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Chapter 1

Introduction

Constructing good tests for statistical hypotheses is an essential problem of statis-
tics. There are two main approaches to constructing test statistics. In the first
approach, roughly speaking, some measure of distance between the theoretical and
the corresponding empirical distributions is proposed as the test statistic. Classical
examples of this approach are the Cramer-von Mises and the Kolmogorov-Smirnov
statistics. Although, these tests works and are capable of giving very good results,
but each of these tests is asymptotically optimal only in a finite number of directions
of alternatives to a null hypothesis (see Appendix III for related definitions and [32]
for the general theory).

Nowadays, there is an increasing interest to the second approach of constructing
test statistics. The idea of this approach is to construct tests in such a way that
the tests would be asymptotically optimal. Test statistics constructed following this
approach are often called (efficient) score test statistics. The pioneer of this approach
was Neyman [30] and then many other works followed: [31], [10], [4], [28], [29]. This
approach is also closely related to the theory of efficient (adaptive) estimation - [3],
[16]. Score tests are asymptotically optimal in the sense of intermediate efficiency
in an infinite number of directions of alternatives (see Appendices I, II and IV
for related definitions and [18] for some theoretical results) and show good overall
performance in practice (see [23], [24]).

This thesis attempts to generalize the theory of score tests. The situation is
similar to the one in estimation theory. There is a classical estimation method based
on the use of maximum likelihood equations, and there is a more general method
of M-estimation. Our theory offers, in particular, an analogous generalization of
the theory of data-driven score tests. We introduce the notions of NT- and GNT-
tests, and other abstract concepts generalizing the concepts of Neyman’s smooth
test statistics, score tests and data-driven score tests.

The main goal of this thesis is to propose an unified theory to automatize the
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process of building NT- and GNT-tests for different statistical problems, and to
give an unified approach for proving consistency of such tests. We propose a gen-
eral method for constructing consistent data-driven tests for parametric, semi- and
nonparametric problems.

Examples in this thesis tries to show that the method is applicable also to depen-
dent data and statistical inverse problems. Moreover, for any test constructed, we
have an explicit rule to determine, for every particular alternative, whether the test
will be consistent against it. This rule allows us to describe, in a closed form, the
set of "bad” alternatives for every NT- and GNT-test. This is an important feature
of the approach of this thesis.

The new theory generalizes some constructions and results of Cox, Choi, Hall,
Inglot, Kallenberg, Ledwina, Neyman, Schick, van der Vaart and others.

These general results are presented in Chapter 3. But before going into the
mathematical theory, we start in Chapter 2 with an important special example.

Classical hypothesis testing is concerned with testing hypotheses about random
variables X7, ..., X,,, whose values are directly observable. But, it is important from
practical point of view to be able to construct tests for situations where X,..., X,
are corrupted or can only be observed with an additional noise term. These kind
of problems are termed statistical inverse problems. The most well-known example
here is the deconvolution problem. This problem appears when one has noisy signals
or measurements: in physics, seismology, optics and imaging, engineering.

Due to importance of the deconvolution problem, testing statistical hypotheses
related to this problem has been widely studied in the literature. But, to our knowl-
edge, only the first approach described above was implemented for the problem.

In this thesis, we treat the deconvolution problem with the second approach. In
Chapter 2, score tests and data-driven score tests for both simple and composite
deconvolution problems are constructed. This Chapter is mostly orientated towards
applied statisticians. Material in this Chapter is presented in such a way that the
tests will be easy to use, even if one do not read proofs of consistency theorems. We
tried to indicate situations when the tests are consistent and working fine, and also
those situations where the theory predicts these tests to be not very useful. Simple
and clear criterions are provided for how one can decide whether the test should be
(or should not) applied in any particular situation.

In Appendices I - IV, some auxiliary definitions, lemmas and theorems are col-
lected for the convenience of the reader. Appendices are mostly suited to provide
technical references while one reads the thesis. Section 7.2 of Appendix IV, however,
contains a discussion of some results on intermediate optimality.
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1. Introduction




Chapter 2

Deconvolution Problems

2.1 Introduction

Classical hypothesis testing deals with hypotheses about random variables X7, ...,
X,,, whose values are directly observable. But it is important from practical point of
view to be able to construct tests for situations where X, ..., X, are corrupted or
can only be observed with an additional noise term. We call this kind of problems
statistical inverse problems. The most well known example here is the deconvolution.
It appears when one has noisy signals or measurements: in physics, seismology, op-
tics and imaging, engineering. It is a building block for many complicated statistical
inverse problems.

Due to the importance of the deconvolution problem, testing statistical hypotheses
related to this problem has been widely studied in the literature. But, to our
knowledge, all the proposed tests were based on some kind of distance (usually
a Lo—type distance) between the theoretical density function and the empirical
estimate of the density (see, for example, [5], [11], [15]). Thus, only the first approach
described above was implemented for the deconvolution problem.

In this thesis, we treat the deconvolution problem with the second approach. We
construct efficient score tests for the problem. From classical hypothesis testing, it
was shown that for applications of efficient score tests, it is important to select the
right number of components in the test statistic (see [4], [12], [23], [13]). Thus, we
provide corresponding refinement of our tests. Following the solution proposed in
[22], we make our tests data-driven, i.e., the tests are capable to choose a reasonable
number of components in the test statistics automatically by the data.

In Section 2.2, we formulate the simple deconvolution problem. In Section 2.3,
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we construct the score tests for the parametric deconvolution hypothesis. In Section
2.5, we prove consistency of our tests against nonparametric alternatives. In Section
2.6, we turn to the deconvolution with an unknown error density. We derive the
efficient scores for the composite parametric deconvolution hypothesis in Section
2.7. In Section 2.8, we construct the efficient score tests for this case. In Section
2.9, we make our tests data-driven. In Section 2.10, we prove consistency of the
tests against nonparametric alternatives. Additionally, in Sections 2.5 and 2.10, we
explicitly characterize the class of nonparametric alternatives such that our tests are
inconsistent and therefore shouldn’t be used for testing against the alternatives from
this class. Some simple examples of applications of the theory are also presented in
this Chapter.

2.2 Notation and basic assumptions

The problem of testing whether i.i.d. real-valued random variables X1, ..., X, are
distributed according to a given density f is classical in statistics. We consider
a more difficult problem, namely the case when X; can only be observed with an
additional noise term, i.e., instead of X; one observes Y;, where

Y;:Xi_'_gia

and e/s are i.i.d. with a known density h with respect to the Lebesgue measure \;
also X; and ¢; are independent for each i and Ee; = 0, 0 < E&? < oo. For brevity
of notation say that X;, Y;, €; have the same distribution as random variables X, Y,
e correspondingly. Assume that X has a density with respect to \.

Our null hypothesis Hy is the simple hypothesis that X has a known density fj
with respect to A. The most general possible nonparametric alternative hypothesis
H, is that f # fo. Since this class of alternatives is too broad, first we would be
concerned with a special class of submodels of the model described above. In this
Chapter we will at first assume that all possible alternatives from H 4 belong to some
parametric family. Then we will propose a test that is expected to be asymptotically
optimal (in some sense) against the alternatives from this parametric family. How-
ever, we will prove that our test is consistent also against other alternatives even if
they do not belong to the initial parametric family. The test is therefore applicable
in many nonparametric problems. Moreover, the test is expected to be asymptoti-
cally optimal (in some sense) for testing against an infinite number of directions of
nonparametric alternatives (see [18]). This is the general plan for our construction.



2.3. Score test for simple deconvolution 11

2.3 Score test for simple deconvolution

Suppose that all possible densities of X belong to some parametric family {fy},
where 6 is a k—dimensional Euclidean parameter, © € R is a parameter set. Then
all the possible densities ¢ (y;6) of Y have in such model the form

0(s0) = [ fuls) by =) ds. (21)
R
The score function [ is defined as

I(y;0) = (e )

S 14050 (2.2)

where ¢ (0) := ¢ (y;0) and [ (0) := [ (y; 0) for brevity. The Fisher information matriz
of parameter 6 is defined as

16) = /}R i (y:0)i" (y0) dQoy) (2.3)

Definition 1. Call our problem a reqular deconvolution problem if

(B1) for all @ € © ¢ (y;0) is continuously differentiable in ¢

for A — almost all y with gradient ¢ (9)
(B2)  |i(0)] € La(R, Q) for all 0 € ©
(B3) I(6) is nonsingular for all § € © and continuous in 6.

If 6 is a true parameter value, call such model GMj(0) and denote by @y the proba-
bility distribution function and by Ejy the expectation corresponding to the density

q(9).
If conditions (B1) — (B3) holds, then by Proposition 1, p.13 of [3] we calculate



12 2. Deconvolution Problems

for all y € supp ¢ (-;6)

. (9(v:0)y _ 35 Jw fols) h(y = s)ds

O =10 = 20 = Ay ds >4
Then for y € supp q(+;0) the efficient score vector for testing Hy: 6 = 0 is
. 50 (Jg fo(s) h(y — s)ds
() =i (y30) = ( INACICED ds) =0 (2.5)
Set .
L=A{E[I" W) (Y)} (2.6)
and

T

v~{ - irm} {—- il*%)} . 2.1

Theorem 2.1. For the reqular deconvolution problem the efficient score vector I* for
testing 0 = 0 in GMy(0) is given for allx € R by (2.5). Moreover, under Hy: 0 =0
we have Uy, —4 X3 as n — 00.

Proof. (Theorem 2.1). We calculated the efficient score vector in (2.4)-(2.5). By
Proposition 1, p.13 of [3] and our regularity assumptions matrix L exists and is
positive definite and nondegenerate of rank k. Under (B1) — (B3) Eyl*(y) = 0 (see
[3], p.15) and our statement follows. O

We construct the test based on the test statistic Uy as follows: the null hypothesis
H,y is rejected if the value of Uy, exceeds standard critical points for y2—distribution.
Note that we do not need to estimate the scores [*.

Corollary 2.2. If the deconvolution problem is reqular and fq(-) is differentiable in
0 for all 0 € ©, then the conclusions of Theorem 2.1 are valid and the efficient score
vector for testing Hy : 0 = 0 can be calculated by the formula

Ju (5 fo(9))|,eg Ry — 5) ds |

") = T Ty — s s

(2.8)

Example 1. Consider one important special case. Assume that each submodel of
interest is given by the following restriction: all possible densities f of X belong to



2.3. Score test for simple deconvolution 13

a parametric exponential family, i.e., f = fp for some 6, where

Jo(x) = fo(x)b(0) exp(f o u(x)), (2.9)

where the symbol o denotes the inner product in R¥, u(z) = (ui(x), ..., ux(x)) is a
vector of known Lebesgue measurable functions, b(6) is the normalizing factor and
f € © C R*. We assume that the standard regularity assumptions on exponential
families (see [1]) are satisfied. All the possible densities g (y;6) of Y have in such
model the form

4(y:0) = /}R fols) b(6) exp(8 o u(s)) h(y — s)ds. (2.10)

These densities no longer need to form an exponential family. If we assume, for ex-
ample, that h > 0 A —almost everywhere on R and the functions fy, h, u1, ..., ug
are bounded and \ — measurable and that there exists an open subset ©; C © such
that ‘l (y;6)] € L2(Qp) and the Fisher information matrix /(©) is nonsingular and
continuous in 6, then conditions (B1) — (B3) are satisfied for this problem and the
previous results are applicable. The score vector for the problem is

Ji u(s) fo(s) h(y — s)ds
fIR fo(s) h(y — s)ds

*(y) = - /R uls) fols) ds. (2.11)

In other words, if we denote by * the standard convolution of functions,

v = L) — Bx). (212
Let L be defined by (2.6) and
1 O R
vkz{%;z o] > m)} 213

This is the score test statistic designed to be asymptotically optimal for testing H,
against the alternatives from the exponential family (2.9). Its asymptotic distribu-
tion under the null hypothesis Hy is given by Theorem 2.1.
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2.4 Selection rule

For the use of score tests in classical hypotheses testing it was shown (see the Intro-
duction) that it is important to select the right dimension k of the space of possible
alternatives. Incorrect choice of the model dimension can substantially decrease the
power of a test. In Section 2.5 we give a theoretical explanation of this fact for
the case of deconvolution. The possible solution of this problem is to incorporate
the test statistic of interest by some procedure (called a selection rule) that chooses
a reasonable dimension of the model automatically by the data. See [22] for an
extensive discussion and practical examples. In this section we implement this idea
for testing the deconvolution hypothesis. First we give a definition of selection rule,
generalizing ideas from [19].

Denote by Mj(#) the model described in Section 2.3 such that the true parameter
0 belongs to the parameter set, say Ok, and dim©, = k. By a nested family of
submodels M () for k = 1,2, ... we mean a sequence of these models such that for
their parameter sets it holds that ©; C ©, C ....

Definition 2. Consider a nested family of submodels My (0) for k = 1,. .., d, where
d is fixed but otherwise arbitrary. Choose a function 7(-,-) : N x N — R, where N
is the set of natural numbers. Assume that 7(1,n) < 7(2,n) < ... < w(d,n) for all
n and 7(j,n) —w(1,n) — oo as n — oo for every j = 2,...,d. Call 7(j,n) a penalty
attributed to the j-th model M;(6) and the sample size n. Then a selection rule S for
the test statistic Uy is an integer-valued random variable satisfying the condition

S=min{k: 1<k <d; U,—n(k,n) >U; —n(j,n), j=1,....d}. (2.14)

We call Ug a data-driven efficient score test statistic for testing validity of the initial
model.

From Theorem 2.3 below it follows that for our problem (as well as in the clas-
sical case, see [22]) many possible penalties lead to consistent tests. So the choice
of the penalty should be dictated by external practical considerations. Our simu-
lation study is not so vast to recommend the most practically suitable penalty for
the deconvolution problem. Possible choices are, for example, Schwarz’s penalty
7(7,n) = j logn, or Akaike’s penalty 7(j,n) = j.

Denote by Fj the probability measure corresponding to the case when Xy,..., X,
all have the density fy. For simplicity of notation we will further sometimes omit in-
dex "n” and write simply Fy. The main result about the asymptotic null distribution
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of Ug is the following

Theorem 2.3. Suppose that assumptions (B1) — (B3) holds. Then under the null
hypothesis Hy it holds that P}(S > 1) — 0 and Us —4 X% as n — oo.

