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Preface

Given a fixed set of operational taxonomic units (OTUs), when studying their evolutionary
relationships among each other, a common way of depicting those is to construct a phy-
logenetic tree, a graph-theoretic tree with a root, that is the common ancestor (which one
assumes to exist). Herein each leaf represents a unique OTU and edges have real positive
lengths representing the evolutionary distance of some kind, which can be time, but also

other metrics.

Nowadays, those trees are generated from multiple measured sequence data such as DNA,
RNA or protein sequences, and having various measurements from the same species, one
usually obtains many different proposals for phylogenetic trees representing the evolution-
ary relationships. As one believes that there exists one true phylogenetic tree, one wishes
to combine the different proposals into a single phylogenetic tree. As a statistician, the nat-
ural thing to do is to average the proposals in some sense in order to obtain a mean, that
is again a phylogenetic tree, and which allows for further statistical methodology, such
as confidence regions or testing. However, this requires some appropriate mathematical
structure on the set of phylogenetic trees, preferable with geometry, i.e. at least a metric

space.

The Billera-Holmes-Vogtmann tree space (BHV space) is an example for such a structure,
it is a metric space that is CAT(0) and furthermore a Riemann stratified space of type B,
cf. Billera et al./(2001). This space has favorable properties like completeness and global non-
positive curvature, which implies that between two points, there exists a unique geodesic
connecting them. Furthermore, there is a polynomial time algorithm to compute exact
geodesics in this space, cf. |Owen & Provan| (2011). Nonetheless, the space is artificially
constructed from embedding it in a high dimensional Euclidean space and as a consequence
does not behave as biological understanding would expect a metric space of phylogenetic
trees to behave, as is discussed for example in|Garba et al.[(2018). They consider the distance
between two trees with different structures in the case that the edge lengths go to infinity.

The same example motivates one to actually include disconnected forests into the space.



vi

A promising construction that covers the example from above and behaves as biological
intuition suggests is our recently introduced Wald Space, cf.|Garba et al./(2021a). It is based
on the characterization of phylogenetic trees as covariance matrices, which is a byproduct
of a generalization of the popular biological substitution models that are used to calcu-
late likelihoods for trees given genetic sequence data, so those substitution models are the
backbone of phylogenetic tree estimation. In other words, the Wald Space is a space that
is consistent with the tree estimation methods that are currently used, up to the general-

izations that have been made. More details can be found in|Garba et al.| (20214a).

In this work, we concentrate on the Wald Space purely from the perspective that it is a
mathematical structure and thus we try to enable for a better understanding of the Wald
Space. To this end, we introduce the mathematical structures required: metric spaces,
Riemannian manifolds, Riemann stratified spaces, as well as, for our construction essential,
various geometries on the manifold of strictly positive definite symmetric real matrices.
Furthermore, we introduce various possible ways to represent the phylogenetic trees and
forests that we consider. Having finished the introduction of the more general and known
concepts, we briefly introduce the BHV Space. Then we define and describe the Wald Space,
which is a topological stratified space, and we investigate its topological features. This part
is the core of the thesis. Finally, we equip the Wald Space with a geometry that can be
chosen to some degree and find that these spaces are then Riemann stratified spaces of
type (A). Last but not least, we propose some numerical algorithms to calculate geodesics
and distances in the Wald Space equipped with a geometry. Those are not tested in this

work, but to some extent in|Lueg et al. (2021).
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Chapter 1

Introduction and Motivation

Among others, the subject of evolutionary biology is concerned with the origin of life
on Earth and with the underlying principles that cause the diversification or evolution
of the species over time. One of the fundamental assumptions or beliefs is the one of
common descent, that is that all living things stem from one universal common ancestor.
This assumption was already formulated by Charles Darwin in 1859 in his famous and at
that time controversial publication On the Origin of Species by Means of Natural Selection, Or
The Preservation of Favoured Races in the Struggle for Life (Darwin, 1859). The hypothesis of
the common descent was also the subject of interest in recent publications such as{Theobald
(2010) and Weiss et al.| (2016).

The hypothesis of the universal common ancestor is one of the reasons for representing the
biological evolution and diversification of species as well as their evolutionary relationships
via a phylogenetic tree. Usually, a phylogenetic tree consists of a root vertex and from it orig-
inating branches or edges that themselves branch again several times (the points at which
they branch are called interior vertices), until they terminate in a vertex (called leaf). The
leaves represent present-day species and the interior vertices represent common ancestors,
we think of them as extinct or unobserved. The branching process represents a speciation
event, i.e. new species evolve from a previous one. Finally, each edge has a length, that is
a positive real number, describing the time or evolutionary distance between the incident

vertices.

Up until the beginning of the second half of the 20th century, phylogenetic trees were
mainly inferred from the morphological traits of the considered species. In fact, Ernst
Haeckel predicted in 1866 that “building phylogenetic trees will be the most important and
most interesting task of future morphology”, cf. Haeckel (1866, p. xx, translated). However,
in the second half of the 20th century, biologists developed computational methods to infer

phylogenetic trees from measured biological sequence data of the respective species. The
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biological sequence data can be DNA (Deoxyribonucleic acid) or RNA (Ribonucleic acid),

but also other sequences of large molecules such as protein sequences.

These methods, among others, are substitution models that consist of Markov models on
trees that describe evolutionary change over time, and based on these methods, phyloge-
netic trees can be estimated based on the sequence data, e.g. Felsenstein| (1981). However,
due to these differing computational methods, often hundreds of trees are obtained as pro-
posals for the true phylogenetic tree for the same set of species. This suggests to construct
a sample space that is at least a metric space, such that one can then infer statistics on the

set of trees, such as averaging (e.g. calculating the Frechet mean) or confidence regions.

The Billera-Holmes-Vogtmann tree space (BHV space), cf. Billera et al.[(2001), is the first
metric space that serves as a sample space for phylogenetic trees where statistics can be
performed, and is under ongoing investigation to this day (Owen & Provan (2011); Nye
(2011); Barden et al|(2013); Nye| (2014); Nye et al.|(2016); Barden et al. (2016); Anaya et al.

(2020), to name a few).

Furthermore, there exists tropical tree space which is based on representing each tree
uniquely via its distance matrix and equipping these matrices with a very special vector
space structure, cf. Lin et al. (2017, 2018); Yoshida et al|(2019).

However, both these spaces do not behave as one would expect when edges tend to infi-
nite length, and this is due to the choice of representation and the way those spaces are
constructed. In Kim (2000); Moulton & Steel (2004); Shiers et al. (2016), the idea of con-
structing a tree space based on representing the trees via correlation matrices or vectors
was developed and further investigated, and this representation of trees is consistent with
the substitution models used to estimate phylogenetic trees in the first place. This work
then lead to the idea of our contribution called the Wald Space, first introduced in |Garba
et al. (2021a), and we made some numerical experiments in Lueg et al.[(2021). In/Garba et al.
(2021a), there is a detailed introduction that motivates the Wald Space, and the construc-
tion of the Wald Space is given. Therefore, in this thesis, we do not focus on the motivation
or justification of the construction of the Wald Space, but rather on the construction and

the properties of the Wald Space itself.

Importantly, in this thesis, contrary to Garba et al|(2021a), we think of the Wald Space
solely as the underlying stratified topological space. This modular formulation allows us
then to flexibly equip the Wald Space with a metric which is induced by our choice of a
Riemannian metric on the manifold of strictly positive definite symmetric real N x N-
dimensional matrices, which we abbreviate with P throughout the thesis. Choosing the

Fisher-information metric on the statistical manifold of zero-mean multivariate Gaussians
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with covariance matrices in P then leads to the classical Wald Space that is discussed in
Garba et al[(2021a).

To summarize, we start introducing in Chapter |2 the mathematical structures that we use
throughout the thesis, e.g. metric spaces, manifolds and Riemann stratified spaces, and in
Chapter [3| various Riemannian metrics for the manifold of strictly positive definite sym-
metric real N x N-dimensional matrices P, both of those chapters can be viewed as pre-
requisites that we need throughout the thesis. In Chapter |4} we then focus on the various
representations of phylogenetic forests which are the elements of the Wald Space, and we
refer to the elements of the Wald Space as wilder (singular wald, which is German for for-
est, and the plural is wilder and means forests). Notably, the word wélder is read velder,
like the English word elder, but with a “v” in front. Each representation of the wilder has
its advantages and disadvantages when it comes to proving or formulating statements of
various kinds about the Wald Space, as each of these representations allows for viewing
wilder from a different perspective. In Chapter |5, we introduce the BHV Space and in
Chapter [6] the actual work of this thesis begins, that is the topological investigation of
the Wald Space, where we benefit from the carefully and precisely designed notation and
concepts that we developed in Chapter[4] Chapter|6|contains almost all the important theo-
retical results about Wald Space, and in Chapter[7] we show that in general, one can choose
any Riemannian metric on P and obtains a well-defined induced metric on the Wald Space.
We introduce various geometries on the Wald Space and refer to the Wald Space equipped
with the geometry in Garba et al. (2021a) as the Schwarzwald Space, as the Schwarzwald in
Germany was the place where the idea of the Wald Space first came up. Finally, in Chap-
ter [8| we introduce some algorithms, which are already implemented. In Chapter [9] we
summarize the contents of this work, as well as the contributions and the implementations
that are partly already published, and pose some open questions that might be interesting

to pursue in future work.

1.1 Notation

« N={1,2,...} are the natural numbers.
+ R are the real numbers.

« For a finite set A, R contains all maps \: A — R, sometimes we write elements
A € R4 as vectors A = (\,)aca.
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« We also allow A = () and define R? to contain exactly one element, which we do not

describe explicitly, but in vector notation we would sometimes write () € R’

« For two sets A, B, the notation A C B means A is a subset of B, which includes the
possibility that A equals B. Sometimes, A C B is used, where the author thinks it is
important to highlight that A might be equal to B.

« For a matrix X € R™", n € N, the expression diag(X) € R" is the diagonal of X

as a vector.

« However, the expression Diag(X) € R"*" is the matrix that equals X on its diagonal

and is zero elsewhere.



Chapter 2

Metric Spaces, Riemannian Manifolds

and Stratified Spaces

We introduce the notion of metric spaces, Riemannian manifolds, Riemannian submersions
and Riemann stratified spaces. We will also have a closer look at the topologies of the

respective spaces.

2.1 Metric Spaces

Definition 2.1.1 (Metric space). A metric space is a tuple (M, d), where M be a set and
d: M x M — [0, 0] is a map such that for all p, ¢,r € M we have

«d(p,q) =0 < p=yq, (identity of indiscernibles)
- d(p,q) = d(q,p) and (symmetry)
. d(p,q) < d(p,7)+d(r,q). (triangle inequality)

Furthermore, a metric space is also a topological space, where the topology is generated by

all open balls around p € M with radius € > 0:

Bamae(p) =1{q € M:d(p,q) < e},

and note that d is continuous in this topology.

Definition 2.1.2 (Isometry). Let (M, d) and (M, d') be two metric spaces. Amap f: M —
M is an isometry, if it satisfies d(p, q) = d'(f(p), f(q)) forall p, g € M. If f is furthermore
bijective, it is called isometric isomorphism, and in this case, (M, d) and (M’, d’) are called

isometric.
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Lemma 2.1.3 (Induced intrinsic metric). Let (M, d) be a metric space. The induced intrinsic
metric of (M, d) is the map d*: M x M — [0, 0], given for all p,q € M by

da* —  inf L
(P, q) L a(7),

7(0)=p,¥(1)=¢
“y continuous

where Lq(7y) is the length of v measured using d, i.e.

n—

1
L = Ssu d tl s tz .
a(7) pZ (v(t:), ¥ (tis1)
ne

If no such path connecting p and q exists, we set d*(p, q) == oc.

Note that for some continuous path v: [0, 1] — M we might have L4(y) = oo, or there

need not exist a continuous path from p to ¢, so d*(p, ¢) = oo is generally possible.

Proof. We show that d* satisfies all three metric properties:

1. Using the triangle inequality of d, we find d*(p,q) > d(p,q) for all p,q € M, and
thus d*(p,q) =0 = d(p,q) =0 = p = q. If p = ¢, plugging in the constant
path v: [0,1] — M with y(t) = pfort € [0,1], we find 0 < d*(p,p) < La(y) = 0.
Thus d*(p,q) =0 < p=q.

2. Symmetry follows directly from the symmetry of d.

3. For the triangle inequality, let p, ¢, € M let (yx)ken with v,: [0,1] — M and
(7% )ken With ;2 [0, 1] — M be sequences of paths from p to r and from r to ¢, re-
spectively, such that limy_,o Lg(7x) = d*(p,r) and limg_,oo La(7;.) = d*(r, ¢) holds

true. We concatenate v, and -, to obtain a new path from p to ¢:

Thus
d*(p,q) < La(vy) = La(w) + La(yy) — d*(p,r) + d*(r, q).

Note that the topology on M induced by d* is finer or equal than the one induced by d

since d* > d implies that every d-open ball is also d*-open.
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Definition 2.1.4 (Length spaces). A metric space (M, d) is called length space, if d = d*.

Definition 2.1.5 (Geodesics in metric spaces). Let (M, d) be a metric space. We call a
curve (continuous map) v: I — M from an interval / C R into M a geodesic if there

exists a constant ¢ > 0 such that locally for any ¢, ¢’ € I we have

d(y(),(t)) = clt = 1.

If the above property holds for all ¢, ¢’ € I (i.e. globally), then we say that v is a minimizing

geodesic or shortest path. We say that - has natural parametrization if c = 1.

Let a,b € R with a < b. Note that for a shortest path v: [a,b] — M with natural

parametrization between p = 7(a) and ¢ = 7(b) we have

b—a=d(v(a),7()) =d(p,q) < d"(p,q) < La(v) =b—a,

and thus the term minimizing geodesic or shortest path is justified. As this property can

also be shown locally, geodesics in a metric space are locally minimizing curves.
The following definition is from Bridson & Haefliger| (1999, Definition 1.3).
Definition 2.1.6 (Geodesic metric space). Let (M, d) be a metric space. Then we say that
itis
1. geodesic metric space or geodesic space if every two points in M are joined by a
geodesic;
2. uniquely geodesic if there is exactly one geodesic joining p to ¢, for all p, g € M;

3. r-geodesic if for every pair of points p, g € M with d(p,q) < r there is a geodesic
joining p to q.

It is immediate that a geodesic metric space is a length space as the length of a geodesic
equals the distance between its end points. We introduce some notions that are needed in

the next theorems.

Definition 2.1.7. Let (M, d) be a metric space.

1. A topological space is called locally compact, if each point has a locally compact

neighborhood.

2. A sequence (z,)neny C M is called Cauchy sequence in (M, d), if for every ¢ > 0
there exists an N € N such that for all n,m > N we have d(x,, z,,) < €.
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3. The metric space (M, d) is called complete, if all Cauchy sequences in M converge
within M.

The following theorem shows under which assumptions a metric space is a geodesic space.
It is taken from Bridson & Haefliger| (1999, Proposition 3.7).

Theorem 2.1.8 (Hopf-Rinow for metric spaces). Let (M, d) be a length space. If (M, d) is
complete and M locally compact as a topological space, then (M, d) is a geodesic space.

An induced intrinsic metric inherits completeness under certain circumstances. This result
can be found in Hu & Kirk (1978, p.123).

Theorem 2.1.9. Let (M, d) be a complete metric space for which each two points are con-

nected by a path that has finite length. Then the space (M, d*) is also complete.

Curvature in Metric Spaces

We introduce a notion of curvature in metric spaces. For simplicity and since we do not
need other notions, we will introduce CAT(x) spaces only for the special case x = 0. The

following is a consequence of Bridson & Haefliger| (1999, Lemma 2.14).

Lemma 2.1.10. Let p, q, r be three points in a metric space (M, d). Then there exist points
Z_)a GJF € RQ such that d<p7 q) = dE(Z_ju q)’ d(Q7T) = dE(qu F) and d
dp(x,y) = ||x — y||2 is the Euclidean distance on R?. The triangle A

—~

r,p) = dg(7,D), where
P,q,T) C R? (the set of
points on the triangle with vertices D, q, T and sides [p,q|, [q,T] and [F,D]) is unique up to an

~

isometry on R2.

We call such a triangle A a comparison triangle for the triple (p, ¢, 7).

Definition 2.1.11 (Geodesic triangle). Let (M, d) be a metric space.

1. A geodesic triangle A C M consists of three points p, ¢, € M, its vertices, and
a choice of three geodesic segments [p, q|, [q, 7], [, p] joining them, its sides (where

[p, q] corresponds to the points on a geodesic between p and ¢).
2. For a geodesic triangle A with vertices p,q,7 € M and a comparison triangle A
(with vertices p, g and 7) for (p,q,r), a point T € [p,q| is called a comparison point

for z € [p, q| if d(p, ) = dg(p, T), and analogously for points in [¢, 7] and [r, p].
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3. Let A C M be a geodesic triangle with vertices p,q,r € M and let A be a com-
parison triangle for (p, g, 7). Then, A is said to satisfy the CAT(0) inequality if for all
x,y € A and all comparison points 7,7 € A,

Definition 2.1.12. A metric space (M, d) is called CAT(0) space, if (M, d) is a geodesic
space and all its geodesic triangles satisfy the CAT(0) inequality. If M is additionally com-
plete, we call (M, d) Hadamard space.

Theorem 2.1.13. In a CAT(0) space (M, d) there is a unique geodesic segment joining each
pair of points x,y € M and M is contractible and simply connected.

Proof. Cf. Bridson & Haefliger (1999, Chapter 1.1, Proposition 1.4 and Corollary 1.5). M

2.2 Smooth Manifolds

In this section, the basic definitions and notions of the theory of manifolds are introduced.
A manifold of dimensionm € N is essentially a topological space that is locally homeomor-
phic to an open subset of R™. Most spaces that we deal with are manifolds, for example
vector spaces, spheres, the torus, open subsets of R™, and many more. Manifolds of vary-
ing dimension are also the building blocks of stratified spaces and Whitney stratified spaces.
This section is based on Lee (2003).

In Lee| (2003), a manifold is a topological space that is required to be

« second countable: a topological space T is second countable, if it has a countable base,
that is if there exists a collection {U; };cn of open subsets of 7 such that any open

subset of 7 can be written as a union of elements of some subset of {U; };cn;

« Hausdorff: a topological space T is Hausdorff, if for every two points p, ¢ € T, there
exist disjoint open subsets U, V' C T such thatp € U and q € V.

As stated in [Lee (2003, p.3), the Hausdorft property ensures for example that one-point
sets are closed, as well as that limits of convergent sequences are unique, which we use

extensively throughout later chapters.

Definition 2.2.1 (Manifold). Let M be a topological space. M is a topological manifold of

dimension m, if M is a Hausdorff space, second countable and locally Euclidean of dimen-



10 | Chapter 2 Metric Spaces, Riemannian Manifolds and Stratified Spaces

sion m, that is, every point p € M has a neighborhood p € U C M that is homeomorphic

to an open subset of R™.

These homeomorphisms, denoted by ¢: U — ¢(U) C R™, are called charts (more pre-
cisely, the pair (U, ¢) is called chart). Loosely speaking, the idea of a chart is that when-
ever you “stand” somewhere in the topological space M, there is no concept of direction,
orientation or distance, but when you use a chart and translate your location p € M into
your coordinates, that is ¢(p) € R™, you can then move (at least locally) in a direction, or
even measure a distance, and then translate back into the abstract topological space M.

Thus, a chart gives you a local “map” (local coordinates) that you can use to move in M.

The following terminology is taken from Lee| (2003, p.7ff). Two charts (U, ¢), (V, 1)) are
called smoothly compatible, if either U NV = () or the transition mappop=": p(UNV) —
»(UNV) is a diffeomorphism, that is bijective, smooth (continuous partial derivatives of all
orders exist) and smooth inverse. An atlas for M is a collection of charts whose domains
cover M, and an atlas A is called a smooth atlas, if any two charts in A are smoothly
compatible. Such a smooth atlas is called maximal or complete, if it is not contained in a
strictly larger smooth atlas. A smooth structure on a topological manifold M is a maximal

smooth atlas, and any chart (U, ¢) € A will be called smooth chart.

Definition 2.2.2 (Smooth manifold). A smooth manifold is a pair (M, A), where M is a

topological manifold of dimension m and A is a smooth structure on M.

If the smooth structure is clear, it is usually omitted and we say that M is a smooth man-
ifold. Note that this definition implies that the topology of a smooth manifold (M, A) is

characterized via

B C Mopen <= ¢(BNU)C R™openforall (U,p) € A.

If M is a smooth manifold, a function f: M — R is said to be smooth if, for every smooth
chart (U, ) on M, the composite function f o o~ is smooth on ¢(U) C R™. Note that the
technical definition of a smooth structure, that is a maximal atlas, is to avoid having several
possible smooth structures that induce the same functions f: M — R¥ to be smooth. This
could be achieved in a similar way through a quotient, but via a maximal atlas, we can avoid
this extra construction. The practicability is guaranteed by Lee (2003, Lemma 1.4) which
states that every smooth atlas for M is contained in a unique maximal smooth atlas, and
by Lee (2003, Lemma 2.1), which states that, in order to show that a function f: M — R
is smooth, it suffices to show that f o o' is smooth on p(U) C R" for all charts (U, ) of
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some smooth atlas for M (this means that the smooth atlas could consist of just one global
chart).

We extend the notion of smoothness to maps between manifolds. The following definition
is from Lee| (2003, p.24)

Definition 2.2.3 (Smooth map between manifolds). For two smooth manifolds M, M,
of dimension my, mo, respectively, a map F': M; — M, is called smooth map if, for any
smooth charts (U, ¢) for M; and (V, ¢) for M, the composite map

boFop i pUNFHV)) = ¢(V)
is smooth.

In the same way it suffices to show smoothness of a function f: M — R¥ with respect to
some smooth atlas (which need not necessarily be a smooth structure), it suffices to do so

for maps between manifolds, cf. Lee| (2003, Lemma 2.2).

In the following, we will introduce the notion of tangent vectors on a manifold in the
same way as in Lee| (2003, Chapter 3) and thereby make the above mentioned concept of
“directions” mathematically rigorous. We start with the general notion of derivations that
are linear maps that satisfy the product rule, which we then push forward locally via charts
into Euclidean spaces, where we can link the abstract idea of a tangent space with the very
geometric imagination of directions in R™. Denote with C°°(M) the set of all smooth

functions f: M — R on a smooth manifold M.

Definition 2.2.4. Let M be a smooth manifold andlet p € M. A linear map X : C*°(M) —
R is called a derivation at p if it satisfies the Leibniz rule for all f, g € C*°(M)

X(fg)=f(p)Xg+gpXf.

The set of all derivations of C'*°(M) at p is a vector space called the tangent space to M at
p, and is denoted by 7}, M. An element of T, M is called a tangent vector at p.

Note that for any constant function f € C*°(M), we have by linearity and the Leibniz
rule of X that f(p)Xf = X(ff) = f(p)Xf+ f(p)Xf =2f(p)X [, which is equivalent
to f(p)X f = 0, such that X f = 0. In general, for a smooth map F': M; — M, between
two smooth manifolds M, Ms, the push-forward associated with F' is the map (where
p € M)

F.: T,My = TppMo, (F.X)(f) =X(foF), (2.2.1)
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and it is easy to show that this is well-defined, as well as that F, X is a derivation at F'(p).
We also write (OF),(X) = F.X.

Definition 2.2.5 (Submersions, immersions and embeddings). Let F': M; — M, be a

smooth map between smooth manifolds. We call F
(a) immersion, if F is injective at each point p € M;;
(b) submersion, if F, is surjective at each point p € Mji;

(c) smooth embedding, if F' is an injective immersion that is a homeomorphism onto its

image F'(M;) C M..

With the concept of a push-forward F., we can, loosely speaking, translate directions in
M into directions in M. Thus, if My = R™2, we can translate “abstract” directions in
M into directions in R"*?, which we are familiar with, and those maps are given naturally

by the charts of M, although possibly only locally.

Let (U, ¢) be a smooth coordinate chart on M. Then, by Lee| (2003, p.47), for any p € U,
Oyt TypM — T,,»R™ is an isomorphism (between vector spaces). However, since T;,(,) R™
has a basis consisting of the derivations 0/ ox’ }(p(p), ¢ =1,...,m, we can compute a basis

of T, M by applying (¢ !),:

0
oxt

0
_ —1

p

)

»(p)

which is a derivation that acts on a smooth function f: M — R by

0
ox?

0

©(p)

f=

p

which is just the ith partial derivative of the coordinate representation of f at the coor-
dinate representation of p. Therefore, every tangent vector X € 7, M can be written

uniquely as a linear combination

X:;X&’L”'

’
p

where X!, ..., X™ e R.

So far, we defined the tangent space 7),/M to M at single points p € M, but there is no
concept yet on how these tangent spaces at several points are connected or related to each

other. This is realized via the tangent bundle.
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Definition 2.2.6 (Tangent bundle). Let M be a smooth manifold. The tangent bundle of
M, denoted by 7'M, is the disjoint union of the tangent spaces at all points of M,

TM=| | T,M,

peEM
such that an element of 7'M is a pair (p, X ), withp € M and X € T, M.

With this definition alone it is not clear how those tangent spaces are connected. However,
by Lee (2003, Lemma 3.12), the tangent bundle 7'M is a smooth 2m-dimensional manifold
with a natural topology and smooth structure, such that the projection map 7: TM —
M, (p,X) — pis a smooth map. The charts of T’M are constructed in the following
way: for each chart (U, ) of M, define the chart (771(U), @), where ¢ maps a point
(p, X) € 7~ Y(U) onto

¢(p, X) = (e, - (P, X", ..., X™),

with (X', ..., X™) such that X = 7" X'-O

two charts of 7'M is shown via smooth compatibility of the original charts of M and via

, holds, where smooth compatibility of

a smooth coordinate change.

