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Abstract

In this thesis we study the non-linear Dirac operator in dimension four and
the associated generalization of the Seiberg-Witten equations in dimension four.
The central object of this generalization is a hyperKahler manifold M, admitting
certain symmetries. The non-linear Dirac operator acts on generalized spinors,
which are equivariant maps taking values in M. Restricting to a special case of
Swann bundles allows us to study the behaviour of the non-linear Dirac operator
under the conformal change of metrics on the base manifold.

Harmonic spinors are generalizations of aholomorphic maps between hyperKahler
manifolds. The Weitzenbock formula for the non-linear Dirac operator can be in-
terpreted as an energy identity for generalized spinors, analogous to the one satis-
fied by maps between hyperKéahler manifolds. In the light of this comparison, we
analyze the behaviour of the energies under smooth deformations of the base man-
ifold. This is the first step in deriving a blow-up condition for harmonic spinors
with bounded energies, as in the case of aholomorphic maps.

In the final part, we prove that restricted to the case when the target hy-
perKahler manifold is a hyperKahler reduction of a flat-space, a harmonic spinor
is L™ and hence also uniformly W2-bounded. We conclude with some remarks

towards understanding the singular set of harmonic spinors.
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1. Introduction

My task, which I am trying to achieve is, by the power of the written word, to make
you hear, to make you feel—it is, before all, to make you see.

— Joseph Conrad, The Nigger of the Narcissus and the Secret Sharer

A long standing problem in Differential Geometry has been to understand the
classification of smooth manifolds. Classification for compact, simply connected
manifolds of dimension > 5 and for dimension three (Poincare Conjecture) is
known. However, dimension four still remains a mystery. Donaldson, using the
Yang-Mills equations, made a successful breakthrough in the 1980’s by showing
that the moduli spaces of instantons encode non-trivial geometric information of
the underlying manifold. But the non-linear nature of the Yang-Mills equations
posed some serious technical challenges.

In the fall of 1994, Nathan Seiberg and Edward Witten introduced a set of
equations, now known as the Seiberg-Witten equations, that claimed to reproduce
the same topological data as the Yang-Mills equations. The Seiberg-Witten in-
variants were first computed for Kahler manifolds by Witten [Wit94]. Although,
again non-linear in nature, these set of equations are technically less demanding.
Therefore, it is but natural to explore the variants of these equations in the hope
of finding new invariants for four-dimensional manifolds. One such variant was
introduced by C.H. Taubes [Tau99] for dimension three and later extended for
dimension four by V. Ya. Pidstrygach [Pid04].

In this thesis, we study the non-linear Dirac operator in dimension four and
the corresponding generalization of the the Seiberg-Witten equations. The central
object for defining the generalization is a hyperKahler manifold. A hyperKéhler
manifold (M, gy, 11, Io, I3) is a Riemann manifold of dimension 4n endowed with
three complex structures satisfying quaternionic relations and are covariantly con-

stant w.r.t the Levi-Civita connection. These define a family of complex structures



on M parametrized by S? € Jm(H). HyperKéhler manifolds belong to a special
class of Einstein manifolds and therefore are naturally of interest to physicists.
Examples of hyperKéhler manifolds include K 3-surfaces and the flat spaces H".
One can construct more examples via hyperKdhler reduction [HKLR&7], which is
an analogue of Marsden-Weinstein reduction for symplectic manifolds. Namely,
let G be a compact Lie group acting on M by isometries and preserving the hy-
perKahler structure. Then G preserves w. We can define a hyperkahler moment
map for the G-action pg : M — sp(1) ® g*. For any regular value b € sp(1) ® g,
pet(b)/G is a hyperKahler manifold.

Let X a four dimensional spin-manifold. A spinor bundle on X, is a vector
bundle associated to the spin-structure on X, with fibre H. The idea to define the
non-linear generalized Dirac operator, is to replace the fibre of the spinor bundle
by a hyperKdhler manifold with a permuting action of the group Sp(1); i.e an ac-
tion that permutes the 2-sphere of complex structures on M. Generalized spinors
are sections of the associated fibre-bundle. The interaction of the Sp(1)-action
with the quaternionic structure on M, allows us to define the Clifford multiplica-
tion. Composing the covariant derivative on generalized spinors with the Clifford
multiplication defines the non-linear generalized Dirac operator, denoted by .

To define the generalization of the Seiberg-Witten equations, we need an ad-
ditional G-structure Pz — X, for some compact Lie group G such that G ~ M
is a hyperKahler action. Every connection B on Pg gives an additional twisting
of the Dirac operator. Composing a spinor with the moment map ps we can con-
struct a self-dual two form using the identification sp(1) = A2R*. The generalized

Seiberg- Witten equations in dimension four are defined as:

{ Do =0 (1.0.1)

Ffr—pgou=0

The equations are invariant under the action of the infinite-dimensional gauge-
group ¢ and hence we get an action of ¢ the space of solutions to the equations
% . The moduli space is defined as M = Z/9.

Indeed, for the original Seiberg-Witten equations, G = U(1) and M = H, the
quadratic map H > h +—— %hil_l € sp(1) is the hyperKdhler momentum map for
U(1) ~ H. The moduli space in this case is compact and the key to proving

compactness is the L*>*-bound on the spinor part of the solution. This is derived



using the Weitzenbock formula. The invariants derived from the moduli space
encodes the geometric information of the underlying four-dimensional manifold
X. For details, we refer to [Nic|, [Mor96] & [Mar99]. For the generalized Seiberg-
Witten equations, it was proved in [Pid04], that the moduli space is compact for
G = U(1) and for a target hyperKéahler manifold admitting a certain hyperKdhler
potential; i.e a real-valued function on M that is simultaneously a Kéhler potential
for all three complex structures. For a general compact Lie group G, if the target
hyperKahler manifold is the total space of a Swann bundle, then the L*°-bounds on
the spinor part exists [Sch10]. Swann bundles were first introduced by A. Swann
[Swadl].

The total space of a Swann bundle can be expressed as a Riemann cone over a
Sasakian three-manifold. Hence it admits an action R*, which makes it a suitable
candidate to explore the behaviour of the non-linear Dirac operator under the
conformal change of metric on the base manifold. In this scenario, we prove in
Theorem 4.4.1 that the non-linear generalized Dirac operator exhibits the same
behaviour as the linear Dirac operator under the conformal change of metric.

We restrict our attention to analyzing the generalized Seiberg-Witten equations
for the case where M = 0,41 is the total space of the Swann bundle over the Wolf
space X(n —1) = SU(Q)XUU(("nJr_ll))XU(l) and G = SU(n + 1). Advantage is that the
space O,y is a U(1)-hyperKahler reduction of H"™ \ {0}. [BGM93]

We lift the entire problem to the space H"*! as follows: let G = SU(n+1)xU(1)
and piyq : H"™ — sp(1)* denote the hyperKahler momentum map for the action
of U(1) ~ H"*!. The bundle

H" > :u(;(ll){o} — u;(11>{0}/U(1) = On+17

is an SU(n + 1)-equivariant principal bundle. Spinors are now sections of the
vector bundle with fibre H"™! instead of O, ;. The Seiberg-Witten equations are
modified accordingly:

@BUIO

ngwnﬂ) ~ HBsy(nyny CU = 0 (1.0.2)
toay ou =0

where Bgy(ni1) denotes the SU(n + 1) component of the connection on Pg. Using
the Weitzenbock formula (Theorem 5.4.1), we obtain the a priori L*>-bound on the



spinor part of the solution to Eq.(1.0.2) and global W2-estimates on the spinor

and the SU(n + 1)-component of the connection.



2. Preliminaries and notations

“Begin at the beginning,” the King said, gravely,
“and go on till you come to an end; then stop.”

— Lewis Carroll, Alice in Wonderland

In this chapter we shall review some basic concepts from Spin geometry which

we shall need in the further chapters.

2.1 Fibre bundles

Thoughout all the chapters, the manifolds in considerations are smooth, paracom-

pact and finite dimensional Riemann manifolds, unless otherwise mentioned.

Definition 2.1.1 (Fibre Bundles). A smooth fibre bundle is a triple (F, E, X)
along with a smooth map 7 : F — X called the projection such that given a
point x € X, there exists an open neighbourhood x € U and a diffeomorphism
Yo 2 U x F — 7= Y(U) satisfying 7 oy = pry. E is called the total space of the
bundle, X is called the base space and F' is called as the fibre of the bundle.

The pair (yy,U) is called a chart of the bundle and the collection of charts
{(i, U;) Yier, for some I, such that {U; }ie; is an open cover of the base X is called
a bundle atlas. Given a bundle atlas, let (U;,~;) and (Uj, ;) be any two bundle
charts such that U;NU; # ¢. Then ’yiO’yj_l :U;NU; x F' — U;NU; x F'. They define
the transition maps ~;; : U; N U; — Diff(F), given by: v; 07 (e, f) = (e, 7i;(e) f)
satisfying:

2. vij 0 Yk 0 Yk = Idp. (cocycle condition)
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Definition 2.1.2. (Sections of a Fibre bundle) A smooth map u: X — E

is called as a section of the fibre bundle if 7w o s = Idx.

Definition 2.1.3. (Connections on Fibre bundles) Given a fibre bundle

m: FE — X, with a fibre F, consider the map Tw : TE — T X. The kernel of
this map is a sub-bundle Vg of the tangent bundle T'E, called the vertical bundle.
A connection on the fibre bundle is an assignment of a horizontal Hg distribution
such that TE = Hg d VEg.

2.2 Principal bundles

A smooth right action of a Lie group G on a manifold P is a smooth map G X P —
P given by (g,p) — p- g =: Ry(p) satistying

(p-h)-g=p-(hg) forall h,g € Gandpec P
e-p=p forpe P

Every element g € GG defines a diffeomorphism R, : P — P and hence the map
G — Diff(P), g~ Ry,

where Diff(P) is the group of diffeomorphisms of P, is a group homomorphism.
Let G act smoothly and freely on P on the right. Let X denote the quotient of
the space by the equivalence relation induced by the G action and 7 : P — X,
the canonical projection. Then (G, P, X) is a fibre bundle, known as principal
bundle and G is called as its structure group. With slight abuse of notation, we
shall denote a principal bundle simply by P, wherever clear from the context.

Let g be the Lie algebra of G and let n € g. For a smooth, free action of the
Lie group on a manifold P, the fundamental vector field Kf € I'(P,TP) generated
by n is given by:

d
K7Ly = = (p - exp(tn))li=o € T, P,

For g € G,

d d
(Ro) Ky |y = =0+ exp(tn)g)limo = —(p+ g exp(t ady1(n))limo = Kla_, ) lno-
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Also for x = n(p) and T'n : TP — TX, we have:

d d
Tr(KD)y = Tl exp(tn)limo) = L0 exp(t)) o = 0.

Since G preserves the fibres, Kf; is a tangent to the fibres. Since the action is
free, the dimension of the fibre is equal to that of g. Let Vp C TP be the space
spanned by the fundamental vector fields. Then clearly Vp = ker(Tm) and hence

Vp is a vertical subspace of T'P.

2.2.1 Connections on principal bundles

A connection on P defines a G-invariant distribution Hp, known as horizontal
distribution on TP such that TP = Hp & Vp. This is equivalent to defining a

connection one form on P:

Definition 2.2.1. (Connection 1-form) A connection I-form A on P is a g

valued 1-form satisfying the following conditions:
L A(K))=nforneg
2. (Ry)*A = Ad(g 1A, where Ad denotes the adjoint representation of G on g.
Note that Hp = ker(A).

Definition 2.2.2. (Curvature of a connection)
The curvature of a connection 1-form A is a G-equivariant, g-valued 2-form Fjp

defined by
1
Fp = dA + 5[A, Al € Q*(P,g)¢

hor>

where the subscript "hor” refers to the fact that the curvature vanishes on

vertical vector fields.

2.2.2 Connections on Associated bundles

Let M be a manifold with a smooth left action of G. Then the fibre bundle
associated to P with a fibre M is defined to be:

M:=PxeM2X,
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where my([p, m]) = 7(p). Given a connection A on P, it induces a connection on
M as follows: At a point [p,m] € M the vertical space is isomorphic to T, M,
whereas the horizontal space is given by Hwm|jpm = (Hpl, ® {0})/G.

We have a canonical isomorphism between the spaces C*(P, M) and T'(X, M)
given by

(P, M)¢ —s T(X, M)
u — s, where s,(x) = [p,u(p)] for p € 771 (z).

Given a connection A on P, the covariant derivative of a section u € C*(P, M)“

is given by
Dau = Tuopry, =Tu+ Kp'|, € Hom(TP, TM);,

hor»

where Hp is the horizontal sub-bundle defined by A.

2.3 Vector Bundle

Definition 2.3.1. Vector Bundle Let X be a smooth manifold. A fibre bundle
g . E — X is said to be a vector bundle if the fibre is a K-vector space, where
K =R or C, and the transition maps lie in Autg (V).

Given a principal G-bundle P over X, let V' be a G-representation. Then the
associated fibre bundle P x4V — X is a vector bundle. On the other hand, given
a rank n vector bundle g : E — X, let mp : Pgrmx) — X denote the bundle
of frames in E. Indeed, for x € X and p € 7' (), p is a K-linear isomorphism
p:K—T,X. Then £ = Pgrnk) Xarmx) K"

Given u € C*(Pgarmnx), K" ™X) and a connection A on Pgrmx), the induced

covariant derivative on the associated vector bundle is given by:

Dau=Tu+A-u. (2.3.1)

2.4 Action of the gauge group

2.4.1 Gauge Group

Let P 5 X be a principal G-bundle over X. An automorphism of P is a G-
equivariant diffeomorphism § : P — P such that m o 8 = w. The set of all the
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automorphisms of P forms a group called gauge group, denoted by G(P). The
elements of the gauge group are called gauge transformations. Given a gauge
transformation £, it induces a G-equivariant map g : P — G, defined by S(p) =
pg(p) (Note that the group G acts on itself by conjugation). Conversely, given
any G-equivariant map g : P — G, it defines a gauge transformation /3, given by
B(p) = pg(p). Thus we have an isomorphism

C>(P,G)Y = G(P).

Let A(P)-denote the space of all connections on P. If g € G(P) and A € A(P),
then clearly 5*A € A(P). Thus we have a right action of the gauge group on the

space of connections.

Definition 2.4.1. (Maurer-Cartan one form) The Maurer-Cartan 1-form is a
left-invariant, g-valued 1-form on G defined by O(w) = T'Lj-1(w) for h € G and
w € T;,G and L, denotes the left action of G on itself.

If G is a matrix group so that G C GL(n), then the Maurer Cartan form can
be written as © = g~ !(dg), where dg : T,G — gl(n) is the inclusion.

Proposition 2.4.1 ([Bau09]). For 5 € G(P), let g denote the corresponding ele-
ment in C°(P,G). Then,

B*A = Adgfl(.)A + g0,

where © denotes the Maurer-Cartan 1-form on G. If Fa denotes the curvature of

the connection A, then
[*Fp = Fgepn = Ady-1(Fp).

In terms of the covariant derivatives on the associated (finite dimensional)

vector bundle, for a section s € C(P, V)¢ of the vector bundle, we have,

Dg*AS = Bil(DA(ﬁ(S)»
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2.5 Elements of Spin Geometry

2.5.1 Clifford algebras and Spin Groups

Let V be a finite dimensional real vector space endowed with a quadratic form gq.

Consider the tensor algebra generated by V'

TV)=reve sV,

n=o n—times

This is an associative unital algebra.

Consider the two-sided ideal Z(V,q) generated by all the elements of the form
v® v+ q(v,v) -1 for v € V. Then the Clifford algebra associated to V w.r.t
q is defined as CI(V,q) := T(V)/Z(V,q). Clifford algebra satisfies the universal

property, namely, if B is another unital associative real algebra and if there exists
a linear map f : V — B satisfying f(v) ® f(v)+¢q(v,v)- 1y = 0, then there exists

a unique morphism of algebras such that the following diagram commutes:

Cl(V,q)

V5%

where, ¢ denotes the canonical inclusion of V' into CI(V, q).
Note that if ¢ = 0, then, CI(V,0) = A*V. For ¢ non-degenerate, Cl(V, q) and A*(V)

are canonically isomorphic as vector spaces, the isomorphism being given by
V- Vg Up > UL AUy AUy, (2.5.1)

where {vy,vq,- - v,} is the orthonormal basis of V' and the operation “-” denotes

the multiplication in the Clifford algebra. For simplicity, we shall write v-w = vw.

