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Abstract

The most important examples of coarse spaces arise from proper metrics
on spaces or from metrisable compactifications. In both cases, the bounded
subsets are precisely the relatively compact ones. On the other hand, one
of the characteristic properties a coarse map required to have is formulated
by the bounded subsets. Motivated from the above two facts and in order
to be able to develop the notion of locally properness which has been intro-
duced by Viét-Trung Luu for discrete spaces, we introduce a new notion of
compatibility between the coarse structure and the topology when a coarse
space also carries a topology. The spirit of this is to let the local part of the
theory govern by the topology of spaces. Having established this we are able
to introduce some basic notions such as pull-back and push-forward coarse
structures, and products and coproducts of coarse spaces which also are car-
rying a topology with the required compatibility between the topology and
the coarse structure.

We use the notion of basepoint projection introduced by Paul Mitchener
and Thomas Schick to develop a notion of pointed coarse spaces which leads
us to a new notion of collapsing from a coarse point of view. This enables
us to introduce some essential notions such as coarse quotient spaces, coarse
spaces obtained by coarse collapsing and coarse spaces obtained by coarse
attaching via a coarse map.

We introduce a new notion which in a sense is the analogue for coarse
geometry of locally compactness for topology and investigate some of its
properties.

Then, we develop basic notions in the coarse homotopy theory including
some constructions such as coarse smash product, coarse suspensions and
coarse mapping cone needed to develop coarse homotopy theory and we
prove some of their properties. The coarse homotopy groups are introduced
next and then we develop an exact sequence of coarse homotopy groups.

We also give a more complete exposition on the coarse CW-complexes
broad enough to provide an appropriate foundation in order to carry over
more of the tools from algebraic topology into coarse geometry. Having es-
tablished that we prove a coarse version of the theorem of J.H.C. Whitehead
which allows certain aspects of coarse homotopy classification.

Next, we pursue a big step forward and calculate the coarse homotopy
groups of the standard coarse spheres. More precisely, we prove Wﬁrs(SﬁJr) =
7(S™) for all & < n. This has some intense applications, namely, this
enables us to carry over some important theorems from algebraic topology
concerning the coarse homotopy groups of coarse CW-complexes when they
are R -spaces. Then, as a one result of these theorems, we introduce the
coarse Eilenberg-Maclane spaces.
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Chapter 1

Foundations

Coarse geometry is the study of the “very large scale” properties of spaces.
To see what is meant by the “very large scale”, let restrict ourselves, for a
moment, to metric spaces. For topologists, the significance of the metric lies
in the collection of open sets it generates, but this passage from the metric
to its associated topology loses a good deal of information; in fact only the
‘very small scale structure’ of the metric is reflected in its topology. For
example the metric

d (x,y) := min{d(z,y), 1}

defines the same topology as the metric d itself.

Coarse geometry arises when we consider the dual procedure in which
“very large scale” properties of spaces are to be investigated. In coarse
geometry, the role of open subsets is played by some subsets of X x X,
called entourages. For example, in the metric space (X, d), the entourages
are defined to be the subsets of the following sets

D, :={(z,y)| d(z,y) <r}

where 7 > 0. Now, we can see what we mean by ‘very large scale’ property
of a metric space (X, d); consider two functions f,g: S — X, where S is an
arbitrary set. If there is a positive real number r > 0 with

{(f(s),9(s))| s € S} € Dr,

then the functions f and g are considered as the same object in the coarse
sense, that is, any two functions into a bounded metric space represent the
same object as far as coarse geometry is concerned or with the other words,
every space of a finite size is coarsely equivalent to a single point.

As one can define the notion of an abstract topological space by axioma-
tizing the properties of open sets in metric spaces, one can define an abstract
coarse space by axiomatizing the properties of entourages in metric spaces.
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In section 1.2, we will give an axiomatic description of the structure needed
to do coarse geometry.

In this chapter, we redevelop some basic notions in coarse geometry
needed to develop some aspects of coarse homotopy theory. In [Luu], Viét-
Trung Luu has introduced the notion of locally properness for the discrete
spaces. We first develop this notion for the coarse spaces which also carry
a topology with some kind of compatibility between their coarse structure
and their topology. Therefore, we often refer to the difference between these
two setups. But, I should remark that our approach is more geometrical
rather than his approach which is categorical.

1.1 Properness axiom

First, we fix some notations. They mainly come from [Roe03] and [Luu].
Let X be a set. We will use the following notation for subsets of X x X.

(i) If E C X x X, then E~! denotes the set {(y,z) € X x X| (x,y) € E},
called the inverse of E;

(i) If E1, By € X x X, then E; o Ey denotes the set {(z,2) € X x
X| (z,y) € Eq and (y,z) € E3 for some y € X}, called the compo-
sition of F1 and FEs.

If FC X x X and K C X, we define
E-K:={zxeX|3yekK, (z,y) € E}
K -E:={rxeX|yekK, (yz)€ E}.

In case K is a singleton {x}, we use the notations E, and E* for E-balls
E -{z} and {z} - E, respectively.

The following two lemmas are obvious:
Lemma 1.1.1. Let X be a set. If E1,E5 C X x X, and K C X, then
(E1UE2)-K=E,-KUEy-K and K- -(E1UE3) =K -E UK - Ey;
Eiolg, gk =E10FEyolgk and lg.p, 0 By =1k o By o Ey;
(E1o0Ey)-K=EF;-(Ey-K) and K- (EyoFEy)=(K-E1)-FEy; and
E'K=K-E and K-E{'=FE; K.
Lemma 1.1.2. Let X be a set. If Eq, Es, E}, Eb € p(X x X) with Ey C E
and B} C EY, and K1, Ky C X with K1 C K», then
E1UE] C By UFE), Eio0E] C Eyo EY,
(B1)' C(By) 7, lr, C 1Ky,
Ei- Ky CEsy- Ko, and Kqi-FE1 C Ky- Es.
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Definition 1.1.3. Let X and Y be topological spaces!.

e A subset F C X x X satisfies the Roe properness axiom if E - K
and K - E are relatively compact? whenever K is a relatively compact
subset of X;

e Amap f: X — Y (not necessarily continuous) is called topologically
proper if f71(K') is relatively compact whenever K’ is a relatively
compact subset of Y.

The following follows directly from Lemmas 1.1.1 and 1.1.2.

Proposition 1.1.4. If E, E' € p(X x X)) satisfy the Roe properness axiom,
then EUE',E o E',E~Y, and all subsets of E satisfy the Roe properness
aziom. Also, all singleton {1,}, x € X, satisfy the Roe properness axiom.

Note that Proposition 1.2.2 of [Luu] does not hold in this setup, but
fortunately, by adding more assumptions on maps which will be fulfilled
automatically in the cases we will work on in the future, we get exactly
what we need. The following is the corresponding statement:

Proposition 1.1.5. Let X,Y and Z be topological spaces. Consider the

composition of set maps X TN y 4z
(i) If f and g are topologically proper, then g o f is topologically proper.

(ii) If gof is topologically proper and g preserves relatively compact subsets,
then f is topologically proper.

(i1i) If g o f is topologically proper and if f preserves relatively compact
subsets and it is surjective, then g is topologically proper.

Proof. The proof is straightforward. O

1.2 Coarse structure and
compatibility with topology

In this section, we first give an axiomatic description of the structure needed
to do coarse geometry. Compare [Roe96], [Mit01],[Roe03] and [Luu].

Definition 1.2.1. Let X be a set. A collection £x of subsets of X x X
is called a coarse structure on X, and the elements of £x will be called
entourages, if the following axioms are fulfilled:

In general, we do not assume topological spaces to be Hausdorff unless otherwise
stated.

2We use the term relatively compact in the following sense: a subset K of a topological
space X is relatively compact if it is contained in some compact subspace of X.
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(i) Ex is closed under the formation of subsets, inverses, compositions,
and finite unions; and

(ii) for all x € X, the singleton {1,} is an entourage.

A coarse space is a set X equipped with a coarse structure £x on X. We
denote such a coarse space by (X, x) or simply by X.

The coarse space X is called connected if every singleton {e}, e € X x X,
is an entourage of Ex. A pair of points z, 2’ € X are connected (with respect
to Ex) if {(z,2’)} € Ex. There is also a notion of a subset of a coarse space
being of finite size, namely

Definition 1.2.2. Let (X, Ex) be a coarse space. We call a subset B C X
bounded if B C E, for some E € £x and for some x € X.

Proposition 1.2.3 (properties of bounded sets). Let (X,Ex) be a
coarse space.

(i) Subsets of bounded sets are bounded.

(ii) If B C X is bounded, then B x B C £x.
(iii) If B C X is bounded and E € Ex, then E - B and B - E are bounded.
(iv) Let By, By C X be bounded sets, The following are equivalent.

e By U By is bounded;
e By x By e 5)(;
e There exists an entourage E € Ex such that EN (B x Ba) # 0.

(v) If (X, Ex) is a connected coarse space, then any finite union of bounded
sets 1s bounded.

For a proof consult Proposition 1.7 of [Gra].

Definition 1.2.4. Let X be a set and £’ a collection of subsets of X x X.
Since any intersection of coarse structure on X is itself a coarse structure,
we can make the following definition. By (£’), we denote the smallest coarse
structure containing £’, i.e., the intersection of all coarse structures contain-
ing &'. We call (£') the coarse structure generated by E'.

In the same way, we define the connected coarse structure generated by &’
and we denote it by (£)cn.

To give a motivation for the next definition, we review two notions from
the classical coarse geometry, although, we do not stay faithful to them. The
first is the notion of a coarse map: assuming X and Y to be coarse spaces,
a set map f: X — Y was said to be coarse if
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(i) it is coarsely uniform in the sense that for every entourage E € Ex,
the image

PAE) ={(f(@), f()] (x,y) € E}

is an entourage, and

(i) it is coarsely proper in the sense that the inverse image of a bounded
set is also bounded.

The second notion is the notion of compatibility of coarse structure and
topology when a coarse space also carries a topology: suppose we are given
a Hausdorff topological space X. A coarse structure £x on X was said to
be compatible with the topology (or as in [Roe03], the coarse structure on
X was said to be proper) if (1) there is a neighborhood of the diagonal
Ax which is an entourage and (2) every bounded subsets of X is relatively
compact. An immediate consequence of this compatibility was that the
bounded subsets in proper coarse spaces are exactly the relatively compact
ones (see [Roe03], [Mit01] and [Gra]). Motivated from this fact and the fact
that one of the property that indicates coarse maps has been formulated
by bounded subsets, we are going to let this side of the theory govern by
topology of the space. To do it, we first require the following compatibility
between the coarse structure and the topology:

Definition 1.2.5. Let (X, £x) be a coarse space. Then X is called a coarse
topological space, if it is equipped with a topology (not necessarily Hausdorff)
such that every FE € Ex satisfies the Roe properness axiom. A coarse topo-
logical space X is called proper if its bounded subsets are precisely the rela-
tively compact ones. We say the coarse structure and the topology of a space
X are compatible if X is a proper coarse topological space. A (proper) coarse
topological space X is called wunital if the diagonal Ax = {(z,z)| = € X}
is an entourage.

Note that the definition of a “proper coarse topological space” is slightly
redundant: if the bounded subsets are precisely the relatively compact ones,
then every entourage automatically satisfies the Roe properness axiom. As
in [Luu], we use the notation £/ € & x|, as a convenient abbreviation for
E € p(X x X) satisfying the Roe properness axiom.

Example 1.2.6. Let (X,d) be a proper metric space. Set D, := {(z,y) €
X x X | d(z,y) < r} and define

Ei:={EC X x X | ECD, for some r > 0}.

It is easy to verify that (X, &) is a connected unital proper coarse topological
space and it will be called the bounded coarse structure coming from the
metric d.
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Example 1.2.7. Let X be a Hausdorff space and X a compactification of
X, i.e., X is a dense and open subset of the compact set X. The collection

of all subsets E C X x X, whose closure meets the boundary (X x X)\ (X x
X) only in the diagonal, is a connected coarse structure on X, called the
continuously controlled coarse structure. It is easy to verify that if X is

metrisable, then the coarse structure £ is compatible with the topology.
Compare [Roe03], [Mit01] and [Gra].

Definition 1.2.8. Let X be a coarse topological space and let X’ C X be
a subset. Then

Exr = 5X|X’ =Ex N p((XI)X2)

is a coarse structure on X', called the subspace coarse structure. If X is a
proper coarse topological space and X' is a closed subset of X, then X' is
itself a proper coarse topological space with subspace coarse structure.

1.3 Coarse maps

In [Luu], Viét-Trung Luu has introduced the notion of locally properness
for discrete spaces. In this section, we develop his approach for coarse topo-
logical spaces. The goal is to introduce a notion which is weaker than topo-
logically properness when spaces are nonunital. Therefore, from now on, we
assume that spaces always carry a topology.

Definition 1.3.1. Let X and Y be topological spaces. Asetmap f: X — Y
is locally proper for F' € & x|, if E = f3(F) € &y, and fYK)-F and
F - f~Y(K) are relatively compact for all relatively compact K C Y. If
(X, Ex) is a coarse topological space, then f is locally proper if it is locally
proper for all F' € Ex.

Definition 1.3.2. Let (Y,&y) be a coarse topological space. A set map
f: X =Y preserves F € § x|, (with respect to &) if E = f**(F) € &y. If
(X, Ex) is also a coarse topological space, then f preserves entourages if f
preserves every F € Ex.

Definition 1.3.3. Let Y be a coarse topological space. A set map f: X —
Y is coarse for ' € £ x|, if f is locally proper for I and if f preserves F. If
(X, Ex) is also a coarse topological space, then f is coarse map if f is coarse
for every F € Ex.

Lemma 1.3.4. Let X and Y be topological spaces and let Z be a unital
coarse topological space.
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o If aset map f: X — Y is topologically proper and respects the Roe
properness axiom, then f is locally proper for any F' € & x|, (so f is
locally proper for any coarse structure on X ).

o Ifasetmap g:Z —Y islocally proper, then g is topologically proper.
Proof. The proof is straightforward. O

Note that for unital proper coarse topological spaces, our notion of a
“coarse map” is just the classical notion. Therefore, in this case, we continue
using the terminologies “coarsely uniform” and “coarsely proper”. But, the
question which arises here is whether our coarse maps contain the whole
characteristic properties that we expect a coarse map to have. As we will
see in the future, being careful enough, we will get what we need from a
coarse map even in the cases that coarse topological spaces are not unital
or both source and target spaces are not proper.

The only problem that causes some difficulties in this setup in compare
with the discrete case is that in some proofs we can not conclude that our
maps respect the Roe properness axiom. We will add this as an assumption
whenever it is required. But, note that adding this assumption is not a
demanding, because, in the future, we will consider only coarse maps which
preserve entourages by definition, that is, they respect the Roe properness
axiom which means the assumption will be automatically fulfilled. The
following is the corresponding proposition to Proposition 1.6.6 of [Luu]:

Proposition 1.3.5. Let X and Y be topological spaces and f : X — Y be
a set map. If f: X —Y is locally proper for F\ F' € &x|,, then f is locally
proper for FUF' FoF',F~1, and all subsets of F. Also, f is locally proper
for all singletons {e},e € X x X.

Proof. Note that the argument in the proof of Proposition 1.6.6 of [Luu] does
not hold here, but the proof is still straightforward applying Lemmas 1.1.1
and 1.1.2. O

Without losing more time, we state the final statement that we need
later, namely

Corollary 1.3.6. Let X be a topological space and let Y be a coarse topo-
logical space and assume f : X — Y to be a set map. If f : X — Y is coarse
for F,F'" € &x|,, then f is coarse for FUF' FoF' F~', and all subsets of
F. Also, f is coarse for all singleton {1,},x € X; if X is connected, then
f is coarse for all singletons {e},e € X x X.

And finally, although Proposition 1.6.12 and 1.6.13 of [Luu] does not
hold in our setup, but we can prove the following:
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Proposition 1.3.7. Let X and Y be topological spaces. If set maps f,g
X — Y are locally proper for F € & x|, then

(i) If f and g preserve relatively compact subsets, then E := (f x g)(F) C
Y x Y satisfies the Roe properness axiom; and

(ii) for each relatively compact subset K' of Y XY, the subset (fxg)~1(K")N
F is a relatively compact subset of X x X.

Proof. We omit proofs of the symmetric cases. The part (i) follows from
the following relations

(f><9)( )- K
K- (f x g)(F)

where K C Y is a relatively compact subset.
For (ii), one can easily see that

- f(F 9 1(K)),
Cyg

(f x ) "HK)NF C[F- g~ (ma(K")] x [f~H(mi(K)) - F].
O

Proposition 1.3.8. Let X,Y and Z be topological spaces. Consider the

composition of set maps X Lys Z, supposing that F' € & x|, and G =
fXQ(F)'.

(i) If f is locally proper for F and g is locally proper for G, then go f is
locally proper for F.

(i1) If g o f is locally proper for F, g preserves relatively compact subsets
and G € &y, then f is locally proper for F'.

(i5i) If g o f is locally proper for F, f preserves relatively compact subsets
and G € &y, then g is locally proper for G.

Proof. We omit proofs of the symmetric cases. Note that the proof of Propo-
sition 1.6.13 of [Luu] does not hold here. The statements (i)-(i77) easily
follow from the above enhanced conditions and the following relations:

(go /)TN K)-FCIF-fH g~ (K')-G)]-F,
FTHUE) - F C(go /)™M (g(K))-F, and
g K')-GC flgo f) " (K')-F),
where K CY and K’ C Z are relatively compact subsets. ]

Definition 1.3.9. Let (X, Ex) and (Y, £y) be coarse topological spaces and
let f,g: X — Y be coarse maps.
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e The maps f and g are called close, denoted by f ~¢ g, if (f x g)(F) €
Ey forall F € Ex.

e The map f is called a coarse equivalence if there is a coarse map
h :Y — X such that the composites ho f and f o h are close to the
identities 1x and 1y, respectively.

e We say that X and Y are coarsely equivalent, denoted by 2., if there
exists a coarse equivalence from X to Y.

Note that for unital coarse topological spaces, our notion of closeness
is just the classical one, i.e., for X unital, f and ¢ are close if and only if
(f x 9)(Ax) € E. Compare [Roe96], [Roe03] and [Luu].

Example 1.3.10. The coarse spaces R and Z (both equipped with their
usual bounded coarse structure) are coarsely equivalent.

Proof. Let f: R — Z be the greatest integer function which assigns to any
given number x the biggest integer not exceeding x. Obviously, the map f
is coarse and it is easy to see that the inclusion ¢ : 7 — R provides a coarse
inverse for f. O

The following is obvious:

Proposition 1.3.11. Closeness of coarse maps X — Y is an equivalence
relation.

1.4 Pull-back coarse topological structure

Let (Y, Ey) be a coarse topological space and let f : X — Y be a set map.
The goal is to equip X with a topology and a coarse structure which make
f into a coarse map. Consider

As topology: the topology on X which has the elements of the following
set as its open subsets:

{f~(U)| U is open in X};

As coarse structure: the following collection of subsets of X x X which
is actually a coarse structure on X by Corollary 1.3.6:

{F € & x|,| f is coarse for F}

The set X equipped with the above topology and coarse structure is obvi-
ously a coarse topological space, therefore, we define
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Definition 1.4.1. Let (Y, y) be a coarse topological space and let f : X —
Y be a set map. The coarse topological structure defined as above on X is
called the pull-back coarse topological structure of & on X along the map f
and will be deoted by f*Ey.

Moreover, we can prove

Proposition 1.4.2. Let (Y,Ey) be a proper coarse topological space and let
f: X =Y be aset map. Then the pull-back coarse topological structure of
Ey on X along f is also proper.

Proof. First, we show that the bounded subsets of (X, f*€y) are relatively
compact. Suppose that B C X is bounded. It means that B x B is an
entourage of f*Ey, i.e., the map f is coarse for B x B. Since f preserves
entourages, so f(B) is bounded which means f(B) is relatively compact
because Y is a proper coarse topological space. On the other hand, f is
locally proper for B x B which means f~!(K)- (B x B) is relatively compact
for every relatively compact subset K C Y. Hence f~'(f(B)) - (B x B) is
relatively compact. But B C f~1(f(B))-(B x B), so B is relatively compact.
Now we show that the relatively compact subsets of X are bounded. Suppose
that B is a relatively compact subset of X. Since for every subset K C X
(therefore also for relatively compact ones), we have (B x B) - K C B and
K - (B x B) C B, therefore B x B € £ x|,- On the other hand, since f
is continuous, f(B) is a relatively compact subset of Y, but Y is a proper
coarse topological space which means f(B) is bounded, i.e., f(B) x f(B) =
f*23(B x B) is an entourage. So, we have shown that f preserves B x B
which also means f*?(B x B) € Ey|,- Similarly, for every subset K’ C'Y
(so also for relatively compact subsets) we have f~1(K’)- (B x B) C B and
(Bx B)-f~Y(K') C B which means f~!(K’)-(Bx B) and (B x B)- f~}(K")
are relatively compact. So we have shown that B x B € &|x|, and f is coarse
for B x B which means B is bounded. 0

If Y is connected, then f*&y is connected. If Y is unital and f is topo-
logically proper, then f*&y is unital. The following is obvious.

Proposition 1.4.3. Let (Y,Ey) be a coarse topological space and let f :
X =Y be a set map. If Ex is a coarse structure on X which makes X into
a coarse topological space with respect to the topology on X defined above
and which also makes f into a coarse map, then Ex C f*Ey.