Definition 2.2.7 (Vector fields). A vector field is a smooth section of the tangent bundle,
that is a map X : M — TM such that 7 o X = id( and X is smooth as a map between
manifolds. The space of all vector fields is denoted by T(M).

Note that we use the symbol X now for a vector field instead of just a vector in the tangent

space.

In order to be able to describe geodesics, that are locally shortest paths (or that are locally
straight lines or that have locally zero acceleration (second derivative)) and in that sense
the generalization of the Euclidean straight line, we need to introduce linear connections.
Loosely speaking, a linear connection is an operator that differentiates along vector fields
(elements of T(M)), and this concept will be linked to differentiation of vector fields along

curves. The following is the definition of a linear connection as in Lee| (2018, p.51).

Definition 2.2.8 (Linear connections). Let M be a smooth manifold. A linear connection

on M is a map
V:T(M) x T(M) = T(M), (X,Y) — VxY,

that satisfies the following properties:
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(a) VxY is linear over C*°(M) in X: for all f,g € C*(M), X1, X5, Y € T(M),

vaH-ngY = va1Y + gVX2}/7

(b) VxY islinear over Rin Y: foralla,b € R, X, Y7,Y; € T(M),

Vx(aY; + bYs) = aVxY; + bV x Vs,

(c) V satisfies the following product rule: for all f € C*°(M), XY € T(M),

Vx(fY) = fVxY + (X[)Y.

Note that due to linearity, one can show that V xY'|, depends on Y only in a local neigh-
borhood of p € M, as well as it depends only on X, see e.g.[Lee|/(2018, Lemma 4.1 and 4.2).
This motivates to think of V xY|,, as the directional derivative of Y at p in the direction of
the vector X}, and to also write Vy Y. Using the basis 9; € T(M), i = 1,...,m, with

0; = ( ai ) , (2.2.2)
ox o/ per

we can express the connection X, Y and V in local coordinates: write X = Zzl X0,

Y =3" Y'0; (where X', Y € C®(M)fori =1,...,m)aswellas V,0; = > ;" | I'};0%,

where analogously Ffj € C°(M)foralli,j, k =1,..., m. From now on, we use the Ein-

stein summation convention, that is, whenever indices appear in a formula as once as an

upper index and once as a lower index, we implicitly sum over this index. Exploiting lin-

earity and the product rule of the linear connection V, we find
VxY = Vxig,Y’0; = (XY* + X'YIT%,) 0. (2.2.3)

Note that here, the vector field X € T(M) takes Y* € C>(M) as its argument, which
means that at each point, the derivation X, € T, M is applied to Y*, giving a number, so
XY* € C®(M). The term X'Y7T}; is just a product of maps in C>(M). By Lee (2018,
Lemma 4.4), there is a one-to-one correspondence between the m? functions Ffj and the

linear connections V via (2.2.3).

We follow the section Vector Fields Along Curves from Lee (2018| p.55f). In this context, a
curve is a smooth map v: I — M, where I C R is some interval (where, if the interval

has an endpoint, smooth means that we can extend the curve slightly more to an open in-
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terval such that it is a smooth map between manifolds. Recall the push-forward v,.: 7,1 —
T, M, where T;1 is the tangent space of I at ¢ with one-dimensional basis d/dt. For any
t € I, the velocity §(t) defined as the push-forward ¥(t) := v.(d/dt) € T’ M, which acts

on functions by
d
V() f = %(f o) (t).

Definition 2.2.9 (Vector fields along curves). A vector field along a curve v: I — M isa
smoothmap V': I — T'M such that V() € T, M for every ¢t € I. Denote with T(7) the

space of vector fields along .

We call V' € T(v) extendible, if there exists a vector field X € T(M) such that for each
t € 1, V(t) = X,«). The following lemma (which is exactly Lemma 4.9 from Lee| (2018))
establishes the link between linear connections and the concept of directional derivatives

of vector fields along curves.

Lemma 2.2.10. Let'V be a linear connection on M. For each curve~y: I — M,V determines
a unique operator
Dy T(v) = T(v)

satisfying the following properties:
(a) Linearity over R: fora,b € R, V.W € T(y),

Dt(CLV + bW) = CLDtV + thW

(b) Product rule: for f € C*(1),V € T(v),

Dy(fV) = fV + fD,V.

(c) IfV € T(v) is extendible, then for any extension X € T(M) of V (i.e. V(t) = Xy
forallt € 1),
DV (t) = Vi X.

For any V' € T(v), D;V is called the covariant derivative of V' along ~. Note that the
expression V() is meant in the same way one writes Vx Y (as discussed below Defini-

tion|2.2.8). In coordinate notation, one can express the covariant derivative at ¢y € I, where
V(t) =Vi(t)9;,so VI € C>=(I), via

D,V (to) = (VF(to) + V7 (t0)3' (to)T5;(v(t0))) Dk, (2.2.4)
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where 7 is plugged into the functions '}, € C>(M), as well as V¥ (o) is the ordinary
derivative of V*: I — R at t. The acceleration of a curve v is the vector field D,¥ along 7.

Definition 2.2.11 (Geodesics). A curve 1 is called a geodesic with respect to V if its accel-

eration is zero: D;y = 0.

This definition together with gives rise to a second-order system of ordinary differ-
ential equations: for coordinates () on some set U C M, a curve y: I — U is a geodesic
if and only if its coordinate representation v(t) = (z'(t),...,2™(t)) satisfies the geodesic
equation:

#*(t) + &' (t)a! ()T ((t)) = 0.

If we fix some point y(¢y) = p € U and initial velocity §(to) = V € T, M (which are
initial conditions to the system), we get existence and uniqueness of geodesics, cf. [Lee
(2018, Theorem 4.10).

Theorem 2.2.12 (Existence and uniqueness of geodesics). Let M be a smooth manifold with
a linear connection V. For anyp € M, anyV € T, M, and any t, € R, there exist an open
interval I C R containing to, and a geodesic y: I — M satisfying v(ty) = p, Y(to) = V.

Any two such geodesics agree on their common domain.

Furthermore, from this theorem it follows that for any p € M, any V' € T, M, there is a
unique maximal geodesic (one that cannot be extended to any larger interval) v: [ — M
with v(0) = p and 4(0) = V. This geodesic is denoted by +y. Consider the definition of
the exponential map from Lee (2018, p.72)

Definition 2.2.13 (Exponential map). Let M be a smooth manifold. Define the set £ C
T M, that is the domain of the exponential map, by

& = {V € TM: 4y is defined on an interval containing [0, 1]},
and define the exponential map Exp: € — M by
Exp(V) = (1).

Furthermore, for p € M the restricted exponential map Exp,, is the restriction of Exp to

the set £, == ENT,M.

Note that by Theorem[2.2.12|that &, cannot be empty. From [Lee|(2018| Proposition 5.7), it
follows that each set £, C T,M is star-shaped with respect to 0 € T, M, that vy (t) =
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Exp(tV) forall V € TM and t € R such that either side is defined, as well as that Exp is

smooth.

2.2.1 Example: Symmetric Positive Definite Matrices

To this end, we introduce the smooth manifold of symmetric positive definite matrices and
determine the tangent spaces. We denote the set of all strictly positive definite real-valued

symmetric n X n matrices by P, in particular,
P = {P e R P =Pl TPy > 0forallz € R", z # 0}.

Here, © # 0 means that not all entries are zero. It is clear from the definition that P is an

open subset of the real-value symmetric n x n matrices, denoted by S, i.e.
S={ser™m 5=5"}
As S is a Euclidean space of dimension n(n+1) /2, one finds the trivial smooth global chart
id: P—>S, P~ P,

which determines a smooth atlas and thus a smooth structure, so P is a smooth manifold.
Note that by construction of the smooth structure a function f: P — R* is smooth if and
onlyif f = foid™': P — R" is smooth in the usual sense, i.e. all partial derivatives of all

orders are continuous and exist.

Since P C S is an open subset, the tangent space of P at P is TpP = TpS = S (use Lee
(2003, Proposition 3.7)). We avoid the vectorization of the symmetric matrices to R™("+1)/2

and thus simply keep the matrix shape for the tangent vectors. To be precise,

0

oz

7P~ {

:i7j:17""n’igj}7
P

where, for smooth functions f: P — R mapping (;Eij);fj:hig ; to a real number,

0

ox¥

f

P
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is in this case just the partial derivative of f in #/. A derivation X € TpP can thus be

represented as (where X% € R)

n
X=)> xii 9
dx |,
ij=1 P
1<j

and with slight abuse of notation we can express X as the symmetric matrix X = (X% )i =1

with X% = X7% and continue calculations with symmetric matrices X € S = TpP.

2.3 Riemannian Manifolds

Following [Lee (2018, Chapter 2), with k,[ = 0,1,..., we denote the bundle of mixed (7) -

tensors on M (also called k-covariant, [-contravariant tensor) by

TPM = | | THT,M),

pEM

where T}7(T, M) is the space of all multilinear maps

F: TMx - XTMXTM X - X TyM — R,

-— -~
1 copies k copies

We use the convention ¢y M = THM and T’M = T;M. As in the definition of the
tangent bundle, for each such bundle we have a natural projection 7: T M — M. A
(’;) -tensor field is a smooth section of a tensor bundle 7}* M, that is a map F': M — T} M

such that 7 o F' = id( and F' is smooth as a map between manifolds. Then, the space of

all (]l“) -tensor fields is denoted by TF(M).

Definition 2.3.1 (Riemannian manifold). Let M be a smooth manifold. A Riemannian
metric on M is a 2-tensor field g € T?(M) that is symmetric, i.e. g(X,Y) = g(¥, X) and
positive definite, i.e. g(X, X) > 0 for X # 0, where X,Y € T'M. The pair (M, g) is called
a Riemannian manifold. Define (X,Y) = g(X,Y).

The Riemannian metric essentially determines an inner product on each tangent space
T, M, and we define the length or norm of a vector X € T, M to be | X| = (X, X)Zl,/Q.

A linear connection V is compatible with g if it satisfies the following product rule for all
XY, Z € T(M):
Vx(Y,.Z)=(VxY,Z)+ (Y,VxZ).
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Furthermore, a linear connection is symmetric, if for all X, Y € T(M)
VY - Vy X = [X,Y],

where [ X, Y] is the Lie bracket, thatis [X, Y] = XY -Y X € T(M),ie.forall f € C®°(M)
and p € M, we have [X,Y],f = X,(Yf) — Y,(Xf) (where Xf € C>(M)). We cite
Theorem 5.4 from [Lee| (2018).

Theorem 2.3.2 (Fundamental lemma of Riemannian geometry). Let (M, g) be a Rieman-
nian manifold. There exists a unique linear connection V on M that is compatible with g and

symmetric.

This connection is called the Riemannian connection or Levi-Civita connection of g. Geodesics

on (M, g) with respect to the Levi-Civita connection are called Riemannian geodesics.
Using symmetry and compatibility, we can express the symbols Fi?‘j from Vj,0; = 770y,
via )

Ffj = §gkl(ai9jl + 0j 9 — 5zgij), (2.3.1)

where g;; = (0;, ;) and (¢')]}_, is the inverse matrix of the matrix (g;;)7"_;.

Definition 2.3.3 (Isometries). Let (M, g) and (/\7 , §) be Riemannian manifolds. A smooth
map ¢: M — M is an isometry, if for all p € M and X,Y € T, M (recall the push-
forward ¢,.: T,M — Tw(p)/{/lv)

<X7 Y>p = <@*Xv 30*Y>90(P)‘

By LLee (2018, Proposition 5.9), if ¢: M — M is an isometry, then for any p € M, the
following diagram commutes (with Exp,, from Definition [2.2.13):

T,M —2— T,pyM
Eprl E;I;W(P)
M—2 s M
By [Lee (2018, Lemma 5.10), for any p € M, there is a neighborhood V of 0 € 7, M and a

neighborhood U of p in M such that Exp,: V — U is a diffeomorphism, i.e. bijective and

smooth with smooth inverse.
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Definition 2.3.4 (Logarithm map). Consider the setup as above. We denote the inverse by
Log,: U — 'V, mapping elements from U C M to V C T, M. Log,, is called the logarithm

map.

We continue to define the notion of lengths of curves as well as distance on a Riemannian
manifold, eventually ending up in the realm of metric spaces. The easiest “class” of curves in
a manifold whose length one wants to determine are smooth curve segments (analogously
to Lee|(2018, p.92)): if v: [a,b] — M is a curve segment in a Riemannian manifold (M, g),
we define the length of -y to be

L) = [ ol

We introduce more classes of curves. A regular curve is a smooth curve v: I — M such
that 4(¢) # 0 for all t € I. A continuous map 7: [a,b] — M is called a piece-wise regular
curve segment if there exists a finite subdivision ¢ = ayp < a1 < ... < a; = b such
that

a1 is a regular curve for ¢ = 1, ..., k. Distances on Riemannian manifolds are
17— 1y

measured along such curve segments, and we call such curves admissible curves. The length

of an admissible curve is defined as the sum of the regular curve segments, i.e.

[%‘—17%])'

Definition 2.3.5 (Riemannian distance). Let (M, g) be a connected Riemannian manifold.
Define the Riemannian distance d,(p, q¢) between two points p,q € M as the infimum of

the lengths of all admissible curves from p to ¢, that is

d = inf L .
(D, q) Y o(7)
~ admissible
7(0)=p; v(1)=¢q

From Lee| (2018, Lemma 6.2) or Bridson & Haefliger| (1999, Proposition 3.18) it follows that
(M, d,) is a metric space and that the induced topology from the metric d,, coincides with
the topology of the manifold M. Furthermore, every minimizing curve 7: [a,b] — M,
ie. Ly(y) = dy(y(a),v(b)), is a geodesic when it is given a unit speed parametrization
(ie. |¥(t)| = Lforallt € [a,b]), by Lee| (2018, Theorem 6.6). Furthermore, by Lee| (2018,
Theorem 6.12), every Riemannian geodesic is locally minimizing, i.e. for v: [ — M, for

any to € I there exists a neighborhood J C [ such that 7|, is minimizing between each
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pair of its points. The following result from Bridson & Haefliger (1999, Proposition 3.18)
relates the Riemannian manifold to length spaces (as in Definition [2.1.4).

Proposition 2.3.6. Let (M, g) be a connected Riemannian manifold. The metric space (M, d,)

is a length space.

Note that this means that d, = d; and therefore, the length of an admissible curve in the
metric space sense, Lg, (7), coincides with the length of vy in the Riemannian manifold sense
L,(7y). We cite Bridson & Haefliger| (1999, Proposition 3.23):

Proposition 2.3.7. Let (M, g) be a Riemannian manifold and M C Mbea smoothly
ezn/bedded submanifold. Then the restriction g, = g, }Tp/\?prM gives a Rieﬁannian metric for
M. It holds that (dg|/\7)* = dj, that is, the induced intrinsic metric of (M, dg‘ﬂ) coincides

with the Riemannian distance on M induced by g.

Finally, we will cite the Theorem of Hopf-Rinow for Riemannian manifolds, cf. Lee (2018,
Theorem 6.13) or Lang| (1999, p.224-226). Note that a Riemannian manifold is geodesically
complete if every maximal geodesic is defined for all ¢ € R. Recall that a metric space is

called complete, if all Cauchy sequences converge in that space.

Theorem 2.3.8 (Hopf-Rinow for Riemannian manifolds). A connected Riemannian mani-

fold is geodesically complete if and only if it is complete as a metric space.

2.4 Curvature

We introduce the curvature tensor on Riemannian manifolds and the concept of sectional
curvatures. We follow Lee (2018, Chapter 7).

Definition 2.4.1 (Riemann curvature tensor). Let (M, g) be a Riemannian manifold. The
Riemann curvature endomorphism is the map R: T(M) x T(M) x T(M) — T(M) defined
by

R(X,Y)Z =VxVyZ -VyVxZ —VxyZ. (2.4.1)

This is by Lee (2018, Proposition 7.1) a (:1)’) -tensor field and by Lee (2018, Lemma 7.2) locally
invariant under isometries, and thus Riemannian manifolds that are locally isometric and in
this sense considered to be “equal”, have locally the same “curvature”. The local coordinate

representation of R is (where 0; as in Equation (2.2.2))

R(D;,0;)0% = Z R; .0,
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and from Do Carmo| (1992} p.93) (where, one needs to take the negative of their formula as

their definition of the curvature endomorphism is —R(X,Y)Z), we have
fjk - Z P?k ih Z chkrjh + &‘ij — 0,15, (2.4.2)
h=1 h=1

. . . . . 4
From the Riemann curvature endomorphism, we can derive its corresponding (0) -tensor,

called the Riemann curvature tensor, defined by
Rm(X,Y,Z, W)= (R(X,Y)Z,W). (2.4.3)

Its coordinate representation is consequently
m
Rijks =Y Rl\Gne- (2.4.4)
h=1

Using the Riemann curvature tensor, we can define sectional curvatures (cf. Lee| (2018,

Proposition 8.8)).

Definition 2.4.2. Let (M, g) be a Riemannian manifold. The sectional curvature of M
associated with the 2-plane II C 7, M spanned by any basis X,Y € T, M with p € M to
be

Rm(X,Y)Y, X)
K(X,)Y)= )
XY= Xy e - (v
Remark 2.4.3. 1. In Lee| (2018), the sectional curvature associated with the 2-plane

IT is defined as the Gaussian curvature (cf. Lee (2018, p.142)) of the 2-dimensional
submanifold locally spanned by the tangent vectors in II and then the above formula
is proven in |[Lee (2018, Proposition 8.8) using Gauss’s Theorema Egregium, e.g. Lee
(2018, Theorem 8.6).

2. There are more concepts of curvature directly derived from the Riemann curvature

tensor, such as the scalar curvature and the Ricci curvature (e.g. Lee (2018, p.124)).

We establish the correspondence between the sectional curvatures and CAT(0) spaces from
Definition [2.1.12] We cite Bridson & Haefliger| (1999, Part II, Theorem 1A.6).

Theorem 2.4.4. Let (M, g) be a smooth Riemannian manifold, and let (M, d,) be the in-
duced metric space. Then (M, d,) is a CAT(0) space if and only if for all p € M and for all
choices of bases X,Y € T, M it holds that K(X,Y) < 0.
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2.5 Riemannian Submersions

We follow the notation from |Lee| (1997, Exercise 3-8). Let M and M be smooth manifolds
and suppose the map 7: M — Misa surjective submersion. For each ¢ € M, the fiber
over p, denoted by //\Xq, is the inverse image 7~ !(q) C M and by the implicit function
theorem a closed, embedded submanifold (cf. Lee (1997, Exercise 3-8); and qu is non-
empty since 7 is surjective). Suppose furthermore that (/T/l/ ,g) is a Riemannian manifold.
Recall the push-forward of 7, that is the linear map and additionally surjective as 7 is a

submersion,

(aﬂ)p: Tpﬂ — Tﬂ.(p)./\/l.

We consider the following decomposition of 7, pﬂ into an orthogonal direct sum,
TM = HM & V,M,

where V;?//\/lv is the vertical space and HPMV is the horizontal space, given by

‘/p]\—/lv = ker ((aﬂ')p) - Tp-//(/lvw(p)y HPM = (‘/;’MV)J_’

note that the Riemannian metric g is used here to determine orthogonality and that the

map (Or) H, M =T, (p)/M is an isomorphism.

Jolm, 51

Definition 2.5.1 (Riemannian submersion). Let (.KAV ,g) and (M, g) be smooth Riemannian

manifolds. A smooth map 7: M — M is a Riemannian submersion if
1. 7 is a surjective submersion,

2. T, is an isometry on vectors in the horizontal space.

The second condition can be rephrased in the sense that the map

|HM HM—)T()M

is an isometry for all p € M, ie.
Go(X,7) = 9oy ((0m),(X), (9m), (7))

forall X,Y € H,M.

With the setup of Definition any vector field X e T(M) can be written uniquely as
X = XH + X" where X¥ is horizontal and XV is vertical, and both are smooth (cf. Lee
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(1997, Exercise 3-8, (a))). Furthermore, if X € T(M) is a vector field on M, then there is a
unique smooth horizontal vector field X # on M , called the horizontal lift of X, such that
(07)p(XF) = Xn(p) for each p € M (cf. Lee (1997, Exercise 3-8, (b))). In the following,
we will use -# as the horizontal lift operator. We state some well-known properties of the
horizontal lift from Lee (1997, Exercise 5-9).

Lemma 2.5.2. Let: (M, §) — (M, g) be a Riemannian submersion and denote by V and
V their respective Riemannian connections. Then, for any vector fields X, Y € T(M), it holds
that for allp € M with 7(p) = ¢ € M that

1. gp(X#7§;#) = 94(Xy, Yy),
2. [X#YHT = [X, Y],
3 Ve Y# = (VaY)" 4+ L[ x# v#]",

Proof. A proof for 1. and 2. can be found in O'Neill| (1983, Lemma 7.45), and 3. follows im-
mediately from using |O’Neill (1966, Lemma 3, 4.) and plugging in|O’Neill (1966, Lemma 1,
Lemma 2). |

We state O’Neills formula, that is the fundamental relation between the sectional curvatures
of M and M (cf. |O’Neill (1966, Corollary 1), O’Neill (1983, Theorem 7.47) or Lee| (1997,
Exercise 8-11)).

Theorem 2.5.3 (O'Neills formula). Let 7: (M, §) — (M, g) be a Riemannian submersion
and let X, Y € T(M) be two orthonormal vector fields. Then the sectional curvatures of M

and M are related via

K(X,Y) = K(X# y#) + z‘ [X# v

2
1T

This means that the sectional curvature on M cannot decrease with respect to the sectional

curvature on M.

Next, we will consider a special case of a Riemannian submersion: the quotient obtained
from a Lie group acting on a Riemannian manifold by isometries. For a start, we cite the
definition of a Lie group from Lee| (2003, page 30) and Lie group actions from Lee| (2003]
Chapter 7).
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Definition 2.5.4 (Lie group, Lie group action). 1. A Lie group is a smooth manifold G
that is also a group in the algebraic sense, such that the the maps (where the first

denotes the group operation)

GxG— G, (hl,hg) — hth,
G—G, h—h,

are smooth. Denote the identity element of GG by e.

2. Let GG be a Lie group and M be a smooth manifold. A left action of G on M is a map
0: G x M — M, written as 0),(p) = h - p, that satisfies (where hy,hy € G, p € M)

hi - (hg-p) = (hihs) - p,
e-p=p.

We further cite the definition of several properties of Lie group actions from Lee| (2003,
Chapter 7), as well as Huckemann et al. (2010).

Definition 2.5.5. Let 0: G x M — M be a left action of a Lie group G on a smooth
manifold M. Then

« the action is said to be smooth, if 0;,(p) depends smoothly on (h, p);

« for any p € M, the fiber or orbit of p under the action is the set [p] = G - p =
{h-p: heG};

« the action is transitive if for any two points p,q € M, there exists h € G with

« the action is said to be acting freely on M if hy - p = ho - p implies hy = ho for any
hi,he € Gand p € M.

« the action is said to be acting properly on M if for all p,,,p,p’ € M, h,, € G such

that h,, - p, — P/, p, — p, it follows that h,, has a point of accumulation h € G with
h-p=7p.

Note that whenever 6 acts freely on M, the fibers [p] are isomorphic to G for all p € M
(cf. Huckemann et al.|(2010)). Having introduced the necessary notation, we proceed to

prove the following result (cf. Lee| (1997, Exercise 3-8)).
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Theorem 2.5.6. Let 7: M — M be a surjective submersion from a smooth Riemannian
manifold (M, g) to a smooth manifold M. Let furthermore G be a Lie group acting smoothly
on M byt: G x M — M, and suppose that

1. G acts on M by isometries of g, i.e. for any two vector fields XY € rJ'(/T/l/) and for
anyp € M, h € G, it holds that

30X, Vo) = Gty (00000 (K5, (901),(5) )

2. mob, = foreveryh € GG, and

3. G acts transitively on each fiber Mq, q € M, i.e. for any two points py, ps € //\/lvq, there
exists h € G with 0, (p1) = po.

Then there is a unique Riemannian metric g on M such that  is a Riemannian submersion.

Proof. Recall that ‘/;)Mv = ker ((07),), and since by 2., 7 o §, = 7, we have (97), =
(0m)6, () © (001), and thus

(061), (Vp//\/lv) = %h(p)ﬂ and furthermore (061), (Hp//\/lv) = Hy, (M.

Observe that for any ¢ € M, from 2. and 3. it follows qu = 7=!(q) = [p|, with arbitrary
pE ./Wq. Letg € Mand X, Y € T(M). Letp € Mq = [p] be arbitrary. Define

9q(Xq, Yy) = gp(X#aY;)#) (2.5.1)

To show that this is well-defined, let p’ € qu with p’ # p. By 3., there exists an element

h € G with p’ = 0,,(p), and we have, since 0, is an isometry,
G (X)) = G (00),(X3). (061),(V1)).
and due to (06y), (Hpﬂ/lv) = th(p)Mv the vector (89h)p()zf) is horizontal and thus
(008),(X) = X5 ) = X7,

analogously for Y;D#, and therefore

gp(XﬁYp#) = gy (Xjf,Yf),
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50 gq( Xy, Yy) is well-defined for any ¢ € M and by construction smooth. Now, g makes 7

a Riemannian submersion, since for any X , = Hpﬂ, pE M, we have

T Ty~ S \\# >\ # > >
50X 73 = G (0K ", (0m)p(V) ™) = a0 ((07),(K,), (91, (T;)).
Uniqueness follows from 7, being an isometric diffeomorphism. u

Remark 2.5.7. Note that in Theorem [2.5.6, we assume the existence of a manifold M and
a submersion 7: M — M. In contrast to these assumptions that are made in [Lee| (1997,
Exercise 3-8), the authors in Huckemann et al{(2010) and/Abraham & Marsden|/ (2008, p.266)
work with the setting that m: M — M /G, p — [p|, and make the additional assumption

that the group action is
« proper, such that the fibers [p] for p € M are closed and thus M /G is Hausdorff;
« free, which implies that all the fibers [p] have the same dimension.

