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Notation

N:={1,2,3,...} and Ny := NU {0}

pi: Ith prime number

C5 = {f:]0,27] = C: f is 27-periodic and k times continuously differentiable}
L = {f: [0,27] — C: f is 2m-periodic with fOQW |f(x)|dz < oo}: Banach space
with norm |||l = o= &7 | f(z)|dz

L3 = {f: [0,27] — C: f is 2w-periodic with fozﬂ |f(2)]?dzx < oo}: Hilbert space
with inner product (f,g) = % 027T f(:z)@dx and norm || f|2 = (f, f)%

0t = {c = (ck)peg * Dopez k] < 0o}: Banach space with norm ||c||y == Y4z ekl
2= {c = (Ch)rez * Dorez |lex|? < oo}: Hilbert space with inner product (c,d) :=
Yz ude and norm [ella = (Syez lenl?)

Z[z]: the ring of polynomials with integer coefficients

0,: (0,...,00T e R"

L,: n x n identity matrix

Jn: n X n counter identity matrix

2 b
k,l= . .
P, = ,i=0 : n X n even-odd permutation matrix for even n € N.

1 ifk=1,

for k,l € Z.
0 otherwise,

Or,1: Kronecker delta with 0y ; = {

o1 = . for k,l € Z.
’ 0 otherwise,

1 ifk=1 d
5,(:[) : n-periodic Kronecker delta with 5 — { ! Hod 1,
Fp: Nth Fourier matrix.
y = Fyy: DFT of y € C¥.
C}\I,, C}\I,I, C}\Y: N x N cosine matrices of types II, IIT and IV.

SE\\/: N x N sine matrix of type IV.

xT:= Cllx, xIV := CVx: DCT-II, DCT-IV of x € RV

I, for a < b: interval with I, , = {a,a+1,...,b}.

X



Notation

IC(L]%: periodized interval with Ic([jg) = {a mod 27,....b mod 2j} C Iy 91

X(0) = (xk)gz_ol, X(1) = (xk)z;lg first and second half of x € R™, n even.

y(j) — (j+1)er

=Y ({—H): periodization of length 2/ of y = y() € R2’

(1)

xll = x[(%;rl] + JQjX[éJ)rH: reflected periodization of length 27 of x = x/] € R’

All = A[(%TBI)] + JM[J-]AEJ;BI)] + (AEJ(‘;T)] + JM[J-]AEJJ;)]) J yu1: reflected periodization

of size MUl x NUl of A € RM*N,
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Introduction

Trigonometric transforms are usually understood to be transforms comprised of linear
combinations of cosine and sine terms. In a discretized setting, which is necessary for
practical applications, the trigonometric transforms are the discrete cosine and sine trans-
forms. They are of immense importance in many areas of signal processing, including
the JPEG image compression standard, the AAC audio compression standard, and image
and video coding. Furthermore, the discrete cosine and sine transforms can be employed
for solving some types of partial differential equations.

Cosine and sine transforms are also closely related to the Fourier transform. As Euler’s
identity links the natural exponential function with the cosine and sine functions via

e = cos(z) + isin(z) VreR,
the Fourier transform of an even function reduces to a cosine transform and the Fourier
transform of an odd function reduces to a sine transform. Similarly, the Fourier transform
in a discretized setting, the so-called discrete Fourier transform, is also connected to the
discrete cosine and sine transforms.

Extensive research over the past few decades provided us with essentially runtime-
optimal algorithms for the discrete Fourier transform and the discrete cosine and sine
transforms. Significant runtime improvements are only possible if there is additional a
priori information about the signal. In practice, one usually assumes that the output
signal is sparse, meaning that only a few of its components are significant. Thus, it
often suffices to only recover those components to obtain a good approximation. Since
this can usually be achieved in less time than required by full-length algorithms, the
closely connected fields of sparse fast Fourier transforms and sparse fast trigonometric
transforms are much investigated areas of research. Many applications in signal and
image processing can merit from new methods for sparse fast Fourier transforms and
sparse fast trigonometric transforms.

Fourier Transform

The first part of this thesis addresses the problem of sparse fast Fourier transforms,
which is closely related to the topic of sparse trigonometric transforms. Like few other
mathematical concepts Fourier analysis and its applications have shaped today’s world,
due to their extensive usage in many areas of signal and image processing, engineer-
ing, physics and data processing. Well-known technologies based on Fourier analysis
and closely related concepts include, for example, musical signal processing, image and
video compression, computer tomography, nuclear magnetic resonance spectroscopy and
infrared spectroscopy, as well as mass spectrometry and magnetic resonance imaging.
During the course of his work on heat propagation in solid bodies, the French mathe-
matician Jean Baptiste Joseph Fourier (1768-1830) was able to prove that every periodic
function can be approximated well by an expansion into trigonometric functions. For a



27-periodic function f: [0,27] — R this would mean that

f(z) ~ap+ Z ay cos(kx) + Z sin(kz) = Z Cne'™® Ve |0,2n),
k=1 k=1 n=-—00
where
1 2
a = o ; f(x)dz,
1 2 1 2w
ap = — (z) cos(kz)dex, by = — (z) sin(kx)dz VEkeN.
™ Jo ™ Jo
and

3 (an —iby) ifn >0,

co = a and Cp =
0 {%(an+ibn) if n < 0.

Such a series is called Fourier series, and its coefficients aj, br and ¢, are known as
Fourier coefficients. Fourier series can be utilized to solve certain types of differential
equations, particularly linear differential equations with constant coefficients, including
the heat equation, the wave equation and Schrodinger’s equation. Chapters 1 and 2
in [Fol92] and Chapter 1 in [PPST19]| provide detailed derivations of Fourier series from
differential equations like the heat equation inspired by Fourier’s approach.

Nowadays, the process of computing the coefficients in the Fourier series of a periodic
function f is known as the finite Fourier transform. For a periodic function the coefficient
¢, can be interpreted as a measure for how much the frequency n € Z contributes to the
input signal f.

There also exists an extension of the concept of the Fourier transform to non-periodic
functions, where the Fourier transform of an absolutely integrable function f: R — C is
its continuous spectrum. Many physical phenomena can be described using the Fourier
transform. One of them is the Fraunhofer diffraction, which approximates the diffraction
pattern of a wave at a long distance from the diffracting object, e.g., a single slit or a
double slit. The diffraction pattern is approximately given as the Fourier transform of
the diffracting object.

The finite Fourier transform for 27-periodic functions is a powerful theoretical tool,
but its computation requires knowledge of the function for a complete period. Thus, it
cannot be applied directly in practice, since measurements can only be taken discretely.
Discretizing the integrals required for the computation of the Fourier coefficients with
the trapezoidal rule on a uniform grid of length N € N yields that

1 = 27j 2mij
—27ijn

The sum on the right-hand side is known as the discrete Fourier transform (DFT) of
N\ N-1
the vector ( f (%)) o Hence, the coefficient ¢, can be approximated by the nth

entry of the DFT of tilis vector of equidistant samples of f. If it is known a priori that
the frequencies with significantly large Fourier coefficients are contained in the interval
{f {%] +1,..., L%J }, then the above approximation is very accurate. Similarly, the
Fourier transform for non-periodic functions can be approximated well by the DFT. The
discrete Fourier transform also arises naturally in the context of trigonometric polynomial



interpolation, i.e., the interpolation of data points by a function of the form
P(z) = Z cpeth® x € R.

As a means of discretely approximating the finite Fourier transform, the DFT is already
very valuable. However, the definition given above implies that the DFT can be written
as the multiplication of a dense N x N matrix with a vector of length N, which has
an arithmetical complexity of O(N?). The development of machine computing in the
second half of the 20th century and ever-increasing amounts of input data motivated
the development of algorithms with significantly lower runtimes. The first algorithm
achieving a runtime that is subquadratic in N was published in 1958, see [Goo58|, but
was not further recognized. In 1965, Cooley and Tukey introduced the first well-known
DFT algorithm with a runtime of O(N log N), see [CT65]. DFT algorithms with such
a runtime are known as fast Fourier transforms (FFT). A detailed compilation of many
FFT algorithms can be found in [CG99).

With the definition given as above, FFT algorithms require equidistant samples of a
2m-periodic function. However, the acquisition of equidistant samples is not feasible for all
practical applications. This inspired the research of FF'T algorithms for non-equispaced
data, the so-called NFFTs. There exist NFFT algorithms achieving the same order of
runtime as the FFT, see, e.g., [DR93, Bey95, Ste98, PST01|. Chapter 7 in [PPST19|
provides an overview of a variety of NFFT methods.

Due to the technological developments of the past 50 years, the amount of data that
has to be processed have increased even further. Consequently, faster algorithms than
conventional FFTs are desirable for many applications. It has been shown that for arbi-
trary input vectors of length IV the order N log N of the runtime is optimal. Therefore,
research in recent years focused on finding FFT algorithms with lower runtimes. Provided
that there is some a priori information about the vector given, runtimes that are sublinear
in N could be achieved. Usually, one assumes that the output vector is sparse, meaning
that it has only a few significantly large entries. Many such methods are summarized in
the survey [GIIS14].

Contribution to Sparse FFTs

In the first part of this thesis we will focus on two different classes of 27-periodic frequency
sparse functions. For both we will introduce deterministic algorithms for computing the
Fourier coefficients from as few samples and using as few arithmetical computations as
possible. All of our algorithms achieve runtime and sampling complexities that are sub-
linear in the assumed bandwidth of the function. The first class of frequency sparse
functions we will consider are functions with short frequency support, meaning that all
frequencies corresponding to significantly large Fourier coefficients are contained in an
interval of length B in Z. We introduce two new algorithms arising from different sim-
plifications of Algorithm 2 in [Iwel0], which is a deterministic sublinear-time algorithm
for computing the Fourier coefficients of an arbitrary B-sparse function from samples.
Algorithm 2 in [Iwel0| requires very complex sampling schemes that can be relaxed in
two ways by utilizing the short frequency support, resulting in one algorithm with a

runtime of .
log2 N
0 (B log BOgBN>
loglog &



and another with a runtime of

o ((B—l—logN)logNlo 9 <B+logN>)
log? B log B '

All existing deterministic FFT algorithms for recovering sparse functions from samples
have runtimes which scale quadratically in the sparsity B and are thus slower than our
algorithms. Both of the algorithms are deterministic and require a priori knowledge of
an upper bound on the support length B of the function we aim to recover.

The second class of frequency sparse functions we will investigate in this thesis are
functions with polynomially structured sparsity. This means that the frequencies corre-
sponding to significantly large Fourier coefficients are generated by evaluating n polyno-
mials of degree at most d at B consecutive points. Polynomially structured sparsity is a
generalization of the concept of short frequency supports, since a short frequency support
can be interpreted as being generated by evaluating a single monic linear polynomial at
B consecutive points. We will derive a deterministic algorithm that computes the Fourier
coefficients of a polynomially structured sparse function from samples in sublinear time.
This algorithm, which is, to the best of our knowledge, the first deterministic algorithm
for recovering polynomially structured sparse functions, can be seen as a generalization of
Algorithm 2 in [Iwel0] and Algorithm 3 in [Iwel3]. The key feature of our new algorithm
is the restriction of the input function to frequencies that satisfy certain congruency
conditions, which contributes significantly to its

<Bd2n3 log® N>
log?(2dn)

runtime. Our algorithm needs a priori knowledge of upper bounds on the number of
polynomials n, their maximal degree d and the number B of evaluation points. For the
special case of block frequency sparse functions, where all generating polynomials are
monic, our method can be slightly simplified, yielding an algorithm with runtime of

(Bn2 log Blog* N)
log?(2n)

This runtime scales subquadratically in the sparsity Bn, thus performing better than all
previously existing deterministic FF'T methods for frequency sparse functions.

Discrete Cosine Transform

The second part of this thesis covers a particular sparse trigonometric transform, the
discrete cosine transform of type II (DCT-II). It is a well-known fact that the cosine and
sine functions are the eigenfunctions of the homogeneous harmonic oscillator system

W4+ Au=0

on the domain [0, 7]. Discretizing this system, which is necessary for any kind of practical
application, where all measurements can only be realized discretely, yields discretized co-
sine and sine functions. As eigenfunctions or eigenvectors of the discretized homogeneous
harmonic oscillator they constitute the basis functions for the different types of discrete
cosine and sine transforms (DCT and DST). More precisely, it has been shown in [Str99|
that the different types of the DCT and DST are “the natural outcome of different com-
binations of homogeneous boundary conditions applied to the discretized solution of a



simple harmonic oscillator equation”, see [BYRO06|, Section 2.1. For example, the basis
functions of the discrete cosine transform of type I (DCT-I) can be obtained by applying
Neumann boundary conditions at both ends of N equispaced grid points, and the basis
functions of the discrete cosine transform of type II by applying the Neumann boundary
conditions mid-grid at —1 and N —1. See [Str99] and [BYRO06], Section 2.6, for a detailed
explanation of this approach.

Using Neumann boundary conditions at 0 and either Neumann or Dirichlet boundary
conditions at the far end, yields the DCTs of types I-IV if the conditions are applied
either at grid points for both ends or mid-grid for both ends. If one of the boundary
conditions is applied at grid points and the other one mid-grid, one obtains the DCTs of
types V-VIII, which are used less often in practice.

The closely related DSTs can be found by using Dirichlet boundary conditions at 0
and either Neumann or Dirichlet boundary conditions at the far end. Following the same
naming conventions as for the DCTs, the application of the boundary conditions at grid
points for both ends or mid-grid for both ends yields the DSTs of types I-IV, and the
application of one condition at grid points and the other one mid-grid yields the DSTs
of types V-VIII, which are also of little practical importance.

All types of the DCT and the DST, often referred to as the discrete trigonometric
transforms, possess some very important properties. For example, all of them can be
written as a multiplication with an orthogonal transformation matrix. Other properties
include linearity, scaling in time, shifts in time, and difference and convolution properties.

Some of the discrete trigonometric transforms have been shown to be very useful for
a variety of problems in the area of digital signal processing. From the motivation of
their definition as solutions of the discretized homogeneous harmonic oscillator it is not
at all apparent why this should be the case. Nevertheless, it can be observed that the
DCT-II diagonalizes the correlation matrix of a stationary Markov-1 signal. Since in fact
many signals in practical applications are approximately stationary Markov-1 signals,
this makes the DCT-II a powerful tool for dealing with such signals.

There even exists a transform that exactly diagonalizes the correlation matrix of any
signal, the so-called Karhunen-Loéve transform (KLT), see, e.g., [Kard7, Loé43|.

It can be shown that the KLT is an optimal transform with the following properties,
cited from [BYRO6|, Section 3.2.

(i) It completely diagonalizes the signal in the transformation domain.
(ii) It minimizes the mean square error in bandwidth reduction or data compression.

(iii) It contains the most variance (energy) in the fewest number of transform coeffi-
cients.

(iv) It minimizes the total representation entropy of the data sequence.

These properties would make the KLT indispensable in signal processing and many other
areas if there existed a fast transformation algorithm for it. Unfortunately, as the KLT is a
highly signal dependent transform, this is not the case, which makes the KLT impractical
for applications. Instead, researchers were interested in finding a predetermined, i.e.,
signal independent, basis that approximates the KLT well. This actually leads us back
to the discrete trigonometric transforms. As proven in [AF82, Kit80, KSK77|, the DCT
of types I and II can be derived precisely as a solution for the problem of approximating
the KLT for stationary Markov-1 signals. Thus, they are asymptotically equivalent to
the KLT, which explains their great applicability to signal processing problems. For



the DCT-I the asymptotic behavior is obtained if the matrix size N approaches infinity
and the adjacent correlation coefficient p does not approach 1. For the DCT-II, whose
decorrelation property is independent of N, one has to consider the case where p tends
to 1. Furthermore, the KLT is also asymptotically equivalent to the DFT for stationary
Markov-1 signals if N approaches infinity.

Still, the DCTs and DSTs would never have been so widely used in signal processing
if their computation was only possible via the above-mentioned matrix-vector multipli-
cation, as such a multiplication has a runtime of O (N 2) for the dense DCT and DST
matrices. Fortunately, as for the DFT, extensive research in the past few decades has pro-
vided us with a variety of fast algorithms with runtimes of O(N log V). See, e.g., [RY90],
Chapter 4, and [BYRO06], Chapter 4, for an overview of many such methods.

For plenty of applications these improved runtimes are sufficient. However, over the
past few decades, in many areas of application the amount of input data that has to be
processed has increased faster than the computing power, making even faster, sublinear
runtimes necessary. As for the DFT, this is not possible for arbitrary input vectors,
though there has been some progress in developing faster algorithms for certain a priori
sparsity assumptions.

Contribution to Sparse DCTs

In the second part of this thesis we will investigate the deterministic reconstruction of
sparse vectors from their DCT-II transformed vectors. We will assume that the vectors
we aim to recover have a short support, meaning that the indices corresponding to
significantly large entries are contained in an interval of short length m. We will develop
two new algorithms for the inverse discrete cosine transform of type II (IDCT-II) which
are, as far as we are aware, the first sparse IDCT-II algorithms specifically tailored to
the cosine bases and the short support.

The first algorithm we will derive is based on the fact that the DCT-II of any vector

X = (xk)fcv:_ol € RY can be directly computed from the auxiliary vector

T _ m2N
y = (%0, T1,...,TN_1, N1, TN—-2,...,%0) € R*".

First, we will develop an algorithm for recovering y, which has a so-called reflected block
support if x has a short support, from its Fourier transformed vector y. In order to do
this we will utilize the notion of periodized vectors introduced in [PW16a]. Our new
sparse IFFT algorithm can detect the support of y on the fly; thus, it does not require
any a priori knowledge of the support length m. Then we utilize this IFFT method to

derive a deterministic, adaptive IDCT-II algorithm for recovering x from xI in

2N
O (m log m log >
m

time. As our IFFT method is specifically designed for the sparsity structure of y that
is induced by the short support of x, it performs better than previously existing sparse
IDCT-II methods employing arbitrary sparse IFFTs.

The DCT-II is a transform that can be computed in a fast way using only real arith-
metic, so we will present another IDCT-II algorithm for recovering vectors with short
support that only requires real arithmetic. The proposed algorithm employs the notion
of reflected periodizations, a DCT-II specific analog to the periodizations arising in the
DFT case. Due to slightly different sparsity constraints, this second IDCT-II method



requires a priori knowledge of an upper bound M on the support length m. It achieves
a runtime of

N
O (MlogM+mlogM>
for input vectors of length N. To the best of our knowledge, our algorithm is the first
existing IDCT-II algorithm for vectors with short support that only uses real arithmetic.
Numerical experiments show that it is even faster than our proposed IDCT-II algorithm
based on special sparse IFFTs.

As many of the problems in which DCTs are used are actually higher dimensional, e.g.,
digital image and video compression, there is also a demand for fast algorithms for higher
dimensions. Thus, we will introduce a new IDCT-II algorithm for recovering a matrix
of size M x N with block support, meaning that all of its significantly large entries are
contained in a rectangle of size m x n, where m and n are small compared to M and
N, respectively. The algorithm is based on generalizations of the techniques developed
for our 1-dimensional IDCT-II algorithm that only uses real arithmetic. Analogously,
the 2-dimensional IDCT-II algorithm requires a priori knowledge of upper bounds on
the support sizes m and n. Under the assumption that N ~ M and n =~ m with upper
bound b > m, it has a runtime of

M M M
(@) <b2 log, b + b* log, > + ?blogQ <2b>> .

As far as we are aware, this is the first 2-dimensional IDCT-IT algorithm for block sparse
matrices that only requires real arithmetic.

Overview

This thesis is divided into two main parts. In the first part we study fast Fourier trans-
form algorithms for 27-periodic frequency sparse functions. We begin by giving a brief
overview of the discrete Fourier transform (DFT) and a variant of it, the centered dis-
crete Fourier transform (CDFT) in Chapter 1. Further, we sketch one of the most famous
algorithms for the fast discrete Fourier transform (FFT), the so-called Sande-Tukey algo-
rithm. As we are interested in FFT algorithms for functions, we then introduce the finite
Fourier transform for 2m-periodic functions and highlight its connection to the CDFT.

In Chapter 2 we develop two related algorithms for recovering 2m-periodic functions
from samples if the input functions satisfy the simple sparsity constraint of having a short
support. We also prove theoretical estimates for their runtime and sampling require-
ments. We conclude this chapter with a numerical comparison of these two algorithms
to other sparse FFT methods regarding both runtime and robustness to noise.

Extending the previous setting, we investigate 27-periodic functions with polynomially
structured sparsity in Chapter 3. We begin by defining this theoretical concept and
then derive an algorithm for polynomially structured sparse functions. Additionally,
we investigate special cases for which our algorithm can be simplified, most notably
block sparsity. For block sparse functions we also provide an adapted version of our
algorithm with reduced runtime. Furthermore, we show theoretical runtime and sampling
bounds for the algorithm for polynomially structured sparsity and the algorithm for block
sparsity. We complete the chapter by numerically investigating the runtime and the
robustness to noise of the algorithm for block sparse functions.

The second part of the thesis is concerned with the related topic of sparse fast discrete
cosine transforms. Instead of recovering functions from samples, we aim to recover a



real-valued vector from its discrete cosine transform of type IT (DCT-II). In Chapter 4
we define the most common types of the DCT and summarize a fast algorithm for the
DCT-II. Further, we recall some important results regarding Vandermonde matrices and
Chebyshev polynomials.

Starting from this background, we introduce two algorithms for the sparse IDCT-II for
vectors with short support. In Chapter 5 we first recall the notions of short support and
periodized vectors, which were introduced in [PW16a|. Then we present an algorithm
for recovering a vector x with short support from its DCT-II transformed vector. The
method is based on recovering an auxiliary vector y of double length from its IFFT.
The vector y has a special sparsity structure, the so-called reflected block support, if x
has a short support. We first develop an IDFT algorithm for recovering y from its FFT
transformed vector by iteratively reconstructing its periodizations. Then we will use this
method to derive an IDCT-II algorithm for vectors with short support. The chapter
closes with theoretical estimates for the runtimes and the number of required samples of
both the sparse IDFT and the sparse IDCT-II algorithm.

In Chapter 6 we introduce a sparse IDCT-II algorithm for vectors with short support
which only requires real arithmetic. We begin by introducing the concept of reflected
periodizations, a DCT-II-specific analog to periodized vectors. Based on them we develop
our algorithm and prove its theoretical runtime and sampling complexities. We conclude
the chapter with a numerical comparison of our IDFT for vectors with reflected block
support and our two IDCT-II algorithms for vectors with short support with other sparse
IDFT and sparse IDCT-II methods.

Transferring the techniques from Chapter 6 to the more general setting of matrices,
we conclude this thesis by presenting a 2-dimensional IDCT-II algorithm for matrices
with block support in Chapter 7. First, we generalize the concepts of short support and
reflected periodizations and use them to derive our algorithm. Then we prove estimates
on its runtime and number of required samples.

Please Note

Parts of this thesis have already been published in our papers [Bit17c, BP18c, BP18a,
BZI19]. I significantly contributed to the publications |[BZI119,BP18c,BP18a|, which con-
stitute Chapters 3, 5 and 6, and I am the corresponding author for all three. Furthermore,
I am the sole author of [Bit17c|, included in this thesis as Sections 2.1 to 2.3, and also
developed the method introduced in Section 2.4 on my own. Finally, the 2-dimensional
IDCT-II for sparse matrices presented in Chapter 7 was also completely developed by
myself.
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1 Fourier Transform

The Fourier transform has proven to be one of the most important mathematical trans-
forms, with applications in, e.g., signal and image processing, engineering, physics, and
data processing. Hence, the efficient reconstruction of signals from Fourier data or from
samples is a problem which has been investigated in great detail over the past few decades.
Before presenting new deterministic sparse fast Fourier algorithms for periodic functions
with structured Fourier sparsity in Chapters 2 and 3, we will provide the theoretical
background for the discrete Fourier transform for complex vectors of length N and the
finite Fourier transform for 27-periodic functions in this chapter.

1.1 Discrete Fourier Transform

Let us begin by defining the discrete Fourier transform (DFT) for complex vectors and
stating some of its properties. The following definitions and theorems are based on

[CLRS09]|, Chapter 30.2, [CG99], Chapters 1 and 3, and [PPST19], Chapter 3.2.

Definition 1.1 (Discrete Fourier Transform (DFT)) Let N € Nandy = (yk)]kvz_ol €
CN. Define the Nth Fourier matriz Fy € CV*V as
N—-1
Fy = (kal) ,
k,1=0
where wy = e~ isan Nth primitive root of unity. Then the discrete Fourier transform

~

y= @k)ff:}l e CN of y is given by
y =Fuyy.

Thus, we can write the entries of y as

N-1

g/]k = Zkalyl Vk e {0,...,N—1}.
=0

It is a well known fact that the Fourier matrix is invertible. For a proof see, e.g.,
[CLRS09|, Theorem 30.7. Consequently, there also exists the inverse discrete Fourier
transform (IDFT).

Definition 1.2 (Inverse Discrete Fourier Transform (IDFT)) Let N € N and
y = (g//\k)sz_l € CN. Then its inverse discrete Fourier transform y = (yk),]f:_ol e CV is
given by

y = FN_1§7

where . )
Fyl= —Fpy=— (wakl> c CNxN

13



1 Fourier Transform

is the inverse of the Nth Fourier matrix. Hence, we find that

N—-1
1 ki~
yk:NlEOwN u VkE{O,...,N—l}.

Note that the Nth Fourier matrix is unitary if the scaling factor in Definition 1.1 is

chosen as LN instead of 1 and the one in Definition 1.2 as LN instead of % The DFT

has many useful properties, some of which are summarized in the following theorem.

Theorem 1.3 Let N € N, y,z € CV, a,3 € C, n € Z and define the flipping matrix
Uy via

1 O 0
(VL0071
Uy = (5k+l)k, =0 ’

0 1 0

where §N) denotes the N-periodic Kronecker symbol,

1 ifk=0mod N
<N>;:{ FRE0mod Noo

k 0 ifk=0 mod N

Further, we define the matrices
N-1 N-1
Py = (6,5:]2_1) and My = diag <<ka> ) .
k,1=0 k=0

Then the following statements are true:
(i) (ay + fz) = ay + bz,
. 1~ 1 ~
(i) y =Fn~'y = LUNFNY,

(i11) ﬁN\y =Uxy and y=Uyy,

() PN"y =MpN"y and My "y =Ppy"y,
1 N-1
(v) v (v.2) = (v,2) = kZ—O Yk Zk-

For a proof see [PPST19|, Chapter 3.2.3, Theorem 3.26.

Remark 1.4 It follows from Theorem 1.3 (ii) that, as the multiplication of Uy and a
vector y € CN only reorders the entries of y, the DFT and the IDFT can be computed
using the same algorithm with runtimes of the same order. O

The DFT of a real vector y and the vector obtained by cyclically shifting all entries
by half the vector length are also closely related, as was shown in [PW16a|, Lemma 2.2.

j+1 20+1_1 j+1
2 c R2

, 7 >0, and let the shifted vector u! := (u,lg)k,zo

Lemma 1.5 Let u e R
be given by

u,lC "= U(k429) mod 29+15 ke {0, 20T 1} .
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1.1 Discrete Fourier Transform

Then GT satisfies - ‘
uy=(-D*a,  Vke{o,...,27 —1}.

1.1.1 Fast Fourier Transform

Computing the DFT of a vector y € CV via the matrix-vector multiplication from
Definition 1.1 has a runtime of O (N 2). However, employing more efficient strategies,
one can develop algorithms with a runtime of O(N log N). For arbitrary vectors, where
no further a priori knowledge about their entries is given, this runtime can in fact be
shown to be optimal.

In this section, which is based on [CG99|, Chapter 3 and [PPST19], Chapter 5.2, we
will briefly outline one of the most widely known fast DF'T (FFT) algorithms, achieving
a runtime of O(N log N).

By Definition 1.1, the DFT of a vector y € CV can be computed by multiplying the
matrix Fy by y. However, being a Vandermonde matrix (see Chapter 4.4 for more de-
tailed information on Vandermonde matrices), F has a very special structure which can
be exploited using the so-called divide-and-conquer paradigm to obtain fast algorithms
for the computation of Fyy. There exists a variety of FFT algorithms based on this
approach, see, e.g., |CT65, GS66,Ber68|. In [CG99|, Chapter 3, the divide-and-conquer
technique is characterized as follows:

Step 1 Divide the problem into two or more subproblems of smaller size.

Step 2 Solve each subproblem recursively by the same algorithm. Apply the bound-
ary condition to terminate the recursion when the sizes of the subproblems
are small enough.

Step 3 Obtain the solution for the original problem by combining the solutions to
the subproblems.

The most widely known FFT algorithms are radiz-2 algorithms, which are based on
separating the computation of the DFT of a vector y € CV into two DFT computations
of half length. Applying this idea recursively implies that these methods are best suited
for vector lengths N that are a power of 2, since then one can employ the above steps
until the vector length in the subproblems is 1. Let us thus assume that N = 27.

There are two main possibilities for reducing the problem of the DFT computation
to a DFT computation of half length, decimation in time and decimation in frequency.
Recall that by Definition 1.1 we have that

N-1
Uk = Z wn ™y (1.1)
1=0

for any y € CV. The vector y is sometimes said to be contained in time-domain and the
vector y in frequency domain, analogously to time and frequency domain for the Fourier
transform for square-integrable functions f: R — C, see, e.g., [PPST19|, Chapter 2,
and the finite Fourier transform for 2w-periodic functions, see Section 1.2 of this thesis.
Decimation in time means that we split the sum in (1.1) into two sums such that each
sum only involves half of the entries of the time-domain vector y. To be precise, one sum
only depends on the evenly indexed entries of y and the other one only depends on the
oddly indexed entries. This approach yields the so-called Cooley-Tukey FFT algorithm,
see [CT65].
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1 Fourier Transform

We will now explain the second idea of decimation in frequency in more detail. This
method, often referred to as the Sande-Tukey algorithm, was first described in [GS66].
In fact, by writing the required operations for decimation in time and decimation in
frequency algorithms in matrix form, and factorizing the occurring matrices, one can
show that each of the methods can be derived from the other. Analogously to the idea
of decimation in time, in each step we restrict the entries of the frequency-domain vector
y, which is returned by the method, to the evenly and the oddly indexed ones. Then
both the evenly and the oddly indexed entries of ¥ can be computed with the help of a
DFT of length % This can be achieved by rewriting (1.1) as follows,

Yo

ﬂkZZwN yl+ZwN Y

m‘z

_ZWN Z/l+ZWN Z/Hf

2

= > o (mtuyen®)  VEe{o.. N1} (1.2)
=0

2z

Now we consider the evenly and the oddly indexed entries of y separately. First, we
focus on indices of the form k = 2k, where k' € {0, ..., % —1}. Then (1.2) yields

~ 2k'1 K'N
Yo' = WN (yz+yl+ngv )

If we define the vector y(N/2)e ¢ C% via

o N
yN2he wtyLy Yl {o,...,2—1},

we find that (1.3) implies

Wl N
?//\Qk’ :y(N/2)7ek/ = W% yl(N/Q) Vk/E {07...,—1}, (14)

N_
so the vector (@\2k’)k2':()1 can be computed via a DFT of length %, which is the first
subproblem of half size.
For oddly indexed entries of the form k = 2k’ +1, where k' € {0, ceey % — 1}, it follows
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1.1 Discrete Fourier Transform

from (1.2) that

N_1
2
~ 2k"+1)1 2k +1) ¥
Yok'41 = wy KD (yl +yz+ng( * )2>
1=0
N
X1
k'l X
= Wy WN <yl+yl+NWN WNQ)
1=0
N
|
k'l
= wy (yl - yH%) WN (1.5)
1=0

N
2

Defining the vector y(/2):¢ ¢ C

o N
yl(N/Z), = (yl—yH%)le VlE{O,,2—1},

via

(1.5) yields

o[z
AR

~ e ’ N
Gowrar = y(N/20, = 37 @y MLyNe g e {o, g 1} , (1.6)
1=0

N4

N
so the vector @%/H)E,:_Ol can also be computed using a DFT of length %, which gives
us the second subproblem of half size. By construction of the subproblems, every entry
of y is calculated exactly once if both subproblems (1.4) and (1.6) are solved.

By Step 2 of the divide-and-conquer paradigm, the same idea of splitting the sum for
the matrix-vector multiplication is now applied to the DFTs of the two vectors y(V/2).e
and y(N/2):° in (1.4) and (1.6), resulting in two new subproblems of computing the DFT
of a vector of length % for each of the %—length vectors. As we assumed that N = 27/,
this idea can be applied repeatedly until the final 27 subproblems have length 1.

It still remains to be shown that this method indeed improves the runtime of O (N 2) of

the matrix-vector multiplication F yy. Computing the two vectors y(V/2),e (N/2),0

and y
requires 2 - % = N complex additions and % complex multiplications with the so-called
twiddle factors wy' for | € {O, cee % — 1}. Furthermore, two DFTs of length % of the
vectors y(V/2)¢ and y(V/2):© have to be computed. Instead of calculating these DFTs
directly, we split each of the two vectors again into two vectors of length %. Thus, the
second step also requires 2-2‘% = N additions and 2‘% = % complex multiplications, in
addition to 4 DFTs of length 7. Repeatedly applying this idea until subproblem vectors

of length 1 are achieved, the Sande-Tukey algorithm performs J steps altogether, using

J—1
> N=NJ=Nlog, N
§=0
complex additions and
J—1
N N
Z ? = ? 1Og2 N

J

complex multiplications. This yields an overall runtime of O(N log N).
The closely related Cooley-Tukey algorithm, based on decimation in time, also has a
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1 Fourier Transform

runtime of O(N log N). Furthermore, it can be shown that for arbitrary input vectors
y € CV the order N log N of the runtime of these FFT methods is optimal, i.e., that there
cannot exist a general FFT algorithm with a runtime below O(N log N), see [Mor73].

There also exist radiz-4 algorithms for vector lengths N = 47, see, e.g., [Ber68, Nus82|,
and so-called split-radiz algorithms, which combine radix-4 and radix-2 methods, see,
e.g., [Yav68, DH84|.

Remark 1.6 FFT algorithms also exist for vectors whose lengths are not powers of 2.
For vectors with small prime length see, e.g., [Rad68|, and for vectors with lengths that
are powers of a single prime see, e.g., [Win78|. If the vector length is the product of two
relatively prime numbers, [Goo58, Nus82|, among others, provide fast algorithms. There
also exist FF'T algorithms if the vector length is the product of several small primes, see,
e.g., |Ber67].

Even for completely arbitrary vector lengths, e.g., [Blu70, RSR69] presented FFT pro-
cedures with a runtime of O(N log N). These methods utilize that the DFT of a vector
can be written as a convolution. The computation of this convolution can be embedded
into a circulant matrix whose size is a power of 2. For an efficient calculation of the DFT
this matrix has to be diagonalized, which only needs a DFT that can be found using,
e.g., a radix-2 algorithm like the Sande-Tukey algorithm sketched above. See [CG99],
Chapter 13, for a more detailed explanation of this approach.

Thus, even for arbitrary vector lengths IV, there always exist methods with a runtime
of O(Nlog N) and a sampling complexity of O(N). Hence, we assume throughout this
thesis that any N-length DF'T computation requires O(N log N) arithmetical operations.

O

1.1.2 Centered Discrete Fourier Transform

For certain applications it is more convenient not to index the entries of a Fourier trans-
formed vector ¥ € CV from 0 to N — 1, as in Definition 1.1, but from — (%1 + 1 to
L%J This usually makes sense if one is referring to frequencies in Fourier domain, as we
will do in Chapters 2 and 3. For this reason we also define the centered discrete Fourier
transform (CDFT). As we will never use both the DFT and the CDFT for the same
problem, we denote both of them by y and clarify at the beginning of each section which
transform will be used in the following.

Definition 1.7 (Centered Discrete Fourier Transform (CDFT)) Let N € N and
N

y = (yk)g;ol € CN. Its centered discrete Fourier transform 'y = (7,) 7] (3741 e CVNis
v=—|%
given by _
y = Fny,

(CN><N

where the Nth centered Fourier matriz F N € is defined as

_ e
Fyv o= — ( I/k‘)
NEN Y 841,k

N-—1
_ % (o - on*([5140)
v, k=0

— Ewding ((wn CTET) TN 7
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1.2 Finite Fourier Transform

Consequently, we can write the entries of y as

N-1
~ 1 vk N N
yV:NZwN Yk VVG{—’V2“+1,...,\‘2J}.
k=0
Lemma 1.8 The Nth centered Fourier matrix F N is invertible with inverse matrix

£yt = v (o)
= (T 1y )

k,v=0
_ (wakZ/)N_l’ L%J y .
k=0, v=— [71 +1

Proof. The proof follows immediately from Definition 1.2 and (1.7), since the diagonal
matrix in said equation is invertible. O

Remark 1.9 Due to (1.7), the transformation matrices Fy and Fy only differ by the
multiplication with a diagonal matrix whose entries are Nth roots of unity. Thus, the
CDFT can be computed using the same fast algorithms as the DFT after performing the
O(N) operations necessary for the multiplication. We also obtain a sampling complexity
of N and a theoretical runtime of O(N log N) for the CDFT using the FFT mentioned in
Section 1.1.1 for arbitrary vector lengths N. Consequently, we will henceforth say that
we apply the FFT to a vector without specifying whether we used Definition 1.1 or 1.7,
i.e., the CDFT or the standard DFT, as for all our purposes these two methods have the
same order runtime. From the context it will always be clear whether we are employing
the DFT or the CDFT. Furthermore, the multiplication with the diagonal matrix in (1.7)
does not change the absolute values of the entries of the vector it is applied to. Hence,
for any y € CV, Fyy and F ~NY have the same number of non-zero entries and also the
same number of entries with small absolute value. O

1.2 Finite Fourier Transform

The concept of Fourier transforms does not only exist for vectors, but also for periodic
functions, and for absolutely integrable functions from R into C. All of these transforms
are related, but there is a very close connection between the discrete Fourier transform
and the one for periodic functions. For the remainder of this thesis we only consider
2m-periodic functions. However, the concepts discussed herein can also be extended to
general P-periodic functions. The following section is based on [Fol92|, Chapter 2.1
and [PPST19|, Chapter 1.

Definition 1.10 (Fourier Coefficients and Fourier Series) Let f € L . The
Fourier coefficients of f are given by

1 2w

a(f) = o ), (z)e"*dx Vv eZ.
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1 Fourier Transform

Then the Fourier series of f is defined as

ch(f)e“”r Va e 0,2m).

VEZL

With the help of the Fourier coefficients we can now define the finite Fourier transform
for 2m-periodic square-integrable functions.

Definition 1.11 (Finite Fourier Transform) The mapping Fy,: L3 — ¢? with

Forf = c(f) = (e(f))yez

is called Finite Fourier transform. The vector c(f) is called the finite spectrum of f. The
domain of F is also referred to as time domain, and its range as frequency domain.

The mapping Fo: L%ﬂ — (2 is linear, bounded and bijective, and its inverse, the
verse finite Fourier transform, is the mapping Fz_nl : 2 — L2 with

(Fyle) (z) = che“’x YV € [0,2m).
VEZL

Similar to the DFT, the finite Fourier transform has many useful properties.

Theorem 1.12 Let f,g € L3, a,8 € R, n € Z and x¢ € [0,27). Then the following
statements are true.

(1) claf + Bg) = ac(f) + Belg),
(ii) < (f(- = 20)) = (e7""cu(f)) ez
(iii) (er-n(f)yez = (e (7)) ez
For a proof see [PPST19|, Chapter 1.2, Lemma 1.6.
Theorem 1.13 Let f,g € L3 _. Then the following statements are true.

(i) f has a unique representation of the form

fl@) =" elf)e™,

VEZL

2 -
(ii) (f,9) = % | J@gl@)dr = > alPenlg) = (e(f):e(9))-

VEZL

A proof of these claims can be found in [PPST19|, Chapter 1.2, Theorem 1.3.

One can show that, under certain conditions, the Fourier series of a function f converges
in the L2 -norm (see [PPST19], Chapter 1.3), pointwise (see [PPST19], Chapter 1.4.1,
Theorem 1.34) or uniformly (see [PPST19|, Chapter 1.4.2, Remark 1.38) to f.

Theorem 1.14 Let f: R — C be 2mw-periodic.

(i) If f € L3,, then its Fourier series converges to f w.r.t. the L3 _-norm, i.e.,

27
lim [|f — Sy flly =0,
n—00
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1.2 Finite Fourier Transform

where
n

(Snf)(@) =Y e(f)e”™  Vzelo,2m).

v=—n

(i1) If f is piecewise differentiable, then for every xy € R the Fourier series of f con-
verges as

(f(zo+0) + f(x0—0)).

N |

lim (S f) (z0) =

n—oo
(iii) If f € C3_, then its Fourier series converges uniformly to f.

Theorems 1.13 and 1.14 enable us to identify f with its Fourier series. For the remain-
der of this thesis we consider functions that only have finitely many significantly large
Fourier coefficients, i.e., that satisfy

e (f) <e vVgé{Pﬂ +1BTJ}

for some threshold value € > 0 and large N € N. Then we obtain that

flz) ~ co(f)e™® V€ 0,2m).

1.2.1 Connection between Finite and Centered Discrete Fourier
Transform

For bandlimited 2m-periodic functions the finite Fourier transform and the CDFT are
closely related. Let us first formally define the notion of bandlimited functions.

Definition 1.15 (Bandlimited Function) A function f € L2_ is called bandlimited
on {— {%] +1,..., L%J} for some N € N if

eo(f)] =0 vg{—mﬂwﬂ

The natural number N is called the bandwidth of N.

Let us now consider a function f € L%W with bandwidth N, i.e.,

f@y=" > alfe™™ Vazelo2m). (1.8)

=¥

Note that a function f as in (1.8) is a trigonometric polynomial, see, e.g., [PPST19],
Section 1.2, and as such contained in Cy,. We would like to obtain a connection between
the finite spectrum c(f) of f and the CDFT. As the input argument of the CDFT has
to be a vector rather than a function, we need to discretize f by constructing a suitable
vector of evaluations of f. Since f is bandlimited with bandwidth IV, its finite spectrum
is determined by N Fourier coefficients. Because of the linearity of the DFT and the
CDFT, it is natural to evaluate f at N equidistant points.
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1 Fourier Transform

We define the following vector of N equidistant samples of f on [0, 27),

o () e

If we now apply the CDFT to a”, we obtain for any n € {— [%1 +1,..., L%J} that

—~ 1 o
N _ = nJj -2

N
SN
= N . e N Z cy(f)eT]
T
4 .
= Cy(f)ﬁ ' wy? ()
v=—[&1]+1 j=0
J1 v =n,
o ifv#£a
= ¢ (f). (1.9)

Consequently, by calculating the CDFT of the vector aV € CN of N equidistant samples
of f, we obtain a vector that contains precisely the N Fourier coefficients ¢, (f) of f

for v € {— [%W +1,..., L%J } This vector is just a restriction of the finite spectrum
c(f) € C% of f to the frequencies contained in {— [%] +1,..., L%J },

2 = @ De(- g1 51y €

This means that we can compute the finite spectrum of a bandlimited function, which by
(1.8) and Theorem 1.12 (i) completely defines f, if we calculate the CDFT of the vector
a¥ of N equidistant samples of f. Thus, we can recover f from N discrete, equidistant
samples via the FFT in O(N log V) time.

For functions that are only approximately bandlimited, i.e.,

leu(f)] < e w%{—[]ﬂ +1BTJ}

for some threshold value € > 0 and large bandwidth N € N, with
f(z) ~ Z c(f)e™™ Y e[o,2m),

the FFT of a¥ provides a good approximation of the function.

Remark 1.16 If we apply the CDFT to a vector of equidistant samples of f of length

s < N,ie., to
. 2\ \* ! .,
a’=|f|— e C,
s =0
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1.2 Finite Fourier Transform

we find that
1 -1 —2mign L%J 2migy
a®y = g Ze s c e s
=0 e [H]e
ng s—1
1 Jj(n—v)
= - Cy Ws
S
v—TE1 90
| %]
-y e
=¥+
v=n mod s
forallne {—[5]+1,...,[5]}. 0

Since the O(N log N) runtime of the FFT is, as noted in Section 1.1.1, optimal for
arbitrary N-length vectors, we can only hope to improve the runtime of fast Fourier
algorithms for 27-periodic functions if their Fourier coefficients satisfy additional a priori
known conditions. The by far most interesting case is the one of functions with sparse
frequency support, meaning that most of the corresponding Fourier coefficients are in-
significantly small and that only few of them actually contribute to the Fourier series of
the function. We will investigate different types of sparsity in Chapters 2 and 3.
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2 Sparse FFT for 2r-Periodic Functions
with Short Support

Sparse Fourier transforms have many applications in signal processing, for example
analog-to-digital conversion, see, e.g., [LKMT06, YRR 12], GPS signal acquisition, see,
e.g., [HAKI12|, and wideband communication or spectrum sensing, see, e.g., [HSAT14,
YG12|. Thus, in the first part of this thesis we are interested in deterministically re-
covering 2m-periodic functions f from samples. By Theorem 1.14 it suffices to know the
significantly large Fourier coefficients and the frequencies corresponding to them in order
to obtain a good approximation of f. We can only hope to do this in a more efficient way
than by directly applying the CDFT to the vector of N equidistant samples of f as in
Section 1.2.1 if the number of Fourier coefficients we need to recover is small compared
to the assumed bandwidth NV of f.

Most of the existing sparse Fourier transform methods do not assume any further
structure of the sparsity. The first sparse methods which achieved runtimes that are
sublinear in the bandwidth or vector length N were randomized algorithms. This means
that with a small, usually tunable probability the returned vector is not a good ap-

proximation of the correct solution. Such algorithms have runtimes of O <B logo(l) N ),

see, e.g., [AGS03, GMS05, GGIT02, Man92, HIKP12a, HIKP12c, IKP14, IGS07, CLW 16,
CCW16,LWC13,MZIC18,SI13, CIK18]. More information and implementations can be
found in a survey about randomized sparse FFT algorithms, see [GIIS14].

There also exist deterministic sparse Fourier algorithms where the probability of failure
is zero. These methods include techniques arising from modifications of Prony’s method
with a runtime of O (B?’), see, e.g., [HKPV13,PT14,PTV16|. As many Prony-based
techniques suffer from numerical instabilities for noisy input data, they cannot be ap-
plied to all problems. Other deterministic method utilize arithmetic progressions or the
Chinese Remainder Theorem, see, e.g., [Akal0, Akal4,Iwel0,Iwel3], or other properties
of the DFT, see, e.g., [Mor16, PWCW18|. All of these non-Prony-based methods have in

common that their runtime is O (32 logo(l) N ) Thus, they are sublinear in the vector

length or bandwidth N, but quadratic in the sparsity B. For general B-sparsity it seems
to be extremely difficult to reduce the quadratic dependence of the runtime on B, see,
e.g., [BDF*11,CI16, FR13].

However, if there is some additional a priori information about the sparsity struc-
ture, runtimes scaling subquadratically in the sparsity can indeed be achieved, see,
e.g., [PW16a,PW17a] with runtimes of O(Blog N) and O (B log B log %) Consequently,
we will focus on two types of structured sparsity in the first part of this thesis. To
be more precise, we will always assume that the frequencies associated with signifi-
cantly large Fourier coefficients are contained in a small number, n, of support sets
Sty ySp C© 11— {%W +1,..., L%J }, and that each of the unknown sets S; has a “sim-
ple” structure.

In this chapter we will investigate the special case that there is only one such set S
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2 Sparse FFT for 2r-Periodic Functions with Short Support

and that S is an interval in Z, i.e., that n =1 and
S:{wl,w1+1,...,w1+B—1}

for some starting frequency w; € {— [%] +1,..., L%J — B+ 1}. In Chapter 3 we will
extend our methods for deterministically recovering 27-periodic functions to the case of
frequency supports consisting of several sets with more complex structures.

In the vector setting the special case of n = 1 and S being an interval corresponds
to the case that the vector we aim to recover has a short support. This is precisely the
sparsity assumption of the deterministic sparse FFT algorithms [PW16a, PW17al. See
Section 5.3 for a more detailed explanation of these two methods.

Sections 2.1 to 2.3 in this chapter are based on my paper [Bit17¢c| and are in part iden-
tical with the representations therein. Section 2.4 presents completely new, previously
unpublished results that I developed on my own.

2.1 Sparsity and Short Support

Throughout the next two chapters we will always consider a 27-periodic function f € Co,
with finite spectrum c(f) € C%. We will assume that f has approximately a large band-
width N € N. This means that the Fourier coefficients corresponding to the frequencies
that are not contained in {— [%1 +1,..., L%J } have an absolute value which is so small
that it can be disregarded. Hence, f is of the form

As in practical applications the given data is usually noisy, we will assume that the
function f is perturbed by a 2m-periodic function n € Cs, with c(n) € ¢! satisfying
llc(n)|loc < € for some suitably chosen noise threshold € > 0. Since we aim to recover
f from finitely many samples of noisy data, our main object of interest for now are the
Fourier coefficients of f + 7.

Using a threshold parameter € > 0, we can now formally define the notion of signifi-
cantly large Fourier coefficients.

Definition 2.1 Let f € Cyr, let € > 0 be a suitably chosen noise threshold and w € Z.
A Fourier coefficient ¢, (f) € C is called significantly large if |c,(f)] > €. A frequency w
is called energetic if its corresponding Fourier coefficient ¢, (f) is significantly large.

As already mentioned above, due to the fact that the runtime of the FFT is opti-
mal for arbitrary N-length input vectors, we can only expect to improve its runtime of
O(Nlog N) if it is known a priori that many of the Fourier coefficients are insignificantly
small. This motivates the following formal definition of the concept of sparsity.

Definition 2.2 (Sparsity) Let f € Co; and let ¢ > 0 be a suitably chosen noise
threshold. Then f is called B-sparse if it has only B energetic frequencies.

In this chapter we are interested in functions whose energetic frequencies are contained
in a short interval in Z.
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2.2 Methodical Background

Definition 2.3 (Short Support) Let f € Co,; and let € > 0 be a suitably chosen noise
threshold. If f is B-sparse such that all energetic frequencies are contained in a support

interval ~ N
S = {wl,w1+1,...,w1+B—1}§ {_ ’72-‘ +1,..., \‘2J}

of length B, we say that f has a short (frequency) support of length B.
A short support is, depending on the context, also called block or one-block support.
We will employ a related concept for vectors in Chapters 5 and 6.

Remark 2.4 Since we denote the energetic frequencies by wy,...,wp in order to use
the same notation as in [Iwel0, Bit17c, BZI19|, we need to be able to distinguish the
kth energetic frequency from the kth primitive root of unity. Consequently, in the few
equations where we require to explicitly write down the Nth primitive root of unity in
Chapter 2, we will denote it by wpy to avoid ambiguities. This will not be necessary in
any other chapter of this thesis. %

In this and the following chapter, we will always consider the samples to be taken
from the perturbed function f + n, where n € Ca, satisfies ¢(n) € ¢* and ||c(n)]|s < €.
Consequently, we are recovering a function which might be non-sparse in Fourier domain
and could have an unstructured frequency support. However, if, for example, the nonzero
Fourier coefficients of f all satisfy |c,(f)| > 2¢, then the structured frequency sparsity

of f guarantees that
{w:lea(f +0)| > e} NRE(f+1) € 5,

where R%pt(f +n) C {— [%] +1,..., L%J} contains the indices of B entries of ¢(f + )
with largest magnitudes.

2.2 Methodical Background

Our aim in this chapter is to develop a fast Fourier algorithm that deterministically
reconstructs a function f € Cor from noisy samples if it is known that f has a short
frequency support. In [Iwel0,Iwel3| a deterministic algorithm for the reconstruction of
general unstructured B-sparse functions from samples was introduced, achieving a run-
time that is sublinear in the assumed bandwidth N of f. Using our support set notation,
general B-sparsity means that there are B support sets S1,...,.5p, each containing only

one frequency,
N N

Employing the stronger condition of a short frequency support, we will simplify the meth-
ods from [Iwel0,Iwel3] in two ways. Thus, we obtain two algorithms using significantly
less samples which also have a much shorter runtime.

In order to be able to adapt the procedures from [Iwel0O,Iwel3| to the setting of a
short frequency support, we will first sketch the ideas of Algorithm 2 in [Iwel0] that are
required for reconstructing a function f € Cy,; with short frequency support of length
at most B. Note that Algorithm 2 in [Iwel0] and Algorithm 3 in [Iwel3] are essentially
the same method and are just written down using different notation. For now we will
assume that all samples are known exactly, i.e., that n = 0.
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2 Sparse FFT for 2r-Periodic Functions with Short Support

2.2.1 Reconstruction Procedure for One Frequency

We begin by supposing that the function f possesses only a single energetic frequency
we {—[§]+1,..., 5|} with corresponding Fourier coefficient c,, := c,,(f) € C\ {0}.
We will later extend the reconstruction procedure to several energetic frequencies. Then
f is of the form

f(ﬂ?) =c, - eiwx

Thus, f is completely determined if we can recover w and c¢,. We will do this utilizing
vectors aM of equidistant samples of f, where we keep the slightly unintuitive notation
of aM used in [Iwel0,Iwel3, BZI19, Bit17c|.

Definition 2.5 (Vector of Equidistant Samples) Let f € Cy and M € N. By
aM e CM we denote the vector of M equidistant samples of f, i.e.,

M M\M—-1 27T] M—1
== (7)),
j:

Recall that we learned in Section 1.2.1 that we can recover f by applying the FFT
to the vector a¥ of N equidistant samples of f in O(Nlog N) time. The central idea
of Algorithm 2 in [Iwel0] is to obtain a method with shorter runtime than the FFT by
applying the CDF'T to several vectors of equidistant samples with lengths that are small
compared to the bandwidth V. We choose the CDFT here so that we can consider func-
tions with energetic frequencies contained in the interval {— {%] +1,..., L%J } centered
around 0. In order for this idea to work, the vector lengths have to be chosen in a very
specific way, which we will discuss later on. First, we will investigate what happens if we
apply the CDFT to the vector a™ of M <« N equidistant samples of f. We find that

72771‘71/ 2mijw
I/ E e M Cp€ M
Jj=

M—1
G NS, )
i M’
J=0
¢y, ifv=w mod M, v G{ {M-‘%_l {MJ} 2.1)
= v — | = R :
0  otherwise, 2 2

Hence, aM has exactly one nonzero entry, namely the Fourier coefficient corresponding
to w, and its index is the residue of w modulo M,

21

— 1 , ,
iwr  —iwz
aMw mod M = Cw = % Cw€ - € dz.
0

Consequently, (2.1) gives us the value of the Fourier coefficient ¢, and the residue of
the frequency w modulo M while actually knowing neither ¢, nor w. If we compute the
CDFTs of several such vectors with different lengths, we obtain a system of simultaneous
congruencies. Under certain conditions on the occurring moduli, i.e., the lengths of the
vectors of equidistant samples, such a system can be solved via the well-known Chinese
Remainder Theorem. For a proof and more details, see [Lan05|, Chapter I, §4.
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2.2 Methodical Background

Theorem 2.6 (Chinese Remainder Theorem (CRT)) Let My, ..., My, be pairwise
relatively prime integers and N < H1L:1 M. Further, let r; € {— {%—‘ +1,..., L%J}
for alll € {1,...,L}. Then there exists a unique solution modulo N of the system of
stmultaneous congruencies

xr =1y mod M,

x =r; mod Mj,.

The unique solution of such a system can be computed using the following algorithm
adapted from the implementation ChineseRem in GAP, an open source system for com-
putational discrete algebra (see [Thel8al).

Algorithm 1 CRT Reconstruction Algorithm

Input: Residues rq,...,r; modulo pairwise relatively prime integers My, ..., M.
Output: Integer v € {0,...,M — 1} such that v = 7, mod M; VI € {1,...,L} and
M > T2, M.

1: Set I =1, v=7ry and M = M;.
2: while [ < L do
3: Set [ =1+ 1.

4: (9,u,v) < extended_gcd(M, M)

5: if g# 1 and 7 — v mod g # 0 then

6: Error > The residues have to be equal modulo g.
7 end if

8:

V:M<<%~u> mod Ml) +v
90 M=2.M
10: end while

11: v =v mod M
Output: v, M.

The function extended_gcd in line 4 of Algorithm 1 computes the greatest common
divisor g of two integers a and b using the extended Euclidean algorithm, as well as two
integers u and v satisfying Bézout’s identity, see [Bos06|, Chapter 2.4, Theorem 15.

Theorem 2.7 (Euclidean Algorithm) Let R be a Euclidean ring. For two elements
a,b € R\ {0} consider the sequence zp, z1, ... € R which is given inductively by

Z0 = a,
21 = b,
B z—1 mod zp if zi # 0,
k+1 = ,
0 otherwise.

Then there exists a smallest index n € N such that z,+1 = 0. It satisfies z, = ged(a, b).
Furthermore, there exists an explicit representation of the greatest common divisor of a
and b in the form

g = ged(a, b) = ua + vb

for some u,v € R, which is known as Bézout’s identity.
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2 Sparse FFT for 2r-Periodic Functions with Short Support

It can be shown that for a > b the extended Euclidean algorithm has a runtime of
O (logb); see, e.g., [CLRS09], Chapter 31.2. Thus, Algorithm 1 requires O (Zle log Ml)
arithmetical operations, as we will show in the proof of Theorem 2.22.

If aM is known for sufficiently many pairwise relatively prime moduli M; < N,
le{l,...,L}, with N < Hlel M;, the CRT implies that we can uniquely recover the
energetic frequency w. The corresponding Fourier coefficient ¢, is already given by (2.1),

p—

CLle mod M; = Cw VZE{l,,L}

This means that, instead of computing the CDFT of length N of a!V, it suffices to
calculate L. CDFTs of length My,..., My <« N and reconstruct w from its residues
modulo My,..., My.

Let us illustrate the reconstruction procedure from Algorithm 1 by an example.

Example 2.8 Let f € Cor, f(z) = €210 with bandwidth N = 1,000. According to the
CRT, the single energetic frequency w is uniquely determined modulo N by its residues
modulo M7 = 10, My = 11 and M3 = 13, as My, My and M3 are pairwise relatively prime
and their product is 1,430. Locating the nonzero entry of al® all and al?, we find

(1/1\00:1 = w=0mod 10 = r; =0,

0;1\11:1 = w=1mod1ll = ry:=1 and

aBy=1 = w=2mod13 = ry:==2

Now we can recover w from its residues rq,79 and r3 using Algorithm 1. We begin by
setting M := M; = 10 and w = r; = 0. Then, with

ged(M,My) =1=-1-10+1-11,
it follows that u = —1, and thus obtain

w=M-(((re —w)-u) mod M)+ w
=10-(((1 =0)-(-1)) mod 11)+0
=10-10
= 100.

The frequency w = 100 satisfies that w = 0 mod 10 and w = 1 mod 11. Now we update
M = My - M = 110. Since

ged(M, M3) =1=-2-110+417- 13,
we have that u = —2, so we redefine

w =110 (((2 — 100) - (—2)) mod 13) 4 100
=110 - (196 mod 13) 4 100
= 210.

Finally, we set M = M3- M =1,430. Asw e {—[Z]+1,..., 5]} = {-499,...,500},

the output of Algorithm 1 is w = 210 and M = 1,430. The obtained frequency w indeed
satisfies the required congruencies w = 0 mod 10, w = 1 mod 11 and w = 2 mod 13.
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2.2 Methodical Background

The Fourier coefficient ¢, is given by (2.1) as, e.g.,
c, = al¥% = 1.

For the above computation three CDF'Ts of lengths 10, 11 and 13 were necessary; hence,
only 34 instead of N = 1,000 samples of f were used. Moreover, as we discussed in
Section 1.1.1, there exist fast algorithms for the DFT of vectors of arbitrary length,
and, by Remark 1.9, also for the CDFT, so the three CDFTs can be computed in

o (Z?:l M; log Ml) time, instead of calculating one CDFT with complexity O(N log V).
We will show in the proof of Theorem 2.22 that the frequency reconstruction needs
O (Zf’:l log Ml> arithmetic operations, which is insignificant compared to the compu-
tational costs of the CDFTs. O

However, as soon as the function we aim to recover has more than one energetic fre-
quency, the residues of these frequencies can coincide modulo various integers. If we
choose the moduli M; arbitrarily, it can happen that w; = ws mod Mj, so it is impossi-
ble to distinguish these two frequencies mgiulo M. Furthermore, we cannot determine

the values of the Fourier coefficients from a1, This means that in the case of a B-sparse
function, we have to choose the moduli M; carefully in order to avoid ambiguities. With-
out a priori knowledge of the energetic frequencies, guaranteeing unique recoverability
requires a more involved reconstruction procedure.

2.2.2 Reconstruction Procedure for Several Frequencies

Let us now examine a 2m-periodic function f € Cy, with B distinct energetic frequencies
wi,...,wp € {—[§] +1,..., 5]} and their Fourier coefficients c,,, ..., ¢, € C\ {0},

B
f(x) e chk . eZOJk:L"
k=1

Note that for an arbitrary s € N the CDFT of the vector a® of s equidistant samples of
f given by Definition 2.5 satisfies

s—1 B -
o~ 1 —2mijv 2mijwy
as, = 3 g e s E Cwp€ ¢

7=0 k=1

1 B s—1
— I3 e S w e
S
k=1 =0

B

= ) (2.2)

k
v

=1
wr=r mod s

forall v € {— (%—| +1,..., L%J }, see also Remark 1.16. Since the B energetic frequencies
are distinct, there exists an s € N such that their residues modulo s do not coincide.
This motivated the use of the notion of separation in [Iwel0].
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2 Sparse FFT for 2r-Periodic Functions with Short Support

Definition 2.9 (Separation) Let s,B € N and wy,...,wp € Z be distinct. Then s
separates the integers wy,...,wp if

wr mod s #w; mod s Vk,le{l,...,B}, k#L.

It is intuitively clear that we need the chosen moduli M; to separate all energetic
frequencies. We assume for the moment that such a separating s is known. If we apply
the CDFT to a®, (2.2) yields that

Cw, frv=w; mod s,

Cwp if v =wp mod s,

0 otherwise,

Hence, a® has exactly B nonzero entries and their indices are the residues of the energetic
frequencies wy, modulo s, as the frequencies’ residues cannot coincide due to the separation
property of s. However, this is still not sufficient for unique recovery of the energetic
frequencies and their corresponding Fourier coefficients. If the Fourier coefficients of
some of the frequencies are equal, (2.3) yields that it is impossible to directly match
their residues modulo any separating integer uniquely to the frequencies.

In order to be able to apply the CRT reconstruction from Algorithm 1 for finding
wi,...,wp, we have to choose the moduli M; in a way that allows us to/dgtermine
for each frequency the residue modulo M; just from entries of the vector aM: for all
le{l,...,L}. We define the required moduli using that for all p € N and a,b € Z the
following holds,

(¢=bmod ps = a=bmod s)

< (aZbmod ps < a#bmod s). (24)

Consequently, if s separates the frequencies w1, ...,wp, so does ps for all p € N, which
means that we can generate infinitely many separating natural numbers if one such
number is known. Then, as in (2.3), we obtain that the residues of all energetic frequencies
modulo ps can be obtained from ars. However, for several distinct values of p, the
numbers ps are of course not pairwise relatively prime anymore, so we cannot apply
Algorithm 1 directly to the residues modulo ps. Instead, we will use the residues modulo
the p, choosing finitely many such that the prerequisites of the CRT are satisfied for them
and s. If we tried to obtain the residues modulo p directly from a?, we would still have
the problem of uniquely matching the energetic frequencies to the residues. Computing
the residues modulo p from aP’ instead solves this problem. Hence, the moduli we use
for the CRT reconstruction are not the same as the lengths of the vectors of equidistant
samples of f.

The residue of any integer a modulo p can be computed from its residue modulo ps by

a mod p = (a mod ps) mod p VaceZ. (2.5)

The simplest way to ensure the prerequisites of the CRT is to take the L smallest prime
numbers t1,...,tr that are relatively prime to s such that

L-1 L
S-Htl<N§3~Htl, ged(t,s) =1 Vie{l,...,L}.
1=1 1=1
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2.2 Methodical Background

We show now how to correctly find the residues of the unknown frequencies modulo all
the t;s. Let us fix an arbitrary residue rg modulo s such that C?STO # 0. By w we denote
its still unknown corresponding energetic frequency. In order to simplify the notation,
we just consider an arbitrary prime p, but the same procedure works for all primes ¢;.
How can we find the residue of w modulo p? From (2.3) we know that

—~ ~

aP?, mod ps = Cw = a%y mod s>

so the residue of w modulo ps can be found by comparing it to its residue modulo s.
Since w = rg mod s, it is of the form

w=ro+a-s
for an a € Z, and its residue modulo ps satisfies
w mod ps = (rg + as) mod ps =rp+ (a mod p)-s =: 7+ byin - s (2.6)

for bmin := a mod p € {—[5| +1,...,|5]}. We do not know a yet, but by (2.6) we
only have to check p possible values in order to find the correct residue of the frequency
w modulo ps, instead of checking ps possibilities. Recall that due to the separation
property of s we have that

ro =w mod s # wi mod s Vke{l,..., B} withw # wg.

Then
(ro+bs) mod s # wr, mod s Vke{l,...,B} with w # wg,

and therefore (2.4) yields that
(ro+bs) mod ps # w, mod ps Vke{l,...,B} with w # wy (2.7)

for all b € {— [%] +1,..., LgJ } Consequently, none of the p possible values rg 4 bs for
the residue of w modulo ps from (2.6) can coincide with the residue of another energetic
frequency wy # w modulo ps. Therefore, we cannot match a wrong energetic residue to
w if we restrict ourselves to the p possible residues from (2.6). Exactly one of the p values
/\To—i-bs, where b € { [ W +1,. L J} is not zero but equal to a®,, = c,,. Hence, we
can determine w mod ps by comparing asro and aP* ro+bs for all possible values of b, i.e.,

w mod ps =19+ byin - S

P

min c/L\STO — aP% o tbs| - (2.8)

be{-[5]+1. 5]}

Having found the residue of w modulo ps from (2.8), its residue modulo p can be calcu-
lated with the help of (2.5) via

=

5 _ ops —
a To ab 70+bmin-s| —

w mod p = (w mod ps) mod p. (2.9)

Recall that this procedure can be used to determine the residues of w modulo ¢; for all
l€{1,...,L}. After computing the residues modulo all ¢;, we can uniquely reconstruct
w from its residues modulo s, t1, ..., tr, using Algorithm 1. Since s separates all occurring
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2 Sparse FFT for 2r-Periodic Functions with Short Support

frequencies, the Fourier coefficient ¢, is given by (2.3) as
Cw = C/L\sw mod s- (210)

The remaining frequencies and their coefficients can be found analogously. Due to the
separation property of s, all residues are matched to the right frequency and thus all
energetic frequencies and their corresponding Fourier coefficients are found correctly.

We also demonstrate the reconstruction procedure for 2w-periodic functions with sev-
eral energetic frequencies by an example.

Example 2.10 Let f € Oy, f(x) = e #1050 84220 4 02102 with hbandwidth N = 1,000
and assume that it is known a priori that s = 10 separates the frequencies w; = —105,
wo = 42 and w3 = 210. Indeed, we have that

w1 =5 mod s, w9 =2 mod s and w3 =0 mod s.
Computing the CDFT of the vector a'® of 10 equidistant samples of f, we obtain
ald = (0,0,0,0,1,0,—1,0,0,1)7.

This vector already shows that we cannot uniquely match the frequencies w; and ws to
their residues modulo 10, since al% = al% =1 = ¢, = cu,. Instead, we choose an

arbitrary residue rg modulo 10 such that C;R)TO £ 0, eg., rg = 5 with c;ﬂ)m = 1. Now
we reconstruct the frequency corresponding to this residue modulo s. In practice the
frequencies are not known a priori, so let us just denote the frequency corresponding to
the residue 79 = 5 modulo s by w, as we cannot tell yet that it is wy.

In order to ensure the prerequisites of the CRT, we set t1 := 3, o := 7 and t3 := 11,
since 3, 7,11 are relatively prime to s = 10, and 10-3-7 = 210 and 10-3-7-11 = 2,310.
It follows from (2.6) that the t; possible residues of w modulo 10 - ¢; satisfy

w mod (10‘tl)€{m+b'101b€{_rﬂ +1V21J}}

for I € {1,2,3}. For t; = 3 this yields
w mod 30 € {-5,5,15}.

a’0_5 = a305 =0 and a305 =1,

using (2.8) we find that by, = 1, so we have
w mod 30 = rg + bpin - s = 15.
By (2.9) we obtain for the residue of w modulo 3 that
w mod 3 = (w mod 30) mod 3 =0.
Analogously, we find for t5 = 7 that

w mod 70 € {—25,—15,-5,5,15,25,35}.
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2.2 Methodical Background

It follows from - - -
a70_25 == a7025 =0 and a7035 =1

that byin = 3, so
w mod 70 = 79 + bmin - S = 35.

Consequently, we have that
w mod 7= (w mod 70) mod 7 = 0.
For t3 = 11 the residue of w modulo 110 has to satisfy that
w mod 110 € {—45,—-35, —25,—15, —5,5, 15,25, 35,45, 55}.

Since

—

all0 4o — ... = qll0_ o — gl10, — ... — gll0 . — and alldy — 1,

we find that by, = 0, and thus
w mod 110 = rg 4 byin - s = 5.
Hence, we obtain for the residue of w modulo 11 that
w mod 11 = (w mod 110) mod 11 = 5.

Now we can reconstruct the frequency w from its residues w = 5 mod 10, w = 0 mod 3,
w=0 mod 7and w =5 mod 11 via the CRT procedure from Algorithm 1, which yields

w=—105 € {—499,...,500}.
By (2.3), the corresponding Fourier coefficient is given as
cw = a1%_105 mod 10 = a'¥5 = 1.

Thus, we have correctly recovered the frequency wi; = —105 and its Fourier coefficient
cw, = 1, even though w; is not the only frequency with Fourier coefficient 1. The two
remaining frequencies wo and/ng can be found analogously, starting with the other two
significantly large entries of alV. As a last step let us compare the residues of the three
energetic frequencies modulo st;. We have that

wy = 12 mod 30 and w3 =0 mod 30,
w9 = —28 mod 70 and w3 =0 mod 70,
w2 =42 mod 110 and w3 = —10 mod 110.

Since we know from (2.6) that

wi mod 30 € {~5,5,10},
w1 mod 70 € {—25,—15,...,35},
wi mod 110 € {—45,-35,... .55},

we can discern that for a fixed [ € {1,2,3} indeed none of the ¢; possible values for the
residue of w; modulo st; collides with the residue of another energetic frequency modulo
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st;, thus illustrating what we already proved in (2.7).

