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1 Introduction

The general project of the gauge theory group in Gottingen is to use nilpotent orbits as target manifolds in the
theory of generalised Seiberg-Witten equations. Such a target manifold has to admit rich structures|Pid04]:
It needs to be a hyperkéhler manifold with a rotational Sp(1)-action and an additional tri-hamiltonian action
of some Lie group G. Later on we shall need a suitable compactification of the moduli space based on the
Weitzenbock formula with py =0

1
| D aul|” - HVAuH2 =3 (s,poou)+2(pou, 1) for any spinor u

in which the concrete shape of the moment map p becomes relevant.

The hyperkéhler structure on a nilpotent orbit in a complex semi-simple Lie algebra can be given explicitely
via Nahms equation, this goes back to P. Kronheimers work in [Kro90b|. In his description it is also not
difficult to find the desired group actions, however, the concrete shape of the moment map is mystical since
the construction as well as the identification of solutions to Nahms equations with the orbit become very
clear when the hyperkéhler structure is seen as a complex symplectic structure with a holomorphic symplec-
tic form. Unfortunately, this determines the real moment map p only partly and so it is the purpose of this
dissertation to contribute to the understanding of the missing piece.

Since the mentioned compactification is motivated by the geometry we intent to visualise some geometric
perspectives on Nahms equations in the first chapter. The considerations here are based on basic knowledge
on Nahms equations which is e.g. described in [Kro90b|, [Kro90a], [Kov96] and [Swa99).

With that in mind we add some details to the way P. Kronheimer defined in [Kro90b] the moduli space of
solutions to Nahms equations. We then switch to the pictures of A. Kovalev [Kov96] and O. Biquard [Biq90]
to identify the orbit using their methods. With this done, we close the chapter with an explanation of the
problem. Actually, we are not the first mathematicians working on the moment map: A. Dancer, F. Kirwan
and A. Swann suggest in their paper [AS14] a point of view that leads into a explicit formula, e.g. for sl3 C,
which is unfortunately not explicit enough for our purpose. Also the construction was generalised to any
adjoint orbit ([Kro90a], [Kov96|, |Biq96]) and even further (|Bie97]), however, we focus here on the nilpotent
orbits since these carry in contrast to general orbits the desired rotational action.

Initiated by V. Pidstrygach, the actual work begins thereafter: We shall interpret Nahms equations as
flow equations on a homomorphism space and that way reformulate them as recurrence relation in linear
algebraic terms only. Here, we closely follow the discussion of E. Cattani, A. Kaplan and W. Schmid in
|[ES86]. Our contribution is a tool to deal with the representation theory: the Moyal product we know from
quantisation theory.

However, it turns out that with all the collected knowledge we are not able to finalize computations and so
will probably need additional algebraic formulations and tools. Nevertheless, the first steps in the iteration
can be made precise so that we can give accurate estimates on the decay of the solutions and, that way,
estimates on the moment map. With a priori estimates as in [Sch10] we may already be in the position to
deduce some information.

We will indicate how the computations are linked to the universal enveloping algebra of slo C which is
very well understood and so a promising algebraic structure in which we can work. Again, it turns out that
this description is not general enough so that we have to look further.

And that is the reason why this doctoral thesis has an open end. It can be seen as an invitation for discussions
and suggestions that lead sometime to an explicit description of the moment map.



2 Nahms Equations from Different Perspectives

Different perspectives on the equations makes us more flexible in notation and proofs. In this chaper, we
will introduce Nahms equations from geometric point of views that are present in the standard literature,
e.g. |Kro90b| or [Kro90a).

2.1 Unperturbed Nahms Equations as Gradientflow

On the Lie algebra g of a compact semi-simple Lie group G we can consider the cubic form ¢ : g®R? - R

@(51762353) = (513 [52763:”

where (-,-) denotes the metric induced by the Killing form. And so ¢ is not only invariant with respect to
the adjoint action of G but also with respect to cyclic permutations as well as the SO(3)-action on R3. The
linearisiation is

Die, e2.6)9(C1,C2,C3) = (C15 [§2,83]) + (G2, [€3,61]) + (¢, [€1,62])

so that we find the gradient of ¢ to be

[€2,83]
Ve(€1,€2,83) = | [3,61] |-
[51752]

The gradient flow is the first shape of Nahms equations we shall see in this text.

. Tl + [TQa T3:|
T=-vo(T) ie {Tp+[T3,T1]
T3 + [Tla T2:|

0

b

=0
=0
We find its critical points being exactly the commuting triples (71,72, 73).

2.2 Perturbed Nahms Equations as Gradient Flow
The perturbed cubic form 1 : g*> - R is given by
$(1,60,&) = [ + 1€ + €5 + (€1, [€2,&3])-

As ¢, this functional is invariant also under adjoint action of G, cyclic permutation and SO(3) action onf
R3. Its linearisation

D¢, ,65)0(C1,C2,C3) = (€1, 261 + [€2,€3]) + (G2, 282 + [€3,61]) +((3, 263 + [€1,€2])

leads to the gradient flow

. 1{11 + 2A1 + [AQ, Ag]
A= —Vw(A) that is AQ + 2A2 + [Ag, Al] 0.
A3 + 2A3 + [Al,AQ] =0

We can see that the critical points are given by triples (&;) such that [5;,6,] = 26} for even permutation
(ijk) of (123).
These two gradient flows are actually equivalent: The transform R — R with ¢ — s(t)

s(t)=—-Le2 _ t(s) = - log(~2s)
{—23T(s)2: Ay mverted by {eztA(t) iT(s)

transfers the gradient flow equation of ¢ into the gradient flow equation of .



2.3 Grassmannian Perspective

The functional ¢ is SO(3)-invariant and so ¢ (&1, &2, £3) does actually not depent the concrete triple (&1, &2,£3),
it rather depends on the three-plane which is spanned by them. This motived A. Swann in [Swa99| to consider

p:Gr3g—R via span{ej,es, ez}~ (e, ez, e3)

as a functional on the space of oriented three-planes in g.
With relatively simple computations like

d
(T;,T;) = 0.

ds

d
£|Tl-|2 =2p(T1,T>,T3) and

Swann has proven in [Swa99] that the components T; of a solutions T' to Nahms equations corresponding to
a nilpotent orbit remain linearly independed and so define a conformal basis of some three plane.

2.4 Extended Formulations
We shall extend the above equations by a forth variable T respectively Ay to the set of equations
T"i + [T(),T’,L] + [Tj,Tk] =0 and Az + 2141 + [A(),AZ] + [A]7Ak:| =0.

In the first part of the dissertation, the construction of the moduli spaces, we shall work with the extended
equations and then later go back to the non-extended form.
Those equations are invariant under group G = ¢%(R;G) acting by

9.(Ty, T1,T>,T3) = (Ad, T —gg_17Adg T1,AdyT>,Ad,T3) and in the same way g.(Ao, A1, Az, As3).

The short computation shows that this type of action preserves the equations

di(Adg T;) + [Adg Ty - g9~ ', T3] + [Ady T, Ady T ]

S

=Ad, T+ [g97" Ay T3] - [997 ", Ti ] + Adg([To, T1] + [T}, Tk])
= Ady(T; + [To, T1] + [T}, Tx])

and so we can reduce the system from four variables back to three variables via the action of G:
For any Tj, we can solve

Ad, Ty - au™" = 0,0r alternatively in matrix notation: @ = uT,

which is a linear first-order differential equation in u. And the solution is unique if we impose u(0) = 1. That
is, in any G-orbit there is a unique solution with Ty = 0, i.e. we work in the slice in which T = 0. The same
computations can be done for the perturbed formulation.

We shall show in later stages of this text that Nahms equations are actually the moment map of the G-action
and so postpone this discussion to later since we have to equip the path space with additional structures.
The G-action looks like a gauge action and so motivates the next two perspectives.

2.5 Extended Unperturbed Solutions as Anti-Self-Dual Instantons

Consider R* with coordinates (z¢ = s, 1,29, 23) with standard inner product as Riemannian metric and
induced hodge star operator . A connection T" on the trivial principal G-bundle P over R* is called anti-self
dual if its curvature Fr € Q?(P; g)g = Q%(R*; Ad P) satisfies

FT+*FT =0.

Such connections are exaclty the Yang-Mills connections and, hence, are instantons.
In the trivialisation of the bundle induced by the coordinates on R* we can say that 7" has components
T07T17T27T3 :R4 - g

3
T=T0d8+ZT’idl‘i:T0d$+T1d£E1 +TQdZQ+T3d$3.
i=1



The curvature Fr can be computed to be
1 4
FT =dT + 5 [T,T] = z (8ZTJ — 8ka + [Ti,Tj])d.’Ei A dl‘j.
1,j=0
so that the anti-self-duality equation reads as
0, T; = 0;Ty, + 0Ty — 0T, + [13,T;] + [Tr, T;] =0  for even permutations (ijkl) of (0123).

If we reduce the dimension by requiring translation invariance T with respect to R3 in the x,xq,xs-
components we can simplify the anti-self-duality equations to

d
&Tz + [TQ,E] + [T],Tk] =0.

This means that the solutions to Nahms equations can be understood as R3-translation invariant instantons
of the trivial G-bundle over R*. We have the same perspective for the perturbed equations:

2.6 Extended Perturbed Solutions as Anti-Self-Dual Instantons

Starting now with a trivial principal G-bundle over R*\ {0} and requirering that the connections are invariant
under the rotational action of SO(4) a connection A on that bundle is of the form

d
A= A(](’I") TT + Al(T‘)91 + AQ(?")92 + Ag(?")93

where 6; denote the rotation invariant forms on S® and r > 0 so that % together with the 6; forms a

orthonormal basis. The anti-self-duality equations for A, as in the previous section, are

d/1
7(7,41-) +[Ao, Ai]+ [Ay, Ax] = 0
dr\r

t

so that, after the change r = e*, we get the extended pertubed Nahm’s equations

Ai + 2A1 + [A(),AZ] + [Aj7Ak:| =0.

2.7 Complex Formulation of the Extended Non-Perturbed Equations

We complexify the formulation: Instead of four paths T = (Tp,T1,T>,T3) in g we remains with two paths
(e, 8) in ge = g®C. This can be done via

Ot=T0+iT1 and B=T2+’L'T3.
The complexification ge admits an involution
o = —TO + ZTl and ﬁ* = —Tg + iTg,

which enables us to pass from («, 8) back to T with

1 1
To==-(a-a") Th=—(a+a”

2 21
Ty=3(3-5) Ty=5 (3+5")

An easy computation shows that the extended Nahm’s equations are equivalent to the two equations
the complex equation f+ [a,3] =0

d
the real equation d—(a +a”) + [a,a”]+[B,67]=0
s



But only the complex equation is invariant under complexified gauge actions: G¢ = €2(R; gc) acting by
g-(a,8) = (9.0, 9.8) = (Adga - gg~', Ad, B).
The same procedure does apply to the extended perturbed equations, here we get
the complex equation 3+ 23 + [a,8]=0

d
the real equation d—(a +a”)+2(a+a”)+ [, 0] +[B,87]=0.
s

2.8 Model Solutions

Let us give a few examples of solutions and compare their asymptotic behaviour: Here we use a su(2)-triple
(0;) in g with commutation relations [o7, 02] = 203 etc, the triple of (7;) is assume to commute pairwise and
with all the ¢’s. Also, sop < 0. We shall here translate solutions of the non-perturbed equations into solutions

Unperturbed Equations Perturbed Equations
T;(s) § > —00 s—=0 A(t) t—-o00 | t—> 00
T T T e % 00 0
o;i/2s 0 pole, resg = 0;/2 —0; -0 —-0;
0'1‘/2(8—80) 0 —(Ti/QSO —01/(1+28062t) —0; 0
Ti+0'i/28 Ti pole, I‘eSOZUi/Z 6_2tTi—O'i o0 —0;
Ti+0i/2(s - s0) i 7 — 0i/280 e 2l — o[ (1 +2s0€?h) ) 0

of the perturbed equations via the reparametrisation

s(t)=-3e? ) t(s) = -3 log(-2s)
{-st(s) _a@py  mverted by {e2tA(t) - T(s)

and that way also compare their asymptotics: A closer look at the reparametrisation tells us that poles or
polynomials decay like s™! on R is translated into well-defined limits on R while well-defined values and
limits are substituted by exponential growth respectively decay.



3 Conventions and Notations

3.1 In su(2) and sl,C

The Lie algebra su(2) of skew-hermitian matrices su(2) = {o € Mats.2 C | 0 + &% = 0} comes naturally with
the Killing form which in this thesis shall be rescaled to {(o,c’) = é tr(ad, adyr) = £ tr(co’). The Pauli
matrices

. 1 .
01:( ! z) and 02:(_1 ) and 03:(_2. Z)

follow the well-known commutation relations

3
[oi,05]=2 Z €ijk0k where g;5; is the full-antisymmetric Levi-Civita tensor.
k=1
Furthermore, {o;} is a basis of su(2) with |o;|* = (0,0;) = -1 and (0;,0;) = 0 for i # 7, so that the Killing
form is not only non-degenerate which makes s1(2) semi-simple, it is even negative-definite.
In its complexification s[(2) = (su(2))c = {a € Matax2 C | tra = 0} the elements {io;} build an orthonormal
basis. However it is common to use

) 1 1 , 1 1 . 0
hzwlz( _1) and e=2(02+203)=(0 ) and f=2(—02+zc73)=(1 ),
with well-known relations
[h,e]=2e and [h,f]=-2f and J[e,f]=h

and |h[> =1, |e* = |f[> =0 and (h,e) = (h, f) = 0 as well as (e, f) = 1.
As a non-degenerate bilinear form the Killing form is a natural way to identify sly C with its dual (sl C)Y,
respectively su(2) with (su(2))".

3.2 Hyperkihler Structure on H"”

Let H be the space of quaternions, that is the non-commutative algebra H = {xo+xz1i+x2j+23k | a,b,c,d € R}
with 72 = j2 = k? = ijk = -1 and the reals being the center. The quaternionic conjugation is the R-linear
anti-automorphism of H defined on the generators by 1 — 1, ¢ = —¢, 7 = —j and k — —k. Like for the complex
numbers, it defines the real and the imaginary part of a quaternion g e H as 2Reqg =g+ ¢ and 2Img=q-¢
and the absolute value |g|* = ¢q.

There are two common ways to consider H and its powers H" as a left quaternionic vector space: A
quaternion ¢ € H can act on h € H" either by left ¢q.h = gh or by the right conjugated multiplication ¢.h = hg.
We shall use the multiplication from the left so that the H-linear endomorphisms Endy (H") act via matrices
Q € Mat,,x, H by Q.h = hQ*. This choice defines us the three complex structures just by multiplying with i,
j or k from the left

I(iL’O +x11 +1’2j +£L’3k) =—-x1 + 2ot —.ng + a0k
J(xo + 219 + T2j + w3k) = —xo + X318 + x0j — 11k

K($0+$1i+l‘2j+.’1}3]€) =—-T3 —x2i+x1j+x0k‘.

Combining these with the hermitian structure
n —
V(h,h') = by
=1

we additionally find a Riemannian metric (-,-) and three symplectic structures wg for S = I, J, K being

(h,h') =ReV(h,k') and ws(h,h')=ReSV (k1) =(Sh,k).



Using {xq, z1, %2, x3} as coordinates on H — R* we can write all these structures in terms of forms

(h,h'y = > (dag +da? + da3 + dz3) (e, b))
=1

wl(h,h') = - Z(dl’o A d:l?l + d$2 A dSCg)(hl, h;)
=1

n
LUJ(h7h,) = - Z(dl‘o Adxy +dzs A dxl)(hl, h;)
=1

wK(h,h') = - Z(d.’lﬁo N dZL‘3 + d.’IJl A dl‘g)(hl, h;)
=1

This is nothing else but saying that H™ is actually a flat hyperkahler manifold.

There is an important group action on H: An element g € Sp(1) = {geH | |¢| = 1} acts on an h € H via conju-
gation ¢.h = ghg. This action fixes the real part but acts in a norm-perserving way on ImH = {iz +jro+kas}
and so actually factorises through SO(3). This map Sp(1) — SO(3) has kernel {+1} and is nothing else but
the universal (two-fold) covering Sp(1) - SO(3). If we fix an arbitrary complex structure on H, say I, the
Sp(1)-action (H,I) — (H,I) is not holomorphic. But it is bi-holomorphic when we regard g : h — ghq as a
map (H, I) — (H, ¢qIq). In other words, via the SO(3)-rotation in the sphere {al +bJ +cK | (a,b,c) € S*} of
complex structures any two choices of complex structures on H are equivalent.

Restricting ourselves to the complex manifold (H,I) we can give the hyperkédhler structure in terms of
a holomorphic symplectic form. Via the choice of I, we can identify H® =C" @ C" = C" @g C

h0+ih1 +jh2+kh3'—>z+wj:(z,w) where Z=h0+ih1, w:h2+ih3, ho,hl,hg,h:),ERn.

Here, the complex structure I acts on each summand in C" @ C" separately as I(z,w) = (iz,iw). The
interpretation as tensor product motivates the choice J(z,w) = (-w, z) being related to the complex structure
on the second factor C" ®g C. The conjugation on H now reads as (z,w) = (z,-w). Using jw = wj for w € C,
the hermitan form C" @z C becomes

n n
V(z+wj,z +w'j) = (z +wij)(Z —wij) = . 2% +wwy — (ziw) —wiz])j
=1 i=1

and decomposes
(2 +wj,z'w'j) =Re zz] +ww, and w(z+wj, 2z +w'j) =-(zrw] —wz]).
These two structures again written as Riemannian metric and complex valued I-holomorphic 2-form are
n n
(-,) = ReZdzl ®dz; +dw; ®dw; and w= —Zdzl A dw;.
=1 =1

This way H became a kédhler manifold with holomorphic symplectic form.

10



4 Nilpotent Orbits as Moduli Spaces of Nahms Equations

In this chapter we will introduce the moduli space of solutions to Nahms equations which corresponds to a
nilpotent coadjoint orbit in the semi-simple, complexified Lie algebra gc. More precisely we construct this
space several times: once as a quotient of paths g ®H defined on R, once with paths on Ry and one last
time in the complex world with paths in ge ®C? on Rg. All those perspectives are present in the literature
and so we shall go through all of them here.