Proof. (Theorem 2.3). Denote A(k,n) := w(k,n) —n(1,n). For any k =2,...,d

Py (S =k) Py (Up — w(k,n) > Uy — w(1,n))
Py (U > w(k,n) — (1,n))
>

Py (U = Ak, n)) .

IA A

By Theorem 2.1 Uy —4 X% as n — oo, thus for A(k,n) T oo as n — oo we have
P (Ux > A(k,n)) — 0 as n — oo, so for any k = 2,...,d we have (S =k) — 0
as n — 0o. This proves that

d
Pi(S>2)=) P(S=k) =0, n-— o0,
k=2

and so PJ'(S = 1) — 1. Now write for arbitrary real ¢ > 0

F([Us=Uil >t) = P(|UL-Ui| >t S=1)

d
+ P(|Un — U] > t; S = m)

m=2

d
= > P(|Un—TU| >t S=m). (2.15)

m=2

For m = 2,...,d we have P(S =m) — 0, so

d d

0<Y P(lUn U2t 8=m) <> P(S=m)—0
m=2 m=2

as n — oo and thus by (2.15) it follows that Usg tends to U in probability as n — oo.

But U; —4 X3 by Theorem 2.1, so Us —4 X% as n — oo. O

Remark 2.4. The selection rule S can be modified in order to make it possible to
choose not only models of dimension less than some fixed d but to allow arbitrary
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large dimensions of M () as n grows to infinity. In this case an analogue of Theorem
2.3 still holds, but the proof becomes more technical and one should take care about
the possible rates of growth of the model dimension. Though, one can argue that
even d = 10 is often enough for practical purposes (see [23]).

2.5 Consistency of tests

Let F be a true distribution function of X. Here F'is not necessarily parametric and
possibly doesn’t have a density with respect to A. Let us choose for every k& < d an
auxiliary parametric family {fs}, 6 € © C R¥ such that f; from this family coincides
with fo from the null hypothesis Hy. Suppose that the chosen family {fy} gives us
the regular deconvolution problem in the sense of Definition 1. Then one is able to
construct the score test statistic Uy, defined by (2.7) despite the fact that the true
F possibly has no relation to the chosen {fy}. One can use the exponential family
from Example 1 as {fp}, or some other parametric family whatever is convenient.
This is our goal in this section to determine under what conditions thus build Uy
will be consistent for testing against F.

Suppose that the following condition holds

(D1) there exists an integer K > 1 such that K < d and
EFZI :O,...,Epl;(fl :O, EFZ% — CK 7é 0,

where [} is the i—th coordinate function of I* and [* is defined by (2.5), d is the
maximal possible dimension of our model as in Definition 2 of Section 2.4, and Er
denotes the mathematical expectation with respect to F * h.

Condition (D1) is a weak analog of nondegeneracy: if for all £ (D1) fails, then
F is orthogonal to the whole system {l;}.°,, and if this system is complete, then
F' is degenerate. Also (D1) is related to the identifiability of the model (see the
beginning of Section 2.10 for more details).

We start with investigation of consistency of Uy, where k is some fixed number,
1 < k < d. The following result shows why it is important to choose the right
dimension of the model.

Proposition 2.5. Let (D1) holds. Then for all 1 < k < K — 1, if F is the true
distribution function of X, then Uy —4 X3 as n — 00.
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Proof. (Proposition 2.5). Follows by the multivariate Central Limit Theorem. [

This result and Theorem 2.1 show that if the dimension of the model is too small,
then the test doesn’t work since it doesn’t distinguish between F' and f.

Proposition 2.6. Let (D1) holds. Then for k > K, if F is the true distribution
function of X, then U, — o0 in probability as n — oo.

Proof. (Proposition 2.6). We shall use the following standard lemma from linear
algebra.

Lemma 2.7. Let x € R¥, and let A be a k x k positive definite matriz; if for some
real number 6 > 0 we have A > § (in the sense that the matriz (A—0 Iyxy) is positive
definite, where Iy is the k x k identity matriz), then for all x € RF it holds that
cAzT > 6|z,

From (D1) by the law of large numbers we get

1 n
=3 UE(Y) —p 0 for 1<i<K-—1 (2.16)
n

=1

n

I5(Y;) —p Cx #0. (2.17)

S|

Jj=1

We apply Lemma 2.7 to the matrix L defined in (2.6); since all the eigenvalues of L
are positive we can choose ¢ to be any fixed positive number less than the smallest
eigenvalue of L. We obtain the following inequality

o= { iz*m)} 1{ - él*(i@)}T
> dgs o bn (; émmf
> M(% i@(x@f. (2.18)

Now by (2.16) and (2.17) we get for all s € R
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j=1
1< ’
. s
- #((; ;zm@)) <)
P lil*(Y) < i 0 as
= — _— — —
n KBV =N 65n =

and this proves the Proposition.

Now we turn to the data-driven statistic Us. Suppose that the selection rule S is
defined as in Section 2.4. Assume that

(S1) for every fixed k > 1 it holds that w(k,n) = o(n) as n — cc.

Denote by Pr the probability measure corresponding to the case when Xy, ..., X,
all have the distribution F. Consider consistency of the ”adaptive” test based on
Us.

Proposition 2.8. Let (D1) and (S1) holds. If F' is the true distribution function
of X, then Pp (S > K) — 1 and Ugs — o0 asn — 0.

Proof. (Proposition 2.8). Let m(k,n) and A(k,n) be defined as in Section 2.4. For
any ¢ = 1,..., K — 1 we have

pF(S:Z) < PF(Ui—W(i,n)EUK—W(K,n))
= Pp(U; > Ux — (7(K,n) — 7(i,n))). (2.19)

By (2.17) and (2.18) we get

PF<UKZ(5%?7,)—>1 as n — oo. (2.20)
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Note that

Pp (U; > Uy — (7(K,n) — w(i,n))) (2.21)

< PF(UZ-zé%n—w(K,m—w(i,n)); UKza%n)

Since by (S1) it holds that 7(K,n) — 7(i,n) = o(n), we get

P <Ui2(5%n—(w(K,n)—7r(i,n)); UKE(S%TL) (2.22)

< Py (Ui > 5%71 — (n(K,n) — ﬂ(i,n)))

< PF(UiZ5%n>—>O

as n — oo by Chebyshev’s inequality since by Proposition 2.5 we have U; —y4
X? as n — oo foralli =1,..., K — 1. Substituting (2.20) and (2.22) to (2.21)
we get Pr(S =1i) — 0asn — oo for all i = 1,..., K — 1. This means that
Pr(S>K)—1asn— oo.

Now write for t € R

PF(USSt):PF(USSt;SSK—l)—l—PF(USSt;SZK) =: R + R,.

But Ry — 0 since Pr(S =i) — Ofori=1,..., K —1 and K < d < oo. Since
U, > U, for Iy > Iy, we get

d
Ry <> Pp(Ux <t)— 0
I=K

as n — oo by Proposition 2.6. Thus Pr (Us <t) - 0asn — oo forallte R. O
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The main result of this section is the following

Theorem 2.9.

1. The test based on Uy is consistent for testing against all alternative distribu-
tions F' such that (D1) is satisfied with K < k

2. The test based on Uy s inconsistent for testing against all alternative distri-
butions F' such that (D1) is satisfied with K > k

3. If the selection rule S satisfies (S1), then test based on Ug is consistent against
all alternative distributions F' such that (D1) is satisfied with some K.

Proof. (Theorem 2.9). Part 1 follows from Theorem 2.1 and Proposition 2.6, part
2 from Theorem 2.1 and Proposition 2.5, part 3 from Theorem 2.3 and Proposition
2.8. O

2.6 Composite deconvolution

In the previous sections we treated the simplest case of the deconvolution problem.
The next sections are devoted to the more realistic case of unknown error density.
Our main ideas and constructions will be similar to the ones for the simple case. Our
goal is to modify the technics and constructions from the simple hypothesis case in
order to apply them in the new situation. In order to do this we will have to impose
on our new model additional regularity assumptions concerning uniformity. These
assumptions are quite standard in statistics. They are a necessary payment for our
ability to keep simple and general constructions for the more complicated problem.
We will have to modify the scores we used in the simple case. The modification we
will use is called efficient scores.

Despite of all the changes, we will still be able to build a selection rule for the new
problem. We will need a new and modified definition of the selection rule. Big part
of the new model uniformity assumptions will be needed not to build an efficient
score test, but to make such test data-driven (see section 2.9).

Consider the situation described in the first paragraph of Section 2.2, but with
the following complication introduced. Suppose further on that the density A of
is unknown.

Then the most general possible null hypothesis Hy in this setup is that f = fj
and the error ¢ has expectation 0 and finite variance. The most general alternative
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hypothesis H, is that f # fy. Since both Hy and H, are in this case too broad,
we would first consider a special class of submodels of the model described above.
At first we assume that all possible densities f of X belong to some specific and
preassigned parametric family { fy}, i.e., f = fy for some 6 and 6 is a k—dimensional
Euclidian parameter and © C R* is a parameter set for §. Our starting assumption
about the density of the error ¢ will be that h belongs to some specific parametric
family {h,}, where n € A and A C R™ is a parameter set. Thus, 7 is a nuisance
parameter. The null hypothesis Hj is the following composite hypothesis: X has
particular density fy with respect to .

Then we will propose a test that is expected to be asymptotically optimal (in some
sense) for testing in this parametric situation. After that we will prove that our test
is consistent also against a wide class of nonparametric alternatives. Moreover, the
test is expected to be asymptotically optimal (in some sense) for testing against an
infinite number of directions of nonparametric alternatives. This is essentially the
same plan as for the simple case.

If (0,n) is a true parameter value, we call such submodel My ,,(6,7). Denote in
this case the density of Y by g(-; (#,7)) and the corresponding expectation by Eg ).
Let the null hypothesis Hy be 6 = 0y, where it is assumed that 6y € ©. Then the
alternative hypothesis 8 # 6, is a parametric subset of the original general and
nonparametric alternative hypothesis H 4.

2.7 Efficient scores

All possible densities ¢ (y;(6,7)) of Y have in our model the form

9(y:(6,m) = /}R fols) hol(y — ) ds. (2.23)

It is not always possible to identify 6 or/and 7 in this model. Since we are concerned
with testing hypotheses and not with estimation of parameters, it is not necessary
for us to impose a restrictive assumption of identifiability on the model. We will
need only a (weaker) consistency condition to build a sensible test (see Section 2.10).

The score function for (6,n) at (6y,no) is defined as (see [3], p.28):

l.90ﬂ70 (y> - (i90 (y)7 iﬁo (y)) ) (224)
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where [y, is the score function for 6 at f, and ino is the score function for n at 7, i.e.

(2.25)

. % (0, M0
i (4) = (i(y( m)))

|9:90 o 0
(y; (6o, m0)) [y: g (y3(60,10))>0]

)

& (fu 1o by — ) 5)|
= — Liy: g (y5(00,m0))>0] -
S foo(5) hyo(y — ) ds

2 (g(y; (0,m))]
9 (v (6o,7m0))

ino (y) = = 1[y19(y§(907770))>0] (2‘26)

fIR feO(S) hno(y—s)ds Y- 9y ;(00,m0

The Fisher information matriz of parameter (6,7) is defined as

1(0,1) = /R T (4) o (y) dCon(y) (2.27)

where Gy, (y) is the probability measure corresponding to the density ¢ (y; (6,7)).
The symbol T’ denotes the transposition and all vectors are supposed to be row
ones.

We assume that M ,,(6,71) is a regular parametric model in the sense of the
following definition.

Definition 3. Call our problem a reqular deconvolution problem if

(A1) for all (6,7) € © x A ¢ (y;(0,n)) is continuously differentiable

in (6,n) for A — almost all y
(A2)  |i(8,n)] € La(R, Gy,,) for all (8,n) € © x A

(A3) I(6,n) is nonsingular for all (6,7) € © x A and continuous
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in(6,7n).

This is a joint regularity condition and it is stronger than the assumption that the
model is regular in 6 and 7 separately. Let us write I(0y,n0) in the block matrix
form:

111(907770) 112(907770) )
I1(6 = 2.28
(6o, ) ( Ir1(00,m0)  122(00,m0) )’ (2.28)

where 111(6)0, 7]0) is k x ]{?, 112(00, T]0> is k x m, 121(90, T]()) is m X ]{?, [11(90, T]()) is mxm.
Thus, denoting for simplicity of formulas Q := [y : ¢ (v; (6y,70)) > 0] we can write
explicitly

I(Bo,m0) = Eayl2 sy = / % () oy () Gy () (2.29)
R

% (IIR Jo(s) by (y — s) d5>T)9:90% (fR Jo(8) by (y — 8) ds)‘

N / 6=0o dy
“ Ji foo(8) o (y — ) ds ;
I5(60,m0) = EGomolg; ino = /leTo(y) iﬁo(?/) dGoy.n0(y) (2.30)
R
- & (s ty=915)" | 2 (e Sl haly—9)ds)| §
“ Ji foo(8) B (y — 5) ds ;

and analogously for I51(0y,n0) and Is(0o,1m0). The efficient score function for 6 in
My (6,7) is defined as (see [3], p.28):

Lo, () = loy(y) — T12(60,m0) 15" (B0, 0) Lo (y) , (2.31)

and the efficient Fisher information matriz for 6 in My ,,(0,7n) is defined as

Igo = EGOJYO ZZOT l;() = /ngo (y)T lzo (y> dG@OJYO (y) . (232)
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Before closing this section we consider two simple examples.

