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Chapter 1

Introduction

1.1 What this is all about

In this work, we deal with sequences of pixel images (frames) which are noisy shifted,
rotated, and scaled versions of some unknown image f. Moreover, those frames are
sparse in the sense that they do not show the whole transformed (and noisy) image f
but only relatively few pixels (at random locations). If the sequence contains enough
frames, it is likely that every pixel is observed in at least one of them, and summing up
all frames yields a rather complete version of the unknown image f . However, since the
single frames are subject to rigid motions, the result is blurred. This situation comes
up in single marker switching (SMS) microscopy on which we elaborate below. Figure
shows the aggregations of the first 14 and last 14 frames of such a sequence obtained
in an SMS experiment. In applications, the frames are often calibrated by tracking the
positions of so-called fiducial markers (bright spots that are fixed to the specimen and
appear in every frame). This method is technically demanding and has further drawbacks
(see below). We propose a purely statistical reconstruction method based on parametric
models for the drift, rotation, and scaling functions, where we estimate those parameters
by minimizing certain functionals. We prove consistency of our M-estimators, asymptotic
normality of the rotation and scaling parameter estimators, and uniform tightness of the
drift parameter estimator. Furthermore, we test our M-estimators in a simulation study
with various parametric motion models and statistical error models. Last but not least,
we apply our method to SMS microscopy data (Figure displays the superposition of all
frames from the data from Figure|l.1] as well as the reconstructions with our M-estimator
and with fiducial marker tracking) and construct bootstrap confidence bands for the drift,
rotation, and scaling functions.

1.2 On fluorescence microscopy

In the life sciences, optical fluorescence imaging is an important tool for studying biolog-
ical molecules at subcellular level. However, for more than a hundred years, the Abbé
diffraction barrier implied a physical limitation of spatial resolution for any kind of light
microscopy. This barrier means that it is not possible to distinguish between two features
that are closer than about 250 nm (approximately half the smallest wavelength of visible
light) in lateral and 500 nm in axial direction because they merge into each other. In the
last twenty years, the Abbé barrier has been overcome by recording features within such a
diffraction limited area consecutively instead of simultaneously by changing their ability
to be observed over time (Hell, [2009)). Concerning fluorescence microscopy, this means



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Superimposed position histograms derived from the first (left) and last (right)
14 frames of an SMS experiment. The sample is a Hela-cell 5-tubulin network. The super-
imposed position histograms of all 29,000 frames of the experiment and a reconstruction
derived from them are shown in Figure[1.2,

Figure 1.2: Left column: SMS acquisition of the B-tubulin network I. Top left: motion
blurred position histogram. Top middle: reconstructed position histogram under a linear
drift model and a quadratic rotation and scaling model. Top right: position histogram
reconstructed using fiducial marker tracking. Bottom left: detailed view inside the white
box above. Bottom middle and right: reconstructed details after motion corrections.
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changing the fluorophore’s ability to emit a fluorescence photon or to change the color
or other properties of the emitted photon. Nowadays, there are several such techniques
(Hell, 2003; Betzig et al., |2006; Rust et al., 2006; Hess et al., 2006) which has revolution-
ized the field of cell imaging. It is even possible to observe active biological molecules at
a resolution level down to 10 — 20 nm which gives entirely new insights into the signalling
and transport processes within cells (see e.g., Westphal et al. (2008)); Berning et al.| (2012);
Jones et al. (2011); [Huang et al.| (2013)), to mention a few).

Roughly speaking, there are two distinct categories of modern nanoscale microscopy.
The first is the targeted mode (ensemble based), where the fluorophores (markers) are
switched at a known and precisely defined coordinate. It includes techniques such as stim-
ulated emission depletion (STED) (Hell and Wichmann, [1994; |[Klar et al., |2000; Schmidt
et al), 2008), saturated patterned excitation microscopy (SPEM) (Heintzmann et al.
2002) or saturated structured illumination microscopy (SSIM) (Gustafsson, 2005), and
reversible saturable optical fluorescence transitions (RESOLFT) (Hofmann et al., 2005;
Hell, 2003)). Because of the direct targeting, the specimen can usually be scanned in a
relatively short time and thus movements are not a major source of blurring.

In contrast, the second category is the stochastic switching (or single marker switch-
ing, SMS) mode, where the entire sample is illuminated simultaneously, but with a low
switching light intensity. This assures that with high probability only a few (random)
markers are in their fluorescent state at any time. Development of these techniques
has been rapid during the last years. They include stochastic optical reconstruction mi-
croscopy (STORM) (Rust et al., 2006; Holden et al., [2011)), photoactivated localization
microscopy (PALM) (Betzig et al., 2006)), fluorescence photoactivation localization mi-
croscopy (FPALM) (Hess et al., [2006)), and PALM with independently running acquisition
(PALMIRA) (Geisler et al., 2007, Egner et al., 2007). See [Hell (2007)) for a survey.

Due to the fact that each single high resolved image in SMS microscopy yields only
very little but sparse information, a long sequence of images (frames) has to be recorded
in order to accumulate to a representative view of the specimen. Usually, such sequences
are in the range of several tens of thousands of frames. Recently developed methods make
explicit use of this sparseness for image reconstruction, for example, employing a sparsity
enforcing penalty or prior, see |Babcock et al.| (2012); |(Cox et al. (2012)); Holden et al.
(2011); Zhu et al.| (2012)); |Quan et al| (2011)); [Hafi et al. (2014). The unknown marker
positions are usually determined by calculating the centroid of their observed diffraction
patterns, physically enforcing spatial sparseness and rendering more sophisticated decon-
volution methods unnecessary. Note that the standard deviation of the average of N € N
identically and independently distributed random variables is by a factor of 1/ VN smaller
than the standard deviation of only one of these random variables. In our context, N is
the average number of detected photons within the individual diffraction patterns, mean-
ing that the localization accuracy can be v/N times better than the initial resolution of
the microscope (Thompson et al., 2002). The markers localized within each frame are
then registered in highly time and space resolved position histograms (see Figure ,
the overlay of which represents the final SMS-image.

Nevertheless, since we need to record thousands of frames for this final image, the
measurement process typically takes several minutes. Hence, a movement of the specimen
over significant distances during this time leads to blurring, which is a major motivation
for this work. These movements can have different shapes. Drift may be caused by
temperature variations (thermal drift) during the measurement process while rotation
might occur due to small vibrations coupled with a rigid specimen that is not perfectly
adhesive to the object layer. In this context, even if there are only drift-like effects present,
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a large shift at one location and a smaller one at another can lead to a rotation. External
systematic movements of the optical device (mechanical drift and rotation) may also be
a problem. Moreover, as the optical device heats up during the measurement process,
thermal expansion can lead to a decreasing distance between the original focal plane
and the ocular, meaning that the image appears scaled up. As can be seen in Figure
(left upper display) these movements are the major source of blurring. The need to
correct for this motion of the object in the sparse position histograms is well known and
it is therefore current practice to incorporate fiducial markers (e.g., bright fluorescent
microspheres) into the specimen which can be tracked and thus used to align subsequent
frames. However, this is not only technically demanding and expensive, often times the
fiducials also outshine relevant parts of the image. Hence, developing methods which
allow to estimate the drift, rotation, and scaling of the specimen without incorporation
of fiducials would be an important achievement.

1.3 Estimation of drift, rotation and scaling

A first attempt at estimating drift has been made by |Geisler et al.| (2012)), who suggested
a heuristic correlation method to align subsequent frames properly (see |Deschout et al.
(2014)) for a recent survey on this issue). In Hartmann et al| (2016), we treated this
problem in a statistically rigorous way, assuming a parametric model for the drift as
a function in time, proposing an M-estimator for this drift parameter and proving its
consistency and asymptotic normality. Here, although we will present an expansion of the
method of |Geisler et al.| (2012)) to incorporate rotation and scaling in Chapter , we focus
on a similar expansion of our own M-estimation technique. We argue that a parametric
model for the drift, rotation, and scaling functions is often appropriate and we suggest M-
estimators for them. See the middle column of Figure for the image of the recordings
of a S-tubulin network within a Hela-cell, which was obtained after motion correction with
our M-estimators, to be developed in Chapter [dl We will show the asymptotic normality
of the rotation and scaling estimator and uniform tightness of the drift estimator as the
acquisition time increases, and we argue that this is the “right asymptotics” in SMS
microscopy due to relatively long acquisition times which inherently come along with this
technique. From this asymptotics we obtain simple bootstrap confidence bands for the
drift, rotation, and scaling functions and finally improved estimates of the image together
with a measure to access the statistical uncertainty of the aligned images. We stress that
our asymptotics is substantially different to that underlying many other image alignment
and registration methods where at each time step data from the full image is observed
and hence asymptotics concerns the number of pixels tending to infinity.

Finally, our method is compared in real world applications with calibration using
cross correlation or fiducial markers. We show that our method is at least as competitive
revealing the incorporation of fiducials as not necessary in the analysis and processing of
SMS images.

1.4 A simple model for SMS microscopy

In SMS microscopy, data is acquired in a two step process, first, switching marker
molecules on, and second, reading out of their fluorescent signal. For details, we refer
to Betzig et al.| (2006); Geisler et al.| (2012); Hell (2009); Hess et al. (2006). However,
the data represents single photon counts recorded with an array of photodetectors, where
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it is reasonable to assume that different markers emit photons independently. Hence,
the data can be described as a spatial (thinned) Poisson process (possibly corrupted by
some background noise) with unknown intensity A which is linked to the unknown marker
density f , for example, by a convolution A = K x f , where the kernel K is determined by
the optical system. In ensemble based microscopy the focal spot is scanned through the
sample. This requires an additional deconvolution step which can be helpful to obtain
improved resolution (see Vardi et al.| (1985)); [Silverman et al.| (1990)); Nowak and Kolaczyk
(2000); |Cavalier and Koo (2002); Antoniadis and Bigot, (2006)); [Zhang et al. (2008)); Frick
et al. (2013); Bigot et al.| (2013) for several Poisson deconvolution methods). In SMS
microscopy, however, as considered in this work, the centre of each spot already serves as
a very accurate location estimate of the marker molecule because of the enforced sparsity
(see |Aspelmeier et al.| (2015)). Therefore, we adopt current practice, and a sophisticated
deconvolution step is not required.

As you may draw from Figure [1.2] indeed the major source of blurring in SMS mi-
croscopy comes from sample motion, rather than from optical blurring as the technique
is designed to be physically sparse.

Since the number of photon counts in SMS experiments is usually rather high, in the
following, we simplify things further by restricting ourselves to use a (heteroscedastic)
Gaussian model as an approximation to the Poisson model for large intensity f . Never-
theless, we did some simulations for a Poisson model in our simulation study (see Chapter
@, warranting that approximation appropriate. An approximate model for the above SMS
scenario is hence given by (possibly after an offset correction)

S0 filzy)+ e, ifteT, je (1)
777 o, ifteT, je{l,....n}\J, '

where f : R? — R represents the marker intensity (which can be thought of as a grey-scale
image) and

Fita) = F (1070 B o (2 = 617))

is a shifted, rotated, and scaled version of f . The scaling factor o/° depends on the
observation time ¢ and an unknown parameter g € A C R%, where ds € N,

R, ( cos(p) —sin(p) ) (1.2)

sin(p)  cos(p)

is the rotation matriz with angle p, —pfo is a rotation angle which also depends on time
¢t and an unknown parameter ¢, € ® C R%, where dy € N, and 6% is a translation (drift)
vector depending on time ¢ and an unknown parameter §, € © C R%, where d; € N.
The z; € [0, 1] denote pixel locations. The & ~ N(0, 1) are independent Gaussian errors
while the noise levels ﬁt > 0 model spatial and temporal inhomogeneities and are, in
general, unknown. In partlcular in a pure Poisson model they would equal the signal
Ft. The set T = {0,1/T,...(T —1)/T} with T € N contains equidistant time points (the
times at which the images are observed), n € N is the total possible number of pixels in
the image, and Jt C {1,...,n} indexes the pixels observed at time ¢t € T.

As stated before, in the low energy stochastic switching scenario we assume that the
pixel locations z; selected by the switch-on process are small in number (i.e., ; := #J*
is small) and sufﬁmently distant to each other. Consequently, the assumptlon that the
errors V (t € ']T J € Jt) are independently distributed for different time points ¢, ¢y € ']I‘
t1 # tQ, even 1f they belong to the same pixel locations, is reasonable. Obviously, the
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intensity of the images scales with 7, which means that f! actually has to be rescaled
with the relative amount of total intensity at time ¢, that is, multiplied by 7,/ 5 7,
to keep the observed intensity constant. We will suppress this in the following, however,
as n; is observable and any estimate of ft can thus be rescaled easily.

Note that we need n; > 1 for all ¢t € T, which is, however, always true for SMS
microscopy as the sampling rate is never chosen below. We will see that the only additional
assumptions required on J; or n; are that arbitrarily large unions of subsequent .J;’s
converge to {1,...,n} and that the average observation frequency at each time point ¢
and each pixel location x; converges to some mean c’(z;) (see Assumption [3.8). Both
assumptions make sense in our SMS scenario since it is highly unlikely that there is
a pixel we never observe in an arbitrarily large number of frames and since the ¢(z;)
are basically determined by the marker intensity ft(xj) and the switch-on probability
given by the experimental setup. Therefore, even though in SMS microscopy, the Jts
are strictly speaking random and their exact distributions will depend on the fluorophore
characteristics, we will consider the J's to be fixed and we will state our results and
conditions accordingly. However, Assumption and our main Theorems and
hold similarly for this random situation, for example, when the convergence in Assumption
3.8 is now almost surely, which can be derived from the strong law of large numbers for
non identically distributed random variables.

In contrast to the usual asymptotics in imaging, where the pixel number n tends to
infinity as the discretization level increases, we consider here the novel scenario where the
total pixel number is fixed while the number of time frames 7" tends to infinity. In SMS
nanoscopy, 1" typically ranges from 10,000 to 40,000, corresponding to a time resolution
of several milliseconds.

1.5 Relation to the literature

The asymptotics considered in Chapter [6] require rather involved computations and no-
tably, they are different from various approaches and asymptotics in the literature. Note
that, in our SMS microscopy setting, the number n; of observed pixels at time ¢ in model
(1.1)) is typically small and, in particular, does not tend to infinity. Hence, our approach is
different from time dynamic imaging (Foroosh et al., 2002; [Huang et al., 2005; |Papenberg
et al.l |20006; |Cuzol et al 2007; |Allassonniere et al., 2007; Fleet and Weiss, 2006; Bruhn
et al., 2005; Weickert and Schnorr, [2001; [Li et al.| 2014) where in each time step a (rather)
complete sample of the entire image has to be recorded. In strict contrast to this, SMS
microscopy provides only a few observed markers at each time. Therefore, our setting is
also different from Gamboa et al.| (2007) as well as from Bigot et al.| (2009), although we
borrow the idea of a Procrustes type estimator based on minimizing a suitable contrast
functional, see Gower| (1975)). The two afore mentioned recent references consider a finite
and fixed number 7' of images which are subject to Gaussian noise, each of which comes
with an individual unknown similarity transform. More specifically, translated to our
setup, (Gamboa et al. (2007) consider one-dimensional “images”, each subject to a one-
dimensional translation, while Bigot et al.| (2009)) consider two-dimensional images, each
subject to translation, rotation, and scaling. They prove that those unknown similarity
transformations can be consistently estimated with asymptotic normality if the number of
pixels n tends to infinity which corresponds to an increasing signal-to-noise ratio for each
frame. Here, motivated by SMS microscopy, we swap the asymptotics for a finite number
of pixels n (of which we observe 7, < n at time t), while the number of observation time
points T' goes to infinity, and allow for a time dependent drift, rotation, and scaling.
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We would like to mention that the shift property of the Fourier transform (and a similar
property of the analytical Fourier-Mellin transform) which has motivated our approach is
crucial in many related methods based on FFT (Reddy and Chatterji, |1996; Bigot et al.,
2009).

We note that our work is not limited to SMS microscopy and might be used for other
purposes, such as noisy object or particle tracking, when only small parts of the object are
registered at each time step as is the case for heavily undersampled magnetic resonance
imaging (Li et al., 2014)). Extensions to non parametric models for drift, rotation, and
scaling are possible and will be the topic of subsequent research. Finally, in a sense,
our work is complementary to the issue of testing in fluorescence microscopy whether a
protein structure has significantly changed in time as in [Bissantz et al.| (2009).

1.6 Overview

This thesis is organized as follows.
Chapter In this chapter, we define the Fourier transform

Fy(w) = /11@2 e’2”i<‘”’x>g(az) dx

and the (analytical) Fourier-Mellin transform

00 27
AFMy() = [ [T et ge Py ds T (wo) e ZxR
0 0

of a function g: R? — R, where P is the polar coordinate transform and ~ > 0 helps
with the existence of the integral in the case that (g o P)(r, 1) does not converge to 0 for
r — 0. Due to its shift property

Fo—sy(w) = e 2O F (), § € R?, (1.3)

the Fourier transform turns the drift of the image sequence into a phase shift that can be
eliminated by taking the absolute values of the Fourier coefficients which allows us to first
estimate rotation and scaling. This is done using the Fourier-Mellin transform which has
a property similar to with respect to rotation and scaling. Key to the estimation
method is the Plancherel equality,

[l ao= [ 17 d.

since it means that we can minimize distances between images in the Fourier domain
instead of the image domain.

Chapter . In this chapter, we present our semi-parametric model . This model
is semi-parametric in the sense that it includes an infinite-dimensional parameter f and
a finite-dimensional parameter (0, ¢, a) € Ré1Fdztds,

To asymptotically decrease the noise level, we average over Sr € N subsequent frames.
This so-called binning gives us the model

Br—1
1 ~t4i n .
0} = % E O;Jr /Tzft(;pj)+,/5—;yﬁe§-, teT,je{l,...,n}, (1.4)

1=0
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where f!(z;) := c*(z;)f'(z;) with an average observation frequency c'(z;), vt > 0 are
basically averages of the original noise levels l?;f, 63 are independent standard normal
random variables, and T := {0, 5r/T,26r/T,...,(T — p7)/T}. From this, we derive our
Fourier model

Yiw) = Fp(w) + Wiw), teT,weR?

where the W#(w)’s are noise terms with centred normal real and imaginary parts. Because
of the shift property (1.3) and some additional calculations, with f := fY we have that

2

[Frel* (W) = (0f)" | Fs (07 R_ow)|

which does not depend on the drift 5t9°. In particular, the rotation and scaling in the
image domain result in the same rotation and the inverse scaling in the Fourier domain.
We will first estimate (¢g, o) from the analytical Fourier-Mellin transform of the data,

AFMyep(u,v) = AFM, - 2(u,v) + AF M (u,0), t €T, (u,0) €ZXR,

|75l
where WH(w) := [WHw)|? + 2R (Fp: (w)WHw)).

Chapter [4. In this chapter, we explain our M-estimation method for the calibration
of the image sequence and provide for estimators for the drift, rotation, and scaling
parameters as well as for the unknown true image f. This method relies on minimizing
so-called contrast functionals. With suitably chosen cutoffs up,vr > 0, the contrast
functional for rotation and scaling is

/_ Z BTZ

VT Ju|<ug teT

cup?
) ivePmiuer AF M y12(u,v)

2
BT a\—iv 27iu d’,
—?Z(aﬂ) e?miup, AfM‘Yt,’z(u,v) dv,

t'eT

from which we derive an estimator (¢r, ar) € argmin; ,)epx A Mr(¢, @) for the parameter

0, Qg ). Calibration of the Fourier image sequence teT Wit and o2 yields the
) Calibrati f the Fourier i Y? ith gbf’T d oy Ids th
following model,

ZtT(w) = (JfT)_QYt (1/05” . Rpf’Tw> .

It remains to estimate the drift parameter 6, with the minimizer 7 of the contrast

functional
B Br
/S;T Z

teT

27i w(59 Zt § : 27?1 w&t, Zt/ )

t’eT

dw,

with a suitable cutoff rr > 0. By correcting the ZL’s with the resulting drift function

estimator t — 5f T and performing a subsequent inverse Fourier transform, we finally get
an estimator for the image f,

r(xj) = /QTﬁTZeXp 27r1<w T, 59T>>Zt( Jdw, je{l,...,n}.

teT
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Chapter In this chapter, we deal with some preliminary computations for our main
theorems, like the distributions and dependencies of statistical error terms (e.g., W(w))

and derivatives of the rotation and scaling correction term dy (o2, p¢) := (o)~ e2rius!
and the drift correction term h(0?) := o2 (w7)

Chapter [6l In this chapter, we present our main theoretical results. In particular,
we provide for the main assumptions on the model and derive consistency of the drift,
rotation, and scaling parameter estimators HT, ng, and ap, and the image estimator fT
under those assumptions. Moreover, we prove that VT (ngT ¢0, G — ) is asymptotically
normal and that (\/T (HT — 00))T N is uniformly tight, where 6y, ¢y, and «y are the
unknown true parameters.

Chapter In this chapter, we propose a simple model selection method for the para-
metric drift, rotation, and scaling models based on the values of the contrast functionals.
Furthermore, we use the motion blur measure

mo(I) := log (M)

J(l/}min)

introduced in (Xu et al.; 2013) to compare our results with fiducial marker tracking. Here,
1 is a pixel image,
N2 )
JW) = (A1) (@)2),,)

Jj=1

is the average squared directional derivative of I in direction (cos(t),sin(¥)), Ymm is a
minimizer of J, and ¥ax = Ymin = /2. The idea behind my is that, if the image [
is smeared along (cos(w), sin(w)), then its intensity will vary little in that direction and
much in the perpendicular direction. This motion blur measure can be used to detect
the major drift direction and the blurring caused by the drift. Since rotation and scaling
become a translation if we transform the image into log-polar coordinates, ms can be
easily adapted to measure the motion blur created by these movements.

Chapter In this chapter, we describe two alternative methods for the estimation of
drift, rotation and scaling in image sequences (without theoretical results).

The first one is based on the work of (Geisler et al.| (2012)) who deal with drift only and
maximize the cross correlation of two frames,

(O % O") (1 ZS (0Ho!,

to find the optimal lag 7% which should be close to the true translation vector 6?,“ — o
between the ¢-th and the t#'-th frame. Here, S, denotes the translation by 7. Then,
7he o= DL N 78" estimates the average translation of the t-th single frame O' with
respect to the entire sequence. Hence, we can correct the image sequence for drift by
shifting each O' by —7%*. Since the squared Fourier magnitudes |Y|* are devoid of drift
but retain the rotation and (inverse) scaling of the original frames, and transformation into
log-polar coordinates converts those into translations, this cross correlation method can

easily be adapted to estimate rotation and scaling. As with the M-estimation technique,
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we can calibrate the images for rotation and scaling and, in a second step, estimate the
drift by employing the cross correlation procedure again.

The second method is the afore-mentioned fiducial marker tracking which is commonly
used in experiments. It is based on tracking the positions of at least two bright fluorescent
spheres that have to be attached to the specimen and then appear in every frame. We
denote the positions of these two markers in the ¢-th frame with p} and pf. Since the
translation by (5? ¢, the rotation by pfo, and the scaling by o7 are assumed to act globally
on the entire image, we have that uf = af‘ORpfo (10 + 6%, i € {1,2}. Thus,

sy — iy = 070 R o0 (1Y — 113),
which means that we can see the rotation and scaling directly from comparing the direction
and length of the difference vector uf — pb with those of ul — u3. After calibrating the
frames with these quantities, we can correct them for drift by aligning the marker positions
in each frame with their respective starting points in the first frame.

Chapter [9] In this chapter, we illustrate the M-estimation method proposed in Chap-
ter [4] in a simulation study, using polynomial drift, rotation, and scaling models. In
particular, we study the robustness of our M-estimator with respect to outliers by ex-
changing the Gaussian distribution of the errors EE» with a Student-¢-distribution with
two degrees of freedom. In both cases, the sparsity of the images is enforced by multi-
plying the (noisy) grey values at all possible pixel locations with independent Bernoulli
random variables with parameter p € (0,1). Moreover, we employ a Poisson model, that
is, O} ~ Pois (pf'(x;)) independently in j and ¢, for which our method still works fine.
Here, the Bernoulli probability p yields a comparable average image intensity with the
two other error models. Furthermore, we consider a piecewise linear drift, rotation, and
scaling model with a jump at an unknown time point.

Chapter (10, In this chapter, we apply our M-estimation method to SMS nanoscopy
data and give a detailed discussion of the results including bootstrap confidence regions. In
particular, we demonstrate the model selection method from Chapter [7|and compare our
M-estimators to results from cross correlation and fiducial marker tracking (see Chapter

Chapter In this final chapter, we explain how to construct bootstrap confidence
bands for the drift, rotation, and scaling functions. Bootstrapping is a so-called re-
sampling method which means that we create additional “artificial data” by sampling
from the original data in some way. We employ a residual bootstrap oriented on the
model , simulating B € N bootstrap samples of the form

(ON = fr(1/of - R sy (2= 60)) + ()P, t€Tje{l,....n},

t

where b € {1,...,B} and the (6;-)(17)’8 are independently drawn from the uniform distri-
bution on the set of residuals,

() ® ~ U {0;. - fT<1/0té‘T R (3 5fT)) ‘ teT,jell,. .. ,n}} .

Performing our M-estimation method with (O;)(b) instead of O! gives us bootstrap repli-

cats ég’), qgg?), and &gf) of the estimators éT, (;AST, and ar, B of each, which correspond to
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: : A(b) 10 : : 30) : :
drift component functions (59Tb )1, (597? )2, rotation functions p%{) , and scaling functions

5%’ Based on the work of Hall and Pittelkow (1990), we construct a 95%-confidence
band for the drift component function (6%); by choosing optimal u,,u_ > 0 such that
u4 + u_ is minimal under the condition that

PO

(0" € (5fT)1 —u-t, (5fT)1 + u+t] for all ¢ € [0, 1],

for all b in a set that includes at least 95% of the elements of {1, ..., B}. The boundaries of
the confidence band are then given by the functions t — (677); —u_t and t — (6:7)y +u_t.

Bootstrap confidence bands for (5é¥7))2, p‘{)(;), and 097 are achieved similarly.
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Chapter 2

Fourier transform and Fourier-Mellin
transform

In this chapter, we define the Fourier transform and the related (analytical) Fourier-Mellin
transform which are crucial for this work because of their properties proved in the Lemmas
and [2.18] For more details on the definitions, lemmas, and theorems presented in this
chapter, see (Rudinj, [1990)). First, we need the following definition.

Definition 2.1 (LP-spaces with seminorm). Let (2, A, 1) a measure space. For values
p € [1,00), we define the LP-space

LP(Q, A, 1) :={g: Q= C|g is p-measurable and ||g||,, < oo},

with the LP-seminorm

1/p
o £ 0.0 g ([ Lo uan)
For the special case p = 0o, we define
LZ( A, 1) :={g: Q= C|g is p-measurable and ||g|| o < 00},

with the L£%°-seminorm

A re 1= inf su )l .
e = jnf _ sup [g(x)

We will denote ||-|| ;o also with |-|| .

Note, that ||-||,, is only a seminorm. For example, if we consider LP (R,B(R),)\),
where B(R) is the Borel-o-algebra on R and A is the Lebesgue-measure on B(R), and
p € [0, 00|, then we have for

1, ifzeqQ,
0, ifzeR\Q,
that g € £7(R, B(R), \) with ||g||,, = 0, but g # 0. This is because A(Q) = 0. Identifying

functions in £P(Q, A, p) if they are p-almost everywhere (p-a.e.) equal (i.e., they differ
only on a set N € A with p(N) = 0) leads to the following normed spaces.

g: R—=C, xr—>{

Definition 2.2 (LP-spaces with norm). Let (€2, A, 1) a measure space, p € [1,00], and
NP ={g € L2(QA 1) [llgllzr =0} ={g € L7 A, p) | g =0 p-a.e}.
Then, the LP-space LF(Q, A, ) := LP(Q, A, u) /NP, together with the LP-norm
-l = LP(2, A ) = [0,00), [g] = [lgll 2o

18 a normed space.

13
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2.1 Fourier transform

Definition 2.3 (Fourier transform). Let g € £'(R?, B(R?), \), where B(R?) is the Borel-

o-algebra on R?. The Fourier transform of ¢ is defined as

Fp R C, we [ e 7@og(r)da.
R2
Moreover, we define the inverse Fourier transform as
FLR*=C, z+ ] ™) g (1) dw.
R

The following lemma can be found in (Rudin} 1990} page 22)

Lemma 2.4 (Inverse Fourier transform). Let g € L£'(R? B(R?),\). If we have that
Fy € LY(R?, B(R?), \), then ]-—]?gl =g a.e.

Lemma 2.5 (Generalized shift property). Let g € £! (]RQ, B(R?), )\), 5 €R? pel0,27),
and o > 0. With
G:R* =R, zwg(l/o-R_,(z—9)),

where R_, is the rotation by —p, we have
Fi(w) = 0% ™M@ F (0R_w).

Proof. With the substitution y :=1/0 - R_,(z — §), we get
Fiw) = / e 2@ g (1) da

R2

= / e’Q”i<”"‘>g(1/U ‘R_,(x —9)) da
R2

=/ exp (—2mi (w, 0 Ry +6)) g(y)o* dy
R2

= e 2 [ exp (<2 (w7 Ry 9(0) dy

R2

_ p2e2mied) / exp (=271 (0R_ 0, ) g(y) dy
Rz
= g% WA (0R_w).
O

This means that a translation in the image domain becomes a phase shift in the Fourier
domain (this is the so-called shift property of the Fourier transform), a rotation leads to
the same rotation in the Fourier domain, and scaling in the image domain translates to the
inverse scaling in the Fourier domain as well as a multiplication of the Fourier magnitude.

