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1 Introduction
Semiflexible filaments are abundant in biological materials. From cells to the ex-
tracellular environment, these kind of filaments are found. They are important for
many biological organizations and processes. The maintenance and the change of a
cell shape, the cell migration and development depend on the existence of cytoskele-
tal filaments. Also, the mechanical properties of the extracellular matrix play a role
in cell migration and development and in other biological processes.
While most synthetic polymers are flexible chains, biopolymers fall into the cat-
egory of semiflexible filaments. Biopolymers such as actin filaments, intermediate
filaments and microtubules are categorized as semiflexible filaments. A flexible chain
is a polymer which consists of orientationally uncorrelated links. The elastic energy
required to bend such a chain is zero while it is nonzero for a semiflexible filament.
A semiflexible filament has a defined structure and bending of it costs non-zero
energy depending on the bending modulus of the filament. The main feature of
biopolymers is defined by the persistence length at the single molecular level. The
ratio of the persistence length to the contour length of the filament, lp/L charac-
terizes how much the filament bends due to the thermal fluctuations. In fact the
persistence length is the length scale on which the correlation of two tangent vectors
at different location of the filament decreases by a factor of 1/e. If the ratio, lp/L
is much smaller than 1, the filament is just a random coil and thermal fluctuations
crumble the filament dramatically. If the ratio is larger than 1, the filament is a
semiflexible filament in the weakly bending regime which is the subject of interest
in this thesis. In Chapter 2, we describe the approximations that are made for the
study of semiflexible filaments in the weakly bending regime.
An actin filament is a double-stranded helical chain which is made up of actin
monomers. After the formation of dimers and trimers of actin (nucleation process),
the actin filament grows with a rate depending on the concentration of the actin
monomers. Actin filaments are polar polymers with two ends called barbed end and
pointed end. The barbed end grows about 10 times faster than the pointed end.
The persistence length of an actin filament within a cell has not a unique value
due to the presence of different types of interacting proteins but the order is 10µm.
Therefore any actin filament shorter than the cell size ≈ 10µm can be considered
as a weakly bending semiflexible filament. The interaction of actin filaments with
different proteins leads to the formation of different structures. Upon binding of
passive crosslinkers to the actin filaments, the network of crosslinked actin filaments
is formed. The interaction of these filaments with Arp2/3 proteins results in the
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1 Introduction

formation of a network of the branched actin filaments. The filaments can also make
bundles with the help of a mixture of passive crosslinkers and myosin proteins.
The crawling of many different cell types is essential for life. Undifferentiated cells
move towards the site, where they form a tissue or organ in the developing embryo.
Skin cells start crawling when they have to close a wound [1]. During metastasis, can-
cer cells dissociate from the primary tumor, crawl towards blood vessels and spread
all over the body [2, 3]. Branched actin filaments carry forces during cell motion, and
consequently understanding their elastic properties is central to understanding the
mechanics of cell motility. In vitro, cells are plated on a two dimensional substrate to
observe their dynamics. They form flat membrane protrusions in the direction of mo-
tion, the lamellipodium, which is only about 100-200 nm thick but several µm deep
and wide [4]. A dense network of actin filaments (F-actin) inside the lamellipodium
pushes the leading edge membrane forward [5]. Treadmilling of the filaments drives
motion [6]: The barbed (or plus) ends of the filaments polymerize at the leading
edge of the lamellipodium and the pointed (or minus) ends depolymerize at the
rear.Usually cells move in response to an external signal. A variety of signals stim-
ulate the activation of nucleation promoting factors (NPFs) (like WASp or WAVE)
located in the leading edge membrane of the lamellipodium. They activate the actin
related protein complex Arp2/3. It binds to an existing filament very close to or at
its barbed end at the lamellipodium’s leading edge. That initiates the growth of a
new filament branch out of the Arp2/3 complex. Many of these branched structures
consisting of mother filament and daughter branch form the F-actin network in the
lamellipodium. The branched structure itself is dynamic. The branch point with the
Arp2/3 complex moves rearwards due to treadmilling in the same degree as mother
filament and branch grow. Since Arp2/3 binding to the individual filaments is not
synchronous we find many different positions of branch points in the lamellipodium
F-actin network at any time. The elastic properties of the F-actin network crucially
depend on the density of links between filaments [7, 8, 9, 10, 11, 12, 13]. Molecular
links arise in two ways: Cross-links connecting two filaments at some point along
their contour length are formed by cross-linker molecules like filamin or α-actinin,
and branching attaches the minus end of a filament laterally to a mother filament.
Intuition suggests that branching alone could stiffen the network to some degree,
since branching is a geometrical constraint on the configuration of two filaments.
That intuition has never been quantified before, but is supported by our results
presented in Chapter 3. On the other hand, the network region close to the leading
edge was found to be as soft as weakly cross-linked actin networks [9, 10, 11, 12, 13],
and experiments in actin solutions suggest that branching contributes very little to
the elastic modulus of F-actin networks [14]. In Chapter 3, we present a first step in
quantifying the contribution of branching to the elastic and semi-flexible properties
of the lamellipodial F-actin network. How much stiffer than the single filaments
are the branched filaments? How are their properties reflected in network behav-
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ior? We will answer these questions by investigating a single branched filament
and networks of branched structures in an approximation neglecting interactions
between them in order to focus on branching effects. This neglect of interactions
implies that we consider only elastic properties on short time scale and not the
visco-elastic properties arising from cross-linking. The mother filament is grafted at
one end and has a free tip at the other one in our model system (see Fig. 3.1). The
graft is provided by a highly cross-linked part of the F-actin network. This idea is
based on the increasing degree of cross-linking and filament bundling towards the
rear of the lamellipodium, which has been observed in many different experiments
and simulations [5, 15, 16, 17, 18, 19, 20, 21, 22, 23] (see [24] for a detailed discus-
sion). The graft moves in the direction of cell motion due to cross-linker binding and
bundling, and thus contour length ’flows’ into the graft. In the steadily moving cell,
the balance between polymerization and cross-linking creates a stationary distance
between graft and leading edge membrane. At any time, the branched structure is
in a configuration similar to Fig. 3.1, but the branch point moves with treadmilling
towards the graft point. Both mother filament and branch polymerize such that
their barbed ends stay at the leading edge membrane. Consequently, we will vary
the position of the branch point on the mother filament from 0 to its full length L
when we investigate the elastic properties. We model the filaments in the weakly
bending regime, i.e. bending does not affect the end-to-end distance. We allow for
an elastic graft of stiffness Ks and model the membrane by a constraint, enforcing
the filaments to be entirely on the left side of the membrane.
As already mentioned, the basic structural elements of the cytoskeleton (micro-
tubules, intermediate filaments, F-actin) are all semiflexible polymers with a be-
haviour intermediate between that of a random coil and a rigid rod [25, 26]. They
form supramolecular assemblies (e.g. networks, bundles) through cross-linking [27].
Cross-linking involves a host of different filament-binding proteins [28, 29]. Active
processes in the cell, such as the delivery of cargos, transport of organelles, mi-
totic dynamics, as well as muscle contraction are carried out by molecular motors
using actin filaments or microtubules as tracks. The bottom-up approach to the
study of molecular motors aims at analysing the transduction of metabolic energy
into mechanical force and motion at the microscopic level using in vitro assays [30].
The advances in single-molecule manipulation are harnessed to study the simplest
motor-filament complexes. In gliding assays, the motor (myosin, kinesin, or dynein)
is attached to a glass surface and the translocation of the filament (F-actin or mi-
crotubule) is observed. In single motor assays, the filament is attached to the glass
surface and the movement of the motor is monitored. In motor assays with beads,
the motor is attached to a micron-sized refractile bead whose position is measured
[31].
In Chapter 5, we investigate the mechanical response of a semiflexible filament with
a discontinuous tension using analytical calculations. Our model system can be

3



1 Introduction

viewed as one of the simplest structural elements of the cytoskeleton beyond the
isolated single-molecule level. We consider a semiflexible polymer, modelled as a
wormlike chain, in the weakly bending approximation. The latter can be satisfied
either by applying a strong tensile force which irons out large thermal undulations,
or by having a filament with large persistence length compared to its contour length.
A longitudinal Hookean spring whose one end is attached to a fixed substrate, has
its other end on the filament thus exerting a force which causes a tension disconti-
nuity. The longitudinal position of one end is held fixed, whereas that of the other
end fluctuates. Its average position yields the force-extension relations which are
the main subject of our analysis. The spring may be viewed as representing a motor,
according to the myosin cross-bridge model first introduced by Huxley in 1957 [32]
and still in use [33]. Our results apply to passive motors or to very slowly stepping
motors, slower than the relaxation time of the filament. The time scale of the motor
can be tuned by adjusting the concentration of ATP molecules. We should point
out, however, that our study of semiflexible filaments with tension discontinuity is
also relevant to passive cross-linkers of large size or compliance. Many of the actin
binding proteins fall in this category as they can have large spacer domains [27].
In Chapter 4, We consider kinks in biopolymers in the weakly bending regime. A
kink is one deflection in the filament which is defined by a rigid kink angle. Such
kinks are found in structures like 30nm-chromatin fiber or DNA with induced kinks
due to Cisplatin. Machanical properties of such structures are of interest in the field
of biopolymers especially DNA mechanics.
All of the studies in this thesis are based on analytical calculations which are valid
for filaments in the weakly bending regime. The contents of Chapter 3 and Chapter
5 is published in journals of physical biology and physical review E [34, 35].
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2 Wormlike chain model and weakly
bending approximation

2.1 Wormlike chain model

The wormlike chain model describes the statistical properties of an isotropic rod
in the presence of thermal fluctuations. The rod is inextensible and semiflexible.
The model is completely different than the freely jointed chain model in which the
segments of the chain are connected in a flexible way and there is no energetic
cost for bending the chain. There are several important biopolymers that can be
effectively modeled as wormlike chains. DNA, RNA, actin filaments, intermediate
filaments and microtubules are among the most important members of the list. In
Fig. 2.1, the configuration of a free wormlike filament with its tangent vector and
end to end vector is shown. Statistical properties of such a filament can be described
by the following Hamiltonian [36],

H = κ

2

∫ L

0
ds

(
∂~t(s)
∂s

)2

(2.1)

Where κ is the bending stiffness and ~t(s) = ∂~r(s)
∂s

is the tangent vector of the filament
at contour parameter of s. The contour parameter is smaller than L (contour length)
and larger than zero. The filament is considered to be inextensible. This imposes
an extra constraint to the Hamiltonian, and has the form∣∣∣~t(s)∣∣∣ = 1 (2.2)

The average of the end to end distance of the filament is evaluated as,
〈
~R
〉

=
∫ L

0

〈
~t(s)

〉
ds (2.3)

The tangent-tangent correlation function decays exponentially [37] as,

〈
~t(s) · ~t(s′)

〉
= exp(−|s− s

′|
lp

) (2.4)
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2 Wormlike chain model and weakly bending approximation

Figure 2.1: The configuration of a free semiflexible filament with the tangent vector ~t(s).

The persistence length lp = 2κ
(d−1)kBT depends on the bending stiffness of the filament,

the temperature and the dimension of the space in which the filament is placed. The
mean-square end to end distance has the form [37]

〈
R2
〉

= 2L2

ε2

(
ε− 1 + e−ε

)
(2.5)

Where the ratio of the contour length to the persistence length of the filament is
ε = L

lp
. There are two interesting limiting case:

〈R2〉 = L2 L� lp

〈R2〉 = 2lpL L� lp
(2.6)

The case of L� lp and L� lp refer to the limit of the rigid rod and the Gaussian
coil respectively.

2.2 Weakly bending approximation

In this thesis, we are dealing with the filaments in the weakly bending regime. The
condition for the weakly bending approximation (WBA) can be satisfied by either
keeping the persistence length of the filament large in comparison with the contour
length or applying an external force. This section deals with two different approxi-
mations entering the calculations of the elasticity of filaments in the weakly bending
regime. In the first subsection, we explain how the WBA enters the problems in
Chapter 3 and Chapter 4. In the second subsection, we introduce the way in which
the WBA enters the problems of Chapter 5 and Chapter 6.