In order to recover the function f with this method, we essentially calculated four
CDFTs of lengths 10,30,70 and 110, which together require 220 samples of f instead
of the N = 1,000 samples needed by the single CDFT of length N for finding the
Fourier coefficients from a¥ as in Section 1.2.1. The shorter CDFTs can be computed in
@] (Z?:o st log(stl)) time instead of O(N log N) time for the N-length CDFT. As we

remarked in Example 2.8, the effort of the frequency reconstruction via Algorithm 1 is
insignificant compared to the computational effort of the CDFTs. O

So far, we just assumed that a natural number s separating all energetic frequencies is
known. However, for arbitrary at most B-sparse functions with unknown frequencies, as
in [Iwel0,Iwel3|, guaranteeing that any s separates all energetic frequencies is impossible.
With some combinatorial constructions it could be shown in [Iwe10] that for a suitable K
depending on B and N at least more than half of K integers s1,. .., sz, satisfying certain
additional properties, separate all energetic frequencies. Applying median techniques
then yields the correct frequencies and coefficient estimates. In Chapter 3.2, we will go
into more detail about these aspects of the algorithm. For now, we just note that, for
a function with B-sparse frequency support and bandwidth N, Algorithm 2 in [Iwel0]
uses the L smallest primes #1,...,7 7 such that

1

1 <
1

1
|

| =

i
< Ht}.
=1

Then 3; is chosen as the smallest prime that is greater than both B and i Setting
K =8B Lloggl NJ + 1, one additionally chooses s3,..., 5%
that are greater than $;. Then the/ilgorithm requires the sampling vectors a®*t and
computes the K- (E + 1) CDFTs a’t for all k € {1, .. ,[?} and [ € {O, e ,[i}.
Employing some combinatorial constructions, the algorithm returns the B most en-
ergetic frequencies and accurate estimates for their corresponding Fourier coefficients if
the input data is noisy. Note that the sparsity of the function we aim to recover does

not have to be known a priori; a good upper bound B on it suffices. Both Algorithm 2
in [Iwel0] and Algorithm 3 in [Iwel3] have a runtime of

l

as the K — 1 smallest primes

B?  log* Nlog?(Blog N)
log? B log log %

and require

B?  log* Nlog(Blog N)
log? B log log %

samples.

Remark 2.11 Note that, as the distance between increasing prime numbers is often
rather large, it might be possible to omit some of the smaller prime numbers #; while still
satisfying that their product is greater than %. For example, if N = 1,000 and B = 3,
choosing the #; as above would yield #; = 2, #, = 3, t3 =5, t4 = 7 and 5 = 11, since

2-3-5-7:210<%§2-3-5-7‘11:2,310.
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2.3 Sparse FF'T for Functions with Short Frequency Support I

Then one could actually omit £; = 2 and thus work with fewer vectors, since
N
3:5-7T=105< 5 <3:-5-7-11=1,155,

so tg = 3,13 = 5,14 = 7 and 5 = 11 already satisfy the requirements of the CRT. This
does not affect the order of the theoretical runtime and sampling complexities, but in
practice it slightly improves the performance of the algorithm. Being closely related to
the frequency reconstruction approach sketched above, similar improvements are possible
for Algorithms 2, 3, 4, 5 and 6 in this thesis and could thus be incorporated into future
improved implementations. O

2.3 Sparse FFT for Functions with Short Frequency
Support I

Before investigating frequency supports with more complex structures in Chapter 3, we
will focus on functions with short frequency support for the remainder of this chapter,
which is based directly on [Bit17¢c| and is in parts identical with the representations
therein. In this case, the reconstruction approach from [Iwel0,Iwel3|, which we sketched
in Section 2.2.2; can be simplified. We now consider functions f € Ca; of the form

such that all energetic frequencies are contained in the B-length support interval

i o8- e ([ 5]}

Consequently, B already separates the B consecutive energetic frequencies. In the proce-
dure outlined in Section 2.2.2 the moduli we used were a separating s and the L smallest
primes t; that do not divide B such that

L

NgB-Ht,.
=1

To simplify the estimation of the runtime and sample bounds, and to avoid collision with
the other moduli, we set s as the smallest power of 2 that is greater than B,

s:=2% where a:=|log,B]|+ 1.

Then t1,...,tr can be chosen as the L smallest odd primes satisfying
L—1 L
B-[[tu<N<B-]]t (2.11)
=1 I=1
and, for inductive purposes, we set tg := 1. As s is greater than B, it still separates the
B energetic frequencies wi, w1 + 1,...,w; + B — 1. Furthermore, s is relatively prime to
all small odd primes t1,...,tr, so we can indeed uniquely recover the frequencies from

their residues modulo s,t1,...,t; with the help of Algorithm 1.
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Remark 2.12 Using the reconstruction procedure with s is just applying Algorithm 2 in
[Iwel0] to the first element of a B-majority selective collection of sets, ., whose elements
do not have to be primes (see [Iwel0|, Section 3). The combinatorial considerations
necessary for the general case of B energetic frequencies are rendered redundant by
the fact that for functions with short frequency support of length B we always find an
s = 2% > B that separates all energetic frequencies, so, unlike in [Iwel0], we do not
require s to separate any B-element subset of {— (%W +1,..., L%J } O

Due to the block structure of the energetic frequencies, it suffices to perform the CRT
reconstruction procedure for a single energetic frequency @ and find the remaining ones
by examining whether the absolute values of the Fourier coefficients corresponding to the
2B — 1 frequencies in {& — B+ 1,0 — B+2,...,0+ B — 1} are significantly large. All
of the at most B energetic frequencies have to be contained in this set, as the distance
of any energetic frequency w to @ can be at most B — 1. We can find such a frequency
@ by reconstructing it via Algorithm 1 from the index of the largest magnitude entry
of a® and the corresponding residues modulo the smallest odd primes ¢1, ..., ¢z, as the
indices of the significantly large entries of a® are precisely the residues of the energetic
frequencies modulo s.

The Fourier coefficients are then given without any further computation, since, by
(2.3), they are just the significantly large entries of as® for any . The 2B — 1 possibly
energetic, consecutive frequencies o — B+1,...,0+ B — 1 cannot be distinct modulo s,
but they are separated by st; = 3s. For exact data their Fourier coefficients are given by

—

Cw = a3sw mod 3s

forallw € {® — B+1,...,0+ B — 1}. Note that it is not necessary here to know the
block length exactly; it suffices that an upper bound B on it is known. If B is not the
exact block length, some of the reconstructed Fourier coefficients will just be zero or, in
the case of noisy data, insignificantly small.

Remark 2.13 It was recently pointed out that, choosing s > B, one can even detect
the remaining at most B — 1 energetic frequencies by looking at the nonzero entries of a3,
since one energetic frequency @ is already known and f has a short frequency support
of length at most B. Then, using @, the energetic frequencies can be uniquely found
from their residues modulo s. Consequently, the method presented hereafter can be
further improved. The orders of theoretical runtime and sampling complexities of both
approaches are not affected by this, as 2B = O(B). O

Before presenting the detailed algorithm, we illustrate the procedure sketched above
by an example.

Example 2.14 Let f € Co, f(x) = e"210% — i2lle 4 900212 02130 _ 9oi2ldw it
bandwidth N = 1,000 and block length 5. Let us assume that we only know the upper
bound B = 6 on the true block length a priori. Then we set

g = 2[10g2 B|+1 — 23 —=8.

Since B-3-5-7 =630 andB-3-5A-7-11:6,930, we set t1 := 3, t9 := 5, t3 := 7 and
ty = 11. Computing the CDFT of a8, we find that

o~

a8 = (-1,-2,0,0,0,1,—1,2)T.
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We begin by recovering the frequency corresponding to thAe residue modulo s = 8 given
by the index of one of the largest magnitude entries of a8, i.e., to —2 or 4 modulo 8.
We choose the residue rp == 4 mod 8 and denote the corresponding frequency by @.
Applying the reconstruction procedure for several frequencies detailed in Section 2.2.2 to
a?* a0 a® and a®®, we obtain that

w=2mod 3, w=2modb w=2mod7 and & =3 mod 11.

Then Algorithm 1 yields that @ = 212. Since @ is an arbitrary energetic frequency,
we now have to determine the remaining energetic frequencies by examining the Fourier
coefficients of the 2B — 1 = 11 frequencies contained in the set S = {207,208, ...,217}.
Of course, these frequencies are not separated by s = 8 anymore; however, st; = 24 does
separate them. It follows that

a? = (0,0, 0 ,0,0, 1 ,—1,2,—1, —2,0,0, 0 ,0,0,0,0,0,0,0,0,0,0,0)7.
—~— ~— —— —~—

=c207 =c210 =c214 =c217

Thus, we find that there are 5 energetic frequencies, 210,211,212,213 and 214, with
corresponding coefficients co19 = 1, c211 = —1, c212 = 2,213 = —1 and co14 = —2, which
means that we have completely recovered the function f. This approach requires five
CDFTs of lengths 8,24,40,56 and 88, with a total runtime of O <Z?‘:0 sty log(stl)> and
a sampling complexity of 216, instead of a single N-length CDFT with a runtime of
O(Nlog N) and N = 1,000 samples.

O

Remark 2.15 In Example 2.14, similar to the comment made in Remark 2.11, the
runtime of the procedure could be reduced by omitting one of the primes ¢; = 3 or
to = b, since the requirements of the CRT are then still satisfied. Furthermore, we
could actually have restricted our search of the remaining energetic frequencies to the
frequencies in S = {207,208, ...,217} whose residues modulo 8 correspond to nonzero
entries of 2;8, as no other frequencies can have significantly large Fourier coefficients.
This would have decreased the runtime of the method slightly. However, not realizing
this was possible at that time, the implementation of this method used for the numerical
experiments in [Bit17¢c| and Section 2.5 does not incorporate these improvements. O

2.3.1 Algorithm for Functions with Short Frequency Support I

We summarize the procedure introduced above in Algorithm 2, which finds the energetic
frequencies and the Fourier coefficients of a function f € Cs, with bandwidth N and
short frequency support of length at most B if N and an upper bound B on the support
length are known a priori. We will investigate its performance with respect to runtime
and noisy input data in numerical experiments in Section 2.5, where we will also compare
Algorithm 2 to other methods.

As in Section 2.2.1, the function extended_gcd in line 16 of Algorithm 2 finds a
representation of the greatest common divisor g of two integers a and b of the form

g = ged(a, b) = ua + vb,

where u,v € Z. By definition of s,t1,...,t;, we always have g = 1 in line 16.
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Algorithm 2 Algorithm for Functions with Short Frequency Support I (Algorithm 1
in |Bit17c|)

Input: f € Cor, N, B, where f has bandwidth N and a short frequency support of

length at most B < N, and noise threshold ¢ > 0.

Output: The set R of at most B energetic frequencies of f and the vector x of estimates

for their Fourier coefficients.

1: Initialize R + 0.
2: Find L and the smallest odd primes ¢1,...,%t; s.t. B - Hll’:_ll tt<N<B- Hlel t;.
3: Set s := 2% where « := |log, B] + 1.
4: for [ from 0 to L do
5. aStl - (f (m>)st1*l

: st j=0
6. a'i « CDFT [a®]
7: end for

IDENTIFICATION OF ONE OF THE ENERGETIC FREQUENCIES

8 1 argmax{‘c/z\sy‘ [V E {—% +1,..., %}}

9: for [ from 1 to L do

10: bmin < argmin ( (;STO — ;gt\lb-s+7'g )
ve{-[%]|+1..| %]}
11: T (bmin - S+ 7’0) mod t;
12: end for
RECONSTRUCTION OF @ FROM ITS RESIDUES
13: Set [ =0, 0 =rp and n = s.
14: while [ < L do
15: Set l=1+1
16: (g, u,v) < extended_gcd(n, ;)
17: O=n(((r—®)-u) mod t;) + &
18: n=t-n
19: end while
20: Set @ = @ mod n and shift & into the range {— (%1 +1,..., L%J }, since N < n.
IDENTIFICATION OF THE REMAINING FREQUENCIES AND COEFFICIENTS
21: for w fromw - B+1tow+ B —1do
22: if [a%", mod st;| > € then
23: R+~ RU{w}
24: Ty C?St\lw mod stq
25: end if
26: end for
Output: R, x.
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Remark 2.16 Until now we considered the samples of the input function f € Cs, to be
noiseless. In practice, however, this is rarely the case. If we assume that instead of f we
can only measure the perturbed function f+n, where n € Co, satisfies that c(n) € ¢! and
lc(n)]], < € for some suitable noise threshold € > 0, then f + 7 has still approximately
a short support of length B. As Algorithm 2 reconstructs the frequency @ with largest
magnitude Fourier coefficient of f 4+ 7 in lines 8 to 20, @ is also an energetic frequency
of f if € > 0 is not chosen too large, e.g., if

e (F)] > 2¢

for all energetic frequencies w of f. The remaining energetic frequencies are determined
by examining whether the corresponding Fourier coefficients of f + n are significantly
large, i.e., whether

—

t
a’ 1w mod st1 > €

foralwe {&—B+1,...,0+ B — 1}. Consequently, the thus obtained coefficients are
good approximations of the true Fourier coefficients ¢, (f) of f, even if the samples are
only obtained from the noisy function f +n. This behavior is also supported empirically
by the numerical results presented in Section 2.5.

Recall that, as mentioned in Remarks 2.11 and 2.15, the runtime of Algorithm 2 could
be decreased by checking whether the condition in line 2 is still satisfied if some of the
small odd primes t1,...,t; are omitted, as then fewer samples have to be used and fewer
DFTs have to be computed. Additionally, one can also restrict the identification of the
energetic frequencies in lines 21 to 26 to the frequencies in {& — B+ 1,...,0+ B — 1}
whose residues modulo s correspond to nonzero entries of a.

The performance of Algorithm 2 for noisy data can also be improved by choosing the
Fourier coefficient approximates in line 24 via

1 L
Ty = E ;1 a®t, mod sty-

Note that none of these improvements change the order of the theoretical runtime and
sample bound we will show in Section 2.3.2. For the numerical experiments in Section 2.5
we did not incorporate these improvements and stabilizations into the implementation
of the algorithm. O

2.3.2 Runtime and Sampling Bounds

Proving runtime and sample bounds for Algorithm 2 requires some preliminary results
about the occurring sums of prime numbers. Recall that we have to compute CDFTs of
length st; for all [ € {0,...,L}. By Section 1.1.1 and Remark 1.9, a CDFT of length
st; requires st; samples and O (st;log(st;)) arithmetical operations. Hence, we have to
estimate the number of necessary samples,

L
> st (2.12)
=0
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of the input function f, and the runtime of the computation of the CDFTs,

L L L
O (Z sty log(stl)> =0 (sZtl log(t;) + slog(s) Ztl> : (2.13)

First, we will estimate the largest of the small odd primes, ¢y
Definition 2.17 For [ € N we denote by p; the Ith prime. Further, we set pg := 1.

The following result about the smallest M primes py, ..., py has been shown in [IS0§],
Lemma 4.

Lemma 2.18 Let B, N € N with B < N. If M € N satisfies

M-1 N M
H p < E < lev
=1 =1

there exists a constant a > 0 with

N log &
py =log — + O B

B
exp (a\ /loglog g)

Using Lemma 2.19, we obtain an estimate for the prime ¢ required by Algorithm 2.

Lemma 2.19 (Lemma 3.2 in [Bit17c|]) Denote by ¢; the Ith odd prime. Let B, N € N
with B < N. If L € N satisfies

| =

L—-1
H 1 <
=1

there exists a constant a > 0 with

L
< Htla
=1

log %

2N
tr, =log— + O
B 2N
exp | ay/loglog =5
Proof. Multiplying the presumed inequalities by 2 yields that
L-1 L+1

L L
N 2N
1 t < 5 < ll_l1 tp < z|—|1 < 5 < z|—|1 -

By Lemma 2.18 there exists a constant a > 0 such that

=

2N log 2%
tr, =prLy1 =log— + 0O £

N
5 =0 <log B) .
exp (a\/log log 2]]3\[)
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Additionally, we require estimates about general sums of prime numbers, which were
provided in Lemmas 5 and 6 in [IS08].

Lemma 2.20 For all R € N the following estimates hold true,

R? R?
0 3 p=-t 40 ( ) ,
ng;% 2log R log? R
p prime

. R? R?
(ii) Z plogp = > + 0 <logR> .

p<R
p prime

With the help of Lemma 2.20 we can now estimate the sums in (2.12) and (2.13).

Lemma 2.21 (Lemma 3.4 in [Bit17c|) Denote by ¢; the [th odd prime. Let B,N € N
with B < N and let L € N such that

L—1

H 1 <

I=1
Then we obtain the following estimates,

L
(i) Ztl -0 <10g2g>,
1=0

log log %

| =

-

< t].

~

1

L N
(ii) Ztl logt; = 0O <log2 B) .
=0

Proof. (i) In order to prove the first claim, we apply the estimate from Lemma 2.20 (i)
and find that

L

< > p

=0 p<tr
p prime

= L + O < tr® >
2logty log?ty )’
Using the estimate

2N log 2 / 2N
tr, = log§ +0 ( OgAB ) , where A:=exp (a log log B> ,

from Lemma 2.19, we find

2
2N
<log o <10gAB>)
d o= +0

2N 2N
1=0 2log <log W0 (logAB )) log? <log Tro <1OgAB ))
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(ii) For the second claim we employ the result from Lemma 2.20 (ii), which yields

L
> tilogt; < > plogp
=0

p<tr,
p prime

O

Combining all of these estimates, we can prove the following main result about the
runtime and sampling complexity of Algorithm 2.

Theorem 2.22 (Theorem 3.5 in [Bitl7c]) Let B and N € N with B < N and
wy € {— (%1 +1,..., L%J — B+ 1}. Let f € Cor have a short frequency support of
length at most B and bandwidth N, i.e.,

Then Algorithm 2 returns the energetic frequencies of f and their corresponding Fourier

coefficients in
log? X
0 (B log B - OgBN)
log log &

time, and has a sampling complezity of

o <B . lgNN> |
loglog &
Proof. 1t is evident from the construction of Algorithm 2 that it correctly returns the
energetic frequencies and their corresponding Fourier coefficients, disregarding numerical
errors, for exact data. We can now calculate the runtimes of the different parts of
Algorithm 2 using the observations made above.

The costs of computing the small odd primes t1,...,¢; are insignificant. Even if we
choose a bandwidth N = 10'° and a support length B = 1, the largest required prime,
tr, =0 (log %), is 31. Usually one would consider greater support lengths, which means
that even fewer ¢; sufficed. Hence, the ¢; can easily be found from precomputed lists of
small primes in O (log %) time.

By Section 1.1.1 and Remark 1.9, calculating the CDFT of a vector of arbitrary length
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2.3 Sparse FF'T for Functions with Short Frequency Support I

M has a runtime of O(M log M), so the CDFTs in lines 4 to 7 require

L L L
@) (Z st log(stl)> =0 (s Ztl log(t;) + slog(s) Ztl>
1=0

=0 1=0

arithmetical operations. With Lemma 2.21 and s = O(B), we obtain that

L
(@) (Z st log(stl)>

=0
2

wl=

log
log log %

—o(Blog X (14288 1)
B log log &

Finding the largest magnitude entry of a® in line 8 needs O(s) operations. The compu-
tation of the residues of an energetic frequency in lines 9 to 12 has a complexity of

L 2 N
1 AN
0 (} :tl> —0 (Og BN) :
=0 IOg 10g B

As already mentioned in Section 2.2.1, the runtime of the extended Euclidean algorithm
extended_gcd(n, ;) in line 16 is O(logt;), since t; < n for all . Therefore, the CRT

reconstruction procedure in lines 13 to 20, see Algorithm 1, requires O Zlel log tl)

N
=0 <Blog2B+BlogB-

operations, which is insignificant compared to the runtime of lines 9 to 12. Identifying
the remaining frequencies in lines 21 to 26 has an arithmetical complexity of O(B).
Combining all these considerations yields an overall runtime of

L L
o <Z sty log(stl)> +0(s)+ 0O (Z tl> + O(B)
=0

=0
N log B N
=0(Blog?= |1+ —=—_ | +B+log— + B
< s B( loglogg> ®B

log? &
:o<310g3.0gBN>'
loglog &

Further, we obtain with Lemma 2.21 (i) that Algorithm 2 has a sampling complexity of

L 2 N

1 FAR
sztl:o@.oggv).

1=0 B

log log
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2 Sparse FFT for 2r-Periodic Functions with Short Support

2.4 Sparse FFT for Functions with Short Frequency
Support 11

The simplification of Algorithm 2 in [Iwel0] which we developed in Section 2.3 is not the
only feasible way to adapt said method to the setting of a function f € Csy, with short
frequency support of length at most B. Instead of choosing the L smallest odd primes

satisfying
L—-1 L
B- Htl<N§B-Htl
=1 =1

and the smallest power of 2, s, that is greater than B in order to reconstruct the energetic
frequencies of f from their residues modulo s and t¢1,...,¢;, one can also consider K
primes si,...,sk greater than 2B such that they satisfy the prerequisites of the CRT,
and reconstruct the frequencies from their residues modulo s1,..., sk, thus completely
omitting the small primes ¢;. This approach was suggested to us by the anonymous
reviewer of [Bit17c].

If one can guarantee that the residue of the, e.g., smallest energetic frequency modulo
s, is identified correctly for all k, this choice of s1, ..., sk yields an algorithm which the
anonymous reviewer expected to have an even smaller theoretic runtime. We will prove
in Section 2.4.3 that it has a runtime of

B +log N)log N B +log N
(@] o
log? B log B ’

whereas Algorithm 2 has a runtime of

(’)<BlogB log*(V/ B) )

“log log(N/B)

Since it is not obvious which of the algorithms is faster for usual choices for the support
length B and the bandwidth N, and impossible to tell which of the algorithms performs
better with respect to noisy data, we will investigate the suggested approach in detail
hereafter and compare it numerically to Algorithm 2 in Section 2.5.

Due to the block structure of the energetic frequencies, it suffices to reconstruct, for
example, the smallest energetic frequency w; of the function

o

f(.%') = Cor+k - €
0

i(wi+k)x

e
Il

The remaining energetic frequencies can then be identified by examining whether the
Fourier coefficients corresponding to the frequencies contained in the support interval
S = {wi,w; +1,...,w1 + B — 1} are significantly large. All of the at most B possibly
energetic frequencies have to be contained in this set, which is completely determined
by w; and the bound B on the support length. Consequently, we will now focus on
the correct identification of wy, for which the concept of first support indices can be
employed.
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2.4 Sparse FF'T for Functions with Short Frequency Support II

Definition 2.23 (First Support Index) Let f € Cs,; have a short frequency support
of length at most B and let M € N. The first support index of aM is defined as

o= o (- [4] 1 [2)a —o

Vwé¢ {v,(rv+1) mod M,...,(v+ B —1) mod M}},

i.e., vy is the largest index for which all entries of aM that are not the B periodically

o~

consecutive entries a®,,,a™ , 11) mod M-+ > @™ (1), +B-1) mod M Vanish.

Remark 2.24 Note that Definition 2.23 is only meaningful if M > 2B. For M < 2B,
there might not be an intuitive first support index. Consider for example the function

flz) = 23 4 27T o
We find that wq :== 213 = —3 mod 8, ws := 217 =1 mod 8 and
ad = (1,0,0,0,1,0,0,0)7.

By Definition 2.23, the first support index of a8 is 1, even though —3, which corresponds
to wy, makes more sense. As we want to use the first support index of a™ such that it
corresponds to the smallest energetic frequency of f, we will restrict ourselves to the case
M > 2B from now on.

Recall that by (1.9)

aV, =

— ¢, ifve{w,w +1,...,w;+B—1},
0 otherwise.

Hence, the first support index of alV is precisely the smallest energetic frequency wy. If
we consider an integer s > 2B, then s separates all energetic frequencies. The CDFT of
the vector of s equidistant samples, a®, satisfies that

R
as, = Z Cy
w==[¥]n1

w=r mod s

by (2.2). Thus, it follows from the separation property of s and (2.3) that the block

structure of the short support of a¥ remains intact in a®, though it might be periodically
wrapped around the boundary of a®; i.e., around L%J and — {%] + 1. Figure 2.1 shows
the essentially two possibilities for the support of a® if f has a short frequency support.
Hence, a® is also said to have a short support, which can be of the form

— — — — — T
aM = (aM—[%—H—l”'"aM—[%—‘—i-B—b—l’O""’O’aMk%J—b""’aML%J) .

The concept of short supports for vectors is not relevant for this chapter, but will be
used extensively in Chapters 5 and 6. %

By (2.3), the first support index v, of a® is the residue of the smallest energetic fre-
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N | |
a [ |
as A
or a‘ }

Figure 2.1: Short support of ;]\V and periodized blocks in a®

quency wi modulo s if s > 2B. Consequently, if we can determine the first support
indices of a%1,...,a’< for K primes sq,...,sx > 2B satisfying the requirements of the
CRT, we can uniquely reconstruct wy from its thus obtained residues using Algorithm 1.
The remaining energetic frequencies can be identified by checking for all frequencies w
in the set S = {wy,w1 +1,...,w1 + B — 1} of possibly energetic frequencies whether the
corresponding Fourier coefficient ¢, is significantly large. Hence, besides NV, this method
also requires an upper bound on the support length B, though it does not have to be
known exactly.

The simplest way to ensure that the CRT reconstruction can be used is to choose
the K = [log,, N| 4 1 smallest primes s1,...,sx that are greater than 25B. They are
pairwise relatively prime and satisfy

K K llog,, NJ+1 _ log,, N
og, og,

[ > [Tor ol M7t oy

k=1 k=1

Choosing s1,...,sx > 2B guarantees that the first support indices of a’l,...,a’K are
unique and correspond to the smallest energetic frequency wy, which allows us to recover
wyp from its residues modulo si,...,sx as in Section 2.2.2. All remaining possibly en-
ergetic frequencies then have to be contained in the set S = {wy,...,w; + B —1}. For
exact data, their Fourier coefficients are given without any further computation, since
for any k the prime si is separating, so the Fourier coefficients are just the significantly
large entries of a’k, see (2.3). For noisy data we can stabilize this method by using the
mean of these values as an estimate for the coefficients, i.e.,

1 &

Cw = ? A%k, mod Sk
k=1

for all w € {w1,...,w; + B —1}. Thus, we can correctly identify the energetic frequencies
and find good estimates for the corresponding Fourier coefficients.

Remark 2.25 Similarly to Remark 2.11, this method can be further improved by
checking whether some of the primes si,...,sx can be omitted while still satisfying
the requirements of the CRT. Again, we did not incorporate this enhancement in the
implementation of our algorithm used for the numerical experiments in Section 2.5. ¢

However, in order to obtain an efficient algorithm, we have to be able to find the first
support index of the CDFT of a vector of equidistant samples in a fast and stable way.
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2.4 Sparse FF'T for Functions with Short Frequency Support II

2.4.1 Detecting the First Support Index

In the following section we will discuss two methods for efficiently and stably finding the
first support index of a® for an s > 2B.

The first one, taken from [PW16a/, relies on the computation of the local energies e
for w € {— [%] +1,..., L%J}, defined as

(w+B-1) mod s

-~ 2
€s,w = 5 ‘asu mod s| -

vV=w
The local energies satisfy
= SN L e 2
€s,w = €s,w—1 — {(I wfl} + ‘a (w+B—1) mod s‘

for all w € {— {%1 +2,..., L%J } The first support index vy of as is given as

Vs = argmax ‘as,,‘ (U E argmax {es,w} ¢,

we{-[5]+1.[5]}

i.e., as the index corresponding to the largest magnitude entry, ‘c?s,js , of a% of the set
of indices maximizing the local energies. This guarantees that, in the case where several
indices result in the same maximal local energy, an index corresponding to a significantly
large entry of a® is chosen. The maximizer of €s,w 1s only not unique if the bound B is
not the exact support length, so we avoid using a non-energetic index as the first support
index by the above choice.

However, this method is not well-suited for noisy data. In [PW16a], the authors
suggested a stabilized version for finding the first support index. This stabilization cannot
be applied in our setting, since the available samples are obtained from a® and not from
the full-length vector a”. Further, we do not consider successive periodizations of the
same vector. The input vectors we require for our approach are structured differently;
thus, we cannot utilize similar redundancies in order to stabilize the detection.

The second method for detecting the first support index we want to employ is a simple
block search algorithm. If s > 2B and the data is exact, the first support index vy is
uniquely determined as the largest index of a® with nonzero entry which is preceded by
at least B + 1 entries that are zero. In the case of noisy data, it is the largest index
with significantly large entry that is preceded by at least B + 1 insignificant entries.
Here, analogously to the definition for frequencies, we call an entry of a® significantly
large and its corresponding index energetic if the absolute value of the entry is greater
than or equal to some threshold € > 0 depending on the noise level. For exact data this
approach works well, but for noisy data one has to choose a suitable threshold £ > 0,
usually without knowing the noise level a priori.

Note that both methods require a priori knowledge of a good upper bound B on the
support length of f. With either of these methods we can now correctly identify the
first support index of a® for any s > 2B. If we compute the residues of w; modulo some
integers s1, ..., Sk such that they satisfy the prerequisites of the CRT, we can uniquely
reconstruct wy via Algorithm 1.

Again, we provide an example for the method presented above before giving the de-
tailed algorithm. We apply our second procedure for functions with short frequency
support to the same function as in Example 2.14.
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Example 2.26 Let f € Coy, f(x) = #2107 — 21z 4 9002120 _ 02130 _ 9002142 it
bandwidth N = 1,000 and block length 5. Let us again assume that we only know the
upper bound B = 6 on the true block length a priori. Then we set s; =13 > 2 B,

K = |log, N|+1=3,

s9 =17 and s3 := 19. Indeed, we have that B-13-17 =221 and B-13-17-19 = 4,199.
Computing the CDFT of a'3, we obtain

a3 = (0,0,0,0,0,0,0,0,1, 1,2, —1, -2)7.

We aim to recover the smallest energetic frequency wy of f from its residues modulo
13,17 and 19, which are precisely the first support indices of the vectors 51\3, al” and
al%. For this example we want to detect the first support indices using local energies.
First, we have to compute eg3,, for all w € {—6,...,6}. We find that

-1 9
€13,—6 = E )a13y =0,
v=—06

and obtain the following vector of local energies,

(e13,0)°__ = (0,0,0,1,2,6,7,11,11,10,9,5,4)".
Consequently, since ej3.1 = €132 = 11 and ‘c?l\?q’ =0< ‘(1/1\32‘ = 1, the first support

index 13 of al3 is 2. Analogously, we can compute the first support indices of al7 and
al?9. With

—

al” = (—1,-2,0,0,0,0,0,0,0,0,0,0,0,0,1, —1,2)T and
al® = (0,0,0,0,0,0,0,0,0,0,1, —1,2, —1, —2,0,0,0,0)7,

we find that
(6177w)£,8u=—8 = (5) 4) Oa 05 07 07 07 07 07 17 27 67 77 1]-5 117 10) 9)T and
(619’w)3:79 = (0,0,0,0,0,1,2,6,7,11,11,10,9,5,4,0,0,0, O)T.

It follows from ej7 5 = e17,6 = 11 and ’6;1\75‘ =0< ‘671\76’ = 1 that the first support index

v17 of al” is 6. Since e19 9 = e19.1 = 11 and ‘al%l =0< algl‘ = 1, the first support

index 19 of ald is 1. Consequently, the smallest energetic frequency wy of f satisfies
wi=2mod 13, w; =6 mod 17 and w; =1 mod 19.

Reconstructing w; from these residues via Algorithm 1 yields that wi; = 210. The re-
maining energetic frequencies can be identified by computing the Fourier coefficients of
the B = 6 frequencies contained in the set S = {210,211,...,215} via

3
1 —
Cp = 3 kg_l A%y, mod sy YweS.
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2.4 Sparse FF'T for Functions with Short Frequency Support II

Thus, we obtain that co19 = 1, c211 = —1, 212 = 2, c913 = —1 and c914 = —2. Since
c215 = 0, we find that 215 is not an energetic frequency and that f has a short frequency
support of length 5. This method requires three CDFTs of lengths 13,17 and 19 with
a runtime of O (Zizl si log sk> and a sampling complexity of 49 instead of a single
CDFT of length 1,000. Note that for this example the second method for reconstructing
a function with short frequency support needs significantly less samples than the 220
samples required by the procedure described in Section 2.3. We will compare the runtimes
and sampling complexities of the two methods more thoroughly in Section 2.5.

O

2.4.2 Algorithm for Functions with Short Frequency Support II

We summarize the procedure introduced above in Algorithm 3, which deterministically
finds the energetic frequencies and the Fourier coefficients of a function f € Cor with
bandwidth N and short frequency support if N and an upper bound B on the support
length are known a priori. We will investigate its performance with respect to runtime
and noisy input data in numerical experiments in Section 2.5, where we will also compare
Algorithm 3 to Algorithm 2 and other sparse FFT methods.

As in Section 2.2.1, the function extended_gcd in line 13 of Algorithm 3 finds a
representation of the greatest common divisor g of two integers a and b of the form

g = ged(a, b) = ua + vb,

where u,v € Z. Asin Algorithm 2, we always have g = 1 in line 13 by choice of s1, ..., sk

2.4.3 Runtime and Sampling Bounds

In order to prove runtime and sample bounds for Algorithm 3, we need some estimates
involving the required primes sy, ..., Sk. This can be done using two equivalent formu-
lations of the Prime Number Theorem.

Theorem 2.27 (Prime Number Theorem) For x € R define the prime-counting

function
m(x) = Z 1.

p<z
pprime

Then the following estimates hold.

T T
= + 0 ,
log <10g2:c>

(11) pr = llogl+ O(lloglogl).

(i) m()

See [MVO07], Chapter 6.2, Theorem 6.9 for a proof of (i) and [HW60|, Chapter 1,
Theorem 8 for a proof of (ii). Recall that in line 5 of Algorithm 3 we have to compute
CDFTs of length sy for all k € {1,..., K}. Each of them needs s;, equidistant samples of
f and requires O(sy log si) arithmetical operations, as already discussed in Section 1.1.2.
Thus, we have to find estimates for

K K

Zsk and Zsk log s,

k=1 k=1
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Algorithm 3 Algorithm for Functions with Short Frequency Support 11

Input: f € Cor, B, N, where f has bandwidth N and a short frequency support of

length at most B < N, and noise threshold ¢ > 0.

Output: The set R of at most B energetic frequencies of f and the vector x of estimates

ot

for their Fourier coefficients.

Set s1 as the smallest prime with s > 2B.

Let K = [log,, N]+1and sy < --- < sg the K — 1 smallest primes greater than s;.
for k from 1 to K do

ar o (1 (20)) "
k =0
ask < CDFT[a%]
end for
IDENTIFICATION OF THE SMALLEST ENERGETIC FREQUENCY wq

7. for k from 1 to K do

8: Vs, < first support index of ask
9: end for
RECONSTRUCTION OF wj FROM ITS RESIDUES

10: Set k =1, w; = vg, and n = s1.

11: while k£ < K do

12: Set k=Fk+1

13: (g9, u,v) < extended_gcd(n, si)

14: w1 =n(((vs, —wr)-u) mod s)+ wq

15: n==sg-n

16: end while

17: Set w1 = w1 mod n and shift w; into the range {— (%1 +1,..., L%J }, since N < n.

IDENTIFICATION OF THE REMAINING FREQUENCIES AND COEFFICIENTS

18: for w from wy to w1 + B — 1 do

19: if % Zi{:l @w mod Sk‘ > ¢ then

20: R+ RU{w}

21: Ty % Zf:l ﬁw mod sy,

22: end if

23: end for
Output: R, x.
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2.4 Sparse FF'T for Functions with Short Frequency Support II

in order to obtain bounds for the number of required samples of the function we aim to
recover and the runtime of the computation of the CDFTs.

Lemma 2.28 Let B, N € N with B < N and let s; be the smallest prime greater than
2B. Set K = |log,, N] +1 and s2,...,sx as the K — 1 smallest primes greater than s;.
Then the following estimates are satisfied.

K
(0 Zsk _o ((B%—logN)logNlog <B+logN>> ’
k=1

log® B log B
K
. (B+1logN)logN ., (B+logN
E 1 =0 1 .
(i) 1 PR 108 ok ( log? B ©8 log B

Proof. (i) There exists an index ¢ € N such that s; = p,, i.e., s; is the gth prime.
Consequently, p,—1 is the largest prime that is smaller than 2B. Theorem 2.27 (i) yields

Note that sg = pg+r—1. Further, by Betrand’s postulate, see [HW60]|, Chapter 22.3,
Theorem 417, there exists at least one prime number between 2B and 2 - 2B. Thus, we
know that 2B < 51 < 4B, and 51 = O(B). With K = [log,, N] + 1, we obtain

B
K-1=0(— log, N|+1
q+ O(logB) + |log,, N| +

B log N
_O<logB+logB>
B +log N
=0 ———|.
( log B )

Hence, the second formulation of the Prime Number Theorem (Theorem 2.27 (ii)) implies

SK = Pg+K-1
=0((¢+ K —1)log(g+ K —1))

B +log N B +log N
=0 1 . 2.14
< log B Og< log B >) (314

Using (2.14), we find for the number of required samples that

K
Zsk =0 (KSK)
k=1

logN B+logN B +log N
=0 . lo

log B log B log B
<(B+logN)logN <B+logN)>
=0 5 lo .
log” B log B

(ii) In order to deal with the estimates for the runtime of the CDFT computation, we
first recall a property of the logarithm. For any a > 0, the logarithm satisfies that

log(a - log(a)) = loga + loglog(a) = O(loga). (2.15)
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Consequently, combining (2.14) and (2.15) yields

K
O (Z sg log sk>
k=1

= O (Ksklogsk)
_ 0 log N B—i—logN1 B +log N 1 B—l—log]\f1 B +log N
N log B log B © log B © log B © log B
<(B+logN)logN 2<B+10gN>>
=0 5 lo — ]
log“ B log B

O

Employing the estimates proven in Lemma 2.28, we can now show the main result
about the runtime and sampling complexities of Algorithm 3.

Theorem 2.29 Let BN € N with B < N and w1 € {— [%W +1,..., L%J} Let
f € Cor have a short frequency support of length at most B with bandwidth N, i.e.,

f(ZL') _ Conp il - ei(wl-i—k)x_

Then Algorithm 8 returns the energetic frequencies of f and their corresponding Fourier
coefficients in
O((B—I—logN)logN 2(B+logN>)
o it =2
log? B log B
time, and has a sampling complexity of

((B+10gN)logN <B+logN>>
@ 5 lo .
log“ B log B

Proof. By construction of Algorithm 3, we know that it returns the correct frequencies
and Fourier coefficients, apart from numerical errors, for exact data. We will now examine
the runtime of the different parts of the algorithm using the considerations made above.
Using precomputed lists of the first, e.g., 10,000 primes, the computational costs of
finding the K = [log,, V| 4 1 smallest primes greater than 2B in lines 1 and 2 are

O(w(sK>>=0<q+K—1>=O<W),

log B

as one has to check all primes less than or equal to s = pg4x—1.

By Section 1.1.1 and Remark 1.9, the computation of a CDFT of length M has a
runtime of O(M log M). Consequently, it follows from Lemma 2.28 (ii) that the CDFTs
in lines 3 to 6 require

K
(B+1logN)logN 5 (B+logN
O 1 =0 1 —_— 2.16

(; o Sk) (s (P (210

arithmetical operations.
The runtime of line 8 depends on whether we find the first support indices vs, of the
vector a®k via local energies or via block search.
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(i) If we use the local energies method to detect the first support index, computing the
first local energy

Sk _

Ora
€s,,0 = Z a’k,,

T

requires O(B) additions. As for j € {1,..., s, — 1} the jth local energy is given as

— 2 — 2
P . — Sk s . Sk s .
Csk,j = Csp,j—1 — |@ —[7k1+1+g—1‘ + )a ([ 1+1+5+B-1) mod s | °
we have to execute O (B + si) additions in order to calculate all s local energies for a

fixed k. Thus, employing this method, lines 7 to 9 have a runtime of

K
@] (Z(B + Sk)) =0 (K- (B+sk))=0(K -sk),

k=1
since B < sg.

(ii) If we want to identify the first support index vg, of a®k by looking for B+1 consecutive
entries that have an absolute value less than the noise threshold £ > 0, we need to check
each entry at most twice to also allow for blocks that are wrapped periodically around
the boundary of the vector. Hence, finding the first support index of ask requires O(sg)
arithmetical operations, and lines 7 to 9 need

K
@ (Zsk) =0 (K - sg)
k=1

operations.

Consequently, the theoretical runtime of lines 7 to 9 is always dominated by the compu-
tational effort of the CDFT computations in lines 3 to 6.

As we discussed in Section 2.2.1, the runtime of the extended Euclidean algorithm
extended_gcd(n, si) in line 13 is O(log si) if k > 3, since then n = Hg:ll s > sg. If
k = 2, we can still estimate its runtime with O(log s2), as s > n = s;. Consequently,
the CRT reconstruction procedure in lines 10 to 17, i.e., Algorithm 1, has a runtime of

K
1) (Z 10g5k> = O(K -logsk),
k=1

which is again dominated by the runtime of the CDFT computations. Finally, the cal-
culation of the coefficient estimates for the B possibly energetic frequencies contained in
{wi,...,w1+B—1} in lines 18 to 23 needs O(K -B) = O(K -sk) arithmetical operations.
Hence, we obtain that the runtime of Algorithm 3 is dominated by the runtime of the
CDFT computations in lines 3 to 6, so, by (2.16), we obtain an overall runtime of

K
(B+1logN)logN = o (B+logN
@) 1 =0 1 _— .
<kzz R0 S’“) < log? B %\ TlogB
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Further, Lemma 2.28 (i) yields that Algorithm 3 has a sampling complexity of

K (B +log N)log N B+logN
Z sp =0 5 log )
P log” B log B

which completes the proof. ]

2.5 Numerical Results for Algorithms 2 and 3

We now present some numerical results regarding the runtimes of Algorithms 2 and 3,
their performances for noisy input data and their sampling complexities. Additionally,
we compare them to the deterministic sparse inverse FF'T algorithm for vectors with
short support presented by Plonka and Wannenwetsch as Algorithm 2 in [PW16a], and
to MATLAB 2016a’s £ft function.

Algorithm 2 in [PW16a] recovers a vector y € €2’ with short support of length B
from its Fourier transform y by considering periodizations y¥) € C? of y,

9I—i_q 27 -1
=0

k=0

For a more detailed description of this method see Section 5.3. In the case of noisy input
data, the algorithm has an arithmetical complexity of O(Blog N), where O(B + log N)
samples of the input vector y are being used. Algorithm 2 in [PW16a| is actually an
IFFT algorithm that recovers a 27-length vector y from its Fourier transformed vector
y€e CQJ, whereas Algorithms 2 and 3 find the finite spectrum, i.e., the vector of Fourier
coefficients of a 2m-periodic function, from several vectors of equidistant samples of the

form _— .
. st — . Sk—
sty =0 Sk =0

Thus, Algorithm 2 in [PW16a| cannot be applied to the same data as our new methods
for functions with short support. The more complex sampling schemes for IDF'T methods
for functions rely heavily on the fact that f € Cy, can be evaluated at any z € [0, 27),
whereas Algorithm 2 in [PW16al, which can be modified to become a DFT method for
recovering a vector y € C?’ with short support from y, see [PPST19|, Section 5.4.2,
always requires 27 equidistant samples of f.

MATLAB’s £ft routine is a fast and highly optimized implementation of the fast Fourier
transform, based on the FETW library, see [FJ17,Thel8b|. In order to use it meaningfully
in our setting, we sample the input function f at N equidistant points, i.e., we determine

2= (%),

Then we compute an approximation of c(f) by applying fft to a’V, as we discussed
in Section 1.2.1. Vector-based and function-based algorithms are not really comparable
from a sampling perspective, as for vector-based algorithms we can only use the given
vector entries, which correspond to equidistantly sampling the function at N points. For
function-based algorithms, however, one can use much more complex sampling schemes.
In Algorithms 2 and 3, for example, we sample equidistantly at st; points for L+ 1 values
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2.5 Numerical Results for Algorithms 2 and 3

for t;, or at s, points for K different primes sy.

As we do not know of any other, more suitable algorithms to which we can compare
Algorithms 2 and 3, we decided to use Algorithm 2 in [PW16a| anyway. It requires that
the length of y is a power of 2, whereas Algorithms 2 and 3 and fft can be applied to
arbitrary bandwidths N of f or input vector lengths, respectively. In order to be able
to better compare these four algorithms, we always consider bandwidths that are of the
form N = 27 in the following numerical experiments.

For sake of completeness we also include the average runtimes of Algorithm 2 in [Iwel0]
for the support lengths B = 10 and B = 100. However, since Algorithms 2 and 3 are
different simplifications of the method used therein, we expect them to have signifi-
cantly shorter runtimes. The primes considered in our two algorithms for functions
with short frequency support are essentially slightly altered subsets of the K+1L primes
S1,..., K, ti, .. t used by Algorithm 2 in [Iwel0] for general B-sparse functions, which
computes K-L CDFTb of length 3.f;, as mentioned in Section 2.2.2. Algorithm 2, on
the other hand, needs L + 1~CDFTS of length s - t;, where t; =~ t; and s ~ §;, whereas
Algorithm 3 requires K < K CDFTs of prime length s; ~ 5. Thus, for both meth-
ods for functions with short frequency support there are less and shorter CDFTs to be
computed. This is also supported by the theoretical runtimes

log® &
O <BlogB-OgBN>
loglog &

of Algorithm 2,

B +log N)log N B +log N
O(( + g ) log 10g2< + log >>
log” B log B

of Algorithm 3 and

o B?  log" Nlog?(Blog N)
log? B log log %

of Algorithm 2 in [Iwel0|, as well as by the numerical results we will present later on.

All algorithms have been implemented in MATLAB R2016a, and the code is freely
available in [Bit17a,Bit17b, PW16b|. For Algorithm 3 we test both methods for finding
the first support index of a’ discussed in Section 2.4.1. Note that the publicly available
code for Algorithm 2 in [PW16al, which we used for the numerical experiments in [Bit17¢|
and in this section, is not implemented optimally, as its runtime is worse than that of
fft, which can be seen in Figure 2.2. Theoretically, though, this algorithm has a runtime
of O(Blog N) with a small constant. The numerical experiments in [Wan16|, where the
runtime performance was not investigated, suggest that the implementation is very stable
with respect to noisy input data, which is also supported by our experiments. In order
to achieve this level of stability, a higher runtime seems to have been accepted.

Figure 2.2 depicts the average runtimes of Algorithm 2, both versions of Algorithm 3,
Algorithm 2 in [PW16a|, Algorithm 2 in [Iwel0O] and MATLAB’s £ft for 100 randomly
generated input functions or vectors, where the absolute values of the real and imaginary
parts of the Fourier coefficients or entries, respectively, are bounded by 10. We choose
a noise threshold of ¢ = 10™* for Algorithm 2 and and the version of Algorithm 3 using
block search.

Of course, any comparison of the first four algorithms with the highly optimized im-
plementation fft of the FFT must be flawed; however, we note that Algorithm 2 and
Algorithm 3 are much faster than both fft and Algorithm 2 in [PW16a| for support
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Figure 2.2: Average runtimes of Algorithm 2, Algorithm 3 using local energies and block
search, Algorithm 2 in [PW16al, Algorithm 2 in [Iwel0] and MATLAB’s ££t for
100 random input functions with support length B and bandwidth N = 220

lengths up to B = 1,000 =~ /N, and that Algorithm 2 in [PW16a] is as fast as £ft for
the same support lengths. For greater support lengths, all four methods for functions or
vectors with short support perform much slower than £ft, whose runtime of O(N log N)
is independent of the support length, whereas the algorithms for short supports have
runtimes that are almost linear or linear in B.

Additionally, it can be seen that the runtimes of Algorithm 3 and especially Algorithm 2
increase much faster in the support length B than the runtime of Algorithm 2 in [PW16a].
One can clearly discern that Algorithm 3 slightly improves the runtime of the related
Algorithm 2. Even though the block search approach for detecting the first support index
s, of a’k is somewhat faster up to B = 1,000, the runtime of Algorithm 3 is basically
the same for both methods for finding the first support index if the support length is
increased further. If the stabilizing step of computing the Fourier coefficient estimate x,
in line 21 by averaging is omitted, the runtime of Algorithm 3 can be reduced further.
However, as this negatively affects its performance with respect to noise, we choose the
stabilized variant for all numerical experiments.

As expected, even for a support of length B = 100, the runtime of Algorithm 2
in [Iwel0] is several orders of magnitude greater than the runtime of any of the other
considered algorithms, and it also increases much faster in B. Hence, we do not inves-
tigate its runtime for greater support lengths and also do not consider its performance
with respect to noise. To highlight the fact that Algorithms 2 and 3 are simplifications of
Algorithm 2 in [Iwel0], we will still include it in our study of the sampling requirements
later on.

Next, we examine the quality of the frequency and coefficient reconstructions for noisy
input data. For Algorithm 2, Algorithm 3 and fft we assume that we can only sample
the perturbed function f 4 7, where f has a short frequency support of length at most

o8



2.5 Numerical Results for Algorithms 2 and 3

B and n € Cy,. Further, n has to satisfy that its vector of Fourier coefficients c(n) € CV
is uniformly distributed noise with ¢(n) € ¢! and ||c(n)|,, < € for some suitable noise
threshold € > 0. Then Algorithms 2 and 3 and £ft reconstruct the restriction ¢(N) € C¥
of ¢(f +n) € CZ to the frequencies contained in {— [%1 +1,..., L%J }

For Algorithm 2 in [PW16a|, we create disturbed Fourier data z € CV by adding
uniform noise 1 € CV to y,

zZ:=y+n.

We measure the noise with the signal-to-noise ratio (SNR),

SNR := 20 - logy le()ll2 and SNR :=20-log 1512

3 10 )\ =1 »
le(m)]l2 171l

respectively. Recall that Algorithm 2 and Algorithm 3 reconstruct the Fourier coefficients
of f from function values, and that fft is applied to the vector aV of N equidistant
function values. Algorithm 2 in [PW16a|, on the other hand, recovers a vector y from
its Fourier transform y, which means that the output of this algorithm is contained in a
different domain. Figures 2.3 and 2.4 depict the average reconstruction errors

LS P
N Y

where x denotes the restriction c(N, f) of the original finite spectrum c(f) € C% to the
frequencies contained in {— (%W +1,..., L%J }, or the original vector y, respectively. By
x’, we denote the reconstruction by the corresponding algorithm applied to noisy input
data for support lengths B = 100 and B = 1,000.

The threshold parameter e for the block search method for finding the first support
index v, of ask is chosen according to Table 2.1. The values for €, depending on the

SNR 0 10 20 30 40 50
€ 70 35 20 15 2 0.5

Table 2.1: Parameter ¢ for the block search method in Algorithm 3

SNR and the fact that | Re(cy)| and | Im(c,, )| are bounded by 10 for all frequencies, were
obtained via an attempt to minimize the approximation error. As the afore-mentioned
dependencies are nontrivial, we cannot recommend good heuristics for finding €. If the
SNR is known approximately a priori, one can determine good values for € by applying
the algorithm to synthetic data with similar noise levels. If € is too small, the found
support blocks will be too long, as, due to the noise, Fourier coefficients corresponding to
non-energetic frequencies will also be included. If € is too large, the found support block
tends to be too short, because coefficients corresponding energetic frequencies might be
cut off. In the case of Algorithm 2 we always choose ¢ = 1074,

Algorithm 2 in [PW16a| achieves the lowest average reconstruction errors for all con-
sidered SNR values and both support lengths. This very high stability was achieved
at the cost of an increased runtime. For higher SNR values the average reconstruction
errors for both variants of Algorithm 3 are smaller than the one of Algorithm 2, due
to taking the mean of the K possible coefficient estimates in line 21 of Algorithm 3.
However, for lower SNR values, the error of Algorithm 3 increases up to the error level
of fft, especially for the block search method, which is only well-suited for low-level
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Figure 2.3: Average reconstruction errors ||x —x’||2/N of Algorithm 2, Algorithm 3 using
local energies and block search, Algorithm 2 in [PW16a| and fft for 100
random input functions with uniformly distributed noise, B = 100, N = 220
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Figure 2.4: Average reconstruction errors ||x —x'||2/N of Algorithm 2, Algorithm 3 using
local energies and block search, Algorithm 2 in [PW16a| and £ft for 100
random input functions with uniformly distributed noise, B = 1,000, N = 220

noise. If the first support index of a’ is detected using local energies, Algorithm 3 has
an approximation error slightly greater than the one of Algorithm 2 in [PW16a] up to
an SNR of 20 if B = 100, and 30 if B = 1,000. If one did not take the mean in line 21
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2.5 Numerical Results for Algorithms 2 and 3

of Algorithm 3, its average reconstruction error would be slightly greater than the one
of Algorithm 2 and about the size of the error of £ft for all considered SNR. values.

As for some applications it might be important to correctly recover the short support of
the function or vector in question, we also investigate whether the considered methods are
able to do so. Tables 2.2 and 2.3 show the percentage of correctly found smallest energetic
frequencies wy for Algorithm 2, Algorithm 3 using block search and local energies, and
Algorithm 2 in [PW16a].

Rate of Correct Recovery in % Using

SNR  Algorithm 2 Algorithm 3 Algorithm 2 in [PW16a]
Local Energies Block Search
0 91 18 0 84
10 100 92 65 100
20 100 100 89 100
30 100 100 95 100
40 100 100 100 100
50 100 100 100 100

Table 2.2: Rate of correct recovery of wy in percent for Algorithm 2, Algorithm 3 using
local energies and block search and Algorithm 2 in [PW16a| for the 100 random
input functions with support length B = 100 from Figure 2.3

Rate of Correct Recovery in % Using

SNR  Algorithm 2 Algorithm 3 Algorithm 2 in [PW16a]
Local Energies Block Search
0 81 27 0 86
10 99 83 53 100
20 100 97 86 100
30 100 100 91 100
40 100 100 100 100
50 100 100 100 100

Table 2.3: Rate of correct recovery of w; in percent for Algorithm 2, Algorithm 3 using
local energies and block search and Algorithm 2 in [PW16a| for the 100 random
input functions with support length B = 1,000 from Figure 2.4

It can be seen that for an SNR of 0, Algorithm 3 using the block search method for
detecting the first support index of ask fails to recover wi in all 100 test runs for both
support lengths B, and has a rate of correct recovery of 65% if B = 100, and 53% if
B = 1,000, for an SNR of 10. If one employs the local energies method, w; will still be
found in 18% and 27%, respectively, of the cases for an SNR of 0 and even in 92% and
83% for an SNR of 10.

The problem for both the block search and local energies method is that, in order to
compute the smallest energetic frequency wi, we have to find its residues modulo the s
by finding K first support indices. Hence, if the first support index vy, of just one vector
a* is found incorrectly, the reconstructed wy might deviate much from the true frequency,
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2 Sparse FFT for 2r-Periodic Functions with Short Support

resulting in higher reconstruction errors for Algorithm 3. In this respect, Algorithm 2 is
much more stable; in our experiments it always recovers the correct frequencies except
for an SNR of 0, where the rates of correct recovery are 91% and 81%, respectively, and,
for B = 1,000, for an SNR of 10, with a rate of 99%. For Algorithm 2 in [PW16a|, the
procedure for identifying the first support index via local energies has to be applied only
once and can also be stabilized in a way that is infeasible for Algorithm 3. This results
in always correctly identified first support indices, except for an SNR of 0, where the
rates of correct recovery are 84% and 86%, respectively. Even though the runtime of its
implementation is not optimal, our numerical experiments show that it is highly stable
for noisy input data.

Another aspect regarding to which we want to compare Algorithms 2 and 3 are the
sampling requirements. If obtaining samples of the input function f requires a lot of
resources, e.g., time, money or measuring equipment in practical applications, reducing
the number of samples might be more important than minimizing the runtime of the
algorithm. The theoretical sampling requirements of

log® %
@<B.0gBN>
loglog &

B +log N)log N B +log N
(@] o
log? B log B

for Algorithm 2 and

for Algorithm 3 indicate that we should expect Algorithm 3 to use significantly less
samples than Algorithm 2. We also investigate this numerically. Figure 2.5 shows the
ratio between the number of used samples and the bandwidth N = 220 for varying support
lengths for Algorithm 2, Algorithm 3, whose sampling requirements do not depend on
the selected method for detecting the first support indices, Algorithm 2 in [PW16a],
Algorithm 2 in [Iwel0] and £ft. One can see that, compared to Algorithm 2, the sampling
requirements of Algorithm 3 are an order of magnitude smaller, and of the same size as
the ones of Algorithm 2 in [PW16a], which needs O(B +log N) equidistant samples of f.
Figure 2.5 also illustrates that both Algorithm 2 and 3 require significantly less samples
than Algorithm 2 in [Iwel0|, of which they are special simplifications.

Summing up the insights gained from the presented numerical examples, we can con-
clude that Algorithm 3 performs better than Algorithm 2 if the costs for obtaining the
samples of the input function are significant or if it is known that the input data is only
perturbed by noise with a high SNR. In the second case the runtime can also be slightly
decreased by removing the computation of the mean, though this increases the average
reconstruction error of the method. As using the block search method only gives a small
runtime advantage for support lengths up to B = 100 while resulting in less stability for
noisy data, we recommend to find the first support indices via local energies, which also
do not require any a priori knowledge about the precise noise level.

Being more stable with respect to noise, Algorithm 2 is a better choice for higher noise
levels, i.e., lower SNR values, despite its slightly greater runtime. As its runtime is also
lower than that of Algorithm 2 in [PW16a| while being similarly robust with respect
to noise, Algorithm 2 should also be preferred over the latter method if the sampling
requirements are not crucial.
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Figure 2.5: Number of used samples per bandwidth N = 22° for varying support lengths
B for Algorithm 2, Algorithm 3, Algorithm 2 in [PW16a|, Algorithm 2 in
[Iwel0] and £ft
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3 Sparse FFT for 27-Periodic Functions
with Polynomially Structured Sparsity

In Sections 2.3 and 2.4 we introduced two algorithms for deterministically recovering a
function f € Oy, with short support S = {wi,w1 +1,...,w; + B — 1} of length at most
B from samples. In this chapter, which is based on our paper [BZI19| and is in parts
identical with the representations therein, we want to focus on more general structures.
To be more precise, we assume that the energetic frequencies of f are contained in a
small number, n, of support sets Si,...,5, € {— [%W +1,..., L%J }, and that each of
the unknown sets S; is generated by evaluating a polynomial P; of degree at most d at
B points. This means that f is of the form

F@) =) clf)e™,

j=1wes;

where

Sj:{Pj(:{})il‘E{l,...,B}}

for some polynomial P; of degree at most d with integer coefficients. The perhaps simplest
class of functions with such a frequency structure are the functions with short frequency
support of length B studied in Chapter 2, which can be obtained by setting n = 1 and
generating the set S; by evaluating the polynomial Py (z) = z4+w; —1 at x € {1,..., B}.

The generalization to block sparse functions, where each of the n support sets is gen-
erated by evaluating a linear, monic polynomial at B points, is of importance in many
signal processing problems, for example the reconstruction of multiband signals via blind
sampling at sub-Nyquist rates, see, e.g., [FB96,ME10,MET08, MEDS11,ME(09|. Another
application is the fast and efficient evaluation of functions that can be represented as a
sparse expansion of other orthonormal basis functions, like Legendre or Gegenbauer, see,
e.g. [PT16]. For example, functions that are a sparse combination of high-degree Leg-
endre polynomials can be approximated via computing DFTs of samples of an auxiliary
periodic function, which can be shown to be block frequency sparse, see [HIK17].

Our aim in this chapter is to develop an algorithm that deterministically recovers a
general polynomially structured sparse function from samples by generalizing the recon-
struction ideas introduced in [Iwel0,Iwel3|, which we also briefly outlined in Section 2.1.
Unlike in Sections 2.3 and 2.4, we cannot hope to obtain such a method by simplifying
Algorithm 2 in [Iwel0].

3.1 Polynomially Structured Sparsity

As in Chapter 2, we always consider a 2m-periodic function f € Co, with finite spectrum
c(f) € C% and a large bandwidth N € N. Again, we assume that we can only evaluate
the perturbed function f+7, where n € Ca, satisfies c(n) € ¢! and ||c(n)||, < € for some
suitable noise threshold e > 0. We denote by c¢(N) € CV the restriction of the finite

spectrum c(f + 1) € CZ of f +n to the frequencies contained in {— [%] +1,..., L%J },
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and by ¢(N,Z) € C% the embedding of ¢(N) into C%,

(C(N,Z))w: {(C)w(f+77) ifwe {— {%] +1,...,L%J},

otherwise.

In the case of exact data, i.e., n = 0, we denote by c(N, f) € CV the restriction of c(f)

to the frequencies in {— [%1 +1,..., L%J }

We begin by formally defining the concept of polynomially structured frequency spar-
sity mentioned above.

Definition 3.1 (P(n,d, B)-structured Sparsity (Definition 2.3 in [BZI19])) Let
B,d,n and N € N such that d < B < N. Let Py,...,P, € Z[z] be non-constant
polynomials of degree at most d with

d
Pi(z) =) ajrz”,
k=0

where aj, € {— {

2]—1—1,...,[% }suchthat forall j € {1,...,n} and x € {1,...,B}
we have that Pj(z) € {

— {%] +1,..., L%J } The n support sets are defined as
S; ={Pj(x):xze{l,...,B}},

and we set S = U?Zl S;. Let € > 0 be a suitably chosen noise threshold. If f € Co
is Bn-sparse such that all of its energetic frequencies are contained in S, it is called
P(n,d,B)-structured sparse (polynomially structured sparse). Then f is of the form

fl@) = culf)e™

wesS
for some vector of Fourier coefficients (c,,(f))wes € CP™.

Polynomially structured sparsity means that the at most Bn energetic frequencies of
the function f are generated by evaluating n polynomials with integer coefficients of
degree at most d at B points. The following example illustrates this concept.

Example 3.2 Let N =1,024, n =d =2 and B = 9. We choose the polynomials
Py(x) =1122 — 222 —200  and  Py(z) = —13z? + 26z + 350.
The support sets generated by P, and P> are

S; = {-211,-200, —167,—112, —35, 64, 185, 328,493} and
Sy = {—469,—274, —105, 38, 155, 246, 311, 350, 363 }.
Then, with S := S7 U Sy, the function
fla) =) e
weS

is P(2,2,9)-structured sparse with ¢, (f) = 1 for all frequencies w € S and ¢, (f) = 0 for
alwe {—[Z]+1,....[5]}\S. 0
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As general polynomially structured sparsity is a more complex construct than the
short support considered in Chapter 2, using separating primes does not suffice here.
Instead, we introduce the concept of a good hashing prime; a prime modulo which not
all frequencies in a support set S; have the same residue.

Definition 3.3 (Definition 2.3 in [BZI19]) Let f be P(n,d, B)-structured sparse
with bandwidth N, noise threshold € > 0 and support set S = U;L:1 S; generated by the
polynomials P, ..., P,. A prime p > B hashes a support set Sj well if the cardinality of
the set obtained by taking the residues modulo p of all elements of S; is greater than 1,
ie., if

{w mod p:w e S;}| > 1.

Example 3.4 (Example 3.2 continued) We consider the same support sets

S; = {-211,-200, —167, —112, —35, 64, 185, 328,493} and
Sy = {—469, —274, —105, 38, 155, 246, 311, 350, 363 }

as in Example 3.2. Then we have that
{w mod 11:we 51} ={9} and {w mod 11:w € S2} ={0,1,3,4,5,9}.
Consequently, 11 does not hash S; well, but it hashes S5 well. O

Whether a prime hashes a support set well or not can be easily deduced from the
coefficients of the generating polynomial using the following well-known generalization
of the fundamental theorem of algebra.

Theorem 3.5 Let k be a field and P a polynomial in one variable z in k[z|, of degree
d > 0. Then P has at most d roots in k.

For a proof see [Lan05], Chapter IV, §1, Theorem 1.4. With the help of Theorem 3.5
we can now prove the following result.

Lemma 3.6 (Lemma 2.5 in [BZI19]) Let f be P(n,d, B)-structured sparse with
bandwidth NN, noise threshold ¢ > 0 and support set S = U;-Zzl S; generated by the
polynomials P,...,P,. Then a prime p > B hashes a support set S; with generating
polynomial

d
Pj(x) = Zajkxk € Zlx]
k=0
well if and only if there exists a coefficient aj;, with k # 0 such that p { a;p.

Proof. Assume p|aji, for all k € {1,...,d}. Then we have for all z € {1,..., B} that

d
Pj(xz) = Z a;xr* = ajo mod p.
k=0

As S; is generated by evaluating P; at « € {1,..., B}, we obtain that
H{w mod p:w € S;}| =1,

so p does not hash S; well.
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If, on the other hand, p does not hash S; well, then
{w mod p:w e S;}| =1

This implies that
Pj(y) = Pj(*) mod p Vy,ze€{l,...,B}.

Hence, for fixed y € {1, ..., B}, the polynomial

d
Q(z) = Pi(z) — Pi(y) = > _ ajra® — Pi(y)
k=0

of degree d has B > d zeroes modulo p. By Theorem 3.5, ) is the zero polynomial
modulo p, so

p|(ajo — Pj(y)) and plajr Vje{l,...,d},

which is a contradiction. O

For a good hashing prime and a P(n,d, B)-structured sparse function we can bound
the number of energetic frequencies that are hashed to the same residue by the maximal
polynomial degree d.

Lemma 3.7 (Lemma 2.6 in [BZI19]) Let f be P(n,d, B)-structured sparse with
bandwidth N, noise threshold £ > 0 and support set S = U;'L:1 S; generated by the
polynomials Pi,..., P, € Z[z]. If a support set S; is hashed well by a prime p > B, then

(i) Pjis not a constant polynomial modulo p,
(ii) [{w € Sj:w =vr mod p}| < d for all residues v € {0,...,p — 1}.

Proof. 1t is clear that P; cannot be constant modulo p if [{w mod p:w € S;}| > 1.
Assume now that [{w € S; : w=v mod p}| > d for some v € {0,...,p — 1}. Since all
elements of S; are generated by evaluating P; at some z € {1,...,B}, we find for a
y € {1,...,B} with Pj(y) = v mod p that

Py(y) = Py(2) mod p

for d distinct choices of z € {1,..., B} \{y}. Then the polynomial Q(x) := P;(z) — P;(y)
has at least d + 1 zeroes modulo p. By Theorem 3.5 this is a contradiction. O

Example 3.8 (Example 3.2 continued) We consider the same support sets as in
Example 3.2. Recall that

Sy = {—469, —274, —105, 38, 155, 246, 311, 350, 363},

the support set generated by P, is well-hashed by 11. Indeed, P» is not a constant
polynomial modulo 11, as

Py(x) = (9ac2 + 4z 4+9) mod 11 # ¢ mod 11

for all ¢ € {0,...,10}. Further, we obtain the following vector of residues modulo 11 of
the elements of Sy,

(w mod 11),cq = (4,1,5,5,1,4,3,9,0)" € NIl
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Hence, for each residue v modulo 11 there are at most two elements in So that are
congruent to v,

0 ifve {267,810},
Hwe Sy:w=vmod 11}| =11 ifv € {0,3,9},
2 ifve{1,4,5).

O

Let us now assume that there exists a prime p > B that hashes all support sets
S1,...,S, of a P(n,d, B)-structured sparse function f well. Then the restriction of any
support set S; to the frequencies congruent to ¥ modulo p contains at most d elements
by Lemma 3.7 (ii) and this holds for all residues v € {0,...,p — 1}. Consequently, the
restriction of S to these frequencies contains at most dn elements, and a function whose
support set is the restriction of S is dn-sparse. Thus, we will from now on also refer to
support sets as sparse if the corresponding functions are sparse.

Instead of developing a completely new algorithm, we can now employ existing methods
for reconstructing the restricted functions, which are much sparser than f. Due to the
structure of the problem, Algorithm 2 in [Iwel0] and Algorithm 3 in [Iwel3] are especially
well-suited for this task. In theory, though, any sparse FFT algorithm for recovering a
function f € Cy,; from samples could be considered. It can be shown both theoretically
and numerically that Algorithm 2 in [IwelO] and Algorithm 3 in [Iwel3|, which are
essentially the same method, are very efficient for very small sparsities. This is also
apparent from the numerical experiments we performed in Section 2.5, see Figure 2.2.
The main idea of our approach for reconstructing a function with polynomially structured
sparsity from samples is to apply Algorithm 3 in [Iwel3] to the restrictions to frequencies
congruent to ¥ modulo u for all residues v, where u is a prime that hashes all support
sets well, since these restrictions are at most dn-sparse. If this procedure is performed for
all residues, we find all energetic frequencies and their Fourier coefficients. By applying
Algorithm 3 in [Iwel3| only to the dn-sparse restriction instead of the Bn-sparse function,
we can indeed reduce the overall runtime, as the runtime of Algorithm 3 in [Iwel3| scales
quadratically in the sparsity, which we already mentioned in Section 2.2.2. We will prove
theoretical bounds on the runtime and sampling complexities of our new algorithm in
Section 3.3.3.

However, finding a single prime w that hashes all n support sets well is, in general, not
possible without further information on the generating polynomials. In the remainder of
this section we will show how to find M primes such that the majority of them hashes
all support sets well. The existence of such primes can be proven with the help of the
CRT, see Theorem 2.6, and the concept of separation, which we already introduced in
Definition 2.9. Recall that u € N separates the integers wi,...,wp if their residues
modulo u are all distinct. The correct energetic frequencies can then be found using
median arguments.

Example 3.9 (Example 3.2 continued) For the support sets from Example 3.2 we
find, e.g., that
(w mod 17),cq, = (7,15,14,4,2,8,5,10,6)",

so 17 separates the elements of Ss. O

The following result about separating primes has been shown in Lemma 1 in [Iwel0)].
Note that, according to Definition 2.17, we denote the rth prime by p,.
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Lemma 3.10 Let E'N € N, E < N, and u; = p, for some r € N. We define
M =2-E-|log,, NJ + 1. Choose M — 1 further primes with up < --- < upy, and let
TC{- {—] +1,. ng} with |T'| < E. Then more than % of the u, separate every

:L‘E{ [ 1+1,.. L%J}fromalltET\{x}.

In the next lemma we prove that, for a suitable M, it suffices to find M primes such
that more than half of them separate the leading coefficients of the frequency generating
polynomials from 0 at the same time in order to guarantee that more than half of these
primes hash all support sets well.

Lemma 3.11 (Lemma 2.13 in [BZI19]) Let f be P(n,d, B)-structured sparse with
bandwidth N, noise threshold ¢ > 0 and support set S = U] 1 Sj generated by the
polynomials Py,..., P,, and set E =n+ 1. Let M primes B < uj < --- < uyy satisfying
Lemma 3.10 be given. Then more than % of the u,, hash all n support sets S1,...,S,
well.

Proof. Let T be the set consisting of the leading coefficients of the polynomials P, ..., P,
that generate the support sets Si,...,5,, i.e.,

deg(Pj)

T= Qj, deg(P; Z a’jk‘x jed{l,....n}

By definition a; ) 7 0 for all polynomials and, since |7'U {0} < E, by Lemma 3.10

J, deg(P,
more than ¥ 5 of the um separate every element of { { 5 ] +1,..., L2 J} from all other
elements of T"U {0}, i.e., from all distinct leading polynomial coefficients and from 0.
Let p = u,, be one of these separating primes for an m € {1,..., M}. Assume that

there exists a support set S; that is not well hashed by p, so that we have
{w mod p:weS;}={v}
for some residue v € {0,...,p — 1}. Then the polynomial P; that generates S; satisfies
Pj(x) —v=0mod p Vaxze{l,...,B}.

Consider now the polynomial Q(x) := Pj(x) —v modulo p. It is a polynomial of degree at
most d with B > d zeroes modulo p, so by Theorem 3.5 it has to be the zero polynomial
modulo p. Consequently, we obtain that

plajr Vke{l,...,d} and p|(aj —v),

SO aj deg(p;) = 0 mod p. Since p separates a; geg(p;) from 0 and the other leading coeffi-
cients, we also find that

],deg §_£ t mod P Vt S (T U {0}) \ {aj’deg(pj)} .
This is only possible if a; qeg(p,) = 0, which is a contradiction. Thus, it follows that
H{w mod p:w e S;}| > 1,

so p hashes all S; well. Hence, all of the more than % primes uq,...,u) that separate
the leading coefficients from one another and from 0 also hash all support sets well. [
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Example 3.12 (Example 3.2 continued) For the P(2,2,9)-structured sparse function
f from Example 3.2 we can choose u; = 11 > B and require

primes in total, e.g., uy = 11, uo = 13,...,u13 = 59. According to Lemma 3.11, at least
seven of these primes have to hash S; and Sy well. In fact, all u,, except u; = 11 and
ug = 13 hash both support sets well. %

Lemmas 3.10 and 3.11 imply that, for M suitably chosen primes u1, ..., uas, the restric-
tion of the input function to frequencies congruent to ¥ modulo u,, is at most dn-sparse
for the majority of the u,,. Consequently, since Algorithm 3 in [Iwel3] recovers the
dn most energetic frequencies and gives accurate estimates for their Fourier coefficients
if the restriction is at most dn-sparse, applying it to the restriction to the frequencies
congruent to v modulo u,, yields the correct frequencies and Fourier coeflicients for the
majority of the tyy,.

