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Chapter 1

Introduction

The study of Diophantine problems concerns itself with finding integer solutions to
polynomial equations or systems of polynomial equations in integer variables. Such
problems have already been studied in ancient Greece, and while our understanding
steadily improves there are still many aspects about Diophantine equations that re-
main elusive. One feature that makes these problems so intriguing is the simplicity
with which they may be stated. For example, it is a very basic question to ask if it is
possible to find all the (infintely many) right angled triangles, whose sidelengths are
integer values. According to a famous theorem named after the Greek philosopher
and mathematician Pythagoras, one may repackage this problem as finding all the
integer triples (X,Y, Z) such that

X24+YvY?%2=272

is satisfied. Such a solution is called a Pythagorean triple. Encountering this question
for the first time it is not simple to tell how feasible it is to solve this. Taking a
geometric viewpoint there is a very elegant solution; one may yet again reformulate
this problem as finding all the rational points (z,y) on the unit circle. One such point
is given by (—1,0), which we call O. If we take any other point with rational entries
P, say, on the unit circle then the line through O and P must have rational slope.
Conversely, if we take a line through O with rational slope r, then this line intersects

the unit circle in precisely one point P,, say, other than O. It is a simple calculation

p = 1—7"27 2r ‘
1472’1+ 12

Writing 7 = a/b, where a and b are integers, one can then deduce the solution to the

that we have

original question. Namely, up to rescaling, all Pythagorean triples (X,Y, Z) are of



the form
(b* — a?,2ab, a® + b?),

where a,b € Z. It is not hard to show that a tuple of the form above satisfies
X2+Y? = 72 but the argument above shows that indeed every solution needs to be
of this shape. While such elegant solutions are often not available in more complicated
situations, this should demonstrate that the geometric picture can be extremely useful
in understanding and solving Diophantine problems, which is a recurring theme that
appears throughout this thesis.

Now that we have understood how to characterise Pythagorean triples one might
enquire about equations of a more general shape. For example, given a quadratic
form Q(z1,...,x,) € Z[x1,...,x,], that is, a homogeneous degree 2 polynomial, one
can ask whether there exists an integer tuple (aq,...,a,) with not all entries 0 such
that Q(ay, ..., a,) = 0. We say that () represents zero non-trivially if that is the case.
Also note that due to the homogeneity of ) it makes no difference whether we obtain

an integral or rational solution. If the @ is of the shape

Qzy,...,zn) =22+ - + 22,
then clearly the only real solution is a; = --- = a, = 0, and hence there is no non-
trivial rational solution. Similarly, if n = 3 and the equation is for example given
by

203 — 315 — 43 =0,

then there are no non-trivial solutions, which can be proved by considering this equa-
tion over Z/8Z; one can easily show that 22 — 3z3 — 422 = 0 mod 8 implies that all
of the z; need to be even. A simple descent argument then shows that there cannot
be any non-trivial rational solutions to the above quadratic form. In both examples
the local conditions are not satisfied. In particular, for a quadratic form to represent
zero non-trivially over the rationals it is necessary that there are non-trivial solutions
over all R and Q, for every p. One may wonder if the converse holds: If there are
non-trivial solutions over R and Q, for all primes p can one recover a non-trivial
rational solution? If this is satisfied for a (system) of equations one says that the
Hasse Principle holds. Such a situation is desirable since it is usually much easier to
determine whether a Diophantine problem has local solutions or not.

Returning to quadratic forms, a famous theorem of Hasse and Minkowski states
that the Hasse Principle is satisfied for quadratic forms. Indeed, a theorem of Meyer

further shows that if n > 5 then one always obtains non-trivial p-adic solutions to



a quadratic form, and therefore, unless () is definite, one also obtains non-trivial
rational solutions. A good treatment of this matter may be found in [102].

Moving to higher degree, analogous to Meyer, Demyanov [32] and Lewis [72]
independently showed that the local conditions are satisfied for cubic forms as soon
as n > 10. Therefore if one were to be able to show the Hasse Principle one could
infer the existence of a non-trivial rational solution. Indeed using the Hasse Priniple
amongst other things, Heath-Brown showed that any cubic form in n > 14 variables
represents zero non-trivially [49]. When the cubic form is non-singular he showed
that 10 variables suffice [43]. Later Hooley [52, 53, 54, 56] showed the Hasse Principle
in the case of non-singular cubic forms whenever n > 9, and Vaughan [111] could
establish the Hasse Principle for diagonal cubic forms, provided n > 8. In fact,
building on Vaughan’s techniques Baker establishes the existence of a non-trivial
solution to diagonal cubic forms in at least 7 variables and even finds an upper bound
for the size of the smallest solution when the number of variables is 7, 8 or 9. In all

of these results a crucial technique used is the circle method.

We will henceforth often use the notation @ = (z1,...,x,). Given a polynomial
F(x) € Z[xy,...,z,] and a real number P > 1, one may consider the counting
function

N(P)=#{x € Z": |z;| < P, for all i, F(x) = 0}.

If the form has degree d, then a simple heuristic argument shows that in a generic

situation one would expect the counting function to look like
N(P) =P 1+ o(1)),

provided n is sufficiently large. If one knows that o is positive then such a result
clearly implies the existence of a non-trivial solution to F'(x) = 0. The circle method
is highly effective in proving such asymptotic formulas. In particular, the constant
o is usually given as the product of densities of local solutions. Therefore, one can
usually show that the existence of non-trivial smooth local solutions together with
Hensel’s Lemma implies ¢ > 0. Thus in many situations such an asymptotic formula
implies the smooth Hasse Principle, a slightly weaker version of the Hasse Principle.

We now briefly describe the basic ideas involved regarding the circle method.
First, given z € R we introduce the notation e(x) = €. For a € R one then

considers the exponential sum

S(a;P) = S(a) = Y e(aF(x)).
wr



A simple Fourier analytic calculation then reveals

One of the key observations is that if a and ¢ are two coprime integers then S(a/q)
is often roughly of size ¢, ,P", where ¢, , is a positive constant depending on a and
q such that ¢,, — 0 as ¢ — oo. This might fail if certain local obstructions are
present, for example, but for the sake of this heuristic the reader is encouraged to
imagine that S(a/q) ~ c,P". Thus, if « is close to a rational number with small
denominator one would expect these values make a large contribution towards the
counting function N(P). On the other hand, if « is not close to a rational number
with small denominator then the sum S(«a) is expected to exhibit cancellation. This
can be made precise and the unit interval [0, 1] is thus split into major arcs and minor
arcs accordingly, and integrating over these, one expects to obtain the main and error
term, respectively.

We believe, but can rarely prove, that if « lies in the minor arcs, the summands
of S(a) behave like a random variable and thus one expects to obtain square-root
cancellation for S(a). Usually one is not able to prove such strong cancellation,
except for in very special situations. In any case, even if one assumes square-root
cancellation, the circle method cannot handle arbitrarily few variables. Therefore
there are theoretical limitations to the range within which one may hope the circle
method to be effective.

Heath-Brown’s work on 14 variables [49] is a refinement of previous work by Dav-
enport [28] who showed that any cubic form in at least 16 variables represents zero
non-trivially. In both papers, when the cubic form is of a somewhat degenerate shape
then one can find a solution directly, via ’geometric reasons’. In the other cases the
circle method is used to successfully establish an asymptotic formula, and using the
above mentioned result by Lewis and Birch one can infer the existence of a non-trivial
zero. Heath-Brown’s main new innovation lies in the treatment of the minor arcs,
where he introduces an averaged van der Corput differencing argument in addition
to a classical Weyl differencing argument.

Of course all of these problems may be considered over number fields K, and a
version of the circle method may be developed analogously. As mentioned above the
local conditions for cubic forms were shown to be satisfied by Lewis, and his result
holds for general number fields [72]. Using this Ramanujam [89] showed that any

cubic form over a number field K in at least 54 variables represents zero non-trivially,



which was subsequently improved to 17 variables by Ryavec [92] and 16 variables by
Pleasants [87]. In joint work with Christian Bernert we established the following,.

Theorem 1.0.1 (Theorem 2.1.1). Let K/Q be an quadratic imaginary extension,
and let C(x) € Klz1,...,x,] be a cubic form. If n > 14 then C(x) represents zero

non-trivially over K.

The averaged van der Corput differencing argument prevents us from easily ex-
tending this result to arbitrary number fields. In particular, Heath-Brown’s approach
requires a good fractional version of Dirichlet’s approximation theorem, which seems
to be only valid in the case when K is a quadratic imaginary extension. Nevertheless,

this result has some very interesting and effective applications to cubic hypersurfaces
defined over Q.

Theorem 1.0.2 (Theorem 2.1.2). Let X C ]P’&’l be a hypersurface defined by a cubic

form. If n > 33 then X contains a rational line.

This improves upon previous work by Wooley [117], who showed that 37 variables
suffice in order to deduce the existence of rational lines on cubic hypersurfaces. In
fact we would like to compare this with recent work of Brandes and Dietmann [11]
who showed that if one additionally assumes X to be non-singular then n > 31 suf-
fices to infer the result. Using an argument in forthcoming work due to Brandes and
Dietmann [12], which uses the full strength of Theorem 1.0.1, one could improve The-
orem 1.0.2 to 31 variables. Finally as in work by Briidern-Dietmann—Liu-Wooley [18],
Theorem 1.0.1 can also be used in conjuction with the Green-Tao theorem in order

to establish the following.

Theorem 1.0.3 (Theorem 2.1.3). Let C(x) € Q[z1,...,z,) be a cubic form. Then,
if n > 33, there are almost-prime solutions to C'(x) = 0 in the following sense: There

are coprime integers cy, ..., c, such that the equation

C(cip1, cap2, - - - Capn) = 0
has infinitely many solutions in primes p1, ..., pn, not all equal.

Returning to @Q, as mentioned above if C' is non-singular, the state of the art is
due to Hooley, who showed an asymptotic formula for non-singular cubic forms in
at least 9 variables. In fact under the same assumption Hooley [57, 58] could still
show an asymptotic formula if n > 8 and thus establish the Hasse Principle, assum-

ing certain analytic, Riemann Hypothesis-like properties of Hasse-Weil L-functions.

5



Heath-Brown [46] explored the limits of this approach by considering diagonal cu-
bic forms. Under similar assumptions regarding certain Hasse-Weil L-functions, he

showed that the counting function satisfies
N(P) <. P**¢, ifn=6
and
N(P) = #{|x| < P: x lies on a rational line contained in V(C)} 4+ O.(P%?*¢),
if n = 4. Using elementary methods Hooley [55] could show the mean value estimate
#{x € Z°: max |z;] < P, o3 a4+ =2 + ol a2} < PP

under the same assumptions regarding Hasse-Weil L-functions that Heath-Brown
required for his result. Assuming an unproved conjecture concerning the growth of
the rank of rational elliptic curves in terms of their conductor, Heath-Brown [47]
could improve the exponent to 4/3 in the case when n = 4. The result established
in [47] holds for all non-singular and therefore not necessarily diagonal cubic forms in
4 variables. Heath-Brown further showed in [48] that certain families of cubic forms
in n = 4,5 variables satisfy the Hasse Principle, assuming Selmer’s conjecture on
elliptic curves.

If n = 4 then one expects the contribution from projective rational lines on the
cubic surface to dominate, whenever they exist. For example, if C(xq,...,24) =
o3 + 73 + 23 + 23 then one obtains a contribution of > P? to N(P) from solutions of
the form (a, —a, b, —b). If one were to consider a new counting function Ny(P), which
ignores the contribution from lines, then according to Manin’s conjecture one would

expect
No(P) = cP(log P)*~ (1 + o(1)),

where p is the Picard rank of the surface defined by C' = 0 inside ?® and c is a constant
as predicted by Peyre [84]. We will discuss Manin’s conjecture in more detail in due
course.

The above mentioned results by Hooley on octonary forms and Heath-Brown on
diagonal cubic forms in 4 and 6 variables rely on a variant of the circle method,
sometimes referred to as the d-method. One of the key inputs is a smooth decomposi-
tion of the Kronecker §-function, according to Duke-Friedlander-Iwaniec [35], which

was then further developed in the context of the circle method by Heath-Brown [45].



Let w: R®™ — R be a smooth, compactly supported weight function. One may then

consider a weighted counting function N, (P), which is defined via

Ny(P)= ) 6(F(2))w(z/P),
TELN
and normally an asymptotic formula or an upper bound for N, (P) is sufficient to
establish one for N(P). If one now expresses ¢ with the decomposition mentioned
above, after dividing & € Z™ into residue classes, then one may apply Poisson sum-

mation in order to obtain an expression of the shape

Ny(P) = Z qu(c)fq(c)a
ceZ™ q=1
where S,(¢) and I,(c) are certain exponential sums and integrals. The main term is
expected to arise from the contribution ¢ = 0, and the remaining summands should
be absorbed by the error term. While it is possible to obtain very good estimates
for I,(c) the situation for the exponential sums S,(c) is a little more tricky. Via
Weil’s work [116] one can get very good pointwise bounds for S,(c) since the sums

correspond to the coefficients of local L-functions. If one wishes to estimate averages

ZS‘]<C>7

q<Q

then it would be desirable to obtain cancellation in the summands instead of es-

of the form

timating each summand individually. One can understand these sums in terms of
the coefficients of certain Hasse-Weil L-functions, which arise from taking the Euler
product of the local L-functions that provided the pointwise bounds. Therefore it is
at this point where assuming a Riemann hypothesis for such Hasse-Weil L-functions
yields an improvement. Obtaining a saving over averaging these exponential sums is
in this context also sometimes referred to as a double Kloosterman refinement.

The results of Hooley and Heath-Brown are conditional but in the context of
function fields the corresponding L-functions are known to satisfy the Riemann hy-
pothesis by virtue of Deligne’s seminal work [30, 31]. Therefore it seems natural to
consider whether one can prove the analogous results in this context unconditionally.
Before we elaborate further we briefly introduce the basic notions and definitions that
are needed in order to properly state the analogous Diophantine problem. Consider

the field K = F,(t) of rational functions in one variable whose coefficients lie in a



finite field with ¢ = p* elements, where p € N is a prime number. Given an element

f/g € K, where f,g € F,[t], we may define an absolute value via

‘ i ‘ = gdes(f)—dee(9)
g

We may consider w-adic valuations induced by irreducible polynomials @w € F,[t],
and thus construct completions K. Further K has a completion induced by 1/t (the
place at infinity), which can be explicitly described as the field of Laurent series in
t~!. We denote this by K., = F,((t7!)) and note that this corresponds to the real
numbers in the classical setting. Given a cubic form C(x) € Klzy,...,z,| one may
now ask the question whether it represents zero non-trivially over K. It is a fairly
straightforward consequence of the Chevalley-Warning theorem that this is indeed
the case when n > 10. For smaller values of n, the local conditions need no longer
be satisfied, but one may still enquire about the Hasse Principle. Again, the circle
method can be effectively applied. Especially considering the observations noted in
the paragraph above one might hope to achieve very strong results. To this end given

P € F,[t] define a counting function
N(P) =#{x € F,t]": C(x) =0, |z;| < |P], for all i},

and we study its asymptotic behaviour as |P| — oo. Corresponding to Hooley’s
theorem regarding octonary cubic forms, Browning and Vishe [17] established an

asymptotic formula of the shape
N(P) = o|P["(1 + o(1)),

if n = 8 and thus deduced the Hasse Principle for n > 8, provided char(F,) > 3.
The approach followed the work of Hooley and previous authors who had developed
the circle method in this context, such as Lee [70] and Kubota [66]. The setup is as
follows. One may define an additive character ¢ : K., — C* given by

w.Zaztr—)e( ) )

i<N

The unit interval in this setting, is given by T = K /F,[t] and can be explicitly
described as

T:{aeKoo:|a]<l}:{Zaiti:aieﬂ?q}.

i<—1



It is then not hard to verify that given x € F,[t], we have

1, fxz=0
ax)da =<4’
/qrw( ) {0, otherwise.

Therefore we may consider a weighted counting function

No(P) = Y [ vlar(@)ule/P)da
aeFytn VT
where w: F,[t|” — R is some weight function. Similarly to the procedure described
above one may from here onwards apply Poisson summation and the problem reduces
to estimating certain exponential sums and integrals. This is the approach used
by Browning—Vishe. In joint work with Jakob Glas we refined their method and

established Heath-Brown’s result in this context.

Theorem 1.0.4 (Theorem 3.1.1). Let C(x) = Y.i' a;x} € Flt][z1,...,z,] be a

diagonal cubic form. We have
N(P) <. |P|’*%, if n =06 and char(F,) # 3,

and
No(P) <. |P***, if n =4 and char(F,) # 2,3,

n

where No(P) counts the number of solutions x € F,[t]™ away from lines on the cubic

hypersurface defined by C(x) = 0 inside ]P’%q.

We note that the restriction on the characteristic arises usually quite naturally
when one wishes to apply the circle method in a function field setting, see for example
the work of Kubota [66] and Lee [70]. This is an artefact from Weyl’s estimate, which
produces a factor of d! in the exponential sum when one is dealing with polynomials
of degree d. Of course, if the characteristic is then smaller than d the exponential
function may only be estimated trivially when such a factor is produced. We note
that in the case of Browning-Vishe the restriction on the characteristic arises in a
slightly different manner. They require a point x, at which the Hessian does not
vanish. If char(F,) = 2 or 3 such a point may not exist.

It is therefore a very nice feature that we could show the first part of the above
theorem if the characteristic is 2. We also note that in the case when char(F,) = 3
solving a diagonal cubic form over F[t] reduces to a system of linear equations, and

so in a sense this is a less interesting case.



Further we note that a key difficulty in the work of Browning—Vishe was the
unavailability of a suitable form of partial summation in order to take full advantage
of the double Kloostermann refinement. This led to a rather complicated workaround
that resulted in a slight loss in their estimates. The associated loss in the estimates
was too big for our purposes. However, we managed to remedy this with a rather
simple trick, which should be applicable in their setting too. We think that this idea
can be applied in similar problems over function fields in the future.

In 1964 Harold Davenport asked his PhD student at the time Keith Matthews:

"What can we say about the number of solutions of
o} +xy+ 23 =Y+ +

with x;,y; € Fylt], |2l , [yil < P? Can we get O(P**)?”
By considering C(x) = 23 + 23 + 23 — 3 — 23 — 23 and applying Theorem 1.0.4 we

may thus affirmatively answer Davenport’s question. Davenport was enquiring about

Figure 1.1: Excerpt of a letter by Davenport written to Keith Matthews in 1964

(\ , ) /\] 4,{:{;/) t Cosz 1 7L, ‘/’:\ /fy) ,;V\,( L—l".l /\; :? C Uﬂ_o.] Vg r—=E !ﬂ.:& = ,j'{
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W 5;;,.[ aAvwA T hicstbts } J7 lohinn /\‘}* )
o~ 2 j 2 . ; ! j
)% g e | /’ / 3 e i/ ) i \,/’2 ‘{ 7 i
~ ) y | . y 1% ) , q 3 y + ¢ p)
(.0 v( /)L / {\ b > /LI‘ ¢ / S /') \ (’\&rh Lt }‘/L g ( ( /‘ >

(

such an upper bound due to its relevance in connection with Waring’s problem for
cubes. Over the integers Waring’s problem for cubes asks the following: What is the
smallest positive integer s such that every sufficiently large integer may be written
as the sum of at most s non-negative cubes? If we call this integer G(3) then it
is conjectured that G(3) = 4. Using a circle method approach one can tackle this

problem by understanding the counting function
Rs(N)=#{x € Z°: a; 207$?+"'+ZE§:N}7

as N — 0o. The current state of the art is due to Vaughan [111, 112] who established
an asymptotic formula if s > 8, and lower bounds of the correct order of magnitude
for R3(N) if s > 7 from which one may then conclude G(3) < 7. Using algebraic
methods Linnik [75] had already shown G(3) < 7 some years before Vaughan, but he

proved no quantitative result regarding R3(N).
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One may analogously consider such problems over function fields. Similarly one
seeks to find the minimal integer s such that every polynomial P of sufficiently large
degree may be written as the sum of s polynomials. Since there may be ’trivial’
obstructions to this, one usually takes P to lie in the additive closure of the cubes
J®)[t] € F,[t], in order for this question to be well defined. For example, given any
positive integer m it is never possible to express t3"*! as a sum of any number of
cubes in F3[t]. We note at this point that only in the case ¢ = 2,4 or ¢ = 3% such
obstructions may occur, otherwise J®[t] = F,[t], see for example [39, Lemma 5.2].
Therefore we denote by G,(3) = s the smallest integer such that every polynomial
P € J®[t] of sufficiently large degree may be written as the sum of s cubes. One may

also consider a counting function associated to this problem, namely

deg

R,(P) = #{z € F,[t": o < o[ 571 ad 4 4 a3 = P},

where we restricted the size of the potential summands since there may be infinitely
many polynomials of large degree, which could cancel each other out — a phenomenon
that does not occur over the integers, but as a result of which the counting function
may otherwise not be finite for a given P. We denote by éq(B) the smallest integer
s such that we obtain an asymptotic formula for R,(P). Clearly G4(3) < éq(3).
Further it is also trivial to see that é3h<3) = 1 holds. One of the first people to
study Waring’s problem in this context using the circle method was Kubota [66]
who showed that Gy(3) < 9 holds provided that 2 f g. As before the restriction on
the characteristic arises from a Weyl differencing procedure. In characteristic 2 the
current best bounds available are due to Car—Cherly [20] who established Gan (3) < 11,
Finally, using elementary approaches Gallardo [38] and Car—Gallardo [21] showed

7, if g ¢ {7,13,16}
G,(3) < (8, ifqge {13,16}
9, ifqg=".

Returning to Davenport’s question, one should note that in a circle method approach

to Waring’s problem the count of the number of bounded solutions to
vy a3+ a5 =y + s+

arises very naturally and is usually handled using Hua’s Lemma. In the function field
setting we also note that Hua’s Lemma only works when the characteristic is at least
5. Using Theorem 1.0.4 we manage to improve upon all of these results in one big

sweep.
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Theorem 1.0.5 (Theorem 3.1.4). We have éq(3) <7.

We note that if ¢ = 2 we used a Weyl estimate, which was established by Car [19].
We may moreover use Theorem 1.0.4 in order to deduce the Hasse Principle for
diagonal forms over FF,[t] in at least 7 variables, building on the work of Lee [70].
In fact, we can establish weak approximation. This is a stronger form of the Hasse
principle, which states that if X is a variety over a global field £ then the diagonal
embedding

X(k) = [[ X (k)

is dense with respect to the product topology, where the product runs over all the
places of k. In more down-to-earth terms, in the case when one has a hypersurface
defined by f = 0 with k,-solutions for every place v, then it satisfies weak approxi-
mation precisely when given a finite set S of places of k, given x, € k, for all v € S
with f(x,) = 0 and given any € > 0, then there exists a rational solution = to f =0
satisfying

|z — x|y < €

for all v € S. For completeness we should mention that some of the previously
mentioned results regarding the Hasse Principle actually also showed weak approxi-
mation, such as the result by Browning—Vishe [46] or the work of Lee [70]. In fact,
with enough care the circle method is usually capable of showing weak approximation
when one can show the Hasse principle, although the technical details become more

involved.

Theorem 1.0.6 (Theorem 3.1.3). Let C(x) € F,[t][x1,...,,] be a diagonal cubic
form. If n > 7 and if char(F,) > 3 holds then weak approzimation holds for the
hypersurface defined by C(x) = 0.

We note that one should be able to prove this result in the case when char(F,) = 2
by proving a suitable version of Weyl’s inequality in this context using the ideas by
Car [19].

So far we have hopefully demonstrated how the circle method can be effectively
used in order to obtain detailed information about integer solutions to homogeneous
degree 3 equations, as well as their analogues in number fields and function fields.
However, the circle method is a very flexible tool that can be used in a variety of
situations. One longstanding and very general result is due to Birch [9]. Consider a
system of homogeneous equations Fi, ..., Fg € Z[xy,...,z,| which are all of degree

d and assume the equations F; = --- = Fr = 0 define a complete intersection inside
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A™ . Let B C R" be a box whose edges are parallel to the coordinate axes and with
sidelengths at most 1. Given P > 1 denote by N(P) the number of integral solutions
x € PBNZ" to this system. Birch showed if n is sufficiently large then one obtains

an asymptotic of the form
N(P) = o P" (1 + 0(1)), (1.0.1)

where o > 0 provided the system has a non-singular zero over R inside B and non-
singular zeroes over all Q,. More precisely, if we define the Birch singular locus to be
the variety V* C A" defined by

rank (8E) < R,
Ox; i

n—dimV* > R(R+1)(d — 1)2%,

then if

he showed that the asymptotic above holds. It is interesting but hardly surprising
that the geometry of the equations plays a role in the number of variables needed
for this result. We note also that if V(Fi,..., Fr) C A" is non-singular then one can
show dim V* < R—1. Birch’s result has subsequently been generalized to many other
settings. To list just a few, for example Skinner [105] generalized Birch’s result to
number fields, Browning—Heath-Brown [14] considered a system of forms of differing
degrees, Cook—Magyar [24] and Yamagishi [118] considered prime solutions to systems
of forms, and Schindler [98] considered systems of bihomogeneous forms.

A recent breakthrough by Rydin Myerson [94, 95, 93] improved Birch’s result

significantly if the number of forms considered is large. If we denote by

BERT\{0}

R
or =1+ max dimSingV (Z @Fl> ,
i=1

where we regard V <Zf;1 ﬁiFi) C P! then Rydin Myerson showed the asymptotic

formula as in (1.0.1) provided
n—og > d2°R

holds in the cases when d = 2 or d = 3. We note that the key novelty here is
that the number of equations R appears only linearly, as opposed to quadratically,
in the required number of variables. Rydin Myerson further shows that o < dim V*
always holds and therefore this also constitutes an improvement compared to Birch.

In his case the quantity og arises naturally instead of dim V* via the methods he
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employs. Similar improvements, where the pencil of the system was considered instead
of the Birch singular locus were proved by Schindler [99] and Dietmann [33], and very
recently Yamagishi [119] replaced the Birch singular locus with a condition regarding
the Hessian of the system.

Inspired by work of Miiller [80, 79] on systems of quadratic inequalities Rydin
Myerson’s results are proved using a so-called auziliary inequality. This auxiliary
inequality can be used in order to exhibit a sort of repulsion behaviour for the size
of the exponential sum involved for pairs of values of a € [0,1]® in the minor arcs.
In order to obtain this inequality it is necessary to find a good upper bound for the
number of integral solutions of bounded height to a multilinear Diophantine inequal-
ity. In the case when the degree is d = 2 or d = 3 he is able to achieve this whenever
n — ogr > d2¢R is satisfied, provided V(Fy,..., Fr) is a complete intersection. For
higher degree he manages to establish this too for generic systems [93], in the sense
that he identifies a Zariski open, nonempty subset in the coefficient space for the
system of forms.

The principal objective of Chapter 4 is to apply Myerson’s techniques to systems
of bihomogeneous forms, and therefore improve the previous result by Schindler [98]
in this direction. Consider forms Fi(x,y),..., Fr(x,y) € Z[x1,. .., Zn, Y15+ - Ynols
which are bihomogeneous of common bidegree (dy,dy). This means that for scalars
M\ i € C we have Fy(Ax, py) = A\ p® Fy(x,y). Similar to the above one may intro-

duce a counting function
N(P, P) =+# {(w,y) € ZM"t: Fy(x,y) =0, foralli x € PBy, y € PQBQ} ,

where Py, P, > 1 are two real numbers and B; C R™ are two boxes whose edges are
parallel to the coordinate axes with length at most 1. Similar to the Birch singular

locus, Schindler defines varieties Vi*, Vy* C A™*"2 given by

F; F;
rank (8 Z) < R, and rank (6 Z) < R,
07/ i 0 /i

respectively. Write b = maX{}Z§E1€37 1} and u = max {%, 1}. The main result
in [98] is that, provided

ny + no — dim ‘/;* > 2d1+d2_2 max{R(R + ].)(dl + dg — 1), R(bd1 + Udg)}
holds for ¢ = 1,2 then one obtains an asymptotic formula of the shape
N(Py, Py) = o P~ B pre=iB(1 L O(min{P,, P,} %)),
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for some 4. As in all the previous results mentioned in this introduction, the leading
constant o can be interepreted as the product of p-adic and real zeroes of the system
of bihomogeneous equations under investigation. In particular o > 0 if the system of
equations has non-singular p-adic zeroes for every p and a non-singular real zero in
B x Bs.

The main result of Chapter 4 concerns systems of bidegree (1,1) and (2, 1), which
correspond to degree 2 and 3 in Myerson’s case. Similar to Myerson’s result, the
quantity defined by Schindler, which is analogous to the Birch singular locus will be
replaced with various pencils of certain varieties, which are slightly more complicated
to define. We begin by stating the theorem for systems of bilinear forms. To this end,

note that we may write each such form as
Fy(z,y) =y" A,

where A; is an ny X m; matrix with integer coefficients. Given B € R write Ag =
Zf;l B;A; for the linear combination of these matrices defined by 3. Define now the

quantities

o) == max dimker(Ag), and U]g) = max dimker(4%).

BeRE\{0} BeRE\{0}

We note also that since the bidegree is (1, 1) the situation is completely symmetric in @

and y and so we may without loss of generality state the result assuming P, > P, > 1.

Theorem 1.0.7 (Theorem 4.1.1). Let Fy, ..., Fg be bilinear forms defining a complete

intersection X C PM=l x P2t Let P, > Py > 1 be real numbers and write b =

log(Py)/log(P,). If
n; — U]g) > (264 2)R

15 satisfied for v = 1,2, then the asymptotic formula
N(Pi, Py) = o PR~ (1+ O(Py ),

holds for some § > 0. In particular, if X is non-singular then the asymptotic formula

holds provided
min{ny,no} > (20 +2)R and ny+ne > (4b+5)R

is satisfied. The constant o is positive if the system has a non-singular real zero in

B x By and non-singular p-adic zeroes for all p.
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We now move on to systems of bidegree (2,1). We may express a bihomogeneous

polynomial of such bidegree as
Fy(z.y) = =" Hi(y)z,

where H;(y) is a symmetric n; x n; matrix whose entries are linear homogeneous

forms in y with coefficients in Z. Given 3 € R¥ we write

R
Hg(y) = BiHi(y).
i=1
For ¢ =1,...,ny write e, for the unit standard basis vectors inside R™2, and consider

the intersection of pencils given by
V(z" Hg(e))x), = V(" Hg(e))x, ..., " Hg(e,,)x) C P 1.

Define now

(1) . : T
s’ =14+ max dimV(x' Hg(es)x),.
R BERM\{0} ( sled)x),

Considering the system of pencils V(Hg(y)xz) = {Hg(y)x = 0} C P11 x P21 we
define

@) _ 9 {maxﬂERR\{O} dimV(Hﬁ(y)w)J
R - 9 .

Theorem 1.0.8 (Theorem 4.1.2). Consider forms Fi(x,y), ..., Fr(x,y) of bidegree
(2,1) defining a complete intersection X C P~1 x P21 Let P, Py, > 1 be real

numbers and write b = max {}2252;, 1} and u = max{}zigf;, 1}. If the number of

variables satisfies

ny + No

ny — sﬁg) > (8b+4u)R  and - slg) > (8b+ 4u)R,

then we have
N(Py, P) = o P[" 2 P2 (1 4+ O(min{ Py, P,} ™)),

for some 6 > 0. In particular, if X is non-singular then the asymptotic formula holds
provided
ny > (16b+8u+ 1)R, and ny > (8b+4u+1)R

1s satisfied. The constant o is positive if the system has a non-singular real zero in

By x By and non-singular p-adic zeroes for all p.
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Note that N(Py, Py) > P" + P;? which becomes apparent upon considering
solutions of the form (xy,...,2,,,0,...,0) and (0,...,0,y1,...,Yn,). Therefore, if an

asymptotic of the above form holds then this implies
Plnl —|—P2n2 < P1n1—d1RP2n2—dzR‘
An easy calculation reveals that this forces
n; > R(bdl + udg)

Therefore one may not, in general, hope to achieve a better result than what was
stated in the previous two theorems, up to a linear factor.

One of the main motivations for considering such counting problems, aside from
the fact that they are interesting in their own right in order to understand the dis-
tribution of rational points on varieties, is the potential to prove Manin’s Conjecture
for biprojective complete intersections, in sufficiently many variables.

Let X be a Fano Variety over a global field k. That is, X is a smooth projective
variety such that the inverse of the canonical bundle wyx in the Picard group is ample.
Together with a choice of global sections of (wy')™ for some m > 0, this yields
an anticanonical height function hy, say. Manin’s conjecture studies the counting

function

NU(P) = {.’17 S U(k) hx(.T> < P},

where U(k) C X (k) is some subset of X (k). The conjecture was first formulated by
Manin [37] and Batyrev—Manin [5]. It states that if X is a Fano variety over k such
that X (k) is Zariski dense in X then there exists a Zariski open subset U C X such
that

Nu(P) ~ cP(log Py,

where p is the Picard rank of X and c is a constant, which has received a detailed
interpretation by Peyre [84]. The restriction to such an open subset is certainly
necessary. For example, considering the cubic surface defined by x3 + -+ + a3 = 0
in P? one obtains a contribution of > P? to Nx(P) from rational points coming
from the rational lines contained in this surface. The general idea is that there might
be 'bad’ accumulating subsets, which contribute disproportionately much to Nx(P).
The conjecture states that all of these accumulating subsets should take the form of
Zariski closed subsets. The interpretation of the leading constant by Peyre along with
the appearance of the Picard rank in the power of the logarithm in the formula above

is a fascinating example of how the geometry of a variety (conjecturally) determines
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its arithmetic. Two large classes of varieties for which this conjecture is proven are
for example flag varieties, which was established by Franke-Manin—Tschinkel [37] and
toric varieties, which was proven by Batyrev—Tschinkel [5].

It turns out that the conjecture is false in this formulation. This was first demon-
strated by Batyrev and Tschinkel [6] in the case when the field is & = Q(v/=3).
This was subsequently generalized to arbitrary number fields by Loughran [77]. An-
other counterexample was found by Browing—Heath-Brown [15]. The conjecture was
subsequently revised by Peyre [84], who proposes that one expects the asymptotic
Ny(P) ~ cP(log P)*~! to hold for some U C X such that (X \ U)(k) is a thin set.
We recall the definition of thin sets as defined in Serre [103]. We call A C X (k) to
be of type

(Cy) if ACY(k), where Y C X is Zariski closed,

(Cy) if A C w(X'(k)), where X’ is irreducible such that dim X = dim X’ and 7: X’ —

X is a generically finite morphism of degree at least 2.

A subset of X (k) is said to be thin if it is a finite union of sets of type (Cp) or
(Cy). Since Zariski closed subsets are thin of type (C}) this notion strictly generalises
the permissible accumulating subset that one may remove in Manin’s conjecture.
It should be noted that Peyre has proposed two other reformulations on Manin’s
conjecture. One reformulation is sometimes referred to as an all heights approach [86],
taking into account the different height functions which one may consider arising from
other very ample line bundles on X. On the other hand, he also proposed a notion
of freeness, and that one should be able to recover the desired asymptotic if one
removes points of a certain freeness [85]. The latter approach was recently shown to
be insufficient on its own by Sawin [97].

Returning to bihomogeneous varieties, Schindler [100] successfully verified Manin’s
conjecture for certain complete intersections in biprojective space defined by forms
of bidegree (di,ds) provided di,ds > 2 and if the number of variables is sufficiently
large in terms of the bidegree and the number of forms involved. To achieve this
she combined her results regarding the box count on bihomogeneous varieties [98] as
described above along with a uniform count of the number of integral solutions of
bounded height on certain fibres of the canonical projections m;: X — P%~!. These
counting problems were then merged with a variation of the hyperbola method as

developed by Blomer—Briidern [10].
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It would be interesting to explore an application of Theorem 1.0.8 to show Manin’s
conjecture for certain complete intersections of bihomogeneous hypersurfaces of bide-
gree (2,1). In particular using Theorem 1.0.8 one should be able to prove Manin’s
conjecture requiring fewer variables than what Schindler’s approach is expected to re-
quire. In particular it would be very interesting to see whether one could obtain the
desired asymptotic using the all heights approach proposed by Peyre. Biprojective
varieties are in some sense one of the ”simplest” class of varieties for which Peyre’s
all height approach is genuinely different from the other formulations of Manin’s con-
jecture.

The final chapter of this thesis considers a multiplicative rather than an additive
problem, namely Artin’s primitive root conjecture. Recall that given a rational prime
p the group (Z/pZ)* is cyclic. We say that a rational number g € Q is a primitive
root modulo p if v,(g) = 0 and if the reduction of g modulo p generates (Z/pZ)*.
We also say p is an Artin prime for g if this happens. One may wonder, for a given
integer g, whether there are infinitely many Artin primes p for g. If g is a square
then this will not be the case since (Z/pZ)* =p —1and 2 | p— 1 for all odd primes
p. Similarly, for trivial reasons g = 1 will not be primitive modulo infinitely many
primes.

Artin conjectured in 1930 that any g € Q* \ {£1}, which is not a square, is a
primitive root modulo infinitely many primes. Based on a fairly simple heuristic, he
conjectured a density of Artin primes for a given such g. Write h for the largest
positive integer such that we can write g = b" for some rational number b. It is easy
to check that p is an Artin prime for ¢ if and only if p does not split completely in
any of the splitting fields for 9 — g, which we denote by

Kq = Q(an gl/q)’

where ¢ is a prime. According to Chebotarev’s density theorem the density of primes

p splitting completely in K, is given by WIQ} Now we have
e q_%, if ¢ | h.

If we assume those splitting conditions to be independent from each other, and we

ignore any kind of error terms in Chebotarev’s theorem then one might expect

1 1 x
#{p < x: pis an Artin prime for g} ~ (1 — —) (1 — —) .
t -1l q(q—1) L1 q—1) logz

qth qlh
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Indeed this was the conjectured density according to Artin. Based on numerical
computations by the Lehmers [71] the conjecture was revised by Artin, and first seems
to have appeared in the ’correct’ form in the preface of his collected works [1] edited
by Lang and Tate. In particular, the assumption that the splitting conditions are
independent is, in general, wrong. This causes the need for an additional correction
factor in the density to account for such phenomena. A good overview of the history
of this is given by Stevenhagen [108]. Hooley [50] proved the asymptotic, including the
correction factor as stated by Lang and Tate, under the assumption of the generalised
Riemann hypothesis for certain Dedekind (-functions.

Not so much is known unconditionally. One remarkable result in this direction is
due to Heath-Brown [44], who showed that there are at most two primes, for which
the conjecture fails. In particular, on member of the set {2,3,5} must be a primitive
root modulo infinitely many primes.

One may consider this problem over function fields. Many multiplicative number
theoretic problems become significantly more approachable if one works in this set-
ting. Instead of Q we now consider the field F,(¢), which is the function field of the
projective line over [F,. Rational primes now correspond to irreducible polynomials.

Given an irreducible polynomial p(t) € F,[t] of degree n we have

Fo[t]/(p(t)) = Fon,

and so the group (F,[t]/(p(t)))* is cyclic of order ¢" — 1. One may therefore ask
again, given g(t) € F,(t), are there infinitely many irreducible polynomials p(t) with
Up)(g(t)) = 1 such that g(t) generates (IF,[t]/(p(t)))*? As in the integer case, there
are some obvious obstructions to this being true for certain candidate elements g().
For example, if ¢(t) € F, then clearly g(¢) is not a primitive root modulo any poly-

nomial of degree at least 2. Further note that
1= (= D@ e ),

and so ¢ — 1| ¢" — 1 for any n > 1. Therefore as soon as g(t) can be written as a
(-th power, for some prime ¢ | ¢ — 1, then similarly g(¢) fails to be primitive modulo
any irreducible polynomials of degree at least 2. Artin’s primitive root conjecture
states in this context that given any g(t) € Fy(¢)* \ F, which is not an (-th power
for a prime ¢ | ¢ — 1, there are infinitely many irreducible polynomials p(t) € F,[t]
such that g(¢) is a primitive root modulo p(¢). One may also generalise an analogous
version for the conjecture when we replace F,(¢) by a function field of any suitably

nice variety over IF,, and we will formulate this generalisation in due course.
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Bilharz [7] considered this problem as part of his PhD thesis which supervised by
Hasse at the University of Géttingen in the 1930s. Indeed he managed to prove Artin’s
primitive root conjecture for function fields of any non-singular curve over IF,, under
the assumption of a suitable Riemann hypothesis over function fields, which was later
famously proven by Weil [116]. Bilharz’ proof, however, contains a gap. In particular
the proof remains only valid when the candidate elements g¢(t) are geometric. In
the case when the function field is F,(¢) this means that g¢(¢) is not of the form
g(t) = ph(t)® for some rational prime ¢ different from the characteristic of F, and
where © € F,. In this case, Bilharz’ computations of the degrees of certain field
extensions were not correct. This was already observed by Rosen [91, page 157] and a
full proof of the conjecture seems not to be available in the literature. It is interesting
to note the similarity of this with the history regarding the correction factor in the
classical setting.

One of the principal goals of Chapter 5 is to establish a proof of Artin’s primitive
root conjecture in all cases. At the same time we generalise the problem to function
fields of varieties of arbitrary dimension. In particular, we recover any field of finite
transcendence degree over IF,. In order to state our results we need to introduce some
more language.

Let X be a geometrically integral projective variety over [F, of dimension r with
function field denoted by K. We note that these assumptions imply that the maximal
algebraic field extension of F, inside K is given by F,. Given g € K we say that g
is regular at a closed point p € X if it lies in the image of the natural embedding

Oxp <= K. In this case we may consider the reduction of g to the residue field &, at

X
p

cyclic group. We say that g is a primitive root modulo a closed point p if g is regular

p. Note that r, is isomorphic to a finite field extension of F, and therefore s} is a
at p, if its reduction to k, is non-zero and generates r,". We also call p an Artin
prime for g. Artin’s primitive root conjecture therefore generalises in this context to
say the following: Given g € K \ F,, which is not an ¢-th power for a prime ¢ | ¢ — 1
then there exist infinitely many closed points p € X for which ¢ is a primitive root.
For example, if X = IP)]qu then this is equivalent to Artin’s primitive root conjecture
for IF,(t) as described above.