6



2.2 Weakly bending approximation

2.2.1 Weakly bending approximation for calculation of the
orientational-positional distribution function of semiflexible
filament

The orientational-positional distribution function of a two dimensional semiflexible
filament is the probability to find the end tip of the filament at position (x, y) with
orientation angle θ (the orientation angle is the angle between the tangent vector of
the filament and the x axis) given that it is grafted at (x0, y0) with orientation angle
ω. It can be obtained by solving the following partial differential equation [38]:[

∂

∂s
+ cos(θ) ∂

∂x
+ sin(θ) ∂

∂y
− 1
lp

∂2

∂θ2

]
GL(x, y, θ, s|x0, y0, ω, 0) = 0 (2.7)

The orientation of the filament at graft point has been kept parallel to the x axis.
We employ the WBA by setting θ � 1 which leads to sin(θ) ≈ θ and cos(θ) ≈ 1.
Using this approximation and integrating over longitudinal coordinate x the partial
differential equation reduces to the form,[

∂

∂s
+ θ

∂

∂y
− 1
lp

∂2

∂θ2

]
GL(y, θ, s|y0, 0, 0) = 0 (2.8)

Solution of the PDE can be obtained by employing Fourier transformation and using
the following initial condition [38],

lim
s→0

GL(y, θ, s|y0, 0, 0) = δ(θ)δ(y − y0) (2.9)

it has the form [38],

GL(y, θ, s|y0, 0, 0) ∝ exp[−3lp
s3 ((y − y0)2 − L(y − y0)θ + s2θ2

3 )] (2.10)

2.2.2 Weakly bending approximation in the problem of filament
with a discontinuous tension

Considering a filament embedded in three dimensional space, we choose a Monge-
like parametrization for it. The tangent vector of the filament in the Monge-like
parametrization has the form,

t(s) =

t1(s)
t2(s)
t3(s)

 = 1√
1 + a2

1(s) + a2
2(s)

 1
a1(s)
a2(s)

 (2.11)
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2 Wormlike chain model and weakly bending approximation

For the filament in the weakly bending regime, the transverse components of the
tangent vector a1(s) and a2(s) are small in comparison with the longitudinal one.
Therefore the WBA is entering the problem by keeping all the expressions quadratic
in terms of ai. The components of the tangent vector are approximated as,

t1(s) ≈ 1− 1
2 [a2

1(s) + a2
2(s)]

t2(s) ≈ a1(s)
t3(s) ≈ a2(s)

(2.12)

In this approximation, we can write (dt(s)
ds

)2 ≈ ȧ2
1(s)+ ȧ2

2(s) where the dot represents
the derivative with respect to s. Therefore the Hamiltonian of a free wormlike
filament has the form,

HWBA =
2∑
i=1

[∫ L

0

(
κ

2 ȧ
2
i (s)

)
ds

]
(2.13)

The average of the end to end distance in the longitudinal direction has the form,

〈Rx〉 = L− 1
2

2∑
i=1

∫ L

o

〈
a2
i (s)

〉
ds (2.14)
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3 Mechanical properties of branched
actin filaments

3.1 The model: semiflexible branched filaments in
the weakly bending limit

Motile cells on a 2dimensional substrate generate motion by flat membrane protru-
sion called lamellipodia. As it is already mentioned in the introduction, lamellipodia
is only about 100-200 nm thick but several µm deep. Within lamellipodia, actin fil-
aments are generated by branching off existing ones, giving rise to branched network
structures. We investigate the force-extension relation of branched actin filaments,
grafted on an elastic substrate at one end and pushing with the free ends against
a flat and stiff wall. We compute the thermal fluctuation of the endpoints and the
resulting entropic forces on a membrane, restricting the fluctuations of the end-
points. We model the interior of the lamellipodium as a two-dimensional space,
since it is approximately flat as described above. Furthermore, the results are easily
generalised to three dimensions. We always assume a sufficiently large persistence
length, such that the weakly bending approximation applies and the fluctuations
perpendicular to the mean orientation of the polymer segment are small and can be
treated on a Gaussian level.
Our elemental structure is a grafted filament of contour length L. The probability
to find its tip at position (x, y) with orientation θ, given that it is grafted at (x0, y0)
with orientation ω is denoted by GL(x, y, θ|(x0, y0, ω). For the simple case of per-
pendicular grafting, ω = 0, at (x0, y0) = (0, 0), GL satisfies the following partial
differential equation (PDE) [38]

[ ∂
∂s

+ θ
∂

∂y
− 1
lp

∂2

∂θ2 ]G(s, y, θ | 0, y0, 0) = 0. (3.1)

The arc length of the filament contour is denoted by s here. The boundary condition

lim
s→0

G(s, ys, θs|0, y0, 0) = δ(θ)δ(ys − y0) (3.2)

9



3 Mechanical properties of branched actin filaments

realizes the graft. After a switch from the coordinates (s, y, θ) to (x, y, θ), the solu-
tion is [38]

GL(x, y, θ|0, 0, 0) ∝ exp[−3lp
L3 (y2 − Lyθ + L2θ2

3 )]δ(x− L). (3.3)

The general case is obtained by a translation and rotation according to

θ → θ − ω
y → (y − y0) cosω − (x− x0) sinω
x → (x− x0) cosω + (y − y0) sinω (3.4)

and explicitly is given by the following expression

GL(x, y, θ|x0, y0, ω) ∝ (3.5)
exp[−3lp

L3 ((y − y0) cos(ω)− (x− x0) sin(ω))2

− lp
L

(θ − ω)2]
×exp[+3lp

L2 ((y − y0) cos(ω)− (x− x0) sin(ω))(θ − ω)]
×δ[(x− x0) cos(ω) + (y − y0) sin(ω)− L].

In a first step we compute the probability density, Pt(x|x0), that the endpoint of
the tilted polymer is at a distance of x− x0 from the graft point:

Pt(x|x0) ≡
∫ ∫

dydθ GL(x, y, θ|x0, 0, ω). (3.6)

We consider an elastic, fluctuating structure into which the filament is grafted
and hence model it by a fluctuating spring in x-direction with spring constant
Ks = (kBT )K, zero equilibrium length and a distribution of the spring extension
proportional to exp(−(Kx2

0)/2). The stiffness of the substrate, K, is assumed to
be large as compared to the stiffness for transverse fluctuations, K � K⊥ = 2lp

3L3 ,
of a filament of contour length L. In this study we take K = 100 2lp

3(L cos(ω))3 . The
probability Pt(x) to find the filament tip at x then follows by averaging over all graft
point positions x0:

Pt(x) =
∫ dx0√

2πK
Pt(x|x0) exp(−Kx

2
0

2 ). (3.7)

The filament exerts a force on an impenetrable flat membrane at a distance δ from
the graft plane (see Fig. 3.1). The force originates from the reduction in the number
of filament configurations due to the constraint x−x0 ≤ δ imposed by the membrane;

10



3.1 The model: semiflexible branched filaments in the weakly bending limit

ƒ
L

δ

ω

Y

XKs

Figure 3.1: up: The single tilted polymer with orientation ω and length L which is grafted
on a substrate modeled by an spring with force constant Ks. Down Left: Single
branched filament grafted on a soft graft and confined in the x-direction by a
flat membrane. Thermal bending fluctuations are not shown in this drawing.
L1 is the contour length between graft point and branch point, L3 is the
contour length between branch point and filament tip. The contour length of
the mother filament is L = L1 + L3, Lb is the branch contour length. The
branch angle is γ = 70◦ throughout the study, and ω is the tilt angle. The
numbers 1, 2 and 3 refer to the filament tip coordinates in Eq. 3.10. Down
Right: Network of branched filaments with various orientations and locations
of branch points. The length δ0 is the distance of the filament tips from the
graft plane without bending and fluctuations. The lengths L and Lb obey
L = δ0

cos(ω) , Lb = L3 cos(ω)
cos(ω−γ) , and δ denotes the distance between the graft point

and the leading edge membrane.

we therefore call it an entropic force. The fraction of configurations satisfying the
constraint is given by

Zt(δ) =
∫
dxPt(x)Θ(δ − x). (3.8)

11



3 Mechanical properties of branched actin filaments

The derivative of Zt with respect to δ is the entropic force [36]

ft(L, δ, ω) = kBT
∂

∂δ
lnZt(δ). (3.9)

These results for a single grafted polymer are easily generalised to the branched
structure shown in Fig. 3.1. The probability to find the two endpoints at x2 and
x3 respectively given that the structure is grafted at point x0 is calculated by the
following expression:

Pb(x2, x3 | x0) =∫ ∫ ∫
dx1dy1dθ1GL1(x1, y1, θ1 | x0, 0, ω)

×
∫ ∫

dy2dθ2GLb(x2, y2, θ2 | x1, y1, θ1 − γ)

×
∫ ∫

dy3dθ3GL3(x3, y3, θ3 | x1, y1, θ1) (3.10)

The stiffness of the graft is again taken into account by averaging over the positions
of the graft:

Pb(x2, x3) ∝
∫
dx0Pb(x2, x3|x0) exp(−Kx

2
0

2 ) (3.11)

The explicit expression for Pb(x2, x3) is given by Eq. A.6 in the Appendix.A. The
fraction of configurations satisfying the constraint obeys in analogy to Eq. 3.8

Zb(δ) =
∫
dx2

∫
dx3Pb(x2, x3)Θ(δ − x2)Θ(δ − x3), (3.12)

and the entropic force follows from

fb(L,Lb, L3, δ, ω) = kBT
∂

∂δ
lnZb(L,Lb, L3, δ, ω). (3.13)

The force fb depends on the parameters L ≡ (L1 + L3), L3, ω and δ (Lb is fixed
by ω, L and L3). We will present our results as dimensionless quantities, and scale
lengths by δ0 and force by kBT/δ0 for that purpose. We comment on which specific
values of parameters are suggested by experimental observations in the Discussion
and the Appendix below.

3.2 Properties of single branched filaments
The entropic force exerted by the branched filament on the membrane is shown
in the left panel of Fig. 3.2 for the symmetric case ω ∼ 35◦ and branching at the
midpoint of the mother filament. The force decreases with increasing distance δ
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3.2 Properties of single branched filaments

Figure 3.2: Left panel: force versus relative distance, δ/δ0, between membrane and graft
point for the symmetric case ω = 35◦ and L3 = Lb = L

2 . Right panel: force
versus tilt angle ω for δ = δ0. The curves represent the ratio of lp

δ0
= 10, 5 and

10
3 from top to bottom in both figures.

between grafting plane and membrane. An infinitely stiff filament (lp very large)
would just touch the membrane, if δ equals δ0 = L cosω. But the force exerted
by a semiflexible filament is nonzero even for δ > δ0, because the tilted branched
structure exhibits fluctuations with the endpoint reaching beyond δ0. In this regime
the force is nearly independent of persistence length, whereas for δ < δ0 we observe
a strong increase with lp.

The force exerted by the filament on the membrane is crucially affected by the
tilt angle. It is plotted as a function of tilt angle ω for fixed δ = δ0 in the right panel
of Fig. 3.2. Remarkably, there is a shoulder in all three curves around ω ∼ 35◦,
indicating that the symmetric structure generates comparatively large forces. For
ω → 0, the force would diverge for a stiff graft, since Eq. 3.3 excludes longitudinal
fluctuations of the filament tip. The high but finite stiffness of the graft limits the
force which can be exerted on the membrane. These two opposite effects generate
the maximum in the force close to ω = 0.

