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Introduction

For a finite CW-complex X with fundamental group 7, the L?-homology of
the universal covering X is given as the kernel of the combinatorial Lapla-
cians A, on C’,EQ)()Z') = ¢ (X) ®@zx (@(r). After a choice of a cellular
base, this complex, is isomorphic to a complex of finite direct sums of £2() ,
on which the Laplacian A, = (¢,®id)*(¢,®1d)+(cp—1®1d)(cp—1 ®id)* acts by
left multiplication with a matrix over Zr C N (7). Here, N'(w) C B(¢*(m))
is the group von Neumann algebra of 7: it is the von Neumann algebra gen-
erated by the left regular representation of 7. L2-Betti-numbers measure
the dimension of the L2-homology and can be defined as

Br(X) = dimy(g (ker(A,))

W. Liick shows in [I7] that the L?-Betti-numbers B (X) of the universal
covering X of a CW-complex X , with residually finite fundamental group
7, can be approximated by their finite dimensional analogons B,SQ)(X /i)

Using these ideas in a different context, J. Dodziuk and V. Mathai prove in
[4] a similar approximation result for amenable groups. In [25], T. Schick
combines both ideas and extends the result to a more general class G of
groups containing in particular amenable and residually finite groups.

Later in [5] G. Elek and E. Sabé proved the approximation result also for
sofic groups.

These proofs rely on showing that the kernel of a matrix A € My(ZG) can
be approximated via the kernels of the matrices p;(A) € My(ZG), where
the p; are coming from some limit or extension process of G . Finally in [3]
J. Dodziuk, P. Linnell, T. Schick and S. Yates extend the coefficient ring
Z.G to QG , especially to prove the Atiyah conjecture over QG and G from
a subclass of G .



In this thesis, the approximation theorem will be generalized to an approx-
imation theorem for the center-valued Betti-numbers

By (X) = dimyy g (ker(A)) .

More precisely, we show that their Fourier coefficients (which are multiples
of the so called delocalized Betti-numbers introduced by Lott in [16]) can
be approximated.

In the second part of this thesis, we state the center-valued-Atiyah-conjecture.
It can be obtained for amenable groups from Linnell’s corresponding proof

of the (classical) Atiyah-conjecture. We will then use the approximation

theorem, to extend the center-valued Atiyah-conjecture to limits of groups

which are finite extensions of a torsion free group. The center valued Atiyah-

conjecture gives a formula, for the decomposition of the center-valued trace

of a projection, relative to minimal central projections, corresponds with

the finite subgroups of G. This part is a joint work with Peter Linnell and

Thomas Schick.



Chapter 1

Basic Theory of L?-Invariants

The chapters two and three contain the results of the thesis and are both
more or less self contained. The purpose of the first chapter is to give basic
definitions, some background information and motivations for the problems
treated in the later chapters.

1.1 Basics

In this section we shortly introduce the basic definitions and terminology.
For further details and proofs we refer to [7] chapter 5.

Definition 1.1.1. (*-algebra)
A *-algebra A is an algebra possessing an involution x : A — A, i.e. for all
a,be A, X € C we have

° (a*)* =q
e (ab)* =b*a*
o (\a)* = \a*
We can define many important topologies on the *-algebra B(H) of bounded

operators on a Hilbert-space H . For our purpose we need at the moment
the weak-operator topology, defined as follows.



Definition 1.1.2. (Weak topology)
The weak-operator topology Tyeqar on B(H) is given by the basis of neigh-
borhoods containing the following elements

Vi(ao : Wy 15y Wnypgns €)
={a € B(H) |wy¢(a—ag) <cfirj=1...n}

Here denote 7;,§; € H and wy, ¢ (a) := |(an;, §)] .

So the weak-operator topology is the locally-convex topology defined by the
separating family of semi-norms w,, ¢ .

Using the weak-operator topology, we can define a crucial object. The von
Neumann-algebra, named after John von Neumann.

Definition 1.1.3. (von Neumann-algebra)
Let H be a Hilbert space, if A C B(H) is a weakly closed #-subalgebra of
B(H), then A is called von Neumann-algebra.

We are specially interested in a special type of von Neumann-algebras, which
are generated by a group.

Definition 1.1.4. (Group von-Neumann-algebra)

Let G be a discrete group, and CG the corresponding group ring acting on
the Hilbert space (2(G) 1= {3 cq Aty | Ag € CAY | Ag]? < 00}, Where
uy denote the unitaries induced by g € G, then the group von Neumann-

algebra is defined as the weak closure of C(G) C B(*(GQ)).

A von Neumann-algebra with trivial center is called factor. For a group
von Neumann-algebra, this is equivalent to the fact that the group G has
no elements with finite conjugacy class.

Definition 1.1.5. (Factor)
A von Neumann-algebra A with trivial center (i.e. Z(A) = C-1d) is called
factor.

Definition 1.1.6. (Commutant)
Given a Hilbert-space H and M C B(H), the commutant M’ of M is defined
as M':={aeB(H)|VmeM;am=ma}.
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An important characterization of von Neumann-algebras is that they are
stable under taking the double-commutant.

Theorem 1.1.7. (Double-commutant theorem,)
If M C B(H) is a self-adjoint algebra of operators, containing the iden-
tity, then the weak-operator closure of M (and the strong-operator closure)
coincides with the double commutant M" of M .

Proof.
See [7] , page 326, theorem 5.3.1. O

Certain *-algebras (e.g. C*-algebras) already carry a special Hilbert-space
representation within there structure.

Theorem 1.1.8. (GNS-construction)
Assume A is a x-algebra with a positive state ¢ satisfying

Vace AIC, R, VbeA: ¢((ab)ab) < Cod(b*D), (1.1.9)

then A already carries a representation within its structure. It is obtained
as follows. The set L, := {a € Alp(a*a) = 0} is a left ideal in A that is
closed with respect to the semi-norm |lal|s = ¢(a*a). Taking the closure
Ha of AJL, with respect to (a,b)y = ¢(b*a) gives rise to a Hilbert-space
Ha with A~ Hy such that A C B(H4) .

(If A is a C*-algebra, then the property (1.1.9)) is redundant.)

Proof.
See [7], page 277, proposition 4.5.1 and page 278, theorem 4.5.2. ]

1.2 Projections and Types of von Neumann-
Algebras

An important tool to study von Neumann-algebras is ”comparison” of the
projections in a von Neumann-algebra. We introduce an equivalence rela-
tion on the projections and a partial ordering on these equivalence classes.
According to the structure of the lattice, von Neumann-algebras can be dis-
tinguished in "finite” and ”infinite” types, more precisely in the finite types
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I, , 11, and infinite types I, 1. ,III. It is possible to show that every
von Neumann-algebra can be decomposed in a direct sum of von Neumann-
algebras of these types.

This section is mainly based on [§] chapter 6. We give a short overview on
results in this topic. Details and proofs can be found in [§] chapter 6 or
alternatively in [28] chapter 5.1.

Proposition 1.2.1.

If A is a von Neumann-algebra and P4 is the set of all projections in A,
then Py is a complete lattice, where the patrial ordering < is given by the
image subspaces of H. .

Given a family {e;}icr , we denote by \,.;e; its greatest lower bound and
by V,e; € its least upper bound.

Proof.
See [28] page 290, proposition 5.1.1. O

Definition 1.2.2. (Equivalence and partial ordering of projections)
Two projections e, f € A are said to be equivalent if there exists an element
u € A such that uu* = e and u*u = f. We write e ~ f.

If e is equivalent to f; and f; < f we write e = f. Obviously ~ gives
an equivalence relation on Py, further =X gives a partial ordering on these
equivalence classes.

Theorem 1.2.3. (Comparison theorem)
For any pair of projections e, f in a von Neumann-algebra A there is central
projection ¢ such that

ce Zcf and (1—co)f Z(1—c)e

As a direct consequence it follows, that in case of A is a factor, = gives a
total ordering on Py .

Proof.
See [§] page 409, theorem 6.27 . O

Definition 1.2.4. ((In-)finite projection)
A projection e in A is said to be infinite (relative to A), if there is a
projection e; € A such that e ~ e; < e. Otherwise e is said to be finite
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(relative to A). A projection e is called purely infinite if there is no finite
projection f < e in A other than zero, and e is called properly infinite, if
for any central projection ¢ € A, with ce # 0, the projection ce is infinite.

We use this to define finite and infinite von Neumann-algebras.

Definition 1.2.5. ((In-)finite von Neumann-algebra)
A von Neumann-algebra A is called finite, infinite, purely infinite, resp.
properly infinite, according to the property of the identity in A.

We will be interested in finite von Neumann-algebras, since they admit a

trace and hence a suitable dimension theory.

Definition 1.2.6. (Central-carrier)
A central-carrier ¢, of an operator a € A is the projection Id —p, where p
is the union of all central projections p, € A such that p,a = 0.

Definition 1.2.7. (Abelian projection)
A projection e € A is called abelian if eAe is an abelian von Neumann-
algebra.

We are now able to define the different types of von Neumann-algebras.

Definition 1.2.8. (Type classification)
A von Neumann-algebra A is of type

e [ if A has an abelian projection with central carrier Id,
e [, if Id is the sum of n equivalent abelian projections,

e [, if A hasno non-zero abelian projections, but has a finite projection
with central-carrier Id,

o [, if Ais of type I and finite,
o [I,if Ais of type II and properly infinite,
e [I],if A is purely infinite.

Theorem 1.2.9. (Type decomposition)

Every von Neumann-algebra A is uniquely decomposable into a direct sum
of those of type I , type 11, , type [ 1, and type I11 . In case of A is a factor
it 1s either one of those types.



12

Proof.
See [§] page 422, theorem 6.5.2, and page 424, corollary 6.5.3. O

1.3 The Trace on Finite von Neumann-Algebras

A characteristic property of a finite von Neumann-algebra is, that it pos-
sesses the so called center-valued trace. In this section we will examine
the basic properties of this trace and the corresponding dimension function.
The proof of the existence of a center valued trace, in a finite von Neumann-
algebra, is a very technical task, for details we refer to [§] chapter 8 or [2§]
chapter 5.2..

Definition 1.3.1. (Trace)
In this section we denote by A a von Neumann-algebra with center Z, then
the center-valued trace of A is defined as a linear map

try: A— 2

such that for a,b € A ¢ € Z we have:

o trY(ab) = tr(ba) ;
o try(c) =c;

o trY(a) € ZTifa e AT.

If such a mapping tr'j exists, it is unique and the von Neumann-algebra A
is finite. Further the trace possesses some additional properties.

Proposition 1.3.2.
If trYy : A — Z is the center-valued trace, we have fora € A c € Z, that

o trY(ca) = ctry(a);
o [ti(a)] < llal};

o trY is ultra-weakly continuous;
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o cvery trace T : A — C factors via the center i.e. given T, there
exists a linear functional ¢ : A — C such that the following diagram

commutes .
A—"5 2
\ l‘ﬁ
C
Proof.
See [§] page 517, theorem 8.2.8. ]

Theorem 1.3.3.
A von Neumann-algebra is finite if and only if it admits a center-valued
trace.