In what follows, we will need some standard norms that we define below.

Definition 2.6 (Euclidean norm and 1-norm). Let d € N, b = (by,...,bs)" € R%, and

A= (a;;)},_, € R We define the Euclidean norm
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and the 1-norm

d d
ol ==Y Il 1AL =) laigl
=1

ij=1
The following well-known properties of the 1-norm will be useful throughout this work.

Lemma 2.7 (Properties of ||-||,). Let d € N, z,y € R?, and A € R¥?. Then,

lzll < llell, < Valall, ey, =zl Iyl and | Azll, < [1A], 2], -

The following definition will come in handy later on. It is linked to an integrable
function g € £! (Rz, B(R?), )\) being p times differentiable in a weak sense (see e.g., |[Evans
(1998), page 245).

Definition 2.8 (Sobolev space). For p > 0, we call

HP(R?) := {g € L'(R%, B(R?),\) /Rz(1 + lwl?)? |1 Fy (W) dw < oo}

the Sobolev space of order p.

By Lemma a translation by a vector 0 in the image domain becomes a multi-
plicative phase shift e 279} in the Fourier domain. Because |e®| = 1 for all 2 € C, the
Fourier magnitude defined below helps to get rid of the drift so we can estimate rotation
and scaling first.

Definition 2.9 (Fourier magnitude). For any function g, we define its Fourier magni-
tudes as
|‘Fg| :R2_> [0700)7 W — |]:g(w)‘

Lemma 2.10 (7-periodicity of Fourier magnitude). For integrable g: R? — R, the Fourier
magnitude |F,| of g is invariant to rotation by 7.

Proof. Let g: R?2 x R, x — g(R,x), where R, is the rotation by 7. Because R,z = —x
for all z € R2, we have

2 2

Fl” =

/e—%(w’x)g(—x)dﬁ /6_2”i<w’_y>9(y)dy
R2 K
:/ / e—27ri<w,(*y)*(*?/))g(y)g(yl)dydy/
R2 JR?
_ / / eI g (y ) g(y) dy' dy
R2 JR?

2
/ e 2 g (y) dy
RQ

= |‘Fg<w)|27
with y := R,x. m

Since we deal with data in the form of pixel images, we will also need the discrete
Fourier transform.

Definition 2.11 (Discrete Fourier transform). For a finite set J, X = {x; | j € J} C R,
and a function g: X — R, we call

1 .
X . —2mi(w,z; ) 2
Ty (w) = %jgeje wailg(x;), weR?

the discrete Fourier transform of g.
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The following theorem is essential for our M-estimation method which we will describe
in detail in Chapter [4f In our context, it says that the distance between two images f*
and f¥ is the same as the distance between their Fourier transforms F st and F v, so that
we can minimize such distances in Fourier space instead. For a proof, see (Rudin) (1990,
page 26).

Theorem 2.12 (Plancherel). Let d € N. There is an isometry
U: L*(RY B(RY), \) — L*(R?, B(RY), \)

which is unitary (i.e., for all g1, go € L*(RY, B(R?), \) we have that (¥ g1, Vgs) = (g1, g2))
and uniquely defined by V(g) = F, for all g € S(R?), where the Schwartz space S(R?)
18 a certain subset of the set of smooth functions that is dense in LP (]Rd, B(R?), )\) for all
p € [0, 00).

2.2 Fourier-Mellin transform

As we have seen in Lemma the Fourier magnitude is invariant to translations of the
image which will prove useful. Various Fourier-type transformations have been devel-
oped for handling different groups of transformations in image analysis (see e.g., [Derrode
and Ghorbel| (2004); Ghorbel (1994); |Lenz| (1990); |Gauthier et al. (1991); [Segman et al.
(1992)). As explained in the following, the Fourier-Mellin transformation has a “shift
property” with respect to rotation and scaling. We refer to (Rudin) [1990) for more de-
tails.

Let Z the additive group of integers, R the additive group of real numbers, R* the
multiplicative group of strictly positive real numbers, and S! the unit sphere in R2, all
of which are locally compact groups. We will identify points in S' (as vectors in R?)
with their angle to the a-axis in [0, 27). Then, the direct product R* x S* is also locally
compact and represents scaling factors and rotation angles in the real plane. Let dr and
di denote the standard Lebesgue measures on R* and [0,27), respectively. Then, the
Haar measure of R% x S' is dr/r - dy»/(27), which is positive and invariant (because it
stems from the Lebesgue measures). Furthermore, the dual group of R x S'is Z x R.
Therefore, we can define a Fourier transform on R* x S as described in Definition [2.14}
For that, we first need to define the polar (and log-polar) coordinate transformations.

Definition 2.13 (Polar and log-polar coordinate transforms). We define the polar coor-
dinate transform P and the log-polar coordinate transform LP as

P:[0,00) x [0,27) — R?,  (r,2)) > (r cos(w),rsin(zb)),
LP:Rx[0,21) = R*  (I,¢) — (e’ cos(¢), e’ sin(¢))).

Definition 2.14 (Fourier-Mellin transform). Let g € £'(R? B(R?),\). The Fourier-
Mellin transform of g is defined as

e 2
FMy:ZxR—=C, (u,v)+— /0 /0 (goP)(r,)r e ™ dy %

Remark 2.15 (Connection between Fourier transform and Fourier-Mellin transform).
The Fourier-Mellin transform is a Fourier-type transform on the similarity group Z. x R.
This will later allow as to use the Fast Fourier Transform algorithm (FFT, see e.g., Cooley
and Tukey (1965)) to efficiently compute the Fourier-Mellin transform.
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2.3 Analytical Fourier-Mellin transform

The Fourier-Mellin transform is not well-defined if the function g does not vanish for
r — 0 (see e.g., Derrode and Ghorbel (2004)). In particular, pixel images usually do not
assume the value 0 at their centre. To fix this problem, we multiply g(r,v) with 7 with
a suitable v > 0. This leads to the following definition.

Definition 2.16 (Analytical Fourier-Mellin transform). Let g € £'(R? B(R?), \) and let
~v > 0. The analytical Fourier-Mellin transformation of g is defined as

e’} 2
. . d
AFM,;: Z xR —C, (u,v)+— / / e MW pTTIV (g 0 P (1, 9h) de Ry
r
Furthermore, we define the inverse analytical Fourier-Mellin transform as

AFM:[0,00) % [0,27), H/Ze%‘wrlvg u,v) dv.

UEL

Lemma 2.17 (Inverse analytical Fourier-Mellin transform). Let g € L£'(R? B(R?), \)
and v > 0. If AFM, € L'(R? B(R?),)\), then A}"M;‘}Mg(r,gb) = r7g(r,¢) for all
(r,¥) € [0,00) x [0, 27).

The analytical Fourier-Mellin transform fulfils something similar to the shift property
of the Fourier transform.

Lemma 2.18. Let g € £! (RQ, B(R?), )\) and g a rotated and scaled version of g, that is,

(goP)(r,¥) = (goP)or, ¢+ p),

with a scaling factor o > 0 and a rotation angle p € [0,27). Then,
AFM;(u,v) = o702 AT M, (u,v),  (u,v) € Z x R.
Proof. We have

0o 2w . . d
AF Mg (u,v) = / eI (g o PY(ry ) v 77”
0 0
9] 2T ) . dr
_ / o~ 2miut y—iv (g o 'P) (0‘7“, Y+ p) dy 7
0 0

/oo /2”“’ ~2miub=p) (7 /5 YY1 (g o P)(F, D) d@g

= g [ [T et o pyr, gy g
= o 1T AT M, (u, v),
where 7 := or, 1 == + p, and g is 2m-periodic in . O]
Remark 2.19. Note, that by Remark we get AF M, (u,v) = Fz(u,v) with
g: [0,00) x [0,27), (r,¢) 17 (go LP)(r,¢).

In particular, the Plancherel theorem (T heorem holds also for the analytical Fourier-
Mellin transform.
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Chapter 3
Model

Now, we introduce our model for the image sequences from SMS microscopy. Note that
we initially use notations like O; for the observations or €§ for the statistical errors because
we will soon consider binned (i.e., averaged in time) versions of the data frames which we
will mainly work with (see Section . The resulting variables will then be called Oj-,
¢%, and so on.

Let a function f: R? — R represent a grey value image. We will consider a shifted,
rotated and scaled version of f, for which we define the following functions.

Definition 3.1 (Drift, rotation, and scaling functions). Let dy,ds,ds € N and let © C R4,
O CR%, A CR% compact subsets. Let 0 < opin < 1 < Omax < 00.

o Forfe O, wecald?: [0,1] = R?, t+— &Y, a drift function.

o For¢ e ®, we call p*: [0,1] = (—=7/2,7/2], t — p?, a rotation function.

e Fora € A, we call 0®: [0,1] = [Omin, Omax), t — 0, a scaling function.
We denote the true and unknown parameters by 6y € ©, ¢y € ®, and oy € A.

Remark 3.2 (Interpretation). The interval [0, 1] represents a (standardised) time period,
in which we observe a sequence of transformed images. For each t € [0,1], 0 € ©, ¢ € D,
and o € A,

e §) € R? is a translation vector,
o 0 e (—n/2,7/2] is a rotation angle,

® 0 € [Omin, Omax| @S a scaling factor,

such that, with R, from ,
T — f(l/ato‘ : R_pf(x - 5f)>

is a version of the image f which is first shifted by 8% and then rotated by pf and scaled
by of. The bounds on the scaling function o are useful for technical reasons (see the
proofs in Chapter @) but are also naturally given by the experimental setting, o by the
resolution of the microscope (or the pizel size) and . by the size of the observation
window. The values of the rotation function p® have to be in an interval of length m to
ensure that we get unique estimates of the rotation angles, which will be explained later
m Remark . Of course, that interval has to contain 0 to allow for pg =0 as set in
Assumption[3.3. We choose the interval (—m /2, 7/2] because it is symmetric and we want
to allow clockwise and counter-clockwise rotations alike.

19



20 CHAPTER 3. MODEL

Assumption 3.3. Since we do not expect drift, rotation, or scaling at time t = 0, we
assume that 63 = 0, pg =0, andof =1 forall €O, ¢ € P, and o € A.

For each ¢ € [0, 1], we define
FRPSR, 1z f(l/af“-R_pfo (x—afo)). (3.1)

We observe

O = 7

B ft(xj)—i-ﬂt'gt' iftGﬁ,j < jt? (32)
j 0, ifteT je{l,....n}\J, |

where T := {0,1/T,...,(T —1)/T} is a set of equidistant time points with 7" € N,
T1,..., 2, € [0,1]% are pixel locations, J* C {1,...,n} with a total number of pixels
n € ;N, i >0, and & ~ N(0,1) such that € is independent of €§l, except if j = 7/ and
t=1.

Definition 3.4 (Frames). For each t € T, we call the observed image at time t, (6§)j€jt,
a frame.

Remark 3.5 (Order of transformations). We choose the specific order in which we apply
the affine transformations in because we will correct the observed images in two steps:
first for rotation and scaling and then for drift (see Chapter. In practice, however, this
1s not necessarily a restriction. Consider the alternatively transformed image

flor o — f(l/atao "R sox — 5t9°>, (3.3)

which is first rotated and scaled and then shifted. Since the rotation and scaling is easily
invertible, we can define a new family of drift functions

{59;"5’“: [0,1] — R? ¢ — oy - Rpféf

06®,¢e<b,aeA},

such that
~atth(x) = f(l/O'taO . R—pfo (l’ _ gfo;¢>o,ao)>7

which has the form given in . Obviously, 6%** depends on the rotation and scaling
of the image sequence and will usually not have the same form as the originally proposed
8%, Hence, it might be useful to implement a suitably flexible drift model 6% in such
that it can reasonably approximate 8% in the case that the actual model looks like .

Remark 3.6 (Center of rotation and scaling). Note that, in model , we assume
that the center of rotation and scaling is always in the middle of the image domain.
Considering a more complex model featuring a shifting center point will be the subject of
further research.
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3.1 Binning

In SMS-microscopy, each frame O typically contains very little information because the
number of observed pixels #.J! is small, whereas the length T' of the image sequence is
quite huge. It might thus be interesting to bin subsequent frames, that is, take the point-
wise average of them, to increase the information per frame or just to reduce the memory
needed to process calibration methods on the sequence. Here, however, binning serves
mainly as a means to asymptotically reduce the noise level of the data.

Definition 3.7 (Indicator function). For a set A and a subset B C A, we define the
indicator function

1, ifx e B,

0, ifreA\B.

Note, that we omit the set A from the notation Ig. When we use the indicator function,
the identity of A will be clear from the context.

Ip: A— {0,1}, xH{

For all T' € N, we define a bin size By € N such that T//f7 € N. We construct a new
image sequence of length T'/5r by averaging over S subsequent frames,

Br—1

1 At+i/T
Ol = O, , teT,je{l,. , 3.4
=5 ;0 jed{l,...,n} (3.4)

where

T:{O 12 T/ﬁT—l}:{Oﬁ_TwT T—ﬁT}
TR T/ T B TT T

For T large and S small enough (i.e., 57 = o(T')), we assume that the drift, rotation, and
scaling functions are approximately constant over S subsequent frames (i.e. 5= f* for
all s,s" e {t+i/T |i€{0,...,58r —1}}). Thus,

1 IBT?I 1 5T71 / /
t__ _ o ft+i/T _ N\ ~t+i/T ~t+i/T
Oj B 5_T Z ]IJ“F"/T (j)f / ($]) + E Z ]IJt+i/T (j>yj €

=0 i=0
Br—1

1 N\ Pt n .

= [ Z Hi+i/T<J)ft+ M) + \ /B—;V§€§, teT,je{l,...,n},

=0

where Jt = Ufigl JHIT = #J7, €, ~ N(0,1) are pairwise independent, and

—1
1 Br

e . 5 N\ (/T2
(v;)" = 2B ; ]IJt+i/T(])(Vj )"

Let X! :={z; | j € J&} and ¢": X' — R with

1 Br—1

@)= 5 2 By M)

i=0
The discrete Fourier transform of ¢* is

1 Br—1

Fylw)= -3 oo ZHWT ) (), (35)
jeJk
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Assumption 3.8. Assume that Br o oo, fr=0(T), J- /{1,...,n} as T — oo, and
that

1 Br—1 .
N T—o0
B > Tyr(§) =3 c(xy)
=0

for all t € [0,1], 7 € {1,...,n}, with functions c': R* — (0,1). Assume further that the
drift, rotation, and scaling functions are right-continuous in t and that f is continuous.

Lemma 3.9. Under Assumption .F;%t (w) converges to

I :
FX _ —2mi{w,xj) £t .
)= 5 e ),

where X :={x; | j € {1,...,n}} and f':=f*'.

Proof. Because of the continuity of f, the right-continuity of the transformations, and the
fact that i < fr = o(T'), we have for a fixed ¢ € [0, 1] that

FAHIT () — fix;) =30 uniformly in i.

Since we observe f only on a compact subset of R? and a continuous function is always
uniformly continuous on a compact set, it follows that

Br—1

1 o
E Z HftJri/T (j)ftJrl/T(J?j)
i=0
1 BT*I B ' 1 ﬁT*l .
~ Br D L () (T (25) = fH5)) + Br > Lo () (2))
=0 i=0
= ) fay).

The assertion now follows from (3.5) and the fact that J&. ~{1,...,n}. O

Remark 3.10 (Asymptotic order of 7). The asymptotic behaviour Br — oo ensures
that, for larger T, we bin more frames and thus, the sizes of the JL’s tend to increase.
On the other hand, the fact that Sy = o(T') ensures that the time period represented by
each binned frame decreases. Note that we can assure these asymptotics for Br only for
T in a subsequence of N if we also require fr € N and T/Br € N. However, dropping one
of the latter requirements would lead to a lot of additional notation and we will therefore
keep them for the sake of simplicity.

Remark 3.11 (Interpretation of ¢! and f*). In SMS-microscopy, the probability of reg-
wstering something at time t and pizel location x; depends mainly on the marker density
ft(xj) at this point in time and space and on the switching-light intensity. Hence, ¢*(x;) is
proportional to f(x;), meaning that we basically observe a noisy version of (f')? instead
of ft.

If we instead consider a Bernoulli model meaning that each pixel location x; is active
at time t with some probability p} € [0,1] and inactive with probability 1 —p', and ift — p’
is right-continuous for each j € {1,...,n}, then we have c*(x;) = pt.

Whatever the truth is, we cannot observe ft without ¢* and will therefore reconstruct
f= cof instead off itself.
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For simplicity’s sake, we assume that
Fhi(w) = Fpe(w). (3.6)
From Lemma [2.5] we get
fft((,d) — ao 2 —27r1<w6 > R ¢0w)‘ (37)

Instead of the original observations O': j O;, we now consider their squared Fourier

magnitudes ‘]—'gf (w) |2, where

1

Xt _ —2mi{w,z;) Xt t
Fow) == e 0f = Fgi (w) + W'(w)
jeJk
with
Whw) = —2mi(w.as)y, et 3.8
)= Ty 2 ’ o

jeJk

Because of Lemma (3.6)), and ({3.7)), in the following, we will work with the approxi-
mation

Foi(w) = Y'(w),
where Y (w) is defined below.
Definition 3.12 (Fourier Model). Fort € T and w € R?, we define
Yi(w) = Fpe(w) + WHw), (3.9)
with W'(w) from (3.8).
By Lemma [2.5)]
Fplw) = (057 ) Fy (000 R o),

which implies
2

Fpl? @) = (@00 | FyotR_ o)

(3.10)

Note that the |F ft\2’s do not depend on the drift 4. We aim to estimate the rotation

parameter ¢ and the scaling parameter o from {\YtIQ} ser- Lhen, we can calibrate the

images f! with the estimated rotation and scaling, leaving only the drift to be estimated.
Because of , the analytical Fourier-Mellin transform of |Y*|? is

[e'e) 27
Af./\/llyt|2(u, v) = / / e_%i”wr_ivﬂ(h/t‘g o 77) (ry) dy %
o Jo

o) 27
= / / e’%i“wr’i“r”(\}"ﬂ ]2 oP+W'o 73) (ry) dy %
o Jo
= AFM, . p2(u,v) + AF My (u, v), (3.11)

|7

where

Wi w) = [WH(w)]” + 2R (Fpe(w) Wi (w)). (3.12)

In the next chapter, we explam how to estimate the unknown drift, rotation, and
scaling parameters 6y, ¢g, and «q.
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Chapter 4

M-estimation method

In this chapter, we describe a method for the estimation of the drift, rotation, and scaling
parameters 0y, ¢g, and ay based on M-estimation. This means that we define certain
functions (called contrast functionals) depending on the data which we minimize with
respect to the parameters 6, ¢, and «.

From Lemma [2.18 and ([3.10), we get

AFM, 5 p(.0) = duo(1/07, —p?*)F(u,v), (4.1)

where
du(0,p) = 02T, (4.2)
F(u,v) := (af°)4’7A.7-“/\/l|ff|2(u, v). (4.3)

This, together with (3.11)), gives the idea that (if the error terms get small)
du,v(O—tOéO? pfO)A‘FM\Yt\z(ua U) ~ Ft(ua U)-

Based on this, we define an estimator for the scaling and rotation parameters as a mini-
mizer of a certain functional.

Definition 4.1 (Contrast functionals for rotation and scaling). With suitable cutoffs
up,vr > 0 (as specified in the Theorems of Chapter @), we define the empirical contrast
functional (for rotation and scaling),

vr

Mr(¢p,a) = Z BT—TZ

T |yl <ugp teT

du,v<0-z(€l7 p?)"ét*r'/\/lwﬂ2 (u’ U)

2

ﬁT a @
— Z dyv(0f, pt,)AJ’:M|Yt, ’2(u, v)| dv

t'eT

= Mjo” + MT(¢7 CY),

with
M= [ S IS A My, o) d
= T e (U, v v,
VT |yl <ugp teT
v ﬁ 2
Mr(¢,a) == — Z ?T Zduw(af‘,pf)Awat'Q(u, v)| do,
TUT |yl <ugp teT

25
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where we used Corollary - in the Appendiz and |d, (o, p)| = 1. Similarly, we define
the population contrast functional (for rotation and scaling),

AN

uv tovpf_p?())Ft(uﬁv)

UEZ
2
—/ du (08050 05 — poOYVFY (u,v) dt'| dt dv
0
= M°+ M(¢,q),
with
/Z/ ‘Ftuv dt do,

UEZ
2

du Ut to’pf - pfO)Ft(% U) dt| do,

where we used Corollary- in the Appendiz and |d, (o, p)| = 1, again.

Remark 4.2. Note, that MY. and M° are constant in (¢, ). Minimizing My or M 1is
therefore equivalent to minimizing My or M, respectively.

Definition 4.3. (Scaling and rotation parameter estimator) We define

(¢r, ar) € argming, ,\ea o Mr(, a).
Remark 4.4 (Bounds on rotation angles). We can now explain the restriction of the
rotation function to values in an interval of length w. By Lemmal2.10, the squared Fourier
magnitude ]Ff|2 (and hence its analytical Fourier-Mellin transform) does not change if we
rotate f by w. Thus, allowing pf to assume values in an interval of length larger than m
could result in an estimated rotation angle that is shifted by m which in turn would produce
frames that are turned upside down.

In the next section, the Theorems and will show that, under some assump-
tions, (¢ZT, ar) is a consistent estimator for (¢, ap) and asymptotically centred normal
with rate v/T.

The next step is to calibrate the Fourier data Y with those estimators which leads to
the following model.

Definition 4.5 (Fourier model after rotation and scaling correction). We define
Z(w) = (o) 2V (1ol - R sp0)
Pt

& o0\ 2 o
= o <_1/Ut o R—préf()) (02”) 71 (ﬁRpr p(bow) V) Y

t

where

and

Vi(w) == (UfT)_2Wt (1/0?” . szgTw>

— m ; exp <—27Ti <1/a ‘R it x]>) V€. (4.6)
JEJI

S
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Similar to the estimation of the rotation and scaling parameters, we minimize a certain
contrast functional to estimate the true drift parameter 6.

Definition 4.6 (Contrast functionals for drift). For a suitable cutoff r+ > 0 (to be
specified in Chapter @, let

Qr = {w e R | ||lw|| <rr} (4.7)

the (open) Euclidean ball with centre 0 € R? and radius rr and define the empirical
contrast functional (for drift),

/QT/BTZ

teT

2
—B—; > hy (1/UC*T R ¢Taf,) Z¥ (w)

/€T
= Np+Nr(0),

(1/oi R 4,07) Z5(w)

dw

with

2

N (0) ::—/Q BTZh (1o R 08?) Z(e)| o

where we used Corollary [A.5 in the Appendiz and |h,(5)| = 1. Similarly, we define the
population contrast functional (for drift),

o (108 R (07 = 01%)) Fy(w)

R2

2

- / . (1 Ja50 R oo (80 55,0)) Frlw)dt!| dtdw
0 ¢/

= N+ N(9),

where

N = / Fr(@)]? dw,
R2

1 2
ho (1)o7 - R 4,89 — 6%°)) dt
/0 < ¢ Pt t t )

where we used Corollary[A.3 in the Appendiz and |h,(d)| = 1, again.

N) =~ | 1F) d,

Remark 4.7. Note, that N9 and N° are constant in 0. Minimizing Ny or N is therefore
equivalent to minimizing Ny or N, respectively.

We can now define estimators for the drift parameter 6y and the unknown image f.

Definition 4.8. (Drift parameter estimator) We define

Op = argmin%@]vT(H).
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Definition 4.9. (Image estimator) We define the estimator for f as the inverse Fourier
transform of the calibrated Fourier data,

Fr(x; .:/ 5Tz2mw (/o7 R (5,‘?T)Z§}(w)dw, jell,... n}).

teT

Theorem in Chapter |§| will show that @y and fr are consistent estimators for
Oy and f, respectlvely. Furthermore, Theorem [6.42| will show that (\/T (GT 00)) Tey b
uniformly tight.

We summarize the M-estimation procedure in the following algorithm.

Algorithm 4.10 (Image correction via M-estimation). Choose cutoffs rr,ur,vr > 0,
v > 0, and parametric models for the drift function 8%, the rotation function p®, and the
scaling function o®.

1. Given a sequence of frames (O')ier, approzimate the squared Fourier magnitudes
Y with | FE|, t €T,

2. Compute ,4]:/\/(| teT.

Y| 2,
3. Estimate (¢, ag) with the minimizer (¢, ér) of ]TJT(gzﬁ, Q).

4. Calibrate the Fourier frames (Y*');er with those estimators, to get
Zh(w) = (J?T)_QYt (1/05” ‘R g,Tw) .
Pt

5. Estimate Oy with the minimizer Or of NT(H).
6. Calibrate the (ZL)ier with those estimators.

7. Compute the image estimator fT as the inverse Fourier transform of the resulting
calibrated Fourier frames.

Remark 4.11. In the simulation study and the application to SMS data (Chapters@ and
@), we will use the well-known fast Fourier transform algorithm (FEFT) to compute the
Fourier transforms of the frames. Moreover, we will employ Remark[2.15] to compute the
analytical Fourier-Mellin transform via a log-polar coordinate transform of (the squared
Fourier magnitudes of ) the frames and a subsequent FF'T.



Chapter 5

Preliminary Computations

In this chapter, we prove some properties of the error terms W(w), AF M, (u,v), and
Vi(w). Moreover, we summarize some properties of the terms d(,. (o, p) and h () and
compute the first and second derivatives of d(, . (o7, p?) with respect to (¢, ) and the
derivatives of h,,(6¢) with respect to 6.

Lemma 5.1 (Properties of W'(w)). Recall W'(w) from (5.8).
1. The real and imaginary parts of W'(w) are centred normal,
t 1 e
RW'(w)) ~N |0, — Z (cos(27r (w,xj))> (2 I

n
Br e

S~ (sin(2r (v, xj>))2(y;)2

; t
jEJT

S(WHw)) ~N {0,

e Br

2. We have ]E(]Wt(w)\2> = o Zjej%(yj-)?
3. WHw) and W¥ (') are independent unless t = t',
4. Fortel0,1], j,j' € J&, and w € R?, define

coSf}j/ = 005(27T (w,z; — x7'>)'

R, = R(Fpe(w)Whw)), SL = |WHw)

Y

With this, we have E(RLSE,) =0 and

]_ .. 7Y}
E(RLR,) = pYEn > cosl cosl, k) (et (V)7
13 j,j,,j”EJt
E(SLS! ) = - Z Z( +2COSZ}jICOS(];;?/)(I/;V(I/;/)Q :
BT jeJt JF#3’

Proof.

1. Since they are linear combinations of independent centred Gaussian random vari-
ables {e! | j € Ji.}, R(W'(w)) and S(W'(w)) are also centred Gaussian. Because

29
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. Since {€|j € J}} and {€
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the 55‘ are standard normal and independent we get

Z Var (cos (27 (w, xj))yjej)

ntﬂT 7t

1

= e jezj:t <COS(27T (w, :Bj>)>2(’/§)2>

Var (R(W'(w))) =

and, similarly,

Var (S(W(w))) = ntﬂT Zﬁ Var(— sin (27 (w, 25) ) v} )
= g 2 (nlor ) 0

. This follows from

(o) ~s{soro) -2soro)
— Var (%(W%w))) + Var (%(Wt (w)))

and the fact that cos?(z) + sin?(x) = 1 for all z € R.

j' € Ji} are independent for ¢ # t', so are W'(w) and
W ().

. First, note that

%(]:ft(mwt(w_)) — % nt—3/2 ;1/2 Z o= 2mi(w,z;) fila )e2ﬂ1<wrj/>y;/€§/
Jy'edk.
=n, 2B, > cost fHa)vhel
33 €J%

Since E(¢ ¢t ) = 0 unless j' = j" and ]E(( /)?) =1, it follows that
E [ R(Fp (w) W7 (w)) afe(fft (W)WI) |
— w8 D cost costsd fi(as) () ()

]] ]//eJt

Furthermore, using Theorem in the Appendix,

{Wt(w')f = \/m Z COS 27T <(,d CCJ//>)V;N€§//
NGJt

2

+ sin (27 (W', 2j0) ) Vel
v 2 e
1
= E cos(2m (W', 2ji)) cos (2m (W', 2 ) ) Vi€l el
nt/B ]// ]///ejt
1
+ 6 E SlIl (27T <(U LUJN>) Sln(27T <w ./E]///>)VJ//V]///EJ//€j///7
N

]// ]”leJt
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which implies

t / 2 ]_ »//’ 111 + n t ¢
|W (CU ) | - E COS‘L]U/ J ]/j// Vj/// 6]‘//€j//l .
ntﬁT j//JWGJ%

Because E(e, €l el) = 0 even if j' = j” = j", we get

B[R ) TT) ()]
7’[,;5/25;3/2 Z COSJJ COS l,, 3" ft(l'j)Vjt //I/ ///]E [ //6 ///] =0.

j,j’,j”,j”’EJt

Finally, because E((})*) = 3,
E(|W'@)|* W' @)])

—2 -2 j, 5’ 3" ¢
= n;°fr E cosl? cosl, T VvVl vl (€5€l €hneln)

3:3",3"3" €5

—2 -2
I DY D DR D DD D
] j/_]//_]/// ] Jl¢]/l_]lll ]_j//;éj/:j/// j:jl//¢jl:j/l

// 117

<COSJJ COS '7 l/jV 7/ //V ///E (E /E‘gue ///))

- nt_257?2< D O3+ Y (W) (W) 2 cost cosﬁfl(u;)Q(y;,Y)

JETT J#3" i#d
= n;23;° (3 Z l e Z(l + 2cos’? cos’; (V )2(V§,)2> :
jeJt J#d

]

Assumption 5.2. There is a constant Vpa.x € (0,00) such that V; < Vmax for all t € [0,1]
and j € {1,...,n}.