Then one can show that M /G carries a unique smooth manifold structure compatible
with its quotient topology (Abraham & Marsden (2008, p.266)) such that 7 is a surjective

submersion.

FromHuckemann et al. (2010), in the setting of Theorem 2.5.6, we find that the distance d 4
induced from the Riemannian metric on M as defined in Theorem is given by (where
d 5z is the induced distance on M and let P1, P2 € M, ¢ = m(p1), g2 = w(p2))

d = inf do(hy-p1, ho-
M(Q17Q2) hl}hgeG M( 1°P1, 12 pz),
and since the action is isometric, this can be simplified to

dpar gz) = Inf dgg(h - pr,p2). (2.5.2)

2.6 Riemann Stratified Spaces

First, we introduce Stiefel manifolds and Grassmannian manifolds, for the latter see e.g. Lee
(2003, Chapter 7). Let k,m € N. Any k-dimensional linear subspace V of R™ is the span
of the linearly independent columns 1, . . . , 7), of a matrix X = (x1,...,2;) € R™**, and

the space of all such matrices is the Stiefel manifold

St(m, k) = {X € R™* : 1k(X) = k},
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and we write
V = span{xy,..., 2z} = col(X).

The Grassmannian manifold is the quotient
Gr(m, k) .= St(m, k) /St(k, k),
which can be identified with the space
{V C R™: V linear subspace, dim(V) = k},

which is due to col(X) = col(XY) for all Y € St(k, k) and X € St(m, k). Hence, the
Grassmannian can be viewed as the manifold of all £-dimensional linear subspaces in R,
and consequently, a sequence of k-dimensional linear subspaces V,,, n € N, of R, 1 <
k < m, converges in the Grassmannian Gr(m, k) to a k-dimensional linear subspace V
if there are X,,, X € St(m, k) and Y,, € St(k, k) such that col(X,) = V, foralln € N,
col(X) = Vand || X,,Y,, — X|| — 0asn — oo. The proof of the next lemma is from our

unpublished work and due to Stephan Huckemann.

Lemma 2.6.1. Let X,, € St(m, k), n € N such that lim,,_,., X,, € R™ F exists and such

that lim,,_,, col(X,,) exists. Then

col( lim Xn) C lim col(X,).

n—0o0 n—oo

Proof. Let € R™ with L lim,,_,, col(X,,). Once we show z L X = lim,_, X,,, the
assertion follows. By hypothesis, for every ¢ > 0 there are N € N and Y,, € St(k, k) such
that

12" X, Y,| <eV¥n> N.

| > 1, define Z,,,, = Y, /|| Y.l €

m |

In the case that there is a subsequence n,, with ||Y,,
St(k, k) to find
|wTXnm an| <

||Y€ < eVn,, > N,

wll
and as Z,,, is bounded, there is a cluster point Z € St(k, k) with [T XZ| < ¢, and as
e > 0 was arbitrary, we have 27 XZ = 0, so 27 X = 0. In the case that there is no such
subsequence, Y, has a cluster point Y € St(k, k) such that |27 XY | < ¢ and thus again
27X = 0. Therefore, v | X as asserted. u
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Definition 2.6.2 (Stratified space, Whitney stratified space of type (A) and (B)). A stratified
space S of dimension m embedded in a Euclidean space (possibly of higher dimension

M > m) is a direct sum

such that 0 < d; < ... < dj, = m, each S; is a d;-dimensional manifold and S; N S; = 0
fori # j and if S; N S; # () then S; C S;.

A stratified space S is Whitney stratified of type (A),

(A) if for a sequence ¢, g2, - - - € 5; that converges to some point p € .S, such that the
sequence of tangent spaces T, .S; converges in Gr(M, d;) to some d;-dimensional
linear space 1" as n — oo, then 7,,S; C T, where all the linear spaces are seen as

subspaces of R,
Moreover, a stratified space S is a Whitney stratified space of type (B),

(B) if for sequences py,pe, - - € S; and qi, ¢o, - - - € S; which converge to the same point
p € S; such that the sequence of secant lines c,, between p,, and g,, converges to a
line ¢ as n — oo (in Gr(M, 1)), and such that the sequence of tangent planes 7, S;

converges to a d;-dimensional plane 7" as n — oo (in Gr(M, d;)), thenc C T.

For the definition of Riemann stratified spaces, we use the definition from Huckemann &
Eltzner (2020, Section 10.6).

Definition 2.6.3 (Riemann stratified space of type (A) and (B)). A Riemann stratified space
of type (A) (type (B)) is a Whitney stratified space S of type (A) (type (B)) such for each
i =0,...,k S; is a d;-dimensional Riemannian manifold with Riemannian metric ¢,
and if a sequence qi, ¢z, --- € S; converges to a point p € S; such that as above T}, S;

converges to some 7" as n — 00, then the Riemannian metric géﬁ) converges to some 2-

)Eg;

tensor g;: T'®@ T'— R as n — oo, then gz(f T2g.°
P 1






Chapter 3

Geometries for Strictly Positive

Definite Matrices

Let N € N. Recall from Section the symmetric matrices and the symmetric positive

definite matrices, i.e.

S = {SGRNXN: S:ST}.

and

P:{PES:ITPx>0f0ralleRN,x7£O}.

Furthermore, we introduce the set of matrices P € P that have ones on the diagonal, these

are the correlation matrices:
C= {P € P: diag(P) = 1}.
Finally, denote all positive diagonal matrices by

D = {P:<P7,])£VJ:1 eP: Rj:07Pu>Ovl7é]}

Furthermore, define the matrix exponential function exp: & — P (cf. Lang (1999, Chap-
ter XIL,§1)) to be

k=0
which, given the spectral decomposition UAUT = X, where A is a diagonal matrix con-
taining the eigenvalues \;,7 = 1,..., N of X (e.g. Hoffman & Kunze|(1971, Chapter 8, The-
orem 18) for the spectral decomposition), can be calculated via exp(X) = U exp(A)U7,

where exp(A) is the diagonal matrix with entries exp(\;), ¢ = 1,..., N. Since this is a

31
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one-to-one mapping from S to P, we can define its inverse to be the matrix logarithm
log: P — S (e.g. Pennec et al,| (2006)). Furthermore, the matrix square root of a positive
definite matrix P € P is denoted by /P or P'/?, which is the unique matrix in P that
satisfies \/ﬁ2 = P.

3.1 The Fisher-Information Geometry

Recall from Section[2.2.1|the smooth manifold of symmetric strictly positive definite matri-
ces P, where the tangent space of P at P € P isjustS = TpP. We introduce a Riemannian
metric (cf. Deﬁnition for P, which is referred to in this thesis as the Fisher-information
metric, givenat P € P forall X, Y € S by

gp(X,Y) =Tr [PT'XP'Y],

cf. Lang| (1999, Chapter XII), so we obtain a Riemannian manifold (P, g). One can show
that the induced distance is (P, () € P; cf. Definition |2.3.5])

d(P,Q)? = Tr [log (\/ﬁ_le/ﬁ_l)Q} - ilog(m){ (3.1.1)

where ji1, ..., uy are the eigenvalues of PQ~! and log: P — § is the matrix logarithm.

The Riemann exponential and logarithm map are given by (e.g. Pennec et al.| (2006))

Expp(X) = VPexp (\/ﬁ_lX\/F_l>\/ﬁ’
Lok @) = VPlog (VP "QVF ) V.

Witht € R, vp(0) = P and yp(1) = @, the geodesic from P to () is given explicitly by
(e.g. Moakher| (2005} p.5) or Moakher & Zerai (2011, Theorem 3))

vpo(t) = Expp (tLogp(Q)) = VPexp <t log (\/]—D—lQﬁ_l))\/]_D.

Parallel transport of X € TpP from P to () is given by

ro(X) = VEVVE 'QVF VB 'xVB VP QvF VP

= VQPIX\/P1Q,
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where the first equality is derived using the exact pole ladder scheme for symmetric spaces
from Pennec (2018), and the second equality is from Yair et al{(2019), which can be derived

using
VQPT=VP\VP QVP VP

The Riemannian manifold (P, ¢g) has global non-positive sectional curvature and is there-
fore CAT(0) by Theorem [2.4.4 Consequently, between any two points P, () € P, there ex-
ists a unique geodesic connecting them (cf. Theorem[2.1.13), and furthermore, its geodesics
are globally defined (e.g. Lang| (1999, Chapter XII)).

Remark 3.1.1. InLang|(1999), this metric is referred to as the trace metric. This geometry
is also called affine-invariant geometry, as the metric is invariant under transformations
P +— GPGT for invertible matrices (G, which correspond to affine transformations G of
the corresponding zero-mean multivariate Gaussian = ~ A/ (0, P) (cf. Pennec et al./(2006)).
Furthermore, this metric is also referred to as the scaled Frobenius metric, as it is a scaled
version of the Frobenius metric, which is given by gp(X,Y’) = Tr[XY] (cf. Schwartzman
(2006, Def. 2.2.2)). We refer to this metric as the Fisher-information metric, because it is the
metric (times a constant) inherited from using the general Fisher-information metric for
statistical manifolds onto the zero-mean multivariate Gaussians parameterized by covari-

ance matrices P € P.

We to verify that the geodesics in (P, g) are also geodesics with respect to the induced

Riemannian distance d.

With P € P, X € S andt € R denote the geodesic starting from P and emanating into
the direction X by
P(t) = VPexp (t\/ﬁ_lX\/lB_l) VP,

For two points on the geodesic, say P(t1), P(t2) for some t1,t; € R, we find that
-1 -1 -1
P(t)P(ts)"" = VPexp ((t1 —t,)VP XVP >\/TD ,
which has the same eigenvalues as exp ((tl — tg)\/F_lX \/F_l), so its eigenvalues are

exp((tl—tg),ui), 1= 1,...,N,
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where p;,7 = 1,..., N are the eigenvalues of \/ﬁilX\/ﬁil, or equivalently of P~'X or
X P71, and they do not depend on ¢, nor t,. Writing ¢ = 1/ Zf\il u?, we conclude

d(P(t:), P(ts)) = | D log (exp ((t — t2)ps))” = clts — ta,

i=1

so P(t) is indeed globally a geodesic in the sense of the metric space (P, d).

3.2 The Euclidean Geometry

This section provides a summary of the properties of the Riemannian manifold (P, g)
equipped with the well-known Euclidean metric. Identify again TpP = S for each P € P.
The Euclidean metric is a Riemannian metric (cf. Definition [2.3.1) defined on the manifold
P, given by (where X,Y € S)

gr(X,Y) = Tr[XY].

foreach P € P, X|Y € § = TpP, ie. it is independent of the point P € P, where
the Riemannian metric is almost the scalar product of the flat Euclidean space R™"+1)/2,

except for that the off-diagonal entries are weighted twice. The induced distance is thus
(P, Q € P; cf. Definition [2.3.5)

d(P,Q)* = [P = Qll,

where || - || ¢ is the Frobenius norm. The Riemann exponential and logarithm map are given

by (for gp(X, X) < 6 for some 6 > 0)

Expp(X) =P+ X,
LOgP(Q) Q- P

Note that we have the restriction by § since geodesics might leave the open set P C S,
which also implies that (P, g) is not geodesically complete (cf. also |Schwartzman| (2006,
Section 2.2.5)). The geodesic from P to () is given explicitly by

vrq(t) = Expp(tLogp(Q)) = P +H(Q — P) = (1 — )P + tQ.
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Parallel transport of X € TpP from P to () is given by
Hpo(X) =X,

use [Lee (1997, Equation (4.13), page 61) and the fact that the Christoffel symbols of the

corresponding Levi-Civita connection are all zero (Lee| (1997, page 52)).

3.3 The Bures-Wasserstein Geometry

This section provides a summary of the properties of the Riemannian manifold (P, g)
equipped with the Bures-Wasserstein metric. Identify again Tp’P = S for each P € P. Most
of those results are from Bhatia et al|(2017), although the metric is defined for complex-
valued matrices, whereas we restrict ourselves to the real-valued case. It is a Riemannian

metric defined on the manifold P, given by

Zzn:)\ )\+>\ _]II(XOMOY/))\,

=1 j5=1

where P = U Diag()\) U is the unique eigenvalue decomposition with eigenvalues A\ =

(Ai)f~, > 0 and U orthonormal, and where

1 ! ¥ o T ¥ T Y
_<m)1 X=Xy, =UTXU, Y=UTYU= (V)

2,7=1"
In a more implicit manner, the metric can also be expressed as
gp(X.Y) =Tr [KAH],

where K and H are the unique solutions to the equations K P+PK =Y and HP+PH =
X, respectively (cf. Bhatia et al(2017)). This yields the distance

d(P,QP = Tr [P] + Tr [Q] - 2Tr | (VPQVP) |
=Tr [P] + Tr [Q} —2Tr [@}

The geodesic from P to () is given explicitly by

Yro(t) = (1= 1)°P+£2Q + t(1 — 1) [/PQ + /QP].
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An expression for the Riemannian exponential can be derived by setting (for the third

equality, see eg. Yair et al.[(2019))

X =9pgo(0) = =2P +\/PQ + VQP
— 2P+ VP (VPQVP)'"*VP+ VP(VPQVP) VP

which one can then rewrite with H2 = v/PQv/'P to
VPXVP +2P*>=HP + PH,

which has a unique solution H = H (P, X) (solving a continuous Lyapunov equation), such
that we find Q = Q(P, X) = \/ﬁ_lH 2\/?_1. The Riemann exponential and logarithm

map are given by

Expp(X) = vrorrx)(1) = Q(P, X)
Logp(Q) = —2P + \/PQ + \/QP.

Remark 3.3.1. Notably, Bhatia et al. (2017) use the framework of a Riemannian submersion
(cf. Definition to derive the formulas (in their case complex matrices, we use real
matrices). Denote the general linear group of invertible n X n matrices by GL(n), the
orthonormal matrices by O(n). Then the map 7: GL(n) — P, n(A) = P, where A =
U P is the polar decomposition (cf. Hall (2015, Proposition 2.19)) of a matrix A € GL(n),
where U € O(n) and P € P, is a submersion. The Lie group O(n) acting on GL(n)
via Oy (A) = V A satisfies then all the requirements in Theorem such that 7 is a

Riemannian submersion.

3.4 The Log-Euclidean Distance

Identify again TpP = S for each P € P. The idea of this metric is to pull back points
from P to S via the matrix logarithm log: P — S and impose the Euclidean geometry of
S (cf. |Arsigny et al (2005, 2006a,b)). The distance between two points P, ) € P is then
simply

d(P,Q) = [|log(P) — log(Q)]|2-
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To derive the Riemannian metric, one needs to compute the push-forwards log, and exp,
(cf. Equation (2.2.1)), where we use the notation (making the points at which the derivative

is taken explicit)

(a log)P = lOg*Z S= TPP — j_iog(P)S = 87
(Oexp)s =exp,: S 2 TsS = Texps)P = S.

A formula for (0 exp)g is provided in Arsigny et al./(2006a, Equation (2.1)) through differ-
entiation of Equation (3.0.1), as well as a formula for (9log) p via the inverse of (9 exp)s,
where X € S:

(Oexp)s(X) = i % < 5" S’”lxsl> ,

(Dlog)p(X) = (9 exp)lO;(P)(X).

Remarkably, Thanwerdas & Pennec (2021b) exploit an idea, originally developed in Bhatia
(1997, page 124), to calculate the differential of univariant functions, that are extensions of

maps (we assume they are analytic) f: R — R to S — S via the definition
f(S) = f(UDiag(\i,...,\) U") = UDiag(f(\),..., f(\)) U,

where UDiag(\y, ..., \,)U7 is the spectral decomposition of the symmetric matrix S € S
(e.g. Hoffman & Kunze| (1971, Chapter 8, Theorem 18)). Then by Bhatia (1997, Corol-
lary V.3.2) the differential of f is (where X € S and with spectral decomposition S =
UAUT)

01)s(X) = U(f(A) o (UTXU) U,

where o is the Hadamard product between matrices and fI!l(A) is the first divided difference
of f at A = Diag(\y,..., \,), defined as

FOD=Fd) ey ,
(i), = LR N
Y () else,

where [’ is the first derivative of f: R — R (which exists as f is analytic). We can apply
this idea to calculate (9 exp)s(X) and (9log)p(X) directly (where S = UAUT is again
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the spectral decomposition, as well as (with abuse of notation) P = UAU7, where, due to
PeP,\;>0fori=1,...,n)

(& exp)s(X) = U(expm (A) o (UTXU)>UT,
(&log)p(X) = U(logm (A) o (UTXU)>UT.

~1

log(P)(

(as stated in Arsigny et al|(2006a)). Note that log(P) = U log(A)UT. Observe that (where
gny

Y e8)

We proceed to verify that with these formulas we have indeed (0 log) p(X) = (Dexp) X)

X = (8exp)log(P)(Y) = U(expm(log(/\)) o (UTYU)>UT
UTXU = exp(log(A)) o (UTYU),

where

A=) .
i V5 W W
(expm(log(ﬁ))> = { lohilosd, ’

ij by else,
and since the derivative of g(x) = log(z) is f'(z) = 1/x, the element-wise inverse of this
matrix is just log!l(A), which yields
UTXU = expl'(log(A)) o (UTYU)
log"(A) o (UTXU) =U"YU
(9log) p(X) = U(log[”(A) 0 (UTXU)>UT —V = (Dexp)

~1
log(P)

(X)7

which yields the assertion.

Let P,Q € P, X,Y € S. The Riemannian metric is given by (cf. Arsigny et al|(2006a))
gr(X,Y) = Tr [(910g) p(X) (D 10g)p(Y)].
The Riemann exponential and logarithm map are given by (cf. Arsigny et al.|(2006a))

Expp(X) = exp (log(P) + (91og) p(X) ).
Logp(Q) = (9 exp)iog(r) (log(Q) — log(P)).
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The geodesic from P to ), t € R, is given explicitly by (cf. Arsigny et al. (2006a))

Trq(t) = exp (1= ) log(P) + tlog(Q) ).

3.5 Quotient Geometry for Correlation Matrices

This Riemannian metric on the manifold of correlation matrices C was originally studied
by Paul David in his PhD thesis (David, [2019) and subsequent publication (David & Gu,

2019). Thanwerdas & Pennec (2021a) provide calculation recipes for many quantities.

For a vector x € R", define Diag(z) € R™*" to be the n X n matrix with z1, ..., z, on its
diagonal entries, zeros elsewhere. For a matrix X € R™*", define Diag(X) € R"*" to be
the n x n matrix with X4, ..., X, onits diagonal entries, zeros elsewhere. Finally, denote
by diag(X) the vector (X1, ..., Xp,) € R™ Denote by X oY the Hadamard product, that

is the element-wise multiplication of the respective entries.

For amatrix P € P, define Ap = Diag(P)_l, where the square root is the unique matrix
square root corresponding to taking the square root each element for diagonal matrices,
and note that the inverse of a diagonal matrix corresponds to inverting the diagonal entries.
Thus we can write Ap = Diag(\/P_nfl, o \/P_,mfl). Define the map

7P —=>C, P~ ApPAp, (3.5.1)

which is clearly well-defined (i.e. 7(P) € C), since (7(P));; = \/PiflPii\/Pifl = 1 for
i=1,...,n,andsince Ap is invertible and P € P, 7(P) € P. Note that Cisann(n—1)/2-
dimensional manifold with the Euclidean topology, and that the tangent space of C at some

C € C can be represented via the hollow matrices, i.e.
TeC=H={H e S: diag(H) = 0}.

Theorem 3.5.1. Let (P, g7)) be the Riemannian manifold equipped with the Fisher-information
geometry from Section|3.1]

1. The map 7 as defined in Equation (3.5.1) is a surjective submersion.

2. Themap0: D x P — P,0p(P) = DPD, is a Lie group action on P that satisfies the
requirements from Theorem|[2.5.6

3. There exists a unique Riemannian metric g

) on C such that 7 is a Riemannian submer-

sion (and (C, g©)) is a smooth Riemannian manifold).
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Proof. 1. Clearly 7 is surjective since 7(C) = C for all C' € C C P. Further, 7 is smooth
as it is smooth in its matrix entries. To see that 7 is a submersion, compute its differential
(cf. Thanwerdas & Pennec|(2021a, Appendix A)). Let P(¢) be a curve in P with P(0) = P
and P'(0) =V € TpP = S, where t € (—¢, ¢) for some small ¢ > 0. Then

omelV) = 5 (P R0 0 ) |
_ ( B %Viipn'B/QPZJPJJU2 T T %PM 1/2PlJV7JPj]3/2) N
”(;.5.2)
=Ap! < V- %(A;ﬁ Diag(V) P + P Diag(V) A;ﬁ))/\;l, (3.5.3)

where from Equation (3 it is immediate that the diagonal is zero, so (Om)p(V) €
H. To see that (87r)p is surjective, let H € H and let ApHAp € S = TpP, where
Diag(ApHAp) = 0 and thus (O7)p(ApHAp) = H

2. First, to see that D acts on P by isometries of g(*), observe that (90p)p(X) = DXD
forany X € S 2 TpP, and thus for all X, Y € S = TpP,

a0 ((aeD) (X), (E%)D)p(Y)> - [D‘lP‘lD‘IDXDD‘IP‘lD‘lDYD
=Tr [PT'XP Y]
=g (X,Y).

Secondly, we show m o 0p = 7. Let P € P, D € D and observe that

) B 1 B -1
NPy = Dlag(Dll1 Py, ... ,Dm%\/P,m )

and consequently

2

-1
7(00(P)) = Nop(r)0p(P)apiry = (Di'/Pi” DaPyiDisy /Py ;) L = AePAp=m(P).

Thirdly, to see that D acts transitively on each fiber P = 771(C) for any C € C, let
P,Q € P such that 7(P) = n(Q) = C. Then, foralli,j = 1,...,n,

—1 1 1 -1 \/ 7 77
Pi P\ Pjj =+VQi Qij/Qjj b =
V v VQi Qi\/Qy = Nk %Qw
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and thus we have P = 0p(Q) for D = Diag(v/Pi1/vQ11; - - - s VPun/V/Qnn) € D yields
the assertion. Therefore ¢ fulfills the requirements of Theorem 2.5.6]

3. Follows from Theorem [2.5.6 [ ]

Having established the foundation that we are in the setting of a Riemannian submer-
sion (cf. Section [2.5), we continue to compute the quantities of the Riemannian manifold
(C,g'®), and thereby follow Thanwerdas & Pennec| (2021a) very closely. For P € P, the
tangent space 7’»P decomposes into the orthogonal sum of the vertical space VpP and hor-
izontal space HpP,i.e. TpP = VpP ® HpP. We find for X € S = TpP (where 1 denotes

the n-dimensional vector of ones; cf. also Thanwerdas & Pennec (2021a, Appendix A))

X eVpP <= (0m)p(X) =0
(3.5.2) 1 Xii X
7, 9 7 (PZ+P]) oralli,j ) y 1
<— XE{Po(x1T+1xT):x€R”}

< X e{DP+PD:DeD}.

Note that from this calculation it is evident that VP is an n-dimensional vector space,
which makes sense since dim(P) = n(n + 1)/2, dim(C) = n(n — 1)/2, and HpP is iso-
morphic to Ty (p)C, and dim(P) — dim(C) = n. For the horizontal space HpP = (VpP)*,
we find (cf. also Thanwerdas & Pennec|(2021a, Appendix A))

X e HpP < Tr [P’lXP’lY] =0 forallY € VpP
= Tr|P(DP+PD)P'X| =0 forall D€ D

= Tr|[D(PT'X+XP )| =0 forall DeD

— P'X+XP'l'eH < P 'XeH «— XP'eH
< P 'X+ XP'=Hforsome H € H,

where the last expression means that X is the solution to Sylvester’s equation P~1X +

X P! = H for some H € H.

Remark 3.5.2. Notably, vectors X € HpP need not necessarily satisfy diag(X) = 0, as
opposed to what one might think in the first place. This is only true for all vectors in the

tangent spaces of the correlation matrices C.

We continue to compute the orthogonal projections from 7P onto VpP and HpP, respec-

tively (cf. Thanwerdas & Pennec|(2021a, Appendix A)). We start with the vertical projection
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vp: TpP — VpP by solving X = DP + PD +Y for D € D, where X € § = TpP and
Y € HpP. Observe that

X=DP+PD+Y «<— P 'X=P'DP+ D+ P'Y

PYeH diag(P~1X) = (P~ o P + I)diag(D)

e D= Diag(([ P lo P)—ldiag(P—lx)). (3.5.4)
Thus, the vertical projection vp: TpP — VpP is
op(X)=DP+PD, D= Diag(([ + P lo P)—ldiag(P—1X)>. (3.5.5)
Consequently, the horizontal projection hp: TpP — HpP is given by
he(X) =X —op(X). (3.5.6)

We are now ready to compute the horizontal lift of a vector H € H = TC, C € C
(cf. Thanwerdas & Pennec (2021a, Theorem 2)).

Lemma 3.5.3. The horizontal lift of H €¢ H = T¢C, C € C, is calculated by
H#* = hp(ApHAp) € HpP.

