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Abstract

Smoothing splines is a well stablished method in non-parametric statistics, although
the selection of the smoothness degree of the regression function is rarely addressed
and, instead, a two times differentiable function, i.e. cubic smoothing spline, is as-
sumed. For a general regression function there is no known method that can identify
the smoothness degree under the presence of correlated errors. This apparent disre-
gard in the literature can be justified because the condition number of the solution
increases with the smoothness degree of the function, turning the estimation unsta-
ble. In this thesis we introduce an exact expression for the Demmler-Reinsch basis
constructed as the solution of an ordinary differential equation, so that the estimation
can be carried out for an arbitrary smoothness degree, and under the presence of
correlated errors, without affecting the condition number of the solution. We provide
asymptotic properties of the proposed estimators and conduct simulation experiments
to study their finite sample properties. We expect this new approach to have a direct
impact on related methods that use smoothing splines as a building block. In this
direction, we present extensions of the method to signal extraction and functional
principal component analysis. The empirical relevance to our findings in these areas
of statistics is shown in applications for agricultural economics and biophysics. R

packages of the implementation of the developed methods are also provided.
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1. Introduction

Smoothing splines can be seen as the solution of a variational calculus problem where
the aim is to obtain an approximation of the data that is accurate and yet smooth.
The origins of the idea can be tracked to Whittaker [1923], Schoenberg [1964] and
Reinsch [1967] who built the foundations of a general class of regularisation problems
that are today a prominent research area in mathematical statistics. More specifically,

the idea can be presented as the following (constrained) minimisation problem:

min [ {f9(@))2dz Z{Y;—}{(“’)} <5, (1.1)

fecq[xlyxn] 1 i—1

where (z;,Y;) are ordered data pairs such that z; < zy < -+ < x,, C*[zy,x,] is
the space of functions that have ¢ continuous derivatives in [z1,x,], S is a redundant
parameter and 0Y;’s are assumed to be known quantities. The original problem pre-
sented in (1.1) has an historical appeal, but it is mostly studied in its unconstrained
form, where the trade-off between precision and smoothness of the solution is con-
trolled by the Lagrangian parameter (see Definition 6). After Reinsch [1967], a vast
part of the development of smoothing splines was due to Demmler and Reinsch [1975],
Wahba [1978], Speckman [1985], among others. Moreover, spline methods in general
have gained popularity not only due to the development of its theoretical properties
portrayed in the publication of seminal monographs [cf. de Boor, 1997, Eubank, 1988,
Wahba, 1990, Schumaker, 2007], but also due to the availability of growingly amounts
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of data and software packages that facilitated the application of new statistical meth-

ods, as illustrated in modern text books in non-parametric applied statistics [cf. Hastie

and Tibshirani, 1990, Ruppert et al., 2003, Wood, 2006].

This thesis provides results of an smoothing spline estimator for a regression func-
tion of unknown smoothness degree, and under the presence of correlated errors. We
present the subject by introducing some basic definitions; known asymptotic prop-
erties of the smoothing splines estimators; and some open problems that situate our

work in the literature and motivate the objectives of the thesis.

1.1. Smoothing Splines

Splines are piecewise polynomials that join at points called knots. Throughout this
dissertation we make the assumption that function f has support in [0, 1], with knots
located in an equidistant grid 7 = {7; : 7, = j/(n — 1), 7 = 0,1,...,n — 1}. The

smoothest polynomial spline space is given in the following definition

Definition 1. The smoothest space of polynomial splines of degree p with knots placed

at T 1s defined as

Slp;r) = {s:3s1,....801 €EPp:s(x) =si(x) forx € [m_y,mli=1,...,n—1

cmdsgj)(n) :sl(-i)l(n),jzo,...,p—l,i: 1,...,n—2},

where P, denote an element of the polynomial space of degree p.

A particular class of polynomial spline space is the natural spline space, which arises

as the solution of the variational problem posted by Reinsch (1.1).
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Definition 2. The space of natural splines of degree 2q — 1 with knots T is defined as
NS2q—1;7) :=={s € S(2¢—1;7) : sljo.r]» Slirn_s,1] € Pg—1}

where slj-] and s, _, 1 denote that the evaluation of function s(-) is restricted to

the domains [0, 7] and [1,_3, 1] respectively.

Hence a natural spline is 2¢q — 2 times continuously differentiable piecewise polynomial
of degree 2g — 1 on [r, 7, — 2] and ¢ — 1 on the intervals [0, 7] and [7,_3,1]. We

introduce next the space that will use more intensively throughout this dissertation.
Definition 3. A Sobolev space of degree B is defined as

WH(M) = {f fec o, 1), (| fP|? = §j%zﬂmﬂ<ﬂﬁ} (1.2)

An orthonormal basis of the space in Definition 3 is the Demmler-Reinsch basis.

Definition 4. A Demmler-Reinsch Basis of degree [3 is an orthonormal basis {1;(x)}32,

of Wi(M) determined by
1
[ ssitarinstonte = s =3t [ oo (13)
0

Hence, f € W?(M) can be represented as f = > ° 05,15, for 05, = fo x)si(x
and || fP]|2 =327, 05 w3 < M?. Using Definitions 4 and 3 we can now re-state the

definition of the Demmler-Reinsch basis for the natural spline case in Definition 2.

Definition 5. A Demmler-Reinsch basis of the natural spline space NS(2q — 1,1) is
defined by

_quqz T ¢qj(xk _51j_77qz/ ¢qz q] ) (14)
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As mentioned before the solution of the smoothing splines problem is an object in

W10, 1]. Next we provide a formal definition of the problem.

Definition 6. A smoothing spline estimator is the solution of the following minimi-

sation problem

(Bl [ 20 0= e} = S+ {f<q><x>}2dx], (15)

where X € Ry, ¢ € N, data pairs (x;,Y;) follow Y; = f(x;) + €;, and {€}7_, is an
homoscedastic stationary process with correlation matriz R of elements Cor(e;, €;) =
rij. In matriz notation, the solution of (1.5) for an arbitrary basis C, of W0, 1] can

be written as

frer = C,(CTR'C,+ nD,) CT'R'Y (1.6)
- S)\,q,RYa

where Dy, is a penalty matriz that depends on q and Sy 4 r s referred as the smoother

matrix.

Equation (1.6) has two clear extreme situations. Namely if A = 0, it reduces to an
interpolation problem, and if A — oo it turns into the estimation of a polynomial of
degree ¢ — 1. To reduce the computational complexity of the solution in (1.6), the
convenience of using an orthonormal basis obvious. The following two examples show

its use for the independence case.

Example 1. Given Definition 5 and its solution given in (1.6) for Cor(e;, €;) = d; ;,

the smoothing spline estimator can be written explicitly in terms of the Demmler-
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Reinsch basis as

Gqi(21) g - W;ipgi()
7 7 j/ ) 1'
Z Z 14 Anng; : ; L+ Anng,’ (17)

=1 =1

where we have used D, = diag{n,;} and w; =n"'> " ¢,:(x))Y]

In the next example we present a different approach to solve the penalised regression
problem that consists in representing it as a linear mixed model (LMM) problem |[cf.

Ruppert et al., 2003, Wood, 2006].

Example 2. Given Definition 5 and its solution (1.6) for Cor(e;, €;) = 0;; and ma-
trices X = {¢g.1(x), ..., ¢qq(x)} and Z = {77(;;—/31¢q g+1(2), -5 mg, i/Z(bq,n(x)}} it can
be shown that the solution of the smoothing splines problem in (1.6) is equivalent to

the solution of the following LMM problem
Y =XB+Zu+e, u~N{0,0I,,}, €~N(00I,), (1.8)

for B e R, u € R" 7 and u independent of €. The smoothing parameter correspond-
ing to this representation is given by X\ = 02/(nc?). Solving (1.8) instead of (1.5) is
advantageous because all parameters are estimated in a single step by the maximisation

of a likelihood function.

From the previous examples it can be seen that the use of the Demmler-Reinsch basis
reduces the computational complexity of the solution from O(n?) to O(n?) in both
cases. The general case where R is an arbibtrary Toeplitz positive definite matrix is

studied in detail in Chapter 3.
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1.2. Asymptotic Properties

Here we summarise some asymptotic results of smoothing splines following Schwartz
[2012]. For a more detailed review on the integrated mean squared error, the average
mean squared error, optimal rates of convergence or local properties of smoothing
spline estimators, the reader is referred to Rice and Rosenblatt [1981], Wahba [1990],
Craven and Wahba [1978], Speckman [1985] and Nychka [1995].

Definition 7. A positive sequence {ay}* is called an optimal rate of convergence of

estimators on class of functions F with respect to a norm || - || if 3 ¢1, ¢ > 0 such that

liminf, .o inf supE [an — sz] a? > o
fe}—n,f

limsup,,_,., inf supE [an — fHQ] af < 0o
E]:n’f

where ﬁnj denotes a class of estimators of f based on a random sample of size n.

Theorem 1. Speckman [1985]

Let iy = f(x) +e€, i=1,...,N, f € F, where {}, is an i.i.d. sequence of
random variables with variance o* > 0. In Definition 7 consider F = W10, 1] and
denote .7:},” as all linear estimators on F. Then the optimal rate of convergence of an

estimator on F with respect to norm || f|ln2 = n = {31, f(z:)?}/? is O (n=9/CGatD),

Moreover, the global goodness of estimator f can be measured by the integrated

squared mean error

ise() = BIf - 58 =8 [ {fw)- 1w} (19
= [{Efw) - 1@} do+ [ B0 -miw]} @
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or its discrete version, i.e. the average mean squared error
AMSE(f) = %Z [i) - f(a:)}Z do (1.10)
i=1
n . 9 1 n . . 9
= Y {i@) - @} + S E{f@) -Ef@)} .
i=1 i=1

As n — oo, and given certain assumptions on the regularity of the design points,
expressions (1.9) and (1.10) are asymptotically equivalent. Estimator f is asymp-
totically optimal on F with respect to the norm || - || if its IMSE (AMSE) has the
same order of magnitude as the corresponding squared optimal rate of convergence
of estimators on F. From Theorem 1 if W90, 1] = F, asymptotically optimal linear
estimators have IMSE (AMSE) of order O (n=2¢/(2¢+1)),

Since functions {¢,;(z)}°, build a complete orthonormal system in W?[0, 1] under

the Lo inner product, one can write

oo 1 00
= Zflgzﬁq’l(x), with f; = / f(x)pqi(x)dr and Zfl%]ql < 00,
1=1 0 1=1

and hence, the IMSE of smoothing splines can be written as

> 2

/’7q7, % q0'
— — 14 o0(1). 1.11
Z (1_|_)\7]q1 Z 1+/\an n 0( ) ( )

i=q+1

IMSE(f) = [

The global asymptotic error of smoothing splines can then be obtained by looking at
the terms in (1.11). The last two summands correspond to the variance and, given
that 1,; = {(i—q)m}?¢ [cf. Speckman, 1985], are O(n~'A\"1/27). Regarding the bias, its
rate depends on the decay of f;. Results presented in Utreras [1980] show that the bias
of a function f € W1[0, 1] decay at different rates depending on the natural boundary
conditions. Namely it has been shown that the integrated squared bias has three
different bound according to the following cases: i) if all boundary conditions hold

O(N?); ii) if the j-th boundary condition do not hold O(A2+1/24); and iii) if none
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of the boundary conditions hold O(\). The global asymptotic error for smoothing
splines then vary accordingly to each case. The bounds for the integrated squared
bias can then be used to estimate the optimal smoothing parameter A in each of the
cases to obtain the asymptotically optimal IMSE. If all the boundary conditions hold,
we obtain

IMSE(f) = O(\%) + O(n~'\"Y9),

with optimal A = n~%24t1) leading to IMSE(f) = O(n=24/(at1)) " Similarly, if the

7-th boundary condition does not hold
IMSE(f) = O/ 4 O(n'A~11)

with optimal X =< n~9/+2) providing IMSE(f) = O(n~®*1/2+2))  Lastly, if no
boundary conditions hold [cf. Craven and Wahba, 1978, Cox, 1983] one obtains

IMSE(f) = O(\) + O(n~*A71/24),

with A < n~20/(1429) and hence IMSE(f) = O(n~29/(1+20))

1.3. Open Problems and Objectives of the Thesis

Smoothing splines are a prominent area in mathematical statistics and there are plenty
of theoretical results available in the literature, however some open problems remain
and are of interest. In this dissertation we investigate the estimation of the degree ¢
for certain f € W70, 1] under the presence of correlated errors. The importance of
the selection of the degree of the Sobolev space ¢ was explicitly mentioned in Reinsch
[1967], but to our knowledge no attempts have been done for its study except for the
recent works by Krivobokova [2013] and Serra and Krivobokova [2016]. Moreover, even
if the true value of ¢ > 3 is known in advance, the estimation procedure via numerical

implementations of the Demmler-Reinsch basis [cf. Ruppert et al., 2003] is known
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to be unstable. This situation has lead presumably to the nowadays standard cubic
spline assumption, i.e. ¢ = 2. In this thesis we present solutions to the aforementioned

problems and study the following aspects of smoothing splines:

1. Computational stability. It is easy to see that the condition number of the solu-
tion (1.5) for an arbitrary C|, increases exponentially with ¢ via D,. This phe-
nomenon has been documented in Wand and Ormerod [2008] for the O’Sullivan
[1986] type penalisation. In this dissertation we consider an exact expression for
the Demmler-Reinsch basis, where the eigenvectors and eigenvalues are assigned
to the columns of C, and the elements of the diagonal matrix D, respectively,
so that computational stability is no longer an issue. In Chapter 2 we present
our first contribution, which is an exact expression for the Demmler-Reinsch

basis as the solution of certain ordinary differential equation.

2. Computational complexity. As shown in examples 1 and 2, the computational
cost of the smoothing spline problem in the independence case can be consider-
ably reduced if the Demmler-Reinsch basis is used. In Chapter 3 we show that
this fact extends naturally to the correlated errors case. Moreover, in Chapter
4 we show that the computational efficiency is of crucial interest not only when
large amounts of data are considered, but also when the basic model is used as

a building block for more involved settings (see point 4 in this list).

3. Correlated Errors. Serra and Krivobokova [2016] introduced the idea of estimat-
ing q together with the smoothing parameter \ for the independence case. An
extension of this work to the case where the correlation in the error term decays
exponentially is presented in Chapter 3. In the same Chapter comparative sim-
ulation studies are presented to study the performance of our method in finite

samples.

4. Extensions. The results presented in Chapter 3 are extended to models where
empirical Bayes smoothing splines are used as a building block. Namely, in

Chapter 4 we present extensions to additive models and functional data analysis.
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These are new results and are presented in Chapters 3 and 4. Chapter 5 shows

practical applications of this extensions.

This thesis is organised as follows. In Chapter 2 the Demmler-Reinsch basis is re-
visited as the solution of an ordinary differential equation and an exact expression
is provided. Chapter 3 uses the results in chapter 2 and builds a general empirical
Bayes smoothing splines model where the degree of the smoothness of the regression
function, the structure of the error’s correlation, and the smoothing parameter are un-
known. Chapter 4 extends the results in Chapter 3 to additive models and functional
data analysis. In Chapter 5 applications in agricultural economics and biophysics are
presented to illustrate the use of the method. Chapter 6 provides a summarised de-
scription of the R software developed to implement the ideas presented in chapters 3

and 4. Chapter 7 closes the document with a summary and an outlook.

10



2. Demmler-Reinsch Basis

The smoothing splines problem can be solved under different bases, e.g. truncated
polynomials, B-Splines, Thin-plate Splines, etc. The main advantage of the Demmler-
Reinsch basis over the other alternatives is its orthonormality. Numerical approxima-
tions of this basis are available in the literature, see [cf. Ruppert et al., 2003, Wood,
2006], however it is well known that such approximations become numerically un-
stable, or even computationally infeasible, as the smoothness degree ¢ in W?[0, 1]
increases. In this dissertation we study estimators of f € W?[0, 1] without assuming
any prior knowledge of the degree of the space, and hence it is of crucial importance
to have a precise representation of the Demmler-Reinsch basis that allows for a com-
putationally stable and efficient solution of the smoothing splines problem. In this
chapter we present an exact expression of this basis as the solution of certain ordinary

differential equation.

2.1. Ordinary Differential Equation

In this section the Demmler-Reinsch basis for W?[0, 1] is redefined as the solution
of an ordinary differential equation. Consider the approximation error of a function

f € W10, 1] by the expansion of some arbitrary orthonormal basis {¢,;}7; as

n N 2
DN(¢) ‘= sup EZ{ Zf%qu Pq.j mz)} )
7j=1

fewajo,] M

11
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where we have used the L-2 inner product. The quantity dy := inf,, Dy (@), is often
called Kolmogorov’s diameter. Remarkably, by some simple algebra one can show that
dy = Dy(¢q) = Ng.n+1- Meaning that the Demmler-Reinsch basis is the ensemble of

diagonals in the Sobolev’s ellipsoid [cf. Tikhomirov, 1986] for details.

Theorem 2. Cao [2008]. If an orthonormal basis in W10, 1] with eigenfunctions
{@qg1(x),...} and corresponding eigenvalues v, ... solves the following ordinary dif-

ferential equation

l !
(19020 (@) — vipga(z) =0 st o(0) = ol(1) =0, (2.1)
forl=q,q+1,...,2q — 1 then it follows that

(D0, Uy = 5,65

Proof. We begin by noting that any f € W?[0, 1] can be represented as the sum of

two orthogonal functions, one of which is a polynomial. Namely
flw) = P{~H (@) + {Ag(z) — T Ag(x)},

where the first term is the projection of f(x) onto a polynomial space of degree ¢ — 1,

i.e. given the projection operator II"™~! one can write

—_

P (o) =" f(2) = ) (f v,

7

Il
=)

for orthogonal polynomials {t;, ..., ¥,,_1}, whose elements are defined recursively, as

e.g. in Favard [1935]. For the second term define an operator A such that

1 ! q—1
Ag = m/0 (x =)L g(x)dt, 9| <1,

and note that Ag itself contains polynomials, which justifies the form of the second

12
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term in (2.1). Kolmogorov’s diameter is hence given by

dy = inf supl[(Ag—T9'Ag) — [Ag — T L Ag]%|12,
v=_inf p[|(Ag g9) — [Ag gl

where [f]}f,q = SN (f, bg)bgr(x). Moreover it is easy to see that for all k = 1,...,n,
it holds that

AnGgp = A" Aggr — AT AG, 1,

so that taking the 2¢-th derivative we obtain ngzS;?f) = (—1)9¢,;, and hence the

ordinary differential equation (with no boundary conditions) follows

(176 (@) = ngdg().

The boundary conditions are obtained directly from the evaluation of qb((ll)l(:n) at the
borders for | = ¢q,q+1,...,2q—1. The previous ODE with respective border conditions
fulfil

@, 00) = (=1, 60
/¢q1 (2)dz = 14,i(Dq.55 Pa.i)

where integration by parts was used ¢ times. [

The importance of Theorem 2 is evident since it implies that obtaining a general so-
lution for such ordinary differential equation, given the boundary conditions, leads
to an explicit expression for the Demmler-Reinsch basis. Hereafter we consider the

following definition
Definition 8. A Demmler-Reinsch basis in WI[0,1] is an orthonormal basis with

eigenfunctions {¢qi(x)}7_, and eigenvalues {ny;}1-,, where {p,:(x)}1_; corresponds to

an orthonormal polynomial basis of degree q—1 such that {¢q ;()}i_; L {¢qi()}iyi1-

13



2. Demmler-Reinsch Basis

The corresponding eigenvalues fulfil: 0 =141 = -+ = Ngq < Nggt1 " < Ngn, and the
eigenfunctions {¢q.i(x)}ie 1 can be obtained as the solution of the ordinary differential

equation
2
(=116, (2) = yibyal) = 0, (2:2)
with boundary conditions

0i(1)V(0) = 60N(1) =0, I=qq+1,....2¢-1 i=q+1....n.  (23)

The solution of the 2g-order homogeneous linear equation (2.2) with conditions (2.3)
has been studied in e.g. Polyanin and Zaitsev [2003]. In particular the characteristic
polynomial P(w) = w* —(—1)47,; = 0 has only complex conjugate roots if ¢ € 2N —1
and a mixture of complex conjugate and real roots if ¢ € 2N. Under this setting the

eigenvectors can be written as

Ggi(T) = Z g, €XP(—AjHgiT) + Z By.ji exp(NjfiqiT) (2.4)

A ES(q) A;€S(q)
g, COS(Mq,ix) + 0gi Sin(#q,iiﬁ)a

for p,; = 77;7/1»2‘] and S(q) == U, {(—1)j/2q,m} such that 0 < j < ¢ — 2 and
j €2N—1if gis odd and j € 2N otherwise so that #{S(q)} = ¢— 1. The solution for
= {14y Qgg1i> Batis- - Bag—1.i> Vair 0} can then be obtained by utilising
the boundary conditions (2.3), which reduces the problem to solve the 2¢ x 2q linear
system M, ;- r; = 0 together with the computation of the eigenvalues. The following

example illustrates the problem.

