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Introduction

In [27] HAUSDORFF laid the foundation of dimension theory of sets generaliz-
ing the classical notion. His definition can be extended via CARATHEODORY's
construction (see MATTILA [11]). Investigations of this type were at least partly
inspired by the problem of finding space filling curves. One of the most popular
fractal set (the SIERPINSKI gasket) also originates in this context. Basic results
were obtained in the 1920’s by BESIKOVIC [7] and JARNICK [31].

The theory being dormant for many years was revived about 30 years ago (mainly
in physics), when new methods for computing dimension were introduced. This
led to box dimension (KOLMOGOROV [36]) and packing dimension (TAYLOR and
TRICOT [19], SULLIVAN [1&]). All these notions are based on some distance func-
tions and the exterior measure generated from it.

Starting with RENYI [45], some notions of dimensions were introduced for random
variables and later by HENTSCHEL and PROCACCIA [29] for probability measures.
This has been developed in mathematical terms by CUTLER and DAWSON [13],
[11] and CUTLER [10]. These dimensions are called local dimension and informa-
tion dimension.

It is one of the important problems in dimension theory to examine the relations
between the different types of dimension. If we denote HAUSDORFF, packing,
lower box and upper box dimensions by dimpqys, dimpger, dim,,, and dimzrox, re-

spectively, then one has the following inequalities
dimpaus(E) < dimy, (E) and  dimpeer(E) < dim)), (E)
for any bounded set £ € R? and

dimhaus(F) S dimpack(F)

>



Introduction 6

for any set I C R?. Equality holds, for example, for many hyperbolic dynamical
systems restricted to their attractors.

One of the main drawbacks in this theory is the fact that HAUSDORFF dimension
may not be computable. As is clear from the definition that it becomes com-
putable if it agrees with one of the "measure theoretic” notions of dimension.
Since the early 1980’s several methods have been introduced to estimate the di-
mension consistently. The basic assumption which has to be made is the equality
of dimension to at least one of the other computable dimensions.

In case this is the correlation dimension the first paper is GRASBERGER and
Procaccria [22], rigorously put into the framework of regression analysis by
DENKER and KELLER [17], [18]. This method is based on estimating consistently

the correlation integral

Cle) = / H(B(x, 2))u(dx)

for some given sequence of radii €1,...,e, by the sample proportion C,(¢) of
pairs of observations that are no more than ¢ apart. Here and in the sequel
B(x,¢) denotes a ball of radius e centered at x and p denotes a probability
measure of interest. Then the slope of the least square line through the data
pairs (logeq,log Cp(e1)), ..., (logem, log Cy(e,,)) is taken as a point estimator for
the correlation dimension.

In case of local dimension GUCKENHEIMER [23] has introduced the method of
the nearest neighbors, again rigorously examined by CUTLER and DAWSON [13],
[14]. This method is based on computing distances d;(x) between the point x
where we want to estimate local dimension and its j-th nearest neighbors. Then,
for some chosen m (m < n), the reciprocal of the slope of the least squares line
through the data pairs (log(1/n),logd1(x)),. .., (log(m/n),log d,,(x)) is taken as
a point estimator for the local dimension at x.

The first estimation method for information dimension on the basis of indepen-
dent observations was developed by CUTLER [10]. It consists of combination of
GUCKENHEIMER’s method and the averaging over several basepoints and requires
three independent samples of observations. Later this method was extended by
HAMANN [24] to dependent observations.

KELLER [35] extended the method of GRASBERGER and PROCACCIA [22] to
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estimate information dimension by introducing some type of outlier analysis. Re-
quiring continuity of a distribution function of u(B(X,¢)) where X is distributed
according to p and using some known score function J on [6,1—0] (0 < § < 1/2)
such that [ J(t)dt = 1, he generalized the method of correlation dimension for
estimating information dimension.

In all these cases the mathematical background is well understood. For the GRAS-
BERGER and PROCACCIA method one has asymptotic normality of each finite
dimensional statistics (Cy(g1),...,Cn(€m)). CUTLER and DAWSON [11] showed
that the log minimum distance, when observations are sampled from measures

belonging to a special family of fractal distributions, follows either the normal

distribution or the extreme value distribution. CUTLER [10], HAMANN [24] and
KELLER [35] proved asymptotic normality of the statistics arising in their meth-
ods.

CUTLER [10] reduced the general problem of dimension estimation to the problem

for classes of measures (and not of dynamic origin). Here one can start with an
independent identically distributed sample, which makes the analysis simple but
still meaningful in the stationary case.

Each of two methods for information dimension has its merits from a numerical
point of view. However they also have some drawbacks. The method of CUTLER
[10] does not equally use three samples while in the method of KELLER [35] it is
not clear how to select the score function J in general and what is the impact of
the choice of J on the accuracy of the estimation is.

The first part of this thesis solves a problem originating from the work of KELLER
[35]. Note that u(B(x,e)) can always be estimated by j(B(x,¢)), where j is
the empirical probability measure of independent identically distributed random
variables. It is evident that fi(B(x,e)) = 0 if no observation falls into B(x,¢)
hence log fi(B(x,¢)) does not make sense at all. This was pointed by KELLER
[35]. One of purposes of this work is to show how such procedure is meaningful
if enough data is available to fall into B(x,¢).

The second part of the dissertation deals with a different but related problem. In
the late 1980’s BROSAMLER [%] and SCHATTE [10] independently proved a new
type of limit theorems. This type of statements extends the classical central limit

theorem to a pathwise version and is therefore called the almost sure central limit
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theorem (ASCLT). The first ASCLT for a sequence of independent identically dis-
tributed (i.i.d.) random variables Xy, ..., X,, states that if EX; =0, Var(X;) =1
and E|X;|*" < oo for some § > 0 (§ = 1 in SCHATTE [16]) then

1 1 (S
I § :_]1 —= = = 8. f 1
qigl k {\/E = x} (0,1)(95) a.s. for any z, ( )

logn —

where 1 denotes the indicator function and ® g 1) denotes the distribution function
of the standard normal random variable. If (1) holds then we say that the sequence
Sn/+/n satisfies the ASCLT. Tt should be mentioned that the first version of
ASCLT for a kind of martingales has already been stated without proof by LEvY
[10], and a special case of statement (1), namely for = 0, was established by
ERDOS and HUNT [19].

In the 1990’s, a lot of theoretical investigations have been done to prove the
ASCLT in different situations. First, FISHER [20] and LACEY and PHILIPP [38]
proved the ASCLT under finite second moment for X;. Moreover, LACEY and
PHILIPP [38] gave a general condition for the validity of (1) so that a large class
of dependent sequences satisfies the ASCLT. Later PELIGRAD and SHAO [!]
proved (1) directly for associated, strongly mixing and p-mixing sequences under
the same conditions that assure the usual central limit theorem.

Statements of type (1) with some non-normal limiting distribution function G
are usually called almost sure (or pointwise) limit theorems (ASLT). The first
result in this field belongs to PELIGRAD and REVESz [13]. They showed that
a weak convergence of properly normalized and centered partial sum of i.i.d.
random variables to a limiting a-stable distribution G, (0 < o < 2) implies the
corresponding ASLT. Analogous result was proved by BERKES and DEHLING []
for the normal limiting distribution. Thus for i.i.d. random variables, almost sure
limit theorems are weaker results than corresponding classical limit theorems.
Moreover, BERKES, DEHLING and MORI [6] provided counterexamples which
show that the reverse is not valid. An excellent survey on this topic can be found
in BERKES [3] as well as in ATLAGH and WEBER [1].

Recently BERKES and CSAKI [1] obtained a general result in the almost sure
limit theory. They used it to prove almost sure versions of several classical limit
theorems. In particular they proved the ASLT for U-statistics under finite second

moment of the kernel.
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The second part of this thesis is devoted to the ASCLT and ASLT for U-statistics.
We show that HOEFFDING’s decomposition for U-statistics which plays an im-
portant role in deriving their weak limits is still significant in this context. It
will be shown that a small modification of the standard technique for proving
classical limit theorems for U-statistics allows us to refine and extend the result
of BERKES and CSAKI [1].

The thesis has the following structure.

In Chapter 1 we give the most popular measure dependent notions of dimension
and discuss some relations between them. Then we briefly review estimation
theory for local and information dimensions. Next we introduce a new estimator
for the information dimension. Finally we give some preliminary results which
will be used in the next chapter.

In Chapter 2 we establish consistency and asymptotical normality of the estimator
introduced in Chapter 1. Then we give a consistent estimator for the variance
arising in the central limit theorem. Finally, we prove the multivariate central
limit theorem for a vector of statistics whose components are the introduced
estimator constructed for a given finite sequence of radii.

In Chapter 3 we apply our theory to some fractal distributions on the unit cube.
We construct confidence intervals for the information dimension when underlying
probability measures are the Cantor distribution in R? and the generalized Cantor
distribution in R3.

In Chapter 4 we prove the ASCLT for non-degenerate U-statistics of a sequence
of strongly mixing and absolutely regular random variables. Then we relax the
moment condition of BERKES and CSAKI's ASLT for U-statistics of i.i.d. random
variables. Finally, we prove the ASLT with a stable limiting distribution for non-
degenerate U-statistics of i.i.d. random variables Xi,..., X,, (for the i.i.d. case
see HOLZMANN, KOCH and MIN [32]).

We will index definitions, theorems and lemmas in the following way: the first
number will refer to the chapter and the second number will refer to their order

in the chapter. The same holds for numbering of equations and formulas.
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Chapter 1

Preliminaries on Dimension

Theory

1.1 Measure dependent definitions of fractal di-

mension

In this section we give three different definitions of dimension for probability
measures and some relations between them.

Let p denote the probability measure defined on the Borel sets of R and S C R¢
denote its support. Further, let B(x,¢) be a closed ball of radius ¢ centered at

X € S.

Definition 1.1. The spatial correlation integral C(g) is defined by

O(e) = / u(B(x, £))(dx)

and the correlation dimension v, of a probability measure i is defined by

log C'(¢)

. . 1
= lim <5 = i o / H(B(x,))u(dx) (1.1)

It is obvious that C(e) = Eu((B(X,¢))), where X is distributed according to
. Thus, the spatial correlation integral measures the concentration of u and

describes the mean volume of a ball of radius €.

11



1.1 Measure dependent definitions of fractal dimension 12

The correlation dimension which is also often called the correlation exponent was
initially introduced and first numerically studied by GRASSBERGER and PRO-
CACCIA [22]. They found that the spatial correlation integral is proportional to
e¥» for small €. Moreover, they noticed that in many cases the correlation expo-
nent v, agrees with the dimension of the support S of a probability measure
and so they suggested to estimate it.

It should be noted that the correlation dimension is the most popular dimension
for experimentalists since it is relatively easy to estimate it. The natural choice
for an estimator of the spatial correlation integral C'(¢) is the sample correlation

integral C),(g) which is defined as follows

2
Cp(e) = ——— 1[|X; — X,|| < e}
O ¥ X=X <)
1<i<j<n
where X, ..., X, is a sample drawn from a distribution px and ||.|| is some norm

in Euclidean space R?. So, we can easily see that the sample correlation integral
Cy(e) is, in fact, a U-statistic of degree 2 with kernel 1{||x — y|| < e}.

The first rigorous results on dimension estimation of probability measures, namely
for the correlation dimension, were obtained by DENKER and KELLER [|&]. They
studied asymptotical properties of the spatial correlation integral using the theory
of U-statistics and proved its consistency and asymptotical normality.

However, it turns out that it is more important to consider the local dimension
than the correlation dimension since in many examples the local dimension re-
flects a complexity of the support of a probability measure x much better than
the correlation dimension. We will illustrate this after the definition of the local

dimension and a comment following it.

