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Zusammenfassung

In der vorliegenden Arbeit wird der konzeptionellen Frage nachgegangen, unter welchen Bedin-
gungen Zusténden in der Quantenfeldtheorie auf gekriimmten Raumzeiten thermische Parameter
zugewiesen werden konnen. Der Untersuchung dieses Problems wird das Konzept des lokalen
Gleichgewichts im Sinne von Buchholz, Ojima und Roos zugrundegelegt. In diesem Zugang wer-
den punktweise lokalisierte Quantenfelder - sogenannte thermische Observable - verwendet, um
makroskopischen Systemen, die lokal nicht zu weit vom thermischen Gleichgewicht abweichen,
thermische Parameter zuzuordnen. Im Gegensatz zu den meisten existierenden Ansitzen erlaubt
dies eine konzeptionell klare Beschreibung von Nichtgleichgewichtsphinomenen, wie sie z.B. in der
Kosmologie diskutiert werden. Zur Illustration der Resultate wird das Beispiel des masselosen,
konform gekoppelten, freien Skalarfeldes herangezogen.

Es wird zunéchst die Struktur der Menge der thermischen Observablen untersucht. Es zeigt
sich, dass diese in gekrliimmter Raumzeit keinen Vektorraum bildet und als linear unabhéngig
gewdhlt werden muss. Zwischen den entsprechenden lokalen thermischen Parametern kénnen al-
lerdings Relationen auftreten, die durch lineare Zustandsgleichungen hervorgerufen werden. Es
wird gezeigt, dass diese Beziehungen in gekriimmter Raumzeit zu Evolutionsgleichungen fiir die
lokalen thermischen Parameter fithren.

Zu thermischen Observablen, fiir die keine solchen Relationen bestehen, existieren in der Min-
kowskiraumzeit Zustdnde, denen in beschrinkten Raumzeitgebieten die entsprechenden lokalen
thermischen Parameter zugeordnet werden konnen. Ferner existieren unter einer natiirlichen An-
nahme an das Spektrum der thermischen Observablen Zusténde, die sich an jedem gegebenen
Punkt einer gekriimmten Raumzeit im Gleichgewicht befinden.

Weiterhin wird gezeigt, dass KMS Zustdnden in stationdren gekrliimmten Raumzeiten nicht
diesselbe Bedeutung zukommt wie den globalen Gleichgewichtszustdnden in der Minkowskiraum-
zeit. Der KMS Parameter § kann nicht notwendigerweise als eine inverse Temperatur interpretiert
werden, sondern setzt sich aus Beitrigen der Kriimmung, der Beschleunigung des Beobachters und
der lokalen Temperatur zusammen. Die bei dieser Untersuchung verwendeten thermischen Obser-
vablen weisen Renormierungsfreiheiten auf, die durch die Messungen in den KMS Zusténden durch
physikalisch interpretierbare Parameter fixiert werden.

Abstract

The present work concerns itself with the conceptual problem of assigning thermal parameters
to states in quantum field theory in curved spacetime, and is based on the concept of local
thermal equilibrium in the sense of Buchholz, Ojima and Roos. In this approach, point-like
localized quantum fields, so called thermal observables, are used to attach thermal parameters
to macroscopic systems, with the proviso that these systems do not deviate too far from thermal
equilibrium. In contrast to many of the existing approaches, this allows for a conceptually clear
description of non-equilibrium phenomena, for example in cosmology. The results are illustrated
using the massless, conformally coupled, free scalar field.

Initially, the structure of the set of thermal observables is discussed and it is found that in curved
spacetime these objects do not form a vector space and must be chosen as linearly independent.
However, there can be relations between the corresponding local thermal parameters which are
induced by linear equations of state. It is shown that these relations lead to evolution equations
for the local thermal parameters in curved spacetime.

For thermal observables where no such linear relations hold, there exist states to which the cor-
responding local thermal parameters can be assigned in bounded regions in Minkowski spacetime.
Using a natural assumption regarding the spectrum of the thermal observables, it is shown that
states exist which are in equilibrium at any given point in a curved spacetime.

Following on, it is argued that KMS states in stationary curved spacetimes may not be viewed



in analogy to global thermal equilibrium states in Minkowski spacetime. The KMS parameter 3
cannot necessarily be interpreted as an inverse temperature, but consists of contributions from the
curvature, the acceleration of the observer, and the local temperature. The thermal observables
used in this investigation exhibit some renormalization freedom, which can be fixed in terms of
physically meaningful parameters.
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0O Introduction

In the description of macroscopic physical systems, one often finds the term “local temper-
ature”, meaning that there is a spacetime dependent parameter that somehow takes the
role of temperature in systems which are not everywhere and at any time (i.e. globally)
in equilibrium. However, it is only for systems in global equilibrium where thermostatic
quantities like temperature are well-defined. While global equilibrium is of course an ide-
alization and local temperature is an important tool in physics [ZMR96], the conceptual
basis for the notion of local equilibrium is often quite unclear.

In the context of quantum field theory (QFT) in Minkowski spacetime, Buchholz, Ojima
and Roos have presented a way to define states which can be considered to be in local
thermal equilibrium (LTE) [BOR02]. One of several promising features of this method
is that thermal parameters like temperature are attached to these states, depending on
their microscopic properties, in a conceptually clear and mathematically precise manner.
Since the definition is purely local, Buchholz and Schlemmer were subsequently able to
give a generalization of LTE states to QFT in curved spacetime [BS07].

This is quite important; while the notion of LTE is relevant already in flat spacetime, it
should be an indispensable tool in the description of macroscopic systems in the presence
of spacetime curvature, which, in general, prevents any system from being in global equi-
librium. Cosmological models are a good illustration of this point: being non-stationary
spacetimes they do not allow strict global equilibrium and one has to resort to local
concepts. As a consequence, one often finds intensive macroscopic observables like tem-
perature, entropy densities and pressure which are supposed to vary in cosmological time
(and in space).

For example, the cosmic microwave background (CMB) is nearly thermal and hence
carries a local temperature that fluctuates on very small scales. This feature is captured
in inflationary cosmology, where quantum fluctuations of some primordial field are be-
lieved to be the origin of the observed inhomogeneities [Wei08]. However, notions like
temperature and “thermality” ultimately draw their justification from physical concepts
which are based in Minkowski spacetime. Other examples for this include the homoge-
neous and isotropic models with matter content given by a perfect fluid or as dust, which

- due to the equations of state involved - can be seen as thermodynamic in originE]

! Another example for LTE in curved backgrounds is found in the use of Boltzmann’s equation in big



CHAPTER 0. Introduction

While there is the paradigm that certain thermal effects in the early universe allow for
an "adiabatic" treatment, where one usually neglects curvature and uses Minkowskian
concepts in the description of thermodymamicsﬂ7 the question remains whether there is
a notion of equilibrium which also captures possible effects due to curvature. It has to
be local in nature and one is forced to ask if and in which way exactly notions from
thermostatics of global equilibrium are recovered in curved spacetimeﬂ We conclude that
while in many regimes it is justified to use concepts which only make sense in QFT in
Minkowski spacetime, it is important to formulate criteria for local equilibrium in the full
quantum field theory on (cosmological) curved spacetimes, in order to check whether all
features of the macroscopic physics are truly captured in these situations. For example,
it could well be that LTE has something to say about the direction of the arrow of time

or maybe forms of energy that are not accounted for in standard treatments [Buc03].

The definition of LTE states in [BOR02| and [BS07] makes use of point-like localized
“thermal” observables, whose expectation values are compared with the corresponding
expectation values when measured in a set of thermal reference statesﬂ The state in
question is considered to be in LTE if these values match, i.e. if it looks like a global
equilibrium state (distinguished by the KMS condition) when tested with the thermal
observables. The laws of thermostatics may be applied to the reference states and thus
one may define spacetime dependent expectation values of interesting thermal functions
in LTE states. Equations of state may also continue to hold, often taking the form of

dynamical constraints on the spacetime dependence of the local thermal functions.

With the definition of LTE at hand, one is faced with an important conceptual problem:
do LTE states exist in any physically meaningful QFT model? While there are interesting
examples for LTE states in free field models, see e.g. [Buc03| for LTE in Minkowski
spacetime and [Schl0] for LTE in a class of Robertson-Walker spacetimeﬂ, it is still
important to prove the existence of LTE states in a model independent setting. We
attack this problem in Chapter [2| of this thesis, with the following results. Under the
assumption that there are no global linear equations of state, i.e. no linear relations

between the macroscopic observables corresponding to the set of thermal observables, we

bang nucleosynthesis [KT90]. See [HL10] for a treatment of the Boltzmann equation in the context of

QFT.
2The reason for this is that the interaction time scales are thought to be much larger than the correspond-

ing curvature scales in the early universe. This includes discussions of Baryogenesis and Leptogenesis
[Wei08].

3For example, local equations of state ought to be influenced by curvature.

4The idea to attach thermal parameters to non-equilibrium states in curved spacetime by use of point-like

thermal observables [BS07| requires use of locally covariant quantum fields, as developed in [HWO01]

and [BEVO03], in order to compare measurements in different background spacetimes.
5Other examples have been discussed in [Bah06), [Uec05] [Hiib05, [Sch05] [Pet07, Sto09).



establish existence of states which are in LTE in compact regions of Minkowski spacetime.
Moreover, we find that the original definition of LTE in curved backgrounds given in
[BS07] is too restrictive: one cannot use vector spaces of thermal observables to define
LTE in curved spacetime. Instead, one has to use sets of thermal observables without
any additional structure, meaning that linear combinations of thermal observables are
not thermal observables again. As a consequence, we find interesting dynamical relations
for the macroscopic observables in LTE states, which also take the background geometry
into account. We also show existence of states which are in LTE at any given point in
curved spacetime. In the absence of equations of state, they retain this property in a
neighbourhood of that point.

A major assumption in our proof of existence of point-wise LTE states is unboundedness
of linear combinations of the thermal observables (in the sense of quadratic forms). This
is physically meaningful, since unboundedness of point-like quantum fields is expected
due to the uncertainty relations. Using an argument by Fewster [Few05|, we relate this
to scaling limits of the corresponding quantum fields, which allows us to prove existence
of point-wise LTE states for concrete sets of thermal observables in Chapter [3], where we
deal with the free scalar field.

The thermal observables in this particular model are given by locally covariant Wick
polynomials, which have been constructed in [HWOI], up to certain universal renormal-
ization constantﬂ due to the coupling to curvature. These ambiguities cannot be fixed
without further input, which is reminiscent of the situation in particle physics, where
quantities like mass and charge are renormalized and their values are fixed by experimen-
tal data. However, the situation is different here, because we lack simple observables in
order to fix the values of the renormalization parameters that appear even in free theories
in QFT in curved spacetime. However, as was observed in [BS07], the concept of LTE can
be used to fix some of these numbers. Namely, as we have mentioned before, there exist
interesting examples for LTE for the free scalar field: in particularly symmetric curved
spacetimes, there are KMS states wg for certain classes of observers, and one is tempted
to claim that at least some of these states should be in local equilibrium. Since the defi-
nition of local thermality depends on the renormalization constants (because the thermal
observables do), this provides criteria to fix some of these numbers for all spacetimes.

We briefly illustrate this for the conformally coupled free scalar field (-0 + %R) ¢=0
and its locally covariant Wick square :¢?:, which is a thermal observable corresponding
to the local temperature T'(z) = (12 w(:¢2:($)))_%. The definition of :¢?: is unique up to

a constant o € R:

(% — 1%+ ag R,

5«Universal” here means that these constants are the same for all spacetimes.



CHAPTER 0. Introduction

where R is the Ricci scalar. In (Anti) de Sitter spacetimes, one finds KMS states wg with
respect to particular sets of observers in certain “wedges”. Due to curvature, it is unclear
whether the KMS parameter [, = 1/Tj s
the sense of the zeroth law.m Building on work by Buchholz and Schlemmer [BS07| and
Stottmeister [Sto09|, we make a proposal to fix oy such that the conformal vacua in these
to the local

can be interpreted as a temperature in

spacetimes have a local temperature of zero. We are then able to relate T}
temperature T'(z) (4 de Sitter, — Anti de Sitter):

MS

T (@) = ¢ + (2;@)2 + ggg +T2(2). (0.1)

The first term under the square root is a curvature term (« denotes the radius of (Anti)
de Sitter spacetime), the second includes the acceleration a of the observer and the third
term is the local temperature squared, as measured by devices that are gauged in global
equilibrium states in Minkowski spacetime. This is a generalization of formulas found
earlier in the literature [NPT96, [DLI7, [Jac98].

Thus the constant ag is fixed and hence a particular locally covariant Wick square has
been chosen. It turns out, however, that for certain values of 3 the intrinsic KMS wg states
are nowhere in LTE, which cannot be avoided by any choice of ag. But this is expected,
as these states, though passive with respect to some (in general non-geodesic) observers,
are by no means guaranteed to have all the properties of equilibrium as required by the
zeroth law. Formula can be used to understand this situation: there are several
contributions that have to contribute in a particular way in order to render a state KMS
(and hence passive) with respect to the dynamics in question. These are displayed in (0.1]),
and it is only the third contribution that is due to local thermality, while the geometry of
the underlying spacetime and the motion of the observer account for the rest.

We also discuss sets of thermal observables of differentiated Wick powers such as the
thermal energy tensor €, which was introduced in [BOR02] already and adapted for use in
curved spacetime in [SV08]. Using our definition of LTE without vector spaces of thermal
observables and €4, we find interesting evolution equations for the local temperature in
LTE states. We also discuss and adopt a new definition of the thermal energy tensor, a
choice which we illustrate in examples from “intrinsic" KMS states in curved spacetime
in Chapter [3]

Finally, we also mention that a consistent definition of LTE can be seen as selection
criterion to single out states of physical interest. For example, in QFT in curved space-
time, it is an important task to find states for the primordial quantum fields mentioned
previously. Some interesting proposals exist which are of use in inflationary cosmology,

e.g. low order adiabatic vacua used to predict the CMB-spectrum [Str06], which however

"I am grateful to Prof. D. Buchholz for pointing this out to me.



lack physical motivation as states to which one may actually attach thermal attributes.
Other proposals in case of free fields include states of low energy [Olb07| or minimal free
energy [Kiis08|, which are better motivated but seem more difficult to handle in compu-
tations. Equilibrium-like states for free fields in cosmological spacetimes have also been
constructed in [Hac10] and [DHP11], based on [DMPQ9]. However, it seems that without
a good notion of LTE, thermal functions can be attached to these states only by some ad
hoc procedure on a case-by-case basis. The notion of LTE discussed here may therefore

help to clarify the local thermal properties of the states in these examples.

In this work, we use units where A = ¢ = G = 1 and we usually measure temperature
in units of energy, i.e. we put kg = 1. See [Wal84, Appendix F| for discussion and details
on units. We use Einstein’s summation convention and employ abstract indices a,b, ...
and indices p, v, ... pertaining to a particular frame (coordinate or non-coordinate). We
use the curvature conventions of Misner, Thorne & Wheeler [MTWT73| and Wald’s book
[Wal84] (the conventions for curvature quantities are the same as in [HET73]). That is,
our sign convention for the metric gq is (—, 4, +,+) and in a local chart, the Riemann

curvature tensor is given by
Ryuno” =T o0 = T0pp + T 0ol 0 = T p I e
The Ricci tensor and Ricci scalar are defined by

Rap = Rcacb and R = gabRab-






1 Quantum Field Theory in Curved

Spacetime

In this chapter we recall preliminary material essential to this thesis. We provide basics
on Quantum Field Theory in Curved Spacetime in its modern appearance, locally covari-
ant Quantum Field Theory [BFV03|, which is needed in order to discuss local thermal
equilibrium in curved spacetime. Since we discuss local thermal equilibrium states for the
Klein Gordon field in Chapter [3| we also provide some material on the free scalar field
and the corresponding Wick powers.

The three classical textbooks on quantum field theory in curved spacetime are [BD84]
[ul89, (Wal94], while a more recent treatment dealing also with locally covariant quantum
field theory can be found in [BF09]. The material covered in this chapter is well known

and details can be found in the literature as indicated.

1.1 Locally Covariant Quantum Field Theory

Quantum Field Theory (QFT) in Curved Spacetime describes quantum fields in the pres-
ence of gravitational fields in regimes where the quantum nature of gravity does not play
an important réle. While the back-reaction of the quantum fields on the metric is an im-
portant topic in this field of researchﬂ it is usually neglected and we shall discuss neither
the sources nor the dynamics of the gravitational field. Gravity is therefore described by
a classical spacetime as in general relativity: it is a connected, oriented four-dimensional
manifold M, equipped with a smooth Lorentzian metric g. Standard references include
[HE73, MTWT73| and [Wal84].

The initial successes that sparked interest in QFT in curved spacetime were the dis-
covery of particle creation in expanding universes [Par69|, the prediction of black hole
radiation [Haw75| and - closely related - a finite temperature registered by observers that
are uniformly accelerating through a vacuum state [Unr76]. A recent application was
found in inflationary cosmology, where fluctuations of quantum fields are used to under-

stand initial density fluctuations in the early universe, see [Wei0§| for example.

'See for example [Hacl0] and references therein.



CHAPTER 1. Quantum Field Theory in Curved Spacetime

However, the study of QFT on manifolds is rewarding in itself; it has led to a deeper
understanding for the structure of QFT and opened a clearer perspective on which parts
of the theory are tied to specific spacetimes and their symmetries, and which are yet more
fundamental. The existence of a vacuum state, a well defined particle picture and global
equilibrium states in Minkowski spacetime are prime examples for structures that do not
generalize straight-forwardly to curved spacetimes [Wal94]. It was learned that it is the
algebra of observables that must be seen as more fundamental than these concepts - the
construction of a theory has to proceed in a manner that is independent of particular
states on this algebral’}

More recently, it was even realized that there are tremendous conceptual advantages
in constructing QFT simultaneously on a large class of spacetimes in accord with the
principle of general covariance known from classical general relativity [HWO01, BEV03].
This novel approach, known as locally covariant Quantum Field Theory (IcQFT), has led
to new model independent results in QFT in curved spacetime such as the spin-statistics
connection [VerQl], partial results on the Reeh-Schlieder property [San09|, the analysis
of superselection sectors [BRO7, BR09| and new ideas on quantum energy inequalities
[Few07, [FP06]. Furthermore, the principles of locality and covariance have been essential
in the perturbative construction of interacting QFT in curved spacetime [BF00], see also
[HWO01, HWO02]. Moreover, new approaches to questions in cosmology have been found,
see [DHMP10], [DEP0S8] and [DV10].

Since the definition of local thermal equilibrium in curved spacetime relies on locally
covariant quantum fields [BS07, [Sol10], we give an introduction to IcQFT here. Inspired
in part by [Fewll] and [HWI0], we also give a (somewhat heuristic) motivation for its

structure.

1.1.1 Spacetime Geometry

Before we begin our recapitulation of lcQFT, let us summarize some concepts from
Lorentzian geometryﬂ. Consider a Lorentzian manifold (M, g). Choosing the signature of
the metric g as (—,+,+,+), a vector X € T, M is space-like if g,(X,X) > 0, time-like
if g-(X,X) < 0 and light-like g,(X,X) = 0. The zero vector X = 0 is defined to be
space-like. A piecewise C'-curve is space-like, time-like or light-like if its tangent vectors
possess the corresponding property everywhere along the path. The class of causal curves

consists of all piecewise C''-curves which are time-like or light-like.

2This issue is relevant already when dealing with QFT in Minkowski spacetime (Algebraic QFT, see

[Haa96]), but it becomes even more important in the presence of curvature.
3 Apart from the references on general relativity mentioned before, we refer to [O’N83] and [BEE96] for

detailed expositions.



1.1. Locally Covariant Quantum Field Theory

The set of time-like vectors at x € M consists of two connected components. We desig-
nate one of them as future and the other one as past. Doing so in a continuous fashion for
all x € M yields a time orientation for the Lorentzian manifold (M, g). Correspondingly,
a time-like or light-like curve is called future (past) directed if its tangent vectors lie in the
closure of the future (past) everywhere along the path. For later reference, we also define
the future light cone V,& (past light cone V) at z, which consists of all future (past)
directed light-like vectors in T, M.

It is necessary to introduce some further causal structures. The causal future (past)
JM(z) (JM(z)) of a point & € M consists of z itself and of all points which can be

reached by a future (past) directed causal curve in M. We write
JM () := JM () U TM (),

which means that J™ (x) comprises all points that can be reached by causal curves emerg-

ing from x. For a subset O C M, we write
TN (0) = Ugeo Y ().

Finally, we collect all information on the geometrical structure of a spacetime in the

following notation.

Definition 1.1.1. The spacetime M consists of the Lorentzian manifold (M, g) together

with an orientation and a time orientation.

In 1cQFT, the topological and geometrical data that constitute spacetime serve as back-
ground structure for the formulation of the theory. It is therefore natural to be interested

in maps between spacetimes that preserve these structures in a suitable sense.

Definition 1.1.2. A map ¢ : M — N is called hyperbolic embedding of M into N if it
is an orientation and time orientation preserving isometryﬁ such that ¥(M) is a causally

conver subset of N i.e. every causal curve in N that begins and ends in (M) is contained
wholly in ¢ (M).

If v : M — N is a hyperbolic embedding, one may view N as an enlargement of M.
In this regard it is worth noting that the natural embeddings of subspacetimes of a given
spacetime are special cases of hyperbolic embeddings. Symmetries may also constitute
hyperbolic embeddings, for example the proper orthochronous Poincaré transformations
of Minkowski spacetime into itself. This particular symmetry is needed for the charac-

terization of global equilibrium states in Chapter [2] because the action of the proper

*An isometry ¢ : (M, g) — (N, h) is a diffeomorphism such that ¢.g = h|yary for the inverse pull-back
Yeg = (W71 g of g.



CHAPTER 1. Quantum Field Theory in Curved Spacetime

orthochronous Poincaré group symbolizes that there are inertial trajectories with respect

to which a system can be in equilibrium.