Example 2. Suppose § € R, n € R* and, moreover, {fa} is a family {N(6,1)}
of normal densities with mean 6 and variance 1, and {h,} is a family {N(0,7?)}.
Then ¢(0,7n) = fo * hy, ~ N(8,17* + 1). Let 6 be the parameter of interest and 7 the
nuisance one. Let Hy be § = 6. By (2.25) and (2.26) for all y

(y="00)%m o
mR+1)7 m+1

y — bt ;
l =
7](2)+1, 770<y)

loo(y) = (2.33)

By (2.30)

[ y=0y=0" 7 > _
La(0.n) = [ BR[O - S an G+ ) = 0,

for all 6, 7. This means that adaptive estimation of  is possible in this model, i.e.,
we can estimate 6 equally well whether we know the true 7y or not. Though, we will
not be concerned with estimation here. From (2.29) we get

-1 _ (y —0)? 2 1
G = [ et 0 = 2.3

Example 3. Suppose now that we are interested in the parameter n in the situation
of Example 2 and the null hypothesis is Hy : 7 = 1. There is a sort of symmetry
between signal and noise: ”"what is a signal for one person is a noise for the other”
(see also Remark 2.10). From Example 2 we know that the score function im for n
at 1o is given by (2.33). Since we proved for this example I15 = I5; = 0, the efficient
score function [y for n at 7o is given by (2.33) as well. We calculate now

vt [ (=0 m 2 1
(1) = /}R( " n§+1) NG+ D0) = o (239

The constant C'(n9) in (2.35) can be expressed explicitly in terms of 7o, but this
is not the point of this example. By the symmetry of § and n we have [} (y) =

lyo(y) — T21(0,10) Iy (6, 10) Lo () = Lo (y) -

Remark 2.10. Note that the problem is symmetric in § and 7 in the sense that it
is possible to consider estimating and testing for each parameter, ¢ or n. Physically
this means that from the noisy signal one can recover some ”information” not only
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about the pure signal but also about the noise. This is actually natural since a noise
is in fact also a signal. We are observing two signals at once. The payment for this
possibility is that except for some trivial cases one can’t recover full information
about both the signal of interest as well as about the noise.

2.8 Efficient score test

Let [3, be defined by (2.31) and I by (2.32). Note that both Ij and I; depends
(at least in principle) on the unknown nuisance parameter 7y. Let [ and L be some

estimators of [; (Y;) and (1'5‘0)_1 correspondingly. These estimators are supposed to
depend only on the observable Y7, ... Y, , but not on the Xy,..., X,,.

Definition 4. We say that [} is a sufficiently good estimator of [j (Y;) if for each
(0o, m0) € © x A it holds that for every € > 0

n 1 - * *
Geo,no (ﬁ Z(lj - ZQO(Y}))H > 5) —0 as n— o0, (2.36)
i=1
where || - || denotes the Euclidian norm of a given vector.

In other words, condition (2.36) means that the average + " Iz (Y;) ~ Egynol5
is y/ n—consistently estimated. We illustrate this definition by some examples.

Example 2 (continued). We have (denoting variance of Y by o%(Y)):

Y, — 6
() =2 .
90( .7) 0_2(y)
Define
I* = Y — fo
i 52
where 02 is any \/n—consistent estimator of the variance of Y. One can take, for

example, the sample variance s2 = s2(Yy,...,Y,,) as such an estimate. Then, since
by the model assumptions ¢*(Y") > 0, thus constructed [} satisfies Definition 4. See
Appendix for the proof. O

Example 3 (continued). We have in this case

* Mo 2 Mo
I (Y;) = Y — 6y)? — .
770( ]) 77% + 1( J 0) 778 41
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For simplicity of notations we write I} (V;) = C1(n0)(Y; — 60)* — Ca(m0). Let 0, be

any /n—consistent estimate of 6 and put I = Cy(no)(Y; — 6,)2 — Cy(no). Then
Definition 4 is satisfied in this Example also. ThlS is proved in Appendix. O

Definition 4 reflects the basic idea of the method of estimated scores. This method
is widely used in statistics (see [3], [35], [16], [19] and others). These authors show
that for different problems it is possible to construct nontrivial parametric, semi-
and nonparametric estimators of scores such that these estimators will satisfy (2.36).

Definition 5. Define

n n T
1 ~ (1
Wi :{— l*} L {— l*} , (2.37)
where L is an estimate of (Igo)_1 depending only on Y,...,Y,. Note that [} is a

k—dimensional vector and L is a k x k matrix. We call Wy the efficient score test
statistic for testing Hy : 6 = 0y in M, ,,(0,n). It is assumed that the null hypothesis
is rejected for large values of Wj.

Normally it should be possible to construct reasonably good estimators 7),, of 7
by standard methods since at this point our construction is parametric. After that
it would be enough to plug in these estimates in (2.31) and get the desired l*;-s
satisfying (2.36).

Example 2 (continued). Let 52(Y") be any y/n—consistent estimate of n*+1 such
that this estimate is based on Y7, ..., Y. Then by (2.34), (2.33) and definition (2.37)
the efficient score test statistic for testlng Hy : 0 = 6y (in the model M, 1(0,7n)) is

n

j=1

Example 3 (continued). Using any /n— consistent estimate 0 of 0, we get the
efficient score test statistic

[t e

Jj=1

—
Sl-



2.8. Efficient score test 27

n

o L "o _ 0.\ _ n
- (Fr e D=0 - v

2
"o

) ). @3
Remark 2.11. We make now the following remark to avoid possible confusions. For
the simple deconvolution we had the score test statistics and now we have the
efficient score test statistics. This does not mean that the statistics for simple
deconvolution is "inefficient”. Here the word "efficient” has a strictly technical
meaning. Because of the presence of the nuisance parameter we have to extract
information about the parameter of interest. We want to do this efficiently in some
sense. This is the explanation of the terminology.

The following theorem describes asymptotic behavior of W under the null hy-
pothesis.

Theorem 2.12. Assume the null hypothesis Hy : 0 = 0y holds true, (A1)-(A3) are
fulfilled, (2.36) is satisfied, and L is any consistent estimate of (Ig‘o)*l. Then

Wy —q XZ as mn — 0o,

where x2 denotes a random variable with central chi-square distribution with k de-
grees of freedom.

Proof. (Theorem 2.12). Put

T

ve={ - jf;zzm} )" { = 0} (2.40)

j=1

where [ is defined by (2.31) and I by (2.32). Of course, V} is not a statistic since
it depends on the unknown 7y. But if the true 7y is known, then because of (B1)-
(B3) we can apply the multivariate Central Limit Theorem and obtain Vj, —4 X3
as n — oo . Condition (2.36) implies that

1 1 ©

— E rr— — E I, (Y;) in Gy, n,—probability as n — oo
J 2] J 0,710

Vn &= Vn =

and by consistency of L we get the statement of the theorem by Slutsky’s Lemma.
O
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2.9 Selection rule

In this section we extend the construction of Section 2.4 to the case of composite
hypotheses. First we give a general definition of a selection rule.

Denote by My (0,n) the model described in Section 2.6 and such that the true
parameter (6,7n) belongs to a parameter set, say O x A, and dim©; = k. By a
nested family of submodels My, ,,(0,n) for k = 1,... we would mean a sequence of
these models such that for their parameter sets it holds that ©; x A C ©,x A C .. ..

Definition 6. Consider a nested family of submodels My, (0,n) for k =1, ...,
d, where d is fixed but otherwise arbitrary, and m is fixed. Choose a function
7(+,) : Nx N — R, where N is the set of natural numbers. Assume that 7(1,n) <
m(2,n) < ... < w(d,n) for all n and 7(j,n) — 7(1,n) — 0o as n — oo for every
j=2,...,d. Call m(j,n) a penalty attributed to the j-th model M;(8) and the sample
size n. Then a selection rule S(I*) for the test statistic W} is an integer-valued
random variable satisfying the condition

S(I%) :min{k: 1<k<d Wy,—mn(k,n)>W,—n(j,n),j= 1,...,d}. (2.41)

We call the random variable Wy a data-driven efficient score test statistic for testing
validity of the initial model. We also assume that the following condition holds.

(S1) for every fixed k > 1 it holds that w(k,n) = o(n) as n — .

Unlike the case of the simple null hypothesis, in the case of the composite hy-
potheses the selection rule depends on the estimator [} of the unknown values [ (Y;)
of the efficient score function. This means that we need to estimate the nuisance
parameter 7, or corresponding scores, or their sum. Surprising result follows from
Theorem 2.13 below: for our problem many possible penalties and, moreover, essen-
tially all sensible estimators plugged in W, give consistent selection rules. Possible
choices of penalties are, for instance, Shwarz’s penalty 7(j,n) = j logn, or Akaike’s

penalty 7(j,n) = j.
Denote by By, the probability measure corresponding to the case when X,. ..,

X, all have the density f(6o,70). The main result about the asymptotic null distri-
bution of Wy is the following theorem (it is proved analogously to Theorem 2.3).
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Theorem 2.13. Under the conditions of Theorem 2.12, as n — oo it holds that

Péé,m)(*g(l*) >1) =0 and Wg —q X2

Condition (2.36) is what makes this direct reference to the case of the simple hy-
pothesis possible. Estimation of the efficient score function [j can be done by
different ways. First way is to estimate the whole expression from the right side of
(2.31). For this method of estimation condition (2.36) is natural. The second and
probably more convenient method of estimating /3, is via estimation of the nuisance
parameter 1 by some estimator 7). But for this approach condition (2.36) becomes
something that have to be proved for each particular estimator. We hope that this
inconvenience is excused by the fact that we are only introducing the new test here.
It is possible to reformulate condition (2.36) explicitly in terms of conditions on 7,
{fo}, and {h,} (see an analogue in [17]).

Remark 2.14. The selection rule S(I*) can be modified in order to make it possible
to choose not only models of dimension less than some fixed d, but to allow arbitrary
large dimensions of My ,,(0,7) as the number of observations grows. See Remark
2.4.

Remark 2.15. Tt is possible to modify the definition of selection rule so that both
dimensions k& and m would be selected by the test from the data. A corresponding
test statistic will be of the form Wy, where this time S = (5, .52). Proofs of the
asymptotic properties for this statistic are analogous to those presented in this
Chapter. Possibly this statistic could be useful since the situation with the noise
of an unknown dimension often seems to be more realistic. On the other hand,
this statistic will also have some disadvantages. Omne will have to impose more
strict assumptions on both signal and noise (including an analogue of the double-
identifiability assumption). Also the final result will be weaker than the result of
this section. This will be a payment for an attempt to extract information about a
larger number of parameters from the same amount of observations Y7, ..., Y, .

2.10 Consistency of tests

Let F' be a true distribution function of X and H a true distribution of €. Here F’
and H are not necessarily parametric and possibly these distribution functions do
not have densities with respect to the Lebesgue measure A. Let us choose for every
k < d an auxiliary parametric family {fs}, § € © C R* such that f, from this
family coincides with f; from the null hypothesis Hy. Correspondingly, let us fix an
integer m and choose an auxiliary parametric family {h,}, n € A C R™. Suppose
that the chosen families { fp} and {h,} give us the regular deconvolution problem in
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the sense of Definition 3. Then one is able to construct the score test statistic Wy
defined by (2.37) despite the fact that the true F' and H possibly do not have any
relation to the chosen {fp} and {h,}. This is our goal in this section to determine
under what conditions thus build W} will be consistent for testing against H 4.

Suppose that the following condition holds

(C1) there exists integer K > 1 such that K < d and

EF*H lzo(l) = 0, ey EF*H l;o(K—l) = 0, EF*H Z;O(K) = CK 7é 0,

where [; ) is the i—th coordinate function of I3 and [ is defined by (2.31), d is
the maximal possible dimension of our model as in Definition 3 of Section 2.9, and
Er.g denotes the mathematical expectation with respect to F' % H.

Condition (C1) is a weak analog of nondegeneracy: if for all k& (C'1) fails, then
F' is orthogonal to the whole system l;o(i);’il and if this system is complete, then
F x H is degenerate. Also (C1) is related to the identifiability of the model: if
the model is not identifiable, then F' «x H = Fy « H can happen and (C1) fails.
Establishing identifiability for the parametric deconvolution is not trivial (see [37],
e.g.). It is important to note also that although (C'1) has something common with
both nondegeneracy and identifiability, it is in general pretty far from both these
notions.

The main result of this section is the following.

Theorem 2.16. If (2.36) is satisfied and L is any consistent estimate of (Igo)fl,
then

1. the test based on Wy is consistent for testing against all alternative distribu-
tions F, H such that (C1) is satisfied with K <k

2. the test based on Wy, is inconsistent for testing against alternative distributions
F, H such that (C1) is satisfied with K > k

3. if the selection rule S(I*) satisfies (S1), then test based on Ws is consistent
against all alternative distributions F'x H such that (C1) is satisfied with some
K.

Part 2 of Theorem 2.16 shows why it is important to choose the suitable model
dimension. Now we give two specific examples.
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Proof. (Theorem 2.16). Because of condition (2.36) the proof is analogous to the
proof of Theorem 2.9. Indeed, after obvious change of notations Propositions 2.5,
2.6, and 2.8 are true for Wy, Wgq+), S(I*) instead of Uy, Us, S. Proofs of the new
versions of propositions are analogous to the proofs of the previous versions. The
only difference is that the proof of the key inequality analogous to (2.18) requires
the use of the following lemma.

Lemma 2.17. Let A be a k X k positive definite matriz and {A,}5°, be sequence
of k x k matrices such that A, — A in the Fuclidian matriz norm. Suppose that
for some real number § > 0 we have A > ¢§ in the sense that the matriz (A — dlxxx)
is positive definite, where Iy is the k x k identity matriz. Then for all sufficiently
large n it holds that A, > 6.

]

Example 2 (continued). By Theorem 2.16 the test based on W is consistent if
and only if for true F' and H it holds that

1
n*+1

EF*H(Y — 90) % 0, i.e. EF*H(Y) 7£ 90 . (242)

For example, W; doesn’t work when the true H is symmetric about 0 and the true
F # Iy has the mean equal to 6.

