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Chapter 1

Introduction

In many practical applications it is necessary to approximate or reconstruct a function as
a formula from given strong or weak scattered data. Important examples are domain mo-
deling, surface reconstruction, kernel-based learning or the numerical solution of partial
differential equations (for a detailed overview see the recent review [49] and the references
therein). There are mainly two ways in which the reconstruction can be done, namely inter-
polation and approximation. An interpolation process tries to match the given data exactly,
which makes sense only if the data is not disturbed by any error. Interpolation processes
often have numerical disadvantages because they are usually expensive, in storage and com-
putationally. Therefore, one often asks for a reconstruction that reproduces the given data
not exactly, but only approximately. Sometimes it is even useful to allow the accuracy to
be a free parameter. One possibility to deal with this kind of reconstruction is provided by
sampling inequalities.

Sampling inequalities give a precise formulation of the observation that a differentiable
function cannot attain large values anywhere if its derivatives are bounded, and if it pro-
duces small data on a sufficiently dense discrete set. Inequalities of this kind can be used to
derive a priori error estimates for various regularized approximation problems [49] as they
occur for instance in many machine learning algorithms [51] or PDE solvers [46].

In the univariate setting such inequalities are quite easy to obtain [44]. We assume a
sufficiently smooth function f on an interval [a,b] and a discrete ordered set of centers
X ={z1,...,zn} C [a,b] witha = x; < 2 < --- < xy_1 < zy = b. In this easy
univariate setting we define the fill distance

hi=hx ey = 5 max oj = zj]

to be the largest possible distance any point x € [a, b] has from the set X. With this notation
we can easily compute for any point = € [a, b] and the closest point z; € X

fx) = f(z) +/I ff@dt ,ie.,

e+ fis=e [ o

1

=
&
A



2 CHAPTER 1. INTRODUCTION
which yields a typical sampling inequality

1z (o)) < VAW o + 11X s )

This easy example already reveals the basic phenomenon, i.e., it bounds a weak continuous
norm in terms of a strong continuous norm weighted by the fill distance, and some discrete
values sampled on the finite set X.

Recently several such sampling inequalities for very general functions u € W]f (Q) from
certain Sobolev spaces W; (Q)withl <p<ooandk > d/p, orwithp=1land k > d
on a domain Q C R¢ were obtained. As a first step in this direction, Narcowich, Ward
and Wendland considered the case of functions with scattered zeros [38]. They found the
inequality

k—m—d(1-1
|U|Wm S Ch " (p q)+ |U|Wk
q p

for functions u € Wf with K —m > d/p and u (X) = 0, where the discrete set X has
sufficiently small fill distance

h := hx g = sup min ||z — z;, . (1.0.1)
zeQ T €X

The fill distance may be interpreted geometrically as the radius of the largest ball that is
completely contained in 2, and that does not contain any of the points from the discrete set
X. It is a useful quantity for the deterministic error analysis in an isotropic setting. The
case h = 0 implies that X is dense in €2, and therefore convergence is studied for the limit
h — 0, which means that the domain {2 is nearly uniformly filled with points from X. Here
and throughout the thesis, we denote by C' a generic positive constant.

In the author’s Diploma thesis [41] this result was generalized to functions with arbitrary
values on scattered locations. A typical sampling inequality then takes the form [67]

o k—|a|—d(1-1 “la
ID%ull ) < C (h G q>*|“‘ka(Q)+h | ||U|X||eoc(X)> )

where ¢ € [1, o0], and h denotes the fill distance of the discrete set X in 2. A similar result
was established by Madych [31], namely

Il < € (¥l + A7 llulx e x))

forallu € W:f (€2). These bounds were for instance used [67] to derive optimal algebraic
convergence orders for kernel based smoothed interpolation methods.

In this thesis we shall generalize these results in various ways. On the one hand we will
derive several new sampling inequalities, e.g., for functions with special smoothness prop-
erties, or for more general discrete data. On the other hand we illustrate various applications
of sampling inequalities, in particular in the error analysis of manifold reconstruction pro-
cesses.
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1.1 Overview

Background and Notation

In Chapter|2/we provide the general context of sampling inequalities and explain the under-
lying background. For that, we define more precisely the notion of sampling inequalities
and explain their relations to various kinds of reconstruction processes.

Afterwards, in Chapter 3 we set the notation and recall some basic facts, which we need
throughout the thesis. For convenience, we frequently use the recent monograph [65] as a
reference although most of the cited results have been published earlier, partly by different
authors. We mainly stick to the standard notations as used in [65].

Strong Sampling Inequalities and Applications

In Chapters 4 and 5| we address recovery from strong discrete data. The content of these
chapters is partly based on joint work with Barbara Zwicknagl, see [42, 43].

We first derive sampling inequalities for infinitely smooth functions where the convergence
orders turn out to vary exponentially with the fill distance h. We are handling infinitely
smooth functions by normed linear function spaces H (£2) on a domain Q C R¢ that can for
afixed 1 < p < oo be uniformly continuously embedded into every classical Sobolev space
Wf (€2). The embedding constants are allowed to depend on the smoothness &. Details can
be found in equation (2.1.6). There are various examples of spaces with this property, €.g.,
Sobolev spaces of infinite order as they occur for instance in the study of partial differen-
tial equations of infinite orders [1], or reproducing kernel Hilbert spaces of Gaussians and
inverse multiquadrics.

As a typical result we obtain inequalities of the form

D%l 0 < 6(Jlog(Ch)/x/EHUHH(Q) + Ch el lulx .. ) -

As a corollary we obtain that the technique presented here reproduces the well-known error
estimates for the standard interpolation problem in the native Hilbert space of the inverse
multiquadric and Gaussian kernels.

In Chapter 5/ we provide a theoretical framework to derive deterministic error bounds for
some popular support vector machines. Support vector (SV) machines and related kernel-
based algorithms are modern learning systems motivated by results of statistical learning
theory [57]. The concept of SV machines is to provide a prediction function that is accurate
on the given training data, and that is sparse in the sense that it can be written in terms
of a typically small subset [50] of all examples, called the support vectors. Therefore, SV
regression and classification algorithms are closely related to regularized problems from
classical approximation theory [23], and techniques from functional analysis were applied
to derive probabilistic error bounds for SV regression [17].

We show exemplarily how sampling inequalities can be used to bound the worst-case gene-
ralization error for the v/- and the e-regression, as introduced by Scholkopf, Williamson and
Bartlett [52], for exact as well as for inexact given training-data. Here we do not make any
statistical assumptions on the inaccuracy of the training data. In contrast to the literature,
our error bounds explicitly depend on the pointwise noise in the data. Thus they can be



4 CHAPTER 1. INTRODUCTION

used for any subsequent probabilistic analysis modelling certain assumptions on the noise
distribution.

In Section |6 we prove Bernstein inequalities. For that we consider for appropriate radial
basis functions ® the linear spaces Vo x = {® (- — ;) : x; € X}. Since Vg x is finite
dimensional, all norms on it are equivalent. The Bernstein inequalities quantify the equi-
valence constants between the Wy - and the Lo-norm in terms of the geometry of X. They
take the form

N N
> a;® (- — ) < Cqy Y a® (- — ) ,
j=1 j=1

w3 (R?) La(9)
where 1
x =5 min, =l
TiFT;

denotes the separation distance of the discrete set X. Therefore, our results generalize
estimates from [39] to bounded domains 2. These technical estimates are very useful to
prove stability estimates for unsymmetric methods, as presented in the subsequent chapters.

Weak Sampling Inequalities and Applications

To work towards an analysis of meshless local Petrov-Galerkin (MLPG) methods [4, 5, 6]
we shall treat in Chapter |7 sampling inequalities for weak data in the sense of [47]. The
main drawback of the sampling inequalities considered so far is that one assumes functions
that allow continuous point evaluations. Especially for many practical applications in the
field of partial differential equations (PDE’s) this assumption is too restrictive. Following
[47] we shall use convolution-type data of the form

Aj(u) = /QK(JU —zj)u(z)de, (1.1.1)

where X = {x1,...,xx} C Qis a discrete set of points and K : R? — R is called
test kernel. In contrast to [47] we shall use stationary data, i.e., the support of the test
kernel shall be scaled with the fill distance or mesh-norm of X in €2 as defined in equation
(1.0.1). The term stationary is a usual notation in the kernel based meshless literature. This
approach generalizes in a way the finite volume method from [64]. Our main result is a
sampling inequality involving weak convolution-type data. We shall fit our work in the
general framework of recent research as can, e.g., be found in [47,45, 46].

In the last part we shall analyze another kind of weak data, which arises naturally from the
numerical study of partial differential equations. We start with a partial differential equation
in its weak formulation

findue W : a(u,v) =F(v) forallve W, (1.1.2)

where W = W3 () is typically a Sobolev space, af(-, -) is a bilinear form and F is a linear
form. We discretize the problem in a Petrov-Galerkin style [11] and consider the finite
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dimensional problem
findu € Vo x @ a(u,v)=F (v) forallv e Vg x ,
where again for a kernel ® we use the notation
Vo x :=span {® (- —z;) : zj € X}

with an orthonormal basis {¢;} j=1,..N" Under weak assumptions on the bilinear form
a(-, -) we derive a sampling inequality of the form

N

lull £y < CP™ [lullypgn () + Cx Y alu, ¢5)?
j=1

for all w € W3 () and a specific m > 0. This bound is used to get an error estimate
for the best approximation sy € Vi x to a function f € W3 (). Unfortunately this best
approximation is numerically unavailable. Therefore we present an approximation strategy
by testing for which we prove a convergence rate. For the finite dimensional approximation
we use two approaches, kernel-based and polynomial spaces.

Finally we give a short discussion and outlook.
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Chapter 2
Sampling Inequalities

In this chapter we shall explain some general features of sampling inequalities and give an
overview of some applications. To avoid technical details, we always assume  C R? to
be a nicely bounded domain. By X we mean a discrete set X = {z1,...,znx} C Q. The
more precise technical details are given in the following chapters.

2.1 Basic Properties

Sampling inequalities were developed to quantify the following observation:

If a sufficiently smooth function is small on scattered points, and if its derivatives are
bounded, it must be small in the whole domain.

As a first step in this direction, Narcowich, Ward and Wendland considered the case of
functions with scattered zeros [38]. In the author’s Diploma thesis [41] this result was ge-
neralized to functions with arbitrary values on scattered locations. A similar result has been
found by Madych [31]. Another recent extension of these results and their applications in
spline smoothing can be found in [2]. In this section this concept is described in a gen-
eralized form, its connections to other techniques are explained, and various applications
are presented. We start from a rather abstract viewpoint and show the connections between
sampling inequalities and certain other techniques. Then we look at special classes of sam-
pling inequalities, and finally we give a general overview of how sampling inequalities can
be applied. Our special results on sampling inequalities and applications start from Chapter

on.

2.1.1 General Framework

We assume a normed linear function space F with norms ||-||¢ and ||-||;;,, where |||/ is
stronger than |||y, i.e.,

[fllw < Cllfllg forall feF. 2.1.1)

Here and in the following, C' denotes a generic positive constant. Furthermore, we consider
a set of NV linear independent functionals A = {1, ..., Ay} from the dual space F* with

7
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respect to ||-|| ¢. These functionals are used to sample a function from F via the continuous
and linear sampling operator

Sy F—RY,
Fom ) A ()"

Then a rather general form of a sampling inequality is

[fllw < € (L[ flls + C (ha) 154 ()llgw)  forall f e F. (2.1.2)

Or, in case that ||-|| ¢ is only a semi-norm, which is denoted by | -
result

s, we get the analogue

[fllw < C (A3 [fls + C (ha) 154 (f)llgw)  forall f € F. (2.1.3)

The term hp denotes some discretization parameter which should be small, i.e., hp Nzeey,
The exponent o > 0 will be called sampling order. This means that there is a small factor
in front of the term with the strong continuous norm and a possibly large term in front of the
term with the discrete norm. If the sampling operator contains only point evaluations, i.e.,
evaluations of f and its derivatives on certain finite point sets, we speak of strong sampling
inequalities. If some other functionals are involved, which may be well defined even if
point evaluation is not continuous, we speak of weak sampling inequalities.

2.1.2 Connection to Markov-Bernstein Inequalities

By Ps C F, we will denote the kernel of the semi-norm | - |g. If we insert an element
p € Pg from this kernel into the sampling inequality, we obtain

Iplly < C (hXlpls + C (ha) [Sa (P)llgn) = C (ha) [|Sa (P) g -

This means that we can bound a continuous norm by a discrete norm on the data. In-
equalities of this kind will be called stability bounds. Such bounds can hold only if Pg is
finite-dimensional, but this is just a necessary condition. If Pg is a space of polynomials,
these estimates imply Markov-Bernstein inequalities [9]. Let us explain this in some more
detail. Let us assume for instance that the sampling operator consists only of Lagrange data.
Furthermore, we assume that |||y, = | - [z (), and that ||| = | - [ (o) are classical
Sobolev-seminorms. This yields forall 1 < ¢ < d

10l i) = € (ha) max [p (z;)|
z;€X
C (ha) [lpll 1 (o) » forallp € me—1 () , (2.1.4)

IN

where 0y denotes the partial derivative in direction of the ¢-th coordinate. This is a special
case of classical Markov-Bernstein-inequalities [9], and we see that the proofs for sampling
inequalities should contain those classical estimates.
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2.1.3 Connection to General Stability Estimates

In general, stability estimates do not scale with the discretization parameter hy, but with
an other discretization parameter gy < ha. In the meshless literature ¢x expresses how
irregularly distributed the data is. Roughly speaking, gpn measures the shortest distance
between two data points. In the finite element literature, it is the radius of the largest ball
inside an element. It is intuitively clear that both quantities are responsible for stability. For
reasons that will be apparent later we will introduce two different sets of functionals A and
A. We assume that R C F is a finite dimensional trial space with an inverse inequality of
the form

Irls < Cqz" Irlly,  forallr e R. (2.1.5)

Inequalities of this kind will be called inverse inequalities since they bound a stronger norm
by a weaker one. In many cases, we are able to couple these discretization parameters via

g —T
ChAq]\ <

DN | =

In the special case o = 7 this coupling allows for an interpretation in the language of finite
elements. In this case the coupling just means that one considers isotropic elements. In the
meshless context, there are two possibilities to achieve such a coupling, either by coupling
o and 7, or by coupling A and A. We may combine the estimates (2.1.3) and (2.1.5) to get
a stability estimate of the form

[rlly < 2C (ha,qz) [|Sa (7)|lgy  forallr € R.

In this general form, stability estimates are crucial for all discretization processes defined
via trial spaces R and a sampling operator S,. They imply invertibility of the sampling
operator on R and guarantee that small errors in the sampled data imply small deviations
in the norm on the trial space. The upshot of the above argument is that stability bounds
follow from a sampling inequality and an inverse inequality.

Guideline: Sampling inequalities and inverse inequalities imply stability bounds.

2.1.4 Connection to Lebesgue Constants

Furthermore, sampling inequalities are closely related to Lebesgue constants. See [15] for
more details in the setting of radial basis functions. Nevertheless, we shall briefly point
out how Lebesgue constants are related to the notion of stability. Let us assume some
interpolation space R, i.e., a space which allows unique interpolation, which we call trial
space for reasons that become apparent later. Since R is an interpolation space, we can
build the generalized cardinal interpolants uy, from R, which fulfill A; (uy,) = d; ;, where
0; ; denotes the Kronecker symbol. Now we can directly form an interpolant to a function
f,namely I (f)(-) = Z;VZI Aj(f)ux; (+). Then we can derive a stability estimate of the
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form
N N
Ia (Dl = Do Nun | <D IO un ]y
Jj=1 W J=1
< max A(f |ZHU>\ Iy = I (Dllese ) LRoA S

where Ly  is called Lebesgue constant. Evaluanon stability is another concept of stability
that is closely related to Lebesgue constants. Suppose the data Sy (f) is corrupted by some

relative errors £ = (e1,...,ey)? with maxi<j<n |€j| = €. Then,
N N
PRREHIY —ZA DA+ ¢j)u = | 2o e (wy
=1 Loo(@) 11771 Loo ()
N
< e max (S SUPZ [ux; (@)] < € max [A;(f)] Z lux, @I, -

This shows that the evaluation of the interpolation process is very stable in the basis of
generalized cardinal functions. In addition, this short detour indicates that many concepts
of univariate polynomial interpolation can be carried over to kernel based methods [35].
Now we explain how sampling inequalities lead to bounds on the Lebesgue constants. If
we measure the discrete term in the ¢, (RN ) norm, i.e.,

58 ()l = mavs [Ai (u) .

we immediately get ||S (uy,)||[gy = 1 forall 1 < i < N. Applying the sampling inequa-
lity (2.1.3) hence yields

lux ly < C (AR lux,ls + C (ha) [1Sa (ua,)llgn) < C (A [ux;|s + C (ha)) -

If we now assume also a stability inequality of the form |uy,|¢ < | fillg for all f; € S
fulfilling the interpolation condition \; (f;) = d; ; as well, we get

lux; [l < ChY [ fillg + C (ha) -

This is well known in the kernel based interpolation case, see an example below. If we now
assume that there is an f; fulfilling the interpolation condition and satisfying the estimate
1fillg < C (ha), we can deduce ||uy,|ly;; < C (ha) C (hy). Thus, the Lebesgue constant
is bounded by

N

Y lunllyy < NC (ha) C (ha) -

i=1
We spell out all these constants in the special situation of [15]: The authors consider as
trial space R = span {®(- — z;) : x; € X C Q} the translates of a single radial basis
function with Fourier transform ®(w) ~ (1 + ||w[|3)~". The functionals \; = = 0y, are
simply point evaluatlons at X, where X is a grld with IV points. In this spec1a1 case, they
obtain: C (hy) = N and C (hy) = N~a. This, together with the Cauchy-Schwarz
inequality, finally yields Zz’:l lux |l < Cf N.
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2.1.5 Connection to Norming Sets

As these examples indicate, that sampling inequalities imply that the data Sy (p) contains
already enough information about p € Pg. This leads to the general concept of norming
sets [26]. We shall briefly explain this concept, but we will be more precise in Chapter[3. A
is called a norming set for Pg if the sampling operator
Salpg : Ps  — Salpg (Ps) C RY
v = Salps (v) = (A (V))ren
is injective. Then it is well-known (see Chapter 3) that we can introduce another norm on

Ps by [[Salpg (+)||g~ - Furthermore, by application of Theorem|3.4.2, we get a reproduction
formula on Pg of the form

N
U(p) = Zaj(\lf))\j(p) forall p € Pgandall ¥ € Py,
j=1

where we can bound the term

N

> e, <O,

j=1
i.e., an inequality of the form (2.1.4). This explains the terminology norming set. This
detour indicates that norming sets are crucial in the proofs of sampling inequalities.
2.1.6 Strong Sampling Inequalities

If we now set |[-[|g = ||l and [|-lyy = [I-llwm (o), the condition (2.1.1) simply be-
P q
comes

k m .
Wi (Q) =W (Q) ie, k>m.

If the functions are regular enough to allow for point evaluation, i.e., k > d/p, or k > d for
d = 1, we can state a basic form of a sampling inequality, which can be found already in
[67]. To do so, we define a sampling operator

Sx : Wr(Q)—RN
u H(u(xl),...,u(xN))T

for some points X = {z1,...,zn} C Q, ie., \; = 0;,. The discretization will be mea-
sured in terms of the fill distance as given in equation (1.0.1). Because of the geometric
interpretation we are interested in the limit hx o — 0. We get the bound

[ull ) < Chx a llullwg @) + ClISxlley x) -

forallu € WI? (€2). We already see that the sampling rate depends only on the “smoothness
difference® of the two continuous norms involved.
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Univariate Sampling Inequalities

As an easy example we consider the univariate case [44]. We assume a sufficiently smooth
function f on an interval [a, b] and a discrete ordered set X = {z1,...,zn} C [a,b]. We
can easily compute for any point € [a, b] and the closest point z; € X

@ = s+ [ roa

S U@ < Fe)+ ol [ oPa,

which yields a typical form of a sampling inequality,

112y < VI W a + 1 1x e ) -

If f is the error-function of some discretized numerical process, we can conclude that the
Loo-error is small, provided that the discrete errors are small, and that the le—seminorm
of the error is bounded independent of the discretization. Now we will turn to the multi-
variate case.

Multivariate Sampling Inequalities

Recently several sampling inequalities for general functions v &€ Wlf (Q) from certain
Sobolev spaces with 1 < p < oo and k > d/p, or p = 1 and k > d on a domain Q C R?
were obtained. They usually take the following form [67].

Theorem 2.1.1 Let k be a positive real number and o € N3 a multi-index with |k — |a|| >
g. Then there exists a positive constant C' > 0 such that for all discrete sets X C ) with
sufficiently small fill distance h := hx o < Cq|k — 1|72 the inequality

—|a]—maxqd(L-1), “la
1Dl g gc(hk R G I ||U\X||5M(X)> ,

holds for all u € WZI’C (Q), with 1 < q < oo, where the explicit expression for Cq can be
found in equation (5.3.1).

In [31] there is an analogous result. In this case the estimate takes the form
k d
lullg, @) < € (FHlulwg @) + 7 llulx g, x) )

for all u € W;f (€2). Other extensions both concerning the range of the smoothness param-
eter and unbounded domains are done in [2, 3]. Here, the fill distance h and the smooth-
ness k have to be coupled appropriately. As we saw above, these kinds of inequalities are
closely related to Markov-Bernstein inequalities [9]. If we for instance insert a polynomial
p € mr—1 () in the first inequality with o = 0, we directly see

IPlL ) < Cliplxlle. (x) -
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In this case the inherent coupling of & and & implies that 751 (£2) is a Haar space over X.
Hence sampling inequalities in Sobolev spaces always imply stable polynomial reproduc-
tions.

In this thesis (Chapter 4) we shall derive sampling inequalities with exponential sampling
order. These inequalities take for instance the form

1D ull, gy < BN |y o + ChTI flulx |, x)

where the space H (§2) consists of infinitely smooth functions. This means that for a fixed

p € [1,00) and all k& € N we assume that there are embedding operators I ,gp ) and constants

E (k) such that

1P H(Q) — WE(Q)  with

(p) <
H%HWmFng_Ew)fmmkem. (2.1.6)

The native Hilbert spaces of Gaussian kernels are important examples of such spaces.

2.1.7 Weak Sampling Inequalities

Now we will focus on weak sampling operators. We consider a set of functionals
Ag = {)\1, ce )‘Ns} - (Wg (Q))* .

These functionals define a weak sampling operator

A

Sp =

AN

S
We deal with the natural question whether a sampling inequality of the form
[ull ) < Chix q lulyy @) + C l1Saully, @y

holds. This can be true only if the functionals \; contain enough information on the function
u. To be precise we can again insert a polynomial of degree less than 7 to derive

1Pl £, < ClISaDlle @ry -

This shows that the functionals A have to form a norming set (for a definition, see Section
3.4) for the polynomials of degree less than 7. We will present two examples of such
functionals, which are of current research interest.

Weak Convolution-Type Data

Following [47] we consider weak convolution-type data of the form

Aj(u) = /QK(.%’ —zj)u(x)dx, (2.1.7)
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where X = {z1,...,2,} C Qis adiscrete set of points, and K : R — R is a test kernel.
Schaback investigates in [47] the case of non-stationary data, i.e., a fixed test kernel. In
contrast, we shall use stationary data, i.e., the support of the test kernel shall be scaled with
the fill distance h of X in 2. This generalizes the recovery of functions under construction
of local volume integrals, as needed in finite volume methods, introduced by Sonar (partly
jointly with Iske) in a series of papers [25, 53, 54, 55], where the analytical background
was provided by Wendland [64]. They consider the case where the kernel K is replaced by
a characteristic function.

Our main result is a sampling inequality for the described convolution-type sampling. This
is a crucial ingredient for the analysis of the unsymmetric meshless local Petrov-Galerkin
schemes (MLPG) by Atluri and Zhu [6, 7, 4,|5], and it fits into the general framework of
recent research on the theoretical background of these methods, as can be found in [47, 45,
46].

Galerkin Methods

In Chapter|8|we shall analyze another kind of weak data, which arises naturally in the study
of partial differential equations. Namely, we consider a partial differential equation in its
weak formulation

findue W : a(u,v)=F(v) forallve X, (2.1.8)
where W = WJ"(Q) is typically a Sobolev space, a : W x W — R is a bilinear form,
and F' € W* is a linear functional. To solve the problem (2.1.8) approximately we use a
Ritz-Galerkin approach [11, (2.5.7)] and consider the finite dimensional problem

findue Vo x : a(u,v)=F (v) forallv € Vg x ,
where
Vo x :=span {® (- —z;) : zj € X}

with an orthonormal basis {¢; }j:1 _n- Under weak assumptions on the bilinear form

a(-, ), which are standard in the theo}y70f finite element methods [11], we derive a sampling
inequality of the form

N
lull L) < CB™ lullyg () + Cx D alu, ¢;)°
j=1
for all w € WJ™ () and a specific m > 0.

2.2 Reconstruction Problems

In this section we turn our attention to very general reconstruction problems, which provide
one of the most important applications of sampling inequalities. We explain how sampling
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inequalities can be used to measure the quality of almost every numerical recovery process
where we try to recover an unknown function f € F from its given data. Let

ASZ{)\l,...,)\NS}C]:*,

be a set of functionals, which will be used for testing. These functionals define a sampling
operator via

A1

which we need to define sampling inequalities. We consider data given by the sampling
operator, namely Sa, (f).

Now we have to choose a finite dimensional space R, from which we would like to pick a
reconstruction. This space is called trial space. It is at the moment completely independent
of the given data. We shall therefore carefully distinguish between the test and the trial
side. The test side consists of the given functionals Ag. The trial side consists of a finite
dimensional trial space 'R, which is used to generate an approximate solution to the fitting
problem. The approximation properties of the reconstruction process depend only on the
trial side. In this thesis, we will mainly restrict ourselves to kernel-based methods. This
means that the trial functions are generated by a single kernel K (-, -), i.e.,

R :=span{K (z;,-) : x; € Xgr} ,

where the set Xp = {x1,...,2n,} C Q is called the set of trial points. Sampling in-
equalities can be used to quantify the approximation quality of R. Note that we use R for
the tRial side and S for the theSt side.

The main application of the sampling inequalities are, however, on the test side. Sam-
pling inequalities are used in this framework to show to what extent small discrete residuals
1585 (BrS = F)llg, (x)> Where R f € R is a reconstruction of f, imply global small er-
rors. This leads to conditions on the quantity of given data.

Up to now we have treated test and trial side completely independent of each other. To
prove convergence results for recovery methods, both sides have to be coupled. However,
there is some general guideline for error estimates, which we explain in the next sections.

