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Abstract

The perplexing and intriguing world of biological systems has inaugurated a new

research field in statistical physics: out-of-equilibrium systems, known as active matter

that mimic systems in the biological world around us from a statistical mechanical

point of view. These systems exhibit captivating collective dynamics such as self-

sustained pattern formation. Self-organization of motors and microtubules within the

cell, swarming colonies of bacteria, and starling murmuration are some fascinating

patterns in nature that organize themselves independently, without external control.

Numerous computational, theoretical, and experimental models have been developed

to unravel the physics of active matter system.

In this thesis, we employ several agent-based minimal models to study self-propelled

particles to explore the key parameters that play a significant role in their dynamics

and self-organization.

We develop a hexagonal lattice model to study the dynamics of passive "tracers" in

the presence of active crowders where the tracer is pushed by the active particles, which

leads to enhanced diffusion. We show that the degree to which this diffusion is enhanced

depends crucially on the activity and the density of the crowders. Furthermore, we show

that a decrease in the diffusion coefficient of passive particles is an explicit consequence

of the local accumulation of active crowders in the system.

We employ Brownian dynamics simulation for spherical particles in continuous

space to explore the strong velocity correlation in a mixture of active and passive



particles in the absence of explicit alignment interaction. We decouple the effect caused

by a high density of the medium from the one caused by the persistent activity of the

self-propelled particles and show that a dopant of active particles can produce a strong

velocity correlation in a sufficiently dense system of passive particles.

We extend Brownian dynamics simulation to long, semiflexible active filaments to

explore the various dynamical states in the system. We show that the self-propulsion

force and the bending stiffness are two indispensable parameters in the systems that

control the size and shape of the emergent clusters and the dynamical steady states

in the system. Moreover, we add a direction reversal mechanism to the polymers to

mimic the stochastic direction switching motion of filaments. The stochastic direction

reversal rate is the third crucial parameter that controls the emergence of clusters and

spirals in the system and provides an additional mechanism to either unwind spirals or

to resolve clusters.

We employ our overdamped Brownian dynamic simulation to study the self-buckling

of an individual active filament to infer essential parameters for studying the pattern

formation of colonies of filamentous Cyanobacteria in the next chapter. We confirm that

a critical length of Cyanobacteria is required for self-buckling which is in perfect agree-

ment with the theoretical model that was developed recently in Dr. S. Karpitschka’s

lab.

Finally, by using inferred parameters from our self-buckling simulation, we investi-

gate the pattern formation of filamentous Cyanobacteria at high density. Using the

critical length from the self-buckling study as well as a length below and above this

critical length, the polar and nematic long-range order in the system is investigated.

The active filaments without stochastic direction reversal show a longer-range polar and

nematic order in the system. We then incorporate the direction reversal mechanism:

Increasing the reversal rate decreases the polar order in the system, but simultaneously

vi



increases the nematic order. Remarkably, the critical aspect ratio for the given reversal

rates exhibits the strongest polar order in the tangential direction of the filament and

the strongest nematic order in both normal and tangential directions of the filaments.

.
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Chapter 1

Introduction

1.1 Active Matter

Active matter system is of a novel class of soft matters that has drawn a lot of interest

in recent years. Active matter is ubiquitous in nature across many scales: cytoskeletal

filaments [1–3], motile cells [4–6], fish schools [5], and bird flocks [7–9]. These systems

are inherently out of equilibrium and consist of a large number of active "agents",

each of which continuously and autonomously harvests energy (from within their own

body or from their surroundings) to fuel their systematic movement. One fundamental

difference between these kinds of systems and driven systems (i.e. granular matter,

sheared complex fluids, etc.) is that for active matter systems both driving and

dissipation occur at the level of the constituent particles, whereas for driven systems

the dissipation happens at the scale of the constituents but driving is implemented at

the scale of the whole system, in most cases through the boundaries.

Active materials have exotic characteristics that make them fundamentally different

from the everyday materials we deal with: fabric, plastics, liquids, metals, and glasses

etc. For example, they can execute tasks such as self-motility [10–12], self-organization

[2, 10, 12], and self-healing [13, 14] to name a few.
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(d)

Figure 1.1 – (a) High-resolution electron microscopy of Myosin taken from [26] (b)
Bacterial “turbulence” in a sessile drop of Bacillus subtilis viewed from below through
the bottom of a petri dish taken from [6] (d) Image of a sardine school showing some
polar order taken from [10] (c) Photographs of starlings taken from [8]

Beyond biological systems, active matter has also been a source of inspiration

for artificial systems. Scientists have made great efforts to develop artificial systems

that can adapt and mimic the dynamical properties of biological active materials,

for instance, engineered synthetic colloids which are capable of converting energy

into motion [15, 16] like a bacterium or phoretic microswimmers [17–19] that have

proven to be essential for some systems [20] . Apart from the material design aspect,

these artificial systems are poised to transform material science by designing micro-

and nano-machines capable of autonomous movement, using the energy sources in

the environment to mimic the capabilities of living organisms [21, 22]. In addition,

artificial swimmers have been associated with a wide range of practical applications,

ranging from drug delivery [23], cancer therapy [24] to soil remediation [25]. Now, to

have a better understanding of these kinds of out-of-equilibrium soft matter systems

we will categorize them into different classes in the next section.
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1.2 Classification of Active Matter

1.2 Classification of Active Matter

There are different approaches of categorizing active matter systems into sub-classes.

The two most commonly used ones, based on fundamental principles of physics, are

the classification of active matter systems considering (a) conservation laws of the

dynamics and (b) the geometry of the constituent particles. Here we describe them

with appropriate details.

1.2.1 Classification based on conservation laws

In this subsection, we divide the active matter systems into two different sub-classes

by considering the conservation of momentum, and for this, friction will be the most

relevant factor. The sub-classes are termed as (a) wet and (b) dry. In general, a

given active material lies between these limiting cases (a) and (b) with the relative

magnitudes of frictional and dissipative damping controlling its position in the wet-dry

spectrum. Hence, just using friction, one would be able to differentiate and categorize

between these two sub-classes.

1.2.1.1 Wet active matter

Typically, wet active systems are embedded in an ambient fluid (which dampens the

active system through viscous friction) and the constituent particles can interact via

the ambient fluid i.e. through hydrodynamic interaction. Therefore, if solvent-mediated

hydrodynamic interactions are important in a given active system it is characterized as

wet active matter. In this case, the dynamics of the suspending fluid must be included

in the model, and a description of the suspension of active particles and the surrounding

fluid must be developed together while preserving the overall momentum. For instance,

while considering the physics of micro-swimmers in bulk fluid, the hydrodynamic flow

fields generated by the microswimmers should be taken into account as well as damping

3



Introduction

effect of the surrounding fluid on the relative motion of the neighboring particles.

Hence, the total momentum (which is the sum of the momentum of the constituent

particles and the ambient fluid) of the system is conserved.

Inclusion of the description of the surrounding fluid is not a simple extension. In

most cases, the introduction of the fluid description and the coupling of the density and

orientational degrees of freedom of the active particles to the fluid flow lead to complex

spatio-temporal dynamics. Typically, the hydrodynamic interactions are long-ranged

and combining them with the incompressibility of the fluid fundamentally changes the

physics of the problem and causes the appearance of turbulence-like vortical structures

[10, 27, 28] and topological defects [10, 29–31].

However, there are also many active materials that have alternative forms of

dissipation, such as wall friction which is the friction between the active particles and

a substrate without the above-mentioned complexity, as will be discussed in the next

sub-section.

1.2.1.2 Dry active matter

In systems where active materials are in contact with a substrate, or are confined

between two closely spaced walls, or move through a porous medium, the drag force

due to the friction of the substrate outweighs the friction due to the ambient fluid (if

there is any). This is a consequence of the coupling and decoupling of the components

of the system to the confining medium. The momentum of the active system is not

conserved and the substrate acts as a momentum sink.

The reason to ignore the aspect of the conservation of momentum is typically the fact

that hydrodynamic interactions are of less importance in such systems. The suppression

of hydrodynamic interactions can be due to several effects, such as fluctuations, volume

exclusion, and other short-range interactions. Examples of systems that lie in the dry

4



1.2 Classification of Active Matter

spectrum include the Vicsek model for mimicking migrating animal herds [32] and

assemblies of vibrating granular rods [33–35]. In this thesis, all works were performed

in different types of dry systems.

1.2.2 Classification based on the geometry of the constituent

particles

Figure 1.2 – Classification of colloidal particles with respect to their shape, image is
taken from [36]

Another popular way of classifying active matter systems is based on the shape of

the constituent particles [36]. It is quite known that the shape of the particles strongly

influences their motion and the formation of a pattern by a group of such particles.
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Both biological and artificial self-propelled particles often have a significant shape

asymmetry and they can give rise to a variety of new phenomena due to this shape

symmetry/ asymmetry (see figure. 1.2). We therefore classify active systems based on

their geometry, isotropic or anisotropic.

1.2.2.1 Isotropic

The simplest and at the same time completely symmetrical, i.e., isotropic, shape is

that of a sphere. This is the typical form for colloids studied in both experimental [37,

38] and theoretical [17, 18, 39, 40] soft matter physics because firstly, they are easy to

make and, secondly, due to the lack of ‘shape’ degrees of freedom, their behavior are

relatively easy to model and understand. Spheres have only translational degrees of

freedom, hence, they can only form perfectly isotropic state and the crystalline state

[41]. Note that, the self-propelled sphere still has an orientation, but in this case the

activity is responsible for the anisotropy, not the geometry of the particles. In chapters

2 and 3, the geometric shape of the active or passive particles is isotropic.

1.2.2.2 Anisotropic

Anisotropic particles have a non-spherical structure and are typically, either uniaxial

or biaxial. They exhibit very different static and dynamical behavior than the spherical

particles.

• uniaxial particles have an axis of symmetry denoted by a unit vector û. They

have rotational symmetry with respect to û and this is the only degree of freedom

of their orientation in two spatial dimensions. Moreover, uniaxial particles can be

divided into polar and apolar particles. Polar particles have head-tail symmetry,

otherwise they are called apolar. A good example of the simplest anisotropic

particles are rod-shaped particles [42, 43], which are an excellent model system

6



1.3 Modeling Active Matter Systems

for studying liquid crystals [44] and polymer systems [45–47]. In this thesis, we

used a rod-shaped model in Chapters 4 and 5 to mimic the dynamics of bacteria

and study their dynamical steady-state and self-organization with and without

external cues.

• biaxial particles either have discreet symmetries or no symmetry. Unlike uniaxial

particles, here we can no longer describe their orientational degrees of freedom

with a unit vector. Instead, we must use two perpendicular unit vectors or Euler

angles [48]. Examples are: Cube [49], Tetrahedron [50], etc (see figure. 1.2).

1.3 Modeling Active Matter Systems

Being diverse and complex, active matter systems pose a real challenge in terms

of modeling them using simple models. In this section, we focus on such modeling

approaches of active matter systems and give an overview of the main features of

different existing models. We also elaborate on where they are applicable/not applicable.

As mentioned before, there are several methodological approaches to describe active

matter. For a pedagogical discussion, we divide the possible descriptions into two

categories: (a) particulate or agent-based models (b) hydrodynamic or continuum

models.

1.3.1 Agent-based models

In the agent-based modeling approach, one seeks to understand the macroscopic

dynamical or mechanical properties of the system based on the interactions at the

level of the constituent elementary objects (known as ‘agent’). For example, while

modeling a polar active fluid using such an agent-based approach, the agents/particles

are typically considered as self-propelled entities moving at a certain speed along
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a body-fixed orientation (polarity axis), also undergoing rotational diffusion. The

interaction between the agents can be steric, aligning, etc., based on the target system

one seeks to mimic. This can include Weeks-Chandler-Andersen [51](WCA) or similar

soft repulsive contact interaction, which results in the explicit alignment of the polarity

axes (of both polar and nematic type). The equations for describing such agent-based

models can be in discrete space and time (lattice-based model) [39, 52, 53] or in a

continuous space-time domain (which is also discretized for the purpose of numerical

integration) [54, 55]. In Chapter 2, we discuss a lattice-based model and in chapters

3-6 we will use continuum models.

The prototypical example of the agent-based approach is the case of active Brownian

particles or ABP which has been developed to understand the collective behavior of

active colloids or self-propelled microbes. Below, we briefly discuss the salient features

of the ABP model.

Active Brownian particles (ABP) have served as phenomenological models for

studying the motion of self-propelled agents. Such agents in a biological context, e.g.

bacteria or other microbes, absorb chemical energy from the environment or from

within its own body and convert it into persistent motion to perform tasks necessary

for their survival. Now, in the ABP model, this self-propulsion or persistent motion is

modelled via a propulsion velocity v0 with constant magnitude and a direction that

diffuses over time. For simplicity the frictional damping is modelled as −γv, where v is

the velocity of the particle. The equation of motion can be written using the Langevin

approach as,

mr̈ = −γv +
√

2Dζ(t) + f0n̂ (1.1)

where ζ(t) is a vectorial Gaussian white noise with ⟨ζi(t)ζj(t′)⟩ = δ(t − t′)δij and

D = kBT/γ (using Einstein relation, in which kB is the Boltzmann constant and

8



1.3 Modeling Active Matter Systems

T is the temperature). Note that the first two terms are used for representing the

friction and noise for a standard Brownian particle. The third term represents a

propulsion force in 2d, with a constant magnitude f0 and a direction along which the

propulsion acts. n̂ can be represented as (cos(θ), sin(θ)) where θ is the angle along

which propulsion works. The dynamics of this angle is modelled by simple rotational

diffusion,

θ̇ =
√

2DRη(t) (1.2)

where η(t) is mean zero unit variance Gaussian white noise and DR is the rotational

diffusion coefficient. In the overdamped limit (ignoring inertia) one can rewrite the

equation of motion as,

v =
√

2kBT/γζ(t) + v0n̂ (1.3)

along with the Eq. 1.2 where v0 = f0
γ

. We have used this model in Chapter 3 to describe

the dynamics in a mixture of active and passive particles.

1.3.2 Hydrodynamics approach

A hydrodynamic approach provides a continuum description of an active or passive

system in terms of the dynamics of the so-called slow variables, as these variables

change gradually over in both space and time. Typical examples of slow variables in

condensed matter systems are broken symmetry variables near the phase transition, and

density of conserved quantities. Using this approach, one can derive a set of equations

that describe the coarse-grained behavior of the slow variables of the system. This

derivation can be derived in multiple ways: (i) by coarse-graining the corresponding

microscopic dynamics, (ii) from conservation laws and symmetry principles. In the

process of establishing a general set of equations for a continuum system, the first task
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is to define a set of hydrodynamic variables. The general equations are based on an

expansion of the aforementioned variables and their spatial derivatives, with the only

constraint being the conservation laws and symmetries of the underlying microscopic

dynamics.

There are numerous examples of such hydrodynamic descriptions of active matter.

The two most famous examples in soft matter systems are the hydrodynamic theories

for the dynamics of passive fluids and momentum non-conserving active fluids, which

are known as the Navier-Stokes and Toner-Tu equations [56], respectively. For the

former, the hydrodynamic variables are the density and the velocity field of fluid

whereas for the latter, an additional polarity field of the active fluid is needed. These

kinds of descriptions typically fail at length scales of the order of the particle size or

smaller but are very useful to explore the behavior of the system at large length and

time scales.

1.4 Collective Behaviour

Active systems are idealized systems studied to better understand the mechanism

behind the collective behavior seen in various biological systems. Examples of collective

behavior in living active matter systems range from mammalian herds to flocking of

birds, and to pattern formation in bacterial colonies, which all stem from the far-from-

equilibrium dynamics and the complex interactions between the constituents. These

examples show that this type of collective behavior can be observed at the micron-scale

as in bacterial swarms as well as at over kilometers in animal herd. Similarly, their

timescale can also vary from microseconds to days. Note that this kind of ordered

dynamic structure or patterns forms in noisy environments and most importantly

without leaders or external fields that dictate any behavior.

In active systems, there are two predominant types of collective behavior. It has

10



1.4 Collective Behaviour

been found that motile creatures usually congregate and form flocks to exhibit swarming

behavior. Examples include swarm behavior in birds, tetrapods, and fish. Or, they

may simply accumulate where they move more slowly. At high densities, they may

also slow down for biochemical or steric reasons, leading to motility-induced phase

separation (MIPS) between dense and dilute phases.

The simplest single-particle-level model that elicits collective behavior of flocking

is the Vicsek model, proposed by Vicsek et al. [32, 57], which introduces an explicit

polar interaction among motile entities. In contrast, motility-induced phase separation

results in clustering without explicit alignment interaction and is due only to the high

density of the motile entities. We will elaborate on these two collective behaviors and

discuss how they emerge with and without explicit alignment interaction, in the next

subsections.

1.4.1 Physics of clustering: motility-induced phase separa-

tion

One of the indispensable ingredients that make matter "active" is its motility. A

prototypical example of active matter is therefore just a collection of self-propelled

particles. Motility in these systems leads to a number of nontrivial physical phenomena

which have no equivalent in a passive counterpart. One of the fascinating phenomena

recently discovered is motility-induced phase separation which refers to the spontaneous

phase separation in the system that arises due to the self-trapping of self-propelled

particles when both their density and motility are high enough.

To understand this phenomenon, one can assume a population of swimmers in d

dimensions, running for a time τ with velocity v between two successive tumbles. The

hydrodynamic equation for a population of run and tumble swimmers can be written

as [11, 58] :
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Figure 1.3 – With increasing density, the velocity of the active particles slows down
due to self-trapping and phase separation occurs in the system.

∂tρ = v2τ

d
∇2ρ = Deff∇2ρ (1.4)

where ρ is the density field and Deff = v2τ
d

. Note that the velocity of the swimmer is

considered to be constant in this particular case. In the situation where velocity can

vary in space or v = v(x), we can rewrite 1.4 as [11]

∂tρ = τ

d
∇.[v∇(ρv)]. (1.5)

This equation is the most crucial one to understand the physics of self-trapping

and has some notable aspects. Solving this for steady-state (∂tρ = 0), we get ρ = 1
v(x) ,

which means that the self-propelled particles accumulate (i.e. the density is higher)

where they move more slowly, as one can see in figure. 1.3, with increasing density

phase separation occurs in the system. This is an important feature of interacting

active Brownian particles which has no counterpart in a passive system and leads to

so-called motility induced phase separation (MIPS). Note that this phase separation is a

consequence of no-equilibrium dynamics and does not arise from attractive interaction.

MIPS implies a persistent heterogeneity in the density of self-propelled particles

and it can develop spontaneously when the effective velocity of the active particles goes
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down due to the increased density of particles in the system. In Chapter 2, we will

show how the active particles affect the dynamics of the passive particles in a mixed

system and how this emergent heterogeneity can in turn affect the effective diffusion

coefficient of passive particles.

The orientation of the self-propulsion forcing of these self-trapped particles in the

clusters is completely random as this clustering occurs without an explicit alignment

interaction in the system. However, recently Caprini et al. [59] and Henkes et al. [60]

have shown that MIPS is accompanied by a spontaneous alignment of the velocity of

the particles in the dense phase of an active solid system. In addition, Szamel et al. [61]

reported a strong velocity correlation (only parallel to the velocity) of self-propelled

particles at high density of an active fluid system as well. They found that the average

size of domains with aligned velocities grows with the square root of the persistence

time of the self-propulsion force. In Chapter 3, we generalize this idea to a mixture

of active and passive particles instead of a purely active system. We also answer the

question of whether we can obtain such a strong velocity correlation in a dense passive

system by doping it with a small fraction of active particles.

As mentioned earlier, during MIPS, clusters form without explicit alignment in-

teraction and this mechanism helps us to capture the collective behavior in living or

artificial active matter, such as colonies of bacteria or active Janus colloids. Outside the

domain of such examples, there is a huge class of active matter with explicit alignment

interactions between the agents, such as in flocks of birds or fish schools. In order to

understand their collective behavior, one must define an explicit alignment interaction

between the propulsion forces acting on each active particle. The most famous model

for studying such a system is the Vicsek model [32], which we will discuss in more

detail in the next subsection.
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1.4.2 Physics of flocks: The Vicsek model

An important ingredient for the formation of swarms is a mechanism for alignment of

the constituent particles or agents, usually with respect to the direction of neighbors.

As mentioned before, the canonical model that introduces such explicit alignment

among self-propelled particles is the Vicsek model, which provides a model for the

swarming of self-motile particles.
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(b)
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(a)

Figure 1.4 – Panel (a) Different patterns of collective movement generated by the classic
Vicsek model (The image is taken form [32]). Panel (b) The Vicsek model is implemented
in a hexagonal lattice model (different colors show the direction of the active particles in
a hexagonal lattice) Panel(c) Flocking of birds

The original version of the Vicsek model [32] was defined in two dimensions, and

was based on the following set of rules. Each self-motile entity in the system is described

as a point-particle (no exclusion or steric interaction) with a direction θi at time t; the

self-motile entity moves along this direction with velocity v0 with a discrete time step
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of size ∆t = 1. At each time step and for each particle i, there is an alignment rule

that applies to the particles as follows: (i) In the first step, one calculates the average

direction of all particles inside a circle of radius r whose center is the particle position

ri(t); (ii) then the direction of particle θi is set equal to the angle corresponding to this

average direction, and in addition, some noise is added playing the role of rotational

diffusion. It stochastically changes the final direction of an angle ∆θ by a randomly

chosen value in [−η, η], η ∈ [0, π].

At each time step ∆t, the equation leading to such an explicit alignment updates

the direction θi, the velocity vi, and the position ri as follows:

θi(t + ∆t) =< θ(t) >r +∆θ (1.6)

vi(t + ∆t) = (cos(θi(t + ∆t)), sin(θi(t + ∆t))) (1.7)

ri(t + ∆t) = ri(t) + vi(t + ∆t)∆t. (1.8)

where ∆θ is the noise in the orientational dynamics of the system and plays the role of

thermal fluctuation and < θ >r denotes the average direction of the velocities of the

particles inside a circle of radius r.

The Vicsek model has drawn the attention of many physicists in the field of

statistical mechanics and condensed matter as this model is able to show a transition

between order and disorder far from equilibrium, only by changing the noise strength η.

If the strength of the noise is low, the particles tend to align their direction of motion

(similar to the ferromagnetic phase seen in equilibrium below Tc), causing the system

to enter into an ordered swarm state. With increasing η, on the other hand, the order

decreases and after a point, the noise dominates and the particles move independently
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of one other; at that high noise value, there is no swarm. The order parameter which

can describe this out-of-equilibrium phase transition is defined as :

< |v| >= |∑N
i=1 eiθi |
N

→


1, η → 0

0, η → 1.
(1.9)

In the thermodynamic limit or N → ∞, this shows a discontinuous transition. So

in some respect, it is analogous to a first-order phase transition seen in equilibrium.

In particular, near the criticality, the coexistence of two different phases is observed,

which leads to the formation of bands or stripes moving perpendicular to its "axis"

within a disordered background.

It is useful to remember that in a passive analog of the Vicsek model the particles

(or the spins) within the system are not able to move and can only align, corresponding

to the Vicsek model with v = 0. This model falls into the same universality class

as the XY spin model, which has a Kosterlitz-Thouless phase transition due to the

unbinding of topological defects without any symmetry-breaking transition from order

to disorder. This is the so-called "Mermin-Wagner theorem", according to which spins

with continuous symmetry, like the vectors of the XY model, can only undergo a

transition from order to disorder in a spatial dimension d > 2. On the other hand,

the Vicsek model can exhibit spontaneous symmetry breaking and an order-disorder

transition in d = 2, as it is driven out of equilibrium by activity (self-propulsion). This

means that if the system is out of equilibrium the Mermin-Wagner theorem can be

violated and one can see a long-range order even in dimension less than or equal to

two.

The Vicsek model introduces an explicit alignment interaction between particles

that underpins the collective motion of active particles in the system. However, the

alignment interaction can also be generated by the geometry of the particles in the
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system rather than invoking them by hand. Elongated particles, such as active polymers,

tend to align with each other as a result of collisions. When a binary collision occurs,

momentum transfer increases in the longitudinal direction, causing the two elongated

particles to align and move along each other. Depending on whether the collision is

parallel or anti-parallel (head to head or head to tail), they may form a stable group

of two, move together for a extended period of time, or just walk side by side until

they lose contact with each other. The average cluster size grows over time as other

active particles also can come and join them during additional collisions. There are

many physical parameters that can hinder or facilitate the formation of clusters in

the systems. Examples include the density of self-propelled rod-shaped particles, their

bending stiffness, activity and aspect ratio [62].

In Chapter 4, we will discuss the formation of clusters at a low density of active

filaments and examine the effects of physical parameters such as their bending stiffness,

activity, and reversal rate. In Chapter 5, we extend the study to a dense system of

active polymers to understand the collective behavior of filamentous bacteria observed

in experiments with gliding cyanobacteria to shed light on their orientational order by

varying the reversal rate, bending stiffness, and activity and compare the results with

the experimental data. Hence in both chapters, we study and analyze collective behavior

generated by activity and particle anisotropy, which results in aligning interactions

with invoking explicit Vicsek like interactions.

1.5 Scope of this thesis

In this thesis, we perform a computational study of dense systems of active particles

and their complex dynamics and self-organization. We start with studying the influence

of active particles in a passive/active mixture and then we investigate the pattern

formation dynamics in suspensions of elongated particles.
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In chapter 2, we investigate the dynamics of passive tracers in an active system

and also in a mixture of active and passive systems and show that the effective diffusion

coefficient of passive tracers increases before the motility phase separation of active

particles in the system and it diminished when the phase separation of active particles

emerges in the system.

In chapter 3, we study the velocity correlation of a dense passive system in the

presence of a small fraction of active particles (dopants). We show that a very small

fraction of active particles is sufficient to demonstrate a strong velocity correlation in

the system, as long as the density of the embedding passive medium is high enough.

We finally analyze how the velocity correlation in the system is affected by activity

parameters.

In chapter 4, we consider a system of active filaments at low density. We created

a state diagram of the self-organization of active filaments by modulating the self-

propulsive force and the bending stiffness of the filaments. Later, we added a reversal

mechanism to the filament’s driving direction to mimic the reversal seen in gliding

cyanobacteria and study the state diagrams as a function of self-propelling force and

bending stiffness for different reversal rates to understand the role of reversal.

In chapter 5, we performed simulations using flexible and self-propelled filaments to

understand the physics of buckling and to determine the bending stiffness and activity

of the bacteria. We also compared our results with the experimental observation

for a system of gliding filamentous cyanobacteria. By incorporating the measured

parameters in our non-equilibrium simulations we analyzed the pattern formation in

the next chapter.

In chapter 6, we used the parameters from the comparison of buckling simulations

and experiment, to explore the pattern formation observed in a dense colony of

filamentous cyanobacteria. We demonstrate that there is a long-range nematic order
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in the system. We also observe that the polar order of the filamentous cyanobacteria

decreases with increasing reversal rate, which is their spontaneous response to the

changes in light intensity.

In chapter 7, we summarize all the results presented in different chapters and

put them in a bigger context of Self-organization in active matter. We then finish the

thesis by discussing the future directions for this research and how current thesis can

be used as a guide to this aim.
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Chapter 2

Enhanced diffusion of a tracer

particle in a lattice model of a

crowded active system 1

2.1 Abstract

Living systems at the sub-cellular, cellular, and multi-cellular level are often crowded

systems that contain active particles. The active motion of these particles can also

propel passive particles, which typically results in enhanced effective diffusion of the

passive particles. Here we study the diffusion of a passive tracer particle in such a

dense system of active crowders using a minimal lattice model incorporating particles

pushing each other. We show that the model exhibits several regimes of motility and

quantify the enhanced diffusion as a function of density and activity of the active

crowders. Moreover, we demonstrate an interplay of tracer diffusion and clustering
1This chapter is based on a published paper , "Enhanced diffusion of a tracer particle in a lattice

model of a crowded active system " by L. Abbaspour and S. Klumpp in Physical Review E 103,
052601, 2021. Author contributions: L. Abbaspour performed simulations, data analyses and wrote
the manuscript, S. Klumpp supervised the project and wrote the manuscript.
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of active particles, which suppresses the enhanced diffusion. Simulations of mixtures

of passive and active crowders show that a rather small fraction of active particles is

sufficient for the observation of enhanced diffusion.

2.2 Introduction

The behavior of individual particles within a crowded environment is influenced by

the complex collective behavior of the surrounding particles [63–66]. Indeed, many

biological systems are densely packed. Molecular systems in the cytoplasm of cells [63,

67], colonies of bacteria [4], bio-films [68], and tissues [69] are a few examples. Often,

the crowded environment contains active particles that are driven out of equilibrium

due to the local injection and dissipation of energy. On the molecular scale these active

particles may be molecular motors pulling cargoes through cytoplasm and ’stirring it’

[70–72] or enzymes exhibiting enhanced diffusion [18, 73], on the cellular scale, these

could be self-propelled cells swimming in a suspension or moving through a tissue or

a colony of cells [74, 75]. This means that detailed balance is not fulfilled in these

systems, so they cannot be described by equilibrium statistical mechanics.

The observation of individual ’probe’ or ’tracer’ particles within such a system

provides a method to quantify crowding effects as well as to probe for the degree of

crowding if this is difficult to determine directly. Such probes include the diffusion

of the tracer particle [76, 77] as well as specific chemical reactions or conformational

changes such as the compaction of a polymer chain as measured by FRET-probes at

the two ends of the polymer [78, 79].

Diffusion of molecules and particles in complex environments has been studied on a

range of length scales and the complex environment can give rise to dynamic phenomena

such as anomalous diffusion [80, 81]. Specifically, diffusion of a passive tracer particle

in an active system has been studied in various experimental and theoretical model
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systems. Notably, Wu and Libchaber [82] studied the trajectories of polystyrene beads

in a suspension of swimming bacteria and observed enhanced diffusion of the beads.

Such enhanced diffusion has been studied extensively, both theoretically [83–90] and

experimentally [85, 91–97]. Extensions of the simplest system include 3 dimensional

systems [96], the presence of obstacles [94] and confinement, and effective interaction

between passive particles [98].

Interactions between particles in suspension can be complex and generally involve

hydrodynamic interactions in addition to simple excluded volume and particle-particle

collisions. Therefore, simplified minimal models systems can help to advance our

understanding of the role of active processes. Both continuum models [54] and lattice

models [52, 53] have been used for that purpose. Enhanced diffusion of a tracer in a

crowded active system has been observed in models with and without hydrodynamic

interactions [85, 99].

Specifically, lattice models provide a conceptually simple and often computationally

inexpensive approach to study complex phenomena based on particle-particle inter-

actions. In the case of active particle systems, lattice approaches have been used to

study clustering and phase separation [87, 100–103]. Specifically, modifications of the

dynamic rules can easily be implemented to investigate whether results are generic or

specific to given dynamics.

Following this approach and applying it to tracer diffusion, here we study a minimal

lattice model incorporating particle-particle collisions as well as different diffusion

coefficients of different particle types to investigate the effect of activity and density of

crowders on tracer diffusion, neglecting hydrodynamic interactions. Importantly, the

collision rule we introduce goes beyond the simple exclusion rule often used in lattice

models and allows for the pushing of one particle by another particle attempting to

move to the first one’s lattice site. We quantify the enhanced diffusion as a function
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Figure 2.1 – Lattice model of a dense system of active particles (blue) containing a
passive tracer particle (red). a) Overview of the model on a hexagonal lattice. b) Active
particles perform run and tumble motion and move persistently in the same direction
with probability 1 − α and randomize that direction (tumble) with probability α (i.e.,
α/6 for each direction). c) The passive tracer particle (red) performs a simple random
walk, its diffusion coefficient is modulated by the parameter β. d) Collision rules among
particles.

of these parameters and relate the observed tracer diffusion to clustering of active

particles. Finally, we generalize our analysis to the case of a binary mixture of active

and passive particles. Our results indicate how the interplay between activity and

density of crowders can lead to significant enhancement of the diffusion of a tracer,

but also limits that enhancement through clustering of the active particles.

2.3 Model

We consider a hexagonal lattice (see Fig. 2.1(a)) in two dimensions, consisting of

M = 256 × 256 sites, with periodic boundary conditions (effects of the system size

are discussed in Appendix A). There are in total n particles on the lattice, of which
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2.3 Model

Na = χAN are active and can self-propel following a simplified run and tumble motion,

and the rest are passive and exhibit diffusive behaviour. We define ρ as the number

density of the system, which is defined as the total number of particles divided by the

number of lattice sites.

For updating the position of all particles at each time step, n random actions take

place in the system. A particle may be picked more than once in one single time step,

giving rise to fluctuation of its speed. On average, however, all particles are picked

equally often.

The active particles have run-and-tumble dynamics, where they move persistently in

one direction (initially chosen at random), and then reorient with a tumbling probability

α, resulting in long directed runs with abrupt turns. At each time step, the active

particle moves in the same direction as in its last step with probability 1 − α, and

tumbles to choose a new direction with probability α/6. For instance, for α = 0.001,

the active particle takes, on average, 1000 persistent steps in the same direction, and

then tumbles and chooses one out of the six possible directions with equal probability

(see Fig. 2.1(b)). In the case of passive particles we set α = 1: the particle reorients at

each time step and therefore steps to each site with a probability of 1/6. Since our

aim is to study the effect of active particles on the overall motion of a passive particle,

we put (at least) one passive ‘tracer’ in the system, which in general has a different

Brownian diffusion coefficient set by a parameter β. The tracer steps to each neighbour

site with probability (1 − β)/6, with 0 ≤ β ≤ 1 as shown in Fig. 2.1(c). When β = 0,

the tracer has the same dynamics as a ordinary passive particle, meaning it can move

in each time step. As β increases, the tracer diffuses more slowly and in the limiting

case of β = 1, it can only move by being pushed by its neighbors.