The critical points of the perturbed Nahms equations, i.e. the time-indepedent solutions, are exactly the
negative of su(2)-triples in g. In contrast to [Kro90b] we shall not consider solutions to perturbed Nahms
equations converging to a critical point but all paths with such a convergence and find the space of solutions
as zero-level of the momentum map of the gauge action. This way the quotient inherits its structure more
natural from a hyperkéhler reduction. This is done e.g. by O. Biquard in |[Biq96] in the non-pertubed setup.
When we have justified that the performed quotient is a manifold we close this section with group actions
of G, Sp(1) and symmetries of the domain R.

We aim to give more detailed proofs when the Nahm-background becomes relevant and so we have decided
to not give any details concering the theory of Banach-manifolds, the relevant material can be found e.g. in
Serge Langs book Differential Manifolds|Lan72).

Since the formulations of Nahms equations on R and Ry are linked by a reparametrisation R - R it
is not necesessary to give proofs in the presentation of the moduli spaces as in A. Kovalevs[Kov96| and
O. Biquards|Biq96| description. Here we do need to take care of only one and not two asymptotics: The
asymptotics at ¢t = co is now translated into an initial value at s = 0 - that would have simplified most proofs
since the boundary condition at ¢ = oo is translated into a proper inital value at s = 0 now, however we still
have to ensure the correct asymptotic at s = —oo.

Just as Donaldson in [Don84] we fix an identification between H and C?. Replacing g®H with gc ®C?
brings us into the complex formulation: The three Nahms equations are replaced by one complex and one
real equation. The complex symplectic reduction leads to the moduli space of solutions to the complex
equation modulo complex gauge elements. We shall interpret the smooth structure on this space via the real
formulation presented before, that is why we have to spend some time with the real equation.

Now, when both spaces are identified with each other we pass to our goal of this chapter: the identification
of the moduli space and the nilpotent orbit via the G¢-action and the formulation of the moment map.

Let G be a compact, semi-simple Lie group and a homomorphism p : su(2) - g of Lie algebras. Schurs
Lemma tells us that p is either an injection or the zero-map:

Proposition 4.1. A representation p: su(2) — g is either the zero map or an injection.

So let us fix a non-trivial p : su(2) — g and that way identify su(2) with its image. This allows us to abuse
the notation with writing o; € g for [ =1,2,3.
By the assumptions on G the Killing form on its Lie algebra g induces an G-invariant inner product (-, ).

11



4.1 On the Real Line R

Given an su(2)-triple {o;};_, in the Lie algebra g and some small enough & > 0 which is fixed later. The
base space A is the subspace of ¥1(R;g) ® R* = €1 (R; g) ® H such that its elements A = (Ag, A1, Ay, A3) =
Ap +iA;1 + jAs + kA3 have the following asymptotics

o |A], <ooforl=0,1,2,3 where |w|, = sup,oe* (Jw(t)|+ |@(t)|)
o |Ao|_<ooand |A; +0y]_ < oo for I =1,2,3 where |w]|_ :=sup,. e (Jw(t)|+ [ (t)])

The space A is seen to be a quaternionic space affine over the Banach space {a € €' (R, g) | [a], < oo} ® H.
Hence A has the structure of a flat Banach manifold whose tangent space at a point A € A is given by
TyA = {a € €' (R,g) | |la], < oo} ® H. We can use the L?*inner product on the first factor to define a
Riemannian metric on A by

) = f T AP e (a,d) - f :e%(a(t),a'(t))dt.

[e) -

The asymptotic conditions ensure that the integrals are well-defined. The so-defined metric is compatible
with the complex structurs coming from H. Consequently, we can define to each of it a symplectic form

I(ao,al,ag,ag) :(—al,ao,—ag,ag) so that wI:—f dAO/\dA1+dA2/\dA3
J(ag,a1,az2,a3) = (—as,as,ap,—a1) so that sz—f dAg AdAy +dAs; AdA;
K(ag,a1,az2,a3) = (—as,—as,a1,a0) so that wg :—[ dAg AdAs +dA; AdAs.

To summarise: This way A is a flat hyperkéhler manifold.

Geometrically, we work with A as it were the space of connections on the trivial G-bundle R* x G - R*
being R3-translation invariant with certain decay: Chosen coordinates (z;) on R* we can write A € A as a
connection via

3 .
A=(Ap, A1, A9, A3) «— A=d+ ZAZ da; «— V€= (£ —ada, & ada, §,ada, §,ada, §).
1=0
With that said it is natural to consider the action of the gauge group
G={ge€*(R;G) | |gg7"|, < oo, |Adg; - 0i]_ < 00}
via gA = (g.Ao,g.Al,g.A27g.A3) = (Adg AO - ggil7Adg A17Adg AQ,Adg Ag)

It is worth to point out that any path g € G actually converges for t - +oo since the group G is supposed to
be compact. And so we shall restrict ourselves already here to the pointed gauge group

G°={geG|g(e0)=1}cG
being a normal subgroup in G with G/G° = G. With that choice we can find the Lie algebra
G° > LieG” = {¢ e €*(R;g) | €], < oo, I[€.0i]ll. < o0, £(00) =0} via g gg".

For any such ¢ the ordinary differential equation gg~! = £ has a unique solution given g(0) = 1 - this becomes
clear when written in matrix notation as the linear equation g = £g. And so the above map modells G° as
a Banach manifold over the Banach space (LieG?, ||, +||_). The condition £(o0) = 0 is relevant for the
completeness of Lie G°, for LieG we would have to identify

LieG = {€ e 6°(R;g) | €], < oo, [ 0]l < o0}

with LieG° @ g. The exponential map Lie G° - G° is given by the pointwise exponential map g — G.
The G-invariance of the hyperkéhler structure follows directly from the Ad-invariance of the metric and the
shape of the induced G-action on the tangent spaces: For g € G it is found to be T4 A - T, 4 A

g.a = (Adgag,Adg a1, Adyas, Adg as).
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It turns out that the G-action is an hyperkihler action, we will prove the G%-action to be tri-hamiltonian.
In order to do so we compute the fundamental vector fields on A:

K§(A) = (ade Ag - €, ad¢ A1,ade Az, ade A3) = -VAE

where we have interpreted ¢ € Lie G as a R3-translation invariant section of the vector bundle Ad P = R* x g.
The next step is a computational one: For a € T4 A and € € Lie G° we have

<<Ké0,a>> = [: eZt(<ad5 AO — é,a0> + <ad§ Al,al) + (adg A27(12) + (ad§ A3,a3>)dt
3

oo . oo 3
= / e (—(€,a0) + (& [Ar, ai] )dt‘/ —%6%@7@0)+€2t(fad0+2ao)+€2tZ(§a[Azyal]>dt
oo o =0

1=0

o 3
= _tlilg@,e?tao) + tEr_l;(ﬁ,e%ao) + [oo e2t<§,a0 +2a0 + l;)[Al,al] dt

- 3
_ f e2t<f’ ao +2a0 + y [Ar, al]> dt.
-0 1=0

Here it was helpful that we have already restricted ourselves to the action of G° since this means that we
have to consider only & € Lie G°. The point of this being that the exponential decay of £ implies that also &
reaches its limit £(o0) = 0 exponentially so that after the partial integration the integral does converge and
both limit-terms in the second last line vanish.

The same computation yields to the formal adjoint of V4 applied on 1 = (19, 71,72, 73)

3
Van=—-(o+2no + Y. ada, &).
1=0
Coming back to the moment map, we use dﬂgo (&)= (,uS(Ké07 a) = —<<Kg0, Sa>> for S =1,J, K to finally find
Méo (A) = A]_ + 2A1 + [Ao, Al] + [Ag, A3]
110 (A) = Ay + 245 + [Ag, Ao] + [As, A1 ]
figo(A) = Ag + 245 + [Ag, As] + [A1, As]

which we combine into one maﬂ figo = ipiGo + jiuge + kplo. Clearly, each component of yu has values in
Gexp(R; ) = {f ¢ €°(R; g) | sup 0] +stu(1)36"5t|f(t)l < oo}
2> <
which is a closed subspace of (LieG°)Y via

N fe (f — [oo 62t<f,§> dt).
The defining equations of N’
Al + 2A1 + [Ao,Al] + [A27A3:| =0
Ay + 245 +[Ag, As] + [A3,A1] =0
Az +2A3 + [Ag, A3] + [A1, A2] =0
are called Nahm equations or sometimes Nahm-Schmidt equation (with our boundary conditions).
It is straight-forward to check that pgo is GY-equivariant, and so G° acts on N = ué}, (0). Before we can

perform the hyperkihler quotient A’//G° we have to answer several questions positively: A needs to be a
submanifold and the G%-action needs to be free and proper.

Lemma 4.2. The space N of solutions to Nahms equations in A is a submanifold of A.

IThe right multiplication for the complex structure would have given us A;+2A4;+[Ag, A;]- [A;, Ax] = 0 as Nahms Equations.
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Proof. All we need to check is that 0 is actually a regular value of u. As a quadratic map p is continuously
differentiable with linearisation D gt : TaA - Gexp(R; g) ®5p(1). We have to check if for any & = (§1,&2,€3) €
Cexp(R; g) ® 5p(1) there is an a € T4 A such that D ap(a) = . This is nothing else but solving the following
set of linear differential equations

a1 +2a1 + [Ag,a1] + [ag, A1) + [A2,a3] + [az, A3] =&

a2+2a2+[A0,a2]+[a0,A2]+[Ag,a1]+[a3,A1] 52
az +2az + [Ag, az] + [ao, Az] + [A1,a2] + [a1, A2] = &3

for a = (ap,a1,as,a3). We have three equations and four variables, so we can choose ag = 0 and only solve
for (a1, as,as3). For the model solution S = (0, -01,-02,-03) € A we can write A =S +b and use this to find
a linear system of differential equations

ai ai ady,, —ady,\fa1 ady, —ady, adp, ai &
—laz|+2]az|+|-ads, ady, az |+ adp, adp, —adp, ||az]=]&
d d d d, ad d
as as adg, —adg; as — adp, adp, adp, as 53
g B

At this point it becomes clear that the problem is more subtile compared to the considerations in |[Kro04]
on the compact interval in stead of R since we have to take care of the boundary conditions and have no
intival values here. However, we can tackle this problem with similar functional analytic methods used in
this article. We shall show three following statements:

d

1. The differential operator Dap = 3; +2+ S is an isomorphism for A = S, i.e. B=0.

2. The operator B is a compact.

3. The differential operator % +2+ 5 + B injects, i.e. the only solution with & =0 is a = 0.

That means that D 4pu defines an injective Fredholm operator of index 0 which means it is an isomorphism
and so the claim is true.

The advantage of this functional analytic approach is that the operator theory automatically cares about
the asymptotic. Of course the standard existence and uniqueness results for differential equation apply here
as well but with those we would have to take of the limiting behaviour separately.

1. For any £ € Gexp(R; g) the solution with initial value a(to) = @ is given by

a(t) = exp(—(2+ §)1) ft Ot exp((2+ §)FY (1) dt’ + exp(—(2 + §)) do.

We have to choose g = 0 to ensure the correct asymptotics of the second summand.

The eigenvalues of S are 0 and +i\/adcas so that exp(t'S’ ) is unitary on the orthogonal complement of
its kernel and so can be inverted there. Consequently, the integral of exp(gt') can be computed and
is seen to be bounded due to e?!|¢(¢)| < M. This implies with

e*a(t) = exp(-St) [ "exp(§) 2 e(t') at’

that |e*'a(t)| is bounded for large ¢. The same argument works for [e=**a(t)| for ¢ - —oo.
This shows that a has the correct asymptotic behaviour. From a = —=2a — Sa + £ it follows that also a
has the correct asymptotic behaviour and so |a|, < occ.

2. We can see B more or less as a multiplication operator with an exponentially decaying function and
so a bounded operator. We show that for any |-|,-bounded sequence (a,) the sequence (Bay,) has a
convergent subsequence. On any compact set in R we can apply the Arzela-Ascoli theorem and thus
only need to show that (Ba,) is pointwise bounded and equicontinuous. Due to the exponential decay
we can then find a convergent subsequence for all of R with a diagonal argument:

The family (a,) is bounded, and so automatically pointwise bounded. Since |a|, < co implies that
the derivative is bounded, all a,, are Lipschitz continuous with a common Lipschitz constant which is
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sufficient for equicontinuity of the family. Both properties are preserved by the bounded operator B.
Let us recursively construct a convergent subsequence of (a,) by a diagonal argument: Define the
inital sequence a(?) to be (a,). For any N €N there is a subsequence a™¥) in ¥~ which converges
uniformly on the interval [-N; N] and thus with respect to ||-|, on [-N; N] - this is a consequence of
the Arzela-Ascoli theorem. We shall now show that the diagonal sequence a = (ay) given by ay = aEVN)
converges with respect to |-||,:

Let € > 0. There is some integer R > 0 such that |a,| < €/2 outside of [-R; R] for any n € N. By
construction @ is a subsequence of the convergent sequence o™ and so there is some R’ > R such that
l@n — @m| < & holds on [-R; R] and so on all of R for any n,m > R'. And so it follows that a is a

|-| .-Cauchy sequence and, hence, converges.

3. The injectivity is a consequence of the uniqueness of solutions to ordinary differential equations: As
a =0 is a solution to @+ (2+ S + B)a =0 it is the only one.

These arguments show that the differential y is a submersion and so they complete the proof. O

So N is a manifold on which G° acts, to ensure that the quotient is reasonable defined we show that the
action is free and proper. Having the methods already from [RR18|] in mind, we adopt to our situation by
structuring the claims into two separate statements each which some more explanations:

Lemma 4.3. For any Ay € €' (R;g) with |Ao|,
such that g.Ag = Adg Ag - gg~' = 0. Two such g and g’ differ by a constant factor from the left: g'g™' is a
constant path in G. And so there is a unique such g with initial value g(oo) = 1.

< oo there is an element g € €*(R;G) with Hgg—1||i < 00

Proof. We firstly have to solve the differential equation h.Ag = Ad;, Ag — hh™* = 0. Passing to the notation
as G were a matrix group we can write this to be

h = hAo.

So h is determined by a linear ordinary differential equation. The correct asymptotics is a consequence of
|hh=t| = | Ady, Ag| = |Ag| so that ||hh’1 Hi = | Ao|, < oo. By the definition of an action from g.Ay = 0 if follows
g7 1.0 = Ay. For two such ¢g and ¢’ we have ¢’¢g™1.0 = 0 which is equivalent to ¢’¢g™' being constant.

From ||g'g‘1 ||i < oo and the compactness of G it follows that g converges for both ¢ - co and ¢t - —co. And
s0 g(o0)71g is the desired path in G with value 1 at ¢ = co. O

This is the right moment to point out that if Ay were a component of some A € A as above we cannot
conclude g being a gauge element in general as such a ¢ has the additional requirement |Adg o; — 03| < .
From < Adyo; = [g97', Adg o] = [Ag, Ady o] we can deduce that Ad, o; reaches its limit exponentially but
it is in general only a representation conjugate to (o;) and not (o;) itself.

However this information is enough to deduce the freeness of the action as follows: Let ¢ € G° have any
fixpoint A € A and u € €%(R;G) be the unique path such that u.Ag = 0 and u(co) = 1. From the fact that
ugu~! gauges 0 back to 0 we can deduce that it is the constant path and, comparing with the value at ¢ = co,
it follows that g was already the constant path g = 1. Here again it became relevant to work with G° instead
of G.

What is left is the properness:

Lemma 4.4. The gauge group G° acts properly on N and also on A.

Proof. Let (g,) c G° be an arbitrary sequence. We have to show that if there is a converging sequence
(A™) c A for which also (g,,.A™) c A converges there is a converging subsequence in (g,,). As G° is modelled
over its Lie algebra we have to show that the family ((,), (n = gng,', has a convergent subsequence.

We aim to apply the Arzela-Ascoli theorem to the family (¢,) on any compact interval in R and deduce
the existence of a convergent subsequence as before. The boundedness of ((,,) is direct consequence of the
convergence of (A,) and (g,.Ay)

16l = [gngn’ | = 1Adg, AG = gn-AT| < |Adg, AG|+ |gn-AG| = [AG] + lgn-A]-
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The equicontinuity follows from the boundedness with respect to |-|,: The first derivatives are bounded by
the same number which means the family shares the same Lipschitz constant.

Using the same diagonal argument as the second step of the proof of Lemma 4.2. we deduce that ((,)
contains a convergent subsequence. O

We can now pass to the quotient

_ {Solutions to Nahms Equations in A} N
M= G g

The infinite dimensional setup requires some additional work to invest for M being a manifold:
Theorem 4.5. The quotient M = % is a hyperkdhler manifold.

Proof. The main point in the proof is to show that M is a manifold. If that is done we can just induce all
the necessary structures from N to M via the G%-equivariance, the integrability of the hyperkéhler structure
follows as usual in the hyperkéhler setting already from the closedness of the symplectic forms.

The smoothness of the quotient is proven using the slice technique, similar to Kronheimers proofs in [Kro04]
and [Kro90a): To any A € A we regard the slice

3
Sa={A+alaecTaA, |a|, <e, Via=ao+2a0+ ) [A,a]=0}
i=0

which is, speaking geometrically, orthogonal to the G%-orbit, i.e. TxS4 L TaG%, as we have seen in the
previous computation of the G’-momentum map, here ¢ > 0 is later chosen small. We have to show that for
any A +be Sy the only g € G° such that g.(A +b) € Sy is exactly g = 1. In the setup of an A+be Sy and
g.(A+b)eSy weput b’ =g.(A+b)— A and since A+ € Sy we know

_ 3
—Vib =b) +2b) + > [A,by] = 0.
i=0

Considering this as a differential equation of order 2 for g with initial value g(o0) = 1 our aim is to show
that g = 1 is the only solution when ¢ is chosen small enough. The usual existence and uniqueness statement
of Picard-Lindel6f will not suffice here because it would be tricky to handle the initial value being a limit
and not a value at finite time. And so again we apply analysis in the infinite dimensional setting: Local
invertibility comes as a consequence of the invertibility of the differential, if the statement is modelled over
the correct spaces we have dealed with the asymptotics as well.

We shall pass to the Lie algebra LieG°: Since g(oo) = 1 the gauge g is necessarily in the image of the
exponential map with g = exp& around ¢ = co and so we can ask for the linearised equation in &: If the
linearisation is an isomorphism the uniqueness of the solution is garanteed. It reads as

VaVawé =Va(Val+[b,£]) =0.

