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Introduction

The field of inverse problems, although a rather young field of applied mathematics, has
proven to be of great importance in a wide range of applications both in science and
industry: Medical, astronomical and microscopic imaging, acoustics, geophysics, machine
learning, finance, and many others. We will give an introduction to inverse problems in
the first chapter. For now we just state that in all inverse problems it is usually the goal
to approximate some quantity of interest (for example parts of the interior of the human
body) by given observed data (for example X-ray measurements from different angles). To
this end one applies so called regularization methods, that can give useful approximations
even if the data is perturbed by noise.

This thesis is mainly concerned with the question how fast these approximations tend to
the true (or exact) solution of an inverse problem if the noise tends to zero. In other words
we want to determine the rate of convergence of the approximate to the exact solution.
We will see in the following that such convergence rates can only hold under certain
smoothness conditions on the true solution, also called source conditions, as generally
convergence can be arbitrarily slow.

Convergence rates are both of theoretical and practical interest because of various
questions: How do different regularization methods compare, when the noise is small?
What are the limitations of a certain regularization method concerning convergence? Is it
worth to invest effort and money into reducing the noise level, or is the payoff too small?
What properties of the object of interest favor fast convergence?

Linear inverse problems on Hilbert spaces are very well understood. One can formulate
source conditions that are both necessary and sufficient for certain convergence rates
[51] and can show that rates are order optimal under such conditions [25]. For nonlinear
problems or Banach space settings there are however still many open questions. The
reason for this is that on general Banach spaces and for nonlinear operators one can
not apply spectral theory, which is crucial for most of the results on Hilbert spaces.
Instead of considering regularization operators and analyze them by spectral theory we
will consider variational regularization. In variational regularization our approximation
to the true solution is given by the solution to a minimization problem and we have to
analyze our methods by variational methods like convex analysis. A large class of such
variational regularization methods can be condensed in generalized Tikhonov regularization,
a generalization of the famous and widely applied quadratic Tikhonov regularization.

An important step in the evolution of convergence rate theory for more general
regularization methods has been the introduction of variational source conditions (VSCs)
[37]. These generalize source conditions on Hilbert space, but can also be formulated for
variational regularization on Banach spaces with general (nonlinear) forward operator.
Under such a VSC one can prove convergence rates, however for many interesting problems
it still remained an open question, whether and how such a VSC can actually be verified.



It was shown in [41] that at least in the Hilbert space the VSCs are necessary and sufficient
for convergence rates and if one considers certain prominent examples of forward operators
on L? spaces. In these settings the true solution satisfies a VSC if and only if it is smooth,
with smoothness measured in Besov spaces.

Another problem connected to the VSCs is that they are limited in the sense that they
can only yield a limited range of convergence rates, so that from a certain smoothness
index on one does not profit from higher smoothness of the true solution as one would
expect. This problem was attacked in [34] where a second order variational source condition
(VSC?) was introduced that yields faster convergence rates up to the best possible rates
(saturation) for Tikhonov regularization. But again the VSC? is limited as the first order
VSC and there are regularization methods that should exhibit faster convergence rates
than what can be shown under the VSC?. One example for such a method is Bregman
iterated Tikhonov regularization (or Bregman iteration), which has attracted a lot of
attention recently because of good numerical results, starting from [53]. This iteration
can be seen as a generalization of iterated Tikhonov regularization on Hilbert spaces, for
which it is known that it can converge faster that non iterated Tikhonov regularization.
However in the Banach space setting this had not been shown.

A major new contribution of this work is that we introduce variational source conditions
of arbitrary order (VSC™) on Hilbert space that allow to prove higher order convergence
rates, as well as a third order VSC in the more general Banach space setting. Under this
VSC? we show new convergence rates for Bregman iteration that improve on the rates
possible for Tikhonov regularization.

A special focus of this work lies on the case where the noise is not in the same (Hilbert)
space as the data. This occurs for example in the distinguished cases, where the noise
is given by a Gaussian white noise or a Poisson process. As these two noise models are
extremely important in an abundance of applications there is of course already a large
amount of literature on both of them. Convergence rates under Gaussian white noise are
well understood again for linear problems on Hilbert spaces by spectral methods [6]. In
this work we will reprove these results by variational methods allowing for generalizations
to variational regularization. In a few aspects we can even improve the classical Hilbert
space results as we can prove a deviation inequality on the regularization error instead of
just convergence rates in expectation and we also show a saturation result for Gaussian
white noise.

In case of Poisson data convergence rates have been shown under a VSC in [75].
However due to the limitations of the VSC again there is the questions whether faster
convergence rates can be shown for Poisson data in the case of high smoothness of the true
solution. Thus another large part of this thesis is devoted to overcoming the limitations
of the VSC under statistical models. The idea is of course to use the VSC? but actually
this condition is closely related to the data model, which complicates under the statistical
models. Therefore we again introduce new source conditions that generalize the VSC? for
the statistical models and lead to higher order convergence rates up to the saturation of
Tikhonov regularization for Gaussian white noise.

To prove that all these abstract source conditions are useful we verify them for variants

of generalized Tikhonov regularization under smoothness assumptions on the true solution
and smoothing assumptions on the forward operator.



In addition to these major contributions this work also contains a new proof of upper
and lower bounds for Bregman divergences. Bregman divergences are a crucial tool in
our convergence analysis and also the main ingredient of the Bregman iteration. Further
we show a result on boundedness of the regularized solution, which is important in the
statistical setting and allows us to neglect the assumption (H7) in [43, Assumption 4.1]
that was necessary in the existing proofs of convergence rates under Poisson data.

This thesis is structured as follows.

e In Chapter 1 we will provide some background on inverse problems and regularization
theory. Further we will motivate Tikhonov regularization and our noise model.

e Chapter 2 summarizes basic tools from convex analysis and contains our new proof
for upper and lower bounds of the Bregman divergence.

e Chapter 3 gives an overview of variational regularization in the form of generalized
Tikhonov regularization.

e Chapter 4 is the core of this work. We first introduce a generalized notion of the
noise level. Then we prove a result on boundedness of the regularized solution,
given stochastic noise. In Section 4.3 we recall how the VSC' can be applied in the
deterministic setting and then show how it yields error estimates in the statistical
setting. In Section 4.4 we introduce the VSC? and new second order source conditions
that generalize the VSC? for stochastic data. Finally in Section 4.5 we introduce
VSC" for arbitrary n € N in Hilbert space and further show how the VSC? can give
error estimates for Bregman iterated Tikhonov regularization.

e Last but not least we verify the abstract source conditions in Chapter 5 under smooth-
ness assumption for the true solution. The first section gives general strategies for
verification. After that we consider in each section a more specialized regularization
class, including maximum entropy regularization, Besov space regularization and
Hilbert space regularization.
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Chapter One

Inverse problems and
regularization theory

“Could he write something original? He was not
sure what idea he wished to express but the
thought that a poetic moment had touched him
took life within him like an infant hope. He
stepped onward bravely.”