Example 3 (continued). By Theorem 2.16 W; is consistent if and only if for true
F and H it holds that

(y—6)*no N

— ie.
(g +1)°  m5+1

EF*H

Epog (y —0)* # 77(2) + 1, orequivalently Varp.pgY # Varp.m,Y . (2.43)

Note that condition (2.42) can be interpreted as ”W; is consistent for testing the
hypothesis about the mean in this model iff the expectation of Y under alternative
is different from the expectation under the null hypothesis” and (2.43) as "W is
consistent for testing the hypothesis about the variance in this model iff the variance
of Y under alternative is different from the variance under the null hypothesis”. One
cannot expect more from such a simple test as W;. On contrary, the data-driven
test statistic Wy provides a consistent testing procedure.
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2.11 Appendix

Proof. (The statement about /5 from Example 2). Indeed,

21200 =0 = | 205~ 00 (- 7))

But

n

IS 6)

i=1
in Gy, ,, —probability, therefore Definition 4 is satisfied if \/n |% — é} is bounded

in G, yo—probability, and this holds if 77 is a \/n—consistent estimate of o*(Y).
Here Y denotes the sample mean Y = % S Y ]

=|Y — 6| =|Y — Ey| - 0

Proof. (The statement about /5 from Example 3).

1
NG

S - 1)

=1

n

> (Y = 8,)* = (Y — 60)?)

=1
n

Z(é\n - 90)(_2}/} + a\n + 00)

i=1

= % }01(770)‘

= % }01(770)‘
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R 1 n n

2‘01(770)‘ \/ﬁ‘én—é’o‘ o Z +Z i —6o)
=1 =1
| Culo)| VT B 0] |7 =8 + (7 — )

<|Cr(mo)| V|8 — o] (|7~ 9|+\Y o) — 0

in Gy, 5, —probability since for n — oo it holds that ‘?— é\n‘ — 0 and ‘?— 90| — 0,
both in Gg,.,,—probability, and \/n|6, — 6| is bounded in Gy, ,, —probability. [
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Chapter 3

General Theory

3.1 Introduction.

In the previous Chapter, we constructed data-driven score goodness-of-fit tests for
the deconvolution problem. This shows that score tests can be built for statistical
inverse problems as well.

In this Chapter, we attempt to generalize the theory of score tests. The situation is
similar to the one in estimation theory. There is a classical estimation method based
on the use of maximum likelihood equations, and there is a more general method of
M-estimation. Our theory offers, in particular, an analogous generalization of the
theory of data-driven score tests. We introduce abstract concepts generalizing the
concepts of Neyman’s smooth test statistics, score tests and data-driven score tests.

The main goal of this thesis is to propose an unified theory to automatize the
process of building NT-tests for different statistical problems, and to give an unified
method for proving consistency of such tests. We propose a general method for
constructing consistent data-driven tests for parametric, semi- and nonparametric
problems. Usually, proofs of consistency for data-driven tests consisted of two parts:

1) establishing large deviation inequalities for the test statistic
2) deriving consistency of the test from these inequalities.

Our method gives the tool to pass through step 2 automatically. Additionally, in
our theorems, we allow a lot of freedom in the choice of penalties, dimension growth
rates and model regularity assumptions.

Examples in this Chapter tries to show that the method is applicable also to
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dependent data and statistical inverse problems. Moreover, for any test constructed,
we have an explicit rule to determine, for every particular alternative, whether the
test will be consistent against it. This rule allows us to describe, in a closed form,
the set of "bad” alternatives for every NT-, SN'T- and GNT-test.

In Section 3.2, we describe the framework and introduce an abstract notion of
SNT-statistic. In Section 3.3, we propose a general definition of a model selection
rule. Section 3.4 is devoted to the definition of NT-statistics. This is the main
concept of this Chapter. In Section 3.5, we study behaviour of NT-statistics for
the case when the alternative hypothesis is true, while in Section 3.6 we investigate
what happens under the null hypothesis. In the end of Section 3.6, a consistency
theorem for N'T-statistics is given. Section 3.7 is devoted to some direct applications
of our method. In Section 3.8, a new notion concerning the use of quadratic forms
in statistics is introduced. In Section 3.9, we introduce a notion of GNT-statistics.
This notion generalizes the notion of score tests for composite hypotheses. We prove
a general consistency theorem for GNT-statistics.

3.2 Notation and basic assumptions.

Let X;, X5, ... be a sequence of random variables with values in an arbitrary
measurable space X. Suppose that for every m the random variables X, ..., X,,
have the distribution P, from the family of distributions IP,,. Suppose there is a given
functional F acting from the direct product of the families ®°_, P, = (P, Po,...)
to a known set ©, and that F(Py, Ps,...) = 6. We consider the problem of testing
the hypothesis

Hy: 0e06y,CO

against the alternative
Hy fe® =06 \ @0

on the basis of observations Y7, ..., Y, having their values in an arbitrary measurable
space Y (i.e. not necessarily on the basis of Xy, ..., X,,).

Here © can be any set, for example, a functional space; correspondingly, parame-
ter # can be infinite dimensional. It is not assumed that Y7, ..., Y, are independent
or identically distributed. The measurable space Y can be, for example, infinite
dimensional. This means that results of this Chapter are applicable, in principle, in
statistics for stochastic processes. Additional assumptions on Y;'s will be imposed
below, when it would be necessary.
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Assume that we have some hypothesis Hy to test. H, will be specified below,
when necessary. The exact form of Hy is not important for us at this moment: Hy
can be composite or simple, Hy can be about Y's densities or expectations, or it
can be of any other form. The important feature of our approach is that we are
able to consider the case when Hj is not about Y/s, but about some other random
variables X1, ..., X,,. This makes it possible to use our method in the case of
statistical inverse problems. Under some conditions (see Theorem 3.9) it would be
still possible to extract from Y;s some information about X/s and build a consistent
test.

Definition 7. Consider the following (abstract) statistic of the form

k n 2
1
T, = — Li(Y;) e . 3.1
= s Lo 3.1)
where n is the number of available observations Y;, ..., Y, and Iy, ..., I, I :

Y — R, are some known Lebesgue measurable functions. We call T}, the simplified
statistic of Neyman’s type (or SNT-statistics).

Here [y, ..., Iy can be some score functions, but they can also be any other
functions, depending on the problem under consideration. We prove below that
under additional assumptions it is possible to construct consistent tests of such form
without using scores in (3.1). We will discuss different possible sets of meaningful
additional assumptions on Iy, ..., [ below (see Sections 3.5 - 3.9).

Scores (and efficient scores) are based on the notion of maximum likelihood. Our
constructions below will make it possible to use, for example, truncated, penalized
or partial likelihood to build a test. In this sense our theory generalizes score tests
theory like M-estimation generalizes classical likelihood estimation. It is even pos-
sible to use functions [y, ..., [; such that they are totally unrelated to any kind of
a likelihood.

Example 1. Basic example of SNT-statistic is the following (see, e.g., [30] or [29]).
It is known as Neyman’s smooth test statistic for simple hypotheses. Let Xi, ...,
X, be ii.d. random variables. Consider the problem of testing the simple null
hypothesis H, that the X/s have the uniform distribution on [0, 1]. Let {¢;} denote
the family of orthonormal Legendre polynomials on [0, 1]. Then for every k one has
the test statistic
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2

k n
1
AT DWCIE
j=1 vn i=1
We see that Neyman’s classical smooth test statistic is an SNT-statistics.

Example 2. Partial likelihood. Cox in [9] proposed the notion of partial likeli-
hood generalizing the ideas of conditional and marginal likelihood. Applications of
partial likelihood are numerous, including inference in stochastic processes. Below
we give Cox’s definition of partial likelihood and then construct SNT-statistics based
on this notion.

Consider random variable Y having density fy(y;0). Let Y be transformed into
the sequence

(X1751aX2a527"'aXm75m)7 (32)

where the components may themselves be vectors. The full likelihood of the sequence
(3.2) is

L 7, 0-0,56-0 (229D, 597 90) T fyx00.50-0 (55129, s979:6), (3.3)
j=1

J=1

where 29 = (zy,...,2;) and s¥) = (sy,...,s;). The second product is called the
partial likelihood based on S in the sequence { X}, S;}. The partial likelihood is useful
especially when it is substantially simpler than the full likelihood, for example when
it involves only the parameters of interest and not nuisance parameters. Cox in [9]
gives some specific examples.

Assume now for simplicity of notations that # is just a real parameter and that
we want to test the simple hypothesis Hy : 8 = 0y against some class of alternatives.
Define for j = 1,...,m functions

. dlog fsj|X(j>,s<j—1> (Sj|$(j), sU=D; 0)

j BT b (3.4)
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and o3 := var(t;). If we define [; := t;/0;, we can form the SNT-test statistic

m

PL,, = Z {% izn;lj}Q. (3.5)

7j=1
O

Consistency theorems for SNT-statistics will follow from consistency theorems for
more general NT-statistics (they are introduced in Section 3.4). See Theorem 3.10.

Remark 3.1. There is a direct method that makes it possible to find the asymptotic
distribution of SNT-statistic, both under the null hypothesis and under alternatives.
The idea of the method is as follows. First, one approximates the quadratic form Ty
(that has the form Z7 + ...+ Z) by the quadratic form N7+ ...+ N2, where N; is
the Gaussian random variable with the same mean and covariance structure as Z;,
i.e. the i—th component of Tj,. This approximation is possible, for example, if I(Y})’s
are i.i.d. random vectors with nondegenerate covariance operators and finite third
absolute moments. Then the error of approximation is of order n='/? and depends
on the smallest eigenvalue of the covariance of [(Y;). See [14], p. 1078 for more
details. And the asymptotic distribution and large deviations of the quadratic form
N + ...+ N? has been studied extensively.

3.3 Selection rule.

Since it was shown that for applications of efficient score tests it is important to
select the right number of components in the test statistic (see [4], [12], [23], [13]),
it is desirable to provide a corresponding refinement of our construction. Using the
ideas from [22], we propose a general mathematical framework for constructing a rule
to find a reasonable model dimension. We make our tests data-driven, i.e., tests are
capable to choose a reasonable number of components in test statistics automatically
by the data. Our construction offers a lot of freedom in the choice of penalties and
building blocks for statistics. A statistician could take into account specific features
of his particular problem and choose among all theoretical possibilities the most
suitable penalty and the most suitable structure of the test statistic to build a test
with desired properties.

We will not restrict possible number of components in test statistics by some
fixed number, but instead we allow this number to grow unlimitedly as the number
of observations grows. This is important because the more observations Yy, ..., Y,
we have, the more information is available about the problem. This makes it possible
to give a more detailed description of the phenomena under investigation. In our
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case this is attainable by allowing the complexity of the model and the number of
components in test statistics to grow with n at a controlled rate.

Denote by M, a statistical model designed for a specific statistical problem satis-
fying assumptions of Section 3.2. Assume that the true parameter value 6 belongs
to the parameter set of My, call it ©. We say that the family of models M, for
k=1,2,...1is nested we if for their parameter sets it holds that ©; C ©, C .... We
do not require ©s to be finite dimensional. We also do not require that all ©)s are
different (this has some statistical meaning: see the first remark on the page 221 of

[6])-

Let T}, be an arbitrary statistic for testing validity of the model My on the basis of

observations Y7, ..., Y,. The following definition applies for the sequence of statistics
{Th}-
Definition 8. Consider a nested family of models M, for k = 1, ..., d(n), where

d(n) is a control sequence, giving the largest possible model dimension for the case
of n observations. Choose a function 7(-,-) : N x N — R, where IN is the set
of natural numbers. Assume that 7(1,n) < 7(2,n) < ... < 7(d(n),n) for all n
and 7(j,n) — m(1l,n) — oo as n — oo for every j = 2,...,d(n). Call 7n(j,n) a
penalty attributed to jth model M; and sample size n. Then a selection rule S for
the sequence of statistics {7} is an integer-valued random variable satisfying the
condition

S=min{k: 1 <k <d(n); T, — n(k,n) > T; —7(j,n), j=1,...,d(n)}. (3.6)
We call Ts a data-driven test statistic for testing validity of the initial model.

Possible choices of penalties are, for example, Schwarz’s penalty 7(j,n) = j logn, or
Akaike’s penalty 7(j,n) = j. The definition is statistically meaningful, of course, only
if the sequence {7} } is increasing in the sense that 77 (Y, ..., Y,) < To(Yy,...,Y,) <

Example 2 (continued). We have an interesting possibility concerning statistics
PL,,. This statistic depends on the number m of components in the sequence (3.2).
Suppose now that Y can be transformed into sequences (X7, S1), or (Xi, S1, X2, S2),
or even (X1, 51, Xs,5s, ..., X, Sn) for any natural m. If we are free to choose the
partition number m, then which m is the best choice? If m is too small, one can
loose a lot of information about the problem; and if m is too big, then the re-
sulting partial likelihood can be as complicated as the full one. Definition 8 gives
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some solution of this problem. The adaptive statistic PLg is capable to choose the
reasonable number of components in partial likelihood automatically by the data. O

Example 3 (Gaussian model selection). Birge and Massart in [6] proposed
a method of model selection in a framework of Gaussian linear processes. This
framework is quite general and includes as special cases a Gaussian regression with
fixed design, Gaussian sequences and the model of Ibragimov and Has'minskii. In
this example we briefly describe the construction (for details see the original paper)
and then discuss the relations with our results.

Given a linear subspace S of some Hilbert space H we call Gaussian linear process
on S with mean s € H and variance €2 any process Y indexed by S of the form

Y(t) = (s,t) +Z(1),

for all t € S, and where Z denotes a linear isonormal process indexed by S (i.e. Z
is a centered and linear Gaussian process with covariance structure E[Z(t)Z(u)] =
(t,u)). Birgé and Massart considered estimation of s in this model.

Let S be a finite dimensional subspace of S and set y(t) = [|t]|> — 2Y (¢). One defines
the projection estimator on S to be the minimizer of v(t) with respect to ¢ € S. Given
a finite or countable family {S,, },ner of finite dimensional linear subspaces of S, the
corresponding family of projection estimators s,,, built for the same realization of
process Y, and given a nonnegative function pen defined on M, Birgé and Massart
estimated s by a penalized projection estimator s = Sg, where m is any minimizer
with respect to m € M of the penalized criterion

crit(m) = —|[3nl2 + pen(m) = () + pen(m).

They proposed some specific penalties pen such that the penalized projection esti-
mator has the optimal order risk with respect to a wide class of loss functions. The
method of model selection I use has close relations with the one of [6].

