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Zusammenfassung: Wir untersuchen Einbettungen lokaler, chiraler, konformer
Quantentheorien C C B, die mit einer gegebenen Untertheorie A C B ver-
tauschen; die Untertheorien C C B werden als COSET-Modelle bezeichnet. Die
meisten Ergebnisse dieser Arbeit sind modellunabhéngig, jedoch wird diese Un-
tersuchung motiviert durch Einbettungen von Stromalgebren und deren COSET-
Modelle.

Wir zeigen, dass es zu jeder gegebenen Untertheorie A C B eine eindeutige,
innere Darstellung U+ gibt, die die konforme Symmetrie auf der Untertheorie
verwirklicht. Die lokalen beobachtbaren Grofen von B, die mit U4 vertauschen,
bilden das maximale COSET-Modell C,,,4z-

Unter der Annahme, dass U durch Integrale eines A innewohnenden Quan-
tenfeldes erzeugt wird, zeigen wir: Die Einbettung der Untertheorie und ihrer
CoOSET-Modelle steht in unmittelbarer Analogie zur Inklusion chiraler Theo-
rien in einer 1+ 1-dimensionalen lokalen, konformen Quantentheorie. Die lokalen
beobachtbaren Grofien von C,,q, zu einem bestimmten Gebiet sind gerade diejeni-
gen Groflen von B, die mit den lokalen beobachtbaren Groflien der Untertheorie
A zu demselben Gebiet vertauschen.

Wir geben einige Anwendungen unserer Ergebnisse und diskutieren mégliche
Verallgemeinerungen unserer Vorgehensweise.

Abstract: We study inclusions of local, chiral, conformal quantum theories
C C B which commute with a given subtheory A C B. These subtheories C C B
are called Coset models. Most of our results are model-independent, although
our analysis is motivated by the inclusions of current algebras and their COSET
models.

We prove that to every given A C B there is a unique, inner representation
UA which implements conformal symmetry on the subnet. The local observables
of B which commute with U4 form the maximal COSET model C,qs.

Assuming U4 to be generated by integrals of a quantum field affiliated with
the subnet A C B, we show: The inclusion of the subnet and of its COSET models
is directly analogous to the inclusion of chiral observables in a local, conformal
theory in 1+1 dimensions. The local observables of the maximal COSET model
associated with a given region are found to be characterised by their commuting
with the local observables of A associated with the very same region.

We give applications and discuss possible generalisations of our methods.
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Chapter 1

Introduction

The first quarter of the twentieth century saw two great revolutions is physics:
the uncovering of quantum physics and the discovery of relativity. The quest
for unifications of both in systems with infinitely many degrees of freedom, the
development of relativistic quantum field theories, has led to remarkable suc-
cesses, especially in elementary particle physics. The description of the physical
laws valid in this context and our present understanding of the fundamental in-
teractions, mainly summarised in the standard model for the strong, weak and
electro-magnetic forces, has not yet reached the stage of a mathematically con-
sistent theory. On the other hand, the underlying physical principles are clear:

The primary objects are expectation values of observable quantities. Not all
observables are compatible, ie some sets of observables can not be measured si-
multaneously with arbitrary accuracy, like eg position and momentum due to
HEISENBERG’s uncertainty relation. The laws of physics are independent of the
choice of frame of reference, ie they may be formulated covariantly with respect
to the relativistic spacetime symmetry group. The principle of locality states that
it is meaningful to talk of observables which can be measured in bounded space-
time regions and that observables are always compatible, if they are spacelike
separated.

There are two concise mathematical frameworks which capture possible ways
to formulate relativistic quantum field theories. In the first, one assigns to points
x* in spacetime operator-valued distributions ¢(x*), the quantum fields, which
may be viewed as quantised versions of the field strengths known from classical
field theories. The principles of relativistic quantum field theory are reflected
in certain requirements on the quantised fields, mostly known as WIGHTMAN’s
axioms [WG65]. Successes of this framework are summarised eg in [Jos65, SW64,
Tod65, BLT75].

Another approach was proposed by HAAG AND KASTLER [HK64]. Here, one
selects regions O in spacetime and assigns to them (topological *-) algebras A(O)
of bounded operators. The local algebras A(Q) are regarded as the algebras of
observations possible within the region O and their elements are called the local
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observables. The principles of relativistic quantum field theory can be expressed
in this setting in a natural manner, leading to the framework of local quantum
physics. This way of describing relativistic quantum field theory can be regarded
as an extension of the picture of quantum fields and it has the advantage that
one does not need to deal with particular sets of “coordinates” of the theory (the
quantum fields). Especially structural and conceptual problems can be discussed
within the setting of local quantum physics successfully (cf [Haa92, Buc00]).

The physics of a local quantum theory A is mainly encoded in the isotony
inclusions of local algebras: if a region O, is contained in another region O, the
property of isotony means that the local algebra A(O;) is contained in the algebra
A(O,). Put differently: isotony says that the amount of possible observations
increases with the localisation region they can be made in. This appears to be
an almost trivial statement, but the isotony inclusions give structure of physical
relevance to the local algebras which, ignoring this substructure, are (essentially)
all isomorphic on quite general grounds [BDF87]. By isotony, a local quantum
theory is a net of local algebras.

Within the framework of HAAG AND KASTLER it is natural to consider sub-
theories, ie inclusions of one local quantum theory, A, in another one, B, given by
the inclusion of their local algebras: A(Q) C B(O). The origin of these inclusions
is encoded in two properties: they are covariant with respect to the action of the
spacetime symmetry group and they are consistent with the net-structure of the
subtheory, ie for O; C Oy we have: A(O;) C A(Oy).

Obviously, there are non-trivial subtheories like, for example, observables A
included as gauge invariants in a local quantum theory F with a compact gauge
symmetry. This example gives one motivation for studying subtheories: By the
DOPLICHER-ROBERTS reconstruction [DR90] all the relevant information is in
fact encoded in A already. This perspective is taken eg in [Ara92].

One might expect that the interaction between any subset of observables with
the ambient system does not admit the subset to give rise to a local quantum
theory essentially different from the whole theory. One could argue, for example,
that local observables associated with energy and momentum already generate
the whole net A and that the remaining freedom is taking local extensions like
the local quantum theory F above (cf [Dop92, Con95)).

Actually, it seems that in most studies on subtheories A C B the “energy
content” of B is already contained in .A. In this work we are interested in cases
where this is not the case. Rather, we want to look at the situation where
the inclusion of A in B leaves enough space for other subtheories C C B which
commute with all of A, ie the local subalgebras C(O) fulfill:

C(O) € AO) NB(O) =: Co .

Such subtheories we call COSET models associated with A C B, and the algebras
Co are called the local relative commutants. Admittedly quite trivial examples of
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this structure are tensor products of local quantum theories defined by B(O) :=
A(O) ® C(O), but there are examples which are less simple.

We are interested in typical COSET models C, in a description of the relative
position of A, C in the ambient theory B, and in objects naturally associated
with these inclusions. For example, one may ask immediately: Is there a maximal
CoOSET model and how is it characterised? The local relative commutants Co are
upper bounds for the local algebras of all COSET models, and if they define a
CoOSET model themselves, then this is maximal, obviously.

As covariance is automatic, one has to show that the Cp increase with O. Since
for Oy C Oy we have A(O;) O A(O;)’, we need arguments which ensure that
this inclusion is inverted upon intersection with B(O;) and B(Os), respectively.
For a general subtheory A C B it is not obvious how to obtain such arguments,
and this task will be referred to as the isotony problem.

Results of CARPI AND CONTI [CCO1] indicate that in 341 dimensions the
structure of subnets essentially reduces to the tensor product scenario A C B =
A ® C (under some additional assumptions). In these cases the isotony problem
is absent and, in fact, it had not to be discussed explicitly in [CCO1].

In two dimensions, however, we know of many subtheories A C B which have
interesting COSET models and a less simple relative position for the pair A, C in
B. Characteristic for these examples is their high spacetime symmetry: they are
not only covariant with respect to scale transformations x# +— Ax*, but in fact
covariant with respect to the whole stabiliser group of light-like directions, the
conformal group. Conformal symmetry facilitates analysing such models a great
deal. A physicist interested in relativistic quantum field theory has to ask for
reasons justifying investigations in this setting.

The classical equations of motion of a typical massless field theory (containing
no dimensional parameters), like MAXWELL’s equations, are not only POINCARE
and scale invariant, but actually invariant with respect to the whole conformal
group. Initially, the hope was that in the high energy limit of a quantum field
theory, where masses of particles do not make much of a difference, there holds
an asymptotic conformal symmetry. The appearance of renormalisation scale
dependent anomalous dimensions showed that scale symmetry (and a posteri-
ori conformal symmetry) could not hold at the quantum level generally, but it
could be valid at values of the coupling constant stable under the action of the
renormalisation group (cf eg [FST89, Tod82] and references therein).

Renewed interest arose when BELAVIN, POLYAKOV AND ZAMOLODCHIKOV
IBPZ84] took seriously the connection between conformally covariant quantum
field theories in 1+ 1 dimensions and two-dimensional statistical systems undergo-
ing a second order phase transition, like eg the critical ISING model, and exhibited
how conformal symmetry in low dimensions allows one to obtain soluble models.
And then, much of the work undertaken in string theory was made possible by
the essential part that conformal symmetry in 141 dimensions was able to play
in this context as well (cf [GSWS8T]).
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From the perspective of local quantum physics there are some points of spe-
cial interest: many of the soluble models can be shown to fit into this framework
and thus they admit valuable case studies, which may teach us something about
situations in four dimensions. Moreover, some new structures arise in this con-
text, like non-trivial braid group statistics which is realised eg by quasi-particles
in the fractional HALL effect. Both aspects led and lead to further insights into
the structures of relativistic quantum field theory (cf eg [Tod01, Tod94]).

The models which inspire this work are generated by conserved currents in
141 dimensions, j*. The currents transform in the adjoint representation of a
compact, global gauge group, which is indicated by the label a. The L1E algebra
g of the gauge group determines, up to the normalisation of the current two-point
functions, the commutation relations between the currents and hence the whole
model, called the current algebra Ag. By an inclusion of compact LIE algebras,
h C g, one gets an inclusion of quantum field theories, the current subalgebra
Ay C Ay As many conformal fields in 141 dimensions, the currents decompose
into two commuting parts, each depending on one light cone coordinate, ¢t 4+ z,
only; these generate the chiral current algebras. Hence, it suffices to look at the
chiral inclusions only.

Infinitesimal coordinate transformations are implemented by a quadratic func-
tion of the currents, the stress-energy tensor ©9. Since the current subalgebra
possesses its own stress-energy tensor, O, the field ©% — OY commutes with all
of Ay. ©% — OV is a stress-energy tensor itself, generically it does not vanish and
hence generates a non-trivial COSET model associated with the current subalge-
bra Ay, C A, ©% — OV is called the COSET stress-energy tensor and subtracting
©Y from ©9 is usually referred to as the COSET construction.

GODDARD, KENT AND OLIVE [GKOS86] used the COSET construction to
obtain the discrete series of chiral stress-energy tensors, which are of special
interest due to a remarkable classification result [FQS86]. In fact, it proved
possible to determine the features of the local quantum theories generated by
these stress-energy tensors by studying the respective current algebras Ay, Aq
and the relative position of Ay in A, [Lok94, KL02|. This was made possible,
to a large extend, by works of XU ([Xu00a, Xu99] in particular), which are
complementary to this work as they deal with particular inclusions of current
algebras and their COSET models in the setting of local quantum physics.

More generally, one of the driving forces in the investigations on current sub-
algebras and COSET models was the interest in obtaining new models. A natural
thing to do is to search for additional fields in the current algebra A4 which
commute with all of Ay, and to determine the algebra generated by these. This
approach leads to W-algebras. We will discuss COSET models from the perspec-
tive of local quantum physics and therefore we do not want to refer to particular
field coordinates in COSET models. We will not comment further on the interest-
ing achievements obtained on W-algebras or on the related contributions to the
understanding of current subalgebras and their COSET models from this side; we



1 Introduction 5

rather refer to [BS93, EHH93, Fuc97, Wat97] and references therein.

In the following, we want to broaden the perspective, to achieve clarity
through a search for intrinsic structures and to shed new light on old problems.
We intend to work in the spirit of the general theory of quantised fields, which ...
analyzes the notions which are at the basis of all previously analyzed models”,
as RES JOST captured it [Jos65].

The next chapter provides a summary on chiral conformal quantum field the-
ory in the sense of HAAG AND KASTLER. We will give a technical formulation of
the questions raised in this introduction, state and discuss our main assumptions
and obtain first, completely model independent results. In particular, we will
see that for any chiral subtheory A C B there is a unique implementation U4 of
conformal transformations on A by unitary operators which are affiliated with A
in a global sense; this inner-implementing representation U4 is the natural ab-
stract counterpart of the stress-energy tensor of a current subalgebra. We prove
that the local operators in B which commute with U# form the maximal COSET
model C,,,. associated with A C B.

Thus, we are led to study subnets and their COSET models by analysing the
action of the inner-implementing representation U of the subtheory A on the
local observables of the ambient theory B. This ansatz is new and the essence
of this work. In particular, the isotony problem may be dealt with in a natural
manner.

The chiral current subalgebras Ay C Ay are discussed as examples satisfying
our assumptions in chapter We give the relation between the inner implemen-
tation U of conformal transformations and the stress-energy tensor @Y. This
relation allows to establish some special properties of U4 (lemmas TV.2, TV.12
in chapter TV), which we believe to hold in general. We take the presence of a
stress-energy tensor as the Additional Assumption for the subsequent analysis.

Chapter constitutes the main part of this work: It provides a solution
of the isotony problem and thus establishes the identity of the local algebras of
the maximal COSET model C,,,, and the local relative commutants of a chiral
subtheory A C B. This way, we prove that the local operators in the ambient
theory B which are contained in some COSET model may be characterised entirely
in terms of local data, namely their commutativity with the respective local
operators of the subtheory A. Hence, all COSET models are of a local nature.

It is shown that through the action of U4 on the chiral theory B one may
construct a 1+ 1-dimensional quasi-theory B containing the original net B as
“time zero subtheory”; this construction may be regarded as chiral holography.
Taking A,,.. as the subtheory of B consisting of all local observables on which
U4 implements the conformal symmetry, B! contains Cpep and Aes as sub-
theories of chiral observables, each depending on one light cone coordinate in the
holographic 1+ 1-dimensional spacetime only. This establishes A,,,, as a natural
object connected with a subtheory A C B and gives a straightforward interpreta-
tion for chiral subtheories and their COSET models as fixed-points with respect
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to a classical spacetime symmetry in a suitably enlarged ambient theory.

Chapter [V is devoted to making contact with related works in the field. We
spell out how the inclusion of a subtheory A C B and its COSET models C may
be seen as localised representations of the tensor product of the subtheories in the
sense of DOPLICHER, HAAG AND ROBERTS. This formulation is used to get some
more insights, mainly under the assumption that the localised representation
has finite statistics. Moreover, we give a COSET construction for some normal
canonical tensor product subfactors as introduced by REHREN [Reh00], when we
revisit current subalgebras.

The limitations of the additional assumption on the presence of a stress-energy
tensor are the issue of chapter VI: we prove that a class of models do not contain a
stress-energy tensor. The concluding chapter briefly summarises the main results
and gives an outlook on possible generalisations of the discussions given here.
The appendix contains a few technical lemmas and miscellaneous results.



Chapter 11

Coset pairs of chiral subtheories

We introduce conformal quantum field theories in one chiral dimension, their
subnets and the associated COSET models, which are the objects of this work.
We discuss our main assumptions and obtain model independent results. In par-
ticular, section 2 is devoted to the construction of a representation U which
implements chiral conformal symmetry on any given chiral subtheory A C B, is
affiliated with A in a global sense and uniquely determined by these two proper-
ties. This representation forms the foundation of the subsequent analysis.

1 Assumptions, conventions, and notions

1.1 Chiral conformal symmetry

Conformal transformations of spacetime are required to leave the LORENTZ met-
ric invariant up to a WEYL scaling. In 141 dimensions, this group is infinite-
dimensional and contains localised diffeomorphisms. In positive-energy repre-
sentations, only a finite-dimensional subgroup of this symmetry group remains
unbroken, the group of global conformal transformations. If one restricts attention
to this subgroup, the structures are similar to the situation of conformal symme-
try in higher dimensions [BGL93|. When we speak of conformal symmetry in the
following, we mean symmetry with respect to global conformal transformations.

Conformally covariant models are given as local nets on MINKOWSKI space.
In this context, conformal transformations have an action through mapping the
observables associated with a given localisation region to the observables of the
transformed region, as long as this is contained in MINKOWSKI space. Following
general arguments these nets may be extended to theories over the conformal
covering of MINKOWSKI space, on which the conformal transformations act as a
proper spacetime symmetry group. The extensions then form conformal quantum
field theories. This scheme has been discussed for the general case by BRUNETTI,
GuiDO AND LoNGO [BGLI3| (cf [Seg71], [LM75]) and for the chiral case by

7
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FREDENHAGEN AND JORSS [FJ96].

In 141 dimensions, the light-cone (at the origin) consists of the two (chi-
ral) light-rays, which provide the right and the left light-cone coordinates on
MINKOWSKI space. Each conformal transformation in 1+1 dimensions may be
represented as a product of two commuting chiral conformal transformations,
which for themselves act on one light-cone coordinate only.

Chiral conformal quantum field theories arise in 14 1-dimensional models as
subsystems of observables which are invariant with respect to chiral coordinate
transformations on the other light-cone coordinate. Examples of this structure are
stress-energy tensors, the U(1) current and its conformally covariant derivatives
(cf chapters Tl and VI). In the following we restrict our attention to one chiral
sector.

The conformal transformations of the chiral light-ray, R, form a group isomor-
phic to PSL(2,R), which is the factor group of SL(2,R) modulo the equivalence
relation A ~ —A. Such a matrix A = (ab) acts on the light-cone coordinate

x € R as follows: Cj )
azr
gaT = (I1.1)
Some one-parameter subgroups of PSL(2,R) of particular interest are the
translations, T'(a)x = x + a, scale transformations, D(t)x = e'x, often called
dilatations, and special conformal transformations, S(n)x = x/(1 + nx).
A chiral conformal transformation maps exactly one point to co and assumes a
definite asymptotic value at +o00, and PSL(2,R) has its natural geometric action
on the compactified light-ray S' = R U {occ}. This compactification is achieved

by means of a CAYLEY transformation:

w41

i= (11.2)
When we speak of the light-ray, R, as a subset of the conformal covering space,
S!, then we mean the inclusion of the corresponding image under the CAYLEY
transformation. The positive light-ray, R, corresponds to the upper half-circle,
SL, and R_ to the lower half-circle, SL. The point —1 € S' corresponds to the

point at infinity of R, the point 1 is the image of the origin on the light-ray.
The CAYLEY transformation induces an isomorphism! PSL(2,R) = PSU(1,1).
The latter is the factor group of the group SU(1, 1) consisting of complex matrices

which have determinant 1 and leave invariant diag(+1, —1), divided by the rela-
tion A ~ —A. Elements of SU(1,1) have the form A = (%‘g) with |a]?—|8]? = 1;
their action on z € S! reads:

_az+f3

_Bz—ko_f

gnz (I1.3)

LPSL(2,R) is isomorphic to the proper, orthochronous LORENTZ group in 2 + 1 dimensions,
SO(2, 1)1, too.
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The one-parameter group of rigid conformal rotations acts by multiplication with
a phase: R(p)z = €%z, ¢ € [-m, [

Implementations of chiral conformal symmetry are given by unitary, strongly
continuous representations of the universal covering group of PSL(2,R), which
we denote by PSL(2,R)~. There is a local identification between one-parameter
subgroups of PSL(2,R) and of PSL(2,R)™~ by the identity of their LIE alge-
bras. We denote the one-parameter subgroups in PSL(2,R)™ corresponding to
the subgroups of PSL(2,R) introduced above by T, D, S, and R, respectively.
The covering projection from PSL(2,R)~ onto PSL(2,R) will be written p.

We adopt the physicists’ convention on elements of the LIE algebra which
allows us to use the same symbols for the generators of one-parameter sub-
groups in PSL(2,R), for the corresponding generators in PSL(2,R)~ and their
self-adjoint representatives as generators of unitary one-parameter groups in a
unitary, strongly continuous representation of PSL(2,R)~. The generator of
translations, the momentum operator, will be denoted by P, the generator of
special conformal transformations by K, and the generator of rigid conformal
rotations, the conformal Hamiltonian, by Lo. By the parametrisations above we
have the identity

2Ly =P - K . (11.4)

Loy, P, and —K all are positive operators in a representation, if one of them is
positive (proposition T1.8).

The localisation regions are open, non-dense intervals contained in the circle,
called the proper intervals. A connected, open subset I of S! is a proper interval,
denoted by I € S', if its causal complement I' := S*\ T is not the empty set. The
action of the global conformal symmetry group on points in the circle as in (I1.3)
induces an action of PSL(2,R) on the set of proper intervals. For g € PSL(2,R)
the image of an interval I € S! under this action will be denoted gI.

Occasionally, we will encounter operators which are phases, for example cocy-
cles of ray-representations. In order to distinguish the set of these phases from the
chiral conformal covering space we will use the notation C; = {z € C, |z|* = 1}.

1.2 Chiral nets, chiral subnets and their COSET models

After having clarified the geometric situation, we now state the HAAG-KASTLER

axioms of local quantum physics [HK64] in a form adequate for chiral conformal
quantum field theory [GL96, FJ96, GF93].
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Definition I1.1: A chiral conformal theory (in short: chiral net ) B is given
by a map assigning to each proper interval, I € S', a V.NEUMANN algebra, B(I),
of bounded operators on a separable HILBERT space, 7, fulfilling the following
properties:

i) Isotony: If I C I, we have B(Iy) C B(Is).
ii) Locality: For Iy C I}, B(I;) commutes with B(1y), ie B(Iy) C B(Iy)'.

iii) Covariance: There is a strongly continuous, unitary representation, U, of
PSL(2,R) on S such that the adjoint action Ady g, g € PSL(2,R), defines
for each I € S' an isomorphism a | B(I) from B(I) onto B(gI); o, stands
for the action of Ady ) on the net of local algebras:

AdyB(I) = ay(B(I)) = B(gl), I €S" . (IL5)

iv) Positivity of energy: The spectrum of the momentum operator P is positive
in the representation U.

v) Vacuum: The space of U-invariant vectors is one-dimensional. We choose a
unit vector, the vacuum 2, which is assumed to be cyclic for the Vv.NEUMANN

algebra \/ ;s B(I).

Remark: The set of proper intervals in S* is not directed with respect to the
partial order defined by inclusion and thus is not a net in the proper sense of the
word. Same holds true for the set of local algebras. It would be rigorous to call
them precosheaves (cf eg [GLI6]), but for three reasons we will use the term net for
chiral conformal theories: They are completely determined by their restrictions to
the light-ray, which are genuine nets of local algebras. We regard chiral conformal
theories as models for general structures connected with local quantum theories in
“realistic spacetimes”, which are given by nets of local algebras. Finally, speaking
of nets of local algebras is common practise in the literature on chiral conformal
theories.

The fundamental object of this study is an inclusion of a chiral conformal
theory A in a theory B as just introduced. We adopt the following definition
[Lon01]:

Definition I1.2: A chiral conformal subtheory (short: chiral subnet) A
embedded in B, written as A C B, is given by a map from the set of proper
intervals to V.NEUMANN algebras, I — A(I), with the following properties:

i) Inclusion: A(I) C B(I) for I € S*.
i) Isotony: If Iy C I, then A(ly) C A(ls).
i1) Covariance: For all g € PSL(2,R) and I € S* we have: A(gl) = a,(A(I)).
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We say that A is non-trivial, if its local algebras are different from CI1 and do
not coincide with the local algebras of B.

The goal of this work is to find and to establish typical features related with
the following objects:

Definition I1.3: Any chiral subnet C C B is called a Coset model associated
with a given chiral subnet A C B, if we have C(I) C A(I)" for one and hence for
all I €St

The chiral subnet defined by AQC(I) := A(I)V C(I) is called a Coset pair.
The local relative commutants C;, I € S', of A C B are given by C; =
A N B(I).

Obviously, the local relative commutants contain the local algebras of any
COSET model:
Cr=AI)'NnBI)>C), I €S . (I1.6)

Note that, a priori, the local relative commutants C; do not define a COSET
model, because isotony is not known to hold; we refer to this as the isotony
problem.

We have chosen the term “COSET model” rather than “COSET theory” since
typically one constructs the COSET subnet from a specific chiral subnet and
analyses its features in this setting rather than defining it abstractly.

A general, yet not obvious consequence of the assumptions is that there always
is a representation U of PSL(2,R)™ which implements conformal covariance on
the subtheory A and whose unitaries are globally inner in A, ie the operators
UA(g), g € PSL(2,R)™~, are contained in the V.NEUMANN algebra \/;csi A(I).
With a slight abuse of notation, we denote the global algebra of the subnet A C B
by A :=\/;cs1 A(l). It contains all local observables of the subtheory A as well
as all observables which are weak limits of local observables of A C B but not
local themselves; the latter we call genuine global observables.

UA is constructed and some desirable properties of it are derived in section
2. There is shown, for example, that there is exactly on inner-implementing
representation U4 for A, put differently: U4 is the inner implementation of
conformal symmetry for A C B. Furthermore, the operators U4(g) # 1 are
genuine global observables in A. We have the following important consequence:

Lemma IL.4: Cpo.(I) := {UA(G), § € PSL(2,R)~Y N B(I) defines a COSET
model associated with A C B. FEvery COSET model C associated with A C B
satisfies C(I) C Cpaz(I). The maximal Coset model C,,.. associated to a
subnet A C B satisfies Cpap(1) = A" N B(I).

Proof: Obviously this definition yields a subtheory C,,., C B. Since the opera-
tors of a local algebra of C,,,, commute with the inner implementation of A, we
deduce from locality of B that C,,., is in fact a COSET model.
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Let C be any COSET model, I, J proper intervals satisfying I C J and I'UJ =
S!. By isotony of C, locality and weak additivity (see below) for chiral subtheories
we have: C(I) C (A(I")V A(J)) = A" c {UAG),g € PSL(2,R)~}.
O

The characterisation of C,,.. as a subtheory which commutes with a repre-
sentation of PSL(2,R)™ is analogous to that of mazimal chiral observables in
a 14 1-dimensional conformal theory [Reh00]. It turns out that this analogy is
quite complete; see section TV [2.

1.3 Discussing the assumptions
Geometric modular action on chiral nets

The vacuum, 2, is cyclic and separating for each local algebra B(I), I € S?,
by locality and the REEH-SCHLIEDER theorem [RS61, Bor68] (cf [GF93, FJ96]),
which means that the closure of B(I) coincides for every I € S! with the whole
HILBERT space, ¢, and for a local observable B2 = 0 implies B = 0.

Hence, it is possible to apply Tomita-Takesaki theord‘zp, also called modular
theory, which is of particular use for local quantum physics (cf [Bor00]). The
fundamental structures of modular theory are contained in the Tomita-Takesaki
theorem: Given a V.NEUMANN algebra M with a cyclic and separating vector
), there is a positive, invertible operator, A, called modular operator, and an
anti-unitary involution J, called modular conjugation, such that JM.J = M’ and
oi(M) == A"MA™™ = M, t € R. The automorphism group o is called the
modular group. The operators J, A form the modular data of the pair (M, ()
and they satisfy: JQ = Q = AQ, J = J* = J 1 A" = JA"]J. J and A are
given by the polar decomposition of Tomita’s operator S = J A%, which is defined
densely by: SMQ = M*Q, M € M.

Every local algebra of B has its modular data because of the REEH-SCHLIEDER
theorem, but modular theory becomes really useful for studies on quantum field
theories, if one can make contact with the geometric net structure underlying the
theory. In case one has such a geometrical interpretation of modular data, the the-
ory is said to have the Bisognano-Wichmann propertﬁ. In general, such links are
hard to establish, but conformally covariant theories are a remarkable exception
[BGLI3]. Taking M = B(S!) yields in our setting: the modular group is directly
related to the scale transformations according to A" = U(D(—2wt)), and the
modular conjugation J implements the reflection x — —z, € R [GF93, FJ96].

Guipo, LONGO AND WIESBROCK have shown the following: A local net
B on the chiral light-ray, which is covariant with respect to a representation
U of the translation-dilatation grouﬂz, extends to a conformal net, if and only

2See [BR87], [KR86], [SZT9], [Str81], [Tak70].
3BISOGNANO AND WICHMANN were the first to establish such a connection [BW75, BW76].
4This group is given as semi-direct product of the translations 7' and the dilatations D with
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if we have U(D(—2nt)) = A" for the modular operator of the algebra B(SL)
[GLW9S, theorem 1.4]. Thus one can not have dilatation-translation covariance
and the BISOGNANO-WICHMANN property in the indicated form without having
conformal covariance.

The local algebras B(I), I € S', are continuous from the inside as well as
from the outside, that is: B(I) coincides with the intersection of all local alge-
bras assigned to proper intervals J containing I and is generated by all its local
subalgebras assigned to proper intervals J with J C I, respectively. Continuity
from the inside implies weak additivity, ie B(I) is generated by the subalgebras
B(J;) for each covering | J, J; = I [FJ96]. The crucial continuity argument leading
to these properties depends on scale invariance and stems from [LRT78, lemma
11.2.2].

Uniqueness of the vacuum (up to scalar multiples) implies that the local alge-
bras are factors, to be precise type I1]; factors [Dri75]. Type III factors M have
the specific property that any of their non-trivial projections P < 1 has infinite
dimension and is equivalent in M to 1, ie there is an isometry W € M satisfying
P =WW+* 1= W*W. Using these properties, it is straightforward to show
that type III factors possess cyclic and separating vectors and that an algebraic
isomorphism between type [II factors may always be implemented by a unitary
operator (eg [Sch67]).

According to CONNES’ classification of type III factors [Con73|, the II]; fac-
tors are characterised by the following properties: the action of the modular
group is outer, ie there is no one-parameter group of unitaries in the algebra
itself which could implement the modular group, and the action of the modu-
lar group is ergodic, ie every operator left invariant by the modular group is a
multiple of 1.

Ergodicity of the modular group may be deduced from the BISOGNANO-
WICHMANN property: If B € B(S!) fulfills AY"BA™" = B, then BQ is in fact
invariant with respect to the whole representation U (lemma [A.1). By the sep-
arating property of the vacuum, we get B = U(g)BU(g)* for all g € PSL(2,R).
Covariance, locality and irreducibility then force B to be a scalar multiple of 1.
Factoriality is established quite easily and the outerness of the modular group
follows from results contained in [Con73], see discussion in [Dri75].

In fact, uniqueness of the vacuum is equivalent to irreducibility of the net
B (V;es: B(I) coincides with the algebra of all bounded operators on ), fac-
toriality of local algebras, and triviality of local algebras associated with points
(mI@SI,Iac B(I) = C1) [GL96].

By covariance, the BISOGNANO-WICHMANN property of B means in particu-
lar: the vacuum representation of B satisfies Haag duality (on the circle), namely
we have B(I)' = B(I'), I € S'. If we simply talk of “HAAG duality” in the follow-
ing, we will always mean “HAAG duality on S*”. In physical terms, HAAG duality

the relation D(¢)T(a)D(—t) = T'(e'a).



14 Coset pairs of chiral subtheories I1.1

says that the local algebras can not be extended without violating locality. It is
a very useful feature of a theory, if one wants to study its representations.

Representations of chiral nets

In S' the causal complement of each localisation region is again a localisation re-
gion. This is different from the situation for POINCARE covariant theories in 3+1
dimensions or, indeed, for chiral nets on the light-ray: here the localisation regions
are taken to be bounded which results in unbounded causal complements. On
the chiral light-ray the causal complement of a bounded localisation region even
consists of two disconnected components; the same is true in 1+ 1-dimensional
spacetime. It is a general feature of conformal covering spaces that causal com-
plements are themselves localisation regions [BGL93|. As a consequence of this,
all locally normal representations turn out to be localisable in the sense of Do-
PLICHER, HAAG AND ROBERTS (DHR) [DHR69a].

A representation w of a chiral conformal theory is a set of homomorphisms
7 2 B(I) — m(B(I)), I € S', into algebras of bounded operators on some
HILBERT space .77, where the 7; are required to fulfill the consistency relation
7r | B(J) = my for J C I. This family lifts uniquely to a representation 7 of
Boni, the universal C*-algebra generated by all B(I), I € S', and the 7; are given
in terms of the embeddings ¢y : B(I) < Byni by 71 = mo ¢y [Fre90, GLI2] (cf eg
[Sch97]).

Local normality of 7 says that the local representations 7; are normal (weak*
continuous). The physical relevance of this property is discussed, for example, in
[Haa92]. A representation p is said to be localised in some Iy € S', if we have
6, = A and p | B(l)) = id. Any locally normal representation of a chiral
conformal net is unitarily equivalent to a localised representation, ie localisable.
This is due to the fact that the local algebras are type I factors.

Local normality is automatic if the representation lives on a separable HIL-
BERT space (cf [GL96]). It follows as well, if a representation is covariant with
positive energy and the global algebra m(B) := \/;cs: 77(B(I))"” possesses a cyclic
vector. This is content of a theorem of BUCHHOLZ, MACK AND TODOROV
[BMTSS, theorem 1]; the original proof is very brief and we consider it worth
while to make available a detailed proof in appendix Al4.

Locally normal representations of a local quantum theory are gathered in
unitary equivalence classes, the superselection sectors, and the localisable rep-
resentations form the class of DHR sectors. Conformal symmetry ensures that
all sectors of a conformal theory are of DHR type. The fact that the set of
localisation regions is not directed, ie that there are pairs of proper intervals
I,,I, @ S! to which there is no proper interval containing both of them, necessi-
tates a generalisation of the standard treatment of superselection theory of DHR
sectors [DHRG69a, DHR69b, DHR71, DHR74]. Such a generalisation has been
established by FREDENHAGEN, REHREN AND SCHROER (FRS) [FRS89, FRS92]
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(reviews eg [KMRI0, Sch97]). Although the general structures of DHR the-
ory carry over, there occur some striking differences. In particular, presence of
non-trivial braid group statistics prohibits the application of the reconstruction
method of DOPLICHER AND ROBERTS [DRI0|, which identifies in higher dimen-
sions the theory of DHR sectors as a result of the action of a global gauge group
on a field algebra and leaving fixed the observables.

Haag duality on the light-ray

In both the DHR theory and its generalisation by FRS, HAAG duality is fun-
damental. But while HAAG duality on S! follows from the general assumptions,
HAAG duality for the restricted net on the light-ray may be violated. A bounded
interval I on the light-ray R, denoted I € R, has a causal complement /- C R
which, as a subset of the covering space S', consists of two disjoint, proper in-
tervals Iy € S': I+ :=S'\ TU{o0} = I,UI_. HAAG duality on the light-ray is
valid, by definition, if we have: B(I) = B(I;) Vv B(I-). This identity does not
hold in large classes of models [BSM90, Yng94].

It is not difficult to show that HAAG duality on the light-ray for chiral con-
formal theories is equivalent to strong additivity of local algebras (eg [GLW9S8,
lemma 1.3]): a theory B is said to be strongly additive, if for every disjoint de-
composition I = LU{(}Ul,, ¢ € I € S', we have B(I) = B(I;) V B(I3), ie the
local algebra B(I) is, as a V.NEUMANN algebra, generated by its subalgebras
B(I,) and B(Iy). If this property holds for one such decomposition, then for all
by covariance.

If a subnet A C B is strongly additive, then the isotony problem is absent,
ie the local relative commutants are automatically isotonuous. For a pair I,
of proper intervals, I; C I, the latter possesses a disjoint decomposition I, =
LU{¢HU{(, }ULL, where ¢, denote the boundary points of I; and I;, are proper
intervals. Locality implies under the assumption of strong additivity of A:

Cr, CAL) NAL) NA(L) = A(LL) . (IL.7)

Examples of strongly additive theories are the stress-energy tensors with ¢ <1
[KL02, Xu03] and the chiral current algebras [BSM90, TLI7].

It is always possible to construct from a non-strongly additive chiral conformal
theory B a strongly additive one by taking the dual net B¢ (cf [GLW98]). One
first defines the local algebras of its restriction to the light-ray to be:

BYI):= (B(I.)VvB(I.)), IeR. (I1.8)

As for its analogue in higher dimensions, the duality property for half—line&, ie
B(R,)" = B(R_), ensures locality for the dual net. The BISOGNANO-WICHMANN

5Corresponding to duality for wedges in higher dimensions; this wedge duality usually is
called essential duality. In our setting essential duality is identical to HAAG duality on S*.
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property of B yields conformal covariance of the dual net [GLW98, theorem 1.4].
By construction, both theories live on the same vacuum HILBERT space.

The dual net B? is an extension of B only upon restriction to the light-ray
and not as a net on S! and it has, in general, different physical properties. For
example the superselection theory might be different, in particular due to the
possible occurrence of soliton sectors [GLW9S8]. So, absence of strong additivity
in a chiral conformal theory has to be taken seriously.

For the following another aspect is illuminating: conformal covariance is im-
plemented on B¢ by a representation U¢ of PSL(2,R), which agrees with the im-
plementation on B, namely U, when restricted to the dilatation-translation sub-
group; U? and U are different as representations of PSL(2,R), if B is not strongly
additive. The following proposition is a simple variant of [GLW98, lemma 1.3]:

Proposition 11.5: Let B be a chiral conformal net, covariant with respect to the
representation U of PSL(2,R), and B® its dual net, covariant with respect to the
representation U%. Then the following are equivalent:

i) B satisfies HAAG duality on the light-ray.
ii) B is strongly additive.
i) B and B? coincide.

w) U and U? coincide.

Proof: The equivalence i) < [ii) is established in [GLW98, lemma 1.3]. is
equivalent with ii) by the very definition of the dual net, (IL.8), and HAAG duality.

The BISOGNANO-WICHMANN property of chiral conformal theories estab-
lishes @ = because the one-parameter subgroups of PSL(2,R) which leave
the boundary points of some proper interval fixed coincide, when represented
through U and U9, with the modular groups of the respective local algebra, and
together these generate all of PSL(2,R).

The opposite direction is implied by modular theory, too. Covariance al-
lows us to deal with the situation for a single proper interval. For I € R we have
the inclusion B(I) C BY(I). By assumption iv) and the BISOGNANO-WICHMANN
property of B¢ the subalgebra B(I) is globally invariant with respect to the action
of the modular group of BY(I). The remainder follows by a standard argument:
first TAKESAKI’s theorem [Tak72] on modular covariant subalgebras ensures ex-
istence of a normal, faithful conditional expectation from B¢(I) onto B(I), which
leaves invariant the vacuum state. From here an argument of JONES [Jon83]
establishes B(I) as the subalgebra of operators in B4(I) which commute with
the projection onto the closure of B(I)2, which is 1 by the REEH-SCHLIEDER
theorem for B.

