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1. Introduction

The smallest entities of strongly interacting matter are hadrons, either baryons that
are aggregated of three quarks or mesons that are made from quark-antiquark pairs.
The most stable baryons are protons and neutrons that are the major constituents of
atomic nuclei together with electrons. And the lightest meson is the pion.

A major goal of hadron physics is an understanding of the structures of hadronic
matter and their dynamical properties whose underlying theory is quantum chromo-
dynamics (QCD). This interest follows two paths. One is concerned with the proper-
ties of families of hadrons as they exist freely, to accurately characterize the members
of the hadron spectrum in mass and decay properties and to reflect the structures
that arise from QCD. The other is to understand how these properties change when
hadrons are immersed in a nuclei or a nuclear matter.

The coherent-elastic photon scattering, called Compton scattering, is a clean tool to
investigate the internal structure of the nucleons, the nuclei and the nucleon-nucleon
interaction for the following reasons: i)The photon has only the electromagnetic inter-
action with other objects that can be comprehended physically quite well. ii) Further-
more, the transversity of a real photon simplifies the interpreting of the experimental
data. iii) On the experimental side, there has also been made considerable progress
with the help of developments of the direct current electron accerlator and the energy
tagging spectrometer.

The scattering process can be described by the S-matrix (scattering matrix) which
transformes an initial state into a final state, where the particles may be treated as
noninteracting ones in these states. The properties of the S-matrix elements may
be derivated from some general physical assumptions such as the unitarity and the
causality. The unitarity condition says that the sum of the probabilities for all poss-
ible intermediate states must be equal to unity. The causality can be formulated such
that the effect cannot proceede the cause. In other words, some quantity vanishes
over a range of values of its argument. This fundamental hypothesis leads to ana-
lytic property of the S-matrix elements when the variables on which they expand,
i.e. energies and momenta of the particles, are extended to the complex values. And
the application of Cauchy’s integral to such analytic function results in a dispersion
relation (DR).



1. Introduction

The dispersion relations, which are a particularly suitable mathematical technique
for dealing with the strongly interacting particles, provide a convienient language
for a semiphenomenological description of an experiment. For example, the forward
Compton scattering amplitude is expressed via the total photoabsorption cross section
by virtue of the optical theorem and a dispersion relation.

In order to get more information on the angle distribution of the scattering amplitude
f, we can decompose the amplitude f into the various partial waves which can be
transformed with each other. We will investigate the structure and the properties of
the three decomposed amplitudes, called in this work the helicity, the multipole and
the invariant amplitudes respectively, in the next chapter. In the third chapter, we
will calculate the four parameters vy, Ye1, Yare and ygo called spin polarizabilities,
based on the fixed-t unsubtracted dispersion relation, which characterize the photon
scattering amplitude by the nucleon in the limit of the photon energy w — 0 to-
gether with the electric @ and magnetic 3 polarizability. The numerical results will
be compared with the theoretical prediction of Heavy Baryon Chiral Perturbation
Theory (HBChPT).

If the photon or the target or the both of them are polarized in an intial or in a final
state, one can measure the asymmetries in addition to an unpolarized cross section.
These polarized observables, that is these additionally measurable quantities, serve
to provide information on the polarizabilities as well as the admixture ratio of the
electric quadrupole and magnetic dipole £E2/M1 in A-region. With the help of the
photon and the nucleon polarization matrix, we will compute the observables of the
polarized Compton scattering, and demonstrate numerical results for them together
with the experimental data in the fourth chapter. In particular, we will present the
kinematic regions, where the observables are especially sensitive to the parameters of
the polarizabilities and the E2/M1 mixing ratio.

The results of the investigations are summerized again, in the last chapter.

In this work, we use such units that h =c=m = 1.
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fixed-t unsubtracted DR

In a non-relativistic quantum mechanics, an intrinsic angular momentum of a particle,
or spin s, is introduced as an additional rotational degree of freedom decoupled from
the usual kinematic degree of freedom like an orbital angular momentum I. In a
momentum representation, the state vector of a particle with a momentum p and a
spin s is thus written in the form |[p;sm >= |p > ®|sm >, where |sm > are the
simultaneous eigenstates of the operators 8* and 3, with eigenvalues s(s + 1) and m,
respectively.

In a relativistic process, a spin state of a particle having a non-vanishing rest mass
may be labeled exactly as in the non-relativistic case by using the spin operators as
defined in Refs. [@, [3]. While for massless particles, e.g. photon, which move with
the velocity of light, the definition of the spin as an angular momentum of a particle
at rest frame cannot be applied any longer, because there is no fixed reference system
for these particles. In a relativistic quantum theory it is therefore not trivial to see
how spin is to be described, nor how it is to be interpreted physically. To avoid these
complications, a spin state is in this work classified by means of the quantum number
A called helicity. This method is available to particles with zero mass as well as to
massive particles.

2.1. Defintion and properties of helicity

A helicity is defined as the spin component along a direction of momentum n = p/|p|
of a particle:

A=s-n. (2.1)
In a relativistic theory, an orbital angular momentum I and a spin s for a free particle
are not seperately conserved, but only the total angular momentum j is conserved [84,
50]. Therefore, A can also be defined as a component of the total angular momentum
in the direction of a motion:

A=7-n. (2.2)
The helicity states have the following properties under the transformations of a rota-
tion, a reflection and the proper Lorentz transformation [id, 54]:
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1. For a massive particle there are (2s+ 1) independent helicity states, i.e. (2s+1)
values of A for a given p, while for a massless particle only two independent
helicity states A = £s are allowed.

2. Under the ordinary rotation of the zyz-axis the helicity is invariant.
3. When a space reflection is applied, the sign of A is changed.

4. By applying the Lorentz transformation in the direction of momentum p the
helicity remains unchanged, if the direction of p is not reversed.

2.2. Kinematics

N(p) N(p')

Figure 2.1.: The schematic view of the kinematics for the nucleon Compton scattering
YN — yN.

For the elastic photon scattering by the nucleon in c.m.s.,

v(k) + N(p) — (k') + N(p'), (2.3)

we define the kinematical variables k = (w, k) and ¥’ = (w, k') as four-momentum of
the incoming and the outgoing photon. p = (E, p) and p’ = (E,p’) denote the initial
and the final four-momentum of the target nucleon, respectively. The schematic
illustration of the kinematics for this process is given in Fig. 1.

The process of Eq. (B.3) can then be described by the transition amplitude between
the inital and the final states T; =< f|T'|i > which is related to the scattering matrix
Sy =< f|S]i > as follows:

Spi= 06 +i(2n)* 6 (K +p' — k —p) Ty (2.4)

Because the T; has to be invariant under the Lorentz transformation [67], it can be
represented as the function of the invariant variables v = (s —u)/4m and ¢, where the
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usual Mandelstam variables [66] s = (k+p)?, t = (k — k')? and u = (k — p/)? are in
c.m. frame given as

s=(w+E)? =W,
t = —2w*(1 — cos ) = —|ql|?,
u=m?—2wE +w?). (2.5)

Here, m is the mass of the nucleon, and 6 is the c.m. scattering angle between the

initial and the final photon directions. In the center of mass system the variable s

is the square of the total energy W, of the system, and t is equal to the negative

squared of the momentum transfer ¢ = k' — k. The energy and the three-momentum

of the nucleon are expressed in terms of s as
2 s (s—=m?)?

p:w :7, E2:

(s +m?)?
4s '

- (2.6)

The conventional c.m. scattering amplitude f,, and the transition amplitude T%; are
connected to each other by a phase space factor I, as follows:

1

fcm = chTfi> ch = 87TWtot‘ (27)
2.3. Helicity amplitudes
Y(K’, \y) y
X
.. |
o \ -} : 7
Y(k, \y) N (K, An) Y

N (K. AN)

Figure 2.2.: The nucleon Compton scattering in c.m. frame

The incident photon moves along the positive z direction, and the scattering takes
placs in the xz plane, as shown in Fig. £.7. Assuming also that the spin of the photon
and that of the nucleon are quantized along the directions of the photon momentum,
n = k/w before the scattering and ' = k'/w after the scattering respectively. The
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transition matrix 7" can then be described by the helicity amplitudes TM Ny Ay An which
are defined as

Tovgaay =< KX DA TR A, pAn > (2.8)
Here, A, and ) refer to the initial and the final helicities of the photon, while Ay
and Ny are those of the nucleon. Eq. (B.§) means that the helicity amplitudes are
the transition amplitudes between the initial and the final states with fixed spin
projections. Because of A, \|, = 1 and Ay, Ny = 41/2 there are sixteen helicity
amplitudes. Using them, the T-matrix in the helicity space is represented as

Ti1/2,11/2 Ti1/2,1-1/2 Ti1/2,-11/2 Ti12,-1-1/2
| Ticipe Ti_1/21-1/2 Ti_1/2,-11/2 Ti_1/2,-1-1)2
T — . (29)
T 112112 T 1121-1/2 T_11/2,-11/2 T 11/2,-1-1/2
T 11112 Toa—apa-1e Toaip—1i2 Toa-i2-1-12

Under the space inversion P and the time reversal T inversion,
P:X, Ay — =My, —=Ay  and T A, Ay — X Ay, (2.10)

the helicity amplitudes satify [64, bi]

A-N
Tox—xyg=r—an = (=177 To g aoaws
_ A-N
T xg aan = (177 Thoaw v ny s (2.11)

with A" = A| — Xy and A = A, — Ay. The numbers of the independent amplitudes are
thus reduced to six, here chosen to be [l]:

Hy =Tii211/2, Hy =T 112,112,
Hz =Ti_1/211/2, Hy =Tii2,-11/2, (2.12)
Hs =T_1_1/211/2, Heg =T1_1/2,-11/2-

Both amplitudes H; and H, are related to the helicity non-flip transition states,
whereas the amplitudes H; and Hg are connected to double helicity flip. The Hj
and Hy describe the process of the photon helicity flip without and with the nucleon
helicity flip respectively. These different structures owe to the various spin-dependent
interactions, i.e. spin-orbit, spin-spin and spin-tensor interactions [14]. By means of
Eq. (B.19) the matrix T reads

H, —Hy H, —H,;
H; Hy Hg Hy
H, —Hs; Hy, —H,s
Hs Hy H3 H;

(2.13)

It has to be noted that the diagonal elements of the matrix in Eq. (.13) are made of
the helicity non-flip amplitudes, while the double helicity flip waves are provided by
the far off-diagonal elements.

10
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2.3.1. Partial wave expansion

As mentioned in section E1], the helicity states are invariant under any rotation. The
inital states of the process of Eq. (R.3) can therefore be constructed by the states with
the total angular momentum of the system J, their components along a specified z
direction M = J, and the net helicity A\. Analogously, the final states can be described
by the states with J', M’ = J., and \"

XAy > =) < JMN Ay R Ay > [TMA Ay >,

J,M
=Y D{y(A)| JM A Ay > (2.14)
J,M

The Wigner function Dy,,(n) can be reduced under the SU(2) to d-function, where
the photon momentum direction n is represented by two spherical angles ¢ and 6:

DXM("A%) = exp{iM¢} diM(e)' (2.15)

If the direction of the n is taken as z-axis, then we can set ¢ = 0. With the help of
the orthogonality relation of d-function,

/ Ay (0)d) () sin 6 df = 871 70N NOAL M (2.16)
0

2J+1

the helicity amplitudes T,\/V Ny Ay are decomposed into the partial waves defined as

T)(‘]/’YAG\U)"YAN(S) =< JMMAN | T(s) | J M'N) Xy >, i.e. the T-matrix elements in an

angular momentum representation for a given J, M and the corresponding rotation
function df,, (6):
Toxyaan (5,0) = Y < A/ XXy [TMA Ay >< JMA Ay | T(s) | J'MX Ny >
JM
* < J M ANy A Ay >,

= 87\/52 (2J+1) T)L\]’W)\’N,)\A,)\N(S> d5in(9), (2.17)
7
where df,, () is associated with Jacobi polynomial as like

; J+ MO =M oM el
dy,(0) = i\/(u n Ni!EJ — N))! [cos 5} [sm 5} P(lij‘)| (cos 0) (2.18)

with
M = maximum of (|A[,|\]),
N = minimum of (|A[,|\]). (2.19)

11
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With the reduced helicity amplitudes 7;, (i = 1...6) defined as

PESYURPEDY
_877\/_2 (27 4+ 1) T s () P4 (cos 6) (2.20)

the amplitudes T,\/7 My AyAy are expressed as

0 [A+N| 0 [A=X]
TA;,\;V,AW,\N(S, 0) = {COS 5} {Sin 5] T;. (2.21)

The 7; are free from singularities owing to the factors cos(6/2)* ¥ sin(9/2)*V1 57,
7). In concrete, the helicity amplitudes in terms of 7; read as follows:

T11/2,11/2 = cos® 5 T1, T711/2,711/2 = COs 5 T2,
0 0 0 0
Tiajpnye = cos” 2 sin BREE Th1/2,-11/2 = co8 3 sin? 5T
. 9 3 9
T7171/2,11/2 = Sl 2 T5, T171/2,711/2 = S B T6- (2-22)

Due to the conservation of the total angular momentum

Ty any (5, 0) oc X172, as 0 — 0 (2.23)
Ty, )‘N’A“/)‘N( 76) X t|/\+/\/‘/2a as 0 — 7 (2.24)

must be satisfied at the forward and backward angle, respectively. That is, at § = 0
only the amplitudes describing no helicity flip states are allowed, while at # = « the
amplitudes with double helicity flip are permitted.