Figure 3.3 shows the entropic force of a branched structure for the whole range
of branch point positions on the mother filament. At the time of Arp2/3 binding
to the mother filament (Lb=0), the complete structure has of course the properties
of the mother filament. When the branch point has reached the graft plane, the
branched structure corresponds to two filaments with the corresponding tilt angles.
In between, the force has a maximum at Lb = 0.484L. The maximum force is
about 2.25 times the force of two filaments with length L. For the special case
under consideration, δ = δ0, the maximum of the force scales like the square root
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3 Mechanical properties of branched actin filaments

Figure 3.3: Left: force versus relative length of the daughter branch. Below: the config-
urations of the branched filament corresponding to Lb/L = 0, 0.5, 1.0. The
parameter values are: L3 = Lb, ω = 35◦, δ = δ0. From high to low force val-
ues the symbols represent the ratio of lp

δ0
= 10, 5 and 10

3 , respectively. Right:
log-log plot of the maximum force as a function of persistence length lp, fitted
to a square root dependence fmax ∝

√
lp.

of lp, as shown in the right panel of Fig. 3.3. For the compressed case, δ < δ0, we
observe a crossover to linear scaling. To understand this behaviour of the force,
we consider the case of a single filament: The force has a thermal (entropic) and
a nonthermal (energetic) contribution. The thermal force dominates for δ > δ0.
Evaluating the force given in Eq A.5 for δ = δ0 and large K, we explicitly see
f ∝

√
lp. As we compress the filament the energetic force becomes the dominant

contribution. It can be computed as the force to bend a grafted cantilever beam
resulting in f = (3lpkBT

2L3 ) (δ−L cos(ω))
sin2(ω) . Hence we observe a crossover from the scaling

of the force with
√
lp to linear scaling as δ is decreased below δ0

Both, the maximum force, fmax, as well as its branch point position, Lmaxb , depend
on the tilt angle ω. The general dependence on ω is shown in the top left panel of
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3.2 Properties of single branched filaments

Figure 3.4: Upper left: Maximum of the force fmax obtained by varying Lb, versus tilt
angle ω; we have δ = δ0 for the curves. From high to low force values the
curves represent the ratio of lp

δ0
= 10, 5 and 10

3 , respectively. Upper right:
Relative branch length Lmaxb /L of the maximum force versus tilt angle ω for the
same parameters (independent of the persistence length lp). Bottom: Relative
partial contour length of the mother filament in between the endpoint and the
branch point with maximal force Lmax3 = Lmaxb cos(ω − γ)/ cosω; also shown
are three representative configurations.

Fig. 3.4 for fmax and in the top right panel for Lmaxb . Since the dependencies are
nonmonotonic, we plot in the bottom panel the configurations which give rise to
the maximum force and help to understand the non-monotonic dependence. For
very small ω, i.e. almost perpendicular grafting, Lmaxb is very small and hence also
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3 Mechanical properties of branched actin filaments

the distance between the branch point and the endpoint of the mother filament,
denoted by Lmax3 . As the tilt angle, ω, increases, the branch point moves further
away from the leading edge membrane and hence both, Lmaxb and Lmax3 increase.
As ω approaches 70◦, the branch is almost perpendicular to the membrane and the
maximum force is obtained for branching at the grafting plane, implying Lmax3 = L.
Plotting Lmaxb /L as in the top right panel of Fig. 3.4, one actually observes a decrease
of Lmaxb /L, because L grows faster than Lmaxb as ω → 70◦.
Lmax3 is independent of the persistence length, but does depend on δ. For δ ≥

δ0 entropic contributions dominate and the force is largest for two independently
fluctuating filaments, such that Lmax3 /L quickly approaches 1 as δ extends beyond
δ0. On the other hand, for δ < δ0, elastic contributions are important. In the
symmetric case, we find 0.435 ≤ Lmax3 /L ≤ 0.484 for 0.5 ≤ δ/δ0 ≤ 1.0.

The maximum force is observed for ω ∼ 0 and ω ∼ 70◦, because either the mother
filament or the daughter filament are perpendicular to the membrane (upper left
panel of ) . When the branch is perpendicular, the force is mainly determined by
the fluctuations of the branch point, and when the mother filament is perpendicular
by the fluctuations of the graft point. Moving away from perpendicular incidence
the force has to decrease, giving rise to a minimum for intermediate ω.

3.3 Extension to the F-actin network: Properties of
an ensemble of branched filaments

We would like to obtain an estimate of how branching affects the network properties.
With the theoretical means set up above and in the spirit of the study, we calculate
the force as an average across an ensemble of branched structures, in which all in-
teractions between the branched filaments are neglected. The ensemble is described
by branch point (L3)and orientation (ω) distributions. The branch point is equally
likely anywhere on the mother filament, corresponding to 0 ≤ L3 ≤ δ0/ cosω. The
length of the branch obeys Lb = L3 cosω

cos(ω−γ) . As far as the orientation of the mother
filaments is concerned, several scenarios have been discussed in the literature. In
ref. [39], electron microscopy was used to determine the orientation of filaments in
lamellipodial actin networks. The distribution was found to be approximately uni-
form in the range of angles between 0 and 60◦ with a small contribution between
between 60◦ and 75◦. We describe it here as a uniform distribution between -70◦
and 70◦.

The force for fixed δ0 averaged over branch point positions and tilt angles is given
by

< fb(δ) >=
∫ ωmax

ωmin
dω

cosω
δ0∆ω (3.14)
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and lp/δ0. Down: The force constant kf , which is the derivative of fbδ0/kBT
with respect to δ/δ0.
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3 Mechanical properties of branched actin filaments

d/d
0

R

Figure 3.6: Ratio R of the average force per filament of branched to unbranched net-
works versus relative distance δ/δ0 between the membrane and the graft point;
lp
δ0

= 10. The squares refer to the random network with a uniform orien-
tation distribution in the range −70◦ ≤ ω ≤ 70◦ as measured in ref. [39],
the circles show results with a narrow uniform distribution of orientations in
30◦ ≤ ω ≤ 40◦, the dots refer to the orientation distribution given by Eq. 3.16
as measured in ref. [40].

×
∫ δ0

cosω

0
dL3 fb

( δ0

cosω ,
L3 cosω

cos(ω − γ) , L3, δ, ω
)
.

where ∆ω = ωmax − ωmin denotes the range of the distribution. The average force
is a monotonic function of both, the persistence length and the distance δ between
grafting plane and membrane, as shown in Fig. 3.5.

We can compare our results with measurements of the force-velocity relation of
fish keratocyte lamellipodia. The forces exerted by the leading edge of the freely
running cell immediately upon collision with the cantilever were below the force
resolution of the cantilevers [13, 11, 12], but caused an immediate decrease of leading
edge velocity by 1-3 orders of magnitude. Hence, the leading edge is much softer
than the softest cantilever used in the experiments, which had a force constant of 9.1
nN/µm. If the leading edge had the same force constant, a single branched structure
would need to have a constant of about 11.8 pN/µm with 220 filaments/µm [41]
and a contact length of about 7 µm [12]. The value of δ0 in the freely running cell
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3.3 Extension to the F-actin network: Properties of an ensemble of branched filaments

was estimated to be ∼1.3 µm [13], and such a value is also supported by the data
in ref. [42]. Hence, if the leading edge had the same force constant as the softest
cantilever, the dimensionless force constant of a single branched structure would be
11.8 pNµm−1δ2

0(kBT)−1=4748 (kBT=4.2 10−3 pNµm). The values in the right panel
of Fig. 3.5 show that the branched filaments are much softer on average, which is in
agreement with the dramatic velocity drop of the lamellipodium leading edge upon
collision with the cantilever.

We do not know measurements of the pressure exerted by the filaments on the
leading edge membrane in the freely running fish keratocyte but can estimate it from
our results. Assuming δ0=1.3 µm, lp/δ0 ≈ 10, δ/δ0 ≈ 0.8 [13] we obtain fδ0/kBT ≈
20 and a force per branched structure of 0.063 pN. The pressure exerted by the
filaments on the leading edge membrane is in the range of 46 Pa (with 110 branched
structures per micrometer and a lamellipodium height of 150 nm as in [12]).

The value of δ0 decreases during the force-velocity measurement due to a dynamic
equilibrium between polymerization and cross-linking [13]. In the stalled state,
δ0 ≈0.27 µm applies (Fig. S3 of [13]). The measured stall pressure exerted on
the leading edge by the cantilevers is 300-750 Pa [13] and 110-430 Pa [12]. These
pressures correspond to stall forces of 0.045-0.1125 nN [13] and 0.0165-0.0645 nN [12]
per micrometer leading edge. The values of fδ0/kBT resulting from these force
densities are in the range 10-70. That entails δ/δ0 . 1 (see Fig. 3.5) in agreement
with modelling results in ref. [13].

To assess the effects of branching on network properties, we calculate the ratio R
of the force exerted by a branched network to the force of an unbranched network
with the same angular distribution. We use the same number of filaments in the
unbranched network as there are branched structures in the branched network:

R(δ) = < fb >
1

∆ω
∫ ωmax
ωmin

dω ft(δ0/ cosω, δ, ω) . (3.15)

The ensemble averages of branched and unbranched networks with the uniform
orientation distribution between -70◦ and 70◦ behave very similar under compression
(Fig. 3.6, squares). This ratio has the remarkable property of depending only very
weakly on δ. It is almost independent of the persistence length lp and the graft
stiffness K as well (data not shown). Hence, the behavior of both networks scales
very similar in dependence on these parameters. The ratio is about 2, i.e., the
average force per filament tip for a given value of δ is the same for branched and
unbranched networks.

However, there are obvious qualitative differences between single filaments and
branched structures illustrated by the non-trivial dependency of the properties of
branched structures on the branch point position in Figs. 3.3 and 3.4. Indeed, if
we use a narrow orientation distribution around ω = 35◦ the value of R increases
with increasing compression. Therefore, we also investigate non-uniform measured

19



3 Mechanical properties of branched actin filaments

lamellipodial orientation distributions to investigate whether the dependency of R on
the distribution affects the behavior of lamellipodial networks. Distributions peaked
either at ω = 0 or ω = ±35◦ have been observed in refs. [40, 43, 44]. The distribution
in ref. [40], their Fig. 4, is typical for the measured non-uniform distributions and
can be approximated by

P (ω) = 0.008012
[
e
−(ω−35)2

2·20.52 + e
−(ω+35)2

2·20.52

]
(3.16)

+0.0006907, −85◦ ≤ ω ≤ 85◦.

The dots in Fig. 3.6 show the results for R. They are very similar to the results for
the uniform distribution. Obviously, the width of 40◦-45◦ of the peaks in lamellipo-
dial orientation distributions is too large for an essential effect of branching on the
parameter dependencies.

3.4 Summary
We investigated the properties of branched filaments grafted into an elastic graft.
Their stiffness has a maximum in its dependence on the branch point position.
Branched structures with the optimal graft point position can be more than four
times as stiff as a single filament with the same tilt angle as the mother filament
(Fig. 3.3), while requiring only 1.5 times the polymer length of the mother filament.

The mechanical properties of branched F-actin networks depend on their orienta-
tion distribution. With measured lamellipodial distributions, networks of branched
structures are about twice as stiff as unbranched networks. The total network force
of branched networks scales essentially the same as the one of unbranched networks
with the parameters F-actin persistence length, graft stiffness and compression (δ).
An intuitive explanation would be, that in the end it is the single filament be-
haviour determining the stiffness for both unbranched and branched filaments, since
the branch leans on the (single) mother filament when experiencing a force.

Our theory considers individual branched filaments and thus establishes the con-
stitutive relations on which complex network studies including cross-linking can be
based. We considered F-actin networks as defined by their geometrical property dis-
tributions without interactions of filaments by cross-linking or entanglement. This
implies that we cannot account for visco-elastic properties. A variety of evidences
suggests the existence of a region close to the leading edge, where cross-linking is
not dominating the network properties and to which our theory directly applies.
Measurements of the ratio of number of the cross-linkers to the number of actin
molecules in fibroblasts show the existence of a gradient for α-actinin and ABP-
280/filamin. The number ratios are low in a region juxtaposed to the leading edge
with a depth of about 1.5 µm (see Fig. 5 of ref. [15]). Svitkina and Borisy conclude
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from these results and structural information from electron micrographs that the
impact of ABP-280 and α-actinin on filament cross-linking is likely to be expressed
more deeply in the cytoplasm [15]. Their statement is supported by the immediate
response of the leading edge of fish keratocytes to small forces indicating also weak
cross-linking in the network region close to the leading edge [13, 11, 12]. This sug-
gests that while understanding of the visco-elastic properties of the network in the
lamellipodium bulk requires taking cross-linking into account, our ensemble average
is applicable to a network region close to the leading edge. The reproduction of
both the weak and strong force responses of the lamellipodium leading edge mea-
sured in force-velocity relations by our network calculations strongly supports that
conclusion (Fig. 3.5).

We did not take contributions from entanglement or excluded volume effects into
account when calculating the network forces. This implies that R provides only a
meaningful approximation, if these effects are similar in branched and unbranched
networks. To the best of our knowledge, that has not been investigated quantita-
tively yet. We can only provide heuristic considerations in favour of our assumption
based on comparing a variety of simulations with and without excluded volume
effects with force-velocity measurements.