O
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Modular covariance of chiral subnets

The assumption of conformal covariance, definition introduces rich and
powerful structures into the investigations of a chiral subnet A C B. Basically,
this assumption requires the restricted nets A and B to have simultaneous con-
formal extensions preserving the inclusions for the extended nets on S'. This
excludes interesting inclusions on the light-ray. One example is given by the rela-
tion between the strongly additive dual net B¢ and its basis B (proposition TL.5):
the restriction of B to the light-ray is contained in the corresponding restriction
of B, both possess conformal extensions, but this extension can not be simulta-
neous, if B # B¢. The conformally covariant derivatives of the U(1) current form
a particular class of examples of this structure [GLW98, corollary 2.11].

Conformal covariance of the subnet A C B implies two important facts: first,
the chiral subnet possesses the REEH-SCHLIEDER property, ie the cyclic subspace
generated by the global algebra A from the vacuum coincides with the cyclic
subspace of any local algebra A(I), I € S'. This is a direct consequence of the
REEH-SCHLIEDER theorem as proved by BORCHERS [Bor68]. We write e4 for
the cyclic projection of A, ie we have: e = A(I)S).

While the REEH-SCHLIEDER property holds for dilatation-translation covari-
ant subnets on the light-ray as well, in conformally covariant subnets each local
inclusion A(I) C B(I), I € S', is globally left invariant by the modular group of
B(I). Such modular covariant subalgebras have features which will be crucial in
the following (cf section VI1): The cyclic projection e4 characterises completely
the subalgebra A(I) in B(I), namely we have by TAKESAKI's theorem [Tak72]
and an argument of JONES [Jon83]:

A(I) = {e Y NBI), I €S'. (I1.9)

In particular there are no modular covariant subalgebras of B(/) which generate
a dense subspace from the vacuum other than B(I) itself.

The mapping A(I) — A(I)es given by A — Aey is known to define an
isomorphism of v.NEUMANN algebras (because of the separating property of the
vacuum, eg [Bor97al). It is easy to see that the net Ae4 defines a chiral conformal
theory in its vacuum representation, and it is readily checked that the inverse
isomorphisms 77 : A(l)eq — A(I) C B(I) define a locally normal® representation
of Ae 4 due to equation Because of these local isomorphisms we will speak
occasionally of “representations of A”, although these actually are representations
of Ae 4. We will never speak of representations of the global algebra A and so no
confusion should arise.

6 Algebraic isomorphisms of V.NEUMANN algebras are automatically ultra-weakly and ultra-
strongly continuous [Dix81} 1.4.3. corollary 1]. Since the local algebras are type III factors,
the isomorphism may be implemented by a unitary operator from . onto e 4.7 [Sch67, I1.4.6.
theorem)].



18 Coset pairs of chiral subtheories I1.1

TAKESAKI's theorem [Tak72] says the following as well: the vacuum state,
w(.) = (9,.Q), is a product state on every V.NEUMANN algebra A([) V Cr:

w(AC) =w(A)w(C), Ac A(I),CeC, I1€S". (I1.10)

Because of this product state, the mapping A(I) VC; 3 > . a;c; — Y . a; @ ¢; €
A(I) ® Cy extends to an isomorphism from A(I) V C; onto A(/) ® Cy.

For COSET pairs A©C C B the product state property of the vacuum has
the following consequence:

Proposition I1.6: Let A©C C B be a COSET pair. The chiral conformal theo-
ries A©Ceagc and Aey @ Cec are unitarily equivalent.

Proof: Straightforward verification shows Ae4 ® Cec to be a chiral conformal
theory with the obvious definitions: its vacuum is given by Q ® €2, the repre-
sentation implementing covariance is (Ue4 ® Uec)(.), its representation space is
eq ® ec’. The factoriality of the local algebras proves that Q ® Q is (up
to scalar multiples) the unique vacuum [GL96, proposition 1.2}, [Tak79, IV.5.
corollary 5.11].

Q is separating for | J; p A©C(I)eae@c, the union of all local algebras assigned
to bounded intervals in R. Thus, we are allowed to define a linear operator W
densely by:

WACQ := AQ®CQ, Ac A(I),CeC(I),IeR. (IL11)

On the algebra | J; p A©C(I)es@ce the vacuum is a product state (a corollary
to TAKESAKI's theorem [Tak72]). Hence, W is bounded and extends by continuity
to an isometry, as one may readily verify.

We may check from the definition, that W is an intertwiner:

WAlclAQOQQ = (A1®01) WAQOQQ, A172 € .A(I), 0172 € C(I), I eR. (1112)

Thus, WW?* and W*W commute with the respective restricted nets on R, but
these are irreducible, as follows from irreducibility of the respective conformal
nets on S! using weak additivity, HAAG duality and the factor property of the
algebras assigned to Sﬁr. Thereby, W is a unitary operator.

Ady, induces a unitary equivalence of the respective local algebras associated
with every I € R by its definition (II.11) and the separating property of the
vacuum. Furthermore, W is readily shown to be covariant. If we denote the
covariance automorphisms of Aey ® Cec by a®, we have for gI € R, I € R:
af Adw [ A©C(I) = Adway [ AQC(I).

Using the REEH-SCHLIEDER property of the local algebras, one may recon-
struct the representations (Ueyq ® Uec)(.) and U(.)ea@c from the action of the
automorphisms. This, in turn, proves that W intertwines the representations
U(.)eaec and (Ueq ® Uec)(.). Finally, we reconstruct the conformal models



I1.1 Assumptions, conventions, and notions 19

from their restrictions by applying conformal covariance.
O

Because of this proposition we will denote the vacuum representation of a
COSET pair A@©C C B by A ® C; hence, we regard the inclusion ACC C B as a
locally normal representation of A ® C.

Even in the case of finite index (see below) it is not clear, whether the rep-
resentation induced by the inclusion AC C B has a spatial decomposition into
tensor products of representations of Ae4 and Cec, respectively. The examples
we study in chapter |V have such a spatial decomposition and there are conditions
which ensure this structure [KLMO01, lemma 27].

Split property for chiral subnets

One of the properties which are expected to hold true in every physically decent
local quantum theory is the split property. In physical terms, the split property
ensures that observables which are sufficiently spacelike separated do not only
commute, but actually become statistically mdependenﬁ. There are equivalent
formulations of this property, but the usual definition (adapted to our context;
cf [GF93, definition 2.11]) is: a chiral net B has the split property, if for any pair
I, 5 of proper intervals satisfying I; C I, there is a type I factor M interpolating
between B(I;) and B(Iy), ie:

B(I,ycMcCB(,), ,cl,eS". (I11.13)

The split property is implied by the condition of nuclearity which, loosely
speaking, says that finite volumes in classical phase space should correspond to
almost finite-dimensional parts in state space of quantum physics. Nuclearity
ensures, in particular, decent thermodynamic properties of a theory. A techni-
cal formulation was given and established for the free scalar Hermitian field by
BucHHOLZ AND WICHMANN [BW86]. For a general summary on the notions of
split property and nuclearity see eg [Haa92, V.5].

The split property has far reaching consequences. First to name is the (almost)
complete determination of the type of local algebras. BUCHHOLZ, D’ANTONI
AND FREDENHAGEN [BDF87] proved the local algebras to be the tensor product
of their centre and the hyperfinite type I1I; factor; the latter is unique up isomor-
phism [Haa87]. Another important consequence is a general quantum version of
NOETHER’s theorem [BDL86, DDFL87]|.

In [BDF87] the formulation is given for nets in 34 1-dimensional MINKOWSKI
spacetime, but it was translated for chiral nets by GABBIANI AND FROHLICH
[GF93, lemma 2.12, theorem 2.13]. In typical chiral models e %L 3 > 0, is
trace-class and nuclearity follows from the asymptotic properties of its trace in
the limit G N\, 0 (see section VII1); a very general discussion on this aspect of

"For a discussion of different notions of statistical independence see eg [Sum90).
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nuclearity for chiral conformal theories is contained in [DLRO1, theorem 3.2.,
lemma 3.3].

From the very formulation of the nuclearity condition (see equations (VI.6),
(V1.7)), it is obvious, that any chiral subnet A C B inherits nuclearity and hence
the split property. It is remarkable that the split property can be shown directly
to be passed on from B to the subnet 4 by standard methods [CCO1, proof
of proposition 2.3]. As every COSET model C is a chiral subnet, the following
proposition applies to them in particular:

Proposition I1.7: Let A C B be a chiral subnet. If B has the split property (is
nuclear), then A has the split property (is nuclear).

Proof: There is nothing to prove with respect to nuclearity. We discuss the split
property for the restriction of A to its vacuum subrepresentation Ae4. According
to arguments in [Buc74] we only need to prove a faithful normal product state ¢
to exist on A(L)eq V A(Iy)eq, if I, C L.

From I; C I, we conclude that there is I3 € S! satisfying I; U I C I,
and because of modular covariance n : A(I3) — A(I3)eq, given by A — Aey,
defines an isomorphism of V.NEUMANN algebras. Upon restriction, 1 becomes
an isomorphism from A(1) vV A(l3) onto A(l1)eq V A(I})ey. Hence, we get the
desired state ¢ by taking a normal, faithful product state ¢ on B(Iy) V B(1})
(which exists since B is split) and setting: ¢ := 1 on~L.

O

On the isotony problem of chiral subnets

A chiral subnet A C B is called cofinite (cf [Xu00a)), if the inclusion A©C,0. C B
is of finite index, which is equivalent to the requirement that the DHR endomor-
phism of A ® C,q, which induces the representation AC)C,,., C B has finite
statistics®. In general it is hard to prove that a subnet A C B is cofinite. How-
ever, XU [Xu00a] was able to prove a large class of current subalgebras being
cofinite. Cofiniteness of A C B has remarkable consequences, like: B is strongly
additive, if and only if both A and C,., are [Lon01]. The current subalgebras
considered by XU are strongly additive [TL97, corollary 1V.1.3.3.].

Yet, finiteness of index is not a general assumption. For example, REHREN
studied the chiral subnet induced by the inclusion of the stress-energy tensor of
central charge ¢ = 1 in the current algebra £5U(2), and found that this inclusion
does not have a finite index [Reh94al. Furthermore, CARPI [Car02] has shown
that sectors of the theory generated by this stress-energy tensor typically do not
have finite statistical dimension.

So, even if both A and B are strongly additive, it is unclear, in general,

8More details on inclusions with finite index in chapter
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whether C,,,, or any other non-trivial COSET model is strongly additivég If we
now look at the subnet C,,,, C B and consider its COSET models, we arrive at
the isotony problem for this inclusion. In case C,,q, is strongly additive as well, it
is obvious that C,,,, C B and its maximal COSET model are locally their mutual
relative commutants. Inclusions of this type are of particular interest; REHREN
called them normal pairs of subtheories [Reh00]. Hence, we have reasons to take
the isotony problem serious, even if we start with an inclusion of strongly additive
theories.

We would like to have a simple and applicable characterisation of local ob-
servables in B which belong to a COSET model associated with a subtheory A,
and we would like this characterisation to involve only local data following the
conviction that every observation is of finite extension and of finite duration. Of
course, it is possible to make this decision simply by taking all operators from C;
and discarding all operators which do not commute with all operators belonging
to an algebra A(J), J slightly enlarged. But such a method will in most cases
not prove useful when looking at a particular model and, furthermore, chiral con-
formal quantum field theories usually behave well when taking the limit J — 1.
So, we are led to the conjecture that equality C; = Cpar (/) should hold in very
general circumstances.

As it stands at the moment, the maximal COSET model is determined by global
data, the inner-implementing representation U+, and establishing the equality
Cr = Cpnaz (1) would prove that all COSET models are of a local nature, their local
operators being singled out by a simple algebraic relation only involving local data
associated with the very same localisation region, namely the commutativity with
the operators of A(T).

For dealing with the isotony problem in our contex@, we look at the action
of Adya on the local observables of B. Because the construction of U4 does
not refer to the local structure of A at all (see section 2)), we need some more
information on the way this representation is generated by local observables.

In chiral conformal field theory it is natural to assume that U+ is generated
by integrals of a stress-energy tensor affiliated with A. This assumption does not
imply strong additivity [BSM90] and concerning the models known today seems
more general, because all strongly additive models do contain a stress-energy
tensor. Because of the special features of stress-energy tensors in chiral (and
1+ 1-dimensional) conformal field theory, mainly due to the LUSCHER-MACK

9Not even for current subalgebras the situation has been clarified. Relying on results of
WASSERMANN [Was98, theorem E], XU claimed strong additivity to hold for the maximal
CosET model of current subalgebras A C B, B a current algebra associated with SU (n) [Xu00a],
but the method of proof for [Was98, theorem E] is not valid, actually, and thus the claim was
withdrawn [Xu01].

10 Apparently, CARPI AND CONTI encountered the same problem while generalising their
analysis [CC01] to general field algebras and solved it by methods quite different from the ones
applied here [CC].
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theorem [FST89, Mac88, LM76], this assumption admits a successful discussion
of the isotony problem, see chapter IV. But the presence of a stress-energy tensor
does not trivialise the problem at all. In fact, one is led to pinpoint the problem
using general arguments, before the stress-energy tensor actually is needed to
prove two crucial lemmas. Our discussion should, therefore, serve well as a setup
for further generalisations.

Even for current subalgebras, which always contain a stress-energy tensor
by the SUGAWARA construction, the action of the stress-energy tensor ©4 of a
current subalgebra on general currents in the larger current algebra B has not
been studied as such, yet. Only in connection with the classification of conformal
inclusions, ie the case that the stress-energy tensor ©8 coincides with that of A
[SW86, AGOS87, BB87], this action has been object of research, however, by quite
indirect methods. The new perspective of analysing the action of U on B (in this
context: of O on B) has led to a simple characterisation of conformal inclusions
by methods familiar in (axiomatic) quantum field theory, see section TIIl4. There
is a natural notion of conformal inclusion of chiral nets in our broader approach
(definition [IT.21).

Our analysis directly applies to the maximal COSET models of current subal-
gebras, because these contain the COSET stress-energy tensor ©F — 04, This way
we extend the finding on normal pairs for cofinite current subalgebras to all in-
clusions A C B where both B and A contain a stress-energy tensor, independent
of strong additivity or the index of the inclusion A©C .. C B.

We will give a summary on current subalgebras in chapter III and show them
to have all the features which we assume to hold for our analysis. The isotony
problem will be solved step by step in chapter TV. But, first we have to show
that our notion of maximal COSET model applies to all chiral subnets by proving
the inner-implementing representation associated with them to exist and to have
properties required later on.

2 Conformal transformations as observables

Spacetime symmetries are of paramount importance to relativistic quantum field
theory. Intuitively we expect such coordinate transformations to be connected to
observables. Time translations, for example, should be observable due to their
connection with the energy operator. If we have a stress-energy tensor in the
theory, as it is often the case in models, the energy operator itself is given as
an integral of this local quantum field. Yet, the implementation of covariance
may be given in abstract terms or may stem from a larger theory into which the
theory of interest is embedded, and it is not always manifest how covariance may
be implemented by observables of the subtheory.

More specifically, as a fact of life any observation is of finite extension in space
and time and thus we regard the local observables as the constituting objects in
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quantum field theory. For this reason we shall work with the v.NEUMANN alge-
bra A which is generated by all local observables. Thereby our setting includes
quantum field theories which are not necessarily described completely by covari-
ant quantum fields, and which might not possess a stress-energy tensor. In fact,
the main result of this section (theorem II.14) is an abstract statement about
V.NEUMANN algebras, without reference to the local structure of a quantum field
theory.

We consider representations of such theories which admit a unitary implemen-
tation of covariance, V', and the task thus amounts to a search for observable,
unitary, implementing operators. Quite obviously these operators can not be
local observables, since locality implies that adjoint action of these operators is
trivial on algebras which are associated with causally disconnected regions. On
the other hand we believe any observation has to be local in nature and we con-
clude: spacetime transformations should be non-local limits of local observables,
ie genuine global observables.

The problem of identifying spacetime symmetry transformations as global ob-
servables is of interest only, if the given representation is reducible. In irreducible
representations, such as the vacuum representation, any bounded operator can
be represented as a weak limit of local operators. The representations induced
by non-trivial chiral subnets A C B are manifestly reducible, as we have for the
cyclic projection: e4 # 1, 0.

To our knowledge this problem so far has been dealt with only in the case of
abelian groups of translations satisfying the spectrum condition (positivity of en-
ergy). BORCHERS [Bor66] has solved this problem relying almost entirely on the
spectrum condition and using a deep result on the innerness of norm-continuous
connected automorphism groups of V.NEUMANN algebras [KR67, corollary 8].
His result is the key building block in our construction.

In the abelian case there are many inner-implementing representations with
different spectral properties. It was a challenging task to ensure existence of an
inner-implementing representation satisfying the spectrum condition. ARVESON
[Arv74] gave a proof for a one-parameter group, BORCHERS and BUCHHOLZ
[Bor84, BB85] succeeded in solving this problem in general; see [Bor87| for a
summary.

The situation for an inner-implementing representation of PSL(2,R)™ is dif-
ferent. Because PSL(2,R)™ is identical with its commutator subgroup, the result
of our construction is unique and validity of the spectrum condition follows.
We show as well that V-invariant vectors are left invariant by the action of the
inner-implementing representation V4. Another result is the proof of complete
reducibility of V4 under weak assumptions on the original representation V.

In the course of our argument we will construct an inner-implementing repre-
sentation V4 for the commutant of the v.NEUMANN algebra A as well. We have
the following relation: V(§) = VA(§) VA (g), Vg€ PSL(2,R)~. This equa-
tion reminds of the COSET construction [GKOS86] involving stress-energy tensors
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of chiral current algebras, which are given by the SUGAWARA construction. It is
not difficult to show that our result agrees with the outcome of integrating the
respective stress-energy tensors (see chapter [I1I).

Although the relation to COSET constructions as considered by GODDARD,
KENT AND OLIVE [GKO86] motivates the enterprise undertaken here, its result
is independent of the existence of a stress-energy tensor. We have made use of
this, already, and connected it to a generalised notion of COSET construction
(lemma [IT1.4). In subsection 2.2 we will give some more details on this and other
applications to chiral subnets.

Although there are special features of an inner-implementing representation
connected to a stress-energy tensor, the result of our construction serves well as a
substitute for the SUGAWARA stress-energy tensor in many respects. On the other
hand we believe our construction to be somewhat special to (chiral) conformal
field theories as we argue in the discussion concluding this section, and we know
that the deeper part of it is due to BORCHERS. Summing up these thoughts we
consider the term Borchers-Sugawara construction appropriate.

Most of this section has been published already [K6s02], but there are some
differences which we have indicated in the text. Moreover, we have included some
additional material, in particular proposition [I1.20.

2.1 BORCHERS-SUGAWARA construction

In the following 5# stands for a separable HILBERT space and V is a unitary,
strongly continuous representation of PSL(2,R)™ on 4. If not stated otherwise,
A stands for a V.NEUMANN algebra of operators on ¢, A’ for its commutant
and «, o for automorphic actions of PSL(2,R)™~ on A, A’ respectively. We note
that any spatial automorphism of A, given by the adjoint action of a unitary
operator, induces a spatial automorphism of A" as well.

We first prove a lemma on the spectrum condition. The result is well known
and our proof is not new, presumably; its second part is adapted from [Mac77].

Proposition I1.8: If any one of the operators Lo, P, —K has positive spectrum,
then all three of them. In this case we say that V' satisfies the spectrum condition.

Proof: Assume L is positive. Take any vector ¢ analytic for the representation
V' (cf eg [BR77]). We have:

0 < 2(¢, V(D(7)) LoV (D(~7))¢) = €7 (¢, P$) + ¢ " (p,—K¢) . (IL14)

Multiplying by e*™ and taking the appropriate limits 7 — Foo we deduce
we(P) > 0 and wy(—K) > 0. Since the analytic vectors for the representation V'
form a core for all generators we may apply criterion 5.6.21 of [KR&3].

Now assume P or —K is positive. Special conformal transformations and
translations are conjugate in PSL(2,R): S(—n) = R(m)T(n)R(—mn). Defining
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gt = S(n)R(t)T(n)R(—t) this identity becomes: lim; -~ g; = id. Now we see
that the corresponding relation holds true in PSL(2,RR)™, since we know it for
PSL(2,R), the relation is continuous in n and the covering projection is con-
tinuous as well. Because conjugation by a unitary operator does not change the
spectrum, positivity of P follows from positivity of —K and vice versa. Positivity
of Ly follows from equation (II.4) by criterion 5.6.21 of [KR83] applied as before.
O

Alternatively, one may prove proposition by decomposing any unitary
representation satisfying the spectrum condition into a direct integral of irre-
ducible representations (eg [BR77, chapter 5, §6, theorem 3]). The latter are
known explicitly (eg [Gri93]) and the ones fulfilling the spectrum condition on L
have positive spectrum for the translations as well. This procedure is followed in
the literature (eg [GL96, PS86, GF93]).

Proposition 11.9: Assume Ady induces an automorphism group o« on A. If
there exists a representation VA of PSL(2,R)™ by unitary operators in A imple-
menting « by its adjoint action on A, then this representation is unique.

Proof: Assume there are two such representations, V;* and Vy'. Then the
operators ViA(§)Vs4()*, § € PSL(2,R)~, implement the trivial automorphism.
For this reason these operators belong to the centre of A. Using this fact it is
straightforward to show that the operators Vi*(§)Vs*(§)* form a representation
of PSL(2,R)™~. This representation is abelian and its kernel contains all elements
of the form §,323; '35 .

Now these elements generate the whole of PSL(2,R)™ since it is a perfect
group, ie it coincides with its commutator subgroup. One can reduce this state-
ment on the LIE group to the structure of the corresponding LIE algebra by
standard arguments (eg [HN91], lemmas II1.3.19, I11.3.20, definition 1.5.1 and
remarks nearby this definition). So, PSL(2,R)™ is perfect since it has a simple
LIE algebra and is connected. Thereby ViA(g)Vs(g)* = 1Vg € PSL(2,R)™.

O

We call a representation V4 in the sense of the proposition above an inner-
implementing representation (corresponding to the pair (V,.A)). We immediately
have:

Proposition I1.10: Assume the unique inner-implementing representation V4
to exist. Then VA = V (VA s the unique inner-implementing representation
corresponding to (V, A'). If VA is strongly continuous, then so is VA

Proof: First we prove innerness of the operators V(§)V4(g)* by recognising that
their adjoint action on A implements the trivial automorphism. Making use of
this it is straightforward to show that these operators do in fact define a repre-
sentation. The implementation property and unitarity are trivial. Uniqueness
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follows from proposition directly. Continuity is fulfilled, since we are multi-
plying continuous functions.
O

We now come to the derivation of the main result of this section (theorem
I1.14). It depends on the following statement:

Lemma I1.11: Let V satisfy the spectrum condition and let Ady induce an au-
tomorphism group o of A. Then there are strongly continuous, unitary, inner-
implementing representations T4, SA, R4 for the restrictions of o to the one-
parameter subgroups of translations, special conformal transformations and rota-
tions, respectively.

Proof: This is an application of BORCHERS’ theorem [Bor66] and proposition
IL.8.
O

At this point we stress that it is not clear at all whether these restricted inner-
implementing groups form a representation of PSL(2,R)~. We will show that the
inner-implementing representation may be constructed from any given pair T A
SA. The fact that there are sufficiently many subgroups satisfying the spectrum
condition to generate the whole group seems to be special.

According to the IWASAWA decomposition of PSL(2,R) [GF93] (appendix I)
we can write every g € PSL(2,R) in the form g = T'(p,)D(1,)R(t,). Each term in
this decomposition depends continuously on ¢g. By a short consideration on the
covering projection from PSL(2,R)~ to PSL(2,R) we readily see that the same
decomposition works for PSL(2,R)™ as every element § is of the form R(21)™yg,
m € Z and g from the first sheet of the covering, which we may identify with
PSL(2,R).

Again in PSL(2,R) we may check that every dilatation and every rotation
may be written as follows:

D(t) = S(—(e? —1)e 2)T(1)S(ez —1)T(—e" %), (I1.15)
R(2t) = S((—=1+cost)(sint) ") T(sint) S((—1 + cost)(sint)™"). (I1.16)

By looking at the curves in PSL(2,R)™~ defined by the left and the right-hand
sides and the action of the covering projection we conclude that the corresponding
equations hold true in PSL(2,R)™.

Now we have found that any § € PSL(2,R)~ may be written as a product
of four translations and four special conformal transformations each of them
depending continuously on g. Using the results of BORCHERS’ construction
(lemma T1.11)), the IWASAWA decomposition and (I1.15), (II.16) we define for
each g € PSL(2,R)™:

T (g) = [[T40Y)SA (), §€ PSL(2,R)~ . (11.17)

=1
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We have 74(id) = 1. The following lemma asserts that the 7(g) define an
inner-implementing representation up to a cocycle in the centre of A. To this

end we define operators sensitive to the violation of the group multiplication law:
24(g, h) = 7 4(g)m A (h)mA(gh)*, §.h € PSL(2,R)™.

Lemma II.12: 74 : § — 7r“4(§) defines a strongly continuous mapping with
unitary values in A. The adjoint action of 74(g), § € PSL(2,R)~, on A imple-
ments the automorphism oz. 2% : (g, h) — (g, h) defines a strongly continuous
2-cocycle with unitary values in A’ N A.

Proof: Unitarity is obvious. Strong continuity follows in both cases from con-
tinuity of products of continuous functions. The implementing property of the
714(§) follows immediately by the decomposition of § into a word containing four
translations and four special conformal transformations, the definition of 74(g)
and lemma I1.11 due to BORCHERS. At this point all but the cocycle properties of
z4 follow immediately from its definition. If we look at 7( f )WA(@WA(E), insert
some identities appropriately, we find: ZA(f, gh)z*(g,h) = zA(f,g)zA(fg, h).
Even more immediate are the equalities 2% (id, §) = 24(g,id) = 1.
O

We write the abelian V.NEUMANN algebra generated by the cocycle opera-
tors 24(g, k) as follows: Z4 = {2A(g,h), 2A(g, h)*|g, h € PSL(2,R)~}". Obvi-
ously Z# is contained in the centre of A. Now we are prepared to realise the
construction itself by proving that the cocycle 24 is exact:

Lemma I1.13: For every g € PSL(2,R)™ exists a unitary operator z4(g) € Z4
such that
VA(g) = 2(g)m(9) (IL.18)

defines a strongly continuous, inner-implementing representation of PSL(2,R)™.

Proof: As Z4 c AN A’ we may apply the direct integral decomposition (cf eg
[KR86, chapter 14]). This yields a decomposition of 7 as a direct integral of
HILBERT spaces 77, and it implies for the operators under consideration: the
action of z4(§, h) on #,, denoted by 2z(g, h)(z), is a multiple of the identity 1,
and thereby defines for almost every x a continuous 2-cocycle w(g, ﬁ)x e C1,.
The action of the operators 74(g) on J,, denoted by 7 (g)(x), defines for almost
every z a unitary, strongly continuous, projective representation of PSL(2,R)™.

For L1E groups with a simple LIE algebra the lifting criterion is valid [Sim68],
[Jac79, section II1.10, theorem 10]. This ensures for almost every x the existence
of continuous phases w(§)(z) such that w(g)(x)7*(g)(x) defines a representation
of PSL(2,R)~. Integrating w,(g) over all z yields a unitary z(j) € Z*#, depend-
ing strongly continuously on g. Integrating the representations defined by the
w(g)(z)mA(g)(z) yields a unitary, strongly continuous representation V4 satisfy-
ing equation (IL18). V4(g) is an element of A for every § and implements a; by
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its adjoint action due to lemma I1.12.
O

We summarise the discussions above:

Theorem I1.14: Let 77 be a separable HILBERT space, and V' a representation
of PSL(2,R)~ on 2, unitary, strongly continuous and satisfying the spectrum
condition. A is taken to be a V.NEUMANN algebra of bounded operators on .
The adjoint actions of V- on A, A’ shall define groups «, o of automorphisms of
A, A, respectively.

Then there exist unique unitary, strongly continuous, inner-implementing rep-
resentations VA, VA = V(VAY* of PSL(2,R)"™.

Proof: Direct consequence of the propositions and lemmas above.

OJ

Two remarks: If we start with a proper representation V' of PSL(2,R), then one
arrives at representations V4, VA" which will be (generalized) ray representations
of PSL(2,R) and proper representations of PSL(2,R)~. The cocycles of VA, VA
have to be mutually inverse, and common eigenvectors of Ly, Lz have eigenvalues
which sum up to integers.

In [K6s02] an alternative derivation is given for PSL(2,R) and PSO(4,2) (con-
formal group in 3 4+ 1 dimensions) which uses an argument from [BGL95| and
should generalise to all conformal groups. This method does not extend to the
(universal) covering groups, at least not directly. The approach presented here
is close to the one of [BDFS00] for deriving a representation of the POINCARE
group from modular conjugations of wedge algebras. The corollaries which follow
in this section generalise directly to PSO(4,2), as shown in [K&s02].

Now we derive three features of the inner-implementing representations which
they inherit from the original representation: spectrum condition, invariant vec-
tors, complete reducibility:.

Corollary I1.15: Both VA and VA’ satisfy the spectrum condition.

Proof: The operators VAYA(§,h) := VA(§)VA(h) define a unitary, strongly
continuous representation of PSL(2,R)~ x PSL(2,R)~. With respect to VAYA
we have a dense domain of analytic vectors and we take an arbitrary vector v from
it. The result follows now as in the proof of proposition I1.8 from the inequality

0 < (VAD(7))sh, PVAD(r))0) = (1, e " PAp) + (3, PAy)

by letting 7 — oo and 7 — —o0, respectively.
O

Corollary I1.16: Let Q € J be a vector left invariant by V. Then VA, VA
both leave €2 invariant.
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Proof: Since translations and special conformal transformations generate the
whole of PSL(2,R)™ it is sufficient to show invariance of € for these two sub-
groups. We consider translations only; the argument for special conformal trans-
formations is the same.

Take arbitrary ¢ € 2. We have (1, VA(§)Q) = (¢, VA(5)*Q) by assump-
tion. Set fy(p) = (¥, VAT()N), 9s(p) = (&, VA(T(p))*Q). Due to the
spectrum condition (corollary TI.15) f, may be extended to the upper half of the
complex plane by means of the LAPLACE transform (cf eg [SW64, chapter 2]).
This continuation is analytic in the interior and of at most polynomial growth
for complex arguments. On the real line we have |f,| < [|€2]| ||| and due to the
theorem of PHRAGMEN-LINDELOF [Tit39, section 5.62] this bound holds true for
the continuation of f,, as well.

The same line of argument works for g, with respect to the lower half of the
complex plane. Since f, and g, coincide on the real line both are restrictions of an
entire function (reflection principle). This entire function is bounded by ||Q|| |||,
and due to LIOUVILLE’s theorem it is constant. Since the vectors VA(T(p))S2,
VA (T(p))*Q are determined by the scalar products f,(p) and g, (p), ¥ € 2,
invariance follows by taking p = 0.

OJ

For the next corollary we prepare ourselves by a comment and a lemma. In
the corollary the representation V' is assumed completely reducible with finite
multiplicities. Although this is a pretty strong assumption in group theoreti-
cal terms, we consider this a rather convincing assumption from the quantum
field theoretical point of view. In this context it is somewhat weaker than a
common nuclearity condition [BGL93]. Nuclearity is desirable for quantum field
theories and in our setting it corresponds to demanding the L, eigenspaces to
be finite-dimensional with degeneracies growing at most exponentially. Typical
(integrable) chiral models such as current algebras exhibit this behaviour [GF93].
This implies our assumption as the following lemma clarifies.

The centre of PSL(2,R)™ is an infinite cyclic group generated by the rotation
R(2r). The following lemma shows that complete reducibility of a representation
V as in theorem 11.14/is equivalent to requiring the representation space to have
a decomposition into a direct sum of eigenspaces of R(27). Due to the infinite
order of the centre of PSL(2,R)™ this is not obvious.

Lemma I1.17: Assume V(R(27)) to have pure point spectrum. Then the spec-
trum of Lo is pure point and V' is completely reducible into a direct sum of irre-
ducible representations.

Proof: Let 7 denote the eigenspace belonging to eigenvalue e?mhi The restric-
tion of V(R(t))e ™' to 7 defines a representation of U(1). This representation

is completely reducible due to the compactness of U(1) (cf eg [BR77, chapter
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7, §7, theorem 4; chapter 5, §4, proposition 5]). This proves the claim on the
spectrum of L.

By the spectrum condition there are vectors of lowest eigenvalue. Because of
the complete analysis of lowest weights in unitary representations of PSL(2,R)™
[Gri93], it is known which lowest eigenvalues may occur and that the cyclic repre-
sentations generated from the lowest weight vectors are irreducible. Taking such
a lowest weight vector, applying to it the linear span of the V' (g), g € PSL(2,R)~,
and taking the completion yields an irreducible representation space. We may
reduce with respect to it because of unitarity. We iterate this procedure and

arrive at the second claim since 7 is separable.
O

Corollary I1.18: Assume V to be completely reducible with finite multiplicities.
Then VA and VA are completely reducible.

Proof: Denote the lowest weight vectors by ¢4, ¢ being the multiplicity index
and d the eigenvalue of L. For any fixed d the ¢4, span a finite-dimensional HIL-

BERT space. This space is left invariant by the operators VA(R(2r)), VA (R(27)).
Both operators may be diagonalised on this space simultaneously, the result being
a mere relabelling of the irreducible subrepresentations of V. Now VA(R(27)),
VA (R(2m)) both are diagonal on the irreducible subspaces generated from the
“new” lowest weight vectors go’( 4 and thus on the whole of 7. Now the claim
follows as in the proof of lemma m

O

Remark: Non-trivial unitary representations of PSL(2,R)™ are necessarily infinite-
dimensional and the multiplicity spaces of V4 serve as representation spaces for
VA" and vice versa. The irreducible representations of V4 and VA will, therefore,
not have finite multiplicities in general.

2.2 Direct applications to chiral subnets

We collect a few immediate implications of the BORCHERS-SUGAWARA construc-
tion for chiral subnets A C B.

Proposition 11.19: The inner-implementing unitaries U*(g) # 1 are not ele-
ments of any local algebra. If A # C1, then A contains non-trivial non-local
operators, the vacuum is not faithful for A, and the action of Adya on the local
operators of the net A is ergodic.

Proof: Suppose that for some § € PSL(2, R)™ the unitary U4(g) # 1is contained
in a local algebra. By locality and invariance of the vacuum there is a local algebra
B(I) such that all vectors B2, B € B(I), remain unchanged when acted upon by
UA(g). Thus, by the REEH-SCHLIEDER property of B, UA(g) has to be trivial
and the existence of such operators is denied.
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The kernel of U# has to be different from PSL(2,R)~, else A is left invariant
point-wise by the covariance automorphisms and therefore must be abelian by
locality. But local algebras of A have to be factors as elements of a chiral subnet.
So A # C1 requires the existence of operators U#(g) # 1. These are not local
operators.

Any fixed point of the action of Adya on a local algebra A(I) has to be
contained in its centre due to locality. This centre is trivial since A([) is a factor.
Q) can not be separating, because we have: (U4(g) — 1)Q = 0.

OJ

The inversion on the light-ray, /. : z — —z € R, induces an outer automor-
phism of PSL(2,R): n(g) = I.gl,. We have in particular: n(T'(a)) = T(—a),
n(D(t)) = D(t), n(S(n)) = S(—n), n(R(¢)) = R(—p). Obviously, this outer
automorphism extends to the universal covering group, where we denote it by 7.
We have for the covering projection p: pn = np, which may be checked directly
eg by looking at the IWASAWA decomposition.

The BISOGNANO-WICHMANN property of B implies that the modular conju-
gation of B(S} ), namely J, implements 7. By this, the representation U and the
operator J generate a representation of PSL(2,R)y = PSL(2,R) x,,Zs, the group
generated by I, and PSL(2,R) modulo the relation n(g) = I.gl;. The following
simple proposition shows, that J and U* together generate a representation of
PSL(2,R)7.

Proposition I1.20: The adjoint action of the modular conjugation J of B(SL)
on UA implements the outer automorphism 1), ie we have: JUA(§)J = UA(7(3)).
The same is true for UX .

Proof: JUAJ defines a globally inner representation of PSL(2,R)™, since Ad,
defines automorphisms of the global algebra A. For arbitrary A € A(I), I € S?,
we set A" := JAJ. This allows us to write:

Ad jyagg)(A) = Ad(opg)(A') = ayp) (A) - (11.19)

Thus, JUAJ implements an automorphic action a o 1 of PSL(2,R) on A. Con-
versely, JUA(7(.)).J implements the automorphic action a; is a globally inner rep-
resentation of PSL(2,R)™~, and hence identical to the unique inner-implementing
representation U (proposition I1.9). This proves the statement for U#. A look
at the very definition of U4 completes the proof.
O

In a large class of chiral conformal models such as free fermions and chiral
current algebras there are explicit constructions for the transformation operators
as observables in terms of local quantum fields (cf eg [FST89] and chapter III).
In both cases the construction yields a representation of the whole VIRASORO
algebra. This diffeomorphism invariance is necessarily broken in any positive-
energy representation; it remains a PSL(2, R)™ symmetry only.
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We have constructed the inner implementation of this remaining symmetry
in a completely model independent way and used the result in lemma for
the definition of the maximal COSET model C,,,, associated with a given subnet
A C B. It might happen that a subnet A C B admits no COSET theory at all:

Definition I1.21: A chiral subnet A C B is called a conformal inclusion, if
Craz(I) =C1, I € S*.

This term stems from studies on chiral current algebras. Here we have for both
nets A C B stress-energy tensors O, ©8. A simple argument shows that their
difference ©F — ©4 = O is a stress energy tensor alike. By the REEH-
SCHLIEDER theorem and the LUSCHER-MACK theorem [FST89, Mac88, LM76]
©cos¢t vanishes iff its central charge vanishes. Its central charge is completely de-
termined by the finite-dimensional LIE algebras from which the current algebras
are constructed and by the embedding of the smaller one into the larger one. Its
zeros, characterising the notion of conformal embeddings for these models, have
been classified [SW86, AGOS87, BB&T].

In section [IIT/4 we give a characterisation of conformal inclusions of current
algebras by methods familiar in axiomatic quantum field theory and, thus, giving
an illustration of our perspective to look at such problems by analysing the action
of the inner implementation of covariance of the subnet on the larger theory. This
approach avoids arithmetic considerations on the central charge.

The following proposition shows that our definition of conformal inclusions
covers conformal inclusions of current algebras (understood as above) as special
cases (cf theorem IIL.3). Chiral subnets of finite index are necessarily conformal
inclusions in the sense of definition (lemma[V.1).

Proposition 11.22: Suppose the inner-implementing representation of theorem

II.14 for a chiral subnet A C B satisfies U = UA. Then A C B is conformal.

Proof: By assumption we have UA = 1. Since U4 implements covariance on
any COSET theory, the local algebras of C,,., have to be trivial by the reasoning
given in the proof of proposition I1.19.

OJ

Looking at the factorisation U o p = UAU#A and the spectrum condition of
all three of them (theorem I1.14] corollary II1.15), this proposition says that one
can not have non-trivial COSET models if all the energy of B, represented in a
global sense by U, already belongs to A, ie if U4 = 1. Hence, we are interested
in situations where not all of the “energy content” of B is contained in A, as
mentioned in the introduction (chapter [I).