Dubliners/A little cloud, J. Joyce

1.1 Inverse problems

As stated in the introduction we want to take a closer look on inverse problems. In general
one could say that given observations of some scientific experiment the inverse problem
consists of determining the causes responsible for these observations. The forward problem
then instead is, given a certain cause, to find its corresponding effects. So in many physical
experiments the inverse problem is to relate observations made in the present to a certain
state of the physical system in the past, which usually turns out to be the more difficult
problem than predicting future outcomes from the knowledge of all relevant parameters.
However this definition is still quite vague and of course there are experiments like for
example numerical integration/differentiation, where it is not obvious which problem one
should call the inverse problem.

To model these kind of problems mathematically we define a forward operator F': X —

Y, which is a map from a certain set of causes X to the set of effects ). Given the data
g € Y the inverse problems then consists of finding a solution f € X to the equation

F(f) =gy (1.1)

One might try to compute the solution f to (1.1) by just applying the inverse operator
F~1 (if it is defined), which gives another reason to call the problem an inverse problem.
However in practice this can cause several problems, due to the forward operator being
ill-posed. The definition of well- and ill-posedness goes back to Hadamard [36] and will
allow us to give a more concrete definition of inverse problems.

Definition 1.1.1. We say that a problem is well-posed if it fulfills the following three
properties:
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(a) There exists a solution.
(b) The solution is unique.
(¢) The solution depends continuously on the data (stability).

Instead a problem is called ill-posed if it is not well posed. That is if at least one of the
three above conditions is violated.

Given these definitions we can now refine the scope of the field of inverse problems to
finding approximate solutions to ill-posed problems of the form (1.1). We will especially
focus on problems where the third condition of well-posedness is violated and one has to
apply some form of regularization to restore the stability of the problem.

We want to give a definition of ill-posedness related to the operator equation (1.1).
Clearly item (a) of Definition 1.1.1 is violated if F is not surjective, and item (b) is F' is
not injective. If F is bijective then item (c) is violated if F~! is not continuous. However,
for linear forward operators F' on Banach spaces the bounded inverse theorem states that
if F is bijective then F~! is continuous, so item (c) is only violated if at least one of
the other conditions is also violated. Until the 90s regularization theory focused mostly
on linear forward operators and there exists a vast amount of experiments that can be
modeled by a linear forward operator on Banach spaces. Thus we would like to define
ill-posedness given by a violation of item (c) independent of the existence of F~!. To this
end we introduce the generalized inverse.

Definition 1.1.2 (generalized inverse). Let F: X — Y a mapping F': dom(F') — X
with dom(F') C ran(F) is called generalized inverse of F if

FoFtoF=F
FloFoFi =Ff,

If F is injective, then it is clear that a generalized inverse F'' with dom(FT) = ran(F)
exists and is given by the usual notion of inverse. For linear operators on Hilbert spaces
there always exists a generalized inverse, given by the Moore-Penrose inverse, which is a
linear operator with dom(F) = ran(F) + ran(F)*. In this thesis we will consider inverse
problems modeled by a forward operator F': X — ) between Banach spaces X and Y
that are ill-posed in the following sense.

Definition 1.1.3 (ill-posed inverse problem). We call the problem of solving F(f) = g an
ill-posed inverse problem if there does not exist a continuous generalized inverse of F.

Note that to capture the ill-posedness of an inverse problem one has to consider infinite
dimensional spaces X, ). For a linear forward the reason for this is clear. A generalized
inverse exists in the form of the Moore-Penrose inverse F' and is linear. If either X' or
Y are finite dimensional then ran F'' is finite dimensional and thus F'' is bounded, which
is equivalent to being continuous. For a non-linear forward operator this is not obvious.
However, usually one assumes for a non-linear operator that it is continuously differentiable
in order to apply linearization. If one considers the linearized forward operator then again
the previous argument applies. However, in general ill-posedness of a non linear forward
operator is not necessarily related to ill-posedness of its linearizations as discussed in [26].
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1.2 Regularization theory

In this section we will recall some basic results from regularization theory and to this end
we of course firstly have to define a regularization method.

Definition 1.2.1 (Regularization method). Let X',Y be normed vector spaces and the
mapping F': dom F' — ) be the forward operator. A family of continuous mappings
R,: Y — X together with a parameter choice rule @: (0,00) x Y — (0,00) is called

a (deterministic) regularization method if for all g € ran F there exists f1 € X with
F(f") = g' such that

lim sup{ || Rags gy (977) = 11|+ 9 € Vo 9 = g1l < 6} = 0.

Such a regularization method solves all three difficulties of an ill-posed problem as we
demand R,: Y — X to be continuous. Further if the noise level ¢ is sufficiently small,
then Rgs govsy (9°™) will be very close to the true solution fT independent of how the noise
g°" exactly looks like. The main goal of this thesis is to derive convergence rates for
certain regularization methods. That is we want even more than what is given by the
above definition. We intend to show that for certain g' € ran(F) there exists f € X with

g' = F(f7) such that the worst case error

E(g", f1,8) := sup{|| Ra(s govey (9°7) — f1]| : g € Y, [19°> — ¢ < 6}

goes to zero as 6 — 0 at a certain rate ¢(9). However, for an ill-posed inverse problem
given as in Definition 1.1.3 such a rate cannot hold uniformly for all g" € ran(F) as the
following theorem shows.

Theorem 1.2.2. Assume for all g' € ran(F') that there exists f1(g") € X with F(f7) = ¢
and a reqularization method Rg such that E(g7, f1,8) < ¢(8), with lims o ¢(6) = 0. Define
Ft: ran(F) — X, g" — f1(g"). Then FT is a generalized inverse of F which is continuous
with respect to the norm topologies of Y and X.

Proof. Tt is clear from Definition 1.1.2 that FT is a generalized inverse. Let ¢ > 0. As
lims\ 0 ¢(0) = 0 we can find § > 0 such that 2¢(0) < . Now let g1, g2 € ran(F') with
llg1 — g2|ly < 0, then we have

1F(g1) = F'(g2)llae < I1F(91) = Raogn) (1)l + | Ragsigy(91) — F'(g2) v < 20(6) <,

which proves that FT is uniformly continuous. O

This theorem shows that for a general combination of fT and ¢’ the convergence of the
worst, case error can be arbitrarily slow. Thus convergence rates can only be achieved on
certain subsets of ran(F') respectively on subsets of X given by a-priori assumptions on fT
and ¢'. Define for a set K € X and a regularization method R the worst case error on K

by
Er(6, F,K) := sup{||R(¢°™) — fTl|lx : [T € K,g°® € Y, [g° — F(fN)|ly < 6}

We will show that for all sets IC and all reconstruction methods R this has a lower bound
given by the modulus of continuity

w(6, F,K) == sup{[|f1 — follx : f1, fo € K, IF(fr) = F(f2)lly < 6}
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Theorem 1.2.3. We have for all maps R: Y — X that

Er(6,F,K) > ~w(25, F, K).