We now define collision rules among the particles. We use a modified exclusion

rule, which in addition to ensuring that each site is occupied by at most one particle
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Enhanced diffusion of a tracer particle in a lattice model of a crowded active system

also allows for particles pushing each other. In each stepping attempt of a particle,

we check whether the target site on the lattice is empty or occupied. If it is empty,

then the particle is allowed to update its position, as described above. If the site is

occupied, then there are two possibilities depending on the second neighbor site of

the particle in the same direction. If the latter site is empty, the stepping particle

pushes the particle in the target site to the second neighbor site and moves to the

target site itself. Otherwise, the update is rejected (see Fig. 2.1(d)). Note that there

is no alignment interaction between particles in the pushing process. All simulations

described in the following were run for 106 time steps with 1000 realizations of each

condition.

2.4 Results

2.4.1 Tracer in a purely active system

2.4.1.1 Mean square displacement

We first discuss the results for a passive tracer particle in the presence of only active

crowders (i.e., Na = N or χA ≈ 1). We considered densities in the range of 0.01 ≤ ρ ≤

0.4 and the tumbling probability of active particles between 0.0001 ≤ α < 1.

We begin our analysis by evaluating the mean square displacement (MSD) of the

tracer particles. We note that for Brownian motion, the MSD is given by,
〈
(∆r)2

〉
=

2dDt, where ∆r is the displacement of a particle in a given time interval of t, d is

the spatial dimension (which is 2 in our case), D is the diffusion coefficient, and ⟨·⟩

denotes an ensemble average. So-called anomalous diffusion is characterised by an

MSD
〈
(∆r)2

〉
∼ tγ, where γ ̸= 1 is a real positive number that classifies the different

types of diffusion: sub-diffusion for 0 < γ < 1, γ = 1 is a typical diffusion process and,

super-diffusion for γ > 1 (where γ = 2 gives rise to ballistic motion).
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2.4 Results

Time

Single tracer
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Figure 2.2 – Diffusion of tracer particles with different diffusion coefficients in a system
of active crowders. (a-c) The mean square displacement (thick blue lines) shows diffusive
motion for β = 0 and anomalous diffusion for β = 0.9, 1. The red lines indicate the
diffusive motion of the tracer in an otherwise empty lattice in (a) and (b), in (c) the
tracer would not move in that case. The dashed lines indicate the scaling behavior of
the different regimes, by showing the power laws fitted to the mean square displacement.
(d-f) show trajectories (ti and tf indicate initial and final time, respectively in the
trajectory plots), the figures in the last row show the zoomed view of the trajectories
at the early stages. Each column corresponds to the value of β indicated above it. The
other parameters are ρ = 0.025, α = 0.0001.
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Enhanced diffusion of a tracer particle in a lattice model of a crowded active system

In Figs. 2.2(a)-(f), we have plotted the MSD and corresponding trajectories as a

function of time for the three cases of β = 0, 0.9, and 1. In all three cases, the density

and the tumbling probability of crowders are the same: ρ = 0.025 and α = 0.0001. For

a purely passive Brownian tracer with β = 0 (Figs. 2.2(a) and (d)), the tracer shows

normal diffusion, with an MSD that is linear in time throughout the simulation. The

trajectory is erratic at both long and short time (Figs. 2.2(d) and its inset, respectively).

It is useful to compare the diffusion coefficient of the tracer in this system to that of

a passive tracer in the absence of active crowders. A general expression for the diffusion

coefficient of a single passive particle on an arbitrary isotropic lattice is D0 = (κ/2d)a2λ,

where a is the lattice spacing (distance between neighboring lattice sites), d is the

spatial dimension, κ is the coordination number (the number of neighbour sites allowed

for a jump), and λ is the stepping rate to the nearest neighbour site [104]. In our

model a = 1 (i.e., all lengths are expressed in units of the lattice spacing), κ = 6, d = 2,

and λ = 1−β
6 , leading to

D0 = 1 − β

4 . (2.1)

Thus, for β = 0 we find D0 = 1/4. The corresponding MSD of a particle on an

otherwise empty lattice is shown as the red line in Fig. 2.2(a). A comparison of the

MSD without active crowders (red line) and the MSD in their presence (blue line) shows

that the diffusion of our tracer particle is strongly enhanced by the active crowders.

For β = 0.9 and β = 1, by contrast, we can identify several diffusive regimes

(indicated by the dashed lines, which show the scaling in the different regimes with

behavior ∼ tγ and γ obtained by fitting). A slow tracer with β = 0.9 initially undergoes

super-diffusion (Fig. 2.2(b)) as it remains in front of an active particle over an extended

period of time (see Fig. 2.3(a)). The tracer inherits the direction of an individual active

particle which drives it forward. This effect can also be seen in the inset of Fig. 2.2(e),

in which this directed motion yields a straight line. The observed diffusion exponent
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2.4 Results
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Figure 2.3 – Snapshots of the simulation for ρ = 0.1 and α = 0.0001: the active particles
are shown in blue and the tracer particle in purple. a) The tracer (purple) is next to an
active particle (blue), which pushes it. b) The tracer is trapped in empty space. c) The
tracer is trapped by active particles.

γ at short time is found to be 1.8, which is close to the ballistic regime with γ = 2.

After a longer time, diffusive motion is recovered, with erratic trajectories similar to

those for β = 0. The data also suggest that there may be a subdiffusive regime for

very long times, see below.

Finally, Figs. 2.2(c) and (f) show the case where the passive tracer does not move by

itself and only moves when pushed by an adjacent active particle. Initially, the tracer

fully inherits the direction and the speed of the active particle that pushes it (Fig. 2.2(f)

inset). Since there is only self-propulsion, γ is exactly 2. For an intermediate time,

diffusive behaviour is recovered. Then after some time, the motion becomes remarkably

less random, exhibiting long directed paths and pauses, as depicted in the trajectory

in Fig. 2.2(f). Correspondingly, the exponent of the MSD is reduced to γ ∼ 0.64,

indicating a sub-diffusive behaviour. Inspection of snapshots of the lattice (Figs. 2.3(b)

and (c)) show that during the pauses, the tracer is either trapped in an empty region of

the lattice and thus cannot be moved, or in a cluster of active particles, within which

it is also immobilized. This observation indicates that, in this case, the environment
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Enhanced diffusion of a tracer particle in a lattice model of a crowded active system
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Figure 2.4 – Trapping analysis. a) The sketch shows the tracer (red) surrounded by
different number of active particles (blue). (b), (c) and (d) show the probability that n,
neighbor sites are occupied (for n = 0, . . . 6). The red arrows indicate the numbers of
occupied neighbors most relevant for the different regimes in the MSD plots in Fig. 2.2.
The probabilities were determined by averaging over 1000 simulation steps (starting at
time 0 for the early state, at time 1000 for the intermediate state and 1000 steps before
time 106 for the late state) as well as over 1000 realizations of the simulation (with
random initial conditions).

in which the tracer diffuses through changes from a homogeneous environment, to

coexistence of a dilute phase and clusters of active particles. Cluster formation will be

discussed in more detail below.

2.4.1.2 Neighbour site occupation and trapping

To quantify the effect of trapping on the motion of a tracer, we define a trapping

parameter n, which characterizes the occupation of the six nearest neighbour sites of

the tracer (see Fig. 2.4 (a)). Thus, 0 ≤ n ≤ 6, with n = 0 indicating that the tracer

has no neighbouring particle and n = 6 is the fully trapped state. When n = 0, the

tracer with β = 1 is essentially trapped by the empty space and becomes immobile,

while tracers with β = 0 and β = 0.9 diffuse on their own. In the fully occupied state

(n = 6), the tracer is immobile for all the cases. n = 1 results in persistent directed

motion of the tracer if the neighboring active particle moves to the site of the tracer
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2.4 Results

and 1 − β < 1 − α, as the active particle then pushes the tracer for multiple steps.

For the two cases β = 0 and β = 0.9, the histograms of n do not vary significantly

over time, with the probability of having no neighbors being the largest (Figs. 2.4(b)

and (c)). As expected, the probability of having a single neighbor (n = 1) is higher for

β = 0.9 than β = 0, in agreement with the observed directed motion. For β = 1, n = 1

is the most probable configuration at all times. However, the histogram remarkably

broadens over time and becomes bi-modal at long times, with n = 0 and n = 6 occurring

(almost) equally frequently. This means that the three most likely configurations are

those that lead to directed motion (n = 1), trapping in empty space (n = 0) or trapping

in a cluster (n = 6), which together explain the range of motion observed in Fig. 2.2(f).

This trapping appears to be the reason for the subdiffusion observed in this case for the

long-times regime. By contrast, no such trapping is clearly seen for the case β = 0.9.

We therefore hypothesize that the apparent transition to subdiffusion at long times in

this case may be due to more transient trapping of the tracer, e.g. between just two

active particles moving into opposite directions.

2.4.1.3 Effective diffusion coefficient at large times

We have observed above that diffusion of the tracer is enhanced in the bath of active

particles compared to the tracer on its own. To study this further, in Fig. 2.5, we

plot the diffusion coefficient at large times as a function of density, focusing on the

case β = 0.9. The simulation was performed for a system with χA = 1, and different

values of α. Remarkably, the effective diffusion coefficient has a 50-fold increase when

in the active bath, compared to the diffusion coefficient of an isolated tracer. Even

at a low density (ρ ≈ 0.01) of active crowders, the diffusion coefficient of the tracer is

substantially greater than in the absence of active crowders, implying a strong effect of

being pushed by active particles.
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<latexit sha1_base64="qYEN1alqey8hMNzj5JZUAjiovDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAupFAl48RjQPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWj2acoB/RgeQhZ9RY6aHMznvFkltx5yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MT52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IRX/oTLJDUo2WJRmApiYjL7m/S5QmbE2BLKFLe3EjakijJj0ynYELzll1dJ86LiVSvX99VS7SaLIw8ncApl8OASanAHdWgAgwE8wyu8OcJ5cd6dj0VrzslmjuEPnM8fjmGNVA==</latexit>

(d)

<latexit sha1_base64="AItEixz/RLpTRVjGwf4COduMKiQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXCupFCl48VrQf0C4lm822odnskmSFsvQnePGgiFd/kTf/jWm7B219MPB4b4aZeX4iuDaO840Ka+sbm1vF7dLO7t7+QfnwqK3jVFHWorGIVdcnmgkuWctwI1g3UYxEvmAdf3w78ztPTGkey0czSZgXkaHkIafEWOmhGpwPyhWn5syBV4mbkwrkaA7KX/0gpmnEpKGCaN1zncR4GVGGU8GmpX6qWULomAxZz1JJIqa9bH7qFJ9ZJcBhrGxJg+fq74mMRFpPIt92RsSM9LI3E//zeqkJr7yMyyQ1TNLFojAV2MR49jcOuGLUiIklhCpub8V0RBShxqZTsiG4yy+vkvZFza3Xru/rlcZNHkcRTuAUquDCJTTgDprQAgpDeIZXeEMCvaB39LFoLaB85hj+AH3+AI/mjVU=</latexit>

⇢

<latexit sha1_base64="itEmqRihv6ACgdFx08/01G4L2Bg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBPOAZAmzk9nskHksM7NCCPkFLx4U8eoPefNvnE32oIkFDUVVN91dUcqZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR26hME9oiiivdjbChnEnassxy2k01xSLitBON73K/80S1YUo+2klKQ4FHksWMYJtLfZ2oQbXm1/050CoJClKDAs1B9as/VCQTVFrCsTG9wE9tOMXaMsLprNLPDE0xGeMR7TkqsaAmnM5vnaEzpwxRrLQradFc/T0xxcKYiYhcp8A2McteLv7n9TIbX4dTJtPMUkkWi+KMI6tQ/jgaMk2J5RNHMNHM3YpIgjUm1sVTcSEEyy+vkvZFPbis3zxc1hq3RRxlOIFTOIcArqAB99CEFhBI4Ble4c0T3ov37n0sWkteMXMMf+B9/gAiWI5P</latexit>

⇢

<latexit sha1_base64="itEmqRihv6ACgdFx08/01G4L2Bg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBPOAZAmzk9nskHksM7NCCPkFLx4U8eoPefNvnE32oIkFDUVVN91dUcqZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR26hME9oiiivdjbChnEnassxy2k01xSLitBON73K/80S1YUo+2klKQ4FHksWMYJtLfZ2oQbXm1/050CoJClKDAs1B9as/VCQTVFrCsTG9wE9tOMXaMsLprNLPDE0xGeMR7TkqsaAmnM5vnaEzpwxRrLQradFc/T0xxcKYiYhcp8A2McteLv7n9TIbX4dTJtPMUkkWi+KMI6tQ/jgaMk2J5RNHMNHM3YpIgjUm1sVTcSEEyy+vkvZFPbis3zxc1hq3RRxlOIFTOIcArqAB99CEFhBI4Ble4c0T3ov37n0sWkteMXMMf+B9/gAiWI5P</latexit>

⇢

<latexit sha1_base64="itEmqRihv6ACgdFx08/01G4L2Bg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBPOAZAmzk9nskHksM7NCCPkFLx4U8eoPefNvnE32oIkFDUVVN91dUcqZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR26hME9oiiivdjbChnEnassxy2k01xSLitBON73K/80S1YUo+2klKQ4FHksWMYJtLfZ2oQbXm1/050CoJClKDAs1B9as/VCQTVFrCsTG9wE9tOMXaMsLprNLPDE0xGeMR7TkqsaAmnM5vnaEzpwxRrLQradFc/T0xxcKYiYhcp8A2McteLv7n9TIbX4dTJtPMUkkWi+KMI6tQ/jgaMk2J5RNHMNHM3YpIgjUm1sVTcSEEyy+vkvZFPbis3zxc1hq3RRxlOIFTOIcArqAB99CEFhBI4Ble4c0T3ov37n0sWkteMXMMf+B9/gAiWI5P</latexit>

⇢

<latexit sha1_base64="itEmqRihv6ACgdFx08/01G4L2Bg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBPOAZAmzk9nskHksM7NCCPkFLx4U8eoPefNvnE32oIkFDUVVN91dUcqZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR26hME9oiiivdjbChnEnassxy2k01xSLitBON73K/80S1YUo+2klKQ4FHksWMYJtLfZ2oQbXm1/050CoJClKDAs1B9as/VCQTVFrCsTG9wE9tOMXaMsLprNLPDE0xGeMR7TkqsaAmnM5vnaEzpwxRrLQradFc/T0xxcKYiYhcp8A2McteLv7n9TIbX4dTJtPMUkkWi+KMI6tQ/jgaMk2J5RNHMNHM3YpIgjUm1sVTcSEEyy+vkvZFPbis3zxc1hq3RRxlOIFTOIcArqAB99CEFhBI4Ble4c0T3ov37n0sWkteMXMMf+B9/gAiWI5P</latexit>

Figure 2.5 – The relative diffusion coefficient of a tracer with β = 0.9, normalized to
the diffusion constant D0 of an isolated tracer.

Since the diffusion coefficient of a single passive tracer is a small constant in the

absence of crowders and goes to zero in the presence of a high density of crowders,

the relative diffusion coefficient is expected to be a non-monotonic function of the

density. Furthermore, the form of this dependence should also vary with the tumbling

probability. The plots in Fig. 2.5 show a clear density dependence of the diffusion

coefficient. The diffusion coefficient is sharply enhanced when the density of active

particles is increased from zero, then decreases after a pronounced peak. Clearly, the

density of the system greatly affects the diffusion coefficient of the tracer. To further

investigate this effect, we come back to the observation of cluster formation. Additional
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2.4 Results

⇢

<latexit sha1_base64="EeWaJzBWhcdmLn3i1ld7E1SLuX0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA7mc0OmccyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdCBvKmaQtyyyn3VRTLCJOO9H4Lvc7T1QbpuSjnaQ0FHgkWcwItrnU14kaVGt+3Z8DrZKgIDUo0BxUv/pDRTJBpSUcG9ML/NSGU6wtI5zOKv3M0BSTMR7RnqMSC2rC6fzWGTpzyhDFSruSFs3V3xNTLIyZiMh1CmwTs+zl4n9eL7PxdThlMs0slWSxKM44sgrlj6Mh05RYPnEEE83crYgkWGNiXTwVF0Kw/PIqaV/Ug8v6zcNlrXFbxFGGEziFcwjgChpwD01oAYEEnuEV3jzhvXjv3seiteQVM8fwB97nDyOMjlM=</latexit>

�
c

<latexit sha1_base64="0NqpGxurucQpnvt4QHjrPj87nJE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV4y4n3aL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ugoyLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVb9Wvb6vVeo3eRxFOIFTOAcfLqEOd9CAJlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD4rujyE=</latexit>

↵ = 0.0001

<latexit sha1_base64="+fxZACeax23uuW1pGNf6VKf3vLY=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoiBfUgFLx4rGA/oI1lst20SzebsLtRSun/8OJBEa/+F2/+GzdtDtr6wsLDOzPM7Bskgmvjut/Oyura+sZmYau4vbO7t186OGzqOFWUNWgsYtUOUDPBJWsYbgRrJ4phFAjWCkY3Wb31yJTmsbw344T5EQ4kDzlFY62HLopkiNduxXVdr9grlWdkRZbBy6EMueq90le3H9M0YtJQgVp3PDcx/gSV4VSwabGbapYgHeGAdSxKjJj2J7Orp+TUOn0Sxso+acjM/T0xwUjrcRTYzgjNUC/WMvO/Wic14aU/4TJJDZN0vihMBTExySIgfa4YNWJsAani9lZCh6iQGhtUFoK3+OVlaJ5XvGrl6q5arlXzOApwDCdwBh5cQA1uoQ4NoKDgGV7hzXlyXpx352PeuuLkM0fwR87nD+o6kMw=</latexit>

D

D0

<latexit sha1_base64="XX4+XWzd4mkZ4BwnsN6klzmh9yw=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0V7cFjBfsB7VKyabYNzSZrki2UZX+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8d3Mb0+o0kyKRzONqR/hoWAhI9hYye+FCpO0nqX1vpv1yxW36s6BVomXkwrkaPTLX72BJElEhSEca9313Nj4KVaGEU6zUi/RNMZkjIe0a6nAEdV+Oj86Q2dWGaBQKlvCoLn6eyLFkdbTKLCdETYjvezNxP+8bmLCaz9lIk4MFWSxKEw4MhLNEkADpigxfGoJJorZWxEZYZuDsTmVbAje8surpHVR9S6rNw+XldptHkcRTuAUzsGDK6jBPTSgCQSe4Ble4c2ZOC/Ou/OxaC04+cwx/IHz+QOhI5IH</latexit>

C
s

<latexit sha1_base64="xdl+K3pAaE2ua9TyGHPcm0HDFNw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KvXisYD+gDWWznbZLdzdhdyOU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzgkhwY1332ylsbG5t7xR3S3v7B4dH5eOTtgljzbDFQhHqbkANCq6wZbkV2I00UhkI7ATTRuZ3nlAbHqpHO4vQl3Ss+IgzajOpMTClQbniVt0FyDrxclKBHM1B+as/DFksUVkmqDE9z42sn1BtORM4L/VjgxFlUzrGXkoVlWj8ZHHrnFykypCMQp2WsmSh/p5IqDRmJoO0U1I7MateJv7n9WI7uvETrqLYomLLRaNYEBuS7HEy5BqZFbOUUKZ5eithE6ops2k8WQje6svrpH1V9WrV24dapX6Xx1GEMziHS/DgGupwD01oAYMJPMMrvDnSeXHenY9la8HJZ07hD5zPH1f/jc0=</latexit>

⇥106

<latexit sha1_base64="2XhRLtIWk7IqsIAg50TcUggOUSM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvXiMYB6wWcPsZDYZMju7zPQKIeQzvHhQxKtf482/cZLsQRMLGoqqbrq7wlQKg6777RRWVtfWN4qbpa3tnd298v5B0ySZZrzBEpnodkgNl0LxBgqUvJ1qTuNQ8lY4vJ36rSeujUjUA45SHsS0r0QkGEUr+R0UMTfEcx8vuuWKW3VnIMvEy0kFctS75a9OL2FZzBUySY3xPTfFYEw1Cib5pNTJDE8pG9I+9y1V1G4KxrOTJ+TEKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif52cYXQVjodIMuWLzRVEmCSZk+j/pCc0ZypEllGlhbyVsQDVlaFMq2RC8xZeXSfOs6p1Xr+/PK7WbPI4iHMExnIIHl1CDO6hDAxgk8Ayv8Oag8+K8Ox/z1oKTzxzCHzifPyUNkIc=</latexit>

(b)

<latexit sha1_base64="JtxAsf+zRB1JafeIBx4mh/3qgJY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot4EVvEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/loxkn6Ed0IHnIGTVWeigH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasIrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxqpXr+2qpdpfFkYcTOIUyeHAJNbiFOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPkCuNXg==</latexit>

(a)

<latexit sha1_base64="UwyqP/oXc8RgPtlwA08/qbr69q0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot4EVvEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh41cr1fbVUu8viyMMJnEIZPLiEGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHjqaNXQ==</latexit>

(d)

<latexit sha1_base64="zyUjMnDpiZjZL+eKcGFxRCFY+FQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt4EVvFe0HtEvJZrNtaDa7JFmhLP0JXjwo4tVf5M1/Y9ruQVsfDDzem2Fmnp8Iro3jfKPC2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1fWJZoJL1jLcCNZNFCORL1jHH9/M/M4TU5rH8tFMEuZFZCh5yCkxVnqoBueDcsWpOXPgVeLmpAI5moPyVz+IaRoxaaggWvdcJzFeRpThVLBpqZ9qlhA6JkPWs1SSiGkvm586xWdWCXAYK1vS4Ln6eyIjkdaTyLedETEjvezNxP+8XmrCKy/jMkkNk3SxKEwFNjGe/Y0Drhg1YmIJoYrbWzEdEUWosemUbAju8surpH1Rc+u16/t6pXGXx1GEEziFKrhwCQ24hSa0gMIQnuEV3pBAL+gdfSxaCyifOYY/QJ8/kzWNYA==</latexit>

(c)

<latexit sha1_base64="5TGGB7pxaeLe3g5YUjZc2L7C5QM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot4CXHiOYByRJmJ5NkyOzsMtMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZKNONNFslIdwJquBSKN1Gg5J1YcxoGkreDyd3cbz9xbUSkHnEacz+kIyWGglG00kOZXfaLJbfiLkDWiZeREmRo9ItfvUHEkpArZJIa0/XcGP2UahRM8lmhlxgeUzahI961VNGQGz9dnDojF1YZkGGkbSkkC/X3REpDY6ZhYDtDimOz6s3F/7xugsMbPxUqTpArtlw0TCTBiMz/JgOhOUM5tYQyLeythI2ppgxtOgUbgrf68jppXVW8auX2vlqq1bM48nAG51AGD66hBnVoQBMYjOAZXuHNkc6L8+58LFtzTjZzCn/gfP4AkWONXg==</latexit>

⇢

<latexit sha1_base64="EeWaJzBWhcdmLn3i1ld7E1SLuX0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA7mc0OmccyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdCBvKmaQtyyyn3VRTLCJOO9H4Lvc7T1QbpuSjnaQ0FHgkWcwItrnU14kaVGt+3Z8DrZKgIDUo0BxUv/pDRTJBpSUcG9ML/NSGU6wtI5zOKv3M0BSTMR7RnqMSC2rC6fzWGTpzyhDFSruSFs3V3xNTLIyZiMh1CmwTs+zl4n9eL7PxdThlMs0slWSxKM44sgrlj6Mh05RYPnEEE83crYgkWGNiXTwVF0Kw/PIqaV/Ug8v6zcNlrXFbxFGGEziFcwjgChpwD01oAYEEnuEV3jzhvXjv3seiteQVM8fwB97nDyOMjlM=</latexit>

�
c

<latexit sha1_base64="0NqpGxurucQpnvt4QHjrPj87nJE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV4y4n3aL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ugoyLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVb9Wvb6vVeo3eRxFOIFTOAcfLqEOd9CAJlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD4rujyE=</latexit>

D

D0

<latexit sha1_base64="XX4+XWzd4mkZ4BwnsN6klzmh9yw=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0V7cFjBfsB7VKyabYNzSZrki2UZX+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8d3Mb0+o0kyKRzONqR/hoWAhI9hYye+FCpO0nqX1vpv1yxW36s6BVomXkwrkaPTLX72BJElEhSEca9313Nj4KVaGEU6zUi/RNMZkjIe0a6nAEdV+Oj86Q2dWGaBQKlvCoLn6eyLFkdbTKLCdETYjvezNxP+8bmLCaz9lIk4MFWSxKEw4MhLNEkADpigxfGoJJorZWxEZYZuDsTmVbAje8surpHVR9S6rNw+XldptHkcRTuAUzsGDK6jBPTSgCQSe4Ble4c2ZOC/Ou/OxaC04+cwx/IHz+QOhI5IH</latexit>

↵ = 0.001

<latexit sha1_base64="BYVl5xUkeSWtB1JGxT+Eht0mOr0=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoiBfUgFLx4rGA/oA1lst22SzebuLsplNDf4cWDIl79Md78N27aHLT1hYWHd2aY2TeIBdfGdb+dtfWNza3twk5xd2//4LB0dNzUUaIoa9BIRKodoGaCS9Yw3AjWjhXDMBCsFYzvsnprwpTmkXw005j5IQ4lH3CKxlp+F0U8wlu34rpesVcqZ5CJrIKXQxly1Xulr24/oknIpKECte54bmz8FJXhVLBZsZtoFiMd45B1LEoMmfbT+dEzcm6dPhlEyj5pyNz9PZFiqPU0DGxniGakl2uZ+V+tk5jBtZ9yGSeGSbpYNEgEMRHJEiB9rhg1YmoBqeL2VkJHqJAam1MWgrf85VVoXla8auXmoVquVfM4CnAKZ3ABHlxBDe6hDg2g8ATP8ApvzsR5cd6dj0XrmpPPnMAfOZ8/eMGQkg==</latexit>

C
s

<latexit sha1_base64="xdl+K3pAaE2ua9TyGHPcm0HDFNw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KvXisYD+gDWWznbZLdzdhdyOU0L/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzgkhwY1332ylsbG5t7xR3S3v7B4dH5eOTtgljzbDFQhHqbkANCq6wZbkV2I00UhkI7ATTRuZ3nlAbHqpHO4vQl3Ss+IgzajOpMTClQbniVt0FyDrxclKBHM1B+as/DFksUVkmqDE9z42sn1BtORM4L/VjgxFlUzrGXkoVlWj8ZHHrnFykypCMQp2WsmSh/p5IqDRmJoO0U1I7MateJv7n9WI7uvETrqLYomLLRaNYEBuS7HEy5BqZFbOUUKZ5eithE6ops2k8WQje6svrpH1V9WrV24dapX6Xx1GEMziHS/DgGupwD01oAYMJPMMrvDnSeXHenY9la8HJZ07hD5zPH1f/jc0=</latexit>

⇥106

<latexit sha1_base64="2XhRLtIWk7IqsIAg50TcUggOUSM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvXiMYB6wWcPsZDYZMju7zPQKIeQzvHhQxKtf482/cZLsQRMLGoqqbrq7wlQKg6777RRWVtfWN4qbpa3tnd298v5B0ySZZrzBEpnodkgNl0LxBgqUvJ1qTuNQ8lY4vJ36rSeujUjUA45SHsS0r0QkGEUr+R0UMTfEcx8vuuWKW3VnIMvEy0kFctS75a9OL2FZzBUySY3xPTfFYEw1Cib5pNTJDE8pG9I+9y1V1G4KxrOTJ+TEKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif52cYXQVjodIMuWLzRVEmCSZk+j/pCc0ZypEllGlhbyVsQDVlaFMq2RC8xZeXSfOs6p1Xr+/PK7WbPI4iHMExnIIHl1CDO6hDAxgk8Ayv8Oag8+K8Ox/z1oKTzxzCHzifPyUNkIc=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>

<latexit sha1_base64="rnVVrs6kLaHmjQobgPYdeKRSl/M=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqmRKUZcFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTdhbaeiDkcM693HtPmAhuLMbfXmFjc2t7p7hb2ts/ODwqH5+0jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcLJ7dzvPDFtuJIPdpqwICYjySNOiXVSG+EqruFBueL+BdA68XNSgRzNQfmrP1Q0jZm0VBBjej5ObJARbTkVbFbqp4YlhE7IiPUclSRmJsgW287QhVOGKFLaPWnRQv3dkZHYmGkcusqY2LFZ9ebif14vtdFNkHGZpJZJuhwUpQJZheanoyHXjFoxdYRQzd2uiI6JJtS6gEouBH/15HXSrlX9qyq+r1ca9TyOIpzBOVyCD9fQgDtoQgsoPMIzvMKbp7wX7937WJYWvLznFP7A+/wBhSuNvQ==</latexit>

0.020
<latexit sha1_base64="Gqz7zQQWl2/xRYzEflVwK+C2sUs=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJeFsW3LisYC/QhjKZnrRDJ5MwMxFK6EO4caGIW5/HnW/jpM1CW38Y+PjPOcw5f5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5C6vd55QaR7LRzNN0I/oSPKQM2qs1SFu3fWuKoNqzcJcZBW8AmpQqDmofvWHMUsjlIYJqnXPcxPjZ1QZzgTOKv1UY0LZhI6wZ1HSCLWfzdedkTPrDEkYK/ukIXP390RGI62nUWA7I2rGermWm//VeqkJb/2MyyQ1KNniozAVxMQkv50MuUJmxNQCZYrbXQkbU0WZsQnlIXjLJ69C+6LuXdfdh8ta47KIowwncArn4MENNOAemtACBhN4hld4cxLnxXl3PhatJaeYOYY/cj5/AMBkjdU=</latexit>

0.015

<latexit sha1_base64="AaEwbAExDikdvc8lwPclq8W4GFo=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJqZdlwY3LCvYCbSiT6aQdOpmEmROhlD6EGxeKuPV53Pk2TtostPWHgY//nMOc8weJFAZd99spbGxube8Ud0t7+weHR+Xjk7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHKX1TtPXBsRq0ecJtyP6EiJUDCK1uoQt+rWrkqDcsXCQmQdvBwqkKs5KH/1hzFLI66QSWpMz3MT9GdUo2CSz0v91PCEsgkd8Z5FRSNu/Nli3Tm5sM6QhLG2TyFZuL8nZjQyZhoFtjOiODartcz8r9ZLMbz1Z0IlKXLFlh+FqSQYk+x2MhSaM5RTC5RpYXclbEw1ZWgTykLwVk9eh3at6l1X3Yd6pVHP4yjCGZzDJXhwAw24hya0gMEEnuEV3pzEeXHenY9la8HJZ07hj5zPH8HqjdY=</latexit>

0.025

<latexit sha1_base64="DYWv+wZ/zIqjctCVUbs+o67tIIE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeqx4MVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuGlz0OoLCw/vzLAzb5BIYdB1v5zS2vrG5lZ5u7Kzu7d/UD086pg41Yy3WSxj3Quo4VIo3kaBkvcSzWkUSN4Nprd5vfvItRGxesBZwv2IjpUIBaNorS5x6+6lWxlWaxYWIn/BK6AGhVrD6udgFLM04gqZpMb0PTdBP6MaBZN8XhmkhieUTemY9y0qGnHjZ4t15+TMOiMSxto+hWTh/pzIaGTMLApsZ0RxYlZruflfrZ9ieONnQiUpcsWWH4WpJBiT/HYyEpozlDMLlGlhdyVsQjVlaBPKQ/BWT/4LnYu6d1V37xu1ZqOIowwncArn4ME1NOEOWtAGBlN4ghd4dRLn2Xlz3petJaeYOYZfcj6+AbvXjdI=</latexit>

0.030

<latexit sha1_base64="KQa7DDJO3TJR9dak0ee20cZpGS8=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJ1suy4MZlBXuBNpTJ9KQdOpmEmYlQSh/CjQtF3Po87nwbJ20W2vrDwMd/zmHO+YNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxndZvf2ESvNYPppJgn5Eh5KHnFFjrTZxq+7lValfrliYi6yCl0MFcjX65a/eIGZphNIwQbXuem5i/ClVhjOBs1Iv1ZhQNqZD7FqUNELtT+frzsiZdQYkjJV90pC5+3tiSiOtJ1FgOyNqRnq5lpn/1bqpCW/9KZdJalCyxUdhKoiJSXY7GXCFzIiJBcoUt7sSNqKKMmMTykLwlk9ehdZF1buuug+1Sr2Wx1GEEziFc/DgBupwDw1oAoMxPMMrvDmJ8+K8Ox+L1oKTzxzDHzmfP8Nwjdc=</latexit>

0.035

<latexit sha1_base64="3FilHKeSYJE64Xy6/L/hyUPXzk0=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx4MVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuGlz0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTO/yeveJayNi9YizhPsRHSsRCkbRWl3i1t2GWxlWaxYWIuvgFVCDQq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+xYVjbjxs8W6c3JhnREJY22fQrJwf09kNDJmFgW2M6I4Mau13Pyv1k8xvPUzoZIUuWLLj8JUEoxJfjsZCc0ZypkFyrSwuxI2oZoytAnlIXirJ69D56ruXdfdh0at2SjiKMMZnMMleHADTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuGPnM8fvV2N0w==</latexit>