2.4. Parity conservation and multipoles

By virtue of parity conservation only superpositions of the partial waves with opposite
helicities have a definite parity [84]. These linear combinations of partial waves are
called the electric and magnetic multipoles. In the notations of Ref. [85] the multipoles
of Compton scattering are represented as fJ Lx1/z - TT,, where J = L £+ 1/2 and
TT" stand for the total angular momentum of the vN system and the multipolarities

of the initial and final photon respectively. Because of T'T" = M or E there are
Lt p(b41)—  f(L+D)—  ,L4 L+1)—

such Compton multipoles as fot, fil,, for > far s foi = and fL,; =
](Vf ElH Here, the wave f Ej\} describes, for example, the transition between an electric

2L_pole in an initial state to a magnetic 2~'-pole of the same parity ('=L+1)ina
final state. The other waves have an analogous meaning.

12
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2.4.1. Unitarity bound

The unitarity condition for the partial waves says that the imaginary parts of the
multipoles are given by the partial amplitudes of the intermediate states «:

2Tm TJM A = Z AN Ty an (2.25)

where ¢ is the c.m. momentum of the intermediate particles. The sum is taken over
the helicities and J. Therefore, the Im f - can be expressed by the multipoles of
pion photoproduction. In the region of the A resonance, single pion photoproduction
vN — 7w N provides the main contribution to the Im f 7 in the form

Im f55 —QZ|E((211 % Im f37 —QZ|M£1)|27
Im 5 = qZ Re (B ML), ofls=a ) Re(BEML). (220

Here, the Ej;+ and the M;4 are the multipoles of single m-photoproduction in CGLN
notation [49] with the parity P = (—1)"*! and the orbital momentum [ = L4 1 of the
mN-system. The sum is taken for both channels 7*n and 7% in case of the proton,
and 7~p and 7% for the neutron.

The helicity amplitudes at w = 320 MeV and their multipole decompositions fﬁ_,jf,
with respect to energies up to 500 MeV are illustrated numerically in Fig. .3 and 2.4,
respectively. The solid and dashed lines present the real and imaginary parts of the
amplitudes based on the pion amplitudes of the VPI group [73, [74], solution SAID-
SPI98K. On the other hand, the dotted curves for the Re f%“%, and the dotted-dashed
curves for the Im f% in Fig. .4 result from the photoamplitudes of Ref. [86]. The
upper six subfigures show the proton amplitudes, while the lower six one display
the neutron amplitudes. At a given energy the Im T'x 3y a2y are predominating, see
Fig. 3. Indeed, the imaginary parts of T'1_1/2,11/2, T11/2,—11/2 and T_;_y/2,11/2 have
their maximum at the angles of around 6 = 7/2. At 6 = 0 only the Ti1/211/2 and
T_11/2,-11/2 are different from zero, whereas at the angle 6 = 7 just the double spin-flip
amplitudes T 1_1/211/2 and T1_1/2,_11/2 survive. This is, as mentioned in section [.3,
due to momentum conservation. Furthermore, the T11/511/2 and Ti_1/5 _11/2 have
larger values than the T'1/911/2 and Ti_1/5 _11/2 at this forward and backward angle,
respectively.

In the region of A, the dominant f,, as well as the small f;/, show a typical reso-
nance structure in which the corresponding real parts decrease rapidly with energies,
see Fig. -4. In comparision with the two results obtained from the SAID solution and
from Ref. [86] the difference appears mostly in the amplitudes f55 and f;/5, while in
the amplitudes fuL, fira, and f};& the main difference is shown above pion threshold.
As to ffh, both results agree quite well with each other.

13
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Figure 2.3.: The helicity amplitudes of the Compton scattering off the proton (upper
subfigures) and the neutron (lower subfigures) at w = 320 MeV. The real
parts of the amplitudes are plotted as the solid lines, while the dashed lines
show the imaginary parts.

14
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Figure 2.4.: The partial waves of Compton scattering off the proton (upper subfigures)

and the neutron (lower subfigures) at the c.m. angle 0, = w. The ampli-
tudes based on the pion multipoles by the VPI group [73, [74] are presented
by the solid (real parts) and dashed lines (imaginary parts) respectively.
On the other hand, the results using multipoles in Ref. [8G] are displayed
with the dotted lines for the real parts and with the dotted-dashed lines for
the imaginary parts.
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2.5. Invariant amplitudes

At an arbitary spin projection the Compton scattering amplitude T" may be expressed
in terms of scalar invariant coefficients of a set of basis tensors in a vector space given
by the appropriate products of the matrices and polarization vectors:

T = (p') ™ (k) My €’ (k) u(p)- (2.27)

Here, u and u' are bispinors of the nucleon normalized as tu = 2m, und e and €’
are photon polarization vectors. The tensor M,, may be expanded with respect to a
tensor basis I},

M, => T,1, (2.28)
where the coefficients of basis tensors, T;, are called invariant amplitudes. T; are
invariant functions of the two variables v and ¢ as well as tensors Ifw. For an explicit

construction of Ifw four orthogonal vectors P', K, N and @) are defined by the 4-
momentum of the photon k, k" and by that of the nucleon p,p" [[71]:

PK 1 1
i =F- K, P=qotp), K=5k4k)

1 1
N, = €uwasP’Q K’ Q= 5(1@’ —k) = 5(p — 7). (2.29)

€uvap 15 an antisymmetric tensor and €p123 = 1. The vectors P’, ) and N are space-
like because of their orthogonality to the time-like vector K(K? = kk’ > 0). The
constraints of the Lorentz, gauge, P and T invariance lead to the following six inde-
pendent covariants IZV:

P;LP; PIQP; K N,N, NN,
pr2’ P2 ’ N2’ N2
PN, — PN, P\N, + PN,
In terms of the tensors of Eq. (B.3() the amplitude T is expanded as

VK,
57 K. (2.30)

/ /

PP, N,N,
T = ﬂ,(p/) e/*u(l{;/) {_ ;),2 (TI + ’YKTQ) — Km (Tg + ’YK T4)

PN, - PN, PN, + PN, )
‘Hw%ﬂ + ZW’YWK Ts ¢ € (k) u(p),
(2.31)
with
K? = b i(s —m?)?(1 — cos )
4 8s ’
1 1
PPK? = Z(su —m*) = —8—(5 —m?)*(1 + cosb),
s
N? = P?(K?)* ~ sin®0. (2.32)

16
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By virtue of the crossing symmetry s < u, i.e. v — —v, T; satisfies the condition

-1 : T, T

Hence, T5 and T, are the odd functions of v, and the other amplitudes are the even
functions.

(2.33)

Analyticity

T; are analytic functions of the complex variables v and ¢ in the cut of vt planes and
have no kinematic singularitites [61, bY]. Aber they contain the kinematic zeros, which
arise from the vanishing of denominators P’, K2 and P?K? at the angles §# = 0 and
7. To remove them the following linear combinations of 7}, that is A;, are introduced
(62, 6Y]:
1
Ay = Z[T1+T3+V(T2+T4)]’
1
AQ = ; [2T5 + I/(T2 +T4)] s

2

m t
A3=m |:T1_T3_@(T2_T4)17
m?2 t
A= 2mT6_@(T2_T4) )
1
A5:E[TQ+T4],
1
Ag= [T Ti]. (2.34)

Eq. (B:34) means that the combination T} + T3 + v(T» + Ty) has, for example, a
kinematic zero at K2 ~ t = 0. Therefore, the expression divided by ¢ has no additional
constraints. Analogiously, the amplitudes As; and A; must vanish at the angle m
because of (su —m?*) oc (1 + cosf). Indeed, the crossing symmetry of Eq. (2.33)
results in 7o, = Ty, = 0 at v = 0, and then A5 = Ag = 0 at v = 0. As a result, the
amplitudes A; are free from both kinematic singularities and kinematic constraints.

The invariant amplitudes A; are also the analytic functions of v and ¢ due to the
analyticity of the amplitudes T;. Noticed that all of A; are the even functions of v.

2.6. Fixed-t dispersion relation

To calculate the amplitudes A; we start from the fixed-t unsubtracted dispersion
relation that are formulated by means of a Cauchy loop of finite size as [I]

ReA;(v,t) = AZ(v,t) + AT (v, 1), (2.35)
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2. Compton scattering amplitude and fixed-t unsubtracted DR

Figure 2.5.: The Feynman diagrams of the nucleon Compton scattering. In diagram
(a) the Born contribution in the s-channel is represented. Diagrams (b)
and (¢) show the 1m- and 27 intermediate states affecting on the integral
part A respectively. The ©° and the o-meson exchange diagram in the
~yy-channel is given in (d), which is related to asymptotic part A% of
dispersive calculation.

where AP and A?P denote the Born part and the non-Born part of the amplitudes
respectively. The Feymann Diagrams related to the intermediates states of the nucleon
Compton scattering are represented in Fig. I.5.

The Born contribution AP describes the photon scattering off a rigid particle and has a
purely pole form which is caused by single nucleon intermediate states in the s- or the
u-channel at zero energy, see the first diagram in Fig. £.5. This term is determined by
the electric charge 7 = (1+73)/2 and the anomalous magnetic moment of the nucleon
k=1.7931 —1.913(1 — 7) [4]:

(t) ri(t)
AB(y 1) — ai( - i 2.36
P (1) (s —m?2)(u —m?) 12 —16m?v?’ (2:36)
with
ry =4me* | =27 +r —t ro = dme? | 26T + 27 + 7 —t
e “4m2 )’ 2 “4m2 )’

ry =15 =4me® (K* + 2k7), 14 =4me’k?, rg = —4dme® (77 4+ 2w7 +27) . (2.37)

Here e? ~ 47 /137 and su = m*.

2.6.1. Non-Born contribution

The part of non-Born contribution A?? can be, in turn, divided into the usual dis-
persion integral part A and the asymptotic part A%:

AP (v,t) = AP (0, 1) + AP (0,). (2.38)



2. Compton scattering amplitude and fixed-t unsubtracted DR

s-channel contribution

The integral part A is evaluated by an integral from pion photoproduction threshold
Vihr = Wipr + t/4m with wyy, ~ 150 MeV to a finite upper limit v,4,, for which in an
actual calculation Wyar = Viae — t/4m = 1.5GeV is employed:

Vmaz (T / /
At (3, 1) = Ep/ ()ImAi(y’,t) - dv . (2.39)
T Vinr(t) ve—v

By virtue of the optical theorem and the unitarity relation Im A; can be reduced by
photo-meson amplitudes or the cross section of the photoabsorption taken from the
experiments. In the region of energy considered here it is saturated mainly by the
single m-meson amplitudes and be supplemented by the double pion contribution,
whose amplitude is calculated in the framework of the simple model of Ref. [1].

