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CHAPTER 1

Introduction

In this thesis we develop a generalization of Hérmander’s symbol calculus of conor-
mal distributions [H607, Chapter 18.2] and provide techniques for applications to
nonlinear hyperbolic Partial Differential Equations. In particular we will provide
explicit expansion formulas for symbols of conormal distributions under multiplica-
tion (Theorem 2.17 and Theorem 2.19) and nonlinear superposition with Holder-
Zygmund continuous functions (Theorem 2.40).

We also define the class of diffeomorphisms of conormal type and establish their
structure as a group (Theorems 2.29 and 2.42), again giving explicit expansion for-
mulas for their symbols. This enables us to define conormal distributions with
respect to non smooth hypersurfaces endowed with the established symbol calculus.

The definitions we give and the methods we develop are applicable to nonlinear
Partial Differential Equations. In Chapter 3 we explicitly construct approximate
symbolic solutions to a Cauchy problem with coefficients and datum given as conor-
mal distributions. We obtain solvability of the reduced problem within a sufficiently
smooth remainder space. In Chapter 4 we provide propagation of conormality for
the developed symbolic calculus under hyperbolic quasilinear equations of first order.

Therefore the main result of this thesis is the 'correct’ construction of this general-
ization of conormal distributions with respect to non smooth hypersurfaces and the
provided methods. Further the computational results of the symbol calculus, espe-
cially the symbol expansion formulas for multiplication, composition and nonlinear
superposition can be directly applied to Hérmander’s symbol calculus of conormal
distributions.

1. Propagation of singularities

Linear Theory. Studying propagation of singularities, the question is, given the
location and type of singularities of the solution at an initial Cauchy surface or in
the past, can we determine the location and type of singularities in the future. Take
for example the Klein-Gordon equation

(O 4 pu = 0%u — Z@iu + pPu =0
j=1

— a simple prototype for linear strictly hyperbolic Partial Differential Equations of
second order. It is well known, that this equation has finite propagation speed.
Meaning, if the Cauchy data at t = 0 are supported in the point x = 0, the solution
will be supported inside the closed forward light cone

7, = {(t,z) € Rsg x R";t > |z},

11



12 1. INTRODUCTION

which by linearity of the equation yields the full picture of the spread of support
and in general can’t be improved. The singular support on the other hand does only
propagate along the boundary of the light cone

AV, = {(t,z) € Rso x Rt = |z|},

which means singularities somehow keep track of their ’direction’. And the singular
support is insufficient to describe the propagation of singularities.
The information of ’direction’ is best included by the wave front set

WF(u) C T*R™ ™\ {0},

which carries additional information to the singular support. Geometrically it is a
closed conical subset of the cotangent bundle with the zero section removed. It can
be defined as ’directions’, in which the Fourier transform of local smooth cutoffs
does not rapidly decrease. It carries more information, because the singular support
can be obtained from the wave front set, simply by projecting to the spacial variable.

To study the propagation of singularities in a general situation one further needs
the principal symbol

P = Z a ()03

|a|<m

o™ (P) (z,6) = ) aa(2)(i€)
|a|=m
of the operator. Then the theorem of propagation of singularities of Hérmander
[DHT72| implies that the wave front set of a solution

Pu=0

propagates along the null bi-characteristic lines in the cotangent bundle. This means,
that first the wave front set is a subset of the characteristic set of P

Char(P) = {(z,£) € T"R"\{0}; 0™ (P)(z,€) = 0}.

And second the wave front set is invariant under the bi-characteristic flow, induced
by the Hamiltonian vector field H,mpy on the symplectic manifold T*R™1\{0}.
There are also quantitative versions of this theorem that the singularities do not get
worse in some sense.

Nonlinear theory. In the late 1970’s the propagation of singularities for semilin-
ear equations, especially wave equations

Ou = f(u, Vu)

was studied by Bony, Rauch, Reed, Beals and others. Early results by Reed [Ree78]
showed that in the case of one space dimension the semilinear wave equation still
reflects the linear case and singularities only propagate on the boundary of the light
cone. Reed used elementary methods relying on the special structure of the wave
operator with one space dimension.

Rauch showed in [Rau79| that in higher space dimension additional singularities
would appear if two singularities on different rays would cross, emitting new singu-
larities of higher regularity onto the entire boundary of the light cone from the point
of crossing. This type of phenomenon was coined interaction.

In a joint paper [RR80] Rauch and Reed again analyzed the case of one spacial di-
mension. They concluded that the propagation of singularities result for the linear



1. PROPAGATION OF SINGULARITIES 13

case was insufficient for this application. They consider the example of an inho-
mogenous Cauchy problem,

{Du =g
u(0,2) = ui(z), Owu(0,z) = uz(x)

given Cauchy data (u1,u2) supported in [—1, 1] of some regularity and inhomogeniety
g € C°°. The solution u then satisfies on the half stript+1>x >¢t—1, fort > 2
that

(O + 0, uec C™®  Vj>0.

This implies the previous result of the linear theory stated in terms of the wave
front set, but indeed is (much) stronger, even if we were to replace C*° by say Hj ..
Especially by chain and product rule the class of such functions (s > 1) is invariant
under nonlinear superposition f(u), given f € C°, and multiplication. This is
unlike the space of functions with restrictions on their wave front set.

They gave a rigorous definition of this concept, where (9; + 9,) is replaced by a
characteristic vector field v — which means a non vanishing vector field, normal to
one of the characteristics of the operator. They also replaced C*° by B, any fixed
suitable Banach space.

l _ cAd ;
B, ={ue B;vue B, Y0<j</(}

They proved that singularities of this type do propagate for linear second order
hyperbolic operators in one spacial dimension. Using this they proved the earlier
result of Reed for general semilinear second order hyperbolic equations. They also
disproved it for higher order equations, constructing an interaction, where a new
singularity was emitted onto a third characteristic. They were able to show, that
apart from such interaction terms, no new singularities do occur in one spacial di-
mension.

Bony expanded on their ideas and gave the following definition of conormal distribu-
tions in [Bon80|. He defined the space H*¢(X) for closed sets ¥ C R™! — typically
a union of characteristic surfaces — to be

(1) ue HY(X) & X, --- Xju € H*
for 0 < j </and Xy,...,X; vector fields parallel to X.

This proved to be a very applicable space for the study of semilinear hyperbolic equa-

tions, since as Bf; it is invariant under nonlinear superposition and multiplication,

but unlike B€ not restricted to the case of one spacial dimension.!

In subsequent papers of Melrose and Ritter [MIR85|, Bony [Bon86| and other au-
thors it was established that in general dimension and for general order of the equa-
tion conormal singularities do propagate in some sense. Namely, it was shown that
only new singularities from interaction with controlled regularity will occur. This
was found to be false for general singularities. Beals showed in [Bea83|, that in
space dimensions n > 1 unless the initial data is a conormal distribution the sin-
gular support of a solution will in general fill the entire forward light cone of the
singular support of the initial data and not only its boundary. This phenomenon

1Only in one spacial dimension will the characteristic set have discrete directions and only in a two
dimensional space will a covector correspond to a tangent vector by conormality.
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was coined self-spreading and further showed that conormality as defined in (1) is a
strong restriction.

Symbolic approach in linear theory. Hormander pointed out, that slightly alter-
ing the definition in (1) — namely H*® needs to be replaced by B3 ,, — allows for a
different characterization in the special case £ = co and ¥ a hypersurface of codi-
mension k. Then there is a representation of u locally near ¥ as an oscillatory
integral. That means away from ¥ u would be smooth and for suitable coordinates
x = (2", 2’) we have in a neighborhood of ¥

u(a) = [ "€ a(a, &)a¢
s—k/2

with a € S, a symbol of type (1,0). See for example [H607, Lemma 18.2.4].
Hormander’s notation for this space is I#(Q2, %) with p = —s — k/2 + n/4. This
very precise symbolic representation uncovers a much richer structure of conormal
distributions, especially one obtains the principal symbol map

0= I"Y(Q,5) - I"(Q,5) — S;¢ (R, RF) /S5 (R, RF) — 0.

This principal symbol map coincides with the principal symbol for pseudodifferential
operators, as the kernel of a pseudodifferential operator is a conormal distribution
with respect to the diagonal. The parameter shift of Hormander is constructed such
that the kernel of an operator in W™ () lies in I™(Q x Q, A), with A = {(z,z)|z €
With principal symbols we also have a symbol expansion for pseudodifferential opera-
tors acting on conormal distributions similar to the composition of pseudodifferential
operators.

p(z, D)u = /e”/f/b(x”,g’)df’

b~ Z(<iDz”a Dﬁ”> - <,L.Dw/7 D£/>)]p(l', 5)0‘(1‘”7 6/)/j!|€//:11:0

Thus especially the resulting principal symbol is the product of the operator symbol
and the symbol of the conormal distribution, restricted to the respective cotangent
bundle. In the case of a hyperbolic operator, we obtain a vanishing first order
term on any characteristic cotangent bundle. Here the principal symbol is given by
the Poisson bracket of the initial symbols, yielding the transport equation for the
principal symbol.

Using the transport equation and suitable initial conditions one can explicitly solve
the equation on a symbolic level up to an arbitrarily smooth remainder term.



CHAPTER 2

Conormal Distributions of type (1,1)

In this chapter we will introduce a type of distributions governed by type (1,1) sym-
bols. We will learn that these distributions naturally lie in certain Besov spaces.
We will enhance the structure by an improved smoothness, which will yield the
principal behavior of the distributions. We will obtain a symbol expansion for mul-
tiplication, non-linear superposition and operator actions in such principal terms up
to a remainder space of Besov spaces.

Based on these computations we will give a structure of such distributions with
respect to non-smooth hypersurfaces. This will be a preparation for our applications
to linearized Cauchy problems and quasilinear equations.

1. Symbol Spaces

First we are going to give a preliminary definition of the symbols in use to ease
the understanding of the underlying structures. They will already fully describe the
spaces of distributions that we are interested in. We will later amend the definition
of symbols by an anisotropic structure, which will become handy for computations.

1.1. Basic Definitions. In the following we will use the notation x = (2”,2') €
R™ % xRF, where k will be called the codimension. We are going to define the symbol

space Sﬁ’p , the remainder space G™ ?* and the space of conormal distributions

I 1’@ as a combination of a symbolic part defined by an oscillatory integral and a

remainder function.
DEFINITION 2.1 (Smooth Symbol classes of type (1,1)). Let a € C*°(R" x R¥), then
a € ST’ (R™ x R¥) with m € R and p > 0, if
—_ )t —
020 a(e. €] < ()" 1T Yja] # v

logat,m)llce S ()" .
Here % is the Holder-Zygmund space as defined in Chapter A. a will be called a
symbol of order m with improved regularity m — p. If a however only fulfills

+lal—|8
020 a(z,€)| < ()" va, .
then a € ST (R™ x R¥). In an abuse of notation for p < 0 we will denote S} =
Sy
DEFINITION 2.2. Let m € R and £ € N, then define the remainder space G** with

respect to codimension k as

1<p<oo
Gt ={ue ™0 ()Y u e G V0 < |of| < £}

15



16 2. CONORMAL DISTRIBUTIONS OF TYPE (1,1)

Here unit By o (R™) is the uniform Besov space as defined in Chapter A. We will write
G™ for G™0 and G™> for NyenyG™*.

The distributions that we consider will be defined using symbols of type (1,1) with
improved regularity.

DEFINITION 2.3. We call a distribution u € §’(R™) a conormal distribution of type
(1,1) and order (m, p) with localization ¢ € Ng, write u € I7,(R™", R"~*), for m —

p+k < 0 if there is a decomposition u = u¢c +ug and a symbol a € ST{p(Rn_k x RF)
such that ug € G™*t and

1) uc(e) = [ &' Ma(a")d.

Then a is called a full symbol of u and it is called a total symbol of u if ug = 0. If
u is given by a total symbol, we call u fully symbolic. We will denote 17"}, as I}"}".
For more consistency of notation we will sometimes denote G™ as I7"}.

First we state an immediate consequence of the symbol definition
PROPOSITION 2.4. For all |a| # p we have
aeSTi C smemlel el £ p
et c iy ve>0
PrROOF. The assertions follow from the fact that 93 maps Bj ., to B{,);J)a‘. 0

REMARK 2.5. As uc is defined as the partial anti Fourier transform of a symbol, the
integral in (1) is always well defined, independent of the condition m — p+ k < 0.
But we want our definition to be stable if one also considers z’-dependent symbols.
To understand why m — p 4+ k < 0 is then necessary, consider the following ’stan-
dard’ pathological example of a symbol in .S’ (1)71, given by Héormander in [H603b| and
closely related to counterexamples due to Ching [Chi72] and Bourdaud [Bou88].

Let A S 030(31/2(1)), then

a(z',n') = Z e‘iz”x,A(Q_”n’) € S?,l.
v>0

If we were to formally define uc via (1), then we would obtain as Fourier transform
ic¢) = [ale —n' )i =% [ o€ —of +2)4@ 7))y
(2) = Al +277¢)

yielding a sum not converging in S'(R) if A(1) # 0.

These effects are parallel to the problematic twisted diagonal in Hormander’s ap-
proach to paradifferential operators and their kernels. For operators this leads to
noncontinuity on H?® for s < 0, for this model of conormal distributions this leads
to complete ill-definedness of (1).
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1.2. Besov space embeddings. In order to simplify notation, especially to
avoid case separations when taking spacial derivatives, we introduce the following
notation for some € > 0

S S>> €
(s)d = e €>5>0
(s+e)t s<0

We also introduce
(8)e =(s)d =5 = s=(s)8 —(s)c
()2 =(e—Isht = () ="+ ()2
Estimates involving such terms are to be understood as being uniform with con-
stants only depending on € > 0.
For the technical analysis of our distribution spaces, we need to introduce a slightly
weaker version of our symbol spaces.

DEFINITION 2.6. Let a € CJ(R™ x R¥), then a € CL ST iff
05 a(x, i) < ()"
logaCn)lles S ()™ Mo <s<r
and a € CLS1}",r > p > 0 iff
9z a(e, )| < ()" Vlal < p
[9yaC.m)le: < ()" T s <
If p < 0 and r > 0 we denote in an abuse of notation C7S)";” = CLS{"|” in analoge
to 574" =Sy "
At first we observe that it is sufficient to study ST ;7 and CT S’f? e
PROPOSITION 2.7. A symbol a € C’IST{’J can be split into
a=aj + az
with ay € 87" and ag € CLSY"| " with the additional estimates
950 ax(w )| < ()" ol <
If the symbol a further satisfies the exotic behavior 8’8,61 € C’:Hmsm_w’p for all
|B| < N, then o a2 € CTHBlSm p=1Pl for all |B] < N.

