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Abstract

We consider the stochastic heat equation in R4 x R? with multiplicative noise:

Ou(t,x) = %Au(t, x)+b(t,z,u(t,x)) + o(t,z,u(t,x)) W(t,z).

Here, W is a centered Gaussian noise which is white in time and colored in space
with correlation kernel k(x,y) < const(|lx —y|~* + 1) for z,y € R? and « € (0,2 A
q): E[W(t,z)W(s,y)] = 0(s — t)k(z,y). Our main result states that if the noise
coefficient ¢ is Holder-continuous of order v in the solution w and satisfies a <
2(2y — 1), then the equation has a pathwise unique solution. This was conjectured
by Mytnik and Perkins in [MP11] and generalizes results in [MPS06]. Additionally,
if ¢ = 1, we show that the compact support property holds for nonnegative solutions

of the stochastic heat equation with o(t,z,u) = u” for all o,y € (0, 1).






Abstract

Wir betrachten die stochastische Warmeleitungsgleichung in Ry x R? mit farbi-
gem Rauschen.

Owu(t,z) = %Au(t, z) + b(t, z, ult,x)) + o(t, z, u(t,z)) W(t, z).

Hierbei ist W ein zentriertes GauBsches Rauschen, welches weil in der Zeit ist und
farbig im Raum mit einem Korrelationskern k(z,y) < const(|x —y|~*+1) fir x,y €
RY und o € (0,2 A q): E[W(t,z)W(s,y)] = 6(s — t)k(x,y). Das Hauptresultat der
Arbeit sagt, dass wenn der Koeffizient des Rauschens o Holder-stetig von Ordnung
v in der Losung u ist und es gilt, dass o < 2(2y — 1), dann hat die Gleichung eine
pfadweise eindeutige Losung. Diese Aussage wurde von Mytnik und Perkins 2011
vermutet. Zudem wird gezeigt, dass im Fall ¢ = 1 die sogenannte compact support
property fiir nichtnegative Losungen der stochastischen Wéarmeleitungsgleichung

mit o(t, z,u) = u? fiir alle o,y € (0,1) gilt.
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1. Introduction

In this dissertation we study a certain class of stochastic partial differential equa-
tions (SPDE). These kind of equations appeared first in the 1970s, amongst others
in works of Dawson [Daw75|, Pardoux [Par72] and Viot [Vio76]. One of the first
manuscripts presenting a comprehensive theory was given by Walsh [Wal86]. As of-
ten in probability, the theory was motivated by possible applications which mostly
stem from biological or physical models. We will also first provide motivation by
considering such a model that can be described by these SPDEs. Rigorous defini-
tions will be given in later chapters.

So, imagine one particle moving in the lattice Z¢, ¢ > 1. It starts at the origin
0 € Z4. At each time point in Z; = {0,1,2,...} it changes its position to a
neighboring point, i.e. to a point where only one coordinate entry differs by the
value 1. All of the 2¢ possible points are chosen with equal probability and each
position change is independent of the other. Denote the position at time n € Z,
by Y, € Z9 and call Y = (Y,,)nez, a random walk. If there are N € N = {1,2,...}
particles, each moving independently, denote their random walks by Y'!, ... YN,
For t > 0, N € N, define the particles’ (rescaled) empirical measure X on R? by

S LN}

It assigns % times a Dirac-measure J to positions, rescaled by N ~/4, of the particles
at time |Nt]|. Then for any ¢ € C(RY), the compactly supported infinitely
differentiable functions on R?, consider the integral (¢, X}V) = [ o(x)X; N(dx). As
N — oo the integral converges almost surely for any ¢ > 0 to a constant dependlng
on ¢. The constant of this large population, high density limit can be expressed
as [pq d(x)u(t,z)dr for a function u : Ry x R? — R, which is the same for any
o. Furthermore, assuming all particles start at the origin, the function u can be
specified as the (unique) solution of the heat equation

1/2

Opu(t,z) = %u(t,x), u(0,x) = do(x), t >0,z € R%

Here, A = 8%1 + -+ ﬁgq is the Laplacian in R, 0., denotes partial derivative in
x;~direction and dy is the d-function with (singular) support in 0. In fact, v describes
the density of particles in the limit. We sometimes abbreviate u.(z) = u(t, z).



The heat equation is a deterministic equation. However, if particles not only move
in the geographical space, but also branch after each position change (i.e. at times
in N7!N), stochastic effects can be observed in the limit. Branching means that
particles are erased and replaced with a random number of offspring at the same
site. Consider the special case that this random number is either 0 or 2, both with
equal probability (critical binary branching). Any branching events are supposed
to happen independently from the others. Doing the same rescaling as above, now
summing over the random number of particles alive at a certain time, Dawson
[Daw75] showed weak convergence of the empirical measure process (X} (dz))i>o
to a measure-valued process (X;(dx)):>0. To connect it with the above, that implies
that the integrals (¢, X¥) converge weakly for any ¢ as above, t > 0. Konno and
Shiga [KS88] and Reimers |[Rei89] showed that this process allows a density process
u(t,z) w.r.t. Lebesgue measure in dimension ¢ = 1, i.e. X (¢,dx) = u(t,z)dz. This
density w is a nonnegative solution of the Dawson-Watanabe SPDE

dyu(t, z) = %agu(t,x) bt ) Wit z), (1.1)

where W is white noise on R x R. Such a solution u ezists in a stochastically weak
sense, meaning that there is a probability space with noise W and solution u such
that the SPDE holds almost surely. However, it would be more desirable to have
the existence of stochastically strong solutions, meaning that for given W such a u
is a measurable function of W: u = F(W). Following a classical result of Yamada
and Watanabe, it will be shown (Lemma[5.1.1]) that this measurable function exists
if pathwise uniqueness for the SPDE is satisfied. Pathwise uniqueness means that
any two solutions u! and u?, defined on the same space with probability measure P
and the same noise W, fulfill P(u' = u?) = 1. To obtain such pathwise uniqueness
results will be the major task in this thesis.

Here, a more general version of a such a stochastic heat equation (SHE) is studied
replacing the square root in with a Holder-continuous function o(u) : R — R :

Opu(t,z) = %u(t, x) + o(u(t,x)) W(t,z), (1.2)

with ¢ > 0,z € R? and a suitable initial value u(0,-) = ug(-). For non-negative
solutions, a special case of interest is the family o(u) = «?, v € (0, 1]. This family
includes the two cases of (v = 1/2) and the parabolic Anderson model (v = 1,
e.g. [CM94]). The latter yields a linear equation in w, which has been studied
intensively in the last years, see [GKO05]. Since u? = u'/?uY~%/2 and u!/? is the
term appearing in , general exponents v € (0, 1) could be understood as density
dependent branching; see page 326 of [MP92] and Section here.

The main reason for the existence of a density process u only to hold for ¢ =1 is
the roughness of white noise in higher dimensions. To generalise that setting (pri-
marily for the wave equation), different spatially smoother noises were considered



10 Introduction

more carefully, in particular by [Dal99]. There is a special focus on some of these so
called colored moises, which are spatially correlated centered Gaussian noises with
covariance given by:

BV @OW @) = [ ookl g)ils.) dedyds, 6. € C(Ry xR, (13

for a correlation kernel k(z,y) = |z — y|™®, a > 0. There are two reasons why
considering this kind of colored noise is similar to white noise. The first is that
for @« — ¢ the kernel |z — y|~* converges weakly to the white noise correlation
kernel dg(z — y). Secondly, if in the above particle model the branching events are
correlated in a sufficiently strong sense, then in a limit construction as above one can
obtain SHEs with colored noise. For example, Mytnik [Myt96] showed convergence
of approximate densities of a certain particle system to an SHE with a mixture of
white and colored noise. There have been results about SPDEs with this kind of
colored noise in the last ten years, e.g. [Stu03], [FK10], [MPS06], [SSS02], [F'SS06].

Going back to equation , let us note that the question of weak existence for
continuous o was answered in [Shi94] for white noise and in [MPS06] for colored
noise. However, the question of pathwise uniqueness in the white noise case was
open for more than 20 years. To quote C. Mueller in [DKRAQ9]: “Almost sure
uniqueness is an unsolved problem which has attracted the attention of many (...)
probabilists and I have heard at least two false announcements of false proofs.”

In 2006, Mytnik, Perkins and Sturm [MPS06] proved pathwise uniqueness pro-
vided that o < 2y — 1 in the colored noise case. There were some indications that
their result was not optimal. Extending that work, Mytnik and Perkins [MP11]
showed pathwise uniqueness in the white noise case if v > %. They also provided
the following conjecture:

Conjecture (Conjecture 1.6 of [MP11]). Pathwise uniqueness in C(Ry, Ciem) for
(1.2) holds in the colored noise case if a < 2(2y —1).

In this dissertation this conjecture is proved using a similar proof strategy as
theirs. The function space Cie, is defined in .

In addition to existence and uniqueness there are a number of results which are
known for white noise, but have not been transferred to the colored noise setting.
Here, one of them is proved: the compact support property of nonnegative solutions
to (1.2) with o(u) = u”,v € (0,1) and W colored noise. The compact support
property means that u(¢,-) has compact support, whenever the initial condition
u(0, ) was compactly supported. In the white noise case, this was known to fail
for v > 1, [Mue91] and known to hold if v < 1, [MP92]. In the proof here, it is
also shown that u gets extinct in finite time, meaning that there is an almost surely
finite random variable 7' < oo with u(7),-) = 0.
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Let us put together some of the results that are known up to now and the gaps
which are still to be filled for white noise and for colored noise. We will split up
each table in two cases, real-valued solutions and nonnegative solutions. Sometimes,
stronger results can be shown if one restricts attention to nonnegative solutions.

We use the abbreviations WE for weak existence, WU for weak uniqueness, PU
for pathwise uniqueness and CSP for compact support property. Some of the re-
sults require further restrictions on the solution spaces considered, e.g. the pathwise
uniqueness is shown on a certain set C(R4, Ciem) of functions. For the details we
refer to the references given below the tables.

Consider solutions u of (1.2]) with ¢ =1 and o(-) = |u|”, where v = 1 stands for o
being Lipschitz.

’ White Noise

u e R u>0
WE WU PU WE WU PU | CSP

v a) v v a) V' b) v v' | no, ¢)

-~

vy=1
ye(0,1) [ vd)|[no,y<3e)[vy>2f)|vg |vy>1h) v i)

References:
a) Thm 3.5 in [Wal86]; b) Thm 2.2 in [Shi94]; ¢) Thm 1 in [Mue91]; d) Thm 1.1 in
[MP11]; e) Thm 1.1 in [MMP12]; f) Thm 1.2 in [MP11]; g) Thm 2.6 in [Shi94];
L) Thm 1.1 in [Myt98]; i) Thm 3.4 in [MP92], Thm 1.7 in [Kry07].

Consider solutions u of (1.2]) with o(-) = |u|?, where v = 1 stands for ¢ being
Lipschitz and « € [0, q) :

’ Colored Noise k(z,y) = |z —y|™® ‘
u€eR u>0

WE WU PU WE | WU | PU | CSP

v=1 Vva<2a)| VvV v a) vVb)| ? ? ?

vye(0,1) | va<2c¢ | ? |a<22y-1)d) | V ? ? | Ve)

References:
a) Thm 13 in [Dal99]; b) Thm 2.5 in [Kot92]; ¢) Thm 1.2 in [MPS06]; d) Thm [5.3.]]
in this dissertation; e) Thm for ¢ =1 in this dissertation.

One of the immediate impressions of these tables is that there are many more open
questions in the colored noise setting. In this work at least two of them could be
answered for v € (0,1): pathwise uniqueness and the compact support property,
but still leaves a lot of room for future research.

Apart from these two results we show the auxiliary Lemma [5.1.1] and the weak
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existence of the solution of a colored noise equation including drift.

We end this introduction with an overview of the organization of this dissertation.
It is divided into two parts.

The first part starts with the basic notions of PDE in Chapter [2| and stochastic
processes including stochastic integration in Chapter (3] Proofs are mostly omitted,
but many references are given; only the part containing Gaussian processes in
Section [B.3] and the introduction to SPDE in Sections [3.4] and B.5] are treated in
more detail. Chapter [ lists many of the known results for the stochastic heat
equation and lays the basis of this work. The main results are presented in a
separate chapter, Chapter Finally, an outlook to future research is given in
Chapter [0

The second part contains all of the proofs. The proof of Lemma can be found
in Chapter [7 the proof of weak existence can be found in Chapter The main
part of this work is contained in Chapter [9] the proof of pathwise uniqueness. The
proof of compact support property is in Chapter Finally, Chapter [L1| contains
some proofs and longer calculations used in the outlook.

A list of the notation used can be found in the index at the end of this work.



Part |I.

Notation and Results
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2. Partial Differential Equations

We will briefly recapitulate some facts about (deterministic) partial differential
equations (PDE). As we are not aiming at a thorough treatment of that subject we
refer the reader interested in that to [Eval0], [Fri76], [Hor85], [Paz83] or [Raudll,
from which we borrow most of what is contained within this section. As there are
several ways to deal with PDE we will present various ideas and techniques as most
of them will reappear later.

2.1. Partial differential operators

Partial differential equations are an extension of the concept of ordinary differential
equations (ODE). In ODE we look for a function w : [a,b] — R, where a < b €
[—00, 0] and we know that u and its derivatives «/,u”, ..., u™ obey a certain set
of restrictions

F(t,u(t), v (t),...,u™ %) =0 for all t € [a,b], (2.1)

for some fixed m € N and a function F : [a,b] x R™*! — R. Additionally, we
require an initial condition u(a) = u € R.

One natural extension of this concept is to take into account real-valued functions
u: 0 — R, where Q is a connected open subset of R?, ¢ > 1. As then derivatives are
partial derivatives we will use the symbol 9% := 8x1111 x -8x;~q fora = (a1,...,0q) €
Z% and |a| = >°1 | o, the order of the operator. Analogously to ([2.1)), we look for
u: Q) — R, s.t.

F(z;{0%(x),|a] <m}) =0, x € Q, (2.2)

for some fixed m € N, F : R x R¢" — R. For ODE we had an initial value problem
(u(a) = u € R). In the PDE context the required/useful boundary conditions vary
due to the properties of the equation, so we will leave that out for a moment.

Using the implicit function theorem, one can (at least locally) solve for
one of the highest order derivatives appearing. This gives rise to some analytic
existence and uniqueness results. Locally, nevertheless, the equation can then also
be linearized and be written as

P(z,0)u(z) =0, z € Q, (2.3)

14



2.1 Partial differential operators 15

where

P(z,0) = P(z,0,) = Y aa(x)0” and aq =

laj<m

8(80‘u)F(x’ {0Pu(x)}): Q=R

is an m-th order partial differential operator (PDO) for some m € N. The definition
of the order came in here implicitly as the highest order appearing. Let us introduce
some notation:

Definition 2.1.1.

(a) The main symbol P, : Q x R? — R of a partial differential operator P(x,d)
is defined as

Pp(z,6) = Y aa()E", v € Q¢ €RY
|a|l=m
(b) For a PDO P(x,0,) we say that P is elliptic if P, (z,§) # 0 for all z €  and
all € 2 0.
(c) For a PDO Q((t,x),0) on Q C Ry x RY 5 (t,x) we say that @ is parabolic,

if Q((t,x),0) = 0 + P((t,x),0,) and P((t,x),0;) is second-order (globally)
and elliptic.

(d) If there is a @ > 0 s.t. Py(z,&) > 0|¢? for all ¢ € RY, then P is called
uniformly elliptic and @Q is called uniformly parabolic.

From now on we only use 2 = R?. For parabolic equations it is sufficient to give
initial data u(0, -) only, even though the hypersurface {t = 0} x R? is characteristic.
The most prominent example of such an equation is the heat equation

Ou(t,x) — vAu(t,z) =0, t > 0,z € RY, (2.4)

where v > 0 and P(x,0) = A =1, 82 is the Laplace(-Beltrami) operator on RY.
Note that Py, (z,£) = > 4, £ has only a trivial zero here, so we have a uniformly
parabolic equation.

The two most basic questions for an equation such as or are that
of existence and uniqueness of a solution. In the parabolic setup (which we will
consider throughout this dissertation) the questions take the following form:

Given f,g: R? — R fixed, the equation

and a certain function space U,

(a) can we find a u € U satisfying the equation in some sense (existence)
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(b) and second, if there were two solutions u;,uy € U, would they be equal in U
(uniqueness)?

We will ask these questions for the stochastic partial differential equations we intro-
duce in the next chapters. Before that, we give some more definitions and notations
for PDE to explain clearer what can be meant by “satisfying the equation in some
sense.”

2.2. Weak solutions, fundamental solutions and
distributions

Often it is not possible to obtain solutions in a classical sense. For instance, due
to the order of the differential operator, the solution u might be required to be
differentiable up to some order, but at the same time should obey a certain rough
initial condition. In order to resolve that problem it is helpful to define function
spaces allowing a different view of the PDE. We follow Chapter 2 of [Rau91].

We remind the reader that the space L?(R?, dx) where dx is Lebesgue measure on
R? is a Hilbert-space with inner product (f,g)r2 = [ fgdz. The spaces LP(RY, dz)

are Banach-spaces w.r.t. || fll, = ([ |f|P dz) P and we can define the set of locally
p-integrable functions

LP

loc

(Rq):{f:Rq—>R:/|f|p¢dx<ooV¢EC§°(Rq).}, p>1.

Here, C2° is the space of compactly supported, infinitely differentiable functions on
RY.

We define certain function spaces which are well-known in the theory of partial
differential equations.

Definition 2.2.1.

(a) The Fréchet space of tempered functions S(R?) is given by

S(RY) = {u € C*®°(RY) : Va, 3 € N?: sup |2°0%u(x)| < oo}.
xcRa

(b) The space of tempered distributions S’'(R?) is defined as the space of contin-
uous linear functionals on S(RY).

(¢) The space D'(R?) of distributions is defined as the space of continuous lin-
ear functions on D(RY) = C°(RY), the compactly supported, smooth func-
tions on R?. Here D is equipped with the family of seminorms ||, x =
SUPge K, |a|<m [0%u(z)|, where m € Z4, K a compact subset of R?.
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Clearly, D’ D 8 © 8§ D D and a prominent object in the first two spaces is the
d-function §, € 8'(R?) for any fixed z € R?, which maps f € S(RY) to f(z) € R.
We can define the Fourier-transform for f € S(R?):

(FL)E) = (2m) 02 / e~ (),

Ra

where x¢ is short for the Euclidean inner product ¢ of z and £. This transform F
extends naturally to S'(R?) by the usual pairing. There are several useful properties
such as Plancherel’s Theorem stating that || f||;2 = || Ff||z2 for f € S(R?) and

(¢ +¥)(x) = (2m)2F (F($)F (), (2.5)

where ¢,¢ € S(R?) and ¢ x ) = [ ¢(- — 2)1(2) dz is the convolution. A useful
property of the Fourier-transform is the following elementary identity for f € S(RY),
a € ZZ_:

F (07 f) = (&) FF.

Thus, it seems a good idea to define the so-called Sobolev-spaces
H*(R?) = {u € S(RY) : (£)°(Fu) € L*(R?,dx)}, s €R,

where (§) = (1+|¢|). This space is a Hilbert-space w.r.t. the inner product (u,v) =
(Fu, (€)% Fv) 2. Most often we will write

(fr9)={f,9)12 = y f(z)g(z)dx

for the L-inner product if this is well-defined.

For the heat equation
(O = vA)u =0, u(0,-) = do(-) € S'(RY),
we can do the Fourier-transform w.r.t. the spatial variable z to obtain
OH(Fu)(§) = —vIgP(Fu)(©), F(u(0,))(€) = (2m) ™.
This is an ODE in ¢ and is solved by
(Fu)(€) = (2m) "2 exp(—v|¢[*t),
which implies

—q/2 |5‘7|2
u(t,x) = (4rvt)”" Y= exp i)
v
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|z

4vt
the fundamental solution of the heat equation in 1 + ¢ dimensions. Elementary

Fourier calculation and a variation of constants idea (Duhamel principle) allow to
use p for finding a solution of

This function, which we also denote by p(z) = (4mvt)~%/2exp (— ) , is called

(0 —vA)u = f, u(0,-) = g (2.6)

for f € C(R4+,S(RY)),g € S(RY) :

uta) = [ ty=agtdu+ [ [ b= ase) dus. @)

What have we done in the last few lines? We have found a formula for
g € S(RY), f € C(R4,S(R?)). But the formula itself can also be applied to more
general f,g. It turns out to be possible to use any g € &’ and f € C(R4,S).
However, we might in return obtain a function v = wu(t,z) that does not have
sufficient regularity for the differential operator being applied to it. Nevertheless,
we call a function obtained as in a mild solution to .

Another idea to construct solutions would be to consider as an equation of
elements in D'(R?). Then, formally the equation would hold, if for all ¢ € D(RY) :

d
£<¢7 u(t7 )) = <u(t7 ')7 VA¢> + <f(ta ')a Qs)a t >0 and <¢a ’LL(O, )> = <¢7 g>' (28)
Integrating this w.r.t. time variable ¢, we obtain

(@, u(t,-)) = (6, u(0,")) + (ult, ), vAP) + (f(t,-), d). (2.9)

The last equation is called the weak formulation of (2.6) and any function u €
D'(R?) solving it for all ¢ € D(RY) is called a weak solution.

There is a relation between the two concepts:

Theorem 2.2.2 (Theorem 3.6.3 in [Rau9ll). Ifg € H*(RY), f € C(R,, H*~2(RY))
the following holds: uw € C(Ry, H*(R?)) equivalently solves (2.7)) or (2.8)) for all
¢ € D(R?), where both equations hold in a classical pointwise sense.

Both concepts of solutions “mild” and “weak” will reappear in the stochastic
setting.

Note that in the operator P(z,0) is applied to ¢ instead of u. Generally,
one can shift the operators in the integral using Green’s formula. As ¢ is of compact
support there is generally no trouble with the boundary terms and we define the
adjoint operator P* of P as the unique operator, s.t.

(P ¢, ) = (¢, PY), ¢, € D(RY). (2.10)
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Naturally, the heat equation is not a good example for the introduction of weak
concepts for PDE; since the heat kernel p smoothes the initial condition g instan-
taneously. But as it will be the equation treated throughout the work it was used
here.

Finally, let us remark that for the heat equation it holds that p;(x) = p; (t_l/ 2p),
so z and v/t are on the same scale, a fact reappearing also in the stochastic setup
later. There are many more properties of the heat equation, but we refer the reader
to Chapter 6 of [Eval(] for some overview.

2.3. Semigroups

We return to in order to observe that the solution at time ¢ can be constructed
using {u(s,-) : 0 < s < t}, which are the solutions up to time t. This phenomen
appears frequently in parabolic (and also hyperbolic) equations and we formulate
the PDE ([2.6)) in a more abstract function-valued setup:

WO = Au(t) + f(t), t >0 1)
u(0) =gy,
for a linear operator A : D(A) C X — X, f,g € X, where X is a Banach space
of functions with norm || - ||. The set D(A) is called the domain of the operator A.

This equation can abstractly be solved by

t
u(t) =g+ [ el (s)ds,
0

which is really analogous to (2.7). The operator et is well-defined for bounded A
with D(A) = X. For general A there is the concept of operator semigroups.

Definition 2.3.1. A family of operators (1});>0 C L(X, X) is called a Cy-semigroup,
if Ty = Id, is the identity operator, T}Ts = Ti+s, t,s > 0 and

thg% |Tix — Tyyx|| =0

for each tg > 0 and € X. An operator A : D(A) C X — X is called the generator
of the Cp-semigroup (73)¢>0, if for all z € X

Az = limt ™ (Tyx — ).
t—0

We are interested in the converse of this definition as we are given the operator
A and look for the semigroup. These results can be obtained by the Hille-Yosida
theorem or the Lumer-Phillips theorem for Cp-semigroups, see [Paz83|’s Chapter 1.

Theorem 2.3.2 (Lumer-Phillips, Theorem 1.4.3 of [Paz83|). A linear operator
A:D(A) C X — X is the generator of a Cy-semigroup of contractions on X if

(a) D(A) is dense in X.
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(b) A is dissipative, i.e. ||(Ad— A)x|| > A||z|| for all x € D(A), X\ > 0.
(c) There is a Ao > 0, s.t. the range of the operator \XId — A is dense in X.

There is also an extension for noncontractive semigroups, which can be found
in Theorem 1.3.1 in the same reference. We give an example where such a Cj-
semigroup exists.

Ezample 2.3.3 (Theorem 2.1.43 in [Jac05]). Let X = Cp(R?) be the continuous
functions on R? vanishing at oo, equipped with the supremum-norm. Set

q

q
A= aij(2)00,00, + Y bi(2) s,

ij=1 i=1

where A is uniformly elliptic and the coefficients are bounded smooth functions.
Then A is the generator of a Cy-semigroup on Cp(R?).



3. Probability Essentials

Within this chapter a short introduction to the main notation related to stochastic
processes, martingales and Gaussian processes is given. Most of the attention is
given to the introduction of noises in the Gaussian process part, which is the only
addendum to the standard theory. Good references on the first three sections are
[Bre6g], [Kle0g|, [Kal02] and [RY91].

The last two sections contain the theory of stochastic integration in the multi-
dimensional setting and the basic notions of stochastic partial differential equations.

3.1. Stochastic processes

Let €2 be the generic space, P(£2) be its power set and F C P(£2) be a o-field on Q.
For a topological space (2, 7) write B(2) for the Borel o-field generated by the open
sets in 7. If 2 has a canonical topology as the Euclidean space R?, we will assume
that this topology is considered. A mapping X : Q@ — (E,€&) into a measurable
space (E,€) is called measurable or a random variable, if X~1A € F for all A € €.
If £ =R, we will call X a real-valued random variable and it will be convenient to
write X € F in general.

Let P denote a probability measure on (2, F) and let E be its expectation func-
tional. The pair (€2, F) will be called a measurable space and the triple (2, F,P)
will be called a probability space. The set of probability measures on € will be
denoted by M;(£2); the set of finite measures by M ().

One often wants to consider a family of random variables indexed by a non-empty
set T. For this, let (2, F,P) be a probability space, (E,&) be a Polish space and
ET the product-o-field on ET.

Definition 3.1.1. A family (X;)ier of random variables X; : Q@ — E, t € T, is
called a stochastic process.
If T'C R™ for a certain n € N, then we say that (X;)ier is a random field.

Note that a stochastic process (X;);er induces a probability measure £[X] := P =
PoX 1 on (ET,£T) via a consistency argument (Daniell-Kolmogorov Theorem, see
Theorem 6.16 of [Kal02]). This probability measure is determined by its restriction
to the finite subsets T C P(T) of T. Let 7% : ET — ES, (x¢)ter — (z4)tes be the
projection down to a set S C T. We will call the collection

(Po(n§) V)sex

21
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the finite dimensional distributions (f.d.d.) of X.

Definition 3.1.2. Let (X;)ier and (Y3)ier be two stochastic processes on T # ().
(a) X and Y are called indistinguishable, if P(X; =Y; for all t € T') = 1.
(b) X and Y are called modifications, if P(X; =Y;) =1 forallt € T.

(c) If (Zi)ter is another process on a different probability space (€', F/,P’) and
X and Z have the same f.d.d., then Z and X are called versions of each other.

Write X 72% 7.

(d) If T consists only of a single point, then we will write X 4 Z, if they are
versions and we will say they have the same distribution.

In the case of countable T" the two first definitions coincide, whereas they differ if
T is uncountable. A modification of a process is also a version. Define the rectangle

q
[[a,b]] := H[ai,bi] C RY for a; < b; € R.
i=1
In the case of £ = R, i.e. a real-valued process X, note that X can be regarded as a
random function X : T'x @ — R on the set 7. For fixed w € Q, call X(w) : T — R
the path of X. If T' C R™ a natural question would be to ask if the process is contin-
uous at a fixed point t € T. However, using the Daniell-Kolmogorov construction
via finite dimensional distributions, this question cannot be answered, generally.
But at least the following well-known theorem holds:

Theorem 3.1.3 (Kolmogorov-Centsov; Theorem 3.23 in [Kal02]). Let T C RY.
Suppose (Xi)ier is a stochastic process taking values in a complete metric space
(S, p) such that there are C > 0,p >0 and v > 0

E[p(X:, Xs)P] < C|t — 5777 Vs, t € T.

Then X has a continuous version. Additionally, we have for 0 < 0 < %:

p
X, X

E sup p(ti’;) < 00.
s#t,€T,|s—t|<1 |t - S|

We remind the reader that a function f : R? — R is said to be Hélder-continuous
of order ~y € (0, 1], if there is a constant ¢ < oo such that

f(z) = f(y)l

sup 7 .
r#y€ERY, |z—y|<1 |J,‘ - y|’y



3.2 Martingales and classical stochastic integration 23

In the case v = 1, the term Lipschitz-continuous is used more frequently. Thus,
Theorem [3.1.3| states that there is a version which almost surely has paths which
are Holder-continuous of order 6.

Sometimes it is not possible to obtain such strong regularity results on the pro-
cess. Therefore, we make the following definition for deterministic functions on the
real line.

Definition 3.1.4. Let (M, O) be a topological space. The function f : Ry — M is
called cadlag, if we have that lim._,o4 f(t —¢) exists for all ¢ > 0 and lim._,o+ f(t+
e) = f(t) for all t > 0. We write D(Ry,M) = {f : Ry — M : f cadlag} and
CR4,M)={f:Ry — M : f continuous}. The space D(R., M) is called Skorohod

space.

Remember that if M is a Polish space, then D(Ry, M) and C(Ry, M) are as well
Polish space and that Theorem is often used to establish that a process has a
version with paths in C(Ry, M).

3.2. Martingales and classical stochastic integration

Now we concentrate on processes where T' = R, = [0, 00) is the positive half-line.
One can think of it as the time-axis. Assume that we are given a probability space
(Q, F,P) throughout this section.

Definition 3.2.1.

(a) A filtration (Fi)¢>0 is an increasing family of sub-o-fields of F. That means
Fs CFand Fs C Frforall 0 <s <t < oo.

(b) The process X is called adapted to the filtration, if X; € F; for all ¢ > 0.

(¢) A random variable 7 : Q — [0, 00] is called a stopping time, if {7 < t} € F;
for all ¢t > 0.

(d) For such a stopping time 7 define Fr = {A € F: An{r <t} € F Vt > 0}.

(e) The filtration is said to satisfy the usual conditions, if all P-null sets N' C Fy
and Fs = (s Ft-

Probability spaces with filtrations will be called filtered proability spaces and will
be denoted by (2, F, F;, P).

There is much more that can be said about this abstract concept of filtrations
and adapted processes, though we refer to Doob [Doo01], pp. 387 onwards, as a
good reference. It is always possible to uniquely extend a filtration to one which
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satisfies the usual conditions. In this section we assume that the ususal conditions
are always satisfied.
An important concept in the study of stochastic processes is that of a martingale.

Definition 3.2.2. An adapted process X = (Xi)i>0 is called a martingale, if
E|X;| < oo for all t > 0 and

E[X:|Fs] = X5 forall 0 <s<t.

It is called a sub-(super-) martingale, if the last condition is replaced by >( <).

If there exists an increasing sequence of stopping times 7,, < oo with lim,, . 7, = 00
almost surely and for each n € N the process (Xiar, )t>0 is a martingale, then X is
called a local martingale.

A prominent example of a martingale is that of Brownian motion.

Definition 3.2.3. A real-valued, adapted process (Bi):>0 on a filtered probability
space (9, F,F,P) is called a Brownian motion, if By = 0, B has almost surely
continuous paths and

(a) the law L£(B; — Bs) is independent of Fj
(b) and the law £L(B; — Bs) = N(0,t — s),
for any 0 < s < t.

Here, N(0,t—s) is a centered normal law with variance ¢t —s, i.e. N(0,t—s)(A) =
[4@2r(t — 5))"Y2exp(—(2(t — 5))"*a?) dz for A € B(R); see also Deﬁnition
One can show that B is a martingale w.r.t. (F;);>0 and also w.r.t. its own filtration
G = (Gt)t>0, where Gy = o(Bs : s < t),t > 0. The adapted process B is also a
Brownian motion on (2, F, G, P).

The general conditions for martingales already imply a lot of regularity on the
paths, as shown in the following result taken from [KS00]:

Proposition 3.2.4 (Theorem 1.3.13 of [KS00]). A martingale X has a modification
s.t. its paths are cadlag. Then we say that X s a cadlag martingale.

The next result will be used frequently later on without special reference to it.
It is one of the reasons which make martingales such an important concept:

Proposition 3.2.5 (Theorem I1.3.6 of [RY91]). On a filtered probability space let T
be a finite stopping time and M be a cadlag martingale. Then the stopped process
MT™ = (M] )i>0 = (Mrpt) is again a cadlag martingale.
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Often it is helpful to restrict the class of martingales to square-integrable mar-
tingales as we will see for the construction of the Ito-integral at the end of this
section.

Definition 3.2.6. The space of square-integrable martingales started in 0 is de-
noted by M?, its subset of continuous square-integrable martingales by M?¢. Set

1M = JEMZ, £ >0; [ M| = 27" (LA [|M]ln),
neN

for M € M?. Let d(M,N) = |M — N|| for M, N € M?¢.
Then the following result holds.

Proposition 3.2.7 (Proposition 1.5.23 of [KS00]). The metric space (M?,d) is
complete and M>€ is closed in M?.

There are many interesting features for martingales and we refer the reader to
[KS00] and [RY91] for a broader overview. Here, though, we present only a small
selection of results including Ité-integration. For a martingale M € M?¢ we define
the quadratic variation

(M), t >0,

as the unique, adapted and increasing process such that M2 — (M) is a martingale.

Now we want to give a short overview on Ité-integration for Brownian motion to
motivate the definitions of the next two sections. One of the first reasons to study
integration was to get an idea for solutions of stochastic differential equations, that
means to look for a real-valued process X = (X;):>0, such that

dXt = b(t,Xt) dt+0(t, Xt) dBt, (31)

in a certain sense. Here, b, o are real-valued functions and B is a Brownian motion.
If ¢ = 0 the equation is an ODE and the theory is well-known. For nontrivial
o, however, we need to define an integral with respect to dB;, which cannot be
modeled as a Stieltjes-integral. We will give an idea here, but refer to Chapters 1
and 3 of [KS00|] for a complete overview.

First we integrate elementary functions: For 0 < a < b and X € F, let H; =
XT(qp) (t) be a real-valued stochastic process. Define its integral:

(H - B)y(w) = X(w)(Bip(w) — Bina(w)), t > 0,w € Q.

One easily checks that H - B is a continuous martingale. Let Sg be the set of linear
combinations of such functions H:

So={f Ry xQ—>RAmEN, 0< a; <b;, X; € Fo,, 1 <i <m,

Fltw) = Xi(w) g, p,}-
i=1
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Extend the mapping H — H - B to Sy by linearity and observe that this is well-
defined (independent of the partitions chosen). Again, f - B is a continuous mar-
tingale for all f € Sy and the so-called Ito-isometry holds:

E[(f - B)Y| = E| /0 f(s,0)? ds). (3.2)

For f € Sy define [f]r = (E[fOT f(s,w)?ds])'/? as well as the metric on S induced
by

1= 27" A A [fln)-

The goal is to extend f — f - B to the following space of progressively measurable
processes

L'={f Ry xQ—R|[f] <ooand,
Vi>0:f:]0,t] x Q2 — Ris B([0,t]) ® F; measurable}.

equipped with the metric induced by [-]. By Proposition 3.2.8 of [KS00] it holds
that Sp is dense in £* w.r.t. [].

Now, we want to extend the mapping f +— f - B from Sy to L*. Let f € L* be
approximated by the sequence (f)ken with elements fx € S, k € N : [fr, — f] — 0.
Then f; is a Cauchy-sequence in Sy, fi - B are in M?¢ and so for the distance
d(fx - B, fm - B), as defined in Definition we obtain

1 B) = (- B =32 27 (1A (BI(fe — fu) - B

neN

= > 2 (LA (Ui = Ful)?)
neN

= [fk - fm]

So, also (fy - B) is a Cauchy-sequence in M?¢. By Proposition we know that
there is a unique limit element in M2 which we denote by

f-B=</0tf<s7->st>t20.

One can show again that this definition does not depend on the approximating
sequence. The key-role for the extension were the It6-isometry and the com-
pleteness of the space of continuous martingales, see Proposition Two aspects
we will reencounter in the multi-dimensional setup.

We conclude this section by citing two important theorems that will be used
frequently later on. The first theorem says that for continuous square-integrable
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martingales there is a time-change, such that the time-changed martingale is a
Brownian motion:

Theorem 3.2.8 (Dambis-Dubins-Schwarz, Thm V.1.6 [RY91]). Assume that M €
M2€ s such that (M, M), = co. Set

Ti = inf{s : (M, M), > t}.
Then By = My, is an (Fr,)-Brownian motion.

The next theorem is an inequality which gives lower and upper bounds for the
running supremum M = sup,<, Ms,t < oo of a martingale via its quadratic
variation:

Theorem 3.2.9 (BDG-inequality, Thm IV.4.1 [RY91]). For all p € (0,00), there
exist two constants ¢, and Cy such that, for all M € M?*,

o (M, M)R2| < BI(MZL)] < G/ |(M, M)R2].

As mentioned before, one of the important uses of It6-integration is the solution
of stochastic differential equations, such as . We present the abstract setting
for stochastic equations. The ideas are taken from [Kur(7]. Let Si, Sz be Polish
spaces and I' : S1 x So — R. The framework of a stochastic equation often is the
following: Let Y be an Ss-valued random variable with law v € M;(S2) fixed.
Look for an Si-valued random variable X, s.t.

I'(X,Y)=0 (3.3)

holds. Usually, Y is not given explicitly, but v is. So we make the following
definition.

Definition 3.2.10 (Stochastically weak and strong solutions). Any pair (X,Y)
of random variables on a probability space (2, F,P) is called a stochastically weak
solution to (I',v), if T'(X,Y) = 0 holds P-almost surely and P(Y € ) = v.
A weak solution (X,Y) is called a stochastically strong solution to (I',v), if there
is a Borel-measurable F': So — Sp, such that X = F(Y), P almost surely.

This framework is also the right one for SDEs such as . There we are given
the equation with the condition that B is required to be a Brownian motion on a
suitable filtered probability space. So we are given the law £[B] on So = C(R4,R),
since B has continuous paths. It remains to define a suitable space S; for the
solution X. We will speak more on that and also the formulation of the SDE in
such a setting in Chapter[7] Remark finally, that for a strong solution it is equivalent
to say that X is measurable w.r.t. the o-field generated by Y. In the context of SDE
this leads to saying that X needs to be adapted to the filtration of the Brownian
motion.
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3.3. Gaussian processes and noises

In this section we give some definitions and properties of Gaussian processes, par-
tially taken from [DKRA09]. Other good references are [Jan97|, [HKPS93] and
[HSO08|, especially for the second part. Gaussian processes are a first natural class
of integrators, since Brownian motion (a Gaussian process as seen in Example
was a suitable process for the introduction of the one-dimensional stochastic integral
in the previous section.

We start with the definition of a one-dimensional Gaussian random variable:

Definition 3.3.1. A real-valued random variable X is a Gaussian random variable,
if there exist m € R and 02 € R, = [0, 00), s.t.

)2
(2702) "2 exp <(;82072n)> dz

IP’(XEA):/

A

for any bounded Borel-set A C R. If 02 = 0, this equation is to be understood in
the sense that P(X € A) = 14(m), i.e. X = m almost surely.

A Gaussian random variable is also called a normal variable. The (unique) quanti-
ties m and o? are called mean and variance, respectively.

There is an extension to the multi-dimensional case. Let ¢ € N.

Definition 3.3.2. An RY%valued random variable g is a Gaussian random variable,
if the real-valued random variable tg is Gaussian for any ¢t € RY.

As in the one-dimensional case it is also possible to identify two quantities:

Proposition 3.3.3. An R?-valued random variable g is a Gaussian random variable
if and only if there exist m € R? and C' € R?*? symmetric and non-negative definite
s.t. for allt € RY:

1
H(t) := E(exp(it - g)) = exp (z’t -m — it . Ct) .
Our goal is to extend the notion of a Gaussian random variable to Gaussian

processes on more general index sets 7.

Definition 3.3.4. Let (92, F,P) be a probability space and T # ) be a set. A
stochastic process G : Q2 x T — R is called Gaussian, if for all t1,...,t, € T, k € N,
the RF-valued random variable (G(t1),...,G(t;)) is Gaussian.

The easiest example one can think of is the discrete set T = {1,...,q}, which
leads us back to the definition of R%-valued Gaussian variables. The functions
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C :{1,...,4}> = R in Proposition had the important property of positive
definiteness we want to generalize.

Definition 3.3.5. A function C : T2 — C is called positive definite, if

n
> aiaC(ti,t;) >0 Vaj,a; €R, tit; €T, 1<i,j<neN.
i,j=1

If (T,4) is a group, a function H : T — C is called positive definite if C(¢,s) :=
H(t—s), s,t €T, is positive definite.

Note that in Proposition we used the term “non-negative definite” to de-
scribe the same fact in the finite-dimensional (or matrix) setup. In the general
setup, the expression “positive definite” is used more frequently, even though it is
a bit misleading.

As in the finite-dimensional cases mentioned above, one can identify quantities
describing the distribution of a Gaussian process. A trivial consequence of the
Daniell-Kolmogorov extension theorem and Proposition [3.3.3] is:

Proposition 3.3.6 (Lemma 13.1 in [Kal02]). The distribution of a Gaussian vari-
able G is uniquely determined by the mean m : T — R and the covariance C :
T xT — R, where

m(t) =E(G(t)) and C(s,t) = Cov(G(s), G(t)),
H(t) = Elexp(iG(#))] = exp(im(t) — %C(t,t)), steT.

As often in probability, we write Cov(X,Y) = E[XY]| — E[X]E[Y] for the covari-
ance of two random variables X and Y. One can show that C' is symmetric and
positive definite. Similarly H is positive definite if T' has a group structure (The-
orem 3.2.2 of [BCR&4]). Assuming these properties, the converse of the previous
proposition holds true:

Theorem 3.3.7 (Theorem 3.1 in [Doo01]). Let T # 0 be a set. For a function
m : T — R and a symmetric positive definite C : T? — R, there is a Gaussian
process, whose f.d.d. are explicitely given by m and C.

It is time to provide the reader with some examples:
Example 3.3.8.
(a) Let T'= R4, m(t) = 0, C(s,t) = s At = min(s,t), s,t € R;. Then a con-

tinuous version of this Gaussian process is a standard Brownian motion, see

Definition 3.2.3
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(b) Let T =[0,1], m(t) =0, C(s,t) = s At — st,s,t € [0,1]. Then, one can show
that C is positive definite. By E(G(¢)?) = C(t,t) = t — t? being equal to 0
for t = 0,1, one gets the idea that G might be a Brownian bridge, the process
obtained by conditioning a Brownian motion on {B; = 0} (p.253 in [Kal02]).

(c) Let T =R%, m(t) =0, C(s,t) = [[j_,(sj Atj), s,t € RL. Then G is called a
Brownian sheet. It has a continuous version; some more properties of it are
given in Chapter 1 of [Wal86].

Minlos’ Theorem

There is a more concrete setup, which helps if some structure of 1" is given. We
first give a general exposition leading to Minlos’ Theorem, then specialize to the
case of T = S(R'*7) and finally introduce the Gaussian noises W* and W? called
colored noise and white noise, respectively.

Following [HKPS93|, we want to construct a nuclear space T. Let M be a vector
space with a family of scalar products (-,),,n € Ng. Denote by T}, the completion
of M wat. |- |p = (- ~)}/2. Assume that |- |, < |- | for all n < m, which implies
T, D T, for all n < m. Additionally, we require that if (& )reny C M is a Cauchy-
sequence w.r.t. | - |, and [€x|, — 0 (k — 00), then also [€k|m — 0(k — o00),n < m.
Let N = ,,en T and equip T' with the projective limit topology 7, given by & — £
in 7, iff § — ¢ in all (T, |- |»),n € N. One can show that T is a Fréchet-space.

Assume additionally that T' is nuclear, that means that for all n € N, there is a
m € N;m > n such that the natural inclusion ' : T;,, — T}, is Hilbert-Schmidt,
meaning that its spectrum is a square-integrable sequence. Let T” be the dual of
T,ie. T'={w:T — R: bounded w.r.t. all | - |, and linear} and similarly define
the dual T, of T,,; define T_,, := T),. Write (-,-) for the pairing of 7" and 7" and
B = B(T"). Consider a mapping;:

H:T =R, ¢ H(}).

Theorem 3.3.9 (Minlos’ Theorem, Theorem 1.1 in [HKPS93|). Assume that H is
positive definite, H(0) = 1 and H is continuous on T. Then there erists a unique
probability measure pg on the measurable space (T',B) such that

H@) = [ explile,é))nuda).

Moreover, if H is continuous with respect to |- |m, m € N, and if m > n is such that
the injection i)' : Ty, — T, is of Hilbert-Schmidt type, then pg(T-,) = 1.

Of course, this theorem is not limited to Gaussian processes, but we will only
apply it in that setting here. To prepare this application, let us construct such a
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nuclear space T. For this construction we use the notation from Chapter A.5 in
[HKPS93].
Let M = S(R'*9) be equipped with a family of scalar products (+,)2,p € No
defined as
(6,¥)2p = (&, JP%) 2, 6,1 € SR, p € N,

Here, J is the self-adjoint operator (for the L? scalar product) given by
To(u) = (=A+ (1+ [uf*)) ¢(u)

and JP is its p-th power, p € Ny. The operator J is the Hamiltonian of the harmonic
oscillator in ¢ + 1 dimensions (4 the constant function 1) and has an orthogonal
(w.r.t. the L?-scalar product) eigenbasis in S(R!9) given by the Hermite functions
h,, defined as

hn(z) = hny (21) -+ hn1+q ($1+q)a

1
x%/2 0 fx%

ox™ ’
1

hiny (1) = ¢(n1)e

for ny,...,n14q € Zy,x € R with
Thy = Anhn = 2001 + -+ + n14g) + g+ 2)hn, n € 2T
The Hermite functions can be normalized. Recall that they also constitute an
eigenbasis for the Fourier-transform:
Fhy = (=)™ h,,.

We write S,(R19) for the completion of M = S(R'*?) w.r.t. the norms induced
by (+,)p,p € No. Clearly, Sy = L?. One can show that the topological space

SER™T) = (] SpRM)
n€Ng
is topologically isomorphic to S(R!'*%) and so we will identify both spaces. More-
over, considering the spectrum of J, it is true that J ~(+3) . 12 5 L2 is Hilbert-
Schmidt. Since, J? : S, — L? is an isometry, we know that I = JpJ s P
Sp — Sp is Hilbert-Schmidt and the image is contained in S, 7. So, the injection
ig+1+% : Sp(RHq) — Sp+1+%(R1+q)

is Hilbert-Schmidt. Hence, the space S(R'*9) is a nuclear space with

SR ¢ ... ¢ Si(R'TY) ¢ L2(R'F) ¢ S (R € --- ¢ S(RIT9).

As J is positive, one can also define scalar products (-, )2, for non-integer p. They
embed clearly, within the previous chain and we will later use such spaces S, for
noninteger p € R. Finally, define B(S’) to be the Borel-o-field given by the weak-*-
topology.
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Gaussian Noises

We want to introduce Gaussian processes on S(R'*9), which will be called Gaussian
noises. They will play the role of the integrators, which was played by Brownian
motion in the one-dimensional setting, see the end of the previous section. There
will not be a treatment of Gaussian noises in full generality. We will only present
Gaussian noises on R'T9, which are white in time and have a certain spatial de-
pendence structure. Remember that the main goal of this thesis is to work with
the heat equation, where “time” refers to a selected coordinate of the equation and
“space” is represented by RY.

In order to obtain Gaussian noises, we want to apply Minlos’ Theorem [3.3.9
So we need to construct characteristic functions H on the nuclear space S(R!T9).
Remembering the result of Proposition we first define a covariance functional
and give some regularity results:

Lemma 3.3.10. For k € L}, (R??), which is bounded by
k(z,y) < c(lz —y[~* +1),
for almost all (z,y) € R* for a constant ¢ < oo and a € [0,q), the mapping
(SR*9))? - R
: { 6.9) = J¢ Joa fia 805 ()5, ) dodyds )
1§ continuous.

We will not give a proof here, as we will present a slightly stronger statement in
the proof of Lemma [3.3.13] There is a special case, which is not covered in this
lemma, but the same continuity statement holds for putting the Dirac-d-distribution
§ = dp € S'(R?) instead of k:

¢
L) = [ [ olsa)ots. o) dods (35)
0 q
Define the mapping Hy, : S(R'T?) — R by

H(6) = exp (~3L4(6.9)) .

Lemma 3.3.11. Assume that k is bounded as in Lemmal3.3.10 and Ly, is positive
definite and symmetric. There is a Gaussian measure py on B(S'(R1T9)), such that
for all ¢ € S(R1T9) :

| explite. 0) in(dn) = Hy(o).

A random variable W* on 8" with law puy, is a centered Gaussian process on S(R1T9)
with covariance given by Ly.
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Proof. We want to apply Theorem Clearly, Hi(0) =1 and by Lemma [3.3.10
the mapping Ly, is continuous and so Hy, also is. By Theorem 3.2.2 of [BCR&4], Hj,

is positive definite since Ly, is.

For the second part, denote the expectation w.r.t. p, by E,, and write & =
S(R'*9) and likewise for S’. Then, let W* be a realization of a random variable
with values in §" and law py, :

Wk.Q -8 =L(S,R),

the space of bounded linear maps from S to R. If for ¢ € S we define (Wk () (w) :==
(W*(w))(¢4) observe that the mapping

Wh(w) : S(RT) - R

is linear: Wk(aqb + ) = aW¥(¢) + W¥(4) for any ¢,1) € S,a € R almost surely.
Moreover, W¥(¢) is a centered real-valued Gaussian variable with

By, (W*(6)%] = —207E,, [H(t0)]|i=0 = Li(¢, )

and similarly using the symmetry of Ly,

By, [WF()W* ()] = Li(¢, %), (3.6)
for ¢, € S. O

Next, we provide some examples:

Ezample 3.3.12.

(a) Let k(z,y) = do(x —y) € H9(R!T9) the §-function in each coordinate. Of
course, the reader will note that this is not in the setup as we presented it in
Lemma [3:3.10] One can also prove [3.3.11] for the functional Ls as defined in
(3.5). The process W9 is called white noise.

(b) Choosing k(z,y) = ko(zx —y) = |z —y|™%, = # y € R? for a € (0,q), the
Riesz kernel, will be a classical example for a stationary Gaussian process.
One can check, that Ly is positive definite in that case. There is a measure
P, on B(RY), s.t. pg, = Fkq. Here, g, = cakq—adX for a constanct ¢, and
Lebesgue measure d\ (cf. Lemma V.1.2(a) in [Ste67]).

Let us define a space of distributions depending on « € (0, ¢q) :
La(®) = {f € S®Y: [ [o7°(F « (2 d= < o) 3.7
—{FeS®Y: [ [erFEnE) s < )
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It is equipped with the norm || flla = [gq |2|7*(f * f)(2) dz, f € Lo(R?). Denote
the completion of Ly w.r.t. || ||o by Lo(R?). Formally the space aw = g corresponds
to the space L?. We define the product M, of function spaces in the following way:

My :={f-g:R"™ 5 R: fc L*R),g € (L*(R?) N Lo(R?)), a € (0,q)}.
Continuing with the general setup, the following holds:

Lemma 3.3.13. The Gaussian process Wk defined in Lemma |3.5.11| can be ea-
tended to My, in the sense that W : M, — L?(),P) is a Gaussian variable with
covariance functional Ly as in (3.6]).