Definition 1.2. The local (or pointwise) dimension o, (x) of a probability mea-

sure p at a point x € S is defined by

a,(x) = lim log n(B(x,¢)) (1.2)

e—0 log e
It is not difficult to show that if x € S then «a,(x) = 0 p-a.s. for all discrete dis-
tributions p in R? and «v,(x) = d p-a.s. for all absolutely continuous distributions

p in R? (see e.g. CUTLER [12]).
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Now we are ready to illustrate an example where the information dimension
is preferred to the correlation dimension. For this purpose we cite CUTLER’s
example. Consider the absolutely continuous measure /1, on (0, 1) with the density
function f(z) = ya?~!, where v > 0. Since f, is absolutely continuous «,, () =1
fiy-a.5., but it can be shown that v, =2y for 0 < < 1/2 (see CUTLER [12] for
more information).

This example is specifically important since it shows that an observation of a
fractional correlation dimension does not imply that a measure can be supported
on a set of fractional dimension. By contrast, if a measure u has a constant
fractional local dimension « p-a.s. then the support S of p must be a set of
fractional dimension a (see OTT, WITHERS and YORKE [12] for more details).
In many examples, the local dimension coincides with the information dimension.
In general, there is a more deep connection between them. If o, (x) is constant
p-a.s. and the support S of 4 is a bounded subset of R? then the local dimension

coincides with the information dimension (see CUTLER [12]).

Definition 1.3. The information dimension o, of a probability measure i is

defined by

= tim —— [ log u(B(x, ))du(x). (1.3)

o
e—0loge

There is a simple relation between the correlation and information dimensions of

a probability measure u, namely
v, < 0y, (1.4)

This inequality follows from (1.1), (1.3) and Jenssen’s inequality. It should be
mentioned that a strict inequality in (1.4) may occur (see CUTLER [12]).

Since smooth ergodic dynamical systems naturally give rise to an exact dimen-
sional invariant measure which means that o, (x) is constant p-a.s., and they
usually have bounded attracting sets, in this work, we will consider only those
probability measures whose local dimension «,(x) is equal to their information

dimension o,.
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1.2 Estimation methods for the local dimension

In this section, we briefly describe two estimation methods for the local dimension,
namely the least square method and the nearest neighbor method. These methods
will be generalized in the next two sections devoted to the information dimension.
We start the section with describing the least square method.

Equation (1.2) suggests a trivial method of estimating the local dimension «,(x)
at x. First, one has to obtain an appropriate estimator /i(B(x, €)) of u(B(x,¢)) for
small €. Since a measure p typically is not given in analytical form but instead
by a finite sample X, Xs,...,X,, of d-dimensional vectors drawn from it, the
natural choice of estimators fi(B(x,¢x)) is a sample proportion of observations
falling within a distance € to the point x, i.e.

n

(B =~ S UX x| < e} (15)

i=1
It should be noted that we also do not have any other additional information
about p. Secondly, one has to take the ratio log ji(B(x,¢))/loge as an estimator
for a,,(x).

This method usually does not work well even if we get a very accurate esti-
mator [i(B(x,¢)) of u(B(x,¢)). The reason is that log u(B(x,¢))/loge typically
converges to o, (x) very slowly.

The solution here is to detect a linear relationship of the type log u(B(x,¢)) =~
C(x) + a,(x) log(e) for a sequence of radii 0 < €1 < ... < &, on the basis of the
observations. In practice, one has to obtain estimators i(B(x,ex)) (k= 1,...,m)
for a sequence of radii 0 < g1 < ... < g, and take the slope of least square line
through the data pairs (log i(B(x,1)),loger), ..., (log i(B(x,em)),loge,,) as an
estimator for the local dimension ay,(x).

The main advantage of using least squares analysis is that it elim-
inates the intercept effect over the employed e-range. The least
squares analysis also allows us to examine the fit of the data pairs
(log fl(B(x,€1)),loger), ..., (log i(B(x,e)), loge,,) to a straight line.

However, the error of estimators obtained from ordinary least squares will
generally be wrong since the estimators j(B(x,¢;)), j = 1,...,k are al-

ways correlated with unequal variances. If a covariance matrix of a vector
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(log i(B(x,e1)),...,log i( B(x,€,,))) is available and we can consistently esti-
mate its components from the data, then it is possible to perform generalized
least squares analysis. As far as we know, there are no results for the local di-
mension which show a preference of using the generalized least square analysis
instead of the least squares analysis.

The second approach of estimating the local dimension is the nearest neighbor
method which is an opposite method to the least square method. In this method
radii constitute statistics unlike the least square method, where they are fixed. In
the language of regression analysis it means that the dependent and independent
variables are reversed. As a result, we will expect that the slope of the least
squares line in this method is an estimator of 1/ay,(x).

Now let us describe this method. Let X4, X, ..., X,, be an independent sample
from the distribution p. First calculate the distances 6;(x) = [|X; — x|| for each
J = 1,2,...,n and write them in the ascending order. We do it by computing
the order statistics d1.,(X), 02:n(X), ..., Opn(x). Then we perform the least squares
analysis of logd;.,(x) vs. log(j/n), j = 1,...,k for some chosen integer k£ and
take reciprocal of the slope of the resulting least square line as an estimate of
a,(x). Note that 1.,(x), 02.,(X), ..., 0n:n(x) are in fact the distances from x to
its k£ nearest neighbors in the sample. This method was originally proposed and
numerically studied by GUCKENHEIMER [23].

The validity of the nearest neighbor method procedure has been shown by CuT-
LER and DAWSON [13] and CUTLER [ |. They showed that if the actual pointwise

dimension «,,(x) exists then

: lOg 51:71 (X> 1
lim = w.p. 1.
% Tog(1/n)  an()

Moreover, the asymptotic behavior of the statistic log d1.,(x)/log(1/n) has also
been investigated by them.

As noted previously, we usually deal with probability measures whose pointwise
dimension is constant p-a.s. and coincides with the information dimension. So, it
is very natural to develop statistical methods for estimating the information di-
mension because an application of these two last methods is always accompanied

with a local effect of point x € S.
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1.3 Estimation methods for the information di-

mension

In this section we outline two estimation methods for the information dimension.
The first method for estimating the information dimension has been proposed
and investigated by CUTLER [10]. This method is a generalization of the nearest
neighbor method for the local dimension. We start the section with it.

Let B = {Xy,..., X}, St = {Yi1,..., Y1} and So = {Ya1,..., Youn} be
three independent samples from a distribution p of interest. Further, the first
sample B will be called the basepoint sample. Then the minimum distances from
each basepoint X to each of the two samples S; and S, are computed as follows

51,n(Xj) = min HXJ — Yl,i” and 62,m-n<Xj) = min ||X] — Ygﬂ'H .

1<i<n 1<i<mn

Furthermore, for each basepoint X, the statistic

B 1 61,n(Xj)
R n(X;) = log m log <5g,m.n(Xj)

is computed and the reciprocal of the sample mean of these statistics

Ry n(X;), 5=1,...,k is taken as an estimator for the o,, i.e.

o) = (1 Rk

CUTLER [10] established asymptotical normality of the statistic R,,, and con-
structed a confidence interval for 1/c,, which can easily be transformed into a
confidence interval for the information dimension o,. Numerical results based on
this method were also provided.

Since data from dynamical systems are correlated and the above theory is based
on independent observations, it was desirable to extend this method for dependent
observations. This was done by HAMANN [24] for a stationary sequence of random
vectors which satisfies ¢-mixing condition.

The main disadvantage of this method, from our point of view, is that we
do not utilize the information which is contained in the collective sample
Xi oo s X, Yi1, . Y, Your, oo, Yo .
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The second estimator for the information dimension has been proposed and in-
vestigated by KELLER [35]. Note that the expression (1.3) in Definition 1.3 differs
from the expression (1.1) in Definition 1.1 in the order of integral and logarithm
which makes it difficult for finding a good estimator for the information dimen-
sion. KELLER avoided this problem by finding an alternative definition for the
information dimension which has the same order of integral and logarithm as in
Definition 1.1 for the correlation dimension. The following theorem was proved

by him.

Theorem 1.1. Let p be a dimension reqular probability measure on R with
bounded support, and F. denote the distribution function of u(B(X,e)), where
X has a distribution . Suppose that F. is continuous. Consider a continuous
functional J : [0,1] — [0, 00) with fol J(t)dt =1 and J(t) =0 if t ¢ (0,1 —0) for
some 6 > 0. Then

1
= lim

o
e—0log e

log / H(B(x, )T (F.(u(B(x.£)))u(dx)) (1.6)

I

Denote the argument of the logarithm in expression (1.6) as C(¢), i.e.

Cle) = /M(B(?Q £))J (Fz(n(B(x, €)))p(dx)) .

Further, define the following location parameter T'(F;) of F. by

T(F) = /O FY(s)J(s)ds . (1.7)

Note that, if F. is continuous then C(¢) = T(F.) and hence, the problem of
estimation of the information dimension reduces to a problem of estimating the
statistical functional T'(F;).

From the theory of statistical functionals, a natural choice of an estimator for
T(F.) is T(Gy), where G,, is the empirical distribution function of the sam-
ple proportions ji(B(Xy,¢)), ..., a(B(X,,e)) which, in turn, are approximations
of unobserved random variables p(B(Xjy,¢)),...,u(B(X,,¢)). Now T(G,,) can
be easily written as a mixture between a U-statistic and a L-statistic and its
asymptotic behavior can be studied through the well advanced theory of U- and
L-statistics (see KELLER [35] for more details).
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The asymptotical normality of /n (T(G,,) — T(F.)) has been proven by KELLER
[35] for independent samples as well as for random vectors which are absolutely
regular with mixing coefficients 3(n) decreasing at a suitable polynomial rate. He
also provided numerical results for data produced by a cubic full-unimodal map
and data from a Henon system.

KELLER [35] also pointed out that the sample average of
log il(B(X1,€)),...,logu(B(X,,e)) is not always a meaningful estimator
for F'log u(B(X,¢€)). However, if sufficient data is available, then from our point
of view, this averaging procedure deserves attention and we will deal with it in

the next section.

1.4 Statistical functionals of unobservables

The object of this section is to introduce a new estimator for the information
dimension whose asymptotical behavior will be studied in Chapter 2. First we
would like to discuss the main problem in estimating the information dimen-
sion. Let X;,Xs,...,X,, be independent R%valued observations from distribu-
tion p. In order to estimate the information dimension o, accurate, without
any additional assumptions, we have to properly estimate E'logu(B(Xy,¢)).
However this can not be done in the standard way since we do not observe
w(B(Xy,€)), ..., u(B(X,,e)). This circumstance provides an explanation for us
about the existence of two completely different methods developed by CUTLER
[10] and KELLER [35].

Now we present a third method of solving this problem which can be gen-
eralized for other statistical problems and this generalization will be dis-
cussed at the end of this section. As noted before, the standard estimator
for p(B(x,¢)) is the sample proportion fi(B(x,¢)) which was defined in (1.5).
Therefore we replace unobservable sample log u(B(Xy,¢)),...,log u(B(X,,¢))
in the standard estimator sample mean for E'logu(B(Xy,¢e)) by observable
log i(B(Xy,€)),...,log i(B(X,,¢)) assuming that i(B(X;,e)) > 0 for all j =

1,...,n. The last assumption holds, for example, if ¢ > max; 6(X;), where
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0(X;) = min;;4; || X; — X;||. Thus we obtain the following statistic

Tu(e) = > log (ﬁ S a{x - X < a}) (18)
j=1 i=1 i

as an estimator for Flog u(B(Xy,¢)).

The statistic T,,(¢) can be considered as a U-statistic whose kernel has a U-
statistical structure. The advantage of this estimator is that it makes use of the
information contained in the whole sample as much as possible. We also hope
that its relative simplicity will make it popular for experimentalists. It should
be mentioned that this estimator requires huge calculations, but that should not
make any difficulty in the coming future.

In order to avoid an effect of the intercept, the least squares analysis of T),(¢;)
vs. loge; for some appropriate sequence of radii 0 < g1 < g3 < ... < g should
be performed. Then the slope of the least squares line can be considered as an
estimator of o,. Numerical results of Chapter 3 show that the errors of disregard-
ing the dependence of T,,(¢;),j = 1,. ..,k in the least square analysis are usually
very small.