2.2.1 Error Estimates for Reconstruction Problems

Sampling inequalities can be applied in various ways. We turn our main attention on deter-
ministic a priori error bounds for numerical processes Z. Suppose we want to reconstruct an
unknown function f € F from its data Sy (f). Then we need to find a function Z» (f) € R
(called an approximant to f) from a large trial space R C F, which fulfills the following
two properties

IN

1Za (Hll s Clirls
N—oo

[SA (Za (f) = Dllgy < g(fiN) —0. (2.2.1)
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These conditions are fulfilled in many kernel based methods as will be seen later. They
can be seen as stability and consistency properties which are the main ingredient of nearly
any convergence proof in numerical analysis. If we have a sampling inequality of the form
(2.1.2), and if the assumptions (2.2.1) are satisfied, we get an error estimate of the form

1f = Za (Dllw < ChR N Flls + C (ha) g (f, N) -

This means that the error is controlled easily, and convergence orders are obtained. Espe-
cially important is the situation, where the residual C (hy) g (f, N) is bounded by
C(ha) g (f,N) < h{[|f]l5- This yields

1f = Za (Dllw < C (hF + 1) £l -

2.3 Types of Reconstruction Methods

There are two major approaches to numerical reconstruction processes, namely symmetric
and unsymmetric methods, which will be treated separately in the following. The main
focus will be on the coupling of trial and test side which is the key difference between both
methods. From a certain viewpoint one can say that the unsymmetric methods generalize
the symmetric methods.

We point out how sampling inequalities can be used in the analysis of both methods. For the
sake of simplicity we will consider from now on sampling inequalities in Sobolev spaces
on a bounded domain 2 C R¢ instead of sampling inequalities on general normed spaces.
For more details on Sobolev spaces we refer to Chapter (3,

2.3.1 Unsymmetric Methods

Suppose we try to recover an unknown function f € W7 (Q) from its given data

A1 (f)
Sas (f) = :
Ans (f)

The reconstruction is taken from the finite dimensional trial space
R :=span{K (zj,-) :x; € Xr} .

There is a good but numerically unavailable candidate 1 (f), namely the best approxima-
tion from R to f € W] () (see [13] for details). Suppose we measure the reconstruction
error in the Lo (£2)-norm. Then we assume an approximation property of the form

lg = TR (Dl y@) < € (hr) 9wy foranyg e W5 (Q),

where hp := hx, o denotes the fill distance or mesh norm of the set of nodes X associ-
ated to the trial space R in the domain 2. The approximation rate € (hr) may be estimated
by means of appropriate sampling inequalities. Provided that all assumptions are satisfied,
we may apply a sampling inequality to the above situation and get

lg =T (9,0 < ChR 9wz ) + Cllg == (9, (x ) -
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If IT is for instance an interpolation operator, we immediately get € (hg) = ChF,.
Unfortunately, the function IIz (f) is numerically unavailable because its computation
might use infinitely many data. We therefore have to construct a reasonable approxima-
tion from the trial space using the given data. We shall employ the technique of residual
minimization. This means that we try to solve the system

Shs (ur) = Sag (f) (2.3.1)
for some u, € R to some accuracy. Let us first spell out the last equation,

MK (z,z1) ... MNK(z,zng) aq

Shg (ur)= : = Apg RO

MK (zz1) ..o A K (7, 28,) ang

This is an unsymmetric system, and it is not clear whether it is solvable at all. If it was
solvable, there would be a good approximate solution because of

1Sas (f = TR < [[Sasl - [If = TN < € (hr) [|Sasll - [1F]] -

To show full rank of Aj =, we need to couple the trial and the test discretization. To be
precise, we have to assume an inverse estimate of the form

HurHWZT(Q) <~ (hg) HurHLQ(Q) forall u, € R. (2.3.2)

In Chapter |6 we shall derive estimates of this kind under certain technical assumptions.
Now we may apply a sampling inequality based on the functionals A; with sampling order
o > 0 and define 3(s) := h? and a factor 6 (s) in front of the discrete term to the functions
u, € R. This yields an estimate of the form

lurll ) < CB (8) llurllwg oy + CB () 1S, () llg, @y - (2.3.3)
Combining the inequalities (2.3.2) and (2.3.3) yields

lurll 100y < C18 ()5 (Br) [[ull 1) + CoB () [1Sa, () g, ey -

Now we have to couple the discretizations in test and trial side via the additional condition

C16 (5) 7 (hm) < 5 (2.3.4)

This is always possible by making the test discretization S fine enough, i.e., Ny large
enough. For practical applications we therefore need an explicit lower bound for /N,. Nev-
ertheless, we end up with

||uT||L2(Q) < 2C203 (s) [|Sa, (Ur)Hep(RNs) :

This inequality bounds a continuous norm via a discrete norm under the condition (2.3.4).
This assures the full rank of the system (2.3.1). This procedure indicates that sampling
inequalities can be used to detect parameter choices, which guarantee good generalization
properties of recovery processes.
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2.3.2 Symmetric Methods

In symmetric methods the test and trial side are essentially the same up to the Riesz isomor-
phism between a linear space and its dual. In this case we also have R = S, since they are
finite dimensional spaces and dual to each other, so we may as well skip these parameters
here. If we start with a set of IV test functionals Ay, ..., Ay, the trial space is constructed
as

R::span{)\fK(x,-) :1<j< N},

where the notation Aj K (z, -) indicates that the functional \; acts on K (z, -) with respect
to the variable . For the special case of point evaluation functionals

)\j = 593]. with T € X = {:cl,...,xN}
this yields again the trial space
R :=span{K (z;,") :z; € X} .

In the case that trial and test side discretization are equal, the error analysis is much simpler
since the system (2.3.1) takes the form

Shs (ur) = (AfAﬁK (z, y)) = Ay ra, (23.5)

where the matrix A, % is symmetric and positive definite if the functionals are linear inde-
pendent and if the kernel K is positive definite. Therefore we can skip the stability analysis.
Hence we can choose the operator II as a possibly approximate (generalized) interpola-
tion operator, i.e., A\j(g) =~ A; (IIx(g)). The error analysis is then provided by a sampling
inequality of the form

lg =R (9l Ly < Chilgllwg @)+ Cllg == (9l xp) -

Although this approach is obviously less flexible than the unsymmetric case, it is never-
theless quite popular in the context of generalized interpolation [36, 69], and it has been
used successfully in various applications, in particular for elliptic partial differential equa-
tions (see, e.g., [18,/19, 20,121, 66,27, 28]). One advantage of these meshless collocation
methods is for instance, that they provide more flexibility for adaptive methods, because no
re-meshing is needed. In most applications, there is a boundary value problem of the form

Lu = f inQ
Bu = g ondf. (2.3.6)

Here L is a linear partial differential operator of order m with possibly variable coefficients,
ie.,

Lu(z) = Z co () D% (x)
| <m

and B is a typical boundary operator, e.g., B = Id in the case of Dirichlet boundary condi-
tions. For the sake of simplicity we restrict ourselves here to the case of strong collocation.
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Hence the system of equations (2.3.6) is discretized by point evaluations in certain colloca-
tion nodes.

In our example we could choose two sets of points X = {z1,...,2n, :x; € Q} and
Xoa = {zNn,+1,...,xn :x; € 0Q} and build up a set of N test functionals

A = {\,...,An} , where
Ajo= 5%. ol forl<j< N; and
Aj = 0g;0B forNj+1<j<N.

As introduced above, the set X := {x1,...,xy} is called the set of test points. This test
part is the same for both, the symmetric and the unsymmetric methods. From this point
on, we may continue as in the previous sections with symmetric or unsymmetric methods.
An example of how sampling inequalities can be used in the analysis of these methods can
be found in [66]. We shall not repeat all arguments, but simply refer to the literature for
details.

2.4 Regularization

General recovery processes can be split up in two categories, namely interpolation and ap-
proximation. Interpolation intrinsically means that the error function f — Rf between the
function f to be recovered and its approximation Rf vanishes at the given data, whereas
an approximation process may produce small errors at the given data. While in some ap-
plications interpolation is required, others, in particular those involving errors or noise in
the given data, prefer approximation methods. Sometimes it is even useful to allow the
accuracy to be a free parameter.

An important example of non-interpolatory recovery processes are regularized or appro-
ximate interpolation processes [67]. In this section we briefly outline how sampling in-
equalities can be used to derive worst-case convergence rates for regularized reconstruction
processes. We shall concentrate on regularization methods that avoid exact solving of the
system (2.3.5). For the sake of simplicity we shall consider only the symmetric case. This
is not a big restriction, since we are mostly interested in the approximation quality of the
trial space. This concerns unsymmetric recovery methods in the same way.

Besides improving condition numbers, most regularization methods have several advan-
tages, as will be pointed out in detail in Chapter |5} e.g., regularization is closely related to
sparse approximation [23]. The crucial point for all regularized reconstruction processes
IT¥, where v is a regularization parameter, is to show the following two properties.

A

11" (f)HW;(Q) S ||f||W27(Q) and
121],35\[’)‘3' (f=1"f) < g(vf) Hf”W;(Q) :

The function g (v, f) determines the approximation quality of IT”. These properties can
again be seen as stability and consistency properties.
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Spline Smoothing

For the sake of simplicity we shall in the following concentrate on the simple case that is
known as spline smoothing or {s-spline-regression. A more detailed overview can be found
in [58] and [65].

For a given f € W] (£2) and the functionals \; from the previous sections we can formulate
the smoothed optimal recovery problem

N
min Ai(s—f 24 v slZ , 24.1)
Sewg(m;| j (s =)l sz @)

where v > 0 is called the smoothing parameter. For a more detailed discussion of the
smoothing parameter see [58]. We simply note that the special case v = 0 corresponds to
finding a generalized interpolant, i.e., a function sy € Wy (€2) that satisfies the generalized
interpolation conditions

N (f) =Aj(sg) forall j=1,...,N.
It is well known [65] that there always exists a solution to this relaxed interpolation problem

(2.4.1) in the linear space sgcy) € span {)\;”K (hz)|1<j< N}. The coefficients a € RY

with respect to the basis {7 K'(-, )} can be found by solving the linear system
(Aax +vid)a = fa,
where
An i = MK () ey >and fa= (a ()5 A ()T

As elaborated in [67], we have the following two inequalities,

Hsgfy) wr @) < N llwg )
max 2 (1=5)] < VP Ilflws -

Applying a sampling inequality yields the bound

Hf_sg”y) <C (W + Vo) Ifllwy e -

La(Q2)

This inequality suggests an a priori choice of the smoothing parameter as v < h?7, which
leads to the optimal approximation order [48].

Kernel-Based Learning

There is a close link between the theory of kernel-based approximation and machine lear-
ning. Although there is a broad collection of literature on this topic (to name just two: [49]
and [51]), we shall briefly introduce the different viewpoint of learning theory and some of
the notation. From now on, we deal only with strong recovery or approximation problems.
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In approximation theory one typically wants to recover an unknown continuous function
f € H from scattered function values F' = (f (z1), ..., f (zn))", where f is evaluated
at certain evaluation points X := {x1,...,zxy} C Q. The aim of approximation theory
is to develop effective reconstruction methods and to derive error bounds for them. They
are usually given in terms of the fill distance, as defined in (1.0.1). The error is normally
measured in some continuous norm, for instance

If — Sf||L2(Q) < ChTX,Q HfHWg(Q) )

provided that H C W3 (£2), and sy denotes the reconstruction. The most common choice
for s in approximation theory is an interpolant, i.e., s¢ (x;) = f (z;) for 1 < i < N. This
method obviously makes the best use of the data F'. But there are also some drawbacks of
classical interpolation, as will be indicated in the beginning of Section'5.1. On the one hand,
the reconstruction is very unstable if we consider F' to be spoiled by noise. On the other
hand, there are also numerical disadvantages, namely the computation of the interpolant
may be ill-conditioned. Furthermore, if sy = Zjvzl a; K (-, x) denotes the interpolant,
there will be many non-zero coefficients, i.e., this method is non-sparse.

One way out of these problems is provided by learning theory. In learning theory, one
would call the reconstruction problem an example of supervised regression, because the
real values F' are generated by an unknown, but fixed function f. We shall consider instead
of I a vector of possibly disturbed values y = (y1,...,yn)? with y; ~ f(z;). One
typically relaxes the interpolation condition by using a more general similarity measure,
e.g., by using a loss function. A loss function ¢ : {2 x R x R — R is a function of the form

c(x, f (z),y) satisfying
c(a, f(x),y) = 0 forf(z)=y,
c(x, f(x),y) > 0 otherwise.

A typical example is Vapnik’s e-intensive loss function [57]

0 if [f(x) —y[ <e
x)—y| = . ,
1@-1=1 ) e 1T —ylse
which allows deviations up to a positive parameter ¢ > 0. A reconstruction is then for
instance obtained as solution to the optimization problem [52]

N

't 9
min 1If(ﬂ«“j) =yl + Ml (2.4.2)
]:

with € and A being fixed problem parameters. Under certain assumptions, this problem
possesses a solution w = Zj\/: 1 w; K (-, zj), which can be computed by the following finite
dimensional problem (see the representer theorem)

N
1 1 *
min §WTKW—|— C- N ;:1 (& + fj)

weRN
" EeRN
subjectto  (Kw), —y; < e+¢j,

£,6,>0, e>0, (2.4.3)
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where K denotes the Gram matrix of the kernel K. The solution to this problem is known
to be more sparse than the solution to the interpolation problem. Sampling inequalities can
now be used to provide a worst-case error analysis for those problems, even in the case of
noisy data. Such bounds require no knowledge about the statistical noise model. We refer
to Chapter|5/for more details.



Chapter 3

Notation and Basic Facts

In this chapter we collect some basic facts, which we need throughout the whole thesis.
We will not give any proofs, but refer to the literature instead. Especially important is the
recent monograph [65], which contains most of the facts collected here and gives also some
broader background. We point out that most of the results have been published earlier by
various authors. We mainly stick to the notations from [65].

3.1 Notation

We frequently use the multi-index notation « := (aq, ..., ad)T € Ng, in particular for
monomials  — % = z{* - ... 2§ for z € R? and o € N&. The degree is then
given by |af := |af,; = Z;l:l |a;|. Similarly we define derivatives with a multi-index by

D% (x) = 0g} ... 034u (z) for sufficiently smooth functions u.
The space 7y, (]Rd) denotes the set of all d-variate polynomials with degree at most k, i.e.,

7, (R?) = span {2 :|a| <k} = span {a:f“ cexgd Z;-izl || < k} The dimen-
k+d
sion of my, (Rd) is given by dim 7y, (]Rd) = ( ji— ) (see [65]). For Q C R? we denote

the restriction of 7y, (R?) to Q by {l () or by 7y, ().
We also use the notation (t)_ := max{0,}.

The Gamma function is defined by
nln?
I'(z):= 1l f C.
@)= i e ey FE

There is an important bound on the factorials, namely Stirling’s formula.
2n (g)n <T(n+1)=n!<V2mmn (g)n et ,
which can be found in many textbooks, e.g., in [22].
We further use two important Bessel functions.
Definition 3.1.1 The Bessel function of the first kind of order v € C is defined by

= ()" (/2
Z mlI'(v+m+1)

Jy (2) = forz € C\ {0},

m=0

23
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and the Bessel function of the third kind of order v € C is
o
K, (z):= / e™ M) cosh (vz) dt
0

forall z € Cwith |arg (z)] < /2.
Now we briefly introduce the Fourier transform.

Definition 3.1.2 For f € L, (]Rd) we define its Fourier transform and its inverse Fourier
transform by

[NlfsH

fw) = (2m)°

f(z) ey w e RY
R4

[S11SW

fla) = (2m)”

f(w) e W dw  x e RY.
R4

Function values may be recovered from the Fourier transform:

Lemma3.13 If f € L, (]Rd) is continuous and has a Fourier transform f e Iy (Rd),
then f can be recovered by its Fourier transform via

vl

f(x) = (2m)"

f(w) e dw x e RY.
Rd

We define Schwartz space, on which the Fourier transform is an automorphism.

Definition 3.1.4 The Schwartz space S consists of all functions v € C™ (Rd) that satisfy

zDP~ (x)‘ < C(o,B3,7) forallz e R?

for all multi-indices o, 3 € Ng with a constant C (o, 3, ) independent of x € R<.
Now we can formulate the main theorem on the Fourier transform on Lo.

Theorem 3.1.5 The Fourier transform defines an automorphism on S. The inverse map-
ping is given by the inverse Fourier transform. Furthermore the mapping is an isometry

sy = |7

with respect to the Lo-norm, i.e., .
Lo(Rd)

Proof: See [65, Theorem 5.23]. O
Since the Schwartz space is dense in Lo (Rd) (see [65, Corollary 5.24]) we can define the

Fourier transform on Lo (Rd) as the unique continuous extension of the Fourier transform

on S.
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3.2 Kernels and Native Spaces

In this section we shall give a short introduction to the theory of positive (semi-) definite
kernels. For the treatment of conditionally positive (semi-) definite kernels we refer to the
book [65].

At the beginning, we need some basic definitions. We shall deal only with real-valued
kernels K, i.e., K : Q x Q — R for Q ¢ R? The first notion we need is that of positive
semi-definiteness.

Definition 3.2.1 A continuous kernel K : ) x 0 — R is called positive semi-definite on
Q Cc RYifforall N € N, all sets of pairwise distinct points X = {x1,...,xx} C Q and
all o € R% we have

N N
ZZ@ apK (xj,25) > 0.
Jj=1k=1

It is called positive definite if equality holds only for o = 0.
If Q is a finite set, i.e., §) consists of only Nyax distinct points, the inequality is required
only for N < Npax.

The notion of a kernel is a rather general concept. In the later applications we shall mostly
consider kernels with some additional structure.

Definition 3.2.2 A kernel is called

e translation-invariant if it depends only on the difference of the two arguments, i.e., if
there is a function K : R* — R such that

K(z,y)=K (x—y) forallz,yecQ.

e radial if it depends only on the Euclidian norm of the difference of the two arguments,
i.e., if there is a function K : [0,00) — R such that

K(z,y) =K (|z—yl,) forallz,ye.

e zonal if it depends only on the inner of product of the two arguments, i.e., if there is a
function K : R — R such that

K (z,y) =K (<z,y>) foralzyecQ.

The concept of radial kernels can be easily carried over to functions.

Definition 3.2.3 A function F' : R¢ — R is called radial if it depends only on the norm of
the argument, i.e., if there is a function f : [0,00) — R such that F (z) = f (||z||y) for all
x € .

The Fourier transform of a radial function is given by the following lemma.
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Lemma 3.2.4 Suppose that F € Ly (R?) N C (RY) is radial, i.e., F (z) = f (||z|,), then
the Fourier transform Fis also radial, and

F W) = [wly @ /0 £ () gy (ol £) dt

where J(q_3) /2 is a Bessel function of the first kind.

There is a close relation between positive definite kernels and reproducing kernel Hilbert
spaces. Let us explain the concept of a reproducing kernel.

Definition 3.2.5 Let H (2) be a (pre-) Hilbert space of real-valued functions f : 0 — R.
A function K : Q) x 0 — R is called reproducing kernel of H if

o K(,y) e H(Q) forally € Q
e f(y)=(f,K (-,y))H(Q)for all f € H () and all y € Q.
The following theorem shows that reproducing kernel Hilbert spaces are very natural.

Theorem 3.2.6 Suppose that H () is a Hilbert space of functions f :  — R.
The following statements are equivalent:

e The point evaluation functionals are continuous, i.e., 6, € H (Q)* for all z € Q.
e H (Q) has a reproducing kernel.
Proof: See [65, Theorem 10.2] O

It is possible to show that there is a one-to-one correspondence between reproducing kernel
Hilbert spaces and positive semi-definite kernels. We shall explain this connection in more
detail because it is of great importance for all applications.

Theorem 3.2.7 Suppose H () is a reproducing kernel Hilbert space with kernel K (-,-).
Then K is positive semi-definite. Furthermore K is positive definite if and only if the point
evaluation functionals are linearly independent over H (2).

Proof: See [65, Theorem 10.4]. O

To show the other direction we directly construct a reproducing kernel Hilbert space that
belongs to the positive semi-definite kernel /. We start with defining

Fr () :=span{K (-,y) : y € Q} ,
equipped with the bilinear form
N M N M
DK (3), Y 8K Coyr) | =D Bk (g, uk) -
j=1 k=1 K J=lk=1

By this construction (Fi (£2), (-, ) ) forms a pre-Hilbert space with reproducing kernel
K (-,-). We shall denote the Hilbert space completion of (F (£2), (-, ) x) by Fx (€2). In
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the positive definite case it is clear that the completion consists of functions, i.e., that the
point evaluation functionals are continuous. To be precise, it can be shown [65, Lemma
10.8] that the map

R:Fk () = C(Q), R(f) (z) = (f,K(—2)k
is well defined and injective. This allows us finally to define the native space of K.
Definition 3.2.8 The native space N () of K is given by
Nk () = R(Fk ()

equipped with the inner product

(f7 g)NK(Q) = (R_1f7 R_lg)K .
It is well known [65, Theorem 10.12] that <N¢> (), (5 ) (Q)> is a reproducing kernel
Hilbert space with reproducing kernel K. Let us summarize these results in a theorem.

Theorem 3.2.9 Suppose that K : Q x  — R is a symmetric positive definite kernel. Then
its associated native space is a Hilbert space of functions f : £ — R with reproducing
kernel K.

The remaining question is whether this space is unique. This question is answered affirma-
tively by the following theorem.

Theorem 3.2.10 We have the two results:
o The reproducing kernel in a reproducing kernel Hilbert space is uniquely defined.

e Suppose that K is a symmetric positive definite kernel. Suppose further that G is a
reproducing kernel Hilbert space of functions on Q) with reproducing kernel K. Then
G is the native space N (Q) for K, and the inner products are the same.

Proof:

e This is a direct consequence of the reproduction property. Assume there are two
reproducing kernels Ky, K. The reproducing property yields

(fv Kl ('a y) - K2 (’y))NK(Q) =0

forall f € H(Q) and all y € Q. Inserting f = K1 (-,y) — K2 (-, y) shows the first
claim.

e See [65, Theorem 10.11].

This finishes our short detour through the abstract theory of reproducing kernels.
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3.2.1 Properties of the Native Space
Here we collect some general features of native spaces.

Theorem 3.2.11 Suppose we are given data pairs {(x1,y1),...,(xn,yn)} C Q@ x R.
Then there is a function sx y k € F (X) that fulfills the interpolation condition

sxyKk (zi) =y; forall1 <i < N.

Proof: If we spell out the interpolation condition for a specific interpolant sy , i (z) =
Z;V:l a; K (-, x;), we find

K (z1,71) -+ K(x1,2N) aq Y1
Ax go = : : : = :

K (zn,z1) -+ K(zn,7N) an YN

Since K is positive definite this system is uniquely solvable. O

If we fix now the set X = {z1,...,2y} C Q and assume that the Lagrange data y =
(Y1, .- yN)T are generated by a function f € Nk (Q2), we can characterize the interpolant
by variational principles. First of all we know that sx_ (x), & is the best approximation from
Fr () to f,i.e., we have

Theorem 3.2.12 With the notation from above we get
(f — Sva(X)aK’S)NK(Q) =0foralls € Nk (Q) .
Proof: See [65, Lemma 10.24]. O

This yields as an important corollary a Pythagoras-law in the native space.

Corollary 3.2.13 Under the assumption from above we get

2
1 = sx 500, v g + I55,500,5 Dey = 1 1R

forall f € Nk. This yields immediately

17 = sx. 7001 e ) < M llniecy - and [lsx 0l o0y < 15 e -

Proof: See [65, Corollary 10.25] . O

There are two more minimality properties of the interpolant.
Theorem 3.2.14 With the notations from above we get:

® SX f(X),K = Z;VZI a; K (-, ) is the solution to the finite-dimensional optimization
problem

N

i 1 = ol = gmin | =D oK 2)
7= Nk (Q)
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o Further, sx y(x),K Is given by the solution to the infinite-dimensional variational

problem
53,700 e ) = SE%{I%Q) 18l arg ) -
slx=flx
Proof: See [44, Theorem 3.1 & Theorem 3.3]. O

Now we shall give some examples of native spaces. It is remarkable that all the theory from
above holds true in these special function spaces such as Sobolev spaces.
3.2.2 Native Spaces on R?

At the beginning of this section we briefly explain why radial kernels arise naturally in the
context of native spaces on the whole R

Definition 3.2.15 Let T be a group of transformations T > T : Q0 — Q. We say that a
Hilbert space F of functions (2 — R is invariant under the group T if

o foT € FforallT €T andall f € F, and
o (foT,goT)r=(f,g9)pforallT € T andall f,g € F.

Now it can be shown that the kernel inherits the invariance of its reproducing kernel Hilbert
space.

Theorem 3.2.16 Suppose that the reproducing kernel Hilbert space H (2) is invariant un-
der T. Then the reproducing kernel K satisfies

K(T(z),T(y) = K (z,y)
forallz,y € Qandall T € T.

Proof: See [65, Theorem 10.16] O

Let us now suppose 2 = R? and let 7 be group of all translations and orthogonal trans-
formations on R?. Translations can be parametrized by 7, : R? — R?, 2 € R?, such that
7. (y) = x — y, rotations are transformations p, : R — R%, 2 € R with p, (y) = Ayy
for A, € SO (RY), such that A, (z) = ||z e1. Then we get for arbitrary z,y € R?

K(zy) = K@) my)=K0,2-y)=K(psy0),poy (@ —y))
= K0,z —yller) = K (|z —yll) -

Hence, radial kernels are quite natural on R?. In this situation we shall frequently denote
the kernel by ® instead of K and call it a function. In the case = R? we can further
characterize the native space in terms of Fourier transforms. A more detailed elaboration
can be found in [65, Theorem 10.12].
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Proposition 3.2.17 Let ® € C (Rd) N Ly (Rd) be a real-valued positive definite function.
Then the native space has a representation

No (Rd) — {f € Ly (Rd> ne (Rd> L FINb e Ly (Rd)}

equipped with the inner product

(va)Nq)(Rd) = (271')_% (f/@,g/@)Lz(Rd) - (277)—% /Rd de.

The inner product is equivalent to the native space inner product.
A direct consequence of this result is that there is a close relation between native spaces and
Sobolev spaces. If we assume a radial basis function ® € L, (]Rd) satisfying

o (1+||w||§)7 < b (W) <e (1+|\w||§)* , weR? 3.2.1)

for some c1,¢ > 0 and 7 > d/2, then we have Ng (RY) = W] (R?). This connection
holds true also on subsets 2 C R?. To see this we first have to specify Sobolev spaces on
bounded domains.

3.2.3 Sobolev Spaces on Bounded Domains

We recall that a function f : U C R? — R is called uniformly Lipschitz if there is a constant
L > Osuchthat |f () — f(y)| < L|z —y| holds forall z,y € U.

Definition 3.2.18 Let Q C R? be bounded. Then ) is said to be of class C* for k € N if
and only if for every point xoy € 0S) there is a linear orthogonal coordinate-tansformation
y = Ax, anr > 0 and a k-times differentiable function -y such that

B (xzg,m)NQ = {x:AflyeB(xo,r) :yd>'y(y1,...,yd,1)}
B (z9,7)\Q = {x:AflyeB(a:o,r) :yd<’y(y1,...,yd,1)}
B (zg,r) NN = {:U:A_lyeB(xo,r) :ydzy(yl,...,yd,l)} .