With our geometrical notation in place, we are now in a position to start discussing the
physical principles underlying 1cQFT. Firstly, it seems natural to assume that physical
experiments, if conducted in isolation from the rest of the world, range over a finite
timespan and over finite spatial extent. Given a spacetime M, a reasonable requirement
is therefore that

JY (p) N JM(q) is compact for all p,q € M. (1.1)

Moreover, one would like to be able to distinguish a “before” and “after” for an experi-
ment. A more formal statement is that M should not contain any closed causal curves.
Technically, one should even impose the stronger condition that spacetime contains no
“almost closed” causal curves. This is called strong causality, see [Wal84, Chapter 8.2] for
a precise definition.

A further restriction on the geometry of M arises from the need to assign sensible
dynamics to any physical system propagating on it, for example quantum fields. A subset
of M is called a Cauchy surface if each inextendible time-like curve intersects it at precisely
one point. Cauchy surfaces are therefore reminiscent of surfaces of constant time in flat
spacetime. If M contains a Cauchy surface 3, any sensible notion of dynamics should thus
allow prediction and retrodiction of the behaviour of the system on all of M by knowledge

of suitable initial data on X.

Theorem 1.1.3. The following three conditions are equivalent:
(i) M is strongly causal and (1.1)) holds.

(11) There exists a Cauchy surface in M.

(111) (M, g) is isometric to (R x S, —fdt + hy). Here, f is a smooth positive function
and hy is a Riemannian metric depending smoothly on t and for each t, {t} x S is

a smooth Cauchy surface for M.

Although known for a long time [HE73, [Wal84! [0’N83|, a formal proof of this important
result was completed only recently [BS05]|. Any spacetime satisfying one (and hence all)
of the three conditions is called globally hyperbolic. Tt can be seen from condition (iii)
that on each globally hyperbolic spacetime M there exists a time function, i.e. a smooth
function t : M — R whose gradient is future-directed time-like at every x € M and all of

whose level-set{’] are Cauchy surfaces.

By this we mean the sets ¢t ~!(s) C M for s in the range of ¢.

10



1.1. Locally Covariant Quantum Field Theory

In section we review the initial value problem for normally hyperbolic differential
operators like the Klein Gordon operator, which turns out to be well-posed on globally
hyperbolic spacetimes [BGP07|. This is of importance for the construction of examples
in Chapter [3]

One is thus led to consider the class of globally hyperbolic spacetimes as physically
relevant background structure in the definition of IcQFT. Many prominent spacetimes like
Minkowski spacetime My, de Sitter spacetime and all of the Robertson-Walker spacetimes

are in fact globally hyperbolicﬁ

Definition 1.1.4. We define the category Loc, whose objects are globally hyperbolic
spacetimes. Morphisms between objects M and N are hyperbolic embeddings of M into
N.

1.1.2 Observables and General Covariance

In quantum theory, observables are represented by self-adjoint elements of a unital topo-
logical x-algebra A, the algebra of observables. For mathematical convenience, A is usually
taken as a C*-algebra, but for us it is more suitable to consider algebras which are gener-
ated by polynomials of smeared quantum ﬁeldsﬂ because the thermal observables used in
the definition of local equilibrium are of this type. They typically cannot be represented
by bounded operators.

Definition 1.1.5. We define the category Alg whose objects are unital topological *-

algebras A. Morphisms are unit-preserving, continuous injective x-homomorphisms.

The existence of a morphism A — A’ means that A may be viewed as a subsystem of

A’ i.e. morphisms represent embeddings of physical systems into larger ones.

The principle of “locality” expresses the idea that in the theoretical description of an
experiment, the only “background structure” used in the construction of observables refers
to a specific spacetime M and does not make use of data from the rest of any of the “larger”
spacetimes N that possibly extend M (in the sense that there is a hyperbolic embedding
1 : M — N). In a local theory, observables are therefore associated with spacetimes - and
it is useful to keep in mind that in the previous example M can be an arbitrarily small
neighbourhood of any point in N.

For a given quantum system, locality implies that for any globally hyperbolic spacetime
M there is an object in Alg, denoted by A(M), that serves as the algebra of observables
on M. Let v : M — N be a hyperbolic embedding. Since N can be seen as an enlarged

An important example that is not globally hyperbolic is given by Anti de Sitter spacetime.
"See [Sch90] for a mathematically precise treatment.

11



CHAPTER 1. Quantum Field Theory in Curved Spacetime

version of M it is natural to assume that A(y(M)) C A(N). Also, in a local theory no
experiment taking place in M should depend on the spacetime structure outside of M, so
one expects a close relationship between A(M) and A(¢)(M)). Put differently, one expects
the assignment M +— A(M) to behave “covariantly” under hyperbolic embeddings. This
is close in spirit to the notion of "general covariance” in classical general relativity.

We can now construct a theory that is independent of any particular background space-
time, if we formulate it simultaneously on all globally hyperbolic spacetimes. Only then
can we judge whether the theory is constructed locally and covariantly by testing how it
behaves under a change of background structure, for example the metric.

This point of view is emphasized in the following definition [BFV03].

Definition 1.1.6. A locally covariant Quantum Field Theory is a covariant functor A

from Loc to Alg.

A 1cQFT A assigns to each spacetime M the algebra of observables A(M) for M. If
there is a hyperbolic embedding ¥ : M — N, functoriality means that the following

diagram commutes:

M —“. N

Al A
AM) — A(N) .
Here and henceforth, we write oy instead of A(%). In case there are two hyperbolic
embeddings M YUNY M, one has ayoyr = a0 ayr. Moreover, aiqy, = id 4m)-
While the definition captures the aspects of locality and covariance from the previous

discussion, it is necessary to supplement it with additional conditions on dynamics and

causality.

Definition 1.1.7. Let A be a 1cQFT. A obeys the time slice axiom if the following holds:
for any morphism v : M — N such that ¢¥(M) contains a Cauchy surface of N, the map
ay : A(M) — A(N) is a *-isomorphism.

Moreover, let 1 : M — N and v’ : M’ — N be hyperbolic embeddings and assume
that their images are space-like in N: JV (»(M)) N¢'(M’) = . A is said to be causal if
it holds that

[y (A(M), vy (AM))] = 0. ]

The time slice axiom is the formal statement that there exists a dynamical law which
allows prediction of the behaviour of the system just by knowledge of it in a neighbourhood
of any Cauchy surface. Causality, on the other hand, ensures that observables which are

space-like localized are commensurable in the sense of quantum theory. As is explained in

8Given two algebras A, A, [4, A’] =0 indicates AA' —A’A=0V Ac A A cA.
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1.1. Locally Covariant Quantum Field Theory

[BEV03|, any 1cQFT that obeys causality and fulfils the time-slice axiom may be viewed as
a generalization of the Haag-Kastler approach to QFT in Minkowski spacetime [Haa96].

It is sometimes necessary to compare results of measurements with specific observables
carried out at different spacetime locaﬁuioms{ﬂ7 possibly taking into account the motion
of the apparatus with respect to local inertial frames. This is the main reason why in
this thesis we work with locally covariant quantum field theory; in the definition of local
thermal equilibrium in a curved spacetime M, one compares expectation values of thermal
observables in M with those of the “corresponding” observables in Minkowski spacetime
My [BS07]. For this purpose, a IcQFT A as such is not specific enough since it deals
with algebras of observables.m What is needed is a locally covariant definition of specific
observables themselves, i.e. the notion of a locally covariant quantum field [HWO01, BEV03].

These objects can be defined as natural transformations in the following way.

Definition 1.1.8. The objects of the category Top are topological spaces, while the

morphisms are continuous maps. We define the functor
D : Loc — Top

that assigns to each object M in Loc the space of compactly supported smooth functions
D(M), equipped with the usual topology. Hyperbolic embeddings ¢ : M — N are mapped
to their push forwards v, extended by 0 outside of )(M).

Definition 1.1.9. Given a IcQFT A, a locally covariant (scalar) quantum field ¢ is a

natural transformation between the functors D and A.

In plain terms, a locally covariant quantum field ¢ assigns to each globally hyperbolic
spacetime M a quantum field ¢,,. This means that on M, ¢,, is a distribution taking
values in the x-algebra A(M):

D(M) 3 f = oy (f) € AM).

Locality and covariance are accounted for by the properties of a natural transformation.
If ¢ : M — N is a hyperbolic embedding, then it holds that

awO¢M:¢NO¢*.

9This should be important in any statistical theory, as repetitions of measurements are done at different

spacetime locations.
107t is an intriguing question whether a given 1cQFT really describes “the same physics on all spacetimes®

[EV11]. However, as we deal with specific fields instead of whole algebras here, this issue should not

be relevant for the definition of local equilibrium.

13



CHAPTER 1. Quantum Field Theory in Curved Spacetime

Thus ¢ is simply a family of quantum fields {¢,, } indexed by all globally hyperbolic space-
times M, i.e. a “master field” subject to the afore-mentioned transformation behaviour
under hyperbolic embeddings. It is this viewpoint that allows comparison of “the same"
measurements in different spacetimes, which is crucial in the definition of local equilibrium
in curved spacetime.

More generally, we may consider a locally covariant (r, s)-tensor quantum field ¢. By
this we mean that if e is a local frame represented by a Lorentz tetradm {eu}zzm then
there exist locally covariant quantum fields

G T s D(M) — A(M)

called the components of ¢, in the frame e, which are subject to the usual transformation
law of tensord™]
Finally, it should be noted that observable quantum fields are by definition real. In the

scalar case this simply means that ¢,,(f)* = ¢,,(f), where * is the % - operation in A(M)

and f denotes the complex conjugate of f.

1.1.3 States

So far we have introduced observables and their locality properties. In order to describe
measurements, however, one needs states - defined as expectation value functionals on the
algebra of observables, see the discussion in [Ara00]. Recall that, mathematically, a state
of an algebra A with unit 1 is a continuous linear functional w : A — C which is positive,
ie. w(AA*) > 0 for all A € A, and normalized, i.e. w(1) = 1. If w indeed models a
physical state, then given an observable A = A*  the number w(A) is real and interpreted
as the expectation value of a large number of measurements of A on the system in the
state w.

We denote the set of states of A by Sts(.A). Note that Sts(A) is convex, i.e. if wy,ws €
Sts(A) then

At + (1 — Aws € Sts(A) for all 0 < A < 1.

We call a subset S C Sts(A) closed under operations if it holds that if w € S then

w(A- A%)Jw(AA*) € S for all A € A with w(AA*) £ 0.

Y This means that the tetrad is orthonormal with respect to diag(—1,+1,4+1,+1) and ep is time-like

future pointing.
120ther vector valued fields can also be accommodated in the locally covariant framework, as can locally

covariant spinor fields, in which case one has to use the category of globally hyperbolic spacetimes

with spin structure instead of Loc, see [San08] or [Hac10].
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1.1. Locally Covariant Quantum Field Theory

We mention that each state gives rise to a Hilbert space representation of A via the well
known GNS construction, see for example |[Sch90|, which allows recovery of the usual
Hilbert space setting of quantum theory once a particular state has been chosen.

A class of states that are both mathematically and physically important are KMS states,

defined here for later reference.

Definition 1.1.10. Let t — «; be a one parameter group of automorphisms of A. A
state w € Sts(A) is called (oy,3)-KMS state if for each pair of operators A, B € A there is
some function F4 p which is analytic in the strip {z € C|0 < 3(z) < 8} and continuous

at the boundaries such that
Fap(t) =wg(AwyB) and Gap(t) := Fap(t+i8) =ws((ayB)A) forteR.

KMS states are a natural generalization of the Gibbs ensembles used in quantum sta-
tistical mechanics [HHWG67]. We further discuss their role as thermal reference states in
Chapter

In view of a definition of states in the framework of IcQFT, we define the following

category.

Definition 1.1.11. We define the category Sts whose objects are all convex subsets of
Sts(A) which are closed under operations, for all objects A of Alg. Morphisms are given

by affine maps, i.e. maps that preserve convex combinations.

While quantum fields can be locally covariant, it is important to realize that the idea
of locally covariant states as a family of states {wm}, indexed by all globally hyperbolic
spacetimes M, is doomed to fail. States are non-local objects and as such do not transform
in the desired way under hyperbolic embeddings. While individual states do not show the

desired behaviour, there are sets of states which are in fact locally covariant [BEV03].

Definition 1.1.12. Given a IcQFT A, let S be a contravariant functor from Loc to Sts
such that S(M) C Sts(A(M)) for all M. S is called locally covariant state space for A if
for each hyperbolic embedding 1) : M — N there holds

S(¥) = aylsm;

where 041’; denotes the dual map of ay. For each spacetime M, we call S(M) the state
space for M.

A theory is thus specified by a pair of functors (A, S). However, one needs criteria for
the physical interpretation of the states and local thermal equilibrium may prove to be

important in this regard.
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CHAPTER 1. Quantum Field Theory in Curved Spacetime

Usually, quantum fields are rather singular objects and it is necessary to view them
as operator valued distributions. However, we also need to discuss point-like localized
quantum fields, as they are needed as thermal observables in the definition of local thermal
equilibrium. As examples show (see the next section), with a suitable choice of locally
covariant state space S, one may be able to define point-like fields in the form sense as
follows. Given a lcQFT A and a locally covariant quantum field ¢, let S be such that for
each globally hyperbolic spacetime M and for each w € S(M)

(g ()) = /M w(ba(2)) F(2) dptg ()

for all f € D(M) with some smooth function x — w(¢,,(x)). For each z € M we
may then define the point-like field ¢,,(z) as a linear form on the linear span of S(M).
There is some literature regarding point-like fields in relation to algebras of observables

in Minkowski spacetime, see [FH81] and [Bos00] in particular.

1.2 The Free Scalar Field and Wick Polynomials

A simple physically relevant example of a IcQFT arises by quantization of the free Klein
Gordon field [BEV03, BGP07|. In the discussion of local equilibrium in the following

chapters, we draw our examples from this theory.

1.2.1 The Klein Gordon Equation and Quantization

The Klein Gordon equation on a spacetime M can be derived from an action principle
with action functional [Wal84]

Skald] = /N ity L [0 (1.2)

with Lagrangian density
Lical6] = 5 Vad V46 + 3 (R +m?). (1.3)
The resulting equation of motion is the Klein Gordon equation:
Pé:=(—O0+m>+£ER)p =0, (1.4)

with mass m and curvature coupling ¢ € R. Here O := ¢®V,V, is the d’Alembert
operator on M. Regarding the choice of ¢, there are two special cases of interest: £ = 0,
minimal coupling, and & = %, conformal coupling. The latter bears its name because
the conformally coupled, massless (m = 0) Klein Gordon equation is invariant under
conformal transformations of the metric, g — Q2 g for any smooth function Q : M — R.
We discuss this in more depth in chapter
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1.2. The Free Scalar Field and Wick Polynomials

Before we proceed, let us introduce some standard notation regarding spaces of func-
tions and distributions on M. £(M) and D(M) denote the spaces of smooth functions
C*°(M) and smooth compactly supported functions C§° (M) on M respectively, equipped
with their usual locally convex topologies. D’'(M) denotes the space of distributions,
i.e. the topological dual of D(M) consisting of continuous linear functionals D(M) — C,
whereas £'(M) denotes the topological dual of £(M), i.e. the space of compactly supported
distributions. Clearly D(M) C (M) and also £'(M) C D'(M).

The theory of the Klein Gordon equation is well understood on globally hyperbolic

spacetimes.

Theorem 1.2.1. We consider the Klein Gordon operator P = —O+m?+£R on a globally
hyperbolic spacetime M.

1. Let f € D(M), ¥ be a smooth Cauchy surface of M with future directed time-like
unit normal vector field w and ug,u; € D(X). Then the Cauchy Problem

Po=1Ff, ¢lu=wu, Vaplo=wm (1.5)
has a unique solution ¢ € E(M) with supp ¢ C JM (supp f U supp up U supp uy ).

2. There ezist unique advanced (4) and retarded (—) Green'’s operators G4 for P, that
are continuous linear maps Gy : D(M) — E(M) with (i) P o G+ = idpy), (i1)
G+ o P [pn=idpr and (iii) supp(G+¢) C JM (supp @) for all ¢ € D(M).

3. The maps G4 and G_ are formal adjoints of each other, i.e.
| -Gy = [ (6= 9duy ¥ 19 € D) (1.6

A detailed proof is given in [BGP(O7]. Results 1. and 2. are not confined to the Klein
Gordon operator, but apply to any normally hyperbolic differential operator, i.e. a differ-

ential operator with metric principal part, written in local coordinates as
pP=-0+A"0,+ B (1.7)

with smooth functions A* and B. Result 3. of the theorem applies to any normally
hyperbolic operator that is also formally selfadjoint.

Note that it is essential for the result that M is globally hyperbolic. In non-globally
hyperbolic spacetimes, existence of advanced and retarded Green’s operators is not guar-
anteed. If such maps do exist, they are in general not unique and one must supply
additional boundary conditions. This accounts for the loss or influx of information dur-
ing propagation of the system on the non-globally hyperbolic manifold. In chapter [3] we

encounter Anti de Sitter spacetime as an example of this.
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CHAPTER 1. Quantum Field Theory in Curved Spacetime

Let us now define the causal Green’s operator G := G_ — G4, which is a continuous
map D(M) — E(M). Since E(M) C D/(M) and G is continuous, the map

A9 = [ £ (Go)dny Fig € DON) (1.8)

defines a distribution A € D/(M?), which we call the causal propagator. By item 2.
of Theorem one finds that A(f,g) vanishes whenever the supports of f and g are
space-like separated. Result 3. of the theorem shows that A is antisymmetric: A(f,g) =

_A(gaf)

As is explained in many standard textbooks on QFT in Minkowski spacetime, see e.g.
[IZ80], the idea of quantization is to replace the classical field observables with their
quantum counterparts such that “equal time” canonical commutation relations (CCR)
between the field and its canonical momentum are satisfied. More generally, in keeping
with the relativistic symmetry, the commutator function should be given by the causal
propagator. We have seen in theorem that this object is well defined and unique on
any globally hyperbolic spacetime. We make use of this fact in order to define an algebra

of observables for the free scalar field on curved spacetime.

Definition 1.2.2. Let M be a globally hyperbolic spacetime. The Borchers-Uhlmann
algebra for the free scalar field is defined as

where BU(M) is the algebraic direct sumﬁ
BUM) =P DM"™), DM’ :=C,
n=0

equipped with the following structures. Let f = @;f;, g = ®1g1 € BU(M). We define:
1. a product (f ® g)n(z1,...,20) := Yoo fil@r, o x) gn—i(@ig1s - X))
2. a *-operation (f*)n(z1,...,7p) := fu(@n,...,21), extended antilinearly;

3. a topology such that a sequence {ik}k, = {@,f}}x converges to f=aufif fF =
in the locally convex topology of D(M!) for all I and there exists an N such that
fF=0foralll > N and all k.

Moreover, J is the closed *-ideal generated by elements of the form —iA(f,g) ® (f®g—
g ® f) or Pf. Finally, the x-algebra A(M) is equipped with product, *-operation and
topology descending from BU(M).

131t consists of elements where only a finite number of terms in the sum are non-zero.
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1.2. The Free Scalar Field and Wick Polynomials

The field itself is defined by
o) =0 fe0e...)] € K(M)

which implies in particular that f +— ¢,,(f) is C-linear. The map ¢,, is interpreted as a

quantum field smeared with a test function f. Formally

bu(f) S =" /M e (1) () sy ().

It should be noted that the equivalence classes corresponding to the quotient BU(M)/ T
are quite large. They contain functions with support in arbitrary small neighbourhoods
of any Cauchy surface in M, a consequence of the properties of A and the following well

known result (see e.g. [San08, Lemma 3.1.16]).

Lemma 1.2.3. Let M be a globally hyperbolic spacetime and let Ox, be a neighbourhood
of a Cauchy surface ¥ in M. Every f € D(M) can be written as f = g + Ph, where
g € D(Ox) and h € D(M).

This result is a strong statement about the dynamics of the free quantum field. For any
f € D(M) and any Cauchy surface ¥ in M, ¢,,(f) = ¢, (g) for some g that is compactly
supported in a neighbourhood of ¥. Roughly speaking, we can predict observables at
any time if we know them in a small time interval. This leads to the conclusion that the
lcQFT for the free scalar field obeys the time slice axiom (see Proposition .

Let us briefly show why the x-algebra IC(M) is suitable for the description of the quan-
tized real free scalar ﬁeld@ Using the definition of ¢,,, the *- operation reads

extended antilinearly to the whole algebra. The reality of the field is thus accounted for
by the fact that ¢, (f)* = ¢, (f) for real-valued f. The set of observables consists of all
field polynomials P with P = P*.

Additionally, ¢,, obeys the Klein Gordon equation in the sense of distributions:

(P f) =0 (1.9)
for all f € D(M). Lastly, the CCR read:

[d)M(f)? ¢M (g)] = ¢M(f)¢M(g) - ¢M (Q)QSM(f) = ZA(fvg) L, (1'10)

where A is the causal propagator on M. This is indeed a generalization of the usual equal
time CCR, as can be seen from the following lemma [Dim80, Cor. 1.2][7]

1 There is also quantization of the real scalar field in terms of C*-algebras, the so-called Weyl algebras,

see [BGPOT].
5See also the well-written exposition in [HacI0].
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CHAPTER 1. Quantum Field Theory in Curved Spacetime

Lemma 1.2.4. Let 3 be a Cauchy surface for Ml with future directed time-like unit normal
vector field n. For all f € D(X) it holds that

ViGf Is= fand Gf [x= 0. (1.11)
Formally speaking, the lemma tells us that
VaA(z,y) [v= 0u(z,y) and A(z,y) [s= 0,

with dy, denoting the delta distribution with respect to the metric-induced measure on 3.

As we have mentioned, a Cauchy surface may be viewed as surface of constant time
for some observer. Thus, if x and y are of equal time with regard to that observer, i.e. if
x,y € X, it holds that

[V“(ZSM (:U)? d)l\/l (y>] = iVnA(l‘,y) = iég(l‘,y) and
[ppe (), D0 ()] = A(z,y) = 0

on the level of formal distribution kernels. But these are just the usual “equal time” CCR

for the “field” ¢,,(x) and its “canonical momentum” Vy¢p,, ().

For the construction of the lcQFT of the free scalar field, we note that if there is a
hyperbolic embedding ¢ : M — N between two globally hyperbolic spacetimes one may
define an injective *-homomorphism BU(M) — BU(N) determined by

efa0d...) (0 Y fROD...),

where 1, f = f o™, extended by 0 outside of 1/(M). One can show that this map
descends to an injective *-homomorphism oy, : A(M) — A(N) [San08|, Prop. 3.1.10].

