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Abstract

In this thesis, we study the four-dimensional Ricci flow with the help of local invariants.
If (M* ¢(t)) is a solution to the Ricci flow and x € M, we can associate to the point x a
one-parameter family of curves, which lie on a smooth quadric in P(TyM ® C). This allows
us to reformulate the Cheeger-Gromov-Hamilton Compactness Theorem in the context of
these curves. Furthermore we study Type I singularities in dimension four and give a
characterization of the corresponding singularity models in the context of these curves as

well.
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1. Introduction

The Ricci flow is a geometric evolution equation which deforms Riemannian metrics on
manifolds by their Ricci tensor, an equation which turns out to exhibit many similarities
with the heat equation. It was introduced by Richard Hamilton in 1982 in his seminal paper
[9]. Hamilton’s program was to use Ricci flow in order to approach Thurston’s Geometriza-
ton Conjecture. His first result towards this direction was accomplished in this first paper,
where Hamilton classified closed 3-manifolds with positive Ricci curvature using Ricci flow.
Hamilton’s theorem states that under the normalized (volume-preserving) Ricci flow on a
closed 3-manifold with positive Ricci curvature, the metric converges exponentially fast in
every CF-norm to a constant positive sectional curvature metric. Four years later Hamilton
managed to classify in [10] 4-manifolds with positive curvature operator as well. In 2002
and 2003, Grisha Perelman posted three papers on arXiv [24], [25] , [26] and completed
Hamiltons work towards proving the Geometrization Conjecture.

The Ricci flow is a type of nonliner heat equation for the metric and it is expected, that it
develops singularities. The most basic examples of Ricci flow singularities are the shrinking
round sphere and the neckpinch singularity discussed in Chapter 2 of [2]. Understanding
the formation of singularities is a very crucial step. This step was done by Hamilton in
[12]. This paper discusses (among other topics) singularity formation, the classification
of singularities, applications of estimates and singularity analysis to the Ricci flow with
surgery. To study singularities one should take dilations about sequences of points and
times where the time tends to the singularity time T. The limit solutions of such sequences,
if they exist, are ancient solutions. One distinguishes singularities in two types: those
formed at T < oo and those formed at T = co. One can show that in the first case the
curvature blows up in finite time. There is further categorization of finite time singularities

in Type I and Type Ila. Type I singularities blow up in finite time at the rate of the standard
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shrinking sphere. Type Ila singularites are formed slowly in the sense, that in terms of
the curvature scale, the time to blow up is longer than that of the Type I. The prototype
of a Type Ila singularity is the degenerate neckpinch. Given a singularity type, the way
of picking suitable sequences of points and times about which we dilate, lead to ancient
limits, called singularity models. In this text we will only focus on Type I singularities.

We would like to make the notion of the convergence mentioned above a little bit more
precise. It has its roots in the converge theory developed by Cheeger and Gromov. Hamilton
proved in [13, Theorem 1.2] a compactness theorem, which is today known as the Cheeger-
Gromov-Hamilton Compactness Theorem. It roughly states, that any sequence of complete
solutions to the Ricci flow having curvatures uniformly bounded from above and injectivity
radii uniformly bounded from below, contains a convergent subsequence and the limit
exists in an ancient time interval. Showing the bound on the injectivity radius has been
a huge obstacle for Hamilton, but the problem was solved by Perelman in [24]. Perelman
showed that if the solution becomes singular in finite time his No Local Collapsing Theorem
provides such an estimate. In other words, he showed that if T < oo, then there exists
x > 0 such that the singularity model is x-noncollapsed at all scales. A nice exposition on
Perelman’s arguments can be found in [4].

There is some special class of solution to the Ricci flow called Ricci solitons. Ricci solitons
correspond to self-similar solution to the Ricci flow and change only by scaling and pullback
by diffeomorphisms. They are a natural extension of Einstein metrics, are possible singular-
ity models of the Ricci flow and are critical points of Perelman’s A-entropy and p-entropy.
There exists a special kind of Ricci solitons, which are called gradient Ricci solitons. Ricci
solitons can be categorized by their behaviour in steady, shrinking or expanding. Hamilton
and Ivey proved in [12] and [17] respectively, that on a compact manifold, a gradient steady
or expanding Ricci soliton is necessarily an Einstein metric. More generally, any compact,
steady or expanding Ricci soliton must be Einstein. This follows from Perelman’s result in
[24], that any compact Ricci soliton is necessarily a gradient Ricci soliton. Furthermore by
the results of Hamilton and Ivey in [11] and [17] respectively, in dimension n < 3, there are
no compact shrinking Ricci solitons other than the sphere and its quotients. The classifica-
tion of 3-dimensional gradient shrinking Ricci solitons was done by the works of Perelman

[25], Ni-Wallach [22] and Cao-Chen-Zhu [5]. They showed that a 3-dimensional gradient
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shrinking Ricci soliton is a quotient of either S or R® or §? x RR. This means that the only
noncompact nonflat 3-dimensional gradient shrinking Ricci solitons are the round cylinder
and its quotients. In this text we will focus on the 4-dimensional gradient shrinking Ricci
solitons. In dimension 4 there is no full classification of the gradient shrinking Ricci soli-
tons. There is some classification done under curvature assumptions by Ni and Wallach
[23] and Naber [20]. A conjecture, normally attributed to Hamilton, is that a suitable blow
up sequence for a Type I singularity converges to a nontrivial gradient shrinking Ricci soli-
ton [12]. In the case where the blow up limit is compact, the conjecture was confirmed
by Sesum [28, Theorem 1.1]. In the general case, blow up to a gradient shrinking soliton
was proved by Naber [20, Theorem 1.4]. However, it remained an open question whether
the limit soliton Naber constructed is non trivial (i.e. flat). Enders, Miiller and Topping
eliminated in [6, Theorem 1.4] this possibility.

In this thesis we try to contribute in the direction of understanding the 4-dimensional
gradient shrinking Ricci solitons, which can appear as singularity models for Type I sin-
gularities. This is done by considering local invariants for a 4-dimensional Riemannian
manifold and trying to interpret the limiting solitons in the language of these local invari-
ants. Let’s be more precise.

In Chapter 2 we describe a construction of A. N. Tyurin. Tyurin showed in [29], that for
any 4-dimensional Riemannian manifold (M*,¢) and fixed point x € M, one can define
in natural way three quadratic forms in A?T,M. These are given by the exterior power
evaluated at a volume form, the second exterior power of the Riemannian metric ¢ and
the curvature tensor of the Riemannian connection respectively. After complexifying, their
projectivization defines three quadrics in P(A2T,M ® C). For any point x € M at which the
quadratic forms are linearly independent, the intersection of these three quadrics defines a
singular K3 surface. After performing a resolution of the singular points the resolved K3 is
a double branched cover of a smooth quadric in IP(T;M ® C). In many cases the branching
locus corresponds to a curve of bidegree (4,4) in the product of two projective lines. The
branching curve denoted by I'y will be our local invariant for the 4-dimensional manifold
M. Its coefficients will be determined by the components of the Riemann curvature tensor.
Note that four years later, V. V. Nikulin in [21] extended the result to the case of pseudo-

Riemannian manifolds with a Lorentz metric.
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In Chapter 3 we demonstrate an introduction to the basic theory of the Ricci flow and
give some examples. Furthermore we introduce Ricci solitons and their canonical form.

In Chapter 4 we do some explicit calculations, compute examples of local invariants for
some 4-dimensional gradient shrinking Ricci solitons.

In Chapter 5 we prove Proposition which gives the evolution of the coefficients of
the branching curve under the Ricci flow.

In Chapter 6 we prove Theorem which states, that convergence of manifolds in
the Cheeger-Gromov sence implies convergence for branching curves. This is the main
theorem of our text. We use this result and combine it with the result of Enders, Miiller and
Topping mentioned above, in order to obtain a characterization of the gradient shrinking
Ricci solitons, which can appear as singularity models for Type I singularities. We call this
result Corollary The fact that we only deal with Type I singularities can be explained
by the following facts. In the Type I case Perelman’s No Local Collpasing Theorem holds
and thus by performing a blow up analysis we can pass to the limit. As a result, we can use
the branching curves construction, in order to characterize the limiting curve. One should
also have in mind, that the blow up analysis for Type II and Type III singularities is very
limited, especially in the four dimensional case. The interested reader could take a look for
example at John Lott’s paper [18], where he gives an extension of Hamiltons Compactness
Theorem, that does not assume a lower injectivity radius bound, in terms of Riemannian

groupoids .



2. A local invariant of a four-dimensional

Riemannian manifold

In this chapter we explain Tyurin’s arguments, reproduce the construction and demonstrate
it explicitely in a way that suits our needs. This chapter is organized as follows: In the first
section we define the quadrics and describe the intersection of the first two. In the next
section we intersect with the third quadric and decribe the branching curve. In the last
section we make the argument about the surface of type K3 more precise and describe it in

terms of its exceptional divisors.

2.1. The geometry of three quadrics in P(A’T,M ® C)

Let (M, g) be a four-dimensional Riemannian manifold. We denote by T, M the tangent
space at the point x € M. We are going to define three quadratics forms on A2T, M.
The quadratic form v, :

We define the map

A’T,M x A’°T.M —  A*TM

(u,h) — uAnh.

Recall, that the volume form voly on M is a nowhere vanishing section of A*T; M. We
identify A*TyM with R by evaluating u A v on the volume form, i.e. voly(u A ). So we
obtain a bilinear form v, : A2T,M x A2T,M — R. This is a well defined bilinear form and
does not depent on the choice of basis on A2T, M.

Let now {x'}# ; denote local coordinates around x, such that {%}?:1 is a basis for T,M

and {dx'}# | is the dual to it. Then {% A %}1949 and {dx’ A dx/}1<icj<s, are bases for
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A*TeM and (A’T:M)* ~ A>T} M respectively. Let u,h € A’TyM be given by

U= ul — N — (2.1)
1<;<4 ox'  ox/
and
0 0
]’l — hljil N — (2.2)
1<ici< oxt  dx/
with respect to this basis. Then
A’TM x A’°T.M —  A*T.M (2.3)

(,h) v (W2h3 — yBp2 M4y

0 0 0 0
23714 24713 | 34712 2
Rl e R T P WA e R AR

Recall, that the Riemannian volume form is given by /| det(g)|dx1 A dxa A dx3 A dxs. Then,

the bilinear form v, is now given by

ve: A°TeM x A’°T,M — R

(u,h) — | det(g)|(u12h34 _ u13h24 + 1/[14]’123 + u23h14 _ Ll24h13 + M34h12).

The associated quadratic form vy : A2T;M — R is now given by

ve(u) = 24/| det(g) | (u?u®* — u'®u?* 4 uM4u?). (2.4)

The quadratic form A2g, :
We need at this point the notion of the Kulkarni-Nomizu product. This product is defined
for two symmetric (2,0)-tensors and gives as a result a (4,0)-tensor. Specifically, if k and !

are symmetric (2,0)-tensors, then the product is defined by

(ko 1)(uq,uz, us, ug) = k(uy, uz)l(u, ug) + k(uz, ug)l(uy, us)

—k(uy, ug)l(u, uz) — k(up, uz)l(uq, ug).

Consider now the Riemannian metric g, and let u = u; Aup and h = hy A hy. We define

a symmetric bilinear form A?g, on A2TyM by defining it on totally decomposable vectors
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as follows

A%gy : °T.M x A°TyM — R
1
(u/h) = E(gx ®gx)(u1/u2/ hl/hZ)
= gx(u1, h1)gx(uz, ha) — gx(u1, h2)gx(uz, hy).

and extending it bilinearly to a bilinear form on the whole A?T,M. This is a well defined
bilinear form and does not depent on the choice of basis on A2T, M. This can be also found
in the book [27].

For u and h like in and we obtain, that in components

9 , 9 9 9 Sik &jk| 1

So we obtain a quadratic form

1 3
Ng(u)=25 Y. (8O go)igauu. (2.5)
1<ik<jl<4
The quadratic form R, :

Let now Rm, denote the (4,0)-Riemann curvature tensor at x € M. We define a symmet-

ric bilinear form Ry on A2TyM by defining it on totally decomposable vectors as follows

R, : A°T,M x A’°T,M — R

(ul/\uz,hl /\hz) — Rmx(ul,uz,hz,hl).

and extending it bilinearly to a bilinear form on the whole A2T,M. This is a well defined
bilinear form and does not depent on the choice of basis on A2T,M. This can be also found

in the book [27].
In the basis {% A %}19434 (compare and ) we obtain,

R, : A°TyM x A’°T,M — R

0 0 0 0
(@ A 3 9k A @) = Ry = Rijies



2. A local invariant of a four-dimensional Riemannian manifold

d 0

where Rl]lk - Rm(axl’ 9x1” 9xt”’ axk

). Notice the convention Rij)(k1) = Rijik, which is used in

the whole text. The associated quadratic form is given by

Ry(u) = Z Ri]-lkuijukl. (2.6)

1<ik<jl<4
2.1.1 Remark. There is a reason behind choosing to introduce the quadratic forms with
respect to this special basis coming from local coordinates. It is a very common fact when
working with the Ricci flow, that the evolution equations of the various geometric quantities

are writen with respect to local coordinates.

From now on vector spaces are turned into complexified ones. The quadratic forms (2.4),

and define three quadrics in P(A2T,M ® C) = IP°, given by

P(vy) = {[u] € P(A’TM ®C) : u?u® — u'¥y?* + y"4u> = 0}, (2.7)
1 ..
P(A%gy) = {[u] € P(N*T,M & C) : > (8x ® gx)ijutt’u! = 0} (2.8)
1<ik<jl<4
and
P(Ry) = {[u] e P(A’TM®C): Y RyuuM =0}. (2.9)
1<ik<jl<4

We would like to take now a closer look at the Grassmannian Gr(TyM ® C) of two-
dimensional linear subspaces of T, M ® C. We prefer to look at it as the variety Gry (P(TyM ®
C)) of lines in P(TyM ® C), where P(T,M ® C) = P° . Let

4 a
and
409
W= ; el
where w, @ € TyM ® C. Then [w] = [w1, wa, w3, ws] and [@] = [W1, Do, W3, W4] correspond

to points in IP(TyM ® C). Their projective span, denoted by P-span([w], [@]) represents a
line in P(T,xM ® C).
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Let pl denote the Pliicker embedding

pl:Gr(P(TyM®C)) — PA*(T:M®C)) (2.10)

P-span([w], [@]) +— [wA®D].