N =

Proof. Let fi, fo € K such that [|[F(f1) — F(f2)| < 29, then we have for all ¢ € Y that
11 = fall < [[R(g) = full + [[R(g) — fal.-

Choosing g = 3 (F(f1) + F(f2)) we see that |[F(f;) — g|| <6 for i = 1,2 and thus
1f1 = foll < 28RS, F,K).
Taking the supremum over such f;, fo gives the claim. m

Remark 1.2.4. The last two theorems are generalizations of the classical results for linear
forward operators [25, Propositions 3.10 and 3.11].

For linear forward operators F' = T the modulus of continuity is also often defined by
win (0, T, K) := sup{|| fllx : f € K, | T flly < 6} (1.2)
and we have for I = —IC that
w(0,Y,K) = win(0,T,2K).

Definition 1.2.5. We say that a regularization method R has convergence rates of optimal
order on K if there exists ¢: [0,00) — [0,00) and C' > 0 such that

and there exists no other mapping R: Y — X such that

: _Ex(6, FLK)

Ex(6, F, K) = o(¢(9)), e (131_1)% W

For linear operators T' on Hilbert spaces X',) sufficient conditions for convergence rates

are usually given by the so called Holder source conditions, that is for some v, o > 0 we
consider

=0.

fTe Xo={(T"T)'w:w e X, ||w||x < o}, (1.3)

where (T*T)" is defined via the functional calculus (see [25, Sec. 2.3]). These conditions
can be interpreted as smoothness conditions as usually 7" and 7™ should be smoothing
operators, so if fT lies in the image of (T*T)" it should be smooth and the degree of
smoothness is increasing with v. One can show [25, Proposition 3.15] for ill-posed T' that
there exist arbitrarily small values of ¢ such that

w(& T7 XV,Q/Q) - w]in((s, T, XV,Q) = (5#11 QT{H X
Thus a regularization method is of optimal order on &, , if
E(0,X,,) < CO75T. (1.4)

For each v > 0 there exist spectral regularization methods that are of optimal order on X,,,
(see e.g. [25, Theorem 6.5]). Quadratic Tikhonov regularization, which will be introduced
in the next section, has order optimal convergence rates on &,,, for 0 < v <1 [25, Sec.
5.1].
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1.3 Tikhonov regularization'

We give a short probabilistic motivation for using generalized Tikhonov regularization.
From here until the end of this section we will consider the finite-dimensional setting X =
R", Y = R™. We start from equation (1.1), where f € R", ¢°> € R™ and F : R® — R™ is
some function. Given the data g°™ we want an estimate for a possible solution f of (1.1),
but recall that we cannot just apply the inverse operator F'~! as discussed in Section 1.1.
Instead we might try to find an estimate f of f by maximizing the likelihood function
L(f) =P(g°®|f), i.e. the probability that for a certain preimage f the data ¢g°™ will occur.
If we assume that our data is normally distributed with variance o, then we can rearrange
the problem by using the monotonicity of the logarithm, as well as the fact that neither
additive nor multiplicative constants change the extremal point:

fML € arg maXP(QObSU)
fER™

= arg max log (P(gObS|f))
fern

= arg min — log (P(QObS’f))

fER™
. 1 —(g¢™ — F(f);)?
= argmin — log| ——— | | ex !
Fome g(\/??w g p( o
= argmin Y _(g7" — F(f);)? = argmin|[g°> — F(f)]|5. (1.5)
ferR™ 1 fER™

So the maximum likelihood approach yields the well known least squares method. However
even if this estimator fML is unique, this approach does not yield a regularization effect. In
fact it is more reasonable to maximize P(f|g°®) instead of P(g°"|f) as our goal should be
to find the solution f which is most likely to have caused the observation ¢°", instead of
just finding any f, which causes the observation ¢g°"® with maximal probability. This seems
like a subtle difference, but in practice it will be really important. Note that by maximizing
P(f|g°™) we consider f as a random variable, which is the Bayesian perspective and in
contrast to that of a Frequentist. By Bayes’ theorem we have

P obs P likelihood - .
P(flg"") = W & posterior = —— -2

evidence

and estimating f by maximizing the posterior P(f|g°™) is called maximum a posteriori
probability (MAP) estimate. To actually find this maximum it will be important to
understand the prior P(f). If we assume that for our solution f the entries f; are normally

!The Bayesian motivation for Tikhonov regularization given in this section is not an original idea of
the author. It can be found already in [44] and is also outlined for the infinite dimensional setting in [65].
Further it has literal overlap with Chapter 5 in [23] to which the author contributed.
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distributed with mean (fy); € R and variance 7, then we find

fMAp € arg max P(f|g°bs)

feR™
= arg min|~log(P(g""|f)) — log(P(/)
—angmin |68 = PP + 2 30005 = (fa)y)’

= argmin|3(|¢°™ — F(f)[I5+ 511/ = foll3] = argmin Ju(f),
fER™ fERn
where a = 2. The functional J,(f) is actually nothing but the standard (quadratic)
Tikhonov functional, introduced in 1963 [67], and therefore MAP and Tikhonov regular-
ization coincide in this setting. Of course ending up with the functional J,(f) was due
to assuming normal distributions for both the likelihood and the prior, which might not
always be appropriate.

Let us assume that the data ¢°® are Poisson distributed rather than normally dis-

tributed. Remember that a random variable X with values in Ny is called Poisson
distributed with rate parameter \ > 0 if

)\k Y

Be o

This already implies E[X] = Var[X] = A. So let for j = 1,...,n the data entries
g;)bs =: k; € Ny be Poisson distributed with rate parameter E[g?bs] =: g}. Then the
negative log-likelihood is given by

PIX = k] =

k;
—log( (Obs|f)——10 H f)]
_ f:_g;bs log(F(f); + log(g?™!) — F(f);.

If we replace the additive constant 37", log(g5™!) by 370, g3* log(g9™) — g5 (which is
even a reasonable approximation by Stlrhng s formula, although we could also have chosen
any other constant) then this equals the Kullback-Leibler divergence of ¢°* and F(f),
given by

obs

KL(gobs Zgobs 10g<géf) > obs +F(f)

As any additive constant independent of f does not change the MAP estimator, this
justifies considering generalized Tikhonov regularization in the form of

fo € argmin S(F(f)) + aR(f), (1.6)
feRn
where the data fidelity term can be chosen as & = KL(g°", -) for Poisson distributed data
oras § = %Hg(’bs — |3 for normally distributed data. The penalty functional R depends
on the prior respectively the a-priori information that we have on our solution.
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1.4 Statistical noise models

Apart from the standard deterministic noise model, where g°** € Y and ||g" — ¢°™|y < 6
we will consider the following statistical noise model. Let the forward operator act between
real Banach spaces X and Y C L?(M), where Ml C R? is either a bounded Lipschitz
domain or the d-dimensional torus T¢. Notice that in contrast to the last section we now
opt for continuous models, because these are the right ones to capture the ill-posedness of
an inverse problem as stated in the introduction. Our goal is to estimate the true solution
fT € X given some observed data G°™. We assume that the data is of the form

G =gl + 2, (1.7)

where g = F(f1), Z is some random variable that models the noise and ¢ > 0 corresponds
to the noise level.

