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Figure 0.1: Minimal surface spanning a septfoil knot, demonstrating spontaneous
symmetry breaking and nonuniqueness of the solutions to the least area
problem: While the boundary curve has sevenfold rotation symmetry,
the presented surface lacks this symmetry; rotation by integer multiples
of 27—" produces further minimal surfaces.



Figure 0.2: Minimal surface spanning a figure-eight knot. (A 3D-print of the bound-
ary curve is part of the Gottingen Collection of Mathematical Models
and Instruments.)

Vi



Introduction

This thesis is concerned with the convergence behavior of the solutions to parametric
variational problems. An emphasis is put on sequences of variational problems
that arise as discretizations of either infinite-dimensional optimization problems or
infinite-dimensional operator problems.

Apart from which is of purely preparatory nature, the present work
consists of essentially three parts, each of interest on its own but still depending on
each other:

The first part consists of Chapters[2]and[3] In particular, [Chapter 2]is the theoretical
backbone of the whole work. We discuss parametric minimization problems in their
most general form. In particular, the chapter can be read as a blueprint for conducting
convergence analysis in practice (and we will use it this way in the third part of
this work). We introduce a language that will sound familiar to workers in the area
of variational analysis as well as to those in the finite elements community. This
language is based on Strang’s second lemma and provides sufficient conditions for
variational convergence of sequences of minimization problems. These conditions
are divided into three groups: consistency, proximity, and stability. Consistency
encodes the ability to approximate the values of the functionals being minimized;
proximity encodes the ability to approximate the solutions; and stability encodes
the growth rates of the objective functions away from their minimizers. Consistency
and proximity are closely related to epigraphical convergence. Often, they can be
verified by standard methods from approximation theory. However, stability is more
difficult to investigate. We introduce two notions of stability: the first, which we
term topological stability, implies Kuratowski convergence (and in certain cases also
Hausdorff convergence) of minimizers and is tightly related to lower semi-continuity;
the second, quantitative stability, allows for convergence rates to be easily deduced,
but is not readily verifiable in concrete applications.

In we investigate the consequences of on parametric operator
problems. In particular, we obtain nonlinear generalizations of the main convergence
theorems in the theory of generalized Ritz-Galerkin schemes, namely Cea’s lemma

and the two lemmata of Strang (Section 3.3).
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We point out that this theory is capable of treating nonlinear variational problems
with nonunique solutions; it encompasses the existing convergence theory for convex
minimization problems and monotone operator problems, but it is not limited to
these cases; and it was particularly designed to be easily applicable to nonconforming
discretization schemes.

Although we focus on convergence of discretization schemes, the results of Chap-
ters [2] and [3] may also be applicable to other limiting problems such as thin shell
and rod limits in elasticity, continuum limits of particle systems, homogenization
problems or for analyzing regularization methods.

One of the hardest tasks in dealing with geometric variational problems is to
find a definition of a configuration space together with a technically feasible and
geometrically meaningful notion of distance: e.g., even in the classical, seemingly
simple, least area problem of surfaces, it is not obvious what a surface should be. The
second part of this thesis is devoted to this task. We develop a suitable configuration
space for the least area problem. It turns out that this configuration space is also of use
for problems in nonlinear elasticity. A central building block for this configuration
space and its metrics is a certain Riemannian metric on the space of inner products
on a finite-dimensional real vector space. This will be introduced in where
we also investigate its invariance properties. In we introduce a space of
Lipschitz immersions from an abstract, compact smooth manifold into R™, equipped
with metrics that are invariant under the action of the diffeomorphism group. Being
invariant, these metrics descend to metrics on shape space, the quotient of the space
of Lipschitz immersions by the group of diffeomorphisms.

In the third and final part we apply the theories of parametric optimization and
of Lipschitz immersions to two concrete examples: the approximation of minimal
surfaces (Chapter 7)); and the approximation of static solutions of a full-dimensional,
nonlinear elasticity model (Chapter 8)), both by finite element discretizations. The
configuration spaces of both problems consist of immersions of an abstract smooth
manifold into Euclidean space and we discretize these spaces by considering im-
mersed simplicial complexes, i.e., triangle meshes and tetrahedral meshes, as discrete
configurations (Chapter 6)). To some extent, the discretization can be described as
continuous, piecewise linear finite elements. As mentioned above, will
serve us as a guideline in the proof of variational convergence of these discretizations:
Under certain assumptions on existence and regularity of solutions, we show con-
sistency, proximity and topological stability of the discretization schemes in terms

of the metrics introduced in The theory developed in then im-

plies Kuratowski convergence of discrete (almost-)minimizers to smooth minimizers.
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The approximation theory needed for showing consistency and proximity will be

developed in

The discretization and the detailed convergence analysis for minimal surfaces will
be treated in While the used discretization has been successfully applied
several times in numerical computation{] there has been no notable convergence
analysis for it so far.

We also discuss another discretization scheme for which a partial convergence
analysis was conducted in [20] (Section 7.3).

In{Section 7.7|we briefly discuss two area decreasing flows on the configuration
space of immersion. Suitable discretizations of these flows can be used to numerically
approximate minimizers of the discrete area functional.

is devoted to a nonlinear elastic energy which involves the Hencky
strain tensor. To our surprise, the Hencky strain tensor arose naturally as a certain
gradient vector field on the space of inner products on a finite-dimensional vector
space (Section 4.4). Since we belief that this perspective is new, we spend some
effort to outline the relationship between the Riemannian geometry of the space of
inner products on the one hand; and the role of the Hencky strain tensor in nonlinear
elasticity on the other hand (Sections [8.1]and [8.2). Afterwards, we discretize the
smooth elasticity model by using tetrahedral meshes immersed into R* and apply
it to the problem of finding static solutions of a material under the influence of
a potential and under partial Dirichlet boundary conditions. Assuming existence
and W>*-regularity of solutions, we show consistency, proximity, and topological
stability with respect to the W'*-norm, thus Kuratowski convergence of the discrete
solutions to the solutions of the smooth problem.

I'The earliest account we could find is by Wagner [37]] and goes back to 1977.
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1 Preliminaries

In this text, the symbol C usually refers to a “generic constant” that may be increased
during the course of a proof. Sometimes, we mark the dependence on certain
quantities by attaching them in parentheses. For example, C(s) depends on the entity
s. In this context, s is usually assumed to be fixed as well.

1.1 Functional Analysis

If not otherwise stated, vector spaces are assumed to be over the reals. For normed
spaces (X, ||lx), (¥, |Illx), we denote the space of continuous linear maps from X to
Y by L(X;Y). For A € L(X;Y), we denote by ||A|| the operator norm. The continuous
dual space of X is denoted by X’ and if not otherwise stated, (-, -) refers to the bilinear
pairing

() X' XX >R, (&, x) = &(x).

The dual map of A will be written as A" € L(Y’; X”). Differentiability is always meant
in the sense of Fréchet differentiability.

1.2 Differential Geometry

We will discuss smooth manifolds, smooth manifolds with boundary, and smooth
manifolds with corners. It belongs to the curiosities of mathematical language that
every smooth manifold is also a manifold with boundary; and that every manifold
with boundary is also a manifold with corners. In particular, even a smooth manifold
M without boundary (i.e., with dM = 0) is a smooth manifold with boundary—and
even a smooth manifold with corners.

Let M, M, be smooth manifolds with corners and f: M — M, a differentiable
map. We write T M for the tangent bundle of M and T’ M for the cotangent bundle
(the continuous linear forms on T M). The tangent map or (total) differential of f is
denoted by Tf: TM — T M,. In the case that M, = Y is a Banach space, the tangent
bundle TM, = Y x Y is trivial and we may write df for the fiber component of the
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tangent map 7' f. This leads to the identity 7, f = (f(x),d,f) for all x € M. More
generally, we use d for the exterior derivative of differential forms. If M C X is an
open subset of a Banach space X, we may write T, f u = (f(x), Df(x) u), with x € U,
ueT,U=X,and Df: U — L(X;Y) the total derivative (the Jacobi “matrix”).

In general, we denote the pullback of tensors along f: M — M, by f* instead of
the often used notation f*. We will often write |, (read as “at x’) for point evaluation
at x, e.g., df|, = d.f, in particular, if other notation would be confusing.

Letn: E — M, be a (locally trivial) fiber bundle. We denote the space of sections
by I'(My;E) :=={p € COUMy;E) |mop = idyy, }. For a continuous map f: M — M,,
we denote by

f'E = {(x,e) e M X E | f(x) = n(e) }

the pullback of the fiber bundle E along f.

Let g and gy be Riemannian metrics on M and M, respectively. The induced inner
products for tensors on M are denoted by ¢, -),, the induced inner product norm by
||;; operator norms of tensors are simply denoted by ||-{|. For example, if M and M,
are finite dimensional and A € L(T'.M; T,M,) is an endomorphism of tangent spaces,
one may identify L(TM; TM,) = TM, ® T’ M and consider both the operator norm
and the Frobenius norm

A ul,, \ 1
IAll = sup —— and |A|,, = (tr(A™A))2,

e |ul
uu;&)z) §

8,80

where A*s«0 denotes the adjoint of A with respect to the metrics g|, and goly.

In this work, the symbol V is used for covariant derivatives exclusively, not
for gradients. Depending on context, the Hessian Hess(f) may refer to VV f (if
f € I'(M; E) is the section of a vector bundle), Vdf (if f: M — X is a vector-
valued mapping) or VT f (if f: (M, g) — (M, go) is a mapping between Riemannian
manifolds). In any case it is the second derivative with respect to the covariant
derivative V. We may write V&, Hess® or V&80, Hess®#° if they are meant with respect
to the Levi-Civita connections of the Riemannian metrics g and go. For example,
let f: (M,g) — (M, go) be a smooth mapping. Then 7' f can be interpreted as a
section T f € I'(M; L(T M; f*T M,)). The Levi-Civita connections of g and g, induce
a covariant derivative V& on the vector bundle L(T M; f*T M,) — M: For smooth
vector fields u, v € I'(M; f*T M,)) along f, one has

Hess**°(f)(u,v) = VET f(u,v) = V(T fv) = T f (Viv).

Here, V4 denotes the pullback connection along f.



1.3 SoBOLEV SPACES

1.3 Sobolev Spaces

Let m > k be positive integers and let 2" be a compact, k-dimensional smooth
manifold with corners. Fix a smooth Riemannian metric g on 2 and denote the
Euclidean metric on R by go. For / e NU {0} and 1 < p < oo, denote by Wé"’ Z5R™
the Sobolev space of /-times weakly differentiable mappings from 2" to R” with weak
derivatives up to order [ in L. These vector spaces are independent of the choice
of g. However, their norms ||-||W;,p do depend on g:

. ! i Lp s
lull?, = Tico [oIViulgg, voly,  forue W(ZiR™), 1< p < oo,
8
. i 1 .
||u||W£7,m = ie{%llax ) ess szup IV'ullg gy, for u € W= (Z;R™).
3 Lyeees XE.

Here, V' denotes i-fold covariant differentiation and || e.¢0 denotes the inner product
norm induced by g, go on the tensor bundles 7’2 ® ... ® T'X @ u*TR™.

Moreover, we denote by C°(2; R™) the vector space of smooth mappings 2" — R”
whose support is compact and contained in 2"\ 2. When / > 1, one may define

Lp
Wi (SR = Co@ R, for 1 < p < oo,
W(l)’;(Z;Rm) ={ue Wé’m(Z;R’") |fori=0,1,...,1—-1: (Viu)|ss =0},
where the restriction mapping is given by
los: COT'E2®...0 T'E@u'TR™) —» C' 0% (T'2® ... T'Y @ u'TR™)|ss).

More generally, we write the trace operator as

los: WP(Z3R™) — W P02 R™).

For later use, we note the Poincaré inequality (see [21, Section 5.6, Theorem 3]
for a proof) and an import implication of it:

Lemma 1.1 (Poincaré inequality)

Let (X, g) be a connected, compact, smooth Riemannian manifold with non-empty
boundary. For each p € [1, 0] there is a constant C, > 0 such that the following
holds:

lull, < Cplldull,, forallu € Wé:é’(z; R™).
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The Holder conjugate q of p € [1, c0] is defined by

oo, p=1,
q: ]_lpfl’ pe]l’oo[,
I, p = oo,

Lemma 1.2 Let (X, g) be a connected, compact, smooth Riemannian manifold with
non-empty boundary. Let 1 < p < oo and let 1 < g < oo the Hélder conjugate of p.
Then the Laplacian

A: Wé”;’(z; R™) — (W&’E(Z;R’”))’, ue (v f(du, dv), voly)
z
is an isomorphism of Banach spaces and one has ||A7'| < (1 +C (1 +C)).
Proor. Note that the mapping
k: LA T'2®R™) — (LI T'2®R™), am (B L(a,ﬁ)g vol, )

oo. Since (A(u),v) = (k(du),dv),
1. From the Poincaré inequality

is an isometric isomorphism for all 1 < p
A is well-defined and continuous with ||A]l

(Lemma 1.1)), we obtain

lullyrs < (1+Cp)lidull, — for all u € Wy (23 R™),
Miwra < (1 +Clldvll, — forall v e Wy (X R™).

<
<

Now, we may estimate for u € Wé’é’(Z ;R™):

(k(du), dv) S 1 - (k(du), dv)

— ||V||W1’q 1+ Cq vew e ”dV”Lq
0,g 8 0.g &
v#0 v#0

1AGO 20y

1
||K(du)||(Lg)' = TCq”dM”Lg

1
> .
> v+ oty

1+C,

This shows that A is a continuous, open, injective and linear map between Banach
spaces. Thus A is an isomorphism and the operator norm of its inverse is readily
estimated by (1 + C,)(1 + C)). O



1.4 VARIATIONAL ANALYSIS

1.4 Variational Analysis

Although hardly recognizable, most of the topics in this section are covered in
detail by chapters 4 and 7 of [34]]. Our aim here is to give a brief summary without
introducing too much non-standard notation.

For a function f: X — ]—o0, 0], we define the epigraph as

epi(f) = {(x,1) € X X ]—00,00] [ 12 f(x)}.

We use inf(f) = inf { f(x) | x € X } for the infimal value of f and

argmin(f) :={x € X [Vye X: f(x) < f()}={xeX]|f(x)=inf(f)}

for the set of minimizers of f. Moreover, we define for 6 € [0, o] the set of
O-minimizers by

argmin’(f) = {xe X |Vye X: f(x) < f(y)+5}.
In particular, one has arg mino( f) = argmin(f) and

X, 0 = 00,
argmin’(f) =40, inf(f) = —co and 6 € [0, 00[, (1.1)
{xeX| f(x) <inf(f)+6}, inf(f)> —ocoandé € [0, oo].

When X is a topological space, a function f: X — ]—oo,00] is called lower
semi-continuous, if all lower level sets f~!(]—co,1]), t € ]—o0, 00] are closed or,
equivalently, if the epigraph epi(f) C X X ]—o0, 00] is a closed set (with respect to
the product topology).

1.4.1 Metric spaces

Let (X,d) be a metric space. For r > 0 and x € X, we denote by B(x,r) =
{y € X |d(x,y) < r}the open ball and by B(x,r) = {y € X | d(x,y) < r} the closed
ball of radius r around x.

For aset A C X, we write

dist(x,A) ;== inf{d(x,a) |a€ A}.
Moreover, we define the open and the closed r-thickening of a set A C X by

B(A,r) ={xe X |dist(x,A) <r} and B(A,r) ={xeX|dist(x,A) <r}.
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Remark 1.3 These definitions seem to be quite simple. However, one has to keep
in mind some subtleties:

1. The closed ball B(x, r) needs not to coincide with the closure B(x, r) of the open
ball B(x, r). As a counterexample, consider the discrete metric space X = {0, 1}
with d(x,y) = |x—y| and r = 1: One has B(0,1) = {0, 1}, but B(0, 1) = {0}.
Since singletons are closed in metric spaces, one has B(0, 1) = {0}.

2. While one has | J 4 B(a,r) = B(A,r) and |, B(a,r) C B(A, r), equality in
the latter does not hold in general. A counterexample is given by X = R with
d(x,y) = |x —y|and A = ]0, 1]: One has B(A, 1) = [-1,2], but |4 B(a,r) =
1-1,2].

3. With the convention inf(0)) = oo, one has B(0,r) = B(@,r) = 0 for finite
r € [0, oo, but B(0, ) = 0, B(D, ) = X.

Let f: (X,dyx) — (Y,dy) be a Lipschitz continuous mapping between metric
spaces. We denote by

LG = sup UG0S

X1, x26X dx(x1, x2)
X1F#X2

the optimal Lischitz constant of f.

1.4.2 Hausdorff convergence

Definition 1.4 Let (X, d) be a metric space and A;, A, C X subsets. We define the
Hausdorff distance between A, and A, by

dist(A,,A,) ==inf{r > 0| A, Cc B(A,,r) and A, C B(A;,7)},
with the convention inf () = oo.

The subtleties mentioned in could cause one to believe that one has to
be very cautious with the definition of Hausdorff distance[] Fortunately, this is not
the case. The following lemma lists frequently used definitions of Hausdorff distance
and shows that they are equivalent:

Lemma 1.5 Let (X,d) be a metric space and let A;, A, C X be some sets. The
following numbers are all equal:

"For example, one could replace the closed thickening in the definition by open thickenings.
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1. mp = inf{r >0 | A1 - B(Az,r) Cll’ldAz - B(Al,r) }
2. my=1inf{r > 0| A, C Uy, Bla,r) and Ay C\Jyeq, Ba,r) }.
3. my=inf{r>0|A; C B(A,,r)and A, C B(A,r)}.

4. my = max sup inf d(a, b), sup inf d(a, b)).
2

acA, < bEA2 acAl

Proor. For each ¢ > 0 and an arbitrary set A C X, one has

B(A,r) C U B(a,r) C B(A,r) C B(A,r +0),

acA

thus m; <mp, <mz <my + 6.

my = max ( sup dist(a, A,), sup dist(b, Al))

acA; beA;

—infl >0 foralla € A;: dist(a,Ay) < r
- — 7| forall b € Ay: dist(b,A)) <r
=inf{r>0|A;, c B(A,,r)and A, C B(A\,r)} = m. m|

Remark 1.6 Note that two sets Ay, A, C X have Hausdorff distance O if and only
if their closures coincide: A; = A,. Moreover, the Hausdorff distance between A;
and A, may be infinite. Thus, the Hausdorff distance is not a metric on the power set

P(X): In general it is only an extended semi-metric in the sense that it is a function
dist: P(X) x P(X) — [0, o] with:

1. dist(A,A) = 0 for each A € PB(X).
2. dist(Ay,A;) = dist(A,,Ay) for all Ay, A, € P(X).
3. diSt(A],A3) < diSt(A],Az) + diSt(Az,Ag) for all A], Az, A3 € gB()()

However, the restriction of dist to the set B(X) of all non-empty, closed and bounded
sets leads to a metric.

Definition 1.7 Let (X, d) be a metric space and A,, A C X subsets, n € N. We say,
A, converges to A uniformly or A, Hausdorff converges to A, if for every € > 0 there
is an n € N such that for every integer k > n:

AC B(Ar,e) and A, C B(A,e).
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Remark 1.8 Let A, # 0 for infinitely many n € N. Then Hausdorft convergence of
A, to A asn — oo implies A # (. Moreover, Hausdorff convergence of A, to A is
equivalent to lim,,_,, dist(A,A,) = 0.

The metric space (B(X), dist) inherits some nice properties from (X, d):
Theorem 1.9 Let (X, d) be a metric space.

1. (B(X),dist) is complete if and only if (X, d) is complete.

2. (B(X),dist) is compact if and only if (X, d) is compact.

Follow the instructions in [28, p. 280] or see [23] for a proof. The second statement
is sometimes called Blaschke selection theorem (see [3, § 18]).

1.4.3 Kuratowski convergence

Definition 1.10 Let X be a topological space and for x € X, denote by (x) the set
of all open neighborhoods of x. For a sequence of sets (A,),cv in X one defines the
limit inferior or inner limit Li,_,., A, and the limit superior or outer limit Ls, .., A,,
respectively, in the following way.

Li A, ={xeX|VUeUx)IneNVk>n: UNA,#0},

Ls A, ={xeX|VUeUx)VneNTk>n: UNA,#0}
If A :=Ls,,oA, =Li,»A, agree, one says that A, converges to A in the sense of
Kuratowski and writes Lt,_,., A, = A.

Remark 1.11 Both the lower and the upper limit are closed sets and one has

Li A, C Ls A,.

n—o00 n—oo

One often refers to Ls,_,« A, as the set of cluster points since x is an element of
Ls, .« A, if and only if there is a sequence of elements x, € A, that has x as a cluster
point, i.e., there is a subsequence (x,, )ren that converges to x as kK — oo.

A very useful identity which we use frequently is given by the following lemma.
Lemma 1.12 Let X be a topological space and A,, A C X, n € N. Then one has

LoAn= U

neN k>n
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Proor. “C”: Fix x € Ls,, A, and let n € N be arbitrary. For each U € U(x) one
finds a k > n with U N Ay # 0, hence one has x € | J;., Ax. Because this holds for
each n € N, we obtain x € (), Ujsn Ak

“D”: Now, fix x € (e Uksr Ax and let U € U(x) be arbitrary. For every n € N,
the intersection U N (U, Ax has to be nonempty because x lies in the closure of
Uksn Ax. Thus, there is some k > n with U N A, # 0, which shows x € Ls, o A,. O

The lower and upper limits are monotone:

Lemma 1.13 Ler X be a topological space and let A, C B, C X, n € N. Then one
has

Li A,c Li B, and Ls A,C Ls B,.

n—oo n—oo n—oo n—oo

For later use, we point out that the Kuratowski limits are robust under metric
thickening:

Lemma 1.14 Let (X, d) be a metric space, r, > 0 with lim,_,.,r, = 0and A,, C X.
Then one has

Li B(A,,r,) = Li A, and Ls B(A,,r,) = Ls A,.
Proor. Monotonicity of the Kuratowski limits leads to

HE}M A, C ,,Eﬁo B(A,,r,), and nE%o A, C nE%o B(A,, 1,).
Fix arbitrary a € Ls,—. B(A,,1,), € > 0, and N € N with r, < £ forall k > N.
By definition of the Kuratowski limit superior, for each n > N there isa k > n
and an a; € B(a, £) N B(A;, ). Now, choose x; € A; N B(ay, 2r;) and observe
d(a, x) < d(a, ai) + d(ag, xi) < % +2r, < &. Thus, we have x; € B(a, &) N Ay # 0 for
all such k. This shows a € Ls, . A,.
Analogously, one shows Li,_,. A, D Li,_e B(A,, 7). O

In metric spaces, Hausdorff convergence implies Kuratowski convergence:

Lemma 1.15 Let (X, d) be a metric space. Let A, C X be Hausdor{f convergent to
the set A C X. Then A, converges to A in the sense of Kuratowski.
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Proor. Let (s,).en be a sequence of non-negative real numbers with s, — 0 as
n — oo such that

A, C B(A,s,) and AcCBA,,s,)

holds for each n € N. Put r, = sup,., sx and observe r, — 0 as n — oco. Now

monotonicity of the Kuratowski limits and lead to
Ls A, c Ls B(A,r,)=A= Li B(A,r,) c Li B(A,,2r,) = Li A,. m|

n—00 n—00 n—o00

For non-empty sets in compact metric spaces, the notions of Kuratowski conver-
gence and Hausdorff convergence coincide; in non-compact metric spaces, Hausdorff
convergence is a stronger notion:

10
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Lemma 1.16 Let (X, d) be a metric space. The following are equivalent:

1. X is compact.

2. Every Kuratowski convergent sequence (A,),en of sets A, C X with Lt, o A, #
0 is also Hausdorff convergent.

Proor. “1. = 2.”: Let X be compact and let (A,),cyv be a sequence of sets in X with
A=Lt,A, # 0. For e > 0 and n € N define the sets

X.:=X\BA,e) and U,:=X)\ UAk.

k>n

Observe that X, is compact and that (U,,),cy 1S an increasing sequence of open sets.
Moreover, (U,)en 1s a covering of U:

UU,,:X\ ﬂUAk]:X\ADX\B(A,s):XE.

neN [nEN k>n

Thus, there has to be a finite n € N with X, C U,.. By construction of X, and U,,, we
have A, C B(A, ¢) for all k > n.

The next argument is by contradiction: Assume that there exists an & > 0 such
that for each n € N there is a k(n) > n with A ¢ B(Ax), €). Then we may choose
a point x,, € A with d(x,, Axx)) > €. Because A is compact, there is a subsequence
(Mm)men and some x € A with x,,, — x as m — oco. Now, x is an element of the
lower limit, hence there is some N € N such that d(x,A,) < £ holds for alln > N.
Additionally, by increasing N if necessary, we may assume d(x, x,,) < 5 whenever
n, > N. For n, > N, we have k(n,) > n, > N and the triangle inequality implies
the contradiction

e< d(xnm’Ak(nm)) < d(xnma X) + d(x7 Ak(nm)) < % + % <e.
This shows for each € > 0 that
ACB(A,,e) and A,C B(A, &)

hold for sufficiently large n € N, which is Hausdorff convergence.

“2. = 1.7: Let X be non-compact. We are going to show the existence of a
sequence of non-empty sets (A,),cn With non-empty Kuratowski limit but without
Hausdorff limit. Because X is non-compact, there is a sequence (x;,),cy Without any
cluster points. In particular, there is some & > 0 with d(x, x,) > € for all n € N.
Now define A, := {x;,x,}, n € N. Wehave A = Lt,,. A, = {x;} # 0. If (4,),en
were Hausdorff convergent, its limit would have to coincide with A by
But for all n > 1, one has A, \ B(A, &) = {x,} # 0, thus (A,),cy cannot Hausdorff
converge. O

11
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1.4.4 Gamma convergence

Definition 1.17 Let X be a metric space and let F, F,,: X — ]—co, 0], n € N be
some functions. One says, F,, I'-converges to F, if the two following conditions are
fulfilled:

1. liminf-condition: Every sequence (x,),cy in X with x, % x satisfies

F(x) < liminf F,(x,).

. .. . n—oo .
2. lim sup-condition: For every x € X there exists a sequence x,, — x with

F(x) > lim sup F,(x,).

n—oo

Such a sequence (x,),qv is called a recovery sequence of F at x.

Some authors refer to I'-convergence as epi-convergence because of the following
lemma (see [34, 7.2 Proposition] for details).

Lemma 1.18 Let (X, d) be a metric space and F, F,: X — ]—o00, 0], n € N some
functions. The following statements are equivalent:

1. F,T'-converges to F.

2. epi(F,) converges to epi(F) in the sense of Kuratowski.

As an immediate corollary, we see that the epigraph of a I'-limit also is a Kura-
towski limit, thus closed. Hence we have the following necessary conditions for a
function to be a I'-limit:

Corollary 1.19 Let F, I'-converge to F. Then F is lower semi-continuous. In
particular, arg min(F) is closed.