Having thus established a foundation for our main idea, we now have to formalize the
method in order to be able to determine the required samples and the runtime of the
method. First, however, we will look at Algorithm 3 in [Iwel3| more closely.

3.2 Methodical Background

In this section we will explain Algorithm 2 in [Iwel0] and Algorithm 3 in [Iwel3] in more
detail, and summarize some of the results proven in the respective papers. Note that
both algorithms are essentially the same method, but use different notation. Algorithm 3
in [Iwel3] transfers the approach from Algorithm 2 in [Iwel0], which we briefly outlined
in Section 2.2, to a matrix setting, thus allowing for more efficient computations and
better error bounds. The main ideas remain unchanged.

Both algorithms reconstruct the B most energetic frequencies and produce accurate
estimates for the corresponding Fourier coefficients of a sparse function f € Cy, with

bandwidth N from the CDFTs of the vectors agk{l, k € {1, . ,f(}, l e {0, e ,f/} of

equidistant samples of f, where 55, and #; are small primes depending on the bandwidth
and sparsity of the function. The energetic frequencies are reconstructed from their
residues modulo § and #1,...,1 j for all k with the help of the CRT reconstruction, see
Algorithm 1, which is why the primes have to satisfy

i
< Ht}.
=1

For a general B-sparse input function the method introduced in ~[Iwe10, Iwel3] cannot
be guaranteed to work for a single prime 5. However, setting K = 8B|log;, N| + 1

l
|

1

1 <
1

mz‘z

1

l

and choosing 51, ... as the K smallest primes greater than B and ¢ 7, all energetic

5~
VUK
frequencies are correctly reconstructed from their residues for more than K /2 of them.

—

The residues modulo #; can be found by comparing the entries of a® and a®% that
correspond to the same frequency. The coefficient estimates are then obtained by taking
the medians over the K coefficient estimates found for each of the 5;.
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3.2.1 Measurement Matrices I

In [Iwel3], the concept of measurement matrices was introduced in order to facilitate the
notation of the computations briefly outlined in Section 2.2.2. As we want to use the
same notation for our method later on, we explain this construction here in more detail.
For the definition of measurement matrices we first require the definition of the row-wise
Hadamard tensor product.

Definition 3.13 (Row-wise Hadamard Product) Let A = (ax )} L " € Co*™,
B = (bk,l)z_li’(;"_l € CM™, Then the row-wise Hadamard product A @ B € C(EA)xm ig
given by

(A@B)kJ ‘= Ak mod n,l'bkf(k mod r) kE{O,...,Ii)\—l},lE{O,...,m—l},

i.e., the first kK rows of A ® B are given as the Hadamard product of all x rows of A with
the first row of B, the second k rows as the Hadamard product of all ¥ rows of A with
the second row of B and so forth.

The following property of the Hadamard product follows directly from Definition 3.13.

Lemma 3.14 Let A € C**™ B € C*™. Then every row of A ® B is given as the row
tensor product of a row of A with a row of B.

Now we can define the measurement matrices required for Algorithm 3 in [Iwel3]. We
choose the necessary primes 3, and #; in the way we already indicated at the beginning of
Section 3.2. We want to apply the CRT reconstruction from Algorithm 1 to the residues
modulo %1, ... 7£Z and § for all k. Hence, we need that

L—1 L
§kH£l<N§§kH Vke{l,...,f?}.
=1 =1

In order to be able to choose the ¢; independently of the 3j, we use that §; has to be
greater than B for all k.

Definition 3.15 (Measurement Matrices I ((5) in [Iwel3])) Let B, N,e~! € N\{1}
with B < N. Let ti,... ,fi be the smallest primes such that

-1 L
BHfl<N§BHfl.
=1 =1

For algorithmic purposes we additionally set tp = 1. Let $; be the smallest prime
greater than max {{;, B} and let K = 4% |logs, N] + 1. Set 53,...,5% as the smallest

K — 1 primes greater than §;. Furthermore, we define & = Z,f:l Sy A = Zszo t; and
G = lem{N, 51, ..., 5[?,51, .. ,fi}, where lem{a, b} denotes the least common multiple
of a and b for any a,b € Z.

We define a special & x N measurement matriz. All entries of this matrix will be either
one or zero. It is built up row-wise, where an entry of the jth row is one if and only if its
column index [ is congruent to a certain residue modulo 5. For a formal definition we

fix an index k € {1,... ,I?} and a residue v € {— [%’“—‘ +1,..., L‘%’“J} modulo §;. Then
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we define the row rz, , € {0, 1}1*¥ corresponding to the residue v modulo 3, by

(rgkﬂ/)j = 5(]'71/) mod 8,0 = (31)

1 if j =v mod 3,
0 otherwise

for j € {— (%W +1,..., L%J }, where 0y, ; denotes the Kronecker delta. Combining for

each prime 3 the s possible rows, we set

r§1,—[~71-‘+1
r§1, {%J -
M, == 0, 11N,
51, K r§277{~72-‘+1 6{ }

r 5o
;. |’k
Sk {TJ

In order to be able to utilize /\/lg1 7 in our setting, its number of columns has to be
divisible by all 55, and ¢;. Hence, we define the extension & 7 of ./\/lg1 7 toa ik x g matrix
by extending all rows r;, , to columns indexed by j € {— {gw +1,..., [gJ }, asin (3.1).
Then £ is the first measurement matrix employed by the algorithm. The middle N

columns of £ are just M§1J~<’ and, since 31,...,5z all divide ¢, we have that
I, | I, | L5 | Ig,
Is, I, Is,
51? - ’
I

where I, denotes the identity matrix of size Sp X Sp.
Further, we analogously define the (A — 1) x N matrix M; ;, consisting of the rows

corresponding to the possible residues modulo 1, ..., t}J,
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3 Sparse FFT for 2r-Periodic Functions with Polynomially Structured Sparsity

Let us denote by 13, € CM the vector consisting of M ones. We set /\/’t~1 7 to be the AX N
matrix whose first row contains only ones and whose other rows are given by M i

. 1N
No 2= <M£1 i) ’

and define the (%-\) x N row-wise Hadamfxrd product R r = Mél,f(@j\[t], pof M, %
and ./\/'f1 7 and its extension G; % to a (A-A)x ¢ matrix, which is the second measurement

matrix used by the algorithm. Recall that by definition, all 5 and #; divide §. Later on,
q will be the length of the vector of equidistant samples of f from which the algorithm
chooses only a few. Note that § is even since ¢; = 2.

The measurement matrices have been chosen as above in order to be able to write
down all congruencies occurring in the reconstruction procedure described in Section 2.2
in an easy way. The following property has been shown in Lemma 5 in [Iwel3|.

Lemma 3.16 Let f € Cy; have bandwidth N and let B € N with B < N. By the
CRT, every row of G i g is of the form

1 if j = h mod 3.1,
(rékfl,h>j = (r§k,h mod &, ® Tf . h mod il)j =

0 otherwise,

for some indices h € {— F’“Q{l-‘ +1,..., F’“;lJ}, j € {—g—f—l,...,g}, k € {1,...,[?}

and [ € {O, .. .,L}. With fp = 1 we can use the same notation for rows of the form

I's., h mod 5, ® 1y, which are generated as the row-wise Hadamard product of a row of
& with the first row of the extension of /\/g1 7 toa A x ¢ matrix.

~ in order to obtain the

Remark 3.17 With the help of Lemma 3.16 we can use G;

required samples of f as a few measurements of a4, where

o= (s ()

is, as in Definition 2.5, the vector of ¢ equidistant samples of f. Then al can be consid-
ered to be the generating sampling vector, since any vector a’*! of equidistant samples
required for Algorithm 3 in [Iwel3| can be obtained from it via

B . §pt—1
a’kll = (aq ; ) .
P58/ j=o

Of course we will not sample f at ¢ equidistant points; the vector a? is only used theo-
retically in [Iwel3| to show that the concepts introduced therein work, by embedding all
necessary samples into one vector of equidistant samples. Lemma 3.16 yields for every

he {— [k%l] 1, H“J} that by multiplying the row ry ;, ,, € {0,1}"7 of G; -
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—

with the CDFT of the sampling vector al, we obtain the corresponding entry of adst,

r

q
o~ 2 o~
sy, n AT = E (ré‘kfl,h>j al;

S]]

- ~
d 1 G  =2mibh —QWib_J"gktz
= —a, e d E e q
=0 ¢ P iy
25,1
G—1
: 1 2mb\ =2mibh
= 27 = 1¢ 7 %mod L0
b—0 Skt q Sty
. N

Srti—1 / —2mib b
“ o (G

Skt

= aSktiy,

where we have j = h+ j'5.t; for j' € {— {%’it}—‘ +1,..., L%%ZJ} and b = b’% for some
b e {0,...,§kt~l — 1}.

Hence, the vector G PR Fq-agkfl contains precisely the CDF'Ts of the necessary vectors
of equidistant samples of f, and is of the form

o —=T —7 __p —7 —=T1\7"
_F- — i 51t7 5 5ol Sgtr
QE’KFq-a ast  asit ,a’t'h as2  asht . a’k'L
Analogously, one can show that
- —~T —~T —T T
EzFg-al=(a% ,a% ... a%k

This implies that we do not need all ¢ equidistant samples of f in order to obtain the
CDFTs of the required sampling vectors a®#%. These CDFTs can be found by computing
CDFTs of the vectors of xt; equidistant samples of f for all k € {1,... ,I~(} and | €
{0,..., f/}, which can be done in much less time than computing the CDFT of the vector
ad of § equidistant samples of f. O
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3 Sparse FFT for 2r-Periodic Functions with Polynomially Structured Sparsity

3.2.2 Algorithm 3 in [Iwel3]

Using the notion of measurement matrices, we can now summarize Algorithm 3 in [Iwel3|
as Algorithm 4.

Algorithm 4 Algorithm 3 in [Iwel3]

Input: f+n, B,N,e ! € N\ {1} with B < N, where f is at most B-sparse.
Output: R, xp, where R contains the 2B frequencies w with greatest magnitude coef-
ficient estimates x,,.

1: Find the L smalle~st primes 1, ..., EE such thth Hf;ll t < % < H1L:1 t;. Set ty = 1.
2: Let s; > max{B,t;} be the smallest prime, K = 4% Uoggl NJ +1and 33,...,5% be
the smallest primes greater than 5.
3: Initialize R = 0, xg = On, ¢ =lem (N, 51,...,55,11,¢}).
~ 7 —=T —=T 7T —T T
4: G; p-al« [a%t jasth . a%i a% ... a’kli
~ —~T —1\7T

5 & -al <asl e, a%K >
6: for k from 1 to I~(~do i
7: for h from — [%’“—‘ +1 to [%J do
8: for [ from 1 to L do
9: b(_ 1 <~/:j) —<~~./zj>

min argmin & - a . QLVK a . )

ve{-[%#]+1..| 4]} 2 Spef bty

10: Tf’h — (h + bmin - §k) mod fl
11: end for .
12: Recover w® " from w®" = h mod §, W" = af’h mod #; for I € {1,...,L}.
13: end for
14: end for

15: for each w® " value reconstructed more than % times do

16: Re(zy,) + median {Re( G: ~-al ) tw = wl“h}
%CJ} ( L,K >r'§kt~lvh

he{-[F]+1.|
ke{l,..,K}
le{1,...,L}

17: Im(zy,) median {Im ((gi 7 aﬁ) ) fw = wk,h}
he{{%’ﬂﬂ,...,ﬁﬂ” ’ Tk
ke{l,..,K}
le{1,....L}

18: end for

19: Sort the coefficients by magnitude s.t. |z, | > |Tw,| = .

Output: R = {wi,...,wep}, XR.

In lines 9 and 10 of Algorithm 4, the residues of the possibly energetic frequencies
modulo #; are computed, similar to (2.6) and (2.9). Line 12 reconstructs the frequencies
from their previously computed residues via the CRT procedure from Algorithm 1. For
all frequencies that have been reconstructed more than % times by Algorithm 4, the
Fourier coefficient estimates x,, are computed by /tgking the median of the real and the

imaginary parts of the corresponding entries of as% for all §;, and ¢;. If w is found for
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more than % values for §, its coefficient estimate, which is the corresponding Fourier
coefficient of f + 7, is accurate for the same primes S, so by taking the medians, one
obtains the real and imaginary parts of the correct coefficient estimates. By additionally
considering all §;¢; instead of just the 3, as in (2.10), the method becomes more stable
with respect to noise, since we want to find good estimates for the Fourier coefficients of
the original function f.

The following lemma summarizes the main results shown for Algorithm 3 in [Iwel3|
that are relevant for our method. Here, for any vector y € CH! with index set I, and a

subset R C I, we denote by yr € CH! the vector

y; if j € R,
(YR)j:{ ’

0  otherwise,

for all j € I. For any s < |I| we will let the subset R%®" C I be the, in lexicographical
order, first s-element subset such that |y;| > |yg| for all j € RSP and k € T\ RSP, Thus,
RSP contains the indices of s entries of y with largest magnitudes. While choosing s
entries with largest magnitudes might not be unique, R%" is unique by definition. To
simplify notation we set yor' .=y ROVt

Lemma 3.18 Let f € Co; have bandwidth NV and let B € N with B < N.
(i) (Lemma 6 in [Iwel3|) If w € {— [§] +1,..., |5 ]} satisfies

1

4. —

lew] > <2B
&

then w will be reconstructed more than o times.

o) = )| + et -~ .2, ).

(ii) (Proof of Theorem 7 in [Iwel3]) If w is reconstructed more than % times, then

1
‘$w_cw| < \/§<2B

o) = S|, + ) — e 2l )

(iii) (Theorem 7 in [Iwel3]) Choosing ¢! = 2, Algorithm 3 in [Iwel3] will output an
xp € CV satisfying

le(N) - xall,
< [let) = e @0, + == []eta) - )| + 2B etsr) .2,

in a runtime of

o B?1log? N log?(2Blog N) log? %
log?(2B) log log % ’

and using

B?log? N log(2Blog N) log? %
log?(2B) log log % '

samples of f.

Remark 3.19 (i) Heuristically, the assertions of Lemma 3.18 (i) imply that if w is
sufficiently energetic, if the perturbed function f + 7 is approximately B-sparse and if N
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is a good estimate on the bandwidth of f, w will be reconstructed for more than half of
the 5. Thus, its coefficient estimate will be computed by taking the medians in lines 16
and 17.

(i) It follows from Lemma 3.18 (ii) that if a frequency w is reconstructed for more than
half of the §j, then its coefficient estimate x,, calculated in lines 16 and 17, will be
accurate if the perturbed function f + 7 is still approximately B-sparse and if NV is a
good estimate on the bandwidth of f.

(iii) Lemma 3.18 (iii) implies that, if the perturbed function f + 7 is still approximately
B-sparse and N is a good estimate on the bandwidth of f, the reconstruction of c¢(N)
by the vector xg given by Algorithm 4 is accurate.

Further, it follows that the runtime and sampling complexity of Algorithm 4 are sub-
linear in the bandwidth N and quadratic in the sparsity B.
O

3.3 Polynomially Structured Sparse Functions

3.3.1 Measurement Matrices I1

In Section 3.1 we already mentioned that the main idea of our algorithm for polynomially
structured sparse functions is to apply Algorithm 3 in [Iwel3| to all restrictions of the
input function to frequencies congruent to a residue modulo the primes uq,...,up. In
order to be able to do so, we first have to introduce the measurement matrices and primes
required for our approach. Analogously to Algorithm 4, we want to apply the CRT
reconstruction procedure from Algorithm 1 to the residues modulo sgu,, and t1,... %1,
forall k € {1,...,K} and m € {1,..., M}. Consequently, we require that

L—1 L
skumHtl <N§skumHtl Vke{l,...,K} and Vme{l,...,M}.
=1 =1

In order to be able to choose the t; independently of the s, and u,,, we use that u,, will be
greater than B and s will be greater than dn forall k € {1,..., K} and m € {1,..., M}.

Definition 3.20 (Definition 3.1 in [BZI19]) Let f € Car be P(n,d, B)-structured
sparse with bandwidth N and noise threshold € > 0. Let t1,...,t;, be the L smallest
primes satisfying

L—1 L
Bdn H t{ < N< BdnHtl.
=1 =1

For algorithmic purposes we let ty := 1. Further, we set s; to be the smallest prime that
is greater than both dn and t, i.e.,

S1 = pg > max{dn,tr} > pa—1.

The minimal K for guaranteeing correct recovery of the restricted functions for more
than half of the s by Algorithm 3 in [Iwel3| would now be

N
K = 8dn {logs1 J + 1.
uy
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However, since we did not choose the hashing primes uq, ..., ups yet, which, similarly to
Definition 3.15, have to be distinct from the si, we increase K slightly using that the
unknown u; will have to be strictly greater than B, i.e.,

N N
K :=8dn {logs1 BJ + 1> 8dn {logs1 J + 1.
u1

Hence, we can now choose the remaining s; independently from the hashing primes
UL, ..., upr to be s == pga_14 for k € {1,..., K}. The u,, can be found by setting

uy = pp > maX{B,SK} > Pb—1,

M :=2(n+1) |log,, N|+1and wm, == pp—14m for m € {1,..., M}. With these definitions
S1y-+-s8K,t1, ... L, UL, ..., up are pairwise relatively prime and satisfy that

L
SkUm, * Htl >N
=1

forall k € {1,...,K} and m € {1,..., M}, so the frequencies of the restriction can be
reconstructed from their residues modulo sy - Uy, t1,...,tr for all £ and m via the CRT
reconstruction method in Algorithm 1. By choice of M and Lemmas 3.10 and 3.11, more
than % of the u,, hash all support sets S; of the input function f well. Furthermore, we
have that s > dn and wu,, > B for all kK and m.

We also set k = Eszl Sk, A= ZzL:o t; and p = Z%:l Uy,. Analogously to ¢ defined
in Section 3.2.1, we set

q:lcm(N,sl,...,SK,tl,...,tL,ul,...,uM),

because all s, t; and u,, have to divide ¢. Again, ¢ will be the length of the generating
sample vector later on, i.e., all required samples of f can be selected as entries of aZ, but
of course we do not need all entries of a%. Note that ¢ is even, as t; = 2.

From now on we always assume that the occurring natural numbers ¢, s1,..., sk,
t1,...,tr,uy, ..., up comply with Definition 3.20. Recall that in Definition 2.5 we set
the vector of M equidistant samples of f € Cs, to be

o= () e
M), ‘

In order to apply Algorithm 3 in [Iwel3| to the restrictions of f to frequencies that
are congruent to v modulo w,, for all residues v € {— [“77”] +1,..., L“TWJ} and all
m € {1,..., M}, we need to transform the vector al = F,a? into a matrix with sparse
columns whose entries correspond to the frequencies that are congruent to v modulo w,.

Definition 3.21 (Measurement Matrices II (Definition 3.6 in [BZI19])) For
t1,...,tr, S1,...,SK,U1,...,ups and g as in Definition 3.20, we construct a special u x N
measurement matrix M, s, analogously to the measurement matrices used in [Iwel3],
given by Definition 3.15. As before, an entry of a row is one if and only if its col-
umn index is congruent to a certain residue modulo u,,. Let m € {1,...,M} and
v e {— [“T”ﬂ +1,..., L“ij} be a fixed residue modulo u,,. Then we define the row
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Ty, € {0, 132N by

1, if j =v mod uyy,,

(rum,l/)j = 6(]'71/) mod Um,0 — {

0, otherwise

for 5 € {— {%] —|—1,...,L%J},andset

. ul
Mul,M = ’

Tusr, [ 4]

We define the extension Hs 1, x of My, v to a p X ¢ matrix by extending all rows
r'y,,,» to columns indexed by j € {—% +1,..., 2}, as given in (3.2). Thus, the middle N
columns of Hys, 1, k are just My, ar. Further, as in Section 3.2.1, we define the Kk x N
matrix My, i and the (A — 1) x N matrix My, 1, consisting of the rows corresponding
to the possible residues modulo all the s; and t;, respectively,

Lo -]+ T, -T2+

My, Kk = and My, 1=
r
Vo, [ 5] t | %

We set M1, 1 to be the A x N matrix whose first row contains only ones and whose other

rows are given by My, r,
1y
Niy, L=
t17L Mtl,L )

and define the (k-A) X N row-wise Hadamard product Ry, g = My, g ®Ny, 1 of Mg, g
and M, 1 and its extension Gy, x to a (k- A) X ¢ matrix. The measurement matrices
required for our algorithm are £k, Gy, k and Hy, 1, k-

Remark 3.22 (Restriction of a? (Remark 3.7 in [BZI19])) If we compute the row-
wise Hadamard product of Hs 1, k with (QJ)T € C'™¥4, every row of Huv, L,k ® (aA‘I)T
is, by Lemma 3.14, given as the row-wise Hadamard product of a row of Hy, 1, x and
(a®)™. Let us denote the columns of (Hyy 1, x ® (a?)T)T € CI** by pl , for all residues
vE {— P%”W +1,..., L%J} and m € {1,..., M}. Then the column pgmw corresponds
to a residue v modulo the hashing prime u,,. This column only contains nonzero entries
at frequencies that are congruent to v modulo u,,,

R T
(Pr); = (runw® (a0)")

J
= (rum,u)?' (d\q)j

= 0(j—v) mod um,0 * @%;
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3.3 Polynomially Structured Sparse Functions

B c?lj, if j =v mod um,
0, otherwise

forje {—%+1,...,4}. Hence, the column p} , of (Har, 1, k®(a?)™)7 is the restriction
of a? to the frequencies congruent to v modulo u,,, which is at most dn-sparse for a good
hashing prime w,,. Thus, for more than % of the wu,,, we can apply Algorithm 3 in [Iwel3]
with sparsity dn to all columns. %

3.3.2 Algorithm for Polynomially Structured Sparse Functions

By Remark 3.22, Algorithm 3 in |[Iwel3| can be applied with sparsity dn to all columns
pl ., of MLk ® (a9)™)T. Recall that the column pl ., is only guaranteed to be
at most dn-sparse if wu,, hashes all support sets Si,...,S, well. This means that only
for the columns corresponding to those primes the algorithm will return all energetic
frequencies and provide good estimates for their Fourier coefficients. Consequently, we
have to apply Algorithm 3 in [Iwel3] to every single column of (Har . x ® (a?)”)” and
choose the frequencies and coefficient estimates that appear for more than % of the u,,.

In Algorithm 3 in [Iwel3] estimates for the Fourier coefficients ¢, of the input function
f are calculated from certain entries of Gy, k - al?. These entries can be obtained in a
fast way from f by computing CDFTs of the vectors a®#%. A similar property is true
for the entries of Gy, i - (Har, 1, Kk ® (a?)T)T required for polynomially structured sparse
functions, as the following remark shows.

Remark 3.23 (Remark 3.9 in [BZI19]) For polynomially structured sparse input
functions we now prove that the entries of Gr i - (Hm, 1, k ® (A\(Z)T)T can be calculated
fast. As we want to use the residues modulo the hashing primes uq,...,ups for the
reconstruction as well, an idea similar to the one from [Iwel3| leads to CDFTs of the
sitium-length vectors ask!%m of equidistant samples from Definition 2.5.

Consider an entry of Gr, k- (Hum, 1,k ® (é\‘?)T)T € CF\#. By construction, it is the
product of a row of Gy i, which is by Lemma 3.16 of the form ry,, 5 for a residue
he{- {S’“Tﬂ +1,..., LS’“;’J} modulo sgt;, with a column pgmy of (Har, 1. x ® (a?)")T
for a residue v modulo u,, for some m € {1,..., M}. Remark 3.22 yields that

q

2

Ts,ty,h° me,u = Z (rSkthh)j (pz;M7V)j

j=—5+1
q
2
= E 5(jfh) mod sgt;,0 " 5(]‘71/) mod um,0 ” alj. (33>
Jj=—3%+1

As there can only be nonzero summands in (3.3) if j = h mod sit; and j = v mod uyy,
we find with the CRT that j has to be of the form

. .’ . q q
= t , €E— | — 1,...,|— ,
I =T AT S, { [QSktlum—‘ + \‘QSktlumJ }

where 7 € {— [S”“tl%} +1,..., L%J} is the residue of 7 modulo sit;u,,. Then it
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3 Sparse FFT for 2r-Periodic Functions with Polynomially Structured Sparsity

follows that

q
L2sktlumJ
. B ~
Tspti,h " Pup,v — Z aqTJrj/.Sktlum
],_7"25kflum-‘+
gt
2sgtpum 180 amiv(rtssptyum)
b
L q 11 q b=0
J 2sptium
Bl
(g —2mibr 2szktlum —2miby’ sy tjum
= *ag - € a € !
b=0 q j/zf[ 4 W+1
2sptium
—1
q 1 I 2mwb\ =2mibr 5
_ Z ) e a . _q
1o Sklitm q >l e
Sptium—1 1 27‘(‘()’ Skt‘[lum %
= f c '
b'=0 Sktlum 1

/t\
— 1S U
= q°kUYm __

By Bézout’s identity, see Theorem 2.7, 1 = ged (sgty, um) = v - Skt + w - Uy, for some
v,w € Z, and we obtain that 7 satisfies

Lim tiUm
7= ((h —v)w mod sktl)-um+y€{— Fk;u-‘—l—l,...,rk;u J} (3.4)

Thus, in the column corresponding to the residue v modulo u,,, for fixed sit; only the

skt different values a*st%m . with 7 depending on h as in (3.4) are contained. Hence, the
column of Gr, k- (Har, 1,k ® (a?)™)T corresponding to v modulo u,, is of the form

m, v m, v m, vV m, v m, v m, v
Vs, s Veitr 22 Vet, s Vso s Veot, 2+ Vepts ,
where - -
m,v .— ASptiu .
(Usktl )j = an " ((—v)w mod spt;)Um+v (3'5)

for all j € {— [Sk—;’] +1,..., LS’“T“J } The entries of Gr, k- (Hym, 1,k ® (aAq)T)T can be
calculated in a fast way, using K LM CDEF'Ts of the vectors of sitju,, equidistant samples,
which has a runtime O (sgt;un, - log (sgtiuny,)) for all k, 1, m, as we know from Section 1.1.1
and Remark 1.9. O

We still have to specify how we apply Algorithm 4 (Algorithm 3 in [Iwel3|) to the
columns of the matrix G, i - (Hm, 1, k ® (5\‘1 )T)T. Until now, we considered fixed residues
h modulo s;t; and v modulo u,,. However, in line 7 of Algorithm 4, we fix the residue
h' modulo s, of a frequency w and find the residues modulo the s;t; of w in line 9. The
following remark shows how these residues can be combined.

Remark 3.24 Choose si,...,S8k,t1,..-,t0,u1,...,ups as in Definition 3.20 and let
w € {— {%1 +1,..., L%J} satisfy w = v mod u,, and w = A’ mod s, for some residues
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3.3 Polynomially Structured Sparse Functions

ve{-[%]+1,...,[%|}and b € {—[%] +1,...,| %]}, where k € {1,...,K} and
m € {1,...,M}. For the fixed frequency w we have to find the corresponding residue
modulo sgtju, for every I € {1,..., L}. Bézout’s identity implies that

1= ged (sg,um) =0 - s +w' - up,

for some v',w’ € Z. Then the residue 7’ of w modulo sgu,, has to satisfy

7= w mod spun = ((h' —v)w' mod sg) - um + v,

and the residue of w modulo sitju,, is of the form
w mod Sititmm = T + bmin - Sklm (3.6)

for a byin € {— [%ﬂ +1,..., L%J }, which is given as

—

—_—
Dmin = argmin askUm .y — qSktUm o (3.7)

el [ e 1]}

If s; and w,, are separating, then by,;, is unique, since no other energetic frequency can
have a residue of the form in (3.6). This is analogous to (2.8) in Section 2.2.2. If by, is
not unique, we can choose any minimizer, resulting in a possibly wrong residue for the
frequency w modulo ¢; and an incorrectly recovered w. However, since more than half
of the s; and more than half of the w,, guarantee separation, we will still reconstruct
w correctly in more than half of the cases. Thus, we can find w by employing median
techniques in both Algorithm 4 and our new Algorithm 5.
Finally, it follows from (3.6) that the residue of w modulo ¢; is

a; '=w mod t; = (7" =+ bmin skum) mod t,

and w can be reconstructed from its residues w = 7 mod spu,,, w = a1 mod tq, ..

o —

w = ar, mod tr. Recall the vectors ng;u) introduced in (3.5). These vectors are defined

such that if w = v mod w,,, w = h mod s, and w = h mod sit;, we have

)

— —
m,v

(% > = askthw mod spt;um -
( skt w mod sgt; kHtm

To use this notation, we take the residues modulo sit;u,, again modulo sxt;, and obtain

—

; kU sptiu
bmin = argmin a°ktm o, — kKt T 4-b-S Ui,
(T 4]}
= argmin (Um’y) <W )
- Sk - Skt
h' (7"4+b-spum) mod sit;
(T4
= argmin (EK . aq) o= (gL K- aq) .
be{ ’th-‘_i'_l \‘tlJ} I‘Sk’ h!> pm,y ’ rsktl, (‘r’+bskum) mod spt;> pm,u
=2 |t

This shows that we can indeed apply Algorithm 4 to the restriction to the frequencies
congruent to v modulo u,, while also utilizing this congruency information. %
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3 Sparse FFT for 2r-Periodic Functions with Polynomially Structured Sparsity

Remark 3.25 Similarly to Remarks 2.11 and 2.25, Algorithms 4 and 5 can achieve
even faster runtimes if some of the primes s1,..., sk, t1,...,tr, U1,...,up are omitted
and the preconditions of the CRT are still met. We also did not incorporate these
improvements in the implementation of our algorithm for block sparse functions we used
for the numerical experiments in Section 3.5. O

Algorithm 5 presents itself as a summary of the preceding considerations.

Algorithm 5 Algorithm for Functions with Polynomially Structured Frequency Support
(Algorithm 1 in [BZI19])

Input: f+n, n,d,B,N € Nwith d < B < N, where f € Co; has bandwidth N and is
P(n,d, B)-structured sparse.
Output: R,xp, where R contains the nB frequencies w with greatest magnitude coef-
ficient estimates x,,.
1: Find the L smallest primes t1, ..., ¢, such that Hl 1 tl < Bdn < Hl 1t Set tg = 1.
2: Let s1 > max{dn,tr} be the smallest prime, K = 8dn Llog51 BJ +1 and s9,...,8K
the smallest primes greater than s;.
3: Let u; > max{B, sk} be the smallest prime, M = 2(n + 1) - |log,, N| + 1 and

U9, ..., ups the smallest primes greater than u.

4: Initialize R=10, xg = O0n, ¢ =lem (N, 81, ..., Sk, 1, oy b0, ULy ooy UN)-
AT\ T T T\

5: gL,K-(HMJ,,K@(aq) ) — (vs1 Vet oo Vet )
m=1,v=0

AT\ ST )T

6: 5K~(’HM7L7K®(aq) ) — (Vsl’ ooy Vg )
m=1,v=0

7. for m from 1 to M do
for v from — [“7’”1 +1 to L“mJ do
(R(W”),x(m’ ”)) < 2dn frequencies with largest magnitude coefficient es-
timates returned by Algorithm 4 applied to Gr x - (Hm, 1,k ® (@)T)zfn ) and
Ex - Hm, L,k ® (é\‘I)T)ZT with sparsity dn. ’
10: end for r

11: end for

12: for each w € Um 1 Uum_1 R(™"¥) found more than ]\24 times do

13: Re(xy,) = median {Re (mfbm V)> (@ =w,o € RM z/)}
v={ =[x [+ 1 25 |}
me{l,...,M}

14: Im(z,) = median {Im <xwm’ V)> O =w,w € R(WV)}
AT
me{l,...,.M}

15: end for

16: Sort the coefficients by magnitude s.t. |Tw, | > |Tw,| > .

170 R+ {wl, - ,an}

Output: : R,xp.

3.3.3 Error, Runtime and Sampling Bounds

We will now prove runtime and sampling bounds for Algorithm 5. Furthermore, we will
give theoretical bounds on the accuracy of the returned Fourier coefficient estimates.
In order to obtain such bounds, we can utilize some of the results developed in |[Iwel3|
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3.3 Polynomially Structured Sparse Functions

for the more than % primes u,, that hash all support sets S1,...,S, well. These are
precisely the primes for which the corresponding columns p , of (M, L,k ® (a0)")T
are guaranteed to be at most dn-sparse.

Analogously to our previous notation, we denote by c(N, up,, ), ¢(N,Z, ty,,v) and
c(upm,v) the restrictions of ¢(N), c(N,Z) and c(f + n), respectively, to the frequen-
cies congruent to v modulo u,, for a residue v € {— [“7*”1 +1,..., L“ij} modulo uy,
for some m € {1,...,M}. Further, recall that C;S;(N, Um, V) is the optimal 2dn-term
representation of ¢(N, uy,, V).

The following lemma guarantees that any sufficiently significant frequency, i.e., any
frequency whose corresponding Fourier coefficient has a sufficiently large absolute value,
will be found by Algorithm 5. Further, it also implies that the Fourier coefficient estimate
given by the algorithm is accurate.

Lemma 3.26 (Lemma 3.10 in [BZI19]) Let f € Ca, be P(n,d, B)-structured sparse

with bandwidth N and noise threshold e > 0. Let n € Ca, such that c(n) € ¢! and
lc(n)]|oo < e. Let u; be a prime and s1,¢; € N such that with K = 8dn Llogs1 %J +1

and M = 2(n + 1) |log,, N| 4+ 1 we have that B < u; < --- < uy are prime numbers,

thh < - <t < 81 < ++- < Sk, and s81,...,8K,t1,...,t,U1,...,Up are pairwise
relatively prime with Hlel t > 81]\;1. Set

_ (m,1)
SRS £ CLI R AL

]} | 200
um hashes well

(N, Z s ) — (it u)\h}-

Then each w € {— {%] +1,..., L%J} with |e,| > & + 46 is added to the output R of
Algorithm 5 in line 17, and its coefficient estimate from lines 13 and 14 satisfies

|zRr(w) — cu| < 26.

Proof. Let u,, be a good hashing prime, v € {— PTWW +1,..., L“TT"J} a residue modulo

U, and assume that w € {— [%W +1,..., L%J} is contained in Rg:’ V)’Opt\R(m’ v) where

R(™¥) are the frequencies returned in line 9 of Algorithm 5 by applying Algorithm 4
with sparsity dn to G, k- (Hum, 1,k ® (aAq)T)ZT . This means that w is one of the dn
frequencies congruent to ¥ modulo u,, with la}ngést magnitude Fourier coefficients, but
it is not contained in R(™¥). Since the residue of w modulo u,, is unique, w cannot be
contained in any of the sets R™?) for v € {— [“] +1,..., % |} \ {v}.

Let us first have a look at the error caused by frequencies with small Fourier coefficients
that are not included in the set R of returned frequencies, even though this is not part
of the statement of the lemma. Let w € {— (%1 +1,..., L%J} with |c,| < e+ 46 and
assume that it is not included in the reconstruction R in line 17. Then we have that

|zr(w) — cw| < e+ 40.
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Recall that 6 is defined as the maximum over the values 6(™*) where
1
slmv) — Sdn HC(N, U, V) — C;S;(N, U, u)Hl + |e(N, Z, tpy, v) — €(tm, V)]

for all good hashing primes u,,. The first summand measures the distance of the restric-
tion of f 4+ n to frequencies congruent to v modulo u,, to being a 2dn-sparse function,
and the second summand measures how good the assumed bandwidth N is for f+7. As
for all good hashing primes the restriction of f to the frequencies congruent to v modulo
U, 18 at most dn-sparse, the error caused by omitting w from the reconstruction R is
small if the noise is not too dominant and the bandwidth is chosen well.

If o] > e+4-0and w ¢ R(™Y)| it also follows that |c,| > 4 - §(™") for all good
hashing primes w,, and all residues v € {— (“7’”} +1,..., LUTMJ } By Lemma 3.18 (i),

K

w will be reconstructed more than %5 times by Algorithm 4 in line 9 of Algorithm 5.

Hence, w can only not be contained in R(
R(m:v) \ Rg::’ V)Pt that satisfy ‘x(m’ V)

@

™ V) if there exist dn + 1 frequencies @ in
> ‘ (m,v)
Z | Tw

, 1.e., that have coefficient estimates

with greater magnitude than the one of w. Recall that u,, hashes all support sets
S1,...,5, well, so f has at most dn energetic frequencies that are congruent to ¥ modulo
Up,. Suppose that all frequencies with this residue modulo w,, are ordered by magnitude
of their Fourier coefficients, i.e.,

C (m,v >‘C m, v >>‘C m,v >Cm,u >
“é ) Wé = B wfm = wfin-&-l) o
———
<e
~ m,v),opt ..
Then |cg| < C.m:») < |ey| for all @ € RO™Y) \Rgln ) opt By Lemma 3.18 (ii) we

have for all @ that are reconstructed more than % times if Algorithm 4 is applied to
Gr,x - (Hm, 0,k ® (aq)T)ZTTn  that

’xémv V) —cg S \/55(7”7”) (38)

It follows from (3.8) that
P -
‘xém7l/) Z ’CLD| _ \/ié(m)y) (310)

As @ was chosen arbitrarily from the frequencies reconstructed more than % times,
(3.8) to (3.10) also hold for the frequencies w and @ from above. Thus, we find for all

w € BTV OP\ ROMY) that

VBT > || + V2

C (m,v)
wdn«l»l
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Hence,

e < +2V250™Y) < e 4 2/260m )

C (m,v)
wdn+1

which contradicts |c,| > £+40. Consequently, we obtain that w was indeed reconstructed
by Algorithm 4, so w € R ¥). Since u,, was an arbitrary good hashing prime, this holds
for all more than % good hashing primes. Thus, w is contained in more than % sets
R(™: %) and will be considered from line 12 of Algorithm 5 onward.

Before we can show that w will indeed be added to R in line 17, we first have to prove

the accuracy of the corresponding coefficient estimate x,,. From (3.8) it follows that
‘Re (xfum”’)) - Re(cw)‘ < ‘$£)m’ V) — cw‘ < V260 Y) < /26, (3.11)

and, analogously, the same estimate holds for the imaginary parts. As the inequalities
are true for all more than % good hashing primes u,,, they also hold for the medians
in lines 13 and 14 of Algorithm 5. These are taken over at most M coefficient estimates
(m,v) . . . .
T~ for w, since for each prime u,, the frequency w can be contained in at most one

set R(™Y) with v € {— (“7"’1 +1,..., LUTWJ } Thus, we obtain that
IRe (x,) — Re(cw)] < V20 and  |Im (z,) — Im(c,)| < V/26.

Combining these two estimates yields that

2 — el =/ (Re (5, — ) + (Im (2 — )7 < \/(\@5)2 +(vas) =25

All that remains to be shown is that w with |c,| > € + 49 will actually be added to R
in line 17. Similarly to (3.10) we find that |z.,| > |c,| — 26. Together with |c,| > & + 40
this implies that |z,| > ¢ 4+ 26. Then it is only possible that w is not included in the
output set R if x,, is not among the Bn largest magnitude coefficient estimates, i.e., if
there exist Bn other frequencies @ that satisfy |zg| > |z,|. We know that w is energetic,
which means that at least one of these @ must have a Fourier coefficient with |cg| < e.
Then an analog to (3.9) yields

2] <[] < el +26 < e + 25,
which contradicts |z,,| > € + 2d. Hence, w will be added to R in line 17. O

Example 3.27 (Example 3.2 continued) Recall the P(2,2,9)-structured sparse func-
tion f with bandwidth N = 1,024 from Example 3.2. Let us now find the required primes
for this example. Since

2:-3< N <2-3-5
Bnd — ’

we set L =3, t1 .= 2, t3 = 3 and t3 := 5. Then s; can be chosen as the smallest prime
greater than both dn =4 and ¢;, =5,

s1:="T7>max{dn,tr}.
Then K = 8dn |log,, & | + 1 =65 and we find that

{81,...,8[{}: {7,11,13,...,])68 :337}.
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Setting uy = pgy = 347 > max {B, sk}, we obtain M =2(n + 1) |log,, N| +1 =7 and
{ul, PN ,UM} = {347, 349, ey P75 = 379} .

Note that since B and N are very small with B 3% d?nlog N to keep the example simple,
we have to choose many primes. Algorithm 5 is not efficient for the chosen parameters, as
the bandwidth needs to be significantly larger than the sparsity in order for our method
to be fast. We only computed the required primes for the example in order to illustrate
the prime-choosing procedure. O

Using the sg, t; and u,, from Definition 3.20, the following theorem provides us with
the runtime and error bounds of Algorithm 5.

Theorem 3.28 (Theorem 3.13 in [BZI19]) Let f € Cyr be P(n,d, B)-structured
sparse with bandwidth N € N and noise threshold e > 0. Let 1) € Coy such that c(n) € £*

and ||c(n)|leo <. Lett1,.. .t be the smallest primes with [[, t; > o= Set s1 as the
smallest prime greater than max{dn,tr}, K = 8dn LlogSl %J + 1 and sa,...,sK as the

first K—1 primes greater than s1. Let uy be the smallest prime greater than max {B, sk},
M =2(n+1) Llogu1 NJ +1 and us, ...,up the first M — 1 primes greater than uy. Let
further 6 be defined as

1
5= max { (N, up,v) — C;Z:L(N, U, V)
ve{=[ag ]+ ]} | 20 | !

um hashes well

+ |le(N, Z, up,, v) — c(um,l/)Hl}.
Then the output (R,xr) of Algorithm 5 satisfies
le(N) = xglly < [[e(N) = fa(N) |, + VB - (= + 69).

If B > sy, the output can be computed in a runtime of

d?>n®(B 4 nlog N) log? QéVdn log? % log N log (Zdn log %) log? (%)

O

log? Blog?(2dn) log log 55

and the algorithm has a sampling complexity of

d?n?(B + nlog N) log? QB]\iln log? % log N log (2dn log %) log (%#)

O

log? Blog?(2dn)loglog %

Proof. Recall that the entries of cgr(N) € CV are the coefficients c,(f + 1) of the per-
turbed function f 4 7 for the frequencies contained in the output R of Algorithm 5 and
zero for the frequencies not contained in R, whereas the entries of ¢(IV) are the Fourier
coefficients of f +n for all w € {— [%W +1,..., L%J } The triangle inequality yields

le(N) = xglly < [[c(N) = cr(N)ly + [lcr(N) — gl - (3.12)
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The square of first summand in (3.12) can be written as

le(N) — cr(N)|l3

7]

—

o — cr(w)l?

I
=0

w=—[&]+1

= Z‘%HZ!%—CR

w¢R wER

= D> lel+ > W— > el

wg R weERPN\R weR\R‘gf

= o) - e + D D A

For every frequency w € ROpt \ R we know by Lemma 3.26 that |c,| < & + 46, because
otherwise it would be contained in R. As R} \R contains at most Bn elements, we find

le(N) = cr(N)|3
:Hc( ) — e )Hz+ dYoolelr= D el

wERP\R wER\RY:

<Bn(e+44)? ZO

2
< HC(N) — P )H2 + Bn(e + 452

For the second summand in (3.12) we consider consider a frequency w € R. For each of
the more than % good hashing primes w has to be contained in exactly one of the sets
R %) returned in line 9 of Algorithm 5 by applying Algorithm 4 with sparsity dn to
Gr.ix  (Hu ok ® (@)T)ZT . Thus, w must have been reconstructed more than % times

m, v

by Algorithm 4. Hence, it follows from Lemma 3.18 that
[ — e | < Va5,
which, analogously to (3.8) and (3.11) in the proof of Lemma 3.26, yields
lzR(w) — cu| < 20.

Since R contains at most Bn elements, we find that

lcr(N) — XRH% = Z |cw — JUR(W)\2 < 4Bné3.
—

weR <452
Combining all these estimates we obtain that
2 2
Ie(V) = xally < \/le(N) = er(W)I3 + len(V) - xxl}

guc c‘gjj “2+@(5+45)+2@5
:Hc( ) — e )“2—1-\/3772(54—65).
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In order to determine the runtime of the algorithm, let us first consider the runtime of the
calculation of the CDFTs in line 5 of Algorithm 5. We have to calculate the CDFTs of
length sjt;uy, of the vectors a®k!um of equidistant samples of f+n for all k € {1,..., K},
le{l,...,L} and m € {1,..., M}. By Section 1.1.1 and Remark 1.9, a CDFT of length
Sktiuy, has runtime O (sgtjuy, log (sgptiuy,)). It was shown in Lemma 4 and Section IV
in [IS08], and Section 2 in [Iwel3] that

N N N
tr, =0 <log QBdn> and sg =0 <dn 108241, B log <2dn log B>> )

If sk < B, we can set u; = pp > B > pp_1 to be the first prime greater than B, so by
the first formulation of the Prime Number Theorem, see Theorem 2.27 (i), we find that

b—l—w(B)—O<10§B>

and, since M =2(n+1) |log,, N| +1 = O (nlogg N),

B+nlogN>

log B

B
b—l—i—M—O(logB—FnlogBN> _O<

where 7 is the prime counting function. The second formulation of the Prime Number
Theorem, see Theorem 2.27 (ii), yields for ups = pp—14as that

“M:O((b—1+M)log(b—1+M)):O<B+nlogN10 <B+nlogN)>.

log B log B

Recall that by Lemma 2.20 (i)

R2
Z p=0 <10 R) '
2<p<R &
p prime

However, if we estimated E%:l U log uy, by adding plogp for all primes that are at
most uys, we would take into account many primes that do not contribute to the sum,
as the wu,, are rather large because u,, > s; > t; for all k, [ and m. Instead, we estimate
the hashing primes by wu,, < ups for all m € {1,..., M}, ie.,

M
Z U log Uy, = O(M - upslogupy).

m=1

Since uq > sk, we obtain for the runtime of the CDFT calculations in line 5 that

K L M
@ <Z Z SptiUm log(sktlum)>

k=1 1=0 m=1
K L M

=0 (Z sthl Z umlogum>
k=1 =0 m=1

t2 2
=0 L. K -M-uMloguM
logt;, logsk
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B log? % d?n?log? % log? (2dn log %)
B log log ﬁ log?(2dn) log (dn logsay, % log (2dn log %))
nlogN B +log N o (B + nlogN) o <B +log N o (B + nlogN)))

log B log B log B log B log B
d*n®(B + nlog N)log?® 557 log? & log N log(2dn log %) log® (%)

=0

log? Blog?(2dn)log log %

Now we can estimate the runtime of the remaining steps of the algorithm. The least
common multiple ¢ in line 4 does not actually have to be computed, it is just defined
there in order to introduce more convenient notation. The algorithm also does not need
all ¢ samples of f; rather, any of the required samples can be written as an entry of a?.

In line 9, we apply Algorithm 4 to the column of G;, g - <7—LM7L7K ® (QI)T)T corre-
sponding to the residue v modulo wu,,. We know from Lemma 3.18 (iii) that the runtime
of Algorithm 4 is dominated by the computation of the CDFTs. Since the CDFTs in
line 5 have even greater lengths than the CDFTs required for Algorithm 4, the runtime
of lines 7 to 11 of Algorithm 5 is insignificant compared to runtime of line 5. In order
to find out for which frequencies lines 12 to 15 have to be executed, we can sort the
2dn 2%21 Uy, frequencies that are returned by all the calls of Algorithm 4 by size and
count how often each distinct frequency appears. This can be done in

M M
@ <2dn (Z um> -log <2dn Z um>> = O (dnMuyy - log (dnMuyy))
m=1

m=1
time, so its computational effort is also dominated by the effort of the CDFT computa-
tion. There are at most
M 5 M
2 4dn
MZ Z 2dnzﬁ-2um:(’)(4dn-uM)
m=1,=_[tm] 41 m=1

[

frequencies that have been found more than % times. If we fix one of these frequencies,
w, then for each u,, there exists exactly one residue ("™ e {— [“7*”1 +1,..., L“T’”J } with
w = ™ mod wu,,. Since the 2dn frequencies recovered for any fixed residue modulo
some hashing prime wu,, are distinct, each frequency can be reconstructed at most M
times by all hashing primes together. This means that the medians in lines 13 and 14 are
taken over at most M elements. As medians can be computed with the help of a sorting
algorithm, both lines have a runtime of O(M log M). Combining these considerations,
we obtain that lines 12 to 15 require

O (4dn - upr - Mlog M)

arithmetical operations, which is dominated by the effort of the CDFT computations in
line 5. Finally, sorting the O (4dn - ups) coefficient estimates in line 16 has a runtime of

O (4dnups log (4dnuyy)) .

Consequently, the runtime of Algorithm 5 is determined by that of line 5, which yields
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an overall runtime of

d*>n3(B 4 nlog N) log? Zé\&n log? % log N log(2dn log %) log? (%)

O

log? Blog?(2dn) loglog 55

Each of the K LM CDFTs of size sitjuy, requires sptju, samples of f, so we find for the
sampling complexity of Algorithm 5 that

0 (ﬁ )5 tm>

k=1 1=0 m=1
K L M

=0 ( Sk Ztl Z um>
k= =0 m=1

1
2 52
=0 L. _2K My
logt; logsk

d?>n?(B + nlog N) log? QB]\EM log? % log N log(2dn log %) log (M>

log B

log? Blog?(2dn) log log 531

O]

If not only f, but also f 4 7 is bandlimited with bandwidth N, the error bound from
Theorem 3.28 can be simplified.

Corollary 3.29 (Corollary 3.14 in [BZI19]) Let f € Ca; be P(n,d, B)-structured
sparse with bandwidth N and noise threshold € > 0. Let n € Cy; such that f + n also
has bandwidth N with c(n) € ¢! and |[c(n)|l« < & Choosing s1,...,8k, t1,...,tL,
U, ..., up as in Theorem 3.28, the output (R,xp) of Algorithm 5 satisfies

o) = xl, < (V) = )], + VB (= + 5 ot = 2, )-

Proof. By definition of § we have that

0= max {5(7”’”)} = 50
{2}
um hashes well
1
= i 0V ) = € ()] e (V) e 019
for some residue v/ € {— [ugl'] +1,..., Lug“J } modulo a good hashing prime u,, . Since

f and f + n are bandlimited, the second summand in (3.13) is 0. We find the following
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estimate
5]
< Y ot
v==| " |+
3] t
= X et e )
v=— [u Ll4+1
=z, 1
opt
D N S Ol G RN
[ =[]0 ,
[ 2 -‘ w=r mod UmI, ‘Cw| if w ¢ Rézln,l/),opt’
0 otherwise.
] 1
we-[¥]41
L%YL/J (m V), opt
w¢UU€_ [u’?/ ‘I 41 Ran
EI. t
< Y o e (emm) |
=[5+ t
_ lew| ifw ¢ R2%m
0 otherwise.
- 0]
~ 2dn H QB” ) 1’
since
5
U RGP = 2dn - e > 280 = ||
ue—["g@’WH

Consequently, the error bound from Theorem 3.28 reduces to
le(N) =xzlly < ||e(V) = ¢ (V)| +VBn - (= +62)

() 3 O
< Jen - ]| + VB (4 G ot - ez ], ).

3.4 Algorithm for Functions with Simplified Fourier
Structure

Algorithm 5, which we introduced in Section 3.3.2, always requires M hashing primes of

which more than % have to be good, since in general it is not possible to guarantee that
any given prime is a good hashing prime. However, in certain special cases, the frequency
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structure already implies that primes satisfying some additional, easily to check property
are good hashing primes. A very important example for this are block sparse functions,
where each of the n support sets S; is an interval of length B,

SJ :{wj,wj+1,...,wj+B—1},

so the support consists of n blocks of length B. For the function classes for which one
good hashing prime suffices, we will introduce a simplified, faster version of Algorithm 5
in the following section.

3.4.1 Structured Sparse Functions Requiring Only One Hashing Prime

If certain additional information about the polynomials generating the support sets
S1,...,5y is known, the number M of required hashing primes can be reduced to one.
We know by Lemma 3.6 that a prime u does not hash a support set S; well if and only
if w divides all coefficients corresponding to the non-constant terms. Thus, we can make
the following observation.

Theorem 3.30 (Theorem 4.1 in [BZI19]) Let f € Cor be P(n,d, B)-structured sparse
with bandwidth N and noise threshold ¢ > 0. Let 1 € Oy such that c(n) € ' and
leMles < €. Let the support set S = \Jj_; S;j of f be generated by the non-constant
polynomials Pj(z) = Zk 0@zt for j € {1,. n} Let uw > B be a prime such that for
all j € {1,...,n} there exists a k; € {1,. d} with p { a;,. Then u hashes all support
sets well. Set M =1 and s1,...,s8x and tl,...,tL as in Theorem 3.28. If B > sk, the
runtime of Algorithm 5 reduces to

o (u logu - (dn)?log? Qé\;n log? % log (2dnlog %) )
2 N ’
log*(2dn) loglog 554~

while only

0 u - (dn)? log? Qé\;n log? % log (2dn log %)
log?(2dn) log log 52

samples of f +n are being used. If B < sg, we obtain a runtime of

0 (u - (dn)? - log? Qé\gn log? % log? (2dnlog g))

log?(2dn)loglog %

and a sampling complexity of

o u - (dn)? - log? 2]%” log? % log (an log %) .
log?(2dn)log log %

Proof. Lemma 3.6 implies that u hashes all n support sets well, so the restriction of
f to the frequencies congruent to v modulo u is at most dn-sparse for all residues
v € { { ] +1,. L ;J} Hence, we can apply Algorithm 4 with sparsity dn to
0L K - (’HM LKE® (aq)T)ZT for every residue v modulo u, always obtaining a good
reconstruction of the restriction by Lemma 3.18. As there are no residues modulo u for
which more than dn energetic frequencies can collide, there is no need for us to use any

further hashing primes and employ median arguments. Hence, it suffices to set u; = u
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3.4 Algorithm for Functions with Simplified Fourier Structure

and M =1 in Algorithm 5. Lines 12 to 15 of Algorithm 5 do not have to be executed in
this setting, because every energetic frequency will be recovered for exactly one residue

in line 9.
If uw > sk for the prime sg used by Algorithm 5, we use the primes ¢1,...,t; and
S1,-..,8K from Definition 3.20. If u < sk, then u might collide with one of the s; or

t;. In that case we shift the #; and s that are greater than or equal to u to the next
greatest prime, so the new ¢; and s are at most the first prime greater than the original
t; and sg for Algorithm 5. This small shift does not change the estimates in the proof of
Theorem 3.28.

Let us first consider the case that u > sx. We obtain that the computation of the
CDFTs in line 5, which, as we have seen in the proof of Theorem 3.28, determines the
runtime complexity of Algorithm 5, requires

K L
@ (Z Z sktlu log (sktlu)>

k=1 1=0

12 52
=0 (ulogu - —L— . K
logt;, logsk

_0 (ulogu - (dn)? log? 2B]\£ln log? % log (2dn log %) >
2 N
log*(2dn) loglog 554~

arithmetical operations. The sampling complexity of the method is

K L
o (33w
k=1 1=0
—0(u- L Sk
logt; logsk
_ol% (dn)?log? 52— 1og? & log (2dnlog &) .
log?(2dn)log log %

If u < sg, we obtain a runtime of
L K
@) (u . Ztl Zsk10g3k>
1=0 k=1

A
—0(u- :
<u logtr, SK)

_olw (dn)? - log? 55— log? ¥ log? (2dnlog &)
log?(2dn) log log ﬁ

and a sampling complexity of

K L t2 82
— X L K
0 (Zzsktl“) =0 (u logt;, log 3K>

k=1 1=0
_o(w (dn)? - log? 53— log? & log (2dnlog %) '
log?(2dn) log log 21,%”
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We now give some conditions on the coefficients of the polynomials P, ..., P, gen-
erating the support sets Si,...,S, which guarantee that all S; are hashed well. The
conditions arise by tightening the necessary and sufficient requirement of the existence
of a coefficient corresponding to a term of degree at least one that is not divisible by « in
Theorem 3.30. Hence, all of the conditions are sufficient, but they may not be necessary
anymore, which causes them to be easier to prove in practice.

Lemma 3.31 (Lemma 4.2 in [BZI19]) Let f € Ca; be P(n,d, B)-structured sparse
with generating polynomials Pj(z) = Zi:o ajkazk for j € {1,...,n}. In the following
cases any prime u > B is guaranteed to hash all frequency subsets well.

) Vie{l,...,n}: ged(aji1,. .., a5q) < B, which includes ged (aj1, ..., a5q) =1,
) Vie{l,...,n}3k; € {1,....d}: |ap,| < B,

(iii) Vj e {1,...,n}3k; € {1,...,d}: ajr; = 1, which includes monic polynomials,
(iv) Vje{1,...,n}: deg(P;) =1 and a;; = 1, which is the block sparse case.

Example 3.32 We illustrate the conditions from Lemma 3.31 by some examples for
P(2,2,9)-structured sparse functions which can be obtained by slightly modifying the
polynomials occurring in Example 3.2.

(i) Pi(x) = 112% — 21z — 200 and Py(z) = —1322 + 27z + 350
P, and P, satisfy

ged(air,arg) = ged(—21,11) =1 and  ged(agr, aze) = ged(27,—13) = 1.

(ii) Pi(z) = 82% — 227 — 200 and Py(x) = —3x2 + 262 + 350
Here, we have that |a12] =8 < 9= B and |ag| =3 < 9= B.
(iii) Pi(x) = 1122 + 2 — 400 and P(x) = 2% + 262 — 400
Here, we have that a1; = 1 and ass = 1.
(iv) Pi(x) =z — 200 and Pa(x) = = + 350.

Both polynomials are monic and of degree 1, so they each generate a B-length
block of frequencies.

For all these pairs of polynomials any prime v > 11 > 9 = B hashes the generated
support sets S; and Sy well. O

If one has already fixed a prime u > B that is supposed to be used as the hashing
prime, the following conditions imply that u indeed hashes all support sets well.

Lemma 3.33 (Lemma 4.4 in [BZI19]) Let f be P(n,d, B)-structured sparse and
generated by the polynomials Pj(x) = ZZ:O ajk:nk for 5 € {1,...,n}. In the following
cases a fixed prime u > B is guaranteed to hash all support sets well.

(v) Vje{l,...,n}:uj[kélajk,

NP a0 — () d. oyt e (1)
(vi) Vje{l,...,n} 3l = <5k)k:1€{0,1} ut % (-D%ag,
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(vii) One of the conditions (i)—(iv) from Lemma 3.31 is satisfied, where B can be replaced
by w in (i) and (ii).

Example 3.34 (Example 3.32 continued) We also illustrate the additional conditions
by examples for P(2,2,9)-structured sparse functions.

(v) Pi(z) = 1122 — 222 — 200 and Py(z) = —1322 + 262 + 350
For P, and P, as in Example 3.2 we have that

2

2
Zalk =—11 and Zagk =13,

k=1 k=1
so any fixed prime u > 17 satisfies (v).

(vi) Pi(z) = 1122 — 222 — 200 and Py(x) = —1322 + 262 + 350
For P; and P» as in Example 3.2 we have that

2 2
S (~1)%kay € {-33,-11,11,33} and Y (~1)%ayy, € {39, ~13,13,39}
k=1 k=1

for all &/ € {0,1}?, so any fixed prime u > 17 satisfies (vi).

3.4.2 Block Frequency Sparse Functions

The probably most practically useful condition is condition (iv) in Lemma 3.31, which
characterizes functions with frequency support consisting of n blocks of length B. This
means that the support sets S7,..., S, are of the form

S; ={wj,wj +1,...,w; + B—1}, Vjie{l,...,n},

where Pj(z) =  +w; — 1. In this section we will investigate this special case in more
detail and develop a specially adapted version of Algorithm 5 for it, which will have a
further improved runtime. Let us first formally define the concept of block sparsity.

Definition 3.35 ((n, B)-block Sparsity (Definition 4.6 in [BZI19])) A P(n,1, B)-
structured sparse function f is called (n, B)-block sparse if the support sets Si,...,S,
are generated by monic linear polynomials

Pj(z) =x+aj, je{l,...,n}
Example 3.36 Let N =1,024, n =2, B =9 and set
Pi(z) =z — 200 and Py(z) = x + 350.
Then the support sets generated by P; and P, are

S; ={-199,-198,...,—191} and Sy = {351,352, ...,359},
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and, with § = .51 U Ss, the function

fla)=) e

wesS
is (2,9)-block sparse. O

For block sparse functions we can extend the definition of good hashing primes to good
hashing integers, because no monic linear polynomial P can satisfy P(z) = P(y) mod p
for some =z # y, x,y € {1,...,B} if p > B. Hence, we do not require to consider the
field Z/pZ anymore, which was necessary in order to be able to apply Theorem 3.5 in
the proofs of Lemmas 3.6, 3.7, and 3.11.

Definition 3.37 (Definition 4.8 in [BZI19]) Let f be (n, B)-block sparse with support
S = U;”:l S; generated by the polynomials Pp,...,P,. An integer u > B hashes a
support set S; well if the cardinality of the set of residues of elements of S; modulo u is
B, ie.,

H{w mod u:we S} =B Vje{l,...,n}.

Example 3.38 (Example 3.36 continued) We consider the same polynomials and
support sets as in Example 3.36. Since

. =1(9,10,11,12,13,14,15,0,1)” and
(w mod 16),,cg, = (15,0,1,2,3,4,5,6,7)",

(w mod 16) g

we obtain that
{w mod 16 :we S1}|=9 and |{w mod 16:w e S1} =9.

Consequently, we find that 16 hashes both S; and Sy well. Further, for each residue
modulo 16 there are at most two elements in S = 57 U So that are congruent to it,

0 v=8§,
Hw=vmod 16 :we S} =¢1 vei{2...,7,9,...,14},
2 ve{0,1,15}.

O

Remark 3.39 For an (n, B)-block sparse function f any integer v > B hashes every
support set S; well, since S; consists of B consecutive frequencies. Thus, for every residue
v e {— [%1 +1,..., L%J} modulo u the restriction of S to the frequencies congruent to
v is at most n-sparse,

Hw=v mod u:we S} <n VYve {— [%—‘ +1,..., LgJ}
We choose the hashing integer u to be the smallest power of 2 greater than the block
length B, i.e.,
u = 2'.10g2 BJ+1.

Then u = O(B), which allows us to simplify the runtime estimates. Additionally, com-
puting CDFTs of length stu, where s and t are small primes and w is a power of 2, is
faster than if v were a prime of the same size.
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Setting u as a power of 2 implies that we now have to slightly modify the primes t;
and sg. Similarly to the choice of the primes in Definition 3.20 for Algorithm 5, we use
the smallest L odd primes such that their product is greater than or equal to %,

L-1

L
Htl<£§H t1 = 3.

Let s1 be the smallest prime greater than n and ¢;. In this setting we can use the minimal
K from Algorithm 4 for e ! = 2, since u is already fixed,

N
K =38n {logs1 J + 1.

The remaining s can be set as the K — 1 smallest primes greater than s;. Then u > B,
the integers s1,...,SK,t1,...,tr, u are pairwise relatively prime, and

L
N
Htl Z 8177

so the CRT reconstruction method from Algorithm 1 can be applied. Since we chose
t1 = 3, the prime t;, in this case is at most the smallest prime greater than the ¢y from
Definition 3.20 for d =1 and M = 1. O

Example 3.40 (Example 3.36 continued) For the (2, B)-block sparse function in
Example 3.36 choosing the required integers as in Remark 3.39 yields

u = 2log2 BI+1 _ 14

Since
N
3:5<—<3-5-7,
un

we set L = 3, t; := 3, t3 = 5 and t3 = 7. Selecting s; as the smallest prime greater
than both n and ¢, we obtain

s1 =11 > max{2,7} = max{n,tr}.
Then K = 8n |log,, 2| + 1 =17 and we find
{81,...,8[{}: {11,13,17,...,])21 :73}.

If we chose the primes as in Definition 3.20 for d = 1 and M = 1, we would obtain ¢; = 2,
to =3,t3 =5 and t4 = 7, since

N
2.3. . <9.3.5.7.
3:5< B = 3:5-7
Then we would find that
s1 > 11 > max{2,7} = max{n,tr}.

Hence, defining the primes as in Remark 3.39 results in one fewer prime t;. As we would
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also have that K = 8n [log,, %J + 1 =17, we would obtain

{81,...,81(}:{11,13,17,...,1)21:73} and
u = paz =79 > max{9, 73} = max{B, sk }.

This already illustrates that by setting u to be the smallest power of 2 greater than B,
we can reduce the runtime of the method. O

In Algorithm 6 we provide the explicit pseudocode for Algorithm 5 in the special
case of (n, B)-block sparse functions, including the CRT reconstruction procedure from
Algorithm 1 and the required steps from Algorithm 4, as the latter method is applied in
a slightly different way here due to the fact that we only use one hashing integer u. We
will investigate the performance of Algorithm 6 with respect to runtime and noisy input
data in numerical experiments in Section 3.5, also comparing it to other methods.

As in Section 2.2.1, the function extended_gcd in line 12 denotes the extended Eu-
clidean algorithm, which finds the greatest common divisor g of two integers a and b, as
well as two integers v and w such that Bézout’s identity

g =gcd(a,b) =v-a+w-b,

see Theorem 2.7, is satisfied. By definition of u and s1,..., sk, we always have g =1 in
line 12.

Corollary 3.41 (Corollary 4.12 in [BZI19]) Let f € Cy; be (n, B)-block sparse
with bandwidth N and noise threshold e > 0. Let € Cy, such that c(n) € ¢! and
llc(Mloo < €. Set u, s1,...,8k and t1,...,tr as in Remark 3.39. If u > s, the runtime
of Algorithm 6 is given by

0 (B log B - n?log? % log? % log (2n log %) )
2 N )
log*(2n) log log 55~

and otherwise, if u < sk, by

o (Bn2 -log? 73— log® & log? (2n log g)) ‘

log?(2n) log log 55—
In both cases the algorithm has a sampling complexity of

o Bn? - log? 53— log? ¥ log (2nlog ) .
log?(2n) log log 55—

For Algorithm 6 the error bounds from Theorem 3.28 are still satisfied.

Proof. Since we set t; = 3 in Remark 3.39, the prime ¢, for Algorithm 6 is at most the
smallest prime greater than the ¢;, from Definition 3.20 for d = 1 and M = 1. Thus, the
estimates

N N N
tr =0 <log 2un> and sg =0 (n log,,, ” log <2nlog u))

from the proof of Theorem 3.28 are still satisfied. Using additionally that v = O(B), the
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Algorithm 6 Fourier Approximation for (n, B)-block Sparse Functions (Algorithm 2
in [BZI19])

Input: Function f+mn, n, B, N € N with B < N, where f € Cy; has bandwidth N and

is (n, B)-block sparse.

Output: R,xp, where R contains the nB frequencies w with greatest magnitude coef-

o

10:
11:
12:
13:
14:
15:
16:

17:
18:
19:
20:
21:

22:
23:

24:
25:
26:
27:
28:
29:

ficient estimates x,,.

. Set u = 2% with a = |logy B] + 1 and find the L smallest odd primes ¢1, ..., ¢, such

that [T/t < X <TI/, tr. Set to = 1.

Let s; > max{n,tr} be the smallest prime, K = 2n Llogsl %J +1 and s9,...,sK be

the smallest primes greater than si.

Initialize R = (), xg = Oy.

for k from 1 to K do > computation of Gz, x and Ex
for [ from 0 to L do

. tiu—1
asktlu - f 271_‘7 Spliw
sptiu j=0

asslit  CDFT[a%4]
end for

. end for

IDENTIFICATION OF THE ENERGETIC FREQUENCIES

for v from —5 + 1 to § do
for k£ from 1 to K do

(1,v,w) < extended_gcd(sk, u) ple,l=v-sp+w-u
for h from — [%’“] +1to L%’“J do
rg’h — ((h —v)w mod si)-u+v > residue modulo siu
for [ from 1 to L do - -
Brin argmin askurg,h — QSktluT}g'h+b~sku
be{-[4]+1.| %]}
Tf’h — (rg’h ~+ bmin - Sku> mod t;
end for
Recover w® " by whh = rg’h mod spu, Wk = Tf’h mod t;,l=1,...,L.
end for
end for
FOURIER COEFFICIENT ESTIMATION
for each w*" = v mod u value reconstructed more than % times do

Re (z,) < median {Re (as/ktL\“w mod SktLu) ckedl,.. .,K}}
Im (z,,) < median {Im (aS/ktL\“w mod SktLu> cked{l,... ,K}}

end for
Sort the coefficients by magnitude s.t. |z, | > |Tw,| > -+ .
RLY) — {wr,wa, ... ,wan}

end for

Sort the coefficients in UZ;(l) RM:Y) by magnitude s.t. |zw, | > |Tw,| > -

Output: : R = {wi,ws,...,wnB},XR.

101



3 Sparse FFT for 2r-Periodic Functions with Polynomially Structured Sparsity

runtime of Algorithm 6 for u > sk is

K L
O (Z Z sktlulog (sktlu)>

k=1 1=0

52 12
=0 (ulogu  —&— . L
logskg logty

_0 (BlogB -n?log? % log? % log (2n log g))
2 N :
log®(2n) log log 55

If u < sk, we obtain a runtime of

K L
O (Z Z sktlu log (S}Jﬂt))

k=1 1=0

Y
K logty,

_ 0 Bn? - log? % log? % log? (2n log %) ‘
log?(2n) log log %

In both cases the number of required samples of f + 7 is

K L
(33w
k=1 1=0
—0(u- Sk 1
logskg logity
_0 Bn? - log? % log? % log (2n log %) ‘
log?(2n) log log %

The error bound from Theorem 3.28 is still satisfied, as it is unaffected by the slightly
altered choice of the primes. O

If not only f, but also f + n is bandlimited with bandwidth N, and f is (n, B)-block
sparse, the error bound in Theorem 3.28 can be simplified, analogously to Corollary 3.29.

Corollary 3.42 (Corollary 4.13 in [BZI19]) Let f € Ca, be (n, B)-block sparse with
bandwidth N and noise threshold € > 0. Let n € Cy, such that f+n also has bandwidth
N and € ! and |c()||c < &. Choosing u and the s;, and ¢; as in Remark 3.39, the
output (R,xp) of Algorithm 6 satisfies

le(N) = xall, < 4|e(N) = ca(N) | +28ne.