Example 3. For q = 2 the solution is given by

P2i(x) = g1 exp(—p2,x) + Lo exp(paix) + Y21 co8(H2,x) + 0a 1 sin(us ),

14
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and we are interested in finding the null-space of

-1 -1 1 0
1 e —et2icos(pg,;) —erisin(pug;) (2.5)
1 -1 0 L

—1 e¥2i efigin(pg;)  —e2icos(ug,)

Since by definition My, is not full rank, 2, can be computed as the implicit solution

o+ | M| =0, so that r; solves M, -r; = 0 and is such that ||p9;(x)|2 = 1.

M2, i=H2,q

In the next section we propose a method to circumvent the aforementioned procedure

and obtain a direct formula for the Demmler-Reinsch basis.

2.2. A General Demmler-Reinsch Basis

In the first subsection we will show a general form to approximate the eigenvalues of
a Demmler-Reinsch basis of an arbitrary degree. In the second subsection we use this

results to present an expression for the eigenvectors.

2.2.1. Eigenvalues

In general for ¢ € N and corresponding sequences {uq,i}?:q +1 the procedure depicted
in example 3 must be followed n — ¢ times. However our problem has a structure that
can be further exploited. Consider first the problem of computing the eigenvalues as
the roots of the determinant for linear systems M, ;, with ¢ small , ie. ¢=1,...,4.

Here we present the results

15



2. Demmler-Reinsch Basis

[My;| = —sin(p,)
[My| = —4e®2 (cos (ug,) cosh (pa,) — 1)
|M3;| = 6ipg’sin (%) [2 Cos <%) {— cos (p3,4) + cosh (\/gﬂ&i) + 4} —
1
8 cosh (5 \/g/,bg’i> :|

(M| = —64u7 [cos <\/§u4¢> + cosh (\/§,LL4¢> + 2v/2sinh (p1g) ¥

{2 cos (‘\’J/%) sinh (%) — cos (pt4,) sinh (\/ﬁm,z-) } -

4 cosh (’j/g) {\/Esin (“—\%) $in (4) + 2 cos (%) cos (u4,i)} +
cosh (f14,) {2\/5 sin (p14,) sin <\/§u4,2-> + 3 cos (f1a,3) cos <\/§M4w’> B

8 cos <’f/4§) cosh (’%) +cos (1) (3cosh (V2 ) + 2)} + 6} .

As it can be seen the determinant functions (and consequently their roots) get more
involved as ¢ increases. In fact the computational complexity of the determinant for
a matrix M, ; of size 2¢ x 2q using the LU decomposition or the Turing factorisation
takes O(q%), see. e.g Golub and van Loan [1996] and Corless and Jeffrey [1997] for
details on the symbolic matrix case. We proceed by showing the estimation of i, ; for
these cases, provide a formula for i — n and compare it with numerical approxima-

tions.

For the case ¢ = 1 we obtain the trivial solution p1; = (i — 1)m, while for the case
q = 2 one is already constrained to solutions as i — n. Namely since cosh () # 0
for all pe; > 0 and 1/ cosh (pg;) — 0 as i — n, it is clear that ps; = (i — 3/2)mw. For
the last case it is obvious that if p3,/m € 2N the roots read (i — 2)7 and it can be
easily shown that the same solution can be extended to ps;/m € 2N —1 as i — n.

Similar arguments follow for the case ¢ = 4, where the following roots are found

16



2. Demmler-Reinsch Basis

ta; = (1 —5/2)m. Given the previous results we conjecture

1\ ™
limnq,i:{<i—%)ﬂ} , t=q+1,...,n. (2.6)

i—n

The comparison of the implementation of (2.6) and numerical approximations via
Newton search algorithms is presented in Table (2.1). As it can be seen the ap-
proximation is accurate up to the fourth decimal before the first 10 eigenvalues are
computed. We do not report the results for ¢ = 1 since the result is exact and no
numerical approximations are required. The comparisons for ¢ = {6,7,8,9,10} were
also performed reporting results in the same direction. The approximation formula
(2.6) is compatible with Theorem 2.2 given in Speckman [1985], where it is shown
that

i ={(i —@n}*{I+o(1)}, M= =1me=0 i=q+1,....n

where the o(1) term is uniform over i = o(n?(24*1)) as n — oco. In this subsection we

give a more precise expression of the eigenvalues.

Theorem 3. The eigenvalues of a Demmler-Reinsch basis can be approximated by
2q
. . oq+1
Tim 1y, = {(Z - T) 7?} , (2.7)
forq=1,...,6, andi=q+1,...,n.

Proof. Proceed by contradiction and take p,; = (i — (¢+1)/2)7 +¢, for an arbitrarily
small ¢ € R. A straightforward Taylor expansion for the determinants around this

point has the form

q
.oqg+1
[ M yi| = mg(e) + ;%‘ {:“q,i - (Z - T) T — e} +0(e),

for continuous functions m,(+), w; € R and where the first two terms of the expansion

17



2. Demmler-Reinsch Basis

Table 2.1.: Roots in Determinant Functions*

q=2 q=3
1 Roots Roots Roots Roots
(num. approx.) (Thm. 3) (num. approx.) (Thm. 3)
3 4.73004 4.71239 - -
4 7.8532 7.85398 9.42706 9.42478
5 10.9956 10.9956 12.5664 12.5664
6 14.1372 14.1372 15.708 15.708
7 17.2788 17.2788 18.8496 18.8496
8 20.4204 20.4204 21.9911 21.9911
9 23.5619 23.5619 25.1327 25.1327
10 26.7035 26.7035 28.2743 28.2743
11 29.8451 29.8451 31.4159 31.4159
12 32.9867 32.9867 34.5575 34.5575
13 36.1283 36.1283 37.6991 37.6991
14 39.2699 39.2699 40.8407 40.8407
15 42.4115 42.4115 43.9823 43.9823
16 45.5531 45.5531 47.1239 47.1239
17 48.6947 48.6947 50.2655 50.2655
qg=4 qg=>5
i Roots Roots Roots Roots
(num. approx.) (Thm. 3) (num. approx.) (Thm. 3)
) 10.9958 10.9956 - -
6 14.1377 14.1372 12.5578 12.5664
7 17.2788 17.2788 15.7077 15.708
8 20.4204 20.4204 18.8497 18.8496
9 23.5619 23.5619 21.9912 21.9911
10 26.7035 26.7035 25.1327 25.1327
11 29.8451 29.8451 28.2743 28.2743
12 32.9867 32.9867 31.4159 31.4159
13 36.1283 36.1283 34.5575 34.5575
14 39.2699 39.2699 37.6991 37.6991
15 42.4115 42.4115 40.8407 40.8407
16 45.5531 45.5531 43.9823 43.9823
17 48.6947 48.6947 47.1239 47.1239
18 51.8363 51.8363 50.2655 50.2655
19 54.9779 54.9779 53.4071 53.4071

* The bolded rows highlight the cases ¢ where the methods differ.

18




2. Demmler-Reinsch Basis

are used. Since mg(€) = 0 only when € = 0, the result follows. [

Remark 1. In the context of periodic smoothing splines the resulting eigenvalues of
the periodic Demmler-Reinsch basis should be normalised [cf. Schwartz, 2012] where
the regression and penalised splines cases are also explored. This normalisation ap-
plies directly to the Fourier coefficients in the discrete approximation of the peri-
odic Demmler-Reinsch basis following the theory of attenuation factors presented in
Gautschi [1971], where it is shown that such factors arise whenever the approzimation
process that maps the (2w periodic) data into a periodic basis is linear and invariant
under translation. Given certain conditions Gutknecht [1987] shows that it is possible
to obtain attenuation factors for arbitrary data by utilising a combination of the trans-
lates of periodically extender box splines. In this chapter we considered a non-periodic
basis and to our knowledge attenuation factors for these type of bases are not available

in the literature.

2.2.2. Eigenvectors

Given the convergence of the roots of the determinant functions in (2.6), the conver-
gence of the null-space of systems M ;(x) follows and the Demmler-Reinsch basis

problem is solved up to a normalisation constant.

Theorem 4. Given eigenvalues 1, as in Theorem 3, the corresponding eigenfunctions

{6q.i() }ioys1 of the Demmler-Reinsch basis are given by

Ggalx) = V2| > rp{e Ve 4 (—1)Hle mam0} (2.8)

AjES(q)

qg—1 .
+  COoS < pgit + )7 ) i=q+1,...,n, (2.9)

where pg; = 77;7/2-2(] and S(q) := U; {(—l)j/zq, (—1)1/2‘1} such that 0 < j < q— 2 and
j€2N =1 if q is odd and j € 2N otherwise.

19



2. Demmler-Reinsch Basis

Proof. We write the solution for ¢ — n, where the approximation of the eigenval-
ues as (2.6) holds, which implies that the coefficients in given in (2.4) for the so-
lution of the ODE (2.2) can be written as quantities independent of i. From the
boundary conditions (2.3) it follows immediately that 7, = J, and hence §,; =
agi(—1)"exp{—\;pqi}, from which the condition |¢,;(t)|| = 1 and basic trigono-

metric formulae lead to the result.

2.3. Comparison with Numerical Approximations

In this section we compare the exact expressions for the eigenvalues and eigenvectors
for the Demmler-Reinsch basis provided in Section 2.2, with a commonly used numer-
ical approximation. Specifically we set C, in (1.6) to be a B-spline basis of degree
2q — 1 with the natural conditions at the borders and a penalisation matrix of the
O’Sullivan [1986] type constructed from the Schumaker [2007] implementation. We
then express the numerical approximation of the Demmler-Reinsch basis following the

(standard) algorithm presented in Ruppert et al. [2003].

As mentioned in Section 1.3, the numerical instability of formulation (1.6) under
the O’Sullivan [1986] type penalisation can be a severe problem. To circumvent this
difficulty numerical approximations of the Demmler-Reinsch basis have been proposed
and are available in the literature. The standard algorithm first computes the so-called
Reinsch form of the smoother matrix by setting C, = UXV" in (1.6) to obtain
Syg1r =T+ AnK)™ ! for

K=Ux"'v'D, v U’ (2.10)

The spectral decomposition K = <i>q diag(ﬁq,i)'i)g then retrieves the numerical approx-

imations of the eigenvectors and eigenvalues of the Demmler-Reinsch basis, so that
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2. Demmler-Reinsch Basis

the regression function can be estimated with (1.7) plugging in the corresponding

numerical approximations.

Figure (2.1) shows a panel with a comparison between the eigenvectors when com-
puted numerically and by expression (2.8) for a grid of n = 60 equidistant points,
revealing that the numerical approximation is unstable already for ¢ > 3 (see third
and fourth rows in the panel). Specifically, the deterioration of the eigenvectors ¢, ;(t)
is noticeable at the borders of the unit interval and becomes more severe as ¢ in-
creases. Moreover such features become prominent as the sample size increases, to
the point where the computation of the eigenfunctions is simply infeasible, which is
clearly a problem induced by (2.10), i.e. in the spectral decomposition of C, and the

computation of D,.

Other alternatives for the construction of the penalisation matrix are the Wand and
Ormerod [2008] approach, where an exact matrix algebraic expression is derived for
splines of arbitrary order, or the direct difference penalty suggested by Eilers and Marx
[1996]. In the former case the authors consider the general setting where the number
of knots are less than or equal to the sample size, however we found instability issues
in the penalisation matrix itself as ¢ increase and as the number of knots approach the
sample size, i.e. for smoothing splines. On the other hand, the Eilers and Marx [1996]
so-called difference penalty have the nice property that is stable for an arbitrary
q. Nonetheless, as pointed out by Wand and Ormerod [2008], its smoothers can
have erratic extrapolation behaviour due to the differences between the exact integral

penalty and its discrete approximation.

Figure (2.2) highlights the differences of the eigenvalues under the two proposed meth-
ods for the same grid of n = 60 equidistant points. It is interesting to note that
even though the attenuation factors for periodic smoothing splines presented in e.g.
Schwartz [2012] are not directly applicable to our results, as explained in Remark
1, Figure (2.2) suggests that a correction of this form is remarkably accurate when

making the comparison between the eigenvalues obtained directly from the ODE and
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Figure 2.1.: Demmler-Reinsch Eigenfunctions.

presented in section 2.1.

@1.2(t)
— /l
/
’
- ’
/’
’
’
I_ T T T T T
0.0 0.4 0.8
®2.3(t)
— / i \\\
’ \
\
\
— / \
’ \
’ \
! \
— ’
A
/ \
-/ \
’ \
l v
T T T T T T
0.0 0.4 0.8
®3.4(t)
v
- “
\ Pt
P / \
\ 7 \
/ \
] ’
\ ’ \
- \ / \
\ / \
- ’ \
‘\
L L L L
0.0 0.4 0.8
@a.5(t)
- 1
1 !
! 1
-1 [
\ N |
1 rooN '
1 ’ \ !
\ ' \ '
. I \ 1
\ \ 1
\ 1]
- ] '
A
T T T T T T
0.0 0.4 0.8

-0.1 00 01

0.0 0.2

-0.2

0.1 0.2

0.1

-0.1 01 0.3

-0.3

Pra(t) Pa(t)
~ \\ VA ’r
’ \ N {
/ \ — 1 \ |
/ o T 1 \
' f \ /
/ \ 1 \
! \ (=} 1 \ /
s ]
/ \ o \ /
/ \ \ /
l’ \ i \ /
/ ‘\ o - ! “ ]
/ \ ! l’ v
A NS y W
T T T T T T T T T T T T
0.0 0.4 0.8 0.0 0.4 0.8
P2.a(t) @25(t)
I} ~ | “ '
] o '
7\ | |‘ I/ \\ |
- / \ / - |\ / \ "
I \ [ e ‘| ! \ {
-4 \ | ' \ !
' \ ” o ‘| 1 \ !
1 \\ / © i |‘ !
7] ,’ \ / — ,’ \ 1
1 7 o - 1 \ !
— [ \ / (i
H \J \/
T T T T T T T T T T T T
0.0 0.4 0.8 0.0 0.4 0.8
@3.5(1) 03,6(t)
\ 1 \
' 1 N
' v [ ' -~
\ - ' \ /N N\
\ AR | I /A '
\
1 [\ ' [ [ \ f )
| i \ 1 o 1 ] \ o
\ | \ ] P f \ 4
\ ! \ | . ! \ ] {
1
\ / \ ] L \ )
' — ' \ '
“ | ,' « v \ \
— / \ d - '
vy, v A o '
\, N4 [ |
T T T T T T T T T T T T
0.0 0.4 0.8 0.0 0.4 0.8
@s.6(1) o,7(t)
' | B
' o '
1 7~ I © ] IR /AN !
1 / \\ A 1 [ 0 I
v ‘ \ A \ =1 b3 0 !
k f \ ' \ ! A 4 \ !
' y \ " \ o ! Y \ ' \ !
[ \ § \ o v ! \ ] v
S \ ot \ |/ Vo
Y
v/ Ny l vl v v
\ -1 vl Vi
'l ~ Y \/ Vi
o
T T T T T T I T T T T T T
0.0 0.4 0.8 0.0 0.4 0.8

0.1

-0.1 0.0

0.2 -0.2 0.0 0.1 0.2 -0.2 0.0 0.1 0.2

0.0

-0.2

@u5(t)

Ia) \

(AR ,’ \

[ R

' \ | \
' \ f \
! \ I \
1 \ \
! \ " \
! \ | \
] \ f \
' \ f \
1 \ \
' V! \
/ (s N
T T T T T T
0.0 0.4 0.8
©2.6(t)
\
\
AY
' 1\ A
)
\ [
o
\ [
\ [
! \ [ \
\ 1 \ f \
\ 1 \ f \
\ 1 1 f \
vV \ f \
A\ vy \
\V; \ \
~ \ \
T T T T T T
0.0 0.4 0.8
@3,7(t)
N
S \
[ 1 “ " \
oy [ A
L)
| 4 fo !

\ 1 \
| \ '

\ ] \ ;o
| \ 1 \ § )
! \ 1 '
| Vo

L '
i Vo

L \ / \
‘l \~I \/ )
! '.
'
T T T T T T

0.0 0.4 0.8
@u.5(t)

'
1
' " \

A ]

\ R () Al

! N o i

L o Al

IR ] \ \
1

v | \ \
1

vy v ! Vo

' v \ \
U !

v, I WA |

v \ N '

'

!

T T T T T T
0.0 0.4 0.8

The continuous grey lines show the
DR basis using the numerical approximation described in section 2.3.
The black dashed lines correspond to the DR basis derived from the ODE

In both cases a sample size of n

60 was

considered. The solutions for larger values of ¢ are not reported because

the numerical approximation becomes too unstable.
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2. Demmler-Reinsch Basis

the numerical approximation presented in Ruppert et al. [2003]. For completeness,
here we present the attenuation factors for a periodic spline of degree 2q — 1 that were
used to produce Figure (2.2). These are factors of the form

_ sinc(wi/N)* s

T = Q2 2(i/N) with  Qgq—2(2) := Z sinc{m(z +1)}*,

l=—oc0

where Q(-) are the so-called Q-polynomials of Schwartz [2012]. The interested reader
can refer to Gautschi [1971] and references therein, where the general theory of atten-

uation factors is presented.
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Figure 2.2.: Demmler-Reinsch Eigenvalues. The continuous grey lines show the DR
basis using the numerical approximation described in section 2.3. The
black dashed lines correspond to the DR basis derived from the ODE
presented in section 2.1 when attenuation factors are considered. The
solid black line shows the case when attenuation factors are omitted. In
all cases a sample size of n = 60 was considered. The solutions for larger
values of ¢ are not reported because the numerical approximation becomes
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3. Smoothing Splines with Correlated

Errors

In this chapter we consider a likelihood based method for estimating the unknown
function f € W10, 1], its smoothness class ¢, smoothing parameter A, noise level
o?, and correlation matrix of the noise R. The approach consists of endowing the
regression function (given ¢ and R) with a so-called partially informative Gaussian
prior [cf. Speckman and Sun, 2003]. The specific prior depends on A, ¢ and o2 but is
constant over R. Under this prior, the data can be seen as a realisation of a linear
mixed model (LMM) whose mean has as best linear unbiased predictor (BLUP) a
smoothing spline with smoothing parameter A and order ¢q. The estimation of ¢, \, o
and R is then performed by the maximisation of the restricted profile log-likelihood

function. Such maximisers are in fact empirical Bayes estimates for these parameters.

We propose a fully non-parametric method to estimate all model parameters by an
iterative procedure consisting of two loops. In the inner loop o2, R and ) are esti-
mated iteratively given ¢ until convergence of A is achieved. The outer loop repeats
the previous iteration for different values of ¢ = 1,2,... and selects the value that
maximises the restricted profiled log-likelihood (given known values for A, 0% and R)
for each ¢q. We provide convergence properties of the estimators and shown that con-
sistent estimates for A, 02, and R, given certain ¢, can already be obtained after the
first iteration. The finite sample properties of the method are studied in a Monte

Carlo simulation study.
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3. Smoothing Splines with Correlated Errors

3.1. Statistical Model

We aim to solve the smoothing spline problem stated in Definition 6 under gaussianity.