Model networks of semi-flexible filaments not taking into account excluded volume
effects reproduce the elastic properties measured in force-velocity experiments quan-
titatively [13]. Schreiber et al. simulated the force-velocity relation of motile cells
with rigid rods as model filaments taking excluded volume effects into account [45].
They found excluded volume effects to be stronger in branched than in unbranched
systems. The model network of Schreiber et al. shows a response to external forces
in the force-velocity relation at about 8 nN/µm [45]. However, the lamellipodium
leading edge exhibits elastic responses to forces smaller than 0.05 nN/µm in ex-
periments [13, 11, 12]. Additionally, bending of filaments has been observed in
lamellipodia [39, 46, 47], i.e., filaments do not behave like stiff rods. Hence, the
lamellipodium network is likely to be in a parameter regime where excluded volume
effects are less relevant than suggested by a network of stiff rods.

Branching has also been observed with microtubule [48]. The branching angle
varies between 0 ◦ and 90 ◦, and it is not known, how rigid the connection to the
mother filament is. If the branch is rigidly connected, our results should apply also
to these branched structures with the adapted persistence length (a few millime-
ters [49]) and γ-values.
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4 Mechanical properties of Filament
with kinks

Kinks in filaments of biopolymers can be found in many cases. One very nice ex-
ample is 30nm-chromatin fiber which has a zig-zag shape and it consists of several
links of DNA attached by nucleosomes. This structure is one of the main phase
of DNA polymer which appears in the process of DNA compaction into chromatin.
This process dramatically reduces the DNA length (10000 fold reduction) [50]. Also,
the Cisplatin is one of the popular antitumor drugs and its function is to induce a
kink in DNA by an angle γ = 40 which finally leads to cell death in cancer cells
[51]. Another example is the Sorona 3GT polymer which has a zigzag molecular
shape and can be seen as one straight polymer with regular kinks [52]. For these
examples, a model for the description of the elasticity of such structures is needed
on the molecular level. We obtain analytical results based on the Gaussian worm-
like chain model. The model describes both entropic and elastic properties of such
kinked filaments when the persistence length is larger than the length scale of the
structure. We have calculated the probability density distribution of the end point
of the structure and therefore it becomes possible to calculate the entropic and elas-
tic force exerted by the structure.

4.1 The probability of finding the end tip of the
filament with one kink at fixed position

In order to calculate the probability of finding the end tip of the kinked polymer at
position x2, we use the Gaussian propagator for the single filament (see Eq. 3.5).
The Gaussian propagator captures the mechanical properties of the filament in the
weakly bending approximation. It gives a good estimate of the filament’s mechanical
properties when the persistence length is larger than the length scale of the structure.
With the Gaussian propagator, we can calculate the probability density function of
the position of the end tip of the kinked filament in the x direction. It has the form,

P (x2) =
∫ ∫ ∫

dx1dy1dθ1GL1(x1, y1, θ1|0, 0, ω)
[∫ ∫

dy2dθ2GL2(x2, y2, θ2|x1, y1, θ1 + γ)
]

(4.1)
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The integration of GL2(x2, y2, θ2|x1, y1, θ1 + γ) over θ2 and y2 gives the following
expression:
∫
G2(x2, y2, θ2 | x1, y1, θ1)dy2dθ2 ∝ exp

(
− 3lp

4L2
θ∗21

)
(4.2)

× exp
(
− 3lp

2L2
2

(x2 − x1 − L2 cos(ω + γ))
sin(ω + γ) θ∗1 −

3lp
4L3

2

(x2 − x1 − L2 cos(ω + γ))2

sin2(ω + γ)

)

Where θ∗1 ≡ (θ1−ω), L1 is the length of the first segment of the kinked filament, L2
is the length of the second segment and lp is the persistence length (see Fig. 4.1).
The integration over the remaining parameters in Eq. 4.2 leads to the probability
density function of the position of the end tip of the filament with one kink which
has the form,

P (x2) ∝ exp
(
−(x2 − L1 cos(ω)− L2 cos(ω + γ))2

σkx2

)
(4.3)

Where:

σkx
2 = 4

3lp
[L3

2 + 3L1L
2
2] sin(ω + γ)2 + 12

3lp
L2

1L2 sin(ω) sin(ω + γ)

+ 4
3lp

L3
1 sin(ω)2 (4.4)

The probability density function is a Gaussian expression (as it was expected) and
it reproduces the probability density function of the end tip of the single filament
with length L when γ = 0 and L1 = L2 = L

2 .
Another quantity which is of interest is the probability density function of the po-
sition of the end tip of the kinked filament in y direction. It has the form,

P (y2) =
∫ ∫ ∫

dx1dy1dθ1GL1(x1, y1, θ1|0, 0, ω)[
∫ ∫

dx2dθ2GL2(x2, y2, θ2|x1, y1, θ1+γ)]
(4.5)

After integration, we end up with the following expression for the probability density
function,

P (y2) ∝ exp
(
−(y2 − L1 sin(ω)− L2 sin(ω + γ))2

σky2

)
(4.6)

Where:

σky
2 = 4

3lp
[L3

2 + 3L1L
2
2] cos(ω + γ)2 + 12

3lp
L2

1L2 cos(ω) cos(ω + γ)

+ 4
3lp

L3
1 cos(ω)2 (4.7)
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4.2 The probability density function of the regularly kinked filament

Figure 4.1: The zero temperature configuration of the filament with one kink grafted on a
substrate.

4.2 The probability density function of the regularly
kinked filament

In this section, we describe the probability density function (PDF) of the position of
the end tip of the filament with regular kinks. The results is obtained by using the
Gaussian propagator of one filament and mathematical induction. The probability
density function of the position of the end tip of the filament with a number m of
segments in x coordinate is explicitly given by

P (xm) ∝ exp
(
−3

4
lpη

2
x

mL3 sin(ω)2

)
(4.8)

and the expression for the probability density function of the position of end tip of
the filament with m number of segments in y coordinate P (ym) has the form,

P (ym) ∝ exp
(
−3

4
lpη

2
y

m3L3 cos(ω)2

)
(4.9)
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4 Mechanical properties of Filament with kinks

Figure 4.2: The zero temperature configuration of the filament with regular kinks grafted
on a substrate.

Where we have defined ηx = xm −mL cos(ω) and ηy = ym − (1−(−1)m
2 )L sin(ω) and

xm and ym are the components of the position of the end tip of the segment m. The
proof for obtaining the expressions can be found in appendix.B .

4.3 The force-extension relation in the fixed
extension ensemble

The force-extension relation in the fixed extension ensemble can be obtained by
fixing the extension of the end point of the filament at x and measuring the force
and calculating the average value of it. The probability density function of the
position of the end tip of the filament in x coordinate is:

P (x) = 〈δ(|rx(L)| − x)〉 =
∫
D {~r(s)} exp (−βH)δ(|rx(L)| − x) (4.10)

Where rx(L) is the x component of the end to end distance of the filament, β = 1
kBT

andH = κ
2
∫ L

0 ds
(
∂~t(s)
∂s

)2
is the Hamiltonian of the filament. P (x) is just the partition

function of the filament in the fixed extension ensemble, with rx(L) = x. The
partition function defines the free energy as,

Fx(x) = −kBT ln(P (x)) (4.11)

Therefore the first moment of the force in the x direction has the following relation
with P (x):

〈fx〉rx(L)=x (x) = 1
β

∂

∂x
ln(P (x)) (4.12)
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We call this relation the force-extension relation of the filament in the fixed exten-
sion ensemble.
Similar reasoning leads to the force-extension relation of the filament in the y direc-
tion:

〈fy〉ry(L)=y (y) = 1
β

∂

∂y
ln(P (y)) (4.13)

Where fy is the force exerted on the filament in the y direction.

4.4 The force exerted on a restricting wall
Similar to the previous chapter, we put a flat and stiff wall in front of the filament.
The presence of the wall reduces the number of configurations of the filament and
the wall experiences a fluctuating force. The force on the wall is obtained from the
following relation which is also described in Chapter 3:

〈fx〉 (δ) = kbT
∂

∂δ
lnZ(δ) (4.14)

Where the fraction of configurations Z(δ) is given by

Z(δ) =
∫
dxP (x)Θ(δ − x). (4.15)

Instead of fixing the position of the end tip of the filament in x, we sum over all
configuration of the filament with x < δ and calculate the average of the entropic
force.

4.5 The force associated with the filament with one
kink

With the probability density function of the position of the end tip of the filament
with one kink in Eq. 4.3 , the force-extension relation has the form:

〈fx〉 (x2) = −
(

2kBT
σkx2

)
(x2 − L1 cos(ω)− L2 cos(ω + γ)) (4.16)

σkx is calculated in Eq. 4.4. The force-extension relation is purely elastic.
The average of the force on the wall for the system of the filament with one kink
and the flat wall attains the form:

〈fx〉 (δ) =
(

2kBT√
πσk

) exp(− (δ−L1 cos(ω)−L2 cos(ω+γ))2

σk2 )
erfc(−δ+L1 cos(ω)+L2 cos(ω+γ)

σk
)

(4.17)
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Figure 4.3: The average of the force on the wall is shown for the filament with one kink.
The given parameters are as follows: L1 = 1µm,L2 = 1µm,ω = γ = 20◦. The
red, green and blue are coresponding to lp = 5µm, 10µm, 15µm respectively.

In Fig. 4.3, we plot the force on the wall for the system of wall and the kinked
filament with three values of the persistence length. The force is higher for the
higher persistence length when the filament is compressed by the wall and it is
opposite when the wall is far away from the position of endpoint of the filament at
zero temperature. Since the force is dominated by the elastic part in the compressed
case, we see larger force for the higher value of the persistence length. When the
distance of the wall δ is further away from the endpoint of the filament at T = 0, the
entropic contribution dominates the force. In this case, softer filaments can fluctuate
and hit the wall easier than stiffer ones therefore the more softer the filament the
more force it exerts on the wall.
In Fig. 4.4, the force as a function of orientation angle ω is shown for different kink
angle γ. The curves show a maximum at an orientation angle ωmax which depends
on the value of the kink angle. The orientation angle ωmax increases while the kink
angle decreases. The value of maximum of force also depends on absolute value of
the kink angle, it increases while the kink angle decreases towards zero where the
maximum of force is not well defined or is infinite.

4.6 The force exerted by the regularly kinked filament
The probability density function of the position of the end tip of the filament with
regular kinks in Eq. 4.8 and Eq. 4.9 gives the following result for the components (x
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4.6 The force exerted by the regularly kinked filament

Figure 4.4: The average of the force on the wall versus the orientation angle at grafting
point ω is shown for the filament with one kink. The given parameters are as
follows: L1 = 1µm,L1 = 1µm, lp = 10µm, δ = L1 cos(ω) + L2 cos(ω + γ). The
red, green, blue and black are coresponding to γ = ±60◦, γ = ±40◦, γ = ±20◦
and γ = 0◦ respectively. The curves with peak on the right side of axis ω are
coresponding to minus sign of value of γ and the one with peak on the left side
are coresponding to plus sign.

and y components) of the force-extension relation:

〈fx〉 (xm) = −
(

3κ
mL3 sin(ω)2

)
(xm −mL cos(ω)) (4.18)

and
〈fy〉 (ym) = − 3κ

m3L3 cos(ω)2

(
ym − (1− (−1)m

2 )L sin(ω)
)

(4.19)

Similar to Sec. 4.5, the two force-extensions are purely elastic.
And the average of the force on the wall has the form:

〈fx〉 (δ) =

 kBT

sin(ω)
√

πmL3

3lp

 exp
[
−( 3lp

4mL3 )( δ−mL cos(ω)
sin(ω) )2

]
erfc

[
( 3lp

4mL3 ) 1
2 (mL cos(ω)−δ

sin(ω) )
] (4.20)

In Fig. 4.5, the x component of the force on the wall for the system of the filament
with regular kinks and the wall is shown for different values of ω. The curves show
that the force in the x direction is higher for the smaller value of ω therefore the
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4 Mechanical properties of Filament with kinks

Figure 4.5: The average of the force on the wall is shown for the filament with regular
kinks. The given parameters are as follows: L = 1µm, lp = 10µm,m = 3. The
red, green and blue are coresponding to ω = 20◦, 40◦, 60◦ respectively.

filament is stiffer in the x direction when the angle ω is smaller. This is the same
for the x component of the force in the fixed extension ensemble and it can be seen
from Eq. 4.18
The average of the force in the x direction for the fixed extension ensemble is pro-
portional to 1/m while the force in the y direction is proportional to 1/m3. In the
x direction, the filament looks like a system consisting of m springs in series each of
which with spring constant 3κ