From now on we will make use of the concept of Besov spaces, which are a generalization
of other function spaces such as Sobolev spaces. Some basic facts that the reader needs
to know about them are found in the appendix. As mentioned in the introduction it
was shown in [40] that for certain inverse problems convergence rates are equivalent to
smoothness of fT measured in Besov spaces. Another reason why they are a crucial tool in
our analysis is that they give a sharp way to estimate the regularity of stochastic processes
as for example Gaussian white noise, which we then can transfer to sharp error estimates.

For M = T? let D(M) denote the space of infinitely differentiable functions on T¢,
whereas for a bounded Lipschitz domain M C R? let D(M) denote the space of infinitely
differentiable functions on R¢ with compact support in M. In both cases let D'(M) denote
the corresponding dual space, called space of distributions on M. We consider the error
model (1.7) with a random variable Z: Q — D’(M) from some probability space (2, %, P)
to the space of distributions on M. Additionally we have the following assumption on the
Besov regularity of the noise.

Assumption 1.4.1. Assume that for some v > 0 and p’ € [1,00] we have Z € B, (M)
almost surely and that there exist constants Cz, Mz, 7 > 0, such that

vt > 0: P (HZ”B/"’ > My +t> < exp(—CZtT).

Now we introduce the two most important cases for Z.

1.4.1 Gaussian white noise

We work with the following definition from [72]. For a more general introduction to
Gaussian processes we refer to [33].

Definition 1.4.2. A random variable W: Q — D'(M) is called Gaussian white noise if

(a) for each g € D(M), the random variable w — (W (w),g) is a centered Gaussian
random variable,
(b) for all g1, 9o € D(M) we have

E((W(w), 91)(W(w), 92)) = (91, 92) L2y
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Additionally we introduce the notion of Hilbert space processes, that has been used in
[6] to study statistical inverse problems on Hilbert spaces.

Definition 1.4.3. Let Y be a Hilbert space and (2,3, P) a probability space. A Hilbert
process on Y is a bounded linear mapping

W:Y — L*(Q).
E[W] € Y is called expectation of W if
(EW],g) =EW(9)], Vgel,
and Cov)W]: Y — Y is called covariance operator of W if

(Cov[W]gr, g2) = Cov[W(g1), W(g2)], V1,92 € V.

If Cov|W] = id, where id(g) = g for all g € Y, then we call W a white noise process and
if W(g) is a Gaussian random variable for all g € Y, then we call W a Gaussian process.

For Gaussian white noise both definitions coincide in the following way.

Proposition 1.4.4. W: Q — D'(M) being a Gaussian white noise is equivalent to the map
W: L2 (M) — L*(Q),g9 — (W, g) being a Gaussian Hilbert space process with E(W) = 0
and Cov(W) = id.

Proof. Given Gaussian white noise W one can show that W is a Gaussian Hilbert process
by using that D(M) is dense in L?(M) as in [72] (note that for M, a bounded Lipschitz
domain, density of D(M) in L*(M) is given by [71, Corollary 3.32]). The other implication
follows from the definitions. O

Theorem 1.4.5. For Z = W Gaussian white noise Assumption 1.4.1 holds true for
M = T¢, the d-dimensional torus, and all p' € [1,00) with v = d/2, T = 2. If v < d/2
then Z ¢ B, 7(M) almost surely for all 1 < p,q < oo. Further if p' = oo then Assumption
1.4.1 instead holds true with v = d/2 + € for all € > 0.

Proof. The first statements are given in [72, Theorem 3.4 and Corollary 3.7]. The last
statement follows from Theorem A.2.5 as it gives the continuous embedding B;/Ci{ 30 C
B;O?ég*g. Thus

| Z]| g=a/2-= < C||Z|| g-ar2
00,00 d/e,00

and for the latter term we have the deviation inequality as d/e < co. [

1.4.2 Poisson point process

We only give some basic properties and refer to [43, 48] for a more general overview.

Definition 1.4.6. Let gt € L'(M) with g' > 0. A point process G = SN | 8,, is called a
Poisson point process or Poisson process with intensity gt if

(a) For each choice of disjoint, measurable sets Ay, ..., A, C M the random variables
G(A;) :=#{x; € A; :i=1,...,N} are stochastically independent,
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(b) E[G(A)] = [, g'dx for each measurable set A C M.

By [47, Thm. 1.11.8] the number of event counts in each measurable subset of M is a
Poisson distributed random variable.

Proposition 1.4.7. Let G be a Poisson process with intensity gt € L*(M). Then for each
measurable A C M the random variable G(A) = #{x; € A: i =1,...,N} is Poisson
distributed with rate parameter X = [, g.

For Poisson data we are interested in convergence rates as the observation time ¢ or
equivalently the number of counts N goes to infinity. Therefore we consider a spatio-
temporal Poisson process G on M x [0, 00) instead of just Ml and consider for each ¢ > 0 a
rescaled Poisson process as in [43, Definition 2.5].

Definition 1.4.8. Let G = 32 02,1, be a (spatio-temporal) Poisson process on M x [0, 00)
with temporally constant intensity §'(x,t) = g'(z). Then a temporally normalized Poisson
process (Gy)i>o with intensity g is defined by

1 st~ 1
Gy = ;/0 G('aT)dT = g Z 5%%"

ti<t

Theorem 1.4.9. For Z = \/t(G, — g') Assumption 1.4.1 with T =1, p = 2 holds true for
all v > dJ/2.

Proof. Note that HZHB;w < HZHB;; = SUDP| 4,1y <1(Z, g) (see Section A.2 in the appendix)
and for this supremum the deviation inequality holds by [75, Theorem 2.1]. O

One would expect that for Z = /t(G; — ¢g') Assumption 1.4.1 also holds true with
~ = d/2. However to our best knowledge this is only a conjecture up to now. If -y is chosen
as d/2+ ¢ with € > 0 sufficiently small the analysis of this work can be done exactly in the
same way as for Gaussian white noise and will result in slightly weaker convergence rates.

1.4.3 Discretization

Although a continuous model is the correct way to theoretically treat the ill-posedness of
an inverse problem, in practice there has to be a discretization at some point. Even if one
could come up with a continuous measurement device, any computer can only deal with
a finite amount of data. Therefore we will show how the continuous noise models from
above can be related back to the finite dimensional models that we shortly introduced in
Section 1.3. Assume we have a partition Ml = J;”; M of our measurement domain, with
disjoint subsets M; C M, |M;| > 0. Under the Gaussian white noise model we then get
the discrete data

1, ifZEGM]‘

g =g +eW ), Tag(z) =
0, else.