Example 2.5.1. (Clifford Algebras) Denote by Cl,, the Clifford algebra of

(R™, gst), where gy is the standard inner product on R™.

1. Clhb Z2H with 1 — 1, e; — 1, eo — j and ejep — k
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2. Cl; = Ha® H. Using lemma (2.5.1) stated below, it suffices to note that
Cls"" = Cly and 1 — 1, ejeg > i, egeg — J, erea — k.

3. Cly = My(H) where, My(H) denotes the set of 2 x 2 matrices with quater-
nionic entries. Identify R* = H. This gives an embedding of R into Mo (H)

as follows:
0 —z
RIHS gz — ( x) .
z 0

This extends to a morphism of algebras and one can check that this is infact

an isomorphism.

The involution map « : V' — V given by a(v) = —v, defines a Zs-grading of
the Clifford algebra
Cl(V.q) = CI°(V,q) & CI'(V, q),

corresponding respectively to the eigenvalues +1 of «. Under the isomorphism
2.5.1 the decompisition corresponds to the Zs-grading A*V = Aeveny @ Acddy
Note here that CI°(V, q) is a sub-algebra of CI(V,q).

A group of multiplicative units in Clifford algebra is the set

Cl'(V.q) = {¢ € CI(V.q) | 3 v such that ¢~ = ¢~"y = 1}.

The group Pin(V,q) C CI*(V,q) is a group, generated by the set of all the units
v € V C Cl(V,q) such that g(v) = + 1. We define the group Spin(V,q) to be
Pin(V,q) N CI%(V,q).

The group CI*(V, q) acts on the Clifford algebra by a twisted adjoint action.

Ad : CI*(V, q) — Aut(Cl(V, q))
Ady(z) = a()zp

Restricting to the group Spin(V,q), we get the adjoint action of Spin(V,q)
on CI(V,q). The action preserves the subspace V € CI(V,q) and therefore gives
a real representation of the Spin(V,q) group. We have the following short-exact
sequence:

0 —— Zy — Spin(V, q) BTN SO(V,q) ——0

where A denotes the induced group action. When V' = R"”, for n > 3, we define
Spin(n) := Spin(R", qs), where g4 is the standard inner product on R"™. The

group Spin(n) is a simply connected and hence the universal cover of SO(n).
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Example 2.5.2. 1. In case of dimension three, using the universality property
of the group Spin(3), one can prove that Spin(3) = Sp(1). Indeed, consider
the identification R* 2 Jm(H). Then we have the homomorphism given by

Sp(1) — SO(3)
q— a, where a,(v) =qug™!, v e IJm(H).

The kernel of this map is {£ 1}. Sp(1) being simply connected, this implies
Sp(1) = Spin(3).

2. We can argue similarly for dimension four. Identify R* = H, we have the

following homomorphism:

Sp(1) x Sp(1) — SO(4)
q=(q+,q-) — a, where a,(v)=qrvq_", v H.

The kernel of the map is {(1,1),(—1,—1)}. Since Sp(1) x Sp(1) is simply
connected, we deduce that Sp(1) x Sp(1) = Spin(4). We distinguish the two

copies of Sp(1) by + and —, where the corresponding actions given above.

Lemma 2.5.1 ([LM89] Chapter I, Thm. 3.7). Denote by Cl,, the Clifford

algebra of R™. The map R" 5 v+ ve,y1 € ClY, induces an isomorphism,
Cl, = CI2_,.

We shall restrict henceforth to the case V= R". Choose an orientation of
R™ and let {e, e, --€e,} be any positively oriented orthonormal basis w.r.t the
standard inner product on R™. Then the associated oriented volume element in
the Clifford algebra is defined by w = ejes---e,. This is independent of the

. . . n(n+1)
choice of an oriented orthonormal frame and satisfies w? = (—1) ', For any

v € R", vw = (—1)""'wv. Consequently, w is central if n is odd. If n is even,
then for any v € Cl,,, yw = w7(7), where 7 denotes the parity operator.
Lemma 2.5.2 ([LM89] Chapter I, Lemma 3.4). If w? =1, define

l1Fw
gi:T’

Then the following relations are satisfied:
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erte_=1
(e+)’ =ex
ere_=c_ey =0.

Suppose now that w satisfies w? = 1. If n is odd, then the Clifford algebra
decomposes into a direct sum of isomorphic sub-algebras Cl,, = (Cl,,)+ & (Cl,,)—,
corresponding respectively to the eigen-values +1 of w. If n is even, w is central
in the sub-algebra CI%. Hence CI® decomposes as (CI%), @ (CI°)_ analogously.

Consider the three dimensional Clifford algebra Cl3. The volume element w
satisfies w? = 1 and is central in Cl3. Hence Cl3 decomposes as (Cl3); @ (Cl3)_.
Indeed, the decomposition of Cl3 as two copies of quaternions (cf. Example 2.5.1)
corresponds to the decompostion Cly = (Cl3); @ (Cl3)_. Therefore (Cl3)+ = H.

In the development further, we shall need the following lemma:

Lemma 2.5.3. [Pid13] Let n be even and w be the oriented volume element of Cl,
and €4 be as defined in Lemma (2.5.2). Then we have the following identities

e Clyey=(Cl%. and e Clyey=¢_Cll =Cll e,

Proof : Let v € Cl,,. Theey yey = (1 —w)y(1—w). Let 7 denote the parity

operator. Then

iu — (1= w) = (1 —w)(y — wr(y))

4
1 1 1
= (=W =wr(M +7(9) = 0 =w)(r+7(7) = 51 —w)".
The second identity can be proved in a similar manner. O]

2.5.2 Clifford modules and Spin representations

Consider a vector space (V,q) over a field K, where ¢ is a quadratic form on V.

Definition 2.5.1. A a Cl(V, q)-module over K is a K-algebra homorphism
p: CU(V, q) —> Endyc (W)

into the algebra of all the K-linear transformations of a finite dimensional K-vector

space W.
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We are mainly interested in the case K = R and V = R" endowed with the

standard inner product.

Proposition 2.5.1 ([LM89] Chapter I, Prop. 5.10). Let n = 4m and let W be
an irreducible Cl,-representation. Then w? = 1 and each of the subspaces W is
invariant under the Clifford sub-algebra CI°. Under the isomorphism Cl,_1 = CI?,

these correspond to two distinct irreducible representations of Cl,_1 .

Definition 2.5.2. A Z,-graded Cl,,-module is a module with a Zy-grading W =
WO @ W such that CIE W/ C WHImed2) for 0 < 4, § < 1.

Proposition 2.5.2. [ABS64] There ezists a bijection from the category of non-
graded Cl,,_i-modules and Zy-graded Cl,-modules. Indeed if WY DW?! is a Zy-graded

module over Cl,,, then W° is a module over CI° = Cl,,_;.

On the other hand, given a non-graded module W? over CI® = Cl,,_, we get the
Zo-graded module over Cl,, by defining W = Cl,, ®¢o WO, The left multiplication
of Cl,, on Cl,,, makes W into a Z,-graded module.

Each Clifford module gives rise to a representation of the Spin group.

Definition 2.5.3. (Representation of Spin(n)) Let W be an irreducible Cl,,-
module. A real spinor representation is a homomorphism ¢ : Spin(n) — End(W)
obtained by restricting ¢ : Cl,, — End(W) to Spin(n) C CI® C Cl,.

Once again, consider the three dimensional Clifford algebra Cl; = H&H. Then
Cld={(h,h)| h € QY CH@®H and Ci} = {(h,—h)| h € Q} C H® H. Restricting
to the Spin(3) € Cl3, we obtain the spinor representation, denoted by V. Then
Cly e V is a Cly-module with the left action of Cly on itself (cf. Lemma 2.5.1 and
Prop. 2.5.2). Now consider the irreducible Cly = M(H)-module H?. Restricting

this to CI} gives two distinct irreducible Cl9-modules.

HeH = Cly; = Cl% < Cly = M,(H)
hy 0
hi, ho) —
(1, h2) (0 h2>

Restricting further to Spin(4) C ClIY, these give the spinor representation.
Homologous to the product structure of Spin(4) = Sp(1)4 x Sp(1)—, we have two

distinct representations W+ and W—.
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Lemma 2.5.4. [LM89] The two Cly-representations are isomorphic, the isomor-
phism being given by

Q:Hz —>Cl4®Cl2V
(v,w) — 1® v+ e @ w.

Restriction to the group Spin(4) induces an isomorphism Spin(4)-representations:
W+ oW ~Cly ®cio V.

Let H — R* be the standard identification given by h — e;. The subalgebra
(C19), = {epecy| e € R} is a free left (Cl9);-module with generator e,. The
isomorphism A : H — (CI3),, given by h — epe_je., defines a complex structure
on (CI9):

e, i J= m (2.5.2)
s Jy = €ot2 ; ejes b Jy = €opes —; 6162.

The odd part of the Clifford module Cly €, given by,

e Clyey ={ecy| e € RY}
is a free left (Cl})-module with the generator eye .
Lemma 2.5.5. [Pid13] The Clifford multiplication maps

RY® e, (Cly)ey — e_(Cly)ey
e €+ — 60€+)\R50(6)

Proof : For any e € R?, the Clifford multiplication maps
R*® e (Cly)ey De®@ey rrecp €c_ Cly ey = {ecy| e € R}
But

ec. = —ejec, = eo(—eo)esi = eoey (—epeey ') eoey
~——
Reo(e)

= ey Rey(€)e0esr = €0eL AR, (e
0
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Observe that R, (eg) = —eo and R,,(ef) = —epegey ' = eg. Therefore, in quater-
nionic notation, epe; = epe L A_j. [
Given a Cl3-module TW°, by Proposition 2.5.2, we can define the Clifford module
W = Cly ®c WO, Since e_ - W% =0,
W =Cly ey @), W° (2.5.3)
= (e- Cly ey @iy, W) @ (g1 Cla ey Oy, W)
= (6= Cly e @iy, W) & W°

2.5.3 Clifford multiplication

Definition 2.5.4. (Clifford Multiplication)
Let W be a Cl,-module and p be the map p : Cl, — End(W). Consider the
restriction of the action of Cl,, on W to R™. Then, Clifford multiplication is the

map of Spin(n)-representations

. R"QW — W
¢(z®@v) =p(x) v

For simplicity, denote the Clifford multiplication by x-v for z € R and v € W.

Example 2.5.3. In dimension four, identify R* = H by mapping the standard
oriented basis (ey, e, €3, €4) of R* to the basis (1,4, 7, k) of H. Define the Clifford

multiplication to be the map
m:R'H — End(?&H dW)
ho—s (2 _0h>
It is easily verified that m(h)? = —gga(h, h)idyw+aw- -

Note 2.5.1. The Clifford multiplication maps W & W~ — W~ @ W,

2.5.4 Spin structures

Let X be a n-dimensional Riemann manifold. Let £ — X be an oriented vector

bundle over X with a fibre V. Let Pso(y) denote the principal frame bundle over
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X associated to E. Then a Spin(V')-structure on E is a principal Spin(V')-bundle

over X, denoted by @ spin(v), which is an equivariant double cover
U s Qspin(vy — Psow),

ie. W(qg) = Y(q)A(g), for g € Spin(V) and q € Qspin(v)-

Proposition 2.5.3 ([LM89] Chapter II, Thm. 1.7). Let E — X be an
oriented Riemann vector bundle over X. Then the existence of a Spin structure
on E is guaranteed iff the second Steifel-Whitney class wo(E) = 0.

The obstruction to the lift can be understood in terms of Cech cohomology
class. The bundle Pso(yy — X is determined by a trivializing open cover {Ua }acy,
for some index set J, along with transition maps gag : Uy, N Usg —> SO(V).

Let {U,} denote a trivializing open cover for Pso(vy such that U, N Ug is con-
tractible. Let g € HY(X,SO(V)) and let gos : U, N Uy —> SO(V) be any
representative of g. Since U, N Up is contractible, g,3 can be lifted to a smooth
map

Gop = Uy N Uz — Spin(V'). By the exactness of the sequence :
0 — Zy — Spin(V) 2 SO(V) —0

we get that Nagy = GapGp9sy : Ua N Usg N U, — {1, —1}. In other words, {nas,}
is a Cech cocycle and represents a cohomology class wy(E) € H?(X,Z).

The cohomology class wo(E) is known as the second Stiefel-Whitney class of E.

Definition 2.5.5. An oriented, n-dimensional Riemann manifold X is a Spin
manifold iff wy(TX) = 0.

2.5.5 Spinor bundles and Dirac operators

Let W be a Cl,,-representation. Then by restriction, W is also a Spin(n)-representation.
Let X be a Spin-maifold. A Spinor bundle is the associated vector bundle

W = Qspin(n) Xspintn) W. Spinors are then defined to be smooth sections of W.
Since we have a canonical isomorphism between the spaces C*(Q spin(n); W)Spin(n)

and I'(X, W), we can equivalently define spinors to be elements of C'*°(Q gpin(n); W)Spin(n),
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Example 2.5.4. In dimension four, we have two irreducible representations of
Spin(4) = Sp(1)y x Sp(1)_, namely W+ and W~. The spinor bundles corre-
sponding to the two representations are denoted by W+ and W~. The sections of

these are called positive and negative spinors, respectively.

Let X be an n-dimensional Spin-manifold, and Pso(,) denote the principal
frame bundle over X. Let A be the lift of the Levi-Civita connection to Qspin(n) —
X and u € C"’O(Qspm(n),W)Sm”(”). Denote by Da the covariant derivative given
by

Dau=Tu+A-u € C®(Qspin(n), W)Spin(n),

Composing this with the Clifford multiplication, we obtain the Dirac operator

Da : C(Qspin(ny, W)™ 2 C™(Qspin(n)> (R*)*@W)FPmM) 5 C®(Q g iy, W) TP
(2.5.4)

Example 2.5.5. Consider again the case for dimension four. Since in dimension
four, the Clifford multiplication by any v € R* 2 (R*)* interchanges the positive

and negative spinor representations, the Dirac operator

Pr 0
The Dirac operator is a first order, elliptic partial differential operator and is
formally self adjoint ([Nic96] Prop. 10.1.41)

0 D, . 4
( A) : COO(QSpin(‘l)a W)szn(4) — COO(QSpin(4)7W)Spm(4)'

2.5.6 Spin‘(n)-structures

The entire exposition given above for Clifford algebras and Spin-structures can be

extended to complexified Clifford algebras
Cl,=Cl,®C
and Spin®-structures. In this case one obtains the exact sequence:
0 —— 7o —— Spin(n) x4 1 S* = 850(n) x S* ——0,
where the map A : Spin(n) x4 1 S' — SO(n) x S* is given by

Ma, 2)) = (A(a), 2°).
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We denote the group Spin¢(n) := Spin(n) x4 1 S*.
A Spin®(n)-structure on an n-dimensional Riemann manifold X is a principal
S'-bundle Pg: together with a principal Spin®(n)-bundle Qgpinc(ny over X, which

an equivariant double cover

QSpinc(n) — PSO(n) Xx Psl-

Proposition 2.5.4 ([LM89]). Every almost complex manifold carries a canonical

Spin®(n) structure.

Note also that every Spin manifold carries a Spin®-structure

A representation of the complexified Clifford algebra induces a complex represen-
tation of Spin(n) C Cl,, which we shall denote by Wc.

Lemma 2.5.6 ([Mor96] Cor. 2.6.3). A complex representation of the group
K : Spin(n) — Wc extends uniquely to a representation & : Spin®(n) — We.