Lemma 5.3 (Properties of AF M, (u,v)). Recall W' from . Under Assumption
we have

2 e
IqmﬁM%mwﬂ}zo<é). (5.1)
Proof. With Lemma [5.1, we get

E[‘A}"M:)C\,t(u,v)’z}

2

e iy —iv (Wt o 77) (ry) dey

2
dr
0 0 r
rr rT 2 2T
= / / / / e*Qﬂ'iU(’lL’*i[Jl)r’yfi’U (T,l)»y+iv
0 0 0 0

| (' (peo om0 P )

.<|Wt(77(r',w’))‘2 + 29%((]—“ftW) (P( ))>>] do dyy/ g d_r’
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rr rT 2T 27 ) , ) )
/ / / / 6727r1u(1/171/) )T’yfw (r/)'y+w E
0 0 0 0
dr dr

R((F W) (Prw) )R((F ) (PO, >))] } dydy’ ==

/ / / / e=2rt—) 1 1 { [32

+ Z (1 + 2 cos (27r (P(r,),zj — xj/>> Cos (27r (P(r', ), x; — xj/))> (1/;)2(1/;,)2]

|wt<7><nw>>f|Wt<7><rcw'>>>f]

+4E

Jr
J#5’

_|_3i Z [cos (27r (P(r, w),xj- — xj/>) cos (27 (P(r' W), :L’;,/ — $j’>>

ny Pr
tf 44" €L,

S 0] >”dwdw@d—r

In particular, because of the triangle inequality and |cos(z)| < 1 for all z € R,

E DA}"M% (u, v)ﬂ

o2 p2m v dr dr
S / / / / { ﬁ Z ft ft max}dwdw__
/I Jt
3t T 2
= dm) e T ( [fra)
A2y 27 RV
— max ft ft max
72 { %51“ 5 %:Jt
Am?r2) | 3ud 4 ) <7~2”
max i Vmax — O T ) '
where we used that n; > 1 and that f is bounded. O

Lemma 5.4 (Asymptotic order of Vi (w)). Recall VI(w) from @ Under Assumption
.for alT €N, t,t' €T, and w € R?, we have E|Vi(w)VE (w)| = O(1/Br).

Proof. Since the ej are independent standard normal random variables, we get

& Z Z exp( 27ri<1/af‘T : Rpf;Tw,xj>)

' v ntnt’ﬁT Ut *(op") J€JtTJ et

: ar A ¢ttt
- exp (27r1 <1/0t/ : Rp¢Tw, xj/>> ViVji€i€;
t/

V2 1
max O — ).
- /3TU i < Br )

E [VA() V)]

t t
66/

V4 ntnt’BTO'mm Z Z

JEIL jredt!
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Lemma 5.5 (Properties of d, (o, p)). Recall from that dy (o, p) := o~ e*™u’, We

have
‘du,v(@ p)’ =1, (5.2)
du,v(Ua P) = 1/du,v(07 p) = du7v(1/07 _p)a (53)
duvv(l, 0) =1, (5.4)
Qa0 D)) = (0", p+ 1) (5.5)

Proof. Define A := log(c). Then, duv(a p) = el®me=vA) - The fact that }e‘m =1 and

e® = e for all z € R implies (5.2) and . The properties and (5.5) follow
directly from the definition. m

Assumption 5.6. There is a convexr open neighborhood U C ® X A of (¢, ag) and some
C > 0 such that o — oy and ¢ — p? are twice differentiable on U for all t € [0,1] and

Lemma 5.7 (Derivatives of du,v(ata,pf’)). Under Assumption foru € Z, v € R,
t,t' €10,1], and (¢, ) € U, we define

grad¢pf , | Hessoof||, < C*  uniformly in ¢, t.

eradyofl| < €, || Hessopf |

456, 0) = duy(of Joy /07, pi = pis = ") € C, (5.6)

! e e a/ T 2+d:
i (6,0) i= (2rugrad] (of — pf), —vofop/of grad](of /o%)) €RETH,  (5)
t | 27u Hessd)(pf — pﬁ) 0 (d2+ds3)x (d2+ds)
(o) = 0 —vogot ot Hessal(of fog) ) €& '
(5.8)

Note, that d.5 (¢o, ) = duy(1,0) = 1. There is a constant C > 0 (independent from u,
v, t, t', ¢, and o) such that

grad g o dy'y(0,0) = ial, (6, 0)dy, (¢, @), (5.9)
Hesssadily(0,0) = (iHLL(0,0) = alfi (6, a)alfi(6,0)T) difs(6,0), (5.10)
lait@.0)| < Ele o, (5.11)

|erad, a)dm,aH < O, (5.12)
| Bessipadito, )| < it vl +E ). (5.13)

Proof. First of all,

grad g o dun(0f /o [0} ol — pt, — )
= grad, exp(27r1u(pt —ph = p{°) — v log(ay/op /o))
= w(at Joifat, ot — o} — pi")

i (2mugrad] (5 — o). —vogof /of srad (o7 /0%))
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which proves (5.9)). It follows that

Hess(¢a uv(gt /0 /Ut 7pt _pt/_pt )
= grad(¢,a) [duv(at Jou /o 7Pt _Pt/ pt °)

]
i (2rugrad] (of — pp), ~vofo®/of grad (o7 /7)) |

= uv(at /O-?/O-t th p(té_pfo)
T
- [ (2mugrad] (5f — pf), —votor™ o grad (o7 /o))

: (27ru grad;(pf —ph), —voSal o gradl(af‘/a?))

4 2mu Hessy(pf — pf)) 0
0 —vogoy® /o Hessy(0f [of) ’

proving (5.10). Now, let C := 4nCo? /o2, with C' > 0 from Assumption . Then,
2 oo’ 0 a
| # 0 (22 g o )P

t
¢)2

grad¢pt/

, 2
ah! (gb,a)H < Ar*u?

UV

grady(p — pj)

< ArPy? <)

|

grad, pf’

g \?
+v2( : ) (09 |larad, o2 + o [lerad, %)

a ~Q
O-t O-t/

< 16m2C%2 + 4 (U‘“‘”‘) C20? < C2||(u,0)|?,

amll’l

which implies (5.11]). Hence, (5.12)) holds because, by (5.9),

Furthermore, by Assumption |5.6 and because of

grad(qxa)dt t/ H = ’

tt’ H

ey ™|l = llzlly lylly < ds ]yl for all z,y € R,
we have that
| Hessa (0 / o)l
o grad, o — of grad,of
= ey (BT
t/

a o @ T _« o o o T _« a\—2
= H (at, Hess,o;' + grad, o} grad, oy — o; Hess,oy — grad,op grad,, oy )(O’t/)

1

- T
—2(0) 7% (0} grad,of — o grad, o) grad, op

202(0max + 1) i 4d3020max < 8d3020maX‘

o2, o3. - o3

min min min

1

<

It follows that

at, O't

HH” ” = 27 |ul HHess(bp — o0

3
< 4nC? fu| + 8dsC2 T (o] < Cy || (u, v)]],

min

Rt [ Hessa (07" /o),
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where Cy := 87Td3/2020§nax/04

min?

which implies

IN

s, < oo ], oo

< Coll(u, o) + dsCF || (u, v) ||

Then, 1’ holds with C := max {\/_61, 5’2} ]
Lemma 5.8 (Properties of h,(d)). Recall from (.) that hy,(8) := ™9 We have

|ho(0)] =1, (5.14)

hy,(0) = 1/h (0) = hy(—9), (5.15)

he(0) = (5.16)

hy (8)he(0) = (5+5) (5.17)

Proof. The fact that |¢”| =1 and eiv = ¢ for all z € R implies ((5.14)) and . The
properties ((5.16)) and (5.17) follow because e’ = 1 and e%e¥ = e* ¥ for all T,y € C n

Assumption 5.9. There is a convex open neighborhood U C © of 6y and some C > 0
such that 0 — 89 is twice differentiable in U’ for all t € [0,1] and, uniformly in 0 and t,

ngade((Sf)l (5?)2” < C, || Hessg(67) Hesse(éf)zul < C?.

hlly

Lemma 5.10 (Derivatives of h,(6?)). Under Assumption for w = (w1,ws) € R,
t,t €[0,1], 0 € U, and with 6] — 6% = ((6] — 6%)1, (67 — 67)2), we define

Thi=1/00T . R_pr c R**2, (5.18)
WG5,(0) = ho (7(6] — 6°) — 7.07) € C, (5.19)
tht;(Q) =27 (w1 grad, (74567 — T%/éf,)l + wo grady (T567 — T}/éf,)g) e R%, (5.20)
HtTt;(H) := 27 (w; Hessg(74:6] — 75091 4 ws Hessy (7467 — Tr}léf,)g) c Raxd  (521)

Note, that htT’?w(Qo) = h,(0) =1 and that th’?w(O)—b%g((‘)) = b;t;(ﬁ) For later use, we also
define the limits (given the consistency of the rotation and scaling parameter estimators
which we will prove in Chapter@

7_(7)50 = 1/0.?0 . R,pfo c ]R2><2, (522)
bLl,(0) := 21 (w; grady (78] — 72.60)1 + wo grady (4,67 — 7160),) € R™, (5.23)
HY! () = 27 (w1 Hessy (72,07 — 75,60)1 + wa Hessg(75,6) — 72.00)2) € RV (5.24)

There is a constant C > 0 (independent from T, w, t, t', and 6) such that

gradghil, (0) = ibYL(0)RS,(0), (5.25)
Hessohl)' (6) = (iHZ,(0) — by, (0)b,(0) ") h5E,(6), (5.26)
b < . (5.27)
gradahzf;eH < Ol (5.28)
|m@) < Eel (5.29)

| HessonS H < Cllwl+C?lwl®. (5.30)
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Proof. First, consider
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gradyh, (7} (5] — o) - 74)
= gradyexp (27Ti <w, Th(6) — 6%y — T:tplcif/>>

= 2mi(w; grady (6] — T469)1 + ws grad,y(th6¢ — T%éz)g)hw (r5 (8] — oty — T}/éf,),

proving ((5.25)). Hence,

Hessgh,, (74:(6] — o) — T}/(Sf,)

= grad, (27Ti(w1 grady (7567 — 7169)1 + wo grad, (7467 — T%/éf/)g)

o (T (8 = 31°) = 7167) )

= 2mhy, (Th(8] — o%0) — T:tp/éf,) [i (w: Hessg (7467 — T80%)1 + wy Hessy (7467 — T:’}léf,)Q)

—27 (w; grady (0] — T860)1 + ws grad, (th0¢ — 7':'}/53)2)

/ / T
-(wl grade(T}éf -7k 53)1 + wy gradg(T%éf - 53)2) } ,

which proves ([5.26). We denote the components of 7. by (74); ;, 4, j € {1,2}, for which we
have |(74),;] < ot Let Cy := 87v/d,C /o with C' > 0 from Assumption m Then,

min*

with Lemma 2.7]

|

b0 =

VAN

<

)

grady (T:tr/ 53)2

2r [ (|lgrady(mhof )1 | + [|rady (75 00

+27 |wo (ngade(T:th)QH +

)

27 | | <\(T:tr)1,1| |erady(8))1 | + | (75)1.2| || grady(67)2|]
| (75| leradg (0801 || + | (7)1, [|erady(62)] )
+27 |ws| <‘(T%)2,1} |erady(8))1| + | (71)22| || grady(67)2||

+ [(T5)2,1| ||erads (50)1 || + | (7)2 ngade(fsfth)
Ci |l (5.31)

—

[y

from which we get (5.27). By (5.25]), we have

|eradohi®)]| = |

bl (0)]

implying (5.28). Similarly to (5.31), we get that HHtTt;(Q)H < Cy ||wl|, which yields
- ’ 1
(5.29). With C := v/d,C}, it follows that

|| Hessoh,, (6] — 67°)]|, < HHtTtw(Q)’L +a ‘

t,t 2 ~ ~2 2
bz, ()| < Clwl+C%lw|”.

Thus, (5.30) holds, completing the proof. H



Chapter 6

Main Results

In this chapter, we prove the consistency of (QAST, ar), Or, and fT, as well as the asymptotic
normality of v/T'(¢r, ér) and the uniform tightness of (87)rey.

6.1 Estimation of rotation and scaling

Before we start, we need another definition (see e.g., Rudin (1990|, page 265)).
Definition 6.1 (Total variation). Let g: [0,1] — C and let
P .= {{to,...,tk}|k’€N,O:t0<t1 < - <tk:1}
the set of all finite partitions of [0,1]. We define the total variation of g as
k-1
TV(g) == sup Z l9(tit1) — g(t:)] -
{to ..... tk}GP i=0

Assumption 6.2. Under Assumption[5.0, we assume that the second partial derivatives

0*p! P oy
_»—
¢ 8gbm8¢m/ 80ém//80émw
are continuous at the true parameters ¢g and ag, respectively, for all m,m’ € {1,...,ds}
and m”,m" € {1,...,d3}. Furthermore, the first partial derivatives at ¢y and o, as

functions in t, are of bounded total variation, that is, there is a C' > 0 such that

op? , ey )
T T
V(tr—>a¢m><0, v(tHaamu <,

forallm e {1,...,dy} and m” € {1,...,ds}.

Definition 6.3 (Not rotation or scaling invariant). A function g: R* — C is called not
rotation invariant if there is no p € (0,2w) such that g(z) = g(R_,z) for all x € R%
Similarly, g is called not scaling invariant if there is no o € (0,1) U (1,00) such that
g(x) =g(1/o - x) for all x € R

Lemma 6.4. Let g € L*(R?) and v > 0 such that (w — |w|” |]:g(w)|2) € L'(R?). The
function g is not rotation invariant if and only if there are coprime u,u’ € Z \ {0} and

v € R such that AF M,z 2(u,v) # 0 and AF M,z 2(u',v) # 0.
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Proof. Let p € [0,2m) such that g(x) = g(R_,x) for all z € R?. From Lemma , we get
that
|Fy(w)]? = | Fy(R_,w)° for all w € R%.

Hence, by Lemma [2.18],
AFM 7,2 (u,v) = e_%i“’JAJ’-"M%‘z(u, v) for all (u,v) € Z x R. (6.1)

Let u,u’ € Z\ {0} coprime with AFMz 2(u,v) # 0 and AFM  2(u',v) # 0. Then,
implies that e 2™ = 1 and e 2™%'? = 1 and thus, up € Z and u/p € Z. In particular,
p €1[0,2r) N Q. Let p = 21/2y, where z; € Z and 25 € N are coprime.

Assume that p # 0. Then, 2z; # 0 and it follows that both uz; and u'z; are multiples
of zy, which is a contradiction to the fact that v and u' are coprime.

Now, assume that AFMz 2(u,v) = 0 for all coprime u, v’ € Z\ {0} and v € R. Since
for every u € Z\ {0} there is a v’ € Z\ {0} such that u and " are coprime (e.g., u' := pu
with a prime number p that is not part of the prime decomposition of u), this means that
AF Mz 2(u,v) = 0 for all u # 0. With the inverse analytical Fourier-Mellin transform,
we get that

r“’(|]—"g|2 o P)(r, ) = /]R)Ze%“wri”AvagF(u,v) dv =0
uez
for all (r,v) € [0,00) x [0, 27), implying that F, = 0. Hence,
g(x) = /}R2 M@ Fo(w)dw =0 for all z € R?,
which means that g is constant and, in particular, g(z) = g(R_,z) for all x € R? and
p e 0,27) O

Lemma 6.5. Let g € L*(R?) and v > 0 such that (w — [lw]]” |fg(w)|2) € LY(R?). The
function g is not scaling invariant if and only if there are uw € Z and an open Borel set
B C R with positive Lebesgue measure such that A]—"M‘fglz(u,v) #0 forallv e B.

Proof. Let o € (0,00) such that g(z) = g(1/o - x) for all z € R%. Because of Lemma [2.5]
this implies that
| Fy(w)]> = o* | Fy(ow)]®  for all w € R2.

Hence, by Lemma [2.18]

A}—M‘fﬂz(u, v) = 04_7+1”AFM|f9|2(u, v) for all (u,v) € Z x R.

For AF M,z 2(u,v) # 0, this implies that 0“7 = 1. In the case of 7 # 4, taking the
absolute value yields o = 1. For v = 4, it follows that

elvlos(@) — 1 (6.2)

Since ¢ is not scaling invariant, this holds for all v in an open Borel set B C R with
positive Lebesgue-measure. Because both Q and R \ Q are dense in R, we can therefore
fix v € B and choose v1,v5 € B\ {v} such that

v—v1 €Q, while v—v,€R\Q. (6.3)
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By (6.2), we have that
}log(o) eivlog(a)
i(v—v1)log(o) __

¢ o elv1 log(o) =1

Y

which implies (v — v1)log(c)/2m € Z. Similarly, we get (v — vy)log(o)/2m € Z. Because
of (6.3), this implies log(c) = 0 and thus, ¢ = 1 for all possible values of ~.

On the other hand, if there are no u € Z and no open Borel sets B C R with positive
Lebesgue-measure such that AFM, £ 2(u,v) # 0 for all v € B, then AF M,z 2 =0 a.e.
With the inverse analytical Fourier-Mellin transform, it follows that

FFL 0 PY ) = [ 3 AT M 0,0)do = 0
: A

UEL
for all (r,1) € [0,00) x [0,27). Hence, F, = 0, and thus
g(z) = / M@ Fo(w)dw =0 for all z € R?,
R2
implying that g is constant and, in particular, g(z) = g(1/o - z) for all x € R? and
o>0. [

Assumption 6.6. Let f € L*(R?) N HY?(R?) not rotation or scaling invariant.

Assumption 6.7. The maps

= LM(0,1], (~m/2,7/2)), o (0%t g),

A— Ll([(), 1], [omin, amax]), o (Uo‘: t— Uf‘),
are continuous with respect to the L'-norm. Moreover, for each ¢ € ® and o € A, the
rotation and scaling functions t — ,of and t — of' are continuous at t = 0.

Definition 6.8 (Identifiability). For some index set I, let Gy = {g*: [0,1] = R |i € I}
a set of functions. We call G identifiable if for all i,j € I, the existence of a Borel set
B C [0,1] of Lebesque measure equal to 1 with g'(t) = ¢’(t) for allt € B implies i = j.

Assumption 6.9. The set of scaling functions {t — Jf‘a € A} and the set of rotation
functions {t — pﬂ(b € @} are identifiable.

Assumption 6.10. There is an open neighborhood U,, C ® x A of (¢o, ) and there
are constants L,, Ly > 0 such that the following local uniform Lipschitz conditions hold,

< L,ll¢— 9ol sup o — 0| < Lo [la — ool for all (¢, ) € Uy
tel0,1

sup |pf — pi"°

t€[0,1]

Assumption 6.11. There is a C' > 0 such that, uniformly in ¢ and «,
TV(t = p) +TV(t — 0%) < C.

Assumption 6.12. We have the following Sobolev-1/2 condition,

2
dv < 0.

[ 1o araty, oo

UEZ
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6.1(i |6.11L and|6.12| hold. If we have ro,ur, vy, Br — 00,

r=o(T), and rT uTUTﬁT gt 0, then the scaling and rotation estimator (¢T, ar) from
Definition[].d is consistent, that is,

Theorem 6.13 Consmtencv of rotation and scaling parameters). Suppose that the As-
. T—o0
sumptzons H

(ér,G7) =3 (g0, ) in probability. (6.4)

Proof. The proof follows a standard three step argument in M-estimation (e.g., (van der
Vaart, |2000; (Gamboa et al., 2007; |Bigot et al., |2009; [Hartmann et al.| 2016))). The three
steps are:

1. Show the uniqueness of the population contrast minimizer (g, o) which, together
with the compactness of ® x A, yields (B.2)) in the Appendix.

2. Show the continuity of the population contrast functional.

3. Show that My =% M in probability uniformly over (¢, «), implying (B.1) in the
Appendix.

Note, that (B.3) in the Appendix holds because (¢r, d7) is defined as a minimizer of Mr.
Then, Theorem in the Appendix yields the desired consistency of (¢7, ar).

Step 1: uniqueness of the contrast minimizer (¢, «p). First, note that because
Ft(u,v) = (af‘o)4_7.,4.7:./\/l|ff|2(u,v), we have

2

. 1
W(6.0) = = [ S| [ dutorfore.ot = i) e AFM, plu0) ] o
u€EZ
2 1 2
=~ [ Sy, p| | [ duntorfor i —ainor) o a) aw
RueZ 0
2 1 2
> = [ Slars pwn| ([ faustor oot = o] at) a
RUEZ 0
2 1 2
:_/Z A]—"M‘f |z(u,v) (/ (030)4—7(%) dv
RuGZ d 0

for all (¢, &) with equality if (¢, @) = (do, ). Let (¢, ) €  x A such that

2 < /O (om0t dt>2 do. (6.5)

Since f is not rotation or scaling invariant by Assumption [6.6] by Lemma [6.4] there is
are coprime u,u’ € Z\ {0} and an open Borel set B C R with positive Lebesgue-measure

such that A}"M‘]__Hz(u,v) # 0 and A}"M’Ff’z(u’,v) # 0 for all v € B. Then, for {}

to hold, we must have

AF M, 2(,0)

1 1
[ dunster ot = oyl = [y ar

for all (u”,v) € {u,u'} x B. By Lemma in the Appendix, ¢t — dy» (0 ( a /gt p? — o)
is constant a.e. on [0, 1]. Because of the identifiability constraint (o§, po) (1,0) for all
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(¢, @) and the continuity of 0@ and p? at t = 0 (Assumption , this constant has to be
1 which implies that

1= dyr o(0f /07, pf — p{°) = eXp(—iv(log(Uf) —log (7)) + 2miu” (pf — pf“)) (6.6)
a.e. on [0, 1] for all (u”,v) € {u,u'} x B. Choose v1,v3 € B\ {v} such that
v—uv €Q, v—uvyeR\Q. (6.7)

From (6.6)),

) . dy o (00 /000 ,,ot —p°)
exp( (U—U1)(10g<0t ) —log(Ut ))) - uvl( /Ut 7pt ¢0) =1,

and similarly, exp(—i(v — vy) (log (o) — log(atao))> = 1, which implies that

(v — v1) (10807 — log(0)) /(2r) € Z.
(v — vg)(log(af‘) — log(af‘o))/(Qﬂ) €.

Because of (6.7]), this means that log(of*) —log(cy®) = 0 a.e. on [0, 1]. Since the logarithm
is bijective and the scaling functions are identifiable (Assumption , we get a = ay.
Because of , it follows that

exp(?mu(p — Py )) =1, exp<27rlu (p — Py )) =1, ae. on[0,1],

which means that u(p? — pf°) € Z and o/ (pf — p?°) € Z a.e. on [0,1]. In particular,
p? —p? € Q. Since t — p¢ — p? is continuous at ¢t = 0 with value 0 (Assumption , we
can choose ¢ > 0 small such that | pf — pf’o\ < 1. Let z; € Z and 23 € Ny coprime such
that ,of — pf’ O = 21 /2. Then, uz; and u'z; are both multiples of z5, which contradicts the
fact that u and u’ are coprime unless z; = 0. Thus, pf’ = pf ? and the identifiability of the
rotation functions (Assumption yields ¢ = ¢yp.

Step 2: Continuity of M. By Assumption , the functions t — of* and t — pf* are
measurable for all & € A, ¢ € ®. Therefore, the functions

t = du(o)/of” th pfO)Ft(u,U) A Crer th _pt °)(op)* 7AFM|;| 2(u, )

are measurable, too, for all u € Z, v € R, o € A, ¢ € P, as they are concatena-
tions of measurable functions. By the same Assumption, the functions a +— o} and
¢ pf are contlnuous for all t € [0,1]. As a concatenation of continuous functions,
(¢, Q) = dyo(c® /o, p¢ — p?)F(u,v) is also continuous for all u € Z, v € R, t € [0,1].
Furthermore, the constant function

max’ -~ min

= Juo = max{04 T gt 7}./4]:/\/1|]E| 2(u, v)

is an integrable majorant for t — dy,(c®/0®, p? — p?°)F'(u,v). Thus, we can apply
Theorem in the Appendix to get that

H/‘wq Jo%, g — ) F (u, ) dt
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. . 2 . . .
is continuous for all u € Z, v € R. Because z — |z|” is continuous, so is

2

1
(6,0) s g0 = / (02050, P — i) ' (u, v) dt
0

By Assumption and Lemma [A.13]in the Appendix, AFM,_ 2: Z x R — C is con-
| 7]

tinuous. Since (u,v) r—) duv( a /g0 p¢ _ p?) is continuous, too, we get at once that
(u,0) = dyy(0® /o™, p¢ — )Ft(u,v) is continuous. Hence, by the same chain of ar-
guments as above the functlon (u,v) — g2¢ is continuous and therefore Lebesgue-
measurable for all @« € A, ¢ € ®. Since g*¢ < |§u,v|2 for all @« € A, ¢ € ®, and, by
Assumption [6.12 7

/ Z |§u,v|2 dv = max {0-18113)2(7’ O nin
R ez

2
A}"M|Ff|2(u,v) dv < o0,

(u,v) > |Gun|® is an integrable majorant for (u,v) — 9io(0, ). Applying Theorem
in the Appendix again yields the continuity of M.

Step 3: My =% M in probability uniformly in (¢,a). From (3.11) and (4.1), we
get

A'F'M|Yt|2<u7v) = du,v(l/ataoa _pfO)Ft<u?v) + *A‘FMWt(ua U)' (68)
Hence,
2
Wi6.0) = = [ 1S ot s AF M) o
VT | <up teT
/8 o aQ
= [ X [ E S duslop ot — ) wr0)
UT || <ur teT
2
+du,v(gtaa pf>A‘FMWt (U, U) dv
= AT(¢? Oé) + BT(¢7 Oé) + CT(¢7 O{), (69)
with
2
Ar(d,0) = / S |2 S dulop /o, ) (w0)|
vr |u|<uT teT
Br(¢,a) = —/ > 2w (ﬁT > dun(of /ot pf — pf°)Ft<u,v>>
Tyl <up teT
- <%T S (03 01 AF My (u,v)) ] v,
t'eT

2

br Zd““ 0%, pD)AF My (u,v)| du,

teT

Cr(¢,a) = /_ Z

VT |u|<up
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where we used Lemma in the Appendix. To derive the desired uniform convergence
we will show that the deterministic part Ap iy uniformly in (¢, @) while the random

part By + Cr =¥ 0in probability uniformly in (¢, «). To keep the notation short, in
the following, we will write

CZ,U(¢7 a) = dyy(of /o) uot _Pt °) (ot )4_7- (6.10)

Consider

4r(6,0) = M(6.a)

~ ‘/ > |7 ey (j 5 —pt)F%u,v)

vr \u|<uT

g
duv <0_ctuo7pt — P ) Ft(u,v) de

2

2

dv

/ uKZu /,)T = / ulg / ., (Jioapt — )Ft(u, v)di o
/UT 2 /UT / > ‘A]:M,f, (u, U) 1 Z, (<b,oz)dt2 dv

|u|<ur |u|<ur [u|>ur

2 2 1 2
< [T % My pe)| || E S o) | [ ol |a
UT |y|<ugp teT 0
/ > / /Z ‘AIMW u, v) /|cuv¢, ? dtdv
T fu<ur VT ful<ur | |>ur
< 20/ ‘AJ—"M|I| Zcum, / ¢t (¢, a)dt| dv
—vr || <up teT

2

+C, / > / /Z ’A]—"M|F|(uv)

|u|<ur T |u|<ur |u|>ur

- 2CyﬁT/ > TV(t— (0, ))‘AIMW( v)

T Jy|<up

2

dv

2
+C, / |u|2<; /UT 2 / |u|2>; ’AJ—"MV #(w,0)] dv, (6.11)
where we used Lemma [A.4]in the Appendix for the second inequality with
C, = max {07, o5 2 (6.12)
and Lemma in the Appendix for the last inequality. Because
./4.7:/\/1|Ff|2(u,v) 2 dv < 00 (6.13)
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by Assumption [6.12], and because ur, vy oo 00, the second term in (|6.11)) vanishes for
T — oo. To tackle the first term, we show that

sup  TV(t—c (¢,0)) < Cy|(v,u)| + Cs, (6.14)
(p,0)EPXA

with some constants Cs, Cy > 0. First of all, 0®: t = ¢ and p®: t — pf are of bounded
variation uniformly in o € A, ¢ € ®, by Assumption [6.11] By Lemma in the
Appendix, x +— 2?77 is Lipschitz-continuous on [Omins Omax] With Lipschitz-constant in
the set {(4 — )02, (4 — V)omm 50, (=4 + 7)o} (for v < 3,3 <y <4,y =14, and

max’ min min

4 < =, respectively). Furthermore, the logarithm, restricted to the interval [oin, Omax], 1S
differentiable with derivative bounded by log’(0min) = 1/0min. Hence, by Lemma in
the Appendix, log, . . . is Lipschitz-continuous with Lipschitz-constant 1 /O min. Since
t — of is of bounded variation uniformly in o € A, so is t — log(oy*). This and Lemma
in the Appendix imply that there are C;, Cy, C3 > 0 such that

TV (log(c®) —log(c™)) < C1, TV(p® —p?) < Co, TV((c*)*7) <C5,  (6.15)
uniformly in (¢, a). Since ||z]| < ||z||, for all = € R?, we have for all ¢, € [0, 1], that
|exp(i( (~v,2mu), (1og(o) — log(e7), pf — pi") ))
—-ex1>(i<(——v,2ﬂ%0,(10g(0?)-—log(03°),pf —-pf°)>)‘
VﬁiH(Qﬂ%%-—v)H‘(Gog(af)-—10g(0?°),pf-—-pf°)-— (log (o)) — log(a7:°), iy — p}")
272 (u, )| ( | (tog(07) — log(o*)) — (log(e5) — log(o7")) |
| (o8 = o) = (o= o) ).

where we applied Lemma in the Appendix for the first inequality. Hence,

IN

‘ 1

IN

TV (s dyo(0f o, pf = pi))

- TV <t — exp(i ( (v, 27u), (log(o7") — log(07"), pf — pf0)>)>
< 21V2(CF + 03) [l(w, 0]l
Now, the second part of Lemma [A5]in the Appendix yields
TV(t > d,(6,0)) < [t (07) 7] L TV(E = dun(of/of®, pf — "))
N TV(t+— (070)*7)

+ Ht = duyv(af‘/of‘o,pf - :0?0)
< Cyll(u,v)|| + Cs,

uniformly in (¢, @), where Cy := 27,/2C,(C? + C3) with C., from 1. proving (|6.14]).
From (6.11)) and (6.14]), we get

|Ar(6,0) = M(9,0)|

2C! vr
< T TS (Gl o)l + )

T Jul<ur
20,C5 67
< T +

2
dv +o(1)

A.FMlFf‘2(U,U)

o(1) = o(1),
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where the integral is bounded by some constant C5 > 0 because of Assumption [6.12]
Since C,, and Cs do not depend on (¢, av),

Ap =3 M uniformly in (¢, ). (6.16)

Next, we show that ECp =20 uniformly in (¢, o) which implies uniform convergence

Cr =% 0in probability due to the Markov inequality (Theorem [B.10|in the Appendix).
With the Cauchy-Schwarz inequality and Lemma [5.3] we get that

> inf E
02 (¢,a1)I€1<I>><A Cr(4,a)

= f
LIS DS

VT |u|<up

> inf / (
(é:2) @XA VT |y|<ug #eT

/ S BTZE(M]—"MW (u,0)[*) dv

2

br Zd““ o, pO)AF My (u,v)| dv

teT

du (o, py)

) 2) (%TZMFMW@L,U)}?) dv

vr lu|<ur teT
[T o () o ().
—vr |u|<ur teT BT

Since r%vuTvTﬁTl o 0, EC7(¢, ) gl uniformly in (¢, «), and thus
Cr(¢, o) 2% 0 in probability uniformly in (9, ). (6.17)
Finally, the Cauchy-Schwarz inequality implies that
(Br(o, a))2 < 4Ar(¢, )Cr(o, ) 2% 0 in probability uniformly in (p,a). (6.18)

From (6.16)), (6.17), (6.18), and Slutzky’s Lemma (Theorem in the Appendix), we
conclude that

Mr(9,) = Ar(4,) +0p(1) =% M(,a)
in probability uniformly in (¢, «). O

Assumption 6.14. For each j € {1,...,n}, there is a function v;: [0,1] — (0, Vmax]
which s integrable such that

Br—1
1 N ~tti/Tho T—00 [ 2 . .
(1/5-)2 = i El ]ILH/T(j)(Vj / > = (7;(t))"  uniformly in t € [0,1].