In the model of Birgé and Massart «y(¢) is the least squares criterion and §,, is the
least squares estimator of s, which is in this case the maximum likelihood estima-
tor. Therefore [[5,,]|? is the Neyman score for testing the hypothesis s = 0 within
this model. Risk-optimizing penalties pen proposed in [6] satisfy the conditions of
Definition 8 (after the change of notations pen(m) = w(m,n); for the explicit ex-
pressions of pen’s see the original paper). Therefore, ||S5||? is, in our terminology,
the data-driven SNT-statistics. As follows from the consistency Theorem 3.9 below,
|57]]% can be used for testing s = 0 and has a good range of consistency.
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3.4 NT-statistics.

Now we introduce the main concept of this Chapter. Suppose that we are under the
general setup of Section 3.2.

Definition 9. Suppose we have n random observations Y7, ..., Y, with values in
a measurable space Y. Let k£ be a fixed number and [ = (I,...,l;) be a vector-
function, where [; : Y — R for ¢ = 1,...,k are some known Lebesgue measurable

functions. We assume that Y/s and [s are as general as in Definition 7. Set

-1

L={El(W)"(Y)} . (3.7)

where the mathematical expectation Ej is taken with respect to Fy, and Fy is the
distribution function of some (fixed and known in advance) random variable Y,
where Y is assuming its values in the space Y. Assume that Eyl(Y) = 0 and L is
well defined in the sense that all its elements are finite. Put

n n T
1 1
T :{— l(Y-)} L {— l(Y-)} . (3.8)
Vn ; ’ e ; ’
We call Ty the statistic of Neyman’s type (or NT-statistics).

If, for example, Y/s are equally distributed, then the natural choice for P is their
distribution function under the null hypothesis. Thus, L will be the inverse to the
covariance matrix of the vector [(Y'); in classical score tests theory one had an anal-
ogous situation. However, our definitions allow us to use a reasonable substitution
instead of the covariance matrix. This possibility can help for testing in a semi-
or nonparametric case, where instead of finding a complicated covariance in a non-
parametric situation one could use F, from a much simpler parametric family, thus
getting a reasonably working test and avoiding a considerable amount of technical-
ities. Of course, this /4 will have to satisfy consistency conditions, but after that
we get the consistent test regardless of the unusual choice of Fy. Consistency condi-
tions put a serious restriction on possible Fy; they are in some sense a mathematical
formalization of the idea how P, should be connected to Y's.

Example 2 (continued). It is possible to define by the formula (3.8) a version
of the partial likelihood statistic PL,, for the case when 6 is multidimensional or
even infinite dimensional. In [9] it is shown that under additional regularity assump-
tions E(t;) = 0. In this case PL,, will be an NT-statistic (but not an SNT-statistic).
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Example 3. If for SNT-statistic T}, defined by (3.1) additionally Eyl(Y) = 0, then
T}, is obviously NT-statistic also. Therefore, in most situations of interest the notion
of N'T-statistics is more general than the one of SNT-statistics. The first reason for
introducing SNT-statistics as a special class is that for this special case there is
a well-developed theory for finding distributions of corresponding quadratic forms,
and therefore there could be some asymptotic results and rates for SNT-statistics
such that they are stronger than the corresponding results for NT-statistics (see
Remark 3.1). The second reason is that there exist SNT-statistics of interest such
that they are not NT-statistics. Though, they will not be studied in this thesis.

Example 4. Statistical inverse problems. The most well known example here is
the deconvolution problem. It appears when one has noisy signals or measurements:
in physics, seismology, optics and imaging, engineering. It is a building block for
many complicated statistical inverse problems. In Chapter 2 we constructed data-
driven score tests for the problem.

The problem is formulated as follows. Suppose that instead of X; one observes
Y;, where
Yi=Xi+e,

and ¢’s are i.i.d. with a known density h with respect to the Lebesgue measure A;
also X; and ¢; are independent for each i and Ee; =0, 0 < Fe? < co. Assume that
X has a density with respect to A\. Our null hypothesis Hy is the simple hypothesis
that X has a known density f, with respect to . Let us choose for every k < d(n)
an auxiliary parametric family {fs}, § € © C R* such that f; from this family
coincides with fy from the null hypothesis Hy. The true F' possibly has no relation
to the chosen {fy}. Set

Z (fR fo(s)h(y — s) ds)’
fR fo(s)h(y — s)ds

ly) = = (3.9)

and define the corresponding test statistic Uy, by the formula (3.8). Under regularity
conditions from Chapter 2 all conditions of Definition 9 are satisfied and Uy is an
NT-statistic.

Example 5. Rank Tests for Independence. Let (Xi,Y)),...,(X,,Y,) be iid.
random variables with the distribution function D and the marginal distribution
functions F' and G for X; and Y;. Assume that F' and G are continuous, but un-
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known. It is the aim to test the null hypothesis of independence

Hy: D(z,y)=F(x)G(y), =,y€R, (3.10)

against a wide class of alternatives. The following construction was proposed in [25].
Let b; denote the j—th orthonormal Legendre polynomial (i.e., by(x) = V3(2z — 1),
bo(z) = v/5(622 — 62 + 1), ete.). The score test statistic from [25] is

k

CEEDEESS) .

Jj=1

where R; stands for the rank of X; among X,..., X, and S; for the rank of Y;
among Y7, ...,Y,. Thus defined T} satisfies Definition 9 of NT-statistics: put

n n

z,= (29,29 ::(Ri —1/2 Si— 1/2)

and [;(Z;) = bj(Zi(l))bj(Zi(?)). We see here why we need so much generality in
the definition of NT-statistics. New Z; depends on the original (X;,Y;)’s in a very
nontrivial way, but still contains some information about the pair of interest. Under

the null hypothesis Ly = Eyx, and Eyl(Z) = 0. Thus, T}, is an NT-statistic.

The selection rule proposed in [25] to choose the number of components k in T}, was

S:min{k: 1 <k <d(n); Ty —klogn >T; — jlogn, j = 1,2,...,d(n)}. (3.12)

This selection rule satisfies Definition 8, and so the data-driven statistic T from
[25] is a data-driven NT-statistics. O

Yet even a more general definition can be useful. The following notion is a com-
plete generalization of the notion of SNT-statistics.

Definition 10. Suppose we have n random observations Y7, ...,Y,. Let k be fixed
number and [ = (ly,...,[;) be a vector-function, where [; : Y — R fori=1,... k
are some known Lebesgue measurable functions. We assume that Y/s and [}s are as
general as in Definition 7. Let L be some (fixed and known in advance) symmetric
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k x k matrix. Put

T

T, :{% Z:;Z(Yj)} I {% Z:z(yj)} | (3.13)

We call C'Ty the complicated statistic of Neyman’s type (or CNT-statistics).

3.5 Alternatives.

Now we shall investigate consistency of tests based on data-driven N'T-statistics. In
this section we study the behavior of NT-statistics under alternatives.

We impose additional assumptions on the abstract model of Section 3.2. First, we
assume that Y7, Y5, ... are identically distributed. We do not assume that Y7, Y5, ...
are independent. It is possible that the sequence of interest Xi, X5, ... consists of
dependent and nonidentically distributed random variables. What is important in
our theory is that the new (possibly obtained by a complicated transformation)
sequence Y7,Ys, ... obeys the conditions of consistency theorems of this Chapter.
Then it is possible to build consistent tests of some hypotheses about Xs. The
reason for this is that, even after a complicated transformation, the transformed se-
quence still can contain some part of the information about the sequence of interest.
However, if the transformed sequence Y7, Y5, ... is not chosen reasonably, then test
can be meaningless: it can be (formally) consistent but against an empty or almost
empty set of alternatives.

Let P denote the alternative distribution of Y/s. Suppose that Epi(Y) exists.
Another assumption we impose is that [(Y;)’s satisfy both the law of large numbers
and the multivariate central limit theorem, i.e. that for the vectors (Y1), ..., (V)
it holds that

1
— ZZ(YJ) — Epl(Y) in P — probability as n — oo,
n

n~t/? i(z(yj) — Epl(Y)) =g N(0,L71), (3.14)

J=1

where L is defined by (3.7) and N (0,L™') denotes the k—dimensional normal dis-



46 3. General Theory

tribution with mean 0 and covariance matrix L~!.

These assumptions put a serious restriction on the choice of the function [ and leave
us with a uniquely determined F,. Because of that in consistency theorems of this
Chapter we are not using the full generality of Definition 9. But random variables of

interest X1, ..., X,, are still allowed to be arbitrarily dependent and nonidentically
distributed, and their transformed counterparts Y7, ..., Y, are still allowed to be
dependent.

Now we formulate the following consistency condition:

(C) there exists integer K = K(P) > 1 such that
Epll(Y> - O, ...,Elefl(Y) = 0, EPZK - CP 7é O,

where [q, ..., [, are as in Definition 9.

We assume additionally (without loss of generality) that

lim d(n) = oo. (3.15)

n—oo

Remark 3.2. Assumption (3.15) is the most interesting case. It is not very important
from statistical point of view to include the possibility that d(n) is non-monotone.
And the case when d(n) is nondecreasing and bounded from above by some constant
D can be handled analogously to the method of this Chapter, only the proofs will
be shorter.

Let A1 > Xy > ... > A be the ordered eigenvalues of L, where L is as in
Definition 9. To avoid possible confusion with the statement of the next theorem,
we have to modify our notations a little bit. We remind that in Definition 9 L is a
k x k—matrix. Below we will sometimes need to denote it by L, in order to stress
the model dimension. Accordingly, ordered eigenvalues of L, will be denoted by
)\gk) > )\gk) > ... > )\,(f). We have the sequence of matrices {Lk}zozl and each matrix
has its own eigenvalues. That is why below we will use a more precise notation.
When it will be possible, we will use the simplified notation from Definition 9.

Theorem 3.3. Let (C) and (3.15) holds and

lim sup M

—0. (3.16)
n=00 k<d(n) PAL
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Then

lim P(S>K)=1.

n—oo

Remark 3.4. Condition (3.16) means that not only n tends to infinity, but that it is
also possible for k to grow infinitely, but at the controlled rate.

Proof. (Theorem 3.3). By the law of large numbers, as n — oo,

1
- > 1k(Y;) —p Cp #0. (3.17)
i=1
By Lemma 2.7
1 n 1 n T
— —
Ty = < — 1(Y;) p Li s — [ (Y;
A ol PRES L)
n 2
1 —
> Ay N Z; L (Y3)
n 2
> A —(ZZK@@)) (3.18)
=1
By (3.17)

T —7m(K,n) > n)\yg) : (% En:lK(Yz)) —7(K,n)

and because K, Cx are constants determined by fixed P, condition (3.16) yields

Tk —m(K,n) —p o0 as n— o0o. (3.19)

On the other hand, by (3.14)
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(% ézl(m,...,% élK_l(Yi%) —p N,

where NV is a (K —1)—dimensional multivariate normal distribution with expectation
vector equal to zero. This implies that Ty = Op(1) forall k = 1,2,..., K —1 because

2

T, < AP = \Mop1) = 0p(1)

1 n

- 1Y,
- 2; (¥))
and )\gl), /\52), e )\gK_l) are constants and K < co. Now by (3.19)

K-1

lim Z P (T, — n(k,n) > Tx — w(K,n)) = 0.
k=1

But for d(n) > K

=

P(S < K) < . P (T, — n(k,n) = Tx — m(K,n)),

1

=
Il

and the theorem follows. O]

Now suppose that the alternative distribution P is such that (C') is satisfied and
that there exists a sequence {rn}zozl such that lim,,_.., 7, = o0 and

(A) P (1

n

i[w) ~ Ep zK(m}‘ > y) = O(%) |

i=1 n

Note that in (A) we do not require uniformity in y, i.e. r, gives us the rate, but
the exact bound can depend on y. In some sense condition (A4) is a way to make the
weak law of large numbers for [x(Y;)'s more precise. As an illustration, we prove
the next lemma (see Appendix).

Lemma 3.5. Let Ik (Y;)'s be bounded i.i.d. random variables with finite expectation
and variance o®. Then condition (A) is satisfied with r, = exp(ny*/20).

Therefore, one can often expect exponential rates in condition (A), but even a much
slower rate is not a problem. The main theorem of this section is
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Theorem 3.6. Let (A), (C), (3.15) and (3.16) holds and

d(n) =o(r,) as n—o0. (3.20)
Then Ts —p 00 asn — 0.

Proof. (Theorem 3.6). Let x > 0. Since T; > Tk if j > K and (3.15) holds, we get
by Theorem 3.3 that

P(Ts<z) = P(T;y <z, §=j)+o(1)

IN
Q. <
2
X
=
AN
2
+
=
=

IN
=
2
s
A~
>
=
S|
A~
X
s
~
IN
8
~
_|_
S
=

Now by Lemma 3.21 and (3.20) we get

d(n)

T'n

P(Ts < ) = o( ) +o(l) = ofl).

3.6 The null hypothesis.

Now we study the asymptotic behavior of NT-statistics under the null hypothesis.
We need one more abstract definition first.

Definition 11. Let {7}} be a sequence of NT-statistics and S be a selection rule
for it. Suppose that A\; > Ay > ... are ordered eigenvalues of L, where L is defined
by (3.7). We say that the penalty w(k,n) in S is of proper weight, if the following
conditions holds:

L. there exists sequences of real numbers {s(k,n)}." _, , {t(k,n)};, _, , such that
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k
lim sup s( E}Z;L)
Y\

=0,

where {un}ff:1 is some real sequence such that lim,,_, . u, = oo.
(b) lim,,_.. t(k,n) = oo for every k > 2
limy o t(k,n) = oo for every fixed n.
2. s(k,n) <w(k,n)—n(1,n) <t(k,n) for all k, n

3.
k
lim sup 7T(—(7]:;L)
n=%0 k<m, A

:07

where {7‘nn}fl°:1 is some real sequence such that lim,,_,., m, = oo.

For notational convenience we define for [ = (Iy,...,[;) from Definition 9

- ] —
b= > L), (3.21)
=1

ZI: (21,72,...,lk) (322)
and, using notation L from Definition 9, a quadratic form

= \T

de) - (71722, e ,Zk) L(Zl,ZQ, .. ,lk> . (323)

The first reason for the new notation is that 7T}, = Qk(Z), where T}, is the statistic
from Definition 9. It is more convenient to formulate and prove Theorem 3.7 below
using the quadratic form @ rather than T}, itself. And the main value of introducing
@ will be seen in Section 3.8, where (), is the central object.