Example 2.5.6. Consider the case n = 4. As a consequence of Lemma (2.5.6),
the irreducible complex representations of W and W~ extend to a representations
ST and S, of Spin©(4). Explicitly, ST is the representation of Spin©(4) on H by

[4+,q-,2] - h = g hz
and ST is the representation of Spin‘(4) on H by
[G+:q-,2] - h q-hz.

A connection A on the principal S'-bundle coupled with the lift of Levi-Civita
connection determine a unique connection A on the principal Spin‘(n)-bundle.
The covariant derivative is defined in an analogous manner to the Spin(n)-case.

Composed with the Clifford multiplication, this defines a twisted Dirac operator

@A : COO(QSme(n)a S) — Ooo(QSpinc(n)7 S) (255)



3. HyperKahler manifolds

It is a capital mistake to theorize before one has data. Insensibly, one begins to twist
facts to suit theories, instead of theories to suit facts!
— Sir Aurthur Conan Doyle, A Study in Scarlet

In this chapter we discuss hyperKahler manifolds and focus our attention on
the properties on those which admit a permuting Sp(1)-action and give a brief
summary of results on the same.

3.1 Preliminaries

An almost complex structure on a manifold M is an endomorphism I € End(TM)

such that I? = —1. If M admits two anti-commuting almost complex structures
I,J € End(TM), we can define the third one K = IJ. The triple {I, J, K}
satisfies quaternionic relations 12 = J? = K2 = IJK = —1. There exists a unique

torsion-free affine connection A (Obata connection) on M such that VAI = VAJ =

VAK = 0 [Oba58]. That is the almost complex structures are integrable.

A manifold M is said to possess a hypercomplex structure if it admits a pair of
anti-commuting complex structures. The existence of a hypercomplex structure
implies that the real dimension of the manifold M is 4n and the holonomy is

reduced to a subgroup of GL(n,H).

A hypercomplex structure on M induces an algebra homomorphism:

| :H — End(TM)
h — ]’LO IdTM + hl-[l + h2_[2 + h3]3 = lh'

Let Sp(1) denote the group of unit quaternions and sp(1) be its Lie algebra.
Identifying sp(1) with Jm(H), the imaginary quaternions, the restriction of | to

20
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Jm(H) gives a map

sp(l) — End(TM)
n—l,.

For any 7 € sp(1), we have VA, = 0. If 5 is such that n> = —1, then I% =l =
—Idyy and |, is again a complex structure. Observe that M has an entire family

of complex structures parametrized by S? € Jm(H).

3.1.1 HyperKahler Manifolds

Let (M, g,) be a Riemann manifold endowed with a hypercomplex structure. If
for all n € sp(1), the metric satisfies g™ (1,X,1,Y) = [n[?¢™(X,Y) then it is said

to be compatible with the hypercomplex structure.

Definition 3.1.1. (HyperKahler manifold) Let M be a hypercomplex manifold
with a compatible metric. If the Obata connection coincides with the Levi-Civita

connection, then the manifold is called as HyperKdhler manifold.

Alternatively, a hyperKahler manifold can be charaterized as follows:
Define a two form w € sp(1)* ® Q*(M) by:

wm(X,Y) :==w,(X,Y) = gu(1,X,Y) for n € Jm(H) =sp(1), X,Y € I'(M,TM).
(3.1.1)

Proposition 3.1.1. [Hit87] Given a Riemann manifold M endowed with complex
structures (Iy, Iy, I3) satisfying the quaternionic relations, a sufficient condition
for M to be a hyperKdhler manifold is that the two forms {w;};_, defined by

w(X,Y) =gu(L,X,Y), (3.1.2)
forl = 1,2,3, are closed.

Note 3.1.1. This is in contrast to the Kahler case where, for an almost complex

structure I, the condition dw; = 0 does not guarantee that [ is integrable.

The 2-forms w; being non-degenerate, the above conditions are equivalent to

the requirent that w; be a symplectic form for each I;.
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Remark 3.1.1. Clubbing the above 3 conditions into one we get:
w=wii +wj +wsk €sp(l) ®Q*(M).
Then the equivalent condition for M to be hyperKahler is dw = 0.

Example 3.1.1. An example of a hyperKéhler manifold is the flat space H". The
scalar multiplication is given by 1,(X) = X -hforx ¢ H*, X € T,H* 2 H", h €
H.

Example 3.1.2. Another source of hyperKahler manifolds is via the hyperKéhler
reduction. Given a (locally)free action of a compact Lie group G on a manifold M,
preserving the symplectic two form w, we can define a moment map p: M — g*
for the G-action (ref. Section 3.2.3 ). Let g be the Lie algebra of G and choose a
point b € g*. Let G’ be the isotropy group at a point. Then the quotient p~*{b}/G’
inherits the symplectic structure. This is called the Marsden-Weinstein reduction.
This was generalized to hyperKéhler manifolds by Hitchin et al. [HKLR&7].

3.2 Properties of hyperKahler manifolds with per-

muting action

3.2.1 Permuting action

Definition 3.2.1. An action of Sp(1) on a hyperKéhler manifold M is said to
be permuting if Sp(1) acts by isometries and the induced action on the sphere
of complex structures is given by T'q |, Tq~' = l,; for ¢ € Sp(1) and n €

sp(l), [Inl* = L.

Example 3.2.1. Consider once again, the flat space H". Define the Sp(1) action
on H" by ¢ - h = hq, for ¢ € Sp(1) and h € H". The tangent bundle on H" is

trivial and the complex structures are given by:
Ii(v) = vi, I(v) =vj, I3(v) = vk for x € H" and v € T,H".

The induced action of Sp(1) on the tangent bundle is again given by ¢.v = vq. Let
x € H" and v € T,H". Let n € sp(1) with ||n]|> = 1 and |,, be the corresponding
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complex structure. Then the induced action on the sphere of complex structures

is given by
q-ly=qlg qlyav) =vang =v(gnqg) = lag,m ().
Thus we see that the action is permuting.

HyperKahler manifolds with permuting actions were first studied by Swann
[Swa91].

In what follows, we shall restrict ourselves to hyperKéhler manifolds with permut-
ing action of Sp(1). We closely follow the exposition given in [BGM93], [Pid04]
and [Sch10].

Define the map K" : sp(1) — T'(M,TM) given by KM (¢) = K}, the funda-
mental vector field generated by &. Let ¢ € Sp(1). Then,

EM(C-€) = Kige = TC(KY) = ¢- K.
Thus K™ is an Sp(1)-equivariant map. Similarly, the map | restricted to Jm(H) =
sp(1) is also an Sp(1)-equivariant map.

Both the maps being linear, we combine them into one Sp(1)-equivariant map:

X esp(1)* @sp(1)* @ T(M,TM)
X(E@¢) =1§KM(C) =K.

Let W denote the standard representation of the group Sp(1) on H. We know
that sp(1) = su(2) and therefore sp(1) ® C = su(2) ® C = sl(2,C).

It is well-known that any finite dimensional irreducible representation of s((2, C)
is a symmetric power of the standard representation C?. Since the group Sp(1)
preserves the quaternionic structure on W, it also preserves the symmetric pow-
ers of the quaternionic structure. The even symmetric powers of the quaternionic
structure is a real structure. So the even symmetric powers of the representa-
tion admit a real structure, which is preserved by Sp(1), and therefore descends
to a representation of the real form su(2) = sp(1). Therefore by Clebsch-Gordon
theorem:

sp(1)* @sp(1)* 2R @ [S2(W)], @ [S*(W)],.
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On the other hand, sp(1)*®sp(1)* splits into a direct sum of sub-representations
S%(sp(1)*) ® A*(sp(1)*). The symmetric part further decomposes as S?(sp(1)*) =
R @ Sp(sp(1)*), corresponding to the trace and the traceless part, respectively.

Therefore sp(1)*®@sp(1)* = RBSo(sp(1)*)DA%sp(1)* = RB[SH(W)],B[S?(W)],..
Corresponding to this decomposition, the map X splits into three parts: Xy, Xb,
X} respectively. Denote by Alt, the projection of sp(1)* ®sp(1)* to the alternating
part A%sp(1)* and by Sym, the projection of sp(1)* @ sp(1)* to the symmetric part
$2(sp(1)").

We have the isomorphism [-, -] : A%sp(1) — sp(1) given by

iNG— [i, 5] =2k
JAk— [, k] = 2i (3.2.1)
kANi—s [k,i] = 2j.

The dual of this map is [-,-]* : sp(1)* — A%sp(1)*.

Denote by 7} the map 77 = sp(1)* @ sp(1)* Al A2sp(1)* Ay Wi sp(1)*. Then:

X = —%tTX e (M, TM)
X, = 7t (X) e sp(1)* © D(M, TM)
Xy = —Xo(-, )m — Sym X € Si(sp(1)") @ T(M,TM)

Define the following operators:

Lep(1) : @Psp(1)* @ QI(M) — sp(1)* @ (sp(1)*)®" @ Q71 (M) defined by
tsp(1) (@) (€) = Lt

(0%

and

Loy : @Psp(1)* @ QI(M) — sp(1)* @ (sp(1)*)®” @ QI(M) defined by
Eﬁp(l)(a) (f) = EKEMO‘-

where K¢' is the fundamental vector field on M generated by § € sp(1). One can
verify the Cartan’s formula Lg,1) = digpr) + Lsp(1)d-

Lemma 3.2.1. [Pid04] For the two form w, as defined in (3.1.1), have the following
identity:
Esp(l)w = —2w. (3.2.2)



3.2 Properties of hyperKahler manifolds with permuting action 25

Proof : We first verify that w is Sp(1)-equivariant. Let ¢ € Sp(1) and & €
sp(1). Then for the vector fields V', W on M

(@w, &) (V,W) = gu(Ie(a.V), W) = g (a;  Ie(q. V), W)
= gnu(Laa, &) (V), W) = (w, Adg-1 (§))(V, W)

For &1, & € sp(1), using the identity above, we get:

d .
<£sp(1)w7§1 X §2> = £K§1“U(f2) = %(Lexp(—t&)) W(§2)|t:0

d d
= @ (Adeap—ie) (&2))lim0 = (W, Adeap(—1e) (E2)li=0) = —{w, [&1, &])

We conclude from isomorphism (3.2.1) that Lg,qyw = —2w.
[
Define y 1= —4igpyw = —39m (X, ) € sp(1)* @sp(1)* @ Q' (M). Then dy = w.
The map v decomposes into three components:

Yo = —%tr('y) € QM) (323)
n =) € sp(1)"® QY (M) (3.24)
Yo = Symy(7) € So®QYM)  (3.2.5)

By construction, it is clear 7y is Sp(1)-equivariant. Also notice that right hand side
of (3.2.2) lies in sp(1)* @ Q*(M) = A%sp(1)* ® Q*(M) which implies dy; = w and
dyg = dy, = 0. But first we need the following lemma.

Lemma 3.2.2. [Pid04] For the operator Lg,(1) and the map ~; defined above, we
have the identity

ﬁsp(l)’Yl (&1,&2) = —(m, &1, &) (3.2.6)

Proof : We shall first prove that the map v; is Sp(1)-equivariant. Let g €
Sp(1) and &, & € sp(1). Then,

(Lg) 1([§1, &) (V) = nl(

[
= gM((I&KEz ]E2K£1 ) V)
= gu (@ (e K& — I, K1), V)
QM([Ad 1§1KAd 16 — Laq g, PN Ad, 1, ) V)
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= [Adg-1&1, Adg16](V) = 1 (Adg-1[61,&))(V)
Since 7, is Sp(1)-equivariant,

d

(Lopy71,61 ® &) = 5@{%(52) = E(Lemp(—tfl))*71(£2>|t:0
d d
= 2N (Adeap(—ig)(E2))l=0 = (1 - Adeap(-ier) (€2)li=0) = — {11 [€1, &2])
]
Define the following functions:
1
po = gtr(bsp(l)’h) (3.2.7)
p2 = Symo(tep1)71) (3.2.8)

Then, by definition, po is Sp(1)-invariant and p, is Sp(1)-equivariant.
Lemma 3.2.3. [Pid04] The one forms vy and vy, are exact.

Proof :
Using the isomorphism sp(1)* = A%sp(1)*, the identity (3.2.6) can be rewritten
as Lep1)y 1 = Alt (tsp1yw) which implies

dbgp(l)’yl = Alt (Lsp(l)w) — Lﬁp(l)d’)/l = Alt (Lgp(l)w) — Lgp(1)W-

Then from the definitions (3.2.3) and (3.2.5), we conclude that dpy = 7o and
dpa = 2. Thus the vector fields Ay and X, are (upto a factor) gradient vector
fields of the functions pg and ps respectively. m

3.2.2 HyperKahler potential

Given a Kahler manifold N with the complex structure J and Riemann metric
gn, let wy denote the symplectic two-form associated to the complex structure. A

real valued function p: N — R is called Kdahler potential if it satisfies
—d(J(dp)) = 2wn.

In more familiar conventions, i00p = 2wy. On similar lines, one can define the

notion of hyperKéahler potential.
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Definition 3.2.2. (HyperKahler potential) Let (M, g, 1, 5, I3) be a hy-
perKahler manifold. Then, a real-valued function p : M — R is called a hy-
perKdhler potential if it is a Kéahler potential w.r.t all three complex structures

simultaneously, i.e,
—d(li(dp)) = 2wy
forl =1, 2,3, where w; is the symplectic 2-form associated to the complex structure

.

Observe first that )y = po + p2 € QU(M, R @ [S*(W)],) and in case ps =0,
po is a hyperKéhler potential (cf. [BGM93], [Pid04]).

Remark 3.2.1. po =0 = &3 = 0 since Xy = grad(pz). On the other hand
Xo =0 = dpy =0 and therefore p, is locally constant. Claim is that ps = 0.
For if not, then there exists a g € Sp(1) such that g - pa(z) # pa(x). Since py is
Sp(1)-equivariant, g - p2(x) = pa(gz) = p2(x), a contradiction. Therefore py = 0.

In the following proposition, the first observation is due to Martin Callies
[Call0], the second and third one are due to Swann [Swa91].

Proposition 3.2.1. Let M be a hyperKdhler manifold with a permuting Sp(1)-
action and such that Xy = 0. Then:

1. v = tyw
2. po is the hyperKdihler potential and gn(Xo, Xo) = 2po-
3. Lyyw = 2w

Note 3.2.1. Even though there may exist may exist more than one hyperKéhler
potential, there is a specific choice in the case when A5 = 0, namely py =
%gM(XO, Xo). Henceforth, since we restrict to the case when X, = 0, we fix this

choice of the hyperKéhler potential.

Example 3.2.2. Let M be the flat hyperKahler manifold H". Identifying sp(1)
with Jm(H), the complex structures are given by right multiplication by {i, j, k}.
We have,

I .. 1 == -
Xolu([i, j]) = —Xoluld, j)en — 5(“” + uﬂ) =0
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. . 1 =7 T
Xolu([4, k]) = —blu (g, k) — §(UJ/< +ukj) =0

1, - -
oo ([k,1]) = —Xolu(k, i)un — E(uk:z + uzk) =0

Therefore po(u) = 1 gun (u,u) = 1||ul|® is the hyperKahler potential.

Theorem 3.2.1 ([Swa9l]). Let N be a hyperKdhler manifold admitting a permut-
ing Sp(1) action such that Xy = —I K}, ||€||* = 1 is independent of € € sp(1).
Then N admits a hyperKahler potential.

3.2.3 HyperKahler Moment map

Definition 3.2.3. Let N be a manifold with symplectic form w. An action of a
Lie group G is said to be symplectic, if G preserves the symplectic form (L}w = w).
That the G-action is symplectic implies that ¢y w is a closed form. A smooth map
1 N — g is said to be a moment map for the G-action is the following conditions

are satisfied:
L. dp = tgw

2. ulgz) = Adg(p(x))

For a hyperKéahler manifold M, an action of a Lie group G is said to be hy-
perKdahler action is G acts by isometries and respects the complex structure, i.e
g*I; = I,g*. We are now is a position to define the notion of a hyperKdhler moment

map.