A basic link between I'-convergence and convergence of minimizers is given by
the following lemma:

Lemma 1.20 Let F, I'-converge to F, assume inf(F) < oo and let (0,),en be a
sequence in [0, o[ with o, %0. Then one has

limsupinf(F,) <inf(F) and Ls argmin®(F,) C arg min(F).

n—oo

12
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Proor. For o > 0, let x € argmin?(F) # (. By the lim sup-condition, there is a

sequence x, — x with

inf(F) + o > F(x) > lim sup F,(x,) > lim sup inf(F},).

n—oo n—oo

Because o > 0 can be chosen arbitrarily, one obtains the first statement.
Let x € Ls,.argmin®(F,). There is a sequence x,, € argmin®*(F, ) with

k—o0

x, — x. By repeating elements of this sequence where necessary, we may construct

o . . n—oo . . . .
a sequence (x,)nen containing (x,, )renw With x, — x. Now, the lim inf-condition
applies:

F(x) < liminf F,(x,) < liin inf F, (x,,)
< likm inf(inf(F,,) + 0,,) = likm inf inf(F,, )

< lim supinf(F,, ) < limsupinf(F,) < inf(F).

k—o0 n—co
This implies x € arg min(F), thus Ls,_, ., arg min®"(F,) C arg min(F). |
In particular, the preceding lemma yields
nI:go arg min(F,) C arg min(F),
thus the cluster points of minimizers of (F,),«y are minimizers of F. This can be
further improved by the following result (see [[11, Theorem 7.19] for details):

Theorem 1.21 Let F, I'-converge to F with —co < inf F' < co. Then one has

Ls argmin(F,) C argmin(F) = ﬂ Li argmin®(F,).

0>0

In finite dimensional Euclidean space X = R™ (and presumably in all metric spaces
with the Heine-Borel property), this result can be strengthened to (see [34, Theorem
7.31] for a proof):

Theorem 1.22 Let F, F,,: R" — ]—o00,0], n € N such that F, I'-converges to F
with —co < inf F < oo and assume arg min(F) # (. Then the following statements
are equivalent:

1. inf(F,) = inf(F).
2. There is a monotonically decreasing sequence o, ™\, 0 such that

Lt argmin®(F,) = arg min(F).

13
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1.4.5 Epigraph distances

A way to quantify I'-convergence is by measuring the Hausdorff distance of truncated
epigraphs. This idea was introduced in [1]] and [2]]. See also [34} Sections 7.1 and
7.J] for a detailed treatment.

Definition 1.23 Let X be some set and F': X — ]—o0, o0] some functions. For a set
K c X and a number r € [—o0, 0o] define the truncated epigraph epiy(F) of F by

epix(F) == {(x,1) € K X ]—00,00] | F(x) <t <r}.
Note the identities epiy " (F) = 0 and epiy (F) = K X ]—00, c0].
Using the box metric on X X R given by
d((x,s),(y,1) = max (ly — x|,|t — s|]), forallx,yeX,s, t€R,
the central result of the theory of epigraph distances can be formulated as:

Theorem 1.24 Let (X, dx) be a metric space, let F, G: X — ]—o00, 0] be some
functions, K C X some subset, and r € R such that the following hold:

e —oo < inf(F) < rand —co < inf(G) < r.

e () #argmin(F) C K and 0 # argmin(G) C K.
Then for each 6 > 0 with

6 > dist (epix(F),epix(G)) and & > r — min(inf(F),inf(G)),

one has:

1. |inf(F) — inf(G)| < dist (epily(F), epii(G)),

2. argmin(F) c B(arg min®(G), 6),

3. argmin(G) c B(arg min®(F), 6).

Proor. Letpry: X XR — X and pry: X XR — R be the projections onto the factors.
One has for each & > dist (epiy(F)), epix(G)):

linf(F), r] C pry (epik(F)) C pry (B(epik(G), €)) C [inf(G) — &, r + €],

14
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thus inf(F) > inf(G) — €. Vice versa, one obtains [inf(G), r] C [inf(F) — &, r + &]
and inf(G) > inf(F) — &, which leads to the first statement. Similarly, one has for
each ¢ as above:

arg min(F) C arg min" ™ (F) = pr, (epik(F))
C pry (B(epik(G), 9))
C B(arg min" ™% (G), 6)
C B(arg min®(G), 6),

which is the second statement. Analogously, one obtains the third statement. O

If the functions F and G are well-behaved and ¢ is small, then arg min®(F) and
arg min*(G) are not too far away from arg min(F) and arg min(G), respectively.

What “well-behaved” means will be made precise later in
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2 Parametric Optimization Problems

In this chapter we present the theoretical core of our considerations on the con-
vergence of nonconforming Ritz-Galerkin methods. The central aim is to break
the overwhelming task of convergence analysis into smaller, manageable subtasks:
showing consistency, proximity, and stability.

We keep the presentation as broad as possible. Concrete applications will be given

later in [Section 3.3| [Chapter 7} and [Chapter 8|

Let C be a topological space and let ¥ : C — R be a function. We denote the set
of minimizers by

M =argmin(F) ={x e C| F(x) =inf(F)}
and sets of d-minimizers by
M =argmin’(F)={xeC|¥yeC: F(X)<FO) +6}, forsel0,o0].

Moreover, let topological spaces C, and functions #,: C, — R with minimizers
M, = argmin(¥,) and 6-minimizers M’ := arg min’(F,) be given for each n € N.
One may think of ¥, as small perturbations of ¥ or—in the context of Ritz-Galerkin
methods—as a discretization of #. We are interested in the behavior of the sets M,
asn — OOEI Ideally, M, should approximate M “in some way”. Therefore, we need
a method to relate these sets. A rather general way is letting C and C, communicate
with each other via some mappings

S,: dom(S,)cC—->C, and R,: dom(R, cC, — C.

We are going to refer to S, as the sampling operator and to R, as the reconstruc-
tion operator. If one has M, c dom(R,) and M c dom(S,), the pairs of sets
(M, R,(M,)) and (M,, S,,(M)) lie in common spaces C and C,, respectively. Thus,
they can be compared.

'We point out that this framework also covers the more general problem of analyzing lim,_,; M "
where (F,;: Ci — R),eq is a family of functions parameterized by a sequential topological
space A. For the sake of brevity, we only discuss A = N U { co } with the topology T = {0} U
{UcCNU{oo0}|ooe Uandcard(U) = oo }.

17
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Example 2.1 In the finite element method, C, is often a finite-dimensional affine
subspace of a Banach space C, R, is the canonical embedding and S, is an interpola-
tion operator such that R, o §,, is a projection onto the ansatz space R,(C,). Then,
the Hausdorff distance between M and R,(M,,) with respect to d yields a canonical
measure of approximation.

More generally, one may consider mappings ¥: C — X, ¥,: C, — X to some
metric space (X, dy) and analyze the Hausdorff distance between the sets ¥ (M)
and ¥,(M,) therein. For example, ¥, ¥, could be embeddings into a space X
whose metric topology is weaker than those of C, C,. But ¥, ¥, need not to be
injective at all, yielding only partial information: They could also represent restriction
or trace mappings, truncations in infinite decompositions (e.g. Fourier or modal
representations, projections on subspaces etc.), state variables in physical systems,
(locally) averaged quantities or even quotient mappings. We propose to view ¥, ¥,
as nonlinear variants of test functions.

In practice, one might profit considerably from using a priori information on mini-
mizers (such as higher regularity or energy bounds) in order to achieve quantitative
approximation results. We are going to incoorporate a priori information in the form
of subsets A c C, A, C C, such that ¥(AN M), ¥,(A, N M,) contain ¥(M),
v,(M.) respectivelyE]

We summarize the information given so far in the following (not necessarily
commutative) diagrams

AN ME AC dom(S, )(—> C

R 2.1

~ N\ 4

A, N M, —— A,— dom(R,)—C,

AN ME > AC dom(S,))——C

(2.2)

A, N M, — A,— dom(R,)—C,

%In general, it is not required that M ¢ A and M, C A, are subsets. In the case that ¥ is a quotient
map, this is a crucial advantage (see e.g. and our treatment of minimal surfaces in

Chapter 7).
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Assume for the moment @ # M c A, 0 # M, c A,. If (2.I) were commutative,
one would have the following implications

1. Foreachxe Mandy € C,:
FnoSu(x) =F(x) <F oR,(y) = Fu(y), thus S,(M)c M,

2. Foreachye M, and x € C:

F o Rn(y) = 7‘71()7) < Tn o Sn(-x) = ?(X), thus Rn(Mn) cM.

If, in addition, (2.2) were commutative, this would lead to
3. P(M) = 7, 0 S,(M) € F(M,),
4. ¥,(M,) = ¥ o R,M,) c ¥(M),

hence Y(M) = ¥,(M,).

Alas, in practice, these diagrams rarely commute. But one may hope that they
almost commute, i.e., they commute up to some errors that can be uniformly bounded,
at least on the sets of a priori information.

In Sections [2.T]and [2.2] we will name these non-commutativity errors and analyze
what information can be deduced if these errors are sufficiently small. Afterwards,
we will single out additional conditions that guarantee convergence of minimizers

(Section 2.3)).

2.1 Consistency

2.1.1 General theory

We start with the first diagram (2.1). For non-empty sets A ¢ dom(S,), A, C
dom(R,), there are two squares of interest:

C C

A R, A, R. 2.3)
Cn Cn

Each square is equipped with its own non-cummutativity error:

19



2 ParRAMETRIC OPTIMIZATION PROBLEMS

Definition 2.2 (Consistency) For non-empty sets A C dom(S,), A, € dom(R,),
define

1. the sampling consistency error

65 = 8(F, Fur Sy A) = sup (F, 0 S,(a) — F(a)*, (2.4)

aceA

2. the reconstruction consistency error

OR = 8(F, Fr Rus Ay) = sup (F o Ry(a) — Fu(@))?, (2.5)

acA,

3. the total consistency error

On = O(F s Foir Sy Ry A, A, = 65 + 6%, (2.6)

where t* := max{z, 0} denotes the non-negative part of r € R. We say, the sequence
((Fn> S R )nen is consistent with respect to F on ((A, A,))nen, if its consistency
error 6(S,,, R,, A, A,) converges to O for n — oco. In that case, we also say that
((F, Frs Sus Ro))Jnent is consistent on ((A, A,))pen-

Remark 2.3 A stronger notion of (total) consistency error (but also one which would
be harder to verify) would be

sup [, © Sy(a) — F (@)l + sup |F o Ru(a) — Fu(a)l.

acA acA,
In light of the latter expression, our definition of consistency error could be termed
upper consistency error. However, our definition is sufficient for our needs and
we omit “upper” for the sake of brevity. Of course, one may also define a lower
consistency error, which would be the notion of choice for maximization problems.

Definition 2.4 We call A c C valid with respect to the pair (,S,), if 0 # A C
dom(S,) and inf(¥) = inf(¥|#) hold. Analogously, we call A, c C, valid with
respect to the pair (¥,,R,), if 0 # A, C dom(R,) and inf(F,) = inf(F,|4,) hold. For
the sake of brevity, we will simply say that A, ‘A, are valid whenever (¥, S,) and
(%, R,) can be deduced from the context.

This definition is a bit subtle, but crucial: On the one hand, validity allows
us to consider sampling and reconstruction errors by demanding that valid sets are
contained in the domains of the respective operators. Hence, this part of the definition
merely serves as a short-hand notation. On the other hand, inf(¥") = inf(¥|#) and
inf(¥F,) = inf(F,|4,) are vital requirements for the following momentous lemma:

20



2.1 CONSISTENCY

Lemma 2.5 Let A c C, A, C C, be valid with respect to (¥,S,) and (F,,R,),
respectively. Assume that both the sampling consistency error 5 and the reconstruc-
tion consistency error 6X are finite. Then one has

inf(F,) < inf(F)+ 65 and inf(F) < inf(F,) + 6.
Hence, one has either inf(F,) = inf(F) = —oo or both inf(¥,) and inf(F) are finite
with
linf(F,) — inf(F)| < max (55, 6%).

Proor. Choose a minimizing sequence (X,,)uen in A for ¥ and a minimizing se-
quence (Y,)men in A, for F,, i.e.,

inf(¥) = lim F(x,,) and inf(F,) = lim F,(y,,).

Then (2.4) and (2.5) imply
inf(F) < Fu(Sp(xm)) < F () + 65 —> inf(F) + 62,
inf(F) < F(R,(5m)) < Faym) + 68 =5 inf(F,) + 6%, O

Knowing the total consistency error puts one into the position to compare o-
minimizers:

Lemma 2.6 Let A C C, A, C C, be valid sets. Denote by 6, the total consistency
error. Then one has for o € [0, o]

S, (ANME) C S, (A) N M and  R,(A, N M) C R,(A,) N M,

Proor. Case 1: ¢ = oo or 6, = co. The inclusions hold because of M = M =
C, and M+ = M> = C, [

Case 2: Both g and 6, are finite. Then, by Lemma 2.5] either both inf(¥") and inf(%,)
equal —co or both of them are finite.

Case 2.a: inf(F) = inf(F,) = —co. All the sets M, M M, M are empty
such that the inclusions hold trivially.

Case 2.b: inf(F), inf(F,) > —oco. We discuss only the first inclusion for the second
one follows analogously. In the case that A N M¢ is empty, nothing is to show.

Otherwise, let x € AN M¢. We apply (1.1) and in order to estimate
Fr 0 Su(x) < F(x) + 65 <inf(F) + 0+ 65 < inf(F) + 6% + 0 + 65

This leads to S,(x) € M2 which shows the first inclusion. O

3 Admittedly, this case is of little practical relevance.
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Remark 2.7 For the moment, it may appear as a superfluous burden to drag along
S,.(A), R, (A,) on the right hand side of the previous lemma’s conclusions. However,
this may be crucial when treating optimization problems with non-compact lower

level sets as we will see in The area functional of immersed surfaces
as discussed in is such an example. For a demonstration of the non-

compactness of lower level sets see [Figure 7.

Corollary 2.8 Let A c C, A, C C, be valid, let F: C — R be lower semi-
continuous on the set B = Ls,_,. R,(A,), and let (F, S,, Ry))nent be consistent on
((A, A,))nen. Then one has for o € [0, oo]:

Ls (Ru(A,) N M) € B M.

Proor. In the case that o = oo, this is obviously true. Hence, let us assume that o
is finite. Denote by &, the total consistency error, K = A, N M: and let 7, :=

sup {8k | k > n}. Observe that 17, \, 0 as n /' co by consistency. By Lemma 2.6 we
have for all m, n € N with m > n:

Rm((}(ﬁ;) c (UkZm Rk(ﬂk)) N MQHM‘

Taking closures and intersections leads to

(U = (1 1R

neN k>n neN m>n k>m
c ﬂ (( ﬂ U Rk(ﬂk)) N M9+’7ﬂ) = ﬂ (B N M£’+’7n).
neN  m2n k>m neN

Because B is closed and ¥ |g is lower-semicontinuous, one has
BN Metn = BN MO,
Finally, M,,ey M¢* = M€ completes the proof. O

Using o = 0, this leads immediately to

Corollary 2.9 Let A D> M, A, > M, be valid. Denote by 6, the total consistency
error. Then one has

S, (M) C S,(A) N M and R, (M,) C R,(A,) N M.

Assuming consistency of (F, Fn, Sn» Ro))nert on ((A, A,))ner and lower semi-con-
tinuity of ¥, cluster points of minimizers of (F,)nen are minimizers of F in the sense
that

Ls R,(M,) c M.
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Remark 2.10 Note that the preceding corollary can be used to prove the existence
of minimizers of F if one manages to verify that cluster points of minimizers of
(Fn)nen actually exist.

2.1.2 Coupling

Consistency errors behave well under coupling of several functionals. We simply
state the results as their proofs are straightforward.

Lemma 2.11 Let non-empty sets A, B ¢ dom(S,), A,, B, c dom(R,) and func-
tions ¥, G: C —» R, F,, G.: C, — R be given. For a, B € [0,c0[ define
H=aF +Gand H, = aF, +B G, If AN B and A, N B, are non-empty, one

has the following estimates for the consistency errors:

O(H, Hy, Spy AN B) < a6(F, Fp, Sy A) + (G, Grr S, B),
O(H, Hy, R, Ay N By) < @ 6(F, Foy Rus An) + B (G, G Ry, By).

Corollary 2.12 The set of sequences (F, Fu, Sus Ri))nen as in (2.3)) that are consis-
tent on ((A, A,))uen Is a convex cone.

Remark 2.13 In the same way, one could say that the set of lower and upper consis-

tent sequences (¥, F,, Su, Ru))uen 1S @ vector space over R (see also[Remark 2.3)).

2.2 Proximity

2.2.1 General theory

is quite similar to the inclusion Ls,,_,,, arg min(F,) C arg min(F') from
Theorem 1.21l We currently have no analogue for the inequality arg min(F) C

Li,_,. arg min®(F,) for o > 0, but only
S, (AN M) C S,(A) N M.

If R, o S, were the identity on C and assuming consistency, one would obtain for
given o > 0 and for all sufficiently large n:

ANM=R,08,(ANM) C ANR M) C AN R(MO).
This would yield the desired result

ANMcAN() Li R(MO).

0>0
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In the case that C is an infinite-dimensional Banach space and C,, a finite-dimensional
Banach space, R, o S,, = id¢ cannot occur. Even worse: In this context, R, o S,, may
be a compact operator so it cannot converge uniformly to idc. Hence we have to
establish a sufficiently weak notion for R, o S, being “sufficiently close to id:”, a
notion that does not imply uniform approximation.

We do this in a slightly more general way by discussing diagram (2.2). At times,
it may be instructive for the reader to substitute X = C, ¥ = id¢ and ¥, = R,. Again,
for non-empty sets A ¢ dom(S,,), A, € dom(R,), there are two squares of interest:

.ﬂ/C\\Wx, ﬂnVCXX.
xc/ \c/

Note that for our purposes, we do not require ¥, ¥, to be defined on all of C, C, but
at least on the sets AU R, (A,), A, US,(A), respectively. Each of the two diagrams
has its own non-commutativity error:

2.7)

Definition 2.14 (Proximity) For non-empty sets A C dom(S,), A, C dom(R,),
define

1. the sampling proximity error

&y = &(¥, ¥, S, A) = sup dx(¥, o S,(a), ¥(a)), (2.8)

acA

2. the reconstruction proximity error

&y = &(¥, ¥, Ry Ay) = sup dx(¥ o Ry(a), ¥(a)), (2.9)
acA,

3. the proximity error
&n = &(P, ¥, Sy Ry, A, A,) = max (e, £5). (2.10)

n*>~n

We say that the sequence ((S,,, R,))cv is proximate with respect to (¥, ¥,))nen 0N
((A, A,))nen, if its proximity error &, converges to 0 as n — co.

24



2.2 Proxmrty

Lemma 2.15 Let A C C, A, C C, be valid. Denote by 9, the total consistency error.
Then one has for o € [0, ]

P(AN M) C B(PAS(A) N M), &9),
(A, N M) C B(P(R,(A,) N M), R),

Proor. For x € Y(A N M?°) (if existent), fix an a € A N M? with x = ¥(a).
According to we have that S,(a) € S,(A) N M§+6”. Now, the definition
of the sampling proximity error implies

dx(¥(a), Pu(Su(@))) < &,

thus ¥(a) € B(¥,(S,(A) N M2, £3). The proof of the second statement is now
straightforward. O

Lemma 2.16 In addition to the previous lemma, assume S,(A) C A, and proximity,
ie., &, Z%0. Then one has

PANM)C Li P (A, N M)
C Ls P, (A, N M) C Ls P(R,(A,) N M),

Proor. By applying the previous lemma twice—once with o = 0, once with o = 6,—
and by the triangle inequality, one has for all n € N:

P(AN M) C B(E(A, N M), e5)
C B(¥,(A, N M), £5)
C B(P(R,(A,) N M), &5 + £X),

Because of the monotonicity properties of Li and Ls, we may apply Li, Ls, Ls to the
three terms on the right hand side, respectively, without invalidating the inclusions.
The statement then follows from thickening robustness (Lemma 1.14). m]

Assume for a moment that A, A, are sets of true a priori information, i.e., A D> M,
A, O M, |Lemma 2.15|tells us that—up to ¥, ¥,—minimizers are at least close to
0,-minimizers:

Y(M) c B(P,(M®),&5) and ¥,(M,) C B(P(M),&R). (2.11)
If 7, 7, are “not too shallow”, one may expect existence of a (small) r, > 0 with

¥, (M) c B(P(M),r,) and P(M’) c B(F,(M,), ). (2.12)
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2 ParRAMETRIC OPTIMIZATION PROBLEMS

Under these circumstances, the triangle inequality would yield:
P(M) c B(F, (M), 1, +&)) and  ¥,(M,) € B(F(M), 1, + &D).

This idea will guide us in our attempt to deduce quantitative convergence rates
in section [2.3.3] The major task will be to find a way to express what “not too
shallow” actually means. This approach will depend crucially on some very detailed
information on ¥, F,—information that may be prohibitively hard to obtain in
practice.

Therefore, we establish less restrictive conditions that allow us to deduce Kura-
towksi convergence (or even Hausdorff convergence) from (2.11)) without giving a
precise convergence rate. This will be the focus of section[2.3.1] where
will be used.

For both approaches, we will have to transport variational information of ¥
forward to X along ¥. This is why we introduce the (variational) pushforward first.

2.2.2 Pushforward
Definition 2.17 Let F: Y — ]—oco, 0] be a function and : ¥ — X a mapping to

a topological space X. With the convention inf()) = oo, define the (variational)
pushforward of F along ¥ by

WF)(x) =inf{ F(y) |y e Y: 4(y) = x} = yejbqﬁx) E(y).

Example 2.18 For injections, the pushforward reduces to the well-known and fre-
quently used extension by infinity: Assume that ¥: C — X and ¥,: C, — X are
injections. Then Px¥ and (¥,)sF, are given by

F(x), xecC

00, else

Fa(x), xe€C,

00, else

(P )(x) = { : (P Fn)(x) = {

This allows one to treat the optimization problems for ¥ and ¥, on a common space.

We list some elementary properties of the pushforward:
Lemma 2.19 Let F: Y — ]—o00, ] be a function with inf(F) < oo, : Y — X some
mapping and o € [0, co[. Then one has inf(YysF) = inf(F) and

Y(argmin®(F)) C arg min®(YuF) = ﬂ Y(arg min? (F)).

o>0

Equality holds, e.g., if for each x € arg min®(Y4F), the function F|,- attains its
infimum.
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2.2 Proxmrty

Proor. First, note that (4 F)(Y/(y)) = infey14() F(a) < F(y) holds forall y € Y.
This leads to inf(yxF) < inf(F) and

Y(argmin®(F)) C argmin®(yxF) for all o € [0, oo]. (2.13)

Because of inf(y4F) < inf(F) < oo, there exists a sequence (x,),en With (YuF)(x,) <
oo for all n € N and lim inf,, (Y% F)(x,) = inf(y+F). For each n € N, x, has to be
in the image of y since (¥4F)(x,) is finite. So, we may choose y, € ¥~!(x,) with
F(y») < (U4F)(x,) + 1. This leads to

inf(F) < liminf F(y,) < liminf ((xF)(x,) + %) = inf(YuF),

thus inf(F) = inf(yuF). The case inf(F) = —oco is also included.
From now on, let o € [0, oo[ be finite. We are going to show

arg min® (Y F) C Yy(argmin’(F)) for each o > p. (2.14)
Therefore, let x € arg min®(yxF). Since one has (Y4 F)(x) < inf(y4F) + 0 = inf(F) +
0 < oo, there is a minimizing sequence (y,)nen Of Fly-1y), 1.€., y, € ¥~ '(x) and
FOw s inf Fl@)+ | = )+
<inf(Y4F) + o+ 1 = inf(F) + o + 1.

For n > a%g, one has y, € argmin’ (F) and x = ¥(y,) € ¥(argmin’ (F)). This shows
argmin® (Y4 F) C y(arg min’ (F)) for each oo > . Now, (2.13) and (2.14) together
yield

arg min® (Y F) C ﬂ Y(argmin’ (F)) C ﬂ arg min’ (Y F) = argmin® (Y F).
o>0 >0
If for x € argmin®(y4F) the function F|,-1, attains its infimum, say aty € Y, one

has F(y) = infey1(y) F(a) = (Y4F)(x) < o, showing that x € y(arg min®(F)). O

Remark 2.20 As a curiosity with few practical value, we would like to mention that
argmin®(YxF) = (s, Y(argmin”(F)) also holds true for o = oo if one interprets
(Nose @s an “intersection in the space X, i.e. if one uses the definition

ﬂ Y(argmin’(F)) ={x e X | VYo >po: x € y(argmin’(F))}.

o>

Since the set { o7 € [—00, 0] | o > 0 } is empty, one has

ﬂ Y(argmin’ (F)) = X = arg min™(yxF).

g>00
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Remark 2.21 Colloquially, the sufficient condition for equality in the preceding
lemma can be restated as: Non-empty y/-slices ¢~ (x), x € X are “small” enough to
allow F|,-1(, to be minimizable.

For example, this sufficient condition is met if there is a topology on Y such that
for each o € [0, oo[ and each x € X, the intersection arg min?(F) N y~!(x) is closed
and countably compact.

The pushforward allows us to draw a connection to epigraph distances of functions.
The following lemma may be seen as an epigraphical variant of

Lemma 2.22 Let A C C, A, C C, bevalid sets and assume S,(A) C A, R,(A,) C
A, and —oo < inf(F), inf(F,) < co. Put H = (VY|2)s(F |a), Hy = (Yl )e(Fula,)
N¢ = argmin?(H), and N3 = argmin®(H,). Denote by &, the proximity error
of (S,,R,) on (A, A,) and by 5;13, 6,75, 0, the consistency errors of (F,Fn, Sy, Ry)
on (A, A,). Withm = inf(H), m, = inf(H,), and r, := max{e,, d,}, one has for
co>0g>p2>0:

1. epi”"(H) C B(epim“”‘sf('}{,,), ),
2. epi™*e(H,) € Blepi" "R (H), 1),
3. N c BINT* 1),

4. N¢ c BINT*" 1.

Prook. Claim I: Let oo > o > ¢ > 0. If epi”"?(H) is empty, we are done. Otherwise,
let (x, 1) € epi”™(H). Since H(x) <t < m + o < o is finite, there is an a € A with
P(a) = xand F(a) < H(x)+ 0 —p. Puty = ¥, 0 S,(a) € ¥,(A,). By consistency,
one has

H,(y) < Fn(Sp(@)) < Fa) + 65 <t+0—-0+65 <o +6, (2.15)
thus (y, 1+ 69) € epi”*7 9% (H,). Using the definition of the proximity error leads to

dx(x,y) = dx(¥Y(a), ¥,(S,(a)) < &,
distyue ((x, 1), epi™ " (H,)) < dxxr((x, 1), (v, t + 69)) < max{e,, 6,} = Fus

which shows the first claim.
Claim 3: Because A, A, are valid, one has for the infimal values m = inf(H) =

inf(F), m, = inf(H,) = inf(¥,) and by lm —m,| < &,. Denote by

pry: XX]—oo, co[ — X the canonical projection. With the box metric on Xx]—oco, oo,
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one has er(B(‘L{ ,1)) C B(er(‘LI), r) for any set U C X X ]—o0, co[. Combining this
with Claim 1 and using leads to

N? = P(epi™”(H)) < P(B(epi"*"**" (H,). r,))
< B(P(epi™* " (H,). 1,)
= B(N o4Oy rn) c BINT™ % r,).
The proofs of Claims 2 and 4 are analogous. O

Remark 2.23 In general, the sets N°, N need not to coincide with ¥ (A N M) and
Y, (A, N M,). Moreover, handling both conditions S,(A) C A, and R,(A,) C A at
once may be quite difficult in practice.