Proof. Let H € H = TC. Since (O7) p is an isomorphism from HpP to T (p)C, it is enough
to find any vector X € TpP that satisfies (O7)p(X) = H and then H* = hp(X) € HpP.
Considering Equation (3.5.3), the obvious candidate is X = ApHAp as from Diag(H) =0
we have that Diag(X) = 0, and thus (97)p(X) = 0. Consequently, setting H# = hp(X)

we have

(Om)p(H?) = (01)p(hp(ApHAP)) = (97)p(ApHAp) &2 1.

Using the horizontal lift, we can determine the Riemannian metric on C via Equation (2.5.1)
(cf. Thanwerdas & Pennec (2021a, Theorem 3)).
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Theorem 3.5.4. The Riemannian metric ¢©) on C induced by the Riemannian submersion
from Equation (3 in the sense of Theorem|[2.5.4 is given by (where C' € C, X,Y € H =
TcC, and let P € m~ (C) be any point in the fiber of C)

gS(X,Y) = g (ALX AL, ALY AL) —2diag(C AL X AZ)T (14+CoC ") " diag(C~ ALY A2)
In particular, for P = C' € 7—'(C), the formula simplifies to
99X, Y) = ¢ (X,Y) — 2diag(C1X)T(I + C o C~1) " diag(C~'Y).

Proof. Note that C' = w(P) = ApPAp implies that P~' = ApC~'Ap. We compute the
Riemannian metric using Equation (2.5.1). Let X € H = T¢C and with Equation (3.5.5),
recall that (where D € D)

UP(APXAP) =DP+ PD, where dl&g(D) = (I + P lo P)_ldiag(P—lApXAp).
(3.5.7)
Then

DX, X) = g0 (X#, XH)
= g5 (hp(ApX Ap), bp(APXAP))
29 PV ApXAp, ApXAp) — ¢ T (0p(ApXAp), 0p(ApXAp))

D Ty [P ApXApP- 1APXAP] —Tr [P~(DP + PD)P~(DP + PD)]
T AZXAL AZXAL) — Tv [P7'D*P + DP'DP + P"'DPD + D?]
PHALX AL ALXA2) —2 Te [P'DPD + D?]
g’ (ALX A2, ALXA2) — 2diag(D)T(I + P o P~)diag(D)
THALXAL, ALXAL) — 2diag(P ' ApXAp)T (I + Po P~Y) diag(P ' ApX Ap)
=g (A%XA?D, AL XAYL) — 2diag(CTMALXAL) (I + C o C) diag(CTMALXAY).

[
SIS

2l
k)

Plugging this into ¢ (X, Y) = 1¢&(X -V, X = V) — (X, X) — g5 (V,Y) yields
99X, Y) = g7 (ALX AL, ALY AZ) —2diag(C AL X AL)T (I+CoC ") diag(C ALY A2)
and if we choose P = C' € 771(C), then Ap = I and thus

GO, V) = ¢P(X,Y) — 2diag(C X)T(I + C o C~1) " diag(CY).
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To compute the distance, plugging the distance dp of P from Equation (3.1.1) into Equa-

tion yields

This is a minimization problem over n variables on the set D = (0,00)". Let C' € C and
X € H = T¢C. InThanwerdas & Pennec| (2021a, Theorem 4), the Riemann exponential
map is derived for P = C € 7 (C), but we shall also provide the formula for general
P € 77YC), where X# € HpP is the horizontal lift of X at P:

Exp((f) (X) =m( Expg)(X#)). (3.5.9)

The Riemannian logarithm between C, Cs € C is computed by searching for a horizontal
direction X € H¢, P with Expgj) (X) = (5, which is achieved by finding a minimizer

D* = argmin d5(Cy, DC,D), (3.5.10)
DeD
and then setting X = Logg?(D*CgD*) € H¢,’P. Hence the Riemannian logarithm in C

is (cf. Thanwerdas & Pennec| (2021a, p.5); and note that again, another choice than C; €
71(C}) and Cy € 7 1(C3) can be made)

Log(ccl)(C’g) = (0m)¢, (Loggj)(D*C’QD*)) (3.5.11)
Consequently, the geodesic from C to Cs € C is
1e, (1) = Expl) (t Logg)(cg)) = W(ng,)p*cg D*(t)). (3.5.12)
Note that 75 ¢, (0) = 7(C2) = Cy and 75 ¢, (1) = m(D*CyD*) = Cs.

Remark 3.5.5. For the minimization problem stated in Equation (3.5.10), which is also
necessary to solve in order to compute the distance on C (cf. Equation (3.5.8), in their first
version, the authors of Thanwerdas & Pennec| (2021a) state that the uniqueness and even
existence of the minimizer D* is not proven yet. Prior to the International Conference on
Geometric Science of Information (GSI) in July 2021 in Paris, where Thanwerdas & Pennec
(2021a) was published, I have made several attempts to find a solution to Equation (3.5.10)),
but apparently with no success. However, when I met Yann Thanwerdas at GSI 2021, we

discussed this problem and could prove coercivity of the function to be minimized on the
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spot, which implies existence of a solution to Equation (3.5.10). This result in addition to
the computation of the gradient of the function to be minimized, which is an outcome of

my attempts of solving the minimization problem, is stated in the next lemma.

Lemma 3.5.6. Let P,() € P be arbitrary. Define the map Fp¢: (0,00)" — [0, 00) (where
D, = Diag(x) forz € (0,00)") with

Fpo(z) = d5(P, D,QD,) = Tt [log (\/ﬁ_leQDm\/ﬁ_lf]

The gradient of Fpg at x € (0,00)" is

ﬁFp,Q(x) = 4diag(\/D_xil\/@71 log (\/@DZPADI \/6) \/@\/D_;l) e R".

Furthermore, Fp( is coercive (i.e. Fpg(x) — oo whenever x tends to some boundary of

(0,00)", including going to co) and there is a solution to the minimization problem

" € argmin Fpg(x).
2€(0,00)™
Proof. Coercivity and existence of a solution will be in a future version of Thanwerdas &
Pennec (2021a). We continue to compute the gradient of Fpg. Let x = (21,...,2,) €

(0,00)™ and let k = 1, ..., n. The equalities that are given numbers are explained below.

an’Q _i —1 —1,2

@ oy [log (VP 'D.QDVP ) \/ﬁDng—lpglx/F% (\/ﬁ_leQDm\/ﬁ_lﬂ
k

Doy {(Q‘W log (Ql/szP_leQl/g)Q_l/2> <D_1i <DxQDx> Dgl)} |

v 8:ck

(3.5.13)

where (1) follows from Moakher| (2005, Proposition 2.1), where a general formula for differ-
entiating the trace of a squared matrix logarithm is given; and (2) follows from the invari-
ance of the matrix logarithm under the congruence action, i.e. log(A"*BA) = A~'log(B)A
for, say, A, B € P (e.g. Moakher (2005, Equation (2.1))), as well as the cyclic property of
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the trace: Tr[AB] = Tr[BA|. In the following, let denote by J;; the Kronecker delta, i.e.
0;j = 0 whenever i # j, ;; = 1if ¢ = j. Then

9 e " D
Do (D:QDs) Dyt = D (&Mﬂj + 5ijiﬂi>, _ D!
Th 2,7=1
0irQij | 0kQii \" 1 "
Z; i Jij=1 Tk b=

For any matrix A = (4;;);;_,, we compute

9Ty [A Dglaixk(DxQDx)D;l} _ 2y [(iAu (0w Quj + (5ij13‘)>:].:1]
(

N
Il
—

Z A (60 Qui + 5ilei)>

— % Z (Z A (6 Qui + 5ilei)>

=1 =1
= % ( ; AiQri + 1221: Alelk)
= %(AQ)M-

Setting A = /Q ' log (V@QD,P~'D,/Q) V@ ! and using the above result, we obtain
for Equation (3.5.13)

VFpq(r) = ﬁlcliag(\/ﬁgflx/@1 log (v/QD,P™'D,\/Q) \/éx/D_{l).

Remark 3.5.7. 1. The gradient computed in Lemma can be implemented in order
to use gradient descent methods to solve the minimization problem. Observe that by
setting the gradient equal to zero, i.e. \3 pq(x) = 0, we can reduce the equation to

a seemingly simple equation:

0= VFpo(x)
= 0=4diag(vD. VQ log (VQD.P~'D.\/Q)v/QVD, )

— 0= diag(log (DIP*DIQ))
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Moreover, observe that whenever P = D,QD,, then log (DIP_leQ) =log(l) =

0, where not only the diagonal entries are zero, but the whole matrix.

2. Note that the formula for the gradient given in Lemma is not the shortest ver-
sion, as the /@ terms can be pulled into the matrix logarithm (as has been done in
1. of this remark). In practice however, taking the matrix logarithm of a symmetric

matrix is much more stable, as the singular value decomposition is more stable.

3. Furthermore, one could try to compute the Hessian. The difficulty here is that differ-
entiating log(X (¢)) leads to X'(¢)X ~'(¢) only if X'(¢) and X ~'(#) commute. This
is certainly not true in general for QD,P~'D, and %QDmP_le, so we cannot
use this rule. There is a more general and also more involved expression using an
integral over a product of matrices, but I did not manage to make something out of
it (e.g. Moakher| (2005, Proof of Proposition 2.1)).






Chapter 4

Phylogenetic Forests

To this end, we introduce phylogenetic forests starting with the intuitive representation
via graphs. We continue to introduce the concept of splits and derive a representation of
phylogenetic forests via splits, before we define distance matrices of phylogenetic forests
and from that the correlation matrix representation. All of those representations are partic-
ularly relevant for defining and working on the Wald Space that we construct in Chapter [6]
In the following, L = {1, ..., N} is the set of labels.

4.1 Representation via Graphs

4.1.1 Some Theory on Graphs

We introduce the basic notation for graphs (e.g.|Semple & Steel (2003, Section 1.1 and 1.2)).

Definition 4.1.1. 1. A graphis a tuple (U, €) with a finite non-empty set of vertices U
and edges € C {{u,v}: u,v € V,u#v}.

Moreover, if (0, €) is a graph, then we say that
2. two vertices u, v € U are adjacent, if {u,v} € €,
3. two edges e, €’ € € with ¢’ # e are incident, if |e N €| = 1,
4. an edge e € € is incident with a vertex v € *U, if v € e.

5. For v € U, the degree of v is the number of incident edges to v, i.e.

deg(v) = |{e € €: v € e}

49
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6. A vertex v € U is a leaf or pendant vertex if deg(v) = 1 and an interior vertex if
deg(v) > 2.

7. A vertex v € U is an isolated vertex, if deg(v) = 0.
8. An edge e € € is a pendant edge, if it is incident with a leaf v € °J.
9. An edge that is not a pendant edge is called interior edge.

10. A path between vertices u, v’ € U is a set of edges B C & with

B = {{v, v}, {v2,v3}, ..., {Om-1,0m}}

for a sequence of pairwise distinct vertices vy, vs, . . ., U, €xcept v; = v,, is allowed,
with 2 < m € N such that u = v; and ' = v,,,. We say that I3 connects its endpoints

w and u'.

11. We say that two vertices u, u’ € 0 are connected if there exists a path ‘3 that connects

wand u'.
12. We say that (U, €) is connected, if all vertices u, v € U with u # v are connected.

13. A path is called a cycle, if it is a path from v to v for some vertex v € °U.

Definition 4.1.2. A graph (*T, €) is

1. a (graph-theoretical) forest if whenever two vertices u,v € U with u # v are con-
nected, then the path that connects them is unique. In this case, denote the unique

path between v and v by €(u, v).

2. a (graph-theoretical) tree, if it is connected and a forest.

Only to this end we will refer to graph-theoretical trees and forests as trees and forests,

respectively. We state part of Theorem 9.1 from Wilson/ (1996, p.44).

Proposition 4.1.3. Let (U, €) be a graph. Then the following statements are equivalent:

(i) (0, €) is a tree;
(ii) (B, &) contains no cycles and |&| = Y| — 1;
(iii) (0, €) is connected and |€| = |V| — 1;
(iv) (B, €) is connected and for any e € € the graph (U, € \ {e}) is not connected.

Definition 4.1.4. We say that a tree (U, €) is binary or fully resolved, if deg(v) = 3 for

every interior vertex v € ‘0.



4.1 Representation via Graphs = 51

The next proposition is from Semple & Steel (2003, Proposition 1.2.3).

Proposition 4.1.5. Let (U, &) be a graph. Then,
1. if (B, €) is a tree, then |€| > |V| — 1;

2. if (0, €) is a binary tree, then |€| = 2l — 3, where | € N is the number of leaves of
(T, €).

4.1.2 Phylogenetic Forests via Graphs

Definition 4.1.6. 1. A graph-based forest representative is a triple (U, &, (), where

(G1) (0, €) is a graph-theoretical forest, called the underlying graph and L C ‘0,
such that v € U\ L implies deg(v) > 3,

(G2) and ¢ = (£.).ce € (0,00)¢.
We also refer to the underlying graph (U, ) as the topology of (U, &, (). If the

underlying graph is a tree, we say graph-based tree representative. If the underlying
graph is a fully resolved tree and deg(u) = 1 for all u € L, we call the graph-based

tree representative and its topology fully resolved.

Remark 4.1.7. 1. The definition of graph-based tree representatives without the edge
lengths ¢ is exactly the definition of phylogenetic X -trees as in|Semple & Steel (2003,
Definition 2.1.1 and 2.1.2) with X = L, where, instead of using a labeling function
¢: L — U that is injective, we identify ¢(L) with L and have L C 0.

2. The condition that v € U\ L implies deg(v) > 3 means that any unlabeled vertex
must have degree three or higher. This is equivalent to saying that whenever a vertex

has degree two or less, it must be labeled, i.e. for any v € U, deg(v) <2 = v € L.

3. Consequently, a fully resolved tree representative has NV labeled leaves, and all other

vertices have degree three.
4. For any graph-based forest representative (2, &, /) and any pair of labels u,v € L
with u # v that are in the same connected component, it follows that &(u, v) # ().
Proposition 4.1.8. Let (U, &, () be a graph-based forest representative. If N = 1, then
|U| =1 and |€| = 0. Let N > 2. Then
1. N<|U|<2N —-2and0 < |€| < 2N —3;
2 N<|U|<2N —2and N — 1 < |€| < 2N — 3 if the underlying graph is a tree;
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3. |°U| = 2N —2 and |€| = 2N — 3 if and only if (0, €, () is a fully resolved graph-based

tree representative.

Proof. If N = 1, then || = 1, else there would exist unlabeled vertices with degree two
or less. It follows that || = 0.

3. The equivalence that (U, &, ¢) is a fully resolved graph-based tree representative if and
only if |&| = 2N — 3 follows from Moulton & Steel (2004, Theorem 4.2, (v)). Then by
Proposition|4.1.3} |U| = || + 1 = 2N — 2.

1. Any forest representative can be extended by adding edges and vertices until it is a fully
resolved tree representative, so the upper bounds are |¢| < 2N — 3 and |Y| < 2N — 2
(cf. Moulton & Steel (2004, Theorem 4.2, (i) and (v))). For the lower bounds, the tree with
N vertices U = L and no edges is a graph-based forest representative and yields || = N
and |&| = 0.

2. Analogously to 1., we obtain the same upper bounds. For the lower bounds, we have
at least /V vertices, each labeled once. The minimum number of edges we can have that
connect the N vertices form a chain of N —1 edges, yielding |U| > N and |¢| > N—-1. W

Definition 4.1.9. Two forest representatives (U, &, (), (', &', ') are topologically equiv-
alent, if there is a bijection f: U — 2’ such that

) {u,v} € € = {f(u), f(v)} € &,
(i) f(u) =uforallu € L.
They are isomorphic if additionally
(i) (({u,v}) = E’({f(u), f(v)}) for all edges {u,v} € €.
Moreover,

1. every isomorphy class of a graph-based forest representative is called a graph-based
forest and denoted by § = [U, &, /], analogously for graph-based tree representatives

and fully resolved graph-based tree representatives;

2. every topological equivalence class of a graph-based forest representative is called

its topology [§] = [T, €].

Remark 4.1.10. 1. Note that the above definition is well-defined: if one representative
of [, €, /] is a tree, so will be every representative; analogously for fully resolved

graph-based tree representatives.
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2. Topological equivalence between graph-based tree representatives corresponds to

the notion of isomorphisms between phylogenetic X -trees as defined in Semple & Steel

(2003| p.17) with X = L, cf. also Remark[4.1.7]

4.2 Representation via Splits

4.2.1 Some Theory on Splits

To this end, let X be a finite set.

Definition 4.2.1. 1. A split of X or X -split is a two-set partition of X into two non-
empty sets, i.e. a split of X isa set {A, B} of sets A, BC X, A, B#0,AUB =X
and AN B = (). We write interchangeably

{A,B}:A\B:al...ar|b1...bs:al...ar|B:A\b1...bs,

whenever A = {ay,...,a,}, B={by,...,bs}.

2. Two splits are called compatible with each other, if at least one of the four expressions
is empty:
ANC, AN D, BNC, BN D. (4.2.1)

3. A set of splits is called compatible, if all its splits are pair-wise compatible.

Lemma 4.2.2. Consider two X -splits A|B and C|D with A|B # C|D. The following state-

ments are equivalent:

(i) A|B and C|D are compatible,
(ii) exactly one of the four expressions in is empty:

ANC, AND, BNC, BND.

(iii) exactly one of the following statements is true:

AcD, AcC, BcD, BcCcC, (4.2.2)

(iv) exactly one of the following statements is true:

CcB, DcB, CcA DcA. (4.2.3)
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Proof. Since A= X \ Band C = X \ D, we find that

ANC=0 < CCB < AcCD,

yielding [(ii)] < = By definition of compatibility, [(ii)] = Again, from
ANC =0 < CCB <= ACD,wefindANC =0 = BNC # () and
ANC =0 = AND # (),and finally,if BN D =0 = B C C, contradicting C' C B
implied by AN C = (). Thus, ANC =0 = BN D # (), and thus [[i)] = [(ii)} which
yields the assertion. [

Note that|[(i)] <= [(ii)| is mentioned but not proven inSemple & Steel (2003} p.44). Further-

more, Buneman (1971, p.388) mentions that if two intersections in (4.2.1) are empty, then

A|B = C|D.

Definition 4.2.3. Let ) # Y C X be another finite set and let s = A|B be a split of X.
The restriction of s to Y is
sl, = (ANY)|(BNY). (4.2.4)

If S‘Y is a split of Y we say that S}Y is valid. It 5|Y is not a split of Y we say that SlY has

vanished.

4.2.2 Phylogenetic Forests via Splits

Definition 4.2.4. A tuple (E, \) is a split-based forest if

1. L={L,...,Lg} with1 < K < N such that the non-empty sets L, ..., Lx form
a partition of the label set L;

2. each e € Fisa split of L, for some 1 < a < K;
3. E, denotes the elements in F that are splits of L,;
4. each FE, is compatible;
5. for all u,v € L, with u # v there exists e = A|B € E such thatu € Aand v € B;
6. the edge weights are A = (\.)eer € (0,1)F.
We say that (E, \) is a split-based tree, if K = 1. We call the set F the topology of (E, \).

Remark 4.2.5. The partition of the label set £ can be omitted from the tuple (E, \) as it

can be reconstructed from £ set without loss of generality

{Li,...,Lz} ={AUB: A|B € E},
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where K < K, and for all u € L\ Ule L,, the singleton {u} is added to the collection
and we obtain £ = {L,..., Lx}.

We will elaborate on how to obtain a split-based tree from a graph-based tree representative
(0, €, ¢) following [Semple & Steel (2003| Section 3.1). By Proposition [4.1.3] we know that
cutting an edge e € € (i.e. considering the graph (U, € \ {e})) splits the underlying graph
into two connected components. Furthermore, it partitions the labels . C U into two non-
empty sets A, and B, (if one of them was empty, we would have had a vertex v € U\ {L}
with deg(v) < 2, which is by definition not possible). Note that no two edges give the
same partition (cf. Semple & Steel (2003, Section 3.1)). Thus, we have a map from € to a set
of splits,

e s(e) = Ac|B., E = {s.:ec €} (4.2.5)

We say that (%0, €, () induces the splits E. From Semple & Steel (2003, Theorem 3.1.4), we

can derive the following result.

Lemma 4.2.6. Let I be a set of splits of L. Then there exists a graph-based tree representative
(40, &, () that induces E if and only if E is compatible and for any u,v € L there exists a
split A|B € E such thatu € A and v € B. In this case, (0, &, () is unique up to topological

equivalence.

Proof. Semple & Steel (2003, Theorem 3.1.4) yields this result for X-trees as defined in
Semple & Steel (2003, Definition 2.1.1) with X = L, where multiple labeled vertices are
allowed and E are compatible split sets, the condition that for any u,v € L there exists
a split A|B € E withu € Aand v € B is dropped. But this is exactly the condition
that characterizes that labels are “separated” at least by any split and thus there cannot
be multiply labeled vertices, and vice versa. As pointed out in Remark 2., topolog-
ical equivalence between graph-based tree representatives corresponds to isomorphisms
between phylogenetic X -trees (here X = L), and thus we get the uniqueness result from
Semple & Steel (2003, Theorem 3.1.4). In particular, for two topological equivalent graph-
based tree representatives (U, &, () and (U, &, ¢') with f: U — U’ satisfying (i) and (ii)
from Definition it holds that

s({u,v}) = {f(u), f(v)}) forall {u,v} € €, (4.2.6)

where s’ is the map defined in Equation (4.2.5) with respect to (', &, (). o
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For a graph-based tree representative (U, €, ¢), define the induced edge weights (\s)scp €
(0, 1)E with respect to the induced splits £ by (where s = s(e) for e € &)

As =1 —exp(—{,). (4.2.7)

Note that this is a strictly monotonically increasing correspondence and thus /, — 0 <=
As — Oaswellas ¢, - oo <= Ay — 1. From Equation and from (iii), Def-
inition it follows immediately, that the definition of A is unique up to isomorphy
of graph-based tree representatives. To be precise, for two topological equivalent graph-
based tree representatives (U, €, () and (U, &, ¢') with f: U — U’ satisfying (i), (ii) and
(iii) from Definition [4.1.9} since they are topologically equivalent, they induce the same set
of splits F, and let A € (0,1)¥ and X' € (0,1)” be the edge weights induced by (7, &, ()
and (U, &, ('), respectively. Then, for any split s € F with s = s(e) = s'(¢/) withe € &
and ¢/ € ¢, we know from the uniqueness of induced splits and Equation that if
e = {u,v}, then e’ = {f(u), f(v)}. Therefore,

As =1 —exp(—Le) "= 1 —exp(—Lli) = Ny = AL
We summarize these observations in the following lemma.

Lemma 4.2.7. Let E be a set of splits of L and let A € (0,1)F be some edge weights. Then
there exists a graph-based tree representative (0, &, () that induces E and \ if and only if E
is compatible, for all u,v € L there exists a split A|B € E such thatu € A andv € B and
A satisfies Equation (4.2.7). In this case, (E, \) is a split-based tree and (T, €, () is unique up

to isomorphy.

We can extend the previous results to graph-based and split-based forests.

Theorem 4.2.8. There is a one-to-one correspondence between split-based forests as in Defi-

nition[4.2.4 and graph-based forests as in Definition[4.1.9

Proof. Each graph-based forest [, €, | corresponds one-to-one to a collection of graph-
based trees, say [0y, &, (], ... [Vg, €, (5] for some K € N with non-empty label
sets Ly, ..., Lk, respectively, with L1, ..., Lx being a partition of L.

To see this, note that the topology of any representative (U, €, {) yields connected com-
ponents, say, (U1, €;),..., (Vk, €x) with L, = U, N L and (@ — l foralle e &, a =
1,..., K. For any other representative (', &', ¢') that is isomorphic to (U, &, ¢), its topol-

ogy yields the same number of connected components, say, (', & () o =1,... K,
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such that wl.o.g. U/ N L = L, and hence by restricting an isomorphism f: U — U’ to
flm (i.e. f as in Definition , it holds that (7, &, /() is isomorphic to U, &, £(*,
a=1,... K.

Then, from Lemma we have a one-to-one correspondence between collections of
graph-based trees [U1, &, (Y], ... [Ug, €, ()] with label sets L1, ..., L that are a
partition of L, and collections of split-based trees (£, A\(V)), ..., (Ex, \5)) for label sets
Ly, ..., Lk, respectively (to be precise, each (E,, \(*)) has a partition £, = {L,} of the
label set L, fora=1,..., K).

Finally, there is an obvious one-to-one correspondence between such collections of split-
based trees (E1, AV, ... (Eg, \5)) for label sets Li,..., Lk, respectively, and split-
based forests (E, \), given by E' = U, F, and A!E = A, o

Due to this one-to-one correspondence, we also use the symbol e € E for splits and will
refer to them as edges. Furthermore, we say that two labels u,v € L are connected in a
split-based forest (E, A), if u,v € L, for some o = 1,..., K, where L = {Ly,..., Lk} is
its corresponding label partition. Let (U, &, /) be a graph-based forest representative. For
u, v € U that are connected, denote by &(u, v) the set of edges in the unique path connect-
ing v and v (recall the notation introduced in Definition [4.1.1). The following result states
that an edge is in the path between u and v whenever its corresponding split “separates” u

from v.

Lemma 4.2.9. Let (U, &, () be a graph-based forest representative and (E, \) be its cor-
responding split-based forest, and let s be defined as in Equation (4.2.5). Let u,v € L be
connected and let e € € with corresponding split s = s(e) € E. Then

e € €(u,v) <= s=A|Bandu € A,v € B.

Proof. Cutting an edge e from the underlying graph of (0, &, /) divides the connected com-
ponent that e is contained in into two parts, and accordingly the labels, which yield the
corresponding split s(e). Thus e is on the unique path between u and v if and only if its

corresponding split is A|B withu € Aand v € B. M

The previous lemma motivates the following definition.