The isomorphy of the operator V%V4 + V% ady: LieG® — %y, (R; g) is achieved by the following line of
arguments:

1. V§Vg is an isomorphism where S = (0,-01,-02,-03) is again the model solution
2. V4 Va4 is an injective compact perturbation of VgVs
3. ViVa+ V}ad, remains for ||b], < e small enough still invertible

The first two points show that V’V 4 is an injective operator of Fredholm index 0 and so an isomorphism to
which we add in point 3 an operator of controlled norm. If € is small enough the added operator has norm
so small that we remain with an isomorphism because the space of invertible operators is an open subset of
the space of operators.
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1. For the model solution S = (0, -01,—02,—03) we can compute the operator V§Vg directly to be

3
VsVs€=E+2{+ Y adl &

j=1

We can decompose g = @5~ Eig(cas, v ) into eigenspaces of the Casimir operator cas = adil.+ ad?72 + audi3
with eigenvalues vy = k(k — 1), k € Ng. In this decomposition the above equation & + 28k + i€k = Ck
can easily be solved with the shorter notation 7 = /vy — 1, k > 2, to be

&(t) = —ﬁi /t sin(7 (1 - t))e” e (7)dT + C cos(yt)e ™ + C' sin(yt)e™
k — 00

where C' and C” are constants of the integration. From |||, < co we can read off that |(x| < €%*[¢|_ for
t — —oo respectively |(x| < e7*!||¢|_ for t - co. And so the intergration from —oo to t is well-defined,
since we can estimate (i and the trigonometric terms against 1. The same elementary estimates show
that the integral converges like e™2! as t — co. For the convergence of the whole &, we have to choose
C = (" =0 which makes the solution also unique. A very similar calculation also works for k=0,1, i.e.
Vg = 0.

2. The computation of ker V*V 4 reduces due to the equality (V4 VA&, &) = (Va&,VaE) to the compu-
tation of the kernel ker V4 which turns out to be trivial: ker V¥ V.4 = ker V4 = {0}.
Now using that A =S +a we can write

. 3 3
(VEVA - VEVS)g = 2[@0,5] + [d07§] + Zadaz ad(rz §+ ZadAz adaz ¢
=0 =0

~

As in the computation of the properness of the G°-action on A the right hand side is seen to define a
compact operator in &, this time also using that a and A are uniformly continuous.

3. The norm of the composition of the two bounded operators V3 and £ — (ady, &, adp, &, adp, &, ads, &)
can be bounded by |Va|[b| and so the operator V¥V 44 is close enough to the invertible operator
V4V and hence invertible itself for appropriately small .

And so it follows that £ =0, i.e. g =1, in a neighbourhood of ¢ = oo and so everywhere. O

In the proof that V5Vyg is an isomorphism we have seen that ¢ needs to be chosen such that it is smaller
than the smallest positive eigenvalue of the Casimir operator: This is why ¢ < 1 is sufficient in our setup to
deduce that the quotient is a manifold.

Tt is also a direct consequence that we can identify the tangent space at some [A] € M with a subspace of
TN respectively the subspace of such a € Ty A that fulfill

ag + 2ag + [Ao,a0] + [A1,a1] + [A2,a2] + [A3,a3] =0
ay +2a1 +[Ag,a1] +[ao, Ar] + [Az,a3] + [az, A3] = 0
ag + 2az + [Ag, az] + [ag, A2] + [A3,a1] + [a3,A1] =0
as +2as + [Ag,as] + [ag, Az] + [A1,a2] + [a1,A2] =0

With that we are almost done with presenting the construction of the moduli space. But there are a few
symmetries on A that pass down to M and some that do not:

e From the G-action on N it remains an action of G/ G%=Gon M simply by choosing another limit point
at t = co. Comparing to the G%-moment map computation above, it is automatic to see this action
being tri-hamiltonian with moment map pg : M — g¥ ®sp(1) given by

e (A) = lim e (A1 (1), As(1), A3 (1)) = lim & Tm A(1).

e The idea of an Sp(1)-action on the quotient M is to act just on the H component by the adjoint action.
However in general Ady, ¢ € Sp(1), does not preserve the boundary conditions at ¢ = —co. To deal with
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that problem we integrate the representation p : sp(1) = su(2) - g to the groups p: Sp(1) - G and
correct by any g € €?(R; G) with g(-o0) = p(¢*) such that go Ad, € G°, e.g. one which is constant in
some neighborhood of ¢t = —co. Since

Q'(A05A17A27A3) = g(AO +Adq(iAl +jA2 + kA3))7 Ac A

maps G°-orbit into G%-orbit it induces an Sp(1)-action on the quotient M.
With the usual map Sp(1) - SO(3), ¢ — (qr;) we can rewrite this to be

3 3 3
q-(Ao, A1, Ag, A3) = g.(Ao +i ) quAi+7 Y quAi + k) gaAy).
i=1 i=1 i=1

In other words Sp(1) acts on both factors of g®H in ¢ (R; g®H). But the correction by g € G does
not affect the rotational action of Sp(1) in the sphere of complex structures and so this action is also
a rotational one.

o Nahms equations are invariant with respect to the time shift: The additive real numbers act on N by
(A.A)(t) = A(t + A). This action descents to the quotient M. To check this we firstly have to observe
that A\.(g.A) = (\.g).(A\.A) with (A.g)(¢) = g(t + \) for any g € G'. Since for any gauge element g also
\.g is a gauge element it turns out that the shifting action preserves the G%-orbits and so passes to M.

« It is also possible to act via scaling of the semi-group R,g. A X € Ryq acts on an A € N via

-2t

(NA) () = e;ﬁ A(—% log(e2t +2))).

This action does preserve the G-orbits in A but not the smaller G%-orbits. That is the reason why it is
not induced to the quotient M.
It is worth pointing out that the action of A essentially rescales sy : R = R_jog(2x)/2 via sx(t) =

—1 log(e™? + 2)) so that (A.A)(o0) = A(~log(2X)/2). The prefactor corrects the chain rule $,(t) =

-2t
e—gtﬁv checking whether this really defines an action reduces to sy o Sy = Sxyx-

Although this latter action looks a bit unnatural it is not. That becomes clear when passing to the Nahms
picture on R¢g. Following the transformation

s(t)=-5e? ) t(s) = -3 log(-2s)
{-2ST(5) gy  mverted by {thA(t) = T(s)

we transform the equation
A+ 24, + [Ag, Ai] +[A;, A] =0 into T+ [To, T3] + [T, Tx] = 0
and the model solution
(0,-01,-02,-03) into (0,01/2s,02/2s,05/2s).
With s(sx(t)) = s(t) — A we just map

e—2t

1
()\A)(t) = m A(-g 10g(€_2t + 2)\)) into ()\T)(S) = T(S - )\)
to the shift along the real line.
Solutions A € A were supposed to asymptotically approach (0,-01,—-02,-03) and so for our model on
R.o we demand the T’s to decay like (0,01/2s,02/2s,03/2s). In order to start with a well-defined norm on

%?*(R<p; g) and we choose the model solution to be the non-singular (0,0y/2(s-1),02/2(s - 1),03/2(s - 1))
on Ry and that way have well-defined values at s = 0 but preserve the asymptotics.
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4.2 On the Negative Half-Line R

Let {01}, be a su(2)-triple in g. For some small § > 0 we choose the base space T to be the subspace of
€1 (Rep; g) ® H consisting of quadrupels T = (Ty, T1, T2, T3) = Ty + iTy + jT5 + kT3 such that

|To| < o0 and |T; - 07/2(s—1)| < oo for [ =1,2,3 where |w| = sup,(|s - 1|1+5\w(s)| +s- 1|2+5|u'/(s)|)

As in [Biq96] we regard T as Banach manifold modelled over the Banach space {t € €*(R<o; g) ®H | || < c0}.
Consequently, this space happens to be the tangent space at any point and it is seen to be a quaternionic
vector space if we write it as {f € €1 (R<o; ) | | f|| < 0o} ® H, so we can write down the hyperkihler structure
on T to be given by

= [ 1arP e (i) = [ (s).¢ () ds

0
I(to,tl,tg,tg,) = (—t17t0,—t3,t2) so that Wy = — f dTO /\dT1 +dT2 /\dT3

0
J(to,tl,tg,tg;) :(—tg,tg,to,—tl) so that wJ:—[ dTQ/\dT2+dT3/\dT1

0
K(to,tl,tg,tg) = (—If37 —tg,t1,t0) so that WK = — dTO AN dT3 + dT1 AN dT2.

The well-definedness of all those integrals is a consequence of the decay condition.
We shall now define the group of gauge elements to be

G={g9€C*(Re030) | |997"| < 00, |(Adg0i~0i)/2(s = 1)| < o0}
and the pointed gauge group being a normal subgroup in G
G"={g€¢*(Re0:9) | [997"[ < 00, |(Adg0i=0:)/2(s = 1)] < o0, g(0) =1}
both acting via
9.(To, T1, T, T3) = (9.T0,9.T1,9.1,9.T3) = (Ady Ty - g'g_17Adg Ti,Ad, T, Ad, T3).
On a tangent vector ¢ € T T it induces
g.t = g.(to, t1,t2,t3) = (Adgto, Adgy t1, Adg to, Ad,yt3).

Taking the Ad-invariance of the metric on g into account we can follow now directly that G respects the
hyperkéhler structure of 7. We intend to find the moment map of the G°- action and firstly have to figure
out that the Lie algebra of G is given by

LieG’ = {¢ € 6°(Reo;0) | €] <0, [ade 0i/2(s = 1)] < 00, £(0) = 0}
and the corresponding fundamental vector fields of the action turns out to be
Kéo (T) = (adg To - é, adg Tl,adg Tg, adg T3).

The computation
0 .
<<Kéo, t>> = [ <ad§ TO - g,to) + <ad§ Tl, t1> + <ad5 T2, tg) + (adg Tg, t3)) ds

3 0 d 3
f (—(&,to) + D2(& [Thota] )ds‘f _£<£vt0 +(&do) + Y& [T 1))

=0 - =0

f <£at0+z T’latl )(S)ds
=0
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leads us as in Kronheimers picture on R to the G-equivariant hyperkdhler momentum map p : 7 —
Gexp(Reo;9) ® sp(1) c (LieG)Y @ sp(1) with components

(5o (T) = Ty + [Ty, Ty] + [T2, T3]

Méo (T) =Ty +[To, To] + [T3,T1]

1o (T) = Ts + [To, T5] + [T1, T»]
We say that T € T solves Nahms equations if ;(7) = 0 and call N = z~1(0) the solution space. There are

a few things to check here: A/ needs to be a submanifold of 7 on which G° acts freely and properly. When
this is done we can pass down to the quotient

_ {solutions to Nahms equations in 7} N
) G g

using the scheme of a hyperkihler reduction and thus inherit the presented G%-preserved structure. The
tangent space T M at [T] € M can be seen as the subspace of TrT such that the tangent vectors fulfill

M

to +[To, to] + [T, t1] + [T, t2] + [T3,t3] = 0
ty + [Ty, t1] + [to, Ti] + [To, t3] + [t2, T3] = 0
by +[To, t2] + [to, To] + [T3, 1] + [t3,T1] = 0
ts +[To,t3] + [to, Ts] + [Th, t2] + [t1,T2] =0

Just as in the previous case, the model on R, we can give several group actions which we shall define now

o From the G-action on N it remains an hyperkithler action of G/G° = G. Similary to the previous
G%-moment map computation the moment map pg : M — g¥ ®sp(1) turns out to be equivariant with

ua(T) = (T1(0), T2(0), T5(0)).

o The Sp(1)-action on 7 has to consists of two ingrediences since a simple Ad,, g € Sp(1), would not
respect the boundary conditions. And so we choose a path in 6?(R<o; G) such that go Ad, € G°. This
means we have to have g(—o0) = p(¢7!), it can be constant outside of some compact set. The action
on a [T] € M is now given on representatives

q-(To,T1, 12, T3) = g.(To + Adg (iT1 + j T + KT3)).
With the usual map Sp(1) - SO(3), ¢ = (qr;) we can rewrite this to be
3 3 3
q.(To, 11, T2, T3) = g.(To +i Yy quTy + j Y quTy + k Y qzuTy)
=1 =1 =1
and it also follows that SO(3) is a rotational action.

o Nahms equations are an autonomous system so that negative shifts in time defines a symmetry
(AT)(s)=T(s-N).

This action does only preserve the G-orbits in 7 but not the smaller GO orbits and so does not descent
to the quotient.

e In Kromheimers picture we also had the shift action along the real line. This one is translated into
the scaling action: For some h € R,y we can consider (h.T)(s) = hT(hs). The quotient M inherits
this action since h.(¢.T) and g.(h.T') are linked by the gauge transformation (h.g)(s) = g(hs) which
in turn implies that the G%-orbits are invariant under this way of acting.
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4.3 The Complex Formulation on R,

The next three sections deal with the complex picture, its relation to the real world and the correspondence
to the nilpotent orbits. We shall now choose the complex structure I and that way identify H with C2.
This means that we have to adjust all the above objects: In stead of paths in g ®H we now work with paths
in ge @ ge, i-e. with pairs («, 8) of which each component itself is a path in the complexification g¢ = g ®C:
We write T =Ty +iT1 + jTo + kT35 = a + j8 = (o, B), i.e.

Ot:T0+iT1
5=T2+Z.T3.

The representation p : su(2) - g becomes complexified to an sly C-representation on ge

h = ’iO’l
2620'2 +i0’3.

The gauge transformations now take values in the universal complexified group G¢ of G. We shall need here
the Cartan composition which is given by the isomorphism

Gxg—Gc via (g,§) gexp(if).

For matrices, this is just the polar decomposition and so we call elements from G unitary and elements of
the shape exp(i€) self-adjoint. This also corresponds to involution on G¢ given by

(g exp(i€))* =exp(i€) g=" and (& +iko)* = =& +iby = —&1 +1i&s

on the Lie algebra level, here &1, &, € g were real elements. And so (Ady7)* = Ad(g+)-1 71"
With the involution we can reconstruct the T’s from (o, §) using

o = —T() + ZTl and ﬁ* = —T2 + ZT3
and find
Ty=3(a-a")  Ti=-(a+a’)
0= 9 a—-« 1= 5 o+«
1 " ( *
T2:§(ﬁ—ﬂ) T3:§(ﬂ+ﬂ )-
With these relations we can easily check Nahms equations in the («, §)-formulation to be

{B+ [O‘aﬂ] =0
%(a+a*) +[a,a*]+[B,8%] =0.

The next discussion devides into three parts: The complex moment map leads to the first equation, the
so-called complex equation, and the quotient modulo the complexified gauge group. Afterwards the corre-
spondence to the real picture is discussed. While the quotient does contain equivalence classes of solutions
to the complex equation we have to show that any gg orbit also contains a unique G°-orbit of solutions to
the second equation to which we refer as the real equation. In the third part we shall prove that the moment
map of the G¢ on the moduli space is an isomorphism with the coadjoint orbit Adg, e.

Most of the definitions are motivated by the way we interpret H as C2 just as presented in the conventional
chapter. This procedure is linear and does not have any effect on the analysis behind. That is why most of
the presented objects behave similar to the objects in the real model on Rgg.
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4.3.1 The Moduli Spaces in the Complex Picture

For a given sly C-triple {h,e, f} in a complexified semi-simple Lie algebra g we consider 7¢ to be the
subspace of € (R<o; gc ® gc) consisting of pairs (a, 3) such that

o Ja-h/2(s=1)] < oo, [ B~2¢/2(s - 1)] < 0 where [w] = sup,o(|s = 1[***Jw(s)] +]s = 1**[r(s)])

This space T¢ is seen to be a complex space affine over {(a,b) € €' (Reo;9c @ 9¢) | [(a,b)| < 0o}. Regarding
7Tc as a complex Banach manifold modelled over {(a,b) € €' (R<p;9c @ g¢) | |(a,b)| < 0o} ® C. This complex
vector space inherits the complex structure I and comes equipped with the I-holomorphic symplectic form

0 _
<(~,~>):Re/ da®da+dfedd

- O
I1(a,b) = (ia,ib) and we=- f da A dB.

The well-definedness of all those integrals is a consequence of the decay condition.
We shall now define the group of gauge elements to be

Ge = {9 € G*(Reo; Ge) | 997" < 00, [(Adgh~h)/2(s - 1)| < o0, [(Adge~e)/2(s~1)] < 0o}
and the pointed gauge group being a normal subgroup in G¢
Ge = {9 € €*(Reo; G) | 997" | < 00, [(Adgh~h)/2(s = 1)] < o0, [[(Adge~e)/2(s~1)] < oo, g(0) =1}
both acting via
g-(a,B) = (9.0, 9.8) = (Adga - gg~', Ady B).
On a tangent vector (a,b) € T(,,p)7Tc it induces
g-(a,b) = (Adga,Adyb).

And so it follows that the Ge-action is holomorphic and preserves the structures on 7¢. We intent to compute
the moment map of the G2- action and firstly have to figure out that the Lie algebra of G is given by

LieG® = {€ € €*(Reo; 0c) | €] <0, [(ade h/2(s = 1)] < oo, [[(ade f/2(s ~1)[ < o0, £(0) = 0}
and the corresponding fundamental vector fields of the action turn out to be
Kg(a,B) = (ade a =€ ade B).

From the computation
<<K§g, (a,b)» = [i((adg a —f,a) +(ade 8,0)) ds
o . 0
- [_(éa)+ (e laval + (80D s = [
= [C(caraal [0 as

we can find the complex valued moment map

pgo(a,B) = B+ [a, f]

and to pass as before to the quotient of the complex symplectic manifold modulo a structure preserving
gauge action

- 6a) + {6 a) + (6 [oa] + [5,0]) ds

_ {solutions to the complex equation in 7c} Nc

G G-
If the space were a manifold we could just inherit the structure via the invariance. But the step of the
complexification basically caused to the problem that Qg is too huge. In general the properness will fail

so that the quotient is not necessarily a hausdorff space. However, the next chapter will take care of this
problem because it will just identify M and Mc.

C
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4.3.2 The Real Equation

Due to the equivalence of the complex equation pgo(c, #) =0 and the two equations uéo (T) = ;Lgo (T)=0
there is additional information hidden in the real equation Méo (T) = 0. Ignoring this for the moment the
identification between T and (a, 3) includes A/ in MVc. Since GY is a subgroup of gg the map

M->Mc via T (a,8)=(Ty+iTy, T +iT3)
is well-defined. We want to show that this map actually is an bijection which is equivalent to say
o Injectivity: If (o, 3) and (o, 8’) are G2-equivalent in N € N then they are already G -equivalent.
o Surjectivity: For any (a, 8) € N there is some g € G2 such that g.(«, 3) solves the real equation.