Another heuristic justification for this approach can be made by observing the
connection between the local and information dimensions. Recall that we only
deal with probability measures whose information dimension coincides with their
local dimension, i.e. 0, = (%) pr—a.s. Assume now for a moment that "lim” and
? [7 in (1.3) can be interchanged. Then it follows that o, = Fa,(X;). Choose
some small ¢ and compute estimators of the local dimension &,(X;) for j =
1,...,n based on the sample Xy,...,X,_1, X;41, ..., X,,. Since 0, = Ea,(Xy),
the standard estimator &, for the information dimension o, will be a sample
mean of &, (X;),...,&,(X,). Thus we find out that ¢, = T,,(¢)/ loge.

One of the main goals of this work is to investigate the asymptotic behavior of
a slightly more general form of the statistic T,,(¢) which is denoted by T;, and is
given by

%leog _nilzlh(X“X]) if Zlh(XZ’XJ) >0forj:1,,n
Jj= 1= 1=
i#j i#£]

—00 otherwise

(1.9)
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where h : R?*¢ — R is some measurable symmetric function. If h(x,y) = 1{||x —
yll < e} then T,, = T,(¢).

Note that the statistic T, can also be rewritten in a more general form

S 1 -
TnZE;9<n_1 > h(Xqu)>

i=1:i£j

and considered as an estimator for the superposition of statistical functionals

7= [o [ rxyiire) ) ar)

assuming that 7, and 7" are well defined.

Such estimators naturally appear when statistics are based on an unobservable
sample which has an observable approximation. The simplest example of the
statistic Tn is a wide class of statistics which can be written as U-statistics of
degree 2, for instance, the sample correlation integral. Another example is the
statistic T, () defined in (1.8). The special form of the statistic T}, also appears
in the theory of nonparametric statistics in factorial designs (see BRUNNER and
DENKER [Y]). It would be desirable to develop a theory for statistical functionals
of unobservables analogously to the theory of U-statistics.

At the end of this section we would like to explain what we mean by ”unobserv-
ables”. First let us give the notion of a random variable by HALMOS [25]:

”A random variable is a quantity whose values are determined by chance. ...
Accordingly a random variable is a function: a function whose numerical values
are determined by chance. This means in other words that a random variable is
a function attached to an experiment-once the experiment has been performed
the value of function is known. ...”

Thus, an "unobservable” is a random variable whose value is not known after

performing an experiment.

1.5 Auxilary results

In this section we introduce U-statistics and give some auxilary results which will

be used in the next chapters. We begin the section with U-statistics.
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Many important statistical functionals may be represented as

H(F):/---/h(xl,xQ,...,xm)dF(xl)-...-dF(xm), (1.10)

where m € N, h is some measurable function, called the kernel and F' is a distri-
bution function from some given set of distribution functions. A minimal number
m € Nis called a rank of a statistical functional (F') if there exists a kernel h with
m arguments such that (1.10) holds . Without loss of generality, we can assume

that h is symmetric. If it would be not the case then the following transformation

1
% Z h(l’il,...,l‘im)
D 1<iyFigFt . Fim<n
will give us a symmetric kernel for 6(F).
Statistical functionals of type (1.10) are called regular or parametric functionals.
The simplest examples of regular functionals are the mean and the variance with

the following kernels h(z) = z and h(z,y) = 3(z — y)?

, respectively.
HOEFFDING [30], partly influenced by the early work of HALMOS [20], intro-
duced U-statistics as unbiased and asymptotical normal estimators for regular
functionals 6(F"). They also possess good consistency and optimality properties.
In fact, they have a minimal variance among all unbiased estimators. And this
property of optimality makes them a popular object for theoretical investigations
of statisticians and probabilists.

Let Xi,..., X, beii.d. random variables from some distribution F.

Definition 1.4. A U-statistic with kernel h of degree m based on a sample

Xi,..., X, is a statistic

Un:(;D_l Y X X))

1<i1 <. <tm<n

It should be mentioned that U-statistics are closely connected to VON MISES’
functionals (see VON MISES [50]).

The main achievement of HOEFFDING [30] is that he developed an analytical
method to investigate asymptotic properties of U-statistics. It is based on his
decomposition theorem for U-statistics. Before stating it here, we need some

additional notation.
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We introduce the following auxilary symmetric functions

Fa(zy) = /~~/h(a:l,...,:cm)dF(xQ)-~~dF(xm), (1.11)
ho(zy,m5) = /---/h(ml,xg,...,xm)dF(mg)--dF(xm), (1.12)

h (21, .y xm) = h(xy,...,Tn) . (1.13)

Further, define the following functions for 1 < c¢ <m

c
he(ry,.. xe) = (=1)O(F)+ > (=1 > ha(wi,...,a,) . (1.14)
d=1 1<i1 <...<ig<c
It is not difficult to see that h., ¢ = 1,..., m are also symmetric and moreover,
degenerate, i.e. the integral over one variable with respect to the distribution of
any random variable X; with ¢ € {1,...,n} vanishes (see for example DENKER
[16] or KOROLJUK and BOROVSKIKH [37]). A number 7 is called a rank of a U-
statistic with kernel h if hy = ... = h,_; =0 and h, # 0 a.s.. It is obvious, that
r takes values from 1,...,m. If r = 1 then a U-statistic is called non-degenerate
and otherwise, degenerate.
Now we are ready to state HOEFFDING’s decomposition theorem for U-statistics.
The proof of this theorem can be found in any classical textbook on U-statistics

as well as in HOEFFIDNG's original article [30)].

Theorem 1.2. If r is a rank of a statistic U, then the following decomposition
holds

U, — 0(F) = i (’Z”) Une | (1.15)

where U,. are U-statistics with degenerate kernels h., i.e.

Upe = (Z’) B S h(Xi . X)) (1.16)

1<i1 <. <te<n

The next theorem gives upper bounds for the second moments of degenerate U-
statistics Uy and shows that the first term in HOEFFDING’s decomposition (1.15)

determines a limiting behavior of U,,.
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Theorem 1.3. If
ER*(X1,...,X;m) < 00 (1.17)
then the following moment inequality holds for 1 < c<m
EU?, < Kin®, (1.18)

where K, is some absolute constant depending on ER*(X1, ..., X,,).
Moreover, if r is the rank of U,, then

E ((:’f) Upr — (U, — 9(F))>2 < Kon™ !, (1.19)

where Ky is some absolute constant depending on ER*(X1, ..., X,).

HOEFFDING [30)] originally considered a non-degenerate U-statistic and proved its
asymptotical normality. But it should be mentioned that asymptotic distribution
of a degenerate U-statistic completely differs from the normal distribution. In
fact, if 7 > 2 is a rank of U, then n'/2U, converges weakly to a multiple Wiener
integral whenever (1.17) holds (see DENKER [10]).

Now we give HOEFFDING’s central limit theorem for non-degenerate U-statistics.

Theorem 1.4. If (1.17) holds and
o? = Eh}(X1) >0

then \/n(mo) Y (U, — 0(F)) is asymptotically normal with mean 0 and variance
1.

Many limit theorems for sums of i.i.d. random variables have their analog for
U-statistics. For example, the strong law of large numbers for U-statistics was

established by HOEFFDING [31] and BERK [2].

Theorem 1.5. If
E|h(X1,..., Xn)| < o0

then U, — 0(F) a.s.

The rest of this section is devoted to obtaining preliminary results for Chapter 2

and we start with the definition of complete convergence.
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Definition 1.5. A sequence (£,)0°, of random variables is said to converge com-

pletely to O if for all e > 0,

S Pl > €) < 0
n=1

The concept of complete convergence was introduced by Hsu and ROBBINS [33].
It is not difficult to see that complete convergence is stronger than almost sure
convergence. It is also one of the main tools for proving an almost sure convergence
of a sequence of random variables.

Now we are going to give another representation of the statistic 7;, defined in (1.9)
using the auxilary functions (1.11)—(1.14). For convenience, we rewrite them for

a function A with two arguments.

h(x) = E(h(X),X5)/X, =x) . (1.20)
hl(X) = ;Ll(X) — Eh(Xl, Xz) s (121)
ho(x,y) = h(x,y) — ER(X1,Xs) — hi(x) = hu(y) . (1.22)

Recall that functions h; and hs are degenerate with respect to the distribution
of Xy, i=1,...,n
Now using (1.20) — (1.22), we find out that (1.9) is equivalent to

Zlog <h1 Z h (X +— Z ho( XZ,X))

i=1:1#7j i=1:1#7g
whenever lim inf, T;, > —oco p-a.s.
Here and in the sequel, we will make use of the following notation 7;,, for j =

1,...,n which denote random variables defined by

1

n

1 n
Z hl(Xz')ﬂLm Z ho (X, Xj) (1.23)
i=1:ij i=1:ij

Now the statistic T, can be rewritten in the following form

Zlog <h1 ) + 75 n) . (1.24)

Njn =

The representation (1.24) will be used in Chapter 2 and plays a major role in
investigating the asymptotic behavior of T,.

The following lemma gives us some important properties of the sequence 7;, for
fixed j € {1,...,n}.
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Lemma 1.1. Let n;, forj=1,...,n and n € N be random variables defined in
(1.23). Thenn;,’s are identically distributed w.r. to j for every fived n. Moreover,
if Eh*(X1,X3) < oo then for every fized j

1
E%n =0 <n2> (1.25)
and consequently,

Nin — 0 completely as n — oo. (1.26)

Proof. The first statement is obvious. The statement (1.26) follows from the
relation (1.25) and from Definition 1.5.
Thus, it suffices to prove the relation (1.25). By c,-inequality, it follows

4
Ent, = ( Z h (X +L Z ho( XZ,X)>
i=11#7g

i=1:i#£j
1 < ) R )
3 3
< 26 (i 3 ono) 42 (g 3 moex)
1=1:15#7 1=1:1%#j
- SWH + SWTQ . (127)
Consider W,;. Using the degeneracy of h; and the assumption of the lemma, we
have
1 n
W = ——— Eh{(X;) ERh}(X;)Ehi(X
1 (n—1)4AZ i (n—1)* Z Z 1(Xe)
i=1:#7 1=1:#j k=1:k#j

- 0(%) . (1.28)

A similar argument yields the next bound for W,

n

1 4
W7-2 - szhQ(X“X])
z—l'z;é]
R T Z Z Eh3(X;, X;)ER2 (X, X))

i=1l1#£j  k=1:k#ik#j
1
Combining relations (1.27)—(1.29), we obtain the relation (1.25). O

Remark 1.1. Statement (1.26) can be proved under the condition Eh*(Xy, X3) <
0o. It is enough for it to use the results of HSU and ROBBINS [33] and DEHLING

[15].



Chapter 2

Asymptotic properties of the

statistic 7T,

2.1 Consistency

In this section, we prove the consistency of the statistic 7},. Here and in the sequel,

we will make use of notations (1.20)—(1.23) without any notice.

Theorem 2.1. Let X;,Xs,...,X,, be i.i.d. R-valued random wvariables with
a probability distribution p and T, be the statistic defined in (1.9) such that
liminf, T, > —o0 p-a.s. Suppose that

Eh4(X1,X2) < 0 (21)

and

P{h(X;) > A} =1 (2.2)
for some constant A > 0. Then T,, — E'log iLl(Xl) in probability.

Remark 2.1. Before starting to prove the theorem, we would like to explain

assumption (2.2) for the special kernel h(x,y) = 1(||x — y|| < €). Note that
E(h(Xq,X2)/X1) = E({[|Xy — Xaf| < €}/X4) = u(B(Xy,¢€)).

So, (2.2) means that the measure of the ball B(Xy,¢€) for given e should not be

less than given positive constant A which is quite natural to assume.

26
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Proof. First, we note that 0 < Ehy(Xy) < E|[h(Xy,X5)| and |logu| <

max{log A, u} for u > A > 0. From (2.1) it follows now that
E|log hy(X41)] < 00 .
For convenience, we introduce the following notation

a = ElOgiLl(Xl)

Thus, we need to show that P(|7,, —a| >¢) — 0 as n — oo for V¢ > 0.

The representation (1.24) of T;, and a simple argument now yield that

P(Tu=al>2) = P (|- (og(in(X,) +150) — ) >a>

n

1 ~
= P23 (log (X)) + 1) = @) > &5 max ] >

.....

j=1

1

n |4 k=1,...,n
J=1

- ng -+ ng.