PRrROOF. We can define the smoothing operator
Dzyg Zi/)z x 77/) = Z@j—i—l(Dx)wj(n/)
1<j J
with the principal support properties of y illustrated in figure 1. Acting on the
symbol, we obtain the decomposition a = a; + as with
ai (.%', 77/) = X(Dm 77/)@@57 77/)
a2(x7 77/) - (1 - X(Dx7 U’))a(ﬂ% 77/)

We check the definition of S7%” for a; and obtain for the partial derivatives
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FIGURE 1. x(Dg,n') = 1 within the inner, and supported within the
outer hyperbolae

. . m— al—p)
50 ar (1) S 3 2ol ) < oy TS
i<j

And for the Cf norm, we immediately obtain

(D)0, /a1(x | < Z 9—ip+i(m IB\)w () < 27m° <77/>m—\ﬁ|.

1<j
[p—i]<1

Now considering ag, we obtain for |a| < p

|8°‘8 Laz(z,n)| < 221 le]—p)+i(m |/3|)1/,j(77/) < <n/>m—p—\6|+|0¢\

~

1>7

And for the C; norms, we immediately obtain for all p < s <r

W)H( ) ,CLQ(SL‘ 77 |< Z 92— is+j(m—p— \B|+s)¢( )SJQ*,us <nl>m*P*|5‘+5

>3
[n—il<1

which yields the initial claim. If further 9%a € CL7.s™~15b% for all |8 < N, then
(D)0 as(z, )| S Y. [i(D2)0i(n)alz,n)]

lp—il<1
S Y 2 P(Dy)aalw, )| S 2 AN Gy
[p—i|<1
B1+B2=8
which concludes the second claim. OJ

To analyze the distributions arising from these symbols, we need to give a decompo-
sition in terms of shrinking cones around the £”-axis with respect to &’. Unlike the
projection of symbols of type (1,0) to these regions, we will not have rapid decay in
any cone away from the ¢’-axis. We will only have decay in the ()™ bounds as the
angle of the cone around the £”-axis goes to 0. So choose a smooth function ¥ with

(e te') = B, WV > 2,t > 1
supp W C {|¢”] > max(1,[¢'])}
U, &) =1 V|¢" > 2max(1, |¢]).
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Then define a partition of unity via

" (e ¢ s=—1
U,(¢" ¢) =
(6 é) { ( Sé'l/ 6/) _ (2 s— 1§// 6/) S Z 0
{1€"]/2 < max(1,|¢])} s=-—1
v, C
Supp s {{If”|/4 < 2 max(L|¢']) < |¢"]} s > 0.

With this and the Littlewood Paley decomposition 1 = > 1), as described in A we

6/

FIGURE 2. Support properties of U(£”,¢’) for s =1 and s = 2 with
overlap of their support

can give the natural Besov space embeddings of the distributions associated with
these symbols.

PROPOSITION 2.8. Let m < 0,7 >0 and 1 < p < oo with m +r + k(1 — %) >0 and
a € CLST(R™ x R¥). Then we have

(1 u(e) = [ € (e, )i € By %M YD R
(2) a€ C:S{”ZI(R”_"J x R¥),¥r > 0 = singsupp(u) C R"* x {0}

PRroOOF. Without loss of generality let a have compact support in z”. First we
need to subdivide the symbol into regions of different behavior in the Fourier image.

a(&”, ¢\ ') Z s (", ¢+ n)bu(m)a€”, <o)
“LL——].
The components behave differently if s = —1 or not giving us two cases. Aiming at
Besov norms we are interested if £ = (£”,{’ 4+ 1) is in the support of ¥, (), i.e. a
given annulus 271 < [¢] < 2¥F! for some v > 0 or [¢| <1forv=—1. If s = —1 we
have in the support of ¥, that

2max(L,[{)) > [€"] = (& =<2() = (O~
Vice versa if s > 0 we have in the support of ¥, that
€' = 2" max(1,1¢')) = (=<2 = ()~

Here we further have |¢”] < 2572 max(1,|¢'|) implying (£”) ~ 2% (¢), also observe
that s <v + 1.
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Note that in general (¢/) ~ 2”75, We summarize these cutoffs in a partition function

Fy,s,u = wV (é)ws(é)wﬂ (77/)

To compute the Besov norm, v is fixed and we sum over s, 4 > —1 with the restriction
s < v+ 1. Using integration by parts for these cutoff functions, we obtain the
following estimate on the Fourier inverse

o
v el -M _ -M
O Ty )| S 20 h il (2 ) T (9o

< 9—vlal=(v=s)|Bl-ul|

Note that 2""~* is an estimate for the volume of the support in &. Now we investi-
gate the corresponding function to the cutoff, first observing its Fourier transform

Bu,s,u(g) = /&(5”7 5, - 77,, n/)Fu,s,u(fa U’)dﬁl

Now we probe the two cases u < v — 3 and p > v — 3 separately.
1. Let p < v — 3 and define ¢ = (¢”,§ — ). Then for (§,7') € suppT',,, using
1’| < 2¥~2we have

I < €]+ | < 27t 42w 72 < v 2
IC| > €] — || > 20t —2v 2 > v 2

on the support of I', 5 ,,. We have Z;?:_g, Yy+¢(¢) = 1 on the support of ', ,, and
we obtain

3
i€ = [ 32 €€ =€ — 00 oo &)

(=-3
s ! ! 3 ™.
hv,sw(fﬂ) = /em (@'=y) Z ¢V+£(Dx)a(x -y, n/)ru,s,N,u(ya n/)dydnl'
(=-3

m—|Bl+r

Using the symbol property Hf)g,a(-,??/)HC: S ) we utilize proposition A.7

with d = d(2") = dist(2”, supp a(-, ', 7’) + B.) and we obtain as an estimate through
integration by parts with respect to n’

hwsu(@)] S
oun—sk—vr-+u(m-+r-+k) <2ud>—M/<2Vy//>—M <21/73y/>7M (212" — o)) M dy
2. If v — 3 < p we instead obtain
hus,u() = / e a(w =y, 0 )0y sy, ) dydn/
()| S 2 [y 1y (el )™M (il — i)~
ly"1>d

We obtain as LP estimates from scaling and convolution estimates

9—vr+u(m+r+k/q) p<v—s

Hhu,s,u”LP S 2(V—s)k/q—m"+u(m+r) v—s<p <v-3
o(v—s)k/q+um v—3< p.
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Now we can estimate the Besov norm by estimating

v+1 oo v+l v—s v+1 v—3 vl oo
SID SN IIPES D S DR SEND DS DD il [ L9 1
s=—1p=-1 s=—lp=-1 s=—lp=v—st+l s=—1lp=v-2
v+1 v—s v+l v—s
ST 3 hwsplle £ 573 2mvrrulmirth/a)
s=—1pu=-1 s=—1p=—1
v+1
< Z ou(mk/q)—s(m+r+k/q) < gu(m+k/q)
s=—1
v+l v—3 v+1 v—3
S0 hwsule £ D o(v—5)k/q—vr+p(m+)
s=—1pu=v—s+1 s=—1 p=v—s+1
v+1 v

v—s)k/q—vr+v(m+r)+s(m+r)~
SZ Z 9(v=8)k/q—vr+v(m+r)+s(m+r)
s=—1pu=v—s+1

< If sv(mtk/a)ts((m+r)~=k/q) < gu(m-+k/q)
s=—1
v+1 oo v+1 e v+1
Z Z I hsullr < Z Z ov=s)k/atpm < Z gv(m+k/q)—sk/q
s=—1pu=v-2 s=—1pu=v-2 s=—1

S, 2u(m+k/q) )

The second assertion is obvious, as multiplication by ' is equivalent to differentiation
with respect to 1/, corresponding to a regularity improvement, hence u is smooth
away from x’/ = 0. O

REMARK 2.9. Combining the Propositions 2.7 and 2.8, we can always reduce a full
symbol a to having spectral support around a unit cone around the 7’-axis or plane.
Then given N € Ny and 1 < p < oo, we can define the seminorm || - ||y, for such a

o o m,p
decomposition u = uc + ug € Il,l;f

105a (1)l e

!
I(uc, uc)llnp = > su 18] Y. @) uel  pomeekaoam-
s~ " () o/ |[<min(N,¢) P
And then we can define on I In I’Q the seminorms
lullnp = —inf {|[(uc,uc)|np + [[(uc, uc)|INoo}-
u=uc+ug

1.3. Symbol Reduction and Improved Smoothness. The shortcoming of
Proposition 2.8 become clear if compared to the corresponding result for conormal
distributions of type (1,0) type. Here (1) is still optimal but (2) can be improved to

u € ITH(R", R %) = WF(u) C N*R"*.

So Proposition 2.8 alone tells us almost nothing about the microlocal structure of
conormal distributions of type (1,1). Thus improved regularity needs to be used to
learn about the microlocal properties of our distributions. In fact, we can immedi-
ately obtain the following result.

COROLLARY 2.10. For all u € IT}"(R™,R"*) we have

we G P(x,6)  Y(x,€) € T*RV\N*R"*,
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ProOF. For all d € N define the generalization of x(D) form Proposition 2.7
Z Yi( Dy )thj (D Z Pjt+1(Dyr )¢j—a(Dar).
1<j—d
By Proposition 2.7 and 2.8, we have
(1 —=xqa(D))ueGm"*

which yields the claim, as u € G™P(2”,2') for all 2’ # 0 by Proposition 2.8. O
In most computations we can more or less disregard the symbolic structure of a
distribution without improved regularity. This is the precise reason for introducing
G™* as a remainder space. However, in the following technical construction, we will
learn that this is only true for directional derivatives in z”-coordinates. To see this

effect, we need to introduce a generalization of the already defined symbols. These
do appear in computations.

DEFINITION 2.11. A symbol is called a symbol with unidirectional improved smooth-
ness p’ > 0, if it suffices

(D ~>8a O alx, )| S 270" (o)1
105 0% 0 alz, of )| S (nfy" I IFII=IT gy 2

write a € Sffl’p "O(R" x R¥). For p”,p) > 0 a symbol is called a symbol with
anisotropic improved smoothness (p/, p”’) if
’ A+ // ’ 1+
% a e Sm+(\a| P (P =) T,0 V|O/’ £ o

m—l—sp "+¢,0

g e ST Vid'| =pe>0

write a € Sfl’p”’p/. We define 57" 04" to be Sﬁ’p/.
PROPOSITION 2.12. For a symbol a with anisotropic improved smoothness (p', p")

and order m with m — p' + k < 0, there is a symbol by € S{rfl’pl/ﬂ/ (R*=* x R¥) and
a remainder function by € G™F"=P"° such that

/eixlnla(l’,ﬂl)dn/ — /eim/n/b1($//777/)d77/ + bg( ) c Il o
And furthermore we have the expansion
o) = 3 O(i0y) (e’ 0,0)fal € SOy oy
la/|<N

Z Ogr (10 ) ',0,77’)/04'ESerE’DJrE N = p/,Ve > 0.
la/|<N

PrOOF. We need to find a symbol representing the remainder

[t enag = [ ate.¢) 30 omGi00) alw &), Jal|

|o] <N

and obtain sufficient estimates on it. We can restrict to the case N > p/, as the esti-
mates on the approximation terms imply the other cases. Therefore we decompose
our symbol into

aij(x,n") = i(Dyr)pi(n)alz, 7).
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Then we have with M > 0 some big constant
|3§/ ;‘/Illaﬁlaiﬂ < gilm+(le/|=p") T =[Bllgi(la|=p" —(p'—|a/ ) *) g —(i=j) * M
n Il e~
Now we define rescaled symbols
Az’,j(u’U,TZ/) — ijm+ip”+(z'—j)+Ma”(2 i 27j:v/,2j7}/).
Now with standard theory of conormal distributions of type (1,0) — see for instance

the usage in Lemma 9.6.1 in [H603b], the proof of which is almost parallel — as the
rescaled symbols are uniformly bounded in Sy, (])W , we have

B; (=", &) = /em/("/_él)Am(x,n’)dx'dn’ € Sl_’éw
Rij(2",€)=Bij(x",&) = Y 0%(i0e)™ Aij(z,8),_ /ot € SN
la’|<N
with seminorms of R;; bounded by seminorms of 8;‘,’8?,/Ai7j (x,&") with |o/| = N,
which are bounded by 2797, So by scaling back, we obtain
rig(a,€) = 2m WGV R, (21, 279

|8£,m( 2", &) < QJ'(m—p’—Iﬁl)—z‘p”—(z‘—j)+M< 5> M+|8))

with spectral support of r; ; within the support of 1;(£”). Formally, we have

Z/ ryy(a, €)= /emlgl [ — > 93(i0)alx, &), o !] dg.

lo] <N

So it remains to find the symbol class of r = > r; ;. So let 2¥ > (£’), then we can
estimate

[ (Do )r(a”, &) S 277" (Z 9i(m—p =B+ M)—vM | 3™ 2j(m—f>’—|ﬁ))

J<v jzv
< ogv(m—p'=p")

and for 2¥ < (¢'), we obtain

|3 (Do )r (2", €| 52”ﬂ”< S gilm=p=lBLEM) (=M S gimep'- ﬁ))

27<(¢) 27 2(¢’)
S 2—1/P“ <€/>mfﬂlf|ﬁ| .

This implies 8?,7"@”, ¢ e C P Bl gm—p' 10" and with the Propositions 2.7
and 2.8, we obtain the claim. O]

2. Pseudodifferential operators of type (1,1)

Pseudodifferential operators of type (1,1) appear in calculations for nonlinear su-
perposition, paraproducts and a bunch of other techniques. We will apply theses
methods in the later study and therefore we need to give the mapping properties and
the asymptotic expansion of these types of operators. Note that the approach used
in Lemma 2.13 — splitting the domain of integration and taking partial derivatives
respectively — is going to be reused in other proofs, where the arguments are not
going to be as rigid as here. The idea for proofs like this is similar to the proof of
[H603b, Lemma 9.3.2].



24 2. CONORMAL DISTRIBUTIONS OF TYPE (1,1)
LEMMA 2.13. Let p(z,§) € ST (R™ x R™) then for all s —m > 0 we have
p(z,D): By (R") = By J'(R")
If p(x,€") € ST (R™ x R"™%) we have for all s —m >0
p(x, Dyr): CI(R™F) — O™ (R")

PRrROOF. We consider the kernel of the operator ¢, (D)p(x, Dy )1, (Dyr)

K%V(x’ y,,) _ /ei(zl/_y/,)gl/+i(x_2)n¢u(n)p('za €II)¢V (f")dzdndf"

First choose a smooth partition of unity on the unit sphere 1 = Y7, x¢ (i) such

§
that for some ¢ € CZ° with ¢ =1 in a neighborhood of 0 we have

xe©) = (1 - p(E)xe (é) supp xe () € {I&l = 1.