Proof. As we do not have to take medians over the estimates obtained for the different
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3.4 Algorithm for Functions with Simplified Fourier Structure

hashing primes, we can consider the following equality,

le(V) =%zl

I
o
3

|

8
£

= Y < Yool —mul+ > |cw\)

v=—5+1 ‘weR®:v) w¢R(1 v)
w=r mod u

v
2

= Y ( Yool —zal+ D el

y:—%+1 weR(@,v) nggll,V),opt
w=vr mod u

- > || — > |cw|>. (3.14)

weRG ) OPNR(LY) weRMLV\RLH V) oPt

By (3.8) in the proof of Lemma 3.26, all of the 2n elements of RMY) have to satisfy
that |c, — 2| < v/206(:%)| since each frequency in R(") was reconstructed more than

% times. Furthermore, note that <C$Lpt) =0 for all w = v mod u with w ¢ R(1¥)opt
w

and (c(N,u,v)), = <c%pt) for all w = ¥ mod u with w € RL¥):Pt Tt also follows
w

from the proof of Lemma 3.26 that |c,| < ¢ + 2v/28(1¥) for all at most n frequencies w
contained in Rﬁ}’”)’om \ RM¥) Recall that by definition of §(:¥), we have that

14 1 O
00 im eV, ) — BN )|+ e, 2w, v) = el v,

-~
=0

as we assume f + 71 to be bandlimited. Combining these considerations, (3.14) yields

le(N) — xrll;
5
< Z <2n\/§5(1,u) + |le(N, u, v) — P (N, u, ”)H1 +n <5 + 2\/55(1,V)))
v=—14+1

u
2

= Z (Hc(N,u,u) cPY(N, u, H1 4\fn H (N, u,v) cgﬁt(N,u,u)‘L) + nue.
+1

—_u
v==x5
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3 Sparse FFT for 2r-Periodic Functions with Polynomially Structured Sparsity

Analogously to the proof of Corollary 3.29 we find the following estimate,

k2
2

Z (HC(N,U,V) — cPY (N, u,v)||, +2v2 Hc(N,u,z/) — cggt(N,u,y)HJ

_ S (e (eriun),| 1273 fo (efrean) |)

l/:—%—‘y-lw:, N +1
wzll[rrfod u lew| ifw ¢ R,(ll’y)’0pt7 ‘Cw’ if w ¢ R(l v opt’
0 otherwise. "o otherwise.

12 ] 12 ]
= Z |cw] +2V2- Z |cw]

we—[L]+1 56—(%14—1
(1,v), opt > (1,v), opt
w¢U3€7%+1 Ry oP W¢U3€,%+1 RS P

5] 5]

< (1+2V2) 3 el <0+2v2) > e (i) |
we[¥]+ w=—[¥1+1 -

wtUL_y  RG :{|cw| if w ¢ R,

0 otherwise.

= (1+2V2) Hc( . C;;PQ(N)HI.

Consequently, we find that

le(N) = xglly < (1+2v2)||e(V) = e (N)|| +nue

<4- HC(N) — CEE(N)’L + 2Bne.

3.5 Numerical Results for Algorithm 6

In this section we will evaluate the performance of Algorithm 5 with respect to runtime
and robustness to noisy data. As the most interesting and practically useful example for
polynomially structured sparse functions are block sparse functions, we restrict ourselves
to investigating the simplified version of Algorithm 5, namely Algorithm 6. We consider
two variants of this method: on the one hand the deterministic algorithm, which we
developed for (n, B)-block sparse functions in Section 3.4.2, and on the other hand a
randomized implementation of Algorithm 6 which only utilizes a small random subset of
the K primes s1,...,sg used by Algorithm 6. Instead of K primes we chose the first

3
K = 5 log(2n) + R

primes $i,...,8p > max {n, fi}, where R is an odd natural number controlling the
probability of correct recovery. In the numerical experiments below we always set R such
that the probability of correct recovery is at least 0.9. The probability of correct recovery
increases with increasing R.
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3.5 Numerical Results for Algorithm 6

Both methods have been implemented in C+-+ and the code is publicly available
in [BZI17b].! We also compare these implementations’ runtime and robustness character-
istics to those of the deterministic Algorithm 4 (Algorithm 3 in [Iwel3|), which we briefly
sketched in Section 3.2, using an optimized implementation in C-++ based on [SI13]. The
code is also publicly available in [BZI17b,SI17]. Additionally, we compare our methods
to FFTW 3.3.4 and sFFT 2.0. FFTW 3.3.4 is a highly optimized and publicly available
implementation of the traditional FFT algorithm with runtime O(N log N) for input
vectors of length N, as we have seen in Section 1.1.1. See [FJ17| for more information on
the implementation. All the FFTW results below were obtained using FFTW 3.3.4 with
its FFTW _MEASURE plan. sFFT 2.0 is a randomized sparse Fourier transform that is
robust with respect to noise; see [HIKP12¢c, HIKP12b] for more detailed information and
an implementation. It has a theoretical runtime of O (log N\/NBlog N) for a B-sparse
input function with bandwidth N.

Note that both the deterministic and the randomized version of Algorithm 6 are de-
signed to approximate functions that are (n, B)-block sparse. Thus, both methods require
upper bounds on the number of blocks n and the block length B of the functions they
aim to recover as parameters. In contrast, both Algorithm 4 and sFFT 2.0 only need an
upper bound on the effective sparsity s of the Fourier coefficients of the function. For an
(n, B)-block sparse function the effective sparsity s is nB. Hence, for the remainder of
this section, s is always set such that s = nB for Algorithm 4 and sFFT 2.0.

For the numerical experiments investigating the runtime, each test function f was
formed by choosing an (n, B)-block sparse set S of frequencies uniformly at random from
{— [%1 +1,..., L%J } Each frequency in the set S was then assigned a Fourier coeffi-
cient ¢, with magnitude 1 and a phase chosen uniformly at random from [0,27). The
Fourier coefficients of the remaining frequencies of f were all set to zero. The follow-
ing figures were obtained by computing the average over 100 runs on 100 different test
functions as described above. Depending on the choice of the number of blocks n and
their length B, the parameters in the two randomized algorithms, i.e., the randomized
variant of Algorithm 6 and sFFT 2.0, were chosen such that the probability of correctly
recovering an (n, B)-block sparse function was at least 0.9 for each run. For the random-
ized version of Algorithm 6 with n = 2 it suffices to set R = 1 if B < 20 and R = 3 if
B < 2! to achieve this probability. For n = 3 blocks we can set R = 1 if B < 2% and
R=3if B <2,

In Figure 3.1 we plot the average runtimes of Algorithm 6 and its randomized variant,
Algorithm 4, sFFT 2.0 and FFTW for n = 2 blocks, a bandwidth of N = 226 and block
lengths B varying between 22 and 2!'. In Figure 3.2 we perform the same numerical
experiments for a block sparse function with n = 3 blocks.

As expected, due to the independence of its runtime of the actual sparsity of the func-
tion, the runtime of FFTW is constant for increasing block lengths. The theoretical
runtimes of all sparse Fourier transform algorithms other than Algorithm 4 are sub-
quadratic in B. Indeed, the plots of their average runtimes for varying B have similar
slopes. Figures 3.1 and 3.2 also demonstrate that allowing a small probability of incor-
rect recovery for the randomized algorithms sFFT 2.0 and the randomized variant of
Algorithm 6 lets these methods outperform the deterministic algorithms with respect to
runtime for all considered block lengths B. Among the deterministic algorithms, Algo-
rithm 6 is always faster than Algorithm 4, and only becomes slower than FFTW when
the block length B is greater than 256. The runtimes of both the randomized variant of

!There is also an implementation of the general Algorithm 5 in MATLAB 2016b publicly available
in [BZI17a].
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Figure 3.1: Average runtimes of Algorithm 4, Algorithm 6 (deterministic), FFTW, sFFT
2.0 and Algorithm 6 (randomized) for 100 random input functions with n = 2
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Figure 3.2: Average runtimes of Algorithm 4, Algorithm 6 (deterministic), FFTW, sFFT
2.0 and Algorithm 6 (randomized) for 100 random input functions with n = 3

blocks of length B and bandwidth N = 226

Algorithm 6 and sFFT 2.0 are still comparable with the one of FFTW when the block
length B is as large as 2,048 for n = 2 and 1,024 for n = 3. Compared to sFFT 2.0, the
randomized variant of Algorithm 6 has a better runtime performance for the considered
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parameters. It is also the only algorithm that is still faster than FFTW when B = 2,048
for both n =2 and n = 3.

In Figure 3.3 we fix the bandwidth and block length to be N = 2?6 and B = 32 and
vary the number of blocks n from 1 to 10.

10?
10
S 7
=) i - ‘ :
2 100 s -
.4: Jr : i
E v ‘ 3 -g--8
&~ 7 o m--m-"8777 ]
10! e ‘
i - Algorithm 4
G- -2 —vw — Algorithm 6
FFTW
Ly - |- sFFT 2.0
1077 ¢ Algorithm 6, rand.|7

1 2 3 4 5 6 7 8 9 10
Number of Blocks n

Figure 3.3: Average runtimes of Algorithm 4, Algorithm 6 (deterministic), FFTW, sFFT
2.0 and Algorithm 6 (randomized) for 100 random input functions with n
blocks of length B = 32 and bandwidth N = 226

Then we can see that the deterministic sparse Fourier methods, Algorithms 4 and 6,
both have runtimes that increase more rapidly in n than those of their randomized com-
petitors. Among the three deterministic methods, Algorithm 6 has the best performance
when the number of blocks is at most 6. Similar to the previous experiments, FFTW
becomes the fastest deterministic algorithm when the sparsity s = Bn is at least 224,
as its runtime does not depend on the sparsity of the function. The two randomized
algorithms are both faster than FFTW by an order of magnitude even if the number of
blocks is 10. As in the experiments where we varied the block length B, the randomized
version of Algorithm 6 is always faster than sFFT 2.0 for the examined value of N.

In Figure 3.4 we set the number of blocks and the block length to be n = 2 and B = 64
and examine the performance of the different algorithms for varying bandwidths V.

It can be seen that FFTW is the fastest deterministic algorithm for small bandwidth
values. However, the runtime of FFTW becomes slower than the one of Algorithm 6
when the bandwidth N is greater than 224, Algorithm 4 is the slowest deterministic
algorithm for this fixed sparsity of 128 for all considered bandwidths N. Comparing
the randomized sparse Fourier methods, the randomized variant of Algorithm 6 always
performs better than sFFT 2.0 when the bandwidth NN is greater than 2'8.

In order to test the robustness of the methods with respect to noise, we add Gaussian
noise to each of the samples of the (n, B)-block sparse function f € Co, utilized in
the algorithms, and then measure the average approximation errors of the reconstructed
Fourier coefficients. As parameters we choose a bandwidth of N = 222 and n = 3 blocks
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Figure 3.4: Average runtimes of Algorithm 4, Algorithm 6 (deterministic), FFTW, sFFT
2.0 and Algorithm 6 (randomized) for 100 random input functions with n = 2
blocks of length B = 64 and bandwidth N

of length B = 2%. More specifically, for exact data, each method considered herein utilizes
one or several vectors of equidistant samples of f for suitable lengths M < N. For the
robustness experiments we provide each algorithm with noisy samples of the form

2myj ‘ M-1
7)),

where each 7; € C is a complex Gaussian random variable with mean 0. The 7; are then

rescaled such that the total additive noise n = (nj)j]\/ial achieves signal-to-noise ratios

(SNRs) between 0 and 60, where the SNR is defined as

SNR := 20log (HaMH2> .

HTIHQ

The resulting reconstruction errors are depicted in Figure 3.5.

Recall that the two randomized algorithms compared herein, sFFT 2.0 and the ran-
domized variant of Algorithm 6, are both tuned to guarantee exact recovery of block
sparse functions with probability at least 0.9 in all experiments. For the numerical ex-
periments investigating the robustness with respect to noise, this ensures that the correct
support set S is found for at least 90 of the 100 test functions used to generate the points
plotted in Figure 3.5. All deterministic methods always find the correct support S for
all considered noise levels after sorting their output Fourier coefficient estimates by mag-
nitude. Figure 3.5 depicts the average ¢!-error between the true Fourier coefficients for
frequencies in the correct frequency support S of each test signal and the corresponding
coefficient estimate x,,, averaged over the at least 90 runs for which the respective sparse
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Figure 3.5: Average reconstruction errors of Algorithm 4, Algorithm 6 (deterministic),
FFTW, sFFT 2.0 and Algorithm 6 (randomized) for 100 random input func-
tions with n = 3 blocks of length B = 2% and bandwidth N = 222

Fourier transform correctly identified .S. More specifically, it plots

B 2 e~ %l

wesS

where ¢, are the true Fourier coefficients for the frequencies w € S, and T, are their
recovered approximations, averaged over the at least 90 test signals where the respective
method correctly identified S.

Looking at Figure 3.5, one can see that all algorithms considered in our experiments
are robust with respect to noise. Overall, the deterministic methods Algorithm 6, Al-
gorithm 4 and FFTW are more robust than the randomized methods sFFT 2.0 and the
randomized variant of Algorithm 6. As expected, FFTW is the most robust algorithm
in this experiment, followed closely by Algorithm 4. Still, the performance of Algorithm
6 for noisy data is comparable to their performance, and Algorithm 6 is also more stable
than the randomized methods. For the randomized algorithms, the randomized variant
of Algorithm 6 is more robust than sFFT 2.0.

In this chapter we introduced the first deterministic algorithm for reconstructing block
sparse functions from samples. The numerical experiments presented above show that
Algorithm 6 is faster than all existing general sparse FF'T methods, while also being very
robust with respect to noisy input data. Furthermore, the investigation of the runtime of
a randomized version of Algorithm 6 showed that it is also faster and more robust than
the fastest existing randomized general sparse FF'T algorithms.
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4 Discrete Cosine Transform

As mentioned in the introduction to this thesis, the discrete cosine and sine transforms
(DCT and DST) of types I to VIII can be obtained by applying combinations of Neu-
mann and Dirichlet boundary conditions to the discretized solution of the homogeneous
harmonic oscillator equation. Furthermore, the DCT-II approximates the statistically op-
timal Karhunen-Loéve transform, which decorrelates stationary Markov-1 signals. Since
in many practical applications the occurring signals can be approximated by stationary
Markov-1 signals, the DCT-II is an extremely useful tool for solving the arising problems.

Similarly as for the DFT, only the development of fast algorithms with a runtime of
O(Nlog N) instead of O(N?) allowed the widespread practical use of different types of
the DCT and the DST. Some of these methods employ existing fast DFT algorithms, see,
e.g., [PPST19], Section 6.3.1, whereas others only use real arithmetic. See, e.g, [BYRO06],
Section 4.4 and [PPST19], Section 6.3.2, for an overview of such real methods.

There is a lower limit for the runtime of fast DCT and DST algorithms for arbitrary
input vectors of length N, though, since the order O(N log N) of the runtime, like the
one of the DFT, can be proven to be optimal. Any further speeding up of the methods
therefore requires additional a priori knowledge about the vector we aim to recover;
in practice this is usually information about its sparsity. After providing the required
theoretical background about the DCT in this chapter, we will investigate sparse DCT-II
problems in more detail in Chapters 5 and 6.

4.1 Discrete Cosine Transform

Let us begin by formally defining the first four types of the discrete cosine transform as
matrix-vector multiplications for real vectors. The DCTs of types V to VIII are not of
interest for this thesis. The following definitions are based on [PPST19|, Section 3.5.

Definition 4.1 (Discrete Cosine Transform (DCT)) Let N € N, x = (z3)5 o € RV
and X € RNt The cosine matrices of types I-IV are defined as

2 kim\ \ ™ (N+1)x(N+1)
Clhi =1/ = [ en(k)en(l) cos N)), L €eR ,

=

@20+ 1)m\\V

= (e (525 e
N 2N -

N—

ol [2 ( <2k+1ﬂw)> L RN
N 2N k=0

cy — [2 < ( (2k+1) (2l D >>N_1 c RNXN
N k,1=0

where

1 if k=0 mod N,
en (k) 3:{ z "

1 otherwise.
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4 Discrete Cosine Transform

Then the discrete cosine transforms of types I-IV of the vectors x and x, respectively,
are given by

Xl = Ch1%,
XAI = CRI,X,
X = cllly,

V.= cVx

The cosine matrices of types I-IV can in fact be shown to be orthogonal, analogously
to the almost unitary Fourier matrix Fy, see Definition 1.1.

Theorem 4.2 Let N € N and x € RY. Then the cosine matrices of types I-IV are
orthogonal with

e 1 T I
(i) Cny1 =Cxy1r =Chyy,
(i) C ' =i’ =,
(iii) CV =V = V.
For a proof see, e.g., [PPST19], Section 3.5, Lemmas 3.46 to 3.48. Apart from the
discrete cosine transforms, there exists another, closely related, set of linear trigonometric
transforms, the discrete sine transforms of types I to VIII. For this thesis only the sine

matrix of type IV, which was introduced in [Jai79], is of interest. Analogously to the
DCT-IV, the sine matrix of type IV defines the discrete sine transform of type IV.

Definition 4.3 (Sine Matrix of Type IV) Let N € N and x = ()5, € RY. The
sine matriz of type IV is defined as

N-1
N 4N k. 1=0

The following theorem proves the orthogonality of the sine matrix of type IV and
provides us with its connection to the cosine matrix of type IV.

Theorem 4.4 Let N € N. We define the counter identity matrix of size N x N as

0O ... 01
0 10
JN = (5k, N—l—l)fc\jlizlo = : . : S RNXN,
1 00
and set
. AN NxN
Dy = diag ((—1) )H e RVXN

Then the following statements are true.

(i) The sine matriz of type IV is orthogonal with

w—1 _ vl _ q1v
Sy =Sy =Sy.
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(i) The cosine and sine matrices of type 1V satisfy

S =DyCYIy  and SV =JInCYDy.

A proof of (i) can be found in [Jai79], Section III A. For a proof of (ii) see [Wan84],
Section IV, equation (56).

4.2 Fast DCT-1I Algorithms

Computing the DCT of a vector x € RY via the matrix-vector multiplications from
Definition 4.1 has a runtime of O(N?). Fortunately, as for the DFT, there exist more
efficient techniques for computing DCTs, which can achieve runtimes of O(N log N).
Some of these methods use a divide-and-conquer approach like the one we explained
in Section 1.1.1, some only employ real arithmetic, whereas others are based on existing
FFT algorithms. For more details on an efficient algorithm for computing the DCT-II via
FFTs see Section 5.2 of this thesis; for FFT-based algorithms for the other types of the
DCT see, e.g., [PPST19], Section 6.3.1. It can also be shown that the order O(N log N)
for the runtime of the fast DCT is optimal for arbitrary input vectors of length V.

As the existence of fast algorithms for the DCT-II is integral for the methods we
will present in Chapter 6, we now briefly sketch a fast algorithm for the DCT-II. This
section, in which we present a method based on orthogonal matrix factorizations that
only employs real arithmetic, is based on [PPST19], Section 6.3.2.

Let N € N be even with N > 4. Our aim is to factorize the matrix C}\I, into a product
of sparse orthogonal matrices that allow for divide-and-conquer steps. For the DFT
the factorizations of Fx corresponding to the radix-2 algorithms which we sketched in
Section 1.1.1 mainly depend on F N,a permutation matrix and a simple diagonal matrix,

see, e.g., [PPST19], Section 5.2.3. However, the factorization of CYi we want to employ

does not only depend on CI&, but also on CI&/. Hence, we also require a factorization of
2 2

CI&/ into orthogonal matrices.

2

The following factorization of CL was proved in [PT05], Lemma 2.2 (i). See also
[PPST19]|, Theorem 6.32 (i), for more details.

Lemma 4.5 Let N € N be even, N > 4, and let

1 0 0 0 0 ... 00
0 1 0 0 00
N_1,N-1
Py — (52k,l)kzjl: _ 0 ... 10 ERNXN
N (Gops s l)%—l,N—l 0 1 0 0 ... 00
'k, 1=0 00 0 1 0 0 0
0 ... .. 01

NXxN
€ RV,
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where Iy denotes the identity matriz of size % X g and Jn the counter identity matrix
2 2

of size % X % from Theorem 4.4. Then CRI, satisfies the following factorization,

(4.1)
Remark 4.6 Note that for x = (xk)ivz_ol € RN, N even, we have that
(ra1)iy)
xr _
Pyx = 2 k_ﬂ0,1 ) (42)
(T2k+1) =0

i.e., multiplying P by a vector x returns the evenly indexed entries of x in the first half
and the oddly indexed ones in the second half. O

Proof of Lemma 4.5. Let us consider the matrix P NCE\I,. By Remark 4.6 we obtain that

N_1,N-1

PNc% _ \/g <6N(2/€) cos (%(éli;lﬁr));l

=0
N
kD)@ Dr)) 2 N[
cos(——n
k, 1=0

(4.3)

since 2k +1 2 0 mod N for all k € {0,..., 5 — 1}. Writing the right-hand side of (4.3)
as a block matrix consisting of four submatrices indexed from 0 to % — 1 yields

PyCR
2k(2 1)\ 2 L 2k(2(5+1)+1) 2!
2k(204+1)m i e W L B KL
5 (ag(k) cos( 3N ))MZO (515(]{) COS( 2N >>k —o
VN (2k+1)(204+1)r \ | 2 1 2k+1D)(2(F+1)+1) R
@+t )r s
(COS ( 2N ))k,l:o (COS < 2N >>k,l:0
N I (N2 D)7\ ) 2
5 1Cx (6%(@ €08 (W))k,l:o
_ ]2 (4.4)
N N
2k+1)(N+2+1)7 )\ 2
%Cg (COS (%)>k 1=0
Since
o [(FOV 420+ D)
N
k(21 +1 k(2L + 1
= cos(km) cos <(]—\t)ﬁ> — sin(k7) sin <(]—\i;)7r>
=0
k(2L +1 k(2L +1
= COS(]WT) Ccos <(Z_V'_)7T> + sin(kw) sin ((]—\i/:)ﬂ')
=0
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N

:Cos<k(2(g—z—1)+1)w>’

s (k:(N — 20— 1)7r>

N

we find for the top-right quadrant of the matrix in (4.4) that

N_1
(eN(k‘) cos (k (W +20+1) W)) i
2 N k,1=0
-1

- (o (M)

w|z

Similarly, using

aﬁ(@k+1xg$2k+nw>
a

(2k + 1)7r> o ((% +1)(20 + 1)7r>

2N

(2k 4+ 1)( 2l+1)7r>

( 2k+1 2l+1)7r
~( )

(2k + 1)(20 + 1)7
2 n( oN >
(2k + 1)(N — 21 — I)x
T
e ((2k:+1) (2(12Vz1)+1)7r>

2N

(=5
(2

. <(2k +1)m
(

the bottom-right quadrant of the matrix in (4.4) can be written as

(COS ((2k+ 1) (J;]\;r 920 + 1”))5;

) ( <<zk+1><2<f;—z—1>+1>w>>“
= — COS ON

k,1=0

N

:_,/Zc

J

m\zz

w|z
—
=~
=

117



4 Discrete Cosine Transform

Combining (4.5) and (4.6) with (4.4), we obtain that

2 \ %CI& %CI&JE
PNCII — N 2 4 2
VTGV ‘ —\/TCY Iy
2 4 2
ot clay
_ 2 2 2
\@ CI]\\]/ ‘ _CI]\\]/JE
2 2 2
II

Cli | ox
= 2 ’ TN7
on | CY
2 z
which proves the claim. ]

Note that both Py, as a permutation matrix, and Ty are orthogonal, which implies
that the factorization from Lemma 4.5 is indeed one into real orthogonal sparse matrices.
This factorization now provides us with the necessary tools for a first divide-and-conquer
step. Let x € RY, where N > 4 is even. Let us denote by x(0) and x(1) the first and
second half of x, respectively, i.e.,

N_q N — N
X(0) = (T)jey €R? and  xq) = (:vk)]kvzgl € Rz.
Then we find that
C

xI = CE\I[X = PNT

N‘Z m‘Z:
Q o
22 vl
Sl
[\
/-~
]
vz vz

I

Ml
N——
N
%X
=2
N———

0

Clé <X(0) + J%X(1)>

—P T
— N
c —-J

N (X(O) ﬁx(l))

2

Consequently, the first subproblem of half size is to compute the DCT-II of the vector
N
x(0) +Jnx(1) € R?, and the second subproblem of half size is to compute the DCT-IV
2
of the vector x(g) — Jnx(1) € R?. Thus, we also require a factorization of the matrix
2
CI&/ into real orthogonal sparse matrices such that we can apply the divide-and-conquer

paiadigm.
The following factorization of CY was shown in [PT05], Lemma 2.4. See [PPST19],
Section 6.3.2, Theorem 6.33, for more details.
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4.2 Fast DCT-II Algorithms

Lemma 4.7 Let N € N be even, N > 4. Define
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and set

Note that Ax and T (1) are indeed orthogonal matrices. With the factorization from
Lemma 4.7 the subproblem of size % of computing the DCT-IV of the vector x(g)—J ~ x(1)
2

can be reduced to two subproblems of size % of essentially computing DCT-IIs of length

N .
7 since

Y - (x ~ I yxa)

N—

ch (Tg(l) (X(O) - J%X(l)))(o)

ch (Tﬂ(l) (X(O) - J%X(l)»u)

4
These subproblems of size % can again be split into a DCT-II and a DCT-IV computation
of length % if 8 divides N. Continuing these splitting steps until the vectors in the
subproblems have length 2, for which we compute the DCT-II and DCT-IV directly,

yields fast algorithms for the DCT-II and DCT-IV. Careful consideration of the matrix
factorizations given by Lemmas 4.5 and 4.7 shows that, for a vector x € RV, N = 27,
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4 Discrete Cosine Transform

the fast DCT-II algorithm performs

4 8 1
FNJ =N - 5(—1)J +1=0(NJ)=0(Nlog,N)
complex additions and
4 1 J
NJ — §N+§(—1) +1=0(NlogyN)

complex multiplications. The fast DCT-IV algorithm also has a runtime of O (N logy N),
with similarly small constants. See [PPST19]|, Section 6.3.2, Theorem 6.39, for a proof
of these runtime complexities.

Remark 4.8 Since CE\I,I = CE\I[T = C%fl, Lemma 4.5 also provides us with an or-
thogonal factorization of the cosine matrix of type III. Thus, we directly obtain a fast
algorithm with runtime O (N logy V) for the DCT-III, which is the same as the IDCT-II.
It can be shown that for the DCT-I there also exist fast algorithms with a runtime of
O(Nlogy N). For an overview of several fast methods for the different DCT and DST
types see, e.g., [BYRO6], Section 4.4.

Besides the already mentioned possibility of computing the DCT of a vector via the
DFT, which will be explained for the DCT-II in detail in Section 5.2, there also exist fast
DCT algorithms based on Chebyshev polynomials. These methods use factorizations of
the cosine matrices which are not orthogonal, thus leading to less stable algorithms, but
also only require real arithmetic, see, e.g., [Fei90, FW92, PMO03, Ste92, ST91|. Further,
the DCT-II can be computed via the Walsh-Hadamard transform, see, e.g., [AR75] and
[BYRO6|, Section 4.4.3.3. There also exist split-radix methods for the DCT-II, see,
e.g., [IBYRO6|, Section 4.4.3.4. Other algorithms include, for example, [SH86, Wan84,
Wan83,CSF77|. All of these methods have a runtime of O(N log N) for arbitrary vectors
of length N. %

4.3 2-Dimensional Discrete Cosine Transform

Some of the main areas of application for discrete cosine and sine transforms are digital
image or video processing and compression, and transform-based coding applications.
All of these problems are at least 2-dimensional, so there has also been extensive re-
search regarding the development of fast 2-dimensional DCT and DST algorithms, with
particular focus on the DCT-II.

We now define the 2-dimensional discrete cosine transforms of types II and IV, see,
e.g., [RY90], Chapter 5 and [BYRO06|, Section 4.5.

Definition 4.9 (2-Dimensional DCT-II and DCT-IV) Let A € RM*N_ Then the
2-dimensional discrete cosine transforms of types II and IV of A are defined as

Al .—clLach”  and AV =clVacy.

The other 2-dimensional discrete trigonometric transforms are defined analogously. As
for the 1-dimensional DCT, the 2-dimensional DCT of a real M x N matrix can be
calculated by applying a 2-dimensional DFT, see, e.g., [RY90|, Section 5.4. However,
there also exist direct approaches for computing 2-dimensional discrete trigonometric
transforms. The first method, the so-called row-column method, is based on the ability

120



4.4 Vandermonde Matrices and Chebyshev Polynomials

to rapidly calculate 1-dimensional DCTs or DSTs. It first applies a fast 1-dimensional
DCT or DST algorithm of length IV to all row vectors of the input matrix A. Then
another fast 1-dimensional M-length DCT or DST algorithm is applied to all column
vectors of the resulting matrix, which yields an overall runtime of

O (MN logy(MN)),

while using M N samples of AL,

The second approach is a 2-dimensional vector-radix method, which uses 2-dimensional
decomposition ideas, see, e.g., [CHI1, WP89b, WP89a, WP91, BR00|. Such methods can
be directly applied to 2-dimensional data, as they decompose the M x N DCT or DST
into sums of four DCTs or DSTs of size % X % Applying this idea recursively until
DCTs or DSTs of size 2 x 2 are achieved, these methods are even faster than row-column
algorithms, having to perform

3
ZN2 logy N
instead of
N?logy N

multiplications for a matrix of size NV x N. Other approaches include algorithms based
on polynomial transforms, see [DG90, PD96].

4.4 Vandermonde Matrices and Chebyshev Polynomials

Even though the connection between discrete cosine transforms on the one hand and
polynomial interpolation on the other hand may not seem evident at first, we will now
briefly recall some basic results in the second topic. They will lead us to the concept of
(odd) Vandermonde matrices and Chebyshev zero nodes, which we will employ in the
reconstruction procedures in Chapter 6.

Polynomial interpolation is the problem of, given a set of n+1 data tuples (xo,%o) ,- - .,
(2, yn) € R?, finding a polynomial P of degree at most n that satisfies

P (zr) = yp Vke{0,...,n}. (4.7)

It can be easily shown that the interpolation problem (4.7) has a unique solution if
the interpolation points =y, k € {0,...,n}, are distinct, see, e.g., [Atk89], Chapter 3,
Theorem 3.1. Let us denote the vector space of polynomials with real coefficients of degree
at most n by I, i.e.,

I, = {P(x) :Zn:al:z:l:al eRVIie {0,...,71}}.

=0

Assume that P € II,, with
n
P(z) = Z !
=0

satisfies (4.7), i.e.,

P(fﬂk)zzawkl:yk VkeA{0,...,n}.
1=0
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4 Discrete Cosine Transform

Writing this as a linear equation system, we obtain

1 Zo $02 e .Ct‘on ap Yo
1z x%2 ... x" al Y1
- (4.8)
1 2 n
Ty Tp® ... Tp an Un

The matrix in (4.8) is known as the Vandermonde matrix.

Definition 4.10 (Vandermonde Matrix) Let n € N and x = (z3);_, € R""!. The
matrix

1 o x02 e l‘on
! n 1 I 515'12 e CL‘ln

Vix) = (xk>kl*0: :
1z, =, Tn"

is called Vandermonde matriz.

The following property of Vandermonde matrices is very well known. For a proof see,
e.g., [Sch02], Section 3.1.2, Lemma 3.1.2.

Lemma 4.11 Let n € N and x = (25)}_, € R""'. Then we have that

det(V(x)= [] (z—a),

0<k<I<n
so V(x) is invertible if and only if xq, ..., x, are pairwise distinct.
Consequently, since the monomials 1,z,...,z"™ form a basis of II,,, the interpolation
problem (4.7) has a unique solution if the interpolation points zy, ..., z, are all distinct.

However, Vandermonde matrices are, in general, ill-conditioned, so interpolating polyno-
mials are not found by inverting (4.8) in practice. Instead of the monomial basis, which
corresponds to the Vandermonde matrix, bases consisting of, e.g., Lagrange, Newton or
Chebyshev polynomials are used.

If the interpolation points are generated by evaluating a function, i.e., if

yr = f (k) Vke{0,...,n}

for a function f: [zg,z,] — R, then it is also of interest whether the interpolating
polynomial P approximates the function f well in some sense. To be more precise, the
goal is to find a polynomial P € II,, such that the interpolation error

ra(x) = f(z) — P(z) (4.9)

is sufficiently small. The following result can be found, e.g., in [Atk89], Section 3.2,
equations (3.2.11) and (3.2.12).

Theorem 4.12 Let n € N and xg,...,x, € R be pairwise distinct. Let x € R and
f: 1 — R be (n+1)-times continuously differentiable, where I is an interval containing x
and xq, ..., x,. Let P € II, be the interpolating polynomial for the interpolation problem

P(x) = f(zx)  Yke{0,...,n}.
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4.4 Vandermonde Matrices and Chebyshev Polynomials

Then we have that
D)

f(fU)P(@:MkI;[O(CUﬂfk)

for some € € I depending on x. Further, it follows that

[FA
|f(z) — P(z)| < W

n

(x — )| . (4.10)

k=0

The first factor in the error estimate only depends on f and the degree of the interpo-
lating polynomial, so we cannot influence it, since for a fixed degree the only parameters
that can be varied are the interpolation points. These considerations give rise to the
problem of finding interpolation points which minimize

n

I @ — )

k=0

for x in a given interval I. Such optimal interpolation points do indeed exist; they are
called Chebyshev (zero) nodes, as they are the zeros of the Chebyshev polynomial of the
first kind.

Definition 4.13 (Chebyshev Polynomials of the First Kind) Let n € Ny and
x € R. Then the Chebyshev polynomial of the first kind of degree n + 1 is defined as

n n+1
. on (Qk + 1)7T . u l
Tht1(z) =2 H <9C — COS <2(n+1) = Z@nﬂ,lfﬁ )

k=0 1=0
and Tp(z) = 1.

Some of the most important properties of the Chebyshev polynomials of the first kind
are summarized in the next lemma.

Lemma 4.14 Let n € Ny and z € R.
(i) T, is a polynomial of degree n.

(ii) The leading coefficient of T,, satisfies

1 ifn=20
o = ’ 411
n {2”—1 if n > 1. (4.11)

(iii) T}, is odd if n is odd, and T, is even if n is even.

(iv) The n zeros of T,, are

204 1)
tn,1 == COS <(2n)>’ 1e{0,...,n—1},

and they are called Chebyshev zero nodes.

(v) If |x| <1, then T}, can be written as

T,.(z) = cos(n arccos x).
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4 Discrete Cosine Transform

(vi) Evaluating T}, at the Chebyshev zero nodes t,, ; for [ € {0,...,n — 1}, n € N and

k € Ny yields
k(2L + D)
Ty, (tn,1) = cos ((Qn)) .

Claims (i), (ii) and (iv) follow directly from Definition 4.13. Proofs of (iii) and (v) can
be found in [PPST19|, Section 6.1. The claim in (vi) follows directly from (v).

Using the properties in Lemma 4.14, one can prove that the maximal absolute value
of the polynomial 277}, 1 in the interval [—1, 1] is indeed not greater than the maximal
absolute value of any other polynomial of degree n+1 with leading coefficient 1 in [—1, 1].
Consequently, the Chebyshev zero nodes xj, = t,,41 » minimize the value

I @ —=x)

k=0

max
ze[—1,1]

in (4.10) in Theorem 4.12.

The Chebyshev polynomials, which form a complete orthogonal system, are used in
many areas of numerical mathematics besides polynomial interpolation, e.g., for spectral
methods and for the so-called Chebyshev filters. We will utilize them in Chapter 6 in
order to obtain an invertible factorization of a special submatrix of the cosine matrix of
type IV. Apart from Chebyshev polynomials and Chebyshev zero nodes this will require
the notion of odd Vandermonde matrices. We saw at the beginning of this section how
Vandermonde matrices are related to polynomial interpolation in the monomial basis. If
it is known a priori that an odd function f is being interpolated, then the interpolating
polynomial will be odd as well. Hence, it suffices to restrict the linear equation system
(4.8) to the columns corresponding to odd exponents, as the polynomial coefficients asy,
k € {O, cee L%J}, have to be zero. This motivates the notion of odd Vandermonde
matrices introduced in [BP18a).

Definition 4.15 (Odd Vandermonde Matrix) Let n € N and x = (23)}_, € R""1.

The matrix

Zo .%‘03 $05 e x02”+1
a o1s1\" x1 x1° xd ... ;tl
Vot (x) = (mk ) =1 . . .
(%) k,1=0 : : :
3 5 2n+1
Tn TnS Tp® ... xp2tt

is called odd Vandermonde matrizx.

The determinant of an odd Vandermonde matrix is related to the determinant of a
standard Vandermonde matrix as given by Definition 4.10.

Lemma 4.16 (Lemma 3.1 in [BP18a]) Let n € N and x = (z3)j_, € R"™! such
that xg,...,z, # 0 and |zg| # |2y for all k # [, where k,l € {0,...,n}. Then the odd
Vandermonde matrix V°44(x) is invertible with

n

det (VOdd(x)) = H xj - det (V (9502, ... ,:cn2)) = H xj H (:clz - J:kQ) )

=0  0<k<i<n
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4.4 Vandermonde Matrices and Chebyshev Polynomials

Proof. Using the multilinearity of the determinant and Lemma 4.11, we obtain that

Zo 1’03 $05 PN :L‘oszrl
3 5 2n+1
odd r1 x> x® ... a2t
det (V°“(x)) = det ,
Ty TnS Tp® ... ozt
1 3302 IL’04 .. 3702n
n 1 1'12 33‘14 e :L’lzn
= H Xj+ det .
=0 :
1 2,2 z,° z,2"

= H;Uj - det (V (3302, . ,mn2))
j=0

_ ﬁofgj I (=),

Jj= 0<k<I<n

As xp, # 0 and |xy| # |2y| for k # 1, k,1 € {0,...,n}, it follows that V° (x, ..., z,) is
invertible. O

Recall that any odd function f is rotational symmetric with respect to the origin and
always satisfies that f(0) = 0. Consequently, if it is known a priori that we interpolate an
odd function f with an odd polynomial, the interpolation point 0 cannot yield additional
knowledge about the function and must not be used. Further, since f(z) = —f(—x),
two nodes z, x; with |xg| = |z;| provide the same information. Thus, it makes sense
that V°dd(x) is invertible if and only if none of the interpolation points is 0 and their
absolute values are pairwise distinct.
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5 Sparse Fast IDCT-II for Vectors with
One-Block Support Based on IFFT

In the second part of this thesis we are interested in deterministically reconstructing real
vectors from their DCT-II. For the closely related case of recovering a vector from its
DFT under the assumption of sparsity there has been extensive research in recent years.
We listed several sparse IFFT and FFT methods at the beginning of Chapter 2, including,
e.g., the deterministic IFFT methods for vectors [PW16a, PW17a, PWCW18|, which we
will explain in more detail in Sections 5.3 and 6.5.1. The investigation of sparse discrete
cosine and sine transforms has not yet been that thorough, even though, as mentioned
in Section 4, there exists a variety of fast DCT and DST algorithms for arbitrary input
vectors. They have a runtime of O(N log N), which is optimal for arbitrary input vectors
of length V. As for the 2m-periodic functions considered in the first part of this thesis,
we can only hope to achieve lower runtimes if we additionally assume sparsity of the
output vector.

Being one of the most widely used algorithms in applied mathematics, engineering
and signal processing due to the fact that it approximates the statistically optimal KLT,
there indeed exist various applications not only for general DCTs but also for sparse
DCTs. For example, sparse DCTs can be employed to rapidly evaluate polynomials in
monomial form from sparse expansions of Chebyshev polynomials, see, e.g., [PPST19],
Section 6.2. Since DCTs also play an important part in data compression, e.g., for images
and videos, the ability to incorporate sparsity into such methods can also lead to faster
data compression algorithms. R

Of course, given a vector x = (:ck),lfgol € RV, it is always possible to obtain xI by
applying a DFT to the vector

2N
y:(ajg,xl,...,$N_1,$N_1,.%'N_2,...,x0)ER s

since

e k
.CUH:€N( )W4Nk-§k VkE{O,...,N—l},

V2N

as we will explain in more detail in Section 5.2. Similar FFT-based approaches also exist
for the computation of DCTs of types I, III and IV, see, e.g., [PPST19], Section 6.3.1.
If x is m-sparse, then the auxiliary vector y is 2m-sparse. Thus, by applying a general
2m-sparse FFT algorithm to y, one can obtain the DCT-II of x faster than by performing
a fast full-length DCT-II like the one described in Section 4.2. However, y has twice as
many nonzero entries as x, so applying a 2m-sparse FFT will not be the most efficient
method, especially since y is symmetric.

If the input vector x is not only sparse but satisfies some additional structural proper-
ties, for example having a short support, then the structure of the support of y is closely
related to that of x. This special structure of y can be employed to find a faster sparse
FFT algorithm for y and thus a faster DCT-II algorithm for x. Another way to obtain a
fast sparse DCT-II method is to utilize the special structure of x directly for the DCT-II
computations without employing DFTs.
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Our topic of interest for this and the following chapter is the deterministic recovery
of a vector x € RY with short support of length m from its DCT-II transformed vector
xI, so we will focus on inverse DCT-IIs. For vectors having a short support means that
the indices corresponding to its significantly large entries are contained in an interval
S* of length m. In this chapter we will develop a fast IDCT-II algorithm for vectors
with short support that is based on IFFTs, whereas in Chapter 6 we will introduce an
IDCT-II algorithm for vectors with short support that only requires real arithmetic. We
will compare the performances of both methods numerically in Section 6.5.

To the best of of our knowledge these are the first IDCT-II methods that are specifically
optimized for the DCT-II setting and utilize the special support structures of x and
the auxiliary vector y that arise if x has a short support. We are not aware of other
sparse algorithms for any of the DCT and DST types that are specifically tailored to the
respective cosine and sine bases or the occurring sparsity structures.

The following chapter is based on our paper [BP18c¢| and is in parts identical with the
representations therein.

5.1 One-Block Support

Throughout this chapter we will always consider a real vector x = (wk)g:_ol e RV,
N := 2771 that has a short or one-block support. Unlike in Chapters 2 and 3, we use
the representative system {0, 1,..., N — 1} for the residues modulo N, since both x and

x'I are indexed from 0 to N — 1 by definition. In order to formally define the concept of
a one-block support, we first have to introduce periodized intervals.

Definition 5.1 Let n = 2/ with j € Ny and a,b € Ng. Then we denote by Iéj?) the
periodized interval

Ig% = {a mod n,(a+1) mod n,...,b mod n} C {0,...,n —1}.

Periodized intervals allow us to consider an index set, corresponding to vector entries,
that is wrapped periodically around the boundary of the vector as a single set instead
of as two separated sets. With their help we can now define the notion of one-block
supports.

Definition 5.2 Let N = 277! with J > 2 and x = (xk)é\[:_ol € RY. Then x has a
one-block support of length m if m is the minimal integer such that

zp =0 ngé[ﬁifl},zz{ux,(ux—i—l) mod N,...,v*},

for some p* € {0,...,N — 1} and v* := (u* +m — 1) mod N.
The interval S* := 1 f;i‘j,Z is called the support interval, u* the first support inder and

v* the last support index of x.

Remark 5.3 Recall that in Definition 2.23 we alrea/d\y defined the notion of a first
support index. However, in Section 2.4, we knew that a had a short support of length
at most B if M > 2B, so we used B in the definition of the first support index. In this
chapter, though, we require a definition for which neither the support length m nor the
first support index p* are known a priori; hence, Definition 5.2 is slightly different from
Definition 2.23. In both cases we allow the support to be periodically wrapped around
the boundary of the vector, i.e., around N — 1 and 0 in this chapter, and around L%J
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5.2 DCT-II via FFT

and — [%] + 1 in Section 2.4. Note that in the definition of a short support which we
will give in Section 6.1 and which we will use throughout Chapter 6, the support will
not be considered periodically. To be able to differentiate between these two cases we
will call the support one-block support if we allow it to be wrapped periodically around
the boundary of the vector, and short support if this is not the case in Chapters 5 and
6. According to this nomenclature, the vectors a’ in Section 2.4 would actually have a
one-block support. However, as short support is the commonly used term and we only
introduced the name one-block support to avoid confusion with respect to the closely
related concepts used in Chapters 5 and 6, we decided to use the word short support in
Chapters 2 and 3, since there are no ambiguities there.

The support interval S* contains all indices at which x has nonzero entries. Since
for some of the theoretical concepts used hereafter we require the support of x to be a
periodized interval in Ny, some of the indices in S* may correspond to zero entries of x.

By definition, the support length m of x € RY is uniquely determined, but the first
support index is not unique if m > N/2. Consider for example the vector x € R® with

x = (1,0,0,0,1,0,0,0)T.

Then x has a short support of length m = 5, but, according to Definition 5.2, we can
choose the first support index p* to be either 0 or 4, resulting in the support intervals

3) (3)

S* = Ijy or S* = 14?0, respectively. For m < %, though, the first support index is

always uniquely determined. O

5.2 DCT-II via FFT

Our aim in this chapter is to develop a fast algorithm that deterministically recovers a
vector x € RV, N = 2771 from its DCT-II transformed vector x'I € RY if we know a
priori that x has a one-block support of some unknown length. In our newly introduced
notation this means that x has the support set

gx =71\l = {w*, (W +1) mod N,...,v*}

W, vx
for some p*, v* € Ié:]&i)l and the support length m = (v* — p* 4+ 1) mod N. We do not
require any a priori knowledge of m in this chapter.

Apart from the fast DCT-II algorithm using a factorization of C}\I, into real invertible
matrices and the divide-and-conquer method, which we explained briefly in Section 4.2,
one can also obtain a fast DCT-II algorithm using the FFT. More precisely, the DCT-II
of any vector x € RV can be computed from the DFT of the auxiliary vector y € RV
of double length, where

T T
Yy = <XT’(JNX)T) = (:EOa'Tla"'7xN717:CN717xN72""7‘T0) )

=xT =(Inx)"

i.e., the first half of the vector y is x and the second half of y is the reflection of x, Jyx.
As in Theorem 4.4, Jx denotes the counter identity matrix of size N x N. Equivalently,
we can write that

T if ke{0,...,N —1},
yk:{ ¢ ¢ J (5.1)

rN_1— ifke {N,...,2N—1}.
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The following lemma shows the close relation between < and y, namely that x1 can be
computed from ¥ and vice versa, see also [PPST19], Section 6.3.1.

Lemma 5.4 (Lemma 1 in [BP18c|) Let N € N, x € RN and y = (xT, (Jyx)")7 €

R2N.
(i) y is symmetric, i.e.,
y = Jany.
~ ~\ N—1
(ii) xI = <m}€1)k .= Clix is given by

i envk) o~
o= SN R Vke{0,... N—1},
N T { '

where § = (7)ilo ' = Fany.

(iii) y is completely determined by <1 via

%wmﬁk-xi} if ke{0,...,N—1},
Y =140 ith =N,
— e el ke {N+1,... 2N -1},

Proof. (i) Note that y is symmetric by construction, since

X X
Jony = Jon (JNX> = <JNX> =Y.

(ii) Let k € {0,..., N — 1}. Using that for all z € R

eix + e—ix
cos(z) = —
we find that
N-1
5 2 2-kEQI+1)m
ril = NsN(k') Z cos (2(2N)> x
1=0
N-1
en(k) ( k(204+1) —k(204+2-1)
= WAN + wynN ) Iy
V2N =
N-1
en(k) ( 2kl k 2k(—1—1) k
= WAN " WAN" + w4N WAN ) Ty
V2N 1=
en(k) k Nz_l ( K k(2N7171)>
= W4N Wo2N W2N Iy
V2N =0
e (k) (N—l 2N-—1
N k ki Kl
= W4N ZWQN T+ Z WaN $2N1z'>
V2N 1=0 =N
en (k)

ko~
= WAN " Yk,
V2N Y
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where we set ' =2N —1—1[forl € {0,...,N —1}.

(iii) If k£ € {0,..., N — 1}, the claim in (iii) follows directly from (ii). For any index
k€ {N,...,2N — 1} the symmetry of y guaranteed by (i) implies that

2N—1
S ,
.= (J = E kl
Yk ( 2NY)I€ W2N  YoN-—1-1
I'=0

2N-1
k(2N-1-1
= D Wy,
=0

2N—1

_ —k(l+1

= E WaN ( )yl
=0

= won " Z WQN_klyla (5.2)
1=0

where we set [ :=2N —1—1" for I' € {0,...,2N — 1}. If k = N, (5.2) yields
2N-1

~ -N —NI
YN = WaN E WaN yi
1=0

2N—-1

N1
= — g WaN" Ui
1=0

= —YN,

so it follows that yy = 0. If k € {N +1,...,2N — 1}, then 2N — k € {1,...,N — 1},
and we obtain from (5.2) that

2N—1

~ —k —kl

Yk = Wa2N E WaN Yl
1=0

2N -1
—k 2N—k)l
= Wa2N g w2N( ) Y
1=0

—k o~
= W2N " Y2N—k

_ V2N B
en(2N — k) TNk

O]

Lemma 5.4 implies that we can compute y from x'! in O(N) time, and that each entry

of y depends on only one entry of x'I. Thus, the problem of reconstructing x € RY from
x!! can be transferred to recovering the vector y = (x7, (Jyx)T)T € R?YN from y. If x
has a one-block support of length m, we can apply any deterministic 2m-sparse IDFT
algorithm for recovering y = (x, (Jnx)T)T € R2N, which also gives us x. However,
if such an algorithm required every entry of y, we would not obtain an algorithm for

recovering x from x!!

via IDFTs whose runtime is sublinear in the vector length N. As
each entry of ¥ depends on only one entry of x'I, we can achieve a sublinear runtime if

the sampling complexity of the employed IDFT algorithm is sublinear in N.
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As already mentioned in Chapter 2, there exist fast algorithms for recovering a sparse
vector y from y. However, to the best of our knowledge, all algorithms for arbitrary spar-
sity have a runtime that is at least quadratic in the sparsity. We provided an incomplete
list of such methods at the beginning of Chapter 2. Actually, with x having a one-block
support of length m, the associated vector y = (x7, (Jyx)T)T € R?Y is 2m-sparse with
a very special structure, so we can employ this knowledge to achieve a sublinear runtime
for our algorithm.

Definition 5.5 (Reflected Block Support) Let N = 27! with J > 2 and x € RY
have a one-block support of length m < N. Then we say that the vector

y = (XT, (JNX)T)T e R*N

has a reflected block support.

Remark 5.6 Note that the vector y does not necessarily have a support consisting of
two blocks of length m. Under certain conditions it is also possible that y possesses two
support blocks of different lengths or just a single support block of length 2m. We will
discuss the support structure of y in more detail in Section 5.4.1. If y has only a single
support block, we will denote its length by m(/) for algorithmic purposes. If y has two
support blocks, we will refer to their length as n/) if both blocks have the same length,
and as ngg) and n(lj) otherwise. The support set of y will be denoted by S(/) C Ié:IQ)J_l.
See Remark 5.13 for additional information about the support of y.

By utilizing the a priori known information about the support structure of y, we hope
to obtain an algorithm for reconstructing y from y that is faster than all previously
existing deterministic methods for general 2m-sparse vectors. Note that even though y
has a sparsity of 2m, it is, due to its symmetry guaranteed by Lemma 5.4 (i), already
completely determined by the m nonzero entries in its first half.

Consequently, our aim in this chapter is to first develop a deterministic IDFT algorithm
for recovering a vector with reflected block support from its DFT transformed vector. If
we can then show that this algorithm has runtime and sampling complexities that are
subquadratic in the block length and sublinear in the vector length, this will also give us
a deterministic IDCT-II algorithm for recovering a vector with one-block support from
its DCT-II transformed vector with the same runtime and sampling requirements.

5.3 IDFT Methods for Vectors with One-Block Support

The IDFT algorithm for vectors with reflected block support which we will introduce
hereafter is obtained by extending recent methods in [PW16a, PW17a] for the recon-
struction of vectors with one-block support from their DFT to our setting. Therefore, we
will give a brief overview of the techniques used in said papers which we will also employ.

Both Algorithm 2 in [PW16a| and Algorithm 2.1 in [PW17a] rely on an approach that
iteratively recovers certain shorter periodizations of y. The following definition lies at
the heart of the two papers.

Definition 5.7 ((2.1) in [PW16a], (1.1) in [PW17a]) For any vector x € R? we
denote by

X(O) = (xk:)zjz_ol_l c R2j71 a,nd X(l) = (;Uk)ijz_Q}—l c R2j71
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T
the first and second half of x, respectively, i.e., x = (x( 0y (T)) .
Let N = 2771 with J > 2 and y € R?V. We set y) =y. For 5 € {0,.. — 1} we
iteratively define the periodization y\9) € R of y as

271
() — (J+1)+y(J+1) ( (J+1)+y(1+1)>

Y=Y (1) k2 ) g

By definition, for any j € {0,...,J—1} the periodization yQ) e R? is given by adding
the first and the second half of the periodization yUt1) e RY "

Example 5.8 Let y € R'6 with nonzero entries 41, y2. Then its periodizations are

(Oyl,yg,OOOOOOOOOOOOO)
= (0,41,¥2,0,0,0,0, 0)
= (0,91,52,0)",
(y27y1) )
(y1+y2)

O

The periodization has several useful properties, some of which are summarized in the
following lemma. Claim (iii) was shown in Lemma 2 in [BP18c].

Lemma 5.9 Let N =277 with J >2and j € {0,...,J —1}. Let y € R?". Then the
following statements are true:

2N—-1

= Z Yk
k=0

2J-i 1 -1

(ii) y(j) = Z Yk+2i1
1=0

k=0
(iii) If y is symmetric, then yU) is symmetric as well, i.e., y) = J2jy(j).
Proof. For a proof of (i) and (ii) see, e.g., [PW16a], Section 2, and [PW17a|, Section 2.

(iii) Since y is symmetric by Lemma 5.4 (i), we have that yp = y9s_;_; for all indices
ke {O, 20— 1}. For the entries of y(‘]_l) it follows that

J-1
:l/;(c ) — Yk + Y4271

=Yos 1k T Y2 1 (kt+27-1)
= Yol-1_1_f4oJ-1 T Yoi-1_1_k

J-1
= y;}—l),lfk

for all k£ € {0, o207 1}; thus, y(J_l) = J2J71y(‘]_1). Now we assume that y(jH) is
symmetric for j € {0,...,J — 1} and show that y) is symmetric as well. Since y@+1)
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is symmetric, it follows that y,(cjﬂ) = yéjyill)flik for all k € {0, 20— 1}, and hence
y](gj) _ ylij+1) + yl(cj—&-—g?
= yégi_ll)—l—k + ygirll)—l—(kmj)
= yg)—l—k’
which proves the claim. O

The reason why these periodizations are so interesting for the development of fast
IDFT algorithms is that for j € {0,...,.J — 1} the DFT of the periodization y\/) of
any y € R?V is already completely determined by the DFT of y itself, as the following
lemma, which was proved in [PW16al, shows.

Lemma 5.10 (Lemma 2.1 in [PW16a]) Let N = 2/~ with J > 2 and j € {0,...,J}.
Let y € R2NV. Then y() satisfies
v = Garsn)ico
There exist several sparse IFFT methods based on the notion of periodizations from
Definition 5.7, e.g., [PW17a, PW16a, PWCW18|. We want to explain these algorithms
in more detail, as some of the concepts used for them are also utilized for the sparse
IDCT-II algorithms we will present in this chapter and in Chapter 6.

Algorithm 2 in [PW16a]

Let y € CV, N = 27 have a one-block support of length m. For Algorithm 2 in [PW16a]
the authors additionally suppose that an upper bound M > m on the support length
of y is known. Then one can show that for any 7 € {L + 1,...,J}, where L is chosen
such that 2¢71 < m < 2L, the periodization y) of y has already a one-block support
of length m. Further, each nonzero entry of y corresponds to exactly one nonzero entry
of yU) with the same value, so the nonzero entries of y and y() are the same. The only
remaining unknown parameter is the first support index u(j) of y(j)7 which can in fact
be obtained in a fast way from the periodization yU—1 of half length and y.

The main idea of the algorithm is thus to iteratively recover y from y and the peri-
odizations yFtD) y(L+2)  y(/) =y using for the reconstruction of y(U+1) that y) is
already known from the previous iteration step. Since

—

YD = (G107

by Lemma 5.10, the initial vector y(“*1) can be computed directly from ¥ via an IFFT of
length 2541, For j € {L+1,...,J—1} it was shown in [PW16a], Section 4, that if y() has

the one-block support S\ = /(j(z) L0 of length m9)| there are only two possibilities for
yU*D  More precisely, yUTY has either the support interval SU+1) = §0) = Ifj;:ll)/(j) or
SG+) = Uty Denoting the first possible vector by u’ and the second possible

M(j)+2j7y<j)+2j' ]
vector by ul, we find that u' is the 27/-shift of u’.
Theorem 4.2 in [PW16a| proves that yUTD can be uniquely recovered from y() and
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o —

one oddly indexed nonzero entry of yU+1), using that

uWop i1 = —ulopyy
for all k € {0,...,27 —1}. Comparing u%y,+1 and ulog,41 at an index 2ko + 1 corre-

sponding to an oddly indexed nonzero entry yU H)%O 11 # 0 then allows for the detection

of pU+) since yU+H) = u® if w0y 41 = YUty 11, and yUTD = u! otherwise.
Employing some further stabilization techniques for noisy data and an efficient method

for determining the required oddly indexed nonzero entry of y(i+1) yields a deterministic
IFFT algorithm for recovering a vector y € CV, N = 27, with one-block support of
length m from y and an upper bound M on m in

O(Mlog N)

time and using

O(Mlog N)

samples of y. Note that the runtime and sampling complexities are sublinear in the
vector length N and even subquadratic in the bound M on the support length.

Algorithm 2.1 in [PW17a]

As seen above, Algorithm 2 in [PW16a| requires a priori knowledge of an upper bound
M on the support length m of the sought-after vector y € CV with one-block support.
In [PW17al, on the other hand, an adaptive algorithm which can detect the support
length on the fly is presented. However, this approach now requires the entries of the
vector y to be real and nonnegative, as otherwise there might be cancellations of entries
corresponding to nonzero entries of y in some of the periodizations. Again, the algorithm
will recover y iteratively from y and the periodizations y @ yO .y =y using
that for all j € {0,...,J} the periodization y(j) € R? has a one-block support of length
mU) < m.

For the initial vector we have that y(©) = Yo. In each step the algorithm computes
yt1) via an IFFT of a vector of length O (m(j)) instead of 27, restricting yU+b) to its
O(m) possibly nonzero entries. It was shown in [PW17al, Section 2, that

O A () ) R )

Asy() = yEg;—l) +yg;_1)v (5.3) yields that yU*1 can be completely recovered essentially

via an IFFT of length 2/ and using Lemma 5.10, since y@) is known from the previous
iteration step. If m@) > 27=1 the one-block support of y@) and y@+1) cannot be used

to speed up the computation. However, if m() < 29=1 one can restrict y(j) and ygg;rl)
to vectors zU), z%;rl) of length 2L(j), where 2071 < () < 2L(j), such that all possibly

nonzero entries of y() and y%;rl) are taken into account. Then it suffices to recover these
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shorter vectors. Restricting (5.3) to suitable rows, one obtains

o L(i)_
(y(j+1)2k+1)2 1
k=0
() _ )
. uDp 2k . (19 +7) mod 27 2k 1
= diag | (w,.t» - F, ) - diag | {wain o
2L(j)_1
: <2y(1+1>_y(j>)

implying that periodization yUt1) can essentially be reconstructed via an IFFT of length
2L — 0 (m(j )). Applying a stable technique for finding the first support index and the
support length of yUTY yields a deterministic IFFT algorithm for recovering a vector
y € ]Rgo, N = 27, with one-block support of length m from ¥ without a priori knowledge
of m in

N N
O <m log m log ) time and using O <m log >
m m

samples of ¥. Thus, for Algorithm 2.1 in [PW17a] both the runtime and the number of
required samples are sublinear in the vector length N and subquadratic in the support
length m, and similar to those of Algorithm 2 in [PW16a).

5.4 Support Structures of Periodizations

Our goal is to reconstruct a vector y = (x7, (Jyx)1)T € R?V, N =27~ with reflected
block support from ¥ by successively computing its periodizations y@, y), ... y(/) =y
without any a priori knowledge on the block length m. In the jth iteration step of the
procedure we thus have to determine yU*D from y efficiently, which can be done by
employing the vector y{) known from the previous step. In order for this approach to
work, we need to investigate how the support blocks of yUTD can look like if the support
of yU) is given.

For an iterative reconstruction procedure we need to guarantee that relevant informa-
tion about the support of y is not canceled out in any of the periodized vectors y¥) for
j €10,...,J—1}. More precisely, we require that for any nonzero entry y; # 0 of y the
entries of y) which depend on y; do not vanish. Otherwise we cannot hope to be able
to correctly recover the support of y. Formally, the periodizations have to satisfy

291
yl(cj)mod 2 = Z Yesou #0  Vji€{0,...,J} (5-4)
1=0

for any yr # 0 with & € {0,...,2N — 1}. This assumption holds for example if all
nonzero entries of x, and thus of y, are positive or if all nonzero entries are negative, i.e.,
if x € RY, or x € RY,.

In practical applications for our algorithm the given data will usually not be exact.
Hence, for noisy data and given a threshold € > 0 depending on the noise level, we have
to ensure that
> vjied{o,...,J}

()
)yk mod 27

for all significantly large entries |yx| > ¢ of y with k € {0,...,2N —1}.
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5.4.1 Support Structure of y = y(/) for Given x

We are interested in vectors y = (x7, (Jyx)T)T € R?V arising from a vector x € RY
with one-block support of length m. Consequently, the structure of y also has important
characteristics, which we want to inspect in this section. For better illustration we begin
by motivating the main possible support structures by three different examples. These
examples will be utilized for demonstrating the support structures of the periodized
vectors y), j € {0,...,J — 1}, as well.

Example 5.11
1. Let x = (O,xl,wg,O,O,O,O,O)T € R® with nonzero entries x1, z2, i.e., with one-block
support S* = If)’% of length m = 2. Then we find that

Yy = y(4) = (07 T1,T2, 07 O’ O) 07 07 Oa Oa 05 Oa 07 T2,x1, O)T
Consequently, y has the reflected block support S*) = 1'1(74% U 11(3314 with two blocks of
length n® := 2 = m each.
2. Let x = (29,0,0,0,0,0,0, O)T € R® with nonzero entry xg, i.e., with one-block support
S* = Iéf% of length m = 1. Then we obtain that

y =y = (20,0,0,0,0,0,0,0,0,0,0,0,0,0,0,z0)",

so y has the reflected block support S = Ig?o with one block of length m® = 2.

3. Let x = (29,21,0,0,0,0,0,z7)7 € R® with nonzero entries xg, 1 and z7, i.e., with
one-block support S* = ég% of length m = 3. Then we have that

y = y(4) = (.’L'(), €1, 07 07 07 07 07 X7, X7, Oa Oa Oa 07 07 €1, xO)T

has the reflected block support S = Iég U Iﬁ?l with block lengths ngég = 2 and

4) .
Ny = 4. O

It follows from Example 5.11 that, unless the support of x includes the first or last
entry of the vector, y has a reflected block support consisting of two blocks of the same
length. These findings motivate the following lemma.

Lemma 5.12 (Lemma 4 in [BP18c]) Let N = 27~! with J > 2 and x € R" have the
J-1)

one-block support S* = Iflx;,x of length m < N. Set y = y) = (xT, (Iyx)T)T € R2Y
and assume that y satisfies (5.4).
i) If p* <v*, then y possesses the (reflected) two-block support

J) _ 7)) (J)
S( ) - I,u,x,ux U IQN,1,Vx72N,1,#x-

In the special cases p* = 0 or v* = N — 1 the two support blocks are adjacent and
form a (reflected) one-block support.

i) If u* > v*, then y has the (reflected) two-block support

Jy _ 7(J) (J)
S( ) - IMX,QN—l—ux U IQN—l—Vx,VX'
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Proof. The proof of Lemma 5.12 follows directly from the definition of y. Figures 5.1

and 5.2 illustrate the two cases. O
m
x | sannanmnnnl |
[ /[ ///////// k // ] ‘
0 X N/2 -1 N -1
m m
| [y vy | | s vy |
y I [‘ ///////// 2z I k‘ // | ZZRRRREEZ i |
0 M(‘]):Mx N -1 IN — ] — X 2N —1

x B
0

y B | —&
0 ON —1—v*=p() 2N =1

Figure 5.2: Illustration of the support of y for given x according to Lemma 5.12 case ii)

Remark 5.13 (Remark 1 in [BP18c])

i) In case i) of Lemma 5.12, if p* # 0 and v* # N —1, the two support blocks of y = y)
have the same length v* — * + 1 = m, as in Example 5.11.1. For algorithmic purposes
we denote the length of the support blocks by n(?) .= m. As the blocks are separated, we
denote by p/) and v() be the first and last index of the first support block. The support
set of y, which is always the union of two intervals, is then referred to as

J
S( ) = Iﬂ(ﬁ’)ﬂ/(") U IQj"!‘lflfy(J)’2]’+1717’u(<])‘

If u* =0 or v* = N — 1, ie., if the support blocks of x and Jyx are (periodically)
adjacent, y has a one-block support of length m(’) := 2m. For u* = 0 it is of the form

S(J) = Ié](]\f)—l—y"7 vx

see Example 5.11.2, and for v* = N — 1 it is of the form

J
S — ];(LX?ZN—l—uX'

Here, we denote the first and last support indices of y by p?) and v/, respectively.

ii) In case ii) of Lemma 5.12, p* cannot be equal to v* + 1, since m < N. This implies
that the two support blocks of y are indeed always separated. For algorithmic purposes
we then denote the first index of the block centered around the middle of the wvector
by ,u(‘]) and the first index of the block centered around the boundary of the vector by
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n/). The blocks have the possibly different lengths 2(N — pX) and 2(v* + 1), with
2m =2 (N — p* +v*+1), as in Example 5.11.3. O

5.4.2 Support Structure of y) for Given y

We are interested in iteratively reconstructing the vector y = (x7, (Jyx)1)T € RV,
which we know by Lemma 5.12 to have a reflected block support with two support blocks,
except for special cases p* = 0 and v* = N — 1, from its periodizations y) e R? for
j€{0,...,J —1}. Thus, we will now investigate the implications of the above obtained
knowledge about the support of y on the support of yU). Again, we will motivate the
claims in the next lemma by first looking at exemplary vectors and their periodizations.
In fact, we will utilize the same three vectors as in Example 5.11.

Example 5.14 (Example 5.11 continued)
1. Consider again x = (0, x1,x2,0,0,0,0, O)T € R®. Then y and its periodizations are

= (0,21,22,0,0,0,0,0,0,0,0,0,0, z2, z1,0)"
= (0,21, 22,0,0 $2,£U1,0)T,

= (0,21 + 2,21 + xg,O)T,
(:c1+x2,x1+$2)T,

= (2

(21 +$2))T

We assume that y satisfies (5.4), i.e., that xg + x2 # 0. If this is the case, then y®)
has the two-block support S©) = If?’% U I5(73% of length n® := 2 = m and y® has the

(2)

one-block support S = I,75 of length m® := 2 < 2m, centered around the middle of

the vector, i.e., around 1 and 2, with first support index u(?) := 1. The vectors y") and
y(® both have full support, which can be interpreted as a one-block support centered
around the middle with first support indices p(!) = M(O) := 0 and block lengths m(!) =2
and m(® = 1.

2. Now let again x = (x¢,0,0,0,0,0, O,O)T € R8. Then y satisfies (5.4), since zg # 0 by

assumption. We have that

(:CQ,OOOOOOOOOOOOOOxO) ,
(20,0,0,0,0,0,0,z0)7,

(zo, OO:UO) ,
(
(

x ) 9

220"

Here, y®) has the one-block support SG) = §3()) of length m®) = 2 and y® has the
one-block support $2) = é[)) of length m® := 2. Both supports are centered around

the boundary of the vector and have the first support indices 3 := 7 and p(® := 3. The
vectors y) and y(©) have full support, which can be interpreted as a one-block support
centered around the middle with first support indices p(M) := (9 := 0 and block lengths
m®) =2 and m©® = 1.
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3. Again, we examine x = (g, 21,0,0,0,0,0,z7)” € R8. Then we obtain

Zo, L1, 07 Oa Oa 07 07 T, X7, 07 07 Oa Oa 07 Ty, xO)T7

4) _
3) - 1'0+1’7,1’1,0,0,0,0,x1,x0+$7)T,
2) —

U = (20 + 1 + x7,20 + 71 +z7)"

)

y =y =
y® =
y( (w0+x7,x1,x1,xo+x7)T,
y M =
y @ =

0 = (2(0 + a1 +27))" .

Thus, (5.4) is satisfied if g + 27 # 0 and xg + x1 + x7 # 0. If this is the case, then

y®) has the one-block support SG) = I((f'% of length m() := 4 with first support index

,u(?’) := 6, centered around 7 and 0. All shorter periodizations have a one-block support
as well, but their supports have full length and are thus centered around the middle of
the respective vectors with first support indices p(?) = p® = 50 = 0.

In Example 5.14 the periodizations have either a one-block or a two-block support of
length at most 2m for all considered vectors y. These observations are generalized in the
following lemma.

Lemma 5.15 (Lemma 5 in [BP18c]) Let N = 2/~! with J > 2 and j € {0,...,J—1}.
Let x € RY have a one-block support of length m < N. Set y = (x, (Jyx)")? and
assume that y satisfies (5.4). Then y ) possesses either

A) the one-block support
SO — )
y,(])

, 20 —1—p(d)
of length m\¥) < 2m, or
B) the two-block support
) _ 7() ()
s = Loy o Y5 w25 14

with block length n¥) = m.

Proof. Note that by Lemma 5.12, y = y(/) has a reflected block support with either one
or two support blocks. Let us fix a level j € {0,...,J — 1}. Tt follows from Definition
5.7 that the number of indices k € {O, 20— 1} satisfying

y #0
cannot exceed the number of indices &' € {0,...,2/"" — 1} such that

y,(j“) #0,

i.e., the sparsity of y{) cannot exceed the sparsity of yU+1).

If y(jﬂ) has a two-block support, then y(j) can have at most two support blocks, as
the two blocks of yU*1) are either mapped to two separate blocks in y) or to one block
consisting of the two partially overlapping blocks of y@+1). If j +1 = J and the two
blocks in y(/) have the possibly different lengths 2 (N — 1) and 2 (1* + 1), then y(/=1
has a one-block support of length m(/=1) < 2m by Definition 5.7, see also Figure 5.3.
If j < J —1, the periodization y(j ) cannot have a two-block support with two blocks of
different lengths as in Lemma 5.12, case ii).
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ngg)) ngﬁ/2
vy 3 | Y | |
0 p) 2771 n) 2l —1
y=0 B : s
0 9J—2 _ L(J_l/) 9J-1 _ 1

Figure 5.3: Illustration of the support of y/~1) if y(/) has a two-block support with two
possibly different block lengths according to Lemma 5.15

Otherwise, i.e., if j + 1 < J or if the two blocks in y(/) both have length m, then y@)
has either a one-block or a two-block support. If the two blocks are still separated in
y@), they have the same length as they did in yUtD, ie., n() = nlt) = m. It follows
from Lemma 5.9 (iii) that y¢) is symmetric, so the two support blocks are reflections of
each other, which results in a support of the form

RO)) (4)
S(J) =16 0 U IjSliy(j)jy‘,l,“(j)’
see also Figure 5.4.
Ut
YUt | A % A | % . |
0 G+ 2 —1 2 -1
n(])jﬁrl) ﬂg&
y() : {;\;;;;;;;5;:5} A | {
0 o 27 -1 -1

Figure 5.4: Illustration of the support of y@) if y(U+1) and y(9) have a two-block support
according to Lemma 5.15

If yU*D has a two-block support and y¥ a one-block support, the length m() of
the support of y) can be at most 2m by Definition 5.7. Moreover, due to the vector’s
symmetry, the single support block has to be centered around the middle of the vector
or around its boundary, so it has to be of the form

S(j) = I;(j(z'),zj71f‘u(j)’
see Figure 5.5.

