) and its counterpart corresponding to universal krig-
ing, the restricted maximum likelihood estimator (REML), are derived. In our case these
assumptions are:

e fis a sample path of a second order random field (X)er
e (X})ter has mean function m and covariance function Ky
o (Xy)ier is Gaussian

While the first two are standard working assumptions in the kriging framework the last one
has been argued against even by spatial statisticians for being too specific (recall that this
assumption is not needed for kriging). In the framework of kernel interpolation none of
these assumptions is necessary and so it is not clear whether the MLE also makes sense in
this context. In Section (7.4) we will show that (RE)ML estimation still can be given a
meaningful interpretation and often yields good results even if the above model assumptions
are not met.

For now, we shall however take the classical approach to derive the MLE and we assume the
model above, initially with m(¢) = 0. There usually is a special parameter in each covariance
model which in the stationary case can be interpreted as the variance

stationary case

Var(X,) = K(t,1) 3(0)
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7.2: Maximum Likelihood

of the random field (X;)icr. We shall treat it separately from the other parameters and
consider covariance models of the form

vKyg, veR,, €0,

where Kj is normalized in an appropriate way. In the stationary case we require ®4(0) = 1,
then v indeed parametrizes the variance. In the nonstationary case we could simply set
Ky(to,to) = 1 for a fixed tg € T.

Treating v separately is convenient since it will also turn out to allow a special treatment
in estimation. Moreover we note that none of the interpolants derived in Chapter 6 depend
on v, in particular this parameter is completely meaningless in the framework of numerical
analysis. In spatial statistics it is important, but only for the assessment of the interpolation
error.

For this model the joint probability density of X7 := (Xy,,..., Xy, ) is given by

1 ’A—
Poo(r) = — 7 TR
(2m) v 4}
(see Lemma 2.4.18) where we define Ap € R™" as in (6.11) with Ky instead of R. The
MLE then chooses 9 := (v, 0) so that the corresponding probability distribution for the RVs
Xt,, ..., Xy, has maximal density (“likelihood”) at f:
Yure = %regﬂg&}é wo(f).
The idea is that this covariance model is the most likely one to have produced the observations
f(t1),..., f(ty). Since log(-) is a monotone function, it is equivalent to maximize the log
likelihood
[(0;f) = —2 log(2m) — 2 log(v) — & log(|Ag|) — & f' Ay 'f (7.4)

which is more convenient to work with. Now for any § € © the maximum in v is attained by
UMLE(Q) — %f/ A;lf,

and by plugging this back into (7.4) we obtain the profile log likelihood in 6

1(0;f) = —2 log(2m) — 2 (1 —log(n)) — & log(|Ag|) — % log (' 4,'f), (7.5)
which we can use to define the MLE for 6:

Oy = aggéglin 1(0;1).

So far, for the derivation of the MLE, we have made the additional assumption that m(t) =0
which corresponds to the assumption in simple kriging. We now want to relax this assumption
to the one made in universal kriging that the mean function is given by

m(t) = > Brp(t)
k=1
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7.3: Comparing CV and ML in the Statistical Context

with known functions py , and unknown coefficients O, kK =1,...,q (see (6.20)). This leaves
us with the problem that in addition to v and 6 we also have to deal with the unknown
parameters § = (f1,...,0;), which can be considered as nuisance parameters since our
interest is in estimating 6.

One way to handle this is to pass from f to contrasts f := Qf, Q € R™", so that the
distribution of the corresponding RVs

X1 = QX1

is independent of (3. This approach leads to restricted maximum likelihood (REML) estima-
tion and the idea is similar to what is done in universal kriging: the linear combinations of
Xt,,..., Xy, that may be used for estimation are limited to those that filter out the mean.
Defining P as in (6.6) we see that e.g. Q = I — P(P'P)~!P’ is a suitable choice which yields
(see Lemma 2.4.18):

X7 ~ N(PB,vdy) = X1 ~ N(0,vQ4Q") .

Now, QApQ’ has rank n — ¢ and is therefore not invertible. So, the likelihood for X7
cannot be defined in the same way as above. Instead, a subset of n — ¢ linearly independent
components must be chosen and the likelihood is then defined for the joint distribution of
those components only. It can be shown (see [29, Exc. 7.10-7.13]) that the likelihood functions
for different choices of @ and of the n — ¢ linearly independent components are proportional.
A particular representation of the (restricted) log likelihood is given by (see [19])

1(9;f) = -1 log(2m) — %5 log(v) — % log(]Ag|) — % log (‘P’A;lPD
+11og(|P'P|) — & 1" (A — Ay P(P' A P) PP A ) £ (7.6)
For given 6 € © the maximum in v is attained by
oms(0) = 2 (A1 = A P(PIAGTP) T P A £

and plugging this back into (7.6) we obtain the restricted profile log likelihood in 6

1(0;f) = —252 log(2m) — 52 (1 —log(n — q)) — % log(|Ag|) — % log (‘P’Ae_lP‘)

+1 log(|P'P|) — 252 log (f' (A, — Ay 'P(P'A;'P) P A ) £) . (7.7)

7.3 Comparing CV and ML in the Statistical Context

In this section we shall assume that the function f to be interpolated is a sample path of a
second order Gaussian RF (X¢)ier. Then both of the above methods can be used to identify
the (vector of) covariance parameter(s) 6 and one may ask which of them is more efficient. We
show that the MLE and the LOOCYV procedure with ly-norm for the error vector (from now
denoted by CV2) both fit into the framework of unbiased estimating functions and we give a
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7.3: Comparing CV and ML in the Statistical Context

criterion that allows for a theoretical comparison of estimation procedures belonging to this
very general class. We carry out a simulation study to assess the quality of these theoretically
motivated precision measures for MLE and CV2, and we compare the performance of MLE,
CV1 and CV2 with respect to their ability to select a parameter value that yields a good
interpolate.

7.3.1 Estimating functions and information criteria

Consider the MLE with the log likelihood (7.4) (to keep calculations simple we only consider
the zero mean case here). Throughout this subsection we shall assume the following regularity
conditions

(a) Ky is twice differentiable w.r.t. 0
(b) differentiation and integration can be interchanged in
E(A(W; X1) A(9; XT1)")
(the score function A is defined below).
(c) for all G € G differentiation and integration can be interchanged in
E(G(; X7)A(; X7)') and  E(AW; X7)G(0; X7)")
(G will be a class of unbiased estimating functions, details are given later).

Assume in addition that —[(¢J;f) is convex at least in a neighbourhood of the true parameter
¥9. Then maximizing [(J;f) is equivalent to finding the root of the so called score function
A(9;f) := VI(9;f) with components

Ap(0if) = — 2 + LA
Ao, () = —lor (Aelae Ag) + o A B Ay A
Mo, (058) = —der (A7 0 A0) + & AT 5 A7

The CV2, if the (squared) la-norm of the vector gy of LOOCYV errors is minimized, can also
be represented in this form. As with the MLE we only consider the zero mean case. Then,
by Proposition 7.1.1, we have g9 = DgA;lf where Dy is a diagonal matrix with diagonal
elements

— —1 .
(Dg)ii = (efAyte)) . i=1,...,n.

Now, the squared lo-norm of €y can be written as
2 —1n2 41
leal” = f,Ae DyAyt,
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7.3: Comparing CV and ML in the Statistical Context

and by equating the gradient of ||g4||? to 0 we obtain Oy, as the root of the p-variate function
G(0;f) with components

Go, (0;f) = =2 A" -Ag Ay D At + 21/ A)" Dy 5o Dy A 't
(7.8)
Go,(0;f) = —2f'A;" 53-Ag Ay D Ayt + 245" Dy 55~ Do Ayt

Such a function G of both the data and the parameter 8 defining an estimate of 8 as its root is
called estimating function. The score function encountered above in the maximum likelihood
context is a special case. An additional property of estimating function that is often required
is unbiasedness, i.e.

Eyg, (G(00; X7)) = 0,

where Ey, denotes the expectation under the probability measure corresponding to 9. Such
a property is reasonable as it ensures that g is the root of G at least in expectation. Using
standard results on the expectation of quadratic forms (cf. [37, p. 55]) it is easy to verify that
both score function and the above estimating function corresponding to CV2 are unbiased
(independently of the assumption of a multivariate Gaussian distribution).

The LOOCYV error we defined in section 7.1 is completely independent of the parameter v.
In spatial statistics however, we are interested in identifying v as well in order to calculate
the kriging error variance. In the LOOCYV framework an estimator for v can be derived as
follows:

Using representation (7.1) of the LOOCYV errors we find that
Ey(ex) = 0, Ep(er) = (W) 2 - ep Ayt Eg(X7X7) Ayler = v (Tgy) ™,

— ——
=vAy

and hence, for given 6, a reasonable estimator of v is given by
1 n
2 1 -1 -1
veva(0) = Zl Uii-g; = 5 1Ay DoAy'f,
1=

where we have used that in the simple kriging case Wy, = (Agl)kk = (Dg)];kl.

The estimator vey, () of v is clearly not optimal in the statistical sense since it ignores the
correlations between the different components of €. Taking these into account would lead to
the estimator vyg(f) obtained by the maximum likelihood principle. However, vgy,(6) is
more in the spirit of LOOCV since 6y, does not account for these correlations either (see
discussion in Section 7.4). Moreover it will be easier to give an interpretation to vy, (6) also
in the framework of Numerical Analysis (Section 7.5). Now, by adding a further component

Go(9:f) = LA DyAS ' —v (7.9)

to (7.8) we obtain an unbiased, (p+1)-variate estimating function G(¢J;f) for the parameters
v and 6.
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7.3: Comparing CV and ML in the Statistical Context

Within the framework of unbiased estimating functions, measures of information can be de-
fined that allow to compare the performance of estimators. Following [39, p. 174] we start by
defining the Fisher information

Z(Yo) = Ey, (A(Wo; X7) A(Wo; X7)") . (7.10)
Under the regularity conditions (a) and (b) stated above it holds that
1(190) = — Ego(JA(ﬁo; XT) ) , (7.11)

where Jj denotes the Jacobi matrix of A. Now, if Z(¥) is "large” (in the sense that the
smallest eigenvalue is large) and Z ()~ Jp (9o; X7) =~ I,, with high probability, then standard
asymptotic theory (cf. [11], [21]) suggests that

D o N (90, (%) 7). (7.12)

In spatial statistics it is often difficult to prove rigorously that MLEs do indeed have this
behaviour. In fact, there are even different asymptotic frameworks to which one can appeal (cf.
e.g. [15]): increasing domain asymptotics, in which the minimum distance between sampling
points is bounded away from zero and thus the spatial domain of observation is unbounded,
and fixed domain asymptotics in which observations are taken ever more densely in a fixed
and bounded domain. While under increasing domain asymptotics conditions are known (cf.
[26]) that ensure that ¥ye converges to Jg a.s. (such estimators are called consistent) with
asymptotic distribution as indicated above, it was shown by several authors that under fixed
domain asymptotics even consistency is not ensured for all parameters (cf. [14] for such a
result on the Whittle-Matérn class). For a fixed set of observations it is not clear a priori
which of these two frameworks is is adequate. Some answers to that can be found in [45].

