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Abstract

In this thesis, a pseudodifferential calculus for a degenerate hyperbolic Cauchy
problem is developed. The model for this problem originates from a certain observa-
tion in fluid mechanics, and is then extended to a more general class of hyperbolic
Cauchy problems where the coefficients degenerate like a power of t + |z|? as
(t,z) — (0,0).

Symbol classes and pseudodifferential operators are introduced. In this process,
it becomes apparent that exactly in the origin, these operators are of type (1,1).
Although these operators are not L2-continuous in general, a proof of continuity in
([0, T], L?(RY)) is given for a suitable subclass.

An adapted scale of function spaces is defined, where at ¢t = 0 these spaces coincide
with 2-microlocal Sobolev spaces with respect to the Lagrangian TjR?. In these
spaces, energy estimates are derived, so that a symbolic approach can be applied to
prove wellposedness of the Cauchy problem.






Zusammenfassung

Ziel dieser Arbeit ist es einen pseudodifferentiellen Kalkiil zur Untersuchung eines
degenerierten hyperbolischen Cauchy-Problems zu entwickeln. Das Modell fiir die-
ses Cauchy-Problem entstammt einer Beobachtung aus der Stromungsmechanik
und wird anschlief3end zu allgemeineren hyperbolischen Cauchy-Problemen weite-
rentwickelt, deren Koeffizienten wie eine Potenz von ¢ + |z|?> degenerieren, wenn
(t,z) — (0,0).

Es werden Symbolklassen eingefiihrt und die entsprechenden Pseudodifferentialo-
peratoren definiert. Dabei stellt sich heraus, dass diese Operatoren im Ursprung
vom Typ (1,1) sind. Obgleich diese im Allgemeinen nicht L2-stetig sind, gelingt
unter zuséitzlichen Annahmen der Beweis der Stetigkeit in ([0, 7], L?(R%)) fiir eine
spezielle Unterklasse von Symbolen.

Eine Skale von angepassten Funktionenrdumen wird definiert, wobei an ¢ = 0
diese Rdume mit 2-mikrolokalen Sobolev-Rdumen beziiglich des Lagrangian T;R?
zusammenfallen. Mit Hilfe des symbolischen Zuganges werden fiir eine Losung
des Cauchy-Problems beziiglich dieser Raume Energie-Abschatzungen hergeleitet.
Diese a priori-Abschatzungen werden genutzt um die Wohlgestelltheit des Cauchy-
Problems zu beweisen.
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Introduction

Calvin: "You know, I don’t think math is a
science. I think it’s a religion."

Hobbes: "A religion?"

Calvin: "Yeah. All these equations are like
miracles. You take two numbers and when you
add them, they magically become one new
number! No one can say how it happens. You
either believe it or you don’t."

— Comic by cartoonist Bill Watterson

This thesis presents a study of the Cauchy problem for weakly hyperbolic systems of
the form

(1.1)

DU = A(t,r,D,)U + F(t,z), in(0,T) x R4,
U(0,z) = Up(x), on R,

where A(t,x, D,) is an N x N first-order pseudodifferential operator. We will state
the precise assumptions on the symbol A(t, z, £) below.

Hyperbolic partial differential equations appear in various branches of physics in
which conservation laws and finite-speed propagation are involved. The most basic
hyperbolic PDE — modeling the vibration of a string in one space dimension — is
the wave equation. It goes back to the work of d’Alembert in the 18 century and
is closely related to the transport equation. Another important linear hyperbolic
system is the Maxwell system of electromagnetism. In theoretical physics, several
semilinear equations arise, for example the Yang-Mills equations, the Maxwell system
for polarized media or the Klein-Gordon equations. The nonlinear models — in most
cases quasilinear — are even more numerous, for instance the Euler equations of
gas dynamics, which are closely related to the theory of shock waves. Hyperbolicity
is associated with a space-time reference frame. This means that one coordinate,
namely physical time, plays a special role compared to the spatial coordinates.
The analysis of hyperbolic PDEs uses a diversity of mathematical tools, ranging
from microlocal analysis over pseudo- and paradifferential calculus to algebraic
geometry. In this thesis, we will use techniques from pseudodifferential operators
and microlocal analysis.
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The theory of strictly hyperbolic equation is wellstudied. In our setting we assume
that the pseudodifferential operator A is also strictly hyperbolic away from the
crucial point (¢, z) = (0,0), but degenerates like powers of ¢ + |z|? as (¢, z) — (0,0).
Operators which exhibit such degeneracies are an example of weakly hyperbolic
operators. A typical form of weakly hyperbolic equation reads as

up — a(t)uge = 0, uw(0,z) =up(z), w(0,z) =ui(z),

as mentioned in [DR1]. If this equation is strictly hyperbolic in the sense that
a(t) > ¢ > 0, we have correctness in the classes of Sobolev spaces, and an energy
estimate for a log-Lipschitz coefficient a(¢), see [CL]. However, in the weakly
hyperbolic theory, which means a(¢) > 0, it turns out that ¢*°-regularity of a(t)
is not sufficient for wellposedness of the Cauchy problem even in the classes of
distributions. In [CS], Colombini and Spagnolo showed that for any 7" > 0 a
coefficient a(t) € €°°([0,00)) and ¥ data ugp, u; exist, such that the solution
belongs to ¥°([0,7),¢°(R)), but not to ¢([0,T], Z'(R)). This function a(t) is
positive for ¢t < T, oscillating for ¢ — T — 0, and identically zero for ¢t > T.

For weakly hyperbolic equations another phenomenon arises, namely the loss of
Sobolev regularity, even if the coefficients are smooth and have no oscillations.
Consider for example the Cauchy problem

st — P Ugy = AUy, u(0,2) = ¢(x), w(0,z)=0.

Then in [Qi] it is shown that the solution can be represented in the form

n t2
2k ok
u(t,z) =Y cpt™ e <m +35
k=0
if a = 4n + 1, n € Ny. In particular, this means that
peH = ut,)e T

In [DW1], Dreher and Witt studied this phenomenon for a more general higher-order
operator of the form

P = Z aja(t,x)t(j+(l*+1)\a|_m)+D{Dg’
J+lal<m

with coefficient a; (¢, ) being smooth up to ¢ = 0. After reducing the scalar equation
into a system like (1.1), they used a symbolic approach to describe and analyze the
corresponding pseudodifferential operator A(t, x, D,) and its properties, for example
mapping properties on Sobolev spaces. After deriving energy estimates, they were

Chapter 1 Introduction



able to prove existence and uniqueness to the Cauchy problem (1.1). In this thesis
we will adopt this strategy.

For further results on loss of regularity, the propagation of singularities or, in general,
degenerate hyperbolic Cauchy problems we refer to [AN; DR2; Han; NU; Yag; AC1;
AC2].

Our prototypical operator originates from an observation on steady isentropic com-
pressible flows, which are described by the Euler equations. If the flow is supersonic,
which is that its velocity is greater than the speed of sound, the system of Euler
equations is hyperbolic. If a supersonic line touches a sonic curve, this contact is
generically of order two. After a hodograph transformation, this contact can be seen
as multiplication with the factor ¢ + |z|?. Hence, our model equation reads as

(0F — (t+ |z))Ap)u = f(t,z) (1.2)

on (0,T) x R%, and is weakly hyperbolic with degeneracy just in (¢, z) = (0,0).

Developing a pseudodifferential calculus to study a certain kind of partial differential
equations means to introduce a special class of symbols, which are closely related
to the differential operator under consideration. In our case we study matrix-
valued functions a € €°°([0, T] x R2¢, My« x(C)) with the property, that for each
(j, o, B) € Nj™4, the estimate

1020 alt, z, €)| S ()Pl (ggymmpmlal=2

holds for all (t,z,£) € [0,T] x R?*?, We then say that a belongs to the symbol
class ¥™P. Here, o behaves like \/t + |z|? near the origin. By Fourier transform
we can define the corresponding class of pseudodifferential operators Op(3™P).
When passing to the origin it turns out that a(0,-,-) € Sfl, or, more generally,
(&a)(0,-,-) € Sfj% over (z,£) = (0,0). The analysis of operators of type (1, 1) is
technically difficult, because in general they are not L?-continuous. This problem
stem from the behavior of the twisted diagonal of the Fourier transform. However, it
was a great achievement of Hérmander, see his book [Hor5], that if a is an operator
of type (1,1) and the adjoint operator Op(a)' also belongs to Op(X"?), then Op(a)
is L2-continuous. Other investigations on these operators were done by Johnsen,
see [Johl; Joh2]. Let Op(vava) denote the class of all symbols for which the
corresponding adjoint operators also belong to Op(X™P?). Then we are able to prove
([0, T], L?>(R))-continuity for operators belonging to Op(X%%1). Actually this is
not obvious, because we first have to show that, uniformly for every ¢t € [0, T], the
operator
Op(a(t)): L (RY) — .Z(RY)
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extends to a bounded one from L?(R%) to L?(R?%). The proof uses a pointwise
application of the 7'(1)-theorem, as it is presented in [Gra2].

However, the class X""P is not appropriate to define principal symbols. Therefore,
we will refine that class, that is we have a € ™ if a can be written in the form

a=x"(ao+a1) +ar (1.3)

where a; € 2P for j = 0,1 and a, € ¥ 2P 4 m=Lr=Li  Symbols in the
class X(™)» admit a certain asymptotic expansion, and are homogeneous of order
m in the covariable £. Moreover, the multiplication with the function x can be
understood as a quantization X(™)» —; ¥™P  The main task is then to prove that
the class of corresponding operators is closed under composition and taking adjoints.
To prove this result, we have to estimate a certain type of oscillatory integral, again
uniformly for all ¢ € [0,7]. Thanks to the special structure of the homogeneous
component ay and its asymptotic expansion, we can apply similar techniques as
in [Kum; NR]. With operators A € Op(f)m’?) we then associate principal symbols
oy (A) and oy 7" (A), such that the short sequence

0 — Op(s"221) + Op(s"~1-1) —s Op(E™?)
%750 "), cmyp o m—Lp)
S0P 5 sm=1p)
turns out to be exact. With this symbolic calculus for operators A at hand, coming

from (1.3), we are able to argue on a purely algebraic level.

We also introduce function spaces X 59 to which a solution U to the system (1.1)
belongs. Here, s € R is the Sobolev regularity, while § is related to the loss of
regularity. At ¢t = 0, these spaces coincide with a 2-microlocal Sobolev space with
respect to the Lagrangian T¢R?. The concept of 2-microlocalization is basically
microlocalization along a Lagrangian submanifold, see for example the famous paper
of Bony, [Bon]. A characterization of the corresponding class of Sobolev spaces by
use of Wavelets can be found in the book of Meyer, [Mey].

Finally, in order to make all of this useful for analysis, one needs mapping properties.
We can prove that the class Op(X7?) maps X 5+t continuously into X, This
is done by a reduction argument to the class Op(£%°) C Op(2%1), which already
contains continuous operators as proven before.

Our main result states as follows:

Chapter 1 Introduction



Theorem 1.1. Let A € Op(S12). Assume there exists a My € L0 with | det Mo| > 1,
MyAogMy* is Hermitian, such that

I — 2z (MyoApMt) >0,
€T ( 0041004V )5
where My, € £ is the (0, 0)-bihomogeneous component of M.
Then for every My there exists a 6o = do(Aoo, Ap1) € R such that
1) _
Im (®(Aoo, Aot1, Moo, Mo1)) < # (I — 2z (MovooMool)J , 1.4)

and a vy = v(Aoo), with the property that for all s € Ny, § > dy + sy, Up € HS9,
F € Y*®9, the Cauchy problem (1.1) possesses a unique solution U € X*°. Moreover,
the a priori estimate

1Ullxss S Uollgss + 1 Fllyss

is valid.

The precise formulation of ® can be found in Chapter 4. The main idea is to derive
an a priori estimate for a solution U € X*9. Such estimates, often called energy
estimates, give an upper bound of such a solution in terms of the source function F'
and the initial data U,. We will show the validity of such energy estimates to our
problem and derive existence and uniqueness by methods of functional analysis.
Using this result, we apply this to the case of higher-order scalar equations. In
particular, for our model problem we obtain the following result:

Theorem 1.2. Let (s,6) € Nog x R,. Let ug € H*tI(RY), u; € H*(R?) and
f € L*H®9. Then the Cauchy problem

{Ofu —o?Au = f(t, ), in (0,7) x RY,

u(0,2) = up(z), ug(0,2) = ui(x) onRY

possesses an unique solution u € € Ht19 N ¢ H®9.

This thesis is organized as follows: In Chapter 2 we briefly recall the system of Euler
equations, describing compressible flows, and explain the connection to our model
equation. We analyze its characteristics and derive a first energy estimate that shows
the relation to the 2-microlocal Sobolev spaces.

In Chapter 3 we develop a pseudodifferential calculus that enables us to argue
on a purely symbolic level. We study some examples and show continuity in
€([0,T], L?(RY)) for a special subclass. After introducing the appropriate sym-
bol class, we prove that the corresponding class of pseudodifferential operators is
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closed under compositions and taking adjoints. The rest of that Chapter is devoted
to the principal symbols and function spaces.

In Chapter 4 we give the exact formulation of the main theorem and derive the
basic energy estimate for operators A € Op(X?T). Note, that at is point, no special
structure on A is required. We reduce our system to an equivalent one, which has
Hermitian principal and where the spectral parameter ¢ is shifted to zero. Use of
an induction argument shows the validity of the energy estimate for all s € Ny and
corresponding . This Chapter is closed by an application to higher-order scalar and
the model equation.

We end this thesis with an Appendix, where we recall basic concepts on oscilla-

tory integrals, pseudodifferential operators of type (1, 1) and 2-microlocal Sobolev
spaces.

Chapter 1 Introduction



Modeling the Problem

2.1 The model equation

We consider a two-dimensional steady isentropic compressible flow, which is descri-
bed by the Euler equations of the form

(pu)e + (pv)y =0
(pu* 4+ p)s + (puv), =0 2.1
(puv); + (pv* + p)y = 0.

Here V = (u,v), p and p denote the velocity, pressure and density of the flow,
respectively. For more information, see [CF; And]. Since the flow is isentropic, the
pressure p is a smooth function depending on p, say p = p(p), and we further assume

?'(p) > 0.

Example 2.1. For a polytropic gas with adiabatic exponent v > 1 we have

Moreover, ¢ = |V| = vu? + v? denotes the speed of the flow and the speed of sound
c is defined as

c=4/p'(p).
The flow is said to be
e subsonic when g < ¢,

e sonic when ¢ = ¢ and

e supersonic when ¢ > c.
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If the flow is supersonic, it turns out that the system (2.1) of equations is hyperbolic.
Let now the hypersurface ¥ C R? describe the boundary of that problem. Then we
impose boundary conditions on ¥ of the form

(0, V)= = (po, Vo),

po >0 and Vol > /P’ (po)-

The latter means, that the flow is also supersonic up to the boundary.

where we assume

To this problem the existence of short time solutions is well-known. However, in our
setting we consider that these boundary conditions are violated, i.e. g = +/p/(po), at
one single point in Y. Thus, we want to have an equation, that is strictly hyperbolic
everywhere, except in one point. Also, we want to approach this degeneracy in a
certain fashion.

Let (p,u, v) be a solution to (2.1). Linearization around this solution has the principal

symbol
u p 0 v 0 p
w? +p'(p) 2pu 0 | &+ v pv pu | n.
uv pU P v +p'(p) 0 2pv

The determinant D with ¢ = \/p/(p) > 0 is then given by
D = —(ag + on) ((62 + 1) — (a€ + on)?) 52

The factor u{ + vn correspond to planar waves of the form F(vx — uy), i.e. (ud, +
v0y)[F(v€ — un)] = 0, and will be ignored in the further investigations. However,
the quadratic polynomial

(&n) — (& +n?) — (a€ + vn)? (2.2)

has discriminant 4¢%(u? + v2 — ¢2). Thus, if a supersonic curve touches a sonic line,
this contact is generically of order two in the (u,v)-plane.

