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Chapter 1

Introduction

Twisted K-theory first appeared in the early 1970s in a paper by DONOVAN
and KAROUBI [20] as “K-theory with local coefficients”. As the name suggests,
it is an elaboration of topological K-theory, invented by ATIYAH and HIRZE-
BRUCH in [4], that supports a notion of POINARE duality even in the case of
non K-orientable (i.e. non spin(®)-) manifolds [72]. Like the local coefficients for
ordinary cohomology are described by a class in H'(M,Z/2Z) for a paracom-
pact Hausdorff space M, the extra data needed in case of K-theory is a twist
represented by a certain (torsion) element in H3(M,Z). The latter group can
also be seen to classify isomorphism classes of bundles Ax — M with fibers the
compact operators on a separable Hilbert space, which was the starting point
of a paper by ROSENBERG [57], who showed that twisted K-theory as defined
in [20] is isomorphic to K.(Co(M, Ak)) — the K-theory of the C*-algebra of
continuous sections of Ak tending to zero at infinity. This description needs
no restriction to torsion elements in H3(M,Z), but in case the twist is of finite
order BOUWKNEGT, CAREY, MATHAI, MURRAY and STEVENSON developed a
geometric description of Ko(Co(M, Ak)) in terms of modules over bundle gerbes
[12] [19], which provide a replacement for vector bundles in the twisted case.

Recently, the rise of string theory gave some fresh impetus to the devel-
opment of twisted K-theory [64] 13, 41l [77]: In string theory, space-time is
modelled in such a way that its classical limit, in which quantum effects are
neglected, is not just a Riemannian manifold M, but also carries the extra data
of a B-field 8 on M, which supports topologically non-trivial dynamical struc-
tures of the stringy space-time, called D-branes. Now, (3 coincides with the
data needed to define a twisted K-theory group on M and the elements of this
group can be identified with D-brane charges. Furthermore, there also is a du-
ality principle, called T-duality, relating two different types of string theories,
which amounts on the mathematical side to an interesting involution on twisted
K-theory [I8], [15].

Another application of twisted K-theory emanates from the representation
theory of loop groups, in particular from a beautiful theorem proven by FREED,
HoPkINs and TELEMAN [22]: Let G be a simple, simply connected, compact
Lie group and k € Z ~ H?(G,Z) be a level. For each such k there is a canonical
central extension QG of the loop group QG. Let RF (QG) be the free abelian
group generated by isomorphism classes of positive energy representations of
Q,G. There is a level preserving product, known as fusion, on R* (QG) turning
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it into the VERLINDE ring. The theorem says that it is isomorphic to the twisted

equivariant K-theory Ké’[kJrhv](G), where hY is the dual COXETER number,
[k + hY] € H3(G,Z) represents the twist, d is the dimension of G and G acts
on itself by conjugation. Fusion turns into the PONTRJAGIN product on the K-
theoretic side. Another reference is [16], where the formulation of this theorem
as a commutative diagram is considered.

As will be seen in the next chapter, twisted K-theory is closely related to
higher algebraic structures, like bundle gerbes [12]. Therefore the development
of the theory for singular spaces described by stacks or orbifolds comes in very
natural. Results in this direction can be found in [T}, [73].

Let A be a unital C*-algebra, M be a compact Hausdorff space, then the conti-
nuous functions with values in A, denoted by C(M, A) ~ C(M) ® A, will again
be a C*-algebra when equipped with the obvious supremum norm. There is
a geometric description of Ko(C(M,A)) as the GROTHENDIECK group of iso-
morphism classes of bundles with fibers finitely generated, projective Hilbert
A-modules [6I]. The present work takes this geometric picture as a starting
point and develops a twisted version of it: Let A be a locally trivial bundle of
C*-algebras with structure group PU(A) = U(A)/U(1) and denote by C (M, A)
the C*-algebra of continuous sections. Replacing the above Hilbert module bun-
dles by modules over a suitable bundle gerbe and thereby merging the above
picture with the one developed in [12, [19], we arrive at a geometric interpre-
tation of Ko(C(M,.A)) in terms of twisted Hilbert A-module bundles (see defi-
nition [3.0.13). In particular, we prove a twisted SERRE-SWAN-theorem
saying that the category of twisted Hilbert A-module bundles is naturally equiv-
alent to the one of finitely generated, projective C'(M,.A)-modules. A similar
proposition holds in the case of locally compact spaces M, if some care is taken
about the extendability of A to compactifications.

A twisted Hilbert A-module bundle FE lives over an auxiliary principal bundle
P with structure group PU(A). From a geometric point of view, P might
seem to be a somewhat bulky, even though not unmanageable object. Luckily,
in all geometric applications we have in mind, P reduces to a principal I'-
bundle P, such that T" is either a compact Lie group or a discrete group. Even
without a reduction, but with restriction to torsion twists, the algebra C'(M, .A)
is MORITA equivalent to C(M,K) ® A for a bundle of matrix algebras K —
M (see theorem . Using the isomorphism induced on K-theory, each
twisted K-cycle may be represented by a twisted Hilbert A-module bundle over
some principal PU(n)-bundle P. We exploit this fact by developing a theory of
connections on modules over certain lifting bundle gerbes that arise from flat
central S'-extensions of Lie groups:

1—S' T —T —1.

In this case there is a notion of Chern character in the sense of CHERN-WEIL-
theory, which takes values in the ordinary (untwisted) cohomology. It extends
like in the setup of MISHCHENKO-FOMENKO-index theory [47] to a Chern char-
acter with values in H®V*" (M, Ky(A) ® R).

The usual approach to index theory via pseudodifferential operators does
not transfer directly to the twisted case due to a crucial analytic difficulty:
Symbols, representing K-cycles in the twisted K-group KY. A(T*M), just yield
transversally elliptic pseudodifferential operators on the corresponding twisted



Hilbert A-module bundles (with respect to the covertical subbundle H* C T*P).
Nevertheless, the machinery developed by ATIYAH in [7] is extendable to this
case if the algebra in question is supposed to come equipped with a trace. We
follow this idea up to some point, define an analytic index and prove that it
only depends on the K-theory class of the principal symbol.

All analytic obstacles can be circumvented in a nice way for the subclass of
generalized projective Dirac operators. Let D : I'(S) — TI'(S) be such an opera-
tor acting on smooth sections of a twisted Hilbert A-module bundle S. D can be
twisted with a bundle gerbe module F in such a way that both — the resulting
bundle SX E and the operator D¥ : T'(SXE) — I'(SXE) — descend to analogue
structures on the base manifold instead of the auxiliary principal bundle (since
E and S are allowed to live over different bundles, we need to use the exterior
tensor product X here). We extend the index theorem of MISHCHENKO and
FOMENKO and also KASPAROV’s K K-theoretical index theorem to the counter-
twisted case (see (4.36), (4.37), (4.43) and theorem [4.5.9). However, there is
no canonical choice for the countertwisting bundle E and we discuss different
possibilities and their index-theoretical consequences. The case when E is flat
is of particular interest, since it perturbs the index of the generalized projective
Dirac operator as little as possible. Therefore we classify flat countertwisting
bundles via their holonomy representations, which now turn out to be projec-
tive representations of the fundamental group for a fized lifting cocycle instead
of honest ones like in the non-twisted case. We also draw some conclusions
about the relation between the spectrum of possible dimensions of these repre-
sentations in case of the projective Dirac operator and the denominators of the
A-genus.

In the final part of this work, we apply the index theory of twisted Hilbert A-
module bundles to the problem of index theoretical obstructions against positive
scalar curvature metrics (psc-metrics for short). This subject is based on the pi-
oneering work of ATIYAH, HITCHIN, LICHNEROWICZ and SINGER [37), 29]. The
argument exploits the BOCHNER-formula to conclude that if a spin manifold
M allows a metric of positive scalar curvature, then its A-genus has to vanish.
ROSENBERG refined this index to an invariant . (M) € KO, (C}(m(M))) [56]
by twisting the Dirac operator with the MISHCHENKO-FOMENKO-line bundle
Vr, which is a Hilbert C*-module bundle associated to the universal cover M
with fibers the reduced C*-algebra of the fundamental group C(m(M)). This
operator has an index in the K-theory of this algebra. Since V), is still flat,
the argument of LICHNEROWICZ remains valid in this case and «,(M) is an
obstruction against psc-metrics. In fact, this invariant is quite strong, which led
to the following conjecture in [58]:

Conjecture 1.0.1. (GROMOV-LAWSON-ROSENBERG conjecture) Let M be a
closed, connected, n-dimensional spin manifold with n > 5, then M admits a
psc-metric if and only if a,.-(M) € KO, (C}(m1(M))) vanishes.

There is a corresponding stable version of this conjecture proposed in [59]:

Conjecture 1.0.2. (stable GROMOV-LAWSON-ROSENBERG conjecture) Let M
be a closed, connected, n-dimensional spin manifold with n > 5. Let J be a
simply connected, spin manifold of dimension 8 with A(J) = 1. If o, (M) €
KO, (C}(m(M))) vanishes, then M stably admits a psc-metric, i.e. M x J x
-+ x J admits a psc-metrics for sufficiently many factors of J.
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The unstable conjecture is supported by the fact, that for a simply connected
manifold, i.e. in the case a,.(M) reduces to the A-genus, there is a positive result
by StoLz [67] (see also the paper by GROMOV and LAwSON [25]):

Theorem 1.0.3. Let M be a connected, simply connected, closed spin manifold
of dimension > 5. Then M admits a psc-metric if and only if a.(M) =0 €
KO, (pt).

Nevertheless, it was shown by ScHICK in [60] using minimal hypersurface
techniques of SCHOEN and YAU [63] that counterexamples exist:

Theorem 1.0.4. There exists a 5-dimensional spin manifold with m (M) =
Z* x ZJ3Z such that a,.(M) = 0, but M does not admit a metric of positive
scalar curvature.

The situation in case of the stable conjecture is quite different. In fact,
StoLz showed in [68] that if the BAUM-CONNES assembly map is injective for
some fundamental group 7, then the conjecture holds for 7 as well.

Note that all the results require M to be a spin manifold. In particular, this is
necessary for the ROSENBERGC index a..(M) to make sense. Twisted K-theory
with coefficients in a C*-algebra provides a way to extend the index obstruc-
tion to the case, where M itself need not be spin, but only its universal cover
is. This is done by replacing the absent Dirac operator on M by the projec-
tive Dirac operator and the MISHCHENKO-FOMENKO-line bundle by a certain
twisted Hilbert A-module bundle, where A can either be the reduced or maxi-
mal twisted group C*-algebra of the fundamental group centrally extended by
a cocycle ¢z € HZ (mi(M),S") related to the spin structure on the universal
cover: CF . (m1(M),cxz). This way, we define an invariant

r,max

ar,maX(M) € KO(C:,max(Trl (M), cz)) ,

which can be understood as the direct replacement of the (complex version of
the) ROSENBERG index in case the universal cover is spin. We prove a LICH-
NEROWICZ type formula for the twisted case that also reveals, where the argu-
ment fails in case the universal cover is not spin (see theorem . This point
of view not only sheds a new light on the obstruction considered by STOLZ in
[66], but also allows us to transfer many of the arguments given in the spin case
more or less directly, proving the machinery developed in the prior chapters to
be valuable.

In particular, we extend a result by HANKE and SCHICK about enlargeable
manifolds [27]. GROMOV and LAWSON used geometric methods to prove that
these provide examples of manifolds that do not admit a psc-metric [26]. One
of the main results in [27] is, that also the (complex version of the) ROSENBERG
index does not vanish in this case and therefore detects enlargeability. In the
spirit of their proof, we construct a flat twisted Hilbert A-module bundle W from
a sequence of almost flat twisted bundle gerbe modules with non-vanishing top
Chern classes. It is a consequence of enlargeability that such gadgets exist.
The projective holonomy representation deduced from this bundle, yields a C*-
algebra homomorphism

Célax(ﬂ—l(M)?c%) — Q )
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into a C*-algebra @ in such a way that the induced map on K-theory sends
amax(M) to the index of the Dirac operator twisted with W. Even though W
is flat, it remembers the Chern classes of its ingredients. The K-theory of @
is well-understood and ind(Dw ) € Ko(Q) reflects the indices of the almost flat
ingredients, which were non-vanishing by hypothesis.

We finish this work with some perspectives about the twisted K-theory in
the non-torsion case and possible extensions of the theory to bundles of C*-
algebras with different structure groups.

The guided tour through this thesis is as follows:

e Section 2 contains the necessary preliminaries about bundle gerbes and
their modules. It explains the notion of stable isomorphism and relates
it to MORITA equivalence. Furthermore, the DIXMIER-DOUADY-class is
defined and its properties are summarized. Aside from this, we explain
some aspects of the wide field of higher algebraic structures and higher
gauge theory, which bundle gerbes are a part of.

e Section 3 introduces twisted Hilbert A-module bundles and their mor-
phisms. It defines twisted K-theory with coefficients in A on a compact
space M as the GROTHENDIECK group of such gadgets and we prove a
twisted SERRE-SWAN-theorem . Exploiting the Banach category
structure of twisted Hilbert A-module bundles, the notion of K-theory
is extended to locally compact spaces. The twist shifting theorem
will not only play a crucial role in the countertwisting techniques of sec-
tion 4, but also relates twisted Hilbert A-module bundles over a principal
PU(A)-bundle to those over PU(n)-bundles. We define the analogue of
the frame bundle in the twisted case, which will be an important ingredient
in the classification of flat bundle gerbe modules, followed by a short note
how bundle gerbe modules can be considered as twisted Hilbert M, (C)-
bundles. Sections 3 ends with a toolbox explaining the product structure
on twisted K-theory and the KUNNETH formula.

e Section 4 starts with some basics about flat central S L_extensions of Lie
groups, i.e. short exact sequences 1 — S' - T — I' — 1 with T as-
sociated to the universal cover of I'. The right notion of connection on
their lifting bundle gerbes is defined, before focussing on modules over
them. The notion of bundle gerbe module connection (bgm-connection
for short) is given in terms of connection forms, horizontal subbundles
and covariant derivatives. A section about trivial bundle gerbes explains
how they are related to untwisted connections on bundles over M and
how this fits into the picture of the spinor module. Parallel transport on
twisted Hilbert A-module bundles is explained in the next section. It is
shown to be equivariant with respect to an action of I"'.  The notion of
curvature transformation is given and a Chern character is defined via
CHERN-WEIL-theory in two ways: One using a trace on the algebra if
present, the other using the KUNNETH formula. This section ends by
proving the additive and multiplicative properties of this character.

e Before digging into index theory, the next part of section 4 continues with
a short digression about SOBOLEV spaces, especially in the case when the
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auxiliary principal bundle P is non-compact. Symbols are defined in the
next paragraph as sections of the homomorphism bundle hom(7*E, 7*F)
for m: T*M — M and two twisted Hilbert A-module bundles F and F.
It is proven that each symbol o over T* M lifts to a transversally elliptic
one, denoted by @, over T*P by multiplication with some regularization
function. Using an intrinsic Fourier transform like in [I1], these can be
turned into f—equivariant transversally elliptic operators. With the help of
parametrices, which are shown to exist, an “analytic” index is constructed
in the case the algebra in play carries a trace. It is proven to yield a map
from the twisted K-group K. ,(T*M) into the complex numbers and its
relation with the fractional analytic index of [38] is clarified.

The most important part of section 4 introduces generalized projective
Dirac operators and relates them to operators on bundles over M in case
the twist is trivial. This is the starting point of the countertwisting tech-
nique alluded to in the introduction. Different ways of countertwisting
are explained with a special emphasis on spinor and flat countertwisting
bundles. The different variations of the MISHCHENKO-FOMENKO-index
theorem can be found in (4.36), (4.37) and (4.43)). After introducing the
notion of covering bundle gerbes, we classify flat bundle gerbe modules in
theorem as those, for which the frame bundle gerbe reduces to a
covering one. This implies that they are completely determined by a pro-
jective (holonomy) representation of the fundamental group associated to
a certain lifting cocycle deduced from the bundle gerbe as amplified in
section For the projective Dirac operator the dimension spectrum
corresponding to this particular cocycle carries some information about
the denominator of the A-genus as stated in corollary

The last part of section 4 finally introduces our replacement of the ROSEN-
BERG index and we prove a twisted BOCHNER formula in theorem [.4.4]
Besides the definition of the twisted MISHCHENKO-FOMENKO-line bundle
and some remarks about the twisted group C*-algebras, it also contains
a K K-theoretic viewpoint on countertwisting, which shows that it inter-
acts with the KASPAROV product in a very nice way, which enables us on
one hand to easily prove some naturality statement about the projective
Dirac operator and on the other to state the analogue of KASPAROV’s
index theorem in the twisted case (see theorem .

Section 5 finally contains the application of the whole theory to the case of
enlargeable manifolds, which are defined in the beginning. After showing
that — with the stated notion of enlargeability — almost flat twisted bundle
gerbe modules exist, the core of the argument given in [27] is transferred
into our setup in theorem [5.1.1f Here the sequence of almost flat twisted
bundles is assembled into an infinite dimensional bundle as explained in
the introduction. Having accomplished this, it is a rather small step to
arrive at the generalization of the result from [27] in theorem [5.2.5]

Section 6 contains some concluding remarks and perspectives about pos-
sible further generalizations of the theory of twisted Hilbert A-module
bundles in the index theoretical direction as well as in the direction of
C*-algebra bundles with more complicated structure group.
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Chapter 2

Preliminaries

2.1 Bundle gerbes and their modules

In this section we will present the basic properties of bundle gerbes, which were
first treated by MURRAY in [49]. Among the many different motivations for
them, ranging from a generalization of line bundles to bundles of 2-groups, let
us first explore, how they come up in the context of spin structures on non-spin
manifolds. More general, we will start with the example of lifting bundle gerbes,
which play a fundamental role throughout this paper. Let

1—S8' T T -1

be a central S'-extension of Lie groups (which may be understood in a very
broad context, for example we could think of Banach, or even Fréchet Lie groups
here), such that I' — T is a principal S'-bundle. Take a principal I'-bundle P
over a paracompact Hausdorff space X. Any vector bundle F' — X pulls back
to a I'-equivariant vector bundle £ = 7*F — P. The extra data we have to
remember is the group action of I' on E. This can be formulated in — at first
sight far too — elaborate terms by saying that E is a module over the pair
groupoid
pkl —X P

where source and target maps are given by the projections m; and P = P x x
P = {(p1,p2) € P? | w(p1) = m(p2)} denotes the fiber product over X. The
module structure of E over P2 is then expressed as a map

PP xmE —a{E 5 (p1.p2,v) — (p1,p2, 912 - V)

with v € Fp,. The element g1 is uniquely defined by the property that p; gio =
P2, i.e. it represents the morphism from ps to py, and acts via the isomorphism
E,, — E,, . Note the ordering convention, which is due to the fact, that we
would like to consider 73 as the source map and m; as the target.

Now suppose that we have a representation g of I'. Imagine we would like
to have some vector bundle E associated to a lift of P to a principal I'-bundle
with the slight defect that we do not know whether this lift exists or not. In
the case I' = SO(n), I' = Spin® this asks for the existence of a complex spinor
bundle and therefore is the complex version of the initial problem described
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above. Even though the lift P may not exist, there still is a central extension
of the pair groupoid, given by:

I

o

where L = x*(T (A) is the pullback of the principal S'-bundle [ — T via the map
k: PPl — T with k(p1,p2) = g12, where g15 is like above. This way, the fiber
L(p1 .po) comsists of all possible lifts of gio € I' to an element gio € T. Observe

that we can identify L with a line bundle L — P2, The group multiplication of
T" is now stretched out diagonally over the pair groupoid and leads to a product
structure over PPl

Mol @ oL — wisL 5 [Gi2, A ® [G2s, 1] — [G12G23, Ap] ,

where 7;; : PPl — P2l are the canonical projections and the fiber Ly, ps) =
E(pl)m) x g1 C is written in the form [, A] for § € T and A € C. This action covers
the multiplicative structure on the pair groupoid and the obvious diagrams for
associativity commute. Note that 1 € I" has the canonical lift 1 € T', therefore
we will often identify the fiber over the diagonal L, ,) with the trivial line

bundle. It plays the role of an identity for the product this way.

The above point of view on equivariant vector bundles is still applicable to
this situation. Indeed, we can ask for a vector bundle E — P to carry an action|]
of the bundle gerbe L, i.e. a bundle isomorphism:

LenyE — niE

together with certain diagrams for associativity. FE then becomes an almost
equivariant vector bundle up to the defect described by the central extension of
the pair groupoid P!

After this motivation, we can phrase the precise definitions of bundle gerbes
and bundle gerbe modules:

Definition 2.1.1. Let Y — X be a fibration over a paracompact Hausdorff
space X. A line bundle L — Y2 will be called a bundle gerbe, if it there exists
a product over Y ie. an isomorphism of line bundles

po: mipL @ mosl — mig L

where m;; : Y Bl — ¥ denotes the canonical projection, such that over Y4

1This will later be called a twisting.
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the following diagram commutes:

(moL @ T35 L) @ w3y L == 7i L ® (w331 ® w3, L)
lu ®id lid ® p
T3l @ 3, L T L @ moy L
X /
[
i L

In case Y = P is a principal I'-bundle and L is the bundle gerbe described
above, it will be called lifting bundle gerbe. Morphisms of bundle gerbes are
maps between line bundles compatible with u.

Remark Let A:Y — Y2 be the diagonal embedding A(y) = (y,y) and
let L — Y[ be a bundle gerbe as defined above, then A*L is a trivial line
bundle over Y playing the role of the unit for the bundle gerbe multiplication
. Therefore we will identify it with the trivial line bundle C — Y using the
following canonical isomorphism:

C— (AL @A L — (A'L)* @ A"L@ AL —s AL |

where the second map is induced by the bundle gerbe multiplication, for which
A*L is an idempotent.
Likewise we have already met a module over a bundle gerbe above, from which

it is easy to derive the precise definition:

Definition 2.1.2. Let L — Y2 be a bundle gerbe, and let £ — Y be a
finite dimensional vector bundle. E is called a bundle gerbe module if it comes
equipped with a twisting, i.e. a bundle isomorphism

v: L®niE — niE

such that over Y3 the following associativity diagram commutes:

(1,L ® w3 L) ® T3 E === 1,L ® (w3, L ® 3 E)
lu ®id lid Ry
;L @ i E i L @ M5 E
X /
v
K

Remark Here and in everything that follows we will often work with good
covers, i.e. a covering |J,U; D X, such that U;; = U; N U; and all higher
intersections (U, jk, etc.) are contractible. We will assume that these exist for
all base spaces X or M without mentioning it. Note that every smooth manifold
carries a good cover, as does every simplicial complex.
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2.1.1 The Dixmier-Douady class and stable isomorphism

When viewing bundle gerbes as a generalization of line bundles, it comes as no
surprise that they also carry a product structure. The notion of triviality used
in this context, however, is different from just being trivial as a line bundle over
Y[ It is taylored, as we will see below, to be detected by a certain element
in third cohomology, which plays the role of the first Chern class in this theory
and is called the DIXMIER-DOUADY-class.

Definition 2.1.3. Given a line bundle Q — Y over the total space of a fibration
Y — X, we can always form the bundle gerbe:

L=mQemQ" — Yl

with the product induced by the paring Q* ® Q@ — C. This will be called the
trivial bundle gerbe. Likewise, an arbitrary L will be called trivial, if there exists
an isomorphism of bundle gerbes L — 77 Q ® 73Q* for some trivialization Q.

Notice that @ itself can be seen as a rank 1-module over L, since L — 1@ ®
m5Q* corresponds to an isomorphism L ® 750Q — 7w7@Q. In fact, this argument
shows that there is a one-to-one correspondence between trivializations and
rank 1-modules over L.

Definition 2.1.4. Given bundle gerbes L1 — Y7, Ly — Y5 over some common
space X their product is defined to be

LB Ly =7 L1 @ mp L — (Vi xx Vo) = v x  v?

with the multiplication acting factorwise over (Y7 X x Yg)[z].

Note that for a bundle gerbe L its dual L* is again a bundle gerbe with
the multiplication induced by the inverse of the dual map p*. Since we always
assume L to be associated to a principal S'-bundle and therefore being equipped
with a hermitian structure, we can identify L* with the conjugate line bundle L.
Besides the notion of isomorphism explained above, there is a more general
notion of equivalence tightly bound to MORITA equivalence.

Definition 2.1.5. Two bundle gerbes Ly — Y7, Ly — Y5 over some common
space X will be called stably isomorphic if LT X Lo is trivial in the sense above,
i.e. there exists a line bundle () — Y7 X x Y5 and an isomorphism:

(L1 W Ly) @ myQ — 1 Q

compatible with the multiplicative structure on LT X L. Q is a stable isomor-
phism between L1 and Lo.

Alternatively, we can see () as an intertwiner between the multiplications
on L; and Ls, since it can be turned into an (associative) isomorphism:

T le ® T3Q — TQ @ 715 Ly
2 1

This has another interpretation in terms of MORITA-equivalence: If we view the
frame bundle L; of L; as a central S'-extension of the pair groupoid ¥; x s Y;,
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then the principal S*-bundle @ — Y] X Ys fits into the diagram
Li 7N /NI
b~

Y, Y, (2.1)

where the curved arrows denote the action of L; on () induced by the isomor-
phism of line bundles. In factA, tllis turns @ into an L1—L2—bibund1Ae with free
and proper actions and since Q)/L; is the space Y and vice versa, @ induces a
MORITA equivalence of groupoids.

As announced above, there is a characteristic class associated to a bundle
gerbe. It is most easily constructed in Cech cohomology in the following way:
Choose some good cover of X by open sets U; (where “good” always refers to
the contractibility of non-empty intersections of arbitrary order) and sections
o; : U; = Y. Over double intersections U,; = U; N U; the pairs (0;,0;) : Uij —
Y2l induce maps that land in the fiber product. Therefore L — Y2 can be
pulled back to give L;; = (0y,0;)*L over U;;. Choose sections k;; : U;j; — Lij,
such that the image at every point has length 1. Note that the product yields
isomorphisms fu;;1 : Li; ® Ljr — Ly, over triple intersections Uj ;. Now the
maps fijk © (Kij, kjk) and k;; differ by a function

. 1
wijk + Uije — 5",

which, when running through the details of this construction, can be seen to be
a Cech 2-cocycle with values in S! that, up to a change by a coboundary, does
not depend on all the choices made during its construction [49].

Definition 2.1.6. The class [w;jx] € H?(X,S") will also be denoted by dd(L)
and is called the DIXMIER-DOUADY-class of L.

For reasonably well-behaved spaces, like the smooth, closed manifolds we are
going to work with, H?(X, S') is isomorphic to H*(X,Z). We will summarize
the properties of this class in the following theorem, which is proven in any
introductory source about bundle gerbes, see e.g. in [49, [12] [48].

Theorem 2.1.7. Let L, L1, Ly be bundle gerbes over X, then
i) dd(L) = 0 if and only if L is trivial.
i1) dd(L1 ™ Lo) = dd(Ly) + dd(Ls) and dd(L*) = —dd(L).

i11) Stable isomorphism classes of bundle gerbes are in 1 : 1-correspondence with
elements in H*(X,S1).

i) If L — PP is the lifting bundle gerbe of a central S'-extension we have
that dd(L) = 0 if and only if P lifts to a principal T-bundle. The frame

~

bundle Q of any trivialization of L provides a lift.

Converse to7 every lift P of P to aI-bundle yields a trivialization. Indeed,
the conjugate of the line bundle @ = P xg1 C over P is a rank 1-module with
twisting:

v Lot — Q@ 3 (9. AP u]l—[pg " Aul.
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2.1.2 Bundle gerbes in higher gauge theory

This section aims at giving a glimpse into the greater context, in which bundle
gerbes appear by explaining what they look like from a different point of view.
As we have introduced them above, they occur as S'-extensions of the pair
groupoid. To understand their different flavours and generalizations, we first
need some basics about higher algebraic structures.

Definition 2.1.8. A strict 2-group is a small monoidal category such that every
object and every morphism has a strict inverse with respect to the monoidal
structure or — phrased equivalently — a group object in groupoids (or equiv-
alently, which is a funny thing to check: a group object in the category of
categories).

Definition 2.1.9. A crossed module is given by a pair of two groups H,G
together with a homomorphism « : H — G and a right action of G on H denoted
by h9 for h € H and g € G, such that: «(h9) = g~ La(h)g and ho‘(h1 = h'hohy.

These two notions are equivalent: Given a strict 2-group & we take G to
be the group of objects obj(®) and set H to be the set of morphisms with
the monoidal identity as source. This is a group with respect to the monoidal
structure, which we will denote by ®. The action of G on h is given by h9 =
idj-1 ® h ® idy and a(h) = t(h). Starting from a crossed module o : H — G,
we can construct the groupoid & with objects G and arrows G x H with source
s(g,h) = g and target t(g,h) = ga(h). It becomes a group object with the
multiplication (g1, h1) (gg, hg) (glgg, h hz)

Given a central Sl-extension 1 — ! - T — T — 1, consider the associated
lifting bundle gerbe L — I'? over a point. This turns out to be nothing else, but
the 2-group associated to the homomorphism « : r— I', where I' acts on F via
conjugation. Indeed, the object space in this case is I, the arrows are given by
L with source and target the two projections ;. The monoidal structure uses
the multiplication on L. Therefore we may see a general lifting bundle gerbe as
a (principal) bundle of 2-groups given by the crossed module a: I' — T'.

Observe that the trivial homomorphism « : S — {1} also gives rise to a 2-
group, which can be understood as the structure group of a general bundle gerbe
L — Y over YPI for some fibration Y — X. [3] takes this as a starting point
to extend the theory to non-abelian bundle gerbes with more general 2-groups
as a fiber.

2.1.3 Twisted K-theory and bundle gerbes

In the same way an orientation on a vector bundle F over a space X induces
a THOM class 7 € HX(E) and a ring isomorphism H}(E) ~ H*(X) via cup
product with 7, the existence of a spin® structure on F, i.e. a lift of the frame
bundle Pg to a principal Spin®-bundle will provide similar objects in K-theory.

For ordinary cohomology we can work around the absence of orientability
by changing from constant coefficients to local ones. Looking at this procedure
from a homotopy theoretic point of view, it corresponds to replacing homotopy
classes of maps into the spectrum F,, = K(Z,n) by homotopy classes of sections
in a bundle of spectra over the space X in question, leading the way into the
world of parametrized homotopy theory as explained in the book by MAY and
SIGURDSSON [40)].
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Like twists for ordinary cohomology can be described as Z/2-torsors, that
is homotopy classes of maps X — BZ/2, twists for K-theory are classified by
BUg-torsors, i.e. maps X — BBUg, where BUyg, is the classifying space BU of
vector bundles with virtual dimension 0 with H-space structure induced by the
tensor product. BBUg splits on the level of spaces to give:

BBUg = K(7/2,1) x K(Z,3) x BSUs, .

The first factor describes orientation twists of much the same flavour as those
for ordinary cohomology, the last one yields the so-called higher twists in K-
theory (see for example TELEMAN [69]). The second factor has nice geometric
interpretations, which shall be explained on the zeroth part of the spectrum,
i.e. for K°. By the ATTYAH-JANICH-theorem, this group can be understood as
homotopy classes of maps:

K°(X) = [X,Fred(H)]

into the Fredholm operators on some separable Hilbert space H. Conjugation
by an element of the unitary group U(H) maps Fred(H) into itself. Given a
principal bundle P with structure group PU(H) = U(H)/U (1), we can associate
Fred(H) to get F =P X 44 Fred(H) and define

K%(X) = [X, F] = [P, Fred(H)|PVH)

as the homotopy classes either of sections or of PU(H )-equivariant maps [5l [@].
Indeed, BPU(H) is a K(Z, 3)-space, the isomorphism class of P represents an
element in H3(X,Z) and the above definition yields K-theory twisted with P.
Observe that the K-groups for different bundles representing the same class
[P] € H3(X,Z) are isomorphic, but the isomorphism is non-canonical. There-
fore we will only talk about K-theory twisted with P, not with [P] € H?*(X,Z).

A little closer to non-commutative geometry ROSENBERG gave a description
of this group in terms of the K-theory of C*-algebras in [57]. For a principal
PU(H)-bundle P, consider the bundle Ax = P X 44 K with fibers the compact
operators on a separable Hilbert space. The continuous sections C(M, Ak) form
a C*-algebra and we have

Theorem 2.1.10. For the K°-group twisted with P representing the element
[P] € H3(M,Z) over a paracompact Hausdorff space X there is a canonical
isomorphism:

K3(X) ~ Ko(C(X, Ag)) -

In case P represents a torsion class, it reduces to a bundle with structure
group PU(n) for some n € N. Therefore Ak reduces to a bundle of matrix
algebras IC. Associated to PU(n) we have the short exact sequence:

1—S'—U(n) — PU@n) —1

and the class represented by [P] coincides with the DIXMIER-DOUADY-class of
the corresponding lifting bundle gerbe. Indeed, as was shown in [12], virtual
modules over this bundle gerbe replace virtual vector bundles in their role as
geometric representation of K-cycles for twisted K-theory. They fit into the
framework in a particularly nice way:
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Theorem 2.1.11. Given a bundle gerbe L — Y2l with dd(L) torsion, then
the GROTHENDIECK group of bundle gerbe modules over L, denoted by K?(X)
depends up to isomorphism only on the stable isomorphism class of L. It is
isomorphic to the twisted K°-group for the twist dd(L).



Chapter 3

Twisted Hilbert A-module
bundles

One of the crucial insights of the last section was a geometric representation of
the twisted K-theory group K% (M) with torsion twist in terms of virtual bundle
gerbe modules over some lifting bundle gerbe L, which had its counterpart
in the world of C*-algebras as the Ky-group of sections in a matrix algebra
bundle . Let A be a unital C*-algebra and consider continuous A-valued
functions C'(M, A) equipped with the supremum norm. In view of the previous
observations we can see the K-group Ko(C(M, A)) as the non-twisted version
of some more general setup. Indeed, Ko(C(M, A)) can be described by virtual
Hilbert A-module bundles over M with projective fibers. So, there is hope to
find a similar description for the C*-algebra C (M, A) of sections in some (locally
trivial) bundle with C*-fibers in terms of twisted bundles, at least in case the
structure group of A is not too wild. This point of view will be developed in
the following chapter, which starts with a definition motivated by the twisted
case with coefficients in C.

Definition 3.0.12. Given a C*-algebra A we denote by PU(A) the group of
unitary elements in the associated multiplier algebra M (A) modulo the phase
factors U(1) C U(M(A)). Let M be a compact manifold, then a PU(A)-bundle
A over M is a locally trivial bundle of C*-algebras with typical fiber A, such
that its associated Aut(A)-bundle restricts to PU(A) (that is, the associated
Cech 1-cocycle U;; — Aut(A) factors through PU(A)).

Remark At this point, it might seem unreasonable to consider only the quo-
tient by U(1) instead of Z(A), the center of U(A), which would also be closer
to deserve the name projective unitary group. The reason is more a simplifica-
tion than a restriction. In fact, we would like to deal with line bundle gerbes,
especially when treating trivializations and connections, which are most easily
phrased in terms of tensor products and forms. In case the center of A is a
compactly generated abelian group of Lie type, i.e. if it is isomorphic to

R™" x Z™ x (SY)F x F

for some finite group F' and k,n,m € Ny, the step towards an extension of
the whole theory should be possible with a slightly enhanced version of bundle
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gerbes. This point will also be addressed in the outlook given at the end of this
paper.

Remark Although most of the propositions, in particular lemma and
theorem [3.2.6] also hold for non-unital C*-algebras A, we will from now on
assume that A has a unit.

Definition 3.0.13. A twisted Hilbert A-module bundle E associated to a PU(A)-
bundle A is a locally trivial (right) Hilbert A-module bundle over the PU(A)-
principal bundle P of A together with an isometric (left) action of the lifting
bundle gerbe L — PPl ie.

e a fiberwise A-linear isometric isomorphism
v : LmE = 1iE,
which is associative with respect to the bundle gerbe product on L.

Alternatively one could describe vy by isometric isomorphisms that shift the fibers
by g~! € PU(A), i.e.

v P LP®F — E
where L9 is the pullback of L via p +— (p,pg).

If the typical fiber of F is a projective Hilbert A-module, then E itself will
be called projective.

Example 3.0.14. Let U be a contractible manifold and ¢ € M, (A) be a pro-
jection in the matrix algebra of a unital C*-algebra A. Set

F={(z,9,v) €U x PU(A) x A" | §*"tgv =},

where § here and in the following denotes a lift of ¢ € PU(A) to U(A). Due
to the conjugation, the fibers are independent of the choice of lift. Now F'is a
projective twisted Hilbert A-module bundle over U associated to the PU(A)-
bundle U x A with 7 given by

v: L@mF —aiF | [§,\®v—Agv.

Since every principal PU(A)-bundle P over U is trivial due to its contractibi-
lity, this is a quite general situation. Indeed, we will see in the following that
every projective twisted Hilbert A-module bundle locally looks like this exam-
ple, which is as less twisted as possible and therefore shall be called the slightly
twisted Hilbert A-module bundle. Let V =t A™, then F will also be denoted by
V expressing that the fiber over the identity element is canonically isomorphic
to V.

Example 3.0.15. Let A be a PU(A)-bundle over a closed manifold M and let
P be its associated principal bundle. Consider A" := P x A" for some n € N
together with v given by

v LemnA" — ajA" , [, A ®@ve— Agu. (3.1)

This is a projective twisted Hilbert A-module bundle closely connected to the
slightly twisted one, but defined globally. We will call this the trivial twisted
Hilbert A-module bundle.
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3.1 The projective unitary group of a C'*-algebra

Since the world of infinite dimensional topological groups has a landscape full
of craters and volcanoes, it is a rather lucky fact, that the unitary group U(A)
decided to settle down in a quiet and peaceful part of it. When equipped with
the norm topology, it is a real Banach Lie group modelled on the real Banach
space of skew-adjoint operators, which will be denoted by ¢a, see for example
Corollary 15.22 in [74] for a proof of this fact. As such, it is also a regular
Lie group in the sense of [34], which will help us later, when we need to solve
differential equations on U(A), for example to get parallel transport. Due to
the quotient theorem proven by GLOCKNER and NEEB in [23], PU(A) turns out
to be a real Banach Lie group as well modelled on the quotient ia/iR1, where
iR1 C ia is the one-dimensional real subspace spanned by il € A.

Theorem 3.1.1. In the short exact sequence
1— St — U(A) i>PU(A) — 1
the group U(A) is a (locally trivial) principal S*-bundle over PU(A).

Proof. Since U(A), PU(A) are Banach Lie groups, their exponential maps are
local diffeomorphisms around 0. To find a splitting for ¢ in some open neighbor-
hood of the identity, it is thus enough to find a linear split for ¢, : ia — ia/iR1.
Since i{R1 C ia is finite-dimensional and therefore complementable, there is a
direct sum decomposition ia = ¢ @ iR together with an isomorphism of Banach
spaces: ¢ ~ ia/iR. This yields a continuous linear split

ia/iR — ia . O
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3.2 Morphisms of twisted Hilbert A-module
bundles

Now consider two twisted Hilbert A-module bundles E and F' living over the
same PU(A)-principal bundle P — M. Let Hom(FE, F') denote the bundle
with fiber at p € P given by the Hilbert A-module morphisms from E, to
F,. There is a left action of PU(A) on this bundle shifting its fibers. It maps
¢p € Hom(E,, F},) to g - ¢, € Hom(E,;-1, F,;-1) given by:

_1 .
d
(g-6p) By EsL90E, 99% [ pogp O p o (32)

Commutativity of the following diagram ensures associativity of this group ac-
tion:

Ep(guh)*1

<N

L9 ® L92 ® Ep L9192 ® Ep
idy ®idp ® ¢p idp ® ¢p
L9 ® L92 ® Fp L9192 ® Fp

~ .