Proof.
The 7only if” part is trivial and follows directly from the trace property.
The proof of the converse is technical, see [8] page 517 , theorem 8.2.8. [

Definition 1.3.4. (Standard trace)
Given a discrete group G, the von Neumann-algebra N (G) possesses also
the so-called standard trace, given by

triy(G) : N(G) — C
ar {a-ee)

(it is derived from trj,, by applying the functional (—-ee)).

Remark 1.3.5.
These traces can be extended to My(.A) by taking tr'y := tr'} ® tr,c) resp.
tr = tr% @ trar,c) (by abuse of notation), with try,c) the non-normalized
trace on My(C).

A good tool to calculate the center valued is the Dixmier approximation
theorem.

Theorem 1.3.6. (Dizmier approximation theorem)
Denote by U the group of all unitary elements u € A. Define for a € A,
co(a) the conver hull {uau* | uw € U} of a. Denote with co,(a)~ its norm
closure. Then

copla)™NZ =trYy(a).
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Proof.
See [8] page 532, theorem 8.3.5 and 8.3.6. O

We can now easily compute the center-valued trace for group von Neumann-
algebras.

Example 1.3.7.

Assume G is a discrete group. Define A(G) :={g € G || <g > | < o},
where < g > denotes the conjugacy class of the element g € G. The group
von Neumann-lgebra N (G) is given as the left regular representation of
G ~ (*(G). The center of N'(G) is given by the elements constant on the
finite conjugacy classes (£ = {a := Y M\u, € N(G) | Vg € A(G),Vi,j €<
9>, N =X\AVgeG—A(G),\=0}).

The center-valued trace on N (G ) is given by:
tr g : N(G) — Z(G)

> Ay > Z Z)\

el heA(G ge<h>

Proposition 1.3.8. (Dimension Function)

Suppose A is a finite von Neumann-algebra with center Z and let P be the
set of all projections in My(A). Restricting tr'y to P we obtain a center-
valued dimension function dim'y with the following properties:

e dimj(p) >0 ifp#0,
o dim%(p + q) = dim}(p) + dim%(q) if pg =0,

e dim"(p) = dim%(q) if and only if p ~ q.

Proof.

The claim follows directly from the corresponding properties of the trace.
m

Remark 1.3.9.

The third property is very important because it ensures that all projective
modules with equivalent center-valued dimensions are isomorphic. This
ensures later that universal Betti-numbers fully classify the L2-homology
modules.
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1.4 The Fuglede-Kadison-determinant

In this section we introduce functional calculus, define spectral-density func-
tions and derive from those the Fuglede-Kadison determinant. Details about
basic spectral theory can be found for example in [24] chapter 12, in [7] chap-
ter 5.2, or in [32] chapter 7, details about Spectral density functions can
be found in [19] chapter 2.1, Fuglede-Kadison Determinants are treated in
detail in [19] chapter 3.2.

Given a selfadjoint operator A one can define continuous-functional-calculus
by taking limits of polynomials in A. A more general concept is given by
the measurable-functional-calculus. A proof for of its existence can be found
for example in [32] theorem 7.1.6.

Theorem 1.4.1. (Measurable-functional-calculus)
Let A € B(H) be a selfadjoint operator acting on a Hilbert-space H . Denote
by o(A) C R the spectrum of A (i.e. A € o(A) & (Aldy —A) is not

invertible). There exists a unique homomorphism
U : B(o(A)) = B(H)

from the Borel-functions on the spectrum of A into the bounded operators
on H , satisfying the following properties

° \If(t) =A, \I/(l‘a(A)) =1d,
o W(f)=0(f)",
e U s continuous ,

fn € B(o(A)),sup, || falle < o0 and lim, o fu(z) = f(z) for all
x € o(A) implies (V(fn)z,y) — (V(f)x,y) for all z,y € H.

We abbreviate f(A) for U(f).

Definition 1.4.2. (Spectral measure)
Let X be a o-algebra on R. A spectral measure is a map

E:Y¥— B(H)
Ml—)EM

such that
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e all F); are projections,
o Fy=0,Er =1d,

e for pairwise disjoint sets My, My, --- € 3 we have
ZEM(J:) = FEum(z) Vo e H,
i=1

[ EMEN = ENEM - EMQN .

Theorem 1.4.3. (Spectral measure)
Given a selfadjoint operator A € B(H) we obtain a spectral measure

E : Bo(R) — B(H)
M = Xnmno(a) -
where Bo(R) denotes the Borel-sets on R.

Definition 1.4.4. (Spectral-density function)
Assume A is a finite von Neumann-algebra, let A € My(A) a positive oper-
ator. Define

e the spectral-density function

Fu:]0,00) — [0,00) : € tri(X[O,z—:](A)) ,

e and the center valued spectral-density function as

FX . [0, OO) — Z(.A) L E trﬂ(x[o,g](A)) ,
where X0 denotes the characteristic function of the interval [0, ¢].

Using this notation we have F4(0) = dim% (ker(A)) and F4(0) = dim® (ker(A)).

Definition 1.4.5. (Fuglede-Kadison determinant)
Given A € M, (A)*, the spectral-density function Fl, is a monotone in-
creasing function. It induces a Riemann-Stieltjes-measure. Using this we
define the Fuglede-Kadison determinant as follows:

oo

Indet(A) = / I(\)dFs(\) € RU{—o0}.

o+
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Remark 1.4.6.

If we look at the formula we see that the integral can only diverge at 0
since the measure coming form A vanishes above ||Al|. If the operator
is invertible the spectrum has a gap around zero, hence in this case the
determinant will always be bounded. In general, if the Fuglede-Kadison
determinant is bounded, this means that there is not too much spectrum
near by zero. This means that the operator somehow behaves well, this
observation is a crucial ingredient for approximation of Betti-numbers.

1.5 L2-Betti-numbers

In this section we introduce L?-Betti numbers. From the technical view-
point we deal, in the next section, with kernels of certain operators. This
section shows where these operators occur, and hence is meant to give some
motivation and topological background.

The topic is quite complex, but well treated in the literature, we only give
a brief definition of L?-Betti-numbers and mention some main properties.
For further details and proofs we refer to [19] chapter 1.

Definition 1.5.1. (G-CW-complex)

A G-CW-complex X is a G-space together with a G-invariant filtration
l=XoCXiC--CX,C- - CU,>0Xn =X such that X carries the
colimit topology with respect to this filtration (i.e. aset C' C X is closed if
and only if C'N X, is closed in X, for all n > 0) and X, is obtained from
X, for each n > 0 by attaching equivariant n-dimensional cells, i.e. there
exists a G-pushout

[TG/m x st ey

i€l

H G/H’L X DTL Hie]n Qi Xn

1€,
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Remark 1.5.2.

Provided a discrete group G, a G-C'W-complex X is the same as a C'W-
complex X with a G-action such that for any open cell e C X and g € G
with ge Ne # (), left multiplication with ¢ induces the identity on e.

The canonical examples of G-C'W-complexes are given by regular coverings
of a CW-complex of finite type (i.e. all skeleta are finite).

Now suppose that G is discrete. The cellular ZG-chain complex C,(X) of a
G-CW-complex has as n-th chain group the singular homology H,,(X,,; X,,_1)
and its n-th differential is the boundary homomorphism associated to the
triple (X,; X,,—1; Xn—2). If one has chosen a G-pushout as in Definition
[1.5.1], then there is a preferred ZG-isomorphism

@Z[G/Hl-] >~ C,(X).

If we choose a different G-pushout, we obtain another isomorphism, but the
two differ only by the composition of an automorphism which permutes the
summands appearing in the direct sum and an automorphism of the shape

@ Z[G/Hi]@wi@ Z|G/Hi],

i€ln 1€ln

where g; € G, ¢; € £1 and ¢; - ry, sends gH,; to ¢; - gg;H;. In particular
we obtain for a free G-CW-complex X a cellular ZG-basis B,, for C,,(X),
which is unique up to permutation and multiplication with trivial units in
Z.G, i.e. elements of the shape +¢g € ZG for g € G.

Definition 1.5.3. (L?-chain complex)
Let X be a free G-CW-complex of finite type. Denote its cellular L2-chain
complex by

CP(X) = 6(G) @z Cu(X)
where C,(X) is the cellular ZG-chain complex.

Remark 1.5.4.
Fixing a cellular basis for C,(X) we obtain an explicit isomorphism

P () = DL



1.5 L?-Betti-numbers 19

for some k € Ny. The differentials 5Z-(2) = id ®9; are then given as elements
in My, xr,_,(ZG) C B(*(G)F-1, 2(G)*) .

Definition 1.5.5. (L?-homology and L2-Betti numbers)

Let X be a free G-CW-complex of finite type. Denote its (reduced) n-th
L?-homology and n-th L?-Betti number by the corresponding notions of the
cellular L2-chain complexes

H?(X;N(GQ)) = H?(C? (X)),

n

BA(X;N(G)) = R (CH(X)).

n n

Remark 1.5.6.
The i-th L2-homology module H* (X, N'(G)) is given as the kernel of the

Laplacian Az@) :

HP (X, N(G)) = ker(AP) = ker (3107 + 6775

Hence examining L?-Betti is equivalent to studying the kernels of certain
positive operators.

Theorem 1.5.7. (Some properties of L?-Betti numbers)

e Homotopy invariance: Let f : X — Y be a G-map of free G-CW -
complexes of finite type. If the map induced on homology with complex
coefficients H,(f;C) : H,(X;C) — H,(Y;C) is bijective for n < d,
then

BI(X) = B2(Y) forn<d.

In particular, if f is a weak homotopy equivalence (i.e. induces a
bijection on v, for all base points and n > 0), we get for all p > 0

e Fuler-Poincaré formula: Let X be a free finite G-CW -complex. Let
X(G\X) be the Euler characteristic of the finite CW -complex G\ X ,
1.€.

X(G\X) =) (=1)"B.(G\X),

n>0

where B,(G\X) is the number of n-cells of G\X. Then
X(G\X) =) (~1)"BP(X).

n>0
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e Poincaré duality: Let M be a cocompact (i.e. M/G is compact) free
proper G-manifold of dimension d which is orientable. Then

BA(M) = P, (M,0M).

o Restriction: Let X be a free G-CW -complex of finite type and let
H < G be a subgroup of finite index [G : H]. Let resf(X)be the H-
space obtained from X restricting the G-action to an H-action. This
18 a free H-CW -complex of finite type. Then we get for n > 0

(G H] - B2(XN(G)) = B2 (resi(X); N (H)).

o Induction: Let H be a subgroup of G and let X be a free H-CW -
complex of finite type. Then G xgxg X is a G-CW -complex of finite

type and
B(G xn X;N(G)) = B2 (X5 N(H)).
Proof.
See [19] page 37, theorem 1.35. O

1.6 Approximation of L?-Betti numbers

In this section we give a brief overview on W. Liicks approach on approx-
imating L?-Betti numbers in the case G is a residually finite Group. His
result was generalized in many steps to sofic groups and algebraic coeffi-
cients, but the key ideas were always reused. In the next chapter we will
look at approximation of center-valued Betti numbers, we will then adapt
the ideas shown here to our new situation. This section is taken from [17]
and [25] .