To see this contact in (z, y)-plane, we have to apply a hodograph transformation,
which is a technique used to transform nonlinear partial differential equations
into linear versions. The original form of a hodograph transformation is for a
homogeneous quasi-linear system of two first-order equation for two known variables
(u,v) in two independent variables (z,y). By regarding (z,y) as functions of (u,v)
and assuming that the Jacobian does not vanisch nor is infinity, one can rewrite
the system for the unknowns (xz,y) in the variables (u,v). Basically we apply an

Chapter 2 Modeling the Problem



interchanging of the dependent and independent variables in the equation to achieve
linearity. Specifically, consider the system of two equations of the form,

(u) + A(u, v, x,y) (u) =0, (2.3)
v/, v

Y

where the coefficient A is

Alu, v, 2,y) = ( ) .

a1 a22
The two eigenvalues, denoted by E., satisfy
Ei — (a11 + GQQ)E:E + det(A) =0.

We introduce the hodograph transformation 7': (x,y) — (u,v). Then the system

(2.3) reduces to
( Yo > + A(u,v,z,y) (—xv> =0. (2.4)
—Yu Ty

Its eigenvalues, denoted by e, satisfy
2
ajgey — (aze —an)ex —ag = 0.

Then it turns out that a characteristic of (2.3) in the (z, y) plane is mapped into a cha-
racteristic of (2.4) in the (u,v) plan via 7. For more details on these transformation,
see [Ber; CF].

However, the relation on the contact of supersonic and sonic curves does not change.
So in the original coordinates this degeneracy corresponds to multiplication with
the factor ¢ + |x|2. Since the system is hyperbolic, we have a certain variable, which
determines the hyperbolic direction. We will denote this variable by ¢. For more
investigations on sonic curves in transonic and subsonic-sonic flows, see [WX].

Remark 2.2. If we further assume the flow to be irrotational, we can also introduce
a velocity potential function ¢ = ¢(z,y), such that V¢ = V. Then system (2.1) can
be written as a nonlinear second-order equation of the form

(® = ¢2)baz — 2020ybay + (¢ — ¢2)byy = 0, (2.5)

see again [CF; And]. The potential flow equation can be understood as a com-
bination of continuity, momentum and energy equation, and its advantage is the

2.1 The model equation



10

following: if one knows the potential ¢, all other components (V, ¢, p, p) can be
calculated. With 0, = 9,, 0» = 0, equation (2.5) has the form

2
Z aijaiajqf) =0

ij=1
with coefficient-matrix

&—&-wmﬁ.
~bady &

A = (aij) = (
The eigenvalues \; o = A; 2(|V]) of A are given by the equation
det(A — AT) = (¢ — §% — \)(® — 62 = \) — 6262 = 0,
which has the solutions

M =c® and M\ =c— |V

Since the flow is assumed to be supersonic, we have Ay = ¢ — |V¢|? < 0 and the
discriminant of (2.2) can be represented as —4\1 \s.

Thus, our model equation reads as
(0 — (t+2*)An)u =0
for (t,z) € (0,T) x RY. For d = 1 the principal symbol of this equation is given by
plt,z,7,6) = 7% — (t +2?)€* = (7 = Vi + 2%)(7 + Vi + 2%).

The each of the two real roots 7(t, x, &) = £/t + 22§ we obtain the characteristic
initial value problem

d /
ditc — (1) = im, 2(0) = 0. (2.6)

Note that in our setting x(0) = 0 is the only possible initial value.

We now want to analyze the problem (2.6), say just for the positive sign. The function
F:[0,T] x R — R, F(t,z) = \/t + 22 is continuous and Lipschitz continuous with
respect to the second variable. Thus, by Picard-Lindelo6f’s theorem there exists a
unique characteristic x(t¢). Using Picard’s iteration scheme, we additionally obtain

3
z(t) = §t3/2 +0(t°/?) ast — 0+.

Chapter 2 Modeling the Problem



This means, that for small ¢ we asymptotically have the same characteristic as for
the Tricomi-operator 97 — t9?2 in the hyperbolic region. We remark, that we have an
similar characteristic for the negative root of the principal symbol.

By extending this to multi-dimensional space variable 2 € R?, we are interested in
the wellposedness of the Cauchy problem

{afu — (t+|2)Agu = f(t,z),  in (0,T) x R,

uw(0,2) = ug(z), u(0,2) = uy(r) onRY,

for a suitable source function f and initial data ug and u;. Now, this second-order
scalar equation can be generalized to the higher-dimensional case, that is

Pu = f(t,z), in(0,7) x RY,
(&u)(0,2) = up(x) onR% j=0,...m—1,

for

m
P=D"+> aj(t,x,Dy)D{" .
j=1

Here, the a; are pseudodifferential operators of order j that degenerate like a power
of t+|z|? as (t,z) — (0, 0). Such higher-dimensional equation then can be reduced
to a first order system of size m x m as

DU = A(t,x,D,)U + F(t,z), in (0,T) x R?,
U(07 .’I,') - U0($)7 on Rd7

where A(t,x, D,) is again a pseudodifferential operator of order 1 with same dege-
neracy.

In Chapter 3 we will develop a pseudodifferential calculus, where we analyze these
kinds of operators.

2.2 A first observation

When dealing with the equation itself, the following result arises:

Lemma 2.3. Let ug,u; € €°(R?)
u to the Cauchy problem

“ e L2(RY) and f € L?((0,T) x R%). A solution

7 fal

O2u — (t+ |z)?)Azu = f(t,2), in (0,T) x R?,
u(0,2) = ug(z), ug(0,2) = up(x) on RY,

2.2 A first observation

11



satisfies on (0,T') the energy inequality

Cw(t)
Vu(t))| 22 gay + d
[ Vu( )HLZ(Rd) t—|—| t+\az|2 L2(R4) i
2 Ui 2 2
g||w0||L2(Rd)+ el IR /0 1 £ ()22 0y ds

L2(R)

Proof. Write r = /t + |z|?. We can show this inequality by direct formal computati-

ons. Since ) )
d Uy QUtUtt <ut)
~ 2] = — = 2.
dt <r2> r2 r2) "’ @27
we have
d Ut 2 d Ut 2 2ututt (7 2
— = — | =) dz= / —| = dx
dt L2(RY) ra dt \ r Rd r2 r2
<Utt > Ut 2
=s\72W 2 .
T LQ(Rd) T LQ(Rd)

Furthermore, we see

||Vu|\L2 Rd) / —|Vul|?dz = 2/ Vu - Vuidx

(2.8)
= -2 | Au-udr = =2(Au, ut) 12(ra)-
]Rd
Combining (2.7) and (2.8) yields
d ut 2 2 Ut 2
dt ( LQ(Rd) + ||VU||L2(Rd)> + 7“2 LQ(R‘i)
2 2
Utt Ut Ut
=2{( = — = —2(A — (2.9)
< 2 ’Ut>L2(Rd) 72 | gy (Au, ut) r2(ray + L2(md)

=2 <ut2t — Au,ut> .
T L2(Rd)

Since uy —r*Au = f is equivalent to %4 — Au = Tiz on (0,7 and in view of Young’s
weighted inequality, we get

p » 9 ) Up 2
dt( ra Lz(Rd)H'VU"L?(Rd)) " L2(® (2.10)
» 5 1 || uy
2 <f7 r2>L2(Rd) B QHf(t)HLQ(Rd) " 2|r? L2(R4)
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Integrating (2.10) with respect to ¢ yields

2

ug(t) 2 1/t ut(s)

NE A -

||VU( )HLZ(Rd)_" r LQ(Rd) + 9 0 7"2 LQ(Rd) dS
< | Vuollaga) + || o 2 +2/tU®W2 ds
= 0 LQ(Rd) |ZE’ Lz(Rd) 0 LZ(]Rd) .

This is the desired estimate.

O

Remark 2.4. Using the sequel notation of function spaces, this lemma would imply
u € CHY NG HYL, By setting s = § = 0 in Theorem 1.2, our theory will give

uwe ¢HY NgHOO

and thus provide a better result.

This inequality is just a first heuristical observation and will not play any role in the
latter analysis. However, since we have to assume that the function % is square-
integrable, this shows a connection to the 2-microlocal spaces, see the Appendix for

an introduction.

2.2 A first observation
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Pseudodifferential Calculus

Developing a pseudodifferential calculus to study a certain kind of partial differential
equations means to introduce a special class of symbols, which are closely related to
the differential operator of the given problem. In our setting we are not interested

in long-time behavior, but in existence and uniqueness of solutions near the origin.

Therefore, we define the function o: [0,7] x RY — R via

- {thxI% t+ |z < 4,
o(t,z) =

1, t+ ]z > 1.

The function o is positive for (t,z) # (0,0) and belongs to the function space
‘5%([0, T] x RY) NE>=(([0,T] x RY) \ {(0,0)}) and describes the kind of singularity
near the origin.

3.1 The symbol class X"

We use o as a weight function in the following symbol estimate.

Definition 3.1. For (m,p) € R?, the symbol class X"P consists of all functions
a € €°([0,T] x R? My n(C)) such that for each multiindex (4, a, 3) € N; 2 the
estimate

000 alt, . )] < (€A1l (ggym el =2

holds for all (¢,z,¢) € [0,T] x R4,

For ¢ € Ny let us also define a system of semi-norms via

e = sup (&) PH Il (gg) mipHal2i glge gl
(t,x,)€[0,T]xR??
Jtlal+|Bl<e
It is not difficult to check, that X""P together with these semi-norms forms a Fréchet
space.

Away form (t,z) = (0,0) the symbol class X7 coincides with ST{,. Moreover, by
restricting to ¢ = 0, we obtain the 2-microlocal estimates in variables (z,{) with

15



respect to the Lagrangian T;;R?. More precisely, we get symbols a(0, z, &) € ¥¢"7,
that is
070¢a(0,2,€)| S (Jle)™ Pl grm I,

For more details on this clas, see the Appendix. Another difficulty arises directly in
the origin (¢, z) = (0, 0), since we then get the estimate

10997 a(0,0,€)| < (g)yr~IPI+lel,

Thus, we have a(0, -, -) € S7,, or, more generally, (&a)(0,-,-) € Sffj over (z,§) =
(0,0). The analysis of operators of type (1, 1) is technically difficult, because in
general they are not L?-continuous. The problems stem from the behavior of the
twisted diagonal of the Fourier transform. We will recall some results on operators of
type (1, 1) in the Appendix. Furthermore, by definition, the weight functions (£) and
(o) are symbols in 1! and ©10, respectively. Moreover, we have the embedding

To([0,T] x R*!) € o™,
which follows directly from the estimate
0050¢al S (&)™ < (o) P Il gyl
for an a € ST ([0, T] x R*%), since (o€) < (€).

Example 3.2. We also want to discuss the example of a(t, z,£) = o2 near the origin.
It is o2 € X972, Indeed, we have

2 1+ , _ o? 4+ o?|¢? < 1+ o?|¢|? .

27\ —2
STer” T TeR S aeEe DO
Moreover, we easily compute
0o? =1 and amiUQ =2x; S0 S <U—€>.
(&)

All higher derivatives vanish.
For later use, we also set

NP = () ™ and %= ] I =%7([0,T] x RL, 7 (RY)).

meR (m,p)€R?

Let us prove our first result, an approximation lemma:

16 Chapter 3 Pseudodifferential Calculus



Lemma 3.3. Let a € ¥°Y, 0 < ¢ < 1 and set a. = a(t, x,£€). Then a. is bounded in

0.0 gnd
$m.p
a: — QQ

forallp>m >0ase — 0.

Proof. We prove this with the additional assumption that m, p € (0, 1], the general
case follows immediately. Since ag = a(t,z,0) € X%, we are finished, if we can
prove that for all (t,z,¢) € [0,T] x R*? and all (j,a,3) € NJ™¢ there exists a
constant C' satisfying

(&) P2l Bl g gy~ a2 9207 (alt, z, £€) — alt,2,0))] < Ce™.
Consider first || > 1. Then the left-hand side can be estimated by

(€)~P=2lalHIBl () el 23 |5 0008 (a(t, @, =€) — alt, @, 0))
< C<§>_P—2j—|oz\+|,3| <g£>_m+p+|&‘+2j€|ﬁ| <€£>2j—|ﬁ|+\oc| <€O’§>_‘a|_2j

(NIl 18l e (06 YT g
—c(@) (&) 718 eg) 19 (o)t (w@) elél

Note that

This leads to

() 2 lal 13l () ~mHIal 23 |0 90 0 (a(t, v, £€) — alt, x, 0))
< Celflg) PPl (eg) Pl gy e,

and further, by algebraic manipulations,
(&) 7P 2B ) Tl 151 9207 (alt, @, £€) — alt, x,0))|

< Celfl (@)Pm (g)Bl=meme=m ¢\~ Bl

< cem (‘Zg)wm (€)™

< Ce™.
Consider now = 0. By using Taylor’s formula, we obtain

Bolgagh
foma) .3, 6) — @fogaie a0 = 3 CLAELAT I
181=1 :

3.1 The symbol class =" 17



for a certain ¢ € [0, 1]. Estimating the right side brings us to

d

(8] 03a)(t, z,£€) — (8] a)(t, x,0)| Z e€| - 10707 0g,alt, x, Ve€)|
:< ) (962~ (Peog) 112,
By similar arguments as in the previous case, we get
(&) P21l B () ~mtpHal 23 |5 9000 (a(t, @, <€) — alt, ., 0))|

< Cel)(6) P (V€)™ o)™ TP

< Ce™ (5;%)1% < Ce™.

This completes the proof. O

We are now going to introduce the corresponding pseudodifferential operators,
namely the class Op(X""P).

Theorem 3.4. If a € ¥™P and u € €°°([0, T}, (R?)), then

1

Op(a)u := a(t,x, Dy)u(t,z) = W

|, e att,a (e, s
defines a function a(t,z, D;)u € €°°([0,T],.#(R%)) and the bilinear map
2P %[0, T, .2 (RY)) — €°°([0, T, L (RY)),  (a,u) —> a(t,z, Dy)u

is continuous. Moreover [Dy, Op(a)lu = Op(D;a).

Proof. For every fixed t € [0, T] we have (¢, ¢) € #(R?) and the function

1

(Op(a)u)(t.) = G557 [ "alt, . itr, €)ae

is continuous. Moreover,

|(Op(a)u)(t, 2)| < /Rd ()P (o)™ Pla(t, §)lds-  sup la(t, 2, §)[() P {a)"™,

(t,2,6)€[0,T]xR24
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which shows, that (Op(a)u)(t, -) belongs to .#(R%). Since a and @ depend smoothly
on the variable ¢, one also gets that Op(a)u € €>([0,7T],.# (R?)). Moreover,

1
Yo

D;Op(a)u= D / e a(t, x, £)a(t, €)de
Rd

e (Dya)(t, , ) a(t, §) + a(t, z,&)(Dytt)(t, ))dE

I

—~

[\V]

S| =
N—

S
%\\—&/.
u

_ € (Dya)(t, x, €)alt, €)dé

gt o el (D))

= Op(D:a) + Op(a)D;u,

which is exactly [D;, Op(a)|u = Op(D;a). O
Definition 3.5. We call a(t, z, D,) a pseudodifferential operator of order m and
bi-order (m,p) and set

Op(¥™") := {Op(a) |a € X""}.

For later use, we also define P! := {a € ¥"™P| Op(a)’ € Op(X™P)}, where t
denotes the operation of taking adjoint with respect to L?.