0.040

<latexit sha1_base64="lRhuDFtKF672mTHd0OSzaOMuOVw=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0M1gEVyWRelkW3LisYC/QhjKZTtqhk0mYORFK6EO4caGIW5/HnW/jpM1CW38Y+PjPOcw5f5BIYdB1v5219Y3Nre3STnl3b//gsHJ03DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTO7yeueJayNi9YjThPsRHSkRCkbRWh3i1tz6VXlQqVqYi6yCV0AVCjUHla/+MGZpxBUySY3peW6CfkY1Cib5rNxPDU8om9AR71lUNOLGz+brzsi5dYYkjLV9Csnc/T2R0ciYaRTYzoji2CzXcvO/Wi/F8NbPhEpS5IotPgpTSTAm+e1kKDRnKKcWKNPC7krYmGrK0CaUh+Atn7wK7cuad11zH+rVRr2IowSncAYX4MENNOAemtACBhN4hld4cxLnxXl3Phata04xcwJ/5Hz+AMT2jdg=</latexit>

0.045

<latexit sha1_base64="mbhsZ4JNWZEBTeejlSuKEHAYFVo=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJeFsW3LisYC/QhjKZTtqhk0mYORFK6EO4caGIW5/HnW/jpM1CW38Y+PjPOcw5f5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJnd5vfPEtRGxesRpwv2IjpQIBaNorQ5x6657VRlUaznkIqvgFVCDQs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEexYVjbjxs/m6M3JmnSEJY22fQjJ3f09kNDJmGgW2M6I4Nsu13Pyv1ksxvPUzoZIUuWKLj8JUEoxJfjsZCs0ZyqkFyrSwuxI2ppoytAnlIXjLJ69C+6LuXdfdh8ta47KIowwncArn4MENNOAemtACBhN4hld4cxLnxXl3PhatJaeYOYY/cj5/AL7ejdQ=</latexit>

0.005

<latexit sha1_base64="lxLQmK6wy93wLdXdTEn5zmiQBp8=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx4MVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuGlz0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTO/yeveJayNi9YizhPsRHSsRCkbRWl3i1l3PrQyrNQsLkXXwCqhBodaw+jUYxSyNuEImqTF9z03Qz6hGwSSfVwap4QllUzrmfYuKRtz42WLdObmwzoiEsbZPIVm4vycyGhkziwLbGVGcmNVabv5X66cY3vqZUEmKXLHlR2EqCcYkv52MhOYM5cwCZVrYXQmbUE0Z2oTyELzVk9ehc1X3ruvuQ6PWbBRxlOEMzuESPLiBJtxDC9rAYArP8ApvTuK8OO/Ox7K15BQzp/BHzucPuMuN0A==</latexit>

0.010

<latexit sha1_base64="KQa7DDJO3TJR9dak0ee20cZpGS8=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJ1suy4MZlBXuBNpTJ9KQdOpmEmYlQSh/CjQtF3Po87nwbJ20W2vrDwMd/zmHO+YNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxndZvf2ESvNYPppJgn5Eh5KHnFFjrTZxq+7lValfrliYi6yCl0MFcjX65a/eIGZphNIwQbXuem5i/ClVhjOBs1Iv1ZhQNqZD7FqUNELtT+frzsiZdQYkjJV90pC5+3tiSiOtJ1FgOyNqRnq5lpn/1bqpCW/9KZdJalCyxUdhKoiJSXY7GXCFzIiJBcoUt7sSNqKKMmMTykLwlk9ehdZF1buuug+1Sr2Wx1GEEziFc/DgBupwDw1oAoMxPMMrvDmJ8+K8Ox+L1oKTzxzDHzmfP8Nwjdc=</latexit>
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<latexit sha1_base64="DYWv+wZ/zIqjctCVUbs+o67tIIE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeqx4MVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuGlz0OoLCw/vzLAzb5BIYdB1v5zS2vrG5lZ5u7Kzu7d/UD086pg41Yy3WSxj3Quo4VIo3kaBkvcSzWkUSN4Nprd5vfvItRGxesBZwv2IjpUIBaNorS5x6+6lWxlWaxYWIn/BK6AGhVrD6udgFLM04gqZpMb0PTdBP6MaBZN8XhmkhieUTemY9y0qGnHjZ4t15+TMOiMSxto+hWTh/pzIaGTMLApsZ0RxYlZruflfrZ9ieONnQiUpcsWWH4WpJBiT/HYyEpozlDMLlGlhdyVsQjVlaBPKQ/BWT/4LnYu6d1V37xu1ZqOIowwncArn4ME1NOEOWtAGBlN4ghd4dRLn2Xlz3petJaeYOYZfcj6+AbvXjdI=</latexit> 0.
03
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<latexit sha1_base64="AaEwbAExDikdvc8lwPclq8W4GFo=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJqZdlwY3LCvYCbSiT6aQdOpmEmROhlD6EGxeKuPV53Pk2TtostPWHgY//nMOc8weJFAZd99spbGxube8Ud0t7+weHR+Xjk7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHKX1TtPXBsRq0ecJtyP6EiJUDCK1uoQt+rWrkqDcsXCQmQdvBwqkKs5KH/1hzFLI66QSWpMz3MT9GdUo2CSz0v91PCEsgkd8Z5FRSNu/Nli3Tm5sM6QhLG2TyFZuL8nZjQyZhoFtjOiODartcz8r9ZLMbz1Z0IlKXLFlh+FqSQYk+x2MhSaM5RTC5RpYXclbEw1ZWgTykLwVk9eh3at6l1X3Yd6pVHP4yjCGZzDJXhwAw24hya0gMEEnuEV3pzEeXHenY9la8HJZ07hj5zPH8HqjdY=</latexit>
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<latexit sha1_base64="rnVVrs6kLaHmjQobgPYdeKRSl/M=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqmRKUZcFNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTdhbaeiDkcM693HtPmAhuLMbfXmFjc2t7p7hb2ts/ODwqH5+0jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcLJ7dzvPDFtuJIPdpqwICYjySNOiXVSG+EqruFBueL+BdA68XNSgRzNQfmrP1Q0jZm0VBBjej5ObJARbTkVbFbqp4YlhE7IiPUclSRmJsgW287QhVOGKFLaPWnRQv3dkZHYmGkcusqY2LFZ9ebif14vtdFNkHGZpJZJuhwUpQJZheanoyHXjFoxdYRQzd2uiI6JJtS6gEouBH/15HXSrlX9qyq+r1ca9TyOIpzBOVyCD9fQgDtoQgsoPMIzvMKbp7wX7937WJYWvLznFP7A+/wBhSuNvQ==</latexit>

0.020

<latexit sha1_base64="Gqz7zQQWl2/xRYzEflVwK+C2sUs=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJeFsW3LisYC/QhjKZnrRDJ5MwMxFK6EO4caGIW5/HnW/jpM1CW38Y+PjPOcw5f5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5C6vd55QaR7LRzNN0I/oSPKQM2qs1SFu3fWuKoNqzcJcZBW8AmpQqDmofvWHMUsjlIYJqnXPcxPjZ1QZzgTOKv1UY0LZhI6wZ1HSCLWfzdedkTPrDEkYK/ukIXP390RGI62nUWA7I2rGermWm//VeqkJb/2MyyQ1KNniozAVxMQkv50MuUJmxNQCZYrbXQkbU0WZsQnlIXjLJ69C+6LuXdfdh8ta47KIowwncArn4MENNOAemtACBhN4hld4cxLnxXl3PhatJaeYOYY/cj5/AMBkjdU=</latexit>

0.015

Figure 2.6 – Cluster analysis: a) and b) Average cluster size as a function of time
(averaged over 1000 realizations) for different densities. The numbers above the curves
indicate the corresponding density. c) and d) Fraction of particles assembled in clusters
in the last snap shot of simulation for the same densities. The dashed lines mark the
density in which the tracer exhibits the maximum diffusion coefficient. Each column
corresponds to the value of α indicated above it.

analysis for the case β = 1.0 is provided in Appendix B.

2.4.1.4 Cluster formation

To analyze clustering, we define a cluster as a collection of at least six particles ’sticking

together’, i.e. being connected via mutual nearest neighbors. Particles without nearest

neighbor or connected to fewer particles are considered as belonging to the gas phase.

Clusters are identified with the data analysis framework Freud [105]. We measured

33



Enhanced diffusion of a tracer particle in a lattice model of a crowded active system

the average cluster size, Cs, as the average number of particles in a cluster over 1000

different realizations of the simulation. Figs. 2.6(a) and (b) show the time evolution of

Cs for different densities and for α = 0.001 and 0.0001, respectively. As can be seen

in Figs. 2.6(a) and (b), cluster formation is accelerated by increasing the density of

crowders.

In Fig. 2.6(c) and (d), we plotted the fraction of particles detected within clusters,

ϕc, as seen in the last snapshot of the simulation which provides an estimate of the

fraction of particles assembled in the clusters. ϕc can be described by (Nc × Cs)/N ,

where Nc is the average number of clusters. As a function of the density, ϕc shows

a clear transition from a state in which a very small fraction of particles are in the

clusters to a state where almost all particles are in clusters.

To relate clustering to the tracer diffusion discussed before, we indicate with the

vertical dashed lines the density at which the tracer’s diffusion coefficient for the

given tumbling probability is maximal. These lines fall near or slightly above the

transition, suggesting an intimate relation of the decline in diffusion to the onset of

phase separation. When the active crowders start to form clusters, there is coexistence

of a dilute gas phase and clusters of active particles and the probability of active

crowders being in the dilute phase decreases as long as the cluster size increases.

Consequently, the diffusion coefficient of the tracer decreases as there are fewer and

fewer active crowders in the dilute phase to push the tracer and enhance its diffusion.

2.4.2 Binary Mixture

Finally, we consider a binary mixture of active and passive crowders, with χA + χP = 1

where χP is the fraction of passive particles. We tracked the effect of the three control

parameters χA, α and ρ on the diffusion coefficient of a tracer particle with β = 0.9.

Adding passive particles into a purely active system changes not only the directionality
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<latexit sha1_base64="pj+ti8olQFwdnc5u8WCDHKSZ51U=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjMiLregF48RzAKZMfR0epImPQvdNUIY8htePCji1Z/x5t/Yk8xBEx8UPN6roqqen0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0gJOEeyEdRiIQjKKRXBdFyDVx7MeLSr9as+v2DGSZOAWpQYFmv/rlDmKWhjxCJqnWPcdO0MuoQsEkn1bcVPOEsjEd8p6hETWrvGx285ScGGVAgliZipDM1N8TGQ21noS+6QwpjvSil4v/eb0UgysvE1GSIo/YfFGQSoIxyQMgA6E4QzkxhDIlzK2EjaiiDE1MeQjO4svLpH1Wd87r1/fntcZNEUcZjuAYTsGBS2jAHTShBQwSeIZXeLNS68V6tz7mrSWrmDmEP7A+fwBcwJCb</latexit>
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Figure 2.7 – Cluster analysis for different fractions χA of active particles at fixed
ρ = 0.05. Cluster size and fraction of particles in clusters (inset) as in Fig. 2.6 for
different χA in a binary mixture of active and passive crowders. The numbers above each
curve indicate the fraction of active particles (χA).

imposed by collisions (due to pushing by the active particles), but also alters the global

dynamics in a subtle way, specifically the dynamics of clustering. In the example

shown in Fig. 2.7 with a fixed low density of crowders, an increase of the fraction of

active crowders above 0.5 leads to a strong clustering signature both in the average

cluster size Cs and in the fraction ϕc of particles within clusters (inset). The cluster

size Cs shows biphasic growth for large fractions of active crowders with first rapid

increase in the cluster size and then a much slower second phase, which appears to be

more pronounced and slower for the largest active crowder fractions. Put differently,

replacing some of the active crowders with passive particles delays the phase separation

(compare the cases χA = 1 and χA = 0.75 in Fig. 2.7), likely because initially the rapid

directional change of the passive particles randomizes the motion of the active particles.

Eventually, however, clustering sets in. While clustering sets in later for χA = 0.75
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than for χA = 1, it reaches its stationary state faster.

Above we have shown a correspondence between the onset of clustering and a

decrease of the enhanced diffusion of a passive tracer (Fig. 2.5). Since clustering is

decreased by increasing the fraction of passive particles in the system, we expect that

the decrease in diffusion of the tracer is less pronounced when passive particles are

present. This is indeed the case, as shown in Fig. 2.8, where we plot the diffusion

coefficient as a function of the density for different combinations of the tumbling

probability α and the fraction of active crowders χA: decreasing the fraction of active

crowders leads to a broader peak in the diffusion coefficient as a function of density.

We interpret this observation as reflecting the fact that at low χA, it is more likely

to find many of the active particles (which can push the tracer) in the gas phase

compared to higher χA. At the same time, however, the value of the maximal diffusion

coefficient is also decreased, reflecting the fact that the total number of active particles

is reduced. Nevertheless, even for very low fractions of active particles (bottom row

in Fig. 2.8), the diffusion coefficient is still increased compared to the case with only

passive particles. For instance, for α = 0.1, χA = 0.1, it is increased up to 5-fold.

2.5 Conclusion

In this study, we have analyzed the diffusion of a tracer particle in a crowded active

system using a minimal lattice model. We implemented the pushing of a passive tracer

by active crowder particles by a simple collision rule. A passive tracer in an otherwise

purely active system or in a binary mixture of active and passive particles exhibits

different motility regimes including significantly enhanced effective diffusion. Enhanced

diffusion of tracers in the presence of active particles has been observed in several

different systems such as in a bath of swimming microorganisms [82, 85, 93] and in

a suspension of actively diffusing enzymes [73]. The activity mechanisms and the
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Figure 2.8 – The diffusion coefficient of a tracer with β = 0.9 as a function of the
density ρ and of the fraction of active row χA in a binary mixture.

interaction in these systems are more complicated than those studied in our model,

but the results shown here and related results of others [99] demonstrate that simple

interactions are sufficient to generate such enhanced diffusion and can result in rich

dynamic behavior. Our results show that the extent to which diffusion is enhanced

depends on the activity of the crowder particles (modulated via their hopping rate

relative to the tracer’s hopping rate and via their tumbling probability, i.e. via the

persistence of their motion) and on their density. The interplay of activity and density

depends on the dynamics of the particles directly, but also indirectly via the phase

separation of the crowders into low-density (gas-phase) regions and dense clusters. The

37



Enhanced diffusion of a tracer particle in a lattice model of a crowded active system

latter has a negative effect on the mobility of the tracer, both when the tracer becomes

trapped in a cluster and when the tracer moves in a low-density area, where it is not

pushed by active particles. Our findings thus point to an intricate interplay between

the local dynamics of enhanced tracer diffusion and the global dynamics of the system.

One feature of active particle systems that we have not considered here are hydro-

dynamic interactions, which are typically present. On the one hand, studies like our

present one or [106] show that phenomena such as enhanced tracer diffusion that are

often observed experimentally in systems, where hydrodynamic interactions are present,

are not dependent on those hydrodynamic interactions, but can also be found in reduced

models without them. However, in general, one can expect that the quantitative results

are modified by the inclusion of hydrodynamic interactions, both between the particles

and with the surfaces that confine the particles to a quasi-two-dimensional system

[107–109]. We hypothesize that the dominant effect of hydrodynamic interactions

would be due to the interactions of particles with the surface of a relatively rigid

clusters of particles and result in a rotation of the arriving particle similar to the case

of a rigid wall. Depending on the extent of the resulting torque, such interactions could

enhance or reduce cluster formation. One way of including such effects into a minimal

lattice model would be via an additional update rule that rotates particles near the

surface of a cluster.

Another aspect that could be of interest is whether the underlying lattice type

influences the dynamics of the tracer particle. Phase separation as observed here

has indeed been studied in models of active particles on different lattices [101, 103].

Specifically different lattices may allow different interaction rules, particularly if, as in

our case, lattice sites beyond the nearest neighbor have an influence. For example, one

recent study showed clustering and a hexatic phase in a system of passive particles on

a hexagonal lattice [102].
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Given the simplicity of our model, one can also extend it to other collision rules

among the particles as well as use it to study the impact of active crowding on physical

processes other than tracer diffusion.
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Appendix

2.6 Effect of system size

To check whether the size of the lattice affects the results presented here, we ran

simulations with different system sizes (L = 50, 100, 256, 512). Fig.2.9 shows the MSD

of the tracer particle for two different densities of active crowders (ρ = 0.02 and

ρ = 0.40). The results for different system sizes lie almost of top of each other, with

only some deviations at long times for the smallest system size (L = 100 in Fig.2.9a

and L = 50 in Fig.2.9d). Importantly, while the small values of α used in many of

our simulations in principle allow for persistent motion of the active particles over

distances exceeding the system size, due to the interactions between the particles this

is typically not the case except for very low densities.
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Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>
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<latexit sha1_base64="nM1r4g4YhQXWTW7yl2M0D/eLTUE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gaG4BPXgRIjEPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XbW1jc2t7ZzO/ndvf2Dw8LRcVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo5uZ33pCpXksH804QT+iA8lDzqixUv2+ftsrFN2SOwdZJV5GipCh1it8dfsxSyOUhgmqdcdzE+NPqDKcCZzmu6nGhLIRHWDHUkkj1P5kfuqUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ36TPFTIjxpZQpri9lbAhVZQZm07ehuAtv7xKmuWSd1mqPJSL1UoWRw5O4QwuwIMrqMId1KABDAbwDK/w5gjnxXl3Phata042cwJ/4Hz+ANU6jX0=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>
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<latexit sha1_base64="nM1r4g4YhQXWTW7yl2M0D/eLTUE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gaG4BPXgRIjEPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XbW1jc2t7ZzO/ndvf2Dw8LRcVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo5uZ33pCpXksH804QT+iA8lDzqixUv2+ftsrFN2SOwdZJV5GipCh1it8dfsxSyOUhgmqdcdzE+NPqDKcCZzmu6nGhLIRHWDHUkkj1P5kfuqUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ36TPFTIjxpZQpri9lbAhVZQZm07ehuAtv7xKmuWSd1mqPJSL1UoWRw5O4QwuwIMrqMId1KABDAbwDK/w5gjnxXl3Phata042cwJ/4Hz+ANU6jX0=</latexit> M
S
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<latexit sha1_base64="nM1r4g4YhQXWTW7yl2M0D/eLTUE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gaG4BPXgRIjEPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XbW1jc2t7ZzO/ndvf2Dw8LRcVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo5uZ33pCpXksH804QT+iA8lDzqixUv2+ftsrFN2SOwdZJV5GipCh1it8dfsxSyOUhgmqdcdzE+NPqDKcCZzmu6nGhLIRHWDHUkkj1P5kfuqUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ36TPFTIjxpZQpri9lbAhVZQZm07ehuAtv7xKmuWSd1mqPJSL1UoWRw5O4QwuwIMrqMId1KABDAbwDK/w5gjnxXl3Phata042cwJ/4Hz+ANU6jX0=</latexit>

<latexit sha1_base64="fE2yc+MTZUZV+udzWXwuYw3KV4g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UGFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGNW41R</latexit>

(c)
<latexit sha1_base64="fpVnZq+dqC0J+5wnUfkSsDpCMqI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8eK9gPaUDabTbt0swm7E6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh0p41iuV3ao7A1kmXk7KkKPeK311w4RlMVfIJDWm47kp+mOqUTDJJ8VuZnhK2ZD2ecdSRWNu/PHs1Ak5tUpIokTbUkhm6u+JMY2NGcWB7YwpDsyiNxX/8zoZRtf+WKg0Q67YfFGUSYIJmf5NQqE5QzmyhDIt7K2EDaimDG06RRuCt/jyMmmeV73Lqnt/Ua7d5HEU4BhOoAIeXEEN7qAODWDQh2d4hTdHOi/Ou/Mxb11x8pkj+APn8weO4I1S</latexit>

(d)

Figure 2.9 – MSD as a function of time plotted for different simulation box size (L = 50,
100, 256 and 512) for densities (a) ρ = 0.02 and (b) ρ = 0.4, both with α = 0.0001 (c)
ρ = 0.02 and (d) ρ = 0.4, both with β = 0.9 and α = 0.01. β = 0.9 in all cases. All the
plots are averaged over 1000 realizations for each box size.

2.7 Long-time dynamics for β = 1.0

The observation of trapping of the tracer in either clusters of active particles or in

empty areas of the lattice in the case where the tracer cannot move on its own (β = 1)

suggests the question whether such trapping and the subdiffusion resulting from it

exhibits a sensitive dependence on the density, as a sufficient density may be required

for trapping. We therefore simulated tracer mobility over a wide range of densities

for β = 1 and four different values of α. α. As one can observe in Fig. 2.10 the
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<latexit sha1_base64="nM1r4g4YhQXWTW7yl2M0D/eLTUE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gaG4BPXgRIjEPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XbW1jc2t7ZzO/ndvf2Dw8LRcVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo5uZ33pCpXksH804QT+iA8lDzqixUv2+ftsrFN2SOwdZJV5GipCh1it8dfsxSyOUhgmqdcdzE+NPqDKcCZzmu6nGhLIRHWDHUkkj1P5kfuqUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ36TPFTIjxpZQpri9lbAhVZQZm07ehuAtv7xKmuWSd1mqPJSL1UoWRw5O4QwuwIMrqMId1KABDAbwDK/w5gjnxXl3Phata042cwJ/4Hz+ANU6jX0=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>

M
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D

<latexit sha1_base64="nM1r4g4YhQXWTW7yl2M0D/eLTUE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gaG4BPXgRIjEPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XbW1jc2t7ZzO/ndvf2Dw8LRcVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo5uZ33pCpXksH804QT+iA8lDzqixUv2+ftsrFN2SOwdZJV5GipCh1it8dfsxSyOUhgmqdcdzE+NPqDKcCZzmu6nGhLIRHWDHUkkj1P5kfuqUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ36TPFTIjxpZQpri9lbAhVZQZm07ehuAtv7xKmuWSd1mqPJSL1UoWRw5O4QwuwIMrqMId1KABDAbwDK/w5gjnxXl3Phata042cwJ/4Hz+ANU6jX0=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>

Time

<latexit sha1_base64="plUw+Q9/tYd7EM2VsPnOnD2+4uk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxW6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0PvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zoxk95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvavq7WOtUr/L4yjCGZzDJXhwDXV4gAa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwFvjjs=</latexit>
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<latexit sha1_base64="nM1r4g4YhQXWTW7yl2M0D/eLTUE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gaG4BPXgRIjEPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XbW1jc2t7ZzO/ndvf2Dw8LRcVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo5uZ33pCpXksH804QT+iA8lDzqixUv2+ftsrFN2SOwdZJV5GipCh1it8dfsxSyOUhgmqdcdzE+NPqDKcCZzmu6nGhLIRHWDHUkkj1P5kfuqUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ36TPFTIjxpZQpri9lbAhVZQZm07ehuAtv7xKmuWSd1mqPJSL1UoWRw5O4QwuwIMrqMId1KABDAbwDK/w5gjnxXl3Phata042cwJ/4Hz+ANU6jX0=</latexit> M
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<latexit sha1_base64="nM1r4g4YhQXWTW7yl2M0D/eLTUE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gaG4BPXgRIjEPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XbW1jc2t7ZzO/ndvf2Dw8LRcVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo5uZ33pCpXksH804QT+iA8lDzqixUv2+ftsrFN2SOwdZJV5GipCh1it8dfsxSyOUhgmqdcdzE+NPqDKcCZzmu6nGhLIRHWDHUkkj1P5kfuqUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ36TPFTIjxpZQpri9lbAhVZQZm07ehuAtv7xKmuWSd1mqPJSL1UoWRw5O4QwuwIMrqMId1KABDAbwDK/w5gjnxXl3Phata042cwJ/4Hz+ANU6jX0=</latexit>

(a)

<latexit sha1_base64="z7APZn9QGZz/B/KRf+pbKpnJNAY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot6MVjRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHsr0vFcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0LypetXJ9Xy3VbrI48nACp1AGDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBjIuNVg==</latexit>

(b)

<latexit sha1_base64="6XrYWhqOK3adghGpUVzl75Li1n4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot6MVjRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHsrBea9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippXlS8auX6vlqq3WRx5OEETqEMHlxCDe6gDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDjhCNVw==</latexit>

(c)

<latexit sha1_base64="6xly9Y3YM/0D00IjjBBUyvyWsfc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot6MVjRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHsrsvFcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0LypetXJ9Xy3VbrI48nACp1AGDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBj5WNWA==</latexit>

(d)

<latexit sha1_base64="d3dUutFGGi2kNiY8/FE9uT9cp4Y=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjRfsB7VKy2Wwbms0uSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZ5yeCa+M436iwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdX2imeCStQw3gnUTxUjkC9bxx7czv/PElOaxfDSThHkRGUoeckqMlR6qwfmgXHFqzhx4lbg5qUCO5qD81Q9imkZMGiqI1j3XSYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5qdO8ZlVAhzGypY0eK7+nshIpPUk8m1nRMxIL3sz8T+vl5rwysu4TFLDJF0sClOBTYxnf+OAK0aNmFhCqOL2VkxHRBFqbDolG4K7/PIqaV/U3Hrt+r5eadzkcRThBE6hCi5cQgPuoAktoDCEZ3iFNyTQC3pHH4vWAspnjuEP0OcPkRqNWQ==</latexit>

Figure 2.10 – The mean square displacement of a tracer with β = 1.0 as a function of
time for different densities and tumbling probabilities (a) α = 0.0001 (b) α = 0.001 (c)
α = 0.01 (d) α = 0.1.

tracer shows purely normal diffusion for the largest value of α, with non-monotonic

dependence of the diffusion coefficient on density similar to Fig.2.5. For the smaller

values of α, a subdiffusive regime appears for long times, as the active particles start

to form stable or transiently stable clusters and trapping of the tracer starts to play

a role. The transition to subdiffusion appears to occur at a critical density, which

depends on the tumbling probability which is ρ ≃ 0.020 for α = 0.0001, ρ ≃ 0.025 for

α = 0.001 and ρ ≃ 0.060 for α = 0.01. In all cases, these values fall near to the onset

of phase separation as shown in Fig. 2.6 (c) and (d). There also appears to be a second

transition, clearly visible for α = 0.001 and α = 0.01, where for densities ≥ 0.25 a
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plateau at intermediate times develops, likely also due to trapping.
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Chapter 3

Strong Velocity Correlation in

Suspensions of Passive Particles

generated by Active Dopants

3.1 Introduction

Active matter is a novel class of non-equilibrium systems consisting of motile compo-

nents, where energy is consumed and dissipated at the scale of the constituent units to

generate systematic motion. These systems extend across an enormous range of length

scales, from the cytoskeleton [1–3], bacterial colonies [4–6], and tissues [69] to bird

flocks and animal herds [8, 110]. Being out of equilibrium, these disparate systems can

exhibit exotic collective behavior which is absent in their equilibrium counterpart. For

instance, they are capable of self-organizing into fascinating and perplexing dynamical

patterns such as flocks, swarms, and vortices, to name just a few. One of the most

popular theoretical models to describe such a diverse class of collective behavior, namely

flocking, is the Vicsek model [32]. This model was introduced two decades ago to

describe a flocking transition assuming an ensemble of self-propelled point-like agents
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(a)

Figure 3.1 – Panel (a) the spatial correlation function of the velocity orientation Q(r), for
the different values of Dr has been plotted. Correlation length increases with decreasing
the rotational diffusion coefficient. Panel (b) shows the typical configurations for three
different values of Dr. With decreasing rotational diffusion, domains with aligned velocity
emerges in the system. Colors encode the direction of the velocity of each particle. Plots
are taken from [59].

with explicit mutual alignment interaction in the presence of external noise. One of the

most astounding observations made in this context is that the Vicsek model system

can give rise to a spectacular collective movement known as swarming which results in

long-range orientational order in two dimensions, unlike in equilibrium systems. Only

when driven out of equilibrium, this system can show discernible long-range order

which is impossible to attain in equilibrium systems as proven by the Mermin Wagner

theorem [111, 112].

Explicit alignment interactions are not always present in active matter systems.

Even in the absence of explicit alignment interactions, active systems display rich

phenomenology compared to their passive counterparts. Most remarkably, motile
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(b)

Figure 3.2 – A snapshot of the configuration of the active particles. They have self-
aggregated due to motion-induced phase separation. Panel (a) colors are associated with
polarity of particles. The particles within the clusters are uncorrelated. Panel (b) colors
encode the velocity direction of the particles. There is a strong correlation within clusters
of active particles. Both panels are the same snapshot, only the color codes are different.
The snapshot is realized with the density ∼ 0.7 and Dr = 0.001

entities with purely repulsive interactions can undergo phase separation (for large

activity characterized by Péclet number) which is impossible for passive systems without

attractive interactions. This phenomenon stems from the persistently non-equilibrium

nature of the particles and is known as motility-induced phase separation (MIPS) [11,

58, 113]. The simple reasoning is: when the speed of motile units decreases abruptly

with increasing local density, a homogeneous system becomes unstable, resulting in

a phase-separated system in which a dense liquid with significantly reduced motility

coexists with a dilute highly motile gas. Note that, although the system shows some

global structural order, motile entities in the dense fluid exhibit no orientational order

in the propulsion direction and those in the low-density state continuously join and

leave the boundary of the dense state again without showing any orientational order.

Even though, due to the lack of explicit alignment interactions, there exists no
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(b)

Figure 3.3 – Panel (a) shows the behaviour of Fourier space velocity correlation functions
for the soft disk model for different persistence time τ in a solid/ glassy phase at
Teff = 0.005. Panel (b) describes Fourier velocity correlations for the self-propelled
Voronoi model (SPV), together with analytical prediction (dashed line). Plots are taken
from [60].

orientational ordering of the propulsion direction, also known as particle polarity, (see

figure. 3.2.a), very recently, some groups have found that there is a strong velocity

correlation in the dense limit of such systems of self-propelled particles. Caprini et

al. [59, 114] have reported spontaneous velocity alignment in a 2d system of repulsive

monodisperse, active Brownian particles which is associated with MIPS in the system

(see figure. 3.2.b). They found that having sufficiently high density (in the solid-like

state) of self-propelled particles is crucial for the emergence of spontaneous velocity

alignment. Added to that, as the persistence time of the self-propelled particles

increases the domains with aligned velocities grow (figure. 3.1.b). Moreover, the spatial

velocity correlation increases as rotational diffusion coefficient decreases (figure. 3.1.a).

In a recent work, Henkes et al. [60] have also observed similar velocity alignment in

the epithelial cell monolayers over several cell sizes and also showed that the domains

(with a finite bulk modulus) with aligned velocities grow as the square root of the

persistence time of the self-propelled particles. They confirmed this observation with

a simulation of a dense (solid-like) repulsive assembly of polydisperse over-damped
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(b)

Figure 3.4 – Panel (a-c) show the equal time velocity correlation functions at a fixed self
propulsion velocity (v0 = 4) for a range of τ . Panel(a) the longitudinal correlation function
shows a rapid growth with increasing τ and in Panel (b) the transverse correlation is
almost fixed. Panel(c) shows the longitudinal and transverse correlation length obtained
from panels (a) and (b), respectively. The longitudinal correlation length scales with the
square root of τ and the transverse correlation length is almost unchanged. Plots are
taken from [61].

active Brownian particles (see figure. 3.3.a) as well as a self-propelled Voronoi model

(SPV) (see figure. 3.3.b). In figure . 3.3.a, they have shown that for a soft disk at

low Teff = 0.005, a dramatic 1/q2 slope has developed in the correlation function as τ

increases. Indeed, in figure. 3.3.b, they showed the same simulation result for the SPV

model. This observation is consistent with the findings of Caprini et al. [59, 114].

Later, Szamel et al. [61] showed that the velocity alignment is even present in a

dense fluid-like system of self-propelled particles. They derived a microscopic theory

to describe spatial velocity correlations in systems of active liquids and found that the

longitudinal velocity correlation (due to finite bulk modulus of liquid) is very large and

grows with persistence time (as reported by Caprini et al. [59] and Henkes et al. [60])
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even in a liquid state. In figure. 3.4.a, they have plotted the equal time longitudinal

velocity correlation, which shows a rapid growth with increasing τ , as well as the

transverse correlation function in figure. 3.4.b which is almost constant. By contrast, in

the absence of the shear modulus, the transverse velocity correlation is small and does

not grow with the persistence time of the self-propelled particles (see figure. 3.4.c).

These studies have revealed that velocity correlation is a ubiquitous property in

dense active matter systems, regardless the system being solid or fluid-like. The

indispensable elements for forming such a strong velocity correlation are a) high-density

assembly of self-propelled particles and b) persistent driving force. The question,

however, is whether we can decouple the effect caused by the high density from the

one caused by the activity/ persistence? To put it in another way, can a similar effect

emerge in a dense passive system in the presence of a small number of active particles?

In such a scenario, density and persistent activity are associated with and controlled

from two different sources. In this chapter, we address this question and show that

only a very small fraction of active particles is sufficient to demonstrate long-range

velocity correlation in the system as long as the density of the embedded passive

medium is high. We explore the effect of active forcing and persistence of this small

fraction of active dopants on such large velocity correlations generated in the passive

system by tuning the activity parameters. This study motivates and guides future

experimental work to observe and study such exotic non-equilibrium signatures in

simple tabletop experiments by adding a very small fraction of active Janus colloids in

a dense suspension of passive colloids.