Proof. We take the proof idea from Theorem 2 of [Dal99]. Let (s,z) — f(s,z) =
p(s)p(x) € My. Let p, — p in L*(R) and for ¢ € D(RY) with ¢ > 0, [¢dz =1
and support of ¢ in the unit ball of R? define the mollifier

Yn(z) = nY(nx), z € RI.
If we set ¢, := ¢ * 1y, then ¢, € S(R?) and
60— 0lla = [ gl (Fon—Fo) )
q
< [ delelmeiFe, - 17|70,
R4
Since | F1p, — 1|2 < 4 and it converges pointwise to zero, the dominated convergence
theorem tells us that ¢, — ¢ in L,. A similar argument holds for convergence in
LY (RY).

The sequences ¢, and p, are Cauchy-sequences and so we can do the following

estimate for f, = pndn, n,m € N: By and later ,
E[(W*(fm) = WF ()] = Li(fn = fs fin = f)
= [ [ ] () = s e ) ) = s, ) dody

- / " (pu(s) — pn(s))? ds / / (6n() — Sm(@)k(, 1) (0 (y) — dm(y)) dady
0 Ra JRa
< cllpn — P22z /R q /R 190(#) = 6] (1 | = 4™) [60(y) = 60| iy
2
=l = sl [ ([ 16n(0) = om (@)l
b [ o) ((@n = om) 5 (00— 00) ()]

= llpn— pleey |on = dmlBsen + [ dbale)F (P60 = 6)P) ()]
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So, we note that (W*(f))nen is a Cauchy-sequence in L?(£2, u1,) and we denote its
limit by W*(f). O

Note that the indicator functions 14 : R? — {0,1} for A € B,(R?), the bounded
Borel sets of RY, are contained in L, and 1jg 4 € L3(R) for t > 0.. So we can extend
the defintion of W¥ to these sets. Define W¥([0,t] x A) := Wk(]l[07t}]114). It holds
that

WE(0,1] x (AU B)) = W*([0,1] x A) + W*([0,1] x B),

almost surely for disjoint A, B € By(R?) since 1 aup = 14 + 1, recall the linearity
of W*. By continuity we also have for disjoint A;, As, --- € B(RY), s.t. A = Uren Ak
is bounded:

Wk([0,1] x A) = L? — nli_}ngozn:Wk([O,t] X Ap).
k=1

It can be shown that this limit does not hold almost surely in general (see Example
1.3.16 of [DKRAQI]). This refers to the fact that W* : M, — R is not a continuous
functional any more.

There is one more remark we want to make in the white noise case. Choosing
Ay =T144[0, 5] and A = [T2H1[0, 4] for s;,t; > 0, gives

g+1
E(W°(A)W°(A2)) = [ (s Ata),
=1

which is nothing else than the covariance of the Brownian sheet in ¢+1 dimen-
sions, see Example (c). As Proposition uniquely characterizes Gaussian
processes, we can say that a Brownian sheet is “integrated white noise.” Remem-
ber that Example provided that the Brownian sheet is continuous. So,
if white noise is its “derivative”, we should expect some regularity, at least in a
certain Sobolev space.

As already indicated in the beginning we want to separate the first coordinate of
R!'*9 sometimes. Therefore, we consider the random linear functional W(]l[o’t] X +)
on LY(R?) N Ly(RY) for t > 0. It will be convenient to write

Wi(¢) = W(]l[o,t} X @)

for ¢ € S(R?),t > 0. We will always consider the extended version of the Gaussian
processes W. Encouraged by the regularity result on the Brownian sheet, we give
the following regularity lemma for noises:

Lemma 3.3.14. The Gaussian process W* as in Lemma|3.3.11| can be chosen such
that (WF([0,t] x -))i>0 has values in C(Ry,S_4—1(R7)).
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Proof. Consider the metric space S_;—1(R?) with the metric given by the operator
J with eigenpairs (A, hn)nezi for p=—q— 1.

E[|W () = WEO3 ) = ENTP(WEC) = WE) 12 za)]
E[Y  (JPWL() = WEC)), ha) 2]

neNg
=E[ > (W} ()= WE(), Jhn) 2]
neNg
= > NE[(W(:) = WE(), hn) 2]
neNg
= > NEW*(Ljsg x hn)’]
neNg
=t —s| Y N Li(hn, hn)
nENg
=clt—s| D (2m+ -+ ng) + g+ 1)
nENg

q

<clt —s] Z (1+n1)717%

n1€Ng
<clt—s|.

since Ly (hn, hn) < c[|hn||7 . and p is small enough such that series converges. Since
W* is a Gaussian process, one can obtain estimates for the higher moments. These
allow to use the Kolmogorov-Centsov Theorem to deduce continuity of the
process. ]

The same proof also holds in the white noise setting, i.e. k = § € §’'(R?), however
in neither case do we think the result is optimal in the sense of regularity in the
space variable. The lemma also implies that the paths of (W});>¢ can be chosen in
C (R4, S'(R?)), which will be sufficient for the results to come.

We will now give rigorous definitions of the Gaussian noises used in this disser-
tation. While the definition of white noise is standard, we will define colored noise
depending on k € L. (R?9), which is surely not the most general form of colored
noises which can be defined. However, we will always refer to these noises as colored
noise. All of the colored noises defined here, will have the property that they are

“white in time.”



3.3 Gaussian processes and noises 37

Definition 3.3.15. Let g € Z,..

(a) Let § € S'(RY) be the Dirac-d-distribution and Ls as in . A white noise
W = W% in 1 + ¢ dimensions is a centered Gaussian process on S(R!*9)
with E[WO ()W (4)] = Ls(6,v), 6,¢ € S(R'*9) and such that the extended
process (W4([0,t] x -))s>0 has values in C(R,,S’(R?)) almost surely.

(b) Let k € Ll _(R%) be as in Lemma and Ly as in (3.4). A colored noise
W =Wk dependlng on kinl-+gq dlmenswns is a centered Gaussian process
on S(R'9) with E[W*(¢)W*(¢)] = Li(,v), ¢,¢ € S(R9) and such that
the extended process (W¥*([0,] x -))¢>0 has values in C(Ry,S'(R?)) almost
surely.

(¢) In both cases we will say W is white in time and we will write
Wt(A) = W([O?t] X A)v
for A € By(R?),t > 0.

Let us finally give an example how to obtain general correlation kernels k used
in the previous definition. For a tempered distribution f € S’(R?) define the
continuous mapping Ly : S(R?) x S(RY) — R, L¢(¢,v) := (f, ¢ * ¢) for any
o, € S(R?). Note that in the case of continuous f we can write

o, 9) = f(x—y)o(2)i(y) dedy. (3.8)
R2 JRRa
Relating to the definition of Ly before, note that for k(z,y) := f(x — y) the defini-
tions of Ly, and Ly coincide. Let us require that |f(2)| < ¢(|z|7* + 1), so that we
are in the setting as in Lemma [3.3.10]
We say that f is a distribution of positive type, if L; is a positive operator, i.e.

Li(6,6) 20 Vo€ S(RY).

Additionally, call a measure p on (R, B(R?)) slowly increasing if there exists a
p € Z, st. (1 + |z[?)7P is integrable w.r.t. u. The Bochner-Schwartz Theorem
(Theorem 7.2.1 of [BTA04]) states that any tempered distribution f of positive
type is the Fourier transform Fpu of a slowly increasing positive measure p and vice
versa.

Given such a slowly increasing measure y we define f = Fu € &’ (]Rq) Setting
k(z,y) = f(z — y), we can construct a centered Gaussian process W = W* on
S(R'9). In the general case without the bound on |f|, the path regularity results
are not trivially transferable, but we will not consider that here. Instead, let us
comment on the special features of the previous construction: Due to its definition,
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Ly is a symmetric operator resulting in a spatially homogeneous Gaussian process in
the sense that W/ (-) 4 W/ (r,), 2 € RY. Here 7, : S(RY) — S(RY), f(-) — f(-+z)
is the translation operator. These kind of spatially homogeneous noises were treated
for example in [Dal99].

We conclude this section with a remark relating white and colored noise.

Remark 3.3.16. If we consider colored noise W for k(z) = |=|~® and take the limit
o 7 q, then pointwise there is weak convergence: W¥(¢) = W?(¢), ¢ € S(R'*9)
(see Exercise 3.3 on page 52 of [DKRAQ9]). However, it is not immediately clear
whether convergence in C(R,S’) holds.

3.4. Generalized stochastic integration

In Section we presented a quick overview on Ité-integration in R'. A natural
extension of that concept should be the integration w.r.t. a random field (X¢)er,
where T C R4, As in the previous chapter we distinguish one variable the “time.”
When defining integration there are two natural questions: Which random fields
can be chosen as good integrators? Which functions are good integrands?

Here, we will develop the classical theory of Walsh as in [Wal86]. First, we
will speak about the integrators and give the definitions of martingale measures.
We will show that the Gaussian noises defined in Definition [3.3.15] are martingale
measures. Secondly, we will speak about the integrands and the definition of the
integral. However, we will do this definition only in the case of the Gaussian noises
presented in the previous section.

Martingale Measures

We will start with an abstract setting: let E be a Polish space, £ the Borel o-field
on F and A C &£ a certain subset.

Definition 3.4.1. Let (€2, F,P) be a probability space. A mapping U : 2 x A — R
is called an L?(PP)-valued, o-finite, signed measure on A if

(a) there exist E, A/ E with &, = &g, C A, s.t. U(E,) < oo as. for all n € N,
(b) for all A € A the random variable U(A) is in L?(P),
(c) for each n € N the mapping U is countably additive in an L?-sense:

U(A) +U(B) = U(AUB) (as.), lim U(4;) 250

Jj—o0

for A; \,0and A, B,Aj € &,, j€Nand A, B disjoint.
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It is always possible to extend U : © x A — R to all of Q x & by setting
U(A) = lim,, o U(AN E,) if this is a well-defined L2-limit for a given A € £. Set
the value to oo if this limit is not well-defined.

Let us show that the Gaussian noises from Definition satisfy these condi-
tions in the following sense:

Proposition 3.4.2. Let W be a Gaussian noise, which is white in time. Then for
any t > 0 it is true that Wy : Q x By(R9) = R is a o-finite L?-valued measure on E
and E,(t) can be chosen independently of t > 0.

Proof. Fix t > 0. Defining F,, = B1(0,n) = {z € R?: |z| < n}, observe
E[(Wi(En))’] = tLi(1p,, 1p,) < oo,

by k € L},.(R?9), which implies (a) of Definition Finite additivity and count-
able L? additivity follow from Lemma This shows (c). Then also (b) fol-
lows, since by finite additivity for any A € A there is an n € N with A C E,, so
Wi(A) < Wi(E,) and by the above W;(E,) € L?, so also W;(A) € L. O

Remember that the R!-stochastic integral is defined for martingales. The concept
of martingales also plays a crucial role here. We give the following definition.

Definition 3.4.3. Let (2, F,F:,P) be a filtered probability space. A random
variable M : Ry x A x Q — R is called an L?-valued martingale measure, if

(a) My(A) =0 almost surely for all A € A.

(b) (M¢(A))e>0 is a martingale for all bounded sets A € A w.r.t. the filtration
(Ft)e>0-

(c) My(-) is an L%-valued signed finite measure on A for all ¢ > 0.

For the Gaussian noise W as in Definition [3.3.15| we define for ¢ > 0:
Fi=FV =0c(WsA):0<s<t AcBR?)

as the natural filtration (ft)tzo- This filtration is not necessarily the one we want
to work with. Call N the P-null sets and define

Fo=F"=()FuUN. (3.9)

u>t

We call the filtration (F;)¢>0 the natural filtration and note that it satisfies the usual
conditions. Then we can define on the filtered probability space (£, Foo, Ft, P) the
random variable

W R, x By(R?Y) x Q — R,
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by setting

W(t, A,w) := W([0,t] x A)(w).
For this random variable we can state the following lemma.

Lemma 3.4.4. The Gaussian noises W defined in Definition are martingale
measures with respect to their natural filtration and the martingales are continuous.

Proof. We want to check the three conditions of Definition [3.4.3) Proposition |3.4.2
gives (c); (a) is obvious and (b) is true, since W is Gaussian and

E[(Wi(A) — Ws(A)W,(B)] =0 Vu <s,B € By(RY).
The continuity of the martingales follows from Lemma [3.3.14] O

This ends the paragraph on martingale measures, which will be the integrators
and we can go on to the definition of the integrands and the integral itself.

Stochastic Integral

In this subsection we use the results of the previous paragraph and assume that
{M(A),F; : t > 0,A € By(R?)} is always a martingale measure obtained from a

Gaussian noise from Definition [3.3.15] As in the It6-theory first define the integral
for a small class of functions.

Definition 3.4.5.
(a) A function g : R? x Ry x Q — R is called elementary if
9(7,t,w) = X(W)L(qp#)La(z)
where X € F, is bounded, A € B(R?), 0 < a < b < oo.

(b) Linear combinations of elementary functions are called simple. The class of
simple functions is denoted by S. Let P = o(S) be the predictable o-field.

(c) Let g be elementary as above and M an L?-valued martingale measure. The
stochastic integral of g w.r.t. M is a martingale measure defined by

(- M)i(B) = (/0 gdM)(B)(w) := X (w)[Mins(AN B) = Mipa(AN B)(w),

where t > 0, B € By(R?),w € .
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Let us verify the claim in (c) that (g - M) is an L?-valued martingale measure.
Conditions (a) and (c) in Definition are trivial, so concentrate on (b): (g -
M)(B) is the difference of two stopped martingales, so by Proposition it is a
martingale. When checking the square-integrability, we have

El(g - M)i(B)?] = E[X*((M.(AN B))tnp — (M.(AN B))tna)] (3.10)

= E[Li(91j0,9x B> 91(0,xB)]
where the brackets (-) stand for the quadratic variation of the real martingale
(Ms(AN B))s>0. We can also show that the martingales are continuous. As in the

classical Ito-theory, the notion of quadratic variation plays an important role for
the extension of the integral. We define for g € S the norm:

1/2
Igllo,t := E [Lr(g1 10,4 xre> 9L10,)xRa)] 2ot>0
and the function

[eS)
lgllo ==Y 27" (1 Allgllon)-
n=1

This function || ||p induces a metric on S by dy(g, h) := ||g—h/||o; identifying g,h € S
with ||g — hllo = 0, we observe that (S, dp) is a linear space. By (3.10]), we have that
the mapping

(3.11)
g = ((g - M)t(R?))>0

is an isometry. Remember that M?€ is complete (see Proposition [3.2.7)).

I {(S, do) = (M><,]|- ),
M :

Lemma 3.4.6. The mapping Iy can be extended to the space of predictable, square
integrable processes PM on Ry x RY x Q

PM = {feP:|flos < ooVt >0}

Proof. We only need to show that S is dense in PM w.r.t. dy. For this, see Theorem
2.5 in [Wal86] or Theorem 2 in [Dal99]. O

Definition 3.4.7 (Stochastic Integral). The extension of the mapping Ip; to the
space PM is called the stochastic integral. For f € PM t > 0 it is denoted by the
process

t
(F- 20 = [ [ $s..0) M(dsay).
0 JRa
We list some properties of this generalized stochastic integral in the next lemma.
Lemma 3.4.8. For g,h € PM we have that
(a) (A\g+h)-M=Xg-M)+h-M, where A € R,
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(b) g - M is again a martingale measure,

(¢) ((g-M).(A), (h- M).(B))r = Li(91j0,x 4, M j0,xB)-

Proof. The proof for g,h € S was given before and in (3.10). The extension to
g, h € PM is straightforward by approximation. O

It might be worth noting that the definition of dy here and || - || in are
similar. The extension of W was also obtained by a similar procedure. However,
in the martingale approach we obtained that the stochastic integrals are again
martingale measures and that integrands can be predictable. This is a result which
was not attainable in the previous section.

For the generalized stochastic integrals there is also an analogue of the Fubini
Theorem.

Proposition 3.4.9 (Stochastic Fubini Theorem). Let M be a martingale measure
and (A, A, 1) be a finite measure space. Additionally, let f:RI xR xQx A — R
be PM @ A-measurable and for a T > 0 assume

Ep

/ \f(w,t,w,U)\f(y,t,w,u)HQM(dardydt)\u(dU)] <oo. (3.12)
OXxRIXRIX[0,T]x A

Then it holds P-almost surely for any 0 <t < T':

/ ( /qu[oﬂ (a5, u)M (ds dm>> ptan) = | on (/[ st piasas).

This result can be shown using elementary f first and the full proof can be found
on page 296 of [Wal86].

The reader may have noticed that for the Gaussian noises the letters W and
W are used both. The precise notation and distinction between the two is cho-
sen according to the following heuristic. If B is Brownian motion, we denote its
temporal increments by dB;. The noises defined in Definition [3.3.15] are martin-
gale measurese Wy(dx) = W(t,dx). We could denote their spatial increment by
dyWi(dz), but using physics notation, it is more convenient to write W (t,dz). In
a weak setting of an SPDE the notation W (t,z) will be used, but note that it is
only a formal notation. What we have well-defined in this section is the integration
w.r.t. time and space simultaneously and the notation will be f(;[ Jra W(dt dz).

3.5. Stochastic Partial Differential Equations

There is already quite a large body of introductory literature on SPDE and its
integration theory. However, there are several ways to approach the topic. The
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first one, which we follow here is the approach of Walsh using martingales mea-
sures, as presented in [Wal86]: it is a more analytic treatment of the subject using
martingale measures. The second treatment based on a Hilbert-space approach is
more functional analytic, formulating SPDE as Hilbert-space valued SDE. This is
comparable to the abstract setting of PDE as in Section Some good references
are [DPZ08], [PZ00] and [PRO7]. Another approach to SPDE theory is Kryloy’s
LP-theory as presented in [Kry96].

Before defining SPDE rigorously, let us consider another example (see [Wal80]).
Imagine you left a guitar outside your house and a sandstorm came. What would
be the melody the guitar strings are playing then? The amplitude u of the guitar
string can be modeled as a solution to the wave equation. The sandstorm can then
be modeled as an added inhomogeneity W to the system:

Qu(t,z) = k2%u(t,x)+ W(t,z), (t,z) € Ry x [0, L],
u(0, -) = 0wu(0,-) =0, u(t,0) =u(t,L) =0,

where L is the length of the guitar string and x? is the speed of wave propagation.
We will make that more rigorous in a moment.

More abstractly, assume that A and C are partial differential operators (PDO)
as in Section on Ry x RY, then we look for solutions of

with specific initial conditions (suitable for the equation A(u) = 0). As for PDE it
is not possible to treat these equations in full generality if one wants to go to finer
statements. We will single out one variable which will be called the “time” and call
RY “space”. Consider the following evolution equation:

Owu(t,z) = A(t,x)u(t, ) + b(t, z,u(t,z)) + C(t, z,u)W(t,z),u(0, ) = up(-) (3.13)

where A(t,z) only acts on spatial derivatives of u; b : Ry x RIT™ — R™ and
u: Ry xR? — R™ for a certain m € N. Usually, C' can be chosen quite general (see
e.g. (6.7) in [DPZ08]), but we restrict to C(t, z,u) = o(t,x,u) for a certain function
o:Ry x RIT™ — R:

Owu(t,x) = A(t, x)u(t, ) + b(t, z,u(t, z)) + o(t, z,u)W(t,x),u(0, ) = up(-) (3.14)

The last term in will be called the noise term. We say that the equation has
additive noise if o does not depend on u and multiplicative noise otherwise. In the
additive noise case, the use of the mild solutions below allows an explicit solution
of and thus is well understood. However, we will focus on the multiplicative
noise case.
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Given the concepts developed in the last section we can now make the notion of
a solution to precise. Let us fix A a PDO, b, 0, uy and E(W) and denote by
A* the formal adjoint of A, see . Here W is a Gaussian noise with correlation
functional L; as defined in Definition [3.3.15

Definition 3.5.1. We say that a weak solution for (3.14)) exists, if there is a filtered
probability space (€, F, F;, P) supporting a noise W and an adapted random field
u: Ry xR x Q — R™ s.t. for all ¢ € C.(R?) it P-almost surely holds that

IP(/O /Rq u(s, z)p(z) deds < 00) =1, (3.15)
IP)(/O ds Lk((b(')g(sv K U(S, ))’ ¢(')U(87 K U(S, ))) < OO) =1, (3'16)
/Rq o(x)u(t,z) der = y d(x)up(z) de + /0 /Rq A*p(x) + b(s, z,us(z)) deds

+ / ()0 (5,3, us(2)) W (ds d) ¥t > 0. (3.17)
0 JR4g

The random field will « will be called a weak solution.

From the discussion in Section we recall that there is also another important
concept of solutions in the PDE setting, the concept of mild solutions. We will
provide a description for this concept only in the following special case (for the
general Hilbert-space setup see [DPZ08]): Assume that A is the generator of a
strongly continuous semigroup (S(t))s>0 on Cp(R?) with density s; : R? — R™>"™,
ie. S()f = faa st =) f(y) dy, f € Cy(RY).

Definition 3.5.2. We say that a mild solution for exists, if there is a filtered
probability space (€, F, F;, P) supporting a noise W and an adapted random field
u: Ry X R?T x Q — R™ s.t. , hold and for all ¢ > 0,z € RY, P-almost
surely it holds that

u(t,x) = S(t)up(z) + /0 /Rq si—s(x —y)o(s,y,u(s,y)) W(dsdy) . (3.18)

The random field u will be called a mild solution.
The following theorem relates these two notions:

Theorem 3.5.3 (Thm 6.5 of [DPZ08]). Any weak solution is a mild solution. Any
mild solution satisfying

T
E[/O Li(o(s, - u(s,-)),o(s, - u(s,-)))ds] < oo

is a weak solution.
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Both of these notions were stochastically weak concepts, see Definition
There is also a stochastically strong concept of solutions:

Definition 3.5.4. We say that a stochastically strong solution for exists, if
for any filtered probability space (€2, F, F;, P) supporting a noise W we have an
adapted random field u : Ry x R? x Q — R™ s.t. (3.15)), (3.16) and (3.17) holds
P-almost surely.

There is an essential difference between stochastically weak and stochastically
strong solutions: in the latter case, u needs to be adapted, independent of which
probability space, including the filtration, is chosen. Choose a probability space
supporting a noise W and its canonical filtration (F)i>o (see (3-9)). Then, w is
measurable w.r.t F; and hence needs to be a function of the noise W up to time ¢
(see the considerations after Definition . Obviously, strong existence implies
weak existence.

Oftentimes, it will be convenient that we restrict our attention to certain sub-
classes U of functions (continuous, vanishing at infinity, etc.) of functions. On
these subclasses one can ask for uniqueness of solutions to (3.14]). As for stochastic
ordinary differential equations there are several notions of uniqueness:

Definition 3.5.5 (Uniqueness).

(a) We say that uniqueness in law in U holds for (3.14) if for any weak solution
u € U the f.d.d. of the random field u are equal.

(b) We say that pathwise uniqueness (PU) in U holds for (3.14) if any weak
solutions in U defined on the same probability space are indistinguishable.

A certain set of functions will be of special interest to us for the question of
uniqueness. This class was first used in that context by Shiga in [Shi94]. Define for
a real-valued function u : R — R:

lullr00 == sup e M Ju(z)|.
zeRY

We consider the following functions spaces.

Ciem = {f : R? = R : f continuous, [|f||xcc < 00 VA > 0},

3.19
Crap = {f : R? = R : f continuous, || f|[x 00 < 00 VA < 0}. (8.19)

We could say that functions are increasing subexponentially (tempered) or decreas-
ing subexponentially (rapid), if they are in Ciem or Chrap, respectively. Note that

we write Cj | or Cip if we restrict to non-negative functions.



4. The Stochastic Heat Equation

This chapter contains a general overview on stochastic heat equations. In subse-
quent sections we give results which are already known in the literature.

4.1. The Stochastic Heat Equation with multiplicative
noise

We will focus our attention to a specific class of equations, the stochastic heat
equation in Ry x R?. In considering the general SPDE , this corresponds to
u being a real-valued function (i.e. m = 1) and A being a specific operator, (half)
the Laplace-operator %A = %(8%1 + .- —|—8§q) on RY. The PDE part of the equation
is then a classical heat equation plus an inhomogeneity b, which we call the drift
term in the following. Including the stochastic term (and assuming dyo(u) # 0),
the SPDE reads then

%u(t, x) = 1Au(t,:v) +b(t, z,u(t, ) + o(t, z, u(t, z))W(t, z). (4.1)

It is called a stochastic heat equation (SHE) with multiplicative noise. The noise W
stays unspecified yet; it can be white noise W = W9 or colored noise W = W¥.

In the previous chapter the concepts of weak and mild solutions were introduced.
Let us quickly recall these concepts in the special setting considered here. Assume
up is a given initial value. We say that u is a weak solution if for all ¢ € C2°(R?)
almost surely:

/un(t,a:)gb(x)dx—/ dx—i—//Rq 5,) A¢ (z) dads

/ / s, 2, u(s, x))p(z) drds (4.2)
+ /0 /]R (s, u(s, 2))$(x) W (ds )t > 0,

compare with Definition [3.5.1] The other solution concept requires the semigroup
related to the operator %A (or the fundamental solution of 9; — %A) Let

|z

pe(z) = (2mt) "% exp <_2t> ,t>0,x € R? (4.3)

46
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denote the g-dimensional heat kernel. We call (St):>0 the associated semigroup via
Se()(-) = [ pe(- — y)¢(y) dy for ¢ € Ciem. We say that u is a mild solution if for
all t > 0, x € RY it almost surely holds that

t
ult, ) = /R il = y)uo(y)dy + /0 /R sl = )bls. g uls ) dyds »

t
[ bt = ot vt s dy)

compare with Definition There are many physical situations and stochastic
models in which equations such as arise, see the references in the introduction
for an overview. For example, they arise as high density, many particle limits of
branching particle systems. We present such a particle system, mentioned in the
introduction, in more detail. Its description is taken from Chapter 4 of [DMS93]
and [Stu03]. The example underlines why colored noise models are interesting.

Example 4.1.1. Consider the following model of branching Brownian motion. At
time ¢ = 0 consider a Poisson point process on R with intensity nu, where pu €
My(R) a finite Borel measure on R and n € N is fixed. Label its points in an
arbitrary fashion with {1,2,... ,n(()n)} and denote the position of the points in R
by Yoi, 1 <1< nén), where ¢ is the label. Put n(()n) particles at these points, so
that we have exactly one particle at each point and label particle according to its
position. Each particle moves independently on the real line as a Brownian motion
until time t = % At that time, each particle dies and is replaced by either 0 or 2
particles with equal probability. All branching events happen independently. Label
the children of particle ¢ (if existent) by i0 and i1 € N x {0,1} and denote their
positions by Y“ : Yao ,a = (ap,a1) € Ny x {0,1}. If 7 has no children then

Y’O }”1 @ a cemetery state. Continue to let the particles move according to

1ndependent Brownian motions until the next branching event in n~'N and so on.
Let o € |J,,, N x {0,1}" denote the labels and define the measure-valued process

1
== dya, t >0,
nawt

where a ~ t means ‘%' <t < MTH Here, |a| = |(ao,...,a,)| = n is the length of

the index a minus 1. Then (Xt(n))tzo = (Xt)i>0 in D(Ry, M¢(RY)) for n — oo,
where X is the Dawson-Watanabe superprocess (see Thm 4.6.2 in [DMS93]). By
Theorem 2.1 of Konno and Shiga [K888] it holds that a.s. there is a continuous
process u(t,x) : Ry x R? — R, s.t. u(t,-) is the density of Xy, namely

/ (t, 2)(x)dz = /Xt (dx)é(x) Vo € C(RY).
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They also state the following: The process u is the unique in law, weak solution of

1 .
%u(t, x) = iagu(t,:n) +Vu(t, )W (t,z), t > 0,z € R.

Here, the noise W = W9 is white noise, o(t, z,u) = y/u. The differential operator
A= %83 is the one of the heat equation in one dimension; the drift b = 0.

Now, consider a modification of that model given in [Stu03], see [Myt96] for a
similar model. Consider a centered random field £ on R? with correlation

E[¢(2)E(y)] = k(@,y), 2,y € R?

for a bounded, continuous k : R?¢ — R. Assume finite third moment and define
"(z) = [(&" A v/n) V (—y/n)]. Consider an i.i.d. sequence of such random fields
(&)ien- In the model above, the offspring N®™ of particle a were given by

1
B(N™" = 0) = P(N*" =2) = -

and all of the N®" are independent. Conditionally on £, redefine that to

P(N*" =0) = n_1/2£@|,—(Y@\J)a

P(N*"=1)=1- n_1/2‘§|7&\|(yli\7+1)’

P(N*" =2) = ”71/2§&|,+(Y@\7+1)7

where £, = £V 0 and £&& = —(£ A 0). Now, branching events happening at the
same time (same ) are dependent! In Theorem 2.2 of [Stu03] it is shown that the
corresponding measure-valued process X" converges in D(R,, M¢(R?)). The limit
process allows a density process u, which is the pathwise unique solution of

1 .
el — ZA
atu(t, x) 5 u(t, x) + u(t,z) W(t,x)
where W = W* is colored noise on R? in the sense of Definition |3_,3_._J_§| with cor-

relation kernel k. To show such a convergence result for general noise coefficients
o(u) is still an open question.

In the next three sections, we will list some results which were already known in
the literature about the stochastic heat equation as in (4.1]). This will prepare us
for presenting the main results of this work in the following chapter.
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4.2. Known results on existence and regularity of solutions

In the beginning of the study of SHE, mostly white noise models were of interest.
If b, o are uniformly Lipschitz-continuous (see below in ), then strong existence
and uniqueness in C(R4, Ctem) was shown in Theorem 2.2 of [Shi%4] in dimension
g = 1. A result in higher dimension was not attainable, since solutions were not
expected to be function-valued (see p. 119 of [DKRAQ9]).

To get results in higher dimensions, more regular noises were required. This was
one of the motivations for studying SPDE with colored noise W = W*, defined as
in Definition [3.3.15] The results we give are either Gaussian white noise results
(W) or for this kind of Gaussian colored noise (W*). We assume the kernel k to
be bounded by a Riesz-kernel in the following way for a € (0, q),

k(z,y) < amlz -y~ + 1), (4.5)

x #y € RY, for a certain < 00. This assumption on k will appear frequently in
this work. Then as one of the first results, Dalang showed in [Dal99):

Theorem 4.2.1 (Theorem 13 of [Dal99]). Let ¢ € N and ug be measurable and
bounded. Assume that the functions b,o : Ry x R? x R — R satisfy

|b(t, x,u) — b(t,z,v)| + |o(t,z,u) — o(t,z,v)| < clu—v| Vt>0,zecRI (4.6)

for a constant ¢ < co. Assume that (4.5)) holds and o € (0,2 q). Then, there exists
a pathwise unique, strong solution u to (1)), where W = Wk is colored noise. The
process u satisfies a uniform moment bound: For any T > 0, and p € [1,00),

sup sup E[ju(t, z)[P] < oo. (4.7)
0<t<T z€Rd

Dalang’s proof is based on Fourier techniques, which are apt for spatially ho-
mogeneous noise. However, his proof transfers to the general inhomogeneous case
assuming without any difficulties. This was already remarked after Theorem
A.1 of [MPS06].

More results for the SHE with colored noise were obtained, such as the following
regularity result:

Proposition 4.2.2 (Theorem 2.1 in [SSS02]). Assume that the initial condition
ug 18 a bounded p-Holder-continuous function for some p € (0,1). We also suppose
that the coefficients o,b : R — R are Lipschitz-continuous functions as in and
that W = W* is colored noise where the kernel obeys , a € (0,2Aq).

Then the trajectories of u are a.s. B1-Hélder continuous in t and Bo-Hdélder contin-

wous in @ for any fi € (0,3(p A (1= 9))), B2 € (0,p A (1= 3)).
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The proof of this result uses a deconvolution technique, called the factorization
method, which was often of help for colored noise models. In the white noise case,
Proposition 3.4 of [Wal86] stated a similar regularity result in dimension ¢ = 1
replacing « by 1.

For both of the above results, however, the assumption on o to be a Lipschitz-
function was essential. However, this restriction excludes many prominent exam-
ples, such as the Dawson-Watanabe SPDE ((1.1)). In the white noise case, Theorem
2.6 in [Shi94] gave a positive answer to the question of existence (and a good proof
strategy) for more relaxed conditions on b and o. His theorem applies to non-
negative solutions, but his proof does not require that assumption. Nevertheless,
there is a drawback: the solutions, which are obtained in a limiting procedure, are
not necessarily strong solutions anymore (see Remark .

In [MPS06], Mytnik, Perkins and Sturm transfered Shiga’s proof and the regu-
larity result to the colored noise case, but with b = 0. Additionally, they showed
that solutions lie in a certain function space.

Theorem 4.2.3 (Theorem 1.2 and 1.8 of [MPS06]). Let ug € Ciem, b = 0 and o
be a continuous function satisfying the growth condition o(u) < c¢(1+ |ul) for some
c < 0o. Assume that holds for a € (0,2 A q) and W = W* is colored noise.
Then there exists a (stochastically weak) mild solution to with sample paths
a.s. in C(Ry, Ciem). Any solution u € C(Ry, Cier) satisfies:

(a) For T,\,p>0:

E ( sup sup \u(t,a:)|pe)‘|“|> < 00. (4.8)

0<t<T zcR4

(b) For any & € (0,1—a/2) the process u(-,-) is a.s. uniformly Hélder continuous
on compact sets in (0,00) x R?, and the process Z(t,x) = u(t,z) — Spuo(x)
is uniformly Hélder continuous on compacts in [0,00) x RY, both with Hélder

coefficients % m time and & in space. For K > 0 the random variable

Z(t,x) — Z(t, 2’
H:HK:SUP sup | (’x) ,(gvx)’
t<K |z|V|z'| <K,z |z — 2|

: (4.9)

is p-integrable: E[HP] < oo for any p > 2.

We will repeat parts of their argument in the proof of Theorem Regarding
the regularity, this result also holds in the white noise case and can be found in
Theorem 1.1 of [MP11] (no explicit proof is given there).
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4.3. Known results on uniqueness

In the previous theorem, weak existence of u € U = C(R4, Cien) was shown for
continuous ¢. But, pathwise uniqueness as in Theorem [.2.1] could not be shown
for general o. To obtain uniqueness results was an open question for many years
as mentioned in the introduction. We will address pathwise uniqueness for these
kinds of SHE in the space U = C (R, Ciem)-

Note that in the case of Lipschitz b and o, Dalang’s result Theorem [4.2.1| gave
an answer on pathwise uniqueness. We first remark that it is unlikely to expect
that the conditions on b can be relaxed significantly (remember the classical ODE
example du = u?dt, B < 1). So let us focus our attention on o.

In some cases where the SPDE (|4.1)) has a corresponding measure-valued process,
uniqueness in law was shown using a duality argument. That was done for the
Dawson-Watanabe SPDE (L.1) in [Daw75]. In the case of o(u) = u”,v € (1,1),b =
0, Mytnik in [Myt98] applied an approximate duality in order to show uniqueness
in law. For colored noise SPDE duality was used in Theorem 4.20 of [Myt96].
However, these techniques rely on a good understanding of a particle picture of the
process and thus, are not very robust. To summarize, duality techniques will not
help for general 0 : Ry x R? x R — R.

Another idea comes from the study of ordinary SDE. There is a classical result
proven by Yamada and Watanabe [YWT7I] for fairly general o :

Theorem 4.3.1 (Theorem 3.1 of [YWTI]). Let xg € R and B be a Brownian
motion. Assume that b,o : R — R satisfy |b(z) — b(y)| V |o(z) — a(y)|> < Clz — y|
for all x,y € R and a certain C' < co. Then, pathwise uniqueness holds for the SDE

dXt = b(Xt)dt + O'(Xt)dBt, XO = x9.

Essentially, this tells us that the Holder-regularity of the diffusion coefficient o
plays an important role. In this zero-dimensional case (there is only time, but no
space in our context), a Holder-exponent of order 1/2 suffices.

Of course, the hope was that this result could be transfered to SPDE, possibly
using the same proof strategy. First, Viot [Vio76] succeeded in proving pathwise
uniqueness on a bounded domain in R for o(u) = \/u(1 — u). Nevertheless, for many
years it was not possible to use their SDE techniques in the general SPDE setting.
In 2006, Mytnik, Perkins and Sturm [MPS06] applied Yamada and Watanabe’s
technique to colored noise and obtained

Theorem 4.3.2 (Theorem 1.4 of [MPS06]). Let ¢ € N and W = W* be colored
noise. Assume that b =0, the function o : R — R satisfies

lo(u)] < c(1 + |ul), [o(u) —o(v)| < clu—wv]?, (4.10)
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for u,v € R,ec < 0o and v € (0,1). For the kernel k assume that equation (4.5))
holds for some o € (0,1),¢ < oo. If v € (H'TO‘, 1], then pathwise uniqueness holds

for solutions of (4.1) in C(Ry, Ctem)-

Few years later, Mytnik and Perkins in [MP11] proved an analogue of that result
in the white noise case that used a refined proof technique:

Theorem 4.3.3 (Theorem 1.2 of [MPT1]). Let g =1 and W = W?° be white noise.
Assume that b = 0, the function o : R — R satisfies (4.10). If v > %, then pathwise
uniqueness holds for solutions of (4.1) in C(Ry, Ciem)-

Their result was more general in the sense that it included Lipschitz drift b
and space and time dependence of b and 0. We have mentioned in Remark
that in dimension ¢ = 1, the Gaussian noises W*, colored noise, and W9, white
noise, are related for & — 1. The condition for pathwise uniqueness in [MPS06]
is v € (42,1]. For @ — 1, this reduces to an empty set, whereas the [MPI]]
result says that v € (%, 1] is sufficient for pathwise uniqueness. So there is a gap
between the two results, which was believed to be closable. In [MP11], the following
conjecture was stated, which we repeat:

Conjecture 1 (Conjecture 1.6 of [MP11]). Pathwise uniqueness in C(Ry, Ciem)
for (1.2) holds in the colored noise case if o < 2(2y — 1).

To prove this conjecture is the main goal of this work. We will comment on the
last two results and the proof strategy in more detail in Chapter

In 2012, Mueller, Mytnik and Perkins also showed the converse to Theorem |4.3.3
in a special case (see Theorem 1.1 of [MMP12] or Section [6.3). Within the last
couple of years more results on pathwise uniqueness appeared. A very interesting
one is that of Xiong in [Xiol2], who showed pathwise uniqueness for an SPDE
related to the distribution function v(¢,y) = [Y__u(t,2)dz of a one-dimensional
SHE with white noise and v > %

4.4. Known results on the compact support property

Given a density process of a population, an interesting question is the following:
How fast does the population spread from a given initial state and, even simpler,
does it colonize the whole space immediately or does it stay within a compact set.
As SHE are believed to be equations which hold for limit densities of branching
particle systems as in Example this is also a natural question to ask for
solutions of SHE. As these densities are non-negative, we restrict to nonnegative
solutions in this section. Let us make the following definition.
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Definition 4.4.1. (a) We define the support supp (f) of a function f : R? — R
to be the smallest closed set in R? outside which f vanishes. If ¢ = 1, we call
the supremum of the support the point

S(f) = supsupp (f) € R.

(b) We say that a random field X : Ry x R? — R4 has the compact support
property (CSP), if whenever X (0, -) is deterministic and a function of compact
support, then supp (X;) is compact for all ¢ > 0 almost surely.

For PDE it is well-known that a solution of the heat equation (without drift)
does not have the compact support property. Solutions cover the whole space
instantaneously. Going back to the stochastic heat equation, the main results in
the literature for the white noise case are the following:

Theorem 4.4.2. Let u € C(Ry, Crap) be a nonnegative solution of
1 .
Owu(t, ) = iaiu(t,x) +u'W(t,x),t >0,z € R. (4.11)

Then,
(a) fory =3 the CSP holds ([Isc88)),
(b) for v =1 the CSP does not hold ([Mue91)]),
(c) for~ € (0,1) the CSP holds ([MP92]).

For (c) the proof was rather complicated and relied on the construction of a
historical process, which was introduced in [DP91]. In the cases related to su-
perprocesses, Laplace-transform techniques play an important role and have lead
to many generalizations, e.g. including Lévy-noise. An interesting survey on that
question is in Chapter 6 of [Eng07]. The linear case v = 1 is related to the parabolic
Anderson model, where the phenomen of intermittency appears, see e.g. [FK10].



5. Main Results

In this section the main results of this work are presented. By far the most sig-
nificant result is that of pathwise uniqueness as presented in Section followed
by the result on compact support property in Section All of these results are
proven in Part II of this work; mathematically, the proof of the results presented
in Section 5.x is given in Chapter 6 + z, z € {1,2,3,4}.

We rely on notation and definitions introduced in the previous chapters, but will
shortly recall some: We consider the stochastic heat equation in Ry x RY with
multiplicative noise in the following form:

0

—u

ot
We list a number of frequently used hypotheses on the jointly continuous functions

b,o : Ry x R? x R — R. The first is a linear growth condition, stating that there
exists a constant qgg such that for all (¢, z,u) € Ry x R+,

(t,x) = %Au(t,aj) +b(t, z,u(t, ) + o(t, z, u(t, z))W(t, z). (5.1)

o (t, 2, u)| + [b(t, 2, u)| < qsa(1 + |u]). (5.2)

Next, we state a Hélder condition on o: For some v € (0, 1), there are Ry, Re > 0
and for all T > 0 there is an Ro(T') so that for all ¢ € [0,7] and all (z,u,v) € RIT2,

lo(t. 2, u) = ot,z,v)| < Ro(T)e"™¥I(L + [u] + Jo]) ]u o], (5-3)

We sometimes assume a Lipschitz condition for b: There is a B = Bgz > 0 such
that for all (¢t,z,u,v) € Ry x RI*2

|b(t, z,u) — b(t,xz,v)| < Bgglu — v|. (5.4)

In this chapter the noise W = W¥* is always a colored noise in the sense of
Definiton [3.3.15] That means it is a centered Gaussian noise on R4 x R, which is
white in time and colored in space. It is uniquely characterized by

B0V W) = [ ds [ dw [ dzols k(e 2)(s.2)

for ¢,1) € S(Ry x RY). The kernel k € L (R?7) is assumed to be bounded by a

loc

Riesz-kernel for a € (0, ¢) in the following way:
k(z,y) < am(le -y~ + 1), (5.5)
for all z # y € RY.
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5.1. An abstract result on strong solutions

In 1971, Yamada and Watanabe showed that in an SDE context we have the fol-
lowing statement:

weak existence + pathwise uniqueness = strong existence. (5.6)

They gave a rigorous proof which was technically demanding and based on regular
conditional probabilities (see Section V.17 in [RW8T]). Some years later, Jacod
[Jac80] generalized their result to equations for semimartingales in the Skorohod
space. Then in [Kur(07], Kurtz gave a more abstract statement of for general
stochastic equations. Applying his statement in the context of SPDE as suggested
by his Example 3.9, leads to the following lemma.

Lemma 5.1.1. Let ug € Ciem. Assume U C C(R4, Ciem) and W is a Gaussian
noise, which is white in time as in Definition|3.5.15. If the SPDE (3.14) admits a
weak solution u in U with

E[ sup |u(t,z)|?] < oo for any compact K C RY
t>0,2€ K

and pathwise uniqueness holds in U, then there exists a strong solution in U.

We give the proof in Chapter [7] It relies, as mentioned, on Kurtz’s result. First,
the SPDE is described by a set of (approximating) conditions. It is shown that
solutions of SPDE equivalently satisfy these conditions. Then it is not difficult any
more to check the compatibility conditions, which rely on W having independent
increments in time.

A result similar to Lemma [5.1.1] in a Banach-space setting can be found in The-
orem E.1.8 of [PROT7].

5.2. Existence and regularity of solutions

The first question related to an SPDE such as (5.1]) is that of existence of a solution.
Assuming rather mild conditions, we can prove a slight generalization of Theorem
that suits the setting we use in this chapter.

Theorem 5.2.1. Let ug € Ciem and let b and o be continuous functions satisfying
the growth condition . Assume that holds for k and that o € (0,2 A q).
Then there exists a stochastically weak mild solution to with sample paths
a.s. in C([0,00), Cem). Any solution u € C([0,00), Ciem) satisfies:

(a) ForT,\,p>0:

E ( sup sup |u(t,:v)|pe_>‘|x> < 0. (5.7)
0<t<T zeRy



56 Main Results

(b) For any & € (0,1—«/2) the process u(-,-) is a.s. uniformly Hélder continuous
on compact sets in (0,00) x R?, and the process Z(t,x) = u(t,x) — Spug(x)
is uniformly Hélder continuous on compacts in [0,00) x R?, both Holder-
continuities with Hélder coefficients % in time and & in space. For K > 0 the

random variable

Z(t,x) — Z(t, 2’
N (Y B { 4]

; (5.8)
t<K |a|V]e/| <Kz’ |z — 2/|¢

is p-integrable: E[HP] < oo for any p > 2.

It was remarked in [MPS06] (Remark 1.7) that the proof is only an extension of
Theorem by standard arguments. We give the proof in Chapter [§] and quickly
summarize the idea here:

Assuming the existence of solutions, show regularity properties as (a) and (b) by
calculations as that of [SSS02]. For the existence, define Lipschitz-functions ¢™ and
b"™ which approximate o and b. Consider the (strong) solutions u" € C(R4, Ciem)
obtained by Theorem for , where o and b are replaced by ¢” and b". By
the regularity properties from the beginning, show that the sequence (u™)ncn is
tight. Finally, by a Skorohod representation (introducing a new probability space)
any weak limit point u of that sequence solves and has the required regularity
properties. This last step is the point that leads to obtaining a stochastically weak
instead of a stochastically strong solution, see Remark

The reader familiar with heat equations will realize that also in the stochastic
setting the different behavior of time ¢ and space x appears, here in the regularity
statement.

5.3. Pathwise Uniqueness

The central statement of this work is the following theorem:

Theorem 5.3.1. Let ug € Ciem and assume that b,o : Ry x R? x R — R satisfy
the linear growth bound , the Holder-condition on o in and the Lipschitz-
condition for b. Assume that holds for k for some a € (0,2 A q). Then,
pathwise uniqueness for solutions of holds in C(R4, Ctem), if

a<2(2y-1).

Before giving a short explanation of the proof, let us note some of the con-
sequences. First, using Lemma [5.1.1] and this theorem we obtain the following
theorem as a corollary:
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Theorem 5.3.2. Assume that the assumptions of Theorem [5.3.1] above hold. Let
(Q, F, F,P) be a filtered probability space with adapted colored noise Wk and let
ug € Chem be Fo-measurable. Then there exists a strong adapted solution u to
with respect to the prescribed ug and W.

Proof. By Theorem any solution u with values in U = C'(R4, Cie) satisfies

E[ sup |u(t,z)|?] < oo for any compact K C RY.
t>0,zeK
Pathwise uniqueness holds for solutions in U, so applying Lemma [5.1.1] completes
the proof. O

Second, our uniqueness result is also an important ingredient for showing con-
vergence of particle densities arising from discrete branching particle systems. The
reason is that a classical weak convergence proof involves “tightness” and “unique-
ness of the limit.” If tightness is known and limits are known to be (stochastically
weak) solutions of an SPDE, then our uniqueness result may help to obtain directly
the desired weak convergence result. So far, except in some special cases no unique-
ness results of this kind were available and no convergence results were attainable
for colored noise equations.

Finally, Mytnik and Perkins stated the now proven Theorem [5.3.1|as a conjecture
(see Conjecture |1) here). It related the results of their work [MP11] for white noise
and that of [MPS06] for colored noise. If one considered the sufficient condition for
pathwise uniqueness on v in the colored noise case of [MPS06]: v > 142, it was
clear that for &« — 1 this condition was not consistent with v > %, which was the
result of [MP11]. So, there was a gap between the result of [MPS06] and the result
of [MP11] for v = 1. This gap needed to be closed.

The proof of the theorem is the longest and technically most challenging part
of this work and is a transfer of the idea of [MPII]. However, the idea should be
possible to be explained in the next pages. First, we give an idea why the result
should hold and second, at page why using this proof technique the result cannot
be extended to less restrictive conditions on « and ~.

We do the heuristics in three steps: for ODE, SDE and SPDE. Assume the
Hoélder-condition on ¢ and b = 0 throughout.

1) ODE: Recall the uniqueness proof for Lipschitz ODE: Consider the equation
du(t) = f(u)dt, t > 0; u(0) =up € R.

If g : R — R is absolutely continuous and u' and u? are two continuous solutions
with u!(0) = u2(0), then
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If g(-) = | -] (¢'(0) arbitrary) and |f(u) — f(v)| < K|u — v| (Lipschitz), then

t
ul —’LL2 UIS—U2S S
k(1) <t>|szc/0| (s) — u¥(s)|d

and an application of Gronwall’s inequality allows to deduce uniqueness: u'(t) =
u?(t) for any t > 0.

2) SDE: In the stochastic setup of SDEs, similar ideas can be used. The It6-
formula helps to estimate g(u! — u?) for the SDE as in Theorem m

Taking expectations, the stochastic integral vanishes (for details, see Chapter 5.2
in [KS00]). The important term is E[];], where

I = /0 §"(ul(s) — u2(5)) (o(ul(s)) — o(u2(s))) ds.

is the second-order/quadratic-variation term. Note that when approximating the
modulus g, — [ - |, for example such that g, (-) = nljy 1\(|-|) = do and using the
Holder-exponent v of o we can bound I7:

t
L < n/ L1y (Ju'(s) — u?(s)]) A |ul(s) — u?(s)|* ds < Vtn' 7. (5.9)
0 n

This goes to zero for n — oo, if v > %; which is a part of [YWTI]’s result as given
in Theorem a finer choice of g, leads to their full result including v = %
Note that only small differences |u! — u?| of the solutions played a role for I; and

we obtained the result transfering that bound to |u! — u?|".

3) SPDE: In the SPDE setting the estimates are more intricate. Let v = u!' —u?
be the difference of two stochastically weak solutions defined on the same probability
space. We will use the weak formulation of the SHE. For ® € C>°(R?) the
term [ ®(y)u(t,y)dy is a semimartingale. Loosely define for any n € N, z € R,

B() = @) = 91| —a| <0 )

for a certain A9 > 0. The function ®7(-) converges weakly to a multiple of 6, as n —
o0. For g, as before and ¥ € CS° (R4 xR?) apply It6’s formula to the semimartingale
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[ dz¥(t,z) [ P2 (y —z)u(t,y) dy. The goal is to show that this integral is zero. The
quadratic-variation term, similar to (5.9)) will take the form

_n/ /RS (s, 87| < Dlus, )| [us, ) (5.10)
O (w)P2(2)(Jlw — 2|7 + 1) dwdz V4(x) dzds.