Remark 2.24 It is instructive to apply the preceding lemma in the setting of
ple 2.18|together with a priori information @ # M c A and 0 # M, C A,. Then one
has epi®(H) = epi%,(¥) and epi®(H,) = epiiiqn(?‘,,) for o € R. The first two results of
the lemma can be simplified to

epiy “(F) C B(epi;j"”f (Fu)sra) and  epiy ™(F,) C 1r§(epi;"+‘”‘SZS (F), ry).
For o = 0, the third and fourth statements lead to

Mc BOMT*n ), and M, € BOMT™" r,) forall o > 0.

2.3 Stability

In order to deduce set convergence of ¥,(M,) to (M) from or
one requires a reasonable interplay between ¥ and ¥ (and probably an
analogous interplay between ¥, and ¥,). We term the presence of such an interplay
as stability. First, we give a rather weak, purely qualitative condition and point out
its relation to the concept of lower semi-continuity. Afterwards, we will discuss
other conditions that are more suitable for quantitative results.

2.3.1 Topological stability

Definition 2.25 Let F': Y — ]—o0,00] be a function, : ¥ — X a mapping to a
topological space X, K C X a closed set. We call F topologically stable along
over K, if

K N y(argmin(F)) = ﬂ K N y(arg min®(F)).

0>0
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The notion of topological stability is a generalization of lower semi-continuity in
the context of test mappings:

Example 2.26 Let X be a topological space, K Cc X a closed set, and F: X —
]—00, 0o] lower semi-continuous on K, i.e., the lower level sets of F|g are closed in K
(and thus in X because K is closed). Then F is topologically stable along idy over K.

Example 2.27 Let X be a topological space, ¥ C X a closed set, and F: Y —
]—00, co] lower semi-continuous on Y. Denote by ¢: ¥ < X the inclusion mapping.

Since y4F is the extension by infinity (see[Example 2.18)), it is lower semi-continuous,
thus topologically stable on X.

We arrive at the first main theorem of this chapter.

Theorem 2.28 (Kuratowksi convergence of minimizers)
Let A Cc C and A, C C, be valid sets and let K C X be a closed set such that
Y(R,.(A,) C K holds for all sufficiently large n. Assume consistency and proximity,

n—oo

i.e., 0, — 0and g, =50, and topological stability of . Then one has

Ls %A, " M) C K N PM).

IfPM) c P(ANM)NK and S,(A) C A, hold for all sufficiently large n, then

one has Kuratowski convergence

P(M) = Lt ¥, (A, N M.

Proor. From the second statement of with o = 0, we have for suffi-
ciently large n € N:

Ls P,(A, N M) C Ls B(P(R,(A,) N M), £X)
c Ls B(K N P(M™), &),

Using|Lemma 1.14|with A, :== K N ¥(M®) and r, := £X, we obtain
Ls BOK 0 P(M™), &) = Ls K0 PM) =K 0 PM».

n—oo
neN

Now, topological stability of F along ¥ over K leads to the first statement. In the
same way, one shows

Ls P(R,(A,) N M*)c Ls KN PM>)cKnNPM).
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The condition S,,(A) C A, allows us to use |[Lemma 2.16| leading to
PANM)C Li P (A, N M)
C Ls ¥, (A, N M) C Ls P(R,(A,) N M) cKnPM).

If both ¥ (A N M) and K contain all images of minimizers ¥ (M), the above chain
of inclusions is closed. In particular, Lt, ., ¥,(A, N M°") exists and coincides with
Y(M). O

Remark 2.29 We point out that this theorem holds as well if 6, > 0 is any upper
bound for the consistency errors with 9, =o. Thus, this theorem does not only

show the existence of some o, 5 0 with arg min(¥) = Lt,_. argmin®(¥,), as
does in the finite dimensional case, but it also tells us Zow to obtain
such a sequence.

Finally, the equivalence of Kuratowski and Hausdorff convergence in compact

metric spaces (Lemma 1.16)) yields:

Corollary 2.30 In addition to all the conditions in|Theorem 2.28| assume that the
sets M and A, 0 MC' are non-empty for all sufficiently large n and that the set
K c X is compact. Then one has Hausdorff convergence, i.e.,

lim disty (P(M), (A, N M) = 0.

n—oo

2.3.2 Examples

The notion of topological stability seems quite artificial. Therefore, some further
examples are in order.

Lemma 2.31 Let Y, X be topological spaces, F: Y — ]—oo,00], ¥: Y — X, and
K C X a closed set. Assume inf(F) < oo, K N y(argmin®(F)) = K N arg min® (Y F)
for all o € [0, oof, and that Y4 F is lower semi-continuous on K.

Then F is topologically stable along  over K.

Proor. Note that the set arg min®(¥4F) is closed for all o € [0, co[ because Y F is

lower semi-continuous. One has by [Lemma 2.19
K Ny(argmin(F)) = K Nargmin(yF) = m K N arg min®(yF)

0>0

= ﬂ K Nargmin®(yuF) = ﬂ K N y(arg min®(F)). O

0>0 0>0
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Example 2.32 Let X be a Banach space, Y a reflexive Banach space, y: ¥ — X a
compact linear map, and F': Y — R a lower semi-continuous map with convex and
bounded lower level sets. The lower level set arg min®(F’) is closed (Hahn-Banach
theorem) and sequentially compact (Banach-Alaoglu theorem) in the weak topology
of Y. Because y is a compact operator, it maps arg min®(F) onto a compact, thus
closed set in X. Moreover, for each x € X, arg min®(F)Ny~!(x) is closed and compact
in the weak topology. By we have y(arg min?(F)) = arg min®(y4F),

which is why yyF is lower semi-continuous. Now, implies that F is
topologically stable along ¢ over X.

A prominent example is given by the canonical embedding v : Wé’z(Q) — L*(Q)
and the Dirichlet energy F(u) = % fgldul2 du, u € Wé’z(Q) for a bounded domain
Qc R

Example 2.33 Let Y be a topological space, ~ C Y X Y an equivalence relation
and F: Y — R a continuous function that is invariant on equivalence classes, i.e.,
y1 ~ y» implies F(y;) = F(y;). Let X := Y/ ~ be the quotient space, equipped with
the quotient topology and denote by ¥: ¥ — X := Y/ ~ the quotient mapping. Then
Y F 1s continuous and F factors through the quotient:

Y—L4R.

W

Again, shows that F is topologically stable along ¢ over X.

Example 2.34 In particular, the previous setting is powerful, if ~ is induced by the
orbits of an action m: G X Y — Y of a non-compact topological group G that leaves
F invariant. Even if arg min(F’) is non-compact, the moduli space

arg min(yYF) = argmin(F)/G

may be compact. Thus, F' is stable along ¢ over every compact set K containing
y(arg min(F)) and there is a chance to put|Corollary 2.30|to use.

For example, this setup may occur in gauge theory where the Lagrangian is invari-
ant under the action of the group of gauge transformations. Other examples can be
found in geometric optimization problems, where the objective function is invariant
under the isometry group or under some other subgroup of the diffeomorphisms of a
manifold—as will be the case in our treatment of minimal surfaces in
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2.3.3 Quantitative stability

Still, the result of is a bit dissatisfactory, because it does not provide
any answers to the following questions:

1. Are there any cluster points of minimizers of the ¥, at all, i.e.,

Ls (A, N Tu(M,)) # 07

Note that together with Claim 1 of a positive answer would
provide a proof for the existence of minimizers of ¥ .

2. Do the discrete minimizers converge in the sense of Kuratowski, i.e.,

Li (A, Nn¥,(M,)) = Ls (A, N ¥, (M))?

3. Can all smooth minimizers be approximated by discrete minimizers, i.e.,

FM) = Lt (A, N7 (M,)?

4. If yes, do the discrete minimizers converge uniformly, i.e.,

lim dist (Z(M), Z,(M,)) = 0?

5. If so, what is the uniform convergence rate?

These questions can be addressed by appropriate notions of conditioning and
stability. The essential ideas are not new for they can be found, e.g., in [2], [34]], [S],
and [4]]. We adapted them with small changes in order to make them applicable in
the presence of test functionals.

Definition 2.35 We call the pair (F, ¢) faithful, if the pushforward along ¢ does not
introduce “new” minimizers in the sense that ¥(arg min(F')) = arg min(ysF).

Definition 2.36 (Conditioning) Let f: [0, c0o] — [0, co] be a nondecreasing func-
tion with £(0) = 0, let (X, d) be a metric space, H: X — ]—oo, o] be a function, and
K c X aset. We say H is f-conditioned on K if arg min(H) is non-empty and if one
has

H(x) > inf(H) + f(dist(x,argmin(H))) forall x € K.

For a function F: Y — ]-co,o0] and a mapping ¢: ¥ — X, we say F is f-
conditioned along  over K, if (F, ) is faithful and if Y4 F is f-conditioned on
K.
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Remark 2.37 Note that our notion of conditioning also includes well-posedness in
the sense that () # arg min(yxF) = y(arg min(F)).

The usefulness of conditioning lies in the properties of the quantile function:

Lemma 2.38 Let f: [0,00] — [0, 00] be a nondecreasing function with f(0) = 0
and let s, t € [0, 00]. Then f(t) < s implies t < f7(s), where

f710,00] > [0,00], s> inf{re[0,00] s < (1)}
is the quantile function of f.
Corollary 2.39 Let H: X — ]—00,00] be f-conditioned on K C X. Then one has
K N arg min®(H) ¢ B(argmin(H), f'(0)).

Corollary 2.40 Let F: Y — ]—oo0,00] be f-conditioned along ¥: Y — X over
K C X. Then one has K N y(argmin®(F)) C B(y(argmin(F)), f(0)) for each
0 € [0, 0ol

Proor. By[Lemma 2.19|and [Corollary 2.39] we have

K N y(argmin®(F)) ¢ K Nargmin®(y4F) € B(arg min(y4F), £ (0)).

Using the faithfulness of (F, ) finishes the proof. O

The second main theorem of this chapter is:

Theorem 2.41 Let A C C, A, C C, be valid sets and let K, K, C X be sets with
PYoR, (A, CKand ¥,0S,(A) C K,. Let f, f,: [0, 00] — [0, 0] be nondecreasing
functions with f(0) = £,(0) = 0. Let 6, be the total consistency error and &5, X be
the sampling and reconstruction proximity errors, respectively. Then:

1. If ¥ is f-conditioned along ¥ over K, one has

(A, N M) CBEM), 7 with r* =+ £1(5,).

2. If F, is fy-conditioned along ¥, over K,, one has

P(ANM) CBP(M), ) with 1S =g+ f1(6,).

n

34



2.3 STABILITY

If both conditions are satisfied and if one has ¥,(A, " M) > ¥,(M,) and V(AN
M) D ¥ (M), then the Hausdorff distance between ¥,(M,) and V(M) is bounded
by max(rs, r¥).

Proor. Claim 1: By|Lemma 2.15/and ¥ (R,(A,)) € K, we have
(A, N M,) C BK N PM), R

The conditioning of ¥ allows us to use in order to obtain
K N PM) € BAP(M), £1(6,)).
Now, the triangle inequality leads to
(A, N M,) € BBEM), f160). €7) € BEM), & + [1(6,).

Claim 2: Analogously, we obtain from ?(Sy(A) C K,
and the triangle inequality (in that order) that:
(AN M) C B(P, 0 S, (A) N Tu(Mr), e3)
C B(%, N P (M), &)
< B(B(Z,(M,). £ (6u). &)
C B(¥,(M,), £1(6,) + &) O

Remark 2.42 Note that the previous theorem can also be applied to the functions
¥. and F,, for large n, m € N as a technique to show that (¥,(A, N M,))uen 1S a
Cauchy sequence in (B(X), disty). Successfully applied, this can be used together
with [Theorem 1.9]and [Theorem 2.28|to show existence of minimizers of F .

In light of it is desirable to consider a particular class of condition-
ing functions:

Definition 2.43 A nondecreasing function f: [0,c0] — [0, c0] with f(0) = 0O is

called a modulus of stability if its quantile function satisfies f'(s) = 0.

Notice that even if each ¥, is f,-conditioned with modulus of stability f,, this
does not guarantee f, (5,) 50. This is why we introduce the following notion.

Definition 2.44 (Stability) Let K, K, c X be sets. We call (¥, F,) f-stable along
(¥, P, over (K, K,), if there is a modulus of stability f such that

35



2 ParRAMETRIC OPTIMIZATION PROBLEMS

1. ¥ is f-conditioned along ¥ over K.

2. For eachn € N, F, is f-conditioned along ¥, over K.

We formulated our definitions such that—under mild additional assumptions—
our results read much like the “fundamental theorem of numerical analysis”. This
becomes even clearer in the case X = C, ¥ = idc and ¥, = R,

Theorem 2.45 Assume ® # M Cc A 0 + M, C A, R,(A,) C K, (R, 0S)(A) C
K, and &, = sup . 4 dc(R,, o S,(a), a) .
Then consistencyﬁ] and f —stabilityﬂ imply convergence

n—oo

R.(M,) — M

in Hausdorff distance with respect to dc with convergence rate &, + f'(0,).

Proor. Observe that £X = 0 so &, is precisely the proximity error of (S,, R,) with
respect to (id¢, R,,) on (A, A,). Hence, [Theorem 2.41|is directly applicable. O

2.3.4 Examples

In general, quantitative conditioning of a given function may be quite hard to show.
However, there are some straightforward and well-known examples:

Example 2.46 Coercivity of bilinear forms is related to conditioning:

Let (X, (-, -)) be a Hilbert space, A: X — X a (not necessarily continuous) self-
adjoint operator, and v € X. Consider the function F(x) := (A x, x) + (v, x) and
observe that arg min(F) # 0 holds if and only if A is positive semi-definite and v
is contained in im(A) = ker(A)*. Assume that v € im(A) and that A is positive
semi-definite with positive spectral gap A = inf(o(A) \ {0}) > 0, where 0(A) denotes
the spectrum of A. In this case, one has arg min(F) = A"y + ker(A) with the Moore-
Penrose pseudoinverse A™ of A. Hence F is f-conditioned with f(¢) = A¢°.

One calls the bilinear form b: (x,y) — (Ax,y) coercive with coercivity constant
A, if and only if A is positive definite with 4 = inf(c(A)) > 0. The Lax-Milgram
theorem implies that A is continuously invertible, thus v € im(A) is readily fulfilled.
This shows that the coercivity of b implies the f-conditioning of F.

40f (7:’ ﬂs Srh Rﬂ) On (ﬂ’ ﬂn)
Sof (F, Fp) along (id¢g, R,,) over (K, K;,)
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Example 2.47 Let (X, d) be a convex length space in the sense that every pair of
points can be joined by a length minimizing geodesic. Let F': X — R be a uniformly
convex function in the sense

F(y(@®) < (1 =nDF(0) + 1 F(y(1)) — «(1 - ) f(d(y(0), y(1))), t€[0,1],

for an arbitrary length minimizing geodesic y: [0, 1] — X. Here, f: [0, co[ — [0, oo[
is the modulus of convexity of F, i.e., a nondecreasing function with f(0) = 0.
Note that arg min(F) is convex. Assume arg min(F) # (. For arbitrary x € X,
z € argmin(F), lety: [0, 1] — X be a length minimizing geodesic from z to x. Then
one has F(y(t)) > F(y(0)) for all ¢ € [0, 1], hence

F(x) = F(y(1))) 2 e HF®) = (1 =0 F(y(0) + (1 ~ 1) f(d(x,2)))

t€[0,1

> sup Lt FO(0) +1(1 = 1) f(d(x,2)))

te[0,1]

= inf(F) + f(d(x,2)).
Thus F is f-conditioned. See also [15, Chapter 1].

Both going over to a weaker metric and extension by infinity (see

do not essentially destroy conditioning as the following lemma shows:

Lemma 2.48 Let (X, dy), (Y,dy) be metric spaces, let F: Y — R be f-conditioned
over Y, and y: Y — X be Lipschitz continuous such that (F, ) is faithful. Then y4F
is h-conditioned along  over X with h(t) = f(Lip(y)~' 1).

Proor. Note that arg min(F) is necessarily non-empty, hence
arg min(yYxF) = y(arg min(F))

is also non-empty by faithfulness. For x € X \ ¢/(Y), one has (¢4+F)(x) = co. Hence,
we have to check conditioning for points in (YY), only. For x € /(Y), one has

disty(x, Y(arg min(F))) < Lip() disty(y, arg min(F)) forall y € y~'(x).
Together with faithfulness, this leads to
W F)(x) = inf { F) |y € ¢~ () )
> inf { inf(F) + f(disty(y, argmin(F))) | y € "' (x)}

> inf(F) + f(Lip() ™" distx(x, y(arg min(F))))
= inf(F) + h( disty(x, arg min(yF))). O
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2.4 Constraints

To conclude this chapter, we briefly demonstrate how sampling and reconstruction
operators can be obtained in the presence of constraints.

LetC,C,, Y, Y, be metric spaces and let the configuration spaces C, C, be given
by constraints of the form

C={xeC|Px)eB}=D'(B),
Cn = {X € C’;n | @n(x) € Bn} = @;1(871),
where @ € C%C;Y), @, € C°C,;Y,) are continuous mappings and B C VY,
B, C Y, are non-empty, closed subsets.
Moreover, assume that the domains of the mappings 7, ¥ and %, ¥, include C

and C,, respectively. In practice, it may be difficult to construct exact sampling and
reconstruction operators

S, A—>C, and R,: A,—>C

explicitly. But often, operators Sn: A — C,and R,: A, — C can be constructed
such that the following errors are “small’:

65 = sup (Fy 0 Su(a) — F(a))*, 68 = sup (F o Ru(a) — Fula)),

aeA acA,

&, = supdx(¥, 0 Su(a), ¥o(@), & = sup dx(¥ o Ry(a), V()
aeA aeA,

ny = supdisty,(®, 0 S,(a),B), 1y = sup disty(® o R,(a), B).
aeA acA,

As for the convergence analysis, we need merely the existence of sampling and
reconstruction operators. Thus, an implicit argument for their existence in the
vicinities of S, and R, suffices. Such implicit arguments can be provided by suitable
“openness” conditions on @ and @,. We discuss the setting for reconstruction
operators; the approach for sampling operators is analogous.

Definition 2.49 Let (X, dy), (Y,dy) be metric spaces, r > 0, 4 > 0 be constants,
and U C X a set. We call a mapping f: X — Y (9, 0)-open on U if B(f(a),&) C
f(B(a,o ¢€)) holds foralla € U and all 0 < & < ¥

For a more detailed treatment of openness and the related notion of metric regular-

ity conditions we refer to [34} Section 9.G]. At the moment, we are satisfied with the
following simple implications:
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2.4 CONSTRAINTS

Lemma 2.50 Assume nf <9y < O and that ® is (9, o)-open on R,(A,). Then for
each t € |o, 19%0'[, there is a reconstruction operator R,,: ‘A, — C with

sup da(R,(a), Ru(@)) < Tk,

acA,
Proor. Forb € A, leta = R,(b). Because one has disty(P(a), B) < nf < 19y and
InX <9, thereisay € Bwithy € B(P(a), Ln¥). The (o, ¥)-openness of @ implies

y € B(®(a), Zn%) c &(B(a, Lo 11%)) = D(B(a, 1Y)

n

Hence, there is an x € B(a,rnf) with &(x) = y € B, thus x € C. Now define
R,(b) := x and observe dz(R,(b), R,(b)) = da(a, x) < T~ O

Corollary 2.51 In addition to the condition of the previous lemma, assume that
F and ¥ are Lipschitz continuous on B(R,(A,), 7). Then one has the following
estimates for the consistency and proximity errors 6%, eX:

SR < R+ Lip@F) ik, and &® <+ Lip(¥) i’
The situation that we actually have in mind is the following:

Lemma 2.52 Let R > 0 and U < C be an open set with B(R,(A,),R) c U.
Moreover, assume that there are C > 0, A > 0 such that the following conditions are

fulfilled:
1. @ € C*Y(U; Y) with Lip(D®) < C.

2. For each a € ¥,(A,), there is a closed vector space Z, C C such that
C = ker(D®(a)) ® Z, and |[DD(a) ully > A |lulls holds for each u € Z.

Let 9 = ’5‘ min (4,R) and o = % Then @ is (9, 0)-open on R,(A,).

Proor. Fix b € A, and put a = ¥,(a). Let X := Z, be the aforementioned closed
vector space and let &£ > 0 with £ < & be arbitrary. With r = 2& < min (4, R) and
U = (B(0,r) N Z,) define the mapping

f:U->Y, f(x):=da+x).
For all x € U and u € X, one has
a+xeU and Df(x)u=DD(a+ x)u,

thus the conditions ||Df(0) u|| > Allu|| and Lip(Df) < C of the quantitative implicit
function theorem (see [Theorem 2.53|below) are fulfilled; one obtains

B(®(a), &) = B(f(0), &) € f(BO, 2¢)) = D(B(a, 2¢)). o
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Theorem 2.53 (Quantitative inverse mapping theorem)
Let X, Y be Banach spaces, U C X be an open, convex set, and a € U a point. Let
f € CYN(U; Y) such that there are C > 0 and A > 0 with:

1. Forallv € X: ||Df(a)v|| = A|v||, and
2. Lip(Df) < C.

Fix r < min(4, dist(a, X \ U)). Then the restriction f| Ban isaC L_diffeomorphism
onto its image and one has the inclusion

B(f(a), ) C f(B(a,2A™"¢)) foreach0 <& < 4r.

Proor. Let A’ := A — Cr > 0. For x € B(a,r) and v € X, Lipschitz continuity of D f
yields

IDf(x) vl = [IDf(a) vl = I(Df(x) = Df(a)) vl
> (A= Clix = alDIVll = (A = Crlvll = A'[vll. (2.16)

LetO <7 < %’, ¥ <rand A” .= A" - Cr > 0. For x, y € B(a, '), Taylor’s theorem
implies

If @) = FQIl 2 IDS(x) v = )l = Slly =+l
> (A" = Cr)lly = xll = A”[ly — «|.

This shows that f1g,,, is injective. From
IDf(a)”' Df(x) = 1dll < IDf(@)'INIDf(x) = Df@I < §llx = all <1

and A7 = —((Id —-A) - Id)™! = = 3;2,(Id —A)* it follows that Df(x) is invertible for
all x € B(a, r). The inverse function theorem [40, Corollary 4.37, p. 172] states that

h = le(a,r): B(Cl, r) — f(B(a’ l"))

is a C!"!-diffeomorphism. Furthermore, we have for all x € B(a, r)

1(x) = k@l = If(x) = f@ll = IDf(a) (x = )l = §lix - al?

c A
2 (A=30lx—all = 5llx —adll.

Let € € 10, %‘r]. Since & is a diffeomorphism, the sets W := h(B(a,2A'¢)) and
U = B(h(a), &) N W are open. Moreover, we have for each y € 0W that

Iy = k@)l = (™' ) = h@l = 417 () — all = de.
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2.4 CONSTRAINTS

Hence V := B(h(a),e) \ W = B(h(a), &) \ W is also an open set. Thus, U, V is an
open covering of the connected set B(h(a), €). Since U contains h(a), V has to be
empty which leads to B(h(a), &) C h(B(a,2A™'¢)). Taking closures yields

B(f(a), &) = B(h(a), £) = B(h(a), ) C h(B(a,2A 's))
= h(B(a,24"e)) = h(B(a,2A™'e)) = f(B(a,2A™')),

where we used that B(a, ) = B(a, 6) holds in Banach spaces for all 6 > 0 and that &
is a homeomorphism. O
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3 Parametric Operator Problems

To some extent, the theory of parametric optimization can be directly applied to
operator problems. This shall be demonstrated in We will be led
to a notion of conditioning for operators which we explore by discussing several
examples, including the classical notions of coercive linear operators and monotone
operators (Section 3.2)). In particular, we focus our attention on those operators that
can be derived in a certain way from 1-forms (Section 3.2.2). We do this by having
in mind that virtually all theories of modern physics are based on the principle of
stationary action: The constituting equation of a physical system is d£ = F, where
L is the Lagrangian of the system and F encodes non-conservative forces such as
friction. If the configuration space consists of fields (as in elasticity, electrodynamics,
or fluid dynamics), the constituting equations are usually partial differential equations
and generalized Ritz-Galerkin methods may be applied in order to approximate their
solutions. Therefore, we demonstrate the consequences of our considerations for
generalized Ritz-Galerkin methods in [Section 3.3

3.1 General Theory

From now on, let C be a topological space and n: & — C a continuous, locally
trivial fiber bundle of metric spaces with fiber metric dg. Let , 8 € I'(C; E) be given
sections, i.e., 1o @ = m o § = id;. We are going to consider « as the “operator” and
B as the “right-hand side” of the operator problem:

Find the cut locus N = {x € C| a(x) = B(x) }. (3.1)

Example 3.1 Differential equations can be formulated as such operator problems
by considering C as the function space and putting a(x) = F o J'(x), where J" is the
r-jet of x and F' is a morphism of fiber bundles over C:

J'C F &
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Additionally, consider the family of operator problems
Find the cut locus N, .= {x € C,, | @,(x) = B,(x) }, 3.2)

with topological spaces C,, continuous, locally trivial fiber bundles r,,: &, — C,
with fiber metrics dg,, and sections a,, 8, € I'(C,,Ey).

As before, we also assume the existence of communication S,,: dom(S,) c C —
C, and R,: dom(R,) € C, — C and test mappings ¥: C —» X, ¥,: C, —» X
to some metric space (X, dx). Approximation of N by N, will be formulated by
Hausdorff convergence of ?,(N,) to ¥(N) in the metric space (X, fx).

It is insightful to define the real-valued functions

G: C - R, G = dglalx),Bx)),
gn: Cn - R’ gn(x) = dgn((ln(X),ﬁn(X)),

since they allow us to use the theory of parametric optimization on G and G, in order
to obtain convergence results for V. Note that if N and N,, are non-empty, they
coincide precisely with the global minimizers of G and G,, respectively. This leads
us to the following notions of consistency and conditioning.