F

p(g9192) 71

The horizontal maps correspond to the bundle gerbe product on the second
tensor factor. Since we can identify L¢ with C, the trivial element of PU(A)
acts trivially.

The projection map Hom(E, F) — P factorizes over the action of PU(A)
to give hom(E, F) — M, which is again a locally trivial bundle. To see this,
choose for an arbitrary point x € M a contractible neighborhood U. Since P is
trivial over U, the latter maps into P via the identity section o : U — P|,.
There are two canonical maps

t1 : hom(E,F)|, — o Hom(E, F)|, , [v]—g-v,
t2 : 0" Hom(E, F)|;, — hom(E,F)|, , w— [w]

(with g € PU(A) chosen in such a way that g - v lies above the identity), which
are easily seen to be inverse to each other. But since Hom(E, F') is locally
trivial and U is contractible, we have established a local isomorphism to the
trivial bundle.

Global sections of the bundle hom(E, F') correspond to morphisms between
twisted Hilbert A-module bundles, by which we mean a fiberwise A-linear map
¢ intertwining the actions of the bundle gerbe, i.e. the following diagram com-
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mutes: d .
L® W;EML ® w5 F

l’YE * lvF

TP

* 1 *
i E i F

Note especially that, although the bundle E itself needs the intermediate
space P to be well-defined, its endomorphism bundle end(E) does not, even
better: it is a locally trivial bundle of C*-algebras over M. Therefore, equipped
with the sup-norm, the sections I'(end(E)) form a C*-algebra.

Example 3.2.1. An important example of the above construction is the endo-
morphism bundle of the trivial twisted Hilbert A-module bundle A™ for some
n € N. Note that right A-linear endomorphisms of A™ are always maps of the
form ¢ : v — T for some A-valued n x n-matrix T' € M, (4) ~ A® M,(C).
Therefore turns into the conjugation action on T, i.e.

(9-dp)w) =9Tg " v.

Thus, taking the quotient yields an identity that lies at the heart of the theory
of twisted Hilbert A-bundles:

end(A") ~ P xaq M,(A) ~ AR M,(C) .

Especially we regain the PU(A)-bundle A as endomorphism bundle of the trivial
twisted ”line” bundle A.

Lemma 3.2.2. Let E be a twisted Hilbert A-module bundle over M. FEvery
x € M has a contractible neighborhood U’ , such that there exists an isomorphism
VU E|,;, — V of twisted Hilbert A-module bundles to the slightly twisted bundle
over U’.

Proof. Choose a contractible neighborhood U of z, such that P is trivial over
U and let E be the pullback:

E—2 5 E

l |

Ux PUA) —F 5 p
Pulling back the bundle gerbe L to L over U x PU(A) x PU(A) as well, there
is an action:

¥ : LerasE — 7E .
Let V :=t A" ~ E(, 1) be an isomorphic image of the fiber E, ;). Since E is
locally trivial over P, there is a neighborhood U’ x W C U x PU(A) containing
(z,1) and a trivialization ¢ : E!U,XW — U’ x W x V. From now on we will
identify E with its restriction to U’ x PU(A). Now let V be the slightly twisted
bundle over U’ associated to t and § be the corresponding action of L on V.
Let U” = U’ x PU(A) x {1}, then E can be identified with 7} £ likewise V.
is a similar subbundle in 7]7V. Therefore

1 . _
¥ (= dr®y - o .
U”—)-L®7T2 (E‘U,X{1}>—>-L®7T2 (K|U/X{1})—)'7T1K|U//

U’

\II:ﬁTE
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can be interpreted as an A-linear map between F and V. It is also isometric,
since all maps involved preserve the fiberwise scalar product.

What remains to show is that ¥ is a morphism of bundle gerbe modules, i.e.
that the diagram:

Lok — 7 i E
lidL © 30 lw{ql
Lemy—9 smv (3.3)

commutes. Let 7;,7;; for i,5 € {1,2,3} be the canonical projections of U’ x
PU(A) x PU(A) x W to one or a product of two factors. Note that the two
diagrams

* T ’7 * T ~x ~x %53(S ~x
LRmsE———niE T L @ M3V ——— 7V
l’[l 1 lﬁr pr

~x% ~x% T %1‘2’7 ~% T * g *
T, L @ My E————mE LonV——s iV

commute, where the maps z; and ¢1 inject the bundles to their pullbacks over
PU(A) x PU(A) x {1}, while pr and pr project to their restriction to PU(A) x
PU(A). Furthermore all squares in

_ A
7, L @ L E 127

T E

idy, ® T35 sy

T L @ Ths L @ T E ————> 713 L @ T3 E

id;, ®id;, ® 759 idp, ® 739
Tl @ T L @ T3V —————— T3 L@ W3V

id;, ® 7550 ) g0

Tl L@ TV iV

commute — the upper and lower one because of associativity of the bundle gerbe
product, the middle one trivially. Sticking the previous diagrams to top and
bottom of this rectangle we read off the commutativity of (3.3)). O

Definition 3.2.3. The above construction of twisted bundle morphisms turns
the class of twisted Hilbert A-module bundles into a category TwBun 4.

Having at hand an endomorphism bundle of C*-algebras living above the
base manifold instead of the topologically huge space P, enables us to carry
over some well known results from the theory of non-twisted Hilbert A-module
bundles like the following:

Lemma 3.2.4. Given two twisted Hilbert A-module bundles E, F, which are
isomorphic as twisted A-module bundles, i.e. wia a twisted bundle map ¢ not
necessarily preserving the scalar product. Then there exists an isomorphism @
which respects the inner product as well.
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Proof. Assume that ¢ € C(M,hom(E, F')) is an isomorphism. Since ¢*¢ €
C(M,end(F)) and the latter space is a C*-algebra, we take the polar decom-
position ¢ = u|p| (with |p| = /¢* ). The element v € C(M,iso(E, F)) is the
isometry we were looking for. O

Lemma 3.2.5. (Clutching construction) Given a space M, a PU(A)-bundle
A over M with frame bundle p : P — M and an open cover U; C M. If E;
over p~Y(U;) are twisted Hilbert A-module bundles together with twisted bundle
isomorphisms ;; : By — E; over Uy; = U; NUj, which satisfy the cocycle
identity ;i 0 wij = @ik, over Uy, then there exists a twisted Hilbert A-module
bundle E over M and twisted bundle isomorphisms v¢; : B; — E|Ui such that
the following diagram commutes:

Pij Ej
N
U,

i
E

L;

i
Furthermore, if there exist twisted bundle morphism k; : E; — F' into another

twisted bundle F', such that k; = Kjop;;, then there is a twisted bundle morphism
k: E — F restricting to k; over U;.

Proof. The construction can be carried out word by word like in the untwisted
case with
E = HEZ/ ~ with vy ~ Lpij(vi)
(]
and the obvious embeddings ; of E; into E. Local triviality of F over P then
follows from the local triviality of the F;. The intertwining condition for twisted
bundle morphisms now implies that there is a well-defined twisting

v:LensE — niE .

Since k = [], i factors over the equivalence relation by assumption, this yields
the twisted bundle morphism. O

Theorem 3.2.6. Let E be a projective twisted Hilbert A-module bundle, then
there exists n € N such that E is isomorphic (as a twisted Hilbert A-module
bundle) to a direct summand of the trivial twisted Hilbert A-module bundle A™.

Proof. Following the trivialization lemma [3.2.2] there exists a finite open cover
U;,i=1...mof M, such that each U; is contractible and E|p,1(Ui) is twistedly
isomorphic to V over U;, where V is the typical fiber of E. We will assume
U; to be a good cover, that is all intersections are either empty or contractible.
Embedding V into the globally defined trivial bundle A*, yields a map

U:E— A" 5 v hi(por(v) - ¢ilv) (3.4)
=1

where (h;);_; ,, is a subordinate partition of unity and ¢; : E,-1(y,) — AP
Taking fiberwise orthogonal complements, produces a bundle over P of the form

Et ={(p,v) € P x A" | (v, V(w)) =0Vw € E,} .
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Let 6 be the bundle gerbe action of L on A*™, ~ be the action on E, then

(0([9, Al @ v), ¥ (w))
= (6([9: Al @ 0), U (y([g, u] @ w")))
= (3([9, N @ ), 0([g, u] @ W(w')))

= Mo, ¥w) =0

for all v € E]j-,w € Epg-1. Thus, it is possible to restrict ¢ to E* to get an
action of the bundle gerbe L there as well.

The next step is to show that E- is indeed an orthogonal complement of
E in A¥™ which cannot be taken for granted in the case of Hilbert modules.
Since we only need to show this locally, we fix some p € P and consider the

contractible open set U = Mpep-1 (v, Ui- Now note that W factors as

b7 m m m—m
U Bl g — L|U><PU(A) — AF™ g AR(m—m) 7

p=1(0)
where VU is the same map as in lb with ¢; replaced by @, : E, - vy —
Vg pu(ay the index running over all j € {1...m} such that U; N U # . In

the second step this is embedded into A*™ using the same local trivializations
of P as for the definition of the map to V. This again factors as

vl Vevt m’ AF™ @ gRm—m) .
—‘UXPU(A) - & Tx PU(A) — e p~1(U)

El|p splits as EJ—’ @ A*m—m) gince the image of U restricted to

O )

p~ () lies in A*™ . Pulling back E+ over U x PU(A), it splits off (V)™ as a
direct summand, since the image of ¥ lies completely in V™. The restriction of
this pullback to the other summand will be denoted El.

7J_ _ _
Therefore proving that E= is a complement of W(FE) in V™ finishes the
theorem. But this part is very similar to the non-twisted case. For the sake
of completeness we will repeat the main points here. It suffices to show that

V(E,) —i—Ei = V™ since directness of the sum easily follows from the positivity
of the inner product. The definition of ¥ implies

T(E) = {6, b (w) € V™ |w e By}
= {0, K2(0) . .-, i (v)) €V 0 €V}

with A; € R, at least one A; # 0. Without loss of generality, we assume that
AL # 0, then k; = A7 A §; 06, € End(V) (9,
adjointable).

Consider now the Hilbert A-module F), spanned by the set

is an isometry and therefore

{(=£}(v),0,...,0,v,0,...,0) € VT™lveV,je{l,...m}}

with v at the jth position. A short calculation shows F),, = E; . Indeed, the
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equality F, + ¥(E,) = V™ holds, since the system of equations

vy — ky(v2) — - — K (vm) = wr
ka(v1) +v2 = we
Em(v1) +Um = wg
or equivalently
v+ Ky (R2(v2)) + -+ kg (Em(vm)) = wi+ ky(wa) + - + Ky (Vm)
V2 = W2 — HQ(Ul)
Um = Wy — Hm(’l}m)
has a unique solution for an arbitrary vector (wi,...,ws) € V™, because 1 +

K5 Ko + -+ + KX, Km is an invertible element in the C*-algebra End (V).
—1
A trivialization of E™ in this description is easily constructed from

—1 _
or: E VL (o) o (02, U)

{M#0}

(note that we always assume A; # 0). Using lemma these maps can be
modified to isometric ones. Since the pullback of E+ to U x PU(A) is isomorphic
to BT @ (V)™ @ A™=™ local triviality holds for E+ as well.

The outcome is an embedding of E as a direct summand in £ @ E+ =
AT O

Definition 3.2.7. A virtual twisted Hilbert A-module bundle is a class of pairs
(Es, E_), denoted E — E_, with respect to the following equivalence relation
(B4 ,E_) ~ (F4,F_) & 3G € TwBuny, suchthat E, @ F_. &G ~ F, @
E_odG.

Due to theorem the equivalence relation stays the same if we replace
the twisted Hilbert A-module bundle G by A™, since we can simply add the
stable inverse G+ on both sides. The operation of direct sum turns the virtual
bundles into an abelian group, which will be denoted by K9 (M).

Theorem 3.2.8. (Twisted Serre-Swan Theorem) Let A be a PU(A)-
bundle, then there is an isomorphism

Ko(C(M,A)) ~ KY(M) .

Indeed, the category of projective twisted Hilbert A-module bundles is naturally
equivalent to the one of finitely generated, projective C(M, A)-modules.

Proof. Let t be a projection in M, (C(M, A)) ~ C(M, M, (A)) for some n € N.
To get a twisted Hilbert A-module bundle, consider

E={(p,v) € P x A" | (Mn(p) o t)(p(p)) v = v}
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where p : P — M denotes the bundle projection and p is considered as a
*-isomorphism p : A,y — A. The twisting ~ is given by

v: Leny(E) —m{(E) , [MNgl®v— Agv.
Due to the calculation

(Mn(pg™") o t)(p(pg™ ")) Agv = AG(My (p) © t)(p(p))g " gv
= Ag(Mn(p) o t)(p(p))v = Agv ,

7 is well-defined and maps LY ® E,, to E,,-1. This is an isometry with respect
to the inner product attained by restricting the product on P x A™ to E.

To see that E is locally trivial, fix a point py and the corresponding projection
to = (Ma(po) o )(p(po)) € Mu(A). St t, = (Mu(p) 0 £)(p(p) € My (A).
By continuity of p +— t,, there is an open neighborhood P > U > py with
lt, —toll < 1 for all p € U, which implies that ¢, and ¢( are unitarily equivalent.
Let u: U — U(M,,(A)) be such that ut, = tou. Then

®: Ely, —UxtiA" ;5 (p,v) — (p,uv)

provides a trivialization of E over U.

Note that for two projections t € C(M, M,,(A)) and s € C(M, My(A)) the
block sum ¢t @ s € C(M, My, +1(A)) yields the direct sum of the corresponding
twisted Hilbert A-module bundles.

Let E be a projective twisted Hilbert A-module bundle over M. By theo-
rem there exists an embedding & — A™ for some m € N. The bundle
map

t: A" — AT

consisting fiberwise of projections with FE, as their image clearly is a morphism
of bundle gerbe modules and therefore descends to a projection-valued section
in C(M, M,,(A)) = C(M,end(A™)).

Since F is twistedly isomorphic to its image in A™ the above operations are
inverse to each other. O

3.3 Twisted K-theory of locally compact spaces
and K9(X,Y)

Since we are going to deal with symbol classes, which live in the K-theory of
the cotangent bundle, we have to define twisted K-theory with local coefficients
in a unital C*-algebra A for non-compact spaces as well. According to the
non-twisted case, where we have

K9(X)
~ kern(K4(X') — KY(c0))
kern(Ko(Co(X, A)T) — 7Z)
Ko(Co(X) @ A)

12

K-theory with compact supports should be the right notion. The subtle diffi-
culty in showing that the geometric and the algebraic picture, which we want
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to be K(Cy(X,.A)), agree, is that the bundle of C*-algebras A lives over X.
Unlike the non-twisted case there need not be an extension of A to the one-
point-compactification X (whereas the trivial bundle can always be extended).
Nevertheless, we start with the most natural definition:

Definition 3.3.1. Let M be a locally compact, Hausdorff space, then the
twisted K-theory K (M) with local coefficients in the unital C*-algebra A is
given by triples (E4, E_, ¢g), where E; and E_ are twisted Hilbert-A-module
bundles and ¢g € Cyp(M,hom(E,, E_)) is a twisted bundle morphism that is
an isomorphism on the complement of a compact subset K C M, subject to the
equivalence relation generated by the following: (Ei, E_, pg) is equivalent to
(Fy, F_, pp) if there exist isomorphisms ¢y € Cy(M,iso(Ey, Fy)) and a com-
pact subset K such that on the complement of K the morphisms g, pr are
isomorphisms and the following diagram commutes:

E+|M\f( L EJM\;?

[ Js
PF
F+|M\f< —_— F—|M\f(
Furthermore, we demand (Ey, E_, pg) ~ (E4®G, E_®G, pp®id) for another
twisted Hilbert A-module bundle GG. In the compact case the morphism g

becomes obsolete and we retrieve the old definition.

Remark A detailed description of the K-theory for Banach categories, which
can be applied in our case, since Cp(M,hom(FE, F')) are Banach spaces, can be
found in the book by KAROUBI [32]. Let us briefly describe how inverses are
constructed. We need the following lemma proven in [32]:

Lemma 3.3.2. Let A, A’ be unital Banach algebras and f : A — A’ be a
surjective homomorphism. Let GL(A), GL(A’) denote the groups of invertible
elements in A, A’ respectively. Let o : I — GL(A’) be a continuous path such
that o(0) = f(a) for some o € GL(A). Then there is an element € GL(A)
such that f(8) = o(1).
This implies:
Lemma 3.3.3. Let (F,F,pr) be a triple as described above. If the twisted
bundle morphism ¢p € Cy(M,iso(F)) is homotopic to the identity outside a
compact subset, then:
(F7F,<pp) ~ (F,F, ldF) .

Proof. By a partition of unity argument it is easy to see that the restriction map
Cy(M,end(F)) — Cy(U,end(F)) for U = M\W and W D K a precompact,
open neighborhood of the compact set K is a surjective homomorphism of C*-
algebras. By assumption there is a path h : I — Cy(U,iso(F')) with h(0) =
idp|,; and h(1) = ¢Fp|;. By the previous lemma there exists 1) € Cy(M, iso(F))
such that 9|, = ¢r|y. Now the lemma follows from the diagram:

PF
Fly———Fy

| ¥

id
Fly ————— Fly
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O

The inverse of a triple (Ey,E_,pg) is given by (E_,E+,—<p]51), where
5" € Cp(M,end(E)) is any section of Cy(M,end(E)) that coincides with the
inverse of o on the complement U of a compact subset, on which the latter is
invertible. To see this, note that there is a homotopy:

o= ) )6 )

w-(39) 0= (5, )

connecting pr @ (—¢z') to the identity in Cy(U, iso(E)).

Lemma 3.3.4. Fvery class in KB‘(M) is represented by a triple (G, AN 1),
where AN denotes the trivial twisted bundle.

Proof. Let (E4, E_,E) be a triple representing an element in K9 (M). Let
K C M be a compact set such that ¢g is invertible on M\K. Choose a
precompact open neighborhood W O K and a twisted Hilbert- A-module bundle
F such that E_ @ F|}, ~ ﬂ|W Denote the isomorphism by «. This yields:

ao(LpEEBid):E+€BF‘W—>ﬂ‘W

We now have E, @ F over W and AY over M\K. The previous map yields
an isomorphism in Cy,(W\ K, hom(E, @ F, AY)). By the clutching construction
there exists a twisted Hilbert-A-module bundle G over M and a morphism
¥ € Cyp(M, hom(G, AN)) restricting to a o (g ®id) over W. Now consider the
restriction

w@WEl|W\K GO E |y — A—NEBE+|W\K ,
which is isomorphic to
@E@id@@gl|W\K : E+€BF@E_|W\K — B EBFEBE+|W\K .

The operator homotopy

_ sin(t) cos(t)pr . .
ht) = (cos(t)<pE1 —sin(t) ) By @B By o B

o 0 PE z _ 1 0
h0) = <@E1 0 ) to h (2) - (0 —1) :
The last map extends over all of W. By lemma there is an element 1Z €

Cy(W,iso( E4 ©FGE_)) restricting to ¢ p@id@p,' on W\V, where W DV O K
is an open neighborhood of K. This means that we can extend ¥ @ @El to a

connects

map 1, which is an isomorphism:
J:G@E,iﬂ@Eﬁr-
Thus in K (M):
0=[GeE A& E,,J| =[G, A, y] - [Ey, B, op] .
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Definition 3.3.5. We call a PU(A)-bundle A over some locally compact space
M extendable if there exists a compactification M€ of M together with a PU(A)-
bundle A over M€ such that A°[,, = A.

Theorem 3.3.6. Let A be an extendable PU(A)-bundle over M, then
KO (M) ~ Ko(Co(M, A)) .

Proof. There is a canonical embedding of Co(M, A)* into C(M¢, A°) via ex-
tending the sectional part by zero and mapping 1 € Cq(M, A)™ to the constant
1-section of A (note that all transition functions of A€ are inner). Thus, given
t € My(Co(M,A)"), we get a twisted Hilbert A-module bundle E° over M¢
like in theorem Let s € M,(C) C M,(A%)s , Yo € M° be the value ¢
takes along OM°® = M°\M and set V = sA™. The bundle V = P°¢ x V with the
twisting [\, g]®v — Agwv is a twisted Hilbert A-module bundle since s € M, (C)
commutes with every g1 € M, (A). This also implies that the map

V:E—V , (qw)r(gsw)= (g M(q)(s)w) .

is a twisted bundle morphism ¥ € C (M€, hom(E*,V)). Reversing the direction
we get:

D:V—E° |, (pv)— (p,(Mn(p)ot)(p(p))v)

with ® € C(M¢, hom(V, E)). Now for every p € P¢ mapping to some w € OM€:
Yo (I)|p = 1End(V) and do \I/|p = 1End(EfU) .

Since C(M¢,end(V)) and C(M*€,end(E°)) are C*-algebras, in which invertibil-
ity is an open condition, there is an open neighborhood U C M€ of M€ such
that ® and ¥ are invertible over p~1(U) C P°.

An arbitrary element in Ky(Cy(M, .A)) is represented by two projections
t,r € M, (Co(M, A)") such that t —r € M, (Co(M, A)). Using the notation of
the previous construction, this condition translates to s; = s,.. Therefore we
end up with two twisted Hilbert A-module bundles E¢ and F°¢ together with
morphisms Vg and ¥r mapping them into the same bundle V', both invertible
outside some compact subset K C M C M¢. Choose a function § : M° — R
which is zero inside of K and 1 outside some larger compact set K. Now
[t] — [r] € Ko(Co(M,.A)) is mapped to [E, F, p*0 - (W' o Ug)] € KY(M).

Starting from a triple [E}, E_, pg| € KY (M), we can assume w.l.o.g. that it
is of the form [F, AN, x| by the previous lemma. Therefore there is a compact
set K C M such that ¢p trivializes F' outside K. Choose a precompact open
subset K ¢ W C M and an inverse bundle H over W. Adding the trivial
bundle AV, yields the isomorphism F @& H @ﬂ|w ~ ﬁ@ﬂhw whereas
over M\K we have F@ﬁ’M\K ~

H®M|W\K — A7k|W\K needed to apply the clutching construction just

ﬂ@ﬁ‘M\K. To get the isomorphism

identify AN with F via w;l and apply the trivialization x of F' & H over W.
Let G be the resulting twisted Hilbert A-module bundle. Note that pr @ id &
opt € Cy(W\K,iso(F @ H @ AN)) extends to an isomorphism 7 over all of
W, since it is operator homotopic to the identity, which clearly extends. Now
the trivialization map F @ G — AN @ A is given by (k @ idyn) o7 over W
and by ¢r @ idgr over the complement of K. By construction the clutching
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map transforms these two into one another over W\ K. The projections pr and
pan~ in C(M,end(AN @ A*)) agree outside K. Thus, we map (F, AV, ¢p) to
(pe] — [pax)-

It follows from the standard arguments of non-twisted K-theory that these
two maps are inverse to each other. O

Likewise we can treat relative twisted K-theory:

Definition 3.3.7. Let M be compact Hausdorff space, N C M be a closed
subspace, then the relative twisted K-theory K&(M , V) with local coefficients in
the unital C*-algebra A is given by triples (Ey, F_, ¢g), where E; and E_ are
twisted Hilbert-A-module bundles and ¢ € C(M,hom(E,, E_)) is a twisted
bundle morphism that is an isomorphism over N, subject to the equivalence
relation generated by the following: (E4, E_, ¢g) is equivalent to (Fy, F_, ¢F)
if there exist isomorphisms ¢y € C(M,iso(E+, F1)) such that the following

diagram commutes:

YE
Byly—"—E |y

b e

PF
Fyly—"—F_|y

Furthermore, we demand (Ey, E_, pg) ~ (E+®G, E_®G, pp®id) for another
twisted Hilbert A-module bundle G.
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3.4 Stable isomorphism and Morita equivalence

As was already pointed out in the first chapter, stable isomorphism of bundle
gerbes is tightly connected to MORITA equivalence of central S'-extensions of
the pair groupoid, as shown in diagram . In the first part of this section, we
will exploit this fact a little further to explain, why the twisted K-theory defined
above can be understood as usual twisted K-theory with coefficients in some
C*-algebra A. In fact, this will lead to the notion of twisted Hilbert A-module
bundle over some principal I'-bundle P, where I' in our cases will be either be a
compact Lie group or some discrete group instead of PU(A). These structures
will open the gate to the differential geometry of twisted bundles, which would
be much more complicated, if we had to deal with Banach Lie groups.

In the spirit of this goal, the next theorem shows that the (torsion-)twist
of a PU(A)-bundle can be shifted to a bundle of matrix algebras K without
changing the K-theory involved. Thus Ky(C(M,.A)) can be understood as a
blend between K-theory with coefficients in A, which would be Ko(C(M)® A),
and twisted K-theory Ko(C(M,K)):

Theorem 3.4.1. Let A be a PU(A)-bundle with dd(.A) torsion. Let K be an
PU(n)-bundle with dd(KC) = dd(.A), then

CM,K®A) ~uor C(M,A .

Proof. Let Ly — P4 be the lifting bundle gerbe of A, Ly, — Py that of K.
Since
dd(ry, Ly ®75La) = —dd(Lay, ) + dd(La) =0

(2]

the bundle gerbe 7y, L3, @ 4Ll — (Par, X Pa)t is trivial (here, w4 de-

notes the canonical projection (Par, X s 7),4)[2] — PE] and 7y, likewise). The
latter is a lifting bundle gerbe associated to the exact sequence

1—UQ1) —Un)QU(A) — PU(n)x PU(A) — 1,

where U(n)@U(A) = U(n)xy)U(A) is the quotient of the product with respect
to the equivalence relation:

(91.G2) =~ (91€", €% go)

This implies that the PU(n) x PU(A) principal-bundle P := (Pas, X Pa) lifts

to a U(n)®U(A) principal bundle P.
Now consider the action of U(n)®@U(A) on C" ® A given by

T([U,u])(v®a) =Uv ® au*

for U € U(n),u € U(A) and v®a € C*®A and the bundle of Hilbert M,,(C)® A-
A-bimodules V = P x, (C" @ A) (the inner product given fiberwise).

Taking continuous functions yields C(M, V'), which carries a C(M,K ® A)-
C(M, A)-bimodule structure. Note that the actions induced by

(Tet)-(vea) = (Tv)® (ta), (3.5)
(v®a)-b = v (ab) (3.6)
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are well defined due to the following commutative diagrams

(Mp(C) @A) x(C"®A) —C"®A4 (C"®A)xA——C"®A
lAdU ®1id X T[y,y) lT[U,u] lT[UﬂL] x Ad, lT[U,u]

M,(C) @A) x(C"®A)—C"®A (C("RA)XA—C"® A

The horizontal maps are given by the above actions (3.5 and (3.6 respectively.
V' carries two fiberwise scalar products:

(v@a,w®b), = (v,w)ena’b,
<U®a’w®b>Mn(A) = vw*ab”

that turn C'(M,V) into a C(M, K @ A)-C(M, A)-Hilbert-bimodule. Indeed:

Uv@au*,Uwbu*), = (Uv,Uw)ua*bu”™ =u (v,w)a"bu*
(Uv@au",Uw@bu™)y 4y = Ulw")U"au ub® =Uovw*ab"U" ,
which implies that the two scalar products on C(M,V) take their values in
C(M,A) and C(M,K ® A). Completeness is easily checked by a simple norm

estimate.
Note that, since C"® A is the bimodule representing the MORITA equivalence
of M,,(A) and A, we have:
(V@a,w@b)y 4yr®@c = (vw'ab™)(z@c)= (vw'z®ab’c)
= vRa(wWRb,x®c), ,

which transfers to sections in C(M, V). Similarly, the fullness-conditions:

span { (C(M, V), COLV))carkon ) = COMK® A)
span{(C(M,V),C(M,V))C(M’A)} = C(M,A)
are direct consequences of their local analogues. O

Theorem 3.4.2. Let A be a PU(A)-bundle, B be a PU(B)-bundle and denote
by P4, Pg the associated principal bundles. If A and B have MORITA-equivalent

fibers and the DIXMIER-DOUADY-classes of the lifting bundle gerbes L4 — ’PE]
and Lp — Pg] agree, then the C*-algebras C(M, A) and C(M,B) are MORITA-
equivalent as well.

Proof. Since C(M, K) is nuclear, we deduce that C(M,K® A) ~ C(M,K)® A.
Therefore

C(M,.A) ~Mor C(M,K:)@A >“~Mor C(M,K:)@B >~Mor C(M,B) .
[

Since the algebras C(M, K ® A) and C(M, A) are both unital, the bimodule
C(M,V) constructed in theorem [3.4.1} which moderates the MORITA equiva-
lence between them, has to be finitely generated and projective as a Hilbert
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C(M, A)-module. In fact, unitality implies that the identity on C(M,V) is a
compact adjointable C (M, A)-linear operator, from which the last statement fol-
lows. Therefore the isomorphism of the corresponding K-theory groups, which
abstractly exists due to the MORITA equivalence, takes the following very con-
crete form (see also [2I] for far more general results)

KO(C(M7 K® A)) — KO(C(M7 A)) ) [W} = [W ®C(M,)C®A) C(M7 V)] .

The way back from twisted K°-groups into their non-twisted analogues, i.e.
the transfer of twisted Hilbert A-module bundles over P to non-twisted bundles
over M in case the twist is trivial (and a trivialization is chosen), needs the
following lemma describing the descent of equivariant bundles.

Lemma 3.4.3. Let E — P be a continuous Hilbert A-module bundle over some
principal T'-bundle P for a (Banach) Lie group T' carrying a continuous left
action of I' covering the one on P, i.e. fitting into the following diagram:

5 (9°) 5

lp lp
-1
P (97) P
Then E is isomorphic to the pullback of a continuous Hilbert A-module bundle

F — M. In case E and P are smooth bundles and the action on E is smooth,
then F can also be chosen to be a smooth bundle.

Proof. Choose a good open cover U; of M with P trivial over each U; and
trivializations ¢; : U; x I' — P, . Set a; = prp o R Pl; — T and
W, = n=Y(U;), where 7 : P — M. Choose a trivialization

¢ B

piixiiy Ui XV,

where V' is the typical fiber of FE, and extend it to all of E |W¢ in the following
way:
Ely, — WixV 5w (p,¢i(ai(p) - w))

with w € E,. The transition functions derived from this are:
Bij : Wiy — End(V) i pr ¢io(os(p) - ay(p)~" - QSj_l) .

Since «;(pg) = oi(p)g, the maps [3;; are invariant under the action of I' on W;;
and therefore yield transition data on the quotient, which is just U;;. Applying
the clutching construction, yields a bundle F' over M together with an isomor-
phism F ~ 7*F. If the data we started with was smooth, then (3;; will be
smooth maps, therefore F' will be smooth as well. O

The intermediate principal PU(A)-bundle in the construction of twisted bun-
dles is of course quite an obstacle to geometric applications, where often com-
pactness or at least local compactness is needed. Luckily, in many situations
the machinery of stable isomorphism can be used to reduce to twisted Hilbert
A-bundles over a much more tractable principal bundle.

Consider a principal PU(A)-bundle P, a group I' (which we assume to be
either a Lie group or a finitely generated discrete group — at least in any way
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nicer than PU(A)), a central extension T of T by S, such that there is a
morphism of extensions:

1 st U(A) PU(A)—> 1
| s Js
1 St T d r 1

Assume that P has a reduction to a principal I'-bundle P, i.e. P = P X;
PU(A). Due to the above diagram, P has the same DIXMIER-DOUADY-class as
P. Therefore the corresponding lifting bundle gerbes are stably isomorphic and
the following definition comes up naturally.

Definition 3.4.4. A twisted Hilbert A-module bundle E over the principal I'-
bundle P is a locally trivial (right) Hilbert A-module bundle over P together
with an isometric (left) action of the lifting bundle gerbe L — PP, i.e.

e a fiberwise A-linear isometric isomorphism
v : L®miE = lE,
which is associative with respect to the bundle gerbe product on L.

Using the same argument as in [12], we deduce

Theorem 3.4.5. The monoid of twisted Hilbert A-module bundles over P with
respect to direct sum is isomorphic to the corresponding monoid over P.

In the case of lifting bundle gerbes there are two canonical maps back and
forth. Let L be the lifting bundle gerbe of P, £ be that of P. The tensor
product L* ® L is the lifting bundle gerbe corresponding to the group extension

1— 8" —TRU(A) —T x PUA) — 1.

where T'® U(A) denotes the product of the two groups modulo the diagonal
Sl-action. There is a homomorphism

~

0:7—TRUM) , g—3g2dj)
and P x,; P lifts to the S'-principal bundle P x4 ' ® UA)~PxU(A) = Q
where the action of ' @ U(A) on @ is given by
(n.) 3800 = (pg.0G ") F1) -

The associated line bundle @ is a trivialization for the bundle gerbe L* ® L.
Given a twisted Hilbert A-module bundle £ over P, we can form Q ® 75E. This
descends to a twisted bundle over P by the following map (which is written
down fiberwise to save some notation):

Q(p,qQ) ® &g — Q(p,ql) ® ﬁ(q1,q2) Q &y — Q(p,ql) ® &y, - (3.7)

Given a twisted Hilbert A-module bundle E over P, we form Q* ® 7 E and get
a descent to P via

Q ® Ep, — Q?pl,q) ® Lpy,ps) @ Ep, — Q?pl,q) ® Ep, . (3-8)

(p2,9)
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In the above situation two other constructions come up very naturally: Given
a twisted Hilbert A-module bundle £ over P, we can use the canonical map
P — P x5 PU(A) = P to pull £ back to P. We will call this the restriction
to P even though the map may not be injective.

On the other hand we can form E ® U(A)* over P x PU(A), since U(A) is

a line bundle over its projectivization. There is an action of T on this bundle
covering (p,a) — (pg~1,6(g) a) given by: v®a — v([\,g] ® v) ® 6(g)a. The
quotient is a twisted Hilbert A-module bundle over P that will be called the

extension of E.

Theorem 3.4.6. The result using the descent in is isomorphic to the
restriction of £ to P, whereas (@ yields a twisted bundle isomorphic to the
extension of E to P.

Proof. Let ¢ be the action of £ on £ and note that @ is the pullback of £ via
P xy P — PR (p,q) — ([p,1],q). Therefore § may be considered as a
map Qp,q) @ Eq — E[p,1), which factors over the descent and is the identity on
Epa = Qpp.1]) @ Ep,1)- Thus it yields an isomorphism.

For the other half of the theorem the pullback of Q* ® 7L E to P x PU(A)
via the map P x PU(A) — P xu P ; (p,a) — (p, [p,a]) reveals itself to be
just the first step of the extension. The descent map turns into the group action
described above, so the quotients are isomorphic. O

Remark 3.4.7. Generally, a trivialization of a tensor product L; X L3 of two
lifting bundle gerbes can be thought of as a morphism between the corresponding
twists in the sense that we change from twisted bundles over one principal bundle
to twisted bundles over the other. The trivialization intertwines the two twisted
actions. From this point of view the MORITA equivalence described in the twist
shifting theorem [3.4.1]identifies the monoid of twisted Hilbert- A-module bundles
over P with its counterpart of twisted Hilbert M, (C) ® A-module bundles over
a PU(n)-bundle P with dd(P) = dd(P) via a trivialization.

The effect of the equivalence on the level of twisted bundles is therefore just
shifting a twisted Hilbert A-module bundle E over P via the above procedure to
one over P using a trivialization and tensoring the result with the imprimitivity
C-M,,(C)-bimodule C* to end up with a twisted Hilbert M,,(C) ® A-module
bundle representing an element in K,%®A (M). To be precise, the lift of P X s P
to a T®&U (n)-bundle P corresponds to a line bundle Q = P x g1 C over P x 3, P.
Let mp: P Xy P — P be the projection, then £ — P is mapped to 7pF ® @,
which descends to P (see also part [ii) of theorem . This descent of E to
P will sometimes be denoted by m(mHE ® Q).

3.4.1 The frame bundle gerbe

Let V be a (right) Hilbert A-module and denote by U(V') the unitary operators
in the C*-algebra End(V). For a central Sl-extension I' — T" we can consider
representations p : I' — U(V) that satisfy p(e??g) = e p(g). This always
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yields a twisted Hilbert A-module bundle over a principal I'-bundle P via

E = PxV
v : L®nyE— 7E
A gl@v—Ap(g)v.

For a non-twisted bundle B of Hilbert A-modules with typical fiber W one
could consider the frame bundle Pp consisting of all unitary A-linear maps
f:W — (Pp),. These form a principal U(WW)-bundle and B is associated to
it via the standard action of U(W) on W.

The corresponding question concerning a twisted Hilbert A-module bundle
E would be: Can we vary L in its stable isomorphism class such that E takes the
form described above for some representation p : I' — U(V'). This is indeed
the case!

Lemma 3.4.8. Given a twisted Hilbert A-module bundle E over P, let Pg be
its frame bundle. Its projectivization H = Pr/S* — P descends to a principal
PU(V)-bundle H — M. The associated lifting bundle gerbe Ly has the same
DixMIER-DOUADY-class as L.

Proof. The action of L on E induces a corresponding map of frame bundles,
which, after quotiening out the S'-action boils down to

¥ : miH =7} (Pg/S") — 71 (Pe/S") =ntH

providing the descent data for H. Therefore H can be identified with TpH =
H xp; P. Since H has a lift to a U(V)-bundle Pg over P, its lifting bundle
gerbe S — H is trivial, i.e.:

(PE)(qup) @ S((q1.,p).(q2.0) = (PE)(qz,p) for (g;,p) € H xar P .

Here and in the next theorem we identify Pg with the associated line bundle
over H. The action of L on Pg takes the form:

L(Phpz) ® (PE)(%Pz) = (PE>(¢1»P1)

Let @ — H'® be the lifting bundle gerbe of H and consider the product Q* X
L — (H xp P)[2]. Note that Pg, when viewed as a line bundle over H x 5; P,
yields a trivialization of @Q* ® L. Indeed, the pullback of Q to (H xj; P)Z!
coincides with .S, therefore

(Q* > L)((Q17P1)7(Q2,p2)) ® (PE)(Q%M) = S?lei”l)v(QLPl) ® L(p17p2) ® (PE)(Qzapz)

Szzh ,01),(q2,p1) ® (PE> (g2,p1)

(PE)(‘h 1)

12

But this implies dd(Q*) + dd(L) = dd(L) — dd(Q) = 0. O

By the lemma above the pushed down projectivized frame bundle of E yields
a PU(V')-bundle that is stably isomorphic to L. An explicit isomorphism is given
by the frame bundle Pg of E.
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Theorem 3.4.9. The bijection on twisted Hilbert-A-module bundles induced
by the frame bundle trivialization Pg maps E to the twisted Hilbert A-module
bundle

HxV —H.

The action of Q is given by the canonical left action of U(V) on V.

Proof. The descent of (Pg)" ® m5HE is given by
(PE)?q,pz) ® Ep, — (PE)EFq,m) ® Lip1,ps) ® Ep, — (PE)Z:MH) ® Ep, -

But (PE)? ® E, is canonically isomorphic to V' via

q,p)
(Pe)iyp @By —V 5 [@N@v—=AT ' (v),
Ve (Pe)iypy © B, 1 we @1 0qw)

where § is an arbitrarily chosen lift of ¢. Since the action of L on (Pg)* as well
as on F are both given by the same map -y, this isomorphism factors over the
descent. O

Definition 3.4.10. The bundle gerbe corresponding to the projectivized and
pushed-down frame bundle Pg of a twisted Hilbert-A-module bundle F will be
called frame bundle gerbe.