Proposition 1.2.5. We define the functor K from Loc into Alg that assigns to each
object M in Loc the Borchers-Uhlmann algebra of the free scalar field KK(M) and to each
morphism 1 : M — N the injective x-homomorphism ay, : IK(M) — IC(N).

It follows that K is o lcQFT which is causal and obeys the time slice axiom. Moreover,

M — ¢,, 15 a locally covariant quantum field.

The result is well known for the Weyl algebraic approach [BFV03, BGP07] and details

on the unbounded case are presented in [San0§].

1.2.2 Hadamard States and the Extended Algebra of Observables

The 1cQFT of the free scalar field given by the functor K is not sufficient for many

purposes. In perturbative QFT, where a non-linear interacting theory is approximated
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1.2. The Free Scalar Field and Wick Polynomials

by a formal expansion around the corresponding linear theory, the quantities of physical
interest are Wick polynomaials and their time ordered products, i.e. fields that are generated
by products of the basic field and their derivatives, evaluated at the same spacetime point.
These objects are formally infinite and therefore are not elements of (M). They must
be defined via a suitable generalization of normal ordering, known from textbook QFT in
Minkowski spacetime [IZ80)].

While perturbative QFT is not discussed in this thesis, we note that even for the de-
scription of the free theory, the functor K is not satisfactory. One of the most important
physical observables, the energy momentum tensor, is a Wick polynomial and is therefore
not included in C(M). What is most important for us is that thermal observables are
among the Wick polynomials (e.g. the Wick square, which turns out to be a good ther-
mometer). We thus review the construction of an enlargement of the algebra /(M) which
also includes these fields. It turns out that a suitable restriction on the “small distance”
(i.e. “high energy”) behaviour of the states of (M) is needed, i.e. a replacement of the

spectrum condition known from QFT in Minkowski spacetime.

A state w of (M) is determined by its n-point functions

W (f1, . fa) = (b (f1) - Dpa ()

By the continuity of w and the Schwartz kernel theorem, the w, are distributions in
D'(M™).

Definition 1.2.6. A state w on A(M) is called even if it is invariant under the trans-
formation ¢,,(f) — —¢y, (f) A state w is called quasi-free, if the w™ for odd n > 1

vanish and, moreover,

w(2n) (fh R f?n) = Z w(z)(ffr(l)a fﬂ'(?)) T w(Z) (fTr(anl)v f7r(2n))7

ﬂ'enn

where II,, is the set of permutations of {1,...,2n} with n(1) < 7(3) < --- < 7(2n — 1)
and m(20 — 1) <7(26),1=1,...,n.

Quasi-free states are closely related to a Fock space picture, see e.g. [BR,96]E

One defines normally ordered products with respect to any quasi-free state w on K(M)

16Clearly, the n-point functions of an even state vanish for odd n.
17Quasi-free states are also called Gaussian states, because they satisfy w(e!®m (1)) = exp(f%w@)(f, )

in the sense of formal power series.
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CHAPTER 1. Quantum Field Theory in Curved Spacetime

recursively via the relations

def.
:¢M: = ¢M7
def.

D (1) o O (1) = 1y (@1) o Py (T0): Dpg (Trg1) (1.12)
= g (@1) by () - by (@) 0P (@, Tag),
=1

where ~ indicates that the corresponding factor is omitted. Note that the normally ordered

products

Wiz, ... xn) = 0y (21) ... Opp(@n): (1.13)

are symmetric in all of their arguments and, when smeared with test functions, are ele-
ments of JC(M). The sought for enlargement of (M) is generated by W,, smeared not
only with test functions, but also with certain compactly supported distributions. This is
because Wick products are defined by restriction of the W), to the diagonal z; = - -- = xy,,
which can be achieved by smearing W,, with the distribution fé,. Here f € D(M) and
on € D'(M™) is the “diagonal distribution”

/h(xl,...,xn)én(acl,...,xn)dug(xl)...dug(q:l)—/h(x,...,x)dug(x). (1.14)

Thus the definition of Wick powers involves taking the pointwise product of distributions,
which is in general ill-defined.

In Minkowski spacetime Mg, normal ordering can be done with the help of the distin-
guished vacuum state wo on A(Mjp). The state woo is quasi-free and in the massless case,

which we consider here for simplicity, the corresponding two-point function is given by

1 1
(2) — lim —
woo' (7,y) gli% 472 (x — y)? +ie(xo — yo) + €2 (1.15)

in global inertial coordinates, where (z —y)? is the Minkowski inner product derived from
the Minkowski metric. Note that is to be understood in the sense of the the usual
e-prescription, i.e. the limit must be taken after smearing with test functions.

We see that the two-point function is smooth for space-like and time-like related x and
y, while it singular for (z — y)? = 0. Loosely speaking, this indicates that the product
of fields @y, (%)Pp, (v) is singular at (z — y)?2 = 0 and the square of the field must be
defined using normal ordering, i.e. by “subtraction of the singularity”@. The result is that

(2)

Wick polynomials can be evaluated in any state w with the property that w® — wiZ is

sufficiently regular.

18This is equivalent to the more commonly known reordering of creation and annihilation operators in

momentum space in the usual Fock space picture from which normal ordering derives its name.
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1.2. The Free Scalar Field and Wick Polynomials

However, since the Wick polynomials are elements of an algebra, we must also worry
about their products. Wick’s Theorem [IZ80] states that, schematically,
Wiy W = Whgpm + z w(2) Witm—2

1 contraction

+ Y WO Wt (1.16)

2 contractions
where a contraction means the suppression of two arguments in the subsequent normal
products. We see that by (1.16)) the product of two Wick powers contains powers of
2
W (x,y).
In Minkowski spacetime, one may use techniques from Fourier analysis in order to show

2)

objects like weo’ (x, y)™ are well defined distributions. One finds that the Fourier transform
of w(x —y) := wég) (z,y) has support in the positive light cone. This is a special instance
of the spectrum condition [Haa96| and it is this fact that makes it possible to define
w? (z,y)™ by n-fold convolution of the Fourier transforms of w [RS73].

A general curved spacetime M possesses no translation symmetry and hence one cannot
make use of global Fourier techniques. In general, the notion of a vacuum state does not
exist[ig] and there is no global analogue of the spectrum condition. It was found, however,
that the spectrum condition finds a local analogue in curved spacetime using techniques

from micro-local analysis.

We provide some basics on micro-local analysis and additionally refer the reader to
the standard monograph [H6r90| or to [RS75, [Str09, BEF0Q] for introductory accounts. It
is a standard result that a distribution u € &'(R™) is smooth if and only if its Fourier

transform decays rapidly, i.e. for any n € N there exist constants C,, such that
[u(k)] < Cu(1+ [K)"

for all k € R™\ {0}. Here |k| denotes the Euclidean norm of k.

If w is not smooth the Fourier transform may still decrease rapidly in certain “regular
directions. The set of these directions is an open cone in R™ \ {0} and moreover, it is
stable if we multiply u by some f € D(R™). Since for any f € D(R") and u € D'(R"™) the
product f-w is a distribution with compact support, this suggests a strategy on how to

define regular directions in the general case when u € D'(R"™).
Definition 1.2.7. A regular direction for a distribution u € D'(R™) is a point (z,k) €
R™ x (R™\ 0) for which there exist an f € D(R") with f(x) # 0, a conicETI open neigh-
bourhood V' C R™\ 0 of k and constants C,, for all n € N such that

((f - w)(k)] < Cu(1+[K))™"

19Gee [Wal94] for further elaboration on this point.
20Recall that an open subset V' C R™ is called conic if ¢ € V entails that Ag € V for all X > 0.
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CHAPTER 1. Quantum Field Theory in Curved Spacetime

for all k € V. The wave front set WF(u) of a distribution u € D'(R") is defined as
WF(u) := {(z, k) € R" x (R"\ 0) | (x, k) is not a regular direction for u}.

The wave front set not only encodes the singular support of a distribution but also
the directions in Fourier space in which the distribution fails to be rapidly decreasing.
If uw € D'(R™) is smooth, WF(u) = (. Moreover, WF(Du) C WF(u) for any partial
differential operator D and WF(fu) C WF(u) for smooth f.

The notion of a wave front set of a distribution can be lifted to any smooth manifold.

Lemma 1.2.8. The wave front set transforms covariantly under diffeomorphisms as a
subset of T*R™. One can therefore extend its definition to distributions on general mani-
folds M by patching together the wave front sets in different coordinate patches of M. For
u € D'(M) one finds WF(u) C T*M \ {0}, where 0 denotes the zero section of T* M.

The mathematically precise condition concerning when the pointwise product of distri-

butions exists makes use of wave front sets.
Theorem 1.2.9. Let u,v € D'(M) and define
WF (u) ® WF(v) := {(z,k+1)| (x,k) € WF(u), (z,1) € WF(v)}.
If WF(u) & WF(u) does not contain the zero section of T*M, then one can define the
pointwise product u-v € D'(M) with WF(u-v) C WF(u) UWF (v) UWF(u) ® WF(v). If

u and v are smooth, u-v reduces to the usual pointwise product between smooth functions.

The wave front set, cf. Definition , of w? is given by |[RS75, Theorem IX.48|

WE (W) = {(z,y.k, —k) e T"M§ |z #y, (x—y)* =0, k| (z —y), ko >0}
U{(z,z, k,—k) € T*MZ | k* =0, ko > 0}. (1.17)
Theorem confirms that e.g. w?) (x,)? is well defined, since WF(wg))) @ WF(wg) )
does not contain the zero section. It is shown in [BFK96| that higher powers of wg) are
also well defined.
This result suggests that one should seek a generalization of as a selection crite-

rion for states that allow a definition of Wick products in curved spacetimd?’1]

Definition 1.2.10. Let w be a state on (M). We say that w is a Hadamard state if its

two-point function w® fulfils the Hadamard condition, that is
WF(w®) = {(z,2', k, —K') € T*(M)?| (2, k) ~ («', k), k is future directed}.  (1.18)

Here, (x,k) ~ (2', k") means that there is a light-like geodesic connecting 2 to 2’ to which
k and k' are cotangent at x and xz’ respectively, with &’ being the parallel transport of k.

When x = 2/, we require k = k’.

21 This method of introducing Hadamard states is inspired by [Hac10].
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1.2. The Free Scalar Field and Wick Polynomials

Hadamard states exist on any globally hyperbolic spacetime [FNWS8I1]. Moreover, the
set of Hadamard states on a given spacetime is closed under operations [San08, Prop.
3.1.9.], so we can define a locally covariant state space, i.e. a contravariant functor S that
maps globally hyperbolic spacetimes to the set of Hadamard states S(M) on K(M).

It is important to note is that the difference between the two-point functions of two
Hadamard states is smooth. This is why the expectation values of Wick powers (wrt.
some quasi-free Hadamard state w) exist in any Hadamard state o', i.e. we may restrict
W' (Wy(x1,...,2y,)) to the total diagonal zq = - - - = x,. Thus it follows that Wick powers
and their derivatives may be defined as point-like fields, i.e. as linear forms on the linear
span of S(M). This is crucial for the present work: as was mentioned before, the thermal
observables are Wick polynomials and it is therefore important that we are able to measure
them at points.

In order to discuss the algebraic structure of the normally ordered products, let us
define the following subset of £'(M™), n € N:

(M) = {t € &'(M™) |t is symmetric,
wr() <\ (Jwho Jwn) )l aa

zeM zeM
By definition, the sought for extension of (M) consists of the unit 1 € K(M) and
normally ordered products smeared with elements from &'(M™). It is the condition on
the wave front set of these distributions that guarantees that the smeared objects are well
defined [BF00]. By Wick’s Theorem, the normally ordered products are equipped with

the associative product

min(m,n)

Wa(f)- W, Z Wintn—2t(f @k 9), (1.20)

with the symmetrized, k-times contracted tensor product

def. n!m!
ey _ =S d ...d
F or ) nimea) D S [ (o))
( )(ylva) (2)(?/2/&—17 ka) f(xla oy Tn—ky Y1, Y3, - - - 7y2k:—1)><
g(zn—k-i-lv"-7xn+m—2k7y27y47' ")ka)7 (121)
where S denotes symmetrization in z1,...,z,. Once again, the form of the wave front

set of the smearing distributions entails that this product is well-defined [HWO0I1]. A
x-operation is given by W (f)* = W(f), extended anti-linearly.

The previously sketched construction seems to depend on the Hadamard state w used
in the definition of the normally ordered products W,. However, as has been shown in

[HWO01), Lemma 2.1], different choices for w lead to #-isomorphic algebras. Using different
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CHAPTER 1. Quantum Field Theory in Curved Spacetime

states just amounts to using a different set of generators for the same abstract algebra,
which we denote by W(M) henceforth.

Definition 1.2.11. The *-algebra W(M) constructed above will be referred to as the
extended algebra of observables for the free scalar field on the globally hyperbolic spacetime
M.

The extended algebra of observables YW(M) can be equipped with a notion of conver-
gence of sequences, based on so-called Hormander pseudo-topologies [BEOQ, HWO01), [HR02],
which has the property that IC(IM) is dense in W(M).

The assignment M — W(M) is a lcQFT [HW01, Lemma 3.1], which moreover fulfils the
time slice axiom [CF09]. It follows from results in [AR02] and [SanI0] that continuoug??]
states on YWW(M) are in one-to-one correspondence to Hadamard states on (M) that are
extended to W(M). We continue to call these states Hadamard states. Thus it is justified
to regard the set of Hadamard states S(M) as the suitable space of states on the extended
algebra W(M) and we will look for LTE states in S(M) in Chapter [3|

A slightly different formulation of the above constructions, allowing a unified description
of the algebraic structure of the classical and the quantum field theory, goes under the

name deformation quantization. An early reference for this approach is [DEF0I].

1.2.3 Locally Covariant Wick Polynomials

In this section we describe how Wick polynomials can be constructed in a locally covariant
manner. Again, this is of importance, because in the definition of LTE one needs locally
covariant thermal observables. Candidates for Wick monomials of all orders can be found
in the enlarged algebra W(M), because the diagonal distribution d,, is an element of

E'n(M) for all n. Given a quasi-free Hadamard state w, one may define

10" (f) = Wi(fon) (1.22)

for f € D(M), cf. equations (1.12)), (1.13)). In this section, we drop reference to the
spacetime M from the notation for the fields, i.e. we write ¢ instead of ¢,,.

One may also define derivatives of Wick monomials [Mor03], for example:
:¢Vu¢:w(f) = Wg(t) with t(xl,xg) = —V/(fQ)(f(xl)(Sz(xl,xg)). (1.23)

Recall that WF(0u) € WF(u) and WF(fu) C WF(u) when f is smooth, so that the
distribution ¢ is a well defined element of £'5(M). More generally, we consider the formal

adjoint [BGP07| of the differential operator we seek to apply to the normally ordered field

*2Here, the previously mentioned notion of convergence is to be understood.
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1.2. The Free Scalar Field and Wick Polynomials

and apply it to the smearing distribution ”(test function) - 6,. Fields such as :V, ¢V, ¢:
can be defined with the help of parallel transport in a natural way, see [Hacl0], for

example. It is worth noting that the Leibniz rule applies, e.g. VH:dP:w =2:9V, ¢

The previous definitions have the major defect that they do not give rise to locally
covariant quantum fields. The construction of fields like :¢":,, depends on the Hadamard
state w, which is an inherently non-local object, see [HW01 BEV03] for details. In order to
remedy this shortcoming, we first introduce a more concrete characterization of Hadamard
states, which is also more suited for performing calculations with them.

For this purpose, we define the half squared geodesic distance, also sometimes called
Synge’s world function. On a geodesically conver set O in M, by definition for each
x € O there is a set Oy C T,M such that the exponential map exp, : O, — O is a
well-defined diffeomorphism. Every globally hyperbolic spacetime can be covered with
such sets [O’N83|. On such O, we define the half squared geodesic distance by

1 _ _
o(w,y) = 5 gz (exp;” (1), exp; ' (1) (1.24)
for x,y € O. Note that 0 : O x O — R is smooth and symmetric.

Given a time function ¢t on M, we define
oe(z,y) = o(z,y) +2ie(t(x) — t(y)) + & (1.25)

Definition 1.2.12. A bi-distribution b € D'(M x M) is said to be of local Hadamard
form if, for every xg € M, there exists a geodesically convex neighbourhood O of xg such
that on O x O

bay) = i (o) + w(z.)). (1.26)

Here h. defines the Hadamard parametriz h := limo\ o he at some arbitrary scale A € R,

u(z,y) oe(z,y)
oo (2.7) +v(z,y) log( ), (1.27)

he(z,y) == 2

where the Hadamard coefficients u, v and w are smooth, real-valued bi-scalars.

This definition is a special case of the definition of the global Hadamard form given in
[KW91], see also [SVO1] for a detailed exposition. The global condition ensures that there
are no singularities in addition to the light-like ones that are found explicitly in the local
form and that the definition is independent of the choice of time function ¢.

If the bi-distribution in question is the two-point function w® of a state w, it satisfies
positivity, w® (f, f) > 0 for all f € D(M), has the causal propagator A as its antisym-

metric part and is a bi-solution to the Klein Gordon equation. Remarkably, as has been
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CHAPTER 1. Quantum Field Theory in Curved Spacetime

shown in [Rad96al, these conditions entail that if w(®) has local Hadamard form, it also
has global Hadamard form.
An even more remarkable result, also due to Radzikowski [Rad96b], is the followinﬂ

Theorem 1.2.13. Let w be a state on A(M). Then w is Hadamard in the sense of
definition |1.2.10 if and only if the two-point function w? is of global Hadamard form.

By the above discussion, we can replace the term “global” with “local” in this theorem.
Therefore, the rather abstract characterization of Hadamard states in terms of micro-local
analysis is indeed equivalent to the more concrete realization that was used much earlier in
the renormalization of the energy momentum tensor, see [Wal94] and references therein.

The fact that w® is also bi-solution of the Klein Gordon equation allows one to draw
strong conclusions about the Hadamard coefficients. Usually, v is expressed in terms of a

series expansion in o:
[e.e]
v = E vy ", (1.28)
n=0

where the v, are smooth bi-scalar coefficients. This expansion is convergent on analytic
spacetimes, but not necessarily so on smooth spacetimes. Therefore, the series is usually
truncated at some order n and in turn one requires w in only to be of regularity
cm™.

The property P,w® = 0 together with the fact that we have w® = h 4+ w for some
smooth w entails that

P.h = —-P,w,

and hence P,h must be smooth. This condition is satisfied if terms proportional to o1
and Ino in P,h vanish and this, in turn, is achieved if Hadamard’s recursion relations are

satisfied.

Lemma 1.2.14. The functions u in (1.27) and v, in (1.28)), n > 0, obey the Hadamard

recursion relations:
2V,uVés + (Oo —4)u =0 (1.29)
Pou, +(n+1) <2Vavn+1vaa + (8o + 2n) vn+1> =0 VYn>0. (1.30)
Here, all derivatives are taken with respect to the first entry.

Together with the initial condition u(z, x) = 1, this leads to the result that u is given by
the van Vleck-Morette determinant and one also finds further conditions on the coincidence

limits vy, (z, ) which serve as initial conditions for the equations involving the v,. The

#3See also [SVOI].
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1.2. The Free Scalar Field and Wick Polynomials

resulting initial value problems have uniquely determined smooth solutions, see [DB60,
Ful89l PPV1I1] or [BGPOT].

It follows that u is solely determined by the local geometry of the spacetime, while
v also depends on the parameters ¢ and m? present in the Klein Gordon operator P.
Therefore, the singular part of the two-point function w® of a Hadamard state w is, in
fact, state independent and the state dependent information of the two-point function is

contained in the smooth function w, which is also symmetric by the CCR.

Following [HWO01], we can now define Wick powers in a locally covariant manneIFE]. In
the definition of the normal ordered products W, , we replace the two-point function
w® with the Hadamard parametrix h. In this way, we have traded the non-local object
w® for a purely local quantity that has the same wave front set so that smearing with
elements of &', (M) is still well defined. Note, however, that h is defined in a geodesic
normal neighbourhood O, so strictly speaking we have defined :¢™:1,(f) for f € D(QO) only.
However, a global definition can be given using a partition of unity argument [Mor(3].
When considering Wick powers as point-like fields, this does not matter, because only
coincidence limits are relevant for the definition. The series expansion of v in ¢ may not
converge on smooth but non-analytic spacetimes. This is not an issue, however, in the
coincidence limit: one truncates the series at order n, where n is the order of the highest

derivative that appears in the Wick monomial in question.

We have identified elements of the extended algebra of observables W(M) as candidates
for locally covariant Wick monomials. According to [HWO01], the latter are expected to
fulfil certain physically motivated requirements. Firstly, there should be a notion of con-
tinuity (analyticity) of the fields under smooth (analytic) variations of the metric and the
coupling parameters &, m?. Secondly, the fields should exhibit a certain behaviour under
rescaling of the metric and &, m?. Hollands and Wald have shown that Wick monomials
satisfying the aforementioned requirements are unique up to certain local curvature terms
[HWO01, Theorem 5.1]:

n—2
P"i(x) = 9" (x) + Z <Z> Cr_p(z) %5 (), (1.31)
k=0

where :¢':;,(z) are the Wick powers defined previously with the help of the Hadamard
parametrix h. The functions C;(x) are polynomials with real coefficients in the metric,
curvature and m?, which scale as C; () — p?C;(z) under rescalings g — p~2g, m? — u?m?
and £ — £. The real coefficients mentioned here thus constitute the renormalization

freedom for locally covariant Wick polynomials. Similar conclusions can be drawn for

2See [HW02] for local and covariant time ordered products.
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CHAPTER 1. Quantum Field Theory in Curved Spacetime

Wick powers including derivatives. The most important observable of this type is the
energy momentum tensor Tj,p, which we discuss in the final part of this chapter in order
to prepare the ground for Chapters [2| and

The classical field T;}) is computed by varying the action (1.2)) with respect to the metric
[Wal84]:

2 dSka
TS = . 1.32
" Vldet(g)] 99 132
The result can be written as
1 1 1
T3} = 5VaVid® = 6VaVi6 = 5 gu( 5067 + m?6? — 6V°V.0)
+ & (Gard® = VaVid?® + gu06%). (1.33)

Using the equations of motion , one can easily show that VT ;}) =0 and g“bT;}) =
— (B(é—ﬁ)D—l—mQ) #?. In stationary spacetimes, the first equation amounts to conservation
of the energy measured by observers following time-like Killing trajectories. The second
identity implies tracelessness of T(fll, for the massless, conformally coupled scalar field.
We obtain a candidate for a locally covariant quantum field 7, that corresponds to the
stress energy tensor by replacing the monomials ¢? and ¢V,Vy¢ in with the Wick
monomials :¢?: and :¢V,Vye: respectively. The results by Hollands and Wald [HWOI]

imply that this prescription is unique up to the following renormalization freedom:
% =%+ C and :dVeVpod: = 10V Vidin + Cap, (1.34)

where C' = aogR + aym? with real constants ag, oy and Cy; is any symmetric tensor
constructed out of the metric, (derivatives of) curvature and m? with dimension length .