Situation 1.6.1.
Assume the following situation:

e Let X be a finite connected CW-complex with fundamental group G'.
Let p: X — X be the universal covering. We let GG operate from the
left on the universal covering and on its cellular chain complex.
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Let G be a countable residually finite group, with

- CGEpnmnCcGC...GiCG
a nested sequence of normal subgroups with finite index and (" -_, G; =
{1}.

Let X; be the finite subcover corresponding to quotient G/G; (i.e with
decktransformation group G/G;) .

Theorem 1.6.2.
In the situation just described we have

lim 4 (X;) = B7(X).

Remark 1.6.3.
We recall some facts we use in the following:

The k-th L?*-homology module of X is given (independent from the
choice of base) as the kernel of Af) L% 2(G) — @;’;162(6’) , which
is a ZG-linear map.

The projections p; : G — G/G; extend canonically to p; : Mx(ZG) —
My(Z(G/G;)). By applying p; to the Laplacian A;f) we obtain the
Laplacian A,(fl) of the finite subcover X; .

We have
2
P(X) = Fr@(0),

where F, 2 (\) denotes the spectral density function of A,(f) )
k

Given A® and A§2), there is a common upper bound K < oo of
|IA®@|| and all [|AP|| (this is given as a multiple of [|A®@ |, see [I7]
Lemma 2.5).

In our situation we have for all ¢, that the Fuglede-Kadison determi-
nant lndetgi(A@)) is positive (see [25] Theorem 6.9) .

(2

In the above situation, given any polynomial p, we have
. (C (C
,llf?o trxr () (P(A)i) =ty (D) -

(This simply follows from the fact that there are only finitely many
coefficients in A nonzero.)
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Notation 1.6.4.
Define for A®) and AZ@)

o Fpex(A) :=limsup; F, () (pointwise),
L4 EA(Q)()\) = lim infi FA(_z) ()\) s

e for monotone increasing F' we define

Fr(\) = lim F(\+e¢)

e—0t+

the right-continuous approximation of F'. In particular we defined Fr
and F'.

We now give the core elements of Liick’s proof.

Lemma 1.6.5.

Let A be a finite von Neumann algebra with positive normal and normalized
trace t15 . Choose A € My(A) positive and self-adjoint. Given K € R*
and functions p, : R — R, if for all 0 < x < K, we have

1
Xjon () < pa(x) < —X[0.K] (@) + Xjors21(2) (1.6.6)

and if ||A|| < K, then

d 1
Proof.
This is a direct consequence of the positivity of the trace and the definition
of the spectral-density-function . m

Proposition 1.6.8.
For all A € R we have

and
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Proof.
Take A € R and co > K > sup{||A||, ||Ai]|}, choose a polynomial p,, € R[X]
such, that ([1.6.6]) is satisfied for K .

d 1
Fa, (M) < tl";c\/(ci)(pn(Ai)) < " + Fa, (A + ﬁ) :

Applying lim sup resp. liminf provides
— C d 1
FA(N) < tr/\/(G’)(pn(A)) < n .

Further p,(A) converges strongly to xjox(A) and hence it converges also

weakly. Taking n — 0o we obtain tr§ o (pa(A)) — tri e (X () =
FA()), and hence

For € > 0, it follows from the monotony of F and Fa, that
FA(A\) < FaA(A+¢e) < Fa(A+¢) < Fa(A +e).

Taking limit € — 0" provides

]

The following construction finishes the proof of Liick’s approximation The-
orem

Proof of Theorem[1.6.2,
Take K > 0 so, that K > ||A;|| for all ¢. Since Indetg,(4A;) > 0 we have

dA

0 < Indetg, (A;) = In(K)(Fa,(K) — Fa,(0)) — /0+ Fa() _ Fa, (0)

since Fa,(K) =d

/K Fa,(\) ; Fa,(0) d\ < In(K)(d — Fa,(0) < In(K)d.
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Take e > 0

/K Fa(A) = Fa(0) d)\:/Kﬂ+()\)—FA(0) d)\:/Kﬂ(A)—FA(O)

3 3 3 dX.

(Since the integrand is bounded, the integral over the left continuous ap-
proximation is equal to the integral over the original function.)

K Fy(N) — Fa(0)
< /6 3 dA

dA

B /K liminf; Fa,(\) — limsup; Fa,(0)
- 5

/K liminf;(Fa,(\) — Fa,(0))

<

3 dA

/K FAZ()‘) _FAi<O) d\
j X\

<liminf
7

<dIn(K).
Since this holds for all € > 0 we have

[0,
o A

< [ R0 -FO

dA

N )

K Fn,(X\) = Fa,
< sup lim inf / 5. () S 2:(0) 4, < dn(K) .
e>0 ? g

If lims_,o Fa(8) # Fa(0), the second integral would be infinite. Hence from
prop. follows limsup, Fa,(0) = Fa(0). Since the above inequalities
hold, also if we pass to a subnet, we have liminf; Fa,(0) = Fa(0).



Chapter 2

Approximation of
center-valued Betti-numbers

In this chapter we state and prove our first main result. It is an exten-
sion of Liick’s approximation theorem for L2-Betti-numbers to the finer
center-valued-Betti-numbers. The main advantage of center-valued-Betti-
numbers, is that they classify the homology up to isomorphisms. The new
technique which allows us to extend previous results, is to see delocalized
traces as perturbations of the regular trace. The results from this chapter
are published in [9].

2.1 Notation

We first introduce some notations. Let G be a discrete group, we write
A(G) for the set of elements g € G with finite conjugacy class (g). The
center of a von Neumann-algebra 2 is denoted by Z() := 2ANA". The
matrix ring My(N(G)) is defined as My(N(G)) := N(G) @c My(C) and we
let these operators act on ?(G)¢ := (?(G) @ C.

Definition 2.1.1.
Let J be an index set. For A := (a; )i jes with a;; € C, define

S(A) := sup [supp(z;)],
icJ

where z; is the vector z; := (a;;);jes and supp(z;) :== [{j € J | a;; # 0}].
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Now let |A|y := sup; ; |a; ;| and A* := (@;;); jes . Define

c(A) ::{ VSASAY - Al if S(A) + S(A*) + [Als < 0

else

Elements of M;(CG) are identified with degenerated matrices, indexed by
J x J where J :={1,...,d} x G. For more details we refer to [3].

Definition 2.1.2.

Let G be a discrete group and take A € My(o(Q)G) positive (where o(Q)
denotes the algebraic integers), choose a finite Galois extension L C C of Q,
such that A € My(LG). Let oq,...,0, : L — C be the different embeddings
of L in C with oy the natural inclusion L C C. If

Indet(A) > —di In(k(ok(A))) (2.1.3)

we say A has the bounded determinant property. A discrete group G is
said to have the bounded determinant property, if all A € My(QG) satisfy

property (2.1.3).

Lemma 2.1.4.
Given A € My(CG) and let Ali] be as described in|2.2.1|, then there exists
an iy € I such that for all i > iy we have

|A|| < k(A) < oo and
JA[]]| < k(A).

Proof.
This is proven in [3] lemmas 3.31,3.22,3.28. O

Definition 2.1.7.

Let U < G be a normal subgroup of G. We call G/U an amenable homoge-
nous space, and G an extension of U with amenable quotient, if we have a
G-invariant metric d : G/U x G/U — N such that sets of finite diameter

are finite and such that for all K > 0 and € > 0 there exists some finite
subset ) # X C G/U with

INg(X)| = [{z € G/U; d(z,X) < K and d(z,G/U — X) < K}| < ¢| K] .
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Remark 2.1.8.

In [25] this definition is made without the assumption that U is normal, but
the approximation result in [25] is only proved for this case. Since we adapt
the proof form [25] we also need the assumption that U is normal.

Lemma 2.1.9.
A nested sequence of finite subsets X1 C Xo C --- C G/U 1is called Folner

ezhaustion of G/U if |JX; = G/U and for all K > 0 and € > 0 there exists
an ig € N such that for all © > iy we have

FEvery amenable homogenous space admits such an exhaustion.

Proof.
Compare for example Lemma 4.2 in [25] . O

2.2 Main Result

Situation 2.2.1.
Let G be a discrete group that can be constructed out of groups satisfying
the bounded determinant property, in one of the following ways:

e U < G with A(G) € A(U) and G/U admits a G-invariant metric

making it an amenable homogenous space.

e If GG is the direct or inverse limit of a directed system of groups G; .

In [3] the bounded determinant property is proven for a large class G of
groups which is based on the above constructions. Most common examples
with this property are amenable groups and residually finite groups.

A bigger class of groups satisfying the determinant bound property are
sofic groups. A brief description about sofic groups and a proof for the
determinant bound property is done in the next section. For more details,
about sofic groups we refer to [5] where the slightly different semi-integral-
determinant property is proven for sofic groups.
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We now introduce a uniform notation for the three constructions. Let
A € My(QG), where Q denotes the field of algebraic numbers. The approx-
imating matrices denoted by A[i] will have different meanings depending on
how G is constructed. We have three cases.

1. The group G is the inverse limit of a directed system of groups G; .
Define A[i] € My(QG) to be the image p;(A) of A under the nat-

(9)

ural map p; : G — G;. In this case tr% tr% and tr;” will denote

C u (9)
trN(Gi) ,trN(Gi) and tr/f}(Gi) .

2. The group G is the direct limit of a directed system of groups G;.
Denote by p; : G; — G the corresponding maps.

In order to define the approximating matrices Afi] we need to make
some choices. Write A = (ax,;) with ax; = > o Al;g. Then, only
finitely many of the )\%l are non-zero. Let V' be the corresponding
finite collection of g € G'. Since G is a direct limit of G; we can find
Jo € I such that V' C p;,(G;,). Choose an inverse image for each g
in Gj,. This gives a matrix A[jo] € My(QG},) which is mapped to
Ali] == pjoi(Aljo]) € My(QG;) for i > jo. In this case, tr¥, tr¥ and
trf> will denote tr%(Gi)  tr(q,) and trj\g}(Gi) . Keep in mind that the
values of the traces can depend on the choices made to define A[i] .

3. The group G is an amenable extension of U with Fglner exhaustion
X, CXyC---CG/U. Let P, = p; ®idg with p; : 2(G) — (?(G) the
projection on the closed subspace generated by the inverse image of
X; in G'. The image of P; is isomorphic to £2(U)I¥il? as N'(U)-module.
We define A[i] := P,AP; considered as an operator on the image of
P;.