1.5 Push-forward coarse topological structure

Let (X, Ex) be a coarse topological space and let f: X — Y be a surjective
set map. This time the goal is to equip Y with a topology and a coarse
structure which make f into a coarse map. Consider



SOME ASPECTS ON COARSE HoMOTOPY THEORY 13

As topology: the quotient topology on Y induced by f;

Now, if f is topologically proper and respects the Roe properness axiom,
then we go further and define a coarse structure on X as follows:

As coarse structure: the coarse structure generated by the set
{FF)| Feéxy.

The set Y equipped with the above topology and coarse structure is obvi-
ously a coarse topological space, therefore, we define

Definition 1.5.1. Let (X,Ex) be a coarse topological space and let f :
X — Y be a surjective map which is topologically proper and respects the
Roe properness axiom after topologizing Y with the quotient topology. The
coarse topological structure defined as above on Y is called the push-forward
coarse topological structure of Ex on Y along f and will be denoted by f.€x.

Also in this case, we can prove

Proposition 1.5.2. Let (X,Ex) be a proper coarse topological space and
let f: X — Y be a surjective set map which satisfies the above conditions.
Then the push-forward coarse topological structure of Ex on'Y along [ is
also proper.

Proof. First, we show that the bounded subsets of (Y, f.€x) are relatively
compact. Suppose B C Y to be bounded. It means that B x B is an en-
tourage of f.Ex. Therefore, from the construction of the coarse structure
generated by {f**(F)| F € Ex} and the fact that f**(F) € &y, for ev-
ery F' € &x, follows that B x B € &y|,. Now, fix an element by of B.
From B x B € &}y, follows that {bo} - (B x B) is relatively compact. But
B C{bo} - (B x B) which means that B is relatively compact.

Now, we show that the relatively compact subsets of Y are bounded. Sup-
pose that B is a relatively compact subset of Y. Since f is topologically
proper, f~1(B) is a relatively compact subset of X, but X is a proper coarse
topological space which means f~1(B) is bounded, i.e., f~1(B) x f~%(B) is
an entourage. Now since f is surjective, one can easily show that B x B C
F2(f~Y(B) x f~Y(B)) which means B x B is an entourage, i.e., B is
bounded. O

Under the above assumptions, if X is connected, then f,Ex is also con-
nected, and if X is unital, then f.Ex is also unital. The following is obvious.

Proposition 1.5.3. If (X, Ex) is a coarse topological space and f: X — Y
is a set map with the above properties, then f.€x is the minimum coarse
structure on Y which makes f into a coarse map.
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1.6 Products and coproducts

As we mentioned before, we are taking a geometrical point of view, therefore
we are not going to investigate too much the categorical aspect of the the-
ory. Indeed, we only concentrate on constructions needed later to develop a
notion of coarse homotopy. Nevertheless, we can define

Definition 1.6.1. The precoarse topological category has as objects all coarse
topological spaces and as arrows coarse maps. The connected precoarse topo-
logical category is full subcategory of it consisting of the connected coarse
topological spaces. Similarly, one can define the unital precoarse topological
category.

Note that the above category is not actually the proper one, because
the locally properness of a morphism as has been formulated for topological
coarse spaces cannot provide the characteristic properties that we expect
from our morphism in coarse sense (it has been formulated by using the
relatively compact subsets, while in coarse topological spaces they are not
in general the bounded ones). But, we can also form the subcategory of
all proper coarse topological spaces and coarse maps, denoted by PCrsT
and its full subcategory consisting of connected proper coarse topological
spaces, denoted by CPCrsT. Then, we can show that the former has finite
products while the latter has coproducts.

Let (X,Ex) and (Y, &) be proper coarse topological spaces and let mx :
X XY — X and 7y : X XY — Y be the projections. Taking the product
topology and the coarse structure
Exxy = (Wx)*gy N (ﬂ'y)*gx
on X xY, we can easily see that (X xY,Ex«y) is a proper coarse topological
space. Moreover,
Proposition 1.6.2. Under the above assumptions, X X xxyv sy

1s in the categorical sense the product of X and Y in PCrsT.

Proof. Tt is obvious that under the above construction wx and my are coarse
maps. Therefore, the only thing that remains to show is the universality.

For it, suppose X S Z —2 >y is another cone in PCrsT. Define the
map t: Z — X x Y by the equation

t(z) := (f(2),9(2))-

We must show that ¢ is a coarse map (the uniqueness is clear). Suppose that
G € E7 and F := t*2(@G). First, we show F € & xxy),- For it, assume that
K is a relatively compact subset of X x Y. But

K- F C (nx(K) - f**(G)) x (ny(K) - g°*(G))
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which means that K - F' is relatively compact. We omit the proof of the
symmetric case. So from Proposition 1.3.8 (ii) directly follows that ¢ is
locally proper for G € £z. It only remains to show F' € Exxy. For it, we
must show that mx and 7y are coarse for F. It is clear that they preserve
F. To show that wx and my are locally proper for F, we first show that ¢
preserves bounded subsets: suppose C' C Z is bounded, hence f(C) and g(C)
are bounded, but ¢(C) C f(C) x g(C), i.e., t(C) is bounded. Now for every
relatively compact subset K’ C X, the subset B := f~1(K’) -G is relatively
compact in Z. But Z is a proper coarse topological space which means
B is bounded. So from above follows that ¢(B) is bounded, i.e., relatively
compact. On the other hand, one can easily see that (7x)~1(K’)- F C t(B)
which means (7x)~'(K’) - F is relatively compact so we have shown that
wx is locally proper for F. Similarly, one can show that my is also locally
proper for F' and then we are done. ]

Remark 1.6.3. Note that being unital in product coarse structure is a fatal
problem, because, for instance, w;(l (K)-Axxy fails to be relatively compact
for each relatively compact subset K C X. Similarly, we can see that each
F € & xxyy, for which one of the sets I (X x Y) or (X x Y) - F spreads
along one of the axes fails to be an entourage in coarse product structure.

Now, let {(X i€ Xj) jed } be a family of connected proper coarse topo-
logical spaces and let i; : X; — 11X}, j € J, be the inclusion maps. Taking
the weak topology on IL.X;, the inclusion maps are obviously topologically
proper and respect the Roe properness axiom, hence we can consider the
coarse structure &y 1= <(ij)*5Xj>cn on I1X;. Now, we claim

Proposition 1.6.4. Under the above assumptions, ((L1X}, &), ;) is in the
categorical sense the coproduct of X;’s in CPCrsT.

Proof. It is obvious that under the above construction the inclusions i;’s
are coarse maps. We must first show that the weak topology and the coarse
structure &1 on 11X, are compatible, but before it let us introduce some
notation: by D?, we mean a finite union of subsets of the form {(z;,xx)}
where z; € X; and x, € Xj. Similarly, for a connected proper topological
space Z, by DY, we mean a finite union of subsets of the form {(z,2’)} where
z,7' € Z. Now, assume that B C ILX is bounded, i.e., Bx B € &y1. So there
are entourages Fj, , € EX]M and D? € &, where jp; € Jfork=1,---,n
and [ =1,---,m such that

m o, .y9 %2 %2 5
Bx BC lil(z;j,l(Ejlvl) U Z;';’I(Ejé,z) U---u Z;H,Z(Ejn,z)) uDy.

Therefore there are indices by, bo, - - ,bs € J such that

T

BC (| Bx,) U (| {zu}),
q=1

w=1



16 BEHNAM NOROUZIZADEH

where Bqu - qu are relatively compact and z,, € X,,. That is, B is
relatively compact in I1.X;. Conversely, assume that B C II1.X; is relatively
compact. So there are indecies j1, j2,- - ,js € J such that

BngIUXDU”'UXjS

by the definition of the weak topology. On the other hand, B N Xj, is
relatively compact for every t = 1,---,s. Hence B N X, is a bounded
subset of X, for every t = 1,---,s. Therefore i;,(B N Xj,) are bounded
subsets of I1X; and because the coarse structure & is connected, therefore
B = Uj_,%;(B N Xj,) is a bounded subset of I1X;. So we have shown
that (11X}, &) is a proper coarse topological space. Now, to show that it
is coproduct of X; in CPCrsT, it remains to show the universality. For

it, suppose that (Z, X; 5, Z) is another cone in CPCrsT. Define the map
t:1IX; — Z by the equation

t(x) :==tj(z), if z € Xj.

We must show that ¢ is a coarse map (the uniqueness is clear). Assume
F € &y, therefore

m . . . 1
F g 121(7/;1% (Ejl,l) U Z.])(Qi (EjZ,l) U U U Z;jfl (E.]n,l)> U Dl Y
where Fj, € ngkl fork=1,---,nandl=1,--- ,m. So we have
tXQ(F) C lgl(tX2(Zj>ji (Ej1,z))UtX2(Zj>;i (Ejz,z))u' ) 'UtXQ(Z;'fl (Ejn,z)))UtXQ(D?)-
Therefore
m
PR C B (552 (B,) U (52 (B ) U+ U (82 (B, )) U (D0,

which means that ¢ preserves entourages. Now we shall show that ¢ is locally
proper for every F' € &p. For it, suppose that K is a relatively compact
subset of Z. Without lose of generality, we can assume that

F C (i;3(Bj) Ui (Ej) U Ui (E;,)) U D,

where Ej € Ex; for k =1---,n. If Do = (T, 2y) U (@1, 25) U -+ U
(21, ), then from the fact that t~*(K) Ni;(X;) = ij(tj_l(K)), one can
easily show that

tHK) - F C (i, (8, (K) - Bjy) Uigy (15, (K) - Ejy) U=+ Ui (85 1(K) - Ej,))
U (i, (8, (K) - (g ),
q=1

which means ¢t 7! (K)- F is relatively compact, i.e., the map t is locally proper
for F. So we are done. O



Chapter 2

Coarse topological R-spaces

In this chapter, we first give a more complete exposition on the coarse CW-
complexes in order to prepare an appropriate foundation for our later work
specially for the chapter 5 in which we will prove the coarse Whitehead
theorem. Then, we introduce the coarse topological R-spaces and prove some
of their basic properties. Next, we use the notion of basepoint projection
introduced in [MS], to define a new notion of collapsing from a coarse point
of view. And at the end of this chapter, we introduce a new notion which
in a sense is the analogue for coarse geometry of locally compact spaces for
topology.

2.1 Coarse CW-complexes

In order to define coarse CW-complexes, we need to describe their building
blocks. The main idea is the one introduced in [Mit01], which provided a
generalization of the metric space Ry = [0,00) in the coarse category, but
our definition is slightly different, namely, we add one more condition which
is again a generalization of a property of the metric space R will be needed
later.

Definition 2.1.1. Let £r be a unital connected coarse structure on R
which is compatible with the standard topology on R4 (recall that our un-
derstanding of the compatibility between the topology and the coarse struc-
ture of a space is different from what have been introduced in [Roe03] and
[Mit01]). We call R = (R4, ERr) a generalised ray if the coarse structure Eg
satisfies the following conditions:

e If M and N are entourages, the same is true for

M+ N :={(u+z,v+y)| (u,v) € M,(z,y) € N}.

e If M is an entourage, so is

M® = {(u,v) | (z,y) e M and (z<u<v<yory<ov<u<z)}

17
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o If M is an entourage and ¢ > 1 a real number, then
M*" .= {(za,ya)|(z,y) € M and a € [0,q]}
is also an entourage.

Proposition 2.1.2. By &g, we denote the usual bounded coarse structure
on Ry. The coarse space (Ry,Er, ) is a generalised ray and Er, C &g
whenever (R, ER) is a generalised ray.

Proof. The coarse space (R4, &g, ) is obviously a generalised ray. For the
second statement, because our generalised rays have more entourages in
compare with the classical ones, therefore the standard argument presented
in Proposition 2.5 of [Mit03] still holds in our setup. O

Proposition 2.1.3. By &., we denote the continuously controlled coarse
structure on Ry induced by the one-point compactification. The coarse space
(Ry, &) is a generalised ray and Eg C E. whenever (R, ER) is a generalised
QY.

Proof. The fact that the coarse space (Ry,&.) is a generalised ray easily
follows from Theorem 2.27 of [Roe03]. On the other hand, the inclusion
Er C & is true for every coarse structure which is compatible with the
topology of R. O

Recall that if X is a compact subset of the unit sphere in a normed space
then we define the open cone on X, denoted by OX, to be the metric space

OX :={Xz| A€ [0,00),2 € X}.

We know that the coarse geometry of the cone OX is closely related to the
topology of the space X, namely,

Proposition 2.1.4. Let X andY be compact metrisable spaces which are bi-
Lipschitz homeomorphic' with respect to the metrics coming from embedding
X and Y in the unit sphere of a real Hilbert space H. Then OX and OY
are coarsely equivalent.

For a proof consult Proposition 2.2 of [Roe96].

With the motivation coming from the above proposition and the facts
that the cone of the sphere S"~! is the Euclidean space R” and the cone of
the Euclidean n-cell, D" — S"~! is the half-space R" x R, we define

'A map f: X — Y between metric spaces is said to be Lipschitzif there is a constant C
such that d(f(z1), f(z2)) < Cd(z1,x2) for all z1,z2 € X; a bi-Lipschitz homeomorphism
is a Lipschitz map with a Lipschitz inverse.
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Definition 2.1.5. Let R be a generalised ray and let n > 0. The coarse
R-sphere of dimension n is the coarse product S% = (RILR)""!. The coarse
R-cell of dimension n is the coarse product D}, = Sg_l X R. The coarse
R-sphere

{(z,0)] = € Sk}

is called the boundary of the coarse cell D%‘H. A coarse n-cell, n > 0,
denoted by e%?, is a connected proper coarse topological space which is
coarsely equivalent to the coarse R-cell of dimension n, D%, if n > 1, and
which is coarsely equivalent to the generalised ray R, if n = 0. For later
use, it is more convenient to define a coarse n-cell, for n > 1, as a coarsely
equivalent copy of DY, \ ngl, although there is no difference between them
from the coarse point of view. In the future, we will drop the “R” suffix
in e7;® whenever it is clear from the context what is intended. We define
the coarse interval, denoted by I7®, as the coarse product R x R. We
should remark here that we always consider the connected coarse coproduct
structure on R1II R.

As a special case, we define the standard coarse sphere of dimension
n, denoted by Sﬁ+, to be the unital proper coarse topological space R"*!
equipped with the bounded coarse structure coming from the metric. Simi-
larly, we define the standard coarse cell of dimension n and we will denote
it by Dﬁ+.

Let 0 < s <1 be a real number. Consider the map i, : R — 15 defined
by the equation i4(t) := te2"*, we have

Lemma 2.1.6. Let R be a generalised ray. The coarse space Im(is) equipped
with the subspace coarse structure is coarsely equivalent to R.

Proof. Consider the map is : R — Im(is) defined in above. We will show
that it is actually a coarse equivalence. For it, suppose that E € Ep.
By the third axiom in the definition of a generalised ray, the subset EX
is an entourages in £r. On the other hand, one can easily show that
E = (x7)"YEX ) N (xf?)"Y(EX") is an entourage in Erers. Now we claim
iX2(E) C (Im(is))*? N E’ which means that is preserves entourages. To see
this, let (t,t') € E. Therefore, by the third axiom in the definition of a
generalised ray, we have

(tcos(gs),t’ cos(gs)), (t sin(gs),t’ sin(gs)) e B*,

that is, (te2%,t'e2') € E’. On the other hand, Im(i) is a closed subset
of I§® which means it is also a proper coarse topological space. Hence,
since the map is : R — Im(is) is also topologically proper, therefore it is a
coarse map. Now, consider the map j : Im(is) — R defined by the equation
j(te2®) := t. To show that it is a coarse map it is enough to show that
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it preserves entourages. Suppose E € ngshm(is). Therefore there exists
an entourage F € Erers such that E = (Im(is))*2 N F. Clearly, 7*(F),
7XHF) € Eg. Hence, (m2(F))*', (zX%(F))*" € &g, by the third axiom
in the definition of a generalised ray. Now, the first axiom implies that
(X 2(F)" + (75%(F))*' € Eg. On the other hand,
. 1 1
FE) C (m(F) + (m32(F)
which means j preserves entourages. Obviously, i0j = 11,(;,) and joi = 1,
i.e., 7 is a coarse equivalence. [
As we can see above, we can think of a coarse sphere as a “sphere at
infinity” which agrees with the philosophy of the coarse geometry. We can
also think of a generalised ray as a “point at infinity” and this leads us to the

following notion of basepoint in the coarse category. The definitions come
from [MS], but ours are slightly different.

Definition 2.1.7. Let R be a generalised ray.

e A coarse topological space X is called a coarse topological R-space if
it is equipped with a map px : X — R which is topologically proper
and preserves the entourages. We will call the map px : X — R the
basepoint projection (we can define a proper coarse topological R-space
similarly).

e Assume that X has been equipped with a basepoint projection px :
X — R. A coarse map ix : R — X is called a basepoint inclusion if
the composite px o ix is close to the identity 1g.

e Let X and Y be coarse topological R-spaces with basepoint projections
px : X — R, py : Y — R and basepoint inclusions ix : R — X,
iy : R—Y. Let f: X — Y be a coarse map. The map f is said to be
basepoint-preserving if the composite foix and iy are close. The map
f is said to be compatible with the basepoint projections (resp. strongly
compatible with the basepoint projections) if the composite py o f and
px are close (resp. px(z) = py(f(x)) for every z € X).

Remark 2.1.8. Note that saying px : X — R is topologically proper and
preserves entourages is stronger than saying px : X — R is a coarse map,
because we did not assume that X is unital.

Now, we introduce an important class of proper coarse topological R-
spaces which are built in stages: attach a (possibly infinite) family of coarse
1-cells to a disjoint union of generalised rays; attach a family of coarse 2-cells
to the result; then attach coarse 3-cells, coarse 4-cells, and so on. Since we
allow attaching infinitely many coarse cells, let us begin by discussing an
appropriate coarse structure.
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Definition 2.1.9. Let X be a topological space covered by its subsets A,
where j lies in some (possibly infinite) index set J, that is, X = (J;c; 4.
Moreover, assume that

(i) each (A;,&;) is a connected coarse topological space such that the
following relations hold between the topology of A; and the topology
of X;

(a) every relatively compact subset K of A; is relatively compact in
X; and

(b) for every relatively compact subset L of X, the subset L N A; is
relatively compact in A; for every j € J.

(ii) foreach j,k € J, the coarse structure of A; and of Ay agree on A;NAy,
that is, for every entourage 2 € £4; there exists an entourage F' € €4,
such that £ N (A x Ar) = FN(A; x Aj) and vice versa.

Let {i; : Aj — X|j € J} be the inclusion maps. Then the weak coarse
structure on X determined by {A;| j € J} is defined to be the following
coarse structure

Ew = <(ij)*€,4j>cn .

One can show that each A;, as a coarse subspace of X, retains its original
coarse structure. We may remind the fact that we were allowed to make the
above definition, because the inclusion maps are topologically proper and
respect the Roe properness axiom. Note that in the future, when we say X
has the weak coarse structure determined by {4;| j € J}, we mean that all
above assumptions hold. For instance, in the case that the topology of each
coarse topological space A; coincides with the subspace topology induced
by the topology of X and each A; is closed in X, then the conditions (a)
and (b) are automatically fulfilled. Moreover, note that under the above
assumptions, the coarse space (X,&,) is a coarse topological space. From
now on, we stop mentioning the inclusion maps i;’s and we will consider A;
as ij(A;) and so on.

Lemma 2.1.10. Let a topological space X have the weak coarse structure
determined by a family of coarse topological subsets {A;| j € J}. For any
connected coarse topological space Y, a function f : X — 'Y 1is coarse if and
only if f|a, is coarse for every j € J.

Proof. We omit proofs of the symmetric cases. Assume that f is a coarse
map. Let F' € &4;, hence F' € &, by the definition of the weak coarse
structure. Therefore f*?(F) € & which means (f|4,)** € &y, since F C
Ajx Aj. Now assume that K is a relatively compact subset of Y, so f~1(K)-
F is a relatively compact subset of X. But, (f|4;,)""(K)-F C f~Y(K) - F
which implies that (f|4,)”'(K) - F is relatively compact in A; by (b), i.e.,
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fla; is locally proper for F. So we have shown that f|a; is a coarse map
for every j € J. Conversely, suppose that f|4, is coarse for every j € J.
Assume E € &, therefore by the definition of the weak coarse structure,
without lose of generality, we can write:

§
U Jllo Jzzo"'oEjn,z)UDl’

where Ej, € €4,  for k=1,--- ,nandl=1,---,m and the subsets D!

are the ones 1ntr0duced in the proof of Proposmon 1.6.4. Therefore,

fXQ( ) (fXQ( 311) fXQ(EjQ,l) Ofxz( ]nl))U<Dl)§Y'

WCS

But, f*?(Ej,,) = (f|A].kl)X2( Ej.,), forallk=1,--- nandall=1,---,m
which implies that f preserves entourages. Now assume that K is a relatively
compact subset of Y, so

s

f_l(K)'Eg (((f_l<K)'Ej1,l)'Ej2,z) """ Ejn,z)u<f_l<K)'Fl/)a

l

I
—

where F] are some finite subsets of X. But, f~!(K)-E; , = (f]AJ“) HK)-

Ej, ,, which implies that fYUK) - Ej, , is relatively compact in Aj; , and
therefore in X by (a). Now, from (b) and the fact that entourages satisfy the
Roe properness axiom follow that [(f~1(K)- Ej, ,) N Aj, ] - Ej,, is relatively

compact in Aj,, and therefore in X. But,

[(f_l(K) Jll) mAjzz] " = (f_l(K) 'Ejl,z) ’ Ejz,r

That is, by repeating this for finitely many times, one can conclude that
fHK) - E is relatively compact in X, as desired. O

J2,1

Definition 2.1.11. Assume that a coarse topological space X is a disjoint
union of coarse cells: X = J{e%®| ef7® € E}. For each k > 0, the k-skeleton
X ) of X is defined by

M = J{e%* € E| dim(ef*) < k} .