As noted above, Bilharz proved this conjecture whenever X is a curve in the cases
when ¢ is not geometric. There are a few different notions in the literature of what it
means for g € K to be geometric. In Chapter 5 we prove a lemma, which shows that

they are all equivalent. In particular, we can say that g € K is not geometric at a
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rational prime ¢ # char(F,) if there exists some p € F, and b € K such that g = ub’.
Given g € K define

Py = {l € Lprime: g is not geometric at £}.

We say that degp = n if [k,: F,] = n, and write Xy for the closed points of X. We

consider the following counting function
Nx(g,n) = #{p € Xo: degp =n and g is a primitive root modulo p}.
In joint work with Ezra Waxman, the main theorem of Chapter 5 is the following.

Theorem 1.0.9 (Theorem 5.4.1). Let X/F, be a geometrically integral projective
variety of dimension r. Let g € K\ F,. If g is an (-th power in K for some prime
0| q—1 then Nx(g,n) =0 for alln > 1. Otherwise we have the asymptotic formula

2 qn -1 qn(r—l) n(r— €
V() = pon) (EEZ I 0 (1) ).
where ( - 2, )
C[ qn_ qn_ oo
mw =TT (1~ )
Pl (0)
e,

The proof of this result was inspired by a previous quantitative version of Artin’s
primitive root conjecture established by Pappalardi-Shparlinski [81]. They proved
the above theorem in the case when X is a curve, or equivalently » = 1, and when g
is assumed to be geometric. In particular, if ¢ is geometric then p,(n) = 1 for all n
since the product runs over an empty set, and so we recover their result for curves.

Since p(g" — 1) >, ¢"~" for all n € (0,1) the main term indeed dominates the
error term in the above asymptotic. In order to deduce the infinitude of closed points
for which g is primitive it is therefore sufficient to show p,(n) # 0 for infinitely many
positive integers n. This is dealt with in Chapter 5. Noting that every function field
over [F, arises as the function field of a geometrically integral projective variety over

IF, we therefore deduce in full Artin’s conjecture in this setting.

Theorem 1.0.10 (Theorem 5.4.3). Artin’s primitive root conjecture holds for any

function field K of finite transcendence degree over .

The main idea of the proof is to express the characteristic function of primitive

elements for a cyclic group in terms of character sums. In particular, if G is a finite
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cyclic group of order M then it is not hard to show that we have

1, if g generates G

fa(9) ::MH ] _odx=p

M ©(p)

herwise.
Dl 0, otherwise

> e X(9) {
Using this one may therefore transform the count Nx(g,n) into an exponential sum
over the Fg.-rational points of X. Certain characters will then contribute to the
main term and others will only contribute to the error term. To obtain cancellation
we will require the Riemann hypothesis in this context, which is a famous theorem of
Weil [116]. For curves the cancellation in the character sums has been deduced from
Weil’s result by Perelmuter [82]. In the case of higher dimensional varieties, to the
authors’ surprise, no result seems to be available in the literature. In particular we

required a general result of the shape

> xlglp) < g2,

peX (Fq)

where x: F — C* is a multiplicative character of order ¢ ¢ &,. Having the corre-
sponding result for curves available by Perelmuter, we therefore carefully proved such
an estimate using a fibration argument. This is dealt with in Proposition 5.5.1. We
hope that this can be useful for future applications in many different areas since it is
of such a general shape.

The study of this problem originated by attempting to count the number of Artin
primes in short intervals and arithmetic progressions. The goal was to employ random
matrix theory heuristics in the number field case, and an equidistribution result due
to Sawin [96] in the function field case in order to compute the variance of Artin
primes for a fixed candidate element g over short intervals and arithmetic progressions.
However, since there appeared to be this gap in the literature it was necessary to first

establish the conjecture in a quantitative form in full first.
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Chapter 2

Cubic forms over quadratic
imaginary number fields and
rational lines on cubic
hypersurfaces

2.1 Introduction

The study of integer solutions to polynomial equations is one of the most fundamental
mathematical problems. Quadratic forms are very well understood but the situation
already becomes much more difficult when studying cubic equations. A cubic form
C(x) € Z[z1,...,x4) is a homogeneous polynomial of degree 3. We say that C repre-
sents zero non-trivially if there is a vector @ € Z*\{0} such that C(x) = 0. Lewis [73]
and Birch [8] both independently showed that every cubic form in sufficiently many
variables represents zero non-trivially.

Using the Hardy-Littlewood circle method, Davenport [26] showed that it suffices
to assume s > 32 in order to show that C' represents zero non-trivially, which he then
improved to s > 16 in a series of papers [27, 28]. The current state of the art is due
to Heath-Brown [49] who showed that 14 variables suffice.

The best one can hope for is that every cubic forms in at least 10 variables rep-
resents zero non-trivially since there exist cubic forms in 9 variables, which do not
have non-trivial p-adic solutions and hence also do not represent zero non-trivially
over the integers.

More is known when the cubic form is assumed to be non-singular. In this case
Heath-Brown [43] showed that if s > 10 then the cubic form represents zero non-
trivially, and Hooley [52] established the Hasse Principle if s > 9. That is, he showed

that if a non-singular cubic form over QQ in at least nine variables has a non-trivial
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p-adic solution for every p and a non-trivial real solution then it also represents zero
non-trivially over the rational numbers.

Omne may also consider these problems for cubic forms over a number field K/Q.
In fact the above mentioned result by Lewis was proved for any number field K/Q.
Using the circle method the number of variables required was reduced to 54 by Ra-
manujam [89], which was subsequently improved to 17 variables by Ryavec [92] and
16 variables by Pleasants [87]. If one assumes the cubic form to be non-singular then
recent work by Browning—Vishe [16] shows that ten variables suffice in order to infer
the existence of a non-trivial zero, which improves previous work by Skinner [104].

The main result of this chapter is the following.

Theorem 2.1.1. Let K/Q be an imaginary quadratic number field. If C(x) is a
homogeneous cubic form over K in at least 14 variables then C(x) represents zero

nontrivially.

It seems likely that our result should remain true for general number fields, how-
ever there are two serious obstructions in generalizing Heath-Brown’s ideas to the
number field setting, as we discuss in the course of our proof. We are able to remove
these difficulties only in the special case of imaginary quadratic number fields.

Our result has some interesting applications to problems that do not involve,
prima facie, any number fields. The first of these concerns rational lines on cubic

hypersurfaces.

Theorem 2.1.2. Let C be a cubic form in s > 33 variables with rational coefficients.

Then the projective cubic hypersurface defined by C(x) = 0 contains a rational line.

This improves on work of Wooley [117] who had the same result under the as-
sumption s > 37. We note that another two variables can be saved using ideas from
forthcoming work by Brandes and Dietmann [12], thus leading to a result for s > 31
variables.

More specifically, while our argument (building on Wooley’s) for the proof of
Theorem 2.1.2 only requires Theorem 2.1.1 for one imaginary quadratic number field
(e.g. Q(7)), the full generality of Theorem 2.1.1 is required in the argument of Brandes
and Dietmann.

It is also worth mentioning that in a different paper of the same authors [11],
the result for s > 31 variables is already established under the assumption that the

underlying hypersurface is nonsingular.
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Based on an observation of Briidern-Dietmann-Liu-Wooley [18], the existence of
rational lines can be used in conjunction with the Green-Tao Theorem to produce

almost prime solutions to cubic forms as follows:

Theorem 2.1.3. Let C' be a cubic form in s > 33 variables with rational coefficients.
Then there are almost prime solutions to C(x) = 0 in the following sense: There are

coprime integers cq, . .., cs such that the equation

C(Clph Cap2, - .. ?Csps) =0

has infinitely many solutions in primes pq, ..., ps, not all equal.

Notation

We use e(a) = €™ and the notation O(...) and < of Landau and Vinogradov,
respectively. All implied constants are allowed to depend on the number field K,
a choice of integral basis €2 for K, the cubic form C and a small parameter ¢ > 0
whenever it appears.

As is convenient in analytic number theory, this parameter € may change its value
finitely many times. In particular, we may write something like M?¢ < M¢.

We often use the notation ¢ ~ R to denote the dyadic condition R < ¢ < 2R.

2.2 Deduction of Theorems 2.1.2 and 2.1.3

In this section, we give the proofs of Theorems 2.1.2 and 2.1.3 assuming Theorem
2.1.1.

We begin with the observation that the existence of a rational line on the cubic
hypersurface defined by C'is equivalent to the existence of linearly independent vectors
v and w such that C(v+tw) = 0 identically in t. Expanding this formally as a cubic

polynomial in ¢, we obtain
C(V) + tQu (V) + 1 Loy(v) + t3C(w) = 0

for certain quadratic resp. linear forms @), and L,, depending on w. We therefore

need to find linearly independent v and w such that
C(v) = Qu(v) = Ly(v) = C(w) = 0.

If we start by choosing a solution w # 0 of C'(w) = 0, the linear equation L., (v) =0

and requiring v to be orthogonal to w reduce the degrees of freedom for v by two.
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We are thus looking for a solution to the system C(v) = Q. (v) = 0 of one cubic
and one quadratic equation in s — 2 variables. If we knew that the signature of
the quadratic form @),, was sufficiently indefinite, we could infer the existence of a
sufficiently large linear space on which @), vanishes, leaving us with a single cubic
form in many variables, that can be dealt with by the work of Heath-Brown [49].

The crux however is that it is in general hard to control the signature of Q.
Instead we avoid the indefiniteness issue by passing to an imaginary quadratic number
field of Q, thus requiring our Theorem 2.1.1.

We now present the complete argument in order: We begin by choosing w €
Q°\{0} such that C(w) = 0, which exists by the work of Heath-Brown.

Letting K/Q be any imaginary quadratic number field, we next show the existence

of a vector v € K*, linearly independent to w and satisfying
C(v) = Qu(v) = Ly(v) = 0.

To this end, we use that a hypersurface Q(x) = 0 defined by a quadratic form @ in s
variables contains a L%J-dimensional K-linear subspace, a fact that is easily proved
by induction.

The linear space of vectors v orthogonal to w and satisfying L., (v) = 0 is at least
(s — 2)-dimensional. Thus, @,, vanishes on a linear subspace of dimension at least
{%J = L%J Note that by our assumption on s we have [%J > 14. We are
then left to solve the equation C'(v) = 0 on a 14-dimensional linear space which can
be done by Theorem 2.1.1.

We have thus proved that C'(v + tw) = 0 identically in ¢ for some linearly inde-
pendent vectors v € K° and w € Q7.

By an observation of Lewis, this is enough to deduce the existence of a rational
line, as we explain now, following an argument of Dietmann—Wooley [34].

Consider the K-rational spaces V' spanned by v and w as well as V* spanned by
v* and w, where * denotes conjugation in K. If v € Q° we are already done. Else,
consider the three-dimensional space W spanned by v, v* and w. If C' vanishes on
W, we are also done as W clearly contains a two-dimensional Q-rational subspace.
Else, by intersection theory the hypersurface defined by C' must intersect W in a
third two-dimensional K-rational subspace L. More precisely, by Theorem 1.7.7 in

Hartshorne [42] we have

i(W,C;V) +i(W,C; V) + ) i(W,C; Zy) - deg Z; = (deg W)(deg C) = 3,

J
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where (W, C; V) denotes the intersection multiplicity and Z; are the other irre-
ducible components of C'" W. Since W is invariant under conjugation, we must
have (W, C; V) = i(W,C; V*) and thus both numbers are equal to 1, implying that
there is a unique third component L = Z; which is then necessarily linear. Finally,
since W and C' are conjugation invariant, the three spaces V', V* and L are permuted
under conjugation and thus L itself is conjugation invariant, i.e. describes the desired
rational line. |

We remark that the use of intersection theory in the previous argument can be

replaced by an explicit algebraic computation, as shown in Wooley [117].

To deduce Theorem 2.1.3, we follow the strategy in [18]. In particular, we show
that the existence of a rational line implies the existence of almost prime solutions,
regardless of the number of variables. We thus assume that for some linearly indepen-
dent vectors a, b € Z°, we have C'(at + bu) = 0 identically in ¢ and u. If a; = b; =0
for some 7, then we can set ¢; = 1 and continue to work with the other variables. By
taking a suitable linear combination, we can then assume that indeed all a; and b; are
different from 0. Rescaling u by a factor of ajas . .. as and then rescaling the variables
by a factor of a; (thereby changing ¢; by a factor of a;), we may even assume that all

the a; are equal to 1, i.e.
C’(t+b1u,t+b2u,...,t+bnu) =0

identically in ¢ and u. By the Green—Tao Theorem [40], the primes contain infinitely
many arithmetic progressions of length 2M + 1 where M = 2max; |b;| + 1, i.e. there
are infinitely many pairs (¢, d) such that ¢ + kd is prime for all |k| < M. Choosing
t = ¢ and u = k then yields the desired result with ¢; = 1. |

2.3 Algebraic preliminaries

While our main result is proved only for imaginary quadratic number fields we will
introduce the matter in a general fashion and not restrict ourselves to these fields
for now. We will aim to highlight whenever phenomena occur that set apart the
situation for imaginary quadratic number fields from a general setting. In particular,
even when K/Q is an imaginary quadratic number field we still sometimes prefer to
write n = [K: Q).

Let K be a number field of degree n over Q and denote by O its ring of integers.
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Define the R-vector space Kg = K®gR and note that we have natural embeddings
O C K C Kg. The space K is sometimes referred to as the Minkowsk:i space of K.
Note that there exist integers ny and ny with ny +2ny, = n such that K admits ny real
embeddings o4, ...,0,, and 2ns complex embeddings 0,11, 0n 41, - - s Ony+nos Ong+ns
so that Kr = R™ x C"2.

Denote by 7; the projection from Kr = R™ x C™ to the i-th coordinate, which
may take real or complex values. We define the trace map tr: Kg — R and norm

map Norm: Kg — R as

tr(a) =» m(a)+ Y Re(m(a)),
i=1 i=ni+1

and
na

Norm(a) = H |mi()| H (),

i=ni1+1
respectively. If a € K then these are just the usual norm and trace function from
algebraic number theory.
Pick a basis Q = {wy,...,w,} of O. Any element o € Kp may be expressed in

the form a = Z?:1 ajw; for some o; € R. For such o we define a height
al = max|ay].
j

Note that this depends on the choice of basis 2 for O. Given a vector o = (oM, ..., al¥) €
Kj we further denote

la] == mkax|a(k)|.

We may alternatively define another height on Ky given by
ol = max |mp(a)]
As noted by Pleasants [87, Section 2| we have
o] < |alk,
for all « € Kg. If o, 8 € KR then it is easy to see that this height satisfies

laBlk < la|k|Blk,
la+ Blk < |alk + |5k
lafi!

Mg < ——5—.
o™ ke = Norm(a)

30



The same inequalities therefore hold for | - | if we replace the symbols < by <k. It
would be desirable to have the last inequality in the form |a~!| < |a|™" which would
result if Norm(«) =< |a|®. However, if « is a unit in O then Norm(«) = 1 while the
height || may be unbounded, at least whenever K is not an imaginary quadratic
number field. This is one of the points where our argument crucially depends on the
latter assumption.

If K = Q(v/—d) is an imaginary quadratic number field then, depending on the
value of the residue class of d mod 4, we can choose {1,v/—d} or {1, (1 ++/—d)/2}
as an integral basis for O. We thus find that

Norm(a) < |af?.
In particular we find
o™t =< a7

Given an ideal J C O we recall that O/J is finite and we define as usual the norm of
the ideal to be

N(J)=#(0/J).
For a fractional ideal of K this norm is, as usual, extended multiplicatively using the

unique factorization into prime ideals inside K. Given v € K we further define the

denominator ideal of v as
a, ={x e O:2ye O}.

As the name suggests, and this is not very difficult to verify, a, is an ideal inside O,

contained in the fractional ideal (7)~!. We will need the following fact several times.

Lemma 2.3.1. Let J C O be an ideal. Then there are at most N(J) different
elements v € K/O such that a, = J.

Proof. To see this, note first that for any two fractional ideals b,¢ C K with b D ¢
there exists some d € O such that db,dc C O. Thus

[O: dc]
[O: db]

[b: ¢| = [db: de| = — N(dc)/N(db) = N(c)/N(b).

Now note that if a, = J we must have v € J 'O, where
Jl'={reK:xJCO}
But now [J7'O: O] = N(J) and so the result follows. O
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We shall further require a version of Dirichlet’s approximation theorem.

Lemma 2.3.2. Let K/Q be a number field of degree n. Let a € Kg and let QQ > 1.
Then there ezist some a,q € O with 1 < |q| < Q such that

1
lgqa —a| < —.

Q
Proof. Consider the set Q of algebraic integers given by

Q:{ZQJWJGOOSQJSQ}
J

For any ¢ € Q we may express g as
Qo = aq + xq4,

where a, € O and z, = Zj x4,;wj such that 0 < z,; < 1for j = 1,...,n. By
considering [Q]"™ boxes centered around z, inside Kr/O = {ZJ rjwi: 0<x; < 1}
whose edges have side lengths 1/Q, we find that two such boxes must necessarily
intersect. Hence there must be ¢i,¢q € Q with ¢; # ¢» such that z, and z,, lie in

the same box according to the partition above. Therefore we find

(@1 — @) — (ag, — ag,)| = |2, — 74,| < 1/Q.
Taking ¢ = ¢1 — ¢2 and a = a4, — a4, delivers the result. O

For the application to the mean-square averaging method introduced by Heath-
Brown, we need a fractional form of Dirichlet’s theorem. We are only able to obtain a
satisfactory version for imaginary quadratic number fields, this being the first of the
obstructions regarding possible generalizations mentioned in the introduction. Note
that this is special to Heath-Brown’s method and hence was not an issue in the work

of Ramanujam, Ryavec and Pleasants.

Lemma 2.3.3. Let K/Q be an imaginary quadratic number field (in particular n =
2). Let « € Kg and let Q > 1. Then there exists some v € K with N(a,) < Q" such
that

1
o= < —F—.
N(%)%Q

Proof. From Lemma 2.3.3 we find that there exist a,q € O with ¢ # 0 and |q| < Q
such that

lga —a| < 1/Q.
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Set v = a/q € K and note that (¢) C a,. In particular from this it follows that
N(ay) < N((g)) = Norm(q) < |q|",
where the last estimate is true since K is an imaginary quadratic number field. Thus
g™t < N(a,) 7",

and so we obtain
o = 7| < [g| g — o] <

as desired. n
We shall sometimes require the following easy lemma.

Lemma 2.3.4. Let J C O be an ideal. Then there exist constants ci,cs only depend-

ing on K such that for any non-zero g € J we have
aN()Y™ < g,
and we may always find a non-zero element g € J such that
lg] < N ()™
Proof. First note that if g € J then (g) C J and therefore
N(J) < N((g)) = Norm(g) < |g[".

For the second inequality note that there are at least N(J) + 1 algebraic integers
whose height does not exceed N(J)/". By definition N(J) = #(0/J) and hence
at least two of these integers must lie in the same residue class modulo J. Their

difference is therefore an algebraic integer g € J with |g| < 2N (J)Y/™. O

Finally we will also need the following.

Lemma 2.3.5. Let K/Q be a number field and let A be the discriminant of this

extension. Let o € Ky and assume that {w;}; is an integral basis for O. If
A tr(aw;) € Z

holds for alli=1,...,n then a € O.
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Proof. Write a@ = Z?Zl a;w;, where a; € R. Due to the additivity of the trace we

have

n
tr(aw;) = Z ajtr(ww;).
j=1

Denote by T the trace form, that is, the n x n matrix with entries tr(w;w;). Then if

we identify a = (ay, ..., ) € Z™, the assumption of the lemma is equivalent to
A™'T(a) € 2.

By definition det T = A. Hence T’ := AT~! has integer entries. Combining this

with our previous observation yields
a=T"'"T(a)=T(A"'T(a)) € Z".

Hence a € O as required. O

2.4 The dichotomy

Let C € Olzy,...,xs] be a homogeneous cubic form. Our goal is to show that there
always exists a non-trivial solution to C' = 0 over K provided s > 14 and K is an
imaginary quadratic number field. We follow the strategy of Davenport that was later
refined by Heath-Brown [49]: Either C' represents zero non-trivially for ’geometric
reasons’, or we can establish an asymptotic formula for the number of solutions of

bounded height, using the circle method.

2.4.1 Davenport’s geometric condition

We may express C'(x) as

C(x) = Z CijkTiT T,

irj,k
where the coefficients c¢;j, are fully symmetric in the indices and lie in O, after re-
placing C'(x) by 6C(x) if required. For i = 1,...,s further define the bilinear forms
Bi(z,y) by
Bi(x,y) = Zczjkl’jyk-
jk

Finally, we also consider an s x s matrix M (x), the Hessian of C(x), whose entries

are defined by

M (@) =) e,
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so that
(M(z)y): = Bi(z,y).

We note that the entries of M (x) are linear forms in the variables . Denote the

rank of the matrix by
r(x) = rank(M(x)).

As in Davenport’s and Heath-Brown’s work we obtain a dichotomy.

Lemma 2.4.1. One of the following two alternatives holds.

(i) Davenport’s Geometric Condition: For every integer 0 < r < s we have

#{xec O x| < H, r(x)=r} < H". (2.4.1)

(i) The cubic form C(x) has a non-trivial zero in O.

Proof. Consider the least integer h = h(C') such that the cubic form may be written

C(x) = ZLAw)@i(w),

where L; are linear and (); are quadratic forms defined over K. This is the h-invariant
of C. It is easy to see that 1 < h < s holds, and that C'(x) = 0 has a non-trivial
solution over K if and only if A < s.

We will show that if h = s then alternative (1) holds. In fact, Pleasants [87,
Lemma 3.5] showed that the number of points & € O® such that || < H holds, for

which the equations B;(x,y) = 0,7 =1,..., s have exactly s —r linearly independent
solutions y is bounded by O(H”(S_h”)). Hence taking h = s delivers the desired
bound (2.4.1). O

We will henceforth assume that Davenport’s Geometric Condition (2.4.1) is satis-
fied and apply the circle method. In particular as in [49] this condition implies that
we have

#x,ye O°: |z|,|ly| < H,Bi(x,y) =0,Vi} < H™, (2.4.2)

for any H > 1.
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2.4.2 The circle method

Let B C Kg = R"™ be a box of the form

J i

where b;; < b;; are some real numbers and we will throughout assume b;; —b; <1

For P > 1 consider the counting function
N(P;B)=N(P)={x e PBNO*: C(x) =0}.
For o € Kr and P > 1 we define the exponential sum

S(@)=S(P)= > eltr(aC(x)).

xePBNO*

Denote by I C Ky the set given by
I = {Zajwj: 0<a; < 1},
j=1

which may also be regarded as Kg/O. Due to orthogonality of characters we obtain

N(P) = / S(a)da
acl
We are now able to state the main technical theorem of this chapter.

Theorem 2.4.2. Let K/Q be an imaginary quadratic number field and let C(x) be
a cubic form in s > 14 wvariables over K. Suppose that C(x) is irreducible over K
and that Davenport’s Geometric Condition (2.4.1) is satisfied. Then we have the

asymptotic formula
N(P)=oP"* 4 0(P""¥) | as P — o,
where o > 0 s the product of the usual singular integral and singular series.

Therefore Theorem 2.1.1 follows directly from Lemma 2.4.1 and Theorem 2.4.2
where we also note that a reducible cubic form always contains a linear factor over

K and therefore has a non-trivial solution for obvious reasons.
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2.4.3 The major arcs

For this section we do not need to assume that K is an imaginary quadratic number
field of Q. As in Pleasants, we choose as center of our box B = B(z) a solution
z € Ky of C(z) = 0 satisfying g—fl(z) # 0 and z,...,2, # 0. Such a vector z always
exists by [87, Lemma 7.2] provided C is irreducible.

Let v € K/O and define

M, ={ael:|a—y <P},

where we regard [ = Kg/O. We define the major arcs as

and the minor arcs as

Further, define the sum S, via

S,= Y eltr(Ca))).

« mod N (ay)
Given a parameter R > 1 we define the truncated singular series to be
S(R) = Z N(a,)""5,,
YEK/O

N(ay)<R

and the truncated singular integral to be
3(R) = / / e(tr(CR3C(RE)))dedc.
ICI<R” JB

Pleasants [87, Lemma 7.1] shows that if v < #4 is satisfied then we have
| Sta)ta = &(P)IPIPD 1 o(Prie-),
m

Moreover, if B = B(z) is the box as in the beginning of the section, provided that the
sidelengths of the boxes are sufficiently small, and if C(z) is irreducible over K then
Pleasants [87, Lemma 7.2] further shows that J(R) converges absolutely to a positive
number J.

We remark that Lemma 7.2 in [87] was originally stated under the weaker as-

sumption that C'(x) is not a rational multiple of a cube of a linear form. His proof
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relies on a result by Davenport [26, Lemma 6.2], which assumes the existence of a

non-singular, real solution & € R" of a rational cubic form G such that

oG
al‘i

holds for some 7. In particular Pleasants writes that "this hypothesis is not used in the
proof of the lemma, however, and in any case the arqgument that follows could easily be
adapted to provide it”. While one can always find & € R* with g—g(é) # 0 unless G is a
rational multiple of a cube of a linear form, one can not necessarily ensure that & # 0
for the same index i. Consider for example G(x1,...,7,) = z1(z3 + - + 22). Tt is
possible that Davenport’s result [26, Lemma 6.2] holds nevertheless in this generality
but at least the standard method of establishing bounded variation of the auxiliary
function involved in the proof by showing the existence of right and left derivatives,
see for example [29, Lemma 16.1], fails in general.

The singular series G(R) may or may not converge absolutely as R — oo. If it
does converge, then provided non-singular p-adic solutions of C(x) = 0 exist for all
primes p, by standard arguments it follows that & > 0. See for example the proof of
Lemma 7.4 in [87], where this argumentation is carried out in our setting. Finally,
Lewis [72] showed that these non-singular p-adic solutions always exist whenever

s > 10. Therefore we obtain the following.

Theorem 2.4.3. Let C € Olxy,..., x| be an irreducible cubic form. Assume that
s > 10. If the singular series G(R) converges absolutely as R — oo then

/ S(a)do = g P 4 o( PP,
m

for some 0 >0 as P — oo.
In particular, in Section 2.7 we will establish the following.

Theorem 2.4.4. Assume that s > 13 and that Davenport’s Geometric Condition (2.4.1)
is satisfied then the singular series converges absolutely. Therefore if C(x) is irre-

ducible we have

/ S(a)da = g P73 4 o (Pe79))
m
for some 0 >0 as P — oc.

We remark that we show this result for any number field K.
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2.5 Auxiliary Diophantine inequalities

To bound the Weyl sum S(«a) of a general cubic form, classical Weyl differencing
leaves us with the task of examining the number of solutions to certain auxiliary
Diophantine inequalities. Davenport’s crucial idea was to bootstrap these inequalities
using his Shrinking Lemma, combined with the observation that sufficiently strong
Diophantine inequalities already imply divisibility or even equality.

In this section, we prepare these arguments by providing a version of this obser-
vation adapted to our setting. We are only able to show a satisfactory version of this
lemma if K/Q is an imaginary quadratic number field, this being the second of the

obstructions mentioned in the introduction.

Lemma 2.5.1. Assume that K/Q is a number field and denote by A the discriminant
of this extension. There exists a real positive constant A > 0 depending only on K
and the choice of integral basis 2 for K such that the following statement holds.

Let M > 0 be a real number and let « € Kg. Suppose that o = v+ 0 with v € K
and M|O|N(a,)V/" < A. If m € O is such that |m| < M and ||A~ tr(amw;)|| < P!
holds for all j = 1,...,n where APy > N(a,)"" then m € a.,. In particular if either

of the conditions

(i) M < AN(a,)'/", or

(ii) K is an imaginary quadratic number field and A|f| > N(a,) /P!
18 satisfied, then we must have m = 0.

Proof. Note first that
HA‘ltr(fymwj)” < HA‘ltr(amwj)H - ||A_1tr(«9mwj)“ )

Now due to our assumption we have || A~ tr(amw;)|| < Py '. Further it is easy to see
that
A7 Mtr(0mw;)| < 0] M.

Therefore choosing A sufficiently small we find

A1/2

"A‘ltr(’yij) || < W,

(2.5.1)

for all j = 1,...,n. As before write T = (tr(ww;));; for the trace form. Write

x € R” for the real vector obtained from ym under the isomorphism Kr = R" with
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respect to the integral basis 2. Then (2.5.1) is equivalent to saying that there exist

a € Z" and r € R" with |r| < N(L/?/n such that

ay)

T(A™'z) =a + .

Recall that AT~! is an integral matrix whose entries are bounded in terms of K.
Therefore
x=AT '(a)+ AT (r).
Now AT !(a) € Z™ and
Al/3
N ()
after decreasing A if necessary. We thus find that

AT (r)| <

ym = a-+ p,

A1/3
Nay) 177
N(a,)Y™. From the above equation we see that gp € O, and so, unless p = 0 we have

where a € O and |p| < By Lemma 2.3.4 there exists g € a, with |g| =<

1< |gp| < AV4,

after decreasing A if necessary. Choosing A suitably small therefore leads to a con-
tradiction whence we must have p = 0, and so m € a,. This finishes the first part of
the proof.

If we now assume that M < AN(a,)"/™ is satisfied then by choosing A suitably
small this implies that m = 0 via Lemma 2.3.4.

Finally, assume that A|0] > (N(a,)/"Py)~! is satisfied and that K is an imaginary
quadratic number field. Upon choosing A even smaller if necessary, we find that

A7 Htr(Omw;)| <

b

N —

for all j =1,...,n and thus
ATMtr(Omw;)| = ||A r(0mw;)|| < ||AT tr(ymw;) || + ||A e (amw;)|| < By

forallj =1,...,n. Writey = (y1,-..,yn) for the image of m under the isomorphism
Kr = R™ and let T be the trace form as above. The above inequality is equivalent
to saying that there exists some t € R™ with |t| < Py such that

T(A'y) =t
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As before the inverse of T is a matrix with rational entries, whose absolute value is
bounded by O(1). Hence

lyl = AIT(8)] < [t] < Py

Further |y| = |#m|, and since K is an imaginary quadratic number field we have
16~ =< |0|~" and so

m| < (Polo])~".
Hence for sufficiently small A we obtain
|m| < Al/QN(ay)l/".
Choosing A to be suitably small implies m = 0 by Lemma 2.3.4. O
We now recall Davenport’s shrinking lemma [29, Lemma 12.6].

Lemma 2.5.2. Let L: R™ — R™ be a linear map. Let a > 0 be a real number and

for a real number Z > 0 consider
N(Z)={ueZ™: |u| <aZ, |(L(u))]| <a 'Z for all i} .

Then if 0 < Z <1 we have
N(1) <, Z7"N(Z).

As noted in [49] the lemma was originally only stated when a > 1 but we may
extend the range of a to all positive real numbers since the result holds trivially if

O<a<l.

2.6 Weyl differencing

One of the main innovations in [49] is to introduce an averaged van der Corput
differencing approach in order to bound the contribution from the minor arcs. Since
this cannot handle the entire range of minor arcs we need to supplement it with an
estimate coming from conventional Weyl differencing.

Let a € Kg. Throughout this section we will write
a=7+0,

where v € K and 6 € Kg. Note as in [87, Lemma 2.1] we find

1S()[* < P > T min (P [[tr(6aw; Bi(z, 9)[| ") - (2.6.1)

|z|,|y|<P i=1 j=1
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This estimate is proved using a classical Weyl differencing procedure adjusted to this
context. Following standard arguments as in Davenport [29, Chapter 13] we now
transform this into a counting problem.

Given o« € R and P > 1 define

N(a, P) = #{(m,y) € O%: |x| < P, |y| < P, ||tr(6aw; B;(z,y))|| < P~', Vi,j}.
For a fixed € O° write further
N(x) = # {y € O%: |y| < P, |[tr(6aw;B;(x,y))|| < Pt Vz’,j} ,

so that
N(o,P)= Y N(x).
|z|<P
Let 7;; be integers such that 0 <r;; < Pfori=1,...,s, 5 =1,...,n. We claim that
there exist no more than N (x) integer tuples y € O°, which lie in a box whose edges

have sidelengths at most P such that

i % 1
% < A{tr(6aw,;B;(x,y))} < r];
is satisfied for all i = 1,...,s and j = 1,...,n, where {x} denotes the fractional part

of a real number z. Indeed, if y; and y, are two such integer tuples satisfying the

above system of inequalities then |y; — ys| < P and
[tr(6aw; Bi(z, y1 — y2))|| < P~

holds for all 7, 5. Hence, since y = 0 is a possible solution, there are no more than
N(zx) possible solutions to the system of inequalities above. Dividing the box PB

into 2™ boxes whose edges have sidelength at most P we find

s ) . P
Z H Hmln (P, ||tr(6aw; Bi(z,y))|| ) < N(x H Z min ( o ﬁ)
ly|<P i=1j=1 ij Ti;=0 J J
< N(z)(Plog P)"*
Upon summing this estimate over || < P and using (2.6.1) we obtain

|S(a)|* < P?(log P)"*N(a, P). (2.6.2)

We now proceed to estimate N(«, P) using the results from the previous section.

For fixed & € O? identifying O° = R™ and given y € O° one may view the map
y — (tr(6aw;B;(x,y))):;
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as a linear map R™ — R™. Hence we can apply Lemma 2.5.2 where N(x) = N(1)
in the notation of the lemma where Z is to be determined in due course. Summing

over the |z| < P then yields

N(a,P) < Z7"#{(x,y) € O%: |z| < P, ly| < ZP,
[tr(6aw; Bi(x,y))|| < ZP~', Vi, j}. (2.6.3)

If we apply the same procedure to the quantity on the right hand side of (2.6.3), but

now with the roles of  and y reversed we obtain

N(a, P) < Z724# {(z,y) € O%: || < ZP, ly| < ZP,
[tr(6aw; B;(x,y))|| < Z°P~', Vi,j}. (2.6.4)
At this point we will employ Lemma 2.5.1. We wish to choose Z such that the bilinear
forms appearing in the right hand side of (2.6.4) are forced to vanish. To this end, in
the notation of the lemma we take m = 6AB;(x,y), M < 6Z%P? and Py ' = Z*P~1.

Choose the parameter Z so that it satisfies

0<Z<1, Z?><(P*0|N(a)/M, 22—,
(P70|N (ay)™) N(a,)1/"

as well as

N 1/n
7Z? <« max ((jl.+2)7N(%)1/”|9|P) ;

where the implicit constants involved are sufficiently small such that the assumptions
of Lemma 2.5.1 are satisfied. Provided K is an imaginary quadratic number field,
Lemma 2.5.1 and (2.6.4) give

N(a,P) < Z7*" {(z,y) € O*: |x| < ZP, |y| < ZP, Bi(z,y) =0, i =1,...,s},

where we note that clearly 6AB;(x,y) = 0 if and only if B;(z,y) = 0.
Since we assume that Davenport’s Geometric Condition (2.4.1) is satisfied it fol-

lows from the simple observation (2.4.2) that
N(a, P) < Z7"(ZP)™.
From (2.6.2) for permissible Z as described above we therefore have
|S(a)|* < PPrstezns,

The estimate is optimised when Z is as large as possible. Hence if we take

‘ . P N(a,)/n "
Z2 = min {1, (P2|9|N(Cl»y)l/ ) 1, W,max <(P+2), N(a»Y)l/ |9|P)}
Y
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then Z is clearly in the permissible range, and we deduce

(@)t < P"¥ (14 PHOIN(,) " + PN (a,)/"

+ min <P2N(ﬂ'y)71/n7 (N(a’y)l/n‘e‘P)*l>> 2 .
In particular, if N(a,)'/" < P¥2 then P~*N(a,)//" < PY/? and so we find
S(a)] < P™*¢ (N(a))"/"|6] + (N(a,)/"|6] P*) " +P—3/2)%

in this case. Finally since X'/?2 < X/Y +Y for any two positive real numbers X and
Y we see that the last term of the right hand side above is dominated by the other

two summands. We summarise the main result of this section.

Lemma 2.6.1. Let K/Q be an imaginary quadratic number field. Let « € Ky and
write a = v + 0 where v € K and § € Kg. If N(a,)™ < P%2 then we have

S(a) < P (N(a))""[0] + (N (a,) /" |0] PP)71) *
This bound will be useful for the range in the minor arcs when the parameter 6

is small.

2.7 Pointwise van der Corput differencing and the
singular series

In this section we will perform a pointwise van der Corput differencing argument,
in order to show that the singular series converges absolutely. This argument works
over a general number field. We start by considering the exponential sum S(v),
where v € K and we set P = N(a,). Further in this section we take the box
B = Bs = {(3>_;zijw;)i € K: 0 < x;; < 1} so that the goal of this section is to
study the sum S, as it was defined in Section 2.4.3. To be completely explicit with

our choice of box we then have

S,=S(v = > e(tr(yC(x)),

0<x<N(ay)

where the condition 0 < & < N(a,) denotes the sum over elements & = (Z i xijwj> €

2

O such that 0 < z;; < N(a,) holds. The main goal of this section is to establish the
bound
S, < N(a,)sn=1/6)+e, (2.7.1)

44



Let H be a positive integer that satisfies H < N(a,). Clearly we have

H"Sm= 3 3 elt(C@+h)).

0<h<H 0<z<N(a,)
0<xz+h<N(ay)

Interchanging the order of summation gives

mese)= Y Y O+ h)).
0<z<N(ay) 0<h<H
0<xz+h<N(ay)

An application of Cauchy-Schwarz yields

H™|S(y) < N(ay)™ ) Y e(r(vC(z + h))
0<x<N(ay) 0<h<H
0<z+h<N(a,)

Expanding the square one obtains

H?"|S(y)]” < N(a,)™ g g e(tr(yC(x + hy) — C(x + hy))) .
0<xz<N(ay) 0<hi,ho<H
0<z+hi,x+ha<N(ay)

Set y = x+hy and h = hy — hy. Note that after this change of coordinates each value
of h in the sum above appears at most H™® times. Therefore the previous display
gives

H[SH)? < N(a)™ S [T(h,7)]. (2.7.2)

|h|<H
where

T(h,7) = Y e(tr(y(Cly +h) - C(y))),

yER(h)
and where R(h) is a box whose sidelengths are O(N(a,)). We take the square of the

absolute value of this expression, and expand the resulting sum in order to obtain

T(h, )PP = Y elr(v(Cly+h)—Cly)—C(z+h)+C(2)).
y,2€R(h)
Making the change of variables y = z + w we find
T(h )= Y. > eltr(C(w,h,z)),
w/<N(a,) =
where the inner sum ranges over a (potentially empty) box S(h, w) whose sidelengths
are O(N(a,)) and where we write C(w, h, z) for the multilinear form given by

Clw,h,z) =C(w+h+z)-C(w+z) — C(h+ z)+ C(2).
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In particular we have
C(w, h, z) —GZZZ (w,h) + ¥Y(w, h),

where B; are the bilinear forms associated to C', and where V¥ is a certain polynomial

whose precise shape is of no importance to us. Therefore we find

ZZ@ (tr (672% w, h) + 7P (w, h)))

Writing z; = ) ; Zijwj we may regard the inner sum as an exponential sum over integer
variables z;;. This is a linear exponential sum and the coefficient of z;; is given by

6tr(yw;Bi(w, h)). A standard argument regarding geometric sums now yields
|? < ZHHmm (a,), [|6tr(yw; Bi(w, k)| 1) .
w =1 j5=1

In particular the same argument that led to (2.6.2) shows that

T (h, )" < N(a,)"™**N(y, N(a,), h), (2.7.3)
where
N(v,N(ay).h) = #{w € O°: |w| < N(a,), [[6tr(yw; Bi(w, h))|| < N(a,) ™", Vi, j} .

Note that the condition in the sum already implies that 6AB;(x,y) € a., holds for
all 7, but we prefer to write it in the above shape in order to highlight the similarities
with the argument in the previous section.

As in Section 2.6 we may regard w — tr(yw;B;(w, h)) as a linear map R™ — R".
Hence we can apply Lemma 2.5.2 so that for any Z € (0, 1] we have

N(v,N(a,),h) < Z7"# {'w € O%: |lw| < ZN(a,), ||6tr(yw;B;(w, h))|| < ZN(a,Y)’l} )

We now wish to choose Z in such a way that we can apply Lemma 2.5.1. In the
notation of this lemma we have m = Aw,;B;(w,h) and § = 0. We take Z € (0, 1]
such that Z7 < H'N (uv)%_l for a suitable implied constant. Then Lemma 2.5.1
implies
N(v,P,h) < H™N(a,)"*# {w € O°: |w| < H 'N(a,)"", B;(w,h) =0, Vi,j}.
Recalling that r(h) is the rank of B;(h,-): K§ — K§, using (2.7.3) we find

r(h) o nr(h)

T(h,7) < N(a,)™ "2+ g™
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Hence (2.7.2) delivers

r(h)
|S("}/)’2 <<H7nsN(av)2ns+a Z (HnN(a’y)fl) P

|h|<H

By (2.4.1), for any r the number of h with r(h) = r is O(H™"). Therefore we find

S

SO < H™"*N (@)™ >~ (H"N(a,)™")? .

r=0

The sum is maximal either when r = 0 or when r = s, and thus
|S(7)|2 < H_nSN(u7)2n8+6 (1 + H3n8/2N(a7)_8/2) )
Choosing H = | N(a,)]?" this finally yields

S(y) < N(a,)¥n=1/0+e,

2.7.1 Proof of Theorem 2.4.4

By Theorem 2.4.3 it suffices to show that G(R) converges absolutely as R — oc.
Given a positive integer k£ the number of ideals of O of norm k is O(k®) using

the divisor bound. Hence together with Lemma 2.3.1 we obtain that the number of
v € K/O such that N(a,) = k is bounded by O(k'*¢). Thus, using (2.7.1) we find

R R
S(R) < Z f—ns+ltepns—s/6 _ Z pl-s/6+e
k=0 k=0
Therefore G(R) converges absolutely to some real number & as R — oo provided
s > 13. O
We remark that using the ideas of Heath-Brown [49, Section 7] it would be possible

to establish the absolute convergence of G(R) already for s > 11.