With this definition, A[i] is no longer an element of My(N(G)) but
can be seen as an element in My x, (N (U)). In this case, trf, tr¥ and
tr!? denote the following

. , 1 . .
0 (Al]) 1= Tt vy (Al -

Throughout the rest of the paper, GG; will denote the obvious groups in the
limit cases (1) and (2). In the amenable case we take G; = U constantly.
We use tr, tr¥ to define Fu; and Fl-
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Betti-numbers are given as the dimension of the kernel of the Laplacian
A,. Since the value of the spectral density functions at zero is exactly the
dimension of the kernel, we can state our approximation theorem as follows.

Theorem 2.2.2.
Let A € My(QG) and g € A(G). Then, for any € > 0 and any choice of
matrices Ali], there exists an iy € I such that for all i > ig,

[{(F4(0) - 0e, 0g) — (FTa (0) - Oley), O} | < €.

where we denote by dyy, the unit vector corresponding to

e the group element p;(g) € G, , in the inverse limit case (1) of (2.2.1)),

e a chosen preimage of g € G;, according to the choices made to define

Alt] in the direct limit case (2) of (2.2.1)),

e g € A(G) in the amenable case (3) of (2.2.1)). Without the assumption
that A(G) C A(U) approximation is still possible but then only for
ge AU).

Remark 2.2.3.
The original approximation theorem (Theorem 3.12 in [3]) is contained in
the above result if we set g =e.

Examples 2.2.4.
As a direct consequence, one can use the center-valued approximation the-

orem to show the vanishing of 8" for a closed manifold X with fundamental
group 7 in certain cases. One has

1. Bu(X) = B2(X)e, for residually finite m; and

2. 5;;(5() = Bg()N()e, for all p € N, if m; is free abelian .

This follows directly using [16] (example 8 and proposition 2).
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2.3 Bounded Determinant for Sofic Groups

In this section we describe the method of G. Elek and E. Szabd in [5] to show
that sofic groups have the semi-integral-determinant property and show how
we can use this to prove that they also have the determinant bound property.
We use a general method that can be used to show that the semi-integral
determinant property implies that determinant bound property if we have
approximations with matrices over finite groups.

Definition 2.3.1. (Semi-integral-determinant property)
A group G has the semi-integral-determinant property if for any matrix
A € My(ZG)t we have

Indet(A) > 0.

Definition 2.3.2. (Sofic group)

Let G be a finitely generated group and S C G be a finite set of gen-
erators. Then the group G is called sofic, if there is a sequence of finite
directed graphs {V,,, B, }n,>1 edge-labeled by S and subsets Vi C V,, with
the following property:

For any 0 > 0 and r € N, there is an integer n, s such that if m > n, s > 0
and B(g,s)(r) denotes the r-ball in the Cayley-graph , then

e For each v € V), there is a map ¢ : Bigs)(r) — Vi, which is an
isomorphism (of labeled graphs) between B¢ g)(r) and the r-ball in
V,, around v,

o V2> (1-8)Vi.

Remark 2.3.3.
This definition for sofic groups is equivalent to the more common description
using maps ¢, : G — 5, and looking at the fixed-point-sets.

Further sofic groups are characterized by the following. A group is sofic if
and only if every finitely generated subgroup is sofic.

Theorem 2.3.4.
Sofic groups have the determinant bound property (Def. .
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Let G be sofic and A = (a;;)1<ij<a € Ma(o(Q)G) be a positive operator.
Consider the operator kernel of A, that is the function K4, : G x G —
My(0(Q)) such that for f : G — (*(G)? we have

Af(x) =Y Ka(z,y)f(y).

yeG

This just means Kil(x,y) = Ajifx = gyand A = > A9, 4, €
(af ;)1<ij<a € Mgo(Q). There is a constant wy , the width of A such that
Ka(z,y) = 0 if d(x,y) > wa in the word metric of G with respect to the

generating system S .

The approximating kernel is constructed as follows. For m > n, Al define

KT : Vo x Viyy = My(0(Q)), let K7(z,y) = 0if y ¢ VO and K7(z,y) =
K} (g,e) ify € Vo o =1y(g).

Lemma 2.3.5.

Let G be a sofic group, A € My(o(Q)G) a positive operator. Denote by A,,
the bounded linear transformations on (2(V,,)* defined by the kernel func-

tions K'{' and denote with det*(K'}") the product of the non-zero eigenvalues
of K{'.

1 "(A
lim PATA) et ca)
m—00 [Vinl
Proof.
This is proven in [5] Lemma (6.1). O

G. Elek and E. Szabé prove the semi-integral-determinant property (The-
orem 6 in [5]) by using that the product of the positive eigenvalues of the
A,, are integers and hence by applying the lemma the claim follows. Given
A € My(o(Q)G), choose a finite Galois extension Q C L C C such that
Ae My(LG). Let 0,1, n : L — C be the different embeddings of L in C
and denote with o the natural inclusion. We set A := @?:1 oi(A). For A
Lemma [2.3.5| obviously still holds. The product of the non-zero eigenvalues
of A,, is the lowest non-zero coefficient ¢ of the characteristic polynomial.

Since 0(Q) is a ring, ¢ € 0(Q) and c is stable under all o;, hence ¢ is in Q
and also is an algebraic integer. This implies c € Z.

Lemma 2.3.6.
If A and B are positive injective operators in My(CG) and A < B we have

Indet(A) < Indet(B)
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Proof.
This is proven in [19], Lemma 3.15. O

Lemma 2.3.7.
Let A be a positive operator in My(CG) and let At : ker(A)+ — Tm(A) be
the weak isomorphism obtained by restricting A to ker(A)*. Then

Indet(4/(A+)*AL) = Indet(A) .

Proof.
This is also proven in [19], Lemma 3.15. O

We have \/(A1)*AL < ||A|lid < k(A)id. By applying Lemma [2.3.6],

Lemma [2.3.7| and Lemma [2.3.5| we get

0 < Indet(A) = d ) Indet o;(A)
=1

— —d z”: Ink(o;(A)) < — z": Indet 0;(A) < Indet(A).

=2

This proves Theorem [2.3.4].

2.4 Some Key Lemmas

The Fourier coefficients of F'%(0) are given by

o -
(F3(0) 0., 0,) = { Tl A6 (Pperca)) i 9 € A(G)
0

otherwise.

This can be easily seen using Dixmier’s approximation theorem (see e.g.
[8]). In the rest of the paper g is always taken in A(G).

The proof of the C-valued approximation theorem in [3] is based on the
following three major facts.

1. ||Al] and ||A[¢]|| have an upper bound,

2. trjcv(G) is positive,
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3. the Fuglede-Kadison determinant Indet(A) has a lower bound.

For the center-valued approximation theorem that we prove in this paper,
fact (1) is obviously still valid. The facts (2) and (3) of course do not
apply to our situation, since they involve the C-valued trace trjcv(G) , but the
main ideas of Liick’s method work in general for any positive functional if in
addition the Fuglede-Kadison determinant derived from it has a lower bound
for A and all approximating A[i]. In Definition[2.4.2] we define traces which
are derived from delocalized traces and are positive. Using these traces we
also define deviated Fuglede-Kadison determinants and prove the existence
of a lower bound. Using our method, it would also be possible to directly
approximate the Fourier coefficients of the projections on the homology.
These coefficients depend on the choice of the basis, hence we do not see
any application for this general approximation and restrict to functionals
derived from delocalized traces.

A key ingredient of our method is the following simple lemma.

Lemma 2.4.1.
If a € N(G) is a positive element, then for all g € G we have

(@ 0e,0e) > |(a-dg,0e)|
Proof.
a = b*b then, using Cauchy-Schwarz inequality we get
(@-0e;0e) = [[0- el - [|b- e[l = ([0~ el - [[b- ]| = [{b- e, b - Gg)| = [(a - 39, de)]
O
Definition 2.4.2. (Perturbated traces)
Take A € My(N(G)) and g € A(G) — {e}, define

e 1 !
Teiay (A) = trfye (A) + 50— (uﬁ(G) (A) + 0% ] (A)) o (243)

2/(g)|
m 1 !
Trj\g?(’é) (A) = tr?/(G)(A) + W (trﬁ}(G)(A) - trj\?’(G) (A)> : (2.4.4)

It follows from Lemma [2.4.1] that both traces are positive. The next lemma
shows that for a selfadjoint A € My(N(G)) we have

(F3(0) - 8.8y) = 1ot (4)

,Re . JIm .
= Trj\gfic) (A)+1 Trﬁ?(c) (A) = trfi () (A) — ity (A)
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This is one of the main tricks in our paper. We prove the approximation
theorem for Tr N>(Ge and Tr N>( r;l Then we finally prove Theorem [2.2.2
by applying this approximation and the classical approximation theorem

(Theorem 3.12 in [3]) to the above equation.

Lemma 2.4.5.
For all g € A(GQ) and selfadjoint A € My(N(G)), the traces Trj\g&’GR)e(A) and
Trj\gfzgl(A) are given by the following real numbers

Re 1
Tr{ 8 (A) = 15 6)(A) + Re <W trﬁ}G)(A)) ,
1
JIm
Tr% e (A) = 5y (A) + Im <—’ ol ) (4))

Proof.

Since the trace on My(N(G)) is just a summation of traces on N(G) it is
sufficient to treat the case d =1. Write A = 3", _~ A\h € N(G). We have
(g)7r = (¢! and selfadjointness of A yields \;, = \,-1 . Hence

(9) (971
tr/\?(a) (A) = trN( 1(A).

2.5 Lower Bound for Determinants

Definition 2.5.1.

Take a positive operator A € My(N(G)) and denote by {E{ := xjo.(4) |
A € R{} the spectral family of A. Then define the following spectral density
functions:

,Re ,Re

FY <A> =Tr< (B,
JIm Im

FE™ (0 = Teia (B2

For positive A € My(N(G)), the spectral density functions Fy , Fi™ and
Fjﬁ”m are monotonically increasing and induce Riemann-Stieltjes measures
dF4(\), dFERe(0) and dFY™()), allowing us to define the following
(deviations of the) Fuglede-Kadison determinant.
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Definition 2.5.2.
Take A € My(N(G)) positive and define

o0

Indet(A) = / m(A)dFA(),

Indet@Re(4) = / In(A)dF@R(N) |
0+

Indet {9 (A) = / In(A)dF ™)) .
0

+

In order to prove Theorem [2.2.2] we need lower bounds for the deviated
Fuglede-Kadison determinants Indet!?8¢(A) and Indet"R¢(4) . We obtain
it using the fact that the perturbation caused by the delocalized trace is
controlled by the standard trace.

Lemma 2.5.3.