Definition 3.2.4. Let (M, gy, 1, I2, I3) be a hyperKéhler manifold with a hy-
perKéhler action of a Lie group G. Let w denote the one form defined by (3.1.1).
A smooth map p: M — g* ® sp(1)* is said to be a hyperKdhler moment map if
it satisfies the following:

1. dp = tqw

2. ulgz) = Adg(p(z))
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The hyperKahler moment map can be written as p = pqt + poj + psk, where
w1 = (p, 1), po = (1, 7) and pg = (p, k) are the moment maps for the symplectic
forms wy, wy and wy respectively. If M admits a permuting action of Sp(1), more
can be said. The map <, is G-invariant, which implies that L4y, = 0. Also

it = —tg71 is a G-equivariant map. Therefore,
dp = —digyr = =Ly + tgw.

This observation is due to Pidstrygach [Pid04]. Since &, = 0, we have [¢Xy = K.

Hence
1 1

71(€> = §LXOW(£) = §gM(Ké\/l7 )

and this gives an explicit expression for moment map: (c.f [Sch10] )

u(§®mn) = —%gM(KfM, K. (3.2.9)

Remark 3.2.2. If M has a hyperKahler action of a compact Lie group G, then
po is a Sp(1) x G-invariant function on M and p is Sp(1) X G - equivariant map.

3.3 Quaternionic Vector Spaces

Throughout this section, we shall use the identification sp(1) = Jm(H). We shall
restrict our attention to the special case M = H", with the quaternionic structure
being given by M, (X) = X - h for € H* and X € T,H". Denote by M,y the
space of H-linear maps L : H™ — H", i.e, R linear maps L : H™ — H" that
commutes with scalar multiplication. Denote by L' the conjugate transpose of L.
So for Ly, Ly € Myym, (L1Ly)t = LILT.

Let x € H". We define a quaternionic hermitian product on T, H" by

(Ve THY @ T,HY — H
(X,Y)y = XY

and Riemannian metric gg(-,-) = Re((-,)g). For X, Y € T,H" and £ € sp(1) the
hyperKéhler 2-form w is given by

W(E(X,Y) = gu(leX,Y) = Re((X - §)TY) = Re(¢ - XTY).
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The Lie group SU(n) C Sp(n) C Endg(H") acts on H" by left multiplication
(L, X) — L-X. This action preserves the metric and respects scalar multiplica-
tion and hence is hyperKéahler. The fundamental vector fields due to this action
is given by
M n
Kn |x:($>77$) €TH",

where n € SU(n).

The Lie group Sp(1) acts permuting, the action being given by (¢,z) — z-q =

x - ¢~ and the fundamental vector fields due to this action are given by

KM, = (z,—x-€) € TH",
where £ € sp(1).
12

In this case, Xy = 0 and hence py = | - ||? is the hyperKihler potential (See

2
example (3.2.2)).

Let su(n) denote the Lie algebra of SU(n). From (3.2.9), the expression for the
hyperKéhler moment map pisy () € sp(1)*®@su(n)*®@C>(H", R) is easily computed:

1
provenl€ @0l = —5Re(€ ' ) (33.1)

Alternatively, let us take into consideration, the identification H®¢c C" = H" given
by!
h® z+— hz (3.3.2)

The hyperKéahler SU(n)-action and the permuting Sp(1)-action on H ®@¢ C" are
given by
(A, g, h®z)— (¢-h) ® (A-2). (3.3.3)

The moment map fisym € sp(1) ® su(n) ® C°(H ®@c C",R) is given by
. 1o : :
fisum(h® 2) = hah ® (izz" —i||z]|* - idcn).

Let m1,m2 € su(n). We fix an inner product on su(n) given by

<7717 772>5u(n) = —27”69%('51"(771772))-

The Lie algebra sp(1) inherits the metric induced by identifying sp(1) = Jm(H)
and is denoted by (-, )sp(1)-

! The complex structure on H is taken to be right multiplication with .
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Lemma 3.3.1. Under the isomorphism (3.3.2), the two moment maps defined
above are equivalent.

Proof : Let n € su(n). Identify sp(1) ® su(n) with sp(1)* ® su(n)* as:
ER@N = (& Dsp1) @ (1, *su(n)

where (-, -)ep(1) and (-, -)su(n) are the inner products on sp(1) and su(n) respectively.
For h € H, z € C" and n € su(n) consider the following computations

(150 @ 2),mhoy = i (122" — |2 - iden), M
- 4im-;; (522" M)y — 4imﬁ<z'||z||2 iden, Mautry
hih (= 2nRe(tr(izz'n) — —hzh (= 2nRe(tr(il|z]]* - idenn)
hih (— 2nRe(tr(izz 77)
(

= ——hzﬁ Re(tr(z'niz) )
Observe that (z'niz)* = z'niz = (z'niz) is a real number. Therefore
Re(tr(z'niz)) = 2'niz.
Hence we have:
I, - ¢ | .
—§hzh (Re(tr(z'niz))) = —ihzh (z'niz) = —§hz(z niz)h
Let x := hz. Therefore,

1 - 1 - 1 — 1 — 1
—§hi(ztm'2)h = §h(zt772)h = §(hzt) n(hz) = §(hz)t77hz = 530*77;15 € sp(1)

For £ € sp(1), we have:

=

* 1 * ~
2x nx>sp(1) = _59%(555 nw) = Nsv(n)<§ ®n)la
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3.4 Swann Bundles over Wolf Spaces.

In this section we shall briefly outline the construction of Swann bundles. For a

more detailed exposition, we refer the interested reader to [Swa91] and [BGM93].

A quaternionic Kéahler manifold N is a 4n-dimensional manifold, n > 1, whose
linear holonomy group lies in Sp(n)Sp(1) := Sp(n) xz, Sp(l) C SO(4n). This
implies that the manifold is Einstein [Ale68]. Since these are of dimension strictly
greater than 2, this implies that their scalar curvature is necessarily constant. If
the scalar curvature of N vanishes identically and N is simply connected, then
the linear holonomy subgroup is contained in Sp(n) and hence N is a hyperKéhler
manifold. On the other hand, if N is a hyperKéhler manifold, then its scalar cur-

vature vanishes and its linear holonomy group is contained in Sp(n) C Sp(n)Sp(1).

If N is a symmetric quaternionic Kahler manifold of strictly positive scalar curva-
ture, then it is a homogeneous, compact manifold [Wol65]. Wolf and Alekseevskii

[Ale68] gave a classification of compact homogenous quaternionic Kéhler mani-

folds:

n __ Sp(n+l) . SU(n)
HP" = soesit )g (OTE))— SO 2= 0(2)
Y(n) = SO(n—4)xS0(4)"

along with 5 exceptional spaces:

G2 F4 E6 E7 ES
SO(4)” Sp(3) Sp(1)? SU(6) Sp(1)’ Spin(12) Sp(1)’ E; Sp(1)

for n € N. These spaces are also referred to as Wolf spaces.

For defining the notion of a quaternionic Kéahler manifold in four dimensions
though, a subtlety is involved. Since SO(4) = Sp(1)Sp(1), every 4-dimensional
manifold would be quaternionic Kéhler by the definition above, but some of the
properties of the higher dimensional analogue donot carry over to dimension four
with this definition. This is rectified by demanding that in addition to being Ein-
stein, the manifold is also self-dual (A four-dimensional manifold is self-dual if the

Weyl curvature tensor is self-dual).
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3.4.1 Swann Bundles

Let F' denote the Sp(n)Sp(1) reduction of the principal frame bundle Pgo(4n) of
N. Then S(N) = F/Sp(n) is a principal SO(3)-bundle, which is a frame bundle of
the three dimensional vector subbundle of skew symmetric endomorphisms of T'/V.
The Sp(1) action on H (by left multiplication) descends to an isometric action of
SO(3) on H*/ + 1. If N has a strictly positive scalar curvature, then the Swann
bundle over N is defined to be the principal H*/Zs-bundle over N

Remark 3.4.1. Given a a quaternionic kahler manifold N with positive scalar
curvature, the total space of U(/N) obtains a Riemann metric given by gy ) =
GH* /Z, +172gx where r is the radial co-ordinate on H* /Zo and gy /7, 18 the quotient
metric obtained from H. One can alternatively write the total space of Swann
bundle as U(N) = (0,00) x S(N) and its metric as gy = dr® + r*(gn + ggps),
where ggps is the quotient metric on RP? obtained from its double cover S®. (H*/Z;
is a metric cone over RP?). This implies that ¢(N) is a metric cone over S(N),
with gsv)y = gn + grps and hence, S(N) is a 3-Sasakian manifold. (A Riemann

manifold is 3-sasakian if its metric cone is hyperkdhler.)

Theorem 3.4.1 ([Swa9l]). Let N be a quaternionic Kdhler manifold with a pos-
itive scalar curvature. Then U(N) is a hyperKdhler manifold with a permuting
Sp(1) action and Xy = 0 holds. Additionally, U(N) has a hyperKdihler potential
given by

1
Po = 57“2-

3.4.2 Orbit Spaces

Let G be a compact, simply connected, simple Lie group and and let G denote
its complexification. Analogously, denote by g the Lie algebra of G and g® its
complexification. Let h C g© be a Cartan subalgebra and let IIT be the set of
positive roots. Let s[(2,C) denote the Lie algebra of SL(2,C). We know that
s[(2,C) is generated by:

o I
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satisfying
[H,E] =2F, [H, F] = —2F, [E,F| = H.

For any 8 € II™, by Jacobson-Morozov theorem?, we can find a distinguished
subalgebra s3, generated by the triple (Hg, E3, Fj3), corresponding respectively to
the images of (H, E, F') under the Lie algebra embedding

Ag 1 sl(2,C) = g“.

The real structure on su(2) ® C and g ® C commutes with X§ which gives us an
embedding of su(2) = sp(1) in g. Note that Fy = A5(F) is a nilpotent element in
g~

Let o denote the highest root. Consider the adjoint action of G® on g©. F, de-
termines the nilpotent orbit O, = G® - F,. Kronheimer [Kro90] shows that any
nilpotent adjoint orbit of the complexification of a compact semisimple and con-
nected Lie group has a natural hyperKahler structure. Futhermore, O, admits a
homothetic H*-action and is a Swann bundle over some homogeneous quaternionic

Kéahler space, which has to be a homogeneous G-space, i.e. a Wolf space [Swa91].

2 Jacobson-Morozov Theorem([Jac51]): Let g be a semi-simple Lie algebra and E be a nilpotent element
in g. Then there exist elements Y, H, such that the sub-algebra that is generated by {E,Y, H} is isomorphic to
sl(2,C).



4. Generalized Dirac Operator

“Stands at the sea... wonders at wondering... I...
a universe of atoms... an atom in the universe.”
— R. Feynman, “The Value of Science”, The Pleasure of Finding Things Out

In this chapter we introduce the non-linear Dirac Operator in dimension four
in Section 4.3. We analyze the effect of conformal change of metric on the base
manifold in Section 4.4 for a class of hyperKahler manifolds for which p, = 0.
We introduce the Fueter operator and quaternionic maps in Section 4.6 and study
their relation with the harmonic spinors. An exposition on the same may be found
in [Hay08].

4.1 Spin%(n)-structure

The first ingredient we need in order to define the non-linear Dirac operator, is a
Spin (n)-structure. This is a generalization of the familiar Spin(n) and Spin®(n)-
structure, where in the latter case, the group S is now replaced by a compact Lie

group G. Throughout, we shall assume n > 3.

4.1.1 The group Spin%(n)

Let G be a compact Lie group and € be an element of order two in the centralizer
Z(G) of G. The element (—1,¢) € Spin(n) x G generates a normal subgroup of
order two, denoted by ((—1,¢)). We define SpinZ(n) = Spin(n) x+; G. We have

the following exact sequence:
0—— ((—1,€)) —— SpinC (n) —<= SO(n) x G/{e} —— 0 (4.1.1)

where Il is the quotient map.

35
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Example 4.1.1. A familiar case is when G = S* and € = —1.
Then Spin(n) x4 S* = Spin(n).

Since G is a normal subgroup of Spin%(n), we get the following short-exact
sequence:

0— G — Spin%(n) — SO(n) —0

4.1.2  Spin%(n) structure

Let X be a n-dimensional Riemann manifold. Let Pso@) — X denote the
principal frame bundle over X. Then a Spinl(n)-structure over X is a principal
Spin€(n)-bundle, which is an equivariant double cover @ 21, Psom) Xx Payqe,
along with principal G /{e}-bundle Pg /-3 — X. We denote by

Ts0(n) : @sping(n) — Pson)
TG e} © Qsping(n) — Fa/tey

In general, the Pg/() does not lift to a principal G-bundle Pz — X. The
obstruction can be understood in terms of Cech cohomology class. Let {,}
denote a cover of X such that U, N Uz is contractible. Let go5 : Uy N Uz —
G/{e}. Then {gastase == g € HY(X,G/{c}). Let gas : Us N Us — G/{e}
be any representative of g. Since U, N Up is contractible, g,s can be lifted to
Gap : Us N Uz — G. By the exactness of the sequence :

0 Ly G G/{e}—0

we get that 7asy = Gapdsy G5y - Ua N Us N U, — {1,e}. In other words, {n,s,} is
a Cech cocycle and represents a cohomology class wg € H %(X,7Zy). This defines
the map we : H'(X,G/{e}) — H?*(X,Zy). The lift of g to g, fulfills the cocycle
condition iff

wa(Pa/ey) = 0 (mod 2).

In the Spin(n)-case, wq is known to be the second Steifel-Whitney class ws, which

is the obstruction to lifting the principal SO(n)-bundle to Spin(n)-bundle.
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By the same reasoning, the short exact sequence (4.1.1) implies that a Spin&(n)
structure over X will exist iff wg,6(n)(Psom) Xx Paygey) = 0 (mod 2). By natu-

ralness of constructions:

Weping (n)(Psom) X x Payey) = wa(Psomy) + wa(Payey)-

4.2 Generalized Spinors

Let X be four dimensional manifold and (M, gas, I1, I2, I3) be a hyperKéhler man-
ifold. The action of the group Spin®(3) on M is said to be permuting if the action
of Spin(3) = Sp(1) on M is permuting and the action of G is hyperKéahler. Denote
by ¥, the homomorphism Spinf(4) — Spin€(3) given by [q.,q_, 9] — [q4, g).
We say that the action of Spin%(4) is permuting if the action is induced by a
permuting action of Spin%(3) via the homomorphism ¥J,. Recall that given a

hyperKahler structure, it induces a covariantly constant algebra homomorphism:

| :H — End(TM)
h— ho [CZTM + hlfl + hg[g + hg[g = Ih'

We define W+ to be the Spin&(4)-equivariant bundle TM — M equipped with
an action induced by 9. More precisely, for any w, € W, the action is given by:
[9+,9-,9] - wy =Tq Tgw,.

Define the W~ to be the Spinf(4)-equivariant bundle TM — M equipped
with the following action:
4, q- 91w =113, T, Tg w-.

One can check that this defines a left action of Spinf(4).

Let Q@ — X denote the principal Spin&(4) bundle over X. Then we define the

G

space of generalized spinors to be .7 = C>®(Q, M) P«

can be interpreted as smooth sections I'(X, @ X gpinc ) M).

(). Generalized spinors

In case of G = S and M = H, this is nothing but the space of positive spinors
St.
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Proposition 4.2.1. [Cal10] The space of spinors . is an infinite-dimensional,
smooth, Fréchet manifold. The tangent at a point u € .7 is given by

T, = C(Q, TM)$P" ™ .= {w e C2(Q, TM)"" @ | 110w =u}.
If the base manifold X is compact, then the tangent bundle of .7 is given by
T.% = C™(Q,TM)*P"e™,

4.3 Non-linear Dirac Operator

4.3.1 Clifford Multiplication

Recall that, if W is a Cl,,-module, restricting it to Spin(n), Clifford multiplication

is a map of Spin(n)-representations:
m: R" — End(W).
Henceforth, we shall restrict ourselves to the case n = 4.