It is not clear in general whether U4 is globally inner in Cynq,. It is, of course,
if both B and A possess a stress-energy tensor, in which case U4 is generated
by the COSET stress-energy tensor (theorem TIL.3). If U4 is contained in Cpap
and we apply the BORCHERS-SUGAWARA construction with respect to the action
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of U on Cpas, vielding the representation U¢mes | then we have: U = UAUCmas,
This identity is the complete analogue of the decomposition of the stress energy
tensor ©8 of an ambient theory into the stress-energy tensor ©“ of a subtheory
and the respective COSET stress-energy tensor O — ©4. Probably, this equality
holds true in general, but we know of no proof to date.

Taking this lack of understanding seriously, one is led to the following con-
sideration: If we iterate the BORCHERS-SUGAWARA construction with respect
to the action of UA on Cae, and with respect to the action of USmar on A,
we get the inner-implementing representations U and U+ and the respective
remainders U (C;/(t‘)”, U (“‘C‘gnm) such that we have the identities:

A 77C 17Chas Clve — TTATTA
U* =U U(A/) , U =U U(c;m)'

Obviously, UA, U¢ commute with each other and with U(Cj{i‘;a”, U(“éi ) and, more-
over, the following holds:

Uop=UrUCUG =UUAUE, . (I1.20)

Thus, U (Cj{i‘)”” and U (“éi ) coincide with the remainder of the BORCHERS-SUGAWARA

max

construction on the COSET pair A©)C,,.. C B, namely:
C;nacc ! ! 4 * mazx \*
UG5 = Uy, = U omer = U o p (UA)" (US)" . (I1.21)

As a next step one may observe that the inclusion A©)C,,., C B is conformal:
the local operators of its maximal COSET theory have to be central in the re-
spective local algebras of Cpnee. In case U4 MCmas is non-trivial, the representation
U can not be generated by local data according to the scheme indicated (II.20),
ie the result would exhibit a kind of commutativity of its constituents which its
local approximations can not have. This appears unsatisfactory.

It is straightforward to check that in case A C B is cofinite and both U4
and UCmes have the net-endomorphism property (definition TV.1) the representa-
tion UACmaz has to be trivial (proposition [V.2). This result relies on a purely
representation theoretic argument concerning the action of PSL(2,R)™ on finite-
dimensional subspaces of a unitary representation, which, basically, trivialises
the problem. A general argument based on fundamental assumptions such as the
split property is highly desirable, but out of reach to date.

Therefore, it is not known whether our definition of conformal inclusion, re-
ferring to triviality of all COSET models associated with A C B, actually is
equivalent to U = U#. For this work there is no need to go into this problem in
detail, but we would like to state which extended COSET pair might be attached
to the possibility UA MCmas =£ 1.

The maximal iterated COSET model, A, , associated with C,,,, C B is given
by the local algebras As(I) := {USme=} N B(I). It contains the subnet A,,q,
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consisting of all observables which are covariant with respect to U*, ie commute
with UA':
Amaz(I) = {U*(g), g € PSL(2,R)~}Y N B(I) . (11.22)

This is obvious since A, 4, is a COSET model associated with C,,q, (lemma [11.4).
Clearly, As and C,,4,; can not be extended without spoiling their character as a
COSET pair.

As argued above, we expect U = UAU e which yields Ay = Apnaz. We take
A e to be the other natural object in our studies of chiral subnets and their
COSET models. To put it plainly: We do not assume UA = UCma= to hold, we
rather proceed without having an answer to this problem. In all what follows, our
analysis will be done in terms of U4 and U4 and we will not have to face again
the questions just raised, because the forthcoming arguments will be independent.
The further development leads to satisfactory results, which support our opinions
on this issue.

We mention another reason for considering A,,., as a natural object of in-
vestigation. While given A and U the inner-implementing representation U is
unique, UA does not determine the subnet A C B, as examples of conformal
inclusions show. In general there will be subnets transforming covariantly under
the action of U4 (transformation property) and subnets containing the operators
of U4 as global observables (generating property). Generically there will be no
simple relation such as inclusion or commutativity etc for any pair A,, Ag of
chiral subnets having one or both properties. A, is, of course, the maximal
subnet transforming covariantly and having the generating property. Any subnet
A having both properties defines a conformal inclusion Aey, .. C Anmaz€a,,q.-
Since studies on conformal inclusions form an area of research of their own, A,,q.
should be a generic object to explore.

2.3 Discussion on the BORCHERS-SUGAWARA construction

We have presented a construction applying and generalising the result of BOR-
CHERS [Bor66]. Hence we obtained the unique inner-implementing representa-
tion of PSL(2,R)™. It generalises, within its limits, the SUGAWARA construction
[Sug68]. We have proposed the name Borchers-Sugawara construction because of
these relations. The construction is completely model independent and does not
require existence of a stress-energy tensor. Properties connected with represen-
tations generated by a stress-energy tensor will be discussed in TV.

It is natural to ask if this construction may be applied to other spacetime sym-
metry groups. In our view the key tools in our construction are the following: The
original representation satisfies the spectrum condition for some translation sub-
groups. There are sufficiently many of them to generate the whole group and we
have an argument how to derive a representation of the covering group from the
unitary group generated by the operators constructed by means of BORCHERS’
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key result [Bor66].

In the case of the POINCARE group the translations usually satisfy the spec-
trum condition. Unfortunately, so to say, they form an invariant subgroup and
although one is tempted to generate the group from PSL(2,R) subgroups (as eg in
IKWO01]) this seems impossible with subgroups satisfying the spectrum condition.

For conformal groups the situation is different, as shown in [K6s02]. These
groups are generated by their subgroups of translations and special conformal
transformations [BGL93] and both subgroups satisfy the spectrum condition,
if the conformal Hamiltonian has positive spectrum. The proof of main theo-
rem in [K6s02] (corresponding to theorem [I1.14) extends to all conformal groups
PSO(d,2), d > 3, and the construction given here applies directly to the con-
formal group in 141 dimensions, since this is a factor group of PSL(2,R)™ x
PSL(2,R)™.

The construction used in [K6s02], however, does not extend to coverings of the
conformal groups, apparently. Applying the method used here requires establish-
ing an explicit, continuous decomposition into translations and special conformal
transformations, which ought to be possible.



Chapter 111

Subnets of chiral current algebras

The purpose of this chapter is to introduce the objects of most investigations
of chiral subnets and their COSET models: the chiral conformal theories and
subtheories generated by chiral current algebras. These models are either formu-
lated as theories of WIGHTMAN fields in 141 dimensions, which factorise into
independent chiral parts, or more abstractly through unitarisable highest-weight
representations of affine Kac-Moody algebras, which then are shown to integrate
to chiral conformal nets by group theoretical methods and can be seen to define
chiral conformal quantum field theories in the sense of WIGHTMAN’s axioms as
well.

If one wants to study model specific properties of current algebras, their super-
selection structure in particular, other approaches to constructing chiral current
algebras prove very useful. They may be defined by the action of BOGOLJUBOV
(gauge) transformations on the CAR algebra of chiral fermions [Was98] or one
may use the basic construction of FRENKEL-KAC [FK80] for affine KAc-MooDY
algebras AV, DV, Eél_)g at level 1, using vertex operators (see eg [TL97]). Closely
related to the latter point of view, one may consider these models as local exten-
sions of the rankg-fold tensor product of the U(1)-current algebra (eg [Sta95]); a
variant is the approach of [GF93].

Several authors have dealt with specific properties of chiral current algebras,
their inclusions and their COSET models (eg [Xu00a, Xu99, Xu00b, Xu01, Xu02,
KL02, TLI7, Was98, Lok94]). We are primarily interested in the archetypical,
instructive character of these models and for this reason we focus on establishing
the properties needed in the definitions II.1 and and additional properties
connected with the Sugawara construction, which ensures presence of a stress-
energy tensor in any chiral current algebra.

Therefore, we take a straightforward approach to these models through a
construction using free, chiral fermion fields, the quarks, take a direct route from
the WIGHTMAN fields to the chiral conformal theory they generate, and discuss
other aspects of these models later on. The term chiral current algebra will be
used for all these models.

36
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1 Quark models of chiral current algebras

First, we describe how chiral current algebras may be obtained directly as quan-
tum fields in the sense of WIGHTMAN’s axioms from free, massless fermion fields,
the quarks, a method introduced in [BH71]. The SUGAWARA construction for chi-
ral currents, which yields a stress-energy tensor for each chiral current algebra,
is discussed as the next step.

The fundamental objects of the framework laid down in WIGHTMAN’s axioms
are local quantum fields, ®, which consist of maps from smooth test functions on
spacetime, f, to (generically unbounded) closable, linear operators, ®(f), defined
on a dense subspace of some HILBERT space. The fields ® usually carry multiple
indices referring to their type, in particular to their transformation behaviour
under gauge and spacetime transformations. Covariance with respect to space-
time symmetries is required to be implemented by a unitary, strongly continuous
representation which satisfies the spectrum condition and admits a unique (up
to its phase) normalised, invariant vector, the vacuum 2. Multiple application
of smeared fields ®(f) to the vacuum, €2, is assumed to generate a dense sub-
space, the Wightman domain, which is common to all smeared fields, invariant
under their action and allows their reconstruction, ie is a core for all fields. The
matrix elements of the fields ®(f) have to depend continuously on the test func-
tion f, ie they shall be tempered distributions. Locality is formulated as (graded)
commutativity of the smeared fields ®(f1), ®2(f2) on the WIGHTMAN domain
for test functions f;, fo which have spacelike separated supports. According to
the WIGHTMAN reconstruction theorem [Wigh6], the whole theory including its
covariance with respect to a unitary implementation of spacetime and gauge sym-
metry is encoded in the properties of the hierarchy of n-point functions, namely in
the numerical, tempered distributions defined by the vacuum expectation values
of products of fields as eg (2, ®1(f1) ... P, (f)2).

Reviews and textbooks on this framework of relativistic quantum field theory
are eg [WG65, SW64, Jos65, Tod65], a short summary is contained in R. HAAG's
book [Haa92, sections II.1, 11.2]. The discussion in sections [1.1 and [1.2] is a
summary of well-known results. The review of FURLAN, SOTKOV AND TODOROV
[FST89] serves as a source for the formulation of the general theory of quantised
fields with conformal symmetry in 1+1 dimensions, and [GO86, Fuc92] contain
expositions of quark models and compact LIE algebras.

1.1 Chiral currents as WICK squares

Take N independent, free, massless, complex fermion fields, the quarks 1!, i =
1,...,N,in 141 dimensions. They satisfy the corresponding DIRAC equation:

iP(t, @) = (708 + 7o) =0 .
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Choosing units in which the speed of light equals 1, t = 2° stands for the time
coordinate and x = x' for the space coordinate. The algebra of the y-matrices
is given by (7°)2 = 1 = —(71)2, {¥°,9'} = 0. With ° := 799! and Py :=
%(1 + 7°) the quarks can be decomposed into their chiral components, each of
which depends on one light-cone coordinate only:

(0o £ 01 Py (t,x) =0 & L(t Fa) = Pu'(t,x) . (IIL.1)

For the time being we use the light-cone coordinates x4y :=t F x.
The quantum field theoretical nature of these fields is encoded in canonical
anti-commutation relations (CAR):

(Vi) ()} = (@)l )} = o0,
(U (1), 0 (ys) ) (W (@) (y)} = 0,
(i), 0 (ye)} = Oey —yy)d¥
(W@ ), 0l (y )y = de —y )oY .

The non-vanishing two-point functions of these fields are given by:

QU (2) Yl (y2) Q) = (Qvh(re)Vi(ye)Q) = SA(ze —y) -

—1
t—ie

The distribution A(t) is given as boundary value of the analytic function in
the limit € \ 0.

The CAR determine the n-point functions completely in terms of the two-
point functions and it is well-known that fermion fields as above define quan-
tised fields satisfying WIGHTMAN’s axioms on the fermionic FOCK space (see
eg [Jos65, section IL.5]). The transformation behaviour of A with respect to
coordinate transformations shows that conformal symmetry is present, imple-
mented by a unitary representation Uy of the twofold covering of (PSL(2,R)™ x
PSL(2,R)™)/Z, where the cyclic group generated by the simultaneous rigid con-
formal rotations by 2, R(27) x R(2m), is factored out. Moreover, the decompo-
sition into chiral components (II1.1) yields a decomposition of the WIGHTMAN
theory of quarks 1* on fermionic FOCK space, ., into the tensor product of the
WIGHTMAN theories of the chiral quarks ¢ : J, = 4, ® H .

The quarks v* are found to be quasi-primary fields of scaling dimension %, ie
they have a definite transformation behaviour determined by the scaling dimen-
sion, which we state for one chiral component:

Up (@) (x4)Us(3)" = (d(p(§)(w)) /d)2 ¢ (p(3)(2+)) , § € PSL(2,R)™. (IIL.2)

For the transformation law of a general quasi-primary field of scaling dimension
h replace % by h.
The normal ordering of free complex fermions is given by the usual point-
splitting procedure:
bl o) = tim (el - A - ) L ()

Ty Ty 2w
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It is common to call this WIGHTMAN field the Wick square of the free complex
fermions.

Now, we assume that there is an N-dimensional, non-trivial representation of
a compact, simple LIE algebra g by Hermitian matrices {(Mf) j=1,..N ta=1....dq

where dy denotes the dimension of g. This means that we have: M = M}, and
[M®, M) = if** .M°. The real numbers f,. are the structure constants of g
defined with respect to some basis {1%},—1,...q,- The 1+41-dimensional complex
quark model of the current algebra associated with g is given as follows:

JU(E @) = MO G (1) = ME 030y (£ ) | (I1L4)

It is straightforward to check that this defines a Hermitian field of scaling dimen-
sion 1 and that it is a conserved current: 9,5 =
J** decomposes into two independent chiral parts, the chiral currents j%:

.q 1 - - a % ] @ Lxad
Ji:=§(10ijl)=Mz‘ji¢ Peg? s = M i h o

The decomposition of the fermionic FOCK space into the tensor product of chiral
fermionic FOCK spaces induces a tensor-product decomposition of the HILBERT
space which the currents generate from the vacuum, ¢, into the tensor product
of the vacuum HILBERT spaces of the chiral currents: ¢ = J¢;, ® J¢_. The
chiral currents act as j¢ = j§ ® 1;_, j¢ = 1;, ® j2.

The commutation relations between chiral currents read:

% (s), 3% (y2)] = ifejS(y2)d(ae — ys) + tr(M“Mb)%é’(a:i —ys). (IIL5)

The currents are examples of Lie fields, as their commutator is linear in the field
itself. In higher dimensions the possibilities of LIE fields are very restricted (see
eg [Bau76] and references therein). The c-number part in (IIL5) is called the
Schwinger term.

The trace tr(M®M?) is invariant under cyclic permutations and hence induces
an invariant symmetric bilinear form on g. Since g is simple, there is up to
normalisation only one such form and thus ¢r(MM?°) has to be proportional to
the trace in the adjoint representation of g. The latter is usually normalised such
that the highest weight of the adjoint representation has length 2 in the scalar
product which is induced by the form. Because g is compact, the result is a
Euclidean scalar product which we will call the Killing form of g.

The KILLING form will be denoted (., .) and the matrix which induces it will
be written ggb. The inverse of ggb is written with two lower indices: ¢%,. With
these conventions, there exists a positive integer k such that tr(MeM®) = kggb.
k is the second Dynkin index of the representation of g by the matrices M* and in
relation to the commutation relations (II1.5) it is the level of the current algebra
associated with g.
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The constant functions on the light-cone are among the admissible test func-
tions for currents (cf below). If one smears out currents with constant test func-
tions, one reads off the current algebra that such current operators form
a representation of g, which is contained in the current algebra and is commonly
called the horizontal subalgebra. The adjoint action of the horizontal subalgebra
on quarks and on currents generates global gauge transformations of both fields
and thus the currents may be viewed as conserved currents associated with a
gauge symmetry. For this reason we regard the label “a” of the currents j§ as
their colour and will call the algebra of the 7% the LIE algebra g, the colour
algebra of our current algebra. The colour algebra and the level characterise a
current algebra completely.

For orthogonal representations, there is the real quark model. We assume there
are N-dimensional, skew-symmetric, real matrices M forming a non-trivial, or-
thogonal representation of g. Then we take N real fermions ¢%(¢, z) := 5 (¥ (¢, z)+

Yi(t,x)*). Tt is readily checked that the following definition yields a current al-

gebra associated with g at the level k satisfying kgg® = Jtr(M“MP):

JUH(t, z) = (ZMZ) iyt s (t ) (I11.6)
These models factorise into their chiral parts as above.

An interesting question is: For which level k exist current algebras as given
above? If one takes the direct sum of representations as above, ie by matrices
M@ Mg, it is trivial to check that the level of the corresponding current algebra
is the sum of the levels determined by the M and My, respectively. Therefore,
we have primarily to look for level 1 representations.

As a well known fact, there are representations of DYNKIN index 1 by Her-
mitian matrices for the compact real LIE algebras of type A,,, the LIE algebras
of the special unitary groups SU(n + 1), and of type C,,, the LIE algebras of the
symplectic groups Sp(n). Orthogonal representations of DYNKIN index 2 exist
for B, (SO(2n+1)), D,, (SO(2n)) and the exceptional LIE algebra G5 (for both
facts see eg [Fuc92, (1.6.78)]). Therefore, for all but the colour algebras Es_g, F)
there are quark models with level 1 and hence at all levelg )

There are obvious adaptations of quark models to abelian, semi-simple and
reductive colour algebras. As reductive LIE algebras decompose into a direct
sum of simple ideals and a d-dimensional ideal isomorphic to R?, we take this
as the general case. Assume now that g is a reductive LIE algebra with the
decomposition g = @, go ® R?, where the g, stand for simple ideals. For the
semi-simple LIE algebra @, g, we simply take direct sums of the current algebras
above.

The abelian current algebra, ie the current algebra associated with an abelian
colour algebra of dimension d, is constructed by taking d independent, complex

! For the remaining four simple colour algebras, Eg_g, Fy, there are quark models for some
levels (see eg [MP81]), but not for level 1. Yet, the corresponding chiral conformal nets are
available at any level by different means (see section .
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quarks and setting with respect to some basis {Tk}k:17___7d of R%:

GER(E, x) = Rk s (¢ ) (I11.7)

These currents decompose into independent, chiral components as above and
their commutation relations are given in terms of these chiral components as:

[ (es), 2 ye)] = 520" (s — ) (IIL8)
Simply by changing the basis of RY, one may replace in (IIL.8) the KRo-
NECKER symbol §* by any other Euclidean scalar product on R?. To capture the
general commutation relation of an abelian current algebra, we take an arbitrary
Euclidean scalar product, gr«, and admit an additional multiplicative constant,
K:
= QL kgl o (re —yy) . (I11.9)
T
Because of the indicated arbitrariness, x should not be viewed as a “level” like for
current algebras associated with simple colour algebras. The general formulation
of abelian current algebras is the one needed for current subalgebras in current
algebras of simple colours, where x and gﬁld are given by the embedding. The
current algebra for d = 1 will be called the U(1)-current algebra.

0 (), ()

1.2 SUGAWARA construction for chiral current algebras

For a general quantum field theory it is not clear, whether and how the coor-
dinate and gauge transformations are generated by local quantum fields which
are intrinsic to the theory and may be viewed as densities of energy, momen-
tum, or charges. While in classical Lagrangean field theory the explicitly known
NOETHER currents and their integrals over space yield such objects of a local
nature, an analogous result for a general quantum field theory in WIGHTMAN’s
framework is not known.

In 1+1-dimensional conformal quantum field theory the situation is different:
under weak assumptions, LUSCHER AND MACK found that conformal stress-
energy tensors always decompose into independent chiral parts and that these
yield a local formulation of the VIRASORO algebra, ie an infinitesimal, projec-
tive representation of the group of orientation preserving diffeomorphisms of the
circle, Diff, (S). Such stress-energy tensors serve well as densities for the confor-
mal transformations and their specific properties allow to apply powerful tools
connected to structure and representation theory of the VIRASORO algebra and
of Diff,(S").

It is a remarkable feature of current algebras that we have a simple method for
constructing their stress-energy tensor, the Sugawara construction. We come back
to the general result, the theorem of Liischer and Mack, after we have sketched
the SUGAWARA construction and hence given a non-trivial example.
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The SUGAWARA construction applies independently to both chiral parts of a
1+1-dimensional current algebra. It was introduced by SUGAWARA [Sug68] for
currents in 34 1-dimensional MINKOWSKI space; for an account on the history
of the SUGAWARA construction in the context of 14 1-dimensional and chiral
current algebras see eg [HKOC96]. We will deal with chiral currents only and we
drop the suffices +, —.

The discussion for a chiral current algebra associated with a simple colour
algebra, g, covers the general case of reductive colour algebras with straightfor-
ward modifications, so we deal with the former in detail. The normal ordering of
currents will be used:

FRAC)
— i () - S kg i 2= ) o)

We define the Sugawara stress-energy tensor, ©2, of the current algebra of
colours in g at level k& by:

O%z) =

™
k+gy

g% 3% (x) . (IT1.11)

The symbol g, stands for the dual Cozeter number which amounts to half of the
second Casimir operator, C§ := g%, T*T", in the adjoint representation of g.

From the following commutation relation of ©¢ with the currents it can be
readily deduced that integrals of ©¢ indeed generate the conformal transforma-
tions on the currents:

[0%(x), j°(y)] = ij(x)0"(z — y) . (I11.12)
The commutation relation of ©¢ with itself reads:
. , S d
0%(x), 0%(y)] = 20%2)5'(x — y) - z(d—y@%y))a(x )
_cg(k> " _
v 3z —y) . (II1.13)

The number c¢4(k), which determines the central extension of this algebra, is called
central charge and has for the SUGAWARA stress-energy tensor the following value:

kd,

(I11.14)

It is not difficult to show that cg4(k) lies between the rank of g, 74, and its
dimension, dg.

The SUGAWARA stress-energy tensor for the current algebras of semi-simple
colour algebras, @, g, is simply given by ©%> = 3" ©% . For a current algebra
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associated with an abelian colour algebra of dimension d, metric tensor gﬁld and
“level” k as discussed above we set (normal ordering as in (II1.10) with obvious

alterations):
d

0% (x) = = g 4" () | (IIL.15)
This stress-energy tensor has central charge cgra = d. Concerning a current alge-
bra of a reductive colour algebra one has to add this contribution for the abelian
ideal.

The theorem of LUSCHER AND MACK determines the commutation relations
of a chiral stress-energy tensor of a conformally invariant theory to be of the
form (II1.13) where the central charge is the only free parameter [FST89, Mac88,
LM76]. The prerequisites are the following: It is assumed that the stress-energy
tensor O is a symmetric-tensor (O* = ©"#), Hermitian (©*T = ©*), con-
served (0,0" = 0) local WIGHTMAN field, which is relatively local to all the fields
of a WIGHTMAN theory and which generates the translations as P* = [ dz'©H.
The WIGHTMAN theory itself shall be scale invariant, ie there shall be a unitary
implementation V (D(t)) of the scale transformations z# — efa# which leaves the
vacuum invariant. All translationally invariant vectors are assumed to be scalar
multiples of the vacuum, €. © is required to have scale dimension 2, ie we have
V(D(t))0r (t,z)V(D(t))* = e*0r (et e'x).

Then O is traceless (©,* = 0), takes in light-cone coordinates the form
Oz, z_) = diag(O©41(xy),0__(x_)), ie © decomposes into its independent
chiral parts ©,, and ©__ and its chiral components obey the commutation rela-
tion (II1.13) above with some central charges c.. The two-point function of the
chiral components is given by:

(€, 044(24)021(y£)) = %A@i —yz)' (1IL.16)
Hence, we have cy > 0 and ©L vanishes if and only if c. vanishes?. If parity is
conserved, then both central charges coincide.

The assumptions of the LUSCHER MACK theorem are comparatively weak
and natural in the setting of conformal quantum field theory in 141 dimensions;
they should be fulfilled in a large class of models. The most remarkable outcome
of the theorem is the determination of the commutation relations (I11.13) which,
on a “decent” HILBERT space, exponentiate to a projective representation of
Diff, (S')~, the universal enveloping group of Diff, (S') [GWS85, TL99]. This
does not mean, however, that the theory itself has a diffeomorphism symmetry.

The SUGAWARA stress-energy tensor fulfills all the properties of a stress-
energy tensor in the sense of LUSCHER AND MACK with respect to the currents.
In addition, it is relatively local to the quarks by its very definition and the quark

2Follows from the REEH-SCHLIEDER theorem [RS61]; alternatively, one may apply [Jos65,
lemma 2, section V.3.B]. For the VIRASORO algebra there are other proofs [GW85, lemma 1.1],
[Gom86], too.
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model construction. In most cases, however, the SUGAWARA stress-energy tensor
does not implement the conformal transformations on the quarks and differs from
the stress-energy tensor which may be constructed from the quarks directly.

Of course, the SUGAWARA construction yields stress-energy tensors for ra-
tional ¢ > 1 only. BUCHHOLZ AND SCHULZ-MIRBACH [BSM90] have given
a construction for all ¢ > 1. As results of FRIEDAN, QIU AND SHENKER
[FQS84, FQS85a, FQS85b| (cf [Lan88|) show, all values of ¢ below 1 which
are compatible with unitarity and positivity of energy lie in a discrete series:
c(m) = 1 —6/(m + 2)(m + 3), m € N. The stress-energy tensors having
these central charges were obtained by GODDARD, KENT AND OLIVE (GKO)
[GKO85, GKO86] by a COSET construction, see section [VI[3.1l

2 Chiral conformal nets of current algebras

This section establishes the connection between chiral current algebras and chiral
conformal nets. As a first step we need to formulate the conformal extension of the
current algebras on the conformal covering of the light-ray. From there we come
to the description of chiral conformal fields in terms of non-local operators, their
modes. The mode picture is particularly suitable for controlling the action of the
unbounded current operators on vectors in the WIGHTMAN domain and enables
us to show how current algebras generate chiral conformal nets. It identifies
chiral current algebras as highest-weight representations of affine KAC-MooDY
algebras as well. This connection makes it possible to establish chiral current
algebras on abstract grounds, ie beyond the quark model construction.

2.1 Compact picture of chiral current algebras

Fields which are defined for test functions on the light-ray will be denoted with
a hat, eg ®, such that we can clearly distinguish between fields on the light-ray
and on its conformal compactification. The natural definition of conformal fields
extended to S' referring to the CAYLEY transformation (IL.2) is given for an
arbitrary chiral, quasi-primary field d of scaling dimension h € N as follows:

B(2) = N <¢§—j) B(2(2)) . (IIL.17)

The normalisation constant Ng is fixed such that the commutation relations take
a simple form; we use Ng = 27 in the following.
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The operator-valued distributions ® are defined with respect to the integration
measure ¢ dz/2mi on S'. We write f, for a test function on the light-cone:

/ dB(1) £ (1)

- 7{;;5( DA+ V2V (UE) - (ILS)
=:fa(2)

The fields ® are declared on smooth test functions on R with compact support.
Conformal symmetry permits to extend the fields ® from the space of test func-
tions f, to all f. € C*°(S'), Wthh in turn may be used to define extensions of
the fields ® on all test functions fN, the introduction of the compact picture is
not necessary for extending the fields, of course, but it is convenient:

_ / atB(t) (1 — ity "2V g (o(1)) (T11.19)

'

—72()
The change between the compact picture (fields on S') and the light-cone picture
(fields on R) induces mutually inverse, linear transformations f. — f: and fa —
fA, which depend on the scaling dimension of the field under consideration.

The smooth functions on the circle form the test-function space of a confor-
mally covariant chiral theory. Their images on the light-ray, f., f. € C°°(S'),
are smooth functions which grow at most as ||~ and have the same asymp-
totic behaviour for  — +00 as for © — —oo. This allows us to integrate currents
(h = 1) with constant test functions which yields the horizontal subalgebra. The
stress-energy tensor (h = 2) may be integrated with test functions of growth up
to 2?. This allows us to define the generators of global conformal symmetry as
integrals of the stress-energy tensor; we come to this in section

For a Hermitian field on the light-ray we have: ®(f,)" = ®(f.). Hence, for
real f,, the smeared field @( fr) is a Hermitian operator. The corresponding
condition on a test function f. reads:

(L) =d(f) & fo=1. (111.20)

Now that we have given the rules for switching between the compact and the
light-cone picture, it is straightforward to calculate the commutation relations in
the compact picture from the relations between fields on the light-cone. For the
currents we have (cf equation II1.5):

dz

) =T L) ke f S f @) . (L2
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f!, stands for d/dzf..
The LUSCHER-MACK algebra for a stress-energy tensor of central charge ¢ (cf
equation [I11.13)) reads:

é(f~),é(9~)] = O(fLg- — fugl) + % f ;—; "(2)g(2) . (I11.22)

The action of the SUGAWARA stress-energy tensor on the currents takes the fol-
lowing form (cf equation T11.12):

T(£2).3(9)| = 7"(=F~9.) - (IIL.23)

All these relations are mere rewritings of those on the light-ray.

Test functions on the circle possess a FOURIER expansion: f. = _, foz™".
We write the test function defined by z +— 2™ by [2™] and define for a quasi-
primary chiral field ® of scaling dimension h its modes as:

®, :=d([z"""]), neZ . (111.24)

If ® is Hermitian, we have for the modes @, = ®_,,. The modes of currents and
stress-energy tensors are given by:

Loo=6("1), o= 7o(=") . (111.25)

It is a matter of simple arithmetics to calculate the commutation relations in
terms of the modes:

[Jf%dz] = Z.fabcjﬁﬁ-n + k:ggbmgm,—n s (11126)
(Lo, L] = (m — 1) Lopsn + %5_n,mm(m2 ~1), (111.27)
[Lms Jn] = =N - (I11.28)

The commutation relations (II1.27) are known as Virasoro algebra at central
charge c¢. The commutation relations (I111.26) are manifestations of the relations
in an affine Kac-Moody algebra or affine Lie algebra (see eg [Kac90], [Fuc92]).
The relations (ITIL.28) and (II1.27) show that the zeroth mode of ©, the con-
formal Hamiltonian Lg, defines a natural energy grading on the modes and hence
on the vacuum HILBERT spaces of both current algebras and stress-energy ten-
sors. Since the spectrum of Lg is positive and pure-point on these spaces, it is
a positive, essentially self-adjoint operator. Moreover, the eigenspaces are finite
dimensional. These facts are founding elements of the next section.

2.2 Integrating chiral current algebras

In spite of their strong conceptual and structural similarities, the relation between
the formulations of quantum field theory in terms of tempered operator-valued
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distributions (WIGHTMAN’s axioms) and in terms of local algebras of bounded
operators (HAAG-KASTLER axioms) is not that of a straightforward equivalence.
We shall not elaborate on the remarkable general achievements in establishing
relations in both directions (see eg [Fre91] for a short summary and a list of
references). In the following we discuss this relation for current algebras. The
technical problems present in general surface here as well, but in a mild and
manageable form.

As we will see in a moment, the energy grading with respect of Ly, the Su-
GAWARA construction and the LIE algebra of the modes allow us to establish the
following properties for the smeared currents: For real test functions? f~, g~ the
current operators j%(f.), j%(g~) are essentially self-adjoint on the WIGHTMAN
domain and all bounded functions of their self-adjoint closures commute, ie their
closures j*(f.)", j%(g~)  commute in the sense of self-adjoint operators [RS72,
VIIL5], if f., g. have disjoint supports. Both properties are not obvious due to
the unbounded character of the smeared fields (cf eg [RS72, VIIL5], [Ree88]), but
when they hold one may define the local algebras of the chiral net generated by
the current algebra as:

BI) = { (1), supp(fo) 1, [ = T2, T g}, TeS' . (1L29)

Covariance and isotony are direct consequences of this definition and the proper-
ties of the current algebras as WIGHTMAN theories. The cyclicity of the vacuum
may be established by a simple argument based on the spectral resolution of the
closures of the smeared fields [DF77, theorem 4.1]. In general, WIGHTMAN fields
do not behave that well and one has to introduce more refined definitions for the
local algebras (cf [DSW86]).

BUCHHOLZ AND SCHULZ-MIRBACH [BSM90] introduced a method for estab-
lishing essential self-adjointness and locality for the closures of symmetric smeared
fields based on proving linear energy bounds with respect to the conformal Hamil-
tonian. This approach is particularly well-suited for chiral conformal models for
which the commutation relations are explicitly known in terms of their modes.

In [BSM90], the method is applied to the VIRASORO algebras and this scheme
covers, as stated by BUCHHOLZ AND SCHULZ-MIRBACH, the U(1)-current alge-
bra as well. Hence it is known already that both WIGHTMAN fields generate
chiral conformal nets. The argument on the U(1)-current algebra is extended
to another class of conformally covariant fields in chapter 'VI. If one is inter-
ested in current algebras with simple colour algebras, one needs to apply another
argument, which uses the connection between Ly and the current algebra via
the SUGAWARA construction, because the zero modes of in these algebras are

3Currents have scaling dimension 1 which leads to fo = f, fo € C(S!); see (IIL19),
I11.18). Hence, real test functions f. lead to symmetric smeared current operators, see equa-

tion (IIL.20).
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not scalars. Since the U(1)-current algebra possesses a SUGAWARA stress-energy
tensor as well, the arguments below apply to this case as well.
To the author’s knowledge, a proof of the following result is not yet available:

Theorem III.1: Assume g is a reductive colour algebra for which the current
algebra is available as a chiral conformal WIGHTMAN theory on the conformally
compactified light-ray, S*. Then equation (II1.29) defines a chiral conformal the-
ory.

Proof: We establish linear energy bounds for the currents fl of a simple colour
algebra g, C g; the argument relies on the SUGAWARA construction, the energy
grading on HILBERT space and positivity of energy.

We choose a basis {7} in colour space which diagonalises the KILLING metric
on g, such that: 2gy (7% 7% = 6. Then the conformal Hamiltonian L§* of
colours in g, reads:

dga dga
L& = PRy + v <Z Jie+2> > jinjz) . (111.30)

i=1 n>0

This positive operator is dominated by the conformal Hamiltonian of the whole
current algebra, L§.

We take a vector ¢y of energy N with respect to L§ and of unit length. There
is the following bound for the action of the annihilation modes j¢, n > 1, on ¢n

(using (I11.30)):

kga + gga

kg, + 82
%67 (pn, LEON) < 228N (I11.31)

-a 2
(II1.30) yields a similar bound for the zero modes j§, and for the generating modes
7%, n > 1, we use the bound (III.31) and the commutation relations (II1.26).
Thus, we have for all n € Z:

. ke + 8,
l7%n]1? < %N+ kg, 28, || < dg kg, N + kg, 2g, 0] . (I11.32)
Ja

The second inequality follows from ¢y, = dg kg, /(kg, + gy,) = 7, = 1 and
ggva > 1. We note that the right-hand side is greater than 1 for N # 0; the case
N =0, ie ¢g ~ 2, does not pose any problem in the following.

In order to obtain a bound for a general ¢ from the WIGHTMAN domain,
we proceed as follows: The symmetric operator j¢, j¢ leaves invariant the finite-
dimensional energy eigenspace of energy N and we may choose an orthonormal
basis of vectors ¢! diagonalising the action of j2, 7% Expanding ¢ in terms of
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this basis yields:

» - e
’|jn¢’|2 g ZCNyLCNvLH(dgakQQN + kgazg;/a‘n‘)¢N

Ny

= [|(dg. kg L§ + kg, 28%, In])o]” - (I11.33)

This argument gives a linear energy bound for the action of the modes on the
whole WIGHTMAN domain.

Our interest is in bounds for smeared currents. If we take a test function
f~ € C>(S'), then the FOURIER coefficients decrease fast enough to make any
series Y. |falln|', | € N, converge. Hence one gets for an arbitrary smeared
current j%(f.) and an arbitrary vector ¢ from the WIGHTMAN domain:

17 ()0l < el (Lo + Dol - (IT1.34)

The constant ¢y, depends on f. only (and not on ¢). In fact, one may choose:
Cfo = D onez | fulkea(dg, + 284 |n|). By applying the arguments above for all
simple ideals of g and (in a simplified version) for the abelian ideal, we get linear
energy bounds for all smeared currents.

L has a total set of eigenvectors and it is straightforward to check that L is
essentially self-adjoint on the WIGHTMAN domain. By NELSON’s analytic vector
theorem [Nel59], Ly has a dense set of analytic vectors ¢. A vector ¢ is analytic
for an operator A if for any n = 0,1, ... the nth power of A is declared on ¢ and
the following holds for some 0 < s:

14|

n!

s < 0. (IT1.35)

n=0

The symmetric smeared fields j%(f.) may be extended to the space of finite
energy vectors, the domain D(Ly~) of the closure of Ly, because of the bound
(IT1.34). Any analytic vector of Ly~ + 1 is an analytic vector for the extended
smeared currents. Again by NELSON’s theorem, the extended smeared currents
are essentially self-adjoint and hence the WIGHTMAN domain is a core for the
self-adjoint closures ]Na( o).

As indicated by BUCHHOLZ AND SCHULZ-MIRBACH [BSM90], finally, we
make contact with a result of DRIESSLER AND FROHLICH [DF77], which requires
to establish linear energy bounds on the smeared fields jo(f2), for Adp, (5o(f2))
and for Adj (j(f~)) as quadratic forms on the WIGHTMAN domain. Because we
argued for arbitrary test functions, we need not worry about the action of Ady,
and the bounds for the quadratic forms follow from (II1.34) by [RS75, theorem
X.18]. The result of DRIESSLER AND FROHLICH now says: if smeared currents
commute on the core, then all spectral projections of their self-adjoint closures
commute. This ensures locality for the algebras defined above.



50 Subnets of chiral current algebras 1.2

Cyclicity of the vacuum follows by the argument in [DF77, theorem 4.1]. Since
the other properties of definition II.1 follow directly, we completed the proof..
O

The argument above works for test functions with support in some I & S!
as well as for test functions supported in all of St. For test functions of support
in some I € S! one could have proceeded along the lines of BORCHERS AND
ZIMMERMANN [BZ63] by recognising that the linear energy bounds prove the
vacuum to be an analytic vector for all currents.

The results of [BSM90] on the VIRASORO algebra show that the SUGAWARA
stress-energy tensor generates a local and relatively local subnet of the chiral
theory generated by the currents. The energy bounds for the modes Lg, Ly; of
such a tensor ensure that their symmetric linear combinations generate a unitary
representation of PSL(2,R)™ [Fro77].

2.3 From loop algebras to chiral current algebras

Both chiral current algebras and chiral stress-energy tensors carry the structures
of infinite-dimensional LIE algebras. The chiral current algebra of colours in a
simple, compact g represents a central extension of lg = C>(S', g), the loop
algebra of smooth mappings from S! into g. The commutation relations of stress-
energy tensors represent central extensions of the LIE algebra of smooth vector
fields on the circle, Vect(S'), known as Witt algebra (see eg [Sch95]). Ig is the
LIE algebra of the loop group LG = C*(S', G) of smooth mappings from S! into
G, the compact, connected and simply connected LIE group having g as its LIE
algebra. And Vect(S') is the LIE algebra of the group of orientation preserving
diffeomorphisms on the circle, Diff, (S').

Multiplication in £G is declared point wise: g1 - g2(2) = g1(2) - g2(2), z € S,
and in Diff, (S') by successive evaluation: 1 - pa(2) = p1(p2(2)). Diff (S') acts
on LG through reparametrisations of S'. The group multiplication law in the
semi-direct product induced by this action, LG x Diff, (S'), reads:

(917 @1) : (927902) = (91 O @3- ga,P1- @2) .