If the function -y is uniformly Lipschitz, we call the domain a Lipschitz domain.

From now on we shall always assume that ) is at least a Lipschitz domain, unless we
explicitly say something else. We shall establish our error estimates using a variety of
Sobolev spaces, which we want to introduce now.

Definition 3.2.19 Let Q C R be a domain. For k € Ny and 1 < p < 0o we define the
Sobolev space Wzﬂ“ (Q) to consist of all functions u with distributional derivatives D*u €
L, (Q), |a| < k. Associated with these spaces are the (semi-) norms

1/p 1/p

gy = | D2 1Dl o) | and lullwioy = | D ID°ullf, o)
la|=k laf<k
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The case p = oo is defined in the standard way:
|ulywr ) = ess sup |[D%ull, o) and [lullyx ) = ess sup [[D%l|,_(q) -
o]=k o<k

We will also be dealing with Sobolev spaces of fractional order. Let 1 < p < oo, k € Ny
and 0 < s < 1. We define the fractional order Sobolev spaces W}f*s (Q) to consist of all
u, for which the following (semi-)norms are finite:

1/p
|D%u (z) — Du (y)|"
Ul yrts gy = Z// p dxdy ,
RS lo|=k 7 /€ |l — yll5 P
1/p
lellygooiey = (Nullgy + lulpn)) -

3.3 Extension Maps

We recall two essential definitions from [56].
Definition 3.3.1 Let ¢ : R~ — R be a function that satisfies the Lipschitz condition

6 (x) = ¢ (y)| < Mz —y|, Vae,yeR.
The smallest constant, for which the Lipschitz condition is true, is denoted by Cy. In terms
of this function the special Lipschitz domain is the set of point lying above the hypersurface
y=¢(x)inRY ie.,

Q= {ZL’ eRY:zy > ¢(w1,x2,...,xd_1)} )
The Lipschitz constant of ) is defined by Cq := Cj.

Definition 3.3.2 Let Q be a domain in RY. The boundary 0 is called minimally smooth if
there are constants 6 > 0, N € Nand M > 0, and a sequence {Ui}z’eN of open sets, such
that

1. No point of R? is contained in more than N of the U;’s.

2. If x € 09, then B (x,5) C U; for some i.

3. For each i there exists a special Lipschitz domain D; whose Lipschitz constant does
not exceed M such that
Uu,nQ=U,ND,.

With these notions we cite the following theorem.

Theorem 3.3.3 [56] Let Q C R? be a domain with minimally smooth boundary. There is
a bounded linear extension operator £ such that forany k € Nand 1 < p < oo

& W (@) - wy (r?)

with a norm ||E|| which is bounded by a constant, depending on k, p, d and the constants of
Definition|3.3.2.
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Such extension theorems allow us to show that native spaces on bounded domains  C R?
are Sobolev spaces.

Proposition 3.3.4 Suppose that ® satisfies (3.2.1), and that Q C R? has a Lipschitz bound-
ary. Then Ng () = WJ (), and the norms are equivalent.

Proof: See [65, Corollary 10.48]. O

To continue we need some geometrical notations.

3.3.1 Some Geometrical Terms

We shall review some technical notions concerning the geometry of €).

Definition 3.3.5 A set Q C R? is said to satisfy an interior cone condition if there exists an
angle 0 € (0,7/2) and a radius r > 0 such that for every x € Q) a unit vector § (z) exists
such that the cone C := C (z,€ (x),0,1)

C = {x + Ay sy eRY yll, = 1,47¢ (z) > cos (0), )\ € [0,7’]} (3.3.1)

is contained in ).

In particular, a domain satisfying an interior cone condition cannot have any outward
pointing cusps. The notion of an interior cone condition generalizes the notion of convexity
in the following sense.

Lemma 3.3.6 Suppose that the cone C (x,& (x),0,7) is a cone defined as in Definition
Then for every h < r/ (1 + sin (6)) the closed ball

B = B (x4 h& (), hsin (9)) is contained in C (x,& (x) , 6, 7). In particular, if z is a point
from this ball then the whole line segment © +t(z — x) / ||z — x||5, t € [0,7] is contained
in the cone.

Proof: See [65, Lemma 3.7]. O

We further make use of the fact that a ball and a cone itself obey an interior cone condition.

Lemma 3.3.7 Every ball with radius § > 0 satisfies an interior cone condition with radius
d and angle 0 = 7 /3.

Let C (x0,&,0,r) be a cone with angle 6 € 0,7 /5] and radius r > 0. Then C (x¢,&,0,71)
satisfies an interior cone condition with angle 6 = 0 and radius

3sin (0)
4(1+sim (@)

F=
Proof: See [65, Lemma 3.10 & 3.12]. O

Furthermore, we need a generalization of star-shaped domains.
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Definition 3.3.8 A domain Q C R? is said to be star-shaped with respect to a ball

B (2e,p) == {z €R? : |l — .||, < p} if for every x € Q the closed convex hull of

{z} U B (x, p) is contained in Q. If Q is bounded, i.e., Q@ C B (x., R) for some R > 0,

then the chunkiness parameter vy is defined to be the ratio of the diameteg diamgq to the
iamg

Pmax

radius pmax of the largest ball relative to which S is star-shaped, i.e., v =

From now on we shall assume pm% < p £ Ppmax- Then the chunkiness parameter is
bounded (see [38]) by

diamgq diamg 2R
<vy= < —.
2p Prmax p

1

- <

2
Furthermore, such domains obey an interior cone condition.

Proposition 3.3.9 If Q) C B (z., R) is star-shaped with respect to B (x,, p), then ) satis-
fies an interior cone condition with radius r = p and angle

0 = 2arcsin (p/ (2R)).

Proof: See [65, Proposition 11.16]. O

We shall make use of the following covering property, which was established in [38].

Theorem 3.3.10 [38] Suppose Q@ C R is bounded, has a Lipschitz boundary and satisfies
an interior cone condition with maximum radius R and angle ¢ € (0,7/2). Then there is a

constant Qg g such that for h < QlféR' there is a covering §) = UteTh Dy with the following
properties.

1. Each set Dy is star-shaped with respect to a ball By C Bpg (t) N Q.

2. Each set Dy satisfies an interior cone condition with radius v and angle 6, where r
and 0 can be expressed explicitly by R and ¢.

3. There are constants D, l~7¢ such that D¢ “hk? < dp, < Dy - hk2.

4. There is a constant My = M (0,d) > 0 such that ), xp, < M.

5. There is a constant My (0, d) > 0 such that #T), < My (hk?) -

In the following we state some results from polynomial approximation theory.

3.3.2 Polynomial Approximation in Sobolev Spaces

Several proofs of error estimates in radial basis function approximation theory are based on
good polynomial approximations. For our purposes, the most important polynomials are
the so called averaged Taylor polynomials. They are defined by

Qfu(x) ==Y ;/BDO‘U (v) (z —y)* ¢ (y) dy, (3.3.2)

laf <k
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where B is a ball with radius > 1/2pp,.x relative to which D is star-shaped, and

¢ € C is a bump function supported on B satisfying both [ ¢ (y) dy = 1 and max ¢ <
Cy diam (B) ™.

Q%u () is indeed a polynomial of degree & [11]. In the following we shall denote the
diameter of B by p := diam (B). For the remainder

RF .= u—QFu

there is the following bound from [11], while the explicit constants can be found in [38].
The Bramble-Hilbert Lemma [11, Lemma 4.3.8] is crucial for the following computations,
so we state it here with constants, where we made the dependence on the domain explicit.

Lemma 3.3.11 Foru € W} (D) and p > 1 we have

‘Rku‘ — ‘u . Qku‘ < Coradp? fulyripy G=0.1,...k (333

W} (D) W} (D)

where C.y g = Crq(1+ 27)d. Here, vy denotes again the chunkiness parameter from
Definition|3.3.8.

3.4 Norming Sets and Polynomial Reproduction

This section deals with general Banach spaces. In the following let V' be a finite dimensional
linear space endowed with the norm ||-||;,. We denote by V* the dual space of V, i.e., the
space of all bounded linear functionals on V, and by Z C V* a finite subset of V* with
|Z] = N.

Definition 3.4.1 7 is called a norming set for V' if the map
T: V —=T(V)cRY
v =T ()= (2(v)).cz
is injective. T' will be called the sampling operator.

To explain why Z is called a norming set we have to make a detour. First we have to

~

introduce a norm ||-||p~ on the RY and a corresponding dual norm ||-|| (RN)* O (RY )* =

RY. Note that Z being a norming set means that 7" is injective, which implies that T is
invertible on this image, i.e., there is an inverse map 7! : T'(V) — V. The quantity

T—l
HT71H = sup H xHV = sup HUHV (341)
zeT(V) [E19 vev | Tvllgw
x#0 v#£0

is called norming constant. Now we can explain the name norming set, which is due to the
fact that Z allows us to introduce an equivalent norm on V' by |7 (-)||g~. The equivalence
constants are given by

1
70 [Tl < llolly < ||T7H| [IT0]|py forallv e V.

The norming constant plays an essential role as can be seen in the next theorem.
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Theorem 3.4.2 Suppose V is a finite dimensional normed linear space, and the set of func-
tionals Z = {z1,...,zN} is a norming set for V with sampling operator T. Then there is
for every i € V* avector u = u (¢) € RY, such that

N
Y(v) = Y uz(v), and
j=1

IN

[y

uull vy T

foreveryv € V.
Proof: [65, Theorem 3.4]. U

Now we introduce the central idea of norming sets, namely that we can control the norms
of T" and its inverse by enlarging the size of Z. This will be called oversampling. We shall
exemplify this idea in a special case, see [63]. Let V' be the restriction of m,, (Rd) to
where 7, (]Rd) again denotes the space of all algebraic polynomials on R? with degree at
most m, i.e., V = m, (). Let Z = {64,, ..., 0z, } consist of point evaluation functionals.
Then we have the following result, where we choose the ||-||,_-norm on the RY with dual

norm ||-[|,, . In the following we shall denote by o € N4 a multi-index.

Theorem 3.4.3 Suppose ) is compact and satisfies an interior cone condition with radius
r > 0 and angle § € (0,7/2). Let m € N be fixed, and suppose h > 0. If X =
{z1,..., 2N} C Q satisfies

rsin 0
L h< 4(1+sin 0)m?2

2. forevery B (x,h) C S there is a center v; € X N B (x, h),

then Z = {D“00y,,...,D%00,,} is for every multi-index |o| < m a norming set for
laf

V = 7y (). The norming constant is bounded by 2 (TQS?;L;) .

Proof: See [65, Proposition 11.7]. O

If we in particular choose v = D% o d§, for some = € (2, this implies that for every

D € T, (2) and any || < m there are real numbers a§a) (z) such that

D(z) = > al (2) p ()

where

N (@) 2m2 |ev]
Z’aj (at)‘ S2(7’51119) ’

J=1

We point out that the constant arises from a Bernstein inequality for multivariate polyno-
mials. Furthermore, all of this implies that recovery of functions by polynomials from
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function values at scattered locations can be made with bounded Lebesgue constants if

moderate oversampling is allowed. Therefore, the functions a§a) (+) are called a polynomial
reproduction formula of degree m. Finally this yields a finite version of a Markov-Bernstein

inequality.

Theorem 3.4.4 Suppose that the domain Q C R? is compact and satisfies an interior cone
condition with radius r > 0 and angle . If p € 7, () and o € Nd with || < m, we have

2m2 |ex]
1Dy < (mg) Wl -

Proof: See [65, Proposition 11.6]. O

This is only a brief detour through the theoretical basics we need throughout the thesis. For
more details we refer to the literature.



Chapter 4

Infinitely Smooth Functions

We derive in this chapter sampling inequalities for infinitely smooth functions where the
sampling orders turn out to depend exponentially on the fill distance h.

We are handling infinitely smooth functions by normed linear function spaces H (£2) on a
domain Q C R? that can for a fixed 1 < p < oo be continuously embedded into every
classical Sobolev space Wzﬁ“ (©). More precisely, for a fixed p € [1,00) and all £ € N we

assume that there are embedding operators 1. ,gp ) and constants E (k) such that

P H(©Q) - WEQ)  with

s <E(k) forall . 40.1
H k H{H(Q)ng(g)}— (k) forall k € Ny (4.0.1)

There are various examples of spaces with this property, e.g., Sobolev spaces of infinite
order as they occur for instance in the study of partial differential equations of infinite
order [1], or reproducing kernel Hilbert spaces of Gaussians and inverse multiquadrics (see
Section|4.4).

In the case of infinitely smooth functions, the shape of the domain €2 crucially influences
our sampling inequalities. For general Lipschitz domains €2, which satisfy interior cone
conditions, we use a polynomial reproduction [65], which accepts slight oversampling to
bound the Lebesgue-constants. This results in a good behavior of the term with the discrete
norm. A typical result in this case is that for sufficiently small fill distance h there are
generic constants ¢ > 0 such that with § € {g, 0o} the inequality

o clog(ch)/vVh —|af
D%l ) < ce”™® [ullygqy + ™ ulxlly, x)

holds for all v € H (£2). The best approximation orders for the first term can be obtained
on compact cubes because we then may use a polynomial reproduction from [32]. Un-
fortunately this approach is limited to cubes and cannot cope with derivatives on the left
hand-side of our sampling inequalities. Nevertheless we obtain as a typical result, which
applies for instance to the functions from the native space of Gaussian kernels, that there
are generic constants ¢ > 0, such that the inequality

< 6clog(ch)/h 1/h

[ullz, @) < [ell2ge) + ¢ lulx gy x)

37
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holds for all u € H (£2) with § € {q, oo} if the fill distance h is sufficiently small.

It is an open research problem to improve the polynomial reconstruction results in [26] and
[65]. There is some further discussion on this point in the outlook (see Chapter|9). Our main
examples deal with reconstruction problems in Hilbert spaces. Therefore, in the second part
we will focus on the native Hilbert spaces of Gaussian and inverse multiquadric kernels. In
this case, we suppose u to be an error function u = f — Rf, where f denotes the function
we would like to reconstruct, and Rf is the reconstruction. To obtain optimal order error
bounds one needs again stability and consistency of the reconstruction, namely

IRfllp < Clfllag > and [(Rf = f)lxlle,x) < g (Fih),

where g determines the expected approximation order. This can be used to show that the the-
ory presented here reproduces the well-known exponential error estimates for the standard
interpolation problem in the native Hilbert space of the inverse multiquadrics and Gaussian
kernels.

4.1 Estimates on General Lipschitz Domains

Following [38], we first obtain estimates on local domains P C R? and use a covering
argument to get global results. We assume a domain D that is is star-shaped with respect
to a ball B, (x.), and that is contained in a ball Bg (z.). In this case we know from [38]
that D satisfies an interior cone condition as well. We denote the associated chunkiness

parameter with
op
v = ,
Pmax
where ppax = sup {p : D is star-shaped with respect to a ball of radius p}, and dp denotes
the diameter of D.

Let {aga) y=1...,N } be a polynomial reproduction of degree k with respect to a

discrete set X = {z1,...,an} C D, ie,
N

D% (x) =Y d\™ () q (x)
j=1

holds for every v € N¢ with |a| < k, all 7 € D and all ¢ € 7 (D) where 7¢ denotes the
space of all d-variate polynomials of degree not exceeding k. Then we have

[D%u ()] < [D% (z) — D% (2)| + | Dp (2)]
N

< ID%u = D%l _py + 3 |l (@)] Ip ()]
=1

<

< 1D = Dl oy + Y [0l @)] Iplx e )
=1

<

< [D%uw—Dll;,py

N
3 | @) (Il =l oy + lulxlle ) @i
j=1



4.1. ESTIMATES ON GENERAL LIPSCHITZ DOMAINS 39

for arbitrary u € WZ? (D) and any polynomial p € 7T]0€l (D). As a polynomial approximation
we use again averaged Taylor polynomials. We recall the definition (3.3.2)

Qu@)i= 3 o [ D) @) o

lo] <k

where B is a ball with radius > 1/2pyax, relative to which D is star-shaped, and ¢ €
C™ is a bump function supported on B satisfying both i) p®(y)dy = 1 and max¢ <
Cyq diam (B)fd. For the remainder R¥ := u — Q"u there is the following bound from
[11], where the explicit constants can be found in [38]. This bound differs slightly from
the bound in Lemma 3.3.11. We state it here, because we need to calculate the explicit
dependence of the constants on k.

Lemma 4.1.1 Foru € WF (D) with1 < p < coand k > || + d/p or in the case p = 1
and k > |a| 4+ d we get

dk7|a| i
« ank k—|a|-d/p
HD u— D*Q uHL ) < Cd,om5p |U|WT§€(D) .

where the constant C ¢ depends only on the space dimension d and the angle 0.

Proof: We use the identity [11] D?Q*u = Q¥ 18I DPu, for all | 3] < k. This leads to

R I R
H Y @ull, ) u=Q (o)
dk7|a| e lor]—
< d |a‘ d/p @ e
~ Cd(1+’7) (k’—|0é|)'5D |D U’W: | ‘(D)
A1l e jal—d/p
= Cofapte e

Here we used the fact [38] that the chunkiness parameter v can be bounded by 1 < v <

csc (g)

g

We shall use the following local polynomial reproduction from [65], which we introduced
in the remarks below Theorem(3.4.3.

Theorem 4.1.2 Let 2 C RY satisfy an interior cone condition with angle 6 € (0,7/2) and

radius r, { € Ny and o € Ng with || < (. Then there are constants cy, c&a), co > 0, such

that for all X = {x1,...,an} C Qwith hxq < hy := co/l? and all € Q) there exist
()

numbers ay ' (), ... ,dg\?) (x) with
1. N Y@l (z) = D@ Q and d(Q
c b () ag (z) p(x) forx € Qand p € wj ()
2. Zjvzl )dg»a) (ac)‘ < cga)h;(l’(él forall x € (),

3. dg-a) () =0if ||z — 4, > Céa)hX,Q and x € ).
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lo
The condition # € (0,7/2) implies sinf € (0,1), i.e., (m) o < m for

all o € Ng. Therefore, we can choose all the constants independent of a, i.e., there exist
constants ¢y depending only on 6 such that [65]

A < g2l < ep ey 1= cpl? 4.1.2)

Inserting the bounds of Lemmal|4.1.1/and Theorem 4.1.2/into (4.1.1) leads to the following
local estimate.

Theorem 4.1.3 Suppose D satisfies an interior cone condition with angle 0 and radius r,
let o € N& such that k > |a| + d/pfor 1 < p < oo, ork > dif p = 1. Then

a Capd®  k—a —la la
||D UHLOO(D) < mép /p <6’D| |+h | |> ‘U|WI§(D)

+Caoh™ " lulx Iy, )
holds for all u. € W} (D).
Corollary 4.1.4 Under the assumptions from Theorem|4.1.3, we get for 1 < q < 00

(03 (03 d (67
ID%ully, )y < vol (D) D%ll;,_py < 65 |1 D%ull, )

d* k=d(3-5) (ol Ll

d/a; —|a
+ Cagdf BN fulx o ) -

Now we consider a ‘global‘ domain  C R that is bounded, has a Lipschitz boundary
and satisfies an interior cone condition with maximum radius R and angle ¢ € (0,7/2).
To cover € with smaller star-shaped domains {D;} we use the construction described in
Theorem|3.3.10.

Theorem 4.1.5 Let o € N and k € N be fixed with || < k, k > d/pfor 1 < p < oo or
k > dforp =1 and set Cp,j, := min {%0, QQ’R} with the constant co from Theoreml|4.1.2)
Suppose a discrete set X C Q with fill distance h < Ciin/k%. Then for all u € WI? (Q)
the inequality

Ckh_‘al

o k—d(i-1
HD UHLQ(Q) < m(th) (p Q)

* \U\W;;(Q)
_la d
e (Rl ) 4.13)

holds for 1 < q < oo with generic positive constants ¢, which may depend only on
d, R, ¢,p,qand o.
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Proof: For u € W]f (©2) we may use the decomposition from Theorem [3.3.10, Corollary
4.1.4 and the estimate 65‘04 < C’¢7ah_|°“, which gives

1/q
1Dl (= ( [ 1D <m>|qczx) (Z 1Doult o, )

1
Cd@dk /q

) k—d(+—¢ —|a
< (k‘— |Oé|)' (D@hk@) (P q) Cgﬁ,ah lo] (;‘uﬁﬂfz’f(Dt)) +

1/q

1/q
d «
(D hk:2) /qh laf (E ||u\>th||goo Xth>

Dy
1/p
Cd@oe « k—d a P
<o 0O (2
a d
+ onl I(th /a (ZHU!XﬁDtHeOO XﬁDt))
Dy
Ck

h—|0¢| (th)k—d( )+ ‘U‘Wk )

IN

(k — Ja])!
+ Ch 1 (k)Y ul el -

We can restate this Theorem measuring the discrete term in the /,,-norm.
Corollary 4.1.6 Under the assumptions from Theorem 4.1.5we get with an analogous cal-
culation

De < el gg2yiGa), 4.1.4
| uHLq(Q) = (ko)) ( ) |u|W;§“(Q) *.1.4)

+ch™ 1 lulxllo. (x)

We shall now relate h and k to derive main result of this section, i.e., exponential estimates.
The actual orders depend on the asymptotic behavior of the constant £ (k) from (4.0.1) for
k — oo.

Theorem 4.1.7 If there are constants ¢,Cr > 0 such that E (k) < CEEU=9* for all
k € N, then there are constants c, hg > 0 depending on d,p, q, R, ¢, a, €, CE such thatfor
all data sets X C Q with fill distance h < hy, the inequality

e clog(ch)/vh —|af
[D%ullf, ) <€ l[ullygeay + ™ ulxlle, x)

holds for all u € H () and all 1 < q < oc.
If there are constants Cr, > 0 and s > 1 such that E (k) < Cngkfor all k € N, then there
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are constants ¢, hg > 0 depending on d, p, q, R, ¢, o, C'g such that for all data sets X C €}
with fill distance h < hg, the inequality
IDull 0y < € *7 [[ullygqy + b lulx g, x)
holds for all u € H () and all 1 < q < 0.
Proof: We use Stirling’s formula to estimate
1 kel plelgk

I G G,

(k—lap)! — K — Kk
If full i) < Ok 1=k [|ull3¢(qry holds for all k& € N, we can bound the first term of

P

(4.1.3) for arbitrary £ € N by

(6hk2*f)k (lflk)‘al (hk:Q)fd(%i%)* HUHH(Q

B <p< B holds. Then the

We set B = min {cpin, 1/¢} and choose & € N such that 575

first term can be bounded by

ck—¢kp—3lal/2 < eCIOg(Ch)/\/ﬁ HUHH(Q) ’

[l

where the constants ¢ > (0 may depend on d, p, q, R, ¢, o, C'r and €.
With this choice of k the second term of (4.1.3) can be bounded by

o d a
eh71o ()Yl x|, ) < el xll ) -

If (k) < C%k**, we can bound the first term of (4.1.3) for arbitrary k € N by
a1t
(ehk )" (h=18)1* (hk?) (i), HUHH(Q) :

We set B = min{cmin, g} and choose k£ € N such that 2k1+s <h< % holds. We
point out that the condition h < C};% is satisfied since s > 1. Then hk? < B, and therefore

the first term can be bounded by
e W HN2 fullyy < € T [l

where the constant ¢ > 0 may depend on d, p, q, R, ¢, «, Cg. The second term is again
bounded by

_la d/ —|a
ch ™1 (k) ulx . (x) < bl -

Again we get the following result for the {,,-norm.

Corollary 4.1.8 If we use Corollary |4.1.6] instead of Theorem |4.1.5] we get in the case
E (k) < CEEU=9F for all k € N with constants ¢, c > 0, that for all u € H ()

D%l 2y < €5V full ) + b1 flulx o x)
IfE (k) < CEk* for all k € N with a constant s > 1, we find for all u € H (Q)

D%l ) <€ w7 lellpgqy + eh ™ lulx e (x) -
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4.2 Estimates on Compact Cubes

To derive estimates for function values on a compact cube we may use the following local
polynomial reproduction from [32]. From now on we shall always assume the cubes to be
compact.

Theorem 4.2.1 Let Q) be a compact cube in RY. There exist constants co, co > 0 depending
only on Q such that for every { € N and every X = {z1,...,zn} C Qwith hx o < co/l
we can find functions a; : 0 — R satisfying

. Zjvzl a; (z)p(z;) = p(z) forallz € Qand all p € 7, (R?),

. Zj\le la; (2)] < €2l forall 2 € Q,

o a;(x) =01if ||z — x|, > coalhxq.
The numbers 4 are defined recursively by vy, = 2 and vg = 2d (1 + v4-1).
Lemmal4.1.1 gives in the special case o = 0 the bound

k
ety < e

Lo (D) il ’U‘Wg(p) )

where C now depends only on d, since cubes satisfy cone conditions with a fixed angle. If
we insert this estimate and the bound from Theorem|4.2.1/into (4.1.1), we find

kég—d/P k
lullzopy < — 7 lulwpcoy + ¢ lulxlle x)
and
Ckék_d(%_é) d/
HuHLq(D) < DT |“’W,§(D) + Ck‘SDq HU|XHEOO(X) :

The constant ¢ < Cye?®4 depends now only on d. To derive global estimates we use the
obvious covering of the big cube () with axially parallel small cubes D; with the following
properties.

e There are constants D, D > 0 such that Dhk < §p, < Dhk.

e There is a constant My = M (6,d) > O such that ), xp, < M.

e There is a constant My (6, d) > 0 such that %1}, < My (hk)™® .
As in the previous section, we find the following global estimate.

Theorem 4.2.2 Under the assumptions from above, there exists a positive constant ¢, which
depends only on p, q, the side length R of the cube §) and the space dimension d, such that

ck k—d(L-1
ey < S 00573l + & ()

holds for all data sets X C § and for all u € W]ﬁ“ (Q) with k > d/p for 1 < p < o or for
k>dforp=1landalll < q < oc.
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As in the case of domains obeying a cone condition we get the following corollary.

Corollary 4.2.3 Under the assumptions from Theorem 4.2.2 we obtain

c _a(11
lull @) = 57 (RK) G-3), [ulyws ) + ¢ lulx e, x)

Now we can derive exponential approximation orders. Again, the actual orders depend on
the asymptotic behavior of the constant £ (k) from (4.0.1) for £ — oo.

Theorem 4.2.4 If there are constants Cg,e > 0 such that E (k) < C’gk‘(l_g)k for all
k € N, then there exist constants c, hg > 0 such that for all data sets X with fill distance
h < hg the estimate

lall ) < €8P ullpygy + e llulx Nl x) @2.1)

holds for all w € Hand all 1 < q < o0.
If there are constants C, > 0 and s > 1 such that E (k) < CEk** for all k € N, then there
exist constants c, hg > 0 such that for all data sets X with fill distance h < hyg

c/Vh 1/vVh
ullp, @) < € " llullpyqy + ¢ lulxlly, x) (42.2)
holds for all w € H and all 1 < q < o0.