Despite all these difficulties, we note that the Fisher information may give a good indication
about the accuracy of the MLE and in our simulation study presented later in this section we
shall calculate it and compare it with the empirical results from the simulated estimates.

The Fisher information was motivated by the asymptotic theory for MLEs. If instead of the
score function A we consider some unbiased estimating function G, then we can define the
information criterion

Ea(¥) == (W(00)) (H(00)) ™" (W (), (7.13)
where

H(Y) = Ey,(G(o; X7) G(¥o; X7)') and
W) = —Ey,(Ja(Wo; X1)),

which is a natural generalization of the Fisher information and will allow us to compare the
MLE with the CV2. Note that multiplying any component of G with an arbitrary non-zero
constant does not change Eg(¥y), which is an important property since these operations
do not change the root of G either. The role of (1Y) as an information measure can be
motivated as follows ([20, Sec. 1.3]):
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1. Since the parameter estimate is given by the root of G, G(¢y) should be as close to zero
as possible. Thus, the “smaller* H (1) the more accurate the corresponding estimator
can be expected to be.

2. On the other hand, the gradients VG,, VGy,,...,VGy, should be as steep as possible
because then the root of G will be somewhere near ¥y if G(9) does not differ from zero
too much. Thus the “bigger” W (g) the more accurate the corresponding estimator can
be expected to be.

If G depends on more then one parameter, “small” H () and “big” W (1) are understood in
the sense that all eigenvalues of H and W should be small or big respectively.

In this general framework of unbiased estimating functions there are also a number of theorems
(see |20, Ch. 12]) providing conditions subject to which the corresponding estimators are
consistent and asymptotically normal, so that for n large enough we have

dg PR N (00, Ec(90) 7). (7.14)

Although in our situation these are even harder to verify than those for the MLE framework,
Ec(¥9) appears to be a reasonable information measure. It is used by several authors (e.g.
[38], [7]) to compare the accuracy of estimators, and so shall we in the following discussion.

In our situation of estimating the covariance parameters of a zero mean Gaussian RF the
entries of the (1 + p) x (1 + p) Fisher information matrix Z(J) are

Iow(W) = 3% (7.15)
— _ 1

Top,(9) = Tpo(@) = &t (Ae i Ag)

Towo; (V) = (A; a0, 10 Ayt 90; A9>

These formulae follow from the general formula given in [39, p. 179]. The entries of the
(1 +p) x (1 + p) matrices H and W that define the information criterion for the CVE with
estimating functions according to (7.8), (7.9) are

Hpo(9) = 29 tr (A7 Dy Ay Dy), (7.16)

Hyp (9) = — 224 (A(;lpgAglag Ag Ay 1D9) + o2y (A;lpgAglpg a%pg)

J

Hyyo,(0) = 40% tr (A7 55 A9 A7 D} A7 55- 49 A5 D}

+ 40 tr (A7 5 A9 A7 D} A7 D AT 5 Ag)

— 8 tr (47" 55 A9 A7 D} A7 Dy 5Dy
— 82 tl“( ng 20, Dy A; a0, AgA 1D6)
4 802 tr( 5 Dy 53-Do Ay Dy Dg)
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(Hp, (V) is determined by symmetry of H) and
W) = —1, Woo(@) = 0, (7.17)
Weo, () = —2Ztr (A" 9-49A,'D Cr(A,'9-D
v, (V) = =S tr (A gg A0 Ay Do) + 5 tr( Ay 55 Ds)
Woy,(9) = 20 tr (A5 540 A7* 549 A7'DF) — 20 tr (D" 55Dy Do)

The formulae for H(¥) are obtained by symmetrizing the first terms of Gy, ..., Gy, and using

the formula
COV(Z’AZ, Z’BZ) = 2tr (AVBV), if Z~N(0,V),

for quadratic forms Z'AZ and Z'BZ where Z is a n-variate RVct and A, B € R™ " are
symmetric matrices (see [37, p. 66]).
To obtain formulae for W (J) we first calculate the derivatives of G(9;f), starting with 6@

LG,(9:) = -1, LGo (0:f) = 0, j=1,....p.
Next, we have for j =1,...,p:
%va;f) fAela‘z Ag Ay Do Ayt + LA o 8 Dy Ayt
and finally, for j,k=1,...,p
0 . _ 10 — 1 1 — 1 —1
o Go (0:0) = 2047 5 AQAH a-Ag Ay D At — 21747 8989 Ag Ay D} A
+2ng183 Ag Ay! 89 I_Ag Ay Dj At — 4f’A918‘g Ag Ay' Dy 5 a9 Do Ay lg
+2 0 A 0 Ag Ay DY At 5 Ag A — 2 ' ASY 8- A AT Dy 55D A
+2 1Ay 55Dy 59-Do Ay 't + 2 /Ay Dy 55D Ay
21 Ay 1D98‘Z DQAH ag; Ao Ay 't

With respect to the derivatives of Dy we note

1 9
e; Ae 05 AgAg e

D =
(o5 Do) (¢} Ay e:)?
52 € Ag lag Ap Ay ae Ap Ag'le; € Ag 139 aekAG Ag'te:

(so08:De)y; = —2 +
k % (ei AG 61)2 (ei AG 61)2
Ly Ay g Ao Agtei - €f Ayt ggAg Ayles
(€5 Ag te;)3 .
Now, by application of the formula
E(Z'AZ) = tr(AV), if Z~N(0,V), and A€ R""
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(see [37, p. B5]) and by using the identity

tr (A5 540 A7 B) = zn:e A7 o Ag Ayter - By =t (Dy 5Dy B),
=1

which hold for any diagonal matrix B € R™*" we obtain
Eo(a:Go, (05 X7) = 20 tr (A" 540 A7" 5549 A7'D}) = 20 tx (A7 g Ao A7 D} )

+ 2v tr

A S5 Ap A7 3 Ap Ay 1D9> — 4o tr (Delae Dy Dg)

+ 2v tr 89 Dy 2, D@) + 2v tr (Ae_ng mDQ)

(
+ 20 tr (47" 55 A9 A7 D3 AG" 5 Ag) — 20 tr (D' 55- Do 55Dy )
(25"
—QUtr( 0 89 D980 Dg)
Noting that
tr <A9_1D9 %;ekpg) — tr(&9 - D9>
= —2tr (Ae—la%Ag A 55 Ag Angg) + tr (A; 9,505 o Ap Ay 1D9>
+2tr (D5 55 Do 55 Do)
and combining all the terms finally yields Wy, 4, () as stated above:
Woo,(9) = 20 tr (45" 540 A7" 8- 49 A7 DF) — 20 tr (D' 55Dy 55-Dy)
Note that if we work with the inverse of £z (vp), then the block with the entries associated

with the estimation of 0 is independent of the information on the estimation of v, and is
therefore not influenced by our particular choice of vay,(f). Indeed, since H () and W (¥9)

are of the form
W, W, 0 H H 0
W) = VU v ) ’ H(v,0) = ( VU v ) ’
@) ( 0 Wy (. 6) H, Hpg
we obtain by applying standard rules for the inversion of block matrices

< Wik =Wl W Wt )

W)~ ={ "y o

(note that Wyg is symmetric). Using this and writing “ «” for convenience for all terms that
are not relevant for our claim we find

1 * * Hy, Hyp * 0
(Ea(o)) = < 0 Wy, ) < H', Hpy > < x W' )

B < * * )
* Wezl Hyg Wgel ’
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and so the block with the information on 6 is the same as if we had only considered 6¢y, from
the beginning.

Denote by G the class of all unbiased estimating functions that we consider as potential
candidates for estimating v and #. An estimating function G* € G is called Op-optimal (fixed
sample optimal) if

Ea+ (V) — Ea(9)

is nonnegative definite for all G € G and all ¥ € Ry x ©. If A(¥;f) belongs to G then it is
(subject to the regularity conditions stated at the beginning of this subsection) the Op-optimal
estimating function in G (see |20, Ch. 2|).

Consequently, under the assumption that (X;):cr is a zero mean Gaussian RF with covariance
function vKjy it follows that MLE is superior to CV2 in the sense of Op-optimality. The
following result (|20, Thm. 8.1]) claims O p-optimality within a very general class of estimating
functions also for the REML estimator.

As above, let f be a vector of observations of (X;)ier at locations {¢1,...,t,} C T, and let
X7 :=(Xt,,...,Xs,) the vector of the corresponding RVs. Assuming a mean function

q
m(t) = Y Brpa(t)
k=1
we have E(X7) = P8 with P as in (6.6), assumed to have full rank. For an arbitrary matrix
Q € R™"™ with rank n — ¢ and QP = 0 we consider the contrasts
f:=Qf and X7 := QX7.

For the covariance of X7 we set COV(XT) = vAy =: Vy. In the expectation that it is quadratic
forms of the data that should be used to estimate covariance parameters we then consider the
class of (unbiased) estimating functions

Go = {G:(le-wGpH)/ D GR(0:F) = TS — ps, 1§k§p+1},

where pg, = IE(X’TSk XT).

Theorem 7.3.1. Assume that X7 ~ N(PB,Vy). Then G* is an Op-optimal estimating
function in Gy if

Sy = QW)™ (Q %Vﬁ Q) (QVuQ), 1<k<p+1,

for any g-inverse (QVyQ')~. Furthermore, the S} do not depend on Q.

In order to see the connection to REML, consider the derivatives of the restricted log likelihood
function (7.6) :

L) = -2 4 LA IR,
s 10:0) = —Lur (Tp g Ag A7) + 1 A7 TIp 540 A7 Tpt
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where IIp := I, — P(P’Ae_lP)_lP’A@_1 is a projector on the orthogonal complement of the
range space of the matrix P. Using the relation

LA I, = QQWQ) Q
(see [20, eq. (8.2)]) and using that Il is idempotent we obtain
FSif = Bt A7 T 5V A TR 1,
psy = 1% E(X%Aa_l IIp %Vg Ae_l HPXT) = % tr (Hp %Vg Ae_l) .

Resubstituting Vy = vAy, noting that tr (Il 5) = n—q, and comparing the resulting estimating
function with V [(9;f) finally yields

Corollary 7.3.2. Under the assumptions of Theorem 7.5.1 the REML estimator is Op-
optimal among all estimators corresponding to an estimating function in Gy.

Remark 7.3.3. The assumption in Theorem 7.3.1 of X7 that follows a multivariate Gaussian
distribution can be weakened to certain assumptions on some third and fourth moments of

—-1/2
v, (X1 — Pp).
Due to this transformation with Vﬁ_l/ ? these conditions are not very transparent in our context

of RFs. Nevertheless we note that (RE)ML can make sense even if the distribution assumption
under which they were derived do not hold.

7.3.2 Accuracy of parameter estimates

We present the results of a simulation study in which we compare the performance of MLE
and CV2. We simulated 300 centred stationary Gaussian RFs with covariance function v®,.,
as defined in (6.33).