Definition 6.15. Let
1
G’ :z?)?[/o (o) /ZAFM|I| (u, )Q;(u,v)grad(d)’a)dujv(l/affo,—p?ﬁ“)dvdt

where Q(u,v) := AF Mg (u, v) with ¢i(w) == R(e>™) Fr(w)). We define

— t’ t/ t/ d 1
3= IG/WZ 2GY(GY) (6.19)

JEJy
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Remark 6.16. Note, that Q;(u, v) is well defined because w — e*™ %) s continuous for
all z; and thus Lebesque-measurable, |q(w)| < |Fp(w)|, and Fye is integrable.

Theorem 6.17 (Central limit theorem for grad, . Mr(¢o, ao)). Under the Assump-
tions 6.19, and |6.14], if T, up,vr,rr, by — 00 such that \/_rzﬂﬁTl =% 0 and

VTurvr || (up, vp)|| 73 Bt —3 250, we have that

\/Tgrad((ﬁ’a)MT((bo, ap) gty N(0,%) in distribution,
with covariance matrix 3 from .

Proof. We will use the decomposition MVT = Ar + By + Cr from and show that
\/Tgrad(Qa)AT(qSo, ap) =0, \/Tgrad(d,’a)CT(qSo, ap) %0 in probability, and

\/Tgrad(qs,a)BT(qﬁo, ap) =3 N(0,%) in distribution.

First, consider the gradient of the integrand of Ar. By Lemma in the Appendix
and Lemma [5.7, we get

grad(d),a) <_ Z du,u(Uf/UféOapf - p?O)Ft(uaU) uv(at’/gt’ 7pt/ pﬁo)Ft’(u’v)>

t,t'eT

= -2 Z (grad(qsa du(0f /o7 P = o} OV (u,v)duo (05 0 7pt’ PfZO)Ft,(UvU))

t,t'eT

.
= 2 Z <27ru (grad¢pf) , —voy? [of (grad, o )T)

t,t’eT

< “U(Ut Jop° >pt _pt °) uv(gt'/at/ ’pt’ pffo)Ft(U?U)Ft/(uvv))' (6.20)

Because of d,, (07 /o, p?° — p°) = d\,(1,0) = 1 and

2
S (F ()P (0] ) = (070) 2 (03) 5 (‘Amﬂ (0 ) -0,
Ty
(6.20]) vanishes for (¢, ) = (¢o, ), implying that
ﬁgrad(¢7a)AT(¢0, ap) = 0. (6.21)

Next we consider the asymptotic behaviour of v/Tgrad (60001 (®0, ). By Lemma

in the Appendix and ({ . we get

grad, o) (— Z du’v(ata,pf)A]-"/\/th(u,v)duw(afﬁ,pf)A}“MWt/(u,v))
tt'eT

= -2 Z R (gradw’a)dw(af‘,pf)A]—"MWt(u,v)dM(aﬁ,pf,)A}"/\/th/ (u,v))

t,t’eT
.
= 22 Z (27ru grad¢pt) —v/oy - (gradaaf‘)T)
teT +'eT\{t}

) (dw(o?, 7Y AF Moyt (1, ) oo (02, 5V AF Moy (1, v)) ,
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where the terms with ¢ = ¢ vanish due to

!

With Lemma 5.7 it follows that

2
duw(O'?,pf)Awat(U, U)‘ ) = 0.

E Hﬁgrad 6.0) CT(cbo,ao)H
QBT Z Z (27ru gfad¢>ﬂt) —v/og - (gradaaf‘)T>T

—vr \u|<uT teT ¢'cT\{t}

N <du’v(0f, POV AF My (1, 0)dyy o (0%, p)AF My (u, v)) dv

< 20\/—/ 3 ||uv|| LS ST R JAF My (1) | E[AF My (1, 0)] o

UT |u|<up teT ¢/eT\{t}
<2 [ S el BY S o) @
VT |u|<ur teT ¢'eT\{t} T
- O VTurvr ||(uz, vr)|| 7’
Pr ’

where we used that, due to Lemma [5.3]

E |AF My (u, v)| < \/E(\A]:th(u, v)) =0 (%) .

Since v/ Tugvr ||(up, vr)|| 73/ Br 2370, we have

VT grad , Cr(do, g %0 in probability. 6.22
(¢,a)
Finally, we tackle ﬁgrad(¢7a)BT(¢0, ap). We write By = B(Tl) + Bg) with

B = - [ Y o (ﬁTzdw to,pf—pf())Ft(u,v))

vr |U|<UT teT

(BTZdM 105, —pl) AF Mo )) ] du,

t'eT
B (p,a) = / sz[(ﬁTZdw to,pf—pfwt(u,v))
vT|u|<uT teT

/8 @
. (?T > duu(1/0%, —pﬁ)AfMam(fva”(u’U)) ] "

t'eT

With Lemma [5.1], we have

E [AF My, (0,0)

< [ 1B (W) a

1 el
— wll” l/t 2dw§ max' T
el e s B
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because 1/n; < 1. Hence, with Lemma ,

E H\/Tgradgs’aB(Tl)(%, ap)

2\/_ ZﬂTZBTZ

T |y|<urp teT t'eT

Sl [gradw’a)du,v(af‘/aff/afo,pf - P? - PfO)Ft(% U)A}_M’Wﬂ’?(u»v)] dv

< o0y Z br Z/ > w )| | (u,0)| E ‘AFM‘Wt/‘z(u,U) dv
teT t'eT ¥ T |u|<ur
2+
< 2rCr2, max {afnal,aﬁm? \/_r / Z | (u, )| ’A]:M|Tf |z(u,v) dv
T ful Sur !
\/_T2+'y
- B )
due to Assumption [6.12, Since \/TT%+7//BT gnice 0, we get
\/Tgrad¢7aB§})(¢0, ap) 230 in probability. (6.23)

It remains to show the asymptotic normality of /T grad(b’aBé? )(gbo, ap). We have
AFME

2R(F ;W) (u,v)

oo

rT 27 ) ] dT
- 9 —27iup, ,—iv 'y§R Fre 7) ’ 27r1 (rap),zj), b t duy —
/o /o e rr [( O )(r ) —ﬂtﬁT ; V€] (0 .
_ Z Vte / /27r _Qmuw w?;ng [ 2mi(P(rah), ;) (Fft o 73)( w)] dw ﬁ
vV ntﬁT r

jeJk

2
= M;AJ’TM( v)vie,

with ¢}(w) := R(e*™ ) Fri(w)) as in Definition m Hence,

ng)(qﬁ;()é) = Q/BTZ%IBTZ/ Z du,v(ata/ato’[/o-?ovpf_pﬁ_pfo)

t'eT teT ¥ T |u|<urp

F'(u, V)AFM,, w(7, Wt,)(u,v)] dv

- %Z%VTZ / S dun(o® /08 /0%, 6 — o — )

t'eT teT ¥ VT |u|<ur

2
)

]GJtl

Z AFM t/(u V)V ] dv.
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It follows that

2 4 T t’t’ T
800 - Sy a2y " 5

eJt/ teT vr |u|<uT

iy (080500, p? — ph — pP°)F (u, U)A.F./\/l:‘g/ (u,v) dU] . (6.24)

Now, let £ € R%+%. From (5.9) and (6.24)), we get for (¢, o) = (¢, o) that

<£ \/_grad Q)B (¢0,a0)>
- _4\/EZW Vel R

t'eT

5TZ/

teT VT u|<up
<§ grad o\ duo(1/0p ,—p$°)>Ft(u,v)A]:MZ;,(u,v) dv]

. . . . . . /
is a linear combination of independent standard-normal random variables e§~

a centred Gaussian random variable with variance

16ﬁTZn/Z t’ BTZ/ ZFtuvm

t'eT EJt’ teT vr |u|<ur

and therefore

: <§7 grad(d),a)du,v(l/gt/ y TPy )> dU]

= [ S| [t [ S a0 A
u€”Z

t/
GT

2
: <5, grad o du o(1/05, —pfi°)> dv dt] dt' = €75, (6.25)

with ¥ from (6.19). By Corollary in the Appendix and Lemma in the Appendix,

VTerad,, B (6o, a0) —3 N(0,%) in distribution. 6.26
(¢7a) T

From (6.21)), (6.22)), (6.23), (6.26), and Slutzky’s Lemma (Theorem [B.9|in the Appendix),
we deduce

VTgrad ;0 Mr(é0, a0) = VTgrad 4,0 BY (60, ao) + 0p(1) —F N(0, )
in distribution, completing the proof. m

Assumption 6.18. For all m € {1,...,dy} and m’ € {1,...,ds}, there are Borel sets
B, By € [0, 1], each of positive Lebesgue-measure, such that the functions

dp? Do
i and B, — R, t— Tt

B,—R, t— , ,
O%m | 444 Ot |aaq

are not constant.
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Example 6.19 (Polynomial rotation and scaling). Suppose that we have polynomial ro-
tation and scaling models, that is,

5 d2 d3
~ !
= E Omt™, Uta =1+ E Qe t™
m=0 m/=0

where ¢ = (Gos -+ Pay), @ = (0, ..., aay). In this case, Assumption is an implica-

tion of the identifiability constraints pg =0 for all € ® and od =1 foralla € A from
Assumption[3.3, since those mean that the intercepts ¢g and ag are zero. Hence, we have

d2 d3
=D out™ of =14 ) awt™,
m=1 m/=1
with ¢ = (¢1,...,ba,), @ = (aq,...,aq,). Since op? /8<;§m = t™ and 0o /O,y = U are
not constant in t for all m,m’ > 1, Assumption |6.18 holds.

Lemma 6.20. Under the Assumptz’ons and HeSS(¢7Q)M(¢, «) has finite operator
norm for all (¢,«) € U with U C ® x A from Assumption . Furthermore, the matriz

Hy = Hess(qb,a)ﬁ(gbg,ao) (6.27)

is symmetric. If the Assumptions [6.6 and hold, Hys is also positive definite and
hence invertible.

Proof. By Lemma Lemma [A. 15 and Theorem in the Appendix,

Hess(pa) M (¢, )
= /ZHGSS a)(// duo(07 /07°, pf — p{°) F*(u, v)
UEZ

o (05050, 05 — pOYVFY (u,v) dt dt’) dv

ap ao
// 0;°0.°)

< (081050, ) — pi°) Hessg,ayduo (07 /070, pf — pf°)

= =2

./4L7:J\/l|]E | u,v)

+grad ) du (07 /07, pf — pi")grad (s 0 duo (05 /05, it — pf°)> dtdt’dv

ag ao
/ / O-t O-t/

( uv(Ut Jog” aP?_Pt ) UU(Ot’/Ut’ >pt/ pfio)

[0, (6, 0) — 2l (0, 0) (256, 0) — al%(0, ) '] ) ardt' dv. (6.28)
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Let £ € R+ with ||£]] = 1. By Assumption we have

HHess Q)M , Qv SH

< .A]:M‘]__‘ u,v) // (of0000)
{||H“) 6,0 o) (al$(6,0) - al9(6,0)) "¢ | v
< 2ma (o, w7 / > AFM,, () [cuw o)l +2C* (w0}
UEZ
< 00,

with C' > 0 from Lemma . Hence, Hess(@a)ﬂ (¢, ) has finite operator norm. From

(6:28), we get for (¢, a) = (G0, o) that

HM = HGSS (¢,) (¢0,a0)

A]:./\/ll]E | u,v)

[/ / Ut O'tofo 4 v to(qbo,Oéo)ai’g)(qbo,Oéo)T dtdt/

— (/0 (o90)* Vato(d)o,ozo)dt) (/0 (o50)*7al) 0(¢g,a0)dt)T] dv. (6.29)

Since matrices of the form za" with € R%%9 are always symmetric, it follows that Hy,
is symmetric.

Now, let £ € R% and ¢€®) € R% such that ¢ := ((5(2))T, (5(3))T)T # 0. By Assump-
tion [6.6]and Lemma [6.4] there are u € Z\ {0} and an open Borel set B C R with positive
Lebesgue-measure such that A}"./\/l|ff’z(u, v) # 0 for all v € B. If Assumption |6.18|holds,

there is another Borel set B’ C [0, 1] with positive Lebesgue-measure such that
Py
™ Ot

is not constant for all v € R\ VY with some Lebesgue null-set V° C R. From the
Cauchy-Schwarz inequality, we have that

(/01 91(t)g2(t) dt)2 < /01 g1(t)? dt/ol g ()2 dt

for all integrable functions g1, g2: [0, 1] — R, with equality if and only if ¢g; and ¢, are
linearly dependent a.e. Let

gt () = (0°)* 2 (€, al5 (do, an)), g5 (E) == (070)* 2

apt

B'— R, tw (¢ a0 (d,a0) —277u25m 3

a=ag

For all v € R\ V° these are not linearly dependent, since ¢ > <§, a;,( ¢0,a0)> is not
constant. Hence,

1 2 1 ) 1
( [ o= 6 athon a0 dt) < [ g el o))’ at [ oy ar
0 0 0
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for all v € R\ V°. It follows that

ETHyE > 2 /

B\VO

AF M|, 2(u.0)

2 1
4 o' d /0 4—'yd /
[/0 <§,a ¢0,0z0> t/ Oy ) t
1 2
- (/ a0 4-7 <€’ 0 (¢0, o) > dt) ] dv > 0, (6.30)
0

as the integrand (as a function in v) is strictly positive. We conclude that H); is symmetric
and positive definite and thus invertible. O

Assumption 6.21. We have the following Sobolev-2 condition,

/Z“ u,v)|* ‘A]—"M|ff|2(u,v)

UEL

2
dv < 0.

Theorem 6.22. Under the Assumption let (q@i},d})TeN a sequence of random vec-

T—oo

tors with values in U, such that (QAﬁi},&*T) — (0, ) in probability. Suppose that the
Assumptions 6.3, 6.1, and[6.21] hold. Then, with Hy from (6.27),

H Hess(@a)MT(qAﬁ*T, ar) — HMH 20 in probability,
1

Proof. We will use the decomposition MT = Apr + Br + Cr from and show that
H Hess(qg,a)AT(éi}, ) — HMH 230 in probability,

sup H Hess(g.q) Br(¢, o) + Hesss.0)Cr(¢, a H1 —%0 in probability.
(p,0)€U

By Lemma and Lemma in the Appendix, we get

Hess g,a) A7 (0, )

— / ZzBTZ [Ftqut'(uv)

VT |u|<urp t,t'eT

(dua(op /o5 pis = i) Hess gy du (0 o7, pf = pi)

—i—grad (¢,a) uv( /Ut 7pt )gra’d(¢ ) uv(O’t,/O't/ 7pt’ p$0)>i| dv

— /_ ZQBTZ [Ftqut'(uv)

T |u|<up ¢’ €T

(dua(op /o5 pis = ) Hess gy duc(0F o7, pf = pi)

+grad¢a uv( /Ut 7pt )gra’d(qba UU(Ut’/Ut/ 7pt/ PZ?O))} dU
= —2 A]:M’f| 2(u, v) T—E 2(030030)4 !
TUT |yl <ugp tt’€T

[ o Cerayeri :Pt _Pt )duw(0of /o 7pt’ p;i;())
(IS (6,0) — alf (6, @) (al8, (6,0) — alif(9,0)) ") | v (6.31)
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Since ¢ — p¢ and o — o are continuous (Assumption and d,, is Lipschitz-
continuous (Lemma in the Appendix), the continuous mapping theorem (Theorem
in the Appendix) yields that

dual0} o0, AT = p) = 1| < V2 (27— ||H( ‘”f )H
—log(o
= oe (|| (u, ) ).

where the logarithm is Lipschitz-continuous on [0pin, Omax] by Lemma in the Ap-
pendix. Hence,

duv(UtT/Ut 7pt _Pfo)duv(at/T/Ut' ’pt’ _p$0) = 1+O[p>(||<u,2})”2).

In particular the imaginary part vanishes asymptotically. With Lemmal[5.7 and Assump-
tion [6.12] it follows that

s

Tyl <ugp

2 02

/8 Q (0%
T_T2 Z (Utoat’0)4 K

tt'eT

AFM . a(u,0)

[ uo(0p [0g? 7Pt _Pt °) uv(gt’/at’ ’pt’ Pﬁo)iHi’S}(Qﬁ, 0‘)} dv

2
S maX{UISmHZ’Y? r8na)2<’y} A‘/—'.M‘]__‘ ( )
T |y|<ur
BT g ¢_ _ Ht,O d
Z Ao (of /oy, py pt ‘) uv(at//at/ apt' ,Ot/ H u,u(¢7a)H1 v
t,t’eT
2
= / > )| ‘A]—“Mlﬂ( v)| dv | = op(1). (6.32)
—vr Ju|<up
Moreover,
2 62
/ AF M au,0)| 5 2(030030)4—7%[11132@, a)} dv=0.  (6.33)
YT || <urp tt'€T

From Assumption , Lemma , and the continuous mapping theorem (Theorem
in the Appendix), we get that

(bTv A* (au ¢T7 aZ’g(é*Ta@*TDT
¢0,Oéo ( (00, ) —am(ﬁbo,ao))THl

n ~ n ~ n ~ T T
< az,%w;, ar) | (LS (9 &) — Al @) " — (2l (00, a0) — alid(60,0)) | |
n ~ T
+ (azg)((b’?? Oé;) - az’g)((ﬁ()a Oé())) (az’g)((b()? Oé()) - az,71?<¢07 Oéo)) 1
< et an| (|[ats 65 a5) - 2t (0, a0)|| + af’ﬁ°<és;, 67) - al 0o, 0| )

0 (0% - 0
+ ||l (07, a7) — ai’, (¢, ag) H (Ha (¢, o) H1 ¢0’a0)H1>
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< (dy + d3)C || (u, )|

3 (2 [ul| 07" o grad, (o]T) ~ grad,(o7")

)

)

d;*
grad(b(pt ") - grad¢(pf’°)

030 /04" grad, (o07) — grad, (05)

¢E*
grad,(p") — grad,(p’)

+ (27r [y ]

= op(|(uv)]).
This, together with (6.31]), (6.32), (6.33), and Assumption [5.6} gives

| less e Ar (95, 63) — Hessio o Ar(en, ao) |

2 2

/8 Q (o7 —
T_:g Z (Utoat/0)4 ’

§}%[dm;(azt:r/% 7pt _Pfo)duv(at/T/Ut/ >Pt/ pﬁo)}

I Tk A NN,
al® (¢, a5 (a0, a5) — ald(dy, 65))

_ /UT 3 ‘AFM|F|( v)

T Ju|<ur

—al% (¢, o) (a5, (o, o) — @l 2 (o, ao))T} do|| + op(1)
1
2
< op | 2max {a?r;f'y, O s A}"M’f’ 2(u,v)| dv | 4+ op(1)
—vr |u|<ur
= op(). (6.34)

By Lemma [6.20, Hj; has finite operator norm. In particular, the components of H,; are
finite. Hence,

afoaffo )72kl (¢, o) (al5, (o, o) — %y D (o, 040))T dt dt’ dv

1

a4ty o]

- 0(1)7
as T'— oo. With (6.31)) and (6.34)), this implies that

| Hesso Ar(5 63) — Hd|
= || Hess(g.a) Az (0, a0) — Harl|, + op(1)

/ < ﬁT Z Att/ _/ / Att' dtdt
VT |u|<ur

t¢'eT
BT t t’ tt!
E B, B L dedt’

tt’ET

IN

]:

> dv + op(1), (6.35)

where

AZ""; = (0—?003‘0)4 a, v((b()? Cko)a ((b()a aO)Ta

BZZZ) = (0?0030)4 ’Yafu,,[?u(qsm aO)au,v (¢0a aO)T-
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By Lemma [A.5] Lemma [A.7 Lemma and Lemma (all in the Appendix), and
Assumption (6.2, we have that

BT ZAtt’_/ / A”Idtdt

tt’E']T
da+d3 6
_ Z £r Z A“’ , / / A”/ /dtdt’
m,m’=1 t,t’eT mm mm
< 0ol
da+d3
. Z {TV[tI—)( 040)4 ’Y( (¢0,Oéo)) ( 22)(¢0,050)) ] +TV|:t|—>( a0>4 "/:|}
m,m’=1
~2 2 /BT -~ e t,0
< O ()| 5] (da + ds)CSC (w0l - TV [ (8l (60, 0)),,
m=1
_ do+d3
s+ d5)CC )| 3 TV [t (2l 60, 00)) ]
m/=1
(dy + dg)2CoC | (1, 0) | + (da + d3>203}
2 BT ap(b
< (dy + d3)C,C? ||(u, )| 20,C || (u, v)|| | 27 |u| ZTV a¢t
m {p=c¢g

«
0o

ds3
+lof Y TV |t )+(dz+d3)03(02 ||(u,v)||2+1)}
m/=1 a=ao

- 0 (w0l ). (6.36)

m/

with C' > 0 from Lemma E, (., := max {a } and C3 > 0 from (/6.15]). Similarly,

min max

BT ZBtt’ //Btt’dtdt

t,t’eT

< 00w o) 2

do+d3

S {TV[tH( )17 (ak0 (¢, ) }+Tv[tr—>( 27 (@) (00, an)) }}

m,m’'=1
< 2ds + d)C,C )| ok

{e STV (@60 o)), ] + (4 ) o)

0, (H? ). (6.:37)
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From (6.35)), (6.36), and (6.37), we get that

HHess(d),a)AT(éi}, HMH =Op 5T/ Z I

TUT |yl <ugp

HAFM a(00)

which converges to 0 due to Assumption [6.21

o, =%

Next, we show that sup .)ev || Hess(4,0) Br (¢, 0 in probability. From

Lemma [5.7] - we have
= O(|l(u, v)|*). (6.39)

sup H Hess(¢,a)du,v(af/0?0/02’[7 pf - pfo - pﬁ)
(¢, )€U 1

By Lemma and ((6.39), we get that
sup H Hess(4,q) Br (¢, o

My

(¢,0)eU
or Bt '
= sup /_ Z 2R ﬁ Z F (u, U).AFMWH (u, U)
(p,)€U UT |y <up tt'eT

Hess (¢,2) uv( /U O/Jt’ Pt —Pfo _pf’)] dv
< 2C, sup /
(p, )€U J —

HHessM dual0f 157 03, 08 = o* = 23|

- B SN (U0 VeV s

UT || <ur

1

2
0)| 2 S | AF My (u,0)

tHeT

dov

AFM‘ff‘Q(u,

T | <up

dv

Because of Assumption [6.21] and rT Y Br — gnie 0, the above converges to 0 and we conclude
that

sup || Hess(g,a)Br (o, O‘)H1 2370 in probability. (6.40)
(p,0)eU
Finally, we consider sup, o)cur || Hess(4,0)Cr (¢ H1 By Lemma and (/6.39)),
sup HHess (6,00 Cr (0 ||1
(o
= sup / Z b Z Hess(,0)duo (00 /08, ) — pih)
(@)U || J —or |u|<uT L/ ET

CAF Moyt (u, v) AF My (u, v) dv

1

A1
Sup Z 75 HHGS% o) (07 /77, 9 = 01)|,

(¢.0)€U J —vr |u|<uT t,t'€T

~|A.7:th(u V)| |AF M e (u,v)| dv

2 _ | (ur, vr) H2 UTUTT?
S o) =0 i .

T Ju|<ur
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Since H(uT,vT)H UT’UTTT VB — oy — 0, we get

sup HHess(@a)CT(&a) %0 in probability. (6.41)

(p,0)eU
From (6.38)), (6.40]), and (6.41]), we conclude that

H Hessw,a)MT(ngﬁ}, ar) — HMH 2% 0 in probability.
1

I

]

Theorem 6.23 (Central limit theorem for rotation and scaling parameters). Suppose that
Assumption as well as the Assumptions of the Theorems and [6.29 hold. Then,

\/—( zT - 20 ) T2% N(0, Hy SHLY) in distribution,
T — &0

with ¥ from Definition and Hyr from )

Proof. By Assumption , ]T/[/T is twice continuously differentiable in a convex open neigh-
borhood U C ® x A of (4o, ). In particular, if M7 has a minimum at some (¢, ) € U,

then grad, ) Mr(¢, ) = 0. Let

grad 4 T(ng, a), if (p,a) €U,

GT(¢> a) = {grad ) T(¢0,a0), if (¢, ) € (2 x A)\U.

As (QAST, ar) is defined as a minimizer of My and (ggT, ar) o (¢o, ) € U in probability,
we have for all € > 0 that

P (\/TCN;T@T,@T) > e) — P (\/:Fgrad 6o Mr(br,67) > € (b1, ar) € U>
+P (\/_grad MT(¢07QO) > ¢, (br, dr) ¢ U)
< P((br.ar) ¢ U) =50,

which means that o

VTGr(r,ar) = op(1). (6.42)
For (¢,a) € U, we can apply the mean value theorem for real functions of multiple
variables to each component of grad, MT(gb, a) to get that

grad(d)’a)MT(Q o) = grad MT(¢0,a0) + Hess, )MT(¢ al) ( 0= % ) ,  (6.43)

a —

where (¢f,af) € U such that its components are convex combinations of the respective

components of (¢, ) and (¢, ap). By (6 , on the event {(¢r,dr) € U}, we can find
(¢h., &b) € U between (¢, ér) and (¢0,Oz0) such that

grad(¢ a)MT(¢T7 OZT) = grad(qm MT(d)o, Oé()) -+ HeSS(¢a MT(QZST, QT) < QS; _ ig ) . (644)
With the definitions
Tx o oax\ L (Qg;“’d;’)a if (¢ET>OA‘T) el
(97, &) = e h A
(¢o, ), if (¢r,ar) € (& x A)\ U,
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and

T o Hess(g,0) Mr(05, &) = Hess(s,a) My (o, ak), if (b7, ar) € U,
7 o, if (br,ar) € (B x A)\ U,

as well as (6.42), we get that
ﬁgrad(d)’a)MT(gbo, Oéo) + ﬁTﬁ ( 2; : zz ) = \/TéT(Q;T, dT) = O]p(l), (645)

which holds on {(¢7,ar) ¢ U} by design of Gy and Hy and on {(¢r, ér) € U} due to
(6.44). Equation (6.45)) and Theorem yield that

ﬁT\/T < 2; : Zi(; ) = —\/Tgradw,a)MT(qbo, Oéo) + OP(l) = Op(l) (646)

Since (¢4, &) € U is between (¢r, dr) and (¢, o) and (¢, éur) is a consistent estimator,
T—o

we have that (%, &%) —3 (¢o,ap) in probability. Because of Assumption [6.18 and

Lemmal6.20}, H), is invertible, and by Theorem M, fIT finoy sy u in probability. Together
with (6.46|) and Lemma in the Appendix, this implies that

\ﬁ(@_%>:%m.

ar — Q)

Hence, again with Theorem [6.22),

@r%w%ﬁ<@_%):wm%m:wm.

ar —
From this, (6.46)), and Theorem , it follows that

HyVT < ?T ~ % ) = _ﬁgrad(¢7a)MT(¢0, ao) + op(1) = N(0,%) in distribution,

ar — Qg

where we used that, for all centred normal random vectors X, X and —X have the same
distribution. Finally, multiplication with H;;" yields the assertion. ]

Corollary 6.24. Under the Assumption if \/T((ﬁT — ¢o, G — ap) 1s asymptotically
centred normal, we have for all w € R*\ {0} and t € [0, 1], that

VT (Ut R bW — w)
oy T=p;
15 asymptotically centred normal.