Namely, for given data pairs (x;,Y;) following
Y = f(zi) + e,

where {¢;}!, is an homoscedastic stationary process with correlation matrix R of
elements Cor(e;, €;) = r; ;. The estimation of f(-) can be written as a the optimisation

problem presented in (1.5), that is

RS _ !
P ;1 {Yi = Sl }ri {Y5 = fla)} + A/O {9} da:] :

where A € R,, ¢ € N. As stated in Chapter 1, the solution (1.6) can be written as

f/\’%R = S, 4rY where
Syer=Cq(C,"R'C, + \nD,)'C,/R ™, (3.1)
is the natural smoother matrix. In a similar fashion we define a naive smoother matrix

R = BRC(CCy+nDy)'C R (3:2)
_ _Rl/QS)Hq’I-R‘fl/Z7

so that the interpretation of the latter is clear. The smoother first pre-whitens the data
by pre-multiplying with the inverse of the square root of the correlation matrix, then
applies the smoother for independent data, to finally undo the initial transformation.

Moreover for C,* = RY 2C’q, it holds that

S*=C, (C,”"R'Cy* + nDy) 'C,"R™,
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3. Smoothing Splines with Correlated Errors

meaning that the naive smoother is also a natural smoother for the same penalty
matrix, but a different choice of design matrix C, (a choice which depends on the
correlation matrix R). The two smoothers only coincide when R = I, which means
that if the data are correlated, the same choice of A and ¢ for the two smoothers leads to
different estimates. Reciprocally, given an estimate f' = S\ 4,rY one could ask if there
exists A* such that f = SvarY = f. This is indeed the case so that (3.1) and (3.2)
are simply two different parameterisations (in terms of A) of the same estimator. The
smoother matrix (3.1) is more natural when studying the asymptotic behaviour of
our estimators for A and ¢, while the smoother matrix (3.2) is more appropriate for
the numeric implementation. Namely, using the Demmler-Reinsch basis (3.2) can be
re-written as

S; p = RP® diag {(1+ Ann,) '} @, "R, (3.3)

A,

where the computational complexity of the solution lies on the estimation of R.

3.2. Estimators

We aim to estimate the regression function f € W4[0,1] via estimators for A, ¢, o*
and R. However, there is a natural interdependence between ), ¢, 02 and R so that
these estimates cannot be attained directly. In particular, the estimation of f requires
a reasonable estimate of R and, conversely, the estimation of R needs a good estimate
of f (and 0?), which creates a vicious circle. In this section we present estimators for
%, R, )\, and ¢ that can be interpreted as empirical Bayes estimators retrieved from

an iterative maximisation procedure of the resulting marginal likelihood function.
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3.2.1. Empirical Bayes Function

Consider the case where the design matrix C, is the Demmler-Reinsch basis. As
presented in Example 2, in this case it is easy to see that X () = {¢g1(2), ..., ¢qq(2)}
and Z = {n;;ﬁqbq,qﬂ(x), . ,n;%/2¢q7n(m)} are the design matrices corresponding to
the LMM representation of the smoothing splines problem. To estimate o2, R, and
the spline parameters A and ¢ we use the empirical Bayes method by endowing f with
a prior and estimating the remaining model parameters from the respective marginal
likelihood

f~XB+Zu, where u~N(0, oI, ,), (3.4)

for B8 € R?, u € R"? and u independent of €. This is a partially informative Gaussian

prior whose density is given by

1/2

RS -1)

o2

exp{ L TRfl(Sfl—I)f}, (3.5)

2\
(1o ) x| -

+

where | - |, denotes the product of the non-zero eigenvalues of the argument, and it
should be noted that the prior does not depend on R. This follows directly from the
identity S5' — I = R(S;' — I). Moreover under (3.4), Y is a realisation from the
following LMM

Y =XB+Zu+te u~N(001,,), €~N(O,’R) (3.6)

. AT
where the best linear unbiased predictor @ = (8 ,a”)” of @ is known explicitly.

Namely given V.= R+ ZZ" /(An), it holds that

B = (XTv1X)'XTVv-ly, and
w = (ZTR™'Z + I, 'Z"R7Y(Y — XB). (3.7)

In particular f = SY = X3+ Zi, that is, the solution coincides with the posterior

mean corresponding to the prior (3.4). Now consider the estimation of o2 from the
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3. Smoothing Splines with Correlated Errors

relation between the log-likelihood fryng = franv(0?, A, ¢, R) and the restricted log-
likelihood frpg = KRES(B, 02, )\, q, R) of model (3.6), that is

1
lres = livm — 3 log | X" (c*V) ' X|

. 1 1 (3.8)
2 -1 T -1

where it is clear that the maximum with respect to o? (given A, ¢ and R) can be

obtained explicitly as

62 = &i,q, r=Y R '(I-S8)Y/n, (3.9)

which can be plugged into into (3.8) to obtain the restricted profile log-likelihood
1
(N ¢, R) = —g log (6%) + 5 log | R~ (I = S)].. (3.10)

so that the estimates of A\, ¢ and R are maximisers of this restricted profile log-

likelihood.

As mentioned before, for computational purposes it is convenient to write the re-
stricted log-likelihood in (3.8) in terms of the naive estimator. Denote by Y™ =
R™'?Y the pre-whitened data and let fggs(0?,\, ¢, I; Y*) represent the respective
restricted log-likelihood (with the dependence on the data made explicit) of the pre-
whitened model Y* = f* + €*, with €* = R "% ~ N(0,0%I,). Straightforward

matrix manipulations show that
1
ERES(OQ’ /\7 q, Ia Y*) - EI*%ES<O-27 )‘a q, R7 Y) + 5 10g |R|7

where (ipg(0%, X\, q, R;Y) is exactly lrps(0?, A, ¢, R;Y) from (3.8) with the natural

smoother S replaced with the naive smoother S*. Likewise,
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We conclude that if for each ¢ and R, j\q R and ;\; R maximise {(A, ¢, R;Y ) and
(N, q, I;Y™) respectively, then f;\q’%R and f%%R coincide. The values of S\q,R
and 5\; R will however be different, but can be related. Similarly, the corresponding

estimator for o2 is the estimator 62 with S replaced with S*, that is
62 = &fq’R =Y"(I-Sp)Y*/n=Y"R '(I—-S"Y/n.

For fixed ¢ and R the estimators 63 and 63 are different, but they coincide when
A is set to the maximisers 5\% Rr and 5\;‘ R respectively. In practice, maximising
U\, q, R,Y) or {(\, q,I;Y™) directly to obtain estimates for A, ¢, and R is not prac-
tical, so in the next subsections we define estimating equations that can be solved for

this purpose.

3.2.2. Smoothing Parameter

Let ~ represent A, ¢, or some parameter of R. The restricted profile log-likelihood
U(X, q, R) satisfies

‘%(Aa’—;bR) _ YT%{R‘l(I -s)ly —atu [ - S)R%{R—lu -9},
(3.11)

—252

where it is straight forward to verify that

9
oy

{R*l(I - S)} — —Rl{%i:Rl(I ~8)+ %}.

For the case v = A, and using 0S/0\ = —(I — S)S/ A, the estimating equation for A

(up to an scaling factor) follows

(A, ¢, R) = Y"R Y(I - S)SY — 5*tx(S), (3.12)
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3. Smoothing Splines with Correlated Errors

with 62 as defined in (3.9). Given ¢ and R, the solution j\q,R of Thi\, ¢, R) = 0
provides the desired result. Criterium (3.12) is convenient to derive asymptotics but
it might be difficult to evaluate numerically. Instead A can be obtain from ¢(\, ¢, I; Y™)
to estimate it as the solution of Ty(\, ¢, I; Y™) = 0. To reduce computational cost one
can take advantage of the Demmler-Reinsch basis so that the estimating equation can

be further simplified to

- W2 nn,.; - 1
T\ g, LY = iAo 52 NT 2 oy
i:ZH (14 Anng.)? ,;1 1+ Anng,
"L W2
A9 Vi Aligyi
- - 3.13
7 Z 1+ Anng,’ (3:13)

and W = ®TY™*, which is the expression that we will use hereafter.

3.2.3. Correlation Matrix

Consider v a parameter of R only, and assume the dependence of R on 7, is sufficiently

smooth. Using the definition of the natural smoother S and

95 R 9 o OR -
G =Sy R Y(I-8), whence a—v{R (I s>}_ R\(I- S)5, B HI-8),

the estimating equation (3.11) for a parameter v of R follows

TOng.R) —Y'R(I -8 BR (I—S)Y—&%r{@

5, 5, R(I- S)}, (3.14)

which can be further simplified. Note that since R is symmetric Toeplitz and hence

fully specified by its first row: (1,77) = (1,7r,...,7r,_1). If we define Dy, to be the nxn

upper-shift matrix, i.e., the matrix whose entries are Dy;; = 0y, .7 = 1,...,n,
k=1,...,n— 1, then we can express
n—1 aR
R=1+) r(Dx+Df), sothat _——=Dg+D{ k=1...n-1
i am
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3. Smoothing Splines with Correlated Errors

Moreover, given R~ (I—8) = (I-S)"R™", tr {D,R " (I-9)} = tr (D, R ") {1+
o(1)} and using An — oo, one can re-write the estimating equations for elements

ri,k=1,...,n—10of R as

Trr(Xgqr) = Y (I-8)"R'D,R'(I-S)Y —¢&°tr(D,R™")
= v"R'DyR 'v—6tr (D,R™")
= tr {R*(Dyvv" —6°D\R)},

where we set v = (I — S)Y and we have taken advantage of the resulting quadratic
form to write it as a trace. Moreover if we assume the noise to be short range de-
pendent, ||R — pI||,, — 0 as n — oo for some p # 0. Meaning that solving for ry in
Tr (A, g, m) = 0 is asymptotically equivalent to solving tr (Dkva) = 62 tr (Dk.R).

Hence
(n — k)6*ry, = vT Dyv (3.15)

gives an explicit (approximate) solution for each r;. Unfortunately the resulting es-
timate R is not necessarily a positive matrix, and it is not consistent for the true
correlation matrix in operator norm. A common approach to solve this problems is

to tapper the estimate. Define the estimators 7, = 7 5 452 for 7y

. _(¥Y-f'D

Y —f) 1= (Vi f)(Viek — fin
Y - f) Z( fi)( fixr)

k
— = — E=1,.. —1
" (n— k) &2 5% £ (n—k) ’ R
(3.16)
and define the following tapered estimator of R
A A dn
R=R, 524, =1+ #pwi(Dy+ DY), (3.17)
k=1

where d,, < n — 1 is any non-decreasing sequence of positive integers, and wy = wy,y,

are appropriate weights chosen to ensure that the estimate is positive definite. For
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3. Smoothing Splines with Correlated Errors

the selection of d,, and wy the interested reader can refer to Xiao and Wu [2012].

There are many alternatives in the literature to characterise the error’s correlation,
which allow for a direct estimation of the correlation matrix without assuming any
prior estimation of the regression function [cf. Hart, 1991, Hall and Van Keilegom,
2003] for an AR(p) parametric approach and Herrmann et al. [1992] for a non-
parametric approach that handles a broader variety of correlation structures. In
principle, any method that delivers a consistent estimator for R could be used. How-
ever representation (3.17) is less restrictive since it only assumes exponential decay in
the autocorrelation function of a short range dependent error process and, hence, is

prefered.

3.2.4. Smoothness Class

The interdependence between the estimators for A and R does not affect the estimation
of g, hence A and R can be estimated for each value of ¢ € {1,..., |log(n)]} under
consideration. In fact once consistent estimates for the correlation matrix of the noise
are available, the problem of estimating ¢ under correlation R can be reduced to
the problem of estimating ¢ in a model with R = I, which was studied in Serra
and Krivobokova [2016]. Here, we apply this approach to the pre-whitened data
Y = R_I/ZY, where R is a consistent estimator of R. Once again making use of the

Demmler-Reinsch basis one can write S, = ®diag {(1 + )\nnqvi)*l}@T, and since

d(nng:)/0q = nngilog(nn,q)/q, whence

o8 1 Mg ] g1
2l _ lgp, @7, with D, = diag{ Mg 108(g1) | A1 108 (111n) }
dq q (1 + Anng) (14 Anmg,)
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3. Smoothing Splines with Correlated Errors

it follows that up to a scaling factor

* * & = log(n i
i=q+1 g,

~ IR T ~ " - log n
_ 377 1\—1/2 1 1/237 *2 § : qu
( ) ra® ot 1+ Anng,

=T,(N\q, ; Y){1 4+ op(1)},

where Y = R™2Y and the last equality holding if R is consistent for R in operator
norm, and R has eigenvalues bounded away from zero and infinity. If R is the true
correlation matrix of the noise, then the coordinates of Y are independent. The
conclusion is that the naive criterium T,(\, ¢, I; Y™) is asymptotically equivalent to

T,(A\, q, I;Y) which is of the form proposed in Serra and Krivobokova [2016], that is

* " WA log(nng:) Lo = log(nng
T,\e.LY") = Y i 08() _ 52 g Log(a)

AD) .
P (1 + Anng.;) L 14+ Anng,
~2 Q7
= = 3.18
7 Z 1 + )\nnq i (3.18)

where W = ®7Y™*. An estimator of ¢ is obtained by solving Tq(S\(’;,q,I; Y*) =0,
qe{l,...,[log(n)]}, where 5\2 is the naive estimator that solves Ty(\, ¢, I;Y™) = 0.

3.3. Asymptotic Properties!

We now describe the behaviour of the estimators from the Section 3.2. Henceforth
let P, (resp. E, V) represent probability (resp. expectation, variance) with respect to
N(f,0*R), where f € Ly, 0% > 0, R are the true values of the parameters of interest

which determine the distribution of the data.

The first theorem describes the behaviour of the smoothing parameter when the cor-

! This section corresponds to the work of Dr. Paulo Serra developed in a joint project at the Institute
of Mathematical Stochastics at Gottingen University.
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3. Smoothing Splines with Correlated Errors

relation in the noise is ignored, i.e., when we set R = I.

Theorem 5 (Consistency of preliminary estimate of \). Let f € W?(M) and assume
that | fP||> > 0. Assume that the first row of R is absolutely summable. Assume
in addition that the eigenvalues of R are bounded away from zero and bounded away
from infinity, and denote by T the spectral density at zero of the noise process. Denote
by S‘q,I the solution to ET\(\,q,I) = 0, X > 0. Then j\q,I is consistent for the
oracle )\q’I, in that S\qu/)\qu — 1, in P-probability, as n — oo. Furthermore, if
max(1,7)/2 < ¢ < max{8 > max(1,7)/2: f € W (M)}, then

2q

at +0(1)}}2q+1, (3.19)

. { an(q)HQ
a1 02{7k¢(0,2) — (T — 1)k4(0,1)

and, if f € WP, B> 1/2, and q¢ > max(3,7/2), then

- [ nl SO {14—0(1)}] o (3.20)
i 02{7"{(1(07 2) - (T - 1)/{‘1(0’ 1)}

Proof. Note that Y = R™Y2Y ~ N(R™Y2f, 02I) so that if L is a symmetric matrix,
then E()JTL)?) = fTRV2LR V2 f 4+ 62 tr(L). Denote by 7 the spectral density of
R at 0.

First note that for fixed A, ¢, R,
1
E(6%) =~ [fTR_l(I —S)f +o2tr {RR'(I - S)}], (3.21)
n

so that by (A.7) and (A.11), for fixed A\ and g, E(&QI) = 02{1 + o(1)}, uniformly over
R.

Similar computations show that for each A, ¢, R,

ET\(\, ¢, R) = %[fTRl(I —S)Sf+o*tr {RR (I - 8)S} —E6*{ tr(S)}],
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3. Smoothing Splines with Correlated Errors

so that in particular, for R =1,
1
ET(\q. D) =~ | f7(I - SPS[f —o*tr {RST — (R—DS}H1+ 0(1)}].

To ensure that a solution to the estimating equation ET) (A, ¢, I) = 0 exists, the trace

above must be positive. By (A.7),
tr {RST — (R — ISy} = {754(0,2) — (7 — 1)rg(0, 1) }A V{1 + 0(1)},

which is positive if, and only if, 7 < 2¢q. We conclude that if 7 < 2¢, then the solution

to the estimating equation when f € W4 R =1, and 7 < 2q¢, is

2q
2q+1

}{1 + 0(1)}] , (3.22)

N l nll £
a1 (TQ{TH(](()7 2) — (7 — 1)Ky(0,1)

and if f € W#, ¢ > max(3,7/2), then

T 2B+1

NGIE
e {1+0(1)}} | (3.23)

)\qu = {02{71@1(0, 2) — (17— 1)ry(0, 1>}

To show that S\q 1 1s consistent for these oracles, it suffices to show that for each g,
T\(A, q, I) —ET\(\, g, I) converges uniformly over A to 0, in probability. Since we will
need this to hold in greater generality, we write

tr(.S)

)
n

1 1
\(\q,R) = EyTLy — EyTL,y

where Y = 8] R™'?Y ~ N (¥,0%I), for Y = ®TR/*f (which is in £, since R has

eigenvalues bounded away from 0) and the symmetric matrices L and L’ are
L=®/R'’R'(I-S)SR'*®,, L =®IR'’R'(I-S)R'*®,.

Define the collection A, of all A such that A = o(1), and A\n — co. We can write
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3. Smoothing Splines with Correlated Errors

supyen, |Ta(A, ¢, R) —ET)\(), ¢, R)| as the sum of two terms, one involving L, and one

involving L’. We treat these separately.

Consider the term involving L (the term involving L' is controlled in the same way).
If the smallest eigenvalue of R is at least §, then the eigenvalues of L (and L') are at
most 7/d, where T is the largest eigenvalue of R. By the Cauchy-Schwarz inequality,
and the triangle inequality,

Ly 1y~ B LY)| = L5 - 0 Ly - y) 20— ) Le — o ()
Y T R/ 2 s iy A R

2T o?

< -’y oy Y -y + T (D),

almost surely. If nd? — oo then it suffices to control (Y — y)* (Y — y)/(nd?), which
does not depend on A, and tr(L)/n, which is deterministic. By (A.7),

2

%tr(L):—tr{’R,R (I - ss}— (60 Y0, (1L {1+ o(1)},

which goes to zero if § > O{n~(¢~1/2a+1} " By Markov’s inequality, since the coor-

dinates of Y are independent, for any ¢ > 0,

1 20° +4y'y/n
0.R) £ oo B(|0-9) 0w’ [ R) < T EY

2| V- (V-y)| >«

which goes to 0 as long as né* — oo. (Note that if the eigenvalues of R are at least

7, then yTy < f'f/7 = n||f||?/7{1+ 0(1)}.) Conclude that

sup })JTL)? ]E(yTLy)’/n 50 as n— oo,
AEA,

as long as § > max(n~Y4 n~(¢=1)/a+D) n particular we conclude that qu /A1~

1, in probability as long as § > max(n~1/4, n=(a=1)/Ca+1)),
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3. Smoothing Splines with Correlated Errors

If R =1 then 7 =1 in which case the constant in the denominator becomes x,(0, 2)
and one just recuperates the oracles for the i.i.d. noise setting. For details see Serra

and Krivobokova [2016].

Note also the lower bound on ¢ based on the spectral density of the noise process. If
the constraint does not hold then the criterium for A will be asymptotically positive.
This implies that the likelihood decreases with A, such that approximate solutions to

the estimating equation for A will under-smooth the data.