Then for p > 0 cut v¥,(n) into the respective sectors around the axis, meaning

Yu(n) =20 ue(m) = 2 ¥u(m)xe(n). If o > v+ ng we use integration by parts on
z of the respective axis. As | —n”| Z 2* on the respective sectors given ng large

enough, we obtain

" i(z”f //)£N+’L.(£E72) ) 042' ) a;
Sotea - o () (2
l

7
VY e(mp(z, & )by, (§")dzdndg”

Now splitting the integral into regions A, where |z — z| < € or |z; — z;| > €/y/n
combined with [2” —y"| < ¢ or [2] — y!| > d//n holds, we obtain using partial
integration again

Z/ ei(Z”—y”)é”-l-i(x—z)n |:a 7 :|BA |:a 7 :|’7A < 7 )06[ (Z’)Oéé
g P no_ " en /
WSS Yy r—z MRS n

Ve ()05 p(2, " )by (") dzdnde”

Taking estimates, we obtain

Koyl 5 [ @ =y (20w = 2 2 i tnn-Dg,

S 21/me(;¢71/)+Qmin(u,u)(nfk) <2min(y,u) (yl/ . x//)>7N

Which yields as an estimate if u € B;OO(R"*’“) and m—s < 0 choosing L+m—s > 0:
[u(D)p(z, Da:”)“HL;?, (R™=F; LY (RF))

S Z 2V’m—L(y—M)+ /2min(u,u)(n—k) <2min(l/,u) (.fL'” o yl/)>

N -
77Z}l/ (Daz” )u(y”)dy"

L
1 00
5 ZZmeL(uﬁu,)""qus _ Z 2u(mfs+L)2f,u,L + Z 2u(mfs) 5 2,u(mfs)
v v=—1 v=p+1

Which finishes the proof as the first assertion follows from & = 0 and the second
from p = oco. O
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Having shown the regularity of the operators on the remainder spaces, it is an easy
rescaling argument to show the natural asymptotic expansion formula. The only
thing one needs to take care of are spectral support properties of the respective
operator and distributional symbols. By a simple reduction argument we can obtain
a situation with well behaved support properties.

To ease readability for symbolic computations introduce the notation

(ppa)a” &) = [ e Oyl o andy

which is just the partial Fourier transform of p(z, D) [ ¢ a(z”,n')dn'.

THEOREM 2.14. Let p(z,§) € ST (R™ x R") and u € I (R™, R"™%) with full
symbol a(z”,¢') € ST (R x RF), i.e.

u(w) — [ ol ) € e
Then we have for all N € Ng an asymptotic symbol expansion
(1) bN(xﬂa 5/) = Z (<iDy”7 D&”> - <7;DZE'7 D£’>)]p($7 g)a(ylla 5/)/].!\7//:1//71/:5//:0
<N
c S{nll+m2,min(m,p2)(Rn—k « Rk)
such that

pla, Dyu(a) — [ €€y €)de’ € Iyl =N e, g,

PROOF. We can cut out a remainder part p1—,(&,7) = (1 —x(&,1))p(&, n), with
P1—y € S{rf 177! whose contribution can be ignored due to Lemma 2.13, thus without
loss of generality suppp C {|¢| < |n|/B V |n| < 1/2}. Analogously, we can cut out
a1 (€",€") = x(¢",€Na(g",¢")), with a1, € S{'7”*. Thus without loss of general-
ity suppa C {|¢"| < [¢'|/B V |£'| < 1/2} for some B > 0 chosen later. Furthermore
we can without loss of generality assume that N > min(py, p2).

Now we can split the equation via
pl/(% 77) = p(‘rv 77) (lpu—l + Uy + Yy + 1/}1/4—2)(77)
ay(2",¢') = a(2”, &) ()
(p#a) (.1‘”, 5/) = Z(p#au)(lﬂa fl) = Z(pu#au)($/,7 6/)

v v

Now with a rescaling scheme, we obtain
P,(z,n) = p,(27"x,2"n) Ay (2", €) = ay (277", 2V€").
With estimates
|8§85PV(;5’ n)| < 2v(Bl=led) <2vn>m1+(|a\*m)+*lﬁl
< guimai—max(jal,p)) () =M
102,05 A, (2", )| < 20811e) (gugrymatllol=2) T=15)
< gv(mz—max(|al,pz2)) <§/>—M'
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Now applying standard theory of operators of type (1,0), we obtain an asymptotic

BV,N(wl/a €/) = Z (<iDy”= D§"> - <Z.DI,’ D§/>)]PV(:B7 g)AV(y//7 5/)/] ‘y”:r” — e
J<N

with
N(xllafl) = (P#Ay) (x”,fl) — By n(z //75) € Sl g
with seminorms of R, n bounded by seminorms of
((iDyr, Den'y — (iDyr, Da )N P, (2,€) A, (y", €).
Now with N > min(p1, p2), we will obtain
02000 Ry (a,€1)] < 2vmatm—min(pupa)) (1) ~2M=N 10

€T / s 9 ~ .

Considering the support properties, we obtain assuming v > 0 for ¢ € supp P, #A4,

3¢"; € € supp P, #4, = (0, \) € supp B, (A, 9) A, (9);9 + A = ¢

1
> > N>__ -
@2_|19[_B[>\]A]19|_2(1+1/B)
1
> > — )
2(1+1/B)_|§|_2(1+1/B) 2/B

With B > 0 this is a compact interval away from 0. Likewise we can assume this
interval to be the & support of B, n and thus of R, y. Yielding for the back-scaled
symbol

ZR 2”%” 92— ug) c Sm1+m2 mln(pl,pg)

Now observing that
//,g ZB 21/.%,// 2 I/g)

finishes the argument. 0

3. Products, Paraproducts and the Taylor formula

In this section we will understand how one can give an asymptotic expansion for
products of conormal distributions. Note at first that the usual ansatz of a paramul-
tiplication with the a priori Hélder-Zygmund estimates is insufficient, since even for
type (1,0) symbols obeying infinite improved regularity the corresponding paradif-
ferential operator yields a symbol of finite improved regularity.

This is due to the anisotropic regularity of our distributions. The regularity in the
x""-directions and in the z’-direction are to be separated, which implies a correspond-
ing adaptation to paraproducts.

Furthermore we will introduce a Taylor expansion in the case of codimension 1.
There are several technical issues if one would want to extend this result to higher
codimensions. Later on the Taylor expansion with remainder term will enable us to
give an iterating scheme for deriving a symbolic solution to linearized problems.
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3.1. Taylor formula. We start the Taylor expansion with a simple continua-
tion result.

PROPOSITION 2.15. Let v € CZ(R"*) with p > 0! and let ¢ € CX(RF), with
[ o(n)ydn' =1, be supported in an annulus, then

(o))", 1) = D du(Dan)o(a”)2 " p(27"n') € ST{THR™F x RF)
is a symbol yielding an extension €(v) € Iiffk(R”,]Rn_k) of v via
€@ = [ )" )
Having further restrictions on ¢ we can deduce for o € NF p > |a
1) Jarema =0 = olew)a",0) =o.

PROOF. Let k_,k, € Z such that supp¢ C Byr, \B,_. Let ' be given with
In’| > 2F-~1 then we can restrict the sum to

[logy (n')]+k++1
[e(v)](«’ﬂﬁ,ﬁl) = Z 1/1V(Dx//)U(l’”)Qin@b@iynl)
v=[logy (1) | +k-~1
and if || < 2%~ then [e(v)](2”,7') = 0. Now taking partial derivatives, we obtain

[oga (n') [ +k++1 .
\8%65, [e(0)](z",7)] < > gv(lel=p=IB1=F) < (p/\ =P~ +lof -8l
v=|logy(n')]+k-—1
Thus [e(v)](z",7') € S, 7 ~%_ The property for the restriction follows immediately

from [¢(n')dn’ =1 and v(2”) =X, ¥ (Dyr)v(2”). Likewise the conclusion for the
derivative is immediate. g

For the case £ = 1 we will use this Proposition now extensively as a way to get a
Taylor-like approximation of functions in I In ;¥ with (non-constant) Taylor coefficients
having full symbols in S’ffl_p *7 to stay in G™P.

Further we will use this continuation to show, that we can put more restrains on the
remainder part of a conormal distribution. Namely with the following definition.

DEFINITION 2.16. We define the following subspace G§ (R, R"~*) C GH(R", R" %),
with
u € GHR", R o uec GHR",R"F)Ad%u(z",0) =0 V|a| < —p—k

THEOREM 2.17 (Taylor expansion). Let u € IT"(R", R"™1) with £ < —m—1 < {+1
for some £ > 0. Then introducing

€j(u) = €@ u(a",0))/jl e T ej(u) = e(@)u(a",0))/j! € ST

there is a symbol aj € Sﬁ?e’p with assoctated function v obeying uj(xz”,0) =0 and

a remainder function ug € Gy such that
u(z) =D _[€;(w))(2)(@') + uj(x)(2")" + ug(z).
J<£

Indeed this can be dropped if instead of [e(v)](z”,0) = v(z") we require lim. o[e(v)](z", €) = v(z")
as for p < 0 the trace is not well defined.
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PROOF. First assume some decomposition of the form u = uc+ag, with b(z”,n')
as the full symbol for uc. We can use Proposition 2.15 with a choice for ¢ such that
(1) holds for all |a| < —m + p — 1, to extend

Ouc(a”,0)/j = [ (nfybia" o jt € O R
for all 5 < /. To understand the embedding observe

‘ 9=V jo—V N—
|%WM%WWWWS/IW@”WWM%-/VW2NWW+”M
In'l=2" In'[<2¥

< gv(=mtp-1-j)

In parallel we can extend &,uq(z”,0) € Cx ™~/ and obtain
¢j(u) = ¢j(uc) + ¢(uc) € STy 7.
We can thus reduce the symbol b via

br(x”, 77/) — b(x//7 77/) o Z D%, [ej(uc)](:c”, 77/)'
Jj<¢

With the property that for all j </
[ty @’ <o,
Now we define for all 0 < j < /¢ — 1, taking bj) = 0"
Balasn) = [T = ¢)ad
-i["] C G- g @ of — ¢
=i [T [Ty G - O = X = ¢)agaX
:iém@@ﬂ#—A%Mﬁ

And thus (—i0,)b%, (2", n') = bj (2", 7). Now we develop an alternative expression
via

J @ = ¢ha¢ = [t =€)y ("€ )ag
L (j —k k
=3 (1 fuerierene o
k=0
Thus
boaa” ) = = [ GOV /3@ ol + g
So to estimate symbol properties of bj(z”,7’) it is sufficient to study z”-regularity

behavior of b7, since 1’ derivatives follow by induction. Due to the alternative
expression we may assume in our estimates, that ' < 0, else switch sign and the
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expression to still obtain the integral as a tail integral. Thus we obtain for all
m+s+j<0if 1+ |y|>2"

[ (D )V (", )] = ’/ooo(ié")jl/(j = Dy (D)t (2", 1" = ¢)d¢

1+[n'| 0o
s [ e ymeag + [ 2
0 I+n']

< 27vle+s) <T]’>m+s+j 4 27VP <n’>m+j < g vlots) <,’7/>m+s+j

and similarly for 1 + || <2

[0 (D)5 (2 11') | = ‘/ooo(iC’)j_l/(j = D (Dyn)" (2", 1" = ¢")d(

1+n'| v
< / 2—u(p+s)|<~/|j—1(1 + |n/|>m+sd§l + / 2_V(p+S+N)|C/|m+j+s_1+Nd<,
0 I+

o0
21/
< 9—v(pts) <n/>m+8+j 1 9¥lp=m=i) < 9=v(pts) <n/>m+s+j ‘

Thus we obtain that 9% by (2", 7') € C ™~ HF g7 H=HP (R R"=1) and by Propo-
sition 2.7 the decomposition into the smooth summand by ; € Sf:” 2(R™,R" 1) and
the non smooth by, € Ci mtp _EST =P (R R"1) is obtained with the improved
symbol estimates
Okby ) € Ot tHhg ko (R RL),
Now we obtain
uc(w) = @) € (uc) + @) [ e (b, ) + By ola o)) dof
Jj<t

m—4~£

with by € S7\"". From Proposition 2.8 we obtain that

'LLTCQ(CE) — (SCI)Z/eixl”'b}fg(x"ﬂ]/)dﬁl cGmr,

Thus vg = Gg—Y_; &;(g)(z)’ t+ugo(z) € G™F with (9i,vg(m”, 0)=0forallj <,
note that ug , a priori does not vanish of order £. Next, we can use Proposition 2.15

to obtain symbols aJG S S’f?’ 7 + yielding an expansion of

& g (a",0) € O (R
for all j < —m + p — 1. Then we can give

ug(z) =va(x)— Y. [€vae)l(x)(=)

0<j<—m+p—1
aj(a" ) =" )+ Y DI e (ve))(@” )
(<j<—m+p—1

which fulfill the requirements by construction. O
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We also prove for codimension 1 that GS”’Z = (o )GS”H’ZH, which is handy in some
computations.

PROPOSITION 2.18. Let the codimension k = 1, let v € G™' with m < -2,
u(z”,0) =0, then

(x/)—lu(w) c Gm+1,€+1

PROOF. As (2')(z')'u(z) = u(z) € G™¢, the we only thing we need to show is
(") tu(x) € G™HL. Which is equivalent to

|0u(D) @) ()]

for all 1 < p < oo with constants depending on p. As u(z”,0) = 0 we have

< ou(m+2-1/p)
L~

1
(") tu(z) = ()" Hu(z) — u(z”,0)) = /0 Opu(z”, sz")ds
Now let v(z) = dpu(x), then
Yy (D)v(z", sz") = [y (Dyr, sDy)v(2”, y’)]y,:w,

— wy(Dx//,SDy/) Z wu(Dm"aDy’)U(x”,y’)]
pu>v—2 y'=sz’

Now we have from v € G™, that

[ (D)ol e < 2 T27P) = Nl (D)o e S 200 F271/P)
p>v—2

Now as 1, (D, sD,y) is uniformly LP continuous for 0 < s < 1, we obtain

[t (D, sDyYo(a", y)|| S 2707 H21/P)

~

And thus by scaling, we obtain

HwV(D)U(a?H, SCL’/)HLP < s~ 1/por(m+2-1/p)

And we obtain
1 1

L(D)(z)) 1 </ —1/por(m+2-1/p) o < ___ = ov(m+2—-1/p)
[ @) u@) , < [ s Ry

Which provides the claim. O

3.2. Products and Paraproducts. To approach the main theorem of this
section introduce the cutoff function x(¢,n) € S° with the following properties.

supp x(¢,n) € {I¢| < B(|nl +1),[n| < B(I¢ +n| + 1)}
x(¢n) =1 Vin| = B(|[¢|+1)

for some B > 2. Then we can introduce
®(¢,n) =1—x(¢n) —x(n,¢)
with the properties
supp® € {[¢] = B(lal + 1), lnl = B(la| + 1)}
®(¢,n) =1 VB(In+ ¢+ 1) <min(|(], n])



3. PRODUCTS, PARAPRODUCTS AND THE TAYLOR FORMULA 31

An example of such cutoff functions are for some d > 3

= Z %(O Z‘Pz JYita(n

+d<j >0

li—j|<d

These cutoff functions are used to obtain a paraproduct. Observing that the Fourier
transform can be split into these cutoff regions

() = [ A€ = 1) (X(€ = mn) + X0, = ) + @(E = 1,m)) D),

we can extract the formulas for the paradifferential operators given by the symbols

() = X(Domula) = [ =Ex(emie)ds
us(a.n) = (D, mulx) = [ =0 (E M(S)E.