3.4.2 Bundle gerbe modules and
twisted Hilbert M, (C)-bundles

A PU(n)-bundle P defines a (torsion) twist in H3(M,Z) and we have a matrix
bundle (often called AZUMAYA bundle) K over M associated to it. Following the
above, we arrive at two descriptions of the group K ,%(M ): One by bundle gerbe
modules for the lifting bundle gerbe I — P2 from [12], the other by twisted
Hilbert M, (C)-bundles over P. The former description uses vector bundles
over P where in the latter we find bundles of Hilbert M,,(C)-modules. Luckily,
there is a MORITA equivalence between C and M, (C) that allows us to switch
between the two pictures by the following transformations:

KYO0) — K¥NOn) s [F] e [PecC]
K™ (M) — KR"™(M) 5 [F] = [F &y, C"],

where the twisting in both cases operates only on the first factor (for the sec-
ond map this is well-defined because of M, (C)-linearity). The right action of
M, (C) on C™ is via pullback, let f; be the basis dual to the canonical one
(e;), then the scalar product of two base covectors is (f;|f;) = e; f; € M, (C).
We can without loss of generality assume that the complex vector bundle E
is equipped with a hermitian metric, such that the first map yields indeed a
twisted Hilbert M, (C)-bundle. Since C™* ®,y, (¢) C" =~ C as vector spaces and
C" @¢ C™ ~ M, (C) as Hilbert M, (C)-modules we even get a stronger result:
The categories of twisted Hilbert M,,(C)-bundles and bundle gerbe modules are
naturally equivalent. Most of the time we will think of K (M) as the group of
virtual bundle gerbe modules, even though this forces us to switch the viewpoint
(slightly), when comparing this group with KB‘(M ) like in the product below.
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3.4.3 Twisted product

We also have an exterior product on twisted Hilbert A-module bundles, but con-
trary to ordinary K-theory this combines different groups with each other be-
cause the twists that are involved add up during the process. We will formulate
this twisted product just for the case that we need involving a twisted Hilbert
A- and a twisted Hilbert M,,(C)-module bundle. Take a PU(A)-bundle A as-
sociated to a principal I'-bundle P and a PU(n)-bundle K associated to P.
Then their fiberwise tensor product A ® K is a bundle of C*-algebras with fiber
M, (A) = M, (C) ® A associated to P X P.

Let E be a twisted Hilbert A-module bundle over P and F' be a bundle gerbe
module over P. Their exterior tensor product EX (F ® C*) — P x s P defines
a twisted Hilbert A ® M,,(C)-module bundle over P x j; P simply by tensoring
their twistings vg X (yr ® id). This map extends to formal differences in the
obvious way and therefore yields

KO (M) @ KR (M) — K)gx(M)

for a compact manifold M. For non-compact M take two triples [Ey, E_, ¢g|
and [Fy, F_, ¢p| and choose a precompact subset W, such that @El and go}l
exist on the complement of W. Choose a continuous function p : M — [0,1]
vanishing on the closure of W and being 1 on the complement of a larger compact
subset. Then the tensor product [E] X [F] is defined to be the triple

(EyWFy) @ (E-RF) (E_RF) & (EL KFL), opsr]

where ¢ g is the twisted bundle morphism given by the matrix:

_ (pE®idF, idE®<ZE1>
PEQF (idE+ ® o @;}1®idF,

with {5)_51 = pgogl and similarly for @;1. As we have seen above, the K-theory
class does not depend on the choice of regularization p and therefore yields a
well-defined product.

3.4.4 Kinneth theorem

The above decomposition via MORITA equivalence C(M, A) ~nor C(M,K)® A
suggests a decomposition on the level of K-theory in the spirit of the KUNNETH
formula known from ordinary cohomology. This, however, does not hold in
general, but only for tensor products, in which one of the factors belongs to a
nice class of C*-algebras constructed from certain building blocks and therefore
often called the bootstrap class N.

Definition 3.4.11. N is the smallest class of separable, nuclear C*-algebras
with the following properties:

(N1) N contains C.
(N2) N is closed under countable inductive limits.

(N3) If 0 = A — D — B — 0 is an exact sequence and two of the terms are in
N, then so is the third.
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(N4) N is closed under KK-equivalence.

We note that N contains Cy(X) for every locally compact space X and also
every matrix algebra M, (C) [10]. Since it is also closed under tensor products,
this enables us to use the next lemma on K.

Lemma 3.4.12. Let K be a locally trivial bundle of C*-algebras over a compact
space M such that its fibers K belong to the bootstrap class N, then the C*-
algebra of sections C(M, KC) also belongs to it. For a locally compact, countably
paracompact space M we have Co(M,K) € N.

Proof. We prove this by induction. Choose a good countable trivializing cover
(i.e. the sets are contractible and all their higher intersections are contractible)
Uier Ui D M for K. Let J C I be a finite index subset and let Uy = (¢, U;.
Note that Co(Us,K) ~ Co(Uj,K) ~ Cyp(U;)® K due to the nuclearity of
K. Therefore Cy(Uy, K) belongs to the bootstrap class which is closed under
tensor products.

Now take an arbitrary family of finite index subsets J C I,k € N. Set Ay =
Ule Uj,, By = Uy, ., and suppose that Cy(Ag,K) as well as Co(Ax N By, K)
belong to the bootstrap class, which clearly holds for k = 1. Consider the
following exact sequence of C*-algebras

0— Co(Ak n Bk,IC) — Co(Bk,’C) — Co(Bk\(Ak n Bk),/C) — 0,

in which the first arrow is continuation by 0 and the last arrow is restriction
to the set B\(Ax N Bg), which is closed in By. Keep in mind that Cy refers
to sections vanishing outside some compact subset, which does not imply that
they also vanish on the boundary of By \(Ax N By). Since the first two algebras
are in the bootstrap category by hypotheses, the last one is as well. Now by the
exact sequence

0— CQ(Ak,’C) — Co(Ak U Bk,IC) — Co((Ak U Bk)\Ak,IC) —0

Co(Ak+1,K) belongs to the bootstrap category as well, since (Ax U Bi)\Ap =
Bk\(Ak n Bk).

To continue we need to show that the algebra over Ag4q1 N Byy1 is again in
the bootstrap category. But this holds, since Ax411 N Biy1 = Ule Usuge., and
the union is taken over k sets. For non-compact spaces we get Co(M, K) as the
(countable) inductive limit limy CO(UZ-C:1 U;,K). O

The lemma trims the Kiinneth theorem [I0] [62] to fit our purposes:

Theorem 3.4.13. Let A be a C*-algebra and TK = Co(M,K) over M like
above. There is a short exact sequence:

0— K,(I'K) ® K,(A) —» K,(TK ® A) — Tor?(K,(TK), K,(A)) — 0,

in which the first map has degree 0 and the second has degree 1. In particular,
there is a rational isomorphism:

U KR(M)@Ko(A)@Q & Ki(TK)® Ki1(A)®Q — KY(M)®Q . (3.9)
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When we identify Ko(TK® A) = K¢ 4 (M) with K9 (M) via MORITA equi-
valence to exploit the above sequence, it will be more convenient to think of
KQ(M) as bundle gerbe modules over the principal I-bundle P to which A is
associated instead of modules over the PU(n)-bundle of K. Keeping this in
mind, we get the following explicit description of the above map.

Restricted to the first summand, the isomorphism W is induced by the tensor
product of finitely generated projective modules. An element in Kg-(M) can be
represented by a bundle gerbe module E over P, whereas an element in Ky(A)
is represented by a finitely generated projective Hilbert A-module V. Now the
tensor product on the level of algebras coincides with the tensor product £ ® V.
over P, with twisting v ® idy on the level of twisted Hilbert A-module bundles,
ie. U([E,y]@[V])=[E®V,y®idy].

The K-groups that appear in the second summand can be written as

Ki(I'K) = Ko(Co(R) @ C(M,K)) = Ko(Co(R x M, my,K)) ,
Ki(A) = Ko(Co(R)® A) = Ko(Co(R, A)) .

The first group describes virtual bundle gerbe modules over 73, P — R x M,
elements of the second are represented by virtual Hilbert A-module bundles
over R. Their exterior tensor product yields an element in

Ko(Co(R? x M, w3, K® A)) = Ko(Co(R*) @ C(M,K® A)) ~ Ko(C(M,K® A)) ,

where the last isomorphism is induced by Bott periodicity. This is the explicit
description of W restricted to the second summand. Expressed in terms of C*-
algebra K-theory, the Bott isomorphism is the inverse of the map given by
the tensor product with the class [B] — [pry] € Ko(Co(R)), where pry is the
projection of C2 to the second summand and

BiR? — My(C) 5 (v,y)— — (1 !

e (o ) wimemar

is the graph projection of the multiplication by z, i.e. b(z,y)w = (z + iy)w. In
terms of bundles this corresponds to the triple [C,C,b]. Thus, the Bott map
takes the form

KO%(M) — KY(R*x M) ; [E]w~ [xyE, 73 E,b], (3.10)

where b : i B — 74, E is the multiplication by z + iy for (z,y) € R%.
The Kiinneth decomposition is a module map with respect to the twisted
product on K9 (M) in the sense that the following two diagrams commute:

KR(M) ® Ko(A) @ K, (M) —— K, (M) @ Ko(A)

| |

KO(M) ® K, (M) Ky, (M)

KR c(Rx M) ® K3(R) ® K,%z(M)___>K2M,C®,C2)(R x M) @ KY(R)

l l

K5 (M) ® K, (M) K, (M)
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To see this for the latter diagram, note that the Bott map also commutes with
the product. Indeed, it is just a pullback composed with the product by an
element in K°(R? x M). After rationalization we therefore get a module iso-
morphism.
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Chapter 4

Twisted K-homology in the
torsion case

4.1 Connections on bundle gerbe modules

4.1.1 Flat extensions of Lie groups

The following section deals with the lifting bundle gerbe of a flat central S L
extension I' of a connected Lie group I'. To understand this notion, consider
the following excerpt of an exact sequence (see e.g. [51]) in group cohomology:

HOm(T(l(F),Sl) - HgQI(F?SI) - glg(gaZR) ;

in which the first map assigns to a homomorphism ~: m;(I') — S! the extension
r Xy S 1 where I' denotes the universal cover. Such extensions can be described
by cocycles I' x I' — S', which are continuous in a neighborhood of the identity
(1,1) e T' xT'. There is such a cocycle £: I' x I' — 71 (") describing the central

extension I' — I'. Thus, the above map can be understood as composition:
Hom(m(T),S") — HE(T,8Y) ;5 prpof,

which is a group homomorphism. R

The second arrow maps an extension I' to the curvature F,, of a canonical
connection v, on the line bundle associated to I' — I': Indeed, choose a linear
section o: g — @, then v, € Q(T,iR) is given by

Vo =p—o(q"p),

where i and p denote the MAURER-CARTAN-forms on f, I" respectively and
q: I' — T’ is the projection. The Lie algebra cocycle is now given by:

w(X,Y)=2dv,(0(X),0(Y)) =0([X,Y]) = [0(X),0(Y)] , X, Yeg.

Definition 4.1.1. An extension of the above form shall be called flat if the
associated extension of Lie algebras has a Lie algebra split, or equivalently if
the curvature of the associated connection v, vanishes for some split o, or
equivalently if it is associated to the universal cover I' of T'.
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Example 4.1.2. Our main example will be of fundamental importance for the
torsion case of twisted K-homology:

1— 8'—U(n) — PUMn) —1.
From the short exact sequence:
1—2Z/nZ — SU(n) — PU(n) —1

it follows that 71 (PU(n)) = Z/nZ. Embedding Z/nZ into S* via the exponen-
tial map yields a homomorphism 7: 71 (PU(n)) — S* and it is easy to see that
U(n) ~ SU(n) x, S*.

Note that the analogous extension in the infinite-dimensional case, i.e. the
unitary group of a separable Hilbert space:

1— S'—U(H)— PUH) —1.

can be treated in much the same way as the case above. However, since
w1 (PU(H)) is trivial, it is not flat anymore.

Another example sharing properties similar to U(n) — PU(n) is of course
Spin®(n) — SO(n). They both arise from homomorphisms that factor over
some finite cyclic abelian group. We generalize this case in our next example.

Example 4.1.3. Suppose that T is a flat central Sl-extension of I, associated

to a homomorphism
exp

p: m (D) 2, Z/nZ = St

Set T =T X5 Z/nZ. This is an n-fold cover of I" with cyclic deck transformation
group corresponding to the following short exact sequence

0—Z/nZ —T —T—1,

in which the first map is given by m +— [1,m].
Since p factors over Z/nZ there is a map

B: T — §' [g,2] — 2"
which induces a short exact sequence of the form

1—-T-—-T 28— (4.1)
Combining the projection «: [ — I with 0 yields

0—>Z/nZ—>f(a—ﬁ>)F><Sl—>l

and the last map induces an isomorphism on Lie algebra level identifying g with
g @ iR. This is the canonical choice for a splitting that we will use.

This will be called the generalized spin® case. It will become clear later how
ordinary spin®-connections are similar to connections on bundle gerbe modules
associated to generalized spin® lifting bundle gerbes.

Note that one could consider the “generalization” of the above factorization
over Z/nZ to one of the form

p: m () LA S
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for some finite abelian group A, i.e. the extension is represented by a torsion
element in Hom(71(T'), S*). But since the image is a finite abelian group in S,
it automatically has to be cyclic and therefore reduces to the case above. To
summarize:

Definition 4.1.4. Let 1 — S' — T — T' — 1 be a central extension of the
connected Lie group I'. This will be called a generalized spin® extension if it
is represented by a torsion element p € Hom(7 ('), S!) or equivalently if the

image of p is finite or equivalently if I' is associated to some finite covering T’
of .

4.1.2 Connections

In the case of a vector bundle FF — M there are many different ways to think
about connections, of which the most popular might be: a covariant derivative
mapping sections I'(F) to F-valued 1-forms I'(T*M ® F'), a connection form w
on the principal bundle Py, of frames in F taking values in the Lie algebra o(n)
and a distribution of horizontal subspaces of the tangent bundle T' Py, (often
we will (mis-)use the term “connection” for all of them). Luckily, the transfer
of these notions to connections on bundle gerbe modules is very natural and
reveals these structures to be “equivariant up to the bundle gerbe”.

Remark From now on we will assume that every principal I'-bundle P comes
equipped with a smooth structure and that the projection map to the smooth
base manifold M is a surjective submersion, which implies that the fiber prod-
uct P is again a smooth manifold.

Let L be the lifting bundle gerbe associated to a flat extension:

1—S8' T T —1

and identify the Lie algebra g of T with the direct sum g @ iR by means of some
chosen Lie algebra split.

Definition 4.1.5. A covariant derivative V on L is called a bundle gerbe
connection if the product

p: oL @ mys L — w5 L
pulls it back to the canonical connection on the left hand side, i.e.
wnisVe = 1V ®1 + 1®7m55Vy . (4.2)

Alternatively, one could describe V1, giving the connection form 0y, € Q1 (f, iR),

where L denotes the Sl-principal bundle to which L is associated. Aside from
the conditions of equivariance and reproduction of generators of fundamental
vector fields, 6y, has to satisfy

prisle = mo0n + mysfr (4.3)

which is just the replacement of equation (4.2) (now u of course denotes the
induced product map on L).
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The passage back and forth between the two uses the well-known correspon-
dence between antiequivariant maps L — C and sections of L (see for example
133]).

Now for L as above there is a canonical connection obtained by pulling back
v (see last section and note that we can drop the index o now) via the deﬁnlng
map K: L —T. Itisa consequence of the calculations in [24] that holds,
if one assumes flatness of the extension. Indeed, the horizontal subspaces are of
course just induced by the splitting g = g @ iR of Lie algebras:

(T2) i
(p1,p2,912)

{(VI’V%XH) €Ty, P& Ty, P& T5,T | 5u(Vi, Vo) = o X12, m Vi = 77*‘/2}
(HE)(pl,p2,§12) N {(VLVZ,Xlz) < (TL) (p1,p2,912) | U(X12) < g} s
(VE)(th@lz) = {(0707X12) S (TL)

where 11 denotes the MAURER-CARTAN-form on T and q is the projection just
as in the last section.

Regarding connections on modules over bundle gerbes, we take covariant
derivatives as a starting point again. In view of the following definition
seems to be sensible:

| fi(X12) € iR} ,

(p1,p2,912)

Definition 4.1.6. Let E be a module over the bundle gerbe L with connection
V. A covariant derivative Vg is called bundle gerbe module connection (or bgm-
connection for short) if the bundle gerbe action pulls it back to the canonical
connection on the tensor product, i.e. for v: L ® my E — nf E:

’}/*ﬂ'fvE = Vr®1 + 1®7T§VE. (44)

This can again be described by a connection form ng € Q'(Pg,u(n)) that has
to satisfy the analogue condition:

Y'ring = 0L+ mone . (4.5)

The embedding of iR indirectly needed for this equation to make sense is just
given by differentiating the canonical map U(1) — U(n).

The twisting v yields an action of T on the sections u € C*>(P,E) via
(G-u)(p) =v([9,1] ®u(pg)). If L is equipped with its canonical flat connection,
then condition implies that V g acts covariantly with respect to this action,
i.e. for a vector field X on P:

VX(:C]\'U):g'ng*XU. (46)

Example 4.1.7. Let L be a lifting bundle gerbe of a flat extension L T
associated to a principal I'-bundle P over M and equipped with its canonical
connection v. Let a: I' — U(n) be a unitary representation of I, such that

a(ew’g\) = ¥ a(g) ., Vge T and Ve'® ¢ Uu(l) .
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Analogously to the above mentioned trivial twisted bundle there is a canonical
module over L, defined by
E = PxC"
v : L®mE-—mE
A gl®v—a(g)v

Now suppose that 7 € Q!(P,g) is a connection on the principal I-bundle P.
The form 7 induces a canonical connection on E via

nEg = Adﬂa(ln)a*ﬂl*pn + W,’kj(n)uU(n) , i.e.
ne(V,X) = Adg-ra,n(V) + MU(n)()?) (4% GTpP,)/(\' € T,U(n) .

Again py () denotes the MAURER-CARTAN-form on the group in question. Let
m: P xT' — P be the right action of T, denote the action of U(n) on C" by m,
then the equivariance with respect to the bundle gerbe product takes the
following form in this case:

=)

eV, it (0., X)) = np(m.(V,¢.Y), X) = v(Y) . (4.7)

An easy calculation reveals indeed that:
(Vi (.Y, X)) =0 (m.(V.0.Y), X)
Ada—l Oy ( )/; *Y))

= Ada71oz* ( )

Since « is equivariant with respect to the embedding of U(1) in I and U(n), we
can drop the conjugation and «, from the last line.

Switching from connection forms to horizontal distributions, equation (4
turns into a corresponding isomorphism condition. Let P be a principal F—
bundle, let L — P be a lifting bundle gerbe of a flat extension -7 equipped
with its canonical flat connection and denote by E a module over L. Denote
the principal S L_bundle of L by L and the frame bundle of E by Pg. Note that
L is diffeomorphic to P x T via (p1,p2,9) — (p2,9). Therefore L X p2) 75 Pg
coincides with Pg X L. Its tangent bundle is given by

T(L X pi2) 73 Pg) ~ TP ® TT .

The tensor product on the level of vector bundles yields the following tensor
product of principal bundles:

LemiPp=LXpp miPg |~ . (4.8)

Using the identification with Pg x T the equivalence relation for (r,g) € Pg x T
is given by (r,ge’?) ~ (re*,g). This is the principal U(n)-frame bundle of
L ® w3 E as the notation suggests.

Let pr be the projection L X pl2) M5 Pp — I 75 Pg. The free group action
by S! induces a short exact sequence of the tangent bundles

0 — iR — T(L X pp2y 75 Pg) — pr*T(L @ 75 Pg) — 0 .
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Let (r,§) € L Xpp m4iPg, let I be the left action of T on itself and let
Br: U(n) — Pg be defined by (3.(a) = ra, then the trivial {R-bundle is a
subbundle of T(E X pi2y T3 Pg) via (1,9, Xo) — (Br« Xo, —lg« Xo) for Xy € iR.
Thus, pr*T (L ® 75 Pg) is isomorphic to T(L X ) 73 Pg) / iR ~ (T Py ®TT) /iR.
This isomorphism turns the right hand side into an S L_equivariant vector bundle
over L X pz) m5 P, such that there is an isomorphism

Ty (LemPe) = {W,X) e TPy T}/ ~ (4.9)

with (m. (W, X,), X) ~ (W, m.(X,, X)) for X, € T,U(1) (here m denotes the
action on Pg on the left hand side and — by slight abuse of notation — the group
multiplication on the right hand side). Choose now a horizontal distribution
H, C T, Pg and define

(H; & H) - {[W, X € Tz (Z ® 7T§PE) | fi(X) € g, W € H}

[r.9]

C T[T@ (E@WEPE) .

In a similar fashion, we can identify 7 Pr with Pg x T’ via (r,p2) — (r,9)
where g is such that mp,(r)g = p2. As a consequence T'(n} Pg) is identified
with TPg & TT'. Now, -, restricted to the second summand is just the map
[W, X] — ¢.X. Keeping this in mind, we have:

Definition 4.1.8. A horizontal distribution H, C T, Pg is called a bundle gerbe
module connection (or bgm-connection) for the canonical flat connection on L if

~

e ((Hz & H) . o) € Hatouiray ® TT C T(i ).

(Since v, is an isomorphism and both subspaces have the same dimension we
could replace the first C by = without changing anything.)

Lemma 4.1.9. Let H, C T, Pg be a bgm-connection and s : T,.Pgp — H, the
canonical projection with respect to the vertical subspace. Then v, commutes
with s in the following way:

~ (s, q.] ~
Tips ran) (L ®7T2PE) - ((HE @ H)un,[na]))

T l i (s,idrr) l’V*

(o1, ina) PE @ Tyl ——————— Hoy(p, [rg)) ® TgT'

Proof. Since by assumption v, maps the horizontal subspaces (H 7 & H ) (p.[m3])
and H.p, [rg)) Tyl isomorphically onto each other, we only need to show that
the same holds for the vertical ones, then the lemma follows.

Let 3,: U(n) — Pg be given by a +— ra and denote the inclusion ¢ — [t, g]
for t € Pg by t5. Since 7 is equivariant with respect to the U(n)-action on Pg,
the following diagram commutes:

Br

lg ~
U(n)— Pg _~g-+L®W§PE~l->7rTPE——-—> Pg

By Ir3)) j
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with p; = mp, (r) ¢(g)~!. By differentiating we deduce 7y ([Br«(X),0]) = B (X)
for X € u(n) and ¥ = v(py, [r, g]) proving that v, restricts to an isomorphism
on the vertical subspaces as well. O

The way back from distributions to connection forms is the usual one (see for
example [33]). Given H, C T, Pg define n via n(W) = X, where o(W) = (,.(X)
for W € T,.Pg. Here, p denotes the projection onto the vertical subspace with
respect to the horizontal one.

Theorem 4.1.10. (i) If H is a bgm-connection for the canonical flat connec-
tion on L, then n is a bgm-connection form.

(i1) If n is a bgm-connection form for the canonical flat connection on L, then
H, = kern(n) is a bgm-connection.

Proof. Let Y1 = n(7.([W, X)), Yo = n(W), set 7 = v(p1,[r,g]) and denote the
projection from T, Pg to H, by s, then

Br(N1) = o(y(W, X])) = 7. ([W, X]) — s(v.([W, XT))
= (W, X]) = 7 ([s(W), ¢ X]) = 7 ([o(W), X — q.(X)])
= Vx([Bra(Y2),0]) +7:([0, X — ¢(X)])
= Br(Y2) + ([0, Lgr(X)])

Since Lz v(X) = Rgv(X) = m.(v(X),0), the last summand is equal to
Valma(0,0(X)), 0] = %[Br (v(X)),0] = ﬁ (v(X)). Injectivity of Sz now
proves that . ) holds and therefore also (i

For it suffices to show that n(*y*([W X])) = 0 for W € kern(n) and
wX) € g, but this is a direct consequence of (4.5)). O

4.1.3 Flat connections on general S'-bundle gerbes

As described in section the concept of bundle gerbes is by no means limited
to the case of lifting bundle gerbes. In this section we will consider a smooth
fibration 7: Y — M, Wthh is a surjective submersion, and a bundle gerbe
L — Y like in deﬁmtlon We will analyze the topological obstructions to
the existence of a flat connectlon on L. Note that a line bundle ¢ over M carries
a flat connection if and only if its first Chern class ¢;(¢) € H? (M Z) is torsion,
i.e. cf(¢) € H?(M,R) vanishes. In the case of bundle gerbes, ¢ (¢) should be
replaced by the real DIXMIER-DoUADY-class dd® (L) € H3(M,R). Even though
vanishing of dd® (L) is necessary, it is not sufficient to ensure the existence of a
flat connection as we will see presently.

Connections on bundle gerbes were already studied by MURRAY in [49)],
from which we review the main arguments. At the heart of the analysis lies the
following exact complex of real valued k-forms:

QF (M) =5 QF(Y) -5 ok v 2 k(v Bl 2

Denote by m;: YIP! — YIP—1 the projection leaving out the ith factor, then the
differentials § are defined via
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The curvature Q, of a bundle gerbe connection on L provides a 2-form on Y2
and it was proven in [49] (using local trivializations) that §(2) = 0. Therefore
there is an element f € Q2(Y), such that

mof —mif =6(f) =0 .

Definition 4.1.11. A choice of f € Q%(Y) with §(f) = Qr, is called a curving
for the connection on L.

By the BiancHI identity and since d and § commute, we have 6(df) = 0,
which implies that there is a 3-form w € Q3(M), such that

df =m'w . (4.10)
Another fundamental theorem proven in [49] is the following.

Theorem 4.1.12. Let L be a bundle gerbe with connection. Let f be a curving
for this connection and let w € Q3(M) be a 3-form with df = 7*w. Then w is a
closed form representing the DIXMIER-Douady-class, i.e.

[w] = dd*(L) € H*(M,R) .
In particular, this class does not depend on the choice of f.

An immediate corollary of this observation is that the DIXMIER-DOUADY-
form can be seen as the obstruction to the existence of a closed curving.

Corollary 4.1.13. Let L be a bundle gerbe with connection. Then the condition
dd®(L) = 0 is equivalent to the existence of a closed curving f € Q2(Y) for the
connection on L.

Proof. If there is a closed curving f, then equation and the injectivity of
7* on forms imply that w can be chosen to vanish. Therefore dd®(L) = [w] = 0.

On the other hand, let f' € Q%(Y) be a curving for the connection on L
and w € Q3(M) be a 3-form satisfying and [w] = dd®(L) = 0. Denote
the curvature of the connection by Q7. Then w = dr for some 7 € Q?(M). Set
f=f —7*r. Then

df = df —ndr=n1"w—-1*'w =0,
o(f) = o(f)—d(r"r)=Qr .

Therefore f is a closed curving for the connection. O

If the curvature vanishes, f can be chosen to vanish as well, a choice, which
is clearly closed. Therefore dd®(L) = 0 for flat bundle gerbe modules. On the
other hand, non-vanishing curvings provide an obstruction to flat connections.

To avoid working with de Rham cohomology groups of infinite dimensional
spaces, which is nevertheless possible (see e.g. [9]), we now stick to the case
of finite-dimensional smooth fibrations Y. According to [50, Proposition 5.6]
if M and the fibers of Y — M are simply connected a finite-dimensional Y
automatically implies that dd®(L) = 0. Note that f provides a class [f] €
H?(Y,R) in case the curving is closed.
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Lemma 4.1.14. Let L be a bundle gerbe with connection, such that dd®(L) = 0.
Denote by 7 : H>(M,R) — H?(Y,R) the map induced by the projection on
cohomology. Then a choice of closed curving f € Q*(Y) provides a class

FHL) = [f] € H*(Y,R)/Im(7*) ,

which neither depends on the particular choice of curving f nor on the bundle
gerbe connection itself and therefore provides an invariant of the bundle gerbe.

Proof. Two possible choices of curvings f;, i € {1,2} for the same connection
differ by the pullback of a form p € Q2(M) to Y. If both curvings are closed,
then p is closed as well by the injectivity of 7*. Therefore [f1] — [f2] = 7*[p].

Denote by L the principal S'-bundle of L and by pr: L— Xm the projection.
As proven in [49] two bundle gerbe connections 61,02 € Q(L,iR) differ by

0y — 01 =ipr*o(r)

for some form 7 € Q'(Y). Denote by Q) for j € {1,2} the corresponding
curvatures. Let f1 be a closed curving for 6; and set

fo=fi+dr.

Clearly fs is closed and §(f2) = QF +02 —QL = Q2. Thus, f» is a closed curving
for 6. But fi and fo differ by an exact form. Thus [f1] = [f2] € H*(Y,R). O

Theorem 4.1.15. Let L be a bundle gerbe with dd®(L) = 0. L allows a flat
bundle gerbe connection if and only if

FR(L) = 0 € H2(Y,R)/Im(") .

Proof. If there is a connection on L with 27 = 0, then for any choice of curving
f € Q2(Y) we have
5(f)=Qr=0.

Therefore f = n*p for some p € Q?(M), which implies f®(L) = 0.

Suppose on the other hand that f®(L) = 0 and choose an arbitrary bundle
gerbe connection 6 on L with curvature 7 and curving f. Since by assumption
there is a closed form p € Q?(M) with

[f — "5l = 0 € HX(Y,R)

there is a closed form n € Q'(Y) with f — 7*p = dn. Denote by L again the

principal S'-bundle of L and by pr: L — Y the projection. Define 6’ by

0 =0 —iprs(n) € O(L,iR) .

This is the connection form of a bundle gerbe connection on L. Its curvature
Q) € 2(YR) is
Q) =Qp—6(dn) =QL —48(f)=0.

Therefore 6’ provides a flat bundle gerbe connection on L. O
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Example 4.1.16. If L is the trivial bundle gerbe, i.e. L = 77Q ® m5Q* for a
line bundle @ — Y, then the tensor product of a connection pulled back from
one on @ is a bundle gerbe connection on L. A possible curving for this choice
is of course the curvature Qg € Q?(Y) of the connection on Q. Therefore we
have f2(L) = [c1(Q)] € H3(Y,R)/Im(7*) in this case.

In some cases the invariant f®(L) only depends on the cohomology of the
fiber ' — Y — M instead of the total space Y.

Theorem 4.1.17. If F — Y — M is a fibration with M and F' path-connected,
HY(F,R) =0 and 71 (M) acting trivially on H*(F,R) and H°(F,R). Then there
is an exact sequence

0— H*(M,R) ™ H2(Y,R) 5 H2(F,R) & H3(M,R) ,

in which ©* and 7 are induced by the inclusion of the fiber and the projection
to the base and T is the transgression map.

Proof. This follows directly from the SERRE spectral sequence. O

In cases matching the conditions of theorem [4.1.17| vanishing of f®(L) is
equivalent to i*(f®(L)) = 0 € H?(F,R).

Example 4.1.18. In the case of lifting bundle gerbes the fibration Y — M is
given by a principal I'-bundle P — M. Suppose that the fiber I' is a compact
connected Lie group, then H!(I',R) = 0 already implies H?(I',R) = 0 (see for
example [I4] Corollary 12.9]). This immediately yields

Corollary 4.1.19. If L is a lifting bundle gerbe over a path-connected M for
a central S'-extension

1—>Sl—>f—>F—>1,

where T' is a compact connected Lie group, such that H'(I',R) = 0 (& 7 ()
finite) and w1 (M) acts trivially on H°(T,R). Then there is a flat bundle gerbe
connection on L.

Denote by i and p the MAURER-CARTAN forms on FandT respectively and
choose a split o: g — g of the corresponding Lie algebras. Let x: P2 — ' be
the defining map of the lifting bundle gerbe and denote the projection I' — T’
by ¢. By [24, Lemma 6.4] there is a bundle gerbe connection on the lifting
bundle gerbe L with connection form

v=k"(L—ocoq'u) . (4.11)
Its curvature is given by
]' *
O = — 5w (), 1)) -

where w, (X,Y) = [0(X),0(Y)]s — o([X,Y]r) is the Lie algebra cocycle of the
extension. By restricting to local trivializations it is easy to see that in this case
i*(fR(L)) = [wo (1, )] € H*(T, R), which corresponds to the curvature w, (i, i)
of the connection induced by the split on the principal S'-bundle I —T.
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Remark 4.1.20. Let A: P — PPl be the diagonal embedding p — (p,p). As
we have seen in section 2] the line bundle A*L is trivialized via a canonical
isomorphism induced by the bundle gerbe multiplication. Denote the principal
S'-bundle of L by L. _Using the identification L=Px I‘ the bundle homomor-
phism P x S — A*L — L corresponds to the map P x S! — P x I, which
is just the inclusion on the second factor. This observation shows that v from
pulls back to the canonical flat connection on the trivial bundle. Any
other bundle gerbe connection on L can be obtained as

0 =v+ipr*o(n)

for a form n € Q!(P) and since 7; o pro A coincides with the bundle projection
A*L — P for j € {1,2} we see that the above remark also holds for any other
bundle gerbe connection on L: Any bundle gerbe connection pulls back to a flat
connection over the diagonal.

4.1.4 Trivial bundle gerbes

Since the DIXMIER-DOUADY-class of a lifting bundle gerbe L — Pl coincides
with the obstruction to lifting P to a I'-bundle P, connections on modules over
L should reduce to ordinary connections on the pushed down bundles over M.
This section will reveal that this is indeed the case. It will also clarify some
properties of connections in the generalized spin©-case.
__ Whenever the lifting bundle gerbe L is trivial, there is a line bundle Q* =
P x4 C. Its conjugate @ is a bundle gerbe module. To see this, note that on
the level of principal bundles switching to conjugates corresponds to twisting
the S'-action by the inversion (i.e. p- e = pe~* where the dot denotes the
new action). Therefore the module structure on @ is induced by:

y:LomP —miP ; [§,p)—Dpg "
Lemma 4.1.21. Suppose that P is established with a fived connection n and L
carries the canonical flat connection. Giving a bundle gerbe module connection
on P is the same as choosing a connection 7 on P that is compatible with 7.

Proof. Let 0 € Q'(P,iR) be a bgm-connection on P and denote the MAURER-
CARTAN form on I' by v, then equation 1' yields

0(7.([W, X])) = O(W) + v(X) for W € TP, X € T5T .

In particular
O(RzW)=0W) , 0(FpX)=—-v(X) (4.12)
with f5(g) = pg and X € g (note that 8 multiplies with g, whereas 7 uses the

inverse, hence the minus sign in front of v!). Let 75: P — P and q: T —T be
the canonical projections and set = 71'}*377 6. Due to

M(RgW) = n(Re@smp, W) = 0(RgW) = Ady(g) -1 n(mp, W) — 0(W)
= Ady-A(W)
NP5 X) = n(Bryp)+a:X) — 005 X) = . X +v(X) = X .

Note that w;‘gn = ¢.7], hence 7] is a connection compatible with 7.
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A connection 7 compatible with n on P induces a bgm-connection via 6 =
7r*1377 — 7). Indeed, since ¢.7] = W*ﬁn, 0 takes values in iR. Furthermore:

N(v(W,X])) = —0(BpRg-14 L1, X) + (R5-1,. W)
= —Adg (i(X)) + Adgn(W) ,
(e, (W, X])) = —Adyg (w(g-X)) + Adggn(rp, W) (4.13)

and therefore

00, X)) = Ady (A(X) — pla.X) —A0F) + nlap, 7))
= u(X) +607)

Invariance under right translation by elements of S1 is evident. Fundamental
vector fields on P with respect to the above action are generated by ap(e’?) =
pe ¥ = fB5oinv(e’?). Thus for X, € iR

O(apXyp) = (G5 invie X)) = X, . O

Theorem 4.1.22. Let P be the bundle gerbe module for the trivial lifting bundle
gerbe L equipped with its canonical flat connection as above, 6 a bgm-connection
on P. Let Pg be the principal U(n)-bundle associated to a bundle gerbe module
E over L with connection ng. Denote by P Pg the tensor product of the
principal bundles as defined in and let m(P ® Pg) be the pushed down
U(n)-principal bundle over M. Then w = m(ng — 0) defines a connection on
7T!(13® PE)

Proof. Using equation (4.5 for elements X, € T},S', it is easy to check that
ne — 0 is a well defined form in Q'(P @ Pg,u(n)). The same argument can be
used for the action of elements X € Tgf to show that ng —6 can be pushed down
to ﬂ';(ﬁ ® Pg). Since ng is a connection form, ng — 6 inherits this property. O

In the generalized spin® case we have the short exact sequence
1T %7 81,

In this situation the bundle gerbe module P can be pushed down to a line bundle
p /T over M. In the case I' = Spin® this is the line bundle corresponding to
the inverse canonical class of the spin®-structure. Since the choice of splitting
that we made above implies (5, X) = 0 for all X € T;T', 6 pushes down as well.
In the other direction the pullback via P — ﬁ/f of a connection form on
the inverse canonical line bundle yields a bgm-connection due to a calculation
similar to and the canonical splitting that we chose above.

To summarize: The trivial bundle gerbe with its connection contains every
spin® structure on the manifold. A choice of trivialization of the gerbe to-
gether with a bgm-connection on it fixes both: the structure as well as a spin®-
connection. It is in this way that bundle gerbe modules in the above case are
like generalized spinor bundles without having a spin®-structure!
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4.1.5 Connections on tensor products

Whenever we have two bundle gerbes Ly — X {2] and Ly — X £2] we can form

their external tensor product
L=Li MLy =Ly @t Ly — X [Py X[
1 2

where the 7,2 denote the canonical projections. This is again a bundle gerbe

with dd(L; ®1L2) =dd(Ly) + dd(Ls). If each L; carries a bundle gerbe connec-
tion 6;, then
eL = 7(';([2]61 + 7(-;([2]92 S Ql(Ll X L27’LR)
1 2

defines one on the tensor product. Now take two bundle gerbe modules F;
over L; for ¢ € {1,2}, both carrying bgm-connection forms, denoted by 7; €
QY (Pg,,u(n;)). The external tensor product

E1 X EQ = W;(lEl & 71';}2E2
is a bundle gerbe module for L with respect to the tensor product action
vy=9g, Ryp,: L 75 (E1 X Ey) — 7i(E1 X Ey) |

since (L1 M L) @ i (B1 W Ep) = (L1 @ 7%,  B1) K (L2 ® 7%, y E2). Fix a
monomorphism 7: U(ny) ® U(ng) — U(ninz). The first group is the quotient
of the product by the antidiagonal U (1)-action. Using the same notation Pg, xp,
can be written as the U(ning)-principal bundle (Pg, ® Pg,) X, U(ning). The
u(ning)-valued 1-form

n([Wr, Wal, X]) = Adg-1 (7 [ (W), n2(W2)]) + 10 (nyns) (X) (4.14)

is well-defined on Pg,xp, and yields a connection. Here we have W; € T}, E; for
i € {1,2}, such that [Wy, Wa] € Tj,, ,1(Pe, ® Pg,) and X € ToU(ning). The
outer brackets denote the quotient by 7. Now, 7.([01(Y1),02(Y2)]) = 61(Y1) +
02(Y2) for Y; € T, L;. Therefore 7 is a bgm-connection.

4.1.6 Parallel transport in twisted Hilbert A-module
bundles

Let V be a Hilbert C*-module over A, then End(V') turns out to be a C*-algebra.
It contains the group U(V) of unitary elements, which becomes a topological
group when equipped with the norm topology. In fact, it is a Banach Lie group
in the sense of [34] modelled on the Lie algebra ia of anti-selfadjoint elements
in End(V). It therefore is regular in the sense that smooth curves in ia can
be integrated to smooth curves in U(V) in a smooth way. Surprisingly, the
geometry of principal bundles with regular structure groups can be treated in
much the same way as the finite-dimensional case. In particular, there is a
sensible notion of parallel transport, see [34].