For £ € R" let ||z]|?> denote &7x. The risk of the smoothing spline estimator is,

by (A.7), (A.9), and (A.10), for all large enough n,

E|f - SY|*/n =E|Se|*/n+ (I - S)f|I*/n =0 tr (S*R) /n+ f'(I - S)*f/n

< 7(pA) 01y 0,2) fr+ (P | PP+ o(1)},

where p is the spectral density associated with the entries of R at zero; cf. (A.3). The
risk is therefore affected by the presence of the correlation in the noise and by the
specific candidate R used in the smoother via the respective spectral densities at zero.
Setting R = I and A\ = A 7 results in an spline estimate whose risk is of the order
of the minimax risk for f € W%, However, by estimating the correlation structure
consistently, the (bound on the) risk can be reduced. The next theorem describes the

behaviour of the estimator R)\ R When R=1, and A = S‘I'
Theorem 6 (Consistency of preliminary estimate of R). Assume that the conditions
of the previous theorem hold, and consider the estimator S\q 1- Suppose that the entries

of R satisfy r, = O(k™), a > 1. Then, if R = I and A\ = j\qI, the estimator

R=R, R, s consistent for R in operator norm in the sense that
Aq,4,dy, )

n

A d, log(d, S ___min(8,q)
P [V(R —R) < C{ dn log(dy) Fdomne12) g g }] =1, n— oo,

where v(-) denotes the spectral radius, and C > 0 is some universal constant. The
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. min(3,q)/ min(e,3) . .
terms in the rate are balanced for d, = O(n 2min(B,)+1 ), resulting in the rate

___min(B8,g) min(a—1,2)
n 2min(B,q)+1 min(«,3) .

Proof. We prove the consistency of the estimator R, at \ = 5\q 1- For a square matrix
L let v(L) represent the spectral radius of Lj; this is the largest eigenvalue (in absolute

value) of L.

Since f is unknown to us, define 7, = (Y — f)T Dy (Y — f)/{nd?} and note that
V(R— ’R) < V(R— R) + IJ(R—R),

where R is R as defined in (3.17) with each 74 replaced with 7. The right-most
term in the previous display converges to zero in probability (at a rate) by Theorem
4 of Xiao and Wu [2012]. If d, — oo, d, < n— 1, and r, = O(k™), a > 1,
then the rate is of order \/m + d, ™72 The optimal choice for d,

1/{2min(a—1,2)

is to take it of order n +1}in which in which case one obtains the rate

p~min(e=12)/{2min(a=12)+1} of [Xiao and Wu, 2012, p. 475]. The remaining term is

bounded using Gershgorin’s circle Theorem [Horn and Johnson, 1990, Theorem 6.1.1]:
~ dn
v(R—R) <2 wyliy — i,
k=1
where the differences in the summands above satisfy
£20h8 s\ _ T T r T r
no~(fy — k) = € (Dp + D) (f — F) + (f = F)" Di(f = )
The two terms in the sum above are op(n) when we set A = 5\q 7, implying con-
sistency of R in operator norm. Since €’e = Op(n), and (f — f)7(f — f)) =

Op(n=min(B:0)/L2min(B.a)+1}) when \ = 5\;, by the Cauchy-Schwarz inequality, we con-

clude that the right-hand-side above is Op(n n~™n#0)/{2mn(8.9+1}) and conclude that
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3. Smoothing Splines with Correlated Errors

the rate (in operator norm) of the estimate for the correlation matrix is
Vdylog(dy)/n + d; ™12 o g g min(30)/{2min(B0+1}

O

Even without knowledge of « or 3, picking d,, such that d,, — oo and d,, = o(nl/ 1) will
still lead to a consistent estimator of R. In the following theorem we show that using
any consistent estimator or R improves the estimation of the smoothing parameter
A, in the sense that the estimate is going to be consistent for the same oracle as if R

were known.

Theorem 7 (Consistency of estimate of \). Suppose the conditions of Theorem &5

hold. Denote by S\qR the solution to ET\(\, q, I; R_l/zY) =0, A\ > 0, where R is

consistent in operator norm for R. Then A R is consistent for the oracle /\q R N
q7 I’

that /A\%R//\q,’R — 1, in P-probability, as n — oo. Furthermore, if max(1,7)/2 < g <

max{f > max(1,7)/2 : f € WF(M)}, then

__2q
2q+1

A —1[ nll fOP {1%(1)}] , (3.24)

oR~ 7 027k,4(0,2)

and, if f € WP, B> 1/2, and ¢ > max(,7/2), then

__2q
2B8+1

A >1{M{1+0(1)}] | (3.25)

&R = 1| 027ky(0,2)
Furthermore, for each q, these oracles match the oracles for X\ when R is known.

Proof. We now look at the behaviour of /A\q’ R From the previous section we know that
the eigenvalues of R = RX(L 1.4, 8¢ bounded away from zero in probability if d,, is cho-
sen appropriately. We conclude that in probability {T\(A, ¢, R) —ET\(), ¢, R)}| R-R
converges to 0, uniformly over A\ € A,. It remains to show that ET\(\, ¢, R)| R.R™
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ET\(A, ¢, R) also converges to zero in probability, uniformly over .

First note that since in probability the eigenvalues of R are bounded away from zero

and from infinity, for each f € W?,
FIRY(I - S)f|R:R — OP{n)\l/\(ﬁ/Q)Hf(mq)||2},
which is op(n) uniformly over A € A,,. On the other hand,
tr {RR ' (I-8)} = n{1+o(1)}+tr {(R—R)R_I(I—S)} = n[l—i—o(l)—l—Op{dn)fl/(ZQ)}].

Conclude that uniformly over A € A,,, E[0?|]), q, RHR:R = 0?{1+4o0p(1)}, as long as
d, = O{n@q*l)/(zq)}. This means that if we abbreviate S = S)“R and & = S/\,’R’

then n{ET\(\, ¢, R) —ET\(\, ¢, R)} is (up to smaller order terms)

R-R

PRI 8)8f — fTRI - 8)Sf +o*u {RR (I-58)8 - 5} + ot {S%}.

We bound the difference between the quadratic forms. Using the identity S kl —I=

R(S7' —I) it follows that S, — Sp = SR(R - R)(S; - 1I)S - Then,

FTR(I-8)Sf — fIR VI - 8)Sf =

—f' (R RN -8)Sf ~ f'RII-5-8)(S-9)f
The previous display is op(n). The difference between the traces is
Ftr{(R—-RR (I-8)8}+o’tr{8*- 58}

The first of these terms is controlled as before and is op(n), uniformly over A € A,,, as
long as d,, = O{n(2=1/(0}: the second term is easily shown to be of the same order

as nv(R —R) = op(n), for appropriate d,,.
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It remains to compute the oracle for A\. We have
1
ED(\ . R) = — [ R - S)Sf — ot (52)] .

Using (A.7), (A.9), and (A.10), conclude that the oracle A gz satisfies the following:
when f € W,, and ¢ > 1/2, then

2q
2q+1

{1+ 0(1)}] , (3.26)

_ 1[ nllf9)2

o T | 027K4(0,2)

and if f € WP, ¢ > 3, then

2q
28+1

{1+ 0(1)}] . (3.27)

B2 -
ez L)
o

&1 = 1 027k4(0,2)

3.4. Implementation

The specific dependence of the restricted profile log-likelihood on A\, R and g makes
it infeasible to find the maximisers directly. However, in section 3.2 we defined esti-
mates for each parameter given the others. This suggests an iterative procedure to

approximate the maximisers of the restricted profile log-likelihood.

3.4.1. Statistical Algorithm

A numerically robust procedure for the estimation of A, ¢ and R is not obvious. Here
we present the algorithmic implementation for the naive versions of the estimators in
two loops: an inner loop to compute A = \|,—; and R = R|,_; given an element of
9, =A{1,...,[log(n)]}, say ¢; and an outer loop where the inner loop is repeated for

each element in Q,,.
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Inner loop

Consider an element § € Q and proceed as follows

1. Initialisation. Set R = I to compute A as the solution of (A, q,I) =0
and obtain f(O)()\q,R(o),q, R(O)) and e® = 6(0)()\6’12(0),(7, R(O)).

2. Iteration. Compute ﬂ(l) = R(e(l_l)) for l =1,..., L and de-correlate the data
via Y* = {RV}712Y and solve T\(\, ¢, I; Y*) = 0 with solution A, Update

A0, f(”

and e,

3. Stopping. Repeat the iteration step until convergence in A)(q, R(Z)) is achieved,
say, at [ < L. Collect A\ and R?. 1f | = L conclude that no convergence is

achieved for ¢ = q.

Outer loop

~

1. Solve the estimating equation T, = T,(A®, g, I; {R(Z)}_l/QY) for each ¢ € Q in

ascending order.

2. Select the optimal ¢ as ¢ = |G]. If AV, does not converge, T; cannot be

computed. If this occurs, stop and constraint the selection of ¢ to {1,...,q}.

As argued in subsection 3.2.4, for each ¢ the final estimates for f, 02, and R will be the
same as if the natural estimators had been used, even though the corresponding value
of the smoothing parameter A will differ. This means that the asymptotic behaviour
of the natural estimators for f, 0, and R (which follows from the results in section
3.3) also applies to the naive estimators whose computation we outline in the current
section. If, however, one is interested in the value of the natural smoothing parameter

S\q, it can be obtain by solving S . RrRY =55 +RY
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3.4.2. Numerical Simulations

In all settings the Monte Carlo sample is N = 100, the sample size is n = 500, and the
design points are fixed and equidistant ¢ = i/n,i = 1,...,n. We consider five mean

functions properly scaled so their range lies in [0, 1]. Namely we use:

@) = 32 @il {nli— (B4 1/} " cos(2i), =3
i=p£4+1
fo(x) = Cos(57mc)

fs(z) = Z dp.i(x) {m(i — (B+1)/2)} 7" cos(2i), B=2

=041
falz) = 30(x,30,17) + 20(x,3,11), I(z,p,q) = {T(p+ q)/(C(p)T () }2" (1 — x)""

Functions f(z) and fs(z) where presented in Serra and Krivobokova [2016] for the case
when errors are not correlated. Function f3(z) is in W?[0, 1], that is, it portrays the
particular case where a cubic smoothing spline is, indeed, the correct choice to model
the data. Function fy(z) is introduced here and will be used in subsection 4.1.2 due
to its flexibility under different choices of parameters p and ¢. Figure (3.1) presents
a graphical depiction of the mean functions, accompanied with the corresponding
simulated data for a noise level of ¢ = 274, The same signal to noise ratio is used for

all simulated dependence structures.

The simulation study aims to evaluate the performance of the algorithm described in
subsection 3.4.1 given different correlation settings varying the dependence strength
and the complexity of its structure. In particular we consider error structures gen-
erated from ¢; = ¢16;,_1 + ¢o€; o + &; with ¢ i N(0,1). Figure (3.2) shows the
selected cases inside the parameter space of stationarity that allows us to study dif-
ferent correlation patterns commonly found in practice. The specific behaviour of the

autocorrelation functions for these structures is presented in Figure (3.3).

To situate our work in the literature we compare our method with the plug-in estima-

tors by Hall and Van Keilegom [2003] and Herrmann et al. [1992]. In a nutshell, both
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are kernel regression methods that use difference-based estimators for the autocorre-
lation function, which are later plugged into the kernel regression problem so that the
bandwidth selection takes into account the dependence structure of the error. Addi-
tionally we consider the LMM representation of cubic smoothing splines with AR(p)
errors as, in practice, it is the most common choice of the (unknown) smoothness class

of the regression function.

It is important to note that none of the three alternative methods consider the esti-
mation of parameter ¢, and hence an additional layer of complexity is added in our
procedure. Another important difference is that the only assumption we make about
the dependence structure of the error is its exponential decay, contrary to the more
restrictive AR(p) assumption of Hall and Van Keilegom [2003] and the cubic smooth-
ing splines cases. For clarity, the simulation study considers different scenarios for

parameters ¢ and R as presented in Table (3.1).

Table 3.1.: Simulated scenarios

| R
Unknown known
Unknown I 11
known 111 IV

In scenarios I and IT we consider all functions, while for scenarios III and IV only
functions f(z) and f3(x) are studied since the smoothness class for these non-analytic
smooth functions is known by construction. All correlation structures depicted in
Figure (3.2) are used for all scenarios. The results of the simulation study for each
scenario are summarised in one table reporting the average of MSE = Y2 (f(z;) —
f(z;))?/M and its standard deviation. Table (3.3) presents the assessment of the
empirical Bayes smoothing spline method for scenario I, i.e. when the structure of
the error and the smoothness class of the regression function are unknown, which
is in practice the most common case. As it can be seen, the results of our method
(EBS) have a better performance under all correlation structures and with respect

to methods HVK and HER. In very few cases, however, we observe that the LMM

45



3. Smoothing Splines with Correlated Errors

alternative is the best option. This result is not surprising since LMM uses the correct
AR(p) characterisation of the noise, and EBS computes it non-parametrically. In
fact, in scenario II, where we assume the noise structure is known, the EBS method
performs better under all correlation structures and for all functions besides f3(-), see
Table (3.4). Tables III and IV reveal very similar information for the case when ¢ is
known, and thus the results are placed in appendix B. An interesting expected result
is presented in both, Table (B.1) and Table (B.2), where the superiority of the LMM
method is clear under all correlation settings for function fs;(x). This is of course
expected since ¢ = 2 is the true smoothness class of this function, and LMM assumes

cubic smoothing splines.

Table (3.2) presents some statistics for the computation of the smoothness class for
scenario 1. We first note that functions fi(z) and f3(z) can be correctly identified,
where the true values of ¢ are 3 and 2 respectively. When the smoothness class of the
functions is very large (or in fact infinite) we expect to underestimate ¢. In the case
of function fy(x), i.e., the cosine function, we find values of ¢ between 5 and 3; while

for f4(x) we consistently find a values of ¢ between 2 and 3.

Table 3.2.: Simulation Results: Smoothness Class

J1 fa /3 Ja
(¢1,02) | Mean Mode | Mean Mode | Mean Mode | Mean Mode
(0,0) 3.00 3| 4.76 5 2.01 21 2.88 3
(0.2,0) 2.85 3 4.22 5 2.09 2| 259 3
(0.4,0) 2.67 31 3.69 31 230 21 221 2
(0.6,0) 2.94 3] 3.24 3| 346 2| 2.58 2
(0.52,—0.3) 3.12 3| 441 41 220 21 292 3
(0.3, —0.52) 3.59 3| 4.40 4| 3.09 2| 3.34 3
(0,0.3) 2.74 3] 3.62 31 2.62 21 248 2
(0,—0.3) 3.05 3| 4.31 5 2.36 2 3.07 3
(0,0.6) 3.85 3| 3.48 3| 3.68 31 3.20 2
(0,—0.6) 4.10 3| 4.85 5 3.27 21 4.02 3
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3. Smoothing Splines with Correlated Errors
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Figure 3.1.: Simulation setting. Simulated mean functions as black continuous lines

and simulated data sample (for the independence case) as grey circles.
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3. Smoothing Splines with Correlated Errors

_‘2 1

Figure 3.2.: Simulated error. The area inside the triangle represents the stationarity
space for an AR2 processes. The grey points represent the cases selected
for the simulation study.

{¢1=0.2, ¢,=0}
— {¢1=0.4, ¢,=0} {$1=0, ¢»=0.3}
— {$41=0.6, ¢,=0} = {$1=0, ¢.=-0.3}
Lag
($1=0.3V3, $,=-0.3} {¢1=0, #,=0.6}
~ {$1=0, ¢»=-0.6}

— {$1=03, $,=-0.3V3}
Lag

5 1039

Figure 3.3.: Autocorrelation functions of the AR2(¢;,¢2) processes depicted by the
grey points in Figure (3.2).
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3. Smoothing Splines with Correlated Errors

Table 3.3.: Simulation Results: MSE

[(é1,42) | (0,0) [ (0.2,0) [ (0.4,0) [ (0.6,0) [ (0.52,—0.3) | (0.3,—0.52) | (0,0.3) | (0, —0.3) [ (0,0.6) [ (0, —0.6) |

hi
EBS| 0.11| 0.18| 027 | 045 0.14 0.06 | 0.21 0.08 | 0.42 0.05
(0.04) | (0.07) | (0.08) | (0.14) (0.06) (0.02) | (0.08) (0.04) | (0.16) (0.02)
HER | 029 | 033| 037| 049 0.31 025 | 0.34 025 | 047 0.25
(0.08) | (0.09) | (0.10) | (0.15) (0.09) (0.04) | (0.10) (0.04) | (0.16) (0.03)
LMM | 014 | 020| 028/| 0.42 0.17 007 | 022 0.08 | 0.40 0.04
(0.04) | (0.07) | (0.08) | (0.13) (0.06) (0.02) | (0.07) (0.02) | (0.13) (0.01)
HVK | 019 | 066/| 0.78 1.34 0.65 0.59 1.19 0.60 | 2.08 0.58
(0.06) | (0.15) | (0.23) | (0.34) (0.16) (0.06) | (0.21) (0.07) | (0.41) (0.06)
P
EBS| 0.11| 0.19| 0.29| 0.48 0.16 0.06 | 0.24 0.11 | 0.48 0.04
(0.04) | (0.08) | (0.09) | (0.18) (0.07) (0.02) | (0.10) (0.06) | (0.17) (0.03)
HER | 028 | 032] 039]| 051 0.29 023 | 035 024 | 050 0.20
(0.08) | (0.11) | (0.13) | (0.19) (0.09) (0.05) | (0.14) (0.06) | (0.17) (0.04)
LMM | 019 | 026| 037| 057 0.23 010 | 0.31 0.11 0.55 0.06
(0.04) | (0.07) | (0.09) | (0.15) (0.06) (0.03) | (0.08) (0.02) | (0.13) (0.01)
HVK | 053 | 297| 3.03| 482 2.95 290 |  5.61 2.91 5.25 2.85
(0.11) | (0.30) | (0.37) | (1.29) (0.41) (0.14) | (0.48) (0.17) | (1.15) (0.12)
I3
EBS | 0.15 | 021 029 | 0.46 0.19 0.11 0.25 010 | 048 0.09
(0.04) | (0.06) | (0.08) | (0.21) (0.06) (0.06) | (0.07) (0.03) | (0.20) (0.05)
HER | 049 | 053] 057 | 0.66 0.51 047 | 054 047 | 0.66 0.45
(0.07) | (0.09) | (0.11) | (0.17) (0.07) (0.04) | (0.11) (0.05) | (0.15) (0.03)
LMM | 0.15| 0.20| 0.28| 0.42 0.17 0.08 | 0.24 0.09 | 0.39 0.05
(0.04) | (0.06) | (0.08) | (0.12) (0.05) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HVK | 016 | 033| 045| 062 0.32 018 | 052 028 | 085 0.14
(0.04) | (0.09) | (0.15) | (0.20) (0.07) (0.05) | (0.13) (0.04) | (0.26) (0.02)
Ja
EBS| 0.14| 023| 036| 0.51 0.18 0.07 | 029 0.09 | 052 0.05
(0.04) | (0.08) | (0.09) | (0.16) (0.07) (0.03) | (0.09) (0.04) | (0.19) (0.02)
HER | 047 | 049 | 058| 0.71 0.48 0.41 0.54 042 | 0.68 0.40
(0.11) | (0.13) | (0.17) | (0.23) (0.13) (0.08) | (0.16) (0.07) | (0.21) (0.04)
LMM | 017 | 024| 0.34| 052 0.20 0.09 | 0.28 0.10 | 0.49 0.05
(0.04) | (0.07) | (0.08) | (0.15) (0.06) (0.02) | (0.08) (0.02) | (0.13) (0.01)
HVK | 036 | 086 1.37 1.98 1.11 0.79 1.79 082 | 244 0.76
(0.10) | (0.15) | (0.45) | (0.35) (0.44) (0.10) | (0.28) (0.21) | (0.75) (0.05)

| — fll2: mean and standard deviations (in parenthesis) are reported. Quantities scaled by 10%.
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3. Smoothing Splines with Correlated Errors