3.2 Model

For the numerical realization of the above scenario, we consider a binary mixture of

N = Na + Np particles, where Na and Np denote the number of active and passive
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Figure 3.5 – Schematic of the model employed in the simulation of the active/passive
mixture. The mixture consists of active (blue) and passive (red) particles where n
represents the self-propelling direction of each active particle.

particles, respectively. Hence, ϕa = πNad2

4L2 and ϕp = πNpd2

4L2 are the volume fractions of

active and passive particles, respectively, where L = 100
√

π is the box size and d is

the particle diameter. The position, xi and orientation, θi of the i-th self-propelled

particle (undergoing an over damped motion) are given by these equations of motion:

γẋi = Fi + factni (3.1)

θ̇i =
√

2Drζi, (3.2)

where i is the index of the active particle, i = 1, .., Na, fact is the self-propulsion

force, and ni = (cos(θi), sin(θi)) is the orientation vector. Here, Dr is the rotational

diffusivity and ζi is the rotational noise which is Gaussian and white, with zero mean

and correlations ⟨ζi(t)ζj(t′)⟩ = δ(t − t′). The persistence time of self-propulsion, τp, is

defined as the inverse of the rotational diffusion coefficient τp = 1/Dr. We use γ = 1.0

as the constant drag coefficient in the system. In our model, active particles are not
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affected by any explicit translational noise. Now for the passive particles, in the absence

of rotational and translational noise, the overdamped equation of motion reads,

γẋi = Fi, (3.3)

where xi is the position of the i-th passive particle and i = Na +1, .., N . All particles in

the system interact only through the steric interactions caused by the force Fi = −∇Utot.

The potential energy Utot = ∑
i ̸=j U(rij) and the purely repulsive pair-wise interaction

potential U(rij) is given by:

U(rij) =


4ϵ
[(

σ
rij

)12
+
(

σ
rij

)6
]

+ ϵ, rij < d

0, otherwise,

(3.4)

where rij = xi − xj is the distance between particles i and j and d is an effective

diameter with d = 21/6σ. σ and ϵ are characteristic length and energy scales for the

Lennard Jones interaction, which is here truncated to its repulsive part, to this form,

also known as Weeks-Chandler-Andersen potential.

We evaluate the velocity correlation in the system by analysing the spatial velocity

auto-correlation function defined as

C(r) =
〈

1
N(N − 1)

∑
i,j ̸=i

(v̂i(ri) · v̂j(rj)) δ(r − |ri − rj|)
〉

(3.5)

where r is the spatial distance and v̂i(ri) is unit vector of the velocity of the i-th

particle. Note that ⟨...⟩ represents an average over steady state velocity configurations.

This correlation function by construction starts from 1 and goes to 0 in the limit

r → ∞. Now, we also define the correlation length (ξ) over which the correlation

function decays substantially, through C(ξ) = 1
e
. In the following sections, we analyse

this correlation function and the correlation lengths for different densities of active (ϕa)
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3.3 Velocity correlation in a purely active system
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Figure 3.6 – Snapshots of configurations of a purely active system for different area
fraction of active particles. Panel (a) ϕa = 0.1 , panel (b) ϕa = 0.375, panel (c)
ϕa = 0.0.75, Panel (d) ϕa = 1.0. With increasing area fraction, clusters emerge in the
system due to the motility. There is a velocity alignment among particles within the
clusters. Colors encode the velocity direction of particles.

and passive (ϕp) particles and also for different activity parameters fact and τp (for a

fixed mixture component).

3.3 Velocity correlation in a purely active system

We start by considering a purely active system with ϕp = 0 and investigate the influence

of the density of active particles (ϕa) on the velocity correlation. Since the density

of the active particles is low, the probability of collision between particles is also low;

hence, the velocity correlation is rather weak due to the lack of steric interactions (see

figure 3.6(a)). With increasing density, the probability of collision increases. Therefore,

a velocity correlation emerges in the system and this also seems to grow with increasing

density. At smaller densities, one can see small correlated colonies of particles (see

figure 3.6(b)) and with increasing density one observes bigger and bigger clusters of

particles with strong velocity correlation across the cluster (see figure 3.6(c)). Finally,

when the density is so high that the area fraction (ϕa) goes to ∼ 1 the correlation

length reaches the system size (see figure 3.6(d)).

Figure 3.7 shows the dependence of the velocity correlation on density. The color
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Figure 3.7 – The correlation length obtained from fitting C(r) in the inset figure as a
function of area fraction of active particles

represents the velocity direction of the particles. Note that there is a sudden jump

close to ϕa ∼ 0.8 (see figure. 3.7) which is related to the rigidity percolation as at

this density, the system becomes mechanically rigid. The above observation (growth

of correlation with density) means that we need a system with a sufficiently high

density of active particles to observe such large velocity correlations. Once we reach

this density, rotational diffusion and activity start to play a significant role not only to

control the size of the clusters but also to generate and sustain velocity correlation.

This phenomenology is consistent with the previous studies. Caprini [59] showed that

at higher density the motility-induced phase separation (MIPS) is accompanied by

an inevitable velocity correlation. They found that the transition between hexatic

and solid phases at higher density initiates the alignment of particles, leading to a

quasi-long-range order in the system. The average size of the domains with aligned

velocities grows as √
τp, where τp is the persistence time of the self-propulsion force

52



3.4 Mixture of active and passive particles

of active particles [59] . Now at first, we would like to explore whether we can see a

similar velocity correlation in an active-passive mixture.

3.4 Mixture of active and passive particles

In this section, we demonstrate that long-range velocity correlation can also be observed

in a mixture of active and passive particles. As mentioned in the model section, for

this we consider active particles with area fraction ϕa and passive particles with area

fraction ϕp in a fixed box of size L. Earlier studies have shown mixtures of active and

passive particles can exhibit non-trivial dynamical behavior e.g. as shown in Chapter 2,

at lower densities, the active particles can affect the dynamics of the passive particles.

Apart from the transport properties, there have been other studies involving phase

separation [115], fluidization of glassy systems [116], effective depletion-like attractions

between passive particles in an active particles medium [98, 117, 118], crystallization

of colloidal systems promoted by doping with self-propelling particles [119, 120], and

mesoscale turbulence mediated by passive particles [121] to name a few. However, to

the best of our knowledge, there is no study yet that addresses the velocity correlation

of an active-passive mixture in the dense limit.

For a purely active systems, as we showed in the previous section, a sufficiently high

density is required to first initiate phase separation and then in the phase separated

state it has been shown to increase with increasing density (see figure. 3.7). To explore

similar effects in a mixture, we combined active and passive particles with different area

fractions and examined the velocity correlation in the same way as before. Remarkably,

as shown in figure 3.8, a similar effect is present in the active/passive mixtures even

at low active particle fractions (∼ 0.12) but only at high densities of passive particles.

In figure 3.8, one can see that for a smaller area fraction of both active and passive

particles, the system remains in a homogeneous state and there is practically no

53



Strong Velocity Correlation in Suspensions of Passive Particles generated by Active
Dopants

<latexit sha1_base64="K7+DY//B+qbXSqDyjHvuoXu4Aos=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/cBTwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwWe69cv+tWa53pzoFXiF6QGBVr96ldvkJBMUGkIx1p3fS81YY6VYYTTaaWXaZpiMsZD2rVUYkF1mM+PnaIzqwxQnChb0qC5+nsix0LriYhsp8BmpJe9mfif181MfB3mTKaZoZIsFsUZRyZBs8/RgClKDJ9Ygoli9lZERlhhYmw+FRuCv/zyKmnXXf/Sbdw3as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHztPjaM=</latexit>

0.125
<latexit sha1_base64="+2hCpZazqVWmQfE3CIkJA+8XB9s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/cBTwYvHCrYW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3nfTultfWNza3ydmVnd2//oHp41NFxqghtk5jHqhtiTTmTtG2Y4bSbKIpFyOljOLnN/ccnqjSL5YOZJjQQeCRZxAg2ueS59YtBtea53hxolfgFqUGB1qD61R/GJBVUGsKx1j3fS0yQYWUY4XRW6aeaJphM8Ij2LJVYUB1k81tn6MwqQxTFypY0aK7+nsiw0HoqQtspsBnrZS8X//N6qYmug4zJJDVUksWiKOXIxCh/HA2ZosTwqSWYKGZvRWSMFSbGxlOxIfjLL6+STt31L93GfaPWvCniKMMJnMI5+HAFTbiDFrSBwBie4RXeHOG8OO/Ox6K15BQzx/AHzucPy1KNaA==</latexit>

0.25
<latexit sha1_base64="sBm/hRiDPKMHsganoNGWI9vPVeQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0WvFU8OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuGlz0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/qB4etVWcSkI9EvNYdgOsKGeCepppTruJpDgKOO0Ek7vc7zxRqVgsHvU0oX6ER4KFjGBtJM+xLxtXg2rNsZ050CpxC1KDAq1B9as/jEkaUaEJx0r1XCfRfoalZoTTWaWfKppgMsEj2jNU4IgqP5sfO0NnRhmiMJamhEZz9fdEhiOlplFgOiOsx2rZy8X/vF6qwxs/YyJJNRVksShMOdIxyj9HQyYp0XxqCCaSmVsRGWOJiTb5VEwI7vLLq6R9YbvXdv2hXmveFnGU4QRO4RxcaEAT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwBF9I2q</latexit>

0.375
<latexit sha1_base64="a//lK5hi57a1jcUmmsI/SsUtOeI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX3gKePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuuf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AWhKNLA==</latexit>

0.5
<latexit sha1_base64="l1BxplKbrnIkRVR0iwlcu7N8eH0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKreKp4MVjBdMW2lA22027dLMJuxuhhP4GLx4U8eoP8ua/cZvmoK0PBh7vzTAzL0g4U9pxvq3SxubW9k55t7K3f3B4VD0+6ag4lYR6JOax7AVYUc4E9TTTnPYSSXEUcNoNpncLv/tEpWKxeNSzhPoRHgsWMoK1kTzHbtavhtWaYzs50DpxC1KDAu1h9WswikkaUaEJx0r1XSfRfoalZoTTeWWQKppgMsVj2jdU4IgqP8uPnaMLo4xQGEtTQqNc/T2R4UipWRSYzgjriVr1FuJ/Xj/V4Y2fMZGkmgqyXBSmHOkYLT5HIyYp0XxmCCaSmVsRmWCJiTb5VEwI7urL66RTt92m3Xho1Fq3RRxlOINzuAQXrqEF99AGDwgweIZXeLOE9WK9Wx/L1pJVzJzCH1ifP0Ltjag=</latexit>

0.625

<latexit sha1_base64="K7+DY//B+qbXSqDyjHvuoXu4Aos=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/cBTwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwWe69cv+tWa53pzoFXiF6QGBVr96ldvkJBMUGkIx1p3fS81YY6VYYTTaaWXaZpiMsZD2rVUYkF1mM+PnaIzqwxQnChb0qC5+nsix0LriYhsp8BmpJe9mfif181MfB3mTKaZoZIsFsUZRyZBs8/RgClKDJ9Ygoli9lZERlhhYmw+FRuCv/zyKmnXXf/Sbdw3as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHztPjaM=</latexit> 0.
12

5
<latexit sha1_base64="+2hCpZazqVWmQfE3CIkJA+8XB9s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/cBTwYvHCrYW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3nfTultfWNza3ydmVnd2//oHp41NFxqghtk5jHqhtiTTmTtG2Y4bSbKIpFyOljOLnN/ccnqjSL5YOZJjQQeCRZxAg2ueS59YtBtea53hxolfgFqUGB1qD61R/GJBVUGsKx1j3fS0yQYWUY4XRW6aeaJphM8Ij2LJVYUB1k81tn6MwqQxTFypY0aK7+nsiw0HoqQtspsBnrZS8X//N6qYmug4zJJDVUksWiKOXIxCh/HA2ZosTwqSWYKGZvRWSMFSbGxlOxIfjLL6+STt31L93GfaPWvCniKMMJnMI5+HAFTbiDFrSBwBie4RXeHOG8OO/Ox6K15BQzx/AHzucPy1KNaA==</latexit> 0
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5
<latexit sha1_base64="sBm/hRiDPKMHsganoNGWI9vPVeQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0WvFU8OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuGlz0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/qB4etVWcSkI9EvNYdgOsKGeCepppTruJpDgKOO0Ek7vc7zxRqVgsHvU0oX6ER4KFjGBtJM+xLxtXg2rNsZ050CpxC1KDAq1B9as/jEkaUaEJx0r1XCfRfoalZoTTWaWfKppgMsEj2jNU4IgqP5sfO0NnRhmiMJamhEZz9fdEhiOlplFgOiOsx2rZy8X/vF6qwxs/YyJJNRVksShMOdIxyj9HQyYp0XxqCCaSmVsRGWOJiTb5VEwI7vLLq6R9YbvXdv2hXmveFnGU4QRO4RxcaEAT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwBF9I2q</latexit> 0.
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<latexit sha1_base64="a//lK5hi57a1jcUmmsI/SsUtOeI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX3gKePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRwbTzv2ymsrK6tbxQ3S1vbO7t75f2Dhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWOlB8+96JYrnuvNQJaJn5MK5Kh1y1+dXsKyGKVhgmrd9r3UBGOqDGcCJ6VOpjGlbEj72LZU0hh1MJ6dOiEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/89qZia6DMZdpZlCy+aIoE8QkZPo36XGFzIiRJZQpbm8lbEAVZcamU7Ih+IsvL5PGmetfuuf355XqTR5HEY7gGE7Bhyuowh3UoA4M+vAMr/DmCOfFeXc+5q0FJ585hD9wPn8AWhKNLA==</latexit> 0.
5

<latexit sha1_base64="l1BxplKbrnIkRVR0iwlcu7N8eH0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKreKp4MVjBdMW2lA22027dLMJuxuhhP4GLx4U8eoP8ua/cZvmoK0PBh7vzTAzL0g4U9pxvq3SxubW9k55t7K3f3B4VD0+6ag4lYR6JOax7AVYUc4E9TTTnPYSSXEUcNoNpncLv/tEpWKxeNSzhPoRHgsWMoK1kTzHbtavhtWaYzs50DpxC1KDAu1h9WswikkaUaEJx0r1XSfRfoalZoTTeWWQKppgMsVj2jdU4IgqP8uPnaMLo4xQGEtTQqNc/T2R4UipWRSYzgjriVr1FuJ/Xj/V4Y2fMZGkmgqyXBSmHOkYLT5HIyYp0XxmCCaSmVsRmWCJiTb5VEwI7urL66RTt92m3Xho1Fq3RRxlOINzuAQXrqEF99AGDwgweIZXeLOE9WK9Wx/L1pJVzJzCH1ifP0Ltjag=</latexit> 0.
6
25

<latexit sha1_base64="EochQNzDV7hk5pnPP+pjm6tylAw=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeJ/0yxWv6s2BV4mfkwrkaPTLX72BomnMpKWCGNP1vcQGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ85ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUciH4yy+vktZF1b+s1u5rlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A4b0jxw=</latexit>

�a

<latexit sha1_base64="tOc2gO7ih/yo5B25Soezk1rknCQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR66t+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4LJau69V6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A52wjys=</latexit>

�p

Figure 3.8 – Configuration of the system for the different area fractions of active,ϕa

and passive ϕp particles. Colors encode the velocity direction of particles in the system.
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3.5 Velocity correlation between passive particles in the presence of active dopants

<latexit sha1_base64="1NCS/V3qz516zLpqgiC4pSu47AE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikft0KXjxWMG2hDWWz3bRLN5uwuxFC6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzgoQzpR3n26qsrW9sblW3azu7e/sH9cOjjopTSahHYh7LXoAV5UxQTzPNaS+RFEcBp91gelf43ScqFYvFo84S6kd4LFjICNZG8hzbvawN6w3HduZAq8QtSQNKtIf1r8EoJmlEhSYcK9V3nUT7OZaaEU5ntUGqaILJFI9p31CBI6r8fH7sDJ0ZZYTCWJoSGs3V3xM5jpTKosB0RlhP1LJXiP95/VSHN37ORJJqKshiUZhypGNUfI5GTFKieWYIJpKZWxGZYImJNvkUIbjLL6+SzoXtXtnNh2ajdVvGUYUTOIVzcOEaWnAPbfCAAINneIU3S1gv1rv1sWitWOXMMfyB9fkD/laNeg==</latexit>

0.15
<latexit sha1_base64="VaRwgJpXgQmk6HBn4/Arw8TXYV8=">AAAB7XicbVDLSsNAFL2prxpfVZduBovgKiTic1dw47KCfUAbymQ6acdOZsLMRCil/+DGhSJu/R93/o2TNgttPXDhcM693HtPlHKmje9/O6WV1bX1jfKmu7W9s7tX2T9oapkpQhtEcqnaEdaUM0EbhhlO26miOIk4bUWj29xvPVGlmRQPZpzSMMEDwWJGsLFS0/cufNftVaq+58+AlklQkCoUqPcqX92+JFlChSEca90J/NSEE6wMI5xO3W6maYrJCA9ox1KBE6rDyezaKTqxSh/FUtkSBs3U3xMTnGg9TiLbmWAz1IteLv7ndTITX4cTJtLMUEHmi+KMIyNR/jrqM0WJ4WNLMFHM3orIECtMjA0oDyFYfHmZNM+84NI7vz+v1m6KOMpwBMdwCgFcQQ3uoA4NIPAIz/AKb450Xpx352PeWnKKmUP4A+fzBzHFjY0=</latexit>

0.50
<latexit sha1_base64="NVHgEHFVsp5bzaa6derO4mOTW6Y=">AAAB7XicbVBNS8NAEJ3Urxq/qh69BIvgKSRSrd4KXjxWsB/QhrLZbtq1m92wuxFK6H/w4kERr/4fb/4bN20O2vpg4PHeDDPzwoRRpT3v2yqtrW9sbpW37Z3dvf2DyuFRW4lUYtLCggnZDZEijHLS0lQz0k0kQXHISCec3OZ+54lIRQV/0NOEBDEacRpRjLSR2p5bv7TtQaXqud4czirxC1KFAs1B5as/FDiNCdeYIaV6vpfoIENSU8zIzO6niiQIT9CI9AzlKCYqyObXzpwzowydSEhTXDtz9fdEhmKlpnFoOmOkx2rZy8X/vF6qo+sgozxJNeF4sShKmaOFk7/uDKkkWLOpIQhLam518BhJhLUJKA/BX355lbQvXP/Krd3Xqo2bIo4ynMApnIMPdWjAHTShBRge4Rle4c0S1ov1bn0sWktWMXMMf2B9/gA8cY2U</latexit>

0.75
<latexit sha1_base64="nJ4KJhpjLom7Gizj2kGYHrN9UIk=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBU0ikqL0VvHisYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmhSlnSrvut1XZ2Nza3qnu1vb2Dw6P7OOTjkoySahPEp7IXogV5UxQXzPNaS+VFMchp91welf43ScqFUvEo56lNIjxWLCIEayN5LtOs1kb2nXXcRdA68QrSR1KtIf212CUkCymQhOOlep7bqqDHEvNCKfz2iBTNMVkise0b6jAMVVBvjh2ji6MMkJRIk0JjRbq74kcx0rN4tB0xlhP1KpXiP95/UxHt0HORJppKshyUZRxpBNUfI5GTFKi+cwQTCQztyIywRITbfIpQvBWX14nnSvHu3YaD416q1nGUYUzOIdL8OAGWnAPbfCBAINneIU3S1gv1rv1sWytWOXMKfyB9fkDEKmNhg==</latexit>

0.99

<latexit sha1_base64="0JPuk77u0fMKEmdCJBSTAOO62Ps=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexK8HELePEYwTwgWULvZDYZMjO7zMwKIeQXvHhQxKs/5M2/cTfZgyYWNBRV3XR3BbHgxrrut7O2vrG5tV3YKe7u7R8clo6OWyZKNGVNGolIdwI0THDFmpZbwTqxZigDwdrB+C7z209MGx6pRzuJmS9xqHjIKdpMquBFsV8qu1V3DrJKvJyUIUejX/rqDSKaSKYsFWhM13Nj609RW04FmxV7iWEx0jEOWTelCiUz/nR+64ycp8qAhJFOS1kyV39PTFEaM5FB2inRjsyyl4n/ed3Ehjf+lKs4sUzRxaIwEcRGJHucDLhm1IpJSpBqnt5K6Ag1UpvGk4XgLb+8SlqXVe+qWnuoleu3eRwFOIUzqIAH11CHe2hAEyiM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AG9po1e</latexit>

(a)
<latexit sha1_base64="hLi82V02f2LaoCrWi42VaQLENrk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexK8HELePEYwTwgWcLsZDYZMjO7zPQKIeQXvHhQxKs/5M2/cTfZgyYWNBRV3XR3BbEUFl3321lb39jc2i7sFHf39g8OS0fHLRslhvEmi2RkOgG1XArNmyhQ8k5sOFWB5O1gfJf57SdurIj0I05i7is61CIUjGImVYKLYr9UdqvuHGSVeDkpQ45Gv/TVG0QsUVwjk9TarufG6E+pQcEknxV7ieUxZWM65N2Uaqq49afzW2fkPFUGJIxMWhrJXP09MaXK2okK0k5FcWSXvUz8z+smGN74U6HjBLlmi0VhIglGJHucDIThDOUkJZQZkd5K2IgayjCNJwvBW355lbQuq95VtfZQK9dv8zgKcApnUAEPrqEO99CAJjAYwTO8wpujnBfn3flYtK45+cwJ/IHz+QO/LI1f</latexit>

(b)
<latexit sha1_base64="W+ChYWIh98jxZPz5fefCrlQYDO4=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexK8HELePEYwTwgWcLsZDYZMjO7zPQKIeQXvHhQxKs/5M2/cTfZgyYWNBRV3XR3BbEUFl3321lb39jc2i7sFHf39g8OS0fHLRslhvEmi2RkOgG1XArNmyhQ8k5sOFWB5O1gfJf57SdurIj0I05i7is61CIUjGImVdhFsV8qu1V3DrJKvJyUIUejX/rqDSKWKK6RSWpt13Nj9KfUoGCSz4q9xPKYsjEd8m5KNVXc+tP5rTNynioDEkYmLY1krv6emFJl7UQFaaeiOLLLXib+53UTDG/8qdBxglyzxaIwkQQjkj1OBsJwhnKSEsqMSG8lbEQNZZjGk4XgLb+8SlqXVe+qWnuoleu3eRwFOIUzqIAH11CHe2hAExiM4Ble4c1Rzovz7nwsWtecfOYE/sD5/AHAso1g</latexit>

(c)
<latexit sha1_base64="OAY1HuOGciVvrF2zjGGn4DGA0J0=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHqpiRSfOwKblxWsA9oQ5lMJu3QmUmYmQgl9BfcuFDErT/kzr9x0mahrQcuHM65l3vvCRLOtHHdb2dtfWNza7u0U97d2z84rBwdd3ScKkLbJOax6gVYU84kbRtmOO0limIRcNoNJne5332iSrNYPpppQn2BR5JFjGCTS7XwojysVN26OwdaJV5BqlCgNax8DcKYpIJKQzjWuu+5ifEzrAwjnM7Kg1TTBJMJHtG+pRILqv1sfusMnVslRFGsbEmD5urviQwLracisJ0Cm7Fe9nLxP6+fmujGz5hMUkMlWSyKUo5MjPLHUcgUJYZPLcFEMXsrImOsMDE2njwEb/nlVdK5rHtX9cZDo9q8LeIowSmcQQ08uIYm3EML2kBgDM/wCm+OcF6cd+dj0brmFDMn8AfO5w/COI1h</latexit>

(d)

<latexit sha1_base64="tOc2gO7ih/yo5B25Soezk1rknCQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR66t+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4LJau69V6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A52wjys=</latexit>

�p

Figure 3.9 – Configurations of the system for different area fractions of passive particles
ϕp at ϕa = 0.01. Panel (a): at ϕp = 0.15 the system remains in homogeneous state. Panel
(b): at ϕp = 0.5 small domains with velocity ordering emerges. Panel (c): at ϕp = 0.75
the velocity correlated domain are quite large. Panel (d) at ϕp = 0.99 the whole system
becomes correlated in terms of velocity orientation.

detectable signs of velocity correlation. As the area fraction of either of the components

starts to gradually increase, the average size of domains with aligned velocities grows

until the size of the domains with aligned velocity reaches the system size when the

box is almost full (ϕtot ∼ 0.90).

Now, from the snapshots shown in figure. 3.8, it is clear that a mixture of active

and passive particles can also show strong velocity correlation as observed in a pure

active system. The question that naturally arises here is how far we can go by varying

the relative densities of each component before the strong correlation disappears. In

other words, would we see a similar effect in a mostly passive system just by adding a

very small number of active particles? In the next section, we would like to answer

this question.
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Strong Velocity Correlation in Suspensions of Passive Particles generated by Active
Dopants

Figure 3.10 – Configuration of a system with ϕp = 0.5 and ϕa = 0.01. Active particles
(blue particles) make their own path (white area) among the passive particles (red
particles) by ploughing through the passive medium.

3.5 Velocity correlation between passive particles

in the presence of active dopants

We consider a very small area fraction (ϕa ∼ 1%) of active particles with fixed box

size and keep adding passive particles to the system (see figure 3.9). As we increase

the area fraction of passive particles, when ϕp ∼ 0.2 the system still remains in the

homogeneous state and the active particles navigate freely in the medium without

causing any velocity correlation (see figure 3.9(a)). However, as the area fraction of

passive particles reaches ∼ 0.5, the excluded volume interaction starts to play a role, so

that the interaction over short distances becomes important, and small domains with

aligned velocity emerge in the system. However, these domains do not grow and mostly

remain finite in size. Notably, it can be observed that the active particles also make

their own path among the passive particles (see figure. 3.10) by ploughing through the

passive medium [122, 123].

As we continue to increase the area fraction of the passive particles, we see an
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3.6 Effect of persistence time and active force on the velocity correlation

<latexit sha1_base64="xIIDulf5T0rJRxVOhBkrDMVqTrM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0JKp4CXjxGMA9IljA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U1uddwwYC90plv+LPgJZJkJMy5Kj3Sl/dviKpoNISjo3pBH5iwwxrywink2I3NTTBZIQHtOOoxIKaMJvdO0GnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfB1mTCappZLMF8UpR1ah6fOozzQllo8dwUQzdysiQ6wxsS6iogshWHx5mTQvKsFlpXpfLddu8jgKcAwncAYBXEEN7qAODSDA4Rle4c179F68d+9j3rri5TNH8Afe5w/fDo/Z</latexit>

r/�

<latexit sha1_base64="L6jTgtan6CZ2Gkj4PTXaENj5NWg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY7MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G02bmd5+o0iySj2YWU1/gsWQhI9hkUrOqLofliltzF0DrxMtJBXK0huWvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjrp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmreda3+UK807vI4inAG51AFD26gAffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBMLqNsQ==</latexit> C
(r

)
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Figure 3.11 – Panel (a). The correlation as a function of distance r between particles
for different area fraction of passive particles at fixed area fraction of active particles
ϕa ∼ 0.01. Panel (b) The correlation length obtained from fitting C(r) in the panel (a)
as a function of area fraction of passive particles.

increase in the average size of domains with aligned velocities (see figure 3.9 (c)) which

means active particles start to push passive particles to move together coherently.

Finally, when the area fraction of passive particles in the system reaches ϕp ∼ 0.99,

the whole system becomes correlated (see figure 3.9 (d)).

To quantify this spectacular strong velocity ordering, we calculate the velocity

correlation in the system as a function of distance. As can be seen in the figure 3.11

(a), the velocity correlation grows continuously. As the area fraction of passive particles

increase and after reaching ϕp ∼ 0.85 the entire system becomes correlated. In figure.

3.11(b) it is demonstrated that velocity correlation increases slowly with the density of

passive particles at moderate density and then very rapidly as the density of passive

particles exceeds ∼ 0.85, which is close to the threshold density for solidification.
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Figure 3.12 – Panel(a): the correlation length as a function of self-propulsion force (fact)
for different rotational diffusion values. Panel(b): the correlation function as function of
persistence time τp = 1/Dr for different self-propulsion force values.

3.6 Effect of persistence time and active force on

the velocity correlation

After observing that velocity correlation can be generated in a dense passive system

in the presence of a small fraction of active particles, we now ask how the correlation

depends on activity parameters like the self-propelling force fact and the rotational

diffusion coefficient DR = 1/τp. As can be seen in the figure 3.12, the correlation length

for a fixed value of the rotational diffusion is almost unchanged when one alters the

active forcing fact. However, as the rotational diffusion decreases, corresponding to an

increase in the persistence time, the correlation length increases for a fixed value of

the self-propelling force. This means that rotational diffusion plays a very important

role in developing the velocity ordering in the system. When the rotational diffusion

constant decreases, the correlation length increases almost for all self-propulsion forces

regardless of their strength and it increases as the square root of the persistence time
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of the self-propulsion. Outstandingly, this is in agreement with the results obtained by

Caprini [59] , Henkes [60] and Szamel [61]. Moreover, after the rotational diffusion

reaches 0.001, the whole system becomes correlated in terms of velocity alignment.

This means that we can have a correlated system of non-motile particles just by adding

only a very small fraction of active particles and the degree of such velocity ordering

can also be manipulated by controlling the activity parameters such as τp.

3.7 Conclusion

In summary, we have looked at the physics of velocity correlation in a mixture of active

and passive particles. First, we gave a brief review of the recent work [59–61] that

has reported a ‘hidden’ spontaneous velocity correlation in motility-induced phase

separation in both active solid-like and liquid-like systems. They have shown that

there are two indispensable elements for the formation of such a strong and strong

velocity correlation, namely (a) a high density of self-propelled particles and (b) a high

persistence time of the self-propulsive force. We extended this study to a dense passive

system with a small fraction of active particles, to investigate whether we can decouple

the effect caused by the high density from that caused by the activity or persistence

time of active particles.

We first explored a pure active system and identified a sufficiently high density

required to see the velocity correlation in the system. We then combined active and

passive particles with different area fractions and investigated the velocity correlation

in the same way as before. Most interestingly, we demonstrated that a similar effect

can be seen even for a low fraction (ϕa ∼ 0.125) of active particles at a high density of

passive particles.

Then, we considered a very small fraction of active particles (ϕa ∼ 0.01) in fixed box

size and kept adding passive particles to the system. We found that at intermediate
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area fraction of passive particles, active particles make their own path among the

passive particles by ploughing through the passive medium. Notably, the average

size of velocity-correlated regions grow rapidly with the density of passive particles

which results in global correlation in the system. In short, the velocity correlation can

be generated in a passive system by doping of active particles as long as the passive

medium is dense enough.

We finally investigated the dependence of the activity parameters such as self-

propulsion force fact and rotational diffusion Dr = 1
τp

on the correlation in the system.

It turned out that for fixed values of rotational diffusion, the correlation length is

almost unchanged when one changes the active force. On the other hand, for a fixed

value of fact with decreasing rotational diffusion, the correlation length grows and

scales with the square root of the persistence time which is in agreement with the

purely active systems [59–61]. The insight from our study suggests that such exotic

velocity correlations can be generated in experiments by doping a small fraction of

active Janus particles in a dense suspension of passive colloids.
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Chapter 4

Effects of direction reversals on

patterns of active filaments 1

4.1 Abstract

Active matter systems provide fascinating examples of pattern formation and collective

motility without counterpart in equilibrium systems. Here, we employ Brownian

dynamics simulations to study the collective motion and self-organization in systems of

self-propelled semi-flexible filaments, inspired by the gliding motility of Cyanobacteria.

Specifically, we investigate the influence of stochastic direction reversals on the patterns.

We explore pattern formation and dynamics by modulating three relevant physical

parameters, the bending stiffness, the activity, and the reversal rate. In the absence

of reversals, our results show rich dynamical behavior including spiral formation and

collective motion of aligned clusters of various sizes, depending on the bending stiffness

and self-propulsion force. The presence of reversals diminishes spiral formation and
1This chapter is based on a preprint , "Effects of direction reversals onpatterns of active filaments "

by L. Abbaspour, A. Malek, S. Karpitschka and S. Klumpp. arXiv preprint arXiv:2112.09188v1,
2021. Author contributions: L. Abbaspour performed simulations, data analyses and wrote the
manuscript, A. Malek performed simulations and data analyses, S. Karpitschka supervised the project
and wrote the manuscript, S. Klumpp supervised the project and wrote the manuscript.
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reduces the sizes of clusters or suppresses clustering entirely. This homogenizing effect

of direction reversals can be understood as reversals providing an additional mechanism

to either unwind spirals or to resolve clusters.

4.2 Introduction

Active matter is a class of systems that are inherently out of equilibrium through

coupling to an internal process of energy consumption that results, for example in

self-propulsion or growth [10, 12]. Specifically, the case of self-propelled active particles

has received much attention in recent years, as it gives rise to intriguing dynamics and

mechanical behaviour at the collective level. Such systems are ubiquitous in nature,

examples include the cytoskeleton [1–3], swarming bacteria [4–6], tissues [69] ,and

biofilms [68]. Finding suitable tools to study active matter systems is a challenge for

non-equilibrium statistical physics in order to elucidate the dynamical behavior and

the physical properties of these systems.