High energy behavior

The information about behaviors of the amplitudes A; at energies v < v,,,4, are carried
by the asymptotic part A?* which are formally given by an integral over the upper
semicircle of radius v,,,, in a complex plane:

AP (v t) = %Im/ A (V1) (2.40)

) 2 _ 4,2
=VUmag (t)ei? ,0<p<m 4 v

According to the Regge theory [64, 57] the amplitudes Aj, Ay, A5 and Ag are assumed
to be proportional to v* =2 with a Regge pole trajectory a(t) < 1 and approach then
zero at large v and fixed ¢t. Eq. (2.40) can then be recasted to dispersion integral
evaluated from 1,4, (t) to oo:
us 2 , o vadv _
Ai (V, t) = ; /Vmax(t) ImAZ(V ,t)m, (7/ = 3,4, 5, 6) (241)
The asymptotic part of As+ Ag at zero angle can be exactly estimated from the total
photoabsorption cross section o;,; which reads in terms of the amplitudes Az and Ag
like
orot(V) = —2vIm {A3(v,0) + Ag(v,0)} . (2.42)

it contributes about 6% to the sum of the electric and magnetic polarizabilities ay
and By of the nucleon [22]:

B _ 1 & dv
an + Oy = o2 - Utot(V>ﬁ;
1 in as
= _%{A&g(o’ O) + A3,6(07 0)}7
~14.2 x 107*fm*,  for proton. (2.43)
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2. Compton scattering amplitude and fixed-t unsubtracted DR

As to the two other amplitudes A; and A, which behave as ~ v*® in the limit of
v — oo their high energy parts are replaced by a finite number of energy independent
poles in t-channel. On the basis of good descriptions of all available data on the
nucleon Compton scattering A{° and A$°® are modeled by the ¢-channel exchange of
the scalar o-meson and the pseudoscalar m%-meson respectively [6Y, 62, []:

as 7r0 gT('NNFT('O
AP (v, t) = A3 (1) = t_—mQWT:%Fw(t), (2.44)

0
where the product of coupling constants g,nnFro,, = (—0.333 £ 0.012) GeV™! | and
the form factor F;(t) at the moderate t is given by

A2 — 2
F.(t) = —/——TF 2.45
() = (2.5
with the cutoff parameter A, ~ 1 GeV [G1].
In the case of o-exchange in Ay, a simpler form of

as o gUNNFcr

is applied, where the mass of o-meson m,, which restricts the ¢-dependence of A*(t),
is phenomenologically given as 600 MeV. From the relation of A; with the electro-
magnetic polarizabilities

A?B(()? 0) = Ailnt(oa 0) + A?S(Oa O) = _27T(aN - ﬁN)a (247)

and using the previously calculated value of A (0,0) = (ay — By)™ the product of
couplings constants g,nnFo+, is extracted in a way of

JoNNForry = 2mmZ(an — Bn)*. (2.48)

Fig. B.G display the real and the imaginary parts of the amplitudes A4; at 6 = 30°
with solid and dotted lines respectively. The upper six figures are for the proton and
the down six ones for the neutron. There are no considerable difference between the
amplitudes A;, and A;, out of the real part of A which has the opposite sign under
the pion threshold.

Fig. .1 represe the contributions of two dominate pion multipoles Fy, (dashed lines)
and M, (dotted lines) to ImA; at the anlge § = 30° and with respect to the energies
150 < w < 500. The interference of these two multipoles results in the oscillations of

the ImA,;.
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Figure 2.6.: The invariant amplitudes of the Compton scattering off the proton (up-
per) and neutron (low) at the c.m. angle 0., = 30°. The real parts are
represented with solid line and the imaginary parts with dashed line.
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Figure 2.7.: The contributions of the pion multipoles Eo. of dashed lines and M. of
dotted lines to the ImA; of the proton (upper) and neutron (low).
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3. Low energy theory

Low energy amplitude of the nucleon Compton scattering can be described by the
structure parameters such as the electric ay and magnetic polarizabilities Gy at the
second order O(w?) in an expansion of the scattering amplitude as well as the four
spin polarizabilities Vg1, Yar1, Vg2, and Yo first entered at the third order O(w?)
[6R, [75].

The quantities a and (3 describe deformations of the constituent charge and magnetic
moment distributions of the nucleon in the presence of a static eletromagnetic field.
The current status of the electromagnetic polarizabilities of the nucleon has reported
in [24, 23, 22, 85, 31, B]:

a,=1214+08+05, [,=21F08F0.5,
an=126+15+20, B,=32F15F20 (3.1)

in units of 10~* fm®. The first error is the combined statistical and systematic, and the
second is due to the model dependence. These values have been confronted with vari-
ous theoretical estimates such as non-relativistic and bag quark models [9, [0, A8, [7'7],
the cloudy bag and soliton models [45, /R, [79].

The spin polarizabilities arise from the interaction of the photon field with constituent
spin of the nucleon, and so are sensitive to the nucleon spin structure.

In contrast to a and [y, the direct experimental determination of these spin polariz-
abilities has not yet been achieved. On the theoretical side, spin polarizabilities have
been extracted from a dispersion relation using existing photoprodution multipoles
taken from unpolarized experiments [I5, 2, b3].

In this section we will evaluate the spin polarizabilities within the fixed-t dispersion
relation based on multipole analyses by VPI group and compare the resulting values
with that of DR using another multipole of Ref. [68] and the theoretical investigation
carried out within the Heavy Baryon Chiral Perturbation Theory (HBChPT).

3.1. Spin polarizabilities

Spin polarizabilities v; characterize the spin-dependent part of the non-Born contri-
bution to the scattering amplitude TJZB’SP " We expand the scattering amplitude
Ty = Tf, + T7P in power of v* and t. After the changing of the variables from v
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3. Low energy theory

and ¢ to w and cos 6 we order every expanded terms in power of w. In center of mass
system the part T}LZ.B’SP "™ can then be expressed by means of 7; as follows:
TJZB’SW” = 81 Wipt {iw30' (e x e)(yma2 — Y1) +iwio - (87 x 8)(yE2 — Y1)

. ~1
—iw? (o ks’ -e—oc-ke’ s)ym

~/

—iw? (a-ks*’-e—a-l%e*’-s)yMg} (3.2)

with the two magnetic vectors s and s’ given as
s=kxe, =k xé€. (3.3)

From the relations of the coefficients R; of the spin basis in Eq. (B.2) to amplitudes
A; listed in Appendix ([H) the spin polarizabilites vg1, Va1, YE2 and 2 are given via
the following linear combinations of the low energy expansion of the non-Born part
of the invariant amplitudes i.e. a; = A??(0,0):

VEL= g lag + asg — 2a5 — ag),
T™m
VM1 = — [as + ay + 2a5 — ag),
8m™m
YE2 = ~Zmm [as + a4 + ag),
1
Ym2 = —% [—(1,2 + ay + CLG}. (34)

The transparent physical meaning of +; can be obvious by the multipole expansions
of the amplitudes R;, see in Appendix ([E.f). By keeping only dipole-dipole and
dipole-quadropole transition terms in Eq. ([E.G) one retains then

g = (foe — fep)",  OPan = (il — fid)™"
w g = (6f1/p)"", Wiz = (6f55,)"" (3.5)

As noticed in Eq. (B.B) the polarizabilities g, and 7, represent spin-dependent
transitions to the electric and magnetic dipole states respectively, while vgo and yjo
describe the transitions of M1 — E2 and E1 — M2.

Forward and backward spin polarizabilities

In the case of the forward (l;:/ — k) and the backward scattering (l%/ — —k), the
amplitude of Eq. (B.Z) reduces to
[T;B’Spm] o 87 Wiot; {iw’y o - (e” x €)} (3.6)
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3. Low energy theory

and .
[TJZB’SPW] o= 87 Wiot; {iw’d o - (e x e)}, (3.7)

where the forward v and backward ¢ spin- polarizability defined as the coefficients of

3

iw'o - (e x e) are
1
Y= —Ye1 — VM1 — VYE2 — VM2 = ayq,
2mm
1
0 = —Yp1 +Ym1 +YE2 — YMm2 = —3 [as + as] . (3.8)
™m

3.2. Sum rules

As shown in Egs. (B-4) and (B.§), the spin polarizabilities are determined by the non-
Born parts of the amplitudes Ay 456 at ¥ = ¢ = 0. And the amplitudes at the low
energy limit a; = A5%(0,0) satisfy, as mentioned in section P.5, an unsubtracted
dispersion relation at fixed ¢t = 0:

2 [ v dv/
a3.456 = —/ ImAz(Ul, O) ; 5 (39)

2 _
m th'r(t) v v

which allow to evaluate forward spin polarizability v as well as linear combinations of
polarizabilities vg1, Yar1, Y2 and vy such as

1
YE1 + VE2 = A [ag — as],
1
Ym1 + Ym2 = 1 las + as),
T™m
1
YE1 T VM1 = i [as — ag),
1
YE2 T YMm2 = 1 [ag + ag).
m™m

through the knowledge of photoproduction cross sections only. Of especial, via optical
theorem found a sum-rule for a forward spin-polarizability in a form
L [* oy2—o032 .,
Vthr
which is originated from Gell-Mann, Goldberg and Thirring (GGT) [65]. Here o4 /23/2
are the photoabsorption cross sections for parallel and anti-parallel alignments of
photon and target helicities.
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Figure 3.1.: The integrand of v = f;: I(v)dv?, I(v) = Ac(v)/4m*v3 for the pro-
ton (above) and neutron (under), where Ao(v) = o1/ —03/2. The dashed

line represent the Ey, -contribution to vy, while the M, -contribution to ~y
15 plotted with dotted line.

In Fig. B.1 the whole integrand in Eq. (B.10) are plotted with solid lines for the
proton (left) and neutron (right). The intgrand shows its maximum and minimum at
energies w ~ 150 MeV and w ~ 300 MeV, respectively and practically fast vanishes
above w ~ 500 MeV. It may be due to the damping factor 1/w? in the integrand. We
have also plotted the contributions from FEy; and M;, multipoles with dashed and
dotted lines, respectively, which are by far the largest contributions to 7. It is noticed
that there is large cancellation between the contributions from these two multipoles.
Concretly, v yields

(3.11)

+1.6(Eoy) —2.9(My E14) — 0.2(rest) = —1.5 proton,
+2.8(Foy) —3.1(M14 E14) — 0.1(rest) = —0.4 neutron.

The term of rest refers to involving of all other multipole amplitudes.

3.3. Comparision with theoretical predictions

The nucleon spin polarizabilities calculated within fixed-¢ dispersion relation by us-
ing the SAID solution VPI-SP98K as input for the single-pion photoamplitude are
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3. Low energy theory

presented in Tables B-I-B.3 and are compared with the theoretical predictions in the
framework of HBChPT [82, B3, B0, B1]. Table B.1 shows seperately the contributions
from one-pion (7N) and two-pion (27 N) intermediate states in the s-channel together
with the asymptotic part in the ¢-channel A3*(¢). Table B.2 and Table give the
forward and backward spin polarizability, vy and ~,, as well as the combinations of
the spin polarizabilities of Eq. (B.10), which are independent of the amplitude As,
respectively.

In the s-channel, the main contribution to the 7; comes from single m-production,
whereas two-pion photoproduction gives rise to an only negligible effect to the ~;,
see Table B.I. As to the single-pion channel, the result of Drechsel et al. [I]] is also
represented which is based on the pion multipoles of Hanstein, Drechsel and Tia-
tor (HDT) [68]. There are no large differences in magnitiudes of the polarizabilitits
with respect to the application of the two various inputs of multipoles. Nevertheless,
the spin polarizabilities, especially the forward spin polarizability, from the multipoles
by the VIP group show some difference from that obtained by HDT multipole am-
plitudes. This may be, as disscused in Ref. [I8], due to the fact that in HDT the
amplitude Ay, (= Ep,) for charged pions near the pion threshold is larger than that
of SAID. Furthermore, two different upper limits of the integral in Eq. (B.I() such
as Wmae = D00MeV at HDT and w,,q.. = 1500 MeV at SAID also play a role in this
discrepancy.

The chiral perturbation expansion to leading order (LO) O(p?) is determined by
the graphs of the effective chiral Lagrangian with one-pion loop (7N) and the t-
channel %exchange (7°), where the latter part is in accordance with the high-energy
contribution A%® in DR (see Table B.1l). The p denotes non-relativistic momenta.
The proton and neutron forward spin polarizability from relativistic ChPT yield-

ing V00 = 4m'9 = 146 disagree dramatically with our values of 7% = —1.5
and g = —0.4. This disagreement is dimished by including correction terms such

as A-isobar excitation, which is especially important for the low-energy phenom-
ena of the polarizabilities because of the relatively small nucleon-delta mass spliting
A = ma —my =~ 2m, and a large coupling to the w/N-channel. In heavy baryon
ChPT the A-pole is thus introduced as an explicit degree of freedom, and the chiral
expansion is taken to third order in a small energy scale € = (m,,A), which con-
tains any O(p®) result in Ref. [82] plus additional terms involving the delta resonance.
Not only the A-isobar excitation but also the Am-loop are kept to the same order
in this expansion. Numerically, however, their contribution to the ~; is, as shown in
Table B.1], ignorable.