In other words, the Pliicker embedding maps a line in IP(T,M ® C) to a point in P(A?(TyM ®
C)). Since

0 0 ) 0
o 12 21 13 31
wAD = (w ww)axl/\8x2+(ww ww)axl/\ax3+
0 0 0 0
14 41 2.3 3.2
+(w'@ ww)a Nea™ (w*w ww)a Naa T
d d d 0
24 42 3.4 43
+(w )ax2 Noat (ww* — w* )ax3 A ey

the coordinates of [w A @] in the basis {-2; 57 N 5 9-}1<icj<a are given by

We will denote these coordinates by [uu, uld 14 428 424 ]. Oberve that they correspond
to the 2 x 2 minors of the matrix i i

wt @l

w? W

w? w?

w* ot

We will show now, that Gr; (P(TxM ® C)) can be naturally realized as a quadric hyper-
surface in P(A%(TyM ® C)). Recall that a vector u € A?>(T,M ® C) is called totally decom-
posable if there exist linear independent vectors w, @ € T,M ® C, such that u = w A @.

Observe that
pl(Gry(P(TyM®C)) = {[u] € P(AX(TyM®C)) : u € A*>(TyM®C) is totally decomposable}.

2.1.2 Lemma. The vector u € A*>(T,M @ C) is totally decomposable if and only if u Au = 0, in

coordinates

u12u34 u13u24 4 M14M23 0.
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Proof. Let u € A*(TyM ® C) be totally decomposable, i.e. u = w A @. Then
uNu=wANwANwAN®w=0.

We can write u as

N R B ST SN RN B
N oxl " ox2 oxl " ox3 ox! " ox*
0 0 0 0 0 0
w9 0 0 »ud 0 330 O
T 0x2 4 ox3 T 0x2 4 ox* T ox3 " oxt’
Then by a simple computation we obtain, that
UANU= 2(u12u34 —ulBu? 4+ 1,114L123)i A 9 A J J

oxl " ox2 " 9x3 " oxt’

1234 _ 13424 4 41442 = (. Therefore, if u is totally decom-

Thus u A u = 0 imples that u
posable, then it satisfies that u'?u3* — 13424 4+ 41442 = (.

Conversely, let

R R T B B B I
o dxl  9x? oxl  ox3 ox!  oxt
0 0 0 0 0

23 9 24 9 0 34 0 0

tu ox?2 A ox3 + ox?2 A x4 o ox3 A x4

be a vector satisfying

M121/l34 13,24 14M23 =0.

—uu"+u (2.11)

Then u A u = 0. Now we want to show, that u is totally decomposable. For this we consider

the following cases.

(i) Suppose first, that u'2, u!3 £ 0. Then using equation (2.11) we can show that

23M12 po) 23,14 _ ,,13,,24 o)

12 0 u u=u uu
u=u‘"s=+

Kl >A<B+u138+u“8)
ox! uld 9x2 ul13 x4 ’

ox2  ul29x3 = yl2 gxt

(ii) Let u'?> = u'®> = 0. Then equation yields uu* = 0. So we have u!* = 0 or

14

u% = 0 or both are zero. If in this case u!* = 4% = 0 we can write u a

0 d d d Jd d d
_u9d o d 30 0 40 o3 d. O
W= A x4 T ox3 A dx4 (u ox2 T 8x3) A ox4’

10
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If u'* = 0, u?® # 0, then we decompose u as

248

u:(uz3a_u34i) (a u

5z =5 M (5 i)
If u'* # 0, u*®> = 0 we can write u as

0 0 0 0
_ (14 9 24 9 34 9\, 9
u=(u ax1+u ax2+u ax3)/\ax4'

So u is totally decomposable.

(iii) If u'? = 0. u'® # 0, equation gives us uBu?* = 4142 and u can be decomposed
as

13a+233_u34i)A<3 u148).

u= Wl tuts G WM 5at maa

(iv) If ul® = 0, u'?2 # 0, equation gives us that u'?u3* = —u'*4? and u can be

decomposed as

PRI R R & L B

il v e L ) AN - re g vy

Thus we see that in all the cases u is totally decomposable. ]

So indeed Gr; (P(TyM ® C)) is embedded as a quadric hypersurface in P(A%(T,M ® C)).
Taking now into account we observe that we can identify pl(Gr; (IP(TyM ® C))) with
the quadric IP(vy).

The quadric surface P(gy) :

Now the metric g, defines a quadratic form T,M ® C — C by

4 . .
gx(w) =) gw'w/,

ij=1
where g;; = gji. It defines a quadric surface
4 . .
ij=1

This quadric is non-degenerate, since the quadratic form g, is non-degenerate. So its rank

11
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equals four and it corresponds to a smooth quadric in P(T,M ® C).

2.1.3 Remark. Recall, that if a quadric is mapped to a quadric under a projective trasforma-
tion, then the rank of the coefficient matrix is not changed. Thus one can classify quadrics
in complex projective spaces up to their rank. Precisely, in IP° there are four of them: rank
4 corresponds to a smooth quadric, rank 3 to a quadric cone, rank 2 to a pair of planes and

rank 1 to a double plane.

We need at this point some theory on spinor bundles. We will recall some facts on spin
and spin© structures on 4-manifolds. Heuristically, one can see spin and spin® structures
as generalizations of orientantions. The tangent bundle TM gives rise to a principal O(4)-
bundle of frames denoted by Pp(4). The manifold is said to be orientable if this bundle
can be reduced to a SO(4)-bundle denoted by Pso(4). We define the group Spin(4) =
SU(2) x SU(2) to be the double cover of SO(4). This is the universal cover. If we make a
further reduction, we obtain a principal Spin(4)-bundle denoted by Ps,;,(4). We have then,
that the map

G : Pspin(4) = Pso(a)
is a double covering and say that the manifold is spin. To find the complex analogue we
replace SO(4) by the group SO(4) x S! and consider its double cover. We define the group

Spin®©(4) = (Spin(4) x S*)/{%1} = Spin(4) xz, S.

This is the desired double cover of SO(4) x S'. Finally we define M to be spin®, if given
the bundle Psp4), there are principal bundles Psi and Pg;,c(4), with a S pin©(4) equivariant

bundle map, a double cover

¢ Psyinc(4) = Pso(a) % Psr-

It is a known fact, that in dimension four any orientable manifold has a (non-unique) spin®
structure. The spin® representation now allows us to consider the associated vector bundle
S, called the spinor bundle for a given spin® structure. This is a complex vector bundle. In

the four-dimensional case this vector bundle splits into the sum of two subbundles S 57,

12
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such that
S=S"¢pS .

Further details on this theory can be found in the book [8].
Let P(Sy) = P! and IP(S; ) = IP! denote the projectivizations of the fibers of the spinor

bundles ST and S~ over x respectively. Consider now the Segre embedding

P(S;) xP(S) — P(S; ®S])

7] < [p"] = [ ®p"].

One can show, that S; ® S =2 T\M ® C.
Let now {e;}* ; be a local orthonormal frame for TyM ® C. We will be working with
this frame from now on, because it is more convient for computational reasons. The Segre

embedding with respect to the basis {¢;}?_, is given by

c:P(S;)xP(S) — P(TM®C)
([a,a%], [b},0%]) — [a'b! + a®b?,i(a®b® — a'bl), —i(a'b? 4 a®b'),ab! — a'b?]

3 4].

=: [wl,wZ,w ,W (2.12)

This is a well defined map. In order to pick coordinates on IP(S; ) and P(S;) one should

observe the projection of ¢’ onto the first factor:

Pspinc 4y = Pso(s)-

A point in the fiber of Psp4) over x is a basis for TxM and a point in the fiber of Pg;,c 4

over x is a basis for the spinor S, = S§ @ S;.

2.1.4 Remark. Recall that the “classical” Segre embedding is given by

»:P'xP' — P3

([a%, a2, [bY, 13) +— [a'B!,a2b%, a'b?, a?bl] =: [W!, W2, W3, W4,

The image is just the quadric surface W!W? — W3W* = 0 and the rank of the quadric is

13



2. A local invariant of a four-dimensional Riemannian manifold

four, i.e. it’s a smooth quadric. The associated symmetric matrix is

[0 1/2 0 0o |
1/2 0 0 0
i
0O 0 0 —1/2
(0 0 —1/2 0 |

Let now ) }
1 i 0 O
1 —i 0 O

B = ,
0 0 1 -1
_0 0 171 1 |
so that B'XB = I;. Then
_Wl_ _w1_
. WZ ZU2
B~ -

w3 w3
W w*

One we can easily observe that the image of the Segre embedding is just the quadric
surface (w!)? + (w?)? + (w®)? + (w*)?> = 0 and the rank of the quadric is four, i.e. it s a
smooth quadric. Thus P(gy) can be written with respect to the orthonormal basis {e;}}_;

for TyM ® C as
P(g:) = {[w] e P(T:M@C) : (w')* + (w?)* + (w’)? + (w*)* = 0}. (2.13)

The quadric IP(gy) has two rulings by lines and a unique line of each ruling passes

through each point of the quadric. More precisely: fix a point [a!,4?] € P(S; ). Then
ty = o({[a', a%]} x P(SY))
is a line in IP(T,M ® C). Similarly for fixed [b',b?] € P(S}),

t_:=o(P(S;) x {[b",b?]})

14



2. A local invariant of a four-dimensional Riemannian manifold

is also a line in P(TyM ® C). So the quadric contains two families of lines denoted by F_

and F respectively such that,

F= U {3 x= U {1}
[b' ] €P(SY) [a,a?)€P(Sy)
If we choose any point of t,, we can find a unique line of the family F_ passing through
it. Analogously for every point of {_ we can find a unique line of F passing through it.
Furthermore it holds that no two lines from the same family intersect and that any two
lines belonging to different families intersect in a unique point of the quadric. The lines

IP(ST) are called the rectilinear generators of the quadric and

P(gx) = o(IP(S;) x P(Sy)). (2.14)

The Pliicker Embedding;:

Every t_ or t is a line in P(T,M ® C). We will compute their images under the Pliicker
embedding. By setting first [b!,b?] = [1,0] and then [b},1%] = [0,1] in we can easily
see, that

t, = P-span([a', —ia', —ia® a%], [a?,ia®, —ia', —a']).

We compute, that (ale; —iale, — ia’e; + a®e*) A (a’e; + ia%ey — iales — a'e) equals

2iata’e; Aey +i{(a*)? — (ah)?}er Nes — (ab)? — (a%)%e1 A ey

—(a')? — (a®)%ey Nz +i{(a')? — (a®)*Yex A ey + 2ia'a’e; N ey.

Thus we obtain, that the coordinates of pl(t,) in the basis {e; A ej}1<icj<s of A2(TXM @ C)

2ia' @, i{ (@) — (' P}, —(@)? = (@2, —(@)? = @2, i{ (@ — ()2}, 2ia'?].

On the other hand by setting first [a',a%] = [1,0] and then [a',4?] = [0,1] in (2.12), we have
that
. = IP-span([bl, —ib', —ib?, —bZ], [bz, ib?, —ib!, bl]).

15



2. A local invariant of a four-dimensional Riemannian manifold

In this case the coordinates of pl(t_) in the basis {¢; A ¢j}1<j<j<4 Of A?(TyM ® C) are
2ib'?, i{ (b*)* — (0')?}, (b1)* + (b)?, = (b")? — (%)%, i{ (b*)* — (b")*}, —2ib" V7).

It is well known, that in dimension 4 the Hodge *-operator induces a natural decompo-

sition of A2T, M on an oriented manifold M given by
AN°TyM = A2 T,M & A’ T, M,

where A2 TyM and A% TyM correspond to the eigenspaces +1 and —1 respectively. Further-
more elements of Ai T, M and A2 T, M are called self-dual and anti-self-dual respectively.
We will perform a change of basis for A>T, M @ C. We would like to express the coordinates

of pl(t) and pl(t-) in the basis B of A%(TyM ® C) given by

1
fl:t:ﬁ(el/\ffz:t%/\&l)

1
fzi:\ﬁ(el/\€3$€2/\€4)

1
ffz—(el/\qieerg).