Making use of the Leibniz rule and recalling P := —[J + m? + £R, one calculates
Ve = —:(Vp)Po: (1.35)

and

GO = — (3(% oo+ m2) 6% — 6P, (1.36)
The right hand side of and the second term of the right hand side of vanish for
the classical field due to the equations of motion. If we had used Wick powers constructed
with respect to some quasi-free Hadamard state w, then Wick products containing a factor
P¢ would vanish. This is easily verified using the fact that w® is a bi-solution for P.
However, the Hadamard parametrix h in general does not have this property and one
computes [Mor(3]

:¢P¢:h = %[Ul] 1 and :(VHﬁ)P(ﬁ:h = T;Vb[vl] 1 s (137)
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1.2. The Free Scalar Field and Wick Polynomials

where [v1](x) := vi(x, z) denotes the coincidence limit of the Hadamard coefficient vq. [v1]
is a smooth function consisting of local curvature terms, which can be found for example
in [DF06]. Equation shows that :pP¢:, and :(Vyd)P¢:p are state-independent
quantities, but in contrast to classical field theory these expressions do not vanish.

The fact that a locally covariant Wick monomial which contains a factor P¢ does not
vanish is the origin of so-called anomalies, which are well known from earlier attempts to
define a quantum energy momentum tensor (“ Wald’s azioms®, see [Wal94] and references
therein). In any prescription, the covariant conservation law V%T,, = 0 is regarded as
being crucial, especially when trying to give sense to the semi-classical Einstein equations
[Hac10]. We are left with the renormalization freedom to deal with the anomalous
terms in and .

C and Cy, must therefore be chosen such that :(Vy¢) Pg: = 0. The resulting constraint
is [HWO05]

1 1 1
Cap — igabc ¢ = m[m] Gab + (5 - &V ViC
1 1
~ (3 = 9)9a0C + (€Gap — 5m’ga)C — T, (138)

Here, TlﬁF is the most general divergence-free symmetric tensor of the correct dimension

that depends solely on the curvature, the metric and m?:
TH" = Brlay + Bodas + B3m*Gap + Bam*gap (1.39)
with real constants §; and the two independent conserved local curvature terms
Loy = gab(éRQ +20R) —2V,VyR — 2R Ry, and
Jup = gab (ReaR™ + OR) — Vo VR + ORgp — 2Rea R %, (1.40)

2
If we define

1 1 1
Tl 1= 5 VaViis®n—:0VaVidin — g (50:6%m + mi6%n — 6V Veiin)
n 5(Gab:¢2:h VL Vb + gabD:¢2:h), (1.41)

then the quantum energy momentum tensor, renormalized according to the constraint

(1.38)), is computed to be{g_gl
1
Top = {1} + 301 gab 1} + THF 1. (1.42)
By construction VT, = 0, and the trace reads

1 1
abp (ol 2). 2. abpRF
9Ty = (3(6 HO+m )gb h 3 [v1] 1 + g% T 1. (1.43)

25The term in parentheses in equation (1.42) is Moretti’s prescription [Mor03] for the definition of the

quantum energy momentum tensor.
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Note that T£F cannot be chosen such that the state independent terms in cancel
each other. This means in particular that in the conformally coupled, massless case Ty
is not traceless. This is often referred to as the conformal anomaly. It can be shown
that anomalies cannot be avoided when dealing with locally covariant Wick polynomials
[HWO05]. Nevertheless, this discussion shows that physical principles like the conserva-
tion of the energy momentum tensor can be used to reduce the possible renormalization
freedom appearing in the definition of locally covariant Wick products. As we discuss in
chapter |3] there may be a possibility to fix the remaining free constants with the help
of thermal data, as proposed in [BS07]. Another possibility to restrict the range of the
constants with the help of the semi-classical Einstein equation and data from cosmology
is described in [DHMP10].

The constructions which we have reviewed in this section show that the physically in-
teresting observables for the quantized free scalar field can be constructed on globally
hyperbolic spacetimes, in accord with the principles of locality and covariance. The ther-

mal observables used in Chapter [3| are among them.
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2 Local Thermal Equilibrium

This chapter deals with the definition of local thermal equilibrium (LTE) states in a model-
independent setting. In Section we review the definition of LTE states given by
Buchholz, Ojima and Roos [BOR02|, and we discuss its generalization to curved spacetime
[BSO7] in Section 2.2} In this chapter we also present our own results on the structure of
the set of thermal observables and on the existence of LTE states. Most of these results
have been published in [Sol10].

2.1 Local Thermal Equilibrium States in Minkowski

Spacetime

2.1.1 Basic Definitions

In quantum field theory global equilibrium states are to be described by use of the KMS
condition [Haa96], cf. Deﬁnition Global equilibrium states have interesting proper-
ties, among them the fact that only a few global parameters play a réle in the description
of their macroscopic behaviour, for example temperature. Apart from being subject to the
laws of thermostatics, these macroscopic observables also usually obey certain equations
of state.

Many macroscopic systems of interest, however, are at best locally close to an equi-
librium situation (hydrodynamic flows, steady states, perturbations of equilibrium), and
one cannot expect to be able to assign global thermal parameters to them. Instead one
should be able to attach local thermal parameters to such states, for example a tempera-
ture parameter that is spacetime dependent. At the same time, equations of state should
become “local" in the sense that they are possibly replaced by evolution equations for the
local macroscopic observables. The definition given in [BOR02| captures these aspects of

local equilibrium.

Before we give a definition of LTE based on [BOR02|, we need to recall the charac-
terization of global thermal equilibrium for QFT in Minkowski spacetime. In view of a
generalization of LTE to curved spacetime, we assume that we are dealing with a locally

covariant quantum field theory A with locally covariant state space S. We use abbrevia-
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tions like Ag := A(Mp) and Sy := S(Mp) for objects in Minkowski spacetime Mj.

My is maximally symmetric and hence there is a ten-dimensional symmetry group
acting on Mg by hyperbolic embeddings. It is the proper orthochronous Poincaré group
771 =R*x ﬁl, i.e. the semi-direct product of translations and the proper orthochronous
Lorentz group L' Since A is a IcQFT, there is an automorphic action 771 on Ap:

PJ_ 3 (a,A) — aga € Aut(Ay).

In the case of a pure translation, we write a — « instead of aq j.

The dynamics of an inertial observer is given by time translations, i.e. time-like isome-
tries 1;(z) = x + te for some e € R* with €2 = —1 and €* > 0. The corresponding
one-parameter group of automorphisms acting on Ag is t — aye. If a state wg € Sy is
a (aue,)-KMS stateﬂ for some time-like unit vector e? = —1, ¢ > 0, it is viewed as a
global equilibrium state at temperature T = % by any inertial observer moving along a
trajectory v with o/ = e.

The justification for this is found in the fact that KMS states are generalizations of finite
volume Gibbs ensembles to the infinite medium [HHWG67|. There are also several other
results that relate natural characterizations of global equilibrium to KMS states, either by
their behaviour under small perturbations of the dynamics [HB74], their characterization
via passivity, related to the second law of thermodynamics [PWTS], or through the prin-
ciple of detailed balance and the zeroth law [KFGVT7]. See [BR96] for more information
on KMS states.

As in [BORO02|, we encode the information on the rest frame e and on the inverse
temperature 3 € RT into a single time-like vector 3-e, again denoted by 3, the temperature
vector. The set of KMS states at any given temperature vector is known to form a simplex,
which implies that the elements of these sets can be distinguished with the help of central
observables (“classical” observables) such as chemical potentials or some mean energy
density.

Let us denote by V7 the set of vectors v with v? < 0 and v° > 0. In the following, we
assume for simplicity that to each 8 € VT there is exactly one KMS state. Physically,
this means that we consider systems with a single phase only. One of the consequences of
this assumption is a simple behaviour of the KMS states under Poincaré transformations.
Namely, given a KMS state wg and a transformation (A, a) € PT, the transformed state
is by definition wg o a&la. From the KMS condition it follows that wg o O‘X,la is a KMS

state with temperature vector AG. Therefore, by the uniqueness assumption

wg o ayl =wap. (2.1)

!See for example [Haad6] for details.

2Recall Definition [1.1.10
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2.1. Local Thermal Equilibrium States in Minkowski Spacetime

This means that the wg are invariant under translations. In their rest systems, they are
also isotropic.

We also assume that the functions § — wg(A) are continuous for all A € Ay. Thus,
mixtures of KMS states may be formed by means of integration with suitable measures p

on V1. The set C C Sy of reference states consists of states

Wp ::/dp(ﬁ)wﬁ. (2.2)

Reference states are generally not KMS states, but they retain the property of passivity
[PW78] and a suitable generalization of thermostatics applies to them [BOR02].

Since by assumption for each S € V7T there exists a unique KMS state wg, every
intensive thermodynamic quantity F attached to these states (thermal energy density,
entropy density etc.) can be expressed as a function of 3 alone. These functions 5 +— F(f3)
are called thermal functions. As explained before, they characterize the macroscopic
properties of the KMS states wg completely. Thus we may write F() = wg(F) and
interpret F' as a macroscopic (central) observable. Evaluated in a reference state w, € C,

one obtains the mean value of F' with regard to the measure p, cf. equation (2.2):

wnlF) = [ do(B)F().

Hence, thermodynamic quantities may also be attached to the reference states.

The basic idea for the definition of LTE states is that an ensemble which is in LTE at a
given point x € Mg should not be distinguishable from some (mixture of) global thermal
equilibrium states with regard to measurements performed with “thermal observables”
localized at x. These thermal observables are quantum fields which can be point-like
localized. Let us therefore assume that Ag is generated by a set of locally covariant
quantum fields, denoted by qSMO =: ¢g etc.. We also assume that the state space Sy is
chosen such that the ¢g(x) can be defined as linear forms on the linear span of Sy for all
x, as described at the end of section [I.1.3]

Given a quantum field ¢o(z) we define the corresponding functions

B ®(B) := ws(do(x)). (2.3)

Note that by translation invariance of the KMS states, the right hand side does not
depend on x € Mg. Moreover, it follows from our assumptions that the functions ® are
continuous. To see this, take any test function f with [ f(z)d%z = 1. By assumption,
wg(¢o(f)) is continuous in § and by translation invariance of the KMS states, one has
wg(po(f)) = wa(go(x)) = ®(B), hence 3 — ®(3) is continuous.

As is discussed in [BORO02|, not every quantum field in Ay is a good candidate for

being a thermal observable, as not all fields are sensitive to the “thermal properties” of
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the system. It seems reasonable to choose the set of thermal observables Tg such that

one may reproduce (or at least approximate) all relevant thermal functions F' by use of
equation (2.3]), schematically:

F(5) = *lm @ (5)"

for some sequence ¢(()i) € Ty. This provides a consistent link between the microscopic and
the macroscopic properties of the reference states. A simple example would be a "local
thermometer”, i.e. a scalar quantum field ¢o(z) such that the corresponding ®(3) is a
simple function of § that may be inverted. Thus the field ¢o(x) allows one to distinguish
KMS states at different temperatures T = %, but in order to distinguish the rest frames
e € V1, one also needs tensor fields.

Let us assume that a set Tg of thermal observables has been chosen and that the

functions corresponding to these fields by (2.3 are physically relevant thermal functions.

Definition 2.1.1. A state w € S is called Tg(z)-thermal if there exists a normalized

measure p,, supported in VT, such that

w(p(2)) = wp, (0(2)) (2.4)
for all ¢(z) € To(z).

Note that the x-dependence of the right-hand side of lies entirely in the measure p,,
since the reference states in C are translationally invariant by our uniqueness assumption.
The reason why we regard To(z)-thermal states as LTE states is that we may attach
thermal functions to them, depending on the size of Tq. To see this, note that we can lift

any To(z)-thermal state w to a linear functional on the space of thermal functions by

w(®)(z) := w((x)), ¢ € To, (2.5)

where @ is the thermal function corresponding to the thermal observable ¢(z) by (2.3)).
We interpret w(®)(z) as the expectation value of the thermal function ® in the LTE state
w at the point © € Mp. This is a well defined linear functional, since by Tq(z)-thermality
we have w(¢1(z)) = w(P)(z) = w(p2(x)) if @ is a thermal function corresponding to both
¢1(z) and ¢2(x). A situation where two distinct thermal observables give rise to the same
thermal function marks the occurrence of an equation of state, see the comment after the
proof of Proposition 2.1.3

In order to consider states in which the thermal functions can vary over spacetime, we
extend Definition to states that are in LTE in a region O of Minkowski spacetime.

Definition 2.1.2. A state w is called To(O)-thermal if it is To(x)-thermal for all z € O.
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The spatio-temporal behaviour of the thermal functions in the state w is thus encoded in
the functions z +— w(®)(x) obtained via (2.5). In [BOR02] it is shown that the microscopic
dynamics of the thermal observables may give rise to equations governing the spacetime

dependence of the macroscopic observables.

2.1.2 Existence of Local Thermal Equilibrium States

In the following we wish to discuss the basic question whether there exist any non-trivial
LTE states (apart from the obvious ones in C). This issue has been adressed in [BOR02|
already, where it was found that for finite sets of thermal observables T there exist
non-trivial Tgo(x)-thermal states. Here, we extend this result and show that one can find
To(O)-thermal states for any compact region O in Minkowski spacetime, cf. [Soll0].

We assume that Tg is finite. For each point x in Minkowski spacetime, we introduce

vector spaces
S(z) :=span{¢p(x) : ¢ € To}, (2.6)

which are finite-dimensional by assumption. Moreover, the S(z) are generated by lo-
cally covariant quantum fields and hence a;S(0) = S(z). This implies that all S(x) are
isomorphic as vector spaces.

On each of the spaces S(x) we define the semi-norms

75(¢(x)) = sup lwg(¢(z))] (2.7)

BeB

for compact subsets B C VT. Note that we denote each of these semi-norms by 75,

disregarding on which space S(x) they are defined.

Proposition 2.1.3. Let O be a compact subregion of Minkowski spacetime. Assume that
there is some compact B C VT such that T constitutes a norm on S(0). Then, there

exist To(O)-thermal states in Sy which are not in C.

Proof. We pick any state wy € Sp with wy ¢ C. In the following, we use wp to construct
an LTE state w that is not in the set of reference states C.

Since 7p is a norm on S(0), it is also on each S(z), x € O. Both this and the finite-
dimensionality of the S(x) imply that for each = € O there is a positive real number C,
such that

lwo(d(2))| < Cr(P(x)) for all ¢(z) € S(x). (2.8)

This in turn implies that for each x € O we can lift wg to become a linear functional
on the subspace of the thermal functions corresponding to Tg by . This is done by
setting wo(®)(z) := wo(¢p(x)), where @ is the thermal function corresponding to ¢(z) (cf.
(2.3)). In particular ® = 0 entails wo(®)(z) = 0, so the (normalized) functionals wy(-)(z)
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are well-defined for each x € O. Moreover, they are bounded by the norm 75 and thus we
may extend them to the space of continuous complex-valued functions on B, CY(B), by
use of the Hahn-Banach theorem. We choose these extensions, denoted by wp(-)(x) once

again, to be Hermitian. For each z € O we find
lwo(F)(z)] < Cp ||F||p for all F € C°(B),

where || - ||p is the supremum norm on C°(B), with respect to which this space is a
commutative C*-algebra with unit. Any normalized Hermitian linear functional on this
algebra can be represented by a normalized signed measure o, [Coh80], decomposable
into two positive measures: o, = o} — o, . Thus, for each z € O,

wol(F) (x) = /B do(B) F(8). (2.9)

Assume that we are given a positive measure 7 such that the sum o, + 7 is a positive

measure for all x € O and let us define the state

w:=(1 +T(B))—1(wo +/

B

dr(5) wﬁ). (2.10)

It is easy to see that for any x € O and for all ¢(z) € S(z), we have w(¢(z)) =
I dpz(B) wa(¢(x)) with measure

pe = (1+7(B) " (ox +7). (2.11)

In other words, w is a To(z)-thermal state for all z € O, i.e. w is To(O)-thermal. It is
not a reference state in general, since wq is not.

It remains to construct a suitable measure 7. We have obtained the functionals wy(-)(x)
for each z on the space of thermal functions corresponding to elements of S(0). However,
S(0) is a finite dimensional vector space and hence we may express each of the wp(-)(x)

in terms of a finite basis of Hermitian functionals {w'}? ;:

n

wo()(@) = ai(w) '
i=1
for some a;(x) € R. Due to the continuity of x — wo(¢(x)) for all ¢p(x) € S(x) (which is
guaranteed by our choice of Sp), we find that z +— wo(®)(x) is continuous for all thermal
functions ® corresponding to To(z). The coefficient functions a; : O — R are therefore
continuous and, by compactness of O, bounded by positive constants C;. Again, we may
use the Hahn-Banach theorem to extend the functionals w’ to Hermitian functionals on all
of CY(B), which we also denote by w’. As before, each of the w’ corresponds to a signed

measure o = o>t — g%~ and it follows that the measures o, in (2.9) can be written as
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oz = Y iy ai(x) 0. Therefore, the z-dependence of the signed measures o, is contained

in the functions a;. We now define the positive measure

n .
T = Z Cila",
i=1

where |o?] := o»T 4+ 0%~ denote the wvariations of the signed measures o?, which are by
definition positive. It is easy to see that o, + 7 is a positive measure for all x € O. This

concludes the proof. ]

The LTE states we have constructed are of the form indicated in and may there-
fore be interpreted as a “perturbation” (given by wg) around the thermal reference state
ﬁ [ d7(B) wg with appropriate measure 7. In these states, the thermal functions cor-
responding to Tg will exhibit non-trivial spacetime dependence as may be seen by the fact
that w(®)(z) = wp, (¢(0)) for all z € O. The measure p,, given by equation (2.11)), clearly
depends non-trivially on z, because the function x — wy(¢(x)) depends non-trivially on
.

Let us comment on the assumptions we made. As was shown in [BOR02|, the fact
that 75 is a norm on the spaces S(z) is equivalent to non-existence of linear constraints
emerging from equations of state, i.e. non-existence of linear relations between the thermal
functions corresponding to To. To see this more clearly, note that if 75 is a norm, it
follows that ¢(x) = 0 whenever the corresponding thermal function ® vanishes on B:
®(3) = 0 VP € B. Therefore there are no linear relations between the thermal functions
that are not found among the fields themselves and hence no linear equations of state. Note
that equations of state typically impose non-linear relations between the basic thermal
functions and therefore do not present an obstruction in the sense discussed here[]

It is shown in [BOR02] that the argument for the existence of To(x)-thermal states
at one point x can be extended to the case where 75 is only a semi-norm, which then
covers systems with linear equations of state. However, it is not clear whether the same
reasoning may be adopted in case of To(O)-thermality.

This, in fact, also presents a difficulty in exhibiting the existence of LTE states in
regions of curved spacetime, as shown in the next section. It turns out that - for a
small set of thermal observables for the free scalar field - linear equations of state yield
non-trivial dynamical constraints on LTE states. Currently, we lack a method to show
existence of states satisfying these conditions. However, there are examples of LTE states
for linear equations of state in curved spacetime (see Chapter [3)), so in principle this is no

obstruction.

3Think of the Stefan-Boltzmann law, for example, which will play a réle in Chapter
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2.2 Local Thermal Equilibrium States in Curved Spacetime

In this section, we discuss the definition of LTE states for quantum field theory in curved
spacetime. As was described in the introduction, the main motivation for this is that we
would like to be able to attach thermal parameters to states of interest, for example in
cosmological models. In the presence of curvature, this directly leads to the concept of
local equilibrium, since there are no KMS states on a general curved spacetime M and
hence no obvious candidates for states that represent ensembles which are in thermal
equilibrium. This also leads to problems when trying to define LTE, unlike in Minkowski

spacetime, as there are no reference states in S(M).

2.2.1 Definition of Local Equilibrium in Curved Backgrounds

As before, we assume that there is a IcQFT A with locally covariant state space S such
that in Minkowski spacetime, Sy includes a set C of reference states which satisfies the
assumptions laid down in Subsection Moreover, in Minkowski spacetime, let there

be a finite set of thermal observables

To = {a\",.... 8"}

It follows from the discussion in the previous section that it is meaningful to define a state

wp € Sp to be in LTE at x € My, if the “vector” of expectation values

wo(To(@)) = (wo(@f (), - wol(@f" (2))) € R”

takes its values in a certain range, namely inside the convex set

Te = { (wp(¢gl>(x)), o ,wp(gbén)(x))) lwyeClc ]R” (2.12)

The basic strategy to define LTE in a curved background M is the same: one uses
some set of point-like thermal observables and records their expectation values in a given
state w € S(M) in order to test whether the vector of their values lies within a specified
range R C R™. Since the local thermal observables in Minkowski spacetime are sensitive
to the thermal properties of the states, it seems natural to use their curved spacetime
counterparts for the definition of LTE in M. In plain terms, if ¢¢9 = Dryg 18 thermal

observable in Minkowski spacetime, we use ¢,, as a thermal observable in M . The

4This point of view makes it clear why linear equations of state have an effect on proofs of existence
of LTE states - in contrast to non-linear equations of state, they reduce the convex dimension of T¢.
While one may find a state with vector of expectation values in ¢ at some z, one also needs to make
sure that for points close to x, the vector of expectation values stays in T¢. But this is not guaranteed

even by continuity, since T¢ is not open.
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physical picture behind this is that our measuring devices are gauged in regions far away
from any sources of gravity, where spacetime is essentially flat, and then moved to the
region in which we want to probe, which may be curved.