The A-pole contribution to the magnetic dipole spin polarizability v4;,, given by

A MzNA
pu— s .12
§ivs! Ar A2’ (3.12)
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3. Low energy theory

is deduced to +2.4 [B, 8] or to +4.0 [80] depending on the values for the transition
magnetic moment zi;ya. In Table B we give the results with 74y, = +4.0 as well
as theA-pole contribution to 74,. The sum of the 7N-loop in LO and SLO term
in HBChPT can be compared with the integral contribution in DR. In most cases,
the 7; within HBChPT are fairly similar to our results. Nevertheless, our finding of
Vi = —3.7 evidently deviats from v, = —5.8 predicted by HBChPT. Indeed, 745
have opposite signs to that of a chiral expansion. These may account for the variousity
of the proton forward spin polarizabilty as well as for the discrepancy of yg1 + Y1
and vg1 + Vg, see Tables B2 and B.3. The values of the backward spin polarizability
following from DR and HBChPT are close to each other by virtue of the dominant
contribution of the ¢-channel with the exception of our somewhat larger non-7° part
of 7' compared with that of HBChPT.

There have been two recent determinations of the proton backward spin polarizability
of V2 .y = —36.8 & 0.64tat.4syst. £ 2.0moa. Obtained from the LARA experiment of
Ref. [29] using the data between 200 MeV < w < 800MeV and 30° < 0, < 150°
and 72 . = —36.14 2. 154, F 0.45ys. £0.8,04. from the TAPS measurement [20] with
energies between 55 MeV and 165 MeV and angles 59° < 6., < 155°. The indices stat
and sys denote the statistical and systematic error, respectively. And mod refers to
the model-dependent one. These extracted 7%, are in quite good accordance with
our result presented here. On the other hand, Vo ewp = —27.1 £ 22501 1 syst. + 2.610d
deduced from the analysis of the LEGS group [2, 53] using data up to the 27 threshold
(309 MeV) is appreciably different to our calculation for 42, and in particular, the non-

70 part of VY ewp yielding %::;g_”o = 17.9+ 3.4 is approximately twice as large as the

theoretical prediction vg’gloe"_wo ~ +8.

28



3. Low energy theory

Table 3.1.: Separate contributions to the spin polarizabilities calculated within DR
using SAID solution [[73, [74] in comparision with the results of Ref. [I§]
and the predictions of HBChPT [R1]. The contribution from one-pion
photoproduction (7N) in DR corresponds to the sum of 7 N-loop (7N) in
leading order (LO) and the A-pole term (A) in subleading order (SLO) of
HBChPT. On the other hand, the contribution from two-pion photopro-
duction (27rN) in DR can be compared with the term of Ar-loop (Ar) in
HBChPT. The asymptotic parts in the ¢-channel (A3°(¢)) of DR are com-
parable to the t-channel 7°-exchange (7") of HBChPT. (All results are in
units of 1074 fm*).

Dispersion Relation HBChPT
Ags(t) non-7’ contributions LO SLO TN
TN 27N  sum 70 TN A Ar  +SLO
SAID HDT

[ +112 —41 —45 404 37 | +11.0 —57 00 406 —5.1
ol =113 433 434 —02 429 | —11.0 —1.1 440 402 +3.1
o | =112 424 423 —03 421 | -11.0 +11 +075 —03 +1.6
Vo | +113 —03 —06 402 —0.1 |+11.0 +11 00 —02 +0.9

v | +11.2 =59 —55 +04 —55 | +11.0 —-57 00 +0.6 —51
Vi | =113 +41 434 —02 +39 | —-11.0 —11 440 +02 +3.1
v, | =112 432 426 —03 429 |—-11.0 +1.1 +075 —03 +1.6
Vi, | 4113 1.0  —06 +02 —08 |+11.0 +1.1 0.0 —02 +0.9

o 00 -13 -06 -02 -15 00 +46 —-47 -03 -0.1
Yo 00 -03 -01 -01 -—-04 00 +46 —-475 =03 -0.1
vP | —45.0 +10.0 +108 =21 +79 | —44.0 +4.6 +4.75 —-0.5 +89
yeo| +45.0 +14.2 +121 —-14 4128 | +44.0 +4.6 +4.75 —-05 +89
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3. Low energy theory

Table 3.2.: The results for the forward v, and backward ~, spin polarizabilities of the
nucleon in the framework of DR (SAID), DR (HDT) and HBChPT. (all

results are in units of 1074 fm*).

Proton Neutron

SAID HDT HBCHPT | SAID HDT HBCHPT

v | =15 —06  —-05 | —04 —01  —05
ve | =371 =342  —351 | +57.8 +57.1 4529

Table 3.3.: Linear combinations of the nucleon spin polarizabilities which are not af-
fected by the asymptotic part of the amplitude A,. (all results are in units

of 1074 fm?).
SAID HDT HBChPT
Yi proton neutron | proton neutron
YE1 + VM —-0.7 —1.8 —1.1 —-2.1 —4.0
YE2 + VM2 +2.2 +2.2 +1.7 +2.0 +2.0
YE1 T VE2 —-1.5 2.7 —2.2 —-2.9 —4.4
Y+ a2 || +3.0 +3.1 +2.8 +2.8 +2.4
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4. Polarized nucleon Compton
scattering

In the experiments of Refs. [29, 20, 2, 53], the proton spin polarizability has been
determined indirectly from an extrapolation of unpolarized Compton scattering. As
shown in Eq. (B.10), the full set of ; can however be extracted by polarized Compton
scattering off the polarized target.

The combination of polarized photon beams with a polarized target also opens the
possibilities for new approaches to small amplitudes, which often contain interest-
ing information on subtle dynamical effects. Without polarization, a cross section
is given only by the incoherent sum of the squares of reaction matrix elements, and
small amplitudes are thus masked by the dominant ones. But, the polarization observ-
ables in general include interference terms of the various matrix elements in different
ways. The small amplitudes may thus be considerably amplified by the interference
with dominant matrix elements, and then polarization observables are sensitive to the
strength of the small amplitudes.

In the present work, the strength of the resonant electric quadrupole component (E2)
in the YN — A transition is of special interest which might only be a few per-
cent of the dominant magnetic dipole transition (M1). This E2 component suggests
in most nucleon models the deformation of the nucleon in its ground state, or in
its first-excited state, i.e. the P33(1232) resonance, or in both, and therefore car-
ries important information on the nucleon structure. The determination of the E2
component in the region of A is particularly complicated due to the presence of inter-
fering processes, termed background contributions. These background processes give
rise to the additional quadrupole amplitude which does not fulfill the requirement of
unitarity (Fermi-Watson theorem). Unfortunately, both multipoles M1 and E2, in
particular the amplitude E2, contain nonnegligable background contributions, and
the background-resonance decomposition is very model-dependent [60].

Further insight into the electric quadrupole admixture of the N to A transition could
be obtained by a precise determination of the resonant £2/M1-ratio. In most nucleon
models, the predictions for the value of £2/M1 display considerable differences. For
example, the constituent quark model predicts the values of E2/M1 from —0.1% up
to —1.2% [36, [0, 9, 12, BY], whereas the Skyrme model yields the largest negative
values between —2% and —5% [B, BY]. The predictions of chiral-bag models [b8, 0],
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4.  Polarized nucleon Compton scattering

a quark model that includes two-body currents [6] and other models [33, BR, B7] range
between —0.9% and —3.5%.

In this chapter, we will demonstrate numerically the dependence of the observables on
both quantitites of the polarizabilities and the £2/M 1-ratio. Due to the convenience
of the calculations, the observables are at first given in terms of helicity amplitudes
and are in turn represented either by invariant amplitudes for an investigation of the
response on the ~;, or by multipoles in order to study the sensitivity to the mixing
ratio, respectively.

4.1. Polarization matrix

4.1.1. Photon

The polarization state of a photon with a momentum £ is described by a polarization
vector e = (0, e) that satisfies the transversality condition ke = 0. In a right-handed
xyz-frame, where a photon moves along the z direction, the three-polarization vector
e can be written as a linear combination of either two mutually perpendicular linear
polarizations e, e, or the right-hand and left-hand circular polarizations e, e_:

e =e;e; +eje,,

= €+e+ —+ e_e_, (41)
where )
ey = :FE (e; £iey). (4.2)

The squares of the coefficients e, (e4) and e, (e_) determine the probabilities with
which a photon has the polarization e, (e) and e, (e_), respectively. A partially
polarized state of a photon is better specified by a density matrix p, = e e* that can
be expressed by means of the Stokes vector & = (&1, &2, &3) [b4, [76]:

pvzé(1+€~0)7
L 1+& & —i6
_§(§1+i§2 1—¢& )7 (43)

where 1 is the 2 x 2 unit matrix, and the three components of the Pauli matrix
o = (0,,0,,0,) are

o (O0)e e (0 ) e (D )
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4.  Polarized nucleon Compton scattering

Using Egs. (1)) and (f.7) the parameters ; are described as
§1 = 2Re(ege,) = 2Im(eqe” ),

& = 2Im(egey) = —(lex|* — le["),

& = (leal” — le,[?) = ~2Re(c.c”). (4.5)

The parameter &, represents the degree of the circular polarization. In the case of a
right and left circular polarization & has values of +1 and —1, respectively, and & =
+1 corresponds to the helicity states A, = £1. The degree of the linear polarization

is given by the parameter § = /&2 + £2 with
&3 = & cos 2, &1 =& sin 2. (4.6)

Here, ¢ denotes the angle between the electric field and the scattering plane. Namely,
the parameter 5 = +1 describes the degree of the linear polarization either paral-
lel (¢ = 0) or perpendicular (¢ = 7/2) to the scattering plane, and & = +1 refers to
the degree of the linear polarization at angle ¢ = +7/4 with respect to the scattering
plane.

All three Stokes parameters &; take values between —1 and 1, especially for an un-
polarized state & = & = & = 0. The total degree of the polarization is given by
€] = /& + & + &3, which is [§] < 1 in a mixed state and || = 1 in a completely
polarized case.

With respect to a coordinate system chosen as

2 (2) =k (K, y=kxk, v(2)=kxk xk(k), (4.7)
Stokes parameters transform under the parity as [I5]
G b, b6, &6, (48)

under the time inversion (k — —k,e — —e*) as

b——&, 66 &, (4.9)
and under crossing symmetry (k — k', e — e*) as
51 CT’_OSf 517 52 CT’_OSf _gév 53 Crﬁf gé (410)

4.1.2. Nucleon

The nucleon polarization density matrix py is characterized by the 4-polarization
vector S = (Sy, ¢) which is orthogonal to the nucleon momentum p = (E, p) [84]:

Py = uny () Uy (P),

= 3Gt m)(1+9575), (@.11)
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where
o (1 0 [ 00 s [ —-10
uxy (p) in Eq. (F.11)) is the Dirac’s spinor that satisfies
(vp = m)ury (p) = 0. (4.13)

In the nucleon rest frame, the density matrix of Eq. (f.11)) is reduced to

py==m(P +1)(1 —~"v-9),

N — DN —

(1+o-5). (4.14)

¢ is a 3-polarization vector that is related to S by boots transformation as follows:

g =P S _PS

S = 0
StTEI P E m

(4.15)

In a pure state, |¢| = 1 and in a mixed state, || < 1.