We need bounds for the values |u(s,w)|” and |u(s, z)|” similar to the ODE and SDE
setting. Note, that the indicator function in the definition of I"(¢) implies that there
is an &y € B(z,n~*) such that |u(s,Zo)] < . If we could take 29 = w = z, we
could bound I,,(t) by C(t)n'=27+% ysing that

/ dwdz @7 (w)P"(2)(|w — 2|7 + 1) < en™?, (5.11)
R24

see Lemma So I,,(t) would go to zero for a < 2(2y — 1) if A9 = 1. However,
choosing |u(s, w)| = |u(s, )| < n~! for all w € B(x,n~"/?) C B(Zo,2n/?) is not
justified, since there are no such strong regularity results on u. But, more formally,
using the 1 — § — e-Holder modulus of Theorem gives for w € B(z,n™) C
B(Z9,2n70) as before:

s, w)| < lu(s, )| + clw — do|' 3¢
1-2_¢

<nlic (2n40> 2 (5.12)
< (1+2¢)n7 1,

if n= &~ n_ﬁ, which is optimal balancing the terms. Using that estimate in
(5.10), we obtain that I,, goes to zero, if a < (1 — $)(2y — 1). This is weaker than
the result in Theorem but yet a first step. We require better bounds on
lu(s,w)| for w € B(&g,n~?°). In [MPS06], provided that a < 2y — 1 the Holder
modulus near points where u is small was improved to 1 — ¢ for any € > 0. More
precisely, let for N, K € N

Tk = inf{s > 0 : sup(|u'(s,y)| V [u?(s,y)))e ¥ > K} A K, (5.13)
Yy

a stopping time and define a metric on Ry xR%: d((t, z), (s,y)) = |t — s>+ |z —y|,
appropriate for the study of the heat-equation. We define the following set of points
(t,z) € Ry x R? which are close to a point (g, #9) with small value u(o, Zo):
Z(N,K)(w) = {(t,r) € [0,Tx] x [-K, K]?: there is a (9, 20) € [0, Tk] x RY s.t.
|u(£07§70)| < 27N and d((£07i'0)7 (t,:L’)) < Z_N}'
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Then the following analogue of Theorem 2.3 in [MP11] or Theorem 4.1 in [MPS06]
holds:

Theorem 5.3.3. For each K € N and 0 < £ < 11:% =
No(§, K,w) € N a.s. such that for all natural numbers N > Ny and all (t,x) €
Z(N,K),

d((t', '), (t,2)) < 27N and t' < Tx implies |u(t', z') — u(t,z)| < 27V¢.

We give a proof of this Theorem in Section The theorem suggests that for a
choice of v < 2y — 1,

u(t,-) is &-Holder continuous near its zero set for £ < 1 (5.14)
Using a similar calculation as (5.12)), now for \g = ¢! (balancing terms), gives
I"(t) < C(t)nt—2rtee,

This allows us to derive the sufficiency of a < 2y — 1 for pathwise uniqueness as it
was shown in [MPS06].

To obtain an improved result we need to extend the range of & beyond 1. We
will obtain a statement close to the following one:

Vu(t,-) is &-Holder on {z : u(t,z) = Vu(t,x) ~ 0} for £ < 1, (5.15)

where Vu denotes the spatial derivative (in a loose sense as u is not differentiable).
Actually, we will not be able to write down formally, but some statements
come close to it, e.g. Corollary form =m + 1.

Assuming and a < 2(2v—1), we give an idea how we will be able to derive
that I,, given in goes to zero. First, choose 0 = By < f1 < --- < B = B < o0,
a finite grid, and define

0= [ [t @2

2 (w)P2(2)(Jlw — 2|7 + 1) dwdz V4(x) dzds,

asn — oo forallt=0,...,L, where

A~

Jni(s) ={z € RY : [(us, P < - L \Yu(s,z)| = n P}

for i < L and for ¢ = L,

A

Jun(s) = {w € R |(us, 81| < 07", [Vu(s, )] € [0,n7%1).
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Since I (t) < ZiL:o I,,.4(t), our goal of proving I,,(t) — 0 will be attained, if we can
show that

In(t) =0 forallt=0,...,L. (5.16)

Using the support of ®7, note that for x € J,;(s) there must be Z,(s) €
B(x,n~*) such that |u(s,#,(s))| < L. By a Taylor expansion, (5.15) (a cal-

n

culation similar as in (5.12))) we have for w € B(z,n=2),z € J,(s) :

u(sw)| <n '+ sup Vu(s,@) - [ia(s) — ]
WE[En (s),w]
<n'4+ sup (IVu(s, x)| + |w — w|€)]:ﬁn(s) — w|
WE([Zn(s),w]

<n7h g (nTP 4 2Tl )0

<7(ntvnPime), (5.17)

if we choose Ay = %, which is the smallest possible value for balancing terms.

Similarly, 8; < % is optimal in (5.17). If we put the estimate into (5.16)), then we
can bound fm(t) by

t
(v A [ @B B (2| + DY) dudzdads
0 n,i

and (5.11)) with Ao = £ leads to the bound

t
n't2 (072 v 28 / / L s (x) dzds, (5.18)
0 JBO,K,) ™

for some K7 > 0, since ¥ is compactly supported. If §; is rather small, we find

ourselves in the situation that the Holder-estimate is not that strong. With

a choice of Ay = 1 we would just get back to the case a < 2y — 1, since low (; refers

to neglecting the estimate on derivatives. However, particularly in that case we can

give a good estimate on |J, ;(s)| the g-dimensional Lebesgue-measure of .J,, ;(s).
Let us first consider 8 = fr. Then, by the estimate in we have

IAmL(t) < ct(n—27+1+oc/2 V; n—(2/3L+1)7+1+a/2) N

as n — oo as long as we require S, > 1/2. From this and the considerations just
after , we know that it should suffice to choose 51, = 1/2, or more precisely,
choosing B lower will not lead to an optimal result, whereas B; > % will not
improve the result.

We still need to check the convergence for i =0,...,L — 1 and write in order to
simplify notation 5 = ; and J,, = jm(s) From we see that if x € J,, then
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there is a direction o, € S77! := {z € R? : |z| = 1} with o, - Vu(s,y) > in~F"
if |y — x| < Ln=A/¢ for an appropriate constant L and (y — z) || o, meaning that
(y—x) is parallel to o,. Assuming for the moment that u(s, z) > —% (which we only
know precisely for a point &, (s) € B(x,n1/?) due to |(us, @271/2)| < 1) we obtain
because of the positive gradient for y € z + R0, by the Fundamental Theorem of
Calculus: )

u(s,y) > - if 4n®~! < |y — 2| < LnP/%,

Similarly, if z,z € J, and |z — z| < Ln=P/¢, we also have for 2/ € z + oy -
[4nP~Y; Ln=A/¢] that u(s,2’) > 1 and thus 2’ ¢ J,. So for @ € J,, denoting by
{x + 02""°} the plane through x orthogonal to o, we have

ILn—B/¢

Bl Lol 0l < [ @ [
{a+oorthoy Bz, Ln—8/§)  J—La?/¢

< ¢(nPlE)T1pf—1, (5.19)

d2'1{z + 0,2 € J,}

Covering the box [— K7, K1]? with finitely many balls of radius %n‘ﬁ/f and using
(5.19) we obtain |J,| < ¢(L, Kl)a}fﬁnﬁ/f. We can use this in (5.18) to get

~

Ii(t) < C’tn1+%_27(1A(6i+%))_1+5i+6i/§ < Ctnl'i'%—?W(M(ﬁH-%))—1+5i(1+1/§)
(5.20)

for all B; < B. This tends to zero for all 3; < 3, if -S4+ 2v(1A (B + %)) — 28>0,
i.e. . .
_ o _
~(1 N7H= +283).
1> AN G+ E+20)

The right-hand side is decreasing in 3 and attains its minimum value (1 — %) for
= 1/2. Then the estimate shows that: fm(t) tends to zero for all 0 < 3; < B, if

a<2(2y-1).

This is what we wanted to show and ends the heuristic outline of the proof (for
more about the heuristics we refer to Section 2 in [MP11]).

However, the real proof is somewhat more delicate and consists of splitting « in
two components, where the first follows more or less the heuristics and the second
one can be shown to be small. The proof can be found in Chapter [0

Why should there not be a further improvement beyond the restriction a <
2(2y—1) using higher spatial derivatives on u? To show that heuristically, we make
the case that for a > 2(2y—1), we cannot expect the following slight strengthening

of (B-15):
u(t,-) is C? on {z : u(t,z) ~ Vu(t,z) ~ 0}. (5.21)
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Assume that (¢, z) is such a point. Then for s very close to t, we have by a Taylor
series expansion in space,

ly —af
2
for a certain ¢ > 0. Furthermore, a formal differentiation of (4.4]) (for b = 0 and
is the difference of u' and u?) with respect to the first coordinate z; gives

lu(s,y)| ~ |Hessu(s, z)| ~cly — x|2

2 u(t,z) = t 2 sy — 2)[o(s,y,ul(s,9)) — o(s,y, u’(s, s,dy).
82 ult, z) /O/axlp (v — 2)[o(s,y,u' (5,9)) — o5, u%(5,))] W (ds, dy)

If o is a Weierstrass-type function that realizes its Holder modulus at typical points,
we have

|U(87 Y, ul(sv y)) - 0(87 Y, U,Q(S, y))‘ ~ L’U,(S, y)|’y
and we can check that the stochastic integral defining 92 u(t, x) is not well-defined,
i.e. has infinite quadratic variation. We can see this by giving a lower bound:

t
E[(@ilu(t, x))2] ~ 027/ / / aﬁlpt-s(w - x)@ilpt—s(z —2)|w —z|*|z — 2>
t—5 JRa JRa
(lw—=2|"*+1) dwdzds.

After a longer calculation using the explicit value of the derivative

_ )2
then restriction to |w—x| > (t—s)/? and the change of variable w’ = (t—s)~1/2(w—
z) and 2/ = (t — 3)—1/2(z — ), obtain

t

E[(@glu(t, x))z] > c/ ds (t —s)2727 %,
t—48
for some § > 0. Thus, the quadratic variation is infinite if 2y — 1 — a/2 < 0 which
implies the necessity of a < 2(2y — 1). Clearly, the proof techniques are not fine
enough to make a comment on the case a = 2(2y — 1).

The main difficulty not allowing an easy proof as for SDE is the following;:
For fixed # € RY start with the mild formulation for two solutions u'(¢,r) and
u?(t,x). Their difference process (u(t,z))¢>0 is a continuous process, but only
Hélder-continuous of order %(1 -3) < % So, this process cannot be a semimartin-
gale for a > 0, since continuous semimartingales need to be Holder-continuous up

1

to order 5. So It6’s formula cannot be applied directly.

Remark 5.3.4. In the previous heuristics it suffices to consider one direction of the
gradient. This will be sufficient to obtain uniqueness for a < 2(2v — 1) rigorously.
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However, it is tempting to include further information on the gradient, e.g. Vu =~
1 2
(aﬁ ,ag ,...). We believe that no further improvement can be achieved, since (|5.17))

only requires the size of the principal component of the gradient.

5.4. The compact support property

In Section the definitions and the known compact support property (CSP)
results for white noise were summarized. Apart from the compact support property,
there are also some results which hold about the growth of the support. For the
Dawson-Watanabe process Dawson, Iscoe and Perkins [DIP89] showed, using the
historical process, that the support grows within a certain bounded way. The
historical process allows an analysis of the detailed structure of the support: they
obtain path-regularity results jointly on the path of all particles simultaneously.
We will not obtain such a strong result, but we can show that the supremum of the
support grows in a bounded way, so we have control of “the rightmost particle.”

Define h(r) = (rlog(1/r))Y/? for any r € (0,1). Our main result holds in the
colored noise case in dimension ¢ =1 :

Theorem 5.4.1. Assume that ¢ = 1, o(u) > oou”,u > 0,7 € (0,1), for certain
oo >0 and
k(z,y) = |z —y|™® for a € (0,1).

Let u € C(Ry, Crap) be a nonnegative weak solution of with b = 0 and compact
initial value ug > 0, i.e. there is a compact set K C R with supp (ug) C K. Then,
there is a constant qgzy(c, ||u|lec) < 00 such that P-almost surely there is a 6 =
d(w) > 0 such that for all 0 < s —r < 0 we have

sup supp (us) — sup supp (u,) < qgzm(l — ) 'h(s — 7).

Existence of non-negative solutions should be possible to be established using a
proof along the lines of that of Theorem 2.5 in [Shi94].

Non-negative solutions are believed to be the limit of densities for branching
particle systems. For branching processes, in general, the question of extinction is
one of the first that poses itself. We show that exinction holds for a solution u to
in the colored noise case: Let Uy = inf{t > 0 : (u(¢,-),1) = 0} denote the

extinction time of the nonnegative solution w.

Proposition 5.4.2. If the assumptions of Theorem hold and o(u) < o1(u +
u?),u >0 for oy >0, then

P(Uy<o0)=1and u(Uy+s,z) =0Vs >0,z € R a.s.
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The combination of the two previous results directly yields:

Theorem 5.4.3. If the assumptions of Theorem [5.4.1] hold, then the compact sup-
port property holds for non-negative solutions in C(R4, Crap).

The compact support property is of interest on its own. However, the remarkable
result is that of Theorem It states that no matter how correlated the noise is,
the process behaves like the white noise driven SHE solution regarding its support.
We hope that this result will help to establish a counterexample to Theorem [5.3.1
in the case where a > 2(2y — 1) as mentioned in Section

Let us give an outline of the proof of Theorem [5.4.1, which can be found in
Chapter The finite time extinction can be shown using standard methods for
one-dimensional diffusions such as in [RW87] and is adapted from [MP92].

For the growth of the support we use an idea of Krylov in [Kry97]. He also gave
a nice heuristics for his result which is based on a lemma similar to our Lemma

10.2.1} Consider the following ODE
u’(z) —u(x) =0 in Ry

with a certain boundary condition u(0) = 1,4/(0) = 0 say. If u is bounded (as
we assume due to the fact solutions are in Ciap), say |ullc < K < oo, then
u”(z) — K7 'u > 0 on R;. By the maximum principle (e.g. Theorem 6.4.2 in
[Evall]) we get u(z) < u(0)exp(—K=1D/2z). Then for z > py := K0~ we
have u(z) < e~!. Using this new upper bound on the region (11, 00) obtain

o (x) — e u(x) 2 0, @ > o

Iterating the procedure now, gives the bound u(z) < e ™™ for z > K2/(=1) 4
Sp_, €¥071. Finally, obtain:

w(z) =0 for any z > K20~ 4 (1 — ¢ 1),
So a solution to the above ODE has compact support.

Clearly, the SPDE proof is a bit more complicated. The idea, however, is similar.
Imagine again no mass at the right side of the origin, initially. If little “mass” flows
over the point 7 € (0,1), then in a next time step little mass will flow over the point
r + 72 to the right, and so forth. The Ité-formula is a clever tool to formalize this
idea in the martingale setup. Finally, an argument as that used for the proof of
Kolmogorov-Centsov’s Theorem [3.1.3] establishes the “modulus of continuity”.



6. Outlook

In this final chapter of Part I, we give some ideas for the extension of some of the
results obtained in the previous chapters. We list some conjectures and if there are
proof ideas, we provide them.

6.1. Stable Motion

One of the classical generalizations of parabolic equations is to replace the Laplace
operator by a certain pseudo-differential operator. Write AY = —(—A)V/ 2 short
for the fractional Laplacian with v € (0,2). Thus, as a generalization of (5.1]) we
consider:

639): — %A”X—i—a(t,x,X)W(tx)—l—b(t,x,X) (6.1)

Probabilistically, A" arises if one replaces 2-stable motion (Brownian motion) by
v-stable motion in the underlying particle model. Then, the following holds.

Lemma 6.1.1. If b and o are both Lipschitz-continuous as in Theorem and
W¥* is colored noise as in Definition with k(z,y) = |z —y|~* a > 0, then
there exists a strong unique solution to (6.1]) if o € (0, A q).

Proof. The condition that o < ¢ was required in Lemma [3.3.10] for the existence
of the Gaussian colored noise W. The Fourier transform of the correlation kernel
k is given by u(d€) = [£]79T*dE. Let (St)i>0 denote the fundamental solution for
(0y — AY)u = 0. Its Fourier-transform is given by FS;(§) = exp(—t|¢|”). We need
to check Condition (26) of [Dal99]. Let T > 0,

T T
2 _ ol el
|t [ waoiFsior = [ a [ pae) o2l
T
< [ [ acierresn-2ng

T
= [ar [ gt g -2gnl) (= 177¢)
0 Ra

T
< c/ dtt=o/v (/ dnn\aqexp(—2lnl”)>
0 R4

< o0

66
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if and only if @ < v. By Theorem 13 of [Dal99] the finiteness of the integral ensures
the existence of a strong unique solution. O

We believe that the following result holds for colored noise:

Conjecture 2. The existence result as Theorem should hold for a < v A g,
when A is replaced by AY in (5.1)).

Surely, the question of pathwise uniqueness is also of interest in that case. We
give some model calculations for the white noise case (so ¢ = 1 will be used). Of
course, one could repeat the calculations of [SSS02], [MPS06] and of [MP11] - a
task probably to ambitious for this thesis. So we give some ideas which lead to a
conjecture in the end.

The v-stable heat kernel p), required in the mild formulation , allows the
following decomposition:

P (z) = / dsq*(s)p®(x), t>0, z€R,
0

where ¢/ /% is the density of the positive v/2-stable subordinator (there is only
an explicit formula for v € {1,2}, but its Laplace-transform is explicitely known,
e.g. page 7 of [Ber99]). As before, ng) (z) = (2ms)~9/? exp(—g—z),s >0,z € RY, is
the ordinary heat kernel, which we also sometimes write as ps(z) with an abuse of
notation. The formula itself holds by the subordination formula as in Theorem 8.6

of [Ber99]. Additionally, pgy) also has the following self-similarity property:
P (@) = £ ().

We present some estimates which are much in the spirit of the technical lemmas in
Section [9-3 needed for the proof of pathwise uniqueness.

Lemma 6.1.2. Let v € (1,2]. Then there is a ¢ > 0 such that for allt > 0,2 € R,

0.0 ()] < et VP ().
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Proof. We use self-similarity and the subordination formula to obtain
a2 = 10,4711 [ st o)
0

_ 75—1/1/ ood v/2 -z (2) t—l/l’
0 [ as o)l )

ol 00 y t_l/yl’ /v
=102 [ a0 R )

s

<t / dss~2¢}* (s)ps) (¢~ /¥ )|
0

9 —1/v
_ Gy / 3 2@
= t dss 2 S T
\/5‘ 0 Q1 ( )ps ( \/§ )’
o1y (v t—l/y
= e[t/ )(Wx)’
= Ct_l/ypg;)mt(x)
< ct_l/”pg;) (z).
In the end we used Lemma 1 of [HawT71]. O

Lemma 6.1.3. For every d € (0,1], there is a ¢ = ¢(0,v) < 00, s.t. fort > 0,z,2' €
R:

/Rdy O (@ —y) — (@ — ) < et V(B — )P A1),

Proof. Applying the proof strategy of Lemma 4.3 in [MP11] and using self-similarity
we have for the second part of the minimum:

/ dy (p) (x — y) — p) (2 — y))?
- / dyt = (W (7 (y — o)) — p (¢ (y — )
dy ((wyy—2  wy-=z\°
Stl/ll/tl/y <p1 ( Y )+ i (tl/V ))

And for the first part we obtain by Lemma 2.1 of [FMW10] for ¢ € (0, 1] :

v v x — 2| v), L — ), & —
[avie - 07 <e [y Lm0l Y+

=2 rdy g wy—r | wy—2
= $20/v /tl/ut Py (Qtl/u)+p1 (Qtl/u)

< Ct_(25+1)/y|$ o l’l‘é.




6.2 Particle picture 69

O

We state another lemma, which can be proved in a similar way to the previous
one by applying the bound on the derivative.

Lemma 6.1.4. There is a ¢ = ¢(v) < 00, s.t. fort > 0,z,2' € R
/ dy (Oep}" (@ — y) = Durp)” (@ = y))? < ™2 o — ' A1),

If one compares the spirit of these lemmas with Lemmas of Section [9.6] and
of Section one sees the 2 there is replaced by v (setting o = 1, since we
consider colored noise here). We do not know how many of the lemmas we see
in Chapter [J] especially in Section [0.3] can be transferred to the stable setting,
in colored or white noise. However one might guess that the following conjecture
holds:

Conjecture 3. Pathwise uniqueness in C(R4, Ciem) holds for (6.1)), if a < v(2y—
1).

6.2. Particle picture

As already mentioned in Example the large population limits for densities
of branching particle systems are known to approach solutions of stochastic heat
equations (5.1)); [Daw75] or [Blo96] are two references. A similar convergence result
holds true for certain interacting particle systems, called long-range voter models;
[MT94] or [KIill] are two references. However, all of these results are limited
to the noise coefficient being of the following form: o(u) = ¢y/u, o(u) = cu or
o(u) = e\/u(l —u) for a constant c. So, many of the SHE described by the class
do not have a so-called “particle picture”, i.e. there is no weakly converging
density of a particle system. However, on page 326 of [MP92| an idea for density-
dependent branching is given.

A classical weak convergence proof includes the two steps 1) Tightness; 2) Unique-
ness of the limit. Even if tightness results were possible, the lack of a uniqueness
result for the SHE made it difficult to obtain such convergence results. Now we
have two such results: Theorem [4.3.3] for white noise and Theorem [5.3.1] for colored
noise. So, it seems possible to attain weak convergence results as we describe in
the following.

We will present a model which we conjecture to converge to a solution of
with diffusion coefficient o(u) = u” and white noise. In order to describe the model,
we need a certain class of offspring distributions v/ (u,-) € M1(Z4),u € Ry, € R,
whose heuristic derivation we present in Chapter
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The model describes density-dependent branching with independent branching
events. This will lead to a white noise SHE. Surely, it would be desirable to extend
that to spatially correlated Gaussian noise (colored noise) as well, as the present
work gives the required uniqueness result, but it is technically more demanding. So
far, there are few convergence results (for example [Myt96] or [Stu03]) available for
colored noise as in Definition [3.3.15

For the description of the model we borrow notation from [Per02] and it is similar

to Example

Definition of the model

There are some properties of the class of offspring distributions. Let N be dis-
tributed according to vy (u,-) € M;(Z4) for fixed u € Ry, € R. Then

/

E[N] =1, E[(N-1)?=u". (6.2)

Let n € N be the renormalization constant which is kept fixed throughout this
definition.

We want to consider a population model in discrete time, where each individual
gets alabel o € I =27 =, ez, N". If @ = g1 - - oy € I, then we write || = n
for the generation of individual . Fori € {0,1, ..., |a|} we can write a|; = o . .. o
if we restrict « to its first ¢ + 1 elements. This gives a natural ancestral relation:
Write a < 3, whenever oo = f3|; holds for a certain ¢ € {0,...,|3|}. Then « is called
an ancestor of 3.

Our population inhabits a space E, which we suppose from now on to be R.
Either we can think of FE as a geographical space or a certain trait space of the
individuals. Let A be the generator of a Feller semigroup on Cy(FE) describing
the motion of the individuals. Here we will specialize to the case A = %A. The
corresponding semigroup (here the heat semigroup) is denoted by (St)¢>o0.

Let M be a Poisson point process on R with intensity nu, where p € M¢(R) a
finite Borel measure on R. Label its points in an arbitrary fashion with {1,2,... k,}
and denote the position of the points in R by z4,,1 < a9 < k,, where aq is the
label.

The population to be considered will evolve in time and the k,, initial individuals
labeled {1,...,k,} start at position z,, for ag € {1,2,...,k,}. The evolution of
the individuals is characterized by two meachanisms: First, motion in space £ and
second, resampling after discrete time steps of length n=!.

Let therefore {Y*" : ag < kp,a € I} be a collection of Feller-processes, with
generator A, started at z,, and stopped at time (|a|+1)n~! each. We require that
individuals share a common path up to their most recent common ancestor

yer(t) = yele-in(t),0 <t < la]

n
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and that {Y®" : |a| = k} are independent given o(Y?™ : |3| < k) for a fixed k € N.
Note that the first requirement gives a tree structure.

Recursively, we define variables 7 and N. The n~'Z, -valued random variables
7%™ will stand for the first point in time when an ancestor of a had no offspring or,
even, there were not enough initial individuals. Then « will be called “dead.” The
Z-valued random variables NV stand for the number of offspring of individual
.

Let & € I with |a| = k € Z4 be fixed. Assume that
(A NP for B e I,|8) < k

are given (this includes the case k = 0). Then let

0 if ag > kn,
7O = {min{H . Nolin = 0,0 <i < |al} ifset # () and ap < ki,
MTH otherwise.

) we define the following (random) relation

a~pt otell ol

n

)and t < 7%"

indicating up to which time the direct ancestor of individual a was alive. For
B € B(R) define for 0 <t < ‘O‘ITH the renormalized number of alive individuals in
the region B by

XP(B) = (56 ~n £,YP"(0) € BY = 1 3" Gy (B)

ﬁ’\’nt

For any y € R define:

)= V)~ ),

ﬁ’\‘nt

where py/,(+) is the 1-dimensional heat kernel at time n~!. The non-negative func-
tion u™ describes an approximate density of individuals close to .

Now, we have defined what is happening up to time t = WTH— with individual a.
At time WTH a branching event happens with a certain offspring we define now.

Consider the Z, -valued random variable N®" with distribution

p(ver = v on (2L gy = ) 7o = LR L)

n

|Oé| + 1)_)yd,n(’d‘ + 1))’)

n n

= vy (w((
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in the case 7" ~=. Here, 1/7/ is a probability law on Z with the properties in
-, the deﬁmtlon is given in ) for 4/ € R. We assume that conditionally on
Flhttyn-1 = a(YPn(s),|8] < k+ 1 s < (k+1)n~L, NF» || < k) the collection
{N®": |a| =k + 1} is independent. This completes the iterative description.

Convergence conjecture

Let us write (f, g) fR x)dz for the L?-scalar product. For the density u™
as defined above, we conjecture the following fact:

Conjecture 4. Assume ¢ = 1, v € (1/2,1) and assume that uf,uyg € Ciem are
deterministic for n € N. If ug — wug in Ciem, then u™ is relatively compact in
DRy, Ciem)- Each weak limit u is defined on a filtered probability space which also
supports a white noise W such that for each ¢ € C°(R) we have almost surely for
allt >0

(u(t.,9) = (00,0 + [ (uts ) 50"+ [ [ Viuls.uyow Widsdy).

If v € (3/4,1), then u™ converges weakly to u.

In order to show such a result, there are two things to do: 1) Tightness, 2)
Identification of the limit.
Our idea of proof is based on the classic ways which one can use for measure-valued
processes or densities, carried out e.g. in [MT94], [Blo96] or [Per02]. We give a
more precise description of the idea in Section [11.2] Here, we will only consider
part of what belongs to “identification of the limit:”

We will follow Perkins’ notation again and only write down the “branching mar-
tingale” (defined in (11.4))), leading to the diffusion term in the SPDE:

ZZ¢ S—l-n1 J(NET 1)

s<t an~pS

for t € n~!N. This is a discrete time martingale (E[N] = 1) and we calculate its
quadratic variation:

E[(M,7, 1(¢) — M2™(6))*| F]

s+n—1
=02 3 GV R[N~ 1% F
anpS
RN BV )P A (s + 0L YO (s + )DL,

anrp S
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Therefore summing up over s < t, we get

(MP™ ()¢ =% Z% D SV (s, YO () (6.3)

s<t a~ns

+ 6?,1 (¢)7

where

n —QZ Z [ Yﬁi_z ) (§+n—1’Ya,n(§+n—1))2'y—1

s<t a~vps

— (YN (5, YO ()]

1
Suppose that sup,<x [ef'1(9)] Ly 0asn — oo for all K > 0. Hence, neglecting &},
in the forthcoming we can write:

SFOIED S LA YO

s<t an~p S

Z/ dy u" (s, y)p(y)* X" (s, y)*7
Ra

s<t

<Mbn

\ ~+

30 S [ e = 1V () = ) (G0 (5,

s<t an~ns

- / s [ dya (.00 + (), (6.4)
0 Ra

1
Suppose that sup,< [e72(9)] Ly 0as n — oo for all K > 0. If we calculate the
quadratic variation of the stochastic integral in Conjecture [4] we get:

([ [ VAuts.orow wiasdny= [ [ xuts./ 607 duds.

As this expression is analogous to (6.4), we believe that the model described here
is a good candidate for Conjecture 4| to hold. More explanations and calculations
are given in Section [11.2

6.3. Non-Uniqueness

The main result, Theorem indirectly raises another question: Is the result
sharp? In the case of white noise, Mueller, Mytnik and Perkins [MMP12] could
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find an SPDE which does not satisfy pathwise uniqueness (not even uniqueness in
law), if the sufficient conditions of Theorem are not fulfilled:

Theorem 6.3.1 (Theorem 1.1 in [MMP12]). Consider
1 :
Oru(t,x) = Qagu(tw) + |u|"W(t,x), t >0,z € R; u(0,z) =0,z € R. (6.5)

If W is white noise and 0 < v < 3/4, there is a Chrap-valued solution u(t,x) such
that with positive probability u is not identically zero. In particular, uniqueness in
law and pathwise uniqueness fail.

One might believe that this result also holds in the colored noise case, at least
in dimension ¢ = 1. It was not possible yet to transfer their result, but the first
steps in that direction were already taken: the compact support property, finite
time extinction and additionally, the growth behavior of the support were given in
Theorem [5.4.1] and Proposition [5.4.2

The most difficult part of transfering their proof techniques seems to be the
lower bound on the growth of the emerging cluster in their Lemma 4.1. There
is a heuristic (personal communication, Leonid Mytnik) explaining their Lemma
4.1 in the colored noise setting requiring (spatial) Holder-continuity of order 2 at
points where the solution is small. However, we have not yet been able to make
this rigorous.

In [MMP12], real-valued solutions were considered. Also Theorem and
Theorem [£.3.3] deal with real-valued solutions. If we restrict the SHE to non-
negative solutions, it might be true that less strict conditions on ~ are sufficient
for pathwise uniqueness. A first indication towards that is the result in [Myt98]
which says that uniqueness in law holds for if solutions are required to be
non-negative. Whether the uniqueness in law result holds in the case of general
Holder-continuous o for nonnegative solutions remains unclear. Considering the
convergence conjecture of the previous section, it is true that particle densities of a
branching particle system are always non-negative. If rescaled particle densities are
tight and their limit points solve a SHE, such as then the limit points are also
non-negative solutions of the SHE. So, to obtain strict conditions for uniqueness
results (pathwise or in law) for the SHE with non-negative solutions is a highly
interesting question.

6.4. The compact support property in higher dimensions

For the white noise case the compact support result is limited to one spatial dimen-
sion as otherwise solutions will not exist (as functions). However, the superprocess
results on compact support go beyond one dimensional results. For the colored
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noise case the dimension restriction, ¢ = 1, does not exist (except a < q), so it is
natural to ask whether the compact support property holds in higher dimensions.

The main trick in our argument which relied on some spatial structure of R! is
done in ((10.6), where the Ito-formula is applied to the function ((z) = (x V 0).
The function ¢ is a harmonic function (w.r.t. A) outside the support (—oo, 0] of ug.
In higher dimensions imagine that the support of g is contained in B(0,1) C RY.
Then we need a harmonic function v, which will not grow too fast:

Av(z) =0, zeR?\B(0,1),
v(x) =0, z€0B(0,1),
hmsup|x|~>oo % =0,

for some p > 0. The last criterion is used in order to ensure finiteness of the integral
Jra v()u(s, ) dz. Nontrivial solutions for this problem are well-known:

1 =2
’U(.’,U) — { og|:l?|, q 9

1—|z|972 ¢ >3.
So we are led to the following conjecture:

Conjecture 5. Assume o(u) = oou”,y € (0,1) and o9 > 0. Then, the compact
support property holds for nonnegative solutions u € C(Ry,Crap) of (b.1)) with
b=0and W = WF k(z,y) = |z —y|~*, a € (0,2 A q).

There are surely other minor modifications of equation which might still
lead to compact support property. The lower bound on o(u) > ogu? should be
possible to be relaxed to one which only holds close to zero. This would be helpful
to include cases such as Fisher-Wright noise o(u) = \/u(1 — u) or similar models.

Another minor modification should be the relaxation of the diffusion operator A
in a similar way as in Krylov’s work [Kry97], where he used a uniformly elliptic
operator L = ad? + b0 + c. In fact, this would allow a (small) nonnegative drift. A
very interesting other modification would be the use of this technique in the case
of Lévy-noise driven SPDE.
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7. An abstract result on strong solutions

We start this chapter with a lemma characterising (weak) solutions of SPDE via
an approximation procedure. The proof of Lemma is done after that.

Lemma 7.1.1. Let (Q,F,F:,P) be a filtered probability space with a noise W,
which is white in time (see Definition . Let u: Ry x RYT — R be a jointly
continuous random field such that for any compact set K C RY the following holds:
E[sup,<; Supge g [u(s,z)[?] < o0. Let b: R — R and o : Ry x R? x R be continuous
with

b(t,x,u) +o(t,z,u) < C(T,K)(1+|u)) Vit <T,z € K

for a certain constant C(T,K), where T > 0 and K C R? compact. Let A be a
partial differential operator with adjoint A*. If ¢ € C°(R?) then the two following
conditions are equivalent:

(a)

/ o(z)u(t,x)dx = qﬁ(m)uo(aﬁ)da:—i—/ / us(x) A" () + b(us(z))p(x)dzdt
R4 R 0 JRae

t
+/ o(z)o(s,x,us(x)) W(dsdx) Vt >0 a.s.,
0 JRa
(b) ForanyT >0:

limsup E

n—o0

sup |(u: — o, @) — D> u(E DA + blulh, b))e(k)

t<

[nt]
+ Y Y ok LulE D)o)W ([E B4 > [ P | =0,
k=11€74

where 1 = (1,...,1) € R%.

Proof. Assume that ¢ is supported within the compact set K C RY and for sim-
plicity that b and o only depend on u; the proof can also be done more general,

7
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but notations get lengthier.
(a) = (b): Let T >0and 1 =(1,...,1) € R?. Use (a) to get

sup|/ /Rq us(z) A% () + b(us(z))p(x) dads

t<T
[nt]
=Y @ Dk DA (L) + b(u(k, L))e(L)P

k=11€Z3
+|/ / (s, 2, u)¢(x)W (dz ds)
R4
[nt] _
=D olulE D)e(HIW([E, EL] < [L, B2
k=11eZ4

=1 + I.

As I is the sum of two martingales we can use Doob’s inequality to obtain:

= o(1),

by dominated convergence, since k is locally integrable, ¢ has compact support and
Efsup, ,ex |u(s,2)[*] < co on the one hand and continuity of u(-,-) on the other
hand.

Treating I; is even easier. We use the bound on b and that ||A*¢||« < C1, since
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A* is a bounded operator on D = C2°. Then

L <E

sup| / /R () A7) + b1 (2))6 ()

t<T

(2L, ) 4% g (@) + blu( 22, 120)) 6 (2) dds

B supl [ [ (a2 12240 — (L, ooy gLz

t<T

(5L )6 () — blu(ed, L)) dadsP

SOE| sup |u(s,z) —u(l2ed, 122
s<t,xeK
+E[ sup 2]u(s,x)\2] tLeb(K) sup |A*¢(z) — A*¢(—erJ )
s<txeK zeK

=o(1).
by the dominated convergence theorem and continuity of wu.

(b) = (a): By definition of the Riemann integral and by the assumption on u
being continuous, we have

e Ty = |//]R s () A* () + blus ()6 (x)) dads
[nt]

=303 w Dl DAL + bluh, )61 = o(1) (1 - ),

k=11e€Z4

pointwise and hence in L? by square-integrability of the limit. With a similar
argument as that for I, we obtain for M, and My defined in the following obvious
manner:

E[|M.—My|*] [fEIT)I/ /Rq () W(ds dx)
[t
=D ol D)eEW([E, L] < [ EL)P | = o(1),

k=11e€74
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Use (b) and these two observations in the following:

E |sup |(¢, us — uo) / / us(z)A*p(z) + b(us(z))¢p(x) drds
t<T R4
/ d(x)o(s,z,u)W(ds dx)ﬂ
Ra

<Efsup| [ é(x)(ult,z) —uo(z))dx — Jg — My|* + | My — M.|* + |Jg — Jo|*]

t<T JRa
=o0(1) (n— o0).

This completes the proof. O

Remark 7.1.2. The assumption “white noise” in time is essential for the martingale
techniques to apply. The requirement having a.s. continuous solutions might be
possible to be relaxed to the case of continuity in probability.

Then we can do the proof of Lemma [5.1.1

Proof of Proposition[5.1.1 Assume that we are given a filtered probability space
(Q, F, F;, P) with adapted weak solution v and noise . The latter implies ft C
Fi. We want to apply Proposition 3.14 a) = b) in [Kur07]. Some of his notation is
required here.

Let S; =U and Sz € C([0,00),S'(RY)), both Polish spaces. By Definition
we know that W takes values in Ss. First, we check that u is compatible with W
with respect to the compatibility structure C' = {(FY4, FS') : t € Ry }. Since B(S)
is generated by S it suffices to check compatibility for all ¢ € S(R'9). Let t > 0
fixed and define ¢1(s,x) = Ly (s)¢(s,z) and g2 = ¢ — ¢1, both in M,. So, by
Lemma |3.3.13| we can use linearity

EW (¢)| 7Y v Ff] = E[E[W(¢1) + W (o) | F)FY v FH
[(W(¢1) +0)| 7" v F

since W is a (centred) noise white in time w.r.t. the filtration (F3)¢>0.. By the usual
induction, this result extends to all bounded measurable functions on S’(R'*4). So
u is compatible to W.

By construction, v = L[W] on C(R; x H9(RY). Finally, the set of convex
restrictions I' needs to be given. Let {¢™ € D(R?) : m € N} be a dense subset of
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D(RY) (separable!). Let for m,n € N:

[nt]
B (s W) =g — g, ™) = 3 S =@ Du(k, Ly 4%m (L) 4 blu(E, L))gm (L)
k=11lez4
[nt] _
30 S ok, Lk, Ly)gm (L ([E, B x [4, B AL

k=11eZ4

and

fnﬂ

Z Yo @n+1)d

k=1 124 |l oo <n

m

Dy ()

l
k() + > @n+ 1)k
jEZq7|j|oo§n

=0 and g, < 0o a.s. are convex

Clearly the conditions lim sup,,cy Elsup;< b2, ,, ;] =

constraints on My (U x S'(R1T9)). Let

I' = {limsup g, < 0o a.s., sup limsup E[sup hZ, ntl =0}

n—o0 meN n—oo t<T

be the convex constraints. Since there is a weak solution, by Lemma the law
pi=Po (u, W) lies in Sr,c,- By pointwise uniqueness (which is just pathwise
uniqueness, where joint compatibitility follows as in the compatibility proof before)
we know that there exists a strong compatible solution, i.e. u = F(W). O



8. Existence and regularity

In this chapter we want to prove the existence and regularity result Theorem [5.2.1
Right after the theorem there was an overview of the proof. However, we quickly
repeat the important steps in a more technical description.

The proof will follow closely the one given in the appendix of [MPS06] and is
decomposed into several lemmas. First, we quote the classical existence result for
Lipschitz coefficients. Then we derive uniform regularity results for an approximat-
ing sequence of coefficients ¢ — o for general o. This regularity allows to get a
certain tightness result; one of the limit points is then shown to be a mild solution.
The proofs will be less explicit in the first steps, but more explicit in the last step,
the “convergence” argument from Theorem 2.6 of [Shi94].

8.1. Regularity results for solutions

First, write down the analogues of Theorem A.1, Lemma A.3, Lemma A.5 and
Lemma A.4 from [MPS06] (we changed the order). The modifications to include
the inhomogeneity b into the proof are given in the proof sketches. The first theorem
is taken from Theorem 13 of [Dal99] and was written here in Theorem [4.2.1}

Theorem 8.1.1 (Theorem A.1). Let ¢ € N and uy be measurable and bounded.
Assume that b,o : Ry x R? x R — R satisfy:  For any T > 0, n € N there is a
constant ¢ < oo such that

|b(t, z,u) — b(t,z,v)| + |o(t,x,u) — o(t,z,v)| < clu—v| YO0<t, xeRL
Assume that the bound (5.5) on the kernel k holds with « € (0,2 A q). Then, there

exists a pathwise unique strong solution u to (5.1)). The process u satisfies a uniform
moment bound: For any T > 0, and p € [1,0),

sup sup E[ju(t, z)P] < co. (8.1)
0<t<T zcR4

Dalang’s theorem requires spatially homogeneous noise. However his proof carries
over if we require k to be bounded such as in (5.5) as remarked in [MPS06].
Let LS, = {u : esssup,cpq [u(z)|e | < oo for all A > 0}. Define for any function

v:Ry xR?T — R, A\;p > 0 and a stopping time 7 :

f\vpv(t,x) =K |:”U(t,$)|p]l(t < 7_)e—/\|:z:|:|

82
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and write G, = Gif’p if 7= 0.

From now on drop the assumption of o being Lipschitz. The function b, however,
will still be Lipschitz. Even in that more general setup it is possible to deduce
several properties of solutions (assuming their existence).

Lemma 8.1.2 (Lemma A.3). Let ug € L3, and let 0,b be as in Theorem|5.2.1). If
w is any solution to (5.1)) such that

sup sup E (]u(t, :c)\pe*)‘m) < 0o
0<t<T weRd

for some T > 0,p > 0,\ > 0, then there exists p > p such that

E ( sup sup |u<t,x>rpe”w> < Crap(e uollx/pe0)
0<t<T z€Q9

(8.2)

0<t<T zcR4

X <1 + sup sup Gy pu(t, x)) ,

where Cr 5 (-, ) is bounded on the compacts of R%.

Proof. First assume that p > 14¢ and directly start with equation (119) in [MPS06].
The constant C' depends on p only.

0<t<T z€Q4

E ( sup sup ]u(t,:p)|pe_kml>

<CE| sup sup | [ pi(z—y)uo(y)dy[Pe !
0<t<T z€Rd JRa

0<t<T z€Q1

t
+CE< sup sup I/ / pi—s( 3/)0(8,$,u(8,y))W(dsdy)|p€—>\m|>
0 JRa

0<t<T zcR4

¢
+CE < sup sup | [ [ po- y)b(s,y,u<s,y>>dydswe—*'m') .
0 JRrRe
Only the last term will get attention here as the others can be treated with the
methods of [MPS06]. Using the growth bound on b and Hdlder-inequality with
a=1+q1

/R sl =)o,y uls )Ny <

<qa( [ ose-vera) ([ (0 mpne) )

R N 1/(1+q)
<c(t— )72t (/ (1+ |u<s,y>rq“>epy'ep”'dy) ‘
Ra
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We used Lemma 6.2 of [Shi94]. Since p > 1 + g > 2, obtain by using Hoélder-
inequalities,

t
E( sup sup |/ / Pts(w—y)b(s,y,U(s,y))dy!”e‘A'x)
0<t<T zeRe Jo JRa
r N A 1/0+9\ P
[ asw =9 ([ @ putspprie e oay )
0 Ra
T p—1 T , \P/P
( / ds@_s)—p/@(p—l») < [ asf ...dy)uq)
0 0 R9
r p—1—q/p N 1
< C/ dsTE (/ dy 6-w|/(p—l—q)> (/ dy (1 + |u(s,y)|)Pe” 1+qu>
0 Rae Ra

<cT sup / dy]E[(1_|_‘u(&ympe—)\qf’l\yl]
0<s<T JRa

< cE

<cE

<c <1 + sup sup Gy pu(s,y)) ,

0<s<T y€eR4

where \ = /\q%1 > %
If p<1+gset =14 q and after using the estimate u? < ¢(p)(1 + uP) we can
apply the calculations from above. O

One can improve that result to

Lemma 8.1.3 (Lemma A.5). Let uy € Ciem and the conditions of Lemma
be satisfied. If u € C(Ry, Ciem) a solution to , then it satisfies the following
moment bound:

For anyT >0 and p > 1,

sup sup E [[u(t, 2)Pe | < Crp(az lullypoo); (8.3)
0<t<T zeR¢

where Cr x p(+,-) is bounded on the compacts of Ri.

The proof of this result is just an application of Gronwall’s lemma to a similar
statement as that of Lemma (leave the time-integral unevaluated) and we
refer to Lemma A.5 of [MPS06] for the details. Finally, there is a lemma about the
regularity:
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Lemma 8.1.4 (Lemma A.4). Let u be a solution to (5.1) satisfying the conditions
of the previous lemma. Define

Za) = /0 /R Pr—s(z = y)o(s,y,uls,y) W (ds dy)
et et

fort > 0,z € R4. Then, for TR >0 and 0 <t <t < T, x,2/ € R? such that
|z —2'| <R, as well as p € [2,00) and & € (0,1 — a/2),

E [!Z(t,az) - Z(t’,x’)ypefklw\]

< C(T,\ p) (1 + sup sup G)\/(pﬂ),pu(s,z))
0<t<T z€R4

% (|t YRR | m/|§p) ‘

Proof. The difficult part of the proof can be found in [MPS06]. We content ourselves
here with the statement that Lemma and Lemma 5.2 (a) of [MPS06], combined
with the growth bound on b give sufficient estimates for

V(ta) = [ [ st = u)b(s, (s, s

One could remark that as there is a Riemann integral it is not surprising to have
very high Holder-regularity, even better than the one proposed in the lemma for
this integral. O

8.2. Tightness and construction of the solution

We give the proof of Theorem and decompose it into several steps. First we
define a family of approximate mild solutions to , show that it has a limit point
(at least one) and then show that any limit point is a mild solution. Finally, the
specific filtration chosen is considered.

Step 1: Family of approximate solutions
Let (6™), be a sequence of Lipschitz-continuous functions with

o |o"(w)| < aza(1 + Juf) and

e ¢ — ¢ uniformly on compacta.
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An example of such a sequence is constructed in [MP11] (proof of Theorem 1.1).
Furthermore define for any x € R%:

—-m if ug(x) < —m,
ug' () = Qup(x) if |ug(x)| < m, (8.4)
m if up(x) > m.

Then uf' € Cy(RY) and

sup sup [uf(x)e ! < sup sup [ug(x)]e ! < oo,
m xcRd m gcRd

since ug € Ciem- If we fix m and n then we can use Theorem and obtain unique
solutions u™", i.e. for given ¢t > 0 it almost surely holds, that for any x € R¢

t
Wt 7) = /R e — ) )y + / /R sl =)o (W (5,) W(ds dy).
(8.5)
Step 2: Tightness of u™"™

Tightness in C'(R4, Ctem) can be shown using Lemma 6.3 (ii) of [Shi94]. The esti-
mates obtained in Lemma do not depend on the specific value of the Lipschitz-
constant for o™ only on the constant of the growth bound.

Step 3: The limit points are mild solutions

By Skorohod’s representation theorem (cf. Theorem 3.1.8 of [EK86]) extract an
a.s. converging subsequence on a joint probability space. Let u be an almost sure
limit point of u™" on (2, F,P), where F is assumed to be P-complete. That means
there is a sequence (n(l),m(l)); s.t. both m(l) and n(l) tend to infinity as | — oo
and

ORI ORI C(R4, Ctem) almost sure.

In order to simplify notation we will write u! := ¢™®n(0),

Lemma 8.2.1. Then u is a mild solution of the limiting equation:

uta) = [ o= putds+ [ [y = puts ) duds (56
+/0 /det_s(az —y)o(s,y,u(s,y)) W(dsdy)
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for any x € RY almost surely for all t > 0. Additionally W is a noise, white in time
w.r.t. Fi, where

Fr = \/ f:’m’ ]:-tn,m _ U(u;n,n’ W, s < t—l—)complete'
n,m

The superscript stands for completion with respect to PP.
The last point is shown in Step 4. Before giving a proof we state some lemmas.

Lemma 8.2.2. For any A > 0,7 > 0 and solutions u',u to the SPDE with diffusion
coefficient o', o, respectively, the following holds

(a) SUpys1 Py SuD,cpe € FE[u (1, 2)[F] < oA, T) < 00, k € N
(b) sup;<r Sup,cgd e MR [|u(t, z)|F] < 0o, k €N
(¢) The family (e~ M*l|ul(t, x)|k)t§T’$eRd,l€N is uniformly integrable for any k € N.

Proof. The first line (a) follows by Lemma since we never used the Lipschitz-
coefficient in the proof (consider line (131) in [MPS06] for the explicit statement).
The proof of (b) is taken from Lemma 6.19 of [Zah04]:

sup sup e ME[u(t, 2)] = sup sup e MNE[ lim N A |u(t, 2)])]
t<T zeRd t<T zeRd N=o0

< sup sup e M liminf E[N A |u(t, z)|]
t<T zeRd N—voo

< sup sup e M liminf lim B[N A [u!(t, z)|]
t<T peRd N=roo =00 (8.7)

< sup sup sup e FIE[u! (¢, 2)]]
1<T geRrd 1>1

l
< sup [|E[|w (-, )[I[x,00,7
>1

<c(\T).

The last assertion (c) follows by the uniform bound on higher moments of order 2k
and using (a), when replacing A by A/2 there. O

Define the cut-off functions Fjy : R — R for any natural number N € N:
Fy(z)=—N, x < —=N; Fy(z) =2z, —-N <z < N; Fy(x) =N,z > N.

Then
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Lemma 8.2.3.

supE [| /0 /Rd pr—s(x — y)(a”(l)(FNul(s,y)) - Un(l)(ul(s,y))) W (dsdy)|*| — 0

>1
(8.8)
for N — oco. The same holds true for o and u without the superscripts.

Proof. Write AN for the expression inside the modulus in the lemma.
14N <[ / P~ sl — 26" (Fnald s, ) — 0" O (5,)))
o"W(Fyu'(s,2)) — o™ (ul (s, 2)))| k(y, 2)dy dz ds]
<a [ [ sl ppsa NG
0 R2d
x (L+E[Ju' (s, 9)Je )1 oo (1 + Bl (s, 2)[Je D1 i s vdy dz ds
t
<z /0 /R Pz = pes@ = 2)| D R(y, 2) (1 + Bl (s, )] )2

><]l\ul(s,y)|>N + (1 + EHUZ(S, Z)’]67A\Z|)2]l|uz(s’y)|>N) dydzds
(8.9)

By Lemma 5.1 in [MPS06] it is true that

t
/0 /de [Pe—s(2 = y)pr—s (2 — z)’e/\(|2|+|y\)k(y7 z) dydzds

constitutes a finite measure on Ry x R??. Using Lemma we also know that

sup 1{u!(s,y) > N} = 0 a.s. as N — oo.
!

Hence, we can use a standard argument for uniformly integrable random variables
(e.g. [KleO8, Thm 6.24(iii)]) and see that

E[|AN]?] = 0 as N — oo,

The fact that the same holds true in the case without the superscripts [ can be
shown just the same way. O

Now we try to put things together to show that u is a mild solution of the
SPDE. We need to show (8.6). We do that by showing that the second moment
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of the differences from left and right hand side is zero. Using that «™® are mild
solutions, consider

E Ku(t, ) — /Rd pe(z — y)uo(y)dy — /t/ pi—s(@ — y)o(u(s, y)) W(dy ds)
/ /qut s —y)b(s,y, u(s, y))dyd8> ]

<Efju(t,x) — " (t,)[]

Bl [ o= guady — [l — ) Ot)agl
Bl [ [ preslo =) 07000 5,) = O s, ) W s )
Bl [ [ pieale =) @O Os,) - o(Ewa™® (5,0) W ds )
Bl [ [ preslo =) otEwamO(s,) = oFyuts, ) Wds dy)P)
E| / [ e =) (ol Frats, ) = otu(s, ) Wids )

+E| /0 /R sl = ) (O, u(5.9)) = b5,V 5, ) dyds?)