Definition 4.2.10. Let (F, \) be a split-based forest with partition L = {L4,..., Li}.
Then, for labels u,v € L,, « =1,..., K, define

E(u,v) ={e€ E:e= A|B,u € A,v € B}.
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Remark 4.2.11. In light of the previous definition, it follows from Lemma and Re-
mark [4.1.7)that E(u,v) # 0 for all u,v € L,, 1 < a < K, which is equivalent condition
5. in Definition

Partial Ordering on Split-Based Forest Topologies

We introduce a partial ordering on split-based forest topologies from Moulton & Steel (2004,
Section 3), although they define it for a broader class of forests. Whenever two split-based
forest topologies £ and £’ satisfy the relationship £’ < F, one can intuitively think of it as
saying that “E’ can be derived from E by contracting and cutting edges”, where split-based
forest topologies corresponding to fully resolved graph-based trees (using the one-to-one
correspondence from Theorem are the greatest upper bounds with respect to this

partial ordering, and the split-based forest topology £ = () is the unique smallest element.

Definition 4.2.12. For two topologies F,E’, of two split-based forests, respectively, and
with label partitions £ = {Ly,..., Li}, £ = {L},..., L.}, respectively, we say that

E' <FE (4.2.8)

if the following three properties hold:

Refinement: L’ is a refinement of £, that is for every 1 < o/ < K'thereis1 < a < K
with L, C L,;

Restriction: for every such o and a above with L, C L,,
E, c{e:e= e|L;, is a valid split,e € E, }
Cut: forevery 1 <o} # o, < K'and1 < a < K, if L'a,l,L;é C L,, then there is some
AlB € Ewith Ly, C A, L;, C B.
Further, wesay £/ < Fif K # E' < E.

The following result is due to Moulton & Steel (2004, Lemma 3), and we prove it for conve-

nience.

Proposition 4.2.13. The relation ' < E in split-based forest topologies as defined in Defi-
nition is a partial ordering.
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Proof. We show reflexivity (£ < F), antisymmetry (£’ < F and £ < E’ then F = E’)
and transitivity (£ < E' and F' < F then E” < E).

Reflexivity. Clearly, £ is a refinement of itself and for the restriction property, since e ‘ L=

: e € E,}. The cut property does

e for any e € F,, it boils down to an equality F, = {e‘L :

not come into play at all, and thus £/ < F.

Antisymmetry. Since £’ is a refinement of £ and vice versa, L = £’. Then analogously
to reflexivity, the restriction property becomes trivial and the cut property does not come

into play.

Transitivity. Let £ < E’' < F with label partitions £”, £’ and £, respectively. Since £” is
a refinement of L', for any 1 < o < K", there exists 1 < o/ < K’ suchthat L, C L/,

and since £’ is a refinement of £, there exists 1 < o« < K such that L/, C L,, and thus

L”, C L,. Therefore, £L" is a refinement of £, so the refinement property with respect to
E" and E holds.

For the restriction property, let o”, ¢’ and « be as above such that L, C L/, C L,. Let
¢” € E’,. Then from the restriction property of E” < FE’ there exists ¢/ € E’, with

" /

e =¢€|., , and by the restriction property of £’ < F there exists e € FE, withe' = ¢ oo
but due to L, C L ,, we have ¢’ = (@|L/ ,) = e| v and thus the restriction property
for £ and E holds.

For the cut property, let 1 < of, o < K" and 1 < a < K such that Lg/{’ ng C L. Then
by the refinement property with respect to £” < E’ and E’ < F there exist 1 < o), o, <
K’ suchthat L, C L!, C Lyand L!, C L, C L,. We distinguish two cases:

1 1 2 2

1. If o) = &}, then by the cut property of E” < E’ there exists ¢ = A’|B’ such that
Lg’; C A"and L y C B’, and by the restriction property of £’ < FE there exists
e = A|B with ¢ = 6|L, ,say AN L’O/1 = A"and BN L’a,1 = B, so Lg/f C A and
o}
L y CB and the cut property holds.

2. If o) # o/, then by the cut property of £/ < E there exists an edge ¢ = A|B € E,
with Lg,l, c L , C Aand ng c L, , C B, so the cut property holds true as well.

We conclude E” < E, yielding the assertion. [ |
The partial ordering simplifies significantly if £ and F’ are topologies of split-based trees.
Proposition 4.2.14. Let E, E’ be split-based tree topologies. Then

F'<FE < FE CE.
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Proof. The label partitions are just £ = L' = {L}, and thus the refinement property is

always satisfied and the cut property never comes into play. For the refinement property,

observe that in this case
E'c{e:e=e

; is a valid split, e € E} =F,

yielding the assertion. u

Back to the general case, let E/, E’ be two split-based forest topologies. By definition of the
restriction property, some edges ¢ € FE yield edges ¢/ € E’ when being restricted to the
respective label set. The following definition categorizes edges e € £ with respect to the
partial order £’ < F into three categories: those that vanish due to them being “cut”, those
that vanish due to them being “contracted” and finally those that yield valid splits that one

can rediscover in F’.

Definition 4.2.15. Let E, E' be split-based forest topologies with £’ < E.

1. Lete’ € E!,, 1 < o/ < K'. Define the set of all edges in E that yield e’ to be

!

Re/::{eEE:e':e

2. Denote the set of all disappearing splits in E by

Ry = {e € F:3Jd st e

w, ¢ E'}

ol

s is valid, but e

3. Denote the set of all cut splits in E by

Reyt = {e €LE: Adste

is Valid}.

L/
Oé’

The following lemma gives intuition for the behavior of these sets.

Lemma4.2.16. Let E' < E with label partitions L = {Ly,...,Lx} and L’ = {L},..., L} },
respectively, and u,v € L. Then the following hold

(i) If K = K’ then, say, L', = Lo, and E!, C E,, foralla = 1,..., K and R, = {€'} for

alle’ € E'. Furthermore, in this case,

EF' <FE < FJawithE, C E, <= Ry #0.

(ii) K < K' <= R, #0.
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(iii) Re # 0 foralle’ € E' and if 3¢’ € E!, with |Re| > 1 then L), C L,.
(iv) E=FE' <= (Rgs=0and R, =0).
(v) Re N Rer =) foralle',e” € E' withe' # €.

(vi) The set of splits from the restriction property in Definition|4.2.12, forany 1 < o/ < K’,
given by

{é: ¢=e|,, isvalide€ E},

is compatible.
(vii) ¢ € E'(u,v) <= RoNE(u,v) #0 <= R. C E(u,v).
(viii) Ry, Ry in conjunction with the R. over all e’ € E’ form a partition of E, where Ry
and R.,, might be empty.
(ix) Letu,v € L., for some 1 < o/ < K'. Then Ry N E(u,v) in conjunction with the R,/
overalle’ € E'(u,v) form a partition of E(u,v), where Ry N E(u,v) might be empty.

(x) Forany L', L., C L, witha' # &", there exists an edge A|B = e € E with L], C A,
L, C Bande € R.

Proof. (i) K = K'implies that L, = L, for some permutation o on {1,..., K}, so

=€

without loss of generality we assume in this case L, = L. Thene|,, = | I

are valid splits for all e € E, for all &« = 1,..., K, so the restriction property of
E' < Ereads E/, C E,,and R, = {¢'} foralle’ € F'.

The equivalences are immediate from

Ryis =0 < (foralla=1,...,K, E, =E,) < E' =FE.

(i) “=": Follows from the stronger statement (x). “<=”: If K = K’, thenby (i) wlo.g. L/ =

L,, and in particular e = e}L = e are valid splits foralle € E,,aa =1,... | K,

Ly
s0 R = 0, a contradiction. This yields K < K.

(iii) By the restriction property of E' < E, eache’ € E!, is the restriction of some e € E,,,
thus e € R. # (). Assume that there exist e;, e2 € R with ey # ey If L, = L, was

= ¢4, a contradiction.

true, then e; = ¢; = ey

Ll / L;/
(iv) “=": Trivial. “<”: Ry = 0 = K = K’'dueto (iij)andthus Rgy =0 — E =F'

due to (iv).

(v) Assume the contrary: let A|B = e € R N Rev, where ¢/ € L), C L, and ¢" €
L, C L,.
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(vii)

(vii)

(ix)

(x)
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Ifo/! =a"’, thene =e = €', a contradiction to ¢’ # €”,s0 o’ # o”. Since e is in

L,
both R and R., both restrictions to L', and L/, exist and therefore

ANnL,#0, BNL,#0, AnL,#0, BNL,#0.

Due to ' < E, by the cut property there exists C|D = é € E, separating L/,
and L!,,ie. L/, C C'and L/, C D. But then é,e € E, cannot be compatible, a

contradiction.

Let L), C L. Lete',e” € E|,, suchthate’ =e|,, ande” =¢°|,, withe = AlB €

FE and e° = A°|B° € E. Then e, e € E, for otherwise their restriction with L/,

would be empty. Since e and e° are compatible, w.lo.g. AN A° = (). Consequently,
e =(ANL)|(BNL,) and " = (A°N L.,)|(B° N L!,) are compatible as (A N
L)yn(A°nL,)=0.

We proceed to show ¢’ € E'(u,v) = Ro C E(u,v) = Ry NE(u,v) #0 =
¢ € E'(u,v).

If ¢ € E'(u,v) and due to (iii), R, # 0, so €' = ely, = (AN Ly)|(BN L) for
some e = A|B € R.,hence u € A,v € B, or vice versa, i.e. ¢ € E(u,v). Since the

choice e € R, was arbitrary, R, C E(u,v).

Ife € Ro N E(u,v),u,v € L, such that e’ = e|;/, thene’ € E'(u,v).

By definition of Ry and Ry, they are disjoint and furthermore have empty inter-

section with each R./, ¢’ € E’ and the latter are pair-wise disjoint due to (v).

By definition, Ry N E(u,v) = 0 for all u,v € L/, (else R., would contain valid

splits). Then (v) in conjunction with (viii) yields the assertion.
Without loss of generality, let X' = 1. We prove by induction over K.

Base case: Let K’ = 2. Then L)} U L}, = L, then by the cut property of E’ < E, there
exists an edge A|B = e € Ewith L| C A, L, C B so neither e

nor e, yield a

Ly
valid split, so e € Ry.

Induction step: Suppose w.l.o.g. the assumption holds true for K’ — 1 > 2 and let
L= Uf;l L’ . By the cut property of £’ < F, there exists an edge A|B = ¢ € F
with Lj € Aand L), C B. If e € Ry, we are done, so assume ¢ ¢ Ry By

definition of Ry, w.lo.g. e|,, is a valid split, so AN L), # () and B N L}, # {.

Ly
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In the following, we construct two wald topologies £ and F, with respect to the

labels L := L \ LY, via “deletion” of L', from E and FE’, respectively:

E = {e}f: e e E,e|zis a valid split},
E =E\E}.

Both are wald topologies, E due to (vi) and E' as we are deleting one connected

component.
Then, E < E is an immediate consequence of £’ < E.

Thus, by induction hypothesis, there exists a split ¢ = C|D € R., of L (where

R+ from Definition with respect to E < E)with I}, € Cand L), C D

such that for each « = 1, ..., K’ — 1 the restriction @

7 does not yield a valid split.

Furthermore, by construction of FE, there exists ¢ = C |D € E with e°

- =¢,le.
C =C\ Ly and D = D\ L%, and such that ¢° and e are compatible; andL note that
due to & € Ry, foreacha = 1,..., K’ — 1 that €° L does not yield a valid split.
Recalling from above, we have that L) C A, LN A # 0, L,N B # 0, L} C C and
L}, C D, therefore

ANC#0, BND#0, ANC #0,

so by compatibility of ey and e it must be that B N C' = (), so from L}, C B we find
Lt € D,ie.eg=C|D = C|(DU Ly,), and thus e,

K
so eg € Ry, aswellas L) C C and L, C D, which yields the assertion.

does not yield a valid split,

4.3 Representation via Distance Matrices

Within a graph-based forest, we will set the distance between two vertices that are not

connected to be infinity. Therefore, we define a calculus on [0, oo], where the element oo

has been added to the interval [0, 00). We define the following rules:

(i) v+ 00 =00+ =o00forall xz € [0, 0],

(ii) * < oo for any x € [0, c0).

With this definition, we introduce forest distance matrices.

Definition 4.3.1. Let D = (d,,)",_; € [0, 00]"*" be a matrix such that for all u,v € L

u,v=1
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(D1) dyy =0 <= uw=wvand

(D2) dyy = dyy.

Then we say that D is a forest distance matrix if it satisfies the four-point condition, that is
if

(D3) for every four (not necessarily distinct) labels u,v,s,t € L, two of the following

three terms are equal and greater or equal than the third:
duv + dsta dus + dvt; dut + dvs' (431)

Remark 4.3.2. In the literature, D is also called tree metric (e.g. Semple & Steell (2003,
Chapter 7)) or distance matrix (e.g. Felsenstein (2003, Chapter 11)).

The four-point condition can be expressed in a more useful manner.

Proposition 4.3.3. The four-point condition is equivalent to the statement that for every four

(not necessarily distinct) labels u, v, s,t € L, it holds that
duv + dst S max{dus + dvt7 dut + dvs} (432)

Proof. “=".If one of the terms in Equation (4.3.1) equals 0o, as two of them must be equal

and greater or equal than the third, at least two terms equal oo, so (D3) holds.

Suppose that all terms in Equation (4.3.1) are finite. Then, independent of which two terms
are equal and greater or equal than the third, Equation (4.3.2) holds.

“<”. From permuting the indices we find that

(*) duv + dst S max{dus + dvta dut _I' dvs}7
(**) dus + dvt S max{duv + dsta dut + dvs}7
(* * *) dut + dvs S maX{dus + dvta duv + dst}7

and thus, if one of the three terms in Equation (4.3.1) equals oo, at least one other term

equals oo, so (D3) holds.

Suppose that all terms in Equation (4.3.1) are finite. Without loss of generality, let d,,,, + d
be greater or equal than the other two terms, i.e. d,, +ds > max{dys+dy, dy+dys}. From

(%), we have equality (whenever another term is the largest, use (#x) or (**x) accordingly),

dus + dvt - maX{duv + dsta dut + dvs}7
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which implies (D3). |

Corollary 4.3.4. Let D = (dy,)Y,_, € [0,00]Y*N be a forest distance matrix. Then D

u,v=1

satisfies the triangle inequalities (cf. Definition , that is
(D4) dyy < dys +dg, forallu,v,s € L.
Furthermore, D is a metric on L in the sense of Definition

Proof. Plug u,v,s,t € L with s = ¢ into Equation (4.3.2) to obtain d,,, = d,, + ds <
max{dys + dsy, dys + dgy} = dys + ds,. Then, D satisfies all properties of a metric from
Definition (to be precise, the metric is d(u, v) = dy,). o

The following lemma teaches that the matrix entries of a forest distance matrix D that are

equal to infinity can be “cleanly separated” from the entries that are finite.

Lemma 4.3.5. Let D = (du,))),—; € [0,00]"*" be a forest distance matrix. The relation on

L defined byu ~ v <= d,, < oo is an equivalence relation.

Proof. Trivially, u ~ wforallu € Landu ~ v <= v ~ wuforall u,v € L. For
transitivity, let u,v,s € L withu ~ sand s ~ v, i.e. d,s < 00 and ds, < co. Then, the

triangle inequality (D4) yields d,, < dys + ds, < o0 and thus u ~ v. [ |

Definition 4.3.6. Let (U, €, /) be a graph-based forest representative as defined in Defi-
nition [4.1.6l Define
(D, €, 0) = (duo)u,

u,v=1
where )
Z L., ifu # v connected,
e€€(u,v)
duv = { g, = (4.3.3)
0, else.

\

for1 <wu,v < N.

Theorem 4.3.7. 1. Let (U, &, () be a graph-based forest representative. Then u(0, &, ()

is a forest distance matrix.

2. Forany forest distance matrix D, there exists a graph-based forest representative (U, €, ()
with D = p(0, €, (), and it is unique up to isomorphy.
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Proof. 1. By definition of i, D = (dyy)l,—; = p(T, € () is symmetric and d, = 0.
For any u,v € L with u # v, either d,, = 0o # 0 or d, = Zeee(u,v) L, > 0, since by

Remark [4.1.7] €(u, v) # 0.

Hence D satisfies (D1) and (D2), and for each 1 < a < K, this makes (dyy)uver, @ tree
metric in the sense of Semple & Steel (2003, Definition 7.1.2) such that we can apply Semple
& Steel (2003, Lemma 7.1.7), stating that the four-point condition holds for all choices (not

necessarily distinct) u, v, s,t € L,,.

For all other choices u,v,s,t € L, at least two of the four labels are not connected, say
without loss of generality d,, = co. Both s and ¢ can thus only be connected to either «
or v, respectively. Thus in all four cases, at least two of the three terms of Equation (4.3.1)
equal co, which implies that the four-point condition holds for all choices of u, v, s,t € L,

yielding the assertion.

2. Let D = (dyo)),—y € [0,00]"*" be a forest distance matrix. From Lemma we
have a partition of L into equivalence classes L1, ..., Lx for some 1 < K < N with
dy, < oo if and only if u,v € L, for some 1 < a < K. By assumption, each sub-
matrix (dy,)uver, satisfies the four-point condition and thus by |Semple & Steel (2003
Theorem 7.2.6) each sub-matrix (dyy)u.ver, is a tree metric on L, in the sense of |Semple
& Steel| (2003, Definition 7.1.2). This means that there exists an X-tree with X = L, in
the sense of Semple & Steel (2003} Definition 2.1.1), and positive edge lengths, that induces
(duv)uvers>and dy, > O0forallu, v € L, withu # vis equivalent to that it is a phylogenetic
L,-tree, which corresponds by Remark (and with the edge lengths) to a graph-based
tree representative (U, &,, ((*)) with labels L,, such that (U, €,, ((*)) = (duw)uweLy-
By Semple & Steel (2003, Theorem 7.1.8), (U, &, £) is unique up to isomorphism.

This collection of graph-based tree representatives corresponds uniquely a graph-based
forest representative (U, €, {) by U = U, Uy, € = U, &, le = @Ef*) forec €¢,1<a<K,
and note that (0, €, /) = D, and that (U, €, () is unique up to isomorphism as every

component is unique up to isomorphism. |

The previous result motivates the following definition.

Definition 4.3.8. Let § = [, €, /] be a graph-based forest. Define

1(§) = pu(, €, 0).

As the graph-based forest representative with forest distance matrix is unique up to iso-

morphy, we have at once the following result.
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Corollary 4.3.9. For any forest distance matrix D there exists a unique graph-based forest
§ with u(§) = D.

Let § = [T, &, /] be a graph-based forest with corresponding forest distance matrix D =
(dwy)y -1 and corresponding split-based forest (E, \) with label partition £ = {Ll, oo, Lk}
(cf. Theorem [4.2.8). Then, by definition of (T, &, ¢) = D, cf. Equation (4.3.3), and using
Lemma [4.2.9)as well as Equation (4.2.7), it follows for all u, v € L, with u 7§ v1<a<K,

= > b= > lo=— > log(l—)\e):—log( IT a-x )) (4.3.4)

e€€(u,v) e€E(u,v) e€E(u,v) e€E(u,v)
This motivates the following definition.

Definition 4.3.10. Let (£, \) be a split-based forest. Define

V(E,A) = ()i,

u,v=1

where
)

—log ( H (1-— /\e)), if u # v connected,

e€E(u,v)

dyp = 4.3.5
“ 0, ifu=uv, (43.5)

[ 00, else.

for1 <wu,v < N.
The calculations above yield the following result.

Theorem 4.3.11. For any forest distance matrix D there exists a unique split-based forest

(E, \) with corresponding graph-based forest § (in the sense of Theorem[4.2.8), such that

v(B,X) = u(§) = D.

We conclude this section with a characterization of the forest topology by the forest dis-

tance matrix.

Proposition 4.3.12. Two graph-based forests §, T’ are topologically equivalent if and only if
their corresponding forest distance matrices satisfy the same equalities and strict inequalities
in (D3).

Proof. This follows directly from Semple & Steel (2003, Example 7.1.6). |
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4.4 Representation via Correlation Matrices

Definition 4.4.1. A matrix P = (puv)fx v—1 € RN*N i a forest correlation matrix, if

Puv = eXP( _duv)

for all u,v € L, where D = (duv){xvzl is a forest distance matrix and exp(—o0) = 0.

Translating the conditions for D being a forest distance matrix to forest correlation matri-
ces, we obtain at once the following result.
Proposition 4.4.2. A matrix P = (py,)},—, € RV
only if P € [0, 1]"*¥ such that for all u,v € L

is a forest correlation matrix if and

(C1) pypw =1 <= u=wv and

(CZ) Puv = Pous

(C3) for every four (not necessarily distinct) labels u,v,s,t € L, two of the following three

terms are equal and less or equal than the third:
PuvPst) PusPot PutPus- (441)

Translating Corollary and Equation (4.3.2) to forest correlation matrices, we obtain at

once the following corollary.

Corollary 4.4.3. Let P = (Puv)uN,vzl be a forest correlation matrix. Then
(C4) puv = pusPsv forallu,v,s € L.

Furthermore, (C3) is equivalent to the statement that for every four (not necessarily distinct)

labels u,v, s,t € L, it holds that
puvpst Z min{puspvta putpvs}- (442)

Just as the maps ;o and v map graph-based forests and split-based forests to their cor-
responding forest distance matrices, respectively, we define the maps ¢ and ¢ that map
graph-based forests and split-based forests to their corresponding forest correlation matri-

ces, respectively.
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Definition 4.4.4. Let § = [U, &, /| be a graph-based forest with corresponding split-based
forest (E, \), with distance matrix ;(§) = v(E, A) = (duy)y ,—;- Define ¢ and ¢ by

N

u,v=1"

U(F) = (T, €,0) = (exp(—du))

O(B.\) = (exp(—du)),

u,v=1"

The next result is an immediate consequence of Equation (4.3.3).

Corollary 4.4.5. Let § = [0, &, (] be a graph-based forest with corresponding forest corre-
lation matrix {)(§) = (puv)s,—1. Then

H exp(—YL.), ifu # v connected,
e€C(u,v)
pur =11 Fuzo, (4.4.3)
0, else.

forl <wu,v < N.

The next result is an immediate consequence of Equation (4.3.5).

Corollary 4.4.6. Let (E, \) be a split-based forest with corresponding forest correlation ma-
trix $(E, A) = (puv)up=1- Then

u,v=1"

H (1 —Xe), ifu# v connected,
e€E(u,v)
Puv = 1 zfu = (4-4'4)
0, else.

forl <wu,v < N.
The next result is the fundamental motivation for the definition of Wald Space in Chapter|6]
and can be found in Garba et al|(2021a, Theorem 4.1).

Theorem 4.4.7. Let (E, \) be a split-based forest. Then its forest correlation matrix ¢(E, \)
is strictly positive definite and thus ¢(E, \) € P.

Proof. This is proven in|Garba et al.|(2021a, Appendix E), but we shall state a more detailed

version here. By definition, if we can show that for any graph-based forest representative
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()T, &, (), the matrix (0, &, /) is strictly positive definite, we are done. We prove the

assertion by induction on N.

Base case. For N = 2 we have two possible graph-based forest representative topologies.
First, U = {1,2}, € = () (so { is an “empty vector”) and thus ¥(7, €, () = I € P, that is
the 2 x 2 unit matrix. Secondly, U = {1,2}, € = {1|2} and ¢, € (0, c0), therefore

1 exp(—€12)>

VT, €0 = (exp(—£1|2) 1

which is strictly positive definite since exp(—/12) € (0, 1).

Induction hypothesis. Now let N > 3 and assume that for any graph-based forest represen-
tative with respect to a label set of size N — 1 or less, its corresponding forest correlation

matrix is strictly positive definite.

Induction step. Let (T, &, () be a graph-based forest representative with forest correlation
matrix (0, €, 1) = P = (puy)s) o—1-
If it has more than one connected component, then the label set L is divided into a partition
Ly, ..., Lg,suchthat p,, > 0forallu,v € L,,a=1,..., K, and p,, = 0 otherwise. For
any o = 1,..., K, the matrix P, = (puy)uveL, 1S strictly positive definite by induction
hypothesis as it is the forest correlation matrix of a graph-based tree representative with
label set L,, and |L,| < |L| = N. Thus we find for any vector x € R" with z # 0, where

x(a) = (xU)UGch’

K
v' Pr = Z(x(a))TPa 2@ >0,
a=1
since (® # 0 for atleastone v = 1,. .., K.

Let (*T, &, () be a graph-based tree representative with forest correlation matrix (3, &, ()
P = (puv)vjjvzl-

Sylvester’s criterion tells us that a matrix is strictly positive definite if and only if all prin-
cipal minors have strictly positive determinant. Since the matrix ( puv)fZ 1, is also a forest
correlation matrix, it must be corresponding to some graph-based forest, and thus by in-

duction hypothesis, it is strictly positive definite. Therefore, it is enough to show that
det(P) > 0.

Within the tree (0, €), there must exist labels u,v € L with u # v, such that u is a leaf
that is

1. either adjacent to v,
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2. or adjacent to an unlabeled vertex w € U\ L such that v is also a leaf adjacent to w.

If there was not such labels v and v, then for any label u € L there must exists an unlabeled
vertex to which no other label is adjacent, so |T| > 2NV, a contradiction to Proposition
Without loss of generality, we can assume that u = N and v = N — 1, as otherwise we
permute the labels accordingly with an invertible permutation matrix R, and the forest
correlation matrix of the thus obtained graph-based tree representative is R7 PR, which is

strictly positive definite if and only if P is.

In both cases 1. and 2., denote the edge incident by N by ey, and define = := exp(—/,,,),
and since ey € €(u,N) forallu = 1,..., N — 1, with Equation (4 we can write

puN = T ¢, for some positive constant ¢, > 0, u =1,..., N — 1.