And thus we obtain the decomposition
u(x)v(z) = uy(z, D)v(x) + vy (z, D)u(r) + ue(x, D)v(z)
= uy(z, D)v(z) + vy (x, D)u(z) + vo(x, D)u(z).

In an abuse of notation, we also introduce for symbols
ax(w7§1) — /eimlcla(fl}'”7 /)X(C/’gl)dcl
CL(I)(I',&/) — /6ix/c/a([1}//, C/)(I)(C/,gl)dcl.

The rest of the section is devoted to provide subresults yielding the following main
theorem.

THEOREM 2.19. Let u € Iml’p1 and v € Im2’p2 with m; +1 < 0, m; ¢ Z and

mi1 > meo, where u has full symbol a1 and b has full symbol ay. Let ¢; € Ng be

maximal with the property m; +1+¥¢; < 0. We can give the following approximation
for a product

b £i—i (x/)i+j

u(@o(z) =) >

[
i=0 j=0 “J

+ [ ZDg/ (les(w)]x(a”, €)Diza (2", €)) €

¢ ((@hu(",0)v(=",0))

f/wizDg% (&, €)Dfiat, (")) d +7(2)

with r(x) € Im1+m2+k min(ei) o fficing &, r(x",0) = 0,Y§ < 4.

In some of our following statements we are going to be a bit wasteful on the precise
improved regularity of the component. This is due to the fact that these terms
reach below the threshold of max(m; — p;) in their remainder terms and those are
neglectable in combination with other terms.
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Firstly we are going to apply the standard paramultiplication following the descrip-
tion in [H603b, Section 10.2.]. We will establish, that any term in Gy ” can be
neglected within a multiplication regarding the product up to Gy ”.

In the general paramultiplication scheme as described above, we obtain u, (z,7n) €
S?,’l and ug(z,n) € S 1 if u € C, and as an aside moreover we will obtain that
for b(x, D) = uy(z, D)* we have b(z,n) € S{'}*, which we will not correspondingly
get for ug(z, D)*. Again we refer to [H603b, Section 10.2.] for more details. Using
this we prove the following Proposition.

PROPOSITION 2.20. Let u € I} {”(R™, R"%) with m < —k and v € Gy~ ", then
u(z)v(z) € Gy' ™"
PRrOOF. Using paramultiplication, we obtain immediately with v € C;™ %
(uy(z, D) + ug(xz, D))v € G™F

Thus we need to investigate vy (z,n) and as 0%v(z”,0) = 0 for all || < N with
N € N such that p < N < —m + p — k, we can compute

020 v, (2", 0,m)| = |05 x(D, mdg (", 0)| = [-05(1 = x(D, n)agu(a",0)|
< <77>—\6|—N+Ioz\

~

Note that as we a priori have u, € 87 ™"

00 uy(w, )| < ()~ PHN

and thus for |a] > N we obtain

We conclude that 9% u, (z",0,n) € S;{VHQ‘ (R"* x R¥). And thus by Theorem 2.14
we obtain symbol terms in Sy {V ™ within the expansion of

ox(@m#ta@”’,n) = 3 ((iDyDer) = (iDa Der))” vy(w, ©)aly", )/
J<N a'=¢'=0

+rn(2”,€)
/eimlng‘N(l‘”,fl)dfl c ITI—N,p—N _ Ile—p
=  u(z,D)ue G"°

Thus it remains to argue that u(z)v(x) vanishes at 2’ = 0 of order M with M <
—m — k + p maximal. But as u € C;™% C C? this follows immediately from v
vanishing of oder M there. O

Thus all the relevant parts of multiplication takes place for symbols only. We are
therefore able to alter the scheme of paramultiplication to take place only in 7’ in
order to sidestep some anisotropic improved regularity issues. Then we can analo-
gously split

[ ala" "¢ = ¢ha
= [ala".¢) (¢ = )+ x(E = C1¢) + B(CE = ) bla" € = ¢’

We first restate the symbol expansion formula for paradifferential operators acting
on conormal distributions for this kind of operators. They evidently have anisotropic
improved regularity but to have a z’-dependent symbol is mainly for consistency of
notation, in most computations we will stick with the symbols.
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Note that we can capture the behavior of a,, which is the standard symbol behavior
away from m + k = 0 with a log({n’)) term at m + k = 0 distorting the estimates in
a neighborhood of m + k = 0, with the following remark.

REMARK 2.21. Let a(z”,7') € S{'}", then ay(z,n') ,_, satisfies

9—vM <77/>m+M+k k <77/> < v
—v v m+k _
[0 (Do) (), | S 2777 S 2vmth) (1 4 @Iy -y > 90y 2,
1+1log(27 (n')) () =2",m=—k

But as we are not going to thoroughly study the neighborhood of m + k = 0, we do
not give a proof of this assertion. First we give the case my + k > 0, which yields
only a qualitative statement and does not allow a symbol approximation.

PROPOSITION 2.22. Let a(z",n') € S} and b(z", 1) € S1"P"* with my +k > 0,
then

cla”,€) = [ ala”.CINEE = e’ € = g’ € sy

PROOF. Due to the support properties of x, we can see that on the support of
the integrand we have (¢/ — (') ~ (¢), since we directly have |¢'—(| < B(|¢'|+1) and
the converse is obtained if |{'| < [£|/2 by |&' — (| > || — |¢'| and if |{'| > [£']/2 by
B(|¢' = {'|+1) > |¢’|. Thus we also have [¢| < (¢') on the support of the integrand,
making it compact. We can then estimate

o (Dafcla” NS [ 27 () (g ¢y gy Plag
I¢'I<(€
< 9—vmin(p;) <§/>m1+m2+k

And analogously for spacial derivatives 9%, with |a| > min(p;), we obtain

|8§‘//3’8,c(:c”,§/)| S / << >m1 < >m2*|5\+|a|*min(m) dC/
1</ <(€")

< <€ >m1+m2+k |B]+]ce| —min(p;)

For the case m; 4+ k < 0 we are able to give a symbol expansion.

PROPOSITION 2.23. Let a(z”,n') € S{'1""" and b(z",n') € S{"P"* with mi +k < 0
and € > 0, then for N >0 deﬁne the approm'mation

N(@", &) = Y (=0x)"Dgay(w,€)b(z",&) /o)), € ST’

lo| <N

with? p = min(pa, p1 — m1 — k — €) and we obtain the estimate
V€)= [ ale O E — Mt € — i~ by(a, €) € ST
with sy = min(N, —my — k) — e, where ey = (N +my + k)2

2In fact dropping ¢ in the equation for p, we would only encounter a log (¢’) factor in the symbol
estimates at the critical regularity level. Nevertheless this version is sufficient for the multiplication.
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PROOF. For computations one should first restate the approximation by in terms
of symbols, id est

@€ = 3 [(i¢) (ite) ale”, (N €, €) faldd

lo| <N

As (¢') < (¢') on the support of x, we can — for the first symbol estimate — restrict
the case to |a] = 0. Then we obtain

271, (D) Db (2, €|
< / <( >m1+ p—p1) <€/>m2—|5| + <g/>m1 <£/>m2+(u—p2)+—|5| ac’
(¢ <(EN
< (¢ >m2+( ptmi—pithte)t =Bl | <§/>m2+(M—P2)+—\5| < <§'>m2+(u—ﬂ)+—|5\

For rn (2", ") we can use the Taylor remainder formula with uniform bounds on the
derivatives for || < |1|/2.

2" |1y (D) O Orn(a”, &)l
< / << >m1+N+(u*p1)+ <£/>Tn2*|5\*N + <</>m1+N <§/>m2*|ﬁ|*N+(#*P2)+ ac¢’

¢’ I<I€']
+ Z <C/>m1+\a|+(lﬁp1)+ <£/>m2*|5\*|a\ + <</>m1+|a| <£/>m2*\3|*|0¢\+(ﬂ*92)+ ac’
¢/ [=le| lel<N

+ / <</>m1+(u—p1)+ (¢ - C/>m2—\ﬂ| + <C/>m1 (¢ - </>m2—\5|+(M—P2)+ ac’
I¢'|=1&'—¢" =€’
< <§I>(m1+k’+N+(,U«+€*p1)+)++€N+m27|/5‘71\7 + <€/>(ml+k2+N)++€N+T)’L27‘B|*N+(},L*p2)+

— —min +
4 <€/>m1+m2+k 18I+ (1 (p1,02))

S <£/>m2—$N+(u—P+5N)+—|IB\
]

So having m € Z results in a loss of approximation quality at the point where
%u(x”,x’) is no longer continuous, e.g. the Heaviside function. This special case

and some others might probably be overcome by other methods, which utilize their

boundedness.

To give an expansion of the product with an error term in S ;

important case of m; ¢ Z and m; + k < 0 we are left with estlmating the @ term in

the decomposition, which itself does not have a symbol expansion.

matmatkmined) o the

PROPOSITION 2.24. Let a(z",n') € S{'}"", b(z”, ') € ST'F7* with my +mg +k <0
then we have

ag (2, D) / (o € e e I;?;;;mﬂk»min(pi)
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PROOF. First note, that on the support of ®(¢’, &' — ¢’) we have (¢') = (¢’ — (')
and thus (') = (n'), which yields the estimates for y < —my —mgo—k+ ||+ min(p;):
10220 (Dyr) /a(df",C')@(Cﬂ{' = b(a", & — ¢)ad'|
< 9-vn / <</>m1+m2+(u—pz)+—\ﬁl T <C/>m1+(u—m)++m2—\ﬁ| ¢’
(€2
<£l>m1+m2+k+(#—min(m))+—|5|
—m1 —mg — k — (p—min(p;))* + |B]°
Combined with Proposition 2.7 and 2.8 this yields the claim. O

< 9—vn

We conclude the results so far in the following Corollary.

COROLLARY 2.25. Letu € I]'}""' and v € I'P” with my +ma +k < 0, and without
loss of generality m1 < mag, then

wv(z) € I}

with
mi+mo+k mi+k>0
m={mg+e m;+k=0
mo m1+ k<0
m1 + mg + k — min(p;) mi+k>0
m—p=<max(mg —po,mi+ma+k—pr+e) m+k<0me+k>0
max(m; — p;) ma +k <0

To apply the Taylor formula to products, we are now going to briefly study [e;(u)]y.
Therefore recall that

[ (u Zz Y (270 Vb, (D )& u(a”, 0)
And we obtain

(", 0.€) = [ X07,€) 3527020 b (Do) (s, 0)df

/ x(1',€) Z 277 ¢ (270 b, ()dn' | (D), u(a”, 0)
= [ej(w)]x(2",0,¢) Zwy )u (D), u(z”,0) € Sy

So we have a decent understanding of the first approximation term for [e;(u)]y.
With the following Proposition we will learn that in the Taylor expansion this is fair
enough.

PROPOSITION 2.26. Let a(z”,¢') € S7%" and o € NE with m + |a| + k < 0 and

[ ata. &) -
then we obtain form —p ¢ Z

0%y (2",0,¢") € Sy Ik
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and form —p € Z
O%ay(2",0,€') € o8y ke

PROOF.

1#,,( //)8 8x/ax(x" O,f,)

= [0 (De)9} / (i¢'yala", ¢ IX(¢', )¢
(M (Dan)a(a”, O |98 (x = (S €)

d¢’

>
/ m+\04| 18] min(1,27 <CI>)NdC/
Z

Thus for <§ ) > 2Y we obtain as an estimate

¥, (D //)8 ) /ax(x” 075/) < ove <§/>m+kz+|a\—|ﬁ|

For (¢) < 2¥ we use the standard estimate

D)0 (", 0,€)] = [, (D)0l [ (i) aa", IN(C €A

s [ @F pDmaa, Ol [0 ) ¢
(€n=(e)

< o—v(p+N) <C/>m+|a|+N <€/>*|5| ac’
(SIS

5 271/(p+N) <§/>m+|0¢|+N—|5|

For the estimates involving 9], we use the same two ways to provide an estimate,
taking the integral (¢') < (¢') if m + || + |y| + &k > 0 or the (¢) 2 (¢') if m + |a| +
|v| + & — |B| < 0. The argument fails if and only if both equal 0, so indeed there is
only one other estimate that fails. O

This finishes the proof of Theorem 2.19.

4. Non-linear superposition

In this section we will provide an approach to a theory of conormal distributions of
type (1,1) on manifolds by introducing transition functions under which the space
of distributions is stable. Moreover the technical main theorem on nonlinear su-
perposition 2.29 is going to be key in our study of the nonlinear propagation of
conormality.

From this section onward we will focus on conormal distributions of codimension
1, as they are the main field of interest for us and avoid some — mainly technical
— difficulties one would encounter dealing with other dimensions. In particular a
linearization like the later defined F'(z) is far more difficult to control in regularity
and likewise its invertability in the case of higher codimension.

DEFINITION 2.27 (diffeomorphism of conormal type). Let m < —2 and p > 0. Let
k: (R",R" 1) — (R",R""1) be a diffeomorphism on R™ restricting to a diffeomor-
phism on R"~! with decomposition

K =Ko+ KGg + Ko
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where ko + kg € 1)} and ke € C™ such that Vee € Cp°. If now further

(Vi(z))~! € L®(R™; Myxn(R)) we will call k a diffeomorphism of conormal type
and order (m, p).

REMARK 2.28. As k(2”,0) = (k" (2”,0),0) we can with 2.17 and 2.18 obtain
k(z) = (K" (z), 2" F(x))
with F = Fo + Fg + Fao, such that Foo € I™% fully symbolic, F*>® € Cpe and

1,1;00
Fq € Gm—pl,

The transformation of a conormal distribution under such a diffeomorphism of conor-
mal type will still yield a conormal distribution.

THEOREM 2.29. Letp € I{rff’pl (R™, R"1) and k be a local diffeomorphism of conor-
mal type and order (mq, p2) with m; < —1 and my < —2, then we have

por € IT{(R",R")

With m = max(my, ma) and

max(my — p1, M2 — p2) mi+2<0
m—p =< max(m; —pi,m2—pa+mg+2) m+2>0
max(my — p1,m2 — p2 + €) m+2=0

BEGIN OF PROOF. We start by constructing the decomposition of p o k into
parts we are going to investigate separately. Therefore we give a limiting structure
for p o k.

We have
k(x) = (ﬁ//(ﬂ?),F(I)l‘/)

Now we introduce a smoothed version of k, note that F' = Fg + F¢ + F, with
Fo e ITP2 fully symbolic, Fg € GM2t1=,21 and F, € C°. Correspondingly

W = il il L

(1) Fy(z) = o(Dz/s)Fa(x) + ¢(Dar /5) Fo(x) + Foo()
(2) ke (@) = @(Da/5)kG(2) + o(Dar [5)56(2) + KL (2)
(3) k() = (r{(2"), Fy(x)2")

Further we give an analogue smoothing variant of p in the decomposition p = pg+pc.