Of course, X Cc XM C ... and X = Ukzo X *),

Definition 2.1.12. A coarse CW-complez is an ordered triple (X, E, ®),
where X is a connected coarse topological R-space, F is a family of coarse
cells, and & = {@6%s| eRt el } is a family of coarse maps, called coarse
characteristic maps, such that

(1) X =U{e}?| ef® € E} (disjoint union);
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(2) for each coarse k-cell e® € E, the map ®eers : (D%, Sf%_l) — (e U
X k=1 x (kfl)) is a relative coarse equivalence, i.e., ®eers is compatible
with the basepoint projections and ®cers (Dk\SEy D%\Sﬁ‘{l — e

is a coarse equivalence;

(3) if we define ez* to be ®ecrs (D), then X has the weak coarse structure
determined by {€3°| ef® € E};

(4) if e3® € E, then €3 is contained in a finite union of coarse cells in E.

In the future, we say “a coarse CW-complex X is an R -space” to in-
dicate that it is a connected coarse topological R, -space and the domain
of all coarse characteristic maps of X are the pairs consisting of the stan-
dard coarse cells and the standard coarse spheres. We finish this section by
defining a coarse subcomplex of a coarse CW-complex.

Definition 2.1.13. Let (X, E,®) be a coarse CW-complex. If £/ C E,
define

|E'| =U{eR®| e3® € E'} C X,
and define ®' = {®cers : eG* € E'}. Call (|E'|,E',®') a coarse subcomplex
if Im(®eers) C [E'| for every efz® € E.

2.2 Coarse equivalence relations

In topology, when we have an equivalence relation on a topological space
X, then we can define the quotient space X/ ~ consisting of the equiva-
lence classes equipped with the quotient topology. But, in coarse topology
collapsing all points of an equivalence class to a point may cause that the
natural map fails to be topologically proper which then means that we can-
not pushforward the coarse structure of Ex on X/ ~ along the natural map.
In this section, we define a notion of coarse collapsing which leads us to a
notion of coarse quotient spaces. As the first step, we introduce the notion
of a pointed coarse topological R-spaces:

Definition 2.2.1. Let X be a coarse topological R-space equipped with a
basepoint projection px : X — R and a basepoint inclusion ix : R — X.
We say the basepoint inclusion ix : R — X represents a basepoint of X if
the following holds:

Vr € R 3z € Im(ix) such that px(z) =r.

In the case that such a basepoint inclusion exists, we denote Im(ix) by *cps
and we call X pointed with the basepoint x5, or we shortly write (X, %)
to mean that the coarse topological R-space X is pointed with the basepoint

>I<C’I"S .
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In the upcoming lines, we will explain the reason why we assumed such
a splitting property.

Example 2.2.2. Let R be a generalised ray. In the future, for each n > 0,
we always consider the second copy of the ray R in the first component of
S as its basepoint.

Our next goal is to define a new notion of collapsing from a coarse point
of view. In topology, when we collapse a subset A of a topological space
X, we get a point in the space X. Therefore, in coarse topology, we expect
to get a coarse point which is a point at infinity or more precisely a copy
of the generalised ray R for a coarse topological R-space X, when we are
collapsing. In the following, we will make this idea more precise.

Definition 2.2.3. Let X be a coarse topological R-space. An equivalence
relation ~ on X is called coarse if each equivalence class [z], z € X,

e is bounded; or

e is a pointed coarse topological R-space with subspace coarse structure
and p X|[$] as its basepoint projection.

Now, we define a new equivalence relation ~..s on X, called the coarse
equivalence relation generated by ~, as follows: z ~.s y if and only if

(i) x ~y, and

(i) px(x) = px ().

We denote the equivalence class containing x under the new equivalence
relation by [z]..,. Now, suppose that the map v : X — X/ ~¢ is the
natural map, that is, it carries each point of X to the equivalence class
[]ers and assume X/ ~..s has been equipped with the quotient topology.
Obviously, the basepoint projection px : X — R factors through the natural
map, that is, there exists a map px/~,,, : X / ~ers— R making the following
diagram commute:

X Z X/ ~ers
A %“c'rs
R.

This implies that the natural map is topologically proper and respects the
Roe properness axiom (with respect to the quotient topology). Therefore
we can equip the topological space X/ ~¢s with the coarse push-forward
structure v,Ex. The obtained space is called a coarse quotient space of X
and will be denoted again by X/ ~.s. In fact, the coarse quotient space
X/ ~ers is a pointed coarse topological R-space. Moreover, if X is proper,
so do X/ ~¢ps.
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Now, we can see why we assume such a splitting property for the base-
point. We expect to get a copy of R for each unbounded equivalence class af-
ter collapsing it. Assuming each unbounded equivalence class to be pointed,
guarantees that in each unbounded equivalence class we are able to collapse
all points with the same distance from the origin to a point of the basepoint
of that class having the same distance from the origin. Another point should
be mentioned is that although our final goal is to get for each unbounded
equivalence class a point at infinity but we do not have any choice unless
dealing with all points lying in an unbounded equivalence class. Now, to
show that the final object we get after collapsing each unbounded equiva-
lence class is indeed a coarse point, we must show the following:

Proposition 2.2.4. Under the above assumptions, after collapsing an un-
bounded equivalence class [z], we have

[Z] / ~ersSers R.

Proof. 1t is easy to show that the coarse map v oip) : R — [2]/ ~eps 18
indeed a coarse equivalence. O

Now, we consider a special case, namely, let A be a subset of a coarse
topological R-space X which is either a pointed coarse topological R-space
with the subspace coarse structure, or a bounded subset of X. Then X/A
denotes the coarse quotient R-space obtained via the equivalence relation ~
whose equivalence classes are A and the single point sets {z}, v € X\ A. We
call X/A the coarse quotient R-space obtained from X by coarse collapsing
A to the ray R.

Example 2.2.5. Let R be the real line with its bounded coarse structure
and with the basepoint projection pr : R — Ry defined by pr(z) = |z|.
Suppose that A is the union of the subsets B = {(#5, 4£53)| k€ 7.} and
C ={z € R| z <0} of R. Then one can easily check that R/A =, R,.

The following is an important construction of examples of coarse quotient
spaces of proper coarse topological R-spaces.

Definition 2.2.6. Let X, Y and A be coarse topological R-spaces. Suppose
i:A— X and f: A — Y are coarse maps which are strongly compatible
with the basepoint projections. Moreover, assume that the inverse image of
bounded subsets under the coarse maps i and f are bounded (for example,
this is the case, if X, Y and A are proper coarse topological R-spaces with
A unital). Let Z := X ITI'Y be the coarse coproduct of X and Y. Assume
that ~ is the equivalence relation on Z generated by the binary relation
{(i(a), f(a)) € Z x Z| a € A}. Then the coarse topological quotient R-
space Z/ ~¢ as defined above, is called the coarse space obtained from Y
by weakly coarse attaching X wvia f and will be denoted by X Uy Y. Note
that we did not assume any splitting property because each equivalence class
of ~ is bounded.



26 BEHNAM NOROUZIZADEH

Now, there is a special example that we wish to mention, because it will
play an important role in the next chapter.

Example 2.2.7. Let X and Y be pointed proper coarse topological R-
spaces. Suppose that f : X — Y is a coarse surjection map which is
also injective unless for a subset of the set kerf := {x € X| f(z) € *¢rs}-
Moreover, assume that the subset ker f has the following properties:

(i) it consists of the basepoint of the space X;

(ii) for every xy, w2, € kerf, we have f(z1) = f(x2) if and only if px (z1) =
px (22).

Therefore, by above, we can consider the coarse quotient R-space X/kerf.
Note that, given f : X — Y with the above properties, there always exists
an injection ¢ : X/kerf — Y making the following diagram commute:

N A

X/kerf,

namely, ¢([z],,,) = f(z).

The natural questions which arise here are whether the map ¢ : X/
kerf — Y above is coarse and under which conditions the map ¢ is a coarse
equivalence. In the upcoming lines, we will give an answer to these questions.

Definition 2.2.8. Let X and Y be coarse topological spaces (not necessarily
unital). A coarse surjection map f: X — Y is called a coarse identification
if for every entourage I’ € £y there are entourages F;; € £x, 1 < i < n,
1 <j <m and asubset I’ CY xY which is a finite union of subsets of the
form {1,}, y € Y, such that

m

FC(|JFP2(EBy) o f*(Ey) oo f**(Bny)) UF.
j=1

Example 2.2.9. Let R, x R, and R? be the pointed proper coarse topo-
logical spaces equipped with the bounded coarse structures. The coarse
map exp : Ry x Ry — R? defined by exp(te%is) = te?™, 0 < s < 1, is
called the coarse exponential map. One can easily see that it is actually
a coarse identification. Moreover, one can similarly define the exponential
map exp : I5*% — S]l{ for a generalised ray R.
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Theorem 2.2.10. Let X and Y be proper coarse topological spaces and let
f: X =Y be a coarse identification. Then, for all coarse topological spaces
Z and all functions g : Y — Z, one has g coarse if and only if go f is coarse.

g

~

Y

X

Proof. If g is a coarse map, then g o f is clearly a coarse map. Conversely,
let go f be a coarse map and let F' € . We first show that ¢*?(F) € &z.
Without lose of generality, we can assume

FC(f**(Br)o-o f**(Ey))UF,

where Fq,--- ,E, € Ex and F' CY x Y is a finite union of subsets of the
form {1}, y € Y. Therefore,

g *(F) € ((g"% 0 f**(Br)) o0 (g"% 0 f**(En))) U g™*(F)

That is, since g o f preserves entourages, therefore g*?(F) is entourage. It
remains to show that g is locally proper for F' € &. By the first part, we
have already shown that ¢*?(F) € &|z),- Now, suppose that K is a relatively
compact subset of Z. Again, without lose of generality, we have

FC(f**(Er)o---o f**(E,))UF,
where the subsets E1,--- , E, and F’ are as in above. Therefore,

g K) - F (g7 () - f2(Bn)) - f2(En)) -+ ) - f2(En))Ug ™ (K) - F

But, one can easily show that
g H(K) - f*2(Er) C f((go f)7HEK) - En),

which by the locally properness of g o f and the facts that X and Y are
proper means ¢~ (K) - f*2(E}) is a relatively compact subset of Y. Now
the result follows from the fact that for every i = 2,3,--- ,n, f*%(E;) € &
and the fact that each entourage satisfies the Roe properness axiom. 0

The following is clear:

Lemma 2.2.11. Let X, Y and Z be coarse topological spaces and let f :
X — Y be a coarse identification. Suppose that g : Y — Z is a coarse
surjection. Then g is a coarse identification if and only if g o f is a coarse
identification.

Now go back to Example 2.2.7, we claim
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Theorem 2.2.12. Under the assumptions of Example 2.2.7, the map ¢ is
a coarse equivalence if the coarse map f: X — Y 1is a coarse identification.

Proof. 1t is clear that the natural map v : X — X/kerf is a coarse identifi-
cation. Consider the following commutative diagram:

N A

X/kerf.

That p ov = f is a coarse map implies that ¢ is a coarse map, by The-
orem 2.2.10. Note that ¢ is surjective because f is. Now, consider the
following commutative diagram:

X v X/ker f

Again, from Theorem 2.2.10 and the fact that f is a coarse identification
follow that ¢! is a coarse map. So we have shown that in the case of
Example 2.2.7, the proper coarse topological R-spaces Y and X/kerf are
coarsely equivalent if f is a coarse identification. O

Now, we introduce a class of coarse CW-complexes which are the ana-
logue for coarse topology of the regular CW-complexes for topology. They
come to play in different occasions, for example, when we do not want our
coarse topological R-spaces to have any hole: examples of such case are, as
we have seen before, when we are dealing with the coarse collapsing or as we
will see immediately after the next definition when we want to inroduce the
notion of coarse product. Another place in which full coarse CW-complexes
will show up are when we are dealing with coarse homotopy groups of coarse
CW-complexes in Chapter 5.

Definition 2.2.13. a coarse CW-complex (X, E, ®) is called full if

(1) X© is a disjoint union of the generalised rays R with the exception
that any two generalised rays which are the boundary of the same
coarse 1-cell intersect at 0;

(2) each coarse k-cell ef;® arises from X (k=1) by weakly coarse attaching

D’l;“'z vie a coarse map feers : SZ_I — X®*=1) which is an embedding
(that is a homeomorphism onto its image) and which is also strongly
compatible with the basepoint projections (the maps i : Sﬁ_l — DE
are just the inclusions);
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(3) the basepoint projection px : X — R coincides with the standard
basepoint projection of the generalised rays in X(©) and of the coarse
R-cells D% (the basepoint projections of the coarse R-cells D% have
been taken to be the standard ones).

Endowing the coarse topological spaces with basepoint projections make
it possible to define a special coarse product which plays a crucial role in
developing the coarse homotopy theory. More precisely,

Definition 2.2.14. Let X and Y be coarse topological R-spaces, where at
least one of them is a full coarse CW-complex. By the coarse product of X
and Y, denoted by X xgr Y, we mean the set

X xrY ={(z,y)| px(z) =pv(y)},

equipped with the following coarse structure

Exxpy = (Tx|xxny) Ex N (Ty|xxzy) Ey.

Before explaining the reason why we assume at least one of the spaces
X or Y to be a full coarse CW-complex, note that

Lemma 2.2.15. Let R be a generalised ray. If X is a coarse topological
R-space, then X xp R =.s X.

Proof. Consider the maps i: X — X xp R and mx : X xp R — X defined
by i(z) := (x,px(z)) and wx(x,r) = z, respectively. They are obviously
coarse and tomx = lxx,r and Tx 0i = 1x. O]

So, as expected, the coarse product of a coarse topological R-space X
with the generalised ray R, that is, with a coarse point, is just the space X
itself. Now, one can see why we assumed at least one of the spaces X or Y
to be a full coarse CW-complex: roughly speaking, we do not want to kill
any coarse points. To see it clearer, let X be the set of positive even integers
and let Y be the set of positive odd integers both of them equipped with the
bounded coarse structure and the trivial basepoint projection. Obviously,
X =5 Y =i Ry, Therefore, we expect X xg, Y = Ry, while X xg,
Y = (. In the following, we will give a standard way to construct an
entourage of X X g Y from entourages of X and Y.

Lemma 2.2.16. Let X andY be proper coarse topological R-spaces where at
least one of them is a full coarse CW -complex and let F' € Ex and E € Ey.
Define F' xg E as the following subset of X XgpY

Fxp B = ((mx|xxqy) )7 EF) N ((my | x07) ) 7HE).

Then F x g E is an entourage (possibly empty) of X xgY.
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Proof. We must show
(i) FxpFE e €|X><RY\1;

(i) the map mx|xxny : X XpY — X (resp. my|xxpy : X XpY —Y) is
coarse for F' xp E.

We omit proofs of the symmetric cases. For (i), let K be a relatively compact
subset of X xg Y. Obviously,

(FxrE) K C(F (mx|xxzy)(K)) x (B (7y|xxpy)(K)),

which means (F' xg E) - K is relatively compact. For (ii), first, it is clear
that (mx|xxpy)*?(F xg E) C F which means 7x|xx ,y preserves F' x E.
It remains to show that mx|xx v is locally proper for F' xr E. For it, let K !
be a relatively compact subset of X, we must show that (7x|xx,y) *(K')-
(F x g E) is relatively compact. The subset K’ is relatively compact in X,
so it is bounded, hence T := px (K') is relatively compact in R, since R is a
proper coarse topological space. On the other hand, since py is topologically
proper, therefore p;l(T) - E is relatively compact. But, obviously

(mx|xxy) HE) - (F xg E) C (K- F) x (py(T) - E),

so we are done. Similarly, one can show that my|xx,y : X xpY — Y is
coarse for F' xg E. O

Given an entourage F' € £, a question which naturally arises is whether
the subset Fr := (m;%)"H(F) N (75%) 71 (F) of I§® x I is an entourage in
Ergrs or not, where m; : R X R — R, © = 1,2, are the projections on the
first and the second coordinate, respectively. The answer is in general no,
because the projections 7;’s fail to be locally proper for Fr. The following
lemma will be essential later on.

Lemma 2.2.17. Let X and Y be coarse topological R-spaces. If f : X —Y
s a coarse map which is compatible with the basepoint projections, then the
map f XRg Lpgrs : X xp IR® =Y xp Ig® defined by

(, px (x)e2™) — (f(2), py (f(z))e2™)
1S a coarse map.
Proof. Assume that F € Exx, g We must show that the map f xg 1 I5rs
is coarse for E. Set Fy := n3*(E), Ey = WIXIC%%S(E), E3 = f*2(Ey), D =

((py o f) x px)(E1 0 E{Y) and D' := (px x (py o f))(E; ' o E;). They are
obviously entourages. Now, we define the subset T' C I;® x I§® as follows:

!

T = {(re2",r'e2™)| 3 ((z,px(x)ez™), (¢/,px(2')e2™)) € E such that
(s,8) = (t,t') and (r,7") = (py (f(x)), py (f(2")))}
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Moreover, define F := D* o(m}2(Ey))* o(D')*" and G := D* o(ny?(Ey))*"
o(D’)Xl, where m; : Rx R — R, i = 1,2, are the projections on the first and
the second coordinate, respectively. We define

J = () THF) 0 (w32 ]7) TH(G)

and we first claim that the subset J is an entourage in Ergrs. We must show
that

(ii) m1 : R X R — R (resp. m : R x R — R) is coarse for J.

We omit proofs of the symmetric cases. For (i), suppose that K is a relatively
compact subset of R x R. Obviously,

J-KC(F-(K-R)x(G-(R-K)),

which implies that J - K is relatively compact, as desired. The fact that
mi, ¢ = 1,2, preserve J immediately follows from the way that we have
defined J. Now, we must show that m; : R x R — R, i = 1,2, are locally
proper for J. Let K’ be a relatively compact subset of R. Suppose that
rez’s ¢ Wl_l(K’) -J, where 0 < s <1 and r > 0. Therefore, there exists
rlezis ¢ 7r1_1(K’) for some 0 < s’ < 1 and for some ' > 0 such that

(rez®® r'ez®') e J.
But J C T, which means there are ((z,px(x)ez®), (2, px(z/)e2)) € E
such that (s,s’) = (¢t,t') and (r,7") = (py (f(x)),py (f(2"))). Hence,

(z,2") € Fy, and

(p(x)e?™, p(a)es™) € Ea.
Now if 7w Y(K) - J is not relatively compact, then there exist an unbounded
sequence {ry} of positive real numbers such that rre2®s € 77 (K) - J for
some 0 < s, < 1, k € N. Therefore, there are sequences {r}}, {s}.}, {zx}
and {z} } having above properties, that is, for each k € N,

(T, 71) = (v (f (2n)), oy (f (2}))), (wk, 2},) € En,
(px (21)e 3™, px (af)e3™h) € By and rie ™t € m ' (K').
From the above assumptions directly follow that

V k€N, (px(a})cos(Gsh),py (f(wh)) cos(Gsh)) € (D).

But since px (f(x},)) cos(§s),) € K', for every k € N, therefore

1

V keN, px(m;)cos(%sk) e (DY K,
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which means px (2 )e?" € 7 1(D')*" - K'), for every k € N. Then since

(PX(a:k)egiSk’px(azz)egisgc) € Es, for every k € N, therefore

1

VkeN, px(zp)e™ € By a7 (D) - K').

But since Ey € Erers and because (D’ )*' . K" is a relatively compact subset

of R, therefore Fy-m; '((D’ )*' . K') is a relatively compact subset of R x R.
That is, Q := {px(zr)| k € N} is a bounded subset of R. On the other
hand, (py (f(zx)),px(zk)) € D, for every k € N. Therefore,

{py(f(zr))| keN}C D-Q,

which implies that the subset {py (f(zx))| k£ € N} is bounded in R which is a
contradiction since py (f(zx)) = 7k, for every k € N. So we have shown that
J is an entourage in Ergrs. Now the way is free to show the main statement,
namely, the map f Xpg 1rgs is coarse for E: taking

B3 xg J = ((my|yxprg=) )" (Bs) 0 (mrgrsly =) ) ),

one can show, as in the proof of Lemma 2.2.16, that E3 xg G € 5Y><RIIC{S-
Now, we have
(f XR 1[%rs)X2(E) - E3 XR G.

The last thing that remains to show is locally properness of f xpg lyers for
E. Assume that K" is a relatively compact subset of Y xg I§*. One can
easily show that

(f xrlrgs) " (K") - EC (f (my(K")) - B1) X (wrgs(K") - Ea),

which implies that (f xp 1 Ilc{s)_l(K ") . E is relatively compact, as desired.
So we have shown that f X 17¢s preserves entourages and is locally proper,
that is, it is a coarse map. O

Corollary 2.2.18. Let X and Y be coarse topological R-spaces and let Z be
a full coarse CW -complex. If f: X — Y 1is a coarse map which is strongly
compatible with the basepoint projections. Then the map fXply : X XgpZ —
Y Xgr Z defined by

(f xr 12)(2,2) = (f(2), 2),

1S a coarse map.