Proof. For w € R*\ {0} and t € [0, 1], let

ol REE S RE (9,0) - L

Ut R Z) P¢0w
By Assumptlon 6.2 there is an open neighborhood U C & x A of ((bg,ozo) such that
O — pt and a — o are continuously differentiable on U. Hence, ¢!, is contlnuously
differentiable on U. Because g}, (¢o, ) = w, applying the Delta method (Theorem in
the Appendix) yields the assertion. O
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6.2 Drift Estimation

Assumption 6.25. Suppose that Assumption holds.  We assume that the second
partial deriatives

0*(07) PR 0%(97)2

00,00,/ 00,00,/

are continuous at the true parameter 6y for all m,m’ € {1,...,d;}. Moreover, the first
partial derivatives at 0y, as functions in t, are of bounded variation, that is, there is a

C'" > 0 such that
6(51?)1 ! 6(5;59)2 !
TV(tr—> a0, <C, TV (|t~ a0, < (",

forallm e {1,...,dy} and all € O.

0 —

Definition 6.26 (Not translation invariant). A function g: R* — C is called not trans-
lation invariant if there is no § € R?\ {0} such that g(z) = g(x — §) for all v € R

Lemma 6.27. A function g € L*(R?) is not translation invariant if and only if there is
an open Borel set B C R? with positive Lebesque-measure such that Fy(w) # 0 for all
wE B.

Proof. Let § € R? such that g(z) = g(x — §) for all x € R?. Then,

Fylw) = /R2 e_2“i<w’x>g(az) dx = / e_2ﬂi<w’x>g(m —d)dx

RQ

= /R eIty (y) dy = emimie /R ety (y)dy = e T (w),
with the substitution y := x — 6. For F,(w) # 0, this implies that e 27w = 1
and thus (w,d) € Z. If this holds for all w in an open Borel set B C R? we can
fix w = (w1,w2) € B and choose wgl),w?) € R\ {w} and wél),wém € R\ {wy} with
(wgl),wg), (w§2),w2), (wl,wél))(wl,wf)) € B and

wy — w%l),cug — wél) €cQ, w— OJEQ), Wy — wéz) e R\ Q. (6.47)
Hence,
(= wfP)o = (w,8) = (i w2).6) € Z.
(w1 = w)d = (w,8) = (@, w2),6) € Z,
(wy — wél))(SQ = (w,0) — <(w1,w§1)),5> €7,
(ws = wi)ds = (w, ) — <(W1;w§2))75> € Z.

Because of (6.47)), this means that 6 = 0, implying that g is not translation invariant.

On the other hand, if there is no open Borel set B C R? with positive Lebesgue-
measure such that 7 (w) # 0 for all w € B, then F, = 0 a.e. Applying the inverse Fourier
transform, we get

o) = / 2 (w)dw =0 for all # € R2.
R2

Hence, g is constant. In particular, g(z) = g(xz — §) for all 2,6 € R O
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Assumption 6.28. Let f € L*(R?) N HY?(R?) and f not translation invariant.

Assumption 6.29. The map
© = L'(10,11,R2), 0 (87 £+ 67 = (0, (5))2) ).
is continuous with respect to the component-wise L*-norm

16— &), = |6 — (5% + |6 — (6%)

||L1 HLl HLl'

Furthermore, for each 6 € ©, the drift function t — 6? is continuous at t = 0.
Assumption 6.30. The set of drift functions {t > (5?‘0 € @} is identifiable.

Assumption 6.31. There is an open neighborhood Us C © of 6y and a constant Ls > 0
such that the following local uniform Lipschitz condition holds,

sup |67 — 5f°|| < Ls||0 — 6o||  for all 8 € Us.

te(0,1]
Assumption 6.32. There is a C' > 0 such that, uniformly in 6,
TV(t = (6))1) + TV(t = (8))2) < C.

Theorem 6.33 (Consistency of drift parameter). Suppose that the Assumptions

T—o 1 T—o

6.26, [6.28, |6.29, |6.30, 6.51, and |6.59 hold. If rr,3r — oo, fr = o(T), r3 T~ =30,

rTﬁTl fmti 0, and VT (qﬁT G0, G — ap) is asymptotically centred normal, then the drift
estimator Op from Definition @ is consistent, that is,

Or =3 0, in probability. (6.48)

Additionally, the image estimator fT from Deﬁmtion@ 15 consistent, that 1s,

|2 -

L 2% 0 in probability. (6.49)

Proof. The proof follows the standard three step argument which we used in the proof of
Theorem |6.13] The three steps are:

1. Show the uniqueness of the population contrast minimizer 6, which, together with

the compactness of O, yields (B.2)) in the Appendix.

2. Show the continuity of the population contrast functional.

T—oo

3. Show that Ny —3 N in probability uniformly over 6, implying (B.1)) in the Ap-

pendix.

Note, that 1} in the Appendix holds because 07 is defined as a minimizer of ]VT. Then,
Theorem m in the Appendix yields the desired consistency of 0.
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Step 1: uniqueness of population contrast minimizer 6,. We have

~ 1 2
N(9)=—/RQ Fpw)l’ /0 h, <1/030-R_pf0(5f—5f0)) dt‘ dw

> [1mer ([

for all # € © with equality if 8 = 6. Let 6 € © such that

N(f) = — /R 2 | Fr(w)]? dw. (6.50)

Since f is not translation invariant by Assumption [6.28 by Lemma [6.27] there is an open
Borel set B C R? with positive Lebesgue measure such that Fp(w) # 0 for all w € B.

Since ([6.50]) holds, we have

1
/ I <1/<7to‘° -R_p¢0(5f — 5f°)> dt‘ =1 foralwe B.
0 t

2
h, (1/0—30 TR (6 — 550))‘ dt> do=~ | F 5 (w)]? dw

By Lemma [A.11| in the Appendix, ¢ ~— h(1/07"° R (69 — 5?0)) is constant almost

everywhere on [0, 1]. Because of the identifiability constraint 6 = 0 for all § € © and the
continuity of 6% at t = 0 (Assumption [6.29)), this constant has to be 1 which implies that

U= b (1/oF R (6] — 67))
= exp (27ri <w, 1/og® - R,pfo@te - 5f°)>> for all w € B, (6.51)

almost everywhere on [0,1]. Fix w = (wi,ws) € B and choose w!”, w!? € R\ {w;} and
wél)u wg) S IR\ {(")2} such that (W§1)7w2>a (w?)’wQ)? (wla wél))7 (wla (")52)) € B and

wi — W wy —wl” € Q, wi—w? Wy —w? ERN\ Q. (6.52)
From ([6.51)),

exp (27Ti <w, /oy - R,pfo (69 — 5f°)>>
exp (2 { (i), w2) T,1/05 - R0 (67 — 51°) ) )
= exp |27ifwr — i) (1/077 - B_ (67 = 0")) |

and similarly,
1= _27r' —w (1) - R 60 — b |
eXp 1(0)1 w1 ) /Jt —pfo ( t t ) ik

1 = exp | 2mi(ws — W) (1 Joi® R_ oo (0F 550))2' ,

1 =exp -27Ti((,d2 — w§2)) (1/0?0 . R—pfo ((5? — 5;590))2- )

which implies that
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Because of (6.52)), we get that
/07" - R_oo(87 = 0/°) =0 a.c. on [0,1]. (6.53)

Since R 00 is a rotation matrix,
Pt

det (1/05*0 : pr%) = (002> 02 >0 forallteo1],
which, together with (6.53)), implies that 89— (5t9 © =0 a.e. on [0,1]. Since the drift function
is identifiable (Assumption [6.30]), we conclude that 6 = 6.

Step 2: Continuity of N. By Assumptions and , the functions t — p;°,
t+— 07 and t — 6] are measurable for all § € ©. Hence, t — h,,(1/07° - R_pfo (69 — 5?0))
is measurable for all € ©, w € R?, as a concatenation of measurable functions. Also by
Assumption , the functions § + ¢¢ are continuous for all ¢+ € [0,1], giving that
0 — hy(1/o 'R,pfo(CSte — 550)) is continuous for all ¢ € [0,1], w € R? as a con-
catenation of continuous functions. Furthermore, ¢ — 1 is an integrable majorant for
t = hy,(1/o7° - R,pfo (69 —57°)). Consequently, Theorem [B.1{in the Appendix yields that

1
6 / he, (1/030 R (80 — 550)) dt
0 Pr

is continuous for all w € R?. Since = \x!Z is continuous, we get that

2
0 g =

' 0 0
hy (1/07° - R 40(0) —6,°)) dt
| e (v Rt =)

is continuous for all w € R?. By the same argument, the continuity of the functions
w = hy (1) -R_p¢0(5f - 5,590)) for all t € [0,1] and 6§ € © implies that w +— ¢% is
t

continuous, too, and hence Lebesgue-measurable. Since |F;(w)|” is constant in 6 and
continuous in w (Lemma in the Appendix), |F;(w)|* g% is also continuous in w as
well as in @ as a concatenation of continuous functions. In particular, w — |Fy(w)|? ¢% is
Lebesgue-measurable. Furthermore, the function w ~ | Fy(w)|? is an integrable majorant
for w +— ﬁ(w)]Q g? because of Assumption and ¢’ < 1. Hence, we can apply
=

Theorem [B.1]in the Appendix again to get the continuity of V.

Step 3: Nr ¥ Nin probability uniformly in . From (4.4]), we get

2
o~ BT A 0
NH:—/— ho (1)087 R, 8°) Zh(w)| dw
() T2 (1/oi7 - R 5,8) Z4(w)
o, _T tEET w t _pr t t O'?T f O'?T pr—pfO

2

th, (1 JoT R, 55) Vi(w)| dw

= Ar(0)+ Br(0) + Cr(0), (6.54)
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with

D N (L N D)

teT

oy o
(a?T) 71 (Gt o)

Br() = _/Q oR <5T2h (1/03T R f(af—aft)))

teT

o0\ ? o
(%) 7 (%)
o, " oy " P TP

<5T2h (1/03T R Ws@) fo(w))]dw,

t'eT
CT(Q) = —/
Qr

where we used Lemma in the Appendix. To derive the desired uniform convergence,
T—o0

we will show that Arp =% N in probability uniformly in 6 while By + C7 — 0 in
probability uniformly in 6. Because of Assumption [6.28 we have that

1 2
[ 1@ | [ (i Rt - o) dt\ ws [ |Fef eSS0
R2\Qp 0 Pt R2\Qrp

2

dw,

2

IS h (1o R 80) Vi)

teT

Hence,
[4r(8) - N (0)|
Br & 0 0 O ? oy i
= — ho (1/077 - R 5 (67 — 6;° Fir| —R ; w
/S;T T ; ( / t _pz’T< )> (0_?/71) f (O_ST p¢T_pf0 )

2
dw

1
| b (1o R o6l = 6) Frlew)
0 t

- [ 1A
R2\Qp
Br o 2 o ?
ML ar . 0 0o t t A
/QT T Zhw <1/0t R—PfT@ —o )> (JO‘T) 7 (OfT de’T—ﬂfow)‘

teT t
1
/ b (1020 - R_ (67 = 0f")) Fylw) at
0 t
With Lemma in the Appendix, it follows that
|4z (6) - N (6)|

2 1
O-max «
< [ amn (=) ][ hw(1/@0-R,p%(aﬁ—af()))ff(w)dt
Qr Omin 0 t

Br ar 0 _ 50 ;" Ut
—E Y b (Mol R 67— 0)) (25 7 LT

teT Ot ¢

2
dw

b (105 - R_ o (07 = 67%)) dt

2

dw

+o(1).

dw + o(1)
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2
Omax
= 2050 (2=) [ |
min T

ﬁT/T o 2 g0
_Z/ 1/ataT R S (59 590)>( t ) Fy (%&TRPW ¢Ow>

—p
teT Ot ¢
/‘,BT/T
T teT

+o(1)
—mﬁmﬁftﬁ@—w»ﬂ@y+

(1/at+tw oo (0 - 5%)) Frlw)dt

dw

IN

he,

O-maX
217 ( ) 5>

1/‘73&’ ) R_ (5t+t/ 5te+t’>> ]:f(w)

ho (1ol - R, (67 = 0%)) Fy(w)

—hy, (l/af‘T ‘R (67 - (590 ( ]—"f (Ut R %0 w) dt’ dw + o(1)
Pt Pt
Omax Br/T 0
= 2 H]:fHoo ( ) / / ho | 1/o t+t’ T (5t+t’ - (5t—(‘1)-t/)>
Tmin Or et

o (1ol R sy (67 = 00)) ||y ()]

o2\ oy
+ ( - ) F ( L R ¢0W) — Fr(w)| dt’ dw + o(1). (6.55)

o, " ooT P

First, we consider the first part of ((6.55 - With Lemma in the Appendix, we get

/QT BTZ/ﬁT/T (1/gt+t,. ) (W 5fit/))

teT

i (17 R (67— 00)) 1756 o o

< 2 |l 1F(e)] do
or/t 0 & Y /
}:/ ot R (8 = 800) = 1o - R_ s, (57— o) |
teT ‘
< P [ ol F) 4y / 1o 6ty — 8%,) — (61 - )]
teT
+H(1/U?+Ot"Rp;”£t/ — 1/a?T-R_pr> (00, — o, dt’, (6.56)
where we used the fact that |Rd|| = ||d] for any rotation matrix R € R**? and any

§ € R2. Since the total variation of the drift function is (uniformly over ) bounded by
C > 0 from Assumption [6.32] we have that

il & 0 <0 0
Z/ 1/o}" H (6 —&;°) 5t+t’ 6t—(|)—t’)|

teT

O min / Z ’ ’ 59 5150+t’

teT

l

IN

+ H590 - 6fit/

| at’

Br/T 2
< o—miln/ acar — 2CPr = o(1), (6.57)
0

UminT
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because Sy = o(T). Together with Assumption it follows that the first part of (6.55))
converges to zero in probability. For the second part of (6.55)), we have

Br o\ o’
72| () 7 (G i) -5

A
eIy
g
~/

VAN
/N
Q|9
5 (B
g |8
~~
(3]
S|
VR
t~
&,}

— Op (%) , (6.58)

where we used Lemma in the Appendix for the second inequality, Corollary [6.24]
and the fact that /7' ((0f7)? — (0£°)?) is asymptotically centred normal for 7' — oo by
the Delta-method (Theorem in the Appendix). Hence,

7| (F) 7 (Frnerse) (vr)
—_— = F R w | — Frlw dw:Op — | = Op 1). 6.59
o T 2|\ ) 71 G B ) = 71) 77 ) =) (659)
From (6.55)), (6.57)), and (6.59)), it follows that

‘AT(Q) - N(Q)) 2% 0 in probability uniformly in 6. (6.60)

Next, we show that Cr =% 0in probability uniformly in §. With the Cauchy-Schwarz
inequality and Lemma [5.4, we get

2

0 > EC(6)
ﬁTZh (1/05@ R ¢T‘56) VT( )

;E/
Qr teT

> - </9T (%T he (UU?T'Rpréf)r) (%Z\V;(w)f) dw)
/QTBTZE V() >dw:_/ﬂT0(%>dw:O(%>:O(l>‘

teT

dw

Since r2./Br 2% 0, we get ECr(0) 2% 0 uniformly in 6, and thus
Cr =30 in probability uniformly in 6. (6.61)
Finally, the Cauchy-Schwarz inequality implies

(BT(Q))2 < 4Ar(0)Cr(0) 2% 0 in probability uniformly in 6. (6.62)
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From ((6.60)), (6.61)), and (6.62]), we get Nr =¥ Nin probability uniformly in 6, proving
(6.48)).

Now, we prove (6.49). Using the Plancherel equality (Theorem in the Appendix)
and , we have

2

f L
2
— / BT Zh (1/0’?‘T R ¢T59T> Zt( ) .Ff(W) dw—i—/ |J,—_-f(w)|2 dw
Qr teT RQ\QT
— BT ar . Or 0o Ut ? O-tOl0 A
_ /QT T;hw (/07 By (007 — o) v ) Fr (R )~ i)

2

6Tzh (1/U?T R_ ¢T50T> Vi(w)

teT

= Dr+Er+ CT(éT) +o(1),

dw + o(1)

with

ﬁ ar T o o’ ’ o’
PN (1/@ ‘R 2;,(56’ Y )> o;T Fr (e Rr oo

DT = /
ar| T

teT t T !
2
—F(w)| dw,
By = / m| (23 (1/ofm- R (00 = 51)) N E (R
T Qr T pce ¢ t —pyT Nt ooT f ooT T —pf0
—Filw ) <5T > hy (1/03T R ¢T59T) v;f(@)] dw,
t'eT
and Cp(07) < suppee Cr(6) 2% 0 in probability as shown before. Because of (6.58)), we
have
Or G 0 0 o’ Ut
D < - 1 T, N T __ 0 a2
T X /QT (T ; hw( /Ut Ripj’T<5t 5t )) O'taT ‘Ff t R Tip?()w

2
—Ff(w) > dw
Br 0%\ 2 oo
[ &r . N 9T 6o t Jt .
/QT (T Z he, (1/0'1: Rﬁpr (515 5 )) < aT) Ff (J&T Rprpwa)

teT
o (1ol Ry (67 = 6)) Fy(w)

IN

o

2
3| (ot R, 00— o) ff<w>—ff<w>\> dw

teT
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A

teT

@I EY

teT

2
1 _ Pr é 0
Op | —= | +2v2r0 ! F —§ 5T — o d
\/§'2T< P(ﬁ) 7To-rmn||('d||| f(W)| T teT t t W

/QT (OP (%) +2v2mog, o] 1F5 ()| Or (Ls |07 — o] ) ) dw
- O(? # o=l [ e il

o e T dw>,

where we used Lemma[A.8|in the Appendix and the fact that rotations do not change the
length of a vector for the third inequality and Assumption [6.31] for the fourth inequality.

Because of rZ/T Toee 0, (6.48]), and Assumption [6.28, it follows that Dy 2% 0 in

probability.
Finally, by the Cauchy-Schwarz inequality;,

ag \ 2 ap
Oy Oy
(O_dT> ‘Ff (O‘?T Rpr_pfow) - ff(w)

t

he, (1/U§T R (60 — 550)) - 1) >2dw

IN

IN

T—oo

E2 < 4DrCr(07) =30
in probability, completing the proof of ([6.49)). ]

Remark 6.34 (Asymptotic orders of rr, ur, vy, and fr). To get consistent estimators

(QAST, ar) and O for the rotation, scaling, and drift parameters, the Theorems
and [6.33 suggest that we choose the cutoffs r, ur, and vr, and the bin size Br, such that

T—o0
rr, ur, vy, Br — 00 and

Br = O(T)7
rr = o(T),
TT%JF’Y = O(BT)7
VTurvr ||(ur, vr)|| v’ = o(Br).

In particular, Br has to go to infinity slower than T, but faster than /T, much faster, in
fact, if we do not want to throw away too much information by choosing small cutoffs rr,
ur, and vp. However, we will see in Chapter 10 that the estimation method still works
fine if, for T'= 35,000, we choose Br = 70 and ro = ur = vy = 64.

Theorem 6.35 (Uniform tightness of (grad(,NT(Go))TeN). Under the Assumptions

and [6.28, if rp = o(TY%), \/Tr3./ Bp 20, and VT (dr — ¢o, & — o) is asymptot-
1cally centred normal, then (\/TgradgNT(Ho))TeN 1s uniformly tight.

Proof. We will use the decomposition NT = Ar + Br + Cr from |D and show that
H\/TgradgAT(Ho)H — Op(1), VTgrad,Cr(6,) 2%° 0 in probability, and VTgrad,Br(6y)
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converges in distribution to a centred Gaussian random vector. First, consider

¢ o

p T (6.63)

By Lemma in the Appendix and Corollary [6.24] we get

— 0y (%) , (6.64)

with some Lipschitz-constant Ly > 0. Since S[Fj(w)Fy(w)] = $[|.7:f(w)|2] = 0, it follows
that

3 [F)Fr@)]| = |9 [(Frlwh) = Frw) + Fr(w)) (Frwh) = Frlw) + Frw)|
= [S[(Frtwh) = Frw) (Frlh) = Fr(w)
+(Fp(wp) = Fp(w)) Fp(w) + Fplw) (Fp(wh) - ]:f(w))] )

0o (1) 4217 w) 00 [—=) . (6.65)
\/T

With Lemma in the Appendix, (5.25)), and (6.65)), we get for the gradient of the
integrand of Ar, that

| Fy(wp) — Frw)| < Ly

o
—ar R, 4w—w
o Pt~ —P¢

IN

ag \ 2
Z he, <1/(7?‘T . R,pf’T (59 590)> (ZLT> ff(w%)

t,t’eT t

2
oo ,
(et go-at) (%) 7]
t/

2> ®

t,t’eT

grady [ —

0=069

gradgh, (17017 -1, 02— ) (252) Fotet)

(;ﬁ) ff(th’)]
[ £(

[e1speTy) S
> (—”i o ) (b;’?ww S | Fr(wh) Fr(wh)

(0%
tt’'eT Tt Op

hu (1 [oiT R4 (0] — 550)> hes <1 [ou" R4 (0) = 55,%)])

0=0o

s (ot )
2 )

= 2

t

0=06o

0’0y i t,0 ~ INT T
= 2| >0 | Tk | b0 S | Frlwh) Fr )]
tteT t Yy
< 2% <UfTUt, ) 642,001 | [ Fr ) Frh)|
t,t'eT

IN

o (22) 11 (o (1) 20 ()

T T3/2
_— (||w||—2+ ol 15 () B—z), (6.66)
T T
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with th’?w(Q) and C' > 0 from Lemma [5.10| It follows that

T T5/2
[VEeradadnton| < VT [ F0r (ol 33 + el )] - ) do
T

B
- o (s INCEE o).

Since rr = o(T"/%) and Assumption holds, we get that
HﬁgradgAT(Qo)H — Op(1). (6.67)

Next, we consider the asymptotic behaviour of v/T'grad,Cr(6y). By Lemma in
the Appendix, Lemma , and ((5.25)), we get

E grada( > hu(l/oi" R or 0V (w)h S(1)op" R ¢T5ff Vi (w )H

t,t’eT

= E||- > 2® (grade ot R SOV oi R 0V (@) H

t,t’eT

— 28| Y B OS (/o Rl = 1/0} R0 >v;<w>v;f<w>)H
tt'eT
~ t( N () ~ 1 T
< 20|l Y E[VE@VE W) =2C0wl Y 0 () =0 (Iwlz ). (©668)
tHeT teT Pr Br

with bél?w(ﬁ) and C' > 0 from Lemma [5.10| It follows that

EH\/Tgrad,,cT(eo)H _ Qgrad6< >7 h1/oiT R s 8IVHw)

t,t’eT

dw

] fo(pa ) w-0(3)

Since V173 /Br 2% 0, we have

ho(1/T R o)VE <w>>

IA

VTgrad,Cr(6y) =30 in probability. (6.69)

It remains to show the asymptotic normality of v/T'grad,Br(fy). From Lemma |5.10]
we get

gradyBr(0) = gradg{— /Q Q%I(ﬁTZh ~1/05" - R ¢T5 )Vt’(w))

t’'eT

| ([;_Tzhw (1/05@ R0 - 500)> (Zgi)sz(wtyv)) ] dw}

teT t




70 CHAPTER 6. MAIN RESULTS

from which it follows that

2 / @0 2 —
wa,mnio) = [ 25 wtos| (%) mro
Or t/ET o

N B |

Br (U?O)Q tt
E —— | b (6
/QT T ol T’w( )

teT

S

t'eT

h., (1 JoiT R_pg,T (60 — o) = 1/057 - R_péT 55,) Fi(wh)

= Z N
Ty

jeJt

!

- exp (27ri <1/03T . RP%Tw,xj>) dw] : (6.70)

Now, let
Gl (w) = (o) P exp (2mi (/07 - Ry, 3;) ) Fy(w),
2
7\t o-tao ; ar t
GY(w), = arar | 5P 2mi( 1/o, 'Rpf/Tw,.Ij Fi(wp),

and £ € R%. From (6.70), we get that

<§, \/TgrangT(GO)> = 2\\;_/3_TIZT t/ t,

/ br ZGt,

Jt’ teT
(& B4 (00) ) hol =157 - B3, 000) dw]
= Dr+ Er, (6.71)
with
2\/B_T t’ t / /BT <//\t '
Dr ES —= Gt (w),, — G (w)
VI = ZJ o, T 2\ G =)
(&bl (6 >> ho(=1/057 - R_ 5 67°) dw
2y/Br o Br (
Er Z Z t t / ZGt
vT per VM jest teT

(EBEL0)) o1/ B ) o

We will show that Dy =¥ 0in probability and Ep converges in distribution to a centred



6.2. DRIFT ESTIMATION 71

Gaussian random variable. Consider

N 2
o

ar _ar | &
O't O-t/

—(05°) % exp <27ri

SR
ag 2
| ( = aT> exp (27ri<1/0§T R anw,l’j>> Fr(wr)
oy Ut/ Pyr
< ) t

—(00°) % exp (27Ti

—

G (@) — G (w)

J

o

IN

_|_

(o50) 2 exp (2 (105" - R s, ;) ) Fy ()

—(00°) % exp (27ri <1/af,° : szow, SL’]>> Fir(w)

2
o’ ( < é
= — exp | 2mi(1/o," - R 4 w,x;
‘(U?TUST> / t pf/T J

_(0'30)—2 exp <27Ti<1/gt°,‘0 . Rp¢0w,xj>> ‘ ||]:f||oo
t/

—2
+gmin

. (6.72)

Pr= — Pt

2
o’ . &
— exp | 2mi(1/o," - R 4 w,x;
‘(UféTJﬁtT) p( < / t pf’T J>)

—(09°) % exp (27Ti <1/a§fo . Rp¢0w,xj>> ‘
t/

o : 1\° .
< _t — exp | 2mi( 1/00T - R 5 w,x;
< () = () || (om Qe mgans))

o
F _ngR ir_ oW | = Frlw)
t

It is

_9 . A .
+(0y°) " |exp <27” <1/05T : RpJuTW7Ij>) — exp (27r1 <1/af,‘° . qus/ow,mj>>‘
t/ t
‘(UfTUffT)z - (030030)2‘ 23/t |l | 1 1
= 6 2 ar it orw — —g i eow
ol o2 o ey ot P

Op (%) , (6.73)

where we used the Delta-Method (Theorem in the Appendix) to see that the ran-
dom variables VT ((077057)? — (07900°)?) and VT(1/0p" - R j.w — 1/05° - Rp¢0w) are
Py t/

asymptotically centred normal. From (6.65)), (6.72]), and ,tit follows that
//\t / 1
Gy - 61| = 0s (1)
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Since ‘eﬂ = Op(1) forall #’ €T, j € Jk, we get

D] < 45H£H\/5_TZ Z ‘0 /ﬁTZop( =) el o

t’E’IF teT

2o () o)

with C > 0 from Lemma [5.10 Since 78./8r = o(v/Tr3./8r) =3 0, we get

Dy =30 in probability. (6.74)

. . . . . . . /
Finally, E7 is a linear combination of independent standard-normal random variables €}
and therefore a centred Gaussian random variable with variance

45T Z o Z t 20

t'eT GJt’

2

BT t tt! P o
/QT T ; G (W) <§7 bT,w(90)> ho(=1/0 R—pf,Tét' ) dw

converging to é‘Tié , Where
S RS ' ot'\T
/ ’ /
7j=1
with 7; from Assumption b4, (6o) from (5.23) and
St = 2w [/ / G (W)L, (00)hu(=1/07° - R_ 690,7) dt dw|.
R2 Py

By Lemma and Corollary (both in the Appendix),

VTgrad, Br(6)) =3 N(0,%) in distribution. (6.75)

From (6.67), (6.69), (6.75), and Slutzky’s Lemma (Theorem in the Appendix), we
deduce v/Tgrad, Nr(6y) = Op(1), completing the proof. O

Assumption 6.36. For allm € {1,...,d;}, there is a Borel set B,, C [0,1] of positive
Lebesgue-measure, such that at least one of the functions

0(6)1
0,

B, —R, t—

d B,—R, tw— ,
600 " 9,
—0, -

is not constant, where &) = ((67)1, (67)2).