2.8 Van der Corput on average

In this section, we work towards a bound for the Weyl sum S(a) on the minor arcs.
As observed by Heath-Brown, the simple pointwise van der Corput differencing is not
sufficient to improve on Davenport’s result for s > 16.

It is however possible to exploit the fact that we are averaging both over the
modulus a, as well as the integration variable  in the minor arcs, thus leading to a

version of van der Corput differencing on average.
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From now on we continue to work with the box B = B(z) as defined in the
beginning of Section 2.4.3. Instead of a pointwise bound for S(«), we will seek to

bound the mean-square average
M) = [ 18P
—a|<K

for € Kg and a small parameter x € (0,1), where we remind the reader that the
integration is over a region of Kg.

In conjunction with the Cauchy-Schwarz inequality and an appropriate dyadic
dissection of the minor arcs, a satisfactory bound for M (a, ) will be sufficient to
control the total minor arc contribution.

The idea now is that the mean square integral automatically shortens all the n

coordinates of h; in the van der Corput differencing, allowing us to effectively save

a factor PZ over the pointwise bound. Here and throughout we denote h = (h;); =

<Zj hl-jwj). e O°.
(2
To this end, we initiate the van der Corput differencing with parameters 1 <
H;; < P to be determined, obtaining

HHUS(B): Yo > eBC@+h)=> Y e(t(fC(x+h),

0<hi;j<H,; x+hePB xcOs w+hePB

where implicitly we still restrict to h such that 0 < h;; < H;; is satisfied. Note that
the condition H;; < P ensures that the sum over « is restricted to O(P™) many

summands. An application of Cauchy-Schwarz thus yields

2

H BIP< P> 1 Y e(tr(BC(x + h)))

x€Os |z+hePB

Opening the square on the RHS, we obtain

H BIP < Py > e(t(BC(z + h1) — C(z + ha))))

x€0s z+hq,x+hoePB

On substituting y =  + h, and h = hy — hg, this becomes

H BIF <P Y wh) Y et(B[C(y+h)—Cy))

|hij|<Hij yeR(h)

where w(h) = #{h1,h2 : h = hy — hy} <[], H;; and R(h) is a certain box
depending only on h.
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Instead of taking absolute values, we now first integrate over 5 =3 i Bjw; with a

smooth cutoff function to obtain

Mo e [ exp (—M) |S(8)Pd

K K
< pre w(h) [(h y)
[T, H3 2 2 1

g |hij| <Hij YER(h)

<<HPiH S iy,

Y |hij|<H;; |[yeR(R)
where

hy)= [ e (—W—_O‘)> e (6(8[Cly + k) — Cy)))) d8

K

= 125" [ exp(—n2w? tr(w; [Cly + h) — C(y)))?) - eltr(a[C(y + h) — C(y))).

J=1

9C(y)

oxy

that by our choice of the box B(z), this difference is large. But then for some j, the

Heuristically, for large hy € O, we should have C(y + h) — C(y) =~ h; - SO
trace of this number multiplied with w; must be large as well, leading to a negligible
contribution to M (a, k) from those terms, thus effectively cutting down the range to
small h;.

We now fix the choice H;; = H for i # 1 and H,; = cP for a sufficiently small

constant ¢ and make the above heuristic discussion precise. For y € R(h) we have

oC(y)
(9331

Cly+h)—Cly)=hi- + O(HP? + | [’|y]).

If the width of the box B(z) and ¢ are sufficiently small, the fact that %(f) # 0 then
implies that
(Cly +h) = C(y)| > b - P*

(log P)?
K/P2 )

(log P)?

unless |h| < H. Additionally, unless |h;| < we even have that

C(y+h)—C(y)| >

so that for some j we must have

tr (w; [Cly + h) — C))| > 08 L)
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and we infer from our previous calculations that the contribution of such h to M («, k)
is O(1). Hence,
PTLS*?’L
M(a,k) < 1+ Z

Hns—n
\hi |<H

> I(hy)

(log P)?
HP?

Moreover, the range |5 — | > klog P in the definition of I(h,y) clearly gives a
total contribution of O(1) to M(a, k) so that we end up with the estimate

if we choose x =<

ns—n

h d
g X s

|hi| < H

M(a,k) < 1+

with
T(h.8)= Y e(tr(B[C(y+h)-C).

yeR(h)

As in Section 2.7, we obtain

IT(h, B)|* < P"™"N(B, P, h)

where
N(B,P,h) = #{w € O° : |lw| < P, |6 tr(Bw; B;(w, h))|| < P, Vi, j}
so that e
Mayr) <14 02> Y maxN(g, P,h)? (2.8.1)
_— a 2 8.
ot Hren |h.\<<H1%l€IX o

for T={p:|f — a| < rlog P}.
We next claim that

max N(B,P,h) < P°N(a, P,h).
S

Indeed, consider a vector w counted by N (5, P,h). It thus satisfies |w| < P as well
as ||6 tr(Bw; B;(w, h))|| < P~! so that

1 1 log P)?
16 tr{aw; Bi(w, h))|| < & + 16 = a - [ Bi(w, h)| < 5 + wlog P- HP < (Oi g
We thus obtain
s (log P)3 , .
N(B,P,h) < #{w € O° : |lw| < P,||6 tr(aw; B;(w, h))|| < Vi, g}

P
< P*N(a, P,h)
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where the last estimate is a consequence of Lemma 2.5.2 upon choosing suitable
Z = (log P)73.
We conclude that

3ns
KPP n+e

T > N(a,P,h)z.

|hi| < H

M(a,k) <1+

Let o« = v+ 0 with v € K and 0§ € Kr (which we think of as being small). We are
now prepared for an application of Lemmas 2.5.2 and 2.5.1. Indeed, Lemma 2.5.2

implies that
N(a, P h) < Z7"#{w € O° : |w| < ZP, |6 tr(aw; B;(w, h))|| < ZP~', Vi, j}.

Following Heath-Brown, we will make two different choices of Z: In the first one, we
will choose Z = Z; sufficiently small so that Lemma 2.5.1 implies that B;(w, h) = 0.
In the second choice Z = Z,, we will only force 6AB;(w,h) € a,, a consequence
followed by a study of how often such a divisibility property can occur, crucially
using an average over 7.

By Lemma 2.5.1, if we choose Z < 1 satisfying

P

4L —
N(av)l/n

and
RS

1
PHOIN (a,) "

we can conclude that 6AB;(w, k) € a,. If, moreover

N(av)l/n

A
< PH

or
7 < |0|PN(a,)"/"

we obtain that B;(w, h) = 0. Here, all the implicit constants need to be sufficiently
small in order to satisfy the conditions in Lemma 2.5.1.
Writing

n=10] + (2.8.2)

P2H
we should therefore choose
Zy < min | N(a )1/"P7] ;
' ! ' PHyN(a,)'/" )
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noting that this automatically implies that Z; < 1. Similarly we should choose

7 in ( 1 !
= min —_— | .
? " PHnN(a,)'/n

In the application with Z = Z; we thus obtain

N(a, P,h) < Z7#{w € O° : |w| < Z,P, Bi(w, h) = 0,¥i}
< Zl—ns . (le)n(s—r)

<« P - HnN(aV)l/”)

1
(N(a’y)l/np277

with r = r(h). Instead, in the application with Z = Z,, we end up with the bound
N(o, P h) < Zy™M#{w € O° : lw| < Z,P,6AB;(w, h) € a,,Vi}. (2.8.3)

We thus need to count vectors w with 6AB;(w, h) € a,. For any prime ideal p, let
rp(h) be the rank of M (h) modulo p. Clearly, ry(h) < r(h) = r with strict inequality
if and only if p divides all » x r minors of M(h). This means that there are only
relatively few such ‘bad’ primes, which we will exploit later.

We now decompose a, = q; - q2 where q; contains all the primes p dividing a,
with r,(h) < r and g, consists of those with ry(h) = 1.

As we are looking for an upper bound, we can replace a, by the larger q- in (2.8.3).

For fixed h with r(h) = r, the condition 6AB;(h,w) € q2,Vi defines a lattice
A(h) for w € Of which we view as a lattice in R".

To estimate the number of integer points in such a lattice we use [49, Lemma 5.1]

implying that
B
A(h) : <B 1+ — 2.8.4
#{w € Ah) < 2] < }<<|i|(+Ai) (28.4)

where A1, ..., A\, are the successive minima of A(h).

In order to make this estimate useful, we need a bound on the determinant d(A)
which is proportional to [, A; as well as a bound on the skewness of the measure, i.e.
upper and lower bounds for the \;.

For the determinant, we note that for p¢ | g2, the matrix M (h) has rank » modulo
p (hence also modulo p¢) and therefore B;(h,w) has N(p¢)*~" solutions modulo p¢ so
that N (p®)" divides d(A). It thus follows that N(qs)" | d(A) and hence d(A) > N(qz)".

Regarding the skewness, we clearly have A; > 1 for all ¢, while in the other
direction we have q,0° C A(h) so that Lemma 2.3.4 implies \; < N(q2)'/".

Optimizing the RHS of (2.8.4) with these constraints shows that the maximum is

1/n

obtained when rn of the \; are of order N(q2)"/™ while the others are of order 1.
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This shows that

- ZoP )’”" - 1 1 m
N(a,Ph) < Z;™ [ 14+ —2— -ZP“””:P”S( + >
0P < 257 (14 e ) - 7P N{g)

if Zo P > 1 but we note that the bound is trivially true for Zo P < 1.

Recalling our choice of Z5, this bound becomes

1 1 ™
N(a, P,h) < P™ (— —~—~ + HnN(a 1/”) .

Combining our two estimates, we obtain

1 1 1 m
N(a. P h) < P™  — + HnN(a.,)'/™ i .
(R < 7 (5 oV e i (e o))

We now need to insert this into our expression for M («, k) which already involves

the average over h. Additionally, we want to average over a, allowing us to use that
N(q2) is almost as large as N (a,) most of the time.

Our object of study thus becomes

AWO,R.H P):= > Y N(aPh) (2.8.5)

7:N(ay)/"~R |hi|<H
where we continue to write a = v+ 6 and we remind the reader of the notation ¢ ~ R
for the dyadic condition R < ¢ < 2R. We then obtain

r(h)n
2

1 1 1 N
A0.R. H, P R"P"S/2§ § — + HnR i
6. 7 H,P) < (P+ 7i (RPzn’N(qz)l/"))
|hi|<H N(a)l/n~R

where we used that there are at most N(a) choices of v with a, = a by Lemma 2.3.1
and we remind the reader that g, depends on a and h.

We thus proceed to estimate

rn

. 1 1 7
V(h,Rn):= ) mln(RP2n’N(qz)l/”)

N(a)/"~R

for r = r(h) via a dyadic decomposition as follows:

} _ 1 S\*®

N(q1)!/n~S N(q2)V/n~ 2

< P* max§ min <RT277’ E) #{Ch : N(ql)l/n < 25}
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Now recall that q; only contains prime ideals dividing a certain non-zero r X r deter-
minant My of M(h). In particular, we have My < H". Applying Rankin’s trick, we

then obtain

1
#{a: N(q)/" <25} < 5°) N(q) =5[] e SEM; < P?
q1 p|Mo

and thus

. R . 1 S\*
V(h, R, 77) < P Iglga}:%( g min (RT%’ E)

Maximizing for S we find that

n

: 2, \ne(r)
TERE min(1, P°n)

V(h, R,n) < P*
with e(0) =0, e(1) = § and e(r) =1 for r > 2.
Putting everything together, we obtain the estimate

nr(h)

1 2 1
(F + HnR) + —V(h,R,n)

A6, R, H,P) < R™"P% )~ o

|hi|<H

nr(h)
1 2 1
(? + H?’]R) + PN min(l, PZ,’?)ne(T(h))
(

< R2np%+5
) Py

|hi|<H

< RQnP%-‘re Z H"™

r=0

< |:R2Ps/2+a (1+(RH377)8/2+

El 1 )
: ne(r)
) + 7(RP277)% min(1, P*n) ]
Hs Hs . 9 "
Ps/2 + (RP277>S/2 min(1, P 77))} .

is negligible.

1
—+H
(P—l— Nk

HS
pPs/2

Indeed, if HRPn > 1, then it is smaller than the second term. Otherwise, if
HRPn <1, we have (RPn)*/> < RPn < L < min(1,7P?) on recalling that n > 3

and hence the term % is dominated by the fourth term in that case.

Finally, we argue that the third term

In any case, it now follows that

s

H n
A(0,R,H,P) < {RQPS/M <1 + (RH?n)*/? + e min(1, P%))} . (2.8.6)

2.9 The minor arcs

Finally, we synthesize the bounds obtained by Weyl and van der Corput differencing

to estimate the total minor arc contribution [ S(a)dov.
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We dissect m with the help of the version of Dirichlet’s Approximation Theorem
provided by Lemma 2.3.3, applied for some parameter 1 < @ < P3/2 to be determined.
Thus, every a € Kg has an approximation o = v+ 6 with v € K and N(a,) < Q"
as well as |0| < m

The assumption o € m then implies that N(a,) > P” or |0| > P~3¥". Note
that as the contribution to the minor arcs coming from |0] < &; is O(Q™*!), we may
assume that [§| > P~*.

By a double dyadic decomposition with respect to |#] and N(a, )™, we then obtain
that

/ S(a)da < Q"™+ P° max %(R,¢)
m RSQ@S%

where

S(R, ) = /6 |sr+o)d

7:N(ay 1/”~R
and we note that the region of integration is given by a rectangular annulus.
To establish Theorem 2.4.2, it thus suffices to prove that (R, ¢) < P"=3)~¢. To
employ the mean-value estimates from the previous section, we use Cauchy-Schwarz

to obtain
1/2

S(R, ¢) < R"¢"? / S(y+6)|>do
6]~

~v:N (ay )1/"~R

We next cover the annulus |0 ~ ¢ with O <( K) ) boxes of size &, all centered at
values of & = v + 0 with |f| ~ ¢, so that we obtain

1/2

n/2
(R, ¢) < R"¢p"? (1 + ?) max Z M(y+0,k)

AT W
and using (2.8.1) and (2.8.5) we obtain

3ns

—n—+e

n/2 KPP
(R, $) < R"¢™? (1 + ?) max (RQ"“ +—

1/2
K |0|~ Hns—n ( [ )>

so that (2.8.6) implies that

(R, ¢) < (2.9.1)

1/2 25—1 127"
PER2HM? (1 n ?) (1 4 R E>
K

where £ = 14+(RH?n)*/*+ ﬁ]ﬂn. Here we simply estimated min(1, P?n) < P?n

which turns out to be sufficient.
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(log P)?

Suppose we can show that E' < 1. Recall that x < =75~ so that
P€
140 B
K K

from the definition (2.8.2) of 7.

Since £ > 35, both summands in the last bracket of (2.9.1) are bounded by %

Still assuming E < 1, we then obtain

1 n

P2
S(R,0) < | PRI

s—1

Recalling our desired bound %(R, ¢) < P"~3)~¢ it now suffices to prove that
H* > RignP™*e,

still under the assumption £ < 1. Putting s = 14 for convenience (as we may without

loss of generality) and recalling the definition (2.8.2) of 7, it suffices to have
H13 > R4¢2P5+€

as well as
H14 > R4¢P3+E.

We thus choose
H = P max { (R'0*P")"™, (R'oP?) M 1},

In order for this choice to satisfy H < P, we require R'¢?* < P¥ ¢ as well as R'¢p <
PH_E.

Recalling ¢ < ﬁ < 45, both conditions are satisfied for any @ < P3/2.

We have thus found an admissible choice of H, leading to a satisfactory estimate
for (R, ¢) under the assumption of F < 1.

We now enquire under which circumstances this assumption is justified.

For convenience, denote ¢y = (R4P31)_%. The relevance of this parameter comes

from the observation that for ¢ < ¢y, one has

H = P max { (RloP?)" 1}

and 7 =< whereas for ¢ > ¢g, one has

1
HPp?

H = P°max { (R*¢2P%) " 1}
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and 7 < ¢.
To prove E < 1, we need to check that RH?n < P~ as well as (%)71[’277 <
P,
We begin by checking that RH?n < P~¢. First, if ¢ < ¢, we have
QH?
P2

< PEQ (1 + (R4¢P3)1/14)

P2
9/7
<<pe.(Q+Q )

RH377 < P*

p2 ' pu/7

This bound is satisfactory if Q <« P1/9—¢.
Next, if ¢ > ¢p, we have

RH3n < P°RH3¢

.1 3/13
<<P-§~<1+(R4¢2P5) )

15/13
<« pF.—
Q
which is satisfactory if Q > P1%/13+e,
We thus choose @ = P/ ensuring that RH?n < P~¢ in both cases, and noting

that this also satisfies our earlier rough assumption Q < P3/2.

7
Finally, we need to enquire whether < 1 ) P?n < P,

RP2y
For ¢ < ¢, we have 1 < 755 so that
H2 7 H20
P2 pe__
(RPQU) L

so that it suffices to have H < R7/20~¢,
Recalling our choice of H in this case, it is thus sufficient to have R > P¢ as well
as additionally ¢ < ¢; where
¢1 — RQ/IOP_3_6.

Similarly, if ¢ > ¢y we have n < ¢ so that

02\’ , 14
(#7m) 71 peg
and hence by our definition of H, it suffices to have R > P¢ as well as additionally

¢ > ¢o where
1

= pEe
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Summarizing, we have obtained a satisfactory bound for ¥(R,¢) if R > P° and
6 < min(dg, 61) or ¢ > max(do, 62).

Letting Ry = P*°*¢, a quick computation shows that ¢, < ¢y < ¢ if R > R,
whereas P %¢1 < ¢p < 9o P° if R < Ry.

In the first case, our argument already covers all possible values of ¢. We are thus
left with the case where R < Ry and P~ ¢ < ¢ < ¢ P° or R < P*.

It is here that we require the bound obtained by Weyl differencing. Indeed, apply-
ing Lemma (2.6.1) with s = 14 and noting that the assumption Q < P3/? is satisfied,

we obtain

2 14 1 7/4
(R, ¢) < P° |R*P <R<;5+ W)

Recalling our goal ¥(R, ¢) < P"~¢ it then suffices to have
Lo\
R?¢P® | Rp + ———3 P
0P (Ro+ i) <

But this will be satisfied if
R1/3

P3—E

(2.9.2)

1
<9< P12/11+e R15/11°

Under the assumption R < Ry and P~¢¢; < ¢ < ¢ P¢, this will thus be true as soon

as
R1/3+a
¢1 > T

as well as

P2 < P12/11+= R15/11°

The first condition is always satisfied for R > P*¢ while the second one is satisfied for
R < P36 which is indeed true under the assumption R < Ry.

Finally, we need to treat the cases where R < P°. Here of course, we need to use
that we are on the minor arcs so that ¢ > P~3*". But it is easy to see that in that

case (2.9.2) is also satisfied, thus finishing our proof of Theorem 2.4.2. O
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Chapter 3

Diagonal cubic forms over F|t]

3.1 Introduction

Given a non-singular cubic form F' € K|z, ..., x,] with coefficients in a global field K,
it is natural to study the distribution of rational points on the hypersurface X c P*!

defined by F'. In a quantitative sense, this entails understanding the counting function
N(P) = #{x € O": max|z;| < |P|, F(x) = 0}, (3.1.1)

where O C K is the ring of integers, P € O and |- | is a suitable absolute value on

K. For n > 5, one generally expects an asymptotic formula of the form
N(P) ~ c|P|"? (3.1.2)

as |P| — oo for some constant ¢ > 0. For large values of n, this has been successfully
achieved using the Hardy—Littlewood circle method. For K = Q, the current state
of the art is due to Hooley [52], who showed that n > 9 suffices for (3.1.2) to hold.
In fact, conditional on unproved hypotheses about certain Hasse-Weil L-functions,
in [57] he pushed his approach further with the outcome that n > 8 is enough.
For K = F,(t), using the fact that the analogous hypotheses are in fact theorems
by virtue of Deligne’s work [31], Browning—Vishe [17] proved unconditionally the
asymptotic formula (3.1.2) for n > 8 and char(K) > 3. However, for small values of
n, an asymptotic remains largely out of reach. Assuming F' to be non-singular and

diagonal, which means
F(z) =Y Faf, Fe0\{0}, (3.1.3)
i=1

Heath-Brown [46] provided an upper bound of the form N(P) < |P|>™ for n = 6
and K = Q, matching the predicted asymptotic up to a factor of |P|*. However, his

work relies on deep unproven conjectures about certain Hasse-Weil L-functions.
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Our first goal of this work is to prove the analogous result unconditionally for
K = Fy(t). One of the main novelties of our work is that we also obtain results
when char(K) = 2. Usually the circle method breaks down in small characteristic
due to a Weyl differencing process. We manage to bypass this issue by applying
Poisson summation instead, along with a recursion argument regarding the density
of solutions of the dual form F* of F.

From now on we write O = F,[t| and we work with the absolute value given by
|P| = q%e? for P € O. By abuse of notation we also write || := max; |z;| for
x=(x1,...,2,) € O™

Theorem 3.1.1. Let K = F,(t) with char(K) # 3. Suppose F is given by (3.1.3).
Then for n =6 we have
N(P) < | P>t

In applications of the circle method one frequently uses upper bounds for the

counting function
M(P) :#{a: cO% 23 rad+ad=ad+ a4l |z < |P|}

to estimate the contribution from the minor arcs. Until now the strongest estimate
followed from Hua’s lemma, which gives M(P) < |P|/***. Heath-Brown’s results
mentioned above show M (P) <. P3¢ if we take O = Z. The same was established
by Hooley [55] using different methods but his results are also conditional on some
hypotheses regarding certain Hasse—Weil L-functions.

We now return to the case when O = F,[t]. In a 1964 letter to Keith Matthews [25]
Davenport asked whether one could achieve the bound M(P) < |P]***. Theo-
rem 3.1.1 provides an affirmative answer to his question.

For n = 4 the situation is more complicated and one does not expect (3.1.2) to
hold in general. The cubic surface X C IP? might contain rational lines and any such
will contribute > |P|? rational points to the counting function N(P). According to

Manin’s conjecture [37], one expects
N°(P) ~ c|P|(log|P|)* ",

where N°(P) only counts rational points that do not lie on any rational line contained
in X and p is the rank of the Picard group of X.

Over K = Q, partial progress was made by Heath-Brown [46], who showed how
to isolate the contribution to N(P) coming from points on rational lines when F is

diagonal. He also managed to give an upper bound of the form N°(P) < |P|3/?*¢,
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again only conditionally on certain conjectures about Hasse-Weil L-functions. As for
n = 6, working over K = F,(t) allows us to establish the estimates unconditionally
and we also succeed in isolating the contribution coming from points on rational lines

under certain restrictions on the characteristic of K.

Theorem 3.1.2. Suppose F is given by (3.1.3). If char(K) > 3, then for n =4, we
have
N(P) < | P2

where N°(P) is defined as N(P) with the extra condition that x does not lie on any
rational line contained in the surface F = 0. These lines, if they exist, are of the
form

bix; + bjx; = bpxy + bix; = 0,

for some b;, b;, by, by € K such that

BN B (k) B
o) K" ) TR

where {i,7,k, 1} = {1,2,3,4}.
While if char(K) = 2, then for n =4 we have

N(P) < |P|**.

In characteristic 2 the shape of the dual form of F' prevents us from isolating the
contribution coming from rational points on rational lines to N(P). However, we still
manage to give a non-trivial upper bound for the counting function N(P), thereby
providing evidence that the main contribution to N(P) comes from points on rational
lines.

In fact, assuming certain unproved conjectures regarding the growth of the rank
of rational elliptic curves, Heath-Brown [47] showed N°(P) <. P*3*¢ for any non-
singular cubic form in 4 variables defined over Q. He further showed in [48] that
certain families of cubic forms in 4 and 5 variables satisfy the Hasse principle, assum-
ing a conjecture of Selmer on elliptic curves.

Our work also shares some similarity with the recent findings of Wang. In [113]
he established an asymptotic formula for N(P) for diagonal cubic forms over Q when
n = 6 conditional on conjectures about mean values of ratios of L-functions and the
large sieve. His approach required to isolate the contribution coming from rational
points on rational linear subspaces, which he achieved in [115], similar to Heath-
Brown’s [46] treatment when n = 4. It would be interesting to see to what extent his

work can be made unconditional over FF,(t).
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So far we have ignored the constant ¢ appearing in the asymptotic formula (3.1.2),
despite its arithmetic significance. It encapsulates information about the existence
of rational points on X and has received a conjectural interpretation as an adelic
volume by Peyre [84]. For n > 6 it is expected to be positive as soon as X (K, ) # ()
for all completions K, of K, or in other words, it reflects that X is expected to satisfy
the Hasse principle. A key feature of the circle method is that when it provides an
asymptotic formula, it automatically confirms the Hasse principle. So in particular,
thanks to Hooley [52], we know that the Hasse principle holds for non-singular cubic
forms in n > 9 variables over Q and the work of Browning—Vishe establishes the
Hasse principle for non-singular cubic forms over F (¢) in at least 8 variables.

In fact, by imposing further congruence conditions on @ in the definition of N(P)
in (3.1.1) Browning—Vishe show that X satisfies weak approximation, which means

that under the diagonal embedding

X(K) — [ x(5,)

the image of X (K) is dense with respect to the product topology. Using Theorem 3.1.1
as a mean value estimate for the minor arc contribution, we can apply a classical
version of the circle method to draw the same conclusions for diagonal cubic forms in

n > 7 variables.

Theorem 3.1.3. Let K = FF,(t) with char(K) > 3 and F be a diagonal cubic form
inn > 7 variables. Then the hypersurface X C P"~! cut out by F satisfies the Hasse

principle and weak approximation.

One reason for being able to deal with fewer variables than Browning—Vishe is that
when F' is diagonal we have better control over the exponential sums involved and
that we get stronger estimates for the density of solutions of bounded height of the
dual form F™* of F'. However, this alone along with the estimates by Browning—Vishe
on averages of exponential sums would not be sufficient to prove Theorem 3.1.1-
3.1.3. We additionally make use of slightly better estimates through an argument
that enables us to bypass the lack of a convenient form of partial summation over K.

It should be noted that the Hasse principle over K = F,(t) is an easy conse-
quence of the Lang—Tsen theory of C; fields for n > 10, which in fact establishes that
X(K) # 0 in this case. For smaller values of n, only little is known about the Hasse
principle or weak approximation over F,(t). Colliot-Thélene [23] has established the

Hasse principle for diagonal cubic forms in n > 5 variables when ¢ = 2 mod 3 and
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for n = 4 for the same range of ¢ under some additional combinatorial constraints
on the coefficients of F'. Furthermore, for arbitrary non-singular cubic hypersurfaces
X C P*! Tian [109] has shown that the Hasse principle holds when char(K) > 5 and
n > 6. Assuming the existence of a rational point, Tian—Zhang [110] have also verified
that X satisfies weak approximation at places of good reduction whose residue fields
have at least 11 elements as soon as n > 4. In fact, the results by Colliot-Thélene,
Tian and Tian—Zhang were all shown to hold for any global function field K of a

smooth curve over a finite field.

As a further application of Theorem 3.1.1, we are able to improve Waring’s prob-
lem over F,(t) for cubes. Waring’s problem in degree d in this context is concerned

with finding the smallest value of n such that

has a solution in & € O" for every P € O with sufficiently large degree. Over F,(¢),
in contrast to the integer setting, there might be global obstructions for P to be
representable as a sum of d-th powers, for example if its leading coefficient is not a
sum of n d-th powers in F,. Therefore, one usually restricts to P € Jg[t], which is
defined as the additive closure of d-th powers in F,[¢]. In order to avoid cancellation
in the z; variables coming from the terms of degree larger than deg P, it is more
natural to consider the strict Waring problem. There, one is concerned with finding
the minimal number Gy (d) = n such that every sufficiently large polynomial P € J¢[¢]
can be written as
P=a{+ -+,

where deg x; < (%] . In order to study a more refined version of Waring’s problem,

we introduce the quantity G,(d), which is the smallest number n such that we obtain

an asymptotic formula for

Rn(P) = #{ZE e O": |£I:| < q(degd(P)—" xcll_}_ - _‘_x;il — P},

for P € J¢[t] as deg(P) — oo. In his PhD thesis [66] Kubota tackled the asymptotic
strict Waring problem over F,(¢) and showed G,(d) < 2%+ 1 whenever char(F,) > d.
The restriction in Kubota’s work on the characteristic comes from Weyl differencing,
producing a factor of d! and hence rendering trivial bounds when estimating exponen-
tial sums if char(F,) < d. For degrees d > 4 this was improved by Liu-Wooley [76]
by replacing Weyl differencing with an application of the large sieve to also obtain
results for char(F,) < d.
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Returning to the case of cubes, in characteristic 2 the current state of the art
is due to Car—Cherly [20] who showed GQh (3) < 11. They managed to avoid Weyl
differencing with an application of Poisson summation along with a version of Weyl’s
inequality in characteristic 2 developed in [19].

Further, work by Gallardo [38] and Car—Gallardo [21] shows

7, if q ¢ {7,13,16}
G,(3) <{8, ifge {1316}
9, ifqg=T.

Rather than using a circle method approach, the last set of bounds are achieved using
elementary arguments. As a result these methods do not produce an asymptotic
formula, hence do not yield new bounds for G(3).

We can again use Theorem 3.1.1 as a minor arc mean value estimate in order to
improve the current best known bound for CNJq(S) for any ¢ not divisible by 3 as well
as for G7(3), G13(3) and G14(3). Our work on Waring’s problem for cubes constitutes
a significant improvement on the current state of the art. In particular, our result
improves the previously best known upper bound of CNJQ(?)) by 4 variables if ¢ is even

and by 2 variables if ¢ is odd.
Theorem 3.1.4. If char(F,) # 3, then we have éq(S) <7 and thus also G4(3) < 7.

This theorem is the function field counterpart of a result by Hooley [51], who
proved the asymptotic Waring problem for cubes over integers in n > 7 variables
conditional on hypotheses on certain Hasse-Weil L-functions. We also obtain a power
saving error term in the asymptotic formula for R,(P). The best unconditional
result in the integer setting is due to Vaughan [111], who resolved the asymptotic
Waring problem for cubes in 8 variables, although he obtained only log savings in the
error term. It should further be mentioned that in subsequent work, Vaughan [112]
established lower bounds of the expected order of magnitude in the case when n = 7.
Building on Vaughan’s techniques, Baker [2, 3, 4] established the existence of a non-
trivial zero to a diagonal cubic form in n = 7,8, 9 variables, and even finds impressive
upper bounds for the smallest such non-trivial solution, depending on the size of the
coefficients of the form.

To deduce Theorem 3.1.4 from Theorem 3.1.1, we require a power saving when
estimating a certain Weyl sum. For Waring’s problem this has been carried out by
Car [19], which allows us to establish Theorem 3.1.4 in characteristic 2. Although
it would be possible to adapt the work of Car adequately to handle the Weyl sums
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appearing in the treatment of weak approximation and thus extend Theorem 3.1.3 to
the case char(K') = 2, we have decided against including such an adaption here given
the length of this chapter .

While the techniques used to prove Theorems 3.1.1 — 3.1.4 are not applicable
when char(K) = 3, one can almost trivially deal with the problems directly. In fact,
studying the solutions to the diagonal cubic equation (3.1.3) reduces to solving a
system of linear equations. In particular, the Hasse principle and weak approximation
hold trivially. Further it is easy to see that G(3) = 1 holds when char(K) = 3.

Outline

To prove Theorem 3.1.1 and Theorem 3.1.2 we employ a technique known as the delta
method over F,(t) developed by Browning—Vishe [17], but which is much simpler than
the version of Heath-Brown [46] invoked over the integers. The starting point of the
delta method is a smooth decomposition of the Kronecker delta function, a technique
that goes back to Duke-Friedlander—Iwaniec [35]. Over F (), indicator functions of
intervals are smooth in an appropriate sense and so this decomposition is essentially
rendered trivial.

In Section 3.2, we begin by reviewing some essential facts that are required to

perform the analysis and arrive at an expression of the form

N(w, P) = [P|" Z ™" Z Sr(e)I:(c),
7 monic ceOn

Irl<@

for a weighted version of the main counting function, involving certain exponential
sums S,(c) and oscillatory integrals I,.(c).

In Sections 3.3 and 3.4, we estimate the integrals I,.(¢) and the exponential sums
Sr(e), respectively. More precisely, we obtain cancellations when averaging S, (c)
over r giving essentially optimal bounds. These estimates are possible due to work by
Deligne [31] and the required analysis of the relevant L-functions has been carried out
in [17, Section 3]. The quality of the estimates of the exponential sums is connected
to the dual form of the cubic form. This prompts us to study its rational solutions
in Section 3.5.

Classically, to combine these estimates one would use partial summation, a tool
that is not available in a useful form to us in the function field setting. In [17]
this causes significant difficulty, and in fact the approach by Browning—Vishe comes
with a slight loss in the estimates rendering them insufficient for our purposes. We

can resolve this issue with Lemma 3.3.6, where we show that ,(c) only depends on
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the absolute value of r and so via ¢g-adic summation we can separate the quantities
without any loss.

In Section 3.6, we combine the estimates using this new approach and finish our
treatment in the case n = 6, thereby proving Theorem 3.1.1. In the case char(K) = 2,
it turns out that the dual form F* of F'is again a non-singular cubic form. For this
reason, in Section 3.6.3, we can introduce a self-improving process in the proof of
Theorem 3.1.1 and the second part of Theorem 3.1.2 that turns any saving into the
desired upper bound. Finally, we use Theorem 3.1.1 as a mean value estimate in
an application of the classical circle method to deal with the asymptotic Waring’s
problem for cubes and weak approximation for diagonal cubic hypersurfaces in n > 7
variables in Section 3.7.

If n =4 and char(K) > 3 we need to deal separately with the terms coming from
special solutions of the dual form. This is the content of Section 3.8, where we show

that these terms correspond to points coming from rational lines on X.

Conventions

Given ay,as € O we denote by (aq, as) their highest common factor. The letter e will
always denote an arbitrarily small positive real number, whose value might change
from one line to the next. All of the implied constants throughout the chapter are

allowed to depend on ¢, the cardinality of the constant field ¢ and on the form F.

3.2 Function field background

In this section we collect some basic facts concerning analysis over function fields. A
more detailed summary can be found in [13, Chapter 5]. Let K = F,(¢) with ring
of integers O = F,[t] and K, = F,((t7')) be the field of Laurent series in ¢~*. For
M € R, we shall write M = ¢™. Any o € Ku \ {0} can be written uniquely as

o= Z ait',  an #0, (3.2.1)
i<M
for some M € Z. If we set |a] = M, then | - | naturally extends the absolute value

induced by t7! on K to K.. We also note that K. is the completion of K with

respect to this absolute value. The analogue of the unit interval in K, is given by

T={aeKy:|a| <1}
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In fact, K is a local field and thus can be endowed with a unique Haar measure do
such that [ da = 1. We can extend the absolute value to K7, by |a| = max;— . » o]

and the Haar measure by da = da - - - dey, for @ = (v, ..., ;) € K.

Just like over the rational numbers, Dirichlet’s approximation theorem holds.
That is, for any o € T and ) € N there exist polynomials a,r € O with r monic such
that (a,7) = 1 and |a| < |r| < Q satisfying

a 1
‘& — —‘ < —=.
o rl@

In fact, from the ultrametric property it follows that Dirichlet’s approximation The-
orem is already enough to obtain for any () > 1 an analogue of a Farey dissection of

the unit interval:

T = |_| |_| {aeT: [ra—a| <Q'}, (3.2.2)

Ir|<@ lal<|r]
r monic (a,r)=1

where a,r € O.

Characters. For oo € K, given by (3.2.1), we define

Tl"IFq/le(Oé1)>

P Ko — C, w(a):e( »

and set ¥(0) = 1, where as usual we write e(x) = exp(2miz) for x € R. It is easy

to see that v is a non-trivial additive character of K, that satisfies for x € K, and

N € Zso,
N-1if N
/ b(az)da = if o] < N, (3.2.3)
la|]<N-1

0 otherwise.

In particular, if z € O then this implies

1 ifz=
[wlazaa=g "0
T 0 otherwise.

Further, we will make frequent use of the following formulae for exponential sums.
If r,a € O are such that r # 0, then

1 ax 1 ifr|a,
|7 Z 4 < r ) B {O otherwise.

|| <lr]

67



We also obtain the expected outcome for Ramanujan sums of prime powers. Let

a,ww € O be such that w is prime and let £ > 1 be a natural number. Then we have

0 if w11 a,
! ax
> v (g) =9 —l=l* if @ | a,
| <[eo* |wlfw| - 1) if @F | a,
/
where the notation Z indicates that the sum runs over x which are coprime

|z[<|o|
to w.

Poisson Summation. We call a function w: K2 — C smooth if it is locally con-
stant. Denote by S(K7) the space of all smooth functions w: K7 — C with compact
support. If w € S(K) then we call w a Schwarz-Bruhat function. For such functions

the Poisson summation formula [17, Lemma 2.1] holds.

Lemma 3.2.1. Let f € Klxy,...,x,] and let w € S(KZ). Then we have

> w(z) =) / (w) + ¢ - u)du. (3.2.4)

zeOn ceOn

Delta method. Given a polynomial F' € Olzy,...,z,] and w € S(K2), we are

interested in the counting function

N(w, P) = Z w(%)

xeO™
F(x)=0

For estimating the integrals appearing in our work, it is necessary to work with such
a weighted counting function, since we require VF' to be bounded away from 0 on
supp(w). To estimate our original counting function defined in (3.1.1), it suffices to
take w to be the characteristic function of the set {x € T: |x| = ¢ '}. Indeed, it
follows that

N(w,P) = #{x € O": F(z) =0, |x| = ¢"'|P|},

so that an upper bound of the shape N(w, P) < |P|* yields N(P) < |P|**¢ for any

e > 0 by summing over g-adic ranges for | P].

For a fixed parameter Q > 1 to be specified later, we deduce from (3.2.2) and
(3.2.3) the identity

Z Z/ S(a/r+ 0)dé,

1 1
r momc\a|<|r 01<|r|~ Q
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where Z\la|<lr| means that we sum over a € O with (a,r) = 1 only and

S(a) = Y v(aF(@))w(z/P)

xeOm

for a € T. As explained in [17, Chapter 4], since w is a Schwartz-Bruhat function we

can evaluate S(0 + a/r) using Poisson summation (3.2.4) to obtain

N(w,P)=[P[* ) |r|_”/ > Si(e)L(0, c)d, (3.2.5)

r monic |0|<|T|_1©_1 ceOn
[r|<Q
where Flz)
/ arf(x)+c-x
Sie)=> > v (—r ) (3.2.6)
lal<|r| |&|<|r]
and P
1,(0,c) = / w(@ ) (9P3F(a:)+ CT"'”) da. (3.2.7)
Kz,

The expression (3.2.5) is the starting point for our work and from now on we will

mostly be concerned about estimating the integrals ,(, ¢) and the sums S,(c).

3.3 Integral estimates

As a preliminary lemma we note the following result on a linear change of variables,
the proof of which is completely analogous to the proof of Lemma 7.4.2 in [62].

Lemma 3.3.1. Let Ry,...,R, € R and let I' C K7 be the region given by
I'={xeK": |z <R}

Let g: I' — C be a continuous function and let M € GL,(K). Then we have

/P g(@)dz = |det M| [ g(MB)dB.

MBeT

For f € Ky[z1,...,x,], we denote by H; its height, that is, the maximum of the
absolute values of its coefficients. Given v € K, w € K2 and f € K [z1,...,x,],

integrals of the form

Ti(y,w) = /K w(@yp(rf (@) +w - z)de

appear quite frequently in our work. We shall now collect the required estimates for
them. Upon noting that w(x) = xr(x) — xi-11(x), the next lemma follows directly
from [17, Lemma 2.4].
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Lemma 3.3.2. Let v € K, and w € K2 be such that |lw| > q and |w| > H¢|yl.
Then J¢(v,w) = 0.

The next result [17, Lemma 2.7] is the main ingredient for estimating the integrals

Jp (v, w).

Lemma 3.3.3. We have
[ vtf@) 4w ajdz =0,
T\Q
where 2 C T" is given by
Q={xzeT": /Vf(z)+w| <Hfmax{l, |7|1/2}} .
In our setting, this leads to the following estimate.

Lemma 3.3.4. Suppose F € K[x1,...,x,] is a non-singular cubic form. Let v €
Ko and w € K\ {0} be such that |w| > 1. Then Jp(vy,w) =0, unless

lw| < || < |w],
in which case
Jp(y,w) < meas({z € supp(w): [YVF(x) + w| < |w|'*}).

Proof. First note Jr(v,w) = 0 if |w| > max{q, Hr|y|} by Lemma 3.3.2. Since by
assumption 1 < |w|, we may thus assume 1 < |w| < [y[. For a € Fy \ {0}, let

(@) 1 if |z —at '] < |t
we(x) =
0 else.

We can then write w(®@) = 3, cpn (o) Wa(®), so that

Jp(y, w) = Z /Tn We(2)Y(VF () +w - x)dx

acFr\{0}

= Y ¢t w-a) | $(1Galy) + 1t 'w - y)dy,
acF7\{0} "

(3.3.1)

where we performed the change of variables y = tx — a and wrote Go(y) = F((y +

a)t™!). From Lemma 3.3.3 we deduce that each inner integral is bounded by
meas({y € T": |7V Ga(y) + ¢~ w| < Ha,[7[/?}),
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which in turn may be bounded from above by
meas({zx € supp(wq): |[YVF(z) + w| < Hp|y['/?}), (3.3.2)

since Hg, < Hp. Denote the set in (3.3.2) by €2,. Note that since F' is assumed to be
non-singular, we have VF(x) # 0 for all € Q,. Since supp(w,) is compact for every
a, this implies VF(x) >, 1 for all © € Q,. In particular, unless |w| > |yVF(x)| >
|7| the sets €, are all empty and the integral vanishes. Finally the Lemma follows

upon noting
meas(Qq) < meas({x € supp(w): YV F(x) + w| < |w|?}),

for any a € F \ {0} and substituting this into (3.3.1). O

Since we work with a diagonal cubic form F(z) = > | Fa? with F; € O\ {0},
we have VF(z) = (3Fy2%,...,3F,z2). Therefore in order to find an upper bound for

Jr (7, w) the following lemma will be useful.
Lemma 3.3.5. Let a,b € K, and consider the set
Py={r€T: |2* —a| < |b]}.