L3 sin2(ω) .
In Fig. 4.6, we show the dependency of the force constant in the x direction on the
number of segments of the regularly kinked filament. As we increase the number
of segments the filament becomes softer.The black dashed line is the elastic force
constant or force constant in the fixed extension ensemble and the lines are the force
constant of the wall. The different colors of lines corespond to the different degrees
of compression by the wall. The force constant of the wall is always less than the
elastic force constant and it converges to the elastic force constant as we compress
the filament by the wall. This non-linear behaviour originates from the integration
of the probability density function of the position of the end tip of the filament
which is a Gaussian distribution (see Eq. 4.15).
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4.7 Summary

Figure 4.6: The force constant K (the force constant is ∂〈fx〉
∂δ for the system of filament and

the wall and it is ∂〈fx〉
∂xm

for the filament in the fixed extension ensemble.) as a
function of number of the segments is shown for the parameters: L = 1µm, lp =
10µm the black dashed line is the elastic force constant or force constant at
the fixed extension ensemble and the lines are the force constant of the wall.
The red, blue and green colors are coresponding to δ = δ0, δ = 0.9δ0, δ = 0.5δ0
respectively. The left panel is associated to the filament with ω = 20◦ and the
right one is coresponding to the filament with ω = 60◦

4.7 Summary
In this chapter, we have explicitly evaluated the analytical expressions for the prob-
ability density function of the position of the end tip of the kinked filament and also
the filaments with regular kinks. In this study, we have considered two situation;
non-thermal elastic response of the filament to external force and the mechanical
properties of the system consisting of the filament and a stiff flat wall. The non ther-
mal elastic force constant of the filament depends on geometrical parameters like
the kink angle, the graft angle, length of the segments, number of segments (for the
filament with regular kinks) and the direction of the force. We have shown that the
non thermal elastic force constant of the filament with regular kink in longitudinal
direction linearly depends on m−1 while it depends on m−3 in transverse direction.
In the system of wall and the filament, the entropic effects also play a role due to
the thermal fluctuations therefore it has a non-linear behaviour.
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5 Elasticity of a semiflexible filament
with a discontinuous tension due
to motor protein

5.1 Model description

In this chapter, we start with the wormlike chain model for a semiflexible filament
of contour length L which is attached to a point or wall on one side and pulled by
a constant force, fext, on the other side. Its Hamiltonian is given by

HWLC = κ

2

∫ L

0
(dt
ds

)2 − fext

∫ L

0

dt
ds

(5.1)

Here t(s) is the tangent vector at arclength s, 0 ≤ s ≤ L and κ denotes the bending
stiffness. We will treat the above model in the weakly bending approximation [53]
(Which is explained in chapter.2), assuming that the persistence length lp = κ/(kBT )
is much larger than the length L of the filament.

In the Monge parametrization [54], the tangent of a semiflexible filament is given
by t(s) = 1√

1+a2
1(s)+a2

2(s)
(1, a1(s), a2(s)). We assume that the filament is oriented

along the x-direction, either due to the grafting on the left side and/or the pulling
force fext = fextex. In the weakly bending limit the transverse components of
the tangent vector a1(s) and a2(s) are small. We therefore approximate tx(s) =
1− 1

2 [a2
1(s) + a2

2(s)] and (dt(s)
ds

)2 = ȧ2
1(s) + ȧ2

2(s) where the dot denotes the derivative
with respect to s. The Hamiltonan then reads

HWB =
2∑
i=1

[∫ L

0

(
κ

2 ȧ
2
i (s) + fext

2 a2
i (s)

)
ds

]
(5.2)

Here, we are interested in the effects of a motor whose one end is grafted to a
substrate while the other end is attached to the filament at arclength Lm. In the
simplest model, the motor is just a spring of rest length L0. and spring constant km

Hspring = km
2 (R1 −X0 − L0)2 (5.3)
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5 Elasticity of a semiflexible filament with a discontinuous tension due to motor protein

Figure 5.1: Schematic presentation of a filament attached to a spring with clamped-free
and hinged-hinged boundary conditions at the ends. One end of the spring is
fixed to the substrate. The spring pulls one side of the filament and pushes
the other side. Therefore, the two sides of the filament are at different tension.

When the motor steps along the filament, its effective spring is compressed or ex-
tended beyond the rest length, resulting in a force, fm on the filament. Since the
pulling force, fext, is fixed the presence of the motor will result in a compression
or extension of the filament. In this paper, we compute the change in the force-
extension relation of the filament due to the attached motor.

In the weakly bending approximation, we can represent the total Hamiltonian
H = HWB +Hspring in the form of a filament with an arclength dependent tension:

H =
2∑
i=1

[∫ L

0

(
κ

2 ȧ
2
i (s) + f(s)

2 a2
i (s)

)
ds

]
(5.4)

where f(s) is a piecewise constant function

f(s) =

fext + fm 0 < s < Lm

fext Lm < s < L
(5.5)
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5.2 Solution using Green function

with fm = km(X0 − Lm + L0).
Actually the assumtion of a harmonic spring for the motor is not needed as long as

we use the weakly bending approximation. Consider a general interaction potential
instead V (R1). In the weakly bending approximation, we take

R1 − Lm = −1
2

2∑
i=1

∫ Lm

o
a2
i (s)ds (5.6)

to be small, and expand V around R1 = Lm

V (R1) = V (Lm) + ∂V

∂R1
(R1 − Lm)

= V (Lm) + fm
2

2∑
i=1

∫ Lm

0
a2
i (s)ds

resulting in the same effective Hamiltonian (Eq.5.4), but now for a general interac-
tion potential.

We want to compute the end-to-end distance of the filament 〈R〉 = 〈x(L)−x(0)〉.
To that end, we first calculate

〈R2〉 = (L− Lm)− 1
2

2∑
i=1

∫ L

Lm
〈a2
i (s)〉ds (5.7)

and similarly 〈R1〉, where the thermal average 〈...〉 is to be taken with the Hamilto-
nian of Eq.(5.4).

5.2 Solution using Green function
Using integration by parts for the first term in Eq. (5.4) we find:

HWB = 1
2

2∑
i=1

[∫ L

0
ai(s)O(s)ai(s)ds+Bi

]
(5.8)

where Bi = κ
2ai(s)ȧi(s) |

L
0 depends on the boundary conditions and is a constant and

O(s) = −κ d2

ds2 + f(s) is a differential operator. The corresponding Green function
obeys the differential equation

β(−κ d
2

ds2 + f(s))G(s, s′) = δ(s− s′) (5.9)

For a piecewise constant force f(s) we can solve for the Green function in the two
regions with constant force and then match the solutions at s = Lm (see appendix).
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5 Elasticity of a semiflexible filament with a discontinuous tension due to motor protein

For the explicit calculation, we have to specify boundary conditions at both ends of
the filament. We consider two cases: the clamped-free filament, shown in the upper
part and the hinged-hinged filament, shown in the lower part of Fig.5.1.

5.2.1 Clamped-free filament
We require ȧi(L) = 0 at the free end and ai(0) = 0 at the clamped end. For the
Green function this implies

Gcf (s, s′) |s=0= 0 ∂

∂s
Gcf (s, s′) |s=L= 0 (5.10)

The correlation function of the transverse components of the tangent vector can be
obtained from the Green function as follows [55, 56]:

〈ai(s)ai(s′)〉 = Gcf (s, s′) (5.11)

If no motor is attached, the force-extension relation reads [54]:

〈R〉WLC = 〈R1 +R2〉 = L− L2

2lp
(tanh(f̃ext)

f̃ext
) (5.12)

The characteristic energy scale of the WLC is given by κ/L. Hence we have rescaled
the externally applied pulling force with the bending force of the wormlike chain
and introduced f̃ext = fextL

2/κ. We get a linear relation for small forces

fext = kcf‖ (L)(Lr − 〈R〉) (5.13)

with rest length Lr = L− L2/2lp and stiffness kcf‖ (L) = 6l2p
βL4 [54].

5.2.2 Hinged-hinged filament
In this case we require ȧi(L) = 0 and ȧi(0) = 0 implying for the Green function

∂

∂s
Ghh(s, s′) |s=0= 0 ∂

∂s
Ghh(s, s′) |s=L= 0. (5.14)

Fo a compressive external force fext, the filament is free to rotate at the grafted
end. This can be prevented by requiring that the pulling point has to have the
same height as the grafting point:

∫ L
0 ai(s) = 0. The correlation function of the

components of the tangent vector is then given by[55, 56]:

〈ai(s)ai(s′)〉 = −
∫ L
o
Ghh(s,s1)ds1

∫ L
o
Ghh(s′,s2)ds2∫ L

0

∫ L
0 Ghh(s1,s2)ds1ds2
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5.3 Analytical Results

+Ghh(s, s′) (5.15)

If no motor is attached to the filament, the force-extension is explicitly given by

〈R〉WLC = L− L2

2lp

(
coth(f̃ext)

f̃ext
− 1
f̃ 2
ext

)
. (5.16)

For small forces, the filament behaves like a spring

fext = khh‖ (L)(Lr − 〈R〉) (5.17)

with rest length Lr = L−L2/(6lp) and a length dependent stiffness khh‖ (L) = 90(lp)2

βL4

5.3 Analytical Results
The explicit analytic solution for the Green function is given in the appendix. As a
result we obtain analytic, albeit lengthy expressions for the force extension 〈R〉 =
〈R〉(fext). To better understand these results, we plot the force-extension relations
for hinged-hinged boundary conditions in Fig. 5.2. The effect of the motor force
is more pronounced in the compressional regime, fext < 0, because the filament is
softer in response to compressions as compared to extensions, fext > 0. The motor
force can partially compensate the compression of the fiber by the external force, if
its sign is opposite, i.e. it is pulling on the left part of the segment. Obviously, the
left segment is then extended as compared to the case without motor (see Fig.5.3,
upper part), but also the right segment is extended (see Fig.5.3, lower part), even
though the tension in the right part does not depend on fm. The reason for this
extension is the stronger alignment of the left end of the right part of the filament by
the motor. The overall effect of a positive motor force is to substantially stiffen the
filament in the compressional regime. The effects of course increase with increasing
motor force. If the motor force is compressional the extension of the filament is
correspondingly reduced as compared to the case without motor force.

In Fig. 5.4, we show the dependence of the filaments extension on the motor force,
fm, for several values of external pulling force, fext. If no external force is applied
〈R〉 = 〈R〉(fm) looks qualitatively similar to 〈R〉 = 〈R〉(fext). The filament is most
sensitive to the external pulling force in the range where the motor tends to compress
the filament.

The effects of the motor are seen best in the differential tensile stiffness of the
filament, which can be computed from the force-extension relation according to

E−1 = ∂〈R〉
∂fext

(5.18)
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5 Elasticity of a semiflexible filament with a discontinuous tension due to motor protein

f
m
<0f

m
>0

Figure 5.2: Extension of the filament, 〈R〉, as a function of the external force fext which
can be compressive or extensile; full line: no motor attached; dashed line
βLfm = +50; dotted line: βLfm = −50; (parameters: L = 1, lp = 10,
L/Lm = 2; hinged-hinged filament)

In Fig. 5.5 we show the relative change in the differential stiffness of the filament
caused by the spring. There is significant enhancement in stiffness when the spring
force is extensile (dashed line), because the effective tension of the filament is in-
creased. The stiffness is weakened for a compressive motor force (dots). In both
cases do we observe stronger effects in the regime where the external force is com-
pressive, implying that a filament under compression is strongly sensitive to a motor
which is either pushing or pulling.
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5.3 Analytical Results

Figure 5.3: Extension of the two separate parts of the filament, 〈R1〉 and 〈R2〉, as a function
of the external force, fext, for several values of the motor force; red lines:
clamped-free filament; blue lines: hinged-hinged filament. (full lines: no motor
attached; dashed lines βLfm = +50; dotted lines: βLfm = −50; parameters
as in Fig.5.2)

5.3.1 Limit of small motor force fm

It is instructive to consider the limit of small motor force fm � min{fext, κ
L2}. For

the clamped-free case, we find

〈R〉 − 〈R〉fm=0 = fm
k(fext)

. (5.19)

In this limit, the motor-filament system can be represented as a linear elastic element
with an effective force constant k that depends on the external pulling force and the
point of attachment of the motor. The explicit expression for the force constant is
given in the Appendix, and a similar expression can be calculated for the hinged-
hinged case. In Fig. 5.6, we show the force constant k of the motor as a function
of the external force fext. The force constant decreases as we compress the filament
and it increases as we increase the stretching force. This change of the motor force
constant k is an essential feature of the elasticity of the semiflexible filament which
is missing in studies using linear elasticity for the filament. In Fig. 5.7, we compare
the exact force-extension relation to the linearised one. As can be seen in the figure,
the linear approximation works better for higher values of the external force fext.