=L+ 1L+ 13+ 14+ Is + Ig + I7,
(8.10)

where Fy was the cut-off function defined above. If for [ — oo all expressions
vanish, we know that u is a mild solution. This looks complicated, but reduces to
two problems since

e I; goes to zero since ((u™(t,x))?),, is a uniformly integrable family (Lemma
8.2.2)) and combined with its almost sure convergence we have L?-convergence
(as | — 0).

e I, goes to zero by an estimate on f‘y|>m(l) pi(x —y)eMdy (as I — o0).
e [3 and I go to zero by Lemma (as N — 00).

e [7 vanishes in the limit, since fg ds [pe dypi_(- — y) is a ﬁnite measure on
R, x RY and (e~Ilw™)2, is uniformly integrable by Lemma

Therefore given an € > 0 we can bound each of the previous I; by £ when choosing
[ sufficiently large, say [ > L; and N sufficiently large, say N > Nj (keep that N
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fixed). We have to deal with I, and I5.
Before going ahead we define two integrals

M (t,x) = /0 ds /RM dx dypi—s(z — y)pi—s(x — 2)k(z, ), (8.11)

t
My (k,t,x) == / ds/ dy/ dzpi—s(x — y)pi—s(x — 2)k(z,9). (8.12)
0 yEeR? |z|>k

To obtain a bound on I choose €1 < , /m and Lo so large that (for the fixed
N)

sup |o(u) — o"W(u)| < e; VI > Lo. (8.13)
|lu|<N

Then we get that

t
I, < e%/ / Pi—s(z — Y)pi—s(x — 2)k(z,y)dy dzds < ; Vi > L. (8.14)
0 R2d
So it remains to work with I5. First we take a Kj so large that

B(1+ N2 My (k, t, ) < % vk > K. (8.15)
The trick somehow needs to be that we have some information about the closeness
of o(u™®) and o(u). As o is a continuous function it is uniformly continuous on
the compactum [—N, N] and for any €4 > 0 we can find a d4(eq) > 0 such that

u,u' € [-N,N] and |u — /| < d4 = |o(u) —o(u')] < es. (8.16)

Let us take €3 € (0, )

Hence, the only thing which is required is that we need to know about the close-
ness of u and vV, As we have almost sure convergence in the path space with
values in Cien, we also have almost sure convergence on any compact set, e.g.
{(t,x) : t < T,|x| < K;}, where K; is the constant from above. Hence, let an

€2 € (0,04(€e4) A W) be given. Choose for given A > 0 an L3(e2, \) so
large that
IP’[Hu — um(l)H)\’ij < 62] >1—¢€ V> Ls. (8.17)

We can take A = K] '. Then we get

Plsup sup |Fyu(s,y) — Fyul(s,y)] < ese!] > 1 — ey VI > Ls. (8.18)
s<T |y|<K1
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Then we we can start putting the things together
t
EU /0 /]Rd pt—s(l‘ — y) (U(FNum(l)(s, y)) — U(FNU(S, y))) W(ds dy)‘Q]

<Bl| [ [ pieslo = sl = 2o (P s9) = o Frvu(s. )
|U(FNu m (s, z)) — O'(FNU s, 2))|k(z,y) dydzds)]

Yy Rd |<K1 y|<K1 Rd ’y|>K1 | ‘>K1

The first two summands are similar and we will only consider the first one:

.19)

t x — z— 2)|o(Fyu™D (s —o(Fyu(s
B[ o s s 2o (B O, — (Pt )
x lo(Eyu™ (s, 2)) — o(Fyu(s, 2))|k(z,y)dy dz ds)]
t x — z — 2)k(z,y)|o(Fyu™V (s —o(Fnu(s
B[ o st = ppsle = ko (™ Os,) = o (s, )

X lo(Eyu™ (s, 2)) — o(Fyu(s, 2)) dydzds)]

L fsup, < suppy) < i, [Favuls)—Frul (siy)|<ea}
t

+E| / / / Prs( — Y)prs(x — 2)h(z, ) o (Fxu™D(s, ) — o(Fxuls, )|
0 JyeRe J|z|<K;

X ‘O’(FNum(l) (S, Z)) — O’(FNU(S, z))“l{supsg SUP|y| <K, |Fnu(s,y)—Fnul(s,y)|>ea} dydzds)],

now use (8.18) and (8.15)) to bound that by

< eaa(l + N)Mi(t,z) + e2Mi (¢, ) g(1 + N)?
€

< — VI> Ls.
9 = L3

So, we are left to deal with the last integral in ([8.19)):

t T — z — 2)|o(Fyu™® (s —o(Fyu(s
E| /0 /Wﬁ /Z|>K1pt_s< Wpr—s(z — 2)|o(ExumO (s, ) - o(Fyvu(s, )|

X |o(Fnu™D (s, 2)) — a(FNu(s 2))|dy dz ds)]
<@z(1+ N)*My(Ky,t,z) < E
(8.20)

where again we used (8.15). Hence, the sum of the three integrals in (8.19)) is at
most €/6.
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Therefore we have shown that for the given € we could choose (in a cascade of many
€;) an | > L1V Ly V Lz such that the expression in (8.10)) is bounded by e and we
see that u is a mild solution to the SPDE.

Step 4: u is adapted
It remains to show that u is adapted to the filtration chosen. We provide the
following proposition:

Proposition 8.2.4. Let X™, W, X be stochastic processes with values in a Polish
space (E,E), s.t. Fi' =gy 0(Wy, X' : v < 5) is the right-continuous filtration of
the pair (X™, W), n € Nt > 0. Assume (X", W) — (X, W) P-almost surely on
a complete probability space (0, F,P) and W is an F;'-Brownian Motion for each
n € N. Define F; =\/,, F*V Fo, t > 0. Then,

(a) Xy € F,t>0.

(b) (Wy) is an Fy-Brownian Motion, i.e. Wy € Fy, Wiy, — W, is independent of
Fi (and the distribution is Gaussian,).

Proof. (a) Let A € £. Then,

{(X; e Ay ={X, € A, limX" = X}U{X; € A lim X" # X}
={lim X € A, limX" =X}UC
= ({lim X' € A}nC)UC
={limX; e AyuCe\/ F'VF=F,

with obvious notation for C.

(b) W; € F; by definition. And for measurable functions f,g: E — R.

E[f(Wipu = Wi)g(Xi")] = E[E[f (Wiu — Wi)|F']g(X])] = O,

for all n € N, t,u > 0, since we require W to be a F* -Brownian Motion.
O

Remark 8.2.5. The proof of Proposition [8.2.4] suggests, that the limit point X is
adapted to Fy, a filtration which can be chosen to be the one of the noise W, if
X™ are strong solutions. But keep in mind, that after having used the Skorohod
representation the probability space has changed. So we do not have a strong
solution in general.



9. Pathwise Uniqueness

The proof of Theorem is inspired by the idea of Yamada-Watanabe [YWT1]
that was already used in [MPS06] and [MP11]. The heuristics was given right after
Theorem Most parts of the proof follow directly [MP11], however they are
extensions to a multi-dimensional setup. One improvement to the results of [MP11]
is given in Proposition [9.5.8, which also allows a better bound in the white noise
case.

As the proof is extremely long one might look for a proof overview. We will give
it at the end of Section [9.1] First, we will say something more about the regularity
conditions on o stated in :

(a) When (j5.2) holds, it suffices to assume (/5.3)) for |u — v| < 1.

(b) Condition ({5.3)) implies the following local Holder condition: For all K > 0
there is an Lk so that for all ¢ € [0, K] and x € B%(0, K),u,v € [-K, K],

lo(t,x,u) — o(t,z,v)| < Lr|u—v|7. (9.1)

9.1. Proof of Theorem 5.3.1]

We closely follow Chapter 2 in [MP11] as most of the ideas can be translated from
white to colored noise. For notational convenience replace the name of solutions u
to by X (we will, analogously to [MP11] in Section define u; and ug, so
we do not want to use the terms u', u? yet).

Now, consider Theoremand assume its hypotheses throughout. Let (Q, F, F;, P)
be a filtered probability space supporting a colored noise W, and X! and X2, two
mild solutions of on with sample paths in C(Ry, Ciem) a.s., with the same
initial condition, X} = X2 = X € Ciem. Since X* € C(R;, Ctep) for i = 1,2, they
satisfy (4.2), the weak form of (5.1): For ® € C>°(R) we have that

Xi(t,2)d(x)de = | Xi(x)®(x)de + / Xi(s,:c)%A@(x)dxds
Ra q R

R 0
+/0 /R o (s, 2, X'(s,2))®(x) W (ds dz) (9.2)

t
—l—// b(s,x, X'(s,2))®(x)drds Vt>0 a.s.
0 JR9

93
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Remember the definition of Tk in (5.13):

Tk = inf{s > 0 : sup(| X' (s,v)| V | X%(s,y))e ¥ > K} A K. (9.3)
Yy

We will only show Theorem for o such that for some 1 > ~ > % + ¢ there are
Ro, Ry > 1 so that for all ¢ > 0 and all (z, X, X') € RI*2,

o(t,z, X) — o(t,z, X")| < Roe™ 1l x — X7). (9.4)

This is sufficient since we can easily extend the result from compact time intervals
to all of R4 and since we will consider solutions stopped at time Tk and Tk — oo
almost surely. In order apply an argument similar to that of Yamada and Watanabe,
we set for any n € N as in [MP11]

ap = exp{—n(n+1)/2}
and fix a positive function ,, € C*°(R, Ry ) with supp ¥y, C (an, an-1), Yn(x) < %
and

/aa”_l bn()de = 1.

As this function converges to dy € S’'(R), we define

Ed
On(x) ::/0 dy/oydzlbn(z), rx€eR (9.5)

which then approximates the modulus. More precisely, we have
e ¢,(x) — |z| uniformly in x € R,
o [¢),(x)] <1 and
o |¢f(z)| < 2 for all z # 0.

Recall that in the heuristics of Chapter [5| we had used a simpler function g, instead
of ¢,. Next, we fix a point € R% ty > 0 and a positive function ® € C°(R?,R,)
such that supp ® C B?(0,1) and [ ®(y)dy = 1. Let ®7'(y) = mi®(m(y — z)) for
m > 0. Define the difference of the solutions

wi= X' — Xx?

and note that we can write down an equation of the form (9.2) for u. Let (-,-)
denote the scalar product on L?(R?) and assume t € (0,ty). We apply the Ito-
formula for the semimartingales (®7'(-),us(-)), which is the difference of the two
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semimartingales given in (9.2)), and ¢, as in (9.5)) in order to obtain
Pn((us, B3'))

/ q¢n (us, @) (0(s,, X (5,9)) — 05,9, X2(s,9))) ©7(y) W (ds dy)

R
4 / (s, BT s, 5 ADT) ds

/ ds/Rq dw/Rq dz (| (us, 7)) P (w) P (2) k(w, 2)
(3 w, X1 (s,w)) — (s, w, X?(s, w))) ( (s,2,X1(s,2)) —O’(S,Z,XZ(S,Z)))

4 / & (110, @) (b5, 5, X1 (5,)) — b5, 9, X2(5,1))) ¥(y) dyds.
0 Ra

We integrate this function of z against another non-negative test function ¥ &
C2°([0,t0] x R?). Choose K; € N large so that for A =1,

HXOH)MOO <Kyand I = {33 : ds < tg with \IJS($) > 0} C Bq(O,Kl). (96)

We then apply the classical and stochastic versions of Fubini’s Theorem, here in

Proposition for the latter. Condition (3.12)) can be verified using localization
and the stopping times {Tx}. Arguing as in the proof of Proposition II.5.7 of
[Per02] to handle the time dependence in ¥, we then obtain that for any ¢ € [0, to],

(Do ((1g, B™)), W5 ()
/ [0 (0 87D 07 ). ) (05,0, X (5.0) = (5., X(5,9)) W(ds )

T /0 (6 (s, 7)) (s, S AP 0,) ds

1 ! m m m
+ 2/0 ds /qu dx dwdz¥s(z)hn(|(us, @51 [) P (w) P (2)k(w, 2)
% (0(s,10, X4 (5,0)) — (5,0, X2(5,10)) (0(5, 2, X1(5, 2)) — 01(5, 2 X2(5, )
¢
+ [ Guttun oy ds 0.7

/ / (0 (110, B™) @™ (1), W) (b5, 5, XM (5.9)) — (s, 9, X2(s.))) dyds
Im'n,

+ I () + I3 () + I () + I ().

Now, set m, = a;i/f = exp{(n — 1)n/4} for n € N (this choice is where the
improvement to [MPS06] is made, see their Lemma 4.3).

We quote Lemma 2.2 from [MPS06] and add a last point treating I: ™" (¢):
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Lemma 9.1.1. [Lemma 2.2 in [MPS06]] For any stopping time T and constant
t > 0 we have:

(a)

E(I{""(tAT)) =0 for all n. (9.8)
(b)
tAT
tim sup E(13" " (¢ A7) < B /0 /R \u(s,x)]%A\PS(x)dxds). (9.9)
(c)
tAT ‘
Tim B(I"(¢ A T)) = B /0 [ sl drds).  (9.10)
(d)
tAT
nh_}rrgo E(I;"™"(tAT)) < BIE(/O ” lu(s,z)|¥s(x) dmds) with B as in (|5.4).
(9.11)

Proof. We only need to show the last point, where we follow (2.48) of [MP1I]. Since
|¢h | <1, (5.4) implies that for a stopping time T,

tAT
MMt AT) < B/O // lu(s,y)| @™ (y)U,(x)dydeds =: BIF({tAT). (9.12)

It follows using ([5.7)) to obtain an integrable bound for the integrand and Lebesgue’s
Dominated Convergence Theorem that as n — oo,

tAT
PEAT) > / / (s, 2) U (2)dwds as. (9.13)
0
and hence in L' since, again by (5.7), {IZ(to) : n € N} is L*-bounded. O

It will be 13" L which will mostly concern us for the rest of the work. In its
integral definition we may assume |z| < Kj by and so |w| V |z| < K + 1. If
K > Kj, s <Tk and |w| < K71 4+ 1 we have

1 X(s,w)] < Kelvl < Ke1H) for 4 =1, 2.
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Therefore, (5.5), (9.1), and the fact that 1, (z) < 21{apn41 < = < a,} show that
if K/ = Kel81+1)(> K| + 1), then for all t € [0, o],

I A Ty (9.14)
AT 1 1
= 2/ /3 2(n 4 1) [(us, @) | MH{any1 < [(us, )| < an}
0 R3¢

x L2 |u(s, w)||u(s, 2)[ T @7+ (w) @7+ (2)(|w — 2|~ + 1) ¥, (z)dwdzdzds

tA\Tk
<antharh [ [ Hown < 0n 0] < anHuts ) fu(s, )P

X P () DT (2) (|w — 2|7 + 1)Uy (x)dwdzdzds.

We note that a;il = a;1_2/n. Thus, as the quantity of interest, we define

=o' [ [ 10 ) < anluts, ) uts, P (9.15)
’ QAL (w) BT (2) (Jw — 2| 7Y 4+ 1) Us(x)dwdzdzds.
The following result holds:
Proposition 9.1.2. Suppose {Upnx : M,n, K € NK > K} are F;-stopping
times such that for each K € N=K1
(Hy) Umvpnk <Txk for all M,n € N,
Uvinx / Tk as M — oo for alln € N,

lim supP(Unpnx < Tx) =0,

and
(Ho) ILm E(I"(to NUnn,k)) =0 for all M € N,

are satisfied. Then, the conclusion of Theorem holds.

The proof of this proposition is exactly the same as the proof of Proposition 2.1
in [MP11], here using Lemma So we omit it.

We observe that all that is left is the construction of the stopping times Uns i
and the verification of (H;) and (Hz). This will take the rest of this work. The
reader who has not taken a look at the heuristics after the statement of Theorem
is encouraged to do so before proceeding. The others might note that the
quadratic variation term is in fact quite similar to . We remark the
differences of the heuristics to the preceding quickly:

Remark 9.1.3. Here, a,, is used instead of n™!, but the argument should also work
with n~! instead. The g, from the heuristics are called ¢,, here and finally ®7 is
really chosen as a C'"*°-function, whereas there it was an indicator function.
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It is now time for the overview of this chapter. Section[9.2]contains the verification
of the hypotheses of Proposition[9.1.2] The proof there also relies on another result,
Proposition which we can prove in Section The rest of the work is devoted
to provide results for this section. In Section some heat kernel estimates are
given, which are used in Section[9.4]to give in fact the proof of the “Hélder-regularity
up to order 2”, stated in Proposition[9.4.2] For this section, the results from Sections
and Section [9.7) are needed. Section [9.9] contains the extension of the proof
of [MPS06]’s Theorem 4.1. This chapter contains three more sections: Section
contains a Kolmogorov-Centsov result apt for the proofs here, Section [9.10|contains
the necessary modifications to include in drift component in all of the sections and
finally, Section [9.11] contains an integral estimate.

9.2. Verification of the hypotheses of Proposition [9.1.2]

We follow Chapter 3 in [MP11]. First, recall the canonical distance for the heat-

equation:

Notation. For t,t' > 0 and z,2’ € R? let d((¢,z) =/t —t| + |2’ — x|
Assume the setting of the beglnnmg of the last chapter That means that X' and

X? are two solutions of the SPDE with the same noise W and v := X! — X2

is the difference of the two, i.e.

t
u(t,z) = /0 /Rq pi—s(y — x)D(s,y)W (dsdy) a.s. for all t > 0,z € RY,  (9.16)

where p;(z) is the g-dimensional heat kernel and D(s,y) = (X' (s,y))—0o(X2(s,v)),

which by (9.4]) obeys
1D (s,y)| < Roe"™ ¥ |u(s,y)|. (9.17)

Let (P;)t>0 be the heat-semigroup acting on Ciem. To verify (Hz) of Propositon
m we need to consider and hence need to know what happens close to
(t,z) € Ry x R? where |u(t,z)| = an. It will be a key idea to split up u into a
smooth part u; and the difference us = u — u1. The smooth part u; will allow to be
differentiated and follow more or less the heuristics given in Chapter |5} Therefore,
for § > 0 set

urs(t,z) == Ps(u((t — 8)*,))(x), wu2s:=u—uys. (9.18)

We will show that for u; s there is more or less a Holder-continuous derivative
in the space-coordinate and for us s we can find good estimates for small §. By
uniform continuity of the heat kernel Ps : Ciery — Chem it is true that both ug s and
so ug s have sample paths in C(Ry, Ciem). By definition, we have

urg(t, x) = /Rq/(”/ Pu—sys—a(y — 2)D(s,y) W (ds dy)ps(= — x)dz
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and with the help of the Stochastic-Fubini-Formula (Proposition where (5.7)
is used for the expectation condition) reformulate that for § <t to

(t=8)*
wste)= [ [ pey= o)D) Widsdy).
We define the following functions
Gs(s,t,x) = Py_g+6(us—gy+)(x), Fsi(s,t,x) = =0, Gs(s,t,x),
1 <1 < g, for which we easily have u; 5(t,z) = G5(t,t,z). We denote by

pei(x) = Onpe(x), 1 <1 < g, (9.19)

the spatial derivative of the heat kernel. The following result holds, which is anal-
ogous to Lemma 3.1 in [MP11] and has essentially the same proof:

Lemma 9.2.1. The random fields G5 and Fj; are jointly continuous in (s, t,x) €
R2 x R and

(s=6)*F
Gi(s,t,2) = /0 / Pove) s (y — 2)D(r, y) W (dr dy),

(s—0)*
Fyi(s,t,2) = / / Pove)—raly — 2)D(ry) W(dr dy), where 1 <1< g.
0

Note that for the special choice of s =t in the previous lemma:

(t=o)t
&ﬂm@w%=/ /mqﬂy—@D@wﬂwmdMZPm@u@.
0
For (t,x) € Ry x R? and n € N let

Bu(t,2) = {y € RY: |y — | < /a, u(t,y)| = int{u(t,2)]| : |z — 2| < van}}

be the set of points with the smallest u-values in a certain neighborhood close to x
and let
ZTn(t, )

be a measurable choice of a point in By, (¢, x) (e.g. with the smallest first coordinate,
if this does not suffice to uniquely select a point, take the smallest second coordinate
and so on). Let us fix two positive but very small constants €g, e throughout the

paper

e € (o, ;3(2(27 Sy a)) e € (o, %(1 - ’y)al> . (9.20)
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Let L = L(eg,e1) = |gg *(1/2 — 6¢1)] € N and set for i =0,..., L

1 6e1], N =2(Bi +e1)€0,1] (9.21)

51' = 1€ € [0, 5

and fBry1 = % — 1. So alltogether for ¢ =0,..., L + 1:

5 —eil. (9.22)

We define the following subsets of R?:

Jno(s) = {x € RY : [a] < Ko, [(us, &3 )| < an, [Vura, (s, 2a(s, 2))| = %1}

In,z(s) = A{z € R |z] < Ko, [(us, ®7)] < an, [Vura, (s, In(s, )| < %]}

and fori=1,...,L—1:

~ Bit1 B
Ini(s) = {x € RY : [z] < Ko, [(us, D3 )| < an, [V g, (s, En(s, 2))| € [F0—, 5]}

Recall (9.15)) and observe that for t > 0, n € N:

L(Eo,el

) ot
I'(t) < a7 Z / ds drdwdz 1, (s)()|u(s,w)|"|u(s, 2)|”
i=0 70 R 7
X Pt (w) @t (2) (Jw — 27 + 1) Wy ()
= Lni(t). (9.23)
=0

To verify the hypotheses of Proposition [9.1.2] it suffices to show the existence of
stopping times Upy ., i satisfying (Hp) as well as for i =0,...,L,

(Ha,;) for all M, K € N with K > K nlgrolo E(Li(toANUpm,i)) = 0.

We will get to the definition of these stopping times in Chapter We now define
0z = 0g(n,s) := Vuyq, (s, Tn(s, ac))(]Vul,an(s,in(s,x))|)_1

as the direction of the gradient Vu, 4, at the point Z,(s,z) close to z. We also set

In(Bi) = apit™,

where dependence on §; is not written out explicitly if there are no disambiguities.
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To get (H2;) we want to derive some properties of points in J,, ;. Therefore, set
Jno(s) = {x € RY: |z| < Ko, |(us, ®7*1)| < ap,
Oy - Vul’aiso(s,x’) > a0 /16 for all 2’ € R? s. t. |2' — x| < 51,(Bo)

2 (y—p1—e1)

and |u27a?l0 (s,2") — Uy o0 (s,2")| <27 aPr (|2’ — 2"| V ag Voay,)

for all 2/, 2" € R s.t. |2’ — x| < 4y/an, |v" — 2’| < 1,(Bo)
and |u(s,z)| < 3a750)/2 for all &' € R? s.t. |2/ — x| < /an},

In,L(s) == {z € R : 2| < Ko, |(us, @F)| < ap,
|Vu17a2L (s,2')| < aPr for all o’ € RY s.t. |2 — 2| < 50,(81)
2
— g(’Y*B —e1)

and ‘uz,aﬁL(S’ml) — Uy Ap (s,2")] <2 75@5?“(]3:' —2"|vay TV vay)

for all 2/, 2" € R s.t. |2’ — 2| < 4/an, |v" — 2’| <1,(BL)}
and fori=1,...,L —1:
Tni(s) ={z € RY: |z| < Ko, [{us, ®7)| < ay,
|Vu17a2L (s,2')] < agL and o, - Vul’aﬁi(s,a:') > aﬁ”l/lG
for all 2’ € R s.t. |2' — x| < 50,,(53;)
N (s, 2| < 2_75agi+1(]a:' -z v a,%(w_ﬁiﬂ_sl) Voap,)

2,an"
for all 2/, 2” € RY s.t. |2/ — x| < 4y/ay, 2" — 2| < 1,(B:)}.

and |u27a2i (s,2") —u

We also define two deterministic constants

—ege1/4

na(er) =inf{n > 1:a5 < 27M78Y ng(ep,e1) = sup{n € N: \/a, < 27 }
and will from now on always assume that
n > nyr(e1) Vno(eo,€1)- (9.24)

_ The next proposition shows that we can ultimately estimate the size of the sets
Jn.,i(s) instead of that of Jy, ;(s) :

Proposition 9.2.2. jm(s) is a compact set for all s > 0, i € {0,...,L}. There
exist stopping times Upny . i satisfying (Hy) such that for alln > nyr, i € {0,..., L}
and s < Uppn k-

Jn,i(s) C Jn Z(S)

)
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The proof of this proposition can be found in Chapter [0.5] We will use this propo-
sition to show (Hj;) at the end of this chapter. We need the following notation for
i€{0,...,L}:

2 (v—5; —
ln(ﬁz) = (129a7ll_5i+1) Vag (v—Bit1 61)7
where we omit the dependence on f; if there are no disambiguities and obtain:

Lemma 9.2.3. Ifi €{0,...,L} and n > np(e1), then

1n(B1) < V/n < ().

Proof.

1_g o
ln(lBi)aT_Ll/Q — (129aTQL Bz-‘rl) V aﬁ‘(')/ Bit+1 €1) 5
1 L
< (129@‘;1) V, a727a (4y—4B;—4ep—e1—a)
<1

by (9.20), (9.22) and because aS! < 278 by (9.24). This gives the first inequality.
For the second one, use 3; < 3 — 61 and (9.24) to see that

7 ~1 _ 3—Bi—be 1
Vv an ln(ﬂz) = Qn < a,; < 1/2

We give some elementary properties of the sets jm(s)
Lemma 9.2.4. Assume s >0, i€ {0,...,L},z € Joi(s), 2’ € R? and |2/ — x| <
4./ay,.

(a) Ifi > 0, 2" € R? 5. t. |2 — 2| < 1,(B:), then |u(s,z") — u(s,z')| <

200G,
2ay (|a" — 2" \/aﬁ(7 Pia—er) Voay).

200 _
(b) Ifi < L, 2" € R 5. t. (2" —2') || 0 and a;‘;w Bit El)\/an <|o'=2"| < 1,(5s),
then
> 275agi+1 (2" —2') oy if (2 — 2') - 05 > 0,
< 2‘%3%‘“(95” —2) oy if (27 —12') 0, <O.

u(s, ") — u(s,2) {

(c) Let y € Jni(s), |z —y| < 1n(8;). Additionally let y',y" € RI, s.t |y —y/| <
2B _
Van, (" =) || 0w and |y = y/| € (ai "V g, L(8). Then

> 278ay (Y —y) - on if (Y — ) 0w >0,
< 275(1%‘4—1 (y// . y/) oy if (y// - y/) o, < 0.

’LL(S, y”) - U(S, y,) {
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(d) Ifi >0, then for |w — x| < \/an,

lu(s, w)| < 5alit1/2,

Proof. To prove (a) let n,i,s,z,2’, 2" be as above. Since

2’ — 2| V2" — x| < 4y/an V (4van + 1n(8:)) < 5ln(5i)

the distance to x of any point on the line between 2’ and 2" is bounded from above
by 50, (5i). By the Mean Value Theorem and the definition of J,, ;(s), we get

ufs, 2") — uls, )] < Juy o (5,2) =ty (5.2 + iy o (5,27) =y (s5,2)

2

<adlila" — 2|+ 27l (|2 — 2|V ag (r-firi=en) an)

2(n_ B4 —
< 2ag"(|x” _x/| \/aﬁ‘(’y Bit1—¢€1) \/an).

To prove (b) w.l.o.g. consider (2" — ') - 0, > 0 and do the same estimate as just
done:

u(s,z”) —u(s,2’) > inf [Vu, x(s,9) (2" —2")] —|u, »(s,2")—u
yela! z") 1l,an 2,an

(52
> (ab 1 /16)0, - (2" — 2') — 27 Pab |2 — 2|
> (a ' /32)(a" — 2') - o,

Next, we prove (c) using that |y — z| V |y’ — 2| < /@y + 1(8i) + 1n(8i) < 5ln(Bs).

st~ uls,y) = _nt Vi, (542) - 0 =) =y (50) = 1, . (50
> (ah™/16)(y" —y) - 00 — 27 Pan ™y — /|
> (an™ 32)(y" o) - 0,

where, in the next to last inequality, we used that x € jm(s) for the Vu, »;-part
and y € Jy,i(s) for the u, ;-part.

Finally, prove (d) much in the same way as the previous claims: We have
|Zn (s, 2) — w| < |Zp(s,2) — 2| + |z — w| < 2y/a, < [,(B;) by Lemma So
we can apply (a) for 2/ = #,(s,x) and 2’ = w to obtain

’U(S, w)’ < |U(8, i'n(sa 33))’ + |U(8, 'i'n(sa 33)) - U(S, w)|

200 5. _
< a,+ Qa%(!w — Tp(s,z)| V aﬁ‘w Piri=e1)

< 5agi+1/2

Voay)

2(y_g,
since ag (r=Biaten) < /Gy, again by Lemma [9.2.3 O
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Now, define

Fo(s,z) = (P4t ug) = O ()u(s, x + 2) dz

/B(O,\/@)
and recall that we write x || y if z,y € R? are collinear.
Lemma 9.2.5. Assumei € {0,...,L —1}, s € R;.

(a) If x € jm(s), T € RY with (T — x) || 00 and 1,(8;) < |( — ) - 02| < 1(Bi),
then

275403 — 2| , if (F — ) - 04 > 0,

>
Fo(s,z) — Fp(s,x)< — ;
n(s, ) n( ){S_Q—%Qzﬂ@_ﬂ Lif (T —1x) -0, <0.

(b) 12,y € Jui(s), |5yl < D(Bi). Then for § € RY, such that (y— ) || o, and
I.(B:) < |ly — 9| < 1n(Bi) it holds that
§ ¢ Jni(s).
(c) If & € Jni(s), z € RY and |z — z| < 1,(B;)/2, then

/ A 1{z + 0ub € T s(s) N B2, /2) } < 200 (B:).
(T/200/2)

Proof. For (a) assume (% — ) - 05 € [1,(8i),1.(Bi)]. Then

F.(s,7) — Fu(s,2) = / O+ (2) (u(s, T+ 2) —u(s,z + 2)) dz.
B1(0,/an)

Clearly, |z| < \/a, and for 2" = & + 2,2/ =  + 2, we have
|2 — 2| < Vag, (2" —2') = (T —2) || op, [¢" — 2"| € [ln(Bi), 1n(Bi)]-

Therefore, we can apply Lemma (b) to obtain:

Fo(s, @) = Fu(s, ) > / Q" (2)|T — :C\275a£”1 dz
Ba(0,y/ar)
> 2% |3 — al. (9.25)

The same can be done in the case (Z — z) - 0, < 0.
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To do (b) use the same ideas as before, where Lemma (b) is replaced by
Lemma (¢), to obtain

[En(s, 9)| > |Fu(s,9) — Fu(s,y)| — [Fu(s, )]
> 2_5agi+1ln(ﬁi) — an
o,
— 32"

Hence, § ¢ Jy.i(s). . -
For (c) assume y = z+o0,b € J,, i(s) for a certain b € [—1,,/2,1,,/2] (otherwise the
integral is 0 anyway). Observe that

y—al <ly— 2+ 18 <o
So, we can apply (b) for z,y € jm(s) to obtain that
/ db1{z + 0zb € Jni(s) N B(x,1,/2)}
—1n/2,ln/2)
< / b L{y+oub € Juils)} < 2n(By).
(

—ln,ln)

O]

Let ¥, be a ¢ x (¢ — 1) dimensional matrix consisting of an orthonormal basis of
the orthogonal space 02" = {y € R? : 0, -y = 0} and let |A| denote the Lebesgue
measure of a measurable set A C RY.

Lemma 9.2.6. For i € {0,...,L — 1} and s > 0, n € N there is a constant
= auza(q) such that

|jnz( )| < (ngl (/Bz) (/B’L)

Proof. Set B, = Bi(x,1,(5;)/4) and cover the compact set J, ;(s) with a finite
number of these balls, say By, ..., B q. If [27 — 2’| < 1,(B;)/4, then B, C
BY(z'*,1,,(8:)/2). So, if we increase the radius of the balls around z'%,..., /¢ to
1,(53:)/2, it suffices to use those balls whose centers have at least distance [,,(3;)/4,
which we denote by x!,...,2%. If we consider B?(z*,1,(5;)/8),k = 1,...,Q, then
all of these balls are disjoint. Thus, we have

Q < K§(1n(8:)/8) 7 (9.26)

and also

Q
U (@",12(8:)/2) OV I i(s). (9.27)
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Next we want to consider the Lebesgue measure of the sets on the right-hand-
side using some kind of Cavalieri decomposition and Lemma (¢). Fix k €
{1,...,Q} and denote by c(q) the volume of the ¢-dimensional Euclidean ball. We

have

|BY(2" 1,(8:)/2) N Jni(s)| = /  dz1{aF 2 e duls)}
B4(0,l,,/2)

_/ / db1{z* + ¥ 1z + oub € Joi(s) }
BI=1(0,1,/2) (=ln/2,00/2)

dz 21, (53;)
1(0,1,/2)

= 2¢(q — 1)(In(8)/2)" 11 (5y),

since |z¥ 4+ ¥,z — 2¥| = |8,2| = |2| < 1,,/2. And therefore, by (9.26]) and (9.27) for
Q@og = 44qc(q— 1)

A

(AN
\

[Ton,i ()] < czmkaln (8:) (1 (8) ™

We are now in the position to complete the

Verification of the Hypothese (H3) in Proposition m

Let ne N, ¢t >0 and M € N fixed.

First, consider ¢ = 0. For x € J,0(s) and |y — z| < /a, we have |u(s,y)| <
3a,(11_60)/ % due to Proposition So, we obtain in ((9.23) for n large enough so
that 1 > % :

toAUM n, K
I (to AN Unn i) < an12/n327a2(150)/ dS/ deWs(z)1y, o(s) () (9.28)
0 R4

/ duw / A=  (w) DT (2) (| — 2 + 1)
Ra Ra
< C1{[[® oo, [19]|oo)ay, = aptt==)
an 2o K, (B0)ln(Bo) ™" (by (9:24) and Lemma [0.2.6)

< OftoKfay ' —/21(1-20) (gl 0=521 yy g (717000

And this expression tends to zero as n — oo since, using that g9 < g1 by (99.20)),

—1—a/2+'y(1—€0)—|—1—€0—56127—04/2—781>9€1>0
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also by (19.20)) and

2
_1—04/2‘1"7(1—50)4‘&(’7—51—60)—561Zv—l—a/2+(7—61—50)—651
>2vy—1—a/2—8 > 24e; > 0,
again by (9.20).

Next, let i € {1,...,L} and assume z € J,,;(s),y € RY, |y — x| < \/an. So, we can
use Lemma (d) to get that

’U’(Sv y)| S 5an

Put that into (9.23)) for y = w and y = z to obtain that

L1
2 (9.29)
¢
I'to NUpni) < 527an12/”a721’3”+7/ ds/ dx 1y, o) (x)¥s(z)
0 R4 '
« / duwdz & ()BT () (Jw — 2|0+ 1), (9.30)
R24

To treat the integral in w and z, we use Lemma [9.11.1] to obtain:

to AU, K
I?(t() VAN UM,n,K) < 25ca;1_2/”a,2{3”+7m%+1 / / ]IJ,M-(S) (x)\I/S(x) dx ds
0
(9.31)

< Cila,d, [ ¥lso, 1@l )ay 't an Van

[N]1)
S—
s
3
g
3
=
=~
S
a
V2]

Next, we use Lemma[9.2.6]in the case i € {1,...,L — 1}:
I (to A Umn i) < CWEI_QG%B”JW&;%tOC(Q)Kgln(Bz')l_n(ﬁi)_l
< C'Qtoagl_%—i—ww—m_sl(a}fﬁi“ Y a§(7—5i+1—51))a;&—551
_ 02t0(a;17%+25w+7+175i+1*51*651
—1—%+2Bﬂ+7+%(V—Biﬂ—fl)—ﬁi—ﬁal)

V an
=: Cytolah™* Vv ah].
Hence, it suffices to check for positivity of p1; and p2; to obtain the desired result.
o
pri=—1—o 426y +7+1-Bi1 - i —6e
o
= =5 7+ 276 — 2B — be1 — £
1
> 5(2(27—1)—a)+1—’y—26¢(1—'y)—781
>81 4+ (1—7)(1—-28;)—Te1 >e1 >0
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by (9.20)). Additionally, note that by (9.20)),

2 2v—1 1—-2B;41 —2¢
—(y—=Biv1 —e1) = T+ = :
e o a
1 1
25+ 51 =26 —de1)
= 1—62'—261.

So we can calculate

el 2
pri=—1= 5+ 20+ + (7= Fip1 —e1) = fi = 6e1

a
Z—1—54—2&7-1-74-1—5@'—261—51—651

:2’7—1—%—851>61>0

by (O720)

To finish the proof, we note that in the case ¢ = L it suffices to use a trivial bound
on the integral in (9.31)) and obtain with 8 > % —6e1 — g > % — Teq from ((9.20):

Ig(to AN UM,nJ{) < C3a;1751a%’8L7+7a;§t0Kg

—1—a/242 l—751 —€1
< Cud] /2+2(35 )Y
— C4a721'yflfa/271561 < C4ail

by (9.20). And so, we are done with the proof of Propostion O

0.3. Heat kernel estimates

Remember that C, ¢ > 0 denote constants that may change its values from line to
line. As necessary we will highlight the dependence of ¢ on various quantities. This
section will be concerned with estimates for the heat kernel in R? defined by

pu(e) = (27t)~F exp (—‘z’t) |

and its derivative in space

I

pua(r) = Onypi(w) = =—pu(a), 1 <1 <q,

for z € RY, ¢t > 0. There are already a number of results in Section 5 of [MPS06]
regarding bounds on heat kernels, in particular when they are connected by a
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correlation kernel as well as in Section 4 of [MP11] regarding the derivatives of heat
kernels.

Here, we will combine the techniques used for those results in order to obtain
bounds on integrals of the derivatives p;; that are connected by a correlation kernel
related to colored noise.

This first simple lemma will be used frequently later on:

Lemma 9.3.1. Let 0 < rg < 7. Then there is a constant C = C(rg,r1) > 0 such
that for all r € [ro,m1] and a > 0,u > 0,

a < Cul/"exp (C;) < Cutl" exp <C;) . (9.32)

Proof. Consider for r,u > 0 the function

fla) =aexp <_a7”> ,a>0,

u

which attains its maximal value u/"(£)Y/7 exp(—1/r) at a = (¥)¥/". Hence, choose
C(ro,r1) = maX, e[y ) (£ )" exp(—1/r) to obtain the result. O

We apply that lemma to get the following basic estimate:

Lemma 9.3.2. For the heat kernel in RY there is a uniform constant C > 0 such
that for alll=1,...,q,t >0,z € RY:

1
)| < C—=pot(x).
(@) < C—opa(a)
Proof. We have by Lemma [9.3.1| applied with a = 2‘?}, u=17r=2,
|z 2 |22 1 - jz?
< L0 e (Y < 0L grpy 2 e (-
‘pt,l(l')’ = \[\[( ) exp o = \/%( ﬂ—) exp T
which proves the result. O

Next, we state a lemma about the spatial and temporal distances of heat kernel
derivatives:

Lemma 9.3.3. There is a uniform constant C > 0 such that for any 0 < t < t/,
w,v € R? the following holds forl=1,...,q
(a) Setting 0p := 0 and v; := V;—1 + vie;, 1 < i < q, where e; is the i-th unit
vectors in RY, we have for the spatial differences

|vi

e (w4 v) — pry(w)] < Ct71 Z/ dr; par(w + vi—1 + 1i€;). (9.33)
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(b) We obtain for the time differences
[pra(w) = pea(w)| < Clt = #1262 o)+ Ppay (). (9.34)

Proof. We follow [MPS06l, page 1932]. Without loss of generality we can assume
that [ = 1. Then we consider for (a):

|ﬂex (_\wP)_ wi o (_]w+v\2)|
¢ Py t P Ty
w1 |wl wy + U1 lw + 01
< |22 _ _ _
< [ exp(=—-) - exp( 5y It
q S2 12
wy + v |w + ;1] |w + 04
T L

Now, observe that

On, (21/texp(=|z[*/(2t)) =t~ exp(—|z[*/(2t)) — (x1/t)* exp(~|z[*/(2t))

and 0, exp(—|z|?/(2t)) = —(z1/t) exp(—|z|?/(2t)). Hence, the above is bounded
by

Jv1] |w + rieq|? w1 + 71 jw +r1€1]?
. wtnal?
[y exp( ) — (P (DAL

w1+v1 il g w+ D1 + rigg)?
! ‘Z!/ ary U ([ LA T

Now use (9.32)) twice with a = 1”"74;”, u =4 and r = 1 respectively r = 2 to bound
this further by

[v1] 2 2 2
t—l/ dry <eXp(_m+W)+CeXp(_!w+mell N lwy + 71 )>
0

2t 2t At
q |U1| ”U)—F’f) +’I”‘€"2 |’U]'+7“"2 ‘w + ‘2
C d . _ 1—1 167 7 i 1 1
+ ;/ ri exp( 5 et )
[v1] |vi . 2
< [ an exp(- 1L t‘lz / dr, exp(~ Ve E el
0

And the result follows by multiplication with (27t)=9/2,
To prove (b) we consider the time differences, following (52) in [MPS06]. First,
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rewriting and then using the Mean Value Theorem we get

() = ()] = (2m) 022 () e 0T
< (2m) 2(02) 72— (¢1/2)2 ] exp(— 2L
) 22 exp(— ) — exp(-
2t 2t
< (2m) /2(g+ 2 — £/ exp(~ o ¢
'1/2 2 2
+ (2m) 92|t 92 /tm exp(—|;us|2)|wsi ds.

Using a < exp(a) for a = |w|?/(45?), we have

$/1/2

71/2 2 )
w2 w2 /t | e e d 0l
5. )3 ds< - Py g < #1222 '
/t1/2 exp( 29 ) o3 s e s exp( 432) s <| |t1/2 exp( )

Using further (9.32) in both lines of the above expression, we can bound it by

2
s () — pya ()] < (2m) /2t =02}12 172 exp(- 12T
2
F(2m) 2222 22 g |;Ut|/ )

< C’tl/g - tll/Q‘t_l/Q(t_1/2p2t<w) + t’_1/2p4t/(w)).

O]

Now, we can state a lemma concerning the distances of heat kernel derivatives:

Lemma 9.3.4. Fora € (0,q), K > 0, there is a positive constant C = C(«, q, K) <
oo such that for any x,2’ € RY, 0 <t <t <K

/ | (peg(w — ) — ppg(w — 2'))(pra(z — ) = ppa(z — 2'))| (Jjw— 2|7 + 1) dw dz
Re JRa

/2 /
< o102 <1/\|95—37’ t""t_t‘)_

Proof. There are two estimates to make, one for each part of the A.
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First, let us consider the left part. Expanding the product in the integral gives

/ | (pei(w — ) — ppg(w — 2"))(pei(z — ) — pra(z — 2"))| (Jw — 2|7+ 1) dwdz
Ra JRa
<[] o= = oo = 21+ 1 duds
+ / Ipe 1 (w — 2" )py (2 — 2)|(Jlw — 2|7 + 1) dwdz
Re JRa
+ / Ipei(w —2)ppi(z — 2)|(Jlw — 2|7 + 1) dwdz (9.35)
Ra JRa
4 [ st = gl = 0w = 27 + 1) dwdz,
Ra JRa

Note that by a change of variables (and |w| = | — w|) the last two lines coincide.
The same is true for the first two lines except that ¢ and ¢’ differ. Thus, expression

(9.35)) is equal to

/ P2 (0)pea(2) (o — 2| + 1) duwdz

Ra JRa

+ / e 1 (w)per 1 (2)|(w — 2|~ + 1) duwdz (9.36)
Ra JRa

w2 [ = (@ - 2) pra@l(fw - 27+ 1) dud
Ra JRe
For the first line of (9.36)) we write, using |w;| < |w| and (9.32):

2 2
t—l/Rq /Rq(zwt)—q’w”ex (- 1§L|L )L/Z}!exp( \2| (w— 2 + 1) duwds
El&

2
<ct” 1/ / (2mt) T exp(— il ——)exp(——)(Jw — 2|7 + 1) dw dz,
Ra JRa 4t 4t

<c(a,q) (¢ 417

by an application of Lemma 5.1 in [MPS06] and the fact that ¢ < ¢'. For the second
line (with ') we can do exactly the same and obtain the same even with ¢ instead
of t/, since t < t'.
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For the third line of (9.36]) the same reasoning leads to the bound

w—(x—2a w— (v —a)?
200y [ [ om0 g 0= G201,
. 2
|\/%|/exp( |27L)(\w—z Y+ 1)dwdz
w— (v —a)? 2|2
<ct™? /Rq Aq(2wt)_qexp(—w)exp(—’élll)ﬂw—z\_o‘—l-l)dwdz,

cla, q) (2 171

by an application of Lemma 5.1 in [MPS06] and ¢t < ¢ < K.

So this was the first part of the A. To consider the second estimate, we start
with a decomposition:
| (pra(w — @) — pra(w —2))(pei(z — 2) = pya(z — 7)) |
< | o =a) = pualo =)o (: =) = pals = )|

+ | (pt,l w—1x) =Py l( ))(pt,l(z - 37/) —Pt/,l(z - 37/)) |
+ | (pra(w —2") = ppa(w — ")) (pra(z — x) = pra(z — 2')) |
+ | (pri(w —2") = ppa(w —2")(pea(z — 2') = poa(z — 2")) |.

(9.37)
We start with the simplest case in (9.37)):
[ ot =) = puatw = ) otz = 2) = prae = Dl(w = 2| + 1) dwdz,
Ra JRRY

Changing variables, setting v = x — 2’ and using Lemma we bound this by

;]

|vi
tl / dr (w+ vj—1 + 1i€;) tl / dr (z+0,_1 +Tje
/1&0/]1&0 Z zp2t i—1 17, Z jp2t 7—1 ]j)

(\w—z\ *+1)dwdz

q  rll

—ct—Qz/ an Y [
j=170

/ / por(w + Vi1 + 1i€i)par (2 + Vj—1 + Tje5) (Jlw — 2| + 1) dwdz
Ra JRa

|vi

<et72(t7Y? 1) max |vv;] < et 2EY2 4 D) wf3 = et 72tV + 1) |z — 23
1/7.7

using Lemma 5.1 (a) of [MPS06] in the last step (compare this with Lemma 5.2 (b)
in [MPS06]).
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Now, we consider the temporal distances in (9.37)), i.e. the last line. There we get
by Lemma and Lemma 5.1 (a) of [MPS06]:

/R /R (pea(w — o) — poa(w — o)) (pealz — 2') — poa(z — )| (fw — 21~ + 1) dwdz
<t =2 4 1)

and this is the next part of the proposition - similar to Lemma 5.3 in [MPS06].

The mixed parts in (9.37)) just lie in between the two extreme cases (use 2ab <
2 32

a® +b%). O
Now we give two technical lemmas required in the next chapters:

Lemma 9.3.5. For R > 0 there is a constant C = C(R) such that for anyy,y € RY,
0<t<t andny € (1/R,1/2) the following holds forl =1,...,q

(a) 1{[g] > t""270 v 2ly — G} [pra(y)] < Cexp(—gt > )par(y)-
(b) L{[g| > t""/27 v 2]y — G|} [pea(y)| < 290 exp(—gzt =" )pree(§)-
Proof. Let us write A := {|j| > t"1/2=70 v 2|y — |}, then on that event it holds that

—2no

4

- i n/2— 1/2— |y|2
lyl > [§] — |y — g > B > 2270 > 220 thys

Using this and (9.32)) twice, we calculate

oyl —q/2 ly|?
Lalpei(y) —ﬂAf(QWt) exp(——-)

2t
Ll a2 ly[?
(27rt) exp(— 5 =)
1/2 q/2 |y|2
< 1LACt /2 (2mt) "% exp(— i =)
2
= 14Ct % exp(— |gt )(2mt) /2 exp(—‘gL)

2
< 14Ct /2 exp(—Z,)—12t_277°)(27rt)_q/2 exp(—‘y8|t)
< LAC(R) exp(—ggt ™ )par(y)-

Given that on the set A we have
|91 <2yl , thus Jy|” = ==,

we can bound this further by

Lalpei(y)| < C(R) exp(—ggt ™ )prec (7).
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Lemma 9.3.6. For 0 <t <t 0<ry,ro,r3 <R, there is a constant C = C(R)
such that

/ / pe(w)pes (2)[w] " |22 s D (jor — 217 4 1) duw dz
Rag JRa

< CeQrgt/tm/2t/r2/2(t—a/2 +1)

and for x,y € [ K, K|? there is a constant C = C(K, R)

/./zmx—wmwy—amwuwaﬂwﬂw@w—aa+1Mww
Ra JRa

< CeQT%t’(trl/Q + 1)(t/r2/2 + 1)(t—a/2 + 1)

Proof. By (9.32)) we bound
|w[" pe(w) < AT Py, (w) and 2] pp(2) < 4TV Rpy, (),

Next apply Lemma 5.1 (b) of [MPS06] if 3 > 0 and their Lemma 5.1 (a) if r3 = 0,
to get the estimate.
For the second estimate note that by (9.32) and |z| < \/gK

pe(x — w)|w[™ <pi(z —w)2™ (jw — 2| + |2[™)

< 2R(4t)" Ppoy(w — w) + (2y/GK) " pe(w — w)
< (K, R)par(z — w)(t™/? + 1)

and obtain the result by the first part. O

Lemma 9.3.7. For all R > 2, K > 0, there is a constant C = C(K, R) such that
for all 0 < p,r < Ryno,mm € (1/R,1/2),1=1,...,¢q, 0 < s <t <t < K and
z, 2’ € [-K,K]:

/)/\w—xmz—ﬂ%mﬂxw—xwwwﬁxw—fnwﬁwv—xwwwﬂﬂz—f»
Re JRa

X If|w —z| > (t' — 5)Y/270 v 2]z — &'|} ezl (g — 2|7 4 1) dw dz

|z — 2|2+ |t — 1] L=m/2
t—s '

< Ot — )17 2 exp(—m (¢ — 5)72™0 /256) [1 A <
(9.38)
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Proof. By Holder’s Inequality we can bound the left hand side in (9.38) by

[/]Rq R |(Pe—sa(w — @) — py—si(w — 7)) (Pr—su(z — ) — pr—s(z — 7))
(=1 + 1) dwd] 2
X [/Rq o |(Pr—s(w — ) — py—si(w — ")) (Pr—si(z — ) — pr—si(z — 2"))|
|w — xPP/m‘z - g;‘?P/nl H|w —z| > (t’ _ 3)1/2*’70 v 2le - a;’\}

627"/771(|w_37‘+|z_1")(‘w _ z‘—Oé 4 1) dw dz]m/?.