Definition 3.2 (Consistency) Let A ¢ dom(S,), A, c dom(R,) be non-empty sets.
By definition, the consistency errors of («,,8,) with respect to (@, 8) coincide with
the consistency errors of G, with respect to G. More explicitly, we define:

1. the sampling consistency error

15 = sup (dg, (@, © Sy(a), B © Su(a)) — dg(a(a), B(a)))",

acA

2. the reconstruction consistency error

7k = sup (dg(@ o Ry (a), B o Ry(a)) — dg, (@,(a), Bu(a)))*,

acA,
3. the total consistency error
e S R
r]n - nn + nn ‘

We say the sequence ((@,, B, Sn, Ry))nen 18 consistent with respect to (a,) on
((A, A))nen if its consistency error 77, converges to 0 as n — oo.

Definition 3.3 Let g: [0, 0] — [0, o] be a nondecreasing function with g(0) = 0
and let K c X be some set. We say (a, ) is g-conditioned along ¥ over K if G is.
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The main theorem of this section is thus readily deduced from [Theorem 2.41}

Theorem 3.4 Assume that ANN # 0 and A, "N, # 0. Let K, K, C X be sets
with ¥ o R,(A,) € K and ¥, o S,(A) C K, and let g, g,: [0,0] — [0, 0] be
nondecreasing with g(0) = g,(0) = 0. Denote by 5, X the proximity errors of

(¥, ¥,) on (A, A,) and by 115, X the consistency errors of (a,,8,) with respect to
(a,B) on (A, A,). Then:
1. If (a,p) is g-conditioned along ¥ over K, one has

P, (A, N N,) € BCP(N), 1) with 1k = f + gl (7f).

2. If (a,,By) is g,-conditioned along ¥, over K, one has

P(ANN) C BN, 1) withrs =5+ g'(pd).

If both conditions are fulfilled and if one has Y(N) D Y(A N N) and ¥,(N,) D
Y.(A, N N,) then the Hausdorff distance between the sets Y(N) and VY(N,) is
bounded by max(rS, r¥).

n>'n

Proor. The assumptions AN N # @ and A, N N, # 0 guarantee that A and A,

are valid with respect to G and G,, respectively. We could apply [Theorem 2.41

directly in order to obtain essentially the same result. But since we have the further

information inf(&) = inf(G,) = 0, we may improve that a little in the following way:
Let z € AN N. One has

ga(diste, (Su(2), M) < Gy 0 Su(2) = (G 0 Su(2) — G < 13,
thus

distx(¥(2), ¥,(N,)) < distx(P(2), P(Sn(2))) + distx(¥,(S,(2)), ¥(N,))
<& +gh).

Analogously, one obtains disty(¥%,(z), P(N)) < X + g'(®) forall z € A, N N,,. O
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3.2 Examples

would be of little value, if there were no reasonable examples of well-
conditioned operators. In the following, we present a collection of examples together
with some useful properties.

Example 3.5 If 7: & — C happens to be a locally trivial bundle of normed vector
spaces, one may equivalently consider w := @ — 8. Then N coincides with the set of
zeroes of w and one has G(x) = ||w(x)||s.

Example 3.6 When & = C X Y is a trivial vector bundle with the normed vector
space Y as fiber, one may write w as w(x) = (x,A(x)), x € C with a mapping
A: C — Y. Then one has G(x) = [|A(x)|ly and N = {x € C | A(x) = 0} is the set of
zeroes of A.

For simplicity, we assume from now on that & is a vector bundle.

3.2.1 Conditional cones

In view of it is desirable that S, (A) and R,(A,) are contained in some
sets K, K c X on which the operators w, = @, — 8, and w = a — 8 are well-
conditioned. It is by no means necessary that these sets XK, K are neighborhoods
of Z,(N,), Y(N). In particular, this shifts the perspective from the question if w
is well-conditioned (everywhere) to the question where is it well-conditioned. We
demonstrate in the following that K may be, e.g., a union of conditional cones.

Definition 3.7 Let X and Y be normed vector spaces and let A € L(X;Y) be a
continuous linear operator. For A4 > 0, define the (not necessarily convex) conditional
A-cone of A by

Cone, (A) ={u € X |||Au|| = A|u|}.

Lemma 3.8 Let X, Y be Banach spaces, U C X an open convex set, and A €
C'NU;Y). Let > 0 and 0 < 9 < 1. Then for any two points x, y € U with

y — x € Cone (DA(x)) and |y - x| < ﬁﬁ,

the following estimate holds

(I =)y =l < [|AQ) = AX]|.
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Proor. By Taylor’s theorem, one has

IA(y) = A(x) = DA(X)(y = %Il < 3 Lip(DA) [lx = yIP%,
leading to

IA) = Al 2 DA = x)l| = 5 Lip(DA)|lx = yII*.

S 2/1 .
The cone condition and ||y — x|| < ﬂLip( 7y imply

IAQ) = Al = Allx = yll = 3 Lip(DA)llx =yl = (1 = P Allx =yl 0

Lemma 3.9 Let X, Y be Banach spaces, U C X an open convex set, and let A €
C"(U;Y) be a mapping with C := Lip(DA) and N = {x € U | A(x) =0} # 0. Let
A>0and 0 <9 < 1. Then A is f-conditioned along idy over the closure of the set

W =) B(x, %) 0 (x + Coney(DA(x)),
xeN

with the function f(t) = (1 — At

Proor. Let z € W. For an arbitrary & > O there exists a y € B(z,) N W. By
the construction of the set W, there is some x € N such that |[y — x|| < ﬂ%ﬂ and

y — x € Cone,(DA(x)). By[Lemma 3.§| we obtain

1A = [lA(z) — Al
> |A(y) — A = llA(z) = AWl
> (1 =MA|ly — x|| - Ce
> (1 =DAlz = xl| = llz = yll) — Ce
> =-DAz—x- (1 =HA+C)e
> (1 — %A distx(z, N) = (1 = HA + C)e.

Note that we used the Lipschitz continuity of A with Lipschitz constant C in order
to get from the second to the third line. Taking the supremum over all & > 0 yields
AR = f(distx(z, N)). O

Example 3.10 Let X be a Hilbert space, F: X - R, F(x) = Ix|* = 2|x*> be a double
well potential. Consider A: X — X’ given by the differential of F:

(A(x), u) = (dF|,, u) = 4|x*(x,u) — 4(x,u) forallu € X.
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The set N of zeroes of A consists of the origin and the unit sphere:
N ={0}US, where S:={xeX||x=1}.
The differential DA: X — L(X; X’) of A (and hence the Hessian of F') is given by
(DA(X) u, vy = 4|x|(u, vy + 8{x, u)(x,v) — &u,v) forallu,veX.

Identifying X’ = X by the Riesz isomorphism, we may treat DA as a mapping
DA: X — L(X; X). While DA(0) = —41dy is a well-conditioned linear operator in
the classical sense, we have ker(DA(x)) = x* # {0} for all x € S = N\ {0}. However,
we have at least x € Coneg(DA(x)) for each x € S. Observe that

(DZA(x)(u, V), w) = 8(x, u){v, w) + 8{x, v){w, u) + 8(x, w){u, v)

leads to Lip(DA(x)) < 24|x|. Thus, for r > 0 and U = B(0,1 + r), we have

C(r) = Lip(DA|y) < 24(1 + r). Choose r such that it fulfills r = ﬂ% = ﬁ. Now,

LLemma 3.9|tells us for 0 < # < 1 and A = 4 that A is f-conditioned on W with
f(t) =4(1 —9)t, where

W = B(N,r) = B0,r)UB0,1+7r)\ B®O,1-r).

Moreover, one readily verifies that ||A(x)|| > 4(1 — &) min(]|x||, |||x]| — 1]) holds for all
x € X \ W. Hence, A is globally f-conditioned.

For applications, it may be very helpful to know that conditional cones have certain
continuity properties:

Lemma 3.11 Let X, Y be Banach spaces, A > 0, and A, B € L(X; Y) with ||A — B|| <
A. Then one has Cone, (A) C Conel_”A_B”(B).

Proor. For u € Cone,(A) one computes
|Bull = [|Aull = I(B — Aull = Alull = |B — Allllull = (2= ||A = BI]) ||,

which shows that u € Cone;_ja—_p)(B). m]

3.2.2 Operators induced by differential 1-forms

As explained in the introduction to this chapter, many important examples are covered
by the following situation: C is a Banach manifold, 7’C is the continuous cotangent
bundle, and w € I'(C; T’C) is a (not necessarily differentiable) differential 1-form.
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Example 3.12 Let C = X be a Banach space. Then one may identify 7'C with
X x X" and 1-forms on C coincide with operators A: X — X’ via w(x) = (x, A(x)).

It is now tempting to apply directly to w by using the function
G(x) = ||lw(X)|lr;c. But this may be suboptimal for stability considerations (see
[Example 3.13|below). In the following, we outline a more promising approach.

Frequently, the linear functional w(x): T,C — R is also continuous with respect
to a weaker norm ||-||g_ on 7C. Let (&|,, ||'llg,) be the completion of 7',C with respect
to |||ls, and assume that the family (&E,)c gives rise to a locally trivial bundle
ng: & — C of Banach spaces. Let w(x) € &, be the unique continuous linear
extension of w(x) € T,C and let ¢,: T,C — &, be the canonical inclusion. This
leads to vector bundle mappings

TC———& &g§—T°C

N A N

Note that one has w = ¢’ o @ and that the image of ¢, in &, 1s dense, thus ¢, is injective.
Hence, the zeroes of w and @ coincide:

N={xeClwkx)=0}={xeClax)=0}.

Define the function G: C — R, G(x) = [[@(x)llg;. If x = ||t.|| is uniformly bounded
by some C > 0, one has

() = [@()llg, = sup LoD _ () KOW: L)

ue&y ”u”&( veT,C ”va”(‘)r
u#0 v£0
(e, 0(x), V>| o1
> — G(x).
veT,C IILXIIIIVII(rc
v#0

This tells us that—up to a constant—g@G is never worse-conditioned than G. Even
more, G may be much better conditioned than G, as the following example shall
illustrate:

Example 3.13 Let (2, g) be a compact, connected, smooth Riemannian manifold
with non-empty boundary. For p € [2, co] and its Holder conjugate ¢ € [1, 2], put
X = Wlp (Z;R™M and Y = (};g(z ;R™). The canonical inclusion J: X < Y has
dense i 1mage in Y, thus J’ is injective.
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Consider the Laplacian A: X — X’ given by (A(f),u) = fz(df, du)g vol,. As it
turns out, A(f) is continuously extendable onto Y, producing an element A(f) € Y’.
We may write A: X — Y’ with A = J' o A. Let € Y’ be arbitrary and define the
operators w(f) = (f,A(f) —n) and @(f) = (f,A(f) —n). Let f; € N be a solution to

A(fy) = nand let f € X be arbitrary. Together with[Lemma 1.2} one obtains
lo(Olly: = lo(f) = @(lly: = IAf = fo)ll

1 1 .
2 mﬂf— f0||W3:5 2 mdlStx(f, N).

As a consequence, the operator @ is g-conditioned (along idy over X) with the linear
modulus of stability g(7) = m

Note that when p > 2, the operator w: X — T'X, w(f) = (f,A(f) — n) cannot
be g-conditioned with a linear modulus of stability: Otherwise, A: X — X’ would
be an isomorphism of Banach spaces and the continuous symmetric bilinear form
b: XxX — R defined by b(u,v) := (A(u), Jv), u, v € X would be coercive, rendering
(WS,’;’(Z ;R™), b) into a Hilbert space.

Remark 3.14 The reasoning of the preceding theorem shows that for a smooth
function F: X — R on a Banach space X, the Hessian of F, interpreted as a linear
operator Al, := Hess(F)|,: X — X’ can only be invertible if X is a Hilbert space.
Hence, in general, the Newton method is not at disposal. However, if dF can be
interpreted as a mapping dF: X — Y’ with some Banach space Y D X, there is a
chance that A|,: X — Y’ is invertible and one obtains a Newton-like vector field

—A7"|,(dF|,). We will use the same idea in [Section 7.7.2|in order to introduce a

gradient-like vector field.

3.2.3 Monotone operators

An important class of operators with conditioning properties is given by monotone
operators:

Definition 3.15 Let X, Y be Banach spaces, J: X < Y be an injective, continuous
linear map with dense image, and A: X — X’ be an operator that factors through
J',ie., A = J oA with some operator A: X — Y’. Moreover, lety: X — Zbe a
mapping to the metric space (Z,dz), K C Z some set and let g: [0, o] — [0, co] be a
nondecreasing function with g(0) = 0.

We say A is g-monotone along (¥, J) over K if

(A(x2) = A(x1), x2 — x1) 2 g(dz(Y(x2), ¥(x1))) - [[Tx2 — Jx1lly
holds for all x;, x, € Yy~ 1(K).
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Example 3.16 When K =Z =Y = X, J = ¢ = idy and g(¢) = ct1is a linear function,
the notion of g-monotonicity along (J, ) over K reduces to the usual notion of strong
monotonicity:

(A(x2) = A(x)), X3 — x1) > c|lx — x| forall x;, x; € X.

Lemma 3.17 Let A: X — X’ be g-monotone along (f,J) over K. Let G: X — R
be given by G(x) = ||A(x)|ly.

Assume that N = {x € X | A(x) = 0} is non-empty and that (G, ) is faithful.
Then A is g-conditioned along s over K.

Proor. Observe that injectivity of J” implies
(xeX|AX) =0}={xeX|Ax)=0}=N #£0.
One immediately deduces for x, € N and arbitrary x € y~(K):

Ay 1T x = Txolly = 1Ax) = A(xo)lly- 1/ x = Txolly
> (A(x) — A(xp), Jx — Jxo)
= (A(x) — A(xo), x — xo)
> g(dz(Y(x), Y(x0))) - IV x = Jxolly-

Division by ||Jx — Jxo||y and taking the infimum over all x, € N' = arg min(G) yields

G(x) = [AW)lly: > g(distz(¥(x), y(arg min(G)))).

Because of faithfulness, one has arg min(y4+G) = y(arg min(G)). Let z € Z. Taking
the infimum over all x € ¥~!(z), one obtains

(WsG)(z) > g(dist(z, arg min(yxG))). O

3.2.4 Symmetric conditional cones

Let X, Y be normed spaces and let J € L(X; Y). For A € L(X;Y’) and A > 0O define
the symmetric conditional A-cone

SymCone (A, J) = {u € X | [(Au, Ju)| > Alullx||Jully }.

In particular, we have the Hessian A = Hess(F)|,: X — X’ (and its induced
operator A: X — Y’) of a twice differentiable function F: X — R in mind (see also

Remark 3.14).
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Lemma 3.18 Let X, Y be normed spaces and let J € L(X;Y) be injective. Then one
has SymCone (A, J) C Cone,(A)

Proor. Let u € SymCone (A, J), u # 0.

Au, Au,J Au,J
lAully, = sup S8l > gyp KAwlvl 5 KAl 5 41 O
[Iwlly lIvIly [ISully
weyY veX
w#0 Jv#0

The reason for introducing SymCone (A, J) is that Cone,(A) for arbitrary linear
operators does not behave well under restriction to linear subspaces:

Example 3.19 Let the linear operator A € L(R?;R?) given by counter-clockwise
rotation about the origin. Observe Cone (A) = R? forall 0 < A < 1. Let u € R? \ {0}
be an arbitrary vector and let /: Ru < R? be the canonical inclusion. Then I’AI = 0
and thus Cone;(I’Al) = {0} for all 2 > 0.

In contrast, we have:

Lemma 3.20 Let X, Y, Z be normed spaces and A € L(X;Y’), B € L(Z;X), J €
L(X;Y) continuous linear operators. With I = JB, one has for A, u > 0

Cone,(B) N B™'( SymCone, (A, J)) C SymCone,(AB, I),
SymCone ((AB,I) ¢ B™'( SymCone, 54, J)).

Proor. For u € Z, one has |(ABu, lu)| = |(ABu, JBu)|. Moreover, note that we only
have to consider the case B # 0.
On the one hand, if u € Cone,(B) N B~! SymCone, 1u(A, J), one has

KABu, Iu)| = [(ABu, JBuy| > 4 ||Bull||JBully > Allull |l Iully,

hence u € SymCone,(AB, I).
On the other hand, let u € SymCone,(AB, ). Then Bu € SymCone, nei(As J)
follows from the estimate

{ABu, JBu)| = [(ABu, Iu)| > Allullz[|Tully = 5 ||Bullx||J Bully. O

il
157

Corollary 3.21 Let X, Y be normed spaces, J € L(X;Y), X, C X a linear subspace,
Y, =JX,), and J, = Jlx,. Let A, € L(X,;Y,) be the Ritz-Galerkin discretization of
A given by

(Apu, J,v) = (Au, Jv) forallu, v e X,.
Then one has for each A > 0:

SymCone,(A,, J,) = X, N SymCone (A, J).
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Proor. Apply the previous lemma with Z = X, to the embedding B: X, — X and
observe that B is isometric. O

Moreover, symmetric conditional cones have essentially the same continuity
properties as general conditional cones:

Lemma 3.22 Let X, Y be Banach spaces, J € L(X;Y), 1 >0, and A, B € L(X;Y’)
with ||A — B|| < A. Then one has SymCone,(A, J) C SymCone,_,_p (B, J).

Proor. Let u € SymCone (A, J). Then one has
[{Bu, Ju)| > [(Au, Ju)| — (B — A)u, Ju,)|
= Alullxl|Jully = 1B = All llullxllJully = (2= |1B = AlD) llellxl|Jully,

showing that u € SymCone,_,_p (B, J). O

3.3 Application to Generalized Ritz-Galerkin
Methods

Besides demonstrating the applicability of the presented theory, this section has a
second motivation: Ritz-Galerkin methods formed the starting point of our consider-
ations. Cea’s and Strang’s lemmata were prototypical results to aim for. Moreover,
Strang’s second lemma was the major motivation for introducing test mappings and
the notions of consistency and proximity errors. We would like to emphasize that in
this very situation, it really paid off to give symbols to inclusion mappings which are
often treated rather stepmotherly.

Within this section, let C = X = X be a separable Banach space andletA: X — X’
be an operator with non-empty set of zeroes N = {x € X | A(x) =0}.

3.3.1 Conforming Ritz-Galerkin method

Definition 3.23 A conforming Ritz-Galerkin scheme is a sequence (X),),en of finite-
dimensional subspaces of X with Ls, . X, = (et Uksn Xn = X. Let R,: X, = X
be the canonical inclusion. The operator

An: Xn - X;l’ <An()€), bt) = <(A © Rn)()(), Rn(u» X, U € Xn

is the Ritz-Galerkin discretization of the operator A and one refers to
Ny ={xe X, |A(x) =0}

as the set of discrete solutions.
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3 ParRAMETRIC OPERATOR PROBLEMS

Let (X,,).en be a conforming Ritz-Galerkin scheme and let A, be the Ritz-Galerkin
discretization of A: X — X’. Choose a continuous, linear and surjective mapping
S,: X — X, such that R, o S, is a projector. Moreover let ¥ = idy and ¥, = R,.

When N is non-empty in the above setting, the sampling proximity error over N
is the classical approximation error:

&, = sup (¥, o S,)(@) = P(@)llx = sup (R, o S,)(a) — allx

aeN aeN
= sup inf ||x — al|x = sup dist(a, X,,).
aeN X&4&n aeN

Assuming that existence has already been shown, leads to the follow-
ing generalization of Cea’s lemma (see e.g., [0, Chapter II, Lemma 4.2]).

Lemma 3.24
Assume that N and N, are non-empty, that A, is g-conditioned, and that A is
uniformly continuous with modulus of continuity h, i.e.,

A, ()| > g(disty(x, N)) forall x € X,
IA(xX) = AWIl < A(llx =yl Jorall x, y € X.

Then one has N C B(N,, sf + gT(h(sf))), where sf denotes the sampling proximity
erroron N.

Proor. The sampling consistency error on N can be estimated by

1S = sup (A, o S, (@)l - llA@h*

ac
= Su:\;g ”Rn/ 0cAoR,o Sn(a) - Rn/ OMl
ae
< sup IR I1NIA 0 R, © Spa) — Aa)l
< sup h(IR, 0 Su(a) — dll) = h(e}).
aeN
Thus, the stated result follows from the second statement of m|

Remark 3.25 Assume that N = {x} and N, = { x,, } both consist of precisely one
elementE] Then Cea’s lemma in the above form gives the convergence rate

llx = xall < &5 + g (h(D)).

"Note that this is the case, e. g., with strictly monotone operators.
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3.3 APPLICATION TO GENERALIZED RiTZ-GALERKIN METHODS

If A is a strongly monotone operator then g(#) = ¢t can be chosen with some ¢ > 0,
(see [Example 3.16|and [Lemma 3.17). If A is additionally Lipschitz continuous (i.e.,
h(t) = Ct with some C > 0), one obtains a quasi-optimal convergence rate as in
Cea’s lemma:

llx = x,|| < (1 + %) &

n

Remark 3.26 If solutions are not unique, one may additionally use the first state-
ment of Theorem 3.4 Note that the reconstruction error X on X, vanishes in this
setting:

X = sup ||¥ o R,(x) — Z,(®)llx = sup [|R,(x) — R,(x)llx = O.

xeX, xeX,

Hence, the remaining ingredients would be estimates on the reconstruction consis-
tency error and on the conditioning of A.

3.3.2 Strang’s first lemma

In practice, due to rounding errors, one has to use approximations A, : X, — X, of
A on X,. Moreover, one may reduce the computational costs by using numerical
methods (e.g. quadrature rules) whose accuracy is adjusted to the expected error
level: There is no point in performing expensive calculations with very high precision
if the discretization error is magnitudes higher. Classically, Strang’s first lemma
addresses these issues by giving estimates on the overall error of solutions of the
discretized problem. [Theorem 3.4{induces a variant of Strang’s first lemma, alas
without existence and uniqueness statements:

Lemma 3.27
Assume that N and N, are non-empty and that

1A, (O, = g(disty, (x, Ny)) forall x € X,
IA(xX) = AWy < Adllx =yl Jorallx,y € X.

Then one has
N C BN, &5 + g (xn + h(e)))),
where &5 is the sampling proximity error on N and

Xn = sup [A,(b) — (R, oA oR,)D)llx;.
beS,(N)
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3 ParRAMETRIC OPERATOR PROBLEMS

Proor. The sampling consistency error 175 on A can be estimated by

75 = sup (IlA, 0 S)@lly, — IA@ly)*

aeN
S SUE (((”An 0o 8@y, = I(A o R, 0 S)(@)llx)" +[I(A o R, 0S,)(a) - A(a)IIX/)
< sup ([[A,D)llx, = IR, 0 Ao R)(D)llx;)" + sup A([(R, © Sy)(a) — allx)
beS,(N) aeA
< sup [[A.(b) — (R, 0 Ao R)(B)llx;, + h(e)) = xu + h(&).
beS,(N)

We emphasize that we used here that /4 is nondecreasing. Now, the statement follows

immediately from o

Example 3.28 Note that y,, measures in some way the deviation of A, from the
Ritz-Galerkin discretization. This is traditionally termed consistency error. The
connection to Strang’s first lemma becomes even clearer when analyzing the classical
setting:

Let ¢ € X', &, € X, be continuous linear forms and let B: X X X — R and
B,: X, X X,, = R be bilinear forms such that B is continuous and B, is coercive, i.e.,
there are constants C > 0, ¢ > 0 with

|B(u,v)| < Cllullxllvlly and B,(w,w) >c ||w||§ forallu,ve X,and all w € X,,.
Consider the operators

A: X - X', (A(x),u) = B(x,u) — (&, u),
An: Xn - X;p <An(y)a V> : Bn(y’ V) - <§na V>.

By the Lax-Milgram theorem, N, = {x,} is a singleton. Using the preceding
lemmawith the functions g(s) = ¢ s and h(s) = C s, one obtains

[|x = x,|| < (1 + %)3n+ %)(n foreach x € N.

Note that y,, can be estimated by

IBO.w)=B,(bw)| | |<§—§n,W>I)

[wllx lwllx

Xn < sup  sup (
beS,(N) weX,\{0}

This is exactly the consistency error of the classical Strang lemma (see [6, Chapter
III, Lemma 1.1]).
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3.3.3 Nonconforming Ritz-Galerkin method

Let a sequence X,, of finite-dimensional Banach spaces and operators A,,: X, = X],
n € N be given. Note that from now on, we do not assume that X,, is a subspace
of X. The frequent setting is that X, X, are continuously injected into a larger
Banach space X = Y in a canonical way. Denote these injections by ¥: X < Y,
V,: X, = Y. If V,(X,) ¢ P(X), one calls (X,,, A,) a nonconforming Ritz-Galerkin
scheme. In practice, there are essentially two reasons why a Ritz-Galerkin scheme is
nonconforming:

1. The elements of X,, may violate certain constraints on X. In particular, bound-
ary conditions may be an issue: The elements of the function space X,, may
satisfy boundary conditions only on a restricted class of boundary shapes, e.g.,
polygonal lines, simplicial manifolds, or spline surfaces.

2. The (differential) operator A: X — X’ cannot be extended to X, because the
elements of X, fail to have the necessary smoothness, e.g., they are discontinu-
ous.

Traditionally, one calls the quantity

sup inf [|¥(a) — ¥, (W)lly,
aeN WEXn

the approximation error. Note that the approximation error can be bounded by the

sampling proximity error £ on N:

sup inf [|¥(a) — Z,(0)lly < sup|¥(@) — (¥, 0 S)@lly = &
aeN WEXn aeN

In contrast to the classical Strang lemma, we may circumvent the need to extend A,,

to Y by using A, o S, in order to define what is traditionally called the consistency

error:

. {(Ay 0 Si)(a), w)
sup inf .
aeN WEXn lIwllx,

Note that this is precisely the sampling consistency error 65 on N

(An 0 Sw)(@), w)l _

sup inf = sup (4, o S)(@lx,
aeN WEXn Iwllx, ac
= sup (A, 0 S,)(a) — A(@)llx, = 5.
aeN

It turns out that implies the variant of Strang’s second lemma that
Braess briefly mentions in a side remark (see [6, Chapter III, Remark 1.3]):
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Lemma 3.29 Assume that N and N,, are non-empty and that

g(disty (¥, (x), #u(Ny))) < [[An()llx, forall x € X,
IA(X) = AWy < A(disty(P(x), P())) forall x, y € X.

Then one has

Y(N) C B(F(N,), &5 + g'(65 + h(d))).

3.4 Openness, Existence, and Convergence

We conclude this chapter with a remark on the relationship between openness of the
operators A, A, (see Definition 2.49)) and the convergence behavior of their solution
sets.

Theorem 3.30 Let operators A: C — Y and A,: C, — Y, be given, where C, C,
are metric spaces and Y, Y, are normed vector spaces. For some non-empty sets

A CC, A, C C, denote by by &5, X the proximity errors of (¥, ¥,) on (A, A,) and

by 15, nX the consistency errors of A, with respect to A on (A, A,). Moreover, let 9,

o be positive real numbers.