We will apply the above setup to the frame bundle Pg of a smooth twisted
Hilbert A-module bundle E over a principal I-bundle P to see that parallel
transport acts equivariantly with respect to shifting the starting point by the
action of I'. Definition extends canonically to our situation:
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Definition 4.1.23. Let E be a twisted Hilbert A-module bundle with respect
to the bundle gerbe (L,01). A twisted connection on E is a connection form
ne € QY (Pg,ia) satisfying the following condition:

Yminge = 0L+ mong . (4.15)

The embedding of iR implicitly needed for this equation to make sense is just
the differential at 1 of the canonical map U(1) — U(V).

At the heart of the theory of parallel transport lies the following observation:

Lemma 4.1.24. Let E be a twisted Hilbert A-module bundle over P with a
connection 1. Let V. € T,P and r € Pg be a lift of p. There exists a unique
vector W € T,Pg such that wp,.(W) =V and n(W) = 0. W s called the
horizontal lift of V.

Proof. This is clear from the fact that n provides a splitting of the short exact
sequence of Banach spaces:

0 —ita—1T.Pp —T,P—0. O

Theorem 4.1.25. Let E — P be as above. For each smooth curve c: R — P
with ¢(0) = p € P there is a unique smooth mapping

Pe: R x (Pg), — Pg
with the following properties:
1. P.(t,r) € (PE)c(t)
2. P.(0,) = id(py),
3. n(%?c(t,r)) =0

(i.e. each curve ¢ in P has a lift ¢(t) = Pc(t,r) to Pg such that it starts at r
and the tangent at each point is lifted horizontally).

Proof. see Theorem 6.1 in [34] for the details. In a trivialization ¢; : U; X
U(V) — Pg the curve takes the form ¢(t) = (c(¢),7(t)), furthermore for
(V,Y) e T,U; @ T,U(V):

77(%*(‘/, Y)) = Lgfl*(Y) + Adg*”’]i(v) ’

where 7; is the pullback of n with respect to the canonical section U; — U; x
{1} & Pg. Existence now follows from the solvability of the differential equation

7= =Ry (ni(¢))
in U(V) and is therefore reduced to its regularity. O

The twisted action v induces a true left action of T on Pg via

1

g-r=~(pg ", [rqg]) .

where (pg~1,[r,g]) € L® 73 Pp like in (4.8). It covers the left action of I' on P
in the sense that 7p, (g -7) =pg~! =: g p.
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Lemma 4.1.26. Parallel transport is f—equivaﬂant in the following sense:
Pgc(t,g-1m)=79-P(t,7) .

Proof. Set ¢(t) = P.(t,r). We have to show that g-¢ satlsﬁes conditions ({1
in theorem [4.1.25| with respect to the curve g-c. (1)) and (2] follow from the

fact that the action of T on Pg covers that of T on P For 1 we calculate:

d . d SN 5

5G9 =— (g [6]) (1) = (), 0) ,
where the dot denotes the derivative by ¢t and we used the notation from
(4.9) for tangent vectors. But since 1 is a twisted connection form we have

n(3([E(t), 0])) = 6..(0) + (&) = n(é) = 0 by hypothesis. 0

4.1.7 Curvature and Chern character
of twisted Hilbert A-module bundles

We continue unravelling further classical notions of differential geometry by
defining what the curvature of a twisted Hilbert A-module bundle should be.
There is no surprise about the next definition:

Definition 4.1.27. Let E be a twisted Hilbert A-module bundle with connec-
tion form ng. Then its curvature is defined to be the ia-valued 2-form

O = d?’]E + [77E,77E} S QQ(PE,iCl) .

Here we have [ng,ng](X,Y) = [ng(X),neg(Y)], where the Lie bracket of ia is
used.

Even the main properties of g hold in the infinite dimensional case as was
proven in [34].

Lemma 4.1.28. If Qg is the curvature of a twisted connection, then it is hori-
zontal, i.e. it kills vertical vector fields. Furthermore it is U(V')-equivariant in
the following sense: RiQp = Ady—1Qg for alla € U(V).

The above lemma allows us to see Qg as a 2-form over P taking values
in the bundle Ad(Pg)! = Pg xaq ia. Since the map induced by the twisting
isomorphism on the bundle Pg is equivariant with respect to the action of
U(V), Ad(Pg)! transforms equivariantly under the right action of I on P. Ad,
is trivial for elements a € U(1) C U(V), so the latter does not depend on the
choice of lift from T' to I'. Thus, Ad(Pg)! descends one step further to form
Ad(Pg)¥ over M.

The definition of the curvature 2-form Qg together with yields

Y 7TiQe = QL + 1508, (4.16)

where ), denotes the curvature of the bundle gerbe connection on L. But since
we only consider flat extensions of Lie groups, {2 vanishes, because 1t is just
the pullback of the curvature form on T over I. In explicit terms looks
like Qg (W, X],7:[V,Y]) = Qe(W,V) for W,V € T, Pg and X, Y € T U).
This is just the condition needed to get a 2-form taking values in the bundle
Ad(Pg)¥, ie. Qp € Q*(T*M,Ad(Pg)"). The standard representation of U (V)
on V enables us to see Ad(Pg)! as a subbundle of End(E), which turns Ad(Pg)*
into a subbundle of end(E) (for the definition see section [3.2)), therefore Qp €
O%(T*M,end(F)) is a C*-algebra valued 2-form.
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Remark As we have seen in section the curvature Q, of a bundle gerbe
connection on L in general satisfies 0(€21,) = 0. Therefore there exists a curving
form f € Q?(P) such that Qp = §(f) = 7} f — 73 f. The choice of f is unique
up to 2-forms pulled back from M [49]. If the real DIXMIER-DOUADY-class
dd®(L) = 0 € H3(M,R) then f can be chosen to be a closed form. As follows
from with such a choice of curving f we can push down Qg — f to a
2-form over M taking values in Q2(T*M, Ad(Pg)").

In the case of bundle gerbe modules the standard trace on matrix algebras
extends to a pointwise functional tr: C(M,end(E)) — C(M, C), which allows
us to apply the machinery of CHERN-WEIL-theory.

Lemma 4.1.29. Let E be a bundle gerbe module over the principal T'-bundle
P with connection ng having curvature Qg. If T: M, (C) — C is an invariant
polynomial in the sense of [{4l], then T(Qg) is a closed form in Q*™(M,C),
whose cohomology class does not depend on the choice of connection on E.

Proof. The proof of closedness given in [44] just uses the expression dQp =
Qp Ang —ne A Qg and properties of the trace and therefore applies to our case
as well. The independence of a connection uses the fact that the space of all
connections is convex together with a homotopy argument. It is also contained
in [44] and applies to the twisted case without any change. O

Definition 4.1.30. Let M be a compact manifold and E a bundle gerbe module
over the principal I-bundle P — M with a bgm-connection g € Q'(Pg,u(n))
and curvature Qi € Q%(M,end(E)), then

) - e (oo (125 ) crmoiag

with exp (ﬁf) = fozo (ﬁ)n QE/\ni,AQE is closed by the above lemma. Its class

in Hev*™(M, R) is called the Chern character of E. Tt only depends on the stable
isomorphism class of F and therefore extends to a homomorphism:

ch: Kg(M) — HSE™(M,R) .

In case M is non-compact, let [E;, E_,¢p] € Kg(M) and denote by K a
compact set, such that <p;31 exists on the complement of K. Now, choose a
connection V_ on E_ and V on FE,, such that it coincides with @El oV_opg
outside a compact subset. This can always be constructed from an arbitrary
connection V4 on Ey in the following way: Let p: M — [0,1] be a smooth,
compactly supported function with p|, = 1. Set

V=pVi+t(1-p)eg'oV_oygp.

Denote the curvature of V by O and define

e oo (2)) (o (22))

which is a class in cohomology with compact supports (since V coincides with
V_ outside a compact subset) and does not depend on the choice of 7 under
the above restrictions.
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Theorem 4.1.31. The Chern character has the following properties:

i) It is additive in the sense that for [E1), [E2] € Kg(M) with the same twisting
we have

ch([Er & Es]) = ch([Ex]) + ch([Es]) € HIGR (M, R)

it) If L1 and Lo are two lifting bundle gerbes with dd(L,) = dd(Ls) correspond-
ing to the matriz bundles K1 and Ka, then a trivialization F of Ly X L
yields

RF
K,OCI(M) —-————~>K,%

lch lch
even UCh(F) even
Hc,dR(M7 R) E— Hc,dR(M’ R)
In particular, it coincides with the ordinary Chern character if there exists
a flat trivialization F.

iii) It is multiplicative, i.e. if [E1] € KR (M) and [Es] € KR (M), then
ch([Ey B E,]) = ch([E1]) U ch([E,]) € HIGR (M, R)
fOT’ [El X EQ] € KI%1®IC2'
w) It commutes with the Bott map, i.e.

KQ(M)—B > KO (R? x M)

lch lch
x(—e2)

HES (M, R) ——HEVGR (R? x M, R)

where ey € H2(R?) ~ Z denotes the generator, i.e. the cohomology class of
a differential form that integrates to 1.

Proof. The first statement is trivial since all constructions involved are well-
behaved with respect to direct sums: For the connection ng, ® ng, we have
Qr 08, = Q5 ® Qg,. Thus, exp splits into a direct sum of two exponentials,
which is turned into a sum of forms by the trace.

To proveliii]) we first see that we can regard end(E;)®end(E>) as a subbundle
of end(E; X E,), since both are associated to P, ® Pg,, the latter via an
embedding 7: U(n1) ® U(n2) — U(ninz). Two connections ng, on F; induce a
canonical one on the tensor product by denoted by g, rg,. From
we deduce that Qg xE, = QF, ®idg, +idg, ®QE, using the above identification.
Since the summands commute, we have:

exp (@EQEE) — e (’(El;imiffz)) Ao (Z(ldElZQjEz))

= |:exp (ZQEI> ® idEz] A [idE1 ® exp (ZQE2)]
27 2w

e () o (19

AN P9 )
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where in the last expression the wedge product is defined by

(kp A vg) (X1, .. Xpig)

1
= ]Tq' Z Hp(Xo(1)7 . Xg(p)) ® Vq(.XvU(p_’_l)7 .. Xa(p+q)) (4.17)
" 0€Sptg
for the p-, respectively g-degree part of exp (12?) Applying the trace on

M, (C) @ My, (C) to the line above turns the tensor product in into a
product of traces and thus yields the wedge product of the corresponding forms.

In case M is non-compact, note that [Ey, E_,pg| = [F,C",a] € Kg(M)
for a bundle gerbe module F', some n € N and twisted morphism «. Using the
convexity of the space of connections we can find V on F' such that it coincides
with the pullback of the flat connection d outside a compact subset. The tensor
product of two classes [F;, C", o;] € K (M) yields

[Fi@F®oCm™ F @C"¢C" @ Fy,a)

But now the connection Vg g, ® d agrees with the pullback of Vg gcne @
Veregr, via @ outside a compact subset. Thus, using them to compute the
Chern character we arrive at:

Ch([Fl,@] ® [FQ,@]) = Ch(F1>Ch(F2) +ninge — Ch(Fl)nz — Ch(FQ)?’Ll
= (Ch(Fl) — ’17,1) (Ch(FQ) — nz)
= ch([F1,C™]) Uch([F,C™]) .

For the proof of fill) remember that F' being a trivialization implies that there

is an isomorphism
proLlo @ pril] @ my F — w1 F | (4.18)
where pr; denotes the projection le X M P2[2] — Pim and ; the ith projection
onto one of the two factors P; Xy Py. Let W,(Cl): P1[2] Xy Po — Py Xy Py be

the projection to the kth factor and AU P; — PJ[Q] be the diagonal inclusion,
then

T O (idpl[g] XM A(z)) = ’/T’(;) s

pry o (idP1[2] X M A(Q)) = 7TP1[2] 5

pry o <idP[2] X M A(2)> = A®o TP, -
1

Moreover A®*Ly can be canonically identified with the trivial line bundle.
Therefore (4.18]) turns F into a bundle gerbe module for L, = ﬂ;mL’{ using the
1

pullback via (id p21 X p A®). The twisting is given by
1
yr: Ly @ m"F — np AR Ly @ w8 Ly @ ri P — n(VF
1
and the associativity follows from the fact that the isomorphism (4.18)) is an

isomorphism of bundle gerbes when seen as a map pryLe ® pril] — 7fF ®
QmsF*.
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Let p;: P1 xar P» — P; be the canonical maps and consider pj F ® F. This
is a I';-equivariant vector bundle over the principal I';-bundle Py X3 Po — Ps
via the isomorphism

6: " (piE@ F) = (Lo "piE) @ (L e m"'F) — x" (1B F)

where the first map inserts the trivial line bundle Zl ® E; via the canonical
isomorphism and the second is induced by the twisting of F and the above
argument. The transfer of [E] € K (M) to KR (M) is the descent of the
above vector bundle to P». Let 0; be a bundle gerbe connection on L; and
let L} be equipped with the connection —@;. These induce a tensor product
connection on priLs ® priLj, which is again a bundle gerbe connection. Note
that turns F' into a bundle gerbe module for this tensor product. Choose
a bundle gerbe module connection ng on F for priLe ® priL;. In particular,

it is a bgm-connection for the action vg of Ly, since the pullback of 65 with
respect to the trivialization C — A®*L, is the canonical flat connection (see

remark [4.1.20). In the notation introduced in (4.9)) condition (4.5 reads
ne (e WK1 ]) = ne(W) = 02(X0)

for W € T, Pr and )Afl S Tglfl. If ng is a bundle gerbe module connection on
E for the action of Ly, then ping + nr satisfies

1)* * Cx 1)x* * S 1x
m* (pine + nr) = 8 oV (ping + np) 0 67

since the 6;-terms cancel (here 5 denotes the morphism of principal bundles
induced by the vector bundle isomorphism ¢§). Thus, ping + nr descends to a
well-defined connection on the transferred bundle.
Denote by 7r,(€2): Py xr P2[2] — P} X s P, the projection to the kth factor
and let Zz = 7'(';[2] L5 be the pullback of Ly to P; X PQ[Q]. A similar reasoning as
2

the one given above yields another twisting on F'

OF: EQ ® 7T§2)*F — 7T§2)*F
turning it into a bundle gerbe module for Eg. Since p; o 77%2) = p1o0 7152) we
have that ng)* piE is canonically isomorphic to 7r§2)* piE, therefore pi E ® F is
a bundle gerbe module for Ly via the isomorphism induced by dr

Lyom ((iE@F) — oV (5{E® F) .

Since np was chosen to be a bundle gerbe module connection for the tensor
product priLo @ pri L] we have:

nr (5F* [W, )?2]) = np(W) + 62(X,)

for W € T,Pp and X, € T§2f2. This shows that ping + nr is actually a
bgm-connection. Since its curvature is Qp + Qp € Q*(M,Ad(Pypgr)y) C
O%(M,end(p; E® F)), the claim follows from the multiplicativity proven in .
It is applicable to the non-compact case without any change, since there we
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tensor both bundles in the triple with F', which implies that if Vg _ agrees
with the pullback of Vg_ outside some compact set, then the same holds for
VPIEJr@F and VPTE—®F'

Recall that the Bott map sends [E] to the triple [r},E, w3, E,b], i.e. it
pulls E back to a bundle over R? x M and multiplies with the Bott element
[C,C,b] € K°(R?x M), where b is the map of fiberwise multiplication by (z+iy)
for (x,y) € R?. Since the Chern character is natural with respect to pullbacks
and due to its multiplicativity, we only need to check that ch([C, C,b]) = —es €
HZ2(R? x M). We evaluate V from above for the canonical flat connection d
on C: R

V=d+(1-p)g'dg,

where g is the function g(z,y,m) = z + iy =: z. Its curvature is Q, = d((1 —
p)g~1dg), which is a 2-form with vanishing higher powers, therefore

1Q, 14 i€,
ex =
P 21 21

Using STOKES’ theorem on circles with growing radius in R? one can check that
[’Q—Z] = —ey. Thus:
o 2. .
ch([C,C,b))=(1—eg) —1=—e3 . O
In a similar fashion we can use CHERN-WEIL-theory to define the real Chern
classes ci by
itQg
27

det (1 + ) = a(BE)tF € HGE"(M,R) . (4.19)
k

As in the untwisted case, the ¢; are natural characteristic classes.
Using the Kiinneth theorem we can easily extend the Chern character to a
transformation that takes values in HZV*" (M, Ko(A4) ® R).

Definition 4.1.32. Let A be bundle of C*-algebras associated to a principal
I-bundle P. Let K be a bundle of matrix algebras associated to the principal
PU(n)-bundle P such that dd(A) = dd(K). Let @ be a choice of trivialization
like in theorem [3.4.1] as explained in remark and consider

chg : KY(M) 22 KO(M) ® Ko(A) @ R — H™(M, Ko(A) ®R)

where the first map is the projection to the first Kiinneth summand and the
second is just ch on KZ(M). This is called the Ko(A)-valued Chern character.

Remark 4.1.33. As defined above the Ky(A)-valued Chern character depends
on the particular choice of the bundle of matrix algebras KC and the trivialization
Q involved. In case dd(A) = 0 at least K can be chosen in a canonical way, i.e.
K = M x C. Note that the following diagram commutes:

K&(M)LKQ,(M) ch , geven(0f, Ko(A) @ R)
®Q U id

ch

K% (M) Hever (M, Ko(A) @ R)



4.1. Connections on bundle gerbe modules 69

If we denote the descend of £ ® @ by m, then ch(m(E ® @Q)) = chg(FE). If
A is itself a bundle of matrix algebras with dd(A) = 0, then by part [iil) of

theorem [4.1.31] we have chg(E) = ch(Q) U ch(E) = exp(c1(Q)) U ch(E).
Theorem 4.1.34. The Chern character has the following properties:

i) It is additive.

it) It is well-behaved with respect to change of twisting in the following sense
(compare with theorem. Let A; for j € {1,2} be two C*-algebra
bundles with typical fiber A. Denote the corresponding lifting bundle gerbes
by L;. Let K be a bundle of matriz algebras with lifting bundle gerbe L,
such that dd(L) = dd(Ly) = dd(L,). Choose trivializations F of Ly ® L}
and QQ on XLi. F and Q induce a trivialization Q X F’* on X L5. Then
the following diagram commutes:

QF

K9, (M)

lChQ lCthF*
Uch(F
HEGR(M, Ko(A) @ R) # HEGR(M, Ko(A) @ R)

i) It is multiplicative with respect to the twisted product, i.e. if [E] € K (M)
and [F] € KR (M), then

cho([EX F]) = chq([E]) U ch([F]) € HZGR (M, Ko(A) @ R)

Jor [ERF] € KYgxc(M), where Q induces the MORITA equivalence between
A and K' ® A for some bundle of matriz algebras K' with dd(A) = dd(K'")
and therefore also a MORITA equivalence between AQ K and K' @ A® K.

w) It commutes with the Bott map like in theorem|4.1.31 .

Proof. All properties follow directly from theorem [4.1.31] since the Kiinneth
decomposition commutes with forming twisted products. O

If the algebra A is unital and comes equipped with a continuous trace T,
then the latter induces a trace on the adjointable endomorphisms End(V') of a
finitely generated Hilbert A-module V', because we have:

End(V) = K(V) =V @4 K(V, A)

where K denotes the compact adjointable operators and we use the tensor prod-
uct of Hilbert A-modules. The left action of A on K(V, A) maps T to aT. On
elementary tensors we define 7 (v®T) = 7 (T(v)), which is easily seen to have
the trace property.

Let E be a twisted Hilbert A-module bundle over P. Since end(E) is asso-
ciated to P via the adjoint action of I' on End(V), the trace extends to a map
on end(FE)-valued forms. By a slight abuse of notation we will also denote this
map by 7. Now the curvature Qg of a twisted connection ng on E is a 2-form
taking values in end(E). So, having the trace at hand, there is a more direct
approach to the Chern character.
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First note that a twisted connection ng on F with covariant derivative Vg in-
duces a connection V* on the bundle Hom(F, A), such that d(p(u)) = (V*¢) ut+
o(Vgu) for ¢ € C°(P,Hom(FE, A)) and u € C*°(P, E). Furthermore, it induces
a connection V on the bundle end(FE) in such a way that if a section of end(FE)
is interpreted as one of End(E) over P we have Vg (¢ (u)) = V(¢¥)u + ¥V g(u)
for ¢ € C*°(M,end(E)). The latter can be extended to forms by demanding
the graded Leibniz rule as usual. The isomorphism E® 4 Hom(E, A) ~ End(FE)
pulls back V to the connection Vg ® 1 + 1 ® V*. This is used in the following
lemma.

Lemma 4.1.35. If 7 is the trace extended to end(F)-valued forms over M, then
dr(w) =7(Vw)

for an arbitrary connection ¥V on end(E) induced by a twisted connection Vg
on E.

Proof. We can identify Q¥ (M, end(E)) with horizontal k-forms QF (P, End(FE))
and restrict to elements w € QF (P, End(E)), which are of the form w = a u®1
for a € QF  (P),u € C>®°(P,E),1 € C*(P,Hom(FE, A)) by a partition of unity
argument. Now

V(w) =dau®p+ (1) Va (Veu ey + u® V) .
Taking the trace yields:

7(V(w)) = m(datp(u) + (~1)** W a (¥ (Vpu) + V*i(u)))
= T(datp(u) + (~1)*FWad(¥(u))) = d(r(a(u))) . N

As a corollary of the above lemma we immediately get:

Lemma 4.1.36. Let E be a (finitely generated, projective) twisted Hilbert A-
module bundle over the principal I'-bundle P with connection ng having curva-
ture Qp. Let V' be the typical fiber of E. If T: End(V) — C is an invariant
polynomial in the sense that it is the trace of a polynomial in End(V') and that
T(USU*) =T(S) forU e U(V), then T(Qg) is a closed form in Q*"(M,C),
whose cohomology class does not depend on the choice of connection on E.

Proof. Because closedness is a local property we can restrict to sections sup-
ported in a region where the bundle is trivializable. But here we can use the flat
connection, together with the last lemma to apply the trick from lemma [4.1.29
The independence of the chosen connection again follows from convexity of the
space of connections. O

Definition 4.1.37. Let M be a compact manifold and E be a twisted Hilbert
A-module bundle over a principal I'-bundle P — M with a twisted connection
ne € QY(Pg,ia) and curvature Qp € Q?(M,end(E)), then

ch, (E) = T(exp (f:)) € Qeven (M)

is a closed form. Its class in cohomology is called the 7-Chern character of E.
Like in definition 4.1.30| there is also a 7-Chern character on non-compact ma-
nifolds.
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Remember that there are two descriptions of the group K,%(M ), one by
virtual bundle gerbe modules, one by twisted Hilbert M, (C)-bundles, which
are connected by a MORITA-equivalence that maps the endomorphism spaces
Endc(V) and Endyy, cy(V @ C™) onto each other. The standard, non-nor-
malized trace on Endc (V) for a vector space V' corresponds to the one on
Endyy, ) (W) for a Hilbert M, (C)-module W induced by the normalized trace
7o on M, (C). In this way the above construction is consistent with the Chern
character we started with, i.e. ch corresponds to ch,,.

The trace 7 on A extends to a functional Ky(A) — C generalizing the
dimension function for A = C, therefore:

Definition 4.1.38. The dimension of a finitely generated, projective Hilbert
A-module V is defined to be dim, (V) = 7 (idy ), where 7y is the extension of
the trace on A to End(V'). This map is well-defined on Ky(A4) and coincides
with (tr ® 7)(p) for p € M,,(A) = M,,(C) ® A, where p A" ~ V.

Theorem 4.1.39. Let E be a twisted Hilbert A-module bundle. Then both
Chern characters are related by:

dim, (chg(E)) = ch,(F) Uch(Q) € H*"(M,R) ,
which also implies that ch. inherits all properties from ch.

Proof. We first need to prove that ch, is multiplicative with respect to the
twisted product K9 (M) x Kg(M) — K9 (M). First note that for the tensor
product of a Hilbert A-module V' and a Hilbert M,,(C)-module W ® C™* where
W ~ C™ is a vector space of finite dimension we have

End g, o) (V@ W @ C™) = Enda (V) ® My, (C)

with the trace induced by 7 ® 7y being 7y ® tr.

Using the same argument given in theorem we see that for a twisted
Hilbert A-module bundle E and a bundle gerbe module F' corresponding to the
twisted Hilbert M,,(C)-bundle F' ® C™* we have

chr g (EX (F @ C™)) =ch, (F)Uch, (F ®C"™) =ch,(F)Uch(F) .

Since the Chern character transforms naturally with respect to pullbacks, this
immediately implies that ch,g, is well-behaved with respect to Bott periodicity
in the sense of the diagram in theorem .

Next we consider the case, where A = K ® A for some bundle of matrix
algebras K and the trivialization @ = C is just given by the trivial line bundle.
The trace on K ®@ A is 7o ® 7. Let [F] € K2(M) be represented by a bundle
gerbe module F' and represent the class [V] € Ky(A) by a finitely generated
projective Hilbert A-module V. We have ch¢([F] ® [V]) = ch(F) ® [V] €
Hevr (M, Ko(A) @ R) = HV*"(M,R) ® K¢(A) ® R, but on the other hand

chryor(F®C*)KV) =ch(F)Uch, (V) ,
where we are exploiting the multiplicativity again. Now V comes equipped with

a canonical flat connection implying ch, (V) = 7(idy) = dim, (V). To finish this
case we therefore just have to check that ch, vanishes on the image of the second
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Kiinneth summand K (R x M) ® K§(R) in K4 (M). So let [F] € K (R x M),
(W] € KQ(R), then

ch, ([F] @ [W]) U (—ez2) = ch (F @ W) = ch(F) U ch, (W) ,

but since ch, (W) € HS*"(R) = 0 and the Bott map is an isomorphism, we have
ch, ([F] @ [W]) = 0.

In case of an arbitrary bundle A, the Chern character is defined using a trans-
fer to K ® A via a trivialization @, where I has the same DIXMIER-DOUADY-

class as A. The argument that lead to the proof of |4.1.31|fii) also shows that
the following diagram commutes

®Q

K(M) KRga(M)
lchT lehm@w
even UCh(Q) even
HdR (Mv R) ? HdR (M’ R)
Thus, if we denote the pushdown of E along Q by m(F ® Q)

e (B) U ch(Q) = clryr (m(E © Q)
= dim, (che(m (£ ® Q))) = dim,(chg(E)) . O
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4.2 Index theory on twisted Hilbert A-module
bundles

The main disadvantage of twisted Hilbert A-module bundles when focussing on
twisted K-homology is the fact that they don’t possess well-defined sections. Of
course ¥ — P has sections as a bundle over P, but we would like to consider
E as an object above the base manifold M, i.e. sections being equivariant maps
P — E. Since the action is twisted by the bundle gerbe L this makes no
sense. Rather one would like to have a substitute for F living above M, but
still carrying an action of the endomorphism bundle end(E).

To accomplish this, one idea would be just to tensor E with some trivial
twisted Hilbert A-module bundle of opposite twisting and then pushing it down.
As we will see soon the advantage of taking trivial bundles as a countertwisting
is that sections in the resulting bundle over M take a very nice form.

All throughout this section we will assume I" to be a Lie group admitting a
bi-invariant metric and the I'-bundle P to be a smooth manifold in the finite-
dimensional sense equipped with a smooth action of I'. If one demands connec-
tedness of I', then the existence of a bi-invariant metric already implies that I" is
the product of a compact and an abelian group (see [43]). Since the connected
component of the identity always is a normal subgroup in I', this restriction
implies that I" is an extension of the form:

1—T. xI'y —I —TIy—1

for a discrete group I'y, an abelian Lie group I', and a compact Lie group ..
This includes of course the cases where I is itself compact, abelian or discrete.

4.2.1 Sobolev spaces

We follow the lines of MISHCHENKO and FOMENKO [47] in defining SOBOLEV
spaces for A- and V-valued functions. Before considering the situation on mani-
folds, we will focus on the local case. Therefore let U C R™ be a bounded open
subset, let P = U x I" be the trivial I'-bundle over U. Let C°(U x I', A) be the
algebra of smooth functions with compact support in U x I and values in the
C*-algebra A. Choose an orthonormal basis X; € Lie(I") (the Lie algebra of I')
with respect to the invariant metric on Lie(T"). It acts on C°(U x I', A) via

(Xi- D)= 5| fgexpiX)
t=0

Now Ar = — 3, X7 is the (non-negative) Laplace operator (or CASIMIR ope-
rator) of the group and does not depend on the choice of orthonormal basis.
Combining it with Agn = —5", 88.72? we set A = Ar + Agr» and note that 1 + A
is a positive definite operator on é‘f"(U, A). Note that in the discrete case we
can simply forget about the Lie algebra and set A = Agn.

Definition 4.2.1. Let s € N and Hi(U x I, A) be the completion of C°(U x
I, A) with respect to the norm

12 = [ stear @+ 8 S o



74 4. Twisted K-homology in the torsion case

This will be called the SOBOLEV s-norm and H§(U xI', A) is a SOBOLEV space.
We set L3(U x ', A) = HJ(U x T', A) for those are the square integrable A-
valued functions with respect to the A-valued scalar product of A considered
as a Hilbert A-module over itself. Replacing f(z,g)*(1 + A)®f(z,g) by the A-
valued scalar product in a Hilbert A-module V', i.e. by (f(x, g), (1 + A)* f(z, g))
we define H§(U x I', V') analogously.

Lemma 4.2.2. [fx: UxT' — U xT is a diffeomorphism of the form k(zx,g) =
(h(z),7(x)-g) for some diffeomorphism h : U — U and a smooth map 7 : U —
T such that all partial derivatives of h and 7 are bounded (in the latter case with
respect to the metric on Lie(T')), then

feHUxT,V) & foreHUxTI,V).

Proof. The proof is based on the fact that the SOBOLEV norm is equivalent to
the one defined by

aa
—X
oz P !

172 =3

lf+]Bl<s

L2

Derivates with respect to x; produce the vector field
0 onl 0 or ohi 9 .
d 9. * 5 = —_— J X.
H(@xi) Z<axi 81}j +MI‘(R9 8m2>) Z(axi axj +O¢l(x,g) J)

J J
where o/ (z, g) is chosen such that > ol X = pur (Rg*g—;). Now note that

. or or or or
J 2 _ _ - = D —
> (0l (z.0)) —<Mr<Rg* 8xi)7ur<Rg* 8xi)>w) < @), axi(””’>mc(p)

J

is independent of g due to the bi-invariance and bounded by hypothesis. Thus,

all derivatives of o) = <X s HT (Rg*%) >L ) with respect to zj, are bounded
‘ ie

as well. Furthermore dr(X;) = X, by the left invariance of the vector field
X;. The determinant that appears when changing the integration variables to
k(z,g) only depends on derivatives of h, since the HAAR measure is invariant.
Since all quantities in sight are bounded and the s-norm of f o k contains only
derivatives up to order s again, the result follows. The discrete case is even

simpler, since HfH? = Z\alés ||% f||L2« O

Definition 4.2.3. Let E be a twisted Hilbert- A-module bundle over a principal
I'-bundle P. Let V, C M be a trivializing cover for P such that each V, is a
coordinate neighborhood with a chart map h, : U, — V|, for some bounded
U, C R". Denote the trivialization by ¢, and set

Ka = @a © (ha xid) :+ Uy xI' — Py, .

Choose a subordinate partition of unity v, for V,, and set 12,1 = )4 0h,. For two
smooth sections 01,02 € C°(P, E) we define the A-valued SOBOLEV s-product
and the SOBOLEV s-norm via

o = 3 [ {14 80" 50(@)(301)(0.9). Do) (502)0.9) ) dadg

2
llolls = 1l(o;0)s]l
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The completion of C°(P, E) with respect to the s-norm will be called the
SOBOLEV s-space and denoted by H{ (P, E).

Since the maps treated by lemma capture exactly what happens when
changing the trivialization and the coordinates, we see that the equivalence class
of the s-norm does not depend on the choices made to define them. Indeed, they
form a chain of topological C*-Hilbert A-modules in the sense of [65]. In case
the group T' is compact this turns out to be a RELLICH chain by the usual
argument, but of course we cannot expect this in general. What continues to
hold is the SOBOLEV embedding theorem.

Lemma 4.2.4. For any integer p > %, where n denotes the dimension of P,

the space Hy TP (P, E) is continuously included in C%(P, E).
Proof. Choose an open neighborhood W of the identity in I', such that

K:Upr — W (t1,...,tm) — exp(t1X1) - ... - exp(tn Xm)
maps Up C R™ diffeomorphically onto W C I'. Note that for y € R™

0
dyﬁ(fm) = Loy Ry Xi

where gf = exp(y1X1)-...-exp(y; X;) and g5 = exp(yit1Xit1) - - - exp(YmXom)-
Therefore for f: U xI' — V:

8Zi(f o(id x Kk)) = (,UF (Rgg*XZ-) f) o (id x k) .

Cover T" by sets of the form W; = ¢g;W, choose a smooth partition of unity ;
and let k; = id x (Lg, o k). By a similar reasoning as in we see that the
SOBOLEV s-norm is equivalent to:

A= >

i |al+|B8|<s

o~ 9P

%W‘/}i : (folfz')

L2

Now that we have localized the norm the classical argument for example given
in [55] applies. O
Corollary 4.2.5. H*(P,E) =, H}(P,E) = C§°(P, E)

The following lemmata show that twisting a twisted Hilbert A-module bun-
dle F with a trivial twisted Hilbert B-module bundle W yields sensible results
from the perspective of SOBOLEV spaces.

Lemma 4.2.6. Let V be a Hilbert A-module over a C*-algebra A, then the
inclusion

H U xT)®V — Hy(U T, V) , fov—fv.

(where the tensor product on the left hand side is the exterior product of a
Hilbert C-module and a Hilbert A-module) is a unitary isomorphism of Hilbert
A-modules.
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Proof. The left hand side of the map above is the completion of H§ (U XI") ®a14 V
with respect to the norm induced by the A-valued inner product:

<Z fi ® v, Zgj ®wj> = Z {fis 95) g (wxry © (Wi wi)y
i J i,
(since C ®a1g A =~ A, the algebra in play is already complete). This is easily
seen to coincide with the product on the right hand side evaluated on elements
of the form ", fi(x)v; with f; € H{(U xT',C), v; € V.. Therefore the inclusion
is isometric. It is also A-linear. Thus, it only remains to check surjectivity of
the map, adjointability is then automatic (see [35]).

This will certainly be the case, if we can show that the submodule

CE(UxT)V =span{fv | fe CU xTI),veV}

is dense in H§(U x T, V) with respect to the s-norm.

Let g € C*(U xT',V) and let K C U xT" be the support of g. Since g(K) is
compact and therefore totally bounded, there exist elements z1, ...z, € g(K),
such that for € > 0 the open subsets of K

Ui={pe K| |lg(p) — z;]| <}

cover K. By definition of the subspace topology there are open sets V; C U,
s.th. V;NK = U;. By adding Vp = U\K we get an open cover of U. We choose
a smooth subordinate partition of unity h; for this cover and set xo = 0. Hence,

n

g@) = hi(@)z;|= Zhj(x) (9(z) —z;)| < Zhj(x) I(g(z) —2j)ll <e.

j=1
But C*(U xI', V) is by definition dense in H§(U x I', V'), so we are done. [

Corollary 4.2.7. Let A, B be C*-algebras, V' be a Hilbert A-module, W likewise
a Hilbert B-module, then

HS(UxT,V)@W = HS(UxT,VeW)
is an isomorphism of Hilbert A ® B-modules.
Proof. In the diagram

i
Hi(UxT) o (VeWw) Y28 g« T,V) o W — Hi(U x T,V @ W)

N o J

the left and lower Hilbert A-module morphisms are isomorphisms. O

Corollary 4.2.8. Let E be a twisted Hilbert A-module bundle, W be a trivial
twisted Hilbert B-module bundle, both over the same principal bundle P. Then

Hj(P,E)@ W — HJ(P,EQW) , [fow~—f w
is a unitary isomorphism of Hilbert A-modules.

Proof. Choose a finite trivializing cover U; C M, such that H§(P, E) can be
identified with a closed subspace of @, Hj(U; x I, V), where V is the typ-
ical fiber of E. Likewise, Hi(P,E ® W) can be embedded isometrically in
@D, H5(U; x T',V @ W). By the previous corollary €, H5(U; x I',V) @ W is
unitarily isomorphic to @, H§(U; x I,V ® W) preserving these subspaces. [
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4.2.2 Pseudodifferential operators
on twisted Hilbert A-module bundles

Pseudodifferential operators arose quite naturally from the basic observation
that differential operators correspond to multiplication by polynomials under
Fourier transform: Changing the polynomial expressions to more general func-
tions obeying some growth condition in the Fourier transformed variable leads
to a filtered algebra of operators with nice properties. For details about the clas-
sic theory, the reader should start with the book by HORMANDER [31]. As it
turns out, the calculus is rather robust when changing from operators on smooth
functions C°° (M) to those on sections of vector bundles C* (M, &) and finally
those on sections of Hilbert A-module bundles as considered by MISHCHENKO
and FOMENKO in [47]. As will be seen below, the right notion of ellipticity
for pseudodifferential operators on twisted Hilbert A-module bundles leads to
examples of transversally elliptic operators that were studied first by ATIYAH in
[7]. Therefore to get a cohomological index formula, one would either have to
study the representation theory of (compact) Lie groups on Hilbert A-modules
or assume that A possesses a trace. For the sake of simplicity we will assume
the latter and restrict ourselves to central extensions of the form

1—I;—I—TI—1, (4.20)

such that I' is a finite group and I' is compact. In this case we have all the
results from [47] (including the RELLICH theorem) at hand.

Let P be a smooth I'-bundle over the compact smooth manifold M, let E, F’
be twisted Hilbert A-module bundles over P. Denote the projection T*M —
M by .

Definition 4.2.9. A section o € C°(T* M, hom(7*E,n*F)) is called a symbol
if the estimate
| P2 D ()] < Cap (116" (4.21)

holds for all multi-indices «, 3 and some constants Cy g > 0. The integer m € Z
is called the order of 0. Note that we can identify o with a section of the form
C™(T*M xp P,Hom(n*E,7*F)). We denote the space of all symbols of order
m by S™(E, F).

A symbol o € C°(T* M, hom(n*E,n* F)) will be called transversally elliptic
if it is invertible outside some neighborhood of the zero section in T*M up to
elements in S7!, i.e. there exists 7 € S™™(F, E), such that cor—1 € S™Y(F, F)
and Too —1€ S™HE,E).

An element o € S™(E, F) is called homogeneous, if o(x,t§) =t™ o(z,§) for
all € > % It is called polyhomogeneous if there exists a formal series ), ., ax,
with a; a homogeneous symbol in SF. (E, F) and aj, = 0 for k > m, such that
o= > ak € S™TTHELF) for all r > 0. A sum like Y, _, aj is called
asymptotically summable and we denote the previous relation by

G‘NE ag .

Our notation for the subclass of homogeneous symbols of order m will be
Shom (B, F) and ST} (E, F) for polyhomogeneous symbols. For those the limit:
.oo(x, A m
lim M = am(sc,§) = Up(x7§) € Shom(E7F)

A—00 Am
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exists and will be called the principal symbol.

Remark For a homogeneous symbol o the estimate (4.21)) is equivalent to the
condition that o should be bounded along the unit sphere, since

o(2,6) = |¢[" o(2,) with E=

for [¢| > % which implies the symbol estimate. An element o € SHL(E,F) is
transversally elliptic if and only if its principal symbol is invertible outside some
neighborhood of the zero section.