4.2. Polarization observables

4.2.1. General forms

A differential cross section do/dS2, defined as a square of a scattering amplitude, can
be obtained from a density matrix of a final system p;:

do

_— = F2 Ti2
s | Tl
= T*Tr(T7p; T),
[ Tr py (4.16)
with
pr =T T. (4.17)

In the case of a two-particle reaction, an initial polarization matrix p; is given by a
direct product of two tensors:

Pi = P1Q P, (4.18)

where Trp; = 1. Thus, the initial density matrix of the process YN — N is reduced
to the tensor product of the p, and py. Using the expressions in Egs. (£.3) and ([{.14)
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the following initial density matrix is found:

pi:p’}’®pN7

= % (1 + ifjaj) (1 + zz:%aic),
- % (1+Z£]U]1+Z§k1 0k+ZZ€g€k%k> (4.19)

=1 k=zx

The spin matrices o, = 0; ® 0y, appearing in the calculation of Compton polarization
observables, are summerized in Appendix []. From Egs. (£.1G) and ({.19) it follows
that

;ZQ leFzTr (TT{1—|—Z§jaj1+Z§k10k+22§§k0]k} >7

=1 k=zx

ilﬂTr T'T) {1+Z§JZ +Z<k2k+ZZ§Jckzjk}

=1 k=zx

(1 + Z &S5+ Z SRS Z Z&ck&k) , (4.20)

=1 k=x

where the photon X;, the nucleon ¥ and the photon-nucleon X, asymmetries are
defined as

Tr (T70;1T) _ Tr(TMo,T) T (TVoT)

E = = - y = - .
YT T (TiT) =T (T

7T T (TIT) 2

respectively. In the unpolarized case (p, = pn = 1/2) the unpolarized differential
cross section da /dS2 results in

do 1
aQ 4

Hereafter, we will represent the observables omitting the phase factor I'2.

For polarized Compton scattering, in which either a photon or a nucleon or both of
a photon and a nucleon in an nitial state are polarized, there are only eight sets
of the independent observables [I5], which are listed in Table [.T. As shown in this
table, there are two single polarization observables. One is the asymmetry 3 for the
photon linearly polarized either parallel (z axis) or perpendicular (y axis) to scattering
plane (here zz plane). The other is the nucleon asymmetry ¥, along the -y directions.
They are expressed by means of cross sections as

I — dot —
5, - (dan dJL) , 5, - <da+y da_y) ' (4.23)
doll +do+ ) _, doy, +do_, £=0

T2 (1T (4.22)
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4.  Polarized nucleon Compton scattering

Table 4.1.: The set of the independent observables of nucleon Compton scattering.
The quantities x, y and z denote the directions of the nucleon polarization.
For the photon, 2 refers to the circular polarization, and 3 stands for
the linear polarization parallel or perpendicular to the scattering plane.
The number 1 means the linear polarization of the photon with the angle
v = m/4 with respect to the scattering plane.

photon | unpolarization | linear polarization | circular polarization
nucleon E3==%1 ] & =+1 & ==+1
unpolarization j—g Y3
Sl=z Yie Yow
S2=y 2y 2321
3=z P Yz

In the case of double polarized Compton scattering there are in total five independent
measurable quantities. For the incoming photon linearly polarized with respect to the
x(y) axis and the target-nucleon polarized in the direction of +y axis, the beam-target
asymmetry s, is represented as

(dol — dot),, — (do!l — dot)_,

= . 4.24
3y (dol + dot)y + (doll + dot)_, ( )

If the photon is linearly polarized at ¢ = + w/4 with respect to the scattering plane,
and the nucleon is polarized along the x or z direction, respectively, there are then
two measurable asymmetries ¥, and Yy, given by

do™* — do7 ™4

do?* — do.™*
Yip = w/4 —m/47 -
do,'” + doy,

Y, = .
do™* + doT™/*

(4.25)

For the circularly polarized photon off the nucleon polarized in x or z direction, the
asymmetries Yo, and Y., formulated as

do® — dot do® — dot
2z = %, 2z — %7 (4‘26)
dolt + dok dof + do!
can be measured. By virtue of the relations,
doft = do*;, do? = do”?, (i = tx, +2) (4.27)
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4.  Polarized nucleon Compton scattering

the asymmetries of Eqs. (.25) and (f.2G) have the opposite signs under the transfor-
mations of r — —z and z — —z.
By introducing the quantities [I5] of

do™* — do—7/4

F =X Sz by 25z,
1 2d5 12Sz T 24126
do®t — dot
Fy = T ods = Y926 + 22,6,
doll — dot
= 7 -V by 4.28
3 2d5 3+ 3ySy» ( )

the differential cross section of Eq. (.20) can then be written in a compact form of

do do
d—Q:d—Q{1+Eygy+F'€}’ (4.29)

which leads to the following differential cross sections in the case of each polarization
mentioned above

doll ) da
‘;Q —%{uzg}, (4.30)
P 3
U;éz W j—;{l + Zy}, (4.31)
2 _
sen 3—;{1 3, 45+ zgy}, (4.32)
dal do
D %{1 £, ~ T F Dy |, (4.33)
dod/* T g
Y ey L 4.34
dQ dQ{ ! } (4.:34)
doZ/* T s
L 212} (4.35)
a0 d { ’
dof™ 4
ERLNEESS 4,
dQ dQ{ %}’ (4.36)
dof™ 4
~ Yy, L 4,
dQ dQ{ QZ} (4.37)

4.2.2. Formalismus in helicity and invariant amplitudes

With the help of the T-matrix of Eq. (B.I3) represented by the helicity amplitudes
or of the relation between the amplitudes H; and A; of Eq. (D.1), one can get the
observables in terms of the helicity H; or the invariant A; amplitudes.
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The c.m. unpolarized differential cross section da/d2* reads then

do
dQ

1
= 5 {1 + [ + 2 Hy? + 2 Hi? + | H ? + | Hl . (4.38)

1
= 2 {am? = @I + 0 Agf?) — ] Asf 1 A4

— 402t (t + 8V2)| A5 + 2n(t? + 2m*n) | Ag|?
1
+ 4Re (2027 (A1 + A3) A5 + S (4m* Ay + 1A 4] } (4.39)

As shown in Eq. (f:3§) an unpolarized differential cross section is simply given as
the sum of a squares of the individual helicity amplitude |H;|?, and is then averaged
over the four possible initial states. The |H;|* is not measurable directly because the
polarizations in a final state are determined by the interaction between the particles.
Thus, it is allowed to measure only the different linear combinations of them, i.e dif-
ferential cross sections or asymmetries. The explicite expressions of the single and
double polarization observables are as follows:

do 1
Sy =-Tr(To, 1T
g s = g (Tl T),
- —Re{(}h + Hy)H + (Hs + H6)H§}, (4.40)
_ %t Re{ ((4m? — )4, + 47 A5) A3 + 4> 4, 45}, (4.41)
dG 1
. — T
o5, = 1 Tt (1110, 7),
- Im{(Hl - Hy)Hi — (Hs + HG)H;}, (4.42)
= —2mv+/—nt Im{tAlA; + nAgAg}, (4.43)
do 1
T S = Tr (T 0,,T),
— —Im{Hng + HH: — 2H3H;j}, (4.44)
= 2=t Im{ = 8u[ (1AL — (0 + 40%) As) Af + 404
2
(1A — 42 A5) (A + tA;)}, (4.45)
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do

Q-

do

Q-

do

Q-

do

Q-

lx —

le =

4(s —m?)

1
1 Tr (T, T),
Im{HlH HQHg},

Vet ) Im{4m (tAy — 4P A5) (mnAf — (vt — m(t + 40°)) Aj)

+ (t (t —4m(m +v)) Ay + 4v (m(t + W*) — vt) A5)

1
4

- Im{(H1 ~Hy)H

22:1: =

222 -

1
= 5 {1Haf? + | Hol? -

1
 8m2(s — m?)

(mA; +145) |},

Tr (T%0,.T),
o+ (Hs — Hq)H },

Im{4mt(tA2 — 4% As) [ — mn(m? + s) A4

+ 2uv(m? — 5)* + (m® + s) (vt — m(t + 47/2)))A§]

+ [4mt2 (2(m® — s)* +t(m* + 5)) Ay
—t(2(m* = 5)* + (m* + s)(t — 2v)) (tA; — 47 As)
—2ut*(m? + S)Ag,] (nAj + t41/2A§)},

it) Re{4m2t2A2A’{ —n(t—4m(m+v)) As(nA) + tAg)

1
4

1

8m?2(s — m?)

+n[(2(

— 16mtr* As(mA; — yA;)},

Tr (T70,.T),

[ = |5l

{4mt [mt(m2 + 5)(tAy — 4% A5) A}

+40° (2(m* — 5)* + (m® + s)t) AsAg]
m* —5)° + (m* + s)t) ((4m® — 1) Ag + 4m” Ao)

+ dm(m® + s)yt] (A% + tAg)}.
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Assaid,H3:H4:H5:H6:Oat0:0(t:())andH1:H2:H3:H4:0
at 0 = m(n = 0). In Egs. (£38)-({.53), it is hence simply recognizable that all
observables, excepting the c.m. unpolarized differential cross section, 31, and >, , are
equal to zero at these two extreme angles. Notice also that below the pion threshold
(w = 150 MeV) there are only three asymmetries, 33, ¥o,, and Xo,, which are different
from zero. Indeed, Yo, is the only measurable quantity in this region of energy and
at the angles # = 0 and 7. From

A (FAarAns
dQ o0=0 2
[, = (i = (430
and
(), = 5 {1l 1l
[%222} p—r % {‘H6|2 - |H5|2}- (4.55)
followed
[h[* = [ddg*u B 222)}9:0 - [fi;{]e:o’
= R
o = [ddg* (1+ 222)] =0 [fi?lz*]e_o’ (4.56)
and
i = [0 -], =[],
= R
|Hol* = [ddg* A+32)] = [2;1]9” (4.57)

As a result, the magnitudes of the helicity amplitudes Hy, Hy, H5 and Hg can there-
fore be extracted from the polarized cross sections do/dQ)* and dol/dQ* at these
two angles.

On the other hand, the cross section do/dQ* and the asymmetry Yo, are also deter-
mined by the amplitudes As 4 and Ag at the angle § = 0 and by the amplitudes A, 5
and As at the angle § = 7, respectively:

do 2,2 2 2 1 3 2 2, 2 *
[dQ*L:O =mA (| Asl” + [Ag]*) + 77| Aal” + 2mP"Re [A3 AG) (4.58)
[—d5 2 ] =n*(m* — 5)(As + Ag) A]. (4.59)
Qv %l oo 4
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And
[ do ] - 1{(4m2 CORIAL? — 3 Ao|? — 424 (t + 80°)| A5
dQ* lo=n 4
+ 827 Re [(A; + Ag) Al } (4.60)
da— _ t 2 2 *
o, = m{m“m 8) (042 —4v7ds) 4

+ 407 <2(m2 —8)2 + (m* + s)t) A5A§}. (4.61)

In order to investigate the sensitivity of the observables to the invariant amplitudes,
we turn the strength of the each invariant amplitude A; from 100% to 101% and
illustrate the difference between the results by using the invariant amplitude with
the unchanged strength and that obtained from the amplitudes A; having increased
strength in Fig. [LIHL.G by means of the solid (6 = 30°), dashed (§ = 60°), dot-
ted (6 = 120°) and dashed-dotted lines (6 = 150°), respectively.

At the small angles (f = 30° and 60°) the maximum respone to a change of A4 and
Ag is, as expected, shown in the asymmetry ,.. Furthermore, the effects of the am-
plitudes A3 and Ag on Y5, are most visible just above and below the pion threshold,
ie. w~ 130MeV as well as about w ~ 170 MeV. Since the sum of the A3 and Ag is
connected with the o+ 3 at the angle § = 0, the measurment of the asymmetry X5, in
this kinematical region could offer important information on the electromagnetic po-
larizability. On the other hand, the influence of changing the A, amplitude is seen not
only for Y, at higher energies, but also for ¥, at the large angle § = 120° and above
the energy of the second resonance (w ~ 750 MeV). The sensitivity of the amplitudes
Az and Ag are generally observed in the low energy region and at the small angles in
nearly all asymmetries. In the case of the unpolarized differential cross section, the
dependence on the amplitudes A3 4 and Ag is specifically large at w ~ 320 MeV and
around the energies w ~ 750 MeV, respectively.

At the large backward angles of § = 120° and 150" the change of the strength of the
amplitudes A; and As has the largest influence on 5, at the energy w ~ 730 MeV.
This means that the measurment of the asymmetry 5, in this high energy region
and at the larger angles is appropriate to get more knowledge on the proton backward
spin polarizability 2. In the case of the amplitude A;, the asymmetry X5, as well
as 23 are sensitive to a change of the strength of this amplitude, in particular below
the one-pion threshold and in the region of A-resonance, respectively. Among the
three amplitudes A;, A and As, the amplitude A; affects mostly the unpolarizaed
differential cross sections da/d$2*.

