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Introduction

Non-commutative topology studies C*-algebras by regarding them as generalizations of
topological spaces. This often means trying to use ideas from algebraic topology, in
particular, by constructing invariants, which associate simpler objects such as abelian
groups, rings or modules with a given C*-algebra. Probably the most prominent example
of a generalization of a topological invariant is K-theory [44]. It associates a Z/2-graded
abelian group K, (A) with a C*-algebra A.

A great advancement in non-commutative topology was the classification of AF al-
gebras via K-theory by Elliott in 1976 [14]. Today, K-theory is still one of the most
important tools for the classification of C*-algebras. Another subject was the study of
extensions of C*-algebras, which led to the development of the Ext-functor, which is
known to agree with K-homology in the commutative (unital) case. Both K-theory and
its dual, K-homology, are closely connected to index theory of elliptic pseudo-differential
operators.

A big step up the ladder was Kasparov’s construction of bivariant K-theory in 1980
[22], which contains both K-theory and K-homology as special cases. It associates a Z/2-
graded abelian group KK, (A, B) with separable C*-algebras A and B. A remarkable
feature of KK-theory is that it comes with the so called Kasparov product

KK, (A, B) ® KK, (B,C) = KK, (A, C).

Besides its importance as a very flexible and conceptually satisfactory invariant of C*-
algebras, KK-theory also yields results outside pure non-commutative topology. The
most prominent example is probably the verification of the Novikov conjecture by ap-
plications of KK-theory to the Baum-Connes conjecture for a large class of groups ([2]
and [17]).

K- and KK-theory are related by the Universal Coefficient Theorem (UCT) of Rosen-
berg and Schochet [41], which states that for separable C*-algebras A and B with A
belonging to a certain bootstrap class, there is a short exact sequence

Ext!(K,(SA),K.(B)) — KK.(A, B) - Hom(K,(A), K.(B)).

Here SB := Cy(R, B) denotes the suspension of B. This short exact sequence splits in
a non-natural manner. Since K-theory, due to its more explicit definition in terms of
projections and unitaries, is easier to calculate than KK-theory, the UCT proves to be
very useful in order to calculate the KK-groups. Apart from that, it plays an important
role in the classification of C*-algebras by K-theoretic invariants: The corresponding
sequence for A = B is an extension of rings with the product in Ext!(K,(A),K.(A))
being zero, therefore, KK, (A, A) is a nilpotent extension of Hom(K,(A), K.(A))-this
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shows that isomorphisms in K-theory lift to isomorphisms in KK-theory. Further results
by Kirchberg and Phillips then show that every KK-equivalence between A and B,
which sends [14] in Ko(A) to [15] € Ko(B), actually comes from an actual isomorphism
of C*-algebras, provided that A and B are unital, nuclear, separable, purely infinite,
in the bootstrap class and simple [34]. Both facts together give the following strong
classification result: C*-algebras A with the above mentioned properties are completely
classified by (K.(A),[14]).

C*-algebras may carry additional structures such as a group action, which encodes
a certain symmetry or the structure of a C*-algebra over a space, which encodes a
given ideal structure. In these cases there are so called equivariant versions of KK-
theory, generalizations of usual KK-theory, which capture these additional pieces of
information. It is very interesting to ask for a UCT in these generalized contexts: It
serves as a valuable tool for computing equivariant KK-groups. Moreover, a UCT in
a generalized context is closely connected to further classification results. The task is
to find an invariant F, which takes values in an abelian category and is relatively easy
to understand, and then to derive a short exact sequence, which computes equivariant
KK-theory in terms of F.

Take for instance the classification result of Kirchberg and Phillips: Trying to remove
the condition of A being simple means having to deal with a C*-algebra A over its
primitive ideal space Prim(A). Similarly, one way to classify group actions on C*-
algebras would be to derive a universal coefficient theorem for equivariant KK-theory
and then to prove a theorem similar to the result of Kirchberg and Phillips, which allows
for lifting equivariant KK-equivalences to equivariant isomorphisms of C*-algebras. The
aim of this thesis is to examine in which contexts a universal coefficient theorem can be
derived.

There are three main results, which we will explain in more detail in the following.

1 The Action of a Cyclic Group of Prime Order

We will prove an equivariant Universal Coefficient Theorem for C*-algebras equipped
with an action of a cyclic group of prime order p, in the following denoted by C(p). A
naive generalization of the usual UCT, where one replaces K- and KK-theory by their
C(p)-equivariant versions, has no chance to hold. This is due to the fact that C(p) has
infinite homological dimension. In [40], an article concerning C*-algebras with an action
of a compact Lie group G satisfying the Hodgkin condition, Rosenberg and Schochet
obtain merely a spectral sequence which relates KK% and K¢. This relation is not as
strong as in the non-equivariant case, for example isomorphisms in K& can in general
not be lifted to KK%-equivalences.

Therefore, we choose a different approach and replace C(p)-equivariant K-theory by
an invariant, which carries more information. Let us denote this invariant by EKC®)
for extended K-theory. It consists of the usual K-theory, the K-theory of the crossed
product and KKC(p)(Cu,i) — here, C,, is the mapping cone of the unital embedding of
C into C(C(p)). It has a canonical module structure over a ring R, which consists of all
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KKC®)_morphisms between C, C(C(p)) and C,. We also define a bootstrap class BE®)
analogous to the bootstrap class of Rosenberg and Schochet in [40]. The main theorem
reads as follows:

Theorem 1.1. Let A be a separable C(p)-C*-algebra in BECWP) . Then for every separable
C(p)-C*-algebra B, there is a natural short exact sequence

Exth (EKC® (S4), EKC® (B)) — KKC") (4, B) - Homg (EKC®) (4), EKC®)(B)).

We will prove the theorem by using a certain exactness property of R-modules of the
form EKC® (A) to show that these modules have a projective resolution of length 1. At
a crucial point, a classification result for lattices over the integral group ring of C(p)
will be used in order to understand modules over the more complicated ring R. To the
author’s knowledge, there are no classification results of this kind for, say, general finite
groups. This seems to be the main obstacle to derive a UCT short exact sequence for
more general groups.

2 The Action of a Finite Cyclic Group

We will prove a Universal Coefficient Theorem for C*-algebras equipped with an action
of a finite cyclic group GG, which allows us to compute equivariant KK-groups in terms
of a K-theoretic invariant after inverting the group order. Let G be a finite cyclic
group of order 0. We will define an invariant LK taking values in an abelian category.
Furthermore we will define a bootstrap class B%[0~!] as a subcategory of all separable
G-C*-algebras. The main theorem reads as follows

Theorem 2.1. Let G be a finite cyclic group of order o and A and B separable G-C*-
algebras with A in BE[o~1]. Then there is a natural short exvact sequence

Exty(LKY(SA), LK% (B)) — KKY(A, B)[o™!] - Homg(LKY(A), LK% (B)).
Hom and Ext are taken in the abelian category A = Mod (€ [0*1])?/2.

Here, €%[o!] denotes RR%[0~!] restricted to {C(G)"|H < G} and EITIOD(CG[O_l])CZ/Z
is the category of countable Z/2-graded modules over ¢“[o~!]. The reason for inverting
the group order is mainly of technical nature: As mentioned before, the nonexistence of
classification results for lattices over the rings ZG and Rep(G) for a general finite group
G appears to be the main obstacle to a UCT of the form

Exty(F(SA), F(B)) — KK¢(A, B) - Homgy(F(A), F(B))

for some homological invariant F' taking values in an abelian category 2. We can over-
come this difficulty by inverting the group order o since Z[o~!]G is isomorphic to a direct
sum of Dedekind domains of the form Z[o™,6,,] for m|o and 6,, a primitive m-th root
of unity (see Theorem 22.8 in the appendix). Hence modules over Z[o |G are easier to
understand. Although the result is meant to generalize the UCT for actions of a cyclic
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group of prime order (up to the inversion of the group order), the means by which we
prove it are quite different. No exactness properties of modules over €%[o~!] will be
used, we will rather show that the category of modules over ¢¢ [0 is equivalent to the
category of modules over a certain direct sum of Dedekind domains. This will show that
every module over €%[o!] has a projective resolution of length 1.

3 (C*-algebras over Finite Topological Spaces

As indicated above, in order to proceed in the C*-algebra classification programme, one
is strongly interested in removing the simplicity condition in the classification result
of Kirchberg and Phillips. The aim here is to compute KK, (X; A, B) by a Universal
Coefficient Theorem for a topological space X and C*-algebras A and B over X for A
being in a certain bootstrap class B(X). In [28], Ralf Meyer and Ryszard Nest tried to
derive a UCT short exact sequence, which computes KK(X; A, B) for a finite Tj space
X by filtrated K-theory (in the following denoted by FK). They derive the desired short
exact sequence in the case of the totally ordered space O, with n points, i.e.

On=1{1,2,....n}, 70, ={{1}{1,2},....X}.

A (C*-algebra A over this space is essentially the same as a C*-algebra A together with
a finite increasing chain of ideals

{0} =Ip<al1<ls<lza---<al, 1 <1, = A.

On the other hand they give an example of a finite Ty space Y, for which the following
strong non-UCT statement holds: There are A and B in B(Y') with isomorphic filtrated
K-theory which are not KKy equivalent.

In his diploma thesis [4], Rasmus Bentmann showed that there is a more general type
of spaces, for which there is a UCT short exact sequence, which computes KK(X; A, B)
by filtrated K-theory. Let us say that these spaces are of type A (for a definition see
20.1).

We will complete the picture by showing the converse, i.e. that spaces of type A are
indeed the most general type of spaces, for which there is a UCT short exact sequence,
which computes KK(X; A, B) by filtrated K-theory. The resulting theorem reads as
follows:

Theorem 3.1. Let X be a finite Ty space. The following statements are equivalent:

(1) Let A € B(X) and B be a separable C*-algebra over X. Then there is a short exact
UCT sequence

Exty7, (FK(SA), FK(B)) — KK, (X; A, B) - Homy1, (FK(A), FK(B)).
Z/2

Here, the subscript N'T x denotes that Ext and Hom are taken in Mod(N'T x)c’ 7,
the target category of FK.
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(2) Let A,B € B(X). Then FK(A) 2 FK(B) implies that A is KK x-equivalent to B.
(3) X is of type A.

We will use that the negation of statement (2) in the theorem above is an obstruction
to the existence of a UCT, which computes equivariant KK-theory in terms of filtrated
K-theory. We prove that only spaces of type A allow for a UCT by using functoriality
of KK(X;_,_ ) in the space variable to derive embedding results, which basically state
that if a space X has a subspace (or a retract) Y, for which there is no UCT then the
same holds for X itself. This shows that it is sufficient to check that there is no UCT
for a small number of “bad apple” spaces. For these, it is known that the negation of
statement (3) in the theorem above holds.

4 Homological Algebra in Triangulated Categories

The classical UCT of Rosenberg and Schochet is derived by using so called geometric res-
olutions of C*-algebras. This technique of constructing ad hoc resolutions can be put in
a more conceptual framework by regarding KK-theory as a triangulated category, where
morphisms are given by KK-elements and the composition is given by the Kasparov
product. This point of view has been introduced by R. Meyer and R. Nest in [27] to
give an alternative description of the Baum-Connes conjecture. In [29], R. Meyer and R.
Nest describe how homological algebra in triangulated categories can be approximated
by homological algebra in usual abelian categories. In particular, they show that every
“good” invariant has a unique modification that takes values in an abelian category—
with a little more work this allows for reducing the question whether there is a UCT
short exact sequence for a given invariant to a simpler question: Do all objects arising
as values of the modified invariant have projective dimension 17

It seems to be more clear (at least to the author) how to construct the right resolutions
in the algebraic world of abelian categories than in the C*-algebraic world itself. This
is the advantage of this approach as one moves on to more complicated versions of KK-
theory for C*-algebras with additional structure. The crux of the matter is to choose an
invariant, which captures enough information but whose corresponding abelian category
is still sufficiently tractable to construct the desired projective resolutions of length 1.

Since this approach is the basis of all four results explained above, we will first work
in the quite general context of triangulated categories with countable coproducts and
(essential) idempotent suspension automorphisms. We will show for a large class of
representable invariants how to reduce the question whether there is a UCT to a question
about resolutions in a certain abelian category. We will then move on to the individual
results, show how they fit in the general framework and give detailed explanations and
proofs.






Background

5 Triangulated Categories and the Construction of
Invariants

Originally, triangulated categories were introduced as a concept to formalize structures
which appear in stable homotopy theory and derived categories of abelian categories in
homological algebra. A good general reference for triangulated categories is [31]. To
the author’s knowledge, their first explicit applications in non-commutative topology
appeared in Andreas Thom’s Thesis [45]. Having applications to KK-theory in mind,
R. Meyer and R. Nest formulated the theory of homological algebra in triangulated
categories building on work of D. Christensen [10], A. Beligiannis [3] and on earlier work
in the context of relative homological algebra by S. Eilenberg and J. C. Moore [13].

We will assume the reader to be familiar with the definition and basic properties of
triangulated categories. Let us just state that a triangulated category ¥ is a preadditive
category, which is equipped with two pieces of extra data: A suspension automorphism
S and a class of so called exact triangles.

Let us now explain the prototypical example of a triangulated category as it will be
used in this thesis: non-equivariant KK-theory. Here, the suspension automorphism is
given by SA := Cy(R, A) for a separable C*-algebra A. Bott periodicity shows that S
is an equivalence of categories, the small defect that S is not an automorphism in the
strict sense can be repaired by passing to a thickened category KR, in which KR sits as
a full essential subcategory (see [27] 2.1 for details). For a x-homomorphism ¢: A — B,
one may form the mapping cone

Co :={(f,a) €Co((0,1], B)® A| f(1) = é(a)}

and the corresponding mapping cone triangle
SB < Cy 5 AD B, 14(g) = (9,0), e (f0) = ().

A diagram SB’ — C' — A’ — B’ in A1 is an exact triangle if and only if it is isomorphic
(in RR) to a mapping cone triangle. This is equivalent to the statement that ¢/ — A" —
B’ is isomorphic to a c.c.p. split extension of C*-algebras (see[27] 2.2).

Also in the case of a general triangulated category ¥, we will write exact triangles in
the form SB — C' — A — B. Note that this differs only in notation from the standard
notation in triangulated categories: S is the inverse of the suspension automorphism,
which is used for instance in [31]. We introduce and follow this convention since exact
triangles in this form show up naturally when working with KK-theory.

11
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As mentioned in the introduction our approach of deriving a UCT short exact sequence
relies on the machinery of homological algebra in triangulated categories. At this point
we could spend a few pages to introduce the theory. But since there are already articles,
such as [29], where this theory is nicely explained, we decided to outsource the explana-
tion of the machinery. All statements in this section should be understandable without
any knowledge about homological algebra in triangulated categories. For some proofs,
however, we assume familiarity with the notions of [29].

We will write C' €€ €, if € is a category and C' is an object in €. For a € €(A, B) and
b € &(B,C), the composition b o a will sometimes also be denoted by a - b € €(A,C).

Let us assume that T has countable coproducts. We would like to study ¥ by in-
variants, which take values in an abelian category 2, i.e. by functors F': € — 2A. A
functor F' is called stable if 2 is equipped with a suspension automorphism X such that
FS = YF holds. A covariant functor F is called homological if it maps an exact triangle
SB — C — A — B to a long exact sequence

... = YF(A) - XF(B) = F(C) — F(A) - F(B) = S 'F(C) — ...

Similarly, a contravariant functor F' is called cohomological if it maps an exact triangle
SB — C — A — B to a long exact sequence

...+ YF(A) + XF(B) + F(C) < F(A) + F(B) + Y 'F(C) + ...

Our aim in this chapter is to clarify what conditions on F' we really need in order to
obtain a UCT short exact sequence, which computes the morphism groups of ¥ in terms
of F', i.e. under which condition we can expect a short exact sequence of the form

Extyy(F(A), SF(B)) — T(A, B) — Homas(F(A), F(B)).
An obvious example will be given by Hom-functors. First, we need a definition.

Definition 5.1. Let T, be the category with the same objects as ¥, Z-graded morph-
ism groups T.(A, B), where T,,(A, B), n € N is given by %,(A, B) := T(S"A, B) and
composition given by

a-b:=S5"a-b
for a € ,,(A,B) and b € T,,,(B,C).

Definition 5.2. A €€ T is called w-compact, if T(A, ) commutes with direct sums.
A countable family A of w-compact objects in T such that for all A € A, T(A, B) is
countable for all B €€ T, is called a c-family in .

Let A be a c-family in ¥. We want to construct a functor Fy, which takes values
in an abelian category. Let us first describe the target category. Let T4 be the full
subcategory of T, with objects A. T4 is a small, preadditive category.

Definition 5.3. Let le% denote the category of countable Z-graded abelian groups. Let
93100(3;4)(:2 be the category of countable Z-graded TA-modules, i.e., the category whose

12
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objects consist of contravariant additive functors M: T4 — le%, which are grading
preserving in the sense that for a € T, (A, B), M(a): M(B) — M(A) sends M (B)[m)]
to M(A)[m + n]. Morphisms in 9Mod(TA)Z are given by grading preserving natural

C
transformations M = M.

Performing pointwise constructions, it is not hard to check that 9tod(TA)Z is abelian.

Remark 5.4. Let R4 be the graded category ring of TA. R 4 is unital if and only if A
is finite. In this case, the category of modules over T is equivalent to the category of
R 4-modules.

Definition 5.5. Define Fq: T — Mod(THZ by Fu(B)(A)[n] := T,.(A, B).

Composition on the left equips F4(B) with the structure of a module over TA. Com-
position on the right shows that F4 is a covariant functor. 9)?00(‘3;4)% is equipped with
a suspension automorphism ¥, which is given by XM (A)[n] := M(A)[n —1] . It is clear
that F4 is stable, Lemma 1.1.10 in [31] shows that F4 is homological. Thus for every
c-family A in ¥, we have constructed an additive stable homological functor

Fa: T — Mod(THZ.

Lemma 5.6. Let A be a c-family in T, n € N and A € A. Then F4(S"A) €€ Mod(TH)Z
s projective. 93?00(5;4)% has enough projective objects.

Proof. Let M, N €€ Mod(TH)Z, then by Yoneda’s Lemma
Mod(TL)Z (Fa(S"A), M) — M(A)[n], @ — @ (idsna),

is an isomorphism. Since ¥ € smoa(if)cz (N, M) is an epimorphism if and only if
U(A): N(A) — M(A) is onto for all A € A, this shows that F4(S™A) is projective.
Furthermore, for every A € A, n € N and m € M(A)[n], there is ®,,: F4(S"A) — M
such that @, (idgn4) = m. Therefore

b D,y : b Fu(S"A) = M

AeAneN;meM(A)[n] AeAneN,meM(A)[n]
is an epimorphism. This shows that ﬁﬁob(ff)cz has enough projective objects. O

As mentioned in the introduction, our aim is to translate homological algebra in the
triangulated category ¥ to homological algebra in a suitable abelian category. Ho-
mological algebra in a triangulated category is always relative, that is we have to
specify an i¢deal — a subclass J of all morphisms in ¥, which is closed under com-
position [29]. We will only be concerned with ideals of the form J := ker F', where
ker F(A,B) := {f € T(A,B) | F(f) = 0} for some stable homological functor F. In
good cases, homological algebra in ¥ with respect to J can be completely translated
to homological algebra in an abelian category by means of a so called universal stable
homological J-exact functor.

13
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Definition 5.7. Let 2 be an abelian category, J an ideal in ¥ and F': ¥ — 2 a stable
homological functor. F' is the universal stable homological J-exact functor if for any
other stable homological functor G: T — ' with G(f) = 0 Vf €€ J, there is a unique
additive functor G: 2 — 2’ such that G = G o F.

Lemma 5.8. Let A be a c-family in €. Then Fy4 is the universal stable homological
ker Fq-exact functor.

Proof. By [29] Theorem 3.39 and Remark 3.40 and our last Lemma (5.6), we only have
to check that for every A € A and every n € Z there is an object F;(F4(S"A)) €€ T
such that

1. For every B €€ ¥, there is an isomorphism

Op: Mod(TA)Z (F4(S"A)), Fa(B)) = T((F5(Fa4(S"A)), B).

2. Fy (GSnA (idFA(SnA)>> induces an isomorphism F'q (Fj{(FA(S”A))) = Fy(S™A).

Set F(Fa(S™A)) := S"A.
(1): Recall that 9od(TL)Z (Fu(S"A), M) — M(A)[n], ® — & (idgn4) is an isomorph-
ism, therefore, ©p is given by

Mod(T)2 (Fa(S™A)), Fa(B)) = Fa(B)(A)ln] = T(S"A, B), @ @ (idsn)

(2): We have Fu (Fx(Fa(S"A))) = Fa(S"A) and Fa (Ogna (idpy(sna)) ) = Fa(idgna).
This proves the lemma. O

Corollary 5.9. Let A be a c-family in T and P €€ DJTUD(Z;“)CZ projective, then there is
B €€ T such that Fy(B) = P.

Proof. This follows from Theorem 3.41 in [29], since F4 is the universal stable homolo-
gical ker F4-exact functor. O

6 The Bootstrap Class

Recall that we are looking for the general conditions, under which we can expect the
existence of a UCT short exact sequence, i.e. of a short exact sequence of the form

Extd, (F(A),SF(B)) — %(A, B) - Homgy(F(A), F(B)).

As in the case of the usual UCT, we can expect this to hold only for objects A in a
certain bootstrap class.

Definition 6.1. Let A be a family of objects in €. The Bootstrap class B 4 is the
localizing subcategory generated by A, i.e., the smallest subclass C of objects of ¥ which
is closed under the following operations:

14



6 The Bootstrap Class

1. (suspension) If A is in C, then SA and S~!A are in C.

2. (exact triangles) If SB — C — A — B is an exact triangle and two of the three
objects A, B and C are in C, then so is the third.

3. (direct sums) If (A4;),.; is a countable family of objects in C, then so is @; A;.

4. (retracts) If B is in C and there are f: A — B and g: B — A such that f-g =idy4,
then A is in C.

If A consists only of one object A, we will also write 2 4 instead of B 4.

Lemma 6.2. Let A be a c-family of objects in T. Then %@A AT B 4.
S

Proof. We obviously have that %@A LA is a subclass of 6 4. The other direction
S

follows by the fact that 6 4 as a localizing subcategory is automatically thick [31], i.e.
that B ® C €€ B4 implies B €€ B 4. O

The next lemma tells us that the objects in the bootstrap class B8 4 are “orthogonal”
to the class of objects on which F4 vanishes.

Lemma 6.3. Let A be a countable family of objects in T and B in B 4. Then B has
the following property: If C €€ ¥ such that F4(C) =0 then T,(B,C) = 0.

Proof. Let B’ be the class of of objects B €€ ¥ such that F4(C) = 0 implies T(B,C) =
0. B is closed under taking suspensions, exact triangles (five lemma), retracts and
countable direct sums and obviously contains A, hence it contains 2 4. 0

Under a certain regularity condition on the objects in A, the property of the last
lemma completely characterizes the bootstrap class.

Note that the five lemma implies that the full subcategory of w-compact objects is
thick, i.e. is closed under suspensions, exact triangles and countable coproducts.

Proposition 6.4. Let A be a c-family in T and B €€ . The following statements are
equivalent:

(1) B isin B 4.
(2) If C €€ T such that Fx(C) =0 then T(B,C) = 0.
Proof. We only have to show (2) = (1). [27] Theorem 6.1, shows that T(_, B) re-

stricted to the triangulated subcategory B 4 is representable, i.e. there is a B in
B4 and an isomorphism of (restricted) functors T: T(_, B)js, = T(_, E)‘%A. Set
¢ = Tp(idp) € ‘I(B,E) and let Cy be the mapping cone of ¢. Since ¢ is an Fy-
equivalence by construction, F4(Cy) = 0. Therefore, T,(B,Cy) = 0. We also have
T*(B,C¢) = 0. Since T,(_,Cyp) is cohomological, this shows that T,(Cy, Cy) = 0, i.e.
that Cy = 0 in T. Therefore, ¢ is an isomorphism. O

In applications to KK-theory, it is often desirable to have a more explicit character-
ization of the objects in the corresponding bootstrap class. This can be done in most
cases of interest as the reader will see once we are dealing with applications.
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Background

7 A General UCT Criterion

We present a general criterion for the existence of a UCT short exact sequence for
invariants of the form F 4, which only involves the bootstrap class 2 4 and projective
resolutions in the target category of F4.

Theorem 7.1. Let A be a c-family of objects in ¥ and B €€ €. Assume that
(1) Bee By,
(2) FA(B) has a projective resolution of length 1 in Mod(TL)Z.

Then, for every C €€ X, there is a grading preserving short exact UCT sequence:

Exthpo(sayz (SFa(B), FA(C)) = T(B,C) — Homyyyywayz(Fa(B), Fa(C).

Elmab(if)
Proof. Set J := ker(Fj4), i.e. J(A,B) ={f € T(A,B)|Fa(f) = 0}, then J is a homolo-
gical ideal in the sense of Definition 2.20 of [29]. By definition of J, F4 is J-exact.

We already know that F4 is the universal ker F4-exact stable homological functor.
By [29] Theorem 3.41, assumption (2) implies that B has a ker F4-projective resolution
of length 1. The same theorem states that there are natural isomorphisms

Extiyo sty (FA(B), FA(C)) 2 Bxt o, o, (B, C) for all n € N,

[29] Lemma 3.2 and Lemma 6.3 of the present chapter tell us that assumption (1) implies
that T(B,C) = 0 for all ker F4-contractible C. Therefore, the statement follows by [29]
Theorem 4.4. O
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Equivariant KK-theory and the UCT for
the Action of a Cyclic Group of Prime
Order

The main aim of this chapter is to prove an equivariant Universal Coefficient Theorem
for C*-algebras equipped with an action of C(p). More precisely, we will define EKC®)
as the invariant associated with the family A := {C,C(C(p)), C,,} in RKCP). Where C,,
denotes the mapping cone of the unital embedding of C into C(C(p)). EKC® takes values
in the category of countable Z/2-graded modules over R-the category ring of ARCW)
restricted to A. For separable C(p)-C*-algebras A and B with A being in a certain
bootstrap class BCP) | we will prove the existence of a short exact UCT sequence

Exth (EKC®) (54), EKC®)(B)) — KKC") (4, B) - Homg (EKC® (4), EKC®(B)).

We will also show that at least all C(p)-C*-algebras of type I are in BC®).