Below we use the notation of Definitions 9 and 11.

Definition 12. Let S be a penalty of proper weight. Assume that there exists a
Lebesgue measurable function ¢(-,-) : R x R — R, such that ¢ is monotonically
decreasing in the second argument and monotonically nondecreasing in the first one,
and assume that

1. (B2) for every € > 0 there exists K = K. such that for every n > n(e)
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Un

Y elkss(k,n) < e,

k=K.
where {u,} -, is as in Definition 11.

2. (B) )
Py (n@Qi(l) 2 y) < o(k;y)
for all k > 1 and y € [s(k,n);t(k,n)], where P, is as in Definition 11.

We call ¢ a proper majorant for (large deviations of) the statistic Tj. Equivalently,
we say that (large deviations of) the statistic T} are properly majorated by .

To prove consistency of a test based on some test statistic, usually it is required
to use some large deviations inequality for the test statistic of interest. N'T-statistics
are no exception from this. In order to prove consistency of an N'T-test, one has to
choose some specific inequality to use in the proof. In the consistency theorem part
of the regularity assumptions on the model and the value of d(n) are determined
by this choice. If one would like to use another inequality, the proof of consistency
should be started anew.

In our method it is easier to prove different types of consistency theorems for
the problem. Sometimes it can be more desirable to have a better rate for d(n)
by the cost of more restrictive regularity assumptions determined by the use of a
strong probabilistic inequality, and sometimes it is better to use simple inequality
that puts less restrictions on the applicability of the test but gives worse rate for
d(n). The meaning of Definitions 11 and 12 and Theorem 3.9 below is that one can
be sure in advance that whatever inequality he choose, he will succeed in proving
consistency theorem, provided that the chosen inequality satisfies conditions (B)
and (B2). Moreover, once an inequality is chosen, the rate of d(n) is obtained from
Theorem 3.9.

Some of the previously published proofs of consistency of data-driven tests relied
heavily on the use of Prohorov’s inequality. For many test statistics this inequality
can’t be used to estimate the large deviations. This is usually the case for more
complicated models where the matrix L is not diagonal. This is typical for statistical
inverse problems and even for such a basic problem as the deconvolution. Our
method helps to surpass this difficulty. It is possible to use, for example, inequalities
of Chebyshev, Prohorov, or Dvoretzky-Kiefer-Wolfowitz for dependent data, or other
large deviations inequalities.
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Theorem 3.7. Let {T}} be a sequence of NT-statistics and S be a selection rule
for it. Assume that the penalty in S is of proper weight and that large deviations of
statistics Ty, are properly majorated. Suppose that

d(n) < min{u, ,m,}. (3.24)

Then S = Op,(1) and Ts = Op,(1).

Proof. (Theorem 3.7). If S > K, then Ty, — Ty > w(k,n) — n(1,n) for some K <
k < d(n) and so, equivalently,

{% gl(m} L {% gl(m}T

2

{ le }{Eoll( L)Y > ak,n) —m(1,n) (3.25)

for some K < k < d(n), where [ = (Iy,la,...,l;). We can rewrite (3.25) in terms of
the notation (3.21)-(3.23) as follows:

(Vi Do VU W) L0 DV ) (3.26)

(ﬂ-(kv ’I’L) - 7T(17 n))7

for some K < k < d(n). Denote A(k,n) := n(k,n) — n(1,n); then with the help of
(3.23) we rewrite (3.26) as

nzl

D > Ak —
an() = ( 7”)+E0l127

(3.27)

for some K < k < d(n). Clearly,

Py(S > K)

IN

Py((3.25) holds for some K < k < d(n))
Py((3.27) holds for some K < k < d(n))
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< Py(nQxr(l) > A(k,n) for some K <k < d(n)).

But now by condition (B) we have

Py(S > K)

IN

Po(n Qk(i) > A(k,n) for some K <k < d(”))

d(n)
Z R (an(Z) = A(kan))
k=K
d(n)

> ok Ak, n), (3.28)

k=K

IN

IN

if only d(n) < min{u,, m,} (see Definition 11). Thus, because of the Condition (B)
for each & > 0 there exists K = K. such that for all n > n(e) we have Py(S > K) < ¢,
ie. S =0p/(1).

Now by standard inequalities it is possible to show that T's = Op,(1). Let us write
for an arbitrary real t > 0

K.
P(Ts| >t) = > Po(|Twl > t; S =m)
m=1
d(n)
+ Z Po(|T| > t; S =m)
m=K:+1

KE d(n)

< S R =0+ > P(S=m)
m=1 m=K.+1
K.

= N BTl 2 1) + Py(S = K. + 1)
m=1

K.
< Y R(Tal=t)+¢
m=1

=: R(t) +e.

For t — oo we have Py(|T,,| > t) — 0 for every fixed m, so R(t) — 0 as t — oc.
Now it follows that for arbitrary ¢ > 0
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Im Py(|Ts| > 1) <e,

therefore L
tlimPO(]TS| >t)=0
and
tlim Py(|Ts| > t) = 0.
This completes the proof. O

Remark 3.8. In Definition 12 we need s(k,n) to be sure that the penalty 7 is not
"too light”, i.e. that the penalty somehow affects the choice of the model dimension
and protects us from choosing a "too complicated” model. In nontrivial cases it
follows from (B2) that s(k,n) — oo as k — oo. But t(k,n) is introduced for the
reason of statistical sense. Practically, the choice of ¢(k,n) is dictated by the form of
inequality (B) established for the problem. Additionally, one can drop assumptions 1
and 3 in Definition 11 and still prove a modified version of Theorem 3.7. But usually
it happens that if the penalty does not satisfy all the conditions of Definitions 11 and
12, then Tg has the same distribution under both alternative and null hypotheses
and the test is inconsistent. Then, formally, the conclusions of Theorem 3.7 holds
but this has no statistical meaning.

Now we formulate the general consistency theorem for N'T-statistics. We under-
stand consistency of the test based on T in the sense that under the null hypothesis
Ts is bounded in probability, while under fixed alternatives Ts — oo in probability.

Theorem 3.9. Let {T}} be a sequence of NT-statistics and S be a selection rule
for it. Assume that the penalty in S is of proper weight. Assume that conditions
(A), (3.15) and (3.16) are satisfied and that d(n) = o(ry,), d(n) < min{u,, m,}.
Then the test based on Ts is consistent against any (fized) alternative distribution
P satisfying condition (C).

Proof. (Theorem 3.9). Follows from Theorems 3.3, 3.6 and 3.7 and our definition of
consistency. O

As the first application we have the following result.

Theorem 3.10. Let {T}} be a family of SNT-statistics and S a selection rule for
the family. Assume that Yy, ..., Y, are i.i.d.. Let El(Y1) =0 and assume that for
every k the vector (11(Y;), ..., lx(Y:)) has the unit covariance matriz. Suppose that
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(L (Y1), ..., b(Y)|lx < M(K) a.e., where || - ||x is the norm of the k—dimensional
FEuclidean space. Assume m(k,n) — w(1,n) > 2k for all k > 2 and

o M) w(d(n) n)

n— oo n

= 0. (3.29)

Then S = Op,(1) and Ts = Op,(1).

Proof. (Theorem 3.10) The SNT-statistic Ts is an NT-statistic with Ly = FEgxg
and )\gk) =...= )\ék) = 1. Therefore Theorem 3.7 is applicable. Put (in Theorem
3.7) s(k,n) = v/ 2k, t(k,n) = \/nM(k)~'. The Prohorov inequality is applicable if
M(k)m(k,n) < /n and M?(k)m(k,n) < n for all k < d(n); therefore assumption
(3.29) guarantees that the Prohorov inequality is applicable and, moreover, that (B)
holds with

= HE () e ()

Since ¢ is exponentially decreasing in y under (3.29), it is a matter of simple calcu-
lations to prove that (B2) is satisfied with u, = d(n) for any sequence {d(n)} such
that (3.29) holds.

]

3.7 Applications.

Example 1 (continued). As a simple corollary, we derive the following theorem
that slightly generalizes Theorem 3.2 from [22].

Theorem 3.11. Let Tg be the Neyman’s smooth data-driven test statistic for the
case of simple hypothesis of uniformity. Assume that mw(k,n) — w(1,n) > 2k for all
k > 2 and that for all k < d(n)

AT e
Then S = Op,(1) and Ts = Op,(1).

Proof. It is enough to note that in this case M(k) = \/(k — 1)(k + 3) and apply
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Theorem 3.10. [

Theorem 3.10 can be also be applied to other statistical problems.

Remark 3.12. In my point of view, the rate at which d(n) tends to infinity is not
crucial for many practical applications. Typical rates such as d(n) = o(log n) or
d(n) = o(n'/3) are not better for applications with n = 50 than, say, just d(n) = 10.
I think that an applied statistician should not try too much to increase d(n) as much
as possible for each n.

Example 5 (continued). In [25] the following consistency result was established.

Theorem 3.13. Suppose that d(n) = o({ =2 }1/10). Let P be an alternative and let

logn

F and G be the marginal distribution functions of X and Y under P. Let

Epb;(F(X))bj(G(Y)) #0 (3.31)

for some j. If d(n) — oo, then Ts — oo as n — oo when P applies (i.e. Tg is
consistent against P).

Let us take a look at this result in view of the theory of N'T-statistics. Consistency
condition (C') requires that there exists K = Kp such that Eplx # 0, i.e.

prj(Ri;1/2>bj<S"_1/2) £0. (3.32)

n

For continuous F' and G (3.32) is asymptotically equivalent to (3.31) since both
F(X) and G(Y) are distributed as U[0, 1] and

R, —1/2 Ulo.1], S;—1/2

n n

~ U0, 1],

We see that Theorem 3.6 is applicable to get a result similar to Theorem 3.13. We
do not go into technical details here. O

3.8 Quadratic forms of P-type.

Now we introduce another abstract notion concerning quadratic forms.
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Definition 13. Let 71, Zs, ..., Z, be identically distributed (not necessarily inde-
pendent) random vectors with & components each. Denote their common distribu-
tion function by F. Let @ be a k x k symmetric matrix. Then Q(z) := z Q z” defines
a quadratic form, for x € R¥. We say that Q(x) is a quadratic form of Prohorov’s
type (or just P—type) for the distribution F, if for some {s(k,n)}; _,, {t(k,n)} 7
satisfying (B1) it holds that for all k, and for all y € [s(k,n);t(k,n)] 7

1+ Zy+...+ 4,
P, (n@( S —Ele) zy) < olkiy),  (333)

with ¢ being a proper majorant for Pr and of the form

2
p(k;y) = Croi(k) ea(A, A, i) 9 exp{ - g—} (3.34)

2
where A1, Ao, ..., A\ are the eigenvalues of matrix (), and C, C5 are uniform in the

sense that they do not depend on y, k, n. We will sometimes shortly say that Q(z)
is of P—type for Zs.

If Zy, ..., Z, are i.i.d. and @ is a diagonal positive definite matrix, then Q(x) is
of P-type because of the Prohorov inequality. Definition 13 is meant to incorporate
all the cases when Prohorov’s inequality or some of its variations holds. Thus,
Definition 13 is just some specification of the general condition (B) from Theorem
3.7. Tt is useful in the sense that it shows which kind of majorating functions ¢
could (and typically would) occur in condition (B).

As an example we state the following theorem that is a direct consequence of
Theorem 3.9 .

Theorem 3.14. Suppose that for Ts condition (A) holds, L is of P-type for the
distribution function of the vector {(l1(Y1),...,1x(Y1))};_, and that the penalty in S

is of proper weight. Then the test based on Ts is consistent against any alternative
P satisfying (C).

In general, there is no simple sufficient conditions for L to be of P-type. But there
is a method that makes it possible to establish P-type property in many particular
situations. This method consists of two steps. On the first step, one approximates
the quadratic form Q(I(Y)) by a much simpler quadratic form Q(N), where N is
the Gaussian random variable with the same mean and covariance structure as [(Y).
This approximation is possible, for example, under conditions given in [2] or [14].
These authors gave the rate of convergence for such approximation. Then the second
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step is to establish a large deviation result for the quadratic form Q(V); this form
has a more predictable distribution.

On the side note, most of the conditions for the existence of such approximation
of Q(I(Y')) are rather technical and very specific on the structure of L (e.g., imposing
sometimes assumptions on the 5 largest eigenvalues of L). See series of papers by
Gotze, Bentkus, Tikhomirov and references therein.

3.9 GNT-statistics.

The notion of NT-statistics is helpful if the null hypothesis is simple. However, for
composite hypotheses it is not always possible to find a suitable L from Definition
9. Therefore the concept of N'T-statistics needs to be modified to be applicable in
case of composite hypotheses. The following definition can be helpful.

Definition 14. Suppose we have n random observations Yy, ..., Y, assuming values
in a measurable space Y. For simplicity of presentation assume they are identically
distributed. Let k be a fixed number and | = (ly,...,l;) be a vector-function,
where [; : Y — R for i = 1,..., k are some (maybe unknown) Lebesgue measurable
functions. Set

-1

LO = {E(Y)"(Y)} . (3.35)

where the expectation Ej is taken w.r.t. Py, and Py is (possibly unknown) distribu-
tion function of Y’s under the null hypothesis. Assume that Fyl(Y) = 0 and that
L is well-defined in the sense that all of its elements are finite. Let L; denote for
every k a k X k symmetric positive definite matrix with finite elements such that for
the sequence {L;} it holds that

L = LO = on,(1) . (3.36)

Let I3, ..., I} be sufficiently good estimators of I(Y1), ..., I[(Y,) with respect to Py
in the sense that for every ¢ > 0

n

> - z(yj))H > g) —0 as n— oo, (3.37)

=1

%
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where || - || denotes the Euclidian k—norm of a given vector. Set

en={ Ly} (L z} .39

We call GT} the generalized statistic of Neyman’s type (or GNT-statistic). Let
selection rule S satisfy Definition 9. We call GTs the data-driven GNT-statistic.

Remark 3.15. Now it is not obligatory to know functions [y, ..., I explicitly (in
Definition 9 we assumed that we knew those functions). It is only important that we
should be able to choose reasonably good L and [}’s. In classical theory of efficient
testing we had efficient score test statistics with estimated scores. Definition 14
generalizes this idea.