Let gf = a; 97 Then ¢2* is normally distributed with E[g?*] = g} and Var[g9™®] = e|Mj|

by Definition 1.4.2. Thus in oder to derive the negative log-likelihood as in (1.5) the bins

M; should all have the same size, resulting in a uniform variance for all g;?bs.
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Under the Poisson model we get the discrete data

6" = (G Lag) = S, 1) 0 € My 10 < 1)
and by Proposition 1.4.7 we have that tg;?bs is Poisson distributed with rate parameter tg;.
Therefore both continuous models give back the discrete models from Section 1.3. As any
discretization usually causes a certain discretization error, convergence to a true underlying
continuous function ff can only by achieved by letting J go to infinity. This yields another
argument as to why we rather consider the continuous model. Each estimate on the
reconstruction error that one can obtain in the finite-dimensional setting will include a
constant that depends on the dimension J whilst an error estimate for the continuous
model also holds for all discretizations with a constant independent of J. In principle
the discretization error can be controlled as outlined e.g. in [43, Section 2.5], however
a convergence rate derived in the continuous setting more clearly illuminates the actual
dependence on the noise as it only depends on the noise level and not on the dimension.
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Notational conventions

We discuss a few conventions that will be assumed throughout this work. First of all C
will always denote a generic positive constant that is allowed to change from one occurence
to the next in the sense that for example C' = 5C' is true. Some of the resulting constants
depend on so many other constants that we will not always track all dependencies, but we
will rather highlight special and possibly problematic dependencies individually and will
leave it to the reader to put them together if she or he is interested. To point out that
C' depends on certain mathematical quantities z1, ...z, we will sometimes write Cy, ...
We of course guarantee that no constants depend on the noise level or the regularization
parameter and we are careful about dependencies on the true solution and related functions.
These may still occur and in fact it is common in regularization theory that the constant
of a convergence rate depends on o := || ff|| 5, where X C X is some space corresponding
to a certain smoothness (compare (1.3)). We ensure that all constants depending on f7
can be bounded by some positive power of p.

Regarding function spaces like LP(2) C D'(2) that are contained in the space of
distributions we will often write LP(€2) = LP, when the underlying measure space € is
clear. For a real number 1 < p < oo the notation p’ is always defined by the real number
1 < p’ < oo such that

1 1

p P
The notation (f*, f) denotes the dual pairing f*(f), where f* € X*, f*: X - R, fe X
for some Banach space X. For functions fi, fo € D'(Q2) the dual pairing denotes the
standard L? dual pairing

(i h) = [ Al@)fa(@)de.

We will sometimes make use of the Landau notation f(z) = O (¢(z)),r — a with
the meaning that f(z) < C¢(x) if € R is sufficiently close to a € R. The notation
f(z) ~ ¢(x) implies that there exist constants ¢y, ¢y > 0 such that ¢;é(z) < f(z) < cagp(x).

We try to use most symbols consistently with the same meaning. A list of common
symbols can be found in Appendix A.3.
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Chapter Two

Convex Analysis and
the Bregman divergence

“To live, to err, to fall, to triumph, to recreate
life out of life. A wild angel appeared to him, the
angel of mortal youth and beauty, an envoy from
the fair courts of life, to throw open before him
in an instant of ecstasy the gates of all the ways
of error and glory. On and on and on and on!”

A potrait of the artist as a young man, J. Joyce

In order to treat Tikhonov regularization of the form (1.6) in a very general way, we
will make use of convexity, which induces several favorable properties. To this end we
introduce some basic notions of the field of convex analysis. In Chapter 4 we will see that
it is generally possible to obtain estimates on the reconstruction error, but with the error
measured with respect to the so called Bregman divergence, rather than in the norm of X.
Thus another large part of this chapter is dedicated to the question when and how the
Bregman divergence can be compared to the distance in the norm. In this chapter X will
always be a real Banach space, X* denotes its dual space and F : X — R := RU{—00, 00}
some function.

2.1 Basics!

We allow that functions take the value co as this in particular allows to rewrite constrained
minimization problems of the form

min F(z),

zeB
with B C X as unconstrained minimization problems

min F(z), F(z)=

zeX

~ {.7:(:17), ifxeB

oo, else.

Then of course we need some rules how to calculate in R := R U {—o0, 0o}.

!The proofs for all results in this section are standard and can be found e.g. in [24]. We give some of
the proofs for the sake of self-containedness and to emphasize the simplicity of the variational approach.
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Definition 2.1.1 (infinity). We have
—0<A<oo, VAeER
AMztoo) = +o00, VYA>0
Atoo=xc0+ =20, VAER
+ 00 + (£)oo = o0

00 + (—00) = (—00) + 00 = 0.
Definition 2.1.2 (convex set). A C X is called convez if we have for all x,y € A that
A+ (1-Ny:Ae[0,1]} C A
In words: all line segments connecting two points in A are contained in A.
Definition 2.1.3 (epigraph). The epigraph of a function F : X — R is given by the set
epi(F) ={(z,\) € X x R: F(z) < A}

Definition and Theorem 2.1.4 (convex function). A functional F : X — R is called
convex if the following equivalent conditions hold true.

(a) epi(F) is conve.
(b) For all x,y € X and X € [0, 1] we have
FAx+ (1= Ny) < AF(z) + (1 — N F(y). (2.1)
(c) For allx,y € X and X € [1,00) we have
FAx+ (1= Ny) > AF(x) + (1 — N F(y). (2.2)
F is called strictly convez if (2.1) holds true with “<” for x #y, A € (0,1). F is called
(strictly) concave if —F is (strictly) convez.

Proof. (a) < (b): epi(F) is convex if and only if for all A € [0, 1] and (z, «), (y, B) € epi(F)
we have

Az, o) + (1 — M) (y, B) € epi(F) & FAr+(1-Ny) <da+(1-XNp5. (2.3)
Now if F is convex, then the latter condition holds true by
FAz+ 1 =Ny) <AF(x)+ (1 =NF(y) < da+(1-N)p.

Conversely if epi(F) is convex then (2.3) implies (2.1) for all A € [0,1], z,y € X where
F(x),F(y) are finite, by simply putting o = F(z), f = F(y). If either F(z) = oo
or F(y) = oo then (2.1) holds by Definition 2.1.1. Finally if F(z),F(y) < oo and
either F(z) = —oo or F(y) = —oo then one can let a or § go to zero to also show
FAx+ (1 —N)y) = —oc.
(b) & (¢): (2.2) for all z,y € X and A € [1,00) can be equivalently rephrased as
i]—“()\x +(1=Ny) + (1 — i\)]:(y) > F(x) = f(i()xx + (1 =Ny + (1 — i)y)

which is equivalent to (b) by putting A = § € (0,1] and z = Az + (1 — A)y in (2.1) as (2.1)
holds trivially for A =0 . O
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Lemma 2.1.5. Let F,G: — R convex, H: — R strictly convez.
(a) For a > 0 the function oF is convex, o’H, strictly convez.
(b) The function F + G is convex, F + H strictly conver.

(¢) For TY — X linear the function F oT: Y — R is conver.
(d) For x € X the function F(-+ x) is convex.

Proof. Exercise. O

Example 2.1.6. Recall that a function f: R — R is convex on an interval (a,b) C R if it
is differentiable with increasing derivative or twice differentiable with non-negative second
derivative. Thus we have

(a) f(x)=e" is convex on R.
(b) f(x) = —1log(x) is convex on (0,00) thus f(x) = log(x) is concave.
(¢) Let X be a normed space then F(x) = ||x||x is convex.

(d) For p > 1 the function f(z) = %]:c\p is convex since it can be written as f =
—x)P <0 0 <0

J1+ fa, where f1 = (Zoplp, @< cfa=1) T="and both functions
0, >0 (x)?/p, x>0

are differentiable with increasing derivative.