1. Assume that A, is (¢, 0)-open on S,(A N N) and that 6f < IfANN is
non-empty, then also N, is non-empty and one has

P(ANN) C BN, rS)  withrs = &5 + Lip(¥,) 065,

2. Assume that A is (3, 0)-open on R,(A, N N,) and that 5% < 9. If A, N N, is
non-empty, then also N is non-empty and one has

¥.(A, N N,) € BLPN), ) with r® = &8 + Lip(¥) o 6*.
Proor. Let x e AN N, i.e., G(x) = ||[A(x)|ly = 0. One has
1A © SNy, = (Ga © SH) < G(x) + 6, <.
Now, (¢, o)-openness implies
0 € B((Ay 0 S)(1).6,) € Au(B(S,(x), 0 6,)).
Hence, there is ay € N, with d¢,(S,(x),y) < O'cif and one obtains

dx(¥(x), ¥,(y)) < dx(¥Y(x), (¥, 0 S,)(x)) + dx((¥), o S,)(x), P, ()
<& +Lip(¥,) o8 =15,

which shows the first claim. The proof of the second claim is analogous. O
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Note that in the setting of an operator A of class C"*! between Banach spaces (or
more generally: Banach manifolds), openness of A at x € C can be shown with the
quantitative inverse function theorem (Theorem 2.53)), even in the case that DA(x)
has a kernel, as long as it has a sufficiently transversal closed complement (see the
proof of [Cemma 2.52).

Interpreting N, as the discrete problem, the second claim of can be
used for a posteriori estimates: Having found x € N, one may sometimes be able to
estimate the openness of A at R, (x):

Example 3.31 LetC, C,, Y, Y, be Banach spaces and let both A and A,, be of class
C"'. Let x € N,.. Assume that DA, (x) satifies ||DA,(x) u|| > A,||u|| for all u € T,C,.
Moreover assume that one can show [[DA(R,(x)) u|| > A||u|| for all u € Tg,,C with
some A > A, — ceg, > 0. Then again, the quantitative inverse function theorem

would imply a certain openness of A and [Theorem 3.30]yields existence of a smooth
solution and an error estimate.
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4 The Space of Inner Products

In this chapter we summarize some facts about the Riemannian manifold of inner
product of a finite-dimensional real vector space, i.e., of symmetric, positive definite
bilinear forms. This space and its Riemannian distance will be crucial in defining
the metric space of Lipschitz immersions (see [Chapter 5)). The latter will be used
as configuration space in our treatment of discrete minimal surfaces (Chapter 7)), as
well as in our discretization of Hencky elasticity (Chapter §).

This space is traditionally discussed as the homogeneous space GLi(R)/ O(k)
by differential geometers. However, the representation as a quotient may not be
convenient if one aims at numerical computations. Fortunately, the manifold of
symmetric, positive definite matrices and its Riemannian structures have recently
caught the attention of applied mathematicians so there is also a concise theory in
terms of matrices (see e.g., [27] and references therein). We try to be self-contained
and to give proofs for the relevant results, although these may be found elsewhere,
too.

In the course of this chapter, we will also be led in a natural way to a certain vector
field (on the manifold of inner products), which reappears as the Hencky strain tensor
in elasticity theory.

4.1 Basic Definitions

Let V be a k-dimensional real vector space with k € N and let P(V) denote the space
of symmetric, positive definite bilinear forms on V. The group GL(V) acts from the
right on P(V) via pullback:

GL(V) x P(V) = P(V), (A,b) — A*b = b(A-, A").

As an open set in the vector space Sym(V) = V'OV’ c V' ® V’ of symmetric bilinear
forms on V, the space P(V) is a smooth manifold with tangent bundle given by
T,P(V) := Sym(V).
We equip P(V) with a Riemannian structure gp given by
grlh(X,Y) =(X,Y), forallX,Y eT,P(V)=Sym(V),

where (-, -), denotes the inner product on V’ ® V’ that is induced by b.
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We use the so-called musical isomorphisms
by: V>V, uw bu,-)= bu,v) and #,:=b':V -V
In finite-dimensional vector spaces, one may identify End(V) = V ® V' and
idy ®f,: Sym(V) - {A € End(V) | A" = A}
identifies Sym(V) isometrically with the b-self-adjoint endomorphisms:

(X, Y), = ((dy &)X, (idy &f,)Y), = tr ((idy ®,)X)" (idy ®H)Y),

where X, Y € Sym(V).

Theoretically, one could deduce all the result of this chapter in terms of this
identification. However, it proves less cumbersome to perform computations in terms
of Gram matrices.

Definition 4.1 For a basis e = (ey,...,e;) of V, define the Gram mapping which
maps a bilinear form to its Gram matrix:

G.: V'@V = Matiw(R), X (X(e;,e)))i<ij<k-

Remark 4.2 In terms of the Gram mapping, one has the following representation
that we will use throughout our discussion:

gr(X. V)lp = (X, V), = tr(Ge(b) ' Gu(X) G (b) ' G.(Y)), 4.1)
where b € P(V)and X, Y € T,P(V).

Remark 4.3 Whenever a basis e of V is given, the dual basis n = (171, ...,m) of V’
can be written as 77; = Z’;zl(Ge(b)‘l),-j bpe;. A basis (17;)1<i<j<k for Sym(V) is induced
by e vian;; = n; ® n; + n; ® ;. Moreover, since G, is a chart, we have globally
defined coordinate vector fields X;; € X(P(V)) on P(V) by:

Xijlo =ni®n;+n,;®n;

k
= > (Gob) ia(Ge(b) )5 (bye: ® bye; + bye; @ byer).
a.f=1
Because the vector fields X;; are coordinate vector fields, their commutators vanish:

[Xop, Xys]1 =0 foralll <a,B,y,6 <k

We even have d(G.(X;;)) = 0. Note that every smooth vector field Y € X(P(V)) can
be written as ¥ = 3} ,<p< Yo Xaop With appropriately chosen ¢,5 € C*(P(V); R).
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4.2 The Levi-Civita Connection

In order to compute distances, we are interested in the geodesics in (P(V), gp).
Therefore, we deduce a representation of the Levi-Civita connection in terms of its
covariant derivative

V: X(P(V)) X X(P(V)) = X(P(V)).

Lemma 4.4 Let X, Y € X(P(V)) be smooth vector fields and let e be a basis of V.
The Levi-Civita connection with respect to gp can be written as

G.(VxY]p) = (d(G(Y))lp, X) = 0(G(X)G(b) ' G(Y)),
where o : Mat;,(R) — Mat, (R), A — %(A + AT) denotes symmetrization.

Proor. According to there are vector fields X;,...,X,, € X(P(V)),

m = %k(k + 1) with d(G.(X,)) = O for all 1 < @ < m such that each vector

field Y € X(P(V)) can be written as ¥ = }I_, ¢, X,, with appropriately chosen
@Yo € CT(P(V);R). Note that this also implies [X,, Xz] = 0 forall 1 < a,8 < m. The
Koszul formula (see e.g., [9, Chapter 2, Equation 9]) tells us:

gr(Xa, Vx, X)) = %(Xﬁ gr(Xy, Xo) + X, gp(Xo, Xp) — Xo gp(Xp, X,)).
Abbreviating B := G,.(b) and X,, := G.(X,), we have from that
gr(X,,X,) = tr (B7'X,B7'X,).
Using the well-known rules for differentiating products and inverses, we obtain

X,B gP(X P Xa/)lb
= -tr(B'X;B'X,B'X,) — tr (B”'X,B"'X;B'X,)
= -2t (B 'c(X;B'X,)B'X,)
= -2gp(G, ((XsB™'X,)). Xals)-
Symmetry of all occurring matrices and conjugation invariance of the trace lead to
XB gP(Xw Xa) = Xy gP(Xou XB) = Xa gP(XB7 Xy),
hence to Vy,X,|, = -G, (c(XzB'X,)) and
G.(Vx, X, 1) = (dG.(Xp), X,) — o(X;B'X,).

For arbitrary vector fields X and Y, write ¥ = ZZ;: 1 ¢ Xp. The statement now follows
from the Leibniz rule for covariant differentiation. m]
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Corollary 4.5 The vector field Z € X(P(V)) given by Z|, = b is covariantly constant.

Proor. Let X € X(P(V)) be an arbitrary vector field and e some basis of V. By the
preceding lemma, we may compute

G (VxZy) = (dG.(b), X) = T(G(X)G.(b) ' G.(b) = G(X) = G(X) =0. O

4.3 Geodesics

Lemma 4.6 Let V be a finite-dimensional real vector space, b € P(V), and X €
Ty,P(V). The geodesic y: |—¢,e[ — P(V) starting from b in direction X € T,P(V)
with respect to the Riemannian metric gp is given by

y(®) = G;'(LTexp (tLTG.(X)L™") L)
for every L € Maty,(R) with LTL = G,(b).

Proor. Let y be the geodesic with y(0) = b and ¥(0) = X. Define B(?) := G.(y(?)).
Since G.(7(1)) = B(t), the geodesic equations can be written as

0 = G.(V3)(1) = (dG.(7(1), (1)) — o(G.(7([1)G.(¥(1)) "' G.(3(1)))
=B -B@O)B ') B®).

We use the ansatz B(¢) = LT exp(t C)L with a matrix L € Mat;,(R) and a symmetric
matrix C € Mat;(R). One computes

B(t) =L'Cexp(tC)L and B(r) = L"Cexp( C) CL
and checks that substituting our ansatz solves the geodesic equation:

L'C exp(t C) CL — L'C exp(t C) LL™! exp(—t COLL'C exp(tC) L
=L"Cexp(tC) CL — L"Cexp(C) CL = 0.

For satisfying the initial conditions, one has to find L and C such that
B(0)=L'™L =G.(b) and B(0) =L'CL = G.(X)

hold. Note that by the uniqueness of the solutions for second-order ODEs, y does
not depend on the actual choice of L. O
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Example 4.7 When choosing L. = Ge(b)%, one has

G.(¥(1) = G(b)? exp (1 - Ge(b) 2 Go(X) Go(b) 7) Go(b)*.

Note that () exists for all times ¢ € R and that () is always positive definite, which
leads us to:

Corollary 4.8 The Riemannian manifold (P(V), gp) is geodesically complete, i.e.,
for each b € P(V) and each X € T,P(V), there is a geodesic y: R — P(V) with
v(0) = b and y(0) = X.

For every pair of points in a geodesically complete space, there is always a length
minimizing geodesic connecting them. In (P(V), gp), there is exactly one geodesic
between any pair of points and this geodesic can be directly expressed in terms of
Gram matrices.

Lemma 4.9 For any two points by, by € (P(V), gp), there is a unique geodesic
v: [0, 1] = P(V) with y(0) = by and y(1) = b.

Proor. Let by, by € P(V). Choose a basis ¢ of V and L € Mat;,+(R) such that
G.(by) = L'L.

Existence: One easily verifies with[Lemma 4.6|that the geodesic vy starting at b, in
direction X = G; (LT log (L7"G,(b;)L ") L) satisfies y(1) = b;.

Uniqueness: Lety: [0,1] = P(V) with y(0) = by and y(1) = b,. Put X = y(0).
By[Lemma 4.6} one has b; = y(1) = G;'(L" exp (L TG.(X)L ") L). Since the matrix
exponential is a diffeomorphism from the symmetric matrices onto the symmetric,
positive definite matrices, this equation can be solved for X, delivering the same X
as in the existence proof. Note that X does not depend on the particular choice of L:
Any other choice can be written as UL with a orthonormal matrix U € O(R"). By
the rules of the functional calculus of self-adjoint operators we find:

(UL)" log (UL)"G.(b))(UL)™") (UL)
=L"U"log(UL'G,(b)L™'U ) UL
=L'UU log(L'G.(b))L")U'UL
=L"log(L"G.(b))L") L. o
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4.4 The Hencky Field

Motivated by the preceding result and because of its central role in nonlinear elasticity
(see[Chapter §), we introduce the Hencky field, a vector field on P(V):

Definition 4.10 Fix ¢ € P(V). We define the Hencky field H. € X(P(V)) by
H.|, = (id ®by)(log, ((id ®f)c)).
Here, log,, is the logarithm of the functional calculus of b-self-adjoint operators.

Remark 4.11 In terms of a basis e of V and a matrix L. € Mat;,«(R) with G,.(b) =
L'L, one may write

Hl, =G,' (L log (L7'G,(c)L™")L).
Thus, by the Hencky field X, always points to ¢ in the sense that
expj, (Hely) = ¢,
where exp; : T,P(V) — P(V) is the Riemannian exponential map with respect to gp.
Corollary 4.12 The geodesic distance of (P(V), gp) is given by
dp(b,c) = | Hely |, = llog (L7 G(c)L™")| = (ZE, log(4,2)7, b, c € P(V).

Here, |-| denotes the Frobenius norm of matrices, L. € Mat(V) is a matrix with
L'L = G.(b), and A,, ..., A are the eigenvalues of G.(g) with respect to G,(b).

Proor. While dp(b,c) = | H.|; |, follows from the fact that geodesics have constant
speed, the second equality follows from (@.T]:

| Hely [} = tr (LTL)™ Go(HLlp)(LTL) ™ Go(Hly)
=tr ((LTL)‘lLT log (L7'G,(c)L" ) LAL'L) 'L log (L "G, (c)L™) L)
=tr (L™ log (LTG.(c)L™')’ L) = tr (log (L' G.(c)L™')?)
= [log (L7TG.(c)L ™).

One may choose e as an orthonormal basis of b such that G,.(c) = diag(4, ..., ;) is
a diagonal matrix. With LL = I, one obtains
log (LTG(OL™)P = T, log(4,)*. =

Corollary 4.13 Fix ¢ € P(V) and define f.: P(V) —» R, f.(b) = %df,(b,c). This
Jfunction is smooth and the downward gradient coincides with the Hencky field:

grad®” f. = —H..
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4.5 Densities

We summarize some definitions and facts about densities. For a more detailed
introduction to this topic see, e.g., [26, pp. 375-382].

Definition 4.14 Let V be a k-dimensional real vector space. A density on V is a
function o: Hf-‘zl V — R with the properties:

1. Forall vi,...,vy € Vandall 4y,..., 4 € R the following holds:
o(ivi.., 4yvi) = A1 Alo(r .., vi).
2. Forall vi,...,vy € V, A€ Rand i # j the following holds:
OWi oo Viel, Vit AV Vits oo, i) = 0(V1 oo, Vit Vis Vigds - 5 Vi)-

We define Q(V) to be the space of densities on V.

The space (V) is a one-dimensional vector space over R. A linearmap A: V —» V
induces the pullback A*: Q(V) — Q(V), a linear operator defined by

A1, ..., vi) =0(Avy,...,Av) forvy,...,vieV.

One may define the absolute value of the determinant of A by |det(A)| o = A¥o for
all o € Q(V). Thus, densities have a transformation behavior under pullback that is
compatible with the transformation formula of integrals. This is why one can define
the integral of a section of the density bundle Q(2) := [],» (T,2), leading to a
linear functional fZ: Q) - R.

A density o € Q(V) is called positive, if o(ey,...,er) > 0 holds for all bases
e = (ey,...,e;) of V. Denote the space of positive densities on V by Vol(V). Note
that the multiplicative group (R, -) acts transitively on Vol(V). For two densities o
and o denote the unique positive number # € R, with oo = 1o by % We define the
distance dy, by

dve1(0,0) = |log (%)l for all o, o= € Vol(V).

Every g € P(V) induces a unique density vol, on V fulfilling volg(ey, ..., e;) = 1 for
any g-orthonormal basis ey, ..., e, of V. Thus, one has
vol,  det(G.(D))
vol,  det(G.(g))

and  dvoi(vol, voly) = [log (det(G.(b))) — log (det(G.(g)))l,
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for any two elements g, b € P(V) and any basis e of V. For an injective linear map
A: (Vi,g1) — (V,, g) between finite-dimensional inner product spaces, we point
out the formula

VOl ytg, = |det(A*A)|% volg,, 4.2)
where A* denotes the adjoint of A with respect to g; and g.
Lemma 4.15 The mapping
vol: P(V) — Vol(V), g vol,
is Lipschitz-continous with Lipschitz constant dim(V)%.

Proor. Let g, b € P(V) and choose an orthonormal basis e = (ey, ..., ;) of g that
diagonalizes G.(b). Let A4,..., A, be the eigenvalues of G.(b). One has vol, =
Ay -+ A volg, thus

k
doi(vol, voly) = log(d; -+ 4| < ) llog()l < Vkdp(g.b).  (4.3)
i=1 O

Remark 4.16 Note that when dim(V) = 1, the mapping vol: P(V) — Vol(V) is an
isometric diffeomorphism. Hence, Vol(V) is also a Riemannian manifold and we
may denote the induced Riemannian metric by gy, . The diagram

TPV p(v)

T voll \Lvol

ex Vol
T Vol(V) 22— Vol(V)

is commutative because of the identities exp(tr(X)) = det(exp(X)) for X € Mat;(R)
and (T, vo)X = gp(b, X) vol, for X € T,P(V).
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4.6 Invariant Metrics

Here, we give a characterization of all GL(V)-invariant Riemannian metrics on P(V)
which highlights the outstanding roles of the Riemannian metrics gp and gy, on
the one hand; and of the Hencky field on the other. This also shows that Hencky’s
elastic energy (see is a quite natural deformation measure (at least, for
full-dimensional domains).

Lemma 4.17 Let A: V — W be a linear isomorphism between two finite-dimen-
sional real vector spaces. Then the pullback along A induces an isometric diffeomor-
phism

A*: (P(W), gp) = (P(V), gp), b= b(A-,A).

Proor. Fix ¢ € P(W) and b = A¥c. Lete = (ey,...,ex) and f = (fi,..., f) be
bases of V and W, respectively. Denote by & the dual basis of f and define the
matrix A € Mat,(R) by A;; == (£,Aej), 1 <i,j < k. Now,letY € T.P(W) and
X = (T.A"Y € T,P(V) and write Y := G4(Y) and X := G.(X). The identities

G.(b) =ATG(c)A and X=ATYA
together with (4.1)) lead to
gr(X. Xy = tr (G(0)"'XT G.(b)'X)
= tr ((A7'G,(0)'ATHATYT A)A™'Gy(0)"ATHATY A))
= tr (A (G/(0)'YTGy(0) ') A)
= tr (G ()" Y'Gy(0)'Y) = gp(¥, V). o

In particular, the group GL(V) acts smoothly from the right on P(V) via pullback
and we obtain:

Corollary 4.18 The metric gp is invariant under the action of GL(V) on P(V).

Theorem 4.19 Every GL(V)-invariant Riemannian metric on P(V) can be written
as

2uaX, V)l = 2u gp(X, V)l + A (vol* gyo)(X, V),

with some parameters u > 0 and 1 > — diril(lV)‘ Here, X, Y € T,P(V) are tangent

vectors at b € P(V) and vol: P(V) — Vol(V) is the Riemannian density operator

(see|lLemma 4.1)5)).
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Proor. That g, 4 is GL(V)-invariant follows from|[Lemma 4.17] We show that g, , is
positive definite for u > 0, 4 > —27“, where k = dim(V):

For X € T,P(V) with gp(X, X) < 0 choose a basis e of V such that G,(b) = I is the
identity matrix and G.(X) = diag(4y, ..., ;) is diagonal. Then define the function
f: RF - Rby

FGs e Xy) = u Sk 2+ %(Zﬁ;l xi)2

and observe f(Ay,...,4,) = %gM(X, X). Note that f is a quadratic functional with
f(@,...,0)=0,Df(0,...,0) =0 and its Hessian is given by

2+ A A A
e 1 2;1 +2

The m-th principal minor of Hesso( f) is (mA + 2u)u*~'. Thus by Sylvester’s criterion,
Hesso(f) 1s positive definite (and f is strictly convex) if and only if g > 0 and
A > —27“ > —kz_—“l > -0 > —ZT“. Hence f(A4,...,4,) < 0 is only possible for
Ay =--+ = A = 0. This implies X = 0.

Now, let g be an arbitrary GL(V)-invariant metric on P(V). Fix b € P(V). Then
gl» has to be invariant under the stabilizer O(V, b) of b. Choose an orthonormal basis
e of V with respect to b such that G.(b) = I is the identity matrix. One has for all

symmetric X, Y € Mat;(R):
gl (G (X), G (V) = (X, V).
In the same vein, define
GX.Y) = gly(G; ' (X). G, ()

for all symmetric X, Y € Mat(R). Since g|, is O(V, b)-invariant, G is O(n)-
invariant. By diagonalizing the symmetric matrix X, one realizes that G(X, X) is a
symmetric quadratic polynomial in the eigenvalues of X. Thus, there are u, 1 € R
with G(X, X) = 2u tr(XX) + A tr(X) tr(X). The polarization formula implies

GX,Y) = 26X, Yron + AX, Drob(L Y)rrob-
By pullback along G,, we obtain

gX. V) =2ugp(X,YV)lp + 1gp(X,b) gp(b,Y)
= 2ugp(X, V)|p + A (vol* gvo)(X, V)l
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The inequality 4 > —27" follows from the fact that gl is positive definite and from
the considerations at the beginning of this proof. O

Remark 4.20 As we will see in the parameters u, A can be interpreted
as Lamé coefficients.

Lemma 4.21 The Levi-Civita connection of g, , is given by that of gp.

Proor. Let V be the covariant derivative of gp. From |Corollary 4.5/ we have that the
vector field W € X(P(V)), W|, = b is covariantly constant. For X, Y, Z € X(P(V)),
we compute

Xgua(Y,Z) = 2uXgp(Y,Z) + 1 X(gp(Y, W)gp(W, Z))
=2ugp(VxY,Z) + pgp(Y, Vx2)
+ A(gp(VxY, W)gp(W, 2)) + A (gp(Y, W)gp(W, VxZ))
= 8ua(VxY, Z) + g, a(Y, VxZ).

This shows Vg, ; = 0, which suffices to prove the statement. m]
Corollary 4.22 The geodesics with respect to gp and g, , coincide.

Lemma 4.23 Let b, ¢ € P(V). Denote the geodesic distance with respect to g, , by
dy . Then one has

d2 (b, c) = 2udi(b, ) + Ad%(voly, voly),
where vol,, vol. denote the densities defined by b, c respectively.

Proor. Let y: [0,1] — P(V) be the unique geodesic from b to c¢. According to
Remark 4.11} we have y(0) = —H_|, and

d> (b, ¢) = |Hll;, | = 2u gp(Hely, Helyp) + A gp(Hely, b)Y,
Choosing a b-orthonormal basis e of V with G.(c) = diag(4,, ..., 4;), one obtains

lgp(Hclp, D)| = |trlog(diag(A,, . .., A))| = |log(detdiag(A,, ..., A))l

vol.

= |10g (volh

= dvg(voly, vol,). O
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S Lipschitz Immersions

We need a suitable shape space of immersed manifolds for our applications to elastic-
ity theory and minimal surfaces theory. Therefore, we define a space of parameterized
(locally) Lipschitz immersions and equip it with a reparameterization-invariant dis-
tance. This distance is in terms of zeroth and first derivatives of immersions. It
descends to a distance on the shape space, i.e., the quotient space of unparameterized,
immersed manifolds!']

5.1 Basic Definitions

Throughout this chapter 2’ will be a compact, k-dimensional smooth manifold with
boundary. Let g be a smooth Riemannian metric on 2. With a slight abuse of
notation, we denote with vol, not only the Riemannian density induced by g, but
also the complete measure induced by it. Define the locally trivial fiber bundle
n: Py — X by Ps|, = P(T,2) for all x € 2" and equip the fibers with the distance
function dp. Define
— 1. mob =1idy volg-a.e.,
P = {b. X — Py vol,-measurable. ess sup. ., dp(bly, gl.) < o0 }/
with the equivalence relation by ~ b, if by = b, holds vol,-almost everywhere
(vol,-a.e.). We introduce the distance dp on P(2) by

dp(by, by) = ess SZUP dp(bilx, baly).
XE

Note that neither the space $(2) nor the distance dp depend on the choice of g.

Definition 5.1 For f € W'*(2; R™), the derivative T f exists at almost every point
x € 2 and we obtain an almost everywhere defined f*g,. We use this construction to
define the space of Lipschitz immersions as

Imm(Z;R™) = { f € W(Z;R™) | ffgo € P2)}

!Contrary to the meaning we associate to it, the term “shape space” is frequently used for certain
classes of subsets of R*> modulo the action of the Euclidean group.
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5 LipscHiTz IMMERSIONS

and equip it with the distance

Aium(f15 2) = 1lfi = follps + d@(ﬁgo,ﬁgo) for fi, fo € Imm(2; R™).

Remark 5.2 Our notion of Lipschitz immersions may seem quite similar to the
one established by Riviere in [33]]. Note however that Riviere’s notion depends on
the boundedness of vol s, only, while ours depends on the boundedness of the full
distortion tensor f*g.

The distance dp involves only little first order information about f; and f; in the
case k < m. Even in the case k = m, this distance is insensitive to the orientation of
the tangent spaces. Hence we add a distance between oriented tangent planes of fi
and f,. Since we also would like to treat non-orientable manifolds 2, we use the
following construction:

Let #: 5 — X be the orientation covering of X (see, e.g., [26, p. 330]). Note
that 7 is a double covering of X so T\, : T JO Tsv2 1s a linear isomorphism.
Therefore, any Riemannian metric g on X can be pulled pack to £ along #. The fiber
3, = #7'({x}) consists precisely of the two possible orientations on 7,2 Thus, by
is oriented in a canonical way: The orientation of 7,2 = T, is p itself. Every
f € Imm(2; R™) can be pulled back along 7 leading to the isometric embedding

ﬁ-#: (Imm(Z, Rm)’ dIInm) - (Imm(ﬁ" Rm)’ dImm), f — f © ﬁ.

Let ak(R”’) be the oriented Grassmannian, i.e., the smooth manifold of oriented
k-dimensional vector subspaces in R™. Every f € Imm(2; R™) induces a Gauss map
7(f) € L*(S; Gry(R™)) via

A (im(d f] »)s fap), dfl » exists and is injective,
(Plp =
undefined, else,

leading to the mapping 7: Imm(2;R") — L¥(; E}\rk(R’”)). Here, fip denotes the
orientation on im(df|,) that makes df],: (Tpf ,p) — (m(df|,), f«p) orientation-
preserving. Any GL(R’")—invarig_\nt Riemannian metric gg, on Gr(R™) can be lifted
to a Riemannian metric g, on Gr(R™), leading to a geodesic distance dg;. Via the
Gauss map, we may define the following augmented metric df _ on Imm(2; R™):

Al (f1 12) = dimm(f1, f2) + ess sup dg (7(fi © D), T(f2 0 B)]),

peX

for every fi, f, € Imm(2;R™).
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5.2 Diffeomorphism Group

Let (2, g) be a compact, smooth Riemannian manifold. We define the group of
Lipschitz diffeomorphisms by

Diff(X) :={p € W;’“’(Z ;2) | ¢ is a bi-Lipschitz homeomorphism },
where the group structure is given by

u: Diff(X) x Diff(X) — Diff(2), (o, ) > oy,
¢: Diff(X) — Diff(>), ool

Note that the space Diff(2) does not depend on the choice of the Riemannian
metric g. The existence of global Lipschitz constants for ¢ and ¢! implies ¢*g,
(¢~ H*g € P(X) for every Riemannian metric g on 2. To give Diff(X) a topology, we
define the distance

dpi (1, ¢2) = ess sup dg(1(x), p2(x)) + ess sup dy(97" (), 05" (1))

+dp(plg, p5g) + dp((e7") g, (93M)g)

for all ¢y, ¢, € Diff(2). By construction, ¢: (Diff(2), dpig) — (Diff(2), dpig) is
an isometric isomorphism, thus Lipschitz continuous. That u is locally Lipschitz
continuous can be checked easily with the triangle inequality, the chain rule, and
the fact ||T¢||z~, IT (¢ DIz~ < dpig(e,ids) < co. Thus, (Diff(X), u, ¢) is a topological
group. Note that Diffo(X) := { ¢ € Diff(2) | ¢|sx = idys } is a closed normal subgroup
of Diff(2). The topological group Diff(2) acts continuously from the right on
Imm(2; R™) via

L,: Imm(Z;R™) - Imm(Z; R™), S fogp,

for all ¢ € Diff(2).
For y € Imm(02"; R™), one may also define the space of immersions under bound-
ary conditions:

Imm, (23 R") = { f € Inm(Z;R™) | flax =7 }.