With G being the set of permutations on L, the Leibniz formula for determinants gives
(where sgn(o) = (—1)™, where m is the number of transpositions of any decomposition

into transpositions of o)

det(P) =Y " sgn(0) [ ] puow

ce6
N N
= < Z Sgn<0-> Hpuo(u)) + ( Z Sgl’l(O') HIOUU(“))
=S u=1 ceS u=1
o(N)=N o(N)#N
N-1
:det((puv)uv 1) ( Z SgN(0) Co(N)Co1(N) pua(u)>7
ceS u=1
RN w1 (N)

so the det(P) as a function in 22 is a straight line (denote this function by f(x?)).

Case 1. In this case, as discussed above, the leaf N is adjacent to N — 1 via the edge ey.
Then py(n—1) = = and pyn = Tpyn-1), and ¢, = pyn-1) foru = 1,..., N — 2, and

cn—1 = 1. Now, if we plug in x = 0, we obtain

1(0) = det(P) = det ((pu) 1)) > 0,

by induction hypothesis. If we plug in x = 1, we find that p,ny = pyn-1) for u € L and

thus det(P) = 0, giving f(1) = 0. Since f(z?) is a straight line and f( ) f() =
we conclude det(P) = f(z?) > 0 for all z € (0, 1), which is the case by definition of

x = exp(—Ley )
Case 2. Let ey_1 be the edge that is incident with the leaf N — 1 and adjacent to the same
unlabeled vertex w € U\ L that NV is adjacent to via e. Define y = exp(—/,,,_, ), and with
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the same argument using the Leibniz formula for determinants we know that det(P) is a
straight line with parameter y* (as N — 1 is also a leaf as IV is). We make the dependency

visible via defining det(P) := g(x?,y?), where ¢ is an affine function in (22, 3?).

As N and N — 1 are both adjacent to the same unlabeled vertex, we have that (u, N) \
{en} = E(u, N — 1)\ {ey 1} forallu=1,...,N —2,and €(N — 1, N) = {ex_1,en},
and foru =1,..., N — 2, by Equation (4.4.3),

PuN =T Cuy Pu(N-1) = YCus  PN(N-1) = Y,

where ¢, = Heee(w,u) exp(—/.). Thus if v = y = 1 then pyv_1) = pun forallu € L, so
det(P) =g¢g(1,1) = 0.Ifz = Oand y # 0, then det(P) = det((puv)i\{;:ll) > (0 which is pos-
itive by induction hypothesis, if y = 0 and = # 0 then det(P) = det((puv)uver\(v-1}) > 0
which is positive by induction hypothesis as well. If z = 0 and y = 0, then det(P) =
det((puw)yvzy) > 0 which is again positive by induction hypothesis. Thus, since g is an

affine function in (22, y?) we have that g(z?, y?) > 0 for all (22, y?) € (0,1)2, which is the
case by definition of z = exp(—/,, ) and y = exp(—/e,_,)-

We conclude that P = ¢(0, &, () is strictly positive definite. O

We summarize the previous results in the following corollary.

Corollary 4.4.8. 1. Each split-based forest ' = (E, \) corresponds uniquely to a forest

correlation matrix given by ¢(F) € [0, 1]V*N

(C2) and (C3).

, characterized by the properties (C1),

2. Furthermore, ¢ maps injectively from the split-based forests into P.

3. Finally, two split-based forests F, ' have the same topologies if and only if their cor-

responding forest correlation matrices satisfy the same equalities and strict inequalities

in (C3).
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BHYV Tree Space

In 2001, Louis Billera, Susan Holmes and Karen Vogtmann introduced the BHV Space (the
acronym stands for the authors names; cf. Billera et al.[(2001)). Let N € N with N > 3.
The BHV space is a metric space where the elements are rooted phylogenetic trees with
labels {1,..., N} on the leaves. We will label the root 0 and add it to the set of labels,
so Ly = {0,1,..., N}. Originally, the distance on BHV space was defined taking into
account the interior edges only, and one would then add the pendant edges of the tree via
a Cartesian product. We will take also the pendant edges into account and interpret the
root 0 as another label. We will rigorously define the BHV Space using the notation from
Chapter

5.1 BHV Space without Pendant Edges

Recall properties and notation for splits from Section[d.2] Let Ly = {0,1,..., N'}. Denote
the set of all possible interior edges with respect to the label set L, by

€ ={A|B: Ly= AU B, |A|,|B| > 2}.

Note that the number of possible splits in € is the cardinality of the power set of L divided
by 2, minus the number of subsets A C Ly with |A| < 1, that is N + 2, we conclude

& =2V - N -2.
Definition 5.1.1. 1. The set of all tree trunks is defined by

B° = {(E,{): E C & compatible, ¢ € (0,00)"}.

73
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2. Define the map y: B° — [0,0)¢ by
T=(E ) = x(T) =z,

where for each e € &,
le, ifee L,

0, else.

3. Define the metric dg.: B° x B° — [0, 00) on B° by (where T, T" € 5°)

dpe (T, T") == inf L

B ( ) ) o [017%%30 (Xofy)a
Y(0)=T,y(1)=T"
X©7y continuous

where L(x o) is the length of the path y o v with respect to the Euclidean distance

on [0, 00)¢, i.e.
n—1
Lixoy) = sup > [[(xo(t:) = (xo(ts)|-
0:t0<t}léN.<tn:1 i—0

Proposition 5.1.2. The tuple (B°, dg-) is a metric space. For any T, T’ € B° we have that
dpe (T, T/) < Q.

Proof. The metric space property follows directly from Lemma[2.1.3} As 0 € x(B°) and the
straight line segments from x(7'), x(7”) to 0, respectively, are contained in x(5°), we find
dpo (T, T") < [[x(T)ll2 + IX(T") |2 < oe. B

Remark 5.1.3. The metric space (B°, dp-) introduced in Definition is the original
BHV Space, as is immediate from Billera et al| (2001, Section 3.2). This is essentially a
metric space on split-based trees, but taking only the interior edges (splits) into account,
ignoring all pendant edges (i.e. splits where one part contains only one label). However, as
mentioned in Billera et al[(2001} p.743), one can include the pendant edges via a product of
an (N + 1)-dimensional Euclidean space, and that allows us to compare BHV Space with

other tree or forest spaces.

The following result is from Billera et al. (2001, Lemma 4.1).

Theorem 5.1.4. The metric space (B°, dp-) is CAT(0).

This property has strong implications: geodesics exist and are unique, cf. Theorem [2.1.13

We investigate the structure of the BHV Space which is a composition of orthants.
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Definition 5.1.5. Let £ C € be a compatible set of interior splits. The orthant of E is the

set

Op = {x € [O,OO)SI z. € (0,00) fore € E, z, = Oelse}.

All of the following statements are trivial by construction.

Lemma 5.1.6. (i) Oy = {0} C RE.

(ii) Let E, E', E" C & be compatible, respectively. Then

E/#E<:>OErﬂOE:®,
E’ CFH — OE/ - 515,
E ﬂ E, — E” < @E ﬂ 6El = 5E”

and furthermore,

Op=| | 0w

E'CE

(iii) For any compatible set of interior splits ' C &, it holds that
O = X({(E,E): le (O,OO)E}>.
(iv) B° is a decomposition into its orthants, i.e.

)= | o

C
E compatible

The notation of orthants simplifies the expression of d-. For two tree trunks 7" = (F, {),T" =
(E', ¢") € B° with their image being in the same orthant, i.e. £ = F’, their distance is sim-
ply

dpo (T, T") = [X(T') = x(T")l|l2 = 1€ = £']]2.

Furthermore, every continuous path v: [0, 1] — B° consists of segments such that their
image under Y traverse an orthant, and we can always shorten v by replacing the segment
through an orthant by the straight line segment with the same end points. This motivates

the following definition.

Definition 5.1.7. Let T' = T, T}, ...,T,, = T’ be a finite sequence of points in 5° with
X(Ty) = z®) e Og, for some Ej, C € compatible for each £ = 0,...,n. The sequence
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Ty, 11, ...,T, is admissible, if for all k = 1, ..., n, the sets Fj_; U E}, C € are compatible,

respectively.

Note that if Ej,_;UFE}, is compatible then z*k=1) (k) ¢ @Ek—lLJEk’ and therefore the straight
line segment through @E;ﬁlu i, Will be the shortest path between z* =Y and +®). Thus we

can rewrite

dpe (T, T") = e, TilnfT . Z [X(Th-1) = x(T3) |-
admissible k=1
neN

By Theorem [5.1.4 there exists a unique shortest path between any two points in B°. In
Owen & Provan (2011), M. Owen and J. S. Provan present an algorithm for computing
geodesics in BHV Space in polynomial time, where one starts with the trivial path over the

cone point and augments it step by step.

We now consider two examples, where we examine the BHV Space for N = 3 and N = 4.

Example 5.1.8 (BHV Space for N = 3). We have L, = {0, 1,2, 3} and thus
& = {01/23,02[13,03|12}.
Thus there are four possible choices for compatible subsets of £, namely
Ey=0, E,={01]23}, E,={02]13}, E;={03|12}.

The respective orthants are, say,

{(0,0,0) € R’}
{(a,0,0) € R*: a > 0},
{(0,b,0) € R*: b > 0},
{(0,0,¢)

Og,
Op,
Og, 0
Og, 0,0,c) € R*: ¢ > 0}.

They are depicted in Figure

Example 5.1.9 (BHV Space for N = 4). We have Ly, = {0,1,2,3,4}. Then |&| = 2V —
N —2 = 10 and according to Billera et al.| (2001} p.743) there are (2N —3)!! :=5-3-1 =15
different possible choices of compatible subsets £ C & with |[F| = N — 2 = 2. For

simplicity and presentability, we consider only the splits

e1 = 12(034, ey = 012(34, e3 = 123(04, e4 = 124/03,
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0 b 0
| | 1
213 12

123
Figure 5.1: The BHV Space embedded in R? via x for N = 3, cf. Example The blue axes

are the orthants O, fork = 1,2, 3. The red point corresponds to the orthant Og, = {0}. The
pendant edges of the trees are in gray to indicate that they are not taken into account.

and the following compatible split sets,
By ={ei,ea}, Ey={ei,e3}, FE3={ei,eq}.
With, say, € = {ej, €2, €3, €4, €5, . .., €10}, we have the following orthants,

Op, = {(a,,0,0,0,...,0) € R'%: a,b > 0},
Op, = {(a,0,¢,0,0,...,0) € R": a,c > 0},
Og, = {(a,0,0,d,0,...,0) € R: a,d > 0}.

They are depicted in Figure

5.2 BHV Space with Pendant Edges

As already discussed in Remark pendant edges can be added to B° by a Cartesian
product. Define the set of all pendant edges by

Epen = {{u}|(L\ {u}): u € Lo}.
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8Tl

£ AL

12314
0
15 T ) ,/ 4 ) 2.5 ‘
0.5
/. i\

1243 d 1243

Figure 5.2: Part of the BHV Space for N = 4 embedded in R via , where only a three
dimensional slice is shown, cf. Example[5.1.9 The planes are the three orthants O, (red), Op,
(green) and O, (blue) The blue axis is the orthant Oy, and the red dot marks the star tree
0 € R¥. Furthermore, four trees are depicted with the topology of the respective orthant they
belong to. The red line marks the shortest path between the respective endpoints, and note that
only due to the visualization the path appears to be a straight line.

For any split-based tree (E, \) (cf. Definition [4.2.4), we reparametrize the edge weights
A € (0,1)F back to edge lengths £ € (0, 00)¥ in a strictly monotonically increasing fashion

(in particular, one-to-one), for all e € £, by
le = —log(1— M), (5.2.1)

and write (F, ) instead of (E, \). Then, for any reparametrized split-based tree (E, {) with
Epen C E, the edges are divided into Eiy = £\ Epen C € and Ejey,, and the edge lengths

¢ € (0,00)¥ are separated into £pe, € (0, 00)% and £y, € (0, 00) " accordingly.

Definition 5.2.1. Denote the set of all reparametrized split-based trees (F, /) with Epe, C
E by B. Furthermore, define the metric ds on B by (where T' = (E, () € B,T' = (E', V') €
B)

dg(T, T") = dgo ((Eint, bint), (B lia)) + [1fpen — Lpenll3-

int?’ ~int

The BHV Space (B, dp) is the set B of all split-based trees

Note that B is the Cartesian product B° x (0, 00)Fr and its metric is a product of metrics
of the form as in Bridson & Haefliger| (1999, Part I, Definition 5.1) and thus from Bridson
& Haefliger| (1999, Part II, Example 1.15, (3)) it follows that (5, d) is also CAT(0). Finally,
geodesics in (B, dg) are just geodesics in (B°, dgo) coupled with straight line segments in

(0, 00 ) Eeen,



Chapter 6
Wald Space of Phylogenetic Forests

Let N € N be the number of labels with N > 2, and define L = {1,..., N}. Recall from
Chapter[dthe definitions of graph-based forests § = [, €, (] (cf. Definition[4.1.9) and split-
based forests F' = (E, \) (cf. Definition [4.2.4), as well as their one-to-one correspondence
we established in Theorem[4.2.8] Furthermore, recall the maps ¢ and ¢ (cf. Equation
and Equation (4.4.4), respectively), that map graph-based forests and split-based forests
one-to-one to strictly positive definite forest correlation matrices, respectively (positive
definiteness from Theorem [4.4.7). Recall further the manifold of strictly positive definite
matrices P from Section[2.2.1]and Chapter [3|with the topology inherited from the Euclidean
space, P C RV*V In the following section, we define the Wald Space.

6.1 Definition and Topology

Definition 6.1.1. The Wald Space is a topological space consisting of the set
w

of all split-based forests F' = (F, \) with labels L, equipped with the unique topology such
that the map ¢: W — P is a homeomorphism onto its image. According to Theorem [4.4.7}
we use split-based forests F' and graph-based forests § interchangeably and call an element
of W a wald, in plural wdlder. The topology E of awald (F, \) € W is called wald topology.

Further, wilder that have the same topology F form a grove

Ge={F' = (E'\N)eW: E=F'}.
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Remark 6.1.2. With &, the set of all wald topologies £ = E; U ... U Fk, i.e. each E,
is a set of compatible splits of L,, « = 1,..., K, satisfying Definition 1.-5., where
Ly, ..., Lk runs over all partitions of L and 1 < K < N, the Wald Space can be bijectively

identified with the disjoint union

we=| |(0,1)".

EcE

Note that this is not a topological statement.

In order to explore the topology of W, by definition we need to understand the topology
of the subset (W) C P. From Theorem and by definition Definition of forest
correlation matrices, the image ¢(W) is exactly the set of all forest correlation matrices.
Thus by Proposition »(W) is characterized by algebraic equalities and inequalities
(namely (C1)-(C3) in Proposition [4.4.2), and we have the following corollary.

Proposition 6.1.3. ¢(WW) C P is a closed subset of P.

Proof. For any sequence P*) € ¢(W) with limit P = (p,,)Y,—; € P, trivially, (C2) and
(C3), as well as (C4) are satisfied. For (C1), trivially p,, = 1 foru € L, and for u,v € L with
u # v, assume the contrary of (C1), namely suppose that p,, = 1. Then by the triangle
inequalities (C4),

(pus > PuvPous = Pus A Pus > PuvPus = pus> = Pus = Pus;

for all s € L, so the two rows coincide and det(P) = 0, a contradiction to P € P. Thus
puw < 1forall u,v € L with u # v, and (C1) holds true as well. As P satisfies (C1)-(C3)
from Proposition [4.4.2] we deduce that P € (). O

Proposition 6.1.4. Let E be the wald topology of a wald ' = (E, \) that is fully resolved
tree. Then the grove G is open in V.

Proof. All matrices P € ¢(Gg) are characterized by the fact that the matrix entries satisfy
the same equalities and the same strict inequalities (cf. Corollary[4.4.8). Fully resolved trees
are the highest dimensional forests (maximal number of edges) where each label is a leaf,

and thus ¢(Gg) is open in ¢(W), i.e. Gp is open in W. O

Define the completely disconnected wald F,, to be F,,, = (F,\) with E = () and A = (),
with partition £ = {{u}: u € L} accordingly. This is the wald with X' = N connected



6.1 Definition and Topology | 81

components, where each component is a single vertex u with u € L. In particular, the unit
N x N matrix [ = (dyp)upver, € P is the ¢-image of Fiy € W, ie. ¢(F) = I. We can
directly show another simple result that is due to the characterization of forest correlation

matrices.

Proposition 6.1.5. W is star shaped in the Euclidean sense of P C RY*Y with respect to

F. and hence contractible.

Proof. Let F € W with ¢(F) = P = (pu)y,—1 € P satisfying (C1)-(C3) from Proposi-
tion[4.4.2] Recall that ¢(F.,) = I and consider

and observe for all z € [0,1] that pi%) € [0,1], further pi3) = 1 <= wu = v for all
u,v € L, and that P®) is symmetric. Thus for all x € [0, 1], P®) satisfies (C1) and (C2)
from Proposition Moreover, to see that P®) satisfies (C3), we show that P(*) satisfies
Equation for all choices of u, v, 5,t € L (and note that P does satisfy Equation (4.4.2),
and we will use this fact everywhere). For pair-wise distinct u, v, s,t € L, observe that

p@ %) = (1= 2)2puups > (1= ) min puspots purpes} = min{p® pl), p) o,

In the case that two of the pair-wise distinct u, v, s, € L are equal, it is enough to verify

the cases, say, s = t and u = s. For s = ¢, so pgf) = 1 = pg, it holds that

p?&f))pgfc) = (1 - x)puvpst Z (1 - {23') min{puspvta putpvs}
(z) ()1

> (1 x)z min{puspvtv putpvs} = min{pi(fs)pq(}?, Put Pys

and for u = s, so pSfQ = 1 = pys we trivially find

plps = pld ) = min{ply), plt) ol = min{p( it ol 01}
If two or more pairs of the pair-wise distinct u, v, s, ¢ € L are equal, then Equation (4.4.2)

is trivially satisfied.

We conclude that P(®) satisfies (C1)-(C3) from Proposition so P® is a forest cor-
relation matrix for all z € [0, 1], and by Theorem [4.3.7 _ 7| the entire continuous path T —
P® 10,1] — P corresponds to a path F(*) := ¢~1(P®)) € W, connecting F' = F©) with
F. = FM as asserted. [
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Remark 6.1.6. 1. For showing contractibility of the edge-product space the authors of
Moulton & Steel (2004, Proposition 5.1) contract to the same point.

2. All of the wilder F®, for 0 < z < 1 constructed in the proof of Proposition
have the same partition of labels into connected tree components, respectively, due
to puy #0 <= (1 —2)pyy # Oforallz € [0,1) for all u,v € L.

3. For 0 < & < 1, P gatisfies unchanged, strict or non-strict four-point conditions
(C3), that may be different, though, from those of P(*) = ¢(F). Thus, F (@) are in the

same grove for all z € (0, 1).

4. All triangle inequalities (C4) from Corollary involving initial nonzero p,,, are
strict, however, for 0 < x < 1, so that for ¢*1(P(I)) none of the leaves have degree
2. For example, starting with the wald consisting of a chain of three vertices with
N = 3 (so each vertex is labeled and the middle is of degree two), it is immediately

transformed into a fully resolved tree (and stays one for all z € (0, 1)).

Definition 6.1.7. Let £ be a wald topology.

1. We identify a grove Gg of a wald ' = (£, \) with topology F with the open cube

Ge={F=(E,\)eW: e (0,1)F}=(0,1)". (6.1.1)

2. We denote the restriction of ¢: YW — P from Equation (4.4.3) to a grove Gy by
¢r: Gg — P such that

op: (0,1)" =P, A= 9p(N) = 6(EN) = (pu)aper,  (6.12)
such that
H (1 =MXe), if u# v connected,
e€E(u,v)
Puv = 1, ifu=uv, (6.1.3)
0, else.
\

3. The continuation of ¢ from Equation (6.1.2) onto all of R¥ is denoted by

¢p:RY =S8, A (pu)s (6.1.4)

u,v=17
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where )
H (1 =X), ifu# v connected,
e€E(u,v)
Puv = 1 ifu=nv (6.1.5)
0, else.

\

Note that although the formulas are the same, for sake of completeness we have repeated
them here in detail. Furthermore, note that the continuation ¢ is multivariate real ana-
lytic. The properties of ¢ are summarized in the following theorem, which thereby char-

acterize each grove.
Theorem 6.1.8. Let E/ be a wald topology.

1. The inverse of ¢r: (0,1)F — P for a forest correlation matrix P = (puv)fxvzl €

or(GE) is given by

o (P) = A
with
Ae = 1 — max Putlos , foralle=A|B € E..
SV P

2. The derivative of ¢ has full rank |E| throughout (0,1)F,

3. The map ¢p: (0,1)F — P is a smooth embedding.

Proof. For the first assertion consider e = A|B, where AU B = L, forsome 1 < o < K
and where L1, ..., L is the leaf partition induced by E. Let D = (dy)y,—; be the forest
distance matrix corresponding to P (cf. Definition and Definition [4.4.1). Then, by
Corollary the matrix entries d,, = —log py, (u,v € L,) define a metric on L,. For
such a metric, Buneman (1971, Lemma 8) asserts that one can assign a graph-based tree

representative (U, &,, (*) where

1

(* = min - — dyy — 1

e 5,13161}4 2 (dut + dvs duv dst)7 (6 1 6)
s,teB

which is uniquely determined by Buneman (1971, Theorem 2). Due to our uniqueness

results from Theorem [4.2.8and Theorem [4.3.7} due to Equation (4.2.7), A. = 1 — exp(—(2)
and thus from Equation (6.1.6) and by p,, = exp(—dy,),

1 PutPus
)\6:1_ — _du d’L)S_duv_d'S :1_ .

s,teB s,teB
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For the second assertion, let ¢ € E and suppose that F' = (FE, \) with label partition
L ={Li,...,Lg}, 1 < K < N. Using Equation (6.1.3), for any u,v € L, if either u = v
oru € Ly, v € Ly with a # o, then

(Grw) =0

Else, if u,v € L, for some 1 < o < K, then p,, > 0 and with the Kronecker delta ¢,

a¢ | | uv
2 (/\) - _566E(u,v) (1 - /\é) = - p 5@6E(u,fu) s (617)
e i 1—M\
uv eepéu,v)

Thus, for every x € R¥, we have for the differential of ¢,

((d¢E)A(x)) = —Puv Z 1 feA 566E(u,v) )

uv
eckE

so that ((d¢g)x(x)), = 0 implies for all u,v € Lo, foreachar = 1,... K,

x
0= e =d,. 1.
> =5 = (6.1.8)
e€E(u,v)
We now view each of the /, := %5, ¢ € E as a real valued “length” of e. With the

corresponding graph-based forest topology [U, €| corresponding to E, for every e € E
there are vy, vo € U, with suitable 1 < o < K such that e corresponds to {vy,v2} € €,.
In particular, since (U, &,) is a tree, there are u, v, s,t € L, (not necessarily all of them

distinct), such that

1
2
As the rhus. is zero due to Equation (6.1.8), it follows that =, = 0, yielding that (d¢g), has

full rank, as asserted.

ai = (d;v + d;t - d;t - d;s) .

The third assertion follows directly from 1. and 2., i.e. ¢ is bijectively smooth onto its

image and its differential is injective. H

Having characterized each grove, we are interested in what happens with ¢ if A € (0,1)F
converges to the boundary of the cube. The next result characterizes exactly under which

conditions ¢z () stays in the image of Wald Space under ¢, i.e. p(WV).
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Lemma 6.1.9. Let E be a wald topology and \* € 9([0, 1]F) with ¢g(\*) = (p%,)N,—; € S.

Then
op(\*) € p(W) <= ¢p(\*) € P <> pi, <1 forallu,v € L withu # v.

Proof. For the first equivalence, by Proposition[6.1.3|¢(WV) is closed in P and by continuity
of i, pp(A\*) is a limit of matrices ¢p(A™) = dp(A™) € ¢(W), s0 pp(A\*) € p(W) +—=
Ppp(X*) € P.

For the second equivalence, if ¢p(A*) € ¢(WW) then by (C1) of Proposition for all
u,v€e L, pl, =1 <= u=no.

For the other direction, suppose that p}, < 1 for all u,v € L with u # v. Again, by con-
tinuity of ¢z, ¢g(A\*) is a limit of matrices ¢z(A™) = ¢p(A™) and thus ¢z (\*) satisfies
(C2), (C3) of Proposition as well as p;,, = 1 for u € L. Now, since p;, < 1 for all
u,v € L with u # v, we have p}, = 1 <= u = v, so (C1) is also satisfied and thus

dp(X*) € p(W). |

So, as long as all off-diagonal entries are strictly less than one, or equivalently, as long as
the matrix is strictly positive definite, we stay in the image of the Wald Space under ¢.
Accordingly, we define the boundary of groves which is by Lemma6.1.9 well-defined.

Definition 6.1.10. Let £ be a wald topology. The boundary of the grove G, is defined by
0G s — {F = ¢~ (Bp(\)): A € 0([0,11F), p(X*) € 73} cW. (6.1.9)

Accordingly, define Gr = GrUIGE.
The following result gives a first glimpse on how different groves are connected through
the convergence of wélder.

Theorem 6.1.11. Consider a sequence of wilder (F,,),en C W, such that F,, — F' € W,
where F,, = (E,, )\(”)), n € N, F/ = (E', X). Then there is a subsequence ny, k € N, and a
common topology I such that £, = E for all k € N. Furthermore

1. A\™) has a cluster point \* € [0, 1],
2. and ¢(F") = ¢p(\*) for every of such cluster point \* € [0,1]%,
3. and F' € 0Gg whenever E #+ E'.