-10 -0.5 0.0 0.5 1.0

Figure 7.1: Examples of simulated sample paths of a Gaussian RF with covariance function ®, 1 with scale parameter
ro = 0.1 (left) and ro = 1 (right).
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The simulation was carried out with parameter values vg = 1, 1y = 1 for two different scale
parameters 7o = 0.1 and 79 = 1 on an equidistant 100 x 100 grid Q@ C [~1,1]? using the R-
package “RandomFields” (cf. [36]). According to the results of Section 5.3 the corresponding
sample paths are just barely not differentiable. One of the respective 300 realizations is
visualized in Figure 7.1 to illustrate the different structures that are observed due to the
different scaling.

First, we compare the ability of MLE and CV2 to estimate the covariance parameters v, r
and v based on n = 100, 200, 300, 400, 500 observations of the respective sample path. The n
sampling locations are chosen randomly from the simulation grid Q (identical probabilities,
no replacement) such that

{tl,...,tloo} Cc...C {tl,...,t500} C Q

This way it is ensured that the information strictly increases. These sets of locations are then
used for both choices of ry and all 300 respective realizations.

For the moment, we focus on the estimation of r and v, a discussion of the estimation and use
of v will follow later in this subsection. Figures 7.2 and 7.3 show plots of the estimated values
of r against v obtained by MLE and CV2. Especially for small n both estimators sometimes
yield very large estimates of v (typically when ro = 0.1) or very large estimates of r (typically
when 79 = 1). Parameter estimation was carried out subject to the constraints r < 40 and
v < 16 and in particular the CV2 estimates for rg = 1 attain these bounds quite often, even
for bigger values of n.

With respect to the asymptotic approximations (7.12) and (7.14) to the distribution of the
estimates it can be suspected that they may describe the behaviour of the MLE quite well for
large n. The same may be true, to a lesser extent, for the CV2 in the case where rg = 0.1.
For ro = 1, however, the distribution of the CV2 estimates seems far from being multivariate
Gaussian, and we will see that also the dispersion of (r,v)qy, around (rg, ) is only poorly
described by the information criterion derived above.
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Figure 7.2: Plots of the estimates of r (x-axis) against v (y-axis) obtained by MLE (top row) and CV2 (bottom row)
for the 300 sample paths simulated with ¥9 = (1,0.1,1).
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Figure 7.3: Plots of the estimates of r (x-axis) against v (y-axis) obtained by MLE (top row) and CV2 (bottom row)
for the 300 sample paths simulated with 99 = (1,1,1).
In order to measure the precision of the estimates quantitatively, we calculate
1. the empirical means (r4; denotes the i ‘" estimate of » with procedure *)
300 300

I | = o _1 —
Ty = 300 X:l T*,Z'a Vy = 300 Z:l V*,ia * = MLE, CVQ,
1= 1=

2. the empirical mean squared errors for x = MLE, CV2 defined by

300 300
MSE(ry) = ﬁ > (e —’r‘o)Q, MSE(vy) := ﬁ > (Vi —1/0)2,
i=1 i=1

3. the diagonal elements of the inverse Fisher information
(Z(90) ), and (Z(90) ™ )uws

4. the diagonal elements of the inverse of the information criterion for CV2

(gG('lgO)_l)rra and (SG(190)_1)V1/-

Z(Yo) and Eg(Yo) can be calculated numerically using the formulae (7.15)-(7.17).

The empirical means of the 300 parameter estimates are given in Table 7.1. As could be
expected from the plots, in the simulations with rg = 0.1 both 7y and T¢yv. are quite close
to ro, while Uyrp and Uy, are considerably larger than v for small n but approach the true
value as n increases. In the simulations with rg = 1 both Dyr and Tey, are reasonably
close to vg even for small n and get even closer as n increases. The same is true for the ML
estimates of ro but not for the CV estimates, which are substantially bigger than rq for all n
and do not show any tendency of convergence. Without the constraint rcy, < 40 (imposed for
computational reasons) this overestimation of 79 would presumably be even more dramatic.
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n TMLE Tova UMLE Vove n TMLE Tovz UMLE  Veove
100 0.1100 0.1205 3.693 1.885 100 1.041 10.25 1.054 1.119
200 0.0999 0.1077 1.609 2.155 200 1.019 7.23 1.023 1.066
300 0.1011 0.1051 1.192 1.338 300 1.020 8.80 1.016 1.046
400 0.1008 0.1065 1.007 1.152 400 1.017 9.28 1.011 1.033
500 0.1009 0.1064 1.058 1.067 500 1.017 11.96 1.006 1.025

Table 7.1: Empirical means of the respective 300 parameter estimates for » and v for the sample paths simulated with
Yo = (1,0.1,1) (left) and ¥o = (1,1,1) (right) respectively.

Tables 7.2 and 7.3 show the empirical mean squared errors of the respective 300 parameter
estimates by ML and CV2 and the corresponding entries of the inverse information matrices.

In both cases rg = 0.1 and ro = 1, the dispersion of (r,v)yps around (rg, 1) is predicted
reasonably well by the inverse Fisher information if n is large. For small n, the MSE is
dominated by the large deviation of 7y, from rg, and Ty, from 1 respectively (see above)
but as n increases this bias disappears and (7.12) seems to be an acceptable approximation
whatever the intricacy of establishing a rigorous asymptotic theory. Analysing the decrease
of (I‘l)w and (I_l)l,l, with increasing n we also note that the accuracy of vypg improves
faster than that of rypg, particularly so in the case 1o = 1. This could be expected since v is
mainly linked to the local behaviour of the sample paths and so identifying vy should benefit
substantially from an increase of the density of sampling locations.

For the CV2 estimates we find that approximation (7.14) of the dispersion of (r,v)cy, around
(ro, ) is inadequate even for n = 500. In the case ro = 1 this could be expected since we
already saw that rqyv, does not even seem to converge to ro. For rg = 0.1 simulation results
not presented here show that for a bigger number of sampling locations (at least 800) the
estimates behave indeed like realizations from a multivariate normally distributed RV with
mean 0y and covariance &, 1

Nevertheless the information criterion for the CV2 estimating functions can help us to identify
the shortcomings of LOOCYV from a statistical point of view. Note for instance in the case
ro = 1 that (&, ), is increasing rather than decreasing as the number of observations grows.
The explanation for this very peculiar effect is that more LOOCV-components (due to more
data) do not necessarily imply more information:

e The LOOCV-components are correlated, quite strongly so for components belonging to
close-by sampling locations. These correlations can lead to a distortion of the estimate
and additional observations may for instance enhance an already existing tendency due
to the first LOOCV components to select a very large value of r.

e Perhaps more important is that LOOCV only assesses the accuracy of the prediction (at
the left-out locations). As noted in Section 6.7, if the sampling locations are very close
compared to rg, prediction is insensitive to deviations from the true scale parameter.
The sampling locations are indeed very dense relative to rg in the case rp = 1 and
become even denser as n increases and so at the same time the data become less
informative about 7.
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n (1_1)7-1» MSE(TMLE) (gél)r,mr IV[SE(TCVQ)

100 9.99-107*% 26.7-107* 12.1-107* 99.9.10"*
200 3.47-107* 3.33-107* 4.70-107* 54.9-10"*
300 2.15-107* 2.4-10* 3.41-107* 5.74-10*
400 1.54-107* 1.72-100* 2.68-10~* 8.99.10¢
500 1.24-107*% 1.24-107* 2.33-107* 7.33-107*

n o (ZT7Y).,. MSE(vuie) (") MSE (vcvs)

100 8.53-10"' 361-10! 14.3-107Y 91.7-1071
200 2.14-107' 44.2-107' 4.42-10"' 113-107!
300 1.07-107' 5.19-107'  2.04-107' 16.1-107"
400 0.60-10~% 1.21-107' 1.13-107' 3.0-107!

500 0.41-10=' 0.57-100' 0.76-10"! 1.08-107!

Table 7.2: Inverse Fisher information and CV?2 information criterion for r and v when the true parameters are
Yo = (1,0.1,1), and empirical mean squared errors of the corresponding 300 estimates.

n (Iil)rr MSE(TMLE) (Eél)w NISE(chz)

100 1.307-10"! 1.928-10"! 11.55-10"! 3286-10~!
200 1.001-107' 1.131-107! 13.40-10"! 2133107t
300 0.895-10"% 0.961-10"' 17.85-10~% 2737-10~1
400 0.821-107! 0.875-10"' 20.86-10"! 2797-107!
500 0.769-10"! 0.739-10"! 23.39-10"! 3920-10~!

n o (ZT7Y.. MSE(vuie) (€Y MSE (vevs)

100 2.217-1072 3.635-1072 8.69-1072 13.2-1072
200 0.906-1072 0.914-1072 3.87-1072 4.79-1072
300 0.551-1072 0.615-1072 2.86-10"2 3.35-1072
400 0.385-1072 0.381-1072 1.91-1072 2.15-1072
500 0.297-1072 0.259-10"2 1.55-10"2 1.60-1072

Table 7.3: Inverse Fisher information and CV2 information criterion for r and v when the true parameters are
Y0 = (1,1,1), and empirical mean squared errors of the corresponding 300 estimates.

The same effect is not observed with the MLE which also implicitly involves a prediction of
the kriging variance (this will become more obvious in the next section). We have seen that
this kriging variance is sensitive to changes of r especially when sampling locations are dense,
and this translates into much better estimates compared to CV2 in the case rg = 1.

For the same reason, we should however expect that the estimates 6cy,, even when they are
imprecise, should yield reasonably well predictions because they deviate from 6 in a way that
hardly affects prediction accuracy. This will be studied next.

7.3.3 Prediction accuracy with estimated parameters

Estimating the parameters of the covariance function of a RF (X¢)er is only an intermediate
step to predict a sample path f of (X;)ier at an unobserved location based on observations
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f(t1),..., f(tn). In Section 6.3 and 6.4, kriging was derived as optimal (in the sense that the
expected squared error is minimized) unbiased prediction, but optimality was based on the
assumption that the correct covariance function is used.

In this subsection we shall therefore investigate to which degree the prediction accuracy de-
grades when the parameter used for kriging is estimated. We use the same respective 300
simulated sample paths with covariance function v ®,.,, and parameters Y9 = (1,0.1,1), and
¥9 = (1,1, 1), respectively. As a measure of the prediction accuracy we use the root of the
mean squared prediction errors (RMSE) on our simulation grid Q

2
RMSE(¢ \/|Q’ 2 F(t) = sa, (1),

where |Q| denotes the number of points in Q and s, is the (simple) kriging interpolant
corresponding to the covariance function ®y. Results are presented for prediction based on
the first 200 and all 500 observations, respectively, at the sampling locations from above.