In the case that yUTD already has a one-block support, by the considerations above
it must have arisen from a vector y*), k > j + 1, with two-block support or from y (/)
with one-block support, which has to be centered around the middle or the boundary of
the vector according to Lemma 5.12. Thus, the support of yUtD is centered around the
middle or the boundary of the vector and its length satisfies mU*Y < 2m. Periodizing
yUtD to obtain y) then yields a vector whose support of length at most 2m is centered
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0 1) pX | 27 —1

Figure 5.5: Illustration of the support of y(@) if yU*Y has a two-block support and y)
a one-block support according to Lemma 5.15

around the boundary of the vector by definition of the periodization, see Figure 5.6.
Consequently, the vector y() has a one-block support of length m() < 2m, and thus

0 ERRY) 27 _ 1 27+l _q

Figure 5.6: Illustration of the support of y@) if y(i*+1) has a one-block support according
to Lemma 5.15

all shorter periodizations y(®, [ € {0,...,7 — 1}, possess a one-block support of length
m® < 2m as well. O

Remark 5.16 i) Let j € {0,...,J —1}. We always denote by p9) and v9) the first
and last support indez of y\9) if y(9) has a one-block support, or the first and last indez of
the first support block if y(j) has a two-block support. In the one-block case, the support
length of y\9) is m@), and in the two-block case, we denote the length of the two support
blocks by n9) for algorithmic purposes, even though nl) = m for exact data. Since
j < J, the two support blocks must have the same length by Lemma 5.15. The support
set of y(), which is always the union of two intervals, one of which may be empty, is
referred to as S C Ié] ;J;r The notation for the support of the periodizations y¥) is
thus analogously to the notation for the support of y introduced in Remark 5.13.

i) If y(j) has a one-block support of length 2/~1 < mU) < 27, the first support index
1Y) may not be uniquely determined. For example, for y(®) = (0,1,1,0,0,1,1,0)" € R,
which, by definition, can also be considered to have a one-block support of length 6, the
support interval can be either S = Il(‘?% or SG) = IEES% Note that by Lemma 5.15 the

)
T opl), 201~
some possible first support indices. If the first support index is still not unique, we choose

support of y9) is symmetric, i.e., SU) L) which can be used to exclude
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0 < p9) < 29-1—1 such that S is centered around the middle of the vector, i.e., around
271 — 1 and 27~!. In the example above we choose u(® = 1. If m = 27, we just fix
1Y) == 0, as in Example 5.14, which also results in a support centered around the middle
of the vector.

iii) In case A of Lemma 5.15, the first support index p9) of yU) is contained in the interval

()
Io, 2i—1" '
that the support block is centered around the middle of the vector, i.e., 2/~! — 1 and

271 and the support length is m) = @) — 49 41 since SU) = Ifjg.) L) If ) < 0,

Due to y) being symmetric, we set v\ := 29 —1— @) 1f () > 1) it follows

the support block is centered around the boundary, i.e., 2/ — 1 and 0, and its length is

iv) In case B of Lemma 5.15, the two blocks are always separated and we find that the

first support index of the first block, u?), is contained in the interval IO( ;] 1_;» and that,

by symmetry, the first support index of the second block, 2/ — 1 — U ), is contained in

the interval Iz(g) Loi g 0

5.4.3 Support Structure of yU*!) for Given y=)

If we want to iteratively recover the vector y = (x7, (Iyx)T)T € R from its periodiza-
tions y¥) € R? for j €{0,.. — 1}, using in each step that y@) is already known,
we have to carefully inspect how much of the support structure of yUtY can already
be deduced from y@) in order to minimize the computational effort. Before proving a
general theorem about the support of yUtY for given y@), we will have another look
at the different cases that can occur for the periodizations of the vectors considered in
Examples 5.11 and 5.14.

Example 5.17 (Examples 5.11 and 5.14 continued) Throughout this example we
use that y) is symmetric by Lemma 5.9 (iii), the observations made in Lemma 5.15,

as well as the fact that, by definition, y(/) = ygé;rl) + yg;rl) for all j € {0,...,J —1}.

Furthermore, we have to assume that the vector length 16 = 27 is known a priori.

T
1. Consider y(») = (y[()l),y(()l)) with full support S0 = Ié}%. Similar structures were

obtained in Examples 5.14.1, 5.14.2 and 5.14.3. Then it follows that y(?) has a one-block
support of length m® > m®) of the general form

y? = (yé)yyp,y?),y( )) :
(2) (2) (1)

where 35~ + 9,7 = y,’. The entries of y@ have to be recovered from y using the

methods we will present in Section 5.5. If we find that y(()z) = 0, the vector y® has

the one-block support S =T £2% of length m? = 2 centered around the middle, and if

ygz) = 0, it has the one-block support S = I ?(,22) of length m® = 2 centered around the

boundary. However, if both y(()2) and y§2)

SR = 1(5’2% of full length m® = 4.

are not zero, we obtain the one-block support

T
2. Let y@ = (O, y£2)7 y§2), O) have the one-block support S(2) = If% of length m® =2
centered around the middle of the vector, as obtained in Example 5.14.1. Then, by its
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symmetry and Definition 5.7, y® has to be of the form
y® = (0,687, 98”,0,0,48”, 4", 0) ,

where ygg) + yé ) = ygz) This means that y(® has a two-block support &) C I 53% Ul égé
with block length n(® < m® = 2. Tt is possible that yf’) =0 or yég) = 0; then, we
find that n(® = 1. Otherwise, we have n(3) = 2, but we require additional entries of ¥

in order to be able to recover the possibly nonzero entries y( ) and ygg) of y3). We will
show how to compute them in detail in Section 5.5.

T
3. Let y® = ( (2), 0,0 y(() )> have the one-block support S(?) = I?E?()) of length m®) = 2
centered around the boundary, as it occurs in Example 5.14.2. Then we can conclude
that either

T T
y@ = (167,0,0,0,0,0,0,56”) or y® = (0,0,0,58”,5§”,0,0,0),

3) 3) (2)

with ¥y~ = y3~ = yy, since no other symmetric vector in R® with periodization y(
can arise from periodizing a vector y € R with reflected block support. Therefore, y3)
must also possess a one-block support of length m®) = m® = 2. In particular, since
y®) is still an “intermediate” vector, i.e., 3 < J, a two-block support of the form

2)

vy = (%,0,0,%,%,0,0,%)"

where * denotes the nonzero entries, cannot occur, as the corresponding vector y would
either not be symmetric or of the form

y = (*7 07 O’ *? *7 O’ 07 *7 *7 07 07 *7 *7 07 07 *)T

which violates Lemma 5.12. Thus, y® has either the support S©) = Iéf% or §G) = Iéi)l.
We will show in Section 5.5 how to determine which of the possibilities is the correct one.

T
4. Consider y®) = < (3),0 0,0,0,0,0 y(() )> with one-block support SG) = Iéf% of

length m) = 2 centered around the boundary. Here, 3 = J — 1, i.e., the periodiza-
tion y® of double length is the final vector y, see Examples 5.14.2 and 5.14.3. We find
that

y =y = (1,0,0,0,0,0,0,y7,57,0,0,0,0,0,0,3)" .

3)

where yo + y7 = y,’. Thus, y has a two-block support S@ C (( ) 8) U I((lg) 0) of length

n® = 2 if yy and y7 are both not zero. If yo = 0 or y7; = 0, one of the blocks is empty,
resulting in a one-block support of length m(* = 1. Since J = 4, all these structures are
feasible. Using additional information about y, one can compute yo and y7, as we will
show in Section 5.5.

5. Let y®) = (O,yg ),yég),() 0 yé‘g),y(?’) 0) have the two-block support S©) = ( )UI( )
of block length n®® = 2, as in Example 5.14.1. Then there are precisely two p0s51b1ht1es
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for y, either

T

y =y = (0.5,58%,0,0,0,0,0,0,0,0,0,0,58”,4". 0) or
T

y =y = (0,0,0,0,0,48”,9{”,0,0,4”,4¥,0,0,0,0,0) ",

since y is symmetric and Lemma 5.12 holds. Thus, y has either the two-block support
S@ = 154% U 1{3)14 or S¥ = é %U Ié %0 with block length n® = n®) = 2 = m. Note
that the values of the nonzero entries of y®® and y are the same. Which of the two

possibilities is the correct one can be determined using the methods we will present in
Section 5.5. O

Using the considerations from Example 5.17, we now reconstruct the support of the
vector from Example 5.11.1 step by step to illustrate this part of our algorithm.

Example 5.18 (Examples 5.11.1 and 5.14.1 continued) We want to recover the
vector x = (0,x1,22,0,0,0,0, O)T € R® with positive entries x1, xo from the periodiza-
tions of y = (x7,(Jnx)?)?. Assume that we know y € C!®. By Definition 1.1 and
Lemma 5.10, we obtain that

yO =y = (y9) =Gek

Thus, y(© has full support and, analogously to Example 5.17.1, y(!) has the one-block
support SN = Ié}i of the form

T
y = (yél),yél)> :
1 _ (0

where 2y, = y,"’. Similarly, y? satisfies

y? = (yé)yyﬁ),y?),y( )) :
(2 (2) (1)

where y5 + ;7 =y, . In order to recover y® completely, we require further informa-

tion, which can be gained from the given Fourier data y, as we will show in Section 5.5.

Using these methods we find that y((f) =0, so y has the one-block support S = Ifzg

of length m(? = 2 centered around the middle. As in Example 5.17.2, we obtain

T
y® = (0,y§3),y§3),0,07y§ )y ),0) :

where y§3) + yég) = y§2). Hence, y®) has a two-block support of length n(® < m® = 2.

With the help of the given Fourier data and the methods from Section 5.5, we will be
able to prove that neither y( ) nor yé ) are zero, i.e., that n(3 = 2 and S = If % U Ié 25
Finally, it follows from Example 5.17.5 that either

T

y =y = (0.47,457,0,0,0,0,0,0,0,0,0,0,5”, 4", 0) or
T

y =y = (0,0,0,0,0,48”,9{”,0,0,4”,5”,0,0,0,0,0)

Using the given Fourier data y, we can then determine that the first possibility is the
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correct one, so that S =T Y% ul %) 14> Which also allows us to recover

T
X — (o,y§3),y§3),o,o,o,o,o) € RS,

O

Even the two previous examples, though by no means all-encompassing, illustrate that
one already has to consider several cases in order to correctly recover the three simple
test vectors iteratively from their periodizations. In the following theorem we give a
complete characterization of the supports of yU*+1) which are possible if y@) is given for
all cases that can occur for a vector y with reflected block support.

Theorem 5.19 (Theorem 1 in [BP18c|) Let N =271 J > 2 andj € {0,...,J—1}.
Let x € RN have a one-block support of length m < N. Sety = (xI,(Inx)")T and
assume that'y satisfies (5.4). Then we have to distinguish the following cases.

A) y9) has the one-block support SU) = l(j(z) 21— ) of length m\9) < 2m:

Ay) If the support of y @) has length mY) < 27 and is centered around the middle of

the vector, then yUTY possesses the two-block support

i+1) _ 7(7+1) (J+1)
SO = Loy Y9 ) G+ a1 G+
with two blocks of length nUTY = m, see Figure 5.7.

Ag) If the support of vy has full length m) = 27 and j < J — 1, then yUtD has
a one-block support of length mUTY > mU)_ Ifj = J—1, theny = y) has
a two-block support with two blocks of possibly different lengths or a one-block
support of length m() > m(J=1),

Ag) If the support of y@) has length m\9) < 27 and is centered around the boundary
of the vector, and j < J — 1, then yUtD possesses the one-block support

GG+ — U+

u(j+1)7 2j+1_1—u(j+1)

of length mUTY = mU) | see Figure 5.8.
Ay) If the support of y“'=1 has length m(’=Y < 27=1 and is centered around the
boundary of the vector, then'y = y/) possesses the two-block support

g — 1) U

: ) _ od=1 — (J)
=L, 0 _1— () D) 97 1 _p() with ) <2770 <,

where the two blocks may have different lengths, see Figure 5.9. If p* = 0 or
v* = 2771 1, one of these blocks is empty.

B) yU) has the two-block support SU) = I,(L@),VU) U 12(5)—1—u(1>,2j—1—u<j) with block length

nl) =m:

Then y(j+1) has the two-block support

(G+1) _ 7+ (3+1)
S - I“(j+1)7y(j+1) U Iga‘+1_1_l,<j+1),21+1_1_M(j+1>

with block length nUtY) = m, see Figure 5.10.
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Proof. Cases A1 to Ay, henceforth subsumed to case A, summarize the support properties
of yUTD if y(¥) possesses a one-block support. Assertion B covers the case that y(9) has
a two-block support. All observations about the possible support blocks of y+1) follow
by employing the results from Lemmas 5.12 and 5.15 and utilizing the known support
SU) of y9) | Definition 5.7 and the symmetry of yUT1 given by Lemma 5.9 (iii).

A) One-block support:

A;) In case A; there are, due to the symmetry and the reflected block support of y,
exactly two possibilities for the support of the periodization y7t1) of double length that
have the given periodization y@). They are depicted in Figure 5.7. As the support of
y) is centered around the middle of the vector, the support blocks have to be separated
in yUt1) | resulting in two blocks of length nU*?) = m by definition of y. In the first
case, since m < mW)| the support set ST+ of yUt1) satisfies

g+ — p+D) JU+D
- N(J>7M(J)+m_1 2j+1—m_u/(j)72j+1_1—u<j)
(3-+1) U (G+1)

with U = £0) | and in the second case
gU+1) _ yl+D) U YUty
- 2]'7m7#(j>72j717}t(]’) 2j+u(j>72j+u(j)+m—l
U+ Sy ih
— M(j>7/j,(j)+m(j)—1 2.7+M(j)’2.7+#(j>+m(j)—1

with 2741 — 1 — pU+D) = () 4 27,

om0
yD 44 |
0 @ 2i-1 27— 1
m m
yUt) | ‘L—T—l ' | % ' |
LD ) 2/ -1 2 =1
m m
or y(j+1) : } | [ccooomm) |
’ LG g 1 Wy s L) 2

Figure 5.7: Illustration of the two possibilities for the support of y@t1) for given y®)
according to Theorem 5.19, case A

As) In case Ay we cannot learn much from the structure of the periodization y(j). It
follows from Lemmas 5.12 and 5.15 that, if j < J — 1, yU*Y has a one-block support of
length mU*Y > mU)_ If j = J — 1, then we can only deduce that y has a reflected block
support. However, the inclusion

(+1) (G+1) (G+1)
SYTC LG 0 pm) -1 Y5y, 2y ) -1

which already held for case Aj, is still satisfied.
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Ag3) In case Aj there are, due to the definition of y, only two possibilities for yUth,
which are shown in Figure 5.8. As the support of y{) is centered around the boundary
of the vector, yU*1) must have a one-block support of length mU+1) = m0) as well. In
the first case we find for the support set SUtD of y(+1) that
i+1) _ 7(J+1)
S(] ) - Iﬂ(])ﬂu(])-‘,—m(])—l

G+ U 76+
— “(]),#(J)+m(3)—1 2]+u(])72J+“(])+m(])—1’

centered around the middle with £U+1) = 1) and in the second case
SU+Y — Uy o
20 4119, 27 41 (3) 4m ) —1
(G+1) U Ut

centered around the boundary with pU+h = 27 4 1,(9).

y) | | 22
0 271 -1 () P -1
mI) = m)
SO | — % |
0 pl+D) = () 21 -1 Pri-1
or yUth | N e
0 -1 ) Zgiy ) P

Figure 5.8: Illustration of the two possibilities for the support of yt1) for given y®)
according to Theorem 5.19, case Ag

Ay) In case Ay the collided blocks almost always have to separate when we recover y
from y(/=1, since y = y(/) has a reflected block support. The vector y can only have
a one-block support of length 2m constituted of two adjacent blocks if the first support
index of x is 0 or if its last support index is 2771 — 1.

Hence, y/~1) can only be of the form given in case A4 if 0 or 2/~1 — 1 are contained
in the support interval S* of x. Again, there are two possibilities for the support of y,
which are depicted in Figure 5.9.

In the first case we find that

g — 1) (J)

= U
u<J>,u<J>+n§g{))—1 n(J>,n(J>+n§;'))—1

(/) (/)
g IM(J71)7M(J71)+m(J71)_1 U IQJfl_;’_M(Jfl)’2J71+’U‘(J71)+m(g]71)_17
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yU % =
0 2]—2_1(J_1/) 2]—1_1
7]
(J) (J)
) n@\/Q
y) Z : bl :
_ J—1 J
0 p) = = 2 1 n 27 —1
(J) (J)
(o) "y /2
or y | ~ 7 % A |
0 w) 27711 n) = 27-1 4 (-1 27 —1

Figure 5.9: Illustration of the possibilities for the support of y(/) for given y/~1) accord-
ing to Theorem 5.19, case Ay

where 7/) is unknown, x(?) = (/=1 and ngg)) =m~1 and in the second case that
) — 7)) ()
S I#(‘])7u(J)+nEOJ))_1 U 77(‘])’77(‘])4'"%{))_1
() (J)
- I#(J—1)7#(J—1)+m(J—1)_1 U IQJ—1+'LL(J—1)72J—1+#(J—1)+m(J—1)_17
where p(?) is unknown, n/) = 27-1 4 (/=1 and nt) = mU=D_ In both cases we have

(1)

that nEg)) + nE‘l])) = 2m.

If the first support index p* of x is 0 or its last support index v* is — 1, then y
has a one-block support, where the first block in the cases above is empty if u* = 0 and
the second block is empty if v* = 2771 — 1.

2J—1

B) Two-block support:

In case B the support blocks are already separated in vy, so yUTY has a two-block
support of block length n@+1) = n()) = m as well. Since there is no collision, the nonzero
entries of yUt1) and y() are the same, and only the first support indices of the blocks in
yt1D) are unknown. Again, there are only two possibilities for yUTY  which are shown
in Figure 5.10. We find for the first case that

i+1) _ 7(J+1) (j+1)
SUTY = Loy v Yy g o a1
where the first blocks of y(j) and y(jﬂ) are identical, with the same support, and the
second block of yUt1) is the second block of y?)| shifted by 2/. Otherwise, SU+1) satisfies

G+1) _ 7(G+1) (j+1)
S - Izj_1_,,(j),2j_1_u(j) U 27 4-p(9), 29 41(3)°

where the first block of y+1) is the second block of y), with the same support, and
the second block of y(j +1) is the first block of y(j)7 shifted by 27. Thus, the first support
index Ut of yU+1) is either pl) or 27 — 1 — ) =27 —m — 4@,

O]
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n(d) n)
y A % |
0 :u(j) 2i-1 1 29— 1
n+h) — p0)
yut A % % % |
0 Bjm _ ) 91 gt 0 9+l _ 1
R+ — )
or yUth | | | e : {
0,6+ Z9i _1 ) Y =19 ) 27+ —1

Figure 5.10: Illustration of the two possibilities for the support of yU*D for given y()
according to Theorem 5.19, case B

5.5 Iterative Sparse Recovery Procedures

There is an important difference between case A of Theorem 5.19 on the one hand and
case B on the other hand. In case A, y(j) has a one-block support that usually contains
overlapping entries of the original vector y, i.e., some entries of yU) are obtained as
sums of nonzero entries of y(j +1)_ and thus also of y. In case B, however, both support
blocks of y() are of length n\¥) = m and they are separated. This is only possible if no
nonzero entries of yU+t1  and thus of y, have been added in the process of computing
y(). The nonzero entries of y¥) and yU*Y are the same and we only have to determine
the first support indices of the blocks in yU*1) in order to recover the vector from y (/).
In this section we will therefore derive two different strategies for computing yU*1): the
first one has to be employed in case A, and the second one in case B. None of them
will require a priori knowledge on the support length m of the vector x € RY defining

y = (xT, (Iyx))T € R?V,
5.5.1 Recovery Procedure for Case A: One-Block Support

We begin by deriving a recovery procedure for case A of Theorem 5.19, so let us assume
that j € {0,...,J — 1} and that yU) has the one-block support

() — 7G) _ 70)

of length m) < 2m. The definition of the periodization and Theorem 5.19, case A imply
that the support set SUTD) of yU+D gatisfies

(G+1) (G+1) (+1)
S C L)y am -1 9150, 254 ) m 1

In particular, yUTY can have at most 2m) nonzero entries.
The procedure developed hereafter utilizes that yU+1) is symmetric and thus deter-
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mined by its first half. Recall that we denote by

G+1) _ (. G0\ 2! G _ (G2
y(é) - (ykj )k:O and y(i) (ykj >k:2j

the first and second half of yU*Y  respectively. It also follows from Theorem 5.19 that
both halves of y(@*1) have a one-block support of length at most m(). Since yg;rl)

is completely determined by y() and yEJ )H) by Definition 5.7, we will only develop a

method for recovering ygj ;rl)

To efficiently compute the at most mU) nonzero entries of yg‘é;rl), we will consider

restrictions of y() and y%;rl) to vectors of length 2L(j), where 2891 < () < 2L(j),

taking into account all nonzero entries. We will then show that y(j U and thus yth

_ (0)
can be computed using essentially one IFFT of length 2LY and some further operations
of complexity O (m(j)). This requires the vector y\¥) known from the previous iteration
oLV) D

step and suitably chosen oddly indexed entries of y(+1),

Theorem 5.20 (Theorem 2 in [BP18c|) Let N = 2771 J > 2 andj € {0,...,J—1}.
Let x € RN have a one-block support of length m < N. Sety = (xI,(Inx)T)T and
assume that'y satisfies (5.4). Suppose that vy has a one-block support of length m'9) .

Assume that we have access to all entries of y. Further, let L19) = [log2 mU )1 < j. Then

L)
-1
- , N A
yUtD can be uniquely recovered from (szjl(QjHL(j)p—&-l))p_o and y).

—_—

Proof. 1t suffices to only consider the oddly indexed entries yU+1y, ; of y(+1), where
k € {0,...,27 —1}. By Definition 5.7 we obtain for all k € {0,...,27 — 1} that

—

y(j+1)2k+1

(J+1

T
(2k+41) l’
Woj+1
l’ 0 (y+1

27 -1

+1_q T '
U+ e\ G) _ G+
o (0) ( Woj+1 )l’:2j ) (y Y(o) )

(
(=

= <(w2 +1(2k+1 l/)Qﬂ 1>Ty((]))+1 i < w2j+1(2k+1)l w22k+1>21—1>T (y(j) B ygé)m)
(

L (2k+1) z')

I'=0 =0

@b+ 2 SRerE) 1)\ 2 g G) _ S+
Wait )l 0) Y(0) <w2 i )l:()) (y ~ Y )

= (o)) o -5).

where we set | := [’ — 27 in the second summand. Using Lemma 5.10, we find that

(gQJ—j—1(2k+1))Zj_Ol = <W2k+1>ij:)1
_ <w2j+1(2k+1)l>Z:0 (2}%‘;&) _ y(j)> 7 (5.5)
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SO ygg;_l) can be computed from y@) and the oddly indexed entries of y(G+1). However,

if we had to compute y+1) like this in every step where we have to apply the procedure
for case A of Theorem 5.19, our IDFT algorithm could not achieve an overall runtime
that is sublinear in the vector length 2. Recall that by assumption y) has the support
interval

) _ ) _ 7
§9) = Iu(j),zj_l—um - Imﬂ'),u“”m“)—l >0

of length m() < 2m for some p9), ) € Iéj ;j—l' Then it follows from Definition 5.7 and

Theorem 5.19, case A that the support set SUTD of yUTD gatisfies

j+1 (J+1) (J+1)
SUTD ¢ L) 1w 4m@—1 Y Loi 4 40, 24 pm@ 1 (5.7)
Considering the first half ygé;_l) € R? of yUtD separately, Theorem 5.19 implies that
it also has a one-block support. Analogously, yg;rl) has a one-block support, which is
illustrated by Figures 5.7 to 5.9. From now on we will denote the support of ygé;rl) by

S(%;rl) and the support of yg;rl) by S(({;rl)

holds for SU+1).

SU+h {(M(j) +7“) mod 27 :r € {O,...,m(j) - 1}}

, respectively. Then the following inclusion

s
O{2 4 (49 +7) mod 2 v e fo,.m® — 1}, (5:8)
25(j+1)

1)

Note that the sets in (5.7) and g5.8) are not the same, as the indices in (5.7) correspond
to the support of yUth ¢ R?"" and are taken modulo 2771, The first interval in (5.8)

corresponds to the possibly nonzero entries of y%;rl) € R? and the second interval to

the possibly nonzero entries of yg;rl), and both are considered modulo 2. Thus, the

support of ygg;_l) is contained in the first interval in (5.8), and the support of yg;_l) is

contained in the second interval. In particular, yU+1) can have at most 2m) nonzero
entries. By Definition 5.7 we have that

vy =y v, (5.9)
so, using the symmetry of yU*1 the second half yg;rl) = J2jyg;r1) can be computed

via a permutation instead of by solving (5.9). Thus, it suffices to recover ygé)ﬂ)

In order to decrease the runtime of our method, we define the restrictions of y¥) and

y%)ﬂ) to 2L(j)—length vectors,

oL() NIONN

G — (., G+1) _ [, G+D)
z = (y(#(j>+r) mod 2‘7.)7“0 and Z(O) T <y(u(j)+r) mod 2j>r0

By definition of L), we have that 2L<j)_1_ <ml) < 2L(j>7 and the mU) nonzero entries
of y\9) are taken into account by the 2L(]>—length restriction z() of y(). Similarly, by
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(

definition of the periodization, Z(é;rl) takes into account the at most m9) nonzero entries

of y%;rl). Hence, it is sufficient to recover the 2L(j)—length vector z%jl) in order to

determine yUt1) . Restricting (5.5) to the vectors z) and z%;_l) yields
R 27 -1
(sz—j—1(2k+1)) -

. N 2d 1 oL\ _
(2k+1)( (@ +r) mod 2J)>2J L2wm -1 (2ZE

N ) 1
- z ) (5.10)

J
f— (u)2j+1 0)

As Z%;Ll) and z() have length 2L<j), we only have to consider oL equations of (5.10).
We choose the ones corresponding to £, = 2j*L<j)p for p € {O, ey oL 1}, since

2k, +1¢ Iéj D for all p. Then we obtain the factorization

2i+1_1
oL
Typesos(arspin) )
CH

L LG) : 22 -1

= <w2j+1 <2J+ - p+1>((u(])+r) mod 2])> . (22%6;_1) - Z(j)>
p,r=0
()
D) X . . . 2 -1 . .
_ (w2j21 LY P((#(J)"‘T) mod 2J) Wa 41 (,u(])—l-'r) mod 23) . <2Z§é;"1) _ Z(]))
p, =0

) ) 2R -1 (j+1)

j i mod 27 j
= (wQme“ wyr " Wy (B +7) mo )W:O ' (22(6) - Z(J))

o) S ” or)_,
= diag (wQme“(J))p:O : (WQLU)W)p _, ~diag <w2j+1(“ /) mod 2J>T:0
(ot )
. . - .
W B W ), o2
where
L) L)

| i v . 3 () 4r) mod 27
W%% = diag (ng(j)p“ ’ ) and WUY) = diag (wzjﬂ(” Dr) mod 23)

p=0 N r=0

Since all matrices occurring in (5.11) are invertible, we find that

2L(j)_1

—1 O (5 j
QL) " W(O) ) (yzj—j—l (2j+1—L(j)p+1> + z\)
p=0

G+ _ 1 Gt
zZgy =5 | Wa °F

Hence, yUt1) is completely determined by its symmetry, guaranteed by Lemma 5.9 (iii),

and the definition of zgéjl), with

) (3-+1) if ke 07.“’2[/(]‘)_1 ,
<ygé)+1))(u(j>+k) mod 2 SZ(O) )k lelse,e { }
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) ‘ _ = (Z((é)+1)>k ifk:E{O,...,2L(j)_1},
27 —1—(p@+k) mod 2 0 else.

(G+1)
(yd)

Note that if 22V = 27 ie., if 2271 < m) < 279, then z\) = y(j) and zgé;rl) = ygg;rl).
Consequently, (5.5) yields that

» 271
<y2J7j71(2k+1)>k:0 =

()

- (o (ol )
(e
F

271 .
l oyt _ )
k,1=0 (2y(0) ¥y )

9i - diag <(w2j+1l>igl> : (2}’%;_1) - Y(j))

and thus

1 1/ S N2-1 _ R 29—1 .
ygé;r )= 5 (dlag ((szﬂ l>l:0 > Fy - (sz—j—1(2k+1)>k:0 +y(])> .

O]

As the recovery of yUth) from y@) and y thus requires essentially an IFFT of length
oLV < 2m, we have reason to believe that this procedure for case A sufficiently speeds
up the overall runtime of our method. Note that we do not need to know m a priori; it
suffices if the support of the periodization y¥) from the previous iteration step is known.

5.5.2 Recovery Procedure for Case B: Two-Block Support
We still have to devise a procedure for reconstructing yU*+ from yU) in case B of
Theorem 5.19, i.e., if y() has a two-block support of the form

S(J) — I(J) Ul(j)

2@, A2 1), 29 1) (5.12)

with two blocks of length n'9) = m, and v = @) 4+ m — 1. We recall that it follows
from Theorem 5.19, case B that the support of yUt1) satisfies
S(j+1) = I/(j(jtll)),y(jﬂ) U Iégjlli1fy<j+l)72j+1717u(j+1)

with g+ = 40 or 2741 -1 —pU+1) = 27 4 ) Here, the lengths n(9) and nlU+1 of the
blocks in y@) and yU+1) | respectively, are the same. They also coincide with the support
length m of x. Furthermore, the values of the nonzero entries of yU*1 are the same as
the values of the nonzero entries of y¥) and are thus already determined; we just have to
find out whether the first support block of y(/) remains at the same position in yU+1) or
whether it is shifted by 27. The other support block is obtained as the reflection of this
block according to Lemma 5.9 (iii), see also Figure 5.10. Which of the two possibilities
for yUtD is true can be decided by comparing the DFTs of the two possible vectors at

an oddly indexed entry for which the corresponding entry of y(+1) has to be nonzero.

—

In a first step we show that such an oddly indexed nonzero entry of y(G+1) can be found
by examining at most 2m entries.
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Lemma 5.21 (Lemma 6 in [BP18c]) Let N = 2/~! with J > 2 and j € {0,...,J—1}.
Let x € RY have a one-block support of length m < N. Set y = (x, (Jyx)?)? and
assume that y satisfies (5.4). Suppose that yU) has a two-block support. Assume that

— 2m—1

we have access to all entries of y. Then (y(j+1)2k +1)k . has at least one nonzero entry.

Proof. If yU) has the two-block support

s — 1)

(4)
2o YL

2 —1—p() 27 —1—p ()
) — 0 j — . g o dices 1 j )
of length n() = (@) — 4,0 41 = m for first and last support 1nd1ce§ p9) ) e 10723._1,
then by case B of Theorem 5.19 yUTD has the two-block support SUH1) with two blocks
of length nU*Y = nl) = m and either
i+1) _ 7(+1) (J+1)
SUHD = Lo e Yot i) 2i1 1) or (5.13)

G+1) _ 7(G+1) (+1)
S =Ly 215 O L) 29 ) pm1 (5.14)

We want to guarantee the existence of an oddly indexed nonzero entry of y(+1). Con-
sidering the first 2m oddly indexed entries of U1 we find

G+ 2m—1
i+ )
(Z/ 2%k+1),
2m—1
2k+1)1 (J+1
= Z w2j+1( +)yl(J )
les+1) k=0
2m—1 .
1
= (wzjkl ij+1l) o (yl(ﬁ_ )> _
k=0,1€SU+1) les+1)

<<w2jl)k>2m_l ‘diag (<w2j+1l)les<j+1)> ' (yl(j+1)>165<f+1> ' (5.15)

k=0,1eS(+1)

— m—1

2
Assume that the claim is false, i.e., (y(j+1)2k+l)

= 0y,,. Since }S(jﬂ)‘ = 2m, the
2m—1 F=0

first matrix in (5.15), ((ijl)k) is a square Vandermonde matrix according

k=0,1€SG+D)’
to Definition 4.10. Thus, by Lemma 4.11, it is invertible if and only if the wy;’ are
pairwise distinct for all [ € SUTD | or, equivalently, if the residues  mod 27 are pairwise
distinct for all [ € SUFD, Tt follows from (5.13) and (5.14) that
j i+1) | _ 7() ) _ g
{tmod 27:1esu b =16 Gl e =S,

see also Figure 5.10. Consequently, since y() already has a two-block support with
separated blocks, the residues modulo 27 of all I € SUtD) have to be pairwise distinct

as well. The second matrix in (5.15) is invertible by construction. Hence, under our
assumption, said equation is equivalent to

_ (,G+D)
O = (1) cgon

However, we have that (yl(j+1))l P # 09y, due to the reflected block support of y
csU
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and Definition 5.7. Thus, we obtain a contradiction, implying that there indeed exists

—

an oddly indexed nonzero entry y+by, 0 with kg € {0,...,2m —1}. O

Remark 5.22 In order to obtain an efficient and stable implementation for the proce-
dure for case B, we will later set

ko := argmax {‘Z/JQJ—j—I(Qk-+1)‘},
ke{0,...,2m—1}

employing that the entries of yU+1) are given via Lemma 5.10. Then yU+ty, ) # 0
and it is likely that this entry is not too close to zero, which is supported empirically by
the numerical experiments in Section 6.5. O

Now that it is guaranteed that there is at least one nonzero entry among the first 2m

o —

oddly indexed entries of y(+1), we can show how the support of yU*1 can be determined
from y) and such a nonzero entry.

Theorem 5.23 (Theorem 3 in [BP18c]) Let N =271 J > 2 andj € {0,...,J—1}.
Let x € RN have a one-block support of length m < N. Sety = (xT,(Inx)T")T and
assume that y satisfies (5.4). Suppose that y ) has a two-block support. Assume that we
have access to all entries of § = (ﬂk)ii_ol Then yUtY) can be uniquely recovered from
2m—1

y9) and one nonzero entry of (@\2‘17]'71(%“))]{: .

Proof. If y(9) is known and has the two-block support

() — 70) (7)
SV =106 o YV m e 14w

of length n\9) = m for some p¥), 0 ¢ 1Y) there are two possibilities for the pe-

0,29 -1’
riodized vector yUT1. Theorem 5.19, case B yields that one of the possible vectors is

obtained by shifting the other one by 27, see also Figure 5.10. We denote these two
. 0 0 29t 1 1 29+l
possible vectors by u” = (“k)k-zo and u" = (uk)k:o

S (uo) and S (ul). Then S (uo) and S (ul) satisfy that

, and their support intervals by

0y _ yU+D) (5+1)

S (u”) = Loy o Yy ) a1 140 and
1y _ G+ (G+1)

S (u') = L ) 21— Y ai s u) 25

Thus, we obtain

y ke {pd, 0 +m—1},

up = y9 it e {2t - )2 1 0} and
0 else
U’1€ = u(()2j+k) mod 2J+15 Vke {0, e ,2j+1 — 1} .

Lemma 1.5 implies that

—

u12k+1 = _{LBZk’-i-la ke {Oa s 72J - 1} ) (516)
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for all oddly indexed entries of u® and ul, since u' is the periodic 2/-shift of u®. In order
to decide whether yUt1) = 4 or y(U+1) = u!, we compare a nonzero entry

y(j+1)2k0+1 = /y\2‘]7j71(2k0+1) # 0

to the corresponding entry of . It follows from Lemma 5.21 that such an entry can be

—_—  _~ —

found by examining the first 2m oddly indexed entries of yU+1). If w09, 11 = yUty, 1\,

o —

we conclude that yU+1) = u®, and if ZLBQ]CO+1 = —yU+Dy, o1, then yUtD = ul by (5.16).
Numerically, we set y@t1) = a0 if

-0 i1 0 i1
oot — yUt )2k0+1’ < ‘U ako+1 + yU T op 1]

and yUtD) = u! otherwise. The required entry of w0 can be computed from y@) using
O(m) operations,

20+l 1
(2ko+1 l
2k0+1 Z W +1 o+1)
N(J)+m_1 2i+1_1—1()
2ko+1)1 , (J 2ko+1)l
= Z Wy j1 (PRo+ DI yl()+ Z w2j+1( 0+1) yl( )23,
l=/,L(3) l:2j+17m7’u(j)
since the support of y(¥) and thus of u® is known from the previous iteration step. [

o —

The recovery of yUTD from y@) and an oddly indexed nonzero entry of yU+1 via the
procedure for case B requires at most 2m samples of y and O(m) arithmetical operations,
so this approach also contributes sufficiently to obtaining an overall runtime of our sparse
IDFT method that is sublinear in the vector length 2N. Note that, as for the method
introduced in Section 5.5.1, a priori knowledge of the block length m of y is not necessary.

5.6 Sparse Fast IDFT and Sparse Fast IDCT-II

In Section 5.5 we presented the procedures necessary to derive the new sparse fast IDFT
for vectors y € R?N, N = 2771 that have a reflected block support and satisfy (5.4).
Using Lemma 5.4, we obtain at the same time a new sparse fast IDCT-II algorithm for
vectors with one-block support. Note that neither of the procedures for reconstructing
yU*D from y) and § introduced in Section 5.5 requires a priori knowledge of the length
of the blocks in y. However, what these procedures do require is the support structure
of the vector y() from the previous iteration step. More precisely, we need to detect
whether y( 7) has a one-block or a two-block support and determine the corresponding
first and last support indices £ and v, as well as the support length m@) or block
length n@).

5.6.1 Detecting the Support Sets

In Sections 5.5.1 and 5.5.2 we showed how to compute yU*D from y@) and y. Both
reconstruction methods introduced above rely heavily on the fact that the support struc-
ture of y\) is already known from the previous step. However, if y) has a one-block
support, the reconstruction method from Theorem 5.20 does not provide us with both
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the block or support length n+1) or mU+Y and the first support index pl+h| even
though we need both to recover yUt? from yU*b in the next iteration step. In this
section we introduce methods for the stable and efficient detection of the first support
index and the block or support length n+1) or mU+Y . These methods are designed for
noisy data, as input data is usually noisy in practical applications, but can of course also
be applied to exact data. Note that for noisy data the found block lengths nt1) for
yUTD with two-block support might not be the same as the exact block length m of x.
For detecting the support sets efficiently, we choose a threshold € > 0 depending on the
noise level of the data.

A)  One-block support:

A1) yU) has the one-block support SU) = (J(Z) 21 @) of length mU) < 27 centered

around the middle of the vector.

Theorem 5.19, case A; implies that yU*1) has the two-block support

i+1 (+1) (G+1)
S(j ) = Iu(]+1) p(i+1) I27+1 1—p G+ 25+1 1 “(]+1)
of length nUTY < m), Further, we know that the support interval I(](:rll)) D) of

the first block of yU+1) is a subset of S, By the proof of Theorem 5.19 and the
symmetry guaranteed by Lemma 5.9 (iii), the indices corresponding to the signifi-
cantly large entries of the first block of yUT1 have to be contained in the set

(G+1) . @), i1 ,@L. |G+
T(o) {ké{,u R e T }‘yk ‘>5}
= {tl,...,tK},
where t1 < --- < tg. Thus, we define

pIt) = and nUtY =tx —t; + 1.

Hence, in order to find the first support index and the support length, we have to
inspect the m) entries of yUth corresponding to indices in T((g;r 1), which has a

runtime of O (m(j)).

As) y@ has the one-block support SU) = I(()j)gj , of length mU) = 27,

If j < J—1, Theorem 5.19, case Ay yields that yt1) has a one-block support
whose location and length are unknown. As yU+1) is symmetric, the indices of its
significantly large entries are

TG+ — {k c I(Jfl) ) ‘ (+1) ‘ > 5}

,20+11 °

= {t1, .t T = L=t 2T 1t} = {ty, . takc )

where tx < 2 — 1 and tgy1 > 2. If tog —t; +1 > 27, we set Ut == 0 and
mUTD .= 27+ " ag we are not able to correctly determine the first support index for
support lengths that are greater than half of the vector length. Otherwise, we need
to detect whether the support block is centered around the middle or the boundary

of yUt1) . We define

do = tK+1 — tK and d1 = (tl — tQK) mod 2j+1,
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since not all entries belonging to the support block have to be significantly large.

If dy < dy, i.e., if the distance between the first significantly large entry to the left
and right of the middle of the vector is smaller than the periodic distance between
the first and last significantly large entry of the vector, then yU*1) has a one-block
support centered around 2/ — 1 and 27. Analogously, if dy > di, the support block
is centered around 0 and 271 — 1. If dy = d;, then yU*Y must have full support of
length mU+Y = 29+ 50 we can conclude that

t if d() < dl,

IUJ(j'H) =t if do > dy,
0 if dg = ds,
and
tog —t1+1 if dg < di,
mUD = {2+l b+ 1 if dy > di,
2711 if dy = dy.
By symmetry of yUt1 it suffices to find t1,...,tx; hence, we only have to inspect
27 = mU) entries of yUtD,
In the case that j = J — 1, there are some additional possibilities. Due to its
symmetry, it suffices to check
J) . J— ) _.
T(<0)> ={ke{0,...,272 =1} : |y > e} = {t1,...,tx} and

T((l‘])) ={ke {2772 .27 —1} |y > e} = {wr, ..., ur} .
If T(((‘)])) = (), then y has a one-block support centered around the middle with
g =y and m) =2 (2J_1 —u1) = 2m.
If T((IJ)) = (), then y has a one-block support centered around the boundary with

,U(J) =2/ —1—tg and m) =2 (tre +1) = 2m.

Otherwise, there are three possibilities for the support of y, where we do not know
the correct one a priori:

: — 7))
(1) S(J) '_ IL‘1,2J—1—t17

(i) SO = 117

2J —1—up,up’
(iii) y has a two-block support with two blocks of possibly different lengths and
unknown positions.

However, if case Ay occurs for j = J — 1, then y(/=b has a one-block support of
full length m/~=Y = 27=1 < 2m. Consequently, the vector x is not really sparse
and the first support index of x might not be uniquely determined. Additionally,
the iteration stops with y, so not being able to detect its support uniquely does not
pose an algorithmic problem. As we have to check 2/~1 = m(/=1) entries of y(/),
this yields an arithmetical complexity of O (m(‘] _1)).

159



5 Sparse Fast IDCT-II for Vectors with One-Block Support Based on IFFT

Aj)

Ay)

160

y@) has the one-block support SU) = IL‘Q) 91— ) of length m) < 27 centered

around the boundary of the vector and j < J — 1

It follows from Theorem 5.19, case As that yt1) has a one-block support of length
mUtD) = m ) with p0t) = 40 or pUTY = 27 4 1,0). We compare the entries at
the possible locations of the support block and set

1) 4m) 1 (294+p@+m@)—1) mod 27+1
. J+1 X G+1
eg == E ‘y,(c )‘ and e = E ‘y,(c )‘ .
k:,LL(J) k‘:27+#<])

Since for exact data one of the sums has only vanishing summands, see Figure 5.8,
we choose
G+1) M(j) if eg > e,
K o 2j —|—,u(j) if ep < eq.

This detection procedure has a computational effort of O (m(j)).

y(J 1) has the one-block support SU=1) — I((J 1)) 2711 D) of length mJ-1 <

271 centered around the boundary.

Theorem 5.19, case A4 implies that y(/) =y has the support

J) _ ) (J) : J J—1 J
SO =10 p0 1y YL oy with p®) <2<y (5.17)
This is either a two-block support with two separated blocks of possibly different
lengths or, as a boundary case, a one-block support, where one of the two blocks
n (5.17) vanishes. In the case of two blocks, one is centered around the mid-

dle of the vector, i.e., around 277! — 1 and 277!, and its support is a subset of

7

W(T=1) 971 p(I-1) and the other one is centered around the boundary of the vec-

tor, i.e., around 27 —1 and 0, and its support is a subset of §J)1+ (J=1) 9a-1_1_ H(J -
Ify has a one-block support, which can only happen if the first support index p* of
x is 0 or its last support index v* is 2/~ — 1, then one of the two blocks in (5.17)

is empty. Since the support blocks have even length by Lemma 5.4 (i), set

)) {ke{ (J—1)7__.72J—1_1}:’yk]>€}::{t1,._,,tK} and
1) = ke {2/ e 0 2 1) sl > e} = )

see also Figure 5.9. If T(((‘)])) = (), then y has a one-block support centered around the

boundary. In this case we set

7
T
7
(1

M(J) =wu; and m) =2. (2J — ul) =2m

J
() —I((3> 9 1) of y. IfT(l) = (), then y has

a one-block support centered around the middle of the vector, and we set

to obtain the support interval .S

,u(‘]) =t and m):=2. (2‘]_1 — tl) = 2m,

implying that the support interval of y is S(/) := I/(L‘(]J))’#(J)_qu)_l. If neither T(((;]))
(J)

nor T(l) is empty, y has a two-block support with two separated blocks of possibly
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different lengths. Recall that we denote the first index of the block centered around
the middle by p(/) and the first index of the block centered around the boundary
by 7)) and set

u(‘]) =1t and n(‘]) = Uj.
We obtain the support set §(/) .= Ii{3)72j_1_u(J> U 17(7‘(]‘,))72(,_1_
centered around the middle of the vector has length nEg)) = 2 (2‘]_1 — tl) and the

NOr where the block

block centered around the boundary has length ng)) = 2 (2‘] — ul). Thus, the

support detection requires us to inspect 2 - m(/—1 /2 entries of y)) which has an
arithmetical complexity of O (m(‘] _1)).

B) Two-block support:

y(j) has the two-block support S = 1Y) urY

= 1.6, 955 _1_,», 251 With block length

nl) =m.
We know from the proof of Theorem 5.19, case B, the proof of Theorem 5.23 and
Figure 5.10 that yUTD has a two-block support of block length nUth = pl) = m.
Further, the first support index p+1) of y(+1) is either ) or 27 + p0) with

LUHD) pt) if |ul2pyt1 — y(j+1)2k0+1‘ < |u02o 11 + 9o 14,

29 + 1) else,

where u® and u! denote the two possibilities for y+1). In this case the support
detection has a computational effort of O(1).

The support detection methods described in this section cover all possible cases for the
support of yUTY for a given y@). Additionally, as we will prove in Section 5.6.3, they
are stable and efficient, as they require at most O (m(J)) operations.

5.6.2 Sparse Fast IDFT for Vectors with Reflected Block Support

Now that we know how to detect the correct support structure of any periodization y )
of y for j € {0,...,J}, we can summarize the insights gained in Section 5.5 into a sparse
fast IDFT algorithm. Let us assume that N = 2771 with J > 2 and that y € R?" has
a reflected block support of unknown block length m < N. Further, we suppose that y
satisfies (5.4), i.e., there is no cancellation of nonzero entries in any of the periodization
steps, and that we have access to all entries of y € C2V.

Using Lemma 5.9 (i), the algorithm starts with the initial vector

aN-1
YO =Y u=1€R,
1=0

which has a one-block support by definition. For j € {0,...,J — 1} we perform the
following iteration steps.

1. Recovery of yUth:

a) If y ) possesses a one-block support, apply the procedure from Theorem 5.20
to recover y(@t1),

b) If y(j) possesses a two-block support, apply the procedure from Theorem 5.23
to recover y(t1),
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2. Detect the support set of yt1) with the appropriate method from Section 5.6.1.

Having reconstructed a vector y() with two-block support of block length n(®)| it follows
from Theorem 5.19, case B that all longer periodizations y), j € {l +1,...,J}, also
possess a two-block support with the same block length n() = n(), so for j > [ we always
have to apply step 1b.

If a lower bound 2°~! < m on the block length of y is known, we can begin the
algorithm with the computation of y®) by applying a 2b-length IFFT algorithm to

) _ (o 261
y®) = (yQJ—bk>k:o )

and detecting its support. Then we only have to execute the above iteration steps
for j € {b,...,J — 1}, thus reducing the runtime slightly. The complete procedure is
summarized in Algorithm 7.

5.6.3 Runtime and Sampling Bounds

We show now that the theoretical runtime and sampling complexities of Algorithm 7
are indeed sublinear in the vector length 2N and subquadratic in the sparsity 2m. In
Section 6.5.1 we will illustrate the runtime and the stability of Algorithm 7 by numerical
examples, also comparing it to other IDFT methods.

Theorem 5.24 (Theorem 4 in [BP18c|) Let N =271 J > 2, and x € RY have a
one-block support of length m < N. Sety = (xT, (Inx)T)T and assume that y satisfies
(5.4). Further, suppose that there is no a priori knowledge of the support length m of x.
Then Algorithm 7 has a runtime of O (m log m log %) and uses O (m log %) samples

of y.

Proof. (i) Note that the support SU) of y = y) has at most cardinality 2m. Let
2L-1 <om <2k <2/,

For j € {0,...,L — 1} the vector y/) has necessarily a one-block support of length
m) with 27~ < mU) < 27 and we have to apply the procedure from Step la. Since
L) = 27 in this case, the computation of ygé;_l) requires an IFFT of length 2/ with

@ (2j log 2j) operations and O (2j ) additional multiplications, according to line 5 of
Algorithm 7. To determine the nonzero entries of yU*Y in lines 6 and 7, further © (2j )
operations are needed. According to cases Aj to A4 in Section 5.6.1, detecting its support
structure in line 24 also has a runtime of O (m(j)) =0 (Qj). Thus, the iteration steps
for j € {0,..., L — 1} have a runtime complexity of

L—-1
O 21og2’ | =0 (2L -2)).
=0

For j € {L,...,J — 1} we have to apply either the recovery step la or the recovery
step 1b. If y(j) has a one-block support of length m), then m < m) < 2m and
2L=1 < mU) < 2L 50 we have that LU) = L. Computing zgg;rl)
an IFFT of length 2° and further operations of complexity O (2L). In order to detect
the support structure in line 24, at most O (m(j )) =0 (QL) operations are necessary by
cases Aj to A4 in Section 5.6.1. Altogether, we require O (2L log 2L) operations for such
an iteration step.

in lines 12 and 13 requires
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Algorithm 7 Sparse IDFT for Vectors with Reflected Block Support (Algorithm 1
in [BP18¢]|)

Input: y, where the sought-after y € R?YN with N =277, J > 2, has a reflected block support
of (unknown) length m and satisfies (5.4), and noise threshold € > 0. If a lower bound on
m is known, let b € Ny s.t. 2°=1 <m, else b = 0.
Output: y.
1. y® « IFFT [( Yo — bk)i 0 } and, if b > 0, detect its support structure.
2: for j from bto J —1 do

3: if y() has a one-block support of length m() then
4 if m() > 271 then ;
J
5 a < diag ((W2j+1 ) )IFFT |:( Yoi—i— 1(2k+1))i 01:|
) ) i 9 a), i [IRe(y9) v aly 2o
' Y )y 0 else, 0,271
. (5+1) (5+1)
7 y( ) — JQJ y(o)
else if m(9) < 27~ then
AN
9: Set L(]) = ’710g2 m(])-‘ and vV = (ngj1(2j+1L(j>p+1)
p=0
2L(j)71
10: Set zU) = < (@) .
([L(J)+T) mod 27 =0
=1 @ j 29
11: Set WE{; = diag (w2j+l_(u +7.) mod 2
r=0
g 2L(j)_1
12: a <« W9 IFFT | diag (w,, o) 4" v
(1) 2 p=0
13: ( J+1) (j)+a) if |5 Re (2 +a) | > keI(L(j))
: 20 ). else, 0,209 1
(G+1) ()
14: ( (JH)) « (Z(O) )k el uo v gy 21
u(i)-i-k mod 27 0 61887
GHDY ()
15: ( (J“)) - ( %(0) )k kel oy kell),
29 —1—(pu(@) +k) mod 29 0 else,
16: end if
17: else if yU) has a two-block support with block length n/) then
18: ko argmax {|@\2J—j—1(2k+1)|}
ke{0,...,2n0) —1}
19: < gQJ—j—l(QkU_;’_l).
" p 2ko+1)L, (4) SRS 2ko+1)L, (9
20: wakot1 > w2j+1( o+1) Y+ > w2j+1( o+1) Py
l=p () =201 Zp () — (@)
21: AGHD u? if ’uo%o“ - a’ < |[Wakorr +af,
27 + ) else
(4) (5+1)
Y mod 27 LK€ I,\j<g+1> AGHD () 17
. (3+1) G) i11) (G+1)
22: Yk < ykjmod 23 if ke IQngl @) = \GH+D | 25+1 1 7\G+1)? ke IO 27+1-1
0 else,
23: end if

24: Detect the support structure of y(+1) (one-block or two-block) and find Ut and
25: end for
Output: y =y,
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If yU) possesses a two-block support with block length n(¥) = m, then the execution
of lines 18 to 22 requires O(m) = O (2L) operations, and the support structure of yU+1)
is already completely determined.

However, in the worst case, we have to apply step la, the recovery step for periodiza-
tions with one-block support, for every j € {L,...,J — 1}, which can also be seen in
Examples 5.14.2 and 5.14.3. As we cannot tell beforehand how often each method will
be used, we can only estimate a theoretical runtime of

J-1
(@] Z 2Lllog2t | =0 ((J - L2k logZL)
j=L

for the last J — L iteration steps, even though the algorithm is usually faster in practice.
Adding the arithmetical complexities for both cases yields an overall runtime of

L-1 J-1
O Z 2 log 27 + ZQLlog2L
j=0 j=L

=0 ((25(L-2)+ (J — L)2"L)
=0

2N
mlogmlog — |,
m

where we have used that 2m < 2L < 4m.

(ii) For j € {0,...,L — 1} it follows from 25~ < 2m < 2% that the computation of
— 271

yUtD requires all 2/ samples of (?/(j+l)2k+1>k . With the help of Lemma 5.10, this

—

implies that after performing the first L iteration steps, every entry of the vector y(£)
has been used in one of the L iteration steps necessary to recover y@). An iteration step
with j € {L,...,J — 1} needs 2L — 0 (m(j)) samples if y(9) has a one-block support.
For a two-block support it suffices to examine 2m = O (ZL ) entries of y to find a nonzero
one by Lemma 5.21. Hence, Algorithm 7 has an overall sampling complexity of

L-1 J—

o> 2+
§=0 j=L

1
2L

(2L + (7 — L)2%)

O]

Remark 5.25 Note that if the unknown block length m of y approaches N, then
Algorithm 7 has a runtime of O(Nlog N) and a sampling complexity of O(N), which
are the same as the runtime and sampling complexity of a full length IFFT. O

5.6.4 Sparse Fast IDCT-II for Vectors with One-Block Support

As already mentioned, the sparse IDFT algorithm for vectors y € R?YN with reflected
block support presented in Section 5.6.2 can be applied to derive a sparse fast IDCT-II
algorithm for vectors x € RY with one-block support. Recall that by Lemma 5.4 (iii) the
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5.6 Sparse Fast IDFT and Sparse Fast IDCT-11

DFT of the vector y = (x', (J NX)T)T is completeAly determined by x!I. Hence, we can
compute y from y with the help of Algorithm 7 if x'I is known. By construction, x is then
given as the first half of y. Each entry of ¥ depends only on one entry of x!I. Thus, our
IDCT-II method inherits the sublinearity in N of the runtime and sampling complexities
of Algorithm 7. Since Algorithm 7 is adaptive, no a priori knowledge of the support
length of x is required. The resulting sparse fast IDCT-II procedure is summarized in
Algorithm 8.

Algorithm 8 Sparse Fast IDCT-II for Vectors with One-Block Support (Algorithm 2
in [BP18¢]|)

Input: x', where the sought-after vector x € RY with N = 2/~ J > 2, has a one-
block support of (unknown) length m and y = (x7, (Jyx)")7T satisfies (5.4), and
noise threshold € > 0. If a lower bound on m is known a priori, let b € Ny such that
2b—1 < m, otherwise b = 0.

Output: x.
e\z/v2(TkV)w4N”“-:cH if ke{0,....,N =1},
1: Compute g//\k — 0 if k = Na

—%MN—’“ all L ifke{N41,...,2N -1},
if the sample 7 is needed in Algorithm 7.
2: y < Algorithm 7[y, ]

N-1
3: X < ¥(0) = (Yk)p—o
Output: x.

The following theorem provides us with theoretical estimates for the runtime and
sampling complexity of Algorithm 8. We will illustrate them and the numerical stability
of the method by numerical examples in Section 6.5.2, also comparing Algorithm 8 to
other sparse fast IDCT-II algorithms.

Theorem 5.26 (Theorem 5 in [BP18c]) Let N =27~ J > 2, and x € RN have a
one-block support of length m < N. Sety = (x*,(Inx)")T and assume that y satisfies
(5.4). Further, suppose that there is no a priori knowledge of the support length m of x.
Then Algorithm 8 has a runtime of O (m log m log %) and uses O (m log %) samples

of x'.

Proof. As shown in Theorem 5.24, Algorithm 7 requires a total of O (m log %) samples
of y, which are used in lines 1, 5, 9, 18 and 19. In an implementation one would compute
the respective samples of y from x!I directly in the lines of Algorithm 7 where they
are needed. In our pseudocode for Algorithm 8, we summarize these calculations in
line 1. Since by Lemma 5.4 (iii) each entry of ¥ depends on only one entry of x'I, the
computation of the samples of y in line 1 has a computational effort of O (m log %)

and requires O (m log %) samples of x!!. Hence, Algorithm 8 has the same runtime and
sampling complexity as Algorithm 7. O

Remark 5.27 Analogously to Algorithm 7, if the unknown support length m of x
approaches N, the runtime of Algorithm 8 is O(N log N) and it requires O(N) samples
of x!I. Thus, it achieves the same runtime and the same sampling complexity as an

N-length IDCT-IL. O
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6 Real Sparse Fast IDCT-II for Vectors
with Short Support Based on Real
Arithmetic

With Algorithm 8 we introduced a deterministic IDCT-II algorithm for reconstructing

a vector x € RV with one-block support from its DCT-II, x, in Chapter 5. However,

Algorithm 8 effectively recovers the vector y = (x7, (Jyx)T)T € R?V via Algorithm 7

from its DFT, ¥ € C?V, which can be computed from x'. Since Algorithm 7 exploits

the short support of x and the resulting symmetric reflected block support of y, it still
performs better than general sparse FF'T methods. This assertion will be supported by
numerical experiments in Section 6.5.1. Nevertheless, despite being an adaptive algorithm
which does not need any a priori knowledge of the support length, its assumptions on
the sought-after vector x are quite strict and, without supposing extensive knowledge
of x, they can usually only be satisfied if, e.g., x € ]RJ>VO. Additionally, the vector y is
2m-sparse, whereas x is only m-sparse, and Algorithm 8 requires complex arithmetic for
recovering x, even though the DCT-II is a real transform that can be computed in a fast
way using only real arithmetic, as we have seen in Section 4.2.

Thus, investigating fully real sparse fast IDCT-II algorithms that recover x without
using IDF'Ts and the auxiliary vector y is the natural next course of action. We will
present a deterministic sparse fast algorithm for the inverse DCT-II of vectors with
short support that only employs real arithmetic in this section. Unlike in Chapter 5,
we now require that an upper bound M > m on the support length of x is known a
priori. In Section 6.5.2 we will compare the performance of our new real sparse IDCT-II
with respect to runtime and noisy input data to the one of Algorithm 8 by numerical
experiments.

The following chapter is based on our preprint [BP18a|, and coincides in parts identi-
cally with said publication.

In order to derive the algorithm presented hereafter, we transfer some of the concepts
introduced in [PW16a,PW17a,PWCW18| and the methods presented in Chapter 5 to the
purely real IDCT-II setting. We sketched the main ideas of Algorithm 2 in [PW16a] and
Algorithm 2.1 in [PW17a] in Section 5.3. For a summary of Algorithm 2.3 in [PWCW1§|
see Section 6.5.1. These four methods reconstruct a vector y € RY, N = 2/, with either
short support of length M, M-sparse support or reflected block support with block length
M from its DFT. In Chapter 5 and [PW16a, PW17a, PWCW18]| the sought-after vector
y is recovered iteratively from its 27-length periodizations y\/), where y(/) := y and
y7) is obtained by adding the first and second half of yU*D for all j € {0,...,J — 1},
see Definition 5.7. However, for recovering a vector x € RY directly from its DCT-II,
the concept of periodizations has to be adapted using an iterative application of both
reflections and periodizations, as we will show in Section 6.1. We still set xl .= x, but
x7l € R? is now defined by adding the first half of xU*1) and the reflection of the second
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6 Real Sparse Fast IDCT-II for Vectors with Short Support Based on Real Arithmetic

half of xU*1 ie.,

‘ o . o . . AN T
xUl = (x([)ﬁ_ ] + x[zjjil}_px[lj—i_ } + x[Qthl]_w e 7x[2]7t1} + x[2JJ'+ ]> .

Employing this concept for j € {L,...,J — 1}, where 2°=! > M, our new real IDCT-II

algorithm is based on iteratively recovering x/*+% from x!! using that xU! is known from

the previous step. To the best of our knowledge the algorithm we will present hereafter
is the first deterministic sparse IDCT-II algorithm that only uses real arithmetic.

6.1 Short Support and Reflected Periodizations

Throughout this chapter we will always consider a real vector x = (mk),iv:_ol € RV, with
N =27 that has a short support of length m < M, where the upper bound M is known
a priori. Unlike in Chapter 5, we do not allow the support of x to be wrapped periodically
around the boundary of the vector anymore. Again, we index both x and x!! from 0 to
N — 1, since we do not consider frequencies in this vector setting. In order to formally
define the notion of a short support, we introduce notation for non-periodized intervals.

Definition 6.1 Let a,b € Ny with a < b. Then we denote by I, ; the interval
I, ={a,a+1,...,b} CNo.

The above notation for intervals facilitates giving the definition of a vector with short
support, which is analogous to the definition of a vector with one-block support from
Definition 5.2, where the support could be wrapped periodically around the boundary of
the vector.

Definition 6.2 (Short Support) Let x = (:):k);gv:_ol € RN, Then x has a short support
of length m if m is the minimal integer such that

=0 Vk¢l,,={pwp+1,...,v}

for some € {0,...,N —m} and v := p +m — 1 with z, # 0 and z, # 0.
The interval S := I, , is called the support interval, p the first support indexr and v
the last support index of x.

Remark 6.3 Note that if x € RY has a short support, then its support is not considered
periodically, unlike for vectors with one-block support according to Definition 5.2. Thus,
for vectors with short support, the first support index p is always uniquely determined,
even if the support length m is greater than N/2, which is not the case for vectors with
one-block support. The last support index v and the support length m are also uniquely
determined.

As in Chapter 5, the interval S contains all indices at which the vector x € RY has
nonzero entries, while x may also be zero at indices in .S, since for some of the theoretical
concepts employed hereafter we need the support of x to be an interval in Nj. O

Our aim in this chapter is to find a deterministic algorithm for reconstructing a sparse
vector x € RN, N = 27, from its discrete cosine transform of type II, x!!, using only real
arithmetic. More precisely, we assume that x has a short support of length m and that
only an upper bound M on m is known. As in Chapter 5, which is based on [BP18¢],
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6.1 Short Support and Reflected Periodizations

and [PW17a,PW16a,PWCW18|, we will use an iterative approach. Thus, we first require
an analog to the periodizations y) of y € R%Y from Definition 5.7, which were used in
the publications cited above. In order to do this in a meaningful way, we inspect one of
the possible factorizations of the orthogonal cosine matrix of type II, see Definition 4.1,
namely the one given by Lemma 4.5.

Recall that for N € N even and x € RY we have that

x = C}\I,x = PNT Tyx,

where

; (6.1)

Py is the even-odd permutation matrix from Lemma 4.5 and Jy is the counter identity

from Theorem 4.4. Recall that according to Definition 5.7 we denote by x (g the first
half of x and by x(;) the second half, respectively. Inspired by (6.1), we define the
DCT-II-specific analog to the periodization from Definition 5.7.

Definition 6.4 (Reflected Periodization ((5) in [BP18a])) Let N = 2/ with J € N
and x € RN. We set x[/] .= x. For j €{0,...,J—1} we define the reflected periodization
xUl € R? of x as

1. L+ ) (b -
sl B = (B

By definition, the reflected periodization xU! e R? is given by adding the first half
and the reflection of the second half of the reflected periodization xU+1) e RZ* for any
je{0,...,J -1}

Example 6.5 Let x € R'® with nonzero entries z13,z14. Then x and its reflected
periodizations are

x = x'=(0,0,0,0,0,0,0,0,0,0,0,0,0, 213, 14,0)" ,
3 = (0,214, 213,0,0,0,0,0)7
2 = (0,214, 213,0)7,
1] _ (
0] — (

%l
x!
x! 0,213 + x14)" ,
xl

T3 + 11714)T

O

As the notion of reflected periodizations arises naturally from the factorization of
the matrix CE\I, given in Lemma 4.5, it has many useful properties. Most importantly,
similarly as for the periodizations considered in Chapter 5, for j € {0, ..., J} the DCT-II
of the reflected periodization xV! of any x € RY is already completely determined by the
DCT-II of x itself, as we will show in the following lemma.
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Lemma 6.6 (Lemma 2.3 in [BP18a]) Let N = 2/ with J € N and j € {0,...,J}.
Let x € RV, Then (x[j])H satisfies

it J—i 20 -1

) ()

Proof. We prove the lemma by induction. For j = J the claim holds, since x[// = x by

definition. Now we assume the induction hypothesis for some j € {1,...,J} and show
that the claim also holds for j — 1. Lemma 4.5, (6.1) and Definition 6.4 yield

I
; 1 /cl L1 Jy1
1L ] — 2j—1 27 27 X(0)
P,y C,x \/i < Cg\]/ 1) <I2j—1 —J2j—1> EJ])
1
1 CI] IX[J 1]

= — A . (6.2)
\/é Cé\]/ 1 ( EJO]) — J2j—1XEJ1})>
It follows from Remark 4.6 and the first 2/~ rows of (6.2) that
(X[j—1}>H _ Il <l
(PQJ CH [J]) o
( N
< ,] H >2j1 1
LoI—iok 0
(-1 2711
- f ( 2J (5— 1)k) k=0 9
where we used the induction hypothesis in the second to last step. ]

6.2 Support Structures of Reflected Periodizations

Our goal is to reconstruct a vector x € RN, N = 27, with short support of length m < M

LH] o xl = x.

from xI by successively computing its reflected periodizations X[L],X[
Unlike for the DFT case, due to different support constraints, we cannot begin the
reconstruction with x[% € R. Instead, we have to start at a level L with 2= > M| thus
being forced to have a priori knowledge of an upper bound M on the support length m.
As in Chapter 5 we have to determine xU+1 efficiently from x!! in the (j — L)th iteration
step using that xU is already known. Hence, we have to investigate how the support of
xU*1 can look like if the support of xU! is given.

There are three main differences between the method from Chapter 5 and the one
we will present hereafter. Firstly, our new real IDCT-II algorithm will only use real
arithmetic, whereas Algorithm 8 requires the computation of IFFTs. Secondly, by re-
constructing x directly from its reflected periodizations instead of the periodizations of
the auxiliary vector y = (x7, (Jnx)T)?, we have to recover a vector with short support
of length at most m in each iteration step instead of a vector with reflected block sup-
port, as we will show in the following section. Thus, we do not have to detect whether
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6.2 Support Structures of Reflected Periodizations

the reflected periodization has a one-block or a two-block support, which simplifies the
reconstruction. Thirdly, while Algorithm 8 is completely adaptive, our new real IDCT-II
method requires a priori knowledge of an upper bound M on the support length m of x.

For our real IDCT-II method recovering x iteratively from its reflected periodizations
can only be possible if we do not lose any relevant information about the support structure
in the periodization process. More precisely, we require that, in addition to # 0
and z 1, # 0, x satisfies the non-cancellation condition

T, + 2, # 0 if m is even. (6.3)

This condition suffices to guarantee the correct identification of the support of xU! for
all 7 € {L,...,J}, since the real IDCT-II method will not have to detect how many
support blocks a given reflected periodization xUl has. It is less restrictive than the
non-cancellation condition (5.4) for Algorithm 8. Condition (6.3) holds for example if all
nonzero entries of x are positive or if all nonzero entries of x are negative, i.e., if x € Rgo
or x € RY,.

Applying our method in practice means that the given data will be noisy. Then we
have to guarantee that, for some threshold € > 0 depending on the noise level, the vector
x satisfies
> €.

‘%m >e, |z, >e  and ‘%m + 1,0

6.2.1 Support Structure of x! for Given x

We want to iteratively recover the vector x € RN, N =27, from its reflected periodiza-
tions xV! € R? for j € {L,...,J —1} for a suitable starting index L. Since we learned in
Section 5.4 that the DFT-specific periodizations of a vector with reflected block support
have a very special structure that can be employed for the iteration procedure, we have
reason to expect that similar results also hold for the DCT-II-specific reflected periodiza-
tions of a vector with short support. Thus, we will first investigate the support structure
of xU! for a vector x € RN with short support.

Remark 6.7 If x € RY, N = 27, has a short support of length m, the possibly
nonzero entries of x will definitely collide in the reflected periodizations of length 27 for
Jj e {O, e 2K_2}, where K = [log, m] + 1, since 2K=2 <« < 2K-1 gsee Example 6.5.
Such collisions did not pose much of a problem in the DFT case that was discussed in
Chapter 5. However, for the slightly differently structured reflected periodizations, an
iterative approach beginning at x[% would not be feasible, as we can only undo collisions
if the support of xU! is contained in the last 25! entries. We actually want to reduce
collisions of nonzero entries of x in the reflected periodizations xV! as much as possible,
which is why we will only consider the reflected periodizations to the level K, similarly to
Algorithm 2 in [PW16a]. Thus, in all reflected periodizations xU! with j € {K,...,J},
the support length m of x is at most half the vector length. Due to this restriction, our
method will not be able to detect the support on the fly and require a priori knowledge
of an upper bound M on the support length m of x. %

Before formulating a lemma about the support structure of the reflected periodization
xU!, we will motivate the claims therein by looking at some exemplary vectors, illustrating
the main possible support structures.
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6 Real Sparse Fast IDCT-II for Vectors with Short Support Based on Real Arithmetic

Example 6.8

1. Let x € RS satisfy (6.3) with nonzero entries 213, 714, i.e., with the short support
SHl = I3, 14 of length m = 2. Assume that m is known exactly, i.e., that M =m = 2.
Then K = 2, and x and its reflected periodizations xV for j € {K,...,J} are

x =x" = (0,0,0,0,0,0,0,0,0,0,0,0,0, 213, 214,0)”,
X[3] - (0, L14,X13, Oa 07 07 07 0)T7

x = (0, 214, 213,0)7.

Here, x13 and %2 have the short support S8 = S = I, of length mbBl =mld =92 =m.

2. Let x € R16 satisfy (6.3) with nonzero entries a7, xg, i.e., with short support SHl = I7 5
of length m = 2. Again, we assume that M = m, so K = 2. Then, for j € {2, 3,4}, the
reflected periodizations of x are

x =x* = (0,0,0,0,0,0,0, 27, 25,0,0,0,0,0,0,0)7,
xl = (0,0,0,0,0,0,0, 27 + z5)",
x2 = (z7 4 25,0,0,0)7.

Here, x[3 has the short support SBl = I7 7 of length mBl =1 < m =2 and x[? has the
short support S = Iy, o of length ml2 = mB = 1. O

Note that the second example shows that even though we only computed the reflected
periodizations of length 27 for j € {K, ..., J}, we could not completely avoid the collision
of nonzero entries of x, unlike in [PW16a|. For both vectors considered in Example 6.8
all reflected periodizations xV! for j € {K,...,J} with K = [logym] + 1 have a short
support of length at most m. This observation is generalized in the following lemma.

Lemma 6.9 (Lemma 2.4 in [BP18a]) Let N = 27 with J € N. Let x € RY have a
short support of length m and assume that x satisfies (6.3). Set K := [log, m| + 1 and
let j € {K,...,J}. Then xU] has a short support of length mbl < m.