And so it is all about finding a helpful form of uéo(a,ﬁ) = 0 to work with gauge elements: Donaldson
gives in [Don84| a useful formulation in terms of operators on ¢*(R<o; g¢) and, relying on that, proves the
bijectivity. Here is what he did:

Oa
Oa

di - ada* aﬁ = —adg*

aduéo(a,ﬁ) = [86“506] - [8575[3] where 1. tady  Op=adg

which transform under the gauge element g € G¢ as

ag.oz = Ad(g*)q Oaa* o AAdgyc (?g.ﬁ = —Ad(g*)q o 85* o Adg*

Og.a = Adg o0, 0 Adg 0g.8 =Adg0030Adg
We can here read off that uéo is transformed only under the selfajoint part p = g*g of g € G¢ as

Adg-1 pi(g-(a, 8)) = pi(e, ) = Qap™ dap + OBp™ Op.
And so if for some g € G¢ with («, 8) also g.(«, 8) fulfill the real equation, p = g*g satisfies
~0ap '0ap+05p 0sp =0 with p(0)=1
from which already p = 1 follows. But this is nothing else to say that g was unitary and so g € G € G¢. This

proves the injectivity.

Let us now come to the existence of such a gauge: The idea is to see the equation for g as a Euler-Lagrange
equation, the corresponding functional is given by

0
2(9)=3 [ lga+(ga)F+lgpP.

Lemma 4.6. The functional £ has a stationary point if and only if uéo (g-(a,8)) =0.

Proof. Donaldsons arguments also work in our setup and so we mainly add some details on top:
Let us firstly compute the variations of g.a and ¢.3 in terms of dg:

5(Adga—gg™") =[0gg " Adga] -dgg™" + gg "6gg™" and 5(AdyB) =[dgg9", Ad, ]
We shall make two assumptions:

o If suffices to find the Euler-Lagrange equation at g = 1: An arbitrary g is a stationary point of .# with
respect to (a, 8) if and only if the constant path g =1 is stationary of .Z with respect to g.(«, 3). But
both («, 8) and g.(«, 8) are equivalent in the quotient and so it suffices to consider g = 1.

This assumption simplifies §(Ad, a - gg~*) = [dg, a] - 6g and §(Ad, B) = [dg, 5].

e Due to the polar decomposition we can divide variations in Q((C) in two directions: We can vary along
the self-dual part and along the unitary part. But being a solution to the real equation or not is a
property being preserved under unitary gauge transformations. That is why only the self-adjoint direct
that is relevant for us: we assume that dg is self-adjoint, i.e. dg* = dg.

The two assumptions simplify §(Ad, a — gg~)* = ~[dg,a*] - dg.
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The rest of the proof is purely computational:

5.32”(1):%5Ref(a+a*,a+a*)+(/6,ﬁ*)
:Re%f2(a+a*76(a+a*))+2(a+a",—5g>+(6ﬂ,6*)+(5,65*)
“Rey [ 2Aa+a’[5g,a-a")) -2+ dg) + 2(T-(a+a*).dg) + (199, 81,5°) - (5, [60.5°)
“Re [(Gg.[a-a*ara’ D+ (3, T (a+a)) + 60,15, 8°])
=Ref<6g,%(a+a*)+[a,a*]+[ﬁ,6*])

This computation shows that g = 1 was already a stationary point if («, 3) solved the real equation. In other
words, ¢ is a stationary point of . with respect to (a, 8) if and only if g.(«, 5) solves the real equation. [

The existence of a minimizing path p follows now from the Direct method of Calculus of Variations, compare
again against [Don84]. It follows the following train of arguments:

1. The functional is bounded from below and so there is a sequence reaching the infimum.
2. The minimizing sequence contains a convergent subsequence.
3. The functional is lower semi-continuous.

Now the existence of a minimizing p follows. Putting g = /p we have found a gauge element minimizing .#
and thus g.(«, 3) solves the real equation.
We shall leave this leck of details and directly go into the idenfication with the complex coadjoint orbit.

4.3.3 Identification as Coadjoint Orbits

To identify the moduli space M¢ with an adjoint orbit let us go through computation of the G¢-moment map
again: At a point we couple a tangent vector T{,,g)Mc which we shall represent by a pair (a,b) € T(4,p)Tc
with a fundamental vector field of the Ge-action. Both satisfy their own relation:

b+[e,b] +[a,8]=0 and K (a,B) = (ade =€ ade B).

Their pairing via wc is

we (K, (a,b))

[ ndca-1) - adepaas
_[i(—(é,b)+(§,[a,b] -[B,a]))ds = _[i _%

0
(o]

- Jim (&0 + lim(¢ )+ [ (€D [a,b] + [a, B]) ds = (£(0),b(0))

(&,b) +(&,0) + (€. [, b] + [a, B]) ds

S§—>—o00

so that the moment map of the G¢-action is given by

pc:Mc —ge  with  puc(e,8) =5(0).

In the remaining text of this chapter we shall investigate that this moment map has values the adjoint orbit
of e € g¢ and actually defines an isomorphism of kéhler manifolds equipped with a holomorphic symplectic
form if the orbit comes with the canonical Kirillov-Kostant-Souriau two-form w € Q% (g¢; C)

wx(adg,ader) = (X, [£,€]).

Both, source and target of uc, inherit their complex structure from the complexification process of g to ge
and so p is holomorphic.
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The equivalence of the symplectic forms, i.e.

we = pew  or alternatively W(C(Kgc(aaﬁ)aKglc(aaﬁ)) = (8(0),[£(0),£"(0)])

for any &, &’ € Lie Ge, follows from a direct computation:

’ 0 . .
wC(Kéc(a,ﬁ),Kéc(a,ﬁ)) =- foo(adga —f,adgf,é’) - (adga—g',adg 6>ds

0 ' '
:_[m<ad5a’ad5'5>_<ad§'a’ad55)_<§»ad£'ﬁ)+(£'7ad56)ds

:—[0((—ad§rad5 +ad§ad§f)oz,ﬂ)+(ad5,§'_adf§'”5>ds

(e}

0
= [W(ad[ﬁ,e] a,B) - <% [5,5’],5>d5
- [ 6€ T adu B+ ([, 6) - S-(16.€0.6)ds

0
—oo

(€1 A L~ [ (1615 + [a,8])ds = (8(0), [£(0). € (0)))

It remains to show the bijectivity of u:

Theorem 4.7. The moment map uc : Mc — g¢ of the Ge action

u(a, ) = B(0)

is an isomorphism between the moduli space Mc and the coadjoint orbit Adg, e.

In more elementary words the theorem just states that for any (o, 8) € N¢ there is a g € G¢ such that

9.(a.8) = (a0, o)  where ao(8)=2(%h, Bo(s) = — 2.

-1) 2(s—-1)

As before, finding such a gauge takes care about the asymptotic conditions. We will follow Biquards strategy
from [Biq96] with some slight modifications: when we have found such a gauge transformation on some
interval | — oo0;s*] we can follow the claim on the whole half-line just by existence and uniqueness of a
solution on the compact interval [s*,0]. For us it will be easier to turn the problem around and show that
for any (a, 3) € N¢ there is some g € G¢ such that g.(ap,8o) = (o, 3) and deduce the asymptotics from the
first equation g.cg = @ as in previous proofs of comparable statements. This differential equation g.ap =
should fix g in such a way that the second equation Ad, Sy = 8 will follow. This is almost the case as the
next lemma illustrates:

Lemma 4.8. Let (o, B),(a’,8") € Nc. If there is a gauge transformation g € Gc such that g.a = o' and
Ady B(s*) = B'(s*) at some point s*, then g.(a, B) = (o', 5").

Proof. We only have to check that Ad, 5 = 3’. Differentiating B = Ad, 5 - 3’ to
B=[g97",Ad,B]+Ady B -5
= [Adg @ = O/7Adg /B] - Adg[aa ﬁ] + [O/yﬁl] = _[O/7Adg 6 - 6,]
=-[a/, B].

leads us to a differential equation B = —[a’, B]. Due to B(s*) = 0 we know that the only solution is B = 0
which implies the claim. O

We can now focus on the first equation outside of some compact set. The idea will be to use the implicit
function theorem again and that way ensure the existence of a gauge g.ap = a. In the second step we deal
with the second equation Adg 5o = 8.
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Proof of the theorem. We shall show as in [Biq96] that there is a gauge g = exp £ such that Ad, ag -g97 ' = a.
For some (a,b) € T(4,3)Nc the linearised equation

1

—madhfza

3
can be solved directly to be

- 0 (-logls-1
£(s) = exp(lo’yz1| adh) / exp(Og;| adh)a(s') ds’.

The asymptotics of a garantuees the asymptotics of § and f, this can be checked e.g. via decomposing g¢
into its weight spaces with respect to the given sls C-representation. This implies the existence of some
g € Gc with g.ag = o on some interval ] — o0;59] and so we have g~*.(a, 8) = (a, 8'). We are left to show
that 8’ = By. The real equation gives us already that

log|s — 1]

B adp 8 =0 sothat B'(s)= exp( 5 adh)ﬁc', for some 3 € g¢ -

N 1

2(s-1)
It is actually so that f; is restricted by the asymptotics of § to be in 3} € e + @, Eig(ady, ). This
unwelcome summand in @,,.2 Eig(ady, i) is canceled by the correct choice of g which was not unique, yet.
It can be precomposed with any gauge g’ such that g’.ag = ag. Such gauges are of the shape

1 -1
g'(s) = exp(—0g|;| adh)exp(C) where ¢ € @ Eig(adp, u1).
©>0

When we have shown that there is such ¢ with the property that Ade.,(c) 5) = ¢ we are done.

Following the argument from [Kro90b] let us write 3 = e+¢’ and consider exp(ad¢)(e+(¢") = e as an equation
for ¢: If ¢’ is small we can parametrise ¢ through ¢’ in a neighbourhood of ¢’ = 0 if the differential of the
function Z(¢) = exp(ad¢)(e+ (") — e surjects at ¢" = 0. It is known from sly C-representation theory that

DyZ(¢) =-ad.¢ in other words DoZ = -ad,. : @ Eig(ady, n) ~ @ Eig(ady, 1)
n>2

n>0

is a surjective map and so the claim follows in a neighbourhood. For general ¢’, we use the homogeneity
coming from the conjugation with h: We have that e = exp(2r)exp(-rady)e and to we can apply the
operator exp(2r) exp(-radj) to the equation. Since (' € @, Eig(ady, 1) there is some huge 7 such that ¢’
is mapped into the neighbourhood of 0 where we can find a corresponding (, gauging back yields a solution
and hence proves the existence. This completes the proof of the theorem. O

The following diagramm does not only summarize the introduced spaces and relevant maps it also clarifies
the problem: The two vertical arrows, the moment maps, differ in the number of components. While the

M T(a,B) Me

JT’—’Ti(O) l(aﬁ)”ﬁ(o)

g ®R3 AdGC e

moment map of the G-action on M has values in g® g@® g the complex moment map only takes values in
gc = 99 g. Even more, it is the isomorphism between M¢c and the orbit. We have explained that the orbit
is a suitable hyperkahler manifold for the theory of the generalised Seiberg-Witten equations and so we only
have to give Adg. e > g®g®g. Again, we know that this map is just the identity in the last two components
when writing g° = g@ g¢. But what is the first component? The direct approach following the arrows leads
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nowhere: Let £ be in the orbit of e, i.e. {£ = Adgy, e for some gy € G¢c. For g € Gc such that g(0) = go the
solution g.(av, 30) of the complex equation corresponds via pc to &. There is a second gauge u € G° such
that u.g.(o, o) solves the real equation. Hence we have found with Ty = Reu.g.ap and T7 = Imw.g.qp,
T5 = Rew.g.8p and T5 = Imu.g.fp solutions to the real setup. It is not surprising that we find with «(0) =1

and g(0) = go
(150 (T) = evsoo Re(Ad, Adge) =Reé and  pfo(T) = evyoIm(Ad, Adge) =Im¢
and so we can concentrate on the third part:
Méo (T) = eveeo Rew.g.ag = Re(Ady, h —u(0) - §(0)ggt).

It could have been so easy if there were not the depence on g and u. Of course, there is much freedom in the
choice of g, e.g. we can take it to be constant around s = 0 so that ¢(0) = 0. However there is less freedom
in the choice of u: In general u will not be in the real gauge group G° since g.(a, 3) does not solve the real
equation, this means that 4(0) has a non-trivial imagary part and so can not be omitted - its real part could
have been chosen to be zero.

The idea of this clarification is two-fold: Firstly, the easiest approach how to compute uéo through uc does
not lead anywhere. And secondly, finding the moment map is nothing else but finding %(0) and so a big step
into the direction of a computation for u which enables us to give solutions T'. That might indicate why we
are heading towards solving Nahms equations in the next chapter.
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5 Nahms Equations as Flow Equation of the Bilinear Form

In this section we shall give an approach to actually solve the real equation for nilpotent orbits going back
to section 6 in the article Degeneration of Hodge Structures of E. Cattani, A. Kaplan and W. Schmid,
referenced as [ES86|. Here they have introduced Nahms equation as flow equations to a quadratic form
Q : S? Hom(su(2);g) » Hom(su(2);g). Combining this with the power series in which we can expand the
nilpotent orbits around s = —oco we can find a recurrence relation on the coefficients in the series. This
reduces the problem of solving to methods of representation theory.

Recall from the introduction that we can see Nahms equations as gradient flow

Ty + [Ty, T3]
Ty +[T5,T1] =
T3 + [Tl,Tg]

Il
o O O

to the functional ¢(&1,&2,€3) = (£1,[&2,€3]) and that the nilpotent orbit of the su(2)-triple decays like
(01,09,03)/2s and so is nothing but p/2s for the su(2)-representation p on g. This way of thinking means
to not see T as three paths in g linked by Nahms equation but rather as a flow equation on Hom(su(2);g)
which asymptotically is p/2s.

With the identification Hom(su(2);g) = (su(2))Y ® g = su(2) ® g we can define a bilinear symmetric form @
on Hom(su(2);g) by

") e,

S?(su(2) ®g) = S%su(2) ® S?g @ A’su(2) @ A%g Rk A*su(2) @ A%g
or explicitely
e onsu(2)®gas Qo®p,0’®y)=1[0,0]® [ ¢]
« on Hom(su(2);g) as Q(®,9")([0.0"]) = £ ([8(0), &'(o")] - [8(c"), ¥'(0)])
The first noticable property of @ is that we can characterise Lie algebra homomorphisms su(2) — g, i.e.
representations, as follows:

Lemma 5.1. An element ® € Hom(su(2); g) defines a representation of su(2) on g if and only if ® = Q(P, ®).

Proof. From the computation
Q(2,2)([0,0']) = % ([2(0), 2(c")] - [2(c"), 2(0)]) = [2(0), 2(0")]

the claim follows directly. O

Nahms equations are now given in terms of the flow equation

b(s) = -Q(®(s), B(s))-
Indeed, for T(s) = ®(s)(%) we find

Tl + [TQ,Tg]
T2 + [T3,T1] =
T3 + [Tl,TQ]

o O O

5.1 Recurrence Relation for Nilpotent Orbits

Referring to [ES86] around s = —oco we can expand the path ® as a half-integer power series

D(-s)=ps '+ ®,s(1+%)

n=2
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with p corresponding to the nilpotent orbit. We shall talk later about the convergence of this series, let us
firstly focus of the interplay of the expansion with the flow equation

oo

B(-s) = ps? = 3 (14 5) By 4D
k=2

QB(=5), (=) = Q(p.p)s 2+ 23 Qo 81) s 1 3 Q(&y, By) s+
k=2

k=2
oo & oo k-2 &
=Qp,p)s 2 +2 3 Qo ®i) s )+ 3 3 Q(Dr, Bpy)s*H)
k=2 k=2 1=2
and compare the coefficents
k k-2
+5)%k~ P, Pr) = 1 Pk-1)-
(1 )0 -2 81) = 3. Q1,04
i=2
As in [ES86], let us determine the operator Q(p,-) in the basis of Pauli matrices [0,0;] = 255 _; €ijk Ok:

Q. 2)(05) = 3 Q. ®)([1,021) = § ([9(01), @(02)] - [p(2). B(1)])

1 2
~5 ([p(o1), ®([o1,05]D] + [p(02), ([02, 05])] Z p(01), (o1, 05])]
=1
which also works for o; and o2. Since the adjoint actions ad,,) and ad) & = =€ oad, act on different

components in su(2) ® g they commute and so we can rewrite the previous result as

13 L[S
Qp) = 5 2 ady(o) ady, =~ (Z(ad (o +ady,)’ —adj) ‘(ad;j)z))

j=1
In general, Hom(su(2);g) is an su(2)-representation in three different ways:

i) Composing the adjoint action of g with p gives a representation of su(2) on Hom(su(2);g) =su(2)®g
which acts on the g-component.

ii) The coadjoint action of su(2) on Hom(su(2);g) acts on the su(2)-component in the tensor product:
ad) ® = -Poad,.

iii) The previous two actions commute and so can be combined into one a = ad (4 +ad, which corresponds
to the induced action on the homomorphism space rather than a component.

Each of the above sums of squares is related to the action of the Casimir element in su(2) on the relevant
representation which acts as a multiplication operator on the irreducible subrepresentation. With respect to

our basis {o;} we have that cas = (o + 03 + 03).

Instead of dealing with the su(2)-representation theory here we shall pass to the complexification, i.e. sub-
stitute g by gc = g®C, su(2) by sl; C and extend to above maps complex linearly. This has two reasons:
on the one hand, we do not need to worry in diagonalisation arguments and, on the other hand, we would
have passed to the complexification later on anyway. There is much material about sl C-representations
covered in later chapters, [Hum97| is also a good reference. We shall go on with the decomposition into sly C-
subrepresentations: sly C = S? and ge = @ A, ® S” where S¢ is the usual irreducible sl, C-representation of
dimension d + 1. For the homomorphisms we can write

N N 1 N 1
Hom(sly C;gc) = S* ® (@ A ® ST) = @(AT ® P SHZE) and @=) > (%) accordingly
r=0 r=0 e=-1 r=0e=-1
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where we put S72 = 57! = {0}, i.e. ®D =&~ = (. This leads the above Casimir-terms to be
3
z(adp(gl) + adzl )2 o) = —(r+2e)(r+2e+2) oe)
=1

3
Z adi((n) (I)(T’E) = _T(T + 2) (I)(T’E)
=1

3
(ad’,)? d0) = _g ()
=1

and consequently

(1 + §)<I>,(€T’E) -2Q(p, ") = (1 + g + % ((r+2e)(r+2e+2) —r(r +2) - 8))@,(;’6) =~ (k+e2ve(r+1))0.