Let G be a group that satisfies the determinant bound property and is con-
structed as described m@ Take A € My(0o(Q)G) positive (where o(Q)
denotes the algebraic integers), choose a finite Galois extension L C C of Q,
such that A € My(LG) . Let oy,...,0,: L — C be the different embeddings
of L in C with oy the natural inclusion o1 : L C C. Then

Indet (9 Re(4) > —2d| Zln )| —2dIn (max (1, H(A))) ,
Indet 9™ (A) > —2d| Zln )| —2dIn (max (1, R(A))) .
Proof.

We prove the lemma only for Indet'¥ 8 the case Indet'?'™ being identical.
Using Lemmas 2.4.1 and [2.4.5[ we get for any B € N (G)

15 (B) > % >|yRe( e (B))] (2.5.4)
Define the function f<g Ren) == HT}HR (trjv>( )(EA)). For a < b € R{,
inequality ([2.5.4] - ) yields

Fa(b) = Fa(a) > | f5770) = £ (a) |.

- i

=t A _ (9)
rN(G)(X(a b]( )) _Re(@ tr]\?(c)(x(a,b](‘A)))
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The Riemann-Stieltjes measure induced by Fj4(A) dominates in absolute
values the (possibly signed) measure induced by f4()). Hence, we have

oo

Indet91(A) = / In(\)dF ()
0

+

1 oo
= / In(A\)dEY ) + / In(\)dFE ()
0 1

+

- /0 i In(A\)dF4(\) + /0 i In(A)dfE (N

+/ﬂmnﬁmm+/mmumﬁmﬂﬂ

> — | ln()\dFA }—]/ln JA£E )|

-4/ mEA)] - | [ e
_—2\/111 )dF4(A |—2|/ A)AF4(N)]

_—2d|Zln )| —2dln(max (1, KJ(A))) . O

2.6 Convergence of the Trace

In this section we basically use the ideas from [3] and [25] to prove the
following equalities, for all G constructed as described in Situation [2.2.1],
g € A(G), A € My(CG) and every polynomial p € C[z]:

lim T (p(Ali])) = TEE (p(A)) (2.6.1)
Tim T (p(Af]) = T3 (p(A)). (2.6.2)

The traces Tr; depend on the construction of G. We deal with the limit
cases (1) and (2) of [2.2.1] first.
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Lemma 2.6.3.

Take A € My(CG),p € Clz] and g € A(G). If G is the direct or inverse
limit of groups (G;)icr then there is an iy € I such that for all i > ig :

D (p(ALi])) = Ty (p(A))

I (p(A[i])) = Ty (p(A))

Tr

S S~

Tr

Proof.
The proof follows directly from the fact that the support

supp(p(4)) i= {Xo' £ 0|1 < k1< d, (p(A)e = D Ay}

geG

of p(A) € My(CG) is finite. Since G is an inverse or direct limit, choosing
1o big enough, we have, for all i > iy:

supp(p(Ali])) = supp(p(4)) -

As a consequence, the traces coincide. O

To prove (2.6.1) and (2.6.2)) in the amenable case (3) of 2.2.1, we adapt

ideas from [25] (Lemma 4.6) to our situation.

Lemma 2.6.4.

Let G be an amenable extension of U with Falner erhaustion X1 C Xy C
-+ C GJU. Then, for all g € A(U), A € My(CG) and every polynomial
p € Clz] we have

lim T (p(AL)) = Tr (0(4).
lim T (p( A1) = Tedyes (p(4) .

Proof.

Again we only treat the case Trj\g/i’g)e and assume d = 1, since the general
case follows by summing up the traces. Let A € N(G) and denote Afi] :=
P,AP} | as described in [2.2.1). By linearity of the trace, it also suffices to
treat the case where p is a monomial. Pull back the metric on G/U in order
to get a semi-metric on GG. Denote the inverse image of X; by X/. For
g € X/ and h € U we have P,(h-0,) = h-d,. Selfadjointness of P, implies
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for g € X! and h € U, that ((PAP,)"d,,h-06,) = (APAP; ... P;AS,, h-6,)
and we have the following telescope sum:

APA-- PA=A"—A(1 - P)A" ... — AP;.-- A(1—- P)A. (2.6.5)
We now compute for s € A(U),
ey (A") = T (AL

(Ande, 8e) + 5 ! > (A", k-6
|<8>| he(s)U(s~1)

1 . 1 .
- X | Z <<A 69769> - 2[(s)] Z (Ali] 597h'(59>>

lgleXi IR
)

—_

he(s
<An597 5g> + Z <An6gv h- 5g>
1 2/{s)l he(s)U(s—

S
1] LS e, b,

= ans, sy — 1
lglex < g g> 2|<S>| el

((476,,5,) = (47,.6,))

1

= 2 |4 . N

|XZ| l9]eX; + 2|<5>| Z (<A 6g’h.59> - <A[7’] 5g7h'6g>>
he(s)U(s—1)

Using ([2.6.5) and applying Cauchy-Schwartz inequality, we get
| Tl (A") = TR (i)
(1= P)AS,, (A*P)"76,)

1

1

3
|

1
1 ' '
S!XAZZ T3 > (1= P)AIS,, (AP)"h - 6,)
J=1 [gleX; s he(s)U(s—1)
| o |1 — PG| - A
- 1 i *||n—j
X1, 2 Fa 2o A= R)ATs |- A7
J=1[gleX;/U he(s)U(s~1)
2 A
< X X - R A
=1 [glex;

Define for 7 € N
T = {g € G| N #0 where (Afil)es:= > A gand 1< k1< d} .

[i].9
geG
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Then the set T := U T; is a finite subset of G'. Hence if we take R € N big
enough and let B R( ) be the ball with radius R around g, we have

(1 - PBR(g))Ajég =0.

The integer R is independent of g, since the semi-metric is G-invariant.
Now if Br(g) C X/, which means [g] € X; — Ng(X;) (see Definition [2.1.7)) ,
we have Im(Pp,) C Im(F;) and hence

(1—-P)As, =0.

Now we have

),Re n ,Re n — *[|m—
Ty (A™) = Tri™ (AL < ZZHl— VATG|| - | AY|
J=1 [g]leX;
9 n—1 ; -
:,X,|Z ST = P)ATS|| - [|A%)
=1 [g]eNR(X)
|NR | * || n—
<28 Zul— VAT || A
X
| NR(X;)] e
ngn max {[JA]- [ A7}

J/

~~
Cn

The quantity ¢, is independent of 7 and Lemma [2.1.9] shows that

Ngr(X;
hm| R( ’L)|

—0-

hence the claim follows. O

2.7 Finalization of the Proof

Now we are finally ready to prove our theorem. The main idea in this
section is to use the lower bound of the Fuglede-Kadison determinant and
is due to W. Liick in [I7].
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Define for the spectral density functions Fﬁxg IRe and Fjﬁ“m:
¢)

Fy(A) == lim sup(F,E{[)i])(A) )
1— 00

EQO‘) = lim inf(Fjg[)i])()\) ;
1—00

and denote their right-continuous approximations by

F?’Jr()\) = lim (FA JA+¢),

e—0t

FOP ) = 1im (FY)Y(A +¢) .

e—0t

Theorem 2.7.1.
Let g € A(G) and A € My(QG) . Then

,Re
F{1(0) = lim F{"(0),

1— 00
(9),Im (g9),Im
Fy (0)—}g§oFA[] "(0).
Proof.
We only prove ijlg%Re(O) = lim; FX%’RE(O) . The other case can be done
identically.

Fix A > 0 and take a sequence P, of polynomials converging pointwise to
X0,y > such that for 0 <z < k(A)

1
X (7) <P (z) < X[o,A+%](l’) + S X[0.k(A)] ().

Applying functional calculus preserves the inequality and since for all i € T
we have ||A[i]|| < k(A) we get

; 1
BN <P (All) < B+ -id.

Then we apply the positive and hence order preserving trace Tr§\/>( 63 and

use the fact that TrN((Iz_e) (id) < 2trN(G)(1d) =2d. We get for all i € [

e e 1 2d
Fi0) < TS (Pa(Al) < F O+ )+ =
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Taking lim sup on the left side and liminf on the right side leads to:

—(9),Re Re Re 1 2d
FY ) S TGy (Pa(A) < BP0 )+ ==
The sequence P,(A) converges strongly in a norm bounded set, hence it
converges already in the ultra-strong topology. Taking n — oo and using

normality of Trf\gfi’GRie) yields:

FM ) <POReN) < FORt () (2.7.2)
Setting A = 0 gives us the first half of the proof:
lim sup F{5"(0) <F&(0).
icl

We now prove that F'¥™°(0) < liminf;c; Fj{‘ﬁ]’Re(O), which finishes the
proof. We first pass from [ to a subnet J C I, such that
lim sup Fjlg%Re(O) = lim inf Fﬁxg%Re(O)
ieJ el

. Equation ([2.7.2) still holds and we keep our notation 7O ., FO) but using

J instead of I. Moreover we need the Fatou lemma and the fact that the
(deviated) Fuglede-Kadison determinant is bounded. For this we restrict
to the case A € My(QG) to the case My(o(Q)G), since Lemma only

holds for A € My(o(Q)G). But every algebraic number z can be written
as a quotient y/k with y € o(Q) and k € N. We then work with sA €
My(0(Q)G) instead of A € My(QG), where s is an appropriate integer. Of
course this does not change the kernel and we do not lose any generality.

Recall that k(A) > ||A]|, [|A[é]|| . Using partial integration, we get
Indet'?(A) =In(k(A))(F () — FE(0))

K ,Re ;Re
_/ww>m—w>@
o+ A

Lemma yieldsa C' € R, independent of i € I, such that Indet'?"R°( A[i])

C' and since Flg‘tg]’Re()\) < Trj\g&’gf)(id) < 2d, it follows that

dA

@ Eg) -~ PO o o
| < A ) - P 0)

<2d-In(k(A)) - C.
(2.7.3)

>
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Moreover for € > 0 we get

/M ES ) - FOM0) /W‘) ES™0) — FP™0)
. A : A

K(A) plohRey | 1y plg)Re 0 w(4) 1(9).Re _ p{9)Re

n—oo e €

g | [ ELO) PO gy ERO) FE0)
nroo | fo A . A

i /n(A)Jrn Eg])aRe(A) . Fjgg%Re(O) W /s+n Efj]%Re()\) . Fjgg)’Re(O) N
n—oo H(A) A £ A

< B ) = FPTO)  EP((A) - FPO0)

T n—oo ne TLKJ(A) '

Since this holds for every € > 0 we can now use equation (2.7.3)) to finish
the proof

k(A) 1(g9),Re _ r{g).Re k(A) (9).Re,+ _ 7{g).Re
0 0

+ A + A
:/'K(A) Ej(f),Re(/\) . F}gg)vRe(())d)\
0+ A
K ,Re _< >7Re
- / WEPTN - FIT0)
() Jo+ A
) iminfiey (FY () = F5™(0))
< / A
o+ A
w(4) flO0Re(\) _ plolRe
Sliminf/ Al % Al ( )d)\
i€J o+ A

<2dIn(k(A)) - C.