We now want to prove the following lemma:

Lemma 3.6. Let x € €°(R) with x(z) = 01if |z| < 1/2 and x(z) = 1 for |z| > 1 be
an excision function. Then x T (t,z,£) := x(c(€)) belongs to X% while

X (tz,8) =1-x(c(§)) € DI

Proof. By definition, we have |x™ (¢, x,£)| < 1. For all n € N, the functions

n dn
X" (2) = x
are bounded and compactly supported with same support. So now fix an multiindex
(j, o, B) € Ny™2? with j 4 |a| 4 |8| > 1. By higher multi-dimensional chain rule for
composed function the function (& 8;‘6? xT)(t, x, &) can be written as a sum, where
each summand is basically a product of derivatives of x(z) and derivatives of o (&)
up to combinatorial constants. Since all derivatives (™) (z) are zero outside the set
{1/2 < |z| < 1}, also (858;‘8?@(0(5)) vanishes outside {1/2 < ¢(¢) < 1}. Hence,
we can find a constant C},g such that

|3£8§(9?X+‘ < Cjaﬁ<£>2j—|ﬂ|+\0¢| <o-£>—|04—2j.

This means that x* ¢ %0,

3.1 The symbol class ™"
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Since x~ is compactly supported, we immediately get
X (t,2,8)] S (0§)™  forallm e R.

Similar arguments as above give us y~ € %70, O

In the next proposition we list properties of the symbol classes >™P.

Proposition 3.7.
() Let a € ™7 and (j, a, B) € Ny, then 8] 0207 a € £ 1Flrt2i+lal =17,
(ii) For (m,p),(m’,p') € R? the composition X"P . ™" p C pym+m'»+2" holds.

(iii) We have the embedding ©"? C ™' «— m < m/and p < p.

Proof. Statement (i) is proven by definition of the symbol class, (ii) by a calculation
using to product rule for derivatives.

Let us now prove (iii)and first ™ C »'?' Then we get that

/

(€)™ PO S (&)™ TP ()

holds for all (¢, z,€) € [0, T] x R??. For the particular point (0,0, £) we have (£)P <
(6)" and since (&) > 1 for all ¢ € R, we finally get p < p/. By setting |¢| = 1 we
arrive at (o) < (o)™ P, Since this is true for all (¢, ) € [0, 7] x R%, we conclude
m — p < m’ — p/. Putting these two conditions together, we get m < m’ and p < p'.

Conversely let m < m’ and p < p’. Observe that

(©) G AGRY Plog) P < (Y7 (o) P
el = (55) 2 (5f) = @eaT <@

Moreover, (0€)™ < (c€)™ and so

(P (o)™ < (&P (o€)™ .

This proves 7P C ™', O

Next, for the sake of completeness, we want to prove asymptotic completeness.
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Proposition 3.8. Let ap € X™P, k € N, be an arbitrary sequence, where my, is
monotone decreasing with mjy —» —oc as k — oo. Then there is a symbol a € ¥"™P
with m := my such that for every M, there is an N (M) so that for al N > N(M):
N
a’(ta x, g) - Z ak(ta x, 6) € Em_M’p‘

k=0

The element a € ¥™P is uniquely determined by this property modulo ¥~ %P,

Definition 3.9. We call any such a asymptotic sum of the ax, k € N, and write

a(t,z,&) ~ Z ag(t,z,§).

keN

Proof. In order to apply Theorem A.20, let us set E¥ := Y™ for k € N, with the
natural system of semi-norms

||y pie = sup (g) P2 IPI=lel <Uf>_mk+p+|a|+2j|3{8§8§a!.
T weeT)xR
Jtlel+Bl<t
Let again

) {0, 2] < 1/2

1, |z2|>1

be an excision function and define x*(c): ¥™P — Y% ¢ € Ry, as the operator
of multiplication by x(c™'o(¢)). Then it is clear, that the diagram

Y Me4+1,PC o Y MEsP

x(c‘10<£>)i lx(c‘lo<£>)
S Me4+1,PC s Y MksP

commutes. By previous results, we have y~ € ¥~ and so we get
(1 - x(c"'o(€))a € m07

for all a € ¥™=P | € N. It suffices now to check, that for every k£ € N and all
(j, o, B) € Ny there is an index i, such that b(t, z, &) € S#P for ;i < m; implies

sup (¢) PRIl (g gy mmute a2 5] 9007 {x (¢ o (€))b(t, 3, €) } — 0
(t,z,£)€[0,T]xR2d

3.1 The symbol class ™"
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as ¢ —» oo. Let us show this for arbitray p < my. We have

sup (¢) P~ H Il (g ) Tt Hel 2 9] 9090 ((¢ o (€)b(t, 2, )}
= sup (¢) PTGy pme (o) Tr P 9] 92 07 {x (¢ o (€))b(E, , )}
with supremum taken over (¢, z,¢) € [0,7] x R??. Since x(z) is an excision function,

we have x(z) = 0 for |z| < R with some R > 0. Then x(c !0 (¢)) vanishes for
lc7lo(¢)| < R. Thus, it is permitted to take the supremum of | (¢)| > cR, and so

sup (€) P~ HAITlel(gg) Tmatp el 2 9] 9097 {y (¢ o (€))b(t, x, €)}] < K (c){cR)M ™
with
K (c) = sup (¢) P~ 2ol (g gy mutptlol 2519/ 52 97 {x (¢ Lo (€) )b(t, 2, )}

Now, K (c) is uniformly bounded for ¢ > ¢ for all ¢ > 0. So there exists an L with
K (c) < L for ¢ sufficently large, for which

L
IX(c™ o (E))blimy pre < Ry

Since my — p > 0, we get

-1

|(x(c™ 0 (&))blmy, pe — 0 as ¢ —» oo.

In view of Theorem A.20, there now exists a sequence of constants ¢; € R, such
that

o0

t;rfzz &))ak(t,z, )

converges in X""P, and has the property
N
a(t,z,§) = Y _ ax(t,z,§) € VP
k=1

for all N € N. Furthermore, a is unique modulo ¥~°°" and so

a(t,x,&) ~ Z ai(t,z,§).

keN

This completes the proof. O
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3.2 (0,711, LQ(]Rd))-Continuity for Op(zo,o,-'f)

In this section we want to show, that the operator A := Op(a) is €([0, T], L?(R%))-
bounded, provided a € X0,

The strategy is to consider A as a linear operator on ¢([0, T],.#(R%)), which can be
represented in the its usual form

(Aut.2) = | K(ta.yult,y)dy. (3.1

where K is the ¢-dependent Schwartz kernel of A and satisfies a certain kernel
estimate. This inequality guarantees K to be a standard kernel. An application of
the T(1)-theorem shows, that it extends pointwise to L?(R?), uniformly in ¢ € [0, T].
See the Appendix for an introduction to standard kernels and the 7'(1)-theorem.
This result will be the basis for us to prove mapping properties between function
spaces.

Lemma 3.10. Suppose a € X290t Then for every t € [0,T] the pseudodifferential
operator
At) = a(t,z, D,): .Z(RY) — S (RY)

can be written in the form as in (3.1) with time-dependent kernel
Ki(z,y) = k(t, 2,2 —y)
where k(t, x, z) is smooth away from z = 0 and satisfies
1070200k (t,,2)| < 2|7l 1P1m2

for all (j,a, B) € NjT24.

Proof. In this proof we use the common technique of Littlewood-Paley decomposition,
see for instance [Abe; Bon; Hor3]. A standard calculation first shows, that

(Aut.a) = [ alta e a(t,)
= [, alt.2 e Eu(t,y) d dy

= [, ([ attz. < a ) ult,y) dy.

3.2 ¢([0,7], L*(R%))-continuity for Op(x%1) 23
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We therefore have a representation of desired form with
Ki(z,y) =k(t,z,x — y) ::/ (t:z:ﬁ)”” ygdﬁ,
R4

namely as an oscillatory integral. It is clear, that k is smooth away from z = 0. Now
let ¢ € €°°(R%), such that ¢ = 1 in [¢| < 1 and supp ¢ C {|¢| < 2}. The Littlewood-
Paley decomposition is then given by functions ¢,(¢) := ¢(27%€) — ¢(2'7%) with
supp ¢, contained in the set {2/=! < |¢| < 2¢+1}. It follows, that

&)+ aul(§) = lim (27'¢) =1.
(=1

For all those functions ¢, we obtain the estimate \8? de(&)] < (€)7181, B € NZ, which
mean, that ¢, € X901 for all # € Ny. Since the symbol a is in %01, we get, that

ag(t,x,f) = a(t7x7£)¢€(§) and ao(t,x,f) = a(t7x7€)¢(§)

form a family out of functions again in %%, Hence, by quantization, the operator
A can be represented as

A(t) = a(t,z, D) ZAtg—ZagtmD

where A, ; possesses the Schwartz kernel

kg(t,{l},z) = ~/Rd a[(t)x7£)eigz d§

Since the integrand functions a, are compactly supported in £, we easily compute
the derivatives

OO0 Nt 0, 2) = [ Df0anlt, v,)(i€)%e de.
R

Multiplication on the left side with (iz)7, v € Ng, leads to derivatives (‘)g in the
integral. An integration by part yields

(=Y 000kt 2,2) = [ 018 00t v, €)™ e
Rd

The task is now to find an upper bound for the integrand. Indeed, by using the
symbol estimates, we get

107 ((i€)P0] 02 ay(t, x,€))| S (&)THIFIIIT2(gg) ~lel=2)
<5>Ia|+lﬁlfh\+2j

IN

ot +Bl— A +27)

N
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Since the support is of size 2/¢, we get
10000 0P ko (t, 2, 2)| < 2HHHIalHPI=ME2) 5 =M

for every M € Ny where M := ||.
Consider now |z| > 1. Then, by an application of the geometric series, we see

1000202 k(t,x,2)] <3 |0]0002 ke(t, x, 2)|
(=0

<o ™™ igf(dHaHIBI—Mﬁj)
=0
S

provided d + |a| + |5| — M +2j > 0, thatis M > d + |a| + |8] + 2.
For the case |z| < 1 we split the kernel into two different sums, say

0020%k(t,w, 2)| < 3|00 0Pk (t, 7, 2)]

/=0
< Y 1900l k(tx, )+ > 100000kt @, 2)].
26<]e| 71 20>|z|-1

For given |z| < 1, there are just finitely many ¢, such that 2¢ < |z|~!. So the first sum
is finite. By setting M = 0, and noting that d + |«| + |3| 4+ 2j > 0, we obtain

S 100000t ky(t 3, 2)| < Y 2UAHlHBIN2) < | =d-lal-I8]-2],

20|21 2t<|z| 1

In a similar fashion to the first case we get for the remainder sum

[e.e]
Yo 1000500 ke(t,w,2)| S |2 M 2l IBImA2)
20>|z|1 =0
< 2| ™M < |z lel 18125

if M > d+ |a| + || + 2j. This finishes the proof of the lemma. O

Remark 3.11. Considering A(t) = a(t,z, D,) as a time-dependent family of operators
{a(t,x, Dy)}eepo), we have A(t) € Op(SY,) for every ¢ € (0,77, but not uniformly
in t. For t > 0 we would get the better estimate

0]020k(t, 2, 2)| < Cjag(t)|z|~4-1FI7%

with Cjo5(t) — oo ast — 0. However, the estimate in the previous lemma holds
for every t € [0, 7.
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26

Using that lemma, we obviously get in particular |K;(z,y)| < |z — y|=¢ for all

~

z,y € R? with z # y and uniformly in ¢ € [0, T]. Moreover, by the kernel estimates
it holds

|5'$1.Kt(.%‘,y)’ S ’x - Z/|7d71 and layiKt(xvyﬂ S ‘CL’ - y‘idil
respectively, for all = # y. Putting these statements together yields
]Vth(x,yﬂ + ‘Vth(CU,y)‘ S./ ’113 - ylidil

for all z,y € RY, = # y, and uniformly in t. So K;(x,y) defines a family of
standard kernels, depending on ¢ € [0,7]. We are now ready to prove the following
proposition.

Proposition 3.12. Let a € X901, Then, for every t € [0, T], the corresponding linear
operator
At) = alt,z, Dy): F(RY) —s (RY)

extends to a bounded operator A(t): L*(R?) — L?(R%).

Proof. First, we recover the symbol of the pseudodifferential operator A. By defining
f(t, x) := e with parameter 6 € R%, we get f(t,£) = 6(¢ — ). Using the integral
representation of A, we obtain

A@™)(t2) = [ alt,a, )6 - 0) d€ = alt,,0)e".

For every § € R? and pointwise for all ¢ € [0,7] we have, that the function
a(t,z,0)e*? is bounded, since

la(t,z,0)e™| = |a(t,z,0)| S 1,

because a € X%01. In particular, we get A(e?)(t,-) € L°(R?) c BMO(R?), see
Lemma A.22. With a similar argument we also obtain AT(¢/")(¢,-) € L>®(R?) C
BMO(RY). Since the upper bounds do not depend on #, we conclude, that

sup [[A(e”)(t,)|lsmo + sup [[A*(e)(t,-)|[emo < oo,
fcRd fcRd

uniformly for all ¢ € [0, T']. By Proposition A.30 (iii), the operator A(t) extends to a
bounded linear map L?(R?) — L?(R%), uniformly in ¢ € [0, T]. O

Let us finally prove two important Corollaries:

Corollary 3.13. Let a € X901, Then Op(a) is continuous from L*((0,T) x R%) to
L2((0,T) x RY).
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Proof. Let v € L?(R?). From the previous proposition we have
[A@)v] L2rey S V]| L2 (may uniformly in ¢ € [0, 7.

Identifying a function u € L*((0,T) x R?) as a family {u(t) }e0,r) € L*(R?) we see,
that
[A@)ut, M r2may S [t )l L2 @e uniformly in ¢ € [0, T].

Squaring and integrating over ¢ brings us to
2 T 2
A4ula o rysey = || I1A@UOIEs ey
< )1 dt = [l
~ o [Ju )HLZ(Rd) HUHL2((0,T)X]Rd)

and so || Aull 20 1)xre) S Ul L2((0,7)xray- This proves the L2-continuity of Op(a).
O

Corollary 3.14. Let a € X°%1. Then Op(a) is continuous from € ([0, T], L*(R%)) to
% ([0, 7], L*(RY)).
Proof. We have

tu(t) — A0)u(0 L2(Rd) = t)u 0 — A(0)u(0 L2(R4)
[A(t)u(t) — A(0)u(0)] [A)u(t) — At)u(0) + A(t)u(0) — A(0)u(0)]
< AN 22 @ayllut) — w(0)[ L2 (rey
+ |A®) — AO)] 2(r2may |u(0)] L2 (ray-

This shows Au € €([0,T], L?(R?)). The continuity of the map A follows immediately.
]

3.3 The symbol class ¥"”

The class X"P is not appropriate for defining principal symbols. Therefore, we have
to refine the space ¥"P. This is done by the construction, presented in the sequel.

Let T = ([0, T] x R9)\ {(0,0)} and
0={(tz)e[0,1] xR t+|z*>=1}.

We introduce generalized polar coordinates (r,9) € R, x ©, where 9 = (¢, %), in
such a manner that ¢t = rt and = = rZ. In particular, we get

t+ |z)? =2t +|2)?) = 72,
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this is r = \/t + |z|?, since r € R..

Definition 3.15. The class ©(™)?, (m,p) € R?, consists of all amplitude functions
a € €>(T, 5 (RY)), which admit an asymptotic expansion of the form

a(t,z,&) ~ > o™ PRy (9,€) asr — +0
k>0

with b, € €°°(0, S0 (R%)). This means, that for any K € Ny and all multiindices

(j, o, B) € NiT2? the estimate

< Um—p—2j—\a|+K|£‘m—|B\
0<k<K

01 030; (a(t,x,é)— > Um_”kbk(ﬁ,é))

holds.