1
2

And so (") are determined recursively by
k=2
(k+e?+e(r+1)00) =23 Q(®;, ®jy) ™
1=2

unless the prefactor k + &2 + ¢(r + 1) vanishes which is exactly the case for k = r and ¢ = 1. In other words,

the recurrence relation determines all components of the ®,, except & = q),ik’_l), 0 <k <N where N +1 was
the dimension of the highest-weight module in the decomposition of Hom(sl; C; g ). We shall consider these
(I’,(ck’fl) as initial data for the recurrence and so compute the other components of the ®;. If all the input
terms are real also the output is real and so if we restrict ourselves later to real variables to remain in g. We
summarize the material from [ES86)] in the next theorem:

Theorem 5.2. For any given &1,...,&, € g there is a solution ® to Nahms equations such that q),(ck’_l) =&
for 0<k<N. If the & € g € gc were real the resulting ® € Hom(sly C; gc) restricts to a real homomorphism
® ¢ Hom(su(2);g).

Let us loose some words about the convergence of the series ®(-s) = ps™ + X5, ®,s~(1*3) again following
|[ES86]: The norms on sly C and g induce a norm on Hom(slz; g¢) and so also on the space of bilinear forms
on the homomorphisms with respect to which @ is bounded. Consequently we can find an index ny and a
constant g > 1 depending on the precise shape the decomposition of gc and ) such that for any n > ng

(I) qn—QCI) o
[Pl < = 37 |@o] |-
no=

Let us put p = max{|®1],...,|®p,|,1} so that |®;| < ¢*p**! for any k < ng. Assuming this estimate also for
all £ < K for some K, we find

q < q < -1 K-
|(I)K+1| < ; Z|q)l||¢)n—l| < ﬁ qupl+1 qK lpK 1+1 SqK+1pK+2.
1=2 =2

And so it follow from induction that the series

D(-s)=pst+ Y ®,s~ (%)

n=2

convergences for all —s > /pg. That is the reason why such a sequence is in general only defined on some
interval ] — 0o0;809] and not on all of Rey. However, we can make use of the time-shift symmetry of the
equations to construct solutions on R.g. In other words, out of any solution we can explicitely construct
this way a solution that represents an element of the previously introduced moduli spaces.

Let us come back to the recurrence relation: With the input data {£x} we intend to find all ®,,. This
does not only require an explicit decomposition of gc but also an explicit decomposition of tensor products
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into irreducible sl, C-representations, e.g. to determine Q(®;, ®;_;)"*) concretely. And when this is done
we have to find the way back to homomorphisms. And so we shall focus on the concrete example

gc = Endo(S d) =s5lg.1 C  with the standard sly C-module structure

which means nothing else but to consider the adjoint orbit of maximal rank.

This has two reasons: Firstly, the nilpotent orbits are computed up to d = 3 so that there is hope to produce
new examples. Secondly, from the representational point of view, End(S?) is relatively simple: Interpreting
S% here as polynomials we can work relatively concrete with well-known objects:

« We already know that End S = @% _,5%™ i.e. each irreducible representation occurs only once.

— ®min{m,n} Sm+n—21 .

e With the previous point in mind we can compute an explicit isomorphism S™®S" 10

e Polynomials will be easy enough to handle so that we can write @ in a simple and condensed form.

This choice becomes very reasonable when taking our main tool, the Moyal product, into account. The inspi-
ration for this approach had V. Pidstrygach. So that the main reference for the general material concering
the representation theory we present here was covered in his seminar talks while concreter computations
are joint work. Nevertheless, the Moyal product is known from quantisation theory so that there is much
material covered in physics papers. A brief introduction with some proofs can also be found in Classical
Invariant Theory by P. Olver |[O1v99).

5.2 The Moyal Product as Computational Tool
For two f,g € C[x,y] we write

o7 QoI omIglg.

1 m S (_l)nl_j
{f,g}m:mﬂ(away) f®g:j§j

where II(f ® g) = fg is just the standard product of polynomials. The Moyal product f * ¢ of f and g now
is set to be

f*g= i {f,9tm=Hoexp(0, A0y)f®g.

m=0

We shall justify the terminus product and collect some fundamental properties of the Moyal product in the
next theorem:

Theorem 5.3. The space of polynomials (C[z,y],*) equipped with the Moyal product is an associative,
unital but non-commutative Algebra. Moreover, all Moyal brackets and so also the Moyal product are Sly C-
equivariant or, formulated for the Lie algebra, slo C acts via derivations.

We find with @”,_o S™, ®™ _o S*™ and C[z,y]ey = B5_y S*™ some Sly C-invariant subalgebras.

Proof. Let us firstly check the associativity, i.e. we have to check that (f * g) * h = f * (g * h) for any three
polynomials f, g, h. The claim can be rewritten as

II exp(9y AOy) H@id exp((9z A0y) ®id) =11 exp(9y A 9y) id®II exp(id ®(; A 9y)).
The main idea is to permute the differential operators through the mulitplication operators. We have

(0, ®0y -0y, ®0;) ®id=90,1I1® 9, - 911 ® 9, =11(9, ®id +id ®9,) ® 9, — I1(J, ® id +id ®9,) ® 0,
=II®id (0, ®id®J, +id®0, ® Jy — 0y ® iId®0, —id®J, ® J,)

and so by iterated application

exp(0; A 0y) I®id =11 ®id exp(d, ®id®9, +id®0, ® 0, - I, ® id ®J, —id ®Jy, ® 0;)
exp(0y A 0y) id @Il =id ®II exp(d, ® Oy ® id +0, ® id®J, — 9, ® 0, ®id -0, ® id ®J;,).
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Tha associativity is now a direct consequence of

exp(0; ® id®9, +1d ®9, ® 9, — 0, ® id ®J, —id ®9, ® 9, ) exp(J, ® 0y ® id -0, ® I, ® id)
=exp(0; ® 0y ® id +9, ®1d ®0, — 0y ® 0, ® id -0, ® id ®0; ) exp(id ®0, ® Iy —1d ®), ® 0;).

Let’s proceed with the equivariance. The Sly C-action on C[z,y] is defined by the precomposition A.f =
foA™! where A€SlyC and f € C[x,y]. And so it follows that

0p N0y A(f®9g)=0, 70y (foA ' ®@goA™)=det A (0, A0y f®g)oA™ = A(0, A, [®7)
where det A = 1 became relevant. Combining this with IIA.(f ® g) = A.II(f ® g) we obtain that

{AfiAgtm=ALf,9}m and A.(f*g)=(Af)*(Ag).

This completes the proof. O]

We will use the Moyal bracket {-,-} y to define equivariant homomorphisms via
A 87 o Hom(S™; Hom(S™; ™ 2N)) via for WY = {f, 3 190 {f0}n).

This defines in particular an equivariant embedding of S*™ — End(S9) via f ~ )\}m) and thus the decom-
position

d
oA™ : @ $*™ - End(SY).

m=0

That is the way we identify polynomials with endomorphisms.

5.3 The Recurrence Relation for End(S?)

Let us now explain firstly how the Moyal product decomposes tensor products and then afterwards secondly
how we can bring @ into a handy shape. Concering the first point, for any two functions f € S™ and g € S™
with n < m we have that

n
frg=>Afgl={frgbo+{frg}1+...+{f,9}n
=0 —_— —— ———
eSm+n eSm+n—2 eSm-n

and so the f * g gives the components of f ® ¢ in the irreducible representations S™*"! ¢ S™ @ S™ as each
bracket is Sls C equivariant and non-trivial: The Moyal product

min{m,n} .
*: 9" e S" @ Sm+n—2
=0

defines an isomorphism of Sls; C-representations.
Let us now concretise the decomposition S? ® End(S?) = @f:o @;z_l 521422 We already have found

5% @ 5% » 522 via @ fr {0, f}1.= )\((7175)f

and now need to find its equivariant inverse. We know from Schurs Lemma that any two equivariant maps
S2+2¢ . 62 @ 52 differ by a multiplicative constant. So the idea is to firstly give any equivariant, non-trivial
map S? ® §2+2¢ — §% and then compose with {-,-};_c, the composition is just a multiplication operator
which we can use the determine the correct normalisation.

We begin with

3 2 2
S22 5 2@ 8% via g > 01 ® {01, g} 14e = 2y ® {2y, g}14e — (27 ® {7 he ¥’ ® (G 0he)
=1
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where we have used o = —izy, 09 = (y* + 2%)/2 and o3 = —i(y* — 2%)/2. The equivariance is seen by writing
this map as

3
idoX) (Y oy ®0;) where idoA(*9): 5% @ 5? - §2 @ Hom(S2+2; 5%)
=1

and use the invariance of the sum —2¥ 0;®0; = Y(0;®1+1®0;)?-1® % 012 - 012 ® 1 being a multiple
of the Casimir elements and the equivariance of all the other maps. And we only have to renormalize by
computing the precomposition S? ® $2! - §2+2¢ . 52 g §2!:

e e=l @2 2?1 (20+2)(20+ 1) 2% @ 2
e £=0: x2 ® CCl—1yl+1 _ y2 ® xl+1yl—1 s 4(l + 1).lel s —4l(l + 1)(—$2 ®xl+1yl—1 + y2 ® ;L‘l_lyl+1)

e e=-L a?ea Y -2y @alyl + P @2ty - 2020+ 1)ty - 12020+ 1) (2% @ 2ty -
20y @ xlyl + y2 ® xl+1yl—1)

To summarise: The inverse map {-,-};_. : % ® §% — §2+2¢ g

2 2
. X
S22 5 52 @ 5% via gHazz,e(my®{wy,g}1+s—(ﬂc2®{y2,g}1+e+y2®{2,9}1+a))

2 1 2

ith stants = e d 1T T L1y
WL CONSTats Gl = = oy 20+ 2) Y207 "o+ 2) MM O T o004 1)

Concering the second point, since our bilinear form () computes commutators we need to express these in
terms of A’s. The next Lemma does even more: it computes compositions.

Lemma 5.4. For f € S and N < n we consider \\") ¢ Hom (S*; S¥+n=2NY a5 well as )\gM) € Hom(Sk; gh+m=2M)
for some g € S™ and M <m. According to the decomposition

min{k,k+K}

Hom(S% S**¥y= @  S**52 where K=n-2N+m-2M
1=0

the composition )\;N))\L(,M)|S,C has components

N\ (1) _mi“{%ﬁm L (nm, k) AYEMD
f g Sk~ P ’YN,M I ) {f’g}L Sk*

In particular the coefficients depend on the degree of the polynomials it is applied to.

Proof. This is basically an application of Schurs Lemma: On the right hand side, f®g € S"®S™ is considered
via the Moyal product as a sum of {f,¢}; mapped via A into the homomorphisms. The left hand side is
another way to map f ® g into the homomorphism space.

STeS™
@min{n,m} Sn+m—2l

AN o\ (M) =0
lﬂa A(N+M-1)

Hom(S*; S¥+K) < Hom(S*; Sk+K)

As both maps are Sly C-equivariant these two sides differ componentwise by a factor. O

We have computed some of these coefficients using the python programm from the appendix:
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(0),(0) _ (0
© A AT = A

0)y(1) _ _m (1) k_ (0)
d )\f )\g ~ n+m )\fg T n+m {f.9}1

o )\;1))\50) _ L)\(l) 4 ktn+m )\(0)

n+m " fg ntm “{f,g}h

(0)4(2) _ m(m-1) (2) (m-1)(k=1) (1) k(k-1) (0)
* AN = Gy D) Mg T ey (nrme2) Mgh T Grme ) G2y M fghe
R )\(2)>\(0) _ n(n-1) )\(2) + (n-1)(k+m+n-1) )\(1) (k+n+m-1)(k+n+m-2) y (0)

f 9 (n+m)(n+m-1) "' fg (n+m)(n+m-2) “{f,gh (n+m-1)(n+m-2) {f,g9}2
R )\(1))\(1) _ 2mn )\(2) i —kn+m(k+m+n-2) (1) _ 2k(k+n+m-2) (0)

f g (n+m)(n+m-1) "' fg (n+m)(n+m-2) {f.gh1 (n+m-1)(n+m-2) “{f,g}2

Let ® = (279 ¢ §2(n+9) with corresponding homomorphism 02, Z?Zl 0;® )\glfe)tb € 5?2 ® 5% and similarly
for U e §2(m+9) We can now compute

3
Q(‘b, \I/) = Q(QZn,e Z 0; ® )\((Ti-*'e)q);@@m,a
1=1 J

3
0; ® )\((7?'5)\1/)
=1

3

_ (n) (m)

= 0onc0om,s ) {01,011 @ | A A G |-
54 (o ALy

Following the general formula we have

n+m
(n) (m) _ r r.or (n+m-r)
|:)\)\((71i+5)¢.7)\)\((71j+5)\1,:| - 720 (7n,m(2n72m7d) - (_1) 77n,n(2m72n7d))>\{>\571i+s)q>’)\1(71j+6)‘1}}r

and so find

3
Q((I)7 \Ij)(2r) = Q2n,eX2m,§ (7;,77L(2n7 2m7d) - (_1)T77rn,n(2m7 2n, d)) Z {Uiv Uj}l ® {)\((7'£+6)¢7 >\((7"17'+6)\I]}n+m_7"'
i,j=1
We are going to express {)\((TI,L.JrE)CI),)\((,ljw)\I/}mm,r as a sum of symmetric and anti-symmetric terms in ¢
and j and then deduce that, due to the anti-symmetry of {c;,0;}; in ¢ and j, only the anti-symmetric
part contributes to the summation. And so our aim is to simplify these nested moyal brackets by iterated
application of the composition formular. To keep the notation a bit slimmer we notate: €' =1+¢, ' =0 +1,
r’ =n+m —r. This brings us to
’ 5/ / 5/
DR AD Wy =000 A w
min{r'+6’,2}

=Y (-5 (20,2,2(m+ ) AU @

r ADAED g
min{r'+5§’,2} min{a+e’,2} o
- ~1)%4% 5, (2n,2,2(m + 6 1) (2,2,2(n+ )N g
V.5 Ya,e (e’ +a-b)
a=0 ’ b=0 7 Moo ®
min{r'+48’,2} min{a+e’,2} s ee! (' +8"—a) \ (& b
a_a r r'+8'-a) \ (¢'+a-
= Y (D" en22(m+d) Y (1) L(2,2,2(n v e)) Ay Ap {oi, 05}
a=0 b=0
min{r'+6’,2} min{a+e’,2} Feg'ee b
= Z (_l)an’,é’(2n7252(m+6)) Z (_1)1”+ e 7@,8’(272a2(n+5))x
a=0 b=0
min{r'+§'+&'~b,4-2b} P st
x » Voreimarervans(2(m + 6),2(n + €),4 = 2)(~1)7 TN SN (g gy
= ) 0,05

(r'+8" +e'-b-c)

And so we have found Q(®, ¥)") being a linear combination of /\{Ui oit

for the moment the calculation goes on with

{®, ¥}.. Ignoring the prefactor

{oi,05}v

3 ’ 4 I
Q(, \IJ)(QT) = Z:(:omst(b7 c) Z {oi,0i}1® A(riHdee JHZ){(I), Ul..
b,c

ij=1
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By the mentioned antisymmetry of the first component the only non-vanishing summand is b = 1 so that we
are left with the homomorphism

3 ’ ’ r’
Q(®, 1)) = > const(c) Y. {oi,0;}1® )‘&f;}i —1_c){(I)7 U},
c ij=1

3 ’ 4 ’
=2 const(c) Y. 0x ® )\((,’; 1 WY,
c k=1

whose compontents are computed by replacing the tensor product with the Moyal product. And so with the
notation w’ =w +1

3 14 I/ 4 ’
Q(9, \I/)(QT"*’) =2 Zconst(c) Z )\((Ti_“ ))‘Sr:-, +o+e _1_0){<I>, U},

k=1
3 min{2,7 +6"+&’'-w’'+1-c} (r'+6"+&" ' +1 )
_ r'+8"+e'-w'+1-c—p
= QZC:const(c) ];1 };) Voot prssrser1-e(2:2,2(n+€) +2(m +€) —20))\{%7%}1) {D,T},.

Since o = —izy, 09 = (y? +2%)/2 and o3 = —i(y? - 2%)/2 we can compute

3 -3 p=2
Z{o’k,ak}p: 0 p=1.
b=t 0 p=0

(r'+8"+&'+1-c-w'-p)

so that the above A
{O'kvak}p

This fixes p=2and c=7r"+§ +&' -w' - 1.

Let us now discuss whether b=1, p=2 and c=7"+§" +&’ —w’ - 1 are in the summation domain, if not the

sum is vanishing already: We have

is a non-zero map if and only if p=2 and 7' +6" +&’'+1-c-w'—p < 4-2p.

e a€[0;min{r' +4',2}] e ce[0;min{r' +0"+&" - b,4-2b}]
e be[0;min{a+e’,2}] e pe[0;min{2,7"+¢ +&' —w' +1-c}]

This leads us to

¢ With this ¢ the upper bound of p is 2 and so there is the p-summand if we have the c-summand.

e b=11is in the summation domain [0;min{a + &’,2}] unless a + ¢’ # 0 which is equivalent to a = 0 and
¢’ =0. There is only the a = 0 summand if and only if ' =0 and &' =0, i.e. if e = -1 and r =n+m. By
the symmetry of @ we can run the same argument for §’ = 0.