This chapter is organized as follows: In Section 8, we explain for a locally compact
group G how to view KK as a triangulated category with countable coproducts. We
furthermore derive some properties of the Hom-like invariants F 4 such as a Connes—
Thom isomorphism and a Pimsner—Voiculescu exact sequence. Then in 9, we compare
our definition of the bootstrap class with the definition of Rosenberg and Schochet and
show that in the case G = C(p) all type I algebras are in the corresponding bootstrap
class. In Section 10, we introduce the invariant EKC®) as a module over a category ring
R as a special case of the general construction. In Section 11, we will calculate the ring
R in terms of generators and relations and use this description in Section 12 to show
that there is a UCT short exact sequence for EKC®) by proving that every module of
the form EKC®)(A) has projective dimension 1.

8 Equivariant KK-theory as a Triangulated Category

8.1 The Categories AR and RR®

For a locally compact group G, let RRC denote the category, which has separable G-C*-
algebras as objects and in which the set of morphisms from A to B is equal to KKG(A, B).
Composition is given by the Kasparov product. RRY is a preadditive category, which
has countable coproducts, it also carries the structure of a triangulated category (for a
proof consult the Appendix of [27]).

As in the non-equivariant case, the suspension automorphism S of KRS is given by
taking the outer tensor product with Cyp(R). A triangle is exact if and only if it is

17



Equivariant KK-theory and the UCT for the Action of a Cyclic Group of Prime Order

isomorphic to a mapping cone triangle. This is equivalent to the statement that it is
isomorphic to a G-equivariantly c.c.p. split extension ([27] Section 2.1.).

Following Definition 5.1, we may form S8¢. Due to Bott periodicity, it suffices to
work with a slightly simpler Z/2-graded variant: Define

KKY(A, B) :== KK§ (A, B) ® KK (A, B)

Let B € KKY(C,5?) and D € KKY(52 C) denote the usual Bott and Dirac element
and for a G-C*-algebra A define isomorphisms By := B ®c 14 € KK%(4,5%A) and
Dy :=D®c 14 € KKE(S24, A).

Definition 8.1. Let A, B and C be separable (trivially graded) G-C*-algebras, i,j €
{0,1} and z € KK%(A,B), y € KKJG(B, C). Set k =i+ j mod 2. Define a product

KK{ (A, B) ® KK§(B,C) — KK{/(4,C)

T RBY ifj=0
Ty =1 SrRspy ifi=0, =1
Ba®gpSrspy ifi=0,j=1

Using that 15 ®c B = B®c 1g (which follows from the fact that R3 — R3, (z,y, 2) —
(z,z,y) is homotopic to the identity), it is easy to check that this product is associative.
Of course 14 acts as the identity on A. We obtain a category, which is equivalent to the
Z-graded version of definition 5.1. It will also be denoted by SRC.

8.2 Properties of the Hom-like Invariants in the G-equivariant Case

Let A be a c-family of objects in RR®. In 5.5, we constructed an invariant F4. For
instance, if G is compact and we set A = {C} with the trivial grading, we obtain
equivariant K-theory with its module structure over the complex representation ring
R(G).

Thanks to Bott periodicity, the long exact sequence is 6-periodic, i.e., if SA — C —
A — B is an exact triangle (for example, if C — A — B is an equivariantly c.c.p. split
extension) then there is a 6-term exact sequence

Fa(C) Fa(A) Fu(B)

| |

SFA(B) ~— SF4(A) < SF4(A).

Recall that K-theory is exact, even if it is applied to non c.c.p. split extensions. If we
restrict to compact G and a family A consisting of nuclear C*-algebras, the same holds
for Fu:

18



8 Equivariant KK-theory as a Triangulated Category

Lemma 8.2. Let G be compact and all A € A nuclear. If By — By — Bs is a
G-equivariant extension, then there is a natural 6-term exact sequence

Fy(B1) Fy(B2) Fy(Bs)

| |

EFA(Bs) <—— XFa(Bz) <—— XFa(By).

Proof. This follows from the main result of [24] and is also contained in [42] . O

The statement of the lemma is true in the more general context of G being strongly K-
amenable and A being nuclear in equivariant K-theory, for example if G is discrete and
amenable, then it is strongly K-amenable (see [24] for an explanation of these notions
and a proof of this result).

Next we will derive analogues of the Thom isomorphism and the Pimsner—Voiculescu
exact sequence. Let G and Go be locally compact groups. If B ee RRF1*%2 then
taking the partial crossed product ([23] 3.11) yields Gox A €€ RRY. Let furthermore
n: RRE1XG2 5 R denote the functor which is given by forgetting the Go-action.

Proposition 8.3 (Thom isomorphism). Let B ee KRR, then there is o KKC-
equivalence
nSB = BxR.

This isomorphism passes to any functor, which is defined on RR®, for example by
applying F 4, we obtain a Thom isomorphism X F4(B) = F4(Rx B).

Proof. Equip Cy(R) ee SRR with an R-action by translation and trivial G-action.
First consider Cp(R) as an R-algebra by forgetting the G-action. By [23] Theorem 5.7
and Theorem 5.9 applied to R, we obtain a KK®-equivalence C 22 C.(R) = C; ® Co(R),
where C; denotes the first Clifford algebra with trivial R-action. Usual Bott periodicity
yields C 2 SCy(R) in RRR, or equivalently, S = Co(R). Pullback via the projection
G xR — R gives S = Cy(R) in RR“*E. Applying the exterior product with 1 yields
a KK&*®_equivalence SB 2 Cy(R, B) (Here, G x R acts on Co(R, B) diagonally via the
the identification Co(R, B) = Co(R) @ B). Let B denote B with G acting as before but
with trivial R-action. Then

Co(R,B) = Co(R, B), [+ (t+ (et)- f(1))
yields G x R-equivariant #-isomorphism. Hence we obtain a chain of KK%*®-equivalences
SB = Cy(R, B) = Co(R, B) = SB

or, equivalently, B = B in 8RR Now applying the partial crossed product with R
yields the claim since C*R =2 §. O

Proposition 8.4 (Pimsner-Voiculescu exact triangle). Let B €€ RRC*Z, then there is

an exact triangle
nB —-nB —ZxB —nSB

19



Equivariant KK-theory and the UCT for the Action of a Cyclic Group of Prime Order

Applying F4 or any other (co-)homological functor yields a Pimsner—Voiculescu type
exact sequence.

Proof. Let G x Z act on Cy(R, B) diagonally with G acting trivially and Z acting by
translation on R and similarly for Co(Z, B). Restriction provides a surjection Cyo(R, B) —
Co(Z, B), whose kernel may be identified with SCy(Z, B). The resulting extension

SCy(Z, B) — Co(R, B) — Co(Z, B)

is Z x G-equivariantly c.c.p. split and hence provides an exact triangle in RRIXG,
Restricting the KK*R-equivalence S = Cy(R) from the proof of Proposition 8.3 to
G x Z and tensoring with 15 yields a KK%*?%_equivalence Cy(R, B) = SB. Let B denote
B with G acting as before but with trivial Z-action.

Co(Z, B) = Co(Z, B), [+ (n+=(e,n)- f(n)),
yields a G X Z-equivariant *-isomorphism. Hence there is an exact triangle
SCy(Z,B) — SB — Cy(Z, B).

Now we can apply the partial crossed product with Z and shift the resulting exact
triangle to an exact triangle of the desired form. O

9 A close Look at the Bootstrap Class

Recall that B4 is the localizing subcategory of RR® generated by A € A. As an
example, consider F = (Co(G/H))H closed subgroup of G- LThen Bx can be thought of as a
KK-analogue of the category of (pointed) G-CW-complexes (as for instance introduced
in [25]), i.e., all separable G-C*-algebras which can be constructed from basic building
blocks of the form Co(G/H) via the operations of KK%-equivalence, countable direct
sums, suspensions and exact triangles. Taking suspensions is the direct analogue of the
topological suspension functor, countable direct sums and exact triangles correspond
to the gluing procedure for G-CW-complexes. Of course, since we are including KK¢-
equivalences, the bootstrap class contains much more than just (continuous functions
on) G-CW-complexes.

Let us now connect our notion of a bootstrap class to the one of Rosenberg and
Schochet defined in [40]. Note that Rosenberg and Schochet only consider nuclear G-
C*-algebras. A useful property of the subclass of nuclear G-C*-algebras is that for a
compact G we do not have to distinguish between extensions and admissible extensions, a
fact that is well known for the non-equivariant case and easily extends to the equivariant
setting if G is compact.

Lemma 9.1. Let G be a compact topological group,
J— A—>Q

a G-equivariant extension and Q) a nuclear G-C*-algebra, then there is a G-equivariant
c.c.p. splitting o.
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9 A close Look at the Bootstrap Class

Proof. By [9], there is a (not necessarily equivariant) c.p. splitting section s: @ — A of
norm at most 1. An equivariant splitting is given by

a(q) = /Gg‘IS(gq) dpg. O
Let C be a class of nuclear G-C*-algebras. Consider the following closure properties:

1. Let 0 > A — B — C — 0 be a short exact sequence of G-C*-algebras. If two of
the three algebras are in C, then the third is also in C.

2. If (Ap,a)") is a countable inductive system of G-C*-algebras in C, then A, =
ligl(An,a?) is in C.

3. If (A, ) is in C and (A4, ) is exterior equivalent to (A, '), then (A, /) is in C.
4. If Aisin C and A is G-stably isomorphic to B, then B is in C.

5. If Ain C admits an action of R (or Z) that commutes with the G action, then Rx A
(or Zx A, respectively) is in C

Definition 9.2. Let F be a family of nuclear G-C*-algebras. Define ((F)) to be the
smallest subclass of all subclasses of nuclear G-C*-algebras that contain F and have the
closure properties (1)—(5).

Proposition 9.3. Let G be a compact group and F be a family of nuclear G-C*-algebras.
Then
(F) C B

Proof. Let C be the class of all nuclear G-C*-algebras in Br. We have to show that
C has the closure properties (1)—(5). This is true for (3) and (4), since B r is closed
under KK%-equivalence and stabilization preserves nuclearity. Since crossed products
by Z and R preserve nuclearity, C is closed under (5) by Propositions 8.4 and 8.3. (1)
holds by Lemma 9 and since nuclearity passes to quotients, ideals and is preserved under
extensions ([35], the remark following efinition 11.7). To prove (2), let (A, o) be a
countable inductive system of G-C*-algebras in C. Recall from [27] Section 2.4., that
there is a homotopy limit ho- @(An,a,?), which is, by definition, part of an exact
triangle

S(ho- hgl(Am ant)) — @ A, — @An — ho—lig(An, ant)
N N
and that ho- hgl(Am o) is KK%-equivalent to Ay if the extension of G-C*-algebras

T(Ap, ) — T(An, @) — As

is admissible, i.e., has a G-equivariant c.c.p. split. Here, T'(A,, o) and f(An,aZl)
are mapping telescope constructions, for the exact definition see [27] p. 11-12. Since
a direct limit of nuclear C*-algebras is again nuclear ([7], remark to Exercise 2.3.7.),
we see that T(A,,a™) — T(Ap,a”) - Au is admissible by Lemma 9. This gives a
KK%-equivalence A, = ho—lig(An, ap'). Since B r is closed under direct sums, exact
triangles and KK%-equivalences, this shows that A is in C. O
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As in [40], let Ag be the class of all separable abelian G-C*-algebras. Rosenberg
and Schochet’s version of the bootstrap class is ((Ag)). They prove the following useful
theorem:

Theorem 9.4. Let G be a compact Lie group and F a collection of G-C*-algebras such
that for all closed subgroups H of G and all continuous trace G-C*-algebras A with
spectrum A= G/H (G acting by translation), A € F. If B is a type I C*-algebra and
B a G-action on B, then (B, [3) is in (F)).

Proof. See [40], Theorem 2.8. O

The same techniques as in the proof of the last theorem may be used to connect
Rosenberg’s and Schochet’s notion of a bootstrap class with our definition.

Theorem 9.5. Let G be a compact (not necessarily connected) Lie group and

Fa = (CO(G/H))H closed subgroup of G-

Then
{Ac) € Brg-

Proof. By Proposition 9.3 it is sufficient to show that every separable abelian G-C*-
algebra is contained in (Fg)), i.e., that (Fg)) = (Ag)). The arguments in the proof of
Theorem 2.8. p. 19 in [40] can be applied verbatim, just replace “type I” and “continuous
trace” by "abelian.” O

Note that (Ag)) # Br, just because ((Ag)) consists of nuclear C*-algebras by defin-
ition, and *B £, also contains non-nuclear C*-algebras, which are KK-equivalent to 0.

Let us now consider the case G = C(p). Let BC® denote the bootstrap class
Bic,cc(p)y- We will use the Theorem of Rosenberg and Schochet to show that at least

all type I C*-algebras are in BC®),

Corollary 9.6. Let A be a type I C*-algebra and o a C(p)-action on A. Then (A, a)
is in BOW),

Proof. In view of Lemma 9.3, Theorem 9.4 and the fact that {({(F)))) = (F)), we only
have to show that F := (({C,CC(p)})) fulfills the assumption of Theorem 9.4. If A
is a continuous trace C(p)-C*-algebra with spectrum a point, then A ® (K, 7) is outer
equivalent to (K, 7) since all automorphisms of K are given by a conjugation with a
unitary. Here, (K, 7) denotes the compact operators on I2(N) equipped with the trivial
action. Hence A is in ({C,CC(p)})). If A is a continuous trace C(p)-C*-algebra with
spectrum C(p), then there are automorphisms ay € Aut(K), g € C(p) such that A ®
(K, 7) is isomorphic to

(©cK, @), alag,...,ap-1) = (a[pq](ap—l)’a[o](ao),oém(aﬁ, . -aa[pf2](ap—2)) :

Hence A ® (K, 7) is outer equivalent to CC(p) ® (K, 7). O
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10 Definition of EKC®)

Let u be the unital embedding of (C,7) into (CC(p), ), where A denotes the action of
C(p) on CC(p) by left translation.

Cy={a €C([0,1),CC(p)) | a(0) € Im(u)}
is the mapping cone of u.

Definition 10.1. Let A := {C,CC(p),C,} and

R = R4 =KKP(CaCClp)® C,,C®CCp) ® Ch),

define
EKC(P) = Fy: MC(;)) — WOD(R)CZﬂ-

We will calculate R in terms of generators and relations in Section 11.
Let B be a C(p)-C*-algebra. Note that there is an isomorphism

EKC® () 2 KKSW (C, B) e KKEW (cC(p), B) & KKEW) (C,, B),

which is natural in B.
KK*C(p )((C, B) is isomorphic to the C(p)-equivariant K-theory group of B [33]. By the
Green—Julg Theorem, there is an isomorphism of abelian groups

KKS®) (C, B) = K.(C(p)x B).

Since CC(p) = C*C(p) = C*C(p) (Baaj-Skandalis Duality) the Green—Julg Theorem
and Takesaki—Takai duality give an isomorphism of abelian groups

KKS? (cC(p), B) 2 K.(B).

If p = 2, then the third summand can be interpreted in terms of K-theory of graded C*-
algebras: Recall that in [23], Kasparov defines KK-theory for Z/2-graded C*-algebras.
If By and By are Z/2-graded C*-algebras, let us denote the corresponding KK-group in
the sense of [23] by KK, (B1, Bs). Recall that there is also a graded (minimal) tensor
product B1® By with tensor unit C (C is of course trivially graded). We could also define
graded K-theory by e

K.(Bi) := KK,(C, By).

This agrees with the elementary definition of K-theory for graded Banach algebras as
defined for example in [46], for a proof of this fact see [15] 4.5. Of course, every Z/2-
C*-algebra B gives rise to a Z/2-graded C*-algebra E, where B = B as a C*-algebra
and the grading involution on B is given by action of the generator of Z/2. This gives
an isomorphism of the categories of (separable) Z/2-graded C*-algebras and (separable)
Z/2-C*-algebras. Let us denote the inverse of C\) by 7. In [15], U. Haag studies
the relation between KK-theory of graded C*-algebras and Z/2-equivariant KK-theory.
Proposition 3.8 in [15] can be rephrased as follows:
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Proposition 10.2. Let A and B be separable Z/2-algebras. There is a isomorphism
KK.(4, B) = KK (v(C,&4), B),
which is natural with respect to 7/2-equivariant x-morphisms.

This shows that R
KKZ“*(C,, B) 2 K.(B)

i.e., that, as an abelian group, the third summand is isomorphic to the graded K-theory
of B.

Theorem 10.3. EKC®) has the following properties:

(1) EK®W) s exact, i.e., if By — By — B is a (not necessarily admissible) extension
of G-C*-algebras, then there is a a natural 6-term exact sequence

EKC®)(B)) EKC®)(By) EKC®)(Bs) .

| |

SEKC®P)(B;3) <— SEKC®)(By) <— SEKC®)(B))

(2) EKC®) commutes with countable direct limits, i.e., if (An, ™) is a countable in-
ductive system of G-C*-algebras, then the canonical map

lim (EKC®)(4,.), BKCW) (al1')) — EKCW)(A)
is an isomorphism.

(3) EKC®) has a Thom-isomorphism, i.e., if B is a C(p)-C*-algebra with a commuting
R-action, then there is a natural isomorphism

EK€®) (SB) =~ EKC®) (Rx B).

(4) EKCW) has a Pimsner—Voiculescu exact sequence, i.e., if B is a C(p)-C*-algebra
with a commuting Z-action, then there is a natural 6-term exact sequence

EKC®)(B) EKC®)(B) — = EK®®)(Zx B)

| |

SEKC®)(Zx B) <— SEK®®)(B) < RSEK®®)(B).

Proof. (1), (3) and (4) are covered by the results of the last section. To prove (2), first
note that K, =2 KK, (C, ) commutes with direct limits. Using universal properties, it
is also not hard to see that

C(p) x Ao = lim(C(p) x A, C(p) X ")
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Hence KKS(p )((C, _) commutes with direct limits by the Green—Julg Theorem. Since by
Baaj—Skandalis Duality

KKEP (cC(p), A) = KKEP (C(p)xCC(p), C(p)x A) = KKEP) (T, C(p) x A),

KKE®) (CC(p),__) also commutes with direct limits. Since C,, is the mapping cone of

the unital embedding of C into CC(p), the Five Lemma shows that KKE® (CC(p), )
commutes with direct limits as well. d

Theorem 7.1 specializes to
Theorem 10.4. Let A be a separable C(p)-C*-algebra such that

(1) A e BCW),
(2) EKC®) (A) has a projective resolution of length 1 in WOD(R)%/Q.

Then, for all separable C(p)-C*-algebras B, there is a natural short exact sequence
Extk (EKC® (SA4), EKC® (B)) — KKE®) (4, B) - Homg (EKC®) (4), EKC®(B)).

We have just seen that every type I G-C*-algebra is in BC®) . In Section 12 we
will show that condition (2) is always fulfilled. This will prove Theorem 1.1 from the
introduction.

11 Computation of R

The aim of this section is to compute R. Recall that R is the category ring of the full
subcategory of AREP with objects {C,CC(p), Cy}.

First we will set up some notation and give explicit formulas for the two main tools
which are used to compute R, namely the Green—Julg Theorem and Baaj—Skandalis
duality. Then we will start with computing a subring of R, the category ring of ﬁﬁ*c(p )
restricted to {C,CC(p)}. The third step is to show that besides the obvious exact triangle
coming from the definition of C,, as a mapping cone, there is another exact triangle in
the opposite direction. Finally, we will include C, in our calculation and determine R
in terms of generators and relations.

11.1 Preparation

Let u be the Haar measure on C(p), normalized such that the total mass is p'/2. Let us
fix the isomorphism

—

x: Clp) = C(p), xx(l) =",

Fourier transformation gives an equivariant x-isomorphism

F: (CC(p),A) = (C*C(p),7),  F(f)(k) :/C(p) Xk (D) (1) dp(l),
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where A is the action by left translation and 7 is the dual of the trivial action.

Let (A,a) be a C(p)-C*-algebra. Let V' be a vector space. We will write A =5 V
(E =y V) if a C*-algebra A (Kasparov module E) is equal to V as a vector space.
\Ee\have C(p) x oA =vs C(C(p), A). Since C(p) is abelian, there is a dual action & of

C(p) =2 C(p) on C(p)x A given by a;(f)(k) := xi(k)f(k). By the universal property of
KKC®) (]26], Theorem 50) we obtain an endofunctor

C(p)x(_): RRCP) — grC®),

11.2 Baaj—Skandalis Duality

In [1], S. Baaj and G. Skandalis examine G x (_) for a general Hausdorff topological
group G. We can derive the following explicit description of C(p)x(_) from [1] 6.6 and
6.17:

Let z = [(€,T,7)] € KKC®)(A, B). Then C(p)x is represented by (C(p)x&,T,7),
where C(p) x £ =ys C(C(p),€) and the expressions for inner product, left and right
multiplication specialize to:

@)k = [ al (€~ 1) duld), €@)E) = [ QA G- 1) du)
C(p) C(p)

and

(&) (k) = /C 51 (€@, n(k +1)) dul).

for &,p € C(p)x&, b € C(p)x B and a € C(p)x A. The operator T is given by
(T(9)) (k) = T(¢(k)) and the action 7 by 7,(&)(k) = xa(k)& (k).

Applying the crossed product twice yields a C(p)-C*-algebra (C(p)x C(p) X oA, 5),
which is naturally KK€®-equivalent to A by the Takai Duality Theorem [43]. Thus
C(p)x (_) is an autofunctor of RRCP) which is involutive up to a natural isomorphism

T:Cp)xCp)x () = idggowm) -

This observation will be used to simplify the computation of R. It will be useful to
explicitly describe the natural transformation 7.

Let (K(L%*(C(p),A)),Adyga) be the compact operators on the Hilbert A-module
L?(C(p), A) equipped with the adjoint action, where C(p) acts on L?(C(p), A) via

(p @ a)i(f)(k) = a(f(k +1)), feL*(Clp),A).

Lemma 11.1. There is an equivariant x-isomorphism
Ba: (Cp)x5C (1) xad,a) = (K(LX(C(p), A)), Adysa) ,

which is given by
Ra(FYNN0) = [ [ o () als =) = $)dtt) dits)

for F € C(p) x5 C(p) Xa A =y C(C(p) x C(p), A) and f € L*(C(p), A).

26



11 Computation of R

Proof. This is a standard result, see for example [48], Theorem 7.1. ]

Let us denote by E4 € KK€®)(K(L*(C(p), A)), A) the KK-element which is given
by the Morita-Rieffel imprimitivity bimodule (L?(C(p),A),p ® «). Then the natural
transformation

T: C(p)xC(p)x(_)=id

is given by the KKC®) equivalence Ty = [®4] - E4. That T is indeed a natural trans-
formation, i.e., that for C(p)-C*-algebras A and B and = € KKC®) (A, B),

Clp)xC(p)xx-Tp =T -x
follows from [1], Théoréme 6.20.

Lemma 11.2. Let A be a C(p)-C*-algebra, then
C(p)Ta = Togya in KKCP(C(p)x C(p) x C(p) x A, C(p) x A).

Proof. C(p)x T4 = [(C(p)x L*(C(p), A))] and Tgpya = [(L*(C(p), (C(p) x A)))] with
left-module structure given by C(p)x¢4 and ¢cp)a. Note that both C(p)xL?(C(p), A)
and L2(C(p), (C(p)x A)) are equal to C(C(p) x C(p), A) as vector spaces.

U: C(p)x L2(C(p), A) = L*(C(p), Cp)x A), U(F)(s,t) = F(t,s),

is clearly bijective. Straightforward calculations show that W intertwines left and right
multiplication and the inner products. Therefore, ¥ is an isomorphism of Kasparov
C(p)x C(p) x C(p) x A-C(p) x A-modules. O

We will use Baaj—Skandalis duality to construct an honest involution on ﬁﬁ*c(p ) re-

stricted to C and CC(p). This has the advantage of reducing the amount of necessary
calculations by a factor of two.
There are KKC®)_equivalences

¢o := [F']: C(p)xC — CC(p) and ¢y := [C(p)x F] - Tc: C(p)xCC(p) — C
For notational reasons, let us set Ap := C and A; := CC(p).

Definition 11.3. Define an autofunctor Z on objects by Z(A;) = A;+1 and on morphisms
by
I(z) = qbi_l (C(p)xx) - ¢; for x € KKS(p)(Ai,Aj)

for 4,j € {0,1} (addition is taken modulo 2).

Lemma 11.4. 7 is an involution.

Proof. Since I2(z) = ¢;;'; - (C(p)x; 1) - (C(p)xC(p)xz) - (C(p)x¢;) - hjt1, it is sufficient
to show that (C(p) X ¢;) - ¢ir1 = T4, for i € {0,1}. For i = 0, the statement is obvious
and for ¢ = 1, it follows from Lemma 11.2 and naturality of T4. O
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11.3 The Green—Julg Theorem

Another useful tool is the Green—Julg Theorem [21]. A KK-theoretic formulation appears
in [12].

Theorem 11.5 (Green—Julg Theorem). Let G be a compact group and A a G-C*-
algebra. Then there is a natural isomorphism

v: KKY(C, A) —» KK(C,Gx A).

Let us give explicit formulas for the present case G = C(p): Let A be a C(p)-
C*-algebra and = = [(£4,T,)] an element in KKC®)(C, 4). Then v(z) is given by
[(Ec(pma, T)]- Here, Eg(pa is equal to £4 as a vector space and carries the operations

£ f = /C , MOTCD dul) and (€ m)cralh) = (6 m)a

for £,m € £4 and f € C(p)x A. The operator T' remains unchanged.

11.4 A Subring of R
Our first aim is to calculate the category ring of ﬁﬁ*c(p ) restricted to C and CC(p).

Definition 11.6. Let e denote the class of 1 in C(p) and define ot := [y.] € KK€®)(C, C),
in other words, oty is given by the class of the character x. € C(p).

A representing Kasparov triple of otg is given by (C, 0, x.).

Lemma 11.7.
Zt)/ (P — 1) = KKGW(C,C), tr oto

is an isomorphism of rings and Kch(p) (C,C) = {0}.

Proof. This is a standard result: For a compact group G, KK*G((C,(C) is canonically
isomorphic to the complex representation ring concentrated in degree 0, see for example
[23], the remark following Corollary 2.15. O

Definition 11.8. Let 151 := Z(ot) € KKS @ (CC(p),CC(p)).
Corollary 11.9.
Zls]/(s" — 1) = KKFP(CCp),CCp)), s+ 151

is an isomorphism of rings and KKIC(p) (CC(p),CC(p)) = {0}.

Note that
[F 181+ [F] = Cp) % [xel = [Fe] = [F7' - [Ae] - [F]

by equivariance of F. This shows that ;s is given by translation by the generator of
the action on CC(p).
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Definition 11.10. Let u: C — CC(p) be the unital embedding and set
oar = [u] € KKC®)(C,CC(p)).