Note that for a € X(™)» we have the symbol estimate (set K = 0)
0030 a(t, x,€)| < o™ P Bl g 1A,

Lemma 3.16. We have the following scaling in (™).

%a()\_%, Az, M) 2220 P (9, €),

where the right-hand side is regarded as a function of (t,z,£) € T x R% with by €
€0, S D(R)).

Proof. Use the asymptotic expansion with K = 1 to obtain
lalt, @, &) — ™ by (9, €)| S o™ ™.
We are now using the scaling s, : T x R — T x R? via
ka(t, @, €) = (A2, A2, A€)

for A > 0. Note that on © x R? the above defined scaling reads as r(f, ,£) =
(t, @, \¢). We then have, that

1
e = Taa O3] P S W)
which is nothing but

|a(A72E, A1, AE) — NPT Phy (9, 06) | S N E[ Mo P
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Since by € €>(0, S (R%)), we have the identity by (1, \&) = \"by (¥, ¢) and so
]a(ﬂt, Al N6 - Aprm—l’bow,g)\ < AL memPtL

Multiplying by A~P brings us to

o+t

3 — 0

ATPa(A 2, A1, M) — o (8, 6)| S
as A — oo for all (¢, z,£) € T x R% Hence,

1
lim —a(A72%, A7z, AE) = 7 Phy (9, €).

A—oo AP

O]

Lemma 3.17. Ifa € ©(")?, then x*a € ¥™P. In particular, multiplying by x* gives
a quantization L") — $mP,

Proof. If a € X("™)?, we also have the symbol estimate
07050 alt, x,€)| < [¢PH2 Il g g ymmrm2ilel,

Because of |¢] = ol¢| = 1, we obtain ol¢| ~ (0€) and [¢| ~ (£), and so xta €
P, O

In view of this, we now introduce those symbols of which we can derive principal
symbols.

Definition 3.18. For (m, p) € R?, the class X" consists of all a € ¥"?, that can be
written in the form

a(t,z,&) = x*(t,z,6)(ao(t, z,€) + a1 (t, 2, €)) + ar(t, 2,€),
where ag € 2P, q; € (=P and q, € ¥m-1p-LE 4 ymo2pt,

Remark 3.19. We have Sy ([0, T] x R2%) C £mm,

The next goal is to show that the corresponding class of operators Op(X"P) is
closed under taking adjont. The main observation is that the remainder terms are
already okay, since they lie in an appropriate class. Let now a € X(™)?, and so
(xTa)(t,x, D,) € Op(X"™P). We are interested in the question, if the symbol b(¢, , €)
of the adjoint operator (x*a)(t,z, D,)! is again of the form as in . Basically,
since for ¢ > 0 this theory fits into the standard theory, the most difficulties arise
when ¢ = 0. Fortunately, then symbols in ¥(")? can be understood as a conormal
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distribution. Using the asymptotic expansion, we are able to control the arising
remainder terms.

Remark 3.20. If E and F are locally convex topological spaces then F ® F' denotes
the algebraic tensor product. The topologies of locally convex topological vector
spaces F and F are given by families of seminorms. For each choice of seminorm on
E and on F we can define the corresponding family of cross norms on the algebraic
tensor product £ ® F', and by choosing one cross norm from each family we get some
cross norms on £ ® F, defining a topology. There are in general an enormous number
of ways to do this. The two most important ways are to take all the projective cross
norms ®,, or all the injective cross norms ®.. The completions of the resulting
topologies on F ® F' are called the projective and injective tensor products, and
denoted by E®,F and E®.F. There is a natural map from E®,F to E®,F. If one
if the factors F and F is nuclear it turns out that E®, F = E®.F. For further details
on tensor topologies and nuclearity we refer to [Gro].

In the theory of pseudodifferential operators it turns out that the class S (R?) of
symbols of order m is not nuclear, whereas both S.(R%) and S (R%) are nuclear
Fréchet spaces. Since there is a 1-to-1-correspondence between symbols a € $"»
and functions in the space ([0, 7], S;* ™" (R4)@S5(™ (RE), we also work in a

nuclea Fréchet space.

We will first prove the following lemma:
Lemma 3.21. Let m € R and a(t, z,£) € €([0,T], S5 ™7 (RY)&ST™ (RY). Then

|7 Salt,nn + &) S (o&)™ P ()

Proof. Fix t € [0,T]. For simplicity we write a(t,n,n + &) = c(t,n)|¢ + n|™ with
c(t,-) € Sq* " for all t € [0, 7). The general case follows with similar arguments.

Let first m < 0. Then
Flaleltmle +al"y = [ eelt.n)lg +nl"dn,
We now have the identity
(L+tl> = [EPA,) 27 € = (14 tl¢] + || *) = e,

which is
(&)™ P(1+ t]e? — |¢PA,) 77 e = et
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Note that the operator (1 + t|¢[2 — |¢[2A,)"7 is self-adjoint. Using this identity and
integrate the oscillatory integral by part, we arrive at

/ eMe(t, n)|€ + n|"™dn
Rd
p—m

= (o)™ /Rd N1+ tle” — [€2PAg) = (c(t,n)I€ +nl™) dn

= o |

R £)? (€)? & (©

The operator, including the variable &, has at most order zero, so it will not worsen
the estimate. Moreover,

p—m

<<€1>2 T 15\2(:@—2&7)) N (c(t,ﬂ) ‘5 + n‘m> e Sy+m c 574,

uniformly for every ¢ € [0,7] and so

p—m
: L EPE—Ay) 2 ( ’ £ n ””)
et + Ct777 ot dn rgl
L. <<s>2 GE )76+ 1
This means, that
| F, Spat,n,n + €] S (o) PP
Let now m > 0. Then
€+ 0™ <S> e Il
k=0

so we have to consider

S [ et mlg™ ol dn

k=0 /R
Now fix a k € {0,1,...,m}. Then, with the same computations as above, we first

have |n|*c(t,n , and also

[ emettmielm it dn| < (062 g
S (06 ey

So, for every summand we first derive a stronger estimate, which can be bounded
from above by (&)™ P ()P for all k. This completes the proof. O

This enables us to state the following theorem:

Theorem 3.22. Let a € X(™)? and let b(t, z, ) the full symbol of the adjoint operator
(xta)(t,z, D,). Then b € =™,

3.3 The symbol class P
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Proof. If we consider ¢ as a parameter, then by the usual techniques (see for instance
[Hor3]) the Fourier transform of b fulfills the identity

b(t, & —n,m) = (xta) (t,n — £,£),

where the hat denotes the Fourier transform with respect to x and covariable 7.
Noting, that T is a scalar and real function, we get

b(t,& —mm) = (xTa") (b — &,€).
Then, by change of variables, we obtain

b(t,m,€) = (xTa*)"(t, —n.1 + €),
and an application of Taylor’s expansion brings us to

b(t,n,€) = (xFa*)"(t, =1, €) + B (xTa*)\(t, =, E)n
+2% g / 1= 0)92 (xta*) (¢, =1, € + Oy) dB
=2
= (I + L2 + I3)(t,n, ).
We now transform back the expression /; und I>. Then we get
Zihh) = [ ¢ a) (b= e dn = (a2, 6)
and in a similar fashion also
J{ix(fg) = i0,0¢(x T a")(t, 2, &) = ixt0,0ca*(t, 2, €) mod X™P,

For the remainder term

r(t,n,€) —2277/ )0 (x T a*)"(t, —n, & + On) O

|af=2

we will show .7, FL (r(t,n,€)) € =21, By Fubini’s theorem, it suffices to prove
the desired estimate, uniformly in 6 € [0, 1], for any term

n*g(xTa") (t,—n, €+ 0n), ol =2.
Since a* € X(™)P_ it has an expansion of the form

a* ~ > PRy, (9, 6)
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with by € (0 x S(™)(R%)). Hence,

F o (60,€) € €((0,T], 7 (RE)) € €((0,T), 55" (RE)) 5™ (RY).

n—x ' Mel

Since convolution does not have an effect, we have

n0¢ (xta*)" € €((0,T], #(R2L)) € 2([0,T], 5, " PP (RE)) 52 (RY),

el

as |a] = 2. An application of Lemma 3.21 leads to the desired result. Note that
the estimates in that lemma are still true with that parameter 6. Integration over 6
completes the proof. O

We are now able to state the following important result.

Theorem 3.23. The class Op(X") is closed under taking adjoints.

Proof. Itis
(I(t, :E7D$)T = (X+(l0)(t,l‘, Dw)T + (X+a1)(t,l‘, DQE)T + Clr(t,l‘, Dﬂ?)T

The first two terms belong to Op(3"+") by Theorem 3.22, the third by definition of
the class 7. O]

We immediately obtain

Corollary 3.24. It holds Op(X™?) C Op (L),

When a class of pseudodifferential operators is closed under taking adjoint, one
similarly gets, that also compositions are welldefined. We next show the following
theorem, by using the same techniques as in Lemma 3.21.

Theorem 3.25. Let a € X(™? and b € 2" and let c(t, z, ) the full symbol of the
composition operator ((xta)#(xb))(t,z, D). Then ¢ € L™ tm ptv’,

Proof. Leta € ©(™? b e ©(")-P"  Then y*a and y+b belong to ™ and ™ ¥,
respectively. By standard computation, i.e. applying the Fourier transform (see for
example [Hor3]), the full symbol c(t, z, §) of

C(tv z, DI) = (X+a)(t7 z, D:v)#(x+b)(tv xz, Dm)

is given by

(271r)d /de e (xTa)(t @, & + m)(XTO)(t @ +y,€) dy dp.

c(t,z,€) =

3.3 The symbol class P
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An Taylor expansion of (x*a)(t,z,& + u)(xTb)(t,z + y, &) at u = 0 yields

(xta)(t, @, &+ (XDt x +y,8) = (xTa)(t, 2, ) (X b)(t, x + y,€)
+0:(xTa)(t,z, £+ ) (XTD)(tz +y, E)p
+r(t, 2, &y, 1),

where

oy ) =23 = / 0)(02 (X @) (£, 2, € + 1) (X TB)(t, @ + v, € .

jaj=2 ¢
Since, as iterated integral,

(2711-)61 /de eiiyluaﬁa(x+a)(t7 z, § + H) (Xer) (t, r+y, 5)/1 dy du

=02 (xTa)(t,, ) DY (X b)(t, z,€),

for |o| < 1, it suffices to show, uniformly with respect to ¢ € [0, 1], that for every
term

Pt &) =

1 o s N )
(2m)d (85 (x “)) (t,2, &+ 0p)(XTO)(t, x +y, Hu” dydu
with |a| = 2 we have

Ir(t,x,&)] < <g§>m+m'—2—zﬁ—p’ <€>m+m’—2‘

But this follows immediately with a similar analysis as in Lemma 3.21. Integration
over 6 gives the result. Thus, ¢ can be written as

c(t,z, &) = xt(ab — idcadyb) + cr,

with ab € S +m)2+0" and d¢ad,b € RO 1ot O

The next important consequence is:

Theorem 3.26. The class Op(X™?) is closed under taking compositions.

Proof. For A € Op(X™P) and B € Op(Z™ ') we write
A(ta x, DI) = (X+a0)(ta €L, Dm) + (X+a1)(t> x, Dw) + aT(ta x, Dl")

and
B(t,l‘, Dx) = (X+b0)(t737: Dw) + (X+b1)(t,x, Da:) + br(ta vaJ:)a
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respectively. Then

1

(A#B)(t,z, D,) Z x"a;)#(x T be))(t, x, Dy)
7,k=0

iy (Ot ay)#be + at (') (£, Dy)
=0
+ (ar#b,)(t, z, Dy).

By Theorem 3.25, the first sum belongs to Op (S 7+ Since a,, b, € S~ 2T 4

ym—Lr=L1 adjoints are well-defined, and so compositions. Hence, the full symbol
of remainder term belongs to Xt/ ~2p+p't | symtm/—Lp+p' 1t O

With operators A € Op(3™®) we now associate the following principal symbols:
oy (A) == ag

oy B (A) == lim APag(A7%t, A"z, AE)

A—00

o4 a P(A) = lim A Pay (A2, A, ).

) A—00

Let us discuss some examples:

Example 3.27.

(i) For A™P = \"P(t,z, D,), where NP (t,z, D,) = (o)} " (&)}, K sufficiently
large, we have

(&)™) = o™ Ple[™ + O ([e"?)  as || — oo
Thus

oY (ATP) = oI, oy (ATP) = P, oy P (ATP) = 0.

(i) If ag € S is the principal symbol of A € Op(Sg'), then

TP (A) = ag(t,z,€), o' (A) = ao(0,0,€), o, (A) =0.

The introduction of the principal symbols oy (a) and 0321’1’ (a) is justified by the
next lemma:

Lemma 3.28.
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36

(i) The symbols oif'(A) and aggl’p (A) are well-defined.

(ii) The short sequence

0 — Op(Z™ 271 4 Op(zm~1r—1T) — Op(Z™P)

m o.mfl,p
(0\1/7 W,d ) z(m),p % Z(mfl,p) —0

is exact, where
B .= pmorgo(@, S(M (RY))

is the space of (m, p)-bihomogeneous symbols.

Proof. We work in the corresponding symbol classes.

Statement (i) is obvious by definition of the class Y™mP, Given a € Y™P  the
principal symbol is uniquely determined by the structure of a. The other symbols
are welldefined by the uniqueness of the limit.

Let us now prove (ii). The surjectivity of the map (oy, U@ZLP ) is quite easy. Given
any ag € 2" and a; € 2P C BMP set q = xT(ap + a1) with a, = 0. Then
a € P, It is left to prove the exactness in the middle of the sequence. Therefore,
we are going to show

a € XmTIpT pymole Lt 0 5T () = 0, ngl’p(a) = 0.

Let first o (a) = 0,05 ;¥ (a) = 0. Then a; € R(™~VP~Land so yta; € R—DP—L1,

Thus, a = xta + a, € X"~ Lp=Li,

Let now ag # 0. Then |a| > C~Y{c€)™P(£)P for 0(¢) > C in some conic set and C' >
0 sufficiently large. But then a ¢ X"~ 2» 4 xm=1r=Lf 1f a5 = 0 and o2~ (a) # 0,
then a; € X"~V Hence, a € ¥ P! and so a ¢ X2»1 4 xym—Lr-L1,

O]

Remark 3.29. We briefly summarize what vanishing of the single symbolic compo-

nents for ¢ € ¥™P means:

oy (a) =0, U\Y;’gl’p(a) =0 <= gq¢cxm 2t ym-Lp-Li

m

of(a) =0 <= acxm bpi

O_&’n’,g(a) —0 <= qecyn et ymp-Li

For the principal symbols we have the following rules:
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Proposition 3.30.

(i) If A € Op(X™P) then
oy (A = o (A, ogi(Al) = oy h(A)

and
a&,”’;l’p(AT) = agglvP(A)* — i0c0z0 ) (A)*.

(ii) If A € Op(X™P) and B € Op(X™ "), then

oy " (A#B) = o (A)oy (B)
oy g T (A#B) = oy (A)oy T (B)
oy L (A4 B) = oy Aoy LB + 03}1’7’(14)03 P(B)

(ii)) If A € Op(im’p) is elliptic in the sense that
| det og (A)] > (o™ PIE[™)N
for some ¢ > 0, then A~ € Op(X~"P) and

oA =0 (A)7h oy AT = oA

and

-1 _m,p

v AT = oy (A) T 0oy (Ao (A) oy (A) 0oy (4)

Oy.d
_ —1 _
—og (A oy T (A)og (AT

(iv) If A € Op(S™P), then [Dy, A] = (D;A) € Op(S™P*2) and
o (D A) = Dol (A), 03};5”(&/1) = Dyoyt(A)

as well as
UT\IITL’;lyp+2(DtA) — Dto_gi;l,P(A)‘

Proof. The formulas for (i) and (ii) follow immediately from Theorem 3.23 and

Theorem 3.26.
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If A=!is the right-inverse to A, then A#A~! = I and so by (ii)
E =oy(I) = 04 (A#A™) = o (A)oy™(ATH).