2.3 Coarse Hamband spaces

It is a natural question whether the map f xXgplz : X xp Z2 — Y xXp Z
is a coarse identification when f : X — Y is a coarse identification (recall
that we defined the coarse product xp of two coarse topological R-spaces
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when at least one of them is a full coarse CW-complex and the function
fXRrlyz can be defined if the map f is strongly compatible with the basepoint
projections). As we know, in topology, to get from an identification f : X —
Y, an identification f x 17 : X x Z — Y X Z, we need the space Z to be
a locally compact space. So, we are investigating some conditions on the
coarse topological R-space Z which imply f Xgplz : X Xg Z — Y Xp Z
to be a coarse identification. Considering coarse geometry as a dual theory
to topology, the following is a dual notion of locally compactness in coarse
world:

Definition 2.3.1. Let X be a coarse topological R-space with a basepoint
projection px : X — R. We call X Hamband? if for every entourage E €
Ex and for every entourages My, Ms---, M, € Er with p)X(Q(E) C Mo

My o --- 0o M,, there exist entourages Gi,Go,---,G, € Ex such that if
(z,y) € E, then assuming ko := x , inductively, for every r;y; € (MZ-H)p(ki),
i=0,1,--- ,n—2, one can find k;y; € X with p(ki;1) = r4+1 such that the

following hold:
(i) (ki, kiy1) € Giyq for every i =0,1,--- ;n —2; and

Example 2.3.2. The Euclidean space R” equipped with the bounded coarse
structure and its standard basepoint projection is clearly a coarse Hamband
space.

Lemma 2.3.3. Let X, Y and Z be proper coarse topological R-spaces. Sup-
pose that the coarse products X xp Z and Y X Z can be defined (that
is, at least one of the component at each coarse product is a full coarse
CW-complex). If f : X — Y is a coarse identification which is strongly
compatible with the basepoint projections, and Z is Hamband, then the map
fXprlz : X XgpZ —Y Xg Z defined by

(f xr1z)(z,2) = (f(2),2)
s a coarse identification.

Proof. By Corollary 2.2.18, the map f xp 17 is coarse. Let F' € Eyy,z.
Therefore, by definition of the coarse structure £y« ,z, the subsets E :=
(my |y xpz)2(F) and G := (7z|yxz)*?(F) are entourages of & and £z,
respectively. Since f is a coarse identification, without lose of generality, we
write

E C (f*(Br)o f**(Ea) oo f**(En) UF

2This is a Persian word means “connected”. Because the word “connected” has already
been used in the classical setup and since the notion we are going to define bring some
kind of connectness in mind, therefore the word “Hamband” has been suggested.
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where E; € Ex, 1 =1,2,---,n, and F’ is a subset of Y x Y which is the
finite union of subsets of the form {1,}, y € Y. For each ¢, ¢ =1,2,--- ,n,
define M; := py?(f*%(F;) U F'). First, we show that

p3*(GQ) S MyoMayo---oM,.

For it, suppose that (21, 22) € G, hence there exists (y1,42) € Y x Y such
that ((y1,21), (y2,22)) € F. Therefore, py(y;) = pz(%;), j = 1,2, and
(y1,y2) € E. If (y1,y2) € F’, then y; = y2 and therefore,

(pz(21),pz(22)) = (py (y1), Py (¥1)) € M;;,

forall i =1,2,---,n, that is,

(pZ(Zl)7pZ(22)) €EMioMyo---oM,,

as desired. Otherwise, there exist sy € Y, k=1,--- ,n — 1, such that
(y1,51) € (B, (s1,82) € [**(Ea), -+, (sn-1,42) € [**(En).
Therefore,

(pz(21),pz(22)) = (py (y1), Py (y2)) € M1 o Mzo---0M,.

Now since Z is Hamband and péQ(G) C MyoMso---oM,, therefore there
exist entourages G1,Ga,- - ,Gy, € £z having the properties mentioned in
Definition 2.3.1. On the other hand, by Lemma 2.2.16, for each i, i =
1,2,---,n, we can construct the entourage F; xrp G; of X xr Z. Now,
defining F" := F’ x g G, the final claim is

FC((fxrlz)*(E1 xgG1) o (f xr1z) (B xg Ga) o -
'--O(f XR 12)X2(En XRGn))UFﬁ.

Suppose that ((y1,21), (y2,22)) € F, hence (y1,y2) € E and (z1,22) € G.
So, (y1,y2) € F', or

(y1.92) € f2(Br) o f**(Bp) 00 f**(Ey).

In the former case, obviously, we have ((y1, 21), (y2, 22)) € F”. In the latter
case, there exist s, € Y, k=1,--- ,n — 1, such that

(ylvsl) € fX2<E1>7 (31782> € fX2(E2)7 Ty (Sn—17y2) € fX2(En)'

Therefore, there exist ; € X, j =1,2, and 5,5/ € X, 1 =1,2,--- ,n—1,
such that

(21,8)) € By, (sY,85) € Eo, (s5,85) € B3, -+, (sh_1,79) € B,
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with f(z;) =y;, 7 =1,2, and f(s)) = f(s]) =s forall i =1,2,--- ,n—1.
On the other hand,

(py (y1), Py (51)) € M1, (py (51),py(s2)) € M2, -+, (py (8n—1), Py (y2)) € M.
But, py (yj) = pz(zj), j = 1,2, that is,
py(s1) € (Ml)pZ(Z1),py(82) c (MQ)pY(Sl)’ o, py(sn_1) € (Mn_l)pY(Sn72)'

Hence, by the definition of being Hamband, we can inductively find k; € Z,
i=1,2,--- ,n—1, such that

(i) pz(ki) =py(s;) foralli=1,2,--- 'n—1; and
(ii) (z1,k1) € G1, (k1,k2) € Ga, -+, (kn—1,22) € Gp.

On the other hand, pz(z;) = py(y;) = pv(f(z;)) = px(z;), j = 1,2.
Similarly, for each ¢ = 1,2,--- ,n — 1, we have

pz(ki) = py(si) = py (f(s7)) = py (f(s})) = px(s7) = px (s)).
That is, setting (s{), ko) := (1, 21) and (s}, ky) := (22, 22), we have
(s, ki), (Si41, kit1)) € Eipr xR Giga,
forall#=0,1,--- ,n — 1. Therefore,
((F(s7)s ki), (f(Sis1)s Kivn)) € (f xR 12)*(Eiy1 X Git),

foralli=0,1,--- ,n — 1. Hence,

(1, 21) (v, 22)) € (f xR 1Z)X2(E1 xpG1)o(f Xr 1Z)><2(E2 xgGa)o- -
o(f XR 1Z)X2(En XRGN)7

as desired. O






Chapter 3

Coarse homotopy theory

In this chapter we first develop basic notions in the coarse homotopy theory.
We will next introduce some constructions such as coarse smash product,
coarse suspensions and coarse mapping cone needed to develop coarse homo-
topy theory and we will prove some of their properties. The coarse homotopy
groups will be introduced next and at the end of this chapter, we develop
an exact sequence of coarse homotopy groups. Throughout this chapter, we
shall assume unless otherwise stated that all coarse topological R-spaces are
pointed.

3.1 Coarse homotopy

In order to define a coarse version of homotopy theory, one is for sure: we
can not simply use the closed interval I. To see it, let f,g : X — Y be
coarse maps between proper metric spaces X and Y equipped with their
bounded coarse structures. If there exists a coarse map F' : X xI — Y
such that F(z,0) = f(z) and F(x,1) = g(x) for every € X, then because
I x I is entourage, therefore, for every two points ¢,s € I, the maps F; and
F are close, that is, f ~, g which means the definition is not actually the
proper one. Therefore, as the first step we replace I by the coarse interval
IZ®. Recall that given a real number 0 < s < 1, we defined the coarse map
is : R — IF*® by the equation i4(t) := te2'. Inspired from the fact that the
subset Im(i,) is a copy of R, that is, a coarse point in I, from now on, we
will denote the subset Im(is) by (s)“"® representing a copy of R in I§®. The
following is our understanding of deformation of coarse maps from a coarse
point of view:

Definition 3.1.1. Let X and Y be coarse topological R-spaces and let
f,9: X — Y be coarse maps. Then f and ¢ are called coarsely homotopic,
denoted by f ~s g, if there exist a coarse map H : X xp I§*° — Y such
that H o (1x Xgpig)oi ~g f and H o (1x Xgri1) 0i ~¢ g, where the map
i: X — X Xp R is the map defined in Lemma 2.2.15. Such a map H is

37
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called a coarse homotopy. One often writes H : f ~..; ¢ if one wishes to
display a coarse homotopy. From now on, for convenience, we will denote
the composite (1x Xgis)oi by ¢f. If A is a subset of X with 14 € £x, then
a coarse homotopy H : X xgr I§® — Y is said to be relative to A (or rel A)
if there exist a coarse map h : X — Y and an entourage FE € £y such that

(Hoig(a),h(a)) € E,
forallae Aandall0 <s <1.

If fo: X —Y is defined by fs(z) = H oi%(z), then a coarse homotopy
H gives a one-parameter family of coarse maps deforming f into ¢ from a
coarse point of view. One thinks of fs as describing the coarse deformation
at time s.

Theorem 3.1.2. Coarse homotopy is an equivalence relation on the set of
all coarse maps X — Y.

Proof. Reflexivity and symmetry are trivial. We will show the transitivity.
Assume that H : f ~¢5 g and G : g ~¢ps h. Define J : X xg Ig* — Y by

H(z,px(z)e™), if0<s<i

Zisy .
J(z,px(r)ez") = {G(l’,px(l‘)egims_l))a if 1 <s<1.

We must only show that J is a coarse map. We omit proofs of the symmetric
cases. Let D € Exx, rgrs. First, consider the subset D’ of (X xp Il%g"“”)X2
containing the pairs

((xva( )e%i)v(xlapX(xl)egi))v
((z,px(x)e?™),(z, px (w)ei?)), and
((xlva(x )6% )7($ ,px(l‘ )egiS/))7

where ((z,px(2)e2®), (2, px (z')e2™)) € D with

1

(0<s< <8'§1)0r(§<s§1,0§ <

)-

M\H
N =
N | =

The claim is that D" € Exx, rgrs. To prove the claim the only part that is
not clear is to show that WICTS( ') € Epgrs. For it, let F = TrIc'rs( ). Taking

M := 7*(F) Un ?(F), one can see that
R (DY), m e (D) € MR U ()

that is, WIXQ(WIXC%S (D)), W;Z(WIXC%S( ")) € Eg. The rest, that is, showing that

w]cm (D') satisfies the Roe properness axiom and that my,m : I§® — R are
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locally proper for WIXE%S (D') are straightforward. Set

D" :=DuD' U (D)7},
1
E = 7T;<(2(_D// N (X xgr (5)“5)“) and
E :=EU[(EUE Yo (EUE HUE™
From Lemma 2.1.6 and Lemma 2.2.15 follow that E, and therefore E’, is an

entourage in £y, hence the subsets Ey := ((Hoi})xg)(E') and Ey := (g% (Go
i§))(E') are entourages in &y. Taking E3 := D" N (X X g (Jpege1 (5)%)) <2,
3853

Ey:=D"N(X xg (U%gsg1(5)cm))X2a

T:=(H"?o(lx xgra)*?)(E3)oFyo0Eyo (G**o(1x xg $)**)(Ey), and
S = E1 o EQ o (GXQ o (1X XR ﬁ)X2)(E4),

one can easily see that

JXQ(D) Q(HX2 o(lx Xp Oé)XQ)(Eg)
U(G*%o (1x xR B)"?)(Ey)
usust
uTuT !,

where the coarse maps o, 3 : I5® — If* are defined as follows:

. ] 1
Tigy re™ if 0 <s <3
04(7’62 ) - ; e 1
re2', if 5 <s<1, and
01 1
ﬂ(?‘efls _ rew, lf0§5§§
reai(2s 1), ifi<s<i

That is, the map J preserves entourages. Note that the maps 1x Xr «
and 1x Xg [ are coarse by Lemma 2.2.17, since the coarse maps « and (3
are compatible with the basepoint projections. Now assume that K is a
relatively compact subset of Y. We have

JHUK) DC[Ho(lx xga)] " (K)-DU[Go(1x xr 3)] (K)- D,

which implies that J is locally proper for D. We can do the same for the
symmetric case, that is, the map J is coarse. ]

Example 3.1.3. Let X and Y be coarse topological R-spaces and let f, g :
X — Y be two coarse maps which are close. Then, f ~..s g, by definition.
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Definition 3.1.4. If f: X — Y is a coarse map, its coarse homotopy class
is the equivalence class

[f]7° :={coarse map g : X = Y| g ~¢rs f}.

crs

The family of all such coarse homotopy classes is denoted by [X; Y]

Theorem 3.1.5. Let f; : X - Y and g;: Y — Z,i=0,1, be coarse maps.

If fO ers fl and go =crs 91, then go © fO Zers 9o © fl- MOT@O’UQ’I“, Zf fO is
compatible with the basepoint projections, then gg o fo ~ers g1 © fo-

Proof. Let F : fo ~cs f1 and G : go ~¢rs g1 be coarse homotopies. Obvi-
ously,
K : gOOfO ers gOOfly

where K : X xp I5® — Z is the composite gg o F'. For the second part,

define H : X xp I — Z by H(z,px(2)e3™) = G(fo(x), py (fo(a))e3).
The map H is a coarse map, by Lemma 2.2.17. The rest is obvious. O

Definition 3.1.6. Let X and Y be coarse topological R-spaces and let
f X — Y be a coarse map.

e The map f is called a coarse homotopy equivalence if there is a coarse
map g : Y — X such that the composites g o f and f o g are coarsely
homotopic to the identities 1x and 1y, respectively. In the future, we
will use the notation X ~..¢ Y to indicate that there exists a coarse
homotopy equivalence between X and Y.

e The map f is coarsely nullhomotopic if it is coarsely homotopic to a
map c: X — Y whose image is coarsely equivalent to the ray R.

e The coarse topological R-space X is coarsely contractible if 1x is
coarsely nullhomotopic.

Example 3.1.7. For each n > 0, the standard coarse cell, Dﬁ+, is coarsely
contractible.

Proof. Let V™ be the subset
{reDg | llz| =1}

of D]ﬁ+ and let ¢ : D" — V" be a bi-Lipschitz homeomorphism which is
identity on S !. Let F : D" x I — D™ be a Lipschitz map provided a
homotopy between 1p» and a constant map ¢ : D" — D". Now, consider
the map F': D, Xg, Iﬁé’f — Dﬁ+ defined by

]l - o (F(¥(2), ), if =[] # 0

F z, ||z|e2?) =
(@ e 3 {Q o



SOME ASPECTS ON COARSE HoMOTOPY THEORY 41

where Z is the point where the ray emanating from the origin and passing
through the point x meets V" and where ¢ : V* — D" is the inverse
Lipschitz of ¢. The Lipschitz condition on the maps guarantees that the
map F is a coarse map (see [HR95] for example). On the other hand, it is
obvious that F is the desired coarse homotopy. O

3.2 Coarse suspension

Suppose that X and Y are pointed coarse topological R-spaces such that at
least one of them is a full coarse CW-complex. Since the subset

(X XR *crs) U (*crs XR Y)

of X XY is with the subspace coarse structure a pointed coarse topological
R-space, therefore, as we have seen in the preceding chapter, we can collapse
it to the ray R. That is, we can define

Definition 3.2.1. Let X and Y be pointed coarse topological R-spaces such
that at least one of them is a full coarse CW-complex. The coarse smash
product of X and Y, denoted by X AY, is defined to be the pointed coarse
quotient R-space

X XRY/(X XR*CT’S>U(*CTS XRY)a

obtained from X X r Y by collapsing (X X g #¢rs) U (%¢rs Xg Y') to the ray R
with the identified subset as its basepoint.

Theorem 3.2.2. Let X, Y and Z be pointed proper coarse topological R-
spaces. If X and Z are Hamband, then (X NY) A Z is coarsely equivalent
to X N(Y ANZ).

Proof. Write v for the various coarse identification maps of the form X xp
Y — X AY, and consider the diagram

X XpY XpZ 2> X xpY xp 2

’UXRl\L llXR’U

(XAY)xpZ X xr(YANZ)
(XAY)NZ XNANYANZ).

Now v X g 1 is a coarse identification by Lemma 2.3.3, since Z is Hamband.
Similarly, 1 X v is a coarse identification. Therefore the maps vo(1xgrv)ol
and vo (v xg 1) o1 are coarse identifications. Now, the result follows from
Theorem 2.2.12 by considering appropriate maps. O
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Now, denoting the subset (0)° U (1)"* of If* by I9*, we define

Definition 3.2.3. If (X, %) is a pointed coarse topological R-space, then
the reduced coarse suspension of X, denoted by X% X, is the coarse quotient
R-space

YUIX = (X xp IS /(X XR IF®) U (s X g IE?)),
where the identified subset is regarded as its basepoint.

We define the unreduced coarse suspension (or coarse double cone) of
a pointed coarse topological R-space X, denoted by S“°X, as the coarse
quotient space of X x g I§® obtained by collapsing X x g (0)“* to a ray and
X X (1) to another ray R. The space X then can be imbedded in S*X
as X xg (3)rs.

Theorem 3.2.4. Let R be a generalised ray and assume that S}Q has been
given a basepoint as in Example 2.2.2. Let X be a pointed proper coarse
topological R-space. If X is Hamband, then

YrSX 2,0 X A Sk

Proof. Since X is Hamband, the map 1x Xxgexp : X xgp I§°® — X Xp S}%
is a coarse identification, by Lemma 2.3.3. If v : X xg S}Q - XA 5}1z is the
natural map, then h := v o (idx Xp exp) is also a coarse identification, by
Lemma 2.2.11. But it is easy to check that (X xpg If®)/kerh = ¥“*X, and
so the result follows from Theorem 2.2.12. O

Theorem 3.2.5. S5S% ... SEF! for alln > 0.

Proof. By the definition of a generalised ray, one can consider the disjoint
union RII R as the topological space R equipped with some coarse structure
compatible with the topology coming from the metric such that its restric-
tion on both of the subspaces [0, 00) and (—o0, 0] is just the coarse structure
on R. Therefore, assuming ej,--- ,e,41 to be the standard base of R"+!
and tey, t € [0,00), the basepoint of S%, we allow ourselves to define the
map f: S} xplIg® — S}?’l by the equation

(z, |lz]e3™) —

1 1 1
||33H-{(61 + ) + (cos 278) = (e1 — ) + (sin 27s) = [ley — —

2 el 2 al 2|1 Tl *}
The map f is indeed a modification of the map is used in the classical
situation. To get a clearer picture, one can look at the following figure
showing the way that f is defined on S} x g (s)"* (which is, of course, a
copy of Sk) for some 0 < s < 1.
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B

As one can see from the above the map f is a coarse identification which
satisfies the conditions of Example 2.2.7. On the other hand, it is easy
to check that S} xpg If®/kerf = XS}, Hence, XS} =g S}f{H, by
Theorem 2.2.12. O

Corollary 3.2.6. H’& A SﬁJr g Sﬂ’gjn for all m,n > 1.

Proof. We prove by induction on n. For n = 1, the statement directly
follows from Theorem 3.2.4 and Theorem 3.2.5. Now assume that the above
statement holds for every k < n — 1, we shall prove it for k = n.

SE. N SR, Sers S, A (zmsgj)
>0 SE, A (SE, A Sk,)
Sers (SE, A S”j) A Sk,
s Sp A SR,

sers Sm—l—n 1

_CT‘S
_CTS Sern?

by repeated applications of Theorem 3.2.2, 3.2.4, 3.2.5, and the induction
assumption. Note that we could apply Theorem 3.2.2 here since for each
n >0, Sﬁ+ = R"*! is a full coarse CW-complex. O

As in the classical case, to be able to go further, we need some notion
of a pointed coarse map, that is, coarse maps which have some basepoint
preserving property. The following is our understanding of a pointed coarse
map.

Definition 3.2.7. Let X and Y be pointed coarse topological R-spaces
and let f : X — Y be a coarse map. As we have seen in the preceding
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chapter the basepoints of X and Y are represented by some fixed coarse
maps ix : R — X and iy : R — Y, respectively, with some splitting
properties. We call the map f pointed if f oix ~¢ iy. We sometimes write
f (X, %ers) — (Y, %¢rs) to indicate that f is pointed.

Now, we are ready to introduce some important constructions.

Definition 3.2.8. Let X and Y be pointed coarse topological R-spaces
and let f : X — Y be a pointed coarse map. The coarse reduced cone on
X, denoted by c¢“?X, is defined to be the smash product X A Ig* (recall
that the basepoint of IF* is always taken to be (1)°*). We denote the
class of (z,px(x)e2™) in ¢*X by x A px(z)ez®. Note that X can be
identified with the subspace X A (0)°"*. Moreover, if the inverse image of
bounded subsets under f are bounded (for example, this is the case if X and
Y are pointed proper coarse topological R-spaces with X unital), and f is
strongly compatible with the basepoint projections, then we define the coarse
mapping cone C]Cfs to be the pointed coarse topological R-space obtained
from Y by weakly coarse attaching c“*X via f as defined in Definition 2.2.6.
The basepoint of C'¥"* can be taken to be the coarse point {[y]| y € Im(iy)}.

Write f for the “inclusion map” of Y in C’;ﬁ’"s ; more precisely, f’ is the
inclusion of Y in the coarse coproduct of Y and ¢“*X, composed with the
natural map onto CJSTS.

Theorem 3.2.9. Let X and Y be pointed proper coarse topological R -
spaces with X unital and let f : X — Y be a pointed coarse map which is
strongly compatible with the basepoint projections. Then

CCT’S ~ers ECT‘SX

Proof. Define @ : XX — C¢° by

()/\py( ()) i(1=25) i ¢ersy, ingsg%

[x xRpX(a:)e%is] — {

followed by the natural map. This is well-defined, because py (f(x)) = px ()
for every z € X and since f(z)A (1) and xA(1)"® both represent the same
point at the subset [f (xcrs)] of CF/*. Moreover, @ is a coarse map (for the top
row follows from Lemma 2.2.17). Now, define ¢ : ¢"*X II ¢“"9Y — XX
by

V(A px(2)e2®) = [z xg px(x)e2?] € BT°X, (3.2.1)

for points of ¢“*X and for points of ¢“*Y by

Uy Apy(y)er™) = [z x g px(x)e2™], (3.2.2)
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where z is a point of *..s with px(z) = py(y). Now, let ¥ : C]CJ,"S — NS X
be the map induced by 1. Note that the map i does induce ¥, since
Pz A (0)7%) =2 A (0)7 = o(f(z) A (0)7).