Now estimate the first integral using Lemma and expand the second one to
obtain the bound for (|9.38)

C(R)(t — 3)*(1+a/2)(17771/2) |:1 A <|J,‘ — gj’t| _+S’t o t/|>:| 1

X [/ |Dt—si(w — 2)pr—s (2 — )| L(x, 2w, z,8,t) dwdz
Ra JRa
+ / ‘pt’—s,l(w - 'I/)pt/—s,l(z - 'I/) |L(l’, lja w, z,s, t/) dwdz (939)
Ra JRa
+ / / Ipt—si(w —z)py_s (2 — )| L(z, 2w, z,5,t") dwdz
Re JRa

n/2
+ / Dy —s,1(w — x’)pt_sjl(z —2)|L(z, 2", w, z,8,t') dwdz ,
Ra JRa

where

Lz, 2w, z,8,t) = |w—zMz—z/?/Mm1{jw—z| >t — )20 v 2z — 2|}
e?r/mfw=altlz=zl) (1) — 5|7 4 1),

Since all of the four summands in the end are similar, we only consider the last one
which is the worst with respect to (¢ — s)-asymptotics. Use Lemma replace
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W=w—=x,%=2z—z and then use Lemma|9.3.5] (b) to obtain

L[ emsatw = psate = o) o = iz - oo
Ra JRa
X W|w — x| > (' — )20 v 2|z — 2! |} e2r/mlv=al+lz=zD |y — 2|7 4 1) dw d=
< C/Rq y s (B + 2 — )| (t = 8) PPy () ]P0 |2/
x 1{|w| > (' — )1/2*"0 V 2lz — o)}/ mUPHED (1 — 2|7 4 1) dub dz

< ¢(R) /Rq/ exp(—zg t —s)” 2770)plﬁ(t’—s)(w)pQ(t_S)(g)
\w[zp/m]z\Qp/m( _ 8)71/2e2r/m(|w|+|2\)(‘w _ 0 1) di 5.
e(Rm, K)(t = )12 exp(— gz (# — 5)7*™)
o327 2 (t'—s) (t' — )pnfl(t _ S)pnl_l((t/ 5 41),

< (R, K)(t — s) 72 exp(—1ig (' — 5)72M0),

where we used Lemma [0.3.6] first part, in the next to last line and (¢’ — s) < K.
The other summands are similar, we use Lemma m (with ¢ = ¢’ for lines 1
and 3) and can use the exponential of ¢ — s (t — s in lines 1 and 3) to control
all of the negative exponents. Putting this back in gives the result, since
(1+a/2)(1—m/2)+ (1/2)(m/2) <1+ a/2. O

09.4. Local bounds on the difference of two solutions

Within this section we present the extension of Theorem [5.3.3] i.e. the results
showing “Holder-continuity of order 2”. This chapter is very similar in its ideas to
Chapter 5 of [MP11].

Let us recall that for n € Ny,

an = exp(—n(n+1)/2)
and for (t,z),(t,2') € Ry x RY:
d((t,z) =/t —t|+ |z — 2] (| - |[Euclidean norm).
Define for N, K,n € N, g € [0,1/2] the random set
Z(N,n, K, B)(w) ={(t,z) € [0,Tk] x [-K,K]? C Ry x R?: thereis a
(to, Z0) € [0, Tx] x R such that d((t, z), (fo, &0)) < 27V,

[u(to, #0)| < an A (Van2™), and [Vui g, (fo, %0)| < ap},
(9.40)
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For 8 = 0 define Z(N,n, K,0) = Z(N,n, K) as above, but with the condition on
Vuy 4, omitted.

Note that (¢t,z) € Z(N,n, K, ) always implies t < K. For v < 1 define recur-
sively 79 = 1 and

(6%
TYm+1 = VIm +1-— 5 (9'41)

This gives the explicit formula

—a/2)(1 —A™
o =14 0 =D =) (9.42)
L—x
Since a < 2(2y — 1) we have o, = 1:‘42 > 2 so there will be an m € N such that

Vil > 2 2 Y- Set Y = Y A 2,0 <m < m+ 1.

Definition 9.4.1. A collection of [0, co]-valued random variables {N(«) : a € A}
will be called stochastically bounded uniformly in «, iff

lim sup P[N(a) > M] =0.

—0acA

For m € Z,, we will let (P,,) denote the following property:

Property (P,,). For any n € N,&,¢9 € (0,1), K € N2K1 and 8 € [0,1/2],
there is an Ny (w) = Ni(m,n,§,e0, K, 5) € N a.s., such that for all N > Ny, if
(t,x) € Z(N,n, K, ), t' < Tk and d((t,z), (t',2")) < 27V, then

lu(t', 2| < a;2027 N (Va, v 27Vl L aB1{m > 0} (9.43)
Moreover, Ny is stochastically bounded uniformly in (n, 3).
Proposition 9.4.2. Property (P,,) holds for any m < m + 1.

We first give a proof of the induction start, meaning that we prove (FPp):

Proof of Proposition[9.4.3, first part. We apply Theorem Set Z(N,K) :=
Z(N,0, K,0), meaning that ag = 1. Let £ € (0,1) and & := (1 +¢&)/2. If (¢t,z) €
Z(N,n,K,p) then (t,x) € Z(N,K). Theorem [5.3.3] gives that there exists an
No(¢, K + 1) a.s. such that for N > No(¢', K + 1) we have |u(t,z) — u(to, Z0)| <
2N Setting N1(0,&,K) := No(€'(€), K + 1) vV 4(1 — &), we obtain for N >
N1(07§7 K)7

lu(t, z)| < 27N 4 |u(lo, &0)| < 27N 427N < 212N,
And therefore, for (#,2) with #' < Ty and d((t,z), (', 2)) < 27" we obtain
lu(', )| < |u(t, 2') — u(t,z)| + |u(t,z)] < 27N 4 21N < 927N < 9=N¢

where the last inequality holds since N > 4(1 — &)1 O
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The induction step from (P,,) to (Pp+1) is a bit more technical and needs some
preparation. It will be completed at the end of this section on page [146
To get there we first write down a lemma, which tells us what we can get out of
Property (Pp,):

Lemma 9.4.3. Let 0 < m < m+ 1. Assume that (Py) holds. Let n,§,c0, K, as
in (Pp). If dy = 27N v d((s,y), (t,z)) and Ggzg(w) = (4a; % + 22N1@2[ k)2,
then for any fired N € N. On the event

{w N Z Nl(m7n7€7607K76)7 (tw%.) € Z(N,H,K,ﬁ)},

we have

[u(s, )| < v/ Ciamel? 15,

N (9.44)
X [(Van Vdy) ™"t + 1{m > 0}a?]
for all s < Tk and y € RY.

Proof. There are two cases to consider.
Case 1: d = d((s,y), (t,z)) < 27M.
Choose an N' € {Ny,..., N} such that

ifd>2 N2 N-1og<o Vv,
ifd<2™V:N :=N.

Then, (t,z) € Z(N',n, K, ) and d < 27N < 2dVv 2~ < 2dy and hence, Property
(Py,) yields:

[us, y)| < a2 VE((Vay v 2N 4 api{m > 0}]
< 2a;€°d§v[2(\/an Vdy) ™ el 1{m > 0}].

Case 2: d > 2~ M,
If K> Ky and s < Tk:

lu(s,y)| < 2K el < 2Kel¥l (a2N1)s+m—1

< 2KeKe|y_x|22Nlc{§\}wm_l.
O

This lemma gives control on u(s, -) spatially close to points in Z(N,n, K, 3). To
do the induction step we want to use this control in |D(r,w)| < Roef1®lu(r, w)|,
which played a role for

(s=0)*
Fsi(s,t,x) = / Pr—ri(w — x)D(r,w) W(dr dw), (9.45)
0
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0>0,0<s<t xcR?and for 1 <I<gq. This was the derivative of u; s, as given
in Lemma This will lead to an even better bound on wu; 5 and this iterative
procedure will lead to the induction step. Later, we will also give estimates for us 5.
To estimate Fj; we use the following decomposition for s <t </, s’ <t

|Fs0(s,t,2) — Fs.(s',t', ")
< |Fsi(s,t, @) — Fsi(s,t,2) |+
+ | Fu(s,t,2") = Fs (s, 1, 2")|
+ \F57l(s,t/,x/) — Fg’l(s’,t/,x/)]

(s—8)*
= / (Pt—ri(w — ") = pryi(w — x)) D (r,w) W (dr dw)|
0

(s=0)*
+ | / (pr—ry(w — &) = py_yy(w — ")) D(r, w) W (dr dw)|
0

(svs’'=8)t
+ | pr—ri(w — 2" )D(r,w) W(dr dw)|, 1 <1<q.
(sns’=6)t

(9.46)

All of these three expressions are martingales in the upper integral bound, where
the rest of the values z,2',t,t', (s A s’ — §)T stay fixed. We want to consider the
quadratic variations of these martingales and use the Dubins-Schwarz theorem.

Remark 9.4.4. As for any spatial dimension 1 <[ < ¢ we would execute the same
calculations we restrict ourselves now to [ = 1 for the estimates on Fj.
Dependence of constants on the universal constants «, ¢q, vy, Ry and R; will not be
mentioned in the following lemmas.

In order to calculate the first two of these quadratic variations, we need to intro-
duce the following partition of R? (for fixed values of x,z’,1o):
AP (rt) =1{y € RY: |y — | < (¢t — )27 v 2Jz — 2|},
AP (rt)=1{yeRY: ly — x| > (t — )20y 9z — 2|},
whenever 0 < r < t. Most of the times we will just write A; and As instead of

Ai(r,t), Aa(r, t) if the values of 7, t are clear from the context. Following (9.46)), we
introduce the following square functions for i,j € {1,2}:

N (s—o)t
Qb s,t,x,t ) = / dr/ dw/ dz
X,8,m0 ( ) 0 ATO(r)t) A?O (rt)

|<pt—r,l(w - $/) - pt—r,l(w - ‘T))(pt—r,l(z - aj/) - pt—r,l(z - $))|
Rye 0 =D e, w) [u(r, 2) [ (Jw — 2|7 + 1),
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. (s—=0)*t
Qs (st 2!t ) :/ dr/ dw/ dz
T0.m0 0 A0 (1 17) ATO (1 1)

|(pt—r,1(w - :L‘/) - pt’—’r,l(w - x/))(pt—r,l(z - (L’/) - pt’—r,l(z - :L’/))’
Rye =D, w) [ u(r, 2) [ (Jw = 2| + 1)

and

(svs'=d)t

QS,5(57 8/7 tlv :L‘/) = / d?”/ dw dz |pt’fr,1(w - xl)pt’fr,l(z - ZL',)|
(sns'—=8)+ R4 R4

Rie =D, w) Vulr, 2) [ (Jw — 2| + 1).

Now, we want to establish an upper bound for

2

Qg?rgo (37 t,x, 8/7 t,a l'/) = QS,5(87 8/7 tla xl) + Z (Q?j’“{&,no (87 t, xlv t,7 l',)
ij=1 (9.47)

+ Qg’(—jﬁm(s,t,m,t,x’))

when s,t,z,s,t',2' are subject to some restrictions. Then, is clearly an
upper bound itself for the quadratic variation of each of the three martingales in
(19.46)).

We first consider the cases (i,j) = (1,2),(2,1) or (2,2), so i + j > 3. We start
with a spatial estimate.

Lemma 9.4.5. For all K € N2X1 R > 2 there erist quzm(K, R), Moaz(K,w) al-
most surely such that ¥no,m € (1/R,1/2),6 € (0,1], 3€[0,1/2], N,n €N, (t,z) €
Ry x R? the following holds for i+ j > 3: For w € {(t,z) € Z(N,n,K,3),N >
Ngzz}, we have

s (5.t 1,27) < g — /P (9.19)
forall0 < s <t || <K+1.

Proof. We will just give the proof for i = 2 without taking into account j, i.e. the
restriction on z. This suffices by symmetry.

Use the estimate on D, take & = 3/4 and set Mgzm(K,w) = N1(0,3/4,K) and
w.l.o.g. 0 < s. Then, in Lemma for the case m = 0 we can take g = 0
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(Clozy = ¢(K)2N1(0:3/4K)) and obtain

. 5—=9
Wap(ostintd) <Goma [ ar [ [ 1wl > =) v oo - o)
w7 0 R JRa

(Pr—rp(w —2") = prri(w — 2))(pr—r1(z — 2') — pr—r1(z — z))
(D) (w—sl+12=2) B2 (g — 2= 4 1)

27N v d((r,w), (t, )P4 127N v d((r, 2), (t,2))]>* dw dz

Using d((r,w), (t,2))Y = (Vt —r+|w—2z)Y <2((t —r)"? +|w—z|") and t,r < K
we bound this by

(s=0)*
<Gomaf [ ar [ [ tfw-al> -0V vz - o)
0 Re JR4

(pt—r,l(w - 36/) - pt—m(w - x))(pt—'r,l(z - 30/) - pt—r,l(z - 36))
e2Rulz] o (y+R1) (jw—z|+|z—z)

(K58 4 fw — a4 2(K38 4 |z — 2V (Jw — 2|7 + 1) dw d.

With the help of Lemma for t = ¢’ < K bound this by

s—6 9 19
t— o _
< i (K, R) [ drte =y ep T 1 e
0 256 t—r
r [ |z — 2|21, /s
< Gz (K. B)(56R)" [ drftn =0
0 _
t
< Cozzea(K, R)|x — ' |>™™ / dr (t — 7«)771/2—1
0
< Ogzacs(K, R)|x — 2/ |*~™,
where we used Lemma [9.3.1] in the next to last line. 0

Slightly more difficult are the time estimates:

Lemma 9.4.6. For all K € N2Ki| R > 2 there exist quzm(K, R), Noza(K,w)
almost surely such that ¥mo,m € (1/R,1/2), 6 € (0,1], f € [0,1/2], N,n € N,
(t,z) € Ry x R? the following holds for i+ j > 3:

Forw € {(t,) € Z(N,n, K, 8), N > Nz}
;’{577]0 (S, t, 33‘,, t,, l‘,) < 24Nm[|t _ t/‘l—m/Q + |t N t/|1—n1/25—1—a/2(|t N t/| A 1)47]

VO <s<t|d|<K+1.
(9.49)
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Proof. As in the previous lemma we only consider the i = 2 case.

We use just the same proof as in Lemmal9.4.5 i.e. g = 0, ¢ = 3/4 and Ngzg(K,w) =
N1(0,3/4, K). The only difference is that we get time-differences instead of space
differences (and when using Lemma with ¢t < t'):

;7{57770 (s,t, 2’ ¢/ x)

cm [ m(t It — ¢/
< CGgreo( ,R)/ dr(t —r) "'/ exp(— )L A [om/2,
0 256 t—r

Now, we use the trivial inequality

mt —r)"m
256

mt — 1)~

Uit (t - 7-)—2770 )
512

< —
) < exp( 512

exp(— ) + exp(—

and hence, have to consider two summands:

1,J oyl
T757r]0(87t7x 7t 71‘)

e K. (o~ M0 )

We bound the first one by using Lemma 4.1 of [MP11]:
s—0 /
t—1¢
Il = / dr(t_',")_l_a/2|:1/\ u]l_nl/2
0 t—r

2
< b — | A §)LM/2 §—a/2=14m /2
< gralle=11n0)
< C(|t i t/’ /\5)1/27771/2 671704/2

and by Lemma [9.3.1

m(t' — )~

) S eRGIR)(E— V2 A b

exp(—

The second one

s—0 o —27]0 _ ¢
I, < / d?’(t _ T,)flfa/Z exp(_nl(t T) )[1 A |t t |]1fr]1/2
0

012 t—r

— ) "2m0
S |t - t/|1_771/2 Sup[(t — T)_Q_a/2+771/2 exp(_w
r<t 512

< |t =)'/ (512R)AK.

)I(s = 9)

Setting Gozm(K, R) = Cazgco(K, R)(cc(R)(512R)f + (512R)*F K) gives the result.
O
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Next we need to consider the distances for the cases ¢ = j = 1. We start again
with the distance in space:

Lemma 9.4.7. Let 0 < m < m + 1 and assume that (P,,) holds. For all K €
NZKi 'R > 2, n e N, g e [0,1/2], ¢ € (0,1), there exist qzn(K,R) and
Ngzz(m,n, R,e0, K, 8)(w) € N almost surely such that for all my € (1/R,1/2),
no € (0,m/32), 0 € [an, 1], N € N, (t,z) € Ry x R? the following holds.

Forw e {(t,z) € Z(N,n,K,), N > Ngzm} :
Qo (81, 1,2") < agzmla,**° + 24NELT]
= /[P a0 a2 ) g 5

—n1 s—1—a/27 729Ym 72
+ (d AVB)2TmgTIme 2 gm 4 628733
VO<s<tl|d|<K+1.

Heredy = |z —2/|V2™N and y = 5\/@\]. Moreover, Ngz s stochastically bounded
uniformly in (n, ).

Proof. Let £ =1 — (8R)™! € (15/16,1) and set Ngzzg = Ni(m,n, &, 0, K, 3). We
can assume that s > § and therefore, we always have d((r, w), (¢, z))Ad((r, z), (t,z)) >
/@, in the integral. A use of Lemma and the bound on |w — z|, |z — z| re-

spectively, gives

Q;,l&no(s’t’%t?x ) < OIm/ d?"/Rq dw/Rq dz
(pt rl( — Pt— 7‘1( ))(pt rl(Z—fL’) pt—r,l(z_m))

ARIK AvK Rgv
27NV ((t =) 24 (¢ — )20 v 20z — o))
{27V ((E = P)Y2 4 (= )20 v 2 — o P 4 af)
(Jlw—z"*+1).
Let v/ = (1 — 2n9) and observe the trivial inequalities
Vi—r < K™(t —p)l/2=m0 (9.51)
|z — 2’| < c(q)K|z — /|2,
Then, Lemma [9.3.4] allows the following bound

@ — '

s—08
Q}l(;no(&t,:v,t,m’) < Omcl(K)/ dr (t — r)—l—a/Q[l A l
B 0

272N v (t— 1)V v |z — 2 P)E
[27NY =)y (f — )V =Dy | — ! PYOm =) g 267,

t—r



9.4 Local bounds on the difference of two solutions 125

Using
27NV (=) vz — 2|2 <27 Ve — 2P 4 (t—r)
< 20dy v (¢ =),
we can bound Qk’—la m(s,t,x,t,w/) by

@ — '

iz () [ dr (¢ (@ (1))

vafl[(cg\[ Vv (t— T))v’(vmfl) + a%ﬁv]

t—r

s—0 e
< 4C{m101(K)/ dri{t —r > B}t — )12 A :ntx|]
0 —r
(= )70 4 2]
s—9 - ) ‘:L’ _x/|2 o
+40m01(K)/0 dri{t —r < A3}t —r)"17o/ DAﬁ]d]\?

Y
= Ggzze (K) (L + I2). (9.52)
We start with an estimate on [1. If r<s—dand ¢t —7 > J?v then
r<t—dxANs—0<t—diAt—06=1t—0dn. (9.53)

Use that to start with
t—6 12
L< / Y dr (¢ — ry ez Gmonp 4 2220
- t—r
0

a}—.’L'/’Z

T (¢ — )tz a2,

t—r 7

We want to drop the minimum with 1 to consider

t
|z — ;1:’]2[ du (u*%a/?ﬂ’&ﬂ(wfl) + u*2*a/2+7/£aiﬁv)
5

N
and then face three cases for the exponents: < —1,= —1,> —1. In the first and
third case use the following inequality for p € (—1,1),p # 0,0 <a <b:
b 1
/ P~ du = ﬂ\ap — bP| <log(b/a)(aP 4+ bP) (9.54)
p
a

which is true, since 1 —x < —logz,x > 0. B
In the —1-case the integral is bounded by log K + log(1/dx). Hence, using that
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t < K (therefore tOV(=1=a/247¢+7(m—1)) < K1) in any of the cases there is a
constant ¢(K), such that :

I < Kl\x B x,|2 log(K/é—N)(55\[_1_a/2+v’§+7’(7m—1))/\0 i 5](\[—1—04/2+’Y/§)/\0a315»y>.

The log-term is bounded by ¢(K, R)|z — /| ™/ (use Lemma [9.3.1)).
Moreover, by Lemma 4.1(c) in [MP11] we bound

2 / (me
I < 57 (O A o =@/ P)67 OB ST O 4 ) (9.55)

Therefore,

Q% (8 t,7,8,2) < quzacs (K, R)
[|$ — "L‘/|2*7]1/2(55\;170&/24”7’(77714’5*1))/\0 + 5&7170‘/24»7/5/\0)&%37)

+ (5 A ’CC — 2)6—1—a/2(j?\}}//§[d?\'[Y/('Ym*1) + a%ﬁ’y]

To finish the proof, replace ¢ = 1 — (8R)~! by 1 and 4" = (1 — 219) by 7 at the
cost of multiplying by d~™m/2 > 5;,771/ 4 since:

&y =>~(1—m/4), hence &y —~v > —ym /4 > —m /4.

and
Y (ym + €= 1) = (1 = 2n0) (Ym — i) > Y —
S8R™ — 4
This holds, since n; > 3219 gives
_ m 1
1—2n0)(1 — D>~y -L - —
(1= 2m0)(1 = (BR) ) 2 2(1 = )y — =)
S A T
Z VIm 78R ’Y'leG
m
> - —2=
Z V¥m SR 16
> V¥m — % - % (using 1 > R™1)
> Y Vm — %

A similar result can be obtained for the temporal distances.
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Lemma 9.4.8. Let 0 < m < m + 1 and assume that (P,,) holds. For all K €
N2Ki R > 2 n eN, g ¢e[01/2], e € (0,1), there exist qzgr(K,R) and
Ngzz(m,n, R, €0, K, B)(w) € N almost surely such that
Vi € (1/R,1/2), no € (0,1m1/32), 6 € [an,1], N €N, (t,z) € Ry x RY the following
holds.
Forw € {(t,z) € Z(Nn, K, 8), N > Ngzg}
Qg o (5,1, 2,1, 2') < qgglay, >0 + 24 NELH]
_ (Y Ym—1—a/2)A0 “y—1—a/2
Ht—t"l n1/2(6§\’[w /2)A _i_aiﬁ’y(;}yv / )
+ ([t = | A G) /2612 (R0 4 a2V ]
VO <s<t|a| < K+1.

Moreover, Ngzg is stochastically bounded uniformly in (n, [3).

Proof. Choose ¢ =1 — (8R)~!.
We do just the same proof as before and use
Vi—r < Km(t —r)t/2=m0
2NV (=)< NY (¢ )2 (b — )2
< 20dy v (t =)/

to get:

it —¢|
t—r

]

s—0
Qg (s:t,', 1, 2) < qmcl(K)/ dr (t — r)~17/2[1 A
h 0
25(&?\7/5 v (t - T),Ylg)
2m=L(d% v (t — 1))’ Om=D 4 ¢267]
= CmCQ(K) [Il -+ IQ d?\;y/g(d?\}y’('}/mfl) + aiﬁ’y)]

This means we are just in the same situation as in (9.52)) and we can continue the

proof as we did there.
O

The next lemma describes the quadratic variation of the last martingale in (9.46]):

Lemma 9.4.9. Let 0 < m < m + 1 and assume that (P,,) holds. For all K €
NZ2Ki 'R > 2 neN, 3 ¢cl0,1/2], eg € (0,1), there exist qzn(K,R,v) and
Ngzg(m,n, R, €9, K, f)(w) € N almost surely such that
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Vm € (1/R,1/2), 6 € [an,1], N € N, (t,z) € Ry x R? the following holds.

For w €{(t,z) € Z(N,n, K, 3), N > Ngzg}
Qs5(s, st a) < [a;%‘) + 241\m]
s — s 1—171/2(gj(vwm—1—a/2)/\0 + a%ﬂvg](\?—l—aﬂ)/\o)
+ (s = 8| A O)TMPIS < dy Yo TR [dY " + ap Y]
VO<s<ts <t |d|<K+1.

Here dy = ([t — |2 + |z — 2'|) V27N and oy = 8V d%,. Moreover, Ngzg is
stochastically bounded uniformly in (n,3).

Proof. Choose & = (3/2 — (2y)" 1) Vv (1 — (4yR)71).
Choose Ngzg = Ni(m,n, &, e0, K, 5). We have for r < sV s’ — 0 : Ja, < Vo <
Vs —1 <+t —r, thus
27NV (Wt =) w—z]) <27V Ve — |+ (' — 7)Y 4w — 2|
<dn+ (' =) 4w —2).

This bound, Lemmas |9.3.2 [9.4.3| and |9.3.6| give:

Qs.500(5,8 ', 2") < co(K, R)[ay; 250 + 24Nz«

(svs'—&)t
/ dr (' — ) OREE 4 (= r)N[d O 4 (= ) Oml) 20,
(

sAs'—8)T
And we split this up in two integrals

< deg(K, R)[a, 0 + 2oz

(svs'=d)*t
{/< . Lr <t/ — AR}t =)™ 72O — e Om ) 025 dr
sAs'—8

(svs'—d8)t
F A = U - )R R 4 )
(

sAs'—8)+

= C(J1 + Jg).
For J;, the same estimate as in the proof of Lemma 5.6 in [MP11] holds:
o < e(@)1{5 < i} (|8 — s| A 8T + VY],

For the other integral we note that since

3 1 1+~
—1—a/2 2y =D+ (2 Sy =5 .
af2+ &y > (2y )+(2 27)7 5 > L (9.56)
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the integral is well-defined. Set p = y(ym +&—1) =1 —a/2 or 7§ =1 — /2. By
B50), p € (—(1+4)/2,1). T = 0 Ap and ¢ € [0, —p'], then:
(svs'—8)*

I(p) ::/( 1{r <t —d%}({t —r)Pdr

sAs'—=8)T

(svs'=d8)t ,
< / r <t — BIK({ —r) dr
(

N sAs'—8)F

_, |s"—s] ,
< K min(]s’ — 5|0k ,/ u? du) (compare (9.53))
0

2 / I_ /
< 2Kl = sl (2 1) (using @59)
- N
< 2 g — it
1—x oN

< C(v, K)|s' — 5|65

Then, there can be two cases for v = p + (1 — &), such that v = vy, —1— 5 or
v=y—-1-%.
Case 1: v <0.
Then p’ = p < 0. Choose ¢ = y(1 — ¢) < (4R)™! < n1/4, then e +p' = v < 0.
Therefore,

I(p) < C(y, K)|s' — s|'" /455,

Case 2: v > 0.
Then p' = (v=79(1=&))A0 > —y(1=¢&). Choose e = —p’ < ~(1—¢&) < /4. Thus,
l—-e>1—" and
I(p) < C(K)|s' = s|' 0% < C1(7, K)|s" — s|' /%,
In either case I(p) < C1(K)|s' — s|*=1/26%/0. Hence,

J1 < cy(K)|s' — 3[1*"1/2[51(37’"7170‘/2)/\0 + aiﬁvg;y\,*l*am]. (9.57)

And this completes the proof. O

Notation:  d((s,t,x),(s',t',2")) := /s — s/| + /|t = t/| + |z — 2|, 5,t,8,t €
Ry, z, 2’ € RY.
As a corollary of all the previous calculations, we get a bound on QE’%;O as defined

in (7).

Corollary 9.4.10. Let 0

< m < m+1 and assume that (P,,) holds. For all
KeNFEKi R>2neN, B¢

[0,1/2], g9 € (0,1), there exist qgzTn(kK, R),



130 Pathwise Uniqueness

Ngzmg(m, n, R, o, K, B)(w) € N almost surely such that
Vm € (1/R,1/2), no € (1/R,m/32) 0 € [an,1], N € N, (t,x) € Ry x R? the
following holds.

Forw e {(t,.’lﬁ) S Z(N7n7K76)7N > ]\M}
Q5o (s, t,m, st 2') < quzn(a, > + 9ANTZTm) 72—
[5—1—&/2&7\7771 + 5—1—04/203157(2?\7 + S](\’[Y’ym—l—a/Q)/\O + arglﬁ'ygxf—l—a/Q]
WO<s<it<t <Ti|o/|<K+1.
(9.58)

Here d = d((s,t,x),(s,t', @), dy = d((t,z),(t",2")) vV 27N and 6y = 6 V dy.
Moreover, Ngz1y is stochastically bounded uniformly in (n,[3).

Proof. The proof simply consists of putting together the last lemmas. Let Mgz =
N1z V Nogzg Vv Moz V Nozg VvV Nozg, which is then clearly uniformly bounded in

(n,8) and co = quzz V quzs V q@zm vV @zy V quzg- Then,

Qg%go (s,t,, s/, t’, xl) < 5CO(QT—L250 + 241%3:113){(22—171 [gj(glyvmflfaﬂ)/\o + aigngyflfa/z)/\o]
iy OO + a1 + (1t~ 2 A1)}
< (G;QEO + 24]\@)&2—771 [5—1—a/2J]7V7m + 5—1—a/2a?21,8'yd"2]\7
+ Sj(gfy'ymflfaﬂ)/\o + aigwg}yvflfa/Q]'

O]

Notation: In the following, the « of [MP11] is replaced by A € [0,1]. Introduce

By (m,n, 2, 00,27Y) = a5, 0[ay V20D NI (@2 y 97N ) 1a/20
+ agA/2(1+a/2)+B'y(a2/2 V. 27N)'y].
(9.59)

Proposition 9.4.11. Let 0 < m < m + 1 and assume that (P,,) holds. Then, for
alln € Nymy € (0,1/2],60 € (0,1), K € N=K1 X € [0,1],8 € [0,1/2] there is an
Nozmn = Nezm(m, n, m, €0, K, A, B)(w) € N22 almost surely such that for all N >
Nogzn, (t,z) € Z(N,n, K, ), s <t <t,s <t <Tg and d((s,t,z)(s,t',2')) <
2N it holds that

’Faﬁ‘l,l(sa t’ $) - Faﬁ‘l,l(sl’ t/a $l)| < 2_86(]_46?1_”1 Au’1 (ma n, )‘7 €0, 2_N) ) l= 17 -5 (-
(9.60)
Moreover, Ngz17 is stochastically bounded uniformly in (n, A, ).
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Proof. We do the proof for [ = 1 only, see Remark Let R = 33n;',no €
(R™1,m1/32) and consider the case s <t in the beginning only. Set

d=d((t,z),(t',2")),
d=/]s' —s| +d,
dy =dv2~V,
gn,N = af,‘b \ d?v
By Corollary [9.4.10| for (¢,z) € Z(N,n, K, 8), N > Ngz1g it holds that:
Z%t,no (s,t,z, st 2"V /% < qugn(K, m)(a, %0 + 22NazIm) gi—m/2
()T 4 Ty
N Sémmqfa/z)/mo n ag@g&pa/z)m]
Vs <t <t s <t <Tkg,|2|<K+2.

(9.61)

Therefore, define

A(m,n, dy) = 27 %a, = {a, VIR + a7 d) ]

+( /5., N)('Y’Ym_l_a/2)/\0 + aﬁ”( /5., N)v—l—a/2}(q54c(q))—1’
which satisfies

A(m,n, 27N < (207m v 27 v 20 v 277172 A (m,n, 27N) < 4A(myn, 27N).

Choose N3 = %[]\m+ Nay(K,m)]+ +%(8 +101log ¢), where Ny is chosen in such
a way that

4749y (I, ) [, @ + 22NN/ < (B, [+ 22N SN SN

S a;€02*100,

i.e. Ny = Ny(an,e0, Noz1m, qogn) and hence, N3 = N3(n, o, Mgz1m, K, m1), which
is stochastically uniformly bounded in (n, A, B).

Let N € N be such that d < 2*N/, which implies di-m/2 < g=N'm/4gl=3m/4,
Then, it is true that on the event

{w:(t,z) € Z(N,n, K +1,8),N > N3, N' > N3},
we have that
o0 (.t 2) 1% < g (B ) (a0 + 22N
2—N’771/4d~1—3771/42100@;0A(m’ n, CZN)(q74c(q))

. 1 7
< d1—3m/4EA(m,n, dn),
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whenever s <t < t',s <t < T, |2'| < K+ 2. Remembering the decomposition
of Fs1 in (9.46) into the sum of 3 martingales and applying the Dubins-Schwarz-
Theorem (Theorem [3.2.8)) we can write as long as s <t <t/.s' <t' and d < 27N:

P[[For 1 (s,t, @) = Fo ('8, 2")| > d((s, 8, 2)(s', ', 2") " A(m, n, d)
(t,z) € Z(N,n,K +1,6), N'AN > N3,t' < Tk]

< 3P| sup |B(u)| > d* "™ A(m,n,dy) /3
u<d2=3m/2(A(m,n,dy)/16)2

< 3P[sup | B(u)| = &/
u<l

o0
< c/ exp(—y?/2) dy
d—m/4

< ¢ exp(—d /2 /2), (9.62)

where we used the Reflection Principle in the next to last inequality.
Next, apply Lemma [9.8.1) where we should make clear what the parameters are.
We take

n=¢@=1,qg=qr=3E=R: xR

d=q+2,v1 =v2=2,v3=1,v9 =0,

n=(m,n,\,f3),S =N?x1[0,1/2] x (0,1),

S(N, K, i) = Z(N,n, K, 8),S'(N) = EN {0} x {0 <t < Tk} x RY,
s=1,a; =1,A(0,27N) = A(m,n, 27N k1 =4, ¢(on) < 4,n =1,

Ya(y) = Fap 1(s,t, @) with y = (s,t,2), No(n, K, 7) = N3(n, €0, Nozm, K, m).

Note that the Np is uniformly bounded in . Then, we obtain for N > Ngz1y :=
Ni(n, K,n) and (t,2) € Z(N,n, K, B)(w), d = d((s,t,z),(s',t',2")) <27V s < K
and s <t,s <t' <Tk:

|Fop 1 (5,t,@) — Fyu 1 (8,1, 27)] < 32(q + 2)4“D A(m,n,27N)d' ™. (9.63)
Thus,
|Fop 1 (s,t,2) — For 1 (8,1, 27)] < 278874 M Ay (myn, M g0, 27N). (9.64)

However, if ¢ < ¢, then (¢',2') € Z(N — 1,n, K + 1, 3) interchange (s,t,z) with
(s',t',2") and we give the same estimate as (9.61)) to bound

ol(s' 1 2!, 5,t, ) < ARHS of (0.61)),

as always “RHS” stands for “the right hand side of”. Proceeding as in the case
t <t', we end up with (9.64) replaced by:

\Fa%71(s', t' ') — Foi(s,t,2)| < 2_86q_4d~1_’7lﬁu/1 (m,n, \ e0,27N).
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This does the proof for the first coordinate and clearly the constant and
Ngzy can be chosen such that the result holds uniformly for all dimensions 1 <
[ <q.

O]

So, applying Proposition [9.4.11] for any dimension [ = 1,...,q, we get for the gra-
dient Vuy s(t, ) = (Fs;(t,t,x))1<i<q (remember the Stochastic Fubini Theorem):

Corollary 9.4.12. Let 0 < m < m+ 1 and assume that (P,,) holds. Let n,n, €o,
K, X and B be as in Proposition|9.4.11 For all N > Ngz1m, (t,2) € Z(N,n, K, f3),
' eRY and t/ < T

d((t,z), (t',2")) < 27N implies that
’vul,afi (tv $) - vul,aﬁ (t/7 xl)| < 2785(172 d((t7 w)? (t/7 x/))lim Aull (m7 n, A, o, 27N)'
This result gives us something like a Holder regularity of the gradient Vu; s with
§ = a}). This will be helpful later.
Recalling the definition of J, ;, however, we just “know” the range of the gradients

of uy 5 for 6 = a,. But it will be helpful to find a result relating this range to the

gradients of u; s for 6 = a). The definition of Fs; allows us to relate these two

gradients, since for § > a,, and s =t — § + ay:
arzul,é(ta z) = O, P5(u(t,5)+)($) = 03, Pi—stan (u(s,an)+)(x)
= —Fg,i(s,t, ) (9.65)
= —Fo,1(t—0+ap,tx).

Note the last equality holds for any ¢, 4, a, > 0, where they are trivial if t — § < 0.
Again we will give the proof for [ = 1 only, see Remark

Lemma 9.4.13. Let 0 < m < m + 1 and assume that (Pp,) holds. For all
K e Nt R >2 neN, B el0,1/2, e € (0,1), there exist quzrz(K),
Ngzg(m,n, R, €0, K, 5)(w) € N almost surely such that ¥Vm € (1/R,1/2), N € N,
(t,z) € Ry x R? the following holds.
For w €{(t,r) € Z(N,n, K, 3), N > Ngz13}
Qs,an (8, ,t, ) < qrama(K)|a,, > + 2 LT
It — s|" A= 8) V an) 0TI L 6287 ((8 = 5) Voay,) 0T /)

+ U{an < 272VY((t — 8) A ap)ay 70 22NM/2[97 2N vm 267972

Vo< s <t.
(9.66)
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Proof. Let € = (1—~(4yR)~1)V/(3/2—(2y) 1) and set Ngzzxg = N1 (m, n, £(R), 0, K. B).
We can assume that ¢ > a, and hence for all 0 < r <t —a,, :

[t =72 > ]t = (t = an)]V? = 0/

and
27N v d((r,w), (t, ) > a/?.

Use this in Lemma [9.4.3] to obtain

t—0
QSs.a,(8,t,t,7) :/ dr/ dw/ dz py—y1(w —x')pt/,,«,l(z —a)
Ra Ra

(s—d)*
RSVGRIU”‘”H'Z‘)W(T, w)|Mu(r, 2)[" (jw — 2|7 + 1)

t—6
< qm/ / dw/ dzpi—r1 (W — T)pr—r1(2 — w)e(Rlﬂ)(‘w_x'Hz_x')
(s—8)* JRa Ra

Ryl (=N v (4 — )2 |z —w)Y QN V(= )2 4 |z — 2)
(2N V(=)' 4z —w|)m +a))
(27N V(=) 4 e — 2 ap] (o — 27+ 1).

By Lemma [0.3.6] we can evaluate the spatial integrals

t—an
Qs (sititin) < Comae(K) [ dr(e =)o
(s—an)t
N v (t—n)2P 2N v () 2)20m=D 4 257
= Cgzzc(K)
t—an
[/ ‘ dr (t — )~ 1e/2HEtm=1) | 287 (¢ — gy m1ma/2408
(s—an)t
t—an
+ 2_2N75[2_2N7(7’"—1) + a?f”] / I{r>t— 2_2N}(t - 7")_1_0‘/2 dr]
(S_Gn)+
= C(Jl + Jg).

As in Lemma there are two integrals to consider now. For Js we do
t—an
Jy = 272N 22N =L) 4 267 / I{r>t— 2"}t —r) 72y

(s—an)t

2
< 2—2N7§[2—2N'y('ym—1) + aiﬂ'y]]l{an < 2—2N}[a;1—a/2|t _ S| A aaga/Z]

2
< 272N7§[272N7(’ym71) + aiﬂ’}’]]l{an < 2*2N}aa;1704/2[|t o 8| A an]-
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And for J; we first refer to the estimate (9.56)) showing that all exponents in the
integrands stay above —1. Before we start, note that for p € (—(1++)/2,1).

/ T < 2 (s — ) -
( 1

s—an)t -7
< 29l ) Vanl?
<1, s s)Vap
by the Mean Value Theorem and a + b < 2(a V b). Then, we get for Ji:
t—an
v = Cazae(Ra, K, 7) / G e e (R B
(s—an)*

< %(t C)[((t— 8) V ap)OmHEDT10/2 L 2834 o)y g, 6171002
-7

< Cmcl (Oé, d7 Rla K7 7)(t - 5)1_7(1_8
[((t = 5) V an) "m0 p a2 ((t - ) v an) T,
In the last line we just used that for p < ¢ < 1 it holds that (a V b)? = (a VvV b)i(a V
b)P~1 < (a Vv b)laP~1.
Putting all things together and using v(1—¢) < (4R)™! < 11/4, the proof ends. [

Proposition 9.4.14. Let 0 < m < m + 1 and assume that (Py,) holds. Then for
all n € Nym € (0,1/2],69 € (0,1), K € N=K1 3 € [0,1/2] there is an Noz1g =
Nogzza(m,n, 1, €0, K, B)(w) € N22 almost surely such that YN > Noza, (t,z) €
Z(N,n,K,B) and 0 <t —s < N=3/™ it holds that for 1 =1,..., q:
| Fani(5,1,@) = Fo a(t,t,2)] < 277 a0 [27 V07 (ap/2 v 27 V) Dam=1ma/200
+2¥may R 1N 4 Y (Van v 2YY)
g (t = )T 5V a0 1 B (VT s v a0,
Moreover, Ngz1z is stochastically bounded uniformly in (n,f3).

Proof. Let R =2/n;. We give a proof for [ = 1 only. Then, Lemma [9.4.13| implies
that

Q.an(s:t,1,2)"? < agma(K)la,* + 2202
WVE=s" V=S T (V=5 v a0l (V= s v V) )
+ 27N A {a, < 272VY((t = ) A ag)Pa, TP 2RNM2 [N Iy 019N
< () [a®0 + 22Nz fr — s/ g — 5 P
(VE=5V Van) 702 4 0 (fi= s v ) o)

+ 27 Nm/dg—aldgNm/2[9=Nyym 4 ofr9=N7]|
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Now, we proceed similarly as in the proof of Proposition Choose Ny =
No(K) such that

1 (K)[a; 0 + 22Nezm)g—2Nezma—2No < 9=100,—0
and then observe that for No(m,n,n1,e0, K,3) = n%[]\m + No(K) + 3log(q +
2)(log2)']
(q + 2) c1(K, Ro)[a;, = + 22J\m]2—N2m/4 < ¢1(K, Ry)[a; 0 + 22N[m31] —2NgzT3-2No

< 2—100(17:60 )

In the case v/t — s < 272 we clearly have (t— s)m/8 < 27mMN2/4 For N > N, it
follows that:

Q5.0 (5,1, 1, 2) % < (g4 2)732710g =0 /1 — slfnl/z[(\/t — 5V \fay ) mTime/2
+d(VE =5V ay) T2
+ a;a/42N"71/2[2_N'7'7m + agvg—Nv]}
t— sl_m/2A1(m, n, VvVt — sV an) + 2812 Ay(m,n, 27N).
(9.67)
With the Dubins-Schwarz Theorem (Theorem [3.2.8)) we obtain
P(|Fa,1(s,t,x) — Fo, 1(t, t,2)| > Vit — slimAl(m, n,Vt —sV./ay)
+ 2VM Ay (m,n, 27N, (t,x) € Z(N,n,K,B),N > Ny, /t — s < 272]
< Plsup |B(u)| > (t — s) ™M/ A 2N/ 1 {t — 5 < 1}
u<l

1
< coexp(— 5 ((t - §)"M/2 A 2N my), (9.68)
Let

Oy = 22N+ @+D) N=8/m  yhere (9.69)
c(q) = (log2) 'log(q +2) < g+ 1. (9.70)

If N > N3 := 2"2 that easily leads to
N >2Ne o N=4/m < 9=4N2/m < 98Nz < 9=Na—1 5pq (9.71)
VN2 N=ela) = gN+el)+1 y=4/mo=N=-c(a) < gN—4/m (< 2~ N2), (9.72)

We are going to consider
My = max{
|Fam1(z'2*2(N+C( 0), j2-2(N+e(@) N+C(q))) F,, 1(52 —2(N+c(q)) j2*2(N+C(q))’kg*(Nﬂ’(q)))’
(/7 — i2-(N+e(@))1- WlAl(m n,\j —i2-WN+eld) v\ /a,) + 28m Ay (m, n, 2-N) ’
0<j—i<dly,(j2 20N+l po-(N+eD)y ¢ Z(N n, K, B),i,j € Zy, k € 79}
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for which it holds by decomposing into the different possible choices for ¢, 7 and k

and (9.68):

< (K 4 1)224NFe@) (2 )¢ 4 1)929(N+e(a))

co exp(—= (U2 2NFelD)y=m/2 A oNmy {7y > 1}

_L
2
= ca(q, K)2UH N exp<—§<\/eN2—<N+C<q>>>-"1 A (2N Fe@Imo=elam )y {7y > 1}
< ea(q, K)2(4+q)N exp(—%Z_C(Q)m(« /gNQ—(NJrC(q)))—m A (2_(N+C(Q)))_"1)11{5N > 1}
< ey(q, K)2UFDN exp(—271=c@m (/o= (N+e(@)y=m)
< eo(g, )2 exp(—272792N") (by (0:70),(0-72) and m < 1/2).
Set
Ay = {My > 1,N > N3}
and .
Ny=min{N :w € m AN}
N'=N
Then, we have for N > N5 = (log2)'/321%9/6(q 4 4)1/3 that
PNy > N =P[ | An] < ealg, K) Y 200V exp(—272792N")
N'=N N'=N
< c3(q, K) exp(—2_3_q/2N4).

Next, choose Ng such that 2I-N < N—4/m for all N > Ng. Then set

Nozzz := (NgzznV N3 V Ny V N5 V Ng) + c(q),

which is uniformly bounded in (n, 8) as all of the components are.
From now on, consider the event

N > Ngzzz, (t,2) € Z(N,n, K, 8),s < t,VT—s < N~V (9.73)

Then, there are two cases:

Case 1: t — s > 22(1=N)

As N > Ngzza we have N —c(q) > Ny, ie. w € AS,
N3 and therefore

—e(q)- Additionally, N — c(q) >

My_cq) < 1. (9.74)
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To use this result we need to introduce discrete versions of s,¢ and . We set s, =
1220512720 ¢, = [22%]2728) 2y = 27 sgn(wy)[2¢a] |2 Y€, where (ef) are the
standard unit vectors in R?. Then d((tn, zx), (fo, 20)) < 27N +d((ty,zN), (t,2)) <
2~(N=¢l@), Hence due to the choice of c(q) in (9.70):

(tn,zn) € Z(N —¢(q),n, K, B). (9.75)
Now, split the expressions
|Fan71(87 t, 1‘) - Faml(tv t, :L')’
<[|Fa,i(s,t,x) — Fy, 1(sn,tn, an)| + | Fa, 1 (EN, EN, 2N) — Fo, 1(t, t, 2)|]
+ |Fo,1(sn,tn, oN) — Fo, 1(tN, tN, 2N)]

=Ti+T1s5.

Since (t,x) € Z(N,n, K, B), d((t,t,2), (tx,tx, z5))Vd((s,t,2), (sn, tn, Tx)) < (2+
q)2~N = 2-(N=cl@) and as N — ¢(q) > Ngzg we can apply Proposition [9.4.11| for
both terms in 77 and obtain

Ty < 272 (W@ =17, (m, n, 1,5, 2 V=@~
< 27852c(q)46(!1)(1*42*]\7(17”1)Au’1 (m,n,1,20,27")
< 2_85q_4q3332—N(1—ﬂ1)Au,1 (m,n,1, e, Q_N)
< 2780(]*12*1\7(1*"1)&”&(1%, n,1,e0,277),

where we used Au'l(' 27 N9y < 46(‘1)Au/1(. ..,27N), which can be seen from
(19.59). For Ty we use N > Ng:

V122Ve] — [28s)27N < iy —sy <227V Vi s
< aN~4m
— oN+1\—4/mo—N

< V(N — cfg))H/maN
= \/EN_c(q)Z_N(recall [9-69)),
hence|22Vt] — [22V5] < UN—c(qg)-
Therefore, by , and the definition of My_(g):
Ty < My—o()[(VEN = s8) T Ar(m,n, VN — sy V an)

+ 2N =cla)m Ay (m, n, 2~ N =c(@)y)
< ViIn —sn T AL(myn, VI = sy V yan) + 28D Ay (m, 27 (Vela)y,
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Since t — s > 2272V we can bound t — s by

(t—tn)+ (tn — sn) + (sy —s) <2172 4 (ty — sy) < %(t —5) + (tny — sn),

(9.76)
and hence,
1
5@ —s) < (tn — sn) (9.77)
and similarly,
(ty —sy) <t —s+272NFL <ot —s). (9.78)

Therefore, we get by adding up 77 and 75 and writing out the definition of the
several A’s, defined in (9.59) and (9.67):

|Fan,1(87 t, l’) - Fa’lhl(t’ t, l’)’ < 2_80q_12_N(1_m)Au'1 (mv n, 1a €0, 2_N)
42799 0/t — s M [(VE =5V \Jan) "m0 L 6BV (VT =5V Jan) " 2| (g +2) 73
+ 2—10%;50a;o‘/42(N_c(q))’71 [2—(N—C(q))wm + agVQ_(N_C(Q))’Y](q +2)73
< 2—80q—12—N(1—771)a;ao [a;l/2(1+a/2)2—N'y’ym + (a111/2 v 2—N)(wm—1—a/2)/\o

+ a;1/2(1+a/2)+,3’y(a}1/2 vV 27N)'y]
+ 279 (g +2)3a, %0/t — s ™ [(VE=5V fan)m 172 L oPY(VE =5V \Jan) 7172
+271%(q + 2) L a, 0a, /2N 27 NI 4 97N,

We can put together the first and third term in the first bracket, and the last
bracket using

Ny — _ _ 2~ N
9—N(1 771)an(1-i—04/2)/2 + 2N771an0</4 - ana/42Nm[ — +1].
This gives,
|Fa,1(s,t,0) = Fa, 1 (L, t, )] (9.79)

_a 2
< 2778(]71%50 {an * oNm [f + 1”2*N'Y"/m + aﬁ”(\/a? Vi 27N>'y]

Gn

+ (Van v 2~ V) (rm—1=a/2N09=N(1=m)y
2799y g% Vi m [(VE= 5V y/an)m=1=0/2) 1 BY(\ T =5V \Jan) "1/,
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Case 2. t — s < 22(1=N)
Our assumptions (9.73) imply that (¢,z) € Z(N — 1,n, K,3), s<t< K,N —1>
Ngzzp and (in this case)

J((S,t,x% (t,t,x)) < 9—(N—-1)
Now, just use Proposition [9.4.11] and obtain

| a1 (5,8,2) = Fa 1 (t,2)] < 275074 (VE—5) "M A, (my . 10,27 7Y)

< 2783q*12*N(17771)a;€0
[aT—LOA/42—NWm + (a}ﬂ V. 2_N>(7’Ym_1_a/2)/\0 + G?{yaﬁ(Ham/z@_N vV a7ll/2)v}

—N
< 2783 1gme (gl m (2 )2 N 4 o2V al/2))

n

+ 2_N(1_”1)(a711/2 v/ 2—N)(77m—1—04/2)/\0}_
And this term is bounded by the first terms on the right-hand side of (9.79). [

Remark 9.4.15. We could have tried to obtain a more general version of Lemma
to be applied in the previous proof, but note that we used Proposition [9.4.11
just right after . So there needed to be some a-priori regularity assumption
in Lemma [9.8.1] which made it quite more complicated.

There is a similar result for Gs in a special case, which will be needed later:

Proposition 9.4.16. Let 0 < m < m + 1 and assume that (P,,) holds. For any
n € N,g € (0,1/2),g9 € (0,1), K € N2K1 X\ € [0,1] and 8 € [0,1/2], there is
an Ngztg = Ngztm(m,n,m,c0, K, A, 8) € N a.s. such that for all N > Ngz11g,
(t,z) € Z(N,n,K,B), s <t and /t —s <27V,

(G (3,1, 7) — Goa (1, 2)| <27%ago(t — 5)(1=m)/2gAe/4
[(a;\L/2 V, 27N)’Y’Ym + ag’Y(\/a Vi 27N)’y]'

Moreover, NgzTg is stochastically bounded uniformly in (n, A, ).