Therefore, what matters are the locally covariant quantum fields ¢, i.e. the assignments
M — ¢,, (cf. Definition[1.1.9). However, in general, there are many choices for ¢ such that
Pragy equals a given quantum field ¢g9. Hence there is some leeway in the determination
of the thermal observables in curved spacetime. This will become apparent when we deal
with the scalar field in Chapter [3]

Since there are no reference states in S(M), the next question is what the set %R should
be. Buchholz and Schlemmer [BS07| argue that since thermal observables are gauged
in flat spacetime, one should choose R = %. This means that we distinguish LTE
states in curved spacetime by requesting that they respond like thermal reference states
in Minkowski spacetime when tested with thermal observables.

For notational simplicity, let us assume that the fields ¢ in T correspond to con-
travariant tensors of rank r(¢). For x € M, we define the set T(z) to consist of all the
components of the fields gﬁl(\?, i =1,...,n, in some local Lorentz frame {e,(x)} at z. At
the origin 0 of Minkowski spacetime Mg, we thus also have the set T((0), defined with
respect to some Lorentz frame {e,(0)}. For the comparison of measurements performed
at z € M and at 0 € My, we have to identify the tangent spaces at these points, which
is done by identification of the frames {e,(x)} and {e,(0)}. More specifically, we identify
(pz)«@y With (cpo)*qﬁMo, where ¢, := e, oexp, ! are normal coordinates on some geodesic
normal neighbourhood O C M of x, with e, being the isomorphism between exp,!(O)
and its image, afforded by {e,(z)} (similarly for ¢y and {e,(0)}).

Definition 2.2.1. A state w € S(M) is T(x)-thermal if for some reference state w,, € C
it holds that

w(gb&), HLeee () (':U)) = wpz (¢1(\j1)0 y MLeeef () (0))

for all p1,..., pp foralli=1,...,n.

Using the identification of (¢3)«¢y With (¢0)«¢y,, in the geodesic normal set O, we
can extend the definition of LTE to regions. Thus we say that w € S(M) is T(O)-thermal
if it is T(y)-thermal for all y € O with respect to this identification of frames.

Thermal functions can now be attached to an T(z)-thermal state w as in Minkowski
spacetime, i.e.

OBy @) 1= W (@), (2.13)

where @ is the thermal function corresponding to ¢, = ¢o by equation (2.3).
The identification of the two frames {e,(z)} and {e,(0)} by use of normal coordinates

is arbitrary. The definition of LTE is not affected by this choice, as the following example
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illustrates. Let w € S(M) be in LTE at x with regard to some thermal observable ¢, ,.(z)
under the identification of {e,(z)} and {e,(0)}. For simplicity, suppose w has a definite

temperature vector 3 € VT at z. This means

W(Ppp, (7)) = WPy, 1 (0))- (2.14)

Choosing another frame ¢/(x) = e(z)A~! (where A is some (proper) local Lorentz trans-
formation of T,, M), we find

(b (@) = (A (g (@)
(ALY, ws(do,u(0))
= wag(do,u(0)),

where the last equality follows from the transformation law of the KMS states under the
Poincaré group (2.1). Had we now identified {e], ()} and {e,(0)}, we would still conclude
that w is in LTE with the same scalar temperature 3 € R*. However, the thermal function
®,, corresponding to ¢, , is transformed according to the transformation of the local frame
in M.

Observation 2.2.2. Using some local Lorentz frame e(z), let w € S(M) be T(x)-thermal
and let w(®)(x) be the local thermal function corresponding to some ¢ € T. If e(z)A~!(z)
is another frame, then w is also T(x)-thermal with respect to this new frame and the local

thermal function corresponding to ¢ is w(A*®)(x).

This is the local equivalent of the transformation behaviour of global equilibrium states

under Poincaré transformations of My.

It should also be noted here that in the context of curved spacetimes, it is not possible
to work with vector spaces of thermal observables, as originally proposed in [BOR02] and
[BSO7]. As was pointed out in [Soll0)], linear combinations of thermal observables are
generally not thermal observables.

Let us illustrate this in the example of the massless, conformally coupled scalar field
P¢:= (04 ¢R)¢ = 0 (cf. Section , the thermostatics of which we treat in the next
chapter. The set of locally covariant thermal observables which we use here is given by
ISVO8|

T® .= {1, 6%, ew}. (2.15)

Here, the tensor ey is the thermal energy tensor [BOR02), ISV08], the components of which
are given at x € M by

€ (z) = —ib(V . Vo):() + ivuvyz¢2:(a:) (2.16)

SNote that, using the Leibniz rule, one can express this tensor in different ways.
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After choosing an identification of frames as described before, the condition of T?)(z)-
thermality of a state w € S(M) is

(6% (2)) =wp, (:6%0(0)) and
w(€ew(x)) =wp, (€0,,(0)) for p,v =0,1,2,3 (2.17)

for some thermal reference state w,, in Minkowski spacetime.
At x € M, we havd]

1 1
e () = 15:(1)2:(1:) - 6R:¢2:(a:) + :¢pP¢:(x).
It follows from the discussion at the end of Section [[2.3] that
:pP¢:(x) =U(x) 1

with some smooth function U, which is determined by local curvature terms. This con-
tribution is related to the conformal anomaly in equation ([1.43)), see Chapter , equation

(3.31)), for its explicit form. Hence
o 1 2 1 2
() = ZD:QZ) P — 6R:¢) (x) +U(x) 1, (2.18)
yet at the origin of Minkowski spacetime the same linear combination yields
M 1 2
€0, (0) = ZD:d) :0(0). (2.19)

Therefore, the locally covariant quantum field (:¢?:, which is actually a linear combination

of the elements of T3, cannot itself be a thermal observable. This instead would require
w(T:¢™:(x)) = wp, ((:6°0(0)) = Oy, (:6":0(0)) =0

(by translation invariance of the reference state w,, ) and thus by equations ,
and T (z)-thermality of w it follows that tR(z)wp, (:¢%:0(0)) = U(z). Since the Wick
square is, up to a constant, the mean of the local temperature squared, it follows that, at
x, the expectation value of the local temperature takes a fixed value (determined by the
ratio U(x)/R(x)) for all LTE states. This, of course, is not a sensible prediction.

Observation 2.2.3. The identification of T (z) and T(?(0), provided by the locally
covariant quantum fields, cannot be extended to a linear map between span{T(® (z)} and
span{T?(0)}.

SRecall that O:¢%:(z) = 7YV, V.:¢*:(x), since the frame is taken to be orthonormal at z. Here, n*”

are the entries of the diagonal matrix diag(—1,1,1,1).
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This would require the term U(z)1 — £ R(z) :¢*:(z) to vanish, which it clearly does not.
If we accept, however, that [J:¢?: is not a thermal observable, we see that the condition
of T(?)()-thermality does not require it to take the same value in w as [:¢:(0) does in
the reference state w, (i.e. zero), but by equations (2.18)), and T® (z)-thermality
the expectation value w([J:¢?:(z)) is fixed by

iw(Dbe:(m)) — éprz(:qZ)Q:o(O)) +U(z)1=0. (2.20)

Therefore, the definition of LTE on curved spacetimes given in [BS07| has to be relaxed,
by just considering sets of thermal observables instead of whole vector spaces.[] Note,
however, that in some instances it may be possible to define thermal observables in curved
spacetime whose linear relations among each other are of the same form as in Minkowski
spacetime, in which case there can be a vector space structure on the set of thermal
observables. See our discussion of the modified thermal energy tensor in Sections and
for an example of this. In general, however, it is not clear whether such a choice is
always possible and we tentatively assume that there is no additional structure on the

sets of thermal observables.

Assuming that w is T(Q)(O)—thermal for some open region O C M, one can interpret
equation (2.20)) in the following way. Using the fact that

w(:0%(2)) = Das(:6°(2))
= Ouw,, (:6*:0(0))

by T (z)-thermality, we find the following differential equation that governs the be-

haviour of the function z — w,, (:¢*:0(0)) in O:

(500 + §R@) ) e (#0(0) = V(o) 2:21)

As we have mentioned before, the thermal function corresponding to the Wick square is

up to a constant the temperature squared [BOR02].

Observation 2.2.4. The condition of LTE entails an evolution equation of Klein Gordon

type for the mean of the square of the local temperature 7'(x) of the system in O:

(~100 + §R(@)) Toa) ~ U@ 2.22)

This is one of the instances where in a LTE state the microscopic dynamics of the system

yields an equation that governs the spacetime behaviour of a macroscopic observable. It

TOf course, the use of vector spaces of thermal observables is valid and equivalent to our definition in

the particular case of Minkowski spacetime.
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is an interesting generalization of the corresponding equation in LTE states in Minkowski
spacetime. We will discuss equation in more detail in Chapter |3] where we also
propose a redefinition of the thermal energy tensor which also alters the form of .
We find that linear constraints, arising from equations of state, in LTE states find a
local analogue in evolution equations which depend on the spacetime geometry. l.e. the

“local equations of state" depend on the background, which is something to be expected.

We have seen that relations among the microscopic observables (i.e. quantum fields)
play an important réle in the theory of local equilibrium. In particular, one has to be
careful in the choice of of sets of thermal observables. Here, we introduce a criterion which
we consider necessary for a consistent definition of LTE in curved spacetime. As before,
we illustrate our point using the model of the Klein Gordon field, for simplicity taken to
be massless and conformally coupled.

In [BORO02] it was explained that, in this model, the stress energy tensor Ty, cannot be
a thermal observable in Minkowski spacetimeﬂ From the point of view of locally covariant

quantum field theory, there is another reason why Ty, cannot be a thermal observable.
From equation (|1.43]) we see that

9T = ( [v1] + ¢ TH) 1, (2.23)

472
which is the conformal anomaly. As explained before, the right hand side of this equation is
in general non-vanishing in a curved spacetime M, while it is identically zero in Minkowski
spacetime M. Had we chosen Ty, as a thermal observable, and were w € S(M) to be
in LTE with respect to this thermal observable in the sense of Definition then at
r € M:

_41?[@1](9:) + T (@) = (T (z))
i (T (0)) (2.24)
=0,

which is a contradiction - meaning that there cannot be any states in LTE with respect
to Typ.

The reason is that the set of observables consisting of 1 and T is not linearly indepen-
dent on all spacetimes and the observable 1 is state independent. We therefore propose

the following

Condition 1. The set of thermal observables T must be such that T(z) is linearly
independent for all x € M for all spacetimes M.

8T, splits into two parts, one of which vanishes in all reference states. The other one is the thermal
energy tensor €., which is a thermal observable and was used in equation 1i See Chapter |3 for

discussion.
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The set of thermal observables T2, cf. (2.15), satisfies this condition, because, as
explained before, the field (:¢?: is not a thermal observable.

Another constraint on the set of thermal observables concerns quantum fields which

contain covariant derivatives.

Observation 2.2.5. Thermal observables cannot contain covariant derivatives of order

higher than two.

The reason is that, in Minkowski spacetime, partial derivatives commute, while they do
not in the presence of curvature. It is easy to see how this leads to contradictions in the
definition of local thermal equilibrium. It is reassuring that the thermal energy tensor (as
most of the interesting observables in physics) does not contain spacetime derivatives of

order higher than two.

To summarize: in a first step, we found that linear combinations of thermal observables
need not be thermal observables again, which led us to adopt Definition [2.2.1] as the
characterization of LTE in curved spacetime. In a second step, we argued that linear
combinations of thermal observables cannot be thermal observables. The latter point
seems to be of relevance in choosing “good” sets of thermal observables in any model.

It should be mentioned that our redefinition of LTE in curved spacetime does not affect
results in previous publications on this subject, e.g. [SV08], where energy inequalities for

LTE states in curved spacetime are discussed (see also [Schi0]).

2.2.2 Existence of Local Equilibrium in Curved Backgrounds

In the following, we present our results on the existence of pointwise LTE states in curved
spacetime. The results naturally also apply to the special case of Minkowski spacetime.
However, the methods used here are unrelated to the ones employed in Section [2.1.2]
and the discussion relies on entirely different features of QFT. For notational reasons we
restrict attention to the case when our sets of thermal observables consist only of scalar
fields. However, the whole discussion, as well as the results that follow, also apply to more
general tensor fields.

Given a set of locally covariant thermal observables T = {gzﬁ(i)}?zo with ¢©) = 1, we

define, for each spacetime M, the following set of expectation values of T'(z) at z € M:

T(z) = { {w (W (2))}, | w € SM) }. (2.25)

% (z) is a convex subset of R", as is the set T¢ of expectation values in the reference states
C of T(0) at the origin of Minkowski spacetime, cf. equation (2.12)). Clearly ¥(z)N%c # ()

is necessary and sufficient for the existence of T(x)-thermal states.
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Let us briefly comment on the structure of the convex sets T(z) and T¢. The convex
dimensionﬂ of T(z) equals n because the thermal observables are linearly independent.
Therefore, T(z) has non-empty interior in R™. It is more complicated to determine the
dimension of T¢, but it is certainly less than n when there are linear equations of state,
i.e. linear relations among the thermal observables that show up in all reference states.

Because one expects quantum fields to be unbounded quantities, we show in Proposition
[2.2.7)that it is physically meaningful to assume that T(z) = R", i.e. that for every n-tuple
of real numbers there are states in S(M) whose expectation values in the members of

T(x) yield exactly this tuple.
Observation 2.2.6. If T(x) = R", there exist states in S(M) that are T(x)-thermal.

In the following, the assumption T(z) = R" is related to properties of IcQFT that can
be checked in examples, see Chapter For this, we define the numerical range of any
element 1 € span{T(z)} to be the following subset of R: {w(¢¥) |w € S(M) }.

Proposition 2.2.7. The following two statements are equivalent.

1. The numerical range of any element in span{T(x)} which is not a multiple of the

identity equals all of R.
2. (z) =R".

Proof. Without loss of generality, we assume that T'(x) does not contain the unit 1. The
following argument appears in the proof of [HWI10, Theorem 5. We will repeat it here
for the convenience of the reader, filling in some details.

Item [[l= %(x) = R™: we argue by contradiction. Assume that T(x) is a proper subset
of R™. As we noted previously, ¥(z) has non-empty interior in R™: ¥(z)° # (.

We distinguish two cases. The first is that even the closure of the convex set ¥(x)
is a proper subset of R™. In this case, we can find a support hyperplane (an affine
space of dimension n — 1 that touches the boundary of T(z)) which may be written as
{v € R" | L(v) = a} for some linear functional L on R™ and some a € R. If the

components of L in the standard basis of R™ are given by (l1,...,1,), we find:

Lw(@M (@) + -+ lhw(™ (@) <«

for all w € S(M). Hence, the numerical range of I} ¢ (z) 4 - - - + 1, (™ (z) cannot be all

of R - a contradiction.

9The dimension of a convex set is defined as the dimension of its affine hull. Recall that the affine hull
of a subset E of R™ is defined as the intersection of all affine subspaces of R" containing E. See e.g.
[H6r94] for details.
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The other case is when the closure of () is all of R", i.e. when ¥(x) is dense in R"™.
We show that, in this case, T(z) is already all of R™. Assume the contrary and take an
element a € R™ such that a ¢ ¥(x). As T(x) has non-empty interior, we may choose an
open subset O C ¥(x). Then a— (O —a) is also open and contains some d € T(z), because
T(z) is dense. But then d = a — (b — a) for some b € O and hence a = (d +b). Since
b,d € T(x) by construction, we conclude that a € T(z) due to convexity - a contradiction.

The other direction, T(z) = R" = Item [l is obvious. O

To summarize: when the set of thermal observables spans a space of "unbounded"
linear forms, there exist states which are in LTE with regard to these observables. The
unboundedness of the point-like observables makes sense physically, because it ensures that
these quantum fields cannot be realized as proper observables (i.e. self-adjoint operators

in Hilbert space), which is expected due to the uncertainty relations.

Concerning the existence of LTE in regions of curved spacetime, note the following.
Suppose we have established T(z)-thermality of a state w at € M. In the notation of

the beginning of this section, this means that the vector of expectation values
W(T(@) i= (06D (@), .., w(@"(2))) € R"

is an element of the set ¢ = {{wp(qﬁ(()i)(O)) rilwyeC }, cf. equation (2.12)). Recall
that it was one of our assumptions on the state space that for each w € S(M) the map
z — w(¢¥(x)) is at least continuous. If the set T¢ has non-empty interior and we assume
that w(T(x)) lies in it, by continuity we may conclude that there is a neighbourhood O,
of x such that w is T(O,)-thermal. However, if there are linear equations of state, it is
easy to see that the convex dimension of ¢ is strictly smaller than n and thus even the
smallest displacement of x can push w(T(x)) out of T¢ and hence w out of local thermal
equilibrium.

Let us again illustrate this for the set of thermal observables T(?) for the massless,
conformally coupled free scalar field, cf. equation . As was already noted in equation
, in Minkowski spacetime Mg we have

of'u(x) = 10:6%0(a) (2.26)

and by translational invariance of the reference states it follows that there is the following
linear equation of state
EF,(B)=0, BeVT, (2.27)

where E,,, is the thermal energy, i.e. the thermal function corresponding to the thermal

observable €, by equation (2.3). This means that the dimension of the corresponding
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2.2. Local Thermal Equilibrium States in Curved Spacetime

convex set T¢ is lower than maximal and ¢ cannot have non-empty interior. As was
shown in equation , one instead gets a non-trivial constraint for T _thermal states
w which takes the form of a Klein Gordon type equation for the expectation value of the
Wick square. If w is T(?) (z)-thermal and it satisfies this equation in some region @ C M,
then w(T®)(z)) € Z¢ for z in some neighbourhood O, C O and w is T(O,)-thermal.

In [Schi0], Schlemmer has constructed T(?)(¥)-thermal Hadamard states for a Cauchy
surfaces X in Robertson-Walker spacetimes with flat spatial sections, which shows that
consistent initial conditions can be found for the dynamical constraint . However,
the problem of existence of T(®-thermal states in open regions remains unsolved and we

do not pursue this question any further here.

2.2.3 Unboundedness and Scaling Limits

In the following, we wish to discuss the unboundedness of quantum fields in order to get
a deeper understanding of condition [I]in Proposition In QFT in Minkowski space-
time, it was shown that negative expectation values for the energy density are possible
in Wightman theories [EGJ65|. Here, we review an extension of this argument given in
[Few05|. It shows that if there is a scaling limit (with positive dimension) for the quantum
field in question, the point-like analogue of this field is indeed an unbounded sesquilinear
form. Applying this to a set of thermal observables T, we see that the existence of T(x)-
thermal states can be proved if a suitable scaling limit for all elements of span{T(x)}
can be established, cf. Proposition 2.2.7] In Chapter [3] we show that for the free scalar
field, certain sets of thermal observables T indeed span unbounded sesquilinear forms and
hence there exist many T(z)-thermal states at each z € M.

We need to recall the concept of scaling limits in the sense of [FH87], following [Few05].
For notational simplicity once again we deal with scalar fields only, but the definition
may be generalized to include vector valued quantum fields without further conceptual
difficulties [SVO1]. Let x € M and let (U, k) be a chart around z such that x(U) C R" is
convex and x(z) = 0. One defines a semi-group {o}e(0,1) of local diffeomorphisms of U
by:

ox(y) ==k (A kK(y)) for y € U and A € (0,1) . (2.28)

Clearly these maps contract U to the point z if A — 0. Their action on test functions

on the n-th Cartesian power of U is defined by:

() (W15 ym) = F(o3 (1), 0 (Un))
for all (y1,...,yn) € U™ and f € D(U*™). We set o« f = 0 outside of U.

Definition 2.2.8. Given a quantum field ¢, consider the corresponding hierarchy of n-

point functions w(™ € D'(M*™) of a state w in S(M). w has a scaling limit at x € M for
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the field ¢ if there exists a monotone scaling function N : (0,1] — [0, 00) such that

S )y .= n () (n)
w\™M(f )'_)\IEEIJrN(/\)w (oaef™) (2.29)

exists for all n € N and all f( € D(U*") and is non-vanishing for some n and f™.

Due to sequential completeness, @™ is a distribution in D’ (U*™). The scaling function

N satisfies the following relation for some a € R [FHS7|:

_NOW)
N0+ N(V)

= \“. (2.30)

The number d := 4+ « is called the dimension of the field ¢ at x. If d is strictly positive,
d > 0, it follows that [Few05) p. 11]:

lim A*N(\) = 0. 2.31
Jim ATN(A) (2.31)

In the following, we consider the case that w has a scaling limit for ¢ at x € M with strictly

positive dimension such that the scaling limit two-point function @® is non-trivial, i.e.

does not vanish for all test functions in D(U x U). We call such scaling limits positive.

Proposition 2.2.9 ([Few05]). Let ¢ be a quantum field in the GNS Hilbert space of some
state w € S(M) such that w possesses a positive scaling limit for ¢ at © € M. It follows

that the point-like localized field ¢(x) is an unbounded sesquilinear form on the domain of

the field.

Proof. We may assume that w(¢(f)) = 0 for all f € D(M) m It is shown in [Few05| p.
11] that for positive scaling limits one finds an f > 0 in D(U) such that @®)(f @ f) > 0.
We choose such an f and keep it fixed in the following. It is then easy to see that we may

find a sequence of real numbers {\, }nen C (0, 1] converging to zero such that
W@ (oy(f® f)) >0 for all n e N. (2.32)

We now put f,, := A\, %oy, «f- By (2.32), we may define the following sequences of states:
for each n € N and each ¢ € R set wep(-) := w(An(c) - An(c)*), with operators

Ap(c) :=cos(c)l + sin(c)cm. (2.33)
Clearly we, € S(M) and it follows that
We,n (qb(fn)) = ay, sin(2¢) + by (1 — cos(2¢)), (2.34)

190therwise we may apply the analysis to the shifted field ¢(f) — w(4(f))1, which does not change the

conclusions, as one may easily check.
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2.2. Local Thermal Equilibrium States in Curved Spacetime

where

_ 1 1w ® £ ® fo)
Ay 1= w(Q)(fn®fn)2 and b, := 5 w(2)(fn®fn)

Minimizing expression ([2.34) with regard to ¢ yields

inf  o(6(fn)) < an (Zi a1+ <b”>2) <0, (2.35)

all states ¢ n an,

where the infimum is taken over all states in the folium of w.