Then we have
meas(P, ;) < min{|b]*/2, |b]|a|~/?}.

Proof. Note first that the result is trivial if a = 0 or b = 0. Hence we may write
a = Zaiti, and b= Z bjtj,
i<K J<M
where ag, by # 0. We will proceed in two cases.
Case 1: |a| < |b]. Then via the ultrametric triangle inequality we note

2% —a| < [b] <= |z <0],

for any # € T. Thus meas(P,;) < |b|'/? = min{|b|*/2, |b||a|~*/?}.
Case 2: |a| > |b]. Let # = Y, a;t' € T. Then |2* —a| < [b| can only hold if |z]*> =

la|. In particular K must be even, K < —1 must hold and zx/211 = -+ = x_; = 0.
Write
.T2 = Z thg,
(<K
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where X, = >

i+j=¢ Tixj. Then, requiring

2% —a] < [b| = ¢"

implies X, = a; for ¢ = M, ..., K. Now X = :Jc%{/Q, so the condition Xy = ag yields

at most two possible solutions for z /. Further, since

XK—r = 2TK/2TK/2—r + E xTixy,
itj=K—r
K/2—r<i,j<K/2

we find inductively that a solution to x%{/Q = ag uniquely determines zg/o_, for
r=1,...,M + K. To summarise, in this case, there are at most two possibilities for

the values of the coefficients x_1, ..., x3_g/2. Therefore we obtain
meas(F, ;) < meas (tM_K/2']I‘) = ¢ME2 = |b||a| V2
Finally, noticing that |b||a|~'/? < [b|*/? if |a| > |b| finishes the proof of this lemma. [J
In light of Lemma 3.3.5 we thus find
meas({z € supp(w): |7VF(z) + w| < |w|"?}) < ﬁmin{|w|_1/4, lw;| 7Y%}
i=1

if F'is a diagonal cubic form. Noting that the expression on the right hand side is
>, 11if jw| < 1 we infer from Lemma 3.3.4

Jr(y,w) < [ [ minflw| ™, w7/}, (3.3.3)

=1

for all v € K, and all w € K2 \ {0}.

We will also have to deal with averages of I,.(6, ¢) over 6, which are of the form

L(c) = /  L(6,¢)d.
o|<|r|=tQ-*

While we do not have a convenient form of partial summation available in the function

field setting, the next lemma will be crucial in replacing this tool.

Lemma 3.3.6. Assume that f is a cubic form. Letri,ro € O be such that |ri| = |rs].
Then I, (c) = I,,(c).
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Proof. Write r = r for brevity. We shall show that I,.(¢) only depends on the absolute

value of r. Indeed, recalling (3.2.7), for ¢ fixed we have

3 Pc-x
L(d-—/£<v_%}4/£&u4wﬁp(9PLﬂm)+— )dwd@
= |r|" w(r Pc- oP3r3 dfdy, 3.3.4
[ wterew) [ vy, @3

where we used Fubini’s theorem and applied the change of variables y = xr~!. It
follows from (3.2.3) that

3.3 _ (M@)_l if |P3f(y)| < |7"_2©7
/|9<|T1@1 YOPT ()46 = {0 else.

We conclude that the value of the inner integral in (3.3.4) only depends on |r| for y
and c fixed. The claim now follows, since w only depends on the absolute value of its

argument. OJ

To highlight this dependence, we shall write Iy:(c) = I.(c) if |r| = Y from now
on. In the notation above, for r € O\ {0}, c € O™, 6 € T and P € O we have

P
maqzﬁ<ﬁa—0.
T

[Plle]
Ir|

< |0]|PP < £l we deduce from (3.3.3) the

Since I,.(6,c) vanishes unless R

following integral estimate.

Lemma 3.3.7. Let Y >0, ce O"\ {0}, and P € O. Then

e sl (1P||c|>‘”4 (rP||cz-|)‘”2
Is(c) < min ¢ = Y min = , — )
7(c) {Y‘PP Q 121 > 5

So far we have not yet achieved any non-trivial estimates for I (0) and in fact we

will have to do slightly better than the trivial bound for our treatment.

Lemma 3.3.8. Assume n > 4. Let P € O\ {0}. Then for any Y > 1 we have
I5(0) < | P73
Proof. For r € O\ {0} such that |r| =Y, Lemma 3.3.3 gives

1.(0,0) = /n ¥ (0PPF(z)) de < meas({z € T": |[VF(z)| < max{L,|0||P[*}""/*}).
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Now it is not hard to see that I,(d,0) = I.(8,0) — ¢ "I,(¢30,0). From Lemma 3.3.4

we deduce
1(0,0) < meas({x € T": |VF(x)| < max{1,|0||P]*}~/?}).
Since F is diagonal we have |VF(x)| > |z|* whence
1(0,0) < max{1,|0||P|*} /.

By definition of I3(0) we may divide the area of integration up as follows

|P|-3«]0|<Q-1Y~1

15(0) = / 1.(6,0)d6 + / 1.(6,0)d6.
l6|<|P|~3
The first term is trivially O(|P|=3). For the second term note

/ 1,(6,0)d0 < / | P72 d0 < | Pl
|P|=3<|0]<Q-17 -1 |P|=3<|0]<Q 1Y 1

The result now follows. O

3.4 Exponential sum estimates

We want to estimate the sum

=YY e ()

la|<|r| \w\<lr

ZHZ (aF:v + ¢x )

la|<|r| i=1 |z|<|r|

(3.4.1)

where F(z) = >, Fiz}. The corresponding sum over the integers has already been
subject to thorough investigation by Heath-Brown [46] and Hooley [51]. Browning—
Vishe [17] have translated many of the properties to the function field setting, some
of which we shall record here.

The quality of our estimates is intimately connected to the dual form F* of F,
which is an absolutely irreducible polynomial of degree 2”2 x 3 whose zero locus
parameterises hyperplanes that have a singular intersection with the projective hy-
persurface cut out by F. As explained by Wang [114, Appendix D], if F' is diagonal
and char(K') > 3, we can take

on—2

_ (ﬁ F> [[(F 222 FEEY), (342)
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where the inner product runs through all possible combinations of £. In fact, in [114]
this is only shown for K = Q, but one can check that the requirement char(K) > 3

is sufficient for (3.4.2) to hold. In characteristic 2, we have the following result.

Lemma 3.4.1. Let K be a field of characteristic 2 and let F(x) = > | Fa} €

Klzy,...,x,] be a non-singular cubic form. Then the dual form of F is given by

F*(c) = (H F) ZF;%?.

Proof. By definition the zero locus V(F*) C P"~! parameterises points ¢ € P"~! such
that the hyperplane ¢ - = 0 has a singular intersection with V(F*). This means,
that there exists & € P*~!(K) such that

rank <W;(m)) =1, c-x=0 and F(z)=0. (3.4.3)

Since we assume F' to be non-singular, the rank condition implies that ¢ is propor-
tional to VF(x), that is, 22 = AF; '¢; for some \ € K andi=1,...,n. Any pair
(x, ¢) having this property then satisfies F'(x) = 0 if and only if ¢- & = 0. Moreover,
the third condition in (3.4.3) is equivalent to

DB =0,
=1

where we used that every element of K has a unique square-root as char(K) = 2.

However, again since we are in characteristic 2, this is is equivalent to

z”: F el =o.
i=1

The result now follows after clearing denominators. O]
Note that if r1,ry € O are coprime, then
Srira(€) = 5py(€)Sry(€), (3.4.4)

which follows readily from the Chinese remainder theorem. This essentially reduces
the task of estimating S,(¢) to prime power moduli. Indeed, suppose S_x(¢) < Clw |
for some o > 0 and some absolute constant C. Let Q(r) be the number of prime

divisors of r. Then by multiplicativity of S,(c) we have

Si(e) = ] S=rle) < ] Clwlt* = C¥Opr| < ()| < ]

wk||r wk||r
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by the usual estimate for the divisor function 7(r), see [13, Lemma 5.9].
Further, if w is irreducible such that @ t F*(¢), then Browning—Vishe [17, Section
5] show
Sor(e) =0 for k> 2. (3.4.5)

3.4.1 Square-free moduli contribution

Deligne’s resolution of the Weil conjectures [30] shows that we get square-root can-

cellation for the sums S (c) whenever w is suitably generic:
So(e) < ||| (w, VE*(e))| V2. (3.4.6)

However, this is not sufficient for our purposes. In the integer setting Hooley [51] was
the first to achieve an extra saving when averaging the sums S,.(¢) over r by appealing
to certain hypotheses about Hasse-Weil L-functions associated to cubic threefolds.
By virtue of Deligne’s proof of the Weil conjectures [31] these hypotheses are in fact
theorems in the function field setting. This enabled Browning—Vishe [17, Lemma 8.5

to establish the following result unconditionally.

Lemma 3.4.2. Suppose n is even and F*(c) # 0. Then for any Z > 0 and € > 0,

we have

ST(C) e71/2+e

> o7 < |e|f 7V,
r|l<Z

(rApF*(c))=1

where A is the discriminant of F' and by virtue of (3.4.5) r ranges over square-free

values only.

Remark 3.4.3. In fact Browning—Vishe have to consider averages of S,(c) twisted
by a Dirichlet character of K, since they were unable to separate the integral I,.(6, c)
from summation. However, we can resolve this issue with Lemma 3.3.6 allowing us

to combine Lemma 3.4.2 with the integral bounds from Lemma 3.3.7 more efficiently.

3.4.2 Pointwise estimates

For B € O fixed and a,r € O\ {0} with (a,7) =1, let
aBz? + cx
- ¥ ()
el <l

In view of (3.4.1) upper bounds for S,(a, ¢) directly transform into estimates for S, (c).

Moreover, by (3.4.4) it suffices to consider the case r = ", where @ is irreducible.
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Hooley [51] has provided upper bounds for the integer-analogue of the sum S_x(a, c)
whenever w t B. As explained by Heath-Brown [46], these estimates also hold if w | B
when we allow the implied constant to depend on B. Hooley’s and Heath-Brown’s
proofs of these results go through almost verbatim in the function field setting and
so we spare the reader from the tedious exercise of reproducing them here. To state
the final outcome, we need some notation. First, we set {w”, ¢} = (=", ¢c) for k = 2
and for k > 3, we define {w® ¢} = || if @w || ¢ and {@*, c} = (=", ¢) else. For

later use, we generalise this to square-full r by setting

{r,c} = H {w", c}.

wk||r

We then have
Sk (a,c) < |w| 2 {*, e}t for k > 2. (3.4.7)

We shall also use an estimate of Hua [61, Lemma 1.1], whose proof, again, readily
translates to the function field setting. If g(z) = .0, gz’ € O[x], then for any

w € O irreducible we have

g\x _
Yy (g) < @1 (¥, g, o), (3.4.8)

|| <[eo|*

where the constant depends only on € and d. Originally this was stated in the case

‘1/d

when @ 1 (go, - - ., g4), but the factor |(*, go, . .., ga)|/? in the estimate accounts for

the possibility of @ | (go,- - -, g4). Therefore we obtain
Ser(a,c) < |@ |3,

where the implied constant depends on e but crucially not on a since we assumed
w t a. Using (3.4.1), we can immediately deduce the following lemma from (3.4.7)
and (3.4.8), which is the analogue of [46, Lemma 5.1.].

Lemma 3.4.4. It holds that
Swz(c) < ]w|2+".

In addition, if (®, ¢) = H, and there are at least m indices i such that (w®, ¢;) = H,
then
ka (C) < |w|k+2(n7m)k/3+mk/2‘Hw|m/4.
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3.4.3 Averages over square-full moduli

Suppose we are given a set of ¢ indices 7 C {1,...,n} and positive integers C; for
i € T. For C = (C;)ier we define R(C) C O™ to be the set of tuples ¢ = (c1, ..., ¢,)

such that |¢;| = C; if i € T and ¢; = 0 whenever j & T. Given Y € Z.(, we are

interested in averages of the form

AR(C),Y) = Y > 1Sl

ceR(C) re0_
F*(e)#0 |r|=Y

where 7 is restricted to square-full polynomials.

Lemma 3.4.5. With the notation from above, we have
A(R(C),Y) <. YH/20=0/6(y O R (C),
where C' = max;er @

The proof of Lemma 3.4.5 is along the same lines as that of [46, Lemma 5.2], and

so we shall be brief.

Proof. First of all, we introduce some notation. Fix ¢ € R(C). For r € O monic

square-full, we write

=Ty H Ti (3.4.9)

€T
where the various coprime factors r,,r; are defined as follows. We let r, be the
product of those monic prime powers w” such that @® || » and k = 2 or @ { ¢; for
1 € T. Moreover, for ¢ € T, we define r; to be the product of monic prime powers
w” || r such that @ | ¢;, but @ { ¢; for any j € T with j < i. In particular, any r; is

cube-full. Since all the factors in (3.4.9) are coprime, it follows from (3.4.4) that
Sy(e) = S,.(c) H Sy(e).
ieT
Using the fact that Sox(e) = 0 if @w 1 F*(¢) for £k > 2 and the estimates (3.4.7)
and (3.4.8), we deduce that
Sr(e) < n(r, )| /E =00 T g, ¢}
i,J€T

where n(r,¢) = 1 if w | F*(¢) for all primes @ | 7. and n(r,c) = 0 else. Let us now

fix the absolute values of 7, and of the various r;’s, say |r.| = Y, and Iri| = }Afi, and
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denote their contribution to A(R(C),Y) by A(Y,,Y), where Y = (V;);er. We then

have

A(Y;, Y) < }’}1+n/2+(n—t)/6+5 Z Z H ‘{Tz’, Cj}‘1/4Sca

ce’R( ) |ri|= Y, 1.J€T
F*(e)#0 4eT

where we have suppressed the dependence of r, and of the r;’s on ¢ in the notation

Se = Z n(r,c).

Ira] =

and where

Heath-Brown’s argument for estimating S, goes through almost verbatim in our set-
ting and gives S, < (YC). Therefore, we have

A(Y,,Y) < YlHn/2+(n- t/6+5 Z Z H \{n,c]}\l/‘l

ceR(C) ri|=Y; ©3€T
F*(c)#0 4eT

To achieve the desired upper bound, we shall now only require that each r; is cube-full
and that w | ¢; whenever w | r;, so that in particular the r;’s do not depend on ¢

anymore. Thus, after setting
> T Hrs e,
lej|=C; €T

we obtain

A(Y;, Y) < Y1+n/2+ n—t)/6+e YC Z H S
Iri|=C; JET
€T

It is again straightforward to verify that Heath-Brown’s argument continues to hold

in our setting, yielding

> T S6) < Y UesRr(C).
Iri|=C; IET
€T

With a new choice of €, we conclude
A, Y) < Y2 0-0/6(Y Oy 4R (C),

so that the statement of the lemma follows from the fact that there are only ye

possibilities for admissible tuples (Y,,Y). O
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3.5 Rational points on the dual hypersurface

In this section we study roots of the dual form F* of F' that was defined in (3.4.2).
Our first goal is to find an upper bound for the number of solutions F*(¢) = 0 with
lc| < C when char(K) > 3. In order to achieve this we closely follow the strategy of
Heath-Brown [46, Section 7]. The result of Lemma 3.5.2 is standard over the rational
numbers, however we could not find a proof in the literature for our setting and so
we included a proof here.

If n = 4 and char(K) > 3 we call a solution ¢ to F*(¢) = 0 special if ¢1,...,cq4 #0
and there are indices i, j, k, [ such that {7, 7, k, [} = {1,2,3,4} and

(Fe) 2 o (F )2 = (R + (R = 0

holds for a suitable choice of square roots. We call a solution ¢ to F*(¢) = 0 ordinary

if it is not special. In particular, if char(K) = 2 every solution is ordinary.

Lemma 3.5.1. Assume char(K) > 3. If n = 6, then the number of solutions to
F*(e) = 0 with || < C is bounded by O(C3+). Moreover, if n = 4, then the number
of ordinary solutions to F*(¢) = 0 with || < C is bounded by O(C'*<).

Before we can begin with the proof of this lemma, we need an auxiliary result. In
the following we fix ¢ € ¥ to be a representative of a non-trivial element in F) / IFqX’Q.
If char(F,) > 2 this certainly exists — we may for example pick ¢ to be a primitive

root of ]qu.

Lemma 3.5.2. Suppose char(K) > 3. Let my,...,m, € O be a collection of distinct
square-free polynomials such that each m; is either monic or has leading coefficient
¢. Then {\/m1,...,\/m,} is a linearly independent set over K.

Proof. We will prove the result by induction on n. The cases 1 < n < 3 can easily be
verified directly, so suppose n > 4. Assume for a contradiction that A\y,... ;A\, € K

not all zero are such that

Z Aey/my = 0.
k=1

Note that we may assume \; # 0 for all ¢ = 1, ..., n since otherwise the result would
follow immediately from the induction hypothesis. In particular it is sufficient to
show that there exists some index k with A\, = 0. Since n > 3 there exist two
distinct indices i,j such that m;/m; ¢ Fx. From the n = 3 case it follows that
K;; = K(\/mi,/m;) is a Galois extension of degree 2 or 4 over K. In either case
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there exists o € Gal(K;;/K) such that o(\/m;) = —/m; and o(/m;) = \/m;. We
may lift this to an element ¢ € Gal(K*/K) where K* is the separable closure of K.
Then we find

0=4d (imﬂ) ZAk\/_k_QA Vg + Y A/,

k#i,j

where Xk € {0,2)\;}. From the induction hypothesis we get A\; = 0, which yields the

desired result as remarked above. O

Proof of Lemma 8.5.1. First note that F*(¢) = 0 if and only if
(A2 4 (B2 = 0, (3.5.1)

for a suitable choice of square roots. Let m; € O be a square-free polynomial, which
is either monic or has leading coefficient (. Say i € Z(k) if there exists some d; € O
such that Fic¢} = myd?. From Lemma 3.5.2 we find that (3.5.1) implies

ZFld_o

1€Z(k)

We have ¢? | mpd? and consequently ¢; | d; since my, is square-free. Thus there exists
e; € O such that d; = ¢;e;. Substituting this into the relation Fy¢} = myd? we find

3
c = mkF e? and hence d; = c;e; = myF, 63 Therefore F; 14, = mkF( ) and

the preceding display gives
3
€;
Fl—=] =0. 3.5.2
> n(7) 352

ieZ(k) ¢
We will now estimate the number of solutions e to (3.5.2) such that |e|] < E =

\/C/|my|. This will then enable us to estimate the number of solutions of (3.5.1).
Note that if #Z(k) = 1 then the only solution is given by e; = 0. Using this, Holder’s

inequality and Hua’s Lemma in this context (cf. [13, Lemma 5.12]) we find

, 1 if #7(k) = 1,
#{ le| < E: Z ( ) =0} < { B2 if 2 < #Z(k) <4
i€Z(k) E#IR)=2+e if 5 < #T(k) < 6

Note that at this point it is crucial to assume char(K) > 3, because the Weyl differ-

encing argument in the proof of Hua’s lemma breaks down otherwise. Therefore for a
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fixed partition | |; Z(k;) = {1,...,n} corresponding to {my,} the number of |c| < C
satisfying (3.5.1) is bounded above by

H a €k; /2+e
; ‘ka’ ’

J

where
0, if #Z(k;) =1
e it2< gz <4
T\ 3, if #I(k) =5
4, if #I(k;) = 6.

By considering all possible square-free elements |my,;| < 6, we see that the total

number of solutions of (3.5.1) corresponding to a fixed partition is bounded above by

6 ek, /2+e R
X (py)  <me
J J

m,1<C I

where we note that my, = 0 is the only permissible value in the sum above if e;; = 0.
It is easily checked that for any possible partition this is bounded above by 0(63+5)
if n = 6. Therefore the total number of solutions to F*(¢) = 0 with |¢| < C has
the same upper bound. In the case n = 4 one can similarly obtain O(é“a) for
the number of solutions corresponding to any partition, except in the case where
#T(ky) = #Z(ke) = 2. But solutions arising from such partitions are precisely the

special solutions. This finishes the proof of the lemma. O

3.6 Circle method

As explained in the introduction, we are considering a diagonal cubic form F €

O[x1,. .., xy,) of the shape
F(z)=> Faf, Fe0O\{0}.
=1

Recall from (3.2.5) that the associated counting function can be written as

N(w, P)=|P[" ) |7~|—”/ > Si(e)1(6, c)d.

-10-1
7 monic 01<I77*Q ™" cecom
<@

Throughout the parameter () is chosen in such a way that
[PIP2 < Q < q| PP (3.6.1)
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ensuring that the measure of the set {|6] < |r|~'Q'} is O(|P|~®) when |r| = Q. It fol-
lows from Lemma 3.3.2 that I,.(6, ¢) vanishes unless |c| < |r||P|™' max{q, Hr|P[*6}.
Since Hp|PJ3|0] < Hp|PPQ~Y|r|™ and |P]*PQ~|r|~* > 1, we can truncate the sum
over ¢ in (3.2.5) at |¢| < C, where C = |P|2Q .

We now split up N(w, P) according to the quality of our available estimates into
N(w, P) = No(P) + Ey(P) + E3(P),
where

No(P) = |P|" ) |ry—"/ S,.(0)1,(0,0)d6, (3.6.2)

r monic o1<Ir| 1@
Ir|<Q

E(P) =PI S / Y S(e)L6, ), (3.6.3)
7 monic o1<|r|=1Q-! ceOn
Ir|<@ F*(c)#0

Ey(P)y=[P[" Y |r|™ / ) Sie)L(8,¢)de. (3.6.4)
r monic o] <|r|=1Q=* ceO™\{0}
Ir|<Q F*(e)=0

For n = 4 we will later divide the term FEy(P) into special and ordinary solutions
of F*(¢) = 0 as defined in Section 3.5. Usually one expects that the main term
in an asymptotic formula for N(w, P) should come from Ny(P). As we are only
interested in an upper bound for N(w, P), the contribution from Ny(P) will be rather
straightforward to deal with. Handling the terms F;(P), Ey(P) turns out to be a
more challenging task and will occupy most of the remainder of our work. For E;(P)
we can make use of the full power of our exponential sum estimates, in particular we
gain an extra saving when averaging S, (c) over r. This is not possible for Ey(P), but
we shall benefit from the sparsity of ¢’s such that F*(¢) = 0, at least for ordinary

solutions when n = 4.

3.6.1 Contribution from Ny(P)

For this we write again r = riry, where r; is cube-free and ry is cube-full. It thus
follows from (3.4.6) and Lemma 3.4.4 with m = 0 that

ST(C) < |7”1 |1+n/2+5|7”2|1+2n/3+5.
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From Lemma 3.3.8 we obtain the estimate I,(0) < |P|73T¢. We thus get

No(P) < [PI"™4 3 " [ra "Sp(e) D [rel Sn(e)

<@ r2|<Q/|r1]

< |P|n—3+6 Z |7“1|1_n/2 Z |T‘2|1_n/3
Ir1 <@ |r2|<Q/|r1]

< |P|n—3+a’

since there are O(Y'/3) cube-full 7, with |ry| = Y

3.6.2 Contribution from F;(P)

We begin with some preparations for the term Ej(P). Let 0 < Y < @ and fix
the absolute value of r to be Y. As in Section 3.4.3, we will also fix a set of indices
T C {1,...,n} of cardinality ¢, as well as a tuple C = (C});e7, where 1 < C’ < (C and
denote by R(C) the set of vectors ¢ = (cy,...,¢,) € O" such that |¢;| = C;ifi € T
and ¢; =0 if j ¢ T. Let us put C = max;er C;, so that |c| = C whenever ¢ € R(C).
We then define Ey(R(C),Y) to be the contribution coming from ¢ € R(C) and
Ir| = Y in the definition of Ey(P) given in (3.6.3). Explicitly, this means

Ey(R(C),Y) = |P|n > Y s,

ceR(C) r monic
F*(c)#0 [r|=Y

where

Io(e) = / L),
o|l<y—1Q—t

The definition of Iy (c) makes sense by Lemma 3.3.6, which shows that the value of
the double integral in the definition of Iy (c) only depends on the absolute value of r

for e fixed.

Note that there are Q) + 1 < | P|¢ possibilities for Y and O(C™) = O(|P|?) choices
for C. In particular, if we can show that By (R(C),Y) < |P[¥"/4=3/2+¢ nolds, then the
same estimate will be true for E;(P) with a new value of ¢ > 0. Next we tansform
Ey(P) in such a way that Lemma 3.4.2 and Lemma 3.4.5 are applicable. For this
we write r = b biry, where 75 is the square-full part of r and b]b; is the square-free
part of r. Moreover, if we let S be the set of prime divisors of ApF*(¢), then we

further require that (by,.S) = 1 and each prime w | b} satisfies w € S. It then follows
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from (3.4.4) that
E\(R(C),Y) =
Ll X Sra () Sy (c) Sy (€)
Y (n—1)/2 Z I5(c) Z |ro| (172 Z W ZA W (3.6.5)

ceR(C) |re| <Y A v

F*(e)#0 < \rz\ lb 1|:\r2b’1\
(b1,9)=1

We can now apply Lemma 3.4.2 to the innermost sum to obtain

Sbl(c) /\5 . — £

ZA Ty < CE(Y |rabfy | 1)1/, (3.6.6)

‘bl‘zm

(b1,5)=1

Moreover, by (3.4.6) and (3.4.4) we also have
S, (c)] . (b, VF*(c))|/2 .
> e < 1P| y 14 e < |PF, (3.6.7)
HEns g BI<Y /Ir2 !

where we used that there at most O((Y |ro| " [F*(c)|)?) = O(|PJ?) possibilities for
square-free b whose prime divisors are restricted to S with [b| < Yl|ry|™. After
inserting (3.6.6) and (3.6.7) into (3.6.5), we see that

Ll

BREO).T) < o 3 Islel 3 g

CGR(C) Iro| <Y
F*(c)#0

We can now estimate I3 (c) with Lemma 3.3.7:

AT Plle ™ /1Plle)
Io(e) < Y7'Q7' ] | min <|A ) , =
+(c) H > 5

}/} (n—t)/4 |P|é\ —1/4 ‘Pla -1/2
= Y_IQ_I —= Hmln —_— s = ! s
|Plc ieT Y Y

o\ —1/4 —-1/2 ~~
where we used that min { (%) , <%> } = (|P|ICY~Y)~Y*ifi & T. Denote

Y
the last product above by II. Then after dividing ry into g-adic ranges, Lemma 3.4.5

implies

~ (n—t)/4
N A [S,(e)|
E\(R(C),Y) < 5 —= | —= my > =
’ n n/2+1
Y /2Q ‘P‘C ceR(C) ‘r2‘<y ‘7"2’
F*()#0

| P|nte y (n=t)/4
K o—— | —= Y (nOSTIHR(C).
yni2Q \ |P|C
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From the fact that #R(C) < [[;cr C; we deduce that

% 1/4 6? 1/2
#R(C) < [[min{ C; =
on<ll <|P|c> ( [Pl )

€T

~ t/4 ~ t/4
< é\t L/\ min 1, L,\ N
|Pic |P|c

where we used that C; < C. Recalling (3.6.1), we therefore have

~ n/4 ~ t/4
n—3/2+¢ R R
) < 1Pl YA yn=0/6Ct min { 1, LA .
yn/2 |P|C |P|C

One easily sees that the expression above is maximal either at t = 0 or t = n. For

=D

El (R(C)>

t =0, we get

|P|n—3/2+5 ( }/}

n/4
_ _ Yn/G |P|3n/4 3/2+6Y n/lZC—n/4
yn2  \|P|C

< lP’3n/4—3/2+6

as desired. For t = n, we have

~ /4 ~ \n/4
P|n—3/2+¢ Y " R Y R
‘ ‘A ( A) C" min 1’ T < ‘P‘n/2—3/2+acn/2

yn2  \|P|C P|
< |P|3n/4—3/2+6

since C < C' < |P|Y2. This finishes our treatment of Ey(P).

3.6.3 Contribution from FE,(P) for ordinary solutions

Now we turn our attention to the term Fy(P). For n = 4 we further divide it into
Ey(P) = ES4(P) + E*(P), where E5P*(P) is restricted to special solutions of
F*(e) = 0 in the sense of Section 3.5 and ES™(P) to ordinary solutions of F*(c) = 0.
In this section we deal with Fy(P) for n = 6 and ES*4(P) for n = 4.

We shall again fix the absolute value of r to be Y for some 0 <Y < (@ and the

absolute value of ¢ to be C for some 0 < C < C. We will then consider the sum

Ey(Y,C) = ‘P’n > > Si(e

|| C TmOl’llC
F*(e)=0 I"=Y
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where the sum over c¢ is restricted to ordinary solutions of F*(¢) = 0 for n = 4. Once
we have shown F,(Y,C) < |P|*"/4=3/2*¢ the same estimate will follow for Ey(P) for
n = 6 and for ES"(P) for n = 4, because there are only O(|P|¢) possible pairs of Y's
and C’s.

Lemma 3.6.1. Let F' be a non-singular cubic form in 4 or 6 variables, and let F™* be
its dual form. Suppose there exists some n > 0 such that for any 52 1 the following
bound holds

#{x € O": x is an ordinary solution to F*(x) =0, |x| < CA} < O3+,

Then we have
EQ(P) < |P|3n/473/2+77/2+s.

Proof. If D = deg F™*, then we see from (3.4.2) and Lemma 3.4.1 that F* has non-
zero monomials of the form Gz for every i = 1,...,n. In particular, if |c| = C and
F*(c) = 0, then there must be at least two indices i # j such that C < o] < | < C.

Therefore, from Lemma 3.3.7 we deduce

]?(C) <

— Tlmin! [ —— ) .[— < | —= IP|3. (3.6.8)
|Pl2Y 1 | P||es] |P|C |P|C

Next we deal with the sum S,.(c). Write r = ryryrs into coprime monic factors 7,
where r; is cube-free, ry is cube-full and each prime divisor of r3 divides [] F;.

Let us begin with S,,(c). Suppose @® || 7, and write H, = (", ¢). It follows
that ¢ = H,c for some ¢ € O™ with (w,c’) = 1. It is again easy to see that any
prime divisor of the coefficients G; of the top-degree monomials x” of F* divides
[1F. In particular, if H, # ", then F*(c¢’) = 0 implies that at least two entries of

k ¢;) = @t for every

¢ are coprime to w. On the other hand, if H, = w", then (w
1=1,...,n, so that in any case there are always least two distinct indices ¢ # j such
that (w”, ¢;) = (@", ¢;) = Hy. Consequently it follows from Lemma 3.4.4 with m = 2
that

S’(‘Q(c) < |7’2|2/3+2n/3+8|H|1/2,

where H = []_, . H, divides each entry of c.

w|ra
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In addition, (3.4.6) and Lemma 3.4.4 give us S, (¢) < |r|'*"/?*¢ and (3.4.8) tells

us that S,,(c) < |rs|'*2"/3+¢. To sum up, we have
ST(C) < |7“|6|7“1|1+n/2|7”2|2/3+2n/3|r3|1+2n/3|H|1/2.

Let us fix |r;| = }7}, where 0 < Y; <Y and Y] + Y5 + Y3 =Y. We want to give an

upper bound for
S= > > 18(e)l-

Iri|=Yi,i=1,2,3 |c|=C
F*(c)=0

Taking into account that the number of available 7, and 75 is O(Y;) and O(|P[%)

respectively, we see that

8<<|P|5§/}12+n/2}/}22/3+2n/3}/}31+2n/3 Z Z|H|1/2 Z 1

|ra|=Yy HIr2 le|=C/|H]|
F*(e)=0
< |P|5é\n_3+7]?v12+n/2%2/34—271/3%1—&—271/3 Z Z |H|7/2—n—177
|ro|=Yo Hlrz

where we used the main assumption of the lemma in order to bound the number of
ordinary solutions of F*(¢) = 0 with |¢| = C/|H]| for the second inequality. Since
n > 4 clearly 7/2 —n —n < 0 holds and since the number of available ry is O(S//\;/ )
it follows that

S & |PIECn ¥y Ftn2y Byt | pleCn Sty 22 (3.6.9)

because 2 + n/2 > 1+ 2n/3 for n < 6. As there are only O(|P|?) possibilities for
permissible triples (Y7, Ys,Y3), we deduce from (3.6.8) and (3.6.9) that

Eq(Y, 6) < |P|3n/4—5/2+a}//\'3/2—n/4é\3n/4_5/2+77.
In particular, since é\<< |P|1/2 and YV < |P|3/27 we thus obtain

Ey(Y,C) < |P/A=5/2Fe| p|o/4=5n/8| p|3n/8=5/4tn/2
& |PPr/A=/2n 2 e

which completes the proof. O

At this point our treatment of Ey(P) differs depending on the characteristic of K.

If char(K) > 3, then by virtue of Lemma 3.5.1 we know that the number of
ordinary solutions of the dual form F*(¢) = 0 such that |¢| < C is bounded by
O(C"=3%¢). Therefore Lemma 3.6.1 implies

Egrd(P) < |P|3n/473/2+€ and E2<P) < |P|3n/473/2+5’
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for n = 4 and n = 6, respectively. This finishes our treatment of F5(P) in this case.

If char(K) = 2, then we need to argue differently. We begin by considering the
case when n = 6. According to Lemma 3.4.1 the dual form takes the shape of a
non-singular diagonal cubic form. In particular, we can trivially bound the number
of solutions to F*(¢) = 0 such that |c| < C by O(C®) = O(C"3*"), where n = 3.

Therefore, Lemma 3.6.1 gives
EQ(P) < ‘P‘Bn/4f3/2+17/2+5 — |P|n73+n/2+s.

This, together with our bounds for Ny(P) and E;(P) established earlier in this section,
shows that
N(P) < ‘P‘n73+n/2+s.

This holds for any non-singular, diagonal cubic form over K when char(K) = 2. In
particular, as a result we can bound the number of solutions to F*(¢) = 0 with |¢| < C
by O(C"=3+1/2+¢) " Another application of Lemma 3.6.1 yields

By(P) < | PJPr/A=3/2+n/4+e
and we may argue as above to deduce
N(P) < |P|"-tn/tte,
If we repeat this process k-times, where 27%+! < ¢ we find
By (P) < |P[Pr/A=3/2+2

which concludes our treatment for Fy(P) in this case.
On the other hand, if n = 4 we can trivially estimate the number of solutions to
F*(¢) = 0 of bounded height C by O(C') = O(C"3*"), where n = 3. Lemma 3.6.1

then yields
EQ(P) < |P|3n/473/2+77/2+s — |P|n73+1/2+n/2+s’

which in turn implies
N(P) < |P|n_3+1/2+77/2+5.

Repeating this process k-times, where k > 1/ we thus find

EQ(P) < |P|3n/4—3/2+1/2+25 — |P|2+28.
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3.7 Waring’s problem and weak approximation

Having completed our task for n = 6, we will now apply it to Waring’s problem and

weak approximation for diagonal cubic hypersurfaces of dimension at least 5.

3.7.1 Waring’s problem for n > 7

Recall that J3[t] is the additive closure of all cubes in O. Given P € J3[t], we define
B = {degT(P)w + 1 and the counting function

R,(P) = #{w € O": |g| < B,a? +--- + 2* = P}.

Our next goal is to deduce Theorem 3.1.4 from our findings. We shall accomplish

this goal with a classical version of the circle method. For a € T, we define

T(a) = Z Y(az®).
<

It then follows from (3.2.3) that we can write our counting function as

R,(P)= /T(a)”w(—aP)da.
T
We then define our set of major arcs to be

M = U U {a €T |ra—a| < B2}

[r|<B lal<|r|
r monic (a,r)=1

and m = T \ 9 constitutes our set of minor arcs. The following lemma is a conse-

quence of [66, Theorem 30].
Lemma 3.7.1. Suppose char(K) 13 and n > 7. Then there exists 6 > 0 such that
for all P € J3[t] we have

/{m T(a)"s(~aP)da = &(P)o,(P)B"*+ 0 (B*-7)

where &(P) and oo (P) are the singular series and singular integral associated to P.
Furthermore, they satisfy
1 < 6(P)o(P) < 1.

Remark 3.7.2. In fact, Kubota states Lemma 3.7.1 only for n > 10. However, as
explained by Liu-Wooley in [76, Lemma 5.2, this is a result of an oversight and

Kubota’s argument already works for n > 7.
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We now have

aem

/ T(a)"b(—aP)da| < sup|T(a)]" /T IT()|0da. (3.7.1)

If @« € m, then (3.2.2) with Q = B implies the existence of a,r € O with r monic
such that |a| < |r| < B, (a,7) = 1 and |ra — a| < B~'. As a € m, we must have
la —a/r| > §*2|7‘|*1. Under these circumstances Weyl’s inequality, see [13, Lemma
5.10] for char(K) > 3 and [19, Proposition IV.4] for char(K) = 2, guarantees the
existence of 6 > 0 such that

sup |T'() "% < B9, (3.7.2)

acm

Since
/ T(0)|fda = #{z € O°: |z| < B,a® + 23 + 23 — 2% + 2% + 23,
T

Theorem 3.1.1 implies
/ IT(a)|®da < B**=. (3.7.3)
T
Plugging (3.7.2) and (3.7.3) into (3.7.1) yields

/T(a)"w(—aP)doz < E(n—ﬁ)(l—é)—o—?:—o—e

— En—3—5(n—6)+6.

After choosing ¢ = §(n — 6)/2, we see that the contribution of the minor arcs is
/ T(a)"p(—aP)da < B30/

Since n > 7, combining this with Lemma 3.7.1 therefore completes the proof of
Theorem 3.1.4.

3.7.2 Weak approximation for cubic diagonal hypersurfaces

We will show that weak approximation holds for the diagonal cubic hypersurface
defined by F(x) = > | Falifn>7 Fixaxy €T, M € O,be O" and N € Z>,
such that |b| < |M| and such that N is bounded in terms of M. Define the weight

function w: K% — R via

i) 1 if |o— x| < N7V,
w(x) =
0 otherwise.
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Further for P € O we introduce the counting function

N(@,P)= Y w(Mw;b).

zeO"
F(Mz+b)=0

As usual, we can write this as an integral over an exponential sum

N(@,P) = /T S(a)da,

where

()= 3 v (aF(Mz +b) @ (M""; b) |

zeQ™

Since F is diagonal we may factorise S(«) as

where

Ti(a) = > Y(aFi(Mz +b;)%).
e
|Mz+b;—x0 4| <|P|N1

Note that our counting function N (@, P) agrees with the function pyp(n) and S(a)
agrees with T'(«) in [70, Chapter 4]. In order to show weak approximation for the
variety X = V(F) C P*1, by the same argument as the one provided in Section 4.9
of [70], it is enough to show the following result.

Theorem 3.7.3. Suppose char(K) > 3. Then there exists some § > 0 such that
N(w, P) = [M|7*&3|P|"™ + O(|P|" ™),

where & and J are the singular series and the singular integral respectively as defined

in (3.7.5) and (3.7.6).

We tackle this using a traditional circle method argument.

We define the major arcs to be the set M C T given by

M= | | {aeT:lra—a < H|M|?r||P| "},
reQ acO
|r|<|P|H/2 |al<]|r|

7 monic (a,q)=1

and we take the minor arcs to be the complement m = T \ M.
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In this context, provided char(K) > 3, Weyl’s inequality [70, Lemma 4.3.6] tells
us that

i Pl +|r| +|PPlra — qf ! v

Tvi o)l < P 1+e (‘

el B T+ PPl —d
fori=1,...,nifa,r € O are such that |a| < |r|, 7 monic and (a,r) = 1. Using (3.2.2)

and the definition of the minor arcs, a similar argument that handed us (3.7.2) gives

N,»(a)‘ < |P[T/5+e, (3.7.4)

acm

for any € > 0. We are now ready to finish our treatment of the minor arcs. If n > 7

we obtain

/|S )|da =

The integral can be dealt with as follows. By Holder’s inequality we find

/ H ([ Eraa) "

Now the last quantity is equal to

Ti(a)

da < sup T7

acm

6

Hi(a) da <

i=1

1/6
H#{we@ﬁ z; = bymod M, |z;/P — x01|<N L for all 7, Zx —Zx} ,

7j=1 j=4
which in turn is bounded by

6
[T#{@ € 0°: fe| <laollPl. af + o3 + a5 = af + a3 + 23}
i=1

if |P| is sufficiently large. An application of Theorem 3.1.1 therefore yields

/

Once combined with (3.7.4) we thus obtain

6

[[7i)

i=1

da < |P|**e.

/|§(Oz)|d05 < |P|n—3—(n—6)/8+a

for any € > 0, which is satisfactory if n > 7. We now turn to the major arcs. Given

Sy = Y v (“”M—"”“’))
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For any Y € R we define the truncated singular series

&)= > > IS (a),

Ir|<¥ lal<|r]|
7 monic (aﬂ’ =1

and the truncated singular integral to be

W)= [ o

where

1) = [ (yF(@))i(@)da.

Tn
Then from (4.6.30) in [70] it follows that we have

/ S(a)da = [M|7°&(|P*)3(| P|"*)| P,
M

It remains to study the convergence of the singular integral and singular series. In
order to handle the singular series we will need upper bounds for gr(a). First, we
record the following multiplicative property, which is shown in [70, Lemma 4.7.2]. If

r1,79 € O are coprime then

ST17“2 (CL) = Sﬁ (al)ST2 (CL2>’

where a; € O are such that a; = ar, mod r; and ay = ar; mod ry, where 71,7
denote the multiplicative inverses modulo 79,71, respectively. Thus, from (3.4.8) in

combination with the divisor estimate, it follows that we have
Si(a) < |r|/3e,

where the constant may depend on M, b and e.