Hence, o™ (A1) = o7 (A)~!. Using this we also obtain the formula a\;g’_p (A1) =
U\I,’C’Z(A)*l. Since a;}d’o(l) = 0, we get

0=oyh(Aoyy " TAT) + oy, T(A)ayy PATY) = 80 (A)dsoyy T(ATY.
Note that by chain rule, we have
axaiz’ip(A_l) —Oy d(A) 'o =0y d(A)pr 75(14) h

Using this, isolating to aq,’g L=p (A=) and applying the previous formulas, gets us
the desired result.

If A = Op(a) for an a € ™, then [D;, A] = Op(D;a). By using the structure of a
this yields oy (D;a) = Doy (a). Moreover,

1 —2,
oui ([P, A) = lim s (Dyag) (A28 A e, A8)

L1 —2, y—1
*)\11_}11()10% )\2(Dta0)()\ t, A" x, AE)

1
= lim — Dyag(A"*t, A~ ", A¢)
/\—>oo AP

== DtU\I’,’d (A) .

The same argument holds for the other symbol. O

Remark 3.31. We shorten the notation in the following way: For an operator A €
Op(X™P) we write

op(A) =4y, ofh(A) =Ap and of;P(A) = Ay
and D, = —id,. Then, for compositions and inverses, we obtain
(AB)o1 = AooBo1 + Ao1Boo — i(A00)e(Boo)=
and
(Agh) = —(Aoo) " Ao1(Aoo) ™ — i(Aoo) ™ (Aoo)e(Aoo) ™ (Ao0)z(Aoo)
Consequently, for three operators A, B and C, we get

(ABC)o1 = AgoBooCo1 + AooBo1Coo + Ao1 BooCoo
—i(A00)¢(Boo)=Coo — 1(A0)¢ Boo(Coo)z — 1 A00(Boo)e (Coo)-
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3.4 Function spaces

In this section we provide the associated function spaces, which come from the
original symbol estimate. Moreover, we are going to prove the corresponding
mapping properties.

For K > 1 define (¢) := /K% +[{]2, and set NP (¢, 2,€) := (€)5-(0&)’5 P. Then it
is clear, that )\%’p € Y for every K > 1. Similar to the estimates in ¥ one can
derive, that

G020 X S (@R e, (3.2)

Denote A" = Op(A7"). We are going to prove the following proposition:

Proposition 3.32. Given (m,p) € Z x R there is a Ky > 1, such that the opera-
tor A" € Op(X™P) is invertible for all K > Ky with (A%?) ~ AP modulo

smoothing terms.

This is an application of the parameter-dependent pseudodifferential calculus, see
for instance [Shu]. The idea is to consider operators, depending on a parameter
K. Usually, when constructing parametrices, one gets remainder terms of lower
order. In this case, the parameter K can be taken sufficiently large such that the
norm of that remainder term is strictly less than one. Hence, the operator becomes
invertible.

Proof. The symbol \” belongs to %"7. Similarly A\;/™ " is in X~""P. Define
Ric = NP TP - NP AP NPy P

For any ¢ € Ny let (j, , ) € NJT2¢ with j + |a| + |8] < £. We want to show

C

v
|Rk 0,050 < d
where
Rilooe = sup (©¥Hllog) ol 0] 000 Ric|.
(t,x,€)€[0,T]xR2?
Jt+lal+]|Bl<e

We will prove R — 0 in X% for K — oo. By Leibniz rule, it is

1

01020, Ricl < D0 = D0 cywld] 850 TINRPNO)TT g o T AT,

|
=1 7 el 18|
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The estimates (3.2), gives that the product in the inner sum can be estimated by the

function
<§>§{j*|5|+|a| <O.£>;(|a\*2j*|7|

and so

j j— « —|a|—27 1 —
18]0200 Ric| < C(&)3 ™11 ey o7 3 o8 !
ly[>1 "

< Cg<§>§g_‘6|+|a‘(Uf)l_(la|_2j_1.
Thus, we obtain

IRiclooe <Co sup (&)Xl (ggylal+2i () 2= I81+lel (g —lol=2i-1
(t,x,6)€[0,T) xR2?
J+lal+|B1<e

Note that (¢)/#1/(¢)!8l < 1 for all 3 € Nd and K > 1, so the previous estimate can be
rewritten, by sorting the powers, as

2j+]al
<05>2<§>%<> : -1
R < C — .
|Riclo,06 < e(t7x7§)es[lé%]XR2d <<G§>%(<£>2 (08) K
Jt|al+]8]<e
oinee (0€)2(9)3
g K
we%(e? =

for all (t,z,¢) € [0,T] x R?4, the estimate reduces to

|Riloox <Ce  sup {08y = %
(,2,€)€[0,T] xR
Hence, Rk — 0 in %0 for K — oo. This implies Ry (t,z,D,) — 0 in
L(L*((0,T) x R?) for K — oo. Thus Ay™ P o (1 4+ Rg)~! is a right inverse
to AP for large K > 1. In a similar way, a left inverse to A}}? is contructed.
Moreover, (A7P)~1 = AP modulo smoothing terms, as it is seen from the
construction. O

We extend the Example 3.27 since we now know that the operators A" are inverti-
ble.

Example 3.33. For A™? = \™P(t,z, D,;), where NP (t,z, D,) = (c&)2 P (&), K
sufficiently large, we have

Of (ATP) = 0" TPIE™, oy (ATP) = P RIE™, oy PAT) = 0.
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Moreover it holds (A”+)~! € Op(X~"-"?) and, by using the composition rules,
oy (A™P)7) = oP T[T, gyl P((ATP)TE) = e T,

and
oua AT = im(p — m) (€ @y R

We now consider those invertible operators and always neglect the parameter K.

Let us define the following function spaces:
Definition 3.34. For s € Ny, § € R and we define
CH* = {u: (0,T) x R — C|A*%u € €([0,T], L>(R%))}

and
L'H* = {u: (0,T) x R" — C|A*’u € L'((0,T), L*(RY))},

respectively.

We are able to formulate the following mapping property result:
Proposition 3.35. For m € Ny we have
A™P € L(CHS TP @ HY),

forall (s,d) € Ng x R.

Proof. Let s € Ny. Then we have to show that A™Pv, € € H*%, which is A% (A™Pu) €
€([0,T], L*>(RY)), provided u € € H*"™%*P, By the composition of two operators

we get
As,éAm,p — As+m,6+p + R,

where R € Op(X5t7m~1.94P), By assumption, it holds As+t™9+Py, e ([0, T, L*(RY)).
We now write the remainder term as

R = R(As—i—m,(s—&-p)—lAs—‘rm,(ﬁ—i—p,

since the operators A°t™%+P are invertible. It turns out that
R(As+m,6+p)fl e Op(ifl,ﬂ) C Op(io’o).
In view of Corollary 3.14, we also have

Ru = R(As+m,§+p)flAs+m,6+pu c cg([o’ T], LZ(Rd)).
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This completes the proof. O]

Remark 3.36. We get a similar result for L' H*?°,

Let us now come to the main function spaces involving time derivatives.

Definition 3.37. For s € Ny, § € R and we define

X% = {u: (0,T) x RY — C| A2 Dlu € €(]0,T], L*(RY)), 0 < j < s}
and

Vo9 = {u: (0,T) x RY — C|A* =2 Dly e L'((0,T), L*(R%), 0 < j < s},
respectively. The corresponding norms are given by

lull xo5 = sup sup || ({0Dx)***(Dy)* " Dlu)(t, )| 12 (ra)

0<5<s te[0,T]
and -
fullyos =32 [ 1@Day D D) g
j=0
respectively.

In view of these definitions, we automatically have the embedding X** C Y. We
also define the trace space as

Hs,6 (Rd) _ Xs’é‘tzo.

This coincides with the 2-microlocal Sobolev with respect to the Langrangian T} (R?),
see the Appendix.

Remark 3.38. Surely, another convenient definition would be the following: For
parameters s € Ny, § € R, the space #*((0,T) x R?) consists of all functions
u: (0,T) x RY — C satisfying

A2 Dl e L2((0,T) x RY),  0<j<s.

For general s € R, § € R, the space .7* is then defined by interpolation and duality.
This would be a huge advantage in contrast to the spaces X*9. However, with X*?
we do not have to worry about the traces at ¢ = 0, because they continuously run
into the above mentioned 2-microlocal spaces.

We are now going to prove the important mapping properties.
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Proposition 3.39. For m € Ny we have

A™P ¢ p(XsHmote xs9) Y (s,0) € Ny x R.

Proof. We use a similar reduction argument as in the previous proposition. Let
s € Ny. Then we have to show, that

AS3972 DI(A™Py) € ([0, T), L*(RY))
for 0 < j < s, provided u € X5+"9+P, By using commutators we have
DIA™P = A™PDJ 4 [DI, A7),
and also
ASTIO=2I DI(ATPy) = ASTIO720 AMP DIy 4 ASTIO2I[ DI AP,

In the first term we get AS~70-2/A"P = Astm=i0+P=2] | R where the remainder
belongs to Op(X5+™~7~1.0+7-27) Hence,

As_j"s_%Am’pDiu — As+m—j75+p—2ngu + RDiu.

The first summand belongs to ([0, T, L?(R%)) by assumption, whereas the second
summand can be rewritten as

RD}u = R(As+m—j,p+5—2j)—1A5+m—j,P+5—2ngu

forall 0 < j < s. Again, the function Ast™—3-»+0-2i Diy, belongs to €'(]0, T], L2(R%))

by assumption, whereas
R(As+mfj,p+672j)fl c Op(ifl’o) C Op(§0,0)7

which are %([0,T], L2(R%))-continuous, since Op(2%°%) C Op(x%%1) in view of
Corollary 3.14.

Note that A"™P = Op(A\™P). By using iterated commutators, we further have

. i [ .
2.7} = 3 (1) onof 01

k=1
and so '
AP0 DI APy, ~ ZJ: ASFmi k2] iy,
k=1
Inductively also these terms belong to € ([0, 7], L?(R%)). ]
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This leads to the following corollary:

Corollary 3.40. For m € Ny we have

Op(Z™P ) ¢ L (Xs+tmo+r X9)  V(s,6) € Ng x R.

Let us now prove the following helpful lemma:

Lemma 3.41. For (s,6) € Ny x R we have Dy: X5t — X%°=2 gqnd

we X5 = A0y e X% and A" 2Du e X9,

Proof. The first part is easily done by a simple index-shift. In fact, let v € X510,
then
AS+1*J':572-]'D¥U S %([07 T]’ L2 (]Rd))

for 0 < j < s+ 1. Define k := j — 1, then for j ## 0 we have 0 < k < s and
ASTROZ-2 DLy € @ ((0,7), 12(RY)),

which is AS~%9=2=2k Dk (D) € ([0, T, L?(R%)) and so Dyu € X*°.

The second statement follows directly by the mapping properties of D; and A"?. [

With the same arguments we finally get the following similar results:

Corollary 3.42. Let (s,0) € Ng x R. For m € Ny we have
Op(X™P) € L (Ys+tmi+p ysd)
Moreover, if A(t,z, D,) € Op(X™P), then
A(0,z, Dy) € L(HST™0TP [0,

Remark 3.43. Compared to the results in [Bon], the space € H*°|t = 0 corresponds
to the weighted Sobolev SP(4, s — §), while A™?(0, z, D,;) belongs to Op(X)™ ),
see the equivalence in (A.1).

Next, we now want to prove partial hypoellipticity. For » € Ny, we also set

X0 = fu|due CH 72 0<j<r}
yord = {f|olf € L'H*07% 0 < j<r}.
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Note that X9 = X% for s € Ny and X*%9 = ¥ H*9. Then the following result is

valid:

Theorem 3.44. Let r € No, u € €H*°, f € Y*™ and Dyu = a(t,z, Dy )u + f, where
a(t, $7Dz) € Op(iL?). Then u € XS0

Proof. We prove this statement by an induction over r € Ny. If » = 0, then nothing is
to do. Assume that this statement is valid for a certain r € Ny and f € Y*"+19, Then
we have to show, that D/ "1y € ¥Hs—"~1.9-2r=2_ Using the differential equation
leads us to

D™y = DI (Dyu) = DY (a(t, x, Dy)u + f) = Dia(t,z, Dy)u + Dj f,
so we have to compute the operator D} a(t, z, D,). Using iterated commutators, we

get again
,

Dja(t,x,Dy) =Y (;) (DJa)(t,z, Dy)D} ™.

j=0
Thus,

D'y =a(t,x,Dy)Dyu+ > <r> (DJa)(t,x, D) D} Pu + DI f.
j=1

First, we have Dju € ¥ H*~"°~?", and by mapping properties also
a(t, x, Dw)D:U c %Hsfr71,572r72.
Since (D} a)(t,z, D,) € Op(S42+%) and D] 7u € € H*"i9-2r+2i we also obtain
(Dia)(t,x, Do) D} e CH IO 1 <<,
which is even better than ¥H* "~ 10-27=2 If f ¢ Y5"t19 50
D;-l—lf c L1Hsfr71,672r72.

With the identity N
f(z) = £(0) + /O (97 F)(s) ds

we have D} f € € H*"~19-2"=2_ This finally yields D} ™'u ¢ ¢ H5~"~19-2"-2 and
sou € XSrto, O

As a consequence we obtain:

Corollary 3.45. In the proof of the main theorem it suffices to consider r = 0.

3.4 Function spaces
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Proof of the Main Theorem

In this Chapter we are going to prove the main theorem. We first define the following
expression:

Definition 4.1. We define

®(Ago, Ao1, Moo, Mo1) = (MAM_I T (DtM)M_l)m '

Let us now state the main theorem with the notation we got so far.

Theorem 4.2. Let A € Op(X'2). Assume there exists a My € %00 with | det Mp| > 1,
MyAogMy* is Hermitian, such that

I — 2z (MooAooMt) >0,
€T ( 0041004V )5
where My, € £ is the (0, 0)-bihomogeneous component of M.
Then for every My there exists a 6o = do(Aoo, Ap1) € R such that
1) _
Im (®(Aoo, Aot1, Moo, Mo1)) < # (I — 2z (M00A00M001)£> , (4.1

and a vy = v(Aoo), with the property that for all s € Ny, § > dy + sy, Up € H®9,
F € Y*9, the Cauchy problem (1.1) possesses a unique solution U € X*°. Moreover,
the a priori estimate

1Ullxss S NUollss + 1 Fllyss

is valid.

For the meaning of @, see Definition 4.4. The relation between dg, 7o and Agg, Ap1 is
quite complicated. We will provide upper bounds on both §, and g in Section 4.3.

In fact, the operator A is not assumed to have Hermitian principal part, but we
assume the existence of a symmetrizer, see Definition 4.6. With this operator we can
formulate an equivalent system, whose principal symbol is Hermitian. The second
reduction is, that we can "shift" the parameter § to O.
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Note that 6 depends on s and increases as s — oo. To prove an energy estimate for
every s € Ny, we will us an inductive argument. By using the spectral shift § — 0,
we will assume, that the energy estimate holds for an s € Ny with § = 0. We then
show, that with the step s — s + 1, also the spectral parameter § increases by . For
the next step in the induction, we again shift the new ¢ to 0.