We compare the RMSEs that are obtained for

1. the best possible choice 6,,, of 0, i.e. the minimizer of RMSE(f) on a fine grid on
0,40] x [0, 16],

2. the “correct” parameter 6, i.e. the parameter of the covariance function according to
which the sample paths were simulated,

3. the maximum likelihood estimate Oy g, and

4. the cross validation estimates vy, and fcv, corresponding to minimization of the ;-
and lo-norm respectively of the vector of LOOCYV errors.

n  RMSE(f,,:) RMSE(fy) RMSE(fyrz) RMSE(fcvi) RMSE(fovs)
200 8.152-10"1 8.176-10~! 8215-10~1  8253-10~!  8.246- 101

- +0.30 % +0.77% +124% +1.16 %
500 6.620-107Y 6.636-10"' 6.647-107! 6.667 - 101 6.659 - 1071
+024 % + 041 % +071% + 0.58 %

Table 7.4: Average RMSE and average relative increase over the optimal RMSE for the kriging predictions of the 300
sample paths simulated with 99 = (1,0.1,1).

n  RMSE(f,,:) RMSE(fy) RMSE(fyrz) RMSE(fcvi) RMSE(foys)
200 1.414-1071 1.431-107! 1.434-10"1  1.447-107'  1.445-107!

- +1.20% +1.42% +233% +222%
500 8.954-107%2 9.016-1072 9.021-107? 9.052 - 1072 9.054 - 1072
- + 0.69 % +0.74 % +1.10% +112%

Table 7.5: Average RMSE and average relative increase over the optimal RMSE for the kriging predictions of the 300
sample paths simulated with 99 = (1,1, 1).
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Figure 7.4: Plots of the values of r (x-axis) against v (y-axis) that yield the best predictions (based on 200 and 500
observations, respectively) for the 300 sample paths simulated with 99 = (1,0.1,1) (left two plots) and Jo = (1,1,1)
(right two plots).

Averages over the respective 300 RMSEs and the average increase of the RMSE over the
optimal RMSE when 6 is chosen by one of the estimation procedures are given in Tables 7.4
and 7.5. The following points can be noted:

e The loss of prediction accuracy because of not knowing the optimal parameter 0, is
quite moderate in our simulation setup. This could be expected from the results of
Section 6.7.

o MLE estimates yield better predictions than CV1 and CV2. However, even in the
case rg = 1 where CV2 produces very poor parameter estimates, the corresponding
predictions are not dramatically worse than those of the MLE.

e In the case ryp = 1 the prediction accuracy using Oy is hardly worse than the prediction
accuracy that is obtained by using the “correct” parameter 6.

The last point is quite surprising at first. However, as one can see in Figure 7.4, the optimal
parameter 0, itself is strongly dispersed around 6. This emphasizes that 6y is the optimal
choice only in expectation whereas the best prediction for an individual sample path may be
obtained for a different value.

7.3.4 Kriging variance prediction with estimated parameters

We shall now investigate to which degree the precision of the kriging variance prediction
degrades when it is based on the estimated parameter rather than the true one. We study
the predicted kriging variance based on 500 observations in the case ro = 0.1 and based on
200 observations in the case rg = 1. For these choices the kriging variance under the true
parameters takes on a broad range of values between 0 and 1 (see Figure 7.5)

In order to predict the kriging variance we need to estimate the parameter v in addition to r
and v. An estimator in the CV2 context was derived in Section 7.3.

In Figure 7.6 boxplots of the 300 estimates vyrg and vev, are given for the two cases 19 = 0.1
and 79 = 1. In the latter case a lot of the CV2 estimates are totally off the mark. While
vae < 2 at least for 93 % of the sample paths, we have vey, < 2 in only 63 % of all 300
cases. The reason for this is that the estimates of v are strongly (positively) correlated with
those of r and v. As we saw before, especially roy, is often very big in the case rg = 1
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Figure 7.5: Kriging variances under the (true) parameters J9 = (1,0.1,1) based on 500 observations (left) and
99 = (1,1, 1) based on 200 observations (right). The black dots indicate the sampling locations.

and consequently so is vey,. The following results will however show that both of these
considerable overestimation partially compensate each other when it comes to predicting the
kriging variance which typically gets small for large values of r and big for large values of v.

In order to assess if reasonable predictions of the kriging variance can be obtained on the
basis of the estimates (v, 7, V)yre and (v, 7, V)cv, We proceed as follows:

(a) For each sample path fU), j=1,... 300, we compute
e the parameter estimates 9, ; = (v,0),; = (v,7,V)s;, *=MLE, CV2
(b) the corresponding predictions sge) of this sample path

(c) the square root Pv(ge of the kriging variance, calculated with ¥ = 9, ;

(d) Now, for t € T' define the standardized prediction errors

) t _S(j) t
Ej(0,t) = ) : ‘1’9(), j=1,...,300.
J pw
vPy

If the true parameter ¥y is used for the calculation of sgg) and Pv(fgg , the empirical
distribution of E;(¥o,t), j = 1,...,300, should be approximately standard Gaussian
for any fixed ¢.

1. We compute the mean of the squared standardized prediction errors
300 9
MSSPE(9,t) = 5 > (E;(0,1))
j=1
According to (b) we should expect that MSSPE(dy,t) ~ 1 for all t € T

Hence, by comparing MSSPE(¥g,t), MSSPE(JyLg, t) and MSSPE(Javs,t) we get an
impression about how well PU(QQ describes the magnitude of the prediction errors when
¥ is estimated from the data.
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Figure 7.6: Estimates of v for the sample paths simulated with ¥9 = (1,0.1,1), based on 500 observations (left plot),
and with parameters 99 = (1, 1,1), now based on 200 observations (right plot).

In Figure 7.7 we visualize MSSPE(¥,-) via filled contour plots. In the different plots the
correct value ¥y and the estimates Yyg or Jev, respectively are used for prediction and for
the calculation of the kriging variance.

Even MSSPE(d,-) deviates from 1 considerably as a consequence of the randomness of
the prediction errors. The magnitude of these deviations could be reduced only by in-
creasing the number of simulations. We are now interested in how far MSSPE (g, ) and
MSSPE(Vcys, -) differ from MSSPE(dy, -). A more quantitative study of these variables yields
the following findings:

e While, in the case rog = 0.1, MSSPE(¥y, -) > 1.1 for about 11 % of the points of Q (the
evaluation grid) the same threshold is exceeded at about 15 % and 17 % respectively
of these points if 9 is estimated by MLE and CV2.

At the same time we have MSSPE(?y,-) < 0.9 for about 11 % of the points of Q, the
respective percentages for MLE and CV2 are 8 % and 7 %.

This shows that the magnitude of the prediction errors tends to be underestimated.
The difference to the “true” kriging variance prediction is not extremely big though,
neither for MLE nor for CV2.

e The results for 7o = 1 are similar but a bit more pronounced. The percentages of points
that exceed 1.1 (fall below 0.9) are 11 % (13 %), 22 % (7 %) and 26 % (6 %) respectively
fOI‘ "_9 — 190, ,lgMLE and 190\/2.

The deviations from MSSPE(¥y, -) are larger in this case, but they are still not dramatic
which is quite remarkable especially for the CV2 estimates which were seen to be very
poor in the case rg = 1.

So far we have studied the quality of pointwise kriging variance predictions. We will now study
the possibility to predict some global measure of prediction accuracy like the L2-prediction
error

1/2
I = sullry = ([ (70 = sw0)?a)
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Figure 7.7: Contour plots of MSSPE(¥, ) (top row), MSSPE(dmLE, ) (middle row), and MSSPE(d¢va2,-) (bottom
row) for the sample paths simulated with ¥ = (1,0.1,1) and n = 500 (left) and for the sample paths with 99 = (1,1,1)
and n = 200 (right).
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Figure 7.8: Relative deviation (in %) of the predicted RMSE from the actual RMSE for the sample paths simulated
with 99 = (1,0.1, 1), based on 500 observations (left) and with ¥g = (1,1,1), based on 200 observations (right).

In our context where f is assumed to be a sample path of a RF (X;)ier, S, is a sample path
of the interpolation process (Y;*)icr, and we have by Fubini’s theorem

E (1% = ¥ ) = /TIE((Xt—Yt*)Q) dt = /TPUQ%(t) dt.

If the (Xy)er is ergodic (see Section 4.2) and r is small compared to the diameter of T" we
can expect the random fluctuations of the squared prediction errors around their mean to
partially average out over T" and hence the variance of || X, — Y_*H%Q(T) to be small. We then
have

1/2
I =salr, ~ ([ Paoa) (7.18)
so we may use the rhs as a prediction of the L2-prediction error.

We assess the accuracy of this prediction in our simulation setup. Instead of the L?-prediction
error we consider predicting RMSE(f,), » = MLE, CV2. This is more or less equivalent if
our evaluation grid @ is reasonably fine since

[ 00 = sa, )t = VOUT) ™ (1) — s, (1))’ (7.19)
; o 2

9 N vol(T) 9
and /T qu>9 (t) dt ~ |Q| tEEQ qu>9 (t) . (720)

In our two experiments on kriging variance prediction from above we calculate the rhs of
(7.19) and (7.20) with ¥ = ¥, Vyre and Yeve. The accuracy of the prediction of RMSE(6,) is
then illustrated by calculating the relative deviation of the predicted RMSE over the actual
RMSE for the different choices of 4.

The deviations of the predicted RMSE from the actual RMSE are illustrated in Figure 7.8.
The boxplots for ¥ = ¥y give an idea about how appropriate the approximation (7.18) is apart
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from the additional uncertainty due to unknown model parameters. Predictions are more pre-
cise in the case where g = 0.1 which could be expected since at this scale the fluctuations of
the squared prediction errors around their mean are more likely to average out.

A comparison with the boxplots for ¥ = Yypg and ¥ = Y¢v, shows how much the RMSE
predictions deteriorate when estimated parameters are used for both predicting f and pre-
dicting the kriging variance. In the case where rg = 0.1 there is no noticeable advantage of
the predictions corresponding to Jyyr over those corresponding to J¢v,. In the case ro = 1
there is a slight advantage of MLE over CV2 but again both methods yield good predictions
of the RMSE with deviations mostly smaller than 20%. Note in particular that the CV2 is
competitive to MLE w.r.t. estimation of the L?-prediction error although it yields very poor
estimates of v.

The results of the comparison between MLE and CV2 made in this subsection can be sum-
marized as follows

e The MLE yields (sometimes considerably) better parameter estimates than the CV2
when the model assumptions (Gaussian RF) are true.

e The parameter estimates obtained by ML lead to better kriging predictions than those
obtained by CV1 and CV2. In our examples the difference was not very big though,
and neither was the difference of both methods to the case where prediction is carried
out with the optimal parameters.

e The parameter estimates from both methods allow for a satisfactory prediction of the
kriging variance. Even bad estimates seem to be at least consistent with themselves
in the sense that they still lead to more or less acceptable predictions of the kriging
variance. MLE is again slightly ahead of CV2.

All of the simulation results of this subsection were obtained for the case where f is indeed
a sample path of a stationary Gaussian RF and do therefore not allow any conclusion about
the performance of MLE and LOOCYV in the kernel interpolation framework. In particular
for the MLE, the derivation of which was explicitly based on these assumptions, it is not clear
if its application in the context of approximation theory is meaningful at all.