Let us now discuss the limit n — oco. Consider a,, first: the scaling limit tells us that

lim (AN (An)an)® = 0@ (f @ f) # 0.

Using equation (2.31)), we conclude that a,, — +00 as n — oo. Secondly, considering the
limit of the ratio 2—2, we find
by N ([ @ fa® fn) nooo 0P(f@FOF)
= 3
’ (@@(f @ f))

“n (N(/\n)2w(2)(fn ® fn))
by the scaling limit. This expression is finite. Thirdly, we note that upon proper normal-

3
2

ization, (fn)nen is actually a delta sequence for z € M: f, ——= §,.

Putting these three pieces of information together, it follows from equation (2.35)) that

inf  o(¢(x)) = —oo,

all states ¢

which just says that the sesquilinear form ¢(z) is unbounded from below.

To derive unboundedness from above, one replaces A, (c) in (2.33) with

Ba(e) = cos(e)1 — sin(e)—2n)
WO (fr @ fn)?
and finds
by, by \ 2
sup  p(6(fn)) = an(—— +q/1+ (= ) >0. (2.36)
all states ¢ Qn Qp
Again, taking the limit n — oo yields the desired result. O

As we mentioned before, in order to use this result as a tool to establish unboundedness
of all linear combinations of a particular space of thermal observables T(z) := {¢( ()},
it is necessary to conclude from the fact that the ¢(9) have positive scaling limits for all
i = 1,...,n that all linear combinations ¢ = Y ., c(i)gb(i) also have positive scaling
limits.

In general, however, there is a problem in the calculation of the scaling limit of the

“mixed terms” appearing in the m-point functions of ¢ for m > 2. A second difficulty
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CHAPTER 2. Local Thermal Equilibrium

appears if there are two or more fields in ¢ which share the highest scaling dimension. A
priori, we have no means to exclude the possibility that there are certain cancellations in
the limit which render the scaling limit two-point function of ¢ trivial.

Let us discuss the first problem. Suppose that a state w has a positive scaling limit for
each of the basic fields qﬁ(i) at x with scaling function N; and dimension d; := a; +4 > 0.
By Proposition we know that the range of each of the ¢()(z) is all of R. Let
=30 c(i)¢(i) be an arbitrary linear combination of these fields. In order to show
that the field ¢ has a positive scaling limit at x € M, we need to investigate the scaling

behaviour of its m-point functions

W W), Bem) = D iy (60 (@) 0 (@) (2.37)

where the iq,...,im, run from 1 to n. Suppose that among the ¢ there is one field
which has the highest dimension at z, say ¢(!) with c1y # 0. We suspect that the scaling
function of ¢ is N1 and its dimension is dj.

If m = 2, this can be verified by use of the Cauchy Schwarz inequality:

INL(A)?w (W(orf)P(0re ) | <D i) Cia) INLA) 2w (@) (03 )81 (000 f))
<D caen) N NPw (@) (03, )0 (0. )12 IN1(A) (680 (00 )80 (0. )

A—0t ~
=% &y 10 (F @ £l

(

Here, @12) denotes the scaling limit two-point function for the field ¢(!) in the state w. In

D=

the last step, A — 07, we made use of the following result.

Lemma 2.2.10. Let ¢, i = 1,2, be two quantum fields with respect to which a state w
possess a scaling limit at © € M with scaling function N; and dimension d; = a; + 4.

Assume that dy > dy. Then for all f™ € D(U*")

Jim N1 ()" @i (o, f ) = 0, (2.38)

where the wzn) € D'(M*™) are the n-point functions of w for the field ¢ (f).

Proof. Tt is sufficient to show limy/_,q+ % = 0. Note that it follows from equation

(2.30)) that for all A € (0,1) thereis a A; € (0,1] (depending on a; and \) such that

n

(;)\ai>nNi()\') < N < (Z’A) Ni(Y) (2:39)

forall 0 < X < )\;,i=1,2. Choose X such that 3\*1~?2 < 1 (which is possible because of
a1 > az), set A\g := min(\1, A2) and consider the sequence A, := A" Ag. For 0 < X < )\,
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2.2. Local Thermal Equilibrium States in Curved Spacetime

define the number n(\') by A € [A,(xy11, Anvy). Clearly, limy o+ n(\) = oco. We can
now make use of the fact that the N;’s are monotonous functions. Assume, for example,
that V] is monotonically increasing while N3 is monotonically decreasing. Then, by ,
it follows that for all 0 < X < X\g one has

Ny (X)) - Nl()\n(,\/)) < (3)\0417&2)”()\/) Ni(No) 0
Na(X) = Na(Apay) Na(Xo)
as M — 07. The other cases can be treated in the same way. O

In other words, when considering the scaling limit of a linear combination of fields 1,
in case of the two-point function m = 2 one may suppress contributions from fields of
lower dimension by using the scaling function of the field with highest dimension and only
the scaling limit of this field survives. However, if m > 3, the same conclusion cannot be
drawn so easily. In order to estimate the mixed terms appearing there, one cannot use
the Cauchy Schwarz inequality in an obvious way. One therefore needs information on
the scaling behaviour of products of the fields as in the case of Wick’s theorem for the
Wick products of the Klein Gordon field, cf. section We will discuss this example
in the next chapter.

As mentioned previously, if there are two or more distinct fields in T which have the
same dimension at x, one needs to check carefully whether the scaling limit two-point
functions of every possible linear combination of the two are still non-trivial, as cancel-
lations in the scaling limit could occur. Examples where this may be a problem can be
found among thermal observables which are different components of the same tensor, as

is for the components of the thermal energy tensor for the free scalar field.
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3 Local Thermal Equilibrium States for
the Free Scalar Field

In this chapter, we discuss local thermal equilibrium states for the free scalar field. In
Section [3.1] we introduce the thermal observables we are dealing with, putting special
emphasis on the thermal energy tensor and proposing a redefinition of this observable.
Moreover, we consider higher Wick powers as thermal observables, finding that the renor-
malization freedom is greatly reduced if we introduce a natural condition concerning the
combinatorics of quasi-free LTE states. We also introduce conformally covariant quantum
fields at this stage, because later, we argue that the Wick square should be renormalized
such that it becomes a conformally covariant quantum field in the sense of [Pin09]. This
is justified by results for the Wick square in KMS states in certain simple stationary
spacetimes, which we consider in Section [3.2] We also use our abstract results of Chapter

Bl to show existence of LTE states in the model treated here.

3.1 Basic Thermal Observables and Thermal Functions

The concept of equilibrium makes reference to a notion of dynamics, which, in 1cQFT,
is implemented by one-parameter groups of time-like isometries, which give rise to auto-
morphisms of the algebra of observables. While any KMS state with respect to such a
one-parameter group of automorphisms is passive (i.e. no observer can extract energy from
the state running a cyclic engine), it is only for global equilibrium states in Minkowski
spacetime, defined with respect to inertial observers, that the KMS parameter § has clear
interpretation as an inverse temperature in the sense of the zeroth law of thermostatics]l]
This is why thermal observables are gauged exactly in these states.

On the other hand, one can use these thermal observables to test KMS states that
are connected with certain time evolutions in curved spacetime. This may help to reveal
the physical effects that give rise to passivity in these cases and, moreover, to elucidate

the role of the KMS parameter and its relation to the local temperature in these states.

!Recall that temperature is a parameter that identifies macroscopic systems which are mutually in

thermal equilibrium.
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CHAPTER 3. Local Thermal Equilibrium States for the Free Scalar Field

In some cases, this allows one to draw conclusions about the relation between the local

temperature and the Hawking-Unruh temperature, as we see later.

Definition 3.1.1. A spacetime M is called stationary if there exists a one-parameter-
group of time-like isometries {x;}+cr or, equivalently, if there is a time-like Killing vector
field K in M. M is called static, if there is a family of space-like hypersurfaces orthogonal
to K everywhere[]

In a 1cQFT A, the maps x; get lifted to automorphisms «o; on A(M). Hence, there
exists a one-parameter-group of automorphisms {a;}er on A(M), which is interpreted
as dynamics along the trajectories induced by {x:}ter. With respect to this notion of
dynamics, one can then define (3, a;)-KMS states wg.

We stress again that it would be premature to envisage these states in analogy to the
global equilibrium states in Minkowski spacetime Mg. There is no well-defined ther-
mostatics for M, since many of the concepts involved in the formulation of this theory
implicitly make use of the homogeneity of space (additivity of the entropy, for example).
In particular, there is no variant of the zeroth law in curved spacetime. Hence, the KMS
parameter 0 needs to be interpreted in terms of the local temperature.

For the explicit construction of KMS states for the free scalar field, one needs the fol-

lowing well-known result [HHW®67|, which is a useful reformulation of the KMS condition
of Definition [LT.10]

Proposition 3.1.2. In the notation of Definition|1.1.10, a state w € S(M) is (a,3)-KMS
if and only if the Fourier transforms FAB and GAB of Fap and Gap satisfy

FAB’R:(iﬁ(')éAB’R (3.1)
in the sense of tempered distributions for all A, B € A(M)rﬂ

Recall the functors which describe the quantum theory of the free scalar field, in par-
ticular the lcQFTs K and W with state space S, as described in Section For the
moment, we leave the mass m? and the curvature coupling & unspecified.

We begin by reviewing the construction of KMS states for this theory. Assume that M
is stationary and let A be the causal propagator for the free field as defined in equation

(1.8). Given the one-parameter-group of time-like isometries {x:}+cr on M, we define

Apg(t) = A(f,goxt_l) for f,g € D(M).

2If M is globally hyperbolic, these hypersurfaces are Cauchy surfaces.

3More precisely, this has to be understood as first restricting Gap to D(R), then multiplying with eﬁ('),

and finally uniquely extending the result to a tempered distribution again.
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3.1. Basic Thermal Observables and Thermal Functions

As a consequence of the CCR, cf. equation (1.10), the elements A := ¢,,(f1) ... Py (fn)
and B := ¢, (fn+1) of A(M) satisfy the algebraic relation

n

[A,0a(B)] = i Dy s (8) dpg (1) - g (F) - - Dp (F), (3.2)

k=1
where ~ indicates that the corresponding field is omitted.
Let w be an (ay,3)-KMS state on K(M), then, from equation (3.1)), it follows that for

the elements A and B one has
(1—e V) Fuplr = Faplr — Gaslr

= Z iAfkvfnqu(')w(n_l)(fla . '7]Ek7 . ’fn)
k=1

with the Fourier transform A Furfoia Of Ag 7 . Similar arguments for B involving more
than one field show that the n-point functions of a KMS state can expressed through their
(n — 2)-point function, and thus, ultimately, via its two-point function. This implies that
KMS states are quasi-free states, but not necessarily even. If, however, w is even, which
we assume from now on, w) = 0 and one obtains for the two-point function (putting
n =1 in the definition of A):

WD (f1, f2) =

i (2 Ap (k)
dk —222
2 /—oo 1-— eiﬁk

1 o0 1 00 .
“or d"fl_e—ak/ dt Ay, g, () e, (3.3)

which determines w completely.
For simplicity, we now specialize to the massless (m? = 0), conformally coupled (¢ = %)
scalar field. In Minkowski spacetime My, the corresponding causal propagator is given

by the formal kernel

A y) = relao — yo)d((x ~ v)?), (3.4

with ¢ denoting the sign function. In the massless case, the Hadamard parametrix is equal
to the vacuum two-point function given in equation (|1.15)), i.e.
1
h(x,y) = lim — .
(z,9) e—0 472 (x — y)? +ie(xo — yo) + €2

One can thus calculate the expectation values for the locally covariant Wick powers in the

(3.5)

quasi-free (primary) KMS states wg with respect to the time evolution z +— z + te with

ee€ V+E] The result of the straightforward calculation is, in case of the Wick square,

wal(i@)) = 3 (3.6

4Note that in the massive case, the Hadamard parametrix differs from the vacuum two-point function
and thus the locally covariant Wick powers differ from Wick powers that are regularised by subtraction
of the vacuum. See [SV08]| for details.

o7



CHAPTER 3. Local Thermal Equilibrium States for the Free Scalar Field

This means that in any spacetime, :¢%: can be used as a local thermometer and any state
with w(:¢?:(z)) > 0 is locally thermal at @ with regard to this observable.

In the case of the thermal energy tensor, one has

7T2

wﬁ(EO,ab(x)) = W(Zleaeb + 77ab)7 (37)

cf. [BOR02|. Here, n denotes the Minkowski metric n = go.
Equations (3.6) and (3.7) fix the thermal functions for the thermal observables we are

interested in Pl

It is important to note that the thermal energy tensor is traceless in the reference
states, which, as was mentioned before, leads to a linear constraint on LTE states. The
corresponding equation of state is E = 3P, where F is the (thermal) energy density in the
rest system e and P is the pressure. Moreover, the temperature dependence of F is given
= %, as expected in a massless theory. This is
an example for a non-linear equation of state, in this case between the thermal functions

by a Stefan-Boltzmann type law, F(f3)
corresponding to :¢?: and €.

As we discuss in the next section, the Wick powers of the massless, conformally coupled
free field should be conformally covariant. This can be done with a certain choice of
renormalization for these fields. We review the concept of locally conformally covariant
quantum fields in the sense of Pinamonti [Pin09| here, also correcting a mistake in the
original work. In this approach, conformal embeddings between two spacetimes M; and
M, play an important réle, i.e. maps v : M; — My which act like hyperbolic embeddings,
cf. Definition [I.1.2] except that they are not isometries. Rather there is a smooth function
Q : My — R such that ¥,g1 = Q_2gg|¢(Ml). Details can be found e.g. in [Wal84, Appendix
D]. The weighted action of the conformal embedding ¢ with weight A € N on test functions
is given by the map

oM D) — D(My)), WV f(@) = QN =) F( (). (3.8)

Pinamonti generalized the notion of IcQFT to locally conformally covariant QFT by using
the category ClLoc instead of Loc, which uses conformal embeddings instead of hyperbolic
embeddings as morphisms. In other words, a conformally locally covariant QFT is a

covariant functor A between CLoc and Alg. Hence, if b : M; — My is a conformal

°In the massive case, the thermal functions look more complicated, but the Wick square is still a
monotonous function of 8 and can thus be used as a local thermometer. Details are presented in
[Hiib05], see also [SVO0S].
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3.1. Basic Thermal Observables and Thermal Functions

embedding, the following diagram commutes, and we write oy, := A(¢):

Ml __1/1__> MQ

Al lA

AM;) — A(My) .

A conformally covariant quantum field of weight A transforms under the action of ¢ ac-

cording to the formula
ayo gy = oly) o', (3.9)

or, in terms of formal kernels,

agdy) (2) = (¢ (2)) $) ($()),

for z € Mj.

In contrast to IcQFT, this notion of covariance allows one to transplant observables and
states from one spacetime to another not only when one is isometrically embedded into
the other, but more generally when there is a conformal embedding between them.

Pinamonti has shown that, with a certain choice of renormalization constants, the
Wick powers of the massless conformally coupled free scalar field without derivatives are
conformally covariant quantum fields. We outline the argument for the case of the Wick

square.

Lemma 3.1.3 ([Pin09]). Consider the locally covariant Wick square :¢*:\, = :¢?:p+ag Ry
for the massless, conformally coupled scalar field. Let ¢ : My — Mos be a conformal
embedding, then for f € D(M;)

Ay ¢? ™M, (f)_(bz "My (¢£2)f) - (Oé() B 25@1%2) '

[ (R o) — RN Ry () Sy 0). (310

Therefore, M +— :¢?:,, is a conformally covariant quantum field of weight two if and only

if the renormalization constant is chosen as ag = ﬁ.ﬂ

Proof. Let O1 be a geodesic normal neighbourhood in M;j such that ¢(O;) lies inside of
a geodesic normal neighbourhood Qs in M. We denote by h; and hy the Hadamard

parametrices for the conformally coupled field on O; and Os respectively. Consider an

5Due to two mistakes in the calculations in [Pin(9], this result differs from the original. See the proof

for an explanation. I am grateful to N. Pinamonti for his support in the identification of these errors.
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f € D(My) with supp(f) C O1[] Formally, one has

000, (1) = | (000, (00600, (1)~ ma(a.0) + ¢ By ()

f(@)0(z,y) dpg, () dpg, (y)

and
Piag OO0 = [ (00, (0, (6(0)) — bl (2),0) + Ry (90)))
P (M)

Q7 () F ()5 (2), Y (w) Ayt (0(2) Ay (6(1)
= | (P (90, (60)) = Ba(00),00) + € Rev (0(2)

QU ()2 ()) f ()0 (4 (), ¥ (y)) dpg, () dpag, (y),

where we made use of the relation dgiy, g, (¢(2)) = Q*(¥(z)) dug, (x).
As the conformally coupled free scalar field ¢,, is a conformally covariant quantum field

of weight one [Pin09, Prop. 3.2|, one obtains

i, (1) = 0%, 07 1) = [ (([000(@)) ha(w(e). 010) ©A0(0) = b .3)] 62 )

+ag [Ry, (2) — Q*(¢(2)) Ry, (w(x))Df(fB) dpg, () dpag, (y)-

The coincidence limit of the term involving the Hadamard parametrices has been calcu-
lated in [Pin09, Appendix A.2]. Yet there, the Hadamard parametrices are normalized
incorrectly; they are in fact one-half of the standard ones which we use here. The thus

corrected result reads
lim (Q(4(2)) ha(¥(2), ¥(y) () = b (x.y)) =

~ sz (R () = () By, (6())

and follows.lﬂ O

Pinamonti has also shown that the renormalization constants can be chosen such that
the higher Wick powers become conformally covariant. These fields also play an important

role as thermal observables, which we see in the following.

Let us choose
Ty, = {1,:0%, ..., :0*"} (3.11)

"For general f € D(M;) one can use a partition of unity argument in order to reduce the proof to the

case at hand.

8There is also a sign error in the final result of [Pin09], so that the constant oy is negative while it should

be ap = 53— . This value agrees with the remark in [Pag82], below equation (29).
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3.1. Basic Thermal Observables and Thermal Functions

as the set of thermal observablesﬂ In Minkowski spacetime, it holds that

wg(:¢2”:0(x)) =(2n — 1)!!w0(:¢2:0(:1:))n (3.12)

when wy € S(Mp) is quasi-free. As was mentioned previously, the reference states wg at
the sharp temperature § provide an example of this{ZU], so the following simple relation
between the corresponding thermal exists:

9 9 n (2n—1)!

The following observation is a direct consequence of this fact.

Observation 3.1.4. A quasi-free state in Minkowski spacetime is To, (z)-thermal if and
only if it is Ta(x)-thermal. As a consequence, a To(x)-thermal quasi-free state has a

sharp local temperature.

The first statement indicates that usage of the larger space To, instead of Ts does
not provide any additional thermal information in quasi-free states. However, for general
states, Top-thermality represents a much stronger constraint than Ty-thermality. The
second item in the observation can be justified as follows: a quasi-free Ta(x)-thermal
state wp is also Ty(z)-thermal and thus satisfies wo(:¢*:0(z)) = wp, (:6*:0(0)). But by

this already implies
/dm(ﬁ) _ </ dpx(ﬁ)>2
(52)? g )

so p, must be a Dirac measure.
The validity of these conclusions rests on relation (3.12)), which so far is only valid

in Minkowski spacetime. In the more general case of a curved spacetime M, we need

to take into account the renormalization freedom, as we explain in the following. Let
w € §(M) be a state for the massless, conformally coupled scalar field. If w is quasi-free,
the Hadamard normal ordered Wick powers with odd exponent vanish and, moreover, the

ones with even exponent enjoy a property which corresponds to (3.12)):

w(:d)Q”:h(x)) = (2n — DWWw(:¢*y ()" (3.13)

However, according to the results by Hollands and Wald [HWO01] on the ambiguity in the
definition of the full locally covariant Wick powers, see equation ([1.31)), we have

2n
w(:qﬁQ”:(:U)) = Z <2kn> C’gn_k(a:)w(:qbk:h(x)), (3.14)

k=0

9Note that all odd Wick powers vanish in the reference states. Hence these fields do not represent

suitable thermal observables.
1General reference states are not quasi-free, as mixtures of quasi-free states need not be quasi-free.
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CHAPTER 3. Local Thermal Equilibrium States for the Free Scalar Field

where Cy(z) := 1[1] Therefore, the analogue of relation is in general more compli-
cated and Observation [3.1.4] fails to hold in curved spacetime. In particular one finds that
quasi-free states generally do not have a sharp temperature. However, one may impose
relation for the full locally covariant Wick powers up to order 2n, in which case the

renormalization freedom is greatly reduced. Namely, we have the following result.
Proposition 3.1.5. Let n € N. If w € S(M) is quasi-free, then
w(:?":(z)) = (2n — D w(:¢*:(z))" (3.15)

if and only if
Com = (2m — DNCY™  for allm =1,2,...,n. (3.16)

Proof. Using that in quasi-free states Hadamard normal ordered Wick powers with odd

exponents vanish, we compute

w(:¢®":(z)) = Z(gg) Copniy () w(:0*"11,(2))

3i3 Z (;Z) CZ(nfk) (x) (Qk — 1)"w(¢2h(.%'))k
k=0
" /2n
- ¥ (2k) Oty (@) (2 = DI (w(:0%(@)) — Cae))
n k
= Z (_1)k_l <§Z> <I;> (2]{1 - 1)!! C2(n—k) (:U) Cz(w)k_lw(:d)gi(l'))l,
k=0 [=0

— M
‘_Mkl

where in the last step we used the appropriate binomial formula. To simplify, we order

the terms in the sum by powers of w(:¢2:(x)):

w(:¢2":(m)) = Z ( My Cogn—ry(z) Cg(a:)k_l> w(:¢2:(x))l. (3.17)

1=0 \k=l
Therefore, equation (3.15) applies if and only if
n n . B . .
> (Z My Gy () Co(2)* l) w(:¢:(2))" = (2n — Yw(:¢*(2)) (3.18)
=0 \k=l
for all quasi-free states w € S(M). We compare coefficients on both sides and find

> M Coppy(2) Co(2)" ' =0 for1=0,1,....,n—1 (3.19)
k=l

"The C;(z) constitute the renormalization freedom (recall that Cao = ap R with ag € R, for example).
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3.1. Basic Thermal Observables and Thermal Functions

(the coefficients corresponding to the n-th power yield no constraints on the Cj).