Remark 4.2.5 The first remark is that the condition h < hg ensures ch < 1 which implies
convergence.

The sampling order is in these cases improved in comparison to Theorem/4.1.7. The price is
a remarkably worse Lebesgue constant. The Lebesgue constant grows even exponentially.
This requires much more higher orders of consistency, i.e. a much smaller discrete residual
of the reconstruction.

Proof: If [|ullyxq) < Ok 1=k [[wll¢( for all w € H (€2), Theorem 4.2.2 gives
p

oL _gfi_1 .
Jull e < S ("G KO g O )

with generic positive constants C'. Using Stirling’s formula we can bound the first term by

ck i_1 e o la\F (i1
kl (hk;) (q P)+ k(l )k HUH'H(Q)S (Chk(l )) (hk?) (‘1 p)+”uHH(Q)

If we set B := min { Q 1} with the constant co from the local polynomial reproduction
1'and choose k£ € N such that 55 < h < B we can further estimate

(Ehk(lﬁ))k (hk)_d(%_%h [ullygq) k*ekh‘d(%—%)

IN

*ully)
ClOg Ch /h HU/HH(Q) (423)

IN

By the choice of k there exists a constant ¢ such that the second term is bounded by

Ch r (W)Y [lulx Iy, x) < ™ llulx g, o) - (4.2.4)
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Adding (4.2.3) and (4.2.4) establishes estimate (4.2.1).
If £ (k) < C'gks"’ for all £ with a constant s > 1, we find for the first term from Theorem
422

Jun

Cck k—d(i-1 ek —d(1-1

ﬁ(hk) <q P>+ kSkHuHH(Q) < (¢hk®)" (hk) <q P>+ ||“||H(Q) .

We set B := min {%0, é} with the constant ¢y from the local polynomial reproduction
4.2.1 and choose k£ € N such that 253 < h< ,% Note that the condition h < ;—% is
satisfied. We can further estimate

1_1

~1 1.8 —d(g~% - c/
@k 10l < Ce fullgay < e P lulhgny - @25)

By the choice of k there exists a constant ¢ such that the second term is bounded by

Ch p (hR)Y ulx gy ) < € V™ llulx gy ) - (42.6)
Adding (4.2.5) and (4.2.6) establishes the second inequality (4.2.2). O

We can reformulate this Theorem using the /,-norm.

Corollary 4.2.6 Under the assumptions from Theorem 4.2.4 with E (k) < C}]}k(l_ﬁ)k we
obtain for all u € H (Q)

ullp, ) < eclosten)/h [l + M lulx g (x) -
IfE (k) < ChESF, we find for all u € H (1)

c/Vh 1/vh
lullp, @ <e [ullygy + € lulx Il (x) -

4.3 Oversampling Near the Boundary

In this section, we aim at proving better sampling rates if we have some oversampling
near the boundary of an arbitrary domain. We first prove a polynomial reproduction for
this situation and derive a new sampling inequality afterwards. For that, we need a gen-
eralized notation of interior points of a set, which we call the e-interior. Ideally we have
diam (2) > e.

Definition 4.3.1 For any set Q C R? and any ¢ > 0 we define the e-interior of €2 to be
0 = {xEQ:B(m,e)CQ} ,

where B (x, €) denotes the closed ball with center x and radius e.
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4.3.1 Polynomial Reproduction

In the spirit of [65, Theorem 3.8], we derive a polynomial reproduction formula on any well
covered domain Q C R

Theorem 4.3.2 Suppose, Q C R? is bounded and satisfies an interior cone condition with
parameters (r,0). Let m € N, € > r be fixed such that diam (2) > e. Set

. rsinf 1 T € \/msme
= — 1+ — L.
Co mm{4(l+sin9)’< +Sin9>\/m7 2(1+511119)71+ 1 2(sinf + 1) , }

sin 6

Suppose h > 0 and X = {x1,...,xn} C 2 satisfy
1L h<
2. Forevery B(xz,h) C Q) there is a center xj € X N B(z, h),
3. For every B(z,h?) N {Q\ Q72¢} # 0 there is a center z; € X N B(z, h?).

Then Z = {0 : v € X} is a norming set for m,, (2), and the norm of the inverse of the
associated sampling operator is bounded by 2.

Remark 4.3.3 The assumptions of Theorem 4.3.2 are satisfied if the data set X has fill
distance h in Q) and fill distance h? close to the boundary, i.e., in Q0 \ O3,

Proof: Markov’s inequality for univariate polynomials p € 7,,,(R) on the compact interval
[—1,1] is given by [9, Theorem 5.1.8]

') <m?pllp 1y, tel-11]. (4.3.1)
A simple scaling argument shows that for any » > 0

2
Ip' ()] < ;mQ IPllp o, tEI[07]. (4.3.2)

In the open interval we have the bound [9, Theorem 5.1.7]

1P’ (t)] te(-1,1),

m

S ——— IPllp-
m H HLoo[ 1,1] >

which can for any 7 > 0 and € > 0 again be rewritten as

/(1) <

m

ViEt+e(r+e—t

Suppose p € 7, (R?) with ||p|| Lo(@) = 1. Since Q) is compact, there exists an z € (2 with
|p(x)| = 1. Now we discern good and evil.

) Hp”Loo(*E,T‘+€) s te (_E,r + 6) . (433)

1.) Assume x € Q.
Since €2 satisfies an interior cone condition we can find a cone Cj,(z) := C (x,&,0,r)
which is completely contained in €2. Since by assumption, ‘Le < ——L— we can use
sin 1+sin 6

[65, Lemma 3.7], to find a ball B(y"), h) c C(x) with y" =z + - ¢. Again by

sinf
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assumption we find a data point xgh) € XNB(y,h),ie., Hy(h) - x§~h) H2 < h which

sin

implies by the triangle inequality Hx — xéh) H2 < (1 + ) h.
By [65, Lemma 3.7] and by construction the whole line segment
2 M g

Jr-l-tHx;h)_:EH t€[—e,r]

lies in 2. There are two possibilities left.

—

3
2

— If the whole line segment
IE(h) — X
x—l—t]hi t€[—€r+¢
|5 ==

lies in 2, we may employ the bound (4.3.3) to the polynomial
(h)

)
2

xy —x
) =p ottt
|z =]
J 2
which gives
o le=z"l2
pa) s < [ i)
< Hw—x(-h)H . max 7' (t)]
2 tefoflosg]
< "x—x§h)“ - max |15’(t)‘

2 tel0,r]

<

1 m
< 14+ — h -
> ( sm9> \/m HpHLOO(Q)
1
5 .

— If the elongated line segment

:Egh) —x

| =]

x+t , te—er+¢

2
(h)

is not completely contained in €2, the point x ;~ and z must lie in
Q\Q~ () c Q\ Q2. As h < 1 we find in the cone C(z,7,6,£) C Cp(x) C
2 an associated smaller ball B <y(h2), h2) C Cp2(z), where y"*) := z+ i

sinf>*

Since
(h) H
2

IN

=50« -

1
h<1+ . )Se,
sin 6

2

IN
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we have in particular B <y(h2), h2> N (Q2\ Q2% # 0. By assumption, we find
a point :c§h2) ceXnNnB (y(hQ), h2>, i.e.,

o=, < (14 ) 22

In this case we apply Markov’s inequality (4.3.2) to the polynomial

(h?)
. x; ) —x
p(t)=p m‘f‘tH(hg)H )
Ty ) —x
J 2

which gives

)| 2, 25
o= w15l 0.

< ‘ (h?
= J
< < 1> h2 27712
sin 6 r
1

1+

IN
N |

2.) Assumez € Q\ Q€.
Again, we find a cone C(z) := C (z,&,0,r) which contains the ball B (y(’ﬂ), h2>

with y(hQ) =z + h29§. Since

sin

h2

h?) - < — < — <e
2 sinf T sinf ~ sinf@+1 —

=

we have y(hQ) € 0\ ©72¢ and can proceed as in the second case of 1.).

|

Note that in this case we do not easily get a local polynomial reproduction, but Theorem
3.4.2|can be applied to get the following global version. If the assumptions of Theorem|4.3.2]
are satisfied, for all z € € there exist numbers a;(z), ..., an(z), which do not depend on
X, h or m, such that

. Z;.V:lp(:cj) aj(r) =p(x)forallz € Qand p € 74, (Q),
N
* Zj:l |aj ()] < 2.
Remark 4.3.4 Theorem|4.3.2 also holds true even if the domain € is unbounded.

Proof: For any polynomial p with |[p[|,_ ) = 1 we find a point 2 € € such that 0.99 <
p(zo) < 1. Then we can proceed with this point x as in the proof of Theorem[4.3.2. O

Now we can proceed as normal to derive a sampling inequality.
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4.3.2 Sampling Inequality
We again use the polynomial approximation by generalized Taylor polynomials. For the
remainder R* := u — Q*u there is the following explicit bound, see Lemma4.1.1.

Lemma 4.3.5 Foru € Wg(Q) with1l < p < oo and k > % +1lorwithp=1landk > d
we get

k _ (Capa)"
Hu -Q UHLOO(Q) =\ %k ulwi@
where the constant Cq,, o depends only on d, p and €, but not on k.

Proof: Following Lemma/4.1.1, we denote with dq, the diameter of 2. Then we have with
Stirling’s formula

k gk k
2 e*d” ch—d/p Cap
HU— Q UHLOC(Q) < Cuappo %l 0g |u’WI§“(Q) < (k:) \U\Wg(ﬂ) :

O
Using again the estimate (4.1.1) for the special case & = 0 we immediately find the follow-
ing theorem.

Theorem 4.3.6 Suppose that the discrete set X = {x1,...,xn} C ), and the number
h = hxq < 3 for some k € N satisfy the assumptions of Theorem 4.3.2] Then there is a
constant C' > 0 which depends only on d, p and §2, but not on k, such that

C k
seier < () Wl + 2001l
holds for all f € W} ().
We now again consider special spaces H(£2) of smooth functions @ — R.

Theorem 4.3.7 Suppose that the discrete set X = {z1,...,xn} C Q and the number
h:= hxq < % for some k € N satisfy the assumptions of Theorem'4.3.2, Suppose further,
that there are constants C, e > 0, which do not depend on k or h, such that

[flwp@) < ChE1-k 1 3402
holds for all k € N. Then there are constants c1, co > 0 which depend on d, p, () and ¢, but
not on h such that
HfHLOO(Q) < el log(c2h)/h HfHH(Q) +92 Hf|XHZOO(X)
holds for all f € H(2).
If there are constants C, s > 0, which do not depend on k or h, such that

[ lws) < CrEk 1/ ll402)

holds for all k € N, then there is a constant ¢ > 0 which depends on d, p, ) and s, but not
on h such that

11y < €™ 1 F gy + 2 1 1xNles )
holds for all f € H(2).
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Proof: We choose k such that §2 < h < 2. Then we may apply Theorem 4.3.6, which
states for [ |y ) < CFE-9k 1 1134() that
p

C k
sier < (5) Wlhey + 201l -

Now we can bound the first term using

ek coe/(2h)

(Ck—e)k < (2) < (%, ¢ < g1 log(eah)/h
— \ ¢ — \ o -

with ¢1 := cge/2 and ¢o := 2¢/cy.

The second part can be proven similarly. O

In our applications we restrict ourselves to the sampling inequalities from Theorems 4.1.7
and|4.2.4, but the results can be easily carried over to the situation with oversampling near
the boundary.

4.4 Kernels and Native Spaces

In this section, we will provide two famous examples of Hilbert spaces of infinitely smooth
functions. In the case of a positive definite radial basis function K that possesses a Fourier
transform K, the native Hilbert space is defined as in Proposition3.2.17, i.e.,

o 2
f )

A~

K(w)‘

dw < 00

Nic (RY) ={ fec (R Ny (RY) : 13, = /

R4

In general, the native Hilbert space Nk () on a bounded domain 2 is defined as
i
Nk (Q) = {f € Nk (Rd> : fla = O} e
= {f\g : feNk <Rd> ,(f,g)NK(Rd) = 0forall g € N (Rd) s.t. glo = 0}.
The Sobolev spaces on R? are defined via
k (md d\ .} 2\ */2 d
W (R ) = feL2<R> F ) <1+H~H2) € Ly (R) .

This definition is equivalent to the one given in Proposition 3.3.4. Furthermore we know
from [68]

Fo ()™

< Tellyge ey < H PO (1)

2%k

Lo(Rd) Lo(Rd)

We now show that the native spaces of Gaussian kernels consist of infinitely smooth func-
tions in the sense of (4.0.1).
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Theorem 4.4.1 For the Gaussian K (x) = e=lel3 ype getforallk € N

8c?

gy < (5 +2) 68 1oy

Proof: By the definition of the spaces in Section [4.4/it suffices to check for this choice for
E (k) whether the inequality

(1+r) < E(k)?eiz

holds for all » > 0. Here we substituted r = Hx||§ We split our analysis into two parts. For
r < 1 we see that (1 +7)" < 2% and ei? > 1, hence E (k)* = 2% will work in this case.
For r > 1 things are more complicated. First we make the observation (1 + r)k < 2krk If
we change variables via 7 — 4¢?r, it remains to check

2 (4cr) = (82 (NF < E(k)?e" = Tn ((802)k) +Eklnr <r+WE k).
We shall look at the function
f:(1,00) =Ry, rr+IE(k)?—In ((88)’“) ~klnr,

and compute a minimum of this function. Easy calculation yields

/

F=1-% L f )=k >0,

Since f’ (r) = 0 implies 7 = k we see that the global minimum is attained for ryi, = k,
with f (rmin) = f (k) = k +In E (k)* — k (In ((8¢%)) + In k). This shows that E (k)* =

() * k¥ will be sufficient.

Hence taking the maximum F (k)? = max {2’“, (%) ’ kk} < (% + 2) * k* will ensure
fF20e (82 k< Ek)?er 0
Similar considerations apply to the native spaces of inverse multiquadrics.

-8
Theorem 4.4.2 For the inverse multiquadrics K (x) = <02 + Hng) with 3 > 4,

2k 1/2
1l (e < meax {Clm’sz’“} £y (e Sorall k€N,

where the constants C',c1 > 0 are defined in the proof.

Proof: The Fourier transform of the inverse multiquadrics is given by [65, Theorem 6.1]

A 18 /lwll, \ B~4/2
K ()= I%(ﬁ) (ll Cll2> Kaja-p (elwll)
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where K, denotes the modified Bessel function of third kind. As in the case of Gaussians,
it suffices to check for this choice for E (k) whether the inequality

T)ﬁ*d/2

(1+3)" <BE® @) (Z) " Kapsler)

holds for all » > 0. Again we split our analysis into two parts r € [0, 1], and > 1. In the
case r € [0, 1] we use that

r)ﬂ*d/2

g R—=R |r— <E ’Cd/2—ﬂ(cr)

is a continuous mapping since the singularity of the Bessel function at 0 is of order 3 — %.
Further, the function g is nonincreasing for » > 0 [65], so the minimum is reached for

1. — 1. This minimum is given by

"min

rg-d/2
Cy = 217°r (B)cd/Q*ﬁ min {]Cd/ng (c), 7(5 5 / )2ﬂd/2} )
Since (1 + r2)k < 2F for r € [0,1] we conclude that E (k) = é—i is sufficient in the first
case.
For r > 1 we use the inequality

BH2e@ (D)

2 wll, \ ™22 lwla _ ew/2-m?
Kayz-p (er) < E(k)"c(6) { =~ R [T

C

Since r > 1 and 8 > %, we can bound the factors by

C

_(d/2-p)? _(d/2-8)? 7\ B—d/2 _
e 2r >e 2 ,and( ) > c#/2-6

If we use again (1 + r2)k < 2Fpr2k we have to determine E (k) such that for all 7 > 1
f(r):=mC+MmEk)?+r—2k(n(2)/24+Inr)>0.

Easy calculation yields f' (r) = —% +1,and f' (r) = 127’2“ This gives 7p,in = 2k, and
f(rmin) =InC +InE (k) + k(2 —31In(2)) — 2kn (k) .

Hence, for In £ (k:)2 = c1k + 2kInk we can show that f is positive. This yields that a

k . .
constant E (k)? = max {%—1, ck k2k} will ensure the claim. O

The constant 22* is absorbed into the C’g term of E (k) in Theorems[4.1.7/and4.2.4.
For the special case of the Gaussian kernel G (z) = e~<’llz I3 this yields

No () ={rec (&) na (&)« [

Theorem |4.4.1 shows, that for all £ > 0

. 2 ll=l13
f(w)‘ e ac? dw<oo} .

Na (RY) W (R) with |y ma) < CERY2 11 fllagy ) -
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Using [65, Theorem 10.46], every f € Ng () has an extension £f € Ng (Rd) with
HEfHNG(Rd) < Ifllxg(e)- Thus we have for f = Efjo € N (Q) C W (Q) for all
non-negative k

1wy < IEF g (ra) < CER 1EflIng (re) < CER Iflpe) - 4D

Similar considerations apply to the inverse multiquadrics
Ky (z) = <02 + HxH§>_B , forg>d/2.
The essentially same argument as above (see Theorem [4.4.2) leads to
Nor (RY) € w3 (RY) |, and [ £l ) < CBR* 1FlLx5 o - (44.2)

Applying Corollary|4.2.6/immediately yields

Corollary 4.4.3 Under the assumptions from Theorem|4.2.4|and with the constant for the
Gaussian E(qy (k) = Ok kF/2 (see Theorem|4.4.1), we obtain for all u € N ()

< eclog (ch)/h 1/h

lull g0 < el + /" lulx e

Analogously with E ) (k) < Cgkk and s = 1 (see Appendix, Theorem|4.4.2)) we find for
allu € Ny ()

c/h 1/h

lulxlle, (x)

[ellz,0) < € lullay @) + ¢

4.5 Applications to Smoothed Interpolation

We shall apply our general results in the case of -possibly regularized- kernel based in-
terpolation, as introduced in Section To start with, we briefly recall the situation
of symmetric reconstruction methods, as outlined in Section 2.3.2. One is given centers
X ={x1,...2x} C Réand data (f1,... fx)" € RY generated by an unknown function
u € Nk (£2). One has to solve the system

(K+Ald)b = flx, 4.5.1)
with K = (K (z; — 2;)), ;_,  to build an approximant
S\ XK Z b K .%']
z;€X

We point out that the classical interpolant is a special case, namely for choosing A = 0. It
is known [67] that

IA

20l
VA v

||5/\,X,K (f)HNK(Q)

IN

lsxx,i (F) Ix = Flxllo )

holds.
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Theorem 4.5.1 If ) is a compact cube, then there exists a constant hg > 0 and constants
¢, ¢, ¢ > 0 such that for all data sets X C §2 with fill distance h < hy we get for Gaussian
kernels

1 = s (D)l < 3 (58 4 VA | oo

forall f € Ng () and1 < g < .
For the inverse multiquadrics we find

1F = sxxm (Dl < 3 (7" + VA £l
Sorall f € Njy () and 1 < g < 0.

Remark 4.5.2 In the case A = 0, i.e., the standard interpolation we obtain the well known
orders for interpolation with Gaussian and inverse multiquadric kernels, respectively [65].

Proof: Proof of Theorem 4.5.1t For the Gaussian kernel we have
1f = saxc (Dl < € f — sy xr (Dl
+ M saxr () Ix = flxllo . x
< 3 (eclog(éh)/h i \/Xél/h> HfH/\/G(Q) :
and analogous considerations apply to the inverse multiquadrics. O

From here on we restrict ourselves to the case of Gaussian kernels since all results can be
carried over to inverse multiquadrics easily. We write abbreviately N := Ng.

2(clog(¢h)—log(c))

Corollary 4.5.3 For the choice A < e h we get

1f = sx x5 ()l 0y < 3¢5 Fllpre o -

Theorem 4.5.4 If the domain () satisfies an interior cone condition, there exist constants
A, B, C, cg, hg such that for all data sets X C Q with fill distance h < hg and 1 < q < o

1D (f = sxx.x (D, @) < (AeBmg(Ch)NﬁJr ﬁcﬂf'a‘) £l ) -
Here the constants A, B, C, cg depend only on 0, «, d, q.
Corollary 4.5.5 For the choice A < Ae~2Blos(Ch)/Vhp2lal yy0 ot

17 = sxx.k (D)l gy < BAPEEONE | F o

This shows that we can improve the condition number of the system (4.5.1) at least to the
value of A = Ae~2Bloe(Ch)/Vhp2lal jngtead of e~1/¢° for the Gaussian kernel and still
get good approximation orders. We point out that we get rid of the separation distance
q:= qx = %minngjSN lz; — |5, which can spoil the condition number in case of
badly distributed points.

In the next section we present a more general application of sampling inequalities in the
deterministic error analysis of kernel based machine learning algorithms.



Chapter 5

Kernel Based Learning

Support Vector (SV) machines and related kernel-based algorithms are modern learning
systems motivated by results of statistical learning theory [57]. The concept of SV ma-
chines is to provide a prediction function that is accurate on the given training data, and that
is sparse in the sense that it can be written in terms of a typically small subset of all sam-
ples, called the support vectors [50]. Therefore, SV regression and classification algorithms
are closely related to regularized problems from classical approximation theory [23], and
techniques from functional analysis were applied to derive probabilistic error bounds for
SV regression [17].

This chapter provides a theoretical framework to derive deterministic error bounds for some
popular SV machines. We show how a sampling inequality from [67] can be used to bound
the worst-case generalization error for the v- and the e-regression without making any sta-
tistical assumptions on the inaccuracy of the training data. In contrast to the literature, our
error bounds explicitly depend on the pointwise noise in the data. Thus they can be used
for any subsequent probabilistic analysis modelling certain assumptions on the noise distri-
bution.

This chapter is organized as follows. Section deals with regularized approximation
problems in Hilbert spaces with reproducing kernels and outlines the connection to clas-
sical SV regression (SVR) algorithms. We provide a deterministic error analysis for the
v- and the e-SVR for both exact and inexact training data. Our analytical results showing
optimal convergence orders in Sobolev spaces are confirmed by numerical experiments.

5.1 Regularized Problems in Native Hilbert Spaces

In native Hilbert spaces for kernels we consider the following learning or recovery problem.
We assume that we are given (possibly only approximate) function values y1,...,yny € R
of an unknown function f € Ny on some scattered points X := {x(1),....x(")} c Q,
ie., f (x(j)) ~ yj for j = 1,...,N. We point out that we shall use a slightly different
notation in this section, which comes from the machine learning literature. In particular,
bold letters denote vectors, i.e., v = (vq, ... ,vd)T € RY. The character C' does not denote
a generic constant but a fixed parameter of the optimization problems. Generic constants
are denoted by C or different letters.

55
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To control accuracy and complexity of the reconstruction simultaneously, we use the opti-
mization problem

N
2, 5 Ve ([s (<) =) + 5 Bl .10
e€ERT i=1

where C' > 0 is a positive parameter, and V denotes a positive function, which may be
parametrized by a positive real number €. In this section C always denotes a positive pa-
rameter rather than a constant. We point out that V. need not be a classical loss function.
Therefore we shall give some proofs of results that are well known in the case of V. being
a loss function [51] .

Theorem 5.1.1 (Representer theorem) If (sx y, €") is a solution of the optimization prob-
lem (5.1.1), then there exists a vector w € RY such that

sxy () = f:wj[( (X(J‘)7 ) ’
j=1

thatis sx y € span {K (X(l), ) oo K (x(N), )}
Proof: Every s € N (2) can be decomposed into two parts
5= +s1,

where s, is contained in the linear span of { K (xW,) . K (x™, )}, and s is con-
tained in the orthogonal complement, i.e., <8H ,S L> Ne = 0. By the reproducing property
of the kernel K in the native space we have

() = o ron € (9, = ok (694 ),

Using this identity the problem (5.1.1) can be rewritten as

N
1 . 1 5 1 )
min Ve (G K (x90)) =) + g Il + 5 lsnlae
eeRT j=1

Therefore a solution (sx,y, €*) of the optimization problem (5.1.1) satisfies (sx,y), = 0,

which implies sx y € span { K (x(,.) ..., K (x™),.)}. O

Since the proof of Theorem|5.1.1 does not depend on the minimality with respect to € this
result holds also true if € is a fixed parameter instead of a primal variable. To be precise we
state this result as a corollary.

Corollary 5.1.2 If sx y is a solution of the optimization problem

1Y . 1
D 1V€ (‘s (Xm) 7%‘) + 56 sl (5.12)
=
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with € € RT being a fixed parameter; then there exists a vector w € RN such that

s Sk (30,

ie, sxy € span {K (x(l), Voo, K (X(N)’ ).

We shall use the representer theorem to reformulate infinite-dimensional optimization prob-
lems of the forms (5.1.1) or (5.1.2) in a finite-dimensional setting.

5.2 Support Vector Regression

As a first optimization problem of the form (5.1.1) we consider the v-SVR introduced in
[52]. The function
Ve (x) = x| +ev

is related to Vapnik’s e-intensive loss function [57]

0 if|x| <e
.= { ”

x| —€ if|x|>e€

Y

but has an additional term with a positive parameter v. The associated optimization problem
takes the form

1 )
N D) - ‘ : 52.1
56%11{1%9) N ~— 5 (X yi| tev+55 20 s HNK ( )
eeRt -

Theorem 5.2.1 The optimization problem (5.2.1) possesses a solution (sg'(/)y, 6*).

Proof: The problem (5.2.1) is equivalent to the optimization problem

seNKmNZ\ (<) ~ul,

deR

+ 82 +7|| sl2. . (5.2.2)

If we set H := N x R, we can define an inner product on H by

(hi, ha)yy = (f1, fa) . +2CV (r1,m2)p

for hj = (fj,rj), 7 = 1,2. To make H a space of functions we use the canonical identifi-
cation of R with the space of all constant functions R — R. The Hilbert space H then has
the reproducing kernel K = (K , ﬁl) where 1 denotes the constant function that maps
everything to 1, thatis K ((x,7), (y,s)) = K (x,y) + 1/ (2Cv) for all r, s € R. With this
notation the problem (5.2.2) can be rewritten as

1
Juin, Q7 (Ix (5,0)) + 55 (s, )i - (5.2.3)
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where
Ix (s,0) := (s (x(1)> o (X(N)) ’5)T c RN+! ’

and

QY RV SR, QY ( Zm Yjlse -

Since QY is continuous on RV*! for all y € R¥, the problem (5.2.3) possesses a solution
[34]. O

If we introduce the slack variables &, £* € RY, the representer theorem gives us an equiva-
lent finite-dimensional problem considered in [52].

N
1 p
min —-w Kw+ C- +
weRN z_: 5] é.]
£ LeRN B
eeRT
subjectto  (Kw); —y; < e+¢j,
5;‘57§j20, e>0 forl1<j<N, (5.2.4)

where
K= (K (X(“7X(j))>ij:1...zv

denotes the Gram matrix of the kernel K. We will use this equivalent problem for imple-
mentation and our numerical tests.