>

One can observe, that {f;*}?_, is basis for A2 T,M ® C, where f," = f;, i = 1,2,3 and that
{f7 }?:1 is basis for A2 T,M ® C, where *f; = —fi, i = 1,2,3. By using the change of basis

matrix ) .
2 9 0 0 0 ¥
0 ¥ 0 0 -—-¥ 0
2 2
0 0 ¥ £ o0 0
2 9 0 0 0 =¥
0 ¥ 0 0 ¥ 0
2 2
(0 0 3 =¥ 0 0

we compute, that the coordinates [u'?, u'3, u'*, 4?3, u?*, u%*] in the basis B of A?2(T,M ® C)

are given by

[t u?, ud,ut, u®, u] = [w'? + uBh, ul® — w0 ut? — 3B M -0,

16



2. A local invariant of a four-dimensional Riemannian manifold

Thus the coordinates of pl(t;) in the basis B of A?(TyM ® C) are
[2ia'a?,i{(a*)?* — (a)?}, —(a")* — (a*)?,0,0,0] (2.15)
and the coordinates of pl(¢_) in the basis B of A?(TyM ® C) are
[0,0,0,2ib"6%,i{ (V%)% — (b")?}, (b")? + (b*)?]. (2.16)
By and one can easily see, that 7 and F_ are embedded conics in P(A’2TyM ®

C) given by the equations

(2.17)

and

(2.18)

respectively. We will denote these conics by C, and C_. Obviously each of the two conics
is sitting in a plane in P(A2TyM ® C). The first plane is P(A% TyM ® C) and the second is
P(A2TyM ® C). They are given by the equations

w=u=u"=0 (2.19)

and

(2.20)

respectively. Obviously P(A2TyM ® C) NPP(A2TyM ® C) = @.
The projectivized tangent bundle:
Let now 7 := TP(gy) denote the tangent bundle of the quadric P(gy) and P(7) its

projectivization. Then one can write
P(T)={(tyNt_,1): I CP(TyM ®C) is a line tangent to IP(g,) at the point t; Nt_},

which is an algebraic subvariety of P(gy) X Gr; (P(TyM ®C)) C P(T:M ®C) x Gr1(P(T:M ®

17



2. A local invariant of a four-dimensional Riemannian manifold

C)). We will now apply the Pliicker embedding on the second factor. We define the map

idp(g,) X pl: P(gx) X Gri(P(T:M ® C)) — P(gx) x pl(Gr1(P(TxM ® C))).
Then
(idp(g,y x p1) (P(T)) := {(t+ Nt_,pl(1)) : I C P(TyM®C) is a line tangent to IP(gy) at the point £ Nt_}.
Thus (idp(g,) x pl) (IP(7)) is naturally an algebraic subvariety
(idp(g,) x p1) (P(T)) C P(gx) X pl(Gr1(IP(TyM ®C))) C P(TM®C) x P(A’T,M®C) = P° x P°.
If we now denote by

(ko0 pl) = pl()

and

T: (id]l)(gx) X pl) (]P(T)) — IP(gX)
(tyNt_,pl(l)) — tyNt

the natural projections, we are interested in the geometry of n((idﬂa(gx) x pl) (]P(T))) We
would like to give a description in IP(A2T,M ® C) of the image of the set of lines tangent
to the quadric IP(gy) at the point £ Nt_ under the Pliicker embedding. All these lines lie
on one plane and pass through one point, so in P(A2TyM ® C) they form a line given by
P-span(pl(t+), pl(t-)). Thus

7((idp(e,) * p)(P(T)) ) = {pl(1) € P-span(pl(t. ), pl(t-)) : pl(t) € C, plt-) € C-}
(2.21)

and

dim| 7 ( (idp(g,) x pI) (P(7)) ) | = dim(C;) +dim(C-) +1 =3,

18



2. A local invariant of a four-dimensional Riemannian manifold

because n((idlp(gx) x pl) (lP(T))) is the join of the varieties Cy and C_. We can now de-
scribe (idp(q,) x pl) (P(7)) by

(idp(g,) x P)(IP(T)) = {(t+ Nt_,pl(1)) : pl(I) € P-span(pl(ts),pl(t-))}.  (2:22)

We are going to show now that the variety n((id]P(gx) X pl)(lI’(T))) is singular and

we will determine its singular locus. By (2.17), (2.18) and (2.21) we see that the variety

n( (idpg,) % p1) (]P(T))) is defined by the equations

()2 + (12)? + (u3)2 = 0 o)
2.23
()2 4 (152 4 (u%)? = 0.

The system of equations (2.23) shows that the singular points of 7t ((id][)(gx) x pl) (IP(’T)))

are given by

Sing (7 ( (idp(g,) x pI) (P(T))) ) = C; UC_.

Let’s explain why. We will fix a coordinate system on IP-span(pl(t;),pl(f-)). Let T and T
denote the vector space representations of pl(t.) and pl(t_) in the basis B of A?>(T,M ® C)

respectively. Then
Ty =2ia'a*fi" +i{(a®)* — ()2} 5 + [=(a")? = (@*)’]f5" + Of; +0fy +0f5
and
T = 0f;" +0f; +0f" +2ib'0*f +i{(1?)* — (0')*} fy + [(b1)* + (b*)*]f5 .

We have then, that
span(Ty, T-) = {AT4+ +uT_: A,u € C}

is a plane in AT, M ® C. So we obtain a projective coordinate system on P-span(pl(t;), pl(t-)).
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2. A local invariant of a four-dimensional Riemannian manifold
A point on this line has coordinates in the basis B of AZ(TxM ® C) given by
[2Aia'a?, Ai{(a*)? — (a')?}, A{—(a")? — (a®)2}, 2uib' 0%, pi{ (b?)* — (b')*}, u{ (b)* + (b*)*}]

(2.24)
for scalars A and u. Obviously, by (2.23) the Jacobian matrix of the polynomials defining

the variety is

2ut 2u2 244 0 0 0
0 0 0 2u* 2u® 2ub

and its rank at the point pl(t) or pl(t_) is equal to one, i.e. lower than on any other point

of P-span(pl(t),pl(t-)).

2.2. The intersection of three quadrics

Consider the intersection

Sy = P(vy)NIP(A%g,) NPP(R,)
= pl(Gr(P(T:M ®C))) NP(A%g,;) NIP(Ry)

of the three quadrics in IP(A2TyM ® C). We consider a line | tangent to the quadric IP(gy).
By the discussion in the previous section it corresponds to a point in pl(Gr (P(T:M ®C))).
The condition that the line ! is tagent to the quadric IP(gy) is equivalent to the condition

that pl(I) € P(A%gy). So
n((idp(gx) x pl) (]P(T))) = pl(Gry (P(TyM ® C))) NP(A%gy).

This means that,

Sy = n((idﬂa(gx) % pl) (IP(T))) NP(R,).

Therefore Sy must have singularities

Sing(Sy) O Sing(n((idp(gx) % pl) (]P(T)))) AP(Ry) = (C2 NP(Ry)) U (C_ NP(Ry)).
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2. A local invariant of a four-dimensional Riemannian manifold

2.2.1 Definition. The variety Sy is called the local invariant of the Riemannian manifold

(M, g) at the point x.

2.2.2 Remark. Notice, that if R, = KAzgx, x € C*, the manifold at the point x is a manifold
of constant curvature in any two dimensional direction. In such a case, Sy is not defined

and we shall not consider such points on M.

In the folowing we assume that the quadric IP(Ry) intersects the non-singular points of
n((idﬂo(gx) x pl) (]P(T))) transversally and intersects the singular locus C U C_ transver-
sally as well. It follows by [14], Proposition 17.18 that Sy is the complete intersection of the

quadrics P(v,), P(A2gy), P(Ry).

2.2.3 Remark. Recall that two varieties intersect transversally if they intersect transversally at
each point of their intersection, i.e. they are smooth at this point and their separate tangent
spaces at that point span the tangent space of the ambient variety at that point. In other
words if X and Y are projective subvarieties of IP”, then X and Y intersect transversally if
at every pointu € XNY, T, X ® T,,Y = T,IP". Thus transversality depends on the choice of
the ambient variety. In particular, transversality always fails whenever two subvarieties are

tangent.

Recall that the complete intersection of three quadrics in IP° is a K3 surface (more details
on that can be found in the Appendix A). Thus Sy is a (singular) K3 surface. The quadric
P(R,) interesects the singular locus Cy UC_ transversally and each intersection IP(Ry) N C-,
P(Ry) NC_, consists of four ordinary double points (the transversal intersection of quadric
and conic gives a 0-dimensional variety of degree 4). We wil denote the set of these points
by Sing(Sy) = {pl(t}), pl(t3), pl(£3), pL(t3), pI(tL), pL(£2), pL(£2), pI(tL) }.

Consider now the the algebraic subvariety

Sy =m YP(Ry)) C P(TyM®C) x P(A’T,M ® C).

The next step is to show, that S, is the resolution of the singular points of S,. We consider

the map
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2. A local invariant of a four-dimensional Riemannian manifold

Then S, is the resolution of the singular points of Sy, if and only if
Se\ 77 1(Sing(S,)) = S, \ Sing(S,).

By the definiton of 77! this is indeed an isomorphism.
We would like to compute now 7~ 1(Sing(Sy)), or in other words to find the blow ups of

the singular points pl(#, ), pl(tj_), 1<i,j<4.

2.2.4 Remark. Let’s recall the notion of the blow up of a complex surface at a point. Let
g € U C X be an open neighborhood and (x, y) local coordinates such that g = (0,0) in this

coordinate system. Define

U:={((x,y),[zw]) € UxP: xw=yz}.
We have then the projection onto the first factor

puia — U
(Ly) [zw]) = (xy).

If (x,y) # (0,0), then p[ll((x,y)) = (((x,y), [z,w])). Furthermore we have pal(q) ={q} x
Pl. This implies that the restriction

pu: pg (U {q}) = U\ {q}

is an isomorphism and p;;'(g) = P! is a curve contracted by py to a point. Now let us
take the gluing of X and U along X \ {g} and U \ {g} = U\ {q}. In this way we obtain
a surface X together with a morphism p : X — X. Notice that p gives an isomoprhism
between X \ {g} and X\ p~!(g) and contracts the curve P! = p~1(g) to the point g. The
morphism p : X — X is called the blow-up of X along g. The curve p~1(g) = P! is called

exceptional curve or exceptional divisor of the blow-up.

We obtain that

Er:= a7 (pl(F,)) = {(F, Nt pl(F,) s 1 C F} =P, (2.25)
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2. A local invariant of a four-dimensional Riemannian manifold
Fo=a Y(pl(t))) = {(tx N, pl(t))) : . C Fr} =P, (2.26)

for 1 <i,j < 4. Observe that this means, that 77 is the blow-up of Sy along pl(tﬁr),pl(tj_ ) for
1 <1i,j <4 and the curves E;, F]-, for 1 <i,j < 4 are the exceptional divisor of the blow-up.
In other words, 7t contracts the curves E; to the points pl(#, ) and the curves F; to the points
pl(f ) for1<i,j<4.
The branching curve T’y :
We will show that the map

T:5y — P(gy)

is a double branched cover at a generic point, where 7 is the restriction of T to S,. The term
“double branched cover” means, that there exists a closed subset Br of IP(gy), such that T
restricted to Sy \ Ram, where Ram := ¥~ 1(Br) is a topological double cover of P(g) \ Br.
Points in Br and Ram are called branching points and ramification points respectively. The
term “generic” stands for the fact that as we will see sometimes T represents a branched
double cover followed by a blow-up. Before describing the preimage (¢, Nt_) we would
like to be more precise.

The block decomposition of the Riemann curvature operator in dimension four is given
by

A B
Rm = ,

and

respectively and B is the operator associated to the curvature-like tensor

1.2 1/o.  scal
§R1c®g— E(RIC— Tg) Dg.
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2. A local invariant of a four-dimensional Riemannian manifold

Recall, that in dimension four

1
R1c®g+ g@g,

where W, , W_ denote the Weyl parts of the curvature and Ric the traceless Ricci tensor.
Consider now the block decomposition above and let u = u; +u; € A2(T:M ® C) &
A% (TyM @ C). Then

Re(u) = A%g(Rm(u),u)
= Agx(A(u),u1) + A?gx(B(uz), u1) + A?gx(B' (1), 12) + A8 (C(u2), u2)

= A%q(A(uy),ur) +2A%¢:(B(uz), u1) + A%ge(Cluz), up).

Now the quadric IP(Ry) is given by

P(Ry) = {[u]=[u1+us] € P(A*T,M®C): Agx( (u )u1)+

+2A%g, (B(uZ),m) + A%g, (C(uQ),uz) =0}.

We would like to describe the intersection of IP(Ry) with P-span(pl(f; ), pl(f-)). As
explained previously, a point on the line IP-span(pl(t ), pl(¢-)) is expressed as [ATy + uT_].
Letusset u; = ATy € A2 (TyM ®C) and up = uT- € A2(TyM ® C). We obtain, that

A2g, (A(/\n),/\n) +2A%, (B(VT,),An) + A%y (C(yT,),yT,) =0
= A2A%g (A(T:), Th ) +2AuA% (B(T-), T ) + 1A% (C(T-), T ) = 0
ScalIci,\+)(7*+) T+) +2/\;4A2gx( (T ),T+) n

1
A% (W + Z21da ) (T2), T-) =0

= AA% (2, +

425¢cal scal

- AZAng(qm(n),n) n Azgx<T+,T+) —|—2/\;4A2gx( (T.), T+> +

scal
AN (W (T2), T ) 4 225 5

= A2A%g, (QII+(T+),T+) +2AyA2gx<B(T_),T+) +12A2g, <QU_(T_),T_> —0,

A2gy (T_,T_) =0
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2. A local invariant of a four-dimensional Riemannian manifold

where 20, and 20_ correspond to the operators associated to W, and W_ respectively.
Notice, that in the last implication we are using the fact, that n((idﬂa(gx) x pl) (IP(T))) =
pl(Gr1(P(TxM ® C))) NP(A%gy).

By assuming that p # 0 and setting s = % we obtain a quadratic equation in the variable

s given by
N2g (W4 (Ty), Ty )5+ 2A%, (B(T-), Ty )5 + A2 (W (T-), T-) = 0. (2.27)

We can consider the previous equation naturally, as an equation that determines S,. The

discriminant of the equation is given by

8= 4(Ngu(B(T ), T)))" —ang (20 (T.), T,) A%, (W (1), T.).

Thus there are three possible cases for the intersection of the quadric and the line.

(i) If A # 0, then the intersection consists of exactly two distinct points:

e P-span(pl(t;),pl(t-)) NP(R) = {pl(1), pl(1")}, where pl(1), pl(I') # pl(t), pl(t_).
Then

AN (pl(1)) = (b e, pI(1)), 71 (pI(I)) = (t+ Nt pl(I))

and

Tt nt) = {7 (pl(D), 7 (PI(I")}
are two distinct points. Both these points are nonsingular points of S,.

o P-span(pl(t,),pl(t_)) NP(Ry) = {pl(t,),pl(])}, for some i = 1,...,4, where
pl(!) # pl(t,), pl(t-). Then

T, ) = {(ke N, pUE)), 7 (PL))),

are two distinct points. Both these points are nonsingular points of Sy.

. ]I)—span(pl(t+),pl(tj_)) NP(Ry) = {pl(tj_),pl(l)}, for some j = 1,...,4, where
pl(l) # pl(t+),p1(tj_). Then

Tt ) = {(t e, pl(E)), A (pI(),
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2. A local invariant of a four-dimensional Riemannian manifold

are two distinct points. Both these points are nonsingular points of S,.

o P-span(pl(ti),pl(t];)) NP(Ry) = {pl(ti),pl(tl)}, for some i,j =1,...,,4. Then
T ) = {(F, N e, pl(E,), (F. N pl(£))},

are two distinct points. Both these points are nonsingular points of S,.