Proof. For the first assertion, as there are only finitely many wald topologies, there needs to

exist a subsequence (F,, Jken C (F,)nen with E,,, = E for some topology F forall k € N,



86 | Chapter 6 Wald Space of Phylogenetic Forests

and thus, since F},, € Gi = (0,1)%, there exists A™) € (0,1)% with ¢p(A"™)) = ¢(F,,)
forall k € N.

For 1., by Bolzano-Weierstraf3, there needs to exist a cluster point A* € [0, 1]¥ of (A(™*)).en.

For 2., for any cluster point \* € [0,1]%, from the continuity of ¢p, ¢(\*) is a cluster
point of (¢(F,))nen and by F, — ' we find ¢(F,) — ¢(F') and thus ¢z (\*) = ¢(F").

For 3., let \* € [0,1])F be a cluster point. If \* € (0,1)F then F' € Gg and F = F/,
a contradiction. Thus \* € 9([0,1]¥), and due to ¢p(\*) = @¢(F') € P, the assertion
follows. H

Theorem|6.1.11|proves that whenever a sequence of wiélder F,, € G converges F,, — F' €
W topology E’ and F’ ¢ Gg, then F' € 0Gg. In this sense we have found a relationship
between £’ and E. In the following section we make this relationship precise and un-

ravel the boundary correspondences via a partial ordering on wald topologies, which was

introduced in Definition 4.2.12

6.2 At Grove’s End

In the following theorem, we characterize the boundaries of groves via the partial ordering

on wald topologies (cf. Definition [4.2.12).

Theorem 6.2.1. For wald topologies E and ', the following three statements are equivalent,

where the boundary of groves OGg, is as defined in Equation (6.1.9):
(i) ' < E,
(i) & C OGE,
(iii) G N OGE # 0.

Proof. Let E have label partition £ = {L;,..., Li}.
“(i) = (ii)”. Assume that ' = (E', \') € G with partition £ = {L},..., L} }. By
assumption £ < E, and we can use the sets from Definition[4.2.15as well as Lemmal4.2.16]
Using Lemma[4.2.16] (ix), set

0 e € Rys
)\* = 1 e € Rcut

1—(1- Xe,)l”Re/‘ e€ Ry, e € F
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to obtain \* € [0, 1]¥, and note that \* € 9([0, 1]¥) since Rey U Rygis # 0 due to B/ < E
by Lemmal4.2.16] (v). By injectivity of ¢, it suffices to show (x) (in this case, I’ € dG):

(o) = 06N 2 6(F) = () _ € P.

First, observe that by Equation (6.1.5) for all uw € L,
Pow =1 = Pl

Next, again from Equation (6.1.5)), for all u, v € L with u # v that are not connected in F”,
say u € L’a,l, v E L’a,2 for some o, af, € {1,..., K'}, we have p,, = 0. If v and v are also
not connected in F, then p, = 0 = p! . Assume now that u and v are connected in F.
Then, by Lemma [4.2.16] (xi), there exists an edge A|B = ¢ € R., withu € Aand v € B,

and due to A} = 1 by construction, p}, =0 = pl,.

Finally, for all u, v € L that are connected in F’, we have, due to construction and Lemma

),

(L)L)

eEI{dismE(uva) e EE’ u 1)) CER ’

= I a=-xX) =0

e’'€E’ (u,v)

Thus, we have shown ¢(F') = ¢p(\*).
“(ii) = (#ii)” is trivial.
“(iti) = (i)”. Let I = (E',N) € Gg N 0Gp, i.e. there exists \* € 9([0,1]¥) with

(
op(\*) = ¢(F') € P. In the following, we will construct a wald F° = (E°, \°) and show
that

Claim I: E° < FE, and
Claim ll: ¢(F°) = ¢(F"), implying F° = F’ and E° = F/,

which, in conjunction, yield E' < F.
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Let ¢p(X*) = (p},)Y,—1. Denote the connectivity classes of L, where u,v € L are con-

nected if and only if p}, > 0, by
Lo ={L],..., Ly},

with 1 < K° < N. By Equation (6.1.5), if p!, > 0 for u # v, it follows that u,v € L,
for some 1 < a < K and therefore also p,, > 0 by Equation (6.1.3). So p}, > 0 implies
puv > 0,and we have that LS, . . ., L. is a refinement of L1, . .., L by Lemmal[4.2.16] (xii).

Define E° by setting for each 1 < a® < K° (where, say, L2, C L, for some 1 < o < K)

exists and A} # 0}, (6.2.1)

E;o::{e re€ k| ife

L° L°
[e% «@

and consequently £° := (. ES.. To verify that £° is a wald topology, by Lemma
(vii), each E. comprises of compatible splits. We need to check Definition[4.2.4] 5. For any
labels u,v € L2, C L,, since F is a wald topology, there exists an edge e = A|B € E,
Lo, with
u € A°|B°. Suppose for any split ¢ € E such that e® = ¢ Lo it holds that \} = 0. Then,
by Equation (6.1.5), we had that p,, = 1, so by Lemma _ g(A*) ¢ P, a contradiction.

Thus there exists at least one edge e®° € E° separating v and v. We conclude that £° is a

with u € A and v € B, and any such edge yields a valid split e° = A°|B° = e

wald topology. Furthermore, the restriction property is satisfied trivially.

Verifying the cut property, suppose there exist 1 < af # a5 < K°and 1 < o < K such
that 7o, L3, C Lq. Hence by construction

Pus = 0, Py > 0and pg; > 0 forallu,v € Ly, and s,t € Ly, . (6.2.2)

Let now u € Lf, and s € Lg,, then by Equation (6.1.5), piy, = [[.c s (1 — A2) = 0,50
there must exist e = A[B € E(u, s) with A7 = 1. This implies L. € A and Lge C B, for
otherwise, if A Z v € Lg?, say, then v € B and hence e € E(u,v) by Definition |4.2.10} so
pi, =0, due to A = 1, a contradiction to Equation (6.2.2)). Thus the cut property holds.

Having verified all of the properties from Definition [4.2.12] we have shown E° < F, and
we can use the notation introduced in Definition and Lemma is applicable for
E° < E. Since \* is on the boundary, there must be some e € F with either \} =1 >
Ae > 0orall A} < 1and thereis A} =0 < A.. In the first case, e € R, in the second case
e € Ry, so that in both cases £° # E by Lemma[4.2.16] (v), yielding E° < E, which was
Claim L
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In order to see Claim II we define suitable edge weights A\°. Let 1 < a® < K° be arbitrary
and let 1 < a < K be such that LY. C L,,. For each ¢® € E}., define

Ae=1- ] (1=x). (6.2.3)

e€R 0

Indeed, A2, € (0, 1), since by Lemma 6/ (ix), none of the e € R.. lie in Ry, we have
Af < 1, and by Equation (6.2.1) and Lemma [4.2.16| (iii) there exists e € R.o with A} > 0.
Thus F° := (E°, \°) is a well defined wald.

We now show the final part of Claim II, namely that ¢(F’) = ¢(F°). Recall that ¢(F°) =
dp(X) = (phy) 8 =1 and let ¢(F°) = (p3, )2 ;- By Equation - for all u € L we have

P, = 1 = po,, and by definition of the connectivity classes LJ, ..., L} we have p! =0

if and only if p;,, = O for all u,v € L.

For all other u,v € L, we may assume that u,v € L}, with L., C L, for some 1 < a° <
K°and 1 < o < K. By Lemma4.2.16|(vii), the sets Rg;s N E(u, v) in conjunction with R
for all e° € E°(u,v) form a partition of F(u,v). For the first set we have

e € Ras N E(u,v) = A\, =0. (6.2.4)

Indeed, if e € Rgis N E(u,v) then the restriction e° = e

Lo, isa valid split as it splits L7,
into two non empty sets. But as e € Ry this split does not exist in £° which, taking into

account Equation (6.2.1), is only possible for A} = 0.

In consequence, we have (the first and the last equality are the definitions, respectively, the
second uses that Ry N E(u,v) and R, e® € E°(u,v) partition E(u, v) and the third uses
for the first factor (6.2.4) and (6.2.3) for the second factor)

Pw=TI (=)

e€E(u,v)

o) o)
e€ERgisNE (u,v) e°€E°(u,v) eERo

h A 3 =1-22,

= II @-x)

e°€E° (u,v)

= Puv»

completing the proof. u
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Corollary 6.2.2. Let E be a wald topology. Then

oG = | Ge- (6.2.5)

E'<E

Corollary 6.2.3. Let E be a wald topology and let (F,,),en C Gg C W be a sequence of
wadlder such that F,, — F' € W for some wald F' € W with wald topology E’. Then E' < E.

Proof. Either £ = E or by Theorem 3., F' € 0Gg, which, in turn, implies by
'Iheoremthat OGN G # (), s0 E' < E. In both cases, we find £/ < E. [ |

6.3 Stratification

Theorem 6.3.1. Wald Space with the smooth structure on every grove G conveyed by ¢, is
a Whitney stratified space of type (A).

Proof. First, we show that W is a stratified space. Let E be a wald topology with |E| = i
for some 7 = 0,...,2N — 4. In the case that the topology of the graph-based forest repre-
sentative corresponding to E has more than one connected component, one can connect
two of the components by inserting an edge connecting two labeled vertices to obtain a
new graph-based forest representative and thus wald topology £’, and as F is displayed by
E’ in the sense of Moulton & Steel (2004), we have £ < E’' and |E’| = i + 1. In the case

that F has only one component, and since ¢« < 2N — 3, one can add another compatible

split to obtain a new wald topology £’ with |E'| =i + 1.

We conclude that for any E with |E| = i there exists £’ with |[E'| =i+ 1 and E < E/,
and by Theorem Gr C Gg/. As E was arbitrary with |E| = i, we have that S; C S;;,
and thus for any i < j that S; C S as required.

For Whitney condition (A), let [y, F5, - -- € S; be a sequence of wilder that converges to
some wald [ € S;, so i < j, and such that T, S; C S converges to a j-dimensional plane
T C S asn — oo (in the Grassmannian G(dim(S), j)).

First of all, we can assume without loss of generality that F}, F5,--- € Gp for some wald
topology E with |E| = j since S; is a disjoint union of finitely many groves, and by
Corollary we have that F,, — F’ € Gg/ implies F’ € G, and furthermore, without
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loss of generality that F), = ¢z(A™), where A € (0,1)”, n € N, with AW — \* ¢
[0, 1]¥ satisfying ¢(F"') = ¢r(\*) (by taking subsequences accordingly). Then, using

0or
O

Tr G = span{ ()\(n)): e e E} cS,

and using Lemma [2.6.1} we find

ol .09
Span{ai;f()\*): e e E} = span{nh_}ngo aqj\f ()\(")): e e E}

CJI—E&Span{a)\e(A ).eEE =T.

Therefore, showing that (x) holds in

8@25}5/ / / / (+) aéE *
TeGr = span{aT,e/()\): e e E} C span{a)\e (N):ee€ E} cT

would yield the assertion. We will show () by showing that for each ¢’ € F’, there exists
a constant ¢ > (0 and an edge e € E such that

00w, OdE .\,
ax, M =g A

Recall from Equation (6.1.3) and Equation (6.1.5), respectively, the uv-th matrix entry of ¢

and ¢ g for connected u, v,

(es0)) = TI (=2,

uv
e€E(u,v)

(o) = T[ (1-x),

e'eE’ (u,v)

and we calculate their partial derivatives, where the symbol 1 is the indicator function:

05 . .
(8?\5 <)\ ))uv = _16€E(u,v) H (1 - )\é)a

ée?;gu,v)
O0bp
(;%w)) — e T 0- ).
e uv e'eE’ (u,v)

é'#e’
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The relationship between F' and ¢z (\*) as derived in the “(iii) = (7)” part in the proof of
Theorem [6.2.1] holds true here as well, in particular Equation

E,={c:ecEd =e¢

is a valid split of L), and A} # 0}

L/
o

and for each ¢’ € £’ from Equation (6.2.3),

No=1-JJ@=x)#o. (6.3.1)

eERe/

Consequently, by Lemma [4.2.16| (iii), for any ¢’ € E!, there exists e € R, with A} # 0. Let
u,v € L be arbitrary.

1. Assume e ¢ F(u,v). By Lemma4.2.16|(vii), ¢ = e

LN N L
(o), 0= (Gew),.

2. Assume e € E(u,v). Then there are two cases:

;& E'(u,v) and thus

uv

a) ¢ ¢ E'(u,v). On the one hand, this implies (%()\’)) = 0, on the other
hand either u ¢ L., orv ¢ L/ ,, implying )

0= (¢m(\),, = (6s(\)),, = TI (=)
écE(u,v)

so A5 = 1 for some é € E(u,v) with € # e, which implies

I0E . o (998,
(8A6 (A )>UU B 0 a (8A// (A >>'1L'U'

e

b) ¢’ € E'(u,v). In this case by Lemma[4.2.16| (vii), R C E(u, v) and we have

(Sew) == T 00— 11 -4

é'eE’ (u,v) écE(u,v)
& te! 4R,
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and furthermore,

(aeen), == II 0=

ecE(u,v)
é#e
=—(H(1—Az)>( 11 (1—Az))
EER, EEE(u,v)
é#e é¢Re/
_ * 8¢E’ /
(o) (Grm),
et

where the first factor (call it ¢) does not depend on u and v and must be non-zero
by Equation (6.3.1).

From all these cases, we find

a¢E’ A anE %
a>\/e/ (>\> =c a)\e (>\ )7

concluding the proof. |

Having Whitney condition (A), this later allows for interpreting Wald Space as a Riemann

stratified space.






Chapter 7

Geometries for Wald Space

In Chapter [6| the Wald Space is introduced, that is a topological space WV with topology
inherited from embedding it into the manifold of strictly positive definite N x N symmetric
matrices P via ¢: VW — ‘P. In this chapter, we define a general framework on how to obtain
a metric on )V via choosing a Riemannian metric on P and state some general results.
Recall the definitions of Riemannian manifolds, Riemannian metrics in Definition[2.3.1]and
the Riemannian distance in Definition Furthermore, recall the concept of an induced
intrinsic metric and lengths of curves in metric spaces (Lemma[2.1.3).

7.1 General Results for Geometries on Wald Space

If g is a Riemannian metric on P, we construct a length space (W, d}) by first taking the
induced intrinsic metric d; with respect to the metric space (¢p(W), d,), where d, is the
Riemannian distance on (P, g), and then pull-back this construction to W via ¢. But one
has to be cautious with the topologies: the topology induced by the metric space (¢(W), d;)
might not necessarily be the same (it can be finer) as the topology induced by (¢(W), d,),
and thus the metric space (W, d;) can carry a topology that is finer than the topology of

the Wald Space. However, we show that this is not the case.

Lemma 7.1.1. Let g be a Riemannian metric on P and let E be a wald topology. For any
point P € ¢(G) with P = ¢()\) for some A € [0, 1]F there exists a compact neighborhood
U C R¥ of A with ¢(U) C P and a constant ¢ > 0 such that for all \' € U it holds that

d;(P, oE(X)) <A =X
Proof. First of all, since ¢ is continuous, P C & is open and ¢5(\) € P, there must exist

an open neighborhood U’ C R¥ around \ such that ¢z (\') € Pforall N € U’. LetU C U’

95
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be a compact and convex set and € > 0 with B. = {x € R¥: ||z||y < £} such that for any
N € U,wehave N + B. C U'. Then, for any \' € U and = € B. the function

fo(@) = dg(ép(X), op(N + 1))

is well-defined and smooth. Note that f/(0) = 0 and furthermore

f;«(O) = 2d9 (&E(A% &E()‘ + I)) grad dg (&E(A)a éE(A + )) }:Jc:O = 07

and thus using the Taylor expansion of f at z = 0 yields fy () = O(||z||3) in particular

fv(z) < 3 ||z||3 for some constant ¢y > 0 depending on VN, for all x € B..

Let \' € U be arbitrary and set Q = ¢ (). Furthermore, denote the straight line segment
from A to A’ by
v:[0,1] = U, V() = A+ t(N = A),

where [ is well-defined as U is convex, and observe that ||y(t') —v(t)||2 = |t/ — t|||N — Al|2
forall¢,t € [0, 1]. Finally, note that ¢ := sup,,cy ¢y < 00 as U is compact. By definition of
the induced intrinsic metric (cf. Lemma , we can bound d} from above by plugging in
the curve ¢ oy instead of taking the infimum over all continuous paths connecting P and
Q. This yields, where for t, < t; < ... < t, in the supremum, we can assume without loss
of generality that n € N is large enough and ||y(t;+1) — v(ti)|l2 = (fi1 — )N — Al[2 < €
foralli =0,...,n—1,

&:(P,Q) = d:(dp(N), du(\))
< sup ng (QEE (W(ti))a Q_SE (V(tiﬂ)))

to<t1<...<tn =0
to=0,t,=1 =
neN

n—1

= sup Z (f’y(ti) (V(t”l) N 7(12)))

to<t1<...<tn, —0
to=0,t,=1 =
neN

1/2

n—1

< osup Y ey (ti — 1) [N = Al
to<t1<..<tn
to=0,tn=1 =0
neN

< cf|X" = Alla.

We conclude the assertion. [
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Proposition 7.1.2. If g is a Riemannian metric on ‘P, the topologies of the metric spaces

(¢(WV),d,) and (p(WV), d;) agree.

Proof. By definition we have that d; > d,, which implies that sequences that converge with
respect to d; also converge with respect to d,. For the other direction, let (P, )nen C ¢(WV)
be a sequence that converges to P € ¢(W) with respect to d,, ie. dy(P,P,) — 0 as
n — oo. Using that the topology of the Wald Space is by definition the one induced by
(¢(W),d,), we can apply Theorem to find a subsequence ny, k € N, and a wald
topology E, such that there are wilder F,, = (E,\®) € W with ¢p(A*)) = P, _for all
k € N and such that \*) — \* for some \* € [0,1]” and ¢5(\*) = P. By Lemmal7.1.1]

dy (P, PW)y < c[| A" — /\(k)HQ —0, ask — oo.
[ |

The following result is a direct consequence of Proposition and Burago et al| (2001,
Proposition 2.3.12).

Proposition 7.1.3. Let g be a Riemannian metric onP. Then any continuous curve-y: [0, 1] —

p(W) in (¢(W), d,) is continuous in (¢(W), d;) and vice versa, and Lq,(y) = Laz (7).

g
Another practical result is the following consequence of Lemma

Lemma 7.1.4. Let g be a Riemannian metric on P and let E be a wald topology. Let~y: [0,1] —
[0, 1) be a continuous curve and assume that ¢ o v: [0,1] — ¢p(Gr) C P is well-defined.
Then, if v has finite length measured with respect to the Euclidean distance on [0, 1)F, the
continuous curve ¢ oy has finite length measured in ($(W), d;) and (p(W), d,).

Proof. Denote the length of + with respect to the Euclidean distance on [0, 1] by L. Use
Lemma and the fact that without loss of generality for the supremum we can assume
that ||v(¢;) — v(tiz1)|| < eforalli =0,...,n — 1, for any € > 0, and we obtain

La,(ppo7) = Las(ppor) < sup E d( <Z>E(’V(t¢+1)))
to<t1<.. <tni 0
to= Otf\?*l
ne

n—1

< s Seq

to<t1<...<tpn, =
to=0,ty 71n 1=0
TLGN

Y(ts) — V(tz‘ﬂ)Hg

<cL

Y
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where ¢ = SUD, (1)ef0,1] Cv(t) < OO as the supremum is taken over a compact set. So in

particular, Ly, (¢p o v) < cL < oo by assumption, which yields the assertion. [

In particular, we have the following useful result.

Proposition 7.1.5. Let g be a Riemannian metric on P. For any two points P, () € ¢(WV)
there exists a continuous path connecting them with finite length with respect to d,. In partic-
ular, d; (P, Q) < oo forall P,Q € ¢(W).

Proof. Any point P € ¢(W) corresponds to a wald F' € Gp for some wald topology E
with P = ¢p()\) for some A € (0,1)F. The straight line segment in [0, 1]¥ from X to the
vector 1 € [0, 1] that has ones in each coordinate, where ¢z(1) = I € P, the unit matrix,
yields a continuous curve 7: [0,1] — [0, 1]¥ that has finite Euclidean length. Therefore,
using Lemmal7.1.4] the continuous curve ¢ o+ connects P and I and has finite length with
respect to d, and dj. Thus, for arbitrary points P, ) € ¢(WV), take the paths connecting
them with I, respectively, and concatenate them, yielding a path from P to () with finite
length.

For the second assertion, denote this path by 7. Then, d} (P, Q) < Lq,(7) < oo yields the

assertion. ]

To conclude, Proposition justifies the following definition, where we use that ¢ is
injective (cf. Corollary [4.4.8).

Definition 7.1.6. Let g be a Riemannian metric on P inducing the Riemannian distance
d, on P. The Wald Space equipped with metric induced by g is the metric space (W, Jg)
defined by

dy(F, F") = dy(o(F), ¢(F"))

for all F, F" € W, where d, is the induced intrinsic metric from (¢(W), d,).

Remark 7.1.7. First of all, note that the Wald Space from Definition [6.1.1]is a topological
space and Proposition ensures that the topology induced by Jg is the same as the
topology of the Wald Space.

Second, we could have started with just a metric d on P instead of the Riemannian man-
ifold structure and assumed that the topologies of (¢(W), d) and (¢(W), d*) agree, and
we would still have obtained a well-defined Wald Space equipped with a metric. However,
the Riemann exponential and logarithm will prove to be very useful for designing numer-

ical algorithms that compute approximated geodesics on (W, d}). That is why from the
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very beginning, we use a Riemannian manifold structure on P. And as we have seen in

Chapter [3] there exist several of Riemannian metrics on P to choose from.

For the next theorem, recall completeness and local compactness from Deﬁnitionm

Theorem 7.1.8. Let g be a Riemannian metric on’P with Riemannian distance d, and suppose
that (P,d,) is complete. Then the Wald Space equipped with metric induced by g, (W, czg), is

a geodesic space.

Proof. Proposition yields that ¢(WV) is closed in P. Consequently, as any manifold
is locally compact, ¢()V) is locally compact, and since (P, d,) is complete by assumption,
(p(W),d,) is complete.

Furthermore, since by Proposition any two points are connected by a continuous
path of finite length in (¢(W), d), which is complete, applying Theorem [2.1.9] yields that
(p(W), dy) is complete.

Finally, as (¢(W), d;) is by definition a length space that is complete and locally com-

pact (the latter is the case since (¢(W), d,) and (¢(W), d}) carry the same topology due

to Proposition |7.1.2), we can apply the Hopf-Rinow Theorem for metric spaces (cf. Theo-
rem [2.1.8), which concludes the theorem. |

Recall from Definition the definition of a Riemann stratified space.

Theorem 7.1.9. Let g be a Riemannian metric on P. The Wald Space equipped with metric
induced by g, W, d,) is a Riemann stratified space of type (A).

Proof. As we equip all of (W) C P (ie. all strata) with g, the assertion follows immedi-
ately. H

Geometry on Maximal Groves

Given a wald topology F, on can construct an intrinsically induced distance on ¢(Gg) via
(¢(Gr),d;), where the x operator is with respect to ¢(Gg). Pu}ling back onto Gy then
yields another metric space (G, df ), and it is not clear whether d,, restricted to G equals

df , in general it does not need to be true.

However, Proposition teaches that for a fully resolved tree topology F, G is open
in W, and thus, as Gz is an embedded submanifold of P by Theorem the geometries

agree locally. Therefore, geodesics computed in the thus obtained Riemannian manifold
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G (by restricting the metric g on P to ¢(G) are geodesics in the metric space (W, d,), in
a small enough neighborhood. This is the motivation to view groves of fully resolved trees

as Riemannian manifolds.

In the following, we identify Gz = (0,1)% as in Deﬁnition and recall the embedding
¢p: (0,1)F =2 Gy — P from Deﬁnition Further, recall 'Iheorem stating that ¢

is a smooth embedding between manifolds.

The tangent space at A € Gy, is then given by T\Gr = R, and denote the differential of

¢ by 5
(@0p)a(a) = 3 m TE )

S
The Riemannian metric on Gy is computed by requiring ¢ to be an isometric embedding

in the manifold sense, i.e. for any z,y € R¥, setting P = ¢x()\) € P, we have

gf(a:,y) :gP<(d¢E) ( ) (d¢E ) szlyﬂgzw

i€FE jeE

where for all 7,7 € E,

0 0
o = a5 = 9n (R0 SE ) ), .11

The Gram matrix of g is then (g/7); jep with inverse denoted by (9)i.jer- By definition
of the Christoffel symbols in Equation (2.3.1) we have with ¢, j, k € E,

1 995 0gE  0gC
Fk _ j i Y995\ 1
Z (8/\ TN T o )gE (712)

Consequently, recall from Equation (2.4.4) that the symbols of the curvature tensor are

computed via

s s d s 0 s
ijl Z Rz]kgsl Z <Z Fibkl—‘]h Z F?krzh + o a)\ sz a/\ F]k) El (713)

sel sek heE heE

We continue to introduce several different geometries for Wald Space.



7.2 Schwarzwald Space: Fisher-Information Geometry | 101

7.2 Schwarzwald Space: Fisher-Information Geometry

Recall the Fisher-information metric for P from Section Recall the corresponding Rie-

mannian metric, given by
gp(X,Y) ="Tr [P’lXP_lY}

for P € P, X,Y € § = TpP. Thus, with Definition we can construct a metric for
the Wald Space.

Definition 7.2.1. We call the metric space that is the Wald Space equipped with the met-

ric induced by the Fisher-information metric g the Schwarzwald Space, and denote it by
(W7 dS)

We call this space the Schwarzwald Space, as it was first proposed at the Oberwolfach
workshop 1804 (2018) in the black forest which is the Schwarzwald in German (the rea-

son for the name was already mentioned in Lueg et al.(2021)). A direct consequence of

Theorem and Theorem is the following theorem.