Namely pc s = (D /s)pc and pg s = ¢(D/s)pe and defining ps = pc s + pa,s. We
obtain

o
. d
(4) ponzslggopsms=ptont+/$(psons)ds
t

for t chosen later. As p; and k; are smooth, this component is of no interest in our
analysis. We can further divide the components for the % parts obtaining

5L (pal2)) = WD /9)pc) s + (6(Ds/5)pG) 0 5

(D /YR 4+ (Do )
T2 0k (g DR L widei)
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This results in the decomposition

POK =Dt Okt + UgC + UpC + Us,G + Up,G
oo
_ @ZJ(D:U’/S)’{/C/*
e t/ Ve (5 ) 406
o

) upe = [ (WD /9)pc) @ ndins)

S LR s ALE

Up,G —/ x/s yYe O/‘fsdln( )
t

The proof of the embedding results for each of the components of (5) is transfered
into the subsequent Propositions 2.33,2.34, 2.35 and 2.38. ]

As similar results will hold for transformations fulfilling the essential estimates of
diffeomorphisms of conormal type, we give the following definition.

DEFINITION 2.30. Let (k) = (k},2'F;)i>1 be a smoothing family of a diffeomor-
phism x. The (m, p) essential bounds for k; are

Haa(cx’,vw”'%t('vx/)HC*m*2+P < Clt‘all
||a;/+a/fit(" $/)||C;m_1+p < CQtl—Ha
IV (£~ Y|z < Cs.

And a uniform lower bound on the gradient for large enough times

'l

inf {t' > 1;s;1p IV (k| pe < 2||V(K_1)’|Lw} <T.
>t

The collection (C1, Ca, C3,T) we denote as ||K||ess-

REMARK 2.31. T is dominated by a function of C3 and ||k — Keol|s-m-1. As

Ik = el S 6 — Kool pm-at™*!

V(5 = k)l S NV (5 = o) [l gmat™

and Cs gives a bound ||0k||c1 < ¢ such that k + dk is still a diffeomorphism globally.
Then estimating the perturbation of (V(k+dx))~! — again using C3 — gives ¢ > ¢/ > 0
such that |(V(k + 6k)) 7| < 2C5 for all ||0k||c1 < ¢1, which gives T(c1).

First we provide a general technical result resolving the sharp similarities of all but
the first two terms within the integral.

LEMMA 2.32. Let ks be a smoothing family of a local diffeomorphism of conormal
type of order (ma, p2) constructed from (1) and (3). Let further a € ImlJrl’pl, given
with smoothed decomposition as = ¢(D,/s)ac + ¢(Dy/s)ac, then the symbol

a@. )= [ " s 0 kg (€/5)d In(s)
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fulfills for p = min(—mq —2, —mo—1) and p’+p” = min(—mq —2+p1, —mao—1+p2)
q(z,€) € S CORNCANN A
If ks only has the essential bounds Cy,Cs, then
q(z,€) € Siﬁ’)i&ﬁ”ﬂp’)?

with each seminorm bounded by a product of some constant depending on C1,Cy and
a seminorm of a.

PROOF. We have to show V|| # p" + (p/ — |/|)F, || # o

" qa!! ol l—o o=y )+ —
x’ax”8§ﬁQ($7£)) < (ey(le’ =+ (1”1 =") ) * 18]

%00, €)| < (gyla’l=o)* 18

7 ERPWITE
cr +(p' =/ )T ~

and for |o/| = p/

21 00a(a,€)] S (&=

2 0¢a( 7 ) e ST

At first, as || ~ s on the support of ¥(£/s), thus growth estimates are to be taken
with respect to s and it is sufficient to show the estimates for § = 0. Using a
generalization of Faa di Bruno’s formula, the derivative 0% (as o ks) () (ignoring
combinatorial factors and the necessity to choose the correct components of £!) has
the form

|d1 |
6) D (0%% B ay)(ky(z))(2)) 2 H o Kl ( H Oy Fy(x H % Fy(x)
/=1
With the conditions for the sum being Z|d1| ZJ 1 ’yj + Zzlil Or+ (c+ds)ey =

«, where e, is the unit vector correspondlng to the 2’ coordinate, and ¢ < d,
’/BZ|7 h/j‘ > 1, ’55| > 0.

Thus, as z'Fs(2”) and s/ are uniformly bounded in C!, taking a higher derivative
on the outer function does not increase s growth from factors of derivatives of the
inner functions. Likewise as raising the z’-derivative of the outer function with a
x'-derivative on Fs does only change the underlying z-regularity from ag and not
the principal 2’-regularity from ac due to the factor 2/ from chain rule. Overall
we obtain the maximum s growth, from the summands, where all derivatives are
effectively acting either on ks or on as

|05/ 0%/ 8¢ (., €))|

3 /'5' (ma-r2-a (o -2 )E ma 1y 1ol 200 5181 q 1 )
a=a1+a2 1€1/2
< (eyall= (|- 13

To obtain the Holder-Zygmund norm, take the decomposition of a = a¢c + ag. Take
F to be a smooth variable with F' > ¢ > 0, then ac s(2'F, k. ()) is smooth in F due
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to the 2’ factor, with derivatives uniformly bounded by s(mit2)d given ¢ > 0 fixed.
Therefore

+
lac(a’ Fula’, ), k() | ma-as0n S 5172

but also its derivative fulfills, as F' € I Tf&“l’p '

Hx,aINFS (lj, ')(8x’aC,S)(:LJFS (l',7 ')7 /‘3”(13)) Hc_m2—2+f’2 5 S(m1+2)2_

S
yielding

n
HaC,S(x,FS(xla ) ’fg($))||cf7”2*1+ﬂ2 S g(mit2)d

*

< s(m+2)d which

Now we have k" (2/,-) € ;™22 and lac,s(', ')||C(_m1_2)j+p1 S

yields
lac,s (' Fy(@',y"), 62 (!, )) || gmin S 01D

where min = min(—mz — 1 + pa, (—m1 — 2)7 + p1). Now taking the trace y" = z”
yields the sufficient estimate on ac s o ks. For ag s the computation does not need
a differentiation between the 2’ and z” component within as and works just as the
k' (2!, 2") case.

Taking 2’ derivatives, as (6) shows, does only add some ds + d3 on my, subtracts
|dy| from p; and yields a factor (2/)92~¢ together with some inner derivatives. Thus
by paramultiplication this case is immediate from the ag o ks result.

The proof for the essential estimates requires the very same computations just with
the adapted initial estimates. U

From this we will immediately obtain the (singular) contribution of x to the com-
position via multiplication of symbols.

PROPOSITION 2.33. Let p € I]'}"” (R™,R"Y) and ks be a smoothing family of a
local diffeomorphism of conormal type of order (ma,pa2) constructed from (1) and
(3) with mg < —2, then for the following term from (5), we obtain

N I{;flg,min(pg,fm1*2+,01) my+2<0
/ 2 (Vps) o ks - (Dy/5)Fedln(s) € § I Fmt2minenes) ) 49 5 g
/ Iff+€7min(p17p2)+6 my+2=0

PROOF. Let pc have the symbol a(z”,1n’), then the operator with symbol
o0

aa.m) = [(Vpe) o (ol /5)dn(s)

t

acts on po via a product on the symbol level. Via Lemma 2.32 this yields a symbol
of anisotropic improved smoothness. Using Proposition 2.12 and combining with
the 2’ factor, we obtain the claim. ]

The singular contribution of p will now be obtained by an integral of the usual
transformation result for p under transformations. There is just a cutoff present
and the transformation used changes depending on the scale parameter.
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m

PROPOSITION 2.34. Let p € ILll’p1 (R™,R" 1Y and x be a local diffeomorphism of
conormal type and order (mg, p2) with mg < —2, then for the respective component
in (5), we obtain

o0 .y / 17
| wD/spe o radin(s) = [ e eta, ¢ ac’ € 1
C(JI,C/) c STll’pl’p”

with p' = min(p1, —ma — 2) and p' + p” = min(p1, —ma — 2 + p2).
If ks only has the essential bounds Cq, Ca, then

/ 11
c(x, (') € Sﬁl’o’p tp

with each seminorm bounded by a product of some constant depending on C,Cy and
a seminorm of p.

PRrROOF. Observe the integral in the symbol representation with a being the
symbol of pc.

| [ e atw )yt ) dings)
= [ [ alma (B IOEY T H(E) I ) n()ac

Now we can estimate the resulting symbol
cla,¢) = [ alm (F)IONE) T U(F) T 5)dn(s)
by considering
08/ 00 alms, (F) ™)) (F) ¢/
< Z <</>m1—|51|+(|a1\—01)j g(mat2+lab|+(jaf |[=p2)E)E —|62|

~
a=a]+tag
B=B1+82

Now taking into account, that s ~ (¢’), we obtain taking the integral

20 0% 0e(x, ')
2(¢’]
< Z <C/>m1—|51|+(|0é1\—l31)j S(m2+2+|a’2|+(\a’1’\fp2)j)jf\ﬁg\dln(s)

a=a]+tag
I<'1/2 =p1+82

< <</>7711—\6|+(|a’\Jr(\a”l—p”)?—p’)ir

With p/ + p” = min(p1, —mg + p2 — 2) and p’ = min(p;, —m2 — 2). Again the
Holder-Zygmund norms are obtained via composition estimates. Observe that both
a(k!(x',2"), F(') and ¥ (F('/s) are uniformly smooth in F. So with the same argu-
ments as in the proof of Proposition 2.33, we obtain the claim. U

Two of the remainder summands can easily be estimated using the mapping prop-
erties from the previous section.

m

PROPOSITION 2.35. Let p € I}"}"" (R™,R" 1Y and k be a local diffeomorphism of
conormal type and order (ma, p2) with my < —2, then for the following terms in
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(5), we obtain

/(vw”ps) ORs - w(Dm/S)H/C/J + x/(ax’ps) o ks - P(Dy/s)FadIn(s)
t
e q(=mi=2)c +ma—p2
Proor. Use Lemma 2.32 to obtain

o

N Nt
0(w.6) = [ (Tap) o ms - 0(€/5)dIns) € SY) 0
t
and using Lemma 2.13, we obtain
¢"(w, Dy )rg; € G e
Likewise, we obtain
' (z,D)Fg = [2',¢(z, D)] Fa + ¢ (v, D)2’ Fg € GW)e tma=r2

Now if (p’)- > 0, then p’ = —m; — 2, which yields the claim. O
As the estimate for the last remainder summand is a bit lengthy and will repeat in
later proofs, we will give a major part of the required estimate as a separate Lemma.
In order for the reader not to lose track of what we are going to establish, the Lemma
essentially says that given a function with compact spectrum and taking a nonlinear
superposition with a function with compact spectrum will yield a function with
improved decay at high frequencies. The improvement will be of order » — 1 > 0.
This is the important part, as the low frequency behavior is determined already

without the nonlinear superposition, given the superposition function is uniformly
bounded in Cj.

LEMMA 2.36. Let (ug)s>; € C®(R™;RY) and (cs)s>t € CP(R?) be two families of
smooth functions satisfying for some r > 1
1 1< <
0 us 5{ o, LSlalsr

s la| > r

1 la] <r—1
05 cs| <
zes] 5 {3"‘_”“‘1 la] >r—1

and let ¢ € C°(R?) with supp ¢ C Bg(0), then we can define the linear operators
T,: S(RY) — S'(R™) with kernels Ky(x,y) via
Ts(f)(@) = (D) [(csp(D/s) f) o us] () = /Ks(%y)f(y)dy-
For every £ > 0 and for 2" 2 sup, |Vus|Rs we have the estimate
1K (2, us(2) + Y 1 met Lo mny) S 27 (27 )",

PROOF. We introduce 2 = s and ¢,(§) = ¢(277¢) for simplicity of notation.
We have the equation for the kernel

Klay) = [ 0 ESeene, ()6, (€ (n)agazan.

In the following, we will use partial integration in combination with estimates on the
respective phase factor. In these estimates we will do our computations as if in the
one-dimensional case. For general dimensions, if one decomposes the integral into



4. NON-LINEAR SUPERPOSITION 43

sectors with dominant coordinate component for the phase factor and uses partial
integration with this component on this sector and then recombines, one reobtains
the result. Therefore we will pretend to have a one-dimensional case for simplicity
of notation.

Note that [n—0,us(2)€| 2 2# on the support of ¢, ()1, (n) due to 2# 2 sup,; |Vus|Rs.

Now as maze“m—%@ﬁ) = ¢i(21—us(2)8) we obtain using partial integration

X i 7 N
K(z,y) = / iy (2)€ -y [ ¢5(2) b (€)1 (n)déd zdn.

: n— azUS(Z)f

Now we decompose the integral into four regions for i,j € {£}

AW = B'nCd
BT ={z e R" |z — 2| < &} B ={zeR"|z—z| >0}
CT ={z e Ry —us(2)| < 42} C™ ={z e R |y —us(2)| > 02}.

Thus we have

. . i N
K(z,y) = Z /Ai’j eiy—us(2))€ si(z—x)n {az(z)ﬁ} cs(2) Py (§)u(n)dédzdn.

ije+ 1 — d:us

Now we apply other partial integrations depending on ¢, 5 with L= = M~ = 0 and
Lt = M™" = N > 0 and obtain

{(y—us (2))E i(z—2)n i i e
K _ i(y—us(z i(z—x
(xa y) ;/Ai,je € {877 ] [afy (Z)]

z—x — Ug

i N
[az 77_821115(2)5:| ¢s(2) 9w (&)Y (n)dédzdn.

We will estimate the absolute value of K (x,us(x) + ) via
| K (z,us(x) + 7)) < Z/AM_LZ - x’—Liw + ug(x) — us(z)|—Mj><
ij A"

i N
277—3#%(2)5] Cs(@‘ﬁu(f)”‘/’u(”)

(7) dédzdndy.

Lt qMJ
ok o {a

Now the 0, and 0 derivatives acting on ¢, (&)1, (n) yield a factor of 27# and 27"
respectively for each derivative taken. So it remains to estimate on the support of

Gu(§)Yu(n)

n— 8zus(z)€} N

< > I

M=M;+Ma,»  Nj=N-b
b>0,N;>0,1<j<a,a>0

SJxa,az

L M
oL [az

1 N+a+Mz+L

Oxus(2)§ — 1

- Ni+1
\8Zus(z)|M2 H 10" us(z)Hagcs(z)]
J=1
< Z 2(a—M1)1/2—,11(]V—‘,—(1—|—M2—‘,—L)21/(N—b—a—|—2—7")+21/(12—7"—1—1)Jr

< 9 v(M+r—1)g—pLo—(u—v)N
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Now we may choose §; = 27 and do = 27¥. So applying (7) to this yields
K (2, us(z) + 7))
< g Hr=D)— () (N+1) /

[§|~2¥
In|=~2k

(2(z — 2)) L (2Y(§ + us (@) — us(2))) M dndzde.