Remark 3.16. Establishing (3.37) in parametric problems is usually not difficult and
can be done if a /n—consistent estimate of the nuisance parameter is available
(see examples in Chapter 2). In semiparametric models finding estimators of score
function satisfying (3.37) is more difficult and not always possible, but there exist
effective methods for constructing such estimates. Often sample splitting technic
is helpful. See, e.g., [35], [36], [27] for general results related to the topic. Some
authors (e.g., [19]) constructed efficient score tests with estimated scores for some
semiparametric problems. See Example 9 below.

Example 7. If Yj, ..., Y, are equally distributed and T} is an NT-statistic,
then 7T} is also a GNT-statistic. Indeed, put in Definition 14 L := L©® and
(Y, ) = 1(Y).

Example 8. Let Xy, ... X,, be i.i.d. random variables with density f(x). Consider
testing the composite hypothesis

Hy:  f(x) € {f(x;0),5 € B},

where B C R? and {f(z;3),8 € B} is a given family of densities. In [17] the
data-driven score test for testing Hy was constructed using score test for composite
hypotheses from [10]. Here we briefly describe the construction from [17]. Let F' be
the distribution function corresponding to f and set

n

Y, (8) =n"" Z(¢1(F(Xi; B))s o5 (F (X3 8))"

=1
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with j depending on the context. Let I be the k x k identity matrix. Define

R(B) =15 (Ig5 — 131} )15

Let B denotes the maximum likelihood estimator of § under Hy. Then the score
statistic is given by

Wi(B) = nY, (BT + R(B)} Y (B). (3.39)

As follows from the results of [10], Section 9.3, pp.323-324, in a regular enough sit-

-~

uation Wy () satisfies Definition 14 and is a GNT-statistic. Practically useful sets
of such regularity assumptions are given in [17].

Example 9. Consider the problem described in Example 4, but with the following
complication introduced. Suppose that the density h of € is unknown. The score
function for (6,n) at (6y,no) is (see Chapter 2):

l.907770 (y) = (iao (y)v ino (y)) ) (3'40)

where [y, is the score function for 6 at 6, and ino is the score function for 7 at 7, i.e.

3 (e o)y = 5) ) -
L N e P e A

(3.41)

Lo (y) = = Ly g (g1 (00.m0))>0] - (3.42)

fR oo (5) hno(y —5)ds
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The Fisher information matriz of parameter (6,n) is

mmzéﬁ@%@mmm (3.43)

where Gy, (y) is the probability measure corresponding to the density ¢ (y; (6,7)).
Let us write I(6y, 7o) in the block matrix form:

L11(80,m0)  112(00,m0)
I1(6 = 3.44
( 0a770> ( ]21(90,770) 122(907770) ) ( )

where I1(0y,n0) = Egomol'go log,  T12(00,m0) = Egomlg0 Iy, and analogously for

I51(00,m0) and Is(0g,m0). The efficient score function for € in this model is (see
Chapter 2):

Lo () = oy (y) — T12(60,m0) 15" (B0, o) Lo (y) . (3.45)

and the efficient Fisher information matrix for 6 is

%=mmw@=AWW%@wmm» (3.46)

Then the efficient score test statistics for the composite deconvolution problem from
Chapter 2 is

T

I = —— — I &K
W= = S50} @G { = Y0
\/ﬁ ; o o \/ﬁ ; o
This is a GNT-statistics if plugged estimators satisfy (3.36) and (3.37).

Example 10. The following semiparametric example belongs to [19]. Let Z =
(X,Y) denote a random vector in I x R, I = [0, 1]. We would like to test the null
hypothesis

Hy: Y =puX)" +e,

where X and e are independent, Fe = 0, Fc? < oo, 3 € R? a vector of unknown
real valued parameters, v(z) = (v1(x),...,v,(2z)) is a vector of known functions.
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Suppose X has an unknown density f, and € an unknown density f with respect to
Lebesgue measure \.

Choose some real functions u;(x), us(z),. ... Set

(2) = () = — [f7'<y - v<x>5T>] file) — D)V M)+

+ly = v(e) o — maV M),

where

my = Eau(X), mo=En(X), m=(my,ma),

w(z) = (u(z),v(x), u(r)=u(x)—m, ov(z)=uv(r)—m,

while M and V are blocks in

w= (5 )= JU BIEXT@EO]+ )

where J = J(f) = 5 [f}(é))]zd)\(y). Finally set

W = (U -M'VIM)T, L= W,

then the efficient score statistic is

W, :{% Zﬁ(zi)} i {% éf“(zi)} ,

where ?“() is an estimator of {*, while L is an estimator of L. Inglot and Ledwina
proposed, under additional regularity assumptions on the model, certain estimators
for these quantities such that conditions (3.36) and (3.37) are satisfied, therefore
Wi becomes a GNT-statistic and its asymptotic properties can be studied by the
method of this thesis. O

A general consistency theorem for GNT-statistics is required. Sometimes in sta-
tistical literature authors do not prove consistency of their tests. They just study the
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null distribution and show simulated examples were the test performs well. One of
the reasons for this is, probably, that without a general consistency theorem one has
to perform a proof of consistency anew for every particular problem. This becomes
difficult in such cases where sample splitting, tricky estimators and huge formulae
are involved. Therefore, in my opinion, for most of the semi- and nonparametric
problems general consistency theorems are the most convenient tool for proving con-
sistency of NT- and GNT-tests. If one has a general consistency theorem analogous
to Theorem 3.9 for NT-statistics, then at least some consistency result will follow
automatically.

Now we prove consistency theorems for GNT-statistics. First, note that Defi-
nitions 11 and 12 are meaningful for a sequence of GNT-statistics {GT}}, if only
instead of L we use in Definition 11 and in (3.23) the matrix L(®) from Definition
14.

Theorem 3.17. Let {GT}} be a sequence of GNT-statistics and S be a selection
rule for it. Assume that the penalty in S is of proper weight (for Ry) and that large

deviations of GTy, are properly majorated. Suppose that d(n) < min{u,, m,}. Then
under the null hypothesis it holds that S = Op,(1) and GTs = Op,(1).

Proof. (Theorem 3.17). Consider the auxiliary random variable

Ry :{% Z:Z(Yj)} L {% ézm)}T. (3.47)

This is not a test statistic, but formally this random variable satisfies Definition
9. Therefore Theorem 3.7 is applicable for Rj. Since under the null hypothesis
GTy — Ry and G'Ts — Rg in Py—probability by Definition 14, we get the statement
of the theorem by the Slutsky lemma. O

To ensure consistency of GTs against some alternative distribution P, it is neces-
sary and sufficient to show that under P it holds that G'T's — oo in P—probability as
n — 00. There are different possible additional sets of assumptions on the construc-
tion that make it possible to prove consistency against different sets of alternatives.
For example, suppose that

(C1) 1L — L9 = op(1) (3.48)

and that [, ..., [ are sufficiently good estimators of I(Y7), ..., I(Y,) with respect
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to P, i.e. that for every ¢ > 0

n

> - z(xfj))H > g) —0 as n— 00. (3.49)

i=1

1
P —
(7
These assumptions mean that the estimators plugged in GT} are not only good at
one point Fp, but that they also possess some ”globally” good quality.

Theorem 3.18. Let {GT}} be a sequence of GNT-statistics and S be a selection
rule for it. Assume that the penalty in S is of proper weight (for Ry). Assume
that conditions (A), (3.15) and (5.16) are satisfied and that d(n) = o(ry,), d(n) <
min{u,, m,}. Then the test based on Ts is consistent against any (fized) alternative

distribution P satisfying (C), (C1) and (3.49).

Proof. (Theorem 3.18). Consider the random variable Ry defined in the proof of
Theorem 3.17. Theorems 3.3, 3.6 and 3.7 are valid for the random variable Rg.
Under assumptions of the theorem GTs — Rg in P—probability, and we get the
statement of the theorem by the Slutsky lemma. ]

Remark 3.19. Some relaxation of assumptions (3.48) and (3.49) should be possible.
Indeed, these assumptions ensure us not only that GT's — oo, but also that GTg —
Rg under P, where R is defined by (3.47). This is stronger than required for our
purposes, since for us G715 — oo is enough and the order of growth is not important
for proving consistency.

Remark 3.20. Sometimes in the literature on nonparametric testing authors consider
the number of observations n tending to infinity and alternatives (of specific form)
that tend to the null hypothesis at some speed. For such alternatives some kind of
minimax rate for testing can be established. The hardness of the testing problem can
be measured by this rate. See [20], [38], e.g.. We do not consider rates at this stage
of the development of our theory, but it is possible to consider local alternatives in
this general setup as well. This remains to be investigated.

3.10 Appendix

Proof. (Lemma 3.5) We will use Sloane’s asymptotic expansion for the standard
normal distribution function ® : for x — oo

d(z) =1 — (2n) Y2 exp(—22/2) (7 + o(z™h)).
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From this expansion and the CLT it follows that

P (l S [Y:) — Bp ()] 2 y)

i=1

1 < Ik(Y) = Eplg(Y:) _yyn

P(mz z =

o 1 —Ik(Y)—Eplg(Yi))  yvn
: P(ﬁ; z <2

= 1-2(yv/n/o)

~ (27)*1/2

o < 1ny2>
y\/n P 2 02 )’

and we see that 7, = exp(ny?/20) is even more than enough. O

Because of assumption (A) we can prove the following lemma.

d Vi) 7o)

Proof. Denote z,, := ,/+% and remember that by (C) we have Eplg(Y;) = Ck.

)\K'rl

Lemma 3.21.

1 n
- ;lm@)

Obviously, x, — 0 as n — oo. We have

g

— (—xn—CK < 1 > (Ix(V;) = Eplk(Y7)) §xn—C’K).

i=1

n

. > k()

Here we get two cases. First, suppose C'x > 0. Then we continue as follows:

P(—xn—C’K < = zn:(lK(Yi)—EPlK(Yi)) Smn_OK)

=1

3



66 3. General Theory

AN
g,
VR

| —
(]
x
=

|

%)
.
ol
=
A
8

3

|
=
N——

IN
e,
/™~

(for all n > some ng)

<o

by (A), and so we proved the lemma for the case Cx > 0. In case if Cx < 0, we
write

LS () —EPZKM)‘ > %) _ o<i)

n T
i=1 n

S|

P(—xn—CK < Zn:(lK(K)—EPlK(E)) Sf’fn—OK)

n

p(% > (1 (Yy) = Bplg (V) = —a, — CK)

i=1

IN

and then we proceed analogously to the previous case. O

In the proof of Theorem 3.10 we use the following theorem from [33].

Theorem 3.22. Let Zy, ..., Z, be i.i.d. random vectors with values in RF. Let
EZ; =0 and let the covariance matrix of Z; be equal to the identity matriz. Assume
| Z1llx < L a.e. Then, for 2k < y*> <nL~2, we have

k—1
e 150210 [42\ y?
Pr(“” Yzl > y) = T(k/2) (7) eXp{ “g\Tm) g

=1

where 0 < n, < Lyn‘l/z.



Chapter 4

Appendix I. Score tests

In this Appendix we list some basic definitions and theorems related to efficient
estimation and score tests. We start with basic definitions related to regular para-
metric models and scores. We mainly follow here the classical book [3]. The reader
interested in more general treatment of the topic and stronger results should consult
another classical book [16].

Let u be a fixed o—finite measure on (X, B), and let M,, be all probability mea-
sures on (X, B) dominated by . Suppose that we have have the parametrization map
0 — Py and that § € © C R*, where O is the parameter set. Let P = {Pp,0 € ©}.

We introduce the following two important parametrization maps p and s as fol-
lows:

p=——, s=.p, p0)—s(0).

The map p serves as an embedding of P into L; () and the map s is an embedding
of P into La(u).

Definition 15. 6, is a reqular point of the parametrization § — Py if , is an interior
point of ©, and

(1) The map 6 — s(f) from © to Lo(p) is Frechet differentiable at 6,
(2) The k x k matrix [ $(6y)s” (6p) du is nonsingular.
Definition 16. A parametrization § — Py is reqular if

(1) Every point of © is regular
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(2) The map s — $;(0) is continuous from © to Lo(u) fori=1,... k.

We call P a regular parametric model if it has a regular parametrization.

Note that (1) of the last definition implies that © is open.

Definition 17. Define the score function [ of an observation by

(0 (60
) Liso)>0) = %hpwm}- (4.1)

Define the Fisher information matriz of 6 by

I(6) =4 / 5(0)57(0) dp = / 1(0)I7(0)dPy . (4.2)
Proposition 4.1. Suppose © is open and for all 6 :
(1) p(z,0) is continuously differentiable in 6 for p—almost all x with gradient p(6)
(2) 1(8)] € La(Fy)
(8) 1(0) is nonsingular and continuous in 0.

Then, if we define

5(6) = 5p2(O)9(6) Lo (13)

the parametrization 0 — Py is reqular with $(0) from (5.32) as Frechet derivative of
s(0).

Regularity of 6 is enough to guarantee a score function identity which is basic to
the Cramer - Rao information bound calculation:

/ i(9)dp, = 0. (4.4)

Definition 18. The log-likelihood of (X7,..., X)) is defined by

La(0) = zn: 1(X;,0) (4.5)
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and the score function of (Xy,...,X,) by

S,.(0) = % > iXe0). (4.6)

Here one has some inconsistency in standard terminology, since one has two dif-

ferent definitions of score function: one for single observation X; and another for
(X1,..., Xn).

Proposition 4.2. Suppose that P = {Fy,0 € ©} is a regular parametric model.
Then uniformly in 6 € K for compact IC C © it holds

Lo(S,(0)) — N(0,1(0)), (4.7)

where N is the multivariate normal distribution and the sign Ly means convergence
i law for the case when 6 is the true parameter value.

Now let v : P — R™ be a Euclidean parameter, where P is a general (not
necessarily parametric) model.

Definition 19. T is an asymptotically linear estimate of v if there exists

U:XxP—-R™
such that for all P €¢ P

(W (-, P)| € Lao(P), (4.8)
/\I/(:C,P) dP =0, (4.9)

T, =v(P)+n? En: U(X;, P) 4 op(n1/?). (4.10)

=1

We call ¥(-, P) the influence function of T.