It remains to prove that ¥ o @ and @ o ¥ are coarsely homotopic to the
respective identity maps. Now, W o @ : X5 X — ¥9X is given by

iy . 1 xRy (f(7))e 301 fo<s<i
(T o®)([r xrpx(x)e2"]) = {[x xRpX(l“)B%l (25— 1]’ if%<s§i

where ' is a point of #..s with px(z) = px(z’). And, this is obviously
coarsely homotopic to 1yersx.
On the other hand, @ o ¥ is given by the map induced by

F(@) Apy(f(x)ez=29) ifo<s< 1
z A px(z)e2 @) if L<s<1

npeit — {

for points of ¢“*X and for points of ¢ *Y by

y Apy(y)e?” — [2],

where z is a point of the subset f(*¢.s) with py(y) = py(2). To construct a
coarse homotopy F' : C’Jcc’,"s XR IHC{S — CJCJ,"S, between @ o ¥ and 1(;;75, define
Fy : ¢ X xp I — CF° by

Fx(x Apx(2)e?”, px(x)e?™) = f(z) Apy(f(x))ez 1727079,
if0<s<(1-1t)/(2—1t) and by

Fx(x /\px(l’) fzsij( ) 5 t) — /\pX(aj)e%i(stlth(lfs))7

if (1-1)/(2—1) <s<1. Next, we define Fy : ¢™*Y xp I§* — C%* by

Fy(y Apy(9)e? ™, py (y)e?™) = y Apy (y)er 07D 0<s < 1.

Now, to see that F'x is a coarse map, one can first notice that it is induced
by a coarse map of (X xp Ig¥) xp I§? — CF%, ie.,

(X XR IH%T) XR IH%:'_S a coarse map CJC‘?;S

m %
+

C’,"SX X ICTS
C R R+

But, v X 1z¢rs is a coarse identification, since Iﬁé’f is Hamband. So, Theo-

rem 2.2.10 implies that F'x is a coarse map. Similarly, Fy is a coarse map;
and since

FX(%’ A (())wspr(x)e%it) f( ) A py(f( ))egi(l—s)
= Fy (f(2) A (0)%, py (f(x))ez™),
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Fx and Fy together induce a coarse homotopy F' : ]‘%73 XR Iﬁf — ;’,"5 ,

which is a coarse map by an argument similar to that used for Fx and Fy.
Moreover, for s =1,

Fx(z A (1), px(2)ex™) = [2],
where z is a point of the subset f(*.s) with px(z) = py(z) and
Fy(y A (D)7 py (y)es™) = [2'],

where 2’ is a point of the subset f(x.s) with py(y) = py(2’). So, F is a
pointed coarse homotopy; and clearly F' is a coarse homotopy between @ o ¥
and 10;?3- Hence @ and ¥ are coarse homotopy equivalences. O

3.3 Coarse homotopy groups

In this section, we introduce coarse homotopy groups. As in the classical
algebraic topology, the central idea is to associate an algebraic situation to
a coarse situation, and to study the simpler resulting algebraic setup.

Let X and Y be pointed coarse topological R-spaces. Two coarse homo-
topy of X into Y can be “concatenated” if the first ends where the second
begins, of course, in a coarse sense. More precisely,

Definition 3.3.1. Let X and Y be pointed coarse topological R-spaces. If
F:Xxplg®—Y and G: X xgIf®° — Y are two coarse homotopies such
that F'oi] ~y G oig, then define a coarse homotopy F'xG : X xgI§F* — Y,
which is called the coarse concatenation of F' and G, by

(F x G) (2, px (x)e?™) =

= O
A A

1
2
1

INIA

F(x,px(z)e™®), s

Gz, px ()ex *s7D), s
Showing that F'x G is actually a coarse map is based on the same argument
we have seen in the proof of Theorem 3.1.2, therefore, we avoid repeating it
here.

One does not have to combine these coarse homotopies at s = % We

can do it at any (s)°*, namely,

Lemma 3.3.2. Let ¢1 and ¢o be Lipschitz maps (I,0I) — (I,01) which
are equal on OI. Let ' : X xg Ig® — Y be a coarse homotopy and
let Gz, px(x)e2®) = F(x,px(x)e2'®®)) for k = 1,2, Then Gi ~eps
Go rel X xpg () for s =0,1.
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Proof. Note that the Lipschitz condition has been made to ensure that the
maps defined by re2® — re2'® () are coarse (see Example 3.1.7). It is easy
to check that the coarse map H : X xg I§® xr I§® — Y defined by

H(x,px (w)egit,px (x)egzs) — F(x’pX(:L,)e%i(sqﬁz(t)-‘r(l—s)m(t)))
is the required coarse homotopy. ]

We shall use C to denote a constant coarse homotopy, whichever one
makes sense in the current context. For example I’ x C is coarse concate-
nation with the constant coarse homotopy C' for which C(z, px(z)e2™) =
F(x,px(z)ez'™), but use of CxF will imply the one for which C(z, px (z)ez™)
= F(z,px(x)e2™). As in the classical case, we have

Proposition 3.3.3. Let X andY be pointed coarse topological R-spaces and
let Fy,Gy : X Xxg I5® —'Y coarse homotopies for k =1,2.

(i) We have Fy * C ~¢s Fy rel X X (5)* for s = 0,1, and, similarly,
Cx Fy ~cps F1 el X Xp (8) for s =0,1.

(ii) Defining ;' : X xgp Ig® —Y by

Fl_l(ll’px(x)e%is) = Fl(‘r7pX(x)€%i(lis)))
we have Fy x F; ! s C rel X xg ()% for s =0, 1.

(iii) If the coarse concatenations Fy x Fy and Fy x Gy are defined, we have
(F1 % Fy) x Gy ~eps F1 * (Fo x Gp) rel X Xp (8)° for s =0, 1.

() If F1 ~crs Fy and G1 ~¢s Go rel X X g (5)"* for s =0,1, then
Fy % Gy ~¢ps Fox G rel X xXp (8)°
for s=0,1.
Proof. They are easy applications of Lemma 3.3.2. 0

Let us denote the set of coarse homotopy classes of pointed coarse maps
of a pointed coarse topological R-space X to a pointed coarse topological
R-space Y, with coarse homotopies preserving the base points (by that,
we mean coarse homotopies rel x..s), by [X; Y] (we use this notation for
stress here. In the future we will drop the asterisk suffix, depending on
the context to make clear what is intended). For the moment let us set
A= X X I Uskers xp 1.

If f,g: X%X — Y are pointed coarse maps, then they induce coarse
homotopies f/,¢' : X xgpIJ®* — Y by means of composition with the natural
map X xpIf® — X°X. Then f «¢': X xgI§y® — Y is defined. But this
map do not still induce a map X“*X — Y, because of the way that it has
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been defined on s = 1 and on .5 X g (5)* for every % < s < 1. But since
the coarse maps f and g are pointed, this can be easily fixed by defining
f'x g at s =1 as follows:

f'(x, px (x)e™), 0<s<3
(f = g’)(x,px(x)egis) = g’(x,px(x)e%%@sfl)), % <s<1land x ¢ *es
f(x, px (x)e2™), s=1or z € *¢s.

The resulting pointed coarse map >“*X — Y will be denoted by f * g with
little danger of confusion.

For any coarse map f : (XX, A) — (Y,*), we denote its homotopy
class in [ X; Y] by [f]“®. For two such maps f and g we define

A7 (g7 = [ g™

Of course, we must check that [f1]”" = [f2]"® and [g1]”* = [g2]”® imply
that [f1 * g1]“ = [f2 * g2]”", but this follow from Proposition 3.3.3 (iv).

Given a pointed coarse topological R-space X, we can define the coarse
quotient R-space X/X. And, therefore, in a canonical way, we get a map
ix : R — X/X. We define

Definition 3.3.4. Let X and Y be pointed coarse topological R-spaces. A
map ¢ : X/X — Y is called coarse pre-constant if ¢ o i, ~ iy. Then, we
call the map X — Y induced by ¢ by means of composition with the natural
map X — X /X, the coarse constant map to the basepoint of Y and we will
denote it by c..

Let ¢, : 99X — Y be the constant coarse map to the basepoint of Y.
Then, from the laws of coarse homotopies developed in Proposition 3.3.3,
we easily see that:

(associativity) [f]crs . ([g]crs . [h]CTS) — ([f]crs . [g]CT‘S) . [h]crs
(unity element) [c*]cm -[f ]Crscrzs [f ]Cm = [f ]Cm ) [C*]cm
(inverse) L1 [f_l] = [e]”.

(Recall that f~! stands here for the “inverse” coarse homotopy with time

running the opposite way to that in f, and not to an inverse function.)
Thus, under this operation, the set [Z“*X;Y]{"” of pointed coarse ho-

motopy classes of pointed coarse maps X“*X — Y, becomes a group.

The most important special case of the foregoing is that of coarse sus-
pensions of coarse spheres. Let 5’% denote the coarse O-sphere, RII R, having
the second copy of the ray R as its basepoint. Because of Theorem 3.2.5, we
can for the purposes of this section, define the pointed coarse n-sphere, S7%,
to be the n-fold reduced coarse suspension of S%. Thus, as a special case of
the foregoing discussion, we can define
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Definition 3.3.5. Let (X, *.5) be a pointed coarse topological R-space.
For every n > 0, we define

Ty S (X, *ers) 1= [Sh; X]5°.

We shall usually abbreviate & (X, cs) to 757°(X). By the above discus-

n
sion, when n > 1, 7¢"¥(X) is a group and is called the nth coarse homotopy
group of X.

As in the classical case, the general problem of computing coarse ho-
motopy groups is very difficult. The most important cases are the groups
T *(Sg, ) which will be our task in the next chapter.

Given a pointed coarse map h : X — Y between two pointed coarse topo-
logical R-spaces X and Y, one can easily see that h induces homomorphisms
hy : T3 X, kers) — T3(Y, %ers) defined by [f]% +— [h o f]"5. Moreover, if
X =5 Y, then, obviously, 78 (X, %ers) = 7 (Y, %ers). Sadly, if there ex-
ists a coarse homotopy equivalence between two pointed coarse topological
R-spaces X and Y, we cannot conclude that 7 (X, %¢ps) = 75 (Y, *eps)-
To see this, let f: X — Y be a coarse equivalence between X and Y with
the inverse g : Y — X. To show that f. : 75%(X, %¢rs) — 75 (Y, *¢ps) 18
an isomorphism, at some step we need to conclude from go f ~..; 1x that
(go f) o~ ~crs v, where 7y is a representative of an element of 7&*( X, *¢ps).
But, from Theorem 3.1.5 we know that in general this is not the case
unless the representative v is compatible with the basepoint projections.
Therefore, if for pointed coarse topological R-spaces X and Y, each el-
ement of m&%(X, *qs) and 7 ¥(X, xrs) can be represented by a pointed
coarse map which is compatible with the basepoint projections, then the
existence of a coarse homotopy equivalence between X and Y guarantees
that 7&5( X, #¢ps) = 7 5(Y, %eps)-

Definition 3.3.6. A pointed coarse pair (X, A) consists of a pointed coarse
topological R-space X together with a closed subset A of X equipped with
the subspace coarse structure such that ix(R) C A, where ix : R — X is
the basepoint inclusion of X. Given pointed coarse pairs (X, A) and (Y, B),
a map of coarse pairs f : (X, A) — (Y, B) is a coarse map f: X — Y such
that f(A) C B. Moreover, we call a map of coarse pairs f : (X, A) — (Y, B)
pointed if f: X — Y is pointed.

All we have done goes over immediately to the case of pointed coarse
pairs (X, A), namely

Definition 3.3.7. If (X, A) and (Y, B) are pointed coarse pairs, then

[(Xa A, *crs)§ (K B, *crs)]im
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is the set of all pointed coarse homotopy classes of pointed maps of coarse
pairs B : (X, A, x¢s) — (Y, B, *¢s). We often suppress basepoints and
parentheses and write [X, A;Y, B]{®. In particular, we define the relative
coarse homotopy group of a pointed coarse pair (X, A) to be

Ccrs

w7 (X, Ay ers) 1= [DR, SE5 X, AT =[BT (DR S5 X, A,

(we usually abbreviate 75 (X, A, *.5) to 75%(X, A)). This is a group for
n > 2.

3.4 The coarse homotopy sequence of a coarse pair

In this section we develop an exact sequence of coarse homotopy groups
analogous to the exact coarse homology sequence of a coarse pair. It is,
of course, an indispensable tool in the study of coarse homotopy groups.
Everything in this section is in the pointed setup.

Definition 3.4.1. Let
A-L.B 2 ¢

be a sequence of pointed coarse topological R-spaces (or pointed coarse
pairs) such that the pointed coarse maps are compatible with basepoint
projections. It is called coezxact if, for each pointed coarse topological R-
space (or coarse pair) Y, the sequence of sets (pointed coarse homotopy
classes)

C: Y] 2 By 2L 4 v

is exact, i.e., Im(g*) = (f*)~'(c.), where ¢, is the coarse constant map to
the basepoint of Y.

Theorem 3.4.2. Let A and X be pointed proper coarse topological R-spaces
with A unital. For any pointed coarse map f : A — X strongly compatible
with the basepoint projections, the sequence

f fl Ccrs
is coezact, where f': X — C]cc’"s is the inclusion map of X in C]Cfs.

Proof. Clearly, f' o f ~us cs, the coarse constant map to the basepoint of
¢, so Im(g*) C (f*)~(c«). Suppose given a pointed coarse map ¢ : X —
Y with ¢ o f ~¢.s ¢, via the pointed coarse homotopy F': A xg I§® — Y,
ie., Foijr~e¢ofand Foij~gce. Then Fon Axp(IF*\ (0)*) and ¢
on X fit together to give a map C}”’S — Y extending ¢. 0

Note that since the inclusion maps are strongly compatible with the
basepoint projections and because the inverse image of bounded subsets
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under the inclusion maps are bounded, therefore the construction of C’JCJ"S
can be iterated, that is we obtain a long sequence of proper coarse topological
R-spaces and coarse maps

A _) X CCTS f CC'I‘S f CCT’S
Therefore, by above theorem, we have

Corollary 3.4.3. Let A and X be pointed proper coarse topological R-spaces
with A unital. For any pointed coarse map f : A — X strongly compatible
with the basepoint projections, the sequence

A_)X f C‘?T‘S f CCTSf C;?/"/S_>
1S coexact.

In addition, if all spaces are pointed proper coarse topological R -spaces,
then from Theorem 3.2.9 follows that Jcp’,",s ~eps DX C’C@f) ~ers EC’"SCCTS

and so on; in fact each proper coarse topological R -space in the sequence

A _) X _} C;rs f cers L, T Ccrs

can be identified, up to coarse homotopy equivalence, with an iterated coarse
suspension of A, X or CJ%TS.

Proposition 3.4.4. Let A and X be pointed proper coarse topological R -
spaces with A unital. For any pointed coarse map f : A — X strongly
compatible with the basepoint projections, the diagram

F®

cgs ce
qu lw
ECTSA [fXRU] ECTSX

s coarse homotopy commutative, where @ and ¥ are coarse homotopy equiv-
alences defined as in Theorem 3.2.9, and where v : Iﬁf — Ifgf 1s defined by

v(re2™) = rez’179) for 0 < s <1.
Proof. Looking at the way that ¥ has been defined in Theorem 3.2.9 shows
that ¥ o £ maps points of C;’”S to the basepoint of X°X as in Equa-

tion (3.2.2), and points of ¢ X to XX by the rule z A px(x)ez’™ —
[ X r px (z)e2™] as in Equation (3.2.1). Thus

[f(a) xrpx(f(a)e2™0=2)] if0<s<i
[z x g px(z)e2™], iflas<i

(Wof o @)([ax ppa(a)ed™)) = {
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where z is a point of % with px(z) = pa(a). Therefore, ¥ o fG) o P =
[f xR ©], where U : If"® — I§"* is defined by

I rex 1729 if 0 < s <
o(re2"®) = 550 1
rez", if 5 <s<1.

But v ~..s © by an obvious coarse homotopy, so that [f Xg v] ~¢s [f XRr
o). O

Theorem 3.4.5. Let A and X be pointed proper coarse topological R, -
spaces with A unital. For any pointed coarse map f : A — X strongly
compatible with the basepoint projections, the sequence

A f X i C;TS P sers 4 [fxRr1] sers x [f1xr1] Ecrsc]ccrs_>

is coezact, where f1 := f' and fo := W o f". Similarly, for coarse maps of
coarse pairs of pointed proper coarse topological R -spaces.

Proof. Let Y be a pointed coarse topological R -space. Consider the dia-
gram

L #
e > [ECTSX; Y]im ([fxrv]) [ZCT‘SA; Y]im (f2) [Ccrs; YETS

gpﬁl J{gpﬁ
(f")*

e [OR5 Y (F3)E [CF YT
# #

By Proposition 3.4.4 this diagram is commutative; and each ¥* is a one-one
correspondence. Therefore, the upper row is an exact sequence. But

[f xrv]=[f xg1]o[l xgv]: Z7"A — X°X,

and
([ xpu])f : [S7 A YIS — (27 4V

is the function that sends each element into its inverse (note that [£A; Y]¢"*
is a group). Since the image of ([f xg 1])f : [E*X; V]S — [B$A; Y]
is a subgroup, this means that Im([f x g 1])¥ = Im([f x g v])¥; also, (([f xr
)9 N e) = ([f xr )" ex). Thus ([f xgr v])* can be replaced by
([f xg 1])* without sacrificing exactness. Note that the upper row is an
exact sequence of groups as far as [X“°A4; Y], and an exact sequence of
abelian groups as far as [X* (X5 A); Y], O

*
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Thus a coarse map of coarse pairs f : (A, A’) — (X, X') with f' = f|a,
gives the coarse pair of coarse mapping cones (C”S C%*), and for a pointed
coarse pair (Y, B), there is the exact sequence of sets

_ [(ECTS)QX, (Ecrs)2X/;Y, B}im N [(ECTS)QA, (Zcrs)2A/;Y’ B]irs
N [Ecrscjccrs’ ECTSC;"’;S; Y B]crs N [ZcrsX Zcrs)X/. Y, B]irs

_ [EcrsA7 EcrsA/; Y, B]irs [CCTS C]ccfs, Y B]crs [X, X’; Y, B]irs
— [A, ALY, B,

where the terms involving coarse suspensions consists of groups and homo-
morphisms. The rest contains only pointed sets and maps.

Consider the special case of the inclusion f : ( R+,SO ) — (D11R<+7 SH%+).
Clearly, the coarse mapping cone C”S is coarse homotopy equivalent to the
coarse pair (Sﬂlh, *crs). Thus we have the coexact sequence

(S]%+7SI%+) - (D%&+7SI%+) - (SI%R+7*CTS) - (Sﬁ+7SI}R+) - (D]2R+7SI:§+)’

where the second map is the result of coarse collapsing SH%+ to the basepoint.
By coarse suspending this n — 1 times, we get the coexact sequence

-1 gn—1 -1 1
(Sﬂg+ ’S§+ ) - (Dﬂ%+7sﬁ+ ) - (Sﬁ+7*CTS) - (Sﬂ%+7sﬁ+) - (DIE::__ 7Sﬁ+)'
All these fit together to give a long coexact sequence. Now

(S, S, ; Y, BIS"™ = [Sg,; B = m,°(B),

[SE, s #erss Vs B =[S, VI = P (Y),
[DR+,Sn 1, Y, B]crs _ 7_(_01”5(}/ B)

Therefore, we obtain the “exact coarse homotopy sequence” of the coarse
pair (Y, B):

| | ,
= (Y. B) = m(B) 5w (Y) o w (Y, B) < wy (B) -

n n—1
-—= 7 (Y, B) = 75 (B) — mg(Y),

where all are groups and homomorphisms until the last three, which are
only pointed sets and maps. Tracing through the definitions shows easily
that 44 is induced by the inclusion B — Y, jy is induced by the inclusion
(Y, *¢rs) — (Y, B), and 0; is induced by the restriction to Sﬁ;l CDg. .






Chapter 4

Calculating of the coarse
homotopy groups of the
coarse spheres Sﬁ+

Chapter 3 was concerned with general results on coarse homotopy theory
including some principal notions such as the coarse suspensions, coarse map-
ping cone, coarse homotopy groups, exact sequences of coarse pairs, and
some of their properties. As in the classical case, the general problem of cal-
culating coarse homotopy groups is very difficult, but is reasonably manage-
able provided that we confine our attention to fairly “well-behaved” coarse
topological spaces such as coarse CW-complexes. But, as in the classical
case, it is not possible to get very far without knowing the groups n¢"* (S§+),
at least for r < n, therefore, as the first step, we shall prove that

Z, r=mn
0, r<n.

nT (SR, ) = {

Then in the next chapter we will pursue these ideas further, so as to ob-
tain more precise results when the spaces involved are coarse CW-complexes.

Our first goal is to introduce for each integer r > 1, a discrete subset of
the coarse sphere S’"+, denoted by (Sﬂg+)dis, such that it sits coarsely dense!
in SHQJr, but considering each point x of (Sﬂ’§+)di5, there is no other point of
(Sg, )dis lies within /24 of . Obviously, (Sg, )ais and Sg, are coarsely
equivalent.

We start with » = 1. For each m € Z; (by Zy, we mean the set of
positive integers), let S,, be the circle of radius m centered at the origin and

LA subset Z of a metric space Y is called coarsely dense if there is some R > 0 such
that every point of Y lies within R of a point of Z. Then, we say Z sits coarsely dense in
Y with constant R.