Using this we see that

2. 2 I

Ir|=Y lal<|7|
r monic (a,r)=1

Sp(a)| < YE/3+9),

Since n > 7 we deduce absolute convergence of the series

S= > > Ir[™S(a), (3.7.5)

r monic |a|<|r|
(a,r)=1

which is the singular series. Moreover choosing positive € < (n — 6)/6 we find
S — 6(‘P‘1/2) < ‘Pll—n/6+s7
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if n > 7 upon redefining €. We turn to the singular integral. Let xy € K be a
non-singular point of X C P*~!. In [17] it is shown in Lemma 7.5 and the paragraphs

preceding it that
1

V()| N

I(Y) = I(N/|VF(z)])

whenever Y > N /IVF(xg)|. Thus clearly limgy ,__ 3(57) exists and is equal to
S 1

im J(Y) = —.

Y =00 |V F(x)| N1

(3.7.6)

We conclude that
N(@, P) = [M| 3P| + O /5+),

as desired.

3.8 Special solutions and the case n =4

In this section we will concern ourselves with understanding how the special solutions
of F*(¢) = 0 in the case n = 4 relate to the solutions of F'(x) = 0 on rational lines.
The goal of this section is to prove the following lemma, from which Theorem 3.1.2

immediately follows.

Lemma 3.8.1. For any € > 0 the following holds

PSS S S (@) (0, ¢)d =

rmorli\c |9|<|7ﬂ|71(271 c

Ir|<Q
line
> w(P'e)+O(PPPe), (3.8.1)

xr

where > denotes the sum over the special solutions ¢ € O*\ {0} of F*(¢) =0
such that
(Frle)? £ (B ') = (Fy i) P £ (Fr )P =0 (3.8.2)

and Ziﬂe denotes the sum over points € O* satisfying
Fia} + Fox§ = Fead + Fya = 0. (3.8.3)

For notational convenience, this lemma only considers the case of lines such that
(1,7,k,1) = (1,2,3,4) in the language of Theorem 3.1.2. By the symmetry of the

situation at hand it is clear that the result follows for any permutation of indices.
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3.8.1 Analysis of special solutions

We begin by noting that with an error of O(|P[*?¢) we may include tuples ¢ €
O*\ {0} satisfying (3.8.2) such that ¢; = 0 for at least one 4 in the sum appearing
in the left hand side of (3.8.1). Write Y% for the sum over such tuples ¢. Note for

c

such ¢ Lemma 3.3.7 gives
L(c) < |P|72le[ ™,

for any » € O. Also note that I.(6,¢) = 0 if |¢| > |P|*/?. From (3.4.6) and

Lemma 3.4.5, where we apply the second part with m = 0, we obtain
Se(e) < [rf|r[?ral 2,

where r; denotes the cube-free and 75 the cube-full part of . Hence

Do IrS )< [P Y Inl T | Y TV < 1P

T‘fllggc r11<Q Ir2|<@
since the number of cube-full r, of a fixed absolute value of iA/, say, is at most P(?l/ 3.
To summarise, we found that the contribution to the left hand side of (3.8.1) is at

most

PIE ST 1Y TS (@ () < PP ST T e < | PR

7 monic c 0<|e|<|P|1/2

Irl<@Q

where the last estimate follows since there are only 0(6) vectors ¢ of absolute value

—~ —
spec

C, say, appearing in ) >,

We may assume that both Fy/F» and F3/F; are cubes in K. Otherwise the
conclusion of the lemma is easily seen to be true, since there are no special solutions
and O(|P]) points x satisfying (3.8.3). Therefore there exist at most O(1) many
different possible p; € O with (p1, p2) = (p3, p4) = 1 and A, u € O such that

Fy=Xp}, Fy=Xp3, Fs=pp3, Fi=pp;

The different possibilites for p; come from the potential existence of non-trivial third

roots of unity in K. For a choice of p; € O if we write

1 = ,01d1, Co = Pzdh C3 = psdz, Cqy = p4d2,
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then as we run through the possible choices of p; and as d runs through O2, then ¢
runs through solutions of F*(c¢) = 0 satisfying (3.8.2) . Given a choice of p; there
exist pi € O such that

prpy — P2y = papy — pap = 1.

Then the change of variables (1, 2, 3, x4) — (Y1, Y2, 21, 22) given by

Y1 pr p2 0 0 T
2|l | ey 00 p)
Y2 0 0 p3 pa T3
29 0 0 py pf) T4

is unimodular. Moreover the inverse of this is easily seen to be

gl Py —p2 0 0 Y1
T2 | _ —,0/1 P1 0 0 21
T3 0 0 Py —pa Yo
T4 0 0 —ps ps3 29

We will write & (y, z) for x arising from this linear transformation. An easy calculation

reveals
F(xz(y,z)) = 1 Q1(y1, 21) + 12Q2(y2, 22) = F(y, z),

where (); are the quadratic forms given by
A 2 / / 2
Quy, 2) = 7 (v +3{2p1p22 = (o105 + Pip2)y}’)
and

i
Qaly,2) =7 (v* + 3{2p3psz — (p3ply + Pypa)y}?) -

With this notation we then find

Yy (eted),

lal<|7||gl,|k|<]|r]

/KQ /K (0P3F( )+P¥) dydz.

We make the change of variables y = P~'(g + rv) in the integral to obtain

L. =P [ et ) 2)
><¢<9P3 (P~ (g+’rv),z)—|—g

and

-d

r

) b(v - d)dvdz.
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Hence we find

S SO0, ¢) = PPy Z/ / For(0.0)0(v - d)dvdz,

c pi |g|<|r| K% geo?

where ) p; SUIs over the finitely many possible choices for p; € O as above and where

fo(6:0) Z Z THg+rv), 2))Y <9P3ﬁ(P_1(Q+rv),z) + M) .

,
|a[<[|r| [R|<]|r|
Poisson summation (3.2.4) yields
D |, foxOv)(v-d)dv = fo.(0,9).
de0? K% s€O?

We make the change of variables 7 = g + rs and the substitution z = P~'t in order

to obtain
spec _
> S(e)L(e) =[PP Y T(G)
c pi jeO?
where
al<|7| \h|<|7"|
and

J,(5,6) = /K w(P (g, )0 (0F (G, 1))dt

Further we will write

M= [ e
lo]<|rl=1Q-1

We can summarise our findings until now as follows.

Lemma 3.8.2. We have

PIY ST Il Z =5 N 111 Y TG) ) + O( PP,

T monic pi T monic jeo?

Ir<Q Irl<Q
(3.8.4)

We now follow a strategy that is very similar to the usual delta method. The

main term will come from j = 0 and it then remains to estimate 7,.(3) and J.(J,0)
for 3 # 0.

98



3.8.2 The main term

Lemma 3.8.3. For all P € O\ {0} we have

S 20)4,0) = 3 w(Pla) + 0(1).

pi T monic T

Irl<@
Proof. Since F(0,z) =0 for all z € K2 we have
= 2P
la|<|r|

and

JT(O,Q):/ w(P'z(0,t))dt.

Therefore, the term arising from j = 0 on the right hand side of (3.8.4) is equal to

Z / w(P'z(0,8)dt Y Y /
K2 Tm0n1C|a|<|7‘ lo1<|r|~ 1Q !
But from Dirichlet’s approximation theorem (3.2.2) we see

=u(T)=1.
/9|<|T| Q-1 =i

T mon1c|a|<|r

Further, it is easily seen that

S " wra) = 3 3 w(P'@(0,2).

T pi z€0?

But since K2 = ||, p2(z + T) we have

/K2 w(P'x(0,t)) dt—Z/ (P 'x(0, 2 + a))da.

z€0?

If z € O\ {0} then |z(0, 2 + a)| = |x(0, z)| for all & € T? and so
/ w(P'z(0,z + a))da = w(P'z(0, 2))
T2

for such z. We also clearly have [, w(P~'z(0,a))da < 1 and so

/[(2 w(P~'x(0,t))dt = Z w(P'z(0,2)) + O(1),

ze0?

whence the Lemma follows. O
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3.8.3 Estimating the error term

In this section we make a choice of py, ..., ps and bound the contribution made from
terms such that 3 # 0. Once we showed the desired bound for a particular choice,
Lemma 3.8.1 will follow since there are only O(1) different possibilities for p;.

We begin by bounding J,.(j) where j # 0. Note first that w(P~'(z(j,t))) = 0 if
g > |P| and so J.(j) = 0if j > |P|. Further this allows us to exchange the integral
over f with the sum over j in (3.8.4). Note further from (3.2.3) that we have

/ w(@ﬁ('] t))dG _ |T’_1@_1, if |ﬁ(]’t)’ < |7"@
0] <[r|-1G-1 ’ 0, otherwise.

Thus we find
T (3) < p(G,m)lr Q7
where
u(g,r) = meas ({t € KZ: [t < [P|, |[F(G. 1) < [rIQ}).

To estimate this measure we simplify the expressions involved by making the substi-

tution

up = 2p1pats — (p1ph + pipa)ji, Uz = 2papats — (papy + p3pa)Ja-
After this linear change of variables F takes the form
G, u) = M (3u2 + j2) + pja(3u + j2).

Since the change of variables is linear of constant, non-vanishing Jacobian it is suffi-

cient to consider

(i) = meas ({u € KL: Jul < |P|, |G(G,w)| < |rQ}).
If jo = 0 then using Lemma 3.3.5 it is easily seen that
o\ 1/2
: r|Q
pe(d.r) < |P| ey =
1]
and similarly if j; = 0. So assume j;j» # 0. In this case, note that we have

logq\P\

palur) < Y > ua(d.r Un, Ua),

k,;m=—oc0 U;=¢*
Uz=q™
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where

(G, U, U) = meas ({w € K22 fur| = U, J| = U, |GG, w)| < Q).
In the case where U; or U, < |P|7' we can use the trivial bound O(U,Us) for
pa(g,r, Ui, Us) to deduce that the total contribution arising from such Uy, U, is

bounded by O(1). For the remaining contribution note if w satisfies G(j,u) = 0
then u2 = A+ O(|r|Q/|j1]) for some function A(jy, j2, u2) and thus u; lies in a subset
of measure O(|r|Q/(Ui|j1|)). Therefore pug(g,r, Uy, Us) < Us|r|Q/(Uslj1|). Similarly,
pa(g,r, U, Us) < Uy|r|Q/(Us|jz|). Putting this together yields
i Us, Ua) < [rl @l 2.
Since there are |P|® pairs Uy, U, such that |P|™! < Uy, Us < |P| we deduce
u(d,r) < 1+|PFIrIQljrsal .
We summarise our observations in the following lemma.
Lemma 3.8.4. Let j € O?\ {0} be such that |j| < |P|. If jijo # 0, then we have
T () < [Pl ljuja| 72,
If jo = 0, then we have
Jr(3) Cilih
rJ) << 375"
(ljallr))”2

Next, we turn to estimating the exponential sums 7,.(j). Via the Chinese remain-

der theorem we have for all ry, 7y € O such that (r,75) = 1 that
Trr,(3) =T, (3) T, (3)- (3.8.5)
Thus we may put our focus on 7,(3) where r = " for irreducible @ € O. Note that
aF(j, h) ajiQ1(j1, h) aj2Q2(ja, ha)
i CARMPAN | B Wi L
3 (M) < | 3 (VL) | 57 (B
|h|<|r| [ha|<|r| h2|<|r|

A simple Weyl differencing type of argument further yields
2

Zw(@l@l(ilahl)) . d)(aj1(Q1(j1,h+h1)—Q1(j1,h1)))

r
[ha|<|r| ] |ha]<|r|

6aj1pip3j1hih
< Y| Y ot

[hl<|r] |[ha]<]r]

= |r|#{h € O: || < |r|,r | 6ajipip3h}
< Jrl|(r, 6aXj1pip3h)]
< |T’| ‘(ﬁjl)"
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We can find a similar estimate for the sum over ho, which gives

TT(J) < |T|2|<T7 j1)|1/2|(7", j2)|1/2'

This will be sufficient for our purposes if r is cube-full. However, for r = w or r = w?

we can do better. We begin by considering the case when r = @w and we will further

assume w 1 (j1, j2). Note first that

(M) e ()

la|<|z| la|<|=|
a0
Therefore we get

To(§) = (=l = D# {|h| < o] @ | F(G.h) } — # {|h| < || @ { F(5.h)}
= lwl# {|hl <=l @ | F(G, h) } - |l*

The equation f(j,h) = 0 mod w may be regarded as Q(hi,ho,1) for a ternary
quadratic form Q(z,y,z). The quadratic form @ is non-singular in O/w if w ¢
J1J2F0(g), where Fo(5) = Aji + pjs. Since w is irreducible we have O/w = F| and
so if @w 1 j172Fp(g) then Theorem 6.26 in [74] gives

#{Ihl < Iwl: = | FG.h)} = |=| + O().

We deduce T (j) < || in this case. Since @ 1t (j1,j2) the form @ does not vanish

identically in O/w and so we have
#{Ihl < |=l: @ | Fi, b)) <[],

whence Ty, () < |@|* if @ | j172Fo(F)-
We now turn to analysing T2(7). We assume w { Ap H§:1 pi. This condition
affects only finitely many primes @ and so the estimates that we obtain under this

condition hold in general by adjusting the resulting constant. Put

ki = 2p1pahy — (p1ph + pip2)ji,  and kg = 2pspshs — (psply + pspa)jas

so that after this change of variables we have

~ 1 ) 3 .. )
F(j,k(h)) = ZF0<.7) + Z()\Jlk% + pjak3).
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By our assumption on t, as h ranges through values |h| < |?| we also have that k

ranges through |k| < |@?| under this change of variables. Hence we obtain

= 3 () X e (),

la|<|w=|? k| <|z=|?

We can write k = u + wv where |u|, |v| < |w|. Then

3aNjik?\ 3aNju? 3alj;uv;
> oo ()= X oe(f) X ()

ki <|w|? |ui|<|e] |vil<|=]
3aNju?
==l > v ,
2w
|ui|<|=|
@ |jiui

for i = 1,2 since w t a\. If @ 1 j1jo the above expression is just |ww| and so we get in

this case

/ W (4 0, if w{ Fo(g),
T == ¥ o () = -l it | RG)

@t = =P if @* | Fo(3),

and so in particular
T2 (4) < |@?|(w, Fo(5))]-

If, on the other hand, w | j; we claim that T.2(j) = 0. Due to the standing

assumption w { (i, j2) it follows that w ¢ jo and thus the above gives

Tl = oP Y Y o (U,

4o
[u1[<|w||a|<|w|?

This vanishes unless @ | Fy(7) + 3Aj1u?. But since @ | j; this would imply @ | pjs
and hence w | j2. As we excluded this case by assumption the claim follows. We

summarise our analysis of 7,.(7) in a lemma.
Lemma 3.8.5. Let 5 € 0%\ {0}. Then we have
T.(3) < IrlP|(r, )|V (r, 2) V2

for any r € O\ {0}. Further, if r = @ orr = w? for some irreducible w € O and if
@t (1, 2) then we get

T:(3) < |r[|(r, j1j2Fo(3))]-
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We are now finally in a position to give a sufficiently good upper bound for the
right hand side of (3.8.4) and thus complete the proof of Theorem 3.1.2. For this we

fix a choice of p; and estimate the sum

S Y T6) L)

7 monic jeo?
Ir|<Q l71<|P|

Since there are O(1) possibilities for the p;’s, this will be enough to show S < |P|¥/2+2,

We begin with the case when j1j2Fy(7) # 0. In this situation Lemma 3.8.4 yields

S < |Pf Z|]1]2| 12 Z 7|27 (5)]-

T monlc

r|<@

Next we write r = r17r9 where 71, 79 monic are coprime, and where r; is cube-free and

w | ry implies @ { (j1,J2). We can then factor T,.(5) by (3.8.5) to obtain

S<|PIFY gl Y Iral T (5)] Z 71| 21T5, (5)]
i

T2

o \(r1, 7172 F0 ()|
<P il 1/2Z!T| °|T,,(5) \Z :

; |7"1|

where we used Lemma 3.8.5 to estimate T, (7). For the inner sum we have

r 7.].] F j el - -\ g e
S 8O < ppjugarig < PP,

since we assume j1joFy(§) # 0 and in general it holds Y~ =y (G < (IGIY)e
for any Y € Z>p and G € O.

Note that if @ || 7y or @? || 72, then @ | (j1,j2). In particular, if we put n(ry) =[] w,
where the product is over all @ | ry such that @ || 7, or @? || re, then we have
J = n(ra)k for some |k| < |P|/|n(rs)|. It follows that

[(ry () k)2 (r, n(r) k)2
2 |er koo | 1/2

S<IPF Y Inlr)”
r monic |k|<|P|/|n(r)]
r<Q k1ka#0

r, k) V2| (r, ko) [V/2
P S S (A (SIS

. [Fa ko[ /2
r monic |k|<|P|/|n(r)]|
PI<Q  kika#0

104



The sum over k above factors into (3, |(r, k)[*/2|k|=*/2)2, which we can estimate as

T,k 1/2 .
Z ‘(‘k‘l)/L <<Z|d|1/2 Z |]€ d| 1/2
d|r

[kl<|P]/In(r)] K[| P|/In(r)d]
k#0 (rk')=1

< Y|P ()
dlr

Since }_,, 1 < [r|® < |PJ%, we thus arrive at
S <P n(r)|
Ir|<Q

Next we write r = st?ts, where s, t;,t3 are pairwise coprime and monic, t3 is cube-full
and s is square-free. With this notation we clearly have n(r) = st; and there are at
most O(Q'/3) = O(|P|"/2) available t3, so that

S<IPPEEY st Yl

ls|<@ |t1]<(Q/s])1/2
< PPy |s|7H(@Q/|s])*/?
ls|<@

< |P|3/2+5Q\36/2'

With a new choice of ¢ this estimate suffices for our purpose.

Next we consider the case when jyjoFy(5) = 0. If 7155 # 0 but Fy(g) = 0, then
there exist some j,v; € O such that j; = ;5. The number of possible v; can be
estimated by O(1). In this case Lemma 3.8.4 and Lemma 3.8.5 yield

J.(3) < |PFljI7Y, and  T.(3) < |r?|(r, 7).

The total contribution to S of such j is therefore bounded by

IPE Y0 D g < PP

7 monic j<K P
Ir|<Q 37#0

which is sufficient.
Finally we need to consider the case when one of j; = 0. We may assume j; = 0
since the other case is analogous. Write j; = j, then the second part of Lemma 3.8.4

gives

|P|1/4

J (7 .
D <
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Combining the estimates in Lemma 3.8.5 also gives
T.(3) < [P/ (G, ) m(r) 7V,

where m(r) =[], @. The contribution to S of j under consideration is therefore

bounded by
PSS 1G )G Pmr) T,

7 monic j<KP
Ir|<Q Jj#0

Since > o, pl(J; m)||7]7Y? < ¢¢| P|*/**¢ we get an overall bound

|P|3/4+s Z m(T’)fl/Q.

Irl<@Q

Write r = 175 where 7 is square-free and ry is square-full. Note that then m(r) = r;

~ 1/2
and there are at most O ((Q/ |r1|> ) available 5. Hence

Z m(r>71/2<<@1/2 Z |7,1|71 < |P|3/4+e’

T monic 71 monic

Ir|<Q [r1|<Q

and so the desired bound of O(|P[*/?%¢) contributed from j’s such that either j, = 0

or jp = 0 follows. Altogether, we have shown
S < ’P’3/2+5’

which completes the proof of Lemma 3.8.1.
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Chapter 4

Systems of forms of small bidegree

4.1 Introduction

Studying the number of rational solutions of bounded height on a system of equations
is a fundamental tool in order to understand the distribution of rational points on
varieties. A longstanding result by Birch [9] establishes an asymptotic formula for
the number of integer points of bounded height that are solutions to a system of
homogeneous forms of the same degree in a general setting, provided the number
of variables is sufficiently big relative to the singular locus of the variety defined by
the system of equations. This was recently improved upon by Rydin Myerson [94,
95] whenever the degree is 2 or 3. These results may be used in order to prove
Manin’s conjecture for certain Fano varieties, which arise as complete intersections in
projective space.

Analogous to Birch’s result, Schindler studied systems of bihomogeneous forms [98].
Using the hyperbola method, Schindler established Manin’s conjecture for certain
bihomogeneous varieties as a result [100]. The aim of this chapter is to improve
Schindler’s result by applying the ideas of Rydin Myerson to the bihomogeneous
setting.

Consider a system of bihomogeneous forms F(x,y) = (Fi(x,y),..., Fr(z,y))
with integer coefficients in variables @ = (z1,...,2,,) and y = (Y1,...,Yn,). We
assume that all of the forms have the same bidegree, which we denote by (dy, ds) for

nonnegative integers di, ds. By this we mean that for any scalars A\, u € C we have
E(ACB, :uy) = )‘dlﬂd2Fi(m7 y)v

for all « = 1,..., R. This system defines a biprojective variety V' C P&l_l X P&Z_l.
One can also interpret the system in the affine variables (z1,...,%n,, 91, -, Yn,) and

thus F'(x,y) also defines an affine variety which we will denote by V; C A61+"2.
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We are interested in studying the set of integer solutions to this system of biho-
mogeneous equations. Consider two boxes B; C [—1,1]™ where each edge is of side
length at most one and they are all parallel to the coordinate axes. In order to study
the questions from an analytic point of view, for P, P, > 1 we define the following

counting function
N(P17P2> = #{(mvy) € 7 x 1™ | m/Pl EBlv y/P2 6827 F(m7y) :0}

Generalising the work of Birch [9], Schindler [98] used the circle method to achieve
an asymptotic formula for N(P;, P,) as Py, P, — oo provided certain conditions on
the number of variables are satisfied, as we shall describe below. Before we can state
Schindler’s result, consider the varieties V;* and V" in A&ﬁn? to be defined by the

equations
F; F;
rank (8 l) < R, and rank <8 l) <R
Ox; ij dy; ij

respectively. Assume that V[ is a complete intersection, which means that dim Vj =

ny +ng — R. Write b = max{}giggg, 1} and © = max {}EEE%;, 1}. If n; > R and

ny + No — dim V;* > 2d1+d2_2 maX{R(R + 1)(d1 + dQ - 1), R(bdl + Udg)}, (411)
is satisfied, for ¢ = 1,2 then Schindler showed the asymptotic formula
N(Py, Py) = opP~Rhpp= e 4 O (PR ppe R min{ P, P} %), (4.1.2)

for some § > 0 and where o is positive if the system F(x,y) = 0 has a smooth p-adic
zero for all primes p, and the variety V5 has a smooth real zero in By x Bs.

In the case when the equations Fi(x,y), ..., Fr(x,y) define a smooth complete
intersection V', and where the bidegree is (1,1) or (2,1) the goal of this chapter is to
improve the restriction on the number of variables (4.1.1) and still show (4.1.2).

The result by Schindler generalises a well-known result by Birch [9], which deals
with systems of homogeneous equations; Let B C [—1,1]" be a box containing the
origin with side lengths at most 1 and edges parallel to the coordinate axes. Given
homogeneous equations G (), . .., Ggr(x) with rational coefficients of common degree

d define the counting function
N(P)=#{x €Z": /P € B, Gi(x) =--- = Ggr(x) =0}.

Write V* C Ag for the variety defined by

rank (aGZ) < R,
Ox; ij
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commonly referred to as the Birch singular locus. Assuming that G, ..., G define

a complete intersection X C IP’&_I and that the number of variables satisfies
n—dimV* > R(R+1)(d —1)277", (4.1.3)

then Birch showed
N(P) = P4 4 o(pr——=), (4.1.4)

where & > 0 if the system G(x) has a smooth p-adic zero for all primes p and the
variety X has a smooth real zero in B.

Building on ideas of Miiller [79, 80] on quadratic Diophantine inequalities, Rydin
Myerson improved Birch’s theorem. He weakened the assumption on the number of
variables in the cases d = 2,3 [94, 95] whenever R is reasonably large. Assuming that
X C I%_l defines a complete intersection, he was able to replace the condition in
(4.1.3) by

n—og > d2'R, (4.1.5)

where

or =14+ max dimSingV(3-G),
R ehiao) gV(B )

and where V(3 - G) is the pencil defined by Zf:l B:G(x) in P&_l. We note at this
point that several other authors have replaced the Birch singular locus condition with
weaker assumptions, such as Schindler [99] and Dietmann [33] who also considered
dimensions of pencils, and very recently Yamagishi [119] who replaced the Birch
singular locus with a condition regarding the Hessian of the system. Returning to

Rydin Myerson’s result if X is non-singular then one can show
OR é R—-1

and in this case if n > (d2% + 1) R then one obtains the desired asymptotic. Notably,
the work of Rydin Myerson showed the number of variables n thus only has to grow
linearly in the number of equations R, whereas R appeared quadratically in Birch’s
work. If d > 4 he showed that for generic systems of forms it suffices to assume (4.1.5)
for the asymptotic (4.1.4) to hold. Generic here means that the set of coefficients is
required to lie in some non-empty Zariski open subset of the parameter space of
coefficients of the equations.

Our goal in this chapter is to generalise the results obtained by Rydin Myerson
to the case of bihomogeneous varieties whenever the bidegree of the forms is (1,1)

or (2,1). Those two cases correspond to degrees 2 and 3 in the homogeneous case,
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respectively. We call a bihomogeneous form bilinear if the bidegree is (1,1). Given a

bilinear form Fj(x,y) we may write it as
Fi(z,y) =y" A,

for some ny x ni-dimensional matrices A; with rational entries. Given 3 € R® write

R
Ag =) B
=1

Regarding Ag as a map R™ — R™ and and Ag as a map R — R™ we define the

quantities

o) = max dimker(Ag), and aﬂgf) = max dimker(43).

BeRM\{0} BERF\{0}
We state our first theorem for systems of bilinear forms. Since the situation is com-
pletely symmetric with respect to the & and y variables if the forms are bilinear, we

may without loss of generality assume P; > P, in the counting function, and still
obtain the full result.

Theorem 4.1.1. Let Fi(x,y), ..., Fr(x,y) be bilinear forms with integer coefficients
such that the biprojective variety V(F, ..., Fr) C P&l’l X ]13’62*1 18 a complete inter-

section. Let Py > P, > 1, write b = }ziggg and assume further that

n; — ol > (2b+2)R (4.1.6)

holds for i = 1,2. Then there exists some § > 0 depending at most on b, F, R and
n,; such that
N(Py, Py) = o P/" P24 (P pye=i=?)

holds, where o > 0 if the system F(x,y) = 0 has a smooth p-adic zero for all primes
p and if the variety Vo has a smooth real zero in By x Bsy.
Moreover, if we assume V(Fy,..., Fg) C ]P’al_1 X P&Z_l to be smooth the same

conclusions hold if we assume
min{ny,no}t > (20 +2)R and ny +ne > (4b+5)R
instead of (4.1.6).

We now move on to systems of forms Fi(x,y), ..., Fr(x,y) of bidegree (2,1). We

may write such a form Fj(x,y) as
Fy(z,y) = =" Hi(y)z,
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where H;(y) is a symmetric n; X n; matrix whose entries are linear forms in the

variables y = (y1,...,%n,). Similarly to above, given B € R¥ we write

R
Hg(y) = > BiH(y).
i=1
Given ¢ € {1,...,ny} write e, € R™ for the standard unit basis vectors. Write

V(mTHﬁ(eg)a:)gzl ny = V(z'Hg(e))x, . .. ,a:THﬁ(em)w) C P&lfl

.....

for this intersection of pencils, and define

1 .
s =14 e dim V(2T Hg(e))2)—1.... n,- (4.1.7)

Further write V(Hg(y)x) for the biprojective variety defined by the system of equa-

tions
V(Hg(y)z) = V((Hg(y)x)1, ..., (Ha(y)x)n,) C By~ x PR
and define

2 ._ {maxﬁeRR\{o} dimV(HB(y)w)J F1, (4.1.8)

Spo ot
® 2
where |z| denotes the largest integer m such that m < x.

Theorem 4.1.2. Let Fi(x,y),..., Fr(x,y) be bihomogeneous forms with integer co-
efficients of bidegree (2,1) such that the biprojective variety V(Fy, ..., Fg) C ]P’&l_1 X
IP’&Q_1 1s a complete intersection. Let Py, Py, > 1 be real numbers. Write b =

max { }Zigg, 1} and u = max {%, 1}. Assume further that

n1 + na

ny — s8> (8b+4u)R  and — s > (8b+4u)R (4.1.9)

1s satisfied. Then there exists some 6 > 0 depending at most on b, u, R, n; and F
such that

N(Py, Py) = oP 2Ry~ 4 O(P 2R py2 =B min{ Py, P,}7°) (4.1.10)

holds, where o > 0 if the system F(x,y) = 0 has a smooth p-adic zero for all primes
p, and if the variety Vi has a smooth real zero in By X Bs.
If we assume that V(F,...,Fgr) C P&l_l X IP’&TI is smooth, then the same con-

clusions hold if we assume
ny > (16b+8u+ 1)R, and ny > (8b+4u+1)R (4.1.11)

instead of (4.1.9).
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We remark that we preferred to give conditions in terms of the geometry of the
variety regarded as a biprojective variety, as opposed to an affine variety. The reason
for this is the potential application of this result to proving Manin’s conjecture for
this variety, which will be addressed in due course.

Compared to the result by Schindler we thus basically remove the assumption
that the number of variables needs to grow at least quadratically in R. In particular,
if the complete intersection defined by the system is assumed to be smooth, then our

results requires fewer variables than Schindler’s provided

R+1

dlb + dQU <

is satisfied, in the cases (dy,dy) = (1,1) or (2,1). In particular, if R is large this
means our result provides significantly more flexibility in the choice of v and b.

One cannot hope to achieve the asymptotic formula (4.1.2) in general where a
condition of the shape n; > R(bd; + uds) is not present. To see this note that the

counting function satisfies
N(Py, Py) > P" + Py?,

coming from the solutions when 1 = --- =2,, =0and y; = -+ = y,, = 0. The

asymptotic formula (4.1.2) thus implies
Pz'ni < P1711—d1RP2TLQ—d2R,

for i = 1,2. Noting that P* = P, if u > 1 and P? = P, if b > 1 and comparing the
exponents one necessarily finds n; > R(bd; + udy).

If the forms are diagonal then one can take boxes B;, which avoid the coordinate
axes in order to remedy this obstruction. In fact this is the approach taken by
Blomer and Briidern [10] and they proved an asymptotic formula of a system of
multihomogeneous equations without a restriction on the number of variables similar
to the type described above.

If the forms are not diagonal the problem still persists, even if one were to take
boxes avoiding the coordinate axes. In general there may be 'bad’ vectors y away

from the coordinate axes such that
#{lx eZ": F(x,y)=0,|z| < P} > P77

where a < dyR for example. This is in contrast to the diagonal case, where the

only vectors y where this occurs lie on at least one coordinate axis. It would be
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interesting to consider a modified counting function where one excludes such vectors
y, and analogously ’bad’ vectors &. In a general setting it seems difficult to control
the set of such vectors. In particular, it is not clear how one would deal with the

Weyl differencing step if one were to consider such a counting function.

4.1.1 Manin’s conjecture

Let V C IP’&“1 X ]P’&T1 be a non-singular complete intersection defined by a system of
forms Fi(x,y), 1 =1,..., R of common bidegree (d;,dy). Assume n; > d;R so that V'
is a Fano variety, which means that the inverse of the canonical bundle in the Picard
group, the anticanonical bundle, is very ample. For a field K, write V (K) for the set
of K-rational points of V. In the context of Manin’s conjecture we define this to be
the set of K-morphisms

Spec(K) — Vi,

where Vi denotes the base change of V' to the field K. For a subset U(Q) C V(Q)

and P > 1 consider the counting function

Ny(P)=#{(z,y) € U(Q): H(z,y) < P},

where H(-,-) is the anticanonical height induced by the anticanonical bundle and
a choice of global sections. In our case one such height may be explicitly given as
follows. If (x,y) € U(Q) we may pick representatives & € Z™, and y € Z"* such
that (z1,...,%n,) = (Y1, -, Yn,) = 1 and we define

ni1—Rd; na2—Rda
H(x,y) = (maX\xi!) (m.aXIyiD

Manin’s Conjecture in this context states that, provided V' is a Fano variety such that

V(Q) C V is Zariski dense, there exists a subset U(Q) C V(Q) where (V \ U)(Q) is
a thin set such that
Ny(P) ~ cP(log P)*,

where p is the Picard rank of the variety V' and c is a constant as predicted and
interpreted by Peyre [84]. We briefly recall the definition of a thin set, according to
Serre [103]. First recall a set A C V(K) is of type

(Cy) if AC W(K), where W C V is Zariski closed,
(Cy) if A C m(V'(K)), where V' is irreducible such that dimV = dimV’, where

m: V' — V is a generically finite morphism of degree at least 2.
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Now a subset of the K-rational points of V' is thin if it is a finite union of sets of type
(Cy) or (Cy). Originally Batyrev—Manin [5] conjectured that it suffices to assume that
(V\U) is Zariski closed, but there have been found various counterexamples to this,
the first one being due to Batyrev-Tschinkel [6].
In [100] Schindler showed an asymptotic formula of the shape above, if V' is smooth
and dq,dy > 2 and
n; >3-2"72ddy R® + R

is satisfied for ¢ = 1,2. If R = 1 she moreover verified that the constant obtained
agrees with the one predicted by Peyre, and thus proved Manin’s conjecture for
bihomogeneous hypersurfaces when the conditions above are met. The proof uses the
asymptotic (4.1.2) established in [98] along with uniform counting results on fibres.

That is, for a vector y € Z™ one may consider the counting function
Ny(P) = #{xz € Z": F(x,y) = 0,|z| < P},

and to understand its asymptotic behaviour uniformly means to understand the de-
pendence of y on the constant in the error term. Similarly she considered N,(P) for
‘good” & and combined the three resulting estimates to obtain an asymptotic formula
for the number of solutions N(P;, P5) to the system F(z,y) = 0, where |z| < Py,
ly| < P, and x,y are 'good’. Considering only 'good’ tuples essentially removes a
closed subset from V| and thus, after an application of a slight modification of the
hyperbola method developed as in [10] she obtained an asymptotic formula for Ny (P)
of the desired shape.

One can be hopeful that the result established in Theorem 4.1.2 is useful in veri-
fying Manin’s Conjecture for V', when (dy,ds) = (2,1) in fewer variables than would
be expected using Schindler’s method as described above. Further, since the Picard
rank of V' is strictly greater than 1, it would be interesting to consider the all heights
approach as suggested by Peyre [86, Question V.4.8]. As noted by Peyre himself, in
the case when a variety has Picard rank 1, the answer to his Question 4.8 follows pro-
vided one can prove Manin’s conjecture with respect to the height function induced
by the anticanonical bundle.

Schindler’s results have been improved upon in a few special cases. Browning and
Hu showed Manin’s conjecture in the case of smooth biquadratic hypersurfaces in
P&_l X P&_l if the number of variables satisfies n > 35. If the bidegree is (2, 1) then Hu
showed that n > 25 suffices in order to obtain Manin’s conjecture. Systems of bilinear
varieties are flag varieties and thus Manin’s conjecture follows from the result for flag

varieties, which was proven by Franke, Manin and Tschinkel [37] using the theory of
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Eisenstein series. In the special case when the variety is defined by > _ zy; = 0
then Robbiani [90] showed how one may use the circle method to establish Manin’s
conjecture if s > 3, which was later improved to s > 2 by Spencer [106].

Conventions

The symbol € > 0 is an arbitrarily small value, which we may redefine whenever

convenient, as is usual in analytic number theory. Given forms gy, £ = 1,...,k we
write V(g¢)e=1,. x or sometimes just V(g,), for the intersection V(gy, ..., gi). Further,
we may sometimes consider a vector of forms h = (hq, ..., h;) and we similarly write

V(h) for the intersection V(hy, ..., hg).
For a real number z € R we will write e(z) = e
notation O(+) and <.

We shall repeatedly use the convention that the dimension of the empty set —1.

Zmiz - We will use Vinogradov’s

4.2 Multilinear forms

Both Theorem 4.1.1 and Theorem 4.1.2 follow from a more general result. If we have
control over the number of small’ solutions to the associated linearised forms then we
can show that the asymptotic (4.1.2) holds. More explicitly, given a bihomogeneous
form F'(x,y) with integer coefficients of bidegree (dy, ds) for positive integers d;, ds,

we may write it as
F(x,y) = Z Zijle gy Yk Ykay
i k

where the coefficients F}, € Q are symmetric in j and k. We define the associated

multilinear form
- 1 d) (1 d
Tp(Z,y) = di!dy)! ZZFMJ&) ) ..xgdi)yél) .. .y]idz),
ik

where £ = (2W,...,2@) and g = (yV,...,y)) for vectors @ of n; vari-
ables and vectors y® of ny variables. Write further £ = (x®,... x®@~Y) and
g = (yW, ...,y Given B € RE we define the auxiliary counting function
N®*(3; B) to be the number of integer vectors satisfying £ € (—B, B)(©“~Y™ and
y € (=B, B)®™" such that

|F,3-F(£, eg,§)| < ||13 . F||00Bd1+d2—2’
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for ¢ = 1,...,ny where |3 F|_ = 5 max; ONT% (B-F) . We define

di'!ds! 8a:j1---8a:jd1 Bykl---ay%
N2™(8; B) analogously.

The technical core of this chapter is the following theorem.

Theorem 4.2.1. Assumeny,ny > (di+dy)R and let F(x,y) = (Fi(x,y),. .., Fr(z,y))
be a system of bihomogeneous forms with integer coefficients of common bidegree
(dy,dy) such that the variety V(F') C P&lfl X I%rl is a complete intersection. Write
b = max {log(P,)/log(P),1} and u = max{log(P,)/log(P;),1}.

Assume there exist Co > 1 and € > (bdy + udy) R such that for all 3 € RE\ {0}
and all B > 0 we have

N-aux(ﬁ' B) < COBd1n1+d2n2—ni—2d1+d2_1% (421)
fori=1,2. There exists some § > 0 depending on b, u, Cy, R, d; and n; such that
N(Py, P) = oPn~0ippe=tl L O (ppr-tippe= i min{ P, P} %) .

The factor o0 = IS 1is the product of the singular integral J and the singular series G,
as defined in (4.5.26) and (4.5.23), respectively. Moreover, if the system F(x,y) =0
has a non-singular real zero in By X By and a non-singular p-adic zero for every prime

p, then o > 0.

While showing that (4.2.1) holds is rather straightforward when the bidegree is
(1,1) it becomes significantly more difficult when the bidegree increases. In fact, in
Rydin Myerson’s work a similar upper bound on a similar auxiliary counting function
needs to be shown. He is successful in doing so when the degree is 2 or 3 and the
system defines a complete intersection, but for higher degrees he was only able to
show this upper bound for generic systems.

Our strategy is as follows. We will establish Theorem 4.2.1 in Section 4.4 and
Section 4.5 and then use this to show Theorem 4.1.1 and Theorem 4.1.2 in Section 4.6

and in Section 4.7.

4.3 Geometric preliminaries

The following Lemma is taken from [100].

Lemma 4.3.1 (Lemma 2.2 in [100]). Let W be a smooth variety that is complete over
some algebraically closed field and consider a closed irreducible subvariety Z C W

such that dim Z > 1. Given an effective divisor D on W then the dimension of every
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irreducible component of DN Z is at least dim Z — 1. If D is moreover ample we have

in addition that D N Z is nonempty.
In particular the following corollary will be very useful.

Corollary 4.3.2. Let V C Pgl_l X IP’?C‘Q_1 be a closed variety such that dimV > 1.
Consider H = V(f) where f(x,y) is a polynomial of bidegree at least (1,1) in the

variables (x,y) = (T1,.. ., Tn, Y1y - - Yny). Then
dim(VNH)>dimV —1,
wn particular V-0 H is non-empty.

Proof. Since the bidegree of f is at least (1,1) we have that H defines an effective
and ample divisor on P~ x P227!. We apply Lemma 4.3.1 with W = PRt~ x P21,
D = H and Z any irreducible component of V. O

Lemma 4.3.3. Let F(x,y) be a system of R bihomogeneous equations of the same
bidegree (dy,ds) with di,dy > 1. Assume that V(F') C ]P’gl_1 X ng—l 15 a smooth
complete intersection. Given 3 € RR\ {0} we have

dim SingV(8- F) < R — 2,
where we write B - F =Y, B, F;.

Proof. The singular locus of V(3 - F') is given by

sugrip-py v (PEE) (A8

=1l,..., =1,...

Assume without loss of generality g # 0 so that V(F') = V(F,..., Fr_1,3-F). We

claim that we have the following inclusion
V(Fi,...,Fr_1) N SingV(B - F) C SingV(F). (4.3.1)

To see this note first that V(Fy,..., Fg_1) N SingV(B - F') C V(F). Further, the
Jacobian matrix J(F') of F' is given by

o-(%),

wherei =1, ..., R and z; ranges through x1, ..., 2,91, ..., Yn,. Now if the equations
0B F) _0B-F)
8az'j ayj ’
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are satisfied then this implies that the rows of J(F') are linearly dependent. Since
V(F) is a complete intersection we deduce the claim.

Assume now for a contradiction that dim SingV(3 - F') > R — 1 holds. Applying
Corollary 4.3.2 (R — 1)-times with V' = SingV(3 - F'), noting that the bidegree of F;
is at least (1,1), we find

V(Fl, ceey FR—I) N SlngV(,B : F) 7é @
This contradicts (4.3.1) since SingV(F') = () by assumption. O

Lemma 4.3.4. Let ny < ny be two positive integers. For i = 1,...,ny let A; €

M, sn, (C) be symmetric matrices. Consider the varieties Vi C Pgrl and Vy C
Pgl_l X sz—l defined by

Vi=Vt Ait)izy.. n,

-----

Then we have
dim Vs < dim Vi +ne — 1.

In particular, if Vi = 0 then dim Vo < ny — 2.
Proof. Consider the variety V5 C ]P’fc“_1 X Pgl_l defined by

‘/3 = V(zTAim)ifl ng-

-----

Further for & = (z1,...,2,,)" consider
A() = (A1 - Ay @) € My s, (C)[1, -, 2y |-

We may write V5 = V(A(x)y) and V3 = V(2T A(x)). Our first goal is to relate the

dimensions of the varieties above as follows
dim V5, < dim V5 + ng — n;. (4.3.2)
For r = 0,...,n; define the quasi-projective varieties D, C ]P’g“1 given by
D, = {x € P2 rank(A(x)) = r}.