Lemma 11.11. KKE® (C,CC(p)) = Z[0] with generator gay .

Proof. The Green—Julg isomorphism v and the equivariant x-isomorphism ®co(C(p)xF)
induce an isomorphism

KKZ®/(C,CC(p)) 2 KK (T, C(p) xCC(p)) = KK, (C,K(L*(C(p)))) = Z[0].

Let v ([u]) be represented by [(£,1,0)], then & =3 CC(p). Define a projection P €
C(p)xCC(p) by P(k,l) := ¢, Vk,l € C(p). A calculation using the formulas following
Theorem 11.5 shows that

U:E—imP, U(f)(k1) = f—k),

is an isomorphism of Hilbert modules. Another calculation using the expression of ®¢
given in Lemma 11.1 shows that ®¢ o C(p) X F maps P to the 1-dimensional projection
|60)(d0| € K(L?(C(p))). This shows the claim. O

Definition 11.12. Let 10 := Z(p1) € KKQC(p)(CC(p)a(C)-

Corollary 11.13. KKE®) (CC(p),C) = Z|0] with generator 1cy.

Recall that Ec denotes the imprimitivity bimodule between K(L?(C(p))) and C. By
definition 109 = [F] - [C(p)xu] - [C(p) x F] - Tc = [Pc o (C(p)x (Fou)) o F|- Ec. A
computation shows that the x-homomorphism ®¢ o (C(p) X (F ou)) o F is equal to

m: CC(p) — K(L*(C(p))), m(f)(h)=[-h.
Hence ja0 = [m] - Ec.
Definition 11.14. Let R be a unital ring and t € R with t” = 1. Define N () := b t*
Lemma 11.15.

01 - 100 = N(oto) € KK°¥)(C,C).

100 - 901 = N(151) € KKCP/(CC(p),CC(p)).

Proof. Since gy - 10 = [m o u - [E(C] the first product is equal to the class of the
representation [(L?(C(p)),\)] € KK Ol )((C,(C). The Peter-Weyl theorem implies ooy -
100 = [(L2(C(p)), \)] = >kec) Xkl = N(oto). The second equality follows by applying
T. O

Lemma 11.16.

oto - 001 = oQv1 - 181 = g1 € KKC(p)(C,CC(p))
151 - 100 = 100 - oto = 109 € KKC®(CC(p), C).
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Proof. oto-0a1 = o1+ [Xe] ®c lec(p) and [xe] @c leg(p) is represented by (C(C(p)), 0, xe®
A). Since

(CC(p),; \) = (CC(p), xe @A), [ = Xel,
is an isomorphism of Kasparov CC(p)-CC(p) bimodules, we conclude [x.] @c lec(p) =

lec(p)- Hence oto - o1 = g Furthermore, we have gay - 151 = [u] - Ae =Te - [u] = [u] =
ocy. This shows the first equalities. 181 100 = 100 otg = 10 follows by applying Z. [

11.5 The First Exact Triangle

Let ¢ be the C(p)-action on the complex plane given by rotation by an angle of 27 /p.
Throughout the next two subsections, every C(p)-invariant subset of C is tacitly assumed
to be equipped with the action given by the restriction of ¢. Recall that C, is the
mapping cone of the unital embedding u: C — CC(p). Let

X :={te?P cClte0,1)1=0,...,p—1}.

We may identify C,, with Cy(X) as C(p)-C*-algebras. Evaluation at 0 yields an evalu-
ation morphism

€,: Cy — C.
We may identify SCC(p) with the kernel of ¢,, this gives an inclusion morphism

ty: SCC(p) — Cy,.
Definition 11.17. Let 2aq := [e,] € KKo(Cy, C) and g := [1,] € KK (CC(p), Cy).

C,, sits in the exact triangle

SCC(p) -2 ¢, 22% ¢ 22 cC(p).

We will refer to this exact triangle as the first exact triangle.

11.6 The Second Exact Triangle

There is another exact triangle, which will be derived by working with a homotopy
equivalent model of C,. Define a subset of the closed unit ball D! in C by

V=D {*P |1 =0,...,p—1}.

It is easy to see that X is a C(p)-equivariant deformation retract of ¥ — there are
*-homomorphisms r: Co(Y') — Co(X) and i: Co(X) — Co(Y') such that r o = idg,(x)
and i o 7 is C(p)-equivariantly homotopic to idg,y). Let

A=T\{? |1 =0,...,p—1}.
Co(A) is C(p)-equivariantly isomorphic to SCC(p) via
¥: Co(A) = SCCp),  V(f)(t, k) = F(&TEI7), ke Cp), t € (0,1).
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Since A is closed in Y, this yields a restriction morphism ¢: Co(Y) — SCC(p). Let
U = D'\ T! be the complement of A in Y. U is C(p)-equivariantly homeomorphic to
C. Let j: Co(C) — C(Y) be the morphism corresponding to the inclusion of U in Y. We
obtain an exact triangle

] [q]

S2CC(p) —= Co(C) —2= Co(Y) —2= SCC(p).

Since the action ¢ on C comes from the restriction of the action of S' on C, which
is spinor, there is a C(p)-equivariant Bott element B, € KKC®)(C,Cy(C)) and a C(p)-
equivariant Dirac element Dy € KKC®)(Cy(C), C) such that By Dy = 1c,c and Dy-By =
Leo(cy ([22] Section 5, especially Theorem 7).

Lemma 11.18. We have Be(cp)) -0 - Dy = 1000 € KKOC(p) (CC(p),C).
Proof. Since 1oy is a generator of KK(? ®) (CC(p),C) = Z, there is an m € Z such that
Be(o)) -0 Py =m - 100.

We have to show that m = 1. Let 9: RR€®) — &R/ denote the forgetful functor.
¥(Dy) = D implies

19(5) = mDC(C(p)) . 19(10&0) -B = mSQQ‘}(lao) -D-B= mSQﬁ(lao).

Of course 9(CC(p)) = ®?_,C. Let ¢; and m; denote the inclusion and projection of the
ith summand. Pullback of the extension representing ¥(J) along S¢; yields an extension,
which is homotopic to

5% SCy((0,1]) — S.

The latter is well known to represent the unit in KK(S?,5?) = KK;(S,S?) ([6] 19.2).
This shows [S2%41] - 9(§) = 1g2. On the other hand ¥(1ag) = > ;[m;], which implies that
[S%11] - S?9(1009) = 1g2. This shows m = 1. O

So far, we have constructed a diagram in RRC®)

$2cC(p) — () — I ey) — T sec(p)

BCC(’”C )DCC@ B¢< )m m< )m ( )

CC(p) 120 C Cu SCC(p)

with the following properties
1. the upper row is an exact triangle,

2. each pair of vertical arrows in one column consists of isomorphisms which are
mutual inverses,

3. the left square commutes.

31



Equivariant KK-theory and the UCT for the Action of a Cyclic Group of Prime Order

Definition 11.19. Set
oz = By - [1] - [r] € KKo(C, Cy) and 201 := S[i] - S[q] - Decpy € KK1(Cu, CC(p)).

Remark 11.20. We define o1 as S[r] - S[q] - Dec(p) instead of simply [r] - [¢] due to our
convention that KK; (4, B) = KK(SA, B).

Corollary 11.21.
SC, 2 CC(p) 1% o 092 C,,
is an exact triangle.

Proof. The triangle in the statement of the corollary is isomorphic to

[j]

25 s200(p) —2s o) s co(v). O

SCo(Y) —

We will refer to this exact triangle as the second exact triangle.

Remark 11.22. In the case p = 2, the second exact triangle already appears in a different
setup in [15].

11.7 Morphisms from and into C,
Proposition 11.23. Let k€ {0,...p—1} and I :={0,...p— 1} \ {k}. Then

KK*C(p)(Cu,(C) = Zp_l | with basis (2040 )
KKS(M (C,C,) = ZP7L[0] with basis ((oto 00[2)
KK*C(p)(Cu,CC(p)) >~ 7P~ 1] with basis (2041 )
KKC(p)(CC(p), Cy) = 2P~ 1] with basis ((151 1042)

Proof. Applying KK c®) (_,C) to the first exact triangle yields a 6-term exact sequence

(o)™ (2c00)*

KKS™ (cC(p),C) 222 KKSP)(C, €) KKS™(C,,C)

KKSW (0, €) L2 kK0 (C, ) <VKKEP (cC(p), ©).

We already know that KK?(p) (CC(p),C) = {0}. Furthermore we know that (pa1)* is

one-to-one by Lemma 11.15 and Lemma 11.13. Hence KK?(p)(C'u,C) = {0} and we
obtain a short exact sequence

(oal)

0— = KKS® (cC(p),C) "L KKSW (C, C) 2L kKSP) (C,, C)) — 0.
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We have KKg(p)((C,(C) >~ Zloto]/{oth — 1) with im(pa1)* being the ideal generated by
N(ptg). This shows the first statement. The remaining statements are proven analog-
ously: For the second statement, apply KKSJ () (C,_) to the second exact triangle, for
the third statement apply KKf(p ) (_,CC(p)) to the second exact triangle and for the
last statement apply KKf(p ) (CC(p),__) to the first exact triangle. O

Proposition 11.24.
00 - 90g = 1 — gt € KK[():(p) ((C, (C)

Proof. By definition,
oaz 200 = By - [j] - [r] - [eu] = Bplew o 7 0 j].
€, 0T 0 j is the x-homomorphism given by evaluation at 0:
eporoj: Co(C)—=C, [ f(0).

Let us describe By € KK((]J ®) (C,Co(C)) in more detail ([22] Section 5): Under the iden-
tification R? = C, the action ¢ of C(p) on R? is given by rotation by the angle 27/p.
Let S; = C? be the 2-dimensional complex spinors, graded by S;O) =C-(1,-i) and
Sél) = C - (1,i). Pointwise application of the standard scalar product on S endows
Co(R2,S5) with the structure of a graded Hilbert Co(C)-module. Define an action of
C(p) on S by

op 1= ™o ( cos(H/p) sin(wk/@) |

—sin(7k/p)  cos(mk/p)

C(p) acts on Co(R2, S5) by ¢ ® p(f) = po fo gL, Set

(0 i (i 0
g1 «— 0/ o9 ‘= 0 —il"

Define an adjoinable operator F on C(R?,S;) by

F(f)(2,y) = (1 + 2% +y*) " (zo1 + yoo) f(, y).

Then
By = {(CO(R2752),F,<Z> ® p)} )

Therefore
By [j] - [i] - [ew] = (euwoi 0 j)u(By) = [(S2,0, p)] € KK ¥(C, ).
But since py (1, —i)) = (1, —i) and pg ((1,1)) = €*"*/7(1,1), we have
[(S2,1,0,p)] = 1 — gto € KKSW(C, C).

This proves the proposition. O
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Proposition 11.25.
12201 =1—181 € KKS(p)(Co(C(p)),Co(C(p)))~

Proof. By definition, 10 - 2c1 = Beg(p) * S[tul - Sli] - Sla] - Dec(py (the Begpy on the left
comes from our convention on the composition in £R8Y). It is not hard to see that the
equivariant *-homomorphism

qoiou,: SCC(p) — SCC(p)

is given by
f(2t, k) if0<t<3,
goiow(f)(t,k)=10 ift =14
f2-2tk—e) ifi<t<l,

for all k € C(p).
Standard homotopy arguments show that if A and B are G-C*-algebras and ¢g, ¢1: A —
SB are equivariant *-homomorphisms, then

[é0] + [¢1] = [d01] € KKE(4, SB),
where ¢ is the *-homomorphism given by

bo(a)(2t) ifo<t<i,
do1(a)(t) =<0 ift = 1, <
p1(a)(2t—1) ifi<t<1

for a € A. Hence we have
[goiow]=1lgccp) +[v®@c Ad,

where v: S — S is given by v(f)(¢t) = f(1 —t). Using the fact above again we see that
[v] + 15 = [¢], where © is given by

f(2t) ifo<t<i
Y()(E) =40 ift =35
f2=-2t) ifj<t<i

for t € (0,1) and f € S. But 9 is clearly homotopic to zero. Therefore, [v] = —1g and

[q 0170 Lu] = 1SCC(p) — 5151.

Therefore,

1092 - 901 = BCC(p) . 52(1CC(p) — 181) . Dcc(p) =1- 151- O
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Let ¢ denote the action of C(p) on C,. Recall that e = [1] denotes our favorite
generator of C(p).

Definition 11.26. Set
989 1= [Pe] € KK(C,, Cy) and ota := [xe] ®c 1o, € KK(Cy, Cy).
Lemma 11.27. We have
(1) oz - 282 = a2, 282 - 200 = 2Q00;
(2) 102282 = 151 - 102, 252 - 201 = 2001 * 151;
(3) 102 - 2ta = 102, oty - 201 = 20115
(4) 10g - ota = 11 - 1002, 2l2 - 201 = 2001 - 117.

Proof. An elementary calculation shows that if (A, «), (B, ) are C(p)-C*-algebras and
x € KK(C):(‘D)(A,B), then [o] - 2 = = - []. This shows (1) and (2). Also, the exterior
product over C commutes with every KK-element. Furthermore, in the proof of Lemma
11.16, we have seen that [x.] ®c lec(p) = lec(p), this shows (3) and (4). O

11.8 The Subring KKS"(C,,C,)

An immediate consequence of the definition of ote and 959 is that (252)P = (2t2)? = 1¢,
and that 259 and ofs commute. Applying KK(()j () (Cu,__) to the first and the second exact

triangle and using the results of Lemma 11.23, we conclude that Kch(p)(Cu, Cy) = {0}
and obtain two short exact sequences:

(1042)* (2050)*

0——=KK® (¢, cC(p)) 22 KKS W (C,, ) 222 KKS W (¢, C) —= 0

and

(0042)* (2061)*

0—=KK$?(C,,C) "2 KKSP(C,, ) 222 KKTP(C,,CC(p)) — 0.

Corollary 11.28. KK*C(p)(Cu,C’u) =~ 7P=2[0] as an abelian group.
I == im(ja2)« = ker(20)« and Iy := im(pa2)« = ker(jaz)« are left ideals in KKg(p)(Cu, Ch).
Lemma 11.29. Fori=0,1,
I; - Homz(I;, I;), aw> (b a-b),

is one-to-one.
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Proof. Let us show the statement for ¢ = 1, for the case ¢ = 0 just repeat the proof with
the indices 1 and 0 interchanged. We have

N(at2) - 20tg = 200 - N(oto) = (200 - 0x1) - 1060 = 0

by Lemma 11.27. Therefore, N(2t2) € I;. If a € I, then a = x - 19 for some x €
KKf(p)(C’u,CC(p)). Again by Lemma 11.27,

p—1
a- N(at2) :x-zlag (2t2)* =p-a.
k=0
Since I; is torsion-free, the claim follows. O

Lemma 11.30. One has
(1) 201 - 12 =1 — 289;
(2) 2000 - 02 =1 — o,

Proof. We only show the first statement, the second follows by interchanging 1 and 0. If
y € I, theny = 2’ 1a9 for 2’ € KK?(p)(Cu,CC(p)), by Proposition 11.23 '/ = say-2” for
some 2" € KKg(p) (CC(p),CC(p)), therefore, y = gaq -x for some x € KKf(p) (CC(p),Cy).
Hence

20 - 10 -y =207 - (12 - 2a1) -z =2a1 - (L —1s1) -2 = (1 —282) 200 -z = (1 —282) -y
by Lemma 11.27. By Lemma 11.29, oy - 10 = 1 — 959. O

Note that Lemma 11.29, Lemma 11.27 and Proposition 11.23 imply that KK€® (Cu, Cu)
is generated by ote and 2s2 (hence commutative) and that

Ip = (1 —ots), I = (1 —29s9).
Lemma 11.31. One has
(1) (L —2at)- (1 —282) =0;
(2) N(2t2) + N(252) = p.
Proof. By Lemma 11.27,
otz - (1 —282) = (2t2 - 2011) 102 = 2001 - 102 = 1 — 252,

This shows the first statement.
For the second statement, first calculate

p—1 p—1 p—1
dp—k)(1—2s2) - (252)" =D (p—k)(252)" = D (0 — k) (252)F ! = p— N(as2).
k=0 k=0 k=0
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This shows that p — N(2s2) is in I;. Since N(282) - (1 — 282) = 0, we have
(p— N(252)) - (1 — 282) = p(1 — 252).

This implies that (p — N(2s2))y = py for all y € I;. Recall that N(2t2) € I;. Since
oty - (1 —9289) = (1 — 282), one has N(at2) - y = py for all y € I;. Therefore,

N(a2t2) -y = (p— N(252)) -y
for all y € I;. This shows (2) by Lemma 11.29. O
Proposition 11.32.
Z[s. ]/ (N(8) + N(s) = p, (1 = 5)(1 = )) = KKG'"(Cu,Cu), #1522, 51 252,
s an isomorphism of rings.

Proof. The previous lemma shows that ¢ — oto, s — 959 gives a well-defined ring
homomorphism. Since both rings are free Z-modules of dimension 2p — 2 it suffices to
see that the map is surjective. But we have already observed that KKC(p)(C’u, Cy) is
generated by oto and 259, this shows the claim. O

11.9 Summary

Set
AO = (C, Al = CC(p), A2 = Cu

Let R be the category ring of the full subcategory of ﬁﬁ*c(p) with objects Ag, A1 and
Ay. In the following ;z; will always denote an element in KKS(p ) (Ai, Aj). Recall that
by definition of a category ring we have px; - jo; = 0 if i # j. Let ;1; = 14, denote the
unit of A;. R is generated by

iti7 i:0727 iS4 i:172and i, 7’7.7:07172

We have the following relations

—_

I =olo+ 111+ 212

2. Z’O&j'jCkaOifZ.#k;

3. oo - 100 = N(oto), 10 - 01 = N(151);

4. gz - 20 = olo —oto , 102 - 201 = 111 — 151;
5. 2ag - g2 = 212 —2l2 , 201 - 1ap = 21lo — 289;

6. N(th) + N(252) =p.
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The grading is given by R = R @& RMW, where R(® is the subring generated by
oto, 151, at2, 282, 01, 10, 200, o2 and RM) is the free Z-submodule generated by jas -
(Qtz)k and <2t2)k c 2] for k = 0, oo p— 2.

Moreover, the triangles

SCC(p) 2= ¢, 2% ¢ 22> cC(p)

and

CC(p) *2% C 22 ¢, 22 5CC(p)

are exact.
For convenience of the reader and for later reference, we list some more relations,
which can easily be derived from the relations above.

1. (iti)p :ilz’a (ij)p :jlja 1= 0,2, j: 1,2;
2. olo - 01 = 01 181 = 001;

3. 181100 = 10 - olo = 100;

4. gz - 282 = g2, 282 * 20 = 2Q10;

5. 12 - 282 = 181 * 1Qi2, 282 * 2001 = 2041 * 181;

6. 10 - oty = 1002, 2t2 - 21 = 2017

7. 10 - oty = 1t1 - 12, 2t2 - 201 = 201 - 117

12 Projective Resolutions of R-Modules

The aim of this section is to show the following theorem:

Theorem 12.1. Let A be a separable C(p)-C*-algebra, then the R-module EKC®)(A)
has a projective resolution of length 1.

Since at first sight, R seems to be a rather unfamiliar and complicated ring, a first ap-
proach is to understand R-modules by looking at certain subrings of R and decomposing
R-modules into modules over these subrings.

To be more precise, let us introduce some notation: Recall that we defined ¢lg
(111, 212) to be the class of the identity of C (CC(p), C, respectively). Define

lR = zlsz Rl = Rili, and [R,j = zlszlj

Since the ;1;’s are idempotents in R and 1z = glg + 111 + 219, every R-module M
has a decomposition as abelian groups

M=oM & 1M &M with ;M :=;1,M = ;R Qr M.
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Note that every x € ;R; yields a morphism ;M EN M, in particular ; M is a left module
over ;R;.

It is not true that all R-modules have projective dimension 1. Fortunately, we are only
interested in modules of the form EKC® (A) and these modules have an extra property.
The decomposition for these modules looks as follows

DEKCW(4) = KKOW(C, 4), ;EKCP) (4) = KKEP (CC(p), 4),

JEKC®)(4) = KKSP)(C,, A).

Since the triangles

SCC(p) 102 Cu 200 C 01 (/,C(]))7 CC(p) 10 C 02 Cu 2001 SCC(p)

are exact, EK€(®)(A) is exact in the following sense:

Definition 12.2. An R-module M is called exact if the sequences

2M QM
2N N
o 1M oM o 1M

0

oM

1

are exact.
In particular, R is exact.

Definition 12.3. If R is a ring and M is a module over R, which is free as an abelian
group, let us call M a lattice.

Note that we do not assume M to be finitely generated.

We will prove that every exact R-lattice is projective. This implies that every exact
R-module has a projective resolution of length 1 by the following argument: If M —
M’ — M" is a short exact sequence of R-modules, of which two modules are exact,
then the long exact sequence for homology of a short exact sequence of chain complexes
shows that the third module is exact as well. If M is an R-module, there is a projection
@D; R — M from a free R-module onto M. Its kernel K is an R-lattice, furthermore K
is exact if and only if M is exact. If K is projective, then of course M has a projective
resolution of length 1. In fact we will prove Theorem 12.1 by showing the following
statement:

Theorem 12.4. Let L be a countably generated, exact R-lattice, then L is projective.

Note that it is easy to see that projective R-modules are exact lattices since direct
summands of exact lattices are exact lattices and R is an exact lattice itself.

As indicated above, we will analyze exact R-lattices by first investigating lattices over
the subrings ¢Rg, 1R1 and 3R2. We have

0Ro = 1Ry = ZC(p) = Z[H] /(" - 1)
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and
2Ra = Zt, ] /(N(t) + N(s) — p, (1 — 1)(1 — s)).

There is a classical structure result on finitely generated ZC(p)-lattices by I. Reiner
[38], which was extended to the countably generated case by M. C. R. Butler, J. M.
Campbell and L. G. Kovéacs [8]. It uses that multiplication by N(¢) and ¢t — 1 induces
ring extensions

Z{0,) — ZC(p) — Z and Z — ZC(p) — Z[0,).

where Z[6,] denotes Z with a pth root of unity adjoint. Z[#,] is a Dedekind ring, and
lattices over these rings have a good structure theory. This can be used to analyze
lattices over ZC(p). We will first recall some basic theory of Dedekind rings and lattices
over them and then move on to lattices over ZC(p). The main result here is that every
ZC(p)-lattice can be decomposed into a direct sum of a projective lattice and lattices
which are pullbacks of the projections ZC(p) — Z and ZC(p) — Z[6,]. Furthermore, we
characterize projective ZC(p)-modules as lattices satisfying a certain exactness property.
Fortunately, many ideas from the classification results can be carried over to lattices over
2Ro. We obtain a similar characterization of projective s Ro-modules as in the case of
modules over ZC(p). Finally, we show that R-lattices, which are induced from projective
lattices over one of the subrings ;R;, are again projective and that every exact R-lattice
can be decomposed as a direct sum of projective lattices of this kind. This will then
prove Theorem 12.1.

12.1 Conventions and Generalities on Rings and Modules

Throughout this subsection, let R be a ring. Let € R and M be an R-module. Set
M, :={m e M |rm = 0}.

Definition 12.5. Let M be an R-module, M is called torsion-free if M, # {0} implies
r = 0. Let N a submodule of M. N is called a pure submodule if for every r € R

rN=NnNnrM.

We will need an elementary linear algebra fact which we state as a separate lemma.
Let A € M,(R) and S € M,,(Z), we define the product SA € M,,(R) by regarding R as
a left Z-module.

Lemma 12.6. Let R be a ring, ¢: R — Z/p an epimorphism of rings and ¢, : M, (R) —
M, (Z/p) its amplification. If A € M, (R) is such that ¢,(A) € GL,(Z/p) then there
is S € GLp(Z) such that ¢p,(SA) € GL,(Z/p) is diagonal with non-zero entries on the
diagonal.

Proof. We obviously have ¢,,(SA) = S¢y,(A), therefore, it suffices to show the statement
for ¢ = idy),. Let A € GL,(Z/p). First note that the elementary row operations of
changing rows and adding an integral multiple of one row to another can be realized by
multiplication by matrices S € GL,(Z) from the left. Using the gaussian elimination
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algorithm, we find S’ € GL,(Z) such that S’A is upper triangular with non-zero entries
on the diagonal. (Note that we do not have to multiply rows by integers during the
gaussian elimination algorithm since we are working over Z/p.) Performing further
elementary row operations, we find S” € GL,(Z) such that S”S'A is diagonal with
non-zero entries on the diagonal. O
12.2 Preliminaries on Dedekind Domains
Recall that a Dedekind domain is an integral domain D which satisfies

1. D is noetherian,

2. every prime ideal in D is maximal,

3. D is integrally closed in in its quotient field K.

Throughout this subsection, let D denote a Dedekind domain with quotient field K.
Let us state two classical facts about ideals in Dedekind domains.

Theorem 12.7. Every proper non-zero ideal in D factors as a product of prime ideals,
which are unique up to reordering.

Proof. [11] 18.6. O

Lemma 12.8. Let I7 and Iy be ideals in D, then Iy C I if and only if there is an ideal
J such that I = J15.

Proof. [11] 18.11. O
Let us collect some facts about modules over a Dedekind domain.

Definition 12.9. A fractional ideal 2 is a finitely generated D-submodule of K. The
D-rank of a D-module M is given by dimyg K ®@p M.

Note that every ideal is a fractional ideal since D is noetherian.

Theorem 12.10. Let L be a torsion-free D-module of D-rank n, then L is the direct
sum of n fractional ideals.

Proof. [11] 22.5. O

Lemma 12.11. Let P be a finitely generated torsion-free D-module, then P is projective.

Proof. There is a D-module epimorphism p: D™ — P. Since P is torsion-free, ker p is
a pure submodule of D"™. Hence kerp is a direct summand of D™ by [11] 22.15. This
shows that P is a direct summand of D™. O

In particular, fractional ideals are projective.

Let 6, be a primitive pth root of unity. The cyclotomic field Q[f,] is the finite field
extension of Q by 6,. Let Z[f,] be the subring generated by Z and 6,. As noted above,
Z[6,) is a quotient of ZC(p).
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Theorem 12.12. Z[6,] is a Dedekind domain with quotient field Q[6,)].

Proof. By [11] Theorem 21.13, Z[6),] is the ring of algebraic integers of Q[6,], hence Q[6,]
is the quotient field of Z[6),] ([11] 17.8) and Z[6,] is a Dedekind domain ([11] 17.12, 12.13
and 18.3). O

The following statements will be used at some points.