General references on these structures are: [Mil84], [PS86].

These relations may be used to establish current algebras for all simple colour
algebras and at all positive integer levels as chiral conformal theories both in ac-
cordance with WIGHTMAN’s axioms and the HAAG-KASTLER axioms. The start-
ing point are unitarisable, highest-weight representations of affine KAc-MooDY
algebras with the vacuum, €2, as highest-weight vector.

These representations are given in terms of modes ji, a = 1,...,dg, n € Z,
and their complex linear combinations. One defines jQ2 := 0, n > 0. On
the vector space of linear combinations of vectors of the form j%, ...j7% Q.
ni,...,Mm > 0, called 7™ there exists a scalar product such that the modes
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satisfy the commutation relations (II1.26), are Hermitian (j¢f = 5% ), and we
have and [|€2|| = 1 [Kac90, theorem 11.7]. For this it is necessary and sufficient
that the level £ is a positive integer.

The SUGAWARA stress-energy tensor finds its counterpart in this context by
the Segal-Sugawara formula:

1
L,=—¢° cqe b I11.36

ni+ns=n

Here, g% :jejl:= g¢%,je4? for | > 0, and g%, : 5250 := ¢%j°5% for | < 0. The L,
satisfy the relations (IT1.27), (II1.28) on s/,

The unitarisable, highest-weight representations of affine KAC-MooODY alge-
bras (cf eg [Kac90]) are known to exponentiate uniquely to projective, unitary
representations of LG [GW84, TL99]. In LG a group element is localised in
some I & S!, if it coincides with the neutral element of the group outside I.
This intrinsic locality structure makes it possible to prove, by group theoretical
methods, that the exponentiated projective representations with the vacuum as
highest weight define chiral conformal nets [TL97, Was98, GF93]. Since the level
may identified in any locally normal represention within local algebras, it is a
constituting element of the theory. We denote the local quantum theory con-
nected with an exponentiated projective representation of LG at level k by LGy,
in marginal deviation from the common practice which leaves out “L”.

For Diff, (S') one can follow the same progranﬁ, but WIGHTMAN’s axioms
are established for stress-energy tensors of all central charges ¢ (cf section [1.2),
hence these models were established as chiral nets in [BSM90] already. The chiral
net generated by a stress-energy tensor with central charge ¢ will be called the
Virasoro model Vir,.

Intermediate results which were obtained in order to establish the LG}, models
can be used to show that for every simple colour algebra g the action of the
modes on /™ extends to a WIGHTMAN theory of chiral currents. This covers
in particular the four cases Eg_g, Fy for which there are no quark models at level
1, and it will be applied in the context of current subalgebras (see section 3). The
proof of the following proposition relies mainly on results of TOLEDANO-LAREDO
'TL97, TL99], but the statement has not appeared explicitly, yet:

Proposition II1.2: For every compact, simple colour algebra g and at every
positive, integer level k the corresponding current algebra exists as a conformally
covariant chiral quantum field theory in agreement with WIGHTMAN s azioms.

Proof: We start from the action of the Hermitian modes j2 on the pre-HILBERT
space 7", which we introduced above. The closure of J#/" the HILBERT
space 7, is separable by construction.

4The relevant results are contained in [Kac90, theorem 11.12] (unitarity), [GW85, TL99]
(integrability), [Lok94] (locality etc).
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One controls the action of the modes 71 in terms of Sobolev norms:
€Nl =111+ Lo)¢ll, € €™, seR. (111.37)

The right-hand side may be calculated by expansion into energy eigenvectors.
The closure of /™ with respect to the norm ||.|, is called the scale 5, and the
space S = ), J, is the space of smooth vectors for the action of the conformal
Hamiltonian Ly. Since Ly has a total set of eigenvectors, its closure is essentially
self-adjoint on 2.

The commutation relations of the modes j2 yield bounds for their action on
7™ in terms of the norms ||.||, [GW84]. These allow to prove that this action
on /" extends to a jointly continuous mapping lg x > — 7> such that the
commutation relations (II1.21) are satisfied, ie we have a projective representation
of lg on > [TLI7, corollary 1.3.1]. Hence, the currents j¢ are local.

The matrix elements of currents, namely (v, jNa( fow), v,w € FH>, define
tempered distributions on C*°(S') by the definition of the topology on lg. The
currents j2(f.) for real f. are essentially self-adjoint on #*°, which means that
all currents are closable operators [TL97, corollary 1.3.1].

> is the WIGHTMAN domain of the currents. It is clear that the vacuum is
cyclic for the currents, since J# = J#. Arguments given in [BSM90] show that
the Hermitian linear combinations of Ly y; satisfy linear energy bounds with
respect to Ly and hence exponentiate to a positive-energy representation U of
PSL(2,R) [Fr677]. Obviously, CS is the space of U-invariant vectors.

The action of the current modes and of the L,, on S#7" exponentiates uniquely
to a projective representation of LG x Diff, (S') [GW84, TL99]. This shows that
the currents are covariant with respect to U.

O

Irreducible, locally normal representations 7 of LG}, on a HILBERT space .7
yield unitary, strongly continuous, projective representations of £G. This can
be seen looking at the one-parameter groups in £G. Referring to a basis {7}
of g, a general element in lg is given in terms of an dg-tuple f. = (f@), of
smooth functions, and the one-parameter subgroups are of the form g; () =
exp(—it Y., fDT*). With respect to a partition of unity on S' by two smooth,
non-negative functions x1.2, supp(x12) € S', we see that a locally normal rep-
resentation LG, defines a strongly continuous mapping from the one-parameter
subgroups of LG to the unitaries on J%,. In a neighbourhood of the identity
the exponential map exp : l[g — LG is a homeomorphism, and thus we have® a
unitary, strongly continuous, projective representation of LG.

The diffeomorphism symmetry of loop groups can be used to show that every
locally normal representation is automatically covariant with respect to PSL(2, R)
(see section |[Al5), but it is not clear a priori that the representation is of positive

For an analogous argument on the Vir, models one may use lemma
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energy. Likewise, there is no argument yet which ensures an action of lg on a
dense subspace of smooth vectors in representation space.

Therefore, it is not sure whether the locally normal representations are covered
by the classification of unitarisable highest-weight representations of lg at level k
in terms of the Weyl-alcove condition (eg [Fuc92, (2.4.26)]). These representations
are completely determined by the action of the horizontal subalgebra on the lowest
energy eigenspace, that is by the highest weight A of this irreducible, unitary
representation of g. We discuss the WEYL-alcove condition for [su(n) in detail.

A is of the form A = 327" A where the A@) are the fundamental weights
of su(n) and the \; are non-negative integers. The WEYL-alcove condition for
Isu(n) at level k reads: Y27 \; < k. We denote the set of highest weights A
satisfying this condition by P¥(SU(n)). The corresponding (projective) highest-
weight representations of /g are known to exponentiate to unitary, projective
representations of LSU (n) with positive energy [GW84], which form locally nor-
mal representations of LSU(n), (covariant with positive energy) [Was98].

The fusion rules of these positive energy representations of £SU(n), are
known to coincide with the ones expected from operator product expansions
[Was98] which means that their statistical dimensions coincide with the asymp-
totic dimensions of the corresponding highest weights (eg [Fuc94, Fuc92]), which
shall be denoted dy, A € P¥(SU(n)). XU has calculated the p-index [KLMO1] of
these models explicitly as [XuOOb, theorem 4.1]:

pw(LSUm)) = > d}. (I11.38)

AEPE(SU (n))

Because the p-index is finite and since the models are strongly additive [TL97]
and split [GF93], the chiral nets LSU(n), are completely rational [KLMO1], and
by the value of the p-index the unitarisable, highest-weight representations are
known to exhaust all sectors [KLMO01, theorem 33].

This result opens the door to the classification of locally normal representa-
tions of many other chiral nets; in this work it will be needed only in the proof of
proposition V.16 where it is shown that LFE(8), has only one sector. The identi-
fication of all sectors of the Vir..; models [KLO02] is another achievement of this
sort, cf section V.3.1.

3 Current subalgebras as instructive examples

An injective LIE algebra homomorphism ¢ from a reductive colour algebra b into
a reductive colour algebra g, denoted ¢ : h — g, is regarded as an inclusion of
L1E algebras ¢(h) C g. It clear from the current algebra (IIL.5) that the inclusion
of colour algebras induces an inclusion of the corresponding current algebras. By
theorem [TI1.1] the inclusion of current algebras yields a chiral subnet, the current
subalgebra, which we denote by A C B.
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The SUGAWARA construction endows the current subalgebra associated with
1(h) with its own stress-energy tensor ©4". Since ©“" and ©¢ obey the same
commutation relations with currents of colour in «(h), the tensor ©¢ — 0" com-
mutes with all these currents and hence with ©®. It follows that ©% — @9
satisfies the LUSCHER-MACK commutation relations (I11.13) with central charge
cg — C,(p) and, therefore, it defines a stress-energy tensor. ©% — 04" is called the
Coset stress-energy tensor (associated with the respective current subalgebra).

It is clear from the arguments of BUCHHOLZ AND SCHULZ-MIRBACH [BSM90]
that the COSET stress-energy tensor generates a chiral subnet of B which is
contained in C,,,,. As arguments below show, the Hermitian linear combinations
of modes Lgﬁ)l of ©' generate the BORCHERS-SUGAWARA representation U4 of
A C B and the corresponding modes of the COSET stress-energy tensor generate
U, which coincides with the BORCHERS-SUGAWARA representation USme of
the maximal COSET model C,,,, associated with A C B (cf section [1/2).

If we have ©9 = ©'M ie cos = cgun, then the inclusion c(h) is called a
conformal inclusion or conformal embedding. The following theorem [IIL.3| shows
that this notion of conformal inclusion coincides, for current subalgebras, with
the one given in definition I11.21.

We now establish that the Additional Assumption on U4 needed in chapter
IV!is satisfied for current subalgebras (cf page 65). The covering projection from
Diff, (S')~ onto Diff, (S') is denoted by p. The subgroup of diffeomorphisms ¢
which are localised in some I € S!, ie which satisfy ¢ | I’ = id | I, is denoted
as Diff;(S'). Localised diffeomorphisms ¢ will be identified with their preimage
p~!(p) in the first sheet of the covering:

Theorem II1.3: Let the chiral subnet A C B stem from an embedding of chiral
current algebras and let C,,q, denote the maximal COSET model associated with
this inclusion. Then there are unitary, projective representations Y5 of Diff, (S')
and T4, Y€ of Diff (S*)™ having the following properties:

o It holds true: T8 op(@) = TA(P)YC(p), ¢ € Diff, (SH)~.
o For ¢ € Diff;(S'), I € S*, we have:

T5(¢) € BU), T4(p7'(9) € AI), T(p™'(¢)) € Crnas(1).  (IIL39)

o For all elements g of the universal covering group of global conformal trans-
formations, PSL(2,R)™, holds true:

TE(p(9)) = U(p(g) . TG = UG .
T°(g) = U*(g) = US=(g).  (I140)

Proof: The representations of current algebras induced by embeddings ¢(h) C
g, b, g reductive colour algebras, are known to be completely reducible into
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irreducible highest-weight representations of the current algebra associated with
t(h); this yields branchings of the vacuum representation space .7 of the current
algebra associated with g of the form [Kac90, §12.12] [KP84, §4.9] [KW88]:

H =P Ay @ H; (I11.41)
A

Here () is the multiplicity space of the highest-weight representation m, living
on J#,; the corresponding representations are of the form Ny ® ma(.).

The HILBERT space 7 is completely reducible into irreducible highest-weight
representations with respect to the action of the SUGAWARA stress-energy ten-
sor ©F of B and the representation spaces s# are completely reducible into
highest-weight representations with respect to the stress-energy tensor ©4 of A
[Kac90, §11.12]. These representations exponentiate to projective representations
of Diff, (Sh)~ [GW85, TL99]. In the latter reference it is shown that the cocy-
cles of the irreducible, exponentiated highest-weight representations stemming
from ©F all coincide. Therefore, we can take their direct sum which defines
a projective representation of Diff, (S')~; we denote this representation by Y.
Mutatis mutandis, the same is true for the direct sum of irreducible, projective
representations of Diff, (S')™ stemming from ©4, which we write as T

Because the spectrum of the conformal Hamiltonian, the zeroth mode of ©5,
is integer, it is clear that the kernel of p, the cyclic group generated by R(Qﬂ), is
represented trivially in Y®. Thus, T? is a projective representation of Diff, (S').

The exponentiated self-adjoint integrals of the stress-energy tensor represent
the one-parameter groups in T2 and T4, respectively [Lok94, proposition 1.1.13].
HaAG duality of B and linear energy bounds (theorem TII.1, [BSM90]) imply that
localised one-parameter groups of diffeomorphisms are represented in T2, T4 by
local operators. Moreover, T commutes with the cyclic projection e4 onto A
because of the SUGAWARA construction; modular covariance of the subnet A C B
implies that localised one-parameter groups of diffeomorphisms are represented in
T4 by local observables in A. According to [Lok94, proposition V.2.1], products
of one-parameter groups in Diff;(S') are dense in Diff;(S'), which proves the
statement in (II1.39) for Y5 and TA.

The Hermitian linear combinations of the modes Lo@,L of ©4 satisfy linear
energy bounds by arguments as in [BSM90] and integrate to a representation of
PSL(2,R)™ [Fro77], which we know to be globally inner in A and which has the
same infinitesimal action as U on the currents in \A. Denoting the corresponding
linear combinations of generators of U4 by Ly, we recognise that L' — Lo,
i = 0,+£1, defines an abelian and hence trivial representation of s[(2). This yields
the statement on Y in (IIL40). By the same line of argument we see that U
and Y5 coincide for global conformal transformations.

The CoSET Hamiltonian, Ly — Lg', defines an energy grading on the multi-
plicity spaces .7,y with finite-dimensional energy eigenspaces. Hence we know
that the 4y are completely reducible into highest-weight representations with



o6 Subnets of chiral current algebras I11.4

respect to the action of the COSET stress-energy tensor [Kac90, §11.12]. These
representations yield a projective, unitary representation Y¢ of Diff +(Sl)°° (see
arguments above on T#). In order to show the statement in (I11.39), it is sufficient
to look at localised one-parameter groups for which it is seen to hold immediately.
The statement concerning Y¢ in (IIL.40)) is obvious. The identity TP op = TAYC
follows from the uniqueness of the exponentiation and from ©8 = 64+ (05 —-64).
O

Remarks: Chiral current algebras are known to be strongly additive [TLI7,
corollary IV.1.3.3], [HL82, BSM90] which means that the local algebras of the
maximal COSET model C,,q,(I) associated with a current subalgebra coincide
with the respective local relative commutants C;. If the COSET stress-energy
tensor has central charge ¢ < 1, the COSET model generated by Y€ is strongly
additive [KL02, Xu03]. In this case, the subnet A, (see equation I1.22) is
automatically given by the local relative commutants of Cyq, (lemma [T1.4).

If the COSET central charge is greater than 1, the subnet generated by Y is
not strongly additive [BSM90]. The discussion of the following chapter applies
directly to all COSET models of current subalgebras containing Y¢, but the ar-
guments indicate that our analysis probably admits extensions to subnets which
do not possess a stress-energy tensor at all (cf discussion in chapter [VII)).

4 Conformal covariance subalgebras

Conformal inclusions of chiral current algebras are of interest for a large variety
of reasons. Their classification was undertaken some time ago, because they are
particularly relevant to string theory: they make string compactification possible
without altering conformal covariance. Using general arguments this task was
transferred to checking maximal inclusions of reductive LIE algebras in simple
LIk algebras, for which a classification was available already, mainly due to the
work of DYNKIN [Dyn57a, Dyn57b|. The classification of conformal inclusions
was thus achieved, looking at the central charge of the respective stress-energy
tensors, by several authors [AGO87, BB87, SW86].

Many of the conformal inclusions were found to correspond to symmetric
spaces (cf [GNOS85, Dab96| in particular), and isotropy irreducibility of the coset
space proved a useful yet neither necessary nor sufficient criterion for an inclusion
being conformal. We undertake a complete characterisation of conformal inclu-
sions by means of straightforward arguments familiar in (axiomatic) quantum
field theory. On the course we prove a longstandin& conjecture of SCHELLEKENS
AND WARNER [SWS6].

We use properties of any WIGHTMAN quantum field theory: positivity of
energy, separating property of the vacuum for local quantum fields, and unitarity.
Our analysis clarifies the situation in natural group theoretical terms and in direct

6To the author’s surprise, there does not seem to be a proof available yet.
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correspondence to quantum field theoretical notions. In addition, there is no need
to specialise in maximal subalgebras and our approach is rather direct in that
respect.

The methods applied here arise from a more general question: how does the
inner-implementing representation U+, uniquely associated with every covari-
ant subtheory A of a chiral conformal theory B by means of the BORCHERS-
SUGAWARA construction (section [IT12), act on the observables of the ambient
theory B? While detailed knowledge of the action of the SUGAWARA stress-energy
tensor of a current subalgebra on the currents of the larger current algebra (equa-
tion I11.42) does not directly lead to an understanding of the geometric character
of this action, it is helpful for characterising the currents on which this action
implements conformal covariance. The geometrical impact is resolved in chapter
in a broader setting.

We proceed as follows: In the following subsection we introduce notations and
conventions, prove the conjecture of SCHELLEKENS AND WARNER and provide
a direct argument for conformal inclusions being necessarily restricted to level 1.
The second subsection is about studying conformal covariance subalgebras associ-
ated to LIE algebra inclusions, these being intermediate to the original inclusion,
if not trivial. The section will be closed by a simple characterisation of Coset
currents, ie current subalgebras commuting with the given current subalgebra.
The contents of this section are available as [K&s03b].

4.1 Characterisation of conformal inclusions

We study a current algebra with colours in a Simpleﬁ , compact LIE algebra g as
quantum fields on the chiral light-ray. Basis elements of g will be denoted by T'%;
they give the colour of the corresponding current j7¢. The current algebra is given
by the following commutation relations:

)3 (0)] = 4 @) — ) + kol s )

gg denotes the KILLING metric of g, . its structure constants and & the current
algebra’s level; k is a positive integer.

By embedding a reductive LIE subalgebra b into g via an injective homo-
morphism ¢ : h — g we have an associated current subalgebra. b consists of
several simple ideals, denoted (for the time being) by bh,, and an abelian ideal
of dimension n > 0. The inclusions ¢(h,) C g are partly characterised by their
Dynkin index I,, which is defined through the relation I,g% = g;(a)b(b) between
the KILLING metric of §,, denoted ¢, and the restriction of the KILLING met-
ric of g to ¢(h,). The commutation relations (I11.5) take the following form for

"General reasoning leads to an extension of the following discussion to inclusions of reductive
subalgebras in reductive LIE algebras, cf eg [AGOS87].
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currents associated with colours in ¢(h,):

[ (@), 5O ()] = if D" (@)d(x — y) + L kg“b¥5’($ —y) -

The infinitesimal conformal transformations are implemented by the adjoint
action of the SUGAWARA stress-energy tensor ©9, see equation (I11.11). Restrict-
ing to colours in ¢(h,) the SUGAWARA stress-energy tensor ©% has the same
commutation relations with currents associated with colours in ¢(h,) as ©%

™
Ha) j (b):(x).

Vgab .]

O%(x) = Ik + g

For the abelian ideal we adopt the following conventions: Ign := 1, gg. := 0,
g, = gL(Z)L( ). Using these as input all the formulas above apply to currents
associated with colours in ¢(R™). We shall, therefore, drop the distinction between
simple and abelian ideals of h and use the symbol b, for any simple or the abelian
ideal from now on.

With this general notation the action of a stress-energy tensor ©¢ on an

arbitrary current j¢ reads:

« :C s L C e
[@ (I)vj (y>] - mgab f ()j +j ,]() ( )5((L’—y)
i) @) e —y)
) 1 id a\ ¢ S/ -
MG EA G SR G OF (II1.42)

This equation is obtained by applying the current algebra and the normal ordering
prescription for currents (see equation II1.10). The matrix C¢ stands for the
second CASIMIR element of b, in the representation Adgoe | b, if b, is a simple
ideal. In any case we have:

(Oza)dc = 9317 2'J“(b)ed Z'Jm(a)ce = ggb(AdTL(b) AdTL(“))dC

Taking the trace of this matrix one may readily see that it does not vanish for
the abelian ideal.

Now we are prepared to state and prove our main result. SCHELLEKENS AND
WARNER conjectured it in their discussion closing [SW86].

Theorem II1.4: The following holds true for the weighted Casimir element
Cé(h) of u(h) (P, stands for the projection onto t(h,)):

= —= < 1. 4
G = Sk e (HL43)

This inequality is saturated if and only if 1(h) C g yields a conformal inclusion,

ey 0 — 0 — e,
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Proof: By invariance of ¢g¢ the orthocomplementation g = ¢(h) + ¢(h)* provides
a reduction of the representation Adgot. We have CF | 1(h) = 2gy P,, ie 5;“’) i
t(h) = 1, and the inequality only remains to be proven for colours orthogonal
to «(h), where P, | «(h)t = 0. Because all CASIMIR elements commute and all
are positive operators, we assume as well that T is a common eigenvector for all
linear mappings C¥'.

We prove the inequality by looking at specific expectation values of the COSET
Hamiltonian L§ — Lg. This is a positive operator, which is given by the COSET
stress-energy tensor % — 049 smeared with the test function &1, (z) = s(22+1).
The infinitesimal action of a conformal Hamilton operator on the test function of
a smeared field covariant with respect to it shall be abbreviated by [, ie we have

L8,5°(g) = i / Qg (2)E 1o (2)°(z) = i / dx(log)(2)§°(x) = i §°(log)

Using the general commutation relation (II[.42), calculating two and three
point functions of currents (cf [FST89]), observing that some group-theoretical
tensors involved are null for reasons of permutation symmetry/ antisymmetry
and carefully taking into account the normal ordering of currents [FST89] one
arrives at the following formula:

0 < (5% (L — LY)i(9)Q)

- i(l—;%)<a,jc<g>wzogm> S (L)

The desired inequality may be established through division by (€2, 5¢(¢9)1j¢(log)Q2),
which does not vanish for generic ¢ and is positive as an expectation value of
Lo > 0.

If we have ©? = 0" (II1.43) is saturated on «(h) trivially (C§Ps = 2gY6%5)
and because of on ¢(h)* as well, hence on all of g. The conclusion in the
opposite direction is, actually, a consequence of equation (I11.45) in proposition
II1.6: This leads to trivial commutation relations for ©9 — 0™ especially to
g = ¢y, which yields, by the REEH-SCHLIEDER theorem, ©¢ — 04" = (.

O

Corollary II1.5: An embedding (b)) C g can give rise to a conformal inclusion

of the associated current algebras only, if the current algebra associated with g
has level k = 1.

Proof: Highest-weight representations of current algebras may be characterised
uniquely by a vector of lowest energy which is a highest-weight vector with respect
to the horizontal subalgebra. We look at the representation defined by the highest
weight 14 of the adjoint representation of g. Since 14 has, by the usual convention,
length 2, this representation is in accordance with the WEYL-alcove condition
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[FST89, (4.51)] for unitary representations of current algebras for k& > 2. The
following argument applies, therefore, to all but level 1.

Actually, we may restrict attention to the action of L§ — Lg on gty the
highest weight module of g generated from the vector with lowest energy and
highest weight 1)4. Here we have (cf equation I11.30):

gy )
< s _ Lb =29 71— .

This implies a strictly sharper bound than (I11.43) and by theorem [II1.4] this
immediately yields the desired result.
0J

4.2 Covariant and invariant colours

After we have given a characterisation of conformal inclusions ¢(h) C g, we now
pursue further the structures in colour space which are associated with the action
of 9 on currents with colours in g. We find that covariant and invariant
colours form reductive LIE algebras, the first being intermediate to the original
embedding «(h) C g, the second being orthogonal to and commuting with it.

All these results are in terms on the weighted CASIMIR element 5;“” of the LIE
algebra ¢(h).
The following is the main ingredient of the results in this section:

Proposition I11.6: For an arbitrary colour T¢ € g we have:
L -C 2
I[(®° = &™) (f). ()]
= 8kr*{(1— CHT,CIT)g Af -9, f - 9)
(L= COT, (A= CNT) A (F g f-g) . (11L45)

Here (., .>g stands for the scalar product on g induced by the KILLING form. We
define:

Ik +gY)
The two-point function of ®¢ is given by:

c 1 a ru(b)c cv(a) d (a
@°(x) ::Zz(igabf(b)d:]()]d"i_]d]():(x)

(Q, D () (1)) = 2kA (z — y) (1 — CHT<, CIT®), . (I11.46)

The numerical distributions in these formulae are given by:
B(Fog.fw9) = @0 [[dedy (ille =)~ ) T-g(@)f - gl0).
B(Fg.teg) = n)? [[dedy lie - ) - i) *Tg0)s - o).
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Proof: We will not give the derivation of these formulae in detail. We rather
indicate their verification. First, one may restrict attention to colours T¢ €
t(h)* since the weighted CASIMIR respects the orthogonal decomposition g =
1(h) @ 1(h)* with respect to Ad o and O — O commutes with all currents
whose colours are in «(h). “All” that one has to do is to apply the general
commutation relation (II1.42) restricted to colours from ¢(h)+, follow carefully the
normal ordering of currents, observe symmetries of group theoretical coefficients,
keep in mind 7°¢ € «(h)*, calculate some n-point functions of currents following
the scheme in [FST89], use JACOBI's identity a few times and recognise the second
CASIMIR element in the adjoint representation, which amounts to twice the dual
COXETER number. With all that, it is a straightforward algebraic exercise.
O

Taking g as the test function of constant value 1, equation (II1.45) implies
CY(1 — CY) > 0, from which we immediately get inequality (IIL43), and the
second statement in theorem TII.4/follows from (I11.45), too.

Definition II1.7: A current j¢ is said to transform covariantly with respect

to ' if and only if [©%(f),7(g)] = [@L(h)(f)>jc(g)] V19

The proof of the following corollary shows that, in fact, it is sufficient to require
the equality to hold for a few, but sufficiently many test functions: two suitable
pairs (f;, g;), i = 1,2, are enough.

Corollary IT1.8: A current j¢ transforms covariantly with respect to ©“  if
and only if its colour fulfills: éé(b)Tc = T¢. These covariant colours form
a reductive LIE algebra, €, containing v(h) as a subalgebra. The currents with
colours in € form the conformal covariance subalgebra. If ¢ # (), then the
level of the current algebra associated with g has to be k = 1.

Proof: If we have 5§(h)TC = T° we know from the variant of the REEH-
SCHLIEDER theorem (eg [Jos65, lemma 2, section V.3.B]) and proposition TI1.6|
above, that j¢ and the COSET stress-energy tensor commute. This is another
way of saying: j¢ transforms covariantly with respect to ©".

Conversely: If j¢ is covariant with respect to ©“" the group theoretical scalar
products in equation (II1.45) have to be zero, since the numerical distributions
involved are linearly independent. The second one of these is the norm of (1 —
CyNYTe, which makes the equation C4"7T° = T° valid.

Now, if T and T* are covariant colours, then so is —i[T,T"]. This becomes
clear, if one observes f%.j¢(g) = —i[j*([1]),j%(g)], where [1] is a constant test
function: [1](z) = 1.

The reductivity of € is not difficult to prove, either. £ is a subspace of g,
endowed with an invariant scalar product, which is given by the restriction of the
KiLLING form on g. By invariance of this scalar product on € with respect to Adp
(this being a mere restriction of invariance under Adg) any invariant subspace of
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t has an invariant orthogonal complement. Now this is complete reducibility of
Ady and by [Cor89, 25.3.a] £ is reductive.

Since one can reduce the problem of understanding all conformal inclusions
to the studies of reductive inclusions in simple LIE algebras (cf eg [AGO87]) the
last part of the claim follows immediately from corollary [TIT.5} as ¢(h) C € is, by
construction of €, a conformal inclusion and the DYNKIN indices of the simple

ideals in ¢ are greater than or equal to 1.
O

Corollary II1.9: A current j¢, whose colour T€ lies in t(h)* and fulfills 5§(h)TC =
0, commutes with the entire current algebra associated with t(h). These colours
form a reductive LIE algebra, the algebra of invariant colours; we call their
current algebra Coset current algebra.

Proof: We set Vj := k;er(é;(h)) Nu(h)t. V4 is an invariant subspace with respect
to the action of h on g via Adgo¢. In fact, it is the representation space for the
trivial subrepresentation on ¢(h)+: For any simple ideal b, we have by complete
reducibility C5 | Vo = >, (A +2p,A), = 0. Since both the WEYL vector p
and the contributing highest weight vectors A are dominant, we have A = 0. For
the abelian ideal the irreducible subrepresentations on V are given by common
eigenvectors, such that C¥ v = 9y N Mv = 0. This gives the same result.
This means, that all of V{j commutes with «(h), ie Vo C «(h). We gain directly:
Vo = u(h)" Ne(h)*.

By JACOBTI’s identity and invariance of the KILLING metric, ¢(h)'Ne(h)* forms
a LIE subalgebra of g. This is reductive by the same argument as in the proof to
corollary [III.8.
O

Generically, the COSET theory is not generated by COSET currents, although
there are examples of this structure [KNS88]. Obviously ¢(h) & (¢(h) Ne(h)*) C
g has to be a conformal inclusion for that to be the case, since the COSET
stress-energy tensor has to be the SUGAWARA stress-energy tensor of the current
algebra associated with ¢(h) Ne(h)L. CASIMIR elements of ¢(h) Ne(h)* give, when
transferred to the corresponding horizontal subalgebra, charge operators of the
COoSET theory. These will, in general, fail to separate the representations of the
COSET theory. The same goes for the CARTAN subalgebra of +(h) Nw(h)*, whose
spectrum defines characters of the representations of the COSET theory. The
COSET current algebra is trivial for all inclusions with minimal COSET theory:
Here the COSET theory is generated by the COSET stress-energy tensor and this
theory contains nothing but this field [Car98]. Triviality of COSET current algebra
ought to be regarded as the generic situation.

Currents j¢ leading to vanishing ®¢ are linear combinations of covariant and
COSET currents (proposition IIL1.6). This is obvious, since a decomposition of 7
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into eigenvectors of 5;’ with distinct eigenvalues \ yields:

(L= CNT,CIT)g =D AL = ANTK, T), -

As 0 < A <1 this scalar product vanishes, if and only if just 0 and 1 contribute.
This means, that there are no currents with a “simple” intermediate transforma-
tion behaviour with respect to the action of @9 . Typically, a current j¢ has
®° £ 0, ie a “complicated” transformation behaviour. By the analysis in chapter
IV this behaviour will be seen to be physically satisfactory, still.



Chapter IV

Local Nature of COSET Models

In this chapter we discuss the action of the inner-implementing representation
UA of a chiral subnet A C B on general local observables in B. The first section
studies the “geometric impact” of U4, ie the localisation of AdyagB(I) depend-
ing on I € S! and g € PSL(2,R)~. Intuitively, we do not expect an observable of
B to be more sensitive to the action of Adya than to that of Ady: the generator
of translations, P, is known to decompose into two commuting positive parts,
P = PA+ P# and regarding them as chiral analogues of Hamiltonians leads us
to the expectation that P4 should not transport observables of B “faster” than
P itself. A typical observable B in B should exhibit a behaviour interpolating
between invariance (B in C,,.,) and covariance (B in A,,qz)-

For this behaviour to be ensured we have, as it turns out, only to show that
scale transformations represented through U+ respect the two fixed points of
scale transformations, namely 0 and oo, when acting on B. We can prove this to
be the case in presence of a stress-energy tensor and it seems natural in any case.
The sub-geometrical transformation behaviour for translations, which we expect,
then follows by results of BORCHERS [Bor97a, Bor97b| using the spectrum con-
dition and modular theory. We collected, rearranged and reformulated results of
BORCHERS and WIESBROCK in order to provide a natural converse of Borchers’
theorem on half-sided translations, which was not yet available in the literature.
By extending the analysis to general conformal transformations we arrive at the
notion of net-endomorphism property for the action of U4 on B.

In the second section we use the net-endomorphic action of U4 to construct
from the chiral conformal theory B a conformal net in 1+1 dimensions which
contains the chiral algebras as time-zero algebras. The result satisfies all axioms
of a 1+1-dimensional conformal quantum theory, except that not translations
in futurelike directions have positive spectrum but rather translations in right
spacelike directions. While this prohibits interpreting the picture of chiral ho-
lography as genuinely physical, it provides a helpful geometrical framework of a
quasi-theory in 14+1 dimensions. The maximal COSET model appears as a sub-
theory of chiral observables and hence we make contact with results of REHREN

64
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[Reh00], which have interesting consequences for known examples.

In the last section we provide our solution to the isotony problem (main
theorem IV.13), ie we establish the local nature of the maximal COSET model.
We start by giving a new characterisation of C,,,, making use of the particular
structure of the group of chiral conformal transformations. And then, again, the
presence of a stress-energy tensor for A is only needed in order to establish a
rather natural, but crucial lemma on the representation of scale transformations
through U4. Most of this chapter is available as [K6s03c].

1 Net-endomorphism Property

In the following we deduce, step by step, the sub-geometric character of the
adjoint action of U# (and of U4) on B. The analysis relies on a single property
of the dilatations in U#. The notion of net-endomorphisms arises naturally in
the course of the argument and will be discussed at the end of this section. We,
therefore, define:

Definition IV.1: U“‘tz’s said to have the net-endomorphism property, if the
adjoint action of UA(D(t)), t € R, defines a group of automorphisms of B(S.).

The net-endomorphism property holds making the following

Additional Assumption: There is a unitary, strongly continuous, projective
representation YA of the universal covering group of orientation preserving dif-
feomorphisms of the circle, Diff (S')~, on S such that:

o If a diffeomorphism ¢ € Diff, (S') is localised in I € S', ie o [ I'=14id | I,
it is represented by a local observable of A, namely: TA(p~1(¢)) € A(I).

o TA(D(t))UAD(t))* € Ci1 for all t € R.

Here, the covering projection from Diff, (S')~ onto Diff, (S') is denoted by p.
Localised diffeomorphisms ¢ are identified with their preimage p~*(¢) in the first
sheet of the covering.

The ADDITIONAL ASSUMPTION only enters through the lemmas IV.2 and
IV.12, which we believe to hold true in a lot more general circumstances. It
was verified in presence of an integrable stress-energy tensor in A for current
subalgebras in theorem [IIL.3l In this case the representations T4 | PSL(2,R)™
and U* coincide, whereas we have only assumed that the respective generators
agree up to a multiple of 1. At this point we want to stress: We do not assume .4
to be diffeomorphism covariant, ie the adjoint action of T4 on A to implement a
geometric, automorphic action of Diff, (S*) on A.

Lemma IV.2: U4 has the net-endomorphism property, if the ADDITIONAL As-
SUMPTION holds.
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Proof: By lemma [A.4 there exist, for small ¢ € R, diffeomorphisms ¢., gs lo-
calised in arbitrarily small neighbourhoods of —1 and 1, respectively, and dif-
feomorphisms ¢g,, g_ localised in S}r and S! . respectively, such that we have:
D(t) = g+g-gsg.. If the closure of a proper interval I is contained in S}, we have
with an appropriate choice of g5, g. by the ADDITIONAL ASSUMPTION :

UAD0)BIUAD()" = T4~ (g:4))BU)TA(p~H(g4)) C B(SL) . (IV.1)

Because B(S.) is continuous from the inside, we see that Ady, A(pH(y) induces an

endomorphism of B(S}). The same holds true for UA(D(—t)) and, therefore,
these endomorphisms are automorphisms.
O

Remark: From formula we readily see that a stress-energy tensor yields
lemma [IV.2 without any direct reference to the structure of Diff, (S') or, indeed,
the LUSCHER-MACK algebra (I11.13).

The next step is to give a characterisation of one-parameter groups of unitary
operators which define, by their adjoint action, endomorphism semigroups of a
standard V.NEUMANN algebra. The following theorem is mainly a new formu-
lation of results by BORCHERS and WIESBROCK. It appears to be a natural
converse of Borchers’ theorem on half-sided translations. The methods involved
in the proof are completely standard, but the result ought to be made availableE.

Theorem IV.3: Assume M C B(J) to be a V.NEUMANN algebra having a
cyclic and separating vector €2 in the separable HILBERT space . J, A shall
stand for the modular data of this pair. Let V (t), t € R, be a strongly continuous
one-parameter group. Then any two from {WLW, ii1)} imply the remaining two
in the list below; W yields W, W, W
i) a V(s)=e H>0,
b. V(s) MV (s)* C M, s > 0.
i) a. V(s)2=Q, seR,
b. V(s)MV(s)* C M, s > 0.
i) a. AUV (s)ATE =V (e ?s), JV(s)J =V (—s), t,s € R,
b. V(s)MV(s)* C M, s > 0.
a. V(s)=¢es H >0,
b. AV (s) A7 =V (e *™s), t,s € R,
c. (M Q,V(symyQ)>0,5>0, my € My, m/, e M.

LCompare [Dav96] for another characterisation of endomorphism semigroups related to BOR-
CHERS’ theorem.



V.1 Net-endomorphism Property 67

M, denotes the cone of positive elements in M, M, the cone of positive elements
in its commutant M’.

Proof: Most of the implications were proved by BORCHERS and WIESBROCK,
respectively: 1) Alil) = [iil): [Bor92] (cf [F1o98]); i) Aliil) =[i): [Wie92]; i) Aliii) =
[Bor98]; i) Alii) Aliii)| = iv): [BR&7, proposition 2.5.27].

We prove the remaining statement, namely @ = @/\@/\@, by reduction to
[Bor97a, theorem 1.1]. As a first step we look at the domain of entire analytic
vectors with respect to A%, which we denote by Da, and derive an analytic
continuation of relation as a quadratic form on Da. We define:

F(z,w) = (A%, & AG)

According to the spectrum condition on H, F' is analytic in w for 0 < Im(w) < %,
and this function is bounded and continuous for the closure of this region; the
region itself shall be denoted by S. In fact, by HARTOG’s theorem, F'is analytic on
C xS as a function in two complex variables. We make full use of relation iv)b. by
looking at another function G, which agrees with F for 0 < Im(w) + Im(z) < 3

G(z,w) = (e M)
Evaluating at w € R and z = i' we get:
(A, e ATIG) = (4,07 g) (1V.2)

Both v, ¢ are of the form ¢ = A~1¢, ¢ = A1/, 1, ¢/ € Da. Since the set of
such v’, ¢’ is dense in 7, the equation above becomes an equation for bounded
operators, which yields:

esH = A~1e™HAT 530, (IV.3)

Next, we show invariance of 2 following arguments from the proof of [Bor98,
lemma 2.3.c]: let E be the projection onto the eigenvectors of A having eigenvalue
1. Multiplying the identity (IV.3) from both sides by E leads to:

Ee*"E =Fe1E, s>0.
Here, the right hand side is a positive operator and thus we have as well:
(Be*HE)" = Be™™"E = Ee*"E = Ee*P'E, s> 0.