In the limit of large external forces, fext � max{fm, κ
Lm2}, and large filament
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5 Elasticity of a semiflexible filament with a discontinuous tension due to motor protein

Figure 5.4: Extension of the filament, 〈R〉, as a function of the motor force fm for several
values of the external force; red lines: clamped-free filament, blue lines: hinged-
hinged filament. (full lines: no motor attached; dashed lines βLfext = +50;
dotted lines: βLfext = −10; parameters as in Fig.5.2)

length, min{L,Lm} � fext/(kBT ), Eq. 5.19 reduces to the following relation, irre-
spective of boundary conditions:

〈R〉
L

= 1− 1
2
kBT√
κfext

+ Lm
4L

kBTfm
√
κfext

3
2
. (5.20)

Notice that this equation holds in the thermodynamic limit and it is scale invariant:
if we multiply all lengths (〈R〉, Lm, L) by the same factor, it does not change. The
effect of the motor force is subdominant, as it scales with ∼ 1/f 3/2

ext compared to
∼ 1/

√
fext for the Marko-Siggia case, but it is noteworthy that it persists in the

thermodynamic limit and is not just a finite-size effect.
In the limit of small external forces, fext � κ/L2, we obtain a linear response to
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5.3 Analytical Results

Figure 5.5: Change in the differential stiffness relative to the case without a spring as
a function of the external force; red lines: clamped-free filament, blue lines:
hinged-hinged filamen; (dashed lines βLfm = +50; dotted lines: βLfm = −50;
parameters as in Fig.5.2).

both the motor and the external force, which in the case of clamped-free boundary
conditions reads:

〈R〉cf
L

= 1− L

2lp
+ 2L3

mL− L4
m

6L3lp
f̃m + L

6lp
f̃ext , (5.21)

5.3.2 Limit of large motor force fm

In the limit of large motor force, fm � max{fext, κ
Lm2}, we expect the left part of

the filament to display the asymptotic (Marko-Siggia) force extension for large fm
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5 Elasticity of a semiflexible filament with a discontinuous tension due to motor protein

Figure 5.6: Effective stiffness, k(fext), of the filament with respect to the motor force as
a function of external force fext. The range of the external force is chosen in
a way that the filament is well approximated as weakly bending (RL > 0.9);
parameters as in Fig.5.2).

and indeed it does:
〈R1〉cf = Lm −

Lm
2lp

√
κ

fm
(5.22)

However the extension of the right part of the filament is not just given by the
expression for a wormlike chain under tension fext but shows a correction of O( 1√

fm
)

〈R2〉cf = 〈R2〉WLC − α(fext)
√
κ

fm
. (5.23)

The strength of the effect depends on the external pulling force (see Fig. 5.8) and
is strongest for weak pulling force. Explicit forms of 〈R2〉WLC and α(fext) are given
in the Appendix.
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5.3 Analytical Results

Figure 5.7: Comparison of the complete solution for the end to end distance 〈R〉/L and the
one linearized around fm = 0; full lines: βLfext = 0; dashed lines βLfext = 50;
dashed-dotted lines: βLfext = 100; dotted line: βLfext = −10 (parameters as
in Fig.5.2).

In the limit of small external force, fext � κ/L2 � fm and κ/L2
m � fm, we obtain

a linear force-extension relation:

〈R〉cf
L

= 1− L

2lp
+ Lm(6L− 3Lm)

6lpL
+ (L− Lm)4

6L3lp
f̃ext

−(6L− 3Lm)Lm
6lpL

1
f̃

1
2
m

. (5.24)

5.3.3 Limit of large force fext and fm = −fext + ε

Next, we consider the limit of a large external pulling force, which is almost com-
pensated by the motor in the left part of the filament. In other words, we put

43



5 Elasticity of a semiflexible filament with a discontinuous tension due to motor protein

Figure 5.8: Coefficient of the asymptotic expansion, α(fext), as function of external force
fext; (parameters as in Fig.5.2).

fm = −fext + ε and consider the case with fext � κ
Lm2 and ε � κ

L2 . In this limit,
the right part of the filament is asymptotically extended

〈R2〉cf = L− Lm − (L− Lm2lp
)( κ

fext
)1/2. (5.25)

The total extension in this limit is given by

〈R〉cf − L = L2
m

6lp
− ( L6lp

)(3L− Lm)
f̃

1
2
ext

+ ( L4
m

90lpL2 )ε̃. (5.26)

The first term accounts for the reduction in length due to thermal fluctuations in
the left part only and hence ∝ L2

m. The tension in the left part is just ε� 1 which
accounts for the last term. However the pulling force fext affects the orientation of
the tangent at Lm and hence also the extension of the left part of the filament so
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5.4 Relation to single-motor experiments

the dominant term for strong pulling force is not just determined by the right part
of the filament.

5.4 Relation to single-motor experiments

Our results can be tested experimentally using optical tweezers. Beads attached
to the two ends of the biomolecule which acts as track (e.g., F-actin) are trapped
with optical tweezers. The motor (e.g., myosin-V) is attached with one end to a
fixed bead and with the other end to the filament. Since the two end beads are
free to rotate, this arrangement corresponds to the case of hinged-hinged boundary
conditions. This experimental set-up has already been used in many single-molecule
mechanical transducers [30]. The ”three-bead” technique was pioneered by Finer
et al. [57]. The main idea is to measure the variance of the end-beads’ position
which is related to the stiffness of the actomyosin cross-bridge complex within linear
elasticity [58, 59]. Conformational changes in the motor induce changes in the
effective stiffness of the bridge which is measured experimentally. In our model, the
conformational change in myosin changes the motor force fm. This can be due to a
change in the position of attachment of the myosin head on the actin filament, Lm,
or a change in the effective spring constant, km, or both.

Our results have been obtained in the fixed force ensemble, where the tension on
the filament is determined sharply and this results in a fluctuating extension, whose
average we have calculated. The positions of the motor bead, which determines
X0 in our model, and of the left filament end are held fixed. This can be done by
using a very stiff optical trap. As shown by Gerland et al. in [60], a polymer held
between two optical traps is represented by the mixed ensemble, where both the
tension and the extension fluctuate. This mixed ensemble interpolates between the
fixed extension ensemble (corresponding to the limit of very stiff traps) and fixed
force ensemble (corresponding to the limit of very soft traps). Therefore, our general
results for hinged-hinged boundary conditions can be tested with a set up involving
a very soft optical trap for the right end of the filament. We should point out, that
the force-extension relation given by Eq. 5.20 holds in the thermodynamic limit and
as such is ensemble independent (fixed force or fixed extension). In addition, the
linear response results are ensemble independent.

In real systems, the spring will act not only in the longitudinal direction but also
in the transverse direction. The effect of a transverse spring of zero rest length in
the force-extension relation of a weakly bending wormlike chain has been calculated
in [61]. For a spring of finite rest length which is almost parallel to the longitudinal
direction of the filament, the transverse effect is of higher order and can be neglected.
For a spring of zero rest length but with fm 6= 0, we can simply add the following
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5 Elasticity of a semiflexible filament with a discontinuous tension due to motor protein

contribution to the right-hand side of Eq. 5.20:

∆〈R〉
L

= kmkBT

4f 2
ext

(
1 + kmL

2fext

)−1
, (5.27)

which holds in the strong stretching limit, f � κ/L2
m. For a soft spring, kmL �

fext, this contribution falls off as ∼ f−2
ext, which is subdominant to the longitudinal

contribution which falls off as ∼ f
−3/2
ext .

5.5 Summary
In this chapter, we have studied mechanical properties of the filament with force
discontinuity caused by a motor protein or a cross-linker having analytical calcu-
lations. The stiffness of the filament can be seen from two different response; The
response to the motor force or the response to the external force. We have shown
that stretching motor force stiffens the filament (in response to external force) while
the compressive one softens it (in response to external force). This effect is more
pronounced when the filament experiences a compressive external force. The stiff-
ness of the filament in response to motor force changes as the external force changes.
It is softer for compressive external force while the stretching external force makes
it stiffer. We have also presented some analytical expressions for the force-extension
relation of the filament which are valid in the limiting cases.
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6 Conclusion and summary
In this thesis, we have studied biopolymers in the weakly bending regime and the
resulting basic structural element of the networks. In Chapter 3, we have shown that
a single branched actin filaments with intermediate branch point positions and tilt
angles exert larger forces and are stiffer than two unbranched actin filaments. The
stiffness of a whole network of branched filaments is largest in comparison to the
network of single filaments, if the orientation distribution is sharply peaked around
±γ/2 = ±35◦. For the orientation distributions of lamellipodia, the stiffness of
branched and unbranched networks scales approximately the same with a variety of
parameters (Fig. 3.6), suggesting that the effect of branching on network stiffness
can be accounted for by rescaling the filament number of an unbranched network.
These results are in agreement with the elastic properties of lamellipodia found in
force-velocity measurements with fish keratocytes [13, 11, 12].
In Chapter 4, we have given the analytical expressions for the probability density
of the position of the end tip of a filament with one kink and also for the filament
with regular kinks. Having the probability density, we have studied the elasticity of
the structures. For the filament with regular kinks, we have shown that the elastic
force constant in longitudinal direction is proportional to the inverse of the number
of segments m while it is proportional to the inverse of the cube of the number of
segments m−3 in the transverse direction.
In Chapter 5, We have analysed the force-extension of a wormlike chain whose
one end is fixed, while the other end is pulled or pushed by an external force. In
addition, the filament is attached to a spring which may represent a cross-link or
a motor arrested at its stall force. Irrespective of boundary conditions, the effects
of the spring are stronger in the compressive regime as compared to the stretching
regime. Depending on the relative sign of the pulling force and the spring force,
the latter can substantially stiffen or weaken the filament. When the motor force is
small, its effects can be represented by an effective spring constant which strongly
depends on the prestress of the fiber, i.e. the external force. When the motor
force is large, it gives rise to a 1/

√
fext dependence which is well known from the

work of Marko and Siggia [53]. The dependence of the force extension curve of the
filament on the motor force allows to deduce the latter from measurements of the
force-extension relation. In fact the so-called three bead geometry has already been
used to determine the stiffness of the actomyosin cross-bridge [59].
An interesting direction for future work is the study of two or more parallel-aligned
filaments with non-local spring-like cross-linkers in the direction of alignment. The
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6 Conclusion and summary

case of local cross-links has been investigated in [62, 63, 61]. A simplified model of
two filaments with a non-local spring has been studied in [64].
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A Mechanical properties of branched
actin filaments

A.1 Tilted filament

The probability distribution of the position x of the endpoint follows by integration
(see Eq. 3.7)

Pt(x|x0) ∝ exp(−(x− x0 − L cos(ω))2

σ2
t0

) (A.1)

where
σ2
t0 = 4L3 sin(ω)2

3lp
. (A.2)

Representing the stiffness of the graft by a spring and averaging over all grafting
points, x0, yields:

Pt(x) = 1
Nt

exp(−(x− L cos(ω))2

σ2
t

). (A.3)

Here Nu accounts for the proper normalization and

σ2
t = σ2

t0 + 2
K
. (A.4)

The entropic force on the wall is then explicitly given by:

ft(δ) = 2kBT
(
√
πσt)

exp(− (δ−L cos(ω))2

σ2
t

)

erfc(L cos(ω)−δ
σt

)
. (A.5)

A.2 Branched filament

Starting from Eq. 3.10 and averaging over graft point positions x0, we obtain

Pb(x2, x3) = ((det(M)) 1
2

π
) exp(ηiMijηj), (A.6)
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A Mechanical properties of branched actin filaments

where
η =

(
x2 − L1 cos(ω)− Lb cos(ω − γ)

x3 − (L1 + L3) cos(ω)

)
(A.7)

and M is a 2× 2-Matrix with components

M11 = − lp
C

[K(L1 + L3)3 sin(ω)2 + 3
2 lp] (A.8)

M12 = M21 = lp
C

[KL2
1(L1 + 3

2L3) sin(ω)2 + 3
2 lp +

3
2KL1Lb(L1 + 2L3) sin(ω) sin(ω − γ)]

M22 = −lp
C

[KL2
b(3L1 + Lb) sin(ω − γ)2 + 3

2 lp +
3KL2

1Lb sin(ω) sin(ω − γ) +KL3
1 sin(ω)2],

and

C = K sin(ω)2[(L1 + 4
3L3)L3

1L
2
3 sin(ω)2

−2(L2
1 − 2L2

3)L2
1LbL3 sin(ω) sin(ω − γ)]

+L2
bK sin(ω)2 sin(ω − γ)2[L4

1 + 4
3(L3

1Lb + LbL
3
3)

+4L2
1LbL3 + 4L1L

2
3(Lb + L3)]

+6lp[(L1 + 1
3L3)L2

3 sin(ω)2 − 2L1LbL3 sin(ω) sin(ω − γ)
+(L1 + 1

3Lb)L
2
b sin(ω − γ)2]

A.3 Parameter values
The independent parameters of the model are the F-actin persistence length lp, the
equilibrium distance of the filament tips from the graft plane δ0, the stiffness K of
the graft, and the branching angle γ which is fixed by the Arp2/3 complex at about
70 ◦ [65, 66, 67]. The branch point position is uniformly distributed and the tilt
angle ω according to the above distributions. The tilt angle and δ0 fix the mother
filament contour length as L = δ0/ cos(ω).