Lemma 12.13. Let A be a non-zero fractional ideal of Z[6,], then
(1) 2%/(6,~1)2 # {0},
(2) A has Z-rank p — 1,

(3) there is n € Nyn > 2 and fractional ideals s, ..., A, such that

Proof. 1t is easy to see that for every fractional ideal 20 C Q[6,], there is r € Z[6),] such
that r - A C Z[#,]. Now (6, —1)rA # rA by Theorem 12.7. This shows A # (6,—1)2
and thereby (1). Note that (.) ®zj9,] Q[f)] = (.) ®z Q. Hence the Z-rank of 2 is equal
to dimg (A ®z Q) = dimg(Q[#y]) = p — 1. This shows (2).

(3) follows from Lemma 12.11 and Theorem 12.10. O

Finally, we will prove a useful characterization of projective Z[6,]-modules.

Theorem 12.14. Let M be a countably generated Z[0p,]-module, then the following are
equivalent:

(1) M is projective.
(2) M is a lattice.
(3) M is a direct sum of fractional ideals.

Proof. (1) = (2): A direct summand of @; Z[6,] is of course a lattice.
(2) = (3): Let us first show that a lattice L is torsion-free: For z € L, the annihilator
of x
Ann(x) = {r € Z[0,] | re = 0}

is an ideal in Z[#),] and r — rz induces a monomorphism
Z[0,]/Ann(z) — L

Let us assume that Ann(x) # {0}. Then Ann(x) is a non-zero fractional ideal. Since
the Z-rank of Ann(x) is p — 1, Z[6,]/Ann(z) is finite. Hence the fact that L is a lattice
implies that Ann(z) = Z[6,], which shows that z = 0.
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Claim 12.15. Let L be a Z[6))-lattice and x € L. Then there is a projective submodule
L’ such that x € L' and L/L’ is a lattice.

Define L’ to be the pure Z-closure of Z[0))z, i.e.,
L'={yeL|3IneZ:nyeZbxz}.

Then of course z € L'. Since L' is a lattice it is torsion-free. L is free as an abelian
groups, therefore, there is a countable index set I and an isomorphism of abelian groups
¢: L = @;7Z. Since Z[By)|z is finitely generated, there is a finite index set Iy C I
such that ®(Z[0,]x) C @y, Z, hence also ®(L') C @y, Z. This shows that L’ is finitely
generated and therefore, a projective Z[fp]-module by Lemma 12.11. By assumption
there is an isomorphism of abelian groups ¢: L = @;Z. Since L’ is pure as Z-module
in L, a base change in @, Z shows that L/L’ is a lattice as well. This shows the claim.

Now let (zy)nen be a sequence such that {z, | n € N} generates L. By the previous
claim, there is an increasing sequence of finitely generated submodules (L )pen with
Zp € Ly, such that L/L, is a lattice. Ly and Ly1/L,, for n € N are finitely generated
lattices, therefore, direct sums of fractional ideals. Using the exact sequences

Ln Yo Ln+1 cd Ln+1/Ln

and the fact that fractional ideals are projective, we see that there is a sequence of
fractional ideals 2;, @ € N and a monotone map f: N — N U {0} such that

f(n)

L,= P
=1

Since L = U,,eny Ln, this shows (2) = (3).
(3) = (1) follows from the fact that fractional ideals are projective. O

12.3 Lattices over ZC(p)

A Z[6p]-module M can always be viewed as a ZC(p)-module by setting t-m := 6,m. This
is just the pullback via the quotient map ZC(p) —» Z[f,]. Another way of constructing
Z.C(p)-modules from Z[#p]-modules is the following: Let M be a Z[f,]-module and m :=
(mq,...my) € M™. Define a ZC(p)-module (M,m) via

(M, m) :== M ©Z" as abelian groups , t- (m,k) = (O,m + k- m” k),

here k - m” denotes matrix multiplication of the row vector k with the column vector
m”. (M, m) is well-defined since

2 (m, k) = ((0,)Pm” + N(0)k -m” k) = (m, k).

Note that N(6,) = 0 in Z[0,]. It is clear that (M, m) is a lattice (finitely generated
lattice) if and only if M is a lattice (finitely generated lattice, respectively).

I. Reiner [38] showed that every indecomposable, finitely generated ZC(p)-lattice is of
one of the following types:
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1. Z with trivial ZC(p)-action;
2. 2 for a fractional Z[f,]-ideal A with a ZC(p)-action given by a pullback as above;
3. (A, ap) for a fractional Z[f,]-ideal and ag € A\ (6, — 1)

Furthermore, I. Reiner showed that every finitely generated ZC(p)-lattice decomposes
into a direct sum of these indecomposables.

In [8], M. C. R. Butler, J. M. Campbell and L. G. Kovécs extend this result to infinitely
generated ZC(p)-lattices:

Theorem 12.16. Let L be a countably generated Z.C(p)-lattice, then there are countable
index sets I, I, I3, fractional Z[0,)]-ideals 2; fori € IoU I3 and a; € A; \ (6, — 1), for

i € I3 such that
L=2PZosPA o PR a).
[1 12 Id

Next we will characterize projective ZC(p)-modules. But first we need a preliminary
lemma.

Lemma 12.17. Let x1,...x, € Z[0p)" and set x = (x1,...2y,). Assume that [x1],...[zy,]
is a Z/p-basis of
Z[6p]" [ (6p — 1)Z[6p])" = (Z/p)"
Then
(Z[6p])", z) = (ZC(p))"
as ZC(p)-modules.

Proof. View elements x € Z[fy]" as column vectors and z = (x1,...2zy) as an element
in M, (Z[6p]). For M € M, (Z[f,]), let [M] denote the corresponding element in the
quotient ring

M, (Z[6p)/(0p — 1)Z[6,] = My (Z/p).

By Lemma 12.6, there is S € GL,(Z) such that [S - z] € M,(Z/p) is diagonal with
non-zero entries on the diagonal. Then

S:Z0p)" — Z[6p]", x— Sz

is an isomorphism of Z[f,]-modules, and there are ¢; € Z, ¢; # 0 mod p and z; € Z[6,]"
such that

2= (S(z1),...,8(zn)) = (cre1 + (Op — D)z1, ..., cnen + (0, — 1)zy) .

Her, e; € Z[0,]™ denotes the column vector with 1 in the ith entry and zeros elsewhere.
Then
(S, 1) (Z[6p]", z) = (Z[6p]", ), (S, 1)(2,y) = (S(x),y)

is an isomorphism. This shows that it suffices to consider the case x; = cje; + (6, — 15)2;
with ¢;, e; and z; as above.
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Set z 1= (z1,...,2n) and ¢ = (cie1,...cpey) and define
U (Z[6,)", ) = (Z[6p)",z), ¥(a,m)=(a—m" -z m).
The calculation
Wt (a,m)) = W(Opa+m" - cm) = (Bpat mT - (c— 2),m)
= (Opa + m’ - (z - Opz),m) = (Op(a — m’ - z) +m" - z,m)
=t-¥Y(a,m)

shows that ¥ is an isomorphism of ZC(p)-modules. For ¢ € Z, ¢ # 0 mod p, there is
an isomorphism (Z[6,],c) = (Z[6,],1) ([11], Lemma 74.2.) and (Z[6,],1) is isomorphic
to ZC(p) via

ZC(p) — (Z[0,],1), tF <l§01>
=0

This shows

and proves the claim. ]

Definition 12.18. Let M be a ZC(p)-module. M is called ezact if My = (t — 1)M
and M,_1 = N(t)M.

Theorem 12.19. Let M be a countably generated Z.C(p)-module. Then the following
are equivalent:

(1) There is a countable index set I and for alli € I, there are fractional Z[0)p]-s ideals
2A; and a; € A; \ (6, — 1)A; such that

L= @(Qll, ai).

I
(2) M is projective.
(3) M is an exact ZC(p)-lattice.

Proof. (1) = (2): Let 2 be a fractional ideal and a; € 1 \ (6, — 1)%41, we have to show
that (2y,a1) is a projective ZC(p)-module.

By Lemma 12.13, there are n € N,n > 2, fractional ideals 2s,...,%, and an iso-
morphism

1=1
of Z[#p]-modules. By Lemma 12.13, we may choose a; € ; such that [a;] # 0 €
A /(0,—1)A;. {[a1],...,[an]} is a basis of the Z/p-vector space
@Q[i (0p—1) @le = (Z/p).
i=1 i=1
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Set x; :=T(a;), a := (a1,...,a,) and = (z1,...,x,), then

(T,1): (@Ql,,y) — (26", z), (a,b) = (T(a),b).

is an isomorphism of ZC(p)-modules and (Z[6,]", x) is isomorphic to (ZC(p))™ by Lemma
12.17. This finishes the proof of (1) = (2).

(2) = (3): Note that ZC(p) is an exact lattice. This implies the claim since direct
summands of exact ZC(p)-lattices are again exact ZC(p)-lattices.

(3) = (1): Let
L2@PzeP Ao PR, a)
I I I
be a decomposition as in Theorem 12.16. It is easy to check that indecomposable modules
of the type Z or 2 are not exact. This finishes the proof. ]

We can draw the following conclusion from Theorem 12.16:

Theorem 12.20. Let L be a ZC(p)-lattice, then there are ZC(p)-sublattices L1, Ly and
L3 such that L = L1 ® Lo ® L3 and

(1) L1 € L1 € L1 ® Lg;
(2) L2 C Ly € Lo ® Ls;
(3) Ls is projective and exact.
Proof. Let
¢: L= @Z@@Qli @ @(Qli,ai)
I I I3

be a decomposition as in Theorem 12.16. Set Ly := ¢ '(D;, Z) L2 = ¢ (P, i)
and L3 := ¢_1(@I3(2l,-,ai)). Obviously Ly C Ly and Ly C Ly). We have Ly =
@7 Li—1 N L and Ly = M Ly N Li. Since Ly N Li—1 = {0}, we get L1 C
Ly ® Lz and Ly € Lo @ L. (3) follows by the previous results of this section. O
12.4 Lattices over sR,

Recall that there is an isomorphism
2Ra = Zt, ] /(N(t) + N(s) — p, (1 — 1)(1 - s)).

For ease of notation, let us denote the ring on the right-hand-side by R. There is an
involution v on R, which is given by s — ¢. In other words, R is symmetric in ¢ and s.

Lemma 12.21. Let M be an R-module, then Mg_1 N My_1 C M,. In particular, if M
is torsion-free, then Ms_1 N My_; = {0}.

Proof. If m € M with m = tm = sm, then pm = N(t)m + N(s)m = 2pm, hence
pm = 0. ]
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Lemma 12.22. We have
(t—1)R=Rs—1 and (s—1)R= R,
and (t —1)R and (s — 1)R are isomorphic to Z[0,).

Proof. A Z-basis of R is given by {1,s,...,sP71 (t — 1),t(t — 1),...,*73(t — 1)} (by
{1,s} if p = 2). Hence, if r € R with (s — 1)r = 0, we can write r as a Z-linear
combination with respect to this basis to see that there is n € N and r’ € R such that
r=nN(s)+ (t —1)r". But

p—1

nN(s) =n(N(t) —p) =n(t—1) Z

=0
This shows (t—1)R = R,_;. Since R is symmetric in ¢ and s, we see that (s—1)R = R¢_;.
Therefore, we have (t — 1)R = R/(s — 1) = Z[t]/(N(t)) = Z[,] and similarly for
(s—1)R. O

We will use this decomposition of R into Dedekind rings to find a convenient charac-
terization of projective R-modules.

Definition 12.23. An R-module M is called ezact if
(t—1)M = Ms—1 and (s—1)M = M,;_;.

Note that s(t — 1) = (¢ — 1) implies that (¢t — 1)M is a module over R/(s — 1) = Z[0,].

Our aim is to show that a countably generated module over R is projective if and only
if it is an exact lattice. R is an exact lattice and direct summands of exact lattices are
exact lattices, this shows the “only if” part. The proof of the other direction follows
ideas of [11] and also [8].

We begin with analyzing lattices over R, which are finitely generated. We will first
show that a finitely generated, exact lattice L with isomorphisms (s — 1)L = Z[6,]™ and
(t — 1)L = Z[6y)" is isomorphic to R™. The structure of L as it will be encountered is
sufficiently complicated to be explained beforehand:

Let ¢ € N, we construct an R-module N, as follows: Let IV, be the free abelian group on
generators {qo, ..., qp—2,70, ... Tp—2}. Define s and t on the Z-basis {qo, . .., ¢p—2, 70, ... Tp—2}
via

L. t-qi:= g+ cro,
2. t-rj=ripp fori<p—2andt- Tp_g = _Zz;%rky

. L i
3.5Gi =g fori<p—2ands-g:= _CZ£:()(P —1—=Fk)r — ZZ:O dk,
4. S - Tk. = ’,“k.

Straightforward, but lengthy calculations show that N. is a well-defined R-module
(Lemma 23.6 in the appendix).
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Lemma 12.24. Let c € N, ¢ #0 mod p, then N. = R as R-modules.

Proof. Since ¢ # 0 mod p, there are b € N\ {0}, a € Z such that bc — 1 = ap. Set
wi=Y STtk v =362 (c—1—k)tk. A calculation shows that u —c = (t—1)y. Define

®: Ny = Ne, @(ri) = w15, ®(qi) := g +7r0-

Straightforward calculations show that ® commutes with ¢ and s. Therefore, it is a
well-defined morphism of R-modules. Set v := ZZ;% t* then u-v = 1+ aN(t). Since
N(t)-r; =0 forall i =0,...,p — 2, we conclude ®(v -7;) = v-u-r; = r;. Hence
® is surjective. Since both, N, and Nj, are free Z-modules of the same finite rank we
conclude that ® is an isomorphism. Finally,

O: Ny = R, O(q;) :=s', O(ry) :=t(t — 1),
defines an isomorphism of left R-modules. O

Proposition 12.25. Let L be an exact R-lattice such that there are n € N and iso-
morphisms
¢s: (s — 1)L = Z[6p]" and ¢i: (t — 1)L = Z[6,]"

of Z[8p]-modules, then L = R™.

Proof. Fori=1,...,n, let e; € Z[f,]" be the column vector with 1 in the ith summand
and 0 elsewhere. Set
bi == ¢y e;) € (t—1)L

Furthermore, choose 1, ..., 2, € L such that (s — 1)x; = ¢;(e;). Let
X::({sj:ci|0§j§p—2, 1<i<n})zCL

be the Z-submodule of L which is generated by {s’z; |0 < j <p—2, 1 <i <n}. Since
{(6,)7 e |0<j<p—2,1<i<n}isa basis of Z[0,]" as a Z-module, the restricted
multiplication (s — 1)|x: X — (s — 1)L is an isomorphism. Since L is exact, we have
L= (t—1)L & X as Z-modules.
Set
Q:=(t—1)L/(t—-1)>2L

and let 7: (t — 1)L — @ denote the quotient map. Then there is an isomorphism

q: (Z/p)" = Z[6p]" /(1 =0p)Z[p]" = Q.

Define
U:L—Q, v— (1—t)z+(1-1)°L, and ¢ := ¥|x.

Since (s—1)(t—1) = 0, ¢: X — Q is surjective. Therefore, {1)(s7z;) |0 <j <p—2, 1<
i < n} generates Q. Since s(1 —t) = (1 —t), {(x;) | 1 < i < n} already generates Q.
Since dimgz,,(Q) = n, {¥(x;) | 1 < i < n} is a basis of Q. {7(b;) | 1 <i < n}isalsoa
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basis of the Z/p-vector space @), namely, the one that corresponds to the standard basis
under the isomorphism ¢: (Z/p)" = Q.

By regarding (¢~ (1), ...,q¢ ' (2,))T as a matrix in GL,(Z/p), Lemma 12.6 provides
us with S = (s45)ij=1,..n € GLy(Z) and ¢y, ...,c, € N, ¢; # 0 mod p such that

S(a™" op(ar),....q " (xn)) = diag([er], - ., [en]) € GLa(Z/p).

This implies (37—, skjxr) = ¢jm(b;) for j = 1,...,n. Define an automorphism of
Z[0p]" by

St Z[Op]" = Z[0y)", (&1,....6n) & (Z Sk1&ks - - - s Zskn5k> :
k=1 k=1

Then, by replacing ¢5 by ¢s o S~! and z; by 374 SLjT, we may assume that
der, ..o en €N, 6] # 0 € Z/p such that ¢ (x;) = ¢;m(b;).
Therefore, there are u; € (t — 1)L such that
(t—1)ax; =cibi+ (t — Du; fori=1,...,n.
Set
y; == x; —u;, then ty;, =c¢b;+y; fori=1,....,n.

Let
Vi=({s y|0<j<p-2 1<i<n})zCL

Since (s — 1)x; = (s — 1)y;, there is a direct sum decomposition
L=(t-1)L&zY

as Z-modules. Furthermore, {s/y; |0 < j < p—2, 1 <i < n} is a basis of Y as a free
Z-module and {t/b; | 0 < j <p—2, 1 <i < n}is a basis of (t— 1)L as a free Z-module.
Set ‘ '
L= {t’b;,s’y; |0<j<p—-2})z, i=1,...,n.

Note that {t/b;,s7y; | 0 < j < p—2,} is a free Z-basis of L.
Claim 12.26. L; is an R-submodule of L and L; = N,, as R-modules.

Define an isomorphism of abelian groups ¢: L; = N,, by sending #/b; to rj and sTy;
to gj for 5 = 0,...,p — 2. The following calculations show that L; is closed under

multiplication by ¢ and s (hence an R-submodule) and that ¢ is an isomorphism of
R-modules: Since b; € (t — 1)L, we have sb; = b; and N(s)b; = pb;. Therefore,

p—2
tpilbi = pbi - N(S)bl — (N(t) - tpil)bi = — Z tk . bZ
k=0

and ‘ A
ts'y; = s7y; + cib;.
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Another straightforward calculation yields N (¢)y; = py; + Zﬁ;g (p—1—k)t*e;b;. There-
fore,

p—2

p—2
sy = pyi — N(t)yi — (N(s) =" Dys = =Y _(p— L= k)t*eibi — > s*y;
k=0 k=0

and also ' '
St] bl = tJ bl

By construction, L = @', L; as abelian groups. By the last claim, L = @], L; =
P, N, as R-modules. This implies that L = R™ by Lemma 12.24. O

Proposition 12.27. Let L be a finitely generated, exact lattice over R, then L is pro-
jective.

Proof. We will show that L is a direct summand of R" for some n € N. (¢ — 1)L and
(s — 1)L are lattices over Z[6),] via the identifications R/(s — 1) = Z[f,] and R/({t — 1) =
Z[6,). By considering L @ ~*(L) instead of L, we may assume that (t — 1)L = (s — 1)L
as Z[0,]-modules (recall that ~y is the involution on R that interchanges s and t).

We will now construct a finitely generated, exact R-lattice L’ such that there are iso-
morphisms (t—1) (L @& L) = Z[0,|" = (s—1) (L & L) as Z[f,]-modules. By Proposition
12.25, this will show the claim.

Define an R-Z[#,]-bimodule A by defining a right action of Z[f,] on R via the ring
homomorphism:

A ZOp) — R, O,—s+t—1
To check that \ is well-defined compute (s+t—1)¥ = s¥+* —1 for all k € N. This shows
that N(s+t—1) = N(t)+ N(s) —p = 0. It is also straightforward to check that (1 —¢)A
and (1—s)A are isomorphic to Z[6,] as Z[6,]-bimodules (Recall that every left R-module
M gives rise to left Z[fp]-modules (1 —¢)M and (1 — s)M). Since A ®z9,] Z[0,] = R as
left R-modules we obtain an additive functor

A @zp9,) (): Mod(Z[6,]) — Mod(R),

which maps projectives to projectives. Since (¢t — 1)L = (s — 1)L are Z[f,]-lattices,
there is a Z[f,)-module P such that (t — 1)L & P = (s — 1)L @ P = Z[0,]". This
shows that (¢ — 1) (L ® A @z, P) = (s—1) (L ® A @z, ) = Z[0,]". Therefore,
L& A ®gp,) P = R" by Proposition 12.25. O

Lemma 12.28. Let L be an R-lattice of Z-rank < 2p—2, then either L is exact or there
is a decomposition L = L, 1 @& Ls_1.

Proof. If (t — 1)L = {0} or (s — 1)L = {0}, then L = L;_; & Ls_; holds. So we may
assume that (¢t — 1)L and (s — 1)L are non-zero. As Z[6,]-lattices they decompose into
fractional ideals by Theorem 12.10. Since both are non-zero, they have Z-rank at least
p — 1 by Lemma 12.13, since L;—1 N Ls_; = {0} their Z-rank is exactly p — 1, so there
are fractional ideals 2 and B such that L, = A and Ly = B as Z[f,]-modules. If
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L is not exact, then (¢t — 1)L # Ls_q or (s — 1)L # L;—1. Let us first assume that
(t — 1)L 75 L3,1:

Since (t — 1)Ly_1 C (t — 1)L C Ly_y and Ly_1/(t — 1)Le_y = B/(0, — 1)B = Z/p,
(t—1)L=(t—1)Ls—1. Write L = Ls_1 &7 X, where X is a free Z-submodule of L such
that multiplication by s — 1 induces an isomorphism (s — 1);x: X — (s — 1)L. Since
Ls_1 =B, multiplication by (t—1) induces an isomorphism (t—1) : Ls_1 — (¢t —1)Ls_;.
Let ¢ be the composition

(t—1) (t—1)~1

b X (t—1)L=(t—1)Ly_y ———> L, 1 < L.

Set Y := (id — ¢)(X). Since ¢(X) C Ls_1, we still have a decomposition L = Ls_1 Sz Y.
We will show that Y is equal to Ly_1. Let x € X. Set z := ¢(x), i.e. then(t—1)x = (t—1)z
and t(x — ¢(z)) = t(z — 2) = (v — 2) =  — @(z), hence t|y = idy. Therefore, Y C L; ;.
Ifxeli1,x=z2+ywith z€ Ls_; and y € Y, then (t — 1)x = (t — 1)z, which shows
that z € Ls_1 N Ly—1 = {0}. Hence L;_1 C Y. Therefore, L = Ls_1 @ Ly_;.

If (s — 1)L # L;—; then we can apply the argument above to v*L to see that L =
Ls_1® Li_1. Hence we have shown that if L is not exact then there is a decomposition
L=L, 1®Li_1. This shows the lemma. O

Proposition 12.29. Let L be an exact R-lattice, and x in L, then there is a finitely
generated, exact R-sublattice L' C L such that x € L and L/L' is an exact R-lattice.

Proof. Let us first show that ,cn(t — 1)L = {0}. Note that (t — 1)L = Ls_; is a
Z[6,)-1attice and therefore, by Theorem 12.14, projective. Hence it suffices to show that
Mpen(t —1)"Z[6,] = {0}. Assume y € (,,en(0p — 1) were non-zero then (y) would have
a unique factorization into a (finite) product of prime ideals. But since (6, — 1)" C (y)
for all n € N, Lemma 12.8 yields a contradiction.

Case 1: z € Ly_1. Since ,en(t—1)"L = {0}, there is 2’ € L such that ' ¢ (t—1)L =
L,y and x = (t—1)*2’. Therefore, we may assume that « ¢ (t—1)Ls_1. Let y € L\ Ls_{
such that z = (¢t — 1)y and let L’ be the pure closure of Ry, i.e.,

L':={ze€L|3Ine€Z: nze Ry}

L’ is obviously an R-module. Since L is a lattice there is an index set I and Z-isomorphism
¢: L = @;7Z, therefore, there is a subset Iy C I such that ¢(Ry) C @, Z. Since R
is free of rank 2p — 2 as an abelian group, we may, after a base change, assume that
|Ip| < 2p — 2. This shows that L’ has Z-rank < 2p — 2. L’ cannot have a decomposition
L' =1L, ®Lj,_;, because this would imply « € (¢t —1)L’,_; C (¢t — 1)Ls_1. Hence, by
Lemma 12.28, L’ is exact.

Since L’ is pure, a base change in @, Z shows that L /L’ is a lattice as well. The long
exact sequence of a short exact sequence of chain complexes shows that L/L’ is exact.

Case 2: z € Ly_1. Apply the involution -, which interchanges ¢ and s.

Case 3: « ¢ Lg—1, © ¢ Ly—1. Apply Case 1 to (t — 1)x € Ls—1 to see that there
is a finitely generated, exact sublattice Ly C L such that (t — 1)z € L; and L/L;
is an exact lattice. Let m; be the projection from L onto L/L;. By Case 2, there
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is a finitely generated, exact sublattice Ly C L/L; such that (s — 1)w(z) € Lo and
(L/L1)/Ls is a lattice. Let w2 be the projection from L/L; onto (L/L1)/Ls. We have
(s — D)mami(z) = (t — 1)mami(z) = 0, hence mom(z) = 0 by Lemma 12.21. Thus
x € m;'(Ls). The restriction of 7 to m; ' (Ls) yields an exact sequence of R-lattices
Ly — 77 Y(Lg) — L. The long exact sequence in homology again shows that 7, *(Lg) is
an exact R-lattice, moreover L/n] (L) 2 (L/Ly)/Ls is a lattice and of course 77 ! (Lo)
is finitely generated. Therefore, setting L' := m; *(Lz) yields the claim. O

Theorem 12.30. Let M be a countably generated R-module, then M is projective if and
only if it is an exact R-lattice.

Proof. We only have to show the “if” direction. Assume that M is a countably generated,
exact R-lattice and let (x,)nen be a sequence of generators. We will define inductively a
sequence of finitely generated, exact R-sublattices (My,)nen of M such that M,, C M, 1,
Tn € M, and M/M, is an exact lattice. Use Proposition 12.29 to choose a finitely
generated, exact R-lattice My such that xg € My and M/M; is an exact R-lattice.
Assume that My, ..., M, as above have been constructed, let 7, be the projection from
M onto M/M,. Again by Proposition 12.29, there is a finitely generated, exact R-lattice
P,+1 € M/M,+1 such that 7, (xn41) € Pyy1 and (M/M,,)/P,41 is an exact R-lattice.
My 41 := 7, }(Pny1) has the desired properties.

Define Py := My, we have P, = M, /M,_, for n > 1. By Proposition 12.27, all P, are
projective R-modules. For every n € N, there is an exact sequence

M, — M1 — P,

By induction, there are isomorphisms ¢,,: M, = @;_, P; such that

ln
My ———— Mpt1

\L(]ﬁn i¢n+1

L;l 1
Do b —= Dy P
commutes (here ¢, and ¢, denote the obvious inclusions). Since M = J, ey My, this

shows that
M= PP,
neN

is projective. O

12.5 Lattices over R and the Proof of Theorem 12.1

Let us first explain how to induce R-modules from modules over one of the subrings ;R;,
i€{0,1,2}.