(ii) If A = 0, but not all coefficients are equal to zero, then the line has exactly one double
point in common with the quadric IP(R,), which is possible if and only if the line is

tangent to the quadric at that point:

e P-span(pl(ty),pl(t-)) NP(Ry) = {pl(l)}, where pl(I) # pl(ty),pl(t-). This is
the case that P-span(pl(t+), pl(£-)) is tangent to the quadric IP(Ry) at the point
pl(I). Then

Fe N = {72 (pl()}:
Obviously in this case t; Nt_ corresponds to a branching point and 7! (pl(/))

is a ramification point.

(iii) If A = 0 and all coefficients are simultaneously equal to zero, then the line lies entirely

in P(Ry):

. ll’-span(pl(tﬁr),pl(t];)) C P(Ry), for some i,j =1, ...,4. Then

T NL) = {7 (pl(1) : pl(I) € P-span(pl(t,), pl(.) \ {pI(t}), pI(.)}} U
O{(F, N pl(E )} UL N pl(eL))} =2 P}

i
i Nt

where ]P:l. 4= Il’-span(pl(t@),pl(tj_)) =~ P!, since 7 maps the curve T~1(#, N
. + - . . . .

t_) one to one onto the singular line P-span(pl(, ), pl(t_)). Here #, Nt_ corre-

sponds again to a branching point and in this special case the branching curve

Ty C P(gy) at the point ¢/, N v s singular.

Thus the branching curve is described by

Ty = {([a},a?], [0}, b?]) € P(S7) x P(S7) : (2.28)

(A%g<(B(T-), T+>)2 — A2 (W (Ty), T ) A%, (W0-(T), T- ) = 0}
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2. A local invariant of a four-dimensional Riemannian manifold

The next propositions can be found in Nikulin’s paper [21].

2.2.5 Remark. The branching curve will serve as our local invariant in this text. Precisely, we
will use this local invariant in oder to obtain a characterization for the singularity models
for Type I singularities for four dimensional Ricci flows. The type of the curve is invariant
under the choice of basis for TyM ® C. For example, as we will see in Chapter 4, the
branching curve associated to a point of > x R, is a 4-typle diagonal and that of 5? x G2, is

a double rectangle.

2.2.6 Proposition. Assume that the branching curve I'y has only finite number of singular points.
Then T : Sy — P(gx) is a branched double cover for all points t Nt_ € Ty, except for the singular

points, at which T is a branched double cover followed by a blow-up.

Recall that for a covering map 7 : S, — IP(gy), there exists a homeomorpish ¢ : S, — S,

such that T o & = T, that is to say ¢ is a lift of 7. The map ¢ is called a deck transformation.

2.2.7 Proposition. Assume that the branching curve I'y has only finite number of singular points.

Then the deck transformation & of the branched double cover is everywhere defined on S,.

Then there are given on Sy nonsingular rational curves (exceptional curves) E; := ¢(E;)

P! and Fj := 6(Fj) = P, where 1 <i,j < 4.

2.3. The Picard sublattice

2.3.1 Remark. We should recall some basic knowledge from algebraic geometry. A Weil

divisor D on a nonsingular surface Sy is a formal linear combination
D =) dC
i

of irreducible curves. A curve itself can be regarded as a divisor, seen as a formal linear sum
of its irreducible components. Div(S,) denotes the set of all divisors and has the structure
of a free, abelian group. The divisor is called effective and we denote it by D > 0 if all
coefficients d; are non-negative and not all zero. On the other hand the tensor product and
the dual endow the set of all isomorphism classes of holomorphic line bundles on S, with

the structure of an abelian group. This group is called the Picard group and is denoted by
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2. A local invariant of a four-dimensional Riemannian manifold

Pic(Sy). There is a natural group homomorphism

Div(Sy) — Pix(5y)

D — OSX(D),

where Og (D) denotes the line bundle associated to the divisor D. More details on how
this association is constructed can be found in the book [1] on page 27. Two divisors D and
F are called linearly equivalent and we write D ~ F if Og (D) = Og (F). It can be shown

that Pic(Sy) can be equivalently defined as

The next notion we will need, is the notion of a linear system. The complete linear system

of D € Div(Sy) is defined by
ID| = {F € Div(8y): F>0,D ~ F},

which means that |D| is the set of all effective divisors on Sy, which are linearly equivalent
to D. We call a linear subspace of |D| a linear system on S. The base locus of |D] is given
by

Bs(|D|) = () F.

Fe|D|
Finally, there exists a one-to-one correspondence between regular maps ® : S, — P" to

projective space and linear systems on Sy. To the regular map ® we can associate the linear

system ®*|H|, where H = IP"~! C IP" is the hyperplane divisor.

Consider the maps ®s : S, — ]P(AZTxM@)C), P;:5, — P(TM®C), p+ o D3 : S, —
Fi,p_o®3:S, — F_,where py : P(g¢) — F4 and p_ : P(gx) — F_ are projections. By
the Remark we obtain four linear systems Hs, H3, Hy and H_ respectively.

We denote by s, h3,h+,h_,ptkmt@ € Pic(S,) and ¢;, fir @, f_] € Pic(Sy) the classes of
divisors of Hs, H3, H,, H_, ]P}’mt'f and E;, F;, E;, F; respectively, where 1 < i,j < 4 and
some k,m € {1,...,4}. An introduction to the basic theory of K3 surfaces can be found in

the Appendix A.
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2. A local invariant of a four-dimensional Riemannian manifold

The following Theorem can be found in [21]].
2.3.2 Theorem. For the nonsingular K3 surface Sy hold:

(i) The elements hs, e;, f] for1 <i,j <4, generate in Pic(gx) a primitive sublattice

. ' 1 4 1 4

A= {h5, {ei:1<i<4}, {fi:1<j<4}, h, = 2<h5—i_21€i>, h = Z(hg,—];fj)}.
Furthermore

h: =3, e = -2, ff=-2

h5'€,‘=0, VZ, h5'f]'=0, V],

ei-EZIO,Vi#l, f]"fl:O,V].#l,

ei-fj:O, Vi,j
The elements h3, &, f; € A and

hy=hy+h_,

¢ =f—ei _;pt;mtj_’
fi :e_ff_zpt;mtf,'
1

(ii) If the elements P g exist, then it holds:

P s =1, Pik e+ € = Ok,
— 5. 2 - _
P e~ f; = Omj, P e = 2

The sublattice spanned by A and the elements p;, n_ has rank equal to rank(A) + 1. If distinct

elements p;, _ exist, then they are mutually orthogonal.

(iii) The complete linear systems |hs|, |h3|, |hy|, |h—

Apenel leil, 1fil, @il |fj| coincide with the
original ones Hs, H3, Hy, H_, P, and E;, F;, E;, Fj and the linear systems |hs|, |h3|, |h+|,

|h_| have no basis points.

2.3.3 Remark. Notice that /5 plays the role of polarization, so the K3 surfaces we are dealing

with are always lattice polarized K3 surfaces with a polarization of degree 8. The interested
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2. A local invariant of a four-dimensional Riemannian manifold

reader can found details on lattice polarized K3 surface and their coarse moduli space in

the last section of the Appendix.
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3. Ricci flow basics

In this chapter we introduce the Ricci flow equation and give some basic examples of Ricci
flows. The Ricci flow was introduced by Hamilton in 1982 in his seminal paper [9]. After
the work of Perelman it was proven to be a very powerful tool towards the classification
of 3-dimensional Riemannian manifolds and was used in order to prove Thurston’s Ge-
ometrization Conjecture. In the second section of this chapter we introduce Ricci solitons,
which are special solutions to the Ricci flow and often arise as singularity models of the
Ricci flow after performing some rescaling arguments, which will become clear in Chapter

6.

3.1. The Ricci flow equation and examples

Let (M, o) be a smooth Riemannian manifold . The Ricci flow is a PDE that describes the

evolution of the Riemannian metric tensor:

0 )
gg(t) = —2Ric

g(0) = so

where g(t) is a one-parameter family of metrics on M and Ric := Ric,(;) denotes the Ricci
curvature with respect to g(t). The minus sign makes the Ricci flow a heat-type equation,
so it is expected to “average out” the curvature. In order to get a feeling of the evolution

equation, we will look at some simple examples.

3.1.1 Example (Einstein metrics). Suppose that the initial metric gy is Ricci flat, i.e. Ricg, = 0.
In this case the metric will remain stationary for all subsequent times. Concrete examples
are the Euclidean space R" and the flat torus T" = S! x ... x S1. Suppose now that the

initial metric is an Einstein metric, i.e. Ricg, = k8o, ¥ € R. A solution g(t) with g(0) = go is

31



3. Ricci flow basics

given by
g(t) = (1 - 2xt)go.

If K« >0, x =0 orx <0 we call the solution shrinking, steady or expanding respectively.
The simplest shrinking solution is that of the unit sphere (S", g9) endowed with the round

metric. It holds that Ricg, = (1 — 1)go, so

g(t) = (1 =2(n—-1)t)go

is a maximal solution to the Ricci flow defined on the time interval (—oo, T), where T =

2(7117_1). That is, under the Ricci flow 5" stays round and shrinks homothetically at a steady
rate. Observe that at time T (called the singularity time) the sphere shrinks to a point. By
contrast, the simplest expanding solution is that of the hyperbolic space IH" endowed with
the hyperbolic metric of a constant sectional curvature —1. In this case Ricg, = — (7 — 1)go,

SO
g(t) = (1+2(n —1)t)go
is a solution to the Ricci flow and the manifold expands homothetically for all times.

3.1.2 Example (Quotient metrics). Let M = N /G be a quotient of a Riemannian manifold N
by a discrete group of isometries G. Then it will remain so under the Ricci flow, as the Ricci
flow on N preserves the isometry group. For example RIP" = 5"/Z; shrinks to a point in

finite time, as does its cover S”.

3.1.3 Example (Product Metrics). Let M x N be a product manifolds endowed with the
product metric. Under the Ricci flow the metric will remain a product metric and each
factor evolves independently. For example for S" x S!, the first factor shrinks to a point in

finite time, while the second factor stays stationary.

3.2. Ricci solitons

Before we discuss Ricci solitons we list at first the types of long-existing solutions of the

Ricci flow.

3.2.1 Definition. An ancient solution to the Ricci flow is a solution that exists on a past time
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3. Ricci flow basics

interval (—oo,w). An immortal solution is a solution that exists for a future time interval

(a,00). An eternal solution is a solution that exists for all time (—oo, c0).

From taking limits of dilations of singularities we obtain long-existing solutions. This

will become clear in Chapter 6.

3.2.2 Definition. A triple (M", g, X) is called a Ricci soliton if there exists a complete vector

field X on M and x € R, such that
o1
Ric +§£Xg = Kg. (3.1)

We distinguish the following cases. If x = 0, then it is called a steady Ricci soliton, if
k¥ < 0 an expanding Ricci soliton and if ¥ > 0 a shrinking Ricci soliton. In the case where X

vanishes identically, we just have the case of Einstein metrics.

3.2.3 Definition. A triple (M", g, f) is called a gradient Ricci soliton, if there exists a gradi-
ent vector field X = V&f = gradf for some f € C*(M) (called the potential function) and
Kk € R, such that

Ric+V8VSEf = «g. (3-2)

3.2.4 Remark. Recall, that V8V f = Hess(f) = %Evgfg.

We distiguish the following cases. If x = 0, then it is called a gradient steady Ricci soliton,
if x < 0 a gradient expanding Ricci soliton and if x > 0 a gradient shrinking Ricci soliton.
In the case where f = const, we just have the case of Einstein metrics.

Similar to Einstein metrics, Ricci solitons give rise to special solutions to the Ricci flow.
Suppose that (M, g(t)) is a solution of the Ricci flow. One says g(#) is a self-similar solution

of the Ricci flow if there exist scalars ¢(t) and diffeomorphisms ¢(t) on M, such that

8(t) = a()p(t)"(go)- (33)

A metric of this form changes only by diffeomorphisms and rescaling. The following

Lemma can be found in [2] on page 23.

3.2.5 Lemma. If (M", g(t)) is a solution to the Ricci flow having the special form

8(t) = a(t)p(t)"(g0),
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3. Ricci flow basics
then there exists a vector field X on M", such that (M", go, X) solves
. 1
RngO +§£Xg0 = K30-

Conversely given any solution (M", g0, X) of the Ricci soliton equation, there exists one-parameter
families of scalars o (t) and diffeomorhisms ¢ (t) such that (M", g(t)) becomes a solution of the Ricci
flow when g(t) is defined by

g(t) = a()p(t)"(go)-

3.2.6 Remark. A gradient Ricci soliton satisfying the equation
Ricg, + V&V fy = xgo
corresponds to the self similar solution
8(t) = (1= 2xt)¢ ()" (0),

where ¢(t) is the one-parameter family of diffeomorphisms generated by X(t) = 1Y£?<t'

Hamilton showed in [12] the following result, which can also be found in [3]] on page 156.

We present an outline of the proof.

3.2.7 Lemma. Let (M", gy, fo) be a complete, gradient Ricci soliton. Then

scalgo + |Vg°f0\§0 — 2Kf0 = Co, (34)

for some constant Co.

Proof. A computation shows, that
Viscalgo = 2R1]V]f0

This computation can be found in the book [3] on page 156. We will verify that the covariant
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3. Ricci flow basics

derivative of the left hand side of equals zero:

Vi(scalg, + |V folz, — 2kfo) = Viscalg, +2V;V;foV;fo — 2kVif
= ZRi]'ijQ + ZViijO — ZKVifo
= Z(Ri]' + Viijo — Kgi]-)V]-fo
= 0.

O]

We will restrict ourselves to the case of gradient shrinking Ricci solitons. For a gradient,
shrinking Ricci soliton it is always possible to rescale the metric by 2« and shift the function

fo by the constant —Cy, so that the soliton equation becomes
Ri VEVE fy = !
Cgo + fo= 580
and the identity (3.4) takes the form
scalgn + |Vgof0|§0 —fo=0.