Self-propelled particles self-organize into macroscopic structures with collective

dynamics like clustering, swarming, and swirling. This type of dynamical pattern

formation has been subject to intensive research in recent years, both from a theoretical

or computational viewpoint [39, 45–47, 124–134] and experimentally [55, 75, 135–140],

often using systems of bacteria either swimming in a solution or gliding on surfaces as

well as synthetic self-propelled particles systems [141].

On the theoretical side, most studies of collective effects in systems of self-propelled

particles have considered either spherical or point-like particles [39]or short and rigid

rod-like particles, as these are good approximations for the shape of the bacteria

typically used in experiments such as swimming Bacillus subtilis or Escherichia coli

[126, 133, 139] and as Myxococcus xanthus, gliding on surfaces [137]. The aspect ratio

of rod-like particles has a strong impact on the patterns, as high aspect ratios promote
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(nematic) alignment of the particles and swarming [62].

At very large aspect ratios, the the finite rigidity of the particles is expected to play

a role. Therefore several computational recent studies have addressed semi-flexible

filamentous particles or self-propelled polymers [47, 127]. Indeed, their collective

behavior is modulated by their bending rigidity. Moreover, flexibility even results

in new single-filament behavior, as individual flexible filaments are seen to curl into

spirals due to their self-propulsion [46].

Complicating the understanding of the behavior of the collective motion of microbes,

many of them in addition to active self-propulsion also perform active directional

changes such as the well-known run-and-tumble motion of Escherichia coli [142].

Typically, these active direction changes are an integral part of the mechanisms for

chemotaxis and other types of tactic behaviors, through a coupling of the rates of

directional change to the direction of motion relative to a (chemical, light, etc.) gradient

direction. Such active directional changes have occasionally been included in models

for the motility and collective behavior of self-propelled particles [130, 143–145] or

spreading of active polymers in porous media [146]. For bacteria, the simplest direction

change in a reversal, where the whole filament reverses its direction of motion by 180◦,

as seen in the gliding motility of M. xanthus, a short rigid rod [137], as well as in

gliding filamentous Cyanobacteria [147, 148].

In this article, we use extensive simulations to address how such reversals affect

the collective behaviors of self-propelled semi-flexible filaments at overall relatively low

density. To that end, we first consider the reference case without reversals and analyze

the formation of spirals and swarms or clusters,

With that in mind, in this paper, we initially examine the self-assembly of active

filaments by modulating the bending stiffness and self-propulsion force of the filaments,

and then investigate how the introduction of reversals modifies the collective behavior.
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We focus on the interplay of the filaments’ self-propulsion force, bending stiffness,

and reversal rate as the control parameters that modulate the pattern formation process.

In the absence of reversals, the filaments form spirals for high self-propulsion force and

low bending stiffness, for larger bending stiffness coherently moving clusters dominate

the system. Introducing reversals reduces the rates for forming both types of patterns

and thus the system becomes gradually more isotropic with increasing reversal rate.

Both negative effects can be explained by the dynamical pathway of these structures:

First, reversal adds a second mechanism that interrupts the spooling of the filaments

and initiates unwinding. Second, a new mechanism is added for filaments to leave a

cluster, since filaments typically leave a coherently moving cluster during a reversal.

4.3 Model

4.3.1 Self-propelled filaments

We consider a system of Nc self-propelled semi-flexible filaments. The individual

filament is described as a chain of N monomers located at position s (r1, r2, · · · , rN)

in space (see Fig. 4.1 (a) for a schematic). Two consecutive monomers in the chain

are connected by a harmonic spring. In addition, the angle between three consecutive

monomers along the chain are subject to a harmonic bending potential, which controls

the flexibility of the chain. In the over-damped regime, the equation of motion for each

monomer can be written as:

ζṙi = −∇iUs − ∇iUb + F a
i + F ex

i . (4.1)

where ṙi is the velocity of the i-th monomer, ζ is the friction coefficient. The four force

contributions on the right hand side of this equation represent stretching and bending
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<latexit sha1_base64="LbcQe24rLwbZ3MCWVeThVF/EHrM=">AAAB6nicbVDLSgNBEOz1mcRX1KOXwSAIQtj1oB6DXjxGNA9MljA7mSRDZmeXmV4xLPkELx6U4NW7/+LNr9HJ46CJBQ1FVTfdXUEshUHX/XKWlldW19Yz2dzG5tb2Tn53r2qiRDNeYZGMdD2ghkuheAUFSl6PNadhIHkt6F+N/doD10ZE6g4HMfdD2lWiIxhFK92KE6+VL7hFdwKySLwZKZSy8ej+4/G73Mp/NtsRS0KukElqTMNzY/RTqlEwyYe5ZmJ4TFmfdnnDUkVDbvx0cuqQHFmlTTqRtqWQTNTfEykNjRmEge0MKfbMvDcW//MaCXYu/FSoOEGu2HRRJ5EEIzL+m7SF5gzlwBLKtLC3EtajmjK06eRsCN78y4ukelr0zorujU3jEqbIwAEcwjF4cA4luIYyVIBBF57gBV4d6Tw7I+dt2rrkzGb24Q+c9x/GnJEw</latexit>

i + 1

<latexit sha1_base64="lYDqMg8V2RQ5bTPm18FQV1duL5E=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuhVqG2FgmYB6QhDA7mU2GzM6uM3eFsOQnbCwUsbXwL/wCOxu/xcmj0MQDFw7n3Mu99/ixFAZd98vJrKyurW9kN3Nb2zu7e/n9g7qJEs14jUUy0k2fGi6F4jUUKHkz1pyGvuQNf3g98Rv3XBsRqVscxbwT0r4SgWAUrdRs44Aj7YpuvuAW3SnIMvHmpFA6qn6L9/JHpZv/bPciloRcIZPUmJbnxthJqUbBJB/n2onhMWVD2uctSxUNuemk03vH5NQqPRJE2pZCMlV/T6Q0NGYU+rYzpDgwi95E/M9rJRhcdVKh4gS5YrNFQSIJRmTyPOkJzRnKkSWUaWFvJWxANWVoI8rZELzFl5dJ/bzoXRTdqk2jDDNk4RhO4Aw8uIQS3EAFasBAwgM8wbNz5zw6L87rrDXjzGcO4Q+ctx8CpJOm</latexit>

✓i

<latexit sha1_base64="ERuf7H75k8sHu367J85p/CSnPls=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgo9bwIvHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup35rSdUmsfy0YwT9CM6kDzkjBorPZTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippXlS8y0r1vlqq3WRx5OEETqEMHlxBDe6gDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDiOSNSg==</latexit>

(a)
<latexit sha1_base64="xNbv4RdDMEUTxPvzHGRDDhATiBw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgo9bwIvHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup35rSdUmsfy0YwT9CM6kDzkjBorPZSD816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimmNSw==</latexit>

(b)

stochastic reversal

with constant rate

<latexit sha1_base64="egPbPWtjWR7/Ozpezvo2t0aXlVs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHngWPKA==</latexit>�

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a

<latexit sha1_base64="LdTpF1dkSk8W3py/pVowQzN4t7A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ie0oWy2k3bpZhN2N4US+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHstHM03Qj+hQ8pAzaqz01Jsgy8I+nfXLFbfqLkDWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8WB8/IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGtn3GZpAYlWy4KU0FMTObfkwFXyIyYWkKZ4vZWwkZUUWZsRiUbgrf68jppXVW962rtoVap1/I4inAG53AJHtxAHe6hAU1gEMEzvMKbo5wX5935WLYWnHzmFP7A+fwBCFaQhw==</latexit>

~f
a
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Figure 4.1 – Model of a self-propelled filament. (a) Sketch of a self-propelled
filament composed of monomers with diameter σ. The active force inducing their self-
propulsion acts tangentially along each bond. (Zoom) The flexibility of the chain is
modeled by a harmonic bending potential, where θi is the angle formed by each successive
triplet of monomers i − 1, i, i + 1. (b) Sketch of the reversal mechanism of a self-propelled
filament: Upon a stochastic reversal with rate λ, a filament reverses the direction of its
self-propulsion force by 180◦.

of the chain, the active force responsible for self-propulsion and volume exclusion,

respectively.

Us is the stretching potential due to the harmonic springs (each with an equilibrium

length of r0 between consecutive monomers) with the form

Us = κs

2

N∑
j=2

(rj,j−1 − r0)2. (4.2)

where rj,j−1 = |rj − rj−1| is the distance between the j-th and j − 1-th monomer and

κs is the spring constant associated with stretching.
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Ub is the harmonic bending potential which controls the flexibility of the bonds.

Considering θi as the angle formed by a consecutive triplet of monomers (i − 1, i, i + 1),

given by θi = cos−1
(

ri−1,i·ri,i+1
|ri−1,i||ri,i+1|

)
, this potential is defined as

Ub = κb

2

N−1∑
j=2

(θj − π)2. (4.3)

where π is the equilibrium angle of between adjacent pairs of monomers, corresponding

to a straight chain, and κb is the spring constant associated with bending.

The self-propulsion is induced by the active force F a
i ,

F a
i = fat̂i, (4.4)

where fa fixes the absolute value of the self-propulsion force and t̂i, the unit vector

tangent to the chain at the position of i-th monomer, defines its direction. For a chain

consisting of discrete monomers, this vector can be approximated as:

t̂i = αc

2

(
ri+1,i

|ri+1,i|
+ ri,i−1

|ri,i−1|

)
. (4.5)

Here αc ∈ {−1, +1} specifies the state of the polarity (head-tail) for each chain

c ∈ {1, · · · , Nc} where Nc is the number of chains in the system. This variable will be

important for the modelling of reversal events, as we will discuss below.

Finally the presence of the repulsive force F ex
i prevents overlaps of the monomers.

Such volume exclusion is implemented using the Week-Chandler-Anderson potential:

Uext(r) =


4ϵ
[(

σ
r

)12
+
(

σ
r

)6
]

+ ϵ, r < 21/6σ

0, otherwise
(4.6)

where σ is the nominal interaction diameter and ϵ is the energy scale of the interaction.
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In addition, adjacent monomers in the filament overlapped, resulting in a smooth

filament and r0 = σ/2

4.3.2 Direction reversals

So far, our model agrees with previous models for self-propelled filaments [46, 47, 127].

In addition, we include spontaneous reversals of the direction of self-propulsion, as they

are often seen in the surface motion of bacteria [146, 149] including filamentous species

such as gliding filamentous Cyanobacteria [150–152]. Typically, the rates for such

reversals are modulated by various tactic behaviors such as chemotaxis, phototaxis,

etc. Here we consider the baseline case of spontaneous reversals in a homogeneous

environment.

We model random reversal events, where the gliding direction of a chain changes

instantaneously by 180deg, as generated from a Poisson process with a reversal rate λr

(see Fig. 4.1b). Mathematically, this means that the polarity (head-tail) state αc of a

chain c follows a stochastic process

αc = 1 λr−⇀↽−
λr

αc = −1. (4.7)

In such a Poisson process, the distribution of waiting times τ elapsed between two

consecutive reversals is an exponential distribution of the form

Pw(τ) = λre
−λrτ . (4.8)

Hence to implement the reversals for a single chain, we draw a random waiting time

τ0 from the exponential distribution described in Eq.4.8 at time t0 . Between t0 and

t1 = t0 + τ0, the chain evolves following Eq. 4.1. At t1 the gliding direction of the

chain is reversed and another waiting time τ1 is drawn from the same waiting time
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distribution. This process is done for each chain independently during the simulation

by drawing subsequent time intervals τ2, τ3, ..., such that reversals of any chain in the

system is uncorrelated with the reversal of any other chains.

4.3.3 Simulations and parameters

All simulations presented here were run on GPUs using the simulation package HOOMD-

blue [153] with custom extensions for self-propulsion and for reversals, which were

compiled together with the whole software. The simulation integrates Eq.4.1 over

t = 108 time steps.

In these simulations, lengths are measured in units of the monomer radius σ and

the energy unit is kBT . We choose the time unit to be the self-diffusion time for a

single monomer τD = σ2ζ
kBT

where ζ, which determines the damping, is set to ζ = 15.

Our system consists of Nf = 1666 filaments each having Nm = 59 monomers.

We set the spring constant of the stretching spring to κs = 104, i.e. to a relatively

high value to make sure that chains do not stretch too much along their axis. Hence

the distance between two successive monomers does not fluctuate strongly and is

approximately constrained to the fixed value r0. Furthermore, to obtain a smoother

filament, we also set the value r0 = σ
2 . To investigate a large parameter space,

we varied κb in the range {1, 1800} and fa between {1, 100}. The packing fraction,

ϕ = NfNmr0σ/L2, is set to 0.1 in all simulations, where L denotes the box size and

L = 167σ

The aspect ratio, a dimensionless number representing the ratio between the contour

length and the diameter of the individual monomers a = Lf

σ
, is set to almost 30 and

Lf = (Nm + 1)r0 is the contour length of the filaments. The reversal rates λr are varied

between {0 − 0.1} and are same for all the filaments.
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4.4 Results

To address the effect of direction reversals on the collective dynamics of self-propelled

filament, we performed systematic simulations varying three key parameters, the

bending stiffness κb, the strength of self-propulsion fa, and the reversal rate λr. We

will show typical snapshots of these simulations below. We start with the case without

direction reversals (λr = 0), which has been studied before [47, 127] and which serves us

as a reference scenario here. In that case, it is known that a variety of non-equilibrium

patterns can be formed, for which we will present a detailed diagram of states below.

Later on, we add the reversal mechanism to the filaments, inspired by the reversal

dynamics (due to phototaxis) observed in Cyanobacteria to investigate the response

of the system to an abrupt and random reversal in gliding direction. We report a

dramatic change in the individual as well as collective dynamics in the state diagram

as we crank up the reversal rate eventually destroying the spiral state completely.

4.4.1 Non-reversing active filaments

4.4.1.1 Spiral formation

In the absence of direction reversals, the collective dynamics of the chains is dominated

by the interplay between self-propulsion, bending stiffness and confinements due to the

excluded volume effect. A key observation at low density of filaments is that flexible

filaments may form spirals while stiffer filaments tend to form clusters [47, 127].

Spirals form due to the self-interaction of an isolated active filament with high

self-propulsion and low bending stiffness. Spiral formation stands in contrast to the

relatively straight equilibrium structure of a semi-flexible filament and depends on the

self-propulsion. Spiral formation is initiated when the head of the filament collides

with a subsequent part of its own body, such that excluded volume interaction force
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s > 1.2

Figure 4.2 – Spiral ratio as a function of bending stiffness for different values
of self-propulsion force. (a) Sketch of different configuration of a single filament
characterised by the indicated spiral number indicated by s. (b) Quantification of spiral
formation by the spiral ratio s̃: An increase in bending stiffness decreases the probability
of spiral formation at a constant self-propulsion force. Different values for self-propulsion
are shown in different colors. With increasing self-propulsion force at low bending stiffness,
spiral formation is promoted. For high bending stiffness, spiral formation does not take
place regardless of the self-propulsion force. The aspect ratio of the filaments is a = 30
and the packing fraction is ϕ = 0.1.

the filament to wind onto itself. If the self-propulsion is strong enough, filaments twist

around their own body through this mechanism and form stable spirals. To characterise

the dynamical state with spiral formation we define a spiral number for each filament

in the system which quantifies how many times a filament is wound up around itself

and is defined as:

s =
∣∣∣∣∣
∑N−2

i=2 ∆θi

2π

∣∣∣∣∣ (4.9)

where θi is the angle formed by the beads i−1, i, i+1. |..| denotes the absolute value of

the spiral number since they can be twisted either in the clockwise or counterclockwise

direction. s = 0 indicates an almost straight configuration (see Fig. 4.2 (a)) and s = 1
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ec
Figure 4.3 – Cluster ratio as a function of bending stiffness for different values
of self-propulsion force. (a) A binary collision of self-propelled filaments that results
in parallel alignment and coherent motion that initiates cluster formation. (b) A binary
collision of self-propelled filaments that results in anti-parallel alignment and transient
coherent motion. The red monomer shows the head of the filament in both cases. (c)
Increasing the bending stiffness promotes cluster formation in the system. Different
values for the self-propulsion force are shown in different colors. The aspect ratio of the
filaments is a = 30 and the packing fraction ϕ = 0.1.

a ring shape (see Fig. 4.2 (a)). We consider a filament to be in a spiral state if s ≥ 1.2

(see Fig. 4.2(a)).

To distinguish global patterns of filaments, we introduce the spiral ratio as the

ratio of the number of filaments in the spiral state (i.e., with s ≥ 1.2), Ns, to that in

the straight configuration,Nsf :

s̃ = Ns

Nsf

. (4.10)

The spiral ratio is plotted in Fig.4.2(b) as a function of the bending stiffness and the

self-propulsion force. The figure shows a pronounced decrease of the spiral ratio with

increasing bending stiffness, which reflects the fact that increasing bending stiffness

(κb) hinders the self-interaction needed for spiral formation. Fig.4.2(b) also shows

that, for fixed bending rigidity, spiral formation is promoted by an increase in the

self-propulsion force.
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4.4.1.2 Cluster formation

In the limit of high bending stiffness, filaments behave like rod-shaped agents. In this

regime, filaments move in the direction of their long axis direction and when they

undergo collisions, they rotate to align due to their steric interaction. At high bending

stiffness, collisions between filaments are dominant over self-interactions as the bending

required for the self-interaction is unfavourable. Dependent on the angle of incidence

in the collision event the two filaments align either parallel or anti-parallel (Fig. 4.3(a)

and (b), respectively). In the first case, they continue their motion together, in the

second case, they stay in contact transiently [10, 130]. Clusters of filaments form

when additional filaments collide with already aligned filaments, resulting in groups of

filaments that move coherently. The size and life-time of these clusters depends on

bending rigidity, activity as well as the density of the filaments in the system [10, 62,

133].

To characterise the clustering behaviour we identify clusters using the following

criteria: two monomers are considered to be part of the same cluster if their centers

are distanced less than 1.2σ. We note that this criterium automatically includes all

monomers of one filament in the same cluster. In addition, we only considered clusters

with at least Nf = 10 filaments to avoid counting micro clusters. Clusters are identified

with the data analysis framework Freud [105]. Finally, in analogy to the spiral ratio, we

define a cluster ratio as the ratio of number of filaments in clusters, Nc to the number

of free filaments, Nf .

c̃ = Nc

Nf

(4.11)

Fig. 4.3 shows the cluster ratio as a function of the bending stiffness for different

values of the active force. The cluster ratio is seen to increase monotonically with

increasing bending stiffness (κb) and also with increasing self-propulsion force. One can
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Figure 4.4 – Average cluster size as a function of bending stiffness. The average
cluster size is shown in different colors for different self-propulsion forces.

also see that high values of the spiral number are associated with small clusters and vice

versa: the regions with higher values of spiral ratio in Fig. 4.2 correspond to the region

of low cluster ratio in Fig. 4.3. When the bending stiffness is low, spirals are formed

due to the self-interaction, when the bending stiffness increases, the deformation of

the filaments becomes unfavorable, which is why they usually have a straight, rod-like

conformation that promotes alignment and, thus, clustering.

We also define the average cluster size, CSm, which is the average total number

of filaments belonging to clusters and this seems to increase with increasing bending

stiffness indicating (see Fig. 4.4) the fact that bending stiffness which suppress spiral

formation, promotes clustering.

Since both spiral ratio and cluster ratio show opposing trends as function of the

bending rigidity and of the self-propulsion force, we wondered whether the results

could be written as functions of a dimensionless parameter combination. A natural

candidate is the flexure number, the ratio of activity and bending rigidity [47, 127, 154,
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Figure 4.5 – (a) Spiral ratio S̃ and (b) cluster ratio C̃ as functions of the flexure number
ℑ: Data collapse for different self-propulsion forces and bending rigidities when these are
plotted as functions of a dimensionless combination, the flexure number. The color of
the points indicates the value of the self-propulsion force. The red lines indicate power
laws fitted to the curves, with exponents δ and δ′.

155] can be written as:

ℑ = faL3

κb

(4.12)

Figure 4.5 shows the spiral and cluster ratio as functions of the flexure number.

Indeed the data from simulations with different bending stiffness and self.propulsion

forces are seen to collapse onto one curve. Only for the largest flexure numbers, we see

systematic deviations for the spiral ratio. For smaller values of the flexure number, the

spiral ratio increase as a power law S̃ ∼ ℑδ with δ ≃ 0.7. Likewise, the decrease of the

cluster ratio also follows a power law C̃ ∼ ℑδ′ with δ′ ≃ −0.5.

4.4.1.3 State diagram

We performed systematic simulations varying the self-propulsion force fa and the

bending stiffness κb to explore the variety of patterns in the steady state of the system.

To distinguish different states of the system, we assign a state to all filaments in

a snapshot via the following criteria: A filament is considered as a spiral if its spiral

number is < 1.2. The filament is taken to be in the cluster category if it is not a
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Figure 4.6 – Non equilibrium state diagram of non-reversing self-propelled
filaments. The state diagram is drawn as a function of self-propulsion force fa and
the bending stiffness κb in the absence of reversals. The different states are indicated
by different symbols and the color of each symbol is matched to the corresponding
designation of the state. For details on the characterisation and identification of the
states, see text.

spiral and part of a cluster of ≥ 10 filaments. Since this criterion does not capture

the diversity of cluster patterns, we further subdivide the cluster state by the size of

clusters and distinguish a small-cluster category for filaments in clusters with size ≥ 10

and < 100 and a large-cluster category for filaments in clusters with ≥ 100 filaments.

All other filaments are considered to be in the melt state.

Using this classification and averaging over 200 snapshots per condition, we classify

the state of the whole system as follows: We classify the system’s state as a large-cluster

state or as a small-cluster state if ≥ 40% of the filaments are in large or small clusters,

respectively. As the two criteria are not mutually exclusive, coexistence of small and
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Figure 4.7 – Snapshots of the simulation for different fa and κb. (a) snapshot
for κb = 10, fa = 10 in ‘melt’ state (b) κb = 5, fa = 100 in spiral+melt state (c) Close-up
view of spirals in plot (a) (d)κb = 600, fa = 82 (e) in small-cluster state κb = 1000,
fa = 24 (f) in large-cluster state κb = 1600, fa = 10 in large + small cluster state.

large clusters is identified if both are satisfied simultaneously. Likewise, a spiral state

is identified when more than 20% of the filaments form spirals (the threshold is chosen

lower than for the other states, as under the conditions simulated here, we ever see

40% of the filaments being spirals). Finally, the system state is classified as a melt

state if ≥ 40% of the filaments fall into this category. Just like for small and large

clusters, coexistence of other states is possible and indeed seen frequently, e.g. between

melt and small clusters and melt and spirals. The diagram of states shown in Fig. 4.6

summarizes this classification. Simulation snapshots corresponding to the different

states are shown in Fig. 4.7, where the color code of the filament shows the classification

at the filament level.
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For low bending stiffness and low self-propulsion force, the filaments are mostly

in the melt (or isotropic) phase and move in all directions, as can be seen in Fig. 4.7

(a). We note that while the melt filaments are dominant, there are also some small

clusters. Increasing the self-propulsion force, while the bending stiffness is kept at a

small value, promotes spiral formation, as shown in Fig. 4.7 (b) and (c). Formation

of spirals is quite natural in this regime because the filaments are flexible enough to

bend onto themselves. Their self-propulsion then results in spiral formation and, once

formed, a spiral is typically stable until another filament collides with it.

Collisions with other filament seems to be the dominant (if not only) mechanism

that breaks up spirals, since we have not included explicit translational or rotational

noise in our simulations. Under the conditions we simulated, the spiral state typically

coexists with the melt phase, as casn be seen in the snapshots in Fig. 4.7 (b) and (c).

Consistent with this observation, a pure spiral state, the "gas of spirals" reported in

earlier studies [47] is only observed at even lower densities than used here.

As shown above (Figure 4.2), the fraction of spirals decreases with increasing bending

rigidity. For sufficiently large bending stiffness, collective behavior via the formation

of clusters becomes dominant over individual filament dynamics. In this regime, the

self-interaction is of lesser importance compared to inter-filament interaction, and when

filaments collide, they can bundle into small clusters with local alignment (nematic

order). Over time, the clusters grows as other filaments collide with them and join

them. At intermediate bending stiffness, there is a coexistence of the freely swimming

filaments and small clusters of the filaments (Fig. 4.7 (d)). As we increase the bending

stiffness (Fig. 4.6 (d-f)), the clusters become larger and the system state is classified as

a large-cluster state, in particular for low self-propulsion force.

These observations show that the collective behavior of filaments is modulated by

their bending stiffness and their self-propulsion force. In agreement with earlier work
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[47, 127], we distinguish several regimes, characterized by the formation of spirals and

of clusters of various sizes. Generally, we observed that, in the absence of direction

reversals, filaments with high self-propulsion force and low bending stiffness form

spirals, while filaments with high bending stiffness tend to form clusters. This general

picture will serve as a reference in the following section, where we will include direction

reversals and study how the variation of the reversal rate affects the patterns formed

by self-propelled filaments.

4.4.2 Reversing active filaments

Next, we consider active filament that exhibit reversals of their direction of motion.

Many microorganism show reversals of their motility direction (in swiming and surface

motility), often as part of the (chemo- or photo-)tactic strategy. Here we consider the

case of spontaneous, non-biased reversals. Active filaments are taken to change their

direction of motion abruptly by 180 ◦, these reversals occur according to a Poisson

process with rate λr. Varying the rate of the reversal process, we explored the effect of

reversals on the structures and the collective motion of the active filaments.

Fig. 4.8 shows snapshots of the system for two sets of parameters, in both cases

without reversals (left) and with a non-zero, but small reversal rate (right). The two

parameters sets chosen here correspond to the regime exhibiting spirals (fa = 100 and

κb = 1, top) and to the regime dominated by small clusters (fa = 24 and κb = 1000,

bottom). In both cases, the patterns are seen to be changed by the introduction of the

small reversal rate, indicating a substantial influence of the reversals. In the case of

high fa and low κ − b, spirals are very frequent in the absence of reversals (although

they co-exist with straight filaments). With the reversal rate λr = 0.1, spirals are

completely suppressed. In the case of low fa and high κb, the change is less dramatic

as collectively moving clusters are seen both in the presence and absence of reversals,
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Figure 4.8 – Snapshot of the simulation with reversal dynamics. We show
snapshots from the simulations keeping the bending stiffness, activity, density, and aspect
ratio same and changing the reversal rate. Applying reversal rate changes the pattern
formation drastically from its non-reversing counterpart. a,b in the presence of a nonzero
reversal rate, spiral formation has disappeared. c,d Likewise, in the presence of reversals,
the cluster sizes become smaller than the non-reversing case. The coloring of the filaments
indicates their classification as spirals (cyan), filaments in small clusters (red), large
clusters (grey) and a melt (blue).
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however, the size of the clusters is considerably decreased by the reversals.
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Figure 4.9 – Spiral and cluster ratio for different reversal rates λr at an active force,
fa = 50.

4.4.2.1 Unwinding of spirals and declustering

To quantify these observations, we determined again the spiral and cluster ratio. In

Fig. 4.9, we plot the two quantities as functions of the bending stiffness, comparing

different reversal rates. These results confirms the qualitative observation from the

snapshots: Reversals reduce both spiral formation and cluster formation, for all values

of the bending stiffness. Higher reversal rates result in stronger reduction. As these

results show a clear reversal rate dependence of the pattern formed by the active

filaments, we next investigated the effects of the reversal rate λr on the state diagram

in the κb-fa space. The results are shown in Fig. 4.10 for four different values of the

reversal rate. Already for the smallest reversal rate considered (λr = 0.001), the spiral

state as well as the large-cluster state are strongly diminished. Increasing the reversal

rate further, also the small-cluster state get pushed towards larger bending stiffness

and larger self-propulsion force.

The suppression of spirals is rather straightforward: As mentioned earlier, in the

absence of reversals, spirals dissolve through collision with other filaments. Reversals
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Figure 4.10 – Diagram of state for reversing self-propelled filaments. The state
diagram is constructed as a function of the self-propulsion force fa and the bending
stiffness κb and shown for four different values of the reversal rate λr. States are marked
by different symbols and different colors as in Figure 6. When the reversal rate increases,
on the one hand the tendency of formation of large clusters decreases, on the other hand
the propensity of spiral formation in the system is progressively suppressed.

add a second mechanism for breaking up spirals, namely a change in the polarity

(head-tail direction) of the self-propelled filaments. When the reversal occurs, the self-

propelled filaments is not directed inward in the spiral any more, but rather outward,

and thus the spiral unwinds (see Fig. 4.11).

Likewise, reversals add an additional mechanism for filaments to leave a cluster, as
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(c)

Figure 4.11 – Unwinding of a spiral due to the reversal dynamics: Panel (a)
shows a filament in the spiral state in the center. In Panel (b) a reversal event takes
place. Panel (c): The spiral unwinds and the filament resumes the straight configuration.
The white monomer is the head of the filament, the green is the body and the purple is
the tail.

filaments in a cluster typically move collectively in one direction, so that any filament

that reverses is likely to move out of the cluster. This shifts the balance between

filaments joining a cluster and filaments leaving a cluster and results in smaller clusters

as observed. For very large reversal rates, clusters disappear entirely and the system

becomes isotropic again. In this limit, the filaments do not show active directed motion

any more, but rather move back and forth in a fashion similar to passive diffusion.

Thus a melt state like for passive polymers is indeed expected.

4.5 Summary and Conclusion

In this study, we have simulations of self-propelled filaments to study their pattern

formation and, specifically, the impact of direction reversal on these patterns. The

simulations mimic bacterial gliding motility on surfaces and their assembly into clusters

and swarms. In contrast to the well-studied spherical or rod-like self-propelled particles,

we considered long and flexible filaments.

First, we discussed the patterns that could form in the absence of direction reversals,

modulating the bending stiffness (κb) and self-propulsion force (fa) of the filaments at
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a relatively low filament density. The results, in agreement with earlier work [47, 127],

reflect a competition between the self-interaction of filaments, possible due to their

flexibility, and the interaction between filaments. At low bending stiffness and high self-

propulsion force, the self-interactions are dominant, leading to the formation of spirals.

However, when the bending stiffness increases, the self-interaction is reduced and steric

interactions between filaments become more important. In that case, filaments form

clusters through collisions and move collectively in these clusters. Based on systematic

simulations, we have determined a diagram of states in the κb-fa space.

Then, to understand the impact of stochastic direction reversals, we added a reversal

rate to the filaments’ dynamics, mimicking the run-reverse movement of bacteria, and

examined the effects of this additional control parameter on the formation of motility

patterns. In general, reversals counteract both clustering and spiral formation, thus

resulting in more isotropic structures. Both negative effects can be understood via

dynamical pathways these structures: First, reversals add a second mechanism to

interrupt the spooling of spirals and induce unspooling. Second, it also adds new

mechanisms for filaments to leave a cluster, as filaments typically leave a coherently

moving cluster upon reversal. The additional mechanism for leaving clusters results in

smaller clusters compared to the no-reversal reference case. Finally, high reversal rates

result in purely back-and-forth motion, similar to a passive scenario.

Our results show that the direction reversals have a great impact on the patterns

of microorganisms in the casting media or other systems. The direction reversals have

unpleasant effects (like the destruction of spirals and clustering) on the patterns formed

by the bacteria, which could also affect the dynamics of microorganisms in the system.

Since the direction reversal has a very unique effect on the self-assembly of active

filaments, it can also be extended to a higher density to study the effects of the reversal

rate on the pattern formed in that regime with/without obstacles in the system.
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Chapter 5

Self-Buckling of Filamentous

Cyanobacteria 1

5.1 Introduction

Many species of filamentous cyanobacteria exhibit gliding motility when in contact with

solid surfaces or other filaments, but display no swimming motion. The mechanism

behind this motility appears to be distinct from myxobacteria, and remains debated

in the literature. Understanding the collective phenomena in colonies of filamentous

cyanobacteria is a key element in interpreting fossile structures, managing giant blooms,

or optimizing bioreactor efficiency. At the base of these phenomena lies the individual

filament itself, and predicitive models require, as an input, the active and passive

mechanical properties of the individuals.

Many techniques for measuring mechanical properties of microorganisms, like
1This chapter is based (with modifications) on a preprint "Self-Buckling of Filamentous Cyanobac-

teria" by M. Kurjahn, A. Deka, A. Girot, L. Abbaspour, S. Klumpp, M. Lorenz, O. Bäumchen & S.
Karpitschka. arXiv preprint arXiv:2202.13658, 2022. Author contributions: M. Kurjahn performed
experiments, data analyses and wrote the manuscript, A. Deka performed experiments, data analyses
and wrote the manuscript, L. Abbaspour performed MD simulations, data analyses and wrote the
manuscript, S. Klumpp supervised the project and wrote the manuscript, S. Karpitschka supervised
the project and performed theoretical modeling, data analyses and wrote the manuscript.
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traction force microscopy [156], atomic force microscopy (AFM) [157], or microcapillary

force sensors (MFS) [158] have been developed in the past. Yet, resolving the forces

involved in the self-propulsion of a microorganism over a solid surface remains a

formidable task.

Our colleagues, in Dr. Stefan Karpitschka’s lab, show that gliding forces can

efficiently be quantified by making use of Self-Buckling, a concept which goes back to

the work of Leonhard Euler in 1778. Filaments that exceed a certain critical length

start to buckle once they encounter an obstacle. By recording numerous such events,

they obtained a comprehensive statistics to derive the critical length. Further, they

independently quantified the bending rigidity of numerous filaments by MFS. Using

non-linear Kirchhoff theory, they derive the propulsion force density from the critical

length and the bending rigidity.