In order to define the generalized Dirac operator, we need to define the appropriate
Clifford multiplication. The isomorphism Spin(4) = Sp(1); x Sp(1)_ induces the
isomorphism

Sping (4) = (Sp(1)4. x Sp(1)-) x4 G
We identify R* with H by mapping the standard, oriented basis (ey, s, €3, €4) of
R*, to (1,4, 7, k). The hyperKahler structure on H is given by (R;, R;, R;) and the
Sping(4) action on H by [¢4,q_, 9] - h = q_hg,. Define the map

m:R*YH — End(WT W)
0 —I;
h — &
I, O
Since m(h)? = —gga(h, h) - idw+ew-, by universality property, extends to a map

of algebras m : Cly — End(WT & W™). Identifying R* with (R*)* we define
Clifford multiplication by:

c:(RY*®@ (WreaW-) — WHeW-
9R4(h7 -)(w+,w_) — m(h)(w-i-?w—)'

This map is Spind (4)-equivariant [Sch10].
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4.3.2 The Covariant derivative

Let (X, gx) be a compact, oriented, Riemann manifold and let G be a compact Lie
group. Let ¢ € Z(G) be an element of order two. Denote by Pg (. — X principal
G /{e}-bundle over X. Furthermore assume that wgyi,c ) (Psow) Xx Pa/ey) =0
and let Q@ =% X a principal Spin&(4)-bundle over X. Let M be a hyperKahler
manifold with a permuting action of the group Spin&(4).

The Levi-Civita connection ¢ on Pso4) T99My X and a connection B on Pgiey-
bundle define uniquely a connection A := 7 (¢ © B) on @, where 7, is the double
cover () KCN Psouy Xx Pagyiey-

Let %(Q) denote the space of smooth connections on the bundle @ and & C
%' (Q) denote the space of all connections which are the lift of the Levi-Civita con-
nection. More precisely, if spin©(4) denotes the Lie algebra of the group Spin(4)

and g denotes the Lie algebra of the group G, then
spin®(4) = spin(4) @ g = s0(4) @ g.

Therefore, o = {A € C(Q) | Prypu) © A = Tiow ¥}
The covariant derivative of a generalized spinor u € ., w.r.t a connection A € o7,
is given by :
Dy : COO(Q, M)Spin§(4) — COO(Q, (R4)* ® TM)Spin§(4)
(Dau(p), w) = Tu(w)],
where, w € R*, and @ denotes the horizontal lift of msou) (p)(w) € TryX.
Define the homomorphism of vector bundles
K, :T°Q — w'TM
Kﬁﬂu(v) = K%(v)|u(q) € TuqM

where, v € T, and Kf;/[ is a fundamental vector field on M, corresponding to

n € spinZ(4).
Using the map K1!|,, we can alternatively write the covariant derivative as

Dau = Tu + Ky, € C®(Q, (RY)* ® u*w+)5pin§(4)‘
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Remark 4.3.1. Let Ay and Ay be any two connections on @Q, such that A; =
Ay + . Then forv e T,Q,

d d
Kﬁﬂu(v) = —exptA1(v)]i=0 = — exp(tAz(v) + ta(v))|=0

dt dt
= % (exp(tAs(v)) (exp(ta(v)))|i=o

= K, lu(v) + K3 u(v).

4.3.3 The Dirac Operator

Composing Clifford multiplication ¢ with the covariant derivative, we get the non-
linear Dirac operator:

Dau € C=(Q,u*W™) (4.3.1)
The Dirac operator can be better understood as follows:

Define the configuration space C = .% x.&7. Then this a left 4 := C(Q, G)Sn (4).
space. The group ¢ is a normal subgroup of the full gauge group C*(@Q, S pz’nf(él))smnsc ),
Define W~ = C°(Q, W*)Spmsa(‘l). Then W~ is a ¥-equivariant vector bundle over
. with the fibre at a point u € . being given by C*°(Q, u*W~) [See Prop. 4.2.1].
Hence, for a connection A € &/ on (), the Dirac operator defines a ¢-equivariant
section of the vector bundle W~.

For more literature on the three and four dimensional non-linear Dirac operator,
we refer the interested reader to [Tau99], [Pid04], [Sch10] and [Call0].

4.4 Conformal property of the non-linear Dirac

operator

Let X be a four-dimensional, compact Riemann manifold and for a fixed metric
g on X, let [g] denote the conformal class of g. let f € C°(X,R). In the linear
case, for two conformally related metrics, g & €2/ g, let ¢ and ¢’ be the associated

Levi-Civita connections. Then the corresponding Dirac operators are related as'

D (Bu) = ,%’(e’gfﬁw(e%fu)) (4.4.1)

! To the author’s knowledge, this formula was first computed by Hitchin [Hit74].
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where u is a spinor and the % denotes an isomorphism of the principal bundles of

—f
frames Pgo) SN P04y, corresponding to the metrics g & e/ g respectively.

4.4.1 The CSpinf(4) structure

The conformal group CO(n) is defined to be RT x SO(n). The double cover
A Spin(n) — SO(n) extends to a double cover

0 —— Zy —— CSpin(n) 1~T*>C'O(n) —0 (4.4.2)

where, C'Spin(n) := R* x Spin(n). By the same argument, if we define the group
CSpinf(n) := Rt x Spinf(n), the double cover 4.1.1 extends to a double cover

0 —— Zy —— C'SpinS(n) —2— CO(n) x G/{e} ——0 (4.4.3)

where ﬁG is the quotient map.

Definition 4.4.1. (Conformal frame bundle) A conformal frame bundle over
an n-dimensional Riemann manifold /V is a reduction of the principal frame bundle
to the conformal group CO(n) C GL(n).

Definition 4.4.2. (Conformal Spin structure) A conformal Spin structure
over an n-dimensional Riemann manifold N is a principal C'Spin(n)-bundle, which

is a lift of the conformal frame bundle Pco(,) corresponding to the double cover
I in (4.4.2).

Remark 4.4.1. A conformal spin structure will exist iff a spin-structure exists on
the base manifold. A choice of a conformal spin structure is equivalent to choosing
a spin-structure on the manifold.

Analogous to the conformal spin structure, we are now in a position to define
the conformal Sping(n) structure:

Definition 4.4.3. (CSpin®(n)-structure) A CSpin®(n)-structure over an n-
dimensional Riemann manifold N is a principal C'Spin®(n)-bundle, which is a a
lift of the principal bundle Poom)y X v Pg/e corresponding to the double cover ﬁG
in (4.4.3).
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4.4.2 Generalized Dirac operator & Conformal change of

metric

Henceforth, we shall assume that X is a four-dimensional, compact Riemann man-
ifold. Let Poowy —= X be the bundle of conformal frames on (X, [g]). A metric
on X is a section g € I'(X, S?(T*X)). Fix a metric g on X. For f € C*(X,R),
consider the metric ¢’ = €™ ¢ in the conformal class of g. The two sections cor-
respond to the reductions Pso)y — Pooy and P§0(4) — Pco) respectively, are
given by:

Pso@y = {p € Poow)|gr1(0,,0,) = 7°g(-,-)}
Péo(4) = {p € Poo()|gr:(6,,0,) = W*(‘fZ(ﬂ*f)g)(‘a )}

where, gra(-,-) is the standard metric on R* and 0 is the canonical one form on
Pcos) defined by

0,(v) = p~ (mco(v)),
for p € Poosy and v € T,Pcoy. Note that 7g € I'(Poo), S*(R*)*). Let ¢ be a
connection on the principal bundle Poosy — X such that.

(d+¢)g=0 (4.4.4)
(d+¢)0=0 a

Then ¢ is the Levi-Civita connection w.r.t the metric g. Let ¢’ denote the Levi

Civita connection w.r.t the metric ¢’ and
¢ —p=(0,§) where ¢e (R")" ®co(4) (4.4.5)

where co(4) is the lie algebra of CO(4) = SO(4) x R*. The covariant derivative
of the metric ¢’ w.r.t ¢ is given by:

(d+9)(g) = (d+<p) Arlg
Da(a*df)g + T dg + Ty - g
Do(mrdf)g + 2T D(d + ¢)g
No(rdf)g.
Note: The left action of Aut(R*) ~ S*(R*)* is given by

SERY)* s g b-g(-,-) = gb™H b7,



4.4 Conformal property of the non-linear Dirac operator 43

where b € Aut(R*). Therefore the action of an element ¢ € Lie(Aut(R?)) is given
by (-9 = —g((,-) — g(-,¢). That is the reason we have a negative sign in the
second line. If ¢ € R = Lie(R") C Lie(Aut(R*)), then ¢ - g = —2¢(¢, *).

This implies (d + ¢ + (7*df) @ Idgs)(e*™)g) = 0. But the torsion of the

connection one-form ¢ + (7*df) ® ldgs is non-zero, since
(d+ ¢+ (r"df) @ ldga)0 = (7*df, 0)

0 —— Zy —— C'Spin€ (n) Yo, CO(n) x G/{e} —0
To find the expression for ¢, in terms of (, such that the torsion of ¢’ vanishes,
we need to find a one form § € Q'(Pf 4, 50(4))%7™ so that

(d+ ¢+ (r"df) @ Idgs + 5)0 = 0.

Let T'=d0 + [p,0] and T" = dO + [¢', 8] denote the torsions of the connections
¢ and ¢’ respectively. Then

T —T =1y —¢,0]

If D, denotes the horizontal subspace at a point p € Poos), the torsion at p is the
map T'(p) : A°D, = A*R* D R* and

T (D)ey ~ T(Phey = 5Py — €))7,y € R

where ¢ is as in (4.4.5). The first term signifies the result of applying the torsion
to x Ay. In terms of the GL(4, R)-equivariant homomorphism:

§: (RY* @co(4) = (RY* @ (RY)* @ R* — A*(R*)* ® R?, the first map being
the inclusion and the second one being the anti-symmeterization, we may write:
[Sal89]

T — T = —6¢.

For simplicity, we shall use the abbreviation A* for the space A¥(R")*. We know
that (R*)*®co(4) = (R*)*®@s0(4) ® (R*)*®C-Idgs. There is a natural isomorphism
so(n) = A%(R")* obtained by associating to a pair of vectors v,w € R", the skew-

symmetric endomorphism

vAw = (v, )w — (w, - )v. (4.4.6)
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It is easy to see that dlsoy @ A'(RY)* @ A2(RY)* — A?(RY)* @ AY(RY)* is an
isomorphism. Therefore
(5_1|50(4)(Z fRe e - Re;®el) — (Z e e —el @e;®el). (4.4.7)
J J
From the computations above for the connections ¢ and ¢’, we know that

& =m*df. So,

Tor(p + m*(df) — |50 1) (0 (7*df))) — Tor(p) = —6(x*df) — 6(—=*df) = 0.
The map 7*(df) € (PC’O(4),(R4)*)- For p € Poow) and a basis element e; €

R*, define fi(p) = w*df(p(e;)), where p(e;) is the horizontal lift of p(e;) with
respect to ¢. Thus f; € C°(Prow), R). Hence we can write 7*(df) = >, fie' €
C*(Pro(s), (R*)*). Computations (4.4.7) show that
Olontny (BT df)) = =D fild @ej@e — e @e;@e)
iJ
and so
Tor(p + m*(df) + Zfi(ej Reje —e ®e;®el)) = 0.
1,J
Using the isomorphism (4.4.6):

o = go+7r*(df)+z fi(e@ej@e'—e!@e;@e’) = p+m*(df) @ C - Idga + Z fiel @ (e; Nej).

0, 1,J

(.

-~

(4.4.8)
Proposition 4.4.1. ([LM89] Prop. 6.2, Chap. I) The adjoint representation

induces the Lie algebra isomorphism ( : spin(n) — so(n) is given by:
C(ei6j> = 2€i A €j7

where, {e;e;}i<; are the basis elements of spin(n). Consequently for v,w € R,

Mo Aw) =4

Therefore for e; A e; € A’R™, ("'(e; Aej) = 3(ese; — eje;). Under this isomor-

v, w].

phism,
. . . 1 .
™ (df)®C-IdR4—|—Zfie]®(ei/\ej) — (df)®C-|dR4+ZZfie]@)(eiej—ejei),
1,] 4,7

and denoted again by a.
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Let Q be the principal C'Spin¢(4)-bundle over X. Recall that for a quaternionic
Kéahler manifold N of strictly positive scalar curvature, the Swann bundle over N
can be written as a Riemann cone U(N) = R*xS(N), where S(N) is a 3-Sasakian
manifold. Therefore, we have an action of RT x Sp(1) on U(N) = [0,00] x S(N)
given by:

(Rt x Sp(1)) xRT x S(N) — R¥* xS(N), ((A,q)(r,s)) — (A-r,q-s). (4.4.9)

Let M = U(N) for some quaternionic Kéhler manifold N of strictly positive
scalar curvature and u € C*(Q, M)57"¢(4) be a spinor.

Let A, and A,/ be the respective lifts of the Levi-Civita connections ¢ and

¢’ to @, for a fixed connection B on Pg/-bundle. We conclude from (4.4.8) and
Remark 4.3.1

Dau= Da,u+ K}, € C%(Q, (R @ u*'TM). (4.4.10)

The target manifold M admits a hyperkédhler potential py, given by po(x) =
gM(Xolz, Xolz). Let A € R*. Then

1 1
po(e*z) = §gM<X0|e>‘x7XO|e)‘r) =3 e g™ (Xp |z, Xolu) = € po(a).

So
d d
(0o = dpol 5 (¢0) = 2dpo(KYE) = g (o, KIEL).
But
d 2\ d o
(e mo = S ()po() = 2rp0(2) = gar (Kol Xol)

This gives Mg (Xo|z, Xolz) = )\gM(X0|x,KiW’R+|z) for every x € M. This implies
KME = 2.

Theorem 4.4.1. Let X be a four dimensional Riemann manifold and M be the
total space of a Swann bundle. Let f € C*(X,R). Then the Dirac operators

1’% and @Aq),, associated to the two conformally related metrics g ~ g == e>™ I g

CSpin(4) qre related as:

respectively, acting on a spinor u € C°°(Pogpin(a), M)
Do (Bu) = B(Te 71D, (227 )
where, X is the lift of the isomorphism B : Poowy — Peoqy, given by
pr—e " Ip.

Before we give the proof of the theorem, we need the following Lemma.
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Lemma 4.4.1. For f € C*(X,R), we have
Dale™™ Tu) =Te ™ Dpu— c(dn* f) X, (4.4.11)
for A, u as in Theorem (4.4.1).

Proof : Let p € Q and v € T,Q. Let v :[0,1] — @ be a curve in () such
that v(0) = p and 4(0) = v. Evaluating the covariant derivative of fu for v:

Da(e™™ Tu)(v) = T(e™™ Tu)(v) + K(y) e rwup)

The first term is given by:
d

T(e ™ fu)(v) = pr (e_”*f )(7(t))|t:0
d .
— —* F(((1)) ¢ _
dt( u(y( )))|t70
=Te ™ W Tu(v) + KM A (et ()| e ru(p)

)

= - f M . *

= Te ™ /W Tu(v) + K (Ter STe-m* 1) F((4(0) oo €™ (D)
) +

) +

dfr*f ((0)) |e”*fu(p)

(— d7r fly ( )Xol e rup)

Here Te~™"/ denotes the differential of the action of e=™/ on M. The second term
is
KR le= 1 = Te™™ 1P K30l
This gives

Dale ™ u) = Te ™™ Dau — d(7* f) @ Xolo-n 1.,
Applying Clifford multiplication, proves the Lemma. ]

We now give the proof of the Theorem (4.4.1) .