Example 6.37 (Polynomial drift). Suppose that we have a polynomial drift model, that
18,
dy

d} i
(6)1 =D 0nt™,  (0))2 =" Oas1smt™
m=0 m=0
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where 0 = (0, . ..,04,) and d},d! € N with d, +di = dy. In this case, Assumption is
an implication of the identifiability constraint 6§ = 0 for all € © from Assumption
since it means that the intercepts 6y and 0d11+1 are zero. Hence,

u
dl

di
(001 = Z Oml™,  (87)2 = Z Oy +14mt™,
m=1 m=1

with 0 = (01,...,0q,). Then, we have 9(8Y),/00,, = t™ for all m € {1,...,d,} and
9(69)2/00,, = ™4 for allm € {d| +1,...,d,}. Since those functions are not constant
in t, Assumption holds.

Assumption 6.38. We assume that f € H'(R?).

Lemma 6.39. Under the Assumptions and|6. 5’%, Hesseﬁ(é) has finite operator norm
for all 0 € U with U' C © from Assumption[5.9. Moreover, the matrix

Hy := HessyN(6,) (6.76)

1s symmetric. If the Assumptions [6.28 and [0.30| hold, Hy; is also positive definite and
thus invertible.

Proof. From Lemma [5.10, Lemma [A.15] and Theorem in the Appendix, with
Wpai=he (1ofT - R, (6] = 61)). (6.77)
.

we get

1
HessyN(0) = —Hesse/ ]]—"f(w)|2/ / h, g oy dt dt’ dw

= —2/ | Fp(w |// Tt,Hess(gtht

+ gradghl, grad) S 1, ) dt 4’ du

1 pl
_ —2/'uv@m2/'/‘%<h$mhzTﬂ
R2 o Jo R
-Fﬁwwm%w@%@—%&mﬂ)wMM-<m&

Let £ € R™ with ||€]] = 1. Then, because f € H'(R?) by Assumption m,

H Hesseﬁ(ﬁ)ﬁu

<2 [1mer [ [ I +|
< /‘;f |//||H ), + B (B8, +

/ o) (O ol +28% Jw]?) dw < oo,

b3, (0) (B5,(60) — B.0(9)) "¢]| dtat’d

b1 () H) dt dt’ dw

IN
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with C' > 0 from Lemma [5.10, Thus, HessyN(6) has finite operator norm. From (6.78)),
we have for 6 = 6, that

Hy = Hesseﬁ(Go)

1 1
= 2 [ |Fw)f / / b5, (00) (b}, (60) — B (0)) " dtdt’ dw
R2 0 0

1
= 2 |ff<w>\2[ / by, (60)b%,(60) T dt
0

RZ

- ( /0 1 b5 (6o) dt) ( /0 1 b.° (6o) dt’)T] dw. (6.79)

Since matrices of the form zz" with € R% are symmetric, it follows that Hy is sym-
metric.

Now, let £ € R% \ {0}. By Assumption , there is an open Borel set B C R? with
positive Lebesgue-measure such that Fy(w) # 0 for all w € B. If the Assumptions
and |6 - 6.18| (implying that the rotation and scaling functions themselves do not vanish an
a Borel set with positive Lebesgue-measure) hold, there is another Borel set B’ C [0, 1]
with positive Lebesgue-measure such that

a(5?)

<(w1 cos(p? )—l—wsin(pfﬂ) 0; :

R N o 59
—i—(wz cos(pr) — Wy sin(p‘fﬂ)%)

B' - R, tH<5,b;:?w(90 =

0=09

is not constant for all w € R?\ Q° with some Lebesgue null-set QY C R2. Since the Cauchy-

Schwarz inequality implies that ( fol g(t)d ) < fo t)2dt for all integrable functions
g:[0,1] — R, with equality if and only if ¢ is constant a.e., we get

/01 <€,th’?w(90)>2 dt — (/01 (€, D5°,(60)) dt)2 > 0.

Hence,

T2 [ |7 [ / e (00))° i ( / B (00) dt) ] Qo > 0,

since the integrand (as a function in w) is strictly positive on B. We conclude that Hy is
symmetric and positive definite and as such invertible. O]

Assumption 6.40. We assume that f € H*(R?).

Theorem 6.41. Under the Assumption let (9 Jren @ sequence of random vectors

with values in U', such that é} iy 0o in probability. Suppose, that the Assumptions of
Theorem and the Assumptions and hold. Then, with Hy from ,

H Hesseﬁgp(éi}) — HNH =0 in probability.
1
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Proof. We will use the decomposition NT = Ar + By + Cp from 1} and show that

H Hessg Ar(65) — Hy 20 in probability,
1

sup || Hessy Br(0) + HessoCr(9)||, 230 in probability.
beU’

With Lemma m, Lemma in the Appendix, wf. from (6.63), and hf ;, from W,

we get

Hessg Ar(6

2 g 2
g, T = /7 i~
= Hessy ) hiy,ff(%)( iw) h, g Fr(wh) dWI

O-t/

BF (
/QT >
ag \ 2 ag 2
- 23 () (%) s{menmen
QT tt’e’]F Oy

: [Hessehf;’T’ch’T’t, + gradehiymgradghgm,} } dw

2

B2 00‘0 2 [ gao ;

= 2| = — i | R Fp(wh) Fp(wh)
op T tt’e’]I‘ Oy

Wr [IHtTfLw) - BLEOBLO)T b0

- —2/QT br > ( > (Zg;)Q%{ff(th)ff(thl)

t,t’'eT
1 10 [IEL(6) DL OB 0)T] o (6.50)

where we used that th’?w(Go) - b;zg(@o) = b?f;(@o). From ([6.64)), we get

Fo )] < |Frlwh) — Frw)| + | F(@)] = O (% n \ff<w>r) C (681)

Moreover, the continuity of 6 — 67 (Assumption [6.29)), the Lipschitz-continuity of A,
(Lemma in the Appendix), and the continuous mapping theorem (Theorem in
the Appendix) yield that

Wity = 1| = b (1087 B sy (07 = 607) ) ~1]
= |exp (27r1 <w 1/o07 . R ¢T(5 — %) >) - 1‘

= |exp (27Ti<1/0fT~Rd;Tw,5t —5f°>> —1’
Pt

§27r\/§H1/Of‘T-R(;Tw‘ — b
Pt
27?\/_
Jeol (|07 = 87| = ox (1)
and thus
0z 0%

hw,T,ttht/ =1 + OP(HWH ) (682)
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In particular, the imaginary part converges to 0. With (6.65)), (6.81]), and (6.82), we have

— 6 oz . A
R {ffw;)ff(w;) W lHéz?wa)}

1

!

~ o { At F il | o
- [ {FenFen)»{il |

e {Fn Fn o il 1, ||
o {FenFen}|[men],
] [Fe| [3 (a0

W W .F w
It follows that

ap \ 2 ag 2
[Ex (%) (2

[e% &T
QTT tt’eT Tt Ty

-%{ﬂ(w;)ff(w%) R BT iHé&(éi;)} dw

!

IN

1

NN

1\7|

1

< (=) [, 7 Soe (e L) on ottt a
- o (W\/? [ ellz P dw>+oﬂ»(/9 ol 175 )
- D) ' T (6.59)

because of 3/T =3 0 and Assumption [6.40 Similarly,
|R{Fr T - e | = [ {FehF e} 1o,

o (1l Iel17 )
- ol ),

which implies that

2
[ES () () sl menmen mm b
ar I tt'eT Ut’

Moreover, by Assumption and the continuous mapping theorem (Theorem in the
Appendix), we get that

—op(1). (6.84)

i (BB (B7) T — b5 (bR (60)T |

< |08 00 05 (07) — BEL(60)] ||+ || D52 (85) — B2, (00)] b (00) |
< @l ([i65) — i 00| + i 6~ vit o)
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IN

IN

7

2 o (2 e oot a9y — a5l
+2 | [sin(pf) \gracu( alogs, — grady()alo—s,

2 s [sin (") | | erady ()11, — grady(57)11oa,

2| cos(p") | || erady(67):lp_g; — grady(67)2lo,

+ L [cos(ofm) | | xady(88)1l_g, — arady (81 los,

o e [sin(p)| || radg(60)zlo—s, — grad(9h)elo=s,

o fewal [sin(=p5)| |[grady (98 )1l—s; — 8rady(69)1]o=a,

+ s [cos(p5™) | [|xady(87)slo—g: — grady (57 )2los,

2Wd:f/26'

gradg( ) ‘9 =0z

ol (2

+2 rady (6 )alo_s, — grads(0))zlo=s,

min

+ || erads (00 )11o-s, — erady(32)1lo=s,

)

+ || erads (08)2lo—s, — erady(3%)alo=s,

o ([lw]%)-

— grady(6; )1]o=a,

With (6.80)), (6.81)), (6.82)), (6.83)), and (6.84]), it follows that

because of 8./ T =3

H HesseAT(éi}) — HesseAT(Ho)Hl

)

2
57 fopns —_—
72 L) RS Fp(wh) Fr(wh)
QT tt’eT Oy
B (b%(@*)b%(@*) th’?w<00>thf;<eo>T)}dw + op(1)
1
b1 T Tmax ) | £ (wh)| | 7 14 1
D lfwT| ()] 0 (]| ) dw + op(1)
t,t'eT Omin
|Fp(w)]

oﬂ»</QT||wH4(T+ HIF @) )

VT

rS 4
o (?ﬂ/? [l P aws [ ol 1Fr dw)
QT QT

0]1:)(1),

6.40]

3 0 and Assumption By Lemma

6.39,

(6.85)

Hy has finite operator

norm. In particular, the components of Hy are finite. Hence, with (6.79)),

1 1
2 [ B [ [ i oomit o aeara
RAQp o Jo ’ ’ 1

o(1),
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as T — oo. With (6.80)) and (6.85)), it follows that

H Hessg Ar(0%) — HNH1
= || HesspAr(0o) — Hn/||, + or(1)

2
B:ZF <Ufo>2 ‘730 t,0 Lt/

< 2 =L 2 ) RS Fp(wh)F b5 (6,)bLE (6
<2 [ 17X (%) (%) n{zenmempiLommiio

1 1 ,

—|ff(w)|2/ / by, (60)b%,(60) T dt dt'|| dw + op(1)
0 0 1
2
/ ooy _—

< /Q LS wi oot on| (%) R{F/ (W) Fr ) } = 1)

t,t’eT Oy 0

+ |Ff dw

BT C ) b5 (000D, (00) / / b5, (00)b, (60) " dt dt’

t,t'eT

+op(1). (6.86)

By the continuous mapping theorem (Theorem in the Appendix), we have that

ar _ar

2

ooy’ : .

St ) TR probability.
O-t O—tl

Together with Lemma [5.10| and (6.81]), this implies that

/QTBTZ

t,t'eT

b5 (00)bY.(0)"

2
o0 gao S
1 ( . ) R () F @)}~ 1P| de

Ut O-t/

dw

< ) 52 ||w||2 (1 —|—OIF><1))OIP (% + |]-"f(w)]) - |ff<w)|2

2 2
- o. (%H\/%T IEREE dw>+o]p ([ 1tz )
QT QT

= O]P’(l)a (687)

since 12/T 2% 0 and Assumption |6.40] holds. Furthermore, by Lemma [A.7| in the
Appendix, Lemma in the Appendix, and Assumption [6.25] we get that

BT C ) b5 (000D (60) / / b5, (00)b2 () " dt dt’

t,t’'eT

d1 2
- 3 S i), i), [ wie) 0
m,m/=1 tt’'eT

dq

< 5||w||5?T 3 [Tv(t»—>(btf?w(éo))m)—l—T\/(t’r—)(bgzg(QO))m/ﬂ

m,m’=1
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d (0

~ BT ! ar " 8 59 . 5 ;
< 2d10||w|| _T E |ml| [V (t — 1/at <Cos(pf7) (‘()Qt)l {-sm(OfT) égt)2> >
m=1 " o=t

N : 0 56’ ) 59
+ |w2| TV (t — 1/0?T (Sin(—pr)% + COS(@bT) é@t>2> ) ]
m =00

= (|| 12 *BT) (6.88)

with ¢ > 0 from Lemma , where the final line in 1} follows from Assumption
6.11] and Lemma in the Appendix. Similarly, with Lemma in the Appendix and
Lemma in the Appendix,

1

S BB 00T~ [ B
0

teT )
Br
< ?T ST TV (e (B52,060)),, (B52,(60)),.,)
m,m’=1
= Br & o 0D 5 0(00),
= 2d1CHwH?Z |w1|TV tHl/UtT<COS(PtT) 90 —i-Sln(/)tT) 20 )
m=1 m . 0—0,

X =980 98P
+ |wo| TV (t — 1/ (sin(—pr)éTt)l + cos(p{T) ég)?) ) ]
m m 0=0,

= <|| [& 5T> . (6.89)

Collecting (6.86)), (6.87)), (6.88), and , it follows that

H Hessg Ar(0%) HNH = Op (ﬁTT / l[w]|? | F¢ (W) dw) = op(1). (6.90)
Next, we show that supye || Hessg Br (6 )H1 —3% 0 in probability. By Lemma [5.10]
sup || Hessghe, (T;((sf _ g%y - T;(sf,) ‘ = O (w]?). (6.91)
oel 1

Because of (6.81)), (6.91]), and Lemma |5.4] we have
g ,
/Q T 2R [T—g " Hessoh, <T;(5f . 7;52)

t T
ag \ 2
o —_
- ( ) Fy ) V@)
1

ZSup/ T2 Z H Hessgph,, (%}((55 — oty —T%éﬁ)H
Qr 1

!
oeU €T

(2= 7] )] as

Umln

o] 5 oo}

- 0 (s QT||w|||ff<w>|dw)-

sup || HessyBr(0)||, = sup
e’ fev’

dw

IN
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Because of r3./v/TBr e 0, rr/+/Br o 0, and Assumption [6.28] we conclude that

sup || Hessg Br(6)]|, —3 0 in probability. (6.92)
ocu’

Finally, we consider HessyCr(6). Because of (6.91) and Lemma it is

sup || HessyCr(6)]|,

oecU’
= sup / BT Z Hessphy, (1407 — 7509 VA (w)ViE (w) dw
ey’ ar T €T 1
< GSS(B/ Z ) Hessgh,, (7407 — 7569 H1 )V%(w)Vj?’(w)) dw

Lo ()l

Since /By —3 0, we get

T—oo

sup || HessyCr(0)||;, — 0 in probability. (6.93)
e’

From ([6.90), (6.92), and (6.93)), we conclude that
H Hesso No () — HNH T2% () in probability.
1

O

Theorem 6.42 (Uniform tightness of drift estimators). Under the Assumptions[6.36 and

6.;0_ and the Assumptions of Theorem if Or gt By in probability, the sequence
(\/T(@T - 90))T€N is uniformly tight.

Proof. By Assumption there is a convex open neighborhood U’ C © of 6, such that
Nr is twice continuously differentiable on U’. In particular, if 6 € U’ is a minimizer of
Ny, then gradyNr(0) = 0. We define

gradyNp(9), if0e U,
gradyNy(6p), if0e€ O\ U

Because, by definition, 07 is a minimizer of NT, and because 07 fhmtc 0y € U’ in probability,
we have that

P (\/TéT(éT) > 6) = P (ﬁgradgﬁT(éT) > e 0p € U')
+P (\/Tgradgz%(eo) > e,0p ¢ U’)
< P (éT ¢ U/) ;
which converges to 0 for all € > 0, that is,
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If 6 € U’, the mean value theorem for real functions of multiple variables applied to each
component of grad, N7(0) yields that

grad, Ny (0) = grad, Ny (0,) + Hessg N (07)(0 — 6y), (6.95)

with a component-wise convex combination 07 € U of § and 6. By (6.95), on the event
{07 € U}, there is 61, € U’ between 7 and 6 with

gradyNy(07) = gradyNr(6y) + HessyNz(65) (07 — 60,). (6.96)

With the definitions R A
G . o, ifor e U,
6, if6recO\U,

and o o R

7. | HessoNr(0) = HessyNp(0%), if 7 € U,

" o, if 67 € ©\ U,
and equation (6.94)), it follows that
\/TgradQNT(Qo) + ﬁTﬁ(éT — 00) = ﬁéT(éT) = 0]}»(1), (697)

which is true on the event {#7 € U’} by and on the complement {67 ¢ U’} by
design of G and Hy. From 1} and Theorem , we get that

HVT (07 — 6y) = —/Tgrad, Nr(6o) + op(1) = Op(1). (6.98)

Because éT is a consistent estimator for 6, and éi} is between éT and 6y, it follows at

once that é} oy Oy in probability. Since Hy is invertible by Lemma |6.39, Theorem

6.41| implies that ﬁT s Hy in Probability. From this, (6.98)), and Lemma [A.17]in the
Appendix, we conclude that v/T'(07 — 6y) = Op(1). O
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Chapter 7

Model selection and motion blur

To select fitting parametric models for the drift, rotation, and scaling functions, we can
estimate with different models and choose the one which leads to the estimator with
the lowest contrast value. This can be interpreted in the following way. We explain
this for drift, the situation for the rotation and scaling is similar. Instead of minimizing
the contrast functional Np(6) over # € © for, for example, linear drift functions 6%, we
could also minimize the contrast as a functional of the drift function itself, Nr(J), over
all linear functions § on [0,1]. This can now easily be extended to encompass a variety
of drift models, for example, by considering the set of all polynomial drift functions on
[0,1] with degree less or equal to 3 (which we used in the Chapters [0 and [10). We can
then estimate the drift by the parametric model (and the associated parameter estimator)
with the overall smallest contrast value. Of course, since polynomial models of high degree
contain those of lesser degree, this model selection should be superfluous if we only consider
polynomial models. However, since we have to deal with statistical errors and we minimize
the contrast numerically, a too complex model (e.g., assuming a cubic polynomial for the
drift function when it is actually linear) might yield a worse reconstruction than a simpler
one, for example, due to over-fitting.

Furthermore, we use an objective means of measuring how well the estimation method
reduced the blur of the superimposed image due to the affine transformations. We will
also use this measure to compare our results to those of alternative estimation methods
which are described in Chapter [§]

We will explain the procedure for translation, first, since the application to rotation
and scaling is based on it.

7.1 Drift blur

The following was proposed in (Xu et al., 2013) which is based on the work of (Chen
et al., 2010).

Definition 7.1 (Motion blur measure). Let I: {z; | j € {1,...,n}} = R a (grey value)
pizel image, ¥ € [0,27), and

T(W) = i(M(uj)l, ())2),)

the average squared directional derivative of I in direction (cos(zb),sin(w))T. We define

83
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the motion blur measure as

J(¢min)

where we have an estimated motion direction Yy, € argminwe[om)t} () and Yyax is the
direction perpendicular to Wmyiy.

ma(]) = log (J(@/Jmax)) 7

Remark 7.2. Note, that J(v) = 0 if and only if I is constant in direction . An
advantage of mgy is that me(al) = mo(I) for all a > 0 which means that it does not
depend on the grey value scale of the image. The fact that Yy, is selected as a minimizer
of J is based on the idea that the image is blurred in the direction of the motion and thus
the image intensity changes little in this direction (on average), while it varies much more
i the perpendicular direction.

The minimizer ¢,;, can be obtained as follows. Rewrite

T(1) = (cos(v), sin(¥)) D (cos(4), sin(4)) ',

where

_{ dn diz : N~ 01 oI
D= ( iy doy ) with dy = ;M((%’)h (25)z) - m((l‘s)g‘, (75)z),
for r,s € {1,2}. Then,

J(ib) = dll + d12 Sln(2”¢) + (d22 — dll) (5111(2/1))2
We get the minimum value of J by setting

dJ ()
dy

which yields ¢ = ¢y, + (r7)/2, r € Z, with t,,, = arctan(2dy2/(d11 — ds2)) /2. The motion
direction is then determined by

P L if J (V) < J(m + 7/2),
T W 1/2 i T () > T (W + 7/2).

= d12 cos(2t)) + (dag — dy1) sin(2¢)) = 0,

The J(¢max) also keeps the blur measure value low in the case of an image that is (almost)
constant over wide areas (where the directional derivative is small in any direction).

Remark 7.3 (Flaw of msy). While my is a good measure of blurring in a known direction,
it has a major flaw when it comes to determining the motion direction. Consider an
mmage I which contains a vertical white bar ten pixels long and 1 pizel wide and is black
everywhere else. Then, the motion blur measure mq will register the long bright object as a
vertically blurred shorter and even brighter object. If we now blur this image horizontally
such that it now contains a less bright (i.e., grey) bar of length 10 pizels and width 5 pizels,
the motion blur value of that image (in vertical direction) will be less than the one of the
original image because the total squared directional derivative in horizontal direction (i.e.,
J (Ymax)) becomes much smaller due to the lower grey value of the bar.

This problem occurs when there is a stretched object of relatively high brightness in
the image, as is the case for the curved lines in the test image in Figure 9.1 and for the
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dense structure in the middle lower third of the data shown in Figure[10.3. We can thus
apply ms only if we already know a meaningful motion direction. In simulations, this
15 easy since we know the true drift, rotation, and scaling and can thus use the average
true motion direction. In our application to SMS data, we will use the average motion
direction of fiducial markers which mostly follow the true and unknown motion of the
specimen they are attached to (see @), to assess the quality of our estimation results.

7.2 Rotation and scaling blur

We already know that a rotation and scaling in the image domain results in the same
rotation and an inverse scaling in the Fourier domain. After taking the squared Fourier
magnitudes (to get rid of the drift) and after performing a log-polar coordinate transform,
the rotation and scaling became a translation. This means that we can apply the motion
blur measure ms to }]—" P ‘20577 to get an estimate of the quality of the rotation and scaling

correction, where fr is the point-wise average of the rotation and scaling corrected frames.

7.3 Motion blur measure in application

In our simulation study (Chapter [9)), since we already know the true drift function &;(6,),
we can choose the average drift direction fol 064(6p) /0t dt = 61(6p) as the motion direction
(after normalization). Similarly, we can choose the average rotation and logarithmic
scaling direction to compute the motion blur of the superposition of log-polar transformed
squared Fourier magnitudes of the images after rotation and scaling correction, but before
drift correction. Hence, in our context (where, for drift, I is either fT or the superimposed
image, and similar for rotation and scaling, see Tables and we get the motion
blur measure

(7.1)

_— (2?:1 (grad, 1(2,), Rreyo (60)] H51(90)||>2>
. S0y (grad, I (x;), 61(60)/ 101 (B0)I)* )

Note that the average drift direction used to determine the motion blur (|7.1)) in the case
of a drift function with jump is (before normalization)

t001, () + (1 — o) (01(6) — 1im 6,(6))
t\to
instead of just d1(0), where ¢, is the time at which the jump occurs. We calculated an
approximation of grad, [ as follows (see e.g., (Gonzalez, R.C. and Woods, R.E.| 2002)).
Let I be a pixel image of size N x N. For every pixel location (i, 75), 7,j € {1,..., N},

the gradient of I is defined as VI(i, j) := (G.(i, j), Gy(i,j))T with

Gy(i,j) == > S,(i' + 2.5 + I+, j+j),

1
Goli,f) = D Suld +2,5 + 21 +4,j+5),
i'j'=—1
1
(
i’ gl =—1

where we extend the image periodically, that is, 1(0,j) := I(N,j), I(N +1,7) := I(1, j),
I(i,0) := I(i,N), and I(i, N +1) := I(i,1) and so on. Here, S, and S, are the Sobel
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masks
1 -1 0 1 1 -1 -2 -1
Se==| -2 0 2|, S := 3 0 0 0
-1 0 1 1 2 1

Often, especially if I is noisy, it is beneficial to smooth the image first, for example, with
a Gauss kernel

(121
=242
6\ 1 21

This means that we replace every (i, j) with the weighted average

1
I(i,4) = Y K@ +2,7+2IG+7,j+])

ij'=—1

of the 3 x 3 pixel area centred on it. Because our images (see Chapters [9 and [10)) are very
noisy, we smooth twice before applying the motion blur measure.



Chapter 8

Other estimation methods

In this chapter, we take a look at two other methods which can be used to estimate drift,
rotation, and scaling in an image sequence. The first uses cross correlation to compare
all possible pairs of images, while the second relies on tracking the positions of markers
that are fixed on the specimen and appear in every single frame.

8.1 Cross Correlation

Definition 8.1 (Cross correlation). Let gy, go: R? — C integrable. The cross correlation
of g1 and go is defined as

G1xg: RZ2—=C, 7+ g1(x)ga(x + 7) du,
R2

where the argument T € R? is called the lag.

In applications, we can either implement a loop which computes the cross correlation
for all possible lags 7 € {x; —x; | 7,7 € {1,...,n}}, with n equidistant pixel locations
xj, or we use a trick. The following theorem gives an efficient way to compute the
cross correlation numerically, since it allows to make use of the well-known fast Fourier
transform algorithm (FFT, see e.g., |Cooley and Tukey| (1965)).

The following theorem is similar to the convolution theorem (see e.g., Rudin (1990,

Theorem 1.2.4 (b))).
Theorem 8.2. For gi,go: R? — C, we have g x g» = .7-"_1(.7-"_91 . .7-"92).

Proof. Since ab=a- b for all a,b € C, we have for all w € R? that

Fou(w) - Fg (w) :/ g1 (z)e2milw.a) dx-/ go(y)e™2mww) dy
R2 R2
[ a@ieean) - [ e ay
R2 R2
1(1,)627ri<w,$> (/ gQ(y)e—QWi<w,y> dy) dr
R2
27ri<w7x> (/ 92(33 _|_ T)e—27ri<w,x+7'> dT) dx
2 R2

e
( [ @it +) dx) T A7 = Fp (),
2 R2

Il
VR

Q

2

91()

I
— T 5
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with 7 = y —x. Applying the inverse Fourier transform to both sides yields the assertion.
O

Cross correlation can obviously be useful in our SMS-setup for motion correction.
Consider a (binned) sequence of frames (O = {O} | j € J}}), ;. translated by vectors
(0")set, rotated by angles (¢')ser, and scaled by factors (¢')ser, each frame representing
a pixel image of size n; X ng, with ny > ny, and a total pixel number of n = nin..
Similarly to the M-estimation method summarized in Algorithm [4.10] we first compute
the analytical Fourier-Mellin transformation of the squared Fourier magnitude of each
frame, where we also transform into log-polar coordinates to convert the rotation and
scaling into a translation (where we assume that the rotation shows in the n;-direction
and the scaling in the ny-direction). We then maximize the cross correlation between
any two Fourier-Mellin frames, for example, at times ¢,¢’ € T, to get an optimal lag 7%
between the ¢-th and the t'-th Fourier-Mellin frames. Then, %T Y over 75 estimates the
average translation of the t-th Fourier-Mellin frame with respect to the whole sequence.
By subtracting the average initial lag, %T YT 70 we get

—t,® B 4 /
Fte . %Z(Tt,t _TO,t).

t'eT

Now, we have to reconstruct the rotation angles p' and scaling factors o® from (75®)cr.

For the rotation, this essentially means rescaling the range from n to 27. Since we want to
estimate angles in (—m, 7], we further need to shift by 7 /2, count modulo 7, and subtract
7/2 again. We thus estimate p’ by

. 2y, 00T T
pl= ((n—17f+§> modﬁ)—§, teT.

For the scaling factor, due to the log-polar coordinate transformation, the corresponding
components of the 79*’s are in a logarithmic scale. Since the maximal possible radius is

ns/2, we have

2

Next, we calibrate the original frames O, rotating them by —p' and scaling them with
1/6". Straightforward cross correlation on the set of calibrated frames results in optimal
lags 7' and, subsequently, translation estimates

ot = %T > (F =),

t'eT

. teT.

~t No *71;7./(”2/2)
= (3)

Shifting the already for rotation and scaling corrected frames by —é' and, thereafter,
overlaying all of them yields an estimator for the image f.
We summarize this procedure in the following algorithm.

Algorithm 8.3 (Image correction via cross correlation). We assume data in the form of
pizel images of size ny X ng, with ny > ny and a total pixel number of n = nins.

1. Given a (binned) sequence of frames (Ot = {O; ‘j € J}})tew compute the squared

2, where Xt = {xj |j € J%}, using fast Fourier transform

Fourier magnitudes \f?ﬁ
(FFT).
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2. Choose an appropriate v > 0, transform the ‘f§:|2’s wnto log-polar coordinates,
multiply with !V, where | is the logarithm of the radius, and apply FFT again to get
Far = ‘A]:M\Fxtf’ where

ot

G': R x (=m, 7] = [0,00), (I,9) > e" <‘]—"§I

. EP) (1,0).

3. For each pair (t,t') € T?, compute the optimal lag
o = (7 7YY € arg m%R:;((Gt * GY) (1) = arg m%§f_1(T@ + Fe ) (7).
TE TE

If T is not unique, take the one with the smallest length HTt’t/H.

4. Forallt €T, let 7 := %T Sper(TH = 7% and estimate the rotation angles and
scaling factors with

. 2T 44 0T T ng\ ~7"/(n2/2)
pe ((reed) ) 5o ()T e

5. For each t € T, scale O' with 1/6% and rotate it by —p', using for example, bilinear
interpolation, calling the resulting calibrated frames P?.

6. For each pair (t,t') € T?, compute the optimal lag

%t,t’

€ arg max (Pt *Pt/) (1) = argmax F ' (Fpe - Fpur ) (7).

TER? TER?

If 75 is not unique, take the one with the smallest length H%WH.