In this chapter, we developed molecular dynamics simulations of self-propelled flexi-

ble particle chains to compare with continuum theoretical thresholds and experimental

data, and set the parameters such as the self-propelling force, the bending stiffness,

and the friction coefficient to study the pattern formation of cyanobacterial colonies in

the next chapter. The critical lengths obtained in the continuum-theoretical model are

close to the peak in the length distribution in freely growing colonies, indicating the

importance of this quantity for their self-organization.

In the classical self-buckling theory by Euler, the critical length for a vertical

column, clamped at its lower end and free to move at its upper end, of uniform bending

modulus B, cross-sectional area A, and density ρ, subjected to its own weight due to

gravitational acceleration g, is given by [159]

Lc =
(

7.837 B

ρ g A

)1/3

. (5.1)
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Figure 5.1 – Microfluidic device with 40 µm wide channels.

Active filaments differ from these original considerations: the active force density

is (presumably) oriented tangentially instead of vertically, and the typical boundary

conditions are a supported front and a free end. Under the action of gravity, this is

an unstable situation: the column would simply fall to either side. For filaments that

exert active forces in tangential direction, however, this situation is indifferent until

buckling induces curvature. Then, the active forces no longer point to the support,

causing a net torque and a rotation. The buckling threshold in this case is given by

L(c)
c =

(
30.5722 B

f

)1/3

. (5.2)

i.e. by the same scaling with bending modulus and force as in Eq.5.1, but with a

different numerical prefactor. This prefactor was obtained by linear stability analysis

of Eq.5.1 by assuming three boundary conditions: (i) zero torque at the head of the

filament (ii) zero torque at the tail of the filament and (iii) zero force at the tail of the

filament (This equation was derived by Dr. Stefan Karpitschka).
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5.2 Buckling Experiment

In S. Karpitschka’s lab, they use microfluidic devices for the buckling experiments;

the standard procedure is given in [160]. Fig. 5.1 shows various designs used for the

analysis. The channels are between 20 µm and 40 µm wide and typically dead-end

where the filament hit (preferable orthogonal) the wall. The devices are prepared with

PDMS (polydimethylsiloxane) on silicon wafers and then plasma bonded on a glass

microscope slide. Through the flushing and loading sites that were added before the

bonding, the nutrient solution (BG11) as well as the bacteria are loaded into the device.

It is preferred to use fresh and healthy blue-green-looking bacteria and break them into

smaller pieces by mechanical stress. Then, microscopy pictures are taken at 6×- or

10×-magnification with time intervals of either 1 s, 10 s and 30 s. For the data analysis,

the length of the filament, the gliding velocity just before hitting the obstacle, and

whether it buckles or not are determined by image analysis. In total, we collected 245

events (✓□ 184:61 X□) for Oscillatoria lutea and 114 events (✓□ 88:26 X□) for Kamptonema

animale.

5.2.1 Buckling Threshold

From these histograms (Fig. 5.2), one can extract the buckling frequency, i.e. the

number of buckling events per bin divided by the total number of events per bin. This

can be thought of as the buckling probability for a filament in a certain bin and is

shown in Fig. 5.2.b for Oscillatoria lutea and in Fig. 5.2.a for Kamptonema animale

as histograms.

The estimated parameters for this data set were found to be

Oscillatoria lutea Lc = 171.22 µm ∆Lc = 34.61 µm

Kamptonema animale Lc = 151.58 µm ∆Lc = 18.91 µm
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Figure 5.2 – Buckling frequency for Oscillatoria lutea (a) and Kamptonema animale
(b) determined as the ratio of buckling events to total number of events per bin as the
solid histogram. The logistic regression is denoted by the dashed line.

The corresponding boxplot with median, second and third quartile as well as the

whiskers with 5% and 95% of the distribution is shown in Fig.5.3.
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Figure 5.3 – Critical buckling length Lc of Oscillatoria lutea and Kamptonema animale.
The median is denoted in orange, the second and third quartile by the box and the
whiskers show the 5% and 95% of the distribution.

Some extracted trajectories of filamentous Cyanobacteriaover time are shown in

Fig. 5.4.

5.3 MD Simulations

We consider a filament as a chain of N monomers located at positions (r1, r2, · · · , rN )

in space (Figure 5.5.a). Two consecutive monomers in the filament are connected by a
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(a) (b)

(c) (d)

Figure 5.4 – Trajectories of Kamptonema animale (a) and Oscillatoria lutea (b-d) over
time, shown as color code from dark blue (50 seconds before the event) to yellow (50
seconds after the first contact). The end points are depict as green dots. Space and
length is in pixels for 20x magnification. Note that the y-axis has a different spacing
than the x-axis.

harmonic spring. Additionally, the flexibility of the chain is controlled by a harmonic

bending potential, where the angle is determined by three successive monomers along

the filament. Using Brownian dynamics simulation in the over-damped regime, the

equation of motion for each monomer can be written as follows:

ζṙi = −∇iUs − ∇iUb + F a
i + F ex

i . (5.3)
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(b)

Panel(b) Geometry of the particle chains in MD simulations.

Figure 5.5 – Model of a self propelled filament Sketch of a self-propelled filament
composed of monomers of diameter σ, where the bond length for each two successive
monomers is constant and equal to r0 = σ/2. The flexibility of the chain is introduced by
the harmonic bending potential, where θi is the angle formed by each successive triplet
of monomers i − 1, i, i + 1.

where ṙi is the velocity of the i-th monomer, ζ is the friction coefficient. Four forces

contribute to the equation of motion shown on the right hand side: the stretching force,

the bending of the chain, the active force, which is responsible for self-propulsion, and

the volume exclusion.

Us stands for the stretching force introduced by the harmonic springs (with an

equilibrium length of r0 = σ/2)

Us = κs

2

N∑
j=2

(rj,j−1 − r0)2, (5.4)

where rj,j−1 = |rj − rj−1| is the distance between the j-th and j − 1-th monomers and

κs is the spring constant associated with stretching.

The flexibility of the filament is controlled by the harmonic bending potential, Ub.
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Here θi is the angle formed by a successive triplet of monomers (i − 1, i, i + 1), given

by θi = cos−1
(

ri−1,i·ri,i+1
|ri−1,i|ri,i+1|

)
. This potential is defined as

Ub = κb

2

N−1∑
j=2

(θj − π)2, (5.5)

where π is the equilibrium angle of between adjacent pairs of monomers, corresponding

to a straight chain, and κb is the spring constant associated with bending.

The motility of the filament is induced by the active force fa
i ,

fa
i = fat̂i, (5.6)

where fa is the magnitude of active force and t̂i, the unit vector tangent to the

filament at the position of i-th monomer, defines its direction. For a chain with discrete

monomers, t̂i can be defined as follows:

t̂i = 1
2

(
ri+1,i

|ri+1,i|
+ ri,i−1

|ri,i−1|

)
. (5.7)

The repulsive force F ex
i that prevents the monomers from overlapping can be

implemented using the Week-Chandler-Anderson potential:

Uext(r) =


4ϵ
[(

σ
r

)12
+
(

σ
r

)6
]

+ ϵ, r < 21/6σ

0, otherwise,
(5.8)

where σ is the nominal interaction diameter and ϵ is the energy scale of the

interaction.

Finally, the obstacle, which has the V -shape with the opening angle 2π/5, is

immobile and blocks the path of the filament moving towards the vertex. For the

implementation of the obstacle, we used spherical beads that overlap to get a smoother

shape (center-to-center distance of two consecutive beads = σ/2). They were positioned
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in the box to so form a V-shape structure.

In order to relate MD simulations to the continuum buckling theory, we need to

translate the coefficients of the bond potential κb and the active force fa from MD

simulations to the continuum material properties, bending modulus B and active force

density f , respectively. This is best done by comparing the total energy of a filament

that is bent to a constant radius R, or the total active force, respectively, between the

two representations.

From Figure 5.5.b, one can derive the geometric relations

L = σ

2 (N − 1), (5.9a)

R = σ

4 sin
(

1
2(π − θ)

) |θ−π|≪1
≈ σ

2(π − θ) , (5.9b)

where N is the number of particles in the chain, σ is their diameter, σ/2 their

equilibrium distance, and L is the contour length in both representations. The total

bending energy, E
(c)
B and E

(d)
B in continuum and discrete representations, respectively,

are

E
(c)
B = B L

2R2 , (5.10a)

E
(d)
B = κb

2 (θ − π)2(N − 2). (5.10b)

Equating these energies, one obtains a relation between κb and B:

B = 1
2σ κb

N − 2
N − 1

N≫2≈ 1
2σ κb. (5.11)
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Similarly, the total active force generated by a filament is

F
(c)
A = f L, (5.12a)

F
(d)
A = fa N, (5.12b)

such that

f = 2 fa

σ

N

N + 1
N≫1≈ 2 fa

σ
. (5.13)

The appearance of N in the exact equations points to discretization effects that should

vanish for large N .

The buckling threshold from continuum theory reads

L(c)
c =

(
30.5722 B

f

)1/3

. (5.14)

Inserting the relations of geometry and material parameters, we obtain a critical particle

count Nc for the discrete version:

σ

2 (Nc − 1) =
(

30.5722 σ2 κb

4 fa

N − 2
N

)1/3

. (5.15)

Note that, dimensionally, this is correct since κb has the dimension of an energy (per

square radian, which is a dimensionless quantity), and fa has the dimension of force

(which is energy per length). Instead of particle count N , the aspect ratio a = 1
2(N + 1)

is a convenient measure for the polymer shape. The critical aspect ratio becomes

σ ac
N≫2≈

(
30.5722 σ2 κb

4 fa

)1/3

. (5.16)

Using the simulation parameters from Fig. 5.5 (σ = 1, κb = 5000, fa = 0.1575),
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Figure 5.6 – MD simulation results for buckling particle chains, for κb = 5000 and
Fact = 0.1575 Panel(a-c)show snapshot of configuration of simulation for different time
Panel(d-f) show trajectories of the filament for aspect ratios 10,63,100 over time, shown
as color code from light blue(2 seconds before the hitting the vertex)to dark green (118
seconds after the first contact).

we obtain ac = 62.37. To confirm this value, we performed simulations for different

aspect ratios 60 − 65 (Fig. 5.6) and calculated the front-mid-end angle of each filament

as a function of time. Remarkably, we observed that there is a transition between

a = 62 and a = 63 that is in perfect agreement with theory and experiment (Fig. 5.7).

In Fig. 5.6(d-f), we plotted the trajectory of the filaments for a = 10 (below the

critical length), 63 (critical length), and 100 (above the critical length) fro given the

self-propulsion force and the bending stiffness , which clearly shows the buckling of the

filament at and above the critical length.

In chapter 6, we use another set of parameters in the MD simulations (fp = 1.26
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Figure 5.7 – Front-Mid-End angle of MD simulations as a function of time, for aspect
ratios 60-65.

and kb = 5000). These are close to the experimental parameters and were chosen by the

aspect ratio relative to the critical aspect ratio for buckling: using Eq. 5.16, we insert

fp = 1.26, and obtain ac = 31.185. In Fig. 5.8 also we observe a transition between

a = 31 and a = 32 in the simulation which is in perfect agreement with the results

for the longer filaments. We will use these parameters, σ = 1, κb = 5000, fa = 1.26,

ac = 32, in the next chapter to study pattern formation of filamentous Cyanobacteria

at high density to make a comparison with the experimental observation.

5.4 Conclusion

Using the critical length from theory, Eq. 5.16, the measured critical lengths, and the

measured bending moduli, one can calibrate the active force density of each species:

Oscillatoria lutea f = 0.85 nN/µm

Kamptonema animale f = 0.88 nN/µm
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fa = 1.26

Figure 5.8 – MD simulation results for buckling particle chains, for κb = 5000 and
fa = 1.26 Panel(a) Front-Mid-End angle of MD simulations as a function of time, for
aspect ratios 30-35. Panel(b) Trajectories of the filament for aspect ratios 10,32,100 over
time, shown as color code from light blue(2 seconds before the hitting the vertex)to dark
green (65 seconds after the first contact )

The values are remarkably similar. An error estimate using standard error propagation

and the inter-quartal distances of bending moduli and critical lengths would give errors

around 50 %. In order to relate MD simulations to the continuum buckling theory,

we translated the coefficients of the bond potential κb and the active force fa from

MD simulations to the continuum material properties, bending modulus Band active

force density f , respectively. The buckling experiment provides us the force density

(active force per bead). Since we can also measure the velocity of the filament, this

also provides the friction coefficient, a quantity which is usually difficult to measure for

such gliding motion. Thus, we obtain a complete quantitative parametrization of the

filament properties, which we can use in our MD simulation in order to study pattern
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formation of filamentous Cyanobacteria in the next chapter.
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Chapter 6

Collective Dynamics of Gliding

Filamentous Cyanobacteria at High

Density

6.1 Introduction

In this chapter, we investigate dense layers of filaments as a new model system for active

matter. Due to their inherent non-equilibrium nature, active matter systems exhibit a

wealth of fascinating material properties and collective behaviors. Examples include

animal groups such as fish and birds or colonies and suspensions of microorganisms

such as bacteria, as well as synthetic self-propelled particles.

The bewildering collective behavior of active matter systems has led scientists in

recent decades to explore the collective dynamics of active systems at the cellular and

subcellular levels. A significant part of these studies deals with experimental work on

self-propelled particles in biological systems such as bacterial suspensions and molecular

motors. In addition, fundamental theoretical models such as the agent-based model of

Vicsek et al. [32, 57] and the hydrodynamic approach proposed by Toner & Tu [56]
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have shown that fundamental physical mechanisms are often sufficient to explain the

observed collective behavior in living systems.

Biological systems have inspired scientists to establish models that mimic their

motility strategies. In this study, in addition to the current models of worm-like

filaments, we add a reversal mechanism that mimics the movement of light-sensitive

bacteria which was missing in previous studies of long, flexible active filaments. This

mechanism allows us to control the movement of the filaments externally. A prototypical

biological example of such a system is Cyanobacteria.

6.2 Cyanobacteria

Cyanobacteria prosper in every illuminated aquatic environment. Given its importance

in the carbon and nutrient cycles, it has played a pivotal role in the composition of

oceans, and the atmosphere for billions of years. Cyanobacteria have also been used as

useful model organisms for understanding and improving photosynthetic productivity.

To modeling their dynamics, one should note that Cyanobacteria are an enormously

diverse group of prokaryotes and present in a wide range of habitats such as marine,

freshwater, soil, etc. The diversity of species and living conditions forces them to

use different strategies to move and function. In this chapter, we would like to

focus on genera such as Oscillatoria, Kamptonema, and Lyngbya. In these types

of cyanobacteria, the trichome length, i.e. the organization of independent cells

into multicellular filaments, varies greatly from a few tens to several thousand cells.

Their aspect ratio is usually greater than one and they are very flexible and can

move on surfaces. Moreover, they are photophobic and sensitive to changes in light

intensity. In the following, we will discuss these two essential behaviour of these types

of Cyanobacteria in more detail.
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6.2.1 Gliding motility

Gliding motility is a process of bacterial movement on a surface, carried out by several

bacterial species. It is an active movement exhibited by microorganisms in contact

with a solid substrate, with no evidence of organelle motility or conformational change.

Although the gliding displayed by blue-green algae has been extensively discussed in

the literature, there is still no comprehensive explanation for the causative mechanism.

The physical mechanism behind the gliding movement of prokaryotic cells at the

cellular level can be classified into three categories: surface-tension gradients, slime

extrusion, and traveling waves.

6.2.1.1 Surface-tension gradients

In 1923, Coupin [161] suggested that the movement of Oscillatoria sp. was due to

the the gradient of surface tension, but he did not provide any evidence to support

this idea. Later, in 1934, Burkhholder [162] restated this idea and provided some

observation in the behavior of cut filaments of Oscillatoria. Additionally, in 1983,

Keller et al. [163], developed a theoretical model to explain that surface tension is

the deriving force for gliding motility of M. xanthus and validated their model with

experimental observations [164].

Surface tension is the tension at the interface between two immiscible liquids as

a result of the changing forces on the molecules in this area. This force is exerted in

the plane of the interface and is omnidirectional so that an object suspended at the

interface experiences the same "pulling force" in all directions. Therefore, no net force

acts on the object and it remains motionless. The magnitude of the surface tension

depends on the nature of the two liquids in contact and is higher at liquid-gas interfaces

than at liquid-liquid interfaces. Indeed, Aqueous solutions have the highest surface

tension among biologically relevant liquids. A surfactant is a molecule that accumulates
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(c)

Figure 6.1 – Schematic representation of a myxobacterial cell at an interface Panel (a)
A uniform force in all directions results in no net force. Panel (b) A surfactant secreted
at one end of the cell results in a lower surfactant tension at the end and produces an
unbalanced force leading to directional motion. Panel (c) The side view of the cell at an
interface shows the gradient of the surfactant that causes the cell to move. The pictures
are taken from [163].

preferentially at the interface to lower the surface tension. If surfactant molecules are

uniformly distributed on the surface, the surface tension would be uniformly reduced

compared to the pure interface (Figure 6.1 .a). On the other hand, a non-uniform

surfactant concentration would lead to a gradient in surface tension and in turn give

rise to net directional forces (Figure 6.1 .b and c). These directional forces are capable

of propelling objects suspended in or near the interface. It is postulated that the

Myxobacteria can excrete a surfactant from sites near the ends of the cells. When the

excretion is largely or entirely from one of the sites, these surfactants lower surface

tension in the vicinity of that site causing an unbalanced force on the cell. Consequently,

the cell propels at the plane of the interface with a speed that results in a drag force,

on the cell body, equal to force generated by the surface tension gradient.
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Figure 6.2 – Secretion of slime by myxobacteria. Panel (a) Negatively stained electron
micrograph of an isolated M. xanthus cell envelope showing multiple ringlike structures
located predominantly at the poles of the cell. The inset shows a higher magnification of
the nozzle array in the region indicated by the long arrow. Panel (b) A gallery of electron
micrographs of negatively stained isolated nozzles. Panel (c) Electron micrograph of a
gliding cell. At higher magnification, it can be seen that the slime trails are composed of
several slime bands, which are secreted from the sites at the cell pole, where the nozzles
are located. The images are taken from [165]

6.2.1.2 Slime extrusion

A second mechanism for gliding motility involves the extrusion of slime from an

organelle called the "junctional pore complex". Slime extrusion has been identified as a

mechanism for thrust generation in gliding bacteria. Initially, this model was largely

discarded because it was unclear how slime excretion could generate sufficient thrust

force to propel the bacteria. In addition, estimation of the energetic costs of slime

production appeared to be excessively high. Note that slime is a polyelectrolyte gel,

i.e., a charged, cross-linked polymer network embedded in a liquid solvent. Such gels

are capable of swelling to many hundred times their dry volume, generating enormous

swelling forces. Wolgemuth et al. [165, 166] proposed a model for force generation based

on the hydration of slime and were able to show that the slime excursion could generate

a driving force sufficient to explain the observed gliding force of both myxobacteria

103



Collective Dynamics of Gliding Filamentous Cyanobacteria at High Density

and Cyanobacteria, and they were able to predict how the bacterial velocity depends

on the drag force.

Furthermore, slime was still found to be secreted underneath the surface of M.

xanthus mutant cells, which are nonmotile, thereby showing that the production of

slime does not necessarily lead to bacterial gliding [167].

6.2.1.3 Traveling waves

Figure 6.3 – Schematic representation of traveling tangential wave with a wave length
of about one-third of body length. The dark areas shows the region of contraction and
light areas are regions of expansion and eventually cell swims to the left. the picture is
taken from [168]

The third model, built at the scale of the entire cell, is based on waves propagating

on the surface of the bacteria, with the thin liquid acting as a lubricant. Initially, Brien

et al. [169] developed this model for a gliding bacterium, Flexibacter strain BH3. The

model has been applied to myxobacteria with various complex rheological behaviors for

the slime in the presence of a rigid substrate [170–172] as well as a soft substrate [173]

to explain the mechanosensitivity as a feature of the gliding bacteria in experiments

and also in an agent-based model [174].

Traveling waves are surface oscillations. They can be either normal or tangential to

the surface or a combination of both. To model this mechanism, imagine the organism

as a sphere or ellipsoid with tangential waves traveling from one pole to the other,

where the wave amplitudes are constant along the latitudes as one can see in the figure
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6.3. The wavelength is denoted by λ, and a denotes the amplitude of these traveling

surface waves. Therefore, the spherical organism swims with velocity V [168]:

V = (π3

2 )(a

λ
)2c. (6.1)

This formula is only valid with the approximation of a
λ

≪ 1. In deriving this

formula, it is assumed that the surface waves are axially symmetric, so that they are

constant at all times along the meridians, which implies that the organism moves in a

straight fashion. However, actual organisms often move in helical paths.

All the mechanisms presented in this section have been proposed to understand

the gliding mechanism of bacteria, including that of Cyanobacteria. In addition to the

gliding movement, Cyanobacteria have a severe need for light. In the next section, we

elaborate on this particular property of Cyanobacteria.

6.2.2 Photo-sensitive movement of Cyanobacteria

Light is a source of energy for Cyanobacteria. An insufficient amount of light can cause

inadequate energy production, whereas, an excessive amount of light has the potential

to severely cause cellular damage through several mechanisms such as decreasing photo-

synthesis efficiency and causing damage by bleaching. Photosynthetic microorganisms,

such as Cyanobacteria, are capable of phototactic migration towards environmental

niches in which light is bright enough to efficiently drive photosynthesis, while at the

same time being adequately filtered of harmful UV or excess light [151].

Filamentous Cyanobacteria can modulate their movement in response to the incident

light to find optimal lighting conditions in their environment. There are three types of

photo-movement: photokinesis, phototaxis, and photophobic responses.

• photokinetic microorganisms such as Phormidium autumnale adapt their sliding
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speed to the incident light intensity. The gliding speed increases linearly with

light intensity [175].

• phototactic microorganisms move towards the light source. The positive pho-

totactic species tend to move persistently towards the regions with higher light

intensity. However, there are other species, such as Phormidium autumnale that

cannot move directly to the light source, but rely on random collisions to align

themselves in the direction of the light. Others such as Anabaena variabilis can

steer by bending the trichome [176].

• photophobic organisms react to spatial and temporal light gradients. There

are some types of organisms that when moving from a darker area to a brighter

area, reverse movement direction to avoid the higher light intensity; a behavior

known as photophobic response. On the other hand, others do the opposite, that

is, when they go from a bright area to a dark area, they reverse their direction

to stay in the bright area, also known as a step-down response [150].

Although Cyanobacteria exhibit all three types of photo-motion, the most important

one, which plays an important role in pattern formation, is photophobia. This has

been a source of inspiration for us to use stochastic reversals of the movement direction

as one of the key parameters to control pattern formation in the system.

There is a fascinating cyanograph experiment by Häder on the pattern formation

of Cyanobacteria in vitro that describes the photo-movement, or more precisely the

photophobic property, of these bacteria (figure 6.4). He demonstrated that bacteria

can position themselves in the brighter area by moving away from darker area to form

a photographic positive on the bacterial culture.

Several theoretical and experimental model systems have been developed to study

pattern formation in such systems. The main goal is to mimic the behavior of such

agents in a controlled fashion to attain a better comprehension of the mechanism
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Figure 6.4 – Häder cyanograph experiment. A Petri dish with a culture of photophobic
filamentous Cyanobacteria (Phormidium uncinatum) onto which a photographic negative
is projected. Filamentous Cyanobacteria cover the brighter area and avoid the darker
area. The image is taken from [152]

at work. A well-known class of active matter which includes elongated bacteria and

active filamentous particles is a group of rod-shaped particles. This class of particles

resembles nematic liquid crystals, but because of their activity, a new concept was

introduced to study them: active nematics.

6.3 Active Nematic

As a result of the directional motion, the self-propelled particles have an inherent

polarity. Steric interactions in the elongated class of active matter systems cause

them to order their alignment, the so-called nematic order. The nematic ordering in

dense systems of active matter opened a new area of interest called active nematics

[10, 177, 178]. Nematic order is ubiquitous in dense systems of motor-driven actin

filaments [179], microtubules [3], bacterial colonies such as gliding bacteria [31] and

even non-living analogues, such as monolayers of vibrated granular rods [33–35]. The
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fascinating realization of nematic order is evident in structures such as flocks and swirls,

which have attracted much interest and attention in recent years. This interest has led

scientists to go beyond molecular systems and develop the concept of active nematics

at the mesoscopic level, for example, bacteria and neural stem cells.

In most known bacterial systems, such as the Cyanobacteria, spectacular patterns

have formed that exhibit nematic order and topological defects. Scientists have

endeavored to elucidate the mechanism behind these patterns to clarify the physical

parameters that play an essential role in the formation of such patterns [31].

Most theoretical and simulation studies have been performed for spherical active

particles or short rod-shaped particles that mimic experimental observations. In recent

years, a new model for mimicking the movement of bacteria has been proposed called

self-propelled worm-like filaments [46]. This model combines a worm-like chain model

for semi-flexible polymers with propulsion force to imitate the motion of bacteria.

The propulsion force acts tangentially along all bonds of a filament and when the

self-propulsion force approaches zero, this model reverts to a standard worm-like chain

model. The studies by Gompper’s group [46, 47, 133] show that a wide range of

collective behavior can occur in a system of active, semi-flexible filaments, ranging

from spirals to swarms of filaments. Our results in Chapter 4 also confirm these rich

behaviour in such systems. However, most of these studies have been at a low density

of short filaments. In this chapter, we investigate the opposite case: long, semi-flexible

filaments at high-densities. Cyanobacteria colonies provide a realization of the opposite

case: long semiflexible filaments at high density.

6.4 Model and parameters

We adapted the active filaments model in chapters 4 and 5. We parameterize all

variables such as bending stiffness, self-propelling force, friction coefficient, and aspect
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Figure 6.5 – The displacement vector rij in the local frame of reference of particle i .
The tangential and normal vectors of particles i and j are indicated in green.

ratio of the filaments based on chapter 5.

6.5 Analysis Methods1

6.5.1 Particle reference

Each filament i is supposed to consist of particles j ∈ {1, 2, ..., Ni}, where Ni is the

number of particles on filament i. The particle location is xi,j and it has an orientation,

described by the tangent unit vector ti,j. ni,j shall be the normal vector, obtained by

a 90 degree counter-clockwise rotation of ti,j, such that ti,j × ni,j = ez.

Since we are not discriminating between particles on identical or different filaments,

we simplify the notation to a single index, using xi, ti, and ni for the position, tangent,

and normal unit vectors, where i ∈ {1, 2, ..., N}, and N is the total number of particles.
1This section is based on a manuscript in preparation with Dr. Stefan Karpitschka
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The density field ϕ of all particles is given by

ϕ(x) =
N∑

i=1
δ(x − xi) , (6.2)

where δ(·) is Dirac’s δ distribution. Similarly, the polarization field is given by

p(x) =
N∑

i=1
ti δ(x − xi) , (6.3)

and the orientational nematic order parameter tensor is

qkl(x) =
N∑

i=1

(
(ti · ek) (ti · el) − δkl

2

)
δ(x − xi) , (6.4)

where the indices k and l are for any direction x or y, ex and ey are the Cartesian unit

vectors, and δkl is the Kronecker delta. qkl is a traceless symmetric tensor that encodes

the nematic orientation 2θ and amplitude Q:

qxx = −qyy = Q cos 2θ (6.5)

qxy = Q sin 2θ (6.6)

Q is the positive eigenvalue of qkl. For a single particle i with orientation ti, S = 1/2.

Thus the amplitude of the nematic order should be 2Q, which takes values in [0, 1].

The eigenvector corresponding to Q is

cot θ

1

, the eigenvector corresponding to −Q
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is

− tan θ

1

. To obtain 2θ and 2Q from qkl, we’ll use

2Q =
√

(qxx − qyy)2 + (2qxy)2 = 2
√

q2
xx + q2

xy (6.7)

2θ = arctan (qxx − qyy, 2qxy) = arctan (qxx, qxy) (6.8)

with the two-parameter version of the arcus tangent, arctan(∆x, ∆y), to avoid ambi-

guities between quadrants.

The displacement vector between two particles i and j is given by

rij = xj − xi. (6.9)

We are interested in the density and orientation correlation in the particle frame

of reference, given by its unit tangent and normal vectors, {ti, ni}. The Cartesian

components of the displacement vector in this frame of reference are given by the dot

products of rij with unit tangent and normal vectors of particle i :

r
(i)
ij = (rij · ti) ex + (rij · ni) ey. (6.10)

Equivalently, there is a polar representation with components

{r
(i)
ij , ϕ

(i)
ij } = {|rij|, arctan(rij · ti, rij · ni)}, (6.11)

again, using the two-parameter version of the arcus tangent, arctan(∆x, ∆y), to avoid

ambiguities between quadrants. The particle density field, in the frame of reference of

particle i, is given by

ϕ(i)(r) =
N∑

j=1
δ
(
r − r

(i)
ij

)
. (6.12)
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We will use r for coordinates relative to a reference particle and x for absolute

coordinates.

6.5.2 Mean field

A local mean density field can be derived by convolving the density with a normalized

kernel K(x), for instance K(x) = 1
π R2 Θ(R − |x|) where Θ(·) is Heaviside’s Θ and R

the radius of the (circular) kernel:

ϕK(x) =
∫

dx2 ϕ(x′)K(x − x′). (6.13)

The same applies for mean polarization and mean nematic tensor:

pK(x) = 1
ϕ(x)

∫
dx2 p(x′)K(x − x′), (6.14)

qkl,K(x) = 1
ϕ(x)

∫
dx2 qkl(x′)K(x − x′). (6.15)

Magnitude and orientation of pK(x) are straight forward. Magnitude and orientation

of qkl,K(x) are calculated by

|qK | =
√(

qxx,K − qyy,K

)2
+
(
2qxy,K

)2
= 2QK , (6.16)

2θqK
= arctan

(
qxx,K − qyy,K , 2qxy,K

)
. (6.17)

6.5.3 Order parameter correlations

The density correlation in the particle reference frame is obtained by averaging the

density distributions for all particle reference frames,

S(r) = 1
N

N∑
i=1

ϕ(i)(r) = 1
N

N∑
i=1

N∑
j=1

δ
(
r − r

(i)
ij

)
. (6.18)
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A histogram representation of S(r), composed of finite local mean density values,

is obtained by integrating over the respective bin B, normalizing by its norm (area)

||B|| =
∫

Bdr:

S̃(B) = 1
||B||

∫
B
dr2 S(r) (6.19)

The polar orientation correlation P is calculated equivalently, using the dot product

of the tangent vectors as weight:

P (r) = 1
N

N∑
i=1

N∑
j=1

(ti · tj) δ
(
r − r

(i)
ij

)
. (6.20)

The mean polar orientation correlation P̃ (B) is obtained by integrating over a bin B

and normalizing with the binned density correlation:

P̃ (B) = 1
||B|| S̃(B)

∫
B
dr2 P (r) (6.21)

The nematic orientation correlation M must use a weight that is cyclic on π instead

of 2π in terms of the angle θij between the tangent vectors ti, tj of two particles i and

j:

M(r) = 1
N

N∑
i=1

N∑
j=1

cos (2θij) δ
(
r − r

(i)
ij

)
. (6.22)

The mean nematic orientation correlation M̃(B) is again obtained by integrating over

a bin B and normalizing with the binned density correlation:

M̃(B) = 1
||B|| S̃(B)

∫
B
dr2 M(r) (6.23)

The angle between two vectors is unambiguously calculated by

θij = arctan(tj · ti, tj · ni) . (6.24)
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With standard trigonometric identities, one can show that

cos (2θij) = (tj · ti)2 − (tj · ni)2

(tj · ti)2 + (tj · ni)2 = (tj · ti)2 − (tj · ni)2 , (6.25)

the last equality following from t and n being defined as unit vectors.

In practice, S̃(B), P̃ (B) and M̃(B) are obtained by calculating r
(i)
ij , ti · tj, and

cos (2θij) for all i and j. Then, a histogram with a collection of bins B is computed

over the components (Cartesian or polar) of all the r
(i)
ij . With unity weights, one then

obtains S̃. Using ti · tj as weight for r
(i)
ij , and dividing the resulting histogram entries

by the corresponding entries of S̃, one obtains P̃ . M̃ analogously, using cos (2θij) as

weights.

6.6 Results

To study the pattern formation that has been observed in colonies of Cyanobacteria

in the experiment, we first infer the relevant parameters for our model (described in

Chapter 5) from the self-buckling experiments. The value of the relevant parameters

that we get are (in the dimensionless units described in 5.3): bending stiffness

κb = 5000, self-propulsion force fact = 1.26 and the friction coefficient γ = 1.26 at

sufficiently high density 0.7 for highly elongated bacteria with the aspect ratio of a = 32.

Note that the critical aspect ratio ac for Kamptonema animale species is ac ∼ 32 where

the filamentous structure starts to buckle. To attain a better understanding of the

behavior seen in this system, we first performed simulations without direction reversals.
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(a)

Figure 6.6 – Panel (a) A snapshot of the simulation. Panel(b) describes the velocity of
the filaments where color encodes the direction of the filaments’ instantaneous velocity
and the magnitude is represented by saturation.