Now as (a) ' (a+b)"" < ()" and as 2 > 2¥ and |us(z) — us(z)| < |z — 2|, we
obtain

|K (2, us(z) + 7)|
5 271/(7“71)7(;171/)(N+1)/

|§]~2¥
|n|~2H

< 9=V (r=1)=(p—v)(N+1)gvd <2Vg>*M'

(27g) M (2%(2 — 2)) "M dndade

Thus we obtain the claim. O

REMARK 2.37. The Proof of the Lemma stays unchanged for the case r = 1, provided
the estimates on || = 1 and |a| = 0 are added on ug and ¢, respectively. In this
case there is no improvement of decay. But note that in our later applications this
improvement is usually not going to be used.

PROPOSITION 2.38. Letp € I} (R", R 1) and k be a diffeomorphism of conormal
type and order (ma, p2) with ma < —2 and my — p1 < —1, then for the respective
component in (5) if t > T, the essential bound, we obtain

/ pa.s(ks)dIn(s) € GMTPL
t

PRroor. For simplicity of notation introduce 2 = s. To obtain a Besov norm
estimate, we need to consider

19 (D) (D)pa) o kslll 1 -

From the assumptions and uniform LP-boundedness of the composition with x for
s > T and the operator 9,(D), we immediately obtain

190 (D) (Y (D)pe) © ks || p S 2 mrmPrH1=1/p),

These estimates are already sufficient for 2# < 2¥. Let h, = ff/'jl yd In(19), satisfying

Yy -y, = 1,. For 2 > 2" we apply Lemma 2.36 and obtain

9 DWD)pe) o kil S | [ K+ ) (Dhpet)dy|

S K (2,2 +y)ll @z @y 190 (D)pa| 1o
< gv(mi—p1+1=1/p)+p(mz+2)—(u—v)t

Now we use the two types of estimates and integrate. We recall the condition
1 > v+ dy for the second estimate and obtain:

pu—do
/ gv(mi—p1+1=1/p+0)+p(me+2)—pl 3, < ou(mi—p1+1-1/p+ma+2)

In(¢)
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and for the first estimate:

o0

/ gv(mi—p1+1-1/p) q,, < ou(mi—p1+1-1/p)
pu—do

which gives us the proper Besov space estimate. ]
This finally allows us to complete the proof of Theorem 2.29.

END OF PROOF OF 2.29. We recall the four integral components from (5)
POK =Pt 0Kt + U, + UpC + Uk,G + UpG-

We obtain with Propositions 2.33, 2.34, 2.35 and 2.38, that

ma,min(p2,—mi—2+ _
e (p2,—m1—2+p1) Gm2—p2 mi+2<0
2,mi _

U, € 1177112+m1+ ,min(p1,p2) U € Gmatma+2—p: mi+2>0

Iinlg—l—s,mln(pl,ﬂz)—&-e G6+m2—p2 my + 2=0

and
) i ) - -2 -
Up.c € If,lf min(p1,p2—m2—2) U € G

So we obtain as common symbol regularity m = max(m;) and for the G regularity
we obtain

max(my — p1,m2 — p2) mp+2<0
m—p=max(m; —pi,m2—pa+m;+2) m+2>0
max(my — p1,mg — p2 + €) mi+2=0
which is the claim. O

REMARK 2.39. Note that using the decomposition in (5) as a formal computation for
pok for p ¢ C(R), the condition m; < —1 can be relaxed to m; —min(py, —ma—2) <
—1.

The provided lemmas now immediately yield the following slightly different compo-
sition theorem.

THEOREM 2.40. Let p > 0,m < —2 and f € C:"P(RY) and v = (u;)L, €
I (R™,R"HRY), then

fui(x),...,uq(x)) € Iffl’p(R",R”_l)

PRrooOF. Without loss of generality f is compactly supported as u; have compact
range. Use the parallel construction for a smooth approximation as in Theorem 2.29:

uis = @(D/s)uic + @D /)i, us = (uis)iey, fs=o(D/s)f
flu) = Sllg)lo s (us)

j=1

0 d
= ft(ut)+/(¢(D/s)f) ous + Y 0 fs(us) (W(D/s)ujc + ¥ (Da /s)ujc)dIn(s).
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Now applying Lemma 2.36 to the first integral component, we obtain the estimate

0u(D) [(6(D/)f) 0 undn(s)
t P
C2# - 00
S ||vu(D) /(w(D/S)f)Ousdln(S) + / 1K (@, ) L1 ey [$(D/5) fl| Lod In(s)
p C2#
C2# t ) : ’
S / s"PdIn(s) + / 2 2) (5271 Lgm—p In(s) S 2#MP) < grlmopt1=1/p),
t C2m

Lemma 2.32 now yields symbol estimates for the symbols on the second component
and parallel to the proofs of Propositions 2.33 and 2.35 we obtain the claim. O

We already mentioned that we like to interpret x as a transition function but there-
fore not only stability under concatenation with other transition functions but also
stability under inversion of the transition function is necessary to be shown. There-
fore we provide the following a priori estimates for ;. Note that from Remark
2.31 we already learned that kg is invertible for s > T

LEMMA 2.41. Let ks be given according to (1) and (3). Let s > T where T is the
essential bound. Then 15 = k3! obeys the estimates

10%1,(z)] < s+ (o= )
108 15 ) csapion ST Vo] +m+1<0
analogously to ks. Also we can give Ls as
ts(7) = (15(), 2'Gs(2))
with the analogue inherited estimates on G4 as those for Fy.
Proor. We will inductively show the estimates. We have
Vis(z) = (Vis) ™ (us(x))
and from this we obtain the recursive equation (again omitting combinatorial factors)

18]
(8) 0V i(x) = 3 [05(Vre) ] (1s(@)) TT 857 (1)),
j=1

Here the sum is over all 1 < |3| < |af with 8 = >, es,, with e being the k-th unit
vector, and o = 37, aj with [a;] > 1.

. . . 8 "o, . .
First note that, as x leaves the hyperplane x’/ = 0 invariant, ’;S’: is invertible near

T

2’ = 0 with uniform bounds for s > 7. Due to the inversion formula for block
matrices we obtain

C D -S-tca-t St

855 2! 5] s .z -1 _

Sl e A B]7' [A14+A'BSICA! —A-1BS!
81{272/ 85;2/ = =

8‘,1:// 81‘/

with S = D — CA"'B. We have an entry in the lower left —S~'CA~!, with
C=4d gff, and thus is proportional to 2’ as is the perturbation from A~! of the upper
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left entry. Note that this 2’-like factor counters the reduction of regularity with re-
spect to 2’-derivatives coming from the conormal part, i.e. in the factors S, B and D.

Now assume the estimate is established for |a| < k. Using the recursive equation
(8) we conclude that each factor on the right side obeys said estimates and the
vanishing condition. Now for each z’-derivative acting on (Vks)~! we either also
take a 2’-derivative on the corresponding (i) , factor or we obtain a factor

o Ovy(x)
1" 8x//
vanishing in ’ = 0 of first order, thus the amount of z/-derivatives effectively acting
on (Vks)~! is bounded by |/|, so we may assume |3'| < |o/|. With convexity of the
estimate in (o) we can assume that |a;| =1 for all j > 1. And as stated above we
can set

= 00 (57 CA ™) (1a(a))

T

o] =o' = 18] + L1501
ot = || = 18”| + 1{5/=0)
We obtain as an estimate for an entry regarding an x”’-derivative of Vi
Z MALHIB [+(18" [+1=p)F)E ((mA1+|o/ | =1 |+1( g1 50y (1 [=18” |41 (g1 10y =) T)E

< gmA1ta [+ (o [+1-p) F)E

and analogously for an entry regarding an z’-derivative of Vi
Z S(m+2+|5/‘+(‘6”|_ﬂ)+)j3(m+1+‘0/|_‘ﬂ,|+1{\ﬁ’|>0}+(|a”‘_|/B//‘+1{Iﬁ’\:o}_P)Jr)j

< gmA2+a/ [+l |-p) )&
~Y

Which provides the induction step for z’ small. Now for ' away from 0, we have

(' (x) away from 0. By almost locality of smoothing, we have the improved estimates

|6;/1K’(y)|y:ﬂs(1’)| 5 S(m_p+1+|a|)j_
Now (8) directly implies the induction step, without the need for a distinction be-
tween the components.

The initial Holder-Zygmund estimate for |o/| = 0 is obtained by estimating the

O™ 2P norm of
Ous(-, o' A1+ A 1BS10cA!
(9(33” ) = —S-loa-1 (LISI(H x,)a L ('7 fl))

with the above estimates already proving that ||cs(a’,)||,—m-1+s— < 1, this yields

the claim, as the outer function in variables (z”(y),2'(y)) with 9,2'(y) =~ 2 is
bounded in C; ™ '+, as shown in the proof of Lemma 2.32. To obtain the Holder-
Zygmund estimate for some |a’| > 0, we only need to estimate the C, m=ltp=o’]

norm of
00(Vr) 7] (s(@))

for |8] < |&/| — 1 with the same arguments. The other factors again are already
bounded in Cy m—ltp—lo] by the above estimates.
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The presentation of ¢ follows immediately from

1
/ (2" tz")dt = x’/ (Oprt) (2" t2!)dt
0
with the already provided estimates. O

With these a priori estimates we can prove stability under inversion with the already
familiar scheme.

THEOREM 2.42. Let k be a diffeomorphism of conormal type and order (m, p), with
m < —2 then k™1 is a diffeomorphism of conormal type and order (m, p).

PROOF. We have to find the components ¢ = tc + tg + too With tc + g € If:‘l’p
and (o, € C° with Vi, € Cp°.

We take the same decomposition of x as in Theorem 2.29 and define Fy and kg
according to (1) and (3) and Gy according to Lemma 2.41. Then we obtain

) = i ()
@+ [ L e

= (x) - 7{(Vﬂs(y))_ dsﬁs(y)} _ ds.

Now the terms under the integral can be estimated separately, we obtain for 2* > s

|0u(D) [(Vig) ™ (@(Danf5)" + a'46(D /) Fe)] o i (@)|

< ou(m+2) (Sg—u)ﬂsm—pﬂ—l/p

by Lemma 2.36. And for 2# < s, we obtain naturally
[0u(D) [(Vr5) ™! (Do f3)" + a'6(D/5)Fe) | 0 15 ()|

So again taking the s integral, we obtain

< Smfp+171/p.
Lr ™~

/ [(Vﬁs)fl (Y(Dyr/8)K" + x/w(D/s)Fg)] ok, H(z)dIn(s) € G™P.

And it remains to estimate the symbolic part

o0

/ (Vi)™ (0D /) Fe) | o w3 (@) Ins)

/ (Vro) ™ (6 (@) / G Dy [(€'/s)alr; (1), €)] dg'dIn(s)

= [ [ ()™ (5 @)Dy [(Ge@h f5)al (@), G| d In(s)dy

which can be estimated just as in Proposition 2.34. Now to0(z) = s, ' (x) immedi-
ately satisfies Vio, € Cp° with 2.41 as ¢ is fixed, which provides the claim. O
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4.1. Conormal distributions on curved hypersurfaces. An immediate
consequence of Theorem 2.29 and 2.42 is that diffeomorphisms of conormal type
form a group. We are thus able to give a definition of a geometry endowed with a
structure of conormal distributions of type (1,1).

DEFINITION 2.43. Let (€2,) be a manifold with submanifold ¥ of codimension 1
and atlas A such that the transition functions # *#g are diffeomorphism of conormal
type and order (m, p). Then define

u € 1ocd17(2,%) © uok €10l (R", R" Vk € A

REMARK 2.44. To avoid issues with smoothness conditions approaching order —m+p
like in By, ijfp +1=1/p , one should attribute the structure to a Cy M+P_atlas and con-
sider the transformation under general diffeomorphisms of conormal type only as
an additional computation tool. Especially as the underlying manifold 2 itself will
usually obey a smooth structure and the C; ™" atlases track this structure rather
faithfully, in the sense that all Besov spaces up to order —m + p are preserved.

Then the transformation behavior of our symbol is given by
el () = [ alie, (F)TF) T (F) ¢ s)d Ins)
t

whilst all other components of (5) yield only remainder terms. Thus the geometry
on which a (principal) symbol is to be defined is not the conormal bundle but a
(class of) smooth approximation(s) of this bundle. In local coordinates we are still
able to do the usual computations like in (1) and they make perfect sense.

REMARK 2.45. Given a uniform structure, which is given by a partition of unity
w; € Cy mtp (Q) with compact support and >_j@;j = 1, we can define the uniform
I {n (0, X) space accordingly.

We can also construct embeddings for non smooth hypersurfaces > C R™, which
allow the study of our distributions in a smooth context.

EXAMPLE 2.46. Let f(z”) € CI""*7!, then the graph ¥ = {(2”, f(2"))|2” € R*"1}
of f is an embedded submanifold of R" with embedding xs: (R",R""!) — (R", )
for some a > 0 depending on ||V f|| e

kr(x) = (2", €[f](x) + aa’)

which is smooth away from R"~! and oo-localized in the sense that G™~¢(R", X))
can be intrinsically defined as

u € Gm_p(R”,R”_l); (m'(:n))zu € Gm_”_g(R”,R”_l)

We conjecture that the definition of G™~P*(R", ¥) coincides with the class defined
via uorx € G PYR?, R 1) and that the here defined structure for conormal
distributions of conormal type on X is invariant under the choice of initial smooth
coordinates.






CHAPTER 3

The Linear Cauchy Problem

In this chapter we aim to provide techniques to analyze equations of the kind

> laj<m 0a(®)(i0:)%u = f on [0,T] x @ C RM"
afutzozuk on QCRI for0<k<m-—1

with data, inhomogeneity and coefficients given by conormal distributions. We are
interested in such equations where the principal symbol P(z,§) = 3 |4|=p, @a(2)§* is
real valued and with « = (¢,y) and = (7, () has m different real roots {7;(x, ()},
i.e. the equation is strictly hyperbolic. Furthermore the coefficients a, should be in
Cct.

This ensures that given a smooth submanifold ¥y C {(0,2') € Q} of dimension
n — 1 there are m unique C? submanifolds ¥; of codimension 1 constructed as the
foliation of the rays of the Hamiltonian vector field with initial conditions given by
the following sections in the cosphere bundle I';: 3¢ — S*Xg

Ii(0,2") = (0,2, Gi(2,¢), §).

These submanifolds should further only intersect in ¥g = 3; N ¥; Vi # j.

We will not provide solutions to this very general setup but restrict to first order
equations. Some of the techniques we apply are still going to be applicable for higher
order equations.

We will at first give some more technical tools, to solve such linear equations on a
symbol basis and then give our toy equation, which we are then going to solve.