As a result, the experiment using the circularly polarized photon and the proton-target
polarized in z direction is mostly adequate to determine the value of the polarizabili-
ties.
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Deviations
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Figure 4.1.: The relative difference between the results for the observables of proton
Compton scattering obtained from the invariant amplitude Az with the
unchanged strength and that obtained from the amplitudes Az with the
strength increased by 1% at four different angles 0.,, = 30° (solid lines),
60° (dashed lines), 120° (dotted lines) and 150° (dashed-dotted lines).
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Figure 4.2.: The relative difference between the results for the observables of pro-

ton Compton scattering obtained from the invariant amplitude Ay
with the unchanged strength and that obtained from the amplitudes
Ay with the strength increased by 1% at four different angles 0., =
30°, 60° 120° and 150°. The notations are the same as in Fig. [.1.
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Figure 4.3.: The relative difference between the results for the observables of pro-
ton Compton scattering obtained from the invariant amplitude Ag
with the unchanged strength and that obtained from the amplitudes
Ag with the strength increased by 1% at four different angles 0., =
30°, 60° 120° and 150°. The notations are the same as in Fig. [.1.
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Figure 4.4.: The relative difference between the results for the observables of pro-
ton Compton scattering obtained from the invariant amplitude A,
with the unchanged strength and that obtained from the amplitudes
A1 with the strength increased by 1% at four different angles 0., =
30°, 60° 120° and 150°. The notations are the same as in Fig. [.1.
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Figure 4.5.:

The relative difference between the results for the observables of pro-
ton Compton scattering obtained from the invariant amplitude A,
with the unchanged strength and that obtained from the amplitudes
Ao with the strength increased by 1% at four different angles 0., =
30°, 60° 120° and 150°. The notations are the same as in Fig. [.1.
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Figure 4.6.: The relative difference between the results for the observables of pro-

ton Compton scattering obtained from the invariant amplitude As
with the unchanged strength and that obtained from the amplitudes
As with the strength increased by 1% at four different angles 0., =
30°, 60° 120° and 150°. The notations are the same as in Fig. [.1.
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4.2.3. Observables by multipole representation

The Compton observables can be expressed by the multipole decompositions. Re-
stricting the expansion to s and p waves and retaining only terms with the dominant

ij, one gets the following c.m. unpolarized cross section represented as a power
series in cosf

do
dQ*

=a+bcosf + ccos® 0 (4.62)

where

0= L1 fbiul+ Re[(Fias + 673 ()]

b= 2Re[(f5k — 25 pp + 6f5a) (Faru) '],

e = 2 |fiful? + 3Re (s + 6£i) i) (463
Here the constants a, b and ¢ can be fitted to the experimental data at various energies.

It is should be pointed out here that the differential cross section alone determines
the magnitude of the wave f1

1
| faia] = g‘/?’“ —c. (4.64)

Less explicitly, |fi/1,] can also be determined by unpolarized differential cross sections
at the angle § = 7/2, if all the interference terms with f1, in Eq. (.63) are ignored:

/2 do
| I
\farul = 7a [dQ*L:W/Q. (4.65)

In the case of the single polarization, the photon ¥3 and nucleon X, asymmetries

result from Eqs. (£40) and (f.42)

%23 = dsin? ¥, %Zy =sinf(e + f cosh) (4.66)
with the angle-independent quantities from d to f given by
3 — x
d= 217kl + 3Re[(Fliy + 27) i), (467
e =3mm[(fzp — 4feh) (Fafn)"]
f==3tm[(farns + 4f2/e) (Farn) "] (4.68)

The photon asymmetry 5 has a clean dependence on sin? # and can be parametrized
by a single energy-dependent parameter f. With respect to ¥,
do

@Zgy =sinf(g + hcosf), (4.69)
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with

g=2Im [(EE ve — 650 (i) ]

h=3Im[(fi;a — 3f5p) (o)) (4.70)
do . S 2

——Y4, =sinf(i + jcosf + kcos® ),

dQd*

47 s sin?0( 4+ 0) (4.71)
o 1e = sin mcosf). :

and the constants read

= —2Im[(fL} — fom + fafe + 3 e (fihn)],
j= —SIm[( = 3fep) (i)'
k= GIm[( ME T fEM)( MM)*}’

| = 3Im[(2f§jE - ]%J_M)( J%IM)*}’
m = 18TIm[f5h,(fifir)7]-

MM
(4.72)
do , 9
@Eh = sinf(n + ocosf + pcos” 0),
15
d(j*zh =g+ 1rcosf + scos® 0 + tcos® 0, (4.73)
where
n——3| ful” + 3Re[(fanr + 2f3ip) (Fafa)']
= _3Re[<2fEE + frm — fon)( ]%/?—M)*}?
p= —18Re[ ve(Aann)]
¢ = |fadul* + Re[(Faar + 6/37) (Fadh) "]
r_zRe[(4f +2f5s+ 3 b)) (Fara) ]
s =3t l” — 3Re[(fir 6f )( i)
t = 18Re|frh( Ale)*]. (4.74)
In analogy to Eq. ([.64) |fi/y| is found from the polarized differential cross section
dol /dQ* as follows:
1 dok
g(a —q) = i), (4.75)
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4.3. LET of the observables in the c.m. system

In analogy with the case of the invariant amplitudes we can decompose the observables
do [dQY*, X3, Yo, and X,, which do not vanish below pion threshold, into the Born
and the non-Born parts. The low energy expansion of the Born parts of the observables
are given by the AP in Eq. (.36) whose expansions up to 1/w? lead to

AP 2mroq* AP — _ 2mro(gk + ¢°) 4B _ Tk
1 — w2 2 w2 ) 4 w2
242 242 2¢>

AD = AB = _—WO(“J LY G +w2q“ +20) (4.76)

Here, ry = e*/4mm ~ 1/137m. The non-Born parts of the A; in the limit of w — 0,
i.e. Am(0,0) = a;, are deduced from Eqs. (.43), (B.47) and (B.4) as follows:

ap = =2m(a = f),

ay = —4mm(vE2 — Ym2),

as = —27rm(7E1 — YE2 + YMm1 — ’YM2) - 2”(04 + ﬁ)7
ay = —2mm(vg1 + Ye2 + Yarn + Yr2),

as = 2mm(yp1 + YE2 — YM1 — YM2),

ag = 27rm(ny1 — YE2 + YMmM1 — ’)/MQ). (4.77)

We substitute the low energy expansion of the A;, presented by the sum of Eq. (£.76)
and (E.77), into the Eqgs. ({.39), (£41), (E51) and (£53), and we subtract then the

resulting Born terms of the observables. We get then the non-Born parts of the
observables represented up to O(w?) as follows:

[jé*} i —2r0q2m{m (1+2%)a+220) w” +2(1 4 2)*(a + ﬁ)w3}
2

+ %{(1 + 28 (a® + 8%) + 4zozﬁ}w4

- {2001+ 2) (B+2Ha— (1 - 2(4+2)9)

+202 (174 292 + (19 — 2)2%)a + (3 + 2)(5 + (10 + 2)2)5) }w4

_ T_Om{q(_1 + 2) [ — 4&{(—1 + 2)ve1 + (3 + 2) 7

4
— (14 (2 = 2)2)vm2 + 22702}
+q{(1 4+ 2)(=3+ 2)(ye1 + ")
—(1=(2-52)2)yp2+ (3 — (6 + Z)Z)’YMQH
+ K2 [42(7];1 4+ Yar2) +2(3 — 25y — 2(1 — 322)%52} }w4. (4.78)
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4.  Polarized nucleon Compton scattering

[%23}27“06]27%(1 — 2%)(maw? 4 20w?) — %(1 —2%)(a® = %)
- 2= {229+ 2)a - (14 2)d]
— (K* +2¢K)[(-3 + 2)a — (1 + 2)f] }w4
_ Zm(1 — ){2(/@2 + 2qK) (Va1 — VE2)

+ (=14 2)(yB1 — Ym2 + Va1 — ’}/M2>}w4 (4.79)

Wzm}nj —%m 1— 22{ (—(H +q)? + (2qK + q2)z) o
+ (qm —(k+q)(k+q— qz'z)Z) g
+2mg* (van + 2(ve1 + Ymz + 2782)) }w3
+ VT2 (14 2)[ (5% — (5 + 30) (—1 + )
+ (K33 +22) + (gr + 3¢))(1 = 2)) 4]
+om[ (267 — 2q5(=2 4 2) — (1 + (5 + 2)2)) 7
n (2/122 —gr(14 (=4 +2)2) — P4+ 3+ z)z)) Y1
+q (k= 5gz + (k — 3)2%) 2
+ (KA(=1+ 2%) + 2qr(— 1+ 2 + 27)
_ q2(3 + (3 + 22)2))71\/12] }w4 (480)

do nB
[d—&xgz} = —%m{ (gr — 2(k + q)%z + q(3K + 29)7%) @

— (v + (5 + @)1+ 2%) — ¢2°) — (3K + ¢*)z) 8
+2mq? [(1 + 2°) (ve1 + 27E2) + 22(7an + 27012) }w3
- 21+ )] [av(-1+2) (1L +52)a + (5+ 2)5)
+ 33 (—14 22)(a+ B) — k*(58 — (3 + 22)(a + 20)
+ 2m[r(—1+ 2){k(VE2 — 2701 — 2YM2)
+q((4 = 2)7m1 — 1

-+ (Z — 2)7E2 -+ (1 + 22)’7M2)}
+ (234 24 2%)ve1 + (14 3(2 + 2)2) 782

+ (54 (4 +2)2)7m + 2(4 + 2)272) ] }w4 (4.81)

As shown in Egs. (.7§) and (£.79), for the proton (¢ = 1) the observables da /d€2* and
dﬂ* 2.3 in an order O(w?) are dependent only on the dipole electric o and magnetic
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4.  Polarized nucleon Compton scattering

3 polarizabilities, and spin polarizabilities ; are exhibited just in a O(w?). In the
case of the neutron (¢ = 0) both polarizabilities enter into an order O(w?) in these
observables. The double observables of proton Compton scattering >, and >, in
Egs. (£.80) and ([.81)) are dependent both on a, # and on the 7; in O(w?), whereas
in the case of the neutron they are characterized by the polarizabilities a and 3, and
the spin polarizabilities play a role only just in the order of O(w?). In other words,
the effects of the parameters 7; to Yo, and 3o, begin in the order of O(w?) in the case
of the proton, and start with O(w?) in the case of the neutron.

As a result, with respect to a and 3, the single polarized proton differential cross sec-
tions dollt) /d2* are more sensitive than the double polarization observables dos 2 /d§Y.
In contrast to the proton for the neutron the sensitivity to « and 3 can be observed
better in the doi 2 )/dQ* than in the dol™) /dQ* . With reference to the spin polar-
izabilities ;, the daz > 2 /dQ2* for the proton is most respone to a change of the value
of v; compared with other observables.