A particularly interesting problem arises if we skip the parameter v/, and let € be fixed. Then
the optimization problem (5.2.4) takes the form

N
N
min o w Kw+C - Z; §]+§]

weRN
£ £eRN
subjectto  (Kw), —y; < e+¢;,
(_K )j+yj < 6—1—5;,
5;,@ > 0 forl1<j<N. (5.2.5)

This problem is called e-SVR [52]. Similarly to the v-SVR, the problem (5.2.5) can be
formulated as a regularized minimization problem in a Hilbert space [17], namely

1 & : 1
SG%}(I(IQ) N Zl ‘s (X(J)> - ij + 20 HSHJQVK(Q) : (5.2.6)
j=

Like the v-SVR, this optimization problem possesses a solution [34, Lemma 1].
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5.3 A Sampling Inequality

We shall employ a special case of a sampling inequality introduced in [67]. It requires the
following assumptions, which we need from now on. Let Q C R? be a bounded domain
with Lipschitz boundary that satisfies an interior cone condition. We recall the Definition
3.3.5. A domain {2 is said to satisfy an interior cone condition with radius r and angle 6 if
for every x € () there is a unit vector £ (x) such that the cone

C(x,€(x),0,r)={x+ Ay : y € RL|lyll, = 1,y"¢ (x) > cos (6), A € [0, 7]}

is contained in €). In particular, a domain that satisfies an interior cone condition cannot
have any outward pointing cusps. We shall assume for the rest of this chapter that {2 satisfies
an interior cone condition with radius R, and angle 6. We will need a slightly unhandy
constant, which depends only on the geometry of {2, namely

(14sin 0)
8 (1 + sin <2 arcsin (ﬁ%))) (14 sinb)

Suppose that K is a radial kernel function such that the native Hilbert space of K is
a Sobolev space, i.e., Ny = WJ (Q). Here we assume that |7 — 1| > d/2, where
we use the notation |t] := max{n € Ny :n <t} for ¢ > 0. Furthermore, let X =
{xW, ..., x(M} C Q be a discrete set with sufficiently small fill distance. Let us ex-
plain the relation to the usual error bounds in terms of the number of points V. In the case

sin (2 arcsin (%)) sin 0
Cq =

Rmax - (5.3.1)

of regularly distributed points we have [65] that h = N ~4. Therefore the limit A — 0 is
equivalent to the limit N — oo, which is the more intuitive meaning of asymptotic con-
vergence. However, there is a drawback, since the error bounds in terms of /N depend on
the space dimension d, while error bounds in terms of the fill distance i depend only on
the smoothness of the function to be learned. We will comment on this again later for the
special error bounds we consider here. We shall use the following result from [67].

Theorem 5.3.1 Suppose Q C R is a bounded domain with Lipschitz boundary that sat-
isfies an interior cone condition. Let T be a positive real number with |7 — 1] > % and
1 < g < oo. Then there exists a positive constant C > 0 such that for all discrete sets
X C Q with sufficiently small fill distance h := hx o < Cq|T — 1|72 the inequality

lull @y < € - (A7 2027YD5 flulyr  + ulxll ix) )

holds for all u € W3 (S2), where we use the notation (t) , := max {0,t}.

+

We shall apply this theorem to the residual function f — sx y of the function f € Wy (Q) to
be recovered and a solution sx , € Wy (Q2) of the regression problem. In our applications
we shall focus on the two main cases ¢ = oo and ¢ = 2. Other cases can be treated
analogously. It will turn out that we get optimal convergence rates in the noiseless case. In
presence of noise, the resulting error will explicitly be bounded in terms of the noise in the
data.
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5.4 v-SVR with Exact Data

To derive error bounds for the v-SVR optimization problem (5.2.1) we shall apply Theorem
5.3.1/to the residual f — s X) , where ( g()y, e*) denotes a solution to the problem (5.2.1)

for X := {xW,...,xM} c Qandy € RV. In this section we consider exact data, i.e.,

f (x(j)) =y; forj=1,...,N (5.4.1)

for a function f € W7 () = Nk. As pointed out by [67] we first need two stability
)

estimates for the solution s’y v

Lemma 5.4.1 Under the assumption on the data, we find that for every X a solution
(sgl(/)y, e*) to problem (5.2.1) satisfies

IN

[ fllp > and

H Xy ‘NK(Q)

A

[ty =y = 36 M0 e = ).

Proof: We denote the objective function of the optimization problem (5.2.1) by

N
1
B, (5,0) 1= 3 D0 |5 (<) = ] +wet 5l - (5.42)
j:l

and the interpolant to f with respect to X and K with Iy, i.e., If|x = y. With this notation
we have

(V)

<, (59 €) < HE, (11,0) < 5 Il < 50 113

2C ’ ‘/\/’K

since [[Ifl .. < [[flln; [65], which implies the first claim. Furthermore we have for
i=1,...,N

Sg?,)y (X<i)) - yl’

IA

+e" < NHY, (sx)y,e*)—i-e*(l—Nu)

N .
E (Xm) |
j=1
< NHY, (15,0)+ ¢ (1= Nv) < o 13 +€ (1= Nv)

N *
< o5l +€ =Ny,
which finishes the proof. O
With Theorem 5.3.1/we find immediately the following result.

Theorem 5.4.2 Suppose Q C R? is a bounded domain with Lipschitz boundary that sat-
isfies an interior cone condition. Let T be a positive real number with |7 — 1] > % and

1 < q < oo. We suppose f € W] (Q) with f (x(i)) = y;. Let (ng(/)y’ e*) be a solution of
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the v-SVR. Then there is a constant C' > 0, which depends on T, d and 2, but not on f or
X, such that the approximation error can be bounded by

)
7=

T—d(1/2—1/q)
o C(WL g+ s 1 By + (1= N0) € )

for all discrete sets X C Q with fill distance h := hx o < Cq|T — 1] 72
Proof: Combining Lemma|5.4.1 and Theorem|5.3.1 leads to

¢ (hr—d(1/2—1/‘1)+ Hf _ sﬁ?)

IN

(v)
Hf SXy Y

= sl
W (Q +Hy SXy|X OO(X))

c (h-r—(d/z—d/q)Jr (||fHW2T(Q)+HSXyHWT(Q ) + Hy - SX) |XH£ (X))

~ T—(d/2—d/q) *
¢ (on Whwgion + 5 1 vz + 0= M) ')

Lq ()

IN

IA

O

At first glance the term containing €* seems to be odd because it could be uncontrollable.
But according to [12] we can at least assume €* to be bounded by

< )
€ < - | max y; — min y; | .

— 2 \u<i<N 1<i<N

If this inequality is not satisfied, the problem (5.2.4) possesses only the trivial solution s =
0, which is not interesting. Furthermore, we see the €*-term occurs with a factor (1 — Nv),
which can be used to control this term. If we choose v > %, the term (1 — Nv) € vanishes
or is even negative. The parameter v is a lower bound on the fraction of support vectors
[51], and hence ¥ = 1/N means to get at least one support vector, that is a non-trivial
solution. Since we are not interested in the case of trivial solutions, the condition v > 1/N
is a reasonable assumption. We can use the results from Lemma to derive a more
explicit upper bound on €* = €* (C, v, f) by

N
0< |s§x =¥,y < 3 IR +e (1= D)
If we assume v > 1/N, this leads to
N 2
€ (O, f) < WI/)WHNK :

Note that these bounds cannot be used for a better parameter choice, since we would need
to rearrange this inequality and solve for C' or v. This would be possible only if there were
lower bounds on €* as well. Moreover, the parameter C' appears in our error bound as a
factor %, which implies that we expect convergence only in the case C' — oo. In this case
€* will be small, as can be deduced from problem (5.2.4).

We shall make these bounds more explicit for the case of quasi-uniformly distributed points.
In this case the number of points /N and the fill distance h are related to each other by

N~V < h<eoN~Vd (5.4.3)

where c; and ¢ denote positive constants [65, Proposition 14.1].
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Corollary 5.4.3 In case of quasi-uniform exact data we may choose the problem parame-

ters as
N 1l 1
= 20 () 1
O = — O D | gy and v 2
to get
Hf o Sgl(/,)y ‘LQ(Q) <Ch™ ||fHW27'(Q) <CN Hf”Wg(Q) :
or as
N 1l 1
= 2 o p(T4d/2) 1
C = O e D | gy and >
to get
v o B L
Hf - Sg(’)y ‘L @ <Ch d/2 ||f||W2T(Q) < CN™d™ 2 Hf||W2T(Q)

for all discrete sets X C Q with fill distance h := hx o < Cq |7 — 1]72, with a generic
positive constant C, which depends on T, d, €, but not on f or X.

Note that these bounds yield arbitrarily high sampling orders, provided that the functions
are smooth enough, i.e., 7 is large enough. Therefore they are in this setting better than the
usual minimax rate [V ~mia [40]. In the following we shall give our error estimates only in
terms of the fill distance h rather than in terms of the number of points N. This is due to
the fact that the approximation rate in A is independent of the space dimension d. However,
it should be clear how the approximation rates translate into error estimates in terms of [N
in the case of quasi-uniform data due to the inequality (5.4.3).

Corollary [5.4.3] shows, that the solution of the v-SVR leads to optimal sampling orders
in the Sobolev space [48] with respect to the fill distance h. These optimal rates are also
attained by classical interpolation in the native Hilbert space [65]. The v-SVR, however,
allows for much more flexibility and less complicated solutions. Our numerical results will
confirm these convergence rates.

5.5 v-SVR with Inexact Data

In this section we denote again by (sg?)y, (—:*) the solution to the problem (5.2.1) for a set

of points X = {xW),....xM} c Qandy € RY, but we allow the given data to be
corrupted by some additive error r = (71, ..., 7y ), that means

f (x(j)> —yi+r forj=1,...,N, (5.5.1)
where is f € W] (2) = Nk. Note that there are no assumptions concerning the error
distribution. As in the previous section we have to show a stability estimate of the following

form.

Lemma 5.5.1 Under the assumption (5.5.1) on the data y, we find that for every X a
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solution (ng(/)y’ e*) to the optimization problem (5.2.1) satisfies for all e > 0

2C
2C ,and
HSva ‘NK(Q) - N ; [7jle +2Cve + HfHNK an
(v) Y N
v * 2
HSX’y_yHKOO(X) < ;|Tj’E+VN€+(1—NV)E +%Hf||NK.

Proof: Again, we denote the interpolant to f with respect to X and K by I, and use H, g Y
as defined in equation (5.4.2). Then we have

N
v) ) 1
50 |50 [, <HE0 (550 €) < B, 070 NZ riletvet 55 HfuNK ,
which implies
<5

20
2
Ly, < N;|Tj€+20ue+||f||NK.
N

Moreover we have forall: =1,...,

5 () % ()~ e

6>+(1*NV)6*

IA
T Mz
o
}<
(<

AN

3
ax
<
—

w
X/_\
(<\‘\./

IN
=

> Il + vNe + (1 - No) e +55 ||f|\NK
j=1

O

Again we can use the results from Lemma|5.5.1|to derive a more explicit upper bound on
e =€* (C,v, f,e). Note that * depends now also on the free parameter e.

N
O<H vlx = yH _2C||f||NK+e(1—NV —I—Zl|rj\ + vNe.
J
If we assume v > 1/N, this leads to
N
. 1 N 9
€ (C7V7f76)§NV_1 %HfHNK'i‘Z’T]L_“VNE

Jj=1

Using the sampling inequality as in the case of exact data leads to the following result on
Lg-norms.
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Theorem 5.5.2 We suppose f € Wi (Q) with f (X(i)) = y; + ;. Let (s&?é,e*) be
a solution of the v-SVR, i.e., the optimization problem (5.2.1). Then there is a constant

C > 0, which depends on T, d and 0, but not on f or X, such that for all € > 0 the
approximation error can be bounded by

N
= [ r—tar2-da/a) 2C _ )
B C(h + <|f|w2r(g)+\jN;|r]6+20ye+||f|wg(m>

H.f - sgl(/?y

N
* N
+ Y Irlc+vNe+ e (1-Nv)+ Yol |f|‘2/v;<n)>

=1

for all discrete sets X C Q with fill distance h := hx o < Cq|T — 1] -2,

We now want to assume that the data errors do not exceed the data itself. For this we
suppose

Illge ) < 0 < fllwy o (55.2)
for a parameter § > 0.

Corollary 5.5.3 If we choose

NI s b

¢ = 28 5 ”f”%/[/g(sz) .
e = 60, ,and l/:%
we get
Hf - Sg?)y ’L2(Q) <C (hT 1wz @) + 5) )
and 3
|7 =],y < (2 1 gy + ).

for all discrete sets X C Q with fill distance h := hx o < Cq |7 — 1|72, with a generic
positive constant C, which depends on T, d and §2, but not on f or X.

5.6 -SVR with Exact Data

Since our arguments for the v-SVR apply similarly to the e-SVR, we skip over details
and just state the results. Note that in this case, the non-negative parameter € is fixed
in contrast to the free variable in the v-SVR. Analogously to the notation introduced in

the previous sections, we denote by sg?y the solution to the problem (5.2.6) for X :=

{xM, ..., xM} c Qandy € RV. The stability estimate takes the following form.

Lemma 5.6.1 Under the assumption (5.4.1) concerning the data, we find that for every X
and every fixed e € R a solution sg?y to problem (5.2.6) satisfies

(e)
HSX’yHNK(Q) < [flly, and

© | _ H <« Nz
SX7y|X y ZOO(X) —= QC HfHNK—i_E
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Again this leads to the following result on continuous L,-norms.

Theorem 5.6.2 We suppose f € W3 () with f (x(i)) = y,;. Let sggy be a solution of

the €-SVR, i.e., the optimization problem (5.2.6). Then there is a constant C' > 0, which
depends on 7, d and <), but not on €, f or X, such that the approximation error can be
bounded by

©
|7 =<y

- N
<O (207 YYD fllyr o) + 55 I FIlvg 5.6.1
o =0 Mg+ 35 1 gy + € 6.

for all discrete sets X C Q with fill distance h :== hx o < Cq|T — 1] -2,

Applying the same arguments as in the #-SVR case we obtain the following corollary.

Corollary 5.6.3 If we choose

N fllg
C= +2(Q) , respectively C' =

the inequality (5.6.1) turns into

Hf B S?.YHLQ(Q) <C (3hT 1 lws @) + 6) ’

N f g o
2hT—d/2 ’

respectively

Hf—s < é<3h7_d/2 |’fHW2‘f(Q)+6>

(e) H
XYL ~

for all discrete sets X C § with fill distance h := hx o < Cq |7 — 1]72, with a generic
positive constant C, which depends on 7, d, ) and ¢, but not on f or X.

The rdle of the parameter C' is similar to the one in case of the »-SVR. Unlike in the case
of the »-SVR we are free to choose the parameter €. We see that exact data implies that we
should choose € =~ 0. The case C' — oo and ¢ — 0 leads to exact interpolation, and the
well known error bounds [65] are attained.

5.7 e-SVR with Inexact Data

(

In this section we denote again by s )? the solution to the problem (5.2.6) for a set of points

7y
X = {x(l), . ,x(N)} C Qand y € RY, but we allow the given data to be corrupted by

some additive error according to assumption (5.5.1).

Lemma 5.7.1 Under the assumption (5.5.1) concerning the data, for every X and every
fixed € € R™ a solution sg?y to problem (5.2.6) satisfies

IN

© 20
€ 2
O (LT DI

N
(©) N o2 A
Fis sl < ol e
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These bounds shall now be plugged into the sampling inequality.

Theorem 5.7.2 We suppose f € W3 () with f (x(i)) = y;. Let sgg?y be a solution of

the e-SVR, i.e., the optimization problem (5.2.6). Then there is a constant C > 0, which
depends on T, d and (), but not on €, f or X, such that the approximation error can be

bounded by

|- +%

~ T—d(1/2—1/q)
. (Q)< C (2h + <|f|wg(n)+\J|f|WT(Q)+ N Zln )

N N
2
o gy + D il + )

=1
for all discrete sets X C Q with fill distance h := hx o < Cq|T — 1] -2

If we again assume that the error level § does not overrule the native space norm of the
generating function, i.e.,

Il xy <0 < I fllwy)
we get these convergence orders, for our specific choices of the parameters.

Corollary 5.7.3 Again we assume that the error satisfies (5.5.1). If we choose ¢ = § and
C = h™779/2 then we find for quasi-uniform data

Hf B XyHL @ < C (hT ”fHW,;(Q) +5) , and (5.7.1)
Hf B SvaHLOO(Q) ¢ (hT*d/z 1wy o) + 5) (5.7.2)

for all discrete sets X C Q2 with fill distance h := hx o < Cq |7 — 1] 72, with a generic
positive constant C, which depends on T, d, ) and ¢, but not on f or X.

IN

5.8 Spectral Convergence Orders for Support Vector Machines

So far, we have considered SV machines with kernels of finite smoothness, which have
many practical advantages (see Section|5.9). However, there are also some infinitely smooth
kernels that are popular in specific applications. The most important examples beside the
Gaussian kernels are infinite polynomial kernels [29], or more general, power series kernels
[70]). If we employ the sampling inequalities derived in Chapter 4, we similarly find an
error analysis for SV machines with smooth kernels. We restrict ourselves to the case
of Gaussians since all results can be carried over to other kernels easily. We write again
abbreviately N := Ng. To derive error bounds for the »-SVR optimization problem

(5.2.1) we shall apply Theorem 4.2.2 to the residual f — sgl(’)y, where (s(X)y, € ) denotes
the solution to the problem (5.2.1) fora X = {x(, ..., x™} ¢ Qandy € RV. First,

we consider exact data satisfying assumptions (5.4.1).

Theorem 5.8.1 Let () be a cube, and let (sg()y, > be a solution of the optimization prob-
lem . Then the generalization error can be bounded by

@) ~ [ clog(éh)/h ﬁ 2 _ *
7=, S <C< S et + 5 1 Nicgey + (1= Nv), € )
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Corollary 5.8.2 In case of quasi-uniform exact data we may choose the problem parame-
ters as

N £l @) )
C=—m@m od V=7
to get
_ W clog(éh)/h
7=, ) < O Ul - (581)

Now we shall consider general domains satisfying an interior cone condition. Similarly to
the case above we get with Theorem 4.1.7

Theorem 5.8.3 Let <sg?)y, e*) be a solution of . Then the approximation error can
be bounded by

-2

N
<E ABlog(Dh)/\/E AR 2 —(Ny—1)e) .
o S ( 17 e + s 1 ey — (V9 = 1)

Here the constants A, B, D, E depend on 0, c, d and q. In case of quasi-uniform data we
may choose the parameters as

B N||f”/\/K(Q) J S 1
= Ao E " - N’
to get the estimate
|7 = = A W g (582)
q

We now shall consider the case of inexact given data as described in assumption (5.5.1).
Again we have to bound both the native space norm and the discrete norm. Following
Lemma5.5.1 we have

< Sl 20w+ 12
Xy Ne(@) N = Tjle ve Nk (Q)
N
(v) _ < . R o ﬁ 2
(B YHMX) S DlnltvNe=¢ =1+ o Wl

Theorem 5.8.4 Under the assumptions (5.5.1) and Q C R? being a compact cube we have
foralle >0

N
~ clog(e 2C
o < C(e log(ch) /h Qf”NK(Q)Jr\jNZ|r]-€+201/e+||f||/2vx(9)>
=1

N

N N
+ Z‘rﬂe—i—l/Ne—e (NV—1)+20||f||J2\fK(Q)) :

j=1
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Corollary 5.8.5 Suppose assumption holds. If we choose

N 1 B 1
C:W’ e=0 and V:N

we get in case of quasi-uniform data for any non-trivial solution

<C (eclog(éh)/h HfH./\/’K(Q) + 5) . (5.8.3)

_ W
Hf X3 ) =

Note that bounds like (5.8.3) allow excellent bounds on the number of training samples
required in the worst possible case to get required prediction quality.

Now we shall also here consider a general Lipschitz domain ). Analogously to the case
above we get

Theorem 5.8.6 Under the assumption (5.5.1) we have for all € > (

N
. . 2C
e < C(AeBl g(Ch)/ VR <|f|NK(Q)+\JN Z rj|€+20ye+|f||i/K(Q))
q j=1

=

N
N N
+ Z|7~j|€—|—l/Ne—e (NV—1)+2C||f||/2\fK(Q)> :

j=1

Here the constants A, B, C depend on 0, a, d, q. Again we get for the choice

NIl B 1
95 AeBlog(Ch)/Vh’ o

in case of quasi-uniform data for any non-trivial solution (f*, €*)

) Blog(Ch)/vh
|7 -2, ‘LQ(Q) < € (AP £\ o) 46). (5.8.4)
We shall now confirm our analytical results by numerical experiments. For that we restrict

ourselves to the case of finite smoothness, i.e., algebraic sampling orders.

5.9 Numerical Results

In this section we present some numerical examples to support our analytical results, in
particular the rates of convergence in case of exact training data, and the detection of the
error levels in case of noisy data.

5.9.1 Exact Training Data

Figure 5.1 illustrates the approximation orders in case of exact given data as considered in
Sections 5.4 and 5.6. For that, we used regular datasets generated by the respective func-
tions to be reconstructed and employed the e- and the »-SVR with the parameter choices
provided in Corollaries|5.6.3/and 5.4.3. We implemented the finite dimensional formula-
tions of the associated optimization problems as described in equations (5.2.4) and (2.4.3).
As kernel functions we used Wendland’s functions (see e.g. [59, 60,61]) for two reasons:
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On the one hand they yield sparse kernel matrices K due to their compact support, on the
other hand they are easy to implement since they are piecewise polynomials. Furthermore
Wendland’s functions may be scaled to improve their numerical behavior. An unscaled
function K has support supp(K) C B (0,1) C R%. The scaling is done in such a way, that
the decay of the Fourier transform is preserved, i.e.,

K© (x) = K (5) , xeR?. (5.9.1)
C

By construction we have supp (K (C)) C B(0,c), such that small choices of the scaling
parameter c imply sparse kernel matrices

K© — (K(C) (”X(i) _X(j)H2>)‘ i=1.N
ij=1...

On the other hand-side it is known that the constant factors in our error estimates increase
with decreasing c. This is a typical trade-off situation between good approximation proper-
ties and good condition numbers of the kernel matrices K(© [65].

The double logarithmic plots in subfigure |5.1(a) visualize the convergence orders in terms
of the fill distance h. For that, the Loc-approximation error || f — sx,y||;_ is plotted versus
the fill distance h. The convergence rates are given by the slopes of the lines.

In Subfigure|5.1(a)|the data was generated by

f(x)=(x—-05)73""" e Wi ([0,1]) ,

where eps denotes the relative machine precision in the sense of MATLAB. We use the
notation (t), := max {0,¢} for all £ € R. This function f is sampled on a regular grid in
the unit interval I := [0, 1] with 20 to 100 points. Note that in this case the fill distance is
given by h = 1/N. We use two different kernel functions, namely

o Ki(x)=(1- HxH)i (3]|x|| + 1) with native space W3 ([0, 1]), and
o Ko(x)=(1- HXH)i (8 Ix[|* 45 |)x|| + 1) with native space W3 ([0, 1]) .

The scaling parameter according to equation (5.9.1) was chosen as ¢ = 0.3. We employed
the e- and the v- SVR with the parameter choices provided in Corollaries 5.6.3/and 5.4.3|
The respective corollaries predicted convergence rates of 1.5 for K, and 2.5 for Ks. In
Subfigure 5.1(a) the plots for the e- and v-SVR both show orders 1.9 for K and 2.7 for K».
Subfigure |5.1(b) shows a 2-dimensional example. The data was generated by the smooth
function
f(x) =sin(x1 + x2) .

This function f is sampled on a regular grid in the unit interval I := [0, 1] with 16 to 144
points. Note that in this case the fill distance is given by h = ﬁ We used three different

kernel functions, namely

o K3(x)=(1- ||xH)i (4 |1x|| + 1) with native space W3 ([0,1]%) ,

o Ky(x)=(1- ||xH)i (35 ||XH2 + 18| + 3) with native space W ([O, 1]2), and
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o K5(x)=(1—[x|)% (32 )1 + 25 || + 8 ||x|| + 1) with native space
w3 ([0,1)%) .

The kernel functions were scaled by ¢ = 1 according to equation (5.9.1). For the sake of
simplicity we employed only the v-SVR with the parameter choices provided in Corollary
The predicted convergence rates in the fill distance h are 1.5 for K3, 2.5 for K4 and
3 for K5. The numerical experiments show orders 1.8 for K3, 2.4 for K4 and 2.9 for K.
Thus, the numerical examples verify our analytical results.

(a) Data generated by f € W3 (I) onreg- (b) Data generated by smooth function on
ular grids in I. v- and e-SVR yield orders  regular grids in I%. v-SVR yields orders 1.8
1.9 for K; ¢ = 0.3, and 2.7 for K>. Scaling  for K3, 2.4 for K4, and 2.9 for K5. Scaling
parameter ¢ = 0.3. parameter ¢ = 1

Figure 5.1: Double logarithmic plots of the L,-approximation error versus the fill distance
h for exact training data.

5.9.2 Inexact Data

Figure 5.2/ shows examples for the case of noisy data. The plots show the
Loo-approximation error ||f — sxy|;_ versus the fill distance h. For simplicity we con-
centrated on the case of the v-SVR in the one dimensional setting. We used the noise model
from Section|5.5.1, that is y = f + r. In Subfigure 5.2(a) the function

f(x) = (x = 0.5)2°7° 1 sin (52) € W ([0, 1])

is sampled on regular grids of 5 to 30 points in [0, 1]. The data is disturbed by an error r
that is normally distributed with mean zero and variance 0.01. As kernel function we use
K1, and the parameters of the v-SVR are chosen according to Corollary|5.5.3. As predicted
in Corollary the plot shows that the error reaches the variance and keeps bounded for
h — 0.

In Subfigure 5.2(b) the function

f(x) = (x = 0.5)2°7 1 sin (52) € W ([0,1])

is sampled on regular grids of 5 to 80 points in the unit interval I = [0, 1]. Here, the data is
corrupted by an error of £0.01, where the sign of the error is chosen randomly with equal
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likelihood for plus and minus. As kernel function we use K7, and the parameters of the
v-SVR are chosen as in Corollary|5.5.3. The plot shows that the L,-approximation error
converges towards the error level 0.01 for A — 0.

0.15

Q.01 %% % ¥ * R

0.005 . - v 0.05 L . L v
0.05 0.1 0.15 02 0.25 0 0.05 0.1 0.15 02 0.25

(a) Data disturbed by random error with  (b) Data disturbed by random sign determin-
mean zero and variance 0.01. Approxima- istic error £0.01. Approximation error con-
tion error reaches the variance and keeps  verges towards the error level for h — 0.
bounded for h — 0.