Consider W,;. From (2.1) and Lemma 1.1, it follows that

o = 1 ol 2)

= - A
+ P - Z(log(hl(Xj) +1njn) —a)| >¢e; max |ng,| < —)
D

(2.3)

(2.4)

(2.6)

Consider Wy,. Using the Taylor expansion of log(b+ z) with the remainder term

in the Lagrange form, we find

1 & ~ Nin
Wy = P(EZ[Ioghl(Xj)—a+~ J ' ]

=1,...,

]. nj,n
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- Whl —|— Whg, (27)

where 0;,, 7 = 1,...,n are random variables depending on Bl(Xj) and 7, .,
moreover, 0 < §;, <1 p-a.s.

Consider Wy;. From (2.3) and the law of large numbers for {log h;(X;)};en, we
deduce that

1 <& - A 5
Win P ( - ; [loghl(XJ) a} n{kgaxn\nk,n! < 2) > 2}

.....

1 o - €
< P(E;[loghl(xj)—a} >§>—’0 as  n — oo, (2.8)

Consider Wj,. Using Tchebychev and Cauchy-Schwarz inequalities, we have that

1 & Nin A €
Wi = Pl |- - J: ]l{ max |77;m|§—}>—
( Z hi(X;) + 05.n7n k=L...,n 2 2
2
< l njn man’ 1,...,n |77k’,n| S %)
- ” hi(X;) + 0n0)n

2
S 1 max |nk7n| < —=1].
7”L -1 ( (Xj) + gj,nnj,n> k=1,...n 9

Further, note that if |7;,] < A/2 then

2
Mjn 4
R < —5Min i— a.s. (2.9)
(hl (X;) + 9j,n771,n) Az

and hence,

2
4 < - A

Wha < —— E| = "3, ]1( max |ng,| < _)
e'n = hi(X;) +6;.mjn k=1,...,n 9

(AN
%
ml\J
M:
§

E

(2.10)

16 (Eh%(Xl) N Eh%(XlaXZ)) =0
A2e?

n—1 n—1

In the relation (2.10) we have used the following equality

2
1 - 1 -
En: = FE hi(X; X, X
n],n <n -1 12121#.] 1( ) + n — 1 e ( ]))
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ER}(X Eh%(X;,X
_ 1( 11) + 3 1’1 2) forany j=1,2,...,n. (2.11)
n — n—

Finally, the theorem is proved by putting together the relations (2.5), (2.6), (2.7),
(2.8) and (2.10).
O]

2.2 Asymptotic distribution

In this section, we examine the asymptotic distribution of the statistic 7;,. First,

we need to introduce some notation.

A = E(iEI(le)); (2.12)
20cy) = 5 (gl ¢ e ) 213
v(x) = E(®(Xy,Xo)/Xi = x); (2.14)
Z; = loghi(X;) —a+ Ah(X;) + 20(X;); (2.15)

o’ = Var(Zy). (2.16)

Theorem 2.2. Let X;,Xs,...,X,, be i.i.d. R¢-valued random wvariables with
a probability distribution p and T, be the statistic defined in (1.9) such that

liminf, T, > —o0 p-a.s. Assume that

P(hy(Xy) > A) = 1 for some A>0 and (2.17)
Eh*(Xy,X,) < oo. (2.18)

If o > 0 then \/no= (T, — a) is asymptotically normal with mean 0 and variance

1, where a was defined in (2.4).

Remark 2.2. Note that, using (1.20) — (1.22), Z;’s can also be written in the

following form

Z; =log(h (X)) — a + / %u(dy) —1. (2.19)

We will make use of this form of Z;’s for constructing a consistent estimator 6>

2

for 0® when h(x,y) = I{||x —y|| < e}. First we will simulate random variables
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Zj by replacing p(dy) by fi(dy) and the expectation by the sample mean in (2.19),

1.€.
A A 1l & Y IX, X[ <e)
= loslp(BX ) —a+ T 3 Sy b
where
A 1 3
(B0, = 5 Y - <
i=1:i]
and

i= > log (W(B(X,.<)).

7=1
Then we take the sample second moment of {Zj}’;:l which we denote by 6% as an
estimator for o2 since EZ; = 0 for j = 1,...,n. The consistency of 6% will be

proved in the next section.

Proof. First we give some simple consequences of the assumptions (2.17) and
(2.18) which will be used in the sequel:

E ‘ hl (Xl)
hy(X4)

1
; Var (~ ) <oo ; E®(X;,Xy)<oo. (2.20)
hi(X4)

An analogous argumentation as at the beginning of the proof of Theorem 2.1

shows that
Elog(hi(X1)) =a < oo and o° < oo,

and consequently, o2 in (2.16) is well defined under the assumptions of the theo-
rem.

Consider v/no~(T,, — a). Now relation (2.10) in the proof of Theorem 2.1 does
not hold anymore and we need one more term in the Taylor expansion of the

representation (1.24) of T,,, namely

Vir T —a) = Y llog(n(X,) + 1) —a
= LS ogln(X) — a4 B
- nzll 5(0n (X)) Bxxn]
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- W1 - WQ, (221)

where 0;,, 7 = 1,...,n are random variables depending on EI(XJ-) and 7,
moreover, 0 < 8;, <1 p-a.s.

The first step in the proof is to show that
Wy — 0 in probability. (2.22)

A simple argumentation yields

1 ¢ i
We = P|—— > — - 5 >¢
Jj=1 (hl (X]) + ej,nnj,n>
[ . A
= P Tn - 1, 7 > € max [Mhen| < 3
"7 A (hl(Xj) +9j,n77j7n> o
1 — n?, A
+ P NG Z = 7 >€;  max Mhen| > 3
n g =1,..., n
g Jj=1 (hl (X]) + ej,nnjm,)
= Wa + Wa. (2.23)

Consider Wsy. By virtue of (2.9), (2.11), (2.17) and Chebyshev inequality, we

have

1 — n:, A
Wy = P NG J 5 >e; £naxn|nkn|§§
Jj=1 <h1<X]> +0j,nn]n> S
< p[-2 zn: L s Mem| <
—n; €; max ol < —
= no g A2 77]771 v ?7 Nk 9
I -4,
< P ngZﬁ%”)

IA
B
(?) B~
"
(]
&3]
S
3

— 0. (2.24)
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Consider Wyy. By Lemma 1.1 it follows

IR Tin
g > €5 max M| > =
no 7 =1,..., n
j=1 (hl(Xj) + 9j,n77j,n>

A
< nP (|7717n| > 5) — 0. (2.25)

Thus, the relations (2.23), (2.24) and (2.25) together prove (2.22).
The second step in the proof is to establish asymptotical equivalence of W, and

S, in distribution, where
1 n
Sp=— E Z
Vno p

Z;’s and o are defined in (2.15) and (2.16), respectively. To verify this, it is enough
to show that
EW, -5, =0 as n— oo. (2.26)

First, note that

n

]_ ’I'}jm . ]_
Vie 2% Ve 2 < P

n

i= 11#]
1 n
+ Z Z ha (X, X;)
\/_U i=1:i#7j
= SSl+SSQ.

Secondly, define the following random variables

n

and

2/n R
Up=——)>» 22X
o 1 \/ﬁO’ ; w(
where A; and ¢(x) defined in (2.12) and (2.14), respectively.
Simple calculation yields that

92 2
E(W, - S,)2=E (551 +59, — 58 — \/ﬁUl) . (2.27)
g
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By virtue of ¢,-inequality and (2.27), (2.26) follows now from

E (588, —S8S) =0 (2.28)
and )
E <552 — Wﬁm) — 0. (2.29)
o

In order to prove the relation (2.28), rewrite S.S; in the following form

n

1 < L 1
T om0 ¥

j=lij#i

and consequently, we have

E(SS —S88))* = %ZEG}I(Xi)nil Z [ill(l)(')_Al])

j=luj

1 —~ < L s 1
< E (S5 ooty |3 ()]

i=1 m=1:m#i j=1:5#1
hi(X ! Y ! A
X hy( m)n 1 lém <B1(XZ) - 1)
= QQ1+QQs. (2.30)

Consider QQ;. It follows from (2.18) and (2.20) that

Q1 = #ZEQ“(X")nil Z [ill(lXj)_Al

)2

i1 i

_ % i ER}(X,)E (n . 1 ji:ﬁ [ﬁxj) : A1D2

_ %ﬁEh%(Xl)E (g [ﬁl(lxj) - Al]>2

- Lty e (o)

B %(n 1 )Eh2(X1)E (ﬁ <1XQ) - A1)2 — 0. (2.31)

Consider QQ. Using (2.20) and the degeneracy of the function h(x) , we find

33 < %Li(ﬁmi@)_m)]

i=1 m=1:m=#i =1:j#i
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el Y (

i=1 m= 1m7$z

% B (X)) L% (ﬁl(;l)_Al)D
L

(
h n(n —1)2 022 Z E Ehl(

i=1 m=1:m=#i
_ LX), f}l(Xz) o (2.32)
(n—1)o? h(Xy)  hi(Xe)

where E; denotes the conditional expectation with respect to X;.
The relations (2.30),(2.31) and (2.32) together prove the relation (2.28).
To estabilsh (2.29), we rewrite S.Ss in the following form

n

1 1
= E E Xi, X
SSQ \/ﬁ(f — (X]) n— 1 h’2 (2 )

i=1:1#£j

1 u 1
- hQ(X“X )
\/ﬁ(n — o 1<§]:<n h(X;)

n

1 1
= Van—1)o 1<;<n 2 (hl X;) + —Bl(Xi)m(XJ,X ))

n

1
- Vnn—1o Z

1<i#j<n
1 n
= ——— > (X, X)),
Vn(n—1)o i
where ®(z,y) was defined in (2.13).
Now we see that 5SS, can be represented through a U-statistic with the kernel

1
hl X;) + th(XJ?X ))

®(x,y) in the following way
58, = Yy

n-

Noting that E®(X;, Xs) = 0, the relation (2.29) follows from (2.20) and (1.19).
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Finally, the relations (2.21), (2.22), (2.26) and an application of the central limit
theorem to .S,, complete the proof.
O

2.3 Consistent estimator of the variance

In this section, we prove the consistency of &2 mentioned before in Remark 2.2.
Since we are going to apply Theorem 2.1 for h(x,y) = 1{||x—y|| < €}, we assume
further that

P(0 < h(X,,Xs) < C)) = 1. (2.33)

Theorem 2.3. Let Xy,Xs,..., X, be i.i.d. R¥-valued random wvariables with
a probability distribution p and T, be the statistic defined in (1.9) such that
liminf, T,, > —oo p-a.s. Assume that (2.2) and (2.33) hold. Then the follow-

g statistic
> h(Xz-,Xn) - T

1 n
A2 _Z 2
Un_n,l()g(n—Au
= i=1:1#7

h(Xs, X;) h(Xs, X;)
+ ZZZ S h(Xu X)L (X, X)) 1

slzl]lnl

Xs;Xi)
a _ZZ WX, Xi) 2

Slllnl uFi

h(XS,Xj)
+ = lo h(X,, X, : 2.34
ZZ[ g( P> )] Ty, x,)

s=1 j=1 u;és

is a consistent estimator for o2 defined in (2.16).

Proof. The proof of the theorem consists of several steps. First we will give an
exact formula for o2. Further we give consistent estimators for each term of this
formula.

Simple calculation shows that

o = Var(Z,) = EZ}
= & (toglhn(x) —a+ [ ay) - 1)

ha(y)
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= B (log(n (X)) ~a) +E (/ MX1Y) dy) - 1)2

hl(Y)
+ 28 (logiu(x1)) - o) ( [ %u(dw -1)
— B+ Ey+ 2B, (2.35)

where a was defined in (2.4).

Now we give consistent estimators for £y, Fy and Ej3.