We will show in the next section that the MLE can indeed be used in a much more gen-
eral framework and we will conduct a further simulation study with typical examples from
approximation theory in Section 7.5.

7.4 Maximum Likelihood revisited

We already noted that the (RE)ML estimator, which was derived under the assumption of
a Gaussian RF, may perform well also in Non-Gaussian frameworks. In this section we go
even further and motivate its use in the framework of Numerical Analysis which does not
assume any probabilistic model behind the creation of the observations f(t1),..., f(t,) at all.
As above we denote by 7 the set of sampling locations (in kernel interpolation also called
centres).
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Our starting point is the LOOCYV procedure which has a meaningful interpretation indepen-
dent of any model assumptions. It can be argued however, that this procedure does not use
the available information in an optimal way, in particular the following two points of criticism
can be made (see also the discussion of the results for r¢y, in the simulation study in Section
7.3):

1. The same observations f(t1),..., f(t,) are used for the calculation of every component
€k, either as value to be predicted or as data the interpolant is fitted to. This can
lead to distortions, especially with irregular patterns of sampling locations. To see this
assume that the distance between two sampling location t; and ¢; is small compared
with the average distance. Then sp, p_;(t;) is determined mainly by f(¢;) and vice
versa, so that the components €; and ¢; basically contain the same information about
f — sRr,,p- This “redundancy” is not accounted for by LOOCV.

2. The accuracy of sp, p [k as a predictor for f(tx) does not only depend on 6, but
strongly depends on the geometry of 7. Even for a good choice of 6, data points near
the margin or isolated data points will in general be predicted worse, i.e. lead to bigger
values of g, than data points in densely sampled areas of 7. This is also not taken into
account by LOOCV.

The latter point of criticism suggests that the LOOCV components should be weighted with
weights that reflect the prediction accuracy that can be expected on the basis of the geometry
of 7. A suitable such measure for the “potential” prediction accuracy at ¢ € T is the power
function Pg, p(t) introduced in (6.24). Pg, p is the norm of the pointwise error functional
of the interpolation process and thus gives an indication about the magnitude of f — sg, p
independent of the actual f.

Writing Pr, p [ for the power function corresponding to sg, p —x We now propose to pass
to the weighted LOOCYV errors

(w) k
€ == k=1,...,n. (7.21)
F Pry p. (- (tk)
When 5éw) = (5§w), . ,5%1”))/ is used instead of g9 components corresponding to hard-to-

predict locations are no longer dominating the norm of the error vector.

Remark 7.4.1. In Section 7.1 we pointed out that the LOOCYV error component ¢, is the value
at ty of the error function f., := sr,p — sg,p -k - Now, fc, has the form (6.27) with respect
to the centres 7 \ {¢;}, and so Lemma 6.5.4 yields

e8] = [ fee o, »- (7.22)

Hence, instead of the LOOCYV interpolation errors at the left-out centres we are now consid-
ering the norms || - |4, » of the LOOCV error functions fe,,..., fz,.

The weighting according to (7.21) however raises a new problem: the power functions Pr, p 4],
k = 1,...,n, themselves depend on 6 which has the consequence that minimization of the
weighted errors favours values of 6 that lead to big power functions. This calls for a correction
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factor that penalizes big values of the power functions. When the [y norm of the weighted
errors is used we propose the following weighted cross validation (WCV) procedure

n
Owev = arg ggg Hgéw)Hz' \ H Plgeypv[*l (t:)

The rationale behind using the geometric mean of Pg, [_y (t1),..., Pr, —n) (t,) as a correc-
tion factor rather than e.g. the arithmetic mean is that this corresponds to averaging on a
logarithmic scale. In our situation, the most important feature about the correction factor is
its behaviour under changes of 8, and the terms

o] 2
p (tr)
Jé) 2 _ a0 R 77)7[7]6} —
Tellog (PRGaP,[—k](tk)) - }}% :3[ k](tk) ) k= 17"‘7”
0,/

have the big advantage that they can more reasonably be assumed to be of the same magni-
tude. Hence, the penalty factor, too, depends quite uniformly on all the terms involved.

Remark 7.4.2. The weighting of the error components in (7.21) by the power function can be
motivated in the same way in the framework of spatial statistics. There, moreover, a formal
justification of the proposed correction factor can be given:

Consider the log-target function
tog ([|e5|*) +log (F(0))

with correction factor F'(f). Taking partial derivatives and multiplying by Hegw)HQ leads to
an estimating function G(6;f) with components

Go,(0:8) = & |57 + e8P - G log (F(9),  1=1,....p.

For simplicity we only discuss the case P = {0} in which, using Proposition 7.1.1 and Lemma
7.1.2, we have

e8> = £4,'Dy Ayt and

eS| = 20 A o Ag Ay Do AG M + 1A 2Dy A
Noting that tr (A‘9 2 Ao Ay 1D9) = tr (A‘l o DQ) = tr (De‘l 8‘2 D9> we obtain

E(Gq, (0; X1)) = (De = Dg) +n- G log (F(6)), 1=1,....p,

and hence the estimating function G(6;f) is unbiased if and only if
o log (F(8)) = Lo (D;l = Dg) I=1,...,p.
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Now, if we take

H R, P,[— l]

as proposed above, we get (again by using Lemma 7.1.2) for any 1 <[ < p:
n
) _ 1.0 -1} _ 1 0 _ 1 -1 8
1=

and so this choice of F'(0) is exactly the correction needed to obtain an unbiased estimating
function.

The weighted cross validation procedure proposed above is equivalent to a procedure proposed
in the geostatistical literature by [33] who assume the LOOCYV errors to be multivariate
Gaussian.

In our motivation of the weighting (7.21) we did not make any explicit assumption about the
LOOCYV errors. Implicitly however, we assume that for some v > 0

2
(f(te) = srep-m(th)” =~ v PR pyltr), k=1...n

(f(t) - SRg,P(t))2 ~ v-Ph, p(t), teT

with “ ~” in the sense that the deviations are not systematic and “average out”. We will assess
the adequacy of this assumption in the numerical experiments in Section 7.5 together with a
similar assumption that comes with the following further refinement of WCV.

(7.23)

The weighting of the LOOCV errors was suggested in response to our criticism on LOOCV
concerning the ignorance of the possibly different magnitudes of €1, ..., &,. Another point of
criticism was the ignorance of the relations (“dependencies”) between different error compo-
nents that are present due to the multiple use of the data f(t1),..., f(tn).

One way to deal with this is to pass from the leave-one-out principle to a sequential approach,
i.e. instead of using the data at all locations 7 \ {¢x} to predict f(tx), we only use the data at
the locations {t1,...,tx—1}. Denoting by SRy, [<k] the corresponding interpolant with the
convention that sg, p <4 =0, the approximation errors now considered are

€k = f(tk) — SR, p,[<k] (tk), k=q+1,...,n

€k is the value at ty of the error function f;k I= SRy, P,[<k] — SRy, P,[<k] Which, unlike the error
function f., introduced in Section 7.1, is now only defined for k& > g.

In this sequence of n — ¢ surrogate interpolation problems each data pair is still used several
times, but now we have

(feir f=;) =0, forall g<i#j<n (7.24)

Hry,P
which follows from Lemma 6.2.6 by noting that f;i € VRB,’])’{t17...’tj71} for all 7 < j.

In other words: the error functions fg gd1r s fsn are pairwise orthogonal functions in Hg, p
and can therefore be expected to yield essentially different information about the interpolation
behaviour of the given data.
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Remark 7.4.3. In the statistical context the motivation for the sequential approach instead
of the leave-one-out principle is similar. If we regard €441, ...,&, as RVs, condition (6.21) on
the kriging weights implies that &, is a contrast of X;,,..., X;,. But then, by Lemma 6.6.2,
€; and €; are uncorrelated for any 1 <i < j <b.

We can now combine both ideas and work with the weighted sequential approximation errors

- (w) €k
5 = = k=qg+1,...,n. (7.25)
F Pr, p 1<k (tk)
If we use the (squared) euclidean norm of the error vector ég(w) = (éq(ﬂ, .. ,ééw))/, the same

arguments as above suggest that we should introduce a correction factor and minimize

Hée(w)H2, g H Pg pei(ti) - (7.26)
i=q+1

The following two Propositions provide the basis for better interpretability and computation-
ally effective calculation of this target function.

Proposition 7.4.4. Let ée(w) be the wvector of weighted sequential approximation errors as

defined above. Then it holds that
leI* = llsmorllre, , = (45" = A7 P(P'AG'P) ' PIAG ! £

In particular Hée(w)Hz does not depend on the ordering of tq,...,t,.

Proof: As in Remark 7.4.1 we see that lééw)’ = Hffk k=q+1,...,n.

ot

Using the orthogonality relation (7.24) we get
n
Hée(w) H2 = ;1 "8R97P7[§i] - SR€77D7[<i] H’?‘[RG?P (727)
i=q
g 2 2 2
= ~Z+1 (HSR(')vpv[Si]HHRG’p B ”SR07P7[<Z‘]|’H39773) = HSRQ?,PHHRQJD ’
i=q

Now, due to the special form (6.7) of sg, p its norm || - [[3; , can be calculated explicitly (see
Section 6.2) and we obtain

HSRGJDH?{R@,P = O/AG o = O/f _ O/Pﬂ _ Oé/f,
since by condition (6.9) we have P'a = 0. Using (6.10) we get
2 . o / f B £ / Ae p _1 ;
HSRQJDHHRQ’P - /8 O == 0 P, 0 0 ,

and the asserted representation follows from standard rules for the inversion of block matrices.
O
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Proposition 7.4.5. For the product of sequential power functions it holds that

n
2 r4—1
H Pg,pciy(ti) ~ |Ao| |[P'A; P
i=q+1
with a proportionality constant that does not depend on 6. In particular the correction factor
in (7.26) does not depend on the ordering of ti,...,ty.

Proof: To simplify notation we drop the subscript 8 from Ay during the proof. We rewrite

(6.10) in the form ,
(h ) (0)-(2)

and prove the assertion of the proposition by induction.

Let Ay € RF*F and P, € R¥*? denote the submatrices of A and P that correspond to the
interpolation system for the first k data points only, further let

_ (0 E
Mk._<Pk Ak),

ap — (Rg(tl, tk), e ,Rg(tk,h tk)), and Pr = (pl(tk), . ,pq(tk)),.