And so there is no b =1 term if and only if r =n+m, € = § = —1. We would have then just have the
multiplication

3
Q((b(2n_2), \I}(Qm—Q))(Qn+2m) — ( Z O'ZO'])Q\I/
ij=1

e The condition ¢ > 0 says w' +1 <7’ +¢&’ + ¢’ and so excludes some values for w already. Taking c < 2
into account yields to r’ +¢&’ +40’' <3 +w'.
And so the above result is probably non-zero as long as
l+w' <r'+& +0"<3+w’ alternatively w+r<n+m+e+d<2+w+r

|@]+[ ]
2

and in all other cases we have Q(®,¥) =0. Withc=n+m+e+d-r-w= - (r +w) we finally find

Q(®, )™ = R(n,e,m, 8;7,w) {®, U} ww|
5 (r+w)

R(n, g,m, 5; T, W) = Q2n,eX2m,§ (’7;77”(271, 2m, d) - (_I)T'Y:’n,n(grn? 2n, d))X

min{r'+4§’,2}

x oy (D) 5(2n,2,2(m + 6)) Y, (2,2,2(n + £)) x
a=0

X et (2(m 4 6),2(n+ €),2) 2(=3) 1y 1 (2,2, 2(r + w)).
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This expression for @) is quite a simple one: It computes Moyal brackets of the input. And so the recurrence
relation boils down to compute nestes Moyal brackets of the initial data. This is, e.g., illustrated when
iterating the first few steps for endomorphisms up to n < 6: The relation

(n+w? +w(2r +1)BF) =2 Y. Q% ®,)@)  with inital values fI)l(2l’_1) =& e 52D

yields to

O<l<n

e The recurrence relation implies that all components of ®5 vanish except (1)52,—1) =&es

« Next one is ®4 with (4+w?+w(2r+1))BL") = 2Q(®y, B2) @) = 2Q(&2, )29, As Q(&2, ) ) =
R(1,1,1,1;7,w) {&, &2} —r—w which is non-vanishing if and only if r+w =0, i.e. if r=w=0o0rr=-w=1.
We consequently find

- o = 12R(1,1,1,1;0,0) €3 = HLLLL0O 2

2

— P = LaRr(1,1,1,1;1,-1) €2 = R(1,1,1,1;1,-1) €2

— @514’_1) = &4 € S? as initial value

all other components vanish

« For & we have to consider (6 +w? +w(2r + 1)) ®F™) = 4Q(®y, B4) ) = 4Q (L™, @{00)(rw) 4
4Q(<I>é2’_1), <I>512’_1))(2T’“)+4Q(<I>§2’_1), <I>fl4’_1) )(27:9) | The first two terms are only non-vanishing if r+w =
0, so as before, while the third term is Q(<I>§2’_1),<I>fl4’_1))(2r’w) = R(1,-1,2,-1;7,w) {&2, &4} 1-(rw)
which only fives contributions if r + w = 1 as & is a scalar.

— <I>g°’°) = L4(R(1,1,0,0;0,0) +2R(1,1,1,1;0,0) + R(1,1,1,-1;0,0) £ 2R(1,1,1,1;1,-1)) & =

_ R(1,10.0:0.0) R(1.1,11:0.0)+2R(1,1,1,-1,0.0) RALLLL1-1) 3
- ! 3

- <I>é2’_1) = 14(R(1,1,0,0;1,-1) £ 2R(1,1,1,1;0,0) + R(1,1,1,-1;0,0) 3 2R(1,1,1,1;1,-1)) & =

_ R(1,1,0,0;1,-1) R(1,1,1,1;0,0)+2R(1,1,1,-1;0,0) R(1,1,1,1;1,~1) 53
= 5 5

— 0"V = L4R(1,1,2,-1;0,1) ¢, = BAS10M g,
- 00 = LAR(1,1,2,-1;1,0) &6, A2 g,
— "D = L4R(1,1,2,-1;2,-1) £64 = 2R(1,1,2,-1;2, 1) 264

— @éG’_l) = & € S* as inital value

all other components vanish

e there are no odd components, i.e. $; = P3 =5 =0.

Let us now focus on the coeflicients R and so also on . Using the composition formula again we are actually
able to find relations for the s that might help later to simplify R or products of R.

5.4 About the y-Coefficients

With the composition formula

D
(D—') . _ 1 (D_l)
)‘f J /\gj) = ;’Yp—j,j(nvm’k) A{f,g}z
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we can use the symmetries of {-,-} to find further information on the v that may help to simplify the prefactor
R. To get the first symmetry, we just apply the composition formula twice

{f7 {g’h}j}D—j
D
Z,)/D j](|f| |g| |h|) {{fvg}avh}D -a

i
Z% B (L 1gl 1) (1P {h,{g. f}a} D-a
D

= 2% D55 (1L 1gl. [h]) (-1)7 Z'VD a.a (1B 19]: 1F1) {£h, g0, Y Db
D

Z’y(lg j] |f| |g| |h|)( 1)D Z’VD aa(|h| |g| |f|)( ]')D {fv {gvh}b}D—b

=}
(=)

which leads with the Kronecker-delta § to

ZPYD —J3,J |f| ‘g| |h|) Z’YD a,a |h| |g| |f|) ( )
a=0 b=0
Including another step yields

{f7 {g? h’}j}D—j

D

ZVD 5,5 f1:1gls 1hD) £4F, 9Yas hi D-a

MU il

Vb5 (L 1gl IR (1) P=* {h, {f, 9}a} D-a

i
=

Mw

D
V-5 (1FL1gl IRl (1) b;)v —a,a([RL: 1 191) ({7 30, 93 D

S}
I
(=)

Mta

D
VD55 (1FL1gl [h]) (1) I;)v —aa(BL 1L 19D G127 {g, (R, 1o} p-b

Q
Il
(=)

MU

D D
VD55 (1FL1gl, IRl (-1)P b;v —aa(RLIfL gD (=1)P7 ZPYCD—b,b(|g|ﬂ|f|ﬂ|h|){{gvh}caf}D—c

s}
Il
[=)

Mo

D
VD55 (1FL gl [h]) (=1)P bzg)v% a.a(l1£1,1g1) (=1)77 Z'YD b (gl [FLIRD ()27 {f,{g, h}c} p-c

Il
(=)

which gives
D D D
Z;)’YD—j,j(|f|7 lgl, In[) (=1)° bZ_%VD-a,a(IhL /1. 19l) (=1)° Z(:JVD—b,b(|g|a /1 121) (=1)° = (=1)" §;(c)

These are just matrix multiplications: Let us write I'p(|f],|gl,|h|) and the sign-twisted Tp(|f],g|,|h|) for
the matrix with entries

Co(If1 19l 1 as = vbosu(1f]: gl B and - To (1,19l [hl)as = (=1) 35, (f1, 1], [1)-

In that style we can rewrite the above relations as

Co(Ifllgl IRD oIkl lgl [£1) =1 as well as - Tp(|f1,|gl, [B]) T (kL [£]: 19D T (gl k], 1) = (-1)".
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This is the (open) end of the discussion. These relations are a nice-to-have but so far have not lead to
any deep insight, the prefactors R in @) are not of the above shape to use the above relations. However the
shape of Q makes it clear what to expect at the end: A series of nested Moyal brackets applied to com-
binations of the initial data. Again, such nested Moyal brackets can be reorganised using the composition
formula and so we are able to express the result in terms of easily computable derivatives of the inital data.
The main idea is to look for another tool which can handle this nesting procedure more easily and abstractly.

Before we have actually found the composition formula we were working in the universal enveloping algebra
of 5l C as both, the space End(S?) as well as the polynomials with the Moyal bracket, can be formulated
very nicely there. Even an intrinsic description for some of the 7’s and their relation is possible. This is what
we present now. During our work on the project we have stopped going into this direction and focussed on
the computation of concrete solutions. The next chapter indicates again V. Pidstrygachs idea where to look
for the overall picture.

38



6 Algebraic Backround in the Universal Enveloping Algebra

The consideration of @ in the previous chapter enabled us to formulate the problem of solving Nahms
equations for nilpotent orbits in an algebraic language of represenation theory or, in general, linear algebra.
We consider this as a key step towards an explicit solution. The next problem is to understand the algebraic
structure behind the computations in particular behind the composition formula, ideally in a formulation
that is well developped. In this chapter we shall relate previous considerations to the universal enveloping
algebra of slo C. However, this language is not fully developped, yet, and not sufficient since it can only deal
with endomorphisms: Since any representation is a Lie algebra homomorphism it extends naturally to the
universal enveloping algebra:

sl C - End(S?) extends to % (sly C) — End(S%).

With this map we will find a way to describe End(S?) inside the universal enveloping algebra.
We can also see the polynomial in %/: The Moyal-product induces a Lie algebra structure on S? = C[x,y]2
that coincides with the algebra sly C and that way defines a map of algebras

slo C - (C[z,yJev, *) which extends to % (sl2 C) » (C[x,y]ev, *)-

In other words, everything comes together in % = % (sl C). However, in the computation of @ we also had
terms like )\gfa)@(%’e) in which ,\S,?E) is not acting as an endomorphism of S2"*2¢ but as a homomorphism
§2n+2e 6§27 Tt is the task of future work to include these homomorphisms into the presented picture or
to find another suitable language. We shall present in this chapter that our knowledge about % covers the
picture partly and thus may be a fruitful approach for necessary generalisations.

This chapter constists of two parts: The first section sets up the framework and the notation of sly C-
representations, explains how to relate End(S?) and (C[x,y]ey, *) to the univeral enveloping algebra and so
tries to develop the underlying picture. Even if we give some simple proofs this text is not intended to be an
introduction to the representation theory of sl C. Theorems, missing proofs and arguments can be found in
J. Humphreys book Introduction to Lie Algebras and Representation Theory([Hum97]).

On our way towards the decomposition of % into its irreducible subrepresentations the dicussion seems to
be interrupted by a short discussion of symmetric tensors as SO(d)-represenation. These will be used later
in terms of symmetric polynomials again so that we have decided to cover this part already there. As before
our explanations do not follows some particular article or book, some inspirations for computations and
overviews concerning the tensors and polynomials are taken and given in the articles [Brul§|] and [MD17].
It was the work of F. Bayen and C. Fronsdal in [BF80] that motivated the point of view from the universal
enveloping algebra. And so we close this chapter with an sly C-intrinsic description of some ~y-coefficients
following their ideas.

6.1 The Universal Enveloping Algebra and sl, C-Representation Theory

The universal enveloping algebra is a fundamental object in the study of Lie algebra representations and so
it is to us. We shall start with its definition and then later pass to the universal property:

Definition 6.1. The universal enveloping algebra of sl, C is the full tensor algebra T sly C = @52, (sl C)®*
modulo the two-sided ideal .# generated by the elements .# = {(a®b-b®a - [a,b] | a,besly C):

U =U(s1,C)=Tsl,C/]I.

The algebra structure is inherited from the tensor algebra, notationally, we shall not write a particular symbol
for the product and simply write ef,e? = ee € %. As both C, sly C ¢ T'sl, C we also find them included in
7 . Moreover, the sl C-module structure of T sl; C given by the adjoint action descends to % as the ideal
& is preserved: It remains a derivation so that ad,(bc) = (ad, b)c+b(ad, ¢) = (ab—ba)c+b(ac—-ca) = abc—beca
for any a,b,c € sly C.
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On can now show

Theorem 6.2 (Universal Property of the Universal Enveloping Algebra). Let (A,-) be any complex
algebra with an unit element. Any map ¢ : sla C - A with p(a)-@(b) —(b)-¢(a) = ¢([a,b]) extends uniquely
to an algebra homomorphism ¢ : % - A with ¢|si,c = -

Additionally, if A is a sly C-represenation space such that ¢ is equivariant its extension is also equivariant.

We intend to not overload the notation so that the extension ¢ according to the universal property is denoted
by the same letter as the extended map ¢.

Clearly, any representation sl, C — End(V') on a vector space V extends to some % — End(V) as the assum-
tion is fulfilled already by the definition, so does the sls C-action on % extend to an algebra homomorphism
ad: % - End(%), e.g. ad.» = ad? so that ad? a = ad.(ea - ae) = €%a - 2eae + ae?.

This extension is a simple way to compare different representations or to compare representations with other
algebra maps. Another way is of course given by concrete computations and expressions in a basis. Clearly,
any basis of slo C generates the algebra % . For a vector space basis we recall the theorem by H. Poincaré,
G. Birkhoff and E. Witt.

Theorem 6.3. For any basis {x1, 72,23} of 5lo C the linear span of {xtxbxs | a,b,c e No} is all of % .

As usually the study of the algebra and its homomorphisms leads to the question about its center which is
generated by one element, the so-called Casimir element

cas=h?>+2(ef + fe) = —(o} + 02 + 03)

in terms of the standard basis {e, f,h} or the Pauli-basis {o1,02,03}. A proof of this theorem follows e.g.
from the theorem of Harish-Chandra:

Theorem 6.4. The center of % is generated by the Casimir element, i.e. the center is C[cas].

Consequently, for any algebra homomorphism ¢ : % — A we find ¢(cas) = p(h)% +2(o(e)p(f) +p(f)e(e))
being central in the image of ¢, i.e. it commutes with any ¢(a) where a € slc. In our future examples p(cas)
acts as multiplication with a scalar on all of A, say p(cas) = ¢ € C. Consequently, ¢ factorises through the
quotient by the two-sided ideal .#. = (cas — ¢). This leads to the idea of a Verma module:

6.1.1 Verma Modules

Let ¢ € C be any number and .#, = (cas —c) the two-sided ideal generated by cas—c € %. The Verma module
is defined to be the algebra given by the quotient

Te: U = Ue=U |5,

Notice that .#, is central in % and hence %, is again a sly C-representation. Clearly, as {e®f°h¢ | a,b,c € N}
spans % their image under 7. spans %,. But here we can simplify further:

« Due to the relation ef — fe = h and cas = h% + 2(ef — fe) we can rewrite
cas=h?+2h+4fe=h?-2h+4ef
and so in %,
fezi(c—ff—?h) and ef=i(c—h2+2h).

In other words, products ef and fe are polynomials in h.

o For a general polynomial ¢(h) in h we can deduce from hf = fh-2f = f(h-2) that ¢(h)f = fq(h-2).
The same consideration for he = (h + 2)e leads to

ffq(h) =q(h+2n)f" and e"q(h)=q(h-2n)e".
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o This brings us to a recursive simplification

(h=2(m-1))2+2(h-2(m-1))
4

Lc—h%+2h

. fm—l - en—lfm—l c—

enfm _ en—l(ef)fm—l = en”

m

Consequently, €™ f™ is either " " q(h) if m <n or f™"q(h) if n < m for some polynomial g.

And so %, is already generated by {e*h®, f¢h? | a,b e Ny}. Since these elements are also linearly independent
we have proven

Proposition 6.5. Each of the two families {e®h®, fh° | a,b e Ng} and {h%e®, h®f* | a,b e No} spans %..
In a similary fashion we shall prove the next proposition:

Proposition 6.6. The family {adic ek | keNg, 0<1<2k} is a vector space basis of U..

Proof. We show inductively that span{adlf e™ | 'm < k,0<1<2m} =span{e®h®, f*h* | a+b < k}. The
claim follows then from the fact that the number of generators on the left concides with the number of basis
elements on the right.

Let [ < k. As a first step we will show by induction that there is a polynomial pj; of degree [ such that

adsc e* = pri(h)e" e h'eF ™ + span{h®e® | a+b< k -1}
A direct computation gives
ady™ e = adg pra(h)e ™ = fpra(h) ' = pra(R)e" " ef = pra(h +2) fee*™ ™t —pra(h)etef
= i (pra(h+2) (= h* =2h) e = pp (h)e* """ (c = h? + 21))
- i (Pea(h+2) (c=h*=2h) = pri(h) (c = (h-2(k-1-1))* +2(h-2(k-1-1)))) 1.

In this shape it is easy to see that the h'*?-terms cancel so that Dk,i+1 is & polynomial of degree [ +1 in h.
If k > [, we do the same: There is a polynomial py; of degree 2k — [ such that

ad) e = pp(h) f5

which simply follows from the fact that ad’; ek = Pr,k(h) is just a polynomial in h so that the precise form
adlf ek = adlf_k Pr,k(h) follows from permuting f- and h-terms only. Thus the claim is proven. O

Even though the first basis {e"h™, f"h™} comes more natural from the Poincaré-Birkhoff-Witt-Theorem,
the latter basis {adlf eFY turns out to be more handy when decomposing %, further to finally understand
this sls C-module:

o From adcas e* = 2k(2k — 1) €* and the Sl, C-invariance of the Casimir element it follows
adcas adic e = 2k(2k - 1) adéc er,
i.e. with {adic ek} we found an eigenbasis to adeas, each {adlf ek [1=0,...,2k} being a sly C-submodule.

o Those adgas-eigenspaces decompose further into one-dimensional weight spaces: adpe® = 2ke* and
hence ad, ady e* = (ady ady, —ad s))e” = 2(k - 1) ads € and correspondingly

adhad;ek :2(k—l)adfek for any [=0,...,2k.

This way we have decomposed %, into its irreducible subpresentation via a suitable choice of a basis which
firstly decomposes %, into eigenspaces of ad.,s and these secondly into weight spaces.
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6.1.2 Classification of Irreducible Representations

Let, for the moment, V' be a finite dimensional and irreducible representation p : sly C - End(V') that means
that there is no non-trivial subspace in V' being preserved under the action of sl C. Our situation is special
since we have [adp,ad.] = 2ad. and [ady,adf] = -2ads. The following general result from linear applies to
our situation and so can be used to study the structure of V:

Lemma 6.7. For A, B € End(V') on a complex vector space V with [A, B] = bB the following is true:
e B(V,) c Vuyp where V, =ker(A-a)
e B is nilpotent, in particular there is a eigenvector w €V of A such that Bw =0

Proof. The equation (A-(a+b))B=AB-(a+b)B=BA+bB-(a+b)B=DB(A-a) implies the first claim.
This also implies that all possible eigenvalues of A are a + bk, k € Ng. But as W is finite dimensional there
is necessarily a k for which Vi (441ys = {0} but Vaixy # {0} - correspondingly, this generalised eigenspace is
contained in the kernel of B. O

This Lemma applies to gerneral representations p : sl C — End(V') and not only to the adjoint represenation.
Since [p(h),p(e)] = 2p(e) there is an eigenvector v € V of hightest weight, i.e. with maximal eigenvalue
p(h)v = vu satistying p(e)v = 0. We define the subspace W = @V p(f)*v in V. Similar to previous
computations we duduce that p(h)p(f)* = p(f)*(p(h) - 2)* and p(e)p(f)* L = p(f)*qr(p(h)) for some
polynomial gi. Consequently, W is fixed by the sls C action and hence it is a non-trivial subrepresentation

and so all of V:

dim V'

V=@ ().
k=0

Let now have V' dimension d, then
o trp(h) =tr[p(e),p(f)]=0and trp(h)=v+(w-2)+...+(v-(d-1))=d-v—-d-(d-1) and so

v=d-1 is the highest weight.

o The fact that v € Eig(p(h),d - 1) implies Eig(p(h),d -1 -2k) = C- p(f)*v so that
d
V = P Eig(p(h),d-1-2k).
k=0

e As [cas,a] = 0 for any a € sloC we have [p(cas),p(a)] = 0. Hence p(cas)|y = const so that a direct
computation shows

p(cas)v = (p(h)* +2(p(e)p(f) + p(f)p(e))v = (p(h)* + p(h) + 4p(f)p(e))v
=d(d-1)v

as p(h)v = (d—-1)v and p(e)v =0 on the highest weight vector v.