(e) Let X be a normed space and p > 1, then F : X — R,z — %||:1c||p is conver as

f(z) = %|x|p is convex and increasing on [0,00) and thus

Fz+ (1= Ny) < fAllz]l + (1= Nyl) < AF (@) + (1 = A)F(y).

Definition and Theorem 2.1.7 (lower semi-continuous). A functional F : X — R is
called lower semi-continuous if the following equivalent conditions hold true.

(a) For all x € X we have liminf, ,, F(y) > F(x).

(b) epi(F) is closed.

Proof. (a) = (b): Let (z,, \,) be a sequence in epi(F) converging to (z,\) € X x R. Then
F(x,) <\, foralln € Nand z, — = in X, A\, = X in R, thus

0> hlgleanf(F(:pn) —A\p) = llrgle%\lnf Flxy,) — A > F(x) — A

Therefore (z, \) € epi(F).

(b) = (a): (a) holds trivially if F(z) = —oo. Thus we can assume on the contrary that
F(z) > X for some A € R. This means that (z,\) ¢ epi(F) and as epi(F) is closed there
exists a neighborhood U, of = with U, C & \ epi(F). This implies liminf, ,, F(y) > A
and this holds for all A < F(z). O

Example 2.1.8. Every continuous functional is lower semi-continuous. In Section 3.2.5
we will introduce the cross entropy functional which is lower semi-continuous, but nowhere
continuous.

Definition 2.1.9 (subgradient, subdifferential). z* € X* is called a subgradient of a
convex function F : X — R at v € X if F(x) is finite and

Fly) = F(z) + (z",y — 1), (2.4)

for all y € X. The set of all subgradients of F at x is called the subdifferential of F at x
and denoted by OF (x).
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Example 2.1.10. The absolute value function f:R — [0,00),z — |z| has subdifferential

_ ) {sen(x)}, = #0
Of (@) = {[—1, 1], z=0.

Theorem 2.1.11. Let F: X — R be convex and Fréchet differentiable in x € X. Then
OF (z) = {F'[z]}.

Proof. From Definition A.1.2 we can see that

F —
Pl =l 2T = 7 (@),
t\0 t

As F is convex we have for A € (0,1] that

Flz +th) = ]—"((1 ~Na+ A(m + ih>) < (1 \NF(z) + )\f(x + ih)

or equivalently

Flo+th) = Fx) _ Fla+(t/Mh) - F(a)
t = t/A '

So the differential quotient is increasing in ¢t and we have for all h € X that
(F'lz], hy < F(x + h) — F(z),

which implies that F'[z] € 0F (z). Alternatively if 2* € 0F(z) we have
F(x+ Ah) — F(z) > (x%, Ah)

dividing by A and taking the limit we thus get
(F'lx] — 2", h) > 0.
This can only hold for all h € X if 2* = F'[x]. O
Proposition 2.1.12. Let F : X — R be convex then we have
F(x) = Iyréi)r(lf(y) if and only if 0 € OF(x).

FEvery local minimum is also a global minimum and if F is strictly convez, then there exists
at most one solution to the minimization problem.

Proof. The first claim follows from Definition 2.1.9. Let x be a local minimizer of F(y)
and assume that there exists & with F(Z) < F(z). Then by convexity of F we have for all
A € (0,1] that

Fz + (1 - Ni) < AF(z) + (1 — NF(@) < Fla),

but this is a contradiction to F(z) being a local minimum. Therefore we must have
F(x) < F(y) for all y € X. If F is strictly convex, assume that there exist two minimizers
r1 # x5 . Then we have for A € (0,1) that

F(Axy 4+ (1 = Nxg) < AF(x1) + (1 — N)F(xg) = F(x1),

which is a contradiction. O
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Definition 2.1.13 ((Fenchel/convex) conjugate). Let F : X — R. The convex conjugate
F* 1 X* = R of F is defined by

F*(z*) = sup [(z", x) — F(z)].

TEX

From these two definitions one can directly conclude the following generalized Young
(in)equality.

Lemma 2.1.14 (generalized Young inequality). Let F : X — R. For allx € X, x* € X*
we have

(x* 2y < F(x) + F*(z"). (2.5)
FEquality holds true if and only if x* € OF (x).
Example 2.1.15. For 1 < p,p’ < oo such that % + i =1 and f: Rto|0,00), f(z) = L|z|?

T
we have

1 1 1

f*(z*) = sup lx*x — ]x|p] = sup lx*a: — —(sgn(a™)z)?| = —aP,
z€R P sgn(z*)x>0 p

as the unique mazimum is assumed al r = sgn(x*)]x*h%l and p' = By This yields the

classical Young inequality

1 1
lz*z| < —|zfP + 2P
p p
Let F: X — [0,00), F(z) = %Hx“ﬁ,’(, then we have

1

1 /
X*t—t”]:x*p*. 2.6
pH p,H % (2.6)

1
F*(z*) =sup sup [<w*,x>—\t!”] =sulew*|
p t>0

£20 [l o=t
As a special case of the Young inequality we also get the following lemma.

Lemma 2.1.16 (Peter-Paul-inequality). Let s,t € R and 1 < p,p’ < oo such that
%%—Z%zl then for all ¢ > 0 we have

|t
st] < el + (pe) 1 (2.7)

p/

Proof. Let f(s) = %|s|?, then one can compute that f*(t) = I%|t|p' so we can apply (2.5)

T
to find

/

st] = Isl(pe)? () 1t < f((pc)%|5|) + f*((pc)_?lﬁ’) = c|s|” + (p(:)%p/ |Zplf :

]

If we have two sequences s, t, with lim,,_,., s, = 0 then the above inequality allows
us to treat the product s,t, in a way such that if we allow a large contribution from ¢,
we then can get an arbitrarily small contribution from s,, in exchange (rob Peter to pay
Paul). This principle will be used quite frequently in this thesis.
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Lemma 2.1.17. Let F : X — R. Then F* is a convex and lower semi-continuous
function.

Proof. For all x € X define the affine linear functional f, : X* — R, 2* — (2%, 2) — F(x).
Then

epi(F*) = {(2z",\) € X* x R: F*(x*) < A}
AP

( ) EX* X R: (z%,2) — F(z) <\ Vo e X} = () epi(fa).

reX

{
{

As all f, are convex and lower semi-continuous, the epigraph of F* is the intersection of
convex and closed sets, which is convex and closed. O

Theorem 2.1.18. Let F : X — R. Then
F > F* = (F9", (2.8)
where equality holds if and only if F is convexr and lower semi-continuous.

Proof. The inequality (2.8) follows from the definition and Young’s inequality (2.5) as

F*(x) := sup [{z*,z) — F*(z")] < sup F(x).

TreX* TreX*

Further if we have F' = F**, then F'is convex and lower semi-continuous by Lemma 2.1.17.
For the other direction we refer to [24, Proposition 4.1]. O

Corollary 2.1.19. Let F : X — R be convex and lower semi-continuous. Then x* € OF (z)
if and only if x € OF*(x*).