At the three c.m. angles # = 0, 7/2 and 7, the low energy approximations of the
observables take particually simple forms.

e At the forward scattering 6 = 0:

dG 1B , ; 3
[0y = 2 {017+ (a4 9))
+ {mZ(oz + B)? — 1670¢* (o + B) — rom/i’yo} W (4.82)
[ddg* 222} :fo = —%m { (QH —2(k+q)* + q(3k + 2q)) (a+B) + q2ﬂ} w3

+ dromg*yow® + 5ro (K% (o + B) + 2mgPyo) w'. (4.83)

e At the backward scattering 6 = m:

do 1nB
[, = b = Bt
+ {m®(a = B)* + ro(w* + 2q5 — ¢*) (@ = B) } o'
+rom {4¢*(ve2 — yu2) + (K° + 461/@')%} w', (4.84)

do nB
[d—&%z] P —%Om{ lgr + 2(k + q)* + q(3k + 2¢)] (@ — )
— @B — Amg e ju (4.85)

As shown in the Eqgs. (.83) and (£.85), the c.m. polarized differential cross section

do ) /dQY* of Compton scatteing depends on « +  and 7 at the forward angle and
on a— 3 and 7, at the backward angle, respectively. For the neutron the expansion of
Y. up to O(w?) is independent of the spin polarizabilities at these two special angles.
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4.  Polarized nucleon Compton scattering

e At the angle of = g:

[ do }nB: —r0q2m {mosz 4 2(04—1—5)@03} i m_2(a2 +62)W4
dQ* 0=m/2 2
+ %0{( 2 4 2qK) (3 — B) — ¢*(34a + 30&)}w4
T
- Eom{’fQ(’YEz — 3va1) + 2gK(vEL + VB2 — 3VM11)
— ¢*(3yE1 + VB2 + 37001 — 37M2)}w4, (4.86)
[ do 23} " = rog°m (maw2 + 2ozw3) — 1mQ(Oz2 — )t
d)* O0=m/2 2
- %0{( *+2qK)(3a + 8) — 2¢°(9a + ﬁ)}w4
r
+ ¢*(—ye1 + YE2 — Y1 + Yar2)] }w4, (4.87)
do nB r
[@EM} 0=n/2 _Eom {gra — (v +q)?B} W° — 2rog*m*yanw®
T
+ ZO { (55 + 5k + 3¢*)a + (3> + 3¢k + ¢°) B} w*
T
- Eom{/f(’f +2¢)(—2vg1 + Ym2) + g(—vE2 + Y1)
+ ¢ (ve1 + 4 + 37M2)}w4, (4.88)
do nB r
[WZQ’Z} 0=r/2 _Eom {gra = (k +¢)?8} W = rog*m*yp W’
+ %0 {(35> + gk + 3¢*)ar + (5K> + Bgk + 3¢°) 3} w*
T

— ;m{/ﬁ(m + QQ)(Q’YMl - 7}32) + qli(—”ym + ’YMQ)

+ ¢*(6vp1 + VB2 + 57M2)}w4. (4.89)

At the angle § = /2 the proton polarized cross sections do )P /dQ* depend primar-
ily on 1 and g as well as a and 3 in an order of O(w?), while the neutron polarized
cross sections do i )" /dQ* in this order is dependent only on magnetic polarizability
3. On the other hand, the dollY)? /dQ* in O(w?) are described by the electromagnetic
polarizabilities. The sensitivity of the neutron polarized cross sections dollt)™ /dQ)* to
(3 appear just in O(w?). As a consequency, the neutron electromagnetic polarizability
could be extracted better from the experiment using the circularly polarized photon
and the neutron polarized in x or z direction at this angle.
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4.  Polarized nucleon Compton scattering

4.4. Numerical results and Discussion

In this section, we present numerical results for observables of polarized proton Comp-
ton scattering in comparision with the experimental data from Refs. [A0, &1, 4%, PG,
DR, B2, 24, 29, B0, 23, 21, 44, BR, 22, 34, 46, 47].

The c.m. differential cross sections given in Fig. .7 at six different angles and ener-
gies up to 900 MeV are, in general, in good agreement with the experimental data.
Here, the unitarity bounds of the dashed lines are obtained by setting ReA; = 0. The
results for the photon X3 at 6 < 90° and nucleon P asymmetry at the c.m. angles
6 2 132° show the deviations from the experimental values.

The dependence of the unpolarized differential cross sections and asymmetries on the
parameters (a — )P and 72 are demonstrated in Figs. l.9. 11 and in Figs. f.123-4.12,
respectively, where the results with (a — #)? = 10.0 and +? = —37.1 are plotted by
means of the solid lines. The dashed and dotted curves of Figs. 1.9, H.I0 (left) and
A.11 are deduced from the two different values of (o — §)P = 12 and (a — )P =
respectively, where the value for the proton backward spin polarizability is kept as
—37.1. Analogously, the predictions for fixed (o« — §)P and variation of 7?2 between
—39.6 and —25.1 are represented in Figs. .10 (right), F.12 and .13 using the dashed
and dotted lines, respectively. Here, the latter value of —25.1 is taken from the LEGS
experiment [2, 53], and the former one of —39.6 is derived from the backward unsub-
tracted DR of Ref. [63].

Below pion threshold the dependence of the observables da/d2*, 33, Yo, and X,
upon the strength of both a— (3 and ~, is not very large. In particular, the asymmetry
Yo, 1s almost insensitive to the change of polarizabilities. At energies up to 50 MeV
an effect on these parameters is barely observed. As so far, our results sustain the
conclusions in Refs. [16, T5] and [7] drawn in the framework of fixed-¢ unsubtracted
and subtracted DR respectively, where in the latter reference the exploitations are
done only at two extremely forward and backward angles, i.e. 8 = 0°, 180°, and at
6 = 90°.

At higher energies (150 MeV < E, < 300 MeV) the sensitivity of the observables to
the difference of the electic and magnetic polarizabilities as well as the backward spin
polarizability is, on the whole, increased evidently, indeed, in unpolarized differential
cross section and Yo,. As to the variation of (« — ()7, the differential cross sections
show the minimal sensitivity at § = 90°, while the alterations of the proton backward
spin polarizability carry a change in da/d)* scarcely at c.m. angles 0 < 60°, see
Figs. .9 and .T3. In the case of X3 and s, the parameters of the electromagnetic
polarizabilities have a larger influence on this observables than on the spin polarizabil-
ity 2. It is also recognized in Figs. .11 and .13 that the dependence of ¥, as well
as Y, on both polarizabilitites is decreased at # > 150°. After all, the measurements
of the observables in the region of energies above the pion threshold might be more
adequate than the lower energies to provide some useful constraints on the values of
the polarizabilities. It must, however, be remembered that above two-pion thresh-
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4.  Polarized nucleon Compton scattering

old (w > 309 MeV) the model dependence rises strongly due to the not well-known
2m-photoproduction amplitude in the s-channel.

The effect of the mixing ratio F2/M1 on the polarized observables involving the
differential cross sections are investigated in Figs. .T4-E.T7, where the solid curves
result from the VPI-SP98K parametrization with £2/M1 = —1.6%, which is ob-
tained from fit to the Mainz data [R, 562]. Here, the mixing ratio is associated with
Im Ef’f/lm Mff at w = 340 MeV with Re Mf’f — 0. In this analysis, the background

part is kept fixed, and only the resonant contribution to Mf’ J/FQ or Eff is rescaled in
the vicinity of A [74, &3, 8 5Z]. This value agrees excellently with the value of
E2/M1 = —-1.6+0.3;,4 2 0.800, £0.1,,,0q % derived lately from the data of the LARA
experiment in Mainz [29]. We change the value of the £2/M1 on the one hand to
—3% (dashed curves) found by the LEGS [27] and RPI [I9] groups, on the other hand
to the largest negative value from model —5% (dotted curves). The finding based on
SAID-SMO95 in which the strength of M, is reduced by 2.8%, are represented by the
dashed-dotted curves.

At the angles § = 75° and 90°, the larger quadrupole amplitude £2 has destructive
effects to lower the A-peak of cross sections, whereas at # = 135 and 150° the in-
creased values of F2/M1 cause a higher maximum of the cross section, see Fig. {.14.
In any case, the largest sensitivity of the differential cross section to E2/M1 is given
at w ~ 320MeV and, in particular, at larger backward angles. It seems that the
curves from dispersive calculation by using old SAID solution VPI-SM95 improves
the agreements with the data from [21] at § = 75° and [29] at § = 135°. At 6 = 90°
all experimental points lie slightly above the results by DR, whereas at 6§ = 150°
the measurements of [A0, A1, 23, 29| are preferred to be described by an increased
quadrupole strength. That is, a proper determination of the £2 contribution requires
more data over a wide angular range.

Double polarization asymmetries appear to be generally more sensitive than the beam-
and target-polarization asymmetries, >3 and P, except for s, up to energies of the
A-peak. Especially, the beam-target asymmetry >, is, as shown in Fig. .17, re-
markably responsive to the change of quadrupole amplitude E2 in the relatively wide
range of angles, i.e. 60° < 0 < 90° together with Xy, at the angles # < 90° and around
w =~ 450 MeV.
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Figure 4.7.: Energy dependence of the c.m. unpolarized differential cross sections of
proton Compton scattering at several angles. The solid lines represent the
predictions of dispersive calculation using the pion multipole analysis of
the VPI group [73, [74], while the dashed lines show the unitarity bound
obtained from ReA; = 0. The experimental data are from Refs. [28, 32,
24, 129, 130, 23, 21, /4, 38, 22, |34, 1]
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Figure 4.16.: Sensitivity of the asymmetries Yo, (left) and 3o, (right) to the mixing
ratio of E2/M1. The notations are the same as described in Fig. [{.14.
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4.  Polarized nucleon Compton scattering

Ev:232 MeV

. EF232MeV

o

Q

a1
T

-0.05

0.025

0.1
-0.025

-0.05

L (- (- L ‘ (- ‘ (- ‘ L '0-075

-0.025

-0.05

-0.075

0.04

- Ey:450 MeV

0.02

-0.02

o
w
o
2]
o
©
o

120 150 180 0 30 60 90 120 150 180
] O)

cm cm

Figure 4.17.: Sensitivity of the asymmetries $1, (left) and X1, (right) to the E2/M1.
The same notations as in Fig. [[.14.
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5. Summery

The differential cross sections and the single and double asymmetries for the nucleon
Compton scattering in the first and second resonance regions have been calculated
within the fixed-t unsubtracted dispersion relation by using VPI-SP98K parametriza-
tion of the photo-meson amplitudes. The dependence of these observables on the
difference of the electric and magnetic polarizabilities of the proton, (o — 3)?, the
proton backward spin polarizability 72 as well as the multipole mixing ratio £2/M1
of p — A has been also investigated, in order to provide more information on these
quantities.

The structure parameters «, 3 and ~,, which describe the non-Born part of Compton
scattering amplitude in the limit of w — 0 on the basis of low energy expansion,
have been expressed by the invariant amplitudes A; A; and As, where the asymptotic
parts of the A; and the A, are saturated by the ¢t-channel exchange of o-meson and
7%-meson respectively. The proton backward spin polarizability v? = —37.1 obtained
by DR has agreed well both with the prediction of heavy baryon ChPT and with the
latest results from the LARA [29] and the TAPS [20] experiments in Mainz. The
contradiction to the analysis of the LEGS [2, 53] group might originate, as refered
in Ref. [29], from the disagreement of the measured cross sections above w-threshold,
mainly at backward angles. In general, the dependence of the polarizabilities to the
differential cross sections and the asymmetries has been clearly visible at the ener-
gies above pion threshold. Indeed, do/d2* at large angles and Y. at # < 150° have
displayed an evidently large sensitivity to the o — 3 and 7,. As a consequence, the
measurement of the observable at the energies up to two w-threshold and at mainly
large angles is adequate to constrain the value of the polarizabilities.

With respect to the variation of £2/M1 the unpolarized differential cross section has
exhibited its maximum dependence at w ~ 320 MeV and at large backward angles.
Among the polarized observables, the beam-target asymmetry ¥, at 60° < 6 < 90°
and the 3, at the angle 6 < 90° and around w = 450 MeV have shown great response
on the change of the mixing ratio. That is, the experiment with linearly or circularly
polarized photon off the nucleon polarized in z direction at these angles can bring
more infomation on strength of the amplitude E2.
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A. Mandelstam variables

The kinematics of s-channel Compton scattering off the nucleon
v(k) + N(p) — ~(K') + N(p) (A1)
can be described by the three Mandelstam variables s, ¢, and u defined as
s=(k+p? t=k-kK)? u=(k-p) (A.2)

where s +t +u = 2m?. m is the mass of the nucleon.

k= (w,k) and k' = (W', k') stand for the four momentum of the photon at the intial
and the final state respectively. And p = (E,p) denotes the nucleon 4-momentum
before the scattering, while p = (E’, p’) refers to the 4-momentum after the scattering.
We can also introduce the new invariants v and 7 using variables s and u via

s—u7 n= L(m2—su). (A.3)

v= 4dm

In labortory, center of mass and Breit system these kinematic invariants are expressed
as follows:

e In labortory frame (p,,, = 0) the invariants s, ¢ and u read

s=m?+ 2MmWwigp,

t= —2wlabw2ab(1 — COS QM,),
u=m?— 2muw),, (A.4)
with .
= Wigh + —. A5
And then

1
VZQWM+%Ma

n = 2ww'(1 4 cos Olap). (A.6)
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A. Mandelstam variables

e In the c.m.s (ko + P.,, = 0) the invariant s corresponds to the square of the
total energy of the system W, and ¢ is equal to the negative squared of the
momentum transfer q.,,, = pl,., — Pem:

§ = (wcm + Ecm)2 = Wt%;ta
t=—2w? (1 —coslem) = —|q.,|> (A.7)
Note that w
lab
W = ——— ., A8
\V 2wlab —f- m2 ( )

e In Breit frame (pg + pz = 0) the Mandelstam variables are represented by

t
S :m2+2EBwB — 5,

t = —2w3(1 —cosfp) = —|qz|*

t
u=m?—2FEpwp — 2 (A.9)
where gz = pj; — pp.
Indeed,
mvrvp = EBWB (AlO)
and
2 t
In particular,
WB = Wiab, 0 =0,
WB = Wem, O = . (A.12)
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B. Symmetry property of d-function

a5, (0) =< JAile ]I >,

_ <J+/\1>!(J— /\2)! 1 0 A2z 9 [A1—Az2]
N \/(J = AT+ 22)! (A = M)t (COS 5) (Sm 5)

0
« F(=J+ A, J+ M +1, A0 — X +1, sin2§). (B.1)

0
Here, F(a,b,c, o) is a hypergeometric polynomial of the o = sin® %

b 1)b(b+ 1) o2
F(a,b7c,a):1+a_g+“(a+ )b(b+1) o?