According to a standard argumenﬁ, this invariance with respect to conjugation
yields: Ee®E = Ee®™F = E. Therefore, all vectors ¢ satisfying ¢ = F¢ are
invariant under the action of V' and this means in particular: V(s)Q2 = Q, Vs € R.

2 Alternatively, one may use the same statement in [Bor97b, theorem 2.5].

3Such an argument is given, for example, in the proof of corollaryII.16/and uses the spectrum
condition, the PHRAGMEN-LINDELOF theorem, SCHWARZ’ reflection principle and LIOUVILLE’s
theorem.
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It now follows from and [BR87, proposition 2.5.28] that e™*# s > 0,
leaves the natural cone of (M,€) globally fixed. The other assumptions of
[Bor97a, theorem 1.1] are the identities:

. _ i _ep—27t
AzteHsAzt :636 H’ 820,

e s = Q, s>0.

These relations are obvious by analytic continuation of results derived above.
By [Bor97a, theorem 1.1] the adjoint action of V(s), s > 0, does indeed induce
endomorphisms of M and we have completed the proof.

!

The analytic continuation of the dilatation-translation relation @ to imag-
inary arguments as in (IV.2)) is a consequence of the spectrum condition and does
not follow from general group theoretical bounds (see eg [BR77, chapter 11, §3,
theorem 4]). It does not appear to be possible to drop the assumption iv)a. on
the spectrum condition and to deduce it in the course of the argument, since one
inevitably runs into domain problems (cf [Dav96, theorem 1], [Lon97, corollary
2.8], [BCLIS, proposition 2.4]).

The arguments in the proof of theorem apply, with minor alterations,
to translation groups with negative generator, as eg the special conformal trans-
formations U(S(.)). While J has the same action, JU(S(n))J = U(S(—n)), the
scaling behaviour is opposite:

A"U(S(n))A™™ = U(S(e*™n)) . (IV.4)

The negative spectrum together with the opposite scaling law (IV.4) shows that
the condition characterising endomorphism semi-groups is again given by the one
in W Since the arguments are the same as for the case of positive spectrum
and scaling law ]m, W we state the following corollary without proof:

Corollary IV.4: The statements in theorem IV.3 still hold, if one uses V (s) =

etfs K <0, instead of i)a., |iv)a. and replaces the scaling law in iii)a., |iv)b. by
A"V (s)A™" =V (e?™s), s,t € R.

At this stage our intuition about the geometric impact of U4 on B can be
verified. We will discuss the general situation after the following corollary:

Corollary IV.5: Assume U4 to have the net-endomorphism property. Then the
adjoint action of UX (D(.)) on B(SL) defines a group of automorphisms.

For s > 0 the adjoint action of U(T(s)) induces endomorphisms of B(S!)
and the adjoint action of UA(T(—s)) maps B(SL) into B(T(—s)S). The corre-
sponding statements hold true, if one replaces A by A’ or T(.) by S().

Proof: The statement on Adyu p ) follows from U A" = Uop UA* and covariance
of B. Using the factorisation U(T(s)) = UA(T(s))U* (T(s)), covariance and
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isotony of B, the statement on Adj . (p ) and invariance of (2 with respect to U A
we have the following inequality for all ¢ € R, s > 0, By € B(S})4, B, € B(SL);:

0 < (UX (D)) BLU(

(), U(T(s)UA(D(1))* By U (D(1))9)
= (B,Q,UMNT(s))UX(T(e

(') B+ ) .

In the limit ¢ — —oo strong continuity of UA" implies (B’ Q, UA(T(s)) B, Q) > 0,
which in turn yields the statement on UA(T'(s)), s > 0, by theorem IV.3] because
of the BISOGNANO-WICHMANN property of B and general results on U (section
I112). Following the same argument with A instead of A’ and vice versa leads
to the corresponding statement on U (T(s)), s > 0. If one replaces in both
statements T(s) by S(s), one may apply the argument as well, but using the
limit ¢ — oo and corollary TV 4.

The remainder follows immediately from the following argument, which we
indicate for the translations represented through U#:

Adya_eB(SL) = Adyr-s)Adya i B(SL)
C Adyr-B(S}) = B(T(-s)S) -

O

The geometric impact of a general UA(j), § € PSL(2,R)™, on an arbitrary
local algebra B(I) is discussed easily. We may restrict our attention to group
elements ¢ for which there is a single sheet of the covering projection p containing
both g and the identity, as the following discussion indicates.

Every element g in PSL(2,R) is contained in (at least) one one-parameter
grouﬂg [Mos94, Mos97]. We use the local identification of one-parameter sub-
groups in PSL(2,R) and in PSL(2,R)~, choose a parametrisation such that
g = g(1), id = §(0), and we set v4(I) := U._,p(d(r))I. For g further away
from the identity we set v;(/) := S' and take B(S') to be the algebra of all
bounded operators on 5. Then we have:

Proposition IV.6: Assume UA to have the net-endomorphism property. Then
for any g € PSL(2,R)~ and any I € S*:

AdyagB(I) C B(vg(1)),  AdyagB(I) C B(v(1)) -

Proof: Each proper interval I in S!' may be identified by the ordered pair
consisting of its boundary points, z, and z_. We define three one-parameter
subgroups in PSL(2,R) referring to each I € S! with respect to a particular
choice h € PSL(2,R) satistying hS, = I: D;(.) = hD(.)h™', T;(.) = RT()h 71,
Sr(.) =hS()h.

4] am indebted to D. Guido for providing the reference. In the particular case of PSL(2,R)
this fact may be checked directly (proposition [A.3).
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Each element g in PSL(2,R) is fixed, up to a dilatation Dy(t), by its ac-
tion on {z;,z_}. Under the action of elements g(7), 7 = 0,...,1, interpo-
lating in the one-parameter group associated with ¢ between the identity and
g = g(1), the orbits of z1 are given by monotonous functions z, (7), z_(7). De-
manding s, n, t to depend continuously on 7 and to take value 0 at 7 = 0,
every g(7) may be represented as g(7) = Sty (s(ry(n(7))T7(s(7))Ds(t(7)) or as
(1) = Ts,(n(ry)1(8(7))S1(n(7)) D1 (t(7)). We choose one form which works for all
interpolating elements. By the requirements we have made it is ensured that the
representation works (after obvious identifications) in PSL(2,R)™ as well. Corol-
lary TV.5/implies the claim of the proposition now.

O

This proves in particular: For every I @ S! there is a neighbourhood of the
identity in PSL(2,R)~ for which the action of Adya(y on B(I) delivers local
observables. The result of this proposition can be improved on grounds of some
further assumptions; see proposition [V.11.

We have found Adpa to induce homomorphisms from local algebras of B into
algebras associated with an enlarged localisation region. This sub-geometrical
action respects isotony, ie the net-structure. The adjoint action of U induces
the covariance isomorphisms of local algebras and one usually regards these as
automorphisms of the net B. We consider, therefore, the term net-endomorphisms
appropriate. The automorphic action of Adyap() on B(S}) which we proved
in lemma does not, apparently, follow from the endomorphism property for
translations in corollary This motivated definition TV.1 above.

2 Chiral holography

We give a holographic interpretation of the net-endomorphism property. This
shows that the results achieved so far are satisfactory, and it yields new insights
into structures associated with chiral conformal subnets and their COSET models.

If we define U# x U4 as representation of PSL(2,R)~ x PSL(2,R)™ through
(§,h) — UAG)UA (), this is, in fact, a representation of the conformal sym-
metry group of a local conformal quantum theory in 141 dimensions, which is
isomorphic to (PSL(2,R)~ x PSL(2,R)~)/Z. This factor group arises, if one iden-
tifies the simultaneous rigid conformal rotation by 27, namely (R(27), R(27)),
with the trivial transformation. The last section taught us a lot about the sub-
geometrical action of U4, U4 on the local observables in B. So, it is natural to
look for a relation between the geometrical character of this action and structures
in 1+1 dimensions.

This relation turns out to be a complete correspondence: We construct a
1+1-dimensional, local, conformal theory from the original chiral theory B ap-
plying the net-endomorphism property of U*. In order to prove locality in 1+1
dimensions we are led to a particular choice of light-cone coordinates, by which
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the original local algebras B(I), I € S', are included in the 1+ 1-dimensional
picture as time zero algebras. This choice of coordinates yields an unphysical
spectrum condition: translations in the right spacelike wedge have positive spec-
trum. Whereas this prohibits an interpretation of the new theory as a genuinely
physical one, where we would have positivity of the spectrum in future-like di-
rections, the construction does provide a useful geometrical picture for questions
concerned with chiral subnets and their COSET models. For this reason we have
to regard the result of our construction as a local, conformal quasi-theory in 1+1
dimensions.

If, on the opposite, one takes a conformal local quantum theory in 1+1 di-
mensions and defines a chiral conformal net by restriction to time zero algebras,
a similar phenomenon arises (cf [KLMO1, Lon01]): the spectrum condition dis-
appears altogether, but powerful tools of local quantum theory are available still,
because the REEH-SCHLIEDER property survives. In our case there remains a
spectrum condition from which one can still derive the REEH-SCHLIEDER prop-
erty. In this sense we find a natural “converse” of the restriction process which
justifies the term chiral holography for our construction.

The main result of this section will be proved by making contact with the
analysis of BRUNETTI, GUIDO AND LONGO [BGL93] who discussed conformal
quantum field theories in general spacetime dimensions as local quantum theories
on the conformal covering of the respective MINKOWSKI space given by extensions
of local nets living on MINKOWSKI space itself.

2.1 The holographic quasi-theory in 14+1 dimensions

In 1+1 dimensions, MINKOWSKI space M is the Cartesian product of two chiral
light-rays, which we take as light-cone coordinates of Ml = R x R. One arrives
at the (physical) conformal covering M of M, if one compactifies both light-rays
adding the points at infinity, takes the infinite, simply connected covering of the
compactification S! x S, which yields R x R, and, finally, one identifies all points
which are connected by the action of simultaneous rigid conformal rotations by
2m. The result has the shape of a cylinder having infinite timelike extension: M =
S! x R. Without the final identification we would have spacelike separated copies
of Ml in covering space, which we consider unphysical; conformally covariant
quantum fields can be proven to live on this (physical) conformal covering of
MINKOWSKI space, see [LM75].

Light-rays in M are infinitely extended, universal coverings of the compactified
light-rays and serve well as light-cone coordinates of M. The localisation regions,
which we will consider, are 1+41-dimensional double cones given as Cartesian
products of two intervals, I x J, where I, J are properly contained in a single
copy of S! on the left and right light-rays in M, respectively.

PSL(2,R)™, the universal covering group of the chiral conformal transforma-
tions, has an action on the infinite covering R of S! which is transitive for the
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intervals which are properly contained in a single copy of S'. We exclude the
point of infinity from S and choose a fixed interval I which is properly contained
in the remainder. This interval is identified with its first pre-image in covering
space. For intervals J;, Jr which are properly included in a single copy of St we
choose group elements g, g € PSL(2,R)™ satisfying J;, = g1, Jr = grl. Making
use of this choice we define a set of (local) algebras indexed by 14 1-dimensional
double cones:

B (Jp x Jg) = UMgo)U* (gr)BI)U(GL) U (3r)" - (IV.5)

By covariance of B, the resulting algebra B (J; x Jg) is uniquely determined
by Jr x J R-

Furthermore, we define a covering projection p from R onto S! referring to
the covering projection p : PSL(2,R)~ — PSL(2,R) such that we have: pJp g :=
P(gr.r)I. Because of the close relation between both covering projections and
the fact that the respective argument distinguishes between them, we did not
introduce a new symbol. This definition enables us to state two identities for the
algebras defined in equation (IV.5):

B (Jp x Jg) = UMGrgr H)B(pJr)U*(Gdr )"
= U*(grgr "BPJ)U" (Gric ")

Double cones J x J, which are centered at the time zero axis, are called time
zero double cones and we get for the corresponding time zero algebras:

B*(J x J)=B(pJ) .

Thus, the local algebras of the original chiral conformal theory B are included
into the new quasi-theory B! as time zero algebras:

Theorem IV.7: If A C B is an inclusion of chiral conformal theories and if the
unique inner-implementing representation U associated with this inclusion has
the net-endomorphism property, then equation (IV.5) defines a set B of local
algebras assigned to double cones in 1+1-dimensional conformal space time, M,
having all but one of the usual properties of a local, conformal, weakly additive
quantum theory in 1+1 dimensions (see [BGL93]): the spectrum condition holds
for translations in the right spacelike wedge.

Proof: Obviously, the set B of local algebras is covariant with respect to the
representation U4 x U#'. Because of the identity U*(R(2r))UA (R(27)) = 1
the set B! is in fact labelled by the double cones in M, and UA x U4 is a
representation of the conformal group in 1+1 dimensions, namely the group
(PSL(2,R)~ x PSL(2,R)~)/Z. The spectrum condition for U# x UA" was proved

in corollary II.15.
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Figure IV.1: Chiral transformations and locality in d = 1+1.

The vacuum vector is invariant with respect to U4 x U4 (corollary
and it is a basis for the space of vectors with this property, because the space of
U-invariant vectors is one-dimensional. € is cyclic for all local algebras in B
because of the REEH-SCHLIEDER property of B.

Isotony follows directly from the net-endomorphism property. An inclusion of
1+ 1-dimensional double cones grI x gR[ C hiI x hgl contained in MINKOWSKI
space M, yields the relations: hp g 'gr.rl C I. Applying proposition IV.6 we
get: Adyw (1) UA G~ 15,)B(I) C B(I). This is equivalent to B (g1 x grl) C
Bl+1(hL[ X hRI)

Locality for double cones in M is shown easily as well. We can reduce the dis-
cussion to the situation where there is a double cone J; x J; spacelike to our basic
time zero double cone I x [ simply by applying an appropriate transformation.
There is a time zero double cone J x J which contains J; X Jy and is spacelike
to I x I. Since we have shown isotony for B locality for this set follows from
locality of B.

Weak additivity may be proved as in the chiral case. By scale covariance the
local algebras of B are continuous from the inside as well as from the outside
ILRT78]. Because we can restrict the discussion to time zero algebras and since
the argument of JORSS [Jor96] for the corresponding chiral situation may be
extended directly, we have weak additivity for B!,

The proof is complete, if one recognises that the proof of [BGLI3, proposition
1.9], which establishes the unique extendibility of B from M to all of M, only
requires the prerequisites established so far. In particular, not the spectrum con-
dition itself is needed, but only its consequence, the REEH-SCHLIEDER property.
OJ

In light of this theorem we obtain a straightforward interpretation of the sub-
geometrical action of U4 on B. If we apply a chiral coordinate transformation §r
to a time zero double cone J x J and if we test the localisation of the correspond-
ingly transformed local algebra of B only by looking at time zero algebras, then
we find that the result commutes just with time zero algebras B(K') assigned to
proper intervals K contained in the causal complement of 7;,.J. The statement
of proposition TV.6| follows from HAAG duality of B. (Compare figure TV.1.)

The theorem has some direct applications to chiral subtheories and their
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CoseET models: We have found that the maximal COSET model C,,,, associ-
ated with a subtheory A C B may be regarded as the chiral conformal theory of
all right chiral observables in B in the sense of REHREN [Reh00], ie the local
observables of B which are invariant under the action of transformations on
the left light-cone coordinate only.

The observables of 4 may be viewed as left chiral observables and the chiral
conformal subnet A,,,. C B consisting of local observables invariant with respect
to the action of U4 (and accordingly covariant with respect to the action of U+)
is to be identified with the chiral theory of all left chiral observables in B*!.

Thus, we have identified A, and C,,.. as fixed-points of a spacetime sym-
metry acting on a suitably extended theory, namely B*. In presence of the
net-endomorphism property it is not necessary to extend the “classical” symme-
try concept (see eg [Ara92]), if one wants to interpret the chiral subtheories A, 4,
and C,,q. as fixed-points of a symmetry; all one has to do is to extend the theory
B to its holographic image B*!. Generalisations of the symmetry concept are
necessary for a large class of chiral conformal subtheories [LR95, Reh94b].

Another interesting, direct consequence of theorem IV.7is the following: The
cyclic subspaces of C,,qr and A4z, namely Cmam( )2 and Amax( )2, coincide
with the spaces of UA- and U#'-invariant vectors, respectively, as was shown by
REHREN [Reh00, lemma 2.3]. The proof of the following proposition includes an
alternative proof of this statement; together with the other parts, this proposition
may be viewed as a generalised version of [Xu0Oa, theorem 2.4], which applies to
a particular class of chiral subnets.

Proposition IV.8: Assume U4 to have the net-endomorphism property and de-
note the projections onto the subspaces of UA- and U -invariant vectors by Eya
and By, respectively. Then we have for the mazimal U*-covariant extension of
A, given by Apmae(I) = {UXY NB(I), and the mazimal COSET model associated
with A C B, given by Cpas(I) = {UAY N B(I), for arbitrary I € S*:

Anae(DQ = Eyar K, Conao(1)Q = Eya it (IV.6)

For any COSET model C associated with A C B we have a unitary equivalence
of chiral conformal theories: AQCesge = Aea @ Cec. Eyad? has a direct
interpretation as multiplicity space of the vacuum subrepresentation of A C B.

Proof: Concerning the proof of (IV.6) it suffices to deal with the case I = SL
(because of the REEH-SCHLIEDER theorem). By lemma [A.1 the spaces of vectors
which are invariant with respect to translations are identical with E;4.7# and
E, 2, respectively. Taking into account corollary TV.5 above the statement
(IV.6) was proved by BORCHERS [Bor98, theorem 2.6.3].

The statement on the tensor-product character of vacuum representations of
COSET pairs was proved for proposition already.
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In the following, A denotes local observables in A C B and my(A) = Aey
its representative in the vacuum representation on ey =: ;. The imple-
mentation of conformal covariance in 7 shall be written U,. For every vacuum
subrepresentation in A C B there is a partial isometry R : 5 — ) satisfying
RA = my(A)R for all local Ain A C B.

The projection ep := R*R commutes with all of A. RUA(.)R* is a uni-
tary strongly continuous representation of PSL(2,R)~ which implements global
conformal covariance in 7, thus: RUA(.)R* = Uy(.). It follows directly that
®q = R*Q), the vacuum of the subrepresentation associated with R, is invariant
with respect to U4, ie &g € Epyas. This completes the proof of the last state-
ment.

O

It is not clear in general that the representation A©)C, .. C B of the tensor-
product theory defined by the vacuum representation of a chiral subnet A C
B and the vacuum representation of its maximal COSET model has a (spatial)
tensor-product decomposition. This is known under certain conditions [KLMO1].

Proposition [IV.8 gives results from character arguments on inclusions of cur-
rent algebras a direct and rigorous meaning in the context of the analysis of the
respective inclusions of chiral conformal theories and COSET models. We will
discuss this in section V3|

2.2 Sharp geometrical action and time-like commutativity

It is interesting to look at two properties which are closely related to but stronger
than the net-endomorphism property. The first of these, the sharp geometrical
action, is sufficient for reinterpreting the holographic quasi-theory as a physically
sensible model:

Definition IV.9: We say that the unique inner-implementing representation U+
of a chiral subnet A C B has sharp geometrical action (on B) if for every
I €S' and for every g of PSL(2,R)™ we have:

AdyayBUI) © Blog(1) N BOYTY) (v.7)
Here, we have introduced a new notation: v4(I) := y3(1) \ (I Up(g)I). For the
case 7;(1) = @ we set @' :=S', B(@) := Cl and B(2') := B(@)".

One recognises immediately that sharp geometrical action of U4 implies the
same property for U4

— By (1) N B (1)) (1V.8)

Here we have used the elementary identity v;(p(g")I) = v5-1(1).
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gl x 1

(1) X A4(T)
Figure Sharp geometrical action and timelike commutativity.

For g close to id we have T U p(g)I = v;(I) € S' and the inclusion (IV.7) is
clear, if we have the net-endomorphism property. In fact, sharp geometrical action
implies the net-endomorphism property. When I and p(g)/ become disjoint,
then (generically) the complement of I and p(g)I in S' consists of two proper,
disjoint intervals, v5()" and 75(1); sharp geometrical action says in this case, that
AdyagB(I) commutes with all observables associated with either localisation
region.

Proposition IV.10: Assume U* to have the net-endomorphism property. Then
sharp geometrical action is equivalent to commutativity for timelike separation in
the quasi-theory B, which thus may be reinterpreted as a physical model.

Proof: We take a g C PSL(2,R)™ such that I and gl both lie in a single copy
of St in R and are disconnected: I N gl = @. Assuming sharp geometrical action
for U4 we have:

Repeating the argument with U+, varying I and § it is clear that sharp
geometrical action implies timelike commutativity of B, The opposite direction
is obvious. (Compare figure TV.2).

Hence, in presence of sharp geometrical action the distinction between timelike
and spacelike directions from locality disappears. We may swap the time axis
with the space axis. Then the original chiral local algebras become x-zero algebras
associated with intervals on the time axis. With this definition the usual spectrum
condition holds.

O

Making some assumptions on the inclusion A4, (©Cpex C B we give a straight-
forward analysis in chapter V| which yields a necessary condition on a possible
sharp geometrical action: the spectrum of U4(R(27)) has to be contained in
{#£1}. This condition excludes sharp geometrical action for all current subalge-
bras known to the author, except the ones one can make up trivially; section V|3
contains some examples of current subalgebras.
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A very special sub-geometrical action arises, if B is actually generated by a
COSET pair Aue©Cras, i€ we have e4,,..@cm.. = 1. This we call a conormal

chiral subnet A,,,., C B. In this case, obviously, we have a stronger version of
sharp geometrical action which we shall call completely sharp geometrical action:

AdyaB(I) € B(I) v B(p(H)I) . (IV.9)

It is not known, if or under which additional conditions sharp geometrical action
actually implies conormality of the subnet A,,,, C B and thus the character of
B as a tensor product of chiral conformal theories. But we have some immediate
remarks to make.

Obviously, completely sharp geometrical action implies sharp geometrical ac-
tion. Both are equivalent if for every pair of proper intervals Iy, Is for which
S'\ Iy U I, is the union of two disjoint proper intervals Iy, I3 the inclusion

B(Iy) vV B(Iy) C (B(1) V B(I3))' (IV.10)

is actually an equality. Generically, the inclusion is non-trivial and for com-
pletely rational B equality implies that all locally normal representations of B
are unitarily equivalent to its vacuum representation [KLMO1]. This is seldom
the case; however, LE(8), is an example of this, cf section Inclusions of
the type (IV.10) have been studied eg in [Sta95, Xu00b, KLMO01]|. The indez of
the inclusion in (IV.10) is the p-index of B [KLMO1] (cf chapter [V).

Sharp geometrical action is weaker than conormality of A,,,, C B. The 1+1-
dimensional conformal theory defined by tensor products of free, massless, chiral
fermions ¢, g (bounded Bose fields, c¢f [Bau97, Bau99, GR00, Reh97]) fulfills time-
like commutativity, but is manifestly not generated by the subtheories defined
by its maximal chiral observables, A7'%, in the sense of REHREN [Reh00]. Since
the chiral fermion fields possess a stress-energy tensor, this model may be reinter-
preted in the sense of chiral subnets and their COSET models: we restrict it to the
time axis and look at the subnets induced by the inclusions of the maximal chiral
observables in the whole theory. This gives subnets with sharp geometrical action
of the respective inner-implementing representations, but the inclusions are not
conormal. It is doubtful, whether the restriction to x-zero algebras does yield a
subnet A7 C B with a completely sharp geometrical action for U™ | as prod-
ucts ¥ (f) @ Yr(g), supp(f) C I, supp(g) C J do not seem to be approximated
by operators from B(I x I) and B(J x J).

It is clear that the adjoint action of UA(R(27)) induces an automorphism of
each local algebra B(I), I € S, if U# has sharp geometrical action (see definition
IV.9). This improves our knowledge on the net-endomorphic character of the
action of U4 on B (proposition [IV.6)), but it does not apply to many subnets.
A more relevant statement of the same type can be verified for a broad class of
COSET pairs (proposition V.11).
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3 Solving the isotony problem

In this section we use the ADDITIONAL ASSUMPTION to solve the isotony problem
for the local relative commutants C; of an inclusion of chiral conformal theories,
A C B. Once their isotony is proved, they are known to coincide with the local
algebras of the maximal COSET model C,,q, associated with A C B. This way,
we reach one of the main goals of this work: the maximal COSET model is found
to be of a local nature, ie it is determined completely by local data.

The isotony problem is solved in two steps: A crucial, purely group theoretical
lemma (lemma A.1) admits a simple, accessible characterisation of the isotony
problem, which we give in proposition IV.11. Aside of being an intermediate step
of our analysis, it illustrates the character of the isotony problem. The argument
is completed by an application of the ADDITIONAL ASSUMPTION (lemma
and summarised in the main theorem of this work (theorem IV.13).

Proposition IV.11: Assume the unique inner-implementing representation U+
associated with a chiral subnet A C B to have the net-endomorphism property.
Referring to I @ S', € shall denote the projection onto the HILBERT subspace
which the local relative commutant Cr = A(I)'NB(I) generates from the vacuum.
The following are equivalent:

i) For some pair I, K of intervals satisfying K C I € S' holds: €5, C €5.
ii) Csi C {UA(D(t)), t € R}
i) Cpaz(I) = {UAG), g € PSL(2,R)*}Y NB(I) =C;, I € S'.

Remark: The statement on the cyclic projections is non-trivial since, although
the local relative commutants are manifestly covariant with respect to U, the
REEH-SCHLIEDER theorem does not apply due to the unclear status of isotony
(cf eg [Bor68]).

Proof: The implications m = m m are obvious. We start the proof proper
with a discussion on|i) = [iii) and here we look at the case I = S! (general case
by covariance). We set eg1+ = e%. The inclusion e C e yields by the separating

property of the vacuum and modular covariance of Csl+ C B(SL): Ckx C Csi .
Thus, any g € PSL(2,R) satisfying ¢S} = K leads to an operator U(g) which
leaves e 7 globally invariant. g has the form g = S(n)T(s)D(t), n,s > 0. g
may be chosen such that ¢ = 0.

By modular covariance J, the modular conjugation of B(S% ), and €5 commute
and, by covariance and the BISOGNANO-WICHMANN property of B, Ad jy(g(r)) in-
duces an automorphism of Cs; , so €} commutes with U(R(m)), too. The relations
JT(s)J = T(=s), JS(n)J = S(—n) lead to U(S(—n))U(T(—s))e" A C el .
We assume n, s > 0 and define

ns + (1 + ns)? 2+ ns
=5 - T(—
9(n.3) S( S N ) ( Sns—i-(l—i-ns

)2) (S(n)T(s)"
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Applying scale covariance we arrive at: U(g(n,s))eS# C el.s¢. The group
element g(n, s) leaves the point 1 € S! invariant and is not a pure scale transfor-
mation. This proves that all special conformal transformations leave e invariant.
The same follows for the translations because of R(w)S(n)R(w) = T'(—n), which
proves [U(g), e%] = 0 for all g € PSL(2, R) recognising that translations and spe-
cial conformal transformations generate the whole group (see section T1[2). For
n = 0or s = 0 the last part applies directly. This proves: e$; = e for all K € S'.
By modular covariance of the inclusions Cx C B(K) we have Cx = {e% } NB(K)
and this yields isotony for the local relative commutants. The remainder follows
by maximality of C,,.; (lemma [T1.4).

Finally we discuss the implication ii) = iii). If B € B(SL) commutes with
UA(D(t)), t € R, then BQ is invariant under the action of all of U (lemma[A.1).
If § is sufficiently close to the identity, Ady.ag)(B) is a local operator (proposition
IV.6), and the separating property of the vacuum proves that B commutes with
all of UA. Thereby, we arrive at Csl+ C Cpnaz(SY), provided the assumption in m
holds. The other inclusion is trivial.

O

Remark: The dilatations UA(D(t)), t € R, induce automorphisms of B(S!)
and the last part of the proof shows C,,q,(S}) to be the fixed-point subalgebra
with respect to this automorphism group. Covariance leads to a corresponding
identification of every Cpqe.(I), I € S'. This may be regarded as an alternative
“local” characterisation of C,,.., but since the automorphism groups are deter-
mined by global observables, namely non-trivial unitaries from U+, this is not
satisfactory.

Only for the final step of our analysis we need to invoke the ADDITIONAL
ASSUMPTION once again:

Lemma IV.12: Assume the ADDITIONAL ASSUMPTION to hold. Then we have:
UAD(t)) € ASL)VA(SL), t € R, and U has the net-endomorphism property.

Proof: According to the ADDITIONAL ASSUMPTION and lemma [A.4/ there exist,
for small, fixed ¢, diffeomorphisms g5, g. localised in arbitrarily small neighbour-
hoods of +1 € S! and —1 € S', respectively, and diffeomorphisms ¢, g™™
which are localised in S} and S!, respectively, and phases ¢(71, 72) such that for

’7—1’2 c R+:
UAD() = o(r,m) YA (g7 ™) TP~ (97™))
‘ AdUA(D(n))(TA(P_l(ga))) Adyaip(—ry) (Y4(p"(95))) -
Following ROBERTS [Rob74, corollary 2.5], dilatation invariance of the va-
cuum and the shrinking supports ensure that the last two operators converge

weakly to their vacuum expectation values in the limit 71 9 — co. We rewrite the
equation above:

Adypa ey (TP (92)) Adypa oy (T4 (™ (90)))UA (D (1))
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= @(r, )T (g2 ™) TP (g2 ™))" (IV.11)

The operators to the right converge weakly by this equation in the limit 74,75 —
oo. For small ¢, g. and gs may be chosen close to the identity, w(.) is continuous
and normalised, which means that for g.,gs ~ id we have w(Y4(p~'(g.))) # 0,
w(YA(p~*(gs))) # 0. This implies UA(D(t)) € A(SL) vV A(SL) for small and
hence for all ¢.

Because YA(p~!(g}"™)) and T4(p~!(¢g™™)) are unitary operators, the right-

hand side of equation (IV.11) converges, up to a phase, strongly against U(D(t))
for small ¢. This strong convergence proves that for B € B(S!) and small ¢ holds
true in the weak topology:

UA(D(t)) BUA(D(t))* = im  Adyagogpey (B) € B(S)) - (IV.12)
This establishes the net-endomorphism property (definition [IV.1).
O

The first statement of this lemma holds trivially, if the global algebra A
coincides with A(SL) Vv A(SL). This is a desirable property, eg for the Connes’
fusion approach to superselection structure (cf eg [Was98]), and it holds true in
presence of strong additivity, but a proof of it relying on general properties of
chiral conformal subtheories seems out of reach.

However, it seems natural for the representatives U4(D(t)), t € R, to be
contained in A(S%)V A(SL). One may compare this with the construction of the
inner implementation of translations in \/, g A(/) using the spectrum condition
[Bor66]. Here, the translations operate as geometrical automorphism group on
the net of local v.NEUMANN algebras associated with localisation regions which
do not contain the fixed-point of translations and they are implementable by a
unitary group contained in the V.NEUMANN algebra which is generated by this
net. The action of UA(D(.)) on A(S}) V A(S') has the same character in this
respect.

The proof of lemma IV.12 relies on the structure of Diff, (S') in order to
establish convergence by equation (IV.11). This procedure does not apply to
the representation of dilatations through products of an exponentiated smeared
stress-energy tensor as in equation (A.3)). If one seeks for nets of test functions
fs, f- whose supports shrink to the points +1 and —1, respectively, while the
properties needed for establishing equation are upheld, one lacks control
over the vacuum expectation values of exp(—it@4(f.)"), exp(—it®A(fs) ). Such
control could allow to establish non-zero weak limit points for this procedurﬁ and
thus to give an alternative proof for lemma IV.12/doing without the structure of
Diff, (Sh).

We summarise and state the main result of this work, which proves that the
maximal COSET models are of a local nature:

>Compare discussion in [BSM90, section 4] on strong additivity of the U(1)-current algebra.
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Theorem IV.13: Let A C B be a chiral conformal subtheory and suppose the
ADDITIONAL ASSUMPTION to hold. Then the unique inner-implementing repre-
sentation U has the net-endomorphism property and for all I € S* there holds:

Crnaz(1) = {UA(9), g € PSL(2,R)~Y NB(I) = A1) NB(I)=C; .

Proof: The net-endomorphism property of U+ holds by lemma (and lemma
IV.12), and i) in proposition TV.11/is fulfilled because of lemma TV.12!
OJ

In the cases where both A and B possess an integrable stress-energy tensor,
and hence Cp,q, alike, the theorem means in particular: A, (1) and Cpa.(1),
I @ S!, are their mutual relative commutants in B(I). We have learned that the
COSET pair Apme:©Crmer C B is a typical object for studies on the structures
related to chiral subnets an their COSET models. For these typical COSET pairs
we introduce a new term reflecting the absence of the isotony problem both for
the subnet and for the COSET model:

Definition IV.14: A COSET pair A©C C B is called normal if for all I € S!
the algebras A(I) and C(I) are their mutual relative commutants in B(I).

For normal COSET pairs ACC C B the local inclusions are automatically irre-
ducible, ie the relative commutant of A@©C(I) in B(I) is C1, because the local
algebras A(I) are factors.

The main theorem proves the conclusions of REHREN [Reh00] to hold true
which rely on the generating property of nets of chiral observables, if the 141-
dimensional theory contains a stress-energy tensor in the sense of the LUSCHER-
MACK theorem [FST89]. Since such a stress-energy tensor factorises into its
independent chiral components, our analysis applies directly. The generating
property introduced in [Reh00] resisted attempts of proof even in presence of a
stress-energy tensor, unfortunately.



Chapter V

Coset pairs of finite Index

In this chapter we want to make contact with the frameworks of nets of sub-
factors [LR95] and of normal canonical tensor product subfactors [Reh00]. The
characteristic assumption for this purpose will be that the inclusion A©C C B
is of finite index; this property is discussed in the first section, and some simple
statements on the local inclusions A@©C(I) C B(I) are derived. We fix some
notation on the way.

In the second section, we look at the net of inclusions in the 1+ 1-dimensional
quasi-theory B! and derive their character as covariant, localisable representa-
tions of A ® C along the lines of [Lon01], where the corresponding situation for
chiral subnets is discussed. We exploit well-known structures of the theory of
superselection sectors in low dimensions [FRS89, FRS92] in order to improve our
knowledge of the net-endomorphic action of U4 and we determine the possible
spectrum of UA(R(27)) in case U4 has sharp geometrical action.

In the third section we discuss some examples of COSET pairs, illustrating the
structures developed more abstractly in the previous chapters and sections, and
we interpret results of studies on current subalgebras [GKO86, KW88, KNS88|
such that we get examples of normal canonical tensor product subfactors which
are COSET pairs.

1 On local inclusions of Coset pairs

As discussed in section [TI/1.3 finiteness of index is presumably not a generic
feature of chiral subnets. Nevertheless, there are rich structures associated with
inclusions of finite index, and the theory on these is advanced and promises to
teach us something regarding the general situation as well. In particular, a large
number of current subalgebras A C B are known to be cofinite, ie the COSET
pair A©Cnae C B is known to have finite index, and hence the methods related
to finite index inclusions yield interesting results on COSET models.

While there was not much need to introduce the machinery on modular co-

82



V.1 On local inclusions of COSET pairs 83

variant subalgebras to the full in the previous chapters, we now have to give the
related structures in more detail. Rather than duplicating existing summaries,
we just state the relevant facts in a form needed here and fix our notation on the
way. The general reference on what is to come is the seminal work of LONGO
AND REHREN on nets of subfactors [LR95]. In this section we will be concerned
with local inclusions of COSET pairs, A©C(I) C B(I).

Let NV C M be an inclusion of V.NEUMANN algebras with common unit 1,
Q a cyclic and separating vector for M. N is a modular covariant subalgebra of
M, if it is globally invariant with respect to the modular group o of (M, Q):

o(N) = AVNAV =N, VteR. (V.1)

A stands for the modular operator of (M, Q); the corresponding modular con-
jugation will be denoted Jy. The assumption of conformal covariance of chiral
subnets in definition TI.2 implies that the local subalgebras are modular covariant
because of the BISOGNANO-WICHMANN property of B.

Modular covariance has remarkable consequences, mostly due to a theorem
of TAKESAKI [Tak72] which states that there is a normal, faithful conditional
expectation p : M — N leaving invariant the state w(.) = (Q,.Q), ie wo p = w.
The latter property determines p uniquely (see below ]VT) on page 84).

There are equivalent ways to define conditional expectations on V.NEUMANN
algebras (see eg [Str81, chapter II, §9]). We prefer to state one definition with
a list of useful properties of conditional expectations taken from [KK92]. A
conditional expectation p: M — N is a projection from M onto N of norm 1,
ie a linear mapping satisfying p? = p and ||u|| = 1. Such p has the following
properties:

i) Idempotency: u? = u,
ii) Bimodule property: u(nimns) = nipu(m)ny, m € M, ny,ny € N,
iii) Positivity: pu(m*m) >0, m € M,

)
)
iv) s-property: pu(m)* = u(m*), m € M,
v) Normalisation: p(1) = 1,

vi) SCHWARZ property: pu(m*)u(m) < pu(m*m), m € M.

w is called faithful if p(m*m) = 0 is possible for m = 0 only. u is a normal
conditional expectation if it is normal as a linear map.

Examples of conditional expectations are group means for fixed-point inclu-
sions with respect to a finite or compact automorphism group. If the inner-
implementing representation U4 associated with a chiral subnet A C B has the
net-endomorphism property, a result of FRIGERIO [Fri78] gives explicit formulae
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for the faithful, normal conditional expectations of the inclusions A, (1) C B(I),
Crmaz(I) C B(I) which leave invariant the vacuum. We state the corresponding
formula for the inclusion Cy,q.(St) C B(SY):

:UCmaz(Si)CB(Sfr)(b) = w* — }\I{I(l) )\/0 dt 6_)‘t AdUA(T(t))(b) 5 b € B(Si) . (V?)

One may use the action of dilatations in a similar manner (mean ergodic theorem,
cf eg [Lan76, Pet83)).

Normal, faithful conditional expectations p : M — N which leave the state
w invariant have remarkable properties (see eg [KK92], [Bor97a, theorem 6.4],
[Bor00, lemma VI.1.2]). We assume in addition M, N to be factors and J# to
be separable. If we denote the projection onto 7 = NQ by ey, then we have:

i) ey commutes with A%, t € R, and J.
ii) Anpen and Jyen are the modular data of Ney on .
iii) We have exN'en = JuN Jpen.

)
)
) It holds true: N = {ex} N M.
)

v

v) The map N > n — ney defines an isomorphism of v.NEUMANN algebras.
We have ||n|| = ||nex||.

vi) For given m € M, the unique solution of the equation eymen = ney,
neN,isn=u(m).

The index of a normal, faithful conditional expectation p: M — N, M, N
infinite-dimensional factors, is defined as follows :

I,:==if {A: A= 1, p(m*m) > X""'m*m ¥Ym e M} . (V.3)

If I, < oo for some p, then there is a unique normal, faithful conditional expec-
tation pp : M — AN which has a minimal index I,,. This is used to define the
index of the subfactor N' C M:

M :N]:=1,=inf], . (V.4)
I

If N C M is irreducible, ie the relative commutant N¢ := N'" N M of N in
M is trivial, N¢ = C1, then there is at most one normal, faithful conditional
expectation g : M — N [Con73, theorem 1.5.5]. Local inclusions of chiral
subnets of finite index are irreducible, as we shall see below (lemma [V.1), and
for this reason their respective unique normal, faithful conditional expectation is
automatically minimal.