7. Estimate the translation vector by o' := 223", (740 — 701,
8. For each t € T, translate P* by —b", calling the resulting calibrated frames Q'

9. Compute the point-wise average f(x) := %T Y oier @ ().

8.2 Fiducial marker tracking

As was pointed out in the introduction, it is common practice to incorporate fiducial
markers (bright fluorescent spheres) into the specimen. Since we observe these fiducial
markers in every frame, we can track their positions and use this information to calibrate
the images. For each fiducial marker p, we can visually identify a small rectangular
subset [a,b] X [¢,d] C [0,1]* of the image domain such that (presumably all of) the data
coming from p during the entire data acquisition time is inside this rectangle. For each
t € T, let u* € [0,1) the true and unknown position of the fiducial marker and let
{zt|ie{l,...,k'}} Cla,b] x [¢,d] the recorded positions in [a, b] X [¢, d] at time ¢, where
k' € N. We estimate u' by the spatial mean of all 2!, that is,

kt

. 1

at = Esz € [a,b] x [c, d].
i=1

This gives us a sequence (fi);er of estimated fiducial marker positions.
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Now, assume that we observe two fiducial markers, py and o, each with their respec-
tive rectangular occurrence areas, [ay,b1] X [c1,d1] C [0,1]* and [ag, be] X [c2,ds] C [0,1]%,
such that

([ar,b1] x [c1,di]) N ([az, ba] X [c2,da]) = 0, (8.1)

and they contain k! and k% measurements, respectively. Then, for each of these fiducial
markers, we get a sequence of estimated positions, (i} );er and (fib);er. From these, we can
estimate rotation and scaling of the specimen in the following way. Define the difference
vectors

d' = ((d), (Czt)2)T =t — b eR? teT.

Because of 1’ dt # 0 for all ¢ € T. Homogeneous scaling of the whole specimen by a
factor o > 0 implies that ||dt|| is also scaled by o. Similarly, rotating the specimen by an

angle p € (—m, 7] rotates d* by the same angle. Note, that neither of this does depend on
the position of the origin. Hence, we get a sequence of scaling and rotation estimators,
(6-t)t€’]1‘ and (p/\t)te’[f, Wlth

&t_dt/do

. ph= atan2((cit)2, (th)l) - atan2((ci0)2, ((jo)l),

where

(arctan(y/x), if x >0,

arctan(y/z) +m, if x <0 and y >0,
atan2: R*\ {0} — (-7, 7], (y,z) > { arctan(y/z) —m, ifz < 0andy <0,
/2, if t=0andy >0,
—m/2, if r=0andy <0,

\

is the angle between a vector (z,y) € R?\ {0} and the z-axis. We can then calibrate the
images with those estimators by rotating the ¢-th frame by —p' and scaling it by 1/6".
This changes the estimated marker positions to

_ 1 R .
i = 5 R_zfit, je{l,2}.

Finally, we correct the images for drift by translating the ¢-th frame by —a! (or —fb).
Since the estimated marker positions are subject to statistical errors and measurement
errors, the average —(jit + fi5)/2 is even better suited for drift correction since it reduces
the variance by a factor of (about) 1/2. The estimated image is then given by the point-
wise average of all frames.

We summarize this in the following algorithm.

Algorithm 8.4 (Image correction via fiducial marker tracking).

1. Specify the rectangles containing the two fiducial markers, [a;,b;] X [¢;,d;] C [0,1]%,
J € {1,2}, and collect the data points {z;j |t eT,ie{l,..., k;}} within them.

2. For all't € T, compute the spatial means i = k% f;l zij, J € {1,2}, and their

differences, d' = it — ji5.

3. For each t € T, scale the t-th frame with 1/6* and rotate it by —p*, given by

/

~

1/6¢ = ||d°||/||d|, —¢" = atan2((d®)s, (d°)1) — atan2((d")s, (d')1).
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4. For {each}t € T, translate the t-th frame by —(fi} + fi5)/2, where jif := & - R_[it,
je{1,2).

5. Compute the point-wise average of all frames.

We will apply the motion blur measure from Chapter [7| to compare the results of
fiducial marker tracking with those of our M-estimation method and those from cross
correlation.
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Chapter 9

Simulation Study

To investigate the finite sample properties of the M-estimation method proposed in Chap-
ter[d we conduct a simulation study with images of size n = N? pixels with N = 512. We
opt for T" € {20,50,100} in order to reduce computational time, as our implementation
requires several minutes to compute 7 on a 512 x 512 image for T' = 500, say. In order to
make these simulations comparable to the data in Chapter [I0] we choose drift, rotation,
and scaling parameters 6y, ¢g, and «g such that the total motion (i.e., the pixel shift
between the first and the last image) has comparable scale to the ones observed in our
SMS data.

We consider the model with four different motion types: linear, quadratic, and
cubic motion functions, as well as a piecewise linear motion with a jump at an unknown
time. Note that the motion with jump violates the Lipschitz properties in the Assumptions

[6.10l and [6.311

1.0

0.8

0.6

0.4

0.2

0.0

0.0 02 0.4 06 0.8 1.0

Figure 9.1: Test image f with grey scale values (rescaled to the unit interval), represented
by colours ranging from black (0) over red and yellow to white (1).

We use the test image displayed in Figure , with image intensity f ranging from
zero to one (the average image intensity is about 0.045), and apply three error models.
We aim to apply our method to SMS microscopy and therefore, following the model (3.2)),
introduce a randomness of the selected pixel locations at each time point by multiplying
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the noisy grey values with Bernoulli random variables. More precisely, for every pixel
location z;, j € {1,...,n}, and every time point ¢ € T, we observe

0, = (J'(zy) + 72) B, (9.1)

where the B;’s are independent Bernoulli random variables with parameter p = 5/T
meaning that every pixel is seen five times on average over the whole observation period.
Note that T is defined in such a way that the whole time interval is always [0, 1], that is,
if T'= 100, the time between two subsequent frames is exactly half as long as if T were
only 50.

First, we employ a Gaussian error model, which means that the 67; in are inde-
pendent standard normal random variables.

Secondly, in order to test the robustness of our estimation method against outliers, we
assume that the 63 in are i.i.d. t-distributed with 2 degrees of freedom.

Finally, we simulate a Poisson error model,

5; ~ Pois (pft(xj)) : (9.2)

where the 6; are mutually independent and the Poisson intensity contains the Bernoulli-
probability p such that the average image intensity of the two models (9.1) and (9.2) is
the same.

For the Poisson model 1) we use a variance stabilizing transformation, \/65- +1/4

(see e.g., (Frick et al. 2013| page 378)). We minimize discretized versions of the contrast
functionals from Definitions and and use fast Fourier transform (FFT) which
can be performed in O(N? - 2log(N)) steps, exploiting Remark so we can apply
FFT for the rotation and scaling contrast. The minimizers are evaluated by a standard
Nelder-Mead-type algorithm as implemented in the statistical software R. We specify the
parameters as follows: v = 0.1 (Gaussian and to-distributed errors), rp = up = vy = 16.
As start value for the minimization algorithm we choose 0 € R%, where d € {d;, ds + d3}
is the dimension of the drift parameter 6y or the rotation and scaling parameter (¢g, ap),
respectively.

Polynomial motion models have been described in the Examples and [6.37 In
the linear model we have §,(0) = 6t. We choose 0y = (50/512,35/512), ¢y = 7/8, and
ap = 0.278, that is, the image is shifted by 50 pixels in x;-direction and by 35 pixels in
zo-direction, rotated by an angle of 7/8 and scaled up to a factor of 1.278 over the time
interval [0, 1]. In the quadratic drift model we set

5,(0) = (611, 021) Tt + (612, 022) T2,

pi(@) = Pt + pot?,
O't<Oé) =1+ Oélt -+ a2t2.

For the drift in z;-direction we choose (611,612) = (30/512,30/512), in xo-direction
(021,029) = (10/512,40/512). For the rotation we choose (¢1,¢s) = (w/16,7/8) and
for the scaling (aq, ) = (0.15,0.1). Similarly, we employ a cubic model for drift,
5:(0) = (011, 001)t + (019, 020)t% + (013, 093)t3, and for rotation and scaling accordingly.
In this case, we choose the motion parameters (611, 612,613) = (20/512,0,25/512) as
well as (0a1, 099, 003) = (12/512,20/512,5/512), (¢, da, d3) = (1/16,7/32,57/32), and
(o, g, cr3) = (0,0.1,0.2).

The results of one estimate are reported in the Tables and [9.2] the means of 100
simulations each in Tables and [0.4L As recorded in the Tables and [0.6] with
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‘|Poisson

Figure 9.2: Left (fourth row): Test image f with grey scale values (rescaled to the unit
interval), represented by colours ranging from black (0) over red and yellow to white (1).
Right: The first row shows the first frames of sequences of T = 20 noisy images subject
to linear motion functions (from left to right: Gaussian noise, Student-ty noise, Poisson
model). The second row depicts the corresponding superimposed images (i.e., the averages
over all frames in the sequence). The true motion curves of two pixels are shown as
white curve segments on top of which we plot the estimated motion in blue. The true and
the estimated parameters are reported in the Tables and[9.2. The third row shows the
superimposed images after the rotation and scaling correction while the fourth row displays
the images after the additional drift correction.
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“|Poisson

Figure 9.3: Left (fourth row): Test image f with grey scale values (rescaled to the unit
interval), represented by colours ranging from black (0) over red and yellow to white (1).
Right: The first row shows the first frames of sequences of T' = 50 noisy images subject
to linear motion functions (from left to right: Gaussian noise, Student-ty noise, Poisson
model). The second row depicts the corresponding superimposed images (i.e., the averages
over all frames in the sequence). The true motion curves of two pixels are shown as
white curve segments on top of which we plot the estimated motion in blue. The true and
the estimated parameters are reported in the Tables and[9.9. The third row shows the
superimposed images after the rotation and scaling correction while the fourth row displays
the images after the additional drift correction.
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Figure 9.4: Left (fourth row): Test image f with grey scale values (rescaled to the unit
interval), represented by colours ranging from black (0) over red and yellow to white (1).
Right: The first row shows the first frames of sequences of T' = 20 noisy images subject to
quadratic motion functions (from left to right: Gaussian noise, Student-ty noise, Poisson
model). The second row depicts the corresponding superimposed images (i.e., the averages
over all frames in the sequence). The true motion curves of two pixels are shown as
white curve segments on top of which we plot the estimated motion in blue. The true and
the estimated parameters are reported in the Tables and[9.9. The third row shows the
superimposed images after the rotation and scaling correction while the fourth row displays
the images after the additional drift correction.



98 CHAPTER 9. SIMULATION STUDY

|Poisson

Figure 9.5: Left (fourth row): Test image f with grey scale values (rescaled to the unit
interval), represented by colours ranging from black (0) over red and yellow to white (1).
Right: The first row shows the first frames of sequences of T' = 50 noisy images subject to
quadratic motion functions (from left to right: Gaussian noise, Student-ty noise, Poisson
model). The second row depicts the corresponding superimposed images (i.e., the averages
over all frames in the sequence). The true motion curves of two pixels are shown as
white curve segments on top of which we plot the estimated motion in blue. The true and
the estimated parameters are reported in the Tables and[9.9. The third row shows the
superimposed images after the rotation and scaling correction while the fourth row displays
the images after the additional drift correction.
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Figure 9.6: Left (fourth row): Test image f with grey scale values (rescaled to the unit
interval), represented by colours ranging from black (0) over red and yellow to white
(1). Right: The first row shows the first frames of sequences of T = 20 noisy images
subject to piecewise linear motion functions with a common change point (from left to
right: Gaussian noise, Student-ty noise, Poisson model). The second row depicts the
corresponding superimposed images (i.e., the averages over all frames in the sequence).
The true motion curves of two pizels are shown as white curve segments. The left pizel
moves to the right and down, then jumps a little to the right and up and continues its
motion, as depicted with the two leftmost curve segments. The two curve segments to
the right show the similar motion of the second pixel. On top of these white curves we
plot the estimated motion in blue. The true and the estimated parameters are reported in
the Tables and [9.3. The third row shows the superimposed images after the rotation
and scaling correction while the fourth row displays the images after the additional drift
correction.
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Poisson

Figure 9.7: Left (fourth row): Test image f with grey scale values (rescaled to the unit
interval), represented by colours ranging from black (0) over red and yellow to white
(1). Right: The first row shows the first frames of sequences of T = 50 noisy images
subject to piecewise linear motion functions with a common change point (from left to
right: Gaussian noise, Student-ty noise, Poisson model). The second row depicts the
corresponding superimposed images (i.e., the averages over all frames in the sequence).
The true motion curves of two pizels are shown as white curve segments. The left pizel
moves to the right and down, then jumps a little to the right and up and continues its
motion, as depicted with the two leftmost curve segments. The two curve segments to
the right show the similar motion of the second pixel. On top of these white curves we
plot the estimated motion in blue. The true and the estimated parameters are reported in
the Tables and [9.3. The third row shows the superimposed images after the rotation
and scaling correction while the fourth row displays the images after the additional drift
correction.
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increasing degree of the polynomials, the mean squared error increases. Nevertheless,
visual inspection of the estimated images in Figure|9.5|exhibits good reconstruction quality
for the Gaussian and Poisson models.

To evaluate our motion correction we use versions of the motion blur measure ms
proposed by [Xu et al.|(2013]) which is based on the work of |Chen et al. (2010)) (for details
see Chapter [7). The motion blur values of the superimposed images, the corresponding
rotation and scaling corrected images, and the final estimated images are reported in the
Tables 0.7 and 9.8] Evidently, the blurring is reduced in every correction step, although
visual inspection of the resulting images shows that in the case of to-distributed noise, the
reconstruction is not very good for motion models which are more complex than linear.
Motion model with jump. Finally, in order to analyse the robustness of our method,
for example, when a smooth motion abruptly jumps due to an external shock, we consider
a piecewise linear motion model with a jump at an unknown time,

5,(0) = (011,621) "t if t <o,
) (612, 020) T (E — to) + (613, 005) T if £ > to,
Pr N (bg(t—to) —|-¢3 ift > tg,
( ) 1 + Oélt if ¢ S to,
o(a) =
' 1+ ot —to) +as if t > to,

with (th ¢2, ¢3, a1, 09, (3, t[)) € dxAx [0, 1] C R7 and (611, 912, 913, 021, 922, 023) €06 C RG,
that is, the rotation function jumps to the angle ¢3 at the unknown time point ¢, and
so on. As mentioned before, this type of motion does not meet our assumptions, for
example, the Lipschitz properties in the Assumptions and are not fulfilled as
one can easily see by perturbing the parameter ty3. For these simulations, we double the
Bernoulli probability to p = 10/T.

For the simulation, we choose the drift parameters (611,602) = (20/512,10/512),
(012, 099) = (15/512,30/512), (013, 093) = (40/512,36/512), the rotation angle parameters
(h1, ¢2, P3) = (m/8,7/8,7/40), and the scaling parameters (aq, ag, a3) = (0.1,0.2,0.07),
as well as the jump time ¢, = 0.4. We estimate the jump time ¢, together with the rotation
and scaling parameters and take the resulting estimate as given for the drift estimation.
Once again, we use the Gaussian noise, the t-distributed noise with 2 degrees of freedom,
and the Poisson model. The superimposed images as well as their reconstructions are
visualized in Figures and 0.7 In the Tables and the estimation results are
summarized. The blur values are reported in the Tables [9.7] and [9.8]

Computational time. For polynomial motion, simulating a sample and computing
the estimates required about 2 minutes for 7' = 20 frames on a Core AMD Opteron with
2.6 GHz, where the most expensive part is the rotation and scaling of the images, which
means that the computational time scales almost linearly with the number of frames 7.
The numerical optimization itself takes about 10 seconds. For the motion with jump,
we considered jump times f, on the grid {2/T,...,98/T} and, given t,, minimized the
contrast functional w.r.t. (¢, a) to find the estimator for (¢g, ag, o) with overall minimal
contrast. This leads to higher computational times between about 3 minutes (7' = 20) and
30 minutes (7' = 100). Our simulations show that the proposed estimation method works
well and significantly reduces blurring. This has been demonstrated for a polynomial
drift even if we observe just a small part of the shifted image at every time point. We
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have also obtained good results for reconstruction in a Poisson model. The simulations
with to-distributed noise show that the estimation method is not very robust against
outliers, especially if the observed images are very sparse. Finally, we studied the case of
a piecewise linear drift with a jump at an unknown time point, that is, a discontinuous
drift. Although the Assumptions and are not satisfied in this case, we found
that even in this setting our estimator performs quite well.
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linear rot./scal. quadratic rot./scal. cubic rot./scal. rot./scal. with jump
par. (¢o; ao;to) (0.393;0.278; —) (0.196,0.393;0.15,0.1; —) (0.196,0.098,0.491;0,0.1,0.2; —) (0.393,0.393,0.079;0.1,0.2,0.07; 0.4)
error type T (¢r1;b) (¢r;6) (¢r1;6) (@13 br; (to) 1)
Gaussian 20 | (0.413;0.154) (0.278,0.310; 0.328, —0.202) (0.211, 0.583, —0.045; 0.366, —0.416, 0.208) (0.357,0.363,0.107; 0.141, 0.061, 0.065; 0.445)
50 (0.381;0.119) (0.268,0.294; 0.224, —0.127) (0.063,0.206, —0.245; 0.423, —0.645, 0.382) (0.129, 0.281,0.059; 0.219, 0.060, 0.066; 0.378)
100 | (0.328;0.091) (0.040, 0.054; 0.164, —0.079) (0.382, 0.327, —0.479; 0.399, —0.650, 0.408) (0.123,0.169, 0.076; 0.136, 0.049, 0.051; 0.418)
t-distr. 20 | (0.335;0.162) (0.055,0.074;0.328, —0.216) | (0.123,0.004, —0.031; 0.249, —0.083, —0.034) | (—0.277,0.096, 0.158; 0.548, 0.056, 0.092; 0.225)
50 (0.182;0.110) (0.037,0.028;0.261, —0.156) (0.037, —0.005, 0.008; 0.260, —0.194, 0.060) (—0.195,0.040, —0.019; 0.290, 0.063, 0.074; 0.350)
100 | (0.017;0.106) | (0.016,—0.021;0.117, —0.045) | (—0.011,—0.029, —0.015;0.148, —0.028,0.002) | (—0.130,0.036,0.020;0.121,0.065,0.033; 0.382)
Poisson 20 | (0.413;0.153) (0.325,0.250; 0.382, —0.257) (0.271,0.264, —0.037; 0.337, —0.306, 0.113) (—0.062, 0.317, 0.051; 0.391, 0.060, 0.079; 0.300)
50 (0.362;0.113) (0.203,0.309; 0.232, —0.129) (0.087,0.373, —0.286; 0.447, —0.695, 0.413) (0.349,0.311,0.103;0.198,0.037, 0.066; 0.400)
100 | (0.308;0.095) (0.085, 0.028; 0.140, —0.053) (0.168, 0.252, —0.641; 0.560, —0.013, 0.640) (0.489,0.176, 0.139; 0.111, 0.066, 0.037; 0.400)

Table 9.3: Setting as in Table

Displaying the means

of the estimators @ﬁ ar) from 100 simulations each.

linear drift quadratic drift cubic drift drift with jump
true parameter 0o | (0.098;0.068) (0.059, 0.059; 0.020, 0.078) (0.039, 0.000, 0.049; 0.019, 0.039, 0.009) (0.039,0.029,0.078;0.019, 0.059, 0.070)
error type T @H mﬂ mﬂ wﬂ
Gaussian 20 | (0.098;0.059) (0.058, 0.059; 0.024, 0.064) (0.030, 0.043, 0.005; 0.018, 0.033, 0.008) (0.017, 0.020, 0.076; 0.017, 0.053, 0.066)
50 | (0.098;0.059) (0.042,0.074;0.020,0.071) (0.051,0.036, —0.068; 0.025,0.026, 0.076) (—0.006,0.015,0.065; 0.028,0.061,0.065)
100 | (0.094;0.066) | (0.080,—0.005;—0.011,0.165) | (0.047,0.034, —0.035;0.004,0.012,0.093) (0.006, 0.008, 0.069;0.017,0.064,0.071)
t-distr. 20 | (0.094;0.068) (0.085, —0.009; 0.009, 0.139) (0.052,0.032, —0.052; 0.026, 0.042, 0.059) (—0.093,0.037,0.024; 0.045,0.108, 0.039)
50 | (0.086;0.084) | (0.083,—0.010; —0.004,0.161) | (0.045,0.039, —0.063;0.027,0.039,0.063) | (—0.009,—0.014,0.060;0.049,0.096,0.067)
100 | (0.079;0.107) | (0.090,—0.027; —0.007,0.176) | (0.050,0.034, —0.076;0.023,0.051,0.064) (0.008, —0.001, 0.064;0.019, 0.098, 0.067)
Poisson 20 | (0.098;0.059) (0.063,0.051;0.020, 0.069) (0.038,0.040, —0.016;0.018, 0.040, 0.026) (0.013,0.046, 0.053; 0.008, 0.095,0.041)
50 | (0.097;0.062) (0.055,0.057;0.014, 0.084) (0.042,0.045, —0.051;0.024, 0.018,0.073) (—0.001,0.025,0.068; 0.036, 0.054, 0.068)
100 | (0.095;0.067) | (0.093,—-0.013;—0.014,0.167) | (0.053,0.071, —0.141;0.025,0.020, 0.089) (0.000, 0.008, 0.066;0.012,0.084,0.057)

Table 9.4: Setting as in Table

Displaying the means of the estimators Or from 100 simulations each.



105

“Yova suouvnus )01 wotf Ly siopuiysa oyp fo  ||09 — Lg|| F 404 pauvnbs uvaws 9y [0 200y 19°G OR],
v . Y

€9G €97 ¢oT €9L ¢oT ¢o¢€ €-9¢ €-9¢ €97 dwm( yym g

o9 (ré 9L ¢9¢ ¢oT ¢o1 G¢9¢ ¢9¢ €97 PLIp oIqny

¢o1 €91 o€ ¢9¢ ¢oT ¢o1 G691 VoL 704 JLIp d1RIpRNY)

G-o¢ G-99 o1 €79¢ €91 7€ G-o¢ G-98 G-96 YLIp Teoury

00rT=4L 08=4 06=L|00T=L 05=.L 0c=.L|00T=L 05=JL 0c=.J0

[opouw uossIoq astou ¢} 9sIOU URISSNEL)

“Yova suoyvmwis )] wotf (Lo ‘Lp) sioppuigss ayg fo
v z

(0 — T ‘0p — 1g)

7@ 40449 pa4DNbs uvaUL Y] Jo 100y GG S[qR],

1-9¢ zoL 1-99 1-9F 1-99 0-o1 191 1-91 zo% dum( ym -eos/ 30y
0-0¢ 0-9¢ 1-98 1-9F 1-99 1-9F 0-9¢ 0-o1 0-o1 “Teos /301 o1qn)
1-91 296 1-9¢ 1-9¢ 1-9¢ 1-9¢ 191 96 191 “Teos /301 oryeIpRnl)
zo% 79C z-o1 1-91 1-91 z-og zo¢ s zo1 "Teos/*101 Teour
00I=.2 05=.0 0z2=.L|00I=.0 05=.2 0c=.L]001l=.0 0¢=. 0Z=.L

[opour uossoJ asIou &7 OSIOU UeIssnexr)




CHAPTER 9. SIMULATION STUDY

106

Gaussian noise to noise Poisson model
T=20 T=50 T=100|T=20 T=50 T=100|T =20 T =50 T =100
SI Linear rot./scal. | -0.950  -0.960 -0.950 -0.955  -0.933 -0.944 -0952 -0.954 -0.952

Quadratic rot./scal. | -0.410  -0.413 -0.411 -0.410  -0.419 -0.397 | -0.413  -0.409 -0.419
Cubic rot./scal. | 0.183 0.181 0.183 0.186 0.181 0.180 0.182 0.182 0.183

Rot./scal. with jump | -0.705 -0.704  -0.704 | -0.699 -0.704 -0.714 | -0.708 -0.704  -0.706

I Linear rot./scal. | -1.055 -1.049  -1.017 | -1.066 -1.011  -0.970 | -1.057 -1.030  -1.013
Quadratic rot./scal. | -0.494  -0.465  -0.425 | -0.434 -0.451  -0.413 | -0.488 -0.468  -0.427
Cubic rot./scal. | 0.100 0.129 0.115 0.169 0.170 0.174 0.089 0.113 0.152

Rot./scal. with jump | -0.758 -0.768  -0.738 | -0.770  -0.733  -0.734 | -0.779 -0.772  -0.774

H@Em@.ﬂE:ﬁsgm:é@&:mm m&i\%Ncm-@osﬁwgsmxoﬂsm& muo:i.mﬂ S@miw:&mmxo\%mm@.mQS@gm&&ng@mﬁm@gz&%mﬁ&@&osasg
scaling corrected images fr. The corresponding estimators (¢r,ar) are reported in Table E The images for linear rotation/scaling,
quadratic rotation/scaling, and rotation/scaling with jump and T € {20,50} are shown in Figures E through E

Gaussian noise to noise Poisson model
T=20 T=50 T=100 | T=20 T =50 T=100|T =20 T =50 T =100
fr Linear drift | 0.037 0.033 0.065 0.015 0.040 -0.039 -0.022 0.034 0.048

Quadratic drift | -0.004 0.040 -0.425 -0.031  -0.011 -0.095 0.026  -0.008 -0.076
Cubic drift | -0.042  -0.207 -0.059 -0.114  -0.108 -0.065 -0.008  -0.192 -0.174

Drift with jump | -0.366  -0.302 -0.651 -0.383  -0.312 -0.269 -0.174  -0.198 -0.457

fr Linear drift | -1.178  -1.120 -0.878 -0.807  -0.244 -0.179 -0.758  -0.631 -0.833
Quadratic drift | -1.254  -1.112 -0.477 -0.203  -0.301 -0.185 -0.705  -0.868 -0.375
Cubic drift | -0.996  -0.579 -0.728 -0.276  -0.140 -0.072 -0.514  -0.608 -0.037

Drift with jump | -1.162  -0.669 -0.349 -0.176  -1.188 -0.963 -0.560  -1.084 -1.101

Table 9.8: Blur measure values of the rotation and scaling corrected images \wﬁ and the estimated 1mages \»ﬂ. The corresponding estimators
Or are reported in Table E The images for linear drift, quadratic drift, and drift with jump and T € {20,50} are shown in Figures E
through [9.7}



Chapter 10

Application to SMS data

In this chapter, we demonstrate how the estimation method proposed in Chapter [4] can
be used to process SMS nanoscopy data. In particular, we address suitable choices for
the drift, rotation, and scaling models ¢, pf , and oy as well as computational issues.

We used a standard SMS-setup for this study (see e.g., (Geisler et al. (2012); Hart-
mann et al.| (2016|)) which was equipped with a home-built stable sample holder ensuring
that the sample drift is well below the expected average localization accuracy. For image
acquisition, a series of 7" € {29,000; 35,000} frames was taken from a microtubule net-
work (S-tubulin) of Hela-cells with a frame exposure time of 15 ms, resulting in a total
image acquisition time of about 7.25 and 8.75 minutes, respectively. During this time an
experimental drift and rotation were applied by moving the sample with respect to the
objective lens.

The lateral positions of the fluorescent markers were then calculated from the single
frames by a mask-fitting of the respective Airy spot (Thompson et al., 2002). These
locations were tabulated together with the respective time of detection ¢t € T.

We analyse two data sets (networks I and II) from S-tubulin networks in Hela-cells.
The position histogram of the first data set is shown in Figure [[.2] It contains 1,243,170
positions recorded in 29,000 frames which are distributed over an area of approximately
32 pmx 30 um. The second dataset (see Figure contains 1,074,516 positions recorded
in 35,000 frames. The data of this set are distributed over an area of about 49 pm x 42 pm.
The positions of the fiducials were used to compare the quality of our method to the
current state of the art of rigid motion correction.

To analyse the data with our M-estimation method we create 7' = 2000 position
histograms of n = N? = 5122 bins of the first data set and 7' = 500 position histograms
of n = N? = 5122 bins of the second data set, that is, we look at 7" = 2000 position
histograms which are composed of the data points of Sy = 14 frames each (see Figure
and T = 500 position histograms composed of Sy = 70 frames each. Our empirical
analysis shows that the estimates are not strongly influenced by the choices of T" and N,
however too small values circumvent the registration of small movements and for large
values computational problems arise in terms of speed. This is in accordance with our
previous simulation results.

As exemplarily demonstrated in Figure for the second data set shown in Figure
the number of recorded markers n; varies slightly as the experiment continues. Since
switched on markers bleach after emitting light, one has to increase the switching laser
intensity occasionally to get a roughly constant number of observations per frame, which
was quite successful in this experiment.

Note that in the experiments, fiducial markers were included into the sample, that is,
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Figure 10.1: Number of data points (registered markers) n, per frame (network II)

a persistent fluorescence source, which enables us to track the motion easily, for testing
purposes (see Chapter . We stress that this is currently state of the art technology to
align SMS images over time (see the Introduction). In order to investigate the validity of
our method, we delete the data originating from the fiducial markers from the observed
sample and use it for verification only.

First, we try the cross correlation method described in Chapter |8 on the data from
network II. It turns out that this method relies heavily on rather complete images to
estimate the rotation and scaling of the images which is not the case in pure drift correction
(Geisler et al., 2012). Figure shows the correction based on a binned sequence of
5 binned frames (i.e., fr = 7,000). Even halving the bin size to Sy = 3.500 lead to
“reconstructions” that were far blurrier than the uncorrected image. The reconstruction in
Figure seems to improve the image resolution a little but due to the large value of G,
the motion blur in each binned frame is too large to enable a satisfactory reconstruction.