Let’s first assume, that {pl, e ,pq} is a Lagrange basis of P. In this case P, =Id, and we

have
_ 0 Idg __ququ _ (_1\a
= |(aa, )l = (e )| = e

Let ¢ < k < n and write M, in block form as Mj,_; augmented by the k*" row and k%" column

0 P D
M= Pio1 Ar— ai
Dl aj,  Ro(tr, ty)

with Schur complement

, -1
D 0 P_ P
Sk = Ro(tk,tr) — < aZ ) < Py Alkc—i > < “: )

By standard rules for determinants of block matrices we have ‘Mk‘ = }Mk,l‘ - S} and hence
A P 0o P u
- n — (—1)¢ .
(o)l =|(n )= s
i=q+1

Now, the inversion rule for block matrices implies

g1 _ (0N [0 By (o0
k ek P, A ek
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and the same arguments as in the proof of Lemma 7.1.2 show that S, = P}%@ PI<H] (t)-

A

Noting that —P’AP is the Schur complement of < p! ](j > we apply again the rule for

determinants of block matrices and obtain

n
A P
2 -1
II Pipicat) = (=1 ( P o )‘ = [A]|PATip|.
1=q+1
If {pl, e ,pq} is not a Lagrange basis, there exists a regular matrix B so that

q
Dk ::ZBjkpj, k=1,...,n
j=1
is a Lagrange basis, and hence P, = (PB), = I, as needed above. But then

Al [PAP| = |A] |[PAP| /1B = ] PRt /|BE
i=q+1

so the determinant only changes by a factor that is independent of 6.
O

Via Proposition 7.4.4 we can give the following interpretation to the target function (7.26):

1. HSRW’H?{R » reflects the behaviour of HfH;R »
CA 9>

2. n-g i:rgrl P1%9,7>,[<z‘] (t;) reflects the behaviour of P12~29,7>(t)

In the light of the standard bound (6.25) for approximation errors it is desirable to make
both factors small, and the target function (7.26) realizes a compromise between these two
objectives. This seems to be an adequate response to the observation in Section 7.3 that it
may be beneficial to involve the power function (as a measure of potential prediction accuracy)
in the parameter estimation process. On the other hand, it can be seen as a remedy to the
problem of the procedure presented in [13, Sec. 17.2.1] which is based exclusively on the power
function which, as remarked by the author, ignores the dependency of HfHHRG , on 0.

If we minimize the logarithm of (7.26) and plug in the expressions derived in the two preceding
propositions, a comparison with (7.7) shows that the resulting target function coincides, up
to some unimportant constants, with the negative (restricted) profile log likelihood. Hence, in
this section we have given a motivation for (RE)ML that is independent of any assumption on
the mechanism that created f. In the following we shall refer to the procedure that minimizes
(7.26) as MLE or REML estimator.
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Once again we shall point out that implicitly we did make an additional assumption to justify
the weighting of the approximation errors, namely that for some v > 0

2
(fth) = srepi<ni(tr))” ~ v-Ph piy(th),  k=gqg+1,....mn,
(f(t) - SRQ,'P(t))2 SANCE PI%@,P(t)v teTl

with “~” in the sense that the deviations are not systematic and do somehow “average out”.
Whenever this assumption is satisfied we should expect (RE)ML to perform better than
LOOCV. When (7.28) is inappropriate however, (RE)ML may produce parameter estimates
that are systematically too small or too big. Two typical situations where this is likely to
happen are

(7.28)

e If the sequence |[sg, p <qllHr, »+ 15Rs P [<q+1)ll7R, > --- converges fast.
In this case one can see from (7.27) that the sequence é’q(f%, éq(g, ... quickly tends to
0, i.e. the magnitude of & decreases faster than Pg, p <4 (tr) and hence (7.28) cannot

hold.

If the norms of the interpolants approach | f{|7, » only slowly (or not at all in case
f ¢ Hr,p), then for moderate n the magnitudes of £,11, ..., &, should be similar and
so (7.28) is more plausible.

In the context of in spatial statistics we usually have f ¢ Hp, p (see Proposition 4.2.2)
and so this caveat does not apply.

e If f behaves substantially different in different subregions of T". This can also entail
systematic deviations from (7.28) that may not average out.

Consider for instance a situation where the data are scattered and f exhibits strong
fluctuations in exactly those subregions of T" where the sampling locations are sparse.
The corresponding components of €9 will then be assigned small weights, although it is
in these subregions where the prediction errors will be largest.

This is again in contrast to the situation in spatial statistics where the model assump-
tions usually imply that the behaviour of f does not radically differ from one subdomain
of T to another, and so the weighting of the error components should never entail any
systematic deviations.

We will see instances of both situations in the numerical examples in Section 7.5.

7.5 Comparing CV and ML in a Numerical Analysis
Framework

Once again, we compare the performance of LOOCV and ML but now for functions f :
[0,1]?> — R without any probabilistic background.

Specifically, we use three test functions (F1, F5, F9) from [31] and use the procedures MLE,
WCV, CV1, CV2 to select the parameter of the interpolation kernel that is then used to

130



7.5: Comparing CV and ML in a Numerical Analysis Framework

1.0
1.0
1.0

0.8

0.6
|
0.6
|
0.6

0.4
0.4
0.4

0.2
|
0.2
|
0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 7.9: Different alignments of sampling locations (here for n = 81) used in the experiments of this section:
equidistant points (left), tensor-product Chebyshev points (middle) Halton points (right).

approximate f based on its values at 7 := {¢1,...,t,}. Experiments are carried out with
25,81, and 289 data points. Since in many of the applications of approximation theory the
centres are not fixed in advance but can be chosen freely, we also try out different alignments
of data points:

e cquidistant points
e tensor-product Chebyshev points

e Halton points

The tensor-product Chebyshev points are taken from [13] and have the advantage that they
provide more information about f near the boundaries of T' where the approximation accuracy
is often lower. Halton points are an example of a quasi-random number sequence that can
be created e.g. by the R-package “randtoolbox”. We use them to represent the situation of
scattered data. For details about their definition we refer to [17] and [12]. The different types
of alignments (abbreviated with E-n, C-n and H-n respectively) are illustrated in Figure 7.9.

7.5.1 Approximation accuracy

Interpolation will be carried out in the standard framework where P = {0} with a scaled
version (with scaling parameter c¢) of the inverse multiquadrics (in spatial statistics called

cauchy model):
1
2\ "2
o.(1) = <1+ (1) )

as interpolation kernel. As in Section 7.3 we define an equidistant 100 x 100 evaluation grid
Q C [0,1]? and compare the root of the mean squared approximation errors RMSE(¢) on our
simulation grid Q for c,.., Cure; Cwevs Covi, and coys.
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Figure 7.10: Perspective plot of F1 (left) and RMSE-curves for F1 for different point sets (right).

Our first test function is Franke’s function (F1):

4 49 10
(92 — 7)% + (9y — 3)?
4

f(z,y) = 0.75 exp (_ (92 —2)" + (9 — 2>2> 075 exp <_(9x 1?2 9y+ 1)

+0.5 exp <— ) — 0.2 exp (—(996 — 4)2 - (9y — 7)2)

A plot of F1 and the RMSE-curves for the experiments with 81 centres are given in Figure
7.10. We shall use it to make some general remarks:

First of all note that there is indeed for each curve a finite value of ¢ where the RMSE
is minimal. This is not self-evident and there are indeed examples where the minimum is
attained for ¢ — oo.

A remarkable observation that can be made in Figure 7.10 is that the RMSE-curves differ
substantially for the different point alignments. While choosing ¢ too small leads to large
approximation errors with all of the point sets, the use of very big ¢’s produces big errors
when Halton points are used, but yields near-optimal approximants when tensor-product
Chebyshev points are used.

In Figure 7.11 we have depicted the kernel interpolants of F1 based on 81 Halton points
for different values of c¢. For small ¢ our radial interpolation kernels are highly peaked and
therefore cannot produce a good interpolant. If ¢ is chosen too big, however, the corresponding
interpolant approximates f well in the interior of [0, 1] but produces undesirable oscillations
near the boundaries which blow up the approximation error (this is due to a connection
between kernel interpolation and polynomial interpolation, see e.g. [11]). The same does
not happen with Chebyshev centres which are comparatively dense near the boundaries and
prevent such oscillations. The price for this, however, is a smaller data point density - and
hence lower approximation accuracy - in the interior.
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Figure 7.11: Approximation of F1 with 81 Halton points for ¢ = 0.03 (left), 0.25 (middle) and 0.8 (right).

Note that the approximations of F1 are much better than those of the simulated sample paths
of Gaussian RFs in Section 7.3. This is not surprising since F1 is much smoother than those
sample paths. On the other hand, for the same reason, the sensitivity of the approximation
accuracy to deviations of ¢ from c,,, which was found to be small for the simulated RFs is
much bigger for F1.

Table 7.6 shows the optimal parameter and the parameters chosen by the different procedures.
The corresponding RMSEs are given in Table 7.7 with the results from the respective best
procedure printed bold. Neither a clear over- nor a clear underperformance of any of the
methods can be reported based on these results. In particular the MLE is competitive also in
a non-statistical context but is no longer superior to LOOCV. The cases where cyx deviates
from c¢,,, quite strongly can often (but not always) be explained by deviations from the
assumption (7.28). We illustrate this by calculating the components of &. in the experiment
with 81 Halton points, once computed for ¢ = ¢,,, and once for ¢ = ¢y (Figure 7.12). For
the optimal ¢ the first components tend to be bigger than the later components. The MLE
tries to “correct” this by choosing a value of ¢ that results in more uniform magnitudes of
the different components. In this particular case however such a “correction” implies moving
away from ¢ = ¢,,,. We shall study an example where the magnitudes of the components of
&. are even much more different.

Our second test function is a scaled Gaussian kernel (function F5 from [31]):

exp (= 5 ((z — 0.5)* + (y — 0.5)%))
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Figure 7.12: Components of & for ¢ = copy (left) and ¢ = ¢ g (right) in the setup with F1 and H-81.
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Copt CMLE Cwcv  Covi  Ccov2 Copt CMLE Cwcv  Ccvi  Cov2
E-25 0.28 0.31 0.25 0.26 0.28 E-25 027 020 0.31 0.20 0.40
C-25 047 032 0.22 0.20 0.25 C-25 0.18 0.28 0.40 0.16 0.37
H-25 0.20 0.40 0.67 0.45 0.45 H-25 0.31 0.34 0.39 0.42 0.39
E-81 035 0.38 0.34 0.33 0.39 E-81 0.58 0.59 0.72 0.62 0.69
C-81 048 0.44 042 0.45 0.43 C-81 039 054 077 077 0.95
H-81 0.25 0.36 0.28 0.31 0.28 H-81 0.45 0.61 0.57 0.46 0.48
E-280 0.43 0.39 0.45 0.46 0.47 E-280 0.66 0.78 0.67 0.71 0.71
C-289 045 0.39 0.50 0.50  0.50 C-289 0.78 0.77 0.59 0.72 0.72
H-280 0.44 0.39 0.37 0.46 0.46 H-2890 0.71 0.76 0.65 0.67 0.67

Table 7.6: Optimal parameter and parameter estimates for test function F1 (left) and F5 (right).