We can identify parameter v with the parametric function ¢ : © — R™ defined
by



70 4. Appendix I. Score tests

q(0) = v(5y).

Definition 20. Fix P = P, and suppose ¢ has a total differential matrix ¢,,xx
at 0. Define 7' (P|v,P) = ¢(0)I ' (0)¢"(9) to be the information bound for v and
(-, Plv,P) = ¢(0)I~1(0)I(0) to be the efficient influence function for v.

The notation of the previous definition is confusing, but it still remains to find a
better one.

Information inequality. If 7" is uniformly Gaussian regular, then

Y(Py, T) > I Y(Py|v, P) (4.11)
in the order on nonnegative definite matrices. Equality holds if and only if 7T is
uniformly efficient. O

Asymptotic optimality theorem. If 7" is uniformly regular and [ is a bowl-shaped
loss function, then

lim inf Epl(v/ 1 (T, — q(0))) > El(Zy), (4.12)

n—oo

where Zp ~ N(0, 71 (Py|v, P)).

This theorem has a broad range of applications. It covers such important special
cases as quadratic loss function and zero-one loss function, for example.

The next proposition (from [3], p.39) is important for proving efficiency of esti-
mators.

Proposition 4.3. Suppose that T, is an asymptotically linear estimator at 6y of
v(Py) = q(0) with influence function ¢ where q : © — R™. Then

A. T, is (Gaussian) reqular at by iff q(0) is differentiable at 6y with derivative
G(6o) and, with | = 1(-, Py, |v, P),

(*) 1#-7 L P:[jl,ig],

where (x) is equivalent to

Eol™ = (6y).
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B.

If T, s regular, then ¢ € P iff

b =1=G(60)] " (00)I(6).
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Chapter 5

Appendix II. Neyman’s smooth
tests

This Appendix contains some basic definitions related to the data-driven Neyman’s
smooth tests of fit. We mainly cite below [18].

When testing Hy against H4 w.l.o.g. attention can be restricted to i.i.d. X, ...,
X,, with values in [0, 1], with the null hypothesis being that the X; are uniform on
[0, 1]. Suppose an alternative is from the standard exponential family, i.e. has the
form

gi(2;0) = eXP{ Zej%'(x) - Tﬂk(@)}a (5.1)

where ¢’s are orthonormal in L,[0, 1] with ¢ = 1 and () is a normalizing con-
stant. Then Neyman’s smooth test statistic with & components is then given by

2

= >0, (5:2)

J=1

Note that this Neyman’s statistic is a special case of the score statistic defined in
Appendix 1.

Inglot, Kallenberg and Ledwina in used in their papers selection rule S in order
to automatically select "good” model dimension k. The correspondingly modified
test Ng is called Neman’s smooth data-driven goodness-of-fit test. In this Thesis we
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sometimes use the abbreviation "DDN-test”.

Consider now another testing problem when in the setup above the alternative
hypothesis H4 is just a simple hypothesis, i.e. we are testing hypothesis P = F,
against the only possible alternative P = P4, where Py and P, are some distribution
functions. Suppose these distributions have densities, and denote them by py, and
pa correspondingly.

Definition 21. The statistic

J=1

NP, = {nVarp, IngA(X)}—1/2{ Z[IOgPA(Xi) — Ep, logpa(X)] } (5.3)

is a standardized version of the logarithm of the Neyman-Pearson test statistic for
Py against Pj.
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Appendix III. Basic definitions
related to Asymptotic Efficiency

6.1 Historical remarks.

Here we say only a couple of words concerning the history of the notion of efficiency.
For more details see the classical book [32] by Nikitin.

It was pointed out by Kendall and Stuart [26] that the notion of asymptotic
efficiency of tests is more complicated than the asymptotic efficiency of estimates.
Various approaches to this notion were identified only in the late forties and early
fifties, i.e. 20 years later than for the estimation theory.

6.2 Basic classical definitions.

The definitions of this section are formulated following the way Nikitin does in his
book. However, I omitted some definitions from Nikitin’s book, and so this section
is not self-contained and can be used only as a brief reminder. I collected only basic
classical definitions of AREs in this section.

Let X1, X5,... be a sequence of i.i.d. random variables having the distribution
Py from some parametric family determined by parameter 6 taking on values in
a parametric set ©. Here © is not necessarily finite dimensional space, but it can
also be a functional space or any other set. The situation is therefore essentially
nonparametric. We assume in addition that © is a topological space.
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Consider the problem of testing the hypothesis

H: 0€06,CO

against the alternative
A 0 € @1 =06 \ @0

on the basis of observations X7, Xo, ..., X,.

Suppose we use a sequence of statistics {7},}, where T,, = T,,(X1, Xs,...,X,,), and
assume large values of T}, to be significant.

Define for any § € (0,1) and 6 € ©; a real sequence ¢, := ¢,(f,0) such that the
following inequality holds

Py(Ty > ) < 3 < Po(Tp > ). (6.1)

Then

a,(3,0) == sup{ Py (T), > ¢,) : 0 € Oy}

is the minimal size of the test based on {7} for which the power at the point 0 is
not less than 5. Now we can define for any level of significance o, 0 < @ < 3, the
positive integer

Np(a, 3,0) == min{n : «,(5,0) < a for all m > n}.

We see that Nr(a, 3, 6) is the minimal sample size necessary for the test at a level
a, based on {T,,}, to have the power not less than 3 at the point 6.

Definition 22. Suppose that for testing H against A we have two sequences of
test statistics {T,,} and {V,}. Define by ey (o, 3,6) the relative efficiency of the
sequence {V,} with respect to {7,} in the following way:

evr(a,3,0) := Nr(a, 3,0) /Ny (a, 3,0). (6.2)

A value eyr(a, 3,0) larger than 1 means that for given «, 3,60 the sequence {V,,}
is better to use than {7},} because the first sequence requires less observations for
reaching the power 3 for the level o and the alternative value 6. Therefore relative
efficiency is a meaningful statistical notion. However, ey (o, 3,6) depends on 3
parameters and two sequences of statistics, which makes it too difficult to calculate
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relative efficiency in most cases. Lucky enough, in many cases different limiting
values of ey (o, 3,60) still provide us useful statistical information. Therefore we
introduce the following three fundamental definitions.

Definition 23. If for § € (0,1) and 6 € ©; there exists the limit

eg,T(ﬁve) = loié?oleV,T(avﬁae)a (63)

it is called the Bahadur ARE of the sequence {V,} with respect to {T,}.

Definition 24. If for a € (0,1) and 0 € ©; there exists the limit

eV (8,0) = limevr(a, 5,0), (6.4)

it is called the Hodges-Lehmann ARE of the sequence {V,} with respect to {T},}.

Definition 25. If for 0 < o < f < 1 and § — 6, € 90, (in a certain topology on
©) there exists the limit

evr(B,0) := lim evr(a, 8,0), (6.5)
it is called the Pitman ARE of the sequence {V,} with respect to {T,,}.

It is also difficult to calculate these three types of ARE, but it is still much easier
than to deal with the definition 21. There also exist the intermediate approaches
to measuring the ARE not coinciding with the above ones. For example, Chernoff
ARE (see [8]), intermediate (or Kallenberg) ARE (see [21], and also Appendix IV).
For other definitions see Rubin and Sethuraman [34], and Borovkov and Mogulskii
[7]. It seems that it is much less proven about these intermediate AREs than about
the fundamental notions.
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Chapter 7

Appendix IV. Intermediate
Efficiency and Optimality

7.1 Intermediate efficiency.

In this section we give for the ease of reference some basic definitions related to the
intermediate (or Kallenberg) efficiency and formulate several important theorems
about intermediate optimality of the DDN-test (see Appendix II).

Consider a probability space (X, B). Let S = (X1, Xs,...) be a sequence of i.i.d.
random variables having the distribution F, from some parametric family deter-
mined by parameter # taking on values in a parametric set ©.

Consider the problem of testing the hypothesis

H: 0€0,CO

against the alternative
A: e, =06 \ O

on the basis of observations X, Xo, ..., X,,.

Definition 26. A family {¢n..; N € N,0 < a < 1} is called a family of (ran-
domized) tests of Hy, if for each N € N and 0 < a < 1 the function ¢n..(s) =
On.a((21,22,...)) is a measurable function of zi,zs,...,zy only, with values in
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[0, 1], satisfying

sup Epyodna(s) < . (7.1)
0p€Og

The next definition was introduced by Kallenberg (see [21]). Let «, be a sequence
of levels such that «,, > 0 and for some 0 < 7 < 1

lim oy, = lim n™ " log v, = 0. (7.2)

n—oo n—oo

Let {0,} be a sequence of alternatives with

lim H(6,,00) =0, lim nH*(f,,0) = cc. (7.3)

n—oo n—oo

Here H(0,0) = infg,co, H(0,6y) and H(0,6,) denotes the Hellinger distance be-
tween the probability measures Py and Fp,. Let Vyfi), 1 = 1,2 be some test statistics
and let gzﬁgf;)an be a sequence of test functions for Hy against A, rejecting H, for large
values of V;{" (see Definition 25). Assume additionally that

0 < liminf Ep, ¢{2), < limsup Ep,¢{), < 1. (7.4)

n—0o0 n—00

Define

Nyeyo(n,0,) = inf{N : By ¢\, > Ep ¢, forallk >0}  (7.5)

and set

. Nyeyo(n, o,
ey @) ) = lim [4=NZ ( ) (76)

n—00 n

Definition 27. In the notations above, if the limit ey@ v exists and doesn’t
depend on {6,,} and {a,}, we say that the asymptotic T intermediate efficiency of
V® with respect to 14D equals ey @) ya).



7.2. Intermediate optimality. 81

7.2 Intermediate optimality.

The next definition applies only in the setup of Appendix II. We use the notation
of that Appendix as well.

Definition 28. We shall say that a test statistic V,, is asymptotically T efficient if its
asymptotic 7 intermediate efficiency with respect to the Neyman-Pearson test exists
and is equal 1. If V,, is 7 efficient for some 7, we shall say that V,, is asymptotically
(intermediate) optimal.

It is usually said in statistical folklore that ”the DDN-test is asymptotically op-
timal against essentially all alternatives” and that ”intermediate efficiency fills the
gap between Pitman’s and Bahadur’s efficiencies”. Now we formulate the full the-
orem about intermediate optimality of the DDN-test. We cite this theorem from
[18].

The following additional conditions on the model of Appendix II are imposed.

1
/ ¢j(x)de =0, j=1,2,.... (7.7)
0
sup |6;(2)] < oo. (73)
[max sup | (x)| = O(k*) for some w > 0. (7.9)

For some r such that r > w + 3/2, let {m,} be a sequence such that for n — oo

m, — oo and m, = O(n*@+), (7.10)

Assume {P,} is a sequence of distributions on [0, 1] possessing densities p, with
respect to A\. By Py we denote throughout this section the uniform distribution on
[0,1].

Suppose that there exists M such that, for sufficiently large n,

e M <pu(z) <M, xeo,1].

Now set ¢ = (¢1, ..., ¢m, ) and let o stand for the inner product in R™". We assume
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that there exists 6 = (04, ...,6,,,) such that

Yo = || l0gpn — 00 ¢||, is bounded, (7.11)
1
A, = |[logp, —00¢[l, =0 — |, (7.12)
mn
where || - ||, denotes the supremum norm and || - ||, is the L,[0, 1] norm.

Additionally we suppose that, as n — oo,

H(pn,po) — 0 and m] H(p,,po) — o0, (7.13)

where H denotes the Hellinger distance.
A set of {p,}'s satisfying the three above assumptions shall be denoted by P, .

For a given alternative p,, set

1
eon = Ep,log p,(X), U(Q)’n = / log? pn(z) dx.
0

Define

Yoi= Uoji{logpn(Xi) — €on}-

Assume now that there exist positive constants B, C’, C” such that for all complex
h, |h| < B and for all n

C' < |Ep,exp(hY,1)| < C". (7.14)

Define Py, . to be the subset of Py, for which ,,, — 0 as n — oo and (7.14) is
satisfied. We will be concerned with a smaller set of the form

D(u,v) ={{pn} € Py, : 0" H*(pn,po) — 0 and n”H*(p,, pg) — 00}
Now we are finally ready to finish the formulation of the theorem.

Theorem 7.1. Assume that r is a fized number satisfying the above conditions.



7.2. Intermediate optimality. 83

Take m,, = Cn'", where n > 2r + 1 and C is an arbitrary constant. Let p, v be
any numbers satisfying (3 + 2w)/n < u < v < 2r/n. Then, for testing against all
sequences of alternatives from D(u,v) and T = (n — 2w — 1)/n, the DDN-statistic is
asymptotically optimal in the intermediate sense.

Inglot, Kallenberg and Ledwina proved other theorems on the topic as well, but
I think this one already gives an impression about this type of results. The set
P consists of alternatives which obey a set of restrictions concerning growth of
their Fourier coefficients. It can be argued if these restrictions are strong or not,
but anyway there exist an infinite number of directions of alternatives which are not
covered by this theorem. For example, one can construct an infinite-dimensional
set of such "bad” alternatives even using only contamination alternatives of the
form p,(x) = 1+ n~%g(x), where g is bounded. It is enough to choose ¢'s with
Fourier coefficients growing faster than the optimality theorem allows. It is even
easier to construct such an example using theorem 4.6 from [22], which is somewhat
analogous to the above optimality theorem but deals specifically with contamination

alternatives.

It will be an interesting task to give an estimate of how big is a subset of alter-
natives for which some intermediate optimality result holds, in comparison with all
possible alternatives of interest. More specifically, if one takes only contamination
alternatives mentioned above and the optimality theorem 4.6 from [22], how big is
actually the set of ”good” ¢'s in comparison with the Sobolev space Wy (even if we
do not care about the speed parameter £)?

I think one shouldn’t say ”the DDN-test is asymptotically optimal against essen-
tially all alternatives” and that ”intermediate efficiency fills the gap between Pit-
man’s and Bahadur’s efficiencies” while the above question remains unanswered.
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