We now argue by induction. Using the relation for [ = n — 2, it is easy to check from
that our claim is true for Cy, i.e. C4(x) = 3Ca(x)?. Assume now that for some
m < n it holds that Coy, = (2k — 1)!! Co* for all £ < m. We need to show that in this case
Com = (2m — )1 Cy™ also.

For this, we use with { = n — m and find

n (_1)k7(n7m) C2(n—k)02k_(n_m)
Z 2k—(n—m)  (2(n — k))! (k — (n —m))!

k=n—m

=0.

Applying our induction assumption leads to

2 m
sz—— ") [Z lk;l

k=1

™.

But the sum in square brackets is simply

< 1 o= (—1)k1mk 1
IR .

(m — k B ml (m — k)!k! m!
k=1 k=0

and we thus find

™= 2m-1)NCy™,
which proves our claim. O

Note that condition (3.16]) is non-trivial. For example Cj is of the form
Ci = 70R? + NOR + 12 Rap R + 43 Rapea R

with real constants ;. Remembering that Co = o R, the proposition states that if (3.15)
is to hold, then 71 = 72 = 73 = 0 and v = 3a3. More generally,

Com = (2m — D!l o' R™

for all m = 1,2,...,n. We therefore conclude that, once we have fixed the Wick square,
condition (3.15)) completely fixes the renormalization ambiguity for the even Wick powers

up to order 2n. Choosing oy = the Wick square is a conformally covariant quantum

1
28872
field. If we also adopt condition (3.15)), all even Wick powers are also fixed. One can
employ the methods used in the proof of [Pin09, Theorem 3.1 to show that these fields

are also conformally covariant for this choice.

Corollary 3.1.6. If Cyp, = (2m — )l af' R™ for all m = 1,2,...,n, then the following
statement is true: A quasi-free state w € S(M) is Top(x)-thermal if and only if it is

To(z)-thermal. If n > 2, then the state has a sharp local temperature.
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CHAPTER 3. Local Thermal Equilibrium States for the Free Scalar Field

Therefore, if condition holds, the combinatorics for quasi-free Ta,(x)-thermal
states in curved spacetime is the same as in Minkowski spacetime. In this regard, it is
interesting to note that all of the examples considered in the next section are quasi-free,
so if they are Ta-thermal, they are also Tg,-thermal and must have a sharp temperature.
This is of importance, because if the local temperature, as measured by €yg, for exam-
ple (see below), deviates from the local temperature as measured by :¢%: (we refer to a
non-linear equation of state, namely the Stefan Boltzmann law), we cannot have local
thermality because no sharp temperature is possible. Finally, we would like to point out
that Proposition can be generalized to the massive case straightforwardly.

We now wish to discuss the thermal energy tensor, i.e. we consider the set of thermal
observables
T® = {1, ¢, e}, (3.20)

which was already introduced in equation (2.15)), we now proceed to discuss T(?)-thermality

in curved spacetime. Recall that

1
€ap = —:0(VaVpo): + ZV“V":‘Z’Q:' (3.21)
In a theory with curvature coupling ¢ = 1/6 and mass m?, in Minkowski spacetime My,
one finds
1 1 9 1
TO,ab = {GO,ab - zgab:(bp(ﬁ:} + E(aaab - nabD):d) 0 — Zgab:gbp(b:' (322)

Note that the terms —% Jab:®P¢: do not appear in the standard normal ordering procedure
for the Wick powers in Mg (which is employed in [BOR02|). However, as we mentioned
earlier, for the Hadamard normal ordered Wick powers, these terms generally do not
vanish and one has to take them into account, see [SV08] for a discussion. In the case
of the conformally coupled massless field, however, both normal ordering prescriptions
coincide and :¢P¢: vanishes in Mj.

In , we have written Tp 45 such that the term in curly brackets has trace (—iD +
m?):¢?:o (just like the thermal energy tensor when renormalized as in [BOR02]), the
second term has trace %D:qbQ:o and the last term is responsible for the anomaly (which
vanishes in the massless case in Minkowski spacetime). Equation shows that, for
non-homogeneous LTE states in My, the expectation value of the full energy momentum
generally does not coincide with the thermal energy, because additional contributions
appear due to transport terms which are not present in €., [BOR02].

In curved spacetime, ¢, is related to the energy momentum tensor T, by

1 1 1 1
Ty = {éab + gRab:¢2: - Zgabidﬁpﬁf?i} + E(vavb — gap):0%: — Zgab:¢P¢:7 (3.23)
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which follows from the definition of Ty, cf. Section by application of the Leibniz
rule. The term in curly brackets includes the thermal observables e, :¢?: and 1, while the
next one, the transport term, is made up of non-thermal observables plus a contribution
that, in a valid renormalization scheme where V*T,;, = 0, is responsible for the anomaly.

The split of T, into a thermal and a non-thermal part suggests that we use
€ab = €aqp + gRab:qﬁ D= Zgabqup(j): (3.24)
as a new definition of the thermal energy tensorB Accordingly, we define
T = {1, :¢%:, Ep} (3.25)

as a new set of thermal observables. In Section[3.2] we test KMS states in simple stationary
curved spacetimes for both, T®)- and T(Q)—thermality, in order to decide which notion of
thermality is physically justified. It is important to emphasize that T(?) and T coincide
in Minkowski spacetime My and therefore give rise to the same thermal functions
and .

In both cases, thermal energy in LTE states in curved spacetime differs generally from
their full energy content. This is in conflict with the usual practise in cosmology, where
thermal energy is identified with the full energy momentum. However, as was already
pointed out in [Buc03], in view of the discussion above, this identification can only be an
approximation, because of the additional "non-thermal” contributions due to transport

terms in the energy momentum tensor described before.

We can now discuss the influence of the thermal energy tensor on the dynamics of the

temperature. We start by computing the trace of ¢,p, which yields

€y = — <—im + éR + m2) :p%: + :pPe:. (3.26)

This, by (3.24]), implies that
1
€%y = — <—4D + m2) P2, (3.27)

For a more detailed understanding of €%,, it is therefore necessary to know the explicit
form of the anomaly :¢pP¢:. As follows from the discussion at the end of section in

a prescription where the quantum energy momentum tensor is divergence-free, one has

1
9P = — (W[Uﬂ +m? (R + aym?) + gabTaRbF> 1. (3.28)

12 A5 we see in equation (3.27)), a strong point in favour of this definition is the fact that the trace &, is

of the same form as in Minkowski spacetime.
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Using equation ((1.39)), we also find that

gPTEE = (681 + 262)0R — Bsm?R + 48,m™*.

2

Again, we specialize to the massless (m* = 0) field for simplicity. In this case, the

coincidence limit of the first Hadamard coefficient is given by [DFOG]:E

1 OTK g
[v1] = %(DR + Rpor RP7™" — Ry RP )
Alternatively, in terms of the Weyl tensor Cpamﬁ
1 OTK o 1 2
[Ul] = % (DR + Cpo”r/{Cp + Rpng — gR )

Hence

1 1
e, =—1—-—-0+= ‘2
€ ( 1 —|—6R>(b

OTK Yo 1 2
_ {288%2 (OR + CpornCP™ + Ry R — gR )+ (661 + Qﬁg)DR} 1. (3.29)

Assume now that w € S(M) is T®)-thermal in some open region @ C M. Since the
thermal energy tensor is trace-less in the reference states and w(:¢?(z):) = 572(x) for

the local temperature distribution x +— T2(z), we find that

1 1 ﬁ(q’i)_ 1 POTK yoled 1 2
<—4D+6R> o = “5ag0e2 (OB + CoorCP™ + Ryp R — S R?)1

— (681 +26:)ORL,  (3.30)

for all x € O, a relation which we already mentioned in Section Note that not only
does the renormalization of the Wick square enter in this equation, but also the constants
01, B2 which appear as renormalization freedom for the energy momentum tensor.

On the one hand, equation describes the dynamics of the local temperature in
a T®)_thermal state in curved spacetime and represents a generalization of the corre-
sponding equation in Minkowski spacetime [Buc03]. On the other hand, it is a necessary
condition for a state to be T®)-thermal which can be checked in examples without the
need to compute all of the components of the thermal energy tensor. It is useful to rewrite
in a way that also exposes its dependence on ag, the renormalization of the Wick

square:

11 1 1
——0+ - R w(:¢* =————(OR+ CpornC*™" + Ry R — —R*)1
< e ) w(:¢":p () 28807TQ( +C, +R, 2 )
- ((6& + 2B — %O)DR + %}#) 1. (3.31)

13See also [Hac10] for a clear explanation on how to compute such quantities.
14 This form is sometimes more convenient, because the Weyl tensor vanishes in conformally flat space-

times, see [Wal84].
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In contrast - using the modified version ég;, of the thermal energy tensor - T(®)-thermality

implies the following evolution equation for the temperature:
Dw(:¢%:(z)) =0, ie DOw(:¢®n(z)) = —agOR, (3.32)

which is much simpler and has exactly the same form as in Minkowski spacetime.

We note that neither ey, nor €, is divergence-free in a general curved spacetime (in
contrast to Minkowski spacetime). In a static spacetime, by Gauss’ law this implies that,
while the total energy is conserved, the local thermal energy is not. This means that in
LTE states there may be an influx or a loss of thermal energy even in passive states like
the KMS states we discuss in the next section.

Using these KMS states, we show that €, is a more sensible thermal observable than €
when it comes to measuring the thermal energy. It is worth stressing that in cosmology
the local temperature is determined by measuring Planck’s formula, which is then ad hoc
identified with the expectation value of the 00-component of the full energy momentum
tensor in a co-moving cosmic frame. Our discussion indicates that the correct choice

would be to use €y instead.

3.2 Local Thermal Equilibrium and KMS States in

Stationary Spacetimes

In this section, we investigate the LTE properties of various KMS states in simple sta-
tionary spacetimes. The latter are treated in many textbooks, e.g. [BD84] Wal84| [HET3|
MTWT73|, which is why we are very brief about the geometry of these well-known exam-
ples.

The motivation for this discussion stems from a question we have alluded to before:
how thermal are KMS states in curved spacetime with regard to our definition of local
equilibrium? It is important to realize that, a priori, there is no reason to expect these
states to be in LTE, apart from the fact that they are passive with respect to their
corresponding dynamics. The observers following these dynamics, however, are in general
accelerated and their trajectories can be quite complicated, which makes it hard to draw
a direct analogy to the global equilibrium states in Minkowski spacetime. Even as, for
a certain set of observers, curvature and acceleration seem to conspire to make the state
passive, the role of the KMS parameter 5 as a temperature is not clear at all. Therefore,
the definition of LTE by means of gauging thermal observables in Minkowski spacetime
and using them to probe thermality seems a good way to discern the features which the
“curved spacetime KMS states” have in common with the global equilibrium states in

Minkowski spacetime.
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We review previous results for the Wick square in Rindler, Einstein static, Static de
Sitter, Anti de Sitter, spatially flat Robertson-Walker and Schwarzschild spacetimes. We
also add our own result for wedge dynamics in Anti de Sitter spacetime. All of these
findings serve to underline the fact, already observed in [BS07], that for the KMS states in
these examples the KMS parameter § generally differs from the inverse local temperature.
Sometimes, these states even fail to be in LTE, depending on the values of § and the

spacetime point - even for a simple thermal observable such as the Wick square.

We also test the thermality of these states using the thermal energy tensor. As we
have explained in Section this observable puts a linear constraint on LTE states, see
equations and . In the examples, this leads to the conclusion that only a small
number of KMS states fulfil such constraints, which shows that in most cases the curved
spacetime KMS states have a rather small degree of thermality. Again, this should not
come as a surprise, since thermality with respect to the thermal energy tensor is a strong
constraint - the resulting condition is not an inequality as in the case of the Wick square,
but a sharp equality. Moreover, the thermal energy tensor contains derivatives and is
therefore sensitive to curvature effects which modify the original equations of state. The
examples lead us to adopt the new thermal energy tensor as the correct observable

for measuring the thermal energy.

When testing thermal observables in examples, another important problem must be
faced, namely the choice of renormalization of the Wick square and the thermal energy
tensor. This amounts to a fixing of the constants ag, 81 and (2 as discussed in Section
[3.1] We propose fixing ag such that the Wick square is a conformally covariant quantum
field, which differs from the choice made in [BS07].

The first examples are given by Rindler, static de Sitter and Anti de Sitter spacetime,
which are (subsets of) mazimally symmetric spacesrfl On such spacetimes, for each
geodesic there is a Killing vector field K for which the geodesic is a flow linem In
contrast, not every flow line of K is a geodesic, and the non-geodesic flow line of K

describe accelerated motion with acceleration given by

VK
— W. (3-33)
For future reference, we denote by a? := —g(A, A) the square of the four accelerations

along the flow lines of K. If K is time-like Killing, the quantity —g(K, K) is positive and
constant along the flow lines of K. Moreover, if g(K, K) = —1 along the curve, then the

flow parameter is the proper time of an observer following this trajectory.

1511 four dimensions, this means that there are ten independent Killing vector fields in these spacetimes.
6See [NPT96] for this and for the following claims.

68



3.2. Local Thermal Equilibrium and KMS States in Stationary Spacetimes

Rindler spacetime We start with Rindler spacetime R. This flat spacetime can be
realized as the subset {x € R* | 2! > [2%|} of Minkowski spacetime, the metric g being
the Minkowski metric, restricted to this subset. There is a positive time-like Killing vector
K = 110y — 190, which generates the Lorentz boosts in z!-direction. Petersen [Pet07]

has investigated the corresponding KMS states wg. His result for the Wick square reads:

1 1 1
ws(:¢%: (7)) = K <12ﬂ2 - 12(%)2) . (3.34)

Note that this is equal to the expectation value of the Hadamard normal ordered Wick

square, because the renormalization freedom is not present due to the flatness of Rindler

spacetime. Note also that
1

— s = a2 X
_gx(K7K) ( )7

where a?(x) is the square of the four acceleration of the trajectory passing through z. woy,
is the Unruh state (i.e. the restriction of the Minkowski vacuum), which has wa, (:¢%:) = 0,
i.e. a local temperature of zero. KMS-States with 3 > 27 are not in local equilibrium,
because in that case wg(:¢?%:) < 0.

Applying the linear constraint arising from e, or €gp to immediately
yields the constraint 3 L 97 in both cases, which shows that of all the 8-KMS states with
respect to the dynamics of an uniformly accelerated observer in Minkowski spacetime,
only the Unruh state can be in LTE with regard to the thermal energy tensor. Already in
this example we witness the restrictive nature of the linear constraint which arises from

the trace of the thermal energy tensor.

de Sitter spacetime The next example is de Sitter spacetime dS,, which is maximally

symmetric with constant positive curvature. dS, can be represented as hyperboloid,
embedded in R®,

dS, = {z € R® | —ad + 2% + 23 + 23 + 25 = *},

where a € R\ {0} is the radius of dS,. The metric g is given by the Minkowski metric of
ambient R?, restricted to dS,.

In de Sitter spacetime, there are no time-like vector fields which are also geodesic.
Moreover, a freely falling observer following a geodesic world line v does not have a
global notion of dynamics, because the corresponding Killing vector field is not time-like
everywhere and hence the union of the past and the future of ~ is not all of dS,. By

symmetryE], we can focus attention to the Killing vector field which can be written as

1"The symmetry group of dS,, is the restriction of the proper orthochronous Lorentz group of ambient
R® to dS,.
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Ky :=x10y) — x901. K1 is positive time-like only in the wedge
Wt ={x €dSy||zo| < 21}
The Killing flow generated by K can be represented as

cosh(t) sinh(t)
X 1t | sinh(¢) cosh(t) : (3.35)
I3

W, is the causal completion of the geodesic yo(t) := x:(y). Here, y := (0,,0,0,0) and
t is the Killing flow parameter, which is related to the proper time s, as measured by
an observer following =y, by s = at. We note that W1+ is also the causal completion of
any other time-like curve contained in it and moreover it is bounded by a bifurcate event
horizon at x¢p = x1. As a globally hyperbolic spacetime, the interior of the wedge is called
static de Sitter spacetime, which we denote by dS, stat-

We denote by {a;}er the one-parameter group of automorphisms induced by {x;}er,
acting on the extended algebra of observables W(dS,, stat). For 5 > 0, one may construct
(B, ar)-KMS states wg, and Buchholz and Schlemmer [BS07, [Sch05| have calculated the

expectation value of the Wick square in these states{"|

1 1 1 1 12
wp(:6":(x)) = “gu(K1, K1) <1252 N 12(271')2> T rer TNz (3:36)

Note that apart from the special case 3 = 2, the Gibbons-Hawking state, the wg cannot
be extended to Hadamard states on W(dS,) [NPT96].

The quantity —g, (K7, K1) > 0, being constant along the flow lines of K, is a char-
acteristic of the Killing trajectory through = € WT. It is related to the acceleration
a®(z) := g.(A, A), cf. equation (3-33), by

1
—gz (K1, K1)

1
_ 2
—a(ac)—i-az.

(3.37)

8Tn fact, there has been some confusion regarding this result as presented in [BS07]. On page 5, as
Stottmeister [Sto09, p. 64] has pointed out, there is an error in the expansion of the Hadamard
parametrix (it should read --- + ﬁ instead of the value given there), which then reappears in the
equations on page 6 (namely in the calculation preceding eqn. (11)). However, Schlemmer calculated
the expectation values of the Hadamard normal ordered Wick square correctly in his Diploma thesis
[Sch05), p. 53], on which [BSO7, eqn. (11)] and the value of ap = ﬁ given there are based. Thus
the errors mentioned here merely occur in the presentation of the steps leading to these final results,
which are indeed correct. Unfortunately, Stottmeister took these mistakes into account when he gave
a “corrected” constant a and used it in the interpretation of his results for Einstein Static and Anti de
Sitter Spacetime. Even though he computed the expectation values of the Hadamard normal ordered
Wick square correctly in these examples, his conclusions therefore need to be re-examined. I am

grateful for the support of the authors in the identification of these errors.
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Note that an observer following the Killing trajectory through z € W;" has proper time
s() = \/—g.(Ki1, K1)t, where t is the Killing flow parameter of K;. The dynamics of
these observers is implemented by the one parameter group of automorphisms {c(,)}
and it is easy to see that the wg are KMS states with respect to this one parameter group
of automorphisms, albeit with new parameter
[ ——
vV —9:(K1, K1)
Therefore, these observers feel a shift in the KMS parameter of these states; sometimes
called the Tolman redshift.
Using R = 12/a?, Rys RP? — %RQ = —12/a* and the fact that dS, stat 1s conformally
flat (i.e. the Weyl tensor vanishes), we find the following constraint resulting from the
dynamics of the temperature, :

(3.38)

a? 1 N 1 1 1 1 1 24
— - - = - — Q.
0o (K1, K1) \—go(K1, K1) ' 222) \123%  12(27)%2)  1272a® 240722 o2 "

(3.39)

This equation seems quite restrictive, but if we use €, instead, we obtain the condition
1 1 1 1

—_+ — — =0 3.40

(—gx(Kl,Kl) * 2a2> (m? 12(277)2) : (3.40)

which shows that the Gibbons Hawking state is the only KMS state which is in LTE with
respect to this thermal observable, because the first factor is always positive in dSg stat-
Recall that in Rindler spacetime, we have the same result for the Unruh state. This leads

us to adopt €,p as the correct choice for the thermal energy tensor.

Anti de Sitter spacetime The next example is Anti de Sitter spacetime. Proper Anti
de Sitter spacetime AdS/, is the maximally symmetric spacetime with constant negative

curvature. As de Sitter spacetime, AdS/, is realized as a hyperquadric in R5:
AdS' = {z e R | — (292 — (212 + (2?)% + () + (") = —a?}, (3.41)

where o € R\ {0} again denotes the radius. The metric g is the Minkowski metric of
ambient R, restricted to AdS’,. However, unlike the other maximally symmetric space-
times Mg and dS,,, proper Anti de Sitter spacetime AdS/, is not globally hyperbolic (cf.
Theorem . It is neither causal (quite obviously, there are closed time-like curves)
nor does equation hold. The first problem can be avoided by passing to the wuni-
versal cover AdS,, to which we refer as Anti de Sitter spacetime. However, it can be
shown that the second problem cannot be avoided. Therefore, even AdS,, is not globally
hyperbolic. However, QFT in Anti de Sitter spacetime has received much attention for

many years now, and this provides motivation to perform our investigation despite these
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causal pathologies. Moreover, due to its simple structure and its similarity to de Sitter
spacetime, AdS, provides an interesting testing ground for the ideas discussed hererig]
There are two kinds of (locally) time-like Killing vector fields in AdS,. The first we

call L; it is time-like everywhere and gives rise to the Killing flow

cos(t)  sin(t)
¢:t— | —sin(t) cos(t) : (3.42)
13

The corresponding trajectories are not geodesic except for 7o(t) := ¢¢(y) with y :=
(0,,0,0,0).
Stottmeister [Sto09] has computed the expectation value of the Wick square for 5-KMS

states with respect to this flow. His result is

TN P S B | SN b o S N
wB(.QZ) (x)) = —gx(L,L) 472 (Z} enB — 1 + 2 cosh(ﬁn) — 1)

n= n=1
1 12
Sntar a2 (3:43)

+

The series appearing in this formula tend to zero as § — oo, so the expectation value in

the corresponding ground state reads

1 12
: A2, _ _
ﬁlimm wg(:p™:(x)) = el T a2 . (3.44)

Using €4, the dynamics of the local temperature (3.32) yields the constraint:
1 1\ 1 [ n 12 1
(T TN a2 ) 42 e T3 _— | = 4
<_9x(L,L) + a2> 472 (TLZ:;) enf —1 + 2 ; cosh(fn) — 1) 0, (3.45)

which shows that the ground state § — oo is in local thermal equilibrium.
The second type of Killing fields is time-like only in wedge-shaped regions, similar to the

ones appearing in de Sitter spacetime. Of the several possibilities, we focus our attention

"9Given a IcQFT A, there is a method of constructing an algebra of observables .A(M) on a non-globally
hyperbolic spacetime M. It essentially requires that every point in M possesses a globally hyperbolic
neighbourhood N (with some choice of time orientation) such that the subalgebra A(M;N) of A(M)
consisting of field polynomials smeared with test functions with support in IN coincides with the
“intrinsic” algebra A(IN), obtained by the functor A. See [FH96| and references therein for details. We
do not comment further on this approach, but assume that the free scalar quantum field and its Wick
powers have been constructed in AdS,, choosing “transparent” boundary conditions for the Green’s

operators of the field, see [Sto09] for discussion.
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on the Killing vector field K, for reasons of symmetryF_U] K> induces the Killing flow
cosh(n) sinh(n)
= 3.46
X sinh(n) cosh(n) (3.46)
12
and it is positive time-like only in the wedge

W5 = {x € AdSa||z0| < 22}

There are no geodesics for this flow. We consider the corresponding G-KMS states in the
interior of W; . Computing the expectation value of the Wick square, one ﬁnd

1 1 1 1 12
2

P = — — —=aQg. 3.47
wp(:0™:(@)) = — e <1252 12(277)2> 24r20? a2 C (3.47)
Note that, apart from the 4+ sign in the second term and the — sign in the third term,
this expression has the same form as the corresponding expectation value (3.36]) in the
wedge region of de Sitter spacetime.