RMSE(Copt) RMSE(CMLE) RMSE(CWC\/) RMSE(CCVl> RMSE(CCVQ)
E-25 2.586-1072 2.604-10"2 2.603 - 102 2.593-1072 2.586-10"2
C-25 4270-1072 4.835-10"2 6.675-10"2 7.286-1072  5.927-1072
H-25 3.299-1072 4.765-10"2 7.986-10"2 5.266-1072  5.266- 1072
E-81 4.140-1073 4.145-1073 4.142-10"% 4.145-107%  4.150-1073
C-81 9.531-1073% 9.551-10%  9.577-1073 9.542-10"3 9.562-1073
H-81 4.492-1073 5.147-1073 4.567-1073 4.741-1073  4.567-103
E-2890 3.823-107° 4.053-10"% 4.095-107° 4431-107°  4.924-107°
C-289 3.918-107* 3.996-10"¢ 3.949-107%* 3.949-10"% 3.949.10"%
H-289 6.267-10"° 9.399-10"° 1.252-10~* 7.094-10"% 7.094-10°°

Table 7.7: Optimal RMSE and RMSE corresponding to the estimated parameters for test function F1.

RMSE(Copt) RMSE(CMLE> RMSE(CWO\/) RMSE(CCVl) RMSE(CC\/z)
E-25 1.468-1073  4.104-1073 2.290-10"3 4.104-1073%  4.747-1073
C-25 7.560-1073%  1.073-10"2 1.302 - 102 8.259-10"3 1.258-1072
H-25 5.789-10"3 5.882-10"% 6.330-10°3 6.719-1073  6.330-1073
E-81 4.012-107% 5.355-10"¢ 1.027-10* 2.002-107°  7.297-107°
C-81 5.230-107° 1.180-10"% 2.357-10* 2.357-107%  3.644-10*
H-81 1.006-107° 4.268-10"° 2.916-10"° 1.050-10"% 1.255-107°
E-2890 2.345-107'0 3.633-107'° 3.046-10"1° 1.422.107° 1.422.107°
C-289 7.099-10"'!' 1.054-107'° 1.446-107Y 3.009-10719 3.009-1010
H-289 1.004-10"% 1.946-107° 2.004-1079 1.039-1072 1.039-107°

Table 7.8: Optimal RMSE and RMSE corresponding to the estimated parameters for test function F5.
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Figure 7.18: Components of &. for ¢ = copt (left) and ¢ = ¢ g (right) in the setup with F5 and H-81.

F5 is an example of a function where assumption (7.28) cannot hold since the sequence
[50.,1<1]1He, s 150, (<2ll#s, 5 - - - of the RKHS-norms of the interpolants converges to || f|ln,
rather quickly. As discussed at the end of Section 7.4, this implies that the magnitudes of the
components & for big k are considerably smaller than those for small k& and so it is not clear
if the MLE produces reasonable estimates.

The results in Table 7.6 and 7.8 show that the MLE again performs comparable to the LOOCV
procedures although we can indeed observe a certain tendency of the MLE to choose ¢ too
big for larger n = 81 and n = 289.

In Figure 7.13 we have again calculated the components of €. in the experiment with 81
Halton points, now for F5 and the respective values of ¢, and cyrz. We observe that
the error components with indices > 50 are quite close to zero which results from the fact
that |sq. [<s50)ll7s, is already very close to || f|l#,, . As before, for the choice ¢ = ¢y the
magnitudes of the error components become a bit more similar although here the dissimilarities
are only reduced but not eliminated. This “correction” again explains the preference of bigger
¢’s by the MLE, but at least in this example the resulting bias does not render the MLE
uncompetitive.

In our comparison of MLE, CV1 and CV2 for the other test functions from [31| we found
that in most cases MLE yields comparable or even slightly superior choices of ¢ than CV1
and CV2. Noticeable exceptions are the test functions that favour very big values of ¢, but in
this case the additional problem of ill-conditioned interpolation systems arises, a discussion
of which would be beyond the scope of this work.

Instead, we want to study if assumption (7.28) even allows for a prediction of the L?2-
approximation error.

7.5.2 Prediction of the L?>-approximation error

If assumption (7.28) is adequate it implies in our situation

w2 1
— <€k ) T on HS@C

iQ(T) = /T(f(t)_3¢’c(t))2dt ~ U/TP(%C(t) dt

3

1
= —f'A7'f
n

P

1
(a)vwﬁ

(b) ||f — sa.
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Pred. RMSE (MLE) rel. error Pred. RMSE (CV2) rel. error

E-25 5.411-1072 + 108 % 5.345 - 10~2 +107 %
C-25 6.376 - 1072 +32% 6.598 - 102 +11%
H-25 4.830-1072 +1% 4.385-10"2 17 %
E-81 3.861-1073 -7 % 3.427-1073 17 %
C-81 5.082 - 1073 - 47 % 5.204 - 1073 -46 %
H-81 6.868 - 1073 +33% 5.095 - 1073 +11 %
E-289 9.421-1075 + 132 % 2.703- 1075 - 45 %
C-289 1.999-10~* -50 % 9.867 - 1075 -5 %
H-289 3.061-10~4 + 226 % 2.625-1074 + 270 %

Table 7.9: Predicted RMSEs for F1 and relative deviation of this prediction from the actual RMSE.

Approximation (a) suggest a method to determine v. By comparing with the derivation of
the profile log likelihood in (7.5) we see that the v here coincides with the variance parameter
in the statistical context and (a) coincides with vypg.

Approximation (b) shows how we can use the estimate of v suggested by (a) to obtain a pre-
diction of the L2-approximation error. Instead of || f — sq, | 22([0,1)2), however, we use RMSE(c)
which can be interpreted as a discrete approximation. In the same way, we approximate the
rhs of (b) by
v / P2 (t)dt =~ =N > Pl (t). (7.29)
o1 Qs ™

where |Q| denotes the number of points in our evaluation grid Q. If assumption (7.28) is
adequate, then this yields a prediction of RMSE(c).

In the LOOCYV framework, we can make the assumption
2
(f(tk) - SRQ,P,[—’C] (tk)) N~ P}%Q,P,[fk] (tk)v k= 17 AL
2
(f(t) = srep(t))” =~ v-Ph p(t), teT

similar to (7.28) which leads to the estimate vey, introduced in Section 7.3. Plugging this
estimate into (7.29) we have again a prediction of RMSE(c).

Tables 7.9 and 7.10 show the predicted RMSEs that are obtained as described above by
estimating (v,c¢)s, * = MLE, CV2 and calculating (7.29) with kernel v, ®., over the grid Q.
In addition, we calculate the relative deviation of this predicted RMSE from RMSE(c,), the
actual RMSE from Tables 7.7 and 7.8 that is obtained when ¢, is used for interpolation.
Even for test function F1 the predictions are not very good in general, neither for (v, ¢)yLe
nor for (v, ¢)ov.. They may serve as a guess on the magnitude of the L2-approximation error
but are far less accurate than in the statistical context.

The situation is even worse for test function F5. The bad results for the MLE in the examples

with n = 81 and n = 289 could be anticipated since we already saw that assumption (7.28)
is totally inappropriate in this case. Specifically, the value of v that would be adequate for

136



7.5: Comparing CV and ML in a Numerical Analysis Framework

Pred. RMSE (MLE) rel. error  Pred. RMSE (CV2) rel. error

E-25 2.712-1072 + 560 % 1.681 - 102 + 254 %
C-25 2.651-1072 + 147 % 2.546 - 1072 +102 %
H-25 1.794 - 1072 + 205 % 1.268 - 1072 + 100 %
E-81 4.678 - 1074 + 8635 % 5.857 - 1075 -20 %

C-81 9.938 - 104 + 742 % 9.291 - 104 + 153 %
H-81 8.749 - 10~ 4 + 1950 % 9.095-107° + 624 %
E-289 5.884-1077 + 161900 % 2.766 - 1010 -81 %

C-289 3.715- 1077 + 352400 % 1.309 - 1079 +335%
H-289 3.784-1076 + 109400 % 1.293- 1079 +24%

Table 7.10: Predicted RMSEs for F5 and relative deviation of this prediction from the actual RMSE.

the first error components is much bigger than the value for the later components and for
the predictions at unobserved data sites. As a consequence, v, and hence the predicted L?-
approximation error, is grossly overestimated in these cases. For n = 25 and for the CV2
predictions this explanation does not apply but still we note that the predictions are even
worse than those for F1.

As a conclusion of the experiments so far in this section we note

1. In the context of kernel interpolation both ML and LOOCYV methods can be recom-
mended for selecting unknown kernel parameters. At least in the cases where the issue
of ill-conditioned interpolation systems does not come into play the parameters chosen
by these procedures in general lead to satisfactory approximants.

2. A reasonable prediction of the L?-approximation error as obtained under statistical
model assumptions is in general not available in the context of kernel interpolation.
While the MLE estimates turned out to be not very sensitive to violations of assumption
(7.28) when the purpose is approximating f, these assumptions need to be satisfied
sufficiently well in order to yield adequate predictions of the L?-approximation error.

We finally study if (RE)ML or LOOCYV can be used to guess the smoothness of f.

7.5.3 Choosing the smoothness of the interpolation kernel

The two test function considered above are both in C*°([0, 1]?) which justifies the use of the
infinitely smooth inverse multiquadric kernel. Now we want to consider a test function f with
finite smoothness and use the Whittle-Matérn kernel with the parametrization as in (6.33).
By Theorem 6.7.1 we know that we can expect optimal convergence rates also for kernels
whose corresponding RKHS is smoother than f, and so from the point of view of prediction
accuracy it is not clear how smooth the interpolation kernel should finally be. It is therefore
interesting to ask

e Which kernel smoothness yields the best predictions? In particular, are kernels prefered
whose corresponding RKHS contains f7?
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E-289 H-289

Figure 7.14: Perspective plot of F9 (left) and contour plots of RMSE(r, v) for E-289 and H-289 (right).

e Which kernel smoothness is suggested by (RE)ML and LOOCYV methods based on the
available data?

A first answer to this issue is obtained by looking again at the simulation study in Section
7.3. The simulated sample paths studied there were all (according to the theoretical results
from Section 5.5) just barely not in W'?([—1,1]?) and we could just ignore their stochastic
background, take a numerical analyst’s point of view, and use this smoothness information
only. In any case a look at Figure 7.4 then tells us that the best prediction is obtained
for a smoothness parameter v somewhere around 1.0, which corresponds to a kernel that is
reproducing in W2’2([—1, 1]2). This suggests that we should use a kernel for interpolation
whose corresponding RKHS is by d/2 smoother than f. We shall investigate if the same
conclusion holds for a test function without stochastic background.

We study the interpolation behaviour of test function F9 from [31]:

_ 2(y — &) if 0<y—&<1/2,
F@w) = 9 (eosanr(e,g) +1)/2 i r(Ey) < 1/4,
0, otherwise
where

r(€y) = \/(5— 2>2+ (y—i)Q, £=21z-0.1

This function has jumps in its first derivative, but the jumps occur only on a set of A?>-measure
zero and one can see that f is just barely not in W152(]0,1]?). It is depicted in Figure 7.14
on the left.

We only give results for interpolation based on the point sets E-289 and H-289. Using less
than 289 centres does not give a satisfactory reproduction of f and Chebyshev points also do
not seem appropriate for a function with such irregular behaviour in the interior.