The proof of this Proposition is put in Chapter Most of the calculations are
similar and even easier than the ones before: we have to deal directly with the heat
kernels instead of their derivatives. Recall that the goal of this chapter was to do
the induction step of (P,), i.e. to get good Holder-estimates on u = g5 + ugs.
We require some notation to give a result for u s:

Notation:

Au1 (m’ n, \, €o, 27N) _ a;eof)\(1+a/2)/2[a§+)\(1+a/2)/2 + ]l(m > m)(ai\b/Z V; 27N)

(@2 v et @y 2Ny
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and
N(n) =min{N € N: 2l=N < N—8/n}

for a constant i > 0.

Proposition 9.4.17. Let 0 < m < m+1 and assume that (Py,) holds. Then for all
n€N,n € (0,1/2A(2—a)/2),e0,1 € (0,1), K € N2FK1 X € [e1,1—¢1], B €[0,1/2]
there is an NozTn = NazTa(m,n,m, 0, K, A, B)(w) € N=2 almost surely such that
VN > NgzTp and n, A that satisfy

ay < 2720NEZTD) A 9= 2(Ngzm(me)+) gpd X > e, (9.80)
and (t,z) € Z(N,n, K, B), ! < Tk,x' € R? s.t. d((t,z), (t',z")) < 27N it holds that
U a (8, 2) — g g (', 2")| <2704d((t, x), (', 2) "1 Ay, (m,n, N, g0, 27V).

Moreover, NgzT17 is stochastically bounded uniformly in (n, A, ).
Proof. Let
NgzT7 = 2MNozn(m, n,m /2, €0, K+ 1, X, 8) V Nozxa(m, n, m1 /2, €0, K +1, X, 8) + 1,
which is uniformly bounded in (n, A, 8). Assume
N > Nfm, (t,@) € Z(N,n, K, B), ¢’ < Tk, d((t, ), (', 2") <27V

and that (9.80) holds. Then (#,2') € Z(N — 1,n, K + 1,3) and without loss of
generality ¢ < ¢ (otherwise, we interchange the role of ¢’ and ¢ in the following).
We have by definition

Gop(t',t,2) = Py ap (u((t' = ap) ™)) (@) = Py (ug 3 (¢, ) (@) (9.81)
And therefore, we can write
g,y (8, 2") = uy o3 (6,2)] < Juy pa (', 27) = ug g2 (¢, 2)]
+ |ty g (t'x) - Prp(ug g (', ) ()|
+1Gap (t,t,2) = Goa(t,t, )|
=T+ T+ T5. (9.82)

We start with Ty. If y € [[z,2']] = x_;[z; A 2}, z; V 2], then by Corollary [9.4.12
with 71 /2 instead of n; for 1 <1 < ¢ and (9.65):

|vu1,a3‘Z (t/7 y)| < |vu1,afi (t/’ y) - vul,a;\L (t’ $)‘ + ’vul,ai\l (t’ l’) - vul,a%‘ (7?07 £0)|
+ ‘VZLLa;\l (f(), @0) - VULa" (tAo, :%0)| + aﬁ.
<278 2 NU=mRIA L (m,n, A g0, 27Y)

+ qlEI{an(‘Faml(fo — CLi\L + an, 7?0, i‘[)) — Fan,l(f()a 7?0, .’i’o)|) (983)

+ ag.
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Choose N’ = N'(n) such that 2=V~ < /@, < 27", By (9.80) we have N’ >
Noztg and N’ > Ngz7(mer), hence

8ep

ai;/? S 27N’/\ S 27]\7/51 S N el — N/ 8/7]1 (984)
and
lu(to, 20)| < an = an A (Van2™). (9.85)

Therefore (tg, #9) € Z(N',n, K, 3), and we apply Proposmon 0.4. 14 with N’ instead
of N, (to,20) instead of (t,x), n1/2 instead of 7, and s =ty — a) + ay:

|, 1(fo — ay 4 an, Lo, &0) — Fa, 1(fo, o, ©0)|
a+ny

2778(]71&760[2\/*1*771/2 \ﬁ('wmflfa/Z) +3an 1 (4a)"/* +2a27a)/?)
+a/\(1 n1/2)/2( A(yym—1— a/2)/2+aﬂwa (y=1=a/2)/2)]

The second term can now be bounded by the third one, since \/a, < a)‘/ 2,

|Fy, 1(to — apy + an, to, 20)—Fa, 1 (o, to, 70)|
< 2—75q—1a;f:o[\/*nlfm/Z\/*(Wmflfa/Q)/\O
+ a)I=m/22(gMovm—1=a/2)/2 o By Ay=1=a/2)/2y)

Now, use that

1- = —l1-c>-—+G+)m—5
1
2_%+§_Z>0 as long as 1 < (2 — «)/2

to estimate
\/cTnl—m/Q\/@(Wm—l—aﬂ)/\O < (a)?Vv 2_N)1—n71+(7’7m_1_0‘/2).

Now we put together the estimate for (9.83)):
\Vul 2 (t/, y)’ < 2—74a;€0{2—N(1—771/2)( A/2 vV 2—N)(’Y’Ym—1—a/2)/\0
+ (2— )l—n—l —)\(1+a/2)/2[2—N'y'ym (ai\L/Q V 2—N)7ag'y]
+ (ai\/Q Vi 2— ) —7+(’Y’Ym—1—a/2)
n ai\l(l—nl/Q)/Qa;)\(l—&-a/%/Q(aT%'Y’Ym n agwgv)}
+ ag

<al +27Ba 0@} v 2N -7
[(a;\/z v 27N)(’Y'Ym*1*a/2)/\0 + a;,\(1+a/2)/2(a;\/z Vv 27N>wm
+ aT—L)\(1+oz/2)/2ag'y(ai\L/2 v 2—N)'y]

= al +27A,, (m,n, N\ g0, m1, a2 v 2~ ). (9.86)
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With this estimate and the Mean Value Theorem in R? we obtain
Ty < |z —a'|[(a® + 27 Ay, (m,n, X, g0, m1, a2 v 27VY). (9.87)
Additionally, Proposition [9.4.16] gives

en—2a
Ty < 2792 — ¢/|20-m) g 07T (g2 v 27Ny m 4 (02 v 27 N)1687). (9.88)

For Ty = |uy g (', ) — Py (ug oa (¥',-))(x)] a bit more work is required. Let
(B(s) : s > 0) be a g-dimensional Brownian Motion started in z € R? under the
law P,.

First, assume that
IB(t —t') — x| < 2~ 2Nz,

Then,
VEi—t <D :=d((t,Bt—1)),(tx)) <Vi—t +272
< 9N 4 o~ 3Nz (9.89)
< 9~ 2Nmrm 9~ 5 Nexam < 9~ Nz,
Next, choose N' € {Ngz1m, ..., N} in such a way that
(a) if D < 27N then N’ := N
(b) if D > 27N then 27V ~' < D < 27N,
In Case (]ED we have
2N =1 < 9N L |B(t — ') — x|, hence 27V < 21N L 9|B(t — ') — 2|
and trivially in Case :

27N = 97N < o"N L 9|B(t —t') — x|
If y € R? such that |y — z| < |B(t —t') — x|, then for (t,x) € Z(N',n, K, 3) do the
estimate of to obtain:
Vuray (', y)] < 27 Pa, % (ay/? v 2~ )12
(a2 v 2N ) =1=a/DA0 | =A(1+a/2)/2(A/2 \y 9= N'yYim
+ a M H/D2087 (A2 2_Nl)’Y] +a?

1

<2 a0 () + 27V 4+ (Bt —t') — 2|)'
[(ad/? v 27 N)(rim=1=a/9A0
+ a; MFD2(N2 L o= N LBt — 1) — z])Vm
+a M He/D/268Y (M2 L 9N 1| B(t —t) — 2|)7] +dP.

n
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If we use the multidimensional Mean Value Theorem we can write where expectation
is taken over B alone:

E,[1{|B(t — t') — x| < 272N uy 0 (¢, 2) = uy g3 (¢, Bt~ )]
< Eo[|B(t —){a,™(a)? + 27N + |B(t —#)|)' =%
(@2 27N 1=/ DN A 0/2/2()2 4 9N Bt — )
a0 20 (@2 4 27N 1 B(t— 1)))] + o]
01M{a;‘€°(af‘l/2 +27 N4 \/1ﬁ)1_%1
[(a}/? v 27N ym=1=a/200 o = A(+a/2)/2(q A2 4 9=N 4 ([ 47y ¥7m
+ a2 (02 + 27N+ V1)) + 0}
using |t — | < 272N bound this by
< eVt — t'{a; % (a)) A2 4 9N ) 5
(@2 v 2~ N)(m=1=a/2A0 | (=X(1+a/2)/2( N2 | 9=Ny7m
+ 0, D20 (0 + 27N + af)
< eaVi—t{al +ay(a)? v2N)=F
a1/ N2y 9= Ny1im (M2 \ 9= N)(rim—1=a/2n0 |
a2 A2y 9= Ny
=: eVt — t'{al + Ay, (m,n, N, e0,m1,a)? v 27N}

This was the estimate for the “good” B. Turning to the “bad” B we observe that
for K > K and t' < Tk it is always true that

g o (8, 9)| < By[lu((t' — ap)t, B(ay))|] < 2KE,[e/P@l] < 2K e+,
Since t — t' < 274NEZID it is true that
9~ s NEZTD > (¢ — ¢/)5.
Therefore,
E.[1{|B(t — t') — x| > 27 3 NEZII} | ar(tx) —up 2 (', Bt — 1))
< Po[|B(t — t) — | > 27 2 NI/ 28 | (I, [2IBU1)] 4 e2lel]y1/2
<P[B(1) > (t — )72t — t')¥5)2e(K)
< c((t — ') 9BE,[|B(1)[*0)) /2
<ct—t) < evt—t'A,,.
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Hence we can conclude that:
Ty < eVt —t{al + Ay, (m,n, N, e0,m1, 0% v 27V)) (9.90)

Now, put (9.87)), (9.88) and together to obtain
’ul,a% (t/7 ml) — Up 0 (t? l’)‘
< Cd((t7 x)a (t,a m’))[aﬁ + A’U«l (m7 n, )" €0,7M1, @ ’?\1/2 v 2_N)]
—eg—da
+ 2792 — ¢/|2(lmm) g "0 [(a)/2 v 27 N)rm 4 (g2 2= Ny1gB).
PN
_ Cd((t,l‘), (t,, x/)){ag + a—ag( A2 V 2—N)1—771/2an 5(1+a/2)

(@2 v 2 Nym g (1+a/2)( A2\ 9= Ny (rim=1=a/2A0 1 087, N2y 9~ N )]y

_2A A
+279%d((t, ), (¢, 7)) M anan 2P ag (@) v 2N oY) v 2N,

Next use d((t,z), (t',2')) < 27V, such that al771/2(a2/2 v 2 N)yTm/2 < (27N)0 — 1
and a}? <1 to bound the above by:

< (@NF 4+ 27%)d((t,2), (¢, 2))! a2
{a )\(1+a/2 /2 4 +(a 2/2 v 27N)[(a7>1\/2 Y 2—N)wm + GQW(GTALD v 2—N)7
+ an(1+a/2)/2(a;\l/2 V. Q_N)(’Y'Vm_l_a/Q)/\O]}'

Choose N1 (K,n1) so large that 27 BN < 2792 and Ngzzn = Nggg V N1 which
then clearly is stochastically bounded in n, A\, 5. For N > NgzTg and m < m we
have

a;\L(1+a/2)/2(a;\L/2 V. 27N)(wm717a/2)/\0 < (aTAL/z v 27N)1+a/2(a2/2 v 2*N)(7'Ym*1*a/2)/\0

< (aiﬂ v 27Ny,

A/2(

If m > m the left hand side is bounded by an 1+a/2) Therefore, we can write

Juy ay (', ) — g 03 (¢, 2)] <
< 2—90d1—771a;eoa;)\(1+a/2)/2 + ]l(m > m)(ai\bﬂ V 2—N)
[} (/D2 g (@2 v Ny g B (@ v 2Ny

= 27d((t, z), (¢',2))" " Ay, (m,m, A, 20,27).

And this is what we wanted to show. O
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We also would like to obtain a similar result for uss. We postpone its proof
which is simpler than the previous calculations to Section
Notation:

Aty (m,n,0,27) = 402N (a2 v 2m VO 4 o], (9.91)

—€0
n

—_ A(x _ A —a
Aguy(m,n, A, e0) = a,*[asn Om1=h) allaz o /2)]. (9.92)

Proposition 9.4.18. Let 0 < m < m + 1 and assume that (P,,) holds. Then for
alln € Nym € (0,a/4 A (2 —a)/2),e0 € (0,1), K € N2K1 X € [0,1], 8 €[0,1/2]
there is an Ngz1g = Ngz1=(m,n, m, o0, K, A, B)(w) € N almost surely such that
VN > Ngz1m, (t,2) € Z(N,n, K, B),t' < Tk

d:=d((t,x), (¢, ")) < 27N implies that
|u2,a$; (ta l‘) — Ug g (tlv SL‘/)| < 2—94(d(1—06/2)(1—771)A17u2 + dl_m A2,u2)~

Moreover, Ngz1g is stochastically bounded uniformly in (n, A, 5).

Now, we are ready to finish the chapter, that means to do the induction step in
the proof of Proposition [9.4.2}

Proof of Proposition [9.4.2
Let 0 < m < m and assume that (P,,) holds. We want to show (P,,+1). Let
therefore g € (0,1), M = (%1,51 = ﬁ < g9/2 and \; = igq for ¢ = 1,..., M.
Then, clearly \; € [e1,1] for alli =1,..., M.
Let n, &, K, B be asin (P,,) and w.l.o.g. ¢ is sufficiently large, such that for n; := 1—¢
we have np < §A(1—=5). Set & = (1+¢)/2€ (§,1) and

M
N2(m,n7§,€0,K,B)(W) = \/]\M(m7na 771750/27K+ 17)\17/8)

i=1

M
Ng(m,n,f,é’o,K,ﬁ)(W) = \/ M(myna 771760/2aK+ 17)\176)
=1
N, ... K, @) = [T (Mo Mgz + 1)
1
=: QNS
Ny = NyV N3V NV No(&,K)+1€N,

where No(¢/, K) is the constant we obtained from Theorem [5.3.3] By the results
on each of the single constants we know that N7 is then stochastically bounded
uniformly in (n, 8). Let now

N > Ny, (t,z) € Z(N,n, K, B),t' < Ty and d := d((t,z), (t',2")) <27V,
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There are two cases for the values of n to consider.
We start with the case of small n:

> 27N5(m,n7771;50’K’5)’ (993)

which implies /@, ™+ ~' > al? > 27 Ns/2. As N > No(¢', K) we get by (Py) in
the case g9 = O:
[ut, )| < 27N
< Q—Nﬁ'[( [ay, 2_N):/m+1]2N5/2
< 27N¢[(ay v 27 N)ImtL 4 6f)
This already completes the first case.

For large n, i.e.:
an <27V (9.94)

let N/ = N —1 > Ny V N3, which gives (t,2') € Z(N',n, K + 1,) by triangle
inequality. As holds we can apply Proposition with (g0/2, K + 1)
instead of (eg, K).

Additionally one can also use Proposition So we can estimate |u(fo, o) —
u(t',2")|. Before doing so we have to choose which partition of u to take in the
sense of and then give some estimates. Therefore, select i € {1,..., M} such
that

(a) if 27N > V/an, then ay’ Ai/2 - 9=N' <a z 1/2 agi/Qa’gfl/Q.
(b) if 27N < /ay, then i = M and hence ap'/” = Ja, >27V.

Then, in both cases
ad?v o N < o, va (9.95)

and writing A = \;:

w\y

O v VYR < (0 (v 2,

Casela < (Q_A/22_N/)1+a/2 < G;T(H‘O‘/m’

Case [} < (a,, —X/2 1/2)1+a/2 <1<a (1+a/2)

(63 1 [0}
Hence, in both cases: an it /2)(\/ va N )1+°‘/2 (Ite/2) (9.96)
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Furthermore, we have by £ — /2 < (2 — a)%
9=N'(2=a)§ < 9=N'"69N'§ 4nd
Q—N'((Q—a)g-f-v) — 9= N'€9—N'(v=a/2)
<2 N2y o Ny=el2 (4 > a)2).

Using the aforementioned propositions, the special 7, (9.95)) and the just previous
lines, we get:

ullo, #0) —u(t',2")] < Juy x, (o, 20) — 1y xs (8, 2)] + [y i (o 0) — iy o (8,2)
< 2790(1;50/227N’§[a7€ + a;)\(1+a/2)/2ag7((ai\/2 V 27N’)’y+1 + ]l(m > m)(a:\/Z V. 27N)
+ a;A(HO‘/Q)/Q(aQ/Z Vi 2—N’)wm+1]
+ 27 9q=0/2 [Q*N’((Z*a)gﬂ)((a}t/? v 2~ Ny m=1) By
2 NE((al/2 v 2N yimn o (alf? v e N yel)
< 2—89a;50/22—N'§[a£ 4 a;’\(1+°‘/2)/2a27(a,11/2 v 2—N)1+o¢/2(a31/2 Y 2—N)’y—oc/2
+1(m > m)(an vV 27V)
+ ar_L)\(l+a/2)/2(a711/2 V; 2_N)1+°‘/2(a71/2 V 2—N)’ym+1—l
+ (an V27 N)172((al/2 v 27N Yy Om=1) 4 B
+((alf2 v N yimnt g (alf v 2N el
Now, apply to bound this by
_& _&1 , &1 51
<989, 22 (1+a/2)27N ¢ [aﬁa 3 (1+a/2) I agy(\/@v 27N)'yfo</2(2an2 (1+a/2) 1)

n-n

£1
- (Van v 221 20 ) i (m = ) (Vag v 2]
since €9 < £1/2 and €1 > 0. Trivially,
(Van V2717 L1 (m > ) (Van V 27N) < 2(yay, v 27 ) Tmr L
So we obtain
lu(fo, o) — u(t’, ') < 278727 N0 [af 4+ P (Va, v 27 N) 7/
+ (Van v 27N )ym=a/2),
Now, we can proceed to the last step of this statement and obtain
[u(t’',2')] < [u(fo, 2o)| + |u(fo, o) — u(t',2)]
< Van2™N 427897 N 2068 4 oV (\Jay, v 27NV 4 (Vay, v 27N ) Im el
< a”r_L€02_N5[ /anQ—N(l—f)
+2785@l a2V v fan) T2 4 (27N v )/,
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Clearly, /a2~ V19 < /a,/2 < ag/2 and by (9.94) and an easy calculation
(Lemma 5.15 in [MP11]):

GQV(Q*N V \/@)77(1/2 S ag vV 27N S ag + (Q*N \Vi \/@):Ym+lfl.

Therefore, we can write

g :
u(t',a')] < az=02 V(S + 270l 4 272N v )T

< a2 M (] + 27NV V)Y,

since

~ (6]
Y1 = (Vym + 1= ) A2 (9.97)

9.5. Proof of Proposition [9.2.2]

Fix Ko € N2K1 g5, 21 € (0,1) as in the definition (9.20) and for M,n € N, 0 < 8 <
1 — g1 define
A(B) ==2(B+e1) €[0,1]. (9.98)

We define the following random time

UJ(\},)n,B = inf{t >0:3c € [0,27M],|z| < Ko + 1,20, 2" € R?,such that|z — 2’| <27M,
20 — x| <&, |u(t,@0)| < an A (Vane), |V a, (t,70)| < a and
[Vt g (1, 2) — Vg gy (1,2)] > 2782201 (/D) _ g/
[a;70FD (e v |z — &) + 14 a0 17D (e v |2 — 2))]
Nk,

whenever 5 > 0. We define U ](\/1[)110 in the same way, omitting the condition on

Vui,q, (t, o). These random times are actually stopping times by Theorem IV.T.52
of [Mey66].

Lemma 9.5.1. For alln € N, 5 as in (9.22)) it holds that UJE/lI)nﬁ ) Tk, almost
surely as M — oo and

lim sup P[U(l) < Tk,] = 0.
M—o0 n70§6§1/2—61 Mvnvﬁ 0

Proof. The almost sure convergence follows from the second statement by mono-
tonicity of the probabilities in M. For the second statement use Corollary [9.4.12

with m =m+41, n = €9, K = Ko+ 1. Then there is a Ny = No(ﬂ,&o,&l,Ko—Fl,,B)



150 Pathwise Uniqueness

stochastically bounded uniformly in n and 8 such that for all N > Ny, (t,z) €
Z(N,n,Ko+1,3) and |z — 2'| <27 it holds that
‘vul,a}l (t7 .%') - vul,ai‘l (t, x,)|
< 2—85|$ - x'|1_80a;50 [a;(6+51)(1+a/2)2—2N7 + (ag-i-el V. 2—N)0
+ a (B+en)(+a/2) By (gftery 9=y
< 2785"% — 1750a750751(1+a/2)
= n

[aT—LB(1+a/2)2—2N'y +14+ a2(7_1_a/2)(ag+61 V 2—N)'y]‘

Note that by 8(y —1—a/2)+ v+ (B+e1)y =082y —a/2—-1)+e1y>0:

Uy A (L) — Vug gr (L, x a T—x
‘V Lan (ta ) Vv Lan (ta /)’ < 2_84 7780_81(1+a/2)‘ '|t e
[a;B(1+a/2)2—2N7 +14+ ag(W—l—a/2)2—NV]'
We only do the case 5 > 0. Assume M > Ny and thereisat < Tk,, € € [0, 2*M],
lz| < Ko +1, 29,2’ € RY with |z —2/| < 27M |20 — 2| < ¢, |u(t, 20)| < an A (\/ane)

and
IVt a, (t,30)] < af.

If 2 # 2/, then there is a N > Np such that 27V < |z —2/| ve < 27V < 27N,
Then (t,x) € Z(N,n, Ko+ 1, 3;) and we can use the previous estimate. Hence,

Vs oy (1 2) = Vug g (1, 2')| < 27Fa, =071 (Fe/2) | — gf| =20

[a;ﬁ(1+a/2) (eV]z — x/|)2'y +14+ aﬁ(vflfa/Z) (eV|z— a:’|)7].

Therefore, U ](\/1[)” 5 = Tk,- As Ny is stochastically bounded uniformly in (n, ) the
assertion follows. O

Remark 9.5.2. The previous lemma is where the fact that we consider splitting at
§ = a)) rather than § = a, is suggested.

Let us do the same again, this time with ug. For 0 < § < 1/2 — &7 set

UJ(\/2[)n,8 =inf {t >0:3c € [0,27M],|2| < Ko + 1,30,2" € R%, such that |z — 2| <27,
To—x| < g, |ult,xo)| < ap N\ (W/an€), |VUuia, (t,Zo)| < ay, an
7 < t,20)| < Vg 4, (t, 40)| < a? and
g3 (1, 2) = g g3 (£ 2")] > 27%a, |z — af|(F720)(170/2)
[(Van VeV [a' -2} +af(e v |2/ - a])]
+ |z — x’\l_aoangEl(l_'Y)]} ATk, .

And in the case § = 0, we make the same definition but without the condition
on Vuy q, (t, o). Then, we get
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Lemma 9.5.3. For alln € N, 5 as in (9.22)) it holds that Uﬁ)nﬁ ) Tk, almost
surely as M — oo and

lim sup IP’[U(2) < Tk,] = 0.
M=o 0<p<ijoe; 0 ’

Proof. Use Proposition with m = m+ 1,m = €9, K = Ko+ 1, A(B) =
2(B+e1), B asin (9.22). Then there is a Nog = No(n, 9,1, Ko+ 1, 3) almost surely
stochastically bounded uniformly in (n, ) such that for any N > Ny, (t,x) €
Z(N,n,Ko+1,8) and |z — 2/| <27 it holds that:

[ug.ay (1) = gy (t,2")] < 27, 0 {2 — &' (72002227 [(Vay v 27 M) 4 a]]7]
+ |z — &/ |1 e0[a(fren)@v=a/2) o oS (Bren)(y—a/2)]y

We apply the following inequalities
a(Pren)r=al2) < gfter and ofa(fre(—a/2) < gftai—eny
to obtain the bound:

|tg o (8, ) — g g2 (t,2')] < 2780, 0|z — 2|17V 0=/2 =N [(( /g v 27N)T 4 af)7]
+ |.CU _ lfeoangsl(lfv)}'

Now, use the same arguments as in the proof of Lemmal[9.5.1] to finish the proof. [
Define
Au/l (n,e1,€0,8) = a7~ {e + a; 4 (a2 + 1)(e* + a? (e V \Jan)")}.

And for 0 < 8 <1/2 — ¢ set

—(B+e1)eg/4
U s=inf{t>0:3ee 27 7 27 M] o < Ko+ 1,8 € RY,
|0 — x’ <, ‘u(t,ﬁto)’ < anp A ( an5)7 ’vul,an(t,i'o)‘ < aﬁ and
Vg 3 (t,2) = Vi, (t,2)] > 27 (A (n, 61,20, 8) + afteri=m/a)
Nk, .

The same definition for § = 0 but without the condition on Vu; 4, (t,Zo). Again,
that’s a stopping time.

Lemma 9.5.4. For alln € N, 5 as in (9.22)) it holds that Ulsj)nﬁ ) Tk, almost
surely as M — oo and

lim sup }P’[Uﬁ?nﬁ < Tk,] = 0.

M—00p, 0<p<1/2—¢,
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Proof. Let s =t —a)) + a, < t. Then

t—s=/a) —a, <a)?=adl= (9.99)

and for any N € N

aBFer < N~ g 9N 5 gman T (9.100)

Using Proposition[9.4.14with m = m+1,1m = 9, K = Ko+1, A(8) = 2(B+¢1), B
asin ([9.22)). Then there is a Ny = Ny(n, e, €1, Ko+1, ) almost surely stochastically

bounded uniformly in (n,3). Assume (t,z) € Z(N,n, Ko+ 1,3) we get for N >
—(B+e1)eg/4

Ngzg such that additionally, 2=V > 27a»

|Vu17ayxL (t,x) — Vg, (t,z)| <  max |Fa,, 1(t — ai‘L +an, t,x) — F,, (t,t,x)]
= 7"'7q

S 2*7801;]‘60 {271\7(1760) (\/@ vV 27N)0
20 (2N g 1 1) (27N 0 (g v 2 ))
FVE—s ClVE—sV Jay) e/
+a(VE=sV an) 72 )
Since a,ﬁ%l > JJan V +/t — s, we consider

a;50a7(15+51)(1751)[a%5+61)(2'yflfa/2) + a7(15+51)(7,1,a/2)}
< 2q-50g(f+en)(1—e0)+Br+(B+er)(1-1-a/2)

_ 9af21-a/2—c0)ter(7=a/2e0) ~z0
Note that by a < 2(2y — 1) and g9 < 3(2(2y — 1) — ) it is true that
2y —a/2—¢egg>1land v — /22—y > (1 —7).
Therefore,
Vg o (8, ) = Vg g, (£,2)] < 277 [Ay (n, 21,0, 8) + al 1007210 (9.101)

Now, keep on doing the proof as in Lemma We do the case 8 > 0 again

, B0/t s
only. Assume M > Ny and that there exist t < Tk,, € € [27% 270 2] <
Ko+ 1,2 € R? with

|z — o] <&, u(t,#0)| < an A (Vane) and [Vuq q, (t,20)| < al.
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We have for s = t — a)) + a, that t — s < alter < ast < M~*%0_If we choose
N > M such that 27V=1 < ¢ < 27N then

—(B+e1)eg/4

(t,z) € Z(N,n, Ko+ 1,5) and 27N > >0
So, we can use (9.101)) and obtain
Vg g2 (@) = Vg, (1, 2)] <277 Ay, (0,22, 20, 8) + ap 1070/
2 ™Ay (n, € 0, B) + a1 /),

And finally set
U](é) =inf{t >0:3e€[0,27M] |z| < Ko+ 1,40, € R:, |z — 2’| <27M |z — dg| <

lu(t, 0)| < &, u(t,z) —u(t,2’)| > (e V |2/ — z])' 750} A Tk, .

Lemma 9.5.5. Almost surely U](é) A Tk, as M — oo.

Proof. Let £ =1 —¢¢/2 and consider N¢(Ko + 1) from Theorem 4.1 and Corollary
4.2 of [MPS06]. Their result tells us that for N > N¢(Ko + 1), (t,2) € Zgy+1,n,¢
and (¥, 2') € Ry x R? with d((¥', '), (t,7)) < 27N ¢ < T,

lu(t', ') —u(t,z)| < 27N, (9.102)

Assume now that we have M > N¢(Ko+1)V Gsal,x, 2o, 2’ € RY, |z| < Ko+ 1 and
e € 0,27 M] with

|z — 20| <&, |u(t,Z0)| <cand |z —2/| <e.

We choose N > M so large such that 27V~1 < ¢ < 27V, Then, we have trivially
that (t, io) € ZKo-I-l,N,S and

d((t,x), (t,40)) <e <27V <27V d((t,2'), (t, 0)) < 2e < 27NF <27 Mo,
By (9.102)) we get
lu(t, z) — u(t, z')] < 27N 4 2-NFDE < 9NE/2(7 4 9%
< 4(2—N)60/2(2—N)1—50
< 23—50(2—N)80/2(€ V. ‘.%' o [13/‘)1_80 < (5 V. ‘.f o m/’>1—507
since N > 6 . Therefore, U](é) = Tk, in that case, i.e.
PIUY < Tk, < PIM < Nol.

And since Ny is stochastically bounded uniformly in (n, 8) the assertion follows. [
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Next, set

3
UMvnvﬂ = \/ U](\;?n,ﬂ

j=1
L(eo,e1) .
UMn = ( \/ Uning;) N UJ(\/I)‘
=0

By Lemmas (9.5.1} (9.5.3] [9.5.4] [9.5.5| we have that Ups,, fulfills (Hp). So, there is
not much left to complete the proof of Proposition compactness of jm(s)
and jm(S) D Jn,i(s) for all s < Unry. We will be mostly concerned with jm(s) )
Jn,i(s), show that in several steps and assume throughout the rest of the
section, i.e.

—ege1/4

ast < 27M=4 and \/a, > 27 . (9.103)
First, we give an important estimate:

Lemma 9.5.6. When i € {0,...,L},0 < s < Unpn, x € Jn(s), then
(8) [Vtra, (5, 8n(s,2)) = Vu, x(5,8n(s,2))| <2 Tag 7107072,

(b) V“Lagi (s, Zn(s,2)) -0y < |u1 A (s,Zn(s,z))| <an'/2 (i>0).

() Vu, x(s,2n(s,2)) 00 2 a ““1/8 (i< L).
Proof. Let us do (a) first and let (n,i,s,z) as above. Set ¢ = \/a,. We have
|(us, @z ") < a,, and supp (@3 "™) C BY(x,/a,). Therefore, by continuity of u
it is
[u(s, Tn(s,x))| < ap = an A (Vane) and |iy(s,z) — x| < e. (9.104)
|Vui g, (s, &n(s,z))| < aﬂi/ll (for i>0). (9.105)

As x € J,(s), because of (9.103),(9.104) and ( we can use U](W)n g, for z =
&y = &p(s,x) to obtain for s < Upsp, ((9.104) is not used for i = 0):

Vura, (s, @n(s,2)) =V, x(s,2a(s,2)) < 27 Ay (u, v/an, €0, 5i) + apt1 0072,
foralli=0,...,L. It is
Ay (n,\/an, 20, i) = a, 0, [\/an + a,*/* (1 + 1)(a], + al7a)/?)]

< 4a7300/2[q 1/2+a7(61+1/2 a/4] (Bi < 1/2)

1—3eg
=dlan 2 + a7(5¢+1/2)—0¢/4—360/2]

1-3eg B+ 361 3e0
'L

< 4[an 2 + an T]

< 4a§z
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The next to last inequality holds, since

€1 < Sy —a/2— (1-7))

3
. . 3e1 vy o l—v
1 S A T O I 4
implies 5 > 2+4+ 5
3 1-—
implies%—%—%>72fy>5i(1—7)

thus ﬁi’y+’y/2—a/4 > ,6i+3€1/2

and the last one since

3 1 3 1
5i+§§§—651+§§§and€o<€1-

So we are done with (a), since £1/2 > (1 — )&y /2.
For (b), observe that by = € J, ;(s), triangle inequality and (a), it suffices to show

2771ag¢+(17’y)51/2 + a/gi/4 < aﬁi/z

For (c) observe that ay PR i by € < 1_7751 Hence, z € Jp(s),
triangle inequality and the result of (a) give

Vu, »(tTn(s,x)) oy > aﬁ”l/él — o gfiter/8 > agi“/&

Lan

Next, consider the derivatives of uy gx.
"'

Lemma 9.5.7. Let 0 < s < Upp, 1 € {0,..., L}, x € Jpi(s) and |z —2'| < 50, (53;).
Then,

(a) Fori>0: \Vulﬂii(s,x’)\ <al

(b) Fori< L: Vul axi(s,x') cOy > CL£H1/16-

n

Proof. Let € = |x — 2| + \/ayn, > \/ar,. Then, we have (9.104) and (9.105) and

£ <5a° + Ja, < 2% <27M (9.106)

and
' — (s, x)| <e<27M i, (s,2)| < Ko+ 1. (9.107)
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Since s < UJ(\}[)n 5, We have

|Vu1 i (s,2") — Vul i (s, Zn(s, )|
< 2782a;s1(1+a/2)750(|x - $/’ + \/@)1*80
PP+ = o/ )P+ 1+ a0 (a4 — a7,

As B; +5e1 < 1/2, we get

v — /| + Van < 62 <l (n > ngz).

Therefore,
2—79a;81(1+Oé/2)—80a%ﬁi+581)(1—80)
[agi(Q’Y*l*a/Q) +1+ agi(Q’yflfa/Q)]
< 2777a;€1(1+a/2)f€oa%ﬁ¢+551)(1750) (27 . a/2 = 0)
< 27770/21'4—1
since

Bi+v1 = 0Bi+e0 < Bi+e0— 89+ 3e1 < B + ber — (1 + a/2)€1 — Bieg — Dereg — €g.
Now, we can apply Lemma[9.5.6) (b) and (c) and get the result. O

To finish things we only need a similar result for the ug expressions:

Lemma 9.5.8. If0<i <L, 0<s<Upmp, z € Jni(s), 2/,2" € R? and |z — 2’| <

4./a,, then

200 B
) axi(s,x")| < 2_75a§f“(|x’ —2"|Vag (i), an)

uy . (5.2) —
as long as |v' — 2" < £,(B:).
Proof. Let (i,n,s,r,2') as above and ¢ = 5,/a, < 2™ by (9.24). Then

|2" — 2, (s,2)| < |2/ — 2|+ Va, <e,|2'| < Ky+1 and

[u(s, Zn(s,x))| < an = an A (Vane).
Since z € Jyi(s) : [Vuia, (s, Zn(s, x))| < ap' /4 < ay'. Let

Qn, 20, iy ) 1= ay=or=0 U= (/v r)?T 4 afn),
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Assume that o’ — ”'| < £,(5;) (< 27M). Since s < Uy, 5., it holds that

y rs(5.2) 1y (5,27 (9.108)

< 275[Q(n, 20, B Vo' = 2"]) + 0 la’ — @ |0 a0

< 270(Q(n, e0, i, 2’ — ") + i — |~ a0 (9.100)

; Bit+1 2y—Bit1—€1) . —~
Claim: Q(n,eo, Bi,r) < 2ay™ (rV ay Voay) if 0 <r <20,(8).

We split the proofiinto several cases:
Case 1: \Ja, <1 < l,(8;) = aﬁi+551
In this case we only need the r in the claim and it is shown if we can show that

p=e0)(1=a/2)+27-1 .  Bit1+eo (9.110)

and

Pyt (1—eo)(1-a/2) < Pititeo—Biy (9.111)
Note that

(1-20)(1 - a/2) — 142y > 29— a/2 — 5 > 1( by (O.21)).

Therefore, (9.110) already follows (additionally using 5e; > 2¢p). For the other

i+5¢1 it suffices to show

inequality, by r < ap,
Bi(1—~)4+2c0—Bi[y—14+(1—e0)(1 —a/2)] —ber[y—1+ (1 —e0)(1 —a/2)] <0.
This already holds, when

Bi(2y —1— /2 +eo(1 —a/2)) — 2e0 + be1(y — a/2) > 0.

And this holds since o < 2(2y—1) and 2¢p < 5e1. So, we are done with the first case.

200 g _
Case 2. a’g('y Bit+1 51) S r< ﬁan.
In this situation:

Q(na €0, 5’i7 7’) = a;EOT(liso)(lia/Q) [azb + Q;YLB’LT’Y].
We need to show things for both summands. First,

7n(l—go)(l—a/Q)a;};—&g < ragi“
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is true by the lower bound on r and the fact that g < £1(1 4+ %)~'. The second

summand satisfies
—€0,.(1—€0)(1—0/2) B3,y Bit1
an 07( )¢ / )a’n rt <rap”,

since

Tv—oz/Q—ao(l—a/2) < /—'yan —a/2—eg
< /*anl—7+580 < agi(l—’y)azfo’

by 3eg <e1 < 3(2y—1-—9).

2B
Case 3: r < ag (r=firr—er)

This follows from montonicity in r and the fact that Case 2 is not based on a
vacuous condition. This is not the case since

2 2, 1. _a/2 1

(v=Biri—er) 2 —(y=35) >~ =3

«
Hence, the claim is shown.

Next consider the other term in (9.109) to finish the proof. In the case r > a,
we have:

T,lfsoagﬂrsl(lf'y)fao (agi-rl,r)fl _ r*50a52€0+81(1*’7)

< a;350+51(177) < 1’

since g9 < 1_%51. So, for any 7 > 0 (when using the previous estimate with (rV a;,)

in place of r):

rlfeoagﬂrsl(lf'y)fso < a£i+1(r Vi an)

2(~n_ B, —
< aglﬂ(r\/aﬁ‘(’y Bi+1—¢€1) V ap).

Putting things together we get the statement of the lemma. O

Lemma 9.5.9. If0<s < Upy and x € J,o(s), then
lu(s, ) —u(s,2’)| < (Van V |z —2'|)17%0 if  such that |z' — x| < 27, (9.112)

and

fu(s, )] < 3(v/an)' = if |2/ — 2| < . (9.113)

This lemma just has the same proof as Lemma 6.8 in [MP11], so we omit it.
Proof of Proposition [9.2.2
The compactness of .J,, ;(s) follows from the continuity of all the functions involved
and the inclusion J,, ;(s) C Jy.(s) follows from Lemmas|9.5.7,[9.5.8/ and [9.5.9, O
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9.6. Proof of Proposition [9.4.16|

Using the stochastic Fubini Formula we obtain
(s=0)*
Gs(s,t,x) = / / Prvs—r(x — 2)D(r, 2) W (dr dz).
Ra J0

We have

|Gs(s,t,z) — Gs(s', U, 2')| <|Gs(s,t,z) — Gs(s, t, )| + |Gs(s, t,2) — Gs(s, t',2")]|
+|Gs(s,t',2") — Gs(s', ¢, 2)]. (9.114)

Hence, we define the following square functions for ¢, j € {1,2}:

oy (s—=o)*
Qz)’g’(sm(s, tyw,t,x') = / dr/ dw/ dz
0 Ai(r,t) Aj (r,t)
|(pt—r(w - x/) - pt—r(w o x))(pt—r(z - xl) - pt—r(z - l‘))|

R376R1(|w|+|z‘)|u(r, w)||u(r, z)|7

(lw = 27% + 1),

" (—5)"
)’({57770(3,15,3:’,5,3:'):/0 d?“/A( t)dw/A( t)dz
iT‘7, jrvl

(P —r(w = 2") = pry(w — ) (P11 (2 — 2") = Pty (2 — 7))

RY P11 |y () ) [ uu(r, 2)]

(9.115)

(jw— == +1)
(9.116)
and
5 (svs'—8)t
QRso(s, st ") :/ dr/ dw/ dz (Jlw—z|7% 4+ 1)
(sns'—=8)*t R4 R4
pe—r(w — 2 )py (2 — a')| R P D () [ fur, 2)[7.
(9.117)

The sum of these estimates of square functions is denoted by

2
QY = Z (Qz)’g’am(s, tyw, t,x') + QZ)’(],MO (s,t,2’,t',2")) + Qs.s(s, 8, ', 7).
ij=1
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All of the proofs are similar to the ones in Chapter [0.4] First, we present some
analogues of the bounds on the heat kernels.

Lemma 9.6.1. There is a positive constant C > 0, such that for 0 < t < t/,
w,v € R? the following holds:

(a) Setting v := 0 and 0; :== v;—1 +vie;, 1 < i < q, where e; is the i-th unit vector
in RY, we have for the spatial differences

4 rlvil
1 A~
Ipe(w +v) — p(w)| < Ct™2 g / dri par(w + Vi—1 + 1i€5). (9.118)
=170

(b) We obtain for the time differences
1 1
|pe(w) = py(w)| < CJt = t'[272 (py(w) + pav (w)). (9.119)

And as in Lemma [9.3.4] we can derive:

Lemma 9.6.2. There is a positive constant C = C(«,q) < oo such that for any
r, 7 eRI, 0<t <t

[ [ 1= = etz = ) = poz = D] =21+ 1)
|x—x’|2—|—|t—t’>

< Ct? (1 A -

(9.120)

Both of these lemmas can also be found in a slightly different way (the temporal
exponents differ) in Lemma 5.3 of [MPS06], so we omit their proof here.

Lemma 9.6.3. Let R > 2 andng € (1/R,1/2). Then there is a constant C = C(n)
such that for y,7 € RY and 0 <t < t':

(a) L{|g| > t"V/2=m0 v 2]y — §|} [pe(y)| < Cexp(—15t21)par(y).
(b) L{|g| >t/ v 2]y — G} [pe(y)| < 29C exp(—t210)psy(5).

The proof of this lemma is almost the same as the proof of Lemma [9.3.5| and we
omit it.
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Lemma 9.6.4. For all R > 2, there is a constant C = C(K, R) such that for all
0<p,r<Rym,me(1/R,1/2),0<s<t<t' <Randzx,2 €[-K,K|:

/ / w = 2P|z — 2P (p—s(w — @) = py—s(w — &) (pr—s(2 — 7) = pr—s(z — 2'))
R4 JRa
X fjw —z| > (t' — 5)Y/270 v 2|z — 2|}
x elv=altrlz=al () — 217 4 1) dw dz
z—a' 2+t —1
t—s

<Ot —5) ™2 exp(—n(t' — )72 /64)[1 A (| )/

(9.121)
This lemma can be proven in the same way as Lemma |9.3.7]

Lemma 9.6.5. For all K € N2K1| R > 2 there ewist qugm(K, R), Nogm(K,w)
almost surely such that

Vno,m € (1/R,1/2), 6 € (0,1], B € [0,1/2], N,n € N, (t,z) € Ry xR? the following
holds for i+ 7 > 3:
Forw € {(t,) € Z(N,n, K, 8), N > Nz}
Q5o (5,1, 2,1 2') < a2 N[ (d A V6)2 /26X (d A 1)DY 4 a2
Vo< s<t<t a2 eRY,
(9.122)
where d = d((t,x), (t',2")).
This lemma has almost the same proof as Lemma
Lemma 9.6.6. For all K € N2Ki| R > 2 there exist qugm(K, R), Noga(K,w)
almost surely such that ¥no,m € (1/R,1/2), § € (0,1], p € [0,1/2], N,n € N,
(t,z) € Ry x R? the following holds for i+ j > 3:
Forw € {(t,x) € Z(N,n, K, ), N > Ngzgg}
Qg (52"t 2') < o M|t — o[ | — o260 (o A 1))
V0 <s<t a2z €RY
(9.123)

This lemma has almost the same proof as Lemma, The next lemma gets
endowed with a proof, as an example for the one of the proofs, but also for some
technical differences to Lemma [Q.4.71

Lemma 9.6.7. Let 0 < m < m + 1 and assume that (P,,) holds. For all K €
N2Ki R > 2, n €N, g€ 0,1/2], ¢ € (0,1), there exist qpn(K,R) and



162 Pathwise Uniqueness

Nggz(m,n, R, 0, K, B)(w) € N almost surely such that
Vm € (1/R,1/2), no € (0,m/32), § € [an,1], N €N, (t,z) € Ry xR? the following
holds.

Forw € {(t,z) € Z(N,n, K, 8), N > Ngzz)
Qk’lé 0 (37t7 €, t/7 x,) < [a;%o + 24]\m] [d2—n1/2
+ 22RO+l )
Vo<s<t<t az eRY
(9.124)
Heredy = |z—2'|+Vt —tv2~N and Sy = 6Vd3,. Moreover, Ngz is stochastically
bounded uniformly in (n, 3).

Proof. Let £ =1 — (8R)™! € (15/16,1) and set Ngg = N1(m,n,&, &0, K, 3). We
can assume that s > ¢ and therefore, we have always d((r,w), (t,x)) > /a, in the
integral. A use of Lemma and the bound on |w — x|, |z — x| respectively, gives

s—48
Qﬁélén (s,t,z,t,2") < C{m/ dr/ dw/ dz
o 0 Ra R

(pt—r(w - (E/) - pt—r(w - x))(pt—r(z - ‘73/) - pt—r(z - 37))
RS’YG4R1K€4’7K
27NV (¢t —r)YV2 4 (¢ — )20y 20z — 2 |)] 26
{27V ((t =)+ =)oy 200 — /)Pt 4 af}
(lw—z|7*+1).

Let v/ = (1 — 2n9) and observe the trivial inequalities

t—r < KW/2(t —p)l/2m0, (9.125)
= o/| < @)Kz — o/ [1-2m,
Then, Lemma allows the following bound

|z — a'|?
N1

s—0
QX (ot ta”) < g () [ dr (6= ) /21 ]
” 0

272N (b =) v |z — 2P
[2—N’Y,(’Ym—1) V(t— T)'Y,('Ym_l) V |z — x/|27(7m—1) + a%ﬁv]_

t—r

Using
272NV (b =) Ve — )P <27 Vg — 2P+ (t—1)

<200y v (t—r)],
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we can bound the above by

5—6 — 22 / ’
Qs t000') < Cergen () [ ar ¢ =P B ye v - )
) 0

277"*1[(&?\, Vv (t— T))’Y'(’mel) + aiﬂv]

t—r

s—6 2
< Cizzea(K) /0 dr it —r > Bt — )2 T

t—r

]
[(t — T)v’(vm—l) + aff”]
r—a'|?

+ gage(K) /S_(S dri{t —r < @V}(t — r)_o‘/z[l A |
0
[y Y a7
= Gozgez(K) (11 + I2). (9.126)

We start with an estimate on [1. If r<s—4dand ¢t —7r > J?V, then

a2'¢
t—r ] N

r<t—dxyANs—0<t—diAt—06=1t—0dn. (9.127)

Use that to start with

t_SN ! ’ — / 2
Il < / dr (t _ T.)—Ot/?-i-’)’ E+y (’Ym—l)[l A u]
0

t—r

2
+ (t _ T)—a/2+’yl§[1 A w]a%ﬂ’y'

We want to drop the minimum with 1 to consider

¢
/ / ’
|z — ' / du ™20/ 2 (=) g =20/ 249'€ 28

ON
and then face three cases for the exponents: < —1,= —1,> —1. In the first and
third case use the following inequality for p € (—=1,1),p #0,0 < a < b:
b 1
/ uPl du = W|ap — bP| <log(b/a)(a? + bP). (9.128)
p
a

This is true, since 1 —z < —logx, for x > 0 with = (b/a)P or x = (a/b)P.

In the —1-case the integral is bounded by log K + log(1/dy). Hence, using that
t < K (therefore tOV(-1-2/247¢+7'(m=1) < K1) in any of the cases there is a
constant ¢(K) such that :

I < Ko — o' Plog (K /5x) (8 ©/2H7 60 m=In0 . §La/23700026y),
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The log-term is bounded by ¢(K, R)|z — 2/| /2 using Lemma m
Moreover, by Lemma 4.1(b) in [MP11] we bound

I < c(o)|z — ' A(je — o [P v 8) 72y S[dy O + 2], (9.129)
Therefore, we can bound Qﬁé,lé,no (s, t,z,t,2’) by

azzcs(K, R)[|z — x’|2*771/2(5](\]—01/2+'y’(7m+§—1))/\0 n Sz(v_a/z—wlg/\o)a?{%)
+ (O A o — a2 [y Y 4 a2

Now we can replace £ = 1 — (8R)™! by 1 and 7/ = v(1 — 2n) by 7 at the cost of
multiplying by d—"/2 > 5;,7”/ % This is true, since

&y =~(1=2m0)(1 — (8R)™") = v(1 — n1/4), hence &' — v > —ym1 /4 > —n1 /4

and
. 1
Y (Ym + &= 1) = v(1 = 210) (Vm — @)x
> (1= Dy — —2) (by 7 > 3210)
> 16) (vm = g) (by 1 = 32mo
S oy m
29 m = Vgp T 1 Img
1 m
> 9N
> =~ 55~ 216
Zwm—%—%(bym>R_l)
ZPYPYm_%-
Use

Y¥m — /2>y —a/2>1—~5>0
to put all things together to
QS (5,2, 1, ") < agaes (K, R)[Ja — /P2
+ (VoA o =PRI R + d e
O

Lemma 9.6.8. Let 0 < m < m + 1 and assume that (P,,) holds. For all K €
N2Ki R > 2, n e N, g e [01/2], ¢ € (0,1), there exist qrg(K,R) and
Nggz(m,n, R,e0, K, B)(w) € N almost surely such that
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Vi € (1/R,1/2), no € (0,1m1/32), 6 € [an, 1], N € N, (t,x) € Ry x RY the following
holds.
For w € {(t,z) € Z(N,n,K,3), N > Ngzz}
Q%’l&m(s,t,m’,t’,x’) < quggla; 20 + 24MNemm
[jt — ¢/ (9.130)
e [ A e e Sl |

V0o < s <tz eRl

Heredy = |z—a'|+Vt —tv2™ and dy = 6Vd3,. Moreover, Nggz is stochastically
bounded uniformly in (n, ).

For this lemma, the proof would just be the same as Lemma [0.4.8 using some
ideas of the proof just before. And finally, we state a lemma about the distance in
the s-variable:

Lemma 9.6.9. Let 0 < m < m + 1 and assume that (P,,) holds. For all K €
N2Kr R > 2 n e N, B e[0,1/2], eo € (0,1), there evist qga(K,R,v) and
Nggg(m,n, R,e0, K, 8)(w) € N almost surely such that ¥Ym € (1/R,1/2), § €
[an, 1], N € N, (t,x) € Ry x R? the following holds.

For w e{(t,x) € Z(N,n,K,3), N > Ngga}
Qs,5m(5, 8,1, 2") < qgmlay, > + 2N |/ — s]5=/2
{|s" —s|™M2[(|t' —t| v (t—s)V (' — &) Vv E)m
+a ([ =tV (t—s)V (' =) V)]
Ay i dy)

V0 < s <tz €RY

(9.131)

Here dy = (|t — V|2 + |z — 2'|) V2~V and én = 6V d%. Moreover, Ngzg is
stochastically bounded uniformly in (n, ).