We call such a soliton a normalized gradient shrinking Ricci soliton.

We say that the gradient soliton is complete if (M", go) is complete and the vector field
V8 £y is complete.

The following result gives the canonical form for the associated time-dependent version
of a normalized gradient shrinking Ricci soliton. We demonstrate the proof, which can be

found in [3] on page 154 as well.

3.2.8 Theorem. Let (M", o, fo) be a complete normalized gradient shrinking Ricci soliton. Then
there exists a solution g(t) of the Ricci flow with g(0) = go, diffeomorphisms ¢(t) with ¢(0) = idp,
functions f(t) with f(0) = fo defined for all t with

c(t)y=1—t>0,

such that the following hold:
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3. Ricci flow basics

(i) ¢(t) : M" — M" is the one-parameter family of diffeomorphisms generated by X (t) = Vlg_O{O,

(i) g(t) = (1- )g(t)*(g0) on (~o0,1),

(i) f(t) = food(t) = ¢(£)" (fo)-

Futhermore,
1
. t t _
Ricy() + VW WSWf(t) = mg(t),
d
SR = IVEOF0R.

Proof. We define o(t) = 1 —t. Since the vector field V& f; is complete. there exists a

1-parameter family of diffeomorphisms ¢(t) : M" — M" generated by the vector fields

- Vgofo

X(t) 1—-t’

defined for all o(¢) > 0. Furthermore define f(t) = fo o ¢(t) and g(t) = o (t)¢(t)*go. Then

g’c‘t:tog(t) - _(T(lto)g(to) +o(t) aat (¢(t)"(80))-

t=tg

We compute, that

d * _ *
”(tO)&‘t:to(‘M 80)) = 70 L), 3] _, oty PL10)"(80)
= Ev?(t())f(to)g(tO)
This follows from the fact, that
J _ V®fo _ iy osto)
Sl 000 = 2 = (k)" (S f()).

We now evaluate at t instead of ¢y and obtain

ag(t) = _0'(1t)g(t) + Evg(*)f(t)f(t)'
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Now

—2Ricy;y = ¢(t)"(—2Ricg,) = ¢(£)"(—g0 + Ly f,80)

1
= —@g(t) + Lo rn&(1)-

So we obtain , that

Pwt) = (200) (o)) = =l Ve fol29()(x))

o(t)
= |[VEUF()3.

O]

3.2.9 Remark. It really doesn’t matter what the end time is. One is allowed to shift the time,
so that ¢(—1) = go, $(—1) = idy and f(—1) = fo. Then one would obtain g(t) defined in
the time interval (—oo,0). This remark should make clear any ambiguity, when we discuss

the result of Enders, Miiller and Topping [6] in Chapter 6.

More details on Ricci solitons can be found in the books [2], [3], [4]-
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In this chapter we will compute the local invariants for solutions (M, g(t)). The first local
invariant is the branching curve and the second one is the K3 surface. We look at the

examples of 83 x R, §% x 82, 52 x R?, P2 and S.

4.1. The example of (5°> X R, g(t))

4.1.1. The branching curve

The initial metric go (with respect to spherical coordinates on the S factor) is given by
g0 = d¢? + sin® ¢1dp3 + sin® ¢y sin® prd¢3 + dx>.

Recall that the Ricci flow evolves each factor of a product metric seperately and if we use
the formula for the evolution of the round metric on the sphere, we obtain that a solution

to the Ricci flow is given by

g(t) = (1 —4t)d¢g? + (1 — 4t) sin Pp1dp3 + (1 — 4t) sin? ¢y sin® pod 3 + dx>.

The set {8%1’ 3%2 %, a%} constitutes a basis for Ty M. We obtain a time-dependent orthonor-

mal frame, with respect to which the metric becomes diagonal by setting

7, e f—
V1 — 4t sin ¢y sin ¢, 93 7 ox

fo0 = 19 1 Ry 1 9 a}
T VI-4top’ " T dtsing, 02 ’
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where e, := e,(x,t), « =a,b,c,d. Then

(1—4t)singy a1~ " " (1 —4t)sing;sing, dp; ~ O3’
! V1I—4top  ox’ © (1—4t)sin? g sing, 02 I3
V1 —4tsin ¢ 92 ox’ " V1 —4tsin¢; sing, 03 dx

is an orthonormal frame for A2T,M and

{fl:t = i(ea/\ebiliec/\ea’): L 78 /\7a + 1 78 /\i’
V2 V2(1 —4t)sing; 91 92~ \/24/1 — 4tsin;sing, O3 Ox
fEo= (aneTehe) = L N 1 0,9
V2 V2(1 —4t)singysing, 91 93 \/24/1 —4tsing; 02 Ox
1 1 d d 1 0 d
t o= _(eaNegtepNe) = ———— AN — £ — A— .
s VAl et he) = n e o V2(1 — 4t) sin? ¢y sin g, 02 O¢pa J

The Christoffel symbols are given by

. Cos ¢ 3 COs¢q
Ty! = —cos¢ sin T2 =— I’ =———
2 $1smn ¢y, 12" = Sy 13 = Sindy
. . Cos ¢ 3 COS¢r
T35} = — cos ¢y sin ¢y sin? [2 == )" = ——
33 $1 810y SIn” o, 2= Singy % = Sngs
. Cos ¢
T55% = — cos ¢ sin I° ==
33 P2 sin ¢y, N singy
.3 _ s P2
32 = o :
sin ¢,
The components of the (3,1)-Riemann curvature tensor are given by
R.1 in? ¢ R.2 cos? ¢y — 1 R.3 cos? ¢ — 1
= Sin = = —
122 1 121 sing; 131 sin ¢y
1 .2 2
Rypp = —sin” ¢y, Ron” =1, Ry’ =1,
1 ain2 b ain2 2 a2 a2 .2
Ry33" = sin” ¢ sin” ¢, Ry33° = sin” ¢y sin” ¢, R,s,° = —sin? ¢y,
1 22D 2 222 2
R3137 = —sin” ¢ sin” ¢y, R3p3” = —sin” ¢p; sin” ¢y, R3223 = sin” ¢;.
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4. Examples of local invariants

The components of the (4,0)-Riemann curvature tensor are given by

R1221 = (1 - 4t) Sil’lZ o1, R1212 = —(1 — 4t) Sil’l2 ¢1,
R2121 = _(1 - 4t> sin2 o1, R2112 = (1 - 4t) Sil’l2 ¢1,
Riz1 = (1 — 4t) sin® ¢y sin® ¢y, Rossp = (1 —4t) sin* ¢y sin” ¢y,
Raa1 = — (1 — 4t) sin” ¢y sin® ¢y, Rypsp = — (1 —4t) sin® ¢y sin” ¢
and
Ryz3 = — (1 — 4t) sin? ¢y sin® ¢,
Ryyq3 = (1 — 4t) sin® ¢y sin® ¢y,
Ryzp3 = —(1 — 4t) sin* ¢y sin® ¢y,
R3223 = (1 - 4t) Sin4 471 Sil’lz 4)2.
Then

1 1 1

Rovba = 727/ Ropay = =743/ Rocae = =1 —3p/
Rocea = ﬁ, Ryeep = ﬁ' Roche = _ﬁ'
Repen = —ﬁ, Repep = _ﬁ Reppe = ﬁ

We are now in position to compute the scalar curvature.
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2
Ry = Rbuub + Rcaac = 1—4f
2
Rpp = Rap" + Repy” = 37—
2
R = RacclZ + Rhccb = 1—4¢°
Thus scal = ﬁ and %‘zﬂ = 2(1le‘ Furthermore
2 +\ 2 1 1
ANgc(Bm(f ), ff7) = A gx(%m(\ﬁ(ebz Nep+ecNey)), \ﬁ(ea Nep+ecNeg))
1
= E(Rabba + Rapde + Reapa + Readc)
_ 1
21 -4t)
2 +\ o 2 1 1
X 2 )i ]2 = x —=\€a c— 6 d))r —=\Ca c— & d
AN g (Rm(f,), f5) Ag(%m(ﬁ(e/\e ey Neg)) \@(e/\e ey Neg))
1
= 5 (Racca = Racav + Rodea + Rpaan)
_ 1
— 2(1-4t)

1 1
Ao (Rm(f), ) = Ao (Rm(——=(es Neg+epAee)), —(ea ANeg+ep Ae
gx( (f3 ) f3 ) gx( (\@( a d b c)) \@( a d b c))
1
= E (Radda - Radcb + Rbcdu + Rbccb)
. 1
- 2(1—4t>'
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_ 1 1
Ng(Rm(f), fi1) = Azgx(f)‘{m(ﬁ(ea Ney —ecNeg)), —Z(ea Nep+ecNeg))
1
= E(Rabbu + Rabdc - Rcdba - Rcddc)
_ 1
- 2(1—4t)

_ 1 1
AN g(Rm(fy ), f)) = Azgx(,‘ﬁm(\ﬁ(ea Nec+epNeg)), —Z(eu Nec—epAeg))
1
= 3 (Racca — Raedy + Rpdca — Rpaan)
_ 1
T 201—4t)
_ 1 1
A’ (Rm(fy), fi) = Azgx(%m(ﬁ(ea Neg—ey Nec)), \ﬁ(ea Neg+epNec))
1
= E (Radda + Radcb - Rbcda - Rbccb)
_ 1
T 214

IR 1 1
Ng(Rm(fy), fi) = Azgx(%m(\ﬁ(ea Nep—ecNeg)), ﬁ(ea Nep—ecNeg))
1
= E(Rabba — Rapac — Redva + Redadc)
_ 1
~ 20—
1 1
Ngx(Rm(fy ), f;) = Azgx@%m(\ﬁ(ea Nectey Neg)), 72(% Nec+ep MNeg))
1
= 5 (Racca + Racdy + Rpdca + Rpddn)
- 1
= a4
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N 1 1
Ng(Rm(f5), f5) = Azgx(f)%m(ﬁ(ea Neg—epNee)), —Z(ea Neg—ep Nec))
1
= E(Radda - Radcb - Rbcdu + Rbccb)
_ 1
o 2(1—4t)°

This means that the matrices of the bilinear forms

Azgx <w+(')/ > = Ang((A - %Id/M) (), )

and

Ago(2-(),+) = A%((C— Slcglld,\) (),

are given by

0O 0 O
0O 0 O
0 0 O

1
2(1—4t) 0 0
1
0 2(1—4t) 0
1
0 0 2014

We are now going to compute the branching curve. Obviously
A2 (W4 (Ty), T ) = A%y (W (T-), T-) =0
and

2 1 1
2 _ 12,172 1123212 2\2(p1)2
Agx(B(T_),T+>— 1_4tuabb +1_4t(a) (%) +1_4t(a)(b),
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where

T_ = 2ib'2f] +i{(b?)% — (012} f5 + [(0Y)% + (b)) fy

and

Ty =2ia'a®f +i{(a®)? — (a' )2} fy + [~ (a")* = (@®)P)]f5.

We compute that
2 1
[Ang (B(Ti),TJr)} - m(albz—azbl)‘L.

Thus
I = {(la, @), [V, 1%)) € P(S;) x P(ST) : (a0 — a?bY)* = 0},

This curve is never smooth and has multiplicity four. Notice, that in this the branching

curve represents geometrically a quadruple diagonal.

4.1.2. The K3 surface

In the notation of (2.27), the K3 surface is described by the polynomial

A2g, (Qﬂ+(T+), T+)52 +2A%g, <B(T_), T+)s + A%, (w_(T_), T_) = 0

( —2a'a%D'0? + (a2 ()2 + (a2)2<b1)2)s = 0

4.2. The example of (52 x 52, ¢(t))

4.2.1. The branching curve

The initial metric go (with respect to spherical coordinates on both $? factors) is given by
g0 = dgi +sin® 1) + dy + sin’® yrdy).
Now a solution to the Ricci flow is given by

g(t) = (1 —2t)d¢? + (1 — 2t) sin® p1dp3 + (1 — 2t)dyp? + (1 — 2t) sin® Py dp3.
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The set {%, a% 8%71’ a%z} constitutes a basis for TyM. We obtain an orthonormal frame,

with respect to which the metric becomes diagonal by setting

1 0 1 0 1 ) 1 0

€q = 6= /5, /b= T ———=g = T/ . . 3.
{ T 21091 "~ V1 _2tsingn 992’ V12091’ " VI 2tsing, allJz}

Then

@b (1—2f)sing; 01 oy’ "~ (1—2t)dp, oy’

o (1—2t)singy oy o,” " °~ (1—2t)sing opp 9y’

I IO S I
V1= 2tsing;sing; g2 0" V1 —2tsiny; 01 92

is an orthonormal frame for A2T, M and

1 1
{fli = —(ea/\ebiec/\ed),fzi = —(ea/\eC:Feb/\ed),]gi = —(ea/\edieb/\ec)}.

V2 V2

N

The Christoffel symbols are given by

. Cos ¢ Cos 4 COSYq
I,,! = —cos ¢y sin , 1"2:,7, r,=-= I,,” = ——
2 $1sin¢y 12" = Singy 44 Sin * = Sinys
2 _ Cosr 4 _ cosi
21 — ’ 43 — .
sin ¢y sin i
The components of the (3,1)-Riemann curvature tensor are given by
Rin! —sin?r,  Rp= 01 oo g Ryt = SO 9171
122 = 1 20T gy e = ¥, e
Ryp! = —sin’ 1, Ryy” =1, Ry’ = —sin’¢1, Ry =1.
The components of the (4,0)-Riemann curvature tensor are given by
Rap1 = —(1—2t) sin® ¢y, Ro1p = (1 —2t)sin® ¢y, ,
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Then
Rabba =
Rbaba =
and
Rcddc =
Rcdcd =

4. Examples of local invariants

1 1
1—2t Rapap = 12t
1 1
12t Ryaar = 1—2t
1 1
- R - -
1—2t cded 1—2¢t
1 1
Y R — T AL
1—2¢ cdde — 14

We are now in position to compute the scalar curvature.