From this follows that F’ ﬁf>’Re’+(O) = F?’Re (0), otherwise the third integral
() would not be finite. So we have, using equation (2.7.2))

fim inf Figg™(0) = im sup Fif;™(0) = F{(0),

hence the second part is proven. O



Chapter 3

The center-valued Atiyah
Conjecture

3.1 Representation Theory of Finite Groups

In this section we will recapitulate some results on representation theory
of finite groups, some of this will be used in the following sections. Rep-
resentation theory of finite groups is a well developed theory, for proofs or
further detail see for example [26] . In the following, let K be an algebraic
closed subfield of C and G a finite group.

Definition 3.1.1. (Representation of a finite group)
Let W C V be K vector spaces. A linear representation of G is a homo-
morphism

p:G— GL(V).

Assume p(G)W =W, then we can obtain a representation
pV G — GL(W)

from p. This is said to be a sub-representation of V.

Definition 3.1.2. (Irreducible representations)
Assume p : G — GL(V) is a representation of G, and V' has no nontrivial
subspaces invariant under GG, then p is called an irreducible representation.

Theorem 3.1.3.
Every representation is the direct sum of irreducible representations.
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Proof.
This is easily proved, using induction on the dimension of V. See for example
[26], theorem 2. O

Definition 3.1.4. (Character)
Let p : G — GL(V) be a representation of G and tr the standard trace on
GL(V), then

Xpi=trop: G = K

is called a character of G

Proposition 3.1.5.
If x is a character of a representation of degree n (i.e. dim(V') =n), then

1. x(1) =mn,

2. x(g7") = xlg) forge G,

3. x(tgt™") = x(g) for g,t € G.
Proof.
Follows directly from the definition. n
Remark 3.1.6.

Let G be a finite group, p a representation of degree n and x, a character.
The possible values the characters can take are algebraic integers.

Proof.
Since g has finite order k, we have p(g)* = id. Hence the eigenvalues are
roots of unity of a degree dividing k . O

Proposition 3.1.7.
Let py : G — GL(V}) and ps : G — GL(V3) be two representations of G,
and x1 and xo their characters, then we have:

e the character of Vi ® V5 is x1 + X2,

e the character of Vi @ V4 is x1 - X2 -

Proposition 3.1.8. (Schur’s lemma)
Let p1 : G — GL(V1) and ps : G — GL(V3) be two irreducible rep-
resentations of G, and let f be a linear map from Vi to V5, such that

pa(s)o f=fopi(s) foralls.
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1. If p1 and ps are not isomorphic (i.e. it exists no isomorphism with
the above property) then f =0 and

2. if p1 = po, then [ is a scalar multiple of idy .

Proof.
See for example [26] prop. 4. O

Definition 3.1.9. (Scalar product)
Let ¢ and ¢ be complex valued functions on GG. With

(v]9) = |G|Zw

geG
we define a scalar product on Map(G;C).

Theorem 3.1.10. (Orthogonality of characters)

1. If x is the character of an irreducible representation we have (x | x) =

1.
2. If x and x' are characters of two non-isomorphic representations, then
(x [x) =0.
Proof.
This follows from the matrix representation of the p;. See for example [26]
theorem 3. [

Theorem 3.1.11.

Let H be the set of class functions on G (i.e. f(gh) = f(hg) for all g,h €
G). There are h non-isomorphic irreducible representations of G where
h is the number of conjugacy classes in G. The characters x1,...xXn of
irreducible representations form an orthogonal basis of H .

Proof.
See for example [26] theorem 6 and theorem 7. O

Proposition 3.1.12.
For K C C an algebraically closed subfield, K|G| is a product of matriz
algebras over K .
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Proof.
This is a direct consequence of the fact that K[G] is semi-simple, and the
structure theorem for semi-simple algebras. See for example [11] . O

Proposition 3.1.13.
Let p; : G — GL(W;) for 1 <i < h be the distinct irreducible representation
of degree n; . The p; extend by linearity to a homomorphism

pi : K|G] — End(W)).

The family (p;) defines an isomorphism

ﬂKM%H%MW%HMMW

i=1

Proof.

First p is surjective, since otherwise there would be a nonzero linear form
on [[ M,,(K) vanishing on the image of p. But this contradicts the orthog-
onality properties of theorem [3.1.10. Now K[G] and [[ M, (K) both have
dimension |G| = " n?, hence the claim follows. O

Proposition 3.1.14. (Decomposition of the center)

If we restrict p; to the center Z(K|G]) of K[G], we obtain an algebra homo-
morphism from Z(K|[G]) to the algebra of scalar multiplies of the identity
on W; . It defines a homomorphism

w; : Z(K[G]) — K

Z AgS > nl Z Asxi(s) .

seG v se@

The family (w;)1<i<n defines an isomorphism

Proof.
Assume ¢ := ) A5 € Z(K[G]), we define

f:G—K
S Ag.



3.1 Representation Theory of Finite Groups 47

The function f is a class function on G. We have

pi(c) =Y f(s)pi(s) € End(V).

seG

We compute p;(t™)pi(c)pi(t) :

pit 1)) pi(t) =D F(8)pit™)pis)pi(t)

seG

=3 F)atst)

seG

=3 sttt )pits)

seG

=Y f(s)oils)
seG
= pi(c).
Now from Schur’s Lemma (lemma [3.1.8) follows that p;(c) is a multiple of
idyy, . [

(3

Corollary 3.1.15.
Define

1 _
Di = @Z)@(S s
seG

The p; with 1 <1 < h, and h the number of conjugacy classes in G, form
a basis of Z(K[G)), we further have p? = p; and p;p; =0 fori # j.

Proof.

The p; are the preimages of the standard unit vectors of @?:1 K under w.
Hence they form a basis. The orthogonality follows from the fact that w is
ring-isomorphism. [

Definition 3.1.16. (Induced representation)

Let H be a subgroup of G. Let 6 : H — GL(W) be a representation of H
and p : G — GL(V) be a representation of G, with W C V. We say p is
induced by the representation ¢, if 6 = p;z and

V= plo)W.
[cleG/H

(This is well defined, since p(s)W = p(t)W for [s]| = [t] € G/H).
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Theorem 3.1.17. (Existence of an induced representation)

Assume 0 : H — GL(W) is a representation of H < G . Then there exists
a unique representation (up to isomorphism) p : G — GL(V) of G induced
by 6.

Proof.
See for example [26] theorem 12. O

Proposition 3.1.18.
In order that V is induced by W, it is necessary and sufficient, that

V= K[G] @km W .

Proof.
This is a consequence of the fact, that a set of representatives of G/H forms
a basis of K[G] as K[H] module. O

Theorem 3.1.19. (Character of an induced representation)
Let 0 : H — GL(W) be a representation of H < G, and let p: G — GL(V)
be the induced representation. Then for u € G we have

x(u) = Z xo(o luo) = T Z xo(s tus) .
[c]eG/H ,oc-luccH s€G, s luseH

Proof.
This is proven by direct calculation. O

Theorem 3.1.20. (Frobenius reciprocity)
Let 1) be a class function on H and ¢ a class function on G . Denote by
Res%(¢) the restriction of ¢ to H . Then

(¥, Resf(¢))m = (Ind§(¥) , ¢)c -

Proof.
See for example [26] theorem 13. O

Remark 3.1.21.
If V is induced by W and if E is a K[G]-module, we have

1. Hom® (W, E) = Hom“(V, F),
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2. dim(Hom™ (W, Res%(E))) = dim(Hom® (Ind$ (W), E)),

3. Indf (¢ Resfj(¢)) = Indjj ()¢ .

4. Further induction is transitive: Assume H < G < S, then
Ind? (Ind$ (W) = Ind3 (W) .

Proposition 3.1.22.
Let H, K be subgroups of G. Denote by Hy := sHs ' N K and set

p*(z) := p(s~tas), forx € H,.
We obtain a representation of Hy , denoted W, . We have

Resf(Indf; (W) = @  Indj (W,).
[s|eK\G/H

Proposition 3.1.23. (Mackey’s irreducibility criterion)

We apply the preceding result to the case K = H . For s € G we still denote
by H, the subgroup sHs™ N H of H. Denote by p: H — GL(W) a repre-
sentation of H . In order that the induced representations V = Ind$ (W) be

wrreducible, it is necessary and sufficient that the following two conditions
be satisfied:

o W is irreducible.

e For each s € G — H the two representations p* and Resp (p) are
disjoint (i.e. they don’t have a common subrepresentation).

Proof.
See [26] Prop. 23. O

Corollary 3.1.24.

Suppose H is normal in G . In order that Ind$(p) is irreducible, it is nec-
essary and sufficient that p is irreducible and not isomorphic to any of its
conjugates p* for s ¢ H .
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3.2 Linnell’s Proof of the Atiyah Conjecture
for Elementary Amenable Groups

In this section we give a sketch of Linnell’s proof of the Atiyah conjecture
over C for elementary amenable groups. The Atiyah conjecture is also
known for free groups (also over C) and certain constructions with the
previous classes, but then only over Q instead of C. For more detail, see
31

We will use one part of this proof in the next section to formulate and
prove the center-valued Atiyah conjecture. A crucial ingredient is Moody’s

induction theorem (see. [22]). This section mainly is based on [12] and
[14] .

Definition 3.2.1. (Atiyah conjecture)

Let G be a group, such that the orders of the finite subgroups have a
bounded least common multiple lem(G) . We say that G satisfies the Atiyah-
conjecture over A C C, if for any operator a : *(G)" — (*(G)™ with
a € M(AG|n x m) we have

lem(G) - dimp (g (ker(a)) € Z.

Lemma 3.2.2.

Let R be a ring, let m,n € N, , and let P,Q be finitely generated projective
right R-modules such that P = Q) . If P and QQ correspond to the idempotents
e € M,(R) and f € M,,(R) respectively, then there exists u € GLy,1n(R)
such that udiag(e, 0,,)u~" = diag(f,0,).

Theorem 3.2.3. (Atiyah conjecture for elementary amenable groups)

Let G be an elementary amenable group, such that the orders of the finite
subgroups have a bounded least common multiple lem(G) . Then G satisfies
the Atiyah conjecture.

Proof.