Table 3.4.: Simulation Results (Scenario II): MSE

[ (é1,42) | (0,0) [ (0.2,0) [ (0.4,0) [ (0.6,0) [ (0.52,—0.3) | (0.3,—0.52) | (0,0.3) [ (0, —0.3) [ (0,0.6) [ (0, —0.6) ]

hi
EBS| 0.11| 0.16| 0.23| 0.39 0.13 0.06 | 0.18 0.06 | 0.38 0.03
(0.04) | (0.06) | (0.08) | (0.13) (0.05) (0.02) | (0.06) (0.02) | (0.12) (0.01)
HER | 029 | 033| 037| 049 0.31 026 | 0.35 0.25 0.47 0.24
(0.08) | (0.09) | (0.10) | (0.15) (0.09) (0.05) | (0.10) (0.04) | (0.16) (0.03)
LMM | 014 | 020| 028| 042 0.17 007 | 022 0.08 0.41 0.04
(0.04) | (0.07) | (0.08) | (0.13) (0.06) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HVK | 019 | 066| 078 1.34 0.66 0.60 1.19 0.60 2.04 0.58
(0.06) | (0.15) | (0.23) | (0.34) (0.16) (0.08) | (0.21) (0.08) | (0.43) (0.06)
P
EBS| 0.13| 0.19| 0.27| 0.42 1.58 0.64 | 2.17 0.73 | 3.86 0.38
(0.04) | (0.07) | (0.08) | (0.13) (0.58) (0.20) | (0.73) (0.21) | (1.20) (0.11)
HER | 028 | 032] 039]| 051 2.91 222 | 3.46 2.46 4.69 0.49
(0.08) | (0.11) | (0.13) | (0.19) (0.88) (0.56) | (1.39) (0.56) | (1.66) (0.17)
LMM | 019 | 026| 037| 057 2.25 1.00 | 3.07 1.10 5.37 0.61
(0.04) | (0.07) | (0.09) | (0.15) (0.62) (0.24) | (0.82) (0.25) | (1.29) (0.13)
HVK | 053 | 297| 3.03| 483 29.50 28.56 | 56.02 29.24 | 49.93 28.89
(0.11) | (0.30) | (0.37) | (1.29) (4.04) (1.70) | (4.80) (1.64) | (12.24) (1.32)
I3
EBS | 0.17| 023| 029| 0.41 0.20 009 | 026 0.10 | 0.39 0.06
(0.04) | (0.06) | (0.08) | (0.12) (0.05) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HER | 049 | 053] 057 | 0.66 0.50 046 |  0.55 0.47 0.66 0.46
(0.07) | (0.09) | (0.11) | (0.17) (0.07) (0.04) | (0.11) (0.05) | (0.14) (0.03)
LMM | 0.15| 0.20| 0.28| 0.41 0.17 0.08 | 0.24 0.09 | 0.39 0.05
(0.04) | (0.06) | (0.08) | (0.12) (0.05) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HVK | 016 | 033| 045| 062 0.32 018 | 053 0.28 0.85 0.15
(0.04) | (0.09) | (0.15) | (0.20) (0.07) (0.05) | (0.13) (0.05) | (0.25) (0.02)
Ja
EBS| 0.13| 0.19| 0.29| 0.45 0.16 0.07 | 0.23 0.08 | 0.43 0.04
(0.04) | (0.07) | (0.08) | (0.14) (0.06) (0.02) | (0.07) (0.02) | (0.13) (0.01)
HER | 047 | 049 | 058| 0.72 0.48 042 | 054 0.42 0.70 0.21
(0.11) | (0.13) | (0.17) | (0.23) (0.13) (0.08) | (0.16) (0.07) | (0.22) (0.03)
LMM | 017 | 024| 034| 052 0.20 009 | 028 0.10 0.51 0.06
(0.04) | (0.07) | (0.08) | (0.15) (0.06) (0.02) | (0.08) (0.02) | (0.13) (0.01)
HVK | 036 | 0.86 1.37 1.98 1.11 0.79 1.79 0.81 2.43 0.76
(0.10) | (0.15) | (0.45) | (0.35) (0.44) (0.09) | (0.27) (0.18) | (0.75) (0.06)

| — fll2: mean and standard deviations (in parenthesis) are reported. Quantities scaled by 10%.
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3. Smoothing Splines with Correlated Errors

3.5. Digression on Smoothness Classes

In this section a digression on the estimation of the smoothness class of function
f € W10, 1] is presented following Krivobokova [2013]. In this document a different
estimator for ¢ is constructed, where the main idea is to select a value of ¢ such that the
estimating equations for the smoothing parameter under the frequentist framework
Ay and Bayesian framework A, s are equivalent. Namely

|
Ry =~ |Y(I, — 8;,)83 Y — o*{tx(S3 ) —a} |, (3.28)

n

is suggested for some A=A 5 = Arjy. The asymptotic behaviour of this estimator is

described in the following theorem.

Theorem 8. Estimator Ry(\) converges to

Ry(N) = [ (T~ $30)83,.f — o {11(8%,) — )]

M0

NI R) ~ RoOnp) BN (0,57 o + E2]),

where

(2¢ — 1)(8¢° +4¢ — 1)?

(2q + 1)g®sinc{m/(2q)}

(2g +1)(2¢ — 1)(4g — 1)(6g — 1)
¢ sinc{m/(2q)} '

Ci(q)

Cs(q)

Proof. The proof follows from Lemma 3 in Krivobokova [2013] and uses (A.6). Here

it is organised in three steps.

Step 1: convergence of Rq(j\r)

o1



3. Smoothing Splines with Correlated Errors

From the aforementioned results it holds that

. 2 i 2
(Ar = Arip) AN (0, Afr}l/@q) C(p)?;(;{i/é q)}q) as n — oo. (3.30)

To apply the delta method for function nR,(\) we need to show that {nR,(\)}/OA

exists and that it is different than zero when evaluated at A, ;. Namely

O{nR, (M)}

1
o A 37T, — S2)S3 f — 2F (I, — 82,0)S3 . f + 30%t{(I, — S, )85 ,}]

whose existence is obvious. Furthermore it can be shown that

2

O{nR ()} T 3
OA A=A B Arlf [(tr{Skrw} — )+ 3ui{ln - SAT‘f’Q)SAr\M}} ’
0'2)\;“1(—1/(2(1) (2(] . 1)(8(]2 +4q — 1) )
T pa v ey KRR

where in the last step we made use of (A.6). The delta method can be then applied
using (3.30) and obtain

ARy () = Ry ) B 7 (0,27, (3.31)
with

(2 — 1)(8¢* + 4¢ — 1)?

(2q + 1)gPsinc{n/(2q)}

Ci(q) =

which decreases with q.

Step 2: convergence of 7A2q()\r‘f)
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3. Smoothing Splines with Correlated Errors

For R,()\) defined as in (3.28), under some fixed A and the assumption of Gaussian

errors, it is easy to verify that

E{nR,N} = fT(I.— 8,083, F — o*{tx(85%,) —a},
var{nR,(A)} = 20°2f7 (L — 83,0)*S3,f + o {tx(L — Sx)*S3 3.

Moreover,
R o2\ 1/(29) _
R0} = 5 | et 1 o0
: oA T (20 + 1)(2q = 1)(4g = 1)(6q — 1)
el = oy | ey ) o)

where we have once again made use of (A.6). To apply the central limit theorem
(CLT), consider the Demmler-Reinsch basis, i.e. Sy, = ®,diag{(1 + Ann,;) "'} P,
so that tr(S% ) = > o i1 (14 Anng:) ™", Hence we can define

n

. . Al f 100 i r
n[Rq()\T|f) - ERQ(/\7”|f>] = Z (sz - bz2 - 02) (1 + )l\f nq ')3 + Op(l) = Z 51’7
i=q+1 v fT¥g,i i=q+1

where {&,7i = ¢+ 1,...,n} is a sequence of independent (but non-identically dis-
tributed) random variables with E(&;) = o(1) and s = >_"" var(§) = 20*tr{(I,, —
S, 0)°S T‘f oH1+0(1)} = constA, 1/( 9. Moreover it can be shown that var(&;) =

i=q+

o(1), for which there must exist some constant B bounding E(£?). Then for a finite

E(¢}), we can write

EDSECREV D 3y

” i=q+1 Sn i=q+1

;nolbd

which converges to 0 as n — 0, fulfilling the Lyapunov condition. Hence we apply the

CLT to obtain

NOD(R (Aig) = RyOig) BN <0

; —Cz(q)) , (3.32)
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with
(2¢ +1)(2¢ — 1)(4g — 1)(6¢ — 1)

Calq) = ¢sinc{m/(2q)} |

which decreases with q.

Step 3: convergence of Ry(\,)

One can evaluate (3.28) at random A, to obtain

PN 1

Ro(\) = H[YT(IH - 8;,)83 Y — o*{tr(S5) — ¢}, (3.33)
such that

E{nRy(\)} = EERR,A\)IA = AJ] = E[nR,(A)),
var{nR,(A\)} = E[var[nR,(A\)|Ar = M\]] + var[E[nR, (M)A = An]]
= E[var[nRy(A.)]] + var[nRy (M)

Using (3.31) it is clear that

A ) 04)\—‘]10/(2‘1) C, (q)
E[nRq(Ar)] = nRy(Arjy)  and  var[nRq(A)] — 384c¢(p)

as n — oo. Furthermore applying the delta method on var[nR,(A,.)] and using (3.32),

it can be shown that

EfvarfnR, (A.)]] - var[nR,(A)] =

o4



3. Smoothing Splines with Correlated Errors

Hence, to make use of the CLT we build random variables

n

WRyG) —ERG = { ,

i1=q+1

(14 Arnng,)? F(1 4 Arjpnng,)?

} + 0p(1)

2 ;\rnnq,i ]_ {b2 Ar|fU]q,i }

e 1 B 1
(1 + Xrnan)Q (1 + )‘7’|fn77q,i)3

k+n

= Z gi?
i=q+1
where {&,i = ¢+ 1,...,n} is a sequence of independent (but non-identically dis-
tributed) random variables with E(¢;) = o(1) and s? = const)\;l}/ 29 Using similar

arguments as the ones given in the previous step is then easy to find a bound

| 3

Y

Y EE) < B Y EE) =

s
" i=q+1 no =g+l

S

which goes to 0 as n — oo for some B bounding E(£?) and E(£}) < oo. The application
of the CLT then leads to the result

4
() (B (3 ) _ D o Cs(q)
NP R) = RyOwp) BN (0,557 (e + E2]), @
with C(q) and Cy(q) as in (3.31) and (3.32) respectively. O

Since the estimator 7A2q(;\r| ) can be seen as another criteria to estimate the smoothness
class of the function f € W?[0, 1], it is only natural to compare it with the estimating
equation T, (A, ¢, I) presented in Chapter 3. For clarity here we re-write (a properly

scaled version of ) the estimators

A "o [ WEN pnngs — 62(1+ Appnng.)
R )\T — 1 T q,? r q,? ~2
el ; { (1 + Apyymmgq)® } o

"L (W2Ann, — 62(1 4 Anng,)
T — ) q,? q,? 1 (1 .
) Z:; { (1 + A3 } 08(11g) (L Antlg).

where the difference in the selection of the smoothing parameters is made explicit.
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3. Smoothing Splines with Correlated Errors

To compare the estimators denote X,y = aX for @ € Ry and consider 6 — 0.
Straightforward manipulations show that both solutions are equivalent for o > 1,
i.e. Ay < A, which is expected since it is known that smoothing splines under the
frequentist framework (i.e. for Ay = X;y) undersmooths the estimation. A more
detailed comparison between the two proposed estimators of the smoothness class is

outside the scope of this thesis.
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4. Extensions of Smoothing Splines

with Correlated Errors

In this chapter we extend the model presented in Chapter 3 using additive models
and functional data. In Section 4.1 we present the general formulation of additive
models under our framework and further explore its use as a tool for signal decompo-
sition, i.e. decoupling a signal in trend, seasonal and error components. Section 4.2
presents the use of the empirical Bayes smoothing splines when the collected data are
curves (as opposite to points) and their co-movement is studied by functional principal

components.

4.1. Signal Decomposition Analysis

Identification and understanding of different components of a time series is of great
importance in the applied sciences, and there are many methods available to cope
with the problem. In economics the decoupling of trend and seasonal components in
macroeconomic signals like GDP is of great interest to identify the so-called economic
cycle. Likewise, in electrical engineering signal processing demands the use of tools to
discriminate between the frequency information of signals for the study of electronic
circuits. A similar situation takes place in the life and atmospheric sciences, where
the interest lies in investigating the smooth trajectory of certain variables that are

considered to be functional in nature, e.g. growth or temperature data [cf. Ramsay
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4. Extensions of Smoothing Splines with Correlated Errors

and Silverman, 1997, Ferraty and Vieu, 2006], so the distinction between signal and

noise is a crucial matter.

Alexandrov et al. [2012] and Pollock [2006] provide a detailed discussion on the history
of the time series decomposition problem, as well as on the advantages and disadvan-
tages of various tools. In general, these methods form two main clusters: the so-called
model-based approach and non-parametric techniques. Probably the most common
tool in applied sciences is the model-based approach that requires the specification
of time series either by an ARIMA or by a structured time series model. The for-
mer has been popularised thanks to the automatic software implementations given
in TRAMO-SEATS [cf. Maravall and Caporello, 2004] and X-12-ARIMA [cf. Dagum,
1978, Findley et al., 1998], delivered by Banco de Espana and the Bureau of Cen-
sus in the US respectively. The development of methods for structural time series
models is more recent. In this case, the representation of the problem in state-space
form [cf. Harvey, 1989, West and Harrison, 1997, Young et al., 1999, Godolphin, 2001,
Zivot and Wang, 2006] has acquired great reputation since it allows to take advan-
tage of the seminal Kalman [1960] filter as implemented, for example, in Koopman’s
STAMP package [cf. Mendelssohn, 2011]. In contrast to the model-based approach,
non-parametric methods do not require any a priori specifications and are popular be-
cause of their simplicity. Among the most cited alternatives are the filters proposed by
Henderson [1916], Butterworth [1930], Cleveland et al. [1990], Hodrick and Prescott
[1997], Baxter and King [1999], and Christiano and Fitzegarld [2003]. As discussed
by Kauermann et al. [2011], the main challenge of all non-parametric methods is the

selection of a data driven smoothing parameter.

The method presented in subsection 4.1.2 contributes to the signal decomposition
literature and can be considered a member of the non-parametric cluster, with the
difference that not only the smoothing parameter is data driven, but also the selec-
tion of the smoothness class is consider and non-parametric errors are allowed. To

present the topic we first introduce a general additive model framework for empirical
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Bayes smoothing splines and take signal decomposition as an specific application un-
der this setting. We propose an estimation algorithm and show simulation exercises

to illustrate the performance of the method.

4.1.1. Additive Models

Consider the following extension of the smoothing splines model as presented in defi-

nition 6. Namely in an additive model we aim to solve

frewai|o, 1?-1-'.,fd€qu01] n (Y ka> R! (Y ka> +Z)\k/ {f(Qk) )} (41)

for Ai,..., s € Ri,qi...,qa € N, and where data tuple (x;;,..., 2k, Y;) follow
Y, = f(z:) + e = S0 frlzir) + & for fo(x) == By and {e;}7, is a homoscedas-

tic stationary process with correlation Cor(e;, €;) = r;; and correlation matrix R.

Theorem 9. The smoother matrices corresponding to the minimisation problem in

(4.1) are given by

GAq.R) = S5+ —-8-5)G;
G\ q,R) = C;(CTR'(I-S_;)C;+\nD;)"'C;]R (I - S|_j),

where C; = C . denotes an arbitrary basis of W%|0, 1], and
S X g B) = Cre (CLy R Croyy + AmyinDyy) CLy R

where the subindex [—j] denotes the exclusion of the j-th element in X = {1, ..., \a},

q=A{q,-..,qa} and matrices C = [C1,...,Cy] and D = blockdiag{D;, ..., D4}.

Proof. The proof is an extension of Result 1 reported by Aerts et al. [2002] when

correlated errors are considered. Without lost of generality, consider blocks j and
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—7| so the design matrix reads C = [C|_;,C;]. To ease the notation we write
[=5]> 3

G =G(\ g,R) and S = S(\, q, R). By definition we have

-1

CLyR'CLj+ X ynD;  CL,RC, cr

C?R_IC[,j] C?R_IC]' -+ )\jnDj

G =C

or simply G = CAC”. Following block matrix inversion formulae we obtain

T - T p—1 T -
BCI ,R'C;HC'R'C__;B -BC! ,R"'C,H

G=S_+C
~HCTR'C_;B H

for B = (C{ ;R 'C_j+A;nDi_;)", and H = (C} (I-S_j)C;+A;nD;)~*. For
the second summand straight forward matrix computations and proper factorisation

allows us to further simplify the smoother matrix to

G = S+~ 8;))C;HC(I - S_)
= S+ = 51-)Gj,

for G, = C’jHCJT(I — S|[—;]), or more precisely

G; = C{CTR (I - 81)C; + \nD;}'C;R™(I — S|y).

U
The solution of (4.1) reads
fj()‘7 q, R) = GJ(A7 q, R>Y
d
fAqR) = ) Gi(X\qRY =G\ qR)Y, (4.2)
k=1

which depends on parameters A, ¢ and R, whose values can be computed via es-

timating equations in an analogous fashion to the univariate case as presented in
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Chapter 3. Namely, for design matrices X ;(z;) = {02,4,(2)),...,¢qq,(7;)} and

Zi(x;) = {77;],11/]_2“(;5%@#1(%), . ,nt;j}f%j,n(azj)} one arrives to the standard linear

mixed model

d
Y|U1, sy Ug = ﬁ(] + Z(Xklgk + Zkuk) + €, Up ~ N(0703k;In—qk)7
k=1

e~N(0,0%1,), k=1,....,d,

where [y is the intercept. The profiled restricted log-likelihood can then be derived

to obtain
n., 1 1
(N q,R) = 50+ élog IR (I — G)|, (4.3)

for 62 = Y'R (I — G)Y /n. With the previous results the estimating equations for

A and g can be written as

aE(Al...7Ad,Q1,---,Qd,I;Y*)

T, = —2)6”
by o o
— Y(I-85.)I-G)G,Y -6 u(G)) (4.4)
qu — _2(]3(3-2 8€(>\1 ) )\dv q1, ydd, 45 )
dq;

0G,; _ .
—%‘ﬁ = G;(I — 5_;)7'C; diag {\jnn;; log(nn;;)} CT G;.
j
The previous formulation is general and no assumptions regarding the basis C'; were

made. In the following subsections we will make intensive use of the Demmler-Reinsch

basis to reduce the computational complexity of the solutions.
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4.1.2. Model for Signal Extraction

For data pairs (z;,Y;), ¢ = 1,...,n, we are interested in the following (sometimes

called classical) smooth decomposition scheme:

l

Y =7(x;) + Z aj(x;) cos(ww;) + B;(z;) sin(z,w;) +e, (4.6)
j=1
s(:)

where 7(-) is an unknown smooth function that represents a deterministic trend and
6(-) describes the seasonal component given frequencies w; and smooth functions a;(+)
and f;(-) that modulate seasonal patterns over x as varying coefficients [cf. Hastie
and Tibshirani, 1993]. Given {¢;} ; a stationary homoscedastic error of unknown
structure, we consider (4.6) in its simplest form, i.e. [ =1 and f(z;) := 0 and aim to
solve a variant of (4.1), namely

. 1 . T —1 .
eyin [ﬁ (Y — 7 — diag{cos(z;w)}ax)” R (Y — 7 — diag{cos(z,w) }ax)

+ A /01 {T(x)(ql)}2 dx + Ay /01 {04(95)(%‘)}2 dx} : (4.7)

with corresponding solution given by (4.2) for d = 2 and estimators 7 = G;Y and
¢ = GLY for the trend and seasonal components respectively. First note that if
C, = &, and Cy, = ®,, = diag{cos(z,w)}®,,, then one can write the trend by

spanning a Demmler-Reinsch basis obtaining the naive smoother matrices

Sl()\la qi, R) = Rl/zq)th dlag {(1 + Alnnqhi)_l} Q;R_l/z (48)

= 2 . A1T)g, i -
GQ(/\l, /\2, q1, 92, R) = (I)qQA_I(PZ;Rflmq:)ql dl&g {ﬁ} @;R 1/2’<4.9)
q1,?

where

Alnnqhi

A=®T R VP, di
92 q d1ag 1+)\1n77q1,i

} 'I>qu Rfl/Qiqg + Aon diag{ng, .}

62



4. Extensions of Smoothing Splines with Correlated Errors

With the previous expressions the seasonal component can be obtained directly, and
since the computation G(A1, A2, q1, g2, R) = S1 + (I — S1)G3 is immediate, the trend
component can be recovered via 7 = (G — G2)Y . The rest of the parameters can
then be obtained by the corresponding estimating equations (4.4) and (4.5) following
an iterative search algorithm analogue to procedure presented for the univariate case
in Section 3.4.1 for grids (A1, A2) and (q1, g2) respectively. This direction carries a high

computational cost and instead we consider a sequential approach.