Let M be an ;R;-module and set Ind; M := R; ®,g, M. Using ;R ®r Ri = iR, we
see that ;(Ind; M) = M.
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The easiest example of an induced R-module is given by R; = Ind; ;R;, ¢ = 0,1, 2.
Note that these modules are projective and that for every R-module M,

Homg (R, M) — iM, ¢ — ¢(;15)

is an isomorphism of ;R;-modules.
Ind; is left adjoint to the restriction functor M — ; M, i.e., for an ;R;-module M and
an R-module N, there is a natural isomorphism

Homg (Ind; M, N) = Hom,,(M,Hom,g,(R;, N)) = Hom,g, (M, ;N).
Lemma 12.31. Let P be a projective ;R;-module. Then Ind; P is projective.

Proof. There is (Q and an index set I such that P & Q = @;;R;. Since R; = Ind; ;R;
and R; is projective, this shows that Ind; P is projective. O

Note that this implies that Ind; P is an exact R-lattice. Recall that we want to
show that every exact countably generated R-lattice is projective. We will do this by
decomposing a countably generated R-lattice L into a direct sum of lattices, which are
induced from projective lattices over the ;R;.

Theorem 12.32. Let L be a countably generated, exact R-lattice, then L is projective.

Proof. oL is a gRo-lattice. By Theorem 12.20, there are ¢Ro-sublattices gLy, 9L2 and
oL3 such that oL = gL1 & ¢L2 & oL3 and

L. oL1 € (0L)gto—1 € 0L1 @ oLs3;
2. 0L2 € (0L)N(ote) € 0L2 ® oLs;
3. oLs3 is projective and exact.

Let Py be the sublattice of L generated by oLs, i.e.,
PO = RO : 0L3 - L.

Claim 12.33. Py = Indg(oLs3), in particular, Py is projective.
Set
P Indo(ng):Ro RQoRo oLs = Ro-ols, r®@l—1r-L

® is surjective. Note that ; Indo(oL3) = iRo ®,r, 0L3. Let ®; := @) 1,q,(,15)- It is clear
that @ is an isomorphism. Let k € {1,2} and x € yIndy(oL3) such that ®y(z) = 0,
since xRy = rap - 0Ro, we can write z = oo ® y for a y € gL3. Hence @ (z) = 0 implies
that rag -y = 0 in L. Therefore, gay, - pagy = 0 in L3. Since L3 is an exact gRo-module,
oo - 109 = N(ptp) and gaw - 2cg = otg — 1, there is z € Lz such that y = gy - jo - 2 for
1 €{1,2}, | # k. But then

T =100 QY =prag- 00100 2z=0.

This shows that & is one-to-one and proves the claim.
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Claim 12.34. L/ P, is an exact lattice.

Since Py is exact, we only have to show that L/Py is a lattice. Since ;Py = ;a0 - oL3
for i = 1,2, it suffices to show that ;L/;aq - 9L3 is a lattice for i = 1,2. We will show
it only for ¢ = 2, since the other case follows by exactly the same arguments. First
observe that exactness of L implies that oL = im o @7 im 1o decomposes as a direct
sum of Z-lattices. Let us show that imoag = s - 9L2 @ 20 - 9 L3 since this implies that
2L/20[[) -oLs is a lattice. Let x € gLq, since oL C (OL)oto—h 002 * 20T = (oto - 1)1,‘ = 0.
By exactness of L, there is y € 1L such that sagz = 21y, therefore, (2t2 — 1)2cvgr =
(282 — 1)2cvpx = 0. By Lemma 12.21, sapx = 0. This shows 2c - L1 = {0}. Hence
im ooy = 2aq - gLo + 20 - gL3. Now assume that there is a x € saqg-gLaNoag-9Ls. Then
there are yo € Lo and y3 € ¢Lg such that x = qap-y2 = 2o -y3. Since s (y2 —ys3) = 0,
there is z € 1L such that saj1z = ya — y3. But imaaq C (oL)yto—1 € 0L1 @ oLs, this
shows that yo = 0. Therefore, x = sag - yo = 0. Hence imoag = 209 - 9Lo @ 2cvg - oL3.
This finishes the proof of the claim

Set

L' :=L/R.

L’ is an exact R-lattice such that L' = gL1®oLo (Note that oL’ = gL/¢Ls). This implies
that oL’ = 0L§V(oto) & OL/(Oto—l)' Again by Theorem 12.20, there are ;Ri-sublattices
1L,1, 1L,2 and 1Lg of 1L’ such that {L' = 1L/1 D 1L/2 D 1Lg and

LoqLy C(1L) sy-1 © 1Ly @1 L5;
2. 1Ly € (1L ) N(ysy) € 1L5 ® 1L
3. 1L} is projective and exact.

Set
P1 = Rl . 1L:/3.

By exactly the same arguments as above, P; is a projective R-module. The quotient
L":=1)P,
is an exact R-lattice such that
1L =1L sy @ 1L sy 1)

: _ / /
Since gP1 = oa11L5 C OL(OtO—I)’ we also have

"o rn "
oL” = OLN(oto) ® OL(otofl)'
If x € oL” y and 100 - @ = 0, then 0 = N(oto)z = px. This implies x = 0, hence

(oto—1
(1ozo)|0y(/0t0_l) is one-to-one. If y € 1L’(’13171), then cay -y € QL’(;trl) N o /(,25271) = {0}

hence y € im 1agp. On the other hand im ;g is clearly contained in 1L’(’ . This shows

pene 181—1)
a

. n "
(10[0)\0L£l0t0—1)' OL(otO*l) - 1L(151*1)
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is an isomorphism. By exactly the same arguments,

Lo "
(oan)zy ¢ 1Lsy—1) = 0L(pep-1)

is an isomorphism as well. Therefore, multiplication by ga1100 = N(ptp) is an auto-

morphism of oL”, ... But N(oto) .7~ is just multiplication by p. Therefore,
b L
(oto—1) oL t0—1)
[// [//
0 (oto—1) = 1H(s1-1) {0}

Claim 12.35. 10 - oL" = g1 - 1L = {0}.
We have 10 - OtO = 10Qp. Now let o & OLyV(OtO)’ then pPr10Q T = 100 * N(Otﬂ)l’ = 07
hence 1 - ¢ = 0, this shows that 1« - OL/&(Oto) = 0. Similarly gag - 1L§'\,(151) = {0}.

Since 1L = 1L’]’V(151) and oL" =g 3’\7(01‘/0), this implies the claim.
Claim 12.36. L" is projective.

By the previous claim and exactness of L, sar;: 1L” — oL” and saq: oL” — oL” are
one-to-one and 1aw: oL"” — 1 L" and gan: o L” — oL” are onto. Since oty — 1 = 9aq - 9o
and 989 — 1 = oa - 19, this implies that o L” is an exact 9 Ro-lattice. By Theorem 12.30,
oL" is a projective 9Ro-module. Hence Indy(2L”) is a projective R-module. Note that
RQQ . L// = L”. Set

®: Inda(oL”) = L", r®@xz v ro.

By exactly the same arguments as in the proof of Claim #1, we see that ¢ is an iso-
morphism, this proves Claim #4.
So far we have two short exact sequences of R-modules, namely

Py— L —»L

and
P]_ — L/ s L//

with Py, P; and L” being projective. Since L” is projective, the second sequence splits,
therefore, L' = P, @ L’ is projective. Hence also the first sequence splits and we see that
L= Py® P, @ L" is projective as well. O

Proof. (of Theorem 12.1)

Let A be a separable C(p)-algebra, then the R-module EKC®) (A) is countably generated
and exact. Let p: @y R — EKC®) (A) be an epimorphism of R-modules and L := ker p.
Then L is an exact, countably generated R-lattice, hence projective. Hence we have a

projective resolution
L — @'R, —» EKC(p)(A)
N

of length 1. O
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A UCT for Actions of Finite Cyclic
Groups

13 Introduction

The aim of this chapter is to prove a Universal Coefficient Theorem for C*-algebras
equipped with an action of a finite cyclic group G. The main theorem reads as follows:

Theorem 13.1. Let G be a finite cyclic group of order o and A and B separable G-C* -
algebras with A in BC[o~1]. Then there is a natural short exact sequence

Exty(LKY(SA), LK% (B)) — KKY(A, B)[o™!] - Homg(LKY(A), LK% (B)).

Here, Hom and Ext are taken in the abelian category A = Smob(Q:G[o_l])%/Q.

In Section 14 we apply our general framework: We will first define the invariant LK
by specifying a family A of objects in RRY [071] for a general finite group G. We define
the relevant bootstrap class in Section 14.2. The outcome is that in order to derive a
UCT, we have to show that modules over €“[o~!] have a projective resolution of length
1.

In Section 15, we develop tools to calculate €¢—the restriction of 88 to objects of the
form C(G)H, H < G for a finite abelian group G. In order to simplify calculations, we
will first establish an involution on ¢¢ coming from Pontrijagin Duality (Section 15.1).
We will then describe a set of generating morphisms of ¢¢ in Section 15.2 and their
relations in Section 15.3.

The aim of Section 16 is to show that for a finite cyclic group G, modules over
¢%[o7!] indeed have a projective resolution of length 1. We will start by introducing the
concept of a split category over a family of Dedekind domains in Section 16.1. There,
we will also show that modules over such categories have projective dimension 1 and
that tensor products of split categories are again split. After having introduced these
formal concepts, we focus on the case of G being a cyclic group of prime power order
and show that in this case €¢“[o~1] is split. Finally, in Section 16.3, we show that for
G finite cyclic, €%[0~!] is the tensorproduct ®; €% [p;~!] with G; finite cyclic of prime
power order and thereby split over a family of Dedekind domains. This will finish the
proof.

o7



A UCT for Actions of Finite Cyclic Groups

14 The Framework

14.1 The Invariant

Throughout this section let G denote a finite group. We have already introduced KR
and stated that the suspension functor S and triangles isomorphic to mapping cone
triangles turn it into a triangulated category in Section 8.1.

Definition 14.1. Let C be a preadditive category and R be a unital ring. Define €® R
to be the category with the same objects as € and morphisms given by

C® R(A,B) :=C(A,B)®z R for A,B €€ €.
Composition is given by
C(A,B) ®7 R®7 €(B,C)®z R=€(A,B) ®7¢(B,C)®z R®z R — €(A,C) ®z R,
where the last arrow is the tensor product of composition in € and multiplication in R.

In general, ¥ being triangulated does not imply that T ® R is triangulated. But in the
special case R = Z[n~!], this is true. For a preadditive category €, we will write €[n~!]
for € @ Z[n~1].

Theorem 14.2. Let n € Z\ {0}. Then RRY[n~1] is triangulated and
() ®Zn']: RRY — RR%[n]
is a triangulated functor.
Proof. This follows from Theorem 2.13. of [19]. O
Let G be a finite abelian group of order o. Set
A :={C(G) | H subgroup of G}.
Note that C(G)* is isomorphic to C(G/H) as a G-C*-algebra.

Definition 14.3. Let ¢¢ denote the full subcategory of R8F with objects A and €[0!
the full subcategory of R8%[0~!] with objects A.

Definition 14.4. Define an invariant
LKY: RR%0!] — Moo (eCo1])%/2
by LK := F4 (Definition 5.5).

Here, we write LK to abbreviate localized K-theory. Let R¢ [0~!] denote the category
ring of €%[0~!]. There is an isomorphism of abelian categories

Mod (%[0 ])2/% = Mod (R0 )22, M P M(A)
AcA
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Under this isomorphism, we obtain the following description of LKC:

LK (A) = P KKY(C(G/H), A)jo™1] = ) K.(Hx A)[o™!]
H subgroup of G H subgroup of G

for a G-algebra A.

Here the last isomorphism comes from the fact that Ind$ is left adjoint to ResZ ([27]
Section 3.2) and the Green—Julg Theorem (Theorem 11.5). Hence on the level of abelian
groups, the invariant is the direct sum of K-groups of crossed products with subgroups
of G tensored with Z[o™!].

All properties of the Hom-like invariants constructed for non-localized G-equivariant
KK-theory also hold for LK® (compare Section 8.2):

Lemma 14.5. If By — By — Bj is a G-equivariant extension, then there is a natural
6-term ezact sequence

LKY(By) LKY(By) LKY(Bs)

| |

YLK%(B3) <— YLK%(B,y) <— YLK%(By).

Proof. Follows from Lemma 8.2 since Z[o~!] is flat ([47], 3.2.2). O

Proposition 14.6 (Thom isomorphism). Let B be a separable G x R-algebra, then there
is an isomorphism
YLKY(B) = LK (Rx B).

Proof. Follows from Proposition 8.3. O

Proposition 14.7 (Pimsner—Voiculescu exact sequence). Let B be a separable G x Z-
algebra, then there is a natural 6-term exact sequence

LKY(B) LK% (B) — LK% (Zx B)

| i

YLK%(Zx B) <— YLK%(B) < YLK%(B).

Proof. Follows from Proposition 8.4 since Z[o™1] is flat. O

14.2 The Bootstrap Class

Definition 14.8. Define the bootstrap class BC as the localizing subcategory of AR
which is generated by A. Let B%[o™!] be the localizing subcategory of ARY [0~1] which
is generated by A.

Note that B¢ is contained in B8%[o~!]. By Theorem 9.5, every commutative G-algebra
is in BC.
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Remark 14.9. By our general framework (Theorem 7.1), in order to prove Theorem 13.1,

we have to show that LK%(A) has projective dimension 1 in 9tod (€ [0_1])62/ ? for all
A €€ B%07 Y. In fact, we will show that for a finite cyclic group G, all objects in

Moo (¢C [0_1])%/ ? have a projective resolution of length 1.

15 Basic Calculations in ¢¢

15.1 Duality

In the following, let G denote a finite abelian group. H and K will always denote
subgroups of G.
Recall that C(k) = Z/kZ denotes the cyclic group of order k. Define

xi: Ck) x C(k) — 8%, (Im], [n]) — exp (27riT)

By a well-known classification result for finitely generated abelian groups ([16] The-
orem 10.3), there is an isomorphism

o:.G= @ C(k‘j)
j=1

for j = 1,...,n and k; € N. Let ¢; denote the projection onto the jth component.
Define

X: G x G =S x(g,h) = [T xr (95(9), &5 ().

X is a group homomorphism, which depends on the choice of the isomorphism ®. Let us
fix ® and thereby x once and for all. We have x(g,h) = x(h, g).

Definition 15.1. Set
HY :={g9eG|x(g9,h) =1Vhe H}.
H* is a subgroup of G.

Proposition 15.2. R
G/H* = H, [g] = (b x(g,h)),

is an isomorphism.

Proof. For [g] € G/H™, let x|, € H denote the character h — x(g,h). Let us first
check that g — x4 gives an isomorphism G = G. Recall that there is an isomorphism
®: G =P}, C(k;). Since the sum is finite, we have G = D @ By definition of
X, the diagram

G X G
n Di n LN
=1 C(kj) x =1 C(kj)
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commutes, hence it suffices to show that

C(k) — CB), [n]%%(hn]%%exp(?w#i?)))

is an isomorphism. But this is elementary.

__The short exact sequence H ~— G — G/H induces a short exact sequence G/H —
G — H since G is finite ([39] Proposition 2). This already shows that

G5G—-H
is surjective. By definition, H™ is the kernel of this map, this shows the claim. O

Lemma 15.3. (HY)! = H.

Proof. Let h € H and g € H*, then x(h,g9) = x(g9,h) = 1, hence H C (H+)*. Since
H = H=G/H*, we have |G| = |H| - |H*|. Therefore, |H| = [(H+)*|, this shows that
H = (HY)* O

If H is a subgroup of G, then the normalization of the Haar measure on H is chosen
such that points have mass 1. Let (4, «) and (B, ) be G-algebras. Note that the crossed
product Gx,A as a vector space is given as C(G, A). We will omit the index « if there
is no danger of confusion. Since G is abelian, there is a dual action & of G on G X A,
which we will interpret as an action of G via the isomorphism G >~ G. & is then given
by a;(f)(k) := x(I,k)f(k). By the universal property of KK ([26], Theorem 50) we
obtain an endofunctor

Gx(_): RRY — /RY.

In [1], S. Baaj and G. Skandalis examine G'x (_) for a general Hausdorff topological
group G. We can derive the following explicit description of G x (_) for an abelian G
from [1] 6.6 and 6.17: Let z = [(£,T,7)] € KK®(A4, B). Then Gz is represented by
(Gx & ,fﬁ), where Gx & = C(G, E) as a vector space and the expressions for inner
product, left and right multiplication specialize to:

(@)k) = [ ey (€k=0) dl, @)k = [ OmGE=D)d (154

(€m) (k) = /G B ((6(), mlk +1))) dI (15.5)

for £, € GxE, b € GxB and a € GxA. The operator T is given by (f(g)) (k) =T(&(k))
and the action 7 by ;(§)(k) = x (I, k)&(k).

Applying the crossed product twice yields a G-algebra (G x oG x aA,a), which is
naturally K K%-equivalent to A by the Takai Duality Theorem [43]. Thus G'x (_) is
an autofunctor of RR®, which is involutive up to a natural isomorphism, the natural
transformation 7. This observation will be used to simplify the computation of €. It
will be useful to explicitly describe T'.
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Let (K(L%*(G, A)), Ad,g4) be the compact operators on the Hilbert A-module L*(G, A)
equipped with the adjoint action, where G acts on L?(G, A) via

(p@a)(f)(k) = a(f(k+1)), [feL*G,A).
Lemma 15.6. There is an equivariant x-isomorphism
Ba: (GrzGxad, ) = (K(LA(G, A)), Adysa) ,

which is given by
AN = [ [ o (it s)x(tr = )f(r = s)dt ds

for F € GG oA =45 C(G x G, A) and f € L*(G, A).
Proof. This is a standard result, see for example [48], Theorem 7.1. O

Let us denote by E4 € KK (K(L?(G, A)), A) the KK-element, which is given by the
Morita-Rieffel imprimitivity bimodule (L?(G, A), p ® ). Then the natural transforma-
tion

T: GxGx(_)=id

is given by the KKG-equivalence Ty =[P4]- Ea. That T is indeed a natural transform-
ation, i.e., that for G-algebras A and B and = € KKG(A, B), we have

GKGK%‘TB:TA-J},

follows from [1], Théoreme 6.20.
For calculations, it will be useful to turn G'x (_) into an actual involution on ¢¢,
We are especially interested in the crossed product G KC(G)H , which, as a vector
space, will be identified with C(G x G){0}*<H
There is an embedding

flg) ifgeH,
0 otherwise

t: C*H — C*G, «(f)(g) = {

We will regard C*H as a subalgebra of C*G via this embedding.
Fourier transformation gives an equivariant isomorphism

F: (C(G), ) = (C"G,7), F(f)(Q)—Kl;‘ | x@.9)1(5) g

Lemma 15.7. F(C(G)?) = C*H*.

Proof. Let g € G\ H, f e C(GYH and (gi)ier a set of representatives of G/H. Then
X[g € H is non-trivial in H, hence 3>, g X[g)(h) = 0, hence

)(9) |G|ZZ (9.9i + h) f(gs) |G‘Zx9,gz (9:) (ZX )

i heH heH

This shows F(C(G)) C C*H*. Counting dimensions shows equality. O

62



15 Basic Calculations in €€

Let us denote the restriction Fie(gy : C(GYH = Cc*H' by Fy.

Recall that GxC(G)H = GxInd$ C is Morita-Rieffel equivalent to C*H ([48], Theorem
4.22). Composing the corresponding imprimitivity bimodule with ]-";Ii on the right, we
obtain an imprimitivity bimodule X, which gives a Morita-Rieffel equivalence between
GxC(G)H and C(G)H™.

Definition 15.8. Define the involution Z: ¢¢ — ¢& by
I(e@)") =c@)", I =[x (Gra)- (XN
for x € KKY(C(G)H,C(Q)F).

T is obviously a functor. A computation shows that G x [XH] . [XH"] = Teayn
(Proposition 23.1 in the appendix). Together with (GxGxz)-Tp = Ty - x for x €
KKY(A, B), it is easy to check that 7 is an involution: Let = € KK%(C(G)",C(G)K),
then

T(z) = [XT ) G X (G Gxa) - G [XE] - XK

S

C(E)H : (GIX GD(JI) . TC(G)K

= Tc_(IG)K Tegyx -z =x.

15.2 Generators of ¢¢

In this subsection we will introduce some morphisms in €¢ and then show that they
serve as basic building blocks of generators of €©.

Definition 15.9. For g € G, let us define elements in KK (C(G)?,C(G)") by

t‘g{ = [()‘g)\C(G)H} and 7"5 = [Xg] (120 1C(G)H

In words, tf is given by translation by the group element g and rf by the outer tensor
product with the character x,.

Lemma 15.10. Let g € G and K, H be subgroups of G and x € KK (C(G)X,C(G)M),
thentf-a:::v-t? andrf-x:x-rf.

Proof. The first equality follows since [ay] - @ = x - [f,] for G-algebras (A, ), (B, ),
geGandx e KKG(A, B) and the second since the outer tensor product with elements
in KKY(C,C) is commutative. O

Definition 15.11. Let K < H < G, let 8 € KKY(C(G),C(G)¥) be the class of the
inclusion C(G) — C(G)¥.

Still assuming K < H < G, the right module structure over C(G)# and an inner
product given by

(@, y)(s) = /Hx(s—i—t)y(s—l-t) dt, z,y € C(G)K (15.12)

turn C(G)¥ into a Kasparov-C(G)¥-C(G)*-module, which will be denoted by RE.
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Definition 15.13. Let pif = [(RE,0,)\)] € KKE(C(G)X,C(G)H) denote the corres-
ponding KK-element.

Recall that for H < G, there are induction and restriction functors Indff - ARl 5 gRG
and ResZ : RRY — AR (sce [23] Definition 3.1 and Section 3.6 or [27], Section 3.6 for
a more functorial approach). Resg is given by restricting the action to the subgroup
H. If (B, 8) is an H-algebra, then in our case (of G being finite abelian), Ind% (B, f) is
given as a C*-subalgebra of C(G, B):

Ind% (B, 8) = {f € C(G, B) | f(g+h) =B-n(f(9)},

where G acts by left translation. There is an isomorphism of functors Ind% Resg =
() ®c C(G)H ([27], Equation (18)). Furthermore we will use the adjointness relations

KKY(A,Ind% B) = KK (ResZ A, B) and KK (Ind%, B, A) = KK (B, Resf A)
for a G-algebra A and an H-algebra B (]|27], Equations (19) and (20)).

Definition 15.14. Let H and L be arbitrary subgroups of G. Set

L ._ H+L L
HH = PH " lH+L:

Proposition 15.15. Let L and H be arbitrary subgroups of G. Let (g;)icr be a set of
representatives of G/(H + L) and (sj)jes a set of representatives of G/(H N L)*. Then
KKY(C(G),C(G)F) is a free Z-module, concentrated in degree 0 with basis

H L L
(tgi Hu rSJ‘)(i,j)eIxJ'
Proof. We have

H+L | 25L+H L L H H+L L L _ tH
9i i 96

_ L
P UHtLTs; =g P VHAL TS,

’ .ulfll Ty,
by Lemma 15.10. Hence it is sufficient to show that KK (C(G)¥,C(G)*) is a free

Z-module, concentrated in degree 0 with basis

H+L 4 L+H L L)
. ) <L cT.. .
(pH gi HHLVsi ) i jyerxd

The unital embedding u: C < C(H)A™ = Ind¥ -, Resi™* C is the unit of the adjoint-
ness relation
KK (C, ResHM () =2 KK (Ind¥ ., C, ).

The counit of the adjointness relation
KK (Indf (L), C(G)") = KK”(_, Rest] C(G)")

will be denoted by ¢: Ind% Resl C(G)L — C(G)L. ¢ is given by [7] - (0§ @c Leayr),
where

7: Ind% Res C(G)F = c(G)! @c C(G)E, T(f)(9.9) = fl9)(g' — 9).
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Note that in 887, there is an isomorphism

cr=Pe(-g+H+ L) =HeHE):
1 I

Its inverse is given by @; j,,, where

f(h)y ifg=—-gi+h+1l, heH le€L,

0 otherwise

Joor LN = C(G)E, g (f)(g) = {
Following the chain of isomorphisms

KK (C,©) L, (NKKH (¢, e(H) )

I D, G I

cxolnd€

— KKY(C(@)",c(a)"),

KK (C,c(a)h)

we see that KK (C(G)H,C(G)") is a free Z-module, concentrated in degree 0 with basis

(Indg (U . IndgnL(W]) : [ng}) ‘ C>¢€[, pcHNL

Note that J — H/ﬂ\L, j ResgmL(ij) is a bijection. Since

Ind% (IndgmL ResgmL([ij-]) : [jgi])'c = ([XSj]@(ClIndﬁ C(H)HﬂL)'Indfl[jgi]‘c = Ind% [jgi]'c‘réa
it suffices to show that
Indf u - Indf[jg] - ¢ = i ™° - mi g € KKE(C(G) c(@)h).

Calculating the composition

nd$ u nd€ j,. -
T, = c()F DU 10q8 oyt 20n, 104G o) S e(G)F e C(G)E

yields
T;: C(G)" = c(@)T ocC(@)E, T(f)(9.9) = F(O)latr-g(9— 7).

where 1y 7,4, denotes the characteristic function of the set H + L — g;. Hence we have
to show that there is an isomorphism of Kasparov C(G)*-C(G)*-modules

(T3)* (Rg ®c 1C(G)L) > (ufer 0 Mg )= RETE.

In the following, we will identify C(G)! ©cC(G)® with C(GxG)H*L. Since (T1)* (Rf @c le(yr)) =v
T; - C(G) @¢ C(G)E, the left-hand-side is given as a vector space by

Ti(1) - C(G)! @ C(G)" = {f € C(Gx ) | f(9,9) = Lrrs1-6,(9 — 9') f(9.9)}-
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The left module structure is given by 7;, the right module structure by 1 ® ide(gyr and

the inner product by (f, f')(¢') = [ f(9.9')f"(9,9') dg.
To describe (15, ; o Ag )« RETE et us first set

Ai =t 0 Mg C(G)THE = C(G)F, Ai(f)(9) = fl9 — 9i)-

Then (¢f, oMy, )« REFL = ¢(G)" ®,, C(G)F. Left and right module structure are given
by ide(gyr ®a, 1 and 1 ®y, ide(g)r, respectively, and the inner product is given by

(fo@n, fo, fron, fi)(9) = folg) /H+L folg —gi +7)f1(g — gi +7)drfi(g).