Proof. By Lemma 2.1.14 and Theorem 2.1.18 we have
rt € 0F(x) & Fx) + F'(2%) = (2", x) & F™(x) + F'(z") = (2", 2) & x € OF (x7).
O

We will be especially interested in functionals F(z) = %Hx”p for some p > 1 and need
to understand their subdifferentials. For some p > 1 the set-valued mapping J, : X — 2%°
given by

Jo(x) = {a* € X" : (a",2) = ||2" |||, []="]| = ||=|""} (2.9)

is called the duality mapping with respect to p of X'. The sets J,(z) are always non-empty.
A mapping j, : X — X* is called selection of J, if j,(x) € Jy(z) for all x € X. If
F(z) = %||z||P, then we have [18, Chap.1, Theorem 4.4]

T
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2.2 Upper and lower bounds for the Bregman diver-

gence’

In recent times the Bregman divergence (or Bregman distance) A% (y, z), introduced by
Bregman in [9], has been used as a generalized distance measure in various branches of
applied mathematics, for example optimization, inverse problems, statistics and computa-
tional mathematics, especially machine learning. To get an overview over the Bregman
divergence and its possible applications in optimization and inverse problems we refer to
[10, 15, 56]. In particular the Bregman divergence has been used for various algorithms in
numerical analysis and also for convergence analysis of numerical methods and algorithms.
In particular in regularization theory on Banach spaces the Bregman divergence has been
used to measure the reconstruction error and likewise we will use it in this way.

Definition 2.2.1 (Bregman divergence). F : X — R. For z* € F(x), z,y € X the
Bregman divergence A% (y,x) is given by

We will sometimes just write Ax(y,xz) for the Bregman divergence if the subgradient is
clear. If we also have y* € OF (y) then we can define the symmetric Bregman divergence

AF"(x,y) = AF (y,2) + A (2,y) = (y" — 2",y — ).
Lemma 2.2.2. The Bregman divergence has the following properties.
(a) A% (y,z) >0 for all z,y € X.

(b) A% (y,x) is convex in y.
(c) Let x* € OF (x), y* € OF(y), then

Proof. The first two properties follow from the definition of the subdifferential respectively
Lemma 2.1.5. The third property follows from Young’s equality from Lemma 2.1.14 as

A% (y,x) = Fly) — F(a) + (2", 2) = (2%, ) = F'(z") + F(y) - (2",
=F(@") = F(y*) = (&" =y y) = AR (2", y).
0

Remark 2.2.3. Although the Bregman divergence is non-negative, it is generally not
symmetric and not positive definite. If X is a Hilbert space and F = ||-|% then {2z} =
OF (z) for all x € X and thus

Az(y.z) = lyl% — oz — 22,y — 2) =y — 2%

So in this case the square root of the Bregman gives a metric. To give an example, where the
Bregman divergence is not very informative as a distance measure let X = R, F(z) = |z|,

then OF (x) = {sgn(x)} for x # 0, so that

0, if sgn(y) = sgn(x)

AF Oy, x) = |y] — || = sen(z)(y — 2) =
2ly|, else.

2Most of this section is taken literally from the article [63] of the author.
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Especially when doing convergence analysis it is often crucial to have lower and upper
bounds on the Bregman divergence in terms of norms. In [77] the authors prove upper
and lower bounds for expressions

|+ yll? = ll2|” = p Gp(x),y) = A2 (@ 4y, 2), (2.11)

where j, : X — X* is a selection of the duality mapping, under certain assumptions on
the Banach space X'. As it turns out that (2.11) is the Bregman divergence corresponding
to the functional F = ||-||” these results have been used since then in many publications
working with the Bregman divergence. However from the proofs of [77] it seems difficult to
transfer the results to other functions F. Thus we develop in this work a simple framework
to find such bounds and in fact can apply it to give a short new proof of the results from
[77] for F(z) = ||z|P,p > 1.

Our approach is as follows: Proving upper bounds is rather simple if one sufficiently
understands the smoothness of F as the Bregman divergence is basically a linearization
error and linearization errors are related to differentiability by definition. In particular we
will show that one can obtain upper bounds for the Bregman divergence corresponding to
F =¢(]]]]) if ¢ : R — R is convex and sufficiently smooth.

Regarding lower bounds we will make use of F*, the convex conjugate of F. Actually it
can be shown that lower bounds for A% (y, z) correspond to upper bounds for A%, (y*, z*).
Note that this idea is not at all new. Already in [79, 5] this kind of connection between
F and F* was discussed in depth. So again one can just make use of the smoothness of
F* to conclude lower bounds for AZ (y, z). One might argue that convex conjugates can
be rather complicated functions and expecting differentiability is too optimistic. This is
true to some extent, but actually reasonable lower bounds on AZ (y,z) already imply
differentiability of F* at x* (see [79, Theorem 2.1]). So if one has any hope on finding
lower bounds then one might as well work with the convex conjugate.

If F is related to the norm |[|-|| v it is necessary to understand smoothness and convexity
of the space X and we therefore introduce the following definitions (see e.g. [49]):

Definition 2.2.4. Let dim X > 2. Define Sy := {x € X : ||z||x = 1}. The modulus of
convezity dx: [0,2] — [0,1] of the space X is defined by
ox(e) = inf{l —|ly +9ll/2: y,9 € Sx, ly — 9ll = }-
The modulus of smoothness px: [0,00) — [0,00) of X is defined by
px(7) i=sup{(llz + 7yl| + [l — 7yl})/2 = 1: 2,y € Sx}.

The space X is called uniformly convex if dx () > 0 for every e > 0. It is called uniformly
smooth if im, o px(7)/7 = 0. The space X is called r-convex (or convex of power type r)
if there exists a constant K > 0 such that 6x(e) > Ke" for all € € [0,2]. Similarly, it is
called s-smooth (or smooth of power type s) if px(7) < K7° for all T > 0.

The main result of this section is the following theorem

Theorem 2.2.5. Let X be a Banach space and F(zx) = %||:1c||p for p > 1 then there exists
constants C1,Cy > 0 such that for all x,y € X we have

” 2l gl
A“N%mscmwwmwwmw( (2.12)
7 1 {2l 19T
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and

NPy ) > C, ma ] [4]178 ( ] ) 213
# My ) 2 Comaxlal] Iylox | 3o e s o

If the space X is s-smooth, then there exists C' > 0 and for all T > 0 also C > 0 such that
Cllz —yll*, p=s

CrllelP=llx — g, for Bl <7, pis.

If the space X is r-convex, then there exists C,y > 0 and for all T > 0 also Cx > 0 such
that

(2.14)

A%W%@S{

Cellz =l = ylI", for 5t <7, p#r.

[l

7, C - ’I”, ot
A.J;l-’(x)(y,x) > { P,ny yH p=r (2_15)

The moduli of smoothness and convexity have a well-developed theory, which is known
in the literature for a long time and we will not discuss all their properties. However for
our proofs we will need the following properties.

Lemma 2.2.6. (a) We have for 1y < 1y that px(11)/71 < px(72)/T2.
(b) We have for all T > 0 that there exists a constant Cr such that for all Banach spaces
X we have

px(T) > (1 +7‘2)% — 1> C:r2, T<T.