1. Transport equation

Our first step in solving a linear Cauchy problem will be to obtain approximate
solutions of improving quality. This is done using approximations of the equations
within the symbol calculus. We then have to solve the corresponding transport
equations for the symbols.

(1) {@a—krc‘%za—i—sazg

Al = f

Here r € 5’117’{’ , S € S%f and the datum and inhomogeneity f, g € Sﬁp . In preparing
to solve (1), we give a technical Proposition.

PROPOSITION 3.1. Let r € S"/’(R" x R) and v € CL(R™) with (§') = |7/|. Then

Ir(z, 7' (@))llce S Clr, p) (€™M 1Y e

PRrROOF. Let 7,(z,&") = ¢, (Dy)r(z,§), then r,(z,-) € C®(R), so we apply
Proposition A.10, which is [H603b, Prop. 8.6.12.] for some N > p and as

51
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1Y (y)] = (&), we have without loss of generality r,(x,0) = 0 and can take the
supremum restricted to this annulus, and obtain

N+1 5 8j,1" z, / B
e/ Ollee £ 3 s ('Q’” <37,>7n_(j ”)')<s’>’“

Thus we have for ||r]|,, = Sup,, gy 1<j<n1 27 (1)~ [t (D) r(a, 1),
(v -1
[0 (D) (Dy)r(a, 7 ()] S 272 r|lnp (€)™ 1Y Nl ce-
Taking the trace x = y is a convolution in Fourier space. Thus

Po(D)r(z,y'(x)) = > u(De)u(Dy)r(z, v ().,

max(v,pu) >9—2

(o (D)r(w, 7' @)] < 27l Inp (€)™ I Il

which yields the claim.
O

PROPOSITION 3.2. The transport equation (1) has a unique solution a € S{':bl’p with
ora € S?’Ll’p

BEGIN OF PrROOF. We will use the method of characteristics to prove the propo-
sition. We construct the flow ~ of the corresponding vector field and give symbol
estimates on it. So y(¢,2",&7) = (1, 2",/ (t,2",&; 7)), with 4 the solution of

%7’(757 :L'//’gl;’]‘) = T(T7 x”? ’Y/(t7 :L‘”,fl; 7-))
V(2" &) =€
Then the solution a is obtained via the equation
@) {ddTa(v(T)) +sa(y(7)) =g(y(7))
a(v(0)) = f(7(0)).
Then using the symbol estimate of r, we obtain

D) < 0((7)) = exp(~Clr ~ ) (€) £ (/7)) S exp(Clr — 1) (€).

And as t,7 are in a compact set, we have (/(7)) = (¢/). Now interpreting v as a
family of symbols with parameters ¢, 7 and symbol variables z”, £, we obtain
o !
e O (T, 2", 7")

{ 852 /
1e aﬂ/ /
‘T:t fé‘

with the sum over all j € Ny, Y- of =" and >, 5; = § with || + |Bi] # 0 for all
¢ > 0. Thus we inductively show that uniformly in ¢, 7

s0fy| 5 (g e

aﬁ dW ‘

CE”

/3
x// a&/ /

for |a"| # p, which does not stop the induction if occurring, since we can worsen
the estimate by (£)€ in this case with no effect on the higher order estimates as the
inhomogeneity created by such a term is not dominating. And analogously for the
Holder-Zygmund estimates, we obtain

el 5 lobrtnat o

o4

H e

p
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And thus we also inductively show using Proposition 3.1 and paraproduct estimates
that uniformly in ¢, 7

¢

n1-(8]
L5

Now having established that +/(¢,-,;7) € Si’lp for all ¢,7 with uniform estimates,
we obtain using the same methods on (2), that a(y(¢,-,7)) € Sﬁ’p with uniform
estimates in ¢, 7 and thus as y(t, 2", &';t) = (¢,2”,¢’), we obtain for || # p

7 " _ )t —
o aéa(t,i/l,fl) < <§/>m+(|a |=p) "8

Yy (Do) 0palt, ', €

5 2—1/,0 <§l>m—‘/3| .

Now using the equation d;a = g — rdgra + sa iteratively, we obtain that 0 Yaj, €
Sﬁpfqaolflﬁ(R“_k x RF) and thus a € STHP(([0, T x R"*) x RF). Using the

equation again, we also obtain dia € ST ([0, 7] x R*%) x R¥), which is the claim.
]

2. First order equation

To simplify computations we restrict to a first order equation with straight charac-
teristic

(1) {8tu+p8xu+qu:g
U|t=0 =0

With v € I}"(R", R" 1), (p,q,9) € I]{"([0,T] x R™,[0,T] x R" 5, R" x R x R)
and p(t,z”,0) = 0. Further p,q, g shall satisfy the trace conditions Gg(p,q,g) €
C([0,T]; I (R™, R" 5 R™ x R x R)) for all j+m —1—p <0.
To solve this equation we will use an inductive reduction, solving either a trace of u
on 2’ = 0 or solving a singular part using the transport equation.

THEOREM 3.3. Let m < —2 with m,p,m — p ¢ Z. Then there is an approzimate
symbolic solution u € I}'}". ([0, T] x R™, [0, T] x R"~1) to (1) which satisfies

O + Pz +qu=9g—§
u|t:0:U—27

with approzimation errors § € Ggl_p([O,T] x R [0,T] x R*™1), satisfying the trace
condition 8] g € C([0,T]; Gy PR, R") and & € Gy P(R™,R*1).

PROOF. At first one should note that — as we are solving the equation up to
Gy ” and w is purely symbolic — we can restrict all v, g, ¢ and ¢ to be purely sym-
bolic, as their G{' ” part will yield a remainder. Further we assume p = 2'p; from
the Taylor expansion, with p; also purely symbolic.

Let ¢ > 0 such that —m — 2 < ¢ < —m — 1, define the approximation improvement
parameter s = min(l, —m — 2). Let N = ¢+ [p/s], then introduce the regularity
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coefficients m;, p; and d;

J j<t P J<t
dj=q-[m+2-s(j—0] €<j<N pj=4p—s(t—j) L<j<N
—[m—p+2] j=N 0 j=N

mj —dj —pj=m—p

We will assume that m; ¢ Z for all j, else we might artificially reduce s such that
this holds. This does not affect the qualitative statement we make, but only the
quantitative approximation quality of our iteratively constructed solutions. We will
give an inductive construction of w in the form

N

U= Z(a:’)dfuj

Jj=0

where each u; € I" 11 7 ’pj is itself an approximate solution to an equation of the type

{8tUj +a2'p10su; + (go +Jp)w; =g; — hy
uj‘t:() = Uj - w.]

with the regularity of the datum and inhomogeneity given by g;,v; € Il 2P and

hj,wj € If?f:;:rd ~h+1P5+1 The error terms will satisfy h;(t,2",0) = wj(m”, 0)=0

with initial values gy = ¢ and vy = v.

At first we are going to find the necessary trace u; of u; in order to satisfy the
condition h;(t,z"”,0) = w;(z"”,0) = 0. So we restrict the equation to ' = 0 and
obtain

oui(t, ") + (go + jpi)(t, 2", 0)u;(t, ") = gj(t,2",0)
u;(t, z") =v;(t,2",0)
which is solvable via variation of constants with the solution u; € C, m=1tp=d;
in accordance with the coefficients and datum. Note that the lower regularity of

p1'(t,2",0) comes only into play for the coefficients, when j # 0. Thus the first

1

Gy we obtain

approximation is ujl = &(u ) € Iinl (::r 7. Letting the opertor act on u]
for j #0

. Lo—d;+1 ;
9} = O} +a'pidsu} + (gc + jpi ) € I~ S T
For j = 0 we obtain g} € Il 1'0o- Now we already have 9]'79]1' € Iitlf;;+dj_dj+1’pj+l if
1 — .
j < ¢ and can set u]—u],h 9i — 95 and Wi =Uj = Ujp,_,-

If j > ¢, we need to eliminate the principal symbol of g; and improve the order of
the remainder by s. We make the ansatz u; = ujl + u?, with a(t,z”,¢') € ST{’W the
total symbol of u? with u?(t,2”,0) = 0 and da € S7'{". Then with the help of
paraproducts we analyze the symbol part of

m] Pj

95 =03 + pra' 3 + (qo + jph)u; € I
a(g7) =0ra + (ph)x (", 0,€") (Dg (i€ )a)+(q0 +iP)x(2",0,§)a  mod ST
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Now take b(t,z", &) € S’Tf’pj a full symbol of g; — gjl and c(z”,¢') € STf’pj a full
symbol of v;. Then we obtain the equation

{&tao + (P)x (2", 0,¢) (D (i€')ao) + (g0 + jpi)x (", 0,€)a0 = b
aol,—o =c

for ag. Which by Proposition 3.2 has a solution ag € Sinf #i adjusting the a
priori solution ag with trace a(z”) = [ao(2”,&')d¢’ by a = ap — ¢(a), we obtain

an approximate solution u; = ujl + u? with h; = g; — gjl — gJQ-. And we have
R mprrdj
Wi =vj = Ujl,_o € Iy 10e

Now if m; — s+ (s; —s)~ > —2, we define gj4+1 = h; and vj41 = wj, if however

m;—s+(s;—s)” < —2, we can use the Taylor formula to obtain h; = (2)gj+1+hja
and wj = (2')vj41+w; q, where wj g, hjg € ngjfpj’oo. Which finishes the inductive

construction.

Now we have
Ou(2') b u; + 2'p10(2) 5wy + qo(a')Buy = ()4 [Beu; + 2" pr8su; + (a0 + dip))uy]
= ()% g; — (&) 5+ gj1 — (') hyq
and obtain
{atu +2'p1O,u+qou =g — (2)Why — Z;V:_ol (") 4 hjq
(. = v — (&) ™y - X5 () Y wse

As we already have pgd,u + qau € G~ ", we obtain the claim. O

3. The reduced problem

Thus it remains to find a solution to (1), with 9, € Gy~ ”. For this case, we need
some technical preparations.

DEFINITION 3.4. Let 1 < p < oo, m € R and p > 0, define for my = m — |o/| +
(la| — p)* the following seminorms

—la’ PV
tllap = || () ‘“'(x')a’ag,’,’u||me;gloa_1+1/p+H (@) @) 0 |
and define the space

Ky = {u € S'®" )i llullge = D Nullap < OO} :

lo]<[p]
A diffeomorphism & is called a diffeomorphism of K}"*-type, if
k(x) = (2" + K"(x), 2 F(x))

with £"(z) € K;an’p and (z) F(z) € K;nﬂ’pﬂ, F > 0. With abuse of notation define
Iklligee = 16" lgge + 1| @) Fl e

For these distributions the theorems for nonlinear superposition and multiplications
still hold correspondingly.
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PROPOSITION 3.5. Let ug € K;”hpl and us € K™2P2 with m; < —1, then
ujug € Kj"P

with m = max(mq,ma) and m — p = max(my — p1, ma — p2).

If m1 < ma, p1 = 0 and uy vanishes of order N < —mj — 1 in 2’ =0, then
Uy € K;nax(ml,mg—N-‘r(pg—N)*)_
PROOF. We use paramultiplication and obtain
UiUy = uLX(ac, D)’LLQ + U27X($, D)u1 + u27<I)(fE, D)’U,l

Now from the properties of u; we obtain for g;(x, &) = u; (2, §)

!’ mg o|—pi)H)E
aa// ql(fB 5) € S§71 +1+(a"l=p:)") .

T

So using the commutation relations |2, ¢(z, D)] = i(0¢q)(x, D) and [0, q(x, D)] =
(Ozrq)(z, D) we can compute

(/)% 0% (qu (3, D)ug) € K210 H(pala’D™+(Ia”|—min((pe—|a’[)¥p1 —m1 ~1=€)) ¥
= (:L")O‘l(ql(x,D)ug) € KI’?’W—\a'|+(p2—|a’\)’7min((p2—|0<’|)+7m—m1—1—6)

= (a1(w, Dyuy) € Kyrmintoror—m 10
Thus in the first case ujuy € Ky’ ax(my)max(ms)—max(mi—pi) o4 the second case fol-
lows from Taylor expansion. Note that u; = (2/)Vay with @ € KI’,”“LN with the
same proof as in Proposition 2.18, which together with the above computations on
() q(x, D)uy yields the claim. O

The following Proposition is the main reason we introduce this space. In contrast
to the I{'} 1¥ space composition is bounded with respect to the Banach norm and not
with seminorms differing from one another, enabling uniform boundedness results.

PROPOSITION 3.6. Let p € I7"/"”*(R",R"™1) with m1 < =1 and x be a diffeomor-
phism of K'?P?-type with ma < -2 and , then

Ip(5) | e < CllKlless) PN (L + (|5l mz-ez)
for m = max(mq,ms) and
max(my — p1, ma — p2) m1+2<0
m—p=<max(my —pi,ma—pa+mg+2) m+2>0
max(my — p1,m2 — pa + €) m+2=0
PROOF. Let ps; be the smoothing of p as usual and
ks = (2" + o(Da/s)K" (x), 2"p(Ds /5) F).
Then
= pe(kt)

+ / (Da/s)pc + (D x/s>pc1°Hs+<Vps>°“S'(wu(?z%f) )dln()

Using Propositions 2.34 and 2.38, we obtain that the first two summands under the
integral fulfill

/ [W(Dy/s)pg + ¥(Dy/8)pc] o ksdIn(s) € Iilf,min(/)l,*m272+p2) C Kme
t
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with each seminorm bounded by a product of some constant depending on the
essential bounds C4,Cs, C3 and a seminorm of p, provided that ¢ > T, where T is
the essential bound. For the last summand in the integral, we obtain from Lemma
2.32 the symbol

0,0,min(—mi—2+4p1,—ma—1
min(—m1—2+p1,—ma2—1+p2) my

<
0 ) .
q(w’§> — / ((vps) o /ﬁs)w(f/s)dln(s) c Si?lﬂl*Q,O,mln(/)l,m1+1fm2+ﬂ2) my > -9
t Si,?,min(pl,—m2—1+pg)+e

)

m1:—2

with each seminorm bounded by a product of some constant depending on the
essential bounds C7,Cs and a seminorm of p. By commutation relations with 0,
and x’ we obtain that

q(l‘,D): K;)nzvpz — K;H,P

continuously, with operator norms bounded by symbol seminorms. Lastly choosing
t = T the first summand satisfies

pro ke € Cp°

with each seminorm bounded by a product of a seminorm of p and some constant
depending on T" and Cy. This yields the claim. (|

By virtue of our preparations in Section 4 also the following composition result is
almost immediate.