The proof of the following classical theorem for the scalar case can be found
in [3I, Proposition 18.1.3] and transfers to the C*-algebra case without any
difficulties. It will become important in the construction of parametrices.

Theorem 4.2.10. Every formal sum Y., ., ax with a,, € Sf,,. (E,F) and aj, =
0 for k > m is asymptotically summable, i.e. there exists a symbol

o€ Sph(E,F) ,
such that .
o— > areS"TTNE,F)
k=m—r
for all v > 0.

The transfer to ordinary symbols on the principal bun-
dle P clearly requires a way to embed the cotangent
bundle T*M in T*P. Note that the covertical subbun-

dle H* = {¢ € T*P | &(au(X)) = 0 ¥X € g}, where ]l |
aps + § — T, P denotes the linearized action of I', can / \ g
be identified with 7*7T*M after choosing a connection w
on P. This also yields the following isomorphism:

T (T"M @ g") — TP ;5 (p,&n)r— wyn+m7¢. Figure 4.1: C)

I acts on the left hand side by g- (p,&,n) = (pg~",€,Ad;-1n) and on the right
one via the pullback with R,.. The above map is equivariant with respect to
these actions. Its inverse yields projections:

mgr 1 T*P — M x g* and wppy : T*P — T*M.
Take a homogeneous symbol o € Si7 (E, F'). Its pullback via mpys not neces-
sarily satisfies (4.21)) due to the new directions n € g that appear. Nevertheless,
it is still homogeneous for [¢| > % Therefore we have to control the directions,
in which ¢ is small in length, but || is large.

To each smooth function A : M — (0,1) into the open unit interval corre-
sponds an open neighborhood of T*M\{0} C (T*M @ g*)\{(0,0)} given by:

Or = {(&m € T"M & g\{(0.0)} | &nl* > Am)? (I * + nm|*) ¥m € 21}
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Note that, if Ay > Ag, then C), C C),. In this case, C, /Ry is relatively
compact in C),/R;. Since the metric we chose on g is invariant under the
action of I' via Ady, all Cy are invariant as well. The grey-colored region in
figure [£.1] gives an impression of what C) looks like, when restricted to a point
m e M.

Lemma 4.2.11. Let Cy, € C), be two open neighborhoods like above. There is
a smooth function x : T*M @ g* — [0, 1] with the following properties:

(i) x(¢) =x (%) for ¢ € T*M @ g*,|C| > 1. Therefore x is homogeneous of
degree 0.

(i) x(¢)=1ifC e Cy, and|¢| > 1.

(i1) x(¢) =0 if ¢ & Ci,.

(iv) X(O) =0 1€ < 1.

(v) x is invariant under the action of T on T*M @ g.

Proof. Choose a trivializing cover W; C M of T*M and a smooth subordinate
partition of unity ¢;. If there are functions x; : W; x (R"@®g) — [0, 1] satisfying
all the properties with respect to the images of C, and C), in the trivialization,
then we can patch these together to form x = >, ¢; x4, which is what we are
looking for.

Choose a smooth function on the unit sphere bundle W; x S"*™ c W; x
((R"®g)\{(0,0)}) satisfying conditions (i) and on the restricted images of
Cy, and C,, in W; x S™*™_ Since all C and their complements are invariant
under the group action, averaging this function over I" does not disturb
and and ensures . By condition ({if) we end up with a %; determined for
|¢| > 1. Extend it homogeneously for 1 > [¢| > 1 and choose another smooth
function ¢; : [0,1] — R, which is zero on [0, 5] and 1 on [1,00). Then set

xi(€) =<Pi(|CD>?i(C)~ N

Definition 4.2.12. Let 0 € SJ? (E,F) be a homogeneous symbol. Choose
neighborhoods Cy, C C), with Ay < % like above and a smooth function y like
in the previous lemma. Identify T*P ~ 7*(T*M & g). We call the map:

a(p,&,n) = x(&mn)a(§)

the regularized pullback of o and C}, its regularization domain.

Definition 4.2.13. A section ¢ € C°(T*P,Hom(n*E,n*F)) is called a symbol
on T*P if the estimate

| D25.0)| < Cap (14 16D (4:22)

holds for all multi-indices «, 3 and some constants Cy g > 0. The integer m € Z
is called the order of . We denote the space of all symbols of order m by
S™FP(E,F). A symbol g € S™F(E, F) will be called transversally elliptic for a
covertical subbundle H* C T* P if & is invertible up to elements in S~1F(E, F)
when restricted to H* without the zero section (see [7]).

The definition of homogeneous and polyhomogeneous symbols can be deduced
directly from definition The corresponding notations will be Sm’P(E7 F)

hom
and S'V7 (B, F).
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Lemma 4.2.14. The regularized pullback & of o is a symbol on T* P, which is
homogeneous outside the unit sphere bundle.

Proof. Let ¢ = (§,n) € T*P be a vector of length 1. In directions with [¢| > £
we have homogeneity by definition. But in directions ¢ with |¢| < § the function
X is zero by our choice of As. O

Remark 4.2.15. If o is transversally elliptic in the sense of definition
then the pullback & turns out to be transversally elliptic in the sense of definition
with respect to the covertical subbundle H* C T*P.

For the definition of pseudodifferential operators, we first restrict to the
(local) case of trivial bundles over open subsets of R®. The crucial tool will be the
Fourier transform, of which we briefly review the definition: Let f : RS — X
be a Schwartz function taking values in the projective Hilbert A-module X,
then the Fourier transform

FpeDE) = o) = (1> f)e wOd  (4.23)

ol

27 Rs

2
Feei)) = (52) [ eyt (1.21)
yields an automorphism of the Schwartz space S(R?®, X). This automorphism
extends to an isometry of L%(R®, X) (see [65 theorem 2.1.86, theorem 2.1.87]).
Let Y be another projective Hilbert A-module. The estimate is still ap-
plicable to maps of the form 7 € C®°(W x R*, Hom(X,Y")), where Hom(X,Y)
denotes the Banach space of A-linear adjointable operators. Every such & sat-
isfying for some m € Z defines a pseudodifferential operator

a(D): C*(W, X)) - C*W)Y) ; u~—a(D)u

e = (5:) [ swoaeeic.
Denote by ¥ (W; X,Y) the space of all pseudodifferential operators of order m
obtained from symbols of the form above. To extend this definition to pseu-
dodifferential operators acting on sections, two more constructions are needed:
Note that if £ — W is a trivializable Hilbert A-module bundle with fiber X,
then a trivialization ¥g: F — W x X induces an isomorphism

Ype: C°(W,E) - C*(W,X) ; u—yYgou.

Moreover, if P is a manifold, U C P a coordinate neighborhood with chart map
k: W — U and E — P a bundle of Hilbert A-modules for some open subset
W C R?, then k induces a pullback

K :C®(U, El;) = C*(W,E|l;) ; uruok.

Definition 4.2.16. Let £ — P and F' — P be Hilbert A-module bundles over
the principal T'-bundle P with dim(P) = s. Denote the typical fiber of F and
F by X and Y respectively. A pseudodifferential operator D of order m is an

A-linear map
D: C*(P,E) — C*(P,F) ,
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which is continuous with respect to the Fréchet topology on the source and
target space such that for every local coordinate diffeomorphism x: W — U
for open subsets W C R® and U C P, over which E and F are trivializable,
every trivialization ¢g: E|;, — W x X and ¢¥p: F|;, — W x Y and every
1, p2 € CF(W) the map

C®(W,X) 3 uwrs @1 k*Ppt D (Ypok™ (g2 - u)) € C¥(W,Y) (4.25)

is an element in U™ (W; X,Y"). The space of all such operators will be denoted
by V™ (E, F).

Remark 4.2.17. By the coordinate invariance of W™ (W; X, Y") which is proven
just like in the scalar case of [31], theorem 18.1.17] (see also [65], theorem 2.1.109])
we only need to check (4.25]) for one choice of coordinate neighborhoods and
trivializations.

Remark 4.2.18. If D € U™ (E, F), it is a consequence of (4.25) that D has a
Schwartz kernel

k€ C%(P x P) @co(pxp) C(P x P,Hom(r; E, 71 F)) ,

where the dash denotes the dual space equipped with the weak* topology,
m;: P x P — P are projections and the projective tensor product is used.
This is the case if D is restricted to C3°(U, E|;;) for small enough open sets
U C P. Let U; be a cover of P by such sets and choose a partition of unity ¢;
subordinate to the cover. Then D(u) = )", D(¢; u) and each D; = D(¢; - ) has
a kernel k;. Therefore k(p1,p2) = Y, ki(p1,p2)®i(p2) is the kernel of D.

In the scalar case the Schwartz kernel theorem provides a topological iso-
morphism

C>(P x P)l = L(C™(P),C>(P))

where £ denotes the continuous linear operators equipped with the topology
of bounded convergence. This implies that every continuous linear operator
S: C®(P) — C*(P)" can be obtained from a distributional kernel [70], theo-
rem 51.6 and corollary thereafter]. Let B be a Banach space having a predual.
Let X, for j € {1,2} be open sets in R™, then it is proven in [2, theorem 1.8.9]
that

COO(Xl X Xz)/ ® B ~ C(COO(Xl), COO(XQ)/ & B) R

where again the tensor products are completed with respect to the projective
topology. In view of this result it might be expected that a suitable generaliza-
tion of the Schwartz kernel theorem is still valid in the case of Hilbert A-module
bundles (in fact, if we could set B = Hom(X,Y") for Hilbert modules X and Y,
this is nearly what we are aiming at), but we won’t pursue this any further at
this point.

In view of remark the regularized pullback & defines a pseudodifferen-
tial operator o(D) in the sense of [65, 7] for the Hilbert A-module bundles E
and F over P. Choose a cover U; of P over which F and T*P are trivializable,
chart maps k; : W; — U; for some open subsets W; C R?®, a subordinate parti-
tion of unity ¢; and functions ; with ;| (@) = 1. Define o, (D) for sections
ue C*®(U,;, E) via

supp

(@i(D)u)(p) = Fey (Gi - wo ki) (5 () (4.26)
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with 7;(p, &) = ¥;(p) 7(p,£). We have dropped the trivializations of E and T*P
for the sake of notational clarity. For general u € C*°(P, FE) we simply grind
the situation down to the local case using ¢; and set

@(D)u)(p) = Z ai(D)(¢i u)(p) -

Following [47] the pseudodifferential operator (D): C>®(P, E) — C*(P, F)
extends to
(D) : H%(P,E) —s H*"™(P,F) .

Like in [47] we summarize the main properties of the operators o(D) that enable
us to use symbol calculus. The proofs are basically the same as in [3I]. They
still hold in the C'*-case since they don’t involve any critical operations on the
symbol. In fact, the most elaborate notion needed is that of TAYLOR expansion,
which still holds for functions with values in a Banach space.

Theorem 4.2.19. (i) When the functions ¢; and v; and the local coordinates
are changed in the definition of 6(D), the operator is changed by a lower
order summand.

(i) If h : U; — U; is a diffeomorphism of the coordinate domain U; C P
and Dph : T,U; — Ty, U; its Jacobian matriz, then the symbol T of
h*(G;(D)) defined via (h*(7;(D))u)(x) = (5;(D)(u o h))(h=t(z)) can be
expressed by a formal sum as follows:

7(p,¢) ~ G(h(p), (Dph) Q)+ > wap(p) DEG(h(p), (Dph) " ¢)
2<|a|
2|8|< ]

(4.27)
where the functions waps only depend on h.

(iii) Let o1 € S}, .(E1, Es) and o9 € S}t (E2, E3) be homogeneous symbols,
then the operators (02 01)(D) and 62(D) 71(D), where the same regulari-

zation is used for o;, differ by an operator of lower order.
(iv) The full symbol T of the composition G2(D)1(D) can be expressed as a
formal sum in the following way:

i—lal

r(p.0) ~ Y == DEGa(p, () Dy (p,C) - (4.28)

«

Remark 4.2.20. The operators in U*(E, E) gained by this procedure are ele-
ments of the filtered algebra of CALDERON-ZYGMUND-SEELEY-A-operators, also
known as the polyhomogeneous pseudodifferential A-operators. A definition
using jet bundles can be found in [65], where the operators of degree k are
denoted by CZ.(E, F), whereas we will rather stick to the notation U*(E, F).
In each degree there is a principal symbol map U’Srin :UH(E F) — S{f(’)il(E, ),
such that the sequence:

G‘k-
0— W YE F) — U¥E,F) 23 8P (B F)—0

hom

is exact and for T € W*(Ey, Ey) and S € ¥*(E,, E3) we have
k+s __ s k
a (ST) - Uprin(S) Oprin (T) .

prin
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__ Although the symbol @ is equivariant with respect to the group action of
I', this does not need to be the case for the operators as defined above, since
they depend on the choice of coordinate systems. The main problem lies in
the notion of FOURIER transform, which requires the linearization of the space
coordinate p € P and therefore seems to be far away from being equivariant.
Nevertheless, having chosen connections on £ and P, which shall be denoted
by n and w, we are able to define a I'-invariant pseudodifferential operator with
the same principal symbol as . We will adopt ideas from BOKOBZA-HAGGIAG
[11] and WiDOM [76] to accomplish this.

Like above we identify TP with 7*(TM & g) via the map (m,,w), likewise
for the dual bundle T* P and 7*(T*M @ g*). Note that, with this identification,
P inherits an invariant RIEMANNIAN metric from one chosen on M and our
invariant scalar product on g. Due to the bi-invariance of the latter, the action
of I on P is isometric. Therefore the exponential map

exp, : T,P — P

is equivariant in the sense that exp,,(R4.X) = exp,(X)g for all X € T,P.
Since its differential at p is the identity on 7, P, there exists a neighborhood of
0, such that exp,, is a diffeomorphism.

Definition 4.2.21. Let u € C°(P, E) be a smooth section of the Hilbert A-
module bundle E over P. Choose a twisted connection 1 on E, a real constant
p > 0, such that exp, embeds the disk of radius p smoothly into P for all p € P,
and a smooth cut-off function ¢ : Ry — [0, 1], which is 1 near 0 and 0 in a
neighborhood of {t € Ry | t > p}. We denote the parallel transport induced by
n from y to z for points inside this disk along the (unique, shortest) geodesic
by Py—z : By — Ey. For ¢ € T; P we set

FocQ) =0) = [ eI uw)av,
T,P
where U(V) = (V) Pexp, (v)—pu(exp,(V)), and call this the intrinsic Fourier

transform of wu.

Lemma 4.2.22. The intrinsic Fourier transform is f—equivam’ant in the sense
that Fyc(§ - w)(C) = FAR!-10).

Proof. Lemma [4.1.26| implies that Py_,(g-r) = G- Pyg—ug(r). Thus,

,Pexpp(V)—m ﬁu(expp(v)g) = EPGXPP(V)Q—)pgu(epr(V)g)
= /g\Pexppg(Rg*V)—ﬂ)gu(eprg(Rg*v)) .

Since I acts isometrically, this implies (g- U)(V) = gU(Ry.V). Now:

Fpc(@-u)(Q) = / e V(g U)(V)aV = e VIGU(Ry.V)aV
T, P T, P

=G [ Oy = gay ).
Tpg—1 P
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We now define the operator o(V) by

s = (35) [ swoacdc.

Lemma 4.2.23. 5(V) is equivariant with respect to the T-action on sections
u€ C®(P,E).
Proof.

(20 3(V)@ u)(p) = / 5(p, C) Fpc (G- u)(C) de

Lemma 4.2.24. (V) is a pseudodifferential operator in the sense of defini-
tion (i.e. (V) is locally of the form {{.26)). If o € Si (E,F), then
the symbol of 5(V) is an element in S;';I’P(E, F) and its principal part coincides
with .

Proof. We start with an observation that can also be found in [53]. Fix a point

po € P, choose a metric on P and an isometric isomorphism ¢ : R® = Ty, P.
Let

€XPy

k:C -5 TP —2 P

be normal coordinates around pg mapping C C R?® diffeomorphically onto U C
P, over which the twisted Hilbert A-module bundle E should be trivial. There
is a subset W C TP, such that (mp,exp) : W — P x P is a diffeomorphism.
U x U can be chosen to lie in the range of this map. For p € U set

d(p) = ¢ ' o Dpexp, | : T,P — T,,P — R®

which is clearly invertible. We will also assume that |, = 1 and drop it from
the calculation below. Now for u € Cg°(U, E|):

(21)° 3(V)u(p) = / 5(0)a(C) de
T; P
= [ 5" (w) ldet(dp))] e w) du
-/ /T ()" () det(d(p)] ¢ P uexp, (V)dwaV

where we have shortened the notation for parallel transport to Pp. Set o(p, w) =
a(d(p)*(w)) |det(d(p))|. Let K(p,-) = exp,'ox : C — T,P. This maps C
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diffeomorphically onto some subset U, C T}, P. Note that u(expp V') has support
in U,, which enables us to use the transform V = &(p,v). This yields:

/ / (p, w) | det(Dk(p, v)) |e_i<d(p)*w’g(p’”)>’PK(U)_mu(n(v))dw dv

Note that K(p,v) = 0 is equivalent to x(v) = p. We can therefore apply
proposition 2.1.3 in [30], which is also known as the KURANISHI trick, to get
G :U x C — GL(s,R) such that

(d(p)*w, K(p,v)) = (G(p,v)(w),v — £~ (p))

With 7(p,v,w) = |det G~ (p, v)|| det(DE(p, v))| ¢ (p, G~ (P, v)(W)) Pro)—p We
get the expression:

/ / o) e~ ) (o)) deo do (4.29)

Since 7 differs from o just by multiplication of smooth functions in v and p,
a linear transformation in w and the parallel transport, the symbol inequality
still holds. It is even homogeneous in w of degree m. We therefore get a symbol
on the product U x C, i.e. in S™(U x C; E, F), which is just a slightly broader
sense of what we have defined above. Using the common reduction argument,
which can be found for example in the book by PETERSEN [52], can be
rewritten as a pseudodifferential operator in the usual sense in such a way that
the asymptotic expansion of its symbol 7 looks like:

ilal
7(pw) ~ > — (DY Dy ) (p, s~ (p),w)

(e

Since 7 is homogeneous in w, this is indeed polyhomogeneous. As the principal
symbol transforms like a covector, it is independent of the choice of coordinate
system. Thus, to calculate its value at p, we can without loss of generality
assume p = po = #(0). But then d(p)~! = ¢ = &(p,:), G(p,-) = 1gs and
7(p,v,w) = T(p,w) = 3(p, = (w)). O

Since the pseudodifferential operator o (D) is only transversally elliptic, it is
not possible to construct a parametrix, i.e. an inverse up to smoothing opera-
tors. On the contrary its principal symbol ¢ : T*M — hom(E, F) is invertible
outside the zero section, which allows us to construct the operator o—1(D),
which is an inverse to (D) on H* C T*P up to operators of order —1 on H*.
As we see, to exploit this partial invertibility, we have to localize the notion of
order, ellipticity and smoothness. At this point, a natural ideal in U™ (E, F')
comes up, which turns out to be the replacement for smoothing operators in the
transversally elliptic case.

Definition 4.2.25. Let ¢ be a symbol in S;’,ll’P7 i.e. a polyhomogeneous symbol
over P. Then we say it is of order k on C\ C T* P, if the estimate

HDS Df 3(1’70“ < Cop (14|17

holds for all points (p,{) € C,. If the above equation is valid for all k € Z,
then the symbol will be called transversally smoothing. From equation (4.27))
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we see that, even though the symbol of a pseudodifferential operator does not
transform like a covector under the change of coordinates for T* P, the error
terms are all of lower order on Cy than the untransformed symbol. Therefore
it is sensible to speak about pseudodifferential operators that are of order k
on C). In particular, there is a well defined, i.e. coordinate invariant, notion
of transversally smoothing operators. The composition expansion tells us
that these operators even form an ideal in the algebra of all pseudodifferential
operators. Denote by ¥ (C\; E, F)) the operators that are transversally of order
m on Cl.

Lemma 4.2.26. Let P € V™ (E,F) be a transversally elliptic pseudodiffer-
ential operator, such that its principal symbol is a regularized pullback of o €
St (E,F), then there exists a transversally elliptic pseudodifferential operator
Q € V"™(F,E), such that PQ —1 € V9(F,F) and QP —1 € V°(E, E) are both
transversally smoothing.

Proof. By ellipticity o is invertible with inverse given by a symk;(i ol ¢
Spom(F,E). Let Qo be a pseudodifferential operator with symbol o1, where
we use the same regularization as for the principal symbol of P. Denote by C)
the common regularization domain of P and g, then Qo P is transversally of
negative order over C). Now set

k k
Qe => (1-QuP)'Qo=>_ Qo(l—PQy)" ,

i=0 =0
with Qr € U"™(E,F) and Qx — Qx—1 = (1 — QOP)k Qo € ‘Il_m_k(CA;E,F).
By theorem |4.2.10| there exists an operator @ € V"™ (E,F) with Q — Qy €

U-m=k(Cy; E, F). But then:
PQ-1 = PQ-Qk)+(PQr—1)
= P(Q- Qi) —(1-PQy)*" e U=y B F)

for all k e Nyie. PQ—1€ U~°(Cy;E,F). Similarly, QP — 1= (Q — Q)P —
(1—QoP)rtt ¢ U—(+1(Cy\; E, F). O
We will now define the best replacement we can get for the analytic index of
the transversally elliptic pseudodifferential operator o(V). By the last lemma
there exists a transversally smoothing parametrix. In the spirit of [7] the analytic

index shows up as a distributional character on the group L. Recall that the
action of I' on H*(P, F) is given by:

(- u)(p) =g (ulpg)) - (4.30)

Since we assume to have a bi-invariant scalar product on I', (4.30) is isometric
in each of the SOBOLEV s-norms. Furthermore, the map

T — End(H*(P,E)) ; G+ (urG-u)

is continuous, if End(H*(P, E)) is equipped with the strong topology. Let x €
C>(T') be a smooth function on the group and set

15y : H*(P,E) — H*(P,E) ; ’LM—>/

In particular, we get T\ = T, : C*°(P, E) — C*(P, E).
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Definition 4.2.27. If R : C>*° (P, E) — C*(P, E) is an operator with integral
kernel K : Px P — End(F) that is continuous along the diagonal P — P x P,
then it will be called trace-class. In this case we define the trace of R to be

Tr(R) = /PT(K(p,p))dp ,

where 7 denotes the extension of the trace on A to End(FE). Indeed, this satisfies
the trace property, i.e. Tr(RS) = Tr(SR), whenever Tr makes sense.

Lemma 4.2.28. Let r = dim(P) and R € V~U+2)(Cy, E,E) N V(E,E) be
a pseudodifferential operator, which is transversally of order —(r + 2), let x €
C>®(T') and T, be like above, then T\ R is a trace-class operator.

Proof. Fix p € P, choose a trivialization U’ x I' — P, such that p lies in the
image of U’ x {1} and U’ is diffeomorphic to some open subset U C R™. Choose
some open neighborhood W/ C T" of 1 € T', such that W’ is diffeomorphic to
some open subset W of the Lie algebra g in such a way that 1 is mapped to 0
and F is trivializable over U’ x W’. Note that we assume I' to be an extension
of " by a finite group I'y (see (4.20))). We may assume that the preimage of W’
in T is diffeomorphic to W’ x I'y. A trivialization of E yields an identification
of C (U x W', E) with C§°(U x W, X), where X is the typical fiber of E.

Choose some open, but precompact subset V-C W with m(V,V) C W and
V~! =V, where m is the map induced by the group multiplication and V!
is gained by taking inverses. By linearity of T, in x we may without loss of
generality assume that y is supported in the image of V' x {a} in [ for some
a € T'y. It suffices to show that the induced operator Txf{ CR(U x W, X) —
C§o(U x W, X) has a kernel K (z,v,y,w) that is continuous along the diagonal,
where (z,v), (y,w) € U x V. But the latter is of the form:

(z,v,z,v) /// xmvv)f,)Z”m(””)’>dv/dnd§,

where 7: U x V x R" x g — End(FE) is a smooth map composed of the symbol
of R and the action of g that is part of 7). By our choice of V, we can find v~ 1,
such that m(v, m(v=1,v")) = v” for all v € V. Now apply the transformation
v = m(v=1,v"). Subsuming the functional determinant and y into a new

function x we end up with:

(z,v,z,v) / / (/ "NF(z, 0", €,n)e Z<””’”>dv”) UM dn de

Let I(z,v,&,n) be the integral in brackets. Since R € WO(E, E), its symbol is
bounded in p € P by an upper bound, which is independent of ¢ = (£, 7) (see
(4.22) thus, 7 is in particular bounded in v, i.e.

sup ||7(z,0",&,m)ll < a
v eV

for a constant ¢y, which is independent of x, ¢ and 7. Therefore

supll I(z,0,€,m)] < suph/°nx<v,v“>?<x7v"7s,n>ndv“
neEg neg JV

IN

o [ IR < ca (1.31)
|4
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Products of I(z,v, &, n) with n turn into derivatives by the corresponding com-
ponents of v" due to the factor e~ ") likewise derivatives by the jth n-co-
ordinate turn into multiplications with the jth component of v”. Since X is
a Schwartz function in v” estimates similar to show that I(z,v,&,n) is
actually a Schwartz function in 5. In particular

CN

1 (z,v,&n)|l < W

(4.32)

Now denote by C C R™ x g ~ R the region corresponding to Cy at z, let C be
its complement. C' is the region, in which the symbol of R is transversally of
order —(r + 2), thus

C3 Cc3
Lireennacs [ qrpamds [ qrimdias.

AN

2
& < ghamp

Figure 4.2: Integration over C'

For the integration over the complement C' let s € R, let X be the value of
A: M — (0,1) at (x,v) and define By s by

" A
~{eer s 2o}

As indicated by figure C can be parametrized by letting 7 run over all of g,
while integrating over the balls By ;. From equation (4.32) we obtain

//B 1T, v,€, )] de di

sl

Con42
d¢ dn
//;k [n] 1 + | | 271"!‘2

n|™

: C<m>n/g<1+|n)2"+2

Since we have found an integrable function dominating ||I(z,v, &, n)||, the defin-
ing integral of K(z,v,z,v) exists and K (z,v,z,v) is continuous at (z,v). The
multiplication with T, has smoothed the kernel in the direction of 7. O

[ 1z, 0,€,m)]] de
C

IN

dn < oo .
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Definition 4.2.29. Let ¢ € S (E,F) be a homogeneous symbol and set

~

P =35(V) € ¥ (E, F) for some regularization, let x € C*°(I"). We define the
x-indezx of o to be

indy () = Tr (T (PQ — idr)) — Tr (T, (QP —idg)) € C
for some parametrix Q € =™ (F, E).
To see that this is well-defined, we need the following crucial lemmas:

Lemma 4.2.30. The x-indez of o does not depend on the choice of parametriz
and regularization involved. Indeed, if a € W™ (E, F) is a I'-invariant operator,
which is transversally of lower order than P, then (P4 a) has the same x-index
as P.

Proof. If 1, Q2 are parametrices for P, then the curve Q; =t Q1 + (1 — t)Q2
runs through parametrices for P. Besides that, parametrices are unique up to
transversally smoothing operators, since

Q1 —Q2=0Q1—Q1PQ2+ Q1PQ2 — Q2 = Q1(1 — PQ2) + (Q1P — 1)Q2
is transversally smoothing. So:

(T (T(PQ, — idr)) = Tr (T (QuP — idg))
= Tr (T P(Q1— Q2)) — Tr (T(Q1 — Q2) P)
= Tr (T P(Q1— Q2) — Tr (T4 P(Q1 — Q2)) =0,

where we have used that P = (V) is [-invariant and therefore commutes
with T, (which is not necessarily the case for Q!).

Let @ be a parametrix for P. When changing P by the lower order sum-
mand a, we can replace @@ by Q,, which is defined by the finite sum:

N—-1 N-1
Qu=0Q- > ()" @Q)* =Y (-1)"Qa)" Q.
k=0 k=0

Note that a@Q € VO (F, F) and Qa € V°(E, E). Both are transversally of negative
order. This implies that 7} (aQ)" and T\ (Qa)" are of trace-class if N is chosen
large enough, by lemma [1.2.:28 But,

(P+a)Qu—1=PQ-1-(-1)N(aQ)" , Qu(P+a)—1=QP—-1—(-1)N(Qa)"

so the trace-property and the equivariance of a imply the statement.
Changing the regularization corresponds to a change of P by an operator,

which is equivariant and transversally of lower order, so the invariance follows

directly from the previous calculation. O

Denote by D(T*M) the disc bundle of the cotangent space, by S(T*M)
the corresponding sphere bundle. Let A be a bundle of C*-algebras over M
like above. Every element [o] € KEX{A(D(T*M),S(T*M)) is given by triple
[ B, 73 F, o]. o can be extended to a homogeneous symbol of arbitrary order.
It is easily checked that ind, is additive with respect to direct sums of symbols
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and invariant under the equivalence relations from definition [3.3.7] Further-
more, we have the isomorphism KSXIA(D(T*M), S(T*M)) ~ K%VIA(T*M). To
summarize we get a homomorphism:

indy : Knz a(T*"M) — C
or a distribution valued map:
ind : Kne 4(T*M) — C=(T)

We will close this chapter with some justification, why this quantity deserves
to be called analytic index. For this, we will reduce to the case of bundle gerbe
modules, i.e. when A = M,,(C). Then ind(P) coincides with the distributional
character

ind(P) = char(kern(P)) — char(kern(P*))
defined in [7]. Let Az = 1 — >, X? be the Laplace operator on C*°(P, E)

induced by the action of I' on sections, then set
kern(P)) = {u € C*°(P,E) | Pu=0and Agu = Au} .

Likewise, denote by C*°(P, E) the kernel of Ax — A\. ATIYAH proved that
P\ = Plow(pr), is a Fredholm operator, therefore char(kern(Py)) is a well
defined function on the group. Furthermore,

Z ind(Py) = Z (char(kern(Py)) — char(kern(Py))) (4.33)
A A

exists in a distributional sense and coincides with ind(P). Thus, it generalizes
the equivariant index of elliptic pseudodifferential operators, which is defined in
precisely the same way, but yields a function on the group [7].

For the case of bundle gerbe modules, the relation of ind(P) to the topolog-
ical index has been studied in [39] B8] with the following result:

Theorem 4.2.31. Let P = o(V) : C®°(P,E) — C®(P,F) be a transversally
elliptic pseudodifferential operator of order m with homogeneous principal sym-
bol o € ST (E,F). If € C*(SU(N)) has support sufficiently close to the

hom

identity and is equal to 1 in a neighborhood of it, then

n(n+1)
2

ind(P)() = (1)
In particular, we have for the projective Dirac operator D : T'(S) — T'(S)

(see definition |4.3.2)):

Corollary 4.2.32. If ¢ € C®°(SU(N)) has support sufficiently close to the
identity and is equal to 1 in a neighborhood of it, then

ind(D)(¢) = (A(M),[M]) € Q.

We expect similar formulas to hold for twisted Hilbert A-module bundles
over more general C*-algebras A. The crucial point is to find a replacement
for the decomposition in the flavour of MISHCHENKO-FOMENKO-index
theory [47]. Surprisingly, the decomposition of H*(P, E) into irreducible repre-
sentations of the group, i.e. with respect to the CASIMIR-operator Ag is still
possible [46], [71]:

(mch(o)Td(M),[M]) € Q.
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Theorem 4.2.33. Let V' be a countably generated Hilbert A-module with a
strongly continuous, unitary representation of the group I'. Then there is an
equivariant isomorphism of Hilbert A-modules

V ~ @D Hom(W,, V) @c Wy ,

where {Wyr} is a complete collection of unitary, complez, finite dimensional rep-
resentations of I', which are non-isomorphic to each other. In the decomposition
A acts on the first factor, T' on the second one.

The previous theorem allows us to split H*(P, E') into sub-Hilbert A-modules
H#(P, E)) like above and a similar argument as the one given in [7] shows that
the restrictions Py are still elliptic. The equivariant index theory developed by
TROITSKY [71] now yields an element ind(Py) € K (A), which the trace on A
sends to the representation ring, where we can form the character. It remains
to show that the sum of these indices still form a distribution on T'. In [7] this
problem is solved using some functional analysis, which we do not directly have
at hand here.

An alternative approach would be to show directly that ind is well-behaved
with respect to BOTT periodicity and then apply an argument like in [47] to
deduce a result similar to theorem 23T Tt can be outlined as follows: Use the
KUNNETH theoremto split the rational K-theory classes in K2, ,(T*M)®
R into a summand represented by a bundle gerbe module tensored with some
fixed Hilbert A-module, for which the analogue of theorem [£.2.31] can easily seen
to be true and another factor, on which the index vanishes. We refrain from
digging into the details here, since the applications, we have in mind, can be
treated in a far more elegant way by countertwisting methods.

4.2.3 Some remarks about the symbol class

Despite the fact that the index of the transversally elliptic operators discussed
above is a fairly complicated object, the K-theoretic symbol class still makes
sense and can be constructed in a very elegant way, based on an idea by QUILLEN
as we will discuss in this section. Let o € SJ (E, F') be a homogeneous symbol.
As such it yields a twisted bundle morphism:

o:m'E — 1*F

where m : T*M — M denotes the projection, i.e. #*FE is a bundle over
7*P = P xp T*M (not T*P!). Transversal ellipticity now implies that it is
invertible away from the zero section. Therefore [7*E, 7n*F, o] yields a K-cycle
in

KO ((T*M) ~ K% ((D(T*M), S(T*M)) ~ Ko(Co(T*M, 7*A)) .

The last isomorphism uses the extendability of 7*.4 to the compactification
that is diffeomorphic to the closed disc bundle D(T*M). It sends [7*E, 7*F, o]
to a formal difference [pg| — [pr] € Ko(Co(T*M,7*A)), such that pgp — pr €
Co(T*M,7*M,(A)) and the twisted Hilbert A-module bundle generated by pg
via theorem [3.2.8| is isomorphic to 7*FE & G and likewise for pr using the same
stabilization G.
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Following [54] we get another nice description of this class. Form the adjoint
o* of o and consider the self-adjoint endomorphism

o= (2 UO> T BT F — " EontF .

Lemma 4.2.34. If ¢ is a symbol of positive order, then the resolvents (o +i)
vanish at infinity in the operator norm.

Proof. By ellipticity the spectrum of & is bounded below in absolute value on
the complement of a neighborhood of the zero section. But by homogeneity
we have o(z,t¢) = tho(x,€) and therefore for any C' > 0 there is a compact
neighborhood of M C T™* M outside which the absolute spectrum of ¢ is bounded
below by C. Therefore ||(5(z,&) +i)~!|| < & for arbitrary C > 0 if £ is chosen
large enough. O

The CAYLEY transform yields a unitary operator
u= (G +i) (G —i) ' =1+2i(F—3)"".

After embedding E and F in the trivial twisted Hilbert A-module bundle A™ for
n € N large enough, we can extend u to a bundle morphism 7*A"™ & 7*A" —
m* A" @ m* A" by setting it to 1 on the complement of 7*(E & F'). The above
lemma now implies that it extends even further to the disc-bundle compactifi-
cation of T*M. Let
1 0 * AN * AN * AN * AT
e=1y _1 AT T AY — AT AT .

The operators € and (ug) are self-adjoint involutions. Let p(e), p(ue) be the
projection to their +1-eigenspaces. Note that p(e) — p(ue) vanishes at infinity

and thus:
[p(e)] = [p(ue)] € K(Co(T*M, 7" A)) .

A short calculation shows that:

N | =

p(ue)(& + i) = (1+ue))(5+i):(aﬂ-)%(l_g):(aﬂ.) (8 (1)) |

which implies that p(ue) restricted to 7*(E @ F) projects to the subbundle
G ~ 7*F in the decomposition 7*(E & F) = G & G’ with

G = {(c"(w)iw)en"(E®F)|wen"F}

G = {lw,oWw)er(E®F)|ven'E}.
Whereas, when restricted to the complement of 7*(E @ F) in 7* (A" & A™), the
element p(uc) projects to the complement 7* E+ of 7*E in a single summand

7*A". Therefore p(¢) is the projection generating the bundle 7*A"™ = 7*E @
7* B+, whereas p(ug) yields 7*F @ n* E+ and we have:

[p()] = [p(ue)] = [pe] = [pr] -
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4.3 Generalized projective Dirac operators

When dealing with twisted K-homology, transversally elliptic operators will
occur naturally as we have seen above. In this chapter we will treat a class of
first-order differential operators that allow to circumvent all the difficulties that
arise by non-ellipticity. In particular, they allow the construction of classes in
K K-theory and the usual MISHCHENKO-FOMENKO index theorem is applicable
to them.

But, let us first focus on the replacement for spinor bundles in the non-
spin®-case. Given a compact, closed, orientable Riemannian n-manifold M with
n even, let Pgo be its frame bundle. As desribed in [36] there is an injective
group homomorphism

0: SO(n) — PU(N) = Aut((Cl(n)) ,

such that the CLIFFORD-bundle CI(M) associated to M is CI(M) = Pso Xg¢
Cl(n). This also yields a principal PU(N)-bundle P = Pso x9 PU(N). The
DIXMIER-DOUADY-class of its lifting bundle gerbe is W3(M) € H3(M,Z) (i.e.
the BOCKSTEIN of the second STIEFEL-WHITNEY-class wo(M)) and therefore
2-torsion.

Denote by gps the RIEMANNIAN metric on M. We can turn P itself into a
Riemannian manifold: For this purpose denote by w € Q(P,pu(n)) the con-
nection on P induced by the LEVI-CIvITA-connection on M (indeed, we could
have chosen any connection on P). Since the Lie algebra pu(n) ~ su(n) is semi-
simple, its CARTAN-KILLING-form & is non-degenerate (and negative-definite),
therefore

=7gy — ko (wWRw) (4.34)

is a Riemannian metric on P invariant under right translation. Note that 7, :
TP — TM restricted to horizontal vector fields is an isometry with respect to
g and gjs respectively.

Definition 4.3.1. The lifting bundle gerbe L of P is the frame bundle gerbe
(see section [3.4.1)) of the following module

S = PxCcVN=c¥
v LemnCl — rch
A gl®v—Agu,
which we will call the spinor module.

Since multiplication by tangent vectors yields a bundle embedding TM —
CI(M), this map pulls back to give 7*TM — PxCl(n). Since Ci(n) ~ My (C),
CN gives the irreducible representation of the Clifford algebra (note that n is
even).

Definition 4.3.2. Let V be a bgm-connection on S and denote the smooth
sections of S by T'(S). The differential operator

D:T(S) L T(S@T*P) L T(S®TP) =5 T(S @ n*TM) — T'(S) .

will be called the projective DIRAC operator (see also [19]).
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Choose a local orthonormal frame e; € I'(T'P) at p € P, then D can be
expressed at x via:

Do = g € - Vg,0 .
i

We could as well choose an orthonormal basis e; € I'(T'M) and lift it horizontally
through the connection w chosen above to get €; € I'(T'P). Note that the latter
is still orthonormal due to our choice of g on P. Then we have:

DU:Zei-Vaa.
i

The symbol of D is
op : T'P-L TP ™ 7*TM — P x Cl(n) = End(S)
£ ((meg(§)) ) = Zf(a‘) (ei-) .

The observation that D is not elliptic should not be able to cause heart attacks
any more by what we have learned from the earlier chapters. We take a closer
look at the map 7*TM — P x Cl(n). Denote by x the embedding R" —
Cl(n). The former map is explicitely given by

cl : mTM =P xp Pso x,R" — P xCl(n)
@.[f0) = (g 's(©)g) ,

where p = [f,g] € P = Pso X9 PU(N) and g is an arbitrary lift of g to U(N).
So for X € T,M and p € P over x € M we have cl(pg, X) = g~ 'cl(p, X) g for
all g € PU(N). Thus:

op(RyE) = cl (pg, me(g(RyE))) = cl (pg, mg(€)) =3 ' on(€) 7
which implies that op restricted to 7*T*M C T*P factors to yield a symbol:
op: T*"M — end(S) = Cl(M) .