Proof : Let ¢ denote the Clifford muliplication w.r.t the metric g. Then w.r.t the
metric e?™ /¢ in the conformal class of ¢, the Clifford multiplication is given by ¢ =
Te ™ J¢. Substituting for a in (4.4.10) and applying the Clifford multiplication
we get:

P u="Te ™/ (@Awu + o(mdf) Ko + c( K ILGSin) )\u)

12, fiel®(eiej—eje;)
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_ —* f M,CSpin(4) )

=Te (sz“Pu + (7‘(’ df) ’u + K 12, 7-fi(ejeie]-—e]-eje¢)|"

_ —*f * M,CSpin(4)

=Te (Qj + c(m*df ) Xl + K3 TAY, fiei—2X, | fiejdi+43, fzez)’ >
= Te ™ (Ba,u+ e df) o, + K} 0),)

=Te ™ f(@A u -+ ( *df) |u + KMC;;SI’JI:)W( )lu)

. 3
=Te ™ f(i)AWU + C(W*df)XO|u + §7T*df . XOlu)

But
Da, (e u) =Te ™ (Te ™I P u+ Te”*fgﬂ*df - Xolu)
= Te_”*f(Te_g”*f@Aw (eg”*fu))
This gives
@Aw,(%u) = %’<T6_5/2“*f$A¢(63/2“*fu)). (4.4.12)
O

4.5 Weitzenbock Formula

Let M = H"*! endowed with a permuting action of Spin%(4), where G = SU(n +
1). Let B be any fixed connection on the Pg/iey and let A € &7 be a connection on

(@ determined by B. The following is a special case of Weitzenbock formula proved
in [Sch10] for M = H".

Proposition 4.5.1 (Weitzenb6ck Formula). Let X be a four dimensional, ori-
ented, Riemann manifold. Let mg : Q@ — X be a principal SpinS(4)- principal
bundle over X. Let A be any connection on () determined by the Leuvi-Chivita con-
nection on Psouy — X and a connection B on Pg/41 — X. Denote by Da

the twisted Dirac operator determined by the connection A. Then for any spinor
u € C™®(Q,WT), we have:

% 1
DaDau = DrDau + 75xU + o(Fg )u. (4.5.1)

Corollary 4.5.1. Let X compact, oriented Riemann manifold with a Spin<(4)-

structure and let A be the connection as in the above proposition. Let [igy i1y be
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the moment map for the SU(n + 1) action. Then,
1
.l = [ Daul + ool +2 [ Gy 0w F)vol. (452
X

Proof : First observe that an oriented orthonormal basis for A2 R* is given by:

1 1 1
m = 5(60/\61 +€2/\63), o = 5(60/\62 — e /\63), N3 = 5(60/\634—61/\62).

Identifying (CI?), with H as in (2.5.2), we have ¢(r;) = “@&Fe2e — [, Similarly,
¢(na) = I and ¢(n3) = I3. Note that we may write Fj = Z?:1<FB+7771>A1 .
Therefore, we have ¢(Fjg )u = >, [{EFg, m)u. Let {¢;};_, denote the basis elements
of 5p(1). Then (—ui), (—uj) and (—uk) are the fundamental vector fields at wu(-)
generated by (i, ¢, and (3 respectively. We can write u = —uit = —Lu; and

similarly for j, & k.
(c(Fg)u, uygnn = Z (I(Fg,m)u, _Il(u@)>Hn+1
!
- Z <<Fg7 nl>u7 uc_-l>Hn+1
!
=2 ttsoeen ((FEm) ® Q)L
I

= 2<MSU<n+1> o u, FE)

The claim follows by taking an inner product with a spinor u on both sides of the

eqn. (4.5.1) and from the above computations. O

4.6 Fueter operator and the generalized Dirac

operator

4.6.1 Algebraic Preliminaries

Let (V, I, 15, I3) and (W, Jy, Ja, J3) be two quaternionic vector spaces. Let f :
V — W be a linear map. Consider the R-linear operator of R-vector spaces
F: Homg(V,W) — Homg(V,W)
F(f) =Y Jio f ol
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The operator F' is called Fueter operator. This was first introduced by R. Fueter

[Fue35] in order to study the quaternionic analogue of Cauchy-Riemann equations.
Lemma 4.6.1. The Fueter operator satisfies the following properties:

1. F?4+2F -3=0

2. The eigen-values of F' are {—3,1}.

It is a straight forward computation the verify (1) and claim (2) follows from
(1). The Fueter operator decomposes the space Homg(V, W) into a direct sum of
two subspaces corresponding to the eigen-values {—3,1}. The maps corresponding

to the eigen-value —3 are H-linear.
Corollary 4.6.1. (F —1)f is H-linear for all f € Homg(V, W)

Corresponding to the eigenvalues {—3, 1}, we have the decompostion Homg(V, W) =
U_3® Uyq. Observe that (F' 4 3)(F — 1)f = 0. Therefore (F —1)f € U_3 and is
H-linear. We say that a map f € Homg(V, W) is aholomorphic if (F —1)f = 0.

4.7 A brief survey on Aholomorphic maps

4.7.1 Stationary Harmonic maps

Let (M, gn) and (N,gn) be any two compact Riemann manifolds. By Nash’s
isometric embedding theorem, we assume that N is isometrically embedded in
some RX. Let N — V C R¥, be a neighbourhood of N such that the nearest
point projection II : V — N is smooth and well-defined. Define the one parameter
family of maps us = II(u + s£), where £ € C*°(M,R¥) and s € (—¢,¢) for some
e > 0. Observe that for a small enough s, u+ s € V. Define Wh?(M,N) ={f €
WY2(M,RE) | f(x) € N for a.e x € M}. For u € WH3(M, N), define the energy

functional !
Bu) = —/ du|[2dvola,
2

where du : TM — RX. Then u is said to be weakly harmonic if for any & €

C>=(M,RE), we have
d
%E(us)hzo =0 (4.7.1)
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in a weak sense. Or equivalently, is a weak solution of the associated Euler-
Lagrange equation:
Au + A(u)(du, du) =0 (4.7.2)

where, A is the usual Laplacian and A(u)(du, du) € (T,,N)* is the second funda-
mental form on N. Observe that the system 4.7.2 is a non-linear system which
is quadratic in first derivative. This non-linearity results in the loss of analytic
properties of harmonic maps such as existence, regularity, etc. unless, we add
some extra hypothesis. This is done by considering a second type of variation.
Let ¢, : M — M be a C'-family of diffeomorphisms such that ¢y = Idy;. Let
u e WH(M, N) and u, = uo ¢,. Then u is said to be stationary if for any family

of diffeomorphisms {¢,}, satifying ¢g = Idyy, it is a weak solution to

d
EE(us)lpo =0 (4.7.3)

In addition, if u is weakly harmonic, then it is said to be stationary harmonic.

Theorem 4.7.1. [Sch84] Let n = dimgN and u € C*(B,(z), N), for some x € M,
be such that E(u) < Y. Then, there, exists some € > 0, depending only on Y, n, N,
such that if

,02_”/ | dul||?dvoly; < ¢,
Bp(z)

then there ezists a constant C" = C'(T,n, N) the following inequality holds:

sup ||dul)* < ' p_”/ || du||*dvol ;.
By(z)

Bp/Q(I)

Let m = dimgM. Define the set F = {u € W'*(M,N) | E(ux) < C}. Let
ur € F be a sequence of maps converging weakly to a map u € Wh2(M, N).
Define the blow-up set of {uy} as in [Sch84]:

S=(zeM| liminfr2m/ | dug||*dy > &0} (4.7.4)
k—0 B»p(l‘)
r>0
where the g is given by Theorem 4.7.1.
Corollary 4.7.1. [Sch84] The set ¥ is a closed singular set of locally finite Haus-

dorff measure (m — 2) in M and any map u in the weak W12~ closure of F is

smooth and harmonic on M \ X.
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Consider the Radon measure u; = ||du;||*dvoly;. Then without the loss of
generality, we can assume that j; — p. Fatou’s lemma? implies p = ||du|*dvoly +
v, where v is some non-negative Radon measure. For a map u € WH?(M, N),

define the regular and the singular sets by:

reg(u) = {z € M | u is regular in the neighbourhood of z}
sing(u) = M \ reg(u).
Theorem 4.7.2. [Lin99] The set ¥ is an H™ ?-rectifiable set 3, where H™ 2
denotes the m — 2-dimensional Hausdorff measure and :

1. ¥ = spt(v) U sing(u).

2. v(z) =O(z)H™2(X)
where © is an H™ 2-measurable function.

Since ¥ is H™ 2-rectifiable, we can write it as a countable disjoint union X =
U2y M; where each M; for j > 1is H™ ? measurable, H™ *(My) = 0 and each
M; C N;, where N; is an embedded (n—2)-dimensional C''-submanifold of R™~2**
for some k € N. Let % be an open subset of R™2¥* For a locally Lipschitz

function f on %, we can define the gradient operator V> f, H™ 2 a.e as
VEf(z) = VY f(a)

for x € M; (cf. Section 12.1, [Sim83]) and hence the divergence operator divy X =
Z;”;f(ViX )€, where {e;}"? is an orthornormal basis at T,% and = € ¥. Here
T3 is defined in the sense of Theorem 11.8 of [Sim83].

Theorem 4.7.3. [LT98] Let uy € F be a sequence of stationary harmonic maps
such that u, — u (weak convergence) in WY2(M, N). Let U € M be an open set
and let X be a C*-vector field on M with compact support in U. Then

/EdingV—i— /M (HduH?dz'U(X) . 2<du(VaX),du(%)>>dvolM —0  (4.7.5)

2(Defect version of Fatou’s lemma) Let (X, B, u) be a measurable space and {f;} : X — [0,+00) be a
sequence of measurable functions converging point-wise to an absolutely integrable function f. Then

/andu—/xfdu—llfn—f\m(u)—>0-

First informally proved in [BL86] by Brezis and Lieb.
3 A set M € R"F is said to be countably n-rectifiable, if M C My |52, F;(R™), where F; : R® — R"** are
Lipschitz continuous for i = 1,2,3,....
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If a map u € WY2(M, N) is a stationary map, then ([Sch84]) it satisfies
. 0
Za: /M (IldulPdiv(x) = 2(du(VaX), du(2)) ) dvolas = 0. (4.7.6)

But in general a weakly convergent sequence of stationary harmonic maps may
not converge strongly and the energy may concentrate on the set X. We define the

set X to be stationary if
/dng v=>0 (4.7.7)
b

for any vector field on M with compact support. Thus the identity (4.7.5) and
(4.7.6) implies that the singular set 3 is stationary iff the limit map w is a stationary

map.
Theorem 4.7.4. [Bet95] Let w € WYA(M, N) be a stationary harmonic map.
Then H™%(X) = 0 and u is smooth on M \ X.

4.7.2 Aholomorphic maps between hyperKahler manifolds

Let now (M, gar, Ih, Lo, I3) and (N, gy J1, Jo, J3) be two compact hyperKahler man-
ifolds.

Definition 4.7.1. A smooth map u : M — N is said to be aholomorphic * if
Z?:l J;oduo I; = du.

Let {w,,}?_; and {w, }?_; be the symplectic two-forms associated to the respec-

tive complex structures. Define the following energy functionals

3
1 1
E(u) = §/M |du||*dvolyr,  Er(u) = §Z/Mw,i Autw,,
=1
1 3 1
](u):E/Mﬂdu—ZJioduoIiHdeolM:§/M||(F—1)du||2 dvoly,
=1

Then clearly, u is an aholomorphic map iff I(u) = 0.

4 These maps are also known as quaternionic maps in some literature [CL00], [LT98], [Che99].
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Proposition 4.7.1. ([CL00]) Let M and N be two hyperKdhler manifolds as above
and let uw : M — N be a smooth map. Then the energy functionals satisfy:

1
Z[(u) = E(u) + E.(u) (4.7.8)
Furthermore, if u is an aholomorphic map, then it minimizes the energy its homo-

topy class.

Remark 4.7.1. Being energy minimizers, aholomorphic maps are stationary har-
monic maps. Therefore all of the results mentioned above carry over to aholomor-
phic maps. Additionally, it was proved by Schoen and Uhlenbeck [SU82] that for
a sequence of energy-minimizing maps ug, such that ux — w in WH3(M, N), the
Hausdorff dimension of the singular set X is at most m — 3. It follows from 4.7.2
that v = 0 and hence ¥ is stationary. Furthermore, Theorem from 4.7.3, it follows

easily that the limit map u is a stationary harmonic map.

Remark 4.7.2. If M admits a permuting action of Sp(1), the su(2)-valued sym-
plectic two-form on M is exact; i.e the cohomology class of each of the Kéhler
forms {w;}?_, vanishes. Therefore F,(u) = 0. Furthermore, if u is aholomorphic,

I(u) = 0 and therefore F(u) = 0. Thus in this case, u is a constant map.

4.8 Aholomorphic maps and harmonic spinors

Let (X, gx) be a four-dimensional Riemann manifold and endowed with a Spin-
structure Q — X and fix a connection A € &/ on ). Let M be a hyperKéahler
manifold with the permuting action of the group Spinf(4) and u € . be a
generalized spinor.

Clifford multiplication is the map m : (RY)* @ W% —s €_ Cly e, @9y, W°. To
define the generalized Dirac operator, we replace W° by T'M. Note that having a
permuting action of Spin%(4) = Sp(1)+ x Sp(1)_ on M implies that Sp(1)_ acts
trivial on M. Therefore (c.f Section 4.3):

TM .

)+

Cl4 ®Cl2 TM =TM De_ Cl4 €t ®(Cl2
wt o ~

Let u € . and A € /. Then composing the Clifford multiplication

m: (RHY* @ W — W~
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with the covariant derivative of u,
Dpu € C%(Q, (RY) ® w'W),
we get the Dirac operator
3
Dalu) = Z ei - Dau(é;).
i=0
Since Dau(€é;) € W, we have (Ref. Lemma 2.5.5)
3 3
Da(u) = Z eiey - Dau(é;) = Z eo€+ A - Dau(é;)
i=0 i=0
The element \., acts on T'M as:

\ :{ I, if i=1,2,3

and so
- I;Dpu(e;) if 1=1,2,3
Coc A - Dau(e) = | 0+ TiDaule) i
—epey - Daul(é;) if i =0.
Rewriting,

Dalu) = Z e; - Dau(é;)

=0

= epey - (ZIiDAU(éi) — Da(é))

3
= €p€ - (Z[ZDAU([ZéO) — DA<€~0>)
i=1
= €p€4 - (F(DAU)(éo> — D,Aﬂi(é}]))
= eoes + ((F — 1)Dau(cp)).
The above computations were presented in [Pid13].

Definition 4.8.1. We say that a generalized spinor is aholomorphic if

(F — 1)Dau(éy) = 0.
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Thus, from the computations above, we see that if u is harmonic, then w is

aholomorphic.

Remark 4.8.1. Suppose that the base manifold (X, Ji, Jo, J3) is a hyperKéhler
manifold and the group G is trivial. Since Sp(1)_ acts trivially on M, the general-
ized spinors are maps from Q/Sp(1)- = Pso(s), — M, where 7 : Pgo(s), — X
is the principal bundle associated to A X. For any « € X, hyperKéhler structure
on X defines a distinguished frame (|, € 7—!(z), given by the symplectic two-
forms w7y . Define the trivialization by Pso@), 3 p — (7(p),g) € X x SO(3)4,
where p = (|, - g. Let u: Pso(s), — M be a generalized spinor. Define the map
@:X — M by a(z) = u((|,). Then u is just an SO(3)-equivariant extension
of @. Consider the trivial connection Ay, on Psoe),. The covariant derivative
associated to the trivial connection is Da,,,,u = Tu o pry, = Tu. Therefore
harmonic spinors are maps satisfying (F' — 1)Ta = 0. In other words, harmonic

spinors are equivariant lifts of aholomorphic maps u : X — M.

Theorem 4.8.1. [Pid04] (Weitzenbock formula) Let X be a four-dimensional,
compact, Riemann manifold. Let Ox denote the canonical one-form on Psowy and

w denote the su(2)-valued symplectic, two-form on the target hyperKdhler manifold
M. Then

/ | D au||*dvolx = / u g Rgx (Dau, DAu)dvolX+/ T ({0 w) hor A(O X AOX ) 1 Vsu2))
X X X

(4.8.1)
where 0% denotes the transpose of 0x, (0x A0% ), denotes the self-dual part of the

two-form (0x A 0%) and m is an isomorphism between Q*(Q),fgf;"g@) and Q*(X).