6.6.1 Pattern formation without direction reversal

6.6.1.1 Mean field analysis

As can be seen in Figure 6.6.a, for previously described parameter values, filaments

form large bundles in a steady-state and display spectacular collective motion. In

Figure 6.6.b, the direction of each monomer in a filament is encoded by a continuous

color map, and the magnitude of the velocity is represented by the saturation of the

colors. There are large bundles of filaments that point in the same direction and also

move together. In addition, some small bundles that come from the opposite direction

pass through larger bundles in the system.

Figure 6.7.a indicates the local density in the system, which is mostly nonzero and

varies heterogeneously in the system. Since there are large bands of the filaments in

the system, one can also look at the polar and nematic order of the filaments. Figure

6.7.b shows the polar bands in the system which appear to be very strongly ordered.

The colors encode the direction of the polar band, and the saturation represents their

magnitude. As can be seen in the middle of 6.7.b, there are small polar bands that
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(c)

Figure 6.7 – Panel (a) The local density field shows strong spatial heterogeneity in the
steady state. Panel (b) shows mean polarization. The colors encode the the direction
of the polarity and the saturation reflects the magnitude of the polarization. Panel (c)
shows mean nematic order. The colors encode the the direction of the nematic order
parameter and the saturation denotes their magnitude.

move in the opposite direction of a larger band. This means that when we look at the

system at the scale of the filaments we can see such lane-like structures. Figure 6.7.c

shows robust nematic ordering throughout the system, except for the points where

topological defects seem to appear.

6.6.1.2 The order parameter correlation in the local frame of reference

For a quantitative analysis of the degree of order in the system, we first calculate

both the polar and nematic order parameters. Next, we analyze the spatial correlation

functions (for both nematic and polar order) in the frame of reference of filaments.

Figure 6.8 shows the order parameter correlation calculated in the frame of reference

of a monomer of a filament. It tells us how the correlations decay or grow as we sit on

a typical monomer but look further away from it both in the parallel and perpendicular

direction. Figure 6.8.a indicates that filaments form a highly periodic structure

(crystalline order) in a normal direction due to the high packing fraction. Figure 6.8.b

indicates a strong polar correlation in the "west" (90◦) and "east" (270◦) directions

of the filaments. The strong polar correlation means that the filaments have a high
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(c)

Figure 6.8 – Order parameter correlation in the frame of reference of the monomers.
The north direction (0°) is the tangent vector in the gliding direction of the filament in all
plots. Panel (a) Density correlation S̃local which shows a crystalline order in the normal
direction due to stacking of filaments parallel to each other. Panel (b) Polar orientation
correlation which shows a strong but anisotropic correlation. Panel (c) describes presence
of a strong nematic orientation correlation.

tendency to glide in the same direction, which is shown in figure 6.7.b by the large

clusters sharing similar color. Figure 6.8.c demonstrates a strong nematic correlation

of filaments which is present in both normal and tangential direction direction of the

filament.

To gain a better understanding of the correlation of the order parameters we

consider only the correlation in the normal and tangential directions. Figure 6.9 shows

the spatial correlations of the order parameters (polar and nematic) in the normal

( 6.9 (a-c)) and tangential ( 6.9 (e-f)) direction. Similarly, figure 6.9 (a,d) describe the

spatial density correlations in the normal and tangential directions, respectively. The

presence of sharp peaks in the density spatial auto-correlation 6.9 indicates a crystalline

structure in the normal direction of the filaments. This reveals the formation of a dense

stacking of filaments in the system. Panels 6.9 (b,e) describe strong polar correlation

in both normal and tangential directions. Similarly, one can also observe a strong

nematic orientational correlation in figure 6.9 (c,f) in both normal and tangential

directions.
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<latexit sha1_base64="+GlZ25qZlzuXrHaBWtkisCkOtxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimWNTw==</latexit>

(a)
<latexit sha1_base64="Usilpf3ciziGtnMCsK75lsE9AIs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeiiz816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHjW+NUQ==</latexit>

(c)

<latexit sha1_base64="Tik+/s9xpXWxl/fJUkzAPebnWuY=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXinqSghePFe0HtEvJZrNtaDa7JFmhLP0JXjwo4tVf5M1/Y9ruQVsfDDzem2Fmnp8Iro3jfKPC2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1fWJZoJL1jLcCNZNFCORL1jHH9/O/M4TU5rH8tFMEuZFZCh5yCkxVnqoBueDcsWpOXPgVeLmpAI5moPyVz+IaRoxaaggWvdcJzFeRpThVLBpqZ9qlhA6JkPWs1SSiGkvm586xWdWCXAYK1vS4Ln6eyIjkdaTyLedETEjvezNxP+8XmrCay/jMkkNk3SxKEwFNjGe/Y0Drhg1YmIJoYrbWzEdEUWosemUbAju8surpH1Rcy9r9ft6pXGTx1GEEziFKrhwBQ24gya0gMIQnuEV3pBAL+gdfSxaCyifOYY/QJ8/jvSNUg==</latexit>

(d)
<latexit sha1_base64="MeTPKZ7XRAFXOX2qbl4sapIvNZ4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijjea9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippXlS8y0r1vlqq3WRx5OEETqEMHlxBDe6gDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDkHmNUw==</latexit>

(e)
<latexit sha1_base64="V/Fo83epBXNoAGg+19KtEwi8FIk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeiiH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxLivV+2qpdpPFkYcTOIUyeHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPkf6NVA==</latexit>

(f)

<latexit sha1_base64="29xAJdT7MyKvrFv3aRZF+iyR+FA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHgRKtgPaUPZbLbt0s0m7E6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YDjhPsRHSjRF4yilR67KGTIs7tJr1xxq+4MZJl4OalAjnqv/NUNY5ZGXCGT1JiO5yboZ1SjYJJPSt3U8ISyER3wjqWKRtz42ezgCTmxSkj6sbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOin2r/xMqCRFrth8UT+VBGMy/Z6EQnOGcmwJZVrYWwkbUk0Z2oxKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYRPMMrvDnaeXHenY95a8HJZw7hD5zPHwPAkIw=</latexit> M̃

<latexit sha1_base64="BdAQV29UtdsIG6KuDRf5pAwWvhM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5IG8pms22X7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDvz209cGxFHDzhJuK/oMBIDwSha6bGHQoY8a0z75Ypbdecgq8TLSQVyNPrlr14Ys1TxCJmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LY2o4sbP5gdPyZlVQjKIta0IyVz9PZFRZcxEBbZTURyZZW8m/ud1Uxxc+5mIkhR5xBaLBqkkGJPZ9yQUmjOUE0so08LeStiIasrQZlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJDBQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fCE+Qjw==</latexit> P̃

<latexit sha1_base64="whOPY83oqcZvUnV9THxVXcSDsTc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1JMUvHisaD+kDWWzmbZLN5uwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoZuq3nkAbEasHHCfgR2ygRF9whlZ67KKQIWT3k1654lbdGegy8XJSITnqvfJXN4x5GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5sdPKEnVglpP9a2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF/pWfCZWkCIrPF/VTSTGm0+9pKDRwlGNLGNfC3kr5kGnG0WZUsiF4iy8vk+ZZ1buont+dV2rXeRxFckSOySnxyCWpkVtSJw3CSUSeySt5c7Tz4rw7H/PWgpPPHJI/cD5/AAzekJI=</latexit> S̃ <latexit sha1_base64="29xAJdT7MyKvrFv3aRZF+iyR+FA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHgRKtgPaUPZbLbt0s0m7E6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6mfuuJayNi9YDjhPsRHSjRF4yilR67KGTIs7tJr1xxq+4MZJl4OalAjnqv/NUNY5ZGXCGT1JiO5yboZ1SjYJJPSt3U8ISyER3wjqWKRtz42ezgCTmxSkj6sbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOin2r/xMqCRFrth8UT+VBGMy/Z6EQnOGcmwJZVrYWwkbUk0Z2oxKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYRPMMrvDnaeXHenY95a8HJZw7hD5zPHwPAkIw=</latexit> M̃<latexit sha1_base64="BdAQV29UtdsIG6KuDRf5pAwWvhM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5IG8pms22X7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDvz209cGxFHDzhJuK/oMBIDwSha6bGHQoY8a0z75Ypbdecgq8TLSQVyNPrlr14Ys1TxCJmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LY2o4sbP5gdPyZlVQjKIta0IyVz9PZFRZcxEBbZTURyZZW8m/ud1Uxxc+5mIkhR5xBaLBqkkGJPZ9yQUmjOUE0so08LeStiIasrQZlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJDBQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fCE+Qjw==</latexit> P̃

<latexit sha1_base64="whOPY83oqcZvUnV9THxVXcSDsTc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1JMUvHisaD+kDWWzmbZLN5uwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoZuq3nkAbEasHHCfgR2ygRF9whlZ67KKQIWT3k1654lbdGegy8XJSITnqvfJXN4x5GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5sdPKEnVglpP9a2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF/pWfCZWkCIrPF/VTSTGm0+9pKDRwlGNLGNfC3kr5kGnG0WZUsiF4iy8vk+ZZ1buont+dV2rXeRxFckSOySnxyCWpkVtSJw3CSUSeySt5c7Tz4rw7H/PWgpPPHJI/cD5/AAzekJI=</latexit> S̃

<latexit sha1_base64="QPoQAvMy5N7bcQ9OBAGHctbOFzE=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcUaCyy3gxWMEs0AyhJ5OT9Kkl7G7RwhDfsKLB0W8+jve/Bs7yRw08UHB470qqupFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk5q6/OuYQOBe6WyX/FnQMskyEkZctR7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nFUYkFNmM3unaBTp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdR0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhDg8Ayv8OY9ei/eu/cxb13x8pkj+APv8wfewY/Y</latexit>

r/�

<latexit sha1_base64="QPoQAvMy5N7bcQ9OBAGHctbOFzE=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcUaCyy3gxWMEs0AyhJ5OT9Kkl7G7RwhDfsKLB0W8+jve/Bs7yRw08UHB470qqupFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk5q6/OuYQOBe6WyX/FnQMskyEkZctR7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nFUYkFNmM3unaBTp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdR0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhDg8Ayv8OY9ei/eu/cxb13x8pkj+APv8wfewY/Y</latexit>

r/�
<latexit sha1_base64="QPoQAvMy5N7bcQ9OBAGHctbOFzE=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcUaCyy3gxWMEs0AyhJ5OT9Kkl7G7RwhDfsKLB0W8+jve/Bs7yRw08UHB470qqupFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk5q6/OuYQOBe6WyX/FnQMskyEkZctR7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nFUYkFNmM3unaBTp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdR0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhDg8Ayv8OY9ei/eu/cxb13x8pkj+APv8wfewY/Y</latexit>

r/�
<latexit sha1_base64="QPoQAvMy5N7bcQ9OBAGHctbOFzE=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcUaCyy3gxWMEs0AyhJ5OT9Kkl7G7RwhDfsKLB0W8+jve/Bs7yRw08UHB470qqupFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk5q6/OuYQOBe6WyX/FnQMskyEkZctR7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nFUYkFNmM3unaBTp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdR0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhDg8Ayv8OY9ei/eu/cxb13x8pkj+APv8wfewY/Y</latexit>

r/�

<latexit sha1_base64="QPoQAvMy5N7bcQ9OBAGHctbOFzE=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcUaCyy3gxWMEs0AyhJ5OT9Kkl7G7RwhDfsKLB0W8+jve/Bs7yRw08UHB470qqupFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk5q6/OuYQOBe6WyX/FnQMskyEkZctR7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nFUYkFNmM3unaBTp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdR0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhDg8Ayv8OY9ei/eu/cxb13x8pkj+APv8wfewY/Y</latexit>

r/�
<latexit sha1_base64="QPoQAvMy5N7bcQ9OBAGHctbOFzE=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcUaCyy3gxWMEs0AyhJ5OT9Kkl7G7RwhDfsKLB0W8+jve/Bs7yRw08UHB470qqupFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk5q6/OuYQOBe6WyX/FnQMskyEkZctR7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nFUYkFNmM3unaBTp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdR0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhDg8Ayv8OY9ei/eu/cxb13x8pkj+APv8wfewY/Y</latexit>

r/�

Figure 6.9 – Order parameter correlation in the reference frame of the monomers
for both normal (a-c) and tangential (d-f) directions. Panels (a,d) show the spatial
correlations in density, Panels(b,e) the polar spatial correlation and panels(c,f) the spatial
correlation of the nematic order.

Up to now, we have described different aspects of the static and dynamical features

observed in the steady-state of a self-propelled filament system. Now, we will explore

the effect of velocity reversal dynamics by analyzing similar variables of interest.

6.6.2 Pattern formation with direction reversal dynamics

In this section, we look at the pattern formation of self-propelled filaments with direction

reversal incorporated in the dynamics. As mentioned earlier, Cyanobacteria can change

their gliding direction when the intensity of light in a medium changes. To mimic

this behavior we used the same strategy as detailed in chapter 4 and add stochastic

reversal dynamics to the motion of the filaments. Under this scheme, filaments change

their direction of motion abruptly by 180 ◦ and these reversals occur according to a

Poisson process with rate λr. Run length for each filament is a stochastic quantity but
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6.6 Results

<latexit sha1_base64="Q7zQtEYtYgWopRx4eSMpFGaVN90=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSKuhEKblxWsA9IQ5lMJu3QSSbM3Ail9DPcuFDErV/jzr9x2mahrQcGDuecy9x7wkwKg6777aytb2xubZd2yrt7+weHlaPjtlG5ZrzFlFS6G1LDpUh5CwVK3s00p0koeScc3c38zhPXRqj0EccZDxI6SEUsGEUr+T1poxHt61u3X6m6NXcOskq8glShQLNf+epFiuUJT5FJaozvuRkGE6pRMMmn5V5ueEbZiA64b2lKE26CyXzlKTm3SkRipe1LkczV3xMTmhgzTkKbTCgOzbI3E//z/Bzjm2Ai0ixHnrLFR3EuCSoyu59EQnOGcmwJZVrYXQkbUk0Z2pbKtgRv+eRV0r6seVe1+kO92qgXdZTgFM7gAjy4hgbcQxNawEDBM7zCm4POi/PufCyia04xcwJ/4Hz+AL6RkN4=</latexit>

�r = 0
<latexit sha1_base64="MjNtlDCP2OHLGUMl3GmIacQ3lmI=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6kYouHFZwT6gHUsmk2lDM5khuaOU0v9w40IRt/6LO//GtJ2Fth4IOZxzLrk5QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFh0ySZZrzBEpnodkANl0LxBgqUvJ1qTuNA8lYwvJn6rUeujUjUPY5S7se0r0QkGEUrPXSljYa0p6/diuv1SmV7zUCWiZeTMuSo90pf3TBhWcwVMkmN6Xhuiv6YahRM8kmxmxmeUjakfd6xVNGYG38823pCTq0SkijR9igkM/X3xJjGxoziwCZjigOz6E3F/7xOhtGVPxYqzZArNn8oyiTBhEwrIKHQnKEcWUKZFnZXwgZUU4a2qKItwVv88jJpnle8i0r1rlquVfM6CnAMJ3AGHlxCDW6hDg1goOEZXuHNeXJenHfnYx5dcfKZI/gD5/MHEtaRiw==</latexit>

�r = 0.01
<latexit sha1_base64="opXBdgIE9nDZvO7fwzE6NkafqCI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFcDTNS1I1QcOOygn1AO5RMJtOGZpIxyRTK0O9w40IRt36MO//GtJ2Fth4IHM45l3tzwpQzbTzv21lb39jc2i7tlHf39g8OK0fHLS0zRWiTSC5VJ8SaciZo0zDDaSdVFCchp+1wdDfz22OqNJPi0UxSGiR4IFjMCDZWCnrcRiPcV7ee6/crVc/15kCrxC9IFQo0+pWvXiRJllBhCMdad30vNUGOlWGE02m5l2maYjLCA9q1VOCE6iCfHz1F51aJUCyVfcKgufp7IseJ1pMktMkEm6Fe9mbif143M/FNkDORZoYKslgUZxwZiWYNoIgpSgyfWIKJYvZWRIZYYWJsT2Vbgr/85VXSunT9K7f2UKvWa0UdJTiFM7gAH66hDvfQgCYQeIJneIU3Z+y8OO/OxyK65hQzJ/AHzucPoLKRUQ==</latexit>

�r = 0.1
<latexit sha1_base64="Kc42uLswUCbIspct1hXVY6ND0UY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+GyY1D</latexit>

(a)
<latexit sha1_base64="wkKfwlFB9/ey+ROXQFF6Ib71vvw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhXvqlK7r5Xq1SyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiE6NRA==</latexit>

(b)
<latexit sha1_base64="b7fI0ASaJK2/xBrf9yCBeHMZ0P0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+J041F</latexit>

(c)

<latexit sha1_base64="NZWM8osmcCM7emJeCwkc/f2YVMk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoTK46JfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0ijYEb/nlVdK6rHpX1dp9rVyv5XEU4BTOoAIeXEMd7qABTWAwhGd4hTdHOC/Ou/OxaF1z8pkT+APn8weL8o1I</latexit>

(d)
<latexit sha1_base64="eKBIvrIKDFU/E1cpCj0wlT3aa14=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoYIX/VLZrbpzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlqXVe+qWruvleu1PI4CnMIZVMCDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gCNd41J</latexit>

(e)
<latexit sha1_base64="7Qo+iWfrKCXTmYeiDZ87cmxPRWQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5Xwol8qu1V3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn81Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06RRuCt/zyKmldVr2rau2+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwjO8wpsjnRfn3flYtK45+cwJ/IHz+QOO/I1K</latexit>

(f)

Figure 6.10 – Panel(a-c) show mean polarization for different reversal rate (λr). The
colors encode the polar orientation of filaments and the magnitude is encoded by its
saturation. Panel (d-f) represents mean nematic order for different reversal rate. As
before, the colors encode the nematic order of the filaments and the saturation reflects
their magnitude.

averages to Lrun ∼ fact

λrγ
.

6.6.2.1 Mean field analysis

We again look at similar physical quantities that reflect the local order in the steady-

state generated under the reversal dynamics. Figure 6.10 shows the mean polarization

for the same set of parameters as described in the section 6.6.1 and the only difference

is the presence of a finite reversal rate in the dynamics of the self-propelled filaments.

The mean polarization is plotted in the panels 6.10 (a-c). As one can see in these

panels the big polarized bands become thinner as the reversal rate increases in the
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system. One can also observe an overwhelming presence of lane-like structures. Overall,

with increasing the reversal rate, the bands shrink to become thinner and move in the

opposite direction with respect to one another.

The nematic order is only weakly perturbed by the presence of slight reversal

dynamics; hence we observe almost equally strong nematic order in the system with

reversals compared to its non-reversing counterpart. With increasing reversal rate, to

our surprise, the nematic order even seems to grow; a feature completely opposite to

the trends seen in the polar order parameter.

Concomitant with an increase in the number of small polar bands, the nematic

orientation correlation increases. As the frequency of forward and backward motion rises

due to the higher reversal rate, the filaments lose their tendency for polar alignment.

However, mostly due to the parallel and antiparallel alignment, during collisions

between the filaments, the nematic order in the system grows. As can be seen in figure

6.10 (c,f), the nematic bands become wider with increasing reversal rate.

6.6.2.2 The order parameter correlation in the local frame of reference

Figure 6.11 shows the order parameter correlation in the local contour frame of reference

for different reversal rates. As the direction reversal increases, the polar correlation

becomes limited to self-correlation, i.e., a filament exhibits a strong correlation with

itself, and as the reversal rate increases, the self-correlation becomes stronger.

The polar correlation decreases in both normal and tangential directions compared

to the non-reversing case. In the normal direction, it sharply decreases to zero, which

means that there is only a strong correlation between a filament and itself.
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6.6 Results

<latexit sha1_base64="Q7zQtEYtYgWopRx4eSMpFGaVN90=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSKuhEKblxWsA9IQ5lMJu3QSSbM3Ail9DPcuFDErV/jzr9x2mahrQcGDuecy9x7wkwKg6777aytb2xubZd2yrt7+weHlaPjtlG5ZrzFlFS6G1LDpUh5CwVK3s00p0koeScc3c38zhPXRqj0EccZDxI6SEUsGEUr+T1poxHt61u3X6m6NXcOskq8glShQLNf+epFiuUJT5FJaozvuRkGE6pRMMmn5V5ueEbZiA64b2lKE26CyXzlKTm3SkRipe1LkczV3xMTmhgzTkKbTCgOzbI3E//z/Bzjm2Ai0ixHnrLFR3EuCSoyu59EQnOGcmwJZVrYXQkbUk0Z2pbKtgRv+eRV0r6seVe1+kO92qgXdZTgFM7gAjy4hgbcQxNawEDBM7zCm4POi/PufCyia04xcwJ/4Hz+AL6RkN4=</latexit>

�r = 0
<latexit sha1_base64="MjNtlDCP2OHLGUMl3GmIacQ3lmI=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6kYouHFZwT6gHUsmk2lDM5khuaOU0v9w40IRt/6LO//GtJ2Fth4IOZxzLrk5QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFh0ySZZrzBEpnodkANl0LxBgqUvJ1qTuNA8lYwvJn6rUeujUjUPY5S7se0r0QkGEUrPXSljYa0p6/diuv1SmV7zUCWiZeTMuSo90pf3TBhWcwVMkmN6Xhuiv6YahRM8kmxmxmeUjakfd6xVNGYG38823pCTq0SkijR9igkM/X3xJjGxoziwCZjigOz6E3F/7xOhtGVPxYqzZArNn8oyiTBhEwrIKHQnKEcWUKZFnZXwgZUU4a2qKItwVv88jJpnle8i0r1rlquVfM6CnAMJ3AGHlxCDW6hDg1goOEZXuHNeXJenHfnYx5dcfKZI/gD5/MHEtaRiw==</latexit>

�r = 0.01
<latexit sha1_base64="opXBdgIE9nDZvO7fwzE6NkafqCI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFcDTNS1I1QcOOygn1AO5RMJtOGZpIxyRTK0O9w40IRt36MO//GtJ2Fth4IHM45l3tzwpQzbTzv21lb39jc2i7tlHf39g8OK0fHLS0zRWiTSC5VJ8SaciZo0zDDaSdVFCchp+1wdDfz22OqNJPi0UxSGiR4IFjMCDZWCnrcRiPcV7ee6/crVc/15kCrxC9IFQo0+pWvXiRJllBhCMdad30vNUGOlWGE02m5l2maYjLCA9q1VOCE6iCfHz1F51aJUCyVfcKgufp7IseJ1pMktMkEm6Fe9mbif143M/FNkDORZoYKslgUZxwZiWYNoIgpSgyfWIKJYvZWRIZYYWJsT2Vbgr/85VXSunT9K7f2UKvWa0UdJTiFM7gAH66hDvfQgCYQeIJneIU3Z+y8OO/OxyK65hQzJ/AHzucPoLKRUQ==</latexit>

�r = 0.1
<latexit sha1_base64="Kc42uLswUCbIspct1hXVY6ND0UY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+GyY1D</latexit>

(a)
<latexit sha1_base64="wkKfwlFB9/ey+ROXQFF6Ib71vvw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhXvqlK7r5Xq1SyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiE6NRA==</latexit>

(b)
<latexit sha1_base64="b7fI0ASaJK2/xBrf9yCBeHMZ0P0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+J041F</latexit>

(c)

<latexit sha1_base64="NZWM8osmcCM7emJeCwkc/f2YVMk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoTK46JfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0ijYEb/nlVdK6rHpX1dp9rVyv5XEU4BTOoAIeXEMd7qABTWAwhGd4hTdHOC/Ou/OxaF1z8pkT+APn8weL8o1I</latexit>

(d)
<latexit sha1_base64="eKBIvrIKDFU/E1cpCj0wlT3aa14=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoYIX/VLZrbpzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlqXVe+qWruvleu1PI4CnMIZVMCDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gCNd41J</latexit>

(e)
<latexit sha1_base64="7Qo+iWfrKCXTmYeiDZ87cmxPRWQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5Xwol8qu1V3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn81Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06RRuCt/zyKmldVr2rau2+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwjO8wpsjnRfn3flYtK45+cwJ/IHz+QOO/I1K</latexit>

(f)

Figure 6.11 – Panels (a-c) correlation of polar order parameter is plotted as a function of
distance r for the whole range of angles between 0 and 2π. The plot shows the correlation
is strong mostly against the monomers of the same filament along the tangential direction
(i.e. along 0 and π). Nearest neighbors have small tendency to glide in the same direction
and the tendency rapidly decreases with increasing reversal rate. Panels (d-f) correlation
of nematic order parameter is plotted as a function of distance r for the whole range
of angles between 0 and 2π. The figure shows the correlation increases with increasing
reversal rate this is in stark contrast to the trends we observed for polar order parameter.

6.6.3 Aspect Ratio

Another factor that may play an important role in both polar and nematic ordering is

the aspect ratio of the filaments. To investigate this factor, we varied the aspect ratio

a, keeping all other parameters in the simulation fixed. In addition to the aspect ratio

of 30 studied so far, we have simulated two more, one below the critical self-buckling

aspect ratio, a = 10, and one above a = 100.

In the absence of direction reversals , for the lower aspect ratio, a = 10, we still
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<latexit sha1_base64="rgwQ6omayice5ZfcvkeYw0I2Cuc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeigH571iya24c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukeVHxLivV+2qpdpPFkYcTOIUyeHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPi+qNUA==</latexit>

(b)
<latexit sha1_base64="+GlZ25qZlzuXrHaBWtkisCkOtxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeijT816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHimWNTw==</latexit>

(a)
<latexit sha1_base64="Usilpf3ciziGtnMCsK75lsE9AIs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnqSgBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeiiz816x5FbcOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHjW+NUQ==</latexit>

(c)

<latexit sha1_base64="Tik+/s9xpXWxl/fJUkzAPebnWuY=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXinqSghePFe0HtEvJZrNtaDa7JFmhLP0JXjwo4tVf5M1/Y9ruQVsfDDzem2Fmnp8Iro3jfKPC2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1fWJZoJL1jLcCNZNFCORL1jHH9/O/M4TU5rH8tFMEuZFZCh5yCkxVnqoBueDcsWpOXPgVeLmpAI5moPyVz+IaRoxaaggWvdcJzFeRpThVLBpqZ9qlhA6JkPWs1SSiGkvm586xWdWCXAYK1vS4Ln6eyIjkdaTyLedETEjvezNxP+8XmrCay/jMkkNk3SxKEwFNjGe/Y0Drhg1YmIJoYrbWzEdEUWosemUbAju8surpH1Rcy9r9ft6pXGTx1GEEziFKrhwBQ24gya0gMIQnuEV3pBAL+gdfSxaCyifOYY/QJ8/jvSNUg==</latexit>

(d)
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Figure 6.12 – Order parameter correlation in particle reference frame in normal (a-c)
and tangential (d-f) direction. Panels (a,d) density correlation, Panels(b,e) polarization
correlation, Panels(c,f) nematic orientational correlation for aspect ratio 32 at different
reversal rate.

observe a clear transition from a disordered to ordered state, and the system starts to

self-aggregate 6.13. We notice that at a lower aspect ratio, there is a nematic-smectic

transition as well which can be seen in Figure 6.13. b. There is a short-range positional

order of filaments in the tangential direction in addition to its normal direction. With

increasing aspect ratio there is an increase of polar clusters in the systems due to the

effective velocity alignment. These polar clusters can become large and even percolate

the system, forming the so-called polar bands. Within the bands, the filaments are

densely packed and point in the same direction which can be seen in the mean-field

representation of the system in the figure 6.14.
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(b)

Figure 6.13 – Snapshot of the configuration of filaments with an aspect ratio of a = 10.
Panel (a) Filaments develop a short-range positional order in the tangential direction
in addition to the normal direction. Panel (b) Magnified view of the snapshot. (Purple
illustrates the head of the filament, the direction of filament motion.)

6.6.3.1 Mean field analysis

We first look at the polar order parameter profiles across the system for different

reversal rates and also for different aspect ratios of the filaments. Figure 6.14 shows

that polar order (same density as before, ρ = 0.7) tends to decrease with an increase

in reversal rate and one can also observe the presence of lane-like structure when

both reversal rate and aspect ratio are high. In the case of non-reversed direction,

the average polarization increases with increasing aspect ratio. A high polarization in

the system also means the formation of large bands that point in the same direction

and move together. In the presence of direction reversal dynamics, the polar bands

shrink due to the stochastic switching of the direction of the filaments, and do not

remain as densely packed as in the non-reversing case. At a fixed reversal rate, the

local lane structures are more pronounced with increasing aspect ratio and there are

weak polar bands that move in the opposite direction (lane-like structure). We first
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Figure 6.14 – Polar order has been explored by colouring the particles according to
their orientation at different reversal direction rates for different aspect ratios of the
filaments. The plots show polar order tends to decrease with an increase in reversal rate
and one can also observe the presence of lane-like structure when both reversal rate and
aspect ratio are high.

observe that nematic order tends to increase strongly with an increase in reversal rate

for a small aspect ratio. For the intermediate aspect ratio, a = 32, the mean nematicity

increases with increasing reversal rate. The run length for higher reversal rate becomes

smaller (Lrun ∼ fact

λrγ
, → Lrun ∼ 1/λ), therefore they often move forward and backward
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Figure 6.15 – Presence of nematic order has been demonstrated by colouring the angle of
the director at different reversal direction rates for different aspect ratios of the filaments.
The plots indicate nematic order tends to increase strongly with an increase in reversal
rate and this trend is quite opposite to the polar order. At a high aspect ratio density of
topological defects also seems to increase with an increase in reversal rate.

in coordinated fashion. Collision makes their direction more parallel (or antiparallel),

resulting in higher local nematic order. On the other hand, for a higher aspect ratio,

e.g. a = 100, nematic order decreases with increasing reversal rate. In short, the mean

nematic order becomes more localized as the run length of the filaments decreases due
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Figure 6.16 – Correlation of polar order parameter is plotted as a function of distance r
for the whole range of angles between 0 and 2π. The plot shows the correlation is strong
mostly against the monomers of the same filament along the tangential direction (i.e.
along 0 and π). Nearest neighbors have small tendency to glide in the same direction
and the tendency rapidly decreases with increasing reversal rate.

to a higher reversal rate (Figure 6.15 lower right panel).

6.6.3.2 The order parameter correlation in the local frame of reference

Figure 6.17 indicates that in the absence of direction reversal dynamics, strong polar

order exists for all different aspect ratios we have studied. Moreover, the order becomes
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stronger with aspect ratio. In other words, with increasing aspect ratio, polar bands in

the system grow wider and move together more coherently. This can also be concluded

from the analysis of the correlation of the polar order parameter. As it can be seen in

figure 6.16, the polar correlations, in both normal and tangential directions, increase

with increasing aspect ratio in the absence of reversals. However, with increasing

reversal rate, the polar order seems to weaken significantly and is limited to the scale

of a few filaments. Increasing aspect ratio amplifies the polar and nematic correlation

in the system. However, as the reversal rate increases, the steady-state polar bands in

the system shrink in width in comparison to the bands for the non-reversal case.

In Figure 6.18 (b,c), we observe an abrupt change in the polar correlation in the

normal direction when the direction reversal dynamics is applied. As the reversal rate

increases, the polar correlation decreases for all aspect ratios and it is mostly limited to

just a few filaments. In comparison to the normal direction, the change in the tangential

direction is smooth and it decays gradually compared to the non-reversing case (see

figure 6.18 (e,f)). Surprisingly, the trend with increasing aspect ratio is non-monotonic

and for aspect ratio a = 32 which is the critical aspect ratio for self-buckling we get

the highest correlation in the tangential direction.

The nematic correlation in the normal direction (see figure 6.19 (b,c)) also increases

with increasing aspect ratio in the absence of direction reversal dynamics. In the

tangential direction (see figure 6.19 (e,f)), there is an increase from aspect ratio 10 to

aspect ratio 32 and it remains almost unchanged from aspect ratio 32 to 100. Compared

to the polar correlation, applying reversal direction doesn’t have an abrupt decrease

in the nematic correlation rather there is a signature of increasing correlation, most

visible for the critical aspect ratio a = 32.

To explore the applicability of our result we also compare our observations with

the experimental system developed in Dr. Stefan Karpitschka’s lab at the Max Planck
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Figure 6.17 – Correlation of nematic order parameter is plotted as a function of distance
r for the whole range of angles between 0 and 2π. The figure shows the correlation
increases with increasing aspect ratio. The correlation seems to increase (especially for
critical aspect ratio) with increasing reversal rate and this is in stark contrast to the
trends we observed for polar order parameter.

Institute for Dynamics and Self-Organization. We will discuss in the next section the

analysis of order parameters and other relevant quantities from the experimental data.