95
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let $p,0 := (m,0). Assume that the points sy, 1, kK = 1,---,12m — 1, have
been chosen on the circle S, such that

(i) the inclination of the straight line passing through the origin and the
point sy, 1 is 7/6m;

(ii) the points sy, k = 0,1,---,12m — 1, form a partition, denoted by
(Sm)dis, of the circumference of the circle Sy, into 12m archs with the
same length /6.

We define (Sﬁgdis to be the set |J (Sm)dis- Obviously, the inclusion
meEZy

7 (Sﬂlg +)di5 — Sk . Is a coarse equivalence, i.e., (S§+)dis is coarsely equiv-
alent to Sﬂlh. Next, we introduce a special discrete subset of the coarse
product Sﬁh XR, I]fgf which we will denote it by (Sﬂlh)dis XR, (Iﬁf)dis- To
do it, we first consider the discrete subset (I]fﬁ)dis of Igs which is a set con-

taining those points of |J (Sm)dis having non-negative components, i.e.,
meZy
(Iﬂc{f)dis = U In, where I, := {ip; == Smj| j =0,1,---,3m}. Now, by
meZy
the definition of the coarse product Xg, :

(Sk, )dis ¥Ry (I8 )dis := U SJ
mEZ+
J=0,1, 3m

where Sh, == {8k X, Gmj = (Smkim ;)| k =0,1,---,12m —1}. We call
each point i,, ; a time-unit, that is, for each fixed m € Z, we have 3m + 1
time-units 4,, j, j = 0,1, - - - , 3m, each of them represents a copy of (Sy,)dis in
(Sﬂl&r )dis ¥Ry (Iﬁf)dis. The reason that we wrote the elements of (Sﬂl%+ )dis ¥Ry
(Iﬁé’f)dis as Sm k XR, im,j is to remind ourselves the structure of entourages in

< S,
+

XR, . More precisely, by writing Hsmk XRy m,j — Sm/ k' XRy Tm!jr
< S and ”imJ’ — || < S.

With a little work, one can generalise the above idea to introduce (SHEJr )dis
with the desired properties for each integer r > 1. But, to keep this part
short, we content ourselves with giving some hints for the case r = 2: we
first discretize the zy-plane as we did above. Then, we keep doing this for
all planes passing through the antipodal points and the z-axis. Then comes
some hand works, namely removing some points carefully out such that

R

we mean that Hsmk — St k!

(i) for each m € Z,, the set consisting of the remaining points lying on
the sphere of radius m centered at the origin, S,,, sit coarsely dense
in S, with constant 7/6; and

(ii) for each point x of (S]]%Jr)dis; there is no other point of (th)dis lies
within 7/24 of x.
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For later use, we fix some notations: for each m € Z,, let S, be the sphere
of radius m in R"™*! centered at the origin. We again denote the points of
(S’ﬁJr)dis by S, while the index k here is a tuple (ki,ko,--- ,k;), where
ki =1,---,12m — 1, for each 7 = 1,2,--- ;7. Similarly, we continue using
the notations Sy, and Sm,k XR Um,j, while in order to remind ourselves that
k is not a positive integer but a tuple we will write k € C(S,,).

The following lemma comes from [Roe03|(Lemma 1.10) and plays an
important role in this chapter.

Lemma 4.0.1. Let X be a length space?, Y any metric space. Then the
following properties of a set map f: X — Y are equivalent:

(a) fis large-scale Lipschitz’;
(b) f preserves entourages;
(¢) There exists S, L > 0 such that d(xz,2’) < S = d(f(x), f(2')) < L.

Therefore, if we define a map F' on (Sf@)dis xR, (Iﬁf)dis and then extend
it affinely on the whole of Sﬂg+ XR, Iﬁgf, to show that it preserves entourages
it is enough to find S, £ > 0 such that

| Sme XRe Tmg — St XRy i r<SS =

HF(Sm,k ><]R+ imJ) — F(Sm/’k/ XR+ im’,j’) ‘ < L.

For simplicity, we take unless otherwise stated S. := 2 as the positive real
number S above up to which we consider a neighboring of each point of
(Sk, )dis- The following are obvious:

B(smk;Se) N (Spais #0, if p=m —1,m,m+1
B(smk;S¢) N (Sp)dis = (0, otherwise,

for each k € C(S,,). In the future, by 5,, 1, we mean an arbitrary element
of the set B(syk;Sc) N (SE)dis-

The next simple Example gives us some elementary ideas about what we
are going to deal with in this chapter.

2A (connected) metric space X is called length space if the distance between any two
points, of X is equal to the infimum of the lengths of the curves joining them.

30ne says that f : X — Y is large-scale Lipschitz if there are positive constants ¢ and
A such that

d(f (@), f(2") < ed(z,2") + A.
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Example 4.0.2. If n: Ry — Ry is a coarse map, then 7 is coarsely homo-
topic to the identity map.

Proof. Without lose of generality, we can assume that 7(0) = 0 because
otherwise we can find a coarse map i’ : Ry — R, which is close to  and
7’(0) = 0, and then we can start from 1. We shall define a coarse map
F: Ry xg, Iﬁf — Ry such that Foig ~y n and Foi] ~y 1g,. For
each integer n > 0, set s, := n. We use the subset {s,|n > 0} as (R4)gis-
Obviously, it is enough to define F' on (R )gis xR, (Ifﬁ)dis such that

o for every integer n > 0, F((sn XRr, inp0)) = n(n), and F((s, Xgr,
in3n)) =n; and

e the map F |(R 1) Iers),;, breserves entourages; and

dis ><]R+( Ry
e the inverse image (F|r,) dis ¥R Igrs)_l(K ) of every finite subset K C
R, is again finite.

Because then we can extend it to a coarse map with the desired properties.
For simplicity, set 7, := n(n), for each integer n > 0. Since 7 is a coarse
map, so there is a positive real number L such that 1,41 € [ — L, + L],
for every integer m > 0. For simplicity, for each integer n > 0 and each 7,
Jj=0,1,---,3n, we denote the value of F' at s, Xg, in,j by Fy ;. Clearly, we
define F), o := 7, and F), 3, := n, for every integer n > 0. We define F}, ; by
induction on k starting from & = 1. Choose a positive real number M > 0
which is bigger than L 4 1/2. Define

FLO — M, if Fl,O — F1,3 > M
Fl,l :FLQ = FL()—I—M, if F1’3—F1’0 > M

F 3, otherwise.

Since ’Fl,O — F173’ < L+ 1, clearly |F170 — F171| < M and |F173 — F171| < M.

Now assume that Fj, ; has been defined for kK = n and every j = 0,---,3n
such that
F.;,—M, it F,; — F,3, >M
Fojr1 = Fnj+ M, if Fy3,—F,; > M (4.0.1)
Fy 30, otherwise.

Now we shall define F, ; for k =n + 1 and for each j =1,--- ,3(n+1) -1
such that (4.0.1) holds. The critical point is that

|| Frs1,0 = Frg13m41)| = o — Fusal| < L+ 1,

while we have three more time-units in n + 1-step in compare with the
previous step. Therefore, we can overcome the difference and define Fj, 11 ;
for every j =1,---,3(n+ 1) as in (4.0.1) and this complete the induction.
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Clearly, for each integer & > 0 and for each j, j = 0,--- , 3k, the distance of
Fy. ; from each of the points Fy41 -1, Fi41,; and Fi4q j41 is smaller than
L+ M. In the next step, we can easily extend F' affinely on Ry xg Iﬂcﬁ. The
inverse image of bounded subsets under F’ are clearly bounded. On the other
hand, choosing S > 0 small enough, one can easily see that the only values
of F' needed to compare are the ones we have already compared above, that
is I’ preserves entourages. Moreover, F' o ig ~¢ 1 and F o4} ~¢ 1R, . ]

Now, suppose given a pointed coarse map 7 : Sﬂlh — Sﬂlh. Consider
the restriction of 77 on (S]ﬁ +)dis and suppose that S. > 0 is the constant
we introduced above. Since 7 is coarsely uniform, therefore there exists a
positive real number L > 0 such that ||n(sm k) —n(8m k)] < L for every
m € Zy and k = 0,--- ,12m — 1. On the other hand, since the coarse
map 7 is pointed, therefore there exists a positive real number M > 0 such
that [[7(sm,0) — Smol| < M for every m € Zy. Coarsely properness of 7
implies that for each T" > 0, there is a positive integer my € Z, such that
1((Sk)ais) NSy = O for every k > mgy and | < T, where S; is the circle of
radius [ centered at the origin. Now, we first choose Ty > 0 big enough
such that 7 x (L + M) /4Ty is small enough; and then assume that myg is a
positive integer having above property with respect to Ty with this additional
property that 10007 /mg is small enough. Let us remark that some of the
above required conditions have been made for the later use in the proof of
the main theorem and not necessarily for what is coming in below.

Now, for each positive integer t > myg, we assign to 77|( Si)ass @& cOntinuous
pointed map 7j; : S* — St as follows: Let 3, be the projection of the point
s¢ on St where k=0,---,12¢t — 1. We define 7t(5¢ %) to be the projection
of the point 7(s;x) on S1. Since for each k, k = 0,---,12t — 1, the point
(st ) lies outside of the circle of radius Tp centered at the origin and because
In(sek) — n(Stk+1)]| < L and L is small enough relative to Tp, therefore for
each pair of points (7¢(5¢ ), 7t(5¢k+1)) on S1 there is a unique path with
the smallest length joining them. As the next step, we extend the map 7
affinely on each arc joining points §; , and §; 41, for each k = 0,--- , 12t —2.
And, finally, to get a pointed continuous map 7; : S* — S, we define 7j;
affinely on the arc joining points (1,0) and s; o and on the arc joining points
st12t—1 and (1,0). Note that each 7 : S — St > myg, can be defined so
as to be also Lipschitz. Now the claim is

Lemma 4.0.3. Ifn: Sﬂlh — SI}M is a pointed coarse map, then there is a
positive integer mg such that deg(1)) is a fixved integer for every t > my.

Proof. Let Ty and mg be the integers appeared above and let deg(7m,,) =
q € Z. One can easily show by induction on t starting from mg that

deg(ﬁt) =q,

for every t > my. O
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Remark 4.0.4. Note that one can similarly assign to any pointed coarse
map 7 : SEEJF — ﬁ+ a family of pointed Lipschitz maps {7; : S" — S™| t €
Z and t > mg for some positive integer mg}. Moreover, the similar state-
ment as in above holds if r = n.

Now we are ready to prove the main theorem of this chapter, namely

Theorem 4.0.5. Let Sﬁ+ be the coarse sphere of dimension n equipped with
the bounded coarse structure. Then

™Sk, ) = (SY),

for all r < n.

Proof. We shall construct an isomorphism @ : (5", %) — 7" (S, , *crs)-

For this purpose, we define ® as follows and we will show that it is actually
an isomorphism. Considering any element of m,.(S™,*), we choose a repre-
sentative f : (S",%) — (S™, %) of this equivalence class which is Lipschitz.
We assign to f a map f : S&Jr — SﬁJr defined as follows:

= Jrf(®), ifx#0and z=ri
"o, if z =0,

where Z is the point where the ray emanating from the origin and passing
through the point  meets S”. That the map f is Lipschitz guarantees that
the map f is a coarse map. Moreover, f is pointed because f is.

To see that ® is well-defined, suppose that f,g : (S",*) — (S™,x*) are
two pointed Lipschitz maps which are homotop. From the classical algebraic
topology, we know that there exists a pointed homotopy F : 8" x I — S"
between f and g which is Lipschitz. Then, the map F: 5’]&_ XR, Iﬂ‘é’f — Sﬁ+
defined as follows clearly provides a coarse homotopy rel #..; between the
coarse maps f and g.

~ rF(z,t), ifr#0
F(rz,rt) = {0 £ 0

where by # and t we mean exactly what we have introduced above.

The map ® is surjective. Let 1 : (Sk, *ers) — (S, *ers) be a pointed
coarse map. As we have seen before, we can assign to 7 : (S%, *ers) —
(Shs *crs) a family of pointed Lipschitz maps {7; : S" — S"| t € Z and t >
mg for some positive integer mg}. Moreover, let positive integers T and
mg be the ones which appeared in the construction of 7;’s. For simplicity,
we denote 7,,, by f. We claim

([f1) = ™.
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We shall therefore define a coarse map F' : Sﬁ"h XR, I]fgf — Sﬁ+ (rel *eps)

with F' o4 ~g n and F o] ~¢ f. For it, we will first define F on S,%L,
j =0,1,---,3m, by induction on m starting from mg and then we will
extend it affinely on the whole of SHEJF XR, Iﬂcgf. To be precise, P(m) is the
following assertion:

There exist a real number £ > 0 (depending only on the real number
Sc > 0) and an entourage F € 85§+ such that for each m € Z, m > my,

we can define F' on Sﬁn, j=0,1,---,3m, with the following properties:

(i) Vk € C(Sm) F(SmJC XR+ im70) = n(SmJg) and F(SmJg XR+ Z'm73m) =

f(sm,k);

(i) if |[Sme XRy Gmy — Smk XRy g7

r < Sc, then

HF(Sm,k Xy bm,j) — F(Sm e Xy i j7) ‘ <L,

where m’ =m — 1, m;

(iii) there exists a function w : N — R, defined inductively, which is
coarsely proper and for each positive integer m, m > myg, the following
holds:

Vk € C(Sw), V4, 7=0,1,--- ,3m: HF(Smk XR, im,j)” > w(m);

(iv) for each positive integer m, m > my, the following holds:
\V/j, .] = 07 ]-7 e 53ma (F(Sm,o XR+ im,j)u Sm,O) S E7

where the set {sm,0| m € Z} represents the basepoint of S, as well
as the basepoint of Sﬁ+.

The fourth condition implies that the coarse homotopy F'is rel *..5, the third
one guarantees coarsely properness of F', while, by the discussion came after
Lemma 4.0.1, the second condition guarantees that F is coarsely uniform.

We first introduce some notations. For each point s, € (Sﬁ+)dis,
m > mg, k € C(Sy,), we introduce a finite sequence of points (afmk);”:mo of
(th)dis defined as follows: Let S be the sphere of radius p centered at the
origin in R™*1. Assume that for each p, mo < p < m, bﬁz,k is the point where
the ray emanating from the origin passing through the point s,, » meets the
sphere S). Now, for each p, mg < p < m, we define aﬁ%k to be a point of
(Sp)dis with the minimum distance from bfm - Note that it is possible that
more than one point of (Sp)q;s have the same minimum distance from bﬁz,k?

then in this case we just introduce one of them as the point afn - Clearly,
ar . = s, k- Now, for each m € Z, m > myg, set

Flsmm)|[}

Cm ‘= Mmin S ,
m= i Lln(snl
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and let S be the sphere of radius ¢, centered at the origin in R™!.
Moreover, assume that tlmk, is the point where the ray radiating from the
origin and passing through the point 7(s,, k) meets the sphere S’ and (¢’ )fn i
is the point where the ray radiating from the origin and passing through the
point f (8m,k) meets the sphere S;'. We will denote the line segment joining
two points 7(sy, ) and tin’ & by Ifmk and the line segment joining two points
(" and f(smi) by (I/)imk. Note that for fixed m and ¢;, all line segments

(I )m > k € C(Sp,), have the same length. Now, let C' be a curve in R*™! and
assume that 57, and S} are again spheres of radius p; and p respectively
with p; < pa. By CP1®P2 we mean that part of C' which is on or between

the two spheres S and Sp2, that is

CP1@p2 . {x c C’ p1 < HQ?H §p2}7

which, of course, can be an empty set. Furthermore, by C®Pi, we mean
the projection of CP1®P2 on Sy, (by projection, we mean for each point of
C which lies on or between the two spheres 57 and 57, finding the point
where the ray radiating from the origin and passing through that point of
C meets the sphere S ).

As the first step, we define F' on Smo, =0,1,---,3mg. Clearly, for
each k € C(Sp,), the points 7, and (t')me . coincide. Now, for each
k € C(Smyg), let Cpy i be the curve which JOIHS two points 7(sp,,%) and
f(Smo.x) and consists of two line segments 1, and (I');0 . Set

b= . ()= 854+ o~ 03
and let L and M be the constant which we have introduced before and let L
be the corresponding constant for the coarse map f. Next, we take N > 0
big enough in compare with 27 x (L + M + L’) and of course bigger than
ame. Now, for each k € C(S,), we partition the curve Cp,, 5 as follows:
considering each curve Cy,, . as a straight line segment, we start partitioning
Cine i from the point (s, 1) and we choose the points of the partition such
that all the partition segments have the same length N except possibly the
last segment which has the length smaller than N. That is, §0 = N(Smo k)

and §m0 = =f (8mo,k) for some ji. Choosing N bigger than 30 guarantees
that for each k € C(Sy,,) the index jj is not bigger than 3m0 Wthh in the
other words means that for each k € C(Spn,), 3mo + 1 time-units that we
have available at the step mg is enough to get from 1(s,,, ) to f(smo’k).
For the k’s in C'(Sy,,) which §j’“ = f(smo 1) for some ji < 3mg, we define

fﬂo k- f(smo k) for every j, j = jr+1,--+ ,3mgy. Now we define F' on Sﬂﬁo

as follows:

7n 0

F(Smo EXRy Zmod) gzno,k’
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for every k € C(Sy,,) and every j, j = 0,1,---,3mg. Obviously, the condi-
tions (i)-(iv) are fulfilled for £ :=8N, E :={(z,y) € Sg, x Sg | [z —y| <
M} and w(mg) 1= Cpmy,-

Before going through the details of the proof, let us give a outline of it.
Note that having defined F' on Sj,, already suggests a way to define F' on

S7 o+1 Which is simply by using the points azgﬂ i to define F' on Sl

m mo+1 a’nd

then by using the way that F' has been defined on Sfﬁo to reach f ’(Smo)

dis
and finally use again the points azg 41k tO define F' on an(ﬁ)fr D+ in the
desired way to reach f l( St 1)dis and the important fact here is that going
one step further we have three more time-units available which allowed us to
do as above. But, obviously, we cannot use this strategy to define F on S},
for every m because then it fails to be coarsely proper. And this is where
the sequence (¢ )m>m, comes to play. The rough idea is to introduce a
coarsely proper function w : N — R which is the desired function stated in
(iii) by using the sequence (¢, )m>m, Which is as a function coarsely proper.
So, roughly speaking, the main problem that we are facing is introducing
the function w : N — R step by step and then at each step m, m > myg, in-
troducing special curves which for every k € C(S,,) join the points 1(s,, k)
and f (8m,k), and which live outside and on the sphere S” m) and have some
nice properties. In the following, we will make the above ideas precise.

First, we introduce a sequence (M;)2,, of positive integers, inductively,
as follows: setting M_; := 0, we define M;, ¢ = 0,1,2,---, to be the
smallest positive integer such that

n((Sm)dais) N S; =0 and F((Sm)ais) NSy =0,

for every integer m > mg + M; and every | < ¢po4m, ., Where S; is the
sphere of radius [ centered at the origin in R®*!. The coarsely properness of
n and f guarantee the existence of M;’s. Now, choose ¢y > 0 small enough
(for our purpose, it is enough to choose for instance g := 7/1000). Next,
we choose the positive integer Ny so big such that the projection of any
given arc of the sphere S; . . of the length 10" X 7 on the sphere Sy,
has the length smaller than ey. As the next step, we define w at every m,
mo < m < mo + max{Ny, My}, inductively, as follows:

wimo+p—1), wlmo+p—1) < cmeip

w(mo + p) =
{Cmo+p7 W(mo +p - 1) Z Cmo+p>
where 1 < p < max{Ny, Mo}. Now, we define F' on S7, for every m, m =
mo+1, -+, mo+max{ Ny, Mo}. As we said, we first introduce for each k €
C(Sm), a curve joining two points 1(S,, x) and f(Smx). We will denote this
T

curve by Cy, ;.. For it, we consider the finite sequence (afn,k);';mo of (S]R+)dis
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introduced before. Each curve Cj, j consists of three main parts, called 7-
part, middle part and f-part. The n-part starts from the point 7(s, ) and
consisting of the following line segments: the line segment joining two points
N(smx) and n(a’7 "), then the line segment joining points 7(a mkl) and
n(a”m"”’_kz) and so on until the line segment joining two points 7(a mo,:r 1) and

n(amok) Let Sy, % be the point with amok = Sygk/- The middle part consists

of two line segments I oy and (IhHme *  and finally we define the f-part of
the curve C,, ;. to be the curve con51st1ng of the following line segments:
the line segment joining two points f (a;%.) and f( mo“) then the line

segment joining two points f(a m0+1) and f ( m°+2) and so on until we reach

the point f(sm,k). As the curves C, ,, m = mo+1,- -+, mo+max{Ny, Mo}
have been defined, we already have a partition for each of them. For each
k € C(Sm), let & , be the points of the partition of Cp, . Obviously, for

each k € C(S,,), the indices j in ‘San run over 0 < 5 < 3m + 1. Now we
simply define F' as follows:

F(sm g xRy imj) = & b

Obviously, the conditions (i)-(iv) are fulfilled for the constant £ and the
entourage F introduced before.

From this step, we change our strategy, because, for instance, we cannot
define the value of w in advance at the whole of some periods as we did for
mo < m < mo + max{Ny, Mo}. The reason is that it deponds not only on
¢m’s but on other factors, therefore there is no way unless define it step by
step. Let us first have a look at some highlights of our strategy: the way
that the sequence (M;), has been defined guarantees that the movement
of the points 7(sy, 1) and f(smk) for m > mg+ Mg do not cause any change
in those parts of our curves which lie inside of the sphere S?mo. This fact
encourages us to establish the following:

(i) as long as we are defining F' at some step m with mg + M; < m <
mo + M41, the positive real number ¢;,,4 A, , is the upper bound for
the values of w at this period (that is, it is the upper bound for the
radius of the spheres that we are going to use as the lower bounds of
our curves in this period).