Proof. Choose ¢ =1 — (2yR)™1.
Choose Nggm = N1(m,n, &, e0, K, ). Ttisforr < sVs' —6: \/a, < Vo <5 —1 <
v/t —r, thus
2NV (=) Pt lw—z)) <27V Vie—2|+{# — )+ |w—2|
<B4+t =) 4w -2
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This bound, Lemmas [9.6.2] [0.4.3] and [9.3.6] give:

Qs.smo(s,8,t,2') < co(K, R)[a, > + 2457

(svs'—8)t
/ dr (¢ =)=+ (= )y 4 (= O el
(sns'=6)*t

< deo(K, R)[ay, >0 + 24NE8T){

(svs'=d)t
/ ]l{’l" < ¢ J?V}(t/ o T,)—Oé/2+§7[(t/ _ T)’y(’ym—l) + aiﬁ'y] dr
(sns'=6)+

(svs'—d8)t
o = U = R B+ )
(sns'—é)*t

= C(Jl + Jg).
Both integrals are bounded by integral length times the maximal integrand:

Ty < |8 = s|[(t' — (s — 6"y mtE D=2 L 2BV (s - 5)T)Ee (9.132)
Jo < |8 — s|(t' — (5 — 6)) "2 [d Y 4 0267, (9.133)

Observe the following estimates

t'=GE=80)") >~ —-0)T) >0,
(' = (s=08)F)*? <2,
' —(s=0)T <[ —t|+((t—s)Vv({ —5))+6,
(t' — (s —8)T)Im=/2 < Rg=2(|¢ — 4|V (t—s)V (' —s')V§)Tm
di[v(éfl) _ (TN v d)fl/R < 2Nm’
| —s| =[5 —s| <|t' —s| <|t' = (s = 0)T],
(# = (5= o)) E D < (' = (5-0)") T < |5 — 5|7 < (| — 5| A1) T2,
With these estimates one can easily obtain:
QV5757,70(8, st ) < e (K, R)[a,:ko + 241\1939”3/ — 3\570‘/2
{Is' = s| "2t —t| v (t —s) V (' — &)V §)1Im
F a2V =tV (t—s)V (' — &)V )T 4 2Nmse/2 (g OmTh) 267y
OJ

Notation: d((s,t,z),(s',t,2')) == |s — &'|"/2 + |t — t/|'/0 4 |& — 2/ |}/3.
The definition of this metric seems rather strange. The reason for doing so is that
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we only need a result for |t — /| + | — 2/| very small (equal 0, in fact). The reader
may already have noticed that however, without the derivatives on the heat kernels,
the local bounds get better in the exponent by +1. Nevertheless, in Lemma [9.4.7
there is a A0 which allows us not to be better than d? ~ |z — 2/|?. So the only way
to get better there is to punish large distances in d = ]a: — 2/|. By setting d~ d/3,
we have in Lemma (the analogue of Lemma

d2 = /3 42/3 < A3 m/3 — d(dwm)_

Remark 9.6.10. There is a subtle point why we did not prescribe (j + £)276¢ —

(i + €)272 < 272 instead of < 272N, The reason is that 27¢ ~ d is the asymp-
totics only for the first factor. The expression in brackets is governed by the 2=V
expression, which is determined by the Z(N,n, K, ) expression, i.e. the distance

d((tv l’), (f(]a i'(]))
Next, define

Ay (myn, A e0,27N) = a0, [(ay? v 2Ny m o al (ap? v 2 N)]

with Ay, (..., 27V¥+) < 2A,,(...,27N). Then, we put together the various esti-
mates on the quadratic variations for Gy:

Corollary 9.6.11. Let 0 < m < m + 1 and assume that (P,,) holds. For all
KeNKi R >2necN,Bel0,1/2, g € (0,1), there exist qgn(K, R),
Nggrn(m, n, R, €0, K, f)(w) € N almost surely such that

vm € (1/R,1/2), no € (1/R,m/32) § € [an,1], N € N, (t,z) € Ry x R? and
d=d((s,t,z),(s,t',2") <27N, |t —s| V[t — &'| <272V the following holds:

For w e{(t,z) € Z(N,n, K, ), N > Ngz1o}
Qlot(s,t,x, s, ', 2') < quzm(a; 2 + 24NEwIm) 2 5m 5—o/2
(A% )Wm + a2 (5 v 27N
Vo<s<t<t 2z ecRL

(9.134)

Moreover, Ngg17 is stochastically bounded uniformly in (n,f3).

Proof. The proof simply consists of putting together the last lemmas. Let Mgg1y =
MNggmV MNogg VvV MogV Nogg VvV Mggg, which is then clearly uniformly bounded in
(n,3) and

co = quam(ay, > + 2" M) = (qupyV qoEg V qrem V arss Y g (a;, 20 + 24N,
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Then, we get for d = d((s,t, ), (s',t/,2')) < 27V:

d=d((t,z), (', z)) <273V
dy =27V
lt—t'|V(t—s)V({t —s) <27V ya2N —9=2N
d* < 974N < 972N

(d—%m + 2N771) < (d’—%m +d—n1) <2d-
and thus,

QY (s, t,x,s' ', 2") < 3co{(d® A \[5)2_”1/2(5_0‘/2@3 AP + do—3m

S d0Em 4 JOm2m g2 2N Im 4 2879 -2N ]

+ |8 = 5|\ T2 ([ —t| v (t—s) V (' —§') V)

+ a2 (|t —t|v(t—s) V(' —5)Vi)

+ |8 = sj2Nmame a4 a2,

< 3co{d267/2(27 2N 4 ¢287)(d2m 4 2Nm)
+d2mamsme 2 [adh 4 (272N v 5V Im 4 q287(272N v )]

< Good2™am §—o/2 (272N Ym 4 ¢287)

+ @2 Em e ANTL (972N gy g q207(272N v 6)]

< 9cod> 2§ 2[(27N v V)2 4 6287 (27N v V/5)2Y).

O]

Finally, we can do the proof of Proposition just in the same way as Propo-
sition

Proof of Proposition Let R =331, ',n0 € (R™*,11/32) and consider
the case s <t in the beginning only. Set

d=/|s' —s| + | —2|'/3 + |t — t'|}/S.
By Corollary 9.6.11| for (¢,z) € Z(N,n, K, ), N > Ngg1y it holds that:

Vt(;t S, tu xz, Sl? t/7 wl 1/2 S J9.6.11] a*SO + 22]\m d771/8d177171/8 Au m,n, >‘7 €0, 27N
ay, - n 1

Vs <t <t s <t <Tkg,|o|<K+2,
(9.135)
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if d((s,t,z),(s',t,2')) < 27N and |t' — &'| V |t — 5| < 272V,
Choose N3 = %[]\W—i— N4(K,m1)] 4 c5(q), where Ny is chosen in such a way that
(g +2)29F3¢; (K, m)[a, 0 + 22NomImo—mNe/8 < o) (K, ) [ay, =0 + 22Nowmm)o—4NoaTm—4Ns

;a—502—102
i.e. Ny = Ny(an,e0, Nogam, c1(K,m)) and hence N3 = N3(n, e, Mog1m, K,m1). Set
A(m,n,dy) = (g +2)277%) " 1a, 027107, (m, 0, A e0,27 )
and let N’ € N such that d < 2=V, Then it holds on
{w : (t,ﬂ?) € Z(N,TL,K+ 17/8)7N Z N37N/ Z N3}

that )
Z%t(s,t,x, 3’,t’,x')1/2 < d1*(7’71/8)2*2A(m, n,dy).
Remembering the decomposition of G in (9.114)) into the sum of three martingales
and applying the Dubins-Schwarz-Theorem (Theorem [3.2.8)), we can write as long
as s <t<t s <t andd<2V:
]P)HGa;\l (s,t,x) — Gaﬁ; (S,a t,7 CB,)| > d((s,t, ZL‘)(S/, tla x/))l_nlA(ma n, JN)
(t,.’lf) € Z(N,H,K+ 17/8)7NI/\N > N37t/ < TK]

< 3P sup |B(u)| > d'"" A(m,n,dy)/3]
u<d?>= T/ (A(m,n,dy)/4)?

< 3P[sup|B(u)| > d "/¥)
u<l

<c [ el dy
d-m/8
< coexp(—d M/ /2), (9.136)

where we used the Reflection Principle in the second last inequality.
Next, apply Lemma [9.8.1) where we should make clear what the parameters are.
We take

an=q¢=1q¢=qr=3E=R: xR

q=q+2,v1 =v2 =2,v3 =109 =1,

f = (m,n,\ B),S =N?x[0,1/2] x (0,1),

Y(N,K,n) = Z(N,n,K,B),Y(N)={0} x {0 <t < Tk} x R,
s=1,a1=1,A(1,27N) = A(m,n, 27V, k1 = 2, ¢(on) < 4, =11,
Ya(y) = G (s,t, ) with y = (s,t,z), No(n, K, 7) = N3.
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Note that the Ny is uniformly bounded in 7 = (n, A, 8). By Lemma we know
there exists a Ngzg stochastically bounded uniformly in (n, 3, \), for which we
obtain for s <t <t ¢ <t (t,x) € Z(N,n,K,B),N > Ngzs, |t — s| V |t — §'| <
272N and d < 27N that
|Gaé(s,t,x) — G (s', ¢, 2")| < 2%(q + 2)d "™ A(m,n,dy)
< 27BdmA, (myn, N g0, 27N).

9.7. Proof of Proposition [9.4.18|

In this chapter we consider spatial and temporal distances of ug (¢, ). We will
always assume that 0 <t < ¢.

lug5(t', ") — ug5(t, )|
t/

= | /th’—s(y — 2 )u(s, y)W(ds dy) — /ta /Rq pi—s(y — z)u(s,y)W(ds dy)|

t—

R
/m (') /qut Sy — 2)u(s, y)W(ds dy)|

/ By /Rq pe—s(y — " )u(s,y)W(ds dy)|

Pt < 5}|/(t/ 6 +/]Rq(pt,_s(y—a;') = pea(y — 2))u(s, y)W (ds dy)|.

Therefore, it seems reasonable to introduce the following square functions

NG
Oras(tst', ) = /' /(/zmAw—wmpAz—@
-8+ JRra JRa

2v 231(\w\+IZ\),u(5’ w) | u(s, 2)|"(Jlw — 2z|7% 4+ 1) dwdz ds,

QT25 (¢, t',2") / / / py—s(w — 2" )py_(z — 2')
'—§)tvt JRT JRe

RV ARy (5, w0) Vs, 2) [ (Jw — 2|7 4 1) dw dz ds,
t
QX(S (t,z,t',2") = 1{t' —t < &} ds/ dw/ dz
o -5+ JA(s0) A (s,0)
(P —s(w — 2') — pr—s(w — 2)) (pr—s(z — ") — pr—s(z — x))|

2D R0y, )|V u(s, 2)[ (Jw — 2|~ + 1) ds,
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for i,j = 1,2. Remember the definition of A4;(¢,#) in Chapter

Lemma 9.7.1. For all N € N2X1 R > 2, there is qgzq(K, R) and a Ngrg almost
surely such that ¥mo,m € (1/R,a/4), 6 € (0,1], N,n € N, g € [0,1/2], (t,x) €
Ry xR? and v+ j > 3 it holds on the set

{w: (t,z) € Z(N,n,K,B), N > Ngrn} that:
QY 5 (b2, 1, 2") < qrrn(K, R)2MEZ(d A VG)? 57012
forall0<t<t <K, |2|<K+1,

where d = d((t,z), (t',2)).

Proof. We just do the i = 2 case. Compare the proof of Lemma
Let d = d((t,x), (t',2")), £ = 3/4 and Ngzq = N3/4(K) of Theorem 4.1 in [MPS06].
Without loss of generality ¢ —t < 4. With Lemma and the help of Lemma

0.6.4) we get

. t
Q%é,no(tax;t/,ml) S CM/ / / ]1{‘11] _m‘ > ( )1/2—770 \/2’1. _ xl‘}
(t'—46 Re JRa
(Pe—s(w = @) = prs(w —w)) pes(z— ) —pr_s(z — ')
2R (Jw|+]z])+w—z|+|z— q;|(2 NV\/i—i—\w |)37/4R(2)7

e
Q@ NVVE=s+ |z — )P/
(lw—2|"*+1)dwdzds

t 2

< e1(K, R)Cirry ds(t — )7 exp(— I (¢ — 5)"2m)[1 A L om/4
(t'—8)+ t—s
t d2

< (K, R)Ggzz ds(t —s)” a/2 exp(— 128 5 (t— 3)_2770)[1 N m]l_mﬂl
(t'—o6)* -

t 2
+a (K7 R)qm dS(t — 8) a/2 exp( 128 (t’ _ t)*QTIO)[l A tdi]lfm/ll
(t'=0)* -5

t 2
< CQ(K, R)CM/ ds(t N 8)2—a/2[1 A L]l—n1/4
(t'—5)+ t—s

t

d2
+ ¢2(K, R) G|t —t|2/ ds(t — s)72[1 A ——]'m/4,
(t'—8)+ t—s

Next, use Lemma 4.1 (a) and (b) of [MPI11] and the facts that |t/ —¢| < ¢ and
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2a — 1 > 0 to obtain:

Qs (&2, t,2') < es(K, R)Cia(d?® A 6)'—m/Ag2 /2 /4

+ c3(K, R)Ciggd® (d? A 6)' /2
< (K, R)Cigm(d® A 6)' /267702,

Let
Rgxm(v) = —- (9.137)

Lemma 9.7.2. Let 0 < m < m + 1 and assume that (Py,,) holds. For any K €
NZK1 R > Rgrgn, n €N, g9 € (0,1) and 8 € [0,1/2] there is a and a Ngg €
N almost surely such that for anym € (1/R,1/2(2—a)), no € (0, (1A (2—a))n1/32),
d € [an,1], N € N and (t,z) € Ry x R?, on

{w: (t,z) € Z(N,n,K,B), N > Ng} that:
Q;}&no(t,x,t',x') <
qrra(d A V) B =m/2) (=N D) [(Van V2NV d)>m=1) 4 267
+ (d A8y TR (10D - aB(vE — a/2) 7]
for0<t<t <K+1,|2'|<K+1,

where d = d((t,z), (t',2")). Moreover, Ngzz is stochastically bounded uniformly in
n7 A? IB'

Proof. Let £ = (1 — £7) V 25 (1 — 25%) 7" € (3/4,1). Set o' = (1 — 2no).
By Lemma and Lemma [9.6.1
A1,1 / ! 2 d
Q)é,émo (tv x,t,w ) < Cmcl(K)]l{t’—tgd} )+ ds (t - 5)_a/ [1 A t— s
t— -
(27N v @l =2 4 (t — 5)1/2m0)2E

[((Van V2N v d=m0) 4 (t — 5)1/2710)20(im=1) 4 ;257]

]

Now, there are three cases to consider

(t —s) /270 < 97Ny @20 (1 — )12 > gy 27N v @i
and 27N v a7 < (¢ — s)V/20 <\ Jan v 27N v gl
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Note that since 19 < 71/32 < (2 — «)/64 and the definition of £ we obtain for a
certain c(a) > 0:

2a (1- 2 -«
2+« 31

2y(1 = 2m0)€ > (1+ §)(1 - *5*) )

=a+c(a) > a.

This tells us that always 7§ — /2 > ¢(«) > 0 and additionally, v, — 1 > 0 allows
us to use (4.2) and (4.1) (twice) of [MP11]:

QA;’{;J]O (t,x,t7x/) < CMCQ(OC, K, R1>1{t/—t§6}{(2_N V. d1—2770)2’)/f
t d2
(e ) e / ds (t = s)"*/*[L A
(t'—6)t t—s

]

t 2
+ / ds ((t — s) /2 Om=148) (¢ — §)=/247'€4207)[1 A d ]
(t'—=&)+ t—s

+[a0m D) 4 28 / L st s p L
(t'—8)+ t—s
< Gozges (o, K, Rl i<sy
{@ NV ay? e (Van v 2N v d)y? Om=l 4 a287)(d? A (t =t + 5)) 1/
+2¢(e) "N (d? A 5)5—a/2+v’('vm+5—1) +2¢(a) 1 (d2 A 5)5—a/2+7/gaiﬁ~,

1 2e(a) 7N (d? A §)5/2HE(a70m Y 1 a27)).

I}

As 1> 6 > a,, we see that the last summand is bounded by the ones just before.
Additionally,

<d2/\6)1—a/2
= (dAV8)Z=U=m/2) (g A \/§)EmIm/A(g p /5)ZmeIm/4 (9.138)
< (dAVE) = A=m/2) (g 9= NYCehm/A( gy 9= Ny g)E=em/4,

and

(d® A 5)5-&/2+w/(vm+£—1) < (d® A )12 §—0/2HY (rm+E=D)+m /2 414

(d2 A §)6™/2HE < (g2 A §)Lm/2 /247 Em /2, (9.139)

Therefore,
Q_lxl,l&no (t7 €, tv x,) <
Cies (KO {(d A V/8) 2= (=m/2) (9=N /) 27'&+(2—a)m /4

[(\/%\/ 9—N V. d)Q'y’(’Ym—l)+(2—a)n1/4 + aiﬁy]
+ (d* A 5)1—771/26—a/2+w§+n1/2(57/(%1—1) n aff”)}.
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Now, we have to do some estimates to get rid of 79: Since £ > 1—(2—a)(16Ry)~! >
1—(2—a)ni(167)~! and 32v£ny < 71(2 — ) we have

VE> —15(2—a)m + v > —§(2 — ) + 29€no + 7, thus
29€(1 = 2m0) + 42 — @) > 2.

Secondly,

(1= 2m0)21(%m — 1) + m/4 > 29(30 — 1), since
2v(ym —1)2m0 <2-1-1-2m9 < m /4.
Thirdly, by € > 1 —n1(2 — a)(167)~! > 1 — n1(8y)~! we have
—2n1/8+m/2+v(§ —1) >0, therefore
—4no+mn1/2+ (1 —n1/16)y(§ — 1) > 0, and hence
—4no +m/2+ (1= 2m0)y(§ = 1) +¥ym > ¥ym, and hence
(1 =210)7(Ym — 1+ &) +m/2 = vym (9.140)

and similarly as the first inequality
(1= 2m0)vE +m/2 = .
Use these estimates to complete the proof:
Qs (b2t 2) < qra(d A V)= 2 (97N y @)
[(\/an V =Ny d)2’Y(7m_1) + a%ﬁ*Y(m voNy d)m/Q]
+ (d* A 5)1*n1/257a/2+7(5v(vm71) + a2B7).
O

Lemma 9.7.3. Let 0 < m < m + 1 and assume that (P,,) holds. For any K €
NZK1 R>2 neN,¢g e (0,1) and B € [0,1/2] there is a gy and a Ngrg € N
almost surely such that for any m € (1/R,1/2), 0 € [an,1], N € N and (t,z) €
R4+ x RY, on

{w: (t,x) € Z(N,n,K,B), N > Ngzz} that: (9.141)
QT7175(t,t’,:n) < C{m(w)(cﬁ\?(a%ﬁ“/ + de,J(\?mil))(W —t[A 5)(1—a/2)(1—n1/2)
+ ([t = t| A S) M2 (a2 5’Wm—04/2)).
and
Qras(t.t2') < Grra(w)ama(Vi — t AVE)E=mAa (@25 + &1 Y),

where dy =27V Vv d and Jn,N = /an, Vdy.
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Proof. Let £ = 1 — 2—“ and Ngzz(m,n, R,e0, K,3) = Ni(m,n,§,eo, K, ). For
w,t,t',z, 2" as in 1' by Lemma we get

t/
Qras(t ', a") < CMEJ(W)/ ds/ / pr—s(w — 2 )py—s(z — ')
t'— (6N (' —1)) Re JRe
2R1K+(R1+1)(|wfx’\+|zfx’|)+2(R1+1)(2K+1)R3"/
(2~ N\/|m—x|+\/ — 5+ |w—2'|)¢
@V |z — 2|+ V= s+ ]z -2 |)¢
(Van V2N Ve —a'| + VI — s+ |w—a'])Y 0D 4 o)
(Van V2N Ve =2/ | + VI — s+ |z — 2'|)) 0D 1 a7
(lw—2|"*+1)dwd=.

Next, use the inequality (a + b)P < ¢(p)(a? + bP) for a,b,p > 0 and apply Lemma
5.1 of [MPS06] and our Lemma

tl
Qras(t,t',2") < Gozz(w)ei(K) ds(t' — 5)~*/
t—(SA(t'—t))
(7Y V |z —a2') + 4t — 5)°)
{0277 + 2007 ](Van v 2NV [z — 2/ [)70m D oot — 5)7/20m )]
+ (Van V2N V]z — 2/)20m =D p gt — 5 OmDY,
Now, use that for y,13/,2 € Ry:
22y +y) iy <3G+ (y+y)?)

and the fact that ¢ — s < t' — ¢ under the integral to obtain

tl
Qras(t. ') < 1920gma()ady (@ + 20 [ as(t' = 5)~/*
’ (SA(t'—t))

< Gza(w)ea (K, a)dy* (a7 + d I T @ At — o) =2
< C(w)es ?7§+(2 a)m/2( 26y 4 g ?7 Ym—1) )(f/\ \/7) (2—a)(1-m/2)
< qm(w)cz(f AT =) 1—’“/2%?? (@ +dm ),

where the last inequality is true since

Ui

2-a)p +NE=2y+2y(E -1+ (2 —a)F 22y,

by the choice of ¢ and n; > R™L.
Next we have to deal with Q7,15. Assume that w,t,t',z,2’ are as in (9.141]) and
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w.l.o.g it is ¢ > §, since otherwise there is nothing to show. Then, we can again
use Lemma and do the same steps as above

. tA(t'—8)
Ors(t, ) < Caalw / ds / / Pres(w — D)pe_s(z — )
q q

t—8)+
2R EK+(Ri+1) (Jw—a|+[z—a|) +4K ( R1+1)R2fy
QN+ Vi—s+w—2z) QN+ Vi—s+|z—z|)¢
[(an V2N 4 VE=s + |w—2])70m ) 4 0]
[(Van v 2N+ Vi=s 4|z —a)10mY + o]
(jw— 2|~ + 1)dw dz
tA(t'—6)

< Gozz(w)es /(t5)+ ds (t — s)~/2 (27 N)2€ L 4(t — s)¢

[a207 + aP72((an v 27 N)0m=1) o — 5)7/20m=1))
+ (Van V27N 2 0m=) g — 5)70m =],
This leads to the following bound
. tA(t' —6)
Qrasltto) < Cpmaes | ds(t =572
(t=0)*

(272N 4 (£ — $)79)(a2P7 + (Van, v 27N 0m =) (¢ — 57 (Om=1)),
Note that —a/2+ ¢ > 0 by the choice of £ and the restriction (9.137)) on R. Now,
we split up in three cases

(i) VEt—s <2V (ii) VI—s>Ja, V2V
(i31) 27N <Vt —s < ap v2V.

Therefore, we have to deal with different integrals for which we use either of the
following estimates:

tA(t' =)
/ (t — s)"%ds = c(a) (6 A |t — t])1 /2
(t—8)+

tA(t'—0)
/ (t— s)Pds < PG AL — 1)) (p>0).
(t=9)*
Then, we get
Qra1,5(t, 1, ) < Qgam(w)es (K){272V 4 (@3 + (van v 2 V)21 0m= Dy A e — t])1 =/
+ a2PV 5 (| — ] A §) 4 §YOmAETD 2 ([ g A )
(a2P7 4 a)Om=D§E=/2(1 — 4] A 6)}.
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Since 1 > d > ay, the last line is bounded by the two lines just before. Using the
definitions of dy and Jn, N gives
Qras(tt',x) < Cza(w)es(K) (dy ™2 @3 + g —Y)
((5 A |t, o t|)(1—a/2)(1—n1/2)
+ (It =t A 5)1_”1/2(ai57675_°‘/2+’71/2 + 5v(vm+£—1)—a/2+m/2)).

Using the definition of £ and a > 0 gives
m

and
7(5—1)+(2—a)% > 0.

This gives the estimate
QT7175(t,t/,l') < Cm(w)cﬁ (d?\?(aiﬁ’y + di?](\;/m—l))((s A ‘t/ _ t|)(1—a/2)(1—771/2)
+ (|t =t/ A 5)1_’71/2(a31675”’_0‘/2 + 5’Y’Ym—a/2))‘

In the end set = c3 V cg to finish the proof. U

Proof of Propositon Let R =330 (1V((2—a)™Y),n0 € (R, (1A
(2 —a))n/32). Set
d=d((t,x), ', 2"))
(jN =dv2N
Jn,N = ai‘t/Z vV JN.

Let No = MgzqV Moz V Nozm and ¢1 (K, m) = qgrnV @z V grz By Lemmas
9.7.1119.7.2, 19.7.3| we get for (t,x) € Z(N,n, K, [3), N > N; that:

Quy o (2, ', )2 < ey (K, ) (a0 + 22M2) [0 7 0=/ (0 4 &)t

+ dlfnl/Qa’% (v—a/2) (a’%’}’('ym*l) + aﬁfy)]

n

(9.142)
for t <t and |2/| < K + 1. Therefore, define
Av(m,n,dy) =27 1%(q + 1) Pe(a) Lay o dy (a7 + D)
and

Ay—a/2) Ay —
A2(m’n’ )\) _ 2—100(q+ 1)—36((%)—1&{;80&%(7 /2)(a€"/(7 1) —|—aﬁ7).

n
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where ¢(a) = (1 — 2~(2=®)/%)~1 Note that the Ay does not even depend on dy.

Choose N3 = ﬁ[NQ + Ny(K,m) + 3(log(q + 1) — log ¢(a))(log 2) 1], where

Ny is chosen in such a way that

c(a)(q+ 1)3RYer (K, m)la, =0 + 22N2](27mNs/4\y g=m(2-a)Ns/8)
S R361 (K’ 7’]1) [a;é‘o —+ 22N2]2—4N2—4N4

< CL;EO 2—104,

ie. Ny = Ny(ap,e0, No,c1(K,n1)) and hence, N3 = N3(n,eq, No, K,71). Assume
that d < 27N. Then, it is true that on

{w:(t,z) € Z(N,n, K +1,8), N > Ny}

2—a

1 _
Qu ot ') /2 < J[d 2 A=21A; (m,n, dy) + d* 1 Ag(m, n, \)]

Vi <t < Ty, la’] < K +2.

Remembering the decomposition of the us s-difference at the beginning of this
chapter into the sum of 3 martingales and applying the Dubins-Schwarz-Theorem
(Theorem [3.2.8)), we can write as long as ¢ < ¢’ and d < 27:

]P)Hula,f‘l (t7 x) - u2,a3‘l (t/7q’./)’ > d%Ta(l_nl)Al(mv n')d_N) + dl_nlAQ(ma n, )\)
(t,CE) € Z(N’n7K+]-aB)aN,/\N > NSat, STK]

_M 2-a

< 3P[sup |B(u)| > (a4 Ad )]
u<l

<e / exp(—y?/2) dy
d

—(2—a)n /4

< coexp(—d=Z=Im/2 /9y, (9.143)

where we used the Reflection Principle in the next to last inequality.

In the case where ¢ < ¢ and d = d((t,z), (t',2')), observe that (¢',2') € Z(N —
1,n, K, 3). The same calculations as above apply for N — 1 > N3 instead of N So
choose N5 = N3 + 1.

Next apply Lemma [9.8.1] where we should make clear what the parameters are.
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Take

¢1=0,90=1,q3 =¢q,r =3, E ={0} x Ry xR,
qg=q+2,v1 =v2 =2,v3 =1,v9 = —00,

f = (m,n, A\, B),S =N? x[0,1/2] x (0,1),
Y(N,K,n)=Z(N,n,K,B3),Y(N)={0} x {0 <t <Tg} x R,
s=20 =2-0a)/2,az =1,A1(7,27) = Ay (m,n,27V),

Ao (7, 27N) = Ag(mym, \), by = 4, ko = 1,

clar, az) = e(a) = (1 =27 G~ — oy,

Ya(y) = ugqx (t,2) with y = (0,¢,2), No(n, K,n) = Ns.

Note, that the Np is uniformly bounded in 7 = (m,n, A, 3). Then, we obtain for
N > Ngz1g := Ni(n, K,n) and (t,z) € Z(N,n, K, B)(w), d = d((t,z), (',2)) <
27N and t <t/ < Tk:

‘u2,a% (t, l‘) — Uy g (t,, :L‘/)| §23(q + 1)43+log(’1+1)c(a)

(@25 0 Ay (m,m, ) + A Ag(m,m, V)]

Thus,

|u2,a% (t’ $) - u2,a% (t/v CC’)’ S 2_94((1(1_&/2)(1_”1)&1,112 + dl_mAZ,ug)-

9.8. Lemma 5.7 from [MP11] in ¢ dimensions

This section contains a result which is a result of Kolmogorov-Centsov type. A
similar result was given in Theorem 1.4.1 of [Kun90|, but it does not cover this
abstract situation here, since we want to make use of properties of random fields
which only hold on certain subsets 3 of the domain.

Let E C R% x --- x R = RY? be closed, where r € N,q; € Ng,i =1...,7,q1 < o
and for x € E write by obvious notation = (z1,...,2,). Define a metric on E as

1 1/vr
d(z,y) = |z — il + -+ e —yolly/ 2y € B

for certain v; € N,¢ = 1,...,r, but with v9 > v1. We will also want to express
the one-dimensional coordinates ;1 = Tok) for a(i,k) = ¢ + -+ g1+ k
and £k = 1,...,¢. The projection mo_,1 : R% — R% to the first ¢; coordinates
will also be needed. If we write inequalities between vectors, then we mean them
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componentwise.
We set for ¢ = (q1,...,q)

c(q) =2 +log(q1 + -+ qr).

Let vo € Z N [~o00,v1], S be a set and for some parameters N, K € N,a € S let
Y(N,K,n) C E be a possibly random set with certain properties:

S(N +1,K,7) € B(N, K, ), (9.144)
Y(N,K,n) C [-K,K|"T "t A N(N, K + 1,7), (9.145)
reX(N,K,n), o' € B, d(z,2')+ 27N <27 NFTD 7y 12 — ) < 27v0N=cl@)
= 2 € B(N —c(q),K + 1,n), (9.146)
x€X(N,K,n)=0<me 129 —x1 < 2~ volN (9.147)

and another nonrandom set ¥'(N) C E with the property that for z € ¥'(N):
0 < myiag —ap < 270N, (9.148)

Lemma 9.8.1. Let cy,c1,c2,05 and kj be positive constants, n € (0,1/2), A;j :
S x (0,1] = Ry satisfy Aj(R, 27V < kA (R,27 V), A e SSNEN, j=1,...,s
for a given s € N. Forn € S assume that {Yy(z),z € E} is a real-valued continuous
process. Assume for eachn € S, K € N there is an No(w) = No(n, K,n)(w) almost

surely stochastically bounded uniformly in 7 such that for any N € N, ||z|; < K,
ifd=d(z,2") <27N:

S
P(|Y;(z) — Ya(a))| > > d(z,a") 174 A (A, 27),
j=1
r € X(N,K,n), 2’ € ¥'(N),N > NO)

< cpexp(—c1d™ ). (9.149)
Then there is a N1(K,n,n) almost surely stochastically uniformly bounded in i such
that when N > Ny for x € (N, K,n) and 2’ € ¥'(N), d(z,2") < 27V we have
almost surely

Va(x) = Ya(a)] < 2%ge(on, ... a5) Y KD d(z, 2 DA (7, 27N).
j=1

with &(ay, ... o5) = (1 — 27/~ g — g 4.4 g

Proof. Let for f e N, K € N
OK,0) ={ze|[-K,K|7:3Imy,...,mp e N:z = (m27, ... ,m27"),
Q) ={yeR?:3e; € {0,1,...,29}0 i=1,...,r:y=(e27 ... e27"}).
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Assume additionally that N € N, 7 € S and define

My N =max{|Ys(z) — Ya(z +y)|
r € S(N,K,7) N O(K, 0), (z +y) € Z(K),y € &)}

and
Ay ={w: >N +c(q) st. Myn > Z g~ (t=cla)=mai A, (7, 27N) N > Ny}
=1

Estimating roughly, we observe that #O0(K,¢) < []_,(2%¢(2K + 1) + 1)% and
#O(0) < T, (2% + 1)%. Assume that z € (K, {),y € ©'(¢) have the form as in
the definition of the sets and £ > N’ 4 ¢(q), N’ € N. Then

di=d(z,y) = e 2" + e 2l
<27'ya +...2yq) < 27D < 97N,
Using this (twice) and (9.149) we obtain

IF)( U AN’) < Z Z P(M&]w > ZQf(éfc(q))(lfn)aiAi(f% 27N’)7N/ > NO)
N'=N N'=N ¢=N"+c(q) i=1

<3 Y #eE H#e(0)

N'=N ¢=N'+<(q)

P(Y; Y; > N qimaip (27N,
o (1Ya(@) + Ya(z + )| Zl (7,2~

z e DN, K, 0, (z+y) € Y(K),N > N0>

< > > TIE + %@ (K +1) +1)%cp exp(—e 27 (@)
N'=N (=N'+c(q) i=1

< e3(K) exp(—¢;2772)
for certain constants c3(K) > 0 and ¢ € (0,¢;). Let

Ny = Np(f, K) =min{N :w € (| A%} < oo (by Borel-Cantelli).
N'=N

Then we have by the previous calculation, that

P(Ny > N) < c3(K) exp(—c;2"%2),
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which ensures that
Ny := (No V Na) + c(q)

is stochastically bounded uniformly in (7).
Assume

N > Nj,z € 2(N, K, n),z' € ¥'(N),d(z,2') <27V (9.150)

Define dyadic approximations for x, 2’ and ¢ € N according to the metric d compo-
nentwise:

qi
xge) = Z LQ”iZ:L‘i7kJ2_”i€ei7k, i=1,...,7
k=1
where u; , is the (¢1 +- - - +¢;—1 + k)th eigenvector in E and [m+¢]| = m for m € Z,

e € [0,1) is the floor function. Similarly define 2.
If¢> N:

d(2'0 z) < d(2'D, 2') + d(«, x)

r
< Z qil/viQ—é + 2—N
=1
< o~ (N—elg)-1,

which then implies that d(2/), z)+2~N < 2-(N=¢(@)  Additionally for j = 1,...,q
we easily see the first inequality and then use triangle inequality:

(e (¢ U ¥
0< 772%13:2(7]4) — 331(7].) < |x’g§ — @yl + Iy ; — @y + |2 — x’g3| (9.151)

< 2*1115 + 9—voN + 2*1125 < 2*UD(N*C((1))_

Therefore,

'Y e B(N — ¢(q), K +1,7) V£ > N. (9.152)
If we assume that N > N§j > Na+¢(q), then both w € A‘jv_c(q) and N —c(q) > Np.
Therefore, for all £ > N — ¢(q) + ¢(q) = N:

S
My n—c(q) < Z 2—(4—0(11))(1—77)0%A2.(ﬁ7 2—(N—C(Q)))‘ (9.153)
=1
If we choose N’ > N s.t. 27V =1 < d(z,2') < 2=V, then x’Z(N/) = mZ(N/) + g;27viN’
for g; € {—1,0,1}% for i = 1,...,r. In addition, we have for i = 1,...,7:

0) ¢

X

) f2v for f; € {-2% 1+ 1,...,0,...,2% — 1},
fﬂ'y) + fl27vit for fl e {2 +1,...,0,...,2% —1}.

O =
0

/
T (2
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By (9.152)), (9.151)), (9.153)), the continuity of ¥} and the assumptions in ((9.150)
we get

V() — Ya(2')| < |Ya(e <N/>> — Ya(a'™)]

+ Z Vi (@) = Ya (D) + [Va () = Vi (/D))
¢(=N'"+1

o0 o0
My n—cig+ D, 2Myn—oq) <2 Y Myn_c(q)
¢=N'+1 ¢{=N'

< QZ Z 2—(5—0(11))(1—77)%'Ai(ﬁ, 2—(N—C(Q)))
i=1 L/=N'+1

< 3 9@ 1gN =y (1 _ g-(i-may) 1[I A (5 9N

< 23(]5(0&1, e, Z k; q)+1 (g; T )O‘J(l W)A ( 9—N )
j=1
with 5(0[1,...,(15) = (1_2—info¢j/2)—1. -

9.9. Proof of Theorem 5.3.3

Within this section we extend Mytnik, Perkins and Sturm’s Theorem 4.1 to the
case where a Lipschitz-drift is included and ¢ may depend on ¢t and . That means
the SPDE has the form

g;‘ (t,z) = fAu +b(t, z,u(t,2)) + o(t, z, ult, z))W(t, z),

where the details on the coefficients can be found after (5.1).
We will show a simplified version of Theorem 4.1 of [MPS06].

Theorem 9.9.1. Let € € (0,1) satisfy

INe = N¢(K, )eNas such that VN > Ng, (t,x) € Zn i
d((t',y), (t,z)) <27V, ¢/ < Tk = |u(t,z) —u(t,y)| < 27¢,

Let 0 < & < 1A (§y+1—«f2). Then there is an N¢; = N¢, (K,w) € N a.s. such
that, for any N > N¢, in N and any (t,x) € Zn K,

d((t',y), (t,z) < 27N, tt' < Tk = |u(t,z) —u(t',y)| <27V,
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Moreover, there are strictly positive constants R, §, c1,co depending only on (§,&1)
and N(K) € N, which also depends on K, such that

P(Ng, > N) < 1 (P(Ne = N/R) + K7 exp(-,2™) )
provided that N > N (K).

Using the same argument as in Corollary 4.2 of [MPS06] one can derive Theorem
(.33 from this result.

Remember the formulation of a mild solution:

utia) = [ we =ty + [ [ piese = b puts.) duds
—i—/o /Rq pi—s(x —y)o(s,y,u(s,y)) W(ds dy).

In fact, the extension is much simpler than their original proof, since the drift
integrals are Riemann integrals. However, that does not mean that the proof can
be compressed within one lemma. It needs to go along their proof and fill in the
drift parts, where necessary.

We start directly on their page 1936 for the proof of their Theorem 4.2:
Fix (t,x), (t',y) € Ry x R? with d((¢,z), (t',y)) < e =2 for a certain N € N and
t < t'. Their equation (58) stays unchanged for a certain N3 = Nj(w,§,&1) to be
chosen later:

P(|u(t, x) — u(t,y)| > & —y|' =270 (t,2) € Zn e, N > Ny) (9.154)
FP(u(t, x) — ut,z)| > | — 20720 (¢ 2) € Zy gt < Tk, N > Ny).

Let us define

Brwtt (w,s) = Bgalpt—s(x — w) — py—s(y — w)]||u(s,w)],
B™" (w, s) = Bgapy—s(z — w)|u(s, w)|

additional to the quantities D defined in [MPS06]. This allows to bound ({9.154) by

the sum of two expressions (itself sums):
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P (Jult, z) — ul(t, )| = |& = y|' />0, (t,2) € Znue, N = Ny,
t
/ DVt (w, 2, 8) dwdzds < |z — y|2_o‘_25,62p,
0 JR2g
t 1
/ / B*YH (w, s) dwds < ~|z — y|1_°‘/2_5sp>
0 JRa 2
+P (|u(t',x) —u(t,z)| > [ —t|2 2P (. 2) € Zy g, t' < Tk, N > Ny,

t v
/ Db (w, 2, ) dwdzds + / D! (w, z, s) dwdzds < [t' — t|! 72702
0 JR2g t JR2g

t , ¢ , 1
/ / B:c,z,t,t (w,s) dwds +/ / Bz,t (w’ 5) dwds < *|t, _ t’%(l—a/2—§)6p
0 JRa t JRa 2

=P +P

and

t
IP’(/ . D™t (w, 2, s) dwdzds > |z — y[> "2 (t,2) € ZnNk,N > Nyp)
0 JR24

t t/
+ IP(/ / D= (w, 2, s) dwdzds + / / D™ (w, z, s) dwdzds
0 JR2a t JR24g

> |t — 1720 (4 x) € Zn g, N > Np)

t
1
IP’(/ / B*YH (w, 5) dwds > *|l‘ —y|' 20 (t,x) € Znic, N > Ny)
Ra

t/
/ / BB (), dwds—i—/ / B (w, s) dwds > \ —t)2 2(1-a/2-0) op
Ra RY

(t x)EZNK,N>N1
=P3;+ Py + Ps + Fs.

The expressions Py, P, can be bounded using Dubins-Schwarz (Theorem and
the reflection principle for the martingale as on page 1938 of [MPS06]. Similarly,
the expressions P3 and Py lead to the estimates given in (102) and (103) of [MPS06].
So let us only focus on P5; and Fs. We use the sets Ag- as in their page 1938 and
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consider the integral in Ps :
t—e?
[ [ toeate = 0) = ety = w)lfuts. ) — o] < 23— 55 duwds
0 R4
t—e?
+ / Ipi—s(z — w) — pr_s(y — w)||u(s, w)|L(Jw — x| > 2Vt — 5617 ) dwds
0 R4
t
[ e =) = sty = )t w) i — o] < 2670 duds
t—e? JRY
¢

[ ] e =) = sl = wllu(s w1~ o] > 2515 duds
t—e2 JRY
=R; + Ry + R3 + Ry.

A similar decomposition can be given for the epressions in Ps.
2

t—e
/ [pr—s (@ = w) = po—s(@ — w)|Ju(s, w)[L(|z — w| < 2vE = s )dwds
’ tfsggq
+ / Ipi—s(x — w) — py_s(z — w)||u(s, w)|[1(|z — w| > 2Vt — se’*)dwds
0 R4

t
+ / pi—s(z — w) — py_s(z — w)|Ju(s, w)|1(|z — w| < 217 dwds
t—e2 JR

q
t
[ ] st =) = ot = w)lfus, )l w] > 2675 dwds
t—e2 JRY
t/
+/ / py—s(z — w)|u(s, w)|[1(jw — 2| < 2617 dwds
t JRra

t/
+/ / pr—s(z — w)|u(s, w)|[1(Jw — z| > 2637V dwds
t JRe
=51+ S9 4+ S3+ S4 + S5 + Sg.
It will be helpful to use their Lemma 5.4, which we quote:
Lemma 9.9.2 (Lemma 5.4 of [MPS06]). Let N > Ny. Then on{w: (t,x) € Zn Kk},

lu(s,w)] < 10eP7E  for s e [t — 2 ), |w — x| < 261701, (9.155)
lu(s, w)| < (8 + 3K2Ne) A It — 6)8/2e7018 for s € [0, — 2], |w — | < 2V/E — 5™ ™0
(9.156)

and anywhere else the bound |u(s,w)| < KeMvl for s < K,w e RY (by (5.7)).

Lemma 9.9.3. Assume that (t,x) € Znx and N > N¢. There is a constant
aa3(q, K) < oo such that

Ri+ -+ Ry < quulw — y|(e" 008 4 golNedy,
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Proof. We start with R;. By Lemma [0.9.2] and Lemma obtain
t—e?
Ry < (8+ 3K2N§5)/ ds(t — 5)E=D/2e=018
0

9 lyi =i N
Z/ / dwe ‘w‘pgt(w—x—i—@i_l + rie;)
=170 Re

t—e? q
< (8 4 3K 2Ned) / ds(t — s) VKRN " |y, — a
0 i=1

< O(K)(8+3K2Ve%) |z — g,
where we also used the estimate (47) of [MPS06]. For Ry observe that for such y:

ly —w| > |z —w|+ |z —y| > 2Vt — se ™% —/t — 5 > \/t — s¢7%1. Trivially bounding
u(s, w) < Kel”l and using again Lemma and (47),

t—e2 q
Res [ ase-sery |
0 — Jo

/ dw eMN®lpg, (w — x4+ ;-1 + rie) L (w — z + 01 + rieg] > VE— se%)
R4

lys —z4]

1
< C(K) exp(—e™")|z — |

Next, R3 is bounded using Lemma and [MPS06]’s Lemma 5.2(a) with 5 =1,

t
R3 < 1o€<1—51>fc<K)/ ds (t — s) Y2z —y| < O(K)e 17008 g — .

t—e2

And finally R4 can be bounded just as Rg, since here |y —w| > |z —w| — |y — x| >
261701 g > g0 5\ /T~ 5e7 %1 Then,

1
Ry < C(K) exp(—e™)|z — yl.
Setting ¢ = 11C(K), we obtain the result. O

Lemma 9.9.4. Assume that (t,x) € Znx and N > N¢. There is a constant
qoalq, K) < oo such that

Si+ -+ So < agmalt’ — t]2 (1708 4 K2Net),
qg.9.4
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Proof. We extensively use (47) of [MPS06] and Lemma
t—e2
Sy < O3 + 3K2V<E) ¢ — t’W?/ ds (t — 5)~1/2
0

/R dw pr—sy (W — @) + papr—gy(w — )™ (t — )52
q
< C(K)(8 4 3K2Ne) |t — /)2

For S5 observe that for such w and s:

lw— 2| > 2Vt — se7% > 2

Van +Vt—s

Vit — se” 51>\/ —se 0,

Then,
1 t—e2
Sy < Clt' —t|}/? exp(—2e—51)/ ds (t — s)~1/?
0

[ P =)+ pagr 0 = a)elw
<Clf — 4/ exp(—%e_‘sl).
Using Lemma obtain
Sy < Cel=008| — 4|1/ /t ds(t — s)~Y2 < CeU00E —q|1/2,
t—e?

Next, observe that for s and w as in Sy:

jw — 2| lw — |w — S el =81 _ 6

9.157
VIi—s U —t+\t—s e+e¢ (9.157)

Thus,
1 t—e2
S1<ClY 2 exp(—3e) [ (¢ 5712
0

1
/ Pa(e-s) (W = 2) + pagr—s) (w — w)eldw < CJt' — 8]/ exp(—e™).
Ra
For S5 we use Lemma [9.9.2]
S5 < 10e1 708 — ¢|C(K)
and finally, using ((9.157))
S < Clt' — t|exp(—e ).

If we add up the results and use that e = 27 is small enough, such that exp(—fa o <
el791 we get the lemma. O
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Recall that Ny (K, &, d1,p) defined on page 1947 is a deterministic constant, which
we will use. We give estimates for P5 and Ps. Choose d2 € (0,a/2+ 0 —p) (see (56)
of [MPS06)).

Lemma 9.9.5. If N > N5V N/, where N5 := éNE and N} = &' (log qrag +
log K + 1), then P5 = 0.

Proof. Then,

1
Ps <P(Ry+ Ry + R3 + Ry > §\x —y|l 20 (t,x) € Zn ke, N > Ny)

1
< P(qouglw — y|(K2NeE + 1 T(1-008) 5 §,$ _ y|io/2-0 P

IN

1
(qmmm(K 2N 4+ 1) > gl = y| o204y

VARVAN

P
P(Q(K2N§§ + 1) > 2N(a/2+5_p))
P(2qrgg( K2V + 1) > 21V02)
0

if N> N = 5-(N¢ + log qguz + log K + 1). O
The same proof more or less holds for Ps and we obtain:

Lemma 9.9.6. If N > Ng, where Ng := éNg and NY = 65 (log qgga+log K + 1),
then P = 0.

Both lemmas allow us to neglect the expressions P5; and FPg if N is chosen large
enough. So we can do all the calculations of Mytnik, Perkins and Sturm and end
with the slightly different new definition of N¢, on page 1949:

Ngl = max (Ng(w) +m, [(5(51_1 + (52_1)N§(w)] , [C@(f, 51)N§], Ny V N(l) \% N(,)/ V N4) .

The bound on N¢, can be obtained in the same way as in [MPS06], here using
R = (567" +051) v Cp. This finishes the proof of Theorem

9.10. Incorporation of drifts

In this section we want to present the analogue of Section 8 in [MPII] which
incorporates the drift b in the SPDE (5.1)). Remember that in the beginning of
Section [9.2] we assumed that b = 0 and did all the calculations to do the proof of
Proposition As we will not repeat the whole argument, we will just indicate
the places where one needs to change the calculations already made to incorporate
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the drift. Of course, what needs to be changed is also explained. If B(s,y) :=
b(s,y, X' (s,y)) — b(s,y, X%(s,y)), then equation becomes

¢ ¢
uto) = [ [ peslw- oD Wgds) + [ [ gty = 0)Bls.)dyds
0 JRa 0 JRa

=:up(t,z) +up(t,x) a.s.vt >0,z € R?

and the Lipschitz condition on B gives:
[B(s,y)| < Blu(s, y)|

We define u; 5 and ug 5 in the same way as before and obtain in Lemma (9.2.1)
(here using ordinary Fubini theorem, additionally):

(t—8)* (t-8)+
w5t z) = / / pes(z — y)D(s, y)W (ds dy) + / / pra(z — ) B(s, y)dyds
0 Ra 0 Ra

t t
s 5t 7) = / / pes(x — y)D(s, y)W(ds dy) + / / pra(z — ) B(s, y)dyds.
(t—6)+ JRa (t—6)+ JRa

Clearly, also the functions G and F' (defined as before) now consist of two parts:
(s=0)*
“VGi(s,tix) = Fy(st) = [ Vptevo-oly — 2)Dlrvy) Wdr dy)+
0

(s—6)*
+ /0 Vp(tvs)—r(y — 2)B(r,y) W(dr dy)
=: Fps(s,t,x) + Fps(s,t,x).

For the induction step in Section [9.4]and the estimates in Section (9.5 we needed the
four Propositions [9.4.11],[9.4.14] [0.4.177] and [0.4.18] Given Theorem the proofs
for the D-parts were already done. To do the same estimates on the B-parts we
also require Theorem for the drift. As for the B-parts we are not confronted
with stochastic integrals, calculations get considerably easier. We show the four
propositions subsequently:

Proposition 9.10.1. Let 0 < m < m + 1 and assume that (P,,) holds. Then
for allm € Nymp € (0,1/2],60 € (0,1), K € N2K1 X\ € [0,1],3 € [0,1/2] there is
an Nozg = Mozn(m, K)(w) € N22 almost surely such that for all N > NgzTT,
(t,x) € Z(N,n,K,B), s <t <t,s <t < Tg and d((t,z)(t',2")) < 27V and
|s — 8’| < N~! it holds that

[Fu (s, t) = Fop (', a')| < 275074 [|f — s]/227N0=m) | gj1om/2

+d' M1+ a;A/Q(Haﬂ)Q—NWm + aﬁ”(aﬁ” \ 2_N)Fﬂ , I=1,....q
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The proof is similar to the proof of Proposition 8.1 in [MP11].