Consider Ej. It is enough to find a consistent estimator for E log?(hy(X;)) since
E; = Elog*(hy(X;)) — a? and a? can be consistently estimated by 7?2 which is
a consequence of Slutzky’s Theorem and Theorem 2.1. The natural choice of the
estimator for Flog?(hy(X1)) is

. 1 — 1 -
Er=-=9 log? | —— h(X;, X:) | .
e (i 3 )

i=1ii#j

Using the representation (1.24) and the Taylor expansion, we can rewrite E; in

the following form

2
~ 1 ~ MNin
E1 = — lOghl(X>+~ S
”;( T (X) + 05

1 & .
=~ log’ Iu(X;)
nig
+ 2 znjlog m(X;) - = tim
s hi(X;) + 0nmjn

2
_|_ — - )
n ; (hl(Xj) + 9j,n77j,n)
= Sln + 25211 -+ Sgn y (236)

where 7;,, are defined in (1.23) and 6;,, j = 1,...,n are (0, 1)-valued random
variables depending on 7;,, and hy(X;).
By virtue of (2.2) and (2.33), it follows that Elog? h;(X;) < oo and therefore

Sin i Elog? iLl(Xl) as n — 0o (2.37)

by the law of large numbers.
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It remains now to prove that

Son =50 asn — 00 (2.38)
and
Sap — 0 as n — oo. (2.39)

Consider Ss,. Thus, by the conditions imposed on h; and h, we find that
|log by (X1)| < Cy p-a.s., where Cy = max{|log A|,|log Cy|}. Further, a simple

argumentation yields that

" nj,n E'N
P(|So,| >¢) < P - >
Z h1 (X]) + 9]'7”7’]]‘771 CZ
n 77j7n e
< Pl = > —
; hi(X;) + 05010 02)

u Mjin € A
= > Pl|= > =5 M| < —)
; h(X;) + 0jnnjn|  C2 2

" Nin g A
+ P ~ > = ’nj,n| > _>
; h(X;) + 0junjn|  C2 2
= P2an + Pan. (240)

Consider Pyy,. By Lemma 1.1 we get that

z A
Pop < ZP(!UM\ >§)
j=1
A
5)

= nP(jmal >3
— 0. (2.41)

Consider Py,,. Using Lemma 1.1 and (2.2), we find that
- Min € A
P2an = P = > = |77,n <=
Z ( (X)) + Omjn | Co | 2)

]’n

IN

)

IA
(]
g

g
S
£l
v
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B | 1> A Ae
- el =56,
— 0. (2.42)

Now the relation (2.38) follows from the relations (2.40), (2.41) and (2.42).
In order to prove the relation (2.39), we use the same technique as in (2.40) and
get that

2
17’L
P(Syl > ¢) = P ;Z( in >>E
l

=1 )+ 0innjn

n 2
Mjn
< P > €

; ( 1 +9]n77]n>

2
773" Se: | ,<é
i /)7],774 — 2

1 +9]n77]n

n 2
Nin A
+ P _ >e ;5 Njal > =
2 <h1(X]~) + 9j,n77j,n) ’ 2

- P3an -+ PSbn . (243)

<.

In the same way as in the derivation of the relations (2.41) and (2.42), one can
show that

Psypn — 0 and Py, — 0, as n — 00. (2.44)

Now the relation (2.39) follows from the relations (2.43) and (2.44).
Combining together (2.36), (2.37), (2.38) and (2.39), we obtain that £y — T2 is a
consistent estimator for Ej.

Further, consider F,. Simple calculation yields that

= B (/ %u(dy))2 +1-2E (/ %u(d}ﬂ)
= Fau+1—2Ey, (2.45)

and hence, it is enough to estimate consistently Fs, and Ey.
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Rewrite Fs, in the following form

Eyy = E(/ %u(dy))z
- E (/ %u(dx)) : </ %u(dyo

- / / Xl’ X(;))u(dX)u(dY)

and we see that the natural estimator for the Fs, is

. h(Xs, X;) hXs, X;)
Ea — ) . ! j .
: n3222 T X X)Ly h(X, X))

=1 i=1 j=1 n—

Using the same technique as for E’l, we obtain that

n

. XS,X h(X,, X,
%:mzzz i Xy)

s=1 i=1 j=1 +T/Z” hl(Xj)+nj7n
LTSS X)X
s=1 i=1 j=1

I —
h(Xs)  (ha(X5) + 0in7in)? h(X;)  (h(Xy) +6jum50)?
) PX, X)) (X, X))
- n3ZZZ MXs)  ha(Xy)

+ ngzzz X57X Min — h<XS7Xj)77j,n

s=1 i=1 j=1 1 +91 nlli, ”)2 (hl(XJ> +8j7"nj,”)2

) XS, X;) WX, X[)nn
n3 Z Z Z hl (X]) + Qj,nnjﬂ’b)Q

s=1 i=1 j=1
X37X Nin h(X87Xj)
N n3zzz )+ 0 )2. E(X)
s=1 i=1 j=1 i,nTli;n 1 J
= Eya1 + Faay + Bogz + Eua ) (2.46)
where 0;,, j =1,...,n are (0, 1)-valued random variables depending on iLl(Xj)

and 7; .
It is not difficult to see that

Eour P, Es, as n — oo (2.47)



2.3 Consistent estimator of the variance 40

by the law of large numbers for U-statistics and therefore, it remains to prove
that

Egag, Egag and E2a4 i) 0 as n — oo . (248)

The relation (2.48) can be derived in the same way as the relations (2.38) and
(2.39). Now from (2.46), (2.47) and (2.48), it follows that

Ey, L, Es, as n — o0o. (2.49)

Analogously, one can show that

~ 1 = h(X,, X;)
By = EZZ% XX (2.50)
s=1 i=1 n— uF =

is a consistent estimator for Fyy, i.e.
Ey, £, Eo as n — 0o. (2.51)

Combining (2.45)-(2.51), we obtain that Es, + 1 — 2y, is a consistent, estimator
for FEs.
Consider now the last term of (2.35), namely Ej5. Note that E3 can be written in

the following form

By = E (toslinx)) - %u(dy) —a

= By —a. (2.52)

By Theorem 2.1, a can be consistently estimated by 7}, and hence, it remains
only to find a consistent estimator for E3,. The same technique, used for proving

consistency of El and Ega, will show that the estimator

A _ I e 1 h(stxj)
E3, = EZZ lOg (n_lzh(xuaxs)>] 'ﬁzv#h(xwxj) .

s=1 j=1 u#s

is a consistent estimator for Fs,.
Finally, note that the following equality for 62 defined in (2.34) holds

62 = By —T? + Eyy + 1 — 2Fy, + 2E5 — 2T,

and therefore, 62 consistently estimates o2
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2.4 Multivariate Central Limit Theorem

In this section, we prove the multivariate central limit theorem for the vector
T, = (T,(e1), Tn(g2), ..., Th(em)), where 0 < g1 < g9 < ... < &, < 1 and T}, (¢)
was defined (1.8). Note that the statistic T,,(¢) has a kernel depending on . We
will indicate this by an upper index k enclosed in brackets which ranges from 1

to m. In the same way we modify notations (2.12)—(2.16), i.e.

1
(k)  _ .
Al = F T )
hy”(X1)

I 1

M (x,y) = ‘<~ P (y,x) + -
2 \ P (x) 1 (y)

PP (x) = B@W(X;,X,)/X; = x);
79 = 10g (X)) — a+ AVRD (X)) + 200 (X));

(U(k))z = Var(ka)).

P (x, y)) ;

Finally, denote the vector of expectations (E log Bgl)(Xl), ..., Elog BY”’(Xl)) by

a.

Theorem 2.4. Let Xy,Xs,...,X,, be i.i.d. R*-valued random variables with a
probability distribution . Assume that

P(iz(lk) (X1)>A) = 1 forsome A>0 and (2.53)
E(hM(X,,X,))" < oo (2.54)
for allk =1,...,m. Then the distribution of v/n(T, —a) converges weakly to m-

dimensional normal distribution with zero expectation and the covariance matrix

V, whose entries are given by v,, = EZJ(k) . Z](.l).

Proof. According to CRAMER-WALD device, it is enough to prove that a distribu-
tion of a linear combination /ny ;" | ¢tT,(cx) tends to the normal distribution
with zero expectation and the variance Y ;" | > ", cxv,, ¢, where ¢ = (cq, ..., ¢n)

is some arbitrary fixed vector of constants such that 3ky : ¢, # 0. Without loss

>5>

of generality, we may assume that c has positive entries.

A simple argumentation yields that

m
D
k=1

An(c) = P ( iT(er) — % > 7%
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n

iP (‘\/ﬁTn(ak — 1n ZZ

IN

) . (2.55)
ckm

It follows from (2.21), (2.22), (2.26), (2.53) and (2.54) that every term of
the sum on the right hand side of (2.55) converges to 0 as n — oo. Hence,
Yoy cey/nT,(eg) and Yo" ckf > Z (k) have the same limit distribution.

In order to investigate an asymptotic dlstrlbution of Y1, ck\/Lﬁ Z?Zl Z(.k), rewrite
it in the following form
Salyzs - Lestagy
k=1 v j=1 \/_ j=1 k=1
1
o NG
Note that Vi(c),...,V,(c) is a sequence of i.i.d. random variables with zero ex-

pectation and variance 72 given by
= EV2 (Z ckZ )
S D) SIFTZLLIED 3 oty
k=1 1=1

k=1 =1

An application of the central limit theorem to Vj(c),...,V,(c) completes the

proof.
]



Chapter 3

Numerical results

3.1 Theoretical background

In this chapter we will give applications of the theoretical results from the previous
chapter. First, let us give some theoretical background of our practical algorithm.

Assume that the information dimension

= lim

o
«—0loge

/ log j(B(x, £))dp(z)

n

exists and note that if X has a distribution p then FElogu(B(X,e)) =
[ log u(B(x, ))du().

Further, we require F'log u(B(X,¢)) to obey a linear law with respect to loge,
ie. Elogu(B(X,¢)) ~ K + o,loge (¢ — 0) for some constants K and o,,.

For a sequence of radii €1 < g9 < ... < &, and n > 2 the vectors T, =
(T (21), Tn(g2), - . ., Tn(em)) provide consistent estimators for
Flogu(B(X,e1)) ~ K+o,loge; ; (3.1)
Flogu(B(X,e2)) ~ K +o,loges ; (3.2)
Flogu(B(X,e)) ~ K+o,loge,, . (3.3)

Moreover, y/nT,, converges weakly to the m-dimensional normal distribution with

zero expectation and a covariance matrix V.

43
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Introduce the following vector u = (uy, ..., u,,) with entries defined by

loge; — % ZZL log ey,
m m 2 -
% Zk:l 10g2 €k — (% Zk:l log 5k)

Now assume that a strict equality holds in (3.1)-(3.3). Then &, given by

U; =

. L
Ou=— > wT(=) (3.4)
=1

is a least squares estimator for o, i.e. 5, and K= K_&u'% >, loge; minimize
the sum of squares of deviations Y7, (T,(g;) — a — bloge;)* over all possible
choices @ € R and b € R. Furthermore, \/n(d, — 0,,) is asymptotically normal

with expectation 0 and variance o7 ¢ defined by

Ay

O'%S = E Z E Z U ViU -
i=1 k=1

Note that the entries of the covariance matrix V can be consistently estimated

from the underlying data in the same way as it was done for o2 in Theorem 2.3.

We will denote a consistent estimator of o7 ¢ by 6%, i.e.

By virtue of (3.4), (3.5) and Theorem 2.4, a two sided 95%-confidence interval

for o, is given by
[A 196615 .  1.96- &L5:|

Ou — T , 0+ T
In the next two sections we apply our theory to probability measures of frac-
tional information dimension. Without loss of generality, we restrict ourselves
by considering a special family of probability measures on the unit cube in R?,
originally introduced by CUTLER [10], since usually dynamical systems have a
bounded attractor. Another reason for considering this special family of prob-
ability measures is that it is well studied while the true information dimension
of many well-known dynamical systems is still unknown. We also hope that this
family of probability measures exhibits dimension behavior of most distributions

on the unit cube. The general construction of this family of probability measures
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can be found in CUTLER [12]. To illustrate the main idea, we will construct the
generalized Cantor distribution on unit cube in R3 in Section 3.3.