As one can see above, we used the points s, k, k € C(Sh,), to determine
the middle part of our curves when we were defining F' for m, mg < m <
mo+max{Ny, Mo}. Now, one of the questions which naturally arises is that
as we continue defining F' for m, m > mg + max{Ny, My}, regardless of the
fact that we have projected some parts of our curves on a bigger sphere or
not, which m’ we are going to use in order to determine the middle parts of
our curves. Clearly, if we use the points of the previous step to determine
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the middle parts of our curves, then possibly at some steps it may happen
that even for two nearby points some parts of their middle parts have been
determined by some points in the previous steps which are too far from each
other only because of the fact that we do not have enough control over the
points of our discrete model of SHQJF XR, Iﬁé’f. To avoid above situation and
of course because of another important reason that will be explained later
we require that

(ii) after each time of projectiong some parts of our curves on a bigger
sphere (we will explain later under which conditions we are allowed
to do it), we will stay at that sphere for a special period which is
determined as follows: assume that at some step m’ we have projected
our curves on a bigger sphere. We choose the positive integer NV, so
big such that the projection of any given arc of the sphere S}, , N of
the length 10" x 7 on the sphere S} , has the length smaller than eg.
Now, we define w(m) := w(m') for every m with m’ < m <m/ + N, .
We call this period the “stabilization period”. The way that F' is
defined in a stabilization period is as above but with this big difference
that we use the points n(a%lk), k € C(Sn), as the last point of the
n-parts, then the middle par"cs are defined by using the curves Cp, s
where k”’s have been determined by the equations like a%k = S/ k'»

and finally the f-parts are again defined as above but started from the
points f(a%/k).

Obviously, (i) force us to the following:

(iii) after each stabilization period, to define w at the next step (that is, to
define the next lower bound), we should always consider an additional
rule, namely, if after a stabilization period we are at some step m”,
mo + Mg <m” < mg+ Mgy, then the value of w that we are about
to define cannot be bigger than cpg 4, -

Now, let us go through the way that F' is defined on SZno-i-maX{No,Mo}—f—l
as an example for the steps we are possibly allowed to project some parts of
our curves on a bigger sphere. For simplicity, set v := mo+max{Ny+ Moy}
Obviously, w(rp) = min {cp}. Let my be the biggest integer with mg <

mo<m<vp

m1 < vy such that ¢, = w(v). First, we distinguish two cases:
(a) my = v which simply means that w(vp) = ¢pm,;
(b) m1 < vy but ¢m,4+1 > Cmy-

in both of the above cases, as we said above, the next step is to consider
the position of vy + 1, i.e., if vg + 1 < mg + M1, then it means that we are
already on the sphere that is our upper bound in this period which means
we should define w(vy + 1) := w(p) and we define F' in this case as we did
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for mo < m < mg + max{Ny, Mo}. But if vy + 1 > my + M;, then we will
do the same as we will do for case

(c) m1 <vp and ¢ 11 < Cmgs

namely, we assume that for each k € C(Su0+1) the curve Euo+1  is the
curve defined as above having the points n(a;%, ;) and fla™ voy1x) as the

last and the first point of its n- and f—parts, respectively, and having as its
middle part the curve Cy,, i/, where k" has been determined by the equation
agéil & = Smo,k’- As the next step, we project that part of £, 11, which lies

on or between the two spheres Sg(yo) and S 4 on the sphere S e As
before, we will denote that part of E, 11 Wthh is on or between the two

spheres 57\ and 5. . by E:uo(iol)fcmﬁl

on the sphere S7 S b Ei?)crll;l Now, if for k € C(Syy+1.k), Evgt1,k lives
outside or on the sphere Se o then we define D, to be just E, 11

itself. Otherwise, we define the curve D, 1 to be the curve constructed

w(10)@Cm, +1 OCmq +1
vo+1,k b El/ +1,k *

call El?(fle the spherical part of the curve D, ;1 and denote it by Dig il L

The next step is to partition the curves D11k, £ € C(Syy+1)- Recall
that for every k € C(Syy+1), we already have a partition for the curve
Eyy+1, which we denote them by Xr]/o+1,k:' Therefore, for each k € C(Sy,+1)

that the curve E, ;14 lives outside or on the sphere S ., we already

, while we denote its projection

from E, 41 by replacing E° For later use, we will

1+
have a partltlon of Dy,41, denoted this time by €V0+1 o 1-€., in this case

io+1k = Xuo+1k For k € C(Sy,+1) for which the curve E, 41 meets

the inside of the sphere S7 s We just need to define a partition for the

spherical part of D41 - For that part, we just take the projection of

the points of the partition which lies on E:O(:Ol)?cmﬁl on the sphere S7

Cmy+1°
Let again Cioﬂ,k be the points of the partition of D, ;. Now, since the
values w(rp) and ¢y, 41 are close enough and because it is the first time
that we are projecting those parts of our curves which lie on or between the
spheres S,,(,,) and S;L , on the sphere S L therefore the points that are
supposed to compare to each other stay close enough to each other, therefore
we allow ourselves to define for every k € C(S,,+1), the curve Cy 41 to be
the curve D, 41 itself with §V0+1 ke Cu0+1,k; as the points of its partition.
That is, we define w(vp + 1) := ¢, +1. Now, we define F' as follows:

F(SV0+1J€ xRy iV0+1:j) = ngzoJrl,k‘

Clearly, since we have chosen N bigger than 2w x (L + L’), therefore the
conditions (i)-(iv) are again fulfilled for the constant £ and the entourage E.

As we required in (ii), since we have projected some parts of our curves
on a bigger sphere at the step v+ 1, therefore we take a stabilization period
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which in this case, it will take until 14 := vy + 1+ N, 4+1. Now, to define F’
at the step v1 + 1, we first have some routine works in front of us, namely

(1) we take the integer mo which is the first integer coming after m; + 1
with ¢, > ¢y 41 (recall that ¢, 41 = w(v));

(2) then we consider the position of v; + 1, i.e., for which integer M, the
inequality mo + My < v1 +1 < mg + Mgy1 holds. Therefore, the
positive real number ¢, aq,_, is the upper bound for the radius of
the sphere that we are allowed to use;

(3) the next step, as we have seen above, is the comparing the values ¢,
and g4 My_; -

Now, if as the result of the above process it turns out that we are “possi-
bly” allowed to project on the sphere S?va then the question which arises

is whether we can use the same strategy to define F' on Sil 41 as at the step
vy + 1. Knowing that 7 is coarsely uniform just tells us that the image of
the points that are of distance smaller than S, > 0 remains of distance at
most L which means the map 1 may move very wildly which means because
we are projecting some parts of our curves on a bigger sphere the following
might happen:

“After partitioning the curves D,, 114, k € C(S,,+1) as above, for some
k € C(Sy,+1), there are points Ciﬁrl,k and Ci::l’k of the partition of the
curve D,, 11 such that

A ] 1 ”
||<1J/1+1,k - Cz]/;rﬂ,kH > 2N. (4.0.2)

For a moment, let us assume that (4.0.2) happens just for one kg €
C(Sy,+1) and just for one j, say jo, in the partition of the curve Dy, 11 g, -
We call our strategy to overcome this sort of difficulty “saving time-units”.
Roughly speaking, what we understand under saving a time-unit on a point
¢ (or at j) is to define F' such that it has the same value ¢ at both two
points Sy, x XR, m,j and Sy k. XR, imj+1. Let us remind the fact that not
only the points of partitions are important but the way that we define F' by
using them because finally we are going to compare the value of F' at points
Smk XRy tm,j and Sm/ k' XRy im’,j’ with HZJ - ij/ < S.. To be more precise,
let us go back to our situation at the step v; + 1. What we wanted was
to define w(v; + 1) := ¢y, but because (4.0.2) happened, we again define
w(v1 + 1) :=w(v1). As we mentioned in (ii), for each k € C(S,,+1), we use
the points s,,+1 47, k¥ € C(Syy+1), to determine the middle part of the curves
Cyi+41,k, that is the middle parts are defined by using the curves Cy 41/,

where k”’s have been determined by the equations like afrg'};l = Syyt+1,k-

Now, we define F' on SZ1+1’ j=0,1,---,3(r1 +1)+1, as follows: for each




68 BEHNAM NOROUZIZADEH

k€ C(Sy,+1), let £u1+1k
that they are determined directly by the points x’
the curve Ey, +1%). We define

be the points of the partition of Cy 41 (recall

vy +1,4 Of the partition of

. & i 0<4 <o
F(sy 11,6 XRy vy 41,5) = ?fi ’ C
v1+1,k° J > Jos

(ot H > 9N,

where, as we said above, jg is the only point with ’ RN G 1k

Therefore,

F(su 11,6 XRy tn+1,0) = F(Svi41,k XRy Gun+1,50+1),

and this is what we mean by saving a time-unit. Now, because we have three
more time-units at the step 1 +1, we can spend two of them to overcome the
changes and save one as we explained on the point Clj,? 1k The important
technical point in saving time-units, as we can see above, is that

(iv) if we have to save a time-unit at j for some ko € C(Sy,), then we will
save a time-unit at j for all &k € C(S,).

Above, we assumed that (4.0.2) happens just for one jy and just for one
ko € C(Sy,+1) but the fact is that since the curve E,, 11 j might has wrapped
so many times, so it might happen that HCZHA,R Zlill gl > 2N for many
points of the partition of the curve D,, ;1 all of a sudden and this may
also happen for many k € C(S,,+1). In this case, our strategy is to stay

at the sphere S”( by 88 long as we have saved a time-unit at each j with

||C£1+1k, u1+1k” > 2N for all k € C(S,,+1). Obviously, at some step
m’ — 1, we have saved a time-unit on every needed point of the partiton of
the curve Cp,y 1y, for all k € C'(S,,—1). Note that

(v) in the whole of a period that we are staying at some sphere in order to
save enough time-units we will use the points s,,” ;» to determine the
middle parts of our curves, where m” is the last previous step at which
we have projected some parts of our curves on a bigger sphere. That
is, for example, we will use the curves C 11 to define the middle
parts of our curves in the period v1 +1 <m < m’ — 1.

Now, we explain the way that I is defined at the step m’. First of all, finally,
we define w(m') := ¢p,. For each k € C(S,,), let Dy,,s i, be the curve defined
as above with CZ’L/,IC as the points of its partition. For each k € C(S,,), the
curve Cp,y 1, is defined to be the curve D, j itself but we define the points
of its partition as follows: let 5’ be the first index with ||CZ;',1@ — Cfr:,Jrkl || > 2N,
then we define .
G 0<j5<d
Em e =\ Vg J =7+ 1
g J=10'+2,

m
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where 19{7;, i is the middle point of the line segment joining two points Cil, i

and Cf;; ,+k1 whenever this middle point lies on or outside of the sphere SQMQ or
it is the projection of this middle point on the sphere S‘gw if it lies inside this
sphere. We keep doing this for all the points of the partition on which we
have saved a time-unit. So, until now, for each k € C(.S,,/), we have defined
a curve Cy j joining two points 7(s,, k) and f (8m/.k) partitioned by the
points fiz',k such that j’s run over 0 < 7 < 3m/+1 and Hﬁfn,,k —fganlkH < 2N
for every 7 =0,1,---,3m/ — 1. But, we are not still done, because for each
k € C(Syy), the nearby points on the curve Cy, j are not the only points
are supposed to compare to each other, that is,

“It might happen that for two different k& and &/, there are points §fn/7 &

and fZ:L,, w of the partitions of the curves C,, and C, s, respectively,
with this property that they are supposed to compare to each other and
1€, =& vl > 2N, where m” =m’ or m"”" =m/ — 1.7

This sort of difficulty may arise at the beginning when we were pro-
jecting on the bigger sphere or even at the time that we were choosing the
new points 19{;;, - But, we have already prepared ourselves to overcome this
difficulty, namély, by considering the stabilization periods. Using the stabi-
lization periods guarantee that around each point 7(s,, ) in each direction
there are relatively big number of points which have the same middle part
as the curve Cy,  or a middle part which has been determined by a nearby
point of the point that has determined the middle part of the curve C,, k.
and this means that we can replace some of these middle parts smoothly by
appropriate curves (with the same number of points of partition) whenever
it is necessary to fill the undesired gap between the middle parts of two
curves joining two nearby points for which the above has happened. That
is we can finally define F' on an, with the desired properties.

The only fact that maybe we should add here is the way that we de-
termine the radius of the next sphere on which we are going to project our
curves:

(vi) if the radius of the sphere on which we have projected for the last time
is Cpp,, then the radius of the next sphere on which we are going to
project is m, which is the first integer coming after m,, with c¢,,, > ¢,

Obviously, we will not get a stuck at any constant c¢,,, that is the func-
tion w : N — R, is coarsely proper and with this we are done because one
can define F' with the desired properties (i)-(iv) by repeating this process.

The map ® is injective. Since in the case that r < n any two pointed
continuous map f, g : (S”,*) — (S™, x) are homotopic, therefore, it is enough
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to consider the case r = n. Hence, let f,g: (S", ) — (S™, ) be two pointed
Lipschitz maps such that ®([f]) = ®([g]), i.e., f ~¢rs g. Therefore, there is a
coarse homotopy F : Sﬁ+ XR, Iﬂi’f — SﬁJr with Floif ~¢ f and Foi] ~y g.
Let L > 0 be a positive real number such that

HF(Sm,k XRy im,j) - F(Sm’,k’ XRy im’,j’)” <L

if Hsmk XRy Im,j = Sm/ k' XRy It it || g < Sc.. The map F to be pointed
means that there exists a positive real number M > 0 such that for every
m € Z the following holds:

Vi, 5=0,1,---,3m: ||F(smo xR, imj) — smol| < M.

On the other hand, F' to be coarsely proper implies that for each T" > 0, there
is a positive integer m € Z such that F'(S{)NSy = 0 for every integer I > m
and every k < T, where Sy is the sphere of radius k centered at the origin
in R"*1. Now, we first choose Tp > 0 big enough such that 7 x (L + M) /4Ty
is small enough; and then assume that my is a positive integer having above
property with respect to Ty. By definition, F(Sy,,) = f!gmo and F(Spmo) =
g]gmo. As we have seen in the first part, for each j, j = 0,1,---,3mg, we

can assign to F| g/ a pointed continuous map ﬁj : 8" — §". Clearly, the
mo

degree of Fy: 8" — S is equal to the degree of f. At the same time, since

HF(Smo,k XR4 Z.mO,j) - F(SMOJC XRy im07j+1)“ <L,

for every k € C(Sp,) and for every j = 0,1, ,3mo and because I is
pointed, therefore the degree of the induced pointed continuous map Fj is
equal to the degree of induced pointed continuous map ﬁjﬂ. Therefore
deg(ﬁg) = deg(ﬁ;»,mo) which means deg(f) =deg(g) which implies that f
and g are homotopic, i.e., ® is injective. O



Chapter 5

Coarse homotopy groups and
coarse CW-complexes

In chapter 3, we have defined the coarse homotopy groups of a pointed coarse
topological R-space X, and established some of their properties. Then, in
chapter 4, we pursued a big step forward and calculated the coarse homotopy
groups of the standard coarse spheres. In this chapter, we will see some
applications of the main theorem of the chapter 4: we first prove some
important theorems concerning the coarse homotopy groups of coarse CW-
complexes. Next, we state and prove a coarse version of the theorem of J. H.
C. Whitehead. And at the end of this chapter, we carry over some classical
results to the coarse setup which lead us to coarse Eilenberg-Maclane spaces
(for the classical results see for example [Mau]). The key point in all proofs is
Theorem 4.0.5 directly or the details of its proof. Throughout this chapter,
we shall assume unless otherwise stated that all coarse topological spaces
including coarse CW-complexes are pointed R -spaces.

5.1 Coarse homotopy groups
of coarse CW-complexes

In this section, we first prove a general theorem to the effect that 7&"*(X,Y)
= 0 in certain circumstances, at least if X and Y are coarse CW-complexes.
Let V™ be the subset

{zreDg,| |z =1}
of Dﬁ+ and let ¢ : D™ — V™ be a bi-Lipschitz homeomorphism which is
identity on S™~!. Then,
Lemma 5.1.1. Let X be a full coarse CW-complex of dimension n and let
A, be the indexing set for the coarse n-cells of X. For each o € Ay, let V,
be the subspace @1 (O(p({x € D"| ||lz|| < 3}))). Let V = UyVa. Then

nEX A\ V) = (),

71
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for all k.

Proof. To prove this, we first construct a coarse homotopy F': X xg Iﬁ’f —
X, starting with the identity map such that F((X \ V) xg, (1)**) C X"!
and F(z,px(z)e2) = z for all z € X"~ !. We define F on X"~ to be the
identity homotopy, that is,

F(z,px(z)e2®) =z, if z € X",
and on coarse n-cells as follows:

F(®4(y), px (Da(y)e™) == a2 (llyll - o((1 + 8)v(9))),
ify e DE ., Y@ < gy @ € An, and

F(®5(y), px (@6(y))e2™) = @u(llyll - o (D)/[w (@),

if y € Dg., (@) > 1+8), o € A,, where § is the point where the ray
radiating from the origin and passing through the point y meets V™ and
where ¢ : V™" — D" is the inverse Lipschitz of ¢. One can easily see that F'
has the required properties. Let r := Hoi} : X\ V — X\ V. Clearly, roi =
1yn-1 and 407 ~gpg Ix\v, where i : X" 1 — X \ V is the inclusion. The
critical point here is that the proof of Theorem 4.0.5 guarantees that each
element of 7" (X \ V) (resp. each element of 7™ (X™ 1)) can be represented
by a pointed coarse map f : SH’§+ — X \ V (resp. by a pointed coarse map
g: S§+ — X" 1) which is compatible with the basepoint projections. So,
we are done. O

Given an n-dimensional full coarse CW-complex X we can consider a
regular ordinary CW-complex K by declaring for each coarse k-cell e&® of
X, k < n, the subset e, := {z € e*| px(x) = 1} as a k-cell attached via
the map feers|gr—1 we have available (see Definition 2.2.13). Assuming K to
be compact guarantees that X is the cone of K. From now on, when we use
the expression “full coarse CW-complex”, we shall assume unless otherwise
stated that this property holds.

Theorem 5.1.2. Let X be an n-dimensional full coarse CW-complex (n >
2), and let Y be a coarse subcomplex that contains X"~ !, Then

C'I‘S(X Y) 0,
foralll <k <n.

Proof. Let the indexing sets of coarse n-cells for X and Y be A, and B,,
respectively. As we mentioned, we do not need to care about the character-
istic maps because in the case of full coarse CW-complexes, they are just
the inclusions. Now, let 7 : (DE ., S{éﬁ+) — (X,Y) be a pointed coarse map
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with k& < n. The critical point is that the proof of Theorem 4.0.5 guaran-
tees the existence of a pointed Lipschitz map f : (I¥,0I*) — (K, L) such
that f ~..s 7 Via a coarse homotopy rel #*..,, where K is a regular CW-
complex of dimension n introduced above, L is a subcomplex of K whose
cone is Y itself and where f is the pointed coarse map constructed from
f as in the proof of Theorem 4.0.5. Obviously, the indexing sets of n-cells
for K and L are A, and B,, themselves, respectively. Moreover, let U2 be
the characteristic maps for K. For each o € A,, — By, let U, be the open
subspace W2 ({z € D"| [|z|| < 2}) of K, and let V be the closed subspace
Ua,_p, ¥o({z € D"| |lz|| < 1}). Thus K\ V is open. Also, write W, for
(K \V)NU,. We shall show that the map f : (D&, S§+) — (X,Y) can be
‘pushed off” OV and hence pushed into Y.

Now I* can be regarded as the product of k copies of I. Since I is
a CW-complex with one 1-cell and two O-cells, Theorem 7.3.16 of [Maul]
yields a CW decomposition of I¥, in which there is just one k-cell. Indeed,
if I is “subdivided” by introducing a new 0-cell at %, this has the effect of
subdividing I* into 2* hypercubes each of side %, and the corresponding CW
decomposition has 2% k-cell. This process can be iterated: at the next stage
we obtain a CW-decomposition with 22" k_cells consisting of hypercubes of
side i, and so on. Now, considering the map f : (I*, 0I*) — (K, L), k < n,
the sets f~1(K \ V), f~1(U,) form an open covering of I*, so that we can
iterate the subdivision process until I* is subdivided into a CW-complex M
in which each k-cell is mapped by f into K \ V or into one of the sets U,,.
We denote the characteristic maps for M by ¢y, Notice also that oI* is a
subcomplex of M.

The next step is to construct a pointed coarse map 6 : OM — X such
that

(a) for each m-cell Y (D™) of M, m < n, fWFD™) € K\V =
9’O(wgl(Dm)) = f’o(%n(Dm)); otherwise

f(p'(D™)) € Ua = 0(O(¥5'(D™))) € OWa;

(b) f ~ers 0 Tel O(0I%) and the cone of points of M that are mapped by
f into U, remains in OU, throughout the coarse homotopy.