Central for the studies on (nets of) subfactors is the dual canonical endomor-
phism p : N — N . If N and M are both properly infinite V.NEUMANN algebras
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on a separable HILBERT space, there are vectors ¢ which are cyclic and sepa-
rating for both A and M [DL84]. Taking the modular conjugations Jiur 4 and
J(m,g) corresponding to the pairs (N, ¢) and (M, ¢), respectively, one defines the
canonical endomorphism v : M — N C M by:

v(m) == J(/\/,qb)J(M,¢)mJ(M,¢)J(N,¢) ,meM. (V.5)

v depends only through a unitary conjugation in N on the choice of ¢ [Lon87].
The restriction of v to N defines the dual canonical endomorphism p. For in-
clusions of infinite factors N' C M with finite index [M : N] one defines the
dimensions d,, d. of p, v to be:

dy =[N pN)]2 , dy = My (M)]? (V.6)

We have: d, =d, = [M : N].

Regarding a chiral subnet A C B one finds that the dual canonical endo-
morphism p; : A(I) — pr(A(I)), taken as an endomorphism of the isomorphic
algebra A(I)ey4, may be extended to a DHR endomorphism p of Ae 4 localised in
I. The DHR endomorphism p induces a localised representation of Ae 4 which is
unitarily equivalent to the representation of Aey4 by the embedding A C B and
denoted p as well. This is shown in [Lon01] (mostly relying on results in [LR95])
and we will give corresponding arguments in 141 dimensions in the next section.

The dimension of the representation p is defined as:

d(p) == [pr(AI")ea) : pr(A)ea))? = [AI) : pr(AD)]Z =d,, . (V.7)

By the index-statistics theorem [GL96| this dimension coincides with the statis-
tical dimension of the DHR endomorphism p. The index [B([) : A(I)] is found
to be constant for all I € S' [Lon01]. The same arguments apply, with minor
alterations, to the 1+ 1-dimensional situation and we refrain from giving a proof
that the index is constant in this setting as well.

The following lemma is a preparation for a simple statement on COSET pairs
of finite index (proposition V.2); it shows in particular that a chiral subnet A C B
with finite index is a conformal inclusion in the sense of definition [IT.21!

Lemma V.1: Assume AQC C B to be a COSET pair of finite index. Then the
local inclusions AQC(I) C B(I), I € S*, are irreducible, as are the inclusions
A(I) C A(I)e, C(I) C A(I)°.

Proof: Using formulae on the indices of a sequence of inclusions and for tensor
products of such we have [Lon90, Lon89]:

[B(I) : A©C(D)] < [B(I): A(I)* @ A(I)T -

)
JAD) @ AL A©C(I)] ,  (V.8)
[A)“® A(I): A©C(I)] = [AU)“: ADI]AM):C()] . (V.9)
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The inequality (V.8) is saturated, if AQC(I) C B(I) is irreducible. This is the
case: the index [B(I) : A@©C(I)] is finite and hence the relative commutant of
A©C(I) in B([) is finite dimensional [Lon90]. This finite-dimensional algebra is
modular covariant and hence, according to lemma[A.2; all vectors in A©C ()
are invariant with respect to the translation group U(T}(.)) (cf proof of proposi-
tion/IV.6), but this means that they are fixed by all of U (lemma/A.1). Uniqueness
of the vacuum and its separating property show that the relative commutant is
trivial. The other inclusions are irreducible by the same argument.
O

Inclusions of infinite subfactors N/ C M with finite index may be characterised
in terms of intertwiners between endomorphisms. If p, o are endomorphisms of
M, then an intertwiner from p to o is a bounded operator T" which satisfies for all
m € M: Tp(m) = o(m)T. This property is indicated by the notation T": p — o.
The following may be found eg in [LR95, RST96, Reh94b]|, where some more
useful identities on the intertwiners are stated as well. We take N' C M to be
irreducible :
The subfactor N' C M is completely determined by the triple (v, v, w) where v
is an endomorphism of M, v, w € M are isometries, v : id — 7, w : v — % and
the following identities are satisfied:

D) wo = [M: N2 1= wy(v),
i) ww* =~vy(w*)w,
iii) ww = y(w)w.

One may reconstruct N as the image of u(.) = w*y(.)w. Every m € M is of the
form:
m = [M: N| u(mv*)v=[M: N|v"pu(vm). (V.10)
The dual canonical endomorphism p has a finite decomposition into irre-
ducible, inequivalent endomorphisms ps, p = @, Nyps. For every p, there is
a complete orthonormal set of intertwiners N' > w’ : ps — p, i = 1,..., N,,
Lwiwt =1, witw] = 540691, The second equation defines a scalar product
on the intertwiner spaces.
The definition ¢! := w’*v yields an anti-isomorphism between the intertwiner
spaces of the w’ and the space of charged intertwiners, spanned by the ¢! : id —
ps (ILR95, lemma 4.5], [Reh94b, proposition 2]). By irreducibility of N' C M,

there is a scalar product on the space of charged intertwiners:

(W 2y = g2 e NV A M =Cl. (V.11)

S17? S1 S92

Equation (V.10) leads to a decomposition of M with respect to the p,:
m= 3" M N (i) o (V.12)

This formula is the ground for the following proposition.
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Proposition V.2: Let A©C C B be a COSET pair of finite index. Assume
the corresponding inner-implementing representations U, UC to have the net-
endomorphism property. Then the local inclusions AQC(I) C B(I) are irre-
ducible, Apar(I) and Cpuar(I) are their mutual relative commautants and we have:

Uop=UAUC.

Proof: The irreducibility of A©C(I) C B(I) was shown in lemma V.1.

Exploiting covariance, we restrict our attention to the case I = S1. We denote
elements in A©C(S}) by [ac]. Each b € B(S}) has the form b = >7_[ac]sit:.
By assumption, Adywne(D(7)) (see equation (I1.21) for the definition of UA"C")
defines an automorphism of B(S!), which acts trivial on A©C(S}) and leaves
globally invariant the finite-dimensional spaces of charged intertwiners . Ac-
cording to the lemmas[A.2 and[A.1 the vectors ¥() are invariant with respect to
UANC " The REEH-SCHLIEDER theorem on the chiral theory B and the decom-
position b = 3 .[acs¢); for each b € B(S}) yields UAN =1 & Uop = UAUC.

The same line of argument works for the inclusion A,;,q,(S}) € A(SL), where
it proves every element in A(S% )“ to be invariant with respect to Adye and hence
to be contained in A4, (S ) (invoking proposition[IV.6). The proof is complete,
if we apply the same routine to Cpnq,(S}) C A(SL)°.

O

Proposition establishes a complete analogy between the COSET construc-
tion of stress-energy tensors for current subalgebras of GODDARD, KENT, OLIVE
[GKO86] and the BORCHERS-SUGAWARA representations of a COSET pair of fi-
nite index: The identity U o p = UAU® shows that U possesses a factorisation
with respect to the COSET pair AC©C C B which is generated by commuting
local observables (cf discussion in section I1/2.2). Furthermore, it shows that the
net-endomorphism property is sufficient to solve the isotony problem for COSET
pairs of finite index and to prove that the maximal COSET pair is normal.

The proof of proposition [V.2 is similar to the ones in the well-known situ-
ation of current subalgebras for which the vacuum representation of the larger
one decomposes into finitely many irreducible representations when restricted
to the subalgebra (see eg [KWS88, corollary 3.2.1]): loosely speaking, the as-
sumption of finite index trivialises the problem, since there are no non-trivial
finite-dimensional, unitary representations of PSL(2,R)™.

2 Coset pairs as nets of subfactors

In this section we study some aspects of the inclusion of COSET pairs as left and
right chiral observables in the 1+1-dimensional quasi-theory B! constructed
from the subnet A C B by means of chiral holography (section TVI[2). Our
arguments naturally apply to inclusions of left and right chiral observables in
a 1+ 1-dimensional conformal theory as well, and we try to make this analogy
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manifest in the following. Hence, we make contact with structures discussed
by REHREN [Reh00], who has analysed the inclusion of chiral observables in a
(genuine) 1+ 1-dimensional conformal theory.

In particular, we investigate the character of the inclusion AQC C B! as
a localisable representation of A ® C, which is considered as a 1+ 1-dimensional
theory. The assumption of finite index for the COSET pair forms the ground for
most of the following. If the COSET pair is spatial (see below) in addition, then
we can improve easily our knowledge on the sub-geometrical action of U# on
B following from the net-endomorphism property (proposition TV.6) and show
that the spectrum of UA(R(27)) has to be contained in {£1}, if U* has sharp
geometrical action.

We proceed along the lines of [LR95, RST96, Reh94b, GL96] and, in particu-
lar, [Lon01]. Some of the discussions below are given merely for the convenience
of the reader, as most of the arguments in [Lon01] are adapted easily from the
chiral setting to the 1+ 1-dimensional situation, or essentially stem from [LR95]
where the formulation does not refer to a specific spacetime at all.

2.1 The localised representation of a COSET pair

In section 1 we considered inclusions of local algebras in the chiral case; now, we
want to take the net-structure of inclusions into account and we do that for the
inclusion of the COSET pair A@©C in the 1+ 1-dimensional quasi-theory B!, In
the terminology of LONGO AND REHREN, who developed the general, abstract
framework of nets of subfactors [LR95|, our subnets are particular examples of
(irreducible) quantum field theoretical nets of subfactors. We have to extend
the arguments of [LR95] from directed nets of subfactors to the situation in the
1+1-dimensional conformal covering space.

The assumption of conformal covariance on chiral subnets (definition T1.2)
implies that we have a conditional expectation for each local inclusion which is
normal, faithful and leaves invariant the vacuum. These conditional expectations
reflect the net-structure:

The reconstruction of each conditional expectation py : B(I) — A(I) through
the cyclic projection e (see vi) on page 84) shows that the conditional ex-
pectations are consistent with the net of inclusions: p; [ B(J) = py, J C I.
Namely, for b € B(J) C B(I) the equation e be4 = ae4 has only one solution
ac A(J) C A(I), namely a = p7(b) = ps(b). The same line of argument proves
the conditional expectations to be covariant:

ag(pr(b))ea = agleabes) = eaag(blea = pgr(ag(b))ea -

These structures carry over to the 14 1-dimensional situation, which we study
now.

Let B™! be a 1+1-dimensional conformal (quasi-) theory (cf section TVI2) and
denote its restriction to MINKOWSKI space by Bt ie we look at the (directed)
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net of local algebras B (), O a bounded double cone in M, denoted O &€ M.
Bounded double cones are Cartesian products I x .J of bounded intervals on the
chiral light-rays. The localisation regions of B! are double cones O which are
properly contained a single copy of M such double cones will be indicated as
O eM.

Suppose, we have a localised representation p of B that is: for each dou-
ble cone O @ M the algebra po (B (0)) forms a normal representation of the
respective local algebra B (O) on the vacuum HILBERT space ¢ of B and
the po fulfill:

o consistency: 07 C Oy = po, | B (01) = po,,

o locality: O1 C O} = po, (B (01)) C po,(B*(0,)Y,

o localisation: for some O € M we have pp = ide for all O C 0.
By HAAG duality of B! [BGL93], p satisfies the following properties:

) IfO €M, Oy C O, then po(B*(0)) c B*(0), and for all O, € M
containing O we have: pp, | B(O) = po.

ii) If O C Of, we have pp = idp.

iii) For 01,0, € M, Oy U O; C Oy, there is a unitary u € B*(O,) such that
O — pol.) := upo(.)u* is a representation localised in O;.

We call any map p which associates with every O € M a normal representation
po of B (O) and which satisfies iii) with M replaced by M a DHR
endomorphism (of Bit), in direct correspondence with the works of DOPLICHER,
Haac, RoBERTs [DHR69a, DHR69b, DHR71, DHR74].

It will prove possible to construct a DHR endomorphism for A ® Cy from the
inclusion A©C C B and we need to extend this to a representation of A ® C.
In the following lemma M + stands for the open interior of the closure of the
union of M and the two neighbouring sheets of the covering as indicated in figure
V.1; the restriction of B! to My is denoted by By7i. We state the lemma in
some more generality than actually needed in the following:

Lemma V.3: Let p be a DHR endomorphism of By™ localised in some Oy € M.
There is a unique representation of Béji extending p and localised in Q.

Proof: The argument is straightforward and virtually identical to the chiral case
[Lon01, proposition 11]. For geometrical details see figure V.1, where points on
the left and right boundary are to be identified if they have the same height.
For each O @ M+ there isa M 3 O; C O and a Oy € M containing both
Oy and O;. Transporting p from Oy to O; we set with respect to a corresponding
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Figure V.1

u € B(0y): p:= Ad, o p. The extension of p to B (0), O @ M 1, is defined
by po = Ad,~.

Obviously, this definition extends p. It is well defined as a different choice of
u, Oy, Oy for p’s transport results in adjoining a local unitary associated with the
causal complement of O. The extension is localised in O, since for O C Of we
may choose u = 1, Oy = O; = O,. The consistency of the extension for O, C O,
is seen easily by a common choice u, Oy, Os.

Locality of p follows in this way: For any pair O,, O, € My 1, O, C O, there
is a covering {O}} of @, by double cones O such that Of C O, and there is a
double cone O} € M spacelike to both O, and Oj. Transporting p from Oy into
O} as above, we have:

Po;(B(0})) = BHH(O;) € BYH(O4) = plp, (BT (0n))" -

Now one has to use the unitary equivalence of p* and p and weak additivity of
B*! which yields: po, (B (Oy)) C po, (B (O,)).

Finally, we verify the uniqueness of the extension. For arbitrary O C M 4,
we transport p into (91 C O and deﬁne p as above. If p(M. p® are two extensions

of p, we look at p(V? = Ad, 0 pM? Since p( )() are localised in Oy C @', they
agree trivially on Bl+1((’)), namely Po) =id | B (0) = ﬁg). The remainder
follows from the definition of p(1-(2)

[

Remarks: Restricting to time-zero double cones yields the chiral case [Lon01,
proposition 11]; here the complete conformal covering space, S', is reached by
the argument.

It is seen easily, that the extended p may be transported into any O for which
01,0} € My 1 by the usual procedure relying on local normality. This leads us
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to recognise that p may not be extended beyond M + by the procedure in the
proof of lemma [V.3. Fortunately, this is not needed for our purposes either.

In the following, we extend the dual canonical endomorphism of a local in-
clusion A©C(0y) C B (0y) to a DHR endomorphism of A ® Cy. Lemma V.3
and the periodicity of A ® C over M then tell us that this DHR. endomorphism
extends to a localised representation.

Lemma V.4: Choose a canonical endomorphism vo, : B(Og) — A©C(Oy).
Then for any O D Oq there is a canonical endomorphism vyo satisfying: Yo |
Bl+1 (OO) = Y0, -

If the COSET pair is of finite index, there are common isometric intertwiners
B (Og) 2 v:id — vo, AQC(Oy) 3w :id — po .

Proof: (Along the lines of [Lon01, lemma 15]) We set M := B (0), M° :=
B (Op), N := A©C(O), N := A©C(Oy). Moreover, we define M; := MV
{ex}', MY = MOV {en}'. Let p: M — N, pu® : M® — N° be the normal,
faithful conditional expectations which leave the vacuum invariant.

There is an isometry v; € MY satisfying v,v] = exr = exo which reconstructs
Yo, by the unique solutions in A©C(Oy) of the following equation on elements
b € B (Oy) [LRI5, proposition 2.9, theorem 3.2]:

Yoo (b)ex = vibvy . (V.13)

The same equation for elements b € B () defines a canonical endomorphism
Yo of B (O). Consistency of 70, and 7o is obvious.

In case the index is finite, there exist normal, faithful conditional expectations
pr s My — M, pd o MY — M with the same (minimal) index. These are
consistent: in M9 elements of the form Y. xz;enyi, z;,y; € MO are dense [Jon83,
PP86] and we have ui(ey) = [M : NT7' = p9(ep). Consistency follows as a
consequence of normality from the following identity:

(D meny) =Y wipmlen)y = (Y wiexy:) .

The operators v, w are obtained as follows (see [LR95, (2.16)]):

M N 20 =
M N 2w = p(v) = pO) . (V.15)

They fulfill the relations i), ii), iii) on page 86.
O
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Lemma V.5: Let v; € B (Op) V {eapc}” be an isometry satisfying viv; =
eaoc- The dual canonical endomorphism po, defined by

po,(lad)eape = vilad vy, lac] € A©C(Oo) , (V.16)

has an extension defining a localised representation of ARC localised in Oy, which

shall be called p.

Proof: (Along the lines of [Lon01, proposition 16].) We choose a sheet of the
covering as MINKOWSKI space, M, containing O as a bounded double cone. The
extension of pp, to all of A©C, is constructed as in the proof of lemma V.4 by
extending the canonical endomorphism 7p,. The isomorphisms between the local
algebras of A@©C, and A ® Cy define the action of the extension of pp, on A® Cy
(see m, page and hence of p itself.

We have to check the conditions [i), i), fiii) (page 89) for p. and [ii) are
contained in [LR95, theorem 3.2]; condition iii) follows from the uniqueness of
the canonical endomorphism up to unitary equivalence with respect to a local
unitary in A@©C, [Lon87|.

Finally, we apply lemma [V.3 and recognise the periodicity of A ® C on con-
formal covering space which means that A ® C effectively lives on S x S! and
hence extension to M . is sufficient.

O

We have po(A® C(0O)) C A® C(O) for each O D Oy, because p is localised
and A ® C satisfies HAAG duality. Moreover, [ac] — [acleagc, [ac] € AOC(O),
0e I\\7JI, defines an isomorphism of V.NEUMANN algebras which can be used to
define:

po(lac])eaec = po(laclespe), O D Oy . (V.17)

It is clear that this definition agrees with the dual canonical endomorphisms for
O &€ M which were used to construct p (see proof of lemma [V.5]).

Proposition V.6: The representation p of lemma V.5 is unitarily equivalent to
the representation A©C C B™'. In particular, it is covariant with the same
spectrum condition on the translations. It holds true for vy as above and O @ M:

po(lacleage) = vi lacj vy,  [ac] € A©C(O) . (V.18)

Proof: (Along the lines of [Lon01, proposition 17].) For Oy € O € M and
for O C Oj there is nothing to show. For the general case we follow the same
strategy as in the proof of lemma It suffices to look at proper double cones
O in My 4.

We choose M 3 O; € O and O, € M containing both O; and Oy. There
is a canonical endomorphism 7o, which extends o, and yields through its re-
striction to A©C(Os), the dual canonical endomorphism pe,, the same localised
representation p by the process described in the proof of lemma



V.2 COSET pairs as nets of subfactors 93

Now choose a canonical endomorphism 7p,. According to lemma V.4 there
is a canonical endomorphism 7o, which extends »,, and there is a unitary
u € A@©C(Oy) such that 0, = Ad, o Yo, [Lon87]. The defining isometry
0y € BH(O4) V{eamc}” of Ao, satisfies: 07 = uw;.

The dual canonical endomorphism pp, extends to a localised representation
p for which we have: p = Ad, o p. For [ac] € A©C(O) this leads to:

upo(lacleage)u” = p(lacleaece) = lacleage = U1]ac)t] = uv[acjviu” .

O

The following lemma determines to a large extent the transformation be-
haviour of observables in B! with respect to chiral transformations, provided
the COSET pair has finite index:

Lemma V.7: Assume B : A©C] < oo, and take v € B*(Op), w € AQC(Oy)
as in equations (V.14), (V.15). If O @ M contains Oy, we have for all [ac] €
A©C(0):

po(lac)) vy = vifac], po(lac])v = vlad], po(lac))w = wlac] . (V.19)

Proof: From equations and follows immediately the first statement
in (V.19). For the remainder apply the conditional expectations p; : B (O;) V
{eaec}t’ — B™(O1) and ppy : BH(O1) V {eaee}” — AQ@C(O1) (see proof of
lemma [V.4).
0

The following proposition is practically identical to [Lon01, corollary 18]:

Proposition V.8: Assume [B™ : A©C| < co. p shall denote a representation
of A®C on eagcH which is unitarily equivalent to A©C C B*! and localised
1s some double cone Oy. Then p has finite decomposition into irreducibles:

p= @ Nip' .
i=0

The p' are covariant representations of A @ C with the same spectrum condition
on the translations and are localised in Og alike. For O O Oq the dual canonical
endomorphism has the same decomposition:

po = @ Nip -
i=0

Proof: Since the spacetime symmetry group of our problem is (PSL(2,R)™ X
PSL(2,R)™)/Z one may adapt the arguments of [GL96| using the propositions
and lemmas above. In particular, the identity of global and local intertwiner
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spaces may be proved in the same manner, replacing the choice of one point at
infinity by two such points, one on each chiral light-ray. We refrain from repeating
the discussions in [GL96].

O

Remark: Because AQC C B™ is irreducible for finite index, the vacuum
sector of A ® C appears ezactly once in p; these two facts are equivalent (see
ILR95]).

Before closing this section we only mention very briefly a natural question:
For which pairs of chiral nets exist embeddings as COSET pairs in another chiral
conformal theory and which are the solutions to this problem? This problem will
prove difficult to tackle in general, but if one restricts attention to COSET pairs
of finite index there is a detailed formulation.

An irreducible, infinite subfactor A" C M with [M : N] < oo is completely
determined by the following data, the DHR triple (p, w,w;), where p is an endo-
morphism of N with d, = [M : N] and N 3 w : id — p, N 2 w; : p — p?* are
isometric intertwiners satisfying [Lon94]:

i) wrwy = [M: N7 21 = p(w*)w,
i) W = plw)w,
i) wiw; = p(wy)ws.

This characterisation is equivalent to the one discussed on page where one
has to take p = v [ N, w; = 7(v). Concerning chiral subnets and COSET pairs
this has the advantage of determining B entirely in terms of DHR data of A or,
respectively, of A ® C.

If we now combine some DHR endomorphisms of A®C of finite statistics to a
reducible endomorphism p it is known what is needed in addition to ensure that
the extension of A®C by means of m, @, m indeed defines a local theory [LR95,
theorem 4.9] (some more details in [RST96]). We need to have the following
identity for the statistics operator of p, 5, and wy:

6;’(1]1 = W1 (V20>

From m, m m alone only follows relative locality of the extension B. Determining
the possible solutions B is a local extension problem for A ® C. It is outside the
purposes of this work to give a more elaborate discussion on this issue. We only
mention as introductory references [LR95, RST96, Reh01] and for some examples
for solutions of such problems [KL02].

2.2  On spatial COSET pairs

It is the purpose of the following discussion to determine the spectrum of the op-
erator UA(R(27)) in presence of sharp geometrical action under conditions which
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are satisfied in a large set of examples. The spectrum of U4(R(27)) is known in
many examples, and our result excludes the possibility of sharp geometrical action
in all these cases (except, of course, the ones that one can make up trivially). On
the way we indicate how to improve our knowledge about the geometrical impact
of U# (net-endomorphism property) for cofinite subnets A C B.

The key point is that the transformation behaviour of charged intertwiners
is completely given in terms of the COSET pair. This is true in a more general
setting than the one we give below, but the derivation of the general statement
is a mere repetition of the analysis in the chiral case (see [Lon01, GL96]) and
appears to be of little interest. So, we give a discussion aiming directly for our
goals, which requires some additional structure. The starting point is

Definition V.9: A©C C B is called a spatial Coset pair, if the localised
representation p of A ® C, which is unitarily equivalent to the COSET pair rep-
resentation, decomposes completely into tensor products, pi* @ p€, of irreducible,
localised representations p* of A and pS of C, respectively:

p= P Zp @ k.

Remark: Even for COSET pairs of finite index it is not clear whether they are
automatically spatial. This is true under additional conditions [KLMO1, lemma
27], which are known to be satisfied if one of A, C is completely rational [KLMO1,
corollary 14].

Covariance of a representation p: localised in some Iy € S! means that there
are unitaries z,4(g) implementing the equivalence of p7' and ap () 0 pt 0 g1

Adzp#(g) 0] pf = Oép(g) 0] pf e} Ozp(g)fl . (V21>
The map g — z,4(g) may be chosen to be a localised a-cocycle with values in the
universal C*-algebra A,,; such that:

i) 2,4(9) € A(LoUp(9)1o)ea, for g € PSL(2,R)™ which are close to the identity
and satisfy Iy Up(g)ly € S'.
i) 2,a(Gh) = ap) (2pa(h)2,4(9), G, h € PSL(2,R)™.

If U,4 implements covariance in the representation p, we have:

2,4(9) = U(p(9))eal,a(9)", g € PSL(2,R)™.

More details on localised covariance cocycles may be found in [Rob76], [GL92],
[GLY6], [Sch97, §27].

For g as inli) one may identify z,4(g) with its representative in the inclusion
A C B. By the very construction of the covariance cocycles z,4(g) for general
g (see eg [Sch97, lemma 27.2]), it is clear that z,4(§) may be identified with its
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representative in the inclusion A C B as well: The inclusion defines a locally nor-
mal representation of Ae 4 which lifts to a representation of A,,;. The universal
C*-algebra, in turn, contains the covariance cocycle z,4(g).

All that has been said about the p* holds, mutatis mutandis, for the repre-
sentations p¢; these representations shall be localised in J, € S*.

We now choose complete sets of orthonormal intertwiners A(lp) 3 w! : pA ®
id — p and C(Jy) > w! : id ® pS — p such that the wiw! : pA @ p¢ — p
form a complete orthonormal set of intertwiners. These are intertwiners for all
ARC(I x J),if I x J D Iy x Jy [GLI6, proof of theorem 2.3].

Using the isometry v from lemma [V.7/we define the charged intertwiners for
our spatial COSET pair of finite index as:

wfﬂs = wi*wg*v € Bl+1([0 X Jo) - (V.22)

These operators are charged intertwiners id — p @ p¢ for all AQC(I x J), if I x
J D Iy x Jo. The map wiw? +— ¥ defines an anti-isomorphism of the respective
intertwiner spaces [LR95, lemma 4.5], [Reh94b, proposition 2|. Regarding the
transformation behaviour of the charged intertwiners we have:

Lemma V.10: For (§,h) € PSL(2,R)™ x PSL(2,R)™ holds:

Qg,h) g = AdUA(g)AdUA/(ﬁ) Wy7) = Zp (@)Zpg(il)lpg . (V.23)
Proof: The method of proof is standard [Reh94b, lemma (3.6)],[Lon01, corollary
19]. We look at some neighbourhood U of the identity in PSL(2,R)~x PSL(2,R)™.
It is easy to show on grounds of the covariance of the endomorphisms p, oS (see

equation V.21) that the following mapping, defined for (g, h) € U, leaves globally
invariant the spaces of charged intertwiners:

((577 h)> g) = Zp;“(g)*ng (h)*a(g,fz)( ijs) : (VQ4)

Indeed, this map defines a unitary representation of PSL(2,R)~ x PSL(2,R)~
on the finite-dimensional HILBERT spaces of charged intertwiners. This repre-
sentation has to be trivial, as there are no non-trivial unitary, finite-dimensional
representations of this group.
OJ

Hence, the transformation behaviour of b € B*(0), O D Iy x Jy has the
following form:

i (0) = D [B: AQCT i (o (b)) z,a(9)zpe (R - (V.25)

Z7J’T?s

For chiral rotations by 27 we have in terms of the lower bound h' of the
spectrum of the conformal Hamiltonian Ly in the representation pA [GLI6]:
ZP;A(R(QW)) — ¢~ This proves, that the adjoint action of Adragpgany on
any B (0), O D I x Jy, defines an automorphism of this algebra. We state
this result explicitly for the chiral situation:
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Proposition V.11: Let A©C C B be a spatial COSET pair with finite index and
assume U* to have the net-endomorphism property. Then Adyacpgany) (B(I)) =
B(I) for all I € S*.

Proof: First, one goes into the chirally holographic picture, then one constructs
the representation p unitarily equivalent to A@C C B* and localised in I x I,
and one proceeds as above until one arrives at (V.25). Now the statement is
obvious, if one restricts attention to the time-zero algebra B (I x I) = B(I).
O

Hence we improved proposition IV.6 on the net-endomorphic action of U+ on
B under additional assumptions. We expect this automorphic action of Ad;, A(R(2m))
on each B(I), I €S!, in general.

We continue with an application: the spectrum of U4(R(2r)) is determined
(almost completely), provided U4 has sharp geometrical action. The argu-
ment applies to the corresponding situation of chiral observables in any 1+1-
dimensional conformal theory as well.

Proposition V.12: Let A©C C B be a spatial COSET pair with finite in-
dex and assume UA to have sharp geometrical action on B. Then we have
Spec(UA(R(2))) C {&1}, and each b € B(I), I € St, has a decomposition:

Proof: We analyse this problem in the holographic picture in 1+1 dimensions
(see section TV [2). The DHR endomorphism p*® p¢ has four statistics operators:
left and right statistics operators for spacelike directions, denoted €., and €5, and
upper and lower statistics operators for time-like directions, which we write as &),
and &,. All arguments on statistics have nothing to do with positivity of energy,
but only with geometry and commutativity.
For the chiral endomorphisms there is a right and a left statistics operator,
namely € and ¢, for p7! and correspondingly e} and e for p¢. We have:
e = ®el, g, = ®e; . (V.27)

According to the general analysis of REHREN [Reh94a, proposition 4], [Reh01,
lemma 3.1] the corresponding statistical phases satisfy:

Thf 1=k =kk; . (V.28)

— < _
1_’£rs_’ir r'Vs

The left identity follows from locality (commutativity for spacelike separation)
and the right one from commutativity for timelike separation.
The left and right statistics operators are connected by the identity )7, = €, .%,

which yields directly xf, = a . Combining this with the conformal spin and
statistics theorem [GL96] and equations (V.28) leads to

N 1
K2 = <ez2“h%“) =1 & hlesN. (V.29)
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The remainder follows from the decomposition of local observables and the
transformation law of charged intertwiners, see equation .

O

If the decomposition of the vacuum representation of a chiral conformal the-
ory B considered as representation of a spatial COSET pair A©C of finite index
is known and U has the net-endomorphism property, it is very simple to check
whether the BORCHERS-SUGAWARA representation U+ can have sharp geomet-
rical action by means of proposition In most examples sharp geometrical
action and hence time-like commutativity of the quasi-theory in 141 dimensions
can be ruled out this way. In section [3/some typical branchings for current subal-
gebras and their COSET models are stated. Obviously, tensor products of chiral
conformal theories and tensor products of chiral fermions (analogous to bounded
BoSE fields) yield chiral subnets with sharp geometrical action. It is unclear
whether there are other examples of this structure; compare remarks at the end
of section TV 2.

The result of the spectrum of chiral conformal rotations by 27 in proposition
is familiar in the context of conformal quantum field theory in terms of
operator-valued distributions. Here, the two-point function of a quasi-primary
field @4, 4_ of chiral scaling dimensions d; and d_ is determined by the transfor-
mation behaviour of the field to be:

S\ 2d4 .\ 2d
—1 —1
(O B (oo o)D) =Co55) () - (V30)

Here, Cg is some positive constant and A,=x, —y,, A=z —y_.

Commutativity of the field for spacelike, A;A_< 0, and for time-like sepa-
ration, A, A_> 0, yields a symmetry of the two-point function in (V.30) with
respect to AL« — Ay. Taking this together with the analyticity properties of
the distributions on the right-hand side of results in restrictions on the
possible values of d:

_ 2d ' i 2d
( . ) = eﬂz’rd(%) , AZ20. (V.31)
A +1e — A +1e

i2m(dy —d_)

Commutativity in spacelike directions results in e =1 and commuta-
tivity for timelike directions requires e?*(®++4-)=1. Both together imply dy € N
and hence the spectrum of chiral rotations by 27 is found again to be contained
in {£1}.
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3 Coset construction of normal CTPS

The main goal in this section is to get examples of normal canonical tensor
product subfactors (normal CTPS). This concept was introduced by REHREN
[Reh00] in the context of inclusions of tensor products of chiral observables in a
1+ 1-dimensional conformal theory. According to the definition of normal CTPS
[Reh00], COSET pairs form another class of examples of this structure, if they
are spatial, normal and of finite index. Provided the net-endomorphism property
holds for the respective inner-implementing representation, such COSET pairs
have an interpretation directly analogous to that originally considered in [Reh00]
(by chiral holography, section TV [2).

In the examples which we discuss below there is a COSET pair AQC C B
which is spatial, the decomposition (branching rules) of this representation of
A ® C available from group-theoretic investigations. The branchings for A©C C
B are finite and, moreover, both A and C are completely rational, a property
which consists of three parts: the models satisfy the split property and strong
additivity (cf section TI/1.3)) and their respective p-index is finite. The p-index
is the index of the inclusion described in equation (IV.10), and finite p-index
implies in particular that there are only finitely many sectors which all have
finite statistical dimension [KLMO01, theorem 33|. For this reason the branching
tells us that the COSET pair A©)C C B has finite index.

Because of strong additivity of A and C the COSET pair A,,0:©Cpae C B
is known to be normal, but the same follows from the presence of stress-energy
tensors in both subnets. We will use our knowledge on A, C and on A©C C B
in order to obtain the branching rules for A,,,.©Cpaez C B.

Lemma V.13: Assume AQC C B is a spatial COSET pair of finite indez.
Then A,0:©Cmar C B is spatial and of finite index as well.

Proof: The statement on the index follows from an identity contained in [Lon90],
compare the argument in the proof of lemma [V.1.

By assumption, A C B is unitarily equivalent to a direct sum of irreducible
representations of A, the representation space decomposing as J# = ), ;) ®
¢, where the 7, are the representation spaces of inequivalent, irreducible rep-
resentations 7; and the J¢7;) are multiplicity spaces. We denote the projection
onto ;) & I by ;.

For an operator V' which commutes with all of A, the operators P;V P; define
intertwiners from 1;) ® m; to 1; @ m;, which by inequivalence of the 7; implies:
PV P; =6;; VP, ie V =), BVP, Obviously, P,V P, is of the form P,V P, =:
Vi) ® 1;, and this means that the multiplicity spaces (; form representation
spaces of C,,.,. These representations are completely reducible into irreducibles

by finiteness of index [GL96]. The same argument works for A, as well.
O
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For definiteness the following proposition summarises the relevant results on
spatial COSET pairs of finite index obtained so far:

Proposition V.14: A©C C B a spatial COSET pair with finite index. Assume
UA, UC to have the net-endomorphism property.

Then Apnaz©Ciaz C B is a normal, irreducible, spatial COSET pair with finite
index, and thus forms a normal CTPS.

Proof: The statement was proven with proposition V.2l and lemma [V.13.
O
The branchings of the COSET pairs AQC C B and A,,,:©Cpae C B are

written as follows:

p = P Z.ptof, (V.32)
pmac = D 20 plr @ pe (V.33)

The finite matrices Z,;, Z'** are called the coupling matriz of the respective
decomposition. Normality of a CTPS is equivalent to Zy, = dos, Zro0 = 0ro
[Reh00, corollary 3.5].

The probably most remarkable result of [Reh00], translated in our setting,
is the following: If A,,0:©Cner C B forms a normal CTPS, then the sets of
superselection sectors [pme=] [pCmaz] appearing in (V.33) are invariant under
conjugation and their direct sums span a subsystem of sectors which is closed
under fusion. The coupling matrix Z'** is in fact a permutation matrix, ie
for given w there is exactly one v for which Z2** # 0 and the map u — v(u)
derived from this condition yields Z}** = 0. In this way the coupling matrix
induces an isomorphism of fusion algebras for the subsystems of sectors of A4z,
Crmaz generated by the subsectors of pp.,. through [p7lmes] — [pgmﬂ”] This means
in particular that the statistical dimensions of coupled sectors have to coincide:
d(piimes) = d(pS7a).

MUGER has announced an extension of these findings in case B has trivial
superselection structure, ie all locally normal representations of B are equivalent
to the vacuum representation [Miig02]. In this case the isomorphism of fusion
rules extends to an isomorphism of the respective DHR subcategories. These
claims motivated our discussing the example contained in section 13.3.

The results of REHREN and MUGER show that branchings of COSET pairs
establish direct links between the superselection structure of A,,.. and Cae.
Moreover, the DHR triple of a chiral subnet of finite index determines completely
the vacuum representation of the larger theory and, in the opposite direction,
the embedding itself determines the vacuum representation of the subnet. In
principle, the superselection structures of A, C, A4z, Cmae all are connected by
embedding, local extension and coupling, provided the assumptions of proposition

hold (or, possibly, alterations of these).
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Of these connections we use only rudimentary details. Let A : A(I) —
Apnar(I) denote the embedding inducing the inclusion A(I) C Apa.(I); this
inclusion is irreducible by the assumption of finite index (lemma . There
is an injective homomorphism 74 : A,,q,(I) — A(I) such that ¢47* equals 7,
the canonical endomorphism of A(I) C Au(l), and we have 44 = pf for
the dual canonical endomorphism. An endomorphism o of A,,..(I) possesses
o1t as restriction of o to an endomorphism of A(I). For a short summary on
these notions see, for example, [LR95, section 2.8.C.]. Since the decompositions
of Pmaz, p as localised representations and as dual canonical endomorphisms
are the same (as covariant representations of finite index [GL96, Lon01]), we may
study the fusion rules of restricted representations by looking at the corresponding
restricted endomorphisms.

In the examples below, the fusion rules of restricted endomorphisms are
known, while their decomposition into irreducibles is not (initially). But we
do know the following: The canonical endomorphisnﬂ 74 contains the identity
on Ape(I) with multiplicity 1. Since the dual canonical endomorphism pj., is
self-conjugate, to every pfm‘”” appearing in (V.33) the conjugate p;™** appears as

well. The product of the corresponding restricted endomorphisms must contain

A.
ph
A Amaz , A A Amaz A FA Amaz A A Amaz A
UPry b U P b = U Py V1 Pra b
A -Amacc y .Amacc I -Amacc A
= ppesidAne D prmesy
= AigAmas DA =yt (V.34)

The same applies to C and C,,,., of course.

Below we will derive the branching of the extended COSET pairs A,,4:©Cpaz C
B, which define normal CTPS. The basis for the discussions are branching for-
mulae for a COSET pair AC©C C B which were derived by character arguments
in [GKOS86], [KW88], [KNS88]. These (and other) sources contain branchings for
a number of other COSET pairs as well. We have selected the three examples
discussed in sections 3.1, 3.2, [3.3| for their special interest.

The main tools of the arguments below are the present knowledge on cur-
rent algebras and of Vir..; models, the spatial identification of A,,.; and C,az
(proposition IV.8), the results on normal CTPS discussed above [Reh00] and
some general results on completely rational models, mainly from [KLMO1].