Observe that

gy ((F = 1)Dau, (F — 1)Dau)dvoly = > gy ((F — 1)Daulé;), (F — 1) Dau(é;))

1=0

=4 gM(@A(u)7@A<u>)'

Define the energy functionals

E(u,A) =

N | —

/ u gn @ gx (Dau, Dau)dvolx,
X

1 1
E.(u,A) = é/xﬂ—!(«u*w)hor A (Ox A 9§)+>5u(2)), I(u,A) = §/X 1D au||*dvol x



4.8 Aholomorphic maps and harmonic spinors 56

From the identity 4.8.1 we see that the spinors satisfy an analogue of the energy
identity 4.7.8 for aholomorphic maps.

Remark 4.8.2. Consider again the case where (X, Ji, Jo, J3) is a hyperKéhler
manifold (cf. Remark 4.8.1). Let A’ is some non-trivial connection on Psos), -
Since (0x AOx)1 € Q'(Pso), , A3 R?*) and X is hyperKéhler, (0x A0x)y = mw?™,

where w¥ is the su(2)-valued symplectic two-form on X. Therefore,

B (u,A) = /X ({0 W hor A (Bx A B) D)

1 ¥ *
= 5/ m(((u w)hor AT WX>5u(2))
X

Since M admits a permuting Sp(1) action, the two-form u*w is exact and u*w =
d(u*y;). Given any two vector fields Z,Y € I'(Psos),, T Psos),. ), we have:

AW )nor(Z,Y) = (AW ))hor(2,Y) = (Z = Z) () (Y) = (Y = Y)(u"n)(2)

— ()2, Y] = [2,Y])

—~—

where Z,Y, [Z,Y] denote the horizontal parts of the respective vector fields with
respect to the connection A’. We see therefore that the d(u*y1)nor # (d(w* 1)) nor
and the energy E,(u,A’) may not be invariant under the homotopy class of w.

Let now A’ = A4, and consider the following commutative diagram, where u, @
are as defined in Remark 4.8.1. Let ., denote the trivialization of Pgos), as

described in the same remark.

Pso@), w— X

M
Since the connection is trivial, Q*(PSO(3)+)SPMEG( V= 1 (X)) = TH(QF(X)).

hor

Therefore for any two vector fields Z,Y € I'(Psos), , T Pso),. )

(W )hor(Z2,Y) = (Ww)(Z,Y) = ((UOF) w)(Z,Y)
= (@'w)(Tm(2), Tx(Y)) = 7" ((@'w)) (Z,Y).

Note that the last step uses the triviality of the connection. Therefore

7T!(<(U*W)hor A W*WX>5u(2)) = 7T!(<7T*(a*w)hor A 7T*C<JX>5u(2)> = <a*w A WX>5u(2)
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and therefore, for a trivial connection A,

EAM&MJ:%%J« ) A W) E:/‘uwlAwI

Let v : TTM — TM be a torsion-free connector. Define the first order

differential operator:

VAV . (P, TM)SPné () s Hom(TP,TM)""e®

hor
v —> 1 oTvopry,
This coincides with the linearization of the covariant derivative [Sch10].

In order to derive a condition analogous to 4.7.6, for the spinor being stationary,
we analyze the behavior of the energy functionals under the deformations on the
source manifold. Let ¢, : X — X, for t € [0, 1], be a family of diffecomorphisms
of X. Let gZ;t denote the horizontal lift of ¢, to @) w.r.t a fixed connection A on Q).
Note that, since the energy functionals are gauge-invariant, we may assume that
q§0 = Id. For if not, then we consider the family ggt o <;§071. Define u; = u o <Z§t and
let Y = £ ¢t|,_o. Then,

Bow) = 5 [ m(0harAOx 8K D) = 5 [ (07D @A) D)

X
Therefore,
d 1d ¥ *
%ET(Ut)’t:O =5q . m({(dF w*w)nor A (Ox A O%) 4 Veu@)li=o
1 d, -~
- 5 '((E(QSZ u w)hor|t:0 A (eX A 9§)+>5U(2))

m({(dey u*w)hor A (Ox A O%) 1 )su(2))

/.
[ P gD 1 (0 A B i)
/.

Given a one form o € 21(Q), we can write it as sum of horizontal and vertical com-
ponents: & = Qpop +Qpert, Where e, = aopry, and cyerr = (A, LapinG (4 )a> = L, Q.
Therefore,

%E‘r(ut)’tzo

1
=5 [ P (D + (0D A O A 0D
X
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1

-2 /X T ({(d (0 nor)hor A (Bx A BE) L )eu)

+ % /X m({(d (byw w)vert)nor A (0x A e§)+>su(2))

1

== /X m((Dalyu'w) A (Ox A e?{)+>su(2)) +

5 m(((d (Lyw w)vert)hor N (Ox A e§)+>su(2))

X

DN | —

The one form

(Lyu*w)vert = <A, Lspin§(4)LYU*W> = —<A7 Lybspin§(4)u*w> — _<A’ LYU*(Lspin§(4)w>>
= (4, ty U (Lap(ny)W))su(2) — (B, tyu™ (1qw))q

= _<S0+a LYU*7)>su(2) - <B7 LYU*dNG»g

where B denotes the connection on Py, ¢ is the su(2); component of the Levi-
Civita connection on X and p is the momentum map for the hyperKéahler action
of G on M. Therefore

d<LYU*w)veTt = _d<(10+7 LYU*7>5u(2) - d<57 LYU*dNG>g
= —(dey, LYU*'Y>su(2) — (1, dLYU*V)su@) — (dB, yu*dpc)g — (B, diyudpe),

We can further simplify the above expression:

(d, LYU*7>su(2) = <Fso+a LYU*'7>su(2) — (s Ny, LYU*’Y)ﬁu@)

Similarly,
(dB, tyudpg)g = (Fg, tyu™y)g — (B A B, tyu™y),

Therefore combining the above expressions, we get

(d(/JYU*w>vert) = _<Fgo+7 LYu*7>5u(2) - <FB> LYU*P)/>Q

hor

since
L. (<S0+a dLYU'*’y»hor - <B7 dLYU*d,UG>)h07" = 07
2. (Fy, , .y W Y)hor = (Fy,, tyu™y)

3. (Fg,tyu*dpic)nor = (Fg, tyu*dug) = (Fp, tyd(pic o u)).
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Note that since SU(2)_ acts trivially on M, only the su(2),; component of the
Levi-Civita connection survives. Substituting this, we get:

4 Bx ()i
= 5 PPN O A8 D) = 5 [ (s ) 1 (0 05 o)

_ %/X m({(d(B, tyuw*dpic))hor A (Bx A O%)+)eu(2))

— %/X?T!“DA(Wu*w) A(Bx A BY) 1 )su2) — %/X m({((Fpp s tyu™y)) A (0x A OX )4 )su)

- % /XW!(<(<F87 by dpic) nor A (Ox A 9§)+>su(2))

The first term in the above expression can be re-written as

1

2 /X m((Da(ty ') A (0x AO%) 1 )auz) = % /X d(m({(yu*w A (0x ABX)1)su(2))

_ %/Xﬂ-,(((byu*w AN Da(Bx A 9§)+))5u(2))

The first term vanishes since the base manifold X is closed and compact. The

second term vanishes sinces the Levi-Civita connection is torsionless. Therefore,

%ET(ut)h:o - _% /X m({(({(Fpy, yu™)) A (6x A e§)+>su(2))

/X o ({((Fo, 1yt 0 1)) or A (Ox AL aucz))

N | —

The first summand can be further simplified as follows:
%fX 7T!(<(<F50+’ LYU*’V)) N (eX A 9§)+>5u(2))

]_ _]- * *
= 5/ 771(((( 3 )Lyu Yo Fiop — [tyu™ 1, Fyo ]) A (Bx A 9§)+>su(2))
X

= %/XW! tr(((((_gl)éyu*% Fo, = [owun, Fol]) A(Ox A 9§)+>

— %/Xm [((_31)Lyu*%)tr<(wg + i—;(ex AO%)L) A (Bx A e§)+>]

— %/Xm [tr([(wu*’yl), W; + Sl—;((ex A 9§)+]> A (Ox A 9§)+}
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X

m (tr([(byu*'yl), WITA (Bx A 9§)+)>dvolx

Consider now the energy functional E(uy, A;), where A, = ¢7(A). Since the the

space of connections is an affine space, we can equivalently write gb} (A) = A+ a.
Therefore

%E(utaAt”t:O

d 1 d
== (— / gu @ gx (Da,ue, DAtut)dvolx> li=o = / gu @ gx (DAu, — DAtut\t:()) dvol x
dt\2 Jx «

dt
d d
= | 911 ® gx (Dau, 2 Daalizo )dvolx + | g ® gxc (D, 2 Kelur o ) dvolx
X dt X dt
Ap,x d M
= | gu <v V¥ (Dau), du(Y))dvolX + | gu ®gx (DAu, — K |u |t:0> dvolx
X X dt

For every m € M, we have the map KM|,, : spin(4)¢ — T,, M whose adjoint is
(KMY*|,, : T,uM — spin(4)¢. Therefore we have:

d
_ / o (v/w,*( DAu),du(Y))dUOZX + / g ® gx (DAu,E KM, |t:0>dvolx
X X
Ap,x d M
= [ gu <V ¥ (Dau), du(Y))dvalX + | 9gu ®gx (DAu, 7 K, |u |t:0> dvol x
X X
_ / gM<VA¢*(DAu) du(Y))dvolX—l— / <(KM)*| (Dau), LK |H)> dvol
X ’ < " YAt T T X @spin(4)S
f— Aﬂp?* M\ *
/X gM<V (DAu),du(Y)>dvolX+ / <(K ) |m(DAu),EYA>T*X®5pm(4)§dvolX
- A, My*
/X gM<V (DAu),du(Y))dvolX—l— <(K ) |m(DAu),LyFA>T*X®5pm(4)gdvolX

IM ® gx (DAU; KM )delX

y Fa

Combining the computations above, we have:
%[ (we)le=0

:/gM<VA’w’*DAu,du(Y)>dvolX—1—/gM®gX<DAu,KLM )dvolX
X X

y Fa
1

) |
+ 21 X7T!<(Lyu Yo) 3X>dfuolx + 5/

X

m <tr([(Lyu*'yl), W;ﬂ A(Bx A 9§)+)>dvolx
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_ %/Xm(<(<FB, by d(jic 0 w))) A (Ox A OL) 4 )autz) (4.82)

Remark 4.8.3. Although the curve t — u; may not be C'! in W12(Q, M)Spi"§(4),
the restriction of the energy functionals to the curve can be C! (c.f 4.7.6). In the
above identity, if one can express the first the term in way so that the expression
is valid for any u € W2(Q, M)SPne®) ~ Wi2(X Q X spinG (1) M), then one may
be able to derive the condition for a spinor u € W12(Q, M)SPn€™ to be a critical
point of the energy functional F(u,A), analogous to the 4.7.6. Combining this
condition with the energy identity above would be the first step in establishing a
blow-up formula for “stationary” spinors.



5. Generalized Seiberg-Witten equations

But thy eternal summer shall not fade,
Nor lose the possession of that fair thou owest.
— William Shakespeare, Sonnet 18

In this chapter, we introduce the generalized Seiberg-Witten equations associ-
ated to a hyperKéhler manifold admitting a permuting action of Spin&(3). We
discuss the particular case where M is the U(1)-hyperKéhler quotient of the flat
space H"™! \ {0} and obtain a priori estimates for the generalized spinors and the

connection for the same.

5.1 Generalized Seiberg-Witten Equations

Having defined the generalized Dirac operator and the hyperKéahler moment map
in the previous chapters, we are now in a position to state the generalized Seiberg-
Witten equations. Let (X, gx) be a four-dimensional, oriented, compact Riemann
manifold. Let M be a hyperKahler manifold admitting a permutting action of the
group Spint(3) and a moment map p: M — sp(1)* @ g*.

Let B be a connection on the principal bundle Pg .y — X. Let ¢ be the Levi-
Civita connection on X. Let &7 C € (Q) be the set of connections on ) which are
a lift of the Levi-Civita connection. Let A € o/ be the connection determined by
B.

Denote by
0 2 4 Gy SPing (4)
Fa € C™(Q, A*(R*) @ spinf(4))

the full curvature of the connection A and Fg € C®(Q,A%(RY) ® g)%""¢™ the

projection to the self-dual part of g-valued component of Fj.

62
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Define the isomorphism
§: AZ(RY) x g — sp(1)* x g*
S(y)(m®@n) = <<%§z>ﬂ7> :
g

where v € A2 (R*) x g, n; and & are the basis elements of sp(1) and A3 R* respec-
tively, n € g and (-,-), is the Ad-invariant inner product given by the negative
of the Killing form. Supressing the isomorphism, the generalized Seiberg-Witten

equations can be stated as:

{ Dau =0 (5.1.1)

Ff —pou=0

The Seiberg-Witten equations can be interpreted as a ¢ = C’OO(Q,G)S””EG (4).
equivariant section of an infinite dimensional vector bundle. Indeed, recall that
the generalized Dirac operator defines a ¢-equivariant section of the vector bundle
W~ — C, where C = . x & is the configuration space and W~ is the infinite

dimensional vector bundle over C with the fibre at a point u € . being given by
C®(Q,u*W™).

Let .4/ denote the trivial vector bundle over the infinte dimensional manifold
C with fibre C(Q, sp(1)* ® g*)57"¢ @) Interpreting the second component of the
equations as a section of .47, it is now clear that the Seiberg-Witten equations can
be interpreted as a ¢-equivariant section of the ¢-equivariant bundle W~ @ .4 —
G, i.e:

/EW\
W- @A = C

The solution of the equations are given by SW~1(0) := 2 (gx). Supressing the

dependence on the metric, we define the moduli space to be

M= 2/9.
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5.2 Modified Seiberg-Witten equations

We are interested in studying the Seiberg-Witten equations associated to the total
space of Swann bundle over the Wolf space X (n—1). The total space of the bundle
is the higest weight nilpotent orbit of the group SL(n + 1,C) acting by adjoint
action on its lie algebra sl(n + 1,C). Denote this total space by O, .

Consider the following scenario:

Hn+1 \ {O} L} On+1

H* H*/(Z/2)

U(1l
HP™ W X(n—1)

The group U(1) acts hyperKéahler on H"! \ {0}, the action being given by
H" ™\ {0} 5 h— R

for 6 € [0,27). This action is free and descends to an action of U(1) on HP(n).
The moment map associated to the U(1)-action on H"*! \ {0} is given by

1
p HN {0} — sp(1)*,  h— §hih.

The U(1) action on H"™! descends to an action on HP(n). The moment map for the
U(1)-action on HP(n) is given by fi([u]) = fuit. The zero-level set for i is given
by My = {[h] € HP(n) | hih = 0}. This is a submanifold of HIP(n) and is invariant
under the U(1)-action. One can prove that the group U(n + 1) acts transitively
on My. The stabilizer of a point is given by SU(2) x U(n — 1). Hence, the
quaternionic Kéhler quotient My 1y := My /U(1) = SU(2)><UU(2Ln+—11))><U(1) = Gry(C™1),
the Grassmannian. This is the Wolf space X (n — 1).

Swann proves [Swa91l] that the hyperKéhler and quaternionic Kéhler quotient
constructions commutes with the construction of Swann bundles. This implies that
O,+1 can be written as a U(1)-hyperKahler quotient of the flat space H"™! \ {0}.
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In addition to the U(1)-hyperKéhler action, we also have a hyperKéhler action
of SU(n), given by
H™\ {0} > h — Ah

for A € SU(n). This action commutes with the U(1) action and therefore we have
a hyperKéahler action of the group SU(n) x U(1) on H*"!\ {0}. For simplicity, we
shall denote by G := SU(n) x U(1).

The group Sp(1) has a permuting action on H"™ \ {0}, given by

H* '\ {0} 3 h > hq

where ¢ € Sp(1). Observe now that Sp(1) and the G-actions commute. The
element {1,—1} € Sp(1) x G acts trivially on H"™! \ {0}, and hence the action
descends to an action of Sp(1) x41 G = Spin(3) x41 G.