These are quasiprojective since they may be written as the intersection of the van-
ishing of all (r + 1) x (r + 1) minors of A(x) with the complement of the vanishing

of all » x r minors. For each r let

D, =|JDY

i€l
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be a decomposition into finitely many irreducible components. Since |, D, = ]Pgl_l
we have

dim Vs = max dim((D® x PR~ N V4).

0<r<ng
i€l

Note that » = ny doesn’t play a role here, since the intersection (D,(fz) X sz_l) NV is
empty. Similarly we get

dim V3 = max dim((D® x PR~ N V3).

0<r<nsg
i€l

For 0 < r < nq and 7 € I, consider now the surjective projection maps
Moric (DY x By NV, = DY, (@,y) — =,

and
Tarit (DY x PNV — DY, (x,2) s ,

We note that by the way D! was constructed here, the fibres of both of these pro-
jection morphisms have constant dimension for fixed r. By the rank-nullity theorem

we find that the dimensions of the fibres are related as follows
dim; ) ;(z) = dim7s,) () + no — na. (4.3.3)

We claim that the morphism s, ; is proper. For this note that the structure mor-

phism P@l_l — Spec C is proper whence DY x Pgl_l — DY must be proper too,

as properness is preserved under base change. As (Dﬁi) X IP’%Q_I) N V5 is closed inside
DY x Pgl_l the restriction my,; must also be proper. By an analogous argument it
follows 3, ; is also proper.

Further note that the fibres of 7y, ; are irreducible since they define linear sub-
spaces of (fo) X ]P’gz_l) N V4, and similarly the fibres of 73 ,.; are irreducible. Since fo)
is irreducible by construction and all the fibres have constant dimension, it follows
that (D,(f) x P271) N Vy is irreducible. Similarly (D,@ x P71 N Vy s irreducible.

Hence all the conditions of Chevalley’s upper semicontinuity theorem are satis-
fied [41, Théoreme 13.1.3], so that for any x € D{” we obtain

dimm, ), (z) = dim((D x PE~") N V) — dim DY, (4.3.4)

0

and
dim;};(z) = dim((D x Pg~") N V3) — dim DY, (4.3.5)
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Hence (4.3.4) and (4.3.5) together with (4.3.3) yield
dim((D x PR~ N V,) = dim((DY x PR N V) + ng — ny.

Choosing r and i such that dim V5 = dim((D{” x P21 N V4) the claim (4.3.2) now
follows.

Thus it is enough to find an upper bound for dim V5. To this end, consider the
affine cones V; = V(u"Ajuw)izr,. py C AP and Vs = V(zTA(z)) € AY x AZ'. Note
in particular, that Vi # () even if Vi = ().

Write A ¢ AT x A for the diagonal given by V(z; = z);. Then VsNA = V; # 0.
Thus, the affine dimension theorem [42, Proposition 7.1] yields

dimﬁ > dim% —ny.

Noting dim V; +1 > dim 171 and dim X73 > dim V3 4+ 2 now gives the desired result. We
remind the reader at this point that this is compatible with the convention dim () =
—1. O

4.4 The auxiliary inequality

We remind the reader of the notation e(x) = €™, For « € [0, 1]" define

S(a, P, Py) = =) Y cla-F(zy),

xEP1B1 yeP2Bo

where the sum ranges over € Z" such that /P, € B; and similarly for y. Through-

out this section we will assume P, > P,. Note crucially that we have

N(P, P) :/ S(a)da.

(0,17

As noted in the introduction we can rewrite the forms as
Z Z kle © Lg, Ykt Ykay s
and given a € R%, as in [98], we consider the multilinear forms

L), ) (d2)
Lor(Z,9) —dl'd2'z%zz Jk g ydl Y, " Ykg, -

Further we write = (2", ..., (=) and similarly for 9. For any real number \ we
write ||| = mingez |A — k|. We now define M, (- F; P, P, P7') to be the number
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of integral £ € (—Py, P){" =™ and g € (= Py, P,)®" such that for all £ =1,...,n;
we have

||FaF(£7 €y, g)” < P_l’
Similarly, we define My (c-F'; Py, Py, P~1) to be the number of integral € (— Py, P)%™
and g € (—Py, Py) @172 guch that for all £ = 1,...,ny we have

ITar(@. 9 el < P

For our purposes we will need a slight generalization of Lemma 2.1 in [98] that deals

with a polynomial G(«,vy), which is not necessarily bihomogeneous. If G(x,y) has

> Gi(z.y),

0<r<d;
0<i<ds

bidegree (dy, dy) write

where G")(z,y) is homogeneous of bidegree (r,1). Using notation as above we first
show the following preliminary Lemma, which is a version of Weyl’s inequality for
our context.

From now on we will often use the notation d = d; + dy — 2.

Lemma 4.4.1. Let € > 0. Let G(x,y) € Rlxy, ..., 20, Y1, .-, Yny| be a polynomial
of bidegree (dy,dy) with dy,ds > 1. For the exponential sum

o(PLP)= >, ) e

xeP By x€P2Bs

we have the following bound
Sa(Pr, P2 < ppGi=diibe pra@iod) yp () py py prlY

Proof. The proof is quite involved but follows closely the proof of Lemma 2.1 in [98],
which in turn is based on idas of Schmidt [101, Section 11] and Davenport [26, Section
3.

Our first goal is to apply a Weyl differencing process dy — 1-times to the y part
of G and then d; — 1-times to the & part of the resulting polynomial. Clearly this is
trivial if do = 1 or dy = 1, respectively. Therefore assume for now that dy > 2. We

start by applying the Cauchy-Schwarz inequality and the triangle inequality to find

do—1 ni do—1_ do—1
Sa(Pr, PP < PP N S (P )P (4.4.1)

xeP By
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where we define

Sa:(PhP?): Z B(G(way))

yePB2
Now write U = P,B,, write U” = U — U for the difference set and define

Uy, .. . y®) ﬂ ﬂ — eyt .= ety(t)) :
e1=0,1 e+=0,1
Write F(y) = G(x,y) and set
By ) = 3 Y ey ko),
81:0,1 ad:O,l
Equation (11.2) in [101] applied to our situation gives
- dy—1_
Se(PL P < P YT

y(l)euD
2

Z Z € (Fdz—l (y(l)v s 7y(d2_1))) )

y(d2*2)euD y(d2*1)eu(y<1> ,,,,, y(d272))

and we note that this did not require F(y) to be homogeneous in Schmidt’s work. It

is not hard to see that for z, 2’ € U(yW, ..., y*==2)) we have

Fdzfl(y(l)v' e >z) _Fdzfl(y(l)a"' ,Z,) =
fd2<y(1)7"' 7y(d2 1)7y ) ng 1( ) c 7y(d271))7

for some y(2=Y € U(yW, ... y@=2)D and y®) € Y(yW, ..., y@=D). Thus we find

Sa(PL PP < )T S Y 3

yDeUD  ylda—2 gy ylda=1) cyi(y(D)

.....

Z e (Fa, (y(l), . ,y(dQ)) — Fap1 (y(l), . ,y(d2_1))) . (4.4.2)

yl2eu(y™,. .. yldz=1)
We may write the polynomial G(x,y) as follows

Z ZGJ klm]rykh

0<’r‘<d1 _77« k}l
0<i<ds

for some real G;:”l,ll. Further write F(y) = FO(y) + ... + F®)(y), where F(y)
denotes the degree d homogeneous part of F(y). Lemma 11.4 (A) in [101] states that
F,, transpires to be the multilinear form associated to F(#)(y). From this we see

7,1
]:d2 - ]:d2_1 = Z Z G§T ,llfbjr : xjr(r)hkl (y(l), cee ,y(dQ)) ; (4.4.3)

0<r<dy jr.ki
0<i<ds
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where

1 d2)\ _ (1) (d2) 7 1 do—1
hig, (WY, Y ) = daly) 4y e, (9 YY)

for some polynomials f 4, Of degree dy that are independent of y(®) and further hi,
are polynomials of degree [ that are always independent of y(?) whenever | < dy — 1.
Write g = (yW, ..., y®). Now set

Sy = Z e Z Z J:,llztlxjr 'ij(T)hkz(g)

xeP1 By 0<7"<d1 erkl
0<i<d>

Now we swap the order of summation of 3" in (4.4.1) with the sums over y@ in
(4.4.2). Using the Cauchy-Schwarz inequality and (4.4.3) we thus obtain

d d_odi—1 no (24— dy—1
Sa(Py, PP < P20 D ppe@ia) 30N gt
g yld)

The above still holds if d; = 1, which can be seen directly. Applying the same

differencing process to Sy gives

n — ’I’L d
Sa(Py, Py)[* < P00 ppet=t) S UST SIS (&, 5))|, (44.4)
e y(d2) (1) 2(d1)
where
rl)
= > > G @) (),
0<r<di jr.ki
0<1<ds
and where similar to before we have
(d di—
Y9ia, () = dy 'xjdlu)" jdl)( )+g.7d1( .ol 1))7

with g;, and g;, for r < d; not depending on x(@). We note that (4.4.4) holds
for all di,dy > 1 and all the summations >, and ), ¢ in (4.4.4) are over boxes
contained in [Py, P|™ and [—P,, P,]", respectively. Write £ = (21, ... a(@1~D)
and g = (y@, ..., y%~V). We now wish to estimate the quantity

@9 =3 |3 @5

y(dQ) m(dl)

(4.4.5)

Viewing >, ., e(Bz) for b —a > 1 as a geometric series we recall the following

elementary estimate

< min{b —a, |15},

> e(Br)

a<z<b
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This yields

ni
< [[min {P1, 7@ e, 9"},

(=1

3 e (4(3,9))

;l:(dl)

where e, denotes the /-th unit vector and where

(dr)) (1) (d1) ~
Z Z Jdi,kz Ja, (1 ."xjdi(dl)hkz(y)'

0<i<d2 jd, ki

We now apply a standard argument in order to estimate this product, as in Dav-
enport [29, Chapter 13|. For a real number z write {z} for its fractional part. Let
r = (r,...,m,) € Z™ be such that 0 < r, < P; holds for ¢ = 1,...,ny. Define
A(Z, 7, r) to be the set of y(®) in the sum in (4.4.5) such that

TKPI_I < {:)7 ({L‘\a €y, g’ y(d2))} < (Té + ]')Pl_la

holds for all £ = 1,...,n; and write A(Z,y,r) for its cardinality. We obtain the

estimate
P P
Z(my <<ZAwy, Hmln{Pl,maX{ m}}
where the sum ) is over integral r with 0 <r, < P, for all £ =1,...,ny. Our next

aim is to find a bound for A(Z, y, r) that is independent of r. Given u,v € A(Z,y,r)
then

H:\V/ (567 e@aga u) - ’i(‘%a 65,@,”)“ < Pfl>

for £ =1,...,n;. Similar as before we now define the multilinear forms
| (did2) (1) (d1) L . (d2)
F ( - dl d2 Z GJd17kd2 ]dl x]dl(dl)ykdg(l) ykdg(d2)7
Jd17kd2

which only depend on the (d;, dy)-degree part of G. For fixed &,y let N(Z,y) be the
number of y € (=P, P2)™ such that

||FG(5E7 857@\7 y)” < P1_17
foral ¢ =1,...,n;. Observe now crucially
:\Y] (‘%7 e@?{y\a ’LL) - :}; (58\7 €y, g? ’U) = FG("'/B\a efalgau - ’U).

Thus we find A(Z,y,r) < N(&,y) for all r as specified above. Using this we get

D12 et(@y)

y(@2) |p(d1)

< N(Z,y)(Prlog P1)™

Finally, summing over & and y we obtain

|SG(P1, PZ)‘Qd < P17L1(2d*d1+1)+5P;2(2d*d2)M1 (G(Cl1,6l2)7P17P27 Pfl) . ]
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Inspecting the proof of Lemma 4.1 in [98] we find that for a polynomial G(z,y)
as above given 6 € (0, 1] the following holds

(G(d1 ,d2) Pl P2 P )<<Pn1(d1 1)Pn2d2P 0(n1d1+nads)
X max {PWM (G pf, Py, P Ry R ) )

Using this and Lemma 4.4.1 we deduce the next Lemma.

Lemma 4.4.2. Let P, P, > 1, 0 € (0,1] and a € RE. Write Sqg = Sa(Py, P»).
Using the same notation as above for 1 =1 or i = 2 we have
|SG|2d~ <<di7ni,8 Plnl2J+€P;2QJP29ni_9(n1d1+n2d2)
x M, (G(dhdz). P29 P20 Pl—d1 P2—d2P29(CZ+1)) .
Using the preceding Lemma and adapting the proof of [94, Lemma 3.1] to our
setting we can now show the following.
Lemma 4.4.3. Lete >0, 0 € (0,1] and o, B € RE. Then fori =1 ori = 2 we have

min{‘ S(a) }

n1+e pna
Pl P2
<<di,m,€

S+ BN
P1n1+sp2nz

Y

M, (8- F; PP, Pt Py o)

Pg(nl di+nad2)—6n;

(4.4.6)

Proof. Note first that for two real numbers A, u > 0 we have

min{\, u} < v/Ap.
Therefore it suffices to show

M, (8: P, Y, P PP )

PQG(nl d1 +n2d2)—9ni

Ld;ynie

‘S(a)S(a +8)|"

2n142¢ p2na
Pl P2

holds for i = 1 or 4 = 2. Note first that

S(a+B)S(@)|=| > > e(@+B) Flx.y)—a Flz+zy+w),

xEP1B1 x+z€P1 5
YEPoBy y+wePaBs

so by the triangle inequality we get

Sa@+B)S@)|< > | Y eB F@.y) - gapzw(@ )|,

|z|| o <P1 |ZEPIB:
[w]| <P, 1YEP2Bw
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where ga.g.2.w(,y) is of degree at most dy +ds — 1 in (¢, y) and we have some boxes

B, C By and B,, C Bs. Applying Cauchy’s inequality d-times we deduce
2d_

|S(a+ B)S(ev)] < pmE-y prai-y Z Z e(B-F(2.Y) — goprw( y))
|z|| o <P1 |ZEP1 B
[wl| oo < P2 1YEP2Bw

If we write G(x,y) = B F(2,Y) — gap.2w(®,y) then note that G442 = 3. F.

Using Lemma 4.4.2 we therefore obtain

_ d 7 - 4
‘S(a + ,@)S(a) ‘2 < P12d+1n1+6P22d+1n2P2—9(n1d1+n2d2)+9m
x Mi(B- F, P, Pj, Py Py p] ),

for 2 = 1 or ¢ = 2, which readily delivers the result. O

As in the introduction, for B3 € RF we define the auxiliary counting function
N(3; B) to be the number of integer vectors € (—B, B){“~Y™ and g € (—B, B)%"
such that

Por(@ e )| < 18- Fll.. B
ohitday
Ljq, OYkyOYky,

gously define N&"(8; B). We now formulate an analogue for [94, Proposition 3.1].

for £ = 1,...,ny where | f], = mmaxj,k Py D . We also analo-

Proposition 4.4.4. Let Cy > 1 and € > 0 such that for all B € RE and B > 0 we
have for i = 1,2 that

Niaux(ﬁ; B) < COBd1n1+d2n2*m*2d~H%_ (4.4.7)

Assume further that the forms F; are linearly independent, so that there exist M >
w > 0 such that

plBlle < 18- Fllo < M8l - (4.4.8)

Then there exists a constant C' > 0 depending on Cy,d;,n;, it and M such that the

following auxiliary inequality

, S(a)
min
le +€P2n2

S(a+ B3)
P1711+€P2712

I

1 13
}Sme{gﬁaﬁ&@mw;mmﬁﬁ

holds for all real numbers Py, Py, > 1.
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Proof. The strategy of this proof will closely follow the proof of [94, Proposition 3.1].
By Lemma 4.4.3 we know that (4.4.6) holds for i =1 or i = 2. Assume that there is

some 6 € (0,1] such that for the same ¢ we have
N3 FE) < M8, FY, P, P Pyt PR (4.49)

Going forward with the case i = 1, noting that the case ¢ = 2 can be proven completely
analogously, this means that there exists a (d; — 1)-tuple & and a ds-tuple y which
is counted by My(3- F, PY, P¢, Py Py % PYD) but not by N#(8; Pf). Therefore

this pair of tuples satisfies
|29 oW ||, < P, fori=1,...,d—1land j=1,...,ds, (4.4.10)

and ]
||FBF(§:\7 €y, g)” < Plid1P27d2P20(d+1)7 for £ = 17 ceey N, (44‘]‘1)

since it is counted by M, (8- F,P{, P¢, Pr% Py Py (CZH)). On the other hand, since
it is not counted by N#(3; PY) there exists {5 € {1,...,n1} such that

Ts.r (@, eq, 9)| > 18- Fll, P5". (4.4.12)

From (4.4.11) we get that for ¢y we must have either

Ds.r(Z, e, 9)| < Py Py % plaHD (4.4.13)
or X
If (4.4.13) holds then (4.4.12) implies
P*dl P*dQ P(J‘HW
IB-F|, < —1—2 -2 — pip-hp;d (4.4.15)
o0 pdo
2
If on the other hand (4.4.14) holds then (4.4.10) gives
1 N » ~
5 < Tar(@ eq.9)| < 1|8 F|l, P, (4.4.16)
Since either (4.4.15) or (4.4.16) holds then via (4.4.8) we deduce
Py < ma { PP 1L 18T} (4.417)
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Since (4.4.6) holds for i = 1 and due to the assumption (4.4.7) we see that (4.4.9)
holds if there exists some C; > 0 such that

2d~+1

Sa) } . (4.4.18)

ni+e pne
Pl P2

S(a+ B)
Pln1+6P2n2

Y

—god+1 .
Py < C1m1n{

Now define 6 such that we have equality in the equation above, i.e. such that we have

S(a)
P{L1+€P2n2

S(a+ 3)
P1711+€P2n2

I

1
_1 %
Pl = o min{ } . (4.4.19)

If 6 € (0, 1] then (4.4.18) holds and so together with the assumption (4.4.7) as argued
above this implies (4.4.17) holds, which gives the result in this case. But 6 will always
be positive; for if § < 0 then (4.4.19) implies

min {

However, note that clearly |S(a)| < (Py+1)" (Py+1)"2. Without loss of generality we
may take P; large enough, depending on ¢, so that this clearly leads to a contradiction.
Finally, if > 1 then we find Py, %Y < Py, and so from (4.4.19) we obtain.

_ S(a)
min
Pln1+€P2nz

S(a)
P1n1+6P2nz

Sla+ B)
leJrePan

Y

_ 1
} Z Cl 2d+1.

S(a+B)
P1m+8P2nz

Y

} < Py

This gives the result. [

4.5 The circle method

The aim of this section is to use the auxiliary inequality
S
Pl_smin{‘ () }§

PRy
. 13
O max {P;%P;*P;d? 1812, ||ﬂ||§o“} RERY

S(a+ B)
’ le P27L2

where C' > 1 and apply the circle method in order to deduce an estimate for N (P, ).
In this section we will use the notation P = P P2, Write b = max {1,log P,/ log P}
and u = max {1,log P,/log P, }. If P, > P, then b = log P/ log P, and thus P2bd1+d2 =
P holds. The main result will be the following.

Proposition 4.5.1. Let € > (bd; + udy)R, C' > 1 and € > 0 such that the auziliary
inequality (4.5.1) holds for all o, 3 € RE, all Py, P, > 1 and all bozes B; C [—1,1]™
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with side lengths at most 1 and edges parallel to the coordinate axes. There exists

some 0 > 0 depending on b, u, R, d; and n; such that
N(Py, P) = oP{t= @i ppe @it p O (pr-@ifipe®ip=o).

The factor o = J& 1is the product of the singular integral I and the singular series
S, as defined in (4.5.26) and (4.5.23), respectively.

Note that this result holds for general bidegree, and therefore in the proof one may
assume P; > P, throughout. For instance if one wishes to show the above proposition
for bidegree (2, 1), the result follows from the asymmetric results of bidegree (2,1)
and bidegree (1,2).

4.5.1 The minor arcs

First we will show that the contributions from the minor arcs do not affect the main

term. For this we will prove a Lemma similar to Lemma 2.1 in [94].

Lemma 4.5.2. Let r,75: (0,00) — (0,00) be strictly decreasing and increasing bi-

jections, respectively, and let A > 0 be a real number. For any v > 0 let By C RE

be a hypercube of side lengths v whose edges are parallel to the coordinate azves. Let

E C Ey be a measurable set and let p: E — [0,00) be a measurable function.
Assume that for all o, B € R® such that o, + B € E we have

min {¢(e), p(e+ B)} < max {A, " ([8l.) 2" (18l)} - (4.5.2)

Then for all integers k < £ such that A < 2% we get

[E ola)da <p
e S () () e 59

Note that if we take

ola) = CIP[™ =P ™ |S(a)|, ri(t) = Pfle{th—%, ro(t) = t%, A=P;°

where C' is the constant in (4.5.1), then the assumption (4.5.2) is just the auxiliary
inequality (4.5.1).
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Proof. Given t > 0 define the set

D(t)={a € E: p(a) >t}.

If & and a + 3 are both contained in D(t) then by (4.5.2) one of the following must
hold
Azt Bl <7(t), or Bl = ra(t).

In particular, if ¢ > A then either ||B|| . < m(t) or ||B||, > 72(t). Assuming that
t > A is satisfied consider a box b C R with sidelengths r,(t)/2 whose edges are
parallel to the coordinate axes. Given o € b N D(t) set

={a+B: BR8], <n@®)}.

If a+B € bND(t) then by construction || 3|, < 72(t)/2 < ra(t) whence |8 < r1(2).
Therefore we have b D(t) C B (), which in turn implies that the measure of b D(t)
is bounded by (2r1(¢))". Since D(t) is contained in Ey one can cover D(t) with at

most
R

" min{ry(t), v}7
boxes b whose sidelenghts are r5(t)/2. Therefore we find

W(D(t)) <n (%)R

min{ry(t),

<

where we write u(D(t)) for the Lebesgue measure of D(t). If k < ¢ are two integers
then

¢
/gp(a)da:/ go(a)da—i—Z/ go(a)da—l—/ o(a)der.
E E\D(2%) i=k Y D2O\D(21) D(2%)

We can trivially bound [y, o) p(@)dee < vR2k and further we can bound

[ dleda<2uDE), ad [ pla)da < u(DE) s (e
(2)\D(27+1) D(2¢)

aclk

If 2 > A then for any i > k by our discussion above we find

w(D(2%) <n (%)R

min{ry(27),

Therefore the result follows. O
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Recall the notation P = P P>, From now on we will assume P, > P,. Note
that the assumption in Proposition 4.4.4 that ¢ > R(bd; + uds) holds, is equivalent
to € > R(bdl + dQ) it P, > Ps.

Lemma 4.5.3. Let T: Rf — C be a measurable function. With notation as in
Lemma 4.5.2 assume that for all o, 3 € R® and for all P, > P, > 1, and € > 0 we

have

min T(a)
PPy

T(ax+ B3)
PPy

Y

1 13
}Smax{Pgl,P;le;d? nﬁu;ﬂuﬁuw} C (45.4)

Write P = P P2 and assume that that we have

sup |T(a)| < P Py2 P, (4.5.5)

ack

for some & > 0. Then we have

T
/ (@) do <¢ 4,1
E

PPy
(VRp-Rp{HIR=E | p-i if¢ <R
R Ty N if¢=R
yRp-Rp{HIR=C | p-R-51-R/%) 4 p=¢ ifR<€ < (d +dy)R (4.5.6)
viP~Rlog Py + P~R00-R/%) 4 p¢ if € = (di+ d)R
| YR PR30~ +d) R/%) | p~R=00-R/€) | p=¢ g > (d; + do)R.

We expect the main term of N(Py, P,) to be of order P/ —fid1 pra=fidz — pm pn2 p-i
Thus the Lemma indicates why it is necessary for us to assume € > R(bd; + d2),

using this method of proof at least.

Proof. We apply Lemma 4.4.3 by taking

T 1 1.
e = AREeE, =%
1 2

o(a) ,and A= Py % (4.5.7)

Then our assumption (4.5.4) is just (4.5.2). We will choose our parameters k and ¢
such that the Zf;; term dominates the right hand side of (4.5.3). Let

k=[log, P, ], and (= [log, P™°], (4.5.8)
so that we have

Py% <2k <2P% and P70 <20 <2P
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Without loss of generality we assume k < £ since otherwise the bound in the assump-
tion (4.5.5) would be sharper than any of those listed in (4.5.6). Substituting our
choices (4.5.7) into (4.5.3) we get

-1 —dy p—dae—i R
T(ex vt py o/
|nf ZL<RVR2k+§ 2| ——2= +
= Pl p2 p— mln{l/, 21(d+1)/%}

R
P py 2ot T
Gl sup |n$a21\2 (4.5.9)
min{u, 25(d+1)/‘5} acE PP,

From (4.5.5) and (4.5.8) we see that
T(a)]

< p9<ot 4.5.10
pppe =TS .
Further, we clearly have
Py py =i/t (d42)/5
L -2 < pmipyhipyd2g=i/t y 9mildt2)/¢ prdi prda (4.5.11)

min {M 2i(d+1)/cﬁ} =
Substituting the estimates (4.5.10) and (4.5.11) into (4.5.9) we obtain

14

¢
T(c)| Rok R p—diR p—daRoyi(1—(d+2)R/? —d1 R p—da Reyi(1-R/?
Eplnlp2n2<<Ry2+ZVP11P222( (+)/)_|_ZP11P222( /€)
i=k i=k
(4.5.12)
Note now that
. 2H1-R(d+2)/€) if ¢ < (d+ 2)R
N 2 TRER) g L~k if ¢ =(d+2)R (4.5.13)
i=k 26(17R(cz+2)/%”) if € > (CZ—F Q)R,
where we used k < ¢ for the second alternative. Recall from (4.5.8) that we have

28> Py% and 2°< 2P

so using this in (4.5.13) we get

. ~ pLHRE if ¢ < (d+2)R
$ 2= /9 o L log P it% = (d+2)R (4.5.14)
=k POO=(dHDR/E) if @ > (d + 2)R.

Arguing similarly for Zf:k 2/1-R/%) we find

' pi? if%¢ <R
i=k poU=R/) it ¢ > R.
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Finally we note that by our choice of k& we have 2¥ < 2P;% and we recall that
d+2 = dy 4 dy. Using this, as well as (4.5.14) and (4.5.15) in (4.5.12) we deduce the
result. O

We will finish this section by defining the major and minor arcs and showing that
the minor arcs do not contribute to the main term. For A > 0 we define the major

arcs to be the set given by

- U U A{echby™2jsa-al, <P "p*=P4},
qeN 0<a;<q
q<PA (a1,...,ar,q)=1

and the minor arcs to be the given by
m(A) == [0, 1]%\ M(A).

Write further _ di 1
5y = Miizi2 i & np = dim Vi) (4.5.16)
(d+1)2¢R
Note that if the forms F; are linearly independent, then V* are proper subvarieties of

AT g0 that dim V;* < ny + ny — 1 whence &y >
that requiring
OF;
rank ( ) <R
al'j ij

is equivalent to requiring all the R x R minors of <

m. To see this for V}* note

) vanish. This defines a

ch are not all zero unless

system of polynomials of degree R(d; +ds — 1) in (x, y),
there exists 3 € R\ {0} such that

R

or; .
E Bi (—) =0 forj=1,...,m
— ox

J

holds identically in (2, vy). This is the same as saying that

R
Vo (Z @ﬂ) =0
=1

holds identically. From this we find that Zil B; F; must be a form entirely in the
y variables. But this is a linear combination of homogeneous bidegree (dy, ds) forms
with d; > 1 and thus we must in fact have Zf;l B F; = 0 identically, contradicting
linear independence. The argument works analogously for V5"

The next Lemma shows that the assumption (4.5.5) holds with £ = m(A) and
T(a)=C'PS(a).
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Lemma 4.5.4. Let 0 < A < R(d + 1)(bdy + dy)™" and let € > 0. Then we have the
upper bound
sup |S(a)| < P Py p=Aote, (4.5.17)

acm(A)

Proof. The result follows straightforward from [98, Lemma 4.3] by setting the param-
eter 6 to be

A
C(d+ 1R
If we have 0 < A < R(d + 1)(bdy + d5)~" this ensures that the assumption 0 < 6 <
(bdy + do)~! in [98, Lemma 4.3] is satisfied. O

Before we state the next proposition, recall that we assume P; > P, throughout,

as was mentioned at the beginning of this section.

Proposition 4.5.5. Let ¢ > 0 and let 0 < A < R(d + 1)(bdy 4+ do)™". Under the

assumptions of Proposition 4.5.1 we have

/ S(a)da < P-4 pra=d2R p=Ado(1=(di+d2) R/ €)+e
m(A)

Proof. We apply Lemma 4.5.2 with
T(a)=C7'P*S(a), Ey=[0,1]% E=m(A), and §=Ad,

where C' > 0 is some real number. With these choices (4.5.4) follows from the auxiliary
inequality (4.5.1) since for any ¢ > 0 we have P~¢ < P °. From Lemma 4.5.4 we
have the bound

sup CT(a) < P" P2 P2,

ack
We may increase C' if necessary so that we recover (4.5.5). Therefore the hypotheses

of Lemma 4.5.3. Since we assume ¢ > (bd; + dy) R, we also note
PQ—‘f _ P—RPR—%(bd1+d2)_1 <o P—R—S
for some 0 > 0. Therefore if we assume € > (bd; + d)R then Lemma 4.5.3 gives

/ S(a)da < le—d1RP27L2—d2RP—A5O(1—(d1+d2)R/<5)+67
m(A)

as desired. O
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4.5.2 The major arcs

The aim of this section is to identify the main term via integrating the exponential
sum S(a) over the major arcs, and analyse the singular integral and singular series

appropriately. For a € Z% and ¢ € N consider the complete exponential sum
—ni—ng a
Saq =14 Ze —-F(z,y) |,
.,y q

where the sum ) , runs through a complete set of residues modulo q. Further, for

P >1 and A > 0 we define the truncated singular series
S(P) =3, > Sau
q<P2 a

where the sum ) runs over a € Z% such that 0 < a; < g fori = 1,..., R and
(ai,...,ar,q) = 1. For v € RE we further define

Sx(n)= [ ey Fluv)dudv
81 XBQ
and we define the truncated singular integral for P > 1, A > 0 as follows
WP = [ S
[l sPA
From now on we assume that our parameter A > 0 satisfies

(bdy +dy)™' > ARR+3)+ 4 (4.5.18)

for some 6 > 0. Since ¢ > R(bd; + dy) we are always able to choose such A in terms
of €. Further as in [98] we now define some slightly modified major arcs 9V (A) as
follows

ma) = (J U o)

1<q<PA  0<a;<q
(a‘l 7777 aqu):l

where M, (A) = {a € [0, 1]%: ”a -2 < Pl_leg_dQPA}. The sets My, , are dis-

joint for our choice of A; for if there is some

o € M, (A) NG 4(A),

where I -(A) # M, (A) then there is some 7 € {1,..., R} such that




which is impossible for large P, since by our assumption (4.5.18) we have 3A —1 < 0.
Further we note that clearly 9(A) O 9(A) whence m’(A) € m(A) and so the
conclusions of Proposition 4.5.5 hold with m(A) replaced by m’(A).

The next result expands the exponential sum S(a) when a can be well-approximated
by a rational number. In particular for our applications it is important to obtain an
error term in which the constant does not depend on 3, whence we cannot just use
Lemma 5.3 in [98] as it is stated there.

Lemma 4.5.6. Let A > 0 satisfy (4.5.18), let o € M, (A) where ¢ < P2, and
write « = a/q + B such that 1 < a; < q and (aq,...,ar,q) = 1. If P, > Py > 1 then

S(a) = P{" Py* S ¢S (PB) + O (qP{“Pgm_l (1+P ||ﬁ||oo)) , (4.5.19)
where the implied constant in the error term does not depend on q or on 3.

Proof. In the sum for S(a) we begin by writing = 2(!) + gz’ and y = 2? + ¢y’
Whereogzi(l) <qand0§z§2) <qgforalll1 <i<mnpandforalll <j<mng A

simple calculation now shows

S =3 Y ela-Flay)

xeP1B1 yeP B2

= Z e (2 . F(z(l),z@))) Sz, 2?) (4.5.20)

z(1) 2(2) mod ¢ q

where

S(zW, 23)) = Z e(B-F(qx' + 2V, qy +2?)),

a:/ y/
where x’ y in the sum runs through integer tuples such that ga’ + 2z € PB; and
qy' + z® € P,BB, is satisfied. Now consider 2/, " and 3, y” such that

o' — " My — ¥l <2

Then for all t = 1,..., R we have

|Fi(gz' + 20, qy’ + 29) — Fi(qz" + 2, qy" + 29)|
< PR 4+ qP PR < g P PR

where we used P; > P, > 1 for the last estimate. We note that the implied constant

here does not depend on g. We now use this to replace the sum in S by an integral
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to obtain

R
é(z“),z@)):/ / e | BiF(qv,qw) | dodw
qUEP1 By J quwe P32

i=1

ni n2 ni no—1
+0<||B||oquf1P§“ (5) (5> +(5) (5> )
q q q q

where we used that ¢ < P,, which is implied by our assumptions, but we mention here
for the convenience of the reader. In the integral above we perform a substitution
v = qP "0 and w = ¢P; ' to get

$(z1,22)) = PPy 3(PB) + g0 (PP PR (14 P1BL))

where the implied constant does not depend on 3 or ¢. Substituting this into (4.5.20)
gives the result. O

From the Lemma und using that the sets 2, = are disjoint we deduce

/ , Slegder = ppy: I | Sx(PB)IB

1<q<P® a |

+ O (P Py* P* Py 'meas (M (A))),  (4.5.21)

where we used ¢ < P? and P ||3 |l < P2 for the error term. Now we can bound the

measure of the major arcs by

meas(M'(A)) < Z (RPRTAR o prREACRL)
q<pP4

Using this and making the substitution v = P in the integral in (4.5.21) we find

/ S(a)da = P Py? P& (P)3(P)
'(a)
+ O (P py2 p-RHACRE =1/ bditd2)) (4 5 22)

It becomes transparent why the assumption (4.5.18) is in place, because then the
error term in (4.5.22) is bounded by O(P;" Py? P~%%) and thus is of smaller order
than the main term.

We now focus on the singular series &(P) and the singular integral J(P) in the

next two Lemmas.

Lemma 4.5.7. Let € > 0 and assume that the bound (4.5.1) holds for some C > 1,
€ > 1+be, for all o, 3 € RE and all real P, > P, > 1. Then we have the following:
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(i) For all &' > 0 such that €’ = O (e) we have

E—c!
a'll a1

min {|Sa 4|, [Se ¢ |} <o (¢ +q)° q

[e. 9]

forallq,d e Nand alla € {1,...,¢}% anda’ € {1,...,¢}? with%;ﬁ‘q‘—:.

(i1) If € > &' then for allt € Ry and gy € N we have

_ (d+DR

a
i {5 € [0, 1" NQ": ¢ < qo.[Saql > t} <o (ggct) @+,

where the fractions in the set above are in lowest terms.

(i1i) Assume that the forms Fi(x,y) are linearly independent. Then for all ¢ € N
and a € 7 with (ay,...,ar,q) = 1 there exists some v > 0 depending at most
on d; and R such that

|Saq < q7".

(iv) Assume € > (d+1)R and assume the forms Fy(x,y) are linearly independent.

Then the singular series

S = f: > Sag (4.5.23)

q=1 amodq

exists and converges absolutely, with
[6(P) — 6| <cp P72,
for some 6, > 0 depending only on € ,d; and R.

Proof of (i). Take B; = [0,1]™ so that S, (0) = 1. Therefore (4.5.19) implies that

s (3)

= Saq+ 0 (qPZ_l) and i <Z_:)

=Sy +0((P).

PPy PPy
Using this and the bound (4.5.1) we obtain
) —€
min {|Saql |Swl} < CPPT = — 2
B 1=
CPr % - % Lo+ 9P, (45.24)

where we note that P{ P, % = O(Py') due to our assumptions on 4. Now set

B EE.
Qa a d+1

o



a
!/

Note (¢ +¢') > 1 and
choices into (4.5.24) we get

a __
q

< 1 so that this gives P; > 1. Substituting these

o

2
%J:;g (dl +do ) —€
+

6 1+%

d+1 a adll@
+0O|||——- — )

00 a9 49|

a _ ¢ +% - €
. N < 1 and also that e (dy+dy)—C > pre

we see that the second term on the right hand side above dominates the expression.

a a

q ¢
a a

/

min {[Saql, |Sar |} < Pi(g+ ¢)~¢D+d2)

[e.o]

cp:

a__a
!

Noting again that (¢+¢') > 1,

Hence we finally obtain

€
d+1

=(¢d +q)

a/

/!

min{‘sa,q‘ ) ‘Sa’,q”} <c Pls

oo o0

for some €’ = Og(e). O

Proof of (ii). This now follows almost directly from (i). The points in the set
a
{E € (0,1 N Q%: ¢ < qo, Syl > t}

are separated by gaps of size >¢ (qo_gt)%. Hence at most Oc((qo_st)_%) fit in
the box [0, 1]¥ so the result follows. O

Proof of (iii). Setting P, = P, = ¢ and o = a/q we find S, , = ¢"™ ™ S5(ax). Let &
be defined as in (4.5.16). We can define A by (d; +dy)A = 1—¢" for some ” € (0, 1).
We claim that a/q does not lie in the major arcs M(A) if (aq,...,a,,q) = 1. For if,

then there exist ¢/, a’ such that

1<¢< q(d1+d2)A

)

and

2|¢'a; — qaj| < g PR BTRA <1

which is clearly impossible. The bound (4.5.17) applied to our situation gives
Sual < g 0=
1

(d+1)2¢R"
some small enough ¢ delivers the result. 0

As the forms F; are linearly independent we know that §y > Thus, choosing
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Proof of (iv). For @ > 0 let

s(Q) = Z Sa.ql,

a/qe[0,1)R
Q<q<2Q

where >/ cio1)r is shorthand for the sum running over > %, >, , such that

(ar,...,ar,q) = 1. We claim that s(Q) <cy Q% for some §; > 0. To see this, let
¢ € 7. Then

s(Q) = Z |Sa,q|+z Z |Saql

a/q€el0,1)R =t a/qe0,)R
Q<q<2Q Q<q<2Q
|Sa,q|>2"¢ 270>|8g ¢|>27 1
< # {9 €0, NQ": ¢ <2Q,[S4, > 25} - Sup |Saq|
>Q
+Z#{ ENQR: ¢ <2Q,]9., =27 }-2—1'. (4.5.25)

Now from (ii) we know

(d+1)

4 {g € 0, 1)R Q% g <20, [Suy| > t} <o (@t S

and from (iii) we know, since F; are linearly independent there is some v > 0 such
that

sup |Saq K Q7.

>Q

Using these estimates in (4.5.25) we get

(d+1)R) i

(d+1)R i i
s(Q) <c Qo(g(g)—y2 2 +Qog 22( +1)< 77
i=0

Since we assumed € > (d + 1)R and since ¢’ is small in terms of 4 we may also

assume ¢ > (CZ + 1)R + ¢'. Therefore, summing the geometric expression gives

S(Q) < QUEOL T (v + 271

Now choose ¢ = |log, Q¥] to get

(d+1)R g+ocg(5)

s(Q) < Q"

Letting € be small enough in terms of €, d;, R we get some ¢; > 0 depending on €, d;
and R such that

s(Q) < Q7
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which proves the claim. Finally using this and splitting the sum into dyadic intervals
we find

SP) -6l< Y [Sad=> 3 s@ <> (2P,

a/qel0,1)F k=0 Q=2FpA
g>PA

which proves (iv). O
The next Lemma handles the singular integral.

Lemma 4.5.8. Let € > 0 and assume that the bound (4.5.1) holds for some C' > 1,
€ > 1+ be and for all o, B € R® and all real P, > P, > 1. Then:

(i) For all v € RE we have

_(g !
Soc(7) < 11T,

for some € > 0 such that &' = Og(e).

(ii) Assume that € — e > R. Then for all Py, Py > 1 we have
|j(P) - j’ <<‘K,C,s’ PiA(CK?EI?R):

where J is the singular integral

J :/ Seo(Y)d. (4.5.26)
~YERE
In particular we see that J exists and converges absolutely.

Proof of (i). Tt is easy to see that for all 3 € R® we have |S(83)| < |S(0)|. Thus
applying (4.5.1) with o = 0 and B = P!y we get

1 €
[S(P1y)| < CPP PP max { Pt I PA Iy E L (45.27)
Now from (4.5.19) with @ = 0 and 8 = P~'4 we have
S(Ply) = PP Su() + O (PP (14 L) (4.5.28)

where we used as in the proof of part (i) Lemma 4.5.7 that P Py ¢ < P, ! due to our

assumptions on €. Combining (4.5.27) and (4.5.28) we obtain
-1 p—7 A1 1 1
Su() <o Prmax {2 P2 IET 4 P Py

Taking P, = P, = max{1, H'yHi:g} gives the result. O
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Proof of (ii). For this simply note that by part (i) we get
9(P) =3 = / See(V)dy 4.0 / V|2 dy < P=AE—-R),
V]l o >P4 ¥l =>P2

where the last estimate follows since we assumed € — &’ > R. O

Before we finish the proof of the main result we state two different expressions
for the singular series and the singular integral that will be useful later on. If € >
R(dy + dy) then J and & converge absolutely, as was shown in the previous two
Lemmas. Therefore, as in §7 of [9], by regarding the bihomogeneous forms under
investigation simply as homogeneous forms we may express the singular series as an

absolutely convergent product

& =]]s, (4.5.29)
p

where
1

Gp = kh_)filo lm# {(’U,,'U) € {1, PN ,pk}nl+n2l E(’U,,’U) =0 (modp),z = 1, ce ,R} .