In both numerical simulations of this chapter, the 95%-confidence intervals cover
the true value of the information dimension in 97 out of 100 cases. In Section 3.3
we even obtained slightly shorter confidence intervals than CUTLER [10]. Note
that we construct confidence intervals on the basis of 5000 observations while
she did them on the basis of 20400 observations. However, the main point of our
investigations is to show how the whole sample can be used in such estimation
problems without splitting into parts.

Simulations have been performed using a software TSTOOL based on the core
platform MATLAB.

3.2 Cantor distribution in R?

In this section we present numerical results for a two-dimensional Cantor dis-
tribution. If we denote by C the Cantor set then the two-dimensional Cantor
distribution is a uniform distribution on the Cartesian product of C' x C. It is
known that the information dimension o, of this distribution is approximately
equal to 1.2619 (see CUTLER [12]).

We have produced 100 simulations. In each simulation a sample of a size 5000
was randomly drawn from the two-dimensional Cantor distribution. e, = 0.0021+
0.0001-k, k =0,...,8 were chosen as a radii for balls B(Xj, ¢), fori = 1,...,5000.
Then points which did not have any neighbor in their £;-neighborhood have been
thrown out. Results of the simulations are shown in Tables 3.1-3.4. Intervals which

do not cover the true value of the dimension are marked by asterisk ”x”.
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Table 3.1: Cantor distribution in R?
(0, ~ 1.2619, & = 0.0021 + 0.0001 - &,k = 0,...,8)

confidence intervals | length of confidence intervals o sample size
[ 1.1780 , 1.3344] 0.1564 2.5210 3993
[ 1.2007 , 1.3617] 0.1610 2.6053 4024
[ 1.1414 , 1.2987] 0.1573 2.5358 3995
[ 1.1276 , 1.2830] 0.1553 2.4845 3931
[ 1.1371 , 1.2898] 0.1528 2.4641 3997
[ 1.1679 , 1.3209] 0.1530 2.4677 3997
[ 1.1561 , 1.3139] 0.1577 2.5489 4012
[ 1.1489 , 1.3066] 0.1578 2.5376 3974
[ 1.1132 , 1.2672] 0.1539 2.4639 3936
[ 1.1474 | 1.3029] 0.1555 2.5083 3999
[ 1.1218 , 1.2779] 0.1561 2.5070 3962
[ 1.1339 , 1.2909] 0.1570 2.5311 3996
[ 1.1499 , 1.3071] 0.1573 2.5497 4038
[ 1.1491 , 1.3030] 0.1539 2.4809 3993
[ 1.1769 , 1.3342] 0.1573 2.5299 3974
[ 1.1204 , 1.2762] 0.1558 2.5008 3960
[ 1.1474 | 1.3060] 0.1585 2.5420 3950
[ 1.1435 | 1.2970] 0.1535 2.4688 3973
[ 1.2047 , 1.3641] 0.1594 2.5766 4016
[ 1.2030 , 1.3612] 0.1582 2.5423 3967
[ 1.1642 , 1.3252] 0.1610 2.5800 3944
[ 1.1416 , 1.3044] 0.1628 2.6213 3984
[ 1.1743 | 1.3307] 0.1564 2.5135 3970
[ 1.1439 , 1.2997] 0.1558 2.5201 4019
[ 1.1526 , 1.3064] 0.1539 2.4704 3960
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Table 3.2: Cantor distribution in R?
(0, ~ 1.2619, & = 0.0021 + 0.0001 - &,k = 0,...,8)

confidence intervals | length of confidence intervals o sample size
[ 1.1432 , 1.3012] 0.1580 2.5399 3972
[ 1.1185 , 1.2741] 0.1556 2.5120 4007
[ 1.1791 , 1.3383] 0.1592 2.5661 3992
[ 1.1281 , 1.2812] 0.1530 2.4684 3999
[ 1.1317 , 1.2896] 0.1579 2.5550 4021
[ 1.1726 , 1.3322] 0.1596 2.5769 4007
[ 1.1820 , 1.3404] 0.1583 2.5535 3996
[ 1.1351 , 1.2914] 0.1563 2.5053 3946
[ 1.2095 , 1.3676] 0.1581 2.5392 3965
[ 1.1408 , 1.2980] 0.1572 2.5214 3955
[ 1.1116 , 1.2626] 0.1511 2.4334 3987
[ 1.1885 , 1.3471] 0.1586 2.5346 3924
[ 1.1692 , 1.3285] 0.1593 2.5590 3966
[ 1.1372 , 1.2950] 0.1578 2.5415 3986
[ 1.2087 , 1.3654] 0.1567 2.5302 4007
[ 1.1819 , 1.3397] 0.1578 2.5332 3961
[ 1.1498 | 1.3028] 0.1530 2.4818 4043
[ 1.1290 , 1.2833] 0.1543 2.4728 3946
[ 1.1244 | 1.2805] 0.1561 2.5106 3974
[ 1.1699 , 1.3226] 0.1527 2.4800 4055
[ 1.1464 , 1.3001] 0.1537 2.4700 3968
[ 1.1312 , 1.2876] 0.1564 2.4997 3926
[ 1.1341 , 1.2882] 0.1541 2.4829 3989
[ 1.1489 , 1.3061] 0.1571 2.5285 3978
[ 1.1767 , 1.3373] 0.1605 2.5802 3970
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Table 3.3: Cantor distribution in R?
(0, ~ 1.2619, & = 0.0021 + 0.0001 - &,k = 0,...,8)

confidence intervals | length of confidence intervals o sample size
[ 1.1608 , 1.3198 | 0.1590 2.5615 3990
[ 1.1322 , 1.2864] 0.1542 2.4914 4010
[ 1.1446 , 1.3012] 0.1565 2.5097 3950
[ 1.1275 , 1.2811] 0.1536 2.4732 3984
[ 1.1916 , 1.3520] 0.1605 2.5699 3941
[ 1.1510 , 1.3097] 0.1587 2.5563 3986
[ 1.1870 , 1.3449] 0.1579 2.5512 4009
[ 1.1679 , 1.3276] 0.1597 2.5730 3991
[ 1.1716 , 1.3257] 0.1540 2.4850 4000
[ 1.1509 , 1.3084] 0.1575 2.5304 3965
[ 1.1460 , 1.3040] 0.1580 2.5557 4021
[ 1.1072 , 1.2638 | 0.1565 2.5145 3965
[1.1173 , 1.2708 | 0.1535 2.4692 3976
[ 1.1728 , 1.3356 | 0.1627 2.6113 3956
[ 1.1351 , 1.2882 ] 0.1532 2.4806 4031
[ 1.1548 , 1.3138 | 0.1590 2.5515 3956
[ 1.1220 , 1.2787 | 0.1567 2.5286 4002
[1.1142 , 1.2692 | 0.1550 2.5150 4046
[ 1.1196 , 1.2760 | 0.1564 2.5259 4007
[ 1.1754 , 1.3332 | 0.1578 2.5391 3978
[ 1.1241 , 1.2780 | 0.1540 2.4819 3993
[ 1.1797 , 1.3347 | 0.1550 2.4977 3990
[ 1.1437 | 1.2964 | 0.1527 2.4619 3994
[ 1.2072 , 1.3626 | 0.1554 2.5181 4033
[ 1.1402 , 1.2991 | 0.1589 2.5H648 3970
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Table 3.4: Cantor distribution in R?
(0, ~ 1.2619, & = 0.0021 + 0.0001 - &,k = 0,...,8)

confidence intervals | length of confidence intervals o sample size
[ 1.1356 , 1.2873 | 0.1518 2.4472 3995
[ 1.1267 , 1.2818 | 0.1552 2.4980 3982
[ 1.1735 , 1.3331 | 0.1595 2.5554 3942
[ 1.1481 , 1.3028 | 0.1547 2.4848 3966
[ 1.1658 , 1.3233 | 0.1575 2.5268 3954
[ 1.1195 , 1.2687 | 0.1492 2.4054 3995
[ 1.1055 , 1.2594 |* 0.1539 2.4786 3988
[ 1.1067 , 1.2617 |* 0.1550 2.4845 3949
[ 1.0639 , 1.2120 |* 0.1481 2.3881 3994
[ 1.1504 , 1.3089 | 0.1585 2.5598 4009
[ 1.1364 , 1.2916 | 0.1553 2.4992 3981
[ 1.1580 , 1.3138 ] 0.1558 2.5199 4018
[ 1.1636 , 1.3203 | 0.1567 2.5226 3981
[ 1.1871 , 1.3427 | 0.1555 2.5128 4011
[ 1.1320 , 1.2858 | 0.1538 2.4761 3983
[ 1.1832 , 1.3457 | 0.1625 2.6095 3963
[ 1.1806 , 1.3380 | 0.1575 2.5552 4045
[ 1.1566 , 1.3131 | 0.1565 2.5197 3985
[ 1.2390 , 1.3993 | 0.1604 2.5791 3974
[1.1642 , 1.3169 | 0.1527 2.4812 4059
[ 1.1900 , 1.3474 | 0.1575 2.5435 4009
[ 1.1409 , 1.2981 | 0.1572 2.5219 3956
[ 1.1288 , 1.2804 | 0.1516 2.4569 4035
[ 1.1390 , 1.2949 | 0.1559 2.5108 3984
[ 1.1320 , 1.2875 | 0.1555 2.4968 3963
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3.3 Generalized Cantor distribution in R?

In this section we consider a generalization of 3-dimensional Cantor distribution
on the Cartesian product C' x C' x C'. First we describe a construction of this
measure by the following procedure.

Consider the unit cube U in R? and divide it into 3% nonoverlapping equal cubes
Uy, ..., Us;. We assign the order numbers to them in each vertical stratum from
left to right, beginning with the leftmost bottom cube. Now define a vector of
probabilities p = (pu, ..., p2r) whose entries are given by p; = 0.8%, p3 = p; =
Pro = 0.82-0.2, pg = por = pos = 0.8-0.22, poy = 0.23 and p; = 0 otherwise.
Further, we assign the probability p; to U;.

Repeat this process for each U;: divide U; into 3* nonoverlapping equal subcubes
Uii,...,Us o7 (maintaining the same pattern of labelling the cubes as used at
the first stage) and assign probability p;p; to U; ;. Continuing this procedure, we
obtain, for each positive integer n, a collection of 3" nonoverlapping equal cubes
Ui, ..iny 1 <4y <27, with the product probability p;, -...-p;, assigned to U;, ., .
Now there exists a unique probability measure p, defined on the Borel sets of U
such that pp,(Ui,...i.) = Diy - - - .- Pi,- This measure is considered here. It is known
that its information dimension is approximately equal to 1.3665 (see CUTLER
[12]).

Note that if the nonzero entries of a vector of probabilities p would be given
by pr = ps = pr = pg = p1o = P = pas = par = 0.5° then we obtain the
three-dimensional Cantor distribution.