In the sequel, we will consider operators of the form KAK ! + (D;K)K !, where
A € Op(X'?), K € Op(X™P) and K is invertible. Using the composition rules, see
Proposition 3.30, we can formulate the following technical lemma:

Lemma 4.3. We have
(MAM~ + (DtM)M_1>01
= Moo [(MO_OIMOL Aoo} (Moo) ™" + Moo Ao (Moo) ™" — i(Moo) e (Aoo)w(Moo) ™"

— i(Moo)e(Moo) ™!
—1 (Movoo(Moo)_l(Moo)g — (Moo)¢Aoo — Moo(Aoo)g) (Moo) ™ (Moo)x(Moo) ™"

When M is scalar with My, = 0, then this simplifies to (see last summand):
(JWA.M—1 + (DtM)M_1>01 = A1 — 1(Moo)e(Aoo)x(Moo) ™t +i(Moo) " (Aoo)e (Moo )
— i(Moo)¢(Moo) ™"

Consider now M = A™P. This gives us
imé

—1 —1 _ '
(AAAT + (DA)A )01 = Aot — W(Aoo)x +

If additionally m = 0 then
—1 -1 _ i(m —
(AAA~! 4 (DiA)A )01 = do1 + ——

2

In this case we also have

-1\ _ i(m—pz
(A4A )01 = Ao+ =5 (Aw)e.
We end this short overview with giving the precise formulation for ®.
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Corollary 4.4. We have
D (Ago, Ao, Moo, Mor)
= Moo [(M&)IMOh Aoo} (Moo) ™ + Moo Ao (Moo) ™ — i(Moo)e(Aoo)z(Moo) ™"
— i(Moo)e(Moo)
—1 (Movoo(Moo)fl(Moo)g — (Moo)eAoo — Moo(Aoo)g) (Moo) ™ (Moo ) (Moo) ™.

Note that (I)(Aoo, Ap1, 1, 0) = Ap1.

4.1 Basic ¢ L*-energy estimate

Let us derive the basic energy estimate, which later will give us the a priori estimate
in ¥ L. For this, we do not need any special structure on A in terms of principal
symbols. However, in the following theorem we see the influence of the remainder
class X~ 2P1 4 yym=1p=LT for (m, p) = (1,2).

Theorem 4.5. Let A € Op(X121) be an operator, such that Tm(A) € Op(X%?1) and

Im(A(t,z,€)) < <<£> + 5k ) I

(0&) = (0€)?

Then each solution U = U(t,x) € €L? to the problem (1.1) with Uy € L?*(R%) and
F € L'L? satisfies the a priori estimate

e

er2 S 0ol + | F |l ze.

Proof. Let us write g(t,z,£) = (£)(0€) 1 + (£)?(0€) 3. We assume, that the operator
D; — A possesses a forward fundamental solution X (¢,'): ./ (R?) — .7 (R%), i.e.

(Dy — A(t,z, D)X (t,t) =0, 0<t <t<T,
X, ) =1,

Then we can represent the solution U via
T
U(t,z) = X(t,0)Up(z) + z/ X(t, " F(t', x)dt’
0
and so have to prove an uniform estimate of the form

Xt )WVi2msy S NVI2@e, (4.2)
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forall0 <# <t <TandV € .7(R%). Together with the representation for U we
would get

t
1O ) 2wy S [1Uollr2(ra) +/O IF (', )| 2 (ray dt’

for all 0 < ¢t < T and further

v

¢r2 = sup ||U(¢,")||L2(ra
te[0,7]

T
S Woll oy + [ IF (o
S PP

We are now going to show (4.2). Consider first the primitive

t t t 2
p(t,x,ﬁ):/o q(t,:v,g)d.s:/o <<Cf£>>ds+/0 <§f£>>3 ds =11 + I,

where o (s, z) = /s + |z|?. Note that there are constants ¢, C' > 0 such that

c{o€) < (0(€)) < C{of).

Then we calculate, by change of variables, i.e. t(s) = (0(¢))?,

e [T s Cds oy [ dr
n=@ [ eac© [ mer= O [0 r
SO VAT S @@Ne ™ SO o e x0T

and similarly

e [ e [ ds e
=@ [ e SO | 5iar ~ fuer VT
{ 1 ]<a<s>>2

< |—
(l=[(€))?

<o (E) T < (og) Tt e mLOF

ﬁ

Thus,
p(t? xy 5) 6 ZO7_17T + 2_17071— g Z0,0,"‘

For 0 <t <t <T,wedefine Y(t,t'): #(R?) — Z(R?) via
Y (t, 1) = e PtmDa) gp(t2.D0) x (¢ 4),

+p(t,x,Dz)

Here the operators e are of order zero and invertible. Furthermore, we have

by construction Y (#,¢') = I. Then

Y (t,t) = —q(t,x, Dp)Y (£, 1) 4 ie PE2 D) Pt s2.D2) At o D)X (8, 1)
= B(t,z,D,)Y (t,1)
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where
B(t,z,D;) =iA —ql + [e_p(t’fc’D““)ep(t/’x’D’”),iA] e P(t's2:D2) p(t:2,Da)

For B we have B(t,r,¢) € X521 and Re(B) < K for a constant K > 0. Thus,
Garding’s inequality gives us

oY (¢, t’)VH%Q(Rd) =2Re(0,Y (t, )V, Y (t,t')V) = 2Re(BY (t,t )V, Y (t, V)
SNY ()W 2o gy

Finally using Gronwall’s lemma, we obtain
1Y (6, )V 122 may S 1Y (VI 2ay S V172 (Ray-

This gives us (4.2), since the operators e=P(:%:=) are isomorphisms on L?(R%). [

Later, this estimate basically will give us the ¢’ L?-wellposedness.

4.2 Reductions

Let us now come to the reductions. First we symmetrize the principal part of the
system.

Definition 4.6. The system (1.1) is called symmetrizable hyperbolic if there is an
My € 209 such that (Mo Ag My ')(t, x, €) is Hermitian for all (¢, z,£) € T x RY,

We will now prove the existence of such a symmetrizer M.

Theorem 4.7. Let (Mg, My;) € (00 x $3(=1.0) with | det My| > 1. Then there exists
a M e Op(X%9) with

oy (M)=My and oy (M) = My.
Moreover, M possesses a parametrix.
Proof. Given (My, My;) € B0 x 2(=10) the existence of this operator follows
directly from the exactness of the sequence in Lemma 3.28. The ellipticity condition

| det My| > 1 implies, that My is invertible with inverse in (9. Again with Lemma
3.28 there exists Q € Op(2%Y) with ¢,(Q) = M, *. Moreover,

oy (MQ — 1) = og(M)oy(Q) — oy (1) =0,

4.2 Reductions
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so R:=1—MQ € Op(S~0). Thus Q is a right parametrix of order 1. Let now
Qr=Q(U + R+ ---RF1), then

MQy=(I—-R(I+R+---R-1)=T1-RF

with R* € Op(X%9), so Q, is a right parametrix of order k. By the same procedure
we get a left parametrix @}, of order k. Evaluating Q. PQ}, in two ways one obtains
that Qr — Q). € Op(f]‘kvo), and from this that @)y, is also a left parametrix of order k.
Iterating this process and using the asymptotic completeness from Proposition 3.8,
we imply that M has a parametrix of order —oc. O

We can refine this result by the following statement.

Theorem 4.8. Let (Mg, M) € (00 x $(=1.0) with | det My| > 1. Then there exists
a M € Op(3%9) invertible with

oy(M)=My and oy (M) = My.

Proof. We still have to prove the invertibility and shall adopt the strategy of Theorem
3.32. Therefore, for K > 1, we construct a parameter-dependent family of symbols
My € 300 satisfying

07050 M| S (©F o) Y.

To do so, we extend the definition of the class ©("™)® to d + 1 covariables. Thus we
consider amplitude functions a € ¥>°(T, S(™ (R4+1)), which admit an asymptotic
expansion of the form

a(t,z,&) ~ Z oM PEYL (9, ¢  asr — 40
k>0

with b, € €°°(©, S (R%t1)). Given such a function a and setting & — (¢, K)
provides a K-dependent family of symbols in =(™)?, also homogeneous of order
m in K. Vice versa, given a function f, living on S?~!, it is possible to extend it
homogeneously to a function S%. Thus, starting with a symbol a € €>°(Y, S(™(R?))
it is possible to extend it to a symbol in (T, S(™) (R4!)). The construction of
Mo i is similar.

For given (M, My;) € (00 x (-=1.0) we use this construction to obtain the K-
dependent symbols M x and Mo, k, respectively. For K > 1 define

Mg = x"(Mo,x + Mo1,x).
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Then each symbol My belongs to 300, Similarly by ellipticity M;.! is in £%°. Define

Ry i= Mg# (M) ™" — Mg (Mg) ™" = Mg#(Mg) ™" — 1.

For any ¢ € N let (4, a, 8) € Ny ™24 with j 4 |a| + || < £. We want to show
Cy
[ Riclooe < 57
where
Rucloge = sup (IRl 0] 920 R,
(t,@,€)€[0,T]x R4
jtlal+|8]<e

We will prove Ry — 0in X%0 for K — oco. By Leibniz rule, it is

. 1 T ol i ol A= _
10/020¢ Ric| < |§|: T |Z| | Cyranr |07 0200 T M|~ 95—+~ (M) ).
y[=1 o |+ 8L

With the same estimates as in Theorem 3.32 we get

_ C
|Riclo,0:0 < Co sup (08 = %
(t,ﬂ?,f)e[o,T]XRZd

Hence, Rx — 0 in %0 for K — oo. This implies Rx(t,z,D,) — 0 in
ZL(L2((0,T) x R for K — oco. Thus Op(Mg') o (1 + Rx)~! is a right inverse
to Op(M) for large K > 1. In a similar way, a left inverse to Op(M) is cont-
ructed. O

This enables us to state the following Theorem.

Theorem 4.9. In the proof of the main theorem we can assume Ay = Ag.

Proof. By the mapping properties we have, that the symmetrizer M € Op(io’o) is
an isomorphism from ¢ H*° to ¥ H*?, while M (0, z, D,.) is an isomorphism from
H*° into itself. We now set V := MU and consider the equivalent system

D,V = B(t,z,D,)V+G(t,z), in(0,T)x R?,
V(0,z) = Vo(z), on R

where B = MAM~' + (D;M)M~', Vo = M(0,z, D,)Uy and G = M F. We remark,
that MAM~' e Op(Z'2), whereas (D,M)M~' € Op(2°2). According to the
composition rules, we get B € Op(X1?) and

By = 04(B) = o, (MAM ') = MyAgM; ™,
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which is Hermititan for all (¢, z, &) € T x R%. Consequently,
Bor = ®(Aoo, Ao1, Moo, Mo1),

and so condition (4.1) turns into

)
Im(Bor) < 55 (I = 2z(Boo)e) -
This completes the proof. Here, ¢ has not changed. O

Therefore, we can assume My = I and My; = 0. The main ingredient of the proof of
the basic ¥ L2-energy estimate was the upper bound for Im(A(t, z,¢)). In general
this bound does not hold. Fortunately, we still can prove the following theorem:

Theorem 4.10. Let A € Op(2h?), Ag = A} and

0

Im(A01 ) S 2’[“2

(I —2x(Aoo)e) -

Then, if F € L'H%% and Uy € H*°(R?), we have an energy estimate for a solution
U € €H"? of the form

e

emos S 0ol go.s + | Fll L1 po.s-

Proof. Since s = 0, itis § > dy. Consider the operator A = A%~% € Op(X%~9) abd
set V' = AU. Then the Cauchy problem is equivalent to

D,V = (AAA + (DAY + AF,
V(0,z) = A0, z, D) Uy () = Vp,

with ' := AAA~! + (D;A)A~" € Op(='?), and on the level of principal part we
obtain o, (AAA™1) = o, (A), since A is scalar.

Again we have to compute ®(Ago, Ag1, Ago, Ao1). By having Ag = 0°, Ago = r° and
Ap1 = 0, this expression simplifies to

70
®(Ago, Ao, Moo, Ao1) = Aor — 57’72 + i0r %2 (Ago)e.
Hence,

0 (I —2z(Ao0)e) <0,

Im (®(Ago, Ao, Aoos Ao1)) = Im(Agy) — 52
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by assumption. Thus, the operator I" satisfies the conditions of Theorem 4.5, and so
we obtain
v

er2 S WVollpz + [[AF|| 12

By using A as an isomorphism from Z°° — 799 for Z € {X,Y, H}, we finally have
1Ullgros S NUlgos + 1F ] L1 goss-

This completes the proof. O

4.3 Proof of Theorem 1.1

We now come to the proof of the main result. We split this proof into three steps.

Therefore, we always assume the reductions made in the previous section, which
are
AS = AO and Im(AOl) <0.

Step 1: Basic a a priori estimate. Each solution to U to the system (1.1) satisfies
the a priori estimate
;U

o2 S 0ol 2 + || Fl p1p2

Proof. Write

A(t,l‘,g) = X+(t,$,f) (Ao(t,ﬂf,g) + Al(tal‘aé)) + AT(t’xvé-)'

Then
Im(A) = xT (Im(Ag) + Im(A;)) + Im(4,),

and since Im(A) = 0 and Im(4;) < 0, we have
Im(A) < Im(AT) c Em—2:P,T + Em—l,p—l,’f.

~

Hence, the statement follows immediately from Theorem 4.5. O]

Step 2: Higher-order a priori estimate. Each solution U € ¥H*° to the system
(1.1) satisfies the a priori estimate

v

erss < C([|Uollgss + [[FllLrgss)

for s € Ny and § > §p + svo.

4.3 Proof of Theorem 1.1
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Proof. By the second reduction, we can consider the equivalent system with 6 = 0.
We now use an induction on s € Ny. Note that after passing from s to s + 1, the
spectral parameter has to change.

In view of Lemma 3.41 we have u € €H**t!Y if and only if A"y € ¥H*° and
A% ~2D,u € €H*O. If we define the vector

V= (AMu, A 2Du) € ¢H*O,

then V' is a solution of the Cauchy problem

ALy P 0 ALy ALOR
Dt = + )
AO’*QDtu Q R AO’*QDtu DtA0’72F

AU (xD,)Uy
0,—2 0,2) = -2 2 '
AY>—“D,U (D) *(xDz)*(A(0,z, D;)Uy + F(0, x))

where

of P 0 - Al’OA(Al’O)_l+(DtA1’O)(A1’O)_1 0
©\Q R} \[(DA"H)A+ A% DA (AL AG24 (A1)

In particular, <7 fulfills the differential equation, but for an (2/N) x (2N) matrix. Let
us now compute the corresponding principal symbols. We have AM0A(A10)~1 ¢
Op(2'2) and (D;A)(A10)~1 € Op(£%2). Using the principal symbol formulas we
obtain

oy (P) = oy (A)

and
£(Aoo)z i x(Aoo)e

0,2 0,2 )
U\I/,d(P):U ) (A) —i GE ~ 5,2 i 2

Furthermore, (D;A%~2) A(A10)~1 A%=2(D, A)(A10)~1 € Op(°2), so we obtain
(DA™ ) A7) = —i(Ao) €]~

and
oYM (DAY AM) ) = —iAgo)elé]

Thus,
oy (@) = —i(Aoo)l€] T — i(Aoo)elé] M

Last, we have R € Op(2"?) with

2ix
o4 (R) = o (A) and oy (R) = oy4(A) + ~5 (o).
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Thus, we finally obtain

0 oy (A)
and
®(Ago, Ao, 1,0 0 i (a0
&t oy 1,0) = | (A0 Aor: 1 0) + ("
0 (P(Aoo,A()l,I,O) 2r ¢ d
where
R 272 R 2r 273 X
a = QI(Aoo)f — WﬂAOO)I — I, Cc = _EAOO — E(Aoo)t, d= 4$(A00)§

Note that Agy € X(1?), so by applying derivatives and multiplication with the
corresponding functions we obtain

0) ¢ »(0.0)
d

which means that this matrix is bounded. Hence, by setting

Q>

o>

Y :=  sup sup ((&u,u) + Re(éu, v) + (dv, v)) ,
(t,z,£)eT xR |(u,v)|=1
we obtain
70
Im (I)(%()? %17 Ia 0) S 2772[7
as desired, because of Im ® (A, A1, 1,0) < 0. O

Step 3: Existence and Uniqueness. For all Uy € L?, F € L'L?, the system (1.1)
possesses a unique solution U € €' L.