Ruu = Rbaab = %
Ry = Ry = ——
bb abb 1— 2t
R Racca = ﬁ
R,;, =R = L
dd cdd 1—2t
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Thus scal = % and %‘zﬂ = 3(11?0 Furthermore
N2 (Rm(f), i) = A2gu(Rm(—=(ea Aey +ec Aeq)), —=(ea A ey + e Aea)
V2 V2
1
= 5 (Rabba + Rapdc + Redpa + Reddc)
_ 1
= 2020

IR 1 1
N’gx(Rm(fy), fi) = Azgx(%m(ﬁ(ea Nep —ecNeg)), \ﬁ(ea Nep —ecNeg))
1
= E(Rabbu — Rapac — Redva + Redac)
_ 1
~ 202

This means that the matrices of the bilinear forms

Ngo(m,(),) = Mg ((A—21dn, ) (), )

and
A2g.(W-(),-) = A%((C— %‘IIdA_) (),

are given by

1
6(1—2f) 0 0
1
0 s 0
0 0 1

3(1-2t)

and the matrix of the bilinear form A%g, (B(-), ) by

0O 0 O
0 0 O
0O 0 O
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We are now going to compute the branching curve.

Azgx <§ZI]+(T+),T+> — _M(al)Z(QZ)ZI
N2 (W(T), T-) = — 3= ()2
where
T_ =202 f; +i{ (17)% — (0")2} £y + (81> + (b*)2)f5
and
Ty =2ia'a®f +i{(a®)? — (a' )} fy + [~ (a")> = (@®)P)]f5-
Thus

Ly = {([a!, @), [0',1%)) € P(S;) x P(S{) : (a'a®b'82)? = 0},

Notice, that in this the branching curve represents geometrically a double rectangle.

4.2.2. The K3 surface

In the notation of (2.27), the K3 surface is described by the polynomial

Azgx(‘,ZI]+(T+),T+>sz+2A2gx<B(T,),T+)s+A2gx(‘,ZIL(T,),T,> = 0
(al)Z(a2)252+(b1)2(b2)2 = 0.

4.3. The example of (S? x R?, g(t))

4.3.1. The branching curve

The initial metric gy (with respect to spherical coordinates on the S? factor) is given by

80 = dqb% + sin? ¢1dq>§ +dx? + dyz.
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4. Examples of local invariants

In this case a solution to the Ricci flow is given by

g(t) = (1 —2t)d¢? + (1 — 2t) sin? ¢yd¢p3 + dx* + dy>.

The set {%, a% %, %} constitutes a basis for T,y M. We obtain an orthonormal frame, with

respect to which the metric becomes diagonal by setting

PR S SR W WO W X
T VI-2t0p’ " I-2tsing 92’ - ox’ T By
Then
! b= (1—2t)sin¢1 84)1 8492’ “ T \/1_2t8¢1 ox’
T A=ty oy’ T /T —atsing; on ox’
ep Ae ;i/\ieAe—iAi}
b V1 2tsing, oa ay’ T ax oy
is an orthonormal frame for A2T, M and
1 1 0 0 0 0
+ 1 _ I A
{fl - ﬁ(e“AebieCAed) (T2 sing; og1 " 3gs — ox " 3y’
f?ft — i(ea/\ec:':eb/\ed)zéi/\i:':;i/\i
V2 V1I—=2t9¢1 9x  \/1—2tsing; P2 Iy
1 1 0 0 1 0 0
+
= —(eg,NegteNes))=——— No- b —r—— — A —¢.
f3 A\ aiaEehe) = amgs Ny V1 — 2tsing; 02 ax}

The Christoffel symbols in this case are given by

. Cos ¢1
[,,! = — cos ¢y sin 2 ==
2 $1sin ¢y, 12" = Singy’
r.2_ s P1
21 sin (Pl

The components of the (3,1)-Riemann curvature tensor are given by

cos? ¢ — 1

Ry,,' = sin® ¢y Ryy? = —
122 $1, 121 singr

1 s 2 2
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4. Examples of local invariants

The components of the (4,0)-Riemann curvature tensor are given by

Ry = (1—2t)sin’ ¢y, Rizp = —(1—2t)sin® ¢y,
Rypz = —(1—2t) sin® ¢y, Ryp1p = (1 —2t) sin® 1.
Then
1 1
Rapa = 1725/ Robar = 77
1 1
Ryapa = 12 Ryap = 1=

The Ricci curvature is

1
Ry =Ry, = 1-2;
p 1
Rbb Rabb 1—2¢t
Thus the scalar curvature is given by scal = 25; and %?l = ﬁ. Furthermore
2 +\ o+ 2 1 1
Ag(Rm(f"), fi7) = A gx(%m(ﬁ(ea Nep+ec Aeq)), \ﬁ(ea Nep+ecNeg))
1
= 5 (Rabwa + Rapac + Reava + Redac)
B 1
21 -2t

_ 1 1
Ag (Rm(f), fih) = AZgX(i)%m(\ﬁ(ea Ney—ecNeg)), \ﬁ(ea Nep+ecNeg))
1
= E (Rabbu + Rabdc - Rcdba - Rcddc)
_ 1
- 2(1—2¢)
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4. Examples of local invariants

N 1 1
Ng(Rm(f), fr) = Azgx(f)%m(ﬁ(ea Ney —ecNeg)), —Z(ea Ney—ecNeg))
1
= E(Rabbu - Rabdc - Rcdba + Rcddc)
_ 1
o2(1-2t)°

This means that the matrices of the bilinear forms

Azgx (Qﬂ+('), ) = Ang((A - %Id/M) (), )

and

Ago(2-(),+) = A%((C— Slcglld,\) (),

are given by

1
3(1-21) 0 0
1
0w 0
1
0 0 T6(1-2t)

and the matrix of the bilinear form A2gy (B(‘), ) by

1
2(1-2¢) 0 0
0 0 O
0 0 O

We are now going to compute the branching curve.

N2 (W), To) = — s (0P,
N2 (W(T), T-) = — = (0P,
Ang(B(T,),n) =~
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4. Examples of local invariants

where

T_ = 2ib'2f] +i{(b?)% — (012} f5 + [(0Y)% + (b)) fy

and

Ty =2ia'a®fi +i{(a®)> — (a')*} £, + [-(a')? = (a®)?)]f5".
We compute that
2 4
2 _ 1.27122\2 _ A2 2
[A gx<B(T_),T+)} = G @ = A gx(qm(n),n)/\ gx(QU_(T_),T_>.
One observes, that in this case the branching curve doesn’t exist.

4.3.2. The K3 surface

In the notation of (2.27), the K3 surface is described by the polynomial

Azgx(QII+(T+)T+)sz+2A2gx(B(T_),T+)s—|—A2gx<QU_(T_),T_) =0
(a')?(a*)?s* + 2a'a®b'b%s + (b')2(b*)* = 0.

4.4. The example of (IP?, g(t))

4.4.1. The branching curve

The initial metric grs is the Fubini-Study metric. A solution to the Ricci flow is given by

g(t) = (1 —2xt)grs,

where ¥ > 0. By working exactly in the same way as is the previous examples one can

obtain that the matrix of the bilinear form

N (1,(),-) = A ((A— 2, ) (), )

is given by
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4. Examples of local invariants

1 |
e 0 0
1 1
0 o i 0 /
1 1
0 0 el
that of
2 3L A2 _ scal A
A gx(QU_( ), ) =A gx((C 15 1da ) (), )
by
_ 3 scal 0 0
2(1—2«t) i)
0 -gh 0

12

and finally the matrix of the bilinear form A2g, (B(-), ) by

0 0 0
0O 0 O
0 0 O

We are now going to compute the branching curve.

A?gx (QB+(T+), T+) =0,

A% (W (T),T-) = - (ﬁ _ S'C;ﬂ) P
where
T =20 f; +i{(07)% = (")} fy + (07 + (W2))fy
and

T =2ia'af +i{(a®)* — (a2} " + [—(a")? = (a®)D)]f5.

Thus there is no curve and the branching locus is the whole quadric P(gy).
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4. Examples of local invariants

4.4.2. The K3 surface

In the notation of (2.27), the K3 surface is described by the polynomial

AZgX(Qm(n),n)sz+2A2gx<B(T,),T+)s+A2gx(an,(T,),T,) =0
B'PH)? = 0.

4.5. The example of (5% ¢(t))

In this section we show that the local invarants for the solution (S%, g(¢)) do not exist. The

initial metric go (with respect to spherical coordinates on $*) is given by
90 = A} + sin? Pydp3 + sin’ey sin® Podp3 + sin® sin? ¢, sin® Pzd¢3.
A solution to the Ricci flow is given by
g(t) = (1—6t)dp? + (1 — 6t) sin® p1dg3 + (1 — 6t )sin*¢; sin® pod¢3 + (1 — 6t) sin® sin? ¢, sin® Ppad¢y.

Working exactly as in the previous examples ones can compute that matrices of the bilinear

forms A2gy (th(-), -)and A%g, (QIL(-), ) are given by

1
3(1-6t) 0 0
1
0 3(1—6f) 0
0 0 1

0 0 O
0 0 O0f.,
0O 0 0
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4. Examples of local invariants

which implies that

A?gy (QU+(T+)/ T+) =0,
N2g. (W (T),T-) =0,

with T_ and T4 as in the previous examples. Thus in this case both the branching curve

and the K3 surface do not exist.
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5. Evolving the branching curve under the

Ricci flow

5.1. The evolution of the curvature operator

5.1.1. Uhlenbeck’s Trick

In this section we will demonstrate Uhlenbeck’s trick in order to derive the evolution equa-
tion for the curvature operator with respect to an evolving orthonormal frame. This tech-
nique was introduced in Hamilton’s paper [10] and can be found also in both books [2] and
[3]. We will use this evolution equation in the next section in order to compute the evolution
equation for the coefficients of the branching curve. First we recall the evolution equation

of the components Riemann curvature tensor with respect to some local coordinate system.

5.1.1 Proposition.

d

iR = DRija + 2(Bjjx — Bijik + Bixjt — Birjk)
n

— ) (RFRpjs + RERipis + RYRjpr + R Rijep),
p=1
where
n n
Bijkl = Z gprgquinqurls == Z Rpiquqlkp'

pars=1 pa=1
Furthermore, note that B is quadratic in the Riemann curvature tensor and satisfies the following
algebraic identity
Bijxi = Bjiik = Buij-
We assume that (M", ¢(t)) is a solution of the Ricci flow for t € [0, T) and {e,} is a local

orthonormal frame in an open subset U C M, with respect to the initial metric go. We will
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5. Evolving the branching curve under the Ricci flow

evolve this frame, so that it remains orthonormal with respect to g(f). For each x € U we

define:

%ea(x,t) = Ric(ey(x, 1)) (5.1)

ex(x,0) = &(x).

In this case Ric € End(TM), i.e. is seen as a (1,1)-tensor. For notational simplicity we will

just write e, instead of e, (x, ) from now on.

5.1.2 Proposition. If (M",g(t)) is a solution of the Ricci flow and {e,} is a local frame satisfying

(5.1), then

0
gg(e,x, eg) = 0.

This means that if {€Q} is orthonormal with respect to gy, then {e,} remains orthonormal with

respect to g(t).

Proof.
0 d Jd d
= —2Ric(eq, ep) + g(Ric(eq, ep)) + g(ea, Ric(eg)) = 0.
O
Let {x 1 denote local coordinates on U. Then
n
;0
ey = ;egﬁ.
As a result
Rupys = Rm (evweﬁ/ 67,85)
= R (Lelg Detan L D)
“oxi’ = Faxi’ =T xR = 0 oy

n

— i ol okl
= 2 e;eﬂeveéRijkl.
ijk1=1
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5. Evolving the branching curve under the Ricci flow

5.1.3 Proposition. Let (M",g(t)) be a solution to the Ricci flow then R,p.s evolves by

J
5t Raprs = BRapys +2(Bupys — Bupsy + Bayps — Baspy)

where

n
Bupys = — 3, 878" RueprRyyso-
&,¢1n,0=1

Proof. Observing that
d
—e = Z Rie,
ot * H U

we compute

J — 9 ik
S Ruprs = ) 5(eeperesRijn)
ot S ot WYY
= L [(ﬁewe]ﬁ%eﬂz”kl + e (8t ])e 35R11k1+3aeﬁ(at “r)e&Rukz
ijki=1

o o) - d
+ efxege’; ( — 655) Rijkl + 6;6’%8@,82( & Rijkl)}

n
R ey >e]ﬁe§eé~ 1]k1+e <Z Rmeﬁ)e 65 ijkl
=1

n

+ e&ek( ;1 e 7)6(51{1];(1 —|—e,xe/3 7( Z RLe! )Rl]kl

+ e;e ehe (AR”kl + 2(Biju — Bijik + Bikji — Birjk)
n

— ) (RFRpjus + RERjpig + Ry Ryjpy + R} Ri/kzﬂ))}

=1

= efxefge{{ye [AR;ji + 2(Bijur — Bijix + Bikjt — Birjx)] -

=

O
One observes that now, the last four terms from the evolution equation of Rm in Propo-
sition have been eliminated.
5.1.2. The structure of the evolution equation

Consider the curvature operator im € End(A2T, M) = A2T; M ® A’T;M. In components

we have



5. Evolving the branching curve under the Ricci flow

0 d Al Ady) = R — P SR
qrr=

Rm(

Then the components of the square of the curvature operator, denoted by %im? € End (AT, M)

are given by

K)oy k) (gr)
(R = q;1R<qr> R
v (kD)
= ) R 88" R ij)(ps)-
p.4q,r,5=

The associated bilinear form is determined by its components

2 o - rs
R iwy = X 1R<qr><kz>8q” 8" Rij)(ps)-
p.q.rs=

Thus the components of the associated (4, 0)-tensor are

n
2
(R*)ijw =— Y Rymag™8" Rijps.
p.q.1.5=1

By using the symmetries of the curvature tensor, the first Bianchi identity Rjjy + R +

Rjjjx and the definiton of B;j; one can show, that
(R?)ijk1 = 2(Bijr — Bijux)-

We are now going to introduce the Lie algebra square. Let g be any Lie algebra endowed
with a scalar product (-,-) and let {F*} be a basis of g. The structure constants of g are
defined by

[F*, FPl =Y ¢, FY,

where [, -] is the Lie bracket of g. Let {F,} denote the basis algebraically dual to {F*} such
that Fg(F*) = J5.
Given a symmetric bilinear form L on g*, we may regards L as an element of S?(g) whose
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5. Evolving the branching curve under the Ricci flow

components are given by

Lap = L(Fy, Fp).