Hence (15, o Agi )« RETE as a vector space is a quotient and (T3;)* (Rg ®c IC(G)L)
is a subspace of C(G x G)"*L. Using the description of the inner products above, a
straightforward calculation show that

¢: C(Gx Q)T (@< o ((9.9) = Latr-g.(9—9)f(9.9))

factors through an injective map ®: C(G)? @y, C(G)L — C(G)! @c C(G)L, which inter-
twines the inner products. It is also easy to check that im ® = T;(1) - C(G)? ® C(G)*
(i.e., that @ is surjective) and that it intertwines left and right multiplication. Therefore,
® is an isomorphism of Kasparov C(G)"-C(G)"-modules

o

(1 0 Mg R 5 ()" (B ®c 1oy - O

15.3 Relations in €€

In this subsection we will derive some properties of the basic building blocks for gener-
ators of €€,

Lemma 15.16. One has I(r}) = th and I1(t}) = rfl.

Proof. By definition, I(r}) = [X*]7!. (Gx ([xq] ®c 1c(G)H)> [XH]. Let \¥ denote the
translation action restricted to C(G). Using the formulas on Baaj-Skandalis duality
(formula (15.4) and (15.5)), it is easy to check that

G ([xg] ®c leyn) = (M), € KKE(Gxe(G)T, axe(@)),
where M is the dual action of G’ on GxC(G)H. Since [ay] -z = x - [B,] for G-algebras

(A,a), (B, ), g € Gand z € KKY(A, B), we obtain the first equality. Applying Z yields
the second equality. O

Lemma 15.17. Let h € H, then til = leqyn and 7“,11{L = 1C(G)HJ“

Proof. thH = le(g)m for h € H is trivial, the other equality follows by applying 7. O
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Lemma 15.18. One has Z(15) = pgi and Z(pt) = Lgi

Proof. By definition, Z(:£) = (X)~1. (GxE) - (XE). Hence we have to show that the

Kasparov GMC(G)H—C(G)KL—modules (GxB)* XK and XH®C(G)
1

Recall that X® = X = C(G) and RE, = C(G)HL as vector spaces. A lengthy
computation using the description of X* and X! given by the formulas (23.2) - (23.5)
and (15.12) shows that

4 . .
ol Rg 1 are isomorphic.

1

« 1

is a well-defined isomorphism of Kasparov G x C(G)”-C(G)K" -modules. This shows
T(k) = pgi The other equality follows by applying Z. O

Lemma 15.19. Let K < H < L < G. We have |5 - I8 =5 and pit - pky = pk..
Proof. The first equality is obvious, the second one follows by applying Z. O

In the next lemma, we will show that Lg and pg behave nicely under induction.
Recall that Ind is a functor from R&Y to RRY. To avoid confusion, we will denote the
morphisms (& and pfl of /81 by B(H) and pfL(H), respectively, and similarly for the
corresponding morphisms in RRC.

Lemma 15.20. Let K < H < G. Under the identification
Indf C(H)* = (@)%, [ (9 f(9,0))
we have
Ind% (175 (H)) = oy (G) and Indf (p(H)) = p(G)

Proof. The first equality follows straight from the definition. For the second equality,
recall that pfl(H) = [RI{(H)] and that the Kasparov bimodule RI(H) is equal to
C(H)X as a vector space. The isomorphism Ind§ C(H)X = C(G)¥, regarded as an
isomorphism of vector spaces, can be applied to the Kasparov bimodule representing
Ind¥ pt(H) and yields an isomorphism of Kasparov C(G)%-C(G)H-bimodules R (G) =
Ind% RE(H). O

Proposition 15.21. Let K < H < G, then

i = .l eKKO@e@" c@).
geKL/HL

Proof. Note that Lg]} ‘p{GO} € KKY(C,C) is the class of the representation of G on L*(G)
via left translation. Hence, by the Peter—Weyl Theorem [32], we have

L{G?}'/)?O}: > lol.

pYetel
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Pullback via the quotient map n: H — H/K yields 7*: ARH/IK _y ggH. Applying 7*
to the equality above (for G = H/K) and using the identification C(H/K) = C(H)¥,
we obtain
&= S [pon] e KKH(C(H)H, c(m)H).
el /K

Applying Ind% and Lemma 15.20, we obtain

S Y mdglsen € KKOECG),CG)M).
beH/K

The exact sequence H — G — G/H induces an exact sequence G/H — G —» H.
Therefore,

1
|G/H]

Z\ Indg [pon] = Z Indg [¢] =

beH/K YeH, =1

Z Ind% ResZ [4].
~€G, MNr=1

1 1
- @ Z InngeSg[Xg] = W Z [xg] ®c C(G)H — \HT| Z rf. 0
geKL

Corollary 15.22. Let K < H < G, then

1
P iy = 0 Yty € KKY(C(G)F,c(6)").
geH

Proof. This follows by applying Z to the statement of the last proposition. O

16 Projective Resolutions of Length 1

From now on let G denote a finite cyclic group G of order o. The aim of this section is
to show that every module over €“ ® Z[o~!] has projective dimension 1.

Let us first give an outline of the argument: For every finite cyclic group G, there
is a decomposition G = @ G;, where each G; is a finite cyclic group of prime power
order p§. €% ®Z[o~!] can be decomposed into the tensor product of categories €% p; 1.
We will introduce the notion of a split category over a family of rings {R;};cr, which
basically means that the category of modules over this category is equivalent to modules
over @; R;. If every R; is a direct sum of Dedekind domains, modules over ; R; have
projective dimension 1. The same is true for modules over a category which is split
over {R;}ie;. We will then calculate €% @ Z[p;~!] explicitly in terms of hand-selected
generators and relations to show that it is indeed split over a family of Dedekind domains.
Together with the fact that tensor products of split categories are again split, this implies
the claim.
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16.1 Split Categories and Tensor products

Definition 16.1. Let € be a finite preadditive category and {R;},.; a finite family of
unital commutative rings. Let 1; denote the unit in R;. € is called split over {R;},.; if
and only if:

(1) For all A, B €€ €, there are subsets I(A, B) C I such that

I(A,B) =I(B,A), I(A,B)NI(B,C) C I(A,C)and I = | I(A,A).
Aecec

(2) For A, B €€ € | there is an isomorphism of abelian groups

i P Ri= A B).
i€I(A,B)

(3) If i€ I(A,B), j€ I(B,C), r € R;, s € R, then composition in € is given by
VA (rLi) - V5 (s1)) = 874 (rsly).

A trivial example of a split category over {R;}, ; is the category € with objects I and
morphisms
R, ifi=j,
0 otherwise.

(i, 7)== {

Note that the morphism groups of a finite preadditive category €, which is split over
{R;},c; carry a module structure over R := @;c; R;: Fori eI, A,Becec €, jcI(A DB)
and r € R;, s € R; set

rl; - %]f(slj) = 5i,jfyf(rslj).
This module structure is compatible with composition in the sense that for A, B,C €€ €,
r,s € Rand z € €(A,B) and y € €(B,C),

(r-a)-(s-y)=(rs)-(z-y).

Lemma 16.2. Let € be split over {R;},.; and set R:= @ R;. Then there are equival-
ences of categories.

Mod(C) ~ Mod(R), Mod(€), >~ Mod(R).
Proof. We have to define additive functors
Mod(€) L Mod(R) S Mod(€)

and show that there are isomorphisms F' o G = idgpep(g) and G o F' = idgpgp(e). Let us
first define G: Mod(R) — Mod(C): For A €€ € and M €€ Mod(R), set G(M)(A) :=
Dicr(a,a) liM and for A,Beel, je I(A,B) and r € Rj, let

G(M) (v5(r1)) : GIM)(A) — G(M)(B)
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be given by the composition

GOM)(A) = @ LM—»1LM 5 M~ @ LM =G(M)(B).
i€I(A,A) i€I(B,B)

It is easy to check that this gives a well-defined additive functor. For the definition of
F, choose a map o, which assigns to i € I an object o(i) €€ € such that i € I(o(i),0(7))
for all ¢ € I and define an idempotent

pi =50 (1) € € (0(i), (i) -
For N €€ Mod(¢), let IN(p;) denote the image of N(p;): N(o(j)) = N(o(j)) and set

F(N):= @SN (ps).
i€l

For j € I and r € R;, define multiplication by r1; by the composition

N(rp;)
D SIN(p;) — IN(p;) —2 IN(p;) — P SN (py).
el el

It is not hard to check that this gives a well-defined additive functor.

For M €€ Mod(R), compute F o G(M) = P,;c; SG(M)(p;i) = Pier i - M. Since
for every R-module M, there is a natural isomorphism M = @,c;1; - M, we ob-
tain a natural isomorphism F' o G' = idgep(g). For N €€ Mod(<), we compute G o
F(N)(A) = @ieran SN(pi). For i € I(A,A), N(v7”(1;)) yields an isomorphism
SN(pi) =N (gﬁ(z)) N(A) with inverse N(’yf(i)(li)). This gives a natural isomorphism

Oya:GoF(N)(A) = @ SNp)= @ N(gi(i)) N(A) = N(A).
icI(A,A) icl(A,A)

We obtain a natural isomorphism ®y = (®na),cce: G o F(N) &£ N and @ :=
(PN) Neemon(e) 8ives the desired natural isomorphism G o F' = idgney(e). This shows
that F' and G implement an equivalence Mod(€) ~ Mod(R). It is clear that F and G
preserve the countability condition. Therefore, we also obtain an equivalence 00(¢), ~

Mod(R).. O

Corollary 16.3. Let € be split over {R;};c; such that every R; is isomorphic to a
countable direct sum of countable Dedekind domains. Then every object in 9Mod (&), has
a projective resolution of length 1.

Let J be a finite index set and for j € J, €; a finite preadditive category. In the
following, a tensor product without subscript will always denote the algebraic tensor
product over Z (of rings, categories or modules).

70



16 Projective Resolutions of Length 1

Definition 16.4. Let © be a preadditive category. A functor F': [[;&; — D is called
multilinear, if for all (Cj)jeJ, (C})jes €€ I, €; the map

Fiepyericniest 11€(C5:C)) =D (F((Cj)jeJ)v F((C]/')jej))
J

is multilinear over Z.

Definition 16.5. A tensor product of (€;);cs is a pair (Q;¢;,®Q;), where @ ;€; is
a preadditive category and @ ;: [[;€; — @€, is a multilinear functor such that for
every multilinear functor F': []; €; — D, there is a unique additive functor F': @ ; &¢; —

9 such that .
Fo@=F.
J

Lemma 16.6. (R ;¢;, Q) exists.

Proof. Let the objects of & ;€; be equal to the objects of [[;€;. For C; €€ €;, j e J
we will write @ ; C; to denote the object (Cj)jeJ‘ Let additionally D; €€ &; for j € J

and define
X ¢ <® Cja®Dj> =) ¢;(Cj, Dy).
J J J J

For j € J, let Cj,D;,E; €€ €; and f; € €;(C;,D;) and g; € €;(D;, E;). Composition

is given by
X fi-Rai=Q fi 9
J J J

It is elementary to check that this product is associative. Let @;: [[;¢€; — & ;¢;
be given by (Cj)jEJ — ®;C; on objects (which is just a change in notation) and by
(fj)jes — @ f; on morphisms. It is easy to check that (Q;¢€;,® ;) has the required
universal property. O

The tensor product is associative up to an isomorphism of categories.

Lemma 16.7. Let J be a finite index set and for j € J let {R; ;}
of commutative unital rings. For j € J, let &; be split over {R; ;}

Th &, is split R;. ; .
en @ ; &; is split over {®J ]’]}((ij)jej)el
Proof. For A:=Q;A;,B:=Q;Bj cc Q;¢;, define
I(A,B) =[] 1(4;, B)).
J

be a finite family
Set I :=[];c; 1.

i€l
’iEIj .

Define %Jf by commutativity of the following diagram

,YB
GB((ij)jeJ)GI(A’B) Q. Rijj . ¢(A, B)
l ®J vfjj-‘
QD er(4;,8;) Rijg ®,¢;(A, B).
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This endows &) ; €; with the structure of a category, which is split over {® g Rij, j}(, Vesel
vj)jed
773 D
16.2 A Special Case
Let us consider the case G = C(p"), n € N and p prime. Our aim is to show that €%[p~!]

is split over a family of Dedekind domains. We will be using facts about cyclotomic
polynomials and decompositions of certain rings into Dedekind domains. For better
readability, we collected these purely algebraic statements in the appendix, Section 22.

To simplify notation, let € denote the category with objects {0,1,...,n} and morph-
isms

€(k,1) := KK (c(C(pm) 9@, e(cpm) e [p!).
¢ is obviously isomorphic to €%[p~!], G = C(p").
Definition 16.8.
I={(u,v) |3k, 0<k<nsuchthat 0 <u<n—Fk 0<v<k}.

For (u,v) € I, define

R = (ZIp [0/ (@p(1))) @ (ZIp~ ][]/ (@ (1)) )
where ®,,, denotes the mth cyclotomic polynomial

D, (1) := 11 (t —w).

w mth primitive root of unity

Having made these definitions, we can be more precise about what we want to prove
in this subsection:

Theorem 16.9. € is split over {R(u7v)|(u, v) € I}.

Note that this implies that all countable Z/2-graded modules over € have a pro-
jective resolution of length 1: Z[p~1][t]/(®pu(t)) is isomorphic to the Dedekind domain
Z[p~',0,u] by Lemma 22.2, and Proposition 22.11 yields an isomorphism of rings

Ruw) 2 Zp ", 0] @ Z[p~ ", 0] = @ Z[p™", Opmaxiacn))-
0<k<pmin(uq’U)7 gcd(]%k):l

Therefore, all objects in 93?00(@)%/ ? have projective dimension 1 by Corollary 16.3.
The verification of conditions (1)—(3) in the definition of a split category or equival-
ently, the proof of Theorem 16.9 will occupy the remainder of this section.

Definition 16.10. For 0 < k,l < n, set
I(k) ={(u,v) | 0<u<n—kVI, 0<v<EkALl}.

Here k V[ := max(k,l) and k Al := min(k, ).
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16 Projective Resolutions of Length 1

It is immediate that I(k,1) = I(l, k), I(k,[)NI(l,m) C I(k,m)and I = Ug_g ., I(k, k).
Hence condition (1) in Definition 16.1 holds.

The next step is to define the isomorphisms of abelian groups, which are part of
condition (2) in Definition 16.1:

i D R =€k,
(u,v)eI(k,l)

'y,i will be constructed by using the basic building blocks for generators in € (see
Definitions 15.9 and 15.14). To further simplify notation, let us make the following
definitions

Definition 16.11. Let e denote the class of 1 in C(p"). For 0 < k,l < n, define

e = 180 € €k, k), e =180 € €k k), pu = Mgggig) e e(k,1).

Define polynomials v, ,,, € Z[n"1][t] by
1 -
Ynm(t) i= — -t () ] D, (t) € ZIn""[t].
m/|n, m'#m

The relevance of the ¥, ,,s is that they allow for a decomposition of Z[n~1]/(t" —1) into
a direct sum of Dedekind domains (Proposition 22.8 in the appendix). Let us abbreviate

/l/}pkypu by \Pk-,u
Lemma 16.12. Let k <[, w € N and x € €(k,l). For 0 <u <n — k, we have
{33 Ww(t))  ifu<n—1,

\IJ _ t Cr=
n k,u(k k) otherwise.

For 0 <wv <1, we have

- W,(m) = otherwise

{\I’k,v(krk) cx ifv<k

Proof. Note first that ytr -« = x - t;. Hence W,_p (xti) -z = x - Uy, (;8;). Since
(ktk)pnfk = 1, the first statement follows by Lemma 22.7. The second statement is
proven analogously. O

Let us set

pFt itk >
CkJ = .
1 otherwise.

Proposition 16.13. Let 0 < k,l < n, then there is an isomorphism of abelian groups

Vllc : @ R(u,v) = Q(k’ l),
(u,v)eI(k,l)

which is given by

Y@ ® Aluw) = crt Petn) - Ynopu(ete) - wti - aGrr) - Ui ().
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Here, p and g are polynomials representing elements in Z[p~1][t]/(®,u (¢)) and Z[p~ ][] /(Ppe (1)).

Proof. Let 0 < k,l < n, then
{(ktk)a et ()]0 <a<pE 0 <b < Pk/\l}

is a basis of €(k,l) as a free Z[p~!]-module by Proposition 15.15. In other words, there
is an isomorphism of abelian groups

n—kvi kAL

Z[p~[t)/(t? —1)@Zp ]/ (P 1) = €(k,1), p@q ptr) - k- ().

By Proposition 22.11, for 0 < k,[ < n, there is an isomorphism

D R =2 [t/

(u,v)eI(k,l)

n—kVvl kAL

~L) @ Zlp~ [/ - 1),

which is given by p® ¢ — p - ¥p_pviu ® q¢ - Ygare for p ® ¢ € Ry, ). We obtain an
isomorphism of abelian groups

ok @ R(uw) = Q:(k:7 l)
(u,w)el(k,l)

given by
¥ ®@q) = p(ktr) - Yn—rviu(kte) - ki - qGrr) - it (i71)

for p @ g € R,y = Z[p~[t]/{@p (1)) @ Z[p~][r]/{@po (7). Set v i= cry7. =

The last step is to show condition (3) in Definition 16.1, i.e., to show the following
statement: If (u,v) € I(k,1), (v/,v") € I(I,m), 7 € Ry, 8 € Ry 4y, then composition
in € is given by

Ve (L (uw) - A (51w 01)) = G 60,0V (181 (,0)-
For p € Z[p~!|[t] and = € €(k,l), Lemma 15.10 implies
p(kte) - @ =z - p(ts) and p(ery) - @ = - p(iry).
Therefore, it is sufficient to show the following slightly weaker statement:

Proposition 16.14. Let (u,v) € I(k,l), («',v") € I(l,m), then composition in € is
given by
’yllﬂ(l(u,v)) : ’7lm(1(u’,v’)) = 6u,u/5v,v/7/2n(1(u,v))'

We will prove this proposition by a series of lemmas.

Lemma 16.15. Let 0 < k < n and (u,v), (v ,v") € I(k,k), then

’Y]kc(l(u,v)) ’ P)/I]cg(l(u’,v/)) = 5u,u’6v,v’7]]§(1(u,v))~
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16 Projective Resolutions of Length 1

Proof. In the special case k = [, the isomorphism of abelian groups

Zlp~ /(e

from Proposition 15.15 as well as the isomorphism

@ R(u,v) = Z[p_l][t]/<tp

(u,w)€eI(k,l)

n—k

D @Zp Y/ 1) 2 e(kk), p@qr plit) - alkry)

n—k k

~1) @ Zlp~'|[r]/(r" ~1)

from Proposition 22.11 are isomorphisms of rings. Since 'y’,j is defined as the composition
of both, 7 is an isomorphism of rings as well. This shows the claim. O

Lemma 16.16. Let 0 < k <[l <m <n, (u,v) € I(k,1), (u',v') € I(l,m), then

(L)) - W L)) = w00,V (L))-
If (u,v) € I(m,1), (u',v") € I(l,k), then
! k _ k
’Ym(]-(u,v)) "N (1(u’,v’)) = 5u,u’5v,v”7m(1(u,v))'
Proof. Lemma 15.18 implies that ui: <t = pit. Note also that cp ¢ m = cgm since
k <1 <m. Now compute
712(1(%1))) : Vlm(l(u’,v’))
= b Y kalite) - 1% - 1o () - U rw (1) - 1 Yo ()
= o My Vo k() - Yo (1) - 1o (r1) - Wonr (i71) - 13"
= 5(u,u/) ’ 5(1},1}’) *Ckym - N%c ’ \Ilnfl,u(ltl) ) \Ijl,v (m)/ﬁn,

where the last equality uses Lemma 22.7 and Lemma 22.6. By Corollary 16.12, the last
expression is equal to

5(u,u’) : 5(1},1}’) *Ckom * an—k,u(ktk) : Mgg : ,Uzm : \Ilm,’u (mrm)
= 6(u,u’) : 5(1},71’) *Ckm - \Iln—k,u(ktk) : H?‘I’m,v (mrm>
= 6u,u’6v,v”}/fn(1(u,v)) O

Lemma 16.17. Let 0 < k <[ <n, then

n—k l
o= T oyt and it ot = 1T om0
i=n—I+1 i=k+1

Proof. By Corollary 15.22, we have

pl-1

o =p7" > (k)"
=0
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Since (5t;)?" " =1, we obtain

pl 1 l k -1
'uéc ) /’L;c = p_k Z kti)? Z (ktr)P
=0 =0
— » n—Fk
H ( ite)? ) = O (k1)
i=1 i=n—I+1

where the last two equalities used the explicit description @, (t) = > LY from
Lemma 22.2 and the fact that [/ Zp Otp Vo= Z?ial t' . Similarly, one computes
with the help of Proposition 15.21 and the relation (m)pl =1

pnfk_l
k k_ ., l-n ki
Ky g = Z (im)?
1=0
pl*kfl
= (1re)P H i (1m1)- 0
=0 i=k+1

Lemma 16.18. Let 0 < k <[ <n and (u,v) € I(k,1), (v ,v') € I(l,k), then

Wllc(l(u,v)) ’ PYlk(l(u’,v’)) = 5u,u’6v,v”y’lz(1(u,v))

and
’Ylk(l(u’,v’)) ’ Wé(l(u,v)) = 5u7u’5v,v’7ll(l(u,v))-

Proof. First note that by definition of ¥,,_ ,,, for 0 <« < n — I, we have
n
PR Getk) - T @i (ktn) = Yok (itn)
i=n—I+1

in €(k, k). Now compute

e L) - 9 L))

)
=" e Getr) - i Yo (1) - o (i) - 1 - U (kg
= Wk Getr) - W () - i - 1 Yo (krn) - Yo (57%)
= 51) U’p k. n k,u g ) ¥ n— l,u/(ktk) ’ ,U'gc : :uéc : \Ilk,v(krk)
n—k
= o " U pu(ite) Vot ete) - [ @pi(etn) - Uro (k)
i=n—I+1

= v VYntu(te)  Yn—kw (ktk) - Yio(kTs)
= u,u’(sv,v”}/l]g(l(u,v)%
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16 Projective Resolutions of Length 1

where we used Lemma 22.7 and Lemma 22.6 in the third equality. Similarly, using
P T iy @4 (i70) - Wk (70) = Uy (4771), O computes

/Ylk(l(u’,v’)) 7]2(1(u,v))

=" W () - 1 Vh k) - Wrm k) - 1 - W10 (1)

= Gy DU () IE - - Y 1) - U, (i)
!

= Suu P U (t) - T @pi () - O (171) - Wi (i)
i=k+1

= 6u,u/5v’,'u : \Pn—l,u(ltl) : ‘I/l,v(lrl)
= 5u,u’6v’,v’)/ll(1(u,v))' O

Now we are able to prove Proposition 16.14. Let us first recall the statement:
Let 0 < k,l,m < n and (u,v) € I(k,l), («/,v") € I(l,m), then composition in € is
given by
Wllv(l(u,v)) : F)/lm(l(u’,v’)) = 5u,u’6v,v’7]:;n(1(u,v))

Proof. After ordering k,l and m, there are six cases to consider:
L k<l 1<m;
2. k<, k<m <l
3. k<, m<k;
4. 1<k, m<l,
5. 1<k, I<m<k;
6. <k, I<m.

These cases are not mutually exclusive but still exhaustive. We already dealt with cases
(1) and (4) in Lemma 16.16. Consider case (2): Since k& < m < [, we know that
I(k,m)NI(m,l) = I(k,1). Using Lemma 16.16 and Lemma 16.18, one computes
7]16(1(u,v)) ’ 7[771(1(u’,v/)) = leT(l(u,v)) ’ ’len(l(u,v)) "Ylm(l(u’,v’))
= 6%”/51),1/712”(1(%11)) ’ '7rrnn(1(u,v))
= 6u,u’5v,v”)/lrfn(1(u,v))'
Similarly, we compute in case (3)
/Yllc(l(u,v)) ’ /Ylm(]-(u’,v’)) = ’Yli(l(u,v)) ’ ’Ylk(l(u’,v’)) ’ Vlrﬂn(l(u’,v/))
= 5u,u’5v,v”71]§(1(u,v)) : ’ercn(l(u’,v’))
= 5u,u’5v,v’7]2n(1(u7v))'

Case (5) and case (6) can be dealt with in a completely analogous manner. O
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16.3 The General Case

In this subsection, we will show that for a finite cyclic group G of order o, every graded
countable module over €“[o~!] has projective dimension 1.
We will do so by showing that €“[0~!] is the tensor product of split categories over a
family of Dedekind domains and thereby itself is split over a family Dedekind domains.
Let G be a finite cyclic group, then

G = ®i=1,.nG;

with G; cyclic of prime power order pj* and p; # p; for i # j. Every subgroup H of G
decomposes as H = @, H;, with H; < G;.
The next theorem shows that €% is isomorphic to @, €.

Theorem 16.19. Let G;,i = 1,...,n be finite abelian groups and G := @; G;. For each
i, let &; be a class of subgroups of G;. Define & to be the class of subgroups of G of the
form H = @, H; for H; € &;. Let € be the full subcategory of K with objects C(G)H,
H € &. Analogously let &; be the full subcategory of RKRE" with objects C(G)Mi, H; € &;.
Then there is an isomorphism

Proof. Let us show the statement for the case n = 2, the general case follows by induc-
tion. We have to define
F: &6 —C.

Note that pullback via the projections m;: G — G induces additive functors 7; : ARG
RRY. Restriction to ¢; and taking the tensor product yields

T @ € ® €y — ARY @ ARC.
On the other hand, the exterior tensor product in £8 induces
T: RRY @ RRY — RRY.

We would like to define F' as the composition of the last two functors, but we cannot quite
do so since the target objects only match up to a natural isomorphism: For C(G1)"' ®
C(G2)"2 cc ¢; ® €5 and H := H; @ Ho, there is a natural isomorphism

U C(GYT =2 miC(Gy) T @c 71C(Ga) 2,

where on the right-hand-side we have the exterior products in RRC, which on the object
level is just the spatial tensor product of C*-algebras with the diagonal action.
Let us define F' on objects by

F(e(G)™Mec(Ga)™) =), Hi€®;, H=H o H,.
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16 Projective Resolutions of Length 1

For H;, K; € ;, H= Hy & Hs and K = K| ® K>, define F' on morphisms by
Frx: € ® ¢ (C(Gl)Hl ®C(G)™.c(G1) ' ® C(G2)K2)) e (C(G)H,C(G)K)

Firie(a) = [¥] - (T o (x} @ 73) () - [Wx] .