This is of course just left Clifford multiplication with gps(€) for € € T*M. So,
the pushed down version of the symbol is invertible away from the zero-section
of T* M, which shows that the projective Dirac operator is transversally elliptic.

Extracting the main feature of Clifford multiplication, we arrive at the fol-
lowing class of operators:

Definition 4.3.3. Let E be a Z/2Z-graded twisted Hilbert A-module bundle
over a [-principal bundle P. A twisted bundle morphism

c: T*"M — end(FE)

will be called a Clifford symbol if it takes values in the anti-self-adjoint (¢* = —c¢),
odd part of End(E), it squares to the symbol of the Laplace operator

2.
c(€)? =~ l¢ll” idg -
and satisfies a product rule with respect to the connection on E':

V)% (c(Y)u)=c (V:)%IY) u+c(Y) (Vgu)
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for X € P, Y € Ty M, u € I'(E). A first-order differential operator
D:T(F) — T'(E) will be called a generalized projective Dirac operator if its
principal symbol restricted to 7*T™* M factors over the action of I' and its push-
downed version is Clifford.

For every Clifford symbol ¢ we can construct a generalized projective Dirac
operator D having c as its principal symbol. To achieve this we choose a twisted
connection on E and a principal connection on P. The latter yields a projection
TP — 7*T*M. Thus,

D:T(E) L T(E®T*P) — I(E®a*T*M) - T(E) .

is the operator we are looking for.

At a point m € M choose a local orthonormal frame e; for T;, M and lift
it horizontally to the orthonormal set €; € T,,P. D can be written at p in the
following form:

(Du)(p) = (Z c(e; )%ﬂ) (),

i

where e} denotes the dual basis. From this, equation (4.6)) and the fact that
the right action transforms horizontal lifts to horizontal lifts we see that D is
I'-equivariant.

4.3.1 Trivial bundle gerbes and countertwisting

In case the bundle gerbe L is trivial, there exists a principal [-bundle P and
— associated to it — a line bundle @* = P x4 C, such that its dual carries
the structure of a bundle gerbe module over L. The twisted Hilbert A-module
bundle ' ® Q* is then I'-equivariant with respect to the action:

EP®Q;—>Epg®L9®Q;—>Em®Q;g.

where the first map is the inverse of the twisting and the second is the twisting
of L on Q* from the right. We denote its push-down by m(F ® Q*). Note that
end(F) in this case turns out to be isomorphic to the endomorphism bundle of
m(E ® Q*). Therefore a Clifford symbol ¢ defines an ordinary Clifford symbol
c®idg«: T*"M — End(m(EF @ Q*)) = end(E).

To get the Dirac operator corresponding to ¢ we have to choose a connec-
tion w. By lemma the choice of a bgm-connection # on @ corresponds
to the choice of a connection &@ on P compatible with w. By theorem we
also know that ng — 0 induces a covariant derivative on m(E ® Q*), which we
denote by V™ (E®QT),

The left action of T' on Q@ given by the twisting induces a right action of r
on the sections of Q* by setting (7-§)(p) = 7(pg™") 0 (§-): Qp — Qpg—1 — C.
The actions of I' on sections of E and @Q* compose to give an action of I' on
sections of F ® Q*, which on elementary tensors u ® 7 looks like

(g-uen)(p)=@G - uwp (-3 ") . (4.35)
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This is clearly independent of the choice of lift of g. Being a fixpoint with

respect to implies:
ulpg) @ 7(pg) = e([g", 1] @ ulp)) ® 1o (7(p) @ [g,1])
idg ® g (vg}g(U(p)) ® T(p)) ,

where g+ is the right action of L on Q*. The last relation is exactly the
identification of the fibers by which we get 7 (E ® Q*). Thus, fixpoints of
correspond to sections of m(E ® Q).
Using w we can as well identify vector fields on M with sections of TP — P
that factor over 7*T'M, i.e. they fit into the following diagram:
h

P ——TM—TP

| e

M X TM™
where h is the horizontal lift. We will denote this vector field by X. By the
properties of h, X is invariant under the right action of T.
When we apply these identifications to the connection V™ (F®RQ") we see that

it corresponds to
VEESQ = vER1+10 VY

on I'(E ® Q%) restricted to the fixpoints of . Here V@' denotes the con-
nection belonging to the form —# dual to the one on . Indeed, by equation
and the corresponding property for V¢~ we see that it commutes with
the action when restricted to vector fields X as described above and its
connection form is ng — 6.

The Dirac operator on E associated to ¢ can be twisted with the bundle Q*.
This is defined to be:

* vEeQ * * * sk £y CQidg= *
D:T(E®Q*) — T(IT"PRE®RQ*) > T(r*"T"MQFERQ*) — T[I(ERQ").

Likewise, we have on the bundle over M:

vTHERQY) cQidg*
—

D:T(m(E®Q")) NT*M o m(E® Q%) — IN(m(E®QY)) .

Summarizing the above, we have proven:

Theorem 4.3.4. Let E be a Z/2Z-graded twisted Hilbert A-module bundle over
a trivial bundle gerbe L and c be a Clifford symbol on E. Choose a trivialization
Q of L and a bgm-connection 8 on Q). Then the Dirac operator D associated
to ¢ twisted with the trivializing bundle Q* can be identified in a canonical way
with a Dirac operator D? on the push-down m(E ® Q*) with symbol ¢ ® idg-
and connection V™ (F®RQ7),

The problem in defining the analytic index of A-linear operators like D®
is that its kernel and cokernel, even though they are still modules over the
algebra are rarely projective, because A is just closed with respect to continuous
functional calculus, but not under the measurable one. It therefore contains less
projections than in the case of VON NEUMANN-algebras, in particular xo(D*D)
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for the characteristic function xo of {0} would not make any sense. Nevertheless
it is still possible to define the notion of a Fredholm operator via invertibility
modulo compacts, i.e. the existence of a parametrix. This was worked out in
[47] by MISHCHENKO and FOMENKO starting with:

Definition 4.3.5. Let A be a C*-algebra, H4 = H ®c A the canonical Hilbert
A-module over A, let D: H4 — H4 be a continuous, A-linear operator. D is
called a Fredholm A-operator if there are two decomposition Hq = M; & Ny
and Hy = My @& No, where N; are finitely generated Hilbert A-modules, such
that the matrix representation of D: M; & N1 — My & N5 looks like

(D, 0
p=(7 5)
and Dy: My — Ms is an isomorphism. The element [N;] — [Na] € Ky(A) is
called the (analytic) index of D.

See [47] for the proof that the index is independent of the choice of decom-
position. A Fredholm A-operator has a parametrix, given by

_ (bt 0
o= (" 0)-

since 1 — DQ = pry, and 1 — QD = pry, are finite rank projections. The
converse is also true, i.e. if we can find an operator @) with DQ = 1+ K; and
QD =1+ K, for K; € K(H,), then D is Fredholm in the sense above.

MISHCHENKO and FOMENKO used this to show that an elliptic pseudodiffer-
ential A-operator D of degree m is in fact a Fredholm A-operator when identified
with its bounded extension D: H*(X,E) — H* ™(X,F). Furthermore, they
proved the following index theorem:

Theorem 4.3.6. Let D be as above. Denote its symbol by o, the dimension
of X by n, the ToDD class by Td(X) and the fundamental class of X by [X].
Moreover denote by m: HX(T*X,R) — H!~"(X,R) the THOM isomorphism in
cohomology. Then:

n(n+1)

ind(D) = (—1)"* " {mch(o)Td(X), [X]) € Ko(A) O R .

Let D be a generalized projective Dirac operator over P associated to a
Clifford symbol ¢: T*M — E, & E_. Suppose the lifting bundle gerbe of P is
trivial and choose a trivialization ). Denote by

D2: T(m(E+ ® Q) — T(m(E- © Q7))

one part of the decomposition of the odd operator D?. Theorem combined
with remark [£.1.33] about Chern characters yields immediately:
n(n+1)
ind(DY) = (—1)"= " (mchg(c)Td(M), [M]) € Ko(A) @R . (4.36)
In view of part of theorem[4.1.34|flat trivializations are the most preferable
ones, since the MORITA equivalences induced by them are not recognized by
the Chern character. The topological obstructions to such flat trivializations
are summarized in the next theorem. The special case of generalized spin®
extensions is again similar to the classical one.
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Theorem 4.3.7. Let 1 —» S' =T =T — 1 be a flat central extension like
above. Let P be a principal T-bundle, dd(P) € H3(M,Z) its DIXMIER-DOUADY-
class. Suppose dd(P) =0, then:

i) The lifting bundle gerbe L corresponding to P possesses a flat trivialization
if and only if there is a lift P such that ch(Q) = 1, where Q* = P X1 C is
the line bundle associated to P — P.

i) If the extension is generalized spin° (see section for the definition and
notation), then P lifts to a T-bundle if and only if there is a lift P such

that El(Q) is n-torsion, where Q is the line bundle associated to ﬁ/f — M
and I'/(Z/nZ) =T.

Let dd(P) € H*(M,Z/nZ) be the DIXMIER-DOUADY-class of the lifting bundle
gerbe corresponding to 1 — Z/nZ — I' — T' — 1, then dd(P) = B(dd(P)),
where (3 is the BOCKSTEIN homomorphism 3: H*(M,Z/nZ) — H3(M,Z).

Proof. dd(P) is exactly the obstruction to the existence of a lift P. If the

trivialization is flat, then P — P has a connection with vanishing curvature,
therefore ch(@)) = 1. On the other hand

0 o .\ k OF
ch(Q) = exp (ZQ;-Q) = kz <2Z7r> oo 1
=0

implies that all the higher classes in H?*(M,R) for k > 1 vanish, in particular
[Qg] =0 € H*(M,R). Therefore Qg = dn for a form n € Q*(M). If 7: P—M
denotes the bundle projection, then the connection form on @ may be changed
by the summand —i7*n, which yields a flat bundle gerbe connection.

For the second statement consider the exact sequence induced by 1 —
7/nZ —T —T x S' — 1 in Cech cohomology:

HYM,T) — H'(M,T) ® H'(M, S*) - H*(M,Z/nZ)

After identifying H'(M, S') with H?(M,Z) via the exponential map, a short
calculation shows that the boundary map is actually 6([P], [L]) = dd(P)— (c1(L)
mod n) for [P] € H'(M,T) and a line bundle L. [P] is mapped to ([P],[Q)])
under the first map, consequently dd(P) = (c1(Q) mod n). For the other

direction we use P = P X Tfori: T — I‘ which yields a trivial Q.
The last statement follows from the diagram:

HY(M,T) —— H'(M,T) —5—>H2(M Z/nZ)

| H | ™

H'(M,T) —— H'(M,T) —2— H2(M, 8%) ~ H3(M,7)

where §([P]) = dd(P) and §(P) = dd(P). O

Definition 4.3.8. Let D: I'(S) — I'(S) be a generalized projective Dirac ope-
rator acting on sections of a twisted Hilbert M, (C)-bundle S over a principal
PU(n)-bundle P. Let E be a twisted Hilbert A-module bundle over a principal
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T-bundle P. Set P = E x pr P and denote by S X FE the exterior tensor product
of both bundles over P x,; P. The operator

E VS&E * D * c®idg
DE.T(SKE) Y= INI"PoSKE) - (r*T*M e ERS) “C¥ (ERS) .

will be called D twisted by E. Analogously, we can switch the roles of the
algebras A and M,,(C) and twist a generalized projective Dirac operator over a
twisted Hilbert A-module bundle with a bundle gerbe module.

We now turn to the case where the lifting bundle gerbe is non-trivial, i.e.
dd(L) € H3(M,Z) is a non-vanishing (torsion) class. In this setup we can easily
reduce generalized projective Dirac operators to those we have seen in the trivial
case just by twisting them with a bundle gerbe module of opposite dd-class.
However, this, of course, corresponds to a non-canonical choice to make, on
which the index will heavily depend as we will see in the examples. By what
we have learned above about the transversal ellipticity of projective operators,
this is nevertheless the only sensible way to get a Ky(A)-valued invariant. We
will call this procedure countertwisting. In the following we will discuss some
choices for countertwisting bundles.

4.3.2 Spinor countertwisting

Every torsion class in H?(M,Z) is the DIXMIER-DOUADY-class of a PU(N)-
bundle K even though the latter is not uniquely defined by dd(f’). So, for
an arbitrary generalized projective Dirac operator D: I'(F) — I'(E) over a I'-
principal bundle P with dd(P) torsion, there exists a matrix bundle K, such
that dd(P) = —dd(P). The latter comes along with a canonical bundle gerbe

module S associated to it like the spinor module in definition
S = PxcV
5 LemiCN — micN

[Aal®@v— Aav,

for the lifting bundle gerbe L of P. Choosing a trivialization Q of LK L, we get
from (4.36):
n(n+1)

ind(D?) = (=1)" 7 (mchg(c)ch(S)TA(M),[M]) € Ko(A) @ R . (4.37)

Example 4.3.9. In this example we will examine the real counterpart of the
above method. Let M be a 2n-dimensional manifold. Suppose D is the projec-
tive Dirac operator from definition [£:3.2] where we consider the spinor module
S to live over the frame bundle Pso of TM. We will think of S as a bun-
dle gerbe module over the lifting bundle gerbe L™ for the Spin(2n)-group, i.e.
S = Psox(W®gC), where W is the standard representation of Spin(2n) decom-
posing into W with respect to the complex volume element we =i"ep - - - - en
(see [36, page 34]). Since dd(Pso) = wo(M) € H?(M,Z/27) is 2-torsion, we
can take P = Pso and S will be the countertwisting. Note that the bundle
gerbe L X L over P12 x,; P has a canonical trivialization, which is given by
L itself. Since the bundle gerbe connection on L is flat as a bgm-connection, we
have ch(L) = 1, thus, following remark chy, = ch.
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By the usual splitting argument (see proposition 11.2 in [36]), there is a
smooth proper fibration 7: Sppy = N — M such that 7*: H*(M) —
H*(S7ar) is injective and

where the [; are complex line bundles and [; their conjugates. From this we gain
a reduction of 7*Pgo to P, Xn --- Xy P, which induces a splitting on the
level of bundle gerbes:

LSI My - - - Mg LSI N 7_{_*Lspin , (438)
where LS — Pl[f] is the lifting bundle gerbe of S* — S!' ; z — 22. This
decomposition is a result of the following commutative diagram:

Spin(2) xz/27 - -+ X722 Spin(2) LN Spin(2n)

l l

SO(2) x --- x SO(2) —L—— S0(2n)

where x uses S' — Spin(2n) ; ¢ — cos(£) + ezi—1 €2;sin(%) in each factor
and R is the inclusion via block matrices. Since both lifting bundle gerbes
have the same dd-class, (4.38)) is a stable isomorphism. Restricting 7*S to

P, xn -+ xn B, it factors as
7S = (P, xy - *xyP)x(Ce0)® - ®(CaeC)=5K---KS,

where S; = P, x (C @ C) is the spinor module over LS with the canonical
action on the first summand and conjugate action on the second summand.
Choosing a connection 1 on Pj,, we can construct a bgm-connection on 5; like
in example Keeping in mind that the split identifies the Lie algebras
g=iRof I' = 5" and g = iR of I' = S! via the isomorphism X — X, we
get Qg, = (%Qll) a( —%Qli), which yields the following relationship between the
Chern characters:

ch(r*S) = HCh(Si) = H(eécl(m + e_%cl(li)) = H2cosh (Qéli)) . (4.39)
i=1

i=1 i=1

If the natural grading via the complex volume element wc is taken into account
(see [36l page 34]), the spinor module splits into ST and S~ giving rise to a
difference element [ST] — [S™] € KZ(M). After applying the splitting principle
the grading manifests as S;” = P, x C and S;" = P, x C. Therefore:

ch([r*S8H]—[r*57]) = f[(ef%q(li)_e%mui)) — ﬁ(_z) sinh (Clgi)> . (4.40)

i=1 i=1
Comparing 1' and 1] with the definitions for the A\—genus, the HIRZE-

BRUCH-L-class and the EULER-class:

n c1(li) n c1(ly) n

A(M) :ESIHh(Zﬁ(l)) , L(M) ZEW , e(M) ZHcl(li)
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we see
ch($) = 2"L(M)A(M)™" , ch([ST] = [S7]) = (=1)"e(M)A(M) " .
Let ¢ be the symbol of the projective Dirac operator Dy. The image of ch(c) €

H:(T*M) under the THOM isomorphism m: H(T*M) — H*?"(M) can be
calculated from

e(M)mch(c) = i*iymch(c) = i*ch(c) = ch([ST] — [S7]) = (—=1)"e(M)A(M) ™"

where i: M — T*M denotes the zero section. Both sides of the equation be-
have naturally with respect to pullbacks, i.e. come from characteristic classes
pulled back from H*(BU(2n),R) ~ Rlcy, ..., o). In this polynomial ring we
can divide by the expression corresponding to e(M) and deduce mch(c) =
(—1)”/T(M)’1. Combining this with Td(M) = A(M)? (see [36, Proposition
11.14]) the cohomological index formula takes the form

ind(D3") = (2"L(M),[M]) = (L(M),[M]) € Z,

which is the HIRZEBRUCH signature theorem. Indeed, theorem identifies
D with
+

D' :CUM) . — CIUM)_ 5 u— Y e;-Veu, (4.41)

where the grading is given by left multiplication with the volume element wc.
So, Di’L is the signature operator. We could have used the graded tensor
product in the countertwisting above, i.e. D98 : § XS — SKS. This changes
the grading in to the natural odd/even-grading on CI(M) turning the
signature operator into the EULER characteristic operator. Evaluating the right-
hand side we have:

ind(D35) = (e(M),[M]) = x(M) € Z . (4.42)

Example 4.3.10. A special case of spinor countertwisting is possible, if there
exists a finite-dimensional unitary representation a: I' — U(N) like in example
4.1.7] In this case we can take L = L* and the bundle gerbe module:

S = PxcCV
v ¢ L'®@n3S— 7S

A gl@v—Aa(g)v
that uses the conjugate representation. Since L X L* has a canonical flat trivia-
lization, we get:

n(n+1)

ind(DY?) = (=1)" 7 (mch(c)ch(S)Td(M), [M]) € Ko(A) .

As a consequence of the PETER-WEYL-theorem, o always exists in the case of
compact groups:

Theorem 4.3.11. Iff is a compact Lie group which is the central S*-extension
of a Lie-group I, then there exists n € N and a faithful unitary representation

0: T —U®,

such that p(tg) = to(g) Vg € T,t € S*.
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Proof. As a corollary of the PETER-WEYL-theorem there exists a unitary, faith-
ful representation p: I' — U(n) for some n € N. We decompose this into
irreducible components p;: I' — U(n;), such that p = @Y, p;. By SCHUR’s
lemma, p;(t) for t € S has to act like a multiple of the identity, since the ex-
tension is central, so p; restricted to S' is built from a single one-dimensional,
and therefore irreducible, representation of S!, i.e.

pi(e’?) = e 1

for some m; € Z.
Now p is a faithful representation. Suppose there were an m € Z,m # 1
dividing all of the m;, i.e. ml; = m; for [; € Z, then

pj(ei%) =¥l =1 Vje{l,...N}.

Thus, ¢ would be an element in the kernel of p different from the identity,
which is a contradiction. Therefore ged(my, ..., my) = 1. Iterating the Eu-
CLIDEAN algorithm, we get integer numbers rq,...,ry such that

N
E Tim; = 1.
=1

Now set
0=p1® O - QPN® - RPN ,
|r1|times |7 N [times

where p; is equal to p; if 7; is positive and equal to the conjugate representation
if r; is negative, and note that

0(e? ) = ¢ i Timi® o(g) = e o(3) .
This representation can be turned into a faithful one by applying the follow-

ing trick: By the observation above there is a some tensor power of ¢ (or its
conjugate), denoted by pj, such that p; ® p; preserves S'-factors. Set

N
o=Psi@p -
j=1

Now 0(e?g) = €*?p(g) still holds and implies S* N kern(p) = 1. But (p; ®
pj)(g) =1 yields g € S* - kern(p;) Vj € {1,...,N}. So

N
kern(g) C S* - ﬂ kern(p;) = S* .

j=1
Therefore g is faithful. O

This theorem yields a direct proof of a result, which has also been noticed
by MURRAY in [49]:

Corollary 4.3.12. Every lifting bundle gerbe of an S'-extension of a compact
Lie group has a DIXMIER-DOUADY-class which is torsion.

Proof. By the previous theorem, there is a PU(n)-bundle extending the I'-
principal bundle P, which has the same DIXMIER-DOUADY-class, therefore the
latter has to be torsion. O
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4.3.3 Flat countertwisting

When dealing with countertwisting bundles a question that arises naturally
is, whether there exists a countertwisting disturbing the cohomological side of
equation as little as possible. This is definitely the case when the bundle
S is flat, since then the Chern character is just a multiple of the identity in
HO(M). In the classical case flat bundles are characterized by the holonomy
reduction of their frame bundle, which is just a cover of M. In the twisted case
we expect a similar result to hold. With the right notion of what we mean by
discrete holonomy bundle, this is indeed true:

Definition 4.3.13. We will call the lifting bundle gerbe L — M of a central
Sl-extension of a discrete group I'y

1—>Sl—>fd—>1"d—>1
with a principal I'y-bundle M a covering bundle gerbe.

Theorem 4.3.14. Let 1 — S' =T T — 1 be a flat central extension with
I’ connected. Let E be a bundle gerbe module over the principal I'-bundle P.
FE carries a flat connection if and only if the frame bundle gerbe reduces to a
covering bundle gerbe and the frame trivialization Py — Pg/S* is flat.

Proof. First suppose that E possesses a flat connection and denote by ng the
connection form on the frame bundle P — P. It is a well-known result of
classical differential geometry that, due to flatness, the holonomy subbundle
PEl(rng) = P of Pp at any point » € Pg has a discrete structure group
[42,133]. Therefore P — P is a regular covering with normal classifying subgroup
7 C m1(P) and deck transformations D = 71 (P)/7.

=T ><pS1 acts on Pg covering the action of I' on P. This induces an action
of T = T on Py that transforms P into itself. To see this, we need to check
that s € PE°Y(r,ng) and gs = [g, 1] s for § € ' can be connected by a horizontal
path. But any smooth curve x(t) € I' connecting the identity with § gives rise
to §(t) = [w(t),1] € T, ie. i (g) € g C g @R, which implies 12(-% (§(t)s)) = 0.

Restricting the action to m; (I') C T, yields a homomorphism «: 1 (I') — D.
The quotient bundle Pg/S? is associated to P via 7: D — PU(N). Now
Im(c) C kern(r), since the image of 71 (') C T in [ lies in §* C T, which acts
by scalars on Pg. Therefore 7: D/Im(a) — PU(N) exists (note that Im(«)
is abelian). On P/Im(a) the action reduces to one of I' = I'/mr1 (") and turns
P — P into a I'-equivariant D/Im(a)-principal bundle over P. Denote its push-
down by M and note that M — M is a connected principal bundle with discrete
structure group D/Im(«), in particular a covering. The push-down of Pg/S*
is associated to M and the lifting bundle gerbe for Py reduces to a covering
bundle gerbe via the following pullback:

D ——U(N)
D/Im(a) —=> PU(N)

Due to the splitting u(N) = su(N)@iR, the connection form ng € Q' (Pg,u(N))
induces a connection on Pr — Pg/S! by projecting it down to iR. The proof
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that this has the right properties is similar to the one in theorem . By
construction its curvature vanishes.

Suppose now that the frame bundle gerbe of E — P reduces to one of the
form L — M2 for a covering M — M, then E shifted back to M looks like
E = M x C¥ for a representation 7: 7 — U(N) such that 7(e’?g) = €*°7(g).
Now the connection from example [£.1.7]reduces to the pullback of the MAURER-
CARTAN form of U(N) to M x U(N) and is therefore flat. Tensoring it with
the (flat) connection on the trivialization yields one on E — P. O

Definition 4.3.15. Let D be a generalized projective Dirac operator over P;.
We say that D possesses a flat countertwisting, if there exists a lifting bundle
gerbe Ly — P with dd(P;) = —dd(P;) and a flat bundle gerbe module E — P,
for L.

Corollary 4.3.16. Let D be a generalized projective Dirac operator over P for
the flat central S'-extension 1 — S' — T — T' — 1 with T connected and lifting
bundle gerbe L. D has a flat countertwisting if and only if there exists a normal
subgroup m < w1 (M), a central S*-extension

11— 8t — 7 —mM)/r—1

such that the lifting bundle gerbe L — M (where M is the covering classified by
) satisfies dd(L) = —dd(L) and a representation o: 7 — U(N) with o(e*¥g) =
e?0(g). In this case we have a flat bundle gerbe module E and a trivialization
Q such that

n(n+1)

ind(DPQ) = N - (1) (mchg(c)Td(M), [M]) € Ko(A) @R . (4.43)

For A =K a matriz bundle, we see that the right-hand side has to be an integer.

Proof. Suppose 7, @ and o are given. Set E = M x CY and turn this into a
bundle gerbe module via the representation p. E is flat by theorem[4.3.14] Since
dd(M) = —dd(P) by hypothesis, a trivialization @ exists. The cohomological
formula is now a direct consequence of . On the other hand, if
E is a flat countertwisting, then its frame bundle gerbe reduces to a covering
M classified by some normal subgroup 7 <171 (M). Over M it takes the form

E = M x C for some representation o satisfying the conditions above. O

Remark Central extensions are classified by second group cohomology. Thus,
T corresponds to some element ¢z € HZ (w1 (M)/x,S'). Whenever we have a
projective representation g: m (M)/m — PU(N), its lifting obstruction to be a
linear representation is also contained in this group. The existence of ¢ with
the above property actually is equivalent to having a projective representation,
such that its class coincides with cz.

Remark Note that the integrality statement is not trivial, since we know from
our observations about transversal ellipticity and calculations of the A-genus for
certain manifolds that (mchg(c)Td(M), [M]) will in general be rational.

Definition 4.3.17. Let 1 — $* - T — I — 1 be a flat central S'-extension
with I' connected and let P — M be a principal I'-bundle over M. Let I' =
I' x, St for p: m(I') — S! and set ' = I'/kern(p). We say that P allows a
T-structure on the universal cover M if P — M lifts to a T-bundle.
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Lemma 4.3.18. P allows a T-structure on M if and only if kern(a) C kern(p),
where a is the second map in the following excerpt of the exact fibration sequence:

mo(M) — 11 (T) = 71 (P) — 1 (M) — 1.

Proof. « factors as m(T") 2, w1 (7 P) — m1(P). Since the second map is a
covering, it is injective on 1, i.e. kern(a) = kern(a). kern(«) is the cla551fy1ng
group of some connected regular cover ' of I'. The universal cover P = 7rMP
of my, P (which coincides with the universal cover of P) is a principal I'-bundle
over M. To see this, note that it follows from the fibration sequence that P
restricts to I' on each fiber over M. There is a natural action of I' on P: Let
B: 1 — P be a path with 3(0) = po representing a point in P, let v: [ — T
with v(0) = 1 represent a point in I', then we define

(B-7)(t) = BE) ()

which is easily seen to give a well-defined action on homotopy classes. The
stabilizer of py € P (represented by the constant path) is given by loops in T’
that become contractible after embedding them into P by pg - v(¢), which is
just the explicit description of kern(c). Therefore I'/kern(e) = I' acts freely
on P. This action is also transitive on the fibers over M. The hypothesis now
implies that the homomorphism I' — T'/kern(p) factors over I' = I /kern(a),
which means that there exists a I'- bundle associated to P. On the other hand,
if we have a principal I-bundle P over M then it is covered by P. This map
restricts to a covering I' — T on the ﬁbers which induces an injective map
kern(a) = m (F) — 71(T) = kern(p) on my. O

There are two actions of 71(I") on P: the one given above using group
multiplication. The other by pre-concatenating a path in P with the loop defined
by povy. By the usual ECKMANN-HILTON-type argument these two coincide.
Similarly, we see that m1(I") is mapped into the center of 71 (P) in the fibration
sequence. Thus, 7 (T)/kern(a) can be seen as a central subgroup of w1 (P).
If P allows a D-structure on M, then p factors over p : m1(I)/kern(a) — S*.
Therefore we can form

7 =m(P) x §*/(m(T)/kern(c)) . (4.44)

71 (') /kern(a) maps to a central anti-diagonal subgroup in 71 (P) x St via v —
(7, p(7)™1) (note that p is not necessarily injective). 7 fits into a short exact
sequence:

1— S —7—mM)—1.

Lemma 4.3.19. Suppose P allows a T-structure on M then the lifting bundle
gerbe L — M2 of the above central extension over the universal cover M sat-
isfies dd(L) = —dd(L), where L is the lifting bundle gerbe for P. Furthermore,
there exists a flat trivialization of L X L.

Proof. Tt suffices to show that L X L — (ﬁ xyr P)? = (73, P)P has a triviali-
zation, which is the case if the principal 71 (M) x I-bundle 7}, P — M lifts to a

principal # ® -bundle. The group & = 7 (T")/kern(c) injects into the center of
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T, as well as into that of 71 (P). Taking the quotient by the antidiagonal action
like above, yields the group T’ xz 71 (P) = (T x m1(P))/#. Now the universal
cover P is not only a T-bundle over M, but also a T xz m (P) over M. The
action of T on P is described in the last lemma. m (P) acts on P by deck
transformations. If § represents a point in 15, ~ an element of [ and § one in
71(P), then (8- ) % § (where the star denotes concatenation) is homotopic to
(B % 0) - v by letting ~ rest on 1 for the time the path runs through 6. Thus,
the two actions commute. Similarly, we have for € representing an element in
71(T) /kern(a) that (3-€)* (poe~1) (¢! denoting the reverse loop) is homotopic
to 8. Altogether this yields a well-defined action of T xz 71 (P) on P.

To see transitivity on the fibers, take two paths (1, 82 in P and denote the
projection P — M by wp. The condition that the [3; represent points in the
same fiber boils down to (mp o (1)(1) = (rp o B2)(1) = m € M. Thus, (7po ;)
represent two points in M lying in the same fiber over M, which implies that
there exists an element a € w1 (M) mapping the first to the second by a deck
transformation. Since m; (P) surjects onto 71 (M) there is an element [d] € 71 (P)
mapping to a. But now wp o (81 x§) and 7p o B2 represent the same point in M
implying that there is an element [y] € T, such that (B1%6) -7 is homotopic to Fa.
If po is the constant path on the basepoint, then the condition that (pg * d) - v
is homotopic to py relative endpoints implies that [y] € m;(T')/kern(a) and
[0] - [v] = 1 € m1(P) proving freeness.

Since by our hypothesis and the previous lemma we have kern(a) C kern(p)
the homomorphism I' — T' factors over ' = I'/kern(a). Likewise, we have
71 (P) — 7 and putting these morphisms together we get T’ x 1 (P) — T'® T,
which factors over the antidiagonal embedding of m(I')/kern(a). Thus, we
have a principal I [ ®7#-bundle @ associated to P. Since Q as an S L_bundle over

P =P Xy M reduces to the (T )/kern(a)-bundle P, it is indeed a flat
trivialization. O

Theorem 4.3.20. Suppose P allows a T-structure on M and let D be a gen-
eralized projective Dirac operator over P like in corollary[{.53.16 Let T be the
central S*-extension from the last lemma and denote its classifying 2-cocycle by
¢z € Ho (m(M),S"). Then every representation o: 7 — U(N) with p(e'¥a) =
e 0(q), i.e. every projective representation of wi (M) with cocycle cz, yields a
flat countertwisting E with flat trivialization @ and in this case

n(n+1)

ind(DY?) = N-(=1)" 2 (mchg(c)Td(M),[M]) € Ko(A) @ R . (4.45)

For A = K a matriz bundle chg = ch (see remark and the right-hand
side has to be an integer.

Proof. By lemma [4.3.19| the trivial group @ = {1} < m1(M), the central S*-
extension 7 and the representation g match the conditions in corollary [4.3.16
O

Example 4.3.21. In case D is the projective Dirac operator over the frame
bundle P = Pgp, corresponding to the central extension

1 — S' — Spin“(n) — SO(n) — 1
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we have I = Spin(n). Therefore the existence of a I-structure on M corresponds
to a spin-structure on the universal cover. In this case p: m(SO(n)) = Z/2Z —
St is injective, implying that

1—7Z/27Z — 71 (Pso) — m (M) — 1

is exact by lemma [4.3.18 and 7 = (71 (Pso) x S1)/(Z/2Z). Denote by cspin €
HZ (m (M), S") the cocycle classifying this extension. As follows from exam-
ple the class (—1)"("+D/27,ch(c)Td(M) just yields A(M) for an even-
dimensional manifold M.

Corollary 4.3.22. If there exists a projective representation o: m (M) —
PU(N) of dimension N corresponding to the cocycle cpin € Hyn(m1(M),S"),
then R

N (A(M),[M)) €7 .

Denote by nz € N the minimum over the possible dimensions of projective
unitary representations of (my(M),cz) with fized classifying cocycle ¢z (note
that nz can be greater than 1).

Corollary 4.3.23. Let M be a closed manifold with M spin, then nz is some
integer multiple of the denominator of A(M).

Proof. Let /Al(M) = £. By the previous theorem: nz £ = x € Z. Without loss
of generality we can assume that 7 and s are coprime, i.e. da,b € Z : ar+bs = 1,
but then:

Nz — = Nz =axr & n%:(a:chn%b)s.
S

O

Conjectures Now let M be an arbitrary even-dimensional manifold. Then
this corollary rises the question, whether some multiple of the A-genus of M
can be obtained as the index of the projective Dirac operator countertwisted
by some flat bundle. This conjecture is certainly false: For example CP? has
A(CP?) = —%, which implies that wz(CP?) can not be 0. Since 71(CP?) =1
every central extension of this group is trivial and we have 7 = S' giving
rise to the trivial lifting bundle gerbe L = C — CP? x CP2. This still satisfies
dd(L) = —dd(L) = 0, since CP? is spin®. However, there is no flat trivialization,
since this would correspond to a spin-structure. Therefore the above corollary
yields the result R
(exp(—c1(Q)A(CP2), [CP?)) € Z

for some trivialization @ which is induced by a line bundle F over CP?, such
that c1(F) mod 2 = wo(CP?). Still, the conjecture can be stated for manifolds
allowing a spin structure on the universal cover. In other cases the right con-
jecture would be that there is a class ¢ € H?(M,Z) such that some multiple
of (exp(c)A(M),[M]) is represented by a flatly countertwisted projective Dirac
operator.

In view of the above conjectures, we could ask for necessary conditions for
the existence of a flat countertwisting bundle, i.e. a projective representation of
m1(M). Before we present some results in this direction, we analyze the fibration
sequence a little further:
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Lemma 4.3.24. Let I be the group from lemma , Then P lifts to a
T'-bundle P if and only if the short exact sequence:

1 — m(T)/kern(a) — 71 (P) — m (M) — 1

splits. Furthermore, the possible splittings are in 1 : 1-correspondence with the
different T-lifts of P.

Proof. Let o: m1 (M) — m(P) be a split, then the cover of P classified by
the subgroup o(mi(M)) corresponds to a principal I-bundle P over M, since
m1(T) /kern(a) No(m (M)) = {1}, which implies that the cover induced on each
fiber is described by the subgroup kern(a) € m(T'). Let P be a principal I-
bundle over M, then P — P is a covering map with deck transformation group
7m1(T") /kern(cr). The exact sequence:

1 — m(P) — m(P) - m1(T) /kern(a) — 1

yields a map ¢, which is easily seen to split the above sequence. In fact, the
inclusion (P) — m1(P) has as image the classifying subgroup of the cover,
i.e. it coincides with o(m(M)) if a split is given. Thus, both constructions are
inverse to each other. O

Ordinary representations of (M) are modules over the group algebra in
a natural way. The projective counterpart has the cocycle ¢z built into its
multiplication.

Definition 4.3.25. Let ¢z € HZ,(m1 (M), S") be a cocycle classifying an exten-
sion of m (M). We define the twisted group algebra C[mi (M), cz] to be the set
of mappings A: 71 (M) — C with finite support, written as

A= > Ma)a= > Ma,

a€m (M) acmy (M)

with multiplication defined by

Z Aaa - Z p b = Z cz(a,b) Agpp ab .

a€m (M) bem (M) a,bem (M)

The cocycle condition ensures associativity of this ring. Cohomologous cocycles
give rise to isomorphic rings.

Definition 4.3.26. Let V be a left-module over C[r1 (M), cz], let R be a sub-
algebra of the latter, let W be a left R-module. We define the restriction
Resg(V) to be the module V' considered as a left R-module and the induction
Ind(W) = C[m1 (M), cz] @r W as a tensor product over R.

The following is a well-known result lying at the heart of the theory of
modules over rings:

Theorem 4.3.27. Let V and W be as in definition[{.3.26. There is a canonical
isomorphism:

Homp (W, Resg(V)) ~ Homgpr, (ar),e.(Ind(W), V) .



4.3. Generalized projective Dirac operators 109

For every finite cover M over M allowing a [-structure (and therefore also
a f—structure) we expect a representation 7 — U(r) like above, where r € N
is the number of leaves of M — M. This should be related to the permutation
group on r elements. In fact, we have

Theorem 4.3.28. Let1 — S =T - —1bea generalized spin‘-extension,
L — PPl be a corresponding lifting bundle gerbe. FEach finite covering mar: M —
M with r leaves, such that w4, P lifts to a principal I-bundle, yields a represen-
tation @ — U(r) restricting to the identity on S*.

Proof. Set V. = C[mry(M)/m1(M)], i.e. the free vector space generated by the
finite number of cosets coinciding with the number of leaves 7. Lemma
provides us with a splitting of the short exact sequence:

1 — m () /kern(a) — w1 (73 P) — m (M) — 1

and therefore with a homomorphism 7: (M) — m (7}, P) C m(P) — 7.
This means that the cocycle defining the central extension is homologous to one
that is trivial on 71 (M) x 71 (M). Choosing such a representative yields an in-
clusion of C[mr;(M)] as a subalgebra of C[mr; (M), cz]. But we can do even better:
Choose representatives ay, . .. a, € 71 (M) for the r cosets in w1 (M) /71 (M) and
lifts @y, ...,a, of these elements to 7. Let x € m1(M), then = = a;y uniquely
for an element y € m(M). Set Z = @;7(y), which is a lift of x to 7. Note in
particular that for za; = axy’ with y' € m1(M) we have Ta; = aj,7(y’) and thus
for za;y = ary'y:

ra;y = ap7(y'y) = a7y )7T(y) = Za;7(y) .

Keeping this in mind, we define ¢z via
PN o~ 1 a1
cx(w,a5y) = ra;7(y) (za;7(y)) = Ta; (Ta;)

for € m(M),y € m1(M). The cocycle given above still represents the same
extension, but its value is now independent of the choice of y € m;(M). Thus,
we get a well-defined action of Clmy (M), cz] on V induced by:

x [b] = c(z, b)[zb]

for x € m (M), [b] € 71 (M) /71 (M). V can be identified with C" by our choice of
representatives, i.e. with the basis {[a;],j = 1,...,7} € V. The above represen-
tation consists of r x r-permutation matrices with the 1s replaced by S!-values.
With respect to the standard scalar product on C” this is unitary. O

We have seen that finite covers with I'-structures give rise to projective rep-
resentations. On the other hand, the next theorem shows that the existence of a
finite cover with I-structure is a necessary condition to have a flat countertwist-
ing. Apart from that, it provides a somewhat recursive relationship between the
dimension of the representation and the dimension of its intertwiner space with
the permutation representation.