There is a commutative bilinear operation # : S?(g) x S%(g) — S*(g) given in the following

way. Let

L=Y LygF*®FF
and

M=) MF"®F.
Then

L#M = Y LygM,s(F* @ FP)#(F' ® F°)
Y LigM,s[F*, F"] @ [FF,F’]
)

ZLD([;M,y(ng“’ngﬁ F¢ ® Fé.

Then

1
(L*)eg o= (L#L)eg = Y LupLoysce ™.

The associated operator is given in coordinates by
(L) = YU FOY LugLosce e, = Y LogLyse e,

For each x € M we can give A2T; M the structure of a Lie algebra g isomorphic to so(n).
Thus we can view R as an element of S?(so(n)).

We can define the Lie algebra square 9im* of the curvature operator in components by

# (pa)(rs) (k1) (uv)(wx
(R 5™ = 12 R ey Ry oy gy P 000,

The components of the associated bilinear form are given by

(pq)(rs) (uv) (wx)
=2 Ripg) o) Rrs) ()€ (i) " C (ki) o
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5. Evolving the branching curve under the Ricci flow

and those of the associated (4, 0)-tensor by
(R#)ifkl = ZRPquRrswa(ij)(pq)(ys)C(lk)(uU)(wx).

Then by using the definition of B;j; and the fact that the structure constants are those for

so(n) one can show, that

(Rt = 2(Byaj — Byje)-

An explicit argument for that can be found in the book [2] on page 185.
As a result by the construction above we can write down an evolution equation for the
curvature operator with respect to an orthonormal frame which evolves to stay orthonor-

mal. This is given in the next theorem.

5.1.4 Theorem. If g(t) is a solution of the Ricci flow, the curvature operator evolves by

0
o5 Rm = ARm + Rm? + Rm*.

5.1.5 Remark. One has exactly the same evolution equation for the bilinear form R and the
(4,0)-tensor Rm as well. This follows from the fact that we are working with an orthonor-

mal frame.

Hamilton showed in his paper [10], that in dimension four we have the following evo-

lution equations for the various parts of the curvature operator, with respect to the block

A B
decomposition of the curvature operator Sim = mentioned in Chapter 2.

Bt C
5.1.6 Corollary.

Let (M*, ¢(t)) be a solution to the Ricci flow. The evolution equation for the curvature

operator breaks up in to three equations:

gtA:AA+A2+2A#+BBt,

aatB:AB+AB+BC+2B#,

E?tc:AC+C2+2C#+BfB.
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5. Evolving the branching curve under the Ricci flow

5.1.7 Remark. Here the Lie algebra square is given by the adjoint matrix. Precisely A* =

detA- (A", B¥ = detB- (B)~!, C* = detC- (C")~L.

5.2. The evolution equation for the coefficients of the branching

curve

We would like to compute the evolution of the coefficients of the branching curve (2.28)

under the Ricci flow. We polarize and define the following (4, 0)-tensor

n(uy,u_hy,ho) = A%gy (B(u_), h+)A2gx <B(h_), u+>
—Azgx((A - %Idm) (u+),h+>A2gx<(C - %lldA_)(u_),h_),
where uy +u_, hy +h. € (MATM®C) & (A2 T:M® C) and 7 := 75(x,t) A%gy =
A%g(x,t), A:= A(x,t), B:= B(x,t), C := C(x,1).
5.2.1 Proposition. Then tensor 1 evolves under the Ricci flow as follows
(ERTE

A% ((AB + BC +2B*) (u-), 1 ) A% (B(h-),u ) +

+ A%, (B(u-), by ) A2 ((AB+ BC+2B) (h-),uy ) -

—Azgx<(A2 +2A* + BB — é\RiclzldM) (u+),h+>A2gx<(C - %lldu (u,),h,) -
—A2gx<(A . %IdM) (u+),h+>A2gx((C2 +2C* 4+ B'B - %|Ric|21dm) (uf),hf> -

—2A2gx(VB(u_),h+)A2gx(VB(h_),u+) +2A2gx<VA(u+),h+)A2gx (VC(u_),h_).
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5. Evolving the branching curve under the Ricci flow

Proof. By using Corollary we obtain that ( % 17) (ugp,u_,hy h_) =

- R0 I0) 5005 01
((5’9 sc§11dA+)) (u+),h+>A2gx((C — %Id,\ _),h- )
(( scalldm)(qu),th)Azgx(( st(C — ﬁalldl\ ), he )

- A2gx((AB + AB + BC + 2B) (u,),h+>A2gx (B(h,),qu)
A2g, (B(u,),h+)A2gx<(AB + AB+BC +2B*)(h_), u+)

_Azgx((AA+Az+zA#+BBf (— Ascal—l—f]Rm] )IdA+))(u+),h+>

12
scal scal

A28x<(c = tda) (u-), b >—A28x<(A B IdA+)(”+)/h+>

1
A%g((AC+C*4+2C* 4+ B'B - —Ascal+—|Ric| Mda ) (u),h).
§ 12 6

The result follows immediately. Notice that the V terms come from the Leibniz rule for the

Laplacian of the product of two tensors. ]
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6. Type | singularities on 4-dimensional

manifolds

By the results of Naber [20] and Enders, Miiller, Topping [6] on Type I singularities for the
Ricci flow, it follows that along any sequence of times converging to the finite extinction
time T, parabolic rescalings will subconverge to a normalized nonflat gradient shrinking
Ricci soliton. In this chapter we use the construction of Chapter 2 and apply it to this
result, in order to obtain a characterization of the nonflat gradient shrinking solitons in the

language of local invariants.

6.1. Cheeger-Gromov-Hamilton Compactness Theorem

In this section we will introduce the Compactness Theorem of Cheeger-Gromov-Hamilton.
This theorem is crucial when we try to analyze singularities in the Ricci flow. We will start

with some definitions. Further details and the proof of the Theorem can be found in [4].

6.1.1 Definition. A marked solution to the Ricci flow is a 4-tuple (M", g(t), x, F), where M"
is a Riemannian manifold , x € M" is a choice of point, called the origin , t € (&, w) with
—00 <o <0< w < 400 and F is a frame at x which is orthonormal with respect to the

initial metric go.

6.1.2 Definition. Let K C M" be a compact set and {g; }icN, $oo Riemannian metrics on M".
For k € {0} UIN we say that g; converges in C* to go uniformly on K if, for all & > 0 there

exists 19 = 1p(€) such that for 1 > g
sup sup [V"(gi — §wo) g <&

0<m<k xeK

where the covariant derivative V is with respect to ge.
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6. Type I singularities on 4-dimensional manifolds

6.1.3 Definition. We say that a sequence of open sets {U,}icn in a manifold M is an ex-
haustion of M" by open sets if for every compact set K C M" there exists 1y € IN such that
K c U; for all ¢t > .

6.1.4 Definition. Let {U;};cn be an exhaustion of M" by open sets and let g; be Riemannian
metrics on U;. We say that (U, g;) converges in C® to (M", g) uniformly on compact sets
in M" if for any compact set K C M" and any k > 0 there exists 19 = (K, k) such that

{gi}i>, converges in C¥ to g uniformly on K.

A solution g(t)of the Ricci flow, t € I for some interval I, is said to be complete, if for

each f € I the Riemannian metric g(t) is complete.

6.1.5 Definition. A sequence {(M/, gi(t),x;, Fi) }ien, t € (a, w) of smooth, complete, marked
solutions to the Ricci flow converges to a complete, marked solution to the Ricci flow

(M2, goo(t), Xoo, Foo), t € (a, w), if
(i) there exists an exhaustion {U; };cn of Moo by open sets with xo € U, for all i € N,

(ii) there exists a sequence of diffeomoprhisms
471‘ U — (Pl<u,) C M;q,

with ¢;(Xe) = x; and (¢;)«Feo = F; for all i € N and
(i) (Uj, ¢} [gi(t) ’¢(u,-)} ) converges in C® to (MZ, g« (t)) uniformly on compact sets in M.

The next theorem is known in the literature as the Cheeger-Gromov-Hamilton Compact-

ness Theorem.

6.1.6 Theorem. Let {(M/,g;(t), xi, Fi)}ien, t € (a,w) > 0 be a sequence of smooth, complete,
marked solutions to the Ricci flow. If

(i) |ngi(t) |gi(t) < Cp on M; x (a,w), for some constant Cy < oo idependent of i,
(i1) injgi(o)(xi) > 6, for some constant § > 0,

then there exists a subsequence {j; };icn such that {(MZ, gii(t), xj,, Fj,) Yiew converges to a complete

marked solution to the Ricci flow (ML, eo(t), Xoo, Fo), t € (&, w), as i — oo.
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6. Type I singularities on 4-dimensional manifolds
6.2. Type | singularities and the branching curve

6.2.1 Definition. A complete solution (M", g(t)) to the Ricci flow defined on a finite time
interval [0, T), T < oo is called a Type I Ricci flow if there exists some constant C > 0 such

that for all t € [0, T)

sup | Rmg gy | < ——.
M 8(t) 1g(t) T—¢t
Furthermore we say that the solution g(t) develops a Type I singularity at time T.

We know that if the singularity time T is finite, then the curvature becomes unbounded

Iim ( sup | Rm = oo.
(MPV a0 ls0)

t—T

A complete proof for this argument can be found in [2]. The most well known examples
of Type I singularities are the neckpinch singularity modelled on a shrinking cylinder and
those modelled on flows starting at a positive Einstein metric or more general at a gradient
shrinking Ricci soliton with bounded curvature.

One can show that in the Type I case if we apply the parabolic maximum principle to the

evolution equation of | Rm |> we obtain that

sup | Rmy ) | (1) > _

TP IR I5(0) = g 3y
for all t € [0,T). The proof of this result can be found in [3] on page 295. A detailed
exposition on the maximum principles can be found in Chapter 4 of [2]. In the proof of the
statement above one uses a version of the parabolic maximum principle for scalars, which

applies to complete solutions of the Ricci flow and can be found on page 276 of [3].

6.2.2 Definition. A quantity A(t) is said to blow up at the Type I rate as t — T is there exist

cosntants C > ¢ > 0 such that

forall t € [0,T).

6.2.3 Definition. A sequence of points and times {(x;,t;)} with x; € M" and t; — T is
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6. Type I singularities on 4-dimensional manifolds

called an essential blow up sequence if there exists a constant ¢ > 0 such that

C
T—t;

| Reng 1) [g(e) (xi) =

6.2.4 Definition. A point x € M" in a Type I Ricci flow is called a Type I singular point if
there exists an essential blow-up sequence with x; — x on M". The set of all Type I singular

points is denoted by X.
We will need the following lemmas in order to prove our result for Type I singularities.

6.2.5 Lemma. Let (M4, Q) be a 4-dimensional Riemannian manifold and x € M, such that the
branching curve T'y exists. Then I'y remains invariant under scalings of the metric by a constant

factor.

Proof. Let k be some constant factor and and let § = xg. Then we know that A2§ = x?A?g,

and Rm = 1 %m. Then the branching curve is given by

rf = {(la",?, [0, %)) € P(S7) x P(SY) ¢ (k2%
KZAzgx(%mu(n),T+)K2A2gx(%m_(T_),T_) ~0}
= {2 091 € P(S;) x P(ST) k(A% (B(T.), TL))

K2A2g, (Qﬂ+(T+),T+)A2gx (QB_(T_),T_) =0}

= TI%.

O]

6.2.6 Lemma. Let {(M",gi(t),x, Fi(t))}ien, t € (2, w) > 0 be a sequence of smooth, complete,
marked solutions to the Ricci flow, where the time-dependent frame F;(t) evolves to stay orthonormal.
If the sequence converges to a complete marked solution to the Ricci flow (Meo, Qoo(t), Xeo, Foo (1)),
t € (a,w)asi — oo, where Fo(t) evolves to stay orthonormal, then the sequence { (M, Rmyg, ), x, Fi(t)) }ieN,

t € (a,w) > 0 converges to (Meo, Rmyg_ (1), Xoo, Foo(£)), t € (2, w) as i — 0.

Proof. Let {U;}ien be an exhaustion of M« by open sets with xo € U; for all i € IN. Fur-
thermore let ¢; : U; — ¢i(U;) C M be a sequence of diffeomorphisms with ¢;(xe) = x
and (¢;)+«Feo(t) = Fi(t) foralli € N and t € (a, w). We know that (U;, ¢/ [gi(t)\g,,(ui)}) con-

verges in C*® t0 (M, 8o (t)) uniformly on compact sets in M. But uniform convergence
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6. Type I singularities on 4-dimensional manifolds

of ¢f {gi(t) | 4,(ul,)} to geo(t) in CF for any k > 2 implies immediately uniform convergence of
¢F [ngi(t) ] ¢(u[)] to Rm,_ ) in C*=2. This comes from the fact, that the components of the
Riemann curvature tensor are determined by the second (spatial) derivatives of the com-
ponents of the Riemannian metric tensor. Thus one can deduce that (Uj, ¢; [ngi(t) |¢(Ui)] )

converges in C* to (Mw, Rmg_(;)) uniformly on compact sets in Mc. O

6.2.7 Remark. There is a reason behind the fact that we choose to work with an evolving
orthonormal frame, which evolves to stay orthonormal. We want to prove the next Theo-
rem, which states, that convergence of metrics implies convergence of curves. This extra
assumption guarantees us the desired extra control over the convergence of curves. One
should also observe, that the Theorem can be reformulated in the context of evolving

orthonormal frames directly. This will be a crucial step in the proof of Corollary

6.2.8 Theorem. Let {(M*, ¢;(t),x,Fi(t))}ien, t € (a,w) > 0 be a sequence of smooth, com-
plete, marked solutions to the Ricci flow, where the time-dependent frame F;(t) evolves to stay or-
thonormal and assume, that the sequence converges to a complete marked solution to the Ricci flow
(ML, g0 (), Xoo, Fso(t)), t € (&, w) as i — oo, where Fo(t) evolves to stay orthonormal as well. Let
{Fﬁi(t) }ien be the sequence of one-paramenter families of branching curves associated to x € M and

Tﬁz(t) the one-parameter family of branching curves associated to Xoo € Moo (if this exists). Then

Fii(t) converges to Fﬁz(t) as i — oo, in the sense that the coefficients of the curves converge.