Note however, that for arbitrary f € Imm(2;R™), the restriction f|ss need not be
Lipschitz continuous. The action of Diff((2) on Imm(2’; R™) restricts to an action on
Imm, (2, R™).

Finally, we point out that Diff(2) acts on Imm(2’; R™) through isometries with
respect to both dyy,, and df —a fact that we utilize to analyze the quotient metric
of dimm and dF.

Imm*
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5.3 Quotient Space

One may consider the following quotient spaces
Imm(2; R™)/Diff(X), Imm(2;R™)/Diffo(2), and Imm,(X;R"™)/Diffo(2),

where y € Imm(d2;R™). Let (C,G) be one of the pairs (Imm(2;R™), Diff(2)),
(Imm(2; R™), Diftp(2)), or (Imm, (X; R™), Diffy(2)). Denote by X := C/G the quo-
tient space and by /7: C — X the canonical map. The metrics dimm, df, on C
descend to quotient semi-metrics dx, dj, on the quotient X (see [8, p. 62] for a
definition of the quotient semi-metric). In general, these quotient semi-metrics may
be quite cumbersome to work with. In our case, the group G acts on C through

isometries, hence the quotient semi-metrics satisfy
dx(II(f1),11(f») = 3}25 dimm(f1, /2 © @) and
dyI1(f), 11(f2) = }:;5 dinm(f15 2 0 @),

where fi, f> € C.

Lemma 5.3 Let 2 be a compact smooth manifold with boundary. Then both (X, dx)
and (X, d},) are metric spaces.

Proor. It suffices to show that dy is a metric. Let f, h € C and let ¢, € G be a
sequence with dium(f,h o ¢,) — 0. We have to show that there is a ¢ € G with
f=¢"h

We start by choosing a smooth Riemannian metric g on 2’ such that the boundary
(if it exists) is totally geodesic. This way, for every point x € 2, every neighborhood
U of x contains a geodesically convex neighborhood of x. Such a Riemannian metric
can be constructed, for example, by choosing a cylinder metric on a smooth collar of
2 and extending it smoothlyE]

Observe that h, := h o ¢, converges uniformly to f. Moreover, being convergent,
h'go is a bounded sequence in Ps. Hence there is some Ay > 0 with

ldhE Nz, Ndhlls < Ao
The chain rule for weak derivatives of Lipschitz mappings yields

dh,le = dhly, v - Txpn and
dhl, = dhnlg;;ll(x) ) Tx(¢;1),

2A smooth collar of X is a smooth embedding @: [0, I[ X 02 — X such that @(0, x) = x holds for
all x € 0. Every paracompact smooth manifold with boundary has a smooth collar.
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hence one obtains T, = (dhl%(x))“' - dh,|, for almost all x € 2. Thus, there is a
A > 0 with

IT@ullzs < (Al - ldhyll> < A and
I(Ten) g < 1I(dh) g - dAlly < A,

showing that the families (¢,,),cn and (go;l),,eN are equicontinuous. Because X' is a
compact metric space, the families (¢,),c and (¢, !),cx are also pointwise relatively
compact. Thus, the Arzela-Ascoli theorem (see, e.g., [28, Theorem 47.1]) implies
the existence of a subsequence (which we also denote by (¢,).an) such that both
¢, = pand ;' — ¢! converge in the compact-open topology on C(2; X).

Up to now, we know that ¢: 2" — 2 is a homeomorphism (probably fixing the
boundary) and that f = h o ¢. We are left to show that both ¢ are ¢! are Lipschitz.

Let Vi,...,V, with some a € N be a covering of 2’ by open, relatively compact,
and geodesically convex sets. Choose a covering Uy, ..., Ug with some € N of 2
by open, relatively compact and geodesically convex sets such that each ¢(U,) is
contained in some V;. Then one has for all x, y € U;:

ds(@(x), () < do(P(X), Pn(X)) + do(@n(X), ©u(y)) + do(@n(y), (1))
< dg(@(x), 9u(X)) + [T @ullpy do(x,y) + dg(@n(y), ()

Applying limsup, _, , yields ||T¢|| <A, hence ¢ is Lipschitz continuous. The same
argument shows that ¢! is Lipschitz continuous, too. O

5.4 Embedding Theorems

Here we gather several technical lemmata for later use. Moreover, we analyze the
relationship between Imm(2'; R”) and W;"X’(Z ;R™).

Lemma 5.4 Fix b, g € P(V) and let X € T,P(V) = Sym(V) with |X|, < e drbg),
Then b + X is also contained in P(V) and one has

dp(b,b + X) < &P |X],.
In particular, P(V) is open in Sym(V).

Proor. Choose a g-orthonormal basis e of V and define B = G.(b), X = G.(X).
Let0 < 4; < --- < A4 be the eigenvalues of B. Observe that

1 k
B~ = T X (|10g(%1)|) < exp leog(ﬁ%w — drbg).
: P
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The estimate
IB-2XB || < B[ |IX]| < [B~'[IX] < e®® - |X], < 1

shows that B + tX = B2(I, + tB-2XB~2)B? is invertible for all ¢ € [0, 1]. This
implies that B + X and thus b + X are positive definite. Now, we have

dp(b,b + X) = [log (B 2(B + X)B™%)| < [log (I, + B2XB%)]
< BHXB = [B'X] < [B|IX] < e |x],,

from which the stated estimate follows. O

Lemma 5.5 Let (V,, g;) be finite-dimensional Euclidean spaces for i = 1, 2 and let
A, U € Hom(V, V) with A injective and U fulfilling

el + el — Ve,

where € = dp(g1,A*g>). Then (A + U)*g, is also contained in P(V,) and one has

U|g1’g2 <

dp(Ag, (A + U)gr) < (Ve + el + Ve¥) - [U|

81,82°

Proor. We use the preceding lemma with g = g1, b := A*g,, and X = (A+ U)*g, —b.
Choose g;-orthonormal bases ¢; of V; for i = 1, 2 and write B := G,,(A%g,) and
X = G, (X). Let A and U be the matrix representations of A and U, respectively,
with respect to these chosen bases. Since X = ATU + UTA + U'U one obtains

1
X1, = [XI < 2IATA[IZ[U] + [UP < 2 Vel - U, ,,

< (Vel +el+ Vel - |Ul, ,, <€,

2
T |U|g1ag2

whenever |U]| el + e~f — Vel. Finally, one has

81,82

dp(b,b + X) < (Ve + &l + Vi) - U, ,,
by [Cemma 5.4 .

Corollary 5.6 Let f € Imm(2;R™) and g € P(2). Then the ball B(f,r,(f)) with
respect to the norm ”'”ng“” of radius ro(f) == Vel +ef - Vel is also contained in

Imm(X; R™), where € = dp(g, f*go). In particular Inm(Z;R™) C ng’°°(2; R™) is
open.
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5.4 EMBEDDING THEOREMS

Corollary 5.7 Let g be a Riemannian metric on 2 and let dW;m be the distance
induced by ||-||Wg],oe. Then the identity mapping

id: dmm(Z2; R’”),dwé,m) — (Imm(2;R™), d},.,.)
is locally Lipschitz continuous.

Proor. Fix f € Imm(2;R™) and let &~ € Imm(2; R™) with || f — hllwé,oo < re(f). By
we have

dp(f* 0. h'g0) < (Ve + el + Veil) - |ldf - dhll,s,

showing the local Lipschitz continuity of id with respect to diym.
The local Lipschitz continuity of id with respect to df_  can be deduced from the

fact that 7(f) is a lift of p(f) o 7 along the canonical covering «: @k(Rm) — Gri(R™)

Gri(R™)

w7 lk

Z’\ - p(f)ort Grk (Rm),

X
where p(f) can be expressed as the orhtoprojector-valued mapping
p(f) = df(dfedf)df.

The map p: (Imm(2; R™), dW;,oo) — L¥(2; Grp(R™)) is locally Lipschitz continuous
and « is a Riemannian submersion. Thus, the map f +— 7(f) is also locally Lipschitz
continuous. O

Definition 5.8 Let 8 ¢ Ly (2;R™) be a Banach space. We say, 8 is compactly em-
bedded into W;"”(Z ; R™), if the canonical embedding B — L;"(Z ; R™) has its image
contained in W;"X’(Z ; R™) and the induced linear embedding i: B — ng’°°(2 ;R™) is
compact.

Lemma5.9 Leti: B — W;"X’(Z ; R™) be a compactly embedded Banach space.
Then

A= {f e Imm(E;R™) N B | dp(g, ffgo) < 5. IIfllg < 5}

is a compact set in (Imm(2; R™), df ).
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5 LipscHiTz IMMERSIONS

Proor. Let f, € A’ for all n € N. By compactness of i, there is an f € ng’°°(2 ; R™)
and a subsequence (f;, )iy With f,, = f in W;""’(Z; R™)as [ — oco. Let [ € N be large
enough such that

”fnz - f”W;,m < m_ \/;

By |Corollary 5.6/ we have f € Imm(2; R™). Now, [Corollary 5.7/ implies f,, it f
with respect to d m|

Imm*

Lemma 5.10 Leti: 8 — W; (2, R™) be a continuously embedded Banach space.
Then the space Imm(2; R™) N B with the metric

ds(f1, f2) = dipe(f1. 2) + i = fallg forall fi, f» € Imm(Z;R™) N B

is complete.

5.5 Volume Functionals

The volume functionals on the space of Lipschitz immersions and on shape space
are essential for the treatment of least volume problems. In this section, we establish
their local Lipschitz continuity.

Throughout, let 2" be a compact, k-dimensional smooth manifold with boundary.

Lemma 5.11 The volume functional
J: PE),dp) >R, g f vol,
P

has its modulus of continuity w (g, t) bounded by J(g) eVk \ki, ie.,

T(b) - T (@)l < T(2)e“ " Nkdp(g.b) forall g, bePE).

vol,

vol. From|[Lemma 4.15 we know that

Proor. We abbreviate A =

log(A(x))| = dvor(vol, |y, vol, |) < Vkdp(gl., bly) < Vkdp(g, b).

Together with the estimate |t — 1| < [log(#)| "¢l for all > 0, we obtain
T () - T ()| = | f (vol, — vol,)|
P

< f IA = 1] vol, < T (g)e V¥ e Vi dp(g, b). O
X
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Corollary 5.12 Let ws be the modulus of continuity of the volume functional
F . Imm(2; R™), dinm) — R, f fvolf#go.
z

Then one has we(f,1) < F(f) e VK1 k1.

Corollary 5.13 With the nomenclature of let ITyF : (X,dx) — R be the
pushforward of F along I1. Its modulus of continuity wp,# satisfies

wir(x, 1) < ULF)(x) e ¥ Vi,
Proor. For x,y € X and f € IT"!(x), h € IT"'(y) observe
|(LLsF)(y) — ULF )(x)| = ;felg |F (h o @) = F(f)

< inf F(f) e 1 VK di(f. 10 )
7S
= (I F)(x) e W) Nk d(x, y). o

Lemma 5.14 Let k < m, let V be a k-dimensional real vector space, and let
Hom(V; R™) be the open subset of Hom(V; R™) consisting of the linear mappings
with full rank. The mapping

F: Homi(V;R™) = Q(V), A volys,,
is differentiable with derivative given by
(dF|4, U) = (A, U) gtg, VOlgsg,  for all A € Hom(V;R™), U € Hom(V;R™).

Proor. Choose an arbitrary b € P(V), a b-orthonormal basis e of V and a go-
orthonormal basis f of R™. With B = G.(b), A;; = go(fi,A e;), and U;; = go(f;, U e))
we have F(A) = det(ATA)% vol, by (4.2), thus

(dF14,U) = 1 det(ATA) 2(d det |54, ATU + UTA) vol, .
The derivative of the determinant det: GLy(R¥) — R is given by
(ddet|g, X) = det(B) tr(B-"X) for all B € GLi(R), X € Mat;,«(R).
Thus one may compute
(dFly, Uy = 1 det(ATA) "2 det(ATA) tr (ATA) T(ATU + U"A)) vol,
= 1det(ATA)*(1r (ATA) TATU) + tr (ATA)TUTA)) vol,
= 3(tr (AATA)™)TU) + tr (UATA))TA)) Vol

= (A, Uprg, VOl sy, - O
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5 LipscHiTz IMMERSIONS

Lemma 5.15 Let (X, g) be a compact, k-dimensional Riemannian manifold with
boundary. The volume functional ¥ : (Imm(2;R™), ||-||Wg1,oo) — R is differentiable
and its derivative is given by

(dF 17 uy = f; (df,duug, VOlysg, forall f € Imm(Z;R™), u € WE (3 R™).

Proor. Let f € Imm(2;R™). First, note that ¥ (f) = fz F(df) with the bundle map
F: Hom(T2;R™) — Q(T M) given fiberwise as in the previous lemma. Second,
one has df|, € Hom(T . M;R™) for vol,-almost all x € 2. Integration is linear and
Imm(2; R™) C W;""’(Z ; R™) is an open set, hence the previous lemma yields the
claim. ]
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6 Approximation Theory for
Lipschitz Immersions

In Chapters [7]and [§] we will focus on the discretization of variational problems on the
space of Lipschitz immersions with fixed topological type under Dirichlet boundary
conditions. The central tools for the discretization are simplicial submanifolds of
Euclidean space and smooth triangulations of smooth manifolds with boundary.

In the present chapter, we couch these tools in the language of by
identifying:

e the configuration spaces C, Cy,;
e meaningful a priori information sets A, A,; and
e sampling and reconstruction operators S, R,.

Moreover, we lay the foundation for proximity estimates.

6.1 Smooth Triangulations

Denote the standard simplex by
Aci={y =00,y €10, 11 | Zhoyi = 11.

Denote by eq, . . ., e the standard basis of R**! and define the set of d-faces
Fy:={conv(e,...,e,)|0<iy<---<iyg <k},

where conv denotes the convex hull. For a smooth embedding o: A; — 2, define
the vertex set

V(o) ={o(ey),...,o(er) } = o(Fy).
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6 APPROXIMATION THEORY FOR LipscHITZ IMMERSIONS

Definition 6.1 Let M be a smooth, k-dimensional manifold with corners. A smooth
triangulation of X' is a family

T c{o: Ay > M| o is a smooth embedding }
with the following properties:

1. M= UO'GT O-(Ak)

2. For each pair o, 7 € 7 with o(Ay) N 7(Ar) # 0, both o~ (0(Ay) N 7(Ay)) and
(o (Ar) N T(Ar)) are d-faces of Ay for some 0 < d < k — 1 and the mapping

Voo o N o (AY) N T(AY) = T 1o (AY) N T(AL))
is affine.

3. For each o € 7 with o(Ay) N OM # 0, the set o~ (07(Ay) N M) is a d-face of
A forsome 0 <d <k-1.

We distinguish between boundary vertices and interior vertices:

V(T) = U Vo), VW(T)=VT)NIM and Vi(T):=V(T)\ V(7).

oeT

A smooth triangulation is called finite if its cardinality is finite.

Definition 6.2 Let 7 be a smooth triangulation of a k-dimensional smooth manifold
M with boundary. Then 7~ induces a smooth triangulation 7 |5y, of the boundary M
by:

Tl&M = {O'lA | o c T,A S Fk—1: O'(A) C (9M}
Remark 6.3 Every smooth manifold with boundary admits a smooth triangulation
(see [38]).
6.2 Configuration Spaces and Sampling Operator

Let k and m be positive integers with k < m and let 2" be a compact, k-dimensional
smooth manifold with boundary. We abbreviated C := Imm(Z; R"). For a fixed
boundary condition y € Imm(02; R™) we define the (smooth) configuration space
C = Imm,(Z; R™). Note that C  C is a closed set.
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6.2 CONFIGURATION SPACES AND SAMPLING OPERATOR

Let 7 be a smooth triangulation of 2. We define the discrete configuration space
or space of discrete immersions:

CT::{f: V(T) —» R"

S = YIvys c RMeard(Vi(7)
Yo € 7 : f(V(0)) in general position ’

While a sampling operator
Sr:CcC W;’M(Z; R™) — Cr, f e flvas

is easily defined, we need some more effort to obtain a reasonable reconstruction
operator. For each p € V(7) denote by 4,: 2 — R the continuous, piecewise
smooth function defined by:

1. 2,(p)=1.
2. 2,(q) =0forall g € V(7).
3. A, 00: Ay — Ris the restriction of an affine function for each o € 7.

This allows us to define a preliminary reconstruction operator

Rr:iCr—C  Re(H®:= ). 4, f(p).

PEV(T)

Note that for every f € Cr, the image of R( f) in R™ is a union of non-degenerate
k-dimensional Euclidean simplices. We define the piecewise smooth mapping

Yridf >R,y = ) 4@ ¥(p). (6.1)
PeV(T)

Observe that for each f € Cy, the preliminary reconstruction Rs(f) restricted to
02 is identical to y. Moreover, the image of ys is a union of embedded (k — 1)-
dimensional simplices. In general, y+ and 7y need not to be equal which is why we

have to modify Ry later (see [Section 6.4).
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6 APPROXIMATION THEORY FOR LipscHITZ IMMERSIONS

6.3 Relative Approximation Errors

Throughout, we let (2, g) be a k-dimensional Riemannian manifold with boundary
and 7~ be a smooth triangulation of 2.

Definition 6.4 We define the relative approximation errors o°(7"), 0'(7") of the
smooth triangulation 7~ by

If = frlley Idf = dfrle
O = sup ——— and o'(T)= sup ——
sewzozgm NdFlhye gewz=zzny 141y
df#0 df#0

where f7 = (Rr o S7)(f).
Definition 6.5 For o € 7 define its approximation characteristics
x(0) = II(TU)_llld;o(IIT(TII%; +[[Hess*(0)llcy), d =0, 1.
We define the approximation characteristics of T as x(T") = sup, - 'V (o).

Approximation characteristics provide upper bounds on relative approximation
errors:

Lemma 6.6 Let (2, g) be a k-dimensional smooth Riemannian manifold with bound-
ary and T be a smooth triangulation of 2. Then the relative approximation errors
are bounded by:

0T <1 +RIXYOT) and oV(T) < RxV(T) where Ry =2k + 1)2.

Proor. Let p = (21,..., o) € R¥*! be the barycenter of A. Let f € Wee (23 R™)
and o € 7. We abbreviate fr = (Ry o S7)(f), h:= f oo, and hy = fr o 0. Since
hy: Ay — R™ is an affine map, we may write it as

hy(y) = h(eg) + A (y — e),

where A: p* — R” is the linear map defined by A (e; — ey) = h(e;) — h(ey) for
i=1,...,k Let B(y) := h(y) — h(p) — dh|,(y — p). By Taylor’s theorem, we have for
eachy € A;:

1 1 %k
By < §||HCSS(h)||L°°|y - P|2 < Em”HCSS(h)”LW-
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6.3 RELATIVE APPROXIMATION ERRORS

Note that

A(e; —e;) — dh|,(e; — e;)
= h(e;) — h(ej) = h(p) — dhly(e; = p) + h(p) + dhl,(e; - p)
= (h(e;) = h(p) — dhl,(e; = p)) = (h(e;) = h(p) — dhl,(e; - p))
= B(e;) - ﬁ(ej)-

Let u € p*. With @; = (¢; — p,u) fori = 1,...,k one may write u = Y~ | a:(e; — eg)
and, together with the above, obtain:

k k
k
A u — dhl, u < ;|ai|(|ﬁi| +1Bob) < T IHess ()~ ;m

The linear map
L:pt >R, ue ey —p,u,... . (ex — p,u))

— 2k—1

1 .
has operator norm ||L||s_ = 25 < 2, and because of ||lu||; < (k + 1)2|ul, we obtain

ldhg — dhl,ll = [|A — dhl,ll < Ry [[Hess(h)l| . (6.2)
This estimate leads to

1df o) — d(fr © Dol = IdAl, — dhgrly) (Tyo) 7|
< Ry ”(TO')_IHL;“ [[Hess(h)||ze
and
|f(o() = fr(cO)] = |h(Y) — hy ()| = |h(y) — h(eg) — A(y — )]
= [B(y) — Bleo) + (dhl,(y — e;)) — A(y — &))|

< BOI+ 1Beo)l + [ dAl,(y —e) = A(y =€) |
< (1 +Ry) [Hess(h)| =

Fory € Ay and u, v € TyAy, the chain and product rules imply

Hessy(h)(u, v) = Hess,(f o o)(u, v)
= Hessi(y)(f)(Tyo' u, Tyov) + dyy f Hess$(0)(u, v),

which yields the estimate

[[Hess(M)l|z < [Id flly Sup(IITUIIi; + [[Hess*(0)llLe) m
oeT
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6 APPROXIMATION THEORY FOR LipscHITZ IMMERSIONS

It is crucial for the convergence analysis of finite elements that there are smooth
triangulations of arbitrarily small relative approximation errors. Fortunately, affine
subdivision can be used to improve upon the approximation characteristics (and thus
upon the relative approximation errors):

Definition 6.7 Let 2’ be a smooth manifold with boundary and let 7~ be a smooth
triangulation of 2. A subdivision of 7 is a family @ = (@), of smooth triangula-
tions of Ay such that (7)) :={cog@|oc €T, ¢ € d,}is a smooth triangulation of

>[H

We call a subdivision @ affine if it consists of affine mappings only, i.e., if each
¢ € D, is affine forall o € 7.

Lemma 6.8 Let (2, g) be a k-dimensional smooth Riemannian manifold with bound-
ary, T be a smooth triangulation of X, and @ be an affine subdivision of T". Then
the approximation characteristics of ©(7°) can be estimated by:

XO(DT)) < X OT) sup sup|IT¢ll7,

o€T peD

x(@(T)) < xP(T) sup sup TRz I(T @) [l

o€T peD,

Proor. Let o € 7 and ¢ € &,. Because ¢ is the restriction of an affine map to an
affine subspace, we have Hess(¢) = 0. Thus one obtains

T(cop)=ToTy and Hess®*(o o) =Hess*(o)Te-,Ty-).
This supplies us with the estimates

IT( @l < Tl 1Tl
(T (o @)l < T ) Mg IT@) Nz,
[Hess*(o o @)ll < |[Hess*(@)llzs 1Tz,

which imply the statement. |

The previous lemma shows that the approximation characteristics of 7~ may be
decreased by choosing an affine subdivision @ with

n = sup sup||T¢|l
o€T peD,

INote that A itself is a smooth manifold with corners.
2This demand includes a certain compatibility between the triangulations @, @. for neighboring o,
T €T, i.e., forthose o, T € T with o(Ay) N T(Ay) # 0.
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6.4 RECONSTRUCTION OPERATOR

small and

9 = sup sup||(Te) || T¢ll

€T gD,

bounded. While 7 is related to the maximal size of the cells ¢(Ay), the quantity ¥ is
precisely the maximal thickness of the cells ¢(Ay).

This also shows that many mesh refinement schemes that work for triangulations
of domains in Euclidean space can also applied here.

Example 6.9 In the case k = 2, one may apply 4:1 subdivision: The simplex A, is
split into four by inserting a vertex on the midpoint of each edge. In that case, one
has ||IT¢ll = 3 and [|IT¢™"|| = 2 such that one obtains x(D(7)) < 2¢72)'D(T) for
d=0,1.

Of course, there may be many other ways to construct smooth triangulations
with arbitrarily small relative approximation error, e.g., Karcher coordinates (see
[12]). The relevant facts for our convergence analysis are condensed in the following
Statement:

Corollary 6.10 Let (2, g) be a compact, smooth Riemannian manifold with bound-
ary. Then there are finite smooth triangulations with arbitrary small relative approx-
imation errors, i.e., for every € > 0 there is a finite smooth triangulation T~ of 2
with

o(7) = max{ 0T, 0V(T lss), (T, 0" T las) } < &.

6.4 Reconstruction Operator

For y € Imm(dX;R™) N W>*(0X;R™), f € Imm(Z;R™) N W>*(XZ;R™), and ys as
defined in (6.1)) we obtain the relative approximation errors:

Iy = yrllype < lldylye o7, (63)
1f = Ry 0 SH gt < lld Sy 2(T. (64)
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6 APPROXIMATION THEORY FOR LipscHITZ IMMERSIONS

Let ext: W;l’;’;(af ;R™) — W;""’(Z ; R™) be a continuous, linear extension operato
and let us = ext(y — ys). Now, (6.3)) provides us with the estimate
llugllyre < llextlllly = yrllyio < llextlllidylly- o(T). (6.5)
For r > s > 0, define the sets
A = {f eCNWV(ZR™) | dp(g, f*20) < s, ldfllyie < s}, (6.6)
Ay = [ € Cr | dpis(8 R ()'go) < 7 ), (6.7)
and the operator
Ry A — Wy=(ZR™), f - Rr(f) + ug.

As the final result of this chapter, we show that R¢ is a reconstruction operator,
i.e., Ry (AL) C C, at least for sufficiently “fine” triangulations. We also verify the

condition S7-(A*) C A of Theorem 2.28

Lemma 6.11 Let r > s > 0 and ¢ > 0. Then there is oy > 0 such that for every
smooth triangulation T with o(7") < og the following hold:

S(]-(ﬂs) C ﬂ;—, and RT(.?(;-) cC.
Proor. Let f € A* and put fr := (R o S7)(f). By (6:4), we have ||f — frilyrs <

so(T) < 50p. tells us how small gy has to be (depending on s only) so
that f7- € Imm(2; R™) and thus S+(f) € C7. By|Corollary 5.7, one has the inequality

dp)(8, [180) < dps)(g, £80) + dp) (g0, firgo) < s+ C(s) o
which shows that S7-(f) € AL if g is sufficiently small.

Now, let f € A7-. We have R (f) € Imm(Z; R™) and dpx)(8, Rr(f)*go) < r. By
(6.5), we obtain

IR7(f) — Rr(f)HWé}m = llurllyre < Clidylly 0.