T et 1) 2 (B2)

Space inverse (P : AjA2 — A1) and time reversal (7' : A Ay — —A; — Ag) invariance
lead to

(—DM2dy,, (0),
= (=) al, , (0). (B.3)

ds, 5, (0)

From Eq. (B.I) it is found that

d3532(0) =/ (1—0)3 F(1 =L, L+3,1,0),

d3n_sp(0) = (-1)"Vo* F(1— L, L +3,1,1 - o),

d)51/5(0) = =/ L(L+2)\/o(1—0)?F(1 - L, L +3,2,0),

)y _1/9(0) = —(=1)"/L(L +2)\/o*(1 —0) F(1 - L,1+3,2,1—0),
di51/0(0) =V1—0F(=L,L+2,1,0),

di s _1p(0) = =(-1)"o F(=L,L+2,1,1—0).
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C. Unsubtracted dispersion relation

‘lmv

ReV

Figure C.1.: The contour of integration C used to derive the dispersion relation.

C.1. Basic assumptions

Assuming that the scattering amplitude 7'(v,t), that is a function of only v for a
fixed-t, has the following properties [[72]:

1. T'(v) is analytic for a complex v in the region Imr > 0, but has cuts and poles
on the real axis.

2. |[T(v)| < O(Jv|~®) as |z| — oo in the upper half of the v-plane, for some a > 0.
This means that |T'(v)| decreases to zero asymptotically at least as fast as some
negative power of v.

3. T(v*)=T*(v).

C.2. Derivation of basic DR

On the basis of the analyticity of the scattering amplitude we can evaluate amplitude
T'(v) by using the Cauchy’s integral formular, see Fig [C.1I:

/
T(v + i) = i,j[ ACO R (C.1)
2mi Jomy v — V' — i€
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C. Unsubtracted dispersion relation

By virtue of the second assumption the distant contribution in Eq. (C.1) vanishes at
infinity. Eq. ([C]) reduces then to the form

, 1 [~ T ,

The integrand has the poles on the real axis as well as the poles due to zero of the
denominator. By using the formal identity,

! __r - Find(v — 1), (C.3)

v—v — e V—v

together with the third assumption we obtain the usual form of the dispersion relation

as follows: ) ~ ReF(y!
ImF(v) = ——P/ Rel(V) (C.4)

/
T ) oo V=V

This connection between a real and an imaginary part of the amplitude is the basic
dispersion relation.
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D. Relations between invariant,
helicity and multipole amplitudes

Here, we present the relations between the three different decompositions A;, H; (or 7;)
and f%%, of the scattering amplitude. At first, invariant amplitudes A; are related to
reduced helicity amplitudes 7; as follows [

1 s s+ m? Vs
Alzm{—a(l—a 95 )T4_7(7—5+0'7—6)},

2
AQZ;{—%(S‘sz) (1—08 2sm )74—£(s—m2)75

(s — ) VARE
+254/s (1 — ol —48m ) 76} :
A= (s — mz)z(sl— m? +1t/2) tmn (1= o)
—2m2\/§ (1 — 05 —;;n ) Tg} )
1 3 3 m? 2m*
A, = G~ T 19) {m T+m (1—0?) 7'2_%073}7
G mz>z<sl_ o i) s ) o= mA s (7 + o)}
Ag = (s — m2)2(81— m2 —i—t/2){ - %(3 +m?) (1 + (1 —0) 1)
+2m/5 (1 — o) 73} (D.1)
with - 2@__ st (D.2)
0 =sin’ g = Gome :
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D. Relations between invariant, helicity and multipole amplitudes

The expansion of helicity amplitudes H; by multipoles fF, are given as [8H]:

His = %i(L 0422 (A5 £ A0DT) * 12 (P =+ 1)
L=0

L+3
F2L(L +2) (f5ar £ fark) } dy o2y o5

H374:%Z(L+1) L+ 2{@+2) (18" + 1Y )?L(ézifﬂ%)

L=1

£2 (FEf & 1) sy

Moo = £ S+ VU@ + 2] (5507 £ 1507 = (75 = 15)
L=1

L+
£ 2 (Ff £ 1) b dghias (D3)

with foh = fafn = fon = fare = 0.

Rather accurately, the amplitudes H; and their imaginary parts can be approximated
by the pion amphtudes with angular momentum [ < 1. Amplitudes H; are then
described by fif,, fre file and f&h,, while Im H; are mainly obtained from Ep,,
M, _, E1, and My, by virtue of Eq. (.26):

H, —2COS2 (fEE—l—flfM)

+%COS§(3COSH—1){( éE—i—ﬁfM) —6( éL‘i‘fﬁrE) }>

szg g(1+cos9){(]§g+f§jM)+2(};EHHE)}’
Hy= =S (1 cost) { (72h + Alh) —2 7k + 115) )
1= % cos (10— cost) { (£~ Fif) — 2 (Pl — Fif) .
H5:—25in§ (fom — o)
+%sing(30089+1){(;,; aar) = 6 (o — ME)}
Hy =~ sin s (1~ cost) { (55— Fif) +2 (74— i) b (D.4)
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D. Relations between invariant, helicity and multipole amplitudes

and
0
Im H, = 2cos 3 <|E[)+|2 + |M1_|2>

19
+ 5 0085 (3cos0 — 1) {9|E1+|2 + My |2 — 6Re (Eyy M, ) }

2
3 0

Im H, = 5085 (1+ cosb) {|E1+|2 + |Miy | + 2Re (E14 M) },
3.9

Im Hy = 5 sin - (1 + cos ) {3|E1+|2 — My, + 2Re (Ey M) }

ImH, = gcos g (1 —cos®) {3\E1+\2 — |Mys > — 2Re (E14 M7) },
Im Hy = —2 sing <|E0+]2 - \Ml,ﬁ)
- % sin g (3cosf + 1) {9\15142 + My, 2 + 6Re (Eyy M7,) }
Im Hg = gsin 2(1 —cosf) {|E1+\2 + |Mi4|* + 2Re (B M) } (D.5)
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E. Compton scattering amplitudes R,
in center of mass system

In c.m.s the Compton scattering amplitude 7y; in Eq. (2.4) can be expressed in terms
of six functions R;(w,0), i = 1...6 [6Y]:

6
i=1

where s = (w + F)% The spin basis p; read
pp=€"-e, pp=s8-s8 p3=ioc-(e’ xe), p=ic-(s" xs),
ps=i(oc ks’ e—o- ke’ s), psp=i(oc- ks’ e—o ke s) (E.2)

The amplitudes R; are connected to the invariant amplitudes A; by

W2 v W
Rl == C{ ( Al — —Ag) - EC2A5 — ECgA@},

w
{ <A1 — —A3) _CQAE) - EC3A6}7

W2 v w

= C{ ( Z— ].)Al + (Z + 1)WA3) — E03A5 — ECQAG},
w2 v w

= C{ ( Z — 1)A1 + (Z + 1)@143) + EC3A5 - ECQAG},

W2 w3
- c{ ( Ay — —Ag) — (W2 —m?) (A2 + —A4>

+2(W —m) (—yAs + %AG) }
Rs = c{(w—m) (Al - KQAQ — (W2 —m?) ( Ay + EA4>

+2W —m) <VA5 + %QAﬁ) } (E.3)
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E. Compton scattering amplitudes R; in center of mass system

Here, z = cos 6 and

(s —m?)?

sz, ey = 4mW + (W —m)?*(1 — 2),
o =4WW —m) — (W —m)*(1—2), c3=4W?*— (W —m)*(1—2). (EA4)

The invariants v, t and 7 are given by

(s —m?)?
y=o—— 77 4= 7/
2m 2s

Due to Egs. (D), (D) and (D.3) the amplitudes R; have the following multipole

expansions:

s—m?*+1t/2 (s —m?)?

(241 (E5)

<2_1)7 n=

Ri=S " [{(L+ )k + Lty (LB, + PY) = {(L+ 1) fih +LfMM}Pg]

L>1

Ry=Y_ {(L+1) o Ll (LP£+P£_1)—{(L+1)éngLfég}Pg],

L>1 -

Ry =" | (/5 - fhs} (LPL_, + I°P})

L>1

—{ e — Flie} PE 20 Pl — 275 P,

R4=Z { u) (LP_ + L*Pp)

L>1

— {f5 - fEa} PL+ 2f 58Pl - 2F 5P,

Ry =" [{ kb — 1Ea} (LPL+ PLL) = { i — T} PL

L>1
+ fE {<3L + )P+ 2P - 2fk { (L )P, + 2P ],
Ro =" | {flih = fhias} (L, + PLy) = {1k - fhp} PL
L>1

+ i {er P 2P +2fE { VP 2P} ], (B6)
where P, = Pp(z) refer to Legendre polynomials of z. T-invariance leads to

1+1)— I+1)—
ES\/I: ](\4E) ) JI\IE: é‘M) . (E7)
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F. Pauli and Dirac matrices

F.1. Pauli matrix

The components of the Pauli spin vector o = (0,,0,,0,) are

(1) () (b 0) e

and satisfy the relation
0,05 = ieijkak. (FQ)

Here, €;j is the antisymmetric tensor:
€ijk = €jki = €kij = 1, €ji = —€jk. (F.3)
The standard commutation and anticommutation relations are
[O’Z', O’j] = 2i€ijk0k (F4)
and

{O'i, O'j} = 0,0; + 0;0; = 2(513 (F5)

F.1.1. spin matrix

The spin matrices used in calculation of observables in Eqs. (41), (E43), (E49),
(E47), (B49), (E5T) and (F.53) are given by the following tensor product of Pauli

matrix:
0010
01 0001
agclzax@l:(l 0>: Looo |l (F.6)
01 00
0O -1 0 O
10 11 00 0
lay—1®0y—<0 1)—@ 0 00 -1 | (F.7)
0 01 0
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F.  Pauli and Dirac matrices

00 0 -1
(0 -0,y .1 00 -1 0
U$y20$®0y22(0_x 0 )-z 01 0 o | (F.8)
10 0 O
01 0 0
o, 0 110 0 0
Oy =0, D0y = ( 0 —o, ) 00 o0 -1 |- (F.9)
00 -1 0
1 0 00
o, O 0o -1 00
0O 0 01
00 0 -1
(0 =0,y .1 00 -1 0
ayxay@)amz( 0 )z 01 0 o | (F.11)
10 0 O
0 0 -1 0
(0 —o.,\ . [ O 0 01
Oy = 0y @ 0, z( 0 )—@ 1 0 00 (F.12)
0 -1 00
F.2. Dirac martrix
As to the Dirac y-matrix
=0 =0"%7%7) (F.13)
we use the standard representation in terms of the 2 X 2 unit matrix 1 and Pauli
matrix o:
0 __ 1 0 . 0 o
7= ( 0 -1 ) Y= _o o) (F.14)

The important combinations of y-matrix components are the traceless product
. 01
75 =iy =" = ( 10 ) : (F.15)
The v* matrix obeys the anticommutation relation

{747} = Y+ At = 20", (F.16)
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F.  Pauli and Dirac matrices

where metric tensor g"” = g, is given as

(F.17)

Ju =

o O O

The matrix 5 satisfies

{75:7"}=0  and =1 (F.18)
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