All the plots are taken from a preliminary draft with the permission of Dr. Stefan

Karpitschka.
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�r = 0
<latexit sha1_base64="MjNtlDCP2OHLGUMl3GmIacQ3lmI=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6kYouHFZwT6gHUsmk2lDM5khuaOU0v9w40IRt/6LO//GtJ2Fth4IOZxzLrk5QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFh0ySZZrzBEpnodkANl0LxBgqUvJ1qTuNA8lYwvJn6rUeujUjUPY5S7se0r0QkGEUrPXSljYa0p6/diuv1SmV7zUCWiZeTMuSo90pf3TBhWcwVMkmN6Xhuiv6YahRM8kmxmxmeUjakfd6xVNGYG38823pCTq0SkijR9igkM/X3xJjGxoziwCZjigOz6E3F/7xOhtGVPxYqzZArNn8oyiTBhEwrIKHQnKEcWUKZFnZXwgZUU4a2qKItwVv88jJpnle8i0r1rlquVfM6CnAMJ3AGHlxCDW6hDg1goOEZXuHNeXJenHfnYx5dcfKZI/gD5/MHEtaRiw==</latexit>

�r = 0.01
<latexit sha1_base64="opXBdgIE9nDZvO7fwzE6NkafqCI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFcDTNS1I1QcOOygn1AO5RMJtOGZpIxyRTK0O9w40IRt36MO//GtJ2Fth4IHM45l3tzwpQzbTzv21lb39jc2i7tlHf39g8OK0fHLS0zRWiTSC5VJ8SaciZo0zDDaSdVFCchp+1wdDfz22OqNJPi0UxSGiR4IFjMCDZWCnrcRiPcV7ee6/crVc/15kCrxC9IFQo0+pWvXiRJllBhCMdad30vNUGOlWGE02m5l2maYjLCA9q1VOCE6iCfHz1F51aJUCyVfcKgufp7IseJ1pMktMkEm6Fe9mbif143M/FNkDORZoYKslgUZxwZiWYNoIgpSgyfWIKJYvZWRIZYYWJsT2Vbgr/85VXSunT9K7f2UKvWa0UdJTiFM7gAH66hDvfQgCYQeIJneIU3Z+y8OO/OxyK65hQzJ/AHzucPoLKRUQ==</latexit>

�r = 0.1
<latexit sha1_base64="Kc42uLswUCbIspct1hXVY6ND0UY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+GyY1D</latexit>

(a)
<latexit sha1_base64="wkKfwlFB9/ey+ROXQFF6Ib71vvw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhXvqlK7r5Xq1SyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiE6NRA==</latexit>

(b) <latexit sha1_base64="b7fI0ASaJK2/xBrf9yCBeHMZ0P0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+J041F</latexit>

(c)

<latexit sha1_base64="NZWM8osmcCM7emJeCwkc/f2YVMk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoTK46JfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0ijYEb/nlVdK6rHpX1dp9rVyv5XEU4BTOoAIeXEMd7qABTWAwhGd4hTdHOC/Ou/OxaF1z8pkT+APn8weL8o1I</latexit>

(d)
<latexit sha1_base64="eKBIvrIKDFU/E1cpCj0wlT3aa14=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoYIX/VLZrbpzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlqXVe+qWruvleu1PI4CnMIZVMCDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gCNd41J</latexit>

(e)
<latexit sha1_base64="7Qo+iWfrKCXTmYeiDZ87cmxPRWQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5Xwol8qu1V3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn81Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06RRuCt/zyKmldVr2rau2+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwjO8wpsjnRfn3flYtK45+cwJ/IHz+QOO/I1K</latexit>

(f)

<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�
<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�
<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�

<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�
<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�
<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�

<latexit sha1_base64="vFCSA6bdueC1y9+1plLNALOJY9w=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS1GPBi94q2A9oQ9lsJu3SzSbuTiol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCopeNUMWiyWMSq41MNgktoIkcBnUQBjXwBbX90M/PbY1Cax/IBJwl4ER1IHnJG0Uhe74kHgFwEkDWm/XLFqTpz2KvEzUmF5Gj0y1+9IGZpBBKZoFp3XSdBL6MKORMwLfVSDQllIzqArqGSRqC9bH701D4zSmCHsTIl0Z6rvycyGmk9iXzTGVEc6mVvJv7ndVMMr72MyyRFkGyxKEyFjbE9S8AOuAKGYmIIZYqbW202pIoyNDmVTAju8surpHVRdS+rtftapX6Xx1EkJ+SUnBOXXJE6uSUN0iSMPJJn8krerLH1Yr1bH4vWgpXPHJM/sD5/ADUekms=</latexit>

e P
<latexit sha1_base64="vFCSA6bdueC1y9+1plLNALOJY9w=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS1GPBi94q2A9oQ9lsJu3SzSbuTiol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCopeNUMWiyWMSq41MNgktoIkcBnUQBjXwBbX90M/PbY1Cax/IBJwl4ER1IHnJG0Uhe74kHgFwEkDWm/XLFqTpz2KvEzUmF5Gj0y1+9IGZpBBKZoFp3XSdBL6MKORMwLfVSDQllIzqArqGSRqC9bH701D4zSmCHsTIl0Z6rvycyGmk9iXzTGVEc6mVvJv7ndVMMr72MyyRFkGyxKEyFjbE9S8AOuAKGYmIIZYqbW202pIoyNDmVTAju8surpHVRdS+rtftapX6Xx1EkJ+SUnBOXXJE6uSUN0iSMPJJn8krerLH1Yr1bH4vWgpXPHJM/sD5/ADUekms=</latexit>

e P <latexit sha1_base64="vFCSA6bdueC1y9+1plLNALOJY9w=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS1GPBi94q2A9oQ9lsJu3SzSbuTiol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCopeNUMWiyWMSq41MNgktoIkcBnUQBjXwBbX90M/PbY1Cax/IBJwl4ER1IHnJG0Uhe74kHgFwEkDWm/XLFqTpz2KvEzUmF5Gj0y1+9IGZpBBKZoFp3XSdBL6MKORMwLfVSDQllIzqArqGSRqC9bH701D4zSmCHsTIl0Z6rvycyGmk9iXzTGVEc6mVvJv7ndVMMr72MyyRFkGyxKEyFjbE9S8AOuAKGYmIIZYqbW202pIoyNDmVTAju8surpHVRdS+rtftapX6Xx1EkJ+SUnBOXXJE6uSUN0iSMPJJn8krerLH1Yr1bH4vWgpXPHJM/sD5/ADUekms=</latexit>

e P <latexit sha1_base64="vFCSA6bdueC1y9+1plLNALOJY9w=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS1GPBi94q2A9oQ9lsJu3SzSbuTiol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCopeNUMWiyWMSq41MNgktoIkcBnUQBjXwBbX90M/PbY1Cax/IBJwl4ER1IHnJG0Uhe74kHgFwEkDWm/XLFqTpz2KvEzUmF5Gj0y1+9IGZpBBKZoFp3XSdBL6MKORMwLfVSDQllIzqArqGSRqC9bH701D4zSmCHsTIl0Z6rvycyGmk9iXzTGVEc6mVvJv7ndVMMr72MyyRFkGyxKEyFjbE9S8AOuAKGYmIIZYqbW202pIoyNDmVTAju8surpHVRdS+rtftapX6Xx1EkJ+SUnBOXXJE6uSUN0iSMPJJn8krerLH1Yr1bH4vWgpXPHJM/sD5/ADUekms=</latexit>

e P
<latexit sha1_base64="vFCSA6bdueC1y9+1plLNALOJY9w=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS1GPBi94q2A9oQ9lsJu3SzSbuTiol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCopeNUMWiyWMSq41MNgktoIkcBnUQBjXwBbX90M/PbY1Cax/IBJwl4ER1IHnJG0Uhe74kHgFwEkDWm/XLFqTpz2KvEzUmF5Gj0y1+9IGZpBBKZoFp3XSdBL6MKORMwLfVSDQllIzqArqGSRqC9bH701D4zSmCHsTIl0Z6rvycyGmk9iXzTGVEc6mVvJv7ndVMMr72MyyRFkGyxKEyFjbE9S8AOuAKGYmIIZYqbW202pIoyNDmVTAju8surpHVRdS+rtftapX6Xx1EkJ+SUnBOXXJE6uSUN0iSMPJJn8krerLH1Yr1bH4vWgpXPHJM/sD5/ADUekms=</latexit>

e P<latexit sha1_base64="vFCSA6bdueC1y9+1plLNALOJY9w=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS1GPBi94q2A9oQ9lsJu3SzSbuTiol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCopeNUMWiyWMSq41MNgktoIkcBnUQBjXwBbX90M/PbY1Cax/IBJwl4ER1IHnJG0Uhe74kHgFwEkDWm/XLFqTpz2KvEzUmF5Gj0y1+9IGZpBBKZoFp3XSdBL6MKORMwLfVSDQllIzqArqGSRqC9bH701D4zSmCHsTIl0Z6rvycyGmk9iXzTGVEc6mVvJv7ndVMMr72MyyRFkGyxKEyFjbE9S8AOuAKGYmIIZYqbW202pIoyNDmVTAju8surpHVRdS+rtftapX6Xx1EkJ+SUnBOXXJE6uSUN0iSMPJJn8krerLH1Yr1bH4vWgpXPHJM/sD5/ADUekms=</latexit>

e P

Figure 6.18 – Polar correlation in the reference frame of monomer in normal (a-c) and
tangential (d-f) direction at different aspect ratio and reversal rate. The colors encode
different aspect ratios and the corresponding reversal rate for each set is written at the
top of the respective column.

6.7 Evaluation of order parameters and mean fields

from experiments

Figure 6.20.a shows a snapshot of a monolayer experiment with Kamptonema animale

using brightfield transmission microscopy imaging technique. Panel 6.20.b shows the

filament velocity prediction for panel 6.20.a compared to the next frame, one second

later, where the colors indicate the orientation of the velocity vector. From the color

code, one can see that there is polar ordering where filaments in the polar bands move

collectively and coherently (Figure 6.21.b). The polar bands also move opposite to

each other and form lane-like structures that we also observed in the simulation, as

represented in figure 6.14.

As evident in the mean field analysis in figure 6.21 (c), the nematic order is

everywhere in the band. In the band structure, the mean density is nonzero and it
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<latexit sha1_base64="Q7zQtEYtYgWopRx4eSMpFGaVN90=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSKuhEKblxWsA9IQ5lMJu3QSSbM3Ail9DPcuFDErV/jzr9x2mahrQcGDuecy9x7wkwKg6777aytb2xubZd2yrt7+weHlaPjtlG5ZrzFlFS6G1LDpUh5CwVK3s00p0koeScc3c38zhPXRqj0EccZDxI6SEUsGEUr+T1poxHt61u3X6m6NXcOskq8glShQLNf+epFiuUJT5FJaozvuRkGE6pRMMmn5V5ueEbZiA64b2lKE26CyXzlKTm3SkRipe1LkczV3xMTmhgzTkKbTCgOzbI3E//z/Bzjm2Ai0ixHnrLFR3EuCSoyu59EQnOGcmwJZVrYXQkbUk0Z2pbKtgRv+eRV0r6seVe1+kO92qgXdZTgFM7gAjy4hgbcQxNawEDBM7zCm4POi/PufCyia04xcwJ/4Hz+AL6RkN4=</latexit>

�r = 0
<latexit sha1_base64="MjNtlDCP2OHLGUMl3GmIacQ3lmI=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6kYouHFZwT6gHUsmk2lDM5khuaOU0v9w40IRt/6LO//GtJ2Fth4IOZxzLrk5QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFh0ySZZrzBEpnodkANl0LxBgqUvJ1qTuNA8lYwvJn6rUeujUjUPY5S7se0r0QkGEUrPXSljYa0p6/diuv1SmV7zUCWiZeTMuSo90pf3TBhWcwVMkmN6Xhuiv6YahRM8kmxmxmeUjakfd6xVNGYG38823pCTq0SkijR9igkM/X3xJjGxoziwCZjigOz6E3F/7xOhtGVPxYqzZArNn8oyiTBhEwrIKHQnKEcWUKZFnZXwgZUU4a2qKItwVv88jJpnle8i0r1rlquVfM6CnAMJ3AGHlxCDW6hDg1goOEZXuHNeXJenHfnYx5dcfKZI/gD5/MHEtaRiw==</latexit>

�r = 0.01
<latexit sha1_base64="opXBdgIE9nDZvO7fwzE6NkafqCI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFcDTNS1I1QcOOygn1AO5RMJtOGZpIxyRTK0O9w40IRt36MO//GtJ2Fth4IHM45l3tzwpQzbTzv21lb39jc2i7tlHf39g8OK0fHLS0zRWiTSC5VJ8SaciZo0zDDaSdVFCchp+1wdDfz22OqNJPi0UxSGiR4IFjMCDZWCnrcRiPcV7ee6/crVc/15kCrxC9IFQo0+pWvXiRJllBhCMdad30vNUGOlWGE02m5l2maYjLCA9q1VOCE6iCfHz1F51aJUCyVfcKgufp7IseJ1pMktMkEm6Fe9mbif143M/FNkDORZoYKslgUZxwZiWYNoIgpSgyfWIKJYvZWRIZYYWJsT2Vbgr/85VXSunT9K7f2UKvWa0UdJTiFM7gAH66hDvfQgCYQeIJneIU3Z+y8OO/OxyK65hQzJ/AHzucPoLKRUQ==</latexit>

�r = 0.1<latexit sha1_base64="Kc42uLswUCbIspct1hXVY6ND0UY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+GyY1D</latexit>

(a)
<latexit sha1_base64="wkKfwlFB9/ey+ROXQFF6Ib71vvw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTXjjT7lMUoOSLReFqSAmJvO/yYArZEZMLKFMcXsrYSOqKDM2nYINwVt9eZ20qhXvqlK7r5Xq1SyOPJzBOZTBg2uowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiE6NRA==</latexit>

(b) <latexit sha1_base64="b7fI0ASaJK2/xBrf9yCBeHMZ0P0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vand10r1ahZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+J041F</latexit>

(c)

<latexit sha1_base64="0vGqMbq1LMdc+fUI5azyYFCCf80=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgRQ9CBfsBbSibzaRdutnE3U2lhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz084U9pxvq3Cyura+kZxs7S1vbO7V94/aKo4lRQbNOaxbPtEIWcCG5ppju1EIol8ji1/eD31WyOUisXiQY8T9CLSFyxklGgjed0nFqBmPMDsbtIrV5yqM4O9TNycVCBHvVf+6gYxTSMUmnKiVMd1Eu1lRGpGOU5K3VRhQuiQ9LFjqCARKi+bHT2xT4wS2GEsTQltz9TfExmJlBpHvumMiB6oRW8q/ud1Uh1eeRkTSapR0PmiMOW2ju1pAnbAJFLNx4YQKpm51aYDIgnVJqeSCcFdfHmZNM+q7kX1/P68UrvN4yjCERzDKbhwCTW4gTo0gMIjPMMrvFkj68V6tz7mrQUrnzmEP7A+fwAwj5Jo</latexit>

f M

<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�

<latexit sha1_base64="0vGqMbq1LMdc+fUI5azyYFCCf80=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgRQ9CBfsBbSibzaRdutnE3U2lhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz084U9pxvq3Cyura+kZxs7S1vbO7V94/aKo4lRQbNOaxbPtEIWcCG5ppju1EIol8ji1/eD31WyOUisXiQY8T9CLSFyxklGgjed0nFqBmPMDsbtIrV5yqM4O9TNycVCBHvVf+6gYxTSMUmnKiVMd1Eu1lRGpGOU5K3VRhQuiQ9LFjqCARKi+bHT2xT4wS2GEsTQltz9TfExmJlBpHvumMiB6oRW8q/ud1Uh1eeRkTSapR0PmiMOW2ju1pAnbAJFLNx4YQKpm51aYDIgnVJqeSCcFdfHmZNM+q7kX1/P68UrvN4yjCERzDKbhwCTW4gTo0gMIjPMMrvFkj68V6tz7mrQUrnzmEP7A+fwAwj5Jo</latexit>

f M
<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�

<latexit sha1_base64="0vGqMbq1LMdc+fUI5azyYFCCf80=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgRQ9CBfsBbSibzaRdutnE3U2lhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz084U9pxvq3Cyura+kZxs7S1vbO7V94/aKo4lRQbNOaxbPtEIWcCG5ppju1EIol8ji1/eD31WyOUisXiQY8T9CLSFyxklGgjed0nFqBmPMDsbtIrV5yqM4O9TNycVCBHvVf+6gYxTSMUmnKiVMd1Eu1lRGpGOU5K3VRhQuiQ9LFjqCARKi+bHT2xT4wS2GEsTQltz9TfExmJlBpHvumMiB6oRW8q/ud1Uh1eeRkTSapR0PmiMOW2ju1pAnbAJFLNx4YQKpm51aYDIgnVJqeSCcFdfHmZNM+q7kX1/P68UrvN4yjCERzDKbhwCTW4gTo0gMIjPMMrvFkj68V6tz7mrQUrnzmEP7A+fwAwj5Jo</latexit>

f M

<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�
<latexit sha1_base64="NZWM8osmcCM7emJeCwkc/f2YVMk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoTK46JfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0ijYEb/nlVdK6rHpX1dp9rVyv5XEU4BTOoAIeXEMd7qABTWAwhGd4hTdHOC/Ou/OxaF1z8pkT+APn8weL8o1I</latexit>

(d)
<latexit sha1_base64="eKBIvrIKDFU/E1cpCj0wlT3aa14=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoYIX/VLZrbpzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlqXVe+qWruvleu1PI4CnMIZVMCDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gCNd41J</latexit>

(e)
<latexit sha1_base64="7Qo+iWfrKCXTmYeiDZ87cmxPRWQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5Xwol8qu1V3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn81Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06RRuCt/zyKmldVr2rau2+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwjO8wpsjnRfn3flYtK45+cwJ/IHz+QOO/I1K</latexit>

(f)

<latexit sha1_base64="0vGqMbq1LMdc+fUI5azyYFCCf80=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgRQ9CBfsBbSibzaRdutnE3U2lhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz084U9pxvq3Cyura+kZxs7S1vbO7V94/aKo4lRQbNOaxbPtEIWcCG5ppju1EIol8ji1/eD31WyOUisXiQY8T9CLSFyxklGgjed0nFqBmPMDsbtIrV5yqM4O9TNycVCBHvVf+6gYxTSMUmnKiVMd1Eu1lRGpGOU5K3VRhQuiQ9LFjqCARKi+bHT2xT4wS2GEsTQltz9TfExmJlBpHvumMiB6oRW8q/ud1Uh1eeRkTSapR0PmiMOW2ju1pAnbAJFLNx4YQKpm51aYDIgnVJqeSCcFdfHmZNM+q7kX1/P68UrvN4yjCERzDKbhwCTW4gTo0gMIjPMMrvFkj68V6tz7mrQUrnzmEP7A+fwAwj5Jo</latexit>

f M

<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�

<latexit sha1_base64="0vGqMbq1LMdc+fUI5azyYFCCf80=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgRQ9CBfsBbSibzaRdutnE3U2lhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz084U9pxvq3Cyura+kZxs7S1vbO7V94/aKo4lRQbNOaxbPtEIWcCG5ppju1EIol8ji1/eD31WyOUisXiQY8T9CLSFyxklGgjed0nFqBmPMDsbtIrV5yqM4O9TNycVCBHvVf+6gYxTSMUmnKiVMd1Eu1lRGpGOU5K3VRhQuiQ9LFjqCARKi+bHT2xT4wS2GEsTQltz9TfExmJlBpHvumMiB6oRW8q/ud1Uh1eeRkTSapR0PmiMOW2ju1pAnbAJFLNx4YQKpm51aYDIgnVJqeSCcFdfHmZNM+q7kX1/P68UrvN4yjCERzDKbhwCTW4gTo0gMIjPMMrvFkj68V6tz7mrQUrnzmEP7A+fwAwj5Jo</latexit>

f M

<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�
<latexit sha1_base64="AABKXlaGmqU9xj4sHQgrCoCed2A=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xV0J6jHgRW8RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWye19XnXsIHAvVLZr/gzoGUS5KQMOeq90le3r0gqqLSEY2M6gZ/YMMPaMsLppNhNDU0wGeEB7TgqsaAmzGb3TtCpU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo6EIIFl9eJs2LSnBZqd5Xy7W7PI4CHMMJnEEAV1CDW6hDAwhweIZXePMevRfv3fuYt654+cwR/IH3+QPjkY/o</latexit>

r/�
<latexit sha1_base64="0vGqMbq1LMdc+fUI5azyYFCCf80=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgRQ9CBfsBbSibzaRdutnE3U2lhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz084U9pxvq3Cyura+kZxs7S1vbO7V94/aKo4lRQbNOaxbPtEIWcCG5ppju1EIol8ji1/eD31WyOUisXiQY8T9CLSFyxklGgjed0nFqBmPMDsbtIrV5yqM4O9TNycVCBHvVf+6gYxTSMUmnKiVMd1Eu1lRGpGOU5K3VRhQuiQ9LFjqCARKi+bHT2xT4wS2GEsTQltz9TfExmJlBpHvumMiB6oRW8q/ud1Uh1eeRkTSapR0PmiMOW2ju1pAnbAJFLNx4YQKpm51aYDIgnVJqeSCcFdfHmZNM+q7kX1/P68UrvN4yjCERzDKbhwCTW4gTo0gMIjPMMrvFkj68V6tz7mrQUrnzmEP7A+fwAwj5Jo</latexit>

f M

Figure 6.19 – Nematic correlation in particle reference frame in normal (a-c) and
tangential (d-f) directions at different aspect ratios and reversal rates. The colors encode
the aspect ratio and the corresponding reversal rate for each chart at the top of the
respective column.

varies locally(Figure 6.21 (a)).

Figure 6.22 shows the correlation of the order parameters in the local contour frame.

Panel 6.22.a indicates that a crystalline order in the normal direction is formed by

the filaments. Panel 6.22.a demonstrates a strong polar correlation along the contour

of a filament which is the evidence for the strong correlation of a filament with itself.

This is similar to the polar correlation observed in the simulations of the case with

direction reversals (figure 6.14). This observation is associated with the capability

of the filamentous Cyanobacteria to do reversals which makes them form distinct

polar bands compared to the non-reversing bacteria. Remarkably, this shows that in

Cyanobacteria, in addition to their systematic movement, there is also a stochastic

reversal of direction.

The nematic correlation is also strong in the normal direction of the filaments,
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6.7 Evaluation of order parameters and mean fields from experiments

(a)

100 µm

(b)

Figure 6.20 – a) Brightfield transmission micrograph of an experiment with Kamptonema
animale. b) Filament velocity prediction, color coded orientation, and the magnitude of
the velocity is represented by the saturation (full saturation corresponds to 3.5µm/s).
The plots are taken from a preliminary draft of a paper, which is part of the experimental
data with permission from Dr. Karpitschka.

(a)

100 µm

kernel

(b)

100 µm

(c)

100 µm

Figure 6.21 – Mean fields of an experiment with Kamptonema animale. a) Mean density.
The kernel for averaging is given on the top-left inset. b) Mean polarization. The color
indicates the orientation of the individual monomers on the filamenet, the saturation of
this color shows the strength of the polarization. The color code is given on the top-left
inset. c) Mean nematicity, analogous to (b). The plots are taken from a preliminary draft
of a paper, which is part of the experimental data with permission from Dr. Karpitschka.

indicating that the filaments are mostly in parallel and antiparallel orientations, forming

a monolayer.

Figure 6.23 shows the correlation length in the normal and tangential directions. The
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Figure 6.22 – Order parameter correlations in the local contour frame of reference for an
experiment with Kamptonema animale. The tangent vector in gliding direction is oriented
to the north (0deg) in the plots. a) Density correlation S̃local, showing crystalline order
in normal direction within ∼ 20 neighboring filaments. b) Polar orientation correlation
plocal, showing strong correlation of gliding direction only between a filament and itself.
c) Nematic orientation correlation mlocal, showing the long-range nematic order of the
structure. The plots are taken from a preliminary draft of a paper , which is part of the
experimental data with permission from Dr. Karpitschka.

nematic correlation length (Figure 6.23.c) is larger in the normal direction compared

to the tangential direction in Figure 6.23.d.

Moreover, the polar order in Figure 6.23.b drops abruptly to zero in the normal

direction, in contrast to the tangential direction (Figure 6.23).e), which decreases

gradually to zero. This shows that the polar correlation in the system is strongly

limited to a filament. This is a consequence of the reversals of the direction of motion.

The filaments align through collisions, but this alignment strengthens their nematic

correlation rather than their polar correlation because of their random backward and

forward motion, which leads to the loss of polar order after alignment.

6.8 Conclusion

In summary, we employed an overdamped Brownian dynamics simulation to study

the pattern formation in a system of self-propelled semi-flexible filaments that mimic

Cyanobacteria colonies studied in the experiment. To attain a better understanding of
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Figure 6.23 – Order parameter correlations in the local contour frame of reference for
an experiment with Kamptonema animale, in normal (a-c) and tangential (d-f) directions.
(a,d): density correlation. (b,e): polarization correlation. (c,f): nematic orientational
correlation. Orange lines in (b) and (c) are the moving mean with a window that
corresponds to the width of one filament. The plots are taken from a preliminary draft of
a paper , which is part of the experimental data with permission from Dr. Karpitschka.

the pattern formation, we first simulated a dense assembly of active (self-propelled)

filaments with parameters that are obtained by the experiments: the critical aspect

ratio for self-buckling, the self-propulsion force, the friction coefficient, and also the

bending stiffness. The simulations were performed at a relatively high density where

steric interactions become important. We also include a stochastic direction reversal

mechanism which is one of the unique dynamical characteristics of Cyanobacteria and

can typically be observed due to local changes in the light intensity in the environment.

In the absence of the direction reversal dynamics, we first described different aspects

of the static and dynamical features observed in the steady-state. The steady-state

shows the appearance of spectacular giant polar clusters within which one can observe

densely packed filaments (with a highly periodic structure) that point towards the

same direction and move coherently. We also analyzed the nematic order along with

the polar order and showed that the system possesses a strong nematic order in the
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steady-state. We investigated the spatial correlation of the above-mentioned order

parameters in the r − θ plane.

We then examined the effects of the velocity reversal dynamics by analyzing similar

variables of interest. As the velocity reversal rate increases, the polar bands shrink in

width and lane-like structures start to form locally. The polar correlation decays more

rapidly as a function of space with an increasing reversal rate, but quite surprisingly

the nematic order tends to increase with the faster reversal. To explore the role of

the filament structure we examined the effects of aspect ratio on such structural order

in a steady state. At a lower aspect ratio (a = 10), we observed a smectic phase.

As the aspect ratio increases, both the polar correlation and the nematic correlation

grow and the effect can be observed in both normal and tangential directions. In the

presence of direction reversal dynamics, the polar correlation decreases abruptly in the

normal direction of the filaments, whereas it decreases slowly and non-monotonically

in the tangential direction. The aspect ratio a = 32 (which is also the critical aspect

ratio for the filaments) displayed the largest correlation length compared to the other

two (a = 10, 100) in each reversal rate. The nematic correlation decays slowly and

nonmonotonically in both the normal and the tangential directions, and like the polar

correlation, the aspect ratio a = 32 has the largest nematic correlation length.

Finally, we compared our results with experimental data obtained from Dr. Karpitschka’s

lab and observe excellent qualitative agreement for colonies of active filaments with

direction reversal dynamics. Similar to the simulations, there is an abrupt drop in

polar correlation in the normal direction and a slow decay in the tangential direction

in the experiments. Moreover, the existence of a large nematic correlation length has

also been confirmed in the simulations in the presence of reversal dynamics.
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Chapter 7

Discussion and Conclusions

In this thesis we have discussed a special class of out-of equilibrium system, known as

active matter that mimics systems in the biological world around us from a statistical

mechanical point of view. We discussed in details a few models of such active matter

systems with the aim to describe the spectacular dynamics and self organisation that

can be observed in such model systems. Below I discuss the key points and ideas that

we explored in a chapter wise format.

Non-equilibrium statistical mechanics has opened a new door to approach the

fascinating world of living matter physics. Despite remarkable advances in the physics

of living matter in recent decades, collective dynamics and emergent complex behaviour

of most biological systems still remains elusive. In the Introduction chapter I have

discussed the most popular models of active matter system, their classification and

characterisation. The dazzling and enigmatic nature of living systems has provoked

tremendous enthusiasm among scientists to endeavor to shed light on the mechanism

behind their collective behaviour such as swarming or motility induced phase separation.

In chapter 2, we have studied the diffusive motion of a “tracer" particle in a system

of using a simple (hexagonal) lattice model where the tracer is being pushed by active

particles and this leads to enhanced diffusion. We have shown that the degree to which
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this diffusion is enhanced depends crucially on two factors: (a) activity of the crowders

(b) density of the crowders. The change with respect to the density of the crowders

is non-monotonic. This non-monotonic response can be attributed to the formation

of clusters of active particles in the system which is revealed through analysis of the

cluster statistics. To put it simply, initially the diffusion constant of the tracer increases

as the tracer is subject to stronger fluctuations in the presence of a higher density

of pushing active particles, but at large density decreases again, as the formation of

clusters of active particles induces ‘caging’ of the tracer in the clusters and slows down

the dynamics outside the clusters. Overall our findings point to the intricate interplay

of fluctuations and crowding, both controlled by the density of active crowders and

reproduces an ‘enhanced diffusion with crowding’ scenario in a simple lattice based

model.

In chapter 3, we employed a Brownian dynamics simulation in continuous space

to explore the strong velocity correlation in a mixture of active and passive particles.

Caprini et al. [59] and Henkes et al. [60] have reported very recently that there is

a ‘hidden’ strong velocity correlation (in the absence of alignment interaction) in a

dense active-solid or liquid like system. Note that such systems do not show long range

polar order of the propulsion forces in the absence of alignment. The correlation length

reported in [59–61] scale with the square root of the persistence time of the particles

in the system. This motivated us to explore the question whether such correlations

can be induced in a dense passive system by a small fraction of active particles. This

study can potentially decouple the effect caused by high density of the medium from

the one caused by the persistent activity of the self-propelled particles. Surprisingly,

our results show that even a very tiny fraction of active particles in a dense medium

(which consists of a sufficiently high density of passive particles) plays a significant role

in forming domains with strong velocity-correlation of the particles. Moreover, the size
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of this domain grows with increasing area fraction of passive particles in the system

and finally saturates at the maximum length-scale available in the system i.e. the

system size. In addition to that, we have explored the effects of activity parameters,

i.e. (i) the self-propulsion force and (ii) the persistence time on such strong velocity

correlations generated in the passive system by introducing a tiny fraction of active

dopants. Incredibly,our results showed that the correlation length scales with the

square root of the persistence time of the active particles in the system, which is

consistent with other studies for purely active systems [59–61].

In chapter 4, we have tried to extend our understanding of pattern formation in an

active matter system by considering an assembly of anisotropic self-propelled objects

such as active polymers. We used an overdamped Brownian dynamic simulation

to explore the various dynamical states in the system. It has been demonstrated

that their self propulsion ability (fa) and bending stiffness (κb) are the key players

controlling the size and shape of the emergent clusters and the dynamical steady

states in the system. We also analysed the cluster size and spiral ratio and show

how these variables depend on the relevant parameters. Later, we added a direction

reversal mechanism to the polymers to mimic the stochastic direction switching motion

of filaments. The stochastic direction reversal rate is another key parameter that

controls the emergence of clusters and spirals in the system. Using extensive numerical

simulations we have shown that the reversal dynamics overall decreases both clustering

and spiraling tendencies.

In chapter 5, we explored the physics of buckling for individual self-propelled

filament to make a comparison with experimental data and theoretical model developed

in Dr. Stefan Karpitschka’s lab at the Max Planck Institute for Dynamics and Self-

Organization. We extracted parameters from this study to investigate the pattern

formation of filamentous Cyanobacteria in the next chapter.
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In chapter 6, similar to the previous chapter, we have employed a Brownian

dynamics simulation of active polymers at a high density and study the nematic

and polar order in the system. We also extracted relevant parameters for simulation

from experiments using the colonies of Cyanobacteria. We first confirmed that a

critical length of Cyanobacteria is required to for buckling of them. Using this critical

length as well as a length below and above this critical length, the polar and nematic

long-range order in the system is then investigated. The active filaments without

stochastic direction reversal show a longer-range orientation order compared to that

in the presence of reversals. Increasing the reversal rate lowers the polar order in the

system. Remarkably, filaments with an aspect ratio above the critical aspect ratio

for buckling show a stronger polar and nematic order in the system, compared to the

aspect ratio that is below it.

In conclusion, we have employed different models to explore the dynamics and

self-organization of isotropic active Brownian particles as well as rod-shaped active

filaments. We have reported a rich collective behavior and dynamics in each system

as a function of activity parameters and density. Considering all the works that we

have done in this thesis, my scientific curiosity has piqued my interest and passion

to understand more this bewildering field to leave no stone unturned to extend these

works.

Indeed several extensions of the work done in this thesis have already been initiated.

In this regard, using the hexagonal lattice model in chapter 2, we have already

implemented an aligning interaction between the active particles, similar to the Vicsek

model. We will study the effects of aligned active particles at different densities on the

dynamics of the passive particles in the system.

To deepen our understanding of strong velocity correlation in a dense passive system

generated by active dopants in chapter 3, we plan to construct a theoretical analysis
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in collaboration with Prof. Dr. Peter Sollich’s group at the Institute for Theoretical

Physics to see whether the velocity correlation function can be written as a function

of ϕa, ϕp, etc. It would be of tremendous interest to obtain experimental evidence of

such velocity correlations as well. An ideal system could be mixtures of equally sized

active and passive colloidal particles, with the active particles coated with a carbon

layer by sputtering from one side (Janus particles) [120, 180].

To acquire more insight into the captivating life of Cyanobacteria, we plan to

perform further analyses to identify and track the topological defects that emerge in

dense colonies of Cyanobacteria, to explore key parameters for controlling them and to

understand the potential role of these defects in the dynamics of bacterial colonies.
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