3.1 The COSET pairs of GODDARD, KENT AND OLIVE

One achievement in 14 1-dimensional and chiral conformal quantum field theory
was the construction of the stress-energy tensors with central charge less than 1

Tt has to be emphasised that the canonical endomorphism does in general not have a
continuation to a DHR endomorphism and that thus not all irreducibles contained in it need
to have an interpretation as a DHR endomorphism. In this respect the canonical endomorphism
is quite different from the dual canonical endomorphism.
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as COSET models by GODDARD, KENT AND OLIVE (GKO) [GKO85, GKOS6].
The analysis of FRIEDAN, QIU AND SHENKER [FQS84, FQS85a, FQS86] (cf
[Lan88]) had shown that below 1 the central charges had to be contained in the
discrete series:

c(m)zl—(m+2>6(m+3), meN . (V.35)

The COSET construction of GKO proved these models to exist as COSET
models associated with the chiral subnet £SU(2), ., C LSU(2), ® LSU(2),,,
the inclusion induced by the diagonal embedding of the colour algebras. The
COSET stress-energy tensor, which generates the Vir,(,) model, is simply given
by the difference of the SUGAWARA stress-energy tensors of LSU(2), ® LSU(2),
and of LSU(2),,,,- There are various other ways to construct Vir.<; models as
COSET stress-energy tensors of current algebra inclusions (classification: [BG87],
examples eg in [GKO86, KW88]).

The branching of the vacuum representation of £LSU(2), ® LSU(2),, with
respect to the COSET pair LSU(2),,,,;©Vir.m) reads [GKO86], [KW8S, 4.1.a]:

L(Ao) ® LimAo) = Y L((m+1—20)A0,21A) @ V), . (V.36)

1:0<2l<m+1

By the symbol | we indicate that the formula gives the decomposition of L(Ag) ®
L(mAy) as a representation of LSU(2),,,1 ® Vire(m).

The highest-weight representations of £SU(2), are denoted as in [KW8§]
according to the classification of (unitarisable) highest-weight representations of
affine KAC-MooODY algebras (see [Kac90], summary in [KW88]). L(kA) stands
for the vacuum representation of £LSU(2), and L((k — [)Ag, A1) stands for the
highest-weight representation of £LSU(2), in which the horizontal subalgebra acts
as a spin (/2 representation of SU(2) on the vectors of lowest energy.

The highest-weight vector of the representation L((k—1)Ag, [A;) has conformal
energy ((I+2)/(4(2+k)). Hence, not all the lowest conformal energy eigenvalues
occurring in can be half-integers; this prohibits sharp geometrical action
of the inner-implementing representation U*5Y@m+1 (proposition V.12).

The highest-weight representations VT(;n) of Viryu) are identified by the en-

ergy hfn@ of their lowest-energy vector. There are only finitely many of such
representations, namely:

L [(m +3)r — s(m +2)]> — 1

— 1<s<r< 1. V.37
Wm+2)(m+3) 0 L =fsrEmA (V.37)

Together with? proposition IV.8 equation shows that Virym) is indeed
the maximal COSET model; since there are no chiral subnets in a net generated

2 Alternatively one may argue as in [KL02, lemma 3.2, corollary 3.3]
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by a stress-energy tensor [Car98], these COSET models are minimal among the
non-trivial ones as well.

XU [Xu00a, Xu99, Xu01] studied the COSET models of the chiral subnets
LSU(n),,, C LSU(n), ® LSU(n), arising from the diagonal embedding of colour
algebras. His results cover, of course, the GKO COSETS®. KAWAHIGASHI AND
LoNGO [KLO02] completed the proof of the Vir..; models being completely ra-
tional. Since the £LSU(n), are completely rational as well [GF93, TLI7, Xu00b],
this tells us that £LSU(2),,,,©Vireu, C LSU(2); ® LSU(2),, does indeed form
a normal CTPS.

Furthermore, KAWAHIGASHI AND LONGO [KL02] completed the proof of the
Vireum) fusion rules being identical with the ones expected from operator product
expansions of primary fields and the statistical representation of SL(2,7Z) [Reh90]
being identical with the modular representation (see eg [DFMS96, section 10.6]).
The latter identity is induced by the diagonalisation of the fusion rules by both
representations (VERLINDE formulae, [Ver88] [Reh90]) and the identification of
the highest weights h,(f?). More details on the problem of matching these two
representations of SL(2,Z) for general rational models in [Reh01], [Fuc94].

For future reference we state the fusion rules

Tmazx Smazx

om o, = P P o, (V.38)

r=|ri—ral+1, s=[s;—sa|+1,

r+71+7r9:0dd s+s7+sg:odd
where 7pe; = min(ry +re —1,2m+3 —r; —1r3), Spmae = min(s; +s9 —1,2m+5—
s1 — So). It easy to see that all QSS«T';) are self-conjugate, ie the vacuum sector gbgﬁb)
is contained only in the squares (¢§«?§))2 and it appears in these precisely once.
The functions on the right-hand side of are invariant with respect to the
simultaneous replacement 1 — m +2 —r, s — m + 3 — s. This identification has
to be taken into account when calculating the fusion rules.

The statistical dimensions of the representations gbgf?) are:

gomy _ sin(rm/(m + 2)) sin(sm/(m + 3))
r,s sin(m/(m +2)) sin(w/(m + 3))

(V.39)

3.2 Extension (Aj, Fs) of Vira as a COSET model

KAwAHIGASHI AND LONGO [KLO02] completed the classification of local exten-
sions of the Vir..; models. Most of these are given as orbifolds: the local
extension contains the Vir..; model as a fixed-point subtheory with respect
to a Zs symmetry; some of these are among the maximal COSET models as-
sociated with current subalgebras, as branchings contained in [KW88] show.
Only four local extensions are of a different type (exceptional cases). For two

3For an earlier investigation on the Vir.<i-models as GKO COSET models see [Lok94].
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of these KAWAHIGASHI AND LONGO [KL02] gave a rigorous interpretation as
COSET models of current subalgebras following suggestions of BOCKENHAUER
AND EvANS [BE99]. These are the extension (Eg, Ai2) of Virgqg), associated
with £SU(2),, € LSO(5), ® LSU(2),, and the extension (Eg, Asy) of Virceos),
associated with LSU(2),, C LG(2); ® LSU(2),.

A third of the exceptional local extensions is identified through the branching
rules for the COSET pair LSU(9),©Virg) C LE(8), [KWSS, 4.3.a]:

4
L2A)I2 Y [Llparn1) + Llopa) + L(0°paryr) | ® [‘/2(1?21,1 + ‘/2(1?21,7] - (V.40)

=0

By the symbol [ we indicate that the formula gives the decomposition of L(2A)
as a representation of £LSU(9), ® Vire(g).
We have in (V.40):

I ] 0 1 2 3 4
Hor41 2/:\0 /:\1 + /:\8 /:\2 + /:\7 /:\3 + /:\6 /:\4 + /:\5
O 2141 273 Ay + Ay As + M\ Ag + Ao A7+ As
0% o1 2A¢ A7 + As Ag + Ay Ao+ As A+ Ay

As in [KW88] we denote the fundamental weights of the affine Kac-MoobDy
algebra with horizontal subalgebra isomorphic to the LIE algebra of SU(9) as A;,
i =0,...,8. If one is interested in the highest weight of the module of SU(9)
formed by the vectors of lowest energy, one simply ignores the multiple of A
and takes A;, i = 1,...,8, to stand for the corresponding fundamental weights of
SU(9). The notation for the representations of the Vir..; models was introduced
in the previous section already.

The conformal energies of the highest-weight vectors for LSU(9), occurring
in are given by:

l | 0 1 2 3 4
h0u21+1 2 % i_? % %
h02u2l+1 2 % i_? %Cl) %

Most of these lowest conformal energy eigenvalues are not half-integers; this pro-
hibits sharp geometrical action of the inner-implementing representation U45V ()2
(proposition V.12).

Applying results of LONGO [Lon01], we readily extract from that
LE(8), is completely rational, since LSU(9), [GF93, TLI7, Xu00b] and Vire)
[KLO02] are and the branching is finite. The more interesting consequence of

is:
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Proposition V.15: The extension (A, Eg) of Virgg) is the mazimal COSET
model associated with the chiral subnet LSU(9), C LE(8),.

The decomposition of pmasz, the localised representation of the COSET pair
Az ©Crmaz C LE(8), associated with LSU(9)2©Viryg) C LE(8),, is:

4
pmaz = ED pie @ pie (VA1)
=0

where we have the following branchings:

A Amaz A~
Lop L = OL(uyyq) D AL(opy 1) D QL(02p9141) (V.42)
max ~Y 9 9
fplc = ¢§11171 D ¢§11177 . (V.43)

The representations p;™**, plc’”‘”‘ are all self-conjugate.
Proof: Following proposition IV.8 we read off (V.40) that the maximal COSET
model C,,,, associated with LSU(9), C LE(8), is a non-trivial local extension of
Vire9). The decomposition of the vacuum representation of C,,q, with respect to
Viryg) is given by:

£ 2 00 @ or). (V.44)
The extension is effected by a field of scaling dimension 8, and the index [Cyqy :
Viry9)] coincides with the statistical dimension of p¢, which we calculate using
(V.39) as: d(p¢) = 3+ /3. There is only one local extension of Vir,g) with this
index, namely the (Ajg, Eg) extension [KL02, table 3], which is hence identified
as a COSET model.

A naz is @ non-trivial local extension of LSU(9)s, and it is completely rational,
as LSU(9)s is included with finite index [Lon01]. From arguments above we know
that A,0: ©Cinaz C LE(8), is a normal CTPS (proposition [V.14). We want to
derive the decomposition of p,,, from (V.40). It is clear that it has the form of

, where each pglmes (pCmaz) appears only once, and for each pgimaz (pCma=)
the conjugate pam (pSme=) has to appear as well [Reh00]. We know that all the
representations occurring in (V.40) come from restrictions of the pimaz, pCmas

Any sector of Viryg) appearing in (V.40)) appears only once and they all are
self-conjugate. Looking at the restricted fusion rules of conjugate sectors of C,,qy,
equation (V.34), we conclude: if a (bg%rm appearing in is the restriction
of a pmae= then its square has to contain p®. But this is not the case, as one
may verify using the fusion rules (V.38). This shows that the restrictions of
irreducible pSme= contained in ppq. are of the form i€pfmes,C = 9@21,1 @ ¢§1911,7=
with [ depending on v.

Now we may calculate the statistical dimensions of the irreducible p{mes con-
tained in pp,q, from (V.40), according to [Car02, proposition 3.1]:

d(ip5re i) = d(py) [Conaa + Virew)] = d(p5m) d(p°) . (V.45)
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The statistical dimensions of the representations of Vir.g) occurring in
are given by:

l dgl)i-l 1 dgl)i-l 7 (dglagl-l,l + dgl)i-l Y)d(pc)_l

0] 1 3.732051 1

1| 2.682507 10.011252 2.682507 (V.46)
2| 3.513337 13.111953 3.513337

3| 3.228707 12.049700 3.228707

4| 1.918986 7.161753 1.918986

The fusion rules of positive-energy representations £LSU(9), are known [Was98]
and, therefore, the corresponding statistical dimensions may be calculated as
asymptotic dimensions using formulae in, for example, [KW88]. The dimensions
for representations occurring in (V.40) are:

d2A0 :d2A3 :d2[\6 = 1,
divie = digen, = diai, ~ 2.682507,
dioin = digih, = digsi, ~ 3.513337, (V.47)
diyihg, = igsh, = digpi, ~ 3.228707,
dier, = dii, = dieh, ~ 1918986 .

Below v/6 the numbers which can occur as a statistical dimension form a dis-
crete set and the only value below v/2 is 1 [Jon83, Reh95]. This allows to write
actual equalities in the first line, which implies: [Aya: @ LSU(9),] = d(p?) = 3.
Through the corresponding version of equation (V.45)) the statistical dimensions
of candidate p;'™e given by thinkable decompositions of p,,., may be calcu-
lated. These have to coincide with the dimension of the pme= they are coupled
to [Reh00, theorem 3.6]. Comparing (V.46) and (V.47), this requirement admits
the decomposition of p,,q. only to be given by (V.41), (V.42), (V.43).

The representations p; ™", plc"“”‘ are all self-conjugate, because the ngSfZ) all
are and the coupling matrix induces an isomorphism of fusion rules [Reh00].
O

Remark: According to [KW88, 4.1.b], the (A9, Es) extension of Viryg) may
as well be viewed as the maximal COSET model associated with the chiral subnet
LE(8), C LE(8), ® LE(8),.

Concerning the forth exceptional local extension of a Vir..; model, namely
the (Ags, Eg) extension of Viryar), the classification of current subalgebras with
COSET stress-energy tensor having ¢ < 1 [BG87| and the classification of con-
formal inclusions of current algebras [AGO87, BB87, SW86] suggests that this is
probably not a COSET model associated with a current subalgebra. Nevertheless,
this chiral conformal theory is known to exist by an abstract construction relying
on DHR data of Vir.or [KL02| and thus appears to be a genuine achievement
of the conceptual approach of local quantum physics.
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3.3 A normal CTPS in LE(8),

As an example for the structure discussed by MUGER [Miig02] we discuss a COSET
pair in LE(8),. This we will show first: Up to unitary equivalence the vacuum
representation is the only locally normal representation of LE(8),. If we look
only at the representations that stem from integrating a unitarisable highest-
weight representation of the corresponding current algebra, this is clear because
the WEYL-alcove condition only admits one highest weight, namely the vacuum.
But we need a statement on the chiral model LE(8),, which we obtain applying
well-known statements on completely rational models and our current knowledge

of the models £LSU(n),.

Proposition V.16: LE(8), is completely rational and its only sector is the va-
cuum sector.

Proof: Complete rationality of LE(8), holds, because LSU(9), C LE(8), is a
conformal inclusion. Indeed, the branching of this chiral subnet reads [KNS88]:

L(Ag) = L(Ag) + L(As) + L(Ag) . (V.48)

By the symbol | we indicate that the formula gives the decomposition of L(Ag) as
arepresentation of LSU(9),. Again the notation is standard for representations of
affine KAC-MoODY algebras (see [KW88] for a summary): L(Ag) is the vacuum
representation of LE(8),, L(Ag) is the vacuum representation and L(Asg) are
inequivalent highest-weight representations of LSU(9),.

To prove that LE(8), has trivial superselection structure, we calculate its
p-index which turns out to be 1; this is a necessary and sufficient condition
for trivial superselection structure for completely rational chiral nets [KLMO1,
corollary 32]. The identity jzps), = 1 appears implicitly in [Sta95] as well, but
we prefer giving a self-contained proof. We know that the p-index of LSU(9),
is 9 [Xu00b, section 4.4] and since there are 9 locally normal representations of
LSU(9), (cf remarks at the end of section each of them has statistical
dimension 1. Hence, the index of the conformal inclusion is determined to be:
[LE(8), : LSU(9),] = 3.

The p-index of LE(8), may be calculated using the conformal inclusion above
IKLMO1, proposition 24]:

W(LSU(9),) = [CE(8), : LSU(9),Pu(LE(®),) . (V.49)

This yields u(LE(8),) = 1.
U
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Now we present the example itself, the COSET pair LSU(2),,@©LSU(3)s C
LE(8),. It has the branching [KNS88]:

L(Ao) | =2 [L(16Ag) ® L(16A,)] ® [L(6Ag) @ L(6A,) @ L(6As)]
O[L(14Ag + 2A1) ® L(2A¢ + 14A,) @ 2L(8A¢ + 8A,)]
@L(2Ag 4 2A; 4 2A,)
S[L(10Ag + 6A1) @ L(6Ag + 10A,)]
Q[L(4Mg + Ay + Ag) @ L(Ag + 4A; + Ay) @ L(Ag + Ay + 4A,)]
OIL(12A + 4A)) ® L(4Ag + 12A,)]
®[L(3Mo + 38) @ L(3Ao + 3Ay) @ L(3A, + 3K,)] . (V.50)

By the symbol | we indicate that the formula gives the decomposition of L(Ay)
as a representation of LSU(2),, ® LSU(3),.

Again, the notation is the usual one for highest-weight representations of affine
KAc-MooDY algebras (summary eg in [KW88]): Ag stands for the vacuum repre-
sentation at level 1 of the affine KAC-MoOODY algebra with horizontal subalgebra
E(8), A, for the ith fundamental weight of the affine KAc-MooODY algebra with
horizontal subalgebra isomorphic to the LIE algebra of SU(2) and A; for the ith
fundamental weight of the affine KACc-MooODY algebra with horizontal subalge-
bra isomorphic to the LIE algebra of SU(3). If one is interested in the highest
weight of the modules of SU(2) or SU(3) formed by the vectors of lowest energy,
one simply ignores the multiple of Ay and Ay and takes A;, A;, i # 0, to stand
for the corresponding fundamental weights of SU(2), SU(3), respectively.

The highest weight vectors of representations of LSU(2),4 occurring in
have the following conformal energies:

h(16Ag) = 0, h(14Ao+2A;) = L, KA +14A)) = 2
h(16Ay) = 4, h(8Ay+8A,) L
h(10Ag+6A1) = 2, h(6Ag+10A) = 2,
h(12Ag +4A;) = 1, h(dAg+124)) = I.

Since most of these lowest energy eigenvalues are not half-integers, the inner-
implementing representation U%5U®)1s can not have sharp geometrical action

(proposition .
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We introduce some shorthand notation by defining, up to unitary equivalence,
representations of the respective chiral net localised in some I € S':

a@) = L(16Ag) & L(16A,)

agy 2 L(14Ag + 2A,) & L(2Ag + 14A,)

ap = L(8Ag+8A)) ,

o = LB+ 8h), (V.51)
aw = L(10Ag + 6Ay) & L(6Ag + 104,)

ag) 2 L1280 +4A;) @ L(4Ao + 124,) .

(o) = L(6Ag) @ L(6A,) @ L(6A,),

Cay = L(2Ag+2A; +24,),

(o) = L(2Ag+2A; +24,),

(@ = L(2Ag+2A; +2A,), (V.52)
Cwy = L(4ho+ Ay + Rg) © L(Rg + 44, + RK5) @ L(Ag + Ay +44,) |

(e = L(3Ag+3R)) @ L(3Ao + 3A,) @ L(3K, + 34,) .

All the models involved are completely rational and, therefore, we know that
the COSET pair A,0;©Cmez C LE(8), is a normal CTPS. It is straightfor-
ward to determine the decomposition of p,,.., the localised, unitarily equivalent
representation:

Proposition V.17: The branching for the COSET pair Ape;©Craz C LE(8),
assoctated with LSU (2),,@©LSU(3)s C LE(8), reads:

5
Pmaz = @ p}Amaz & P; mer, (V53)
=0

The branchings of the restricted representations read referring to (V.51), (V.52):

Ap.Amaz -A 2 Oé(l) ZcplcmazLC g <(l) .

Proof: The interpretation of the first line in (V.50) is clear from proposition
IV.8l The argument from the proof of proposition V.15, using the fusion rules
only fixes the problem for [ = 4,5 and for [ = 1,2,3 we need to rely
entirely on calculating and matching dimensions which turns out to be sufficient
to determine the decomposition completely.

We know that the statistical dimensions of irreducible representations of A4
and Cpaz, which are coupled in py,q., have to coincide [Reh00, theorem 3.6]. The
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statistical dimensions of candidate p7‘ma=  pSmas contained in thinkable decompo-
sitions of ppee may be calculated as follows: After having identified p*, p¢ in
(proposition TV.8) we immediately get:

A : £SUR)5) = d(p™) =2, [Craw : LSUB)g) = () =3 . (V.54)

Amafr

u Y

For the statistical dimension of representations p pg"““” of Apaz, Conaz W€

have the following (eg [Car02, proposition 3.1]):

d(@ gty = d(pg) [Amas - LSU(2)y4]
A1) = d(p) [Coe  LSU(3)g) (V.55)

Now the statistical dimensions of the irreducible representations of LSU(2) 4,
LSU(3), involved in can be calculated as asymptotic dimensions (these
coincide because the respective fusion algebras are identical [Was98]) using for-
mulae in, eg, [KW88]. The results are:

dlﬁ/\o =dyg;, = 1,
digpgi2h, = Gopgr1ad, =~ 2.879385,
dgpgrsi, = 5.7H8770 (V.56)
diongroh, = doagri0h, ~ DALLATL,
Diohgran, = Qapgrizi, ~ 4411474
dgi, = dei, = dgi, = 1,
AoRgrok, 42k, ~ 8.638156 (V.57)
d4Ao+A1+A2 = dAo+4A1+A2 = d]'\0+]\1+4]\2 ~ 5411474,
Qaigrai, = Oaigrsis = sk tsis A~ 4411474

If one compares the resulting statistical dimensions of candidate pyimas = pCmas
coupled in py,q. according to the equations (V.54), (V.55), (V.56), (V.57) one
finds that this only admits a decomposition of p,,., of the form claimed above.
O

Remarks: Simply by looking at the branching (V.50) one probably conjec-
tured a decomposition of p,., into 4 tensor products of irreducibles rather than
six. MUGER’s results [Miig02] show, that the connection between sectors cou-
pled in the branching (V.53) induces an isomorphism of the DHR subcategories
generated by the sectors of A, and C,,,, which are contained in p,,,;.

4Below v/6 numerical calculations of sufficient accuracy allow complete identification of the
dimensions, since the allowed dimensions of localised representations below /6 are known to
form a discrete set [Jon83, Reh95]; the only value below v/2 is 1.



Chapter VI

The conformally covariant
derivatives of the U(1) current

Much of the present understanding of quantum field theories was achieved by
methods related to internal and spacetime symmetries. There are reasons to
be interested in objects connected with symmetries which are of a local nature:
the lemmas for example, were proved assuming the presence of a
stress-energy tensor. These two lemmas are the foundation of the analysis on the
isotony problem, they led to the concept of chiral holography and should hold
in quite general circumstances. In this chapter we establish limitations of the
concept of a stress-energy tensor and, hence, add reasons for being interested in
densities generating specific spacetime symmetries in a more general sense.

Within the classical framework the relation between local objects and con-
tinuous symmetries of a Lagrangean field theory is canonical by NOETHER’s
theorem: to each such symmetry we have an explicitly known conserved current,
whose integrals over space, the charges, generate the corresponding symmetry
transformation. In quantum field theory the situation is less satisfactory. If one
quantises a classical Lagrangean field theory, it may happen that some symme-
tries do not survive at all because of renormalisation effects. Moreover, there
is no a priori knowledge of densities connected with continuous symmetries of a
general quantum field theory, although it is possible to characterise such fields
abstractly, of course. The nature of conserved currents connected to symmetries
at the quantum level (and of their charges in particular) is hard to clarify in
general.

These problems are more accessible for the global conformal spacetime sym-
metry in 141 dimensions. Here we have an abundance of models for which ex-
plicit constructions of a conserved WIGHTMAN quantum field are known, which
serves as a density for the conformal symmetry. When smeared out with suitable
testfunctions, this field actually generates the conformal symmetry in the sense of
integrable LIE algebra representations. Its interpretation as a stress-energy ten-
soris in direct analogy with the classical object. Depending on weak assumptions
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LUSCHER AND MACK found that stress-energy tensors of conformally covariant
quantum field theories in 141 dimensions always yield local formulations of the
VIRASORO algebra [Mac88, LM76, FST89]. In chapter we discussed current
algebras as examples of this structure.

We prove: No such stress-energy tensor exists in a class of completely well-
behaved conformal theories in 1+ 1 dimensions, the conformally covariant deriva-
tives of the U(1) current. These are constructed as fields on MINKOWSKI space
and possess conformally covariant extensions on their own FOCK space, but they
do not transform covariantly with respect to the transformations implementing
global conformal symmetry of the U(1) current.

YNGVASON [Yng94| studied the conformally covariant derivatives as part of
a broader class of derivatives of the U(1) current and established, among other
things, that they do not fulfill HAAG duality on MINKOWSKI spaceﬂ GUuIDo,
LoNGO AND WIESBROCK [GLW9S] studied locally normal representations of
these models and found representations of the first derivative, which do not allow
an implementation of global conformal symmetry. In a closing side-remark they
noted that this contradicts, by unpublished results of D’ANTONI AND FREDEN-
HAGEN, presence of diffeomorphism symmetry in these models.

This symmetry is not manifest in the commutation relations of local fields in
this model, but as these only serve as “field coordinates” for the local quantum
theory they generate, one has to have a closer look for a complete proof, see
section |Al5. At this point we are interested in a direct argument that excludes
presence of a stress-energy tensor for the derivative models.

Most of this chapter is also available as [K6s03a].

1 The chiral nets generated by the o)

The U(1) current in 1+1 dimensions decomposes into two independent chiral
components, the chiral currents, and we shall discuss one of these only (cf chapter
IIT). The derivatives of the chiral current j are given as fields on the light-ray
by @™ (z) := 9%j(z), where we used 9, := d/dz. These fields are covariant with
scaling dimension n + 1 when acted upon by the implementation of the stabiliser
group of oo for the U(1)-current theory. By looking at their WIGHTMAN functions
one recognises that the ® possess conformally covariant extensions, if restricted
to their own FOCK space; the corresponding unitary representation of PSL(2,R)
implementing global conformal symmetry leaves invariant the vacuum and fulfills
the spectrum condition. Each of these extensions transforms covariantly with
respect to a different representation of the global conformal group and lives on a
different FOCK space. From now on, we look at the fields as operators in their

!Essential duality, which is another name for HAAG duality on the conformal covering of
MINKOWSKI space, is a consequence of conformal symmetry [BGL93].
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cyclic subrepresentation equipped with their own representation of the global
conformal group and we use the symbol ®™ in this sense.

By construction, the derivative fields ® obey the following commutation
relation as fields on the light-ray:

o
2

(8 (@), 8 (y)] = = (=)D (@ — y)1.

We want to calculate the corresponding commutation relations for the modes of
the conformally extended fields on the compactified light-ray, S'. These fields will
be denoted ™. The calculation is done best in terms of smeared fields, for details
see section The testfunctions of fields on S' and their images living on the
light-ray are connected by a transformation f ~— f depending on the scaling
dimension of the respective field; its definition is induced by ®™ (f) = &™) (f).

Proposition VL.1: The modes ®\ := & ([z"+™]) have the following commu-
tation relations:

[cp,(g), cp,ﬁ’;)] = Sy I () | (VL1)
if we set 1 (m) == [[}"y(m —n + k).

Remark: These relations imply that the modes @g{”), |m| < n, are central, which
in turn means that all Ly-eigenspaces for eigenvalues 1,...,n are null.
Proof: We use the shorthand notations ¢ := (1 + z), d/dz = 0, and arrive at:

2n—+1
_ (_)2n+l % kf(Z)C_Q(n—H) <<2di) C—Qng(z>

271

= j{%g@) (d%)zn“f@) : (VI1.2)

The identity of the two integration kernels as distributions may be proved
inductively. Applying the induction assumption we see that we have to prove:
CT29:C?0C 2”8?”‘% 2= 8?"“. One may verify this identity for n = 1 explicitly.
Then one proves by induction on n:

C—2(n+1)a<€2acc2(n+l)a?n—&-l<—2
= (OO —2(2n + 1)CPOCT 4 (2n 4 1)(2n)) = 9"

O

As we can see by looking at their canonical commutation relations, the deriva-
tive fields may be treated as local quantum theories of bounded operators in terms
of WEYL operators and their relations (cf [GLW9S8]). We take another approach
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which was introduced by BUCHHOLZ AND SCHULZ-MIRBACH [BSM90] for the
nets of the stress-energy tensor and the U(1) current: By establishing linear
energy bounds referring to the conformal Hamiltonian Ly the HAAG-KASTLER
axioms follow from WIGHTMAN’s set of axioms. In particular the fields are es-
sentially self-adjoint on the WIGHTMAN domain, their bounded functions fulfill
locality and the local algebras generate a dense subspace from the vacuum. The
local algebras are generated by unitaries W (f) := exp(z'zlv)(”)( ) ), EIVJ(”)( f) self-
adjoint and supp(f) € S'. The W(f) are concrete representations of the WEYL
operators.

Proposition V1.2: The following defines the local algebras of the chiral net gen-
erated by the ®™ fields:

Agin (1) 1= {€><"><f>‘, supp(f) C 1,1 = F } Ies. (VL3)

Proof: The proof follows the lines indicated in [BSM90]. If ¢y denotes an
arbitrary eigenvector of Ly with energy N and norm 1, then @%%N, m > 0,1s a
multiple of a unit vector of energy N —m, which we will call ¢5_,,. Making use
of a general estimate for positive, linear functionals  [Buc90]: |n(Q)]* < n(Q*Q),
we are led to the following estimate:

leG wnllt < @5 enlPI@5 Yn—ml® + T (m) | S |

For m # 0 we set I'™(m) := LTI (m) and we prove inductively using the

spectrum condition: || W |2 < NII'™ (m), m > 1.
For the generating modes we have:

[0 Wy ]|2 = [|@W Wy |2 + T (m) < (N +m)II'™) (m) .

The zeroth mode is central in the theory and is, therefore, a multiple ¢ of the
identity. So we have: O W y|2 = ¢2, ¢ € R. For general ®™(f), f € C*(SY),
and a vector ¥ from the WIGHTMAN domain we have the following estimate:

[T < (Lo + DU [l (] + T () + gl +1) . (VL4)

meZ

This is the linear energy bound from which the HAAG-KASTLER axioms follow
as discussed in the proof of theorem [TII.1.
O

GABBIANI AND FROHLICH [GF93| gave a formulation of the nuclearity con-
dition adequate for chiral nets, following [BDF87]. We start with a review on
this formulation and relate it to properties of L in typical chiral models. First,
we define maps O3, 3 > 0, from the local algebras of a chiral conformal model B
in its vacuum representation into its vacuum HILBERT space ¢ by:

OQp:B(I) — H#, BrePBQ, 3>0. (VL5)
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The functions O are required to be nuclear. This means that for every ©g
there exist a sequence of vectors ¢, € 7 and a sequence of linear functionals

¢, € B(I)* such that:
=Y 0o D ledlel < oo (V16)

Furthermore, defining the trace-norm of ©4 by: ||Ogl||1 := inf )" [l¢.lll|é.],
where the infimum is to be taken over all sequences (¢,),, (¢,), complying with
the conditions above, there shall be an asymptotic bound for 3\, O:

ﬁ

185l < 7", Boyn > 0. (VL7)

B, n are constants, depending on I @ S', possibly.

In typical chiral models, Ly has a total set of eigenvectors, e~#L° is trace-class
for § > 0, and its trace has good asymptotic properties for 3 N\, 0 (eg [Kac90,
(13.13.14)] and below). With these structures it is straightforward to establish
the nuclearity condition (VL6), (VL7). If {¢n;}n; is an orthonormal basis of
eigenvectors of Lg-eigenvalue N labelled by an additional multiplicity index 4,
then the expansion in equation (VI.6) reads:

Os() =D (e pn, Q)on) = Zcpm M) - (VL)

N

and the following estimate holds: >y [[onll[lon.ll < Tr(e=2lo) < co. This
inequality holds for [|©]]; as well and the asymptotic properties of Tr(e~2L0)
yield a bound of the form (VI.7).

Now we turn to the nuclearity condition for the conformally covariant deriva-
tives of the U(1) current. Each of their FOCK spaces is the quotient of a Verma
module modulo the space of null vectors. The VERMA module has at each energy
level N a basis given by vectors (ID(_ml ) <I>(_nka dYoumi=N,0<m < ... < my.
Since null vectors reduce the multiplicity of Ly eigenvalues, the trace of e #L0 in
the vacuum representation of the derivative models is dominated by the cor-
responding Lo-character for the U(1) current, whose VERMA module does not
contain any null vectors. The following discussion applies for the same reason
to all theories defined by a stress-energy tensor, and to the U(1)-current algebra
itself, of course.

The trace of e7#%0 in the vacuum representation of the U(1) current coincides
with the combinatorial partition function p(e™"), which is directly connected to
Dedekind’s n-function:

ple®)™t = [ (1 — &) = e 7n(iB/(2n)) .

For the nuclearity condition we have to check the asymptotic behaviour for 5\ 0.
This behaviour is determined by the transformation law of n for 7+ 1/7. This
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reads [Sch74, 111.§3]: \/B/2mn(iB/(27)) = n(i2w/3). We have with Gy > —1 +
72/6 and n = 1:
lim p(e_ﬁ)e_(ﬁ_ﬁ?)n =0. (VI.9)
BN\0
This estimate is a special form of a nuclearity condition and ensures the split
property for all models under consideration by arguments as given in [GF93,

lemma 2.12].

2 No stress-energy tensor in ®-models

We seek for a stress-energy tensor in the theories defined by conformally covari-
ant derivatives of degree n of the U(1) current in 1+1 dimensions. We assume
the stress-energy tensor to deserve its name and therefore it should be a local,
covariant, conserved, symmetric, traceless quantum field © of scaling dimension
2, which is relatively local to the ®( under consideration and a density for its in-
finitesimal conformal transformations. Because all models involved factorise into
chiral components, we shall discuss the situation on the compactified light-ray, ie
the fields live on S!.

According to the analysis of LUSCHER AND MACK the commutation relations
of © have a very specific form [LM76, Mac88] [FST89, theorem 3.1]. © is a LIE

field with an extension proportional to ¢, the central charge of ©:
¢ dz m e Q Y P
5 P 51" (2)9(z) = |8()).6(9)| ~ 6’9~ fo) .

¢/2 is the normalisation constant of the two point function of C:), hence we have
c € R, , and, by the REEH-SCHLIEDER theorem, © = 0 if and only if ¢ = 0.

Proposition V1.3: The conformally covariant derivatives of the U(1) current
in 141 dimensions do not contain a stress-energy tensor.

Proof: Looking at the commutation relations of the modes of ®™ (equation
'VI.1), we learn that the eigenspaces of the conformal Hamiltonian L, associated
with energy 1,...,n are all null. If n > 2 this yields for L_, = O([z"}]): ¢/2 =
|L_59|2 = 0, and hence © = 0.

In the case n = 1 all vectors of energy 2 are multiples of (ID(_ng If there is
a stress-energy tensor © then we have: vL_,() = Q)(_lgﬁ, c|y*> = 12. Obviously,
oM — 'yé is a quasi-primary field and its two-point function is determined by
conformal covariance up to a constant, C' > 0:

T

(. (81 (2) = 707(2)) (3 (w) = 1O (w)) Q) = Clz —w) ™.

In particular, we have: C' = [|(®") — vL_5)Q||> = 0. By the REEH-SCHLIEDER
theorem, the field @) — ~0 is zero. Since y'®() is not a stress-energy tensor,
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the claim holds for n =1 as well.
O

We have shown that the quantum field theory of the conformally covariant
derivatives of the U(1) current in 141 dimensions does not contain a stress-energy
tensor. This adds another detail to their character as archetypes of conformal
theories in 1+1 dimensions: In spite of being completely well-behaved, they do
not exhibit special properties of other comparatively simple models such as strong
additivity or presence of a stress-energy tensor.

If there is a local density associated in some sense with the conformal sym-
metry of these models, it has to be of a different nature. The proofs of the
lemmas TV.2 and TV.12, which are the foundation of chapter TV, indicate why
such densities are desirable. We discuss possible generalisations in the following
chapter.




Chapter VII

Discussion

1 Summary

We studied chiral conformal subnets A C B, their COSET models C C B, ie sub-
nets of B which commute with A, and found objects and structures intrinsically
associated with the subnet A C B. Most of our results hold on general grounds
and are not directly related to a specific class of models, although our work is
inspired by current subalgebras and their COSET models, compare chapter TII.
We abstracted from these examples when we formulated our general assumptions,
see section T1/1.2!

In section II12, we found that there is a unique inner-implementing repre-
sentation U4 with the following properties: U is affiliated with A in a global
sense, its non-trivial unitaries are genuine global observables of the subnet A.
The adjoint action of U# implements global conformal symmetry on the subnet
A C B. U# is a unitary, strongly continuous representation of PSL(2, R)™ of pos-
itive energy which is complemented by another representation U4 by unitaries
in the commutant of the global algebra A = \/;.¢1 A(I). U A" is a positive-energy
representation of PSL(2,R)™, too, and yields a factorisation of U, the imple-
mentation of global conformal symmetry in the vacuum representation of B, as
Uop=UAUA, p: PSL(2,R)~ — PSL(2,R) the covering projection. Both U4
and UA" leave the vacuum invariant.

UA is intrinsic for the subnet A C B and it is directly related to its COSET
structure: the local observables of B which commute with all unitaries of U4
form the maximal COSET model C,,..; the local algebras of C,,,, contain the
local observables of all COSET models C C B associated with the subnet A C B
(lemma TL.4).

We raised the question whether COSET models are of a local nature, ie if there
is an alternative characterisation not by global data like the unitaries of U# but
by local data, more specifically if the local algebras C,,q.(I) coincide with the
local relative commutants C; = A(I)' N B(I). The task was to show that the
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C; increase with the localisation region I and we referred to this as the isotony
problem. This problem exists for embeddings of theories in any spacetime and
we argued that this problem must be taken seriously. We took a new perspective
by studying it through the action of the inner-implementing representation U+
on the local observables of the ambient theory B.

The construction of U4 relies on the fact that PSL(2,R)™ is, as PSL(2,R) and
all other global conformal groups [BGL93], generated by translation subgroups
which fulfill the spectrum condition in every positive-energy representation of
the global conformal group. A result of BORCHERS [Bor66] ensures the existence
of globally inner implementations of automorphism groups of a V.NEUMANN al-
gebra A induced by the adjoint action of a positive-energy representation of a
translation group. We derived from these implementations of translation auto-
morphisms the globally inner implementation of all automorphisms associated
with conformal symmetry. This construction generalises within its limits the
SUGAWARA construction of stress-energy tensors for current algebras and we in-
troduced the name Borchers-Sugawara construction for it since its key building
block is the result of BORCHERS.

The BORCHERS-SUGAWARA construction of U+ is completely general but it
does not relate to the local structure of the chiral subnet. We found that a single
Additional Assumption on the way U is generated by local observables of A
(see page [65)) is sufficient in order to determine the geometrical character of the
adjoint action of U# on local observables of B and to tackle the isotony problem:
If U4 is generated by integrals of a stress-energy tensor contained in .4 both
problems can be solved.

So, our analysis applies directly to a large class of examples, the current sub-
algebras and their COSET models which contain the COSET stress-energy ten-
sor, because the SUGAWARA construction yields stress-energy tensors as explicit
quadratic functions of the currents of the respective current algebra (theorem
II1.3). The isotony problem is of interest for this class of examples because the
COSET models are not known to be strongly additive in general.

Even in presence of a stress-energy tensor we needed to pin down the prob-
lems of determining the geometric impact of U on local observables of B and of
establishing isotony for the local relative commutants by general arguments. The
ADDITIONAL ASSUMPTION was only needed to establish two crucial, but natu-
ral lemmas (lemma IV.2 and lemma IV.12). Moreover, we did not use specific
structures of current subalgebras, as the LUSCHER-MACK theorem shows that
the structures we need hold for any subtheory A which contains a stress-energy
tensor provided the action of the stress-energy tensor on the vacuum HILBERT
space of B has some weak technical properties (cf section III/1.2 and proof of
theorem .

Chapter TV]contains the main results of this work: We established on grounds
of the ADDITIONAL ASSUMPTION that the adjoint action of dilatations U4(D(t)),
t € R, induces automorphisms of B(S} ) (lemmalIV.2) and that this feature, which
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we call net-endomorphism property, allows a satisfactory analysis of the geometric
impact of U# on local observables of the ambient theory B (proposition IV.6).
In particular, this ensures that for given I @ S' the algebras AdyagB(I) consist
of local operators as long as ¢ is sufficiently close to the identity, in spite of the
UA(§) being genuine global observables for § # id. This was achieved through a
converse of BORCHERS’ theorem on half-sided translations (theorem TV.3), ie by
an interplay of positivity of energy and modular theory.