This is done by induction on the skeletons of M. Suppose 6 has been de-
fined on OM™~ m < n, so as to satisfy (a) and (b) (it is easy to define
6 on OMP, since the cone of each 0-cell that is mapped by f into U, can
be joined by the cone of a straight line to the cone of a point of W,).
Now consider an m-cell ¢ (D™) of M such that f(¢5(D™)) C Ua; then
f(w/g”(Smfl)) C U, and H(O(wgf(Sm*l))) C OW,. Since each charac-
teristic map of M can be chosen from the beginning bi-Lipschitz homeo-

morphism, therefore 9|@(%n( gm-1y) Tepresents an element of m7'*; (OW,,) by
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Proposition 2.1.4. But 7%, (OW,) = W%il(Sﬁzl) by Lemma 5.1.1. On
the other hand, WCTil(S]E:l) = 0, by Theorem 4.0.5, since m < n. Thus

m
9|@(%n(5m-1)) is coarsely nullhomotopic and hence can be extended to a

coarse map ¢ : O(Y3'(D™)) — OW,. Moreover, the original coarse ho-
motopy between f and 6 on O(w?(Sm_l)) can be extended to a coarse
homotopy of O(¢5'(D™)) in OU, that starts with f and whose final map
is 6 on O(lbgl(Sm_l)); and this final map is coarsely homotopic to 6, rel
O(@D%"(Sm_l)). It follows that we can extend 6 to OM™ so as still satisfy
(a) and (b), by using this construction on the cone of m-cells mapped into
some U, and by defining § = f (with the coarse constant homotopy) on the
cone of m-cells mapped into K \ V, the resulting 6 (and coarse homotopy)
being coarse by Lemma 2.1.10. By induction, therefore # can be extended
to OM* = OM, since k < n.

Because f is pointed and f ~.s 0 rel O(I*), therefore [f]s = [0]°"s.
On the other hand, if k < n, [#]°"® is the image under the inclusion map of an
element of mi"*(O(K\V), OL); but mi"*(O(K\V),OL) = 0 by Lemma 5.1.1,
and hence [f]“* = [0]"® = 0. It follows that 7{"*(X,Y) = 0 for k < n, as
desired. O

Theorem 5.1.3. Let (X,Y) be a full coarse CW-pair; that is, X is a full
coarse CW-complez, Y is a coarse subcomplex and (X,Y) is a pointed coarse
pair, and let i : X" UY — X be the inclusion map with n > 1. Then

(1) is - TS (XTUY) — 77(X) is onto for 1 < k < n and isomorphism
for1 <k <mn;

(ii) 7S(X, X" UY) =0 for 1 < k <n.

Proof. Consider the exact coarse homotopy sequence of the pointed coarse
pair (X™+L X™m).

RN ﬂ,z:fl(Xerl’Xm) N 7_‘,g?“S(AX*m) l Wﬁrs(Xerl) N TrgTS(Xerl,Xm)

_>...’

where i : X™ — X™*! denotes the inclusion map. Now by Theorem 5.1.2,
A (XML X™) = 0 for 1 < k < m, so that iy : 7S (X™) — ¢S (XmH1)
is onto for 1 < k < m and isomorphism for 1 < k < m. Moreover, clearly,
iy 2 G (X™) — w§$(X™ ) is always onto, and is one-one correspondence
if m > 0.
Hence iy : 77%(X™) — @f"*(X™) is isomorphic for 1 < k < n and onto
Ccrs

for k = n, for all m > n. But the elements of 77"*(X) are represented
by pointed coarse maps 71 : SH]§+ — X. And, once again, as in the proof

of Theorem 5.1.2, there is a pointed Lipschitz map f : S¥ — K such that

[f]® = [n]“"®, where K is exactly the regular CW-complex we introduced
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in the proof of Theorem 5.1.2. Now, since S* is compact the images must be
contained in finite skeleton of K which implies that the image under f must
be contained in finite skeletons of X. A similar argument applies to coarse
homotopies of Sﬁ%+ in X, so that 44 : 7;*(X") — 7{7*(X) is isomorphism
for 1 < k < n and onto for k = n. To deduce the first part of (a), observe
that 7{™* (X" U Y") — 7&$(X™ UY) is an isomorphism for 1 < k < n,
and 7S (X" U Y™H) — qers(XHL) s isomorphism if k& < n and onto if
k = n, by another application of Theorem 5.1.2. Now, the coarse homotopy
sequence of the pair (X, X" UY') gives (b). O

5.2 The coarse Whitehead’s theorem

As in the classical case, since coarse CW-complexes are built using attaching
coarse maps whose domains are coarse spheres, it is perhaps not too sur-
prising that coarse homotopy groups of coarse CW-complexes carry a lot of
information. The main goal of this section is to prove the coarse version of
Whitehead’s theorem, that states that if f : K — L is a pointed coarse map
of coarse CW-complexes that induces isomorphisms f, : 75" (K) — 7{"*(L)
for all £ > 0, then f is a coarse homotopy equivalence. We start this section
with the following definition.

Definition 5.2.1. Let X and Y be coarse topological R, -spaces and let
f X — Y be a coarse map.

o f is called strongly pointed if for each coarse subspace z..s of X for
which the restriction px|z,., : Ters — Ry turns into a coarse equiva-
lence, the restriction py|¢(z..,) : f(Zers) — Ry is also a coarse equiva-
lence and foiy,,, ~cl if(z.,,), Where iz, and iy, ) are coarse inverses
of px|u... and py|s(z,,.), Tespectively.

e fis called a weak coarse homotopy equivalence if it is strongly pointed,
fo 0 75X, xers) — 7§ 5(Y, f(2ers)) is an one-one correspondence,
and fi @ 77X, xers) — 7Y, f(@ers)) is an isomorphism for all
k > 1 and for all coarse subspace z..s of X for which the restriction

DX |zers © Ters — R4 turns into a coarse equivalence.

e X is called coarsely path connected if, for every two coarse subspaces
x1 and *o of X for which there are coarse maps fr, : Ry — X, k=1,2,
such that fi(R4) = %, k = 1,2, there exists a coarse map « : Iﬁf —
X such that o oig ~¢ f1 and a0y ~g fo, where i : R — I§? is
defined as before by is(t) = te2’. We call such an a a coarse path
joining *1 and 9.

Theorem 5.2.2. Let X be a coarse CW-complex and let Y be a coarse sub-
complex of X such that the inclusion map i : Y — X is a weak coarse homo-
topy equivalence. Let Z be a coarsely path connected coarse CW-complex,
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with a coarse 0-cell as basepoint. Then for any choice of basepoint in Y,
i [Z;Y))° — [Z; X)) is an one-one correspondence.

Proof. We show first that i, is onto. Suppose, then, that we have a pointed
coarse map f : Z — X; we shall show by induction on the skeletons of Z
that f can be coarsely deformed into Y. The map f is regarded as a map of
Z xr, (0)® to X (recall that Z xgr, (0)® =5 Z, by Lemma 2.2.15), and
will be extended to a coarse map f : Z xg, Iﬂi’f — X such that f(Z xg,
(1)) C Y, and if K is any coarse subcomplex of Z that is mapped by f into
Y, then f is coarsely constant on K xg, I§"?, that is, fk,pz(k)ez™) = f(k)
for all £k € K and 0 < s < 1. Moreover, we can assume from the beginning
that f maps the basepoint of Z, say z“¢, into Y: assume that a coarse 0-cell
y“"% in Y has been chosen as the basepoint of Y. Obviously, it can be also
regarded as the basepoint of X. Now, since f : Z — X is pointed, therefore
a pointed coarse map f': Z — X can be defined such that it is close to f
(and therefore coarsely homotopic to f) and also maps the basepoint of Z
into Y. Thus, in particular the above coarse extension will be pointed.
Given such a coarse subcomplex K (the above argument also shows that
such a coarse subcomplex K exists), write M" = Z" U K, and extend f
as the coarsely constant homotopy to (Z xgr, (0)*) U (K xr, I§7), ie.,
f(k,pz(k)e2™) := f(k) for every k € K and 0 < s < 1. If “* is any coarse
O-cell of Z \ K, since Z is coarsely path connected there is a coarse path
« IH%T — X such that aoig ~g f o ®%. and aoij ~¢y fo®l%. CYV

(sometimes we state the second relation simply by writing a0 i; Cgl Y'); thus
we can extend f to M° X, Ig7 by setting f(z,pZ(z)e%iS) = a(e%is),o <
s < 1. This serves to start the induction; so we may now assume that f has
been extended to a coarse map f : (Z xg, (0)*)U (M" ! xg, Ige) — X
such that f(M" ! xg, (1)*) C Y. Now, for each coarse n-cell e of Z\ K,
Lemma 2.2.17 allows us to consider the following composite

(DR, xr, (0)7*) U (Sg " xr, I§7)
i‘be%rs XR+IIDCRT
(Z xr, (0)7°) U (M"! xp, If?)

|

X,

which sends Sﬁ:l X, (1)® to Y. Now we define a coarse equivalence h of
Dﬁ+ XR, Iﬁf to itself, for simplicity we will state the precise formula just
for n = 1, but the same idea works exactly for the higher n:

h(,rewi37 (O)CT‘S) — (Teﬁi@s—&-l)’ (O)CT'S) 0<s<1
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h(re™ re3it) = (Teili(;_t)’ (0)5), s=0,0<t<1
(7,,641( +t)7(0)C’l"S)’ s = 1’0 S t S 1

h(rem’s (l)crs> — (TQWiO’Tegi4s)’ 0<s< %

) (T,€7r7j177,6%7;(4—48)>7 % <s<1

s crs Zi(4s—1) crs 1 3

A(re™™, (1) 1= (reB D, )y Lo ?

extending the definition inside Dﬁ+ XR, Ifgf by regarding the inside as the
join of (Df, xg, (0)*)U(Sg " xr, I§7)U (DR, xr, (1)) to (re2?, red)
with the equal r. The map h 1s clearly a homeomorphism, therefore we de-
note its inverse which is again a coarse map by h~!. The point of this defini-
tion is that the map fo(®eers xR, 1[]1%?) oh~!is a coarse map of (Dﬂ%y Sﬁ:l)
to (X,Y), which therefore represents an element of 7¢¥(X,Y’), with some
basepoint. But by the exact coarse homotopy sequence 7&"¥(X,Y") = 0; thus
fo(Peers XR, ]_[ﬁf) o h~! can be extended to a coarse map of Dﬁ+ XR, Iﬂ%’f

that sends D xg, (1) and Sﬁ;l X, Ig to Y, i.e., there exists a coarse
-1
homotopy F': Dy, X, I§7 — X (rel Sg ) such that

% —1
F o gt f o (®eers X, Lige) o b7,

l
F((DE, xm, (1)7*)U (857" %k, IE9) C Y.

Hence, by applying h again, H := Foh extends fo(®cers xR, 1I§r:) to a coarse
map of Dy, Xr, Ig* that sends Dy, xg, (1)”* to Y. Since f has already
been defined on <I>ecm(.5’§;1) and because Peers is a coarse equivalence on
Dy, \Sﬁ;l, hence f can be extended by H oWcers to a coarse map of (Z xg,
(0) ) U ((eUM™ ) xp, I]?R’f) such that f((e"*UM" 1) xpg, (1)) C Y,
where Weers is coarse inverse of ®e.crs on e“®. These process defines an
extension of f to a function f : (Z xr, (0)7*) U (M" xg, Ig?*) — X such
that f(M" xg, (1)°®) € Y. Moreover this extension is a coarse map: for
(Z xr, (0)"*)U(M"™ xg, I§7) is a coarse CW-complex, and the composite
of each of its characteristic maps with f is coarse; hence f is coarse by
Lemma 2.1.10. The inductive step is now complete, hence f can be extended
to a function f: Z xg, I§’? — X such that f(Z xg, (1)*") C Y, that is,
i [Z2,Y]° — [Z,X]S is onto.

It is easy to deduce that i, is also injective. For suppose f,g: Z — Y are
pointed coarse maps such that i o f ~..5 7 0 g by a pointed coarse homotpy
F:Zxgr, Iﬂ%’f — X. Since Z xg, Iﬁf is a coarsely path connected coarse
CW-complex and K := (Z xg, (0)7°) U (2* xg, Ig") U(Z xg, (1)) is
a subcomplex with F(K) C Y, so F can be coarsely deformed to a coarse
map G : Z Xg, Iﬁrf’ — Y such that G coincides with F' on K. That is, G is
a pointed coarse homotopy between f and g. O
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It is easy to extend Theorem 5.2.2 to a weak coarse homotopy equivalence
which is strongly compatible with the basepoint projections, by using the
coarse mapping cylinder defined as follows:

Definition 5.2.3. Let X and Y be pointed coarse topological R-spaces
and let f : X — Y be a pointed coarse map which is strongly compatible
with the basepoint projections. If the inverse image of bounded subsets
under f are bounded (for example, this is the case if X and Y are pointed
proper coarse topological R-spaces with X unital), then we define the coarse
mapping cylinder of f, MJ‘;””S, to be the pointed coarse topological R-space
obtained from Y by weakly coarse attaching (X Xr, Ig"®)/(kers Xr, IR)
via f, where X has been identified with the subspace {[z, (1)*]| z € X}.

Let g : X — MZ"™ be the inclusion of X in X xg, Ig"" (as X xg, (0)*),
followed by the natural map, and let A : M]?"s — Y be the map induced by
the identity map of ¥ and the map from X xg, Iﬂ%’f to Y that sends each

(z,px(x)e2%) to f(x). Clearly, f = hog. Moreover,

Theorem 5.2.4. Let X and Y be pointed proper coarse topological R -
spaces with X wunital, and let f : X — Y be a pointed coarse map which is
strongly compatible with the basepoint projections. The map h : M]?TS —Y
defined as above, is indeed a coarse homotopy equivalence.

Proof. To show that h is a coarse homotopy equivalence, define j : ¥ —
M¢"* to be the inclusion of Y in the disjoint union YTI((X xr, Igf)/(*m XRy
Ig"?)) followed by the natural map. Then hoj = 1y, and joh : M§"™ — M{"*
is given by

joh(y) =v,
joh([z, px(x)e2™]) = f(x).

A coarse homotopy F': Mj?’"s XR, Iﬁf — M;Ts between 1 Mers and joh can
be defined by

F(y,py(y)ez™)
F([z, px (z)e2™], px (z)e2™)

That the map F' is coarse follows from Theorem 2.2.10 by an argument
similar to what we have seen in the proof of Theorem 3.2.9. O

Y,
[x,px (x)egi(s-‘rt(l—s))]'

Wl

Corollary 5.2.5. Let X and Y be coarse CW-complexes with X wunital.
Given a weak coarse homotopy equivalence f : X — Y strongly compatible
with the basepoint projections, and a coarsely path connected coarse C'W-
complex Z, fo : [Z; X]|]® — [Z; Y] is an one-one correspondence (where
Z has a coarse 0-cell as basepoint, and X, Y have any basepoints that cor-
respond under f).
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Proof. As we have seen before, we can assume, without lose of generality,
that our coarse CW-complexes are full. By Theorem 5.2.4, f is the composite

x4 omgs Ly,

where M]?TS is the coarse mapping cylinder of f, the map g is the inclusion
map, and h is a coarse homotopy equivalence. The critical point here is again
that the proof of Theorem 4.0.5 guarantees that each element of 7" (M)
(resp. each element of [Z; M]?Ts]fs) can be represented by a pointed coarse
map S]§+ — Mg (resp. by a pointed coarse map Z — M]?”’) which is
compatible with the basepoint projections, that is, h is indeed a weak coarse
homotopy equivalence (resp. h, is indeed an one-one correspondence). Now,
since both f and h are weak coarse homotopy equivalences, so is g; hence
9« 1 [Z; X" — [Z; My]"® is an one-one correspondence by Theorem 5.2.2.
Therefore, f. = hy o g4 is an one-one correspondence. O

Note that in the proof of Corollary 5.2.5, we do not need to show that
M$"™ is a coarse CW-complex, because looking at the details of the proof of
Theorem 5.2.2, one can see that we did not actually use the assumption that
X is a coarse C'W-complex. Now, the coarse whitehead’s theorem follows
immediately.

Theorem 5.2.6. If f : X — Y is a weak coarse homotopy equivalence of
coarsely path connected coarse CW-complexes, then f is a coarse homotopy
equivalence.

Proof. By corollary 5.2.5, f. : [V;X]{® — [Y;Y]° is a one-one corre-
spondence. Now, by looking at the details of the proof of Theorem 5.2.2
and Corollary 5.2.5, one can see that since the identity map 1y is compat-
ible with the basepoint projections, the coarse map v : Y — X for which
F«([Y]e7%) = [1y]“"® is indeed compatible with the basepoint projections. On
the other hand, f o~y =~ 1y immediately implies that v is also a weak
homotopy equivalence. So by a similar argument there exists § : X — Y
compatible with the basepoint projections such that v o ~.s 1x. From
f oy ~es 1y follows that (f o) od ~¢s d, since § is compatible with the
basepoint projections. Therefore,

f ers f o (705) ers (f O’Y) 04 Xers 5,
so that vo f ~..s 1x as well, and so 7y is a coarse homotopy inverse to f. [

The next important theorem in this chapter is the Coarse Cellular Ap-
proximation Theorem, which in a sense is the analogue for coarse CW-
complexes of the Cellular Approximation Theorem for CW-complexes in
the classical case. The following is our understanding of a coarse cellular
map:
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Definition 5.2.7. Let X and Y be coarse CW-complexes. A coarse map
f:X =Y is called cellularif f(X™) C Y™ for each n > 0.

Theorem 5.2.8. If X and Y are full coarse CW-complezes, Y is coarsely
path connected, and f : X — Y is a coarse map such that f|x is coarse
cellular for some subcomplex K of X (possibly empty), then there exists a
coarse cellular map g : X — 'Y such that g|x = f|x and g ~cps | rel M.

Proof. This is very similar to Theorem 5.2.2: by induction on the skeletons
of X, we define a coarse homotopy F': X xpg, Iﬁ{f — Y that starts with f
ends with a coarse cellular map, and is the coarsely constant homotopy on
K xR, Ifé’f. Since, for each coarse 0-cell ef™® of X \ K, there is a coarse path
inY from f(ef™) to a coarse O-cell of Y, we can certainly define F on X°xp N
Iﬁf UK xg, Ifé’f. Suppose, then, that F has been extended to X" ! XR,
Ig"%, and that F(K™ ! xg, (1)) C Y""!. Just as in Theorem 5.2.2, F
can be extended to each coarse n-cell of X \ K, since 75*(Y,Y™) = 0 by
Theorem 5.1.3; and the result is a coarse map such that F'(X" xg, (1)*) C
Y™, This completes the inductive step, and so gives the required coarse
homotopy F': X Xg, Iﬁf —Y. O

Theorem 5.2.9. Given a coarsely path connected full coarse C'W-complex
X and an integer n > 0, there exists a full coarse CW-complex Y, having
X as a coarse subcomplex, such that, if 1 : X — 'Y is the inclusion map

(1) is : 773(X) — 7 (Y) is isomorphic for k < n;
(i1) 7<5(Y) = 0.

Proof. Let A be a set of generators for the group 7¢"*(X) (for example, the
set of all elements of 75*(X)). For each o € A, take a representative pointed
coarse map ®7 : Sﬁ+ — X which by Theorems 4.5 and Theorem 5.2.8 may
be assumed to be a homeomorphism onto its image, strongly compatible
with the basepoint projections and cellular. Let Y be the coarse topological
R4 -space obtained from X by coarse attaching coarse cells Dﬁil by the
coarse maps P, one for each @ € A. Obviously, Y is a full coarse CW-
complex having X as its subcomplex. Moreover, by Theorem 5.1.3(i) i, :
7 (X)) = 7 (YT U X) — 7*(Y) is isomorphic for k£ < n, and onto for
kE = n. But for each a € A, i.(a) € 7&*(Y) is represented by the coarse
map 70 P : Sﬁ+ — Y; and this is clearly coarsely homotopic to the coarse
constant map to the basepoint of Y, since Y has an coarse (n + 1)-cell

attached by ®}. Hence 75*(Y") = 0. O
This process can be iterated, so as to “kill off” 7{"*(Y") = 0 for all & > n.

Theorem 5.2.10. Given a coarsely path connected full coarse CW-complex
X and an integer n > 0, there exists a coarse CW-compler Y, having X as
a coarse subcomplex, such that, if i : X — Y is the inclusion map
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(1) iy 773(X) — w7 5(Y) is isomorphic for k < n;
(it) T (Y) =0 for k > n.

Proof. By repeated applications of Theorem 5.2.9, there is a sequence of full
coarse CW-complexes X CY; CY; C ---, each a coarse subcomplex of the
next, such that for each m > 1, if ¢ : X — Y}, is the inclusion map,

(i) is : m3(X) — 77"(Yn) is isomorphic for k& < n, and
(i) 7 (Ym) =0 for n <k <n+m.

Let Y = U, _; Y equipped with the weak topology and with the weak
coarse structure. Since we could choose the representative pointed maps
oy - Sﬂ%+ — X strongly compatible with the basepoint projections, therefore
we can define a basepoint projection py : Y — Ry with desired properties,
that is, Y is indeed a coarse CW-complex having each Y;,,, and X as a coarse
subcomplex.

To prove (i) and (i), note that, given any k, i, : m{™s(Y*H1) — mers(y)
is an isomorphism. But Y**! is the (k + 1)-skeleton of each Y;, for which
n+m >k, so that i, : 75 (YE+H) — 7¢r$(Y,,) is also an isomorphism for
such m. Hence i, : 7% (Y,,) — 77*(Y') is an isomorphism, and (i) and (ii)
are now immediate. O

We finish this chapter by introducing coarse Eilenberg-Maclane spaces:
Definition 5.2.11. We have proved in Theorem 4.0.5 that

Z, k=n
0, k<n.

me (SR, = {

It follows from Theorem 5.2.10 that there exists a coarse CW-complex K
such that 7{"*(K) = 0 for k # n and 7nf*(K) = Z. Such a coarse CW-
complex is called an coarse Filenberg-Maclane space K *(Z,n).
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