Figure 5.2: L.-approximation error versus fill distance in case of inexact data.
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Chapter 6

Bernstein Inequality

In this chapter we shall prove Bernstein inequalities for certain radial basis functions. This
technical result will be applied in the next chapters in the context of weak recovery. To be
precise, we consider radial basis functions ® : R? — R that satisfy for constants c; (®) and
2 ()

e (@) (1+l}) <@ <@ (14+]wl}) L 7>d/2,

for all w € R%. We shall consider a bounded domain © C R? with Lipschitz boundary 0.
Furthermore we assume (2 to be a star-shaped domain, i.e., there is a point zo € ) such
that for all x € € the line segment zxg C {2 between xg and «x is completely contained in
Q2. Without loss of generality we may assume xg = 0. We shall use the following notation

Q= (1+7)~Q::{(1+’y)x:er},and
Q77 = (1—7)-9::{(1—7)x:$€§2},

for 0 < v < 1. Note that by construction Q° = €. We point out that this definition
differs from the definition of the e-interior in Section|4.3. For “nice* domains, Q7 is just a
“scaled” copy of €2. We shall make use of these “scaled* domains just for technical reasons,
see Remark|6.5.4. As usual, we consider discrete sets X = {x1,...,zx} C Q of pairwise
distinct points. The distribution of the points of X in {2 is mainly described by the fill
distance or mesh norm h x ¢ and the separation distance gy, which are defined by

h = S i —x; and
X0 ;‘gg:?é%“ﬂﬁ zilly
L min_ |l —
= —  min XT; — XIj; .
ix 2361-,90]-6 t T2
Cﬂ,ﬁﬁxj

So far, Bernstein inequalities have been known only on the whole R? [39]. They take the
following form.

73
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Theorem 6.0.1 [39] Under the assumptions above, there is a constant C' > 0 such that for
all aq,...,ay € R,

N N
Zaj(b(-—xj) < Cqy" Zafb(- —xj)
j=1

Wi (R4) 7=l L2(R4)

This bounds a strong continuous norm on a finite dimensional trial space by a large factor
depending on the separation distance and a weaker continuous norm. Such inequalities must
hold true, since all norms on finite dimensional spaces are equivalent. We simply bound the
equivalence constants in terms of the geometry of X. In this chapter, the main result is a
Bernstein inequality for domains.

Theorem 6.0.2 If the discrete set X lies in Q029X there is a constant C > 0 such that the
Bernstein inequality

N N
> ;@ (- — ) < Cqy" |y _a;® (-~ ;)
j=1

Wy (Re) j=1 La()
holds for arbitrary a1, ...,an € R.

These kinds of inequalities have various applications. We shall mainly use them to quantify
the amount of oversampling in unsymmetric recovery processes (see Chapter[7). They are
also a main step towards the application of meshless methods in the setting of generalized
finite elements. In this context Bernstein inequalities are called inverse assumptions [8, 33].

6.1 Stationary Weak Data

To prove Bernstein inequalities, we shall apply a norming set argument to convolution-type
stationary weak data, which we shall analyze in more detail in Chapter 7. We consider
functionals \, € (L2)* of the form

A (f) ::/Rd\lf(z—m)f(x)dx 2 €R f € Ly,

where ¥ : R — R is a radial kernel, whose Fourier-transform decays like

e () (14 wl?) " < ¥ @) < o (@) (14 ) "

We will always assume p > d/4 to ensure that U € Ly (R?). Further, we restrict ourselves
to radial kernels with compact support. As described in detail in Section 5.9, such kernels
exist under weak conditions on p and the space dimension d [65, Theorem 10.35]. We
explained that we can scale a kernel U with compact support in B (0, 1) C R by a positive

number ¢ via
q() .
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to get a function supported in B (0, ¢) C R¢, with Fourier transform

U, (w) = (2m) 77 W (qw) -

We shall scale the kernel function ¥ with the separation distance. Therefore, we speak of
stationary data. From now on we always consider the associated scaled functionals, i.e.,

A(f) :—/Rd\I/q(z—x)f(w)da: ,z € R, (6.1.1)

which yields the Fourier-transform

—

M(f) (w) = 207 ¥ (q) f (w) -

6.2 Norming Set Argument

In the following we need some technical tools, which we collect at the beginning. To start
with, we need an estimate of the following form.

Lemma 6.2.1 Forallx > B, all B > 0 and all ¢ € R we have
1 2 +1 o
< 5 g -
(1+ 222)? c (14 a2)

Proof: We have the following chain of equivalences:

B
1 _ 2z +1 1
2,28 2 2)0
(14 c2x?) ¢ (1+22)

CQ
& (1+02:):2) > (1312+1> (1+x2)
(1+c?2?) 1
>
A(l+a%) = H+1
L+1 1

<

S+l T B

and the last inequality is true for x > B. O
We shall also need the notion of a bandlimited function. We say that a function is bandli-

mited with bandwidth o if f has compact support in B (0, o). The space of all bandlimited
functions

B, = {f € Ly (Rd> . supp (f) c B(O,J)}
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is often called Paley-Wiener space.
The scaled functionals from (6.1.1) allow us to define a Sampling Operator by

AL Lo (RY) SRV,
AL () = (AL (), 0 ()T

The main result of this section states that for every f € Ly (R?) for any o large enough,
there is a function f, € B, that interpolates in the sense of generalized interpolation with
respect to the functionals )\%j, and that is nearly the best-approximation with respect to
the Lo (]Rd)—norm. For that we follow the paths of [39, Chapter 3] and use the following
theorem from [36].

Theorem 6.2.2 Let Y be a (possibly complex) Banach space, V' a subspace of Y, and Z*
a finite dimensional subspace of Y*, the dual of Y. If for every z* € Z* and some 3 > 1,
0 independent of z*,

12y < Bl vy

then for any y € Y there exists v € V such that v interpolates y on Z*; that is, z* (y) =
z* (v) for all z* € Z*. In addition, v approximates y in the sense that

ly —vlly < (1426)disty (y,V).

To apply Theorem [6.2.2 to our setting we take Y = Ly (R?), V = B, and Z* =
span{)\f%j 1< < N}.

Theorem 6.2.3 For f € Lo (Rd) there exists a bandlimited function f, € B, with

Ax (f) =Ax (fo) , and |[f = follp,(gay <5 distr, (f, Bs)

foro = qix’ where the constant k > 1 depends only on V, p and d, but not on X.

Proof: We adapt ideas from [39]. From the definition of the functionals by ;o

M, (1) = [ Wales =) @)do = (Va5 =) Dy -

we see that the Riesz-representer of \% ; is given by W, (z; — -). We shall use the abbrevia-

N

tory notations 2* = >.7; a;A7; and 2 = Z;V:1 a;jV, (xzj — -). Then Riesz’ theorem states

that

N N
STl =12y = lzlly = D 0 (z; — 2)
j=1

v+ J=1 Y
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By the definition of the separation distance ¢ := ¢x we see that

N
HZH%Q(W) = j;lajak/Rd\Ilq(x—xj)\llq(:r—xk)dx
N
= (I2' l'—l"zl':(lz 1'21'
= N [ et de =l [ (%o )

= galg [ a2 (v (2)) de= ol [ @

We denote by z, the function given by Z, = 2y B(0,0)» Where xp(o,») 18 the characteristic
function of the ball B (0, ¢). Then it is easy to see that we have

HZ*’VHy* = ||Zo||y .

Plancherel’s theorem allows us to compute with x := go, where we use Lemma|6.2.1 in the
last line

|| Zo'”L (Rd C/ > Za e_ll‘fw (/; (w))de
u) 220
2

IN

N
. —2p
C’/ Zajeﬂx?“’ (1 + quHg) dw
lwllo>o |51

2
N
—ilox)T —2p
SRl D STt I (RN VIR
221521

2

N
—i(oz;)T —2
N Cad/us >1 2 e <1+|’“5”§) d
221 =1

2 —2p
< Cof / ajeiem) el (14 ||g)2) T e,
(KQ) . 5 ( 1€l3)

J=1

where C' > 0 always denotes a generic constant, which may depend on W and d, but not on
q, o or k. Now we have to bound the integral. We note that

2

~ N
/ Zaa (o) (1 + Hf”g) Y dé = C ) ajapfa, (o (z; — 1))
7j=1

jk=1
< CAmax (AUX,RQP) ||CLH§ :

Here we denote by A\pax (A) the largest eigenvalue of a matrix A, and use the notations

—B‘i‘é
R =Cpllzlly *Ka_g(x) Land  Asx s, = (Rop (0 (25 — k) 51w
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where K3 denotes a modified Bessel function of the third kind. A result from [39] yields

)\max (AUX,RQP) S ﬁ2p (0) + Z 3d (k + 2)d_1 ‘QQP (Hk)
k=1

< R, (0)+ i 3d (k +2)" Ro, (k) =: C (p,d)
k=1

since k > 1 and Ry, (-) is exponentially decreasing towards infinity. By the assumption
p > d/4 we can further estimate

2 22p"6d2
= solym < () (%) ol

1
d— 2 2
ORI 22 oy < 71212, ) -

IN

with a generic constant C' > 0, which may depend on ¥ and d, but not on ¢, o or x. The

last inequality holds for x large enough, i.e., x > (4C) =3 Finally we can apply Theorem
6.2.2/withY = Ly (]Rd),V:B(, andZ*:span{)\%j :1§j§N}. O

6.3 Extension Operator and Native Space

We shall need a result that relates the native space norms on different domains. Recall that
without loss of generality we assume 0 € €. First, we consider a special extension map for
scaled domains ¢f2 := {cx : x € Q} with a scaling parameter ¢ > 0. We shall prove this
in a slightly more general context. For that, we proceed along the lines of [3, Section 5],
but we mainly consider the special case of full norms. We stick to the notation of [3]], and
repeat their results for the simpler case ignoring P.

Definition 6.3.1 We call two subsets 0 and ) affine-equivalent, if there is an affine map
F :R* — R? such that Q = F (Q) F has a representation as F' : x — L(x) + ¢, where

Lel (Rd, Rd) is an invertible bounded linear operator and ¢ € R is a constant.

Remark 6.3.2 There is a bijection between the functions defined on Q and ). We denote
corresponding functions by v : Q — Rand v : Q — R, thatis,v = 9o F~Land © = vo F.

We shall pay special attention to the relation between the (semi-)norms of corresponding
functions on €2 and €2.

Theorem 6.3.3 Let 2 and ) be two affine-equivalent open subsets of R® with Lipschitz
boundaries. Let p € [1,00] and 7 € Ny. For any function v belonging to W (€2), the

Junction © = v o F belongs to W (Q) and vice versa. Moreover, there is a constant

C =C(d,7,p) > 0 such that

_1
o [0y () =100 Flyay < CILIT|det LI ™7 [olyr () »
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1
o |”’W5(Q> — y@oF—1‘W£(Q) < C || |det L] |’U|Wg(§2).

Proof: See [14], or [30, page 101] for the special case p = 2. O

Proceeding as in [3], we can also extend the results for semi-norms to full Sobolev norms.

Corollary 6.3.4 Under the assumptions from Theorem|6.3.3] we get

~ _ 1 k
oo Fllysay < C(dmp)ldet L™ max L ol q) - and

. . 1 T
Ty < C (d,7p) |det L|7 max ||L N 1ol (g -

Proof: We use Theorem|6.3.3 to estimate

/\p o o~
ol = X [ (0% @ dr= Tl

la|<T

1 p
< S (Clb I ae L L o)
k<t
< Jdet LTV C(d, K, p)? ||L||pk|v\wk(g

k<t
< |detL|™? Jnax C(d, k,p)P max | L|[P¥|] % S -
<k< 0<k<
Taking the p-th root yields
[l oy < Idet LI max C(d,k.p) amax. L] [0l e

The second inequality follows analogously. O

Following [3], we can extend these results to the whole Euclidean space.

Corollary 6.3.5 Under the assumptions from Theorem|6.3.3) we have

‘f)oF_l

IN

L.
‘Wg(Rd) C |7 Idet L{» ’v|Wg(Rd)

1 = 1 —111k A
HWI‘;(Rd) < C(d,7)|det L|» o?;?é HL H ||UHW;(Rd) )
where we can also take F instead of F~' if we replace © by v.

Proof: The proof is analogous to [3, Proof of Proposition 5.2]. For v € N we apply
Theorem|6.3.3]to the pair of affine-equivalent sets B(0,v) and F~! (B (0,v)). This yields

T 1
E oF?l{WZ‘{(B(O,u)) <C(d,7p) HLAH |det L|» |U|W;(F*1(B(0,v)) ’

where C'(d, 7, p) does not depend on v € N. Now we use the fact that both,

U B(O,v)=R? and | JF ' (B(O,v)) =R".
veN rveN
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Hence we can pass to the limit v — oo and get with the Theorem of Monotone Convergence
in the case p < oo (one could also use direct calculations),

[0 F 7y sy < C (7 ) | L7 et LI7 [l o) -

The second claim follows by a summation argument as in the proof of Corollary o

Now we can state the main extension result, which is essentially a reformulation of [3,
Proposition 5.2] for our specific situation.

Theorem 6.3.6 Ler ) C R? be a bounded domain with Lipschitz boundary. Let p € [1, 0],
let 7 € N be such that 7 > (g — %) . Then for any bounded domain Q@ C R? with
+

Lipschitz boundary and affine equivalent to Q, there exists a linear extension operator
¢o s Wy (@) — Wy (RY)
such that
o Cqulg=v forallve W] (Q)
11k
I

° HQEQ’UHW;(]IW) S C (Q,d, T,p) maxogkg,r HL”kmaXUSRST HLi HU”WE(Q) .

Proof: The proof is analogous to the second half of [3, Proof of Proposition 5.2]. We use

the notation for F' and L from above, and assume Q2 = F'(€2).
We define two operators

PsWi (@) =W (Q), vevoF,
P Wy (RY) =Wy (RY), wewoF !
Furthermore, we use the extension operator due to Stein [56] on the reference domain Q,
Eq Wi (Q) — W] (RY),
that satisfies

o Eqily =0 forallo € Wy (@), and

o €l (mey < € (Q,d, T,p) Iolly; (o) for all & € Wy (Q)
Now we define the operator
P:=Pyo&yo P : W, (Q) —>W;(Rd) .
The operator P fulfills an extension property since

Pu(z) = (Pro&yoP)v(z)=(EyP1v) (F~1 ()
= (P)(F ' (z)) = (o F)(F(z)) = v(z)
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for almost all z € Q and all v € W (€2). The last line follows directly from the facts that
F~1(z) € () and that EqP1v = Prv almost everywhere in Q.

Now we can calculate with the shortened notation u = &, Pyv, applying Corollary[6.3.4
and Theorem|6.3.3]

1Pollwg ey = llwo 7 s (gay
< C’(d,r,p)|detL]%01%1]?%<THL’1HkHuHW;(Rd)
- é(d,r,p)\detLyioxgggTHrlHkH(gﬂopgvuwg(w)
< C(d,7,p)||& Idet L|7 max 11 1Pl
= C(d,7p)|E, Idet L|7 max |L7" oo Pl o)

< C(d,7,p) || [det L7 -

max ’

_11k _1 &
L7Y|" |det L L B
0<k<r H |det L| » 01;1}?%2“ [ HUHWP Q)

Lk
= CHSQHO%%THLHICO%?%(THL il [ollywr () -

We can extend this result to the case of fractional order spaces.
Corollary 6.3.7 Theorem remains true for real T > 0.

Proof: This follows directly by an operator interpolation argument. O

We consider a reference domain €2 in R that is star-shaped with respect to 0 € € and that
has a Lipschitz boundary, and as an affine map we choose F' : R? — R%, z +— (1 —¢q)x
fora 0 < ¢ < 1/2. This yields a simple scaling of the domain 2 to the domain F' (Q2) =
(1 — ¢) Q. The linear map is of the form F' = L = (1 — ¢) 1d, and since ¢ < 1/2 it is also
invertible. We can easily compute

L = 1—¢)f =1
Jnax L] Org,gg( q)
—1k —k 1
LY = 1— = <92,
2 [T = max Q-0 = <

If we now apply Theorem 6.3.6 to the sets 2 and (1 — ¢)2 we get the following result.

Corollary 6.3.8 LetQ be a star-shaped domain in R% with Lipschitz boundary, furthermore
7> 0andp € [1,00]. Then, for 0 < q < 1/2 there is an extension operator

Cogo: W) (1—q)Q) — W] <Rd>
which satisfies with a constant C (2, d, T, p) independent of q

o &_gavla—gao=v forallve W, ((1-q)Q),and
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o [[€a-gavlly; ey = € (d70) 27 [Vlliwy (1-ge) -

For technical reasons, we shall impose another assumption on the domain €2. This is done
only to simplify notation, see Remark|6.5.4, From now on, we restrict ourselves to domains
Q) that are star-shaped with respect to 0 € €2 and that satisfy the following condition. For
all 0 < ¢ < gg we have the inclusion

(1-29)Q=0"2%C {:c €Q : B(z,29) C Q} . 6.3.1)

Remark 6.3.9 The assumption is satisfied for most of the standard domains, such
as balls or parallelepipeds.

Like in [65, Corollary 10.48] we can derive the following Corollary.

Corollary 6.3.10 Suppose that ® € L, (]Rd) has a Fourier transform that decays alge-
braically, i.e., as (1 + Hng)iT with T > d/2. Then N (Q729x) = W] (Q~24X) with

equivalent norms, where the equivalence constants do not depend on 0 < qx < 1/4.

Proof: The proof is analogue to [65, Corollary 10.48]. We apply the extension operator
from Corollary[6.3.8 to the domain 2729 to deduce that the extension constants are inde-
pendent of 0 < ¢gx < 1/4. O

We can use this Corollary|6.3.10 to prove the following Lemma. To simplify the notation,
we write abbreviately A; for )‘3‘ and the like.

Lemma 6.3.11 If X C Q724 C Q, we get

N N
ch)\;“b(—x) <C ch)\;-”tb(-—x) ,
j=1 j=1

Wz (R?) Wy (Q-9)
where C' may depend on d, ), T, but not on q.

Proof: We see
AN (x—y) = / U, (z— x])/ U, (y— ) ®(z —y) dyde
R4 R4
= [ e =) V=2 @ @ dyo
= / / Uy (x—a5) ¥y (y—ap) ®(x—y)dyde .
Q—9JQ49

We can now calculate
N 2
ch)\f@ (-—x) =clAc,
J=1 N (BY)
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and
2

N ~
ch)\j@ (-—x) =clAc.
= Nap(279)

Since the entries of
Ay o= [ ) [ )@ -y dyds
Rd Rd
and
(AA)i,j = / Uy (z — ) / Vo (y —ap) @ (z —y) dydw
N—a 0—a

coincide, we get with Corollary|6.3.10} which yields that Ny (Q%) = W] (Q79),

2 2
N N

> MO (-—x) ~ D AN ( - )
J=1 Wy (Be) J=1 N (Re)

2 2
N N

=D N (- —2) ~ D e (- - =)
= No@mey 197 w3 (@)

Hence we get the claim where C' is given by the extension operator norms. O

In this proof we explicitly used the fact that the points are separated from the boundary.

6.4 Bernstein Inequality

Now we are ready to state the final result of this section, namely a Bernstein inequality. We
shall always denote by ¢ := gx the separation distance of X.

Theorem 6.4.1 Suppose Q C RY is star-shaped and bounded with Lipschitz boundary, and
X C Q24 C Q. Then there is a constant C > 0 such that the Bernstein inequality

N
> a;® (- — ;)
j=1

holds for all a1, ...,any € R.

N
<Cq T Zajfb (- —z)
Wy (Re) j=1 La()

Proof: We define the abbreviations
N

s() = ) a®(—ay)
j=1
So = (§XB(O,U)) , and

N
sp () = Zaj)\gjq)(-fx).
j=1
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As a first step we use the result from [39, Lemma 3.3], i.e.,
2 2
50y ey < C lsollyg gy

foro = g and a constant C independent of ¢. Using this, we can estimate

2 2
HSHWJ(Rd) < C ‘|SUHWQT(Rd)

2
N
< c S agem | 62 (w) (14 lwl) " d
lwlly<o | 527
2 2\ 2P
a —izTw| &2 (1+qu||2) 2\7
= C Zaje J P (w)—22p<1+”w”2> dw
lwlly <o 5= (1+qu||2)
2
al —izTw 2 2 —2 2\7
<© S age ) 82 ) (14 fawld) (14 lwl2) de
lwlly<o | 527
<

C H(SA)0|!124/2;(Rd) <C HSAH%VZ;(W)

2
< Clisallwg-a -

where we used [lw||, < ¢ = % and Lemma 6.3.11/in the last step. Now we choose an
fo € B, according to Theorem 6.2.3 such that

Aj (fo) = Aj (Xa—asa) = Aj (sa) - 6.4.1)

This function f,, has another important property.

Vollyay < s = Xa a8l (ay + IIxa-osall, (za)
< 5distz, (xa-e5a, Bo) + [ Xa-s5al 1, (ro)
< 6 HXQ_quHLQ(Rd) <6 [[sall L) - (6.4.2)

The stability property in the native space gives the estimate

2 2
[sallwg o) < 1f g @9
forany f € W] (Q79) satisfying the generalized interpolation condition
Aj(f)=Aj(sa), 1<j<N.

As a final ingredient we use a Bernstein inequality for bandlimited functions on the whole
R [37],

HfJHWZT(Rd) <" ”fJHLQ(Rd) forall f, € B, .
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Putting these things together yields with equation (6.4.2) the estimate

||5||124/27(Rd) < Clisallivgo-ay < C 1 follivgo-ay
2 27 2
< C Hfo‘|W2T(Rd) <Co HfUHLQ(]Rd)
< Co™ ||salT 00 -

Direct evaluation of the |[-||;,-norm yields

2

Islyiomn = [ Zaj y—=)| dy

2
ke

aj/Rd\Ilq(a:—xj)q)(y—x)dx dy

WE

j=1
2
N
:/ Zaj/ Vy(x—y)P(x—zj)de | dy, v—y—2x+uz,
Qe \ 5 R4
N 2
:/ /\Ilq(x—y)Zaj@(a:—xj)da: dy .
Q-4a R4 J=1

Now we can use Cauchy-Schwarz’ inequality to manipulate the last expression, which gives

IN

IN

IN

IN

IN

IN

/Qq </Rd U, (x—y)s(x) dg;>2dy: /Qq </B(ym ¥ (o 1)8(2) dx>2dy

LA /Q<

197 s /Q</B - Mm)Qdy

EA /Q<\//B( ydm\//yqldJC) "
J

¥y, ||L / / )\ dac/ 1dz | dy
Q-1 \ JB(y,q) B(y,q)

/ |5 (@) 2 dady

Q=1 JB(y,q)

CI¥ oy o [ [ oon @ =)l (@) dody

clw,|? d// - 2 dydx .
| qHLw(Rd)q 0 QinB(O,q)(x y) |s (z)|” dydx

c H\Iquioo(Rd) qd
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Putting all the things together we get with Fubini’s Theorem and the substitution z —y — 2
in the third line:

Islis ey = o 10l}_oya® [ Ista (/ b0 (o~ 0y ) do

< Co™ ||\I'q||ioo(Rd) qd/Q |s (x L XB( (0.9) (£ =) dy> dz

= CO'2T||\I/(1HiOO(Rd) qd/ﬂ|s 2( XB(0,q) dz) dx

= 0yt [ 1@ ([ xooa dz)d

< CU2T||\I’Q||%OO(RCI) q2d/Q’8(x) dz .

Finally we can use the fact that ||Vl () ~ ¢~ to get the desired result

IN

27 2
Co Isll7,0)
Cq? |15l 7,0

2
HSHW{(]}W)

IN

We can easily derive the following corollary.

Corollary 6.4.2 Suppose Q@ C R? is star-shaped and X C ), then we have for all
ai,...,an € R the estimate

E:% (- —zj) E:aj (- — )

Wy (Rd) Ly(029)

6.5 Interpolation

If spx == E;V: 1 6P (- — z;) is the interpolant with respect to the points from X to a
function f € W3 (§2), we can show that the norms HSf’XHLQ(ng) and HSf’XHLQ(Q) are
equivalent if the fill distance of X in (2 is sufficiently small.

Theorem 6.5.1 Under the assumptions from above there is an hg ( f) such that for all sx ¢
associated to sets X with fill distance hx o < ho (f) the inequalities
HSf,XHLQ(Q) < ”Sf,XHL2(Q2q) < CHSf,XHLQ(Q)
hold.
Remark 6.5.2 Please note that ho (f) depends on f and is therefore not known a pri-

ori. However this estimate indicates that for all “sufficiently dense” sets X the norms
||3f,X||L2(Q) and ||$f,X||L2(ng) are comparable.
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Proof: The first inequality is trivial. For the second one, we apply the normal sampling
inequalities to derive

l€assx — 5QfHL2(Q2q) < ClhTX,QQq 1€asyx — &lf”WQT(Q?'J)
< ClhTXqu Hgﬂ (Sf,X - f)HWQT(Q?q)
< alléall h;(,mq [sfx — f”wg(Q)
<

C1 () h;(,mq ||f”W27'(Q) .
Analogously we have

”Sf,X — ng||L2(qu) < Cy () hTX,Q2q Hf”WZT(Q) .
The triangle inequality now yields

[sf,x — SQsﬁXHLz(mq) < lspx — &?f”Lz(Q?q) tll€assx - ng|!L2(qu)
< (Cr () + Co () I g2a [ f iz oy -

First we point out that
hX’Q2q S 4hX’Q .

Since || f = s 1, @) < chk o Hf||W2T(Q) — 0 for hx o — 0 we find a hg (f,2) such that

1 .
iy — srx mate] < 5 15 lagey for all X with hxo < ho (£,0) |
This implies || f[| () < 2[ls7,x|£,(). We therefore conclude that

This allows us to find an Ay (f, 2) such that
1
(C1 () + C2 () I g2 | fllwz o) < 5 Isr.xLy0)
for all sets X with hx o < hy (f,€2). Combining these two inequalities yields

lsr.x — 593f,XHL2(qu) < Hsf,XHLQ(Q)

for all sets X with hx o < max {ho (f,),h1 (f,Q)}. In the end we get

”Sf,XHLQ(mq) < llspx — 5QSf,XHL2(Q2q) + Hgﬂsf,XHLQ(mq)
< (1€l lsrx o
for all point sets X with hx o < max {ho (f,Q),h1 (f,Q)}. O

Theorem|6.5.1 indicates that the assumptions in Theorem|6.4.1 are not sharp. If we combine
Corollary 6.4.2/and Theorem 6.5.1, we immediately get
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Corollary 6.5.3 Let the fill distance of X C S be sufficiently small and define
sex(s) = Z;VZI a;® (- —x;), where Ap xa = fand f € W3 (). Then there is a
constant ho (f) > 0 such that for hx o < ho (f) we get

N N
> a®(-— ) <Oq Y 4@ (- xy)
J=1 Wy (RY) j=1 La()
Proof: Corollary|6.4.2 yields
N N
Za]@( ;) <Cq" Zajtb( ;)
i=1 Wy (Re) 7=l L2(Q9)
Using Theorem 6.5.1 we get
N N
> a4 () <O(> 4@ ()
=t Lo(0229) =t L2()
Combining these results yields the claim. O

Unfortunately, we can not give a precise condition on the fill distance to ensure the last
result.