Proof. By the Lemmal6.2.6|/we know that the Cheeger-Gromov convergence can be extended
to the case of Riemann curvature tensors as well. The coefficients of the branching curve
are given by polynomials of components of Rm. By the elemantary fact that a polynomial

is a continuous function the result follows. O

We will need at this point the notion of the parabolic rescaling (or parabolic dilation) of
Ricci flows. The Ricci flow has scaling properties, that are essential for blow up analysis for
singularities. Let (M", g(t)) be a Ricci flow on [0, T). Given a scaling factor A > 0, if one
defines a new flow ¢(t) = A~1¢(T + At), for t € [-A~1T,0), then

J .
a—tg(t) = —2Ricy(y)

and so ¢(t) is also a Ricci flow. Under this scaling, the Ricci tensor is invariant, but sectional
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6. Type I singularities on 4-dimensional manifolds

curvatures and scalar curvature are scaled by the factor A. The connection also remains
invariant. The main use of this rescaling will be to analyse singularities that develop under
the Ricci flow. In such a case the curvature tends to infinity, so we perform a rescaling
of the flow where the curvature is becoming large, in such a way that we can pass to a
limit, which will be a new Ricci flow encoding some of the information contained in the

singularity. This is a very successful strategy in many branches if geometric analysis.

6.2.9 Corollary. Let (M*,¢(t)) be a Type I Ricci flow on [0, T) and x € ;. Furthermore let ™
be the one-paramater family of branching curves associated to x. Let us choose a sequence of scaling

factors A;, such that A; — 0. We define the rescaled Ricci flows (M*, g;(t), x, Fi(t)) by
gi(t) = A 'g(T+ Ait), t € [=A;'T,0),

where the time-dependent frame F;(t) evolves to stay orthonormal. Then the one-parameter family of

TH4) and subconverges to the one-parameter family of curves Tﬁzm (if this exists)

curves F§i(t) is 1"§(
of a nontrivial normalized gradient shrinking Ricci soliton (M2, §eo(t), X0, Feo(t)), t € (—00,0) in

canonical form, where F(t) evolves to stay orthonormal.

Proof. By the Lemma the branching curves are invariant under scalings of the metric by

a constant factor. Thus I'S’ ®) _ ré (T+Ait)

Hamilton there exists a subsequence {j;} such that (M*, g; (t), x, F;,(t)) converges to a

. By the Compactness Theorem of Cheeger-Gromov-

complete, pointed ancient solution to the Ricci flow (M%, goo(t), Xoo, Fo(t)) on (—o0,0). By
the result of Enders-Miiller-Topping ([6], Theorem 1.4) this singularity model is given by a
nontrivial normalized gradient shrinking Ricci soliton in canonical form. The result follows

immediately from Theorem O

6.2.10 Remark. As the Corollary shows, the (limiting) branching curve can serve as an in-
variant of the singularity model for Type I singularities in dimension four. It still remains
open which normalized nontrivial gradient shrinking Ricci solitons can occur as singularity
models in the four dimensional case. Thus by studying limiting curves of Type I singulari-
ties, we get indications for the possible singularity models for Type I singularities in the four
dimensional case. Precisely, we hope that this approach (or even more the sophisticated K3

surfaces approach, which will be discussed in a forthcoming paper) will contribute in the
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direction of determing the generic singularity models in dimension four. In the next, we
will discuss what we understand under the notion of stability.

Following the discussion in the Introduction, one of the keys to understand the nature of
singularities, that develop in the Ricci flow is to adequately classify the set of singularitiy
models that may arrise. The signularity formation in the three dimensional case has been
fairly well understood. It follows by the Hamilton-Ivey pinching estimate ([12] and [17]),
that the only possible three dimensional singularity models have nonnegative sectional
curvature. This is a highly restrictive condition. On the other hand, Maximo showed in
[19], that in dimension four, the singularity models for finite singularities can have Ricci
curvature of mixed sign. As a result the only restriction on the curvature remaining for
n > 4 is nonnegative scalar curvature, which is unfortunately a too week restriction to be
useful.

Thus in dimension greater that three, a full classification of the possible singularity mod-
els is rather impractical. A more promising alterative would be to classify the generic or at
least the stable singularity models. A singularity model developing certain original data is
labeled stable, if flows starting from all sufficient small perturbations of that data develop
singularities with the same singularity model. Furthermore, a singularity model is labeled
generic, if flows that start from an open dense subset of all possible initial data develop sin-
gularities having the same singularity model. Clearly, a singularity model can be generic
only if it is stable. More details can be found in [16]].

It is conjectured by experts, that the only candidates for generic singularity models in
dimension four are 5%, $® x R, 5% x R2. These singularity models are known to be generic.
There is another soliton, which is now known yet if it is generic or not. This the (£?,h),
which is the blow down soliton constructed by Feldman, Ilmanen ann Knopf in [7]. If the
blow down soliton is generic, then it will be also in the list.

A possible application of our construction could be to contribute in the direction of de-
termining the generic sigularity models in dimension four. The idea would be find to a four
dimensional manifold, such that its singularity model is the blow down soliton. Following
our Corollary, this would imply a convergence result for branching curves. We could make
a small perturbation of the initial data and compute the associated family of branching

curves at the singular point. If now the new family of branching curves doesn’t converge to
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the family of branching curves associated to the blow down soliton, then we could deduce,
that the blow down soliton is not a generic singularity model.

We believe strongly, that by choosing the K3 surface as an invariant instead of the branch-
ing curve, we can obtain even better results. The reason is, that the K3 surfaces approach
is more a sophisticated tool and their moduli space is well understood. Recall, that the
interested reader can find more details on the coarse moduli space for lattice polarized K3
surfaces in the Appendix. This will be part of our forthcoming work. The hope is, that these
invariants will provide us with a better understanding of the generic singularity models for

Type I singularities for the four dimensional Ricci flow.
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This is a short introduction to the theory of K3 surfaces. We list the results without giving
any proofs. The interested reader can look up the proofs of the statements below in the
books [1] or [15]. The first book is a very good reference for the general theory of algebraic

surfaces and the second one is a comprehensive reference for the theory K3 surfaces.

A.1. Definition and examples

A.1.1 Definition. A complex algebraic K3 surface is a projective, connected complex surface

X with Kx = Oy (trivial canonical bundle Kx) and H 1(X, Ox) =0.

Recall that the canonical line bundle is given by Kx = A2T*X(19). In other words it is
the highest exterior power of the holomorphic cotangent bundle. Holomorphic sections of

Kx correspond to holomorphic top-degree forms.
A.1.2 Remark. From now on by a K3 surface we will mean a complex algebraic K3 surface.
Let’s take a look at some examples of K3 surfaces.

A.1.3 Example. (K3 surfaces of degree 4,6 and 8) Let X be a smooth complete intersection
of type (dq,..,dy—2) in P", i.e. X is a surface which is the transversal intersection of n — 2
hypersurfaces of degree d, ..., d,_ respectively. Without loss of generality we may assume

that d; > 2 for every i. Then X becomes a K3 surface only when
(i) n =3 and d; =4, i.e. X is a quartic surface in P3

(i) n =4 and (dy,d2) = (2,3), i.e. X is the complete intersection of a quadric and a cubic

in P*

(iii) n =5 and (dq,da,d3) = (2,2,2), i.e. X is the complete intersection of three quadrics in

IPS.
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A.2. Lattices

A.2.1 Definition. A finitely generated, free Z-module L of rank n together with a symmet-

ric, non-degenerate bilinear form
(+):LxL—=2Z,

is called a lattice of rank 1. With respect to a choice of basis for the Z-module, the symmetric
bilinear form may be represented by a matrix denoted again with L . The lattice L is called

unimodular if det(L) = +1 and it is called even, if
(x,x) = 0(mod2),

i.e. the associated quadratic form takes only even values. If (x,x) > 0 for all x # 0 it
is called positive-definite. A lattice is definite if it is either positive or negative definite,
otherwise it is called indefinite. The signature of L is that of the quadratic form L ® R over

R.

A.2.2 Example. (The hyperbolic plane U) As a Z-module it is Z* and if ey, e, is the standard

basis, the Gram matrix [(e;, ¢j)]; ; is just

It is an even, unimodular rank 2 lattice of signature (1,1).

A.2.3 Example. (The root lattice Eg) As a Z-module, Eg = 78 and on the canonical basis the

Gram matrix [B(e;, ¢;)];, is just the Cartan matrix of the root system Eg and is explicitely
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given by

Eg =

o O O o o o

0
0 0
0 O
0 0
0 0

(@) (a) o (@)
(@]
|
—_
N
|
—_

The lattice Eg is even, unimodular and positive definite. Changing all signs yields —Eg, a

negative definite lattice.

A.3. Topological and analytical invariants

We would like to compute the Euler number e(X). For a K3 surface X holds by definition
(X, Ox) =1 and h'(X, Ox) = 0. By Serre duality we have that h?(X, Ox) = h°(X, Ox) =

1. So the Euler characteristic is

X(X,00) = Y (~1)H(X,0x) =2
i=0

Now by Noether’s formula
1 -
X(X,0x) = E(Kx +e(X))
and by using the fact that Kg-( = 0 we obtain that the Euler number is
e(X) = 24.

The next Proposition gives us the singular cohomologies for a K3 surface. In particular
we have the following result.

A.3.1 Proposition. Let X be a K3 surface. Then

o H'(X,Z) = H(X,Z) = Z
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A. K3 surfaces
e H(X,Z) 2 H}(X,Z) =0

e H2(X,Z) is torsion free and is a free abelian group of rank 22. Furthermore if we equip it
with the cup product pairing it becomes an even, indefinite, unimodular lattice of signature

(3,19).

We automaticaly obtain that H'(X,Z) = Z because X is connected and H*(X,Z) = Z
because X is oriented. The proof for the rest of the statements can be found in [1].

From the previous Propositon we have that
bi(X) = rank(H' (X, Z)),

so that by = by = 1 and b; = b3 = 0. We showed before that ¢(X) = 24 and from the

standard theory for algebraic surfaces one has

So one obtains that by (X) = rank(H?(X,Z)) = 22.
A.3.2 Theorem. Every K3 surface is Kihler.

A.3.3 Proposition. For a K3 surface the Hodge diamond is given by

1
0 0
1 20 1
0 0
1

A.3.4 Proposition. Let X be a K3 surface. Then H*(X, Z) endowed with the cup product pairing

forms a lattice, isometric to the K3 lattice
Axz = (—Es)® (—Eg) U U U.

A.3.5 Remark. So the lattice Ak3 has rank 22 and signature (3, 19).
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A. K3 surfaces

A.3.6 Theorem. Every K3 surface is simply connected.

A.4. Moduli of K3 surfaces
The isomorphism H?(X,Z) = Aks is not unique.
A.4.1 Definition. A marking on X is a choice of isometry ¢ : H*(X,Z) — Axs.

Let w € H2Y(X) = H%(X, Q%) be any class. Then (w,w) = 0 and (w, @) > 0. So, if ¢ is a
marking for X and ¢¢ its complexification, then ¢c (H*°(X)) defines a point in

Q:={[w] e P(Ax3®C) : (w,w) =0, (w,w) > 0}.

() is a 20-dimensional quasi-projective variety called the period space of K3 surfaces. The
point defined by ¢c (H*"(X)) is the period point of the marked K3 surface (X, ¢).

A.4.2 Theorem (Surjectivity of the period map). For each [w] € Q, there is some marked K3
surface (X, ¢) such that [w] = ¢c(H>°(X)).

In other words, every point of () occurs as the period point of some marked K3 surface.
Also, as a corollary of the so called weak Torelli theorem for K3 surfaces, we have an

injectivity statement.

A.4.3 Theorem. If (X, ¢) and (X', ¢") are marked K3 surfaces with
¢c(H*(X)) = ¢pc(H* (X)) € O,

then X and X' are isomoprhic.

Indeed, the period space () is a fine moduli space for marked K3 surfaces and it is
observed that dim¢ (Q) = 20.

We will now introduce lattice polarized K3 surfaces.

A.4.4 Proposition. For a K3 surface holds

Pic(X) = NS(X).
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A. K3 surfaces

Here NS(X) denotes the Neron-Severi group.

It is well known that that for a projective surface holds that
NS(X) = H*(X,Z) N H"'(X) c H*(X, Z).

So Pic(X) = NS(X) becomes a sublattice of H?(X,Z), called the Picard lattice (or Néron-
Severi lattice). The Picard number p(X) = rank(NS(X)) = rank(Pic(X)) is at most the

dimension of H!(X).

A.4.5 Proposition. Let X be a K3 surface. Then
0<p(X)<20

and the signature of the intersection form on NS(X) ®z R is (1,p(X) — 1).

Let A be a lattice of signature (1,7 — 1), that can be primitively embedded in the K3 lattice
Aks. A lattice polarized K3 surface of degree 2k, for k > 0 is a K3 surface X together with
a primitive embedding

1: A — Pic(X),

such that ((A) contains a psudo-ample element / € Pic(X), such that h? = 2k.
There is coarse moduli space of lattice polarized K3 surfaces with is constructed as fol-

lows. Fix an embedding A — Ags and define

Qp ={[w] e P(Ag3®C) : (w,w) =0, (w,@) >0, (w,m) =0, Vm € A}.

Q) is called the period space of lattice polarized K3 surfaces of degree 2k. As before,
we have surjectivity and injectivity results and this time, the coarse moduli space for lattice

polarized K3 surfaces (forgetting the marking) is constructed as the quotient
Misa = Qp/{y € Aut(Ax3) : 7(A) = A}

Notice that dime (Mgs a) = 20 — rank(A).
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