We only give a sketch of the proof here. For more detail we refer to [12] the-
orem 6, lemma 11 and lemma 17. Write N = A™(G) the torsion subgroup
of the finite conjugate subgroup of G. Write CN = R;&®---® R,,, where the
R; are matrix rings over C. Then G /N permutes the R; by conjugation,
and, by renumbering if necessary, we may assume that { Ry, ..., R;} is a set
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of orbit representatives for this action. Let G;/N be the stabilizer of R;,
and write n; = [G : G;] . By Clifford’s theorem we have

t
CG =CN *G/N = @ M, (R; » Gi/N).
i=1
Let @; be the simple Artinian quotient ring of M, (R; * G;/N) = M,,(R;) *
Gi/N (1 < i < t), which exists by lemma 4.1(i) of [I0]. Then D(CG) =
®!_,Q;. Using lemma 4.1 (ii) of [10], we see that the natural induction map

B Go(M,,(R)  FN/N) = Go(Qs)

FeF(Gy)

is onto (1 < i < t), where F(G) is the set of finite subgroups in G. We can
now infer that the natural induction map

D GolCF) = Go(D(CE))

FeF(Q)

is also onto. Furthermore, all D(CG)-modules are projective. This means
that if P is the projective D(CG)-module corresponding to e, then there
exist r,s € N, ;| finite subgroups Fi,...,F, of G and finitely generated
CF;-modules P; with (1 < i < s) such that

P® D(CG)" = @ P, ®cp, D(CG) (use [21] prop 12.1.4).
i=1

Since a finitely generated CFj;-module is isomorphic to a direct sum of
right ideals of CF;, we may assume that P; = f;CF; for some projection

fi(1 < i < s). Then diag(e, 1,)(D(CG)"*") = diag(f1, ..., fs)(D(CG)*),
as D(CG)-modules. Hence by lemma [3.2.2]

diag(e, 1,,0,) = udiag(fi, ..., fe, Oppr)u™",
for some u € GL,4,4s(D(CG)) hence

trjcv(c)(@) +r= trg/(c)(fl) +oe trjcv(c)(fs) ,

with trjc\[((;)(fi) = \f}“z'l for all 7. O
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3.3 D(K|G]) is Semisimple Artinian

In this section we give an overview of the proof, that the division closure
D(K|G]) of K[G] is semisimple Artinian for algebraic closed K C C and a
discrete group G with A™(G) trivial. In the next section we will prove this,
without the assumption A™ is trivial, for elementary amenable groups. The
proof that D(K[G]) is semisimple Artinian for trivial A*(G) can be found
in full detail in [15].

Remark 3.3.1.

Let U(G) denote the algebra of unbounded operators on ¢?(G) affiliated to
N(G) Then the involution on N(G) extends to an involution on U(G), and
U(G) is a finite *-regular algebra. Also if M is a right AN'(G)-module, then

in particular dimjy ) el (G) = tr} g (€) .
More detail on the algebra U(G) can be found in [I9] chapter 8.

Definition 3.3.2.
The extended division closure £(K[G]) of K[G] in U(G) is defined as the
smallest subring of U(G) satisfying

o v € E(K[G]) and 27 € U(G) = 27! € E(K[G]),

e r € E(K[G]) and aU(G) = eld(G) with e a central idempotent in
U(G) implies e € E(KIG]).

Lemma 3.3.3.
Let G be a group and K an algebraically closed subfield of C, then

(dimy(c) 2U(G)" | a € My (K[G])) = (dimyq) 2U(G)" | a € M, (E(K[G)))

Proof.
See [15] lemma 2.4. O

Remark 3.3.4.
Lemma can be extended to the center-valued dimension. The proof in
[15] works without modification.
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Proposition 3.3.5.
Let G be a group with A(G) finite and let K be an algebraically closed
subfield of C. Then E(K[G]) = D(K[G]) .

Proof.
With A(G) finite, the center of N'(G) is finite dimensional and hence it is
already contained in K|[G]. O

Theorem 3.3.6.

Let G be a group and let K be a subfield of C which is closed under complex
conjugation. Suppose there is an L € N such that L dimy ) ad(G)" € Z
for all a € M,(KQ) and for alln € N. Then E(K[G]) is a semisimple
Artinian ring.

Proof.

First observe that the above lemma tells us that L dimyqy ald(G) € Z for
all a € E(K[G]). This tells us that £(K[G]) has at most L primitive central
idempotents. Indeed, if ey, ..., e are (nonzero distinct) primitive central
idempotents, then e;e; = 0 for i # j and we see that the sum ® et (G)
is direct. But

L+1 L+1
dimy () @eiu(G) = ZdimN(G)<€iu(G)) >(L+1)/L>1,
=1 =1

which is a contradiction. Thus £(K[G]) has n primitive central idempo-
tents e,...,e, with n < L. For each 1 < ¢ < n chose 0 # a; €
e,£(K[G]) such that dimyg) ad(G) is minimal. Fix m € {1,2,...,n}.
Since L dimprq) ald(G) € Z for all a € E(K[G]), we may choose gy, ..., g, €
G with dimp()(Yi_; giamal,g; YU(G) maximal. Note that if .41 € G,
then (using [15] lemma 2.5), we get

r+1

<Z Gitman,g; WU(G) D (Z it U(G) D <Z Gitma,g; UG,

and hence

7’+1 T
dimN(G)(Z Gittman,g; WU(G) > dimN(G)(Z Gittmar,g; U(G).

i=1 =1
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By the maximality of dimyq) (Y i_, (giamas,g; ")) U(G) we have

r+1

dimy ) ZglamamgZ = dimy(q) Zglam(zmgz UG).

It follows that

r+1

(O gt WU(G) = (3 gitma g WU(G).

Using again [I5] lemma 2.5 , we obtain that ga,,U(G) C >_i_, (g:amal,g; YU(G),
for all g € G. Let f € U(G) be the unique projection such that

= (Z giama;‘ngi_l)U(G) )
i=1

Then gfU(G) = (X1_, 9giamas,g; YU(G) C Y ggianld(G) C fU(G) for all
g € G, thus gfU(G) = fU(G) and we deduce that gfg 'U(G) = fU(G) .
Also gfg~! is a projection thus we gfg~! = f. We conclude that f is a
central projection in E(K[G]). Since f # 0 , fU(G) C e, ,U(G) and e,
is primitive, we conclude that f = e,, and consequently > ., g;a,,U(G) =
enld(G) .

By omitting some of the terms in this sum, if necessary, we may assume
that

> gianld(G) # ed(G) (3.3.7)

1<i<r i#s
for all 1 < s <r. We make the following observation:
if 0+#x € gsa,E(K[G]), then aU(G) = gsanld(G), (3.3.8)

where 1 < s < r. This is obtained because 0 # 2U(G) C gsa,,U(G) and
consequently 2l (G) = gsaU(G) .

We claim that e,,E(K[G]) = Y1, giamE(K[G]). Set o :=>"1_| giamal,g; "
Since ol (G) = e,,,U(G) , we see that

(0+(1—en) ) U(G) D U (G)+(1—en)U(G) = enU(G)+(1—en)U(G) = U(G).
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Therefore o+ (1 —e,,) is invertible in ¢ (G) and hence 0+ (1 —e) is invertible
in £(K[G]). Thus

emn&(KI[G)) = em(c+ 1 —en)E(K|[G]) = enE(KI[G]).

Moreover, c€(K[G]) C e,E(K[G]) and therefore e,,0E(K[G]) = ¢&(K|G]),
hence

ené(KIG)) = o€ (K[G]) = 3 gian(K[G)

If this sum is not direct, then for some s with 1 < s < r we have

9samE(KIG)) N giamE(K[G]) #0,
iF£S

and without loss of generality we may assume that s = 1. So let
0+# 2z € g1a,E(K[G]) N Zgiamg(K[G]) :
=2

Then 0 # 2U(G) C g1a,,U4(G) and (3.3.7) shows that aU(G) = gr1a,,U(G).
It follows that gia,,U(G) C >, giaU(G) consequently

Zgz-amuw) = e, U (G)

which contradicts (3.3.6) and our claim is established. Now we show that
910, (K[G]) is an irreducible £( K[G])-module. Suppose 0 # = € g1a,,E(K[G]) .
Then 2U(G) = g1a,,U(G) by (3.3.7) and using lemma 3.3.3] we see as before
that za* + "7, gia;af +1—e,, is a unit in U (G) and hence is also a unit in
E(K[G]). This proves that zE€(K[G]) = g1amE(K[G]) and we deduce that
E(K[G]) is a finite direct sum of irreducible £(K[G])-modules. It follows
that £(K[G]) is a semisimple Artinian ring. O

3.4 Center-valued Atiyah conjecture

The following result is the fruit of a joint work with Peter Linnell and
Thomas Schick. Let G be a group with lem(G) < oo, satisfying the Atiyah-
conjecture over K, with K C C algebraically closed. Denote by A™ the
normal subgroup of all elements having finite conjugacy classes and finite
order. Assume without loss of generality that any finite subgroup F < G is
containing A" (otherwise take E - A™T).
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Proposition 3.4.1. (A" is a finite group)

The finite conjugacy class group A" of a group with lem(G) < oo (i.e. it
has an upper bound on the orders of its finite subgroups) is a finite normal
subgroup.

Proof.

Let H be a finitely generated subgroup of A(G). We obtain from [23] lemma
2.1 and 2.2 that the commutator group H' := [G : H] is finite. Denote by
N the finite normal subgroup obtained by the product of all finite normal
subgroups in G (there are only finitely many since lem(G) < o0). Notice
that N C A*. Now take ¢ € AT — N and denote by H the subgroup
generated by the finite conjugacy class (g) . Now H is a normal subgroup in
G and H is finitely generated. We have H' is finite, and H/H' is a finitely
generated abelian group, generated by elements of finite order. Hence H/H'
is finite and so is H. This is a contradiction to ¢ € AT — N and hence AT =
N .(The key argument for this proof is taken from [23] lemma 19.3). O

Lemma 3.4.2.
A basis of orthogonal irreducible projections {P'... P} € Z(N(Q)), of
ZN(G)) N Z(KA*Y) C Z(KATY) is given by

P = Z Dk

{k s.t. gpig "t = pk}

with

with n; the dimensions of the irreducible representations of AT, x; the cor-
responding characters.

Proof.

We have to check that they form a basis. The dimension of Z(N(G)) N
Z(KAT) is equal to the number Cg of finite conjugacy classes in G. Two
projections p; and pj are conjugate in GG, iff they can be identified by conju-
gation. This means that p; and p; are identified, iff the coefficients coincide
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after certain permutations within each conjugacy class in G. Hence we get
for every finite conjugacy class in G a set of projections p!. After possi-

ble renumbering, we can assume that P!,..., P°¢ are distinct and hence,
because of dimension reasons, they form a basis. O]
Lemma 3.4.3.

Let pr : N(G) — Z(KA™") be the projection onto the subspace Z(KAT) .
Denote by try , 1= pro ) - and let E be a finite subgroup of G containing
AT . For an irreducible projection Q € K[E] we obtain

Ca i ‘
i (@) =) %Pﬂ (3.4.4)

_ dime(Im(Q))| A%
dime (Im(P7))|E]

_ dinyio(Im(Q) ,
ity () (Im(P"))

P’ (3.4.5)

(3.4.6)

where P is the central carrier of @ .

Proof.