Optimal parameters, parameter estimates and corresponding RMSEs for these two setups are
given in Tables 7.11 and 7.12.
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Topt T"MLE Twcv  Tcovi Tcava Vopt VMLE Vwcv Veovi  Veova
E-289 0.18 0.222 0.126 0.153 0.147 8.6 3.45 15.3 104 113
H-280 0.42 0.241 0.235 0.580 0.277 2.1 286 2.84 2.24  2.63
Table 7.11: Optimal parameter and parameter estimates for test function F9.
RMSE(f.,:) RMSE(fyrp) RMSE(Gwey) RMSE(fcvi) RMSE(fcvs)
E-289 8.220-1072 8.326-103 8.570-1073 8.263-10"2 8.287-107°
H-289 9.082-1072 9.661-1073 9.687 - 1073 9.161-10"2 9.385-1073

Table 7.12: Optimal RMSE and RMSE corresponding to the estimated parameters for test function F9.

First note that the optimal choices of r and v strongly depend on the geometry of the point
sets. With respect to smoothness we observe that the values of v that yield optimal inter-
polants are relatively big, especially so for E-289. This is remarkable because W1-%2([0,1]?)
is very rough and corresponds to a reproducing kernel ®, 5. Hence, we might expect the
optimal v to be close to 0.5 but this is neither true for the optimal nor for the estimated v/’s.
The precision of the approximation with estimated parameters is again quite satisfactory, now
with superior performance of CV1 and CV2.

To sum up we can say that our parameter selection procedures (MLE, CV1, CV2) are suit-
able to identify parameters that yield good approximants but cannot be used to identify the
smoothness of f. In statistical setup this was possible indirectly by identifying the covariance
function and applying the theorems from Section 5.5.

The situation there is however different in that the sample paths typically have the same
regularity all over T whereas our example here was irregular only on a A%-null set. This
is obviously a point where the stochastic model assumption (which assumes a probability
measure on the space of all function) is quite crucial and the methodology that can be used to
estimate the smoothness of f in the statistical context cannot be carried over to the context
of approximation theory.

139



Bibliography

1]
2]

3]

[11]

[12]

[13]

[14]

R.J. Adler and J.E. Taylor. Random Fields and Geometry. Springer, 2007.

J.M. Azals and M. Wschebor. Level Sets and Extrema of Random Processes and Fields.
John Wiley & Sons, 2009.

H. Bauer. Probability Theory and Elements of Measure Theory. Academic Press Inc.,
London, New York, Toronto, Sydney, San Francisco, second english edition, 1981.

A. Berlinet and C. Thomas-Agnan. Reproducing Kernel Hilbert Spaces in Probability

and Statistics. Kluwer, 2004.

P. Billingsley. Probability and Measure. John Wiley & Sons, New York, Chichester,
Brisbane, third edition, 1995.

Goldie C.M. Bingham, N.H. and J.L. Teugels. Regular Variation. Cambridge University
Press, Cambridge, 1987.

P. Caragea and R.L. Smith. Asymptotic properties of computationally efficient alter-
native estimators for a class of multivariate normal models. Journal of Multivariate

Analysis, 98(7):1417-1440, 2007.

J.-P. Chilés and P. Delfiner. Geostatistics. Modeling Spatial Uncertainty. John Wiley &
Sons, New York, Chichester, 1999.

K.L. Chung. A course in Probability Theory. Harcourt, Brace & World, Inc., New York,
1968.

Haroske D.D. and Triebel H. Distributions, Sobolev Spaces, Elliptic Equations. Kuropean
Mathematical Society, 2008.

T.A. Driscoll and B. Fornberg. Interpolation in the limit of increasingly flat radial basis
functions. Comp. Math. Appl., 43:413-422, 2002.

L.C. Evans. Partial Differential Equations. American Mathematical Society, 2002.

G.E. Fasshauer. Meshfree Approximation Methods with Matlab. World Scientific Pub-
lishing Co. Pte. Ltd., 2007.

T.S. Ferguson. A Course in Large Sample Theory. Chapman & Hall, London, 1996.

140



BIBLIOGRAPHY

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[25]

[26]

[27]

I.I. Gihman and A.V. Skorohod. The Theory of Stochastic Processes 1. Springer, Berlin,
Heidelberg, New York, 1974.

I.S. Gradshteyn and I.M. Ryzhik. Table of Integrals, Series and Products. Academic
Press, seventh edition, 2007.

J.H. Halton. On the efficiency of certain quasi-random sequences of points in evaluating
muti-dimensional integrals. Numer. Math., 2:84-90, 1960.

M.S. Handcock and Wallis J.R. An approach to statistical spatial-temporal modeling of
meteorological fields (with discussion). J. Amer. Statist. Assoc., 89(7):368-390, 1994.

D.A. Harville. Bayesian inference for variance components using only error contrasts.

Biometrika, 61:383-385, 1974.

C.C. Heyde. Quasi-Likelihood and its Application. Springer, New York, 1997.

LLA. Tbragimov and R.Z. Has’minskii. Statistical Estimation: Asymptotic Theory.
Springer, New York, 1981. trans. S. Kotz.

J.T. Kent. Continuity properties for random fields. Ann. Probab., 17(4):1432-1440, 1989.

H. Koénig. Eigenvalue distribution of compact operators. Birkh&duser Verlag, 1986.

John O. Kufner, A. and S. Fuéik. Function Spaces. Noordhoff International Publishing,
Leyden, 1977.

C. Lantuéjoul. Geostatistical Simulation. Springer, Berlin, 2002.

K.V. Mardia and R.J. Marshall. Maximum likelihood estimation of models for residual
covariance in spatial statistics. Biometrika, 71:135-146, 1984.

G. Matheron. Lecons sur les fonctions aléatoires d’ordre 2. Technical Report C-53, Ecole
des Mines de Paris, 1972.

V.G. Maz’ja. Sobolev Spaces. Springer Verlag, Berlin, Heidelberg, New York, Tokyo,
1980.

P. McCullagh and J.A. Nelder. Generalized Linear Models. Chapman & Hall, London,
second edition, 1989.

Ward J.D. Narcowich, F.J. and H. Wendland. Sobolev error estimates and a bernstein
inequality for scattered data interpolation via radial basis functions. Constr. Approx.,
24:175-186, 2006.

S. Rippa. An algorithm for selecting a good value for the parameter ¢ in radial basis
function interpolation. Adv. Comput. Math., 11:193-210, 1999.

W. Rudin. Real and Complex Analysis. McGraw-Hill series in higher mathematics,
second edition, 1974.

141



BIBLIOGRAPHY

[33]

[36]
[37]

[38]

[39]
[40]

[42]

[43]

[44]

[45]

F.J. Samper and Neuman S.P. Estimation of spatial covariance structures by adjoint
state maximum likelihood cross validation: 1. theory. Water Resour. Res., 25:351-362,
1989.

R. Schaback. Reconstruction of multivariate functions from scattered data. Technical
report, 1997.

R. Schaback. Improved error bounds for scattered data interpolation by radial basis
functions. Math. Comp., 68:201-216, 1999.

M. Schlather. Simulation and analysis of random fields. R News, 1(2):18-20, 2001.

S.R. Searle. Linear Models. John Wiley & Sons, Inc., New York, Chichester, Weinheim,
Brisbane, Singapore, Toronto, 1997.

Chi Z. Stein, M.L. and L.J Welty. Approximating likelihoods for large spatial data sets.
J. R. Statist. Soc B, 66(2):275-296, 2004.

M.L. Stein. Interpolation of Spatial Data. Springer, Heidelberg, New York, 1999.

H. Wendland. Sobolev-type error estimates for interpolation by radial basis functions.
pages 337-344, 1997.

H. Wendland. Scattered Data Approximation. Cambridge Monographs on Applied and
Computational Mathematics. Cambridge University Press, Cambridge, 2005.

Luk W.-S. Wong, T.-T. and P.-A. Heng. Sampling with hammersley and halton points.
J. Graphics Tools, 2:9-24, 1997.

A.M. Yaglom. Correlation Theory of Stationary and Related Random Functions I, Basic

Results. Springer, New York, Berlin, 1987.

H. Zhang. Inconsistent estimation and asymptotically equivalent interpolations in model-
based geostatistics. J. Am. Statist. Assoc., 99:250-261, 2004.

H. Zhang and D.L. Zimmerman. Towards reconciling two asymptotic frameworks in
spatial statistics. Biometrika, 92(4):921-936, 2005.

142



Curriculum Vitae

Name: Michael Scheuerer

Date of birth: 07.04.1981

Place of birth: Amberg

Nationality: German

Address: Zimmermannstr. 13, Ap. 70
37075 Gottingen, Germany

Phone: +49 (0)551 995 1627

E-mail: scheuer@math.uni-goettingen.de

School education & Military service

1987-1991 Dreifaltigkeitsschule I (primary school), Amberg
1991-2000  Gregor-Mendel-Gymnasium (secondary school), Amberg
2000-2001  Gebirgstransportbataillon 83 (military service), Kiimmersbruck

Study and Scientific career

2001-2006 Study of mathematics at Universitdt Bayreuth, Germany
and Université de Marne-la-Vallée, France (for one semester)

09,2006 Diplom in mathematics at Universitdt Bayreuth, Germany (with distinction)

since 01/2007 PhD student in the DFG graduate programme “Identification in
Mathematical Models” at Georg-August-Universitat Gottingen, Germany

Publications

(under revision) An alternative procedure for selecting a good value for the parameter ¢
in RBF-interpolation. Submitted to Adv. Comput. Math.

Language abilities

German native

English  fluent

French advanced level
Spanish  intermediate level



	Introduction
	Basic Notions of Probability Theory
	Measure and Probability
	Integration
	The Lebesgue integral
	Lp-Spaces

	Fourier Transforms of Measures
	Random Variables and Vectors
	Conditional Expectation
	Stochastic Processes

	Hilbert Spaces in Approximation Theory and Stochastics
	Reproducing-Kernel Hilbert Spaces
	Sobolev Spaces
	Canonical Isomorphism

	Expansions
	Mercer Eigenfunction Expansions
	Karhunen-Loève Expansion

	Sample Path Regularity of Random Fields
	Existence of Stochastic Processes
	Separable Random Fields
	Sample Path Regularity in the Gaussian Case
	Continuity
	Differentiability

	Measurable Random Fields
	Sample Path Regularity in the General Case

	Kernel Interpolation / Kriging
	Kernel Interpolation
	Generalized Kernel Interpolation
	Simple Kriging
	Ordinary and Universal Kriging
	Error Analysis
	Best Prediction of Random Fields revisited
	Kernel Interpolation / Kriging with Wrong Kernels

	Parameter Identification
	Cross Validation
	Maximum Likelihood
	Comparing CV and ML in the Statistical Context
	Estimating functions and information criteria
	Accuracy of parameter estimates
	Prediction accuracy with estimated parameters
	Kriging variance prediction with estimated parameters

	Maximum Likelihood revisited
	Comparing CV and ML in a Numerical Analysis Framework
	Approximation accuracy
	Prediction of the L2-approximation error
	Choosing the smoothness of the interpolation kernel