Statistical Algorithm

Assume [ and w are known (if not, they can be estimated via e.g. Fourier analysis,
etc.), and consider cubic smoothing splines to model both the trend and seasonal
components, i.e. qi‘]) = qéo) = 2. Solve the (reduced) LMM problem under working
independence and obtain )\go), /\;O) and e, Compute a consistent estimator R(O)

denote Y. = {I — Go(AY ¢, R(O))}Y as the de-seasonalised signal.

and

In principle, the smoothing parameter )\go) resulting from the LMM representation of
the smoothing splines problem is known to be biased, [cf. Krivobokova and Kauer-
mann, 2007] and hence it must be updated. The same is true for )\go), however since the
structure of the time varying coefficient is likely to be mild, we set g = 2 and use the
estimator Ay = /\go), so this quantities are no further modified. The implementation of

the second step retrieves an estimator for the smoothness class of the trend ¢; which

must be consistent with the former assumption qio). If this is not the case, we return to

the first step and set qio) = qi‘]) + 1 and continue in this direction until ¢; = q§0). Once

this condition is fulfilled the estimator reads f = G (5\@, Ag‘”, 1, qéo) , R(l)) with trend
o (7 (D NG . (I
and seasonal components 7 = Gl()\gl), )\go), a1, qéo), R( )) and ¢ = Gg()\gl), )\go), g1, qéo), R( ))

respectively.
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4.1.3. Comparison with Other Methods

Five hundred data points are generated with the following setup for the decompo-
sition scheme (4.6) with z; = ¢;/ >, t;, n = 500. The trend component is gen-
erated as 7(z;) = 6845(x;)/10 + 45, q(x;)/10, with the beta function B,p(z;) =
['(a+b){T(a)T'(b)}*~1; the seasonal component follows ¢(x;) = . f(;) cos(wx;) where
Qe (i) = (1/2m){1 + €* + f2 + 2e(f — 1) cos(m(2z; — 1)) — 2f cos(2m(2z; — 1))} 71,
with a period of 20 observations, i.e. w = 2m(n/20); and for the remainder component
a first order autoregressive process is generated with the autocorrelation coefficient
equal to 0.4. Altogether, we consider four scenarios for different values of the pa-
rameter vector p = (a,b,c,d, e, f): scenario 1 with p = (3.3,2,5,1,0,0), scenario 2
with p = (3.3,2,5,1,1.9,0.9), scenario 3 with p = (30,17,3,11,0,0) and scenario 4
with p = (30,17, 3,11,1.9,0.9). Furthermore, in all cases the trend, seasonal and re-
mainder components are re-scaled so their variances are 1, 0.5 and 0.1 respectively to
assure a reasonable signal-to-noise ratio. Figure (4.1) shows all four scenarios of the
simulation study. To portray the capabilities of the method under the most general

case, scenario 4 is selected, and model (4.7) is fitted.

Remark 2. If the data were circular, the operation T = 51(5\1, q1, IE?,)Y obtained af-
ter fitting the model could be seen as a stationary invariant linear filter with a unique
impulse-response function k(t) centred at the main diagonal of Sl(j\l,qu,R). The
effect of this matriz on input Y s usually explored by taking the Fourier transform
of the impulse-response function, i.e. K(w) = Z;’;_OO exp{—iwx; }r(x;), also called
transfer function. Figure (4.2) shows the impulse-response function, its Fourier trans-
form and the resulting estimated trend for two choices of q1. The grey line in panel (b)
indicates the frequency of the seasonal component in the generated data, and shows
that for g1 = 2 the impulse-response function of the trend component lie in a range
of frequencies characterising the seasonal component, and hence captures both parts

indistinguishably. In turn g = 4 reveals to be more adequate, as it can be seen in
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(a) Scenario 1 (b) Scenario 2
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Figure 4.1.:

Simulation scenarios in signal decomposition: (a) simple trend and sea-
sonal components, (b) simple trend and varying seasonal component, (c)
varying trend and simple seasonal component and (d) varying trend and
seasonal components.
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panel (c) of the same figure.
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Figure 4.2.: (a) Impulse-Response Function; (b) Transfer Function; (c¢) Trend esti-
mate. In all plots the continuous and dashed lines represent the cases
when ¢; = 2 and ¢; = 4, respectively. In (c) the simulated data are added
as a grey line.

In what follows the performance of the splines based decomposition approach is com-
pared with two alternatives commonly used by practitioners, namely the STL proce-
dure and a state-space model (SSM) of a structured time series characterisation. The

section is closed by giving a proper comparison of all three methods by a Monte Carlo

66



4. Extensions of Smoothing Splines with Correlated Errors

study.

The STL procedure

The STL procedure for the decomposition of a time series into trend, seasonal and
remainder components consists on systematic applications of the LOWESS smoother
embedded in two loops: an inner loop that performs a seasonal smoothing updat-
ing the seasonal component, followed by a trend smoothing that updates the trend
component; and an outer loop executed for robustness. LOWESS was developed
in Cleveland [1979] as a robust version of the standard locally weighted polynomial

regression estimator.

Consider, for example, the case of monthly data with yearly seasonality. In this
case the updates at the (j 4+ 1)-th pass of the inner loop would be computed in
the following way: i) de-trend the series with the jth update of the trend compo-
nent by y(z;) — 77(x;); ii) build a set of cycle-subseries based on the de-trended
series by grouping all Januaries, all Februaries, etc., smooth them with LOWESS;,
and build a (temporary) seasonal series ¢/!(xz;); iii) construct a low-pass filter of
the (temporary) seasonal series L’T!(x;); iv) update the seasonal series de-trending
I (x;) by ¢ x;) = I () — LT (x;); v) de-seasonalise the original time series
with y(z;) — ¢/t (x;); and vi) update the trend component by smoothing the resulting
de-seasonalised series by LOWESS and obtain 797!(z;). The outer loop updates are
executed for robustness and operate by modifying the weighting functions in steps ii)
and vi) of the inner loop so the effect of aberrant observations in the data (measured

by the local magnitude of the remainder) is diminished. de-trended

State space approach

The state space approach is commonly found in many applied disciplines to model

structured time series. In particular, it can be used as a decomposition method by
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making intensive use of the Kalman filter. Following Petris et al. [2009], model (4.6)

can be represented in state-space form by

w = Zo,+e& e~N(0,07)

o0 = To, 1 +¢ ¢ ~N(0,Q).

The first expression is called measurement equation where @ = (73,0, 6,6 )" is a
generally unobserved vector representing the state of the system at time ¢, and Z =
(1,0,1,0), so that y;, = 7, + ¢ + €&, i.e a decomposition similar to (4.6) holds. The
second equation carries out the parametric structure imposed to the problem and it
is called transition equation. Here T' = blockdiag{T,,T'.} is defined, where
T - 11 and T, — cos(w)  sin(w)
01 —sin(w) cos(w)
with only one frequency w, as the simulation setting requires. For the trend component
this implies the use of a random walk model for its slope d; and it is called the local
linear trend model. As for the seasonal part, if one sets (o, <5)" = (o, 7)?, it can be

seen that
Si cos(wi)  sin(wi) o

S —sin(wi) cos(wi) ol

holds for i = {1,2,...n} up to an error term, and hence ¢ ~ « cos(wt) + v sin(wt) is
a time varying seasonal component. For completeness we can define the error vector
¢ = (€],€ 6,6 )t and Q = diag{o?,02,02,02} as its diagonal covariance matrix.
All together the previous model is called Basic Structural Model and it is what is
used in the simulation exercise. To setup the model, given the initial distribution

9o = N (my, Cy), which can also be represented as a diffuse prior, parameters 02, 02, o2

2

2 can be estimated by means of maximum likelihood, so that the densities

and o
7(y:|o,) and w(@,|@;_,) are specified. The smoothing problem of a model with this

structure can be solved by computing the conditional distributions 7(@.|y1,-- ., Yn)
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for any ¢ < n starting from the filtering distribution (@, |y1,...,y,) and estimating
backwards all state’s history [cf. Harvey, 1989, Durbin and Koopman, 2001, Petris
et al., 2009].

Comparison

There are several conceptual similarities between all three discussed methods. For
example, both STL and splines based approach could be seen as stationary symmetric
linear filters for each of its components modulated by different weighting (or impulse-
response) functions. The link between the splines based method and the SSM can be
seen if one writes the state space representation of cubic smoothing splines [cf. Zivot
and Wang, 2006]. In general, all three methods require the setting of various param-
eters in order to be implemented. The differences among the procedures are various,
but we argue in favor of the proposed splines method mainly in two fronts. Firstly,
the splines based approach uses a non-parametric characterisation of the remainder.
Secondly, the smoothness class of the trend component is chosen in a data driven

manner.

An illustrative comparison of the methods to filter the simulated time series is shown
in Figure 4.3. For the splines method the model is set up with ¢; = and w = 20, as
indicated at the beginning of this section; and for the STL procedure d, = 1, h, = 39
are considered for the trend component and d. = 1, h. = 7 for the seasonal component.
As it can be seen in panel (a) of Figure 4.3, these methods produce very similar results
for the trend component, up to certain wiggliness in the STL case. The performance
of STL is not explored for polynomials of degree greater than 1, and the differences
between both methods are considered to be small in magnitude. Regarding the SSM,
the required parameters to set up the model were obtained via maximum likelihood
as in Petris et al. [2009]. The trend estimates obtained using SSM and splines based

method are almost undistinguishable.

Even though all procedures allow for the variation of the seasonal part across time,
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Figure 4.3.: Comparison between STL, SSM and splines method: (a) trend compo-
nents, (b) seasonal components, (¢) remainder components and (d) added
trend and seasonal estimation comparison.
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the SSM and the splines method seem to behave very similarly, while the STL fit
is much more variable. To understand the difference in the shape of the seasonal
components it can be noted that while the spline and SSM methods perform smoothing
for the data series along the index x, the STL alternative does it for each cycle-
subseries according to the span chosen for the LOWESS window. Clearly, once the
smoothed sub-series are re-arranged according to the original time sequence, a rough
path can be observed. Furthermore, in this example a span window of size h, = 7 is
chosen (a very small value compared the sample size n = 500), which produces a high
variance estimation for this component (with small bias). This choice was based on
the inspection of the seasonal-diagnostic plot under different A, values, as suggested in
Cleveland et al. [1990]. In fact, to our knowledge, there is no data driven method for
the selection of any of the STL parameters, including the crucial smoothing parameter
h.. Consequently, the seasonal component could be under-smoothed, as happens in
this example. Regarding the comparison with the SSM method for the seasonal part,
it appears that splines method performs particularly better than the SSM counterpart
when a more structured seasonal component is considered (scenarios 2 and 4). This
could be attributed to the fact that in SSM the smoothing parameters for the trend
and seasonal component are implicitly set to be equal, and this can generate a bias

in one of the components, in this case the seasonal part of the decomposition.

Lastly, regarding the scatterplots of the remainders in panel (c) of Figure (4.3), it is
clear that the remainder part from the spline approach (black circles) and the SSM
(black stars) follow better the true remainder than the STL (grey circles), which is
an obvious result of the better performance of the spline method to fit the seasonal
component, and, consequently, allows for a more accurate characterisation of an AR
model for the remainder. The last panel of Figure (4.3) compares the estimations of
the smooth part of the decomposition 7(z) under the three methods showing overall

similar results.

This section is closed by reporting the performance of the splines method when com-
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(b) MSE Scenario 2
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the figure), the STL and the SSM procedures in the Monte Carlo experi-
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pared to the STL and SSM alternatives in a Monte Carlo simulation study considering
M = 1000 realisations of the remainder component for the four scenarios mentioned at
the beginning of this section. The results are presented in terms of the component-wise
average mean squared error considering the usual AMSE; = ™M (g;(t:) — g(t;))?/M
of each method j = {SPL, STL, SSM} for functions g € {7,¢, f} as defined in (4.6).
The results are illustrated in Figure (4.4) and, as expected from the example presented
in Figure (4.3), under all scenarios the methods are quite similar for the estimation
of the trend with a slightly higher bias for the STL. However, when it comes to com-
paring the seasonal parts, the splines based procedure reveals its superiority, showing

to be less variable and more accurate than its counterparts.

4.1.4. Discussion

We presented a non-parametric new method that contributes to the signal decompo-
sition literature in that it does not only allows for the estimation of the smoothing
parameter, but also for the selection of the smoothness class of the trend component
and handles correlated errors. Monte Carlo simulations shown the finite sample prop-
erties of the components’ estimators, revealing that our method is more accurate than

its benchmark competitors in the literature.

The relation between cubic smoothing splines and dynamic models is well known in
the econometric literature [cf. Harvey, 1989, Zivot and Wang, 2006]. Moreover, this
equivalence can be extended to more general types of smoothing splines where the
second derivative in the penalty term is replaced by linear differential operators as
studied by Kohn and Ansley [1987]. In principle, this suggests that it is possible to
represent the empirical Bayes smoothing splines with correlated errors presented in
Chapter 3 as a state space model where the smoothness class of the trend component
is data driven. This selection approach is not known in the literature and could be of

interest for practitioners in the applied sciences.
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4.2. Functional Principal Component Analysis

Functional data is a term coined by Ramsay and Silverman [1997] to refer to data
curves (as opposite to data points). Many statistical problems arise when dealing
with such units of analysis, e.g. functional regression, functional principal component
analysis (FPCA), commonly used for prediction, classification, etc. For a mathemat-
ical discussion on the subject the reader is referred to Ferraty and Vieu [2006] and
Hsing and Eubank [2015]. There are many approaches to perform FPCA [cf. James
et al., 2000, Guo et al., 2013], however none of them consider the possibility of sea-
sonality in the observations or a data driven selection of the smoothness class of the

underlying functional observations, which is the main contribution of this subsection.

4.2.1. Functional Data

Following Ferraty and Vieu [2006], a random variable F is called a functional variable
if it takes values in an infinite dimensional space (or functional space). Moreover,
since F (resp. f) denotes a random curve (resp. its observation), the following iden-
tification is implicitly made F = {F(x);x € [0,1]} (resp. f = {f(x);x € [0,1]}).
The analysis takes place in a functional data set fi,..., f,, of m functional variables
Fi,...,Fn identically distributed as F, where an observation f of F is called func-
tional data. Even though the data is functional in nature, we consider the possibility
of correlated measurement errors with respect to x for each realisation fi,..., f,,
so the characterisation of these curves. e.g. by means of Kernel regression, splines
methods, wavelets, etc., should consider it. Moreover, since we would like to take into
account the selection of the smoothness class of the data functions, the use of the
empirical Bayes smoothing spline method for correlated errors presented in Chapter

3 follows naturally.
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4.2.2. Principal Component Characterisation

Consider the function f;(x) and its de-seasonalised version f;(z) = f;(z) — ¢;(x),

for j = 1,2,...,m, defined in the compact interval [0,1] as functional data. More
specifically, assume each f](x) is an independent realisation of the stochastic pro-
cess {f(z),z € [0,1]} with mean E[f(x)] = 7(z) and covariance kernel K(z,z) =
cov{f(z), f(2)}, 2,z € [0,1]. Mercer’s lemma states that if fol K(z,z)dx < oo then
there exists an orthonormal sequence of eigenfunctions {Cj}jool and non-increasing,
non-negative sequence of eigenvalues {#;}22, such that for (¢;)(z fo (x,2)((2)dz =
#;(;(x), it holds that

K(z,z) = Z/ij(] r)((z), and ZF;J / (x,z)dx.

J=1

Hence we can write the Karhunen-Loeve expansion as

flz)=71(z) + Z VEi&iG (), (4.10)

where &; = fff )¢ (2)dz, Ele;] = 0, E[§,&] = ik, 4,k € N and §;, is the

Kronecker delta. From (4.10) the implementation of a reduced rank model for a

sample 7 = 1,2,...,m as presented in e.g. James et al. [2000] can be written as
h
fi@) = (@) + (2) + ) n(@)ve = 7(2) + (@) + ¥ (2)" v, (4.11)
k=1

where h is a finite integer usually h < m, ¥ (z) = {11 (x), ¥s(x), ..., ¥n(z)}T contain
the k-th principal component (PC) function ¢, (x) and v; = {vj1,vj2,...,v;,}" is the
vector of PC scores for the j-th curve. Moreover, we can interpret each f;(z) in (4.11)
as a curve composed by an overall trend component 7(x), a subject specific seasonality

5;(x) and a subject specific deviation 7;(x) :== Sr_, r()vji.

75



4. Extensions of Smoothing Splines with Correlated Errors

Given observation pairs (z;;,Y;;) fori =1,...,n and j = 1,...,m, one can write a
decomposition scheme similar to (4.6) as

Y;j = 7'(.271) + Cj(l’i) + 77](331) + €55 (412)

)

where 7(z) is an unknown smooth function and {¢; ;}?, is the homoscedastic error
measurement of curve j with unknown correlation structure, i.e. Cor(e; ;, €x;) = 7k
for each individual. The seasonal component is modelled as g;(z) = a;(z;) cos(zw) +
B;(x;) sin(x;w), where a;(z) and fj(x) are unknown smooth functions that modu-
late the seasonal pattern over time as presented in Subsection 4.1.2. For simplicity
hereafter we consider ¢;(z;) = «a;(x;)cos(x;w) only. Furthermore, given W |0, 1],
he{r,an,...,cm,¥1,...,¢n} and setting qu,, = -+ = gp,,,, and gn, =+ = qu,,
we can represent the unknown functions as 7(z) = C-(7)0., a;(z) = Cy(7)0,, and
Vj(r) = Cy(x)8y,, where the explicit dependence of the design matrices on gy, is
omitted to ease the notation. For the last case we can also write ¥ (x)" = Cy(x)Oy

with ©y = {0y,,...,60y,} an n x h matrix such that

/ U (2)W(x) dx = O ( / C(a:)TC(x)dx) 0, = I,

holds, and the usual orthogonality requirements for the principal component curves
are satisfied. It follows that ©7©, = I), and thus the estimation problem in (4.11)
is reduced to the computation of the spline coefficients 6., 8,,, 8, for j =1,... ,m,

and k=1,....hin
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m
_ 1

min
97190¢]‘ 19'¢k

n <
Jj=1

+ 2,07 ( /0 1 {Co(x) )} {Cr ()} dx) 0,
WA ( /0 1 {Co(2) @) {Colw) )} dx) 0.,

h 1
1 o7 Cy(x)@) T Cy(2) )Y da gk]’
Dol ([ (e @y fouw ey ir) o,

where C, = diag{cos(z;w)}C,, ©T® = I, v; is a random vector such that v; ~
N (0, ovam) and we denote ¥ = C;,0,. Given h and w it remains to estimate v;,
Ay Aas Ay B, ..o, Ry, Gr, qo, qy for which we turn to empirical Bayesian smoothing

splines as presented in Chapter 3.

4.2.3. Statistical Algorithm

Since the solution of (4.13) is constraint to the knowledge of v, in the next section we
present an algorithm that computes v iteratively until convergence is achieved on the
h principal component functions ¥ (x). Our procedure is based on the work by Guo
et al. [2013] with the difference that we allow for correlation in the errors and make

use of the LMM representation of smoothing splines.

Initial values

1. Solve (4.13) for Ry =+ = Ry =T, 0, =+ =0,, = 0,0, =--- =0, =0

to obtain A, and compute

;(0) _

0, = (CTC.+\nD,)” CTY
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withC, =C,®1I,,and D, =D, ®I,,.