Proof. We employ an induction argument. By assumption x/! = x has a short support
of length m. Now suppose that for j € {K, ..., J—1} xU*+1 has a short support of length
mlit1 < m with support interval SU+1 = 1 Lli+11 L+, and first and last support indices

pbitll e {o,..., 271 — m[j“]} and vVl = U] 4 U+ — 1. We have to distinguish
three cases.
(1) Sb+1 c Iy 9i_1, i.e., the nonzero entries are contained in the first half of xb+1,

This implies that X[(j;)rl] = 0. Since xV! = XEJJH + Jgjx%ﬂ] by Definition 6.4, we

obtain that xU! also has a short support of length mbl = ml+1 with
xll — XEJJU and SU! = S[J'Jrl}’

see Figure 6.1.
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i+ } A | | |
| . .
0 1) 21 —1 2011 —1

o e |

Figure 6.1: Illustration of the support of xU! for given xU+1 according to Lemma 6.9 if
S+l ¢ Iy 951

(i) S+ c Iy; 9i+1_1, i.e., the nonzero entries are contained in the second half of xl+1,

As XEJ(')J)FH = 0,5, it follows from the definition of the reflected periodization that xU!

also has a short support of length mll = MU+l with

[i+1]

Xm = J2jx(1) and S[J] = 12j+1_1_,,[j+1]72j+1_1_u[j+1]7
see Figure 6.2.
mli+1]
xU+ | | {‘ ,, T |
0 2 —1 ‘ 9j+1 _ 1
pbit]
mbl = i+
x] | {‘ ,,,, — |
0 . _
ulil = 0i+1 _q _ ity 21

Figure 6.2: Illustration of the support of xU! for given xU+1 according to Lemma 6.9 if
Sli+1l ¢ Iy o511

(ifl) Iy 1,95 C SUF

Then at least one possibly nonzero entry from the second half of xlU*1, xl[j +1]

with
[ € Iy; 95+1_1, is added to a possibly nonzero entry x,[gﬂ} with k =2/ —1-1¢ Iy 21
from the first half at the reflected index in the computation of xUl. Thus, it follows from
Definition 6.4 that xV! has indeed a short support of length mlil < mitl) with support

interval

Sl = (Iu[j+1]7,,[j+11 U Izj+1,1,,,[j+1],2j+1,1,u[j+1]) N1y 91

= Loj i 9i—1 & Loj_ i) 251

and either pl/l = pb+1 or bl = 2741 — 1 — Y+l see Figure 6.3. O
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i +1] } | v | |
0 27 —1 PR |

<l l | r—

Figure 6.3: Illustration of the support of xU! for given xU+1) according to Lemma 6.9 if
Iyj_y,95 C SUHY

Remark 6.10

(i) Note that in cases (i) and (ii) of the proof of Lemma 6.9 the support length does
not change, i.e., ml = mli+1 and that the support length mb!l < mli+1l always
decreases in case (iii).

(ii) For any j € {K,...,J} we will always denote the support length, the first and last
support indez and the support interval of the reflected periodization xUl € R? of
x € RN, N =27, by mbl, ull Ul and SU!, respectively. Since x/1 = x, we will
usually write m instead of ml! ete. O

6.2.2 Support Structure of xVt! for Given xV!

The aim of our algorithm is to reconstruct x € RY, N = 27, from x!! by successively
computing its reflected periodizations xX, x[L+1 . xl/l = x for a suitable starting
index L if only an upper bound M on the support length m of x is known. Choosing
L := [logy M| + 1 will guarantee correct recovery of the supports of all these reflected
periodizations. Similarly to Chapter 5.4.3 we now investigate how the support of xl+1]
can look like if the support of xUl is already known from the previous iteration step, by
which we aim to reduce the runtime of our method. Prior to proving a general theorem
about the support of xU+1), we will illustrate the main possible cases for the support of
xU*1 for given xU by the vectors considered in Example 6.8.

Example 6.11 (Example 6.8 continued)
Let us assume again that the support length m of x is known exactly, i.e., that we have
M = m = 2. Then it follows that L = 2. Further, we assume that N = 16 is known.

1. Note that for the vector x € R'6 with short support S = 113 14 from Example 6.8.1
A T
we have that SUl ¢ Iyj_ppoi—q for all j € {2,3,4}. Consider x[2 = (0,1:[12},x[22],0>

with short support S = I1,2 of length ml2 = 2. Tt follows from Definition 6.4 that x[3!
has to be either

T T
x[g}:(O,x[12},:v[22],0,0,0,0,0) or x[?’}:<0,0,0,0,0,m[22],m[f},0) :

since no other vector in R® with reflected periodization x[? can arise from reflectedly
periodizing a vector x € R'® that has a short support of length at most M = 2. Thus,
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6.2 Support Structures of Reflected Periodizations

x[] has a short support of length mi3 = m[? as well, with
8[3] = ILQ or S[S] = 15,67

where the values of the nonzero entries of x[2/ and x®! are the same. We will show in
Section 6.3 how we can determine which of the two possibilities is the correct one by
using additional entries of xI1. Analogously, x = x4 can be recovered from x3.

2. Note that for the vector x € R0 with short support SH = I7 g from Example 6.8.2
we have that j' = 3 is the only index contained in {2, 3,4} such that SU! C Loj_np0i—1-
Let us consider now the reflected periodization x®!, which can be reconstructed from x2
as in Example 6.11.1. Then, with the help of the methods from Section 6.3, it follows

that x[3 has the short support S = I7. 7 of length mbl, ie.,

T
<3 — (0,0,0,0,0,0,0&[73}) :

By definition of the reflected periodization and since M = m = 2 is known exactly,
x = x[¥ has to be of the form

x = (0,0,0,0,0,0,0, 27, 2s5,0,0,0,0,0,0,0)”
]

with z7 + xg = x[73 . The nonzero entries of x, which do not have to be the same as the
nonzero entry a:[73] of x1¥, can be determined from x! using the methods we will present

in Section 6.3. If z7 and xg are both not zero, then x has the short support Sl = I7 5
of length m = 2. Otherwise, it has the short support SI4 = I7 7 or Sl — Ig g of length
m = 1. O

Example 6.11 shows that, at least for the two vectors from Example 6.8, there is at most
one index j' € {L, ..., J} such that the support of xU' is contained in the last M entries.
Further, if j # j/, there are precisely two possibilities for the reflected periodization xU+1
of double length. These observations are generalized in the following theorem.

Theorem 6.12 (Lemma 2.5 in [BP18a]) Let N = 27 with J € N. Let x € RY have a
short support of length m < M and assume that x satisfies (6.3). Set L := [logg M| + 1.

A) Possible collision:

There is at most one index j' € {L,...,J} such that Sl C Ly a0t q1, and we
have that SUSC Ly ow gy if 57 < T — 1L

B) No collision:

Let j € {L,...,J —1}\ {j’} with j' as in case A. Let xU! have the short support
Sl = L, i1 of length mlUl. Then

(i) mll = m+1 gnd

(i) xUH1 is either

02j JQjX[]]

: j+1 +1
with SU+Y = L i or Sl = Toivr_q_pu1 93411 bl -
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Proof. A) Recall that K = [logom|+1 < L, so, by Lemma 6.9, xU] has a short support
SU! of length mll < m for all j € {L,...,J}. Set

j, = maX{jG{L,,J}S[J] gIQj_M72j_1} (64)
if such an index exists. If there is no such j’, claim A is already proven, so let us assume

that there exists a j° € {L,...,J} satisfying (6.4). By definition of L we have that
27" — M > 29'~1 Thus, if j' > L, we obtain

N
:02]‘/71

and, consequently,
sl ¢ Io, pr—1-

Inductively, for all j € {L,..., 5" — 2}, we also find that

<l — X[(J(';H Iy XEJJ” and SVl = SV C 1y 0 g,
N——

=0,
since 2/ — M > 2971 if j > L. This implies that j’ is the unique index in {L,...,.J}
for which (6.4) holds. Furthermore, we even showed that for j € {L,...,j/ — 1} the
support of xU! is contained in the first M < 2! entries of the vector. By definition of
the reflected periodization, we immediately obtain for the support SU' 1] of the reflected
periodization of length 27"+ that
i1

SUH] G IQJ"fM,2J"+M71
if j/ < J—1, as SV - IZJ'LM,2J"—1' Hence, it is possible that xU'*1 has a longer
support than xU'l. For the special case that ml'T < mU'+11 the supports of the reflected
periodizations are depicted in Figure 6.4.

m[jl*l]
xU'-1 |

0 2'=1 _1

mli’l = =1l

xU'] : % -

0 2" - M 2 -1

m[] +1] > m[]/]

x '] } % :_____%l_. % {

0 oA 201 T, 21"+l _q

2 -M 2"+ M —1

Figure 6.4: Illustration of the support of xU' 1, xU") and xU'*+1 if mU'l < ml'+1) accord-
ing to Theorem 6.12, case A
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6.2 Support Structures of Reflected Periodizations

B) Let now j € {L,...,J —1}\ {j’} with j” as defined in (6.4).
(i) It follows from the proof of Lemma 6.9 that for decreasing j the support length mlil of
xUl cannot increase. Assume that there exists an index j; € {L, ..., J—1}\{j'} such that
mbt) < ml+1l. Case (iii) in the proof of Lemma 6.9 yields that {2j1 -1, 2j1} c Slint1
because otherwise we would have that mb1 = mlit+1 - Ag mUi+1 < m < M| this implies

s+l ¢ Toiv g 9in -1
and hence, by Definition 6.4, ‘

S[jl} C Ile_M’le—l‘

This is a contradiction, since j1 € {L,...,J — 1} \ {j’} and j’ is, if it exists, the
unique index that satisfies (6.4). Consequently, we obtain that mll = mU*1 for all
jel{L,....J =13\ {j’}.
(ii) For j € {L,...,J —1}\ {j'} we have that mV) = mU+1 by (i), which also holds if j’
does not exist. Hence, cases (i) and (ii) of the proof of Lemma 6.9 show that either

xU+1] = (x[j]> or  xUtl= 0 e
0,; J,ixU]

as these are the only two 2/t!-length vectors arising from repeatedly applying the re-
flected periodization to a vector x with short support of length at most M that have the
reflected periodization xU!. In Figures 6.5 and 6.6 these two possibilities are depicted for
the two different cases 7 < j’ and j > 7'

mli]
V] P : |
0 2 —1
m[]""l] — m[]]
+1 7777
xU+1] A | % % |
0 b+11 — 1 2 —1 2t -1
mli+1) — bl
——
or x| | ! | EZ

0 2 1 gl

] = 9+ i)l

Figure 6.5: Illustration of the two possibilities for the support of xU+! for given xU!
according to Theorem 6.12, case B for j € {L, ..., j —1} with ml'l < mU'+1]

O]

Theorem 6.12 shows that even if we only know an upper bound M on m, there is at
most one index j' such that the support of xU'l is contained in its last M entries. This
is also the only case for which the support length of the reflected periodization of double
length can increase and for which one might have to undo collisions of nonzero entries in
order to compute xU' T from xU/'l. For all other indices the values of the nonzero entries
of xUl and xU+1) are the same and there are only two possibilities for xU+1l,
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xb+1 7z | | |

[ | 333333594 [ [ |
0 | 29— 1 2+l _ 1
pbitll = 4l
b+l — ]
or xUtl | | % S, |
0 2 —1 | 2+l 1

] = 9+ i) — 1

Figure 6.6: Illustration of the two possibilities for the support of xU+! for xl/! according
to Theorem 6.12, case B for j € {5/ +1,...,J — 1} with ml'l < mU'+1]

6.3 Iterative Sparse Recovery Procedures

Lemma 6.6 implies that if x'' is known, the DCT-IIs of all reflected periodizations xU]
are also known, as they can be obtained by selecting certain entries of x'. Analogously
to [PW16a, PW17a, PWCW18| and the methods detailed in Chapter 5, which is based
on [BP18c|, our goal is to develop an algorithm which recovers x € RV, N = 27,

with short support of length m < M from x' by successively calculating the reflected
periodizations x&, xEH1 . xl] = x for some starting index L satisfying M < 2L-1,

It follows from Theorem 6.12 that there is an important difference between case A and
case B. In case A, i.e., when the support of xU! is contained in its last M entries, some of
the entries of xU] might have been obtained as the sum of two nonzero entries of x/+1
and thus also of x. On the other hand, in case B, no entries of xU are sums of nonzero
entries of x| though they might be sums of nonzero entries of x if j < j', where j
is defined as in (6.4). Thus, the nonzero entries of xU! and xV*1, which are the only
relevant vectors for the current iteration step, are the same and there are precisely two
possibilities for xU+1.

Therefore, in this section we will develop two different methods for calculating xU+1;
the first one is tailored to case A of Theorem 6.12 and the second one to case B. Both
will require a priori knowledge of an upper bound M on the support length m of x.

6.3.1 Recovery Procedure for Case A: Possible Collision

We start by introducing the reconstruction procedure for case A, so let us assume that
je{L,...,J -1} with j =j' ie., SV C Iyi_p 9i—1- Then Theorem 6.12, case A yields
that SU+1 C Iyj_proivar—1 and that the reflected periodization xUl may have been
obtained by adding nonzero entries of xU+1. Thus, the values of the nonzero entries of
xU! and xU*1 are not necessarily the same. We can restrict the possible support of xl+1
even further, using that the support of xU! has length mll < m < M. By Definition 6.4

and Theorem 6.12, case A, the support of the first half of xU+1, S%)ﬂ], can have at most

length ml! .= 27 — Ul < M. See Figures 6.7 and 6.8 for illustrations.
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mb]
X — Bz
0 A e | AN
2 — M pbl 27 —1
mll
i+1 | | [ | |
xl+1] [ A 1 1999975 { \
/ . .
0 o —M bl 2 -1 2+ 1

Figure 6.7: Illustration of the support of xl/ and one possibility for the support of x/+1
for mll < m+1 with j = 5/

ml]
<l } % /% ! {
0 2 — M i 27 — 1
ml]
j+1 l | | prm | | |
X[J ] [ | /[ [‘ //////// | | | ‘
' . . o
0 oM i P -1 2+l 1

Figure 6.8: Illustration of the support of xV and one possibility for the support of xl*1
for mll = mU+1 with j = 5/

Consequently, we have that

j+1
S%—;— ] - Izjfm[j],zjfy

By definition of the reflected periodization, x[(]f)rl} is completely determined by xU and

x[g)rl]. As the support of XEJJ;H is contained in the short support of length ml/! of xUl,

we have to recover at most ml! nonzero entries of XE%J)FI]. We will do this, analogously

to Section 5.5.1, by considering restrictions of xV! and x[(%;rl]
where mll < 9K ~1 which take all nonzero entries into account. We will use these nonzero

entries to show that x[(%;rl] and thus xUt1) can be calculated essentially by a DCT-IV of

length 2K=1 and further operations of complexity O <21~< _1). In order to do this we also

to vectors of length 21?_1,

have to employ the vector xU! known from the previous iteration step and pLs suitably
. . RN
chosen oddly indexed entries of (X[JJF”) .

The efficient computation of xV+1) from xll and x!1 is based on the following theorem.

Theorem 6.13 (Theorem 3.4 in [BP18a]) Let N = 27 with J € N. Let x € RY
have a short support of length m < M and assume that x satisfies (6.3). Suppose that

we have access to all entries of X'\ Let j = j' as in (6.4) and set mbl = 27—yl and
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K= [logQ 'fﬁm] +1. Then xUTY can be uniquely recovered from xU) and the 9K entries

2K-1_1

e Y 2]}—1_1
! = and ! =
27-371(2:21- K (2p+1)+1) / p—g 27=371(2(297 K (2p+1)-1)+1) ) p—o

T of (xUHJ)H for

Proof. It suffices to only consider the oddly indexed entries (az[j +1])2k +1

k€ {0,...,27 —1}. We obtain from (4.2) and (6.2) that

‘ 7 211 2
<(37[J+1])2k:+1>

k=0
1 0121J <]
— \ﬁ < C;V) . XE%)+1} B J2jX£jl)+1]

) (X[j])ﬁ
_ b <, 6.5
o) o

~\ 27—1
[i+1] H) [j
x +1]
<( )Qk k=0 _ 1 CIQIJ L Jo ) X(]O)
oy i

V2 Ly —Jo;

where we used that JQJ-X%FH — xll — XEJ(']J)F” by Definition 6.4.

If j = j/, Lemma 6.9 and Theorem 6.12, case A imply that the support interval SU! of
xU! satisfies '
Sbl ¢ Lt 01 © Toi 261

With mbl =27 — 4l < M and K = [logQ 'ﬁlm] + 1, we obtain

J . L ~
S[ ] C 1237777,[]]72371 - 123‘_21(7172]‘_17

and, by definition of the reflected periodization, the support set SUT! of xU+1) satisfies

j+1
SD } g Izjfm[j],2j+m[j]71 - I2j721~(7172j+21?—171' (6~6)

Consequently, both the first half of xU+1), x%—;l], and the second half, X[(]{)i_l], have a

short support of length at most mUl. Note that we always have that mUl > mll and
that mU! > mll is possible if there is no collision. The latter happens if the support of
xUl is contained in the last M entries, but 2/ — 1 ¢S Ul as M is just an upper bound
on the support length m of x. The choice of ml allows us to reduce the number of
computations necessary to find xV1. Since we only suppose that T, #0, 2, #0
and T+ Ty # 0 in (6.3), some of the last ml! entries of xU! might be zero, despite
being obtained by adding two nonzero entries of xU+1. However, the first and last
support index of xU+1 never cancel each other out, so we are always able to find the
correct first support index pl!, which satisfies either bl = plU+1 or bl = 2741 1 i+1]
by case (iii) in the proof of Lemma 6.9. We need to incorporate all entries of xU! that
are influenced by possibly nonzero entries of xU*1U. Hence, if we restrict xU to its last
oK—1 > mll = 27 — 1l entries, i.e., to

U (:1;?) 27 -1

k=2 _oK-1’
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we take all of the at most mU! entries of xU! into account which can be obtained from
possibly nonzero entries of xl+1 by reflectedly periodizing, as the support of xU*1 has to
be contained in Iy; 501 9i4mi1—1- Thus, zU! contains all the information of xU necessary

for recovering xU/*+11. Analogously, by (6.6), the 9K ~Llength vectors

G+t ()2t 1) (G2
'_< Tk )k‘:2j—2f<*1 and HONE (mk )k::QJ‘

take the at most ml! nonzero entries of XE];)F” and x[(];)rl] into account. Note that the

restricted vectors still satisfy

+1 +1
2l =20+ 3,2, 6.7)
Therefore, it is enough to derlve a fast algorithm for computing z[ U that utilizes U]

(0)

and some entries of (XUH]) . In order to do so we restrict the second 27 equations in

(6.5), i.e., the ones depending on x%?”, to the vectors zU/ and ZEJ(SL”, which yields

27 -1

((ﬂm])ﬁ )

2k+1) 1

1( (<zk+1><2z'+1>w)>2” (x5 — 8
T Vo 420 b\ O

(26 + 1) + D\ \*' G+ _ 1)
< 1.2 o =)

k=0,1'=2i —2K~1

2i_1,9K-1_1
(2k+ )27 — 2+ 1) 3 (2z“+” m)
4.2 k.10 21O

< (2k +1)2*17 ) o <(2k + 1)(51 + 1)w>

4.2 4-97

7l
f<
“ sl

4.2 4 .97

_ \/127 <COS <(2k J; 1)7r> cos <(2k + 111)‘(;; + 1)7r>

2i1,2K-1_1 A _
+ sin <(2k —; 1)7T> sin <(2k + 1>(2lA + 1)7T>> Jor (2ZD+1} — Z[J]>

497 k. 1=0 (0)

j_1 oK—1_
1 ko QR+ DI+ DT\ G+
=7 ((—1) sin < 1.5 Joro (QZ(O) —zV > , (6.8)

k, 1=0

(2k + 1)20+17 (2k 4+ 1)(2 + 1)\ \ 202! e
+ sin <> sin ( . )) Ty, (22— 2)
k,1=0

where we set { := 2/ —1 — [’ in the third step. As zll and Z%J)rl] both have length 21}_1,
it suffices to consider 2K—1 equations of (6.8). We choose the ones corresponding to the

indices 2k, + 1, where k), := 2K @2p+1), p € {0, e ,Qf(*1 — 1}. Since we have that
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2k, +1€{0,...,27t1 — 1} for all p, we obtain

Vai(-1)? " ((x“*”)iﬁﬂ

<2j_[~<+1(2p +1)+ 1) 20+ )7
495

oK-1_1
p=0

2K-1_1

Ty (2207 - 2)

= | sin

_ (Sm <<2pz}>2<§zl+ m) o (W) poi=0

(2p + 1)(2l + 1)7T . (2l + 1)7r 2K~ [j.J,_H [J]
+ cos L of Sin | 7 ok (QZ(O) -z ) . (6.9)

p,1=0

Defining the vectors

1 2K-1_1 1 2K—-1_4
c:= <cos <M>> and s:= <sin <(2l+)7r>)
4.927 =0 4.2 =0

and recalling Definition 4.3 of the sine matrix of type IV, (6.9) can be written as

_ fi 2K-1_1
v 2j7f{+2(—1)2r}( ((x[jﬂ])% +1)

p=0

. 1 ;
S?IQ | - diag(c) + C?IQ . d1ag(s)> Joro (2 EJJ)F] zm)

=
(cg{ , diag(s) + I,z CLY_ 1D2K,1diag(c)> Iy (QZEJJH _Z[j]>
= (%x

. [i+1] j
clv ) diag(s) Joi1 (2 (jo) Zm)
| Jar D, z_, diag(c)

2K—-1

li+1] j
Ty (2207 —211)
where we used that, by Theorem 4.4 (ii),
v v K\" !
sV - J,CVD,, with D, = diag ((4) )H VneN.

Our aim is to find a representation of ZEJ J)r ] depending only on zUl and some entries
of xI1. However, as the first matrix in (6.10), (CW | Joi- 1C2Y< 1)7 is not a square

matrix, we have to consider 2K-1 additional equations from (6.8) in order to be able

to invert (6.10) and solve it for 7 J)r U Now we choose the equations corresponding to

(©
the indices 2k, + 1, where k, = = 20~ (2p +1)—-1,pe {O,...,QK_1 — 1}. Since also
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2k, +1 € {0,...,27"1 — 1} for all p, we find that

ii 21?71—1
v 9i—K+2 ((x[jJrl]) >
2k +1

p=0

k! 9i—K+1(9 1—1 20+ D)7
_ b sin ( et 1) i 2Z[j+1]_z[j])
9K —2 4.2 Jora (0)
p, =0
)2 F 2% +1)(20 + )7
_ ey <sm<<p+ )@+ 1) ) ( (21 + >
9K —2 4.9K-1 4-
2K-1_1
e (A D@A D (20 D7 I (QZUH} m)
4.9K-1 4.9 p.1=0 2 (0)

_1\20— K1 . )
= L\/QK;2 (SIV - diag(c) — C!¥% diag(s)) Jor1 <22b+1] - zm>

9K -1 9K -1 (0)

= (-1 )ZJ “ (C;Y( , - diag(s) — S;\If( , - diag(c )J (gzﬂ“ _Z[J]>

d
0 (e e 0 ) (o)

9 [J+1] Z[j])

Joko1 <2zb+1] z[j])

2K1

(6.11)
)

Using Lemma 6.6, we denote by

= 2K-1_1

oo ()

\fJ 7j—1
= x2J 7Y (2kpt1) ),
N 2K-1_1

RN i1 oRK-1_3 71
1. 1 —J- 2
b = <(;(}[]+ })Qk/—‘rl) ) — f (I‘QJ i— 1(2k’+1)> € R
p:

2f{ 1_1 21}—1
eR and
=0

=0

the two 2K ~Llength vectors of required entries of xIL, Combining (6.10) and (6.11) yields

Voi-K+2(_1)? ¢ (b0>

bl

. ~ [J+1] .
_ CI;;/\{ L dore 1C;K ) <d1ag(s) > Joia (2 25 J)
clv _,Cv D,%_, diag(c (2 G+

_ [ Lr Jara Clz\;/( C <diag(s) ' )
I2f<,1 _ng?fl C21~<—1 DQI?—I dlag(c)

(6.12)
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Note that the first matrix in (6.12) is invertible, as

12}}_1 J21~(—1 1 121?_1 121?_1 :(121?—1 1 )ZIQK' (6.13)
I2f<71 _Jgfffl 2 ']21?*1 _J2f{*1 i

Furthermore, since mll < M and thus K < L < j by definition, it follows that

2 o)

for all [ € {0, cee oK—1 _ 1}. Consequently, the entries of the vectors ¢ and s satisfy

(BN (1)t (B0 e (0 L), o

This implies that the third matrix in (6.12) is invertible as well, since the multiplication
of oddly indexed entries of ¢ with —1, caused by D,z _,, does not change the absolute
value of the determinant of the matrix. Thus, all matrices in (6.12) can be inverted and
we obtain that

Joi 1 (2Z%J)r1] - z[j]>

ok (ZZ[(%J)rl] — z[j]>

_ K 1 2K diag(s) CIQY?A
= V2i-K(-1) o v
diag(€)D,z_, C

21?71
121}71 Igf(—l (b0>
’ 1
JQIN{—l _J2f{71 b

- : S v
2i—K(-1)?" <d‘ag(5)02fm

b’ + b! (6.15)
diag(é)Dﬂ_lC;’?fl J,e (bY = b) :

2
(. (@I+)r -1
and S = (sm <4 oY l

=0

where

o (o (%2) ),

=0

I?—lfl I?—lfl

[7+1]

For recovering Z(g) it suffices to use the second 251

equations in (6.15), which yields

j Ly /o= iR L :
Z%Jl]:ﬂ 20K (—1)" " Iz, diag(€)Dyz Clic Iz (bo—bl)—i—zm). (6.16)

2]}—1

Then, by (6.7), zEle)r” can be found in O (2I~<—1) time as

b+1] _ j li+1]
z(]l) =J,z (zm — Z(]o) ) .
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[5+1] [j

Thus, by definition of 0 and Z(f)Ll], the reflected periodization xV*1 is given as
(z[j+1]>  fke {23'—21?*1,...,23'—1},
(0) k,2]+2K—1
+1] _ . , ' _
e = (z[]+1]> , ifke{QJ,...,2J+2K—1—1},
(1) k—2J
0 else
for k € {0, ¥ - 1}, since all possibly nonzero entries of xU*1 are determined by
[+1] [+1]

20 and Zy) - Note that D, z_, is a diagonal matrix and J,z_, is a permutation. Thus,
(6.16) implies that ZEJ[')J)FH can be computed by performing a DCT-IV with a runtime of
O (2[?_1 log 21?_1), and O (21?_1) further operations, while using 9K entries of xII. [J

i
0
in (6.15), we avoid inverting diag(s), which would be numerically less stable than inverting

diag(c), since for large K its nonzero entries are rather close to zero, whereas all nonzero

entries of diag(c) are greater than % O

Remark 6.14 Note that by choosing to compute z from the second 2K~ equations

As by restricting xU and XEJ(';)FH to vectors of length

(@) (m[ﬂ log m[j]) = O (M log M) time using 25 = O(M) samples of x'!, we have reason to
believe that the runtime reduction for case A is sufficient to obtain an IDCT-II algorithm
with overall runtime that is sublinear in the vector length, provided that we can also find a
fast method for case B. Furthermore, the procedure for case A has to be executed at most
once by Theorem 6.12. Since we do not know a priori for which j' € {L,...,J — 1} this
is the case, we need the runtime of the procedure from Theorem 6.13 to be subquadratic
in the bound M on the support length m of x in order to obtain an overall runtime that
is subquadratic in M. Note that a priori knowledge of the upper bound M is an integral
part of the procedure detailed in this section.

2K-1 wwe can recover xVT1 in

6.3.2 Recovery Procedure for Case B: No Collision

We still have to derive a method for case B of Theorem 6.12, so let us now suppose that
je{L,...,J —1}\ {j'}, where j is given by (6.4), i.e., that SVl ¢ Iyi_pp9i—1- Then
case B of Theorem 6.12 implies that if SVl = I ulil i), the values of the nonzero entries
of xUl and xU+1) are the same, with mlU*H = mll and

1] _ 1) _
SPH = e or SV =T i gy

Hence, we only need to determine whether the first support index of x4 is ,u[j‘H] = ,u[j]
or it =it — 1 Ul je,

X = (XU]> or xU+1 = 021 -
0,; J,ixU]

We can determine which is the correct first support index by employing a nonzero entry

of (X[j+”)n, similarly to the recovery procedure described in Section 5.5.2. First we
show how such a nonzero entry can be found efficiently, for which we will employ the
odd Vandermonde matrices defined in Section 4.4.
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Lemma 6.15 (Lemma 3.2 in [BP18a]) Let N = 27 with J € N. Let x € R" have a
short support of length m < M and assume that x satisfies (6.3). Suppose that we have

access to all entries of x!I. Set L = [logg M| +1and j € {L,....J — 1} \ {j'} with j/

PN miJl—1

. L

as in (6.4). Then ((x[]+1})2k+1> has at least one nonzero entry.
k=0

—mlil
and vl = ,u[j] + mll — 1, then by Theorem 6.12, case B, xU*1 has the short support
SUF of length mU+1 = mll and either

02j J2jX[]]

We want to guarantee the existence of an oddly indexed nonzero entry of (XU +1})H by
only looking at the first ml] ones. Recall that it follows from (6.5) that

Proof. If xU! has the short support SU! = L of length mU! for some /ﬁm €1y 9

~ 27 1
RN 1 , )
[i+1] _ v U+ [)
((w )%H)H 75C (2xfp = 7). (6.18)

Let us denote the support interval of xE] J)r” by S(%;ru and the support interval of an

arbitrary vector y € R"™ with short support by S(y). Then (6.17) yields that S([] ;rl] Sbl

or S(%)H] = (). Consequently, S([{)TH C SVl and S <2x[(]OJ)r1] —X[J]> C SUl. Restricting

6.18) to the rows corresponding to the first ml/ oddly indexed entries of (xU+1] I we
(6.18) p g y ,
find that

<(:E[j+1]>;lk+l>:b; 1 2 (@), )kiol’z” (ox571 )

2k+1)2l+ )7 [+1] ;
Z] cos < 1.2 (QX(]O) — xm>l

lesl

mlil—1

[©) -
<.

k=0

T il . ((2"%)“}_"[]'})1)165[;-1’ (6.19)

T[J] — (COS ((2k + 1)(2[ + 1)7T>>m[j]_1
42 k=0, 1eSl]

is the restriction of the cosine matrix of type IV without the normalization factor to
the first mU! rows and the mU! columns indexed by SUJ. Since ‘S’[J]’ = mll, T is a
quadratic matrix.

where

mlil—1
i
We assume now that the claim is false, i.e., that <( UH})%H) =0_1. By

showing that TV is invertible, which is possible with the help of Chebyshev polynomi-
als, (6.19) will yield a contradiction. Recall that by Lemma 4.14 (v), the Chebyshev
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polynomial of the first kind of degree n can be written as
n
T, (x) = cos(n arccos x) =: Z 1!
1=0

if |z] < 1. Note that it follows from Lemma 4.14 (iii) that we have for any k € Ny
a2k+1,gl:0 VZG{O,...,]C},

since Thg41 is an odd polynomial. Then Lemma 4.14 (vi) and the coefficient representa-
tion of the Chebyshev polynomials yield that

]

2k + 1)(20 + Dr ) ™!
= COS 9 2j+1
: k=0, €Sl

i
= (Top+1 (t2j+1,l))71?:]o,zésm

mlil—1
2k+1
!
- Y sty
r'=
=1 mod 2 k=0, 1€ Sl]
mlil_1 opp1ymbl—1
= (a2k+1,2r+1)k7r:0 ~(t2j+1’l )r:O,ZGSU] (6.20)
T
toj+1 .
Q1,1 0 0 0 (f2 :l)z?m
) 3
03,1 o3, 3 0 0 (t2]+17l )les[ﬂ
' 0
Qomlil—1,1 Xomlil-1,3 Qomlil-1,5 - - oplil_1 2mbl-1 <t . 2m[ﬂ—1>T
2 sl
_. X[j] . yodd (t _ ) T (6.21)
= Asdd 21,1) el | _

where we set agyi1,2,41 = 0 for r € {k—i—l,...,mm — 1} in (6.20). Recall that
yodd ((tQj +171) e S[ﬂ> denotes the odd Vandermonde matrix defined in Definition 4.15.

By Lemma 4.14 (ii), the triangular matrix ngld in (6.21) is invertible. Furthermore,

since SV C Iy iy, it follows that

20+ )7 T
5 o+ © ( ’5)
for all I € SUl. Consequently, we have that

20+ )
t2j+1’l — COS (223"‘1 c (0, 1)

This implies that ‘t2j+17k‘ # |t2j+17l‘ for all k # 1, k,1 € SU], as the cosine is bijective on
T
(0, g) Hence, the transposed odd Vandermonde matrix in (6.21), V°dd ((t2j+17l)l€S[j]> ,

is invertible by Lemma 4.16, so TU! can also be inverted.
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Recall that we assumed that (ar[j"'”)gk_i_l

and (6.21) yield

=0forallk € {0,... ,mll — 1}. Then (6.19)

fi mbil—1
0 1= ([J#ﬂ)
ml] ( v 2k+1 /) 1
1

= L (2 )

U1 _ 4]
21— x )l)lesm. (6.22)

2

< 0,u =

/~
/N

However, since j # j', we have by (6.17) that either

<+ — xl or  xWTl — 023" .
0y; J o xU]

In either case, (6.22) is only possible if xll = 0,,. This is a contradiction, as by assump-
tion x # Ox has a short support of length m and satisfies (6.3). Hence, there exists an

index ko € {0,... ,mbl — 1} such that (ac[j“])gkoJrl £ 0. O

Remark 6.16 For obtaining an efficient and stable implementation of the recovery
procedure for case B, we set
J—j—1 fi
ko :=  argmax {‘\/5 xg,,j,l(%ﬂ) } ,
ke{0,...,mbl-1}

where we use that (X[JH]) is given via Lemma 6.6. Then (x[]+1])2k0+1 # 0 and it
is likely that this entry is not too close to zero, which is supported empirically by the
numerical experiments in Section 6.5. O

Now that it is guaranteed that at least one of the first mll oddly indexed entries of

TN . . .
(X[j+1]) is nonzero, we will show how xU+1 can be computed from xV! and one such
nonzero entry in the following theorem.

Theorem 6.17 (Theorem 3.3 in [BP18a]) Let N = 2/ with J € N. Let x € RY
have a short support of length m < M and assume that x satisfies (6.3). Suppose that

we have access to all entries of x'1. Set L = [logy M| + 1, let j' as in (6.4) and let

je{L,....J =13\ {j'}. Then xUtY can be uniquely recovered from xV! and one
. . bl—1
J—j-1 m
nonzero entry of (\/5 / xéIJ_j_1(2k+1)>k:0

Proof. If xU! is known and has the short support SVl = Iu[j]yy[j] of length mU! for some

,u[j] € Iy 9i ) and vl = u[j] +mbl—1, there are precisely two vectors in R that arise
from repeatedly applying the reflected periodization to x and have the given reflected
periodization xU/! by Theorem 6.12, case B. They are

(7] ;
u’ = <XJ> and u':= 02 -
0y; szX[J]

188



6.3 Iterative Sparse Recovery Procedures

with short support
0 1
S(W) =T and S (ah) = Tyien gl g1yl

see also Figures 6.5 and 6.6. Hence, the vector u® has the first support index pl!, the

vector u' has the first support index 271 —ml! — ;U and both have a support of length
mb+1 = il

Analogously to the approach in Theorem 5.23, let us now compare the DCT-IIs of u®
and u'. Lemma 4.5 yields

(i)™
2k =0 _ P, (uO)H

il 21
(u )2k+1
k=0
5" )@ 5)6)
2 Cyi) I —Jo 0y;
1 (clt xU]
(% ay) ()

and
~\ 271
(Ul)H
2k k=0 _ i <Cg7 ) (Izj J2j > . 02j
\/i Cg\]/ IQj —J2j J2jx[.7]

V2 C;Y —Jgj (JQJX[j])

1 (cb) ™
V2 \_ (xb)™
Consequently, we find that
(Mg = = (W)5yys k€ {02 —1}, (6.23)

for all oddly indexed entries of (uO)H and (ul)H. In order to decide whether xl/+1 = 4°

1

or xUtl = q , We compare a nonzero entry

L\ I J-j-1 §
[+1] _ gm0
<x] )2k0+1 =V2 Tyr-i-iarg41) 70

to the corresponding entry of u’. By Lemma 6.15 such an entry can be found by examin-

ing mU! entries of xI, If (uo);IkOJrl = (ac[j“])I;kOH, it follows that xU+1 = u® by (6.23),
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. i RN ; .
and if (uo);ﬂH_1 = - (x[JH])Zko—i-l’ then we must have that xU+1) = u'. Numerically, we

set xU+1 = w0 if

01T J—j-1 fi Nl J—j—-1 fi
(“ )2k0+1 -V2 Tor—j-1(2kg+1)| < (“ )2k0+1 +V2 LT —i=1(2ko+1) | >

and xUt1 = u! otherwise. The required entry of u® can be computed from xV using
(@) (mm) = O(m) operations,

20+l

fi
(“0)2k0+1 = (CIQIJ'+1)2k0+1,l uf

I 7]
- (CQj+1)2kO+1,u[j]+l x#[ﬂH’
=0

since the support of xU/ and thus of u is already known from the previous iteration step.
Furthermore, the first support index ,u[jH] of xU+1l ig given via

IR N1t if xUH =,

so we know which of the two possible first support indices from Theorem 6.12 case B is
attained. ]

Recovering the vector xU T from xU! and an oddly indexed nonzero entry of (x[j H})H
via the procedure for case B has a runtime of O (mm) = O(m) and requires at most

mb! = O(m) samples of x!I. This contributes decidedly to obtaining an IDCT-II algo-
rithm with an overall runtime that is sublinear in the vector length IV, since the procedure
for case A has to be executed at most once by Theorem 6.12.

Note that, as for the procedure described in Section 6.3.1, a priori knowledge of an
upper bound M on the block length m is indispensable.

6.4 Real Sparse Fast IDCT-II for Vectors with Short
Support

In Section 6.3 we introduced the iterative methods required for the new sparse IDCT-II
for vectors x € RY, N = 27, with short support of length m < M that satisfy (6.3). In
this section we will summarize them into both an algorithm for the case that the support
length m of x is known exactly and an algorithm that only requires an upper bound
M > m on the support length. We will begin by detailing an algorithm for the case
that only an upper bound M on m is known and investigating its theoretical runtime
and sampling complexity. Afterwards, we will focus on the special case that the support
length m is known exactly, as in that case the more time consuming procedure from
Section 6.3.1 only has to be applied when there indeed has been collision of possibly
nonzero entries of x. Such an algorithm can be obtained easily by modifying the more
general method.
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6.4.1 Sparse Fast IDCT-II for Bounded Short Support Length

Let us first consider the case that an upper bound on the support length is known. More
precisely, we suppose that N = 27 with J > 2 and x € RY has a short support of
unknown length m, but that M > m is given a priori. Further, we assume that (6.3)
holds for x, i.e., that no relevant information about x is canceled out in the periodization

process, and that we can access all entries of xIl ¢ RV, Utilizing Lemma 6.6, the
algorithm begins by computing the initial vector

_ ~ 2l 1
M = cif <\@J ’ (‘ElzlJka) ) ,

k=0

where L := [log, M| + 1. This can be done with the help of a fast DCT-IIT algorithm
for vectors with full support, see, e.g., [PT05, Wan84|, since the DCT-III is the same as
the IDCT-II, as we saw in Theorem 4.2 (ii). By Lemma 6.9 the periodization x[* has
a short support of length m!X) < M. For j € {L,...,J — 1} we perform the following
iteration steps.

1) If the support of xU is contained in Ip; M, 2i—1, Tecover xU+1 ysing the procedure
given in Theorem 6.13.

2) If the support of xU! is not contained in Iy;_pp, 951, TECOVEr xU*1 using the pro-
cedure given in Theorem 6.17.

By Theorem 6.12, there is at most one index j/ such that SU'1 C L0 s 91, 5O we have
to apply step 1 at most once. The complete procedure is summarized in Algorithm 9.

Remark 6.18 (Remark 4.1 in [BP18a]) For finding the first support index pul* and
the support length m!X in line 2, as well as plU/t1) and mUtY in line 13 efficiently, we
choose a threshold € > 0 depending on the noise level of the data. In order to determine
the support of x!X, we define the set

Tl = {k €lpor_y: ‘mgf]‘ > 5} = {uy,...,up}

of indices corresponding to the significantly large entries of x/X). This set can be found
in O (2F) = O (M) time. Then we set

N[L] ‘=wu; and mlt = up —up + 1.

In order to find the support of xU* in step 1, recall that then j = j' € {L,...,J —1}.
Thus, it suffices by Theorem 6.12, case A to consider the set

e R e T ) 11 A BT SR I 8

where Q@ < ml! < M. Then TU+Y can be found in O (2;() = O (mll) = O(M) time as
well, and we define } }
p = and mbPt = 0g — v +1

in line 13. For step 2, i.e., for j € {L,...,J —1}\ {j'}, the first support index pli*!) and
the support length mli*+1 are computed in line 20 or line 23. %
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Algorithm 9 Real Sparse Fast IDCT-II for Vectors with Bounded Short Support Length
(Algorithm 1 in [BP18a)

Input: xﬁ, M, where the sought-after x € RV with N = 2/, J € N, has an unknown short
support of length at most M and satisfies (6.3), and noise threshold ¢ > 0.

J-L [ § 2h -1
L < [logy M| + 1 and x!*! + DCT-IIT {\/ﬁ ( e Lk)k L ]

—_

2: Find pl and mlt.

3: for j from L to J — 1 do

4 if pbl > 27 — M then

5: K + {log2 (2j - ,u[j]ﬂ +1
i) 2

6: 2 ( b 1+k)

7 b0<—\[JJ1(x

2
2J—i—1 2] K+1(2p+1)+1 )

. 1 J=i=1 [ 1
8: b — \/E xz] (2] K+1 2p+1) 1 >
9: 2B V2R (212 T ding(@ )D2K,1DCT-IV [J,% . (b° —bY)]
+%z[‘7]
‘ [j+1]) r ( [j+1]) ’>5
10: (ZEJO)H] «— (Z(O) B0 ), ’ kel ,xr
k 0 else, '
11: zgjl—;l] — Jym (Zm — z%';l])
Jj+1] . -
(z(o) k—2i 42K—1 R
[7+1] .
12: T — i+1] . kelyqiti_
k (2(31) . k€T, b 0r g 0,20+1-1
0 else,
13: Find zU+9 and mb+1,
14: else
J—j—1 ﬁ
15: ko + argmax {’f Ty j— 1(%“)’}
kel, 1
J i—1 i
16: [0 o \/> ‘T;IJ i=1(2ko+1)"
~ mlil_1
i 1 ko+1) (2(p1+0)+1) 7 \ 4]
17: (u0>2k0+1 I zgo cos ( S x:[ﬂﬂ
. o\ 11 o i1
18: vy < if | (u )2k0+1 al < |(u )2k0+1+0‘ )
1 else
19: if v, =0 then
b1 ;
91: xgg+1} “ zp itk € Lyt plitnpmli+u_1, ke ly gy
0 else, ’
22: else
(4]
24 xgg-«-l} — $2]j+1,1,k ifkel pli 1l i+ -1, k€ Iy gy
0 else, ’
25: end if
26: end if
27: end for

Output: x = x[7].
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6.4.2 Runtime and Sampling Bounds

Having presented our new algorithm we now prove that its runtime and sampling com-
plexity are sublinear in the vector length N and subquadratic in the bound M on the
support length. In Section 6.5.2 we will investigate the performance of Algorithm 9 with
respect to runtime and noisy input data in some numerical examples, also comparing it
to other sparse IDCT-II methods, including Algorithm 8.

Theorem 6.19 (Theorem 4.2 in [BP18a)]) Let N = 27 with J € N and x € RV
have a short support of length m < N. Assume that x satisfies (6.3). Further sup-
pose that only an upper bound M > m is known. Then Algorithm 9 has a runtime of

O (MlogM + mlog, %) and uses O (M + mlog, %) samples of x1L.

Proof. (i) Computing the initial vector x[X in line 1 via a 2%-length DCT-III has a
runtime of O (2L log 2L), as mentioned in Remark 4.8. It follows from Remark 6.18 that
finding p!¥l and m!™ in line 2 needs © (QL) operations.

If j = j' with j' as defined in (6.4), we have to apply the recovery step 1. The

computation of z[(%;rl] in lines 9 and 10 requires a DCT-IV of length 25~1 and further

operations of complexity O (21? _1>, since Dz, and diag(€) are diagonal matrices and
Jgf(_l is just a permutation. Computing z[(];)rl} and xU*Y in lines 11 and 12 and finding
pli 1 and mbU+1 in line 13 also needs O (21?_1) operations. Note that we can only

estimate that mll = O(M) and thus ok-1 — O(M), since m is not known apriori and
the support of xU can be located anywhere in the interval Iyj_pp,95—1. Consequently,
lines 6 to 13 have a runtime of O <2K_1 log 2K_1> = O(M log M), which was shown in
Section 4.2.

For j € {L,...,J —1}\ {j'} the support of xU! is not contained in the interval

Iyj_ g, 951, so we have to apply the recovery step 2. Finding a nonzero entry of (XU +”)H
in lines 15 and 16 requires O (mm) = O(m) operations by Lemma 6.15. The execution
of lines 17 to 24 has a runtime of O (mm) as well, since u” has a known short support
of length ml) and xU*Y has a short support of length mli+ = mll.

Hence, Algorithm 9 has an overall runtime of

~ T

O | 2K1log 2K + me =0O(MlogM + (J — L)m)
j=L
J#35'

N
=0 <M10gM—|—mlog2 M)

(ii) The initial vector x!* can be computed from 2% samples of < in line 1. Tf ji=173, we
need to use 2% < 25 samples in lines 7 and 8. Further, finding an oddly indexed nonzero

entry of (x[j+1])H in lines 15 and 16 requires at most mU! samples of X1 by Lemma 6.15,
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which yields a total sampling complexity of

_ o J-r

o2k +25+> mll | =0+ (J—L)ym)
j=L
J#5’

N
O]

Remark 6.20 If the upper bound M on the support length of x or the support length
m, and thus M, approach N, Algorithm 9 has a runtime of O(N log N), which is the same
order as the runtime of a full length fast IDCT-II. Further, then it requires O(N) samples

of xﬁ, which is the same as the sampling complexity of a full length fast IDCT-II. O

6.4.3 Sparse Fast IDCT-II for Exactly Known Short Support Length

Having introduced our new sparse IDCT-II for vectors with bounded short support
length, we can now modify Algorithm 9 to better fit the case where the support length
m of x is known exactly, i.e., if M = m. Since there is at most one index j’ for which
the support of xU'l is contained in the last m entries, the procedure from Theorem 6.13
only has to be applied if ml T < mU'+1 ie., if there was a collision of nonzero entries,
or if vl = 29" — 1 unlike in Algorithm 9.

We can simply replace M by m in Algorithm 9 to obtain the sparse IDCT-II for
vectors with exactly known short support length. Then we have that L := [logs m| + 1
and ml'l = 27" — i = ;i1 = O(m) and K = L. Note that mU+ = m for j > j/. For
this simplification we find the following runtime and sampling complexities.

Corollary 6.21 (Theorem 4.3 in [BP18a]) Let N = 27 with J € N and x € R" have
a short support of length m < N. Assume that x satisfies (6.3). Further suppose that m
is known exactly. Then Algorithm 9 has a runtime of O (m logm + mlog, %) and uses

O (m + mlog, %) samples of x'1.

6.5 Numerical Results for the Algorithms from Chapters 5
and 6

In the following section we will test the sparse IDFT and IDCT-II algorithms developed
in Chapters 5 and 6 numerically with respect to their runtime and stability for noisy input
data. First, we will evaluate Algorithm 7, the sparse IDFT algorithm for vectors with
reflected block support, and afterwards we will focus on the two new IDCT-II algorithms
for vectors with one-block or short support, Algorithms 8 and 9.

6.5.1 Numerical Results for Algorithm 7

Let us first present some numerical experiments regarding the runtime of Algorithm 7
and its robustness to noise. As our algorithm is deterministic and designed for vectors
with reflected block support, we only compare it to Algorithm 2.3 in [PWCW18| and to
MATLAB 2016b’s ifft routine, which is a fast and highly optimized implementation of the
fast inverse Fourier transform based on the FFTW library, see [FJ17, Thel8d, Thel8b].
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The sparse IDFT algorithm in [PWCW18| is suited for the fast reconstruction of an
arbitrary m-sparse vector y from its DFT y for small sparsities m and is the only general
sparse deterministic IDFT for vectors we are aware of.

Similarly as Algorithm 2 in [PW16a] and Algorithm 2.1 in [PW17a], Algorithm 2.3
in [PWCW18] recovers y iteratively from y and its periodizations y(©,y® . . y) It
finds the sparsity m of the vector y adaptively without a priori knowledge of m. The

(G+1)

main idea is to restrict the periodizations y() and y(g) to vectors of length m9) | where

m9) denotes the sparsity of y). Then it was shown that (5.3) can be restricted to m()
equations such that all occurring matrices are well-conditioned, which requires careful
considerations of the chosen equations. Employing additional stabilizing techniques,
Algorithm 2.3 in [PWCW18] achieves a runtime of O(M?log N) if M? < N.
Deterministic sparse FF'T methods like Algorithm 4, Algorithm 6 or the ones intro-
duced in [Iwel0,Iwel3, CLW16| are designed for 2m-periodic functions and rely heavily
on the fact that the function in question can be evaluated anywhere. They require very
complex sampling schemes, unlike the simple O (m log %) entries of y € C?V necessary
for Algorithm 7, and are thus not suited for a comparison. Methods like Algorithms 2 and
3 additionally have sparsity constraints that are not satisfied by reflected block sparsity.
Other deterministic sparse IDFT algorithms for vectors like Algorithm 2 in [PW16a| and
Algorithm 2.1 in [PW17a] also require y to have a one-block support and hence cannot
be compared to a method that is designed for vectors with reflected block support.
Algorithm 7 and Algorithm 2.3 in [PWCW18] have been implemented in MATLAB
2016b; the codes are freely available in [BP18e, PW17b|. We chose the implementation of
Algorithm 2.3 in [PWCW18] which uses Algorithm 4.5 in [PWCW18] to find m9) equa-
tions that yield well-conditioned matrices. Note that neither of the algorithms requires
a priori knowledge of the length of the support blocks or the sparsity, but that both
Algorithm 7 and Algorithm 2.3 in [PWCW 18] require that y satisfies (5.4), i.e., that

g A0 Vie{0,...,J}

for all k € {0,...,2N — 1} with y; # 0 for exact data and

W | =6 Vi {00}
for all £ € {0,...,2N — 1} with |yx| > ¢ for noisy data, where ¢ > 0 is a threshold
depending on the noise level.

Figure 6.9 shows the average runtimes of Algorithm 7 with noise threshold ¢ = 1074,
Algorithm 2.3 in [PWCW18| and MATLAB’s ifft applied to y for 100 randomly gener-
ated vectors y of length 2N = 22! with reflected block support of lengths varying between
5 and 50,000. The nonzero entries of the vectors are chosen between 0 and 10. For each
vector at most |(m — 2)/2] entries in the first support block, excluding the first and
last one, are randomly set to 0, and the second half of y is determined by its symmetry
y = Jany.

Applying Algorithm 2.3 in [PWCW 18] to 2m-sparse vectors is very unstable for increas-
ing sparsities m, as it often has to solve a close to singular equation system. This is due
to the fact that the algorithm is optimized for general sparse vectors and does not utilize
the special structure of y at all. Hence, we decided to only measure its runtime for block
lengths up to m = 30. Obviously, any comparison to the highly optimized ifft must be
flawed; however, we can discern that Algorithm 7 and Algorithm 2.3 in [PWCW18] are
both much faster than ifft for sufficiently small block lengths. The former algorithm
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Figure 6.9: Average runtimes of Algorithm 7 with threshold ¢ = 104, Algorithm 2.3 in
[PWCW18| and MATLAB’s ifft for 100 random input vectors with reflected
block support of block length m and vector length 2N = 22!

achieves faster runtimes for block lengths up to m = 10,000, while the latter does so
at least for block lengths up to m = 30. Note that by setting at most |(m — 2)/2] - 2
entries inside the support blocks randomly to 0, the actual sparsity of y can be almost
as low as m. This barely affects the runtime of Algorithm 7, but it decreases the average
runtime of Algorithm 2.3 in [PWCW18|. As can be seen from Table 6.1 presenting the
average reconstruction errors for exact data, Algorithm 2.3 in [PWCW 18] is not accurate
for block lengths of m = 20 or greater, and, as we found out during the experiments, not
even consistently accurate for block lengths up to m = 10.

m  Algorithm 7 Algorithm 2.3 in [PWCW18§| ifft

5 4.2.10720 3.4-1078 3.8-1072

10 8.0-10720 1.4-10° 4.8-1072

20 2.2-10719 3.1-107 7.0-10721

30 6.6-1071 3.9-108 8.3-10721

100 1.5-10718 — 1.5-10720
1,000 7.7-10714 — 4.7-10720
10,000 3.6-10712 — 1.5-10719
50,000 1.3-10~ — 3.5-10~1

Table 6.1: Reconstruction errors for the three IDFT algorithms for exact data

Still, for block lengths up to m = 10, this method is much faster than Algorithm 7.
For block lengths up to m = 100, Algorithm 7 achieves an accuracy close to that of 1fft,
and even for m = 50,000 its reconstruction error is small.

Next we examine the robustness of the algorithms with respect to noisy data. Since
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6.5 Numerical Results for the Algorithms from Chapters 5 and 6

Algorithm 2.3 in [PWCW18] is not suitable for noisy data due to ill-conditioned equation
systems having to be solved, we will only consider Algorithm 7 and MATLAB’s ifft
hereafter. Disturbed Fourier data z € C?V is created by adding uniform noise n € C2V
to the given data y,

z2=y+n.

We measure the noise with the signal-to-noise ratio (SNR),

SNR;:20-bngZF.
2

Figures 6.10 and 6.11 depict the average reconstruction errors ||y —y’||2/(2N) for block
lengths m = 100 and m = 1,000, where y denotes the original vector and y’ the re-
construction by the corresponding algorithm applied to z. Note that for noisy data the
resulting vector y’ does no longer have an exact reflected block support, but the support
blocks have entries that are significantly greater than the noise and can thus be found
by the stable support detection procedures presented in Section 5.6.1. The threshold &

1074 | : :
i Algorithm 7 —s —
ifft
1075 ¥~
3 ~.
~v.
\ ~
- \ ~
o _6 Ao
m;; 10 <
~
O
L \ .
-7 s 4
10 F N i
~
v
1078
0 10 20 30 40 50
SNR

Figure 6.10: Average reconstruction errors ||y — y’|l2/(2N) of Algorithm 7 and ifft for
100 random input vectors with reflected block support of block length m =
100 and vector length 2N = 22!

for Algorithm 7 is chosen according to Table 6.2.

SNR 0 10 20 30 40 50
€ 1.70 120 040 0.19 0.05 0.02

Table 6.2: Threshold € for Algorithm 7

We cannot recommend general heuristics on how to choose ¢ for other values of N
and m so far, though, as ¢ depends non-trivially on the entries of y and the noise
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Figure 6.11: Average reconstruction errors ||y — y’||2/(2N) of Algorithm 7 and ifft for
100 random input vectors with reflected block support of block length m =
1,000 and vector length 2N = 221

1, which is added to the given data y. However, ¢ is essentially only used to detect
the support blocks of the periodizations y(j). Thus, good values for it can be found
by testing different parameters € and comparing the found support indices of y’ and the
corresponding entries. If the SNR of the input data can be estimated, € can be optimized
using synthetic data. Too small values for € result in smaller reconstruction errors, but
overestimated support lengths; too large values result in higher reconstruction errors and
higher rates of correct recovery. Depending on the application, different choices of ¢ are
viable.

The values in Table 6.2 were found via an attempt to minimize the approximation
error and maximize the rate of correct recovery for the given setting. Both for m = 100
and m = 1,000 we see that the reconstruction by Algorithm 7 yields a smaller error than
the one by ifft for all considered noise levels.

Since for vectors with reflected block support the structure is especially important,
we also examine whether Algorithm 7 can correctly identify the support blocks of y for
noisy input data. Especially for high noise levels Algorithm 7 tends to overestimate the
true length of the support blocks. Table 6.3 shows the rates of correct recovery of the
support.

In the second and fourth column we present the rate of correct recovery, where we
consider y to be correctly recovered by y’ if the support of the two blocks of the original
vector y is contained in the support blocks found by the algorithm. In the third and fifth
column we additionally require that the block length m’ found by Algorithm 7 satisfies
m’ < 3m in order to illustrate whether the block lengths are significantly overestimated
or not.

For SNR values of 20 or more our IDFT method has a very high rate of correct recovery
in the sense that the original support is contained in the reconstructed one. For these
noise levels the block length of y’ is also almost always at most 3m.
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6.5 Numerical Results for the Algorithms from Chapters 5 and 6

Rate of Correct Recovery in % Using Algorithm 7 for

oNg = 100 m = 100 m = 1,000 m = 1,000

m!’ < 3m = 300 m’ < 3m = 3,000
0 70 49 69 47
10 70 70 74 68
20 86 83 93 85
30 98 98 94 93
40 99 98 97 93
50 100 100 99 98

Table 6.3: Rate of correct recovery of the support of y in percent for Algorithm 7, without
bounding m’ and with m’ < 3m, for the 100 random input vectors with block
length m = 100 and m = 1,000 from Figures 6.10 and 6.11

6.5.2 Numerical Results for Algorithms 8 and 9

In the following section we evaluate the performances of Algorithm 8 and Algorithm 9,
in the variant for exactly known support lengths and for bounded short support lengths,
with respect to runtime and robustness to noise. To the best of our knowledge most
existing sparse IDCT-II algorithms use an approach of computing x by recovering the
vector y = (x7,(Jyx)T)T from y by an unstructured and thus inefficient 2m-sparse
IDFT. Solely Algorithm 8 utilizes an IDFT approach especially tailored to the structure
of y, so we only compare our algorithms to MATLAB 2018a’s idct routine, which is
part of the Signal Processing Toolbox, see [Thel8c|. idct is a fast and highly optimized
implementation of the fast inverse cosine transform of type II. Note that, compared to the
implementation of idct in MATLAB 2016b, which we used for the numerical experiments
in [BP18a| and in Section 6.5.1, the runtime of idct in MATLAB 2018a has reduced
by almost half for arbitrary nonnegative vectors of length N = 220 on the machine
used for the experiments, which is why the results of the numerical experiments with
respect to runtime in this section are different from the ones in [BP18a|, Section 6.2. All
algorithms have been implemented in MATLAB 2018a, and the code is freely available
in [BP18b, BP18d|. Recall that Algorithm 8 does not require any a priori knowledge of
the support length, but needs that for x € R2 the vector y = xT, (Iyx)D)T € R2

satisfies
27+1-7—1

Y kau|>e Vie{0,...,J+1}
=0

for all |yx| > € for a noise threshold € > 0. Algorithm 9, on the other hand, requires an
upper bound M > m on the support length and that x € R2” satisfies

> ¢ if m is even.

‘ZL'H[J] > g, |33V[J]| >¢ and ‘ZL'M[J] + 1

Figure 6.12 shows the average runtimes of Algorithm 8, Algorithm 9 for exactly known
support lengths, i.e., for M =m, and for bounded short support lengths with M = 3m,
and idct applied to xI for 1,000 randomly generated 2%2°-length vectors x with short
support of lengths varying between 10 and 500,000. For Algorithms 8 and 9 we use the
noise threshold ¢ = 1074, The nonzero entries of the vectors are chosen randomly with
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Figure 6.12: Average runtimes of Algorithm 8 and Algorithm 9 for exactly known short
support and for bounded short support with e = 107*, and MATLAB’s idct
for 1,000 random input vectors with short support of length m, bound M =
3m and vector length N = 220

uniform distribution between 0 and 10, with x ul1 and 1) chosen from (e, 10]. For each
vector at most | (m — 2)/2] entries in the support block, excluding the first and last one,
are randomly set to 0. Hence, both (5.4) and (6.3) hold. Since for m = 500,000 we have
that M = 3m > N, we only execute Algorithm 9 in the variant for bounded support
lengths up to m = 100,000.

Of course the comparison of the sparse IDCT-II algorithms to the highly optimized,
support length independent idct routine must be flawed; however, one can see that all
three sparse IDCT-II procedures are much faster than idct for sufficiently small support
lengths. Algorithm 8 is faster than idct for block lengths up to m = 1,000. For exactly
known support lengths Algorithm 9 achieves smaller runtimes for block lengths up to
m = 100,000, and for bounded support lengths this is the case for block lengths up
to m = 50,000, where the known bound on the block length is M = 150,000. Both
variants of Algorithm 9 are about an order of magnitude faster than Algorithm 8 for
block lengths up to m = 10%, and, if m is known exactly, even for all considered block
lengths. If M = 3m, Algorithm 9 allows for an effective sparsity of three times the actual
size in the method for case A of Theorem 6.12, which results in a runtime increasing faster
than for the variant where m is known exactly.

Note that by setting |(m — 2)/2] entries inside the support to zero, the actual sparsity
of x can be almost as low as m/2; however, this barely affects the runtime of any of
the considered algorithms, if at all. It follows from Table 6.4, presenting the average
reconstruction errors for exact data for all four considered methods, that, while the
sparse IDCT-II algorithms only achieve reconstruction errors comparable to those of
idct if m < 100, their outputs are still very accurate. Note that, with x € RQQD, for
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6.5 Numerical Results for the Algorithms from Chapters 5 and 6

Algorithm 8 Algorithm 9, Algorithm 9, idct

10 1.3-107% 1.8-10720 1.7-10720  7.8.1072

100 4.9-10718 5.3-10720 3.9.10720  24.107%
1,000 4.9.10713 7.5-1071 41-107%  7.6-10720
10,000 3.9-107'2 1.0-10712 1.4-10712  24.1071
50,000 1.5-107!1 3.6-10712 29-1072  54-.1071
100,000 2.9.10~ 7.5-10712 76-1071  76-10"1
500,000 9.6-10~11 1.7-10718 — 1.7-10718

Table 6.4: Reconstruction errors for the four IDCT-II algorithms for exact data

M = m = 500,000, we obtain that
L = [log, 500,000] + 1 = 20,

so in line 1, Algorithm 9 computes x29) = x directly via a full length DCT-III, thus
resulting in a much lower reconstruction error than for M = m = 100,000. Similarly, for
M = 3m = 300,000, we also have that L = 20, which explains the small reconstruction
error for Algorithm 9 in the bounded support case for m = 100,000.

We also investigate the robustness of Algorithms 8 and 9 for noisy data. Dlsturbed
cosine data z!l € RY is created by adding uniform noise n € RY to the given data x'

2= x4 n.

As in Section 6.5.1, we measure the noise with the signal-to-noise ratio (SNR), given by

Figures 6.13 and 6.14 depict the average reconstruction errors ||x —x’||, /N, where x
denotes the original vector and x" the reconstruction by the corresponding algorithm

SNR := 20 - log; Tl
2

applied to z!! for support lengths m = 100 and m = 1,000.

The threshold parameters € for Algorithm 8 and both variants of Algorithm 9 are
chosen according to Table 6.5. All parameters were obtained in an attempt to minimize
the reconstruction error and maximize the rate of correct recovery. Similarly to the choice
of € for Algorithm 7, we cannot recommend good general heuristics for the choice of ¢ for
Algorithms 8 and 9. Usually, Algorithm 8 requires slightly higher noise thresholds than
Algorithm 7, which might be caused by the numerical errors induced by the computation
of the samples of y from x1. For Algorithm 9 the threshold ¢ is also basically only
used to detect the first support indices of the reflected periodizations. Again, all we can
suggest is to test different values for € on synthetic data.

For m = 100 and SNR values greater than 10, Algorithm 9 with M = 3m has the
smallest reconstruction error, with Algorithm 8 achieving very similar errors. For exactly
known support lengths, the reconstruction error of Algorithm 9 is slightly larger and
comparable to the one of idct, albeit being smaller than the latter. Similar behavior can
be observed for m = 1,000 for these two methods. Algorithms 8 and 9 have comparable
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Figure 6.13: Average reconstruction errors ||x — x’||2/N of Algorithm 8, Algorithm 9 for
M =m and M = 3m and idct for 1,000 random input vectors with support
length m and vector length N = 220
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Figure 6.14: Average reconstruction errors ||x — x’||2/N of Algorithm 8, Algorithm 9 for
M =m and M = 3m and idct for 1,000 random input vectors with support
length m and vector length N = 220

reconstruction errors for m = 1,000 with no method performing better than the other
for all SNR values.
In certain applications the support of x might be of importance as an output; hence, we
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Alg. 8  Alg. 9, Alg. 9,

SNR m =100 m = 1,000
0 2.50 2.50 2.50
10 1.80 2.00 2.10
20 1.00 1.00 1.50
30 0.50 0.40 0.85
40 0.15 0.15 0.20
50 0.05 0.05 0.10

Table 6.5: Threshold € for Algorithm 8 and Algorithm 9

also examine whether the sparse IDCT-II algorithms can correctly identify the support
for noisy input data. Tables 6.6 and 6.7 show the rates of correct recovery of the support
for m = 100 and m = 1,000. As Algorithms 8 and 9 tend to overestimate the support

Rate of Correct Recovery in % for m = 100
Alg. 8  Alg. 8, Alg. 9, Alg. 9, Alg. 9,

SNR M=m M=3m M=3m,

m' < 3m m' < 3m
0 83.1 77.1 61.6 89.9 0.0
10 97.6 97.4 64.0 98.7 85.4
20 100.0 100.0 95.1 100.0 96.2
30 100.0 100.0 99.3 100.0 98.6
40 100.0 100.0 99.9 100.0 99.4
50 100.0 100.0 100.0 100.0 99.9

Table 6.6: Rate of correct recovery of the support of x in % for Algorithm 8 and Algorithm
9 for M = m and M = 3m, without bounding m’ and with m’ < 3m, for 1,000
random input vectors with support length m = 100 from Figure 6.13

for noisy data, we consider x to be correctly recovered by x’ in the second, fourth and
fifth column if the support of x is contained in the support interval returned by the
sparse IDCT-II algorithms. In the third and sixth column we additionally require that
the support length m’ obtained by the procedures satisfies m’ < 3m. Note that if m is
known exactly, Algorithm 9 will not overestimate the support length m.

For SNR values of 20 and greater all sparse IDCT-II algorithms have very high rates
of correct recovery. Algorithm 9 for bounded short support overestimates the support
length by more than a factor three in less than 4% of the cases for SNR values of 20 or
more for m = 100 and in less than 6 % of the cases for SNR values of 40 or more for
m = 1,000. Algorithm 8 never overestimates the support length for m = 100 and in less
than 1% of the cases for m = 1,000, for SNR values of 20 or more.

Summing up the findings gleaned from the numerical experiments described above,
we can conclude that Algorithm 9, because of its significantly smaller runtime, is the
algorithm of choice for any setting where an a priori bound M on the support length
m of the real vector x € RV, N = 27, with short support is known. This is true both
for noisy and exact data, since Algorithm 8 and Algorithm 9 perform similarly for noisy
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Rate of Correct Recovery in % for m = 1,000
Alg. 8  Alg. 8, Alg. 9, Alg. 9, Alg. 9,

SNR M=m M=3m M=3m,

m' < 3m m' < 3m
0 83.1 68.0 51.6 88.0 0.0
10 96.4 95.0 51.6 93.4 53.7
20 100.0 99.7 99.4 100.0 84.5
30 100.0 99.6 100.0 100.0 89.3
40 100.0 99.8 100.0 100.0 94.8
50 100.0 99.8 100.0 100.0 98.1

Table 6.7: Rate of correct recovery of the support of x in % for Algorithm 8 and Algorithm
9 for M = m and M = 3m, without bounding m’ and with m’ < 3m, for 1,000
random input vectors with support length m = 1,000 from Figure 6.14

data, as long as M > m. The slightly worse reconstruction error of Algorithm 9 for
the case that M = m is caused by the fact that a slightly overestimated support length
leaves more room for detecting the first support indices correctly.

However, if no a priori knowledge of the support length is given or if one does not
know whether the vector has a short or a one-block support, i.e., it is not clear whether
the support is wrapped periodically around the boundary of the vector or not, then
Algorithm 9 cannot be applied, but one can still use Algorithm 8, which detects the
support length on the fly. The latter algorithm also has a slightly higher rate of correctly
recovering the support of x.

In settings where it is more important to obtain the first and last support index cor-
rectly than it is to obtain them as fast as possible, the usage of Algorithm 8 is also
recommendable, especially since this method tends to overestimate the support length
less than Algorithm 9.
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7 Real 2D Block Sparse Fast IDCT-II

In Chapters 5 and 6 we derived two different algorithms for recovering a vector x € RN
from its DCT-II transformed vector, x!I, under the assumption that x has a one-block or
a short support, respectively. Many practical applications of the DCT-II concern higher
dimensional objects like images or videos. In this chapter we will derive a 2-dimensional
IDCT-II algorithm for sparse matrices.

This chapter contains completely new, previously unpublished results, which I devel-
oped by myself.

In order to obtain a new sparse 2-dimensional IDCT-II algorithm, we will transfer the
ideas presented in Chapter 6 to the 2-dimensional setting of sparse matrices. Instead
of a short support we will now consider a block support, meaning that the support of
a matrix A € RMXN A = 2/r N = 27¢_is contained in a rectangle of size m x n,
where both m and n are small compared to the matrix sizes M and N. The concept of
reflected periodizations for vectors can be directly generalized to matrices. Hence, our
new algorithm will be based on reconstructing A iteratively from its DCT-II transformed
matrix, A, and its reflected periodizations AL AL A for some suitably chosen
starting index L. It will only employ real arithmetic and shorter 2-dimensional DC'Ts,
instead of performing 1-dimensional M- and N-length IDCT-IIs row- and column-wise as
described in Section 4.3. Analogously to Chapter 6, our 2-dimensional IDCT-II algorithm
will require a priori knowledge of upper bounds bg > m and bo > n on the number of
support rows and columns, respectively. As far as we are aware, the algorithm we will
develop hereafter is the first existing 2-dimensional sparse IDCT-II algorithm that only
uses real arithmetic.

7.1 Preliminaries

Throughout this chapter we will always consider a matrix A € RM*N  where M = 277
and N = 27¢ with Jg, Jo € N. Further, we will assume that A has a block support of
size m X n, and that upper bounds bgr > m and bg > n are known.

Remark 7.1 A natural idea for deriving a fast 2-dimensional IDCT-II algorithm for
matrices with block support would be to apply either Algorithm 8 or Algorithm 9 both
row- and column-wise, analogously to one of the methods for obtaining fast full-sized
2-dimensional IDCT-IT algorithms from Section 4.3. However, close examination of the
definition of the 2-dimensional DCT-II shows that neither of the 1-dimensional sparse
IDCT-II methods developed in this thesis is feasible for this problem. Recall that for a
matrix A € RM*N we have by Definition 4.9 that

I T
Al = C)ACK

Let us assume that A has a block support of size m x n. We will now check whether the
preconditions of Algorithms 8 and 9 for reconstructing AC}\I,T from Al = CI, (ACE\I,T)

are satisfied. Since AC}\I[T = (CE\I[AT)T, i.e., a 1-dimensional DCT-II is applied to all
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rows of A, it follows that each column of ACE\I,T has a short support of length m. Thus,
all but the n rows of ACE\I,T that correspond to the support of the columns only consist

of zeros. However, having a short support in all columns of AC%T is not the only
condition that has to be satisfied if we want to apply Algorithms 8 and 9 to all columns
of A, Additionally, Algorithm 8 requires that we have for each column a,; of ACE\I,T,
1€{0,...,N — 1}, that

%) 0 Vje{0,...,log, N
(y”l kmode# J {7"'a0g2 }>
if (y.1), # 0, where y, ; == (a_,lT, (JNa_J)T)T and y_(jl) denotes the 2/-length periodiza-
tion of y, ; according to Definition 5.7. For Algorithm 9 it is necessary that we have

for the first and last support indices ul[JR} and VlJR} of each column a, ; € R2E — M of

ACUT € RMXN that
[Jr] [JR]
(a”l ),U,EJR] + (a.,l )l/l[JR] 7£ 0

if m is even. Neither of these two conditions can be satisfied without extensive knowledge
of the matrix A we aim to recover. In general, even if A € R%XN or A € R%XN , the

nonzero entries of ACE\I,T are not all positive or all negative. Consider for example the

matrix
0 0
_ 2 8 8x8
A= 3 9 eR
0 0
with block support of size 2 x 2. Then we obtain that
0 e e 0
0 0

n? _ 354 —0.59 —4.62 1.67 3.54 —-249 -—-191 294

ACy 3.54 059 —-4.62 -1.67 354 249 —-191 -—-2.94
0 . e 0
0 e e 0

However, this matrix satisfies neither the non-cancellation condition (5.4) required by
Algorithm 8 nor the non-cancellation condition (6.3) for Algorithm 9. For the column
indexed by 1 we find that

a1~ (0,0,0,-0.59,0.59,0,0,0)7,
T T T
y-71 = (a"l 9 (JNa-, 1) > ~ (07070’70'5970'59707070707 0’0)05977059707070) Y

v =(0,0,0,0,0,0,0,0)7,
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7.1 Preliminaries

and further, since (al'}) |, + (al!}) , ~-0.59+059 =0,
M1

. 44] ~

all ~ (0,0,0,-0.59,0.59,0,0,0)7,

.
)

a’] = (0,0,0,0)7.