Lemma 2.6 in [94] further shows that we can write the singular integral as

.~ 1
J= lim pn1+n2—(d1+d2)R“{(t1’tZ)/P € By x By:

|Fi(t1,t2)| <1/2,i=1,...,R}, (4.5.30)

where p(-) denotes the Lebesgue measure. We may therefore interpret the quantities

J and &, as the real and p-adic densities, respectively, of the system of equations
Fi(z,y) == Fr(z,y) =0.

4.5.3 Proofs of Proposition 4.5.1 and Theorem 4.2.1

Proof of Proposition 4.5.1. From Proposition 4.5.5, the estimate (4.5.22), Lemma
4.5.7 and Lemma 4.5.8, for any € > 0 we find
N(Ph PQ)
P Py* PR
O <P—A61 | pAG(—(di+d2)R/€)+e | pRRI3)A-1/(bdr+da) | P—A(%"—e’—R)) .

-6k

for some §; > 0 and some 1 > ¢ > 0. Recall we assumed ¢ > (bd; + d2)R and

assuming the forms F; are linearly independent we also have §y > ( J+11)2 P Therefore

choosing suitably small A > 0 there exists some d > 0 such that
N(P, P)

~ —0

142



as desired. Finally, since we assume that the equations F; define a complete inter-
section, it is a standard fact to see that & is positive if there exists a non-singular
p-adic zero for all primes P, and similarly J is positive if there exists a non-singular
real zero within B; x By. A detailed argument of this fact using a version of Hensel’s
Lemma for & and the implicit function theorem for J can be found for example in §4
of [94]. O

We finish this section by deducing the technical main theorem, namely Theo-
rem 4.2.1.

Proof of Theorem 4.2.1. Assume the estimate in (4.2.1) holds for some constant Cyy >
0. From Proposition 4.4.4 it thus follows that the auxiliary inequality (4.5.1) holds
with a constant C' > 0 depending on Cy, d;, n;, i and M, where all of these quantities
follow the same notation as in Section 4.4. Therefore the assumptions of Proposi-

tion 4.5.1 so we can apply it to obtain the desired conclusions. |

4.6 Systems of bilinear forms — the proof of The-
orem 4.1.1

In this section we assume d; = d, = 1. Then we can write our system as
Fi(z,y) =y Az,

where A; are ny x n;-dimensional matrices with integer entries. For 3 € R® we now

have
/8 - F = yTAﬁwv

where Ag = ), 5;A;. Recall that we put

o) = max dimker(Ag) and J]g): max dimker(Ag).

BERF\{0} BERF\{0}
Since the row rank of a matrix is equal to its column rank we can also define
= min rank(4g) = min rank(A%}).
R iy ko) = | ity renk(dg)
Due to the rank-nullity theorem the conditions

n; — ag) > (20+2)R

for 1 = 1,2 are equivalent to
PR > (2b + 2)R
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Lemma 4.6.1. Assume that V(Fy,...,Fg) C Pgl_l X }P’g_l is a smooth complete

intersection. Let b > 1 be a real number. Assume further
min{ny,na} > (2b+2)R, and ny +ny > (4b+ 5)R. (4.6.1)

Then we have

ni — ol > (2b+ 2)R (4.6.2)
foriv=1,2.

Proof. Without loss of generality assume n; > no. Pick 3 € R\ {0} such that
rank(Ag) = pr. In particular then

dimker(Ag) = O']g), and dimker(Aj) = 0]%{2).

We proceed in distinguishing two cases. Firstly, if a]g ) = 0 then (4.6.2) follows for

i = 2 by the assumption (4.6.1). Further by comparing row rank and column rank of

Apg in this case we must then have Ug) < n; — ng, and therefore

n, — Ulg) > ny > (264 2)R,

so (4.6.2) follows for i = 1.
Now we turn to the case Jg) > 0. Then also a]g) > 0. The singular locus of the
variety V(8- F) C P2~ x P~ is given by

SingV(B- F) = V(y"Ag) N V(Agx).

Therefore we have
dim SingV(8 - F) = o) + 0¥ — 2.

Since we assumed V(F') to be a smooth complete intersection we can apply Lemma 4.3.3
to get dim SingV(3 - F') < R — 2. Therefore we find

aﬂg) + a]g) <R.

From our previous remarks we know that showing (4.6.2) is equivalent to showing
pr > (2b+ 2)R. But now

(1 +n2 — R) > (2b+ 2)R,

N —

1
PR = 3 <n1 + Ng — ag) — Jg)) >

where the last inequality followed from the assumption (4.6.1). Therefore (4.6.2)

follows as desired. O
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Proof of Theorem 4.1.1. Recall the notation b = igg—g. By virtue of Theorem 4.2.1 it

suffices to show that assuming
n; — O']g) > (264 2)R

for i = 1,2 implies (4.2.1). We will show (4.2.1) for ¢ = 1, the other case follows

@
analogously. Let 4 = =5 and we note that we have ¢ > (bd; + d2)R = (b+ 1)R

precisely when ny — a]g) > (2b+ 2)R holds. Therefore it suffices to show that

N**(8, B) < B . (4.6.3)

for all B € R®\ {0} with the implied constant not depending on 3. In our case we
have

L(u) = u"A(B),

where u € Z"*. Therefore N#"*(3, B) counts vectors w € Z™ such that
lull, < B and [lu"AB)]|, < [[AB)l =18 Fll-

In particular, all of the vectors u € Z"2, which are counted by N?*(3, B) are con-

tained in the ellipsoid
Eg:={teR™: t"AgAlt <n,|B- F|%}.

The principal radii of Eg are given by |\;] " n;/Q 18- F| fori=1,...,ny, where \;
run through the ny singular values of Ag and are listed in increasing order of absolute

value. Thus we find

no
N?UX(/B, B) < Hmln {|)\1‘_1 Hﬁ : FHoo + 173} .

=1

If A,

> ||B- F|, holds then (4.6.3) would follow. So suppose for a contra-

diction that there exists a sequence (3%)) such that ‘)\a(z)ﬂ =0 (Hﬁ(i) : FHOO) Let
R
B be the limit of a subsequence of 3/ || B(i)}|, which must exist by the Bolzano—

Weierstrass theorem. For this 3 we must then have \ (2 =0 Since the singular
R

values were listed in order of increasing absolute value it follows that

A==, =0,
R

and so dimker Aj = UI(R{Z) + 1. This contradicts the maximality of UI(RQ) + L.

The second part of the theorem is now a direct consequence of Lemma 4.6.1. [J
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4.7 Systems of forms of bidegree (2,1)

We consider a system F'(x,y) of homogeneous equations of bidegree (2,1), where
= (T1,...,T) and Yy = (Y1,...,Yn,). We will first assume n; = ny = n, say, and
then deduce Theorem 4.1.2 afterwards. Therefore the initial main goal is to establish

the following.

Proposition 4.7.1. Let Fi(x,y),..., Fr(x,y) be bihomogeneous forms of bidegree
(2,1) such that the biprojective variety V(F, ..., Fg) C ]P’%‘1 X ]P’&1 is a complete in-
tersection. Write b = max{log P;/log P5, 1} and u = max{log P»/log Py, 1} Assume
that

n—sy > (8b+ 4u)R (4.7.1)

holds for i = 1,2, where s]g) are as defined in (4.1.7) and (4.1.8). Then there exists

some 6 > 0 depending at most on F', R, n, b and u such that we have
N(P, P) = o PP 22 pp=1 4 O(Pr 2R Py~ min{ P, P} 7°)

where o > 0 if the system F(x,y) = 0 has a smooth p-adic zero for all primes p and
a smooth real zero in By X Bs.
If we assume that V(Fy, ..., Fg) C ]P’%_1 X I%_1 is smooth, then the same conclu-
sions hold if we assume
n > (16b+8u +1)R

instead of (4.7.1).

For r =1,..., R we can write each form F,.(x,y) as
Fr(wa y) = Z Fz(fk)%%yka
irj,k

where the coefficients F")

ik are symmetric in and j. In particular, foranyr =1,... R

we have an n X n matrix given by H.(y) = (>_, F;(]Tk) Yr)i; whose entries are linear

homogeneous polynomials in y. We may thus also write each equation in the form
Fi(z,y) =" H (y).

The strategy of the proof of Proposition 4.7.1 is the same as in the bilinear case, how-
ever this time more techincal arguments are required. We need to obtain a good upper
bound for the counting functions N2"™*(8; B) so that we can apply Theorem 4.2.1.

For 3 € R we consider 3 - F, which we can rewrite in our case as
B-F(z,y) =z Ha(y)x
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where Hg(y) = Zle B:H;(y) is a symmetric n X n matrix whose entries are linear
and homogeneous in y. The associated multilinear form ['g p(z™M, 2 y) is thus
given by

Por(@?, 2, y) =2 (z1)" Hy(y)z®.

Recall N{**(3, B) counts integral tuples @,y € Z" satisfying ||| , ||yl < B and
|Tar@ ery). ... Tar@ eny)| =2lHawall. < I8 Fl.. B.
Now N3%(3, B) counts integral tuples V), ) with Hac(l)Hoo , ||:c(2)}|oo < B and
H Tor(xV, 2 e),....Tgp@?,z?, en))THoo <|B-F|, B.
We may rewrite this as saying that
|V Hg(e)z® || < 18- F|., B

is satisfied for £ =1,...,n.

As in the proof of Theorem 4.1.1 using Proposition 4.4.4 and Proposition 4.5.1
we find that for the proof of Theorem 4.7.1 it is enough to show that there exists a
positive constant C such that for all B > 1 and all 8 € R" \ {0} we have

N;Lux([@; B) S COBQTL—4%’

for i = 1,2, where ¥ > (2b + u)R. The remainder of this section establishes these

upper bounds.

4.7.1 The first auxiliary counting function

This is the easier case and the problem of finding a suitable upper bound for N?**(3; B)
is essentially handled in [95].

Lemma 4.7.2 (Corollary 5.2 of [95]). Let Hg(y) and N{™(3;B) be as above. Let
B,C > 1, let B € R\ {0} and let 0 € {0,...,n — 1}. Then we either obtain the
bound

NE™(8; B) < B (log B)"

or there exist non-trivial linear subspaces U,V C R™ with dimU +dimV =n+o+1
such that for all v € V and uy,uy € U we have
|ui Hp(v)us|
18- Fll

K C7 M [l 10l flus2] o -
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Recall the quantity

(1) . . T
=1+ ax dimV(x' Hg(ep)x)r=1.. n,,
SR ,BélgR\}i:{O} im V( s(€0)T)=1,...n,

where we regard V(z” Ha(e() ) 1. n, C PE " as a projective variety. Note that for

this definition we do not necessarily require n; = ns.

Proposition 4.7.3. Let e > 0. For all B> 1, 8 € R\ {0} we have
N¥(3; B) <. B+, (4.7.2)

Proof. Assume for a contradiction that the estimate in (4.7.2) does not hold. In this
case Lemma 4.7.2 gives that for each N € N there exist By € R and there are
non-trivial linear subspaces Uy, Vy C R" with dim Uy + dim Vy =n + s]g ) + 1 such
that for all v € Vy and uy,us € Uy we have
|ui Hay (v)us|
18w - Fll,

<o N7l [0l Mzl

|H'6N (y)|
18BN -Fllo
Therefore we may without loss of generality assume ||By||,, = 1. Thus there exists

If we change By by a scalar then 2 remains unchanged for any y € R™.

a convergent subsequence of (By) whose limit we will denote by 3. Hence we find
subspaces U,V C R" with dimU +dimV =n + s]g) + 1 such that for all v € V and
ui, Uy € U we have

ul Hg(v)uy = 0.
Let k denote the nonnegative integer such that

dimV =n—Fk and dimU=s{ +k+1

holds. Consider now a basis vgy1, ..., v, of V that we extend to a basis vy, ..., v, of
R™. Write also [U] C PE! for the projectivisation of U. Define W C [U] to be the

projective variety defined by the equations
u'Hg(v))u=0, fori=1,....k

We find dim W > dim[U] — k = sﬁg). Since W C [U] and by the definition of W,
noting that the entries of Hg(y) are linear in y we get that if w € W then

u"Hg(y)u =0 forall y € R™
In particular it follows that W C V(x” Hg(e,)x)e=1..n C ]P’%’1 and thus
s]g) —1>dimW > sﬁg),

which is clearly a contradiction. O]
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Now that we found an upper bound in terms of the geometry of V(F') the next
Lemma shows that if F' defines a non-singular variety then s]%} ) is not too large. For
the next Lemma we will not assume n; = nq as we will require it later in the slightly

more general context when this assumption is not necessarily satisfied.

Lemma 4.7.4. Let s]g) be defined as above and assume that F is a system of bi-
homogenous equations of bidegree (2,1) that defines a smooth complete intersection
V(F) Cc PR~ x P27'. Then

s]g) < max{0, R+ n; — na}.

= slg)—l. If

n, = 0 then the statement in the lemma is trivially true. Hence

Proof. Let B € RE\ {0} be such that dimV(z” Hg(es)x),=
V(z" Hp(e)x) =1
we may assume that this is not the case. The singular locus of V(3-F) C P2~ x P!

7777 n2

is given by

-----

From Lemma 4.3.3 we obtain
dim SingV(B8- F) < R — 2.
Further, since V(Hg(y)x) is a system of n; bilinear equations, Lemma 4.3.1 gives
dim SingV (8 - F) > s]g) —14ny—1—n;.
Combining the previous two inequalities yields
sg) < R+ ny; — no,
as desired. OJ

We remark here that the proof of Lemma 4.7.4 shows that if V(F') defines a

smooth complete intersection and if sﬁg )'> 0 then ne < ny + R.

4.7.2 The second auxiliary counting function

Define Hg (") to be the nxn matrix with the rows given by ()T Hg(e,)/ |8 - F||.,
for ¢ =1,...,n. Using this notation N2"*(3, B) counts the number of integer tuples
M 2 such that Hm(l)Hoo , Hm(Z)HOO < B and

< B,

Hf[ﬁ(ma))m@)

o

149



is satisfied. The entries of H, 3 (xV) are homogeneous linear polynomials in (! whose
coefficients do not exceed absolute value 1.

Let A be a real m x n matrix. Then AT A is a symmetric and positive definite
n x n matrix, with eigenvalues A2 ... A2, The nonnegative real numbers {);} are
the singular values of A.
Notation. Given a matrix M = (m;;) we define || M||__ = max; j |m;;|. For simplic-
ity we will from now on write  instead of ! and y instead of ®. For € R" let
Ag1(x), ..., A\gn(x) denote the singular values of the real n x n matrix ﬁg(m) in de-
scending order, counted with multiplicity. Note that Ag;(x) are real and nonnegative.

Also note
~ - - 2
Nou(@) < | Hp(@) Ha(@)|| < n?|Ha(@)|| < n' il
Taking square roots we find the following useful estimates
Noa(@) < |[Ha(@)|| < n? ., (4.7.3)

Let i € {1,...,n} and write D (z) for the vector with (?)2 entries being the 7 x i
minors of H g(x). Note that the entries are homogeneous polynomials in & of degree
7.

Finally write Jp.(x) for the Jacobian matrix of D®(x). That is, Jpe.(x)
is the (’;)2 X n matrix given by

(Bi)
(Ipea (X)) = ma);k :
Definition 4.7.5. Let k € {0,...,n} and let Ej,..., Ex41 € R be such that Fy >
... > Ery1 > 1 holds. We define Ki(Ey, ..., Er1) € R™ to be the set containing

x € R" such that the following three conditions are satisfied:

(i) [zl < B,
(iil) Ags(®) < Epr if k+1<i <n.

Lemma 4.7.6. Let H be an n x n matriz with real entries, and denote its singular
values in descending order by A1, ..., \,. Let C; B > 1 and assume \y < C'B. Write
Nz(B) for the number of integral vectors y € Z" such that

lyll. < B, and ||fly| <B
holds. Then B

Np(B) e min =55
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Proof. Consider the ellipsoid
£={teR": t"H Ht < nB*}.

Note that any y € Z" counted by Nz(B) is contained in £ N [—-B, B]". Now recall
that HTH is a symmetric matrix with eigenvalues A2, ... A\2. Therefore the principal
radii of the ellipsoid £ are given by A\;'/nB. Hence we find

Ng(B) < [[min{1 + A;'v/nB, B} (4.7.4)
=1

By assumption we have \; < C'B and so the quantity on the right hand side of (4.7.4)
is bounded above by

H min{2C\;'v/nB, B},
i=1

and thus .
Ng(B) ¢ B" [ [ min{\; ", 1}.
i=1

Since A\; > --- > )\, the result now follows. O

Lemma 4.7.7. Given B > 1 one of the following three possibilities must be true.

FEither we have

N™(3, B)

— L K, #(Z" N Ky(1)), 4.7.5

B”(logB)" < #( 0( )) ( )
or there exist nonnegative integers ey, ..., e for some k € {1,...,n — 1} such that

logB>,e; >...> ¢, and

201k N6, B)
B (log B)™

<o #(Z O K29, ..., 2%, 1)), (4.7.6)

or there exist nonnegative integers ey, ..., e, such thatlog B >, e; > ... > e, and

2e1+~~~+en NS“X (5’ B)

Z" N K,_1(2%,...,2%)). 4.7.

Proof. 1f k = n then condition (iii) in Definition 4.7.5 is always trivially satisfied and
thus
K,(27,...,21) C K,,_1(2%,...,2°).

In particular, (4.7.7) follows from (4.7.6) with £ = n. We are left showing that either
(4.7.5) holds or there exist nonnegative integers ey, ..., e, for some k € {1,...,n}
such that log B >, e; > ... > e, and (4.7.6) holds.
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Note that the box [—B, B|" is the disjoint union of Ky(1) and K;(2°,...,2% 1)
where k runs over 1,...,n and e; run over integers log B >, e; > ... > e;. Given

x € 7" write

No(B) = #{y € 2" |yl < B. ||Hp(@)y| < B}.

We thus obtain

Ny™(B8,B)= Y Nu(B)+ ) > N,(B). (4.7.8)
xTEL™ 1<k<n xeZ™
z€Ko(1) 1<er<...<e1 xEK}(2°1,...,2%,1)
e1<nlog B

Note that the number of terms of the outer sum of the second term of the right hand
side of (4.7.8) is bounded by <, (log B)". From this it follows that we either have

N3™(8, B)

> Ne(B) >, oz B)"

(1
xTEL™
Z:EKQ(I)

(4.7.9)

or there exists an integer k € {1,...,n} and integers e; > ... > e, > 1 such that

Naux B
> Nms, 05
= (log B)
zEK(2€1,...,2% 1)

(4.7.10)

If (4.7.9) holds then (4.7.5) follows from the trivial bound N.(B) <, B". Assume
now (4.7.10) holds. From (4.7.3), for each @ appearing in the sum of (4.7.10) we have
the bound

Agi(z) < n’B.

Applying Lemma 4.7.6 with C' = n? and H = Hg(x) we find

n

N4 (B) < (4.7.11)

261+...+ek :
Substituting (4.7.11) into (4.7.10) delivers (4.7.6). O

We now recall two Lemmas from [95] that are conveniently stated in a form so

that they apply to our setting.

Lemma 4.7.8 (Lemma 3.2 in [95]). Let M be a real m xn matriz with singular values
Ay ooy Ay listed with multiplicity in descending order. For k < min{m,n} denote by
D% the vector of k x k minors of M. Given such k, the following statements are

true:
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(i) We have
D = xe

(ii) There is a k-dimensional subspace V- C R™, which can be taken to be a span of

standard basis vectors e;, such that for all v € V' the following holds

1M >mn [0l Ak

(i11) Given C > 1 one of the following alternatives holds. FEither there exists a
(n — k + 1)-dimensional subspace X C R™ such that

|IMX||, <C X, foralXeX,

or there is a k-dimensional subspace V- C R"™ spanned by standard basis vectors
such that
M|l >mn C vl forallveV.

Next, we are interested in counting the number of integer tuples contained in the
sets Ki(FE1, ..., Frr1). The next Lemma is taken from [95].

Lemma 4.7.9 (Lemma 4.1 in [95]). Let B,C > 1, 0 € {0,...,n — 1} and k €
{0,...,n — 0o —1}. Assume further CB > FE; > ... > Ej1 > 1. Then one of the

following alternatives must hold.

(I)r We have the estimate

H#(Z" N Ki(Er, ..., Ey)) <cn B7(Ey - B Epy

(II);, For some integer b € {1,...,k} there exists a (o + b+ 1)-dimensional subspace
X C R™ and there exists 0 € Ky(Ey, ..., Eyy1) such that By, < C7'Ey and

HJD<;a,b+1>(w(0))XHOO <cCc! ||D(ﬁ’b)(w(0))‘ | X, foralX eX.

o |
(III) There exists a (o + 1)-dimensional subspace X C R™ such that

Hﬁf’(mH <OMX|,, forall X € X. (4.7.12)

Remark 4.7.10. In [95], Lemma 4.7.9 was stated for ﬁg(m) being a symmetric
matrix, and Ag;(z) were taken to be the eigenvalues of Hg(z) whose absolute values
coincide with its singular values. However, an inspection of the proof shows that only
the estimates in Lemma 4.7.8 as well as (4.7.3) were used, which are valid for singular
values as well as the (absolute values) of the eigenvalues. Therefore the proof remains

valid in our setting.
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The next Lemma is similar to Lemma 5.1 in [95], however we need to account for

the fact that H, a(x) is not necessarily a symmetric matrix.

Lemma 4.7.11. Letb € {1,...,n — 1} and £© € R™ be such that DB (x() £ 0.
Then there exist subspaces Y7, Yg C R™ with dimY; = dim Y5 = n — b such that for all
YieY, Y5€Y; and t € R™ we have

~ J (Bb+1) tH ABb 1(:8(0)) ) HtH
YTH Y- . H D B8,b+ 00 Y, Y.
L Hp(D)Y, < < ||D('3b( M. T Aaa@®) 1Yl (Y2l

(4.7.13)

where the implied constant only depends on n but is otherwise independent from ﬁg(t)

Proof. Given & € R"™ define y&l)(a:), . ,yi”fb)(a;) in the following way. The j-th

entries are given by

(—1)7b det ((ﬁg( i )n bt ) ifj =1

l=n—b+1,...,
(1" (2)); (—1)7 det ((H,@(w)ké)kién—b—;l 77777 n k#) it j>n—b, (4.7.14)
=n—b+1,...,n
0 otherwise,
where k = i,n—b+1,...,n; k # 7 denotes that we let the index k run over the values

i,n—>b+1,...,n with kK = j omitted. Similarly we define yél)(w), . ,yénfb)(:l:) by

(—1)""tdet ((ﬁﬁ( Vit Jk=n—b+1,.... ) if j =1,
() l=n—b+1,....n
(ys ' (x)); = (—1)7 det ((Hﬁ(w)kg) ken—bt1,..m if j >n—b,
l=i,n—b+1,...,n; {#]

0 otherwise.

Using the Laplace expansion of a determinant along columns and rows we thus obtain

(—=1)"tdet ((ffﬁ( )ke)kim b1, ) if j <n-—>,

(1" (@)" Hp(w)); = bmin—pH (4.7.15)
0 otherwise,
and
—1 ”_bdet<lfl k=jn—bt1,.. > it j <n-—0b,
(Hﬁ( )yé)( ))] = ( ) ( ,6( )M)E z]n b-—i-'—l1 ....... n J (4716)
0 otherwise,
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respectively. It follows from (4.7.14) — (4.7.16) that there exist matrices Lgi), L;i),
Ml(i) and MQ(i) for i =1,...,n — b with entries only in {0, £1} such that we obtain

() (4.7.17)
Yy (x) = LY DBV (), (4.7.18)
(z) (4.7.19)
(z) (4.7.20)

Given t € R™ we write 0 for the directional derivative given by > t; -2 B Applying 0
to both sides of (4.7.20) we obtain

0. Hg(@)]ys” (@) + Ha(@) [0y ()] = My" [0, DB (). (4.7.21)
Now note
8, DPMY (x) = Jp@ern (x)t, and Oy Hg(x) = Ha(t). (4.7.22)
Substituting (4.7.22) and (4.7.18) into (4.7.21) yields
Hg(t)y$ () = M Tpgasn ()t — Hg(x) LY 0, DV ().

If we premultiply this by y%j )(a:)T and use (4.7.19) then we obtain

vt (@)" Ha(t)yy () = u (@) 2" Tpiss (@)t
— MY DB (&) T[LY 9, DBV (x)].  (4.7.23)

Lemma 4.7.8 (i) yields the bounds

PP V@), 4.7.24
and 5
D® t
| D® ( )H " Ags()
Now we specify & = () so by assumption we have || D®) ()| > 0. Thus define
, (4) ( .(0)
 A— (@) fori=1,....n—band k=1,2. (4.7.26)

DB (@),

Dividing (4.7.23) by 1/ || D®®) () )|| and using (4.7.26) as well as the bounds (4.7.24)
and (4.7.25) gives

[ Tp@sen (@t Agyia(@®) It
DB (2], Agp(@(©)

Y H() Y,
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We claim now that we can take the subspaces Y, C R"™ to be defined as the span of
Yk(l), e ,Yk(”_b) for k = 1, 2 respectively, so that the Lemma holds. For this we need
to show that (4.7.13) holds, and also that dimY; = dimY> = n — b. Therefore it
suffices to show the following claim: Given v € R if we take Y}, = 'ink(i) then
17Nl <n I¥2]lo, for & = 1,2 respectively.

Assume that the bx b minor of H 5(2?) of largest absolute value lies in the bottom

right corner of H 5(z®). In other words, we assume

| DD ()| det ((ﬁg(m(o))u)k:n—bﬂ ..... n) ‘ : (4.7.27)

oo

After permuting the rows and columns of Hg(x®) the identity (4.7.27) will always
be true. The vectors Y}C(i) depend on minors of ﬁg(ﬂ?(o)). Thus we can apply the
same permutations to 1'::]5(93(0)) that ensure that (4.7.27) holds to the definition of
these vectors. From this we see that we can always reduce the general case to the
case where (4.7.27) holds.

Now for k = 1,2 we define matrices

1 n—>b
O = (Y}f)‘---)Yk( )

).
By the definition of Y;c(i) we see that (), must be of the following form

I, O>
for some matrix ka In particular we find det @, = 1 and so HQ,;IHOO <, 1. Given
Y = 37V, we thus find

and so the Lemma follows. O

6n—b+1‘ s

The next Corollary is the main technical result from this section, which will allow

us to deduce that either N3"(3, B) is small or a suitable singular locus is large.

Corollary 4.7.12. Let B,C > 1 and let o € {0,...,n—1}. Then one of the following

alternatives is true. Fither we have the bound
N3™(B, B) <c,n B (log B)", (4.7.28)

or there exist subspaces X,Y1,Ys C R™ with dim X + dimY; = dim X + dimY; =
n+ o+ 1, such that

Y Ho(X)Ya| <o C7H Vil 1 X )l 12l (4.7.29)

holds for all X € X,Y; € Y1,Y, € Y.
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Proof. Let k €{0,...,n—0 — 1} and Fy,..., Ex1 € R be such that
CB>E >...>Ep > 1.

We know that one of the alternatives (I)g, (II), or (III) in Lemma 4.7.9 holds. Assume
first that (I); always holds so that the estimate

H#(Z" N Ki(E, ..., Er1)) <cpn BO(Ey -+ By Ejy 5 (4.7.30)

holds for every k € {0,...,n—oc — 1} and Ej,..., E;y; € R such that CB > E; >
... > Epy > 1. From Lemma 4.7.7 we find that either we have

NI™(3, B)

— &, #(Z" N Ky(1)), 4.7.31

Billog B)r < 7 0(1)) (4.7.31)
or there exist nonnegative integers ey, ..., e for some k € {1,...,n — 1} such that

log B>, e >...> ¢, and

2+ ek Ngv(8, B)

n #(Z" N KR(2°,...,2%,1)), 4.7.32
B"(log B)n < #( k( )) ( )
or there exist nonnegative integers ey, ...,e, such that log B >, e; > ... > ¢, and
261+~~~+enNaux B
(8, B) n F(Z" N K, 1(29,...,2°)). (4.7.33)

Bn(log B)™

We may take C' to be large enough depending on n such that C'B > 2° is satisfied.
Then upon sbustituting the bound (4.7.30) into either of (4.7.31), (4.7.32) or (4.7.33)
gives (4.7.28).

If (III) holds in Lemma 4.7.9 we can take Y; = Y, = R" so that (4.7.29) follows
from (4.7.12).

Finally, assume there exist £ € {0,...,n — o — 1} and Ey,..., Ex11 € R with
CB > FE; > ...> Eyy1 > 1such that (II); in Lemma 4.7.9 holds. Recall this means
there exists some integer b € {1,...,k}, a (¢ + b+ 1)-dimensional subspace X C R"
and 2 € Ky(E\,. .., Eyy1) such that E,,, < C~'E, and

| Tp@oin (@)X || < 7| DP) (@) 1 X], forall X € X.  (4.7.34)

As 20 € Ky(Ey, ..., Ey) we have E;/2 < g (2) < E; fori = 1,...,k and
Aﬂ7b+1(w(0)> < Ey4q. This, together with the fact that Ey., < C~'E}, implies

Ao (2 ?) <207 Ng (2 ). (4.7.35)
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Also we find A\gy(x(?) # 0, from which in turn it follows from Lemma 4.7.8 (i) that
DB () =£ 0. Thus we may apply Lemma 4.7.11 to obtain spaces Y7, Y, C R” with
dimY]; = dim Y5 = n — b such that the estimate (4.7.13) holds. Now taking t = X
in (4.7.13) and using (4.7.34) and (4.7.35) then (4.7.29) follows. Since dim X =
o0+ b+ 1 we also have dim X +dimY; = dim X +dimY5 = n+ o0+ 1 as desired. [

Recall the definition of the quantity

Sg) _ {maxﬁeRR\{o} d;mV(Hg(y)w)J i 17

where |z| denotes the largest integer m such that m < x. Although we have been
assuming n; = ne throughout the definition of this quantity remains valid if n; # n..
Note that we have V(Hg(y)z) C PE " x P21 for all B € RF\ {0}. For if not, then
the matrix Hg(y) is identically zero for some 8 € R®\ {0} contradicting the fact
that V(F) is a complete intersection. In particular this yields sﬁg ) < mtnz _ 1,

Before we prove the main result of this section we require another small Lemma.

Lemma 4.7.13. Let B € R\ {0}. The system of equations
yTﬁg(eZ)w =0, for{=1,...,n and Hg(y)x=0
define the same variety in PE~1 x PE L.

Proof. Recall that by definition we have

2T Hg(ey)
Hg(z) = :
2T Hg(e,).
For ¢ € {1,...,n} we get
N el Hs(e))x "
y Hg(eg)x = y" : = e Ha(e;)x = e{ Ha(y),
el Hs(e,)x i=1

where the last line follows since the entries of Hg(y) are linear homogeneous in y.

The result is now immediate. O

Proposition 4.7.14. Let sg) be defined as above and let B > 1. Then for all B €
RE\ {0} the following holds

N3™(8, B) <, B"**% (log B)".
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Proof. Suppose for a contradiction the result were false. Then for each positive integer

N there exists some 3y such that
N2 (By, B) > NB"™ (log B)".

From Corollary 4.7.12 it follows that there are linear subspaces X V), Yl(N), YQ(N) CR”
with
dim XM +dimY," =n+sP +1, i=1,2

such that for all X € XM Y; € Y™ we get

(2

Y Hpy (X)Yo| < N7Vl 1 X o Y2l -

Note that H gy (B) is unchanged when By is multiplied by a constant. Thus we may
assume ||Bn||,, = 1 and consider a converging subsequence of By, converging to 3,
say, as N — oo. This delivers subspaces X,Y;,Y; C R™ with dim X + dimY; =
n+ SI(RQ) + 1 for 7 = 1,2 such that

Y Hs(X)Y;=0 forall X € X, Y1 €V, Y3 €Y,

There exists some b € {0,...,n — sg) — 1} such that dim X = n — b and dimY; =

sg) +b+1. Now let ), ..., ™ be a basis for R” such that V... &™ is a basis

for X. Write [V;] C PZ™! for the linear subspace of Pi ! associated to Y; for i = 1, 2.
Define the biprojective variety W C [Y;] x [Y5] in the variables (y1,y2) by

......

Since the non-trivial equations defining W have bidegree (1,1) we can apply Corol-
lary 4.3.2 to find
dim W > dim[Y;] x [Ya] — b = 25 + b. (4.7.36)

Given (y1,y2) € W we have in particular (y;,ys2) € [Y1] X [Ys] and so
yiHg(xV)y, =0, fori=b+1,....n,

and hence y; Hg(2)ys = 0 for all z € R”. From Lemma 4.7.13 we thus see Hg(y1)ys =
0 for all (y1,y2) € W. Hence in particular

dim W < dimV(Hg(y)z) < 2s% — 1,

where we regard V(Hg(y)x) as a variety in Pi ' x P! in the variables (x,y). This
together with (4.7.36) implies b < —1, which is clearly a contradiction. O
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In the next Lemma we show that 51%2 ) is small if V(F') defines a smooth complete

intersection. For this we no longer assume n; = ns.

Lemma 4.7.15. Let sg) be defined as above. If V(F') is a smooth complete intersec-

tion in P~ x P21 then we have the bound

TLQ—]_ <S(2)<TL2+R

Proof. Let 3 € R\ {0} be such that
i H
o {dlmV( ﬁ(y)w)J 1
2
Note that then
25 — 2 < dim V(Hg(y)z) < 257 — 1. (4.7.38)

The variety V(Hg(y)z) C P " x P22 is defined by n; bilinear polynomials. Using
Corollary 4.3.2 we thus find

dimV(Hg(y)x) > ny — 2

so the lower bound in (4.7.37) follows. We proceed by considering two cases.
Case 1: V(z"Hg(e))x)=1...
can therefore apply Lemma 4.3.4 with V; = V(z” Hg(e)x)=1.... 1y, Vo = V(Hs(y)x)
and A; = Hg(e;) to find

dim V(Hg(y)x) < ng — 1+ dim V(x” Hg(e)x) =1, n, = na — 2.

From this and (4.7.38) the upper bound in (4.7.37) follows for this case.

.....

that
" Hg(e))x =0, foralll=1,... ny.

We claim that there exists y € C™ \ {0} such that Hg(y)x = 0. For this define the
vectors

u, = Hg(e))x, (=1,...,n,.

Note that & € (uy,. .., un,)" so these vectors must be linearly dependent. Thus there

exist y1,...,Yn, € C not all zero, such that

n2
Hp(y)z = Z?JZH,B(GZ)CB =0,
=1
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where the first equality followed since the entries of Hg(y) are linear homogeneous in

y. The claim follows. In particular it follows from this that

,,,,,

.....

dimV(Hg(y)x) — ng > 23]55) —ng —2. (4.7.39)

Recall 8- F = " Hg(y)x so that

.....

Under our assumptions we can apply Lemma 4.3.3 to find dim SingV (8- F) < R — 2.
The result follows from this and (4.7.39).

Proof of Theorem 4.7.1. Applying Theorem 4.2.1 it suffices to show
N™(8; B) < CoB>" 7, (4.7.40)

holds for all 3 € R\ {0} and i = 1,2, where € > (2b+ u)R. Let

s = max{sp, s},

where s]g ) and sg ) are as defined in (4.1.7) and (4.1.8), respectively. From Proposi-

tion 4.7.3 and Proposition 4.7.14 for any ¢ > 0 we get

Niaux(IB; B) <<a Bn—l—s—‘ra’

with the implied constant not depending on 3. Choose € = w, which is a

positive real number by our assumption (4.7.1). Taking

n—s—e
C = —
we see that from the assumption n — sﬁg) > (8 + 4u)R for i = 1,2 we must have
¢ > (2b+ u)R for this choice. Therefore (4.7.40) holds and the first part of the
theorem follows upon applying Theorem 4.2.1.
For the second part recall we assume n > (160 + 8u + 1)R and that the forms
Fi(x,y) define a smooth complete intersection in ]P’g_1 X IP’%_I. By Lemma 4.7.4 in

this case we obtain



and from Lemma 4.7.15 we find

Therefore it is easily seen that assuming n > (16b 4+ 8u + 1) R implies that
n— sﬁg) > (8b+4u)R

holds for ¢ = 1, 2, which is what we wanted to show. O

4.7.3 Proof of Theorem 4.1.2

Proof of Theorem 4.1.2. If n; = ny then the result follows immediately from Propo-
sition 4.7.1. We have two cases to consider and although their strategies are very
similar they are not entirely symmetric. Therefore it is necessary to consider them
individually.

Case 1: n; > ny. We consider a new system of equations Fj(x,y) in the variables

= (x1,...,2,) and = (Y1, - -+, Yngs Yng+1, - - - Yn, ) Where the forms E(:c, y) satisfy

Fl<m7g) = F(m7y)7

where y = (y1,...,Yn,). Write N(P;, P,) for the counting function associated to the
system F' = 0 and the boxes By x (By x [0,1]™~"2). Note in particular, that if we
replace F' by F in (4.5.30) and (4.5.29) then the expressions for the singular series
and the singular integral remain unchanged. Further denote by §]§) the quantities
defined in (4.1.7) and (4.1.8) but with F replaced by F. Note that we have §]§) = sﬁg)
and §]§§ ) < sg ) 4 w272 Therefore the assumptions (4.1.9) imply

ny — 51%) > (8b+4u)R
for + = 1,2. Hence we may apply Proposition 4.7.1 in order to obtain
N(Py, P,) =36 PM2Rpm—Ff L o(pm=2Rpm—Rymin{(p,, P} 9),
for some 6 > 0. Finally it is easy to see that

N(Pla P2) = N(Pl, PZ)# {t e 7ZmMm "N [07 Pz]nl—ng}
= N(Pl’ PQ)(PSLI*WQ + O(P%Ll*ngfl))’

and so (4.1.10) follows.
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Case 2: ny > n; We deal with this very similarly as in the first case; we define a
new system of forms Fj(&,y) in the variables & = (21, ...,2n,) and ¥y = (y1, ..., Yn,)
such that

F(x,§) = Fi(z,y)
holds. As before we define a new counting function N (Py, P,) with respect to the new
product of boxes (By x [0,1]"7™) x By, and we define 5]55) similarly to the previous

case. Note that 54 = s 4+ 1y —ny and 57 < s&) + 1220 so that (4.1.9) gives
ng — §]§§) > (8b+ 4u)R,

for i = 1,2. Therefore Proposition 4.7.1 applies and we deduce again that (4.1.10)
holds as desired.

Finally we turn to the case when V(F') defines a smooth complete intersection.
Note first that by Lemma 4.7.15 we have

2 n2—|—R
sﬁys 5

and therefore the condition
# - sg) > (8b+4u)R

is satisfied if we assume n; > (16b + 8u + 1) R. Further, by Lemma 4.7.4 we have
s]g) < max{0,n; + R — na},

and so we may replace the condition n;, — s]g) > (8b + 4u)R by

ny —max{0,n; + R —na} > (8b + 4u)R.

If ny > ny + R then this reduces to assuming n; > (8b + 4u + 1) R, which follows
immediately since we assumed n; > (16b + 8u + 1)R. If ny < n; + R on the other

hand, then this is equivalent to assuming
ne > (8b+4u+ 1)R.

In any case, the assumptions (4.1.11) imply the assumptions (4.1.9) as desired. [J
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Chapter 5

Artin’s primitive root conjecture
over function fields

5.1 Introduction

5.1.1 Primitive roots over 7Z

For an odd prime p € N recall that the multiplicative group (Z/pZ)* is a finite
cyclic group of order p — 1. We say that g € Z is a primitive root mod p (denoted
ordy(g) =p—1) if p{ g and if the reduction g mod p generates the group (Z/pZ)*.
We call a prime number p an Artin prime for g, if g is a primitive root mod p. Note
that if g is +1 or a perfect square, then it is easy to see that there are at most
finitely many Artin primes for g. Artin’s primitive root conjecture states that if ¢ is
neither a perfect square nor +1, then there are infinitely many Artin primes for g.
This conjecture was proven by Hooley [50] conditionally on the generalised Riemann

Hypothesis for Dedekind (-functions.

5.1.2 Primitive roots over F,[¢]

Artin’s primitive root conjecture may analogousely be formulated in the function
field setting. This problem was first proposed by Hasse to his PhD student, Herbert
Bilharz [7]. The simplest instance of the problem in this setting is as follows. Let F,
denote a finite field of ¢ elements and F[t] the ring of polynomials with coefficients
in F,. We moreover let P, C F,[t] denote the subset of prime monic polynomials of
degree n € N. For a polynomial ¢(t) € F,[t], we let ordp(g(t)) denote the order of
g(t) in the multiplicative group (F,[t]/(P))*, where (P) C F,[t| denotes the prime
ideal generated by some P € P,. In particular, g(t) generates (F,[t]/(P))* if and

only if ordp(g) = ¢" — 1, in which case we say that g is a primitive root mod P.
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Two immediate obstructions prevent ¢(t) from being a primitive root modulo
infinitely many P. First, note that if g(t) € F; is a unit in Fy[t], then ordp(g(t)) <
g — 1, and therefore g(t) cannot be a primitive root modulo P € P,,, whenever n > 1.

Second, suppose g(t) = h(t)* where £ > 1, and ¢ | ¢ — 1. Since
¢"—=1=(q— (" "+ +qg+1),

we then find that ¢ | ¢" —1 for any n € N. Thus ordp(g) < £ < ¢" — 1, from which
it follows that g(¢) cannot be a primitive root modulo any prime P € F,[t].

We therefore assume that g(t) ¢ F, and moreover that g(t) € F,[t] is not an
(™" power, for any £ > 1 such that ¢ | ¢ — 1. In this setting, Artin’s primitive root
conjecture is the claim that there exist infinitely many prime polynomials P € FF,[t]

such that g(t) is a primitive root mod P.