Again, tells us how g has to be chosen depending on r such that
Ry (f) € C. Since Ry(f) fulfills the boundary conditions by construction, we obtain

R+(f) € C. O

3Such an operator can be obtained, e.g., by choosing a smooth collar @: 42 x [0, 1[ » U c X and
. . 2
by using the function y: [0, 1[ — R, x(¢) = exp (t{—_t): Then

@ex)o®'(x), xel,

ext(u)(x) = {0’ reS\U.

is the desired extension operator.
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7 Minimal Surfaces

As a first extensive application of the theory developed in in particular
of we discuss a variant of the Douglas-Courant problem or least
area/volume problem: Among the immersed k-dimensional surfaces in R” with pre-
scribed topology and Dirichlet boundary conditions find those of minimal k-volume.
For k = 2, C*-minimizers are examples of minimal surfaces (see[Lemma 7.6)]]

We discretize this problem by searching for volume-minimizers among immersed
k-dimensional simplicial meshes of fixed combinatorics bounded by a given, closed
(k — 1)-dimensional simplicial mesh. To some extent, this approach can be under-
stood as a nonconforming Ritz-Galerkin method with first order Lagrange elements
(piecewise linear finite elements).

We primarily aim at a convergence analysis for discrete minimizers, but we also
discuss some numerical methods for obtaining them (Section 7.3|and [Section 7.7)).
The point we would like to make is this: Given a sufficiently well-posed Plateau
problem, i.e., the boundary conditions are such that volume minimizers within
a certain topological class exist and have a certain uniform regularity, the set of
solutions can be approximated by solutions of a discrete Plateau problem.

We start our exposition by giving a precise definition for minimal surfaces and by
stating both the Douglas-Courant problem, and the least area problem (Section 7.1).
After a brief overview of the classical theory of minimal surfaces (Section 7.2),
we compare some of the pre-existing numerical methods for computing minimal
surfaces (Section 7.3). Afterwards, we discretize the least area problem and identify
the relevant entities occurring in namely the smooth and discrete
configuration spaces, functionals and test mappings, as well as the sampling and
reconstruction operators (Section 7.5). Our convergence result then follows from
an analysis of consistency and proximity errors (Section 7.6). Finally, we discuss a
certain gradient-like flow that was introduced in [30] and which is very efficient for
solving the discrete least area problem (Section /.7)).

'Tt is an unparalleled obscurity that also non-minimizers are called “minimal”. Alas, this convention
has grown historically.
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7 MINIMAL SURFACES

7.1 General Theory

Definition 7.1 Let 2 be a 2-dimensional manifold with boundary and let (M, g¢)
be a smooth Riemannian manifold of dimension m > 3. A mapping f € C°(X; My) N
C%(Z°; My) is called a minimal surface if there is a Riemannian metric g of class C'!
in the interior X° := X \ 2 and a function p € C'(2°; [0, co[) with

AR f = tr,Hess**(f) =0 and f'go=0g inZ°. (7.1)

Remark 7.2 The condition f*g, = o0 g for some o € C'(Z°; [0, oo) is often referred
to as the “conformality condition” in the literature. Note however that a conformal
map by definition fulfills f*g, = o0 g, with a nowhere vanishing function o, that is, a
conformal map is necessarily regular.

The Douglas-Courant problem, also called the Plateau-Douglas problem, can be
formulated as follows (see [[17] or [[10]):

Problem 7.3 (Douglas-Courant)

Let X be a 2-dimensional smooth manifold with boundary and let y € C°(0X; M) be
an embedding. Find all minimal surfaces f with flss =y o ¢ for some homeomor-
phism ¢: X — 0X.

In the case that 2 = D is the closed unit disk and M, = R, this is traditionally
referred to as the Plateau problem.

The notion of minimal surfaces has its origin in the least area problem, the 2-
dimensional instance of the least volume problem. We give a formulation of this
problem in terms of Lipschitz Immersions:

Problem 7.4 (Least volume problem) Let 2 be a compact, k-dimensional smooth
manifold with boundary. Let (My, gy) be a smooth, m-dimensional Riemannian
manifold with m > k and let y € Imm(02'; My) be a Lipschitz immersion. Given X
and y, minimize the volume functional

T(f):fvolf#go
s

on the space C := Imm, (X; M) of Lipschitz immersions that restrict on the boundary

10 (see[Chapier 3.

Remark 7.5 Note that by using Lipschitz immersions as configuration space, we
exclude “hairy” mappings (which is desired), but we also exclude continuously
differentiable mappings with isolated branch points.
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7.1 GENERAL THEORY

The Douglas-Courant problem and the least area problem are closely related:

Lemma 7.6 Let 2 be a compact, 2-dimensional smooth manifold with boundary and
(My, go) a smooth Riemannian manifold without boundary. Let y € Imm(02'; M) be
a topological embedding and f € C N C*(X°; My) a Lipschitz immersion that is of
class C? in the interior of X.

Then f is a minimal surface if and only if it is a critical point of F |c.

Proor. Note that an argumentation analogous to the proof of shows
that

(AF ) = f (T £, 990} gy VOl
P

for all £ € Imm(Z’; M) and all vector fields u € I'(X; f*T M,) along f of class W;"X’.
Let f € C N C?(2°; M) be a critical point of F|c. By partial integration, one has
for each vector field u € I'y(2°; f*T M) along f of class C! with compact support:

0= <d7:|f, u) = f(Tf, VgOLt)f#gO VOlf#gO = - f(Af#g’gOf, u>f#g0,g0 VOlf#g0 .
z z
Thus £ is harmonic with respect to the Riemannian metric f*g,. Moreover,

f: (Z’f#g()) - (MO’gO)
is a Riemannian isometry, hence a conformal map. Thus, f is a minimal surface.

Let f € C N C%(2°; M) be a minimal surface, o € C'(2°; 0, oo[) a function, and
g a Riemannian metric of class C' on 2° with A8f = 0 and f*g, = 0 g. Since fis a
Lipschitz immersion and p is continuous, one has o > 0, hence f is conformal. By

below, one has for u € I'y(2°; f*T My) of class C':

0=- f(Ag’gof, U)ggy VOl = — f(Af#go’gof, U) g go VOlptgy = (dF |, u). m|
) >

Lemma 7.7 In the case that dim(X2) = 2, the Laplacian A%# transforms under
conformal changes g, = e** g of the metric with 1 € C'(2°;R) as follows:

fz O<Agﬂ’g0f s U)g, VOlg, = fz O<Ag’g0f s U)g, VOlg

for all f € C*(Z°; My) and all smooth vector fields u € I'((X°; f*T My) along f with
compact support.
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Proor. Note that vol,, = e*! vol, and that (£,1),, = e *X¢&, n), forall &,y € T.X.
Testing with u € I'y(2°; f*T M,), one obtains

[Las s, ot == [ @7, vol,

= - f e T f, V¥u), , e vol, = f (A% f,u), vol, .0

2° X

From now on, we exclusively discuss the case of M, = R” being the Euclidean
space and g, the Euclidean metric.

7.2 Existence Theorem for Disk-like Minimal
Surfaces

Let X = D be the closed unit disk in R? and fix an embedding vy € C°(D;R™).
By the Riemann mapping theorem, there is exactly one conformal structure on D.
Let g be the Euclidean metric on D. In light of it is immediate that
f € C%(D;R™) N C*(D°;R™) is a minimal surface if and only if is fulfilled for
the Euclidean metric g in D.

Define the Dirichlet functional D by

D(f) = % fD (df,df), vol, forall f € W'A(D;R™).

Equip 0D with some orientation and denote by i the closure of the set of homeo-
morphisms 0D — 0D with mapping degree 1 in the topology of uniform convergence.
Elements of 9t are usually called monotonic. Fix three distinct points py, p,, p3 € dD.
Define

M ={peM|op)=p;,i=123}
and the spaces of admissible functions

€= (f € CXD;R™ N WX DsR™) | Fp € M: flap = y o ),
€ = {f € C'D; R N W (D;R™) | Fp € M*: flop = y 0 ¢}

The area functional ¥ is continuously extendable to € and one has

}25 Ff) = lfrel(f; F(f) < 1fr61£ D= }2@1 D(f). (7.2)
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This first equality holds since C is dense in W!?(Z; R™); since every continuous
homeomorphism ¢: 0D — dD with mapping degree 1 can be a extended to a
homeomorhism D — D which is of class C' in the interio; and because of the
invariance properties of . The inequality in (7.2]) follows from det(A) < %IAI2 for
all A € Mat,.»(R). The Dirichlet functional is invariant under conformal mappings

(see the proof of [Lemma 7.7)); every conformal mapping D — D is uniquely and
well-defined by prescribing its values on three distinct points. This implies the
second equality.

The main theorem in the theory of disk-like minimal surfaces is the following
existence theorem, proved by Douglas [[16]] and simplified later by Courant [10]. A
modern account can be found in [13, Chapter 4].

Theorem 7.8 (Existence of disk-like minimal surfaces)
The infimal value of D on € is attained and every such minimizer f fulfills:

1. f e CYD;R™ N C*D°;R™).

2. flap = ¥ o ¢ with a homeomorphism ¢: dD — dD.
3. A8f =0inD".

4. f*go = 0gin D° with some o € C'(D°; [0, ool).

5. F(f) = infjec F (h).

Thus, f is an area minimizing minimal surface.

Regularity theory for minimal surfaces can be found, e.g., in [14, Section 2.3,
Theorem 1]. For our exposition, the essential result can be be summarized by:

Theorem 7.9 (Regularity of minimal surfaces)
Assume thaty € C**(0D;R™) withl € N and 0 < a < 1. Then every minimal surface
f € Cis of class C**. In particular, the boundary trace fsp is of class C"°.

2Every homeomorphism of mapping degree 1 is homotopic to the identity along a homotopy
H: 0D x [0, 1] — 9D that can be chosen to be smooth on dD X [0, 1[. Via polar coordinates, the
homotopy can be interpreted as a homeomorphism from an annulus to itself. Gluing the identity
of a small disk to this mapping yields a homeomorphism of a disk that has the original mapping
as boundary conditions.
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7.3 Numerical Methods Derived from Douglas’
Existence Proof

Denote by P: C°(0D;R™) — C°(D;R™) N C*(D°;R™) the Poisson integral operator:

1 1 - |xf?
P(u)(x) = o f % u(z)dz forall u € C°(OD;R™) and all x € D°.
oD |T— X

The classical theory on the Possion kernel shows that for each ¢ € Mt*, one has:
L. P(y o @)lap =y o ¢, thus P(y o ) € .
2. (A2 oP)(yop)=0inD".
3. Py o p) = argmin { D(f) | f € CUD;R™) N C*(D*; R™) with flap =y o ¢}.

Define the Douglas functionaﬂ
J:M >R, J@)=DoP)yoy).

Thus, an area minimizer f € €% N C?(D°;R™) as in[Theorem 7.8|can be obtained
by finding a minimizer ¢ of J and putting f = P(y o ¢). Whenever v has a certain

regularity, say y € C**(dD;R™) with [ > 1, the regularity theorem above shows that
each minimizer ¢ = y~! o f|sp has the same regularity. Thus, ¢ can be approximated
by closed, piecewise geodesic curves in ! = dD with mapping degree 1 with a
certain convergence rate. This makes it possible to discretize the space 0t* and the
Douglas functional . Having found a discrete minimizer ¢,, one may obtain a
triangle mesh f,, = P,(y o ¢,) by solving a discrete Poisson equation with boundary
condition y o ¢,, (or rather a polygonal approximation of it) in the finite element space
of continuous piecewise-linear functions. These triangle meshes f, are frequently
called discrete minimal surfaces.

Several authors follow this approach in order to compute numerical approxima-
tions of minimal surfaces, e.g., Wilson [39], Tsuchyia [36]], Hinze [24], Dzuik and
Hutchinson [19], and Pozzi [31]. So far, it was the only approach for which conver-
gence analysis was available (see [20] and [32]]). Translated into our notation, the

*Douglas actually used the integral representation

1 f (y 0 @)(x) = (¥ 0 ©)Y)I
oD JOD

167 sin? (%)

Jp) =

dxdy,

which can be deduced from Poisson’s integral representation.
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authors use the test mappings ¥ (¢) = P(y o ¢), ¥, (¢,) = P.(y o ¢,) and state for
the critical points N .= {p € M* |dJ =0}:

YA N N) C B(Pu(N,), C(s) A x,)  with respect to the W'*-norm,

where N, denotes the set of critical points J,, and y,, denotes the approximation
quality of the used triangle mesh. For s > 0, 4 > 0 the set

A = {p € M* | [Hess(T)(@)(u, u)| > ﬂllulliv 2}

Bol—

can be interpreted as a priori information. For the proof, the authors seem to use
a variant of the first statement in together with the implicit function

theorem (see also |[Example 3.31)).

Albeit theoretically very elegant, this approach has some considerable drawbacks:

1. Because of the extensive use of conformal arguments, it is restricted to the
case dim(2) = 2.

2. For non-disk surfaces 2, one also has to vary the conformal structure of 2.
This is cumbersome but not impossible as can be seen in the works of Pozzi
[31}32] who treats the case that 2 has the topology of a cylinder.

3. The method does not apply when surface area ¥ is coupled to some other,
conformally non-invariant functional. For examples, this is of interest in the
physics of membranes, since surface area is proportional to surface tension
energy. Another situation where coupling is desired is when one attempts to
use ¥ as a regularizer for another energy.

In contrary, the direct method of minimizing area among simplicial manifolds
is capable of treating any genus and orientability with a single algorithm (see e.g.
and coupling is available. It is even possible to treat non-manifold
examples with the same method.
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Figure 7.1: Orientable and nonorientable discrete minimal surfaces of nontrivial
genus. (Thanks to Rob Scharein for providing the boundary curves in
his knot zoo [@].)
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7.4 Smooth Setting

In the following we use the abbreviations C := Imm(2;R") and G := Diff(2).
Define X := C/G and denote by ¥ := ITo1: C — X the composition of the inclusion

t: C = C and the quotient map I7: C —» X = C/G. By X equipped

with the quotient metric dy induced by df  is a metric space.

Lemma 7.10 The function F|¢ is topologically stable along ¥ over X.

Proor. Claim 1.: ¥Y4(F|c) is lower semi-continuous.

We abbreviate H = Yu(Flc) and observe H = Ilus(Flc). Let x, x, € X,
n € N with x, —» x. We have to show that H(x) < liminf,_. H(x,). The case
liminf, ., H(x,) = oo is trivial. Thus, we may assume that there is a subsequence
(n1)ien such that H(x,,) < co and lim;_,., H(x,,) = liminf,_,., H(x,). We may choose
f. fi € C such that x = T1(f), x,, = II(f), t(Flc)(f) < H(x,,) + % and such that f;
converges to f in the distance df _as [ — oco. Since t4(F |c)(f) is finite and t(Flc)
is an extension by infinity, we actually have f; € C. The set C is closed in C, thus

f € C as well. By F is continuous, thus
H) < (Flo)() = F () = im F(fy) = lim H(x,) = lim inf H(x,).

Claim 2.: V(arg min®(F|¢c)) = argmin®(Px(F |c)) for all o € [0, cof.
For x € X, one has H(x) = inf cyp-1,) F (y). Observe that ¥~'(x) is either empty or a
whole Diffy(X)-orbit in C. The function ¥ ¢ is invariant under Diffy(2). Thus, we
have

F(f), if there exists f € C with x = ¥(f),
H(x) =
00, else,
which shows the claim.
Finally, finishes the proof. ]

In the convergence analysis, we will assume that y € Imm(d2; R™)N W§’°°(82 s R™).
As a priori information, we assume that there is a s > 0 with ¥ (A* N M) > ¥ (M),
where

A= {f € CNW¥(ZR) | dp(g, ffg0) < s, 1fllyze < s} forall s > 0.

9

That means, every minimizer ¥ (f) € ¥Y(M) = argmin(¥F ) allows for a “nice’
parametrization f: 2 — R™ with injective differentials, controlled distortion, and
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controlled Wé’“-norm The assumption ¥ (A°* N M) D> (M) is satisfied in certain
cases: We refer to the detailed regularity theory in [22], in particular to Sections
12.3 and 12.4, where the most relevant case k = 2, n = 3 is discussed. We point out
that we do not state, that our a priori assumptions are always satisfied—not even in
the case k = 2, m = 3—but at least for a variety of pairs (2,y). For k > 8 or for
codimensions m — k other than 1, there are actually known counterexamples.

7.5 Discrete Setting

With a smooth triangulation 7~ of 2, we can formulate the discrete minimization
problem:

Problem 7.11 (Discrete least area problem)
Minimize the discrete volume functional

For(f) = Z f voly,,

= Jeonv(f(V(o))

on the discrete configuration space

C'T = {f V(T) N Rm flVb(T) = ’}/th(‘T)’ } c Rmcard(Vi('/"))'

Yo € T: f(V(0)) in general position

Note that the manifold 2" and its triangulation 7~ do not occur explicitly in the
formulation of the problem, only the combinatorics of 7. The same is true for many
algorithms that were developed for finding critical points of 7. Wagner [37] applied
Newton-like methods for finding zeroes of dfs. Dzuik [18] and Brakke [7] applied
the discrete mean curvature flow in order to produce discrete minimizers. In [30],
Pinkall and Polthier presented a further iterative algorithm for minimization of -

(see[Section 7.7).

In the following, we use the operators S+, R+, and Ry from |Section 6.2] and
Recall the definition of the set of discrete a priori information

A ={f € Cr | dp)(g, Rr(f)'go) < 1 }

“Most of the results of this chapter remain true if one uses—instead of W; (2, R™)—any other
Banach space 8 > C*(2; R™) that embeds compactly into W;’w(Z ; R™). Other natural choices
are C;"’(Z; R™forf > 1,a € ]0,1[ or Wg’p(Z; R™) for € > 2, p > k. The same applies to the
Banach space that describes the regularity of y.
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555

Figure 7.2: Some minimizers of the discrete Plateau problem with Borromean rings
as boundary conditions at increasing mesh resolutions (144, 2304, and
36 864 faces respectively).

form (6.7). Additionally, we use
Wr=MoRsr: A — X

as discrete test functional. By [Lemma 6.11} we may assume that Ry: A, — C is
well defined by allowing only triangulations with o(7") sufficiently small, where

o(7) == max{ 0T, 0¥ T ls5), (T, 0" (T las) ).

7.6 Convergence Analysis

Lemma 7.12 (Proximity errors) Let r > s > 0. Then there is oo > 0 and a
constant C > 0 such that for all smooth triangulations with o(T") < oo, one has
the following estimates for sampling and reconstruction proximity errors 85., 85. of
(Y, Y7, S5, Ry) on (A, AL):

g5 <Co(T) and &f <Co(T).
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Proor. From|Corollary 5.7]and (6.4) one obtains for the sampling proximity error:
g7 = sup dy(¥ (/). (¥, 0 Sr)(f)

feAs
= sup dy(I1(f), T o Ry o Sr)(f))
< sup di,n(f, Ry 0 SH)(f))
feAs
< C6) Spllf = Ry 0 SNl < C)AT)

and (6.5) imply for the reconstruction proximity error:
eg = sup di(Pr (). (¥ o Rr)(f)

feAL
= sup d%((T o Rr)(f), (T o Ry )(f)
< sup df, . (Rr(f), Rr(f))
feAL
< C(s) suplIR7(f) = Rr(Pllype = C(8) lurllyps < C(s)(T)- O

feAL

Lemma 7.13 (Consistency errors) Let r > s > 0. Then there is oo > 0 and a
constant C > 0 such that for all smooth triangulations with o(7") < 0o, one has the
following estimates for sampling and reconstruction consistency errors 85, 65 of
(F7. S, Ry) with respect to F on (A°, AL):

85 <Co(T) and &% < Co(T).

Proor. Fix f € A* and abbreviate fi- := (Ry o Sy)(f). Observe (F o Sr)(f) =
¥ (f7)- By[Corollary 5.12} [Lemma 5.5], and (6.4]), we obtain

(F7 o SP) = F(f) = F(fr) - F(f)
< F(f) e " eUrD Nk deo(fr, f)
< C(s)llfr = fllyp < C(8)o(T),

thus the sampling consistency error 5§ is bounded by 65 < C o(7).

For f € A, put fr = R( f). From local Lipschitz continuity of F (see
and (6.5), we deduce

(F o ROIS) = Fr(f) = F (f5 +ur) = F(f7)
< F(fr) C) llurllyr < Cr) o(T),

obtaining 6% < C o(7). O
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Let 2" be a compact, k-dimensional smooth manifold with boundary, let g be a
smooth Riemannian metric on X and let y € Imm(d2; R™) N W>*(4X; R™) be an
immersion of class W>*. Let (7,,).en be a sequence of smooth triangulations of

(2, g) with o, == o(T) %0. Instead of Cr,. Fr,» Ay, ... we shall write Cy, Fp,

A, ... As in|Chapter 2, we denote the sets of 5-minimizers by M° := arg min’(F¢)
and M’ := arg min’(F,).

Theorem 7.14 (Kuratowksi convergence of minimizers)

Assume O # Y(M) € Y(A* N M) for some s € ]0, o[ and that the A, are vali
for some r € |s, o[ and all n € N. Then there is a constant C > 0 depending on 2, g,
v, s, r only, such that

Ls 7, (A NM)C PM)= Lt P, (A N M)

holds with 6, < C o, for sufficiently large n € N. The convergence is with respect to
the topology generated by d.

Proor. We would like to apply [Theorem 2.28| with K := X. Hence, all we have to
do is to check its conditions:

Proximity and consistency follow from and The

inclusion S, (A*) ¢ A, was shown in|Lemma 6.11] According to[Lemma 7.10} ¥ is
topologically stable along ¥ over X. Validity of ‘A* with respect to (¥ ¢, S,) follows

from 0 # Y(M) C P(A* N M) and the validity of A/ was imposed as a condition.O

Remark 7.15 If each connected component of 2" has nontrivial boundary, the ex-
istence of some s € ]0, o[ such that A* is valid also implies the existence of
minimizers as we show now. Recall the definition of A* from (6.6):

A= {f eCNWV(EIR) | dp(g, £780) < 5. lldflly < s}

The Arzela-Ascoli theorem states that 8 = W§’°° (23 R™) is compactly embedded into
W;"”(Z ; R™). If the boundary of each connected component of 2" is nontrivial, bounds
on ||df|l,1~ and the imposed boundary conditions imply also bounds on [|f||; 2.
Thus, A° is bounded in B and by it is a relatively compact subset in
(C.d},,,)- Since ¥ is lower semi-continuous, the direct method of the calculus of
variations and inf(F | 4s) = inf(F|¢) imply @ # arg min(¥ | #) = AN M c M.

Ssee [Definition 2.4
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Figure 7.3: Sequence of surfaces obtained by a descending flow starting from a
sixfold perforated sphere and degenerating into six disks.

Remark 7.16 The validity of the discrete a priori assumptions A7~ amounts to the
existence of a non-degenerating minimizing sequence of simplicial meshes in R”.
More precisely, A7 is valid if and only if for each [ € N there is f; € Cs- such that
(Ry(f))ien 1s bounded in djp, and lim;_., F7(f;) = inf(F). In particular, for each
o € T, the affine mappings 4, := Rr(f)) o o: Ay — R™ have to be bounded in
(Imm(Ay; R™), dim). This implies uniform bounds on ||d/;|| and ||dth|| for all / € N.
Note that ||d/|| and ||dth|| are descriptors for the quality of the simplex /;(A;) since
hy; is affine.

In general, A/ needs not to be valid as illustrates. Note that in the
shown case, the degenerating minimizing sequence indicates the non-existence of
minimizers in the given topological classﬁ

Maybe, the best one may hope to find in the course of a discrete regularity theory
is that A7 is valid if A* is. Another rewarding task might be the further modification

6Still, the sequence seems to converge in a weaker topology to a “minimizer”, e.g., in the sense of
integral currents.
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of A~ and Ry in order to establish Ry-(Ar-) C A’ for some ¢ > r and all sufficiently
fine 7’ since this would show Hausdorff convergence of the solution setsl

Remark 7.17 Adding quantitative stability, our results would yield certain conver-
gence rates (see[Theorem 2.41)). Although it seems reasonable to analyze the Hessian
of the volume functional around minimizers in order to obtain such estimates, we
have currently no idea how to do so in an a priori fashion.

7.7 Descending Flows

For the practical application of the presented theory, one needs numerical methods
for finding minimizers of 4 in Cy. This can be accomplished, e.g., by following
volume decreasing flows on the configuration space. We consider two such flows on
the smooth configuration space C before we discuss their discretizations on Cy-.

We recall that the Lipschitz immersions C C W “(2; R™) form an open set with
respect to ||- ||W1 . Note that one has T,C = Wé °°(Z R™) and that the differential d¥
of the volume functional is given by (see|Lemma 5.13))

dFlr,u)y = L(df, du) puy, VOlgrg, forallu € Wé”;o(Z; R™).

7.7.1 Mean curvature flow

The mean curvature flow, used for example by Brakke [7]] and Dzuik [ 18] is defined
by the partial differential equation gF (t) = Hpy), F(0) = f € C. Here the mean
curvature vector H ¢ for f € C is defined by the weakly formulated equation

f (Hp,v) g, VOl g, = —(dF |7, v)  forall v e C3(Z;R™). (7.3)
P

Often, —H | is incorrectly referred to as the gradient of the volume functional 7.
Although it may seem instructive to do so, there are two substantial issues with this
point of view:

1. A gradient is by definition a vector field. The mapping f +— H + does not
constitute a vector field: If f € CN Wé’“’(Z ;R™) and [ > 2, one may apply

partial integration on the right hand side in order to interpret H = AS"0 fas

7Showing that Y7 (A7) is contained in some relatively compact set K € X would suffice.
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an element of Wé‘z’“’(Z ;R™), where Ay = — diy/ "0 gradf#go. But in general,

H ¢ can only be understood as a distribution and not as a measurable function
2 — R™, let alone as an element of Wé’;o()? ;R™) =TC.

2. One has to specify a Riemannian metric with respect to which a gradient
should be defined. In view of (7.3)), one could call ﬁ ¢ the gradient with respect
to the L?-inner product—if the L*-inner product were an inner product on the
tangent bundle 7'C.

This is also why the equation %F (n=H F(y cannot be treated as an ordinary dif-
ferential equation. It has to be analyzed as a nonlinear parabolic partial differential
equation with all its hardships. For example, even proving the existence of short-term
solutions is non-trivial.

7.7.2 Another gradient-like flow

We may extend d¥ | to the continuous linear form a|; € (Wé”; (23 R™), leading to
the operator a: C — (WS”; (23 R™))". The Laplacian

Ap WiR(ZiR™) > (Wl (& RMY, ue (v f (dut, dv) o, VOlyey, )
X

is an isomorphism of Banach spaces according to (see also[Remark 3.14).
By|Lemma 4.15|and [Lemma 5.5| both

@: C— (Wi, (3R"™), and
A: C = LWy (SR, (Woy (SR, f e Ay

are locally Lipschitz continuous with respect to ||||;,1.~. This allows us to define a
vector field X € I'(C; TC) on C which is locally Lipscflitz continuous with respect to

Il by
X|p=A"aly forall feC.