The decomposition of any sly C-module into its irreducible subrepresentations now goes as follows: If we are
lucky, the operator ad.,s determines a decomposition into finite dimensional eigenspaces as summands. Here,
the eigenvalue d(d-2) of p(cas) already determines the dimension and so also their multiplicity. To determine
irreducibles in Eig(adcas, d(d—1)) concretely we can choose a basis of the subspace of highest weight vectors
Eig(p(h),d - 1) and use the action of ady to transport this basis to the other weight Eigenspaces.

It is not difficult to show that all n-dimensional sly C-representations are isomorphic: simply map one heighest
weight vector to another and extend by equivariance. This so defined map is equivariant and non-trivial and
so is necessarily an isomorphism. This argument relies on Schurs Lemma:

Theorem 6.8. The only non-trivial and equivariant endomorphisms of an irreducible representation are
homotheties, in particular, they are autmorphisms.

More generally, equivariant homomorphisms between two irreducible representations are either the zero map
or isomorphisms.
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A simple consequence is the following: Let V and W be not necessarily irreducible and f € Hom(V; W)
equivariant. Then the restriction f|y to any irreducible component V' in V' is still equivariant and can only

map non-trivially to irreducible components W ¢ W that have the same dimension as V. Even better,
fly 'V - W is an isomorphism.

We finish this section by giving the standard irreducible representations S = C[z,y]q being the space of com-
plex, homogenuous polynomials in two variables = and y of degree d, i.e. S = spanc{y?, xy?=1, .. 2% 1y, y?}.
The action of sl; C is defined as follows:

d
d-2
p(h) =y0y - 20y = = diag(d,d-2,...,-d +2,-d),
-d+2
-d
0 -1 0

0 -2 d 0

ple) = —y0y = and p(f)=-azd,=| 0
0 -d 2 -
0 10

where matrices are given in those coordinates.

It follows from the above discussion that any finite dimensional sls C-representation V' can be written as

N
V=@PVeS with V,eS"=Eig(adeus;k(k-1))
k=0

where V;, = C™ is the multiplicity, i.e. contains the information how many S*-representations occur. The
corresponding projectors onto the finite dimensional ad¢,s-eigenspaces are given in the following lemma:

Lemma 6.9. Let A € End(C") be a diagonalized operator A = diag(ay,...a,) with a1 <as < ... <a,. The
polynomial

n

pe(z) = []

=1
ajtak

l’—(lj

ap —aj

takes values pr(ar) =1 and pr(a;) =0 for all aj #ax, j=1,...,n.

Consequently, the diagonal operator py(A) is the identity operator on Eig(A, ar) and vanishes on Eig(A, a;)
for any j such that aj # ay, in particular, pr(A) is the projector onto Eig(A,ay).

Similarly, appr(A) coincides with A on Eig(A,ay) and vanishes on any other Eig(A, a;).

6.1.3 The Decomposition of % into Irreducible Submoduls

The decomposition of % into its sly C-subrepresentations is linked to the decomposition of symmetric tensors
S™V on a d-dimensional vector space V' into SO(V')-subrepresentations. Since we come back later to the
tensors we shall collect some knowledge here already and transfer it to % via complexification for V = sly C.
Further and more concrete computations in physics language related to the symmetric powers can be found
in [Brul8] and [MD17], here motivated by multi-pole expansion and quantum physics.

Let V be a d-dimensional vector space equipped with a non-degenerate and positive-definite bilinear form b
and a chosen orthonormal basis. We shall consider the symmetric powers S™V as a SO(V)-module. For us
there are two maps relevant: The trace, on the one hand, as a SO(d) = SO(V, b)-equivariant self-contraction

d
tr: va d SmiZV given by (trT)231m = Z Tjjig...im
j=1
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in the orthonormal basis. Since the trace map surjects and is SO(d)-equivariant we find the decomposition
of S™V into the subrepresentations given by the kernel and the image of the trace. Let us denote the first
space, the kernel, the space of traceless symmetric tensors of rank m by Si"V. And so that we have justified
the following decomposition of S™V into subrepresentations S™V = S§'V & S™ 2V and by iteration

SV =SyVeS;tVeS ‘Ve...

where the last summand is S2V @ V®° if m was even or S}V = S1V =V if m was odd.
Let us analyse how each of the summands actually sits inside S™V. This leads us to the second map
S™=2Y - S™V: It comes from the product in the symmetric algebra which is in the basis

o
(m+n)! .

(8T)i,...i

tmtn

m n
Z Siou)---ia(m)ﬂa(7yL+1)~~-io(7yL+7L) where S eS™V, T'eS"V,

Ppyyn

as the multiplication with b: T +~ bT. By definition of SO(V,b), b is invariant and so is the multiplication
with it equivariant. Let us compute the components

d
tr(bT)i1~~im = Z(bT)jjilmim = 9 Z Z 5(1)%(2)Tia<3)~~ia(m+2) where  imi1 = ime2 = J.
i1 m ) J=l 0Py

Here we need to count specific permutations:
o There are 2m! permutations fixing both j’s in the first places, namely all elements in P, and (12) P,

e There are 2((m+1)!—=m!) = 2mm! permutations that fix either the first or the second position but not
both, and the same amount of permutation mapping the first position to the second or the second to
the first but not interchanging both. And so we have 4mm/! permutation keeping exactly one j in the
two first positions.

e There are m(m — 1)m! permutations that map boths j’s away from the first positions.

Those numbers sum indeed up to 2m! + dmm! +m(m —1)m! = (m +2)! = |Py42|. We find

1 d d d
(0T )icin = gy | 2! > b33 T iy, + dmm! Z 205 Ty o, +m(m—1)m! Z R O T
(m +2)! j=1 j=11=1 LU=1,1#
m'

v ((2d+4m) T +m(m-1)btrT);,

A simple consequence is the following: if the tensor T is traceless, we have tr(bT') =

2(d+2m) .
(m+2)(m+1) T so that
b: S§'72V » S™V in particular injects. Consequently, SV = S§V @ bV®? and inductively it follows

S™V = S§V @ bSy AV + b2 Syt

It is actually true that each of SJ*V is an irreducible SO(d)-representation but we will not need this fact
and so directly transfer this to the sly C-representation % :

The basis {01,02,03} is an orthonormal basis of su(2) with respect inner product which is the negative of
Killing form. And so we can apply the above theory to SU(2) as the covering of SO(3). The complexification
then leads to sl C-representations, e.g. we can substitute S™C? by S™sl, C ¢ % via

T~ Z T5,i0i50i, 04,00, and in particular b+~ cas.

11,12,13

Under this map, we shall denote by S™ the image of S™C3 and by R™ the image of S7*C? each of them being
a sl C-subrepresentation in % . Since % is spanned by all 8" we can summarise the above explanation for
SO(d) in the next theorem |[BF80]

44



Theorem 6.10. We can decompose

T lmp2) 2%
U = G_}OSW and S™= kQBO cas"R"™"

into irreducible subrepresentations. Here R™ € 8™ can be characterised by
i) the image of the symmetric and traceless tensor Si'C3
i) R™ = span{adjc em|j=0,...,2m}
iti) R™ = Eig(adeas, 2m(2m + 1)) nS™

Proof. Again, % = ®S8™, S™ = @cas*R™ ?* since b ~ cas and the first characterisation are already
explained. The third characterisation follows from the second using the material of sl; C-representations
covered before and so it remains to check the second characterisation. The observation ™ = (o9 + iog)™
motivates to consider the following tensor: We define the tensor E by its components as follows: For any
index set [ € {1,2,3}™

e E; =0 when ever I contains the index 3
e FE;=i™F when ever I contains k times the index 1 and m - k times the index 2

First of all, E is symmetric with ¥, . Ej i, ...0:,0;, = (02 +io3)™ =e™. The trace of F is computed
as follows: Let I € {1,2,3}™ 2 be any index set, we find

(trE); = E111 + Egor + E3a;.

If T contains at least once the index 3 it is directly clear that (tr F); = 0. Otherwise if & denotes the number
of index 1 in I we have Eq17 = i™ %2 = =™ % and Fy9; = i™*. This shows that tr £ = 0 and so e™eR™.
Since R™ is sly C-invariant of dimension not bigger than 2m + 1 we can deduce that R™ = span{adic em|j=
0,...,2m}. This completes the proof. O

We also have seen in the previous material about sls C-representations that R™ = span{adjf- em|j=0,...,2m}
is actually irreducible and so we have found the decomposition of % into irreducible sl, C-subrepresentations.

6.2 Formulation of the Moyal Product in %

From the representation point of view R™ is 2m + 1 dimensional and so isomorphic to S?™. On the other
hand the map pu : slo C - 5% = C[x,y]2

2 2
y x
h ry , €~ 5 ) f g _3
identifies the two irreducible representations sl C and S?. Unfortunately, this map sly C — S? ¢ C[z,y] does
not extend to the universal enveloping algebra when C[z,y] is being equipped with the standard product

on polynomials. If perturbed to the Moyal product

oo m (_1)m_J . . e
*q = ,G}m where JGtm =) ———— 000" -0
f+g mZ::O{f g9} {f.9} ;}j!(m_])! U f 79

we can check that

p(a) * p(b) = pu(b) * p(a) = {u(a), u(b) }1 = [a, b]

on these basis elements and that way extent p to an equivariant algebra homomorphism p: % — Clz, y]ev,
the non-commutative moment map from the Sl C action on C2. Due to

2 {E2 1’2 2
pu(cas) = u(h) * (h) + 2(u(e) * u(F) + u(F) * ple)) = wy = ay + 2(y2 () () y2)

1 1
= (2% -1) - 3 (2%y? - doy +2) - 5 (2%y? + 4oy +2) = -3
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the homomorphism p factorises through the Verma module %_3. From the representation point of view
now both % 3 = @5°_ S?™ and C[z,y]ev = Bio_y S*™ coincide and hence pom 3 : %3 - Clx,yley is an
equivariant algebra isomorphism if and only if it is non-trivial on any irreducible component. But that is
clear if we simply evaluate at e*: u(e*) = (u(e))* = 27%y?* and Schurs Lemma implies now the isomorphy
between R™ and C[z, y]a2m and so between %3 and (C[x Ylev-

The Moyal bracket {-,-},, : S™ ® §™ — C defines a symmetric invariant bilinear form if m is even and
antisymmetric if m is odd. This can be extended to an invariant inner product on Clz,y]ev by (f,g) =
pre(f * g). The invariance has two consequences:

« The operator ade,s is symmetric. This implies S* 1 S! for k # [ since two different ad..s-eigenspaces
have to be orthogonal.

o The operator ady, is antisymmetric. This gives that Eig(ady,v) L Eig(ady,v’) unless v = —v/'.

And so for some Eig(adeas, 2m(2m + 1)) n Eig(ady, 2(m - k)) = C 2¥y?™* the only non-orthogonal elements
are multiples of 2™ *y*. This consideration also gives that the so defined bilinear form is non-degenerate.

6.3 Composition Formula for End S in %
The standard representation p on S¢ is nothing but the map p: slo C - End(S¢) given by

h Aﬁ) =y0y —x0, , e /\(1) YOy, [fr-—= /\(1) —x0,.

The induced representation on End(S?) itself decomposes it as End S¢ = @¢_, S?*. This can also be seen
using the homomorphism A*) : §2* - End(S%) mapping f - {f,-}x, i.e. )\}k)(g) ={f,9}r. Just as the
Moyal product also the map

d
M@ S%* - End(S%)
k=0

is equivariant. The pullback of the Killing metric on End(S?) via A differs on each component by a conformal
factor, this is a consequence of the invariance of both metrics.

The endomorphism space is an sls C-representation via p which lifts to an homomorphism of algebras
% - End(S?). Here, we can compute

p(cas) = p(h)* +2(p(e)p(f) + p(f)p(e)) = (ydy — ©0:)* + 2(yOz 20y + TIyy0dy) = d(d +2)

on S¢ which becomes clear when applied to an element, e.g. z?. And so p factorises through the Verma
module %;(4+2)- We now have found two maps with co-domain End(S?): the algebra homomorphism
p: % — End(S?) and A : C[2,y]ev<2d = ® S*™ — End(S?). We want to define a map R : ®S*™ — % such
that A = po R. We have

(m) _ (_1)m (Qm)' mam my m _ (1) _1 WL_ _1 m -
)\(y2/2)"’ - o2mml gl Y am and p(e )_p(e) ()\ 2/2) = 2y31 = 5 Yy 895

and so demand R(y*™/2™) = ,)2 e™ which we extend equivariantly to

(2m - k)
(m!)?

In particular, R takes values in R = @R™ € % which itself is isomorphic to any %, by the projection ..
Although R is only a subspace and not a subalgebra of % the map p remains multiplicative on R.
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All the presented maps are again collected in the following diagram

5[2@

/\

End S% < Jev

\
7
12
\
X
&
+
L‘i

d 2m
69m,:() S

The map pom_goR:Clz,yley,<2a = ®S*™ — C[z,y]eyv is for representational reasons a rescaling on each
summand which we can compute by

(?ﬁ)m’i) (2m)'6m [L'O_ﬂ';g (2m)'(y2)m
7 (m1)? mz\2)

The idea is now to relate the formula

d
(n) _ l (n+m-l)
)\f )\S(]m) — lzzo"yn7m(2n72m,d) )\{f;]}l , f c S27l’ f € SQm

with 2. We should point out here that we necessarily have to restrict ourselves to the endomorphism /\(f")

with f € %", ie. deg f = 2n, and so can only to relate the coefficients viym(2n72m,d) for all n,m,d to % .
The above formula is translated to R as

d
R(F)R(g) = ey RUL,010)s Wy = Ao (20,2m,d) = (<1)™ ™0
1=0

We can be a litte more explicit considering f = z™y", g = ™y™ so that

11_ -j,nal-j,..m gj, m
{z"y" 2z y™ h —Z (,(li )'8Jx”8§,3y O Ia™ oy

-
Z ( 1) ~J n! n! m! m! n+m-=I, n+m-1l _ 1 n+m—lyn+m—l

TG - = =) (== mgt Y T

1
= (_111) we intend to emphazise that it is just a polynomial in

With the notation R(z'y') = (_111)
h over C[cas]. We have found

n+m
po(R)pm(h) = ), cﬁlymaﬁl,m pi(h) in %3 =R, with coefficients aﬁl’m from above.
1=0

More general we have in R

n+m

Pn(R)pm(h) = Z cilymAln’mpl(h) in  with Almm € C[cas].
1=0

This translates information about the coefficients 7}, ,,(2n,2m, d) to information in % about p;. Since {p;}
is a basis of the space of polynomials in h over C[cas] we are interested in the decomposition of two-fold
product p,pm, in terms of that basis which can easily generalised to many-fold products of the ps. This
is the reason why we have to invest some time in the understanding of the p which lead us to [BF80] and
description in terms of the Legendre polynomials.
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Firstly we shall extend it to an equivariant polynomial p; : sl C - % :
1. We extend homogeneuously to Ch ¢ sly C: For any « € C, we define py(ah) = aFpy(h).

2. We extent equivariantly to the orbit C Sl C - h: For any g € Sly C, we demand py(ah?) = o (pr(h))?.
If g € Stabh fixes h it also fixes pi(h) so that this step is valid.
This polynomial map is uniformly continuous over compacta and so we can proceed the next step:

3. We extend continuously to all of slo C as C Sl; C- h is dense in there.

This way we have obtained an Sly; C-equivariant and C-homogeneuous polynomial expression sly C - % of
degree m which actually has values in the subrepresentation R™. It is a polynomial in the following sense:

Definition 6.11. Let 01, 05,03 be any orthonormal basis on sly C and let aq,as, a3 be the associated coor-
dinates on sl C, i.e. any a = a101 + as09 + agos for any a € slo C. A monomial slo C - % of degree k is the
contraction of a rank k tensor P = (P;,. ;) with the basis

Z P,-lmikailail '...aikaik.

By the equivariance of the expression this is indepenend of the choice of basis. By a polynomial we mean a
sum of such monomials.

The constructed polynomials p,, are indeed of this shape: Since p,,(h) € R™ = im(S™C? - %) there is a
symmetric tensor L of rank m such that p,,(h) = 2?1,...,ik=1 Li, . i, 06 ...04, . Homogenisation as well as
extension by equivariance preserve this form so that the polynomial on sl; C corresponds to the tensor L.
The construction does not only prove the existence of such polynomial p,, is also shows uniqueness:

Lemma 6.12. For any m € Ny there is, up to a constant factor, a unique equivariant, homogeneuous
polynomial sl C - R™.