Theorem 4.3.29. Let1 — S T - T — 1 be a generalized spin‘-extension,
L — PP be a corresponding lifting bundle gerbe. Let o: 7 — U(N) be a rep-
resentation on the vector space W = CN with closed image. Then there exists
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a finite covering wp: M — M, such that 74, P lifts to a principal T-bundle.
Furthermore,

N = dim(Homc(r, (11),e,) (Clm1 (M) /71 (M)], W) .

Proof. Let @ C m;(P) be the kernel of the representation g: m (P) — 7 —
U(N). Since the extension is generalized spin®, the hypothesis implies that ¢
has closed image. Thus, m1(P)/7 being a closed subgroup of a compact one is
finite, i.e. 7 classifies a finite regular cover of P. Now we have the following
diagram with exact columns:

kern(p) —— w1 (T") _r Sl

T >

| g

kern(g) —— m (M) —— PU(N)

<~
|

Since o }(7) = a”(o71(1)) = (go )~ (1) = kern(p), the cover P — P
restricts to T'—-T on each fiber. Like in the proof of lemma we see that
P — P is a principal I'-bundle, actually P = P/7. P — M is equivariant with
respect to the right action of 7 on P and kern(g) on M , therefore the base of the
above bundle is M = M /kern(g), which is a finite cover. As the above diagram

shows o[, g7 : (M) — PU(N) is trivial and therefore lifts to an honest

representation of 71 (M). Thus, like in the previous lemma, the cocycle cz €
H?(my (M), S') is cohomologous to one that is trivial over Clmy (M)] x C[my (M)

ensuring that R = C[m;(M)] embeds into C[r1(M),cz]. The restriction of
the C[my (M), cz]-module W to R is CV considered as trivial representation.
Furthermore:

Ind(C) = C[m1 (M), cz] ®r C = Clm (M)/m1(M)] ,
which yields
N = dim(Hompg(C, Resp(W))) = dim(Homgx, (ary,e.) (Clm (M) /1 (M)], W)) .

O

4.3.4 Covering bundle gerbes and holonomy

Let L — M be a covering bundle gerbe corresponding to an S'-extension of
a discrete group I'y classified by the cocycle cr € ng(Fd, S1). Since L is the
pullback of the trivial line bundle over I'y, it is itself trivial as a line bundle
over M. Still, it need not be trivializable as a bundle gerbe, since the product
is twisted by cr, i.e. for L = M x 3 M x C:

* * *
Tl @ T3 — w3l

(m1,ma, \) ® (ma, m3, p1) +—  (mi,ms,cr(g12,g23) A ) -
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where g;; € I'y denotes the group element connecting (ms,m;) € M Xy ]\74_
A bundle gerbe module £ — M therefore consists of a vector bundle over M
together with fiber isomorphisms:

795 Ep, ? Emg*1

such that 9 o 4" = cp(g, h) 9", i.e. ¥9 acts like a projective representation of
(T'4,cr) on E. Likewise, a bgm-connection corresponds to a ~y-invariant form
ne € Q' (Pp,u(n)).

Now let £ — M be a twisted Hilbert A-module bundle over the universal
cover, i.e. it carries an action of the lifting bundle gerbe induced by a central
S'l-extension of the fundamental group. Choose a twisted connection ng on E.
Let 7: S! — M be a loop in M and denote by 7 the unique lift of 7 to a curve
in M starting at m € M. Let

hOl(m,T) : Eﬁ1 — L7

be the holonomy along 7, where [r] € (M) denotes the homotopy class
of the loop. For flat connections the holonomy along a path in the universal
cover is already fixed by its endpoints. Based on this, we arrive at the following
intertwiner relation:

Lemma 4.3.30. If ng is a flat connection, then for g = [o],h = [1] € m (M):
4" o hol(mg, 7) o hol(, o) = hol(, @) o ¥ o hol(fm, T) .

Proof. The holonomy hol(, o) is defined via parallel transport along o™, so by
lemma the homomorphism 7h71 o hol(m, o) 04" is the parallel transport
along ¢™h where (M) acts pointwise via deck transformations. The path
7™ % (0™h) runs from m through 7 to mh and then through (¢""h) to mgh. The
curve 079 also starts at m and ends at mgh, therefore simply connectedness
implies that it is homotopic relative endpoints to the former one. Since ng is
flat the two parallel transports agree, which proves the lemma. O

The main application of this small technicality lies in proving that there
is a natural way to get projective holonomy representations from flat twisted
bundles:

Theorem 4.3.31. Let ng be a flat twisted connection on the twisted Hilbert
A-module bundle E — M corresponding to the cocycle cz. Fix m € M. Then:

h: (M) — End(Ez) ; [r] — 4™ ohol(m, 1)
yields a projective representation of the fundamental group with respect to the
cocycle cz.

Proof. Observe that hol(m, 7) only depends on the homotopy type relative end-
points of 7, so h is indeed well-defined. Choose representatives 7;,4 € {1,2} for
gi € m1(M). Using the previous lemma, we get:

ca(91,92) h(g192) = (cx (91, 92) 7992) o hol(, 71 * 7)
= fygl o 'ygz o hol(’ﬁlgl, Tz) o hOl("%; Tl)
=77 ohol(m, 1) 0y o hol(m, 72) = h(g1) h(g2) . [
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4.4 Obstructions to positive scalar curvature

Let (M,g) be a Riemannian manifold with LEVI-CIvITA-connection V. The
RIEMANNIAN curvature transformation R is defined to be

R e QQ(M, End(TM)) s R(U, V)W =VyVyW —VyVyW — V[U,V]W .

R coincides with the curvature Qry; € Q%(M,s0(n)) when the latter is viewed
as an endomorphism valued 2-form. It can also be defined by extending the
covariant derivative to k-forms

Vo QF (M, TM) — QFY(M, TM)

by V(w ® 1) = dw @ u + (—1)38@)y A Vu and setting R = V o V. The scalar
curvature ks is the simplest of all curvature invariants that can be obtained
from R:

n
RKTM — — Z <R(6i,€j)€i,€j> .
ij=1
In this expression e; is a local orthonormal frame at a point m € M, a choice
on which the value of K7y : M — R does not depend.

We are first going to analyze how kpjs is related to the projective Dirac
operator. Therefore let g be the bgm-connection on S induced by the LEVI-
CIvITA-connection nso on Pgo like in example The canonical Lie algebra
split

spin(n) @ iR — so(n)

is induced by the Lie algebra isomorphism Zq : spin(n) — so(n), where we
see the left-hand side as a subvector space of Cl(n) and identify the right-
hand side with the skew-symmetric traceless matrices on R. On basis elements
{eie;}icj C Cl(n) the Lie algebra homomorphism = is given explicitly by [36]:

Soleie;) =2ei Nej , Egt(vAw) = Z[v,w] .
The brackets [, -] denote the commutator in the algebra Cl(n). Now we choose
a local orthonormal frame e; for TM at the point m € M. The curvature
Qrar € Q*(M,Ad(Pso)) of nso can be expressed by a matrix ;;:

Qry = ZQij ® (e; Nej) .

1<j

The Lie algebra homomorphism Z;* maps Qry to Qg € Q?(M,end(S)) =
Q%(M,CI(M)), which takes the form:

1
QS = E(;lQTM = 5 Zﬂij & €i;€; S Q2(M, (Cl(n)) . (446)

i<j

There is a canonical connection V) on CI(M), which coincides with nso on
TM C Ci(M). When the pullback of this bundle is identified with P x Cl(n),
the corresponding pullback connection maps a Cl(n)-valued function f to df +
[Z5 50, f]. Therefore we have for u € T'(S) and f € T\(Cl(n)):

Vs(f-u) = ((myVeaon)f) v+ f-Vs(u) .
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In particular for f € I'(n},TM) C T'(Cl(n)):

Vs(f-u) = ((my Vou)f) - u+ f-Vs(u) . (4.47)

Identify TP with 7*TM & g via nso. This bundle carries a metric gp like in
and a natural connection, which is induced by the pullback of ngo to
7T M and the canonical flat metric on g. Even though the latter is compatible
with gp, it is not the LEVI-CIVITA-connection on P due to its torsion:

Lemma 4.4.1. Let V¥ be the covariant derivative corresponding to the con-
nection described above, let v,w € T'(T'M) be vector fields on TM and denote
by U, w their horizontal lifts with respect to nso, then

VE® — VED = [0, 0] + e (Qrar (v, w))
where o, : P x g — TP is the map generating the vertical vector fields.

Proof. With respect to the splitting TP ~ 7*T'M © g the horizontal lift of a
vector field corresponds to its pullback to #*T'M. Thus,

V2D~ VEG = [u,0] = [3,8] + au(Qrar (v, 0)) -
O

In the untwisted case the following operators are of fundamental importance:

Definition 4.4.2. Let v,w be vector fields on M, let E — M be a vector
bundle with a connection V. We define the invariant second derivative by

2
v u = Vvku — VVUTIW,WU ,

VW

where VTM denotes the LEVI-CIVITA-connection on M. Since it is torsion-free,
we have V7 ,—V2 = Qp(v,w). The connection Laplacian is defined by taking
the trace, i.e.

V*Vu = —tr(V%,u) = - szi,eiu

for some orthonormal tangent frame field e; of T M.
In the twisted case they show up in the following disguise:

Definition 4.4.3. Let E — P be a bundle gerbe module with connection V
and denote by V¥ the connection discussed above. Let V, W be vector fields on
P. We define the second derivative by

V%/7W u = VVVWU - Vv‘liwu 5
The reduced connection Laplacian is the operator
V'Viea :D(E) —T(E) , V'Via=-» Vi,
where €; denotes the horizontal lift of an orthonormal frame field e; of TM
to TP. It is a differential operator independent of the choice of orthonormal
frame. Its symbolis o(p, &) = ||7r*§||2, where 7, : T*P — T*M is induced by the

connection. In particular, it is only transversally elliptic, but still non-negative
and formally self-adjoint.
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As predicted by lemma [4.4.1] an additional torsion term will enter the
BOCHNER-LICHNEROWICZ-formula for the twisted case. We might call it the
bad operator and denote it by:

1
T = 5 Zei “€j - VQ*(QTM(eivej))
5,J

Theorem 4.4.4. Let D : T'(S) — T'(S) be the projective Dirac operator over
the frame bundle of an even-dimensional manifold M. Then

1
D? = V*Vied + ZHTM omy + %,

with the projection wpy : P — M. Let E be a flat bundle gerbe module with a
flat trivialization @, then we have:

N 1
DJQE,Q =V*V + ZHTJW .

Proof. Fix a point p € P that projects to m € M and choose a local orthonormal
frame field e; of T'M, such that VZ:_M ej = 0. Observe that with this choice we
also have Vg €; = 0. The general BOCHNER identity applied to the twisted case
takes the following form:

2 § : § : 2 : 2
D = €; - V'gi (ei . ng) = €; €5 Vgngj = €; €5 Vgi,gj
i,j i,j .9

2 2 2
- § :Va,a + 2 :ei "G5 (Vgiygj a vgj@)
i

i<j
= VVia+R+%. (4.48)
where R € T'(M, end(S)) is the curvature term given by
1 n
R = 3 Z ej-ex-Qglej,ex) . (4.49)
k=1

Here, Qg € Q?(M, end(S)) is the curvature of the connection. The dots denote
clifford multiplication. Compare the proof of with the classical case in
[36]. In the first step we use the fact that V acts as a derivative with respect to
the Clifford module structure stated in . In our case the curvature term

mi— —RKRTM
4

as can be seen after plugging into by exploiting the BIANCHI iden-
tities and the symmetries of the curvature tensor, for details see theorem 8.8 in
chapter 2 of [36].

For the second statement observe that ¥ just contains covariant derivatives
in the vertical direction. Let . (X) be the fundamental vector field generated
by some X € g. The horizontal lift X with respect to ng + ng — 0g is the
fundamental vector field we get by deriving the group action of T on Pegseo«,
since this covers the one of I' on P. But being a fixpoint of implies that
the section, when viewed as an equivariant map on Prgsgqg-, is covariantly
constant in the directions given by X. Apart from that, due to the flatness of
E, the curvature remains untouched, i.e. Qggr = g, so R again evaluates
to iHTM' O
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Corollary 4.4.5. Let M be an even-dimensional Riemannian manifold with a
metric g, such that kpy is a positive function (g is then called a positive scalar
curvature metric or psc-metric for short). Suppose that the projective Dirac
operator D over S has a flat countertwisting E and a flat trivialization Q, then

(A(M),[M]) =0,
i.e. the E—genus is an obstruction to positive scalar curvature.

Proof. By theorem the kernel of the positive operator D7 , vanishes, so
does the kernel of Dg o by formal self-adjointness. Thus, the index of DJEE,Q

~

vanishes. The latter coincides with N (A(M), [M]) for some N € N. O

Remark Note that the existence of a flat countertwisting and a flat triviali-
zation for D are essential. Take again CP?, which carries a psc-metric, since S 5
does in such a way that S' acts isometrically. But we have A(CP?) = —1.

Remark If there is a way to control the bad operator ¥ in the sense that
either it is non-negative itself or at least V*V,eq + ¥ is non-negative, then the
distributional index theorem, in particular corollary still yields some
conclusions about the existence of psc-metrics.

Theorem 4.4.6. Let M be an even-dimensional manifold admitting a metric of
positive scalar curvature and assume that V*Vieq +% is a non-negative operator
in the sense that

(V*Vied + D) u,u)r2 >0 YueTl(9),

then A(M) = 0.

Proof. We first show that D : T'(S) — T'(S) still is a formally self-adjoint ope-
rator. Let p € P be a point over m € M and choose a local orthonormal frame
e; of T,, M with VchM e; = 0 like in theorem Then:

(Du,v) = Z(ei -Vgu,v) = — Z(Vau, e v)

% i

— Z (—€i (u,e; - v) + (u,e; - Vg,v))
= —Z(é\l <u,ei~v>)+<U,DU> .

The first term is the divergence of the vector field X defined by
<X7 W> = _<ua7T*W ' U>

and therefore vanishes, when integrating over P. Thus, kern(D) = kern(D?),
where kern(D) means the kernel in smooth sections. But the hypothesis implies
that kern(D?) = kern(V*V,eq + T + 2r7as 0mar) = {0}. Therefore kern(D ) =
kern(D_) = {0} and in the notation of equation , ind(D4 ») = {0} for
all A\. This implies that the distributional index vanishes. Note that it can
be computed without forming a continuation to Sobolev spaces, but just by
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evaluating D on smooth sections, which is a point to worry about, since D
is only transversally elliptic. By corollary we can choose a function on
Spin(n) with support small enough, which takes the value 1 close to the identity,
such that the index coincides with the E—genus. O

In the case of manifolds that allow a spin-structure on the universal cover, we
have seen that flat countertwistings correspond to projective representations of
the fundamental group with respect to the cocycle cz = cspin € H?(m1 (M), S1).
The drawback of the above theorem is that the existence of flat countertwistings
implies that M already has a finite cover allowing a spin-structure. We would
rather like to deal with the universal cover itself, but this is of course either
finite or not a compact manifold anymore. Twisted Hilbert A-module bundles
provide a very elegant way not only to provide a new obstruction with values in
Ky(A), but also to treat all projective representations of 71 (M) at once. This
is encapsulated in the following definition:

Definition 4.4.7. Let G be a discrete group, cg € ngr(G,Sl) a 2-cocycle.
Denote by C[G, c¢] the twisted group algebra. It becomes a *-algebra with the
involution:

S| =3 N Tea(ggh) Ty

geqG geqG

Let L?(G) be the Hilbert space of elements, such that > ogec Ag|? < oo with
the obvious scalar product. There is a twisted action of C[G,cg] on L?(G)
induced by h - A\;g = cg(h,g)A\ghg and the above involution coincides with
taking adjoints with respect to the scalar product. The closure of C[G, cg]
with respect to the operator norm on L?(G) is called the reduced twisted group
C*-algebra C} (G, cq).

There is another norm the twisted group algebra can be endowed with,
defined by:

[lgll = sup [[e(9)]]
e

where the supremum is taken over all projective non-degenerate *-representa-
tions on Hilbert spaces corresponding to the lifting cocycle c¢g. Since ||o(g)]| is
bounded by the I'-norm, which follows from the triangle inequality, the supre-
mum exists. The closure with respect to this norm is called the universal twisted
group C*-algebra C¥,. (G, ce). By construction it has the universal property,
that any s-homomorphism from C[G, c¢] to some B(H) for a Hilbert space H
factors through the inclusion C[G, c¢g] — Cf . (G, cq).

The group algebras C*(m(P)) and C*(m (M), cz)

Every projective representation of a group yields an honest representation of
some central S'-extension of it. This relationship should reflect in certain pro-
perties of the corresponding group algebras. We will analyze this for the follow-
ing setup: Let

11— 8 T T —1

be a generalized spin®-extension. For simplicity we will assume that the ho-
morphism p : w1 (I') — Z/nZ is an isomorphism, but most of the observations
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also hold in a far more general setting. Let M be a manifold which allows a
I’-structure on its universal cover M and let P be a principal I'-bundle over M.
The central S'-extension

11— S —7—m(M)—1 (4.50)

is defined via 7# = 1 (P) x S /71 (') and by our hypothesis, w1 (T') = Z/nZ, this
sequence reduces to the finite abelian central extension:

1—Z/nZ — 71 (P) — m (M) — 1 (4.51)

(by lemma kern(«) is trivial). Therefore the commutative group ring
C[Z/nZ] is a central subalgebra of C[m(P)]. Denote by x € Z/nZ a generator
of the cyclic group. Considered as an operator on C[Z/nZ], it gives rise to n pro-
jections onto the eigenspaces corresponding to the eigenvalues z; = exp (Q’T#)
forj=0...n—1:

(with Z/nZ written multiplicatively). Indeed, zp; = z; p;, p? = pj and pj = p;.
As elements in C[r1(P)] the p; are therefore central projections. Let ¢, (p) €
HZ (w1 (M), Z/nZ) be the cocycle representing the extension . We will
identify m (P) with 71(M) xc_ ) Z/nZ, which coincides with the product as
a set, but carries the multiplication (g,a) - (h,b) = (gh,a + b+ cx,(p)(g,h))
twisted by the cocycle. Given c (p) there is a canonical representative for
cz = exp(cr,(py) € HZ(m(M),S'). With these identifications we have an
algebra homomorphism:

Q (C[’/Tl (P)} I C[’/Tl (M),C%] ; Z A(g,a) (gv a) = Z )‘(g,a) eXp(a) g

(g,a)em1(P) (g,a)

Let p = py be the first of the projections above, then « restricted to the image
of p has an inverse (:

B:Clm (M), cz] — pClm(P)] 5 Y )\gg»—>p<2)\g(g,0)>.
gem1 (M) g

That § is multiplicative is easily seen from the following calculation:

cz(9,h) p(gh,0) = exp(cr,(p)(9,h))p(gh,0) =p(1,cr (p)(g,h)) (gh,0)
= p(ghvcﬂ1(P)(g7h)) )

where the last equality in the first row uses exp(a)p = p(l,a). Thus, the
twisted group algebra C[m (M), cz] is isomorphic to the corner p C[m (P)] with
the central projection p. Furthermore o and ( induce intertwiners of the left
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regular representations:

(9,a)

L2(m(P)) L2(m (P))

« «

exp(a)g

L*(my (M) ———— L2(m1 (M)

B B
p(g,a)
— s

p L2 (71 (P)) p L2 (71 (P))

Therefore L2 (7, (M)) can be seen as a subrepresentation of L?(ry (P)), which re-
stricts to the standard left regular representation of Clm1 (M), cz]. Summarizing
we get an isomorphism of the reduced C*-algebras:

Cl(m(M),cz) ~ pCl(m(P)).

Since every projective, non-degenerate *-representation g of m (M) pulls back to
an honest non-degenerate *-representation via «, the latter induces a continuous
*-homomorphism

a: O (m(P)) — Crax(m (M), cz) .
A similar argument shows, that 3 extends to

B 1 Crax(mi(M), cz) — p Chan(m1(P)) -
Altogether we get an isomorphism:

Crax(m(M), cz) 2= pCha(m(P)) .

4.4.1 The twisted Mishchenko-Fomenko line bundle

In this section we introduce the definition of the universal version of a flat
countertwisting. With the setup described in the last section, we have an action
of # = m(P)x S /m1(T) on the reduced as well as the maximal group C*-algebra
C*(m (M), cz) ~ pC*(m1(P)), which is basically just left multiplication:

[G,2]h=2gh forgem(P),z€ S* and h € pC*(m,(P)) .
Note the well-definedness of the above action:

[Ga,expa™ ' 2z]h =expa'2Gah =expa 'z expah = 2Gh
for a € m1(I') = Z/nZ, which is due to the fact that ah = aph = exp(a)h.

Definition 4.4.8. Let M be a manifold, such that its universal cover M allows
a D-structure, then V, max = M x CF . (71 (M), cz) is a twisted Hilbert A-

r,max

module bundle for the lifting bundle gerbe L — M2 of the central extension:
1— 8 —7—mM)—1.

It is called the (reduced/mazimal) universal flat countertwisting bundle or in
case we have I' = SO(n) and I = Spin(n) the twisted MISHCHENKO-FOMENKO
line bundle.
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Theorem 4.4.9. Let (M,g) be an even-dimensional Riemannian manifold,
such that its universal cover M carries a spin-structure and g is a positive

scalar curvature metric. Then

ind (DY) = (chg(Vymax) A(M), [M]) = 0 € Ko(C o (mi (M), cz)) @R

T,max

where we used the flat trivialization Q from lemma[[.5.19 In other words: The
projective Dirac operator twisted with the twisted MISHCHENKO-FOMENKO line
bundle is an obstruction to the existence of psc-metrics.

Proof. The index formula is an application of corollary Since the MISH-
CHENKO-FOMENKO line bundle is flat, the obstruction property follows from the
BOCHNER-LICHNEROWICZ argument given in theorem [4.4.4] O

Remark The above obstruction to positive scalar curvature metrics coincides
with the #-index STOLZ used in [66]. The latter is defined using a super-group
~(E) associated to a vector bundle: It consists of the extension 7 (Po/r), where
Py is the (unoriented) frame bundle of F and r € O(n) is the reflection about the
hyperplane perpendicular to e; = (1,0,...,0). There is a Z/2Z-grading on the
group induced by the orientation character w; € H'(M,Z/2Z). In the oriented
case that we treat here, wy is trivial and Pp/r coincides with Pso. In fact, we
have neglected orientation twists living in H'(M,Z/2Z) throughout the theory,
even though it is possible, though tedious to fit them in. The group G(n,7)
that appears in [66] coincides with Spin(n)®mi(Pso). The fact that E has a
distinguished ~(F)-structure translates in the language of twisted K-theory to
the existence of a flat trivialization for the lifting bundle gerbe L — Pgo % M]/\Z
associated to the short exact sequence:

1 — Z/27Z — Spin(n)®@m (Pso) — SO(n) x m (M) — 1.

The new insight gained from the above description of (M) is that it splits into
a twisted K-theory class and one in twisted K-homology like in the untwisted
case. As we will see in the next chapter, we can exploit this splitting to transfer
proofs given in the untwisted case to our setting.

4.5 K K-theory and projective Dirac operators

This section will show that the spinor countertwisting of a generalized projective
Dirac operator D : I'(F) — T'(F) yields a sensible K-homology class, i.e. an
element in KK (C(M,K), A), where K is a matrix bundle with dd(K) = dd(A).
The KASPAROV intersection product

KK(C,C(M, A)) x KK(C(M,K),C) — KK(C,A) ~ Ky(A)
((EL,[D) =  [El®cmx) D]

then coincides with the index class [DE’Q] € Ko(A) of D twisted with E.
The trivialization @ is hidden in the choice of MORITA equivalence between
C(M,K) ® A and C(M, A) needed to evaluate the product and, as we have
seen, the index class depends on that choice.

The twisted K-theory class of a twisted Hilbert A-module bundle [E] €
KY (M) translates into a projection valued section t € C(M, M,,(A)) with [t] €
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Ko(C(M,.A)) as was proven in theorem A minor step further we arrive
at the FREDHOLM module [tC (M, A™),0] € KK(C,C (M, A)) ~ Ko(C(M, A))
representing [E] in K K-theory (we have dropped the canonical unital action
of C). Now choose a matrix bundle K associated to a principal PU(n)-bundle
P with dd(K) = dd(A). As follows from theorem a trivialization Q of
the tensor product L* ) L — (P x,; P)2 corresponds to an imprimitivity
bimodule C(M, V), where V = P x, (C" ® A), on which C(M,K ® A) acts
on the left and C(M,.A) acts on the right. Apart from this we will need the
conjugate bimodule C(M,V) of C(M,V), where V = P xz (C™* ® A) with

(U, g)(E®a) = (o U” @ 7a)

for [U,g] € U(n)® I. The latter is a C(M, A)-C(M,K ® A)-bimodule repre-
senting the inverse MORITA equivalence. To summarize: Our choice of counter-
twisting and trivialization induces a map

KK(C,C(M,A) = KK(C,C(M,K® A))
[tC(M, A™),0] — [tCM,V™),0].

There is another way to describe this class: Note that S* = P x C™ is a bundle
gerbe module over L*, so S* X E can be pushed down to a Hilbert A-module
bundle over M, denoted by m(S* X E). The sections C(M,m(S* X E)) form a
Hilbert C(M, K® A)-module: The action of C(M, K) is induced by the following
commutative diagram:

L* @ 73(S* ® M, (C)) —2— 7} (S* ® M, (C))

lid ® mam lﬂfm

z*®7r§5’* mS*

where k([U, \|@ERT) = A\oU*QUTU* for [U, ] € L*, & € S*,T € M,(C) and
m(ERT) = EoT is just right multiplication. The M, (C)-valued scalar product
is (¢,m)m,c = ven, where vg is the unique vector such that (ve,-)c = &(-).
Combined with the A-valued scalar product on E, this is easily seen to descend
to a Hilbert C(M, K ® A)-module structure. So, we are just a short step away
from proving:

Theorem 4.5.1. Let E be a twisted Hilbert A-module bundle and S* a spinor
countertwisting like above with trivialization inducing the bundle V. — M.
Let t € C(M, M, (A)) be a projection representing [E] € Ko(C(M,.A)). Then
tC(M, V™) is isomorphic to C(M,m(S* R E)) as a right Hilbert C(M,K ® A)-
module.

Proof. This is certainly true, if E is the trivial twisted Hilbert A-module bun-
dle, since for E = A™ the push-down m(S* X E) along the fixed trivialization
coincides with V"' For the general case we have F ~ tA™, where t is considered
as a twisted bundle morphism. Thus,

C(M, m(S*KE)) ~ O(M,m(S*RtA™)) = O(M, t m(S*RA™)) = C(M,t V") .
O
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We have the following identification of twisted K-theory with coefficients in
the bundle A with the group K K(C,C(M,K ® A)) depending on the choice of

countertwisting and trivialization:

K%(M) = KK(C,O(M,K® A)) (4.52)
[E] — [C(M,m(S*XE)),0] =:[E%?].

Let us now turn to a similar description of the K-homology class in question.
Let D : T'(F) — I'(F') be a generalized projective Dirac operator with Clifford
symbol cp : T*M — end(F') over the twisted Hilbert A-module bundle F'. Let
E be a countertwisting and @ be a trivialization, then DF-@ : T'(m(FX E)) —
I'(m(FRE)) is an elliptic first-order A-linear pseudodifferential operator acting
on the Hilbert A-module bundle m (FXE) with symbol cp®idp®idg : T*M —
End(m(F X E)). Before we can summarize the analytic properties of D@, we
need the following notion:

Definition 4.5.2. A densely defined operator T : V. — V'’ on a Hilbert A-
module with densely defined adjoint is called regular if 1+ T*T is surjective or
equivalently if its graph G(T') is orthocomplemented.

The next theorem forms the bridge to K K-theory, which only treats bounded
operators. It is proven for example in proposition 21 in [75].

Theorem 4.5.3. Let D, E, Q be as above, then D@ extends to an unbounded,
self-adjoint, regular operator on the Hilbert A-module L*(m(F X E)) of square
integrable sections:

DR [*(m(FRE)) — L*(m(FRE)) .

Remark Formal self-adjointness of D@ is a direct consequence of the pro-
perties of the Clifford symbol. Regularity then follows from ellipticity, since a
parametrix allows the construction of a bounded operator having the graph of
D@ as its closed image, which implies that the latter is orthocomplemented.

The fact making regular operators on Hilbert A-modules invaluable for K K-
theory is that they can be turned into bounded ones using the WORONOWICZ-
(or bounded-) transform [35]:

T T +TT) =

We now focus on a spinor countertwisting S for D. By the same argument
as for K-theory, we can equip L?(m(F X S)) with a left action of C(M,K), i.e.
a homomorphism:

ox : C(M,K) — End(L*(m(F K S))) .

which is induced by the canonical left action of M, (C) on S. Since we assume
S to be graded trivially, @i maps into the even part of the endomorphisms. So
far, we have set up the scene for the following theorem:

Theorem 4.5.4. Let D be a generalized projective Dirac operator, S be a spinor
countertwisting, KK = end(S) its twisted endomorphism bundle and @Q a triviali-
zation. There is a FREDHOLM module representing D? in KK -theory defined
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by:
[DS’Q] — LQ(ﬂ'!(FgS)),gO;C,DS’Q (1 + (DSaQ)Z)_§:| e KK(C(M,K),A) .

Proof. A Fredholm module [H,¢,T] € KK(B,A) has to satisty [T, (b)] €
K(H), (T? —1)p(b) € K(H) and (T —T*)p(b) € K(H) for all b € b. In our case

_1
T=D% (14 (D%9)%) * .

-1
Since T is self-adjoint and 1 — T2 is the extension of (1 + (DS’Q)Q) , which
is compact, the latter two conditions hold. Next, note that for f € C> (M, K):

(D59, (] = =Y er(ed) B (VES)
i.e. the commutator is a bounded operator on L?(m(F X S)). Now we apply
a technique used in the classical case in [8] and explained in detail for the C*-
algebra case in [I7] (see also [61, [10]). We can express T' by the integral:

_2 (% 5o S,0\2 2\ 7!
T_W/O DS ((DSQ)* 414 22) ax,

where T converges in norm if u € H!(m(F X S)) — the first SOBOLEV space of
sections. Apply [T,S71] = —S~1[T, S]S~! to get:

oo

Toon() = = [ K(1+0D52. (1) = D3ADS, o (ID52) K

K = ((p%9) +1+ )\2)_1

The bounds ||[DSCK|| < C(d+ A2)~2 and |K| < (d+ A2)~! (see [I7]) for
positive constants C and d show that the commutator integral actually converges
in norm. Since D% QK is compact and [D%?, ox(f)] is bounded, the term under
the integral sign is compact, therefore the commutator [T, px(f)] is as well. O

Let E; — P; be twisted Hilbert A;-module bundles over principal I';-bundle
P, for i € {1,2}. Suppose dd(P;) = —dd(P2). Let S — P be a spinor coun-
tertwisting for Fs over a principal PU (n)-bundle P. Then S* is a spinor coun-
tertwisting for £;. Choose trivializatiorls Q; for £; X S* agd S X Fy respec-
tively. They correspond to a principal 'y ® U(n)*-bundle P; and a principal
U(n)® fg—bundle 732 and induce a trivialization Q12 of E1 X F5 in the following
way: Consider the pullback diagram

Ps P, X Py

P1 XMﬁXMPQ—“““““‘*Pl XMﬁXM]SXMPQ

defining P, via A(p1,p,p2) = (p1,D, D, p2). Note that 733 is a principal (fl ®f2) X
PU(n)-bundle over M, since the line bundle U(n)* X U(n) — PU(n) x PU(n
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is trivial over the diagonal. Py = Ps /PU(n) therefore defines a '} ® T's-bundle
over M and yields a trivialization @Q12. Likewise, given bgm-connections on
both of the @;’s they induce one on Q12 = A*(Q1 ¥ Q2)/PU(n).

Q12 is natural with respect to imprimitivity bimodules in the following sense:
Let Vi = m(A1 ®¥ S*). Then C(M,V;) is a C(M,A)-C(M,A; ® K) bimo-
dule. Similarly Vo = m (S X Ay) induces the C(M, K ® A)-C (M, Az) bimodule
C(M,V3). Both of them are incarnations of MORITA equivalences. Likewise we
set Vig = m (A1 W Ay), which is a C(M, A; ® As)-C (M, A1 ® Az) bimodule.

Lemma 4.5.5. With V; and V12 as above there is a Hilbert bimodule isomor-
phism:
C(M, V1) ®c(m )4, C(M,V2) @ Ay — C(M, Vi)

where the tensor product is the inner one taken over the inclusion C(M,K) ®
A - C(M,K® Ay) ® A

Proof. A continuous section u; of V; can be identified with an equivariant map

~

f1: P — Ay @ C™*. Likewise, there exists f5 : ﬁz —> C" ® Ay corresponding
to ug € C(M,V3). The canonical A1 ® As—A; ® Az bimodule isomorpism

U (A @C™) O, c)pa, (C"®A1®A2) — A1®@A
(a1 ® &) Oumr, ()4, (V@A ®az) = E(v)aral ® az

satisfies U((Gra1 ® €0 T*) ®@ (Tv ® d}, @ Goaz)) = £(v) Grard;, @ Gaas for §; €
I';, T € U(n). Therefore the induced map

fa:Ps— A @Ay 5 [pr,02] — Y(AD) @ fa(B2))

is T ® fg—equivariant and PU(n)-invariant, thus corresponds to a section uz €
C(M,Vi2). Using a common trivializing cover U; for the bundles V; and Via,
the bimodule homomorphism

C(M, V1) @cm o4, C(M, Vo) @ Ay —  C(M, V1)

Ul X u — us
restricts to
Co(Ui, A1 ® C™) @cw,, M, ()oa, Co(Us,C" @ Az) @ Ay — Co(U;, A1 ® Ag)

which means that a partition of unity argument basically reduces it to an ap-
plication of W. This proves that it is an isomorphism. [

Corollary 4.5.6. Let E; — P; be twisted Hilbert A;-module bundles and S be
a countertwisting for Es like above. Then there is an isomorphism 6 of right
Hilbert A1 ® As-modules:

C(M, m(E1RS")®c(mxc)pa, L (M, m(SKE,))®A; — L*(M,m(E1KE,)) ,

where the push-down on the left hand side is with respect to QQ; and on the right
hand side is given by Q12.
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Proof. In case E; = A; the statement is a direct consequence of the previous
lemma and the observation that

C(M,Va) ® Ay ®cmypaspa, (M, A2 ® Ay) = L*(M,V2) @ A
C(M,Vi2) ®c(myasea, L (M, A2 @ Ay) = L*(M,Vi2) .
as C(M,A; ® Ay)—-A; ® Az bimodules. In the general case we have projections
t; € C(M, Mp,(A;)) such that
C(M,m (B K S%) @cmxypa, L2 (M, m(S K E»)) ® Ay
C(M, V™) ®cm)oa, L2H(M, V3" @ Ay
(1 ®@ ta) C(M,V{™) ®c(m )z, L2 (M, V5") @ Ay
(t1 @ to) LA (M, V%) ~ L*(M,m(E, X Ey)) .

R

12

O

This is the first brick on the road to the following theorem announced at the
beginning of this section:

Theorem 4.5.7. Let D be a generalized projective Dirac operator acting on a
bundle gerbe module E5 — P. Let S be a spinor countertwisting and Qs be a
trivialization of S FEy. If E1 — Py is a twisted Hilbert Ai-module bundle such
that dd(Py) = —dd(Py) with countertwisting S* and trivialization @1, then:

(BP9 @cu [D592] € KK(C, Ay)

is the class representing the MISHCHENKO-FOMENKO-index of DF1@12  where
Q12 is the trivialization induced by Q1 and Q2. In particular, the intersection
product depends only on the choices of trivializations involved and not directly
on the countertwisting.

Proof. Tt suffices to show that the intersection product coincides with the FRED-
HOLM module:

L*(m(B1 K By)), DFr-@2 (1 + (DEI’QH)Q)_;] . (4.53)

The isomorphism KK (C, A;) — Ky(A;) is defined by taking the MISHCHEN-
KO-FOMENKO-index of the odd part of the operator involved, but since the latter

is not changed under composition with invertible bounded operators, the index
of DP9 He (M, m(E1 K ES)) — H* (M, m(E K E,)) coincides with that
deduced from (4.53). Set

_1 _1
F — DELQr2 (1 + (DE“le)Z) 2 . Fy=DSQ2 (1 + (DS7Q2)2> :
We prove that F' is an Fh-connection from which the above assertion will fol-

low, since our representative of [Ef ’Ql] contains the zero operator. Using the
isomorphism 6 from corollary we form an operator

Ty, : A(M,m(SK Ey)) ® Ay — L* (M, m(E1 R Ey)) ;g +— 0(ug @ uz)
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for every uy € C(M,m(E; X S*)). By definition F' is an Fy-connection if
Ty, 0o Fy — FoT,, € Hom(L*(M,m(SXEy))® Ay, L*(M,m(E; X Ey)))

is a compact A;-linear operator. The crucial observation in proving this is that
for uy € C°° (M, m(E; X S*)) we have the following commutator identity, which
holds (at least) on C°°(M,m (S X Es) ® A1)

Ty, 0 D992 — DF@u o T, = =3 T c(e}) =: =S (4.54)

with f; = VZ;(Elg’S*)ul, where ¢ denotes the symbol of D. The right hand side

of (4.54)) is a bounded operator. Now the proof runs along the same lines as the
one given in theorem 6.22 in [61]. Set

K1()\):((DE17Q12)2+1+)\2>_1 : Kz()\):((DS7Q2)2+1+>\2>_1

Replacing F and F» by their integral representation introduced in theorem [£.5.4]
we have that up to compact operators:

Ty,olFs—FoT,

| (@ rayp5 9 — )T, D50
0

/ Ki(N\) ((DE1,Q12) T., — Ty, (D&Qz) ) Kz()\)DS,QQdA
0

/ Ki(\) (DFr@28 4 SD5Q2) Ky(A)DF?2d\
0

Since K1(\), K1(A\)DF+@2 and K,(\)D®%2 are compact operators, the inte-
grand is as well. The estimates

KV < (di + 2270 [[Ki(\NDPY @2 | < C1(dy + A%~ 2
2
1K\ DSR2 < Coda + X272, [[Ka(N) (D592)7]| < Cy

proven in [I7] yield the convergence of the integral in norm, finally showing that
the commutator is a compact operator. [

Remark Given D, E; and some trivialization Q15 of Fy X Ey, there are always
two line bundles @;, such that Q12 is induced by them. To see this, choose
arbitrary trivializations Q1 of £y XS™ and Q3 of SX E;. The difference between
A*(Q1 K Q2)/PU(n) and Q12 can be expressed by a line bundle L1y — M, i.e.

pT2L12 X A*(él X QQ)/PU(TL) = Q12 for P12 - Pl XM P2 — M .

Now change @1 to Q1 =p*L1o® @1, where p : Py X s P — M is the projection.
1 will do the job.

Furthermore, we could phrase a similar theorem for D acting on a twisted
Hilbert As-module bundle and some bundle gerbe module E; or even for two
twisted Hilbert A;-module bundles, the index taking values in Ky(A4; ® As), but
we won’t need this here.
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The decomposition of the index in twisted K-theory directly yields a nice proof
of the following naturality result, which will play an important role in the appli-
cation presented in the next chapter (compare with the untwisted case presented
in lemma 3.1 in [27]).