Proof. We refer to the proof of Proposition 8.1 in [MP11] and only do the part which
differs, that is the estimate for the second part 75 o of T there. Using Lemma
with the actual m of the proposition (instead of m = 0 there), we obtain:

A

Ths < /0 [ s v =) = po-ry — )| B Ol
((VE=T+ly— 2)) V2 NEl(an V2N v (VEZT + |y — 2])) 1 + of]

1y —z| < (' — )2/ 22 — 2/|) dydr

A

2%

< 32B\/Cgzm / [(t = r)$/207m/D 4 27N gy
0

Next, use Holder inequality for the spatial integral and use Lemma 4.4 in [MP11]
to obtain

2

s—a) 1/2
Tro < cl(K)\/@/O (t—r)=3/4 (1 A ) [(t — r)l/2=m/2y

42 NE(g20m T 9= Nem=1) 4 8y 4 9-NE(; _ )3 0-m/2)m-1)]

s—a) 2 1/2
<aVam | dre-n e (14

2\ 1/2 1

t—r

) 1/2
e (15 ) e
T
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Next, we apply Lemma 4.1 of [MP11] with using (4.1) and (4.3) there:

Ty < es(K)/Cmm| (¢ 1 6) /24 ()2 (d2 v (= (s — ap)) /427
(aé(’Ym_l) 42 NOm=1) 4 4B
+[(d2 A 75)1/223 + (d2)1/2(d2 V(- (s— a%)))%('Ym—3/2)—771/4]2—]\/§}
< 4 (K)v/Tamgd A1 + a; M 42N (0207 4 2 Nm=D) )
+ (a2/2)7m73/2*m/227N]

< e4(K) v/ Cagmd ™™/ 1 + a M2~ Nom 4 M A+89=N

" a;)\/427Naé(’Ym*1) 4 a)2m=3/2=m/2)g=N]

Then, bound this expression further by elementary computations,
T272 < C4(K) /qmdl—m/4 [1 + a;)\/2(1+a/2)(2—N7m + agQ—N)
1n
(1(@)? <27N) + 1(a)/? > 27V))[a, V42 Nag Y 4 @20 3/2m 2]
< ea(K)y/Cd™™ 1 + a2+ (7N 1 qB1(a/2 v 27Ny
Finally, choose Mgty in the appropriate way. O

We need to investigate whether these estimates imply Proposition [9.4.11] and
Proposition The first is obvious and for the latter, observe that d = 0 and

(t—s)'7M/2 = (¢t — s)%(k’“) t—s<(t— 3)%(1*”1)(\% — sV /ay)
<(t-— 8)%(1*’71)(\% — sV «/an)wmflfa/z.
Next we consider the analogue of Proposition

Proposition 9.10.2. Let 0 < m < m + 1 and assume that (P,,) holds. For any
n € Ny € (0,1/2), o € (0,1), K € N2K1 X\ € (0,1], B € [0,1/2] there is a
Ngz(K,m) € N a.s. such that for all N > Ngtgm, (t,2) € Z(N,n, K, ), s <t,
VE—s <27V it holds that

(Gay (5,6,2) = Gy (1, 2)] <27 P00 (8 = 5)I7M/2 1 — s 4 (¢ = )1/227N ]

Proof. Assume ¢ = 1 — /4 and N > 29y, 'Ngz. The claim is trivial, if § :=
a)) > t, so we assume that this is not the case. Then, by Lemma for m =0
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observe that

Gor 5(s,t,x) — Gox p(t,t,2)| = / pt—r(y — ) B(r,y)dydr
(s=08)* JRa

< B\/C{m ) / pr_relv =2l (Vt—r+ |y—:17|)\/2_N)§dydr
Re
(K \/; ((t — )% 427N ar

(s—o)*t

c1(K)V/Caal((t — )"+ + (t = 5)27Y%)
1 (K)22V1 (¢ — s)Am)/2[(1 — g)lm/4 (3 — 5)1/2Fm /49— N

IN

ININ TN

cl(K)22N12_Nm/4(t _ S)(l—m)/Q
[(t — s)lmm/4gNm/4 o (4 — g)1/2+m/4g=N(1=m/2)]

Next we choose Ngmg = 720n; *e1(K)N1(0, K, €) to obtain the claim. O

Next show the analogue of Proposition [9.4.18

Proposition 9.10.3. Let 0 < m < m + 1 and assume that (Py,) holds. Then for
allm € N, m € (0,9 A259), g9 € (0,1), K € N2K1 X € (0,1], B € [0,1/2] there
is Ngmom = Noom( K, m1) € N a.s. such that VN > Ngtom, (t,x) € Z(N,n, K, 3),
t' < Tx and d == d((t,z), (t',2")) <27V we have

51, 2) — gy p (¢ 2] < 270t~ T

+d(- a/2)(1*771/2)2*N7<a711/2 V. 2,N)7(,—Ym,1)]_

Proof. We decompose the integral into four parts:

A —ap)t
|t 03, 5(t: %) — ug (' 7)) < / / pe—s(x — y)Bu(s,y)dyds
(t—ap)*t R4
t/
T / / pr—o(y — ') Buls, y)dyds
t'—(ap At 1))

+1(t —t <a)) / / pr—s(y — ') — pi_s(y — x))u(s, y)
t'—a) JRY

Uy —z| > (' —r)7~ % V |z — 2'|)dyds

+1(t' —t < af,‘L) /t/ . /Rq(pt/_s(y — ') = p—s(y — x))u(s, y)

Wy —2| <t —r)2= TV |z —2/|)dyds
=T+ To + T3+ Ty.



194 Pathwise Uniqueness

We start calculating T3 using (5.7]), Holder inequality and Lemma m

t
T3 <1t -t < aﬁ)/ / (pe—s(y — 2") — prs(y — x)) Kelv =K
t'—a) JRY

m
1

Iy —=| > (' — 7“)%_ V |z — 2'|)dyds

t
<1 -t<a) [ ([ oty =) -y - m)et
t'—a) JRY

Uy —a| > (¢ —r)2~ T v |z —a/|)dy)/*( / e~ 2v=elgy) 12
Ra

t I \—"n0/2
A ~1/2 m —s)~m d 1 /2
<cl(K)1(t' -t < ap) /t,_a%(t — )7V exp(— 556 YA = S] m/2ds.

Now, continuing as in the proof of Lemma here, and applying Lemma 4.1 (eq.
(4.2)) in [MP11], allows to bound this by

T3 < co(K)(d® Aap)' =o2d? + (d2 A ap) 't~/ 4a) o2 tm /),
If we choose Ngtog = 100m; " + log ca(K) we can bound this by
Ty < 27 100g1—a/29=Nyo=Ny(m—1) 4 d1*771/4a2/2(77¥m*04/2)'
Next consider Ty. By Lemma for m = 0 and later Lemma 5.2 (a) of [MPS00]

with an obvious extension we bound Ty by

t
T <BVCgma | 10 -t<a) /R (prala’ =) = prosla = y))el

t'—a)
NV ([t =52+ |y —a) Ly — x| < (' — )2 |z — o)) dyds
t
<25V [ 1 -t<ad) [ (oela’ —9) = psle - ) dy
t'—a) R4
(2—N§ + (t — 8)5/2)1—771/2 ds

t d2 1/2
< 2Bc1 (K)v/ Ggzz 1(t' —t < a)) (1/\t )

— S
t'—a)

(27 N=m) ¢ (¢t — 5)z(-m)) g
< eo(K) B/ G | (62 A ) 2a)227 N 0= (@2 A a)a) /2]

Here we used Lemma 4.1 (a) of [MP11] twice. The first term can be bounded
considering the two cases a;\/ 2 <27V and ai‘/ 259N separately:

o If )2 < 27N then (d? A a})Y/2a)/?2-N(-m) < g2=2N < Gl=m/29=2N+m/2,
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o If a?{/z > 2_N, then (d2 A a$)1/2a2/22_N(1_"1) < dai{/zai‘/22N’71 < dt-mg)

“
So we can bound

Ty < ¢2(K)By/Cgzzd' ™™ [2‘2N +a) + dma2rm/ 2]
< 2¢y(K)B+/Cgzzd' ™ [2—“(% v 2-Ny1m=1) | ag(wm—l)]
< 27100g1-m [Q—NV(% V2N Gm=1) 4 g2 (im e/ 2)] .
To treat Th we use again Lemma for m = 0:

t/
T < / / p—s(y — ") Be*\/Caam((ly — x| + |t — s|*/?) v 27V)sdyds
t Ra

'—(apA(t' 1))
t/
SNG==| (¢ = )5/ + 27N€)ds
t'—(ap At 1))
< o/ Cazl(ap A d®) 2 4+ 27N (a) A d)]
< o /(mQ*Nm/Ax[a2d1*n1/42N771/4 + 2N"1/2d27N7(a}/2 vV Q*N)v(ﬁfl)

< 9—100 [dlfm an%(WM‘O‘/m + ag(lfa/2)(1fm/2)Q*NW(G}L/2 v Q*N)W(Wmfl)]’

where we used Lemma 4.1 (a) of [MP11]. Finally, bound 7} using Lemma for
m = 0:
A —a))t
T < / N / pi—s(x — 9)el* Y/ Caza((ly — x| + |t — s|'/?) v 27N) dyds
(t—ad)+ R4

A —ap)t

SGERVAC ey ((t — 9)¥/% + 27N

< c2/Cgal2 Vo (It — t] Aap) + (It — | A ay) e,

where we used Lemma 4.1 (a) of [MPI1I]. Now, proceed as for T to finish the
proof. O

9.11. An integral estimate

There is another lemma. The proof can be found on page 1929 of [MPS06] but we
include it for completeness.

Lemma 9.11.1. For x € RY, n > 2 and functions ® as introduced before ,
there is a constant = qara(o, q, || P||) such that

/R | duwdz @ ()82 ) (w = 2 + 1) < qrmm .
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Proof. Note that for fixed x € R?, it holds by triangle inequality that
5 (w) @' (2) < mib [ @lloc L gago,1) (M (x — w))miL[|Pllco L pa(0,1) (Mn(z — 2))
< 2|21 01y (a2 — ) oy (mn i — 2).
Hence,

/ dw dz & (2)8™ (w) (jw — 2|~ + 1)
R29

1
< 6/2 dwdz m%q]qu(og)(mn(a: — w))]qu(O,l)(gmn<’w — ) (Jw— 2|7 +1).
R2q

Since for |w — z| < 2m, 1 |w— 2z|7% > (2m,;})7* > 1 (for n > 3) and introducing
y := w — z the integral gets bounded by

1 —Q
=% /}1@2 dw dy m?2M ga o 1) (mn (z — w))]qu(O,l)(imnyﬂy‘
q

- 2, _ My
— 2 / dw 1 oo, (mn (& — ) / 4l o) @) =31 (for § = ")
R4 Ra My, 2
< cla g, | ®oc)m,

since o < q. ]
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In this chapter we show Theorem 1] and Proposition [5.4.2] In Sectlon [10.1] we

show the proof of Theorem Wthh relies on Proposition [ The proof of
this proposition is postponed to Section In Section we provide the proof
of Proposition Both of the preceding sections will rely on a lower bound on
a quadratic variation term. This lower bound is given by a real analysis lemma in

Section [10.4]

We start recalling the setup and some definitions. Note that we are considering
a weak non-negative solution of

1 .
Opu(t, r) = 58%(15,3:) + o(u(t,z))W(t,x), (10.1)
where o(u) > ogu? for a certain v € (0,1) and a colored noise W = W* with Riesz-

kernel k(x,y) = |z — y|~“. It is required to have a € (0,1) and o(u) < ¢(1 + |u|) to
have existence of a weak solution, i.e. for any ¢ € C°(R) we almost surely have

/d) tmdx—/cb x)ug(x da:—i—// ~¢"(x)u(s,x) deds
+ [ [ staruts.a wids ),

(10.2)

The existence of a weak solution implies

u(t,x) = / wo(y)pe( — y)dy + / / ps(e — y)o(u(s,y) W(dsdy),  (10.3)

where p,(z) = (27r) Y2 exp(—22/2r), r > 0, z € R is the one-dimensional heat
kernel. We write
$(us) = supsupp (u(t, ). (10.4)

10.1. Proof of Theorem 5.4.1]

We give two results which we prove later. They allow to do the proof of Theorem
The first result tells us that if y is chosen far enough to the right of the initial
support, then in a short time interval the probability that mass can be transported

197
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to y is small. This first result is the core of the argument. Recall the definition of
h(r) = \/rlog(1/r),r € (0,e7!)

Proposition 10.1.1. Assume ug(x) = 0 for allx > xq. There is a constant quy <
oo such that for ¢ = 16 +132(1 —~) ™1, it holds for given t € (0,e~') and y > ch(t)
that

t
IP’(/ u(s,x0+y)d8>0> < qmrTt’.
0

The second result is some type of lower-semicontinuity of s — S(us), the function

defined in (10.4)).

Lemma 10.1.2. Assume that supp (ug) is compact. Almost surely it holds that
s+ S(us) is lower-semicontinuous in the sense that almost surely

lim S(us—c) > S(us) Vs > 0.
e—0+

A proof of Proposition [10.1.1)and Lemma [10.1.2]is given in Section We can

follow standard methods combining these two results for the next proof.
Proof of Theorem[5.4.1. For ¢ = 16 + 132(1 — )~ ! let for n € N,n > 2,
ij = {S(Uj27n) > S(U(j_l)gfn) + Ch(2in)},j e N.

And set

n2m
An = Bn;
Jj=1

n2m
= U{S(Uﬂ—”) > S(ugi—1)2-—n) +ch(27"), S(upa—n) < S(ug_1)2-») +ch(27")
=1

VI<k<j—1}

If wis in By j, then S(ug;_1)2-n) < S(ug) + (j — 1)ch(27"). Then, by Proposition
10.1.1) we get for xg = S(up) + (7 — 1)h(27™), y = ch(t) and using the Markov-
property of the solution at time (j—1)27", that P(B, ;) < qmzm(7, [[ug—1)2-»[[)27>"

n2"
P(A,) < amrm Y (27")° < qurm2 ™"
j=1
This is summable in n € N. So, by Borel-Cantelli we know that P-a.s. there is a

N(w) < oo such that

Vn > N(w): S(uje-—n) < S(ugj—1y2-n) +ch(27") V1 < j < n2™ (10.5)
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Then, we can do the proof as in [Per02] for his Theorem II1.1.3: Let w.l.o.g. N =
N(w) > (log%)*l. For 0 <r<s<Nand0 < s—r < 2% choose n > N s.t.
2771 < s—r < 27" and define s, = Zf:_oo 27t Asandry = Zf:_oo 2=t A,
dyadic approximations of s and 7. One easily shows that j;,7; € {0,1},1 > 1 and

so we obtain by Lemma [10.1.2| using (10.5)):
S(us) = S(us,) < D 1S (us) = S(us,,)|
k=n+1

< 37 jreh(27F) < dn27) < 2¢h(s — 7).
k=n+1

where ¢/ = ¢(1 — )72 < 6¢. The same estimate holds for S(u,):

S

S(uy) — S(uy,) < h(27™) < 2dh(s — 7).
And similarly by , we get

S(us, ) — S(ur,) < ch(27") <2ch(s —r).
Putting that all together we obtain

S(us) — S(uy) <2(12¢+ ¢)h(s — ) = 26(16 + 132(1 — v) " Hh(s — 7).

10.2. Proof of Proposition [10.1.7]

The proof of Proposition is obtained in several steps. First we give Lemma
which is analogous to Lemma 2.1 of [Kry97]. It will allow us to bound the
accumulated mass in a certain point z > 0 via the mass traversing the point zg = 0
plus a second expression. Then, a bound on the mass traversing the point xg is
given in Lemma Finally, an iterative procedure similar to the one described
in the heuristics in Section [5.4] allows to derive Proposition

Let 6 = %

Lemma 10.2.1. Let T'> 0 be a stopping time. Assume ug(z) =0 for all x > 0.

(a) For Ap = {w: fOTu(s,O) ds =0} and By = {w : u(s,z) =0 for all0 < s <
T,z > 0}, it holds that P(Ar N BS) = 0.
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(b) If v € (1/2,1) : For any K > E[H'/8), r € (0,1), M = (287 +2)/(B+1)
and v = M /3, there is a constant qmzT = qoz(ck, K) such that:

1 [2r T T
/ de(/ u(s,x)d82p> §]P’</ u(s,O)dsEq)-i—
rJr 0 0
., <q2/M>”
aoTIr " .

(c) If v € (0,1/2] : For any K > E[H'/"], r € (0,1), M = (287 +2)/(5 + 1),
there is a constant qmzn = qmza(ck, K) such that:

iLZrde</()Tu(s,m)ds 2p> gP(/OTu(s,O)ds > Q> +

1
-5/2 (CZZ;M) ’ '

In order to prove the result we use Theorem [5.2.1] and the definition of the
Holder constant H = Hg in that theorem which is in LP for any p > 0, K > 0.
Since 1 — /2 > 1/3 we can assume that we have Hélder continuity of order 8 = 1.
Hoélder continuity is meant in the sense of . Additionally, we also require an
integral estimate which is given in Section Before starting with the proof we
will give the following Lemma 3.1 from [Kry97]:

Lemma 10.2.2. The weak formulation (10.2)) holds for any continuous function ¢
with compact support such that the generalised function ¢” is a finite measure on
the Borel o-field on R.

In [Kry97] it is proven in the white noise setting, however its proof also applies

to the colored noise setting. It requires an application of dominated convergence
similar to the first steps of Proposition which we will see later. Now we can

do the proof of Lemma [10.2.1

Proof. We first show (b) and (a) in the case v > 3. Let
Tk =T ANinf{t >0: / u(t,z) de > K}.
0

Since u € C(Ry, Crap), we have that T, /T almost surely for K — oo. So, if we
show (b) for the stopping time T, then it follows for 7' by monotone convergence.
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If we show the claim in (a) for Tk, then it also follows for 7', since
T
{/ u(s,0)ds =0, u(s,z) =0, 0<s<T,z >0}
0
Tk
:ﬂ{/ u(s,0)ds =0, u(s,z) =0, 0<s <Tg,x > 0}.
i 70

Then, let us omit this dependence on K and write 7" in the proof, but assuming
the bound on the integral of u. Let ¢ € C°(R) be non-negative with ¢(0) = 1

and let ¢, (z) = ¢¥(z/n),xz € R,n € N. Apply Lemma [10.2.2{ to the function ((z) =
(z V 0)Yy(x) to obtain

/OO P (x)u(t, x)dx = /t u(s,0)ds + A} +m}, (10.6)
0 0

for ¢ < T, since ug(x) = 0 for all x > 0. Here,

n—p! T "(z) +n"te (2))u(s, ) deds
Ay = [ [ )+ et )t o) dod

and m” is a continuous local martingale with quadratic variation

(", = /0 /0 "t (@)yon)u(s, 2 u(s, ) h(z,y) dedyds.

Since by Theorem we have E[sup;cp [p(1 4+ z)u(t, ) dz] < co, we have

lim sup |A7}| (10.7)

n—oo tST
o0 o0
< lim supt [n_12|]w’H/ u(t, z)dx + Hz,b"H/ xu(t,m)dx] =0,
n—oo t<T 0 0

in L' and almost surely. By non-negativity of the LHS in , we obtain for
& = [0 u(s,0)ds + Ap:

0 <& +my.
Consider the negative part (m})_ = —(m} A 0) of my. Since £" is increasing,
(m2)_ < &, for any s < t, so also for any stopping times o, 7 < T replacing s and
t. Taking expectations, we obtain

El(mit,,)-] < E[¢7]. (10.8)

oNT

As m™ are local martingales on [0, 7], there must be a sequence of stopping times
oi /" 00, such that (mf,,.) are martingales. By the optional sampling theorem (see
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Proposition [3.2.5), we know that also (mj,,.,,) are continuous martingales and
hence,

E[(mgi/w)-‘r} = E[(mal/\‘r) ] < ]EKT]
the last inequality by (10.8). So, E[|mj A.|] < 2E[{}]. Letting i — oo, Fatou’s
lemma allows to get rid of the dependence on o; to obtain:

Ellm? )] < 2E[¢"].
Let us apply [RY91]’s Lemma IV.4.7 with / € (0, 1) for the processes stopped at
to get:

t<t

Efsup [my|"] < e(v/)Elsup [¢7[].
t<t

Using the lower bound of the BDG-inequality (Theorem [3.2.9)) for the continuous
local martingale m™ we obtain for a constant ¢ depending on v/:

¢ </oT /0°° /000 wn(2)yn(y)uls, z) u(s, y) k(z, y)dwdyd3> ” < cE[sup(&)”].

t<t
(10.9)
Letting n — oo, obtain by (10.7) and the monotonicity of & = fg u(s,0)ds

< / / / syu(s, z)u(s, y)k(z, y)da:dyds> " < CE[¢].  (10.10)

This shows (a) of Lemma [10.2.1} since if the right hand side of ([10.10)) is zero, the
left hand 81de also is and the non-negative values of u need to be zero. Set

k=T ANinf{r >0:¢& > q¢}.
By the inequalities of Markov and Jensen (twice) with M € (1,2) and v = M/3,

i/jr dzP (/OK u(s, x)ds > p) <p'E [i /7 (/ON u(s,w)ds)ydw]
<p “E [(rl /Tzr /Onu(s,x)dsda:>u]

K 2r M vIM
< pVKVI-UME (/ ds (7’1/ dz u(s,x)) )
0 T

where we used k < K. Here is the trick of the whole argument: Decompose 2 =
{k <t} U{k > t}. Then, we have for ¢ > 0:

2r t t
i/ dJ:IF’(/O u(s,z)ds > p) < IP’(/O u(s,0)ds > q) (10.11)

. 9 v/M
4 KYO-UMR </ ds( dxu(s,w))M>
0

r
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where we trivially estimated the first probability by P(x < t). If we choose M =

(267 +2)/(B+1) < 2 and apply Lemma [10.4.2] (with ¢ = 1, see the remark after
the lemma), we can write

</T2T da:u(s,:n))M < ¢ Nep) K22 [HYP v rl/ u(s, z)dz)?

r<z<2r
/ U(S, w)’yu(sa z)’yk(w7 Z)]l{r<w,z<2r}dwdz
R2
< cKYrotg2/8

/ wu(s, w)’yzu(& z)’yk(w7 Z)]l{r<w,z<2r}dwdz
R2

< KO / / wyo(u(s, 2))o(u(s,y))k(z, y) dedy,
0 0

where we use t < Tk and o(u) > opu?. Put this back in (10.11)); with the Holder
inequality for a = 1/2 + M /4v, we obtain

2r t t
- / daz P( / u(s, z)ds > p) < P( / u(s,0)ds > q) + cKopvpvA—a/M+4/M)
T 0

0
E [HZV/BM </0“ /O°° /OOO xyg(u(s,:ﬂ))U(u(S?y))k(x’y)d$dyd8> I//M]

t a—1)/a
< IP’(/ u(s,0)ds > q) + CK5p—VT—V(1—a/M+4/M) (E[H2ay/5M(a_1)]>( )/
0

(E </oﬁ /0°° /ooo zyo(u(s, z))o(u(s, y))k(z, y)dwdyds> aV/M] ) 1/a

- ]P)(/Ot U(S’ O)ds > q) + CK6p_VT‘_5V (E[ézaV/M]>1/a (V, _ (IV/M)

t g2/M v
< ]P’(/ u(s,0)ds > q) + K5 [ Z— | |
0

p

where we used the bound E(H'6/#) < K and the definitions of ¢ and k.

The proof in the case v < % is even easier. We use the same M, but change

I/Z_l

= 3. O
There is an estimate on the first expression of Lemma, [10.2.T

Lemma 10.2.3. Assume that up(x) =0 for all z > 0, t € (0,e71) and 6 € (0,1).
If for ¢ > 0 we have y > cy/tlog(1/t), then

t
P( / u(s,y)ds > €) < 6 V2 ||ug|l o LA/,
0
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Proof. By Markov’s inequality and Fubini’s theorem, we obtain

t ¢
IP’(/ u(s,y)ds > &) < 5_1/ Elu(s,y)]ds. (10.12)
0 0
Let us note that for y as in the lemma and z <0, 0 < s < t, we have

2 2
—z
=2 S 0" o 21og10).
s t
Using the formulation of a mild solution in ((10.3)) note that the expectation of the
martingale term vanishes. Use the previous line, write for 0 < s <t and ¢ € (0, 1):

o0

Efu(s, )] = / paly — 2)tio(2)dz

—0o0

0
suuouoo/ psly — 2)dz

0 —1/2 ly — ’2
= Jluolloc / (2m5) 2 exp(—62L 2L ) exp(—(1 — 6)

o 2s 2s

12
ly — 2| )z
-1/2 -1/2 |Z/—«'<7|2 1—68)c?/2
< ol o8 /(2775/5) / exp(—&T)dzt( )t/

S

_ HUO||006_1/2t(1_6)62/2-

Put this back into (10.12)) and bound the constant of integration w.r.t. s by 1. 0O
Combining the two previous ideas allow us do the proof of Proposition [10.1.1

Proof of Proposition[10.1.1. We will do the case v € (3,1) first and comment on
the other case later. Let y > ch(t) as in the proposition for t € (0,e71).

Fix ¢ € (0,1]. Take xp = 0 and let r; N\, 0 (specified later), p; = &e™%, i =
0,1,2,.... By Lemma[10.2.1] (b) find z1 € [ro, 2r0] s.t. for i = 1:

t t 2/MN\ Y
]P’(/ u(s, z;)ds > p;) < IP’(/ u(s, vi—1)ds > pi—1)+aqmzr (plp_l ) . (10.13)
0 0 '

)

After this, use x1 as the new origin, apply Lemma (b) and find an z9 €
[x1+7r1,x1+2r1] C[0,2(r1+72)], s.t. holds for ¢ = 2. Tteratively construct a
sequence of x;, such that holds. Using p; \, 0 and assuming R = ), r; < o0,
there is a 2o € [0,2R)] with

)

t t pg/M v
IP’(/O u(s, Too)ds > 0) < IP’(/O u(s,0)ds > §) +sz i ( ’}; ) . (10.14)

i>1 ‘
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By transfering the origin from 0 to y and using Lemma |10.2.3) for § = % we obtain

IF’(/O u(s,y + Too)ds > 0)

< V2T M gl oo + €MD M quzyy ™ exp(—iv(2/M — 1)).
1>1

. -1
This required y > ch(t). Choose n =y (Zz‘21 exp(—15 (& — 1))) and now specify

2 )
= Qexp(fl—o(ﬂ —-1)),i=1,2,....

This ensures y =2, 7 > Too. Lemma [10.2.1] (a) implies that with probability 1
t t
{/ w(s,y + 7o0) ds = 0} {/ u(s, 2y) ds = 0.
0 0
Thus, we have
t t
IP’(/ u(s, 2y) ds > 0) < IP’(/ u(s,y + 700) ds > 0).
0 0

Observe that for the values of r;,7 € N we have:

> " exp(—iv(2/M — 1)) < 7~ (1 — exp(
i>1

—5(2/M - ) < oo

Defining

5v
v, 2 _ i, 2
e = amme ™ (1—exp(— (37~ 1) " and 2 = (Z exp(~15 (57 - 1>>) ,
we can write

t

IP’(/ u(s,2y)ds > 0) < \[25_1751+02/2\|u0||00 + clf”(Q/M_l)n_5”
0

_ \f2”uOHOO§flt1+02/4 +C2§u(2/M71)y75u

< \@HUOHoof*ltHcQ/zl + ¢V etV 2 2/M 1)

by the bound y > ¢v/. Choose & = t</4~1 € (0,1] (the lower bound on ¢ to be
imposed in a moment assures that) and observe that

75—51//251/(2/M—1) < 2
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ﬁc22+K8+uwﬂwm2—A@4U2e(L8+6a1—7rw(mnmnﬂmt%mmmeby
using § = ) We do do not give a further estimate on a possibly better (i.e. smaller)
choice of c. If ¢ > 8+ 66(1 — )~ surely all of the above holds and we conclude for
y = ch(t):

¢
IP(/ u(s,2y)ds > 0) < (\/iHuoHoo + 02)t2 = qmt2.
0

In the case v < % all the steps go through replacing v with %, but in fact it is even
easier then. ]

Remark 10.2.4. It might be worth noting that qjm oo for v 1. This is, since
g =c(M()) < qmes(l - exp(36(1 —9)))~t = 0o as v — 1. Additionally, we
also have ), r; = oo in that case. One can remedy one of these problems, but not
both.

Finally, we can do the proof of Lemma [10.1.2

Proof of Lemma[10.1.3 The proof is very simple. We know that u: Ry x R — R
is continuous almost surely. Denote dg := S(us), for a fixed value s > 0.

Assume that there exists € > 0 such that for all € € (0,&]: u(s,ds —e) = 0. Then
either u(s,-) is not continuous at d (which cannot be), or S(us) < ds — &, which is
also a contradiction to the definition of d. Thus, we know that

Ve >0 3e € (0,&], 6(g) >0: us(ds —e) > d(e).

Let £ > 0 be arbitrary and let ¢ = ¢(¢) and § = d(e) according to the preceding
line. Then, by continuity of u(-,-) at (s,ds — &) we know that there is a 1 > 0 such
that

1
Ve 0,a]: u(s —p,ds —e) > 55(5).

Thus, for all € (0, ]
dop>dy—c>d—¢

As & was arbitrary, this shows the claim. O

10.3. Extinction of the process

In this section we provide the proof of Proposition The proof is similar to
that of Proposition 3.10 in [MP92] with an adaption of their equation (3.25). Their
result stated the extinction property of solutions to (10.1]) where T is colored noise.

Proof of Proposition[5.4.3. Let é¢(z) = ¢®) (x
¥y, defined just before ((10.6)), set ¢, (z ) =

) = cosh(az) and using the functions
é(x)n(z),z € R. First, note that
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since u € C(R4, Crap) the integral (u¢, ¢) is integrable over a finite time interval.
Additionally, ¢, € C2° for any n € N. By (10.3)), we can write

(g, ) = <uo,¢n>+/0t/Ru(r,:C) d:z:dr+/ / u(r, ) on (2)W (dr dz).

(10.15)
Observe that |¢!)| 4+ |¢n| < Cl¢| allows us to use dominated convergence theorem
for n — oo in all terms except the martingale term. For the martingale term, we
observe

| L ot utr)6n(o) = )60 = o) k(e ) dodyr
< [ o)1+ ulr))(6a(a)  6(2))(60(y) ~ Sw)k(a,y) dadydr
0 JR2

And this expression tends to zero by the dominated convergence theorem, since
solutions are integrable. As ¢” = a%¢, we have letting n — oo in the above

(ug, ) = (uo, ¢ // r,z)=¢"( dxdr+// 2)W (dr dz)

=: (ug, d) + (a 2/2)/0 <ur,¢(“)>dr+Mt — X, (10.16)

Note that X (@) gets extinct at the same time as (u(-,-),1). Clearly, M; is a contin-
uous martingale and an application of Corollary gives

d

GO0 [ afulr) () 6ok, y) dedy

= ot [ Aulra)o@)" ) (ulr 9)0(0)' ) (o, y) dady
2Bv+2
> o2cH /8 </ u(t,:):)¢(x)1/7dx> o
R
28v+2

cod H2/P </ u(t,w)qﬁ(x)dm) o (p>1)
R
=: cod H2/Pb(u, ).

v

Remember that Uy was the extinction time of u. Let

t
Cy :/ b(u,s)d(M), for t < Uy,
0

7 =inf{u:Cy, >t} for u < Cy,.
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Then, for t < Cy, :

1 -1
%(t) = @Ej(n)) = b(u,73) <d<§i>'(n)> < cot H/5. (10.17)

So we can define 7(Cy,) = 7(Cy,-) < oo if Cy, < oo. Let ~)N((“)(t) = X(t) :=
(u(Ttncy,s ) ¢(@). Call Uy the extinction time of the process X. Call Uy (Uy) the
extinction time of the process X (X, respectively). Then Ug = Cy, and because

of ((10.17]) and the finiteness of H:
{Ug@ <00} C{Ux@ < oo} (10.18)

almost surely. By the optional stopping theorem (7(t) is stochastically bounded)
the process

My := M(7(t AUg)) is a continuous local martingale. (10.19)
For t < Uy observe by ([10.17):
d - dM) dr

i), = S () S () = b, ).

Hence, using Theorem we may assume that there is a Brownian motion (Bj)¢>0
such that

¢
Mt:/ b(u,Tr)1/2dBr.
0

Then, (10.16) implies for ¢t < Ug,

’T(t/\U)'()

Ry = (rn ) = (o, ) + /0 b(u,72)2dB, + (a>/2) / (r, G)dr

0

— (o, 8) + /0 (ury. ) 5 dB, + (a2/2) /0 (tir, )7 (F)
By+1

— o)+ [ (%) ams @) [ Ko

Let H > 0 and Yt(a) be the pathwise unique solution (see Theorem | of

t  By+l g t
Y; = (uo, @) + | Y77 dB, + a? 2/ Y,.dr.

By Theorem 5.5.6 in [KS00] we know that on the probability space chosen:

Xt(a)]l{HQ/ng} < }/;(a)]]_{Hg/gSH} for all t > 0 almost surely.
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Using Theorem 51.2 (ii) of [RW87] one can show that 0 is an accessible boundary
point for the diffusion Y with scale function

v a’H B+1 , 98-8+
= e —— B+1 — 1 d .
sa() /1 exp< 2002 B+ i )| dy

For the latter, one can use the explicit formula in Exercise VII.3.20 of [RY91]. We
want to apply Proposition VIL.3.1 in [RY9I]. Note that

{(Ugw < o0} D {Uy <00, H< H}y = {Uy < oo} \ {H > H}.
Using this, (10.18)) and lim,_0 lim, o0 Sq(x) = 00, we have
P(Up < o0) > lin(l)IP)(UX(a) < 00)
a—r

> lim P(Uy @ < oc) — lim P(H?P > H) (X<Y)
a—

H—oco
— (a) _
Z hm SCL(OO) sa(<u07¢ >) _ Jlm H—IE(HQ/ﬂ)
a—0 Sa(OO) — Sa(O) H—o0
=1,

since E(H?#) < oo.

Note that if the continuous nonnegative martingale X; = (us, 1) with o(0) = 0,
attains the value 0 for a certain ¢ > 0, then X stays in zero after time ¢ (Problem
1.5.12 of [KS00]). This shows the second claim. O

10.4. Integral estimates
Denote the open ball in R? centered in the origin with radius » > 0 by
B(0,r) ={z e R?: |z| < r}.

Lemma 10.4.1. For 0 <a < b let z9 € B(0,b) \ B(0,a) and ¢ > 0. Then there is
a constant C = C(q), s.t.

| Lactoicttoai<crdn = Cla)(( = a) nc)".

Proof. Call the set in the integral A. Observe that at least two disjoint cone-like
ball segments with angle 7/2, top z¢ and centered around zo+ Rz and zo+R_xg
are contained in A. Call them A, and A_. Note that A, is a cone with height at
least hy = 27Y2[(b — |xo|) A ¢] and ground area cq,lh‘_fl (cg—1 the volume of the
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unit ball in R?™1). Likewise the same holds for A_ with h_ = 27Y2[(|zg — a|) A d].
Using the formula for the g-dimensional cone and summing the two parts obtain:

Al = A4 ]+ A_| > e(g) [((b = |zo]) A ¢)? + (o] = a) A )]
> ¢(q) [((6 - |ao]) + (o] — a)) A d]?
> c(g)((b— a) A ).
O]

Letk: R27 — R, with k(bz, by) = b=*k(z — y) for a certain a > 0. The function
k:R? — R, is bounded from below near the origin in the sense that k(z) > ¢ > 0
for all z € R? with |z| < 2.

Lemma 10.4.2. Let 0 < 8,7 < 1 and let f : R? — R, be Hélder continuous of
order [3:

f(z) = f(y)| < H|z - y|° (10.20)
for any x,y € RY, where H > 0 is a uniform constant. Then for k(z,y) = |z —
y|=* a €(0,1), a € [0,1], r > O there is a constant c(q,cy)

/]Rq qu“*(:v)fﬂy)k:(x, y)]l{ar<|x|<2r,ar<\y|<2r}dmdy

? /B
> efg, ) (7 FYOHO v 1) 0 Ty

where F = far<‘x|<2r f(z)dw.
The proof will closely follow the proof in [BMP11], Theorem 4.

Proof. First, let us show the claim for a Holder continuous function g : R? — R
with the Holder constant H as in ((10.20]) satisfying

/]l{ar<|x|<2r}g(y)dy =1

We consider two cases, the first one being that supjcr2r) 9(y) < 1. Clearly,
97 (y) > g(y) for any |y| € (ar,2r) and so

//g’y(x)g’y(y)k(xvy)]l{arﬂx<2r,ar<|y<2r}dmdy
Rq JR4
— [ [ g8 (G~ 2y
Ra JRa
261#“2(]0‘/ 1{a<|ﬁ|<2}9(7“ff)d53/ Lii<)gi<219(ry)dy
R4 Ra

2
= Ckria </ ]l{ar<|m|<2r}g(x)dx) = Ckria
Ra
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since the integral equals 1.
The second case to consider for g is that of supy|cqr,2r) g(y) > 1. Then, there is

a yo € R? with ar < |yo| < 2r, s.t. g(yo) > 1. Then by the Hélder continuity of g,
we observe

_ 1
9(v) = 9(yo) — lg(y) — g(yo)| > 1 = H2H) ™" = 5
for any y € RY with |y — yo| < (2H) /. Therefore, using Lemma [10.4.1| obtain
/ / gv(x)gw(y)k(l‘ay)]l{ar<|$\,|y\<2r}d$dy
Ra JRa

> / / 97(2)g7 (YR, YNt ar <o) <2r o —yo < (@) ~1/8) L{ar<|y| <ar[y—yo| < (2r) -1/} LY

>0 / / K@ = O e pl<n 5-go/ri< L (21)-1/0)

Wa<igi<agvo/ri<t 2m)-1/53 42 dY
2
> 2700 [Olg) (LA )77

2
> 2727*2Q/Bck0(q)2qr*°‘ (7“ A Hil/’g> ! .

Putting the results together for the two cases, we observe that for g such that
f ]l{ar<|x\<2r}g(y)dy =1, we have

/ / g’y(x)g’y(y)k(xay)]1{ar<|w\<27",ar<|y\<2r}d$dy
Raq JRY

2q
H-/B
> C(q,c)r (1A 7“2‘7) <1 A >

r
= O(q,c)r *(r 21 A1) (r A H‘1/5>2q.
Now, if f is any non-negative function, then define for b > 0:
gy) = b7 f(by).

Observe that g satisfies (10.20)) and obtain

/g<y)]1{ar/b<y|<2r/b}dy:b_ﬁ/ f(by)b™d(by)
R4 ar<|by|<2r

= b_q_B/ f(z)dx =1,
ar<|z|<2r
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provided that

1

1 B+q
ar<|z|<2r

Using the result for the function g with r replaced by r/b, we obtain

Claa) (5) " (57 n1) ()" <

< //gW(JJ)QV(y)k(iE,y)]l{agxx|<‘” ar |y|<2rydody

b’b

- / / (b £ (b)) (6~ £ (by)) k(b by)b L g < o) <2100 o] <2 Ay

_ b—25’7+a—2q / / f(w)”f(z)vk(w, Z)]1{ar<|w|<2r,ar<\z|<2r}dwdz'

So, altogether we obtain

/ f'y (a:)f’y(y)k:(x, y)]l{ar<|z|<2r,ar<\y|<2r}dxdy
Re JRa

2
> c(q, cx) (r_lFl/(m'q) Y 1) ! [H~YB A

r 2,.—a 2By+2q
LA

that is what we needed to show. O
Remark 10.4.3.

(a) Note that we can leave out the first factor including the (- V 1)%7 since it is
bounded below by 1.

(b) In the one-dimensional case, it is also possible to restrict to 1,.<y<2, instead
of 14, <|z|<2- and the same proof goes through.

Similarly we can obtain the following result neglecting all the restrictions on the
variables:

Corollary 10.4.4. In the setting of Lemma|[10.4.2:

/ F1(@) £ )k, y)dady
Ra JRa

2B8v+42q

> c(q, ex) H2VPr=( | f(x)dz) 5Fa .
R4

Remark 10.4.5. The condition k(z) > ¢y for all |z| < 2 is in some sense illusory.
By definition k(z,y) = p~|z — y|~*k((x — y) /p|z — y|) for any p > 0. That means
the lower bound on k would only change by a factor p~ if we required k to be
lower-bounded on B(0,1/p) instead of B(0,2).



11. Particle system

11.1. Offspring distributions

Consider a continuous time branching process B = (By);>0 with values in Ny and
started with By = x € N individuals. The offspring law 7 to be considered shall be
critical binary, i.e. 7 = (6o +d2)/2 and the reproduction rate per individual shall be
A > 0. We can equivalently say that B is a Feller process in Ny started in x with
generator A:

A7) = 22+ 1)~ 27) + fy— D)y €N, AF(0) = £(0)

for a bounded function f : Ny — R. The solution measure for this Feller process
is denoted by P* and its expectation E*. Let us define the generating function
u: N x[0,1] x Ry of that process

u(z,a,t) := E*[a®), r € N,a € [0,1],t > 0.

As the mapping = +— a® is bounded for our choice of a we easily obtain using
Kolmogorov’s backward equation

Do, a,1) = B[Aly o a¥)]yop,] = B[22 (0P — 20P 4 aP
= %(a — 1)?0,u(z, a,t).

It is good to note that the expression (a — 1)2/2 is the generating function of our
offspring law 7 and one can check that this holds similarly for general offspring
laws. The partial differential equation above is a so-called transport equation and
can be solved applying standard methods. We obtain

1 1 v
u(z,a,t) = <1 N + E(l + At — )\st)1> .

The exponent x should not surprise the reader as it is due to the fact of the inde-
pendence of the z initial individuals. Standard calculations for generating functions

213
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allow us to get the following results for x = 1:

()= P (Brmn) = 0" N polt) = PL(By = 0) =
DPn = t — _(1+)\t)n+17 » Do - t — _1+)\t7
E'[B] =1,
Varl[By] = M
and by independence of individuals’ branching
E?[By] = x,Var®[B] = Axt. (11.1)

We are interested in taking the distribution %! = L[B;| By = z] at a fixed time t,
e.g. t = 1. Consider now a discrete time branching process (Y}, )nen, with individual
offspring law vy = (v5%)*1/* = pL1 Tt is well-known, that the laws L[N ~'By;|By =
Nz] and L[N~'Yn¢|Yy = Nz|, both converge to the law of the Feller diffusion in
an appropriate sense.

Observe that for t = 1, the law of B; has linear variance in z. We would like to
construct an offspring law for the discrete time process Y, which models density
dependent branching. Density will be called the total mass of individiduals alive
(here z initially), but we will be more specific later. A way to achieve that is
choosing not ¢t = 1, but rather ¢ = 27 for a certain v € (—00,00). So, let us define
a new offspring law on Nj:

vy () = (L[B,y|Bo = 1]) . (11.2)

From the three lines above we easily observe that
(A )1 Az’

vy (@m) = G gy ™ € Nowy (2,0) = 770,
vy(x,(n—=n)) =1,

v (2, (n = (n —2)?)) = PV

If we consider an z-fold convolution of v/ (x, -), then we obtain for Y’ 4 Llvy ()]
E(Y) =z, Var®(Y) = Az't7,

which should be seen in contrast to : the individual offspring law v./(x,-) is
critical and leads to nonlinear variance 21+ (of course, only if 4" # 0).

Consider now the case where each individual is assigned mass N ! for a certain
N € N and we start with Nz individual for a given 2 € N~'N. Since density
of individuals is N~! - N2 = z, we assume that each individual has offspring law
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vy (x,-). Thus, the summed offspring of all individuals after one timestep is given

by ¥ £ £[B,,]¥* and

E*[N7'Y] = &, Var®*(N7'Yy) = N~ 'a!*7, (11.3)

The superscript here refers to the fact that initially total mass N~1Yy = z.

11.2. Proofs and proof ideas

Remember the model given in Section [6.2] There we had the measure-valued process
(X)i>0 and the density process (u(t,7))>0zer- The motion of particles was
governed by the Feller-generator A = %. For the proof of Conjectureit is necessary
to show tightness and give an identification of the limit. We start with arguments
concerning tightness and conjecture:

Conjecture 6. The sequence u” is tight in D(R, Ctem).

It is easy to note that « in fact has paths in this space. We give some indication,
why the conjecture should hold true and how to make a proof:

A helpful criterion is that of Theorem 3.1 in [Jak86]. Let ' = {H, : ¢ € C°(R?)}
be the family of mappings Hy : Ciem — R, f = [, f(@)@(2) dz. In order to show
tightness for a process with cadlagpaths and values in Ciey, we use the following
proposition:

Proposition 11.2.1. A family of probability measures {u; : © € J} on B(D(R4, Ctem))
is D-tight, if the following two conditions hold

(a) For alle > 0,T > 0 there is a compact set K¢ C Ciem $.1.
inﬁ,ui(:n eD:z(t)e Kcp VE<T)>1—e.
1€

(b) The family {p; : i € J} is F'-weakly tight, i.e. for each ¢ € CZ°(RY) the family
{mio Hy i € J} of probability measures on D(Ry,R) is tight. Here

ﬁqﬁ : D(R4, Ctem) = D(R4, R), [H¢(f)](t) = e ft,z)p(x) dz,t € Ry

Proof. We apply Theorem 3.1 from [Jak86] to the case E' = Cep,. This only requires
to show three conditions for the family F', which are easily checked: clearly F'
separates points in Cien, and is closed under addition. Finally one can also show
that any mapping Hj, is continuous, even Lipschitz-continuous. O
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First, give an idea, how to verify Condition (b) of Proposition [11.2.1} Let ¢ €
C°(R) be fixed throughout this section. We need to show that

Lemma 11.2.2.

{(/Rq u® (t,y)é(y) dy)izo : N € N}
is tight in D(R4,R).

In order to show that lemma decompose

/Rq uN (t,y)o(y) dy = le/Rq B%;tpl/N(Y'B’N(t) —y)o(y) dy

= x40+ 5 3 ([ o0 - ety — o))

BNt

= XN (¢) + EN (9).

Conjecture 7.
lim Elsup|EN (6)]] = 0.

N—oo i<

Proof Sketch. There are two things to do: Taylor-expansion of ¢(y) = ¢(Y N (¢))+
'Oy — YPN(t) + 3¢"(€)(y — YPN(t))? and secondly, application of Holder in-
equality. O

Then, tightness of (uV,¢) will hold, if X™V(¢) is tight. So, we continue to deal
with X7V (¢). To prove its tightness we closely follow the arguments from Perkins
[Per(2], pages 149-156, where we borrow again some notation:

t = N7'[Nt],~ is used for ~y if there are no disambiguities.

Define for each o € I == Nj and s € N" !N s.t. |a| = Ns:

M2() = o(¥2) = V) = [ AG(Y)dr, s €[5+ N7V,

S

Note that by construction, {M&(¢) : N7t|a| < s < N7!(|Ja| + 1)} is a martingale
started in zero with respect to the filtration

Fo=0(YPN(r):r<s,|8| < Ns+1).

Let us also observe that

1
XﬁN*1(¢) = N Z ¢( go—éi-Nfl)NOZ’Na

QNS
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which easily leads to

1

XN y1(0) XY (9) = I DBV N )N®N = o(V)]
:% > [t p-ney

S

s+N—!
- <¢( wrn-1) = My (9) —/ A¢(Yra)d7“)]

LS O = 1) M0

+ / ) % > Ap(y,?)dr.

2 ar~NT
Much easier, we obtain for ¢ > 0:

V@) - XN 0) = 5 3 M)

a~ Nt

tl N
+/t ~ > Ag(Y,)dr.

a~ Nt

Adding up both calculations for s < ¢, one gets for ¢ > 0:

XN0) = X6+ 30 3 Sy (N 1)

s<t a~ns
1 1
2 D Mina () + 5 D M)
s<t a~Ns a~ Nt
t 1 N
+/0 drNg;TAWr)
t
= XV () + MPN () + MPN () + /0 XN (Ag) ds. (11.4)

Since (Mf*, Fit)iejp,e+n-1] is a martingale for each a € I, the fact that {a ~t} € F;

easily imply the fact that (M} ’N((ﬁ),}})tzo is a martingale (integrability follows
from Lemma I1.3.3 (a) in [Per(02]).
One easily checks the following using E[N® — 1] = 0:

Lemma 11.2.3. M"Y and M*>N are martingales.
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The same argument as that of [Per02] Lemma I1.4.4 leads to:

2
Lemma 11.2.4. sup;< g ]MtSN(qb)\ 550 as N — oo for all K > 0.

We wanted to show tightness of X~ (¢). By the preceding lemma, we are left to
show tightness of X}¥(¢), M»" and the integral fg XN(Ap)ds. To show tightness
of M"Y we would like to use Lemma I1.4.5 in [Per(2], which we quote here

Lemma 11.2.5 (Lemma I1.4.5 ([Per02])). Let (M}, F}) be martingales with M{¥ =

0. Let (M), = Zogng[(MﬁN,l — MM FN, and extend MY and (MN). to

R4 as right-continuous step functions.

(a) If {(MN).: N € N} is C-relatively compact in D(R;,R) and

sup |MN(t+ N1 = MN)| 50 as N = 0o VK > 0, (11.5)
0<t<K

then {M™N} is C-relatively compact in D(Ry,R).

(b) If, in addition,
{ N2 Ny . . . .
(M) +(MY),:N e N} is uniformly integrable Yt € T, (11.6)

then MNe 2 M in D(R) implies M is a continuous L?> martingale and
(MNe, (MNe) = (M, (M)) in D(R)?.

(c) Under the statement of uniform integrability in (b) the converse to (a) holds.

We do not know, if the following holds, which is remarked in the measure-valued
setting in [Per(02] for measure-valued processes:

Open Question 1. Does C-tightness in D(R, R) transfer to C-tightness in D(R, Ciem )
in the previous statement?

In Section we gave the calculation of the quadratic variation of M®"N. There
appeared the terms z—:gl((ﬁ) and 62[2((15) and we obtained:

(MO (), = / ds / dyu® (s,9) " Ab(y)? + N (0) + €25 (6).
0 Ra

Proposition I1.4.8 in [Per02] suggests that sé\fl(qﬁ) goes to zero and there are indica-

tions that also 55[2 (¢) goes to zero. Additionally following further his proof strategy
it should be possible to obtain establish Condition (b) of Proposition [11.2.1] To
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show the compact containment condition (a) in that proposition we can use Propo-
sition 3.13 of [Zah04]: We need to show that for any € > 0,7 > 0 there is a compact
set I'c 7 € Ciem s.t.

sup P(u (t,-) € T 1 for some t < T') < €.
NeN ’

Lemma 11.2.6 (Proposition 3.13 in [Zah04]). It is sufficient to show that for any
e >0,T>0,n\ K >0 there are h(e,n, K,T), H(\ &) > 0 such that

P sup [ (t, ) — u™ (t,y)| > n for somet <T | <€
le—z'|<h,z2'€[-K,K|4

P <sup [N (¢, 2)|e N > H for some t < T) <é.
rEeRY

Remembering ((11.4]), the argumentation as in Proposition I1.5.7 of [Per02], com-
bined with that of [MT94] should allow to establish that claim in our case.

We should give more indication, why the resulting SPDE is the stochastic heat
equation as given in Conjecture 4. Combining ((11.4]) and Conjecture m it should be
possible to obtain

W (E, ), 8) ~ () (), 0) + MPN(6) + /0 (W™ (s,-), Ad) ds.

Here M"Y is a martingale with approximate quadratic variation given by

bN ~ t s WN (s )t 2
(M>7 ()t /Od /quy (5,9) Ao (y)

Assuming the tightness (where indications were given before) it remains to identify
the limit. For any convergent subsequence u™V*, k € N, first use Skorohod represen-
tation just as before . Then, apply the usual technique for introducing a noise
W (see Step 4 of [MT94] for SPDE, Theorem 5.3.3 of [EKS6] for SDE) will allow
to describe the martingale in the limit:

t
M) = [ [ VAuls ) s )o() dyds.
Remembering A = %, then the limiting SPDE reads like
1 .
Owu(t,z) = gu”(t, x) + w2 () W(t,z),

where W is white noise on Ry x R. This is the limiting SPDE we wanted to obtain,
if we set 4/ =2y — 1.
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Dirac-d-distribution at = € R?
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space of square-integrable continuous martingales
partial derivative in R? of order (a, ..., aq)
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spatial derivative of the heat kernel in direction x;
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