We have produced 100 simulations. In each simulation sample of size 5000 was
randomly drawn from the generalized three-dimensional Cantor distribution.
er = 0.030 + 0.001 - k, k = 0,...,8 were chosen as a radii for balls B(Xj;,¢),
for « = 1,...,5000. Then points which did not have any neighbor in their -
neighborhood have been thrown out. Results of the simulations are shown in Ta-
bles 3.5-3.8. Intervals which do not cover the true value of dimension are marked

by asterisk 7.
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Table 3.5: Generalized Cantor distribution in R3
(0, ~ 1.3665, £ = 0.030 + 0.001 - k,k =0, ....8)

confidence intervals | length of confidence intervals o sample size
[ 1.3102 , 1.4381] 0.1279 2.2786 4876
[ 1.2898 , 1.4174] 0.1276 2.2698 4862
[ 1.2539 , 1.3785] 0.1246 2.2180 4870
[ 1.3129 , 1.4417] 0.1288 2.2939 4874
[ 1.3165 , 1.4427] 0.1263 2.2446 4857
[ 1.3120 , 1.4392] 0.1273 2.2656 4870
[ 1.3295 , 1.4588] 0.1293 2.2997 4861
[ 1.2960 , 1.4231] 0.1271 2.2628 4868
[ 1.3258 , 1.4553] 0.1295 2.2980 4842
[ 1.2965 , 1.4224] 0.1259 2.2394 4865
[ 1.3397 , 1.4689] 0.1292 2.2974 4860
[ 1.3418 , 1.4712] 0.1293 2.3018 4866
[ 1.2694 , 1.3964] 0.1270 2.2577 4857
[ 1.3058 , 1.4308] 0.1250 2.2242 4861
[ 1.2702 , 1.3986] 0.1283 2.2788 4847
[ 1.2844 | 1.4121] 0.1277 2.2709 4861
[ 1.2658 , 1.3918] 0.1261 2.2358 4832
[ 1.2983 | 1.4213] 0.1230 2.1880 4861
[ 1.2823 | 1.4128] 0.1305 2.3249 4880
[ 1.3626 , 1.4921] 0.1295 2.3009 4852
[ 1.2527 , 1.3800] 0.1273 2.2596 4844
[ 1.2996 , 1.4294] 0.1298 2.3092 4863
[ 1.2899 , 1.4131] 0.1231 2.1890 4855
[ 1.3361 , 1.4627] 0.1266 2.2488 4851
[ 1.2406 , 1.3656]* 0.1249 2.2217 4858
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Table 3.6: Generalized Cantor distribution in R3
(0, ~ 1.3665, £ = 0.030 + 0.001 - k,k =0, ....8)

confidence intervals | length of confidence intervals o sample size
[ 1.3375 , 1.4634] 0.1259 2.2354 4847
[ 1.3268 , 1.4542] 0.1275 2.2680 4865
[ 1.3215 , 1.4473] 0.1258 2.2380 4863
[ 1.2984 | 1.4260] 0.1276 2.2722 4874
[ 1.2934 | 1.4171] 0.1237 2.1968 4845
[ 1.2990 , 1.4283] 0.1293 2.3012 4866
[ 1.3030 , 1.4306] 0.1276 2.2668 4849
[ 1.3145 | 1.4428] 0.1283 2.2796 4853
[ 1.3277 , 1.4566] 0.1288 2.2952 4876
[ 1.3301 , 1.4595] 0.1294 2.3036 4869
[ 1.3853 , 1.5122]* 0.1269 2.2593 4868
[ 1.2585 , 1.3852] 0.1266 2.2490 4848
[ 1.3436 , 1.4705] 0.1269 2.2548 4853
[ 1.3164 , 1.4457] 0.1294 2.2943 4834
[ 1.3551 , 1.4863] 0.1312 2.3322 4858
[ 1.3119 , 1.4413] 0.1293 2.3006 4862
[ 1.3038 , 1.4303] 0.1265 2.2526 4873
[ 1.3326 , 1.4549] 0.1223 2.1745 4859
[ 1.2902 , 1.4168] 0.1266 2.2547 4874
[ 1.3328 , 1.4599] 0.1271 2.2578 4849
[ 1.2788 , 1.4064] 0.1276 2.2714 4866
[ 1.2824 | 1.4079] 0.1255 2.2313 4855
[ 1.3084 , 1.4366] 0.1281 2.2834 4879
[ 1.3440 , 1.4699] 0.1259 2.2352 4847
[ 1.3132 , 1.4400] 0.1268 2.2565 4866
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Table 3.7: Generalized Cantor distribution in R3
(0, ~ 1.3665, £ = 0.030 + 0.001 - k,k =0, ....8)

confidence intervals | length of confidence intervals o sample size
[ 1.2637 , 1.3903] 0.1267 2.2520 4858
[ 1.2913 | 1.4189] 0.1276 2.2664 4846
[ 1.2819 , 1.4063] 0.1244 2.2164 4874
[ 1.2870 , 1.4150] 0.1280 2.2770 4863
[ 1.2675 , 1.3925] 0.1249 2.2226 4862
[ 1.3176 , 1.4440] 0.1264 2.2534 4883
[ 1.2394 , 1.3663]* 0.1270 2.2569 4856
[ 1.3378 , 1.4683] 0.1305 2.3211 4858
[ 1.2637 , 1.3886] 0.1250 2.2256 4873
[ 1.3256 , 1.4532] 0.1276 2.2689 4858
[ 1.3307 , 1.4586] 0.1279 2.2747 4860
[ 1.3108 , 1.4369] 0.1261 2.2435 4864
[ 1.2746 , 1.4029] 0.1283 2.2841 4867
[ 1.3005 , 1.4281] 0.1276 2.2725 4872
[ 1.3183 , 1.4474] 0.1291 2.2900 4835
[ 1.3035 , 1.4302] 0.1268 2.2536 4855
[ 1.3595 , 1.4908] 0.1313 2.3341 4857
[ 1.2658 , 1.3934] 0.1277 2.2697 4857
[ 1.2842 , 1.4083] 0.1241 2.2045 4851
[ 1.3016 , 1.4269] 0.1254 2.2277 4851
[ 1.3428 | 1.4735] 0.1306 2.3194 4846
[ 1.3090 , 1.4364] 0.1275 2.2664 4859
[ 1.3377 , 1.4680] 0.1303 2.3199 4874
[ 1.2905 , 1.4202] 0.1296 2.3041 4854
[ 1.3235 , 1.4506] 0.1271 2.2650 4882
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Table 3.8: Generalized Cantor distribution in R3
(0, ~ 1.3665, £ = 0.030 + 0.001 - k,k =0, ....8)

confidence intervals | length of confidence intervals o sample size
[ 1.3353 | 1.4645] 0.1292 2.2991 4863
[ 1.3349 , 1.4596] 0.1247 2.2254 4890
[ 1.3229 , 1.4519] 0.1290 2.2927 4850
[ 1.3632 , 1.4904] 0.1271 2.2579 4848
[ 1.3382 , 1.4675] 0.1293 2.2977 4854
[ 1.3004 , 1.4284] 0.1280 2.2755 4855
[ 1.2926 , 1.4226] 0.1300 2.3137 4867
[ 1.2507 , 1.3795] 0.1288 2.2885 4852
[ 1.3183 , 1.44809] 0.1306 2.3230 4864
[ 1.3438 , 1.4757] 0.1318 2.3425 4852
[ 1.3057 , 1.4318] 0.1262 2.2453 4867
[ 1.3479 , 1.4753] 0.1274 2.2663 4860
[ 1.3446 , 1.4714] 0.1267 2.2546 4862
[ 1.3498 | 1.4804] 0.1306 2.3260 4877
[ 1.3019 , 1.4284] 0.1265 2.2506 4863
[ 1.3369 , 1.4671] 0.1302 2.3113 4841
[ 1.2899 , 1.4193] 0.1294 2.3002 4857
[ 1.3099 , 1.4381] 0.1282 2.2758 4844
[ 1.2979 , 1.4244] 0.1266 2.2481 4846
[ 1.3259 , 1.4550] 0.1290 2.2939 4857
[ 1.3480 , 1.4757] 0.1277 2.2733 4870
[ 1.3161 , 1.4433] 0.1272 2.2594 4849
[ 1.2961 , 1.4221] 0.1260 2.2449 4877
[ 1.3177 , 1.4457] 0.1280 2.2766 4858
[ 1.2651 , 1.3908] 0.1257 2.2360 4860




Chapter 4

ASCLT and ASLT for U-statistics

4.1 U-statistics of dependent random variables

Here we give some preliminary results which will be used in the next two sections.

First, we recall some definitions of mixing coefficients. Let
X1, Xo, ..., X, (4.1)

be a strictly stationary sequence of random variables defined on probability space
(2,3, P). Denote the distribution function of X; by F(x). Further, let $° denote
a o-algebra of events generated by X,, X,y1,...,Xp, where 1 < a < b < 00, and
3% denote a o-algebra generated by X,, X141, . ... If o-algebras Sf and 377, are

independent then for all events A € I% and B € 32, we have
P(ANB)—P(A)P(B) =0. (4.2)
In general, (4.2) doesn’t hold, and the expression on the left hand side of (4.2) is
taken as a basis of the measure of dependence between S and $7°,,.
Definition 4.1. The sequence (4.1) is called strongly mizing or a-mizing if
a(n) :==sup{|P(ANB) — P(A)P(B)|: A€ 3}, B €33, k=1,2,...}
tends to zero as n — o0.
Definition 4.2. The sequence (4.1) is called absolutely reqular if
B(n) := sup E[sup{|P(A/3}) — P(A)| : A € 332, )]

keEN

tends to zero as n — 00.
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It is well known that

a(n) < B(n) (4.3)
and therefore a class of all sequences of strongly mixing random variables contains
a class of all sequences of absolutely regular random variables.
Consider a statistical functional §(F) defined in (1.10) and take a non-degenerate
U-statistic U,, based on the sample (4.1) as an estimator for 6(F). It should be
mentioned that U, is not an unbiased estimator for #(F") anymore, but it is still
a consistent and asymptotical normal estimator for a wide class of dependent
variables (see SEN [17], YOSHIHARA [51], DENKER and KELLER [ 7], YOSHIHARA
[52]).
In this chapter we make use of the functions h. and h. defined in (1.11)—(1.14)
for c=1,...,m. It is not difficult to see that the functions h., ¢ =1,...,m are
degenerate even if (4.1) is not a sequence of i.i.d. random variables. Note that
if U, is based on the independent sequence (4.1) then the functions h, can also
be written through conditional expectations, but in general, this cannot be done.
Further, HOEFFIDNG’s decomposition is valid for U,, based on (4.1) and therefore,
Theorem 1.2 holds in the context of this chapter. But the upper bounds of the
second moment of U,., ¢ =1,...,m defined in (1.16) and based on (4.1), differ
from (1.18) and depend on the type of the dependency of the sequence (4.1). We
give them in the corresponding sections.

Next, we introduce the value

0% = Ehi(X1) +2)  El(X1)h(Xpp1) (4.4)
k=1
which is well defined under conditions given in the next two sections.
The main idea of the proofs in Section 4.2 and Section 4.3 is to approximate
Vvn(om)~ (U, — 6(F)) by a sequence of random variables W, which satisfies the
ASCLT and obtain the following bound for the probabilities

P (|[v/n(om) (U, — 0(F)) = Wy,| >¢) =0 <L) (4.5)

(logn)™
for all € > 0 and some 7 > 0. Then (y/n(om) (U, — 6(F)) also satisfies the
ASCLT by virtue of the next Lemma which is due to LESIGNE [39]. Here we cite

a bit modified Preposition 1 from [39].
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Lemma 4.1. Let /n(om)~Y(U, — 0(F)) and W, be two sequences of random
variables. Assume that the sequence W, satisfies the ASCLT. Further, let (4.5)
holds. Then the sequence \/n(om) (U, — 0(F)) also satisfies the ASCLT.

If U,, is a non-degenerate U-statistic then the natural choice of the approximating
sequence W, is \/no~'U,;, where U, is the first term of HOEFFDING’s decom-
position (1.15). Since U, is a sample average of sequence {hy(X;)}!, the next
lemma which is due to PELIGRAD and SHAO [11] is used for showing that the

approximating sequence W, satisfies the ASCLT.

Lemma 4.2. Let {X,,n > 1} be a stationary strongly mizing sequence with
EX, =0 and E|X,|*" < 0o for some § > 0. Assume

Za6/(2+5) (n) < oo.
n=1

Then of = EX? +2% 12, EX X, < oco. If in addition 03 > 0 then (y/noy) 'S,
satisfies the ASCLT, where S, =Y i | X;.

4.2 ASCLT for U-statistics of absolutely regular

random variables

In this section, we prove the ASCLT for U-statistics of absolutely regular ran-
dom variables. Assume that sequence (4.1) is absolutely regular with mixing
coefficients 3(n).

First, we give upper bounds for the second moment of degenerate statistics
Upe, ¢=2,...,m, which are due to YOSHIHARA [51].