We explained in the Discussion, that a region juxtaposed to the leading edge
membrane with a width of 1.0-1.5 µm is similar to an experimental realization of
the network configuration in Fig. 3.1, since it is weakly cross-linked. Values for δ0
suggested by these observations are in the range 1.0-1.5 µm. Branching will have
an effect on network properties in a configuration like shown in Fig. 3.1, if most
filaments are branched, i.e., if δ0 is larger than the average branch distance.

The average branch distance in steadily moving cells has been a matter of debate
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A.3 Parameter values

in recent years. Svitkina et al. concluded 20-50 nm from early electron micrographs
of lamellipodia from Xenopus keratocytes and fibroblasts [15], and 50-200 nm from
another study in fibroblasts [68]. Later measurements substantially increased that
value. The average branch distance has been determined to be about 800 nm for
B16 melanoma cells and fish keratocytes in ref. [47]. Other studies provide number
densities of branch points per lamellipodium area for 3T3 fibroblasts. Calculating
the average branch distance from that branch point density implies assumptions on
the F-actin concentration. The number of filaments per micrometer lamellipodium
width in a distance of 0.1-1 µm from the leading edge is 170-190 [41]. Taking into
account that filament orientation is approximately uniformly distributed between
0◦ and 60◦ [39], this density means 1.16(170-190) µm filament contour length per
µm2 lamellipodium area. The factor 1.16 arises from averaging over all tilt angles of
the filaments. Yang and Svitkina measured 277 branch points/µm2 [67] in the same
sample, i.e. an average branch point distance in terms of contour length between
700 nm and 800 nm. Small et al. measured less than 225 branch points/µm2 [42],
i.e. an average distance of more than 860 nm.

The in vivo persistence length is not known. We can only conclude a reasonable
range from in vitro measurements. Results from fluctuation analysis and measure-
ments of network elastic properties yield values of the in vitro persistence length of
15-18 µm [49, 69, 9, 70]. The filaments in these experiments were stabilized with
phaloidin which most likely increases the value of lp. Filaments labeled with rho-
damine but not stabilized with phaloidin exhibited values of lp between 9 µm and
13.5 µm [70]. The in vivo persistence length might be even shorter, since cofilin can
substantially reduce it even down to 2.2 µm [71, 72].
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B Mechanical properties of Filament
with kinks

B.1 Kinked filament with even number of arms

Here we want to use mathematical induction to prove a guess for probability density
function of the regularly kinked filament with even number of arms. The following
relation should be satisfied by the probability density function of the regularly kinked
filament with even number of arms m = 2n:

Pe(x2n+2, y2n+2, θ2n+2) =
∫ ∫ ∫ ∫ ∫ ∫

dx2ndy2ndθ2ndx2n+1dy2n+1dθ2n+1Pe(x2n, y2n, θ2n)

×GL(x2n+1, y2n+1, θ2n+1|x2n, y2n, θ2n + 2ω)
×GL(x2n+2, y2n+2, θ2n+2|x2n+1, y2n+1, θ2n+1 − 2ω) (B.1)

The probability density function of regularly kinked filament with even number of
arms satisfying the aforementioned relation for mathematical induction is:

Pe(x2n, y2n, θ2n) ∝ exp(Aθ2
2n +Bθ2n + C) (B.2)

Where
A = −7lp

4(2n)L (B.3)

B = 3lp
(2n)2L2

(2n)ηx cos(ω) + ηy sin(ω)
sin(ω) cos(ω) (B.4)

C = −3lp
(2n)3L3

(2n)2η2
x cos(ω)2 + η2

y sin(ω)2

sin(ω)2 cos(ω)2 (B.5)

Also, we have defined ηx = x2n− (2n)L cos(ω) and ηy = y2n− (1−(−1)2n

2 )L sin(ω) =
yn. Now one can calculate Pe(x2n) which is the following expression:

Pe(x2n) =
∫ ∫

dy2ndθ2nPe(x2n, y2n, θ2n) ∝ exp(−3
4

lpη
2
x

(2n)L3 sin(ω)2 ) (B.6)

55



B Mechanical properties of Filament with kinks

Also we can calculate Pe(y2n) :

Pe(y2n) =
∫ ∫

dx2ndθ2nPe(x2n, y2n, θ2n) ∝ exp(−3
4

lpη
2
y

(2n)3L3 cos(ω)2 ) (B.7)

B.2 Kinked filament with odd number of arms
Having the probability density function of the regularly kinked filament with even
number of arms, we can calculate Po(x2n+1) with the following integration:

Po(x2n+1) =
∫ ∫ ∫ ∫ ∫

dx2ndy2ndθ2ndy2n+1dθ2n+1Pe(x2n, y2n, θ2n)

×GL(x2n+1, y2n+1, θ2n+1|x2n, y2n, θ2n + 2ω) (B.8)

The result is:
Po(x2n+1) ∝ exp(−3

4
lpη

2
x

(2n+ 1)L3 sin(ω)2 ) (B.9)

We can also calculate Po(y2n+1) with the following integration:

Po(y2n+1) =
∫ ∫ ∫ ∫ ∫

dx2ndy2ndθ2ndx2n+1dθ2n+1Pe(x2n, y2n, θ2n)

×GL(x2n+1, y2n+1, θ2n+1|x2n, y2n, θ2n + 2ω) (B.10)

The result is:
Po(y2n+1) ∝ exp(−3

4
lpη

2
y

(2n+ 1)3L3 cos(ω)2 ) (B.11)

Similar to the previous subsection, we have defined ηx = x2n+1 − (2n + 1)L cos(ω)
and ηy = y2n+1 − (1−(−1)2n+1

2 )L sin(ω) = yn − L sin(ω).

B.3 The general case
Having the probability density function for the regularly kinked filament with both
even and odd number of arms, we write the following expression for the probability
density function of filament with m number of arms (m is any integer number):

P (xm) ∝ exp(−3
4

lpη
2
x

mL3 sin(ω)2 ) (B.12)

and similarly for P (ym):

P (ym) ∝ exp(−3
4

lpη
2
y

m3L3 cos(ω)2 ) (B.13)
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B.3 The general case

Where we have defined ηx = xm −mL cos(ω) and ηy = ym − (1−(−1)m
2 )L sin(ω)
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C The equivalence of the rigid
quantum rotor and semiflexible
filament

We can consider the orientational probability distribution function for free semiflex-
ible filament. Having the tangent vector at initial point of the filament t(0) = t0, the
probability to find the tangent vector of end point of the filament at value t(L) = tL
is given by the following expression:

G(tL, s = L|t0, s = 0) =
∫ t(L)=tL

t(0)=t0
exp

[
− κ

2kBT

∫ L

0
(∂
~t

∂s
)2ds

]
δ(
∣∣∣ ~t(s)∣∣∣− 1)D

{
~t(s)
}

(C.1)
On the other hand, one can consider a particle with mass m moving on the suface
of a sphere with radius of R. The system is called rigid rotor. The operator form of
the Hamiltonian of the system can be written according to below:

H̃ = − ~2

2mO2
R (C.2)

where O2
R is Laplacian living on a sphere with a fixed radius of R. The Schrödinger

equation of the system with the Hamiltonian is given by the following relation:

∂ψ

∂t
= i~

2mR2

(
1

sin(θ)
∂

∂θ
sin(θ) ∂

∂θ
+ 1

sin2(θ)
∂2

∂φ2

)
ψ (C.3)

Where ψ is the wave function associated with the particle. The wave function is
also given by the following path integral:

ψ =
∫ r(T )

r(0)
exp

[
i

~
m

2

∫ T

0
(∂~r
∂t

)2dt

]
δ(
∣∣∣ ~r(t)∣∣∣−R)D

{
~r(t)
}

(C.4)

If we put R = 1 in the path integral, it become equivalent to the orientational
probability distribution function of the semiflexible filament. Therefore one can

59



C The equivalence of the rigid quantum rotor and semiflexible filament

write the following correspondence relations:
i~⇔ kBT

T ⇔ L

m⇔ κ

(C.5)

This equivalence ensures that the partial differential form of the equivalence is valid
too and therefore we can write the following equation for the orientational proba-
bility distribution function of the semiflexible filament:

∂G

∂s
= kBT

2κ

(
1

sin(θ)
∂

∂θ
sin(θ) ∂

∂θ
+ 1

sin2(θ)
∂2

∂φ2

)
G (C.6)

This is schrödinger-like equation for semiflexible filament. For two dimensional
filament, the equation becomes according to below:

∂G

∂s
= kBT

2κ
∂2G

∂θ2 (C.7)

One can replace the s derivative in the left hand side of the equation with convective
derivative ∂

∂s
+t.O in order to obtain the partial differential equation for the complete

orientational-positional probability distribution function of the semiflexible filament
[38]: [

∂

∂s
+ cos(θ) ∂

∂x
+ sin(θ) ∂

∂y
− 1
lp

∂2

∂θ2

]
GL(x, y, θ, s|x0, y0, ω, 0) = 0 (C.8)
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D Elasticity of a semiflexible
filament with tension discontinuity

D.1 Filament with hinged-hinged boundary
conditions at the two tips

The force is a piecewise constant function with two pieces. As result of this fact,
the Green function is a piecewise function with six pieces:

G(s, s′) =



G−1 (s, s′) 0 < s < s′ ≤ Lm < L

G+
1 (s, s′) 0 < s′ < s ≤ Lm < L

G−2 (s, s′) 0 < Lm ≤ s < s′ < L

G+
2 (s, s′) 0 < Lm ≤ s′ < s < L

G−3 (s, s′) 0 < s < Lm < s′ < L

G+
3 (s, s′) 0 < s′ < Lm < s < L

(D.1)

The assumption that the derivative of the tangent vector is zero at the end tips
(hinged-hinged condition) leads to the vanishing of the derivative of the Green func-
tion. Considering the boundary conditions, the solution for the aforementioned
equation must have the following form:

Ghh(s, s′) =



G−1 (s, s′) = N11(s′) cosh(sσ1)
G+

1 (s, s′) = N12(s′)(cosh(sσ1) + A1 sinh(sσ1))

G−2 (s, s′) = N21(s′)(cosh(sσ2) + A2 sinh(sσ2))
G+

2 (s, s′) = N22(s′) cosh((L− s)σ2)

G−3 (s, s′) = N31(s′) cosh(sσ1)
G+

3 (s, s′) = N32(s′) cosh((L− s)σ2) ,

(D.2)
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D Elasticity of a semiflexible filament with tension discontinuity

where σ(s) =
√

f(s)
κ

=


σ1 =

√
f1
κ

0 < s < Lm

σ2 =
√

f2
κ

Lm < s < L

and Lm is the position of molecular

motor in terms of the contour length. Moreover, constants appearing in eq. D.2 are
obtained from the following conditions:

∂G+
1 (s,s′)
∂s

|s=s′ −∂G−1 (s,s′)
∂s

|s=s′= − 1
βκ

(1)
G−1 (s′, s′) = G+

1 (s′, s′) (2)

∂G+
2 (s,s′)
∂s

|s=s′ −∂G−2 (s,s′)
∂s

|s=s′= − 1
βκ

(3)
G−2 (s′, s′) = G+

2 (s′, s′) (4)

G−3 (Lm, s′) = G−2 (Lm, s′) (5)
G+

3 (Lm, s′) = G+
1 (Lm, s′) (6)

∂G−3 (s,s′)
∂s

|s=Lm= ∂G−2 (s,s′)
∂s

|s=Lm (7)
∂G+

3 (s,s′)
∂s

|s=Lm= ∂G+
1 (s,s′)
∂s

|s=Lm (8) .