Remark 6.5.4 Careful inspection of the proofs shows that the assumption (6.3.1) can be
replaced by the less restrictive condition

XC{xEQ:ch},

which does not assume any scaling property of S (see Definition/4.3.1)). This shows that we
can allow more general domains ().



Chapter 7

Stationary Weak Data

In the spirit of [47] this chapter deals with weak recovery of functions from weak function
spaces. The main difficulty is that we cannot use point values as data for the reconstruction,
since they might not be well defined in weak spaces. Like in [47], we shall use convolution-
type data of the form

Aj(u) = /QK (x —zj)u(x)de (7.0.1)

to build a sampling operator for weak data. Here X = {z1,...,zx} C € is a discrete set
of points, and K : R? — R is called a fest kernel. Unlike in [47] we shall use stationary
data, i.e., the support of the test kernel K (-, ) shall be scaled with the mesh-norm of X in
(2. This implies that \;(f) is some weighted local mean of f. This is a connection to Finite
Volume Methods. In the usual Finite Volume Method, one simply chooses K (-, z;) = 1
on supp K (-, ;). The analysis of this special case has been done in [64], and we shall
generalize results from [64] in this chapter.

The main improvement compared to [47] is, that the local data of the form (7.0.1) allows us
to use only those functionals that are supported in 2. In [47] one has to use blurred domains
Q) instead of 2.

We shall treat both recovery methods, the symmetric and the unsymmetric method. In [47]
the later method is called unsymmetric local Petrov Galerkin Method because it is a major
step toward the analysis of kernel based meshless methods for solving partial differential
equations. We shall present error bounds and convergence rates for both, the symmetric
and the unsymmetric method. The convergence proof of the unsymmetric methods uses the
results from Chapter |6 to get appropriate stability estimates. The first step, however, is to
derive sampling inequalities for the local data (7.0.1). To assure that the sampling operator
Sp= (A1, A N)T contains enough information we have to make certain assumptions on
the kernel K. To be precise we shall impose the following conditions on K.

1. [ K (x—aj)de=1 forall z; € X,
2. supp(K (- —xj)) =V; CQ,
3. cihx o < diam (V}) =: k; < cohx o, and

89
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—d —d
41K (= 25)ll g <Ch YT <Ongdl, Lel=1,

1,1
p g

Roughly speaking, K (- — x;) should be a good approximation to the delta distribution d,, .
We point out that especially the second assumption is different from the situation in [47],
since we shall deal with stationary testing. This means that the support of our test kernel
is scaled with the mesh-norm hx . The first step now is to show that kernels with these
properties exist. We shall show that all appropriately scaled mollifiers, see [65] for instance
for a definition, satisfy the conditions.

Lemma 7.0.5 Assume ¥ : R? — R satisfies
1. supp (¥) = B(0,1),
2. supzepo1) Y(z) =C, and

3. fB(O,l) U(r)de=1.

Now we scale V by a parameter § > 0 via
Us () = 690 (7) .
5 () 5
Then, by definition ¥V = V. Under these conditions, for % + % = 1 we have
w (d)_l/p g4 < Vs (')HLP(B(O,J)) < Cw (d)l/p 5,

where w (d) denotes the volume of the unit ball in RY, and the constant C' comes from
Condition 2.

Proof:
N} P — S5 dp \j x ‘p
/Rd‘ s ()P dx ) /Rd (5> dx
— i [ (@)
BOsL_ 9/ 1
<Cr

< §%cr / ldz = CPw (d) 6~ %+ = CPuw (d) 590 7P) .
B(0,6)

Here, the constant C' is defined as in Assumption 2 of Lemma 7.0.5 by

= [0 (5]

Now, since % + % = 1 implies 1 — p = —p/q, we have the bound

195 12 0y < CPw (d) 5.
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Extracting the p-th root yields the second inequality.
The first one follows directly from Hoélder’s inequality since

1 :/ \Ifg(x)dx</ |\Il5(x)|d:c</ Wy (2)] - 1dz
B(0,6) B(0,6) B(0,6)

1
< 6% ()7 %5 (@)1, (B0.s)) -
Multiplying by 6~% 4w (d)fl/ P gives the first inequality. O

If we now consider the case that V; is contained in some ball B with radius 6 = chxq,
without loss of generality B = B (0, ¢), this lemma shows that any mollifier scaled by a
multiple of h x o satisfies our assumptions on the kernel.

7.1 Local Estimates

As in Chapter 4, we first obtain estimates on local domains D C ) and use a covering
argument to get global results. We assume a domain D that is star-shaped with respect
to a ball B, (z.), and that is contained in a ball Br (x.). In this case we know [38] that
D satisfies an interior cone condition as well. We again denote the associated chunkiness

parameter with
op
Y= )

Pmax

where pmax = sup {p : D is star-shaped with respect to a ball of radius p}, and dp denotes
the diameter of D.

7.1.1 Norming Set Argument

Essentially following [64], we need a polynomial reproduction of degree k£ with respect to

a discrete set X = {z1,...,zny} C D, i.e., a family of functions {ag.a) cj=1,... ,N}
satisfying

D% () =Y a\¥ (2) q (z)

for every a € N¢ with |a| < k, all z € D and all ¢ € 7, (D). To bound the norm of the
()
J
set approach [26] explained in Section|3.4. To do so, one has to show bounded invertibility
for the actual sampling operator. This operator is defined by

reproduction coefficients {a :3=1...,N }, we can apply the rather general norming

T :my (Rd) — RN with T(p) = (/\1 (p) yoe s AN (p))T )

where the functionals \; are defined by (7.0.1).
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Lemma 7.1.1 Let D C R? be a compact domain that satisfies an interior cone condition
with angle 0 and radius r > 0. Suppose D is covered by subregions Vj, i.e., D C uj.Vzlvj.
Suppose that every ball B (xo, h) C D contains at least one V;. Then, provided that

1 rsin 6

h< = . Smy
= C 4k%(1+sinf)’

(7.1.1)

where the constant C = C (K) > 0 depends only on the kernel K, the mapping
T :my (Rd) — RN is injective. The operator norm is bounded from below by

1 d
IT @)oo = max. 1% )] > 5Pl - 2 (RY) -

Proof: Suppose p € mj, (D) with ||p||, = 11is given. Then there exists a point z¢ € D with
|p (z0)| = 1. For this point we can choose a cone C () with angle 6 and radius r > 0 that
is completely contained in D. By the essentially same argument as in [64, Lemma 4.8] we
find a volume V, such that

Vi € B(y,h) € C () CD,

withy = zg + ﬁg, and h < l’f;?nee. Moreover, using Markov’s inequality [64, Lemma

4.8], we have the bound

2k2 (1 + sin 6)

_ <h.
Ip (z0) —p ()| < h p

, xweVj.

Now we can estimate as follows

o) =N @) = | [ K)o = [ K@@ d

< /me,xj)\-rmxo)—p(x)\dm

< /Q K (2,2;)|do - p (x0) = Pl 1)
2 .

< C_h2k: (1'+sm9)
rsin 0

1
< a )
- 2

where the constant C' comes from the condition || K (z,z;)l|,, @ < C. This implies
Aj(p) >3 [pll . (p) for this particular j. O

An important observation is that one has used only those functionals whose associated ker-
nels have support in D C ). Hence, we are in an analogous situation to [64]. This is a huge
advantage of these stationary methods in contrast to the situation in [47].

Remark 7.1.2 Only those V;’s with V; C D are used to derive Lemma|7.1.1.
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As stated in the following lemma from [64], we get a stable polynomial reproduction.

Lemma 7.1.3 Suppose D is compact and satisfies a cone condition with angle 0 and radius
(c) ( ()

r > 0. Then, for every |a| < k and every x € D there exist numbers ay ' () ,...,ay (x)
such that for every p € my, (Rd)

|ot]
o 1Dl (p) < (iﬁ?e) 1PNz D) -
« D () = 2N N () dl® (@),

2 ||
o T [al ()] <2(225)"
holds.

7.1.2 Local Polynomial Approximation

In this section we essentially repeat the arguments from [38], but extend them in the way that
we deal with error representation for approximation by averaged Taylor polynomials [11]
not in the L,-norm, but in a more general L,-norm. The Taylor polynomials are defined
in Section|3.3.2. To deal with fractional Sobolev spaces, we need a version of the Bramble-
Hilbert Lemma (see Lemma/3.3.11) that applies to u € W}’f“‘s (D) with 0 < s < 1. To start
with, we have the following estimate, which is the L,-analogon to [38, Lemma 2.6].

Lemma 7.1.4 Suppose p > 1 and k > 1. For all u € WIf (D) and P € m, (RY), the
residual of the averaged Taylor-approximation is bounded by

HRkJrlu‘

k

Proof: We follow [38, Proof of Lemma 2.6]. We use a decomposition of the form
Rk—Hu — Rk+1 (U _ P) — Rk (U _ P) + (Qk _ Qk-‘rl) (U _ P) ’

where P € 7, (R?) denotes an arbitrary polynomial. By the triangle inequality and the
Bramble-Hilbert Lemma|3.3.11} we obtain

| B | < Crapadh lu = Pl + || (@* = @) (= P)| 713

Lp(D) Ly(D)
The second term can be bounded as follows. By the definition of Q¥, using the fact that

max ¢ < Cdiam (B) ™% =: Cp~? and the identity Z|a|d:k é = % we get

[(@-a") - , <
< [z [ewl-siiru-nol, o
~— Jp a!

o=k * P

IN

k d, dkp !
Cvol (D) 8y L ( ma /B D% (u — P) (3)| dy
. o= 0

IN

d skp —ap @ ’
Copo5 p~ P max/ | DY (w— P) (y)|dy | . (7.1.4)
EP \ o=k /B,
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From [38, Proof of Lemma 2.6] we see that for any o € Ng with |a| = k
107 = PY @)l dy < 0@ 0 = Pl
P

Inserting this into the estimate (7.1.4) and using dp/p < 2+, we arrive at the estimate

(@ =@ w-p) _ <cu@ " 20 gt~
Ly(D) ~ Koo Wg(P)

Consequently, combining the inequality above with (7.1.3) yields (7.1.2). O

Now we can treat the fractional case as in [38, Prop. 2.7].

Proposition 7.1.5 Let 0 < s < 1. Ifu € W}** (D), then

HRk-f—l,u’

k+
D) < CrdpAOp s |u|W;+S(D) . (7.1.5)
Proof: We follow [38, Proof of Proposition 2.7]. The case s = 1 is a consequence of
Lemma 3.3.11, so we may assume that s < 1. Let P = Q’”lu € T (Rd). As in [39,
equation (7)] we have for all o € N& with |a| = k

D*Q*u(z) = Q'Du(z) = i ¢ (y) Du(y)dy €R.

Since pr ¢ (y) dy = 1, we note that

p

¢ (y) (D% (xz) — D% (y))dy| dx.

By

/D ‘Dau () —D"‘Qk“u(x)‘pdx :/

D

Now we can compute as follows,

Do — Do p
/ ( [ @Ity Tﬁwd/ﬁ(y)'dy) o

p
dpss D% (z) — D*u (y)|
< Cpdrgrtd / / | dy | dz.
P D By |z — y’Ser/p

We may use Holder’s inequality, which yields

« _ Do p
[([ v rw,),
D B, |x_y|s+ /P
1/pP
« _ o p
D B, |z — y[*

D%u () = D%u (y)|\"
C dp/q// | dydz .
P DJD |z — y|s+d/p e

IN

IN
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This implies
/ ‘Dau (z) — DQ* u ()

P
—dp+dp/q ssp+d |D% (z) — D% (y)|
< Cp op //( ’ y,s-{-d/p dydzx.

1plgl
Now we can use dp = 27p to derive p~P+r/a5d — (27)? pdp( 1+P+‘1) = (2v)%, which
gives

}p

/ ‘Dau (z) — DQ* (z)‘p dz

o | (P

If we sum over all o € N¢ with |a| = k, we find with P = QkHu

p s |D“ — D%u(y)”
\u—P| <C,p76 Z// S| dydx.

|a|=F

The summed double integral on the right hand is just ]uV;V b Taking the p** root of
p

D)’
both sides, we obtain

[t = Plys(p) < Capa®h lulyisep) -
Lemmal7.1.4 yields the result. g
Having the applications in mind, we also need a generalization of Proposition |7.1.5 to
derivatives. Following [38, Cor. 2.8], such estimates can be easily obtained using the
identity

Dan-‘rl Qk |a|Da
from [11].
Corollary 7.1.6 Let 0 < s < 1. For u € W}* (D) we have

HDau — DanHu‘

k+s—|af
) < ChnpA0p |“|W§+S(D) )
P

provided that |a| < k and p > 1.

Proof: Using the identity D*QF ! = Q*~I2I D this result follows directly from Proposi-
tion|7.1.5 and the obvious bound

O

Now we have the main ingredients to show a local sampling inequality. We point out that,
having the applications to recovery from weak data in mind, we assumed only low regularity
of the function u. Hence, we may handle convolution-type data of functions in the sense of
(7.0.1), even if point-evaluations are not well-defined, that is, the functions to be recovered
are not continuous.
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7.1.3 Local Sampling Inequality

Following [38,67, 64], we can combine the local polynomial reproduction with the approx-
imation error estimates for polynomials to get the following result.

Theorem 7.1.7 Let k be a positive integer, 1 < p < 00, 0 < s < 1, and let o be a multi-
index satisfying k > |a.
Suppose D C B (x., R) is star-shaped with respect to B (x.,r) and covered with volumes
Vjj such that for every xo € D the ball B (xo, h) C D with radius h contains at least one of
these volumes V;. Let 0p denote the diameter of D. If h satisfies condition (7.1.1), then we
have the bound

1Dl ) < C (/)7 85" ulyy e

+ Cop TP max |\, (u)]
1<j<N

for every u € W;“ (D) with a constant C' = C (|a| , k, d, p, 0).

Proof: Corollary|7.1.6 yields

HDau - DanJrlu’

k+s—|af
Lp(’D) S C(SD ‘u|W§+S(D) .

We have for every P € m;, (R?) and all z € D

N
DP@)] = |3 AP @)

IA
MZ n

> o @] [ 1K )l 1P @) @y

IN
Q

2k2 la
20) s I ol o= Pl

( o
(Fows) o)
(

2k2 la
> < AP ||y~ Pl p) + oax |, (u )|>

+
Q

Q

<
rsin @

with % + % = 1. Specifying P = Q**14 yields

N 2]{72 et 3
D@ <0 (2] (On B gy + o Iy )
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From this we get

e

<
Lyp(D)

2]62 ||
) (Ch—d/P5%+S|u|W;+S(D)—I— max |\, (u)|>

1
< Cvol (D)r
< Cvol (D) rsin 6 1<j<N

IN

2k2 . d/ —d/p sk+s

IN
Q

rsin 6 1<j<N

<2k25p

rsin 6

2k2 || s d
( > ((5D/h)d/p Rt \u!WIIfﬂLS(D) +5D/p max |\, (u)\)

IN
Q

o
> G/ )" 0" ul e )+

225\ /-
+ C (rsin@) s max | (u)]
At this point we use the following chain of inequalities

op R 1
1<y —=—<2— = ——
=T=0 =5 sin (6/2)

from [64] to see that

(2k’257_)

rsin @

o
> <C,a,kd <C.

Using the triangle inequality we finally obtain

Da <HD04 _Da k+1 ’ HDa k+1 ’
1Dl py < || D%u Q" u o Q" u

Lyp Lp(D)

< 057@“_‘&' [ulyyrs oy +2C (op/h)"/? 57k3+8_‘a| [uly -+ D)

+ 2055 max [ (u)

<C (1 + (dp /h)d/p) o5 fulyae

—lal+d/p A
+ Cop I mae [ (u)]

The previous result is also true for Sobolev semi-norms.

Corollary 7.1.8 Under the assumptions of Theorem|7.1.7 we find

k+s—|a
ulypipy < Chaplol (14 @0/m)) 6557 fulypare

—|ol+d/p )
+ Cop Jmax |4 (w)]

forallu € Wﬁ ().
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d—1
Proof: Since # {8 € N: 8] = |a|} = <|a!(j_ ) > =0 <|a|d_1) we find that

la] +d—1 H DA ‘
« <
[l = ( d—1 )

S Cagjal frax |H

kts—
< Crdpalal (1 + (5D/h)d/p) 5D+$ ! |U|W§+S(D)

+ Coglertdr max [\ ()] .
<j<N

L,(D)

Now we may use a covering argument to derive global estimates.

7.2 Global Estimates

Let us suppose our global region €2 is bounded and satisfies an interior cone condition with
radius Ryax and angle 6. Let h = hy o be the fill distance of the discrete set X C €.
Essentially following [67,/38], we shall again use the covering {2 = UteTh Dy described
in Theorem [3.3.10. Please note that this construction allows us to cancel the term dp/h,
which appeared in the local estimates. After these preparatory steps, we are in the position
to state and prove the main result of this section.

Theorem 7.2.1 Suppose €2 is bounded and satisfies an interior cone condition with radius
r and angle 0. Let k be a positive integer, 0 < s < 1,1 < p < o0, and let o be a multi-index
satisfying k > |al. Suppose that every ball B (zg,h) C  of radius h < Q (k,0) Rmnax
contains at least one volume V. Then for u € W;*S (Q),

\uIWILM(Q) < Opkts—lal Julyys oy + chlel max, I\ (u)] . (7.2.1)
Proof: We find
1/p
= B
|u|W1\7a|(Q) — Z / ‘D 113
1B8|=]|
1/p 1/p
— P
< Z Z ‘ ‘ dx = Z|u’WI‘,M(Dt)
teTy, |B=|al T
. b\ 7
< Z (Cthrsla ’u|W§+s(Dt) +Ch5_| \1%2?5\[‘)\], (u)|>
teT), <<
1
P P
k+s—|a
< | Y (ch +5-| umwfﬁ(m)
teTy

1 x4 g .
+ (#Tp)? Chr @%IA; (u)]
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where #7T}, denotes the number of elements in 7},. As in [38] using again Theorem [3.3.10
we get

Z |u’Wk+9(D Ml ‘u’Wk+s ) .
teTy,

Combining the results yields

1/p; k+s—
‘U|WZ‘)O¢|(Q) < CM; Ppk+s—|a| lu| k+a(Q)

+C (#Tu)r b~ gwgVM ()]

According to Theorem 3.3.10/with R = Q (k, #) h one finds #7}, < Ch~?, and therefore

k+s—|al el ,
V“‘w;a'(m <Ch \u!WIx)chS(Q) + Ch pax I\ (u)].

We can apply these results in the framework of optimal recovery.

7.3 Error Estimates for Optimal Recovery

In this section we shall show briefly how our results can be used to derive error estimates
in the framework of generalized optimal recovery. A more detailed overview can be found
in [58] and [65]. We start with a short introduction to kernel-based optimal recovery. From
now on, we assume that 1 C R? is bounded by a Lipschitz boundary and satisfies an
interior cone condition with radius r and angle #. Here, ® : R¢ — R is a positive definite
translation invariant kernel. We assume that the kernel ® satisfies

b )~ (1+ wl3)

This means that ® is the reproducing kernel of the Sobolev space W (§2) with an equivalent
norm. For general functionals from the dual space we can derive an easy representation
using the reproducing property of the kernel. If A € (W7 (Q2))*, its Riesz-representer Ry
takes the form Ry () = A® (- — ). This can be seen by

Ry (z) = (Bx, @ (- = 2))ygio) = A2 (- — =) .

For a given f € Wy (€2) and the functionals \; from the previous section we can formulate
the smoothed optimal recovery problem

)\ - + T 9 7.3.1
SG%LHQ)Z\ (s = DI+ v slzq (13.1)

where v > 0 is called the smoothing parameter. We note that again the special case v = 0
corresponds to finding a generalized interpolant, i.e., a function sy € W () that satisfies
the generalized interpolation conditions

N (f)=Xj(sy) forall j=1,...,N.
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It is well known [65] that there always exists a solution sgcy) € span {)\f O (- — x)} to the

optimization problem (7.3.1). The coefficients a € RY can be found by solving the linear
system

(AQA +vid)a = fa,

where

Ao n = NMe®@ (=) jpm1 v fa=(A(f),- AN "
(0)

Furthermore, it is known [65] that s := s ¥ is a best approximation, which implies

I llwp ey < 171wz o -

Now we are prepared to formulate our error estimate for the smoothed optimal recovery
problem (7.3.1).

Theorem 7.3.1 Under the conditions from above we find a positive constant C = C () >
0 such that for all f € W3 (Q), all v > 0 and all discrete sets X = {x1,...,on} C Q
with sufficiently small fill distance h,

-

<C(h" T
L) = C (P +Vv) 1wz @)

where sgcu) denotes the solution to (7.3.1).

Proof: As in [67] we derive the following two inequalities

|«

< .
e S Wlhwse

max [% (7 =5")| < VPIflwg -

1<j<N

Now we can apply our sampling inequality (7.2.1) to obtain

Hf - SSeV) La(Q) — Ch™||f — s}w Wi + élg%v ‘)\j (f _ s;@)\
- <’f‘wm) " HS(fV)HW;(Q)) +0 max 3 (=),
<

C(R"+ ) ||f||W,;(Q) .

Of course we can also couple v and T to derive a sampling order.

Corollary 7.3.2 For the special choice v = h*T we even find optimal order i.e.,

hQT -
Hf—s§ N <en i -

Lo(Q)

Now we can apply this result in the framework of unsymmetric weak recovery.
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7.4 Unsymmetric Weak Recovery

In this section we show how suitable sampling inequalities can be used to derive upper
bounds for a weak unsymmetric recovery process from [47]. We briefly recall this process.
Since we are going to apply a non-symmetric method, we have to distinguish carefully
between the tRial and the teSt side. As outlined in Section 2.3.1/ we shall denote the test
kernel with S : R x R? — R and the discretization by X, = {x1,...,zy,} C Q with the
associated fill distance hs . On the tRial side we denote the kernel with R : R% x R? — R
and the discretization with Y, = {y1,...,yn.} C Q with fill distance h,. According to
[45, Chapters 3.4 and 3.5] we use weak data of the form given in (2.1.7), where we replace
K by S, namely

)\j(u):/QS(a:,a:j)u(a:)d:c, forz; € Xs, (7.4.1)

where the kernel S : R x R — R needs to fulfill the following properties,
1. [oS(z,x;)de =1 forall z; € X,
2. supp(S (-, z;)) =V, diam (V;) = oy, = hs,

—d —d
3018 (o)l ) < COGY mhg ™ L t=a

Under these conditions we may apply Theorem |7.2.1, i.e., there is a sampling inequality of
the form

|ul

wieliay < Ol o) + ORI max [ ()

for all u € W] () and all discrete test sets Xs. Now we consider the following prob-
lem. An unknown function f € Wi () has to be recovered approximately from its
data (A1 (f),..., A\ (f)". From the previous chapters we know that there is a good
but unknown approximation. It is given by the best approximation from the trial space
sf € Vry, = span{R (- —y;) |y; € Y;} to the function f € W (Q). In Chapter 8 we
obtain under certain conditions an error estimate of the form

[ Sf”LQ(Q) < hy ||f||W21(Q) ) (7.4.2)

showing linear approximation order, which is optimal [48]. Unfortunately, this best appro-
ximation is in general numerically unavailable. The idea from [47] is to solve the system

finds, € Vry, : A\j(f—s,) = Oforalll<j<N;

to produce an approximation. Since this, however, is an unsymmetric kernel method, we
first have to prove that this system is solvable. To do so, we proceed along the lines of [47],
which we briefly outlined in Section 2.3.1 We assume an inverse inequality of the form

Isllwi) < Cv(Yr)llsllpyq) foralls € Vry, .

Unfortunately, the value of v (Y) is in general not known. There is a result in this direction
in Chapter|6, namely if R is a radial basis function with algebraic smoothness 7 > d/2 and
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if Y, is separated from the boundary then v (Y;) = ¢, 7. However, we can always make
sure that the test-meshnorm is small enough to stabilize the reconstruction, i.e., we shall
assume

hey (V) < — ,C > 1. (7.4.3)

1
2C
Now we can prove the full-rank of the unsymmetric reconstruction of a function f €
W3 () by an approximation s, € Vg.y,..

Lemma 7.4.1 Under the condition (7.4.3) the system
Ni(f—=s) = 0, foralll <j<N;. (7.4.4)
is of full rank.

Proof: We have for s, = éV:’“ 1 ar® (- — ye) the equivalence

N (f—sr) = Oforalll <j <N, &
N,
N(f) = D a (®(-—y)) forall 1 <j < N,. (7.4.5)
/=1

If we introduce the notation

A = (AM)EZE%T = </ R(x—yp)S(x— xj)dx> e € RN Ns
s @ 1<j<Ns
AL (f)
F o= : e RV
A, (f)

equation (7.4.5) leads to the unsymmetric linear system
Aa=F. (7.4.6)

Now we can compute

IN

(s g+ g, I ()]

lurll 2,0 1< <N,

IN

€ (1 06) oy + ma, s (o))
1

B l[urll Ly ) + 01%12}](\[3 [Aj (ur)] -

IN

This yields

HUTHLQ(Q) <20 152)](\75 [Aj (ur)] -
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Therefore, maxi<j<n, |A; (ur)| = 0 implies ||uy| ;) = 0. Since u, € Vp,y, we have
uyr = 0. Thus rank of A = #Y, < # X, which means that the system is of full rank. O

Equation (7.4.2) implies that we can theoretically solve the system (7.4.4) to some pre-
scribed accuracy 0(r, s). This is due to the fact sy is a good candidate for a solution, and
by choosing hs small enough we can achieve every prescribed value §(r, s). Practically we
can apply some residual minimization techniques to find an approximate solution, such that
the residual is smaller than §(r, s). We denote this approximate solution by u, s € Vg x,.,
i.e., we have

IAj (f —ups)| <O(r,s)forall 1 < j < Nj.
The exact error bound is given in the following theorem.

Theorem 7.4.2 We denote by u, s € VR, the approximate solution of the system (7.4.4)
to the accuracy 6(r, s). Then we have an error bound of the form

15 = el < © (200 gt g+ 007)-
If we choose 0(r, s) = <2hS + C%h"‘) HfHW21(Q), we get a final bound of the form

15 = el < © (20 e ) Uy

Proof: Let us denote by u, the unknown best trial approximation. Then we can compute

1
- ||ffur,s||L2(Q < hs Hf*UT,SHW%( )+1£n2}]<\[ |)‘ ( Ur,s)‘

h Hf||W1 + hs ||UTS||W1 + gg’f\fsp‘j( _UT,S)‘

IN

A

< hs 1wy ) + s lurllwp) +

+hs Hur,s UTHW21(Q) + 1?12)](\7 |>‘ ( - UT,S)‘

2hs Hf”W21(Q) + hsy (X7) [lur,s — U’T’”LQ(Q) + 1?2(\[ A (f = urs)]|

IN

Hurs UTHLQ( +1£n2}](\f ’)‘ ( ur,s)’

1
20,
< 20l Flwacey + g5 (ms = Fllpagey + e = Fllyy) +

204 g L2(2) Ly()

+  max [N (f —ups)l
1<j< Ny

< 2 [ fllw @) +

1 1
< 2hslfllwye) + 5 luns = Flly@ + 50 1wy

o max W (f sl

This shows

1
15 = ey < € (20 e ) Wy + max, 1057 = )]



104 CHAPTER 7. STATIONARY WEAK DATA

giving the expected error bound

1
1f = Ur,s||L2(Q) <C <2hs + 2C,1hr) HfHW%(Q) +0(r,s) .