Assume that for some r > 2
= /~~~/|h(x1,...,:cm)|7"dF(x1)~--dF(:cm) <My<oo  (46)
and for all integers iq,1s,. .., 0y (i1 < iy < -+ <iy)
v, = Eh(Xy, Xiy, -, Xi,)|" < My < 00, (4.7)

) im

where M; is some absolute constant.
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Lemma 4.3. If there is a positive 0 such that for r =240 (4.6) and (4.7) hold,
and for some &' (0 < &' < 6) B(n) = O(n~F/%) then we have

E(Ua(he))* =0(n™"") (2<c<m)

where v = gfé—fg > 0.

Now we are ready to state our theorem and give its simple proof.

Theorem 4.1. Let {X,,,n > 1} be a stationary absolutely regular sequence of
random variables. If there is a positive 0 such that for r =2+ 9§ (4.6) and (4.7)
hold, and for some &' (0 < &' < &) B(n) = O(n=C+9)/%) then the series (4.4)
converges absolutely; if o> > 0 holds then +/n(om) Y (U,(h) — 0) satisfies the
ASCLT.

Remark 4.1. The assumptions of Theorem 4.1 ensure the central limit theorem

for U-statistics of absolutely regular random variables (see YOSHIHARA [51]).

Proof. The first statement of the theorem was proved in Theorem 1 of YOSHI-
HARA [51] and hence, 02 in (4.4) is well defined.

From the HOEFFDING’s decomposition (1.15) it follows that
nt?2 IS (m
p N R R AU R S ) LA CO I

Note that if the sequence {X,,} is absolutely regular (4-mixing) then it is strongly
mixing (a-mixing) which follows from (4.3). Secondly, if {X,,} is f-mixing then
a sequence {f(X,)} is also f-mixing for any measurable function f with some
mixing coefficient which is not greater than ((n).
These remarks give us a possibility of applying Lemma 4.2 to the second term
on the left hand side of (4.8) and therefore, n'/26='U,,(h;) satisfies the ASCLT.
Lemma 4.3 yields
nl/2 2
E <—Un(hc)) =0(n7") (4.9)

am

2(5—5")
5re) > V-

Now (4.5) follows from (4.8) and (4.9) using Chebyshev and ¢,- inequalities. Thus,

the assumptions of Lemma 4.1 are fulfilled and its application to the random

for any ¢ =2,...,m, where v =

variables on the left hand side of (4.8) completes the proof.
O
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4.3 ASCLT for U-statistics of strongly mixing

random variables

In this section we prove the ASCLT for U-statistics of strongly mixing random

variables. Assume that sequence (4.1) is strongly mixing with mixing coefficients

a(n).
YOSHIHARA [52] investigated an asymptotic distribution of U,, based on (4.1)
when all degenerate kernels h., ¢ = 2,..., m can be represented as a Fourier sum

by some orthogonal basis of L?(R, F') defined below. We make use of his method
for deriving the ASCLT for U,,.

Let L?(R, F) be the Hilbert space of square integrable functions with respect to
a distribution function F' of X;. Further, let {g;}2, be an orthogonal basis of
L?(R, F) such that gy = 1. For each ¢ (1 < ¢ < m) put

gi1 ,,,,, ic $17 H91] x]

It is well known that for each ¢ (1 < ¢ < m) the system {g;, ;. : 0 <13 <ip <

. <. < oo} is a basis of the Hilbert space L*(R¢, F°). Let A.(iy, ..., i.) be the

Fourier coefficient of the function h., i.e.,

)\ Zl,..., / / a:l,...,asc)Hgij(xj)HdF(:z:j/).
j=1 j'=1

Then, for each ¢ (1 < ¢ <m)

he(xy,...,x Z)\ Wy ey de) Gy i (X1, ) (4.10)
{i;}

in the L2-sense. Moreover, it follows from the Parseval inequality that

/'--/hg(azzl,...,xc)l_[dF(xJ Z|>\ i1, i0)|? < o0,
=1
Define
Aty rie 0, 0) = A(in, oo i) (1<c<m—1)

and
A1y ey tm) = A (i1, - ey im)-
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One of the main assumptions in this section is

> A, )| < 00 (4.11)

Let )
= (Zhl ) . (4.12)

Under the conditions of Lemma 4.4 given below, the series in (4.4) converges

2

absolutely and hence, ¢° is well defined. Moreover,

02 =no*(14+o0(1)) as n— oo.

We use the following notation. For any random variables n and r > 1, let ||n||, =
(Eln|)"" i Eln|™ < oo,

Now assume that for some § > 0
121 (X 1) ll246/m < o0 (4.13)

and

Zlglcélx sup |9k, (X1)[|2m+s < 00. (4.14)

The next lemma gives the upper bound for the second moments of U,., ¢ =

2,...,m, which is due to YOSHIHARA [52].

Lemma 4.4. Let {X,,n > 1} be a stationary sequence of strongly mizing random
variables with mixing coefficients a(n). Suppose that (4.10) holds for all ¢ (2 <
c < m) and (4.11) is satisfied. Assume that there exists a positive § such that
(4.13) and (4.14) hold. Further, assume that

an 5/2m+6 )<OO.

Then
ElU > <C(rn™ r=2,....,m

where C'(2),...,C(m) are absolute constants which do not depend on n.

Now we state the ASCLT for the U-statistic U,,.
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Theorem 4.2. If 0> > 0 then under the assumptions of Lemma 4.4,
Vvno Y (U,(h) — 0) satisfies the ASCLT.

Proof. First note that if X,, is a strongly mixing sequence with mixing coefficients
a(n) then for any measurable function f, f(X,) is also a strongly mixing sequence
with some mixing coefficient which is not greater than a(n).

Now from the Hoeffding decomposition, we have that

nl/2 nl/2 /2 "
By Lemma 4.2 and the remark at the beginning of the proof, we can conclude
that the second term on the left hand side of (4.15) satisfies the ASCLT.

Using Lemma 4.4 we find out that for any c=2,....,m

E (%/QUn(hc))2 =0(n'°) .

Thus, the assumptions of Lemma 4.1 are fulfilled and its application to random
variables on the left hand side of (4.15) completes the proof. O]

4.4 Refinement of BERKES and CsAKI’s Theorem

In the rest of this chapter we present another technique, developed by HoLz-
MANN, KocH and MIN [32], for proving the ASLT for U-statistics based on i.i.d.
random variables X1, ..., X,,. Here we describe this method and improve Theo-
rem F of BERKES and CSAKI [4].

Let (Y,)n>1 be a sequence of random elements taking values in a Polish space
(S,d) and let G be a probability measure on the Borel o-field in S. We say that
(Y,,)n>1 satisfies the ASLT with a limiting distribution G if

(logn)~ Z5Yk/k =G asn— o0
k=1
with probability 1. Here dy, is the Dirac measure at Y, and ” = 7 denotes weak
convergence of measures.

The following lemma illustrates the main idea of the method.
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Lemma 4.5. Let (Y,,)n>1 be a sequence of S-valued random elements which sat-
isfies the ASLT with some limiting distribution G. Assume that Z, is another
sequence of S-valued random elements on the same probability space such that
almost surely, d(Yn, Z,) — 0. Then Z, also satisfies the ASLT with limiting dis-
tribution G.

Proof. By a well known principle in almost sure limit theory (see e.g. LACEY and
PHILIPP [38], (Y,,)n>1 satisfies the ASLT with limiting distribution G if and only
if

(logn)lz%\lf(Yk(w)) —>/\Il(af) dG(z) a.s.

k=1 S
for any bounded Lipschitz function . Using the Lipschitz property of ¥ and the
assumption that d(Y,,, Z,) — 0 we conclude that

1 |1 C 1
— |V (Y; - (Z < —d(Y; Z 0 a.s.
logn ; /{|: ( k(w)) ( k(w))H > logn ; 2 ( k(w), k(w)) — a.s.,
where C' is a Lipschitz constant for W. This proves the Lemma. O]

In the sequel we will make use of the following lemma which is a consequence of

a more general result due to GINE and ZINN [21].

Lemma 4.6. Let h(z1,...,x;) be measurable and degenerate. Let q € (L,1). If
E|h(X1,..., X)|" < oo, (4.16)
then with probability 1

nt Y (X, X)) = 0,

1<i1<..<i<n

For the weak convergence of n/2U,,(h) (where ¢ denotes the rank of U, (h)) Ko-
ROLYUK and BOROVSKICH [37] weakened the assumption (1.17) to

Elhi( Xy, ..., X)) < 00, i=c,...,m. (4.17)

Now we show that these conditions also imply the validity of the ASLT for U-

statistics of i.i.d. random variables.
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Theorem 4.3. Let ¢ be the rank of the U-statistic U,(h) based on i.i.d. random
variables X, ..., X,. If (4.17) is satisfied then the following relation holds

n

Z %]1 {kT/Q(Uk(h) —0(F)) <z} =G(x) as. for any x € Cg,

. 1
lim
n—oo logn

where G is the limit distribution of n"/?(U,(h) — 0(F)), Cg denotes the set of
continuity points of G and 0(F') defined in (1.10).

Remark 4.2. Note that the moment assumptions of the Theorem imposed on
degenerate functions h;, i = c,...,m are weaker than the moment assumption

(1.17) of BERKES and CSAKI [1].

Proof. First of all note that, if ¢ is the critical parameter of U, (h), then the

functions h;(z1,...,z;) =0as. foralli =1,...,c—1, and so from HOEFFDING’s
decomposition
n2U,(h) — n/? (m> U (he) = n/? Z (ZZ) U (hy). (4.18)
c
k=c+1

Using Theorem F of BERKES and CSAKI [1], we conclude that n?("™)U,(h.)
satisfies the ASLT.

By virtue of Lemma 4.6, the sum on the right-hand side of (4.18) converges to
zero a.s. by letting [ = k and g = k —¢/2 for k =c+1,...,m. An application of
Lemma 4.5 to the random variables on the left hand side of (4.18) completes the

proof. O

4.5 ASLT for U-statistics with limiting stable

distribution

As we shall see in this section, under some mild moment conditions weak conver-
gence of a sequence of non-degenerate U-statistics to a stable limit distribution
implies the validity of the corresponding ASLT. Let G, denote a stable law of
order a, 0 < a < 2.
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Theorem 4.4. Let U,(h) be a U-statistic based on i.i.d. random variables
Xi,...,X,. Assume that for some a € (1,2]

1
n'~a

mL(n)

Un(h) — Ay = G, (4.19)

where L(n) is a slowly varying function for which liminf, .., L(n) > 0. If

Elh(X1, ..., X)) 50T <00, k=2,...,m, (4.20)
then
1 n
nh—>oo logn £ k’]l{ B e Ur(h)- A<z} = Gal) as.

Remark 4.3. (i) Assumption (4.19) is very common in almost sure limit theory,
when one deduces an ASLT from the wvalidity of the corresponding weak limit
theorem (see e.g. BERKES and DEHLING [5]).

(ii) One has weak convergence in (4.19) if the distribution function of hy(Xy)

belongs to the domain of attraction of G, and if the moment condition
E|h(X1,..., Xm)|35T < 00 (4.21)

holds (see HEINRICH and WOLF [28]).
(iii) It is not difficult to see that (4.21) implies (4.20).
(iv) Theorem 4.4 will be true for any slowly wvarying function L(n), if

Elhi(Xy, ..., Xg)|Px < 0o for some py > a(kf—’f)ﬂ, k=2,...,m
Proof. Let us start by showing that
nl_l
L) (Un(h) = mUy,(h1)) — 0 a.s. (4.22)
Indeed
) — U ) = S (™) 4.23
) = mtn) =3 (1) i), (429

k=2
and letting ¢ = k— 1+ é and [ = k we can apply Lemma 4.6. This proves (4.22).
Making use of (4.19) and (4.22) we conclude that also

;Un(hl) — A, = G,. (4.24)
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It is known that weak convergence of normalized sums of real valued i.i.d. random
variables to some stable law G, implies the corresponding ASLT (see PELIGRAD
and REVESZ [13]). Hence (4.24) implies

1 1
lim -1 |1
n—00 logn kZ:; k {ICLI/T(;Uk(hl)—Ak<:C}

An application of Lemma 4.5 to the random variables on the left hand side of
(4.23) completes the proof. O
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