Theorem 7.2.2. The Schwarzwald Space is a geodesic space. Furthermore, it is a Riemann

stratified space of type (A).

Proof. By Lang| (1999, p.325) and as mentioned in Section [3.1| (P, g) is geodesically com-
plete, and by the Hopf-Rinow theorem for Riemannian manifolds (cf. Theorem it fol-
lows that (P, d,) is complete. Thus by Theorem the Schwarzwald Space is a geodesic
metric space. The second assertion follows immediately from Theorem[7.1.9] H

7.2.1 Schwarzwald Space for N = 2

Let N = 2, and consequently L = {1, 2}. Then, there are two possible wald topologies:
E = {12} and Ew =10,

where Gr_ = G and W = G UG . Identifying the grove Gr = (0,1)” = (0, 1) yields

ép: [0,1)F — S with
- 1 1-A
(bE()\):(l—A 1 )

where due to Lemma 6.1.9 we have that ¢5(\) € P whenever A € (0, 1],
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Since Gy = W is one-dimensional, we can compute the distance between two wélder
Fi,F, € W with ¢(Fy) = ér(\) and ¢(Fy) = ¢r()\2) by choosing any non self-
intersecting differentiable curve ~ from \; to A, and compute the length of ¢ oy to obtain

their distance ds(F}, F). To be precise, we need to compute

1/2

(P F) = [ oy ((607) 0 (Be07) )

We will compute the different terms involved in this equation step by step. The first quan-

tity is the matrix inverse of ¢z (), A € (0, 1],

| 1 A1

Choosing the curve y(t) = A\; + t(A2 — A;) then yields for any ¢ € [0, 1],

(¢p o ’Y)/(t) = %L;(V(t)) A(t) = (_01 _01> (A2 — A1),

and we conclude

Gauon (9 07) (1), (66 09) (1)) =T {(@(v(t»‘l (¢5 0 v)'(t)ﬂ

N 1 MR O 2
= (2= A) 7(t)2(2—7(t))2T[< -1 1_7(’5)>}

o 14+ (1—~(1)?
Y(1)? (2 = (1))*

=20\ — \y)

and therefore (where in the step ® we substitute v(t) = A with dX = +/(¢)dt = (A\y —

A1)de),

ds(Fy, Fy) = 2| Ay — \| /01 \/71(5((21_— )

v(t))
() A2 /14 (1= N)2
V2 e ‘”“

Then with
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we find

/ V1 + C A —sinh (1 - \) + % tanh~! (ﬁ) =L ! (%)

so using tanh ™' (z) = 1 In (1££) for |z| < 1, we find

2
1 1—
/ + C =

et g () (5

i1 L (FO) = (1=N)* =1
= sinh™ (1 )\)+2\/§1 ( a )

We conclude with sinh ™ (z) = In(z + v/22 + 1) that

ds(Fy, 1) = \m ( “hat ffw)

— A+ ()‘1
+11n<(f( () (f<A1>+<1—A1>>2—1)‘_
2 \(f0) = (1=2) =1 (FO)+(1=N))" =1

Plugging in A\ = 1, we find

ds(Fy, Fo \;‘ o ( (A)+(1—>\1))2—1)_ln<1_)\1+i (Al))‘

(F(A) = (1 =M))? = V2

which is finite for all \; € (0, 1] and strictly monotonically decreasing as \; 1, see also
Figure where the distance from a wald F), = (E, \) to Fi, for any value of A € (0,1)
is depicted. Note that the distance behaves almost linear when \ is close to one, which is
consistent with the fact that at ¢(Fl,) = I, the Riemannian metric is g;(X,Y) = Tr[X Y],
which is the same as the Euclidean inner product, and thus locally at I the space P should

“behave Euclidean”.

7.2.2 Sectional Curvature in Groves

Using the Riemannian metric introduced on groves and the consequential formulas for
the Christoffel symbols and Riemann curvature tensor, defined in Equation (7.1.1), Equa-
tion (7.1.2) and Equation (7.1.3), respectively, we compute the sectional curvature on a
grove Gp for a wald topology E. For the sectional curvature from Definition using
the formula for the Riemann curvature tensor symbols R;;;; computed in Equation
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— dg(F\, Fix)

o 02 o4 06 08 1.0
Figure 7.1: The distance ds(F)\, Fi,) for A € (0,1), where F, = (E, \), with E = {1]2}.

and consequently the sectional curvature symbols R;;;; from Equation from Ap-
pendix we conclude that the sectional curvature of the spanned tangent plane of two
linearly independent vectors x,y € R¥ = T\Gp at some coordinate A € (0,1)” is com-
puted by
K(ry) = >ijen Rijij i i |
|z *ly[* — g3 (z,y)?

where with Q; .= P! %‘%(A) and Q;; = P! a‘igﬁj (X), where P = ¢ (),

Rup= 5 30 0T [Qu(205 — Q@) — Q0] Tr [@1(2Qy — 0, ~ Q)

a,heE

- g [Qu@?] T [@ue?].

a,heE

— Tr [QU(QU - QiQ; — Q]QZ)}

7.3 Euclidean Induced Geometry

Recall the Euclidean geometry on P from Section [3.2) where gp(X,Y) = Tr[XY] for all
P e P, X,Y € S. We use Definition [7.1.6| for the following definition.
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Definition 7.3.1. We call the metric space that is the Wald Space equipped with the metric
induced by the Euclidean metric g the Wald Space with induced Euclidean geometry, and
denote it by WV, dg).

From Theorem|7.1.9) we have immediately the following result.

Theorem 7.3.2. The Wald Space with induced Euclidean geometry is a Riemann stratified
space of type (A).

7.4 Bures-Wasserstein Induced Geometry

Recall the Bures-Wasserstein metric g on P from Section We use Definition for
the following definition.

Definition 7.4.1. We call the metric space that is the Wald Space equipped with the met-
ric induced by the Bures-Wasserstein metric g the Wald Space with induced Wasserstein

geometry, and denote it by (W, dy).

From Theorem|7.1.9} we have immediately the following result.

Theorem 7.4.2. The Wald Space with induced Wasserstein geometry is a Riemann stratified
space of type (A).

7.5 Log-Euclidean Induced Geometry

Recall the Log-Euclidean metric g on P from Section We use Definition for the

following definition.

Definition 7.5.1. We call the metric space that is the Wald Space equipped with the metric
induced by the Log-Euclidean metric g the Wald Space with induced Log-Euclidean geometry,
and denote it by (W, dig).

From Theorem|7.1.9} we have immediately the following result.

Theorem 7.5.2. The Wald Space with induced Log-Euclidean geometry is a Riemann stratified
space of type (A).
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7.6 Correlation Quotient Geometry

Note that the map ¢: W — P is also well-defined as ¢: W — C. Recall from Section [3.5]
in particular Theorem that (C, g(©)) is a Riemannian manifold, where the topology is
the trace topology from being a subset of the Euclidean space S,i.e. C C P C S, due to the
design of the surjective submersion 7: P — C from Equation (3.5.1). Therefore, we can
analogously apply Lemma(7.1.1and the succeeding results in Section([7.1] So, again, we use
Definition for the following definition.

Definition 7.6.1. We call the metric space that is the Wald Space equipped with the metric
induced by the Wald Space with induced correlation quotient geometry ¢'°), and denote it by
(W, dc).

From Theorem|7.1.9) we have the following result.

Theorem 7.6.2. The Wald Space with induced correlation quotient geometry is a Riemann

stratified space of type (A).



Chapter 8

Algorithms for Geodesics in Wald
Space

We introduce a general framework with algorithms that are supposed to approximate
geodesics in Wald Space equipped with some geometry as in Definition

Let ' be a fully resolved wald topology. Recall once again from Chapter@that dp: (0,1)F =

Gr — P is an embedding (analogously for ¢ : (0,1)® — C) and let g be some Riemannian
metric on P, such that (W, czg) is the Wald Space with geometry induced by ¢ as defined
in Definition

Recall the notation from Definition [2.3.4] i.e. the open neighborhoods Up C P of P € P
and Vp C § = TpP of 0 € TpP, such that the Riemann exponential and Riemann loga-
rithm, as well as the geodesic between two points P, () € P, with respect to the Riemannian

manifold (P, g), are given by
Exph: Vp — P, Logh: Up = TpP and ~p,:[0,1] = P,

respectively. For any A € (0,1)¥ = G, the tangent space R” = T\Gy can be embedded
as a linear subspace into TpP via (d¢g),, and we write TpGp = (dog)a (T,\QE), such that

the orthogonal projection from 7pP onto TpGp is
wp: TpP — TpGg,

this projection is calculated using an orthonormal basis of TpGf obtained from applying
Gram-Schmidt to the following basis of TpGp:

dpp
OAe

(A), e€kE.

107
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Finally, we will need a projection from P onto W = ¢(W) C P, which we define by

TP =W, P~ w(P) € argmind’ (P, ¢(F)),
Few
where 7 is only well-defined for P € P close enough to the embedded Riemann stratifica-

tion p(W) C P.

The projection 7 is computed by starting to search in some grove G for some fully resolved
wald topology F, and if we have found a local minimum F' = (E, \*) with \* € (0, 1),
set 7(P) = F. However, the search might end up on the boundary of the grove, i.e.
A € 9(]0,1)F), and we will terminate the search with an error, if any coordinate \* = 1
for some e € F, or if two or more coordinates are zero. However, if exactly one coordinate
is zero, so A} = 0 for some A|B = ¢ € Fand0 < \; < 1foralle € E\ {e}, there
are exactly two splits e, es that are compatible with £\ {e}, i.e. two neighboring fully
resolved wald topologies F; = E \ {e} U {e1} and Ey = E \ {e} U {ey}, where then
F = ¢~ Y(¢p(\)) satisfies FF € G N Gp, N G, (that there are exactly two splits can be
explained with the nearest neighbor interchange (NNI) operation that is described inSemple
& Steel (2003, p.31)).

This motivates to continue the search in the groves of the wald topologies £; and Es,
respectively, and repeat the procedure, where the algorithm memorizes the groves which

were already searched through, and excludes those from being searched twice.

Definition 8.0.1 (Projection). Let P € P. Let F' € Gp be a fully resolved wald and let
Mo € (0,1)F with ¢(N\g) = F. Setup the set of possible wald topologies to be & = {E}
and let €,q = (). Repeat the following steps until the algorithm stops.

1. Choose £/ € € and update € .= €\ {E} and Eyq = Eqa U { E'}.
2. Define the functional fz: [0,1]¥ — [0, 0) by

fEO\) = dz(R QgE(/\))
and compute \* € argminy 5 fe(A). If \* € (0,1)", stop and return F* =
(E, \*).

3. Ifand only if \} = O for exactlyonee € Eand A}, € (0, 1) forall othere’ € E, ¢’ # e,
determine the two fully resolved wald topologies E1, F, that satisfy ¢~ (¢5(\*)) €
G, NGg, and such that E, E;, F, are pair-wise distinct. Update & :== & U{E}, F,}.

4. Else, stop and return an error message that the computation of the projection failed.
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The minimization for the computation of \* is done using a sequential linear-quadratic
programming algorithm] which is based on Kraft & Munchen| (1994).

Remark 8.0.2. The calculation of this map is the bottleneck of the algorithms that are
introduced later in this section. Note that in practice, one would expect the error message
in 4. to be raised often, but to my surprise this usually does not happen in practice whenever

one is close enough to a fully resolved wald.

We continue to define the algorithms for the approximation of geodesics between two
points F, I’ € W. The following is a very simple but naive algorithm. We have included
it in our study of possible algorithms in Lueg et al,(2021).

Definition 8.0.3 (Naive Projection (NP)). Given 3 < n € N and two fully resolved walder
F|,F, € W,fori=1,...,n compute

1) F=7(viy g (55))-
Return (£, ..., F,).

Importantly, the weakness of this algorithm is two-fold. First, due to the projection, the
discrete path between F7, F no longer needs to be equidistant. The other weakness is the
design of the algorithm that points on the geodesic v/ r; can be far away from ¢(W) C P,

and thus the projection might be significantly inaccurate or fail.

The next algorithm makes small (approximately geodesic) steps and successively takes the
geodesic from the newest point to the destination (note the F;_; and GG;_; in the subscript
in the update step). This algorithm was proposed in Garba et al. (2021a) and also included
in the study of algorithms in Lueg et al. (2021).

Definition 8.0.4 (Symmetric Projection (SP)). Given odd 3 < n € N and two fully resolved
wialder F|, Fy € W, set I| := F{ and G, = Fj. Fori =2,...,|5],do

(1) F=n(vh o, (5377)) and
(2) Gl = 7T<,Yg:i—17Fi—1 (#H—l))

Set H = W(’Y%L” GL"J(%)) and return
27y

(Fl,...,FL%J,H,GLgJ,...,Gl).

Given a proposal Fi, ..., F, € W for a geodesic from F] € W to F, € W (ie. F; = F]
and F,, = F}), the following algorithm iteratively improves the path by “straightening”.

Uhttps://docs.scipy.org/doc/scipy/reference/optimize.minimize-slsqp.html
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It is originally inspired from [Schmidt et al.| (2006) and is the extrinsic path straightening
algorithm from Lueg et al|(2021, Algorithm 3).

Definition 8.0.5 (Path Straightening (PS)). Let F, F € VW and suppose that (F}, ..., F},)
is a discrete path from F} to 3 with3 <n € N. Givenm € N,for j =1,...,m, do

(1) fori=2,...,n — 1 compute

1
5= 2 (Lol (67 ) + Loty (i) )

(2) and update (Fy, ..., F,_1):fori =2,...,n — 1 compute
F, = W(Epo(Fi)(Xi))
Return (Fi, ..., F,).

Note that this algorithm works properly only if the points on the path Fj, ..., F), are suc-
cessively close enough such that the Riemann logarithm Logi( ) (gf)(E_l)) is well defined
foralli =2,...,n — 1, as well as if Exp .., (X;) and ¢(F;) are close enough. However,
note that the closer the successive pair-wise points in F, ..., F,, are (and n needs to be
sufficiently big for that), the smaller | X;| will be, and the smaller the change of the itera-
tion, which slows down the algorithm. Thus there is reason to have a sufficiently large n
such that everything is well-defined and exists, but also such that n is not too big, as the

computational cost will be unnecessarily large.

We measure the quality of a proposal (£, ..., F},), 3 < n € N by its energy,

B(Ry-. . F) = 5 3 d(6(R),0(Fin)

Note that in order two compare the quality of two discrete paths, they need to have the

same number of points n € N.



Chapter 9

Discussion and Outlook

What are the main contributions of this thesis? We will answer this question chrono-
logically with respect to the contents of the thesis. Chapter |2| concisely introduces the
relevant background on Riemannian manifolds, in particular Riemannian submersions in
Section A summary about the most important geometries on P is of great interest
for those who wish to implement them. Chapter |4] introduces and summarizes various
representations of phylogenetic forests, serving as the notational foundation for possible
future publications in this field. In Chapter [6] we have shown the most important results
about Wald Space, that it is contractible, how it is embedded in P and finally we have un-
derstood the stratified nature of the space via the partial ordering on the wald topologies.
Furthermore, in Chapter |7} we have shown that one can choose any Riemannian metric on
P and obtains a well-defined geometry for the Wald Space, turning it into a metric space.
Furthermore, we have computed the curvature symbols for the sectional curvatures in the
groves of the Schwarzwald Space. In Chapter |8, we introduce a framework for algorithms
to approximate geodesics. Although we do not make any simulations in this thesis, we
have implemented those algorithms and made simulations in Garba et al./(2021a) and Lueg
et al[(2021), and we make some more observations, including the sectional curvatures in

Schwarzwald Space, in|Lueg et al. (2022).

I have made contributions to|Garba et al. (2021alb); Lueg et al. (2021), and Lueg et al. (2022)
includes many of the results presented in this thesis. Furthermore, over time I have devel-
oped an unpublished Python package, where I have also implemented the BHV Space that
is defined in Chapter [5| Lately, I have begun to merge this code into the Python project
geomstats, cf. Miolane et al. (2020), where many scientists from the field of non-Euclidean
statistics contribute to this well-structured package, so far almost only on Riemannian man-
ifolds. Together with Anna Calissano, we have started to extend the package to also deal

with stratified spaces, and the BHV Space as well as a first version of the Wald Space is al-
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ready online and part of the main repository. The aim of this is to enable anyone to be able
to make simulations and computations within BHV Space and Wald Space despite their

complicated nature.

There are still plenty of open questions regarding the Wald Space (equipped with some
geometry), that include geodesics from trees to actual forests, curvature, stickiness, and in
general the very non-intuitive behavior of stratified spaces. It will be exciting to see actual
averages of data sets of phylogenetic trees. Finally, it will be interesting to compare the
various geometries that one can equip the Wald Space with, and if the Schwarzwald Space

proves to be the most reasonable space to use.



A Appendix

A.1 Schwarzwald: Sectional Curvature in Groves

Recall from Equation and Equation the curvature and Christoffel symbols,
respectively. Let E be a wald topology and let F' € G with P = ¢(F') = ¢g(\) € P for
some \ € (0,1)%.

Throughout this chapter, parts of formulas will be highlighted in different colors to improve
comprehensibility. For notational convenience, we introduce the following names, where

i.j.k€E.

~1 998 1 P9g 1 P
=P RE( =P 2O\, and Q=P A
@ o M Qu o, M and s Taan I,
where note that Q);; = Q;; and Q;jx = Qir; = Qrjs = ... holdsforall ¢, j, k € E. For these

symbols, we can use standard differentiation rules (the product rule and (9/9)\;)P~! =
—P71((8/0X\;)P) P~")) such that we obtain the following useful rules:

9 1 _ -1 d . 0

Qjr = Qiji — QiQji-

Thus, plugging the Fisher-information metric into the definition of the Gram matrix on
groves from Equation (7.1.1) yields (using that the trace is a linear operator and its cyclic
permutation property)

dgh 0

3 = Bn Tr [Q:Q;] = Tr [Q:Q + Q;Qu — Q:Q;Q1 — Q;Q:Q]
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Continuing with the Christoffel symbols from Equation (7.1.2),

dgji ~ 0gf gl
£y + 3)\j — o ="Tr [Qj@li + QlQﬂ — QleQi _ QJQJ‘QZ‘

+ QiQj + QiQi; — QiQ1Q; — QiQ;Q);
— QiQi — Q5Qu + Qi@ + QQ:Q |
=Tr [2Qile — QiQ;Q1 — QjQin},

consequently,

9qE E  9gF
ok = Z (agA” + gi“. N agAZj) £ = ZTT 204,01 — QIQ,Q1 — Q,Q:Q g
(A.1.1)

We continue to compute the curvature symbols as defined in Equation (7.1.3). For this, we

need several results.

T (2040 QuQ- Q2] = Tr [20uQ — 204Qu Q1 + 20:,Qu — 20,

—QriQ; Q1 + QrQiQ;Q — QiQr; Qi + QiQrQ; Qs
—QiQ,;Qu + QiQ,;Q:Q

—Qi Qi + QrQ;Q:iQ1 — Q;QriQr + Q;QrQiQ
—Q;QiQn + Q;QiQxQ|. (A.1.2)

Using (where gr = (¢%)7})
J9r dg"”

3_>\l = _gEa_AlgE»

we find

ga S
ZZ 9E a)\b b

a€FE beE

— = 30D gl T | QuQu + QQui — Qu@es — QR (A13)

acE beE
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We conclude

ors,  ors 0
2( a)\@f _ a)i’“) = o0 Z Tr [QQile — QiQrQ — QinQl}glEs

J leE

ai d T [QijQl — Q;QrQ — QijQl]glEs

leE

_ (% Tr 200 — Qe — QinQzDg%

leE

ls
+3 T [2@@ — Q@i — chzi@z} g‘iE
leEE ’

_ Z (ai Tr [2ijQz — Q;QrQ — QijQnglEs

ler

ls
-> Tr [QijQl — Q;QrC — QijQl] %7 (A.1.4)
I€E !

where using Equation (A.1.2) yields

% Tr [QQile — QiQrQ — Qsz‘Qz} - 68)\2- Tr [Qij.Ql — Q;QuQ — QijQl]

= Tr [2QQ1 = 20, Q001 + 2QuQ — 20 Q5@
—Q;iQrQu + — Qi@ + — Qi@rQj + QiQrQ;C
—QikQiQi + Q;QrQiQr — O Q)i Q1 + QrQ; Qi1 — QuQiQju + Qk@i@j@l]
—Tr [2Qiijl — 200 .01 + 2Q 3k Qu — 2Q;x Qi
—QiQrQu + — Q;QuQi + — QiQkQu + Q;QrQiCy
—QuQ; Q1 + QiQrQ;Q — Q1rQi; Q1 + QrQiQ; Q1 — QuQ;Qa + QijQin]
= Tr | 200Qi — 2Q3Qu — Q001 + 010,101 — QuQsQ
+QjrQiQ — QirQj — QrQiQj + Q;QrQu + QijQz‘l]y
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and thus two of the terms in Equation (A.1.4) simplify to

> (% Tr 2QuQ — QiQQ1 — Q|

lek

8(1 Tr [QijQz — Q;QrQ — QijQl])gg

= Z Tr [QQikQﬂ —2Q Qi — Q;Qi@Q + QiQ Q1 — Qi Q;Q

leE

+ QrQiQr — QiQrQ — QrQiQ + Q;QkQu + QxQ;Qu|g%.  (AL5)

Observe that only terms remain where no factor is differentiated more than twice and in

each term, there exists at least one factor that is differentiated twice. For the remaining

two terms in Equation (A.1.4), we use Equation (A.1.3) to find

ST [QQQ—Q-QQ—QQ-Q}%—ZT [262-62—@@@—QQ-Q}%’;E
2@l Qe il 5y I 2l Jkl R 9N,

I€E I ek

= D7 ook T 20301 - Q01 — QuQiQ1| Tr | QuQi + QuQus — Qu@o@s — QQuCs|

a,bleE

= D gEaE Tr 200Q1 — QW — QuQiQ| Tr [QuQu; + QoQes — Qu@e@s — QQuQs]

a,bleE
(A.1.6)

Furthermore, using Equation (A.1.1) we find

Z thkrjh = % Z g ghs Tr |:2QikQa — QiQrQa — QinQa] Tr [QthQb — Q;QnQy — QthQb}

heE a,b,he E
(A.1.7)

ST =1 S ol T 20400 - Q00— Q,Q] T 20000 — Q.01 — Q1R

heE a,b,he€E
(A.1.8)
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Recall that the curvature tensor is

or; 0
Riji = Z (ZP?kah Zr?krjh )fzk - al;Zk>

s€E NheE heE

: orj,  ory
Z F?krzhgsl Z rere hgsl + Z < a)fk - k>gE (A.1.9)
s,he s,he

Using that ), g9l = &y (since gp is the inverse of g¥), where dy; is the Kronecker
delta, we simplify Equation (A.1.7) and Equation (A.1.8) by

ST ThThes = 1 S o T [204Q0 - Q240 — Q] T 2001 - 0,121 — 22,1,

s,heFE a,hEE

ST ThThel = 1 S o T 2000 — Q2kQu — QuQiQu] T 20001 - QQIQ - Q).

s,heE a,,heE

and using Equation (A.1.4), where we plug in Equation (A.1.5) and Equation (A.1.6) to obtain
oy, ors,
2 ik .7 E
> (e~ o )i

= Tr [2QikQﬂ —2QQu — Q;Qi@Qr + QiQ k@ — Qi Q;Q

+ QuQiQ — QiQuQi — QuQiQ + Qs QuQu + Qu Qs Qs
Y kT [200Q0 — QiQKQn — QuQiQ) Tr |QuQui + QiQui — QuQIQ: — Q|

a,heE

= 3 T 2QuQn — QO — QuQiQn] Tr |QuQs + QiQus — QuiQs — AiQuQs .

a,heE
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Putting everything together, we obtain for Equation (A.1.9)

S s oy, o
Riji = E F?krihgg - E F?ijhgg +Z ( 3/\], o a/\é) g
sek ¢ J

s,heE s,heE
= 1Y T 20400 — Q040 — QR Tr 20001 — Q21— 210
a,helE
1Y T 20400 — Q0KQ — Q. T 20,00 - 0,010 - 210,01
a,heE B

£33 T 20000 — QuQuQ — Q1QQu] Tr [QuQy + Q12 — Q1QIQ) — Q|

a,heE

5 ST T 20500 — QQKQu — Q0] Tr [1Qu + Qi — Q. — Q@]
— 5 T [200Qs — 205 Q0 — QQuQ + QQQ — QuQiQ:
+ Qi1 — QiQuQin — QuQiQut + QyQuQut + QuQ3Qu (A1.10)

and after merging the blue terms and the red terms, respectively, we have

Row= 7 3 08T [204Q0 — QuQuQu — QuQQ] Tr 2000y ~ 2100, ~ Q1210

a,helE
Y T 20000 — Q0 — Q0] T 20,00 — QI — QR
a,h€eE

— 5 T [200Q5 — 204Qu — QQuQ + QQQr — QuQiQ,
+ Qi1 — QiQuQi — QuQiQu + QQuQu + QuQiQa|, (A1)
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Sectional Curvatures

The sectional curvature symbols are R;;;; (cf. Definition[2.4.2). Thus, from Equation (A.1.11),

we have, where );; = @);; = 0,

Rop= 5 O o T [Qu(2Qy — Q0 — Q0] Tr [@u(20, — 0, ~ Q,Q1)]

a,heE

- > g [Qu@z] T [@ne?].

a,heE
- Tr [Qij(Qij - QiQ; — QjQi)}a (A.1.12)

so in particular R;;; = 0.
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