Although we are interested in the Seiberg-Witten equations associated to the
hyperKihler manifold O, 1, given the ease of analysis on H"**\ {0} — H"™! com-
pared to 0,41, we shall modify the generalized Seiberg-Witten equations slightly
so as to use the equations associated to the former in order to construct the solu-
tions for the latter one.

The modification is given by an additional condition f;;, ou = 0 on the equa-
tions. More precisely, with slight abuse of notation, let u € C°°(Q, H1)Sping ()
Then the modified Seiberg-Witten equations are:

@AUZO

F;SU(H,-/-]) o MSU(") ou = 0 (521)
Hoayou =70

Here, Bgy/,, 1) denotes the su(n)-component of the connection Bg = By oy ® Bsyprs),
and fsy( and puy, denote the moment maps for the SU(n) and the U(1) action
respectively.

Denote by py : Spin(4) x41 G — Spin(3) X471 G, the homomorphism
p+(lg+,q-,9]) = g+, g], and now consider the trivial vector bundle H"™! to be a
Spin(4) x +1 G-equivariant vector bundle with the action induced by p,. We shall
henceforth denote the Spinf(4)-space H"*1, with the mentioned action, by WT.
We define the Spinf(4)-equivariant vector bundle W~ to be H"! equipped with
the action ([¢y,q_,g])h_ = q_gh_, where h_ € H"*1.
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In order to work out the further analysis, we need appropriate sobolev com-
pletions of the infinite-dimensional manifolds ., «/. Fix a smooth connection
A€ /. Then for k € N and 1 < p < oo, define

SR = WEP(Q,HM)PED = WEP(X, Q X gping (4 H')

to be the completion of . = C*°(Q, H"1)Spiné () =~ T(X X spinG (1) H'™) wor.t

the norm .
llley = (3 /X I(Diyullf).
=1

Additionally, assume that k& — % > 0 so that the Sobolev embedding W#? «—s C°

1S continuous.

5.3 Variational Formulation

For G = U(1)xSU(n) and any generalized spinor u € .#, the Weitzenbock formula
(4.5.1) reads:

" 1
DaDau = DyDau + 75xu + o(Fg Ju+ c(Fa

S S (5.3.1)

Correspondingly we have:

1
Baal2e = IDwalts + 7 [ sl +2 [ v 0w B, ) vol
X X (5.3.2)

+ 2/ (o) o u, FB+U(1)> voly .
X

The energy functional for the modified Seiberg-Witten equations is given by:

E(u,A) = [|Daulz2 + || Fg,

Bsugmser) | MU © UH%2 + oy © UH%?

Its, of course, obvious that the solutions to (5.1.1) are absolute minimizers of £.

Using (5.3.2), we can re-write the energy functional as:

1
122 + lsven © ullza + 7 sxllullz:

E(u, A) = || Daullz> + || g, 1

Bsum+1)

(5.3.3)
+ HNU(l) o UH%2 + 2/ <,UU(1) ou, FS_U(J)> VOIX .
X
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Recall from the previous chapter that the moment map for the hyperKéhler
action of SU(n) ~ H™\ {0} is given by:

Hsumy : H' 2 H®@c C* — sp(1) ® su(n)
Lsom(h ® 2) = thiﬁ ® (izz* —i||z||* - iden)

We therefore have:
sy (h ® DI = - 1hiF © (172" — 2] - iden) |
= %Hh“‘l( 2ntr((izz" — i||z||* - iden ) (i22° — i]|2||* - idcn)))
_n”h”4( — 2ntr(izzlizz" — 2izz%i||z||” - iden + ]| 2]|%i]|2]|*iden))
= %HhH‘l(?ntr 1211*22" = 2l|2]1*22" + |12[|*iden))
= %th(?n (l2l* = 2ll=l1* + nll=l1%))
= Il 2n(n ~ 1))

(n

—1
= O e

This implies that

| sty © U||2|q =

2Dy, (5.3.4)

Also, the moment map for the U(1) hyperKéhler action is given by

1. - .
pom(h ® 2) = §h2h®l' 12|,

and so )
11y © ull*lg = §||U||4|q- (5.3.5)

Therefore from (5.3.4) and (5.3.5), we get:

1
E(u,A) = | Daula + IRy, ., I + gxullfa +C - uli

+2/<MU1>OU Fy ())Vle,
X
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where C'is the constant given by C' = 7. It is clear that any solution to gener-

alized Seiberg-Witten equations is an absolute minimizer of the energy-functional
&. Observe that using the identity

| Fall? = —tr/XFA/\*FA = —tr/XF;A*F;—tr/XF;A*F— = |Fi >+ IIF1I?,

we have
F+ 2_ 1 F, 24| FE 2 1 F, 2
|| BSU(n+1)|| - 5“ BSU(n+Z)H + || BSU(TL+1)|| - 5” BSU{n-/—])H
1 , 1
= 51 F8ug I+ 5 (1 2+ [P 1)

1 1
= §||FBSU(7L+1)”2_§tr/ FA/\*FA
X

Since the second term is the second chern-number of the underlying principal

bundle, a constant, we can instead consider the energy functional:
1
E'(u,A) = IDaullZz + 1 Fegyq, o, lI72 + 1/ sxllull® +C - Jullz.
X
+ 2/ (o) o u, Fayypy) voly,
X

The last term is a consequence of the identification sp(1)* = AZR*. The Euler-

Lagrange equations for £ and £’ are the same.

Lemma 5.3.1. The Euler-Lagrange Equations for E(u,A) are given by

{ DiDpau+ sxyu+ Cu+2 C(FBU(I))U . (5.3.7)

dAFN + (dp(i))* h(Dau) + da(pyay o u) =0
Proof : Let u; € .¥ be a smooth curve and let %utltzo = /. Then
1
E'(ur, A) = || Dawill7z + | Fogyp 72 + ZSxHutH%z +C -l
+ 2/ (v ) © U, FBU(1)> voly,
X

We have,
d
%HDAUtHﬂt:O = 2/ (DaDau,u)dvoly,
b
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d

— 8X||ut||2dv0lx|t:0—2/ sx{u,u')dvoly,
di Jy

X

d
%/ CHutﬂzlt:odvolX:Q/ Clu, ),
X X

d d
(v our, Fy,,))dvolx|i=o :/XEC(FBU(U)UH“t>dUOZX‘t=0 :4/X<C(FBU(Z))u,u’>dvolX.

dt Jx
Therefore 4&(u;, A)|,—o = 0 gives the first equation:

DiaDau+ sxu+ Cu+2 ¢(Fgy,, )u=0 (5.3.8)

Define | : sp(1) — H™™ by 1(€)(p) = p- € for p € H™™'. Let £ € sp(1) such that
& =—-1andY € T,H"". Then,

(-2, Y ) = (-2 &Y Eunr = w(§) (n - 2,1()(Y)) (5.3.9)
= duc(E @n)EY)) = (1, (duc(§)"(1(€)(Y)))s

Since this is true for any ¢ € sp(1), such that £€2 = —1, choose ¢ = 7 and let
l; = 1(7). Therefore, we get

(-2, Y)aner = dua(€ @n)(L(Y)) = (1, (duc (i) (h(Y)))g. (5.3.10)

Let A, = A + ta. We have:

1
E(u,A) = [[Daullze + 11Fsy, W2z + gsxlullze + C - flullz:

SU(n+1)

+2 /XWU(I) ou, FBtU(l)>V01X7

t
Where BSU(7L+1)

full connection A;. Therefore,

and B, are the su(n + 1) and u(1)-components respectively, of the

d d
£<DAtU, Dau)pnt =0 = 2{Dau, EDAtU>H”+1 li=o = 2(Dau, @ - u)gn+1

— 2((dpi(0))" L(Dau), @)+ xag

The last expression follows from 5.3.10. Computations, as in the case of Yang-Mills

functional, give

d

E<FBEU(TL+1)7 >|t:0 - 2<d*BSU(n+1)FBSU(n+1)’ aSU(”+1)>

FBE’U(n+1)
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and also

d

2o (g o u), Fe  )volx 22/ {da(po@) © u), au))volx.
tJx (1) X

It follows from the above computations that

d . X
Eé’/(u, A)) =0 = drFa+ (dug(i))* l1(Dau) + da(poa o u) = 0.

5.4 A priori estimates

For the generalized Seiberg-Witten equations, Henrik Schumacher [Sch10] derived
sufficient conditions for the existence of the L*>-estimates on the spinor part of

the solution. For the case M = H""! these are automatically satisfied.

Proposition 5.4.1. Let X compact Riemann four-manifold with a SpinS(4)-

structure @) 59 X, Let (u,A) be any solution to the modified Seiberg-Witten

equations above and let sx denote the scalar curvature function on X, Denote by
1

sy = max{0, —; m1)1(1 sx(x)}. Then the following estimates hold:
S

1 ul?ly < s%

3' ‘|FSSU(7L+1)"|Q S %nSX
Proof :

1. Let ¢ € @ and 7mp(¢) = = € X. In a neighbourhood of z, choose a lo-
cal orthonormal frame {X;} such that {e;} € R* at = € mg(q) such that
Xilro(e) = m@(q)(er) and Vi, Xj|z,(q) = 0 and denote by Y; = X, the horizon-
tal lift to 7'Q) by the connection A. Note that the function |lul|? is Spin& (n)-
invariant and therefore descends to a function f on the base manifold X.

Let V denote the covariant derivative w.r.t the Levi-Civita connection.
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We shall now compute Ax f :

Ax f(x)

4
=Y Vx VxSl
=1
4 4
== DayDavillul’ly=—=>_ Day,Dayi(u, u)lg
=1 =1

4
= — Z Day; ((Dayiw, u)me|q + (u, Day,u)m, |q

i=1
4

= = Dayi{Davith, )i |g + Dayi(Dayyu, el

i=1

4 4
= =2 (Day Dayt, uanly — 2 | Dayyull’lg

i=1 i=1

This gives Ax f(x) < 2(Dpy, Day,u, w)un|q-
Weitzenbock formula gives :

1

Axf(x) < —§sx(x)||u||2|q — 4tsv ) © U, Férswn+1)>|q‘

At a point zo where f attains a maximum, Ay f(z¢) > 0 and hence we get

1
0 < —Zsx(ao)[ulao) I* = 4lpssvem 0w e, Mg
where mo(qo) = o.

Since u is a solution to the Seiberg-Witten equations, Fy

Bsu(ntis) Hsum) © U

and so:

1
11500 © wl*lay < =g 5x (o) lluu(qo) > (5.4.1)

Therefore from (5.4.1) and (5.3.4) we get
9 1
Jull? < 5 x0).

Then [Jul|?|, < sy Vg€ Q.

This proves the claim (1).
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2. Since (A, u) is a solution to the modified Seiberg-Witten equations,

pay o u = 0. Therefore the Weitzenbock formula 5.3.1 implies:

1
O:/HDAu]|2dv0lX+Z/$X |]u|\2dv0lx+2/HuSU<n)ouHdeolX
X X X

1
Z/HDAUHZdUOlX‘i‘Z /SXHuH2dv0lX—i-/||u]|4dvolX
X X

X

This implies:

1
/HDAU”2 dvolx < — |:/ (ZSXHUHZ + HUH4) dUle]-
X

X

Completing the term sy |lul|? + [Jul|* to a square, gives the estimate:

1 1
0 g/ Callull? + ul* + 152 dvolx
-\ 8

Therefore we have:

1 1
/ | Daull? dvol — / (qoxlull + llul) dvolx < / 2 dvoly.
X X X

This proves the claim (2).

3. Observe that, since u is a solution to the modified SW equations from, claim

(1) we get

1 1 1
1 s = N 0 ull o < 5 llullly < =5 msxlao) < 5

This proves claim (3).



6. Conclusion

Now, here in this fort of Brahman, there is a small lotus, a dwelling-place, and
within it, a small space. In that space there is something - and that’s what you
should try to discover, that’s what you should seek to perceive.”

— Chandogya Upanishad, 4.8.1

The Seiberg-Witten equations analysed in Chapter 5 serve as model for a more
general scenario. Many interesting hyperKéahler manifolds in applications, like
Gibbon-Hawking spaces [GS78], the moduli space of instantons over R*, etc. pos-
sess a hyperKéahler structure, obtained via hyperKahler reduction of flat-spaces.
For the model we have considered, we have the a priori, uniform W12 bounds on the
spinor and the SU(n + 1)-component of the connection. But the U(1)-connection
component, a priori, admits no such bounds. Indeed there exists canonical con-
p—10<h, Sgn+1 on U(1)-principal bundle “17%1)(()) — Oy [Hay08].
If the spinor is harmonic and py ) o u = 0, the U(1)-component of the connection

is given by u*A.., = W(U,T u(+))gn+1. Clearly, since the spinor is not bounded

nection Ay, =

from below, the U(1)-connection component, a priori, is not under control.

As was shown in Section 4.8, harmonic spinors can be interpreted as a “gauged-
version” of the usual aholomorphic maps. Indeed, from Remarks 4.8.2 & 4.8.1, it
follows that in the case when the base manifold is hyperkéhler, much of the prop-
erties of the usual aholomorphic maps are retained. In the light of this comparison,
it is natural to explore the analogy with the known case of singularities of aholo-
morphic maps.

Let M and N be two hyperKéhler manifolds with dimensions m and n re-
spectively. Let up : M — N be a sequence of aholomorphic maps such that
E(ug) < C. The blow-up set ¥ is of Hausdorff dimension at most m — 3 and hence
is stationary (cf. Remark 4.7.1).

Theorem 6.0.1. [LT98] Let M and N be as above. Then for a sequence of aholo-

73
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morphic maps with E(uy,) < C, such that uy, — u in WH2(M, N), the limit map u

is a stationary harmonic map and is a smooth aholomorphic map on M \ 3.

The obstruction to the strong convergence of the the sequence u; can be at-

tributed to the existence of holomorphic spheres in the target manifold:

Theorem 6.0.2. [CLO0] Let M be a compact hyperKdihler surface and N be as
above and let uy be a sequence of aholomorphic maps with bounded energies. If N
does not admit a holomorphic S* w.r.t the any complex structure on S?, induced
by the two-sphere of complex structures on R* and any complex structure in the

two-sphere of complex structures on N, then the sequence uy converges strongly to
a map uw € WY2(M, N), which is smooth and aholomorphic on M \ 3.

Although the harmonic spinors represent a generalized case of usual aholomor-
phic maps, the energy identities satisfied by both are significantly different. The
main difficulty is that for a fixed smooth connection A on @), and a generalized
spinor u, the energy E,(u,A) is not topological, as against the case of usual aholo-
morphic maps. Therefore the harmonic spinors need not be energy minimizers of
E(u,A), as a consequence of which we cannot directly carry over the arguments
from the aholomorphic case. From remarks 4.8.1 & 4.8.2, we see that when the
base manifold is hyperKéhler, £, (u,A) is topological.

A natural question to ask is what is the minimum restriction on the base
manifold for which the energy E.(u,A) is invariant under smooth deformations of
the source manifold? For instance we may argue that if the base manifold is locally
hyperKahler (i.e, the restricted holonomy group is contained in Sp(1)), then locally,
the spinors are equivariant lifts of usual aholophormphic maps and the analogue
of Theorem 4.7.1 holds for the spinors. Fix a smooth connection A. Then, for
a sequence of harmonic spinors in W12(Q, M)SPin€ ™) =~ W12(X, Q X sping(a) M),
with bounded energies, converging weakly to u, we may define the singular set as

u as

S(8) = (o€ X | mints> ™ [ Dafdy = =)

r>0 Br(z)
Using the identity 4.8.2, one may obtain a blow-up formula, analogous to Eq. 4.7.5,
for harmonic spinors (c.f Remark 4.8.3). In this regard, the following question that
arises is: Is the presence of holomorphic S? in M, an obstruction to the locally

strong convergence? Is it also the global obstruction?
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