Proof. The previous construction built p,, up only from its value p,, (h) which was in C[cas, h]. Consequently,
we only have to show that such a polynomial fulfills g(h) € C[h,cas]. But this means nothing else but
q(h) € R™ n Eig(ady,0) which follows directly from the equivariance: exp(h) necessarily acts trivially on
Pm(h) whose differentiation shows adp, p,, (k) = 0. O

6.4 Relation between the y-Coefficients and the Legendre Polynomials

We can use the correspondence between the polynomials and the traceless symmetric tensors to give these
polynomials more or less explicit: To any symmetric tensor we can associate a polynomial by

d
ﬁ(T)(:Cl,...,.’Kd): Z T‘il”_imxil MR 7
T1yeeytm=1

as we have done already on our way from S™V to % . Under this identification a traceless tensor corresponds
to a harmonic polynomial:

d d
Aﬁ(T)(iCl,...,(Ed): Zajz Z T‘ilmimxil'...'l'im
J=1

i1, nyim =1

d d
= Z Z El---im (5](11)(%(12)1'13 Cee. Xy, T SyIm. in (lem))
J=1li1,...im=1

d d
=m(m=1)Y > Tyjig.ip Tig -+ Ti,
j=1li1,...,im=1

d
=m(m-1) Z (tr T )ig. iy, Tig v oo T,

’Lg,...,im=1

=m(m-1)9(trT)(x1,...,2q).
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Consequently our aim is to find a harmonic, symmetric and homogeneuous polynomial of degree m. Such
polynomials are known as spherical harmonics of which we shall consider only the solid Legendre polynomials:
We define via

m T1+...+Tp
e’m(x) :\/ﬁ |ijl7n()
vzl

a symmetric, harmonic and homogeneuous polynomial of degree m on R"™. Here, [,, is the mth Legendre
polynomial which are equivalently defined by one of the following prescribtions

o (M4 Dlmar (£) = 2m+ D)t (t) = mlpn1(t) with lo(t) = 1 and I, (t) = ¢

2 m— —1)*k 2n-2k)! -1)* n-2k
o I (t) = $3.20 Lk t™72F where Iy, = (zk) (7L—§c)!(n—2)k)!k! = (2k) (n—i,n—QQk,k)

m _4k !
o« 1M = Z,[cjoj tonk lm—2k (t) where t,,1, = %

Correspondingly, the tensor L,, associated to ¢,

T, +To +. 1) -
lon(z) =/ ™ lm( \/7_1|x| ) > L (23 + .+ 22z + o+ .+ xy) ™
k=0

is symmetric and traceless and thus pushed to % defines a multiple of p,,,. Unfortunately, we have not been
able to give an explicit formala for the p’s and so used a computer programm as in the appendix to find
pm(h) = ad? em

e po(h) =
1(h) =

.
s

(
(
o pa(h) =3h? - cas

e p3(h) =-15h3 + 3(~4 + 3cas)h

e pa(h) = 105h* + 30(10 - 3cas)h? + 9(cas? — 8cas)

e ps(h) = —945h° — 1050(6 + cas)h® + 15(~15cas? + 200cas — 192)h

In the paper [BF80] by F. Bayen and C. Fronsdal the considered polynomials are R(x"%"") which is in
our convention pp,(h) = (-1)"m! R(z™y™), the adopted recurrence relation for p,, combined with our
conventions for the Killing form on sl; C is

Pms1(a) = (2m + 1) apy,(a) + m*(m? =1 - cas)|a|* pm-1(a), aeslyC.

There is clearly some relation to the recurrence relation for /,,. A lot of work has been invested in the
Legrende polynomials and so it is no surprise that there are explicit formulas for

(J )' (m=j=3)! (n—j-3)!

e . 2(m+n)-45+1 (m— J)l ()
- i i
O (I E s
m+n-j5)!

with some complicated but combinatorical expression for the coefficients zfl’m. There are several articles in
that direction, e.g. [AIS56]. The discussion ends here since we have then focussed on the recurrence formula
for Q. The knowledge about the Legendre polynomials and the universal enveloping algebra might bring
some light in the dark about the coefficients and to the bilinear form @ and that way motivate the bigger
picture behind in which we can solve Nahms equations for nilpotent orbits of maximal rank in End(S?) with
already developed algebraic terminology.
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7 Outlook

It was mentioned already that the presented approach is not fully developped yet, and so it is not difficult
to list gaps and ToDo’s. There are two main points here to discuss: How the open end could be closed and
how this method may be generalised to other orbits or other Lie algebras.

From our point of view it does not make too much sense to start brute-force computations of the recurrence
relation of Q). Of course, a computer can do that but we will not be able to interpret the results, yet. We have
to develop the algebraic language further to understand what is going on with the nilpotent orbits. And that
is why it looks most promising to search for a well-developped algebraic structure generalising the universal
enveloping algebra in such that way that we can not only formulate relations between \’s as endomorphisms
but also between \’s as homomorphisms. We are optimisitic that in this language the problem of solving
the Q-recurrence is easier, controlable and interpretable.

Reducing our high standards for the moment we would already be happy with a closed formula for the ~’s
so that we maybe can go on with the computation. Here we have two possibilies to start with: On the one
hand, a python program can compute these coefficients and we try to guess formulas. This is doable, e.g.
for XOX(™)  but tricky if mix-terms appear as in A\(A() | Ideally this path is combined with the knowledge
we can collect from the Legendre polynomial-approach: When we fully understand how the symmetrisation,
i.e. the map from the polynomials to the enveloping algebra, works we can use the relations between the
Legendre polynomials and translate them for our problem. Even though this will just give some 7’s it might
indicate in which direction we have to look.

So far we have restricted ourselves to the standard representation of sly C on End(S?) which corresponds
to the nilpotent element given by the Jordan block of maximal rank. We can approach the other orbits in
the following way: Due to complex linear algebra we know that we can choose e to be in Jordan normal
form. The Jacobson-Morozov theorem states that we can complete e to an sly C-triple {e, f,h} and that
way compute the decomposition of End(S?) with respect to this sly C-trepresentation. We can even be more
precise here: If we denote by J the nilpotent Jordan block of rank k — 1, we decompose End(S%), e.g. as

« For e = diag(Js, J2) we find End(S?) =C?’@ S0 C?e S'eoC? 0 S?eC? @ 30 5*
« For e = diag(Js, J1,J1) we find End(S?) =S’ @ S? e C?® S @ S* @ S°

And so the problem we have to deal with becomes clear: The different components do not only occur once
as for the standard representation but several times. However we are convinced this can be done with some
linear algebra tricks about which we think later.
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A Gauge Transformations and the Baker—Campbell-Hausdorff for-
mula

So far we have used quite often the existence of some gauge element with addition properties. If it is about
gauging a compontent to the standard solution or to zero, to solution of the real equation. In this section
we shall introduce a method how such a gauge can be computed systematically - for a limited number of
very special cases.

We consider a two-dimensional Lie algebra of some Lie group spanned by & and &3, this means in par-
ticular that [£1,&] = 1€ + 72&5. The unique gauge element g : R — G which eliminates £ = a1&; + ag&s, i.e.
g.£=Ad, & - gg~t =0, with initial value g(0) =1 is given by

g(t) = exp(t(ar&r + a262)).

This relies on the fact that £ is time-independed so that we can easily compute the derivative of g.
Another approach could be the following: We try to eliminate the £;-component in £ and the {;-component af-
ter each other. This can be by firstly gauging & with g1 () = exp(x1(t)£1) and then with go(t) = exp(k2(£)&2)
both with x;(0) = 0. The uniqueness tell us then that g = gog1. In more concrete terms:

exp(/il 51).(&151 + a2§2) = exp(/ﬁ adgl )(a1£1 + agfg) - Izélgl = a9 exp(/il adgl )cgg + ((11 - 1‘%31)51

All the nested commutators of §; and & remain in the Lie algebra so that there are functions wy = wy(¢) and
wg = wo(t) such that exp(k1(t)ade, )& = w1 (£)&1 + wa(t)k2(t), here wy and wy can be computed in terms of
the commutation relations and ;. The above equation becomes now

exp(r1(t) &1)-(ar&1 + a2a) = agwa(t) &2 + (a1 + agw (t) — A1(t))&1

so that the choice of &1 = ay + agw; with x1(0) = 0 determines k1 uniquely.
By that step we have decreased the dimension of the considered Lie algebra by 1 so that it remains to find

g2 = exp(r2&2). Due to
exp(ra(t) £2). exp(K1(t) &1).(a1&1 + axé2) = exp(ka &2).(aswa(t) £2) = (aswa(t) — £2(t)) &2

the choice ko = aswy with k2(0) = 0 is necessary.
We have now found two gauges, g and gog1, that solve the same differential equation g.£ =0 and ¢g(0) =1
and so they coincide

exp(t(ai&y +az2)) = exp(ra(t) £2) exp(r1(t) &1)-

This is nothing but a Baker-Campell-Hausdorff problem. Furthermore, we may be lucky and find the map
(a1,a2) = (k1(1),k2(t)) to be invertible. This then would correspond to a formula for

exp(&2) exp(&1) = exp(bi1&1 + b262).

Although the complexity of such problems increases rapidly, here we would have to solve differential equa-
tions explicitely and hope for controlable solutions, this approach generalises to computations in higher-
dimensional Lie algbras. But not to all of them, we have to have a linear basis {£1,...,&,} such that

span{{y,...,&x} € g is a k-dimensional Lie subalgebra of g

for any k <n, i.e. g is solvable. The proof just follows the above presented arguments recursively.

Let us compute some (known) examples. The first two examples are just as in the example, X and YV
span a two-dimensional Lie algebra. This was also computed by A. Van-Brunt and M. Visser presented in
[VV15], which looks from our point of view more complicated to our approach. The last and third example
will deal with the Lie algebra sy C, explained M. Matone in [Mat16]. He reduces the problem to the two-
dimensional case and uses results from there. With our restrictions on the Lie algebras the example of sly C
is already pretty general for the three-dimensional case: The Jacobi-equality together with the existence of
the chain of Lie subalgebras gives determing dependences between possible coefficients in the commutation
relations.
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Example 1: X,Y with [X,Y]=)\X

Let’s start with the situation of a two dimensional Lie algebra spanned by X and Y where ady X = AX and
A is a non-zero real number. In this case it does not matter which component is firstly gauged away and so
we just start with the computation: It is our aim to decompose

exp(aX +bY")
into factors. In order to do so we compute the action of gy (t) = exp(ky (t)Y) on aX + bY:

exp(ky ady )(aX +bY) = aexp(ky ady )X +bY = ae*™ X +bY

and so the choice ky (t) = bt gives gy (t) = exp(=btY) and it remains to compute ix(t) = ae™** which is
solved by rx (t) = -4 (e7*** —1) in the right way. Evaluating at ¢ = 1 we have found

7)\17_1

exp(aX +bY) = exp(-a ¢ X) exp(bY).

Now, let’s turn the question around and produce the coefficients such that exp(aX) exp(5Y') = exp(aX +bY").
This means nothing but solving the system of equations

—a e_Abb—l o
b B

for (a,b). That’s not too difficult and we obtain

exp(aX)exp(BY) = exp(% +BY).

Example 2: XY with [X|Y]=2X +yY

First things first, we can assume that both z and y are non-zero since this case was handled earlier alread.
Now we take care about exp(ady )(aX +bY). Let ad¥ (aX +bY) = az X +b,Y so that

ape1 X + b Y = adi (aX +0Y) = ady (ap X +b,Y) = ap(2X +9Y) = arpzX + apyy

and we can read off

ak+1 = LAk, ap =a t ﬁ d ak = axk
O IIn
bry1 =yag, bo=bb1=y by = a2 z* + 5o (k) bx;ay

where § represents the Delta-Kronecker-Tensor given by §x(n) = 1 if and only if & = n and dx(n) = 0 otherwise.
This leads us to

1
exp(ky ady )(aX +bY) =ae™ X + = (ay ™" + (bx — ay))Y
x

what requires us to solve

. —xRye Y 1 d _
= YT 4 (b - — 1=- =- —1 + (bx - R,
TRy =aye (bx - ay) oyt (b —ag)e T—— og(ay + (bx — ay)e )

And so we find ky to be given implicitly by

ay + (bx — ay)e~ v ()
log .

= —(bx - ay)t

which his in turn equivalent to the explicit form

bxe—(bm—ay)t _ ay)

1
Ky (t) =—= log(
x bx —ay
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If bx — ay = 0 we have not inhomogeneity in the differential equation to that ky (t) = —% log(1 - ayt). Now
for kx, it has to be chosen in such a way that

aw _1 (ziy — (bz - ay))
ay Y

kx =ae®™™ =

where we have linked e with £y via the differential equation. And so we have determined kx to be

be—ay, 1. (bee " —ay) br-ay, 1 (be—ayer W’
t log - t= log
bx - ay Y br — ay

kx(t) = = ry(t) - ==
Yy Y

And so we have finally computed
exp(atX +btY) = exp(kx (t) X)exp(ky (t) Y).
Let’s proceed by inverting the picture and solve

a=ry(1)
B=rx(1)

When writing r = bz — ay we can simplify the second equation by using 8 = kx = %a - i And so we find
r = xza — [By. This empowers uns to rewrite the equation for xy and solve for a
r et —el
re " =bre" —ay = (r+ay)e” —ay=ay(e" -1)+re" = a=-— .
y € -

and then with za - y8 =7 = bx —ay for b

—Ta_ T r e e _1

er—1 ):x er—1 "~

1
b:f(r+ay):£(1+e
x x

Of course we could have changed this basis here with [X,Y] = 2X + yY to the basis of Example 1 or even
to [X,Y] = X. But this would lead to a Baker-Campell-Hausdorff decomposition and so to exponentials in
the new basis vectors. So again, we would have exponentials in linear combinations of X and Y which does
not help us at all. That is why we intended to consider this Example 2 really as an example not as a special
case. And this is also the reason why we do not change the basis in sls C:

Example 3: Standard Basis of sl, C
Any triple XY, Z with real and non-trivial relations
[V, X]=uX [Z,X]=yY [Z,Y]=uZ

span the Lie algebra sl, C. We can compute already all the necessary formulas

2
exp(nzadZ)Y:YerzadZYJrH?ZadQZY+...:Y+unZZ

2
eXp(f@'Zadz)X=X+mZadZX+% ad2ZX+...=X+ynZY+%n2ZZ

so that

exp(rzadz)(aX +bY +cZ) =aX + (ayrz + b)Y + (a % K% +bukz +c)Z.
In the next step we use

exp(ky ady )X ="V X
exp(ky ady)Z = e "V Z.
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which leads us to the differential equations for the k:

uy o ayu b\2 ub?
/%Z=a?/<;z+bw<;z+c=7(nz+—) +lc-—

Ky =aykz +b

kx = ae"™ .
2
We abbreviate p = “6* and ¢ = ¢~ % to find

kz(t) = \/gtan(\/p_q(t—ﬂ) - % , T= \/L_q arctan(\/gaby)

v (1) = y\/g tan(Vpa(1-7)) == hy(t) = =7 logleos(/p (1 ~7))] = -2 togleos(y/pa (¢ - )|
fox (£) = kx(t) = % tan(/pg (t - 7))

cos?(\/pq (t-7))

This shape relies on pg > 0, if pg < 0 the the roots are complex so that the trigonometric functions are
replaced by hyperbolic functions.
The situation is a little different for ¢ = 0. Here we find

b 1 2 bu abu 1
0 (1) = 05— 0= (1)
2

For the case ¢ # 0 let us solve the system

v =rz(1)
B=ry(1)
a=kx(1)

for a, b and ¢. From « = kx (1) we can directly read off that

ax

(67

tan(y/pq (t - 7)) =

which leads when combined with ~ to

The (-equation can be transformed to

1 a’a®  a? ePyu q ¢ u (b
evP = =1+tan®(\/pg(t-7)) = = — ——:f—f——(f)
cos?(/pq (t—7)) (Vpa( ) pq pa a2 2 a a 2yl\a

And so we have determined the quotients g and <. This is the best we can hope for as long we do not
consider the tan-term explicitely since the prefactors in the k’s are invariant under rescaling a, b and ¢
simultaneously. Consequently, we have to fix a by

tan| a Bg—arctan Elé -
Vaa vva)) VEL

The solution is messy, the discussion when the solutions for k as well as the inverse problem is left out
anyway and so with presenting a solution strategy we close this example here.
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B Python-Codes

The Code for the Components in the Composition Formula

import sympy as sp

from sympy import =x

from sympy import simplify , expand, reduced, S
import math

sp.init_printing ()

a,n,b,m,p,k = sp.symbols(’a,n b mp k’)
X,y = sp.symbols(’x,y")

f = x*x%a x yxx(n-a)
g = x*xb * yxx(mDb)
h = x*xxp * yx*(k-p)

d=4

#computes the coefficient of the moyal bracket of {x"ay b,z sy t}_k
#wrt x (a+s—k)y " (b+t-k) and returns it
def moyalbracket ({f=0,g=0m=0):
result =0
for j in range(0,m+1):
result += Rational ((-1)*x(mj) , factorial(j)xfactorial(mj) ) = sp.diff(f,x,j,y,mj) * sp.diff(g,x,mj,y,j)
return result

coeffs={}
lambdacoeff={}
for N in range (0,d+1):
for M in range(0,d-N+1):
#compute \lamnda “{(N)}_f \lambda{(M)}_g (h) = = \sum _{j=0} “{NM} alpha_{N+M-j} \lamnda “{(NHM-j)} _{ {f,g} 7 }
poly = cancel (moyalbracket( f, moyalbracket(g,h,M) |, N) * xsx(—a-b—pHNHM) * yx*(—n-m-kta+b+p+NM))
for j in range (0,NM+1):
#computes the coeffiencent of Lambda ~{ (NM-3)} { {f, 9} 3 } (h) =4 {f,9}_J , h} {N+Mj}
lambdacoeff. update ({ (N,M,N+M-j ): cancel (moyalbracket (moyalbracket (f,g,j),h,NVEj )xxkx(—a—b—pHHM) *xy#* ( —n—m-k+a+b+pH
#We compute the iterations: We have already compute the first r
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#coeffs={3: mx(m—1)*(m-2)/((n+m)*(n+m—1)*(n+m-2))}
for j in range(0,NM+1):

i = NHVEj
# print(j,i)

helper=poly.as_poly(p).coeff monomial (p*x*i)
# print (helper)

for 1 in range(i+1,NM+1):

helper = helper — coeffs [(N,M,1)] * lambdacoeff [(N,M,1)].as_poly(p).coeff_monomial (p*x1i)

# print (helper)

helper = cancel (helper / lambdacoeff[(N,M,i)].as_poly(p).coeff _monomial (p**i))

coeffs.update ({(N,M,i): helper})

The Code for the Computations of the Polynomials p,,

import sympy

from sympy import =x

from sympy.abc import c,h

from sympy import eye, degree, print_latex

#c=h*x2+2(ef+fe) is Casimir

pp=Rational (1,4)*(c-h*x242xh)# ef=pp(h)

pm=Rational (1,4)*(c—hx*x2-2xh)# fe=pm(h)=pp(h-2)

q0=14+h-h #initial polynomial, somewhy just 1 is not accepted
dim=>h

d=dim-1

#we compute all polynomials up to degree rxd
polycoeff={}
poly={}
for n in range(0,2xd+1): #runs through S#x2n
q=q0
polycoeff.update ({(n,0):q})
for 1 in range(0,n):
g=q.subs ({h:(h+2)})*pm—q*pm.subs ({h:h-2%(n-1)})
qg=q.simplify ()
polycoeff.update({(n,1):q})
poly.update({ n: q })
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