5.1.3 Primitive roots over function fields

To formulate Artin’s primitive root conjecture over more general function fields, it
seems appropriate to take a geometric viewpoint. (A rather self-contained overview of
this geometric set-up is provided in Section 5.2.) Let X be a geometrically irreducible
projective variety over I, of dimension r > 0, and write K = F,(X) for its function
field. Given a closed point p of X, denote by O, = Ox, the stalk of the structure
sheat Ox at p. Abusing notation, write p C O, for the unique maximal ideal and let
kp = Oy /p denote the corresponding residue field. It is an elementary result that in
this situation &, is a finite field extension of the base field of X, i.e. of F,. We write
degp = [ky: Fy| for the degree of p, which is a finite number.

Let g € K and let p be a closed point of X. We say g is reqular at p if g lies in the
image of the embedding O, — K. By pulling ¢g back under this embedding we may
then consider g € k,. We say that g € K is a primitive root modulo p if g is regular
at p and if g generates the multiplicative group r,. In such a case, we moreover refer
to p as an Artin prime for g.

Suppose g € K \ F, is not an ¢ power for any rational prime ¢ | ¢ — 1. Artin’s
primitive root conjecture over K then states that there exist infinitely many Artin
primes for g.

Note that every function field over [F,, i.e. every field extension K/F, of positive
finite transcendence degree, may be recovered as K = F, (X), where X is a geo-
metrically integral projective variety over IF,. Our main result is then the following

theorem:
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Theorem 5.1.1 (Artin’s primitive root conjecture over function fields).

Artin’s primitive root conjecture holds for any function field K over F,.

As an example, consider the case X = IP’]qu. Then K = F,(t) and the closed
points correspond to irreducible monic polynomials in F,[¢] in addition to the point
at infinity. Theorem 5.1.1 then reduces to the setting described in Section 5.1.2.

Bilharz [7] addressed the particular case of Theorem 5.1.1 in which X is a geo-
metrically irreducible projective curve over F, (i.e. the case in which K is a global
function field). In particular, he provided a proof conditional on the Riemann hy-
pothesis for finite fields — a result which was later established by André Weil [116].
Bilharz’s proof fails, however, in particular instances; namely cases in which g € K is
not a geometric element (see Definition 5.3.2). Though this mistake has previously
been noted, no corrected proof of Conjecture 5.1.1 for the case in which g € K has
thus far appeared anywhere in the literature (see [91, pp. 155] for a more detailed
discussion). In this work, we therefore remove the assumption that g € K be a geo-
metric element. We moreover generalize to projective varieties of arbitrary dimension;
thereby completing a proof of Conjecture 5.1.1 (see Theorem 5.4.1).

For the special case g(t) = t™ + ¢, an elementary proof of Artin’s primitive root
conjecture over F,[t], which uses only the theory of Gauss sums is given in [63].
For irreducible g(t), a proof which relies only on establishing a zero-free region of
relevant L-functions, instead of the results of Weil, is given in [65, 64]. Several further
variations of Artin’s primitive root conjecture over function fields have also been
studied, for example, over Carlitz modules [36, 59], rank one Drinfeld modules [60,

120, 67], and one dimensional tori over function fields [22].

5.1.4 Main results

Bilharz demonstrated that the Dirichlet density of Artin primes for geometric g is
positive, from which he then deduced the infinitude of Artin primes for g. For a more
quantitative description, let Nx(g,n), denote the number of Artin primes for g of
fixed degree n. In the particular case that X = % is a non-singular algebraic curve,

and g € K is geometric, Pappalardi and Shparlinski demonstrated that for any ¢ > 0,

@ qn -1 n £
Ng(g,n) = % + O: g (¢"?0F9). (5.1.1)

In this work, we generalize the above result by providing an asymptotic count
for Nx(g,n) where X is any geometrically irreducible projective variety of dimension

r > 1. As a further highlight the assumption that g € F,(X) is geometric has been
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removed. Recall that if g € F/, or if g is an (" power for some rational prime £ | ¢g—1,
then Nx(g,n) =0 for all n > 1. Otherwise, we find that

© qn -1 qn(r—l) . )
NX(g,n):pg(n)( ( n) + O g x (¢"129)) ) (5.1.2)

where p,(n) is as in (5.4.3). In particular, when g € K is geometric, we find that
pg(n) = 1, thereby recovering (5.1.1) in the case that X = ¢ is a curve (i.e. r = 1).
For non-geometric g, it is possible that p,(n) = 0 for certain values of n. Nonetheless,
in an argument provided in the proof of Corollary 5.4.3, we show that p,(n) > 1 for
infinitely many n € N, thereby confirming Conjecture 5.1.1.

5.1.5 Comparison to classical setting

When ¢ € N is not an exact power, Artin conjectured that the natural density of

Artin primes for g, denoted P, C P, is equal to

1
A= 1— —— ) ~ .3739558,
H ( p(p — 1))

p prime

known as Artin’s constant. Due to careful numerical observations pioneered by Derrick
and Emma Lehmer, it later emerged that, for certain g, an additional correction factor
is needed. Slightly more generally, the natural density of P, C P is conjectured to
equal cy Ay, where Ay, is an explicit Euler product, and ¢, € Q. More specifically, Ay,
is a linear factor, which depends on the value of the largest integer h such that g is an
h'" power in Z, while ¢, is an additional quadratic correction factor, which takes into
account entanglements between number fields of the form Q({;, g'/¢). This modified
conjecture was eventually proven correct by Hooley [50] under the assumption of the
generalised Riemann Hypothesis.

Going back to the function field setting let P, denote the closed points of X of
fixed degree n, and let P,(g) C P, denote the subset of Artin primes for g, so that
#P,(9) = Nx(g,n). When X is a non-singular curve and g is geometric, it follows
from (5.1.1) that the density of P,(g) C P, is asymptotic to A(n) := ¢(¢" — 1)g™",
in the limit as ¢" — oo. Note that A(n) does not converge. In fact, even the natural

density of Artin primes, namely the limit
N
lim Zn:l Nx (97 ’fl)
N—oo ZnN=1 #P,

does not, in general, exist. This was demonstrated by Bilharz [7] and expanded upon
by Perng [83].

Y

168



More generally, from (5.1.2) we find that the density of P,(g) C P, is asymptotic
to Ay(n) == py(n)p(¢™ — 1)¢™", where py(n) depends on the factorization behaviour

of g in K ®p, F,.

Outline

The remainder of this chapter is structured as follows. In Section 5.2 we provide
an overview of the relevant geometric set-up for Artin’s primitive root conjecture for
varieties of arbitrary dimension over F,. In Section 5.3 we then discuss geometric
extensions and geometric elements, and in Section 5.4 we state our quantitative re-
sults (Theorem 5.4.1), from which a proof of Theorem 5.1.1 follows (Corollary 5.4.3).
Section 5.5 uses Weil’s theorem to establish a very general estimate for exponential
sums over a variety. This step is crucial for extending our results from curves to
varieties. Section 5.6 then establishes a proof of Theorem 5.4.1, and finally Section
5.7 provides a heuristic interpretation of the counting function, Nx(g,n), in order to
draw a conceptual comparison between our correction factor, p,(n), and the classical

correction factor, ¢,.

5.2 Background on projective schemes

Projective Schemes

A graded ring is a ring S endowed with a direct sum decomposition S = @405, of the
underlying additive group, such that S3S. C Sgi.. We say that a non-zero element
a € S is homogeneous of degree d, denoted deg a = d, if a € S43. A homogenous
tdeal is an ideal I C S that is generated by a set of homogenous elements. The ideal
consisting of elements of positive degree, namely S, := @409y, is referred to as the
irrelevant ideal. If S = @405, is a graded ring, and / <.S' a homogenous ideal, then
the quotient ring R = S/I is itself a graded ring, with Ry = S;/(I N Sy).
Consider the set

Proj(S) := {p € S : p homogenous prime ideal, S, ¢ p}.

We define a topology on X = Proj(S) (called the Zariski topology) by designating
the closed sets of Proj(.S) to be of the form

Z(I):={p € Proj(S) : I C p},

where I C S denotes a homogenous ideal. A point p € X is said to be a closed point
if {p} = {p}, equivalently, if there is no q € X such that p C q.
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The distinguished open set associated to any homogenous element f € S, is then
given by
Xy :=Proj(S)\ Z({(f)) = {p € Proj(5) : f & p},
and the collection of such sets, namely {X; : f € S;}, forms a basis for the topology
on Proj(S). The space Proj(.S), together with its Zariski topology, is referred to as a
projective scheme.
The structure sheaf, denoted Oy, is a sheaf on Proj(S), defined on the distin-

guished open sets X, f € S; homogeneous, as

Ox(Xy) =8 = {% :a € S is homogenous, n € Z>q, deg a = n - deg f},

i.e. as the zero-degree component of the localization {1, f, f?,...}71S. The pro-
jective scheme X = Proj(S) is called integral if S(y) is an integral domain for any
homogeneous f € S;. An integral projective scheme is, in particular, irreducible as a
topological space. It is an elementary fact that any integral scheme X has a generic
point 1. That is, an element n € X such that m = X.

Function Fields, Stalks, and Residue Fields

Let X denote an integral projective scheme. We then find that for any homogeneous
f,g € S4, Frac(S(y)) = Frac(S(,), where Frac(R) denotes the fraction field of an
integral domain R. We define (X ) := Frac(S(y)) for any homogeneous f € S, to be
the function field of X, which can be expressed explicitly as

K(X):= {% ta,b € Sy for some d € Zs¢, b # 0}.
The stalk at a point p € X refers to the local ring

Ox,p = {% € K(X):a,be S, for some d € Z>q,b §Zp},

whose unique maximal ideal is given explicitly by

pOx, = {% € K(X):a,be Sy for somedGZZO,aEp,bgp}.

The intersection of all such stalks, namely
Ox<X) = ﬂ Ox’p,
peX

is referred to as the global sections of X. We say that X is normal if Ox, is an
integrally closed domain inside K(X) for every p € X. Finally, we refer to x, :=
Ox,/pOx, as the residue field of p.

170



Two noteworthy properties of the function field (X)) are as follows: if n € X
is the generic point of X, then K(X) is isomorphic to the stalk Ox,. Moreover, if
Spec(R) C X is an open affine then R must be an integral domain and IC(X) is again
given by the fraction field of R.

Projective Varieties

A projective variety X over the field k is a projective integral scheme of the form
X = Proj(S), where S = k[zo,...,x,]/I is a finitely generated k-algebra, and where
I C k[zo,...,x,] is a homogenous ideal. Under these assumptions, we note that X
is both Noetherian and separated. We denote its function field by k(X) and we note
that the dimension of X, denoted dim(X), is equal to the transcendence degree of
k(X) over k. A projective variety of dimension one is referred to as a projective curve.

Let S = k[xo, ..., 2,]|/I be as above. Proj(5) is said to be geometrically integral if
Proj(S) is integral, where S = (k[zo, ..., x,]/I) ®i k. For example, if f € k[xg, 71, 75]
is homogeneous of positive degree and absolutely irreducible (i.e. irreducible over k),
then Proj(k[zo, 1, x2]/(f)) is a geometrically integral projective curve. We moreover
let k(X) refer to the function field of Proj(:S).

Let X = Proj(S) be a geometrically integral projective variety over F,, and let
K = TF,(X) denote the function field of X. Note that when p € X is closed, &, is
then a finite algebraic extension of F,. We moreover define degp := [k,: F,] to be
the degree of p € X.

Fix g € K and let p € X be closed. We say that g is reqular at p if g € Ox, C K.
We say g € K is a primitive root modulo p if g is regular at p and if g mod pOx

generates the multiplicative group &,

Divisors and Valuations

Let X = Proj(S) be a normal, geometrically integral, projective variety over F,. In
particular, X is a normal Noetherian integral separated scheme. A prime divisor
Y of X is a closed integral subscheme Y C X of codimension one, i.e. such that
dim(Y) = dim(X) — 1. It then follows that if ny € Y is the generic point of Y, the
stalk Ox ,, is in fact a discrete valuation ring inducing a valuation vy : Ox,, — Z.
Furthermore, since the fraction field of Ox ,, is the function field K, we find that for

any prime divisor Y, the valuation vy may be extended to a function vy : K — Z.
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Given g € K*, it follows from [42, Lemma I1.6.1] that vy (g) = 0 for all but finitely
many prime divisors Y C X. We may thus define the degree of g to be

deg(g) == > |vy(9)l,

YCX

where the sum runs over all prime divisors Y of X. Note that deg(g) may be viewed
as the number of poles and zeros on X, counted with multiplicity.
In the particular case in which X is a curve, we note that the set of prime divisors

of X is precisely given by the set of closed points in X.

Rational Points

Let R be a finitely generated F,-algebra, and we denote by Spec(R) the affine F,-
scheme, which is the affine scheme whose underlying set is the collection of prime
ideals in R coming with a morphism Spec(R) — Spec(F,) induced by the F,-algebra
structure. Note that the closed points of Spec(R) are given by the maximal ideals of
R. For finitely generated F,-algebras R and S, we further recall that morphisms p:
Spec(S) — Spec(R) between F -schemes are in one-to-one correspondence with the
[F,-algebra homomorphisms p# : R — S.

An Fn-rational point of Spec(R) is an F -scheme morphism
p : Spec(F,») — Spec(R),
which then corresponds to a homomorphism of F,-algebras
p? i R=TF,lx1,. .., 00]/] — Fpn.

The image Im(p#) is a subring of F,» containing F,, and hence must be a field between
F, and F,n. To any F«-rational point p, one may associate an ideal m = ker(p*) C R,
which, by the first isomorphism theorem, is maximal.

Conversely, suppose m C R is a maximal ideal. Then R/m = F = for some positive
integer m, where m is the degree of m. If m < n one may then associate precisely m
different F»-rational points to the closed point m € Spec(R) as follows. Note that
there are precisely m different F-invariant inclusions ¢: Fgm < Fg» coming from the
elements in Gal(F,m /F,) = Z/mZ.

Let 7 : R — R/m denote the projection map. Then for any ¢ as above the F,-
algebra homomorphism pjf : R — Fym given by pfzE = @ o corresponds to a unique
[Fn-rational point. Thus each closed point m € Spec(R) of degree m gives rise to

precisely m distinct Fgn-rational points, pﬁ.
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Let X be a geometrically integral projective variety over I, with function field
K =F,(X). We let X(F;n) denote the set of F n-rational points of X, i.e. the set of
F,-scheme morphisms
p: Spec(Fyn) — X.

We now describe how to evaluate an element g € F,(X) at a rational point p € X (F»).
Note that p must factor through some open affine subscheme Spec(R) C X. Thus
considering the restriction of this morphism whose image is contained in Spec(R) this

induces an F,-algebra homomorphism
p7 R — Fgn.

Since X is integral, R is an integral domain with field of fractions K. We therefore
may write g = a/b for some a,b € R with b # 0. If p#(b) = 0 we say that g has a
pole at p. Otherwise we may evaluate g at p as follows
#
p”(a)
9(p) == —7= € Fyn. (5.2.1)

pr®)
Recall that the closed point p corresponding to p is given by p = Ker(p?) C R.
Clearly p#(b) = 0 precisely when b € Ker(p#) = p. Hence g = a/b is regular at p if

and only if g does not have a pole at p.

Number field analogue

We conclude this section by noting that the classical version of Artin’s primitive root
conjecture (i.e. the case over number fields) may also be phrased in a geometric
language. Let K/Q be a number field with ring of integers O, and recall that the
closed points of Spec(Of) is the set of non-zero prime ideals of Ok. The residue
field of a closed point P € Spec(Ok), i.e. of a non-zero prime ideal of Ok, is given
by kp = Ok /P. Given g € K we say that ¢ is a primitive root modulo a non-zero
prime ideal P € Spec(Ok) if vp(g) > 0 and if g generates the multiplicative group
kp = (Ok/P)*. Artin’s primitive root conjecture over K states that the number of

prime ideals P for which g is a primitive root is infinite.

5.3 Geometric extensions

Let X = Proj(S) denote a geometrically integral projective variety over F,, where
char(F,) = p. Let K = F,(X) denote its function field. Recall that we write F,(X)
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to refer to the function field of the base change of X to F,, namely to the compositum
of fields KF,. We moreover note that this is isomorphic to F,(X) ® F,.

Let K denote a fixed algebraic closure of K, and consider the algebraic field
extensions L/K and M/F,. Note that L, M, as well as the compositum LM, may
then all be embedded inside K. Given an algebraic field extension L/K we thus
write F, N L C K to be the maximal algebraic subextension of F, inside L. Using
this notation we note by [88, Proposition 2.2.22] that K NF, = F,.

Definition 5.3.1. Let Ly/L, /K be a tower of algebraic field extensions. We say that
Ly/Ly is a geometric field extension if L, ﬂFq =LiN Fq. In particular, if L/K is
an algebraic field extension, we say that L/K is geometric if LNTF, = F,.

Definition 5.3.2. Let a € K. We say that a is geometric at a rational prime
¢ # p if, for all roots a € K of the polynomial X* — a, the extension K(a)/K is a
proper geometric extension of fields. If a € K is geometric at all primes ¢ # p, we

refer to a € K as a geometric element.

Previous work has only considered geometric elements and the aim of this chapter
is to prove Artin’s primitive root conjecture for elements, which are not necessarily
geometric. To this end we will prove a lemma providing equivalent characterisations

of elements, which are not geometric.

Lemma 5.3.3. Let K = F (X), let a € K and let { # p be a rational prime. The

following are equivalent:

(i) a is not geometric at {.

(ii) There exists p € F, and b € K such that a = ub’.
(iii) There exists a € KF, such that a = a’.

Proof. (i) = (ii): Since a is not geometric at ¢, by definition there exists a root
a € K of X! —a such that K (a)/K is either not a proper field extension or such that
K(a)NF, # F,. In the former case, we may write a = ub® where b = o and p = 1,
and we're done.

We therefore assume that K («)/K is a proper field extension which is not geomet-
ric, i.e. M := K(a) NF, # F,. Note that since a is not an ¢ power the polynomial
X* — a is irreducible over K (cf. [68, VI §9]) and therefore [K(a) : K| = {. Since
M 2 F, we further note that K(a) 2 MK 2 K. Since [K(a) : K| = { is prime, it
follows that MK = K(a). Next, note that M/F, is a finite extension of finite fields
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and hence Galois. It then further follows that the extension of composita M K/F,K
is also Galois. In other words, K(«)/K is Galois, and we conclude that K(«) is the
splitting field of the polynomial X*—a. In particular, it follows that (;, € K (a), where
(¢ denotes a fixed primitive " root of unity. Note further that K(a) 2 K(() 2 K,
and moreover that K(a) # K () since [K((s) : K] < ¢ —1 < (. Since ¢ is prime, it
follows that K((;) = K. Since elements in K of finite order lie in K NF, = F,, it
follows that ¢, € F. Noting that ¢, € F* if and only if £ | ¢ — 1, we further conclude
that ¢ | ¢ — 1.

By [91, Proposition 8.1], we find that [M : F;] = [K(a) : K] = ¢. Since ¢ | ¢ — 1,
we moreover find that #F £ = q;€17 and in particular, that there exists an element
p € FX, which is not an (™" power. By [68, VI §9], we find that the polynomial X*—p
is irreducible over I, and thus by the uniqueness of finite field extensions, it follows
that M = F,(3), where 3‘ = u € Fx. From [91, Proposition 8.1] it then also follows
that {1,8,...,3 1} form a basis for K(a)/K, and therefore K(a) = K (). Hence

there exist b, € K, 1 =0,1,...,¢ — 1 such that

-1
i=0

Let o be a non-trivial element of Gal(K («))/K), then o(a) = (fa and o(8) = ('S
for two integers n,m € {1,...,¢ — 1}. Thus we find

/-1

-1 -1
D bi(ip = Gla=0(a)=0 (Z W’) = b B
=0 i=0 i=0
Since {1,8,...,3° !} are linearly independent over K, it follows that
bi() = b; )" forall 0<i</{-1,

and therefore whenever n #Z mi (mod ¢) this implies b; = 0. Since there exists a
unique 0 < 49 < ¢ — 1 such that n = mig (mod ¢), it follows that a = b;, %, and
therefore
a=a = ﬂbfo

where i = p' € F,. This shows the desired claim.

(i) = (iii): Set @ = /ub, where /i denotes any root of X’ — p1 in F,.

(ii) = (i): If @ € K then a is clearly not geometric at £. So, assume a ¢ K.
Then K ¢ K(a) C KF,. Since K(a)/K is a proper finite extension, in fact K(a) C
KT, for some n > 1. Moreover, since Gal(KFn/K) = Gal(F, /F,), it follows that
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KF /K is a cyclic extension. Thus, there exists a unique subgroup of Gal(F/F,),
of any given order dividing n = |Gal(IF, /IF,)|. By the fundamental theorem of Galois
theory, we then find that there exists a unique subextension of KF,/K of degree
¢ = [K(a) : K|, and thus may conclude that K(a) = KF,. By [91, Proposition 8.3],
it follows that

K(a) ﬂFq = Ky ﬂFq =k, 2,

i.e. a is not geometric, as desired. O

Remark 5.3.4. Note that the first part of the proof of Lemma 5.3.3 shows that when
a is not geometric at a prime ¢ such that £ ¢ — 1 then a is already a full /" power in
K. In particular, if £ | ¢" — 1 then by the same argument provided in Section 5.1.2,

a is not be a primitive root modulo any closed point of degree n.

5.4 Quantitative results and Artin’s primitive root
conjecture

For positive integers m, k, consider the Ramanujan sum

ak
Cm(k) = e (—) :
1;771 m
(a,m)=1
and recall the following elementary property
-1 if/l
ce(n) = ) fn, (5.4.1)
p(€) if£]n,

for a rational prime ¢. Our main result is the following:

Theorem 5.4.1. Let X/F, be a geometrically integral projective variety of dimension
r > 1 with function field K = Fy(X). Let g € K\ F, be a rational function. Let &,
denote the set of primes { # p at which g is not geometric. If g is a full (** power in
K for some rational prime { | ¢ — 1 then Nx(g,n) = 0 for all n > 1. Otherwise we

have -
qn -1 qn r— o .
Nelgn) = (o) (AL 0,y (0 9)) . (a2)
where ( et )
Cg q q .« e .
pg(n) = H (1 — 7 ) : (5.4.3)
q
te,

Moreover, py(n) > 0 if and only if for all primes £ € P, such that £ | ¢" — 1 we have
Clg—1and l{n.
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Note that if g is geometric at every prime ¢ | ¢" — 1, then p,(n) = 1. As noted
in the introduction, we then recover equation (5.1.1) in the case when r = 1. By [78,
Theorem 2.9], we moreover note that ¢(¢" — 1) >, ¢"*") for any v € (0,1). Thus
(5.4.2) indeed yields a main term, in the limit as n — oo.

To finish this section we deduce Artin’s primitive root conjecture over function
fields in full generality from Theorem 5.4.1 by demonstrating that Nx(g,n) > 0 for
infinitely many n € N.

Lemma 5.4.2. Let g € K\ F,. Then the set &, of primes { # p at which g is not

geometric, is finite.

Proof. By [107, Lemma 035Q)] and [107, Lemma 0GK4], there exists a geometrically
integral normal projective variety X, over F,, such that F,(X,) = F,(X). In particu-
lar, since X, is a geometrically integral projective variety, by [88, Proposition 2.2.22]
we find that the global sections are given by Ox, (X,) = F,.

Suppose &, is infinite. Since Oy, (X,) C F, it suffices to show that g lies in the
global sections Oy, (X, ), since then g € F,(X)NF, =F,.

If &, is infinite, then by Lemma 5.3.3 there exists an arbitrarily large ¢ € N such
that g = ub®, where u € F, and b € K. Note that as Y ranges over prime divisors of
X,, the maximum value of |vy(g)| is bounded by deg(g). Let ¢ > deg(g) such that
g = pub’. Then for any prime divisor Y C X,,, we find that

vy (9) = vy (p) + - vy(b) = L - vy (D),

Thus vy(g) = 0 for any prime divisor Y C X,, and in particular vy (g) > 0 for
all prime divisors Y. It follows from [42, Proposition 6.3A] that ¢ € Ox,(X,), as
desired. O]

Corollary 5.4.3. Artin’s primitive root conjecture holds for any function field K over
F

q-

Proof. Firstly note that any such field K is the function field of a geometrically
integral, projective variety X/F,, i.e. K =F, (X).

Let g € K\ F, and assume g is not a full £'" power for any prime ¢ | ¢ — 1, so that
(5.4.2) holds. We wish to show that there exist infinitely many closed points p of X
such that g is a primitive root modulo p, i.e. that there exist infinitely many n € N
such that Nx(g,n) # 0.

Note that p,(n) > 1 whenever p,(n) # 0. To show that Nx(g,n) # 0 infinitely

often, it therefore suffices to show that there exist infinitely many n € N such that
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pg(n) > 0. Let &, = {{, : s € S} denote the set of primes ¢ # p at which g is not
geometric. Since g € IF, we note that &7, is a finite set, by Lemma 5.4.2. Let I C S
be such that ¢ € I whenever ¢; | ¢ — 1, and let J = S\ I be such that j € J whenever

¢;1q—1. Given m € N we then consider

n=1+m][6]]& - . (5.4.4)
i€l jeJ
We claim that the set of primes in &;, which divide ¢" — 1, is precisely given by
{€;: 1 € I}. Note first that ¢; | ¢" — 1 for all ¢ € I since, in fact for any n € N, we
have that (¢ — 1) | ¢" — 1. On the other hand, let jo € J. Then ¢ # 1 mod ¢;, and
thus
¢" = ¢t llierillies G = g £ 1 mod ¢,

since ¢%o ' =1 mod ¢;, by Fermat’s little theorem. Hence ¢;, { ¢" — 1.

Finally note that n # 0 mod ¢; for all ¢ € I. From the last part of Theorem 5.4.1
it then follows that p,(n) > 0. The result now follows upon noting that there are
infinitely many n € N of the form in (5.4.4). O

5.5 A bound on exponential sums

One of the key ingredients of the proof of Theorem 5.4.1 is the following estimate
for exponential sums, which is of independent interest. As we were unable to find a

suitable result of our desired form in the existing literature, we present a proof here.

Proposition 5.5.1. Let X be a geometrically integral projective variety of dimension
r. Let x € ﬁg be a non-trivial character of order 6 > 1. Let g € K and assume that
there exists a prime (| § such that g is not of the form g = b° for some b € Fq(X).
Write R, C X(F,) for the set of the F,-rational points on X that are neither zeroes
nor poles of g. Then

> xlalp) <x ¢

PERy

Proof. Let U C X be an affine open subset of X on which ¢ is invertible, i.e. it
has neither poles nor zeroes on U. It suffices to show the estimate for the sum over
U(F,) since X \ U is a proper closed subset of X and thus by irreducibility of X
has codimension at least 1. Therefore by the Lang—Weil bounds [69] the number of
rational points we do not consider is bounded by O(¢"™1).

By Noether’s normalization theorem there exists a finite surjective morphism U —

A", Obviously there also exists a surjective map A" — A”"~! by projecting on the first

178



r — 1 coordinates, say. The composition of these maps yields a surjective morphism
of locally finite type p: U — A",

From Chevalley’s upper semicontinuity theorem (cf. [41, Théoreme 13.1.3]) it
follows that the elements x € U such that dim¢~(¢(x)) > 1 holds lie in a proper
closed subset, which has dimension at most r — 1 since U is irreducible. The number
of rational points in this subset is bounded by O(¢"~!) via Lang—Weil and hence we
may bound the contribution arising from these rational points trivially.

It therefore remains to estimate

> Y X)),

yep(U)(Fq) pEp~1(y)(Fq)

dim ¢~ (y)=1
where with an abuse of notation we write p~!(y) for the fibre of the closed point in
©(U) corresponding to y. On the fibres where dim ¢~!(y) = 1 we apply a theorem of

Perelmuter [82, Theorem 2| according to which we have

> xlglp) <x ¢'?

pEP~(y)(Fq)

uniformly in y, as long as g restricted to an irreducible component of ¢~(y) after
changing the base field to F, is not a 6 power of some element in F,(X). The
remainder of the proof is concerned with showing that for generic y € ¢(U), the
element g is not an ¢** power restricted to an irreducible component of go_l(y)ﬁq,
where £ is as in the statement of the proposition, and hence Perelmuter’s theorem is
applicable.

Call y € A" ! bad if this occurs and good otherwise. For the sake of easing
notation, but without loss of generality, in the following we will assume that ¢ is
surjective onto A""! and that dimp~!(y) = 1 for all y € A""! since we took care
of the other potential cases already. We claim that there exists a constructible set
C c A"! that is contained in the set of good points with n € C where 7 is the
generic point. Deferring the proof of this claim for now, by [107, Lemma 005K] we
deduce that C' contains an open dense subset in A™™! and so A"\ C is contained
in a proper closed subset of A™71. Since A"~!\ C' contains the set of bad points, by
Lang-Weil the number of bad F,-rational points is bounded by O(¢"~?). Therefore
trivially bounding the character sums for the fibres coming from A"\ C' the overall
contribution is O(g"™1).

To show the claim made above we will employ [107, Lemma 055B]. This states
that if h: Z — Y is a morphism of finite presentation, and if n,: Y — {0,1,...} is

179


https://stacks.math.columbia.edu/tag/005K
https://stacks.math.columbia.edu/tag/055B

the number of irreducible components of the fibre h=1(y) after base change to F, then

for any positive integer n the set
E,={y €Y:m(y) =n}

is constructible. Recall that U is an affine open subset of X and hence is of the
form U = Spec(R), where R = Fy[z1,...,x,]/I for some ideal I. We may consider
g restricted to U as an element in R since g is invertible on U. Consider U, =
Spec(R[z]/(2" — g)), and note that we have a natural map ¢: U, — U induced by the
inclusion map R < R|[z]/(z*—g). Write f for the composition f = pot): U, — A"~1.
Note f is locally of finite type since all the schemes involved are Noetherian and so
it follows from [107, Lemma 01TX] that f and ¢ are of finite presentation.

Note that the generic fibre ¢ ~1(n) is integral with function field isomorphic to K
and in particular it is also integral after changing base to Fq. Further 7 is good since

g was assumed not to be an ¢* power in F,(X). Now the set
C={ye A" ns(y) =1}

is constructible as mentioned above and clearly € C. Further note that if ns(y) =
ny(n) then y is good. Otherwise, if y is bad then essentially by construction we have
ny(y) < ng(y). Thus C is a constructible set contained in the set of good points y
and also n € C, as desired. O

5.6 The proof of Theorem 5.4.1

Consider a finite cyclic group G of order M, and let G = Hom(G,C*) denote its

group of characters. Let

> yea Xx(9)

L CP(M) ordy=p
falg) = TH 1—W

pIM
We begin by noting the following general formula:

Lemma 5.6.1. For g € G, we have that

_p(M) p(d) )1 if g generates G
falo) = M C”Zan(d) Z xlg) = {0 otherwise.
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Proof. Suppose g € G does not generate G. Then we may write g = hP for some

h € G, where p | M is prime. In such a case, we moreover find that

xe@
ordx=p

and therefore fo(g) = 0. Alternatively, suppose g € G generates G. Then

xeé
ordx=p

Now it is easy to check that

and so we conclude that

falg) = 1 if g generates G
e\ = 0 otherwise,

as desired. Finally, we note that for (dy,dy) =1 and g € G,

> x(9)=< > @D(g))( > cb(g))-

xe@G el 6@
ordx=did2 ordy=d; ord¢=ds

By multiplicativity, we thus conclude that

> e X(9)
folg) = FSD T |1 - o

Mo (p)
_ p(M) — p(d)
= dzz\;‘P(d) Xzeé x(g)- O

Proof of Theorem 5.4.1. Let X/F, be a geometrically integral projective variety. We
write K for the function field of X and we fix algebraic closures F, and K. Let p € X

be a closed point of degree n, i.e. [k,: F,] = n. There then exists an isomorphism
= F.. CIF,

which may be explicitly described as follows. Let [f] € K, denote a residue class

represented by some f € K that is regular at p. We then map [f] to f(p), where p
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is an F n-rational point of X corresponding to p. Note that since f € K is neither
regular at p nor vanishes at p and f does not have a pole at p, and thus evaluating f
at p, as in (5.2.1), is well-defined. For a fixed g € K, we thus find that g is a primitive
root mod p if and only if ¢ is regular at p and its image ¢g(p) under this isomorphism
generates .. Note that for any closed point of degree n there exist n different
[Fjn-rational points on X corresponding to it obtained by the action of the Frobenius
element, see [42, Lemma I1.4.4]. For an affine open U C X this was explained in
Section 5.2. It would also be sufficient to only consider these rational points on U,
since the number of F,.-rational points on X \ U is O(¢" ") by Lang—Weil.

Let Ré") C X (F,n) denote the set of Fyn-rational points on X that are neither
zeroes nor poles of g, so that for any p € Ré"), we have that g(p) € Fj.. If we then
consider any p € Ré") corresponding to a closed point q with deg(q) < n then g(p)
is contained in a proper subfield of Fgn and therefore will not generate Fy.. Here
we may consider this subfield as a subset of F;» since we fixed an algebraic closure
Fq. Further note that if p ¢ Rén) then it corresponds to a closed point for which ¢
is either not regular or vanishes. Clearly g is not a primitive root for such a closed
point since all powers of g(p) will be contained in a proper subfield of Fn.

Thus we find

Nx(gm) = —#{p € R {glp) = T}

Combining this observation with Lemma 5.6.1 leads to

@ —1) > vea X(9(p))
el =y 2 T1 |- =5

peR(M flan—1

Note that if g is an ¢ power, where £ | ¢ — 1, then Nx(g,n) = 0 for all n > 1. This
follows directly from the above formula but can also be seen from elementary group
theoretic considerations, as noted in Section 5.1.2. Henceforth, we may thus assume
that g € K is not an £** power for any prime £ | g — 1.

Let ¢ | ¢" — 1 be a prime such that g is not geometric, that is, £ € &,. Then by
virtue of Lemma 5.3.3 we may write g = by for some iy € Fy and some b, € K.
Therefore, if ord(y) = ¢ we have x(g(p)) = x () for any p € Rgn). Let r denote
the order of yp € F. Since we assumed that g is not a full (" power for any prime
(| q—1 we find that ¢t % or, equivalently, that (¢, &) = 1.

T

2mix

For z € R, write e(x) := e*™*. Consider an embedding

Y: Fr — C*
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such that for y, € F¥ C Fj. as above, we have

Y(pe) =€ (%) :

A character x: Fj. — C* of order £ then acts on an element a € F. via

(@"-Da
x(@) =¥(a) 7,
for some a € {1,...,¢ —1}. It follows that for any given p € Rén),
1 1 N
5 = X e}
(’0( ) ordx=/{ (’0(6) 1<a</i—1 r

where ¢, (n—) denotes a Ramanujan sum. Since (¢, 1) = 1 we have / | q Lif and

only if £ ] ¢ ' +--- 41, and so

" —1 - -1 iflfg" 4+ 41
= +.i 4 1) =
“ < > (4 ) {gp(@) otherwise.

Upon setting

we therefore find that

> e X(9(p))
Nx(g,n) = py(n Z I |1-—== . (5.6.1)

o(f)
() fgn—1
peR zlié@

For an integer § € N write (0, &) = 1 if (6,¢) = 1 for every prime ¢ € &,. As in the
proof of Lemma 5.6.1 we may then expand (5.6.1) to obtain

wlg"—1) u
Nx(g,n) = py(n) _1 Z Z Z
q dlg™ 1 ordx 6 GR(TL)
(6,25)=
By the Lang-Weil bounds [69], the number of F» —rational points on X, denoted
#X (Fyn), is given by

’#X(]Fqn) . an‘ <y qn(r—1/2)'
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Noting, moreover, that g has at most m poles and zeroes, it follows that for fixed g,
|#Rgn) . anl <m+ OX (qn(rfl/Q)) _ Og,X (qn(rfl/Q)) :
and thus the contribution from the trivial character xq is given by

Y xolg(p)) = #RE) =" + 0 (¢"01/2).

pERé")

If 6 | ¢"—11is such that (6, #,) = 1 and § > 1, then by Proposition 5.5.1 we moreover
find that
> x(g(p) =0 (¢""7).
peR{Y
Combining the above observations, and applying the divisor bound ) 5| oo1|lp(o)] =
O.(q"¢), we obtain

n_ 1 n(r—1)
Nx(g,n) = py(n) (gp(q n)q +0. (¢"Y 2“))) ,

thereby yielding the first part of the theorem.
Finally, we turn to studying the product

= I (10,

l)g™—1
ey

Let ¢ be a prime dividing ¢" — 1 such that g is not geometric at {. We proceed in two
cases. First, suppose £ | ¢ — 1. Then ¢ =1 mod ¢, and therefore

q”_1+---—|—150 mod ¢/ <= n=0 mod /.

By (5.4.1), we then find that ¢,(¢" "' +---+ 1) = —1 if and only if £ { n. Otherwise,
co(@"t+ -4+ 1) = ¢(¢), in which case p,(g) = 0.

Next, suppose ¢ 1 ¢ — 1. Since ¢ | ¢" — 1 by assumption, we then find that
(| ¢ '+ +1. By (5.4.1) it then follows that c,(¢"* +--- +1) = ¢(¢), and
therefore p,(g) = 0. In conclusion, we find that p,(n) > 0 if and only if for all primes
¢ e P, such that £ | ¢" — 1 we have £ | ¢ — 1 and ¢ { n, as desired. O

5.7 A heuristic interpretation

Artin arrived at the quantitative version of his primitive root conjecture using a

well-known heuristic concerning the splitting properties of primes across the fields
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Q(&r, 91", for varying primes £ € N. In this section we suggest an analogous heuris-
tic, which interprets the constant p,(n) in terms of splitting properties of primes in
K. In contrast to the classical setting, we may obtain the correct density while main-
taining the assumption that the various splitting conditions are independent, across
the primes ¢ € N.

In what follows, we restrict ourselves to the case in which K is a global function
field, or equivalently, we assume that X is a normal geometrically irreducible projec-
tive curve over F,. A prime P of K is, by definition, a discrete valuation ring Op
with maximal ideal P whose field of fractions is K. Since K is a global function field,
then the stalk Ox , at each closed point p € X is a discrete valuation ring, and such
stalks are in fact in 1 : 1 correspondence with the primes in K. If L/K is a field
extension then a prime P of L is said to lie above P if Op N K = Op. We moreover
say that P splits completely in L if the number of primes B in L lying above P is
equal to [L: KJ.

Let g € K\ F,. Let p € X be a closed point such that ¢ is regular at p. Such
g € K then fails to be primitive modulo p if and only if the prime P corresponding
to p splits completely in K, := K(/g,(), the splitting field of X* — g, for some
prime ¢ € N, where ¢t ¢ [91, Lemma 10.1 and Proposition 10.6]. We may therefore
formulate a heuristic for the density of primes P of degree n for which g is a primitive
root by understanding the density of primes P in K which split completely in K, for
each prime ¢ € N,

Suppose g is not a full £ power, for any prime ¢ | ¢ — 1. Otherwise, Nx(g,n) = 0,
trivially for all n > 1. Given a prime ¢ € N, let

Py := P(P splits completely in K, | deg(P) = n).

Then under the heuristic assumption that the splitting conditions of P in K, are

independent for the various fields K,, we can expect the desired density to be given
by
A=J[a-P).
¢
Note that ¢ | ¢" — 1 if and only if P splits in K({) (cf. [91, Proposition 10.2]). Thus
(1t q¢™ — 1 implies that P does not split in Ky, i.e. P, =0 for all £4¢™ — 1, and thus

A= ] a-m).

Lign—1

Note that when /¢ | ¢" — 1 then again by [91, Proposition 10.2] we find that

P, = P(P splits completely in K, | deg(P) = n, P splits completely in K((;)).

185



Note that since K is the splitting field of X* — g, the field extension K,/K is Galois,
and thus K,/K((;) is also Galois, by the fundamental theorem of Galois theory.
Moreover, since K ({;) is the splitting field of X* — 1, it follows that K({;)/K is also
Galois. Now suppose P splits completely in K({,). Since Ky/K({;) and K((;)/K are
both Galois extensions, we find that a given prime q in K((;) lying above P splits
in K, if and only if all such primes q in K({,) lying above P split in K, (cf. [91,
Proposition 9.3]).

Recall that since ¢ | ¢™ — 1, every prime q in K((;) lies above some prime P € K
that splits completely in K((y). By the above remarks, we thus find that P, is equal
to the density of primes q in K({,) which split completely in K,. Note that if ¢
is geometric at ¢ then K,/K((;) is a geometric extension. In such a case, we may
apply Chebotarev’s density theorem [91, Theorem 9.13B] to establish that the desired
density is given by

b 11
[Ke: K(C)] ¢
If g is not geometric at ¢, then we may no longer apply Chebatarev’s density theorem.
In such a case, however, we have sufficient information to compute P, precisely. By
Lemma 5.3.3, we write g = ub® where p € Fy. Let r denote the order of y in F, and
let ¢ denote a generator of F)X such that yu = ¢ . By [91, Proposition 10.6] we find
that a prime P which splits completely in K ((;) also splits completely in K, if and
only if

a” q=1 g"

g = (R T = ¢ =1 mod P

Note that this in turn occurs if and only if ¢ — 1 | % . an*l, enabling us to conclude
that

p_ 1 if 0| (gt 4+ 1)
71 0 otherwise.

In particular, since £ | ¢" — 1= (¢ —1)(¢" ' +---+ 1), we find that P, = 1 whenever
(1q—1.

So suppose ¢ | g — 1. If ¢ | (q;—l), then u = Cq%I is an ¢*" power, in which case ¢
is also an (" power, contradicting our initial assumption. We may therefore assume
that ¢ { @. In this case, P, = 1 if and only if £ | (¢" '+ ---+ 1). Since ¢ = 1
mod /, we find that

'+ +1=n mod?,

so that
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P, — 1 ifn=0 mod/
710 ifn0 mod/.

We thus conclude as follows. Suppose g is not a full /** power for any prime ¢ | g — 1.
If, for all primes ¢ € &, such that ¢ | ¢ — 1, we have £ | ¢ —1 and n # 0 mod ¢,
then the density is given by

1
A= 1] (1 - Z) II «
£)g"—1 lg"—1
¢ 2, te,
Otherwise A = 0. In all cases, A is then given by

L) L () g

q

as expected.
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