F is a functor and clearly a bijection on the set of objects. Hence, to verify that F' is an
isomorphism, we only have to check that each Fy i is an isomorphism. By Proposition
15.15, both domain and target of Fi i are free abelian groups, hence it suffices to check
that Fy i maps generators to generators. By definition, the domain of Fiy g is equal to

KK (C(G1)™,¢(G1) ) @ KK? (C(Ga) ™, 0(Ga)")

and the target is given by
KK (¢(@)H,c(@)") .

The following three statements are easily verified using the definitions of ¢, r and u: Let
gi € G, then

* * — H®H
1. Fp(th o) = [Ty] - (wltgl ®¢ 7r2t§g2) Wyt = t{her

* * — H®H:
2. Fpp(rit @ ri2) = (U] (ﬂlrgl ®¢ 7r2r£2) (wy) = (e

K K K « K - Ki®K
3. FH,K(MHi ®MH§) = [\I/H] : (WT,UHi c 7T2,UH;) : [‘I’K] I = ,UHigH;
This, together with the description of the generators of domain and target of Fiy x given
by Proposition 15.15, tells us that Fy x maps generators to generators and finishes the
proof. ]

Finally, we will show that every countable graded @G[ofl]—module has a projective
resolution of length 1. First we prove an auxiliary lemma:

Lemma 16.20. Let € and ® be equivalent finite preadditive graded categories. If all

objects in 93?00(@)%/2 have projective dimension 1, then the same holds for all objects in
7./2

Mod (D).~

Proof. Let a: € — ® and : ©® — € be grading preserving additive functors such that
there are isomorphisms T': cvo 8 = idg and S: fo«a = idg. Let M be a ®-module, then
a*(M) := M o v is a €-module. We obtain preadditive functors

B Mod(€)%/2 = Moo(D)%/? and a*: Mod(€)%/2 — Mod(€)%/2.
T and S induce isomorphisms a* o * = id and f* o o™ = id. o and §* are exact and
preserve the property of being projective. ]
1

Theorem 16.21. Let G be finite cyclic group of order o™ ".
%o -module has a projective resolution of length 1.

Then every countable graded
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Proof. Note that we can ignore the grading: ¢“[o~!] is ungraded, therefore, the category
of (countable) graded €“[o~!]-modules is the direct sum of two copies of the category
of (countable) QG[O*I]—modules. Let G = ®i=1,.. nG; with G; cyclic of prime power
order p;* and p; # p; for i # j. In Theorem 16.19, we showed that ¢% is isomorphic
to @7, €. Since o = [[|Gs| = [Ip5, we have Zo~!] = Q7 Z[p; '], this implies
that €%®[0~!] is isomorphic to @7, €% [p;!]. Hence it suffices to show that count-
able @7, ¢ [pl-_l]—modules have a projective resolution of length 1. By Theorem 16.9,
¢Cip; ! is split over

{Z [pi_l’epy] ®Z [pi_l’ Gpﬂ }{(u,v)GNo><N0|3k€No:k§ei,u§ei—k,vgk} ’

Therefore, Lemma 16.7 shows that @7, €%[p; '] is split over
n
—1 —1
{®Z it O] o 2 [ ’sz’i}}
i=1 {(uivi)iz1,....n €(NoxNo)? |ViTk; ENo ks <ejus <e;—ki vi <hk; }
In the appendix, we prove the following two facts:

1. Lemma 22.9: Let m,n € Z be coprime. Then there is an isomorphism of rings

Z10,] @ Z[0m] = Z[Omn).

2. Proposition 22.11: Let m,n € N,n < m and p a prime number. Then there is an
isomorphism of rings

Zlp~t, 0] @ Z[p~t, Oym] = P Zlp~t, Opm).
0<k<p",gct(p,k)=1

Both statements together imply that @, Z[p; ", Opu:] ® Z[p;*, Opv:] is isomorphic to a

finite direct sum of countable Dedekind domains. Hence Corollary 16.3 shows that every
object in Mod (@I, €% [p; ']). has a projective resolution of length 1. O
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Universal Coefflicient Theorems for
(C*-algebras over Topological Spaces

The aim of this chapter is to describe explicitly the class of finite topological spaces for
which there is a UCT short exact sequence, which computes KK(X; A, B) in terms of
the filtrated K-theory of A and B.

We will first review the notion of a C*-algebra over a (possibly non-Hausdorff) finite
topological space X and give an alternative description of X by a finite directed graph
in Section 17. In Section 18 we will explain how KK-theory for C*-algebras over X can
be interpreted as a triangulated category with countable coproducts, introduce filtrated
K-theory and show that this invariant arises as a special case of our general construction.
We will then review alternative characterizations of the bootstrap class and state the
UCT criterion in Section 19. Then, in Section 20, we will define spaces of type A and
review some spaces, for which there is no UCT in terms of filtrated K-theory available.
Finally, in Section 21, we will show that spaces of type A are indeed the most general
type of finite topological spaces, for which there is a short exact UCT sequence, which
computes KK(X, , ) in terms of filtrated K-theory.

17 (*-algebras over Finite Topological Spaces

17.1 Basic Notions

Throughout this chapter, let X be a finite topological Ty space. A C*-algebra over X is
a pair (A, 1) consisting of a C*-algebra A and a continuous map : Prim(A) — X.

Let O(X) denote the set of open subsets of X, partially ordered by C and let I(A)
be the set of closed *-ideals in A, partially ordered by C. (O(X),C) and (I(A4),C) are
complete lattices, that is, any subset S has both an infimum A S and a supremum \/ S.
¥ induces a map 1»*: O(X) — I(A4), which commutes with infima and suprema. By [30],
Lemma 2.25, ¢ can be recovered from ¢*. Hence we obtain an equivalent description of
a C*-algebra over X as a pair (A,¢*) where

P O(X) - 1(A), U~ A(U),

commutes with infima and suprema.

A *-homomorphism f: A — B between two C*-algebras over X is X-equivariant if
f(A(U)) € B(U) for all U € O(X). A subset Y C X is locally closed if and only if
Y = U\ V for open subsets V,U € O(X) with V' C U. We define A(Y') := A(U)/A(V)
for a C*-algebra A over X; this does not depend on the choice of U and V by [30] Lemma
2.16.
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We adopt the following notations from [30].

O(X) set of open subsets of X, partially ordered by C;
LC(X) set of locally closed subsets of X;
LC(X), set of connected, non-empty locally closed subsets of X;
C*-algebra over X;
the subquotient of (A, 1)) associated with ¥ € LC(X);

)
)
Prim(A) primitive ideal space of A with hull-kernel topology;
) set of closed *-ideals in A, partially ordered by C;
) category of C*-algebras over X with X-equivariant *-homomorphisms
)

full subcategory of separable C*-algebras over X.

17.2 Functoriality
A continuous map f: X — Y induces a functor
fe: €alg(X) — Calg(Y).

f« is given by (A, ¢) — (A, f o). We have g, f« = (9f)« whenever it makes sense. If
f: X =Y is the embedding of a subset with the subspace topology, we also write z§
instead of f, and call it induction. Y € LC(X) induces a restriction functor

ri: Calg(X) — alg(Y),
which is given by r% B(Z) := B(Z) for all Z € LC(Y)) C LC(X). We have ré or¥ =r%
if ZCY C X and r§ = id.

Induction and restriction are related by r}/( oi{f = id and various adjointness properties
(see [30] Definition 2.19 and Lemma 2.20 for a discussion of induction and restriction).

17.3 Specialization Order

There is the specialization preorder on X, defined by = <y <= {z} C {y}. A subset
Y C X is locally closed if and only if it is conver w.r.t. =X, i.e., if and only if

ryxz,x,z€Y =>yeY

holds.
Let X be a space and Y C X, there is a locally closed hull, defined as

LCY)={ze X |y, y2 €Y :y1 2 x X ya}.
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Lemma 17.1. LC(LC(Y)) = LC(Y). LC(Y) is the smallest locally closed set contain-
ing Y.

Proof. Obviously Y C LC(Y), let y € LC(LC(Y)), then there are y1,y2 € LC(Y') such
that y1 =< vy =< yo. By definition, there are 21, 29, 23,24 € Y such that z; < y; = 29,
z3 = Yo =X 24, hence z1 < y1 Xy =X yo = z4, therefore, y € Y. Using the characterization
of locally closed sets as convex sets, the second statement is obvious. O

A map f: X1 — X5 between two finite topological spaces is continuous if and only if
it is monotone with respect to <, i.e. if

2y = fr) = f(y)

holds. Note that < is a partial order if and only if X is Tp. By [30] 2.33, this yields
a bijection of partial orders and Ty-topologies on a given finite set. Let us denote the
topology associated with < by 7<.

17.4 Representation of Finite Topological Spaces as Directed Graphs

A useful way to represent finite partially ordered sets and hence finite Tj spaces is via
finite directed acyclic graphs.

To establish notation, we have collected a few elementary notions of graph theory: A
directed graph is a pair I' = (V| E), where V is a set and E C V x V' \ A(V). Elements
of V are called vertices and elements of E are called edges. We will also write E(I")
and V(I') to denote the edges and vertices associated with I'. Hence we are neither
allowing loops nor multiple edges to exist. A graph (V', E’) is a subgraph of (V| E) if
and only if V' CV and E' = {(a,b) € E | a,b € V'}. A directed path p is a a sequence
p = (vi)i=0,...n such that (v;,vi41) € E fori=1,...,n with all (v;);=1,.., being pairwise
distinct, the length of p = (v;)i=0,....n is n. A directed circle is a directed path of length
larger than 0 such that vg = v,. For two paths p1 = (v;)i=0,..n and p2 = (w;)i=0,....m,
we define sets

prNp2:={{vi|i=0,....,n}N{w; |i=0,...,m}
and

prUpe:={v; |i=0,...,n}U{w; |i=0,...,m}.
An edge (vg,v1) is called an outgoing edge of vy and an incoming edge of vi. The oriented
degree dy(v) of v € V is defined via

do(v) := #{e € E | e outgoing edges of v} — #{e € E | e incoming edges of v}

A directed graph is called acyclic if it has no circles. A path is a sequence (v;);—o,... , such
that for i = 1,...,n (v;,vi41) € E or (viy1,v;) € E with all (v;)i=1,.., being pairwise
distinct. We say that p is a path from a to b if v9 = a and v, = b. A circle is a path
p = (Vi)i=0,...n of length greater than 0 such that vg = v,,. The degree d(v) of v € V' is
defined as

d(v) := #{e € E | e outgoing edge of v} + #{e € E | e incoming edge of v}

With a partial order < on X, we associate a finite directed acyclic graph T'(X).
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Definition 17.2. Let X be a finite Ty space. Let I'(X) be the directed graph with
vertex set X and with an edge z + y if and only if z < y and there is no z € X with
r=<z=<y.

We can recover the partial order from this graph by letting x < y if and only if the
graph contains a directed path from y to x. Note that we cannot obtain every finite
directed graph in this way. Although the statements are elementary, we will list the
restrictions on I'(X) for later reference.

Lemma 17.3. Let X be a finite Ty space. I'(X) is acyclic as a directed graph. Let x,y
be vertices in T'(X). If p1 and pa are two distinct directed paths from x to y, then p;
and py have length > 2.

Proof. Follows straight from the definition. O

Let S be a finite set. If I' is a directed graph with vertex set .S, then we can define a
preorder on S by setting s; <r ss if and only if there is a directed path from ss to s;.
Note that <r is a partial order if and only if I" is acyclic. Let E(S) be the set of acyclic
directed graphs with vertex set S such that all ' € E(S) have the following property: If
p1 and po are two distinct directed paths in I' from x to y, then p; and p2 have length
> 2. Tt is easy to check that (S, <) — I'(S,7<) and ' == yields a bijection between
the set of partial orders on S and E(S).

Lemma 17.4. X is connected if and only if I'(X) is connected as an undirected graph.

Proof. Assume first that X is connected. Let zp € X and set
X1 :={x € X | 3 path from zp to z in ['(X)}.

Note that if y € m, then there is an undirected path from z to y. Hence, if x € X1,
then @ C Xj. Therefore, UxEXl @ = X7 and X; is closed. On the other hand, if
x ¢ X1, then {z} C X \ X1, hence X; = Nagx, X \ {z} is open. Since X is connected
and X is non-empty, we have X = Xj.

Now assume that I'(X) is connected as an undirected graph and that X = X; U X,
can be written as a disjoint union of non-empty clopen sets X; and Xo. Let z; € X,
i = 1,2 and p an undirected path from z; to x2. We find neighbouring vertices y; and
y2 on the path p such that y; € X; i = 1,2. Wiogwe may assume that y, € {y1}. Since
X is closed, we have yo € {y;} C X1, which is a contradiction. O

18 RR(X) and Filtrated K-theory

18.1 X-equivariant KK-theory

As explained in [30] 3.1, there is a version of bivariant K-theory for C*-algebras over X.
Let A, B €€ €*sep(X), a cycle in KK(X; A, B) is given by (E,T), where (E,T) is a cycle
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for KK(A, B), which is X-equivariant, that is, A(U)- E C E - B(U) for all U € O(X).

There is also a Kasparov product
KK(X;A,B)® KK(X;B,C) - KK(X; A, C).

Thus we may define the category RR(X) whose objects are separable C*-algebras over
X and morphisms from A to B are given by KK(X; A, B). As shown in [30] 3.2, RR(X)
carries all basic structures we would expect from a bivariant K-theory. In particular, it
is additive, has countable coproducts, exterior products, satisfies Bott periodicity and
has six term exact sequences for semi-split extensions of C*-algebras over X. Here,
I — A — (@ is an extension of C*-algebras over X if I, A and ) are C*-algebras over
X and I(U) — A(U) - Q(U) is an extension for all U € O(X). It is called semi-split
if and only if there is a c.c.p. split section s, which is X-equivariant in the sense that
s(Q(U)) C A(U) for all U € O(X).

RR(X) carries the structure of a triangulated category ([30] 3.3). The suspension
functor is given by the exterior product with Cy(R) and a sequence SB — C — A — B
is an exact triangle if and only if it is isomorphic to a mapping cone triangle SB’ —
Cy — A" — B’ for some X-equivariant *-homomorphism ¢: A" — B’. (Note that the
mapping cone has a canonical structure of a C*-algebra over X given by Cy(U) =
C’¢‘ " (U>). Equivalently, one could define the exact triangles to be those triangles which
are isomorphic to the extension triangle of a semi-split extension of C*-algebras over
X (again, see ([30] 3.3). RR(X) is a triangulated category with countable coproducts.
Following Definition 5.1, we may form R8(X).. As in the case of RRY (8.1), it suffices
to work with the simpler Z/2-graded variant, which we will also denote by KR(X)..

18.2 Filtrated K-theory

For a locally closed subset Y C X, one defines a functor
FKy: RR(X) — AbZ/2, FK(A) == K. (A(Y)).

For each Y € LC(X), the functor FKsr is stable and homological, that is, it intertwines
the suspension on RR(X) with the translation functor on 2Ab%/2,

Let N'T¥ be the Z/2-graded category whose object set is LC and whose morphism
space Y — Z is NTX(Y, Z)-the Z/2-graded Abelian group of all natural transform-
ations FKy¥ = FK%. A module over NTX is a grading preserving, additive functor
G: NTX — Ab%/2. Let 9Mod(N'T) be the category of N'T*-modules. The morphisms
in Moo (N TX ) are the natural transformations of functors or, equivalently, families of
grading preserving group homomorphisms Gy — G% that commute with the actions
of NTX. Let Mod(NTX), be the full subcategory of countable modules.

Filtrated K-theory is the functor

FKX = (FK})S)YE]L(C(X): M(X) — WUD(NT)Q A = (K* (A(Y)))YEILC(X)

We will drop the superscript X in FK¥X if there is no danger of confusion.
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If Y € LC(X) is not connected, that is, Y = Y7 UY> with two disjoint relatively open
subsets Y7,Ys € O(Y) C LC(X), then any N'T-module has Gy = Gy, @ Gy,. Since X
is finite, any locally closed subset is a disjoint union of its connected components. This
corresponds to a direct sum decomposition ¥ = @ (v Y; in NT. Therefore, we lose
no information if we replace LC(X) by the subset LC(X). of non-empty, connected,
locally closed subsets.

18.3 The Representability Theorem

We want to show that filtrated K-theory is a special case of the Hom-like invariants
constructed in 5. Recall the representability theorem from [28]:

Theorem 18.1. Let X be a finite topological space. The covariant functors FKy for
Y € LC(X) are representable, that is, there are objects Ry €€ KR(X) and natural
isomorphisms

KK, (X; Ry, A) 2 FK{ (4) = K. (A(Y))
forall A ce RR(X), Y e LC(X).

For a description of the objects Ry, see [28], 2.1. Let R(X) be the family (Ry)ycpc(x)

in RR(X). The Yoneda lemma yields a natural isomorphism N'7X (Y, Z) 2 KK, (X; Rz, Ry)
and an isomorphism of categories

NTY 2= (RR(X)FH)™.
Note that we defined N7~ -modules to be covariant functors, whereas RK(X )f(x)—modules
are contravariant functors. Thus the representability theorem shows that filtrated K-theory
is isomorphic to Fr(x), where
Frix): RR(X) — Mod(RR(X)EE))Z

C

denotes the Hom-like invariant associated with the family R(X).

18.4 Functoriality

The canonical functor €*sep(X) — KR(X) is the universal split exact C*-stable functor
([30], Theorem 3.7). Using this universal property, we may extend the functoriality
results for €*alg(X) in the space variable to RR(X): A continuous map f: X — Y
induces a functor f.: RR(X) — RKR(Y). In particular, this yields an extension functor
i% for a subspace X C Y. For Y € LC(X), the restriction functor descends to a functor
ri RR(X) — RA(Y).
Our next aim is to construct an algebraic variant of f,, i.e. a functor f,: Mod(NTX), —

Mod(NTY). such that

RR(X) — K amod (VT

lf* |

RA(Y) — T mod(WTY).
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commutes. Let us do this by first constructing a functor f*: N'TY — NTX: For
Z ce NTY = LC(Y), set f*(Z) = f~'(Z). A morphism 7 € N'TY (Z, Z') is a natural
transformation 7: FKY — FKY,, i.e. a collection {74} Aceqqy of morphisms of abelian
groups

7a4: FKY(A) = K, (A(Z)) = K.(A(Z')) = FK},(A),

which is natural with respect to morphisms in €*alg(Y’). Since for B €€ KR(X) and
Z € LC(Y), we have

FKY(£.B) = K.(B(f~1(2))) = FKX.1 4 (B),

7f,B is also a morphism from FK;&( 7)(B) to FK;&( 7 (B) and it makes sense to define
(7)) =A{71.8} Beesrnx-
Hence we have constructed an additive grading preserving functor
fNTY 5 NTX
This gives rise to an additive, grading preserving functor
fr: MANTX)e = MdNTY e, fu(M):=Mo f*.

Lemma 18.2. Let X, Y, f and fi be as above, then the diagram

RR(X) — oo (WNTH).e

lf* |

RRY) — T mod(NT)e

commautes.

Proof. Recall that there is a canonical functor KK(X): €*alg(X) — R8&(X). By the
universal property of KK(X) ([30], Theorem 3.7.), we see that it suffices to check that

fr o FKX 0 KK(X) = FK” o f, o KK(X).
On objects, there is no difference anyway: Let A €€ RR(X) and Z € LC(Y'), then
fo o FK¥X(A)(Z) = Ku(A(f1(2)) = FKY o [.(A)(2).

Let ¢: A — B be a morphism of C*-algebras over X and Z € LC(Y). Passing to
subquotients, ¢ induces x-homomorphisms ¢(Z’): A(Z') — B(Z') for all Z’ € LC(X).
f«(@): f«(A) — f.(B) is a morphism of C*-algebras over Y, which is given by ¢ as
a s*-homomorphism from A to B if we forget the structure over X (or Y). Note that
f(0)(Z) = ¢(f~H(Z)) as a *-homomorphism. Now the equalities

fo o FK¥ 0 KK(X)(6)(Z) = f.. o FK*([¢])(2) = FK* ([¢])(f 1(2)) = Ku(0(f1(2)))

and

FK" o f, o KK(X)(¢)(Z) = FK" ([f:(¢)))(2) = K. (£.(6)(2)) = Ku(o(f71(2)))
yield the desired result. O
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19 The Bootstrap Class and the UCT Criterion

19.1 Comparing Bootstrap Classes

In [30], R. Meyer and R. Nest define the bootstrap class B(X) to be the localizing
subcategory of RR(X) generated by the objects i,C for all x € X. That is, it is the
smallest class of objects containing these generators that is closed under suspensions,
KK(X)-equivalence, semi-split extensions, and countable direct sums.

Our general framework would tell us to define the bootstrap class as the localizing
subcategory generated by the Ry, Y € LC(X). A natural question to ask is whether
both definition agree and in fact, they do:

Lemma 19.1. B(X) is equal to the localizing subcategory generated by Ry, Y € LC(X).

Proof. Let B(X)" denote the localizing subcategory generated by Ry, ¥ € LC(X). X
is finite, therefore, every x € X has a minimal open neighbourhood U,. In [28], proof of
Theorem 2.5, it is shown that i,C is isomorphic to Ry, in KR(X) for all € X. This
shows that B(X) is contained in B(X)'. For the other direction, let Good be the set
of locally closed subsets Y such that Ry €€ B(X). Let Y € LC(X), U € O(Y). The
existence of the exact triangle

SRy — RY\U — Ry — Ry
shows that Y, U and Y\ U are in Good if two of them are. Since (UUV)\U =V \(UNV)

we have

U,V € 0(X), U,V,UNV € Good = U UV € Good.

Induction over the cardinality of U € O(X) shows that O(X) C Good. Since every
locally closed set is the difference of two open sets, this implies the claim. O

Corollary 19.2. Let f: X — Y be continuous and A €€ B(X), then f.(A) €€ B(Y).

Proof. f«(1:C) = 14(,)C, therefore, generators of B(X) are sent to generators of B(Y').
Since fi: RR(X) — RR(Y) is triangulated, this shows the claim. O

19.2 The UCT Criterion and Embedding Results

Our general UCT criterion (Theorem 7.1) and the representability theorem (Theorem
18.1) show what is actually needed to obtain a UCT short exact sequence, which com-
putes KK(X, , ) in terms of filtrated K-theory:

Theorem 19.3. Let A, B €€ RR(X). Suppose that FKX(A) €€ Mod(N'TX). has a
projective resolution of length 1 and that A €€ B(X). Then there are natural short exact
sequences

Exty v (FK¥(A)[j + 1], FK(B)) — KK;(X; A, B) - Hom,.x (FK* (4)[j], FK*(B))

for j € Z/2, where Hom ,+x and Ext/lw_x denote the morphism and extension groups
in the Abelian category Mod(N'TX)e and [j] and [j + 1] denote degree shifts.
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Since we are asking which spaces have the property of having a UCT s.e.s. for filtrated
K-theory, it makes sense to view the crucial assumption in the Theorem above as a
property of the space X.

Definition 19.4. Let X be a finite Ty space. We say that UCT(X) holds if for all
A cc RR(X), FKX(A) €€ Mod(N'TY), has a projective resolution of length 1.

As stated above we may restrict attention to connected spaces:

Lemma 19.5. Let X be a finite Ty space, which is a disjoint union of spaces X1, ... X,,
then UCT(X) holds if and only if UCT(X;) holds fori=1,...,n.

Let us also mention an important conclusion, which can be drawn from the existence
of a UCT short exact sequence (this is Corollary 4.9 of [28]):

Corollary 19.6. Let A, B €€ B(X) and suppose that both FK(A) and FK(B) have pro-
jective resolutions of length 1 in Mod(N'T)c. Then any morphism FK(A) — FK(B) in
Mod(N'T ). lifts to an element in KKo(X; A, B), and an isomorphism FK(A) = FK(B)
lifts to an isomorphism in B(X).

The possibility of lifting isomorphisms in filtrated K-theory to isomorphisms in KK(X)
is one of the main reasons why one is interested in a UCT short exact sequence. On the
other hand, the impossibility of lifting isomorphisms in FKX is an obstruction to the
existence of a UCT short exact sequence.

Definition 19.7. Let X be a finite Ty space. We say that ~UCT(X) holds if there are
A, B €€ B(X) such that A % B in RR(X) and FKX(A) = FKX(B) in Mod(NTX)..

It is clear that there is no finite Ty space such that both UCT(X) and -UCT(X)
hold. Moreover, as suggested by notation, we will show that for every such X either
UCT(X) or ~UCT(X) holds.

The next proposition tells us, roughly, that if X has a subspace for which there is no
UCT, then there cannot exist a UCT for X as well.

Proposition 19.8. Let X be a space, Y € LC(X) such that ~UCT(Y) holds, then
~UCT(X) holds as well.

Let X andY be topological spaces, f: X —Y and g: Y — X continuous with fog =
idy. Assume that ~UCT(Y') holds, then ~UCT(X) holds as well.

Proof. By assumption, there are A,B €€ RR(Y) such that A 2 B in RR(Y) and
FKY(A) = FKY(B). As already noted above, we have r¥ o iy = idy (see also [30]
Lemma 2.20 (c)), therefore, iss (A) 2 is (B) in RRx, furthermore iss (A),i5 (B) €€ B(X)
by Corollary 19.2. Recall that z{f is just ¢« for the embedding ¢: Y — X. Hence

FKX (i (4)) = 1. (FKY (4)) = 1. (FKY (B)) = FK* (i (B))

by Lemma 18.2. This shows the first statement.

By assumption, there are A, B €€ RR(Y) such that A 2 B in 8&(Y) and FKY (4) =
FKY (B). Since f,og. = idgr(y) we have that g.(A) 2 g«(B), furthermore g.(A), g«(B) €€
B(X) by Corollary 19.2. g,oFKY = FK¥ og, implies FK*X(g,(A)) = FKX(g.(B)) (again
by Lemma 18.2). This shows the second statement.

O
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20 Positive Results and Counterexamples

In this section we introduce spaces of type A and some spaces, which will serve as
generic counterexamples for a classification of C*-algebras over finite spaces via filtrated
K-theory.

Definition 20.1. Let X be a finite T space. We say that X is of type A (for accordion)
if exactly two vertices in I'(X) have degree 1 and all other vertices have degree 2.

The following picture shows the graph associated with a space of type A:

AN AN

> @0 —>0

~ ™

[ ) : [ ] \ [ ] : [ J [}
Theorem 20.2. Let X be a finite Ty space of type A, then UCT(X) holds.
Proof. This is shown in [4]. O

Following R. Bentmann, we will now introduce some spaces, for which there is no
UCT short exact sequence for filtrated K-theory. If X is a space, let X°P denote its dual
space, i.e. X°P = X as a set and the open sets in X°P are exactly the closed sets in X.