~ (0
2. Write the residuals for each curve as r; =Y, — CTOi) and fit the linear least
squares model

’I’j = C¢Fj + Gj,
to obtain ['© = (T 10T,

3. Calculate the singular value decomposition
r® =-uxv’,

and set éff: = V.3, and hence WO = C¢é$).

Iterative procedure

Given h, initial value U and parametrisation ®, the main idea consists in updating
the computation of ¥ in (4.13) for the I-th iteration and the corresponding 0

matrix until convergence is achieved. More precisely

1. Solve (4.13) given (;)q(fl) and update &, A% A% and R = blockdiag{RiZ), o ,RSB}

oY — {c

A ~ -1 ~
o — {cg (R(l)> Ca+)\£f)nDa}

to compute

R

(R(l)) ey }g)nu}_l T (Ru)) Ty,

1 - (O 1

cr (R(l)> Y,

with ¢, = C, ® I,, and D, = D, ® I,,; and C, and D, as defined in the
initialisation step.

2. Write the residuals for as r) =Y — CTég) — caéif) and fit the penalised least
squares model

r& = Cd,(;)g*l)f)(l) + €,
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4. Extensions of Smoothing Splines with Correlated Errors

to update (;)g) by

N —1
~ (1) O\ AT O\ ! L)
o — {z(%) ot (") e+ AUD,

for

3. Construct (;)g) and use the QR decomposition to orthonormalise its columns.

With the new estimation of (;)fpl) go back to step one until convergence is achieved.

The previous algorithm takes place making the implicit assumption that f;(z) €
W0, 1], where the smoothness classes of the overall trend, seasonal component and
subject specific variations take place and need to be estimated. Here we proceed as
in Subsection 4.1.2 and take cubic smoothing splines for both seasonal and subject
specific deviation components, and hence the problem reduces to find the smoothness

class of the overall trend g, .

The estimation of ¢, is performed in an outer loop, after executing the previous
algorithm (inner loop) for ¢, € Q, and Q = {2,...,[log(n)]}. So that given certain
q¢r, we compute Y; = R_I/Q(Yj — éaéaj — Cw(;)vj) and collect the ¢, ;’s that solve
T4(Nj, ¢, I;Y;) = 0 for each j as presented in (3.18). We then assign a unique g,
computed as ¢, = Mode{¢, ;} and take the estimations that resulted from ¢, in the

inner loop.

4.2.4. Discussion

We presented a semi-parametric new method that contributes to the functional data

literature in that we consider the possibility of correlated measurement errors with
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respect to x for each realisation fi,..., f,,, so the characterisation of these curves by
means of smoothing splines accounts for it. Moreover, we also took into consideration
the selection of the smoothness class of the data functions, and hence the link between
FPCA and the empirical Bayes smoothing spline method presented in Chapter 3 is
stablished naturally. We also provided an statistical algorithm for the estimation

procedure.

The semi-parametric FPCA method presented is rather natural for functional data,
where the dependence structure of each curve’s measurement error is, in principle, mild
and an ARMA(p,q) can be used to capture its features. It should also be noted that
this modelling is different from the so-called dependent functional data analysis, where
the dependence between functional observations fi, ..., f,, is taken into account. In
our case we assumed that such observations are independent realisations of the same

stochastic process. Extensions in this direction could be interesting for future research.
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In this chapter we apply the methods described in sections 4.1 and 4.2 to agricultural
economics and biophysics. In the first application we make use of signal decomposition
to study price transmission for agricultural commodities, where the use of smoothing
methods is motivated from the pork cycle conjecture [cf. Ezekiel, 1938]. In the second
application we explore the multivariate co-movement of adult human mesenchymal
cell data via functional principal component analysis. Specifically, stem cell’s image
area are modelled as independent realisations of certain functional stochastic process

to study their time dynamics in a climatic chamber.

5.1. Nonparametric Price Transmission

Piecewise linear or regime-dependent cointegration methods are currently popular
in the price transmission literature. See Ihle [2009] for a detailed revision on the
topic. However, the methods have been criticised for making unrealistic assumptions
about the functional form and the nature of the transition process between regimes.
The often used threshold vector error correction model [cf. Goodwin and Piggott,
2001, Greb et al., 2013] assumes that the price transition process between two prices
changes abruptly the moment the difference between these prices crosses a certain
threshold value. While this is clearly more flexible than assuming that a single price
transmission process holds for all values of the difference between prices, it does not

allow the price transmission process to change gradually. Other regime dependent
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cointegration methods maintain a number of assumptions regarding functional form
and the parametrisation of the transition between regimes. In response, some authors
have proposed using non-parametric methods to estimate price transmission. Namely
Serra et al. [2006a], and Serra et al. [2006b] made an important contribution to the
price transmission literature by introducing the use of non-parametric methods in

cointegration analysis. Our contributions are in this direction.

First, the non-parametric approach employed in Serra et al. [2006a], and Serra et al.
[2006b] maintain the assumption that the long run equilibrium relationship between
the prices being studied is constant and linear. There are many settings in which
this assumption might be too restrictive. For example, policy changes such as the
introduction of a tariff will affect the spatial equilibrium condition for prices in two
locations and, thus, alter the long run relationship between these prices. In the verti-
cal price transmission setting, changes in processing technology and shifts in market
power can lead to changes in the long run equilibrium between prices at different
levels of a food chain as in Lloyd et al. [2006]. Finally, in both vertical and spatial
settings the long run equilibrium might display a seasonal component, for example
if product qualities or the costs of transportation between markets display seasonal
fluctuations [cf. Holst and von Cramon-Taubadel, 2011]. Ideally one would account
for such factors explicitly by including appropriate variables in the estimation of the
long run relationship. However, in many cases the variables of interest are difficult or
impossible to observe, especially at high frequency (weekly or daily) at which much
commodity price transmission analysis is carried out. Hence, in the following study we
propose a non-parametric vector error correction model (NPVECM) that allows for
time-varying long run equilibrium relationships, that can capture drifting and seasonal

components.

Second, while Serra et al. [2006a] and Serra et al. [2006b] employ local polynomial
techniques, in recent years non-parametric estimation has been enriched by the refine-

ment of spline methods [cf. Kauermann et al., 2011]. In particular, recent advances
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by Wiesenfarth et al. [2012] allow for estimation and simultaneous direct inference
without the need for re-sampling methods, which can reduce computational costs

significantly. The NPVECM that we propose employs these techniques.

5.1.1. Model

Here we consider a non-parametric vector error correction model with time-varying
cointegration. The method we propose can be seen as an extension of the classical
method given by Engle and Granger [1987] that can be applied when the unconstrained
expectation of the error correction term exhibits i) a non-linear deterministic variation
over time and/or ii) a deterministic seasonal pattern. For estimation we use a two-
step method. First we estimate the error correction term allowing for a time-varying
cointegrating relationship following the results given in Chapter 4 regarding signal de-
composition; and second we estimate the error correction process semi-parametrically

using the penalised spline methods developed in Wiesenfarth et al. [2012].

Consider the following extension of the system given in Engle and Granger [1987]:

Ty + T2 = e+ g(t) (5.1)
T1e+ Bﬂfz,t = Wi+ h‘(t)a

measured at timest = 1,. .., n for functions ¢(t) and h(t). Assume e; = p(e;—1)er—1+1u
and W, = Wy_1 + ¢, with g, ~ N(0,07), ¢, ~ N(0,07) and Cov(p, ¢) = 0. Hence e
is characterised as a smooth transmission auto regressive (STAR) model [cf. Terésvirta
and Eliasson, 2001, van Dijk et al., 2002], where |p(e;—1)| < 1 (in fact for the non-
reaction regime one would expect p(e;—1) = 1 so that e; behaves like a random walk).
More specifically ¥(-) is a transition function, e.g. logistic, exponential. Both 7 and
3 are fixed in time. Under this setting g(t) can be seen as a time varying intercept
that modulates the long term relationship between x;; and x3;. As defined here, ¢,

and W; contain no seasonality. If the processes defined in (5.1) contains deterministic
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seasonal patterns, e.g. ¢(t) in X;; = x;; + (t) for each i = {1,2}, these can be

removed independently. In fact, equation (5.1) can be re-written as:

X1t +7Xo = e+ {a(t) +y5)} +g(t), (5.2)
X+ BXQ,t = Wi+ {a(t) + B2(t)} + h(t),

where the first equation is of special interest since it accounts for common features
mentioned in the previous section, i.e. a remainder with a drifting (possibly non-
linear) component and a seasonal pattern in the error correction term [cf. Holst and

von Cramon-Taubadel, 2011]. Solving (5.2) for =1, and x5, leads to:

R i

Since the seasonalities cancel out in the derivation of (5.3), subsequent analysis can
focus on the de-seasonalised series. This is not a surprising feature, as a number of
authors have suggested that whenever deterministic seasonality is present, it should
be removed [cf. Box and Jenkins, 1971, Engle and Granger, 1987, Hylleberg et al.,

1990]. From (5.3) we obtain the error correction representation by taking differences:

Azyy = pi(e—1) +1i(t) + ey, (5.4)

Axoy = po(ei—1) + mo(t) + oy,

where pi(er1) = piler)er1, Ta(t) = —(BAg(t) = AR /(7 — B), ma(t) = (Ag(t) —
Ah()/(F=B), e1s = (Gue—Bus) /(7 —B) and g9 = (s —v;) /(7 — ) so that in general
Cov(ery, €24) # 0 unless =3/ = o7 /o7 holds. Moreover, the adjustment speeds can

be computed as the first derivatives of p;(e;_1), i = {1, 2}.
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5.1.2. Estimation

The estimation of the NPVECM can be conducted in two steps. In the first step the
error correction term is computed non-parametrically from (5.1), and in the second

step the adjustment speeds are computed semi-parametrically from (5.4).

The first step is equivalent to the estimation of 7 and g(t). A direct semi-parametric
estimation to compute both simultaneously would be ideal. However, methods that
use non-intrusive / data-driven smoothing parameter selection suffer from an identi-
fication problem in this setting: the magnitude of 4 tends to be underestimated since
the inherent flexibility of g(¢) allows it to explain most of the variance in ;. Esti-
mating 7 first by least squares and then estimating ¢(¢) non-parametrically is also not
possible as omitting ¢(¢) in the initial least squares estimation of 4 would induce bias.
Instead we follow Gardner [1975], and set 4 = 5/2 to estimate function g(t) using the

signal decomposition techniques presented in Chapter 4.

The second step can be performed by a direct semi-parametric extension of (5.4)
following Wiesenfarth et al. [2012]. Specifically, we estimate: Az;; = pi(e;—1) +
7;(t) + iy with &, ~ N (0, ‘752) and assuming Cov(e;¢, ;1) = 9;; for d; ; the kronecker
delta and i = {1,2}. From this model the adjustment speeds can be directly obtained
as pi(e;_1) = 9pi(es_1)/0et_1, so that B(e;_1) can be recovered as —p;(es_1)/pa(es—1).

5.1.3. Application

Here we study the dynamics of vertical transmission between piglet and pork prices
in Germany. The application uses 18 years of weekly prices from 1996 to 2013. The
piglet price is an average of regional prices in Euro for 25 kg piglets in Lower Saxony,
and the slaughter pig price is an average price for the main classes of slaughter pig in
Euro/kg also in Lower Saxony, which is the largest pork producing region in Germany
as reported in the Land und Forstwirtschaftliche Zeitung. The raw data and the

corresponding de-seasonalised series are depicted in Figure (5.1).
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Slaughter pig producers in Germany generally purchase piglets from specialised farrow-
ing operations located in Germany but increasingly also in Denmark and the Nether-
lands. After feed, which accounts for roughly one-half of the cost of slaughter pig
production, piglets are the second largest cost component with a share of roughly
40%. While slaughter pig producers are largely price takers on the markets for inputs
such as feed, energy and labour, piglets are a specialised input for which there is es-
sentially no alternative demand. Hence, piglet prices depend heavily on the expected
profitability of slaughter pig production and, thus, slaughter pig prices. This, in turn,
depends on conditions on pork markets, which are subject to well-known cyclical fluc-
tuations, see Berg and Huffaker [2014] and the original conjecture provided by Ezekiel
[1938].

Holst and von Cramon-Taubadel [2011] hypothesise that when pork prices are in the
declining phase of a cycle, slaughter pig producers will be less interested in purchasing
piglets, leading, ceteris paribus, to oversupply. On the resulting buyers’ market for
piglets, slaughter pig producers will be able to pass negative price shocks on to piglet
producers more rapidly than positive shocks; i.e. price transmission between slaughter
pig and piglet prices will be characterised by negative asymmetry as in Meyer and von
Cramon-Taubadel [2004]. The opposite will hold when pork prices are in the increasing
phase of a cycle: slaughter pig producers will be eager to expand production, and the
resulting sellers” market for piglets will be characterised by positive asymmetry —
sometimes referred to as the “rockets and feathers” phenomenon, see Bacon [1991] —
whereby piglet prices react quickly when slaughter pig prices increase, but slowly when
they fall. Holst and von Cramon-Taubadel [2011] test this hypothesis by means of a
piecewise linear error correction model. They first use the Hodrick and Prescott [1997]
filter to extract a smooth cyclical component from the series of slaughter pig prices
and divide their dataset into increasing and decreasing phases of pork prices. They
then estimate a separate asymmetric error correction model for each of these phases
and find support for the hypothesis of alternating regimes of positive and negative

asymmetric price transmission.
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Figure 5.1.: Piglet and slaughter pig prices in Germany (Euro/piglet and Euro/kg,
1996-2013). Panels (a) and (b) show the raw data and panels (c) and (d)

the corresponding de-seasonalised series.
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Figure 5.2.: Detailed decomposition of piglet prices.
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The upper panels of figure (5.1) display the series for piglets and slaughter pigs re-
spectively. It shows that the piglet and the slaughter pig prices both display seasonal
fluctuations, and hence the error correction term could inherit this feature. We ex-
tract the deterministic fluctuations in each series following Chapter 4 and illustrate
the results for the piglet and slaughter pig prices in Figures (5.2) and (5.3) respec-
tively. The adjustment responses estimated semi-parametrically using these series are
presented in Figure (5.4), together with the corresponding 95% confidence intervals

for two scenarios on the error correction term (ect).

Figure (5.4) shows that slaughter pig prices do not react significantly to any devi-
ations from the long run equilibrium, i.e the estimated adjustment response is not
significative over the entire range of deviations (panels b and d). Hence, as expected
the burden of adjustment to disequilibrium is carried out by the piglet prices, which
react to positive and negative deviations. These results suggest that piglet prices
react more strongly when they are too high vis-a-vis slaughter pig prices, i.e. if the
slaughter pig producers’ margins are squeezed. When piglet prices are too low, which
increases slaughter pig producers’ margins, the reaction of piglet prices is of smaller

magnitude.

5.1.4. Conclusions

The current price transmission literature largely draws on piecewise-linear or regime-
dependent VECM specifications such as the threshold VECM and the Markov-switching
VECM. While these specifications are more flexible than a linear VECM, they are all
based on the assumption that the linear VECM is a valid parametrisation of the
price transmission process within each individual regime is valid, and each is based on
some parametric assumption about the process that governs switches between regimes.
These assumptions have been criticised as too restrictive, leading some authors, e.g.
Serra et al. [2006a], and Serra et al. [2006b], to propose the use of non-parametric es-

timation techniques. We used a fully data-driven non-parametric VECM estimation
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Figure 5.4.: Result of semi-parametric error correction model. (a) piglet speed of ad-
justment wrt error correction term; (b) slaughter pig speed of adjustment
wrt error correction term; (c) piglet speed of adjustment wrt error correc-
tion term where the pork cycle was removed for each series; (d) slaughter
pig speed of adjustment wrt error correction term where the pork cycle

was removed for each series.
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method that allows for non-parametric error correction but also a time varying long

run equilibrium relationship.

5.2. Stem Cell Dynamics

Stem cells feature the ability to become different types of cells, which is useful for
applications in medicine like tissue replacement from the patient’s own cells [cf. In-
verardi and Ricordi, 2001]. Adult human mesenchymal stem cells from bone marrow
(hMSCs) are able to differentiate into various cell lines like fat, cartilage, bone or
muscle cells. Most strikingly is the observation that providing a distinct mechanical
stimulus in form of substrate stiffness is sufficient to guide hMSC differentiation [cf.
Engler et al., 2006]. Furthermore, within the first 24 hours on such elastic hydrogels,
the cells show a distinct, substrate elasticity dependent, actin-cytoskeleton structure
that can be used as an early morphological marker for early stem cell differentiation

as presented in Zemel et al. [2010].

To elucidate the complex interplay of integration of mechanical cues from the outside
to bio-chemical signals it is imperative to understand the kinetics of the formation and
structure of acto-mysoin stress fibres. This could provide insight into the mechanisms
of hMSC differentiation strategies, which are relevant for medical applications. In this
context, massive parallel live-cell imaging of hMSCs were performed on polyacrylamide
substrates with Young’s modulus of 1, 10 and 30 kilo Pascak (kPa) to determine early
stem cell differentiation to neuronal, muscle and bone tissue precursor cells. From a
developmental biology point of view, it is expected that hMSCs on 10 kPa and 30 kPa
polyacrylamide will show a much more similar behaviour when compared to the cells

on 1 kPa.
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5.2.1. Experiment

A detailed explanation of the experiment can be found in Wollnik [2016]. Here we
summarise its main aspects to provide some insight into the data generating process.
Namely, adult human mesenchymal stem cells (hMSCS) from bone marrow were ob-
tained from Lonza (Switzerland) and transfected with pCMV Lifeact-TagRFP (ibidi,
Germany) using electroporation (Nucleofector, Lonza, Switzerland). Cells were cul-
tured in DMEM (life technologies, Germany) + 10 % FBS (Sigma-Aldrich, USA) + 1
% Pen/Strep (life technologies, Germany) at 37° and 5 % CO,. After transfection, cells
were allowed to rest for 48 hours in T75 cell culture flasks (Corning, USA) and were
then seeded onto polyacrylamide (PA) gels of distinct elasticity, as described before in
Zemel et al. [2010]. Solutions for PA gels were mixed from 40% acrylamide solution
(Bio-Rad, USA) and cross-linker bis-acrylamide 2% solution (Bio-Rad, USA), and
subsequently polymerised using TEMED (Bio-Rad, USA) and APS (Sigma-Aldrich,
USA) for 60 minutes. Hydrogels were then coated with collagen I (rat tail collagen I,
Corning, USA) using the cross-linker Sulfo-SANPAH (Thermo Scientific, USA). Fol-
lowing this step, gels on cover glasses were glued into bottomless petri-dishes (ibidi,
Germany) by using UV-curable glue (NOA 68, Norland products inc., USA). During
live-cell imaging on an inverted microscope (Axio Observer.Z1, Zeiss, Germany), cells
were kept in a climatic chamber (ibidi, Germany) at 37° and 5 % COy throughout the
imaging time of 24 hours. Images were recorded with a Zyla camera (Zyla sCMOS
4.2, Andor, United Kingdom) at time intervals of ten minutes between two subsequent

images.

5.2.2. Model

To model the stem cell dynamics we use the area measurement of the cell’s image
across time and conduct the FPCA approach presented in Section 4.2 to study the

area dynamics, see e.g. Figure (5.5), where images of 10kPa stem cells are provided
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Figure 5.5.: Stem cell data example for 10 kilo Pascal. The panels show an arbitrary
cell at: (a) hour 1; (b) hour 6; (¢) hour 12; and (d) hour 24.
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as an illustration. In particular, we assume that each group of cells is generated by a
different data generating process as 7, ;(z) = {7/(z),z € [0, 1]}, where [ represents the
Young’s modulus of the group and i is a subject specific realisation. The underlying
assumption is that the time dynamic of the cell’s area can be characterised as a smooth
function in group [, and that each 7, ; (each area process across time) is an independent
realisation of that group. Namely, consider representation in (4.11) omitting seasonal

components, that is
T15(x) = Ti(z) + Z Yip(x)vik + €, €5 ~N(0,Ry),

where 7 (z) represents the population mean in group I, and 7, ; = ZZ‘ZI Y (z)vj
captures the subject specific deviation for each individual in their group, characterised

as a linear combination of the first h; principal components in the group’s data.