Thus, we have to develop new sparse IDCT-II methods for the 2-dimensional case.

In order to obtain a sparse 2-dimensional IDCT-II algorithm, we will adapt techniques
used in Chapter 6 for the reconstruction of vectors with short support from their DCT-II
to the 2-dimensional setting. First, we need to define a generalization of the definition
of a short support to matrices.

Definition 7.2 (Block Support I) Let M = 2% and N = 27¢ with Jg, Jo € N, and
let J := min{Jg, Jo}. We say that A = (ak,l)ﬁ/[l_zld N=1 e RM*N Yas a block support of
size m x n if m and n are the minimal integers such that

a1 =0 VD E L L
for some ME{{] € {0,...,M —m} and ,u[(}]] € {0,...,N — n} with V][%J] = ,ug‘%]] +m—1
and 1/[6:]] = ,u[c‘{] 4+ n — 1. Further, there have to exist indices kg, ki € I#[J] e and
R "R

lo,l1 € I 15y 15 such that
)u‘C 7Vc

au%’]JU 75 0, CLV[J] I 75 0, akovﬂ[é]] 75 0, and akl,l/g] 75 0.

R

The intervals S}[%]] = IM[J] () and Sg] = IM[J] () are called the row and column support
R VR c Vo

of A, respectively. The set Sl = SE%J} X Sg] is called the support block. Further, the

indices ug] and u[clﬂ are called the first row and column support indices, and 1/1[_-‘{]] and l/g ]

the last row and column support indices.

Remark 7.3 Note that, as in Chapter 6, we do not allow the support block to be
wrapped periodically around any of the boundaries of the matrix. Consequently, the
support block sizes m and n, and the first and last row and column support indices are
uniquely determined. Instead of S, ml/l and nl/! ete., we usually write S, m and n.
Analogously to the 1-dimensional cases in Chapters 5 and 6, the block S!/! contains all
indices at which the matrix A has nonzero entries, while A may also be zero at indices
contained in S, since we need the support of A to be a block in Ny x Ny for some of
the theoretical concepts used hereafter. %

If we want to transfer the techniques used in Chapter 6 to the 2-dimensional setting,
we need to define an analog to the reflectedly periodized vectors xU) € R of x € RV,
N = 27, from Definition 6.4. For this we first introduce some more notation to generalize
the concept of first and second half of a vector.
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7 Real 2D Block Sparse Fast IDCT-I1

Definition 7.4 (Notation) Let M = 2/ and N = 27¢ for Jg, Jo € N. For a matrix
A € R¥FX2C ipc{1,...,Jr}, jo € {1,...,Jc}, we denote by

. 2/r—1_-1,2ic—1-1 . 2iR=1-1,2/ic -1
A0,0) = (ak, 1)}, 10 : Ay = (k1)) 1Zyic—1

. 2iR—1,2ic—1_1 L 2IR—1,2iC —1
A(1,0) = (ak7l)k‘:2jR_17l:O » A(070) = (ak;7l)k:2jR—17l:2jC—1 )

the four quadrants of size 27871 x 27071 of A i.e.,

A (A(om A<071>>‘
Awo Aqy

Definition 7.4 allows us to extend the notion of reflected periodizations to matrices.

Definition 7.5 (Reflected Periodization) Let M = 2/% and N = 27¢, Jg, Jo € N.
Let A € RM*N. Set J := min{Jg, Jo} and AVl .= A For j € {0,...,J — 1} let
MU} .= 9/r=J+i Nl .= 2Jc=J+J and define the reflected periodization AUl e RMVIx NI

; j+1 +1 +1 j+1

By definition, for any j € {0, ..., J—1}, the reflected periodization ALl ¢ RMVNU 4

obtained by first adding the bottom left quadrant with reverse-ordered rows, J M[j]A[(ji 01)],

to the top left quadrant AE%JBI)], and the bottom right quadrant with reverse-ordered rows,
JM[J-]AEJ.;[—%], to the top right quadrant, A[(J;_ll)}.
half of the matrix is added with reverse-ordered columns, <A[j +1l +J M[j]A[j +1]) J niis

(0,1) (1,1)
to the sum arising from the left half of the matrix, AEJOJE)] + JM[j]A[jJOl)]. See Figure 7.1

and Example 7.6 for an illustration. One can also visualize the reflected periodization

Then the sum originating from the right

[7+1] [7+1]
Ao | Ao
J st e | e J
J J
Aoy | A
[7+1] [7+1] [7+1] [7+1]
” ( Aoy + IniAlg) [ Apy TIuuAdy )
Jyu

- ()

Figure 7.1: Visualization of the reflected periodization

by imagining folding a piece of paper twice, halving first the vertical edges and then the
horizontal ones.
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7.1 Preliminaries

Example 7.6 Let A € R®*® with nonzero entries a3 3, a3, 4,a4.3, 04,4, i.€.,

0 0 0 0
0 0
0 0 0 0
A — 0 0 0 asz 3 | as, 4 0 0 0
0 0 O Q4.3 | 4,4 0 0 O
0 0 0 0
0 0
0 0 0 0

Performing first a folding of the columns, i.e., adding the bottom half of A with reverse-
ordered rows to the top half of A, we obtain the intermediate matrix

0 0 0 0
0 0
0 0 0 0
0 0 0 a3,3+a4,3 | a3,4 + Q4,4 0 0 0

Folding the rows, i.e., adding the right half of the intermediate matrix with reverse-
ordered columns to its left half, now yields the reflected periodization A2 e R**4,

0 0 0 0

2 _ 0 0

A 0 0
0 0 0 a3 3+ag3+azs+agy

O

Remark 7.7 We can also apply the factorization of the cosine matrix of type II from
Lemma 4.5 in the 2-dimensional case, which can be used to motivate the definition of
the reflected periodization for matrices. Recall that for N € N even we have that

Let M = 278 and N = 27¢ with Jg, JJo € N, and A € RM*Y, Then we obtain for all
j€{0,...,J —1} that

(A[j+1]>ﬁ

= CﬁmuAUH]Cgmu
1 ci Loy Juu : Ivig  Ing

- P T Ml > ( Ml MlF] )A[J-i—l} ( Nl N >
g MU+ ( CVi) Iy = w0 I —JIn

T
CH )
( NUI CIV T PN[jJrl]
Nl

T
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7 Real 2D Block Sparse Fast IDCT-I1

[i+1] [i+1] [i+1] [j+1]
S . (CRM > Aoy TIuiAdy Ao +JM“]A(J )
S M C 1] 1 Al 1

T
Iy Inw cl _
\J J N v | Pabitu
Nl I N Cyu

j A +1]
= 1PM[jJrl (C]\I/M v > A A({M) CE]U]T Py
2 Chru/ | g+ zl+1 Cyu

(1,0) (1,1)

_ o[ Chualicl,” oy, Ao,
= §PM[j+1] . P i+, (7.1)
Cﬁ\}[/[J]A[(]Jrl)]CH C%[J]Agjlﬁl)]clv
where
G4+1] . A F+1] [7+1] [7+1] [7+1]
AUl — A(J 0 = A(JOO)JFJM[]AJ +(A(]01 +J i A( )>JN[]-],
+1 +1 +1 +1 Jj+1
AR = AR+ 3 Al - (AR 3 AR I, -
7.2
U+1] . A L+ b +1] +1 [7+1]
A(J 0 = A(jO 0) — J 0 AJ + (A(]O 1) [j]A(J]-,l) ) J v,
G+1] . A G+1] [7+1] [+1] [7+1]
A(j1 1) A(Jo 0) = J A(j1 0) (A(jo 1) A( 1) ) Jyi
Using that
P i1 (A[]Jrl]) Pyien’
MUl—1 N1 ~ MUl—1. N1
il ’ il ’
_ ( @2k Zl)k, 1=0 (%k, 25“)1@,1:0 (7.3)
B 4 Mbl—1, N1 4 MUl_1, N1 |’ ‘
(a2k+1,21)k7l:0 (a2k+1,21+1>k7 10
we also find that (7.1) is equivalent to
—~ MUl—1. N1 ~ MUl—1. N1
i k i '
(a2k,2l>k’ -0 (%k, 2l+1>k7l:0
~ MUl—_1. N1 ~ MUl—1 NUT1
i ’ i ’
<a2k+1, 21) ko 1=0 <a2k+1, 21+1) k. 1=0
_ 1 ChAYCh, Ol AR R (7.4)
T2 [i+1] T [i+1] ‘ '
C%[J]A(J 0) C?\I[[J Ci\)[/[J]A(jl 1) CIV
O

By (7.1) it is evident that the reflected periodization for matrices, which is given in
Definition 7.5, occurs naturally for the 2-dimensional DCT-II if the factorization of CRI,
from Lemma 4.5 is used. The concept of reflected periodizations is of such importance for
developing a fast 2-dimensional IDCT-II algorithm, because the DCT-IIs of the reflected
periodizations are already completely determined by the DCT-II of A, similarly to the
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1-dimensional case in Lemma 6.6.

Lemma 7.8 Let M = 2/% and N = 27¢ with Jg,Jo € N. Let A € RM*V. Set
J =min{Jg, Jo} and let j € {0,...,J}. Then (A[j])H satisfies

N ) Mll—1, Nlil—1
A" 225 (o) |
( 27k, 2791) g

Proof. We show the lemma by induction. For j = J the claim holds, since AVl = A
by definition. Now we assume that the induction hypothesis is satisfied for some index
j+1e€{l1,...,J} and prove that the claim also holds for j. By (7.1) we find that

~ I A li+1]
P, Al IP _ T_l (Am) CH 'A(JO 1) CIV
MUi+1] NUH =5 cv A[]Jrl]CII T CIV A[ﬂl}clv
MUY (1,0) (1,1)

Consequently, the induction hypothesis and (7.3), applied to the upper left quadrant of
the right-hand side, yield

MUl—1, N1

<AM)H =2 ((AUH]);,%) k,1=0

g (]+1) i MUI—1, NIl
=2 (2 Aor—(i+1)9, 27— (a+1)21)

k,1=0

)MHLNH1

2 —7 11
— J=i (CL J— J—
2 ]k2 il k,1=0

which completes the proof. O

We will prove shortly that, analogously to Chapter 6, the reflected periodizations of a
matrix with block support will also have a short support. First, we introduce notation
for their supports sets.

Definition 7.9 (Block Support IT) Let M = 277 and N = 2/¢ with Jg, Jo € N, and
J = min {Jg, Jo}. Let A € RM*N and j € {0,...,J—1}. We say that AUl ¢ RMUIXNU]
has a block support of size mUl x nll if mU! and nll are the minimal integers such that

ally =0 v (k)¢ L o x L s

for someu J e {0,...,M —m} and ,u[cj,] € {0,...,N —n} with V[] —u%] +m — 1 and
[J] = u[é]—l—n—l. Further, there have to exist indices kg, k1 € Ium Ul and lp, 1 € IMU] LUl

h th ¢ R°“R cHrC
such tha
4] l4 ¥l ¥l
au[é],lo #0, au£]7l1 #0, akm ; #0 and akwfc #0.
The intervals SI[%} = Iu[j] U] and S[C]j = IM[J-] il are called the row and column support
R YR c 7 C

of AUl respectively. The set SUl := S%] X S[g] := is called the support block. The indices

,u[] J and u[] ] are called the first row and column support indices, and I/g] and Vg] the last
row and column support indices.
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7 Real 2D Block Sparse Fast IDCT-I1

7.2 Support Structures of Reflectedly Periodized Matrices
Analogously to Chapters 5 and 6, our goal is to recover a matrix A € RM*N N = 27R,
N = 27¢ with block support of size m x n from A by successively calculating its
reflected periodizations AL, AL+ AVl = A, Our 2-dimensional IDCT-IT method
will be based on a generalization of Algorithm 9, and, even for M = N, the reconstruction
cannot begin with Al%) € R due to similar support constraints. This means that we will
require a priori knowledge of upper bounds br and bc on the row and column support
lengths, and have to choose L depending on them.

Transferring the approaches from Algorithm 9 to matrices implies that the (j — L)th
iteration step consists of efficiently reconstructing AU+ from AN utilizing that AUl is
known from the previous step. Thus, we have to investigate how the support of AU+
can look like if the support of AUl is given. Furthermore, we require an analog to the
non-cancellation condition (6.3) for Algorithm 9.

Remark 7.10 In order to preserve the information necessary to detect the correct block
support in all iteration steps, we require the following non-cancellation conditions. For

exact data it is necessary by Definition 7.2 that there exist indices kg, k1 € IN[J] Ll and
R "R
lo,l1 € I 15y 11 such that
He Ve

a“g]Jo 7é 0, av}[{],h 7é 0, akmﬂ[g] 7& 0 and ak V[CJ] 7é 0.

1,

Additionally, by Definition 7.5, we need that there exist an index [ € Iu[é{]yyé]] such that
(Iu[é]]J + CZVI[%]]J + au[B{],Nflfl + aul[%]],Nflfl #0 if nis even, (7.5)

and an index k € IM%],VI[.{] such that
Uy ) +a, oY tay e + Cpr 1) #0 if m is even. (7.6)
Conditions (7.5) and (7.6) ensure that in every reflected periodization AUl e RMUIXNUL

j € {L,...,J}, there is at least one row from which the correct current row support
length can be detected, and one column from which the correct current column support
length can be determined. These assumptions are for example satisfied if A € R%XN or
if A e REN.

In practice, i.e., for noisy data, we have to guarantee that for a threshold ¢ > 0
depending on the noisy level we have, besides

a >eg, |a >eg, |a >¢ and ’a > ¢
‘ #g],lo ? yg],ll ? ‘ ko’“[é]] kl,ljg]] ,
also
‘augl,z + al,l[gu + au[é]],N—l—l + ay}[%]],N—l—l‘ > € and
’ak,;ﬂcﬂ + ay. V) + YA ul + aM—l—k,ugJ] > €.

212



7.2 Support Structures of Reflectedly Periodized Matrices

7.2.1 Support Structure of AU! for Given A

We showed in Section 6.2.1 that for a vector x € RY, N = 27, with short support of
length m the reflected periodizations xUl e R? for j €{L,...,J—1} have a short support
of length ml < m. Thus, we expect similar results for the reflected periodizations of a
matrix A € RM*N Ar = 2/r N = 27¢ with block support of length m xn. Analogously
to Chapter 6, we will only consider the reflected periodizations to the level K, where we
now set

K :=max{[log, m] + 1, [logy n] + 1},

in order to reduce the collisions of nonzero entries of A in the reflected periodizations
AUl This causes our method, like Algorithm 9, to require a priori knowledge of upper
bounds br and bc on the number of support rows and columns.

Before we prove the corresponding lemma, let us motivate the claims therein by some
examples.

Example 7.11

1. Let A € R6*16 gatisfy (7.5) and (7.6) with nonzero entries as, 11, 3,12, a4,11 and aq, 12,
i.e., with block support Sl = I3 4 x I11,12. We assume that m = 2 and n = 2 are known
exactly, i.e., that bg = b = 2. Then K = 2, and A and its reflected periodizations Al
for j e {K,...,J} are

0 . 0]0 0
0 0
0 0 0 0
0 0 0 ag11 az12 0 0 O
0 0 0 ag11 ag12 0 0 O
: 0 0
0 . 0]0 0
0 . 0]0 0
0 ... 00 . 0
0 0 0 0
0 0
0 0 0 0
Al — 0 0 0 azi12]az1r 0 0 O
0 0 0 ag12|asg11 0 O O
0 0 0 0
0 0
0 0 0 0
0 0
p_]0 0
A 0 0
0 0 0 ag1+aziz2+asn+aq12

Here, APl has the block support SB = I3 4 x I3 4 of size mbBl x Bl =2 x 2, and A2
has the block support S[2 = I3 3 of size m2 x nll=1x1.
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2. Let A € R'6*16 gatisfy (7.5) and (7.6) with nonzero entries ar 11, a7,12, ag 11 and
ag, 12, i.e., with block support Sl = I7 8 x I11,12. We assume again that m = 2 and
n = 2 are known exactly. Then the reflected periodizations of A are

0O ... 00 ... ... 0
0o ... ... 0
O ... 0|0 O O a a 0O 0 O
A Al 7,11 07,12
0O ... 0]0 0 0 CL8711 as 12 0 0 0
0 0
0 010 . 0
0 0 0 0 0 0 0 0
0 0
0 0 0 0
g |0 0 0 0
A 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ari12+as12|ar11+ag11 0 0 0O
0 0 0 ar11+ari2+agn+asi2
2] _ 0 0
A 0 0
0 0 0 0

Here, APl has the block support SBI = I7.7 x I3 4 of size mbBl x nBl =1 x 2, and Al
has the block support S = Iy, o x I3 3 of size m2 x nll =1 x 1. O

As in Chapter 6, we have to undo collisions of nonzero entries in the reflected peri-
odizations. For both matrices considered in Example 7.11 the reflected periodizations
AUl with j € {K,...,J} have a block support of size mll x nlll, where mb! < m and
nll < n. We generalize this observation in the next lemma.

Lemma 7.12 Let M = 277 and N = 27¢ with Jg, Jo € N, and let .J := min {Jg, Jo}.
Let A € RM*N have a block support of size m x n and assume that A satisfies (7.5) and
(7.6). Set K = max {[logym] + 1, [logyn] + 1} and let j € {K,...,J}. Then AUl has
a block support of size mll x nll with mlil < m and nll < n.

Proof. We prove the lemma by induction. By assumption, A = Al has a block support
of size m x n. Now we suppose that AUt has a block support of size ml*1 x nlit+ll
with mUt < m and Rt <n for some j € {K,...,J —1}. More precisely, we assume
that AUTY has the support block

U+ — 1 , . ,
SUT =L e X T g e,

R H
where M%H} € {O,...,MUH] —m[j+1]} and ,u[gyﬂ] € {0,...,N[j+1] —n[j+1]}, and we
set V%H} = ,u[lf;rl] +mbt) —1 and yg+1] = M[CJ;H} + nlit — 1. We have to distinguish

four main cases and their subcases.
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7.2 Support Structures of Reflectedly Periodized Matrices

(i) SU+1 contains indices from all four quadrants of AU+ ie. {M[j] - 1,MU]} X
{NU] _ LN[J’]} C Sli+],

Then it follows from Definition 7.5 that

Sll — ((IM%H]W}EH] U IM[J’“]—l—ugH], M[jﬂ]_l_ugﬂ]) N IO7M[J']_1>

X <<IH[(Z;+1]’Vg+1] U IN[j+1]—1—Vg+1]7 N[j+1]_1_u[c7;+1]) N I(],N[j]71>
= Lyl — i), ptil -1 X INUI_pli), N1
S Ippti —mli+1], ptil—1 X NG _pli+1], N1
Thus, AU) has a block support as well. Due to collision of possibly nonzero entries of

AUFY | the support of AUl has less rows and less columns than the support of AU+,
i.e., mUl < mUt1) and nbl < nUH1 see also Figure 7.2.

A+ Al

///////
///////

Figure 7.2: Illustration of the support of AUl if {M[ﬂ — 1,M[j]} X {N[j] — 1,NU]} C
Sli+1]

(ii)) S U+1) is completely contained in the upper or lower half, but contains indices from
both the left and right half of AU+,

(a) SUHY C Iy oy x I yueu_y and {NUI -1 NUI} € SngH-
Then it follows from Definition 7.5 that
S[]] = I/L%+1],Vg+l] X ((IM

= T o0 11 X Tartil 151 o
M%];V%] Nl —nlil, Nlil—1

i+l U IN[j+1]_1_Vg+1]7N[jﬂ]_l_u[éH]) N IO,N[le)

G I vy i+ X Iyt _pli+1, N1
Hr VR ’
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(b) SUHC Iy agisen_y % Lo, ey and {NVI -1, NV} € su+,
Then we obtain that

sl — 1

MU+ 1= 0 g+ U

X ((IM[CJ;JA]7 V[Cj+l] U IN[J+1 g“],N[J*l]—l—u[éQ“]) N IO,N[j]_l)
=1 PO It —nii), N1
-y

MU 1 gy 0 X NG i), V-1

see also Figure 7.3.

Al

Figure 7.3: Illustration of the supports of AU+ and AU if {N[j] -1, NU]} - Sg+1] and
S[j+1] C T )
R = Lprldl, mli+1—1

Consequently, we find that AUt has a block support as well. Due to collision of possibly
nonzero entries from AUt in both subcases of case (ii), the support of Al hags less
columns than the one of AUt ie., nlil < plU+1 and the supports of AUl and AU+
have the same number of rows. i.e., mli+ = mll.

(iii) S U+1] is completely contained in the left or right half, but contains indices from
both the upper and lower half of AU+1I,

(C) Sli+1] - IO7M[]‘+1]71 X IO,N[J']—l and {M[ﬂ -1, M[ﬂ} C S}[%—H].
Then it follows from the definition of the reflected periodization that

bl — , : ,
SH = Iug“],l,g*” Y IM[j+11,1,,,g+”,M[j+1] 1—pla 1 N o a1
X Iﬂ[gﬂ]’y[gﬂ]

= It _til, 11 X 410
’ kcHve

C Dy — i+, ptil—1 X 1) )
’ Ko Ve
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7.2 Support Structures of Reflectedly Periodized Matrices

(d) St C Iy prti+-1 X Iyu, N+ and {M[j] -1, M[j]} C Sgﬂ}'
Then we find that

Sl = <([ l+11 %‘H] U IM[]'+1]7171,%+1]7M[]'+1]71 J+1]) N Io MU >
x I

N+ 1 V[CZ+1]7N[j+1]—1—M[Cj,+1]
= Lyt — i), i -1 X 1 PELEL
Koo

g IM[J']—m[J'+1]7M[J']—1 X IN[J+1 g+1]’N[j+l]_1—ﬂg+l]’

see also Figure 7.4.

AL+ All

Figure 7.4: Illustration of the supports of AU+ and AL if {M[j] -1 M[j]} < SI[%H]
and Sgﬂ] C Iyt Ni+1—1

Hence, we obtain that Al also has a block support. Due to collision of possibly nonzero
entries of AUt in both subcases of case (iii), the support of Al has less rows than
the one of AU+ je., mbl < mU+l) and the supports of AUl and AU+ have the same
number of columns, i.e., nlit = nlil,

(iv) S U+ is completely contained in one of the four quadrants of AU+,
(e) SO+ C Lo, a1 X Lo, Ntit -1

Then it follows from Definition 7.5 that AUl has a block support with

ALY = AU g sl — g,

(f) SV C Iy pii_y X Iyt i+

Then A[J] has a block support with

] — AL+ bl — 7. , . .
AT =Agy Iy and S _IME;J’”,:/};*”XIN[J‘H],l,Vng,N[j+1],1,ulé+1]-

+1
(g) SU+1 C Tygi, i1 X o N1

Then AUl has a block support with

] [i+1] —
A[J] = JM[j]A(LO) and S[]] =1 MU+ [j+1]7M[j+1]_1 [+1] X I +1] [g+1].
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+1
(b) SUHY C Iy ppien—y X Iywl iy

Then AU has a block support with

AUl =3, AU g o and

(1,1)
bl — , , . .
5 IM[]'+11_1—V}§+”,M[j+1]_1_ug+1] X IN[J'+1]_1—V[CZ+”,Nb’+11_1—u[é+”’

see also Figure 7.5.

AL+

/////
/////

Figure 7.5: Illustration of the support of AUl if U+ C Iy, piir—q X Inw N1

Since the support block of AUl is just a reflection of the support block of AU+ we have
mbl = mbU+1] and nlil = ni+1 in all four subcases of case (iv). 0

7.2.2 Support Structure of AU+! for Given Al

In our algorithm we want to recover A from A by iteratively computing its reflected
periodizations A, AL+ Al = A for a suitable starting index L. For this we
only assume that upper bounds brg > m and bo > n on the number of support rows and
columns of A are known. If we choose L := max {[logy br] + 1, [logs bc'] + 1}, we can
guarantee correct reconstruction of the supports of all of these reflected periodizations.
As in Chapter 6, we have to examine how the support of AUt looks like if AUl is
given. Again, we will illustrate some of the possible cases for the support of AU+ by
the vectors from Example 7.11, before we will prove the general results.

Example 7.13 (Example 7.11 continued) Throughout this example we will again
assume that the support sizes m and n of A are known exactly. Then it follows that
L = 2. Additionally, we suppose that the size M x N = 16 x 16 of A is known.

1. We consider the reflected periodization

0 0
0 0
2] — 4x4
A = 0 0 eR
00 0 afy
with block support Sk = I3 3 x I3 3 of size ml2l x pl2 =1 x 1, which also occurs in

Example 7.11.1. Tt follows from Definition 7.5 that A has a block support of size at
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most m x n = 2 x 2, which is of the form

0 0 0 0
0 0
0 0| 0 0
A | 000 a1 a0 0 0
000 a|d¥ 000
0 0 0 0
0 0
0 0 0 0

where agg = a:[))?j]:i + a:[ag,]4 + af}?) + az[f:h. The nonzero entries of AP®l can be determined

from A using the methods we will present in Section 7.3.2. If at least one entry from
each row and column of AP is not zero, then AB! has the block support SB = I. 34x13 4
of size mBl x nB¥l =2 x 2.

2. Now we will consider the reflected periodization ABl € R®*® with block support
SBl = I3 4 x I3 4 of size mBl x nBl = 2 x 2, as it occurs in Example 7.11.1. By definition
of the reflected periodization, there are precisely four possibilities for A = Al

ABl 0o 0 ABlJg
A_<0 0) or A_<0 0>

0 0 0 0
or A= <J8A[3} 0> or A= <0 J8A[31J8> )

with the corresponding support sets
S =8Bl =13y x I3 4 or S =134 %111
or SW =Ty 10 x I 4 or S¥ =T 19 x Iy 12.

We will show in Section 7.3.1 how to determined which of these four matrices is the
correct one by employing additional nonzero entries of Al

3. Let us consider the reflected periodization

00 0 ajy

A2 — 0 0 c RAx4
0 0
000 O

with block support S = Iy, 3 of size ml2 x nl2l =1 x 1, as obtained in Example 7.11.2.
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7 Real 2D Block Sparse Fast IDCT-I1

By Definition 7.5, there are two possibilities for the support of APl namely

000 ajy|all, 0 0 0
0 0 | 0 0
ABI | 0 0 0 0
000 0|0 000
0 0
0 0
0 0 | 0 0
8
or AT =1 g 0] 0 0|
0 0| 0 0
000 d%|afl, 0 0 0

with SBI = Iy, 0 X I3 4 or SBl = I7 7 x I3 4 of size mbBl x nBl =1 x 2. Further, we have
that a([i]y) = a[[)%}g —i—agf]ll in the first case and a([i]y) = a[73}3 —|—a[737]4 in the second case. Whether

the support of AB! is contained in its upper or lower half, and which values the nonzero
entries of APl take on can be determined with the help of additional nonzero entries of

Aﬁ, as we will show in Section 7.3.3.

4. Finally, we investigate the matrix

0 0
000 0] 0 000

3] _ 8x8

AT =19 0| o o | <R
0 0 0 0
000 o |afl, 0 0 0

with block support SB = I7 7 x I3 4 of size mbBl x nBl =1 x 2, as it occurs in Example
7.11.2. By definition of the reflected periodization there are two possibilities for the
support of A = A, cither

0 0
: 2|0
0 ... ... 0
0 0 0 a a 0 0 0
— [4}: 7,3 7,4

A A 0 0 0 ag 3 as 4 0 0 0
0 ... ... 0 0
0 0
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7.2 Support Structures of Reflectedly Periodized Matrices

0 0

0 0

0 ... el

or A = A[4} — 0 0 0 ar 11 @712 0 0 0
0 0 0 asg 11 as; 12 0 0 0

0 0 ... .. 0

0 0

O

Example 7.13 shows that even for the two matrices from Example 7.11 we already have
to distinguish four cases for the support of AUl In the following theorem we generalize
the observations made above.

Theorem 7.14 Let M = 2/% and N = 27¢ with Jp, Jo € N, and let J := min {Jg, Jc}.
Let A € RM*N have a block support of size mxn with known bounds b > m and bc > n,
and assume that A satisfies (7.5) and (7.6). Set L :== max {[log, br] + 1, [logy bc| + 1}.

A) There is at most one index j1 € {L,...,J} such that
SV C Ity ptini—1 X Ivtin g, NU1I—1-
If j1 < J —1, we find that
141
Sl - IM[hLbR,M[h]erRfl S I]\/[J&L{,C,N[hubcfy

B) There is at most one index jo € {L,...,J} such that

j [j2]
SO C Iy vty X Intinlpey il @nd S L Typtinl e agtinl -

If jo < J —1, we find that

[j2+1] . . , ‘
S G L ol X Iyt Nli2 b -1 or

[j2+1] . ) . )
S g IM[j2+1]_1_V1[L%2]7M[j2+1]_1_u[}%2] X IN[JszaN[Jz]erC,p

SO m[j2+1] = m[]Q]
C) There is at most one index j3 € {L,...,J} such that
SUSLC Iy aatisl 1 % To, i1y and sgl g Intis) b, Nlisl—1-
If j3 < J — 1, we find that

il
5[33 ] g_ IM[j3]_bR7M[j3]+bR—l X Iﬂg3]7Vg3] or

[73+1] . . . .
S - IM[JS]—bRyM[JS]—i-bR—l X IN[j3+1]_1_,,g3],N[j3+1}_1_u[é31’

SO n[]d‘i‘l} — n[JJ] i
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7 Real 2D Block Sparse Fast IDCT-I1

D) [f] € {L7 ceoesd = 1} \ {j17j27j3}; then either

A VI . o AUy, .
[+1] — A [+1] — NI
A ( 0 0) or A (0 0 >
. 0 0 - 0 0
or AUt — ( , ) or AU+ — ( ) ) ,
JymAll 0 0 JymAUlT

Proof. Recall that K = max {[loga m| + 1, [logyn] + 1} and that m < br and n < be.
Consequently, L > K and AUl has a block support of size ml/l x nll with ml/! < m and
nbl <n forall j € {L,...,J} by Lemma 7.12. We define

J1 = max {j e{L,...,J}: 8V C Iogti—p gy, pts =1 % IN[J‘LbC,NUJfl} ; (7.7)
jo = max {j e{L,...,J}: SV C Ty, vt =1 X ANt —p, NUI—1

and Sg] z IM[j],bRyM[j]fl} ) (7.8)
j3 = max {j e{L,...,J}: SV C Iopin —p g, mti1—1 X Lo N1

and S[g] ¢ IN[j]_bc7N[j]—1} , (7.9)

if such indices exist.

(i) If there is no index j1, claim A is already proven, so we assume that there exists a
Jj1 € {L,...,J} satisfying (7.7). Then we find that

Al = AEJoll)) ERSVIEED A?f%) + A%ﬂn Inti-u + JM[jlfl]AEJ;,]I)JNUl*l]a
=0 =0 =0

since by mltl < 2L=1 and nlil < 261 the reflected periodization AUt can only have
nonzero entries in its bottom right quadrant. Hence, we obtain that

sln=1 ¢ Io.bp—1 X Lo bp—1

if j1 > L. Inductively, it follows for all j € {L,...,j; — 2} that

(0,0) (1,0) (0,1) (1,1)

A[J] _ A[J+1] +JM[J'] A[j+1] +A[j+1] JN[j] +JM[J'] A[j+1] JN[J']’
S—— = SN——

and thus '
SULC Iy 1 X 0,1

Consequently, j; is the unique index satisfying (7.7). Further, for j € {L,...,j1 — 1},
the support of AUl is contained in the first by rows and first bo columns.

Since AUt has a block support of size mlttH x plint1 with mbr+l < m and
nl1+t1] < n by Lemma 7.12 and

A = AHJI,(J)F)” + Jpstin) A%{g)” + AE{)I,;F)I]JN[j1] + Jpsin) Ag{f)”-]mm,
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7.2 Support Structures of Reflectedly Periodized Matrices

the support of AU+ satisfies

-~
SO G Ty i1y, a1 X DNt b, NI+ 1

See Figure 7.6 for an illustration.

///////

Al F AU+

Figure 7.6: Illustration of the support of AU+ if the support of AU is contained in the
last bp rows and bc columns

(ii) Assume that there exists an index jo € {L,...,J} as defined in (7.8). Then we have

Al = AEJOQ%) g AL AT Ty + JM[jz—uA[(jf}l)JN[jru,

(1,0) (0,1)
N—— N——r
=0 =0

since by nlizl < n < bo < 271 the reflected periodization A2l cannot have nonzero
entries in its left half. Hence, we find that

1
S[Jz } - I(]}M[jzfl] X IO,bc—l

if jo > L. It follows by induction that for all j € {L,...,jo — 2}

Al = AEJOJBl)} + JM[J'JAEJJQI)] + AEJOT)] Iyt + T A£j1+11)] Il
=0 =0

and thus '
sl - 107]\/[[1']71 X 1o, bo—1-

Consequently, js is the only index that can satisfy (7.8). For j € {L,...,j2 — 1}, the
support of AUl is contained in the first bo columns.

Since A2t has a block support of size mli2t x pliztll with mlb2+l < m and
nl2t1] < p by Lemma 7.12, Definition 7.5 implies that the support of A2+l satisfies

[72+1] L . .
S G L pal i) X Itia e, U2l o1 or

[i2+1] , . . .
§ & IM[J'2+1]_1_VLZ:2]’M[j2+1]_1_“%2] X IN[J2]—bC7N[]2]+bC_1'
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This is depicted in Figure 7.7.

Al+1] or Alit1] ol 22222 il

Figure 7.7: Tllustration of the support of AU+ if the column support of AU is contained
in the last bo columns and the row support is not contained in the last bgr
rows

(iii) Now we assume that there exists an index j3 € {L,...,J} asin (7.9). Then we have

AUB—” = AEJ(;,}O) +JM[J'3—1]A£]13,]0) + A[(j(i}l) ']N[js—l] + ']M[J'3—1]A[(]13,]1)JN[J'3—1]7
——

=0 =0

since by mbsl < m < bp < 2871 the reflected periodization AUl cannot have nonzero
entries in its upper half. Hence, we find that

SUS?H C IO7 br—1 X I()’N[j:rl]
if j3 > L. Again, it follows from induction that for all j € {L,...,js — 2}

(0,0) (1,0) (0,1) ,1)
=0 =0

Am — A[j+1} +JM[J'] A[J'JFH +A[j+1]JN[j] +JMU] A[(Jfrl] JN[j]7
~—— ~——

and thus '
S[J] C IO,bR—l X Io7N[j]_1-

Consequently, js is the only index for which (7.9) holds. For j € {L,...,j3 — 1}, the
support of AUl is contained in the first by rows.

Since AUst1 has a block support of size mlstl x plistl with mUstl < m and
nli3+1] < p by Lemma 7.12, the definition of the reflected periodization yields that the
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7.2 Support Structures of Reflectedly Periodized Matrices

support of AUs*1 gatisfies

i
S[B ] - IM[jS]—bR,M[j3]+bR—1 X Iy[é?’],u[cj3] or

[73+1] . , , ,
ST G Dytis) g, mUs)bp—1 X gy ) oy sl

See Figure 7.8 for a visualization.

//////////

Al or AUt

Figure 7.8: Illustration of the support of AUT if the row support of AUl is contained
in the last bg rows and the column support is not contained in the last b
columns

(iv) Forj € {L,...,J—1}\{j1, 2,73} we show first that mU+1 = mll and nl+1 = pll,
The proof of Lemma 7.12 yields that mlU+ > mll and nli+1 > nll. Let us assume that
there exists an index j’ € {L,...,J—1}\{j1, j2, j3} with mI'+1 > mUT or pli'+1 > nU'],
If mU' 1 > ml’l then

{MU’] _ 1,M[jl]} C Sglﬂ],

as we have to be in case (i) or (iii) of the proof of Lemma 7.12. Since mU'+1 < m < bp,
this implies that

[’ +1]
SR - IM[j’]_bR,M[j’]+bR_1'
Consequently, it follows from Definition 7.5 that

STy - (7.10)

R,

Depending on the column support, either j; or j3, which are given by (7.7) and (7.9), is
the unique index satisfying (7.10). Thus, we obtain that j* = j; or j/ = j3, which is a
contradiction to the choice of j'. Hence, we showed that mli+ = mll,

Analogously, if nl/'+1 > nli'l" then we have to be in case (i) or (ii) of the proof of
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7 Real 2D Block Sparse Fast IDCT-I1

Lemma 7.12, so
{Nm _1, Nm} c 5,

It follows from nl't1 < n < bo that

[7'+1]
Se SN e, NI 1be—17

and thus the definition of the reflected periodization implies that
sglc Intn _pe, N1 (7.11)

Since, depending on the row support, either j; or jo, as defined in (7.7) and (7.8), is the
unique index satisfying (7.11), we obtain that j* = j; or j/ = jo. This is a contradiction
to the choice of j', so we proved that nli+ = plil.

As mUT = mll and nU+ = plil| Definition 7.5 and Lemma 7.12 yield that there
exist precisely four matrices of size MUTY x NUH) arising from repeatedly applying the
reflected periodization to the matrix A € RM>*¥ with block support that have the given
reflected periodization A, namely

. Ul o 4 o AUlJ..
Gy _ (A [+1] _ N
A ( . 0) or A <0 ) )
jrp_( 0 0 G+t — (O 0
or A <JMMAM 0> or A <0 JM[J']A[J]JNljl '
This is depicted in Figure 7.9. 0

7.3 Iterative Sparse 2D Recovery Procedures

If we aim to recover a matrix A € RM*N Mf :AQJR, N = 27¢_ with block support of
size m x n from its DCT-II transformed matrix A by iteratively computing its reflected
periodizations AE AL+ AV = A then we need to develop recovery procedures
for the four cases of Theorem 7.14. All of these methods will require a priori knowledge
of upper bounds bg > m and bo > n on the number of support rows and columns of A.
We will first present a recovery procedure for case D of Theorem 7.14 and then one for
case A. Afterwards, we will investigate cases B and C, which are closely related, as we
can utilize some techniques for them that are easier to introduce for cases D and A.

7.3.1 Recovery Procedure for Case D: No Collision

Let us begin by deriving a recovery procedure for case D of Theorem 7.14. Hence, we
assume that j € {L,...,J — 1} \ {j1, 72,73}, with j1,j2 and js given by (7.7) to (7.9).
Then the support of AUl is not contained in its last br rows and last be columns. We
know from Theorem 7.14, case D that the values of the nonzero entries of AUl and AU+
are the same, with

, Ul o , o AUlJ. .
i+ _ (A [+1] _ NI
G+ — o 0 +11 — (O o
or A <JMMAm 0> or A <0 JM[J']AMJNM ’
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7.3 Iterative Sparse 2D Recovery Procedures

see also Figure 7.9.

[T
All X
i - S i
AL+l i or AU+l i
, 1] | , | ]
or A[j_;’_l] ///// l or Ab+1] l /////

Figure 7.9: Illustration of the support of AU+ if the support of AUl is not contained in
the last bp rows and the last bo columns

Similarly to the procedure for case B of Theorem 6.12 in Chapter 6, it is possible
to determine which of these matrices is the correct one by using one nonzero entry of

i mlil—1, nlil—1 it mlil—1,nlil—1
<(a[j+1]) > and one of ((a[j+1]) > )

2k, 21+1 2k+1, 21

Thus, we first show that such nonzero entries exist and can be found efficiently. Anal-
ogously to Section 6.3.2, this can be done with the help of odd Vandermonde matrices.

Lemma 7.15 Let M = 277 and N = 27¢ with Jg, Jo € N, and let J = min {Jg, Jo}.
Let A € RM*N have an unknown block support of size m x n with known bounds bg > m
and bc > n, and assume that A satisfies the non-cancellation conditions (7.5) and (7.6).
Let L := max {[logy br| + 1, [logy bc| + 1} and j € {L, ..., J =1} \{j1, 2, js} with ji, jo
and j3 as in (7.7), (7.8) and (7.9). Suppose that we have access to all entries of A'l.
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Then the even-odd partial matrix and the odd-even partial matrix,

mlil—1,nll—1 -~ mlil—1,nlil—1

((aw+u)“ ) and ((aw+ﬂ)” )
2k, 2041/ 1, 10 2%k+1,20) 1 g

of (A[JH]) both have at least one nonzero entry.

Proof. The claims can be shown by adapting the proof of Lemma 6.15 (Lemma 3.2
in [BP18al) to the 2-dimensional setting. Let AUl have the block support SUl = S][%] ng].

(i) It follows from (7.1) in Remark 7.7 that

—~ MUl—1, N1

. 11 1
1] _ 1o U+
<<a >2k, 21+1> 5. 1=0 QCM (0,1) CN[J]> (7.12)
where o 1 . B N
AR Ay AT Ay oy Al ()

If we denote by S(B) the_ block'support of a matrix B € MUl x NVl the definition of

: | : | MUl—1, NUT—1
Ag) = ( autl ) yields that

0N
5 (Ah) € " =19 0 x Ly g

Since the block support SU! of AUl is of size mll x nll we can restrict (7.12) to the
equations corresponding to the first ml/! rows and the first nU/! columns, obtaining

mlil—1,nlil—1

<<a[j+1])121k,21+1>k =0

1 mlil—1, Mli NUl_1 plil—1

- 5 <(CH b ])k r) k,r=0 AEJO_’_I:;] ((CN[J]) )s,lZO |
WO ( )
S S k@r+ Dmy Gl
~ VMUIND Zm Z]gM COS( 2 MU ) (‘L(o;))r,S
S=p¢

((23 +1)(2 + 1)7T>>mm—1,nm_1
+ COS 7
4N k10
]
e

S S [ N R T NN g T
= diag ((6Mm(k)>k:o )TILR (a(m)) el T o, (7.14)

7 /”’C
j 4]
4] k(2r+ 1)m mbl—1,v5' -1
TII r = | cos YV .
’ 2MUV k=0, r=puld)

PR

where

is the restriction of the cosine matrix of type II without the normalization factors to the
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first ml rows and the mU! columns indexed by the row support Sl[’{} of AUl and

VBl
b T | cos (2s+1)(2l+ 1)m ¢ il
V.0 AN )

s=pe, =0

is the restriction of the cosine matrix of type IV without the normalization factors to the
nl! rows indexed by the column support Se Ul of AU and the first nl/) rows.

Our next goal is to show that TI[IJ] g and T, I[V] o are invertible. Both of these claims
can be proven by employing Chebyshev polynomlalb Recall that by Lemma 4.14 (v) the
Chebyshev polynomial of the first kind of degree n can be written as

T, (z) = cos(narccosx) = Z @
for x € R with |z| <1 and n € Ng. Further, Lemma 4.14 (vi) yields that
k(2l+ 1)

Tk(tn’l):COS<2n> VlE{O,...,n—l}, k € Ng.

Combining this with the definition of T[J ] g and the coefficient representatlon of the

Chebyshev polynomials, and setting oy ; ;=0 for alli € {k+1,...,mV — 1}, we find
3] m[jlflyyg]
Tt = (T (t30))
IL R k Ul r k=0, r=plJ
k mm—l,yg]
= (Z Qi tMm,TZ>
) [4]
— ( k Z)m[ﬂ] . (tM[J] >m[7] 1 l/
k,1=0 T 0, 7= u%]
(D o
TESé
ap, 0 0 0 PN 0 T
_ Q1,0 aq,1 0 . 0 <tM[j]’r)reSg]
Alil—1,0 Ymlil-1,1 Qplil-1,2 -+ Aplil—1 mlil-1 T
(t mlil 1)
MUl r T‘ES[J]

T
_ xil
- xl -V((tM[j]yr)resgo . (7.15)

The diagonal matrix XE{,] is invertible by (6.20). Further, we have that

2r+1)m

2M[j] € (077)
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for all r € Sg] C Iy pii1—1- Hence, we obtain that

2r+1)m
Eapis) . = €OS (Wm € (-1,1),

with £ . # tpy s for m # s, 1,8 € Sg]

, as the cosine is bijective on (0, 7). Conse-
quently, V <<tMU] T) SU]> is invertible by Lemma 4.11, and (7.15) yields that TH}R

K TG )
can also be inverted. "

We already proved in Section 6.3.2, (6.21), that

1] nlil-1
T :(T2 1(75 - )) |
v, HENEHL s ) )10, sesld)

nlil—1

nlil—1 2i+1
= (052l+1,27“+1)l,r:0 Enten 5™ i=0, seSY!
=0, s€SY

T
. j odd
= X([)]c]id,C"V <<tN[j+1J,S>S€Sg]> . (7.16)

Since Sg] C Iy, N1i1_1, both matrices in (7.16) and thus TI[{,]L, are invertible.

il

mlil—1,nlil—1
2k721+1> are zero. Then we

Let us now assume that all entries of ((aUH])

obtain from (7.14), (7.15) and (7.16) that

i mlil—1,nlil—1
0= <(a[j+1]) >
26,2041 ) g

= ———diag <(5M[j](k))kzj[) 1) 'ng%] -V <<tMm’r) esm>
reoRr

MUIN]
. ~[j+1]) .yedd (t ) > . X[J] T
& 0= <<a£{)+11)1> > 0 (7.17)
TS/ resyl sesg
since all other matrices are invertible. However, we have j € {L,...,J —1}\ {j1,J2, 73},

Le., only one quadrant of AU+ contains nonzero entries. Theorem 7.14, case D and
(7.13) yield that A[(J(;rll)] = AUl or AEJO?)] = — AUl Consequently, (7.17) is only possible if
AUl = 0, which is a contradiction to (7.5) and (7.6) and the fact that A # 0 has a block
support of size m x n. Thus, there exists an index pair (k(o,l), l(o,l)) € Iy piii—1 X Ly plil—1

| o
such that (a[J ])2]6(071)721(0,1>+1 7& 0

_ )1, il _1
(ii) For <(a[j+1])gk+1 21) we can proceed analogously. Equation (7.1) in

Remark 7.7 yields that

)

i mlil—1, nlil—1 1
[j+1}) — gV Abtlen T 718
((a 2kt1,2) g 2 MUITH(,0) TNUT (7.18)
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where

AU . Al [i+1] [i+1] li+1]

AR = AR 3 AT (AR = 3, Al 3 (7.19)
We restrict (7.18) to the first mll rows and the first nl7] columns as well, obtaining

mlil—1,nll—1

< (aUH]) ;Ik;+1, 21> k. 1=0

T

1 & (2k + 1)(2r + D)7\ [_fjo1]
- v | 2 e () (@),

T=pR S=HG

0 (2s + 1)lm mlfl—1,nll-1
- et (l) cos ToNG

k,1=0
Ll Ll

1 . _li+1 R 7C . T . n[jlfl
= WTR]/,R ((CLEJLO)])T S) o Tif o diag ((€Nm (D)i=o ), (7.20)

T=pR,S=Hc

[4] j
T (28 + Dir v —1,nl-1
Ty c = \cos| ———7— .
’ 2N 1 —o

S:H’C )

where

is the restriction of the transposed cosine matrix of type II without the normalization
factors to the nl/l rows indexed by the column support Sg} of AUl and the first nll
columns. The matrix

(4]

mbl—1,u
T (eos (A DCr+ D Tolvg
IV, R 4M[ﬂ

k=0, T‘ZILL[I%.]

is the restriction of the cosine matrix of type IV without the normalization factors to

the first mll rows and the mlU! columns indexed by the row support S}g] of the reflected
periodization AU!. Similar to part (i) of the proof we obtain the factorizations

) ) Gl_1 Ul
N L I P A K
TILC = (al,l)z,izo ENl, s i=0, s=p

T
_ <l
= XY -V((tN[j],s)Seng . (7.21)

and

mlil—1

b o oymbl-1 _ 2i+1
Tiv, g = (Q2kt1,2i41)) i—g  (Tati), s i=0,re sl

T
Cx odd
= Xg(]id,R -V ((tM[j+l],r>T€S][é]> ) (7.22)

By analogous arguments as in part (i) of the proof, TFV r and TH] ¢ are invertible.

a mlil—1, plil—1
ok +1721> has no nonzero entries. Then

Let us now assume that <(a[j+1])
k,1=0
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(7.20), (7.21) and (7.22) yield that

mlil—1,nlil—1

0= <a[j+1])H
2k+1,21) . 1o

1 (7] odd g
= Varing ek Y (tM“*”:r)resE%]
) ~[5+1] _ P ‘ nlil_1
<<a(1’0) >T75>r68g],sesgl \Y <<tN[11,5)S€Sg]> X¢  diag ((EN[J] (D)i=o >

[+l
e 0= <(GE€B)1>TS> csll segll (7.23)
2/ reSy’, seS8s
Howeyer, we are in the case where j € {L,...,J — 1} \ {j1,72,73}, so A[(ﬁ)l)] = Al
or AEJ;BI)] = —AlUl by (7.19). Consequently, (7.23) is only possible if AVl = 0, which

is a contradiction to (7.5) and (7.6) and the fact that A # 0 has a block support of
size m X n. Thus, there exists an index pair (kz(LO), l(l,o)) € Iy piii—1 X Iy yr1—; with

[5+1] 1
(a¥ )2k(170)+1,2l(170) 7 0. O

Remark 7.16 For an efficient and stable implementation of the recovery procedure for
case D of Theorem 7.14 using Lemma 7.8 we set
) J—j—1 T
(k(O,l)v 1(0,1)) = argmax {’2 ! 1a2J—jk,2J—j—1(21+1)‘}
(k‘, l)GIO7 mlil_1 ><IO7 nlil_1

and

(k(l,O)v l(l,O)) = argmax {‘2‘]_]‘_1(1121‘],]',1(2k+1)72J,jl

(k7 l)elo’mm—l ><IO, nm—l

O

The following theorem, a 2-dimensional analog to Theorem 5.23, shows how AUTY can
be recovered from AU and two nonzero entries of (AU ‘H])H.
Theorem 7.17 Let M = 2’7 and N = 27¢ with Jg, Jo € N, and let J := min {Jg, Jc}.
Let A € RM*N have a block support of size m xn with known bounds bg > m and bo > n,
and assume that A satisfies (7.5) and (7.6). Let L := max {[logy br| + 1, [logy bc| + 1}
andj € {L,...,J—1}\{4j1, 72,73} with ji,j2 and j3 as in (7.7), (7.8) and (7.9). Suppose
that we have access to all entries of AM. Then AU can be recovered from AU, one

. mbil—1. nlil—1 . mlil—1,nlil—1
[i+1] ’ [i+1] ’
nonzero entry of ( as. 2041 and one nonzero entry of Agp i1 9 .
’ k,1=0 1<) &, 1=0

Proof. Let AUl have the block support SUl = S%] X S[C]J of size mll x nlil. Tt follows
from Theorem 7.14, case D that there are four matrices of size MU+ x NUF arising
from repeatedly applying the reflected periodization to the block sparse matrix A that
can have the given reflected periodization AUl namely

il o 0 AUJ,
©00) _ (A ©0,1) _ NU
v (% o) =5 Mo,
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0 0
(1’0) g .
v (JMU]AU] 0> ’

Ut — (

0 0 )

0 JuumAUT

We compare the DCT-IIs of U0, U0 Ul and UL, Remark 7.7 yields that

i
P pi+1 (U(O’O)) PNU+1]T = B

i
P i+ <U(O’l)> PN[.7‘+1]T = 5

fi
P i+ (U(1’0)> Pyl = 5

i
P yi+1 <U(1’1)) Pyl = 5

Consequently, using (7.3), we find

( “ 1)>2k 2l+1 - (U(Oyo))l;kﬂl—i-l

ii
(u(1,0)> _ (u(o,t)))
2k, 21+1 2k, 2141

fi fi
(uu,l)) - _ <u<o7o>>
2k, 21+1 2k, 20+1

for all k € {0,..., MUl —1} and I

T

1 Cl HC%M
clv, AHcgm
1 Cl, 'AHC%M
CIV AHC%MT
; T
1 ClyAllCY,
; T
_C%}/UJAU]C?]U]
T
1 [ CcH [J]A[J]CH

7C£\>[/[j] Am C?/m

)

—

and <u(1’0)> I

and (u(1’1)>ﬁ

e {o,..

and <U(0’1))21k+1,2l < o 0)>121k+1 2’

2k+1, 21

Ut1,21

CH M A[j] CIV ]

CIV[J]A[j]CIV

(7.24)
_CII .A[ }C%J]

—C V A[ ]C%J]

cl MA[ JCI

_C%ﬂ AU] C%ﬂ
_CRIW A[j]CIV_

CIV[J]AU]CIV
(7.25)

i
_ _ (00
(u >2k+1,21 » (7.26)

i
— (4,(0,0)
<u )2k+1,2z » (7.27)

Nl — 1} As either U0 O] ulo, 1} ulLol

or UM has to be A[JH] we can determlne Wthh of these four matrices is the correct

[i+1] [7+1]
one by comparing nonzero entries (a )Qk 9141 and ( )% 1 to the corresponding
entries of U0, Hence, we require
( [y+1])f J—j—-1_ I 4 d
=2 0 an
2k(0.1), 2l(0,1)+1 2777k 0,1y, 277171 (2o,1y +1)

i
[j+1]> _ oJ—j—1 11
a =2 a 0
< 2k‘(170)+1,2l<170) 279 1(Qk(l 0)+1) 27- ]l(l 0) ?é

for some indices k1), k1,00 € Io pmti

-1 and Z(O,l)vl(l,O) S I()’N[J']—l'

By Lemma 7.15,

both of these entries can be found by examining O (m[j]n[j]) entries of AL Further, we

. . i
also need to compute the corresponding entries of (U(O*O))

. Since the support of size

mll x nll of AUl and thus of U9 is known, we obtain that

I
(u(o,O)) _
2k(0’1>, 2[(0,1)+1

l/

ZZZC

(4]

(05\14[3'1 u®ocyy, )

(4] [']

(7]

r,uRs ,uc

1(0:0)
M[J] 2k(0,1),7 Uy

2k(0,1)s 2l (0,11

(CH 4] ) and
S, 2l(0’1>+1
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I
<U(0’0)) - (CH [J]U(O O)CN[J] >
2145(1,0)""]-721(1,0) 2k(170)+1,2l(1’0>
V[j] V[j]
_ (0,0) <CII T)
= U .
Z[] Z[] M[J] Qk(l O)+1 r TS Nl 572l(170> )
7':;1,]; s:p,c

so the required entries of (U(O’O))II can be calculated in O (m[j]nm) time as well.
By (7.24), we have that AU+ = U0 if

i ) i
(u(o,o)) _ <a[g+1]> and
2k(0,1)s 2l(0,1)+1 2k(0,1), 2l(0,1)+1

il . i
(u(0,0)> _ (amu) ’
2k(1,0)+1, 21,0 2k(1,0)+1, 21,0y

by (7.25) that AUt = U©D) if

I
(u(0,1)> ( [JH]) and
2k(0,1)721(0,1)+1 2k(0,1),20(0,1)+

i
<u(0’1)) _ ( [J+1}) ’
2k(1,00%1,20(1,0) 2k(1,0)+1,2l(1,0

by (7.26) that AU+ = U0 if

I . il

(U(I’O)) = (a[j+1]) and
2k0,1)5 2l (0,1)+1 Qk(o 1):2l0,1)+1
it

(uam) _ ( [J+1])
2k(1,0)+1a 21(1,0) 2]6(1 0)+1 2[(1 0)

and by (7.27) that AU+ = U1 jf

i ) i

(u(l,l)) - _ (a[Jﬂ]) and
2k(0,1): 200,141 2’6(0,1):21(0,1)“
i

(u(l’l)) _ ( [a+11)
2k(1,0)11, 2{(1,0) 2k(1,0)+1, 21, O)

Numerically, we define

Son) = (u<o,0)) _ (au+11) 7
’ 2k (o, 1),2l(0 1>+1 2k (o, 1),2[(0 1)+1
i . i
G R G ¥ ,
2k(0,1), 2l(0,1)+1 2k(0,1), 2l0,1)+
~ 00\ (!
5(1 0) U a ,
’ 2k(170)+l,2l(1’0> 2]6(1’0)-&-1,2[(1 0)
il , il
60 = (u(0,0)> 4 (amll) ,
’ 2k(170)+1,2l(170) 2k(1’0)+1,21(1 0)
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and set
0,0 i
UEO 1; if 054 < 5(0 )y and & ) < 590),
N U 1’0 if 5(0 1) > 5( 1 and 5(170) < 590),
U<171> if 8 < 5( ) and 8 ) > 5(+170),
Ut f 801 > 5(0 yy and 8 g > 0 o)
Then we obtain for the first row and column support indices that
G M%] it AU+ = u0) or AU+ = UgOD), (7.28)
R ) i+ g V}[%] it A+ = U0 or A+ — gD, '
and
g ug] it AU+ = g0 op AU+ — Uto), (729
¢ TN g = Vg] if AU+ — g op A+ — gL, '

Recall that we have already shown that mUT1 = mll and nU+1 = nll in Theorem 7.14,
case D. 0

7.3.2 Recovery Procedure for Case A: Colliding Rows and Columns

If j = j1, with j; as in (7.7), the support Sl of AUl is contained in the last by rows and
the last b columns, i.e.,

S C Iy, 11 X TN, N1

We know from Theorem 7.14, case A that

J+1 v , , .
s+ S Iyt —pgy, MU +bp—1 X INUI_be, N 4be—1

and that the support of AU+ contains entries from all four quadrants of AU+ Further,
it is possible that nonzero entries of AU+ have been added to compute AV, so AUl and
AU+ do not necessarily have the same nonzero entries. The support Sl of AUl has
size mll x nll with mll < m < bg and nll < n < be. Analogously to Section 6.3.1, it

follows from Definition 7.5 that the supports of AEjot)l)] AEJO?)}, A%J’Bl)} nd AEJIB} have at

most size mV! x all, where
bl = MW — U < by and Al = NV — 0 <.

See Figure 7.10 for an illustration.

Consequently, we can restrict AUl and the four quadrants of AU+ to matrices of size
9Kn—1 y oKo— 1 where mll < 9Kr=1 and ] < 9Ke- 1 which take all nonzero entries
into account. Then it suffices to recover these restrictions. R

The following theorem enables us to compute AU+ from AUl and AN

Theorem 7.18 Let M = 2’7 and N = 27¢ with Jg, Jo € N, and let J = min {Jg, Jc}.
Let A € RM*N have a block support of size m xn with known bounds bg > m and bc > n,
and assume that A satisﬁes (7.5) and (7.6). Let L = max{[logybr| + 1, [logy bc] + 1}
and j = j1 € {L,.. — 1} as in (7.7). Suppose that we have access to all entries of
AT Then AU+ can be recovered from AUl and 8§ - 9Kn—1. 9Kc=1 eptries of AlL
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All A+

Figure 7.10: Illustration of the support of AUl and a possibility for the support of AU+

Proof. Recall that by (7.1)

P i+ (AUH])IAPN )L = % O A }CEMT O AE H)]CIV , (7.30)
C%[J]Agjlt)l)]cn ! Cg\\/[/[j]Agjlﬁl)]CIv
where
A= R = A A - (N 3 AR 9
Al = AE 0 +JM[”A<1+01] (A?oﬁ” + Iy AEJS}) T 731
AU = AL Al s (A0S Al g
AL = Al — Al - (AR - T AL T
As AUl = AVFY 5g fnown from the previous iteration step and we can only observe

(0,0)

(A[JH]) from the given data AII we have to recover AU AU+ g AU i order

(0,1) > “2(1,0) (1,1)
to be able to compute A[(]Ot)l)], A[(jOJrll)], A[(j;%l)] and AE];E)]. Solving the equation system

(7.31) for the four quadrants of AUt we find that

AEJOJE]I)] (A[a] +A[(J+§] +A[(J+§] +A[(J+§]>

R L L (L) E
M o (ARG ).
A = S (A9~ I A3+ AEE)
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We now investigate the support of the four quadrants of the matrix

1 ]
A [ AT Ag
[+ R+
Ao Al

Note that by (7.31) and the non-cancellation conditions (7.5) and (7.6), all quadrants of
AU+ have the same support, namely the support SV Ul of AUl Let us assume that the

support of Al is of size mUl x nll with first row and column support indices u[j] and
,u[g. As j = ji, Lemma 7.12, case (i) and Theorem 7.14, case A yield that

sbl ¢ L g X I#[C;j,N[j]_l C Ipsti)—pg, mti1—1 X INUI b, NUI—1 (7.33)

R

so the support of all four quadrants of AU+ is contained in the direct product of two
intervals on the right-hand side. Analogously to Section 6.3.1, we set

mbl — prlil — u%] <bp and @b = NUI_ M[ij] < be.
Both intervals can be increased to lengths that are powers of 2 by defining
Kp = {long[ }—‘ +1 and K¢ = {loan[ }—‘ + 1.
Then we find that

S C Iyt g1 X Inw_am, Nol—1

< IM[J] oRp-1 pplil—1 IN[]] 9Ko=1 Nlil_1’ (7.34)
and it follows from Definition 7.5 and (7.33) that
j+1
SV C Tyt _ s, it -1 X Nt a0, N1
C I 2KR 1 M[]+2I~{R*171 X I 2KC 1 N[J]+2KC 1_q° (735)

Note that we always have mll > mll and AUl > nlil. If there is no collision in the rows
or columns, respectively, inequality is possible. By (7.34), we obtain

l+1] A li+1] [+1]
S (A(JO 1)) S (A(]1,0)> , S (A(]l 1)) < IM[J] oKp—1 S MG1—1 IN[J']_QIN(C*I,N[J'}_1

if we denote by S(B) the support of a matrix B, see also Figure 7.11.
For incorporating all entries of AU+1] that are influenced by possibly nonzero entries of

AU+ it suffices to restrict the four quadrants of AU+ to matrices of size 9Kr—1y oKo— L

. ] — U1, Nl — £
B (g )M e
(rs) 7 \%k,1 k=MUl—2KR=1 4 p0l5] 1= Nl —2Kc—14 g N

for all 7, s € {0, 1}, and just recover these restrictions, analogously to Section 6.3.1. Note

that since AUl = Ejot)l)}’ we have that BUl = BEJOJB)} is a restriction of AUl to its last
9Kr=1 1ows and 2K¢=1 columns.
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Ali+1

B+ ! IR

,,,,,,,, D EE Boo ! g

______ Spy

B . B :
o [ Cev .

Figure 7.11: Illustration of the support of AU+ and the choice of ﬁE%+(]1)], ]§[(%+11)},]§[j +1

) (1,0)
and ]§£31+11)]

Furthermore, by (7.35), we also have to restrict the four quadrants of AU+ to matrices
of size 25r=1 x 2Kc=1 by setting

. . MUl—1, Nl
B+l . (a[ﬁrl}

(0,0) kb ) = plil—9Kr—1 |=Nlil—9Kc—1"
j+1] [7+1]

B[J = (a _
(0,1) kb ) =l —9Kr=1 =Nl ’

)MUJ_LNUJH%—IA
)M[mrgf?R—l_LN[ﬂ_l

j+1 j+1

Bl o ()
) k=Ml |=Nl]—2Kc—1

. . lyoKp—1_ ] LoKo—1_

B[J 1] — (Q[JJrl})M +2 1, NUI4+2 1

(0,0) kb ) e=mla), 1=N

These four matrices take all of the possibly nonzero entries of AU+ into account, similar

to the vectors z%?l] and zEle)rl] in Section 6.3.1. Then (7.31) and (7.32) also hold for the

restrictions of the quadrants of AUt and A[Jfl], respectively. Hence, our goal is to

recover ]“_3;%431)]7 ]§[(]1J51)] and ﬁgjfll)] from (AUJFH)H and AUl using as few arithmetical op-

erations and samples from Al as possible. By (7.32) and BU!, which is completely given

by A[j], we can then compute B[(](')t)l)], BE{) 11)}, Bgﬁ)l)] and B[(j;rll)]. From these restrictions

we finally obtain the sought-after matrix AU+,

(i) Computation of ﬁ%ﬁl)]
For the computation of ﬁ%tl)] we proceed analogously to (6.8) in Section 6.3.1. Recall
that by definition of EE{)—T)], we have that
pl+1] _ _
S (B(o,1)) STy _ofr—1 ptl—1 % It ke NUI_1-
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It follows from (7.30) and (7.3) that

~1,Nbl- ——
MMNU]CH A[J-‘rl]c

Ul N J+1 - -
MJNJ( 2k21+1 b B M4 0,1) ~ N

MUl—1 N1

_ Z Z — Cos(k;(zr + 7 )(C‘EJ()%])H

(25 +1)(20 + 1 MU1-1, NBl-1
()
4NV k,1=0

MUl_q NUl_1

k(2r' +1 ;
| XX awmes (ST @),

r=MUl—2Kr—1 ¢ =Nl _2Kc-1

((25’ )2 + 1)7r>)ML”—1’N“‘—1
COS

ANU] k, 1=0
2KR 1 12KC 1 -1 .
_ Z Z Jeos [ FMY = (2r 4 1)) (9,50 BY T )
2010 pin-1Blon Jaror )|
. il — il —
(2Nl - @s+ 1)) @+ )\ Y
- COS -
4N[ﬂ k,1=0

QI?R*]"—]_ 21?071_1

= k(2r + 1)m . . (k@2r+ 1)
- v — et (k) <COS(]W) cos <2M[J]) + sin(k) sin <2M[J]

MUl—1. N1
4] . ((2s+ D)2+ )7 ’
. (J21~(R_1B(]071) JQI?C—1>T75 : (_1) sin < 4N[]]

2I?R7171 2[?07171

E(2r + 1)m = [j+1]

k +

= § E : €M[j](k)(_1) COs < o M) > (J2I~<R—1B({)’1) J2I?C—1)T s
r=0 s=0 )

b1 NUT 1

2s + 1)(20 + 1 M7 -1,

(1) sin ((Z5H D+ D7 , (7.36)
AN ki, 1=0

k,1=0

where we set 7 := MUl —1—7" and s := NVl —1— ' in the third step, and use (6.8) in the

fourth step. Since BEO 1)} is of size 2Kr—1 x 21?0_1, it suffices to restrict (7.36) to 9Kn—1

rows and 250=1 columns in order to recover the matrix. From Section 6.3.1 we already
know how to restrict the sine terms in (7.36), which correspond to columns. We choose

the columns indexed by 2[,+1, where [, := N[ﬂZ*f(C(Qq—i—l) forq € {0 21?0*1 — 1.
We restrict the rows, which correspond to the cosine terms, by only COHSlderlng the ones
indexed by 2k, where we define k; = MUlo- KRHp p € {O, e 9Kr-1 1}. As
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k, € {O,...,MU] — 1} for all p, we find that

(),
I/D/’ at p,q=0

o 2-Kr-1_1
” MUI2=Kr+1p(9r 4 1)1 " ~ i1
= [ (=D)* e, (kg) cos : J . ,BUtly

2}?37171, 2[}07171

oKr-12(0,1) Y 2Kc—1

20 1]
p,r=0
L= oKc-1_1
NilpFo . (251 (NMTKCH(Q(] )+ 1) "
(-1) sin A
4N
s,q=0
N Kp-1_1
llg-K p(2r + D\ \? L
= (—1)NJ o—Kc <52KR1(p) cos (22]?]%_1 o JQI?R 1B[(]+)]J2f<c 1
N cos (2s + 1)7T <in (2s + 1)(~2q + )7
4N 4.9Kc—-1
2Ko-1_1
+ sin M cos (25 + 1)(~2q + U , (7.37)
4N 4.9Kc—1 5,q=0

since ~
2KRfl S 2L71 — M[L] . 2J7JR71 S M[]] . 271

forall j € {L,...,J —1}. Thus

k}’)’ — M[ﬂg—f(}ﬁ-lp — 2%

with & € N, a > 1. Hence, we have that (—1)* = 1 and € gLl (k”) €,ip—1(p) for all
p. Defining the vectors

4 2[}07171 ) QRC7171
c[é] = | cos M and s[C],] = | sin M ,
AN o 4NU] =0

analogously to Section 6.3.1, and using Theorem 4.4 (ii), (7.37) can be written as

2I?R_1—1’2}?C_1—1

VMU NUlg-Rn-Reta (_)No2Fe ((a[jJr”)H )
D,

2!/, 20q+1

q=0
+1 .
=Cl Ik BY T (dlag (s[c}) Cl. ., + diag é) T & SRR O 1)

I 5 i+1] [J+1]
CZKR 1 ( JQF(R*lB(O,l) JQI?C—I JQI?R 1B(0 1) J2chl )
: [ﬂ) v
diag (s¢. . Coret | (7.38)
diag( J)DQRC ) \CY e

Since the last matrix in (7.38) is not a square matrix, this means that we did not obtain

an invertible matrix factorization. Analogously to Section 6.3.1, we solve this problem
>M[j]1’ N1

. We choose

by considering 2Kc—1 additional columns of <(ab+1})§k 9141

)
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the same rows as before and the columns corresponding to the indices 2[; + 1, where
I = Nllg=Re(2g+1) — 1, g {o, L 1}. Then (6.11) and (7.36) yield
9Kr—1_1 oKc-1_1

2k, 211 +1

vV Mlilo-Kr+2 ((a[jJrl}) i )

prea p,q=0
— U I B S+
= (=1 qCQRRflJzKRle(OJ) ko
- oRKc-1_1
(2s+1) (N[J]Q—Kc+1(2q +1)— 1) -
sin :
4ANU]
$,q=0
llo—Ko
(_1)N 11 = [5+1] ~ [j+1]
- mcf(’?_l ( Jorp-1B o) axo-1 | Jyin-1Bo 1) Joke— )
; (4] v
e <SC ngc,l 7.39
dlag <CC> oKgo—1 7021?0—1']21?071
Let us denote the matrices of required entries of All by
i 2Kr—1_1 9Kc—1_1
By = ( (<) and
(0,0) 2wy 20,41) ) g

~ 2I?R—1_1’2I?C—1_1

©1 _ ( ("
E(O,l)' ((a )2k” 2+1/

P ,q=0

If we combine (7.38) and (7.39), we obtain

Nllg—EKo ; No—Kp—K (0,1) (0,1)
(-1) vV MUINUI2-Kr Kc+4< E0.0) ‘ Eo) )

11 5 [i+1] Bli+1]
- C2I?R—1 < JQI?RAB(OJ) J2F<071 J2I~(R—1B(0,1) J2f<cf1 )
: ]
ds(d)
diag (cé) D,k C;Y?C—IJQI}C*l —C;Y?C_IJZI;C,l

_ ngb+ily
QKR_IB(O,I) J2Kc—l )

: [4]
diag (sc) C;Y?C_l Lior Liea
. ; v :
diag <c[é]> D,z 0212071 Joker —doroa

(7.40)

= Ol (BRI,

oKp—1 (0,1) Yok -1

J

By (6.13), the last matrix in (7.40) is invertible. As 72l < be and thus 9k <ol < Nl
diag (cg]) and diag <S[é]> are invertible, analogously to (6.14). Consequently, the third

matrix in (7.40) is invertible as well, since the multiplication with +1, caused by the
diagonal matrix D2 %o—1, does not change the absolute value of the determinant. Thus,
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all square matrices in (7.40) can be inverted, and it follows that

VAR
< JQI?R*B(]O 1) JQI?C*l J

[7+1]
2f<R 1B(j0 1) J2ch1 >

_ Nll2-Kc I (0,1) (0,1)
= (-1) V MUINUI2-Kr- KC*‘*CQKR 1<E(00) ‘E(01) )

v : <]
. 1 <121~<0—1 J2}~(c—1 ) (sz‘cl v ) dlag (SC)
2 121?071 _J2f{071 sz(c—l D2i€c 1dlag( [j])

= (- 1)N 12- KC\/M U Nlilo—Kr—EKo+2 Gl

2KR 1
(0,1 0,1)
) ( ‘ (E(oo —E 01)) ']21?&1 )
CIV _, dia J]
g( ) v VAW (741)
Cgf?c Doie- 1dl&g( )
where
0 1 1 _q 2Kem1a os i 1 _qy 2Rem1a
ég] = (COS (W) ) and s[]] = (sin (W) ) .
s=0 s=0

The last 250=1 columns of (7.41) are sufficient in order to find E%—E;], Le.,

BUH = (—1)NP2 R I N2 Kr-Keb2 3

111 (0,1) (0,1)
(0,1) C (E —E )sz(c_l

2KR=1~9Kp-1 \"7(0,0) (0,1)

.CY.  D._: dlag( m).] R (7.42)

2Kc 1 2Kc 1 2KC 1

Thus, BE]OJFI)] can be computed using Qf(f"*i . oKe samples of Al by essentially applying
2150 ~1 1-dimensional DCT-IIIs of length ZIERfl to the columns of the sample matrix and
2Kr=1 1_dimensional DCT-IVs of length 25¢~1 to the rows.