Definition 20.3. Let us define the following spaces:
1. X4 = {L 2,3, 4}7 X, = {®7 Xla {1}7 {2}7 {3}},

2. XQ = Xfp;
3. X3 =1{1,2,3,4}, 7x, = {0, X5, {1},{2},{1,2,3} };
4. Xy = X3P,

5. 8 ={1,2,3,4}, 7 = {0,S,{1},{1,2},{1,3},{1,2,3}};

6. C, = C(n) x {a,b}, a basis of 7¢, is given by {(k,a), (k,b), (k + [1],a) }rec(n) for
n > 2.

The associated directed graphs look as follows:

F(Xl) F(X2) F(Xg) F(X4)
:50 04: .\o‘>o o*>o/.
./ \. ./ \..
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'S : IN(OS
./.\. ./06.%. e .e.%.\.

o<—0 —>0 O<—0—>0

Theorem 20.4. Let X be a space of the form X1, Xo, X3, X4, S or C,, forn > 2. Then
-~UCT(X) holds.

Proof. This is shown in [5] for X; and X3 and in [4] for the rest. O

21 The Complete Description

We already know that if X is of type A, then UCT(X) holds. The aim of this section
is to prove the converse. We want to show that if X is not of type A, then we can
“embed” one of the counterexamples from Section 20 in X. Knowing that -UCT holds

for the counterexample, we will use the embedding result from Section 19 to conclude
that ~UCT(X) holds.

Definition 21.1. A topological subspace X' of a finite Ty space X is tight if
y—2zin X' &y—2in X.

If X’ is a topological subspace of X then X' is tight in X if and only if every arrow in
['(X') is also an arrow in I'(X). If Y is another finite Tj space such that there exists an
embedding I'(Y') < I'(X) as directed graphs, then Y may be viewed as a tight subspace
of X.

Lemma 21.2. Let X be a finite Ty space such that T'(X) contains either I'(X1) or I'(X2)
as a subgraph, then ~UCT(X) holds.

Proof. T'(X;) CT'(X) allows us to view X; as a tight subspace of X. Let y € LC(X1),
then there are z1,x9 € X; such that 1 < y < xo. Without loss of generality, we may
assume that 1 = 1 and z9 = 4. Since 1 — 4 we have y = 1 or y = 4 by Lemma 17.3.
Therefore, X7 is locally closed in X. Similarly, we see that X5 is locally closed in X
if I'(X2) C I'(X). Therefore, -=UCT(X) holds by Theorem 20.4 and Proposition 19.8
(b). O

Proposition 21.3. Let X be a space such that I'(X) contains I'(X3) as a subgraph. Set

) X
R LC(Xg) — X3, 71'3(56) = {$ fo € s

3  otherwise.

Then w3 is continuous.
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Proof. Let us first show the following claim:

Claim #1: If x € LC(X3) \ X3, then o = 4,2 A3, o # 3,x # 1,z % 2.

Let x € LC(X3) \ X3, then there are x1, x2 € X3 such that z; < = < x3. Since
1 —3,2—3, 3= 4, Lemma 17.3 shows that x; = 4 and zy € {1,2}, wlo.g. we
may assume that o = 1. This implies that % 1 and = > 4. Assume z > 2, then
1> x> 2> 3 and since ¢ X3, by Lemma 17.3, this is a contradiction to 1 — 3. By
the same argument, = > 3 leads to a contradiction. Assume x < 3, then 4 < x < 3 this
is a contradiction to 3 — 4. This shows the claim.

To show that 73 is continuous we have to check that it is monotone. Let z,y € LC(X3),
if z,y € X3 then z < y clearly implies m3(z) = m3(y). If x,y € LC(X3) \ X3 then
m3(x) =3 =m3(y). If 2 € LO(X3) \ X3, y € X3 and y < z, then y = 4 by Claim #1.
Therefore, m3(4) =4 < 3 = m3(x). If y € X3, z € LC(X3) \ X3 and y > x, then either
y=1or y =2 by Claim #1 and in both cases m3(y) = y > 3 = m3(x). This shows that
73 is continuous. L]

Proposition 21.4. Let X be a space such that I'(X) contains I'(X4) as a subgraph. Set

x ifxe Xy

ma: LO(Xy) = Xy, my(z) = .
3 otherwise.

Then w4 1s continuous.

Proof. This is proven completely analogously to Proposition 21.3, just switch < and >
in the proof. O

Corollary 21.5. Let X be a space such that I'(X) contains either I'(X3) or I'(X4) as a
subgraph, then ~UCT(X) holds.

Proof. Assume I'(X3) C I'(X) and let Y = LC(X3). There is an inclusion t3: X3 <
LC(X3) and m3: LC(X3) — X3 from Proposition 21.3. By construction, 73 o t3 = idx,.
This shows that =UCT (LC(X3)) holds by Proposition 19.8 (2) , hence ~UCT'(X) holds
by Proposition 19.8 (1). The same arguments using ¢4: X4 — LC(X4) and 7y from
Proposition 21.4 show the corresponding statement for Xj. O

Corollary 21.6. Let X be a finite Ty space such that T'(X) has a vertex of degree > 3,
then ~UCT(X) holds.

Proof. T'(X) must contain either I'(X;), I'(X2), I'(X3) or I'(X4) as a subgraph. O

Proposition 21.7. Let X be such that every vertex of I'(X) has degree 2. Then
-~UCT(X) holds.

Proof. The assumption means that I'(X) as an undirected graph consists of a circle.
Recall the definition of the oriented degree d, from Section 17.4. By assumption, we
have
do(z) € {—2,0,2} Vo € X and Z do(x) =0,
zeX
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This means that there are as many vertices with oriented degree 2 as vertices with
oriented degree —2. Let n be the number of vertices with oriented degree 2. Since I'(X)
cannot be a directed circle, n is at least 1.
Case (a): n = 1. There is exactly one vertex a with oriented degree 2, one vertex
b with oriented degree —2 and two directed paths p = (v;)i=0,...n and o = (w;)i=o,..m
from a to b such that
pno={ab}, pUoc=X.

Define maps f: X — S and g: S — X via

1 ifz=a a ifs=1
2 fex=vfori=1,...,n—1 if s =2
Jay=q, o T gl =4 T
3 ifx=wfori=1....m—1 w; ifs=3
4 ifx=0b b ifs=4

f and g are continuous since they are monotone. It is clear that f o ¢ = idg, therefore,
~UCT(X) holds by Theorem 20.4 and Proposition 19.8 (b).

Case (b): n > 1. We will basically proceed as in case (a), only notation becomes
slightly more complicated. Let C(n) denote the cyclic group of order n. Ordering
the vertices of oriented degree 2 and —2 clockwise, we obtain sequences (a)rec(n) and
(bk)kec(n) in X such that dy(ax) = 2 and d,(by) = —2 for all k € C(n). Analogously to

case (a), there is a sequence of directed paths (pk = (vf)zzlnk> where pF is a

keC(n)’
k

path from aj to by and a sequence of directed paths (O’k = (W})i=1,..m where

k)keC(n)’
o¥ is a path from a;, to bi—q1) such that

Qg ifk=1
phnp=ocfno=aifk#1, pfno'=Lb, ifk=1-]1]

@  otherwise.

and

U pkU U of =X,

keC(k) keC(k)

Define maps f: X — C), and g: C),, = X via

(k,a) if © = ay,
f(x) =14 (k,b) if v =of fori=1,...,n, and g((k,y)) :{
(k—[1,b) ifzx=whfori=1,...,my—1,

ap ify=a,
b, ify=0o.

f and g are continuous since they are monotone. It is clear that f og = id¢,, therefore,
~UCT(X) holds by Theorem 20.4 and Proposition 19.8 (b). O

Theorem 21.8. Let X be a finite Ty space. Then UCT(X) holds if and only if X is a
disjoint union of spaces of type A.
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Proof. That UCT(X) holds if X is a disjoint union of spaces of type A follows from
Theorem 20.2 and Lemma 19.5. Now let X be a space such that UCT(X) holds, by
Lemma 19.5, it suffices to show that X is of type A under the assumption that X is
connected (and hence, by Lemma 17.4, that I'(X) is connected as an undirected graph).
By Corollary 21.6, all vertices x of I'(X) have degree less than 3. By the last remark
and Proposition 21.7, there is at least one vertex of degree less than 2. Since I'(X) is
connected as an undirected graph and finite, there are exactly two vertices of degree 1
and all other vertices have degree 2, therefore, X is of type A as claimed. O
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22 Facts about Cyclotomic Polynomials

Definition 22.1. For n € N, let ®,, denote the nth cyclotomic polynomial, i.e. the
monic polynomial which is given by

cI)n(t) = H (t - w)'

wnth primitive root of unity

Theorem 22.2. Let n be an integer, then

(1)
" —1=]] ®m(t);

mln
(2) ®n(t) € Z{t];

(3) We have
deg ®,, = dimz(Z[6,]) = ¢(n),

where ¢ denotes Euler’s totient function.

(4) Let p be a prime number and n € N, then
p—1 L
Dy (t) =Y 7"
=0

Proof. See [36], Section 3.3. O

Lemma 22.3. Let 6,, denote a primitive nth root of unity, then there is an isomorphism

of rings

Proof. [18] p. 172. O
The relevance of cyclotomic polynomials in our context is that they allow for a decom-

position of the of Z[n~]C(n) into a direct sum of Dedekind domains. Before proving

this, let us collect a few basic definitions and facts, which we state separately since they
will be of use later on.
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Definition 22.4. Let n € N. For m|n, define

Sul) TI ®wlt) € Zhn it

m/|n, m'#m

77Z)n,m(7f) =

We will sometimes state polynomial identities in quotient rings of Z[n~1][t] such as
Zin Y[t/ (™ — 1). If q(t),p(t) € Z[n~1][t] such that their residual classes are equal in
a quotient ring R, we will say p(t) = ¢q(t) in R instead of talking about the residual
classes.

Lemma 22.5. Letn € N. Then 3-,,,, Ynm(t) =1 in Zin~ Y[t/ —1).

Proof. Differentiate t" — 1 =[], ®m(t) and multiply by % - t. ]

mln

Lemma 22.6. Let n € N and m, k|n. Then

djn,m : wn,k = 5k,m7/}n,m mn Z[nil][t]/@n - 1)

Proof. Let k # m. By Theorem 22.2 (1), t" — 1 divides ¢ 1, (t) - ¢y 1 (t) if & # m. Hence
Ynm(t) - Ynp(t) = 0 in Z[t]t/{t" — 1) in this case. If k = m, multiply 3=, Ynm(t) =1
with 1y, 1 (t) to get 1/;,%7,,1 = Un.m- O

For a prime p, let us abbreviate 1k ,u by Vg .

Lemma 22.7. Let 0 < k,u <, then

in Z[p~ ][]/t ~1).

)

\Ill u = .
0 otherwise

Proof. The explicit description of ¢pu in Theorem 22.2 (4) shows that ®pu(t) = p in
Zlp~Y[t]/(t?" 1) if u > k. Now calculate

_ d
U,(t)=pt-t- &qu (t) | I 0
0<u/<I, u'#u
_ { Pt GO (t) Mocw<r, wow @ () Mrcwa @y (t)  ifu <k
p—l t %@pu (t) HOSU’Sk ®pul (t) Hk+1§ulgl’ wtu q)p“/ (t) if u>k
. {p_l t %@pu (t) Hogulgk’ u'H#u (bp”/ (t)pl_k if u S k
- _ k .
P ¢ t %@I)u (t) (tp — 1) Hk+1§u’§l, e q)pu/ (t) if u >k
_ p—k -t %(I)p“ (t) HOS’U/Sk‘, w'H#u (I)p“/ (t) if u S k
0 if u>Fk

This shows the lemma. O
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Proposition 22.8. Let n be an integer. Then there is an isomorphism of rings

Zin [t/ (" — 1) = @Z[n_l, Orm).

mln
In particular, Z[n=[t]/{t" — 1) is direct sum of Dedekind domains.

Proof. Define a ring homomorphism

tmt ZIn T/ (@m) = Zn T/ = 1), (0] = [p(E) - Yo (D).

This is well-defined since @, (t)-thy m (t) = 01in Z[n"1[t]/{t"—1). Let mp: Z[n  [t]/(t"—
1) — Z[n"Y[t]/(®.n) be the quotient map. Since Pompn Ynm(t) = 1and mp (Y m (¢)) = 0
for m # m/, we have 7y, (¢Ynm(t)) = 1. Therefore, mp, © t, = id. @p, | Py 1 for k # m
implies 7y, © Ly, = Op mid. Zm‘n Ynm(t) =1 also implies Zm‘n Lm © T, = id. This shows

ZIn TN/ — 1) = D ZIn /(@)

mln

By Lemma 22.3, there is an isomorphism Z[0,,| = Z[t] /(®,), which shows the first claim.

By [11] Theorem 21.13, Z[6,,] is equal to the algebraic integers of the algebraic number
field Q[6,,] and hence a Dedekind domain. By [20], Theorem 29.6, an integral domain is
Dedekind if and only if every non-zero ideal is invertible. Now let S C D be multiplicative
subset of a Dedekind domain D and I an ideal in S~'D. Then I N D is a non-zero ideal
of D and hence there is a fractional ideal J of D such that I-J = D. Let S™'J be the
fractional ideal of S~'D, which is generated by J. It is easy to show that S~'J is an
inverse of I. This shows that localizations of Dedekind domains are again Dedekind. In
particular, Z[n~!][0,,] is a Dedekind domain O

Lemma 22.9. Let m,n € Z be coprime. Then there is an isomorphism of rings
Z10y] @7 Z[0m] = Z[O0mn).

Proof. Claim: Let m,n € Z be coprime, then ®,,(t") = L ®,,4(t). We will prove
the statement by induction over m. The case m = 1 follows since ®;(t) = ¢ — 1 and
t" — 1 = [1g, Pa(t) by Theorem 22.2. For the induction step, let us assume that the
statement is true for all m’ < m. Then

(™) I Ew )=t —1= ] @)= [] [ ®mw ()

m/|m, m/<m dlmn m/imn’|n

“[oww® JI  @w.

n'|n m/|m, m'<m

where the last equality uses the induction hypothesis. Now the claim follows since Z|t]
is a unique factorization domain.

The isomorphism Z[6,,] = Z[t]/(®,) and the fact that ®,,,(t) divides ®,,(t") shows
that fon: Z[0m] — ZOmn], Om — 6, is a well-defined ring homomorphism. Let
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tn: Z]0y] @7 Z[0,) — Z]0y] be the ring homomorphism which is given by multiplication.
Define Fy, p,: Z[0,) @7 Z[0p] — Z[0my] as the composition Fi, 5 = fmn © (frm @z fmn)-
Since m and n are coprime, there are a,b € Z such that an + b = 1. Therefore,
Fm,n(ﬂg ®z 0%) = Opmp, which shows that F), ,, is surjective. Recall from Lemma 22.2
that ¢ denotes Euler’s totient function. Since

dimg Z[0,,n,] = ¢(mn) = ¢(n)p(m) = dimy Z[6,] @z Z[0,,],

Fy, n is an isomorphism. ]

Lemma 22.10. Letn,j € N and p a prime number. Then

p"—-1 n o s
3 9;&:{” LT

=0 0 otherwise

Proof. If p™ | j, then the statement is clear. Hence let us assume that p™ does not divide

j. Since (9;(7? ) 9;7;: we may assume that 0 < j < p™. There are s,m € N with

0<m<mn, s#0andp fssuch that j = p™ - s. Then

pnil - pnil ' pn—mil ;
LV — 18 _am s _
S =Y = Y () =0
i=0 i=0 i=0
since 6;n—m is a p"~™th primitive root of unity. O

Proposition 22.11. Let m,n € N;n < m and p a prime number. Then there is an
isomorphism of rings

Zlp~ bl 02 2 el = D Z ],
0<k<p™,gct(p,k)=1

Proof. For 0 < k < p", p [k, define
1 pn_l ki m—mn ;
o J " g
qk — ﬁ Z epn ® ep'm .
§=0
Note that by Lemma 22.10, we have

S o= (e2.)"

0<k<pm,get(p,k)=1 =0
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for 0 < j < p™. Hence we may compute

S u- z( > ef’“)wm‘"f

0<k<p™,gct(p,k)=1 = 0<k<pm,gct(p,k)=1

1 pnil n 1 1 .
— i P J
p'n, p ® Hpm

Again by lemma 22.10, we have the following identity in Z[f,»] for 0 < k,I < p™ and
jeN:

prol Pl '
Z QZ;LL—H(]_Z) — egn Z Qé(nk—l) — pneéjn(skz,l
i 1=0

Therefore

1 P k I( n—mj

=0 \ i=0

This shows that the ¢ for 0 < k < p™,gct(p,k) = 1 are orthogonal idempotents in
Zlp~t, 0] @z Z[p~1, 0,m] that sum up to 1.
For 0 < k < p™, gct(p, k) = 1, define

L Z[p7170pm] - Z[piaep"] ® Z[Pflﬂpm], Hpm = 1® Hpm " qk-

Furthermore, for every 0 < k < p", gct(p, k) = 1, let a(k) € N such that [a(k)] is the
multiplicative inverse of k in Z/p™. Define

Catry: ZIp Y, 0] = 2~ Opn], O > 6,00

and -
fp",pm : Z[p_l, epn] — Z[p_l, epm], Hpn — egm

Finally, let pym: Z[p~™,0,m] @ Z[p~,0,m] — Z[p~',0,m] be the ring homomorphism
which is induced by multiplication and set

Tl 1= fipm O ((fpn,pm 0 €q(k)) ® idZ[pfl,epm])  Zlp 0] @7, Z[p T, 0pm] — Z[p 1, Opm].

For 0 < k,l < p", p fk, we have
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Therefore, 7 o 1), = 6k7lidz[p7179pm}. This shows that

b T Zlp ™, 0pn| @ Z[p ™!, Opm] — b Z[p~t, Opm]
0<k<p™,gct(p,k)=1 0<k<pm™,get(p,k)=1

is surjective. Since Z[p~!] is a principal ideal domain and Z[p~?!, 6,m] is a free Z[p~!]-module,
the equality

dimg,-1) ( B Z[p~, epm]) =p" ' (p— 1) dimgp,1] (Z[p_l, epm])

0<k<p™,gct(p,k)=1

= dimg, 1, (Z[pfl, Opn] ® Zp~ ", epm])

shows that @o<p<pn get(pk)=1 Tk s an isomorphism. O

23 Miscellaneous Results
Proposition 23.1. Gx[XH] . [XH"] = Teoyn € KK (G GxC(G) c(G)H)

Proof. Let us first describe X . We are using the description of a imprimitivity bimodule
implementing the Morita-Rieffel equivalence between GxC(G)Y = GxInd$ C and C*H
given in [48], Theorem 4.22 composed with the isomorphism ]:1:11 L C*H = C(G)7 from
the right. As a vector space, X is given by C(G), the left and right Hilbert module
structure is given by the following formulas: Let z,y € X# =, C(G), e € GXC(G)H =,
C(G x G)OH and b e C(G)H", then

e-x(r) = /G e(t,r)z(r —t)dt; (23.2)

1
v b0) =r7 /G /G 2(r — £)x(t, 5)b(s) ds df; (23.3)
axe(cyH (T, y) (t, 1) = /H z(r+s)y(r+s—1t)ds; (23.4)
@ ey () = [ [ xlros) e =Du(s = 0y deds. (23.5)

The action of G on X is given by yz(s) = x(s,0)z(s). Recall that by definition
Ty = [Pa]-Ea. The inverse of E4 as a KK-element is given by the class of the equivariant
x-homomorphism

jas A= K(IAG, A),  pala)(f)(s) = KE, [ .

Hence it is sufficient to show that (@E(le) Jre IU,C(G)H)* Gx X" is the dual Morita-Rieffel

imprimitivity bimodule of X *. First let us check that

<I>g(IG)H o peayr: C(G)T = GxGxC(G)
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is equal to

L CG)T = GxGxC@Q)T, W(F)(t,s) = x(t s |G|2/ o

ey (1(F //)\ ) x(t,r — 8) f(r — 5) dt ds

:W/G/G/G)\wTFxt,r—w)f(T—s)dwdtds
1
—|G/G/G)\w_r(F)éo(r—w)f(r—s)dwds
1
:F|G|/Gf(r
= peeyr (F)()(r).

This shows ®¢(gyu 0t = pe(qyn- Therefore, <I>C_(IG)H ° fle(ayH = L
v (GIXXH) as a KK-clement is equal to the Kasparov C(G)H-G x C(G)" " -module

le@yn) Gx X with the zero operator. Gx X as a vector space is given by C(G x G).
Let £ € Gx X and F € C(G)H then

(UF)- ) = [ (PO - w(E(w = 1) ) dt
_// )t s, u)7e(E(0 — 1)) (u — 5) dsdt
:|G|2///Xt,sFu—w)x(t,w)x(t,u—s)g(u—t,s—u)dwdsdt
|G|2///Fu— (1w — w)e(v — t, 5 — u) dwds di
:’GP/G/G/GFUJXv—t,w)ﬁ(t,s)dwdsdt

- [ FE)w-0) ( L ‘é’g(t, s)ds) .

(l1cigy) - €)(ww) = 7 [ €lv.s)ds

In particular

This shows that as a vector space, ¢(logyn) - Gx X H is isomorphic to C(G) via

J: C(G) = lleqeym) - Gx X, j(f)(ts) = f(2).

Recall from [37] the definition of the dual Morita—Rieffel imprimitivity bimodule: Let
YH denote the dual of X#~. Then there is a antilinear bijection 3: C(G) — YH. Left
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and right multiplication and the G x C(G) " _valued inner product are given by the
formulas

570 B () = b 0) = 1 L et =x(t. b ds
B (B(x) - €) (r) = " - 2(r) = /Ge(—t,r —Da(r — t) dt;
(3), Byt (67) = () = [ alr+ syl T 5~ 01ds,

for b€ C(Q)H, e € GxC(Q)T", 2,y e XH =C(G)

Claim:

J(-1)

nH:YH%L(lc(G)H)'G[XXHa U(ﬁ(f)) (tas)zi
(IGIH*)

gives an isomorphism of Kasparov C(G)H-G x C(G)# " -modules. It is clear that 7 is a
bijection, hence we only have to show that it mtertwmes left and right multiplication
and the inner product. Let us abbreviate \/IGHT by cg.

n(b- B(x))(r,u) = n(B(x - b*))(r,u) |G‘// T Dy (—t, s)b(s) ds dt

_cH/ (t—r)}"(b)()dt—cH/}" (r — t)2(—1) dt
G
= 1(b) - n(B(z))(r,u)

n(B(x) - e)(r,u) = CH/ e(—t,—r —t)x(—r —t)dt

G

_cH/ﬁ (r—1,—1)dl

e(r—1,s—1)dldsdt

G|/// Y(Lu—t)x(t,s)e(r —1,s —1)dldsdt

/ (el = 1)) (w) di
n(B()) - e(r,w)
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(n(B(x)),n(B(y)))(t,r) = /G ((n(B(@)) (D), n(By)(E+1)) (r+1)dl
= [ ]t 1) B Ean(B) ¢ + Ly — ) didudo
:c%,/G/G X+ 1, —0)a(~)g(—t = 1) dl du do
:c%,\G|/G/Hx(r+l,—v)m(—l)y(—t—l)dldv
:C%{‘GHH]/G1H¢(T+Z)x(fl)Mdl
zélHL(Z)x(r—l)Mdl

= z(r+s)y(r+s—t)ds
HL

= (B(=), B(y)) (L, 7).

This shows that ¢* (GKX H ) is isomorphic to YH—the dual of X “as a Kasparov

C(G)H-GxC(G)H" -module. O
Lemma 23.6. Let R = Z][t,s|/((t —1)(s — 1), N(t) + N(s) —p), c € N and define N, to
be the free abelian group on generators {qo,...,qp—2,70,...Tp—2}. Define s and t on the
Z-basis {qo, - .-, qp—2,T0, - .. Tp—2} via

1. t-q; = ¢q; +cro,
2.t 1 =1y fori<p—2andt-ry_9:= _ZZ;?) Tk,
3. 5-qii=qiy1 fori<p—2ands-qyo:i=—cXh o(p—1—k)r — b2 g,
4. ST =Tk
Then N, is a well-defined R-module.

Proof. Let us first check that ts = st on N.: We have tsq; = tq;+1 = qi+1 + cro = stg;
for 0 <i<p-—2and

p—2 p—2
tsqp—2 = t(—c Z(p —1—Fk)rp — Z qx)
k=0 k=0

p—2 p—2 p—2
=—cY (p—Krg+cd re—> ap— (p—1)erg

p—2 p—2
=—cd (p—1—k)rr— D au +cro
k=0 k=0

= 5(gp—2 + cro) = stgp—2.
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Furthermore, we have str; = sr;y1 = 1541 = tsriy; for 0 < i < p — 2 and str,_o =
s(= P2 r) = = Y021y = tsrp_o. This shows that N, is a Z[t, s]-module. The next
step is to verify that the relations (t —1)(s—1) = 0 and N(¢) + N(s) = p hold. We have
(st+1)gi =qit1 +cero+ ¢ = (s+1t)g for 0 <i < p—2and

p—2 p—2
(st+1D)gpo=—cd (p—1—k)ri— > _ qu+cro+ gp—z = (s +t)gp—2.
k=0 k=0
Similarly, we compute (st + 1)r; = rip1 + 7 = (s +t)r; and (st + 1)rp_9 = — > F_ rk +

rp—2 = (s +1t)rp—2. Therefore, we are left with the verification of N (t)+ N( ) =p. F1rst
compute

p—2 p—2 p—2
82qp_2:S(—CZ(p—l—k)Tk—qu)Z—CZ —1—k rk—ZSQk
k=0 k=0 k=0

:_ZQk+ZQk—QD
k=1

This shows that

p—2
N(s)gi =N ZQk_CZ —1—k)rg— Y sq Z—CZ —1-k
k=0
for all =0, ...p— 2. Furthermore we have
g =t g+ et o =tF g+ er = . =g + CZ T

Therefore, N(t)q; = pg; + cZi;g(p — 1 — k)rg. This shows that (N(t) + N(s))q = pgi
forallt=0,...p—2.

Since t?r,_o = 19 , we have N(t)r; = N(t)rg = Zi;g TR — g;g rr = 0. On the other
hand, N(s)r; = pr;. This shows that (N(¢) + N(s))r; = pr; and finishes the proof. [
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