As reported in Tables and we apply three different motion models to the
second data set and choose the one with the smallest contrast values. Moreover, we
display the corresponding motion blur values ms (see Chapter [7)) to compare the image
estimators with fiducial marker tracking. The time required for the computation of éT,
ér, and & may last up to about 45 minutes (on a Core AMD Opteron with 2.6 GHz),
depending on the bin width. Since we do not know the true motion functions (as was
the case in the simulation study, Chapter @, we determine the motion direction as the
average motion direction obtained from fiducial marker tracking (once for rotation and
log-scaling and once more for drift, see Chapters [7| and [8| for details). In particular, in
the Tables and [10.2] we report the mg-value for the correction via fiducial tracking,
too. The result indicates that our estimation method is competitive with tracking of the
fiducial movement. The reconstructions of the image for fiducial tracking and a linear
motion model are displayed in Figure [10.4]
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Figure 10.2: First row: motion blurred position histogram of network II with n = 5122
bins (left) and reconstruction using cross correlation with 5 binned frames, that is, with
bin size By = 7,000 (right). Second row: detailed views inside the white bozes.

Figure 10.3: Motion blurred position histogram of network IT with n = 5122 bins (middle)
and close up on two areas with fiducials (left and right). These fiducials were used for
tracking. Their estimated positions are drawn over the fiducial data as white curves. The
blue curves demonstrate the estimated linear motion (our M-estimator) of the two fiducial
starting positions according to a linear motion model.
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rot./scal. models rot. scal. contrast motion blur
o133 dr2 P11 QT3 Gr.2  Or1 Mr Mo

linear linear - - 0.018 - - 0.003 | 273890e13 2.124
quadratic quadratic - 0.003 0.014 - -0.005 0.014 | 273891el3 2.125
cubic cubic -0.002 -0.009 0.023 | -0.002 0.004 0.001 | 273893e13 2.125
fiducial tracking - 2.108
superimposed image 273895e13 2.131

Table 10.1: Rotation and scaling estimation results for the S-tubulin network I in Figure

[1.9 for several drift models.

drift models x1-dir. To-dir. contrast motion blur
x1-dir. xo-dir. Or.as  Ora2  Orar | 0123 Oroe  Oro Nr ma
linear linear - - 0.001 - - -0.015 125e6 -0.366
quadratic quadratic - -0.002 0.007 - 0.013 -0.026 125e6 -0.352
cubic cubic -0.014  0.024 -0.006 | 0.001 0.004 -0.020 126e6 -0.349
fiducial tracking - -0.408
rot./scal.-correct. image 128e6 -0.057

Table 10.2: Drift estimation results for the [-tubulin network II with fiducial markers,
see Figure for several drift models. The displayed motion blur values are for the
respective images with fiducial markers removed.

Figure 10.4: Drift blurred network II (top left), with the assumption of a linear motion
estimated image (top center), and by fiducial marker tracking corrected image (top right),
as well as detailed views inside the white bozes (bottom row)



Chapter 11

Bootstrap confidence bands

Given the parameter and image estimators éT, ggr, ar, and fT from the Definitions ,
, and and thus estimators (6/7)y, (697)q, p{™, and 027 for the drift, rotation, and
scaling functions (6%);, (6%),, pf°, and ¢, we can construct bootstrap confidence bands
for these functions using the method described in |Hall and Pittelkow| (1990). Here, we
give a short summary of that method with our application to motion functions in mind,
using the drift function in z;-direction as an example (the confidence bands for the other
functions are computed in the exactly same way). For notational simplicity following
(3.4), we index the spatial location by a single index j € {1,...,n}. Note that this

method assumes homoscedasticity (i.e., (v£)> = v? > 0) and we use it for simplicity’s

J
sake. To account for heteroscedasticity, one could make use of a wild bootstrap procedure

(see e.g., Wul (1986); |Liu (1988); Mammen| (1993))). First, we consider the standardized

difference A; := ((5fT)1 - (5?0)1) /U, where 1 is the empirical standard deviation of the
residuals

o= Ol fT(1/a?T R (- 5fT)>, teT,jef{l,....n}, (11.1)
and thus an estimator for the standard deviation of the errors

6;=O§»—f<1/0tao‘R_pfo(l’j—éteo))a teT,jed{l,...,n}.

Obviously, constructing a confidence band for (6?0)1 is equivalent to constructing one
for A;. Next we choose the shape of the confidence band in terms of two functions
ge,g—: [0,1] = [0,00) such that (697); + Dupg,(t) and (677); — Du_g_(t) represent the
upper and lower border, respectively, of the confidence band for (5f %)1, with appropriate
positive numbers u, u_. For a confidence level n € (0,1) we minimize u; + u_ under the
constraint

IP’(((SfO)l € [(877)) + dusgy (1), (677), — bu_g_(t)] for all £ € [0, 1]) >1-1,
or, equivalently under
P(A; € [—uygi(t),u_g_(t)] for all t € [0,1]) > 1 —n.

Since the distribution of A; is unknown, we approximate it by bootstrapping B € N
times from the residuals (11.1)), that is, for every b € {1,..., B} and every j € {1,...,n},
t € T, we draw (eﬁ)(b) independently with replacement from the set of all residuals

{rﬁl, |7/ €{1,...,n},t' € T}. We thus obtain

(O;)(b) = fT(l/af‘T . R,pr (:L'j - (5fT)) + (6;)(1)), teT,je{l,...,n}.

111
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Figure 11.1: Estimated motion functions (red) and confidence bands (dashed).

Applying our estimation method to the (O;-)(b) we obtain bootstrap replicates é§f’), Jsgf’),
and &gf) and thus replicates f}b), b€ {1,...,B}. This in turn leads to bootstrap replicates

b NO) FO)
(90 = )Y = (ol B (s =0)),
Pt
I 1 < i
e B3 (e 3 S
Jj=1 teT j'=1t€eT

0 ;
AP = (0~ ) 1o,
which allow for minimization of v, + u_ such that
# {b €e{l,...,B} ‘ AY € [—uyg. (1), u_g_(t)] for all ¢t € [0, 1}} > (1—mn)B.

Note that approximating the distribution of the drift parameter estimator f7 is not
theoretically justified because we have not proved a central limit theorem for it. In the
case of pure drift estimation, however, we were able to show asymptotic normality of O
(Hartmann et al.; [2016]), and we are confident that it can also be derived in the scenario
presented here with some additional work. Thus, we compute bootstrap confidence bands
for the drift functions, too.

Because we assume the motion functions to be fixed at time ¢t = 0 (at 0 for drift and
rotation and at 1 for scaling), we can employ a confidence band which has width zero at

= 0. Since, in our application, we look at polynomial motion functions only, and since
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on [0,1] the linear part dominates the others in the sense that ¢ > ¢ for all p > 1 and
t € [0, 1], we will choose g, (t) = g_(t) = t.

The thus obtained confidence bands for the above data set of Figure[10.4] linear drift,
rotation, and scaling models, B = 200 and n = 0.05 are shown in Figure [11.1]

Figure 11.2: Awerage of the bootstrap replicates f;bl),...,f}b’") of the estimated image
. 10) 10 ORI O
fr corresponding to the m = [(1 — n)B| motion curves t — ((5ST )1, (5fT )o, 0" L op 1)

nearest to the estimator t — ((55T)1, (5fT)2, e Jf“T) with respect to the supremum norm
distance.

To further visualize the confidence statement we take a look at the average of (most of)

the bootstrap replicates f}b) of the estimator fT. For that we choose the 0.95-proportion
of the bootstrap replicates

o o) 2(b) a®
b= (5tT )17(5tT )27pt O T ) b€{177B}7

with the smallest supremum norm distances

40 POREEEICING
(6672, ) = (680, 001 7o) |

sup
t€]0,1]

to the original motion function estimator. We denote the corresponding indices with

bi,..., by, where m = [(1 —n)B]. The convex hull of the corresponding motion curves
resembles a four-dimensional bootstrap confidence band. Figure shows the average
of the images fr flon) ey }bm) which thus “contains” the true image with a probability of
about 0.95.

A visual comparison with shows that this “bootstrap image” is blurrier than the
estimator fr, but still better defined than the uncorrected image.
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Chapter 12

Conclusion

We proposed a method for rigid motion (drift, rotation, and scaling) estimation and
correction in sparse dynamic imaging and derived its asymptotic distributional properties.
On the one hand, sparse acquisition is beneficial for improved spatial resolution and an
important feature of any SMS microscopy. On the other hand, we have seen that this
provides a significant burden as it is well known that the specimens move over time due to,
for example, thermal inhomogeneity inside the sample and external systematic movements
of the optical device. This raises a particular challenge for image registration as sparse
acquisition and motion over time provide a conflicting situation. Currently, this is solved
by technically incorporating bright fiducial markers into the specimen and registering
their tracks. We claim that this can be completely discarded in many applications and it
is sufficient to apply the proposed statistical method to estimate the drift, rotation, and
scaling and finally to obtain the image from simply correcting the data by this estimated
motion. The proposed method has been investigated in simulations and in real world
examples from SMS microscopy and produces results similar to fiducial tracking. In
general, reconstructions are quite satisfying. In particular, the results show a certain
degree of stability with respect to parameter choices, for example, the thresholds rr, ur,
and vp. Consistency of the proposed estimators (and asymptotic normality for the rotation
and scaling estimators) have been established which allows to qualify the statistical error
of the motion estimates and the final image. To this end, simple bootstrap methods can
be used.

It remains to further work to investigate higher order properties of the proposed es-
timator as well as properties of non parametric estimators, for example if the motion
functions are estimated by splines. Note that the proposed method (at least the drift and
scaling estimation) can in principle be applied to higher dimensions, in particular three
dimensional measurements. However, computationally this appears to be much more
demanding.
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Appendix A

Mathematical Tools

The following are simple (but maybe not obvious) statements about complex numbers or
functions.

Lemma A.1. For a,b € C we have |a £ b|* = |a|* & 2R(ab) + |b]>.
Proof. Write a = ay + iay and b = by + iby with ay, as, by, by € R. Then,
la % 0)* = (a1 £b1) + (ag £ by)? = 0 + a2 + b2 + b3 +2(arby + agby) = |a|” + [b]* + 2R(ab).
[
Corollary A.2. For a,be C we have |a +b|* < 2a]> +2|b]>.
Proof. From Lemma [A.1] we get
la)® + |b]> — 2R(ab) = |a — b]> > 0,
implying that |a|® 4 |b]> > 2R (ab), and thus (again with Lemma

la + b° = |a]® + 2R(ab) + [b* < 2]al* + 2|b).

Corollary A.3. Let g: [0,1] — C integrable. Then,

/01 2dt=/01 9O at /Olg(t)dt

Proof. Using Lemma and aa = |a|” for all a € C, we have

[ ot [ ateyar
— /01 <\g(t)]2 dt + /Olg(t’) dt’
il [ owrar

/O o) dt

2

o(t) - / gt dt

2

dt

2

o (g(t) / o) dt’)) dt
" om (/1g(t) dt/lg(t’) dt’)

gt dt +

0

= [ ot -
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Lemma A.4. Let a,b € C and C > 0 such that |a|,|b] < C. Then, the following
inequality holds, |a|* — |b]* < 2C'|a — b|.

Proof. Because |a| + |b] < 2C, we have

la]* = [b* = (lal + [b]) (Jal — [b]) < 2C(jal — |b]) < 2C'|a -],
where the last inequality comes from the second triangle inequality. O
Lemma A.5. Let X C R compact and g1, gs: X — C bounded functions.

1. If g1, g2 are Lipschitz-continuous with Lipschitz-constants Ly and Lo, respectively,
then g1 - g2 is Lipschitz-continuous with Lipschitz-constant Ly ||ga|| + Lo ||g1]| o

2. TV(g1 - g2) < |92l TV(91) + ll91]loc TV (g2)-
Proof.

1. For all z,y € X we have

191(%)g2() — 91(y)92(y)| 1(2)g2(z) — 91(y)g2 ()| + 191(y)g2() — 91(y)g2(y)|

<lg
< (L1 lg(®)]| o + La 1]l o) |2 — vl -

2. Let X = {xo,...,2,} a partition of X. Then,

Z \91(2i)g2(w5) — g1(wi—1)ga(wi1)|

n

Z 191(2i)g2(i) — g1(zio1)ga(w:)] + |g1(zio1)ga(ws) — g1(xi1)ga(wi1)]

< lgallo Z lg1(2:) — g1(zi—1)] + [|g1]] Z |g2(2i) — ga2(wi-1)| -
=1 =1

VAN

Taking the supremum over all possible partitions X of X on both sides yields

TV(g1 - 92) < llg2lloo TV (g1) + llg1ll oo TV(g2)-

Lemma A.6. Let g: [0,1] - C, T €N, and t; :=1/T forie€ {0,1,...,T}. Then,

T—

—_

1 ! TV(g)

- ) — < .

Fatt) = [ gl < =

=0
Proof. We have

1 T-1 1 1 T-1 T-1 1/T
F gt~ [ gl = |23 g =Y [ gt
'z 0 Tz i=0 /0

17 T-1
:/0 > (g(t) — gt + 1)) dt|.

1=0
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It follows that

S WORY LT

17 T-1
< /0 Z |g(t:) — g(t; +1)] dt

=0

17 T-1
-/ > (otte0) =900+ D1+ lte +) = 0]

1/T2T 1 ~
/ Z l9(tj1) — g(t;)] dt

ur TV
<[ rviga= T2
0 T
where
. - 1 1 2 2 T-—-1
to, ..., t = t, =, =+t =,=+1¢,. — 4+t 1 t 1/T
(07 72T) (077T7T TT+ ) T +7>7 6(07/)7
defines a partition of [0, 1]. O

Lemma A.7. Let g1,92: [0,1] = C and C > 0 such that |g1(t)] < C and |go2(t)| < C for
allt € [0,1]. Let T € N and t; :=i/T fori € {0,1,...,T}. Then,

(55800 (5 w) - [ v [ iy

Proof. With Lemma [A.6], we have

< C(TV(9) + TV ().

VAN
RS
N =

b

2

=
~
/N

N =
2 N
o

Ne}

[\)

=
~

|
VRS

N[ =

~
L

Q

[
=
~_—
O\J

Ne}

no
~

o,

S

+ (%ii:gl(tz)> /Olgz(t’) dt’—/olgl(t) dt/olm(t’) dt’
_ %g@) 1292@/)— [ oty

N %ggm - [awat| [ swra
< =(TV(g1) + TV(g2))

]

Lemma A.8. Let a € R%. The function g: R*> — C, x — eX%® is Lipschitz-continuous
with Lipschitz-constant /2 ||al|.

Proof. For z,y € R?, we have

l9(z) = g(y)I* = |cos({a, ) — cos({a, y)|" + [sin({a, 2)) — sin((a, y))[*
=2(a,z —y)* < 2|lal* lz — y|I*,
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where we used the Lipschitz-continuity of cos and sin with Lipschitz-constant 1 and the
Cauchy-Schwarz inequality. m

Lemma A.9. Let g1,92: [0,1] = R, a,b € C, and g := ag; + bgs. Then,
TV(g) < la| TV(g1) + [6] TV(g2).
Proof. Let {to,...,t,} a partition of [0,1]. We have

S loltien) — 900] = 3 laga(tin) + bgatier) — agn(4) — bas(t)
=3 falor(ti) — 91(6) + blaaltier) — 0)]

n—1 n—1
< |al Z |91(tis1) — g1 ()] + (0] Z |92(ti1) — g2(8)] -
=0 =0

Taking the supremum over all possible partitions yields the assertion. O

Lemma A.10. Let g: R — R differentiable, a,b € R with a < b, and C' > 0 such
that |g'(x)| < C for all x € [a,b]. Then, the restriction gl of g to [a,b] is Lipschitz-
continuous with Lipschitz-constant C.

Proof. Let x,y € [a,b]. By the mean value theorem, there is a z € [z, y| such that
l9(x) — 9(y)| = 9(y) + (= y)g'(z) — gW)| = lg' ()| |z —y| < C'|z —y].
L]

Lemma A.11. Let ¢;: [0,1] — C and go: [0,1] — (0,00) integrable such that |g1| < 1
and

/01 g1(t)ga(t) dt' = /Olgg(t) dt. (A.1)

Then, there is ¢ € C with |c¢| =1 such that ¢,(t) = ¢ a.e. on [0,1].

Proof. From (A.1)), we get
1
/ g2(t) dt =
0

/01(\gl(t)| . 1)92(15) dt > 0.

Since |g1(t)] — 1 < 0 and go(t) > 0 for all ¢ € [0, 1], this implies that |g;(¢)] — 1 = 0 a.e.,
that is, |g;(t)| = 1 a.e. In particular,

/Olgl(t)!h(t) dt‘ < /01 191(8)] ga(t) dt

and therefore,

g1(t) =gi(t)"" ae. on [0,1]. (A.2)

Because of
2

[ [ womeraar=([Csoa) | o

=Aégwmwmmmwma

2
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we get

o= [ 1(gl<t>M—1)92<t>g2<t’>dtdt'
- / / o)) — 1)g2<t>92<t'>dtdt' (A.3)

/ / 3(91(1)g1(t)) g2(t) g2 (t') At At

This means that both the real and imaginary parts on the right hand side have to be zero.
Because of

R(91(109:(0) ~ 1 < [R(91(091(F) | = 1 < I @) g ()] — 1 = 0,

and ¢o(t)g2(t') > 0, it follows from 1) that R(g1(¢)g1(t')) = 1 a.e. Since we also have

g1(t )gl(t’)‘ g1 ()1 (t")] = 1 ae., we get g1(t)g1(t') = 1 a.e. Because of (A.2),
this means that

)= (50) " = (a)?) " =a(t) e on[01],

which implies that g;(t) = ¢ a.e. on [0, 1] for some ¢ € C with |¢| = 1. O

Lemma A.12. Let g: R?> — C such that
L= 2m/§/ |l |g(x)] dz < oo.
R2

Then, the Fourier transform F,: R* — C is Lipschitz-continuous with Lipschitz-constant
L.

Proof. Let w,w’ € R?. Then,

[Fy(w) = Fo(w)] =

/ 672wi<w,x)g<x> dr — / ef2wi(w/,m>g(m) dr

R2 R2

/ (e—27ri<w,m> _ e—27ri<w’,x)> g(fL’) dz
R2

< / 9()] de
R2

< / 213 | o — | |g(@)] da = Ly [l — o],
R2

—2ri{w,z) 27w’ ,z)

e e

where we used Lemma for the second inequality. O

Lemma A.13. Let g: R? — C such that

) \/5/000/0 Tr | (2, Jog(r)) || 7 |(g © P)(r, )] dlp% <o

Then, the analytical Fourier-Mellin transform AFM,: ZxR — C is Lipschitz-continuous
with Lipschitz-constant L.
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Proof. Let (u,v),(u/,v") € Z x R. Then,

|A.7-"./\/l u,v) — AF M, (u', v")|

27‘(’

[ /fe

/OOO/O ’ V2 H(27r¢,log(7”)) H [(u,v) — (', 0")|| 77 |(g o P)(r, )| dup %
< Ly l[(u,v) = (@)

—2miu —iv —2miu —iv dr
P e ) (g o P) () dip

—2miuyp—ivlog(r) e—?wiu’w—iv’ log(r)

d
P (g P)(r )| dv —

IN

IN

where we used Lemma for the second inequality. O
Lemma A.14. Let I a finite index set, d € N, and g;: R* — C fori c I,
1. If g; is differentiable for all i € I, then, for allm € {1,...,d},

IS g =2 R (55; W)

i,i' €1 i€l

m

2. If g; is twice differentiable for all i € I, then, for all k,m € {1,...,d},

Proof.
1. We have
%”,ag’@g’“’) - % Z R(g:(2)) + i3 (5:(2)) ) (R(gi(2)) — 1S (g0 ()

= 22;1 [; (;g; (x)) R(gi(2)) + S (;j; (:v)> S(ng(af))]
=23 ((fj; T) ,

where we used the symmetry of the sum in 7 and ¢’ for the second and third equality.

2. This follows directly from the first part of the Lemma and the product rule.

Lemma A.15. Let d € N and let g: R? x [0,1] — C such that
1.t g(x,t) is integrable for all z € RY,

2. x> g(z,t) is continuously differentiable a.e. on [0, 1],
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3. there is an integrable h: [0,1] — [0,00) such that, for all (z,t) € R? x [0,1] and for
allme {1,...,d},
dg

0T,

8xm// (x,t)g xtdtdt—Z// (&cm g(xt))dtdt.

Proof. First, note that if the partial derivatives of g are bounded by h, then so are the
real and imaginary parts of those partial derivatives. We have

%/1 /1g(:v,t)mdtdt’
— (9xm// \S(g(z,t))> (%(g(x,t'))—i%(g(x,t'))) dt dt’
~ / / R(g(x,t)) + S(g(x, £))S(g(z, ) dt At

][]
=2 [0 ( X)) w [ Rt

w2 [ o ( 2w at [ Sfate.) at
of [x(omr)

where we used the symmetry of the integrals in ¢ and ¢’ for the second equality and the
chain rule as well as Theorem for the fourth equality, while the last one stems from

the fact that R(a)R(b) + 3(a)I(b) = R(ab) for all a,b € C. O

9 (a, t)‘ < h(t).

Then,

The following two lemmas are useful for showing asymptotic normality in Chapter [6]

Lemma A.16. Let (vr)ren a sequence in (0,00) and v € (0,00) such that vp /.
Furthermore, let X7 ~ N (0,vr) and X ~ N(0,v). Then, Xt B x.

Proof. The characteristic functions of X7 and X are

2,2 2,2
¢x,(y) = exp (— VTZy ) ,  ¢x(y) =exp (—%) -

Since vy 2% 1 and the functions 7 e;~<;p(—172y2 / 2) are continuous, the statement
follows from Theorem [B.4l ]

Lemma A.17. For d € N and a probability space (2, A, P), let (Xr)ren @ sequence of

random matrices Xp: @ — R4 and X € R¥™? such that X is invertible and X T x

in probability. Furthermore, let (Yr)ren a sequence of random wvectors in RY, such that
(X7Yr)7ren is uniformly tight. Then, (Yr)ren is uniformly tight.
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Proof. We define

Xr(w), if det(Xr(w)) #0,

X Q= GLy(R), w
r d(R), {X, if det (X7 (w)) = 0.

T—o0

Since X7 — X in probability, we get that X7 =% X in probability. Let
Xpe= (xp)

Because matrix inversion and the determinant are continuous maps, it follows from the
continuous mapping theorem (Theorem in the Appendix) that

IX70, =3[ X7Y|, and  det(X7) 3 det(X) #0 in probability.
This means that for all 6 > 0 and € > 0, there is a 7'(d, €) € N such that
P(IIX5, — || X,| = 6) < i and  P(det(X7) = 0) < i for all T > T(5, ).
Fix § > 0 and € > 0. Then, with the event
Er(6) = {w c Q‘ @), = x| = 5} U {w €0 ] det (X7 (w)) = o}

we have that P(Er(d)) < ¢/2 for all T > T'(6,€). Furthermore, X(w) is invertible with
Xr(w)™ = X(w) and [| X} (w)]l, < |X Y|, + 6 for all w € Q\ Ep(d). Since (X7Y7)ren
is uniformly tight, we have that for all € > 0, there is an m(€) > 0 such that

DO | ™

supIP’(HXTYTH1 > m(é)) <
TeN

Hence, for € = € and for all T > T'(4, €), we have that
€
l-5= P(XrYzll, < m(e))

= P(IX7Y7ll, < mle), Er(8)) + P([|[ XrY7ll, < m(e), 2\ Er(9))
<P(Er(8)) + P(IX2N, 1 X0Yrll, < 1 X7]l,m(e), 2\ Er(5))

=+ P([[x7 XY, < (IX7], +0)mle). @\ Er ()

IN

AN
NSRS )

+ (Il < (X7, +8)m(e).

where we used Lemma and the fact that X7 = X;' on Q\ Ez(8) for the third
inequality. With m?(e) := (||X7"||, 4+ 0)m(e), where we chose 6 > 0 arbitrarily, it follows
that
sup P(||Yr|l, > m’(e)) <e.
T>T(5,€)

Since this holds for all € > 0 with m°(e) not depending on T, we get that (Y7)rsrs.e is
uniformly tight. Because a single random variable is always tight, there is an my(e) > 0
for each T € {1,...,T(6,€)} and all € > 0 such that P(||Yz||, > mr(e)) < e. We conclude
that for all € > 0, there is an

m’ () := max{my(€),...,mreq(e),m’(e)} >0,
such that
sup P([[Yz[l, > m°(e)) <,
TeN

which means that (Y7)rey is uniformly tight. O



Appendix B

Well-known theorems

For the reader’s convenience, we present some theorems from the literature which are
applied in the proofs in this work.
The following theorem can be found in [Heuser, H.| (1995, page 101).

Theorem B.1 (Continuity of parameter integrals). Let X a metric space, E a Banach
space, and (0, A, ) a measure space. Let g: X x Q — E with

(i) w g(x,w) is p-measurable for all x € X,
(ii) x — g(x,w) is continuous p-a.e. on §2,
(iii) there is an h € LY(Q, u, E) such that |g(x,w)| < h(w) for all (z,w) € X x Q.
Then, G: X — E, z— [, g(z,w) p(dw) is well-defined and continuous.
The following theorem can be found in Heuser, H.| (1995, page 101).

Theorem B.2 (Differentiability of parameter integrals). Let d € N, U C R? open, E a
Banach space, and (2, A, 1) a measure space. Let g: U x Q — E with

(1) w g(z,w) is in LY, u, E) for allz € U,

(ii) x — g(x,w) is continuously differentiable p-a.e. on <,
(iii) there is an h € LY, u, E) such that for all (z,w) € U x Q, i € {1,...,d},
&

22 ()| < (o)

Then, G: U — E, x — [, g(z,w)p(dw) is well-defined and continuously differentiable
such that for all (z,w) € U x Q, i € {1,...,d},

oG, . dg

The following theorem can be found in [Forster, O.| (2004}, page 133).
Theorem B.3. For z,y € R we have cos(x + y) = cos(x) cos(y) F sin(z) sin(y).

The following theorem can be found in van der Vaart| (2000, Theorem 2.13).
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Theorem B.4 (Continuity theorem of Lévy and Cramér). Let (X7)ren a sequence
of random wvariables in R, X a random variable in R, and ¢x,.(y) := E(e¥*") and

dx(y) := E(eX) their respective characteristic functions. Then, Xp B x if and only if
T—o0

Oxp(y) — odx(y) for all y € R.

The following theorem can be found in van der Vaart| (2000, page 16).

Corollary B.5 (Cramér-Wold Device). Letd € N, (X1)ren a sequence of random vectors

in RY, and X a random vector in R%. Then, X B x if and only if (£, Xr) N (€, X) for
all € € RY.

The following theorem can be found in van der Vaart| (2000, Theorem 5.7).

Theorem B.6 (van der Vaart). Let © C RY, 6y € ©, and M: © — R a function.
Furthermore, let (Yr)ren a sequence of random variables on a probability space (2, A, P)
with values in a measure space (¥, A") and let m: © x Q' — R a function such that
y — m(0,y) is measurable for all 6 € © and 0 — m(0,y) is continuous for all y € Q.
For all T € N, define

Mr:© =R, 60— m(0,Yr).

~

Let (01)ren a sequence of estimators for 0. Assume that

sup | Mr(0) — M (0)| 2% 0 in probability, (B.1)
00
inf {M(0) |0 €©O,||0 —6] >€¢t > M(by) foralle>D0, (B.2)
lim sup(Mr(Or) — Mr(65)) < 0. (B.3)
T—o0

Then, O o Oy in probability.
The following theorem can be found in van der Vaart| (2000, Theorem 3.8).

Theorem B.7 (Delta method). Let (fir)ren a sequence of random vectors in R, uy € RY,
and ¥ € R¥™4 such that

VT (jir — o) oy N(0,%) in distribution.
Let k € N and let g: RY — RF continuously differentiable. Then

\/T(g(ﬂT) — g(10)) =% A(0, Jy(110) 2T, (o) 1) in distribution,
where J,(uo) € R¥? is the Jacobi matriz of g at .
The following theorem can be found in van der Vaart| (2000, Theorem 2.3).

Theorem B.8 (Continuous mapping). Let d,k € N and let g: R? — R* continuous a.e.
on R, Furthermore, let (X7)ren a sequence of random vectors in R? and X a random
vector in RY.

T—xo

1. If Xp =5 X in distribution, then 9(X1) — g(X) in distribution.

T—x

2. If Xr =% X in probability, then g(Xr) — ¢(X) in probability.

S

T—oo —00

3. If Xp — X almost surely, then g(X7) — g(X) almost surely.
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The following theorem can be found in ivan der Vaart| (2000, Theorem 2.8).

Theorem B.9 (Slutzky’s Lemma). For d € N, let (Xr)ren and (Yr)ren sequences of
random vectors in R?, (Z1)ren a sequence of random variables in R, X a random vector

in R ¢ € RY and ¢ € R. Assume that Xp =% X in distribution, Yr =% i
probability, and Zr 2% ¢ in probability. Then,

1. X0+ Yr T x + ¢ in distribution,
T—oo . . . .
2. Zr Xy — X n distribution,
8. if Zy # 0 almost surely and ¢ # 0, Z3' Xr oy ()X in distribution.
The following theorem can be found in van der Vaart| (2000, Example 2.6).

Theorem B.10 (Markov’s inequality). Let d € N, m,p > 0, and let (X1)ren a sequence
of random vectors in R%. Then,

- E(IXl)

P(|| Xr| > m)

mpP
The following theorem can be found in van der Vaart| (2000, Theorem 2.4).

Theorem B.11 (Prohorov). Let d € N, (X7)ren a sequence of random vectors in RY.

1. If Xr 2% X in distribution for some random vector X in R?, then (X7)ren 18

uniformly tight.

2. If (X7)ren is uniformly tight, then there exists a subsequence (Ty)gen Such that
X7, 2% X in distribution for some random vector X in R%.
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