By choosing the last 9Ke=1 ¢olumns in (7.41), we avoid inverting diag ( [J]), whose

entries can be close to zero, and instead invert diag ( b ]>, whose entries are all greater
than ﬁ' This computation is numerically more stable and is similar to the calculation

of z[(%—)H] in Algorithm 9.

(ii) Computation of ]§[(]1J$]
Recall that

x I

i+l
S (B ) <1 Nl _2Kc=1 Nlil_1

(1,0) MUl_2Kp—1 ,MUI—1

Analogously to (7.36) in case (i), (7.30) and (7.3) yield that
fi MUl—1, N1

MUINT] <<a[j+1]> )
2h+1,2) 1 1o

vV MUIN] < i1 T
clv Al ]C%m

5 MU (1,0)
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MUl—1 N1
[T 3 cos 2k +1)@2r" + 1)m (d[jJrl})
4A4U] (1,0) r’, s’
(25" + 1)l7r>)M[j]_1’Nm_1

- eyt (1) cos :
NU IN] . 1=0

oKr—1_19Kc-1_1

k. (2k+1)2r+1)m ~[i+1]
_ (—1)"sin ( e (I BEG Ty )
0 b

r=0 s=

bl—1. NUl—1
o ! (25 + D)ix\\ M
ent (1) (—1)" cos <2NU] . . (7.43)

We can restrict (7.43) using the same ideas as in (i) if we switch the roles of the rows and
columns. Consequently, we select the rows corresponding to the indices 2k, + 1, where
ky = MUl2=Kr . (2p + 1), p € {O, o, 28R 1}, and the columns corresponding to
the indices 21, where [ := Nm2_f<c+1q, q€ {0, - ,2I~(C_1 } Note that, like &, I/

P 'q
is even for all g. Then we obtain

= 2Kr—1_1,2Kc-1_1

(),
ptl, 20 p,q=0

_ (_pyMiiRn <Sm ((2}9 + 1)@+ 1)7T> . ((w + 1)7r>

4 .9Kr-1 AM 1]
2KRr—1_1 ,
+ cos <(2p + 1)(~2T + 1)7T> sin <(2T + UW)) J z EDH}J

4. 2Kp—1 IMBT ) )Ly R0 Take

(eapenspens (22200 ) o

2 . 2Kc_1 57(1:0

Defining the vectors

2Kp-1_1 , 2Kp-1_1
ol = ((cos (G T and sl = (sin (ZrELT |
aMu ) ) AMUL ) ),

we can write (7.44) as

Q}N(R—I_I’QI?C—I_I

V MU Nlilo-Kr—Ko+4 (_1)M“12*gR <<ab’+1]>ﬂ >
2kp+1, 21

p,q=0
= ( R 102\;{]? 1D2KR 1d1ag< m) +C;V dlag( m))
.J Blitly ol

oKRr—1(1,0) YoKc—1 Y 9Ko—1

diag (sm>
= (CY |J3z,.CYV i
— 2KR— 1 Kp—1 . .
< 2% R 2%R ) DQIN(Rfl dlag (CEJ%})
gty
Jorr-1B(10) Jorc-1 | m (7.45)
J Blitiy 2Ke-t '

oKp—11D(1,0) Y oKco -1
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In order to obtain an invertible matrix factorization, we additionally consider the rows
indexed by 2k, + 1, where k, := MUl2=Kr(2p4+1) -1, p € {0, 28R 1}. Then
(7.43) implies that

V/NUlg—Ko+2 (—pyMi2-Fr ((a[j+1])11 )

2K/, +1, 21

21}}371_1721‘%071_1

‘ p,q=0
R ) diag (sgg>

- ( Cofnr | ~Iaka-1Corpen il
D2;<R,1 diag (cé)
s li+1]
JQRRle(l,O) J2K071 CIII (7 46)
J e, BUHT et '
2Kr-1(1,0) YoKo—1

Let us denote the matrices of required entries of All by

9Kr—1_1 oKc-1_1

(1,0) ._ [i+1] i
B : <(a )Qkp+1,2lg =0 and

D,
(1,0) . [+1] I
E :
(1,0) ((a >2k;,+1,21;;

QﬁR7171,2R07171

P, ¢=0
Combining (7.45) and (7.46), we obtain
MUl2-Kr o R R EEéS%
(—1) V MUINUlg—Kr—Ke+4 09
Eo)
: ]
= v , ;
Lip1 —Joipa CQRRA D,k diag (cg})
_ gty
N e (7.47)
I BUtly e
2KR—-177(1,0) “2Kc -1

Recall that mU! < bg and thus 9Knr < 2L < MUl Then diag (c%]) and diag (sg}), and
hence all square matrices in (7.47), are invertible by (6.14). Setting

oKRr=1_1

or 1 1) -1 2Kp—1_1 or 1+ 1)\~
(N:%] — | cos M and g[}]%] = | sin u ,
AM ] 4M 1)

r=0 r=0

244



7.3 Iterative Sparse 2D Recovery Procedures

we find that

+Uy
JQRRle(Jl 0) J2Kc*1
J 71]§[J+1}J

oKR (1,0) YoKco-1

_ : =]
— (—1)MY125R /1 Nlg-Kr—Re+4 diag (SR)

CIQ\I{{Rfl 1 IQIN(R—l IQIN(R—l EE
' v -
CQK -1 2 JQRR*I _JZI?Rfl EE

= (—1)MU2 R/ Ny R Kot
dlag ( [J]) CIV

QKR 1

diag (&) Dk, CLY

£(10 | g0

0.0) T E(10) ol (7.48)
3. (g0 _geoy [ 2T
zkrl( (0,0) ~ (170>)

glitl]

(1,0) from the last 2Kr—1 columns, i.e.,

Here, it is numerically more stable to compute B

1] _K B . B = . ~|7
B[(]l—lg)l)} — (—1MV2 Ke /0l Nlilo—Kr—Ro+4 3 diag (Cb]> . cV 3

R oKp—1 oK p—1
0)\ oIl
00~ BlD)) Cle 1Ty (7.49)

Then BE]1+())] can be calculated using 9Kr . gKo—1 samples of Al by essentially applying

9Kc=1 1_dimensional DCT-IVs of length 9Kr=1 t the columns of the sample matrix and
9Kr=1 1_dimensional DCT-ITs of length 9Ke=1 tg its rows.

(iii) Computation of ]A?;Ejﬂl)]

Recall that

s (L) e

(11) x I

MUl —2KRr=1 Al 1 NUl_9Ko=1 Nlil—1°

Analogously to (7.36) in case (i) and (7.43) in case (ii), (7.30) and (7.3) yield that

i MUl—1, N1
vV MUINU] <<ab‘+1l) )
2k+1,2041 ) g
MUINUY v 51+ v
=——>5 Cu nAG C

QRRfl_]_ 2chl_1

k. (Q2k+1)2r+1)m = [j+1]
B Sm( 1MT] (Barn B T ).,

MUl—1, N1
(—1)lgin (22 DA DT . (7.50)
AN k, 1=0
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Since the sine terms appear for rows and columns, we will have to restrict both the

rows and the columns of (7.50) as in Section 6.3.1, so that we will have to consider
four submatrices in order to be able to compute B[(];%] We begin by selecting the rows
corresponding to 2k, + 1, p € {(), cee 9Kr—1 _ 1}, and the columns corresponding to

20 +1,q€ {o, . oKe1 1}. This yields

T () )
pt1,2lg+

(—1)MVIN 12 ] ] +1)
_ v : j v : j Bl _
- —— (i, diag (s ) +SD%,, diag (<)) e, B Tpr s
: (diag (s[é]) C;Y?c—l + diag (c@) SI;I/?C_J
LI NlUlo-Kr-K¢o
(=M v v
= ( CQI?RA ‘ JzﬁR—lcQRRA )

A/ 27}~(Rff?c+4

: 7] B li+1] Rli+1]
diag (SR> J21’?1%*1]3(]1,1) ']21?0*1 JQI?R*IB(]l,l) Jyr
[

QRRil—l’ 2}?07171

p,q=0

2chl

_ ; (] S+ =[i+1
D2KR71 d1ag (CR) JQRRle(Jl,l)}sz?Cfl J21~<R*1B[(]1,1)]J21~<C*1
s (5 O (7.51)
diag (c[é]) D,z C;\}(C_IJQRCA

In order to obtain an invertible matrix factorization, we now have to use both additional
rows and columns. First, we choose the same rows as before and the columns correspond-

ing to the indices 2l’q +1,q€ {0, .. ,2[?0*1 — 1}. Analogously to previously considered
cases we find that

21?R71_1721?C171_1

(71)M[J’]N[.712—f<12—f<c \/M[j}N[j]fo{R—I?C+4 (a[j—i-l})n
2kp+1, 20, +1 0
p,q=
diag (s[j]>
=(cY¥ |Jx,.CY f ‘
( oRp—1 ‘ 9Kp=1" 3R p—1 ) Dz,  diag (c%)
5 +1] S l+1] : [4]
J21?R71B(]1’1) J2f(071 JQI?RAB(]Ll) JQRC—I dlag (SC>
=41 S+l : ] _
JQI?RABEJLD]JQRCA JQKRleE]Ll)]JQI?Cfl diag (CC) D2K071
v
Ko—1
_wa CJ ) : (7.52)

2Ko_1 2chl

Taking now the rows corresponding to Qk;, +1,pe {0, e ,QI?R_I — 1}, and the columns
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indexed by 2, + 1 yields

,i 21?]{*1_172}?0*1_1

(—1)MPINB2RRRe /1) N lilg - Kp— Ko+ ((“M)
2k!+1, 2 +1

P,q=0
: 7]
( cv ‘ 3. .CWV ) diag (SR>
2KRp—1 R~ Kp—1 . .
? 2 sz?zrl diag (c%})
li+1] [i+1] . 4]
Joitp- 1B(J1 1) Joker Jorg- 1B(j )szfc L diag (SC)
[i+1] [5+1] 4] )
i1 B Toiomr JorpaiBAD) oo dlag< )DQKCA
Clies
Ccv ’ 3 . ‘ (7.53)

2KC 1 2KC 1
Finally, for the rows indexed by 2k;, + 1 and the columns indexed by 2lf] + 1, we obtain

2I?R—1_1’21?C—1_1

(_1)M[j]N[J‘]2*F<R*RC \/M[j]N[j]Q_}?R_I?C+4 ((a[ﬁrl})n )
p,q=0

2k) 41, 21 +1

diag (sm>
_ (c¥ ~J s ,CW R .
( 9KRp—1 ‘ oKRp—1 9Kp—1 ) D2I~(R_1 dlag (C%})
T BT o T BU I 5 [ ding <s[cjj)
[i+1] [i+1] (] _
JQI?R 1B(]1 1) J2K0—1 J2§R—1B(J1’1) J21~(0—1 dl&g( )DQKC—I
A%
Ko—1
701\/2 CJ . (7.54)

gKc—1"9Ko -1
Combining (7.51) to (7.54), we find that

)21?}3—1_1721?0—1_1 >2I~(R—1_1721~(C—1_1

. 11 . i
[i+1]) L [i+1]
<(a )2kp+1,21q+1 (a )zkp+1,2z;1+1
[i+1]) 1L
<(a )2k;+1,2zq+1
p,q=0

[+l
<(a )2k;,+1,2z;+1 o
P, 4=
MUINUlo—Kr—K¢
(_1) <12KR 1 J

v
Kp— 2I?R71 CQ}?R—l v
IQI?R—I _JQI?R—I CQKR 1

p,q=0
>2KR 1 1 2Kc 1 1

p,q=0
)2KR 1 12KC 1 1

I Nlilo—Kr—Kc+4

[J] = [j+1] [i+1]
dlag JQRR—lB(]Ll) Jorg1 Joip- 1B(]l 1) Joko
: 5] ~lj+1 +1
D diag (CR) sz?RleE]Ll)]Jzkcfl Jorn- 1BE]1 1)}J2Kc 1
[ ]
dlag . (C?I/?C—1 ) <12R01 121?071 >
v .
dla’g< []]> D2}}C,1 CQI?C’71 J2f~(c—1 _J2I?C—1

(7.55)
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We denote the required samples of All by

2KR 1_1 2KC 1 -1

=)

E(lyl) = < a[j+1]

0,0
(0,0) 2Upt1,2+1 ), 0

I 2KR 1_1 2KC 1 -1
) >
2kp+1, 205 +1 P, q=0

(1LY . _

£ ( |
( ) I 2KR 1 1 2Kc 1 -1
1,1) i1

Ejg) = < qlit1l

2k, +1,2l+1 ), g

2KR 1_1 2KC 1 -1

(1,1)

gD . < a[j+1]
2k’+1 2l’ +1

As all square matrices in (7.55) are invertible, we obtain that

[i+1] [i+1]
J2f<R 1B(j )J2f(c 1 JQRR B(]l 1) JQI?CA
. gbtily . gltiy
J2KR 1B( )J2Kc 1 JQKR B( )J2chl

_ ]
_ (_1)M[j]N[j]2*KR*Kc \/M[]]N[J]Q_I?R_I?C 14 dlag ( >

v (1,1) (1,1)
: <C2I~{R_l v > 1 (IQI?Rl Lp > E(070) E(Ovl)
C2KR 1] 2 J21~(R—1 _JQI?R—l Eg%% Egj;

(/]
A <12f<01 Joio ) ) (C;\;{c—l v ) dlag( > '
2 I2f(c_1 _JQIN(C—I CQKC71 D2gc_1 diag ((NZ[CJJ)

— (=) MUINU2RR=Re /i) Nljlg-Rn—FRe

5] v (L) w(1L,1)
diag (SR) Cokn Eoo B
d1ag< Ul) D i, 1012‘}%_1 Egég EEH;

CIQV , diag ( [J])

N Dy ding () ) 20
where we set
Blon) = By + Birp) + B + B
Blon) = (Blos) + Blio) ~ B — B ) dpmer
B0 = Ty (Bl — Blo) + Eyy) ~ B
Bl = e (B8 B - B s
= [+1]

It suffices to just consider the bottom-right quadrant of (7.56) in order to compute B( 1)
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which is numerically more stable. Thus, we find that

B = (- MNP LIl Re—Re 3 ding (S8) Dy,

Ly =
v L) gD gD, gD
g Y S Iy S (E(o, o)~ Euo) — By T E(1,1)) Joke-
LY Dye, o diag (€2) Ik, (7.57)

Consequently, BEJS)] can be calculated using 9Kn . 9Ke samples of ATl by essentially

applying a 2-dimensional DCT-IV of size 9Kr—1 y 9Kc—1,

(iv) Computation of AUH1.
The matrix BU is given as a restriction of AUl and the restricted matrices ]A?;[(%Jrll)],
]A?;Ejﬂ)] and ]A?;Ejﬂ)] can be obtained from (7.42), (7.49) and (7.57). Thus, we can compute

BEJH)] B[(‘Hg] BEJ;B;] and BE]JF)} via (7.32), as it also holds for the restrictions of the

matrices AUt and AU with

G+ _ Lo L wl+l | _lU+ | Rl
By = 7 (BY+ B + Bl + BAL)

G+ _ 1 (gul _ gl gl _ g+l
Boy =1 (B - BEL + BEY) - BEL) i, (758)
[+1 _ 1 1 gl _ gl+l _ gli+l '
B(10) ZJMU] (Bm JFB( 1y ~ B ~Bq, 1))
+1 _ 1 1 _ gl _ gli+l |, gli+l
B[ = I (BD] BY - BYH + BUY ) I i
Then AU+ is given by
(b[a+1]> 8 € araRnr, aatio
k— MUl 42KRr=1 | Nl y2Kc—1 b el _gko-1, N1
(#2) R E Dyt ofn-t, ao-
LG+1] k- ml2ERt, 1A e IN[J] NUly2Ko-1_1
“k{l - (bbﬂ]) 1fk:eI i), MUl +2RR=1_1"
k—MU1,1—NUly2Kc—1 S N NGl
(bb+1]> ifhe I MUl+2KR=1-1’
MUl,1-NU S IN[J']7N[J']+21~<C*1_1’
L0 otherwise.

Consequently, reconstructing AU+ in case A of Theorem 7.14 requires

2I~(R71 . 2}?@ + 2f~(R . 2IN(C71 + 2IN(R . 2[?0 — 8 . 2]?}371 . 2}?071

entries of (A[HH) . We will show in Section 7.3.5 how to detect the exact first and last
row and column support indices efficiently. ]
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7.3.3 Recovery Procedure for Case B: Colliding Columns

If j = jo, where jo is defined as in (7.8), the column support S[é] of Al is completely
contained in the last bo columns, but the row support SI[%] is not contained in the last
br rows, i.e.,

Sg} C Intl_p,, nll—1  and 51[%} L I gt —p, pli—1-

Then it follows from Theorem 7.14, case B that

[i+1] _— : _

STTEG L o X NG, NUIpbe -1 or
[i+1] , , , .

ST G 1L vt —1 ) X NG b, NI b -1

see also Figure 7.12.

A[]] A[J +]-] e ——H_-;_—,:m—_-l
nlal
— Nl — b
, ME%}
A[]] | : 1 A[J +1] ‘_‘_‘_‘_'l
,,,,,, Lio--- —M[ﬂ_bc
N J
| ¢ *ME%}

Figure 7.12: Illustration of the support of AUl and one possibility for the support of
AU+ for mbl < mU+1 (top) and mb! = mbU+1 (bottom)

Hence, there are two possibilities for the support of the rows of AUT! as SUHI ig
either contained in the upper or in the lower half of AUt Furthermore, we have to
undo collisions of nonzero entries, so we do not exactly know the column support of
AE“]. The following theorem shows how AUt can be reconstructed from Al and
A" by combining some of the ideas used for cases A and D of Theorem 7.14 with an
additional new approach.

Theorem 7.19 Let M = 277 and N = 27¢ with Jg, Jo € N, and let J = min {Jg, Jo}.
Let A € RM*N have a block support of size mxn with known bounds bg > m and bc > n,

250



7.3 Iterative Sparse 2D Recovery Procedures

and assume that A satisfies (7.5) and (7.6). Let L := max {[log, br| + 1, [logy bo| + 1}
and j = jo € {L,...,J — 1} as in (7.8). Suppose that we have access to all entries of

Y A A g ' -
AL Then AUFY can be recovered from A, 2Kk . 2Kc entries of Al and one nonzero

—~ U171 plil—1 ‘
entry of ((a[jﬂ])l;kﬂ 21> , where K € {Nlogym] + 1., logy MU}
" k=

Proof. By assumption and Lemma 7.12, Al has the block support
S[J] = Sg] X S[C]‘] = Iﬂg]ﬂﬁ[g] X IH[CJ;],V[CZ] - I‘u%]’l/g] X IN[]']_bC’N[j]_l (759)

of size mll x nll. Recall that it follows from (7.30) that

T

= CII [j}CH _ clu A[H-l]CIV]

TR 1 114%0,1)
P i) <Ab+1]> Py’ == M (7.60)
2 v AUl T v g U+ IV
Cur A( 0) CNm CMmA(1 1) Cyui
With ‘ ' ‘ N ‘
abl = NVl — ,u[é] <bc and K¢ := [logQ ﬁm—‘ +1
as in Section 7.3.2, we obtain that
S[J] C I -
NUl—g2Kc—1 NUl-1°
Since j = ja, it follows from Definition 7.5 and (7.59) that
1
S[] } g Iy%],ljg] X IN[]']72I~(071,NU]+2R07171 or (7 61)
j+1 _ N '
sU+l - IM[j+1]—1—yg],M[J'Jrl]—l—ug] X IN[J']—QKC_17N[j]+2KC_1—1’
so either A[ U _ 0 and A[JH} =0, or r AV = 0 and A[JH] = 0, see also Figure 7.7.

(1,00 — (1,1) (0,0) (0,1)
Consequently, there are precisely two possibilities for the support rows of AU+ but

we can only deduce that the column support is contained in an interval of length 2Kc
starting at ,u[gj. If the lower half of AU+ is zero, (7.31) and (7.32) can be simplified to

i1 X+ A+ [7+1] [74+1]
A= A = Ao +Apy v = Al

A = A - Ao = AR o
and
Al =5 (47 ARY). .
A = 3 (A0 - 5) 1 |
If the top half of AVTY is zero, we find that
AP = AGG) = 0w ALY + T ALY Tvi = —AG), (7.64)
A = G Al - DAl = -RES,
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and .
G+1 _ 1 AL+
Al = 3T (AP +AGY). (7.65)
i+1] 1 1 AL+ '
AEjl,l)] - §JM[J'J (Am - AEJ )]> I i
Note that (7.63) and (7.65) only differ by a row permutation J,,;;. Provided that we can

determine whether the support of AU+ is contained in its upper or in its lower half, it
suffices to recover AEJOJT)] in order to be able to compute AUt as AUl is already known
from the previous iteration step. Thus, we need to derive a method for reconstructing
AEJOJT)] from A" and AUl and a method to decide whether the support of AUt g
contained in its upper or in its lower half.

Let us first focus on the reconstruction of AY . It follows from (7.3) and (7.30) that

(0.1)
<<au+u>ﬂ
2%k, 20+1

Similarly to the approach taken in Sections 6.3.1 and 7.3.2, we want to reduce the number
of rows and columns of CRI/[U] and C%jl required in (7.66), using that A ;) has a block

MUl—1, N1 1
AL+l

)kl = S Chm AL Cho- (7.66)
,1=0

support of size ml x nll. Thus, we want to obtain an invertible matrix factorization
. . . 12 12 e
consisting of matrices of size O (mm ) and O (nm ) By definition, the supports of

A[J‘H]

(o.1) and AU! are the same, so, denoting by S(B) the support of a matrix B, we have

A +1] o -
5 (A(O,l) < Iug],ygl X IN[J’]—2KC—17N[J']_1‘

Since the support of AUl is contained in its last bo columns, we already know from

Sections 6.3.1 and 7.3.2 how to restrict the rows and columns of C%j]. Recall that

Kgr= [logQ mm—| +1< I?R.

Ideally, we would like to subdivide the interval Iy 1 into M Ul . 2=Kr intervals of
length 257 = © (mm) of the form

If the rows of AUl are contained in such a 25R-length interval, the multiplication by the
cosine matrix of type Il in (7.66) can be reduced to a multiplication by invertible matrices
of size 257 x 2Kr  gimilarly to the restrictions we have seen in Section 7.3.2. However,
the row support SE%] of AUl does not have to be contained in one of these intervals of

length 25# for example if {MQU] -1, MQU]} C Sg]. We have not been able to find an

invertible matrix factorization of size 25" x 2Kr by restricting the rows and columns of

CRI/[[J'] in (7.66) that correspond to the nonzero entries of AEJ(;EI)] and AUl Shifting the

above intervals by, e.g., 25271 also does not provide the sought-after factorization.
Instead, we have to content ourselves with an approach that requires more arithmetical

operations. Note that there exists a minimal K][%] € {KR, ..., logy Mm} satisfying that
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there is an index d%] € {O, ,M[j]Q*KI[%] — 1} such that

S i - 7.67
LTS IR R (7.67
ie.,
K}[%} = min Hd%] S I 4] . Sg] g I . 5] X 5] ,
Ke{Kr,...logy MU} 0, MUl2KR 1 PEBLY: 7<d%]+1>.2KR 1

Thus, instead of always subdividing I, 5/, into intervals of length 28R = O (mm),
we will divide it into intervals of length 2Kg], where K][%] depends on the location of the
row support of AUl and AEJOJT)} The drawback of this approach is that we do not have
any a priori knowledge on Kg}. Both the optimal case Kg] = Kpg and the worst case

K g} = MUl are possible. Further, J2 can be as small as L, but also as large as J — 1,
and we do not have any a priori estimates on it. For computing the theoretical runtime

. . (5] .
of the approach we will present hereafter we can thus only estimate 2Kz = O (%) This
value is attained if the support of A is contained both in its upper and in its lower half,
as well as in its last bo columns, i.e., if

Iv | m C S}fvf] and S[é]] CIN-1—bo, N1,
2 ’ 2

2]
because then jo = J — 1 and 2KR” = % See Figures 7.13 and 7.14 for illustrations.

g
] \ \
gl | | | I
R [ [ [ | DEEEIIIIISN Iy | |
0 oKr _ 1 2.2Kr 1 3.2Kr ] MUl —1
oK oK 2K oK

Figure 7.13: Illustration of the subdivision of I, 54 for 2Kg] = 2Kr = iMU] with

dl =2

-1 MUl —q

Figure 7.14: Illustration of the subdivision of I; ;_, for 2K1[§] = MUl with d%] =0
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7 Real 2D Block Sparse Fast IDCT-I1

Since

sl = s (AETY) ¢ x I

dli).2k E%{(duﬂ) w7 NI —2Re-1 N1

let us define the restriction of AEJOT)] to the dmth set of 2KR rows and the last 2KC 1
columns as

i lg] .
+1) Gy ) ()2
R+l _ Jj+
Bo = << (01)> ) ). k) e
k=d3 2" R [ I=Nl]l-2Kc—1

Utilizing this restriction in the upper right quadrant of (7.60), we obtain from (7.66) and
(7.36) that

MUl—1, Nl

. i
oMLl (ab+ll)
2k, 2141 )}, 1=
MUl—1, NIl

' k2r' + 1)\ (.1
= €l (k) COS <Wm> ((1({)71) )’!",l CN[J]

=0 k,1=0
MUl—1, N1

k@2r' + 1)\ .+ v
— Z v 5M[j] (k) COS <2]\4[.7] (a(O,l) )7'/7[ CN[j]
[4]
= [J]QKR o
[5] . )
2K§:1 k((dff +1) 2884 = @r+ 1) 7
= e yti (k) cos :
—0 20 U]
[ MUl—1, N1
j+1
cly
( 01)>( i141)2 . rl)klzo NG
[5] .

2 SR k (d%] + 1) T E(2r + 1)m
=4/— Z Z e (k) | cos ———F~— | cos <)
NVl Ml KE 2011

k(d7 + k(2r 41
+ sin < R 2] sin ((TWT) (J B[J+1]J2KC 1>
Mlilo—K7 2M 1] ok s
(2s+1)(2l+ 1)w MU1-1, NBI-1 (7.68)
N[J] k,1=0 ’ '

where r == (d%] + 1) QKE%] —1—7r". As ﬁgﬂ] is of size QKg] X 21?0*1, it suffices to use QK%]
rows and 256~ columns of (7.68) for its reconstruction. We choose the rows indexed by

2k, where k' = M[ﬂ2*K1§]p, pE {O, . .,2K1[g] - 1}, since k' € {0,.. L, MU -1} for
all p. As in Sections 6.3.1 and 7.3.2, we use the 2K0=1 columns of (7.68) that correspond
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7.3 Iterative Sparse 2D Recovery Procedures

to2l,+1,q¢€ {0, . .,21%0_1 - 1}. Using (7.37) and (7.38), this implies

4] ~
ofR 1, 2Kc-1_4

(_1)NU]27RC \/M[j]N[j]2_f<C+2 <<a[j+1]>11 )

2k, 20441 ), g
k" " M[J]Q RD (dlj% + 1) T M[‘]}2_K1[’%]p(27“ + 1)7'('
= | (=)™ epn(k,) | cos o Cos .
MUl2-KR 2M U]
KUl
To— kU (] , - 2Rl
(MU ERp (dé + 1) T\ (M2 KR p2r 4 1)r
+ sin T sin YVt
MUI2—Kg
p,r=0
S . . _ .
'JZK%]B[(% ]szfcﬂ (dlag (sg}) C?{;Ci1 + diag (cm> S;\z/%cq)
" y 2 1
= ((—1)’% i (k) (cos (p (dg] + 1) 7r) cos <w>
2.2 Kg
oFH g
; 2 1 -
+ sin (p (d%] + 1) 7T> sin (W)))
2.2 R p,r=0
<y ' . _ .
.Jng]B[é ]ngc,l (dlag (sm) Clz\fl?cﬂ + diag (c[é}) S;}?Cq)
[5] 2R 1
d[j]+1+M[j]27KR P p 2r + m =li+1
= ((—1)( " ) 524%] (p) cos << K[j]) ) JQK%]B[é+ ]szfc*l
2-2%r p,r=0
. (diag <sg}) CIQY?C_1 + diag (c[é]) Sé\féc—l>
4]
; 2R —1
[ d[j]+1+M[j12‘K%]
25k
p=0
~a ~r diag (sm
1 1
. ( J KU]B[CJ'Jr ]ngc*l I B[é+ ]JZI?C” ) C) [4]
oKR 2K R diag (CC> Dgf(c—l
8%
v 2K§‘1 , (7.69)

QKC_I 2chl

where s[cj;] and c[é] are defined in Section 7.3.2. Asin Sections 6.3.1 and 7.3.2, we also need

to consider the columns corresponding to the indices 2l; +1,q € {O, ey 9Kc-1 _ 1},

while using the same 9K vows as before. It follows from (7.39) that

[5] ~
- oFKR 1, 9Kc-1 1

_1\Nll2—Ke ] N ljlo— KB —Ke+3 G\
(=1) \/M N2 (a )Qk”’ 2041

P27 P, q=0
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7 Real 2D Block Sparse Fast IDCT-I1

s dia, sm
[5+1] [+1] g\ S¢
.(J2 BEI 5 JZK%-]BC{ ngc,l) ( ) .
diag ( ) Dch—l
v
2kt . (7.70)
_CIV

ZKC 1J2Kc 1

Combining (7.69) and (7.70), we find that

_1 Nl 2_KC \/M N[]]Q K Kc+3

2K£2]—1,2f<c—1—1 4 oKk —1,2Kc-11
sy [i+1]
< a 2k“’ 2,41 (a )2k;;/,2lg+1
P,q=0 p,q=0
4]
%l 2KR -1
+1+M[J]2 Kg )p I
iag C
p=0 2
~a diag sU]
[7+1] 5 li+1]
(JQKE%]BC ke J mB Joke

X CIQ\I/?C—I :[21?071 121?071
CIV . (771)
9Ko—1 J21~<c—1 _sz(c—l

Let us denote the required samples of Al by

[j] .
ok _1,9Kc-1_1

© _ (( G+\0
B ((a )2kg',2lq+1 and

p,q=0
i 2KE%]—1,21?0—1—1
E(C) — (a[jJrl])
(0,1) 2k 217 41 .q=0

P 7q

As all square matrices in (7.71) are invertible, see (7.41), it follows that

( J K[]]B[J+1]J
2R

J B[J+1]J2KC . )

oRc—1 oK
5]
‘ - 0 = (d[j]+1+M[j]27K%]>p 21
= (—1)NV2” C\/M[j}N[j]Q—Ké ~Ke+3 ol diag ((—1) " >
25k
p=0

v
.<E<c> ‘Ew) Ik Licr Joprer | (Coren
(070) (071) 2 I - _J - CI\[

2chl 2chl 2KC_1

Dz, . diag (é@)
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7.3 Iterative Sparse 2D Recovery Procedures

25k

(E B | (B - EC)) e )
CY  diag (g[ﬂ)
c ClV. Dz, diag (ég}) (7.72)

2KC71

Here, it suffices to take the last 9Ke=1 columns of (7.72) for computing ]~3[Cj;+1], so we find

~Tit1 1] _K \/ R R [j]_~
B[é V= () NP27ey/ pplil Nl K KC+1JK£%‘]CI;I£U]

2 R
[7]
. ) Mk -1
_ df 14 MUl KR ) p (©) () v
g (- G EC
p=0
‘D,z diag (é[gj) ko1 (7.73)

Using (7.73), we can compute

ifkel . 4]
pli+1] J o R ,(d%]-i-l)QK}% -1
~[j+1]> C loKY B '
a = k—dY'2" R |—-NUl42Kc—1
( ©01) )5 R l € IN[J']

_oKc—1 Nli_1°
0 otherwise.

Hence, ]§[6];+1] can be calculated using QKI[%] . 9Ke samples of All by essentially applying
2K? ~! 1-dimensional DCT-IIIs of length 2K%] to the columns of the sample matrix and
2K1[§] 1-dimensional DCT-IVs of length 25¢~1 to the rows.

We still need to determine whether the support of AUt1] is completely contained in

its upper or in its lower half. By Theorem 7.14, case B and (7.62) to (7.65), there are
precisely two possibilities for AU+ either

1, AUt
1 A[j]JFA(jo,U

v . (Am B AUH}) v
— 5

(0,1)

or

0 0

0

0

v . L
2 I I
I (A[J] + A%ﬂ) J (Am - AEJOT)]) J i

Let us define

1]

X+ = Al +A£{)+11)] and X = ALl _ AU )

i+
(071

and, analogously to Section 7.3.1, compare the DCT-IIs of V(® and V(. Remark 7.7
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7 Real 2D Block Sparse Fast IDCT-I1

yields that

il
P+ (V(O)> |

_ T _

_ 1 Chyy (X + X)) ey, Oy (X = X) Ol
2 — T _

Cliyy (XM +XO)cf,m ) (X X)) C,

and
i1
P i+ (V(1)> Py’
_ T _
_ 1 Chp (X +XE) Cyy Cli (X =X) €y,
_ T _
2 Chyy (X X el w el (=X +X5)) el

Consequently, it follows that

i il

(U(l)) =— (v(0)> (7.74)
2k+1, 21 2k+1, 21

for all k € {0, o, MU — 1} and [ € {0, ..., NUl— 1}. Analogously to Section 7.3.1, we

can determine whether V(© or V() is the correct matrix AV*Y by comparing a nonzero

i MUl—1 N1 a
entry of ((a[jﬂ}) ) to the corresponding entry of (V(O)) . However,

2k+1, 21

we first need to show that such a nonzero entry can be found efficiently.
Assume that there does not exist such an entry, i.e., that

i mlil—1,nlil—1
<<CL[J+1]> ) =0.
2k+1,21 k,1=0

We know from (7.23) in Section 7.3.1 that

mlil—1,nlil—1

0— (amu)”
2k+1,2) 1 g

1 ] dd < )T
=— XY V° tasi .
MUING] odd, r ( M[J+1],7“) 1‘65%]
A (U ‘ FIEA a1
(6460, o e ¥ (o)) R a0
_ ~[i+1]
& 0= . 7.75
<<a(1,0) >“5)resg]7sesg] (7.75)

Since j = jo, the support of AUt is either completely contained in its upper half or in
its lower half. If SU+1 is contained in its upper half, i.e., if A[(j;t)l)] =0 and A%”Lll)] =0,
recall that by (7.62)

L+ A [7+1] o i
Al =Agh F AL I = AUl

If the support of AU+ is completely contained in its lower half, i.e., if A%JBI)} = 0 and
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7.3 Iterative Sparse 2D Recovery Procedures

A%ﬁl)] = 0, then, by (7.64),

A == AL A =0

Hence, we have that either A%JBI)} = AUl or Agjl 01)} = — AUl which implies that (7.75) is
equivalent to AUl = 0. This is a contradiction to (7.5) and (7.6) and the fact that the

matrix A has a block support of size m x n. Consequently, there exists an index pair

: II
(k:c, lc) € Io7m[j]_1 X IO,,n[j]_l such that (a[j+1])2kc+172lc £ 0.

For a stable and efficient implementation of this procedure using Lemma 7.8 we set

. i :
Further, we also need to compute the corresponding entry of (V(O)) . By construction,
the support of V(© is contained in

o J—j—1 1
(kc, lc’) = argmax {‘2 J a2J7j71(2k+1)72‘]7jl
(k’Z)EIO,m[j]71XIO,n[j]71

Iﬂg}7y[j] X IN[j]fzkc*l,N[j]+2’~<c*171'

Thus, the required entry of (V(O))H satisfies

(U(O))ﬁ - (Cg@mV(O)C%mT

2kc+1, 2l >2kc+1,2lc

vl NUlpaRe—1og

T
=3 Y 0 ()

T:M%] s:N[j]—2ﬁ071

and can be computed using O (mm : 21?0) operations.

By (7.74), we have that AU+ = v (©) jf

i ) il
(v(m) _ (amu) :
2kc+1,2l¢ 2kc+1, 2l

and AU+ = v(@) jf

11 . 11
<v<0>> — (amu) _
2kc+1,2l¢ 2kc+1, 2l

Numerically, we define

I . I
0 = (U(O)) - (abﬂ]) and
2kc+1,2l¢ 2kc+1,2lc
i . il
5 = (Um)) +<a[y+11> ,
2kc+1,2l¢ 2kc+1,2l¢

and set

Al _ VO if 55 < 6,
VO ifeg > 6
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7 Real 2D Block Sparse Fast IDCT-I1

Further, the first row support index of AUt is given by

g _ [ if AU = v, (7.76)
B MUl — 1 =00 Al = v, '
Note that mli+ = ml! but that we only know that
[i+1]
SCJ‘ < IN[j]—QI?C*17 Nl y2Ko-1_1 (7.77)

and nll < nl+1) As in Chapter 6 we have to detect the exact first and last column

support indices by examining which of the entries corresponding to the indices in (7.77)

are nonzero. In Section 7.3.5 we will thus give a 2-dimensional analog to Remark 6.18.
O

7.3.4 Recovery Procedure for Case C: Colliding Rows

If j = js, where j3 is defined as in (7.9), the row support Sg}
contained in the last bg columns, but the column support S[g] is not contained in the
last bo columns, i.e.,

of AUl is completely

j j
sl c Iyl —ppy, - and sd g InG1_pe, NU-

Then it follows from Theorem 7.14, case C that

+1
SV C Tty i1 ¥ L or

corC
[i+1] | | | |
SUT G Iy, ) bg—1 X Lyt ) g0

see also Figure 7.15.

Analogously to Section 7.3.3, there are two possibilities for the column support S[CJ,H]
of AU+ as SUH] is either contained in the left or the right half of AU+, Due to
collision of nonzero entries, the row support S}[!%+1] is not known exactly. Switching the
roles of rows and columns, we can proceed similarly to Section 7.3.3. The main theorem
for reconstructing AVt from AUl and Al in case C of Theorem 7.14 presents itself
as an analog to Theorem 7.19. We will briefly sketch the proof to introduce the setup
and notation necessary for formulating the complete 2-dimensional IDCT-II algorithm
for block sparse matrices in Section 7.4.

Theorem 7.20 Let M = 277 and N = 27¢ with Jg, Jo € N, and let J == min {Jg, Jo}.
Let A € RM*N have a block support of size mxn with known bounds bg > m and bc > n,
and assume that A satisfies (7.5) and (7.6). Let L :== max {[log, br] + 1, [logy bc] + 1}
and j = j3 € {L,...,J — 1} as in (7.9). Suppose that we have access to all entries of

Il j 1 oR 17 ‘ i
AL Then AUFY can be recovered from A1, 2Kr . 2KE' entries of A and one nonzero
= mlil—1,nlil—1 )
entry of ((a[jﬂ])gk 21+1) , where KZ) € {Tlogyn] +1,...,logy NU'}.
’ k,1=0

Proof. By assumption and Lemma 7.12, AUl has the block support

] — qll bl ¢ . , . I
SV =Sp xS¢ =L o xLu S Iy e mv X L
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All | Al+1]
MU — by MU by
o ) 1 |
munun S e 1 R
LT I—
All | Al+1]
MU — by MU by
**** T | |
[ il LI ‘
o o

Figure 7.15: Illustration of the support of AUl and one possibility for the support of
AU+ for nlil < pi+1 (top) and nll = nb+1 (bottom)

of size mlU! x nll. Analogously to Section 7.3.3, we now have that

i+1] N
S - IM[ X Iﬂg]ﬂjm or (778>

—oRpr-1 pflilyoRr-1_1 % IN[j+1]717Vg], NG+ 1,00

jl_oKRrR=1 MUl 4oKr=1_1
[i+1]
S - IM[J‘]

If the right half of AU+ is zero, (7.31) can be simplified to

i1 Al A ] [+1] _ x [+1]
AV = Afo) = Ay + Al =Ag))  and (7.79)
A+ A ] [+1] _ x [i+1] '
A(jl,[)) = A(jO,O) - JM[j]A(‘jl,O) = A(Jl,l) .
Hence, it follows from (7.32) that
ALl 4 Al 0
Aty 1 (1.0 — WO, (7.80)

i A+l
Tt (Am - AKB)]) 0
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If the left half of AU+ is zero, we find that

AU = AR = AR+ 3,0 AT = —ARE,

(©
¢ . | G (7.81)
+1 +1 +1 +1
AEJLO)] = AEJOJ)]JN[J'] - JM[J']AEJLl)]JN[J'] = *AEJM)],
and
0 AU AU g
AU+ :% ( (1’°)> N —w. (7.82)

j AL+l
0 JM[J‘] (A[J] - A[(]1,0)1> JN[J’]
[i+1]
A (1,0)
determine whether the support of AUt1) is contained in the left or right half. Recall that
by (7.60)

Similarly to case B, it suffices to recover A in order to compute AUt if we can

i MUl_1, Nlil—1 1
[+ _leav qU+en T
<<a )2k+1,21)k,l:0 - QCM[j]A(l,O) Cru - (7.83)

5]
Using a subdivision of Iy y(;_; into intervals of length 2K¢ , analogously to (7.67), with

KU] — min Hd[ﬂ el P S[j] ) S . U
¢ KG{KC,...,lOgQ N[j]} ¢ O,N[j]QKC]' 1 ¢ = d[cj']'2Ké ’(d[Cj’]+1> -2KC]' 1 ’

we define the restriction

' , MUl—1, (d¥ 41 oK1
BUt — ((@[J+u)k7l> (1) |

1,0 - .
(1.0) k:M[J]72KR*17l:d[CJ,]2Kg]

of A£]1+01)] to the last 2571 rows and the d[é]th set of QK[Cj] columns. Then, analogously to

(7.68) to (7.73), where we use the 925 columns of (7.83) indexed by I’ = N[j]Q_K[cz]q,
qE< {0, e ,2K[CJ] — 1}, and the rows corresponding to k, and k:]’D’, we find that

]’_5)[]%4-1] :(_I)M[j]Q*f{R \/M[j]N[jmff(R*K[CZ]Jrl JQKR*1 diag <(~3%]> D2f(R*1
(4]

_ ; 2fe 1
v (R (R) : (d[é]HJrN[ﬂQ_K[CJ])q
. C21~(R_1JQI~(R_1 <E(0’0) — E(l,o)) diag(—1)
q=0
I
. C2Kg] JQK[C]J . (784)

Here, we denote the required samples of Al by

~ [4]
oKr-1_1 9K&

(R) ._ [i+1] i
B = d
(0,0) ((a )Qkp+1,21;;/ . q=0 -

~ 21?3*171,21‘[0]]71
£

I
- i+1]
(1,0) ” ((a )2k;+1,2zg'>

p,q=0
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7.3 Iterative Sparse 2D Recovery Procedures

=[5 . 7% 5] i . .
Hence, BEJ;A] can be computed using 257 2K¢ samples of Al by essentially applying
2Kg] 1-dimensional DCT-IIs of length 2KR__1 to the columns of the sample matrix and
2Kr=1 1_dimensional DCT-IVs of length 2%& 4o the rows. From (7.84) we can compute

ifkel

s I’E 1 s
[j+1] (Bml]) 7] ! IM[J]_Q e
a — R l4oKp—1 Py el . j . j
(a(1,o) )k = k—MUl42KR=1 1—dl/2"C d[CJ]QK[CJ17 (dg]+1)2kg]_1’

0 otherwise.

Analogously to Section 7.3.3, we still have to find out whether the support of AU+l ig
completely contained in its left or in its right half. We can determine whether AU+
is WO or W by comparing their DCT-IIs at an evenly indexed row and an oddly

. . LI .
indexed column such that the corresponding entry of (A[J +1]) is nonzero, since

e G

for all k € {0,..., MU —1} and I € {0,...,NUI —1}. As in Section 7.3.3, it can
be shown that there exists an index pair (kg, lr) € Iy -1 X Iy - such that

SRI il S .
(a[] Jrl})2,%37211% +1 # 0. For a stable and efficient implementation of the method we set

. J—j—1 11
(kgr, lr) = argmax {‘2 J Ar—ik, 97-i-1(2141) }
(k’l)GIO,mm71XIO,nm71

Because S (W(O)) = Sl we obtain for the corresponding entry of (W(O))H that

II T
(w(0)> = (CIAZMW(O)C%M )
2kg,2lp+1 2kg,2lp+1

MUl y2RR-1_1 v2

T
= Z Z (Cﬁ\zlﬂ)%;{,rw?(“?g (C%m )s72lR+17

r:M[]] —QRR71 SZM[C]’]

so it can be computed using O (QI?R . nm> operations. Then we set

5 = '(w«») I ~ ()" and
Qk‘R,QlR-‘rl Qk,‘R,QlR-i-l

5t = '(w(O))H n <a[j+1])n ’
2kRr,2lp+1 2kRr,2lp+1

and let
Al _ WO if 55 < 0F,
WD if 6y > 6

Further, the first column support index of AU+ satisfies

Gl {M[é] if AU = WO, (7.85)

¢ NU+] g _ y[c‘]j if AU+ — W),
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Note that nlU*1 = pll but that, analogously to Section 7.3.3, the first and last row
support index of AU*1 are not known, and that we only have that
[5+1] _ _
SR - IM[J'LQKR*{ MUl42KR=11
and ml < mU+1. We will show in Section 7.3.5 how to find the exact first and last row
support indices by a 2-dimensional analog to Remark 6.18.

O]

7.3.5 Detecting the Support Sets

All of the reconstruction procedures introduced above rely heavily on the fact that the
reflected periodization AUl and its support SVl are known from the previous iteration
step. Hence, we still have to develop methods for efficiently finding the first and last
support indices. Let € > 0 be a threshold depending on the noise level of the data.
Note that if j € {L,...,J —1}\ {j1, j2, ja}, where j1, j2, j3 are given by (7.7) to (7.9),
the first and last row and column support indices are already completely determined by

(7.28) and (7.29).

Case A: Colliding Rows and Columns
If j = j; as in (7.7), i.e., if the support SU! of AUl is contained in its last by rows and

bc columns, we know from (7.35) that

li+1] _ _ _ _
S - IM[J']_QKR*17M[1]+2KR*1_1 X IN[J']—QKC*17N[j]-i-QKC*l—l'

Hence, it suffices to consider the set

+1] .— _ _ _ _ Nty
Z '_ (k, 1) € IM[J']72KR*1,M[J']+2KR*1—1 x IN[J']72KC171,N[J']+2KC*171 T A

in order to determine the first and last row and column support indices. We obtain that

I = min ke (K, 1) € ZUTIL pZY = min L1 (k, 1) € ZUHUL
R C

Z/I[%—H] ‘= max {k: (k1) e ZUH]} , ngrH = max{l c(k, 1) € Z[j+1]} ,
mbi+il = Vj[%H] — ,ugj;rl] + 1, b+l — ng] — ugﬂ] + 1.

Thus, ZUH1] and the first and last row and column support indices can be found in
O (2f~<R : 21?0) — O (brbc)
time.

Case B: Colliding Columns

If j = jo2 as in (7.8), i.e., if the column support of AUl is completely contained in the
last bo columns, but the row support is not contained in the last bg rows, we know from
(7.61) and (7.76) that

e [ aamove
R MU+ 1 Vz[%] it AU+ = v,
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and G]
J+ B ~
SC & IN[J']—QKC_17N[j]+2KC_1—1'
Consequently, the first and last column support indices can be found from the set

28t ={ier

_ _ . NV 2 Y
NUl—2Kc—1 Nlil4oKo-1_1 Ik € Iy%*”,u%*” : ‘ak,l ZEy-

Then we define

M[C];H] = min {l € Z[C];Jrl}} , Vg+1] ‘= max {l € Z[Cj+1]} ,
plitll — I/gﬂ] — ugﬂ} + 1.

Hence, we can find Z[gﬂ] and the first and last column support index using
@ (21?0) — O (be)
operations.

Case C: Colliding Rows

If 7 = js asin (7.9), i.e., if the row support of AUl is completely contained in the last bg
rows, but the column support is not contained in the last b columns, (7.78) and (7.85)
yield that

o) _ e if AU+ = w(O),
@i — -l i AT = WO,

and Gl
J+1 _ _
5’R & IM[1]72KR717M[J‘]+2KR71—1'

Analogously to case B, we define the set

2671 = {k € Lyt _ofn-t pitpaRa-i_y 3L € Ly e - ‘agjn) - E}
and let
N%H} ‘= min {k: € Z}[%—H]} , VE%—H] ‘= max {k‘ € ZI[_%H]} )
mlitl — V][%'H} _ #BJ{‘H} 1.

Consequently, determining Zgﬂ] and the first and last row support index requires
o <2KR) — O (br)
operations.

Detecting the Support of ALl

Our method begins by computing the initial matrix Al e MU 5 NI directly from
Al 5o we also have to detect its support. As we do not have any a priori knowledge of
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S we have to consider the set

AL - {(k‘, l) € Iy priw—q X Iy yizy_y ‘ach,]l‘ > 6}.

Then we let
i = min {k; (k) € Z[LJ} , i = min {z (k1) € ZW} ,
I = max {k (k1) € ZW} : v = max {l (k1) € Z[L]} ,
mlt = I/I%] - u%] +1, nlt = V[CL] — ,u[é] + 1.

Thus, ZL and the first and last row and column support indices can be obtained in
O (MEINI) time.

7.4 A 2D Sparse Fast IDCT-II for Block Sparse Matrices

We can now combine the procedures developed in Section 7.3 to obtain our new deter-
ministic 2-dimensional IDCT-IT algorithm for block sparse matrices.

We suppose that Al € RM*N s given, where M = 2/, N = 27¢ and Jg, Jo € N.
Further, we assume that A has a block support of unknown size m x n, but that bounds
br > m and bc > n are known. We also suppose that A satisfies (7.5) and (7.6), and
that we can access all entries of A!l. Setting J := max {JR, Jc'}, our method starts with
calculating the matrix

)M[L]—l,N[L]—l

L] _ I J—L ( 11 m T
Al — CM[L] <2 <a2J—Lk72J—Ll o 10 ) CN[L] )

where
L :== max {[logy br| + 1, [logy bc| + 1},

directly via a fast full-sized 2-dimensional DCT-III, which can be computed with the help
of the row-column method mentioned in Section 4.3. Then the support of A% has to be
detected as we described in Section 7.3.5. Recalling that the indices j1, jo and js are given
by (7.7) to (7.9), we have to execute the following iteration steps for j € {L,...,J —1}.

1) If the support of AUl is contained in the last br rows and in the last b columns,
reconstruct AU+ using the recovery procedure from Theorem 7.18.

2) If the support of AUlis not contained in the last bz rows, but in the last be columns,
reconstruct AUTY using the recovery procedure from Theorem 7.19.

3) If the support of AUl is contained in the last bg rows, but not in the last be columns,
reconstruct AU+ using the recovery procedure from Theorem 7.20.

4) If the support of AUl is neither contained in the last by rows nor in the last be
columns, reconstruct AU+ using the recovery procedure from Theorem 7.17.

It follows from Theorem 7.14 that there is at most one index j; such that we have to
apply step 1, at most one index jo such that we have to apply step 2 and at most one
index j3 such that we have to apply step 3. The complete procedure is summarized in
Algorithm 10.
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Algorithm 10 2-Dimensional Real Sparse Fast IDCT-II for Matrices with Block Support

Input: A", bg,bo, where the sought-after matrix A € RM*N with M = 277, N = 2J¢,
Jr, Jo € N, has an unknown block support of size at most br x b and satisfies (7.5) and
(7.6), and noise threshold & > 0.

1: J + min{Jg, Jo}
2: L < max {[log,br| + 1, [logy bc] + 1}
~ )M[L]1,N[L]1]

3: Al « DCT — 111 |27-L (Gl . .,
2 k,2 V) ke 1=0

4: Find u%], u[g], m and nlLl.
5: for j from L to J —1 do
6:  if pll > MUl — g and gl > NU — b then
7 Calculate AU+ using Theorem 7.18.
8: Find " U i+l and nli+l],
9: else if u%] < MVl —bp and /J[cj;] > NUI — g then
10: Calculate AU+ using Theorem 7.19.
11 ml+) ) and i+ {u%] if AU+ = VO,
: P it _q VUi AU = v,
12: Find ugﬂ] and nl+1,
13: else if u[é] > br and ug] < NUI — bg then
14: Calculate AUT! using Theorer[n] 7.20.
, . , J if AU+ =w(©),
15: b+ nll and ,u[éJrl] < {MNC[’J'_H] _1_ Vg] if AU+ — W),
16: Find M%H] and mb+1,
17: else if pf) < MU — b and pJ) < NU! — be then
18: Calculate AU+ using Theorem 7.17.
o L) ] i AU = U0 or ALY = gD,
' R MU+ 1 VI[-%} if AU+ — g0 op AL+ — 1)
0. i u[é] f AL+ — U0.0) op AL+ — (1.0),
c N+ 1 _ ,,[Cﬂ if A+ — g1 op A+ — 1)
21: m+1 — Ml and nli+tl « pll
22: end if
23: end for

Output: A = AVl

In the following theorem we prove that the runtime and the sampling complexity of
Algorithm 10 are both sublinear in the matrix size M N.

Theorem 7.21 Let M = 2’7 and N = 27¢ with Jg, Jo € N, and let J := min {Jg, Jc}.
Let A € RM*N have a block support of size m xn with known bounds bg > m and bc > n,
and assume that A satisfies (7.5) and (7.6). Let L := max {[logy br| + 1, [logy bo| + 1}
and b := max {bg, bc}. Suppose that we have access to all entries of A € RM*N | Then
Algorithm 10 has a runtime of

| b*MN
min{M, N }? 8 min{M, N}?
min{ M, N})

O (bRbC log, (brbc) + b*

M M N N
+ ?bc log, (2b0> + b3510g2 (bR2> + mn logy 2
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and requires

MN in{M, N M N

—_—— logg ————— b br—
min{M,N}2+mn 0g9 + c + R

samples of AL
If N = O(M) and bg = O(br), then the above runtime and sampling complexities
simplify to

M M M M M
0 (1F1ogat + F1ogy )+ v1oms (5) ) and 0 (1741210, 3+ o).

Proof. Computing the initial matrix AL in line 3 using a 2-dimensional DCT-III of size
M x NI with M = 2}‘/_[L and NI = QJZYL requires

1) (M[L}N[LJ log (M[L]Nm)) =0 (bzmingf]n\f}?)

operations, since 2 = O(b). The first and last row and column support indices of Al
in line 4 can be found with the method described in Section 7.3.5, which has a runtime
of O (MIFINIE]),

If j = j; as in (7.7), i.e., if we apply step 1, we use the method from Theorem 7.18.
By (7.42), (7.49) and (7.57), it requires the application of 2K0=1 1_dimensional DCTs of
types II and IV of length 9Kr—1 ¢ columns, and of 9Kr=1 1_dimensional DCTS of types
IT and IV of length 25¢~1 to rows. It follows from (7.58) that additional operations of
complexity O (2[?13_1 . okc _1> have to be performed, as all other occurring matrices are
either diagonal or permutations. Using the row-column approach detailed in Section 4.3
for the computation of the DCTs, line 7 has a runtime of

o (zﬁR—lzkc—l log, (zf(R—lzf?c—l)) = O (bgbe log, (brbc)) -

If we apply step 2, then j = jo as in (7.8), and we have to employ the technique described
in Theorem 7.19. By (7.73), calculating E[gﬂ] needs the application of 1-dimensional
DCT-IIIs of length 2Kg] to 2Ko-1 columns, the application of 1-dimensional DCT-IVs
of length 9Ke=1 ¢ 2KIE] rows, and further operations of complexity 2K1[§] X 2;(0_1, as all
other matrices are either diagonal or permutations. Finding the index pair (k¢, l¢) and

the entry (v(o))gc o requires O (m[j]bc) additional operations. Note that we can only

. [4] : . .
estimate that 257 = O (Mm) =0 (%), since we do not know the location of the row
support of Al2l a priori and also do not have an estimate for j2 besides J — 1. Hence,

with the row-column approach for the DCTs, line 10 has a runtime of

0 (21(,[;']21?071 log, <2K%]21~(C*1>) =0 (j\;bc log, (]\24170>) :

The first column support index ug+1] and the column support length nU*1 can be

computed as detailed in Section 7.3.5, which yields a runtime of O (b¢).
If j = js as given by (7.9), we have to apply step 3. Employing the technique from
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Theorem 7.20, lines 14 and 16 analogously require

0 (2KR 19K 1og, (2f~<R*12K[cﬂ)) —0 <bR];[10g2 (bRJD)

and O (bgr) operations, respectively.
Ifje{L,...,J—=1}\{J1,jo, ja}, we always have to apply step 4, for which the approach
i

from Theorem 7.17 is used. By Lemma 7.15, the nonzero entries (a[j+”)2k<0 b2l +1 and

( [J+1})

i Ul i i
2(1.0)+1, 21, O) can be found in O (m n ) time. Calculating the corresponding

entries of (U(O 0)) requires the same number of operations, so line 18 has a runtime of
o (mmnm) ‘

Recall that, if they exist, ji, jo and j3 are unique. Thus, Algorithm 10 has an overall
runtime of

o ( MINI og ( M NM) + brbe log, (brbe)

T
L

[32] [32] [33] KU . .
+ 257" be log, (QKI? bc> + b2 log, (sz & ) + mUlpl
L
2

J
j¢{] ’]3}
MN MN
O <b min{ M, NJ2 og <b m'n{M N + brbc logy (brbe) + (J ymn

M M N
+ ?bc logy (2b0> +bR logy <b32>>

b’ MN
=0 <bRbc logy (brbc) + b* >

min{M, NJ2 % <m{MN}
min{M, N}> -

M M N N
+ ?bc logy (2b0> +bR510g2 <bR2> + mn logy 2

If we know a priori that the number of matrix rows M and the number of matrix columns
N, and the bounds by and be are of a similar size, i.e., if we have that N = O(M) and
bo = O (br) = O(b), then the above runtime simplifies to

M M M
@) <b2 log, b% + b% log, & 5 blog <2b)> .

These assumptions are for example met by commonly used image formats, where the
ratio % is usually between 1 and 2 if only a small subimage with similar column-to-row
ratio is not zero.

In order to compute the initial matrix A in line 3, we need M NI samples of
AL By Theorem 7.18, line 7 requires 8 - 9Kn—19Kc-1 samples of AlL Further, it
follows from Theorems 7.19 and 7.20 that lines 10 and 14 have sampling complexities of

O <2Kg2] 9Kc + m[jﬂnm]) and O (QI?RQKgS] + m[j?*}nm]), respectively. Finally, line 18
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requires mUInll samples of Al Hence, Algorithm 10 has a sampling complexity of

J—1
L] [33] -
O | MEINE 1 ppbe + 255" be + mn + bp25¢" +mn + Z mblpl]
j=L
J#{d1.52.33}
MN M N
=0 (¥ —————— +bgb —L —bo +bp—
O< minfaz, vyz +Orbe + (T = Lymn+ S-bo 4 br +mn>
min{M,N} M

+mnlogy ———— +

N
_ 2
—O(brbc-l-b 5 5 bc+bR2>.

min{M, N}?2

Again, if N = O(M) and bc = O (br) = O(b), this simplifies to
M M
@ <b2 + b logy -+ 2b> .

O]

Remark 7.22 Note that in practice the runtime of Algorithm 10 depends on whether
and at which level j steps 2 and 3 have to be executed, and also on the location of the
row support of A2l and the location of the column support of AlUsl If jo and jg exist
and are approximately L, then 2K1[§2] = O (bg) and 2K[CJ3] = O (bc). Thus, the algorithm
requires

M
(@] <b2 log, b* + b* log, b)
]

mately K r and I?C, respectively, since K r = O (br) and kc = O (bc). However, even

if, eg., jo = J — 1 and j3 = J — 2 with oKDl % and 2K%) = %, the theoretical

runtime of Algorithm 10 proven in Theorem 7.21 is still smaller than the runtime

arithmetical operations. Such a runtime is also obtained if K%Q] and K gg are approxi-

O (MN logy(MN))

of a 2-dimensional IDCT-II of size M x N from Section 4.3. If jo and j3 exist and are
approximately L, or if KI[%Q} ~ Kr and K g:‘} ~ K¢, the number of required samples is

M
@) <b2 + mnlogy b> ,

and if, e.g., jo = J — 1 and j3 = J — 2 with oKl2! % and 2K = %, Algorithm 10
still uses less than M N samples of AL, In order to obtain a really efficient 2-dimensional
IDCT-II algorithm for block sparse matrices with the runtime of

M
o <b2 log, b? + b? log, b)

we initially hoped for, faster procedures for cases B and C of Theorem 7.14 have to be
developed. Algorithm 10 is a good first algorithm for the problem of recovering block
sparse matrices from their DCT-II, but it can still be improved. Nevertheless, even in
the worst case Algorithm 10 achieves a runtime that is sublinear in the matrix size M N
and subquadratic in the sparsity mn. O
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Conclusion

This thesis consists of two parts, the first one focusing on sparse FFT algorithms for
2m-periodic functions and the second one investigating sparse IDCT-II algorithms for
vectors and matrices. In the first part of this thesis we began by introducing two new
deterministic sparse FFT algorithms for reconstructing 2m-periodic functions with short
frequency support from samples. Both can be obtained as different simplifications of
the sampling schemes used for the general B-sparse Algorithm 2 in [Iwel0] if the given
support structure is utilized. Analogously to Algorithm 2 in [Iwel0], our new sparse FFT
algorithms need a priori knowledge of an upper bound B on the support length. Estimates
for the theoretical runtime and sampling complexities of both algorithms provided in
Chapter 2 showed that they are sublinear in the bandwidth N of the function we aim to
recover, with runtimes of

log? & B +log N)log N B+log N
O BlogBLBE and O (( + Og2 ) log log2 <—|—og>> 7
log log 3 log” B log B

respectively. Thus, they both improve on the O(N log N) runtime of the FFT. Fur-
ther, the runtime and sampling complexities scale subquadratically in the sparsity, which
makes them faster than all existing deterministic FFT algorithms for arbitrary B-sparse
functions, whose runtimes are quadratic in the sparsity. Numerical experiments sup-
ported these claims empirically and also showed the robustness of both methods with
respect to noisy input data.

In Chapter 3 we extended the methods from [Iwel0, Iwel3| to functions with more
complex sparsity constraints, namely polynomially structured sparse functions, where
the energetic frequencies are generated by evaluating n polynomials of degree at most
d at B consecutive points. We derived the, as far as we are aware, first deterministic
FFT algorithm for this class of functions and proved that its runtime is sublinear in the
bandwidth IV of the function in question, with

<Bd2n3 log® N)
log?(2dn) '

Our algorithm requires a priori knowledge of upper bounds on n,d and B, analogously
to Algorithm 2 in [Iwel0]. Furthermore, we proved a theoretical error estimate of

(V) = el < [[e() - <V, + VB (= + g o) - o35, )]

for an approximately polynomially structured sparse function f + n with bandwidth N
and noise 1 such that c(n) € £! and ||c(n)||co < &. For the class of functions with block
sparse frequency support, which is probably the most practically useful subclass of the
functions with polynomially structured sparsity, we adapted our method to obtain an even
lower runtime. This, to the best of our knowledge, first FFT algorithm for block sparse
functions also achieves runtime and sampling complexities that scale subquadratically in
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the sparsity, with a runtime of

o <Bn2iog4 N> '
log™(2n)
We concluded the chapter by numerical experiments highlighting the performance of the

algorithm for block sparse functions with respect to runtime and noisy input data.
In the second part of this thesis we investigated the related problem of determinis-

tically reconstructing a vector x € R2"™" from its DCT-II transformed vector x. In

Chapter 5 we derived an algorithm that recovers a vector x with one-block support, i.e.,
the support may be wrapped periodically around the boundary of x. Our approach uti-
lizes that x'' is completely determined by the Fourier transform of the auxiliary vector
y = (xI, (Inx)T)T of double length. Since y has a reflected block support if x has
a one-block support, we first developed an algorithm for iteratively recovering y from
its periodizations y(@,y(®) ... y(/) = y and . The notion of periodizations was first
introduced in [PW16a] for an IFFT algorithm for reconstructing vectors with one-block
support. Applying our new sparse IFFT method then yields a sparse IDCT-II algorithm
for recovering vectors with one-block support. Both our new sparse IFFT and our new
sparse IDCT-II have runtimes of O (m log m log %), which are sublinear in the length
of the vector and subquadratic in the sparsity. Furthermore, they do not require any
a priori information on the support length of x. As far as we are aware, these are the
first deterministic IFFT and IDCT-II algorithms, respectively, that are tailored to the
specific support structures of reflected block support and one-block support.

As the DCT-II is a real transform that can be computed in a fast way using only
real arithmetic, we focused on finding a second sparse IDCT-II that only requires real
arithmetic in Chapter 6. Instead of employing periodizations of the auxiliary vector y
and [FFTs, we developed the new concept of reflected periodizations. These are a DCT-II
specific analog to the periodizations from [PW16a| used in the DFT case. For recovering
a vector x € R2” from its reflected periodizations the vector must have a short support of
length m, i.e., the support can no longer be wrapped periodically around the boundary
of the vector. Moreover, this approach requires a priori knowledge of an upper bound M
on m. With the help of the reﬂgcted periodizations, x can be recovered iteratively from
X[L],X[LJFI], ... ,X[J] = x and x!!, where the starting index L has to satisfy oL=1 > pf.
Our new real sparse IDCT-II algorithm, which is, to the best of our knowledge, the first
deterministic sparse IDCT-II algorithm that only uses real arithmetic, achieves a runtime
of O (MlogM + mlog %) Thus, its runtime is both sublinear in the vector length N
and subquadratic in the sparsity bound M. We concluded the chapter with numerical
comparisons of our two new sparse IDCT-II methods with respect to runtime and noisy
input data.

Many of the applications for which the DCT-II is typically used, like digital image and
video compression, are higher dimensional, but also sparse. In Chapter 7 we investigated
the special case of block sparse matrices, where the support is contained in a rectangle
of size m x n. For such matrices we derived a new 2-dimensional IDCT-II algorithm that
is based on a generalization of the techniques used in Chapter 6. Instead of employing
reflectedly periodized vectors, we now recover a matrix A € R2/7 X270 iteratively from
its reflectedly periodized matrices AL AL A = A and its DCT-II, AL Anal-
ogously to Algorithm 9 from Chapter 6, our algorithm requires a priori knowledge of
upper bounds on the support sizes m and n. As far as we are aware this is the first deter-
ministic 2-dimensional IDCT-II algorithm for block sparse matrices that only uses real
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arithmetic. Unfortunately, until now, our method has the worst case runtime estimate
M M M
(@) <b2 log, b* + b* log, > + ?blogQ <2b>>

for a matrix of size M x M with block support of size m x m and upper bound b > m,
which is attained for certain matrices. Initially, we hoped to obtain a runtime of

M
O(#b@§+§m&b>,

and, in practice, we expect that this runtime is achieved for most matrices M. Never-
theless, the theoretical runtime which we were able to prove is sublinear in the matrix
size M? and subquadratic in its sparsity bound b.

The in-depth study of the problems discussed in this thesis brings up some open
questions. The key concept used in our algorithm for 27-periodic functions with polyno-
mially structured sparsity is the restriction of the input function to frequencies satisfying
congruency conditions. The choice of the restriction is intertwined with the choice of
Algorithm 3 in [Iwel3| as the sparse FFT algorithm that is applied to the restrictions.
Other sparse FF'T methods will require other types of restrictions, which in turn may
allow for different sparsity structures. As of yet there has been no investigation of other
combinations of sparse FF'Ts, restrictions and the resulting possible frequency structures.
We believe this to be an interesting topic of research. Furthermore, the idea of restricting
a complex structure to several sparser subproblems and applying existing methods to the
subproblems for reducing the runtime, is rather universal. Similar approaches could be
useful in many contexts, perhaps even in the sparse DCT setting we considered in the
second part of this thesis.

We solely focused on the IDCT-II, or, equivalently, the DCT-III in Chapters 5 to 7. It
would be very interesting to investigate whether the approaches taken in Chapters 5 and 6
can be transferred to other types of the DCT, particularly the IDCT-III or DCT-II. Since
DCT-II and DCT-III are, as their respective inverse transforms, very closely connected,
we are convinced that similar approaches as the ones introduced in this thesis can also
yield fast sparse IDCT-III algorithms. The investigation of other types of sparsity, for
example two or more support intervals, or general sparsity, could also prove to be fruitful.

Another highly interesting topic for future research is the runtime optimization of
Algorithm 10 for the reconstruction of block sparse matrices from their DCT-II. So far,
we provided very efficient procedures for cases A and D of Theorem 7.14. For cases B
and C we initially expected runtimes of

O (mbc log (mbe)) and O (bgnlog (brn)),

respectively. We have not been able to find invertible matrix factorizations allowing such
complexities yet, but we are confident that it should be possible. If procedures with such
a runtime could be found, the overall runtime of Algorithm 10 would reduce to

M
o(#m&#+#b&b>

for a matrix of size M x M with block support of size m x m and upper bound b > m.
This is the order of runtime we initially hoped to achieve. Investigating other types
of sparsity could also prove to be rewarding, especially if corresponding 1-dimensional
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algorithms have already been found. Furthermore, the sparse 2-dimensional IDCT-II
algorithm has not yet been implemented and no numerical experiments have been made.

Summing up, all of our new sparse deterministic FF'T or IDCT-II algorithms have
applications in several areas of signal and image processing. They can be shown both
theoretically and numerically to be faster than comparable existing methods. With the
exception of the two algorithms for 27-periodic functions with short frequency support,
all methods introduced in this thesis are, as far as we are aware, the first existing de-
terministic algorithms for the respective sparsity structure. As all of our methods are
deterministic, they will always return accurate estimates of the function or vector that
we aim to recover, which we also supported by numerical experiments for all algorithms
except the 2-dimensional IDCT-II.
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