Proof. We will just treat the L? case, the other cases follow from the previous
reductions. The uniqueness comes with the linearity of the problem and the energy
estimate. If U and U are two different solution to (1.1), then the difference function
V = U — U solves the problem

D,V = A(t,z,D,)V, in(0,T) x R?,
V(0,z) =0, on R%.

This solution has to satisfy the energy estimate with initial data V, = 0 and F = 0.

Thus, ||V |42 < 0, which means V = 0 and U = U.

4.3 Proof of Theorem 1.1
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We now will use an duality argument to show the existence of a solution. For the
operator L. = D; — A we get from Theorem 4.5 the energy estimate

t
1U @ ) z2®ey S Vol p2(ra) +/0 ILO)(E ) L2 (ray dt’
t 1/2
S W00l + VE ([ NEOE M @?)
Squaring leads to
t
Ut Mgy S Nolidagey +¢ [ LD,z dt
forall 0 <t < T, especially
T
UGt Mgy St VolEzqen, + [ LD E2qey
By reversing time, that is changing ¢ to 7" — ¢, we also obtain
T
U Mgy S W@y + [ IEONE ) e 4.3)

The energy estimate (4.3) can then be applied to the adjoint operator as L* =
—D; — A*. We now introduce the space

T = {p € ¢([0,T], 7/ (RY) | ¢(T) = 0}.

Applying the a priori estimate to functions in .7, we have

T
it M S [ IOy

forallp € 7 and t € [0, 7] and thus [¢(t, )| L2rey S [I(L*0) | 2¢(0,7), 12 (r4))- Hence,
the operator L* restricted to .7 is one-to-one. So, we can define a unique linear map
Bon L*.7 via

T
BL'e) = [ (FO.(L"0)t)) paguy + Uos 0(0)) oy
By using the Cauchy-Schwarz-inequality, we derive
. T
|B(L )| < /0 IE @) 2ey l0®) | 22 may dE + [|Uoll 22 ma) 19 (0) || 2 (Ra)

T
<L lzeom ey [ IF Ol dt
+ 10oll L2 ey 1 L@l L2 ((0,7), 12 (R4Y)
= (HFHL1L2 + HUOHL2(Rd)> IL* @l L2 ((0,1),22(Ra)) -
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By the Hahn-Banach theorem, B extends to a continuous form on L2((0,7), L?(R%)).

Moreover, by Riesz’ representation theorem, there exists a unique function U € L%L?
such that

T
BLe) = [ (U0, (L)1) o
for all ¢ € .7. Additionally for ¢ € 2((0,T) x R%), we have

T

T
| @) = [ (@O, o) 1200

This means, that we have LU = F in sense of distributions. By the differential
equation, it is ;U € L%((0,T), H~'(R9)) and so U € €([0, T], H~'(R%)). A further
integration also gives

(Uo, o) L2(ray = (U(0),0(0)) -1 (), 11 (e -

By standard arguments it is U(0) = Uy. We now have to control the regularity. We
note that, if ' and Uy are smooth, say F' € €°°([0, T}, (R%)) and U, € .7 (R?), the
previous construction leads to U € ([0, T], . (R?)). If they have less regularity,
we have to apply mollifiers. Therefore, let {F}reny and {Gi}ren sequences in
€>(]0,T],(R%)) and .7 (R?), respectively, with

F, 2% Foin L2

k .
Gr =% Uy in L2

For all k € N, there are solutions U € C*([0,7],.7(R%)) to the source terms F},
and Gy. Applying the energy estimate, we get for arbitrary Uy and U,,

Uk = Umllgrz S |Gk — Gmllrz + [[Fk — Fml 212
Thus, {Uy }ren is a Cauchy sequence in ¢'L?, say with limit U € €L2. When passing

to the limit in the energy estimate, we also see LU = F and U(0) = Uy. Uniqueness
gives us U="U. U

4.4 Higher-order scalar equation

We end this Chapter with an application to higher-order scalar equations.

Let us consider the following m-th order scalar equation

{ Pu= f(t,x), (t,z) € (0,T) x RY,
(DJu)(0,2) = uj(x), 0<j<m-—1,

4.4 Higher-order scalar equation
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where the operator P is given by

P=D"+ a(tz, D)D" (4.4)
j=1

with coefficients a;(t, z, D,) € Op(X"9), v € Z and v < 2. In case m = 2, v = 0,
we have our model problem, when a; = 0 and

az = ay(t, , D) = oA, € Op(X20).

We assume P to be strictly hyperbolic in the sense that

U%(P) = H (T - )\k(tvxaé))7

k=1

where )\, € X7 and

Nt 2, &) = Ni(t, 2, )] 2 o' ¢

for k # . We now convert (4.4) into a m x m system of the first order. The scalar
Cauchy problem is then equivalent to the Cauchy problem

DU = A(t,z, D,)U + F(t,z), (t,z) € (0,T)x R%,
U(O, (L‘) = Uo(.fv),

where
U= (Am’m(m’l)u, Am’2’7(m’2)Dtu, Am’?’”(m’:‘)Dfu, R D;”_lu)T.

In case v = 2, the matrix A is given by the operator-valued matrix

Ao Agy 0 0 . 0 0
0 A Ao o --- 0 0
A= : E : 0
0 0 . . i Am—Z,m—Q Am—2,m—1
Ap—10 Am-11 Am—12 - - Am—im—2 Am—1m—1

with

Ajj = (DA 192m=1=0) ) (Am=1-52(m=1-9)) =1 ¢ Op(£02),
Am—1,m-1 = —a; € Op(Z"?),
Ajjoq = AT I2meLl=) (Am=2-5.2m=2=) =1 ¢ Op (312,
Am1j = —p_j(ATT17P2MTIED) T € Op(S12),
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for 0 < j < m — 2. In fact, all components belong to Op(f]m), as desired for a

first-order system. The right hand side F' and the initial data read as

F=1(0,0,...,0,A%2m2 )T and

Uo = ({Da) "2{|2|D2)™ ™ u5) i<

An computation of the principal symbol yields

0 1 0 0 0 0
0 0 0
o) = Syt z. )= 0
0 0 0 1
_pm _pm—l _pm_2 o« o e .« .. _p2 _pl
where N
‘ N |§ N o
Pm—j(t,x,§) = U\y (am—j)-
For the second symbol we get
0 0 0 0 1-m 0 0
0 ) 0 2—m 0
U\I; d(A) = + 5.2
0 0O . 0 0 2r
—Adm —Gm-1 - —q2 —q1 Zm Zm—-1 " 21
where

—m+1+j . )
quj(t,x,g) = (E‘) 0331_1’2(771_] 1)(am7j)

and

(z,8)

+1+4j
Zm—j = (’E‘) <2(m — 1= j)(am-3)o022 = 2(m — 1 = j)*(am—;)oo €1

r

for 0 < j < m — 1. Now, one can provide a symmetrizer M, for Sy, namely

1 1 e 1
M1 K2 e Hm
MO(taxvg) = . . . . Y
pi =t oyt pm !

with pp = o\, similarly as in [DW1]. For this matrix we have

MO(taxvé)il = H(/J’k - Nl)'

k>1

4.4 Higher-order scalar equation
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One now has to compute both, ¢y and ~y. However, the term ®(Ago, Ao1, Moo, Mo1)
becomes quite complicated, so we postpone the study of ® to future studies.

Let us now return to the model problem where P = D? + 02A, = D? + A?°. Then
we have to apply the reduction scheme (m = 2, vy = 0) via U = (A"%, Dyu)T, which
gives a system of the form (1.1) with

(DtALO)(Al,O)—l Al,O

A(t,z, D) = ( _A20(ALO)L 0

) e Op(Z'?).

For this operator we get in our shortened notation

0 ol¢ i (-1 0
Ay = and Ap = — ,
" (—arf\ o) " 2r2<o o)

while Agy = 0. Note that Ay is already Hermitian. Thus, condition (4.1) turns into

do
Im @(Aoo, Ao1, £,0) = Ao < 5 51,

and is valid for 6 = 0. The formula for - has contributions just from the component
a = —1I. Hence, we have to compute the greatest eigenvalue of the matrix

-1 0

0 0/
which is certainly 0. Thus, 79 = 0. Now, if F = (0,f)T € L'L? and Uy =
(AYu)jo, (Dyu)y—o)” € H", then the Cauchy problem (1.1) admits an uni-
que solution in U € ¥ L?, in view of Theorem 4.2. Transforming back to u gives

u € €HYYNE L2 Thus, we have proven Theorem 1.2 for s = 0. The case of higher
regularity comes with the next remark.

Remark 4.11. If v = 1, our theory contains strictly hyperbolic equations. For m = 2,
a1 = 0 and ay = A%? we get the wave operator P = D? + A. Then we have to apply
the reduction scheme via U = (A, D;u)T, which gives a system of the form (1.1)
with

(DtALl)(ALl)—l Al,l

_ $1,2
A(t,x, D) = < _A22(AL) 0 > € Op(X?).

For this operator we get in our shortened notation

0 |¢ i (-1 0
Ay = d Ag = — :
° (—!f\ o) e Ao 2r2<0 0)

while Agp = 0. Again, A is already Hermitian. Thus, condition (4.1) turns into

9o I

Im ®(Ago, Ao1,1,0)) = Apr < 23
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and is valid for 5y = 0. Similarly as before, 7o = 0. Now, if F = (0, f)T € L'L?
and Uy = (M) 4=, (Diu) =)’ € H?, then the Cauchy problem (1.1) admits
an unique solution in U € ¥ L?, in view of Theorem 4.2. Transforming back to u
gives u € ¥H! N €' L2. Note that H'! is exactly the classical Sobolev space H',
so this reproduced the results from the classical strictly hyperbolic theory.

Remark 4.12. Let v < 1. Transforming the operator P gives A € Op(317) 4 Op(2°2)
with Aoy = 0, in general. It turns out that, if u; € H*+tm—i—10+v(m=i-1) for
0<j<m-—1land f € LYH®9 then the Cauchy problem

Pu = f(t,x), in (0,7) x RY,
(D}u)(0,2) = uj(z) onR?% 0<j<m-—1,

possesses an unique solution
m—1

= ﬂ @I frstm—i—1,6+v(m—j—1)
=0
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Summary and Open Problems

In this thesis we developed a pseudodifferential calculus for a class of degenerate
hyperbolic equations. We motivated that question by an problem in fluid dynamics.
We introduced amplitude functions and provided a class of pseudodifferential opera-
tors that degenerate like ¢ + |z|? as (t,2) — (0,0). In (t,2) = (0, 0) these operators
are of type (1, 1), but we were able to prove %([0, T], L?(R%))-continuity.

We defined an adapted scale of Sobolev spaces, where at ¢ = 0 these spaces are
2-microlocal Sobolev spaces with respect to the Lagrangian 7T¢R?. With an symbolic
approach we derived energy estimates in the spaces and finally proved wellposedness
of the corresponding Cauchy problem.

However, there are still open problems, which are devoted to future studies.

In our setting we imposed boundary conditions that are violated in one single point.
It would be interesting to concern the case, where these degeneracy happened in a
more general compact set.

Our Sobolev spaces are inappropriate to analyze wellposedness in L2((0,7T), L?(R%)).
Therefore one needs to define that a function u belongs to /#*%((0,T) x R?) if

A2 plu e L2((0,7) xRY),  0<j<s.

For general s € R, § € R, the space .#* is then defined by interpolation and
duality. In these spaces, further investigations using functional analysis are desired,

in particular a trace theorem.

Another question would be the analysis of the semilinear or even nonlinear problem,
which certainly will need paralinearization.

In applications to explicit Cauchy problems, the expression ®(Ago, Ao1, Moo, Mo1)

becomes quite intricate. However, this term is needed to compute both, §y and .

To give better upper or lower bounds, or even an optimal choice for one of these
parameters, one has to study ®(Ago, Ao1, Moo, Mp1) more carefully.
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Moreover, one should study the propagation of 2-microlocal singularities and their
relation to both, §; and ~y. We also expect lower bounds on these parameters and
it would be interesting to analyze and interpret them in view of a 2-microlocal
geometry.
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Appendix

A.1 Oscillatory Integrals

In this section we will give a short introduction to oscillatory integrals, which is a
main ingredient to prove formulas for compositions and adjoints of pseudodifferen-
tial operators. The term has been introduced by Lax to deal with integrals of the
form

Af(a) = [ &5 Da(a, ) f(¢) de.

We follow the explanations as they are presented in [Kum].

Definition A.1 ([Kum], Def. 6.1). We say that a ¢"*°-function a(n,y) in R} x RY
belongs to A5 (meR,0<0<1,0<7) if for any (a, ) € N2? there exists a Cop
such that

0507 a(n,y)| < Cop(n)™ 1Pl (y)".

It turns out, that 7" is a Fréchet space and one sets

7= U U U4

0<6<1meR 0<T
Definition A.2 ([Kum], Def. 6.2). For an element a(7, y) of &/ we can define the
oscillatory integral Os(e~%"a) by
Os(e”¥q) = Os — // e Wa(n, y)dydn

= lim / / e~ (en, ey)a(n, y)dydn,

e—0

where x(n,y) € . (R??) with x(0,0) = 1.

The next theorem shows, that Os(e~%"q) is welldefined. This means that, the limit
is independent of the choice of x € .. With Lebesgue’s dominated convergence
theorem one can prove the following:
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Theorem A.3 ([Kum], Thm. 6.4). For a € </, the value of the oscillatory integral
Os(e~%"a) is independent of the choice of x € . satisfying x(0,0) = 1. When a € 57,
taking positive integers | und l’, such that

=21 =08 +m< —d, =2I'+71<—d,
we get

()2 (D) { () ~2(Dy)aln, ) }| € L' (R

and can be written as

Os(e™a) = [ e=ty) =2 (D) {(m)~2(D,)* aln,)} dyan

The following properties are helpful for computations:

Theorem A.4 ([Kum], Thm. 6.6 and 6.7). Let {a;}jcn be a bounded set in <.
Assume that there exists an a € <, such that a;(n,y) — a(n,y) in R?? uniformly on
any compact set as j —> oo. Then we have

lim Os(e”%"a;) = Os(e"""a).
j—o0

If a € o, then for any a, 3 € Nd we get

Os(e™Wya) = Os((fo;)e_iy"a) = Os(e_iy”Df;a)

Os(e”¥pPa) = Os((—Dg)e_iy"a) = Os(e_iy”Dga).

A.2 Pseudodifferential operators of type (1,1)

Definition A.5 ([Hor5], Chapter 9). A smooth function a(z,n) is said to be in the
class ST, if
0505 a(@, m)| Sas (m™ 1L va,n e RY

The set Op(ST} ) is the corresponding class of pseudodifferential operators. In 1972,
Ching gave an example of type (1, 1)-operators, which are not L?-continuous. In
[Hor5], Example 9.3.3, we find

Example A.6. Let ¥ be a fixed vector in R? and let A € ¥>°({n|1 < || < 2}) and
set

_ o~ _ovizg n
a(x,n)—Ze A<2y>.

v=0

Then a € S, and Op(a) is not L*-continuous.
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The difficulties stem from the behavior at the twisted diagonal of a(&,n) = F,—ca(x,n),
which is content of the next theorem.

Theorem A.7 ([Hor5], Prop. 9.3.1). Let a(z,n) € ST and

a(é,m) =0 when |E+n/+1< @

for some constant B, then a(z,D) € Z(H*t™(R?), H*(R%)) for every s € R, with
norm depending on s, B and seminorms of a.