(D.3)

These conditions coming in Eq. D.3, except number (7) and number (8), gives:

N11(s′) = − cosh(σ1s′)+A1 sinh(σ1s′)
σ1lpA1

N12(s′) = − cosh(σ1s′)
σ1lpA1

N21(s′) = cosh(σ2(L−s′))
σ2lp(sinh(σ2L)+A2 cosh(σ2L))

N22(s′) = cosh(σ2s′)+A2 sinh(σ2s′)
σ2lp(sinh(σ2L)+A2 cosh(σ2L))

N31(s′) = cosh(σ2(L−s′)(cosh(σ2Lm)+A2 sinh(σ2Lm)))
σ2lp cosh(σ1Lm)(sinh(σ2L)+A2 cosh(σ2L))

N32(s′) = − cosh(σ1s′)(cosh(σ1Lm)+A1 sinh(σ1Lm))
σ1lpA1 cosh(σ2(L−Lm)) ,

(D.4)

The conditions number (7) and number (8) of eq. D.3 give:
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D.2 Filament with clamped-free boundary conditions at the two end tips


A1 = −σ2 sinh(σ2(L−Lm)) cosh(σ1Lm)+σ1 sinh(σ1Lm) cosh(σ2(L−Lm))

σ2 sinh(σ2(L−Lm)) sinh(σ1Lm)+σ1 cosh(σ1Lm) cosh(σ2(L−Lm))

A2 = −σ1 sinh(σ1Lm) cosh(σ2Lm)−σ2 sinh(σ2Lm) cosh(σ1Lm)
σ1 sinh(σ1Lm) sinh(σ2Lm)−σ2 cosh(σ2Lm) cosh(σ1Lm)

(D.5)

Concerning the boundary condition, the correlation function of the transverse
components of tangent vector is written as follows:

〈ai(s)ai(s′)〉hh = lim
Ji→0

δ2 ln (Z(Ji))
δJi(s)δJi(s′)

, (D.6)

where Z(Ji) =
∫
D {ai(s)} δ(

∫ L
0 dsai(s)) exp(−βHWBA +

∫ L
0 dsJi(s)ai(s)) is the gen-

erating functional with source term Ji(s) and β = 1
kBT

. The correlation function
of the transverse components of the tangent vector is obtained by the following
expression [55, 56]:

〈ai(s)ai(s′)〉 = Ghh(s, s′)−
∫ L
o Ghh(s, s1)ds1

∫ L
o Ghh(s′, s2)ds2∫ L

0
∫ L

0 Ghh(s1, s2)ds1ds2
(D.7)

which implies

〈
ai

2(s)
〉

= Ghh(s, s)−

(∫ L
o Ghh(s, s1)ds1

)2

∫ L
0
∫ L

0 Ghh(s1, s2)ds1ds2
(D.8)

D.2 Filament with clamped-free boundary conditions
at the two end tips

In the clamped-free case, we enforce the transverse components of the tangent vector
of the filament at s = 0 and their derivitive at s = L to be zero. Similar to Appendix
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D Elasticity of a semiflexible filament with tension discontinuity

1, we obtain the following expression for the Green function:

Gcf (s, s′) =



G−1 (s, s′) ≡ sinh(σ1s)(B1 cosh(σ1s′)+sinh(σ1s′))
lpσ1B1

G+
1 (s, s′) ≡ (B1 cosh(σ1s)+sinh(σ1s)) sinh(σ1s′)

lpσ1B1

G−2 (s, s′) ≡ cosh(σ2(L−s′))(B2 cosh(σ2s)+sinh(σ2s))
lpσ2B2 sinh(σ2L)+lpσ2 cosh(σ2L)

G+
2 (s, s′) ≡ cosh(σ2s)(B2 cosh(σ2s′)+sinh(σ2s′))

lpσ2B2 sinh(σ2L)+lpσ2 cosh(σ2L)

G−3 (s, s′) ≡ sinh(σ1s) cosh(σ2(L−s′))(B2 cosh(σ2Lm)+sinh(σ2Lm))
lpσ2 sinh(σ1Lm)(B2 sinh(σ2L)+cosh(σ2L))

G+
3 (s, s′) ≡ cosh(σ2(L−s)) sinh(σ1s′)(B1 cosh(σ1Lm)+sinh(σ1Lm))

lpσ1B1 cosh(σ2(L−Lm))

(D.9)

where: 
B1 = −σ2 sinh(σ2(L−Lm)) sinh(σ1Lm)+σ1 cosh(σ2(L−Lm)) cosh(σ1Lm)

σ2 sinh(σ2(L−Lm)) cosh(σ1Lm)+σ1 cosh(σ2(L−Lm)) sinh(σ1Lm)

B2 = σ1 cosh(σ1Lm) sinh(σ2Lm)−σ2 sinh(σ1Lm) cosh(σ2Lm)
σ2 sinh(σ1Lm) sinh(σ2Lm)−σ1 cosh(σ1Lm) cosh(σ2Lm)

(D.10)

The correlation function [55, 56] is obtained as follows:

〈ai(s)ai(s′)〉cf = Gcf (s, s′) (D.11)

which implies 〈
a2
i (s)

〉
cf

= Gcf (s, s) (D.12)

D.3 Linear end to end distance in terms of fm

The end to end distance of the whole filament when it is in the clamped-free condition
can be written as follows:

〈R〉cf = L− L2 tanh(f̃
1
2
ext)

2lpf̃ext
+
(

1
k(fext)

)
fm (D.13)
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D.4 Limit of large motor force fm

The effective linear motor force constant k is:
1
k

= − 1

4
lpκ(fext

κ
) 5

2 (e4L
√

fext
κ + 2e2L

√
fext
κ + 1)


×[Ae4L

√
fext
κ +Be

2(2L−Lm)
√

fext
κ + Ce

2L
√

fext
κ + +De2(L+Lm)

√
fext
κ + Ee

2(L−Lm)
√

fext
κ

+Fe2Lm
√

fext
κ +G] , (D.14)

where A = −fextLm
κ

+
√

fext
κ
, B = −

(
fextLm

κ
+
√

fext
κ

)
, C =

(
4fextLLm

κ
+ 2

)√
fext
κ
, D =

−
(√

fext
κ
− fextLm

κ
+ fextL

κ

)
, E = −

√
fext
κ
− fextLm

κ
+ fextL

κ
, F = fextLm

κ
−
√

fext
κ
, G =

fextLm
κ

+
√

fext
κ

D.4 Limit of large motor force fm

In the limit of large motor forces fm � Max{fext, κ
L2}, we have the following ex-

pression for the end to end distance of the first piece of the filament:

〈R1〉cf = Lm −
Lm
2lp

√
κ

fm
(D.15)

and the end to end distance of the second piece of the filament:

〈R2〉cf = (L− Lm)− (L−Lm)
2lp

tanh
(

(L−Lm)
√

fext
κ

)
√

fext
κ

(D.16)

−α(fext)
√

κ
fm

,

where

α(fext) = e
4L
√

fext
κ − e4Lm

√
fext
κ

2lp
√

fext
κ

e2L
√

fext
κ + e

2Lm
√

fext
κ

2 (D.17)

+ 2(L− Lm)e2(L+Lm)
√

fext
κ

lp

e2L
√

fext
κ + e

2Lm
√

fext
κ

2
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E The corelation Function of
components of the tangent vector

E.1 clamped-free case
The generating functional with source term Ji(s) is written according to below

Z(Ji) =
∫
D {ai(s)} exp

(
−βHWB +

∫ L

0
dsJi(s)ai(s)

)
(E.1)

Where β = 1
kBT

and i = 1, 2 and we have Einstein summation rule . The correlation
function of the transverse components of the tangent vector is obtained by the
following expression:

〈ai(s)ai(s′)〉cf = lim
Ji→0

δ2 ln (Z(Ji))
δJi(s)δJi(s′)

(E.2)

According to [56] the above mentioned correlation function reads:

〈ai(s)ai(s′)〉cf = Gcf (s, s′) (E.3)

Where Gcf (s, s′) is the green’s function of operator βO(s) and the symbol cf refers
to the clamped-free condition for the filament. The Green’s function should satisfy
the following relations:

β(−κ d2

ds2 + f(s))Gcf (s, s′) = δ(s− s′)
Gcf (s, s′) |s=0= 0
∂
∂s
Gcf (s, s′) |s=L= 0

(E.4)

E.2 Hinged-hinged case
The generating functional with source term Ji(s) is written according to below

Z(Ji) =
∫
D {ai(s)} δ(

∫ L

0
dsai(s)) exp

(
−βHWB +

∫ L

0
dsJi(s)ai(s)

)
(E.5)
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E The corelation Function of components of the tangent vector

Where β = 1
kBT

and i = 1, 2. In this appendix, we want to prove that simplified
expression for correlation function the transverse components is:

〈ai(s)ai(s′)〉hh = −
∫ L
o Ghh(s, s1)ds1

∫ L
o Ghh(s′, s2)ds2∫ L

0
∫ L
0 Ghh(s1, s2)ds1ds2

+Ghh(s, s′) (E.6)

Where Ghh(s, s′) is the Green’s function of the filament with hinged-hinged condi-
tion. The Green’s function should satisfy the following relations:

β(−κ d2

ds2 + f(s))Ghh(s, s′) = δ(s− s′)
∂
∂s
Ghh(s, s′) |s=0= 0

∂
∂s
Ghh(s, s′) |s=L= 0

(E.7)

Using Fourier representation of Dirac function, We can rewrite the generating func-
tional as below:

Z(Jn) =
∫
D {an(s)}

∫ d~k

4π2 exp
(
−βHWB +

∫ L

0
dsJn(s)an(s) + ikn

∫ L

0
dsan(s)

)
(E.8)

Where ~k = (k1, k2) . Defining J̃n(s) = Jn(s) + ikn, we have:

Z(Ji) =
∫
D {ai(s)}

∫ d~k

4π2 exp
(
−βHWB +

∫ L

0
dsJ̃i(s)ai(s)

)
(E.9)

Now, the above mentioned generating functional is very similar to generating func-
tional of Klein-Gordon field. Completing the square, one can write the generating
functional according to below:

Z(Ji) = Z0

∫ d~k

4π2 exp
(
−1

2

∫ L

0
ds1ds2J̃

∗
i (s1)G(s1, s2)J̃i(s2)

)
(E.10)

Where Z0 =
∫
D {ai(s)} exp (−βHWB). The Green’s function is symmetric namely

G(s1, s2) = G(s2, s1). Using this fact, we rewrite the generating functional:

Z(Ji) = Z0

∫ d~k

4π2 exp
(
−1

2

∫ L

0
ds1ds2Ji(s1)G(s1, s2)Ji(s2)

)
(E.11)

× exp
(
−ik

∫ L

0
ds1ds2Ji(s1)G(s1, s2)− 1

2k
2
∫ L

0
ds1ds2G(s1, s2)

)

⇒
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E.2 Hinged-hinged case

Z(Ji) ∝ Z0 exp
(
−1

2
∫ L

0 ds1ds2Ji(s1)G(s1, s2)Ji(s2)
)

(E.12)

× exp


(∫ L

0 ds1ds2Ji(s1)G(s1,s2)
)2

2
∫ L

0 ds1ds2G(s1,s2)


The correlation function of the transverse components of the tangent vector reads:

< ai(s)ai(s′) > = G(s, s′) (E.13)

− δ

δJ(s)

[
2
∫
ds2G(s′, s2)

∫
ds1ds2J(s1)G(s1, s2)

2
∫
ds1ds2G(s1, s2)

]

⇒

< ai(s)ai(s′) > = G(s, s′) (E.14)

−
[∫

ds1G(s′, s1)
∫
ds2G(s, s2)∫

ds1ds2G(s1, s2)

]
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