We have QP7 + Q(1 — P?) = Q and QP'Q(1 — P’) = 0. Since Q is
irreducible, we get either QP’ = @Q ( hence P’ is the central carrier of Q)
or QP7 = 0. In the case QP’ = () we have

(@ P7) =(QP’,1)
= (@ 1)
_ dime(/m(Q))
£
dimc(Im(P7))
|AT

<Pj7pj> =

]

Theorem 3.4.7.
Let G be a discrete group, withlem(G) < oo and let K C C be a algebraically
closed subfield. The following statements are equivalent.

1. D(KIG)) is a semisimple Artinian ring. The primitive central idempo-
tents are central idempotents P, ..., P°¢ in KAt . Each P'D(K|G])P*
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1s an L; X L; matrix ring over a division ring, and L; is defined as

follows:
- dimg (P7) lc‘i(ﬁ)
- _ ) lem(G
ng<d1mC(Q1) yeee lehC(Qn) ) ‘AS_‘ )>

cd( gcd(dimC(Ql) e dimC(Qn))
. . lem(G)
gcd(dlmc(Ql),... , dime (@) , AT )

, dime(PY))

where the Q; are irreducible sub-projections of P! in K|E;] where E;
18 running through all isomorphism classes of finite subgroups in G .
(This will be obtained as follows. We first combine the occurring pro-
jections Q; to a projection having their ged as dimension (in the de-
nominator). Then we reduce the fraction and use the same proce-
dure to obtain a projection with the same denominator but one in the
counter.)

2. Colimp<q:|pj<oo Ko(KE) — Ko(D(K[G)])) is surjective and DG is
semisimple Artinian.

3. Colimp<c;|pj<co Go(KE) = Go(DG) is surjective.

4. For each finitely presented KG-module M, the center-valued dimen-
sion is quantized. It is linear combination of the dimensions, induced
up from projections over KE |, where E runs through the finite sub-
groups of G, and dimensions are taking values according to :

We prove the equivalence of these statements later in this paragraph.

Conjecture 3.4.8. (Center-valued Atiyah-conjecture)
We say G satisfies the center-valued Atiyah conjecture, if one (and hence
all) statements are true over G'.

Theorem 3.4.9.
The center-valued Atiyah conjecture is true for elementary amenable groups.

Proof.
Linnell proves statement (3) in [I2] theorem 6. Since the statements are
equivalent (as we will see) the claim follows. O
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Corollary 3.4.10.

Assume G is a subgroup of a inverse limit of a inverse system of groups
(Gy)ier - Such that all groups satisfy lem(G) < oo. Assume that the G;
are elementary amenable and that the finite subgroups in G; are images of
the finite subgroups in G'. Then G also satisfies the center-valued Atiyah-
conjecture over K = Q.

Proof of corollary|3.4.10.

For large enough i we can assume that A*T(G) = AT(G;), this follows
since we only have finitely many finite normal subgroups in G and in all
G, (see prop. [3.4.1)). Denote by @; the projection on the kernel ker(A[:])

of Ali] := p;(A), with p; : M,(Q[G]) — M,(Q[G;]) obtained from the
corresponding maps G — G; as described in [2.2.1]

Since AT is finite and amenable groups satisfy the determinant bound prop-
erty. Using the approximation theorem we obtain

lim tri (@) = tra+(Q) .

On the other hand we obtain from the center-valued-Atiyah conjecture for
elementary amenable groups that the coefficients of trj{/(Gi)(Qi) are trivial
outside of A™. Hence applying the approximation theorem provides this
also for trj{/(Gi)(Q) and we get

lim ) (Qi) = trive) (@) -

1—00

From the quantization of the center (lemma [3.4.3)) it follows that G satisfies
(4) in the Atiyah-conjecture. O

Proof of the equivalence in|5.4."7.
(1) = (2): We look at the following map

o : Ko(D(K[G])) — Z(NG)
[p] = tri ) (p)

This map is welldefined and injective. From this we get the following com-
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muting diagram.

Colimp< gy <o Ko(KE) —— Ko(D(K[G)))

(e
‘/1 "

D 2KE) v | )

E<G:|E|<oc0

From (1) it follows that ¢ ooy : Colimp<g.pj<oo Ko(KE) = Z(N(G)) maps
surjective onto the projections in Z(N(G))ND(K[G]). Which is the image
of 9. So the diagram actually commutes and we obtain from the injectivity
of oy the requested surjectivity of ¢.

(2) = (3) : For a semisimple Artinian ring every finitely generated module
is projective, therefore Gy = Ky. (Gy are the equivalence classes of finitely
generated modules).

(3) = (4) is evident .

(4) = (1): We look at the following sum of the sub-projections @; of
P7 | with integral coefficients a;, where the @); are irreducible projections
supported on K[E;] and E; runs through the isomorphism classes of finite
groups in G .

dim¢(P7)lem(G) ., & ,
IA+] e (0 ) QiP’) =
i=1
_ dime(P) lem(G) i a; dime (Q;)|A™| pi
|AT| — |E;| dimg (P7)
_ ) lem(G) .
= Zai dlmC(Q,)#P] .
i=1 |Eil
Since gcd(%, o %) = 1, (this is already true for the Sylow-

subgroups) we obtain from elementary number theory, that we can find
coeflicients a; € Z such that

> aidimC(Qi)% = ged(dime(Q1) , - - , dime(Qn)) . (3.4.11)

=1
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We use this to construct a projection é as follows. We first add all pro-
jections with positive coefficients by taking direct sums and obtain a pro-
jection €T, then we add all projections with negative coefficients the same
way (ignoring the sign), obtaining & . From follows that dim“(é’) <
dim“(é*) .Now it follows from [8] theorem 8.4.3 that ¢’ < é*. Hence we can
find ¢ ~é= <et.

We know that ¢ ,é" € D(K|[G]) and we want to deduce that this also
holds for e=. By [27], exercise 13.15A, there exists a similarity (that is
self-adjoint unitary) u € U(G) such that é- = ué'u (regard that & L é-
which is necessary for [27], 13.15A ) . There is a countable subgroup F of G,
with A(G) = A(F'), such that u € N(F'). We take the smallest subgroup
containing I with the desired A. This group is still countable. By the
Kaplansky density theorem [33] p. 8, there exists a sequence uy € K F such
that uy — u as k — oo in the strong operator topology in N'(F). We have

dimiy oy (up€ug) — dimiyy e (ué'v)

strongly. From the quantization of the dimension we assume in (4), it
follows that already for a finite n we have

dimy oy (un€'uy) = dimjy gy (ué'u)
We have constructed F' so that Z(N(G)) = Z(N(F)) and so we get that
dim} gy (un€'uy) = dimjy gy (ué'u)
with u,é'u, € DKG. We now define the projection é as
e:=¢t—é € DKI[G]).
From this we get

w o AT ged (dime(Q1), . .., dime(Qr))
i) (©) = lem(G) dime (P7) P

_ ged(dime (@), . .., dimg(Q,,))

R dime (P7)

2%

We want to reduce this fraction regarding the general formula

a
a ged(a,b) gcd(m,c)

. b-c
b-c ged(a,b) ged(

—a
ged(a,b) )
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We obtain the reduced fraction

tr e (€) = 7

B dime (P7) kﬁ(ﬁ)
- ' lem(G
ng (dlm(C (Ql) dlm(C Qn ) |A+ | )

< gcd(dim@(Q )y, dime(Qy) )
ged (dime(Q1) , - dlm(c(Qn), lem AT )

-ged , dimg (P? ))

on the other hand we have

. L—R
tr%(G)(l — 6) = T

with ged(L, L — R) = 1. Using again the above argument, we obtain the
required projection P with

dimg (P7) IC‘IX(ﬁ’)

1
e (€”) = T
/

lem(G
ged (dimC(Ql) ..., dime(Qy), ‘TX_SR)
ged(dime (@), . .., dime(Q,,)) ‘ 4
* <ng(dimc(Q1) s, dime(Qy) %) ; dime( )) )
ez

We used direct sums of projections hence he projection we just constructed
is not an element in P/A(G) but in M,(PN(G)) for suitable n. Take
now the projection (a := (a;;)ij=1..n € M,(P'N(G)) with a;; = id and
a;; = 0 elsewhere. We have dim“(a) > dim"“(e”). Using again the above
argument, we can find a sub-projection with dimension % This is our
desired projection e € PIN(G) with dimension 7 .
We have

L—1

trie((1 — ) PU(G)) = =P,

Therefore
(1-e)P'U(G) =e(PU(G))"
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and we deduce that there exist orthogonal projections e = ey, es,...,e;, €
U(G) (with e;e; = 0 for ¢ # j), such that Ele e; = P and ¢;P'U(G) &
ePIU(Q) for all j. By [27], exercise 13.15A, there exist similarities (that is
self-adjoint unitaries) u; € U(G) with u; = 1 such that e; = ujeu; . There is
a countable subgroup F of G, with A(G) = A(F'), such that u; € N(F') for
all 7. We take the smallest subgroup containing F' with the desired A. This
group is still countable. By the Kaplansky density theorem [33] p. 8, for
each j (1 < j < L) there exists a sequence u;j, € KF such that u;, — u;
as j — oo in the strong operator topology in N'(F) with u;, = 1 for all
k. Set v, = Zle wjkeujy . Then vy — Zle e; = P' strongly, We have
constructed F so that Z(N(G)) = Z(N(F)) so we get that

L
dimy o (0 PU(F)) — dimfy o (Y~ e;U(F)) = P*

j=1

strongly. We have constructed F' so that Z(N(G)) = Z(N(F)) so we get
that Indg dimjy ) (2U(F)) = dimj g (aU(G)) for all z € U(F), conse-

quently
L

dim}r ) (0x PU(G)) — dimly ) (O e;U(G)) = P!
j=1
strongly. Since G satisfies (4), we have already for some n € N, that for

all k >n
L

dim} ) (0x PU(G)) = dimy ey (D e;U(G)) .

J=1

From this follows for £ > n that we have vy, = v,, uy; = u; and that
vr and wuy; are units in P'U(G) and hence in P'D(K[G]). We see that
S ujnePU(G) = PU(G) and deduce that

P'D(K[G]) = EBumePiD(K[G])

is a direct sum. Now let ¢ be an central idempotent in P/E(K[G]). We
want to show that ¢ = 0 or 1. From the above observations, we obtain
ct;neld (G) = celd(G) for all i. It follows from [3.3.3) and [3.3.4] that

() (cPU(G)) = Lty g (ce PPU(G)) € ZP7 .
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But try ) (cP’U(G)) < P7 and hence is either 0 or 1. Using theorem W
it follows that P?D(K[G]) is a semisimple Artinian ring, that contains no
nontrivial idempotents.

Further from ([3.4.4) it follows that no projections exist in P'D(K[G]) with

smaller trace than Li Hence we can not partition smaller, otherwise we
can construct a projection in U(G), with trace bigger than one, which is a

contradiction. Hence it is a L; X L; matrix ring over a skew field. O
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