We now want to apply this theorem for arbitrary a € S7". The idea in [Hor5],
Chapter 9, is to remove a certain part of the twisted diagonal. Therefore, one
introduces a cutoff x € ¥>°(R??), such that

@ x(t&tn) = x(&n)ift > Land |n| > 2,
(i) supp(x) € {(&,n)[I¢] < |nl, [n| = 1} and
(i) x = 1in {(§,n)[2[¢] < |nl, In| = 2}.

Then one is able to define a, . via a, .(£§,7) = x(§ +n,en)a(§,n). The function a, .
has the following properties:

Lemma A.8 ([Hor5], Lem. 9.3.2). Let a € ST} and 0 < ¢ < 1. Then the function
ay.e belongs to €°°(R? x R?) and

@ 10002 ay(2,n)| < Coge 1l (n)ymt1ol=lel,

1
2

(i) (/ |8,‘;‘axﬁg(x’n)|2 dn> < CaRm(gR)%—locl.
R<n|<2R
If now a € ST, then by the previous theorem we obtain

a(z,D) — ay,1(z,D) € X(Hs+m(Rd), Hs(Rd))

for every s € R. The next step is then to prove H*-continuity of a, ;(z, D) unter
suitable assumptions on the behavior at the twisted diagonal of a(¢, ).

Theorem A.9 ([Hor5], Thm. 9.3.5). Leta € STY and assume that for some o € R
the estimate

N

</R<| <2R raﬁax,e<x,n>2d”) < Coe”R™(eR)E R >0
SN
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is valid for all ¢ € (0,1) and all « € N¢. Then a(z, D) € Z(H*T™(R%), H*(R?))for
s+o>0.

As an immediate consequence we get the well-known result from Stein of the form:

Corollary A.10 ([Hor5], Cor. 9.3.6). If a € ST, then a(x, D) € L (H*T™(R%), H*(RY))
for every s > 0.

The next result gives characterizations under which conditions an operator of type
(1,1) is L?-continuous.

Theorem A.11 ([Hor5], Thm. 9.4.2). If a € ST then the following three conditions
are equivalent:

@ a(z,D,)" € Op(STY).
(i) With a, . defined as above there is an estimate
10008 ay ()| Sapn N ()™l 0 < e <1,

for arbitrary N, «, 3.

(iii) a(xz,D,) € L(H*t™RY), H*(R?)) for every s € R.

Finally one has
= 0p Sy N (Op syt ¢ 2(H ™ (RY), B (RY))

for every s € R.

A.3 2-microlocal Sobolev spaces

In this section we will present some results on second microlocalization, which
is microlocalization along a Lagrangian submanifold Z of T*R?. We follow the
statements in [Bon]. Note that the scaling of the symbol spaces is slightly different
to those in Chapter 3.

Bony constructed a symbolic calculus, when Z is the conormal of 0 in R¢. A
Lagrangian submanifold of 7*R¢ can be defined by d equations

mi(z,&) =...=my(z,§) =0,
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where m; are homogeneous of degree 1, such that the Poisson brackets {m;, m;}
vanish on Z. With M; we denote the corresponding pseudodifferential operator with
principal symbol m;.

Definition A.12 ([Bon], Def. 1.2). For (s,k) € R x Ny we say that u € HZIOC if

M'u € H{ _for |I| < k. For (s, s') € R? the spaces Héloc are defined by duality and
interpolation.

Definition A.13 ([Bon], Def. 1.3). The space X7/"” consists of all a(xz,{) € € (R24)

such that "

B K (e, €)] £ (€1 (143 fmy (€))7

for finite families of vector fields H; € 7% (homogeneous of degree 0) and K; € J#
(vector fields in #) and tangent to 7).

In the case of Z = T;R?, we are able to provide an exact characterization of the
2-microlocal Sobolev spaces. This uses Littlewood-Paley decomposition.

Theorem A.14 ([Bon], Thm. 2.4). A distribution u belongs to Hg’sl if and only if one
has

12751 + 2 [])* u ()]0 < ¢, >k < oo

In the case ' = k € Ny, it is then u € Hy* <= z2u € H*M1°l for |o| < k.

Additionally weighted Sobolev spaces are introduced. These spaces are related to
the trace spaces H*° in Chapter 3.

Definition A.15 ([Bon], Def. 2.5). Let v € '(R%\ 0), vanishing outside B(0,1). A
distribution v belongs to SP(s, s) if and only if one has

lp(@)0(2777)|gyy < ;2775742 ZCJQ < 0.

In the case s + s’ € Ny it is to |z| =5t D% e L2(RY) for 0 < |a| < s + 5.

For u € 2'(R?) define
ITu = Z ©(2Px)p(279Dy)u,

p>q

and for v € |JSP(s,s') set
Py = Z ©(279D,) (2P z)u,
P29
respectively. Then we get the following mapping properties:

Theorem A.16 ([Bonl, Def. 2.7). For s > 0, s+ s' > 0, H>* and SP(s,s') are
subspaces of L?>(R%) = L?(R%\ 0) and one has
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(i) SP(s,s) C HY®,
(i) T: HY* — SP(s, s),
(ii) P: SP(s,s') — HS*.

The results (ii) and (iii) are also valid for (s, s’) € R2.

In the case Z = Ty R? we get from Definition A.13
a(x,§) € 577 = |DgDJa(w, &) S (€)™ AL 4 Jaf g1, (A1)

. . /
To those symbols one can associate operators defined on the spaces H;* . Therefore,
one uses operators defined on SP(s, s’) and isomorphisms.

Definition A.17 ([Bon], Def. 3.2). A smooth function a(z, ) defined for x # 0
belongs to SX{"7, if

’D?Dga(x,f)‘ < ‘$|—m+|a|—|5|(1 + ’ngDm-i-p—M‘

and

. Lyl
supp(a*(z. 2 1) < { (2.9) | < o< )

for some k > 1. Here a? means the Fourier transform with respect to &.

This two different worlds are now connected by the following theorem:

Theorem A.18 ([Bon], Thm. 3.3). Let x be a smooth function on R, equal to 1 for
|t| < 1/4 and O for |t| > 1/2. Then, the map

a(x, &) — (1 = x(|z[¢]))a(z, )
induces isomorphisms (independent of x):

SEPP /ST Zy P 5 To0

Finally, the following mapping theorem turns out:
Theorem A.19 ([Bon], Thm. 3.6). For (s,s’),(m,p) € R?it s

Op(SX"P): SP(s,s") — SP(s —m,s —p).
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A.4 Asymptotic sums

We briefly present a result, which is a general scheme to carry out asymptotic sums.

This scheme was used to prove asymptotic completeness, see Proposition 3.8. A
proof can be found in [Sch1].

Proposition A.20 ([Sch1], Prop. 1.1.17). Let E7, j € N, be a sequence of Fréchet
spaces with continuous embeddings E/T' < EJ for all j. Set E® = lim, EJ. Assume
that there exists a c-dependent family of linear operators

X (c): B/ — EY

forall j € N, ¢ € Ry, with the following properties:

(i) We have for every j € N:
e —x’(c)e € E®

forallc € Ry, e € EJ.
(ii) The diagram

Eitlc__ o Fi
XHI(C)J/ lxj(c)
Eitlc__ o g

commutes forall j € N, ¢ € R;..

(iii) If {ri}keN is a semi-norm system, that defines the Fréchet topology in E7, then
for arbitrary fixed j, k € N there exists an l(j, k) > j, such that f € E™ for every
m > 1(j, k) implies
() f) — 0

as c — oQ.

Then, for every sequence e; € Ej, j € N, there exists a sequence of constants c; € R,
such that

m .
U
=k

converges in E* for every k € N. In other words

> .
e:=> X' (cj)e
j=0

A.4 Asymptotic sums
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converges in E° and has the property

N
e—Zej c ENH
7=0

for all N € N. Moreover, e is unique modulo E*°.

A5 The T'(1)-Theorem

We first recall some results of the theory of BMO-functions and singular integrals of
nonconvolution type. We will follow [Gra2].

Let f € LL .(RY) and @ C R? be a measurable set. Then we denote by

Mo(f) = Kl), /Q /() de

the mean or average of f over ). Furthermore, we call the function |f — Mqg(f)| the
oscillation of f over ). Then the expression

Mo([f = Mo(f))

can be interpreted as the mean oscillation of f over ). This leads us now to the
following definition

Definition A.21 ([Gra2], Def. 7.1.1). For f a complex-valued locally integrable
function on RY, set

|.fllB™mO = Sgp Mo(|f — Mq(f)),

where the supremum is taken over all cubes Q C R?. The function f is called of
bounded mean oscillation if || f||gmo < oo. Further we set

BMO(R?) = {f € Lioc(RY) | || fllBap0 < 00}

It is not hard to see, that BMO(RY) is a linear space. This means, if f, g € BMO(R?)
and \ € C, then f + g € BMO(R?) and \f € BMO(R?). Moreover, we get

I|.f + gllBmo < || fllBMo + |lgllBMO
IAfllBMo < Al fIIBMO-

However, we cannot hope, that (BMO(RY), || - ||gso) forms a normed vector space,
since ||c||pmo = 0 for every constant function c¢. The converse is also true. In fact,
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one can show, that if || f||gmo = 0, then f is almost everywhere equal to a constant.
For later use, we will prove the following result:

Lemma A.22 ([Gra2], Prop. 7.1.2,(2)). The space L°>°(R?) is contained in BMO(R?)
and
1fllBMo < 2/[fl|zoe-

Proof. Let @ be an arbitrary cube in R¢. Then we have

Ma(lf = Mo() = 5 [ 17 = Ma(f)] e

< g | @I+ [ ao(p)]de
[ Ma(f

5 |/ 1dz < 2Mo(|f]).

= Mo(|f]) +

Moreover, we easily estimate

1 1
Mo < g [ 15 dr < a7 [ 1w =l

Thus, we get

Mq(lf = Mq()I) < 2[|fllze-

Taking the supremum over all cubes ), we get exactly || f|smo < 2||f]| - O

Remark A.23. In fact, there are reasonably more properties and results of BMO-
functions which will not play any role here. We will later see how this class of
functions appear in the concept of proving the % L?-continuity with help of the
T'(1)-theorem.

We now turn to standard kernels and operators associated to them. Let A :=
{(z,z) |z € RY}.

Definition A.24 ([Gra2], Def. 8.1.2). A function K on (Rd X Rd) \ A, which satisfies
for some B > 0 the size condition

|K (z,y)] < E— (A.2)
and for some x > 0 the regularity conditions
Blz —'|*
K — K(2 < A.3
| (xvy) (x7y)’ = (’:L‘*y|+|$lfy’)d+ﬁ ( )
whenever |z — 2/| < § max(|z — y|, |’ — y|) and
Bly —y'|"
K(z,y) — K(z,y)| < A.
‘ (1:73/) (xvy)‘— (‘m_y‘+|$_y/‘)d+/i ( 4)

A.5 The T(1)-Theorem
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whenever |y —y/| < 3 max(|z —y|, |x —y/|) is called a standard kernel with constants
B, k. The class of all standard kernels with constants B, « is denoted by SK (k, B).

Let us present some important observations and examples.

Example A.25.
(i) If K € SK(k, B), then the adjoint kernel K* € SK(k, B).
(ii) The kernel K (z,y) = |z — y|~? defined away from A belongs to SK (1, d4%+1).
(iii) Assume that (A.2) holds and let further

VoK (2,9) + [Vy K (2, y)| < 7 — o1

for all 2 # y, then K € SK(1,4%1B).

After introducing the class of standard kernels, we are now able to define linear
operators associated to them.

Definition A.26 ([Gra2], Def. 8.1.8). Let 0 < k,B < oo and K € SK(k,B). A
continuous linear operator T: . (RY) — .#/(RY) is said to be associated with K if
it satisfies

TH@) = | K@) fy)dy

for all f € 65°(R%) and x ¢ supp(f). If T is associated with K, then the Schwartz
kernel W of T coincides with K on (RY x RY) \ A.

We are now interested in defining the action of such operators on bounded and
smooth functions. Therefore, we first define

2@ = {o e 6@ [ o(a)dn=0}.

The space %y(R?) is equipped with the same topology as the space Z(R?). Note that
Z}(RY) D 2'(RY) and BMO(R?) C Z4(RY).

Definition A.27 ([Gra2], Def. 8.1.16). Let T be a continuous linear operator from
Z(RY) to .#"(R%), that satisfies

(T(f) ) =W, foe)

for all f,¢o € .#(R?) and some distribution W ¢ .#(R??), that coincides with a
standard kernel. Let further be g bounded and smooth and 1 € %§°(RY) with
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0 <7 < 1 and equal to 1 in a neighborhood of the support of a given ¢ € Zy(R?).

Then we define T'(f) € Z}(R?) as

T()e) = e+ [ ([ K o) £6)0 - () dy.
R4 \JR

[Gra2], Chapter 8.1.3, shows that this definition makes sense as the double integral
is an absolutely convergent integral. It is also shown, that this definition of T'(f) is
independent of the choice of the cut-off function 7. To state the 7'(1)-theorem, we
need two more definitions.

Definition A.28 ([Gra2], Def. 8.3.1). A normalized bump is a smooth function ¢
supported in the ball B(0, 10) that satisfies

(@z¢)(2)| <1

for all multi-indices |a| < 2 [%] + 2, where [z] denotes the integer part of z.

Given a function f on R% R > 0 and zo € R set

T (fr)(y) = BBy — o).

Definition A.29 ([Gra2], Def. 8.3.2). We say that a continuous linear operator
T: . 7(RY) — 7' (R?) satisfies the weak boundedness property (WBP), if there is a
constant C, such that for all f and g normalized bumps, all o € R? and a R > 0 we
have

(T (T™(fr)), 7 (gr))| < CR™“.

The smallest constant C' is denoted by ||T"||ws.

We are now ready to state the 7'(1)-theorem, which is one the most important
ingredients of the sequel analysis. This theorem gives necessary and sufficient

conditions for linear operators 7' with standard kernels to be bounded on L?(R%).

The name of theorem 7'(1) is due to the fact that one of the many equivalent
conditions is expressed in terms of properties of the distribution 7'(1), which can be
handled in view of Definition A.27.

Proposition A.30 ([Gra2], Theorem 8.3.3). Let T': ./ (R%) — ./ (R?) linear and

continuous and let its Schwartz kernel coincides with a standard kernel K € SK (k, B).

Then the following are equivalent:
) Itis
1 =sup sup sup 7°(fr))| 2 7(fr)) | L2 00,
B R (1T (fr))ll2 + I (Fr))22) <

¥ xo€eRI R>0

A.5 The T(1)-Theorem
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where the first supremum is taken over all normalized bumps .

(ii) The operator T satisfies the weak boundedness property and the distributions
T(1) and T(1) coincide with BMO functions, that is,

By = |T(D)[smo + [T (1)llBymo + |7 [[ws < oe.
(iii) For every & € R? the distributions T(e**") and TT(e®") coincide with BMO
functions such that

Bs = sup | T(e")|lBmo + sup || T7(e)|smo < oo.
£eRd £eRd

(Giv) Itis

B =sup sup sup B (|[T(r(fn))llmvio + T (7% () Imaio) < o,
® zocRd R>0

where the first supremum is taken over all normalized bumps .
(v) T extends to an bounded operator from L?(R?) to L?(R%).
Moreover we have
can(B+ Bj) < T2 12 < Can(B + Bj)

for all j € {1,2,3,4} and for some constants cq,, Cq, that depend only on the

dimension d and parameter k > 0.

[Gra2], Chapter 8.3.2, is devoted to the very long proof of this proposition. In
fact, there are two more equivalent conditions for the extensions to L?(R%) using

truncated operators
TON@) = [ K@ )Xeyef ) dy

for € > 0, see [Gra2], Def. 8.1.10.
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