Corollary 4.5.8. Let D be a generalized projective Dirac operator acting on
a bundle gerbe module Eo and let FEy be a twisted Hilbert Ai-module bundle.
Given a C*-algebra homomorphism ¢ : Ay — By define the twisted Hilbert
Bi-module bundle Fy via

M =FE ®, DB .
Then: @, ([DFr@2]) = [DF@2] where ¢, : Ko(A1) — Ko(By) denotes the
induced map on K-theory and Q12 is a trivialization.

Proof. Choose a countertwisting bundle S and trivializations @);, such that Q12
is the induced by them (see previous remark). Applying @, to [EIS ’Ql] yields

(idoari) @ ) [EP?] = [C(M,m(S* R E1)) ®iaey. Bi,0]
= [C(M,m(S"® (B @,. B1))),0] = [F] .

Therefore, by naturality of the KASPAROV product, we get

. ([DF1Q2]) = ¢*<[E157Q1] ®euix) [DSsz])
= ((idC(M,IC) ® w*)[Ef’QID Do) D59
= [FP? @cux) [D¥9] = [DF@e]
O

We conclude this chapter with the formulation of KASPAROV’s index theorem
in the case of Dirac operators. Let o : I'(F) = T'(F}) @ I'(F_) — T'(F) be
a Clifford symbol. Since it is odd, it decomposes into oy. In section @
the symbol class [0] € KS* A(T*M) was introduced, which is represented by
the tripel [p*Fy, p*F_,04]. We changed the notation of the projection to p :
T*M — M to avoid confusion with 7: P — M. Let S be a countertwisting
for F. Since oy is a morphism of twisted bundles, o4 ® idg descends to a
homomorphism

m(oy ®idg) : p'm(FL X S) — p*'m(F_- X S) .

By polar decomposition, ¢o4 can be deformed in its K-theory class to oy,
such that the latter is unitary outside a neighborhood of the zero section. This
induces a K K-cycle of the form:

(059 = [C(T*M, p*m(F R S)),i5] € KK(C(M,K),Co(T*M) @ A) .

The action of C'(M,K) on C(T*M, p*m(F K S)) is given by pullback to T*M
followed by a multiplication like above. Note that skew-adjointness and the
above deformation ensure that 2 — 1 and ¢ — o* are compact operators, which
in this case means they vanish, when ( is send to infinity. Like in corollary
we deduce from lemma [£5.5] that

[E59] @c k) [0592] = [0792] € KK(C,Co(T*M) ® A)



4.5. K K-theory and projective Dirac operators 127

is a K K-class representing the symbol of DF:@Q12. T*M is equipped with a
canonical almost complex structure. Let 0 be the DOLBEAULT operator asso-
ciated to it and denote by [0] € KK (Co(T*M),C) the element it represents
in K-homology. Then KASPAROV’s index theorem follows directly from the

classical one and takes the form:

Theorem 4.5.9. Let o : p*F — p*F be a Clifford symbol, S a countertwisting
for F and E a twisted Hilbert A-module bundle. Choose trivializations Q1 for
EXS* and Qo for FX S, then

[E%9] @cux) [099?] ®co(reary [0) = ind(DF92) € KK(C, A) ,

where the right hand side represents the MISHCHENKO-FOMENKO-index in K K -
theory.
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Chapter 5

An application:
enlargeability and positive
scalar curvature

As we have seen in chapter projective Dirac operators countertwisted with
flat bundle gerbe modules yield obstructions against the existence of positive
scalar curvature metrics. The index ind(DY) € Ko(C*(m1(M),cz)) defined in
section [£.4.7] can be seen as a universal version of these obstructions. We will
denote this invariant, in analogy with the nomenclature introduced by ROSEN-
BERG [56] for the untwisted case, by a(M) (i.e. a.(M) and amax(M) for the
reduced, respectively maximal C*-algebra). Based on geometric observations
GROMOV and LAWSON proved that a certain type of manifold — the so-called
enlargeable ones (see the definition below) — do not allow a metric of positive
scalar curvature [26]. But until the work of SCHICK and HANKE [27] it remained
an open question, whether a(M) vanishes in case of enlargeability or not. Using
a sequence of vector bundles with curvature vanishing in the limit, called almost
flat bundles, they proved that in case M is an enlargeable spin manifold indeed
a(M) # 0. We take their results as a starting point not only to extend it to
enlargeable non-spin manifolds allowing a spin structure on the universal cover,
but also to show the way, how arguments — worked out for vector bundles — can
often be transferred to the framework developed above.

Definition 5.0.10. Let M be a closed oriented manifold. Fix some Riemannian
metric g on M. If for all € > 0 there is a finite, connected cover M — M,
by a spin manifold M and an e-contracting map (M,g) — (S™, gs») of non-
zero degree, then M is called enlargeable. Here, g is induced by ¢ and ggn is
the standard metric on the sphere. If there exist e-area contracting maps (i.e.
|A2D, f|| < € for all z € M), then M is called area-enlargeable.

All throughout this section M will be a closed oriented n-manifold with
fixed Riemannian metric g that allows a spin structure on its universal cover M.
P = Pgo will denote the frame bundle, L the lifting bundle gerbe corresponding
to 1 — S' — Spin(n) — SO(n) — 1 and D the projective Dirac operator
defined in Recall that flat countertwistings in this case are induced by
projective representations of (mi (M), cz), where ¢z € HZ (m1(M),S") denotes
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the cocycle classifying the extension
1 — 8" —7—m(M) —1 (5.1)
with 7 defined in (4.44)). As mentioned above, we need a weaker form of flatness:

Deﬁnltlon 5.0.11. Let L — M2 be the lifting bundle gerbe corresponding to
. A sequence E; — M 1 € N of smooth bundle gerbe modules for L with
bgm connectlons V¥ will be called a sequence of almost flat twisted bundles, if

lim [|Qp,[| =0,

where the norm on Q2?(M,end(E;)) is induced by the natural pointwise norm
on end(E;) — M and the maximum norm on the unit sphere bundle in A?(M).
Furthermore, we demand the twistings 7/ : E; — E; considered as sections
C (M ,Hom(F;, g*E;)) to be locally Lipschitz continuous maps for a global Lip-

schitz constant C independent of 4, i.e. each point m; € M has a neighborhood
U C M, such that for all mo € U:

7] (m1) — ~f (m2)|| < Cd(ma, ma) ,

where the metric on the right hand side is induced by the Riemannian structure
pulled back from M and the norm is the operator norm on Hom(E;, g*E;).

Remark Note that any sequence E; — P; of bundle gerbe modules for lifting
bundle gerbes L; with bgm-connections Vi, bounded twistings and asympto-
tically vanishing curvature in the above sense can be turned into a sequence of
almost flat twisted bundles as long as dd(L;) = dd(L) and L} X L has a flat
trivialization for every ¢ € N. These are the conditions to shift all of the E; to
twisted bundles over M without changing the curvature Qg,.

The bridge between sequences of almost flat twisted bundles and enlargeability
is built in the following fundamental theorem. The analogoue version for the
untwisted case can be found in the midst of the proof of theorem 4.2 in [27].

Theorem 5.0.12. Let M be an area-enlargeable manifold. There exists a se-
quence of almost flat twisted bundles E; — M of rank d;, such that

cx(E;) =0 if0<k<n
(cr(E3), [M]) #0  ifk=n

together with a sequence of flat bundle gerbe modules F; of corresponding rank,
i.e. dim(F;) = d;. (For the definition of Chern classes, see ({.19).)

Proof. Since the Chern character ch : K9(5?") ® Q — Hev*®(S?" Q) is ratio-
nally an isomorphism, there is a vector bundle £ — S2" with non-vanishing top
Chern class ¢, (E) # 0. Choose a connection g on F and fix ¢ € N. Since M is
enlargeable, there exists a finite, spin covering space M — M with deck trans-
formation group G, such that there is a %—area contracting map ¢ : M — S?".
By passing to a finite cover if necessary, we can without loss of generality assume
that M is regular. Note that this does not disturb the fact that it is spin, by na-

turality of the second STIEFEL-WHITNEY-class. Therefore G = 71 (M) /7 (M).
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As was shown in theorem [4.3.28) C[G] yields a projective representation of
(m1(M),cz) (in our case I' =T = Spin(n)). Using the canonical map M — M,
we form

Ei=Mxyz |PoeE| ,
geG
which is a bundle gerbe module with respect to L by means of the projective
action of (M) on G. Indeed, thinking of © = 71 (M) x.. S! as cartesian

product with multiplication altered by the cocycle, the twisting ~v; of E; is
defined via

7 ~
i (vg) = cz(h, 9) vy ,
where vy € Ey(mg) on the left is mapped via the identity to E_mmp-1p4) on the

right and h € G denotes the image of h (see section for the notation used
for the twisting). Likewise,

F; =M x (C[G] & C%)

is a flat bundle gerbe module with dim(F;) = d; = dim(F;). The connection
ng, induced by ng on E; turns out to be a bgm-connection such that

. 1
= le*Qg| < EHQEH )

proving that the E; actually form a sequence of asymptotically flat twisted
bundles. Since 7* : H¥(M,Z) — H¥(M,Z) is injective, it suffices to prove
(e (F;)) = ep(rm*E;) = 0 for 0 < k < n and (7*(c,(E;)),[M]) # 0. Since
M admits a spin structure, there exists a splitting w1 (M) — 7, that defines
a trivialization of L — M X3 M. Pushing down 7*E; along this to a vector

bundle over M, yields

Ei=| Py ¢E
geqG
But E; clearly matches our assumptions about the Chern classes, so F; does as
well. The Lipschitz continuity of the twisting 7" is obvious, since it is actually
constant considered as a section of Hom(F;, h*E;). O

5.1 Assembling almost flat twisted bundles

The crucial property about almost flat twisted bundles is that they can be
stacked up to form a twisted Hilbert @-module bundle (for a C*-algebra @ still
to define). The latter will be flat, but still carries all the information about the
non-vanishing Chern classes of its ingredients. Let E; — M be a sequence of
almost flat twisted bundles. Since the dimensions vary throughout the E;’s, we
first stabilize for convenience to get fibers that are projective Hilbert K-modules,
where K denotes the compact operators on some separable Hilbert space H. Let
d; be the rank of E;, choose an embedding «; : My, (C) — K and set t; = k;(1).
From the frame bundle Pg, we construct

Ef = Pp, x,, K,
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which is a twisted Hilbert K-module bundle with fibers isomorphic to #;K. The
twisting v; : L ® m3E; — 7 E; induces a map on principal bundles. Since Ei-K
is associated to Pg, as well and &; identifies Endk (¢,K) with My, (C) preserving
scalars, ; induces a twisting 7 on EX. Define

A:ﬁK
i=0

to be the C*-algebra of norm-bounded sequences with values in K. Let A; be
the ith factor in A and set t = (t;);en € A. Observe that H = L?(m1(M)) is a
projective representation of (m (M), cz) with respect to the multiplication:

he > Ag= > Agea(h.g)hg .

geEm™I (M) gem1 (M)

It corresponds to a unitary representation 7 — U(H) that restricts to the iden-
tity on S' C U(H) or equivalently to a projective representation i (M) —
PU(H) with lifting cocycle cz. Applying it componentwise, induces a homo-
morphism

(M) — PU(M(A))

into the multiplier algebra M(A) of A together with the C*-algebra bundle
A= M X Ad A.

Since M is a smooth manifold, A is a smooth fiber bundle. The technical part
now consists of the following theorem, which is a twisted analogue of theorem 2.1
in [27.

Theorem 5.1.1. There is a smooth twisted Hilbert A-module bundle V- — M
together with a twisted connection
VViT(V) > T(T*M V)
such that the following holds:
o V, =V -A, is isomorphic to EF as a twisted Hilbert K-module bundle.

e The connection preserves the subbundles V;.
o Let Q. be the curvature of the connection induced on V; by VV, then

lim ||y, =0 .

Proof. We will first construct a bundle V7, of Hilbert A-modules over M from the
sequence EF in such a way that its transition functions are Lipschitz continuous.
The bound that we demand on the twistings 7J will ensure that they can be
assembled to form a continuous twisting v9 on V. We can then approximate
Vi, by a smooth bundle V.

Let I" = {(z1,...,2n) € R" | 0 < a; <1} C R™ be the n-dimensional cube.
Cover M by a finite family of open sets W}, such that each of them is diffeo-
morphic to I™ and M — M is trivial over W; via

¢jIWjXW1(M);>M .
Wi
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By induction we can now construct a trivialization of QS;fEl»K over W; x {1}:

1 . xpK ~
¥y, OB, \ij{l}—dnxtiK

(]

such that the constant sections of qb;Ei-K over I* x {0} are parallel with respect
to Vp, for 1 <[ <k, which means that for v € {;K we have

Tk’yl_[n—>(b;Ei-K;Tkyv(l'l,...,‘rn) = (1/}%-)71(xh...,xk,o,...,o,v),
ValTkﬂ, = 0, (5.2)

where V now is the connection on d);fEﬁK pulled back via the diffeomorphism

I" — W;. We can extend w}j to a trivialization of ¢;E]iK|W xr (M) by first
: X
shifting back using 79, i.e. we get v; ; composed of
) K ~ . _ 1
b O gy — I XK W =007

Forming the constant sections for these trivializations like above, yields:

-1
T (@1 n) = ( ;{j) (x1,...,2x,0,...,0,0)
= c%(gfl,g)’lfyg_1 O To(T1,- -y Tn) -

Since V is a twisted connection on gb;Ei-K, which implies (see section [4.3.4))
invariance with respect to 49, the bundle isomorphisms wf, ; still satisty the
analogue of 1) The maps wig’ ; induce sections of the frame bundle PEE<
pulled back to I™. Let

g € Q'(Pge, Endg (t,K))

be the connection 1-form associated to VE¢ taking values in the skew-adjoint
operators in ¢t;Kt; = Endg (¢;K). Set
—1x%
nd ;=) npe € QNI EKY)

and observe that, since 79 acts isometrically, the norm ||/ |, which is induced
by the Euclidean metric on I™ and the operator norm on ¢;K¢; does not depend
on g € m(M). Denote by Qf; € Q2(I",t;Kt;) the curvature of 1} ;, which
coincides with the pullback of Qpx via wi ;- Due to our choice of trivializations,
we have

(ng’j)(zl,..,,zk,o,...,o) (al) =0

for 1 <1< kby 1) This implies the following estimate on the norms of 77%9, >
which is proven in [27]:

Lemma 5.1.2. For each i and j, we have ||n] ;| <n-[|Q7 .

This means, that our control of the curvature 2 EX directly carries over to a
bound on the local connection 1-forms nf, ;» which is independent of g € w1 (M).
This crucial estimate will enable us to control the transition functions as well
as can be seen in the next lemma also proven in [27].
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Lemma 5.1.3. Let I > 0. There is a constant C(l) (independent of i,j and g)
such that if ¢ : [0,1] — I™ x ;K is a parallel vector field (with respect to the
connection wy ;) along a piecewise smooth path v : [0,1] — I" of length I(y) <,
then

(1) = @(0)l < C Q) - lImi ;1 - L) - | #(0)]

for alli,j.

The next theorem will show that the transition functions of the bundles
EX — M are Lipschitz continuous with a (global) Lipschitz constant not de-
pending on the particular index 4 of the bundle. We will therefore consider the
trivialization of EX over the sets U, = ¢ (W, x m1(M)) C M defined by:

Uoi: Uy X K — Wy x m (M) x ;K — ¢* Ef — Ei»K‘U

Toi =P 0 (Vi) o(d5" x idyk)
\Ija,ﬂ,i = \IIE; o \Ija,i : (Ua N Uﬁ) X th — (U(, N Uﬁ) X tzK )

where @, denotes the canonical map from the pullback. Observe that, due to
equivariance of ¢, and our choice of trivialization over the compact sets W,
the norm of d¢, is bounded. Since M is compact, there even exists a bound
that is independent of . Therefore we will drop this part of the trivialization
and think of the transition functions ¥, g; as maps:

1,&047571' : (Wa n W,g) X 7T1(M) — t;Kt; .

Theorem 5.1.4. There is a constant C € R, independent of i, o and 3 such
that with a5, like above:
|Dstap.ill < C

for all (z,g) € Wo NWp) x m1(M).

Proof. Denote by ¢, : W, — I" the diffeomorphism used in the beginning and
by a5 = @5 o @, the chart changing map in M. Choose a point

Y€ pa(WounNWs)NI® and gem(M).
Like in [27] we define

fl/ : (—8,5) - tiKti 5 f(t) = ¢a,ﬁ,z‘(<ﬂ;l(y + teV)7g) .

Note that it only takes values in the unitary group of the algebra ¢;Kt;, in
particular f(0) is an isometry. Let X = dy; (e, ), then

4

D(saal(y),g)waﬁ,i(X) T

t=0

Let v € t;K. f(t)v can be described by two successive parallel transports along
the curve 7 : [0,¢] — I™ ; & — y + £e,: First transport v along 77! using
the connection nﬁa to get a vector w € ;K. Then transport f(0)w along the
curve @, g o T using the connection ni ‘Eﬁ ? where g, 5 is the group element that

appears when changing from W,, x (M) to Wy x 71 (M). Observe that in EX
this operation corresponds to shifting a vector back and forth along 7, which
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we just expressed in local coordinates on two differrent charts. The right hand
side of

1f (&) = fO)ol < [[f()v = FO)w] +[[f(0)w = £(0)o]
1f(#)v = FO)w][ + [lw — o]

has a universal upper bound of the form Ct. Indeed, the last summand is
bounded by the length of 7 times a constant independent of 4, o, 8 by the previ-
ous lemma. Similarly, the first one is bounded by the length of ¢, g o7 times a
universal constant. But since dy,, g is bounded by the same reasoning as above,
the result follows. O

As a consequence of the last theorem we are able to assemble the EX into
a locally trivial Hilbert A-module bundle V}, over the universal cover in such a
way that its transition functions are Lipschitz continuous. Its fibers are

(VL)ﬁL = H (EiK)m :
ieN
The universal bound on the twistings ;, that was part of the definition of
a sequence of almost flat twisted bundles, ensures that they form a Lipschitz
continuous map ¥ : (Vi)z; — (Vi)z,-1- Therefore Vi is a twisted Hilbert
A-module bundle with Lipschitz continuous transition functions and twisting.
As we have seen in theorem the bundle Vi corresponds to a Lip-

schitz continuous, projection valued section t; of Mj(A), which can be ap-
proximated arbitrarily close in norm by a smooth projection valued section
ty € C®°(M, My(A)). When we view ty as an equivariant smooth projection
valued function .

ty : M — Mi(A) ,

we can recover a smooth twisted Hilbert A-module bundle V' as was suggested

by theorem that is:
V= {(ﬁz,v) € M x A | ty(f)v = v}
together with a smooth, even constant twisting
WiV—V 5 (W)~ (ig ),

where g acts on A* by the projective representation mentioned prior to this
theorem. In particular ¢y can be chosen so close to ¢y, that they are (Lipschitz)
isomorphic as finitely generated, projective Hilbert C'(M, A)-modules and there-
fore as twisted Hilbert A-module bundles as well. Due to the algebraic structure
of A, V also contains blocks defined via V; = V - A;, which are sent to V, - 4;
by the isomorphism V' — V}, by A-linearity. Since the latter are isomorphic to
EX, this is true for V; as well. This map might just be a Lipschitz isomorphism,
but those can be smoothed. This finishes the construction of V.

Let ¢ = (t;)ien € End(A), then V has typical fibers tA. Set C' = tAt =
End(tA). A twisted connection on V is defined by a ~9-invariant connection
form nV € Ql(Py,C) on the principal U(C)-bundle over M. 7V can be re-
constructed from local data in the following way: Given a family of one-forms
Na € QY (W, C) taking values in the skew-adjoint part of C, we set

e = Ad, -1 (my, na) + Ty ooy € 2 (Wa x U(C),C)

Tocy*
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where fuy(cy denotes the MAURER-CARTAN-form on U(C). 7Y is a connec-
tion form on the trivial U(C)-bundle over W, with values in the skew-adjoint
elements of C'. Choose a trivialization

by OnPyl, ey — Wa x U(C)
and extend it via
WY GaPvlw, iy — Wa xU(C) 5 % = vy o .
By constructon ¥} nY is a y9-invariant connection form on

G Py =~ PV|¢Q(WO,><7T1(]\/I)) :
Let 0, be a smooth partition of unity subordinate to W, on M. Then

N =" (eaomw,) ¢imy (5:3)

«
is an invariant connection form on Py . It is smooth if the 1, were so. Thus, what
remains to construct are local forms 7, such that " has the desired properties.
This can be done just like in [27]. Observe that the Lipschitz isomorphism
between L and V can, in terms of the trivializations over W, be expressed by
Lipschitz continuous maps:

Ko : I — tAL
with values in the unitary elements of ¢tAt. The connection forms 7, €
QY(I™,t;Kt;), which we can see as smooth functions 7;, : I" — (t;Kt;)"
have universally bounded C'-norms (i.e. the bound is indepent of i and «)
by lemma [5.1.2] Therefore they can be assembled into a Lipschitz continuous
map

nk I — (tAD)" .

Together with k, we get induced forms on V' defined by:

N () = Ka (@) 15 (2) Fa(2)*

Choosing a bump function d. : I — R with total integral 1 and support in the
e-ball around 0, the local forms 7, can be smoothed via convolution:

Na(z) = / Se(z — t)na(t)dt .

Denote by nxa the form induced by 7, on the ith block of V, i.e. by the
projection A — A;, analogously define 77@!:,@ (which then coincides with 171-1@).
The L'-norms of 1, and n},, satisfy:

||771",/0¢H1 < C ||771l:aH1

for some (global) constant C. Therefore 7, and its dth derivative are bounded
from above by the supremum norms of §. up to its dth derivative and the
L'-norm of n},, but the latter tends to 0, if i — oo by lemma Since
Qv, € Q2(M,end(V)) can be calculated in terms of n¥i and its first derivative,
which involves only universally bounded quantities in front of terms tending to 0
by (note in particular, that the derivative of the twisting map vanishes),
its supremum norm also converges to 0 for i — oo as stated in the theorem. O
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5.2 Index theory

This section will exploit the existence of V' established in the last section. From
V' we will be able to construct a flat twisted Hilbert @-module bundle W for
some quotient algebra () of A we are now going to construct. Inside A we have
the closed two-sided ideal A’ of sequences in K converging to 0, i.e.

——II
A=PK c4a.
ieN
Let @ = A/A’. The subbundle V- A" of V — M is mapped into itself by the
twisting 79, therefore the quotient:

W=V/V-A)

is a smooth, twisted Hilbert @-module bundle over M with fiber [¢]Q, where [t]
denotes the image of t € A in Q. V" induces a connection on W and from the
last theorem we immediately get:

Corollary 5.2.1. VV € Q%(M,end(V)) yields a form in Q%(M,hom(V,V -A")),
therefore it induces a flat connection on W.

The K-theory of @ is completely understood and the calculations of Ky(Q)
can be found in [27].

Theorem 5.2.2. Let Q and A be as above, then
Ko(A) ~ [[z . Ko@) ~ [[z/EPz.
iEN ieN  ieN

The above isomorphism sends the projection A — Q to the projection Ko(A) —
Ko(Q), i.e. the canonical homomorphism:

[Iz— ]z &Pz.
ieN ieN ieN
5.2.1 Projective holonomy representations

As we have seen in theorem of section a flat twisted Hilbert Q-
module bundle W — M gives rise to a projective representation of the fun-
damental group with lifting cocycle ¢z € HZ (w1 (M), S") after fixing a point
m € M. In the case of W, this yields a homomorphism:

(7T]_(M>7Cﬁ> — EndQ(Wm,Wm) = [t]Q[t] .

By the universal property of the twisted maximal C*-algebra, we end up with
a C*-homomorphism:

¢ 1 Chax(mi(M), cz) — [HQ[t] — Q.

Corollary about the naturality of the index with respect to C*-homomor-
phisms immediately yields:
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Theorem 5.2.3. Let V be the twisted Hilbert A-module bundle constructed
from the sequence of almost flat twisted bundles E;. Let ¢ be the C*-algebra
homomorphism gained from'V (via the flat twisted bundle W ) as described above.
Let

DY T(m(S+ B E;)) — D(m(S- X E;))

(where we suppress the flat trivialization in our notation). Denote the index of
D¥i by ind(D¥*) € Ko(K) ~ Z. Then

d)*(amax(M)) = [Hld(Dfl)]zGN )

where the right hand side uses the identification of Ko(Q) with the group from
theorem [2.2.2.

Proof. Let p; : A — A; = K be the projection to the ith factor in A. The block
V; = V- A; of V is isomorphic to EX by theorem Therefore corollarym
yields:

pix (ind(DY)) = ind(D™) = ind(D) .
On the other hand:

Do (Cmax) = s (ind (DKW)) = ind(D") = ¢, (ind(DY) ,

where ¢ : A — @ denotes the canonical projection. To see the middle equality,
observe that

Vinax ®6 Q = M x O (11 (M), c2) @5 Q =~ M x [1] Q (5.4)

is an isomorphism of twisted Hilbert (-module bundles, where the action of the
bundle gerbe on the right hand side is induced by the holonomy representation

(m1 (M), cz) — [t]Q[1]

constructed above. But reducing the frame bundle of W to its holonomy sub-
bundle over M, we see that both of them are trivial and that W is twistedly
isomorphic to the right hand side of (5.4). Since ¢, : Ko(A) — Ko(Q) coincides
with the projection the result follows. O

Theorem 5.2.4. Let M be an even-dimensional, (area-)enlargeable manifold,
then
Qmax(M) #0 .

Proof. By theorem there exists a sequence (F;);en of almost flat twisted
bundles with non-vanishing nth Chern number and another sequence (F});en
of flat twisted bundles, such that d; = rank(E;) = rank(F;). Stacking up the
bundles E; into a twisted Hilbert A-module bundle V' and the F; into a similar
bundle V', we can form the associated C*-algebra homomorphisms:

6.6 Chan(ma (M), cz) — Q .
Let ® = ¢. — ., : Ko(Clya (1 (M), ¢5)) — Ko(Q), then

D (vmax) = [zilien € Ko(Q) ~ HZ/@Z ;

€N i€N
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where z; = ind(D¥¢) —ind(D¥?) by the last theorem. But, since ch(E;) — ch(F;)
is concentrated in degree n, we have:
ind(DP) —ind(D¥) = (A(M)U (ch(E;) — ch(F;)), [M])
= C{e(Ei), [M]) #0

for all i € N. So, in particular ®(amax(M)) is non-zero in Ko(Q), therefore
Qmax (M) is non-zero as well. O

In case the manifold is of odd dimension, observe that for the second STIE-
FEL-WHITNEY-classes we have 7},w2 (M) = wa(M x S'), so that Tg1 =7 x Z,
which fits into the short exact sequence

1 —S'—7g —m(M)xZ—1.
As in [27], the decomposition:

Ko(Chhax (m1 (M), cz) © C*(Z))

=~ Ko(Chax(mi(M), c2)) @ 1@ Ky (Cha(m (M), cz)) @ e

(mi(M x 8), ez ,)) = Ko(Cy,

max

can be used to define apax (M) = pr,(max(M x S1)) € K1(Cf . (m1(M),cz)).
In this expression 1 € Ko(C*(Z)) ~ K°(S') and e € K;(C*(Z)) are the canoni-
cal generators and pr, is the projection to the second summand. In fact, by the
product formula from [66] we have amax (M) ® € = amax(M x St) using the ex-
terior KASPAROV product. Since M x S is enlargeable if M is, we immediately
get:

Theorem 5.2.5. Let M be an (area-)enlargeable manifold, then cumax(M) # 0.
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Chapter 6

Perspectives

Nichts ist getan, wenn noch etwas zu tun Ubrig ist.
Carl-Friedrich Gauf3

The last chapters have shown that the theory of twisted Hilbert A-module bun-
dles merges the non-twisted K-theory with coefficients in a C*-algebra with
twisted K-theory as defined by ROSENBERG. For the rest of this thesis we will
discuss further generalizations in the direction of twisted K-theory as well as
that of obstructions against positive scalar curvature metrics.

6.1 Central extensions

As mentioned in the beginning, it is easy to generalize the results given above
to the case of central extensions of the form

l1—B—T —T—1.

for an arbitrary abelian group B. To give an example, why this might be
interesting, suppose I is a discrete group and B = Z(I") the center of I'. T" acts

by conjugation on the reduced C*-algebra A = C} (I"). Thus, given a principal
I-bundle P over M, we may form the C*-algebra bundle

A=P xpq CriyD) .

Note that B maps into the center of A and this induces a representation of B on
every finitely generated Hilbert A-module W. Ky(C(M, A)) is now described by
an appropriate generalization of twisted Hilbert A-module bundles: There is a
lifting bundle gerbe with a principal B-bundle L — P[? and a corresponding
multiplication over PBI. A twisted Hilbert A-module bundle now carries an
action of L in the sense of groupoids, i.e. there is a map

Le®miE — 1'E

where the tensor product denotes the fiberwise quotient by the antidiagonal
action of B. It should restrict to an isomorphism of Hilbert modules on the fiber
over (p1,p2) € PPl and be well-behaved with respect to the multiplication on
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the bundle gerbe. The DIXMIER-DOUADY-class will be an element of H?(M, B)
and if it is trivial, P lifts to a principal I'-bundle P. In that case we form:

V= ﬁ XP C:ed(f) )

with the standard representation of I'. C (M, V) is our candidate for a MORITA
equivalence between C(M,.A) and C(M, A).
A similar setup works for more general C*-algebras A as long as I injects

into the unitaries of A in such a way that B is mapped into the center, as we
have seen for A = C*(m1(M),cz) and I' = 7.

6.2 Enlargeability and infinite covers

The notion of enlargeability we use is still restricted in that it demands the finite
covers M — M to be spin, whereas there may be spaces, for which no finite spin
cover exists, but which are enlargeable in a wider sense. It was shown in [28] how
to handle enlargeability with infinite covers in the case of spin manifolds. The
general idea is not very different from the above construction: Assemble almost
flat Hilbert bundles into a large one, which remembers the Chern character of
its parts. The ingredients, however, are different. The main proposition is:

Theorem 6.2.1. Let M be an even-dimensional, (area)-enlargeable manifold
and let i € N. There is a C*-algebra C; and a Hilbert C;-module bundle F; with
connection V;, such that the curvature Q; of F; satisfies

1
ol < ¢ <

with C' only depending on the dimension of M. Furthermore, there is a split
extension of the form:

0—K—C;, —D; —0

for a certain C*-algebra D;. Let a; € Ko(C;) denote the index of the Dirac ope-
rator twisted with F;, then the 7Z = Ko(K)-component of a; is different from 0.

Each F; is again constructed from a vector bundle £ — S™ pulled back to
the cover M — M. Set m = w1 (M), @ = m(M). C; is obtained from two C*-
algebras C's and Cr contained in B(H) for H = I?(n /%) ® C? and some d € N
(the rank of E; in the sequence of almost flat bundles). Cyg is generated by the
isometric actions of the permutations of 7/7 on [?(7/7). In the twisted case,
this should presumably be replaced by the algebra generated by the isometries
induced by the projective representation of 7 on [?(r/7%). This ensures that
7 still acts in a projective way on the algebras C;, which is crucial to get a
twisting. C'7 can be identified with the compact operators and should be left
untouched.

Most of the construction of the F; should survive the transfer to the twisted
case, for which one would built a twisted Hilbert C;-module bundle over M
together with a bgm-connection V,;. Thus, it should be possible to drop the
finiteness condition of the covers as well.
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6.3 Non-torsion twists

As we have seen in corollary the lifting bundle gerbes corresponding to
central S'-extensions of compact groups always yield finite order twists, even
worse — as was mentioned by MURRAY in [49] — any finite dimensional fiber
bundle Y — M will only lead to torsion twists. Therefore infinite order forces
us to consider extensions of infinite groups. We fill focus on the case:

1— S'"—U(H)— PUH) — 1

where H is a separable Hilbert space. It is a well-known fact that for each
element x € H3(M,Z) there is up to isomorphism exactly one principal PU(H)-
bundle P over M with dd(P) = z. In [I2] the authors proposed a way to
get a geometric representation of non-torsion twists via modules over bundle
gerbes. Suprisingly, much of their program also works in case of K-theory with
coefficients in a C*-algebra and we will sketch some ideas in that direction in this
section. Let A be a unital C*-algebra, K the compact operators on a separable
Hilbert space, and denote by M (A ® K) the stable multiplier algebra. It was
shown by MINGO in [45] that KUIPER’s theorem generalizes and that bounded
FREDHOLM operators still form a spectrum for K9.

Theorem 6.3.1. With A as above, the stable unitary group Us(A) = U(M(A®
K)) of M(A ®K) is contractible.

Let Fred(A) be the bounded FREDHOLM operators in the sense of MISH-
CHENKO and FOMENKO [47] acting on the countable Hilbert A-module 1?(A) =
H ®c A. Now the theorem of ATIYAH and JANICH generalizes to:

Theorem 6.3.2. For unital A and a compact Hausdorff space M the homotopy
classes of maps [M,Fred(A)] form a group under pointwise composition and
there is a group isomorphism:

K4 (M) = Ko(C(M, A)) = [M, Fred(A)] .

From now on, we will take M to be a connected space. The inclusion of a
point pt — M induces a map in K-theory

K3(M) — Kj(pt) = Ko(A)
evaluating the fiber over pt as a K-cycle in Ky(A).

Definition 6.3.3. Let K (M) = kern(K% (M) — K% (pt)), then K (M) will
be called the reduced K -theory of M with coefficients in A.

By [47] FREDHOLM operators are elements in M (A ® K) = End(1?(A)) that
are invertible modulo the compact operators K(I2(4)) = A ® K. Denote the
CALKIN algebra by Q = M(A®K)/A ® K and the invertible elements in Q by

GL(Q).

Theorem 6.3.4. The sequence of topological spaces
A®K — Fred(A) — GL(Q)

s a fibration.
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Proof. Consider the short exact sequence of C*-algebras:
1 —-AQK — MA®K) L Q —1

as an exact sequence of Banach spaces. By the BARTLE-GRAVES selection the-
orem there is a (possibly non-linear!) continuous section o : Q@ — M (A ® K)
with g o 0 = idg. Now consider the homotopy lifting diagram

M x {0} 5 Fred(4)

l I

M x I —"s qr(o)

The map h(m,t) = coh(m,t)+ (f(m) — o o h(m,0)) € M(A®K) runs through
FREDHOLM operators since the term in brackets is compact and lifts h. O

Corollary 6.3.5. The canonical map Fred(A) — GL(Q) is a weak equiva-
lence.

Proof. A® K is contractible, since it is a Banach space. O

From theorem we see that mg(Fred(A)) = Ky(A) and therefore I?g (M)
coincides with the homotopy classes of maps into Fred(A4)q the zero index com-
ponent of Fred(A4). But by another proposition cited in [45]:

Theorem 6.3.6. If F € Fred(A) has index 0, then there is G € End(I?(A)) =
M(A ® K) invertible with F — G € K(I1?(A)), where K denotes the compact
operators on that Hilbert C*-module.

Therefore the map Fred(A) — GL(Q) sends Fred(A)y to the subgroup
GL(M(A®K))/GLx C GL(Q), where

GLx = {T € GLIM(A®K)) | T =1+ K with K € A® K}

and since the group of invertible elements in a C*-algebra retracts to the uni-
taries, we can work as well with Us(A)/Ux where Uy are the unitary elements
in GLk. By theorem the space Ug(A)/Uk is a model for BUy. Thus,

K5(M) = [M, BU] .

Observe that U(H) — Us(A), since A is unital. Therefore U(H) acts on
Fred(A) and on BUg by conjugation. This leads to the following definition:

Definition 6.3.7. Given a PU(H)-bundle P, we can form the associated BUjc-
bundle BUx = P xaq BUx. The reduced twisted K -theory with coefficients in
A and twist P is given by

K p(M) = [M, BUx] = [P, BUKPUHD) |

i.e. either by homotopy classes of sections of BUx or by homotopy classes of
PU(H)-equivariant maps P — BUk.

Note that I?EL p(M) still is a group with respect to pointwise multiplication
like in [12], since our model of BUg is a group.
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Definition 6.3.8. A principal Ux-bundle Q — P is called covariant if there is
a right action of PU(H) on @ covering the one on P, such that

(rg)-a=(r-a)a‘ga  for g € Uc,a € PU(H) and alift a € U(H) .

Let E — P be a twisted Hilbert A-module bundle with fiber [?(A). Denote
by Pg the principal Ug(A)-frame bundle of E, i.e. each r € Pg over p € P
represents an isometric isomorphism of Hilbert A-modules ?(A) — E,. We
call E a twisted Ux-bundle, if Pg reduces to a principal Ux-bundle @, which
is transformed into itself by the action of U(H) induced by the bundle gerbe
on PE

If E is a twisted Ug-bundle, then PU(H) acts on @ as follows:

1 (roa) : lQ(A) — Epq

r-a=a_
for r € Q and a € PU(H), where a € U(H) denotes a lift of a and the action on
the left of r is the one induced by the bundle gerbe. Observe that @ is a covariant
Ui-bundle with this action. On the other hand every covariant principal Uj-
bundle @ yields a twisted Ux-bundle E. Indeed, let E = @ Xy, [*(A) and
set:
e 1 LRmE —7miE ; [a,\®[rw]— [r-a ' \av] .

Now choose an isometry [2(A4) x 12(A) — [?(A) inducing a group monomor-
phism:
gi) : U;C(A) X UK(A) — U]C(MZ(A)) — U)C(A) .

This turns the set of isomorphism classes of covariant principal Ux-bundles into
a semi-group via

Q1P Q2= (Q1 xpQ2) x¢ Uk .

Note that this structure reflects the direct sum operation on twisted Uj-bundles.
In fact, the semi-group of covariant principal Ug-bundles is isomorphic to the
semi-group of isomorphism classes of twisted Ui-bundles with the direct sum
operation, denoted by Mody,. (M, P), if we identify [?(A) @ 1%(A) with [?(A) via
the above isometry. A stabilization argument shows that the group multiplica-
tion on BUy yields the same H-space structure as the direct sum.

Now the proof of the following result is completely analogues to the proof of
proposition 7.2 and 7.3 in [12].

Theorem 6.3.9. The map
K{ p(M) — Mody, (M, P)

given by pulling back the principal Ux-bundle Us(A) — BUx via the given map
P — BUx and adjoining 1*>(A) is an isomorphism of semi-groups inducing a
group structure on the right hand side.

In this way we can represent the reduced twisted K-theory by twisted Ug-
bundles. In case A = M, (C), a spectral sequence argument given in [6] shows
that for infinite order twists there are no sections of the Fred(H )-bundle over M
of non-zero index. This implies that the reduced twisted K-theory actually co-
incides with its non-reduced counterpart. It is an interesting question, whether
one can transfer this argument for some more complicated C*-algebras. This,
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however, requires some knowledge about the cohomology H?(Fred(A),), where
x € Ko(A) labels the path component Fred(A), of Fred(A).
As we have already noted in the chapter about connections, the extension

1— 8' —U(H) — PUH) — 1

is not flat. It is still possible to find a connection on corresponding lifting
bundle gerbes that are compatible with the gerbe multiplication as was shown
by GowmI in [24]. The Chern character in this case takes values in a twisted
form of cohomology H®V™(M,[P]), since the rationalization of the DIXMIER-
DouADY-class no longer vanishes [I2]. Another question would be to extend
this to a Chern character with values in H¢V*" (M, [P]) ® K((A) like above. This
would require an identification of the reduced twisted K-theory with some C*-
algebraic K-group, i.e. a result similar to the theorem proven by ROSENBERG
in [57].
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