The net-endomorphic action of U4 on B found its interpretation by chiral
holography: U# and U may be taken to be implementations of chiral conformal
transformations on either light-cone coordinate in 141 dimensions which generate
from the chiral conformal theory B a 1+ 1-dimensional holographic extension B,
The original net B is contained as the net of observables associated with time-
zero double cones, and B! fulfills all properties of a conformal theory in 141
dimensions with one exception: it’s not the translations in futurelike directions
but in right spacelike directions which have positive generators (theorem [TV.7).
For this reason we called B a quasi-theory.

B! allows to take a geometrical point of view with respect to chiral subnets
and their COSET models: the maximal COSET model C,,,, and the chiral subnet
Anas, consisting of all local observables of B on which U# implements conformal
covariance, are contained in B! as subtheories of all left, respectively right chiral
observables. This establishes a direct connection between chiral subnets and their
CoSET models and inclusions of chiral observables in 1+ 1-dimensional conformal
theories as studied before by REHREN [Reh00].

Chiral holography shows that the symmetries which yield chiral subnets and
their COSET models as fixed-point subtheories is a spacetime symmetry given by
the chiral conformal transformations on the respective other light-cone coordi-
nate. There is no need to broaden the symmetry concept in order to understand
these inclusions, one only has to go into the chirally holographic picture.

The interpretation of Az, Cmas as chiral observables in B! directly leads
to a spatial identification of these subnets: the HILBERT subspaces they generate
from the vacuum coincide with the spaces of UA'- and U--invariant vectors,
respectively [Reh00, lemma 2.3]. We gave an alternative proof using the net-
endomorphism property of U4 directly and showed that the subnet generated by
a chiral subnet A C B and any COSET model, C, is the tensor product A ® C of
both theories (proposition IV.8). This has interesting applications (see below).

In section|IV[3 we solved the isotony problem in our setting. The ADDITIONAL
ASSUMPTION was used to establish that the dilatations UA(D(t)), t € R, are con-
tained in the algebra A(S}) vV A(SL) (lemma[IV.12). After being complemented
with the net-endomorphism property and some general arguments this proved
sufficient to establish isotony for the local relative commutants; we summarised
this in our main result, theorem TV.13.

On the way to our solution of the isotony problem we used structures of
the chiral conformal group, PSL(2,R), and of the group of orientation preserv-
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ing diffeomorphisms of the circle, Diff, (S'), or rather their universal covering
groups and of their (exponentiated) positive-energy representations. The latter
group comes into play by the theorem of LUSCHER AND MACK [FST89, Mac88,
LM76] on the commutation relations of stress-energy tensors in chiral and 1+1-
dimensional conformal quantum field theory. A technical result of TOLEDANO-
LAREDO [TL99] on the exponentiation of these commutation relations was vital
for proving the ADDITIONAL ASSUMPTION in presence of stress-energy tensors
(compare proof of theorem .

Our approach is independent of the properties of strong additivity and finite-
ness of index for A©C, e (A C B cofinite), which are central for other studies on
chiral subnets and their COSET models and which may be established for current
subalgebras by taking advantage of their specific structure, compare in particular
[Xu00a, Xu99], [Lon01], [KLO02], [Lok94]. Both approaches are complementary,
and our analysis of the action of the inner-implementation U# on the ambient
theory B yields new insights for cofinite inclusions of current algebras as well:

The spatial identification of A,,4, and Cpq. (proposition TV.8) allowed us in-
terpret branchings for particular current subalgebras A C B and concrete COSET
models C which are available from group-theoretic analysis [GKO86, KW88,
KNS88] as restricted branchings of normal canonical tensor product subfactors
(CTPS) [Reh00] given by Aaz©Cee € B. We gave a COSET construction
of the third exceptional local extension of Vir..; models as classified in [KL02]
(section [VI3.2) and found a normal CTPS in an ambient theory with trivial
superselection structure, LE(8),, a setting discussed by MUGER [Miig02] (see
section [V13.3).

We obtained some results for general cofinite subnets A C B as well: in this
setting the net-endomorphism property alone is sufficient to solve the isotony
problem (proposition [V.2). Moreover, for COSET pairs A©QC C B which are
spatial (definition [V.9) the chiral rigid rotations by 27, U*(R(27)), induce au-
tomorphisms of each local algebra B(I) (proposition [V.11), which improves the
general knowledge on the net-endomorphic action of U4 on B (cf proposition
V.6).

We found that for spatial COSET pairs A©C C B of finite index the quasi-
theory B™ can fulfill timelike commutativity and hence can be reinterpreted
directly as a genuinely physical model only if the spectrum of UA(R(27)) is
contained in {£1} (proposition V.12). This necessary condition excludes sharp
geometrical action of U4 on the chiral theory B, which is equivalent with timelike
commutativity of B! (proposition TV.10), for all (known) current subalgebras
except the cases one can make up trivially.

In section 1114 we applied our new perspective of analysing the action of the
inner-implementation of a subtheory on the observables of the ambient theory
when we gave a direct characterisation of conformal inclusions of current algebras.
Moreover, one may recognise from this discussion that it is of limited use to know
explicitly the commutation relations of the stress-energy tensor of a subtheory

1s
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on the fields of the ambient theory, which we derived for current subalgebras
(equation I11.42)).

Chapter finally, was to show that there are well-behaved conformal models
which do not possess a stress-energy tensor, namely the conformally covariant
derivatives of the U(1) current. Since these models live in 141 dimensions but
decompose into independent chiral components, they provide examples of this
structure in both settings. If there is a local density associated with the conformal
symmetry of these models, it has to be of a different nature, and this asks for
possible generalisations of our discussion.

2 Outlook

A very general quantum version of NOETHER’s theorem exists [BDL86] on grounds
of the split property, which was established easily for the conformally covariant
derivatives in section VI/1. Here, symmetries are implemented on local alge-
bras by operators which are localised in a somewhat enlarged region. CARPI
[Car99] took point-like limits of local implementers applying methods of JORSS
AND FREDENHAGEN [FJ96] and reconstructed the stress-energy tensor of some
models in this way. Hence he gave an explicit account of the relation of local
implementers to densities as needed in chapter IV. We comment briefly of the
possible application of local implementers in the context of chiral subnets and
the isotony problem.

Let us begin with a short summary of the quantum NOETHER theorem of
BucHHOLZ, DOPLICHER AND LONGO [BDL86]. The split property of the subnet
A, which definitely holds if B is split (proposition I1.7), proves that for given
I @ S! and each J € S! which contains the closure of I there is a faithful, normal
product state n;c; for A(l)es V A(J")es [Buc74]. This state is then taken to
define the universal localisation map V;-; which maps each bounded operator
on e to a local observable in A(J)ey and acts trivially on A(I)ey. The
universal localisation map is a *-homomorphism of norm 1 and the operators
Ucs(U(g)ea), g € PSL(2,R), form a representation of PSL(2,R) with the same
spectral properties as Ue4. For g € PSL(2,R) and I, € S which satisfy gly C I,
the adjoint action of U;-;(U(g)e.4) implements the automorphism «, on A(Ip)e.,
and for this reason the operators W ;(U(g)ea) are called local implementers.

By local normality of the embedding A C B we can lift the local implementers
from the vacuum subrepresentation to the subnet, and we write the correspond-
ing operator in A(J) by WP (U(g)e). These operators are local implementers
for the subtheory in the obvious sense. Taking advantage of the group structure
of PSL(2,R) one can use the locality of B to show that every local observable
of B(Iy) which commutes with the local implementers W1SB(U(g)e4) for some
neighbourhood of the identity commutes with all of A(Iy). This allows a char-
acterisation of the maximal COSET model analogous to the one given in lemma
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I1.4.

If we want to deal with the isotony problem from this angle, however, we have
to look at the limit J — I, and it seems unlikely that it might prove possible
to establish non-trivial weak limit points for the local implementers themselves
for g # id. But looking at the proof of lemma equation in par-
ticular, one might hope that such limit points exist for bilocal products of local
implementers as

‘I’ﬁCcBJ,(U(g—)eA)‘I’ﬁCCBA(U(9+)6A)> It,J: C Si, g+ € PSL(2,R) . (VIL1)

in the limit Iy — SL, g+ — D(¢) # id (for small t). To establish such limit points
one has to relate the product states to the subnet structure. In case there are
weak limit points which agree with U(D(t) up to a phase (cf equation (IV.11)),
one directly gets a solution for the isotony problem by the arguments in the proof
of lemma TV.12!

It was proved in [DDFL87] that there are choices for the enlarged regions
(intervals J above) such that the universal localisation maps converge point wise
strongly to the identity map in the limit of the localisation regions exhausting
spacetime (in our case I tending to R), provided the union of all local algebras
acts irreducibly on HILBERT space [DDFL87]; but there is no method available
to establish weak limit points for bilocal operators of a subtheory.

We end our speculations on the possible role of local implementers in the
context of chiral subnets with a simple observation: Provided one can establish
weak limit points for bilocal operators as in which agree with U4(D(t)) for
t # 0 up to a phase and weak limit points for corresponding local implementers
of the ambient theory B which agree with the dilatations U(D(t)) up to a phase,
it is clear that U4 (D(t)) = U(D(t))UA(D(t))* is affiliated with the maximal
COSET model.

If one uses the representatives of localised diffeomorphisms instead of local im-
plementers, such a connection is established by (a corresponding version of) equa-
tion ,if both A and B contain a stress-energy tensor. In fact, if UA (D(t))
is affiliated with C,,.., covariance directly leads to the identity U4 = USma=,
Hence, the isotony problem appears to be intimately related to the conformal
inclusion problem which we discussed in section T112.2| (compare proposition V.2|
for a similar connection for cofinite subnets).

It is the author’s opinion that one should start investigating the relation of lo-
cal implementers to the problems outlined above by investigating possible weak
limit points of bilocal products of local implementers in the vacuum represen-
tation of the conformally covariant derivatives of the U(1) current. These are
particularly simple models as they satisfy canonical commutation relations and
the split property was established very easily for these models (section VIIT).

Finally, we comment briefly on possible generalisations of our analysis to sub-
theories in other spacetimes: Our analysis directly generalises to 141 dimensions,
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because in this context any stress-energy tensor decomposes into two indepen-
dent chiral parts (by the LUSCHER-MACK theorem), the global conformal group
is a factor group of PSL(2,R)~ x PSL(2,R)~, and double cones and their causal
complements in 1+ 1-dimensional covering space are Cartesian products of proper
intervals on the (simply connected covering of the) circle.

Adaptations of the BORCHERS-SUGAWARA construction for conformal groups
of higher-dimensional spacetimes are possible (see discussion in section
and provided one can establish the corresponding versions of the two crucial
lemmas (lemma lemma IV.12) our general strategy will work because it
only involves general properties of conformal groups and the causal structure of
conformal coverings of spacetime (cf [BGL93]). Since there is no equivalent of
the LUSCHER-MACK theorem in higher dimensions, one probably has to use local
implementers in order to establish substitutes of the lemmas IV.2/ and IV.12.

For subnets with lesser spacetime symmetry like POINCARE invariant theories
in 341 dimensions one has to resort to different methods. In this context, CARPI
AND CONTI solved the isotony problem by methods less direct than ours, but
very general ones [CCO01, CC]. Thus, the quest for the heart of this problem still
awaits further investigation.




Appendix A

1 Lemmas on PSL(2,R) and PSL(2,R)~

This appendix contains some statements on the group of global chiral conformal
transformations, PSL(2,R), and its universal covering group, PSL(2,R)~. For a
short summary on the properties of the group PSL(2,R) and its action on S* see
|[GF93]; a very short introduction is contained in section IT/1.1.

The following lemma is crucial for the solution of the isotony problem (theo-
rem[TV.13) and it is involved in the proof of propositionIV.8 as well. Its statement
is a variation of lemma B.2 in [GL96] and its proof is a detailed version of the
argument indicated by GUIDO AND LONGO.

Lemma A.1: Let ¢ be a separable HILBERT space and V' a unitary, strongly
continuous representation of PSL(2,R)~ on . If H C PSL(2,R)™ is a subgroup
having closed, non-compact image in PSL(2,R) under the action of the covering
projection p, then each V|g-invariant vector is in fact V-invariant. If V is a
representation of positive energy, then each vector which is invariant with respect

to V(R(.)) is V-invariant as well.

Proof: As a first step we reduce V by its trivial subrepresentation, 1,,, and
¢ by the HILBERT subspace of V-invariant vectors, ). For any vector in J&
the statements of the lemma are true, obviously, and we only have to discuss the
complementary representation V+ on the HILBERT subspace orthogonal to %,
which we denote by 1. We look at an arbitrary V| y-invariant vector ¢ € s+
and prove that any such vector has to vanish. A technical complication arises as
PSL(2,R)™ has an infinite centre. This forces us to apply a trick included in the
proof of [GL96, corollary B.2.].

We decompose V+ into a direct integral of irreducible representations V,, (see
eg [BR77]). The corresponding components v, of ¢ are almost all V| g-invariant
and almost all V, are different from the trivial representation. Next, we take
the tensor product of a non-trivial V, and its conjugate representation, V,. We
prove: V, ®V, does not contain the trivial representation. To this end we assume
that there is a partial isometry W : &, ® 5, — C intertwining V, ® V, and the
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trivial representation on C. Using [KR83] (theorem 2.4.1) we define an operator
T : A, — H, with |[T|| < 1by (n2,Tm)s := Wn @ M2, 2 € ;. One readily
checks that 7" commutes with V, and hence is of the form e*?||T||1. Choosing

an orthonormal basis {en}neN this yields for yy := ZnN 1 —en ® e, the following:

= ei||T| SV | - Since 47, has infinite dimension [Gri93] this contradicts
the assumptlon. limy oo XN € I ® A, but Wxn is unbounded.

We know that V, ® V., does not admit a non-trivial invariant vector and it
forms a representation of PSL(2,R) as the kernel of V, ® V, contains the centre
of PSL(2,R)~. Now we are in the position to apply [Zim84, theorem 2.2.20] and
thus we have for any &, € 7.

lim [(Va(9)ér, &P = lim (Vo ®@V)(§) & ®E,6®E) =0

p(g)—o0 p(g)—o0

If we apply this to a V.| g-invariant vector 1., we readily see: 1, = 0. Integrating
over x yields the first statement of the lemma.

The result on rigid conformal rotations may be deduced in the same manner:
The irreducible representations V,, are almost all of positive energy and the only
irreducible representation of PSL(2,R)™ having positive energy and containing a
non-trivial R(.)-invariant vector is the trivial representation [Gri93].

O

The following lemma is a variant of [GL96, lemma B.3]:

Lemma A.2: V a unitary, strongly continuous representation of the translation-
dilatation group on a HILBERT space 7. Then every finite-dimensional subspace
which is left invariant globally by V (D(1)) for some T # 0 consists of translation
mvariant vectors.

Proof: Let # denote the finite-dimensional subspace of 77 left invariant by
V(D(7)). Then V(D(7)) may be diagonalised on % and we take some eigenvec-
tor ¢ satisfying V(D(7))1 = ap. We treat the case 7 > 0, else one has to look

at V(D(7))* = a '4:
(W, V(T (1)) = (a ' V(D(r)y, V(T (t)a ' V(D(r))) = (0, V(T(e"t))) .

n-fold iteration yields the identity (¢, V(T'(t))v) = (¢, %) in the limit n — oo. It
is elementary to check that this implies [ — V(T'(t))||* = 0, ie ¢ = V(T(t))¢.
O

The identity components SO(s, 1)1 of the LORENTZ groups in s + 1 dimen-
sions, SO(s, 1), are known to be exponential, ie the exponential map is surjective
for these groups [Mos94, Mos97]. This applies to PSL(2,R) = SO(2,1)!, but we
consider it worthwhile to give a straightforward elementary proof.

Proposition A.3: Every element in PSL(2,R) lies on at least one one-parameter
subgroup.
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Proof: We solve the problem using the formulation of PSU(1,1) = PSL(2,R)
as automorphisms of the open unit disc D; C C (see eg [FL80]). Such auto-

morphisms, f, are parametrised in terms of their zero, zy, and a complex phase,
e

f(z):ei‘z’%, ze€ Dy .
— 2

It easy to see, that the action of PSU(1,1) on S!, equation (I1.3)), is exactly of
this form; the inverse f~! of an automorphism f has inverse phase, e **. Hence,
we may restrict attention to 0 < ¢ < 7.

We will prove that it is possible to take the square root of every automorphism
of Dy and that iterating this process eventually yields an nth root arbitrarily
close to the identity (zo = 0, ¢* = 1). In a neighbourhood of the identity the
exponential map is known to be a (local) diffeomorphism from the LIE algebra
into the group (eg [HN91, Korollar 111.2.10]).

Given f, we seek a g, parametrised by wy, €'Y, which solves f = g2 and which
is closer to the identity. g has to solve the following equations:

wo(e +1)
——= = %,
et + |wo|?
i (i 2 i¢
cletrwl) L _C L cp,.
1+ |wo|?2e™ — zwg(1 + ) 1 -2z

The case ¢® = 1 leads to elementary quadratic equations whose solutions have
again €™ = (. The iterated square roots can readily be seen to tend towards the
identity. Solutions satisfying wg = zy can only occur for zy = 0; in this case f is
a pure rotation and lies on a one-parameter group.

In the other cases, one can derive the following, equivalent pair of equations
for wy, e™:

S
y .o SInY
wy = e_Z%elgzo - 5) ,
Sll’lg
) ip| 2
Y _ _ = _ o2 .
sin(5 — ) [1 =€ (1 —cosv)|z]

Looking at the possible graphs of the functions equated in the second formula
one readily sees that there always is a solution with 1 < % Taking this solution,
one immediately gets woy with |w|?> < 3|z|*. Again, this is just what we need.
O

The group SL(2,R) can easily be seen not to be exponential: there is no
g € SL(2,R) solving the equation diag(—e™, —e™T) = ¢°.
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2 Lemmas on Diff, (S') and Diff (S")~

This appendix contains some technical lemmas on the group of orientation pre-
serving diffeomorphisms of the circle, Diff, (S'), and its universal covering group,
Diff +(51)N. For short summaries on its general properties and more statements
related to local quantum physics see [Mil84, PS86, Lok94].

The first lemma is a simple statement on the position of scale transformations
in Diff, (S')™; it is needed in the proofs of lemma TV.2/and lemma TV.12.

Lemma A.4: For a fized scale transformation D(t) # id, t small, there exist
diffeomorphisms gs, g- € Diff(S') which are localised in arbitrarily small neigh-
bourhoods of +1 and —1, respectively, and which agree with D(t) close to +1 and
—1, respectively, such that, by defining

gg—l = D(Tl)g(SD(Tl)_l ) g? = D(TQ)_lgaD(7—2) )
we have for all 715 € Ry:

D(t) =g g™ g5 g2 . (A1)

1,72 71,72

Here, the diffeomorphisms g™, g% are uniquely specified by their being lo-
calised in the upper and lower half circle, respectively. After a local identification
of Diff . (S') with a sheet of Diff (S')™ containing the identity, equation (A.I)
still holds for the respective images in Diff, (S*)~.

Proof: If I; and I, are neighbouring intervals, the “completed union” which
consists of I; U I, and the common boundary point will be denoted I;UI.

Choose aset {I°,1 = +, —, d, €} of proper, disjoint intervals such that I$ C SL,
+1 €I, —1 € I?, the I? are separated by proper intervals I,,.., I; and a covering
of S' by proper intervals I! is defined through:

I = 1,001, I' .= 1.0UI°0l,, I; := I,UIJUl,, I! := I.UI’UI, .

For fixed ¢, one can choose these intervals such that D(t) satisfies D(¢)I° € I}
Since D(t)SL C SL, we may choose gs, g- close to id such that gs agrees with
D(t) on I and with id on I} and g. agrees with D(t) on I? and with id on I’
Referring to this choice we set:

g+ [ It == D(t)gs 'g-" 1Sy, g+ | Sk:=id|SL.

Then we have D(t) = g4+9-gsg.. We may now apply the definitions in the lemma
to this choice and recognise the results to satisfy equally well the assumptions of
the construction just given.

For a neighbourhood of the identity the covering projection p : Diff, (S')~ —
Diff, (S') is a homeomorphism. If we apply p~* to D(t), gs, e, g+, g—, we have
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p (D)) = p g )p ' (9-)p *(g5)p ' (g-). For small 71, 7 the equality (A.1)
holds with the corresponding replacements, and the same is true for all 7 o € Ry
by continuity: denoting the covering projection from R onto S! by p, all the
group elements involved belong to the identity component of the subgroup of
Diff, (S')~ which stabilises p~!(+1) and p~'(—1), ie we never leave the first sheet
of the covering.

!

Basically, the following lemma says: For all elements ¢ in a neighbourhood
of the identity in Diff, (S') there is a presentation as a finite product of localised
diffeomorphisms Z;(¢), which are continuous and unital functions of the group
element ¢. Its general ideas are due to D’ ANTONI AND FREDENHAGEN.

Lemma A.5: Let {I;}icz,, be a finite covering of the circle by three or more
proper intervals having the following additional properties: I; NIy =: I; ;11 € S,
LN = ifj&{i+tl,i}.

We choose a neighbourhood U. C Diff, (S') containing the identity and de-
pending on € > 0, 1 > § > 0, such that for all ¢ € U. the following conditions
are fulfilled:

(1):  minesi{[argp(z)} > 4§,
(12): largp(z) —argz| < & .

Then there are € such that there erist continuous localisation mappings Z; :

U. — Diff; (S"), I; € S', i = 1,..,m, with the following features:

¢ = H Zi(9), Ei(id) =id.
i=1

Proof: Equivalently we look at periodic diffeomorphisms of the real axis: ¢ €
C*(R), ¢'(x) > 0, p(x + 2m) = ¢(x) + 27. We denote the analogue of ¢ in
Diff . (S') by ¢. The preimage of an interval I € S' under the covering projection
p will be called I. We choose a smooth partition p of unity on S! satisfying
1> p; >0, supp(pi) C I;. On the covering space we define \;(z) := p;(p(x)).

We set: Wplo](z) ==z + S5, Mi(z)(p(z) — 2), k= 0,...,m. Up] coincides
with ¢ on Mj, = {UjZyi1 I;} and with id on N = {U?zl I;}', since the sum
S°F L \i(.) takes the values 1 and 0, respectively. On I,,,; we have (corresponding
bound for IAMH):

Vel () = Anl2) + Mi(2)e () + N, (0) () — )
> min{l,¢'(a)} — max [N (6)|lp(x) - 2] (A.2)

S m,1

With 7! := maxeer D ey [N(E)], , (i), (i1) imply Wx[¢]" > 0, which means
that Wy [p] is a periodic diffeomorphism..

!The author is indebted to Prof. Fredenhagen (Hamburg) for a discussion on related ideas
of an unpublished joint work he had undertaken together with Prof. D’Antoni [DF].
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A closer look at the action of the W [¢], k < m, reveals that Wy[]o Wy 4 [p] ™
is localised in Ni € S' and that ¥,,[¢] o W,,_1[¢] " is localised in @(M,,_1)". We
set: IN,’g = Ny for k=2,...,m, and I, = A(My—1).

We define the localising maps by Zi(¢) = Vi1 k@] © Yo klp] ™, k =
1,...,m. Continuous dependence of Z;(p) on ¢ is obvious, Vi[id] = id yields
Ex(id) = id. Finally, with W,,[¢] = ¢ and W[p| = id:

11

k=1

[1]

(@) = Uilpl 0 W a 0] 0 Uy [p] 0.0 Wglp] ™ = poid

O

3 Alternative argument for lemma IV.2

The the net-endomorphism property of U4 can be shown to hold using only
the stress-energy tensor ©4 and without making any (explicit) reference to the
exponentiated representation of Diff, (S')~. We indicate the alternative argument
proving lemma TV.2 briefly.

If ©4 is smeared with real test functions f, the respective closures ©4(f)”~
are essentially self-adjoint on the WIGHTMAN domain, linear in the test function
and fulfill locality in the sense of self-adjoint operators [BSM90]. Let ©4(f)",
f(x) = z, denote the generator of dilatations in the representations YA, U4 (cf
theorem IL.3).

We cover the circle S! by four proper intervals I, I., Is, satisfying I. C S},
—~1e€l. €St +1 € Is €S!, where I. and I; are taken to be arbitrarily small. We
take a partition of unity subordinate to this covering by real test functions and
thus gain the corresponding decomposition of f into test functions with compact
support in the respective proper intervals: f = fi + f_+ f5s+ f-. If one smears 04
with f., f_, fs, f- or areal linear combination, one gets an essentially self-adjoint
operator on the WIGHTMAN domain.

According to TROTTER’s formula [RS72, theorem VIIL.31] we have in the
strong operator topology:

lim (ei%(a*‘(f)_e—i%é*‘(hﬂ—f)n _ iBAUs) mitBA) T

We introduce a new notation: g,(z) := [d(D(—7)z)/dz]"'g(D(—7)z). Covari-

ance of ©4 with respect to dilatations then reads as:

AdUA(D(T))(eiS@A(g) ) = eis07Mor)
One can verify easily by looking at the nth step of the sequence in TROTTER’S
formula that the following holds:

NN = mitOAUs) omitOAE) GO (frtfstfe) O U-Ffstf)-0  (A.3)
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It is elementary to see that the strong convergence of the TROTTER formula

entails weak (and hence strong)_convergence of the operators involved in equation
(A.3). This formula yields for I C SL, I € S:

UAD)BUNUAD®)" < () B(J) =B(SL) - (A.4)

JoSt

The latter equality is due to continuity from the outside. The remainder follows
as in the proof of lemma

4 Detailed proof of the BMT theorem

The original proof of [BMT88, theorem 1] (BMT theorem) is very brief and we
consider it worthwhile to make available a detailed proof. We give a formulation
for the chiral situation, the generalisation to other conformal scenarios is straight-
forward. The author thanks Prof. D. Buchholz (Géttingen) for mentioning the
relation of this theorem to the inner-implementing representation of translations.

Proposition A.6: Assume w to be a covariant representation of a chiral confor-
mal theory B and that there exists a vector ¢ in the representation HILBERT space
A7 which is cyclic for 1(B) = \/ ;cs1 m1(B(1))". The unitary, strongly continuous
representation U, of PSL(2,R)™, which implements conformal covariance of m,
shall be of positive energy.

Then, m is locally normal and unitarily equivalent to a representation localised
in an arbitrary I, € S'.

Proof: U, defines automorphisms of 7(B) and satisfies the spectrum condition.
Thus, there is a representation Vi) of the translations which is inner in m(B),
satisfies the spectrum condition and implements the translations on 7 [Bor66,
Arv74] (cf [BR87, theorem 3.2.46]). The positive generator of Vi) shall be
called H and for some ¢ > 0 we set: ¢ := e " ¢. ¢ is analytic for V(g in a full
neighbourhood of the identity.

We use the spectral decomposition of H to define M,, := fon dE\e. These
operators are contained in w(B). Obviously, we have X¢ = lim,,_.., X M1 for
every X € w(B). This proves that ¢ too is cyclic for 7(B). By the usual REEH-
SCHLIEDER argument [Bor68] the vector v is cyclic for some 7, (B(I))” where
I is supposed to contain the point oo. This implies, because of locality, that
¥ is separating for each 7, (B(Iy))”, if Iy and I are disjoint. Covariance of 7
implies now that each 7 (B(/))” has a separating vector.

Every Vv.NEUMANN algebra which possesses a separating vector is o-finite
[Dix81, 1.1.4.,Prop. 6] and every s-homomorphism from a o-finite, properly in-
finite V.NEUMANN algebra into a o-finite V.NEUMANN algebra is automatically
normal [Tak79, V.5, Theorem 5.1] (the local algebras B(I), which are type III
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factors, are o-finite and properly infinite). The argument of [BR87, theorem
2.4.24] shows that the representations 7y are faithful, too. Normality implies the
identity 7;(B(I)) = m;(B(I))" and adding faithfulness we get: m;(B(I)) = B(I).
Since B(I) is a type Il factor this isomorphy is in fact spatial, ie: it may be
implemented by a unitary from %, onto J¢ (eg [Sch67, 11.4.6., Theorem]). If
we pick a B(Iy) and denote the unitary implementer of the isomorphism between
w1(B(Iy)) and B(Iy) by W, then p.(.) := Adw (7(.)) defines a unitarily equivalent,
localised representation on 77°.

[

5 Diff (S')-Symmetry and PSL(2, R)-Covariance

We deduce covariance with respect to global conformal transformations for all
locally normal representations of diffeomorphism covariant chiral components of
a factorising conformal theory in 1+ 1 dimensions. As an application we prove the
statement of [GLW98] saying that the theory of the first conformally covariant
derivative of the U(1) current does not contain a stress-energy tensor.
Diffeomorphism covariance of a chiral net B means that there is a strongly
continuous map Y from the orientation preserving diffeomorphisms of the cir-
cle, Diff (S'), into the unitaries on J#, the representation space of the vacuum
representation of B, implementing a geometric automorphic action a of Diff, (S'):

To(9)B(I)Yo(9)" = ag(B(I)) = B(¢(1)), 1 €S', ¢ € Diff (S') .

If ¢ acts trivially on an interval I', then Ady) is to implement the trivial au-
tomorphism of B(I’); such ¢ is said to be localised in I and gives rise to a local
operator Yo(¢) € B(I), by HAAG duality of B. T, defines a ray representation,
as the cocycles To(¢1)Yo(P2)Yo(p102)* commute with B and B is irreducible.
We require Ty(id) = 1 and o [ PSL(2,R) to be identical to the global conformal
covariance of B. Since Diff, (S') is a simple group (theorem of EPSTEIN, HER-~
MAN, THURSTON, cf [Mil84]) the whole representation Yy is contained in By,
the universal C*-algebra generated by the local algebras B(I), I € S*.

In models having a stress-energy tensor, the restricted representation Y |
PSL(2,R) is in fact a representation of PSL(2,R) (cf theorem II1.3). The further
analysis does not require the answer to the cohomological question whether this
may be achieved always by a proper choice of phases for T and we shall, therefore,
not concern ourselves with this problem.

We deal with a locally normal representation 7 of B, ie a family of normal
representations 7 of the local algebras B(I) by bounded operators on a HILBERT
space #,, which is required to be consistent with isotony: I C J = 7w, [B(I) =
mr. This family lifts uniquely to a representation w of B,,; and the 7; are given
in terms of the embeddings ¢; : B(I) < By, by m; = mo ¢y [Fre90, GL92].
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It is easy to see, that mo T implements the automorphic action « and repre-
sents the group laws of Diff, (S') up to multiplication with operators in the centre
of m(Byni). The restrictions of 7o YT to subgroups of localised diffeomorphisms
are weakly and thus strongly continuous by local normality and the local cocycles
are phases, since local algebras are factors. We note that = is unital because of
local normality.

We will now restrict our attention to the subgroup of global conformal trans-
formations, PSL(2,R), and construct a unitary, strongly continuous representa-
tion of its universal covering group PSL(2,R)™ from 7o Y, [ PSL(2,R). This
representation will implement the automorphic action a of PSL(2,R) on B in the
representation m and will be inner in the global sense, ie it will be contained in
the v.NEUMANN algebra of global observables, 7(B) := \/,cq: 71(B(I)). The line
of argument will be very similar to the one leading to theorem 11.14.

We can write every g € PSL(2,R) in the form g = T'(p,)D(7,)R(t,), where
each term depends continuously on g (IWASAWA decomposition, [GF93, appendix
I]). In fact, any g € PSL(2,R) may be written as a product of four translations
and four special conformal transformations, each single of them depending con-
tinuously on g, if one uses the identities:

D(t) = S(—(e? —1)e72)T(1)S(e2 —1)T(—e"2), (A.5)
R(2t) = S((=1+cost)(sint)™ ") T(sint) S((—1 +cost)(sint)™') . (A.6)

According to lemma/A.5] there are continuous, identity preserving localisation
maps =;, j = 1, .., m, which map a neighbourhood of the identity, . C Diff,(S'),
into groups of localised diffeomorphisms such that we have H;n:1 =i(¢0) = o,
¢ € U.. If we specialise to translations, this means that there is an open interval
I. containing 0 for which the mapping ¢ — [[;7 o To(Z;(T'(¢))) is unital and
strongly continuous. We extend this map to all of R through a choice of a 7 € I,
7 > 0, defining n; € Z by its properties t = ny7 + (t — ny7), t — ny7 € [0, 7[, and
setting

"B (t) = <H To TO(Ej(T(T)))) H o Yo(Z;(T(t —mT))) -

One can easily check that this is indeed a weakly and thus strongly continuous
map into the unitaries on 7, by recognising that the mappings involved are
continuous and unital (7(1) = 1, Z;(id) = id).

This procedure applies to the special conformal transformations as well, and
we may use the result, the IWASAWA decomposition and (A.5), (A.6) to define
for each g € PSL(2,R):

4
w(g) = [[T™® () S"®(nS)), g€ PSL2,R) . (A7)

g g
i=1
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We have 78(id) = 1. The following lemma asserts that the 75(g) define an inner-
implementing representation up to a cocycle in the centre of 7w(B). To this end

we define operators sensitive to the violation of the group multiplication law:
2B(g, h) = 7B(g)m5(h)7®(gh)*, g, h € PSL(2,R).

Lemma A.7: 78 : g — 75(g) defines a strongly continuous mapping with uni-
tary values in w(B). The adjoint action of 75(g), g € PSL(2,R), on n(B) imple-
ments the automorphism oy,. 2P : (g,h) — 28(g, h) defines a strongly continuous
2-cocycle with unitary values in w(B)' N7 (B).

Proof: Unitarity is obvious. Strong continuity follows since we multiply contin-
uous functions. The implementing property of the 72(g) follows immediately by
the decomposition g = [, T (t5)5(s57) , the subsequent decomposition of these
into products of localised diffeomorphisms, the definition of 75(g) and the imple-
mentation property of the (generalised) ray representation 7 o Tq of Diff, (S').
At this point all but the cocycle properties of 2% follow immediately from its
definition. If we look at 75(f)m®(g)75(h), insert some identities appropriately,
we find: 25(f, gh)2B(g,h) = 25(f,9)2°(fg,h). Even more immediate are the
equalities 25(id, g) = 25(g,id) = 1.
O

We write the abelian v.NEUMANN algebra generated by the cocycle operators
2B(g,h) as follows: Z8 = {25(g, h),25(g, h)*|g,h € PSL(2,R)}". Obviously Z¥
is contained in the centre of 7(5). Now we are prepared to realise the construction
itself:

Lemma A.8: For every g € PSL(2,R)™ there exists a unitary operator z5(g) €
ZB such that

Ux(9) = 25(3)7"(p(9)) (A.8)

defines a unitary, strongly continuous representation, whose adjoint action im-
plements the automorphic action ccop on w(B).

Proof: The proof of lemma [I1.13 applies word for word.
O

The outcome of the construction presented above proves the main result of
this section. It was known already, perhaps not in the present formulation, to
D’ANTONI AND FREDENHAGEN [DF]; its uniqueness statement is a simple con-
sequence of the fact that PSL(2,R)™ is a perfect group (proposition [I1.9):

Theorem A.9: Let B be a chiral conformal, diffeomorphism covariant theory.
Then any locally normal representation © of B is covariant with respect to the
automorphic action of PSL(2,R). The implementing representation may be cho-
sen to be the unique globally w(B)-inner, implementing representation U, of

PSL(2,R)".
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The construction given here for diffeomorphism covariant theories is more gen-
eral than the BORCHERS-SUGAWARA construction (section I112), if these possess
locally normal representations which violate positivity of energy. For representa-
tions with finite statistical dimension the spectrum condition is always fulfilled
because of the theorem we have just derived and results of [BCL98]. For infinite
index representations there exists a criterion for strongly additive theories; it was
given in [BCLO8|, too. In presence of the spectrum condition the construction
given here and the BORCHERS-SUGAWARA construction agree by uniqueness.

As an application we have the following corollary, which provides an explicit
proof for the closing remark of [GLW98] and is an alternative for the proof of
proposition 'VI.3 in the case n = 1; we make the same assumptions on stress-
energy tensors as in section [VI[2:

Corollary A.10: There is no stress-energy tensor in the ®1-model.

Proof: Lets assume that there was a stress-energy tensor in this model. Then the
Fock space of @1 decomposes completely, as representation space of the VIRA-
SORO algebra, into irreducible highest-weight representations [Kac90, proposition
11.12.c]. Since for fixed ¢ < 1 there are only finitely many allowed ground states
and the energy eigenspaces are finite-dimensional, this decomposition would be
finite. For ¢ < 1, the theory generated by the stress-energy tensor, Bg, is com-
pletely rational [KLO02], a property it would pass on to the theory generated by
®M  denoted By [Lon01]. In particular, By would be strongly additive, which
it is not [Yng94].

The particular shape of FOCK space teaches us the following: From the repre-
sentation theory of the VIRASORO algebra for ¢ = 1 [RC85] and for ¢ > 1 [Lan88,
lemma 2] we learn that the set of vectors L_,,, ... L_,,,, Q, my > ... > my > 1,
at a particular level ). m; is linearly independent, ie such a stress-energy ten-
sor would generate a dense set of vectors from the vacuum as does ®(). The
same holds for the local quantum theories generated by both fields, Bg and Bg),
respectively.

By conformal covariance and the BISOGNANO-WICHMANN property for chiral
conformal theories the local algebras Bg(I) are modular covariant subalgebras of
the local algebras Bga)(I). By results of TAKESAKI [Tak72], JONES [Jon83|
and the REEH-SCHLIEDER theorem we know that the projection eg onto Bgf2
completely characterises Bg through Be(I) = {ee} N Byay(I). We have just
deduced eg = 1, and thus the two local quantum theories coincide. Both fields
have to be regarded as different coordinates of the same theory.

The representation of the VIRASORO algebra defined by the commutation
relations of the stress-energy tensor integrates to a projective representation of
Diff . (S') [GW85]. A generating set of the local algebras Bg([) is given by all one-
parameter groups exp(itO(f)), supp(f) C I, O(f) symmetric, which represent
one-parameter subgroups of Diff, (S') [BSM90, Lok94]. This shows diffeomor-
phism covariance of Bg and, by assumption, of Bga).
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By theorem|A.9 any locally normal representation of By would be covariant,
but [GLW9S8] have given DHR-~automorphisms for this model, which are not
covariant. This contradicts the assumption.

O
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Most of the notation in this dissertation is in wide-spread use. Therefore, we only
give a list of frequently occurring symbols of special importance.

Symbol Description Reference
T, D, S, R one-parameter groups in PSL(2,R) section [TT/1.1]
T, D, S, R one-parameter groups in PSL(2,R)™ section IT/1.1]
P K generators of one-parameter groups section [TT/1.1]
Ly conformal Hamiltonian section TI/1.1]

I €S',I' proper interval in S', its causal complement section [I1/1.1]

Si,st upper and lower half-circle section [I1/1.1]
Cy phases in C section [I1/1.1]
AcCB chiral subnet page 10
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LG}, model of loop group LG at level k page 51

Vir, model of a stress-energy tensor page 51
Diff;(SY) subgroup of localised diffeomorphisms page 54
O(f)” closure of smeared quantum field ®(f)

f,q transformations on test functions page 45
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