The evolution equation for the local temperature (3.32)) yields the constraint:

<—9w(;bKl> ! 2;2) (12162 - 12(;7)2) =90, (3.48)

which shows that the § = 2x state is in LTE. This state corresponds to the 8 — oo state
for the dynamics induced by L (i.e. the "vacuum” [BFS00]) 7

Einstein Static spacetime The next example is Finstein static Universe E, which is an
exact solution of the Einstein equations with cosmological constant A > 0 and energy
momentum tensor of a perfect fluid. It can be viewed as R x S3, with metric

ds? = %(—dﬁ + dx® + sin?(x) (d6* + sin2(9)d¢2)>,

where we have set the sectional curvature equal to 1. Stottmeister [Sto09] has calculated
the two-point function of §-KMS states with respect to the dynamics given by translations

of t. His result for the expectation value of the Wick square in these states is

A~ 1 1 & 1 1
A2 — T - I
wp(i9™:) = 472 <z% efn — 1 T3 Z cosh(fn) — 1 12) +aobA, (349)

n= n=1

20The symmetry group of AdS, is the restriction of the symmetry group O(2, 3) of ambient R® to AdS.,.
21This result is new. However, we do not put the calculation on record here, because there are no new

ideas involved. The methods used are those developed in [Sto09].
22Had we used the original definition of the thermal energy tensor instead, the resulting constraint would

have exactly the same undesirable form as the corresponding expression in de Sitter spacetime.
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which is constant over spacetime. The value in the corresponding ground state is [Sto09,
eqn. (5.11)]

Ii 2 = (—
glfcio“’ﬁ(gb )= (“3gg2

+ ap) 6A, (3.50)

The Einstein static universe is locally conformally flat and R = 6A is constant, moreover
Ra/@Raﬁ = 12A2%, which shows that there is no anomaly. However, equation (3.31)) still
has a rather undesirable form, while using the modified thermal energy tensor €, instead

shows that all of the KMS states are in LTE, because wg(:¢*:) is constant.

Discussion We would like to draw some conclusions from the previous examples at this
point. The first point concerns the choice of ag, the renormalization of the Wick square.

We propose the choice
1

= 28872’

such that :¢?: is a conformally covariant quantum field (see last section). With this

Qg (3.51)

choice, the Gibbons Hawking state in de Sitter, the Unruh Hawking type state in Anti de
Sitter (i.e. 8 = 27 for the Ks-induced dynamics and the ground state for the L-induced
dynamics) and the ground state in Einstein static spacetime all have a local temperature
of zero. This is not surprising, since all of these states are conformal vacua [BD84] in their
respective spacetimes. This then establishes a close analogy to the Rindler case, where the
Unruh state also has local temperature zero, regardless of the choice of renormalization
constant.

Buchholz and Schlemmer [BS07| have proposed choosing ag such that, in static de
Sitter spacetime (cf. equation (3.36))), the ground state § — oo has local temperature
zero on the geodesic, where —g(K1, Ky) = 042.@ The motivation@ behind this choice
is that, while the time-like Killing trajectories in dS, stat are geometrically quite unlike
time translations in Minkowski spacetime, at least on the geodesic, the KMS states should

behave like reference states when tested with scalar observables. The corresponding choice

; BS _ 1
1S O = 992"

Sitter spacetime: it can be seen that with 04535, for Anti de Sitter (cf. equations (3.44]) and
(3.47)), the Unruh Hawking type state is not in LTE (not even on the geodesic). What

is more, in Einstein static spacetime (cf. equation (3.50])), the ground state is also out

However, the argument of Buchholz and Schlemmer only works in de

of local equilibrium everywhere. In other words, except for de Sitter spacetime, all the
conformal vacua in the curved spacetime examples discussed so far fail to be in LTE, even
on the geodesics (if present).

Having knowledge of all the other examples, it seems unnatural to justify a choice

of ap based only on the geodesics in de Sitter spacetime. We therefore introduce the

230n the geodesic, the inverse local temperature then agrees with the KMS parameter for all KMS states.
2T would like to thank J. Schlemmer for discussions on this point.
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conformal renormalization here - conformal vacua should have a local temperature of
zero.ﬁ] This choice, equation (3.51)), entails an interesting relation between the KMS

parameter T}, o

= 37! and the local temperature in the wedges of de Sitter and Anti
de Sitter spacetime. If T, (x) denotes the KMS parameter, corrected for the Tolman
redshift, equation , and T'(x) is the local temperature as measured by the Wick
square, then it is easy to see tha@

T\ () = \/ +¢ 27r1a)2 n ?227(:;3 +T2(x), (3.52)

where the + sign holds for de Sitter, while the — sign holds for Anti de Sitter. In fact,
this relation also holds for Rindler spacetime, if one takes into account that the first term
under the square root is absent in that case.

This formula underlines an important point raised before: there are several components
which combine in order to render a curved spacetime state KMS and hence passive with
regard to the dynamics in question. Here, this is embodied by the fact that the KMS
parameter with respect to which the state is passive decomposes into a geometric con-
tribution due to spacetime curvature (corresponding to the first term under the square
root), a part which encodes the effect of acceleration (the second term) and, finally, a
contribution due to local thermality (the third term).

Note that equation is a generalization of formulas for the Unruh-Hawking states
first found and discussed in [NPT96, DLI7, [Jac98]. In [BS07], a different formula for
de Sitter spacetime was presented based on their choice of ag (their eqn. (11)). In our
view, however, formula is favourable, since it displays a contribution due to the
curvature, which should play a réle in the passivity and KMS property of states in curved
spacetime.

At this point we would like to comment on the meaning of conformally covariant local
thermometers. The measurement of global temperature usually requires procedures which
break the conformal symmetry, because a time scale, and hence an energy scale, needs to
be fixed in advance, while a conformally covariant local thermometer means that the local
temperature scales with the conformal factor. This should be seen as an indication that

additional thermal observables are required in order to determine other local thermal

25We attach more significance here to the local thermality of the highly symmetric Hawking-Unruh type
states than to ground states with respect to wedge dynamics as in Rindler, de Sitter and Anti de Sitter

spacetime. In fact, these particular ground states are out of local equilibrium with our choice of ap.
26Tn Anti de Sitter spacetime, the relation corresponding to (3.37) reads

. _ GQ(I) _1
—g.(K1, K1) a?’

Therefore, the acceleration is bounded below and the sum of the first two terms on the right hand
side of (3.52) is always positive in the wedge.
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functions in conjunction with T'(x) - such as the thermal energy tensor, which is not
conformally covariant. We comment on how our choice of renormalization constants can
be generalized to theories which are not conformally covariant, such as the massive scalar
field, in Condition [2|

The second point we wish to discuss concerns the thermal energy tensor. We realize
that the original definition of the thermal energy tensor €4 in curved spacetime, equation
, leads to very strict constraints in the KMS states, which for example entail that the
conformal vacua are not T(®)-thermal anywhere (except, of course, in Rindler spacetime).
However, due to high degree of symmetry in these states, we expect some degree of
thermality, also with regard to their thermal energy. While for the Wick square, we
could choose ag accordingly, for the thermal energy tensor nothing can be done using the
renormalization freedom in the spacetimes with [JR = 0. However, we have seen that if
the modified thermal energy tensor €, is used instead, see equation , the conformal
vacua are indeed locally thermal.

We emphasize again that we have fixed the renormalization and energy momentum
tensor by testing KMS states in some particularly symmetric curved spacetimes, but these
choices in fact apply to all spacetimes. From now on, we use conformal renormalization

and the modified stress energy tensor.

Definition 3.2.1. In curved spacetime, the Wick square, serving as a local thermometer,

is the locally conformally covariant quantum field of weight 2 which is given by

R
A2 L2,
7 = 9%+ 28372
The thermal energy tensor is given by
. 1 5 1 5 1
€ap = —:0(VaVed): + Zvavb:¢ L+ gRab:¢ D= Zgab:¢P¢:

3 1 R RF  Yab rnRF
=€nab — 15 (VaVi — gap0) o552 T Ty — T(T ) as

where €}, o includes only Hadamard normal ordered Wick products.

Recall that the renormalization constants 81 and (39 enter the definition of €, via T £F ,

cf. equation (1.39). We test our choices in two more examples of physical interest.

Cosmological Spacetime Our next example is of importance in cosmology. According
to the standard paradigm, on large scales, the universe can be described by a homogeneous
and isotropic solution of Einstein’s equations. The corresponding class of models is given
by the Friedmann-Robertson- Walker spacetimes. The only degree of freedom in the metric
of these spacetimes is the scale factor a(t), where t denotes the cosmological time, which

ranges over an open interval I C R. Recent measurements of the evolution of the Hubble
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function suggest that a model with flat spatial sections is appropriate, in contrast to
spherical or hyperbolic models.
A spatially flat Friedmann-Robertson-Walker spacetime F, is given by I x R? with
metric
e, = —dt? + a*(t) (dz? + dy® + dz?). (3.53)

Introducing the conformal time T from the differential relation dr := % and writing

a(7) := a(t()), the metric becomes
9, = 0*(7)(—d7? + dz? + dy® + d2?), (3.54)

which shows that F, is conformally embedded into Minkowski spacetime. Clearly, the
conformal embedding ¢ : F, — My is given by ¢ (7, %) = (7, %) and the conformal factor
is Q(¢(r,7)) = 1/a(1).

One can now introduce so-called conformal KMS states for the massless, conformally
coupled field by using KMS states in Minkowski spacetime.@ Using e = 9, € VT we use
the KMS state wg in Minkowski spacetime to define the state

wg = wg 0 vy (3.55)

in F,, which is Hadamard [Pin09, DHP11].

Since the Wick square is a conformally covariant quantum field, it is easy to see that

1
2
P = ——— 3.56
(%) = (3.50)
which means that the inverse local temperature in these states scales with a(7), i.e. 5(7) =

a(7)3, which is expected from a conformally covariant theory in zeroth order cosmology.
In the states wg, the dynamics of the local temperature (3.32)) results in the condition

i=0 (3.57)

for all 8. Here, " denotes the derivative with respect to cosmological time.@ Depending
on the initial conditions, this condition can accommodate power law inflation and also
Minkowski spacetime. This result shows that only in a special cosmology, the conformal
KMS states can be in LTE with respect to the thermal energy tensor. Of course, the

model of the massless, conformally coupled free scalar field is too simple to be able to fully

2TThis works in the same way as for conformal vacua, as discussed in [BD84]. Note that conformal KMS
states are well known and recently appeared as special cases of the approximate KMS states defined
in [DHP11].

28Had we used e, instead of €qb, the resulting equation would be a non-linear third order differential
equation in the Hubble parameter H := a/a, depending on the inverse temperature 3 and a linear

combination of the renormalization constants 31 and (s.
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describe quantum effects in the early universe. However, our discussion shows that linear
constraints arising from the LTE condition and equations of state might have a bearing
on cosmological parameters in more realistic models. See also [Verll] for a discussion on

LTE in cosmology.

Schwarzschild spacetime Our last example is Schwarzschild spacetime Sy; surrounding
a static black hole of mass M. S)s proves to be an interesting testing ground for LTE,
since it is a curved spacetime which is not conformally flat (in contrast to our previous
examples) and is a vacuum solution to Einstein’s equations. The latter point implies that
the renormalization ambiguity of the Wick square is not present, as R = 0.

This paragraph is based on an interesting early attempt to define local temperature
in QFT by measuring the Wick square, namely Page’s work in the eighties [Pag82|.@
The author calculates the expectation value of the Wick square and the energy momen-
tum tensor in thermal states for the conformally coupled free scalar field in backgrounds
with static Einstein metricsEU], where he uses the so-called Bekenstein-Parker Gaussian
approximation@

Exterior Schwarzschild spacetime can be covered by coordinates (t,7,0,9) € R x

(2M, 00) x S? and the metric is given by

oM oM\ !
g=— (1 _ ) e + <1 - > dr? + 12 <d02 + sin(6)? d¢2>, (3.58)
T T

which is obviously static with time-like Killing vector K := d;. Schwarzschild spacetime,
as a vacuum solution, is an Einstein spacetime with A = 0. Page thus used his result
to compute the Wick square in the Hartle Hawking state, which is KMS with respect to
the dynamics induced by K, at the Hawking Temperature § = 8w M [Wal94]. The Wick

square in this state takes the value

st () ~ 1 (1 M (W) ¥ (W)3> ENCED)

which approaches
is (B(o0) = 2.
Turning to the thermal energy tensor and applying equation (3.32)) to (3.59)) yields the

constraint

ﬁ for r — o0, i.e. the inverse local temperature of wgys, at infinity

~ 0, (3.60)

29T am grateful to K. Fredenhagen and N. Pinamonti for bringing this reference to my attention.
30Recall that a spacetime M with metric g is called Einstein, if there is a constant A € R such that

Ray = Agay. All of the previous examples are Einstein spacetimes, except for Robertson Walker

spacetimes with non-constant a(r).
31The corresponding approximation was slightly improved in [CH84], but this does not change our dis-

cussion here.
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which entails that only at r ~ 9M can the Hartle Hawking state be in LTE[P?| This
result shows that even for the modified thermal energy tensor, the Hartle Hawking state
is almost nowhere in LTE. However, this is not unexpected: as we have mentioned several
times before, there is no reason to expect that KMS states in curved spacetime have a
high degree of local thermality, especially with respect to non-scalar observables. These
simply measure the degree to which the state resembles a reference state.

We can interpret the result for the Wick square as follows: for the Hartle Hawking state
at spatial infinity, the local temperature agrees with the Tolman redshifted KMS Temper-
ature, up to a factor of ﬁ (the surface gravity of exterior Schwarzschild spacetime). This
resembles the situation for the Unruh state in Rindler spacetime, where at spatial infinity
the Tolman shifted KMS temperature is zero, agreeing with the local temperature, cf.
equation . Recall that for both spacetimes, these findings are not influenced by the
choice of ag. At spatial infinity, in both spacetimes, the trajectories with respect to which
the states in question are KMS resemble inertial time-like trajectories in Minkowski space-
time (here, the asymptotic flatness of Schwarzschild spacetime comes into play). These
results are therefore consistent.

Choosing coordinates appropriate for the “wedge-dynamics” induced by Ks in Anti de
Sitter spacetime, one can show that the Tolman redshifted KMS temperature for the
Hawking-Unruh type state (8 = 27) tends to zero at infinity (which is time-like for Anti-
de Sitter). This can be seen as a confirmation of our choice of renormalization constant
ap, because the local temperature in this state is zero at infinity (in fact, everywhere).
This therefore establishes an analogy to the Schwarzschild and Rindler spacetime and

provides support for our choice of ay.

In general, when there is no conformal symmetry available, like in the massive case, we
propose the following prescription for fixing the corresponding renormalization constants.
This requirement supplements Condition [I] in Section [2.2.1] as criterion for the choice of

thermal observables.

Condition 2. Let there be given KMS states for a Killing flow for which there exist
sequences of Killing trajectories, which in some limit resemble inertial trajectories in
Minkowski spacetime. In that limit the inverse local temperature must resemble the
Tolman redshifted KMS parameter for Hawking-Unruh type states in spacetimes where

the latter exist.

We also want to reiterate an important point: as the examples have shown, KMS states
in curved spacetime do not always possess a local temperature, i.e. in certain regions

and for certain ranges of the corresponding KMS parameter, these states are out of local

32We note that there exist time-like geodesics with closed orbits at that radius.
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equilibrium even with regard to the Wick square. However, our abstract results in Chapter
and also Corollary allow us to draw the conclusion that even in such regions there

are states which are T, (x)-thermal for any n. Here, we display two results of this type.

Proposition 3.2.2. Let O C M be a compact subset of some spacetime M and let n € N.
If the Wick powers are chosen such that Cop, = (2m — 1)!! o' R™ for allm =1,2,...,n,

then there are (not necessarily quasi-free) Top,(O)-thermal states in S(M).

Proof. A state is To(x)-thermal if the corresponding expectation value of :¢?:(x) is pos-
itive. We can construct a state with this property for all x € O as follows. We pick
any state w € S(M) with non-vanishing one-point function w") and modify its two-point

function w® by adding another term
@9) = w® 4@ gu®

with some ¢ € R. Recall that since w € S(M), the w®) are smooth. P is a valid

two-point function and we can consider the corresponding quasi-free state w,.. Clearly
De(:¢%:(2)) = w(:¢%:(2)) + ¢ (W (@))%

Due to the compactness of O, we may choose the constant ¢ such that ©.(:¢%:(x)) > 0
for all x € O. There are obviously many states which satisfy this inequality and are
consequently To(O)-thermal. By Corollary this means that these states, being
quasi-free, are Ta,(O)-thermal as well.

Now we use the fact that Ts,(O)-thermality is stable under convex combinations. We
simply mix the so-constructed quasi-free states and thus construct states which are not
quasi-free but still Ty, (O)-thermal. O

The method discussed in Section [2.2.3|provides an alternative way to show the existence
of T, (x)-thermal states for z € M. Namely, the results in Chapter [2] entail that there

exist Tay, (x)-thermal states if any linear combination

n

P(x) = Z ci:¢*(x), ¢ €R, (3.61)

i=0
has a positive scaling limit, cf. Proposition [2.2.9]
Lemma 3.2.3. The scaling limit of a quasi-free Hadamard state w € S(M) at © € M

exists for the Wick powers :¢*™: for all n € N. The scaling limit two-point function is
non-trivial and the dimension of the field is 2n@

33Gince derivatives only increase the dimension, we note that a similar result holds for differentiated Wick

powers :(VO<1)¢)(VO(2)¢) (VM)
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Proof. One starts by computing the m-point functions of w with respect to the field :¢>™:,
making use of Wick’s theorem (1.16). On finds a sum of expectation values of certain
Wick powers in w, the highest of which is :¢?"™:. The most singular term is thus the one
given by a product of nm Hadamard parametrices h. Therefore, we only need to know the
scaling limit of h, but this follows from [SV01, Lemma A.3]. One finds that the scaling
function for the Wick powers :¢?™: is given by N(\) = A"~ ie. d = 2n. We omit the

details of the calculation. ]

This lemma, together with Wick’s theorem , allows us to compute the scaling limit
of the field ¢ in some quasi-free Hadamard state. As there are no relations in the limit
and no fields sharing the same dimension (see the discussion in Section [2.2.3)), we deduce
that the scaling limit is determined by the highest Wick power which appears in the linear
combination 1 and is thus positive. By Proposition all elements of span{Ts,} are
therefore unbounded and Proposition [2.2.7] allows us to conclude that there are many
To, (x)-thermal states. Tg,-thermality pertains in a neighbourhood of x, because there

are no linear constraints, see the argument at the end of Section [2.2.2]

81



82



4 Conclusion & Perspectives

In this thesis, we were concerned with the conceptual question under which circumstances
states in quantum field theory in curved spacetime are in thermal equilibrium and when
it is therefore meaningful to attach local thermal parameters to them. For the purpose
of illustrating our results, we have predominantly considered the massless, conformally
coupled, free scalar field. However, most of our conclusions also hold in realistic models
and it would be worthwhile to consider LTE states in perturbative QFT, for example.

We have given arguments explaining that thermal observables do not form a vector
space in curved spacetime and, moreover, must be chosen to be linearly independentp_-] We
have seen that in certain cases there are relations between corresponding local thermal
parameters which are induced by linear equations of state. It is interesting that these
relations lead to evolution equations for the local thermal parameters.

Choosing thermal observables for which no such relations hold, we have shown that
there exist states to which the corresponding local thermal parameters can be assigned in
bounded regions of Minkowski spacetime. Moreover, with a natural assumption regarding
the numerical range of the thermal observables, there exist states which are in equilibrium
at any given point in a curved spacetime. Again, in the absence of linear constraints, the
thermality of these states extends to neighbourhoods.

Furthermore, we have argued that KMS states in stationary curved spacetimes, though
passive with respect to certain observers, may not be viewed in analogy to global thermal
equilibrium states in Minkowski spacetime. Indeed, not all of these states are in local
equilibrium. For those that are, the parameter § cannot necessarily be interpreted as
an inverse temperature. In fact, § decomposes into contributions from the curvature,
the acceleration of the observer and the local temperature. Usage of the thermal observ-
ables to obtain information on the KMS states in curved spacetime also allowed us to fix
the renormalization freedom exhibited by these fields in terms of physically meaningful
parameters.

Finally, we wish to point out possible directions for further research. Regarding our
existence proof for LTE states in Minkowski spacetime, it would be interesting to clarify

whether it can be extended to thermal observables for which there are constraints arising

!Taking advantage of the freedom inherent to the choice of thermal observables in curved spacetime, in

some cases it is possible to recover a linear structure on these sets.

83



CHAPTER 4. Conclusion & Perspectives

from linear equations of state. Additionally, a deeper understanding of the requirements
for local equilibrium in regions of curved spacetime is, of course, desirable. In particular,
this involves showing that in case of linear constraints, there are states which satisfy the
resulting evolution equations in open regions in curved spacetime. While we have seen
that these evolution equations are satisfied in some KMS states in certain spacetimes, a

more general result has yet to be obtained.
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