More explicitly, X|; € W&’;’(Z ; R™) is the unique solution of the weakly formulated
equation

f (d(X1y), dv) g, VOl gy, = f (df, dvygug, volyug,  forall v e Wy (Z3R™). (7.4)
z ) ’
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Substituting v = X[y, we obtain

(AT, XIp) = f (d . d(X1))) prg, VOl sty (1.5)
P
- L (AX17), dXI)) e Vol 2 e IXIfI (7.6)

Now, consider the ordinary differential equation

F(t) = —X|rw, FQO)=f

for a curve F': |—g,e[ — C, where € > 0. The vector field X is locally Lipschitz
continuous. Thus the Picard-Lindel6ft theorem shows that the initial value problem
has short-term solutions for all initial surfaces f € C and the trajectories are of class
C'!(]-¢, g[; C) with respect to |l lly- Let F be such a trajectory. Then one has by

SFF@®) = ~(dF |r@, Xlpe) < —mﬂxh(z)ﬂé‘,&:-

This shows that stationary points of X are precisely the critical points of # in C and
that the flow generated by X is descending with respect to 7, i.e., ¥ (F(¢)) < ¥ (F(s))
fort > s.

Long-term trajectories need not exist. For example, shows how the
flow (or rather its discretization, see below) arrives at the boundary of C within a
finite amount of time. In terms of the metrics d¢ and d,, the flow actually converges
to infinity in the sense that it leaves every bounded set within a finite amount of time.

By a slight abuse of notation, the vector field X|; can be related to the mean

curvature vector H + through
le = _A;] ﬁf,

because H + may be considered to be equal to the restriction of a|; to C;'(2; R™). In

the same (non-)sense as —H ¢ can be interpreted as the L?-gradient of ¥, X|; can be
seen as the W!2-gradient of .
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7.7.3 Discretization

The discretization of the vector field X is straightforward: For a triangulation 7~ with
N = card(V(7)) and N; = card(V;i(7)) consider F7: Cs C R™ — R as a function
on R™i, Let f € Cy and consider the differential dsF7 as an element in (R™My,
Define the discrete Laplacian A+ ; as the finite element discretization of A s, 1.e., by
the discrete weak formulation

(A pu,v) = (Ag, Ry u,Rrv) forallu,veR™.
This way, the discrete Laplacian A is a linear operator
A R™ — R™Y,

When k = 2, A7 is the cotan-Laplacian applied component-wise. As a bilinear
form, it is merely the pullback of A along Rs. Now, we may define X5 € X(Cy) by
the discrete weak equation

(A7 ; (X71p), vy = (d;F7,v) forallv e T;Cr = R™.

Moreover, one has (d;F7,v) = (As sf,v) forall f € Cy and v € T;Cy so that one
only needs the discrete Laplacian in order to calculate erﬁ

(A7 s (X7lp),v) = (Ar s f,vy forallv e T;Cr = R™. (7.7)

The flow generated by X may be discretized, e.g., by explicit-Euler integration of
XTZ

S =fi—nXslg, v=0,1,2,...

with some 77 > 0. We used this discrete flow to compute the discrete minimal surfaces
depicted in this work (see Figures [0.1] [0.2] [7.1] and [8.1).

The discrete flow X7 is by no means new: For 7 = 1, it has already been proposed
by Pinkall and Polthier in [30], even though it may be hard to recognize. Translated
into our language, the authors define the element f,,; € Cy as the minimizer of the
Dirichlet energy Dy, in the affine space

{h: V(T) > R" | hlvyry = Yy } = fu + T1,Cr,

8We point out that mass matrices are not needed here because we do not use the L2-Riesz isomor-
phism.
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oOow

Figure 7.4: Left to right: Initial surface (512 faces); surface after one explicit Euler
step in discrete mean curvature direction; surface after one explicit Euler
step in direction X

Oow

Figure 7.5: The same as inwith the same step sizes, but with refined mesh
(32768 faces).

where Dy ((h) = % f2|d(7~%¢(h))|§#go VOl s, for all f € Cy. Thus, the necessary and
sufficient condition for f,.,; to be a minimizer of Dy j, is:

0 =dDyssls,,,vy forallveT;Cs.
Since
AD7 g 1505 V) = L (AR (f+1), AR, (100 VO, (1120
= Ay (s © Rr(fs1), RE() = (A7, (fra1), v),
we obtain by writing f,.; = f, + u withu € T;,Cr:

(A7 fu,v) = —(Ag . f,,v) forallv e T;Cr.
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7 MINIMAL SURFACES

Thus, by (7.7), we have f,,; = f, +u = f, — Xrl;,.

Although this discrete flow is already known, we contribute an explanation as to
why this flow performs so much better in area minimization than the discrete mean
curvature flow—a fact that was already observed by Pinkall and Polthier:

The discrete mean curvature flow involves a discretization of a nonlinear, para-
bolic partial differential equation. A striking consequence in practice is the need for
decreasing the step size of time integrators along with mesh refinement. Otherwise,
one risks a lot of overshoot: Parabolic partial differential equations have infinite
propagation speed, but the discrete mean curvature flow propagates information only
from one vertex to its neighbors. This has to be compensated by tiny step sizes.

In contrast, the flow of X4 is the discretization of an ordinary differential equation;
one may use the same step size for the explicit-Euler integrator—independent of the
mesh resolution—without disrupting the mesh (compare with [Figure 7.5).
Because the vector field X contains an inverse Laplacian, information at one vertex
1s immediately distributed along the whole mesh within a single time integration
step.
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8 Hencky Elasticity

Our second detailed example of an application of is a discretization of
a nonlinear elasticity model together with a qualitative convergence analysis. This
elasticity model is usually attributed to Heinrich Hencky (see the English translation
of some of Hencky’s original work [29] and, in particular, the comments of the
translators). The Hencky strain tensor, which we obtain as the gradient field of a
squared distance function on P(V) (see[Section 4.4)) is often referred to as logarithmic
or “true” strain.

This chapter is actually an unintentional by-product of our treatment of discrete
minimal surfaces (Chapter 7). More precisely, the need for a Diff(X)-invariant
distance on shape space Imm(2’; R™) caused us to develop the distance dj,, which
happens to contain the Hencky strain tensor. It is essentially the (lower semi-
)continuity of the elastic Hencky energy with respect to di,, that enables us to use
[Theorem 2.28]

As it turns out, Hencky elasticity is somewhat easier to treat since it involves pa-
rameterized immersions, so we do not have to descend to the quotient Imm(2; R™)/
Diff(2).

Exactly as in[Chapter 7| the conducted analysis depends on existence and regularity
assumptions in both the smooth and the discrete setting.

8.1 Hencky’s Constitutive Function

Actually, the constitutive function occurred already in as a squared
distance function:

Definition 8.1 Let V be a finite-dimensional real vector space. For fixed b,s € P(V)

geﬁne Hencky’s constitutive function with Lamé coefficients u > 0 and 1 > — dirilgV)
y

Wi P(V) > R, Wa(b) = 3 dist, (b, brr) forallb e P(V).
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8 Hencky ErLasticiTy

Remark 8.2 In order to interpret Hencky’s constitutive function in terms of engineer-
ing notation, choose Ly, L € Mat,(R) with L'L = G.(b) and LT L . = G.(bye).

ref
Interpreting F := LLr‘elf as the “deformation gradient”, one obtains

Wa(b) = 1 dist; (b, brer)
= utrlog® (LTTLLL L™ + £ log? (%)
= ptrlog’ (F'F') + 4 log” (det F) e
= pllog (F'F)P* + 4 log” (det F).

Lemma 8.3 The gradient of W, , with respect to g, at b € P(V) is given by the
Hencky field:

A —
grad“ Wy,/llb = _Hbref|b'

Proor. Lety: [0,1] — P(V) be the unique geodesic from b to b,y with respect to
both gp and g, ,. The function W, , is a squared distance function, thus we have

grad™' W, I, = ¥(0) = grad®” W, l, = —H,,_ - |

Lemma 8.4 One has

Woa(brer) = 0, AW, ls., = 0, and Hess" (W, )b, = Hess*" W, )b = it los-

Proor. The Levi-Civita connections of gp and g, , coincide by Thus,
the same is true for their Hessian operators:

Hess®” = Vd = Hess** .

Because W, 4(b) is a squared distance function with center b, the statements follow
immediately. o

8.2 Hencky’s Elastic Energy

Definition 8.5 Let (M, g.cr), (My, go) be m-dimensional smooth Riemannian man-
ifolds with boundary and let u, 4 € Ly (M;R) be measurable bounded functions

with g > 0 and 4 > —%” almost everywhere. We define Hencky'’s elastic energy on
Imm(M; M,) by

H(f) = f W,.(f"g0) vol,, forall f € Imm(M; M),
M
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8.2 Hencky’s Erastic ENERGY

with the constitutive bundle mapping

P(TM) —/>M xR

given by W, 1l = Wy : P(T:M) — R with W) 10(D) = (X) 100 (Ol Grefl)-
We refer to M as the material manifold, to g as the reference metric and to the
functions u and A as the Lamé coefficients.

Remark 8.6 We are going to treat the case M, = R™, where g is the Euclidean inner
product on R”. The reference metric may be defined, for example, by gt := frﬁf g0
with some reference embedding f..s € Imm(M;R™). A frequent setting in elasticity
theory is that the material manifold M C R™ is a compact set with smooth boundary
and that the reference embedding f.s: M — R™ is the canonical embedding so that
gret = &o 18 the Euclidean inner product. The Lamé coefficients y and A are often
assumed to be constants describing the elastic properties of a homogeneous and
isotropic elastic material.
Let e be an orthonormal basis of R™ and define the “deformation gradient” by

F: M — Mat,;,,(R), Fij|x = gO(ei’ dflx ej)-

Then G.(f*gy) = F'F is the Cauchy-Green tensor. With Remark 8.2 Hencky’s
energy can be written as

H(f) = f (log (FTF)P + 4 log” (det F)) dx.
M

Note that by allowing g..¢ to be arbitrary, one may also treat materials under inter-
nal prestress, e.g., materials with reference metric g.s that—due to non-vanishing
Riemannian curvature—cannot be isometrically embedded into R™. Such reference
metrics may occur, e.g., when heat, moisture or chemical reactions change the
material properties locally.

Remark 8.7 (Linear Elasticity) By [Lemma 8.4] the second derivative of H(f)
with respect to f at the reference embedding f.r can be written as

D*H(frer) (1, u) = f Hess""! W, 1(grer)(X, X) vol,,

M

= f (l,l |X|§ref + %gref(gref’ X)z) VOlgrcf’
M
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8 Hencky ErLasticiTy

where u € Ty, Imm(M;R™) is an infinitesimal deformation and X € T, P(M) is the
infinitesimal distortion tensor induced by u, given by

X, w)lx = go(dfrerv, duw) + go(duv, dfresw), forv,w e T, M.

Let M c R™ be an m-dimensional manifold with boundary and f,.f = idgn. By
defining X and u € Mat,,,,,(R) by X = G.(X) and w;; = (e;,due;), we obtain
X = du' + du. This leads to the well-known deformation energy &, of linear
elasticity (see [25, Equation (4.1)]):

(1) = DH(fur) 1t 10) = f (uIXP + 2 tr(X)?) vol,,,
M

8.3 Smooth Setting

Let (M, g) be a connected, compact, m-dimensional, smooth Riemannian manifold
with boundary and let 2 C dM be a set with non-empty interior and smooth boundary.
We are going to impose Dirichlet boundary conditions on the set 2: For a given
vy € Imm(2;R™) N Wg2’°°(2 ; R™), we define the configuration space

C:={feImmM;R")| flz =y}
and the distance

de(f1, 2) = dimm(f1, 2) + i = follyp forall fi, f> € C.

Let g.f € P(M)ﬂng"”(M ; T"MQ®T’ M) be areference metric, V € WIIO’SO(M xR™ R)
be a locally Lipschitz continuous potential, and u, 1 € W*(M, R) Lamé coefficients.
For simplicity, we assume that u and A are constant. We define the energy

F:C—-R, F(f) == H) + V),

where V(f) = fM(x = V(x, f(x))) vol, .. Here, V models certain types of potential
energy, for example a gravitational potential:

Example 8.8 Choose m = 3 and V(x,z) = r(x){(g,z) with some g € (R®)". Then
V(f) is the gravitational potential of f(M) with mass distribution r: M — R.

Now, we define the (partially free) boundary value problem:

Problem 8.9 Find the minimizers M of F on C.
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8.4 DISCRETE SETTING

A solution f of this problem models an elastic material M immersed by f into R™
in static equilibrium under the influence of potential V and under partially free
boundary conditions f|s = .

In the upcoming convergence analysis, we use essentially the same a priori as-

sumptions A°* as in all we do is add an explicit bound on || f]| s

A = {f eCNW; R | dp(g, f'80) < 5. I fllyz < 51

8.4 Discrete Setting

Let 7 be a finite smooth triangulation 7~ of M such that a smooth triangulation 7|5
of 2 is induced. Define the discrete configuration space

Cr = { f:v@)->R Yo € T : f(V(0)) in general position

flV(’]'l;) = 7|V(T|;), }

We use the same definitions for S5, Ry and v as in(Section 6.2

Sr: C - Cr, f e flva,
Ry Cr — Imm(M;R™), [ Z Ap f(P)s

pEV(T)

Y7 = Z A, Y(p)-

PeV(T1x)

As a priori information, we use
Ag =1{f € Cr | dpan(8. R7(f)*g0) < rand ||ﬁ7-'(g)”L§° <r}.
In order to define a reconstruction operator, let
ext: Wy (Z;R"™) — Wy°(M;R™)
be a continuous linear extension operatorﬂ let ug- := ext(y — ys) and define

Ry : Cr — W;"X’(M;Rm), e Re(f) +ur.

'For example, one may use the technique described in[Section 6.4|twice: Let ext; : Wg"x’ Z;R™) —
ng’“’(aM ;R™) and ext, : ng’°°((9M ;R™) — ng"x’(M ; R™) be continuous extension operators and
define ext = ext; o ext;.
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8 Hencky ErLasticiTy

As the test space, we use X = Imm(M; R™) with metric

dx(fi, 2) = dwm(f1, f2) +If1 — f2||W;-°° forall fi, f, € X.

As test functionals, we use the canonical inclusion ¥: C — X and the mapping
SUn = RT .
It turns out that we have to discretize g..¢ as well. We introduce the operator

Qr: PM)N Wy (M T'M & T'M) — P(M)

by the following condition: For each o € 7 one has pointwise almost everywhere in
Ay
0" @ (b)) = (o*b)|, forallb e P(M)N W, (M;T'M&T'M),

where p = ﬁ, e, ﬁ) € A,, is the barycenter of Am Thus, Q7 can be seen as a

generalization of a piecewise constant approximation operators in the same way as
R7 o S can be seen as a piecewise affine approximation operator.
Now, we abbreviate g = Q7 (grt) and discretize the Hencky energy as follows:

1 -~
Hr(f) = > fMdiﬂ(RT(f)#gO’gT) vol,,  forall f € Cr.

Remark 8.10 It requires further analysis to treat the discrete Hencky energy numer-
ically. With the help of the transformation law of integration, we may decompose
the integral into

Hr(f) = ) HoAf),
oeT
where

1 -
Ho(f) = 5 f o*(d} (R (f) g0, g7) vol, ).

m

For o € 7, we abbreviate h, := R(f) o 0. Observe that h' gy and o*g; =
(0" gre)| p» are constant on A,,: This follows from the fact that A, is affine and from
the definition of g+, respectivly. By the isometric properties of the distances on P(V)
(see[Remark 4.16|and [Lemma 4.17)), we have

o #(di,ﬁ(izfr(f )" g0, g7) vol,, ) = dﬁ,/l(O' *Re(f)*go, 0" g7) o vol,,
= dy A(hy80, (0"gren)lp) (0 Vol ),

= d. \(hf gol. (0" grep)l,) (7 VOl ).

2Every other choice of points p, € A,, for o € 7~ would also do.
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8.5 CONVERGENCE ANALYSIS

Thus, H,(f) can be easily computed since it is the sum of integrals of constant
densities.

More precisely: Let v = vy,...,v, be some basis of p* = T,A,, and let w =
Wi, ..., W, be some basis of R”. We write (L );; = (w;, d,h, v;) and choose (Lt ) €
Mat,n(R) with LT Lt = G,(c*g7). With F, := L,L-! and , we

ref,o ref,o
obtain

1
Hr(f) = 5= ) (ullog FF)P +  log? (det F,)) det(Lue )

oeT

A rather coarse but completely sufficient discretization of “V can be defined by

Ve =Y, [ Ve R " vol,y)

oeT VY Am

1 -
= — 2" V(e Rr(£)(p) ldet(Lus)

toeT

for f € Cs. Hence, we obtain the discrete problem

Problem 8.11 Determine the minimizers M, of ¥ = Hy + V5 on Cy-.

8.5 Convergence Analysis

Define the approximation characteristic

X2 = sup I(To) 7 (IT ol + 2llHess* (@)l ) IT i
oeT

Lemma 8.12 For b € P(M) N ng’m and a smooth triangulation T of M with
XOT) < 1Bl 6™, one has
8

dp(Qr(b), b) < ¥ 1151l XP().
Proor. Let o € 7. One has pointwise on o (A,,):

Ib = Qr®)lly < To) ' lIzllo*b — Qs (B)llz
= (T Izelio”d = bl |l

< 1T V@Dl
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8 Hencky ErLasticiTy

In order to estimate |V(o*b)||;~, let u, v, w € X(A,,) be (covariantly) constant vector
fields. We compute

(V(a*b))(u, v,w) = V(b(To v, Tow))
= (V5 b)(Tov,Tow)+ b(Hess* (o) (u,v), Tow) + b(To v, Hess* (o) (u, w))
and deduce
IV@*D)llzs < IV¥bllzz 1Tl + 20bllp Hess* (Ol Tl
< blly = (IT 1l + 20Hess*(@)llz= ) ITer L -

Combining these estimates and using y®(7") < ||b||;Vllm e~ %8 we obtain
14

16 = Qr(B)llzy < IIblly x(T) < ™09, 0

Remark 8.13 Tt follows immediately from the proof of [Lemma 6.8]that y® behaves
as follows under an affine subdivision @ of 7:

XP(DT)) < X P(T) sup sup [[(Te) 71Tl

o€T gD,

In particular, y®(7") can be made arbitrarily small by affine subdivision (see also

the discussion in [Section 6.3).
In the following, we provide estimates with respect to the quantity
o(T) = max{ 0T, 0V(Tx), o"(T), 0"(T12), ¥P(T)).
Note that equations (6.3)), (6.4), (6.5) as well as[Lemma 6.11|remain true with this

definition. Moreover, we point out that there are smooth triangulations with arbitrary
low o(7).

Lemma 8.14 (Proximity errors) For the sampling proximity error 859. and the re-
construction proximity error 8?- on A* and AL, respectively, the following hold:

g7 <C()o(T) and  &f < C(r)llext| A [l (7).
Proor. Let f € A°* and h € A),. By (6.4) and (6.5)), one has:

I, 0 S = F(Dllype = IRy 0 SH)(f) = fllyr < Cls) (T,
IC¥ 0 Ry)(h) = Zu(Wllyr = R () = R ()l
= llarllyre < llextlidylly - o7,
respectively. Now, the statements of this lemma follow from m]
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Lemma 8.15 (Consistency errors of Hencky energy)

Let r > s > 0. Then there is a o9 > 0 and a constant C > 0 such that for all
smooth triangulations with o(7") < oo, one has the following estimates for sampling
and reconstruction consistency errors 53, 5? of (Hz, S+, Ry) with respect to H on

(ﬂg’ﬂ;')
85 <Co(T) and 6% <Co(T).

ProOF. Sampling consistency error: Fix f € A* and abbreviate fi- := (Ry o S7)(f).
Note that we have

1
Hr(f) = 5 fdﬁ,ﬁ(ﬁ-go, g7) Volg, .
P

Put ¢ = dp(g, gwr). From (6.4), we obtain ||f—f¢||W;,oo < so(7). Under the
assumption that o(7") is sufficiently small, we may apply |Corollary 5.6 [Corollary 5.7}
and to obtain pointwise almost everywhere:

dp(f*g0, f780) < C(s,0)0(T) and  dyei(Volgag,, Vol ) < C(s, ) o(T).

This immediately leads to
dya(f* 80, f7.80) < (u + 1ANC(s, O) o(T).
By[Lemma 8.12] we may assume
dy 1 (8re, 87) < (U + [ADC) o(T) and  vol,, < (1+C()o(T)) vol,, . (8.1)

The triangle inequality yields

da(fEgo, g7) < dua(figo, fg0) + dua(f 20, grer) + dui(8rers 87)
< dy 2 (80, 8ret) + (1 + 1ADC(L, 5) o(T)).

Now standard estimates lead to

d, \(f¥80,87) volg, < di \(f*80, grer) VOl + C(E, 5,41, 14]) (T Vol

for sufficiently small o(7"). After integration, this becomes

thus one has 67 < C(¢, s, 1, |A]) o(T).
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8 Hencky ErLasticiTy

Reconstruction consistency error: Fix f € AL and observe that

dy,ﬂ(RT(f)#gO’ gref)
< d (R (£ g0, Rr(f)*g0) + dua(Rr()* 80, 87) + dua(87 Gret)-

While the center term in the second line contributes to the discrete energy, the other
two are small: We treat the last term with (8.1)) and use (6.5)) to obtain

IRr(f) = R (llyr = iz llys < Co(T)
and then apply [Corollary 5.6, [Corollary 5.7 and [Lemma 4.15|again to find:
dyaRr(f)* g0, Rr(f)*0) < C(&, 1, 1, |1A1) o(T).
Now, an argument similar to that one given for the sampling consistency error yields
H() < Hr(Re(f) + C&,r, 1, 1) o(T),
thus 6% < C(€, r, i, 1A]) o(T). O

Lemma 8.16 (Consistency errors of potential)

Let r > s > 0. Then there is a o9 > 0 and a constant C > 0 such that for all
smooth triangulations with o(7") < oo, one has the following estimates for sampling
and reconstruction consistency errors 65, 63} of (V,S7, Ry) with respect to V on
(A, AL):

85 <Co(T) and &% < Co(T).

Proor. Fory € A, and o € 7~ we have dy(0(y), 0(p)) < Tl |y = pl < 1Tl
On the one hand, we have for all & € A

(R (W) () = Ry-(h)(o(p))
< [Rr(h)(o () = R (W (@] + [Rr- (W) (o () = Rr(h)(o(p))
< Co(T) + ARy (W)l de(a (), o(p))
< Co(7).
On the other, we have for all f € A°:

Ry o S (p) = fla )
< Ry o SH)a(p) = fla(p)| + If(o(p) = fleO)
< Co(T) + |ldflle= dg(a(y), o(p))
<Co(T)+ C® Tl < Co(T).
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Let R > r and let L > 0 be the Lipschitz constant of V on M X Ff(O, R). For
sufficiently small o(7"), we may assume that the images of Ry(h) and (R o S5)(f)
are contained in B(0, R). Now, Lipschitz continuity of V| o and B.1I) imply

Ve Sr(N) < V() +LCo(T) and VRr(h) < Vr(h)+LCo(T). 0O

Analogously to let (7,,).cn be a sequence of smooth triangulations of
(2, g) with o, == o(T,) o. Again, we write C,, F,,, A., ... instead of Cr,, 7,
AL, ... Moreover, we denote the sets of 5-minimizers by M? = arg min’(¥) and
M = arg min’(F,,).

Theorem 8.17 (Kuratowksi convergence of minimizers)
Assume O # P(M) C P(A* N M) for some s > 0 and that the A, are valid’|for
some r > s and all n € N. Then there is a constant C > 0 depending on 2, g, y, s, r
only, such that one has 6, < C o, for sufficiently large n € N and such that

Ls (A" NM)C P(M) = Lt P,(A N M)

holds with respect to the metric dc defined in In particular;, one has

Kuratowski convergence with respect to the topology generated by ng"x’.

Proor. Once again, we may apply [Theorem 2.28| with K := X to prove the result:
Proximity follows from[Lemma 8.14] Together, Lemma 8.15| [Lemma 8.16] and

(Corollary 2.12| show consistency. The inclusion S,(A*) c A, has already been
shown in The function ¥ : (C,dc) — R is continuous and ¥ is the
inclusion of the closed set C ¢ Imm(M;R™). Thus, P4¥ is an extension by infinity
so that[Example 2.27]implies topological stability of ¥ along ¥ over X. Validity of
A follows from 0 # (M) c P (A* N M) and the validity of A, was imposed as a
condition. O

Finally, we point out that this analysis can be conducted analogously for function-
als J;: C — R of the form

TH= [ Win vol, and T = [ Warg) volp,
M M

as long as the constitutive function W, is locally Lipschitz continuous with respect
to |||ly1. and the function Wj is locally Lipschitz continuous with respect to dyyy, or

df .. respectively.

3see [Definition 2.4
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8 Hencky ErLasticiTy

Figure 8.1: The “panda surface”, a non-orientable minimal surface spanning a knot
of class 7;. (A 3D-print of the boundary curve is part of the Gottingen
Collection of Mathematical Models and Instruments.)
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Conclusion and Future Work

In the hope that it can be broadly applied, we developed a framework for the conver-
gence analysis of parametric variational problems. We discussed two examples of
nonconforming Ritz-Galerkin schemes in detail. These are nonconforming because
of boundary conditions only. However, there are other, more severe, variational
crimes to commit: For future work, we think of elastic energies of thin shells and
rods. These depend nonlinearly on curvature, thus on second derivatives, as well.
Hence discretizing them by piecewise linear structures such as simplicial meshes
and polygonal lines leads inevitably to nonconforming schemes. There are already
several discretizations that are geometrically meaningful and that also provide ef-
ficient and easily implementable algorithms. While the mean curvature vector and
Gauss curvature of surfaces are known to be discretized well on simplicial surfaces
(at least in a distributional sense), variational convergence is yet to be shown for
elastic energies that depend nonlinearly on curvature.

We point out that, up to the current thesis, this was precisely the situation in which
we found the theory of discrete minimal surfaces (in the sense of Pinkall and Polthier
[30]): There were well working algorithms and they were quite plausible, but a
rigorous proof for the variational convergence of these methods was missing.

Our given proof is still somewhat incomplete in the sense that a discrete regularity
theory is yet to be developed. Moreover, there is still potential for improvement: First,
as we pointed out at the end of a careful manipulation of the reconstruction
operators and narrower discrete a priori information could show uniform convergence
of solution sets. Second, we think it is possible to derive a quantitative stability result
at least in the case that each smooth solution f is a stable minimal surface, i.e., the
Hessian Hess(¥ )|y, restricted to the sections in the normal bundle of f, is coercive
(or has eigenvalues bounded away from 0).
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