PROPOSITION 3.7. Let p > 0,m < —2 and f € C;™P(RY) and u = (uy)}, €
K;,’"”(R”,R"_I;Rd), then
Fr (@), ua(e)) € Kpo(R?, R1)

ProoF. Without loss of generality f is compactly supported. Use the parallel
construction for a smooth approximation as in Proposition 3.6

uis = o(D/s)ui, us = (uis)q, fs=p(D/s)f

o0 d
fu) = lm fo(us) = fi(u) + / (W(D/s)f) ous + Y ; fs(us)ih(D/s)u;d In(s)

5—00 .
Jj=1

We obtain the estimates on the first two summands — just as in Theorem 2.40 —
from Lemma 2.36. Now as

1027 (95 1) (us)] S smmpHiHa” D

by chain rule, proceeding with a computation parallel to Lemma 2.32, we obtain for
the symbol ¢(z, &)

N _ 1 " QL
020 (e, )| < (&) T mmerHaThE,
Which together with the commutation relations as in Proposition 3.5 yields the
claim. O
With these preparations we can solve the equation.

THEOREM 3.8. Let m < —2, with m,p,m — p ¢ 7Z and p,q as in (1). And let
o€ Gy PR R™) and § € CI([0,T]; Gy~ (R*1,R™)) for allm — p+j < —1.
Then
{&tu + pOyu+qu=_g
Uy = v
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has a unique solution u € C7([0,T); Gg~ "™ (R"~1,R™)).

PrROOF. We will use the method of characteristics, as in the transport equation,
to obtain for 1 < p < oo

[4u(Dyulze S 271D,

~

So define (¢, x; 7) to be the flow of the vector field from the equation, namely

&tz ) = (Lp(y(t ;7))
V(t,@;t) = (¢, 2)

For short times |t —7| < Ty, define the approximation series of the spacial component

of v starting with vo(t,z;7) = x

YNt 23 7) = / p(s, 731 (t, ; 5))ds.

It converges uniformly for all ¢ in CY([t — Ty, t + Tp]; C(R™)) to v via a Banach fix
point argument. We have for every N, vn = (7%, 2 Fn).

By induction, we show for all |o/|+m+14(|a”|—p)™ < 0, using the same expansion
as in (6),

021 (23 7)) < 1+ \ Bl 10490t 255)) 0, o) (1102t 55) .

As in the expansion the highest degree derivative is only present once. These are uni-
formly bounded from Gronwall’s lemma. We obtain boundedness of the respective
Holder norms of these derivatives, with the same argument.

Thus as vy (t, z, 7) for |t — 7| < Ty are small controlled perturbations of the identity,
we obtain uniform essential bounds on their convex hull.

So by Proposition 3.6, we obtain

-
vt s)lage < | [ B+ T (e 5) s
yielding uniform boundedness of

[y (5 7) | gme < M.

Let v = Ayn4+1 + (1 — A)yn. We compute

1 " "
B _ . IN+1 ~ IN
p(s,yv) — p(s,/N+1) /0 (Vap)(s,78,0) (x’(FNH _ FN))
Now with Proposition 3.6, we obtain
Vip(s, AN at, 5 7) € Ko e= DT
(00) (5, A (L, 5 7) € Kt

with uniform bounds on norms. As m 4+ 1 < —1 we can apply paramultiplication
and obtain the estimate

! 1
) TN+1 — IN < — _
(Vap)(s,78.0) <$’(FN+1 _ FN)) HKm+<p—1)—,<p—1>+ S lwer =l o= om0t

P

s gmHe=D7 (-1t
Thus yn(t, 5 7) P
we have the estimates

~(t,; 7) uniformly in ¢, 7 with |t — 7| < Tp. Now

leu(D)ull e < COull emtoy= o1yt Tiasup f[on (D)ul| e = [Jul e
P V—r00
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which are immediate consequences of the Definition of K;”’p in terms of unifB;OO
spaces. Thus we can estimate

Iyt 57l ggzme < limsup [0 (D)l e
V—r00
< limsup lim inf ||y, (D) [y — W]l gme + lov(D)n [l gmoe
v—oo N—oo p p
< limsup lim inf C@I1Y = Wl msio-1- -0+ + llow(P)rw s
< lim sup liminf ||, (D)yn || gme S M.
v—oo N—oo p

Thus we obtain boundedness of v € KJ"*. Having these estimates on the flow, we
analyze

{O{iuw(b‘, 7 7))+ qu(y(t,257)) = G(y(t ;7))

u((t, ;0)) = 0(y(t, 2;0)).

Let U(7) = u(y(t,2;7)), Q(7) = q(v(7)), G(7) = g(7(t, ;7)) and V' = 5(y(t, 2;0)).
Then by variation of parameters, we obtain

A(r) = /O " Q(s)ds € CY([~To, To]; K™)

U(r) = e~ 40 (/OT G(s)et)ds + V)
Now applying Propositions 3.7 and 3.5, we obtain that U(7) € K}"™? vanishing of
order N for all N < —m + p — 1 in 2’ = 0. As this holds for any p, we obtain
u(t,z) = u(y(t, ;1)) = (&) Nao(t, x) € L°([0, To]; G5 P (R™, R™™1))

to(t, z) € L=([0, Tp); Gm P~ NN (R™ R* 1))

Using the equation, we obtain by induction that
du(t, ) = (2')YNTa;(t,z) € L2([0, To]; GI P H (R™, R 1))
aj(t,x) € L([0, Tpl; Gm—PHNN=J (R RPLY)






CHAPTER 4

Nonlinear Propagation of Conormality

Another immediate application for conormal distributions of type (1,1) are first
order quasilinear equations. Though the explicit symbolic structure is not apparent
in the proof of the following theorem, by using the symbol expansion formulas for
Theorem 2.29 one can uncover explicit symbol formulas.

THEOREM 4.1. For v € I{}"(Q0,%0), m < =2 and gi, g € C™ with uniform bounds
in t,x for U within compact sets. The problem

(1) {Gtu + > qi(t,x,u)0p,u = g(t, z,u)
Ulpmg =V

has a unique short time solution u € If?l’p(Q, Y), with ¥ the characteristic outflow
of Xp.

PRrROOF. Define the vector field
X(t,z,U) =0/0t + Zqi(t,x, U)0/0x; + g(t,x,U)0/0U.

Thus take v(7;t,z,U) to be the flow of this smooth vector field — uniquely existing
for small times 7 provided U stays within a compact set. Also given v as initial
datum we obtain a solution u with graph {v(7;0,z,v(x))|T € [0,T],z € Qo}

u: Y.2(7;0,2,0(x)) = (750, 2,v(x))
as long as this is a graph. Restricting to the surface g, we take a C)"” ’-chart
ko: R xR — Qg
Yo = Ko(R™1).
Now take v € G"™~* a maximally smooth extension of Vs, via Proposition 2.15 and
take
k[0, T) xR xR —Q
k(1,90 Y0) = 1,2 (t: 0, ko (Y0, Yo)» T (k0 (Yo ¥0)))-
Thus by Theorem 2.40 we have kK € G™". Further define
[0, 7] xR ' xR — Q
L(t, 955 o) = .2(t; 0, k0 (Y5 Yo), v (K0 (Yo o))
which by Theorem 2.40 obeys T" € Iﬁp([o, T] xR™, [0, 7] x R"~1; Q). Then we obtain
wok=(uol)o (T tok).
As we have
wo T'(t, 45, o) = Y (0, ko(yg, v6), v (k0¥ ¥0)))
uol € IT{7([0,T] x R™, [0, T] x R ).
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Further, as k' € G™~?, which follows by Theorem 2.42, we obtain by Theorem
2.29:

T(t, 90, Y0) = Ye.2(t: 0, 50(¥05 ¥0)> v(K0 (45, %0)))
kol e ITYP([0,T) x R™, [0, T] x R* [0, T] x R™)

(/iil ol

)‘[O,T]XR”_l ld‘[O,T]x]R"—l :

And thus we obtain by Theorem 2.42
I''or e IT([0,T] x R™, [0, T] x R*™ [0, T] x R™)
T lok

)‘[O,T]an_l - id‘[O,T]x]R"—l :
This gives us by Theorem 2.29
wor € ITYP([0,T] x R, [0,7] x R"~1)

u € I (2, %).



CHAPTER 5

Outlook

The developed symbol calculus is suitable for applications in hyperbolic Partial
Differential Equations, as we learned from our toy examples. From Theorem 4.1, we
learned that the symbolic structure of solutions to first order hyperbolic quasilinear
equations is stable under nonlinear perturbations from Gy ”. An interesting follow
up question — apart from the analysis of higher order equations — is whether one can
widen the term of being fully symbolic, such that no spreading into Gy' > occurs
for fully symbolic datum.

The natural occurrences of ’exotic symbols’ as in the symbol reduction from Propo-
sition 2.12 and the action of pseudodifferential operators on conormal distributions
given by Theorem 2.14 imply that with the admission of ’exotic symbols’ this is
most likely the case.

If not then we at least expect the spreading to lie in a x''-trace admissible subspace
GH C GH

ue Gt e 190 (D)ull e, oo mnsty < 9 V(=k(=1/P)) Y] < p < 0.

This space also includes I {L 1 and distributions from exotic symbols as we can see
from the Proof of 2.8. It might even be the case that a generalization of [I§607,
Lemma 18.2.4.] yields a one to one relation between the exotic symbols and G™°.

Similar to the analysis of fully symbolic distributions, the treatment of the case
¢ = oo will be interesting, as this is very close to the usual I7j situation but allows
for a singular geometry.

The unsatisfying cases of S7"}” "#" with o' € Z should be improved by a more rigorous
analysis of the behavior of our symbols near such cases and the implementation of
(log (€/))* estimates.
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CHAPTER A

Littlewood Paley decomposition and Besov spaces

For the unfamiliar reader we briefly introduce some of the technical foundations to
this thesis and refer to [H603b| or |Tay91| for a more detailed discussion.

DEFINITION A.1 (Discrete and continuous Littlewood-Paley). Let ¢ € C2°(R) with
plz) =1 V]| <1/2
pr) =0 Ve[ =1
then define on R™ for v € Ny
pu(§) = (2778
b () = {%+1(§) —pu(§) v % 0
wo() v=-1

In an abuse of notation we can also define for ¢ > 1:

wi(§) = (&l/1)

() = tS0u) = wile/1)

This yields the following discrete and continuous partitions of unity

1=+ D> () =D ()
v=p

v=—1

1= ps(6) + / T p(©)dn(t)

It will be clear from context, whether we address the discrete or the continuous
partition of unity. In general their usage is almost equivalent and which to use is
only a choice of convenience. For the most part the discrete version will have Greek
subscripts and the continuous Latin, but there will be exceptions.

With this partition, we are able to define Besov-spaces.

DEFINITION A.2. Let 1 < p,q < o0 and s € R, then the Besov space B; ,(R") is
defined as the closure of C2°(R™) with the following norm

Jullsg, = (21 (Duloen)

v

(a(NoU{-1})
][ Ye(D)ul Lo wn)

Important special cases are the Sobolev spaces B3 5 = H*® and the Holder-Zygmund
spaces BS, o, = C}.

~ ler(D)ul| Lo ey + La(1,00)

DEFINITION A.3. Let E(R™) C D'(R™) be a Banach space such that
ue ER"),fe CPR"),z€R" = fue E(R"),u(- —z) € E(R").
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And let w € CZ° such that 1 =3, 7n w(2x — 2). Then the uniform E space can be
defined as

unit B/ = {u € D'(R™); [[ull o2 = sup lw(-—2)ulle < OO}
zesLm™

Especially interesting are L? ..(R™) = ,ir(LP)(R™) and its derived spaces as a more

strict version of L, .. We are going to give an alternate norm of it (B; ,)(R") using
unif (LP)(R™) instead of LP(R™) in the definition of B, (R"). Therefore introduce
the following notion.

DEFINITION A.4. Let a(z,D): S(R™) — S’(R™) be a weakly continuous linear op-
erator with symbol a(z,&). Then the convolution kernel K of a(x, D) is defined by
the following oscillatory integral

K(r,2) = [ ¢¥a(z,€)dg
and satisfies

a(z,D)u = /K(x, 2)u(x — z)dz

PROPOSITION A.5 (Almost locality I). Let K,(x,z) be the convolution kernel of
¥y (D), which is — as ¥, (D) is constant in x just the Fourier transform of 1,

K(a,2) = [ e,
Then we have for all N € Ng U {—1} the uniform estimates
02K, (x,2)] < 2v1el(2v2) =N

PROOF. Let z # 0, take j a coordinate direction such that |z;| is maximal. By
integration by parts, we obtain

7
1% .
2vz;

N .
> ) [ e @ v

0K (2, 2)| < Cn2Y1 min(1, [2v2;|~NV) < 2vlel (v ) =N
z ¥l ~

A\ N
0K (z,2) = () [ e avie)ae = (

0

COROLLARY A.6. The following are equivalent norms on unif By -
[ullr = sup 2”%||¢h, (D) (- — 2)ul| e
zZ,V
[ull2 = sup 2”*||@ (- — 2)u (D)ul|Lr
zZ,V

Proor. Consider

w(- = 2)ihy(D)u =Y w(- — 2)p(D)w(- — 2)u
Yy(D)w(- — =) w( — 2)u(D)w(- — 2)u

Now as either of the initial estimates directly implies boundedness of u € &', we
obtain from A.5 for |z — 2’| large enough rapid decay in any LP norm of the above
summands — uniform with respect to any factor 27V, Thus there are only finitely
many relevant terms to be estimated and we obtain equivalence of the respective
norms. O
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PROPOSITION A.7 (Almost locality 11). Let a € C£{ with support K and € > 0, then
for d(z) = dist(z, K + B) we have
[Yu(D)a(z)| S 2777 (27d) ™™ [lal|ce
PrOOF. First the estimate is obvious if d = 0, so let x ¢ K + B.. By partial
integration we have the estimate

boDa@) = [ (©aly)dy

= [ ARy (@ ) aly)dy

Now interpret |2"(z —y)|~*Na(y) as the new function, wherein 2 is just a parameter.

Then we can estimate the C£ norm by (2d)™*" |a|| cr- Thus we obtain

[ )22 - )N aldy| S 277 27 ey
Thus taking z = z yields the claim. n

1. Holder-Zygmund estimates

PROPOSITION A.8. Let a € CL* and b € C£* with p; > 0, then
ab = ay(x, D)b+ by(x, D)a + as(x, D)b
with
lax (z, D)bl[ ez < C(p2)llallze|[bl| e
[bx(z, D)al|cer < Cp1)][bll Lo llall oo
lag (2, D)bl|ce2 < C(p2)llal[zoe]|bll oz

PROOF. All norms of ay(z,&) € S, are controlled by [lal|z~ and ¥} ; is con-
tinuous on Cf*. O

COROLLARY A.9. Let a € S™ 1 and b € S™2P2 then ab € S™M1tm2.min(p:)

Proor. Use Proposition A.8
[ (D) a(, 7 Yo, )] S 277 () et e

)T T <7]/>m1-i-mz-i-(?"—pz)+

O

PROPOSITION A.10 (Proposition 8.6.12 from [H603b]). Let F € CN*tY(R) and let
u be a real valued function in Cf for p € (0, N). Then F(u) € C%, and if F(0) = 0,
lu| < M we have

N
IE(w)lle < Cpn D M7 sup [FUFDul| e
=0
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