5.2.3. Estimation

We estimate (5.5) for | = {1kP, 10kP, 30kP} separately but considering the same
input variables in each case for comparative purposes. Namely we select h = 7 based
on the likelihood-ratio test to asses the significance of adding an additional principal
component; To estimate the smoothness class of the population we applied criteria
(3.18) for each individual for Y ; = Rl_l/Q(Ylyj —m),;) and take the mode of the results
as an estimator of ¢, (in this case we obtained ¢, = 3). Additionally, inspection of
the individual ACF’s suggest the use of an AR(1) process for the error for all groups.
Lastly regarding the subject specific deviations, we set ¢, = 2, i.e a cubic spline

without further analysis.

The results are reported in Figure (5.6) and reveal similar qualitative results to those
found by Wollnik [2016]. Namely, the second row of plots in the same figure shows
that the cell’s area for 1 kilo Pascal portrays a significantly different behaviour when

compare to its 10 and 30 kilo Pascal counterparts, however the differentiation among
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the last two groups is not clear since the 95% confidence bands indeed cross each other.
Moreover, the shaded grey area highlights hours 9, 10 and 11 in the overall trend for
each group, where a change in the slopes of the overall trends is apparent. To study

this feature further, we turn into the estimated functional principal components.

Figures (5.7) and (5.8) report the estimated functional principal components. Visual
inspection suggests that the first component captures the curves intercept, while the
second component mostly captures the groups’ trends. Similarly, the third component
reveals a landmark region for all groups that coincides with the highlighted grey
area in Figure (5.6). For 1 and 10 kilo Pascal modulus this happens around the
tenth hour, while for 30 kilo Pascal modulus the change point seems to be delayed
for approximately two hours (see the shift to the right in the lower panel of Figure
(5.7). The interpretation of the second three most important functional principal
components is more involved. The fourth principal component however shows a clear
departure between the 1 kilo Pascal modulus and its counterparts, which happens

notoriously around hours 14, 15 and 16, highlighted in the first panel of Figure (5.8).

For comparative purposes here we reproduce Table 4.6 from Wollnik [2016], where
statistics of the point-wise mean per group are reported. Although the comparison is
not direct, there are some qualitative similarities between both studies. Specifically
there appears to be an initial state of growth until hour 10, which eventually lead
to a plateau and a shrinkage in the 1 kilo Pascal cells. For the 10 kilo Pascal the
shrinkage seems to be much more subtle, while for the 30 kilo Pascal the cells’ area

keep expanding until the end of the experiment.

Table 5.1.: Cell Area Development in Time
Time Intervals
Modulus | 0-5h 5-10h 10-15h 15-20 h 20-24 h
1 kPa | 9.44%  0.55% 2.12% —6.50% —7.85%
10 kPa | 14.82%  9.70% 0.41% 4.41% —1.73%
30 kPa | 13.63%  9.13% 4.31% 2.44% 2.57%

Source: Wollnik [2016]
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Figure 5.6.: FPCA for stem cell data. First row: raw data. Second row: population

f(z) and subject specific estimations f;(x). The grey area correspond to
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Figure 5.7.: First three functional principal components. Thick black line: 1 kilo
Pascal; thick grey line: 10 kilo Pascal; dashed grey line: 30 kilo Pascal.
The grey area for PC3 correspond to hours 9, 10 and 11.
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Figure 5.8.: Second three functional principal components. Thick black line: 1 kilo
Pascal; thick grey line: 10 kilo Pascal; dashed grey line: 30 kilo Pascal. .
The grey area for PC4 correspond to hours 14, 15 and 16.
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5.2.4. Conclusions

Our method reports comparable results to those given in Wollnik [2016], but we con-
sider they can be further improved. In principle, tracking only the cell’s area is
possibly insufficient to capture the whole dynamics of the cells, which are constructed
as bidimensional objects. In this application we did not consider aspect ratio data
(which is available from the experiment) because the roughness of its paths is a fea-
ture that does not adjust to the assumptions of the stochastic processes considered
here. However other variables such as anisotropy or order parameter could also be
explored. Additionally, it might be useful to consider a time varying AR(1) process
for the error’s measurement. This could be adequate since it is apparent that the

dependence of the error weakens as the experiment progresses.
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The implementation of the ideas presented in Chapter 3 and Chapter 4 was developed
in the R programming language. The computations and plots for the applications
presented in Chapter 5 were conducted using the packages scsd and fpca for sections
5.1 and 5.2 respectively. Both packages depend on an additional package called ebsc,
where the statistical model of the empirical smoothing splines under correlated errors

was developed.

6.1. R Package ebsc

The approach proposed in Chapter 3 is implemented in the comprehensive R package
ebsc. Its contents are based on the results presented in Chapter 3 and in Serra and
Krivobokova [2016]. To be able to manipulate numbers of large magnitude (resulting
from the exact computation of the Demmler-Reinsch basis described in Chapter 2) we
use the Brobdingnag library. To exploit the parallel structure of our implementation

we require the parallel library. In principle these are the only dependencies of ebsc.
The main function of the package is called by
O<-ebsc(y,q.fixed,R,iterations,method,arma.order,parallel)

for arguments
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q.fixed

iterations

method

arma.order

parallel

One dimensional array of equidistant real values. No missing
values are allowed.

Smoothness class of the function. If q.fixed=NULL, its optimal
value is selected using the 7T} (-) criteria described in Chapter 3.
Correlation matrix used to start the iterative process. If
R=NULL, the identity matrix is used.

Maximum number of iterations. If iterations=NULL, 25 is
used.

Method to estimate the model. If method=NULL the
non-parametric estimation presented in Chapter 3 is done. If
method="MM" the linear mixed model’s representation of
smoothing splines is fitted using the nlme package.

Only necessary if method="MM". It is a vector of the form
c(p,q) where p and q represent the AR and MA orders of the
error process.

Option to select if parallel computation is to be used. If

parallel=NULL a sequential estimation is performed.

The function returns the estimations of the smoothing parameter lambda.hat, the

correlation sigma2.hat and R.hat, the smoothness class q.hat and the optimal fit

f.hat.

6.2. R Package scsd

Signal decomposition under empirical Bayesian smoothing splines with correlated er-

rors is implemented in the package sdsc. Details of the method are presented in

subsection 4.1.2 of Chapter 4, hence the only dependency of the package is the library

ebsc presented in the previous section.

The main function of the package is called by
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0<-scsd(y,R,iterations,method,arma.order,parallel ,method,h,ql.0)

for arguments

One dimensional array of equidistant real values. No missing

y
values are allowed.
Correlation matrix used to start the iterative process. If
R
R=NULL, the identity matrix is used.
Maximum number of iterations. If iterations=NULL, 25 is
iterations
assumed.
Method to estimate the model. If method=NULL the
non-parametric estimation presented in Chapter 3 is done. If
method
method="MM" the linear mixed model’s representation of
smoothing splines is fitted using the nlme package.
Only necessary if method="MM". It is a vector of the form
arma.order c(p,q) where p and q represent the AR and MA orders of the
eITor Process.
Option to select if parallel computation is to be used. If
parallel
parallel=NULL a sequential estimation is performed.
Method to de-seasonalised the data. If seas.struct=NULL, the
seas.struct smoothing splines method is applied. Other options are stl and
dlm.
h Frequency of the seasonal component.
Smoothness class of the trend component for the initial
ql.o

iteration.
The function returns the estimations of the smoothing parameter for the trend com-
ponent lambda.hat, the correlation sigma2.hat and R.hat, the smoothness class of
the trend component q.hat and the optimal fit for the seasonal component seas.hat,
trend component trend.hat and overall fit f.hat. For more details the user can type

?scsd in the terminal window.
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6.3. R Package fpca

Functional principal component analysis using the mixed models representation of
smoothing splines are developed in the package fpca. Details of the method are
presented in subsection 4.2.2 of Chapter 4. The fpca package depends on libraries

nlme and ebsc presented in the first section.
The main function of the package is called by
0<-fpca(DATA,k,q,correlation)

for arguments

Matrix where each column represents a sample measured in an
DATA equidistant grid of nrow(DATA) points. No missing values are
allowed.

Number of eigenfunctions to construct subject specific

. deviations between 1 and ncol (DATA)

Smoothness class of the model specified as a vector of the form
q c(q.pop,q.subj) indicating the smoothness class of the overall

trend and subject specific deviations respectively.

Correlation structure of the errors specified as corARMA(p,q). If
correlation

left empty a white noise error is assumed.
The function returns the population fit £, the subject specific deviations di and subject
specific fits £i. Details of the fitted LMM can be inspect on the est object. For more

details the user can type ?fpca in the terminal window.
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Smoothing splines is a well stablished method in non-parametric statistics, although
the selection of the smoothness class ¢ for f € W?[0,1] is rarely addressed and,
instead, a cubic smoothing spline, i.e. ¢ = 2, is the standard assumption taken by
practitioners. For a general regression function there is no known method to identify ¢
under the presence of errors with correlation matrix R. This apparent disregard in the
literature can be justified because the condition number of the solution increases with
¢, turning the estimation unstable. In Chapter 2 we introduced an exact expression
for the Demmler-Reinsch basis constructed as the solution of an ordinary differential
equation. In Chapter 3 we presented an estimation procedure that can be carried
out for an arbitrary ¢ and for a general positive definite Toeplitz matrix R, without
affecting the condition number of the solution. Asymptotic properties of the proposed
estimators were provided in Section 3.3, and Monte Carlo experiments were conducted
to study their finite sample properties and reported in section 3.4.2. In Chapter 4 we
presented extensions where the empirical Bayes smoothing splines method serves as a
building block. Namely, we considered extensions to signal extraction and functional
principal component analysis. In Chapter 5 the empirical relevance to our findings
was shown by applications in agricultural economics and biophysics. Finally, Chapter
6 provided a summarised description of the R software developed to implement the
ideas presented in chapters 3 and 4 and that were used to obtained the results reported

in Chapter 5.

The studying of empirical Bayes smoothing splines with correlated errors is of great
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importance. In theoretical terms, the results presented in Section 3.3 showed that the
estimators for the smoothing parameter and correlation matrix are consisten under
short range correlation for the provided statistical algorithm. Moreover, we showed
that our method outperforms its benchmark competitors in the literature in finite
samples via Monte Carlo experiments. We also have presented the relevance of the
empirical Bayes smoothing splines method for real life applications. Namely, values
of ¢ =5 and ¢ = 3 were reported for the non-parametric price transmission and stem
cell applications presented in Chapter 5. This results are not surprising and, in fact,
values of ¢ > 2 have been previously observed in the literature. Consider for example
the so-called SiZer feature significance problem, as presented in Hanning and Marron
[2006], or the study of phase plots in functional data analysis as described by Ramsay
and Silverman [1997], where the second or third derivatives (and not the regression

function itself), are the focus of the study, and hence large values of ¢ are presumed.

The present work can be extended in various directions. A possible field for future
research is the study of the relation between state space models and smoothing splines
of general degree q. As presented in Section 4.1, the work by Kohn and Ansley [1987]
suggests that it is possible to represent the empirical Bayes smoothing splines with
correlated errors presented in Chapter 3, as a state space model where the smoothness
class of the trend component is data driven. This is a non-trivial extension of the,
already well known, relation between cubic smoothing splines and state space models
[cf. Harvey, 1989, Zivot and Wang, 2006]. Another interesting area for future develop-
ments is the extension of the FPCA method developed in Section 4.2 to the dependent
functional data case, and to explore a method to further estimate the smoothness class

of the subject specific deviations.
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A. Auxiliary Results

Here we present some auxiliary results that are required for Section 3.3 of Chapter 3.

Let {11 }ren represent the Fourier basis functions such that for k& € N,
Ui (t) =1, hoi(t) = V2cos(2mkt), and oy (t) = V2sin(2wkt). (A1)

Define the matrix

W = [ 28] (A2)

i,j=1’
so that ¥T¥ = @’ =T,

We define the (rescaled) spectral density of the correlation function r as
Fw)= Y r(k)e . (A.3)

For two real matrices A, B of the same dimension, let A ~ B mean that the entries
of A — B converge uniformly to zero, as m goes to infinity. By Proposition 4.5.2

of Brockwell and Davis [2009],
U RY ~ diag {7(t1), 7(t2), F(ta), 7(ts), 7 (t3), - - - } = diag(F). (A.4)

Assume that 7 is absolutely continuous. Note that by choice of the design points,

71 = 7(t1) = 7(0) which we define as p so that that for any sequence m,, = o(n), the
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eigenvalues satisfy |7; — p| — 0, uniformly over i = 1,...,m,. This follows since

ti tmn
sup |p— () = sup [F(0)—#(t) < sup / ()| de < / #(z)| da,

i=1,....mp i=1,....,mp i=1,....mn
which goes to zero as n — oo.

We now compute some traces and quadratic forms involving the smoother matrix

S, r- It is not difficult to see that if we denote A = pR™ — I, then
S,\,R:Sp,\,I{I"‘A(I_S,\,R)}- (A.5)

Since S, gp = R"*CR(CRCR + n\pD) 'CHR™? where Cp = R™'2C, the
eigenvalues of S AR are between 0 and 1. For any sequence m,, as above we also have
that the first m,, eigenvalues of A are uniformly close to zero, as n — oo, and the
remaining eigenvalues are bounded. Hence conclude that the first m,, eigenvalues of
I+ A(I - S, p) are uniformly 1+ o(1), as n — oo. Note also that by Lemma 1
of Krivobokova [2013] that for [ € N, and m € NU {0},

tr{(I =8, )"S) 1} = A"k, (m, {1 + o(1)}, (A.6)

where ky(m, 1) = I'{m+1/(2¢)}I'{l—1/(2q)}/{27ql'(m+1)}; cf. also Lemma 1 of Serra
and Krivobokova [2016].

Let R be a Toeplitz correlation matrix and denote by 7 the associated rescaled spec-
tral density at 0, as defined in (A.3). Using identity (A.5), relation (A.6), and the

dominated convergence theorem, conclude that for [ € N, and m, s,t € NU {0},

tr {R'R*(I — S/\’R)mSl/\R} = 7% (pA) VD (m, 1){1 4 o(1)}. (A.7)

Consider now the quadratic form f7R™(I — S, R)S,\,Rf' Using identity (A.5), for
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m,l € NU {0},

(I-S,g)"s

WR=UT+8, 1A~ SPAJ)’“SLA,I{I +A(I -8, p)}.

By use of the identity from the previous display and the same argument as with the

trace, if f7(I — Sp)\,I)Sp)\,If converges, then
ffaI-S, RIS\ rfF=F"(I-5, 1S, f{l+o(1)},
so that we conclude that if f7 (I — Sp,\,I)Sp,\,If converges, then
IR =S, RIS, jf = -1 (1 =S, DS, (H1+o()}. (A8)

Indeed by Lemma 2 in Krivobokova [2013], and Lemma 3 in Serra and Krivobokova

[2016], the quadratic form above converges and

FTR(I -8, RS, pf = nAlF91P{1+o(1)}, few, (A.9)
FTRYI =S, p)S, Rf <np (o UfPIP{1+0(1)},  feWs, > 8.
(A.10)

It also holds that that for [ € NU {0},

FfFR(I - S%R)S;Rf = fTR (I -8, p)S, pf{l+o()}. (A.11)

Using the identity in (A.5) one can (approximately) diagonalise S, p. Let ® represent
the Demmler-Reinsch basis matrix such that ®'® = ®®” = I. Then

®S, p® = {I +nipdiag(n)} {I+®"A(I- S, p)®}, (A.12)

where n are the eigenvalues of the Demmler-Reinsch basis matrix.
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Table B.1.: Simulation Results (Scenario III): MSE

[ (¢1,02) | (0,0) [ (0.2,0) | (0.4,0) | (0.6,0) [ (0.52,—0.3) [ (0.3,—0.52) | (0,0.3) | (0,—0.3) [ (0,0.6) | (0,—0.6) |

bil
EBS| 0.11| 0.16| 0.23| 0.39 0.14 0.06 | 0.19 0.07 | 0.37 0.04
(0.04) | (0.06) | (0.07) | (0.12) (0.06) (0.02) | (0.07) (0.03) | (0.14) (0.01)
HER | 029 | 033| 037] 049 0.31 026 | 0.34 025 | 046 0.24
(0.08) | (0.09) | (0.10) | (0.15) (0.09) (0.05) | (0.10) (0.04) | (0.15) (0.03)
LMM | 014 | 020] 028| 042 0.17 007 | 022 008 | 0.39 0.04
(0.04) | (0.07) | (0.08) | (0.13) (0.06) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HVK | 019 | 066 | 078 1.34 0.66 060 | 1.19 060 |  2.04 0.58
(0.06) | (0.15) | (0.23) | (0.34) (0.16) (0.08) | (0.21) (0.08) | (0.41) (0.06)
I3
EBS | 0.15| 021 029| 048 0.19 011 | 025 010 | 0.50 0.09
(0.04) | (0.06) | (0.08) | (0.26) (0.06) (0.06) | (0.07) (0.02) | (0.22) (0.05)
HER | 049 | 053| 057 | 0.66 0.50 0.46 |  0.54 047 |  0.65 0.46
0.07) | (0.09) | (0.11) | (0.17) (0.07) (0.04) | (0.11) (0.05) | (0.14) (0.03)
LMM | 0.15| 0.20| 0.28/| 0.42 0.17 0.08 | 0.24 0.09 | 0.39 0.05
(0.04) | (0.06) | (0.08) | (0.12) (0.05) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HVK | 016 | 033| 045| 062 0.32 018 | 0.52 028 | 083 0.15
(0.04) | (0.09) | (0.15) | (0.20) (0.07) (0.05) | (0.13) (0.05) | (0.26) (0.02)

|f — fll2: mean and standard deviations (in parenthesis) are reported. Quantities scaled by 10%.
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Table B.2.: Simulation Results (Scenario IV): MSE

[ (¢1.92) | (0,0) | (0.2,0) | (0.4,0) | (0.6,0) [ (0.52,—0.3) [ (0.3,—0.52) | (0,0.3) | (0,—0.3) | (0,0.6) | (0,—0.6) |

bil
EBS| 0.11| 0.16| 0.22| 0.38 0.13 0.06 | 0.18 0.06 | 0.34 0.03
(0.04) | (0.06) | (0.08) | (0.12) (0.05) (0.02) | (0.06) (0.02) | (0.10) (0.01)
HER | 029 | 033| 037] 049 0.31 026 | 0.34 025 | 0.46 0.24
(0.08) | (0.09) | (0.10) | (0.15) (0.09) (0.05) | (0.10) (0.04) | (0.16) (0.03)
LMM | 014 | 020| 028| 042 0.17 007 | 022 008 | 0.39 0.04
(0.04) | (0.07) | (0.08) | (0.13) (0.06) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HVK | 019 | 066 | 078 1.34 0.66 0.60 | 1.19 060 | 2.5 0.58
(0.06) | (0.15) | (0.23) | (0.34) (0.16) (0.08) | (0.21) (0.08) | (0.42) (0.06)
I3
EBS| 0.15| 0.20| 0.28/| 0.42 0.17 0.08 | 0.24 0.09 | 0.39 0.05
(0.04) | (0.06) | (0.08) | (0.12) (0.05) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HER | 049 | 053] 057| 066 0.50 046 | 055 047 | 0.65 0.46
(0.07) | (0.09) | (0.11) | (0.17) (0.07) (0.04) | (0.11) (0.05) | (0.14) (0.03)
LMM | 0.15| 0.20| 0.28| 0.42 0.17 0.08 | 0.24 0.09 | 0.39 0.05
(0.04) | (0.06) | (0.08) | (0.12) (0.05) (0.02) | (0.07) (0.02) | (0.12) (0.01)
HVK | 016 | 033| 045| 062 0.32 018 | 053 028 | 083 0.15
(0.04) | (0.09) | (0.15) | (0.20) (0.07) (0.05) | (0.13) (0.05) | (0.26) (0.02)

| — fll2: mean and standard deviations (in parenthesis) are reported. Quantities scaled by 10%.
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