The second inequality follows from the special choice for §(r, s). O

This generalizes the results of [47] in two ways. Our error analysis does not assume f to be
known on a slightly larger domain 2. Furthermore, we obtain results for the Ly-norm, not
for negative order Sobolev norms.



Chapter 8

Galerkin Methods

In this chapter we shall combine the well-known theory of variational problems with the
idea of sampling inequalities. Galerkin methods are a powerful tool for solving elliptic
partial differential equations. We shall extend the theory given in [62] and show a new
application in the theory of weak recovery [47]. Unfortunately, the error estimates in [62]
are given in the W3 (2)-norm, and they require the solution u to be in a native space of a
radial basis function, which automatically forces u to be continuous. In contrast, we shall
give error estimates in the Lo-norm, hence we do not assume u to be continuous.

8.1 Model Problem: Elliptic Partial Differential Equations

We shall concentrate on problems of the following form. Let €2 be a bounded domain with
boundary 9Q € C'. We shall consider partial differential equations of the form

d 0 ou
-2 g () o) = S0, sen

a ou (x)

> aijloa () B vi()+h(@)u(z) = g(x), zed, (.11
ij=1 J

where we assume a; j,¢ € Lo (), f € L2 (), a;jloa,h € Lo (052) and g € Lo (092)
fori,j7 = 1,...,d. Further, we denote by v the outward pointing unit normal vector to the
boundary 0.

The weak formulation of (8.1.1) is given in terms of the bilinear form

d ou () Ov ()
Apde (U, V) = /Q g—:l a;j du; 0w + cuv | dx + /aQ huvdS (8.1.2)
and the linear form
Fpde (v) ::/fvdx—i—/ gudS (8.1.3)
Q 0

105
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for a function v € Wy (2). The matrix Apge (z) := (a;; (z)) is assumed to be uniformly
elliptic on €2, i.e., there is a constant 7,4, such that

Yode a3 < " A(2) o
for all & € R% and all z € . This gives rise to the variational problem
find u € W3 () : apae (u,v) = Fpge (v) forallv € Wy (Q) . (8.1.4)

If further ¢, h > 0, and if at least one of them is uniformly bounded from zero on a subset
of nonzero measure of § or 92, we know that apqge (+,-) : Wy () x W3 () — Ris
strictly coercive, and that F' : W4 () — R is continuous. We point out that the boundary
conditions are part of the weak formulation. This unfortunately excludes Dirichlet boundary
conditions at the moment.

8.2 A Norming Set Approach for Variational Problems

Since our analysis does not depend on the specific form of the variational problem in Section
8.1.1} we can concentrate on the essential features of (8.1.4). We consider the problem

findu € Wy () : a(u,v) = f(v) forallv € W3 (Q) , (8.2.1)
fora: W3 (©2) x W3 (©2) — R being continuous, i.e., there is a constant /{, > 0, s.t.
la (u,v)] < K, HuHW{(Q) Hvag(Q) forall u,v e Wy () , (8.2.2)
and strictly coercive, i.e., there is a constant v > 0, s.t.
a(v,v) >~ ||UHI2,V2¢(Q) forallv € W3 (Q) (8.2.3)

and f being a continuous linear form f : W3 (2) — R. In our applications, we shall
concentrate on the cases 7 = 1 or 7 > d/2. This models exactly the situation of [62]. The
Lax-Milgram theorem [16] yields that (8.2.1) has a unique solution Uq,f € W3 (€2). Since
we shall use techniques from the finite-element literature (see for instance [10]) we have
to make some common assumptions. These are satisfied in the model-problem (8.1.1), but
have to be stated for the general setting. We assume that the adjoined problem

find wy € Wy (Q) : a* (wg, ) =a(¢,wy)
= (ng)LQ(Q) (8.2.4)

has a unique solution for all ¢» € W7 (Q) and g € L (€2) . Since we want to get some
convergence orders we have to impose that the solution w, € Wy () lies in a continuously
embedded subspace W¥ (2) C W] (£2), i.e., o > T and satisfies the regularity assumption

”w9||W2‘T(Q) = CH9”W;(Q) : (8.2.5)
Now we can apply a standard duality argument [10] to derive the estimate

infgey |wg — ¢HW27(Q)

llu — wn| < K% u — up |y sup
"L () W) gEL () 191l 2,0

i
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where u,, is the solution to the finite dimensional problem (8.2.6) given below. This tech-
nique using the adjoined problem is known as Aubin-Nitsche approach.
As a discretization we have to choose a sequence of n-dimensional subspaces V,, C W7 ()

with bases {¢§n)} - . The space V;, can be the space Vg x for instance. Under the
j=1,..n

assumptions (8.2.2) and (8.2.3) the finite dimensional variational problem

find u, € V s.t. a (up,v,) = f (vy) forallo, €V, (8.2.6)

is uniquely solvable for all f € (W] (Q))*. The Cea Lemma says that the solution of
(8.2.6) is nearly optimal.

Lemma 8.2.1 Let u,, be a solution to (8.2.6) and u a solution to (8.2.1), then we have
o= wallwg @) < € inf Jlu= vl o) -
Proof: See [30, Lemma 1.26]. O

Since we shall use weak data of the form a | -, ¢§n)) we have to ensure that this data contains

enough information. We shall even show that this data induces a norm on V;,. First we
define a projection map by

P: R* =V,

uo=(ur, ) =Y el (8.2.7)
j=1

This is obviously an isomorphism between R™ and V. We have to assume from now on that
the norm of its inverse is bounded, i.e., || P~!|| =: TV»¢ < oco. The constant 'V is in
some important cases explicitly known. We consider two equivalent norms on V,,, namely
the usual || - [y -norm and the norm || - ||, := \/a(, -) induced by the bilinear form a(, -).
The equivalence constants are given by

’yHuHI%V;(Q) < ull? := a(u,u) < KHUH%/V{(Q) forallu e V,,, (8.2.8)

where K and y are given in equations (8.2.2) and (8.2.3).

Lemma 8.2.2 Let {¢§n),1} - be an orthonormal base of V,, with respect to the a(-, -)
J=4..,n

inner product, and let {¢§n),2} be an orthonormal base of V,, with respect to the
7j=1,..,n

usual (-, ')WZT(Q) inner product. We define
PR ) = (Vi I g

u=(ur,..oun)’ ™= welt fori=1,2. (8.2.9)
j=1

Then /5 < |P || < VK and | Py || = 1.
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Proof: We can calculate as follows. Let u™ := POSERT gbg-n)’i.

P—l n
157 = sup | 2 (ug)ll2 Jqu
wevanfoy 1Blwye  lludllwy @

Since the ¢’s are orthonormal we can conclude

= n),2 = n),2
D ity Y s
j=1 j=1

s (@)

W3(Q)
3 (m):2 ()
2 (n),2 2
= > wun (072 600%) =l
32w (57%7%) g, =
Hence || P, *|| = 1. In the first case we can analogously derive
P—l (n)
HP—IH L sup H 1 (UQ )||2 _ Hu||2
1= =
u{MeV,\ {0} ||Ugn)ng(Q) [ut lwz ()

Now we use the equivalence (8.2.8) to deduce
2 _ M2 <, (M)12 < K™ 112 = Kllull2
Mullz = Allwi™lla < w1l @) < Kllu~lla = Kllullz -
Hence /7 < | P[] < VK. O

We denote the dual space of V,, by V. The basis {¢§n)}

Riesz-map a finite subset of V",

Z:={a(¢1),...,a(,dp)} CV*.

of V,, defines via the
Jj=1,...,n

This set Z gives rise to a sampling operator

T:V, — T(V,)CR"

w = (G (0)..

taking the form
a (u(n), ¢1)
T <u<"> - : = feR". (8.2.10)
a (u™, ¢)

We collect some important properties of the operator 7.

Lemma 8.2.3 T is injective and the norm of its inverse on the range of I' is bounded by
I'V*? /5y, where TV:? is a constant depending both, on the space V' and on the arbitrary basis

{0} of V.
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Proof: T is injective by the Lax-Milgram lemma, since we know that (8.2.6) is uniquely
solvable. Therefore T : V,, — T'(V},) is bijective, and we can compute HT‘1 H To do so,
we define u := P~1u™ and find

2
(n) — —1,,() (n) -1 (n)
o 4 = B 207
ol W) 2 wew < VI W)
< 7.pv,<¢>.Hu<n> ? Spw.a(u(n),u(n))
W3 ()
n n
= 1YY wa (um)?@):pw.zuiﬁ
i=1 =1
< TV lully - 11, -
This implies
-1
7Y = sup [ fHWZT(Q):HunHWZT(Q) Ve
R2 f0 Rn RM
I1£1l 171 g
Please note that we have chosen the ||-||,-norm as the norm on R". O

The constant I'V>? is known in the two cases of Lemma/8.2.2.
Remark 8.2.4 We get \/7 < Ve = HP{IH < VK andTV?2 = 1.

Now we can invoke the usual general result from the norming set theory (see Theorem
3.4.2) to get the following result.

Theorem 8.2.5 For every U € V* there exists a vector b = b (V) € R" depending only on
W, such that for everyv € V

V(o) = Dby (W)z =3 b (W)alv,é) with
i=1 j=1

NG

IA

]

16 (D) eny- ve -

In the following sections we shall always assume that V' can be continuously embedded
into the space of continuous functions, V' C C (€2). Therefore point evaluations are well
defined on V, and we may consider ¥ = ¢, € V* for any y € (1.

8.3 Sampling Inequality for Galerkin Data

From now on we need some technical assumptions. We shall assume a radial basis function
 that is regular enough to satisfy

. —£
O (w) ~ <1+||wH§> fora¢ >d/2,
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i.e., ® is the reproducing kernel in a Hilbert space that is norm-equivalent to the classical
Sobolev space W2£ (€2). As usual, the approximation quality of the space

Vo x :=span{® (- —z;) 1 z; € X}

depends on the choice of the discrete set X. It is well-known [65] that the error estimates
will depend on the fill distance

hxq = h :=sup mln |z — 4], -
TeENT;E

However, we shall as well need a stability assumption of the form
HSHW§(Q) < C(Vox, &) sllp,q forallse Ve x . (8.3.1)

The constant C (Vg x,&) exists because of the norm-equivalence on finite dimensional
spaces. As shown in Chapter 6, there is strong evidence that the equivalence constant will
depend mainly on the separation distance

o1
= sz,E]HElX 2 sz B $J|’2 ’
T AL,

Theorem|8.2.5 indicates that we have to bound the norm of the point evaluation functional.
This is done by Sobolev’s inequality [16]

162 ()| = Is (@) < lIsllyp o
for some (3 > d/2. Now we can use an inverse estimate to establish
HSHWQ»B(Q) S C (V<I>,Xa ﬁag) ”S”W§(Q) )

where C (Vo x, 3,£) might be obtained from C (Vg x,0,&) by an operator-interpolation
argument (see, e.g., [11]). These two inequalities give

16z ()| < C (Vs x, 3,6) ||5||W25(Q) . (8.3.2)

As we already mentioned, C' (Vo x, 3, &) depends mainly on the separation distance g :=
gx, so we shall simply refer to it as C' (¢). We point out that this finally yields a bound of
the form

n
v(z) = Z bj (x)z; with (8.3.3)
Ve
16 ()l (gny- < ¢ (q) - (8.3.4)
In the following we use the notation
1/2

n

la(u, HzQ(n) Za

Jj=1

for an arbitrary vector ¢ = (¢1, ..., qﬁn)T.
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Theorem 8.3.1 Assume that the solution wy of the adjoined problem (8.2.4) fulfills wy €
W3 (2), where we have to impose o = &. Let {¢;},_, , be a basis of Vo x. Then there
exists a constant C' > 0 with the following property. There is a constant h, > 0 such that
for all sets X C Q with fill distance h < hg and all functions u € W3 () the inequality

lullpagey < € (K ullyg oy + € @ T 0 (s, )l
holds.
Proof: We find for an arbitrary p € Vg x and any u € W3 ()

HU||L2(Q) < HU*p”M(D +||p”L2(Q)
< lu=pllg,qy + vol ()2 |8zp] ,

where & € € is the extremum of p, i.e., |[p(Z)| = max,eq |p(z)|. This point exists, since 2
is compact. Now we can use the reproduction formula from Theorem 8.2.5/to get

”UHLQ(Q) < ||U—P||L2(Q)+C ij a(p, ¢;)
7j=1
< = pllpy) +C ij —p.dy) + a(u. )

< Ju- p||L2m+c||b< )l lla (=, ) ey
+ OB @y lla u, B)llgy

Since a (-, -) is coercive we can choose p € Vg x, such that
a(u,¢;) =a(p,¢;) foralll <j<mn.
Since the ¢;’s form a basis for Vg x, the estimate reduces to
lullpyiy < lu=5llzm0) +T7%7C (@) lla(w @)l

where we used the bound for the point-evaluation functional from (8.3.2). We can use the
Aubin-Nitsche approach to get

infyevg « [[wg — ¢HW;(Q)

|u — Bl < K%||lu = pllyrq sup
La(9) RERDIS 191l 2,0

Since our stability assumption yields w, € Wy (©2) C C (€2) we can apply the well-known
estimates for interpolation in the native space [65] to get

oo g = bllwg @) = CR T llwgllg o) < CR7 9llae) -

The Cea Lemma 8.2.1 yields again

lw ="z ) < Cllullwg o)
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Putting things together we find the claim. O

We can use Remark|8.2.4 to present an explicit bound on the constant in front of the discrete
term.

Corollary 8.3.2 Under the conditions from Theorem and the additional requirement

n

that {(bg-n)’l} is an orthonormal base of Vo x with respect to the a(-,-) inner product,
J=1

we get

||u”L2(Q) <C (hU_T ||u”W2"(Q) +C (Q) \/E’Y_l ||(I (U, ¢)||€2(Tb)) . (8.3.5)

n
If we additionally require that {gf)gnm} - is an orthonormal base of V,, with respect to
]:

the (-, -)wy () inner product, then we get
el oy < € (B ullig @ + € (@) 7 o (1) lyy ) - (8.3.6)

The discrete term seems to be rather unintuitive. But it has an interpretation for orthonormal
bases.

n
Remark 8.3.3 We assume £ > maxT,d/2. If {d)gn)’l} - is an orthonormal base of Vo x
]:
with respect to the a(-, -) inner product, we get that
la (w, )l gyny — llulla forhxo—0,
where || - ||, is equivalent to the energy norm.

Proof: Since & is the reproducing kernel of the Sobolev space W2§ (Q) with £ > 7 we get
by appropriate sampling inequalities that Vg x becomes dense in W3 (€2) for hy o — 0.

n
Since the {(bén)’l} _, are orthonormal, the claim follows by the Parseval equation. O
J:

Let us clarify the main result of Theorem 8.3.1 a bit further. We consider again the weak
formulation of a Laplace equation with Neumann boundary conditions, i.e.,

a(u,v) = / Vu(z) Vo (z)dz foru,v e W5 (Q) .
Q
Then the sampling operator consists of smoothed derivative data

5 (f) = /Q V/(2) Vo, (x) da

Another approach is to apply the sampling inequality directly to the partial differential equa-
tion (8.1.1). If Q C RR3 satisfies the conditions from above, and if f satisfies the regularity
assumptions, we know that the solution v &€ W22 () satisfies the regularity assumption
with o = £ = 2 > 3/2. We construct an approximate solution uy € Vg x by solving

a(u,¢;) =a(ux,p;) foralll <j<mn.
Now we can apply our result to u — ux € W3 (). This yields
lu —uxll g,y < Ch' [lullyyq) -

To get error estimates in higher norms we use results from [62].
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8.4 Error Estimates for Best Approximation

From now on we shall assume that Q C R? with d < 3 is bounded with a Lipschitz
boundary and satisfies an interior cone condition with radius 7 and angle 6. We shall give an
application of the sampling inequality derived in the previous section. We shall consider the
problem to find the best approximation sy € Vo x = span{® (- — z;) |z; € X} to a given
function f € W (2). We restrict ourselves to the case & = 2. The best approximation in a
Hilbert space is characterized by the orthogonality equations

(f — Sf,S>W21(Q) =0 forallse Vpx .
To apply the results from the previous section we define the bilinear form
a: Wy (Q)xWi(Q) — R
a(u,v) = (u, U>W21(Q) .

Obviously, a(, -) is symmetric, continuous and W (Q2)-coercive. Further, the orthogonali-
ty equation can be interpreted as a variational problem,

find sy s.t. a(sy,s) =a(f,s)=:f(s) foralls € Vo x .

Now we are able to apply the results from the previous section to this special bilinear form.

Proposition 8.4.1 Let Q C R% with d < 3 be a bounded domain satisfying an interior cone
condition. Under the conditions from Theorem 8.3.1\we find for the best approximation sy
from Vs o x to a function f € W1 (Q) the following error estimate

1 = 5l < Bxa I lwie) -
Proof: To do our error analysis we have to check whether the problem
* — —
find wy s.t. a* (wy,¥) = a(wy,¥) = (wy, \I/>W21(Q)
= (9, V) p,q forall ¥e W, (Q)
possesses a solution w, € W, (Q) forall g € Lo (£2). The existence of a solution is a direct
consequence of the Lax-Milgram theorem [10], since we deal with a symmetric coercive

bilinear form. Now we have to check the higher regularity, which we need for our estimates.
To see this, we compute, provided u, v are smooth enough, as follows.

(V)i = (V)@ + (Vu, Vo)L, q)
= (u,0) ) — (U, AV) ) + - VourdsS ,

where v denotes the outward pointing normal vector. This calculation shows that w, would
solve the Helmholtz equation. We are free to choose a boundary condition. In this case the
natural boundary conditions [24]

—Awg+wy; = gin§)
0 on 012

Vwgv
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are useful. Standard regularity estimates for elliptic partial differential equations [24] say
that a solution w,, to the variational problem lies in W3 (2), and that it depends continu-
ously on the data, i.e., ngwg(Q) <C HgHLQ(Q). Now we can apply the results from the
previous section to get the estimate

c(9Q)
Y

[ellzy0) < hxa llullwy o) +C (V) la (u, 9)llaq) -

If we insert the residual u = f — s, we find

1 = 55l e < Pxe i) -
Od

This shows that one can use the techniques from the finite element literature also in the
context of meshless kernel methods. Furthermore, the sampling inequality provides also
error bounds, even if we do not solve the linear system with the stiffness matrix exactly.

8.5 Sampling Inequality with Polynomials and Galerkin Data

This section is completely independent from the previous ones. In this section, we shall
choose V' to be a polynomial space, to be more precise, V' = 7 (2) for some k& € N. This
means that we do a kind of generalized finite element theory with 7, (£2). To derive an
upper bound for ||d,||,,. we first have to work locally on nice “small ** domains. The first
step in deriving upper bounds is to consider only local regions D that are star-shaped with
respect to a ball. A bounded domain {2 bounded region that is star-shaped with respect to a
ball satisfies a uniform interior cone condition.

In the case that V' consists of polynomials, a bound on ||d,| can be found in [64]. If
V =my (Rd) is the space of all algebraic polynomials of degree not exceeding k, we know
[38]

N 2k2 |ev]
1D < () IPlicor

for arbitrary p € V. Unfortunately, this estimate does not use the W3 -norm. Therefore
we have to modify this result. To do so, we use a result from [11, Lemma 4.5.3], i.e., for
1<p,g<ocoand 0 <m </ we have

—{+d/p—d
ooy < Cop~ P ol forallv e m, (RY)

where pp = diam (D) < 1 denotes the diameter of the domain D.

Lemma 8.5.1 If D is star-shaped with respect to a ball with radius r, for every o € Ng
and every real number 3 > d/2 and T < f3,

2k2

laf
T8
9)> Pp HPHW;(D),

D% <
19y p‘_c<rsin(

forallp e V. =m, (D).
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Proof: Putting the inequalities together, yields for 3 > d/2 and any y € D

N N 2k2 |
0% < 1Dl < (o) ol

7 sin (

2k2 |
(r sin (0)) ”pHWé@(D)

22 |ot] _—
C(rsm@)) Pp HPHW{(D)a

where we used Sobolev’s inequality in the fourth step. O

Since we are going to do an Lo-theory, we shall assume o = 0.
We assume that the domain D is compact, i.e., bounded and closed, so that for any polyno-
mial p € 7y, (]Rd) there is a point © € D such that

max |p ()| = |p (Z)| = [0zp| -
z€D

Proposition 8.5.2 Assume that the solution w, of the adjoined problem (8.2.4) fulfills w, €

Wg (§2), where we have to impose ¢ = &. Let {¢D} be an orthonormal basis of

]71 LN

7r (D) with respect to the W -inner product. Then there is a constant C' > 0 such that for
all w € W3 (D) we have

o—T -1 7 d/2
Il ooy < € (05 Nullg o) + 705 " 2 la (w,0) iy )
with o > T.

Proof: We find for an arbitrary polynomial p and any u € WJ (D)

lull oy < llw=Dpllym) + 1Pl Ly

< lu=pllpyp) + vol (D) |33p|
d
< lu=pllpympy + 03" Zb a(p, é;)
d/2
< lu=pllpympy + 07 Zb (u—p, 6;) +a(u, ;)
<l —pll ) + P Hb( Mg lla (= p, @)lgym)
d
+ o2 15 @)y lla (u, )l gy - (8.5.1)

Since a (-, -) is coercive we can choose a polynomial pp € V' = 7, (D) such that

a(u,¢;) =a(pp,¢;) foralll <j<n.



116 CHAPTER 8. GALERKIN METHODS

We point out that the polynomial pp depends on the domain D. Furthermore, we can use
Theorem|8.2.5 and Lemma|8.5.1/ with || = 0 to note that

10@)ll2 <57 103l < o7
If the ¢;’s form an orthonormal basis for 7, (D), the estimate (8.5.1) reduces to

-1 7— d/2
lullpypy < lu=pplpym) +Cr 05 " a (u,0)ll gy -

To bound the term [[u — ppl;,py We will use the Aubin-Nitsche construction from the
introduction, i.e.,

inf(z,em(’p) ng - ¢HW{(Q)

|lu — Pl < K*[lu—ppllyrq sup
L(D) Wi D) 191l ., (D)

For the next step we assume a regularity assumption in the sense of(8.2.5). Then we can
bound the second factor by the Bramble-Hilbert lemma, which gives

. o—T o—T
st s =Sl < P Wslwg o) < Crp " l9llaco) -

For the first part we use the Cea Lemma [10] to get

Hu—pD”WQT(D) < CHUHW{(D) )

Putting things together yields the claimed estimate. O

This is a local sampling inequality. We shall now apply a covering argument to extend
this result to the global domain. To derive a global sampling inequality we again cover the
global domain {2 by nice small domains D; as described in Theorem 3.3.10/ From now on
we assume h < @ (k,0) Ry, so that the construction is applicable. Then we can prove a
global version of our sampling inequality.

Theorem 8.5.3 Under the assumption from Proposition 8.5.2 and Theorem |3.3.10) there
exists a constant hg > 0 with the following property. There is a constant C > 0 such that
for all functions v € W3 () and all h < hq the sampling inequality

[ull Ly) < C <hU_T lullyg @) + W72 g (u, ¢)||£2(n#T7"))

holds, where {¢;},_ o, . (s-+1)¢ i an orthonormal system in 7 (D,41)
forall z=0,...,#T,. — 1.

Proof: The decomposition of 2 together with Proposition|8.5.2 and

sin 6 2
h=2r< <2R =
2(1+sind)Q (k,0) r=po %2R Q (k. 0)
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shows that we have

Jul2, 0 = / fu ()2 da

< Y w@Pdr= 3 o,
teT, teTy
2
< CZ(h"_7||u||W2T(Dt)—i—hT_ﬁer/z’}’_l IIa(u,qb)lng(n)) :
teT,

where we have used the fact that we may choose the same constant C' > 0 for all regions
D;. Further calculation yields

2
iy < € D2 (A7 Nullwg oy + B35 o (0, @)l )

teT:
<C <h2(o—T) Dl oy +P2TD2Y  la (u, ¢)H§2(n)>
Pt =

< My (W ullfyz o) + B2 HD572 a0, 6) 2, ) )

where the last estimate follows from Theorem 3.3.10, since

D Nl < Ml
teTy

This finishes the proof. O

Please note the special meaning of the parameter A. It is not the usual fill distance of a
discrete set X C Q. It rather mimics the meaning of & in the finite element literature as the
size of the local patches.

The error analysis of this section relies on good polynomial projections. This indicates
some possible generalization in the context of generalized finite elements.
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Chapter 9

Discussion and Outlook

In this thesis we have systematically generalized the concept of sampling inequalities to
various situations, and we have illustrated applications. The first main part considered
strong sampling inequalities. We derived sampling inequalities for infinitely smooth func-
tions where the sampling order turned out to vary exponentially in the fill distance. As a
special case our technique reproduces the well known error estimates for classical interpo-
lation in the native spaces of Gaussian and inverse Multiquadric kernels. However, even in
the special case of interpolation the optimal convergence rates are not known. Further re-
search should address better sampling orders by avoiding the boundary effect. Although we
did not pay much attention on this detail, a main drawback of the estimates lies in the con-
stants involved, which depend exponentially on the space dimension. To avoid this spectral
growth one should consider sparse grids.

We further presented a deterministic error analysis for support vector regression algorithms.
We restricted ourselves to the e- and the v-SVR, but the described procedure can be easily
generalized to all learning algorithms with penalty terms induced by kernels whose native
spaces are Sobolev spaces. The sampling orders we found are optimal and were confirmed
numerically. The error analysis does not depend on any assumptions on the inaccuracy of
the given data, so one should combine them with stochastical models on the noise to im-
prove parameter choices.

As an auxiliary result we proved a Bernstein inequality, which provides equivalence con-
stants between the Sobolev- and the L-norm on a finite dimensional space of translates of
an RBF. For that, we need a technical condition on the distribution of centers, which seems
to be artificial. Further research should overcome this.

The second main part addressed weak sampling inequalities. We considered stationary
convolution-type data, which generalizes the usual finite volume methods. We derived a
sampling inequality for this situation, which forms an important step towards an a priori
error analysis of MLPG methods. Finally we derived a deterministic error analysis for the
solution of regularized variational problems, which arise naturally as Ritz-Galerkin approx-
imations of pde’s in weak formulations. We presented sampling inequalities for both kernel
based and polynomial ansatz spaces. For the analysis of MLPG methods it would be useful
to prove sampling inequalities for other kinds of weak data that, e.g., covers derivatives.

119
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