(c) If 0x is extended by oo on R\ [0,2] then (20x)* = 2px-+.

(d) The space X is r-convex if and only if its dual X* is r'-smooth.

(e) There exists a convex function f such that dx(7/2) < f(7) < dx(7). In particular
we have 63 (1) > 0x(7/2).

Proof. All statements follow from [49, Ch. 1.e]. The function f in the last statement can
be chosen as the Orlicz function f(7) := (px~) (7/2) by [49, Lemmata 1.e.6, 1.e.7]. O

For our purposes it will be more natural to introduce new definitions of the moduli of
smoothness and convexity related to functionals instead of spaces.

Definition 2.2.7. Let F: X — R be some arbitrary function, x € X, F(x) < oo and
€ € X*. Define the linearization error functional A%(y, x) by

A?-‘(yax) :F(y)—f($) - <§,y—$>-

The modulus of smoothness p%z: [0,00) = [0,00] of F in x with respect to £ is defined by

P5a(7) == sup |F(z +7y) = F(z) = (&,79)| = sup [A%(y,)|.

yeSx lz—yll="

The modulus of convexity (527?0: [0,00) — [0, 00] of F in x with respect to & is defined by

F is called r-convez (or convex of power type r) in x (w.r.t. &) if there exists K,7 > 0
such that 55;@(7') > K717 for all 0 < 7 < 7. Similarly, it is called s-smooth (or smooth of

power type s) in x (w.r.t. £) if p%w(T) < K7° forall0 <7 <T.
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The quantities p%z, 6%96 give us a reformulation of our basic problem: We want to find

upper bounds for p§:7$(7) and lower bounds for 5§_—7I (7). Before we show some properties
of these functions we should state some simple facts for their interpretation.

Remark 2.2.8. We will mostly consider convez functions F with £ € OF () so that the
linearization error functional is a Bregman divergence and one can neglect the absolute
value.

F is Fréchet-differentiable in x if and only if there exists £ € X*, such that p_§7_—7x<7')/7' —
0 as T — 0 (see Definition A.1.2). F being s-smooth in x, with s € (1,2] then can be
seen as a stronger form of differentiability, comparable to fractional derivatives, however
F being 2-smooth is not equivalent to twice differentiability but rather to the notion of
strong smoothness.

5%?(7’) > 0 for all x, 7 implies strict convexity. As before r-convezity is an even
stronger notion of convezity and 2-convezity is connected to strong convexity. In [13]
the modulus of local (or total) convexity of F, vr(x,7), was introduced and is basically
given by 5%1(7) just that (§,y — x) is replaced by the right hand side derivative of F at
x in direction y — x. If F is conver and Gateauz-differentiable then vy(xz,T) coincides
with 53_-@(7), where £ = F'(x). The modulus of total convexity has been studied in several
papers, see e.g. [14]. There exist further definitions of moduli of convezity and smoothness
related to functions (e.g. [56, 7]), but giving a complete overview over all such definitions
goes beyond the scope of this work.

It turns out that for functionals F that originate from the norm of X the moduli of
the space and of the functions are closely related.

Proposition 2.2.9. Let F = ||-||x and for all x € X let &, € OF(x) be arbitrary. We
have
p < sup p¥, < 2p. (2.16)
TESy ’

Proof. 1f we replace y by —y in the definition of p??’x we see
2p(7) = sup{F(z +7y) + Flx —7y) = 2F(2) + (& Ty — TY) - 7,y € Sx}
< 2 sup p,(7)

rESy

and for all z, y € Sy we have by the definition of the subdifferential and as F(x) = ||z||x = 1
that

Flz+1y) — F(z) — (&, my) < Flx +7y) + Flx — 1y) — 2 < 2p(7).
[
So this already gives us an upper bound for pﬁ-Hx,w(T) it v € Sy,& € 0F(z). For
generalizing this to all x € X we use the following.

Proposition 2.2.10. If the functional F is positively q-homogeneous then we have for
all z € X\ {0}, £ € X* that

¢/t (Nl =yl ¢ et [z =yl
11105 2ol ( ) S A% (y,2)| < [l2l1 %00, Tz

and for all X\ > 0 we have \P71¢ € OF (\x) if and only if € € OF (x).
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Proof. If F is positively g-homogeneous we have

A , _ q]_—<y>_ qf<x)_ q< § ’ y x>

g ()
d ]l [l

so that the first claim follows from Definition 2.2.7 . The second claim follows from
multiplying (2.4) either by A7 or A77. O

(2.17)

= [l :

For convex functions F one can show that both moduli are nondecreasing.

Proposition 2.2.11. Let F be convex, x € X and £ € OF (z). Then for X > 1 one has
Pra(NT) 2 Mpa(7), 050 (A7) 2 A, (7).
In particular 5§7x, p%w are nondecreasing.

Proof. The idea is the same as in [13, sect. 2.4]. Let A > 1. Forally € X, ||ly —z| =7
one can define yy = Ay + (1 — A\)z, so ||yx — z|| = A7. As A > 1 we get by the convexity
(see (2.2)) of F that

LS (1) = 1 (FOu+ (1= V) = F@)) — {6y — 1) > Af(y. )

So for all y € X, ||y — z|| = 7 we find

1
Aé]::(y7x> S ng:,z()\T)7

which gives the first inequality. Similarly for all y € X, ||y — z|| = A7 one can define
Jr = 5y + (1 — 3)z, then ||§\ — || = 7 and again convexity of F can be used to show
A%(y, x) > AA%(}]A, x), which yields the other inequality. ]

Lemma 2.2.12. Forp>1let f: R — R,z +— %xp. Then p}c’l is nondecreasing.

Proof. We have

1
Phalr) = sup 14y = 1= pyrl =t max, (7))
Now |h| = hy is nondecreasing for 7 > 0 as hy(0) = 0 and h}(7) = (1+7)P1 —1>0. h_,
is positive and nondecreasing for 0 <7 < 2ash_;(0) =0and h",(7) = (1—7)P"' +1 > 0.
For 7 = 2 we already have hy (1) =37 —2p—1>2p—2 = h_y(7) forall p > 1. For 7 > 2 we
have that |h_1| is decreasing until it gets 0 and from there on we have hy > |h_1| = —h_; as
(T+1)? > (t—=1)P+2for all 7 > 2. Thus p} ,(7) = hy(7) for 7 > 2 which is increasing. [

We also have a chain rule.

Proposition 2.2.13. Let f: R — R and z € X,§ € X*,t € R be such that p; z(, is
nondecreasing. Then for all T > 0 we have

P a(T) < [ 052 (7) + 0 riy (1€l + £5. (7))
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Proof. Let s = F(z) and define functions R, r by
Flz+y) = Flz) = (&y) + Ry) VyeX
f(s+h)— f(s)=th+r(h) Vh € R.
Then we have for 7 > 0 and y € Sy that
foF(z+ry)—foF(zx)=t((STy)+ R(y)) +r (& Ty) + R(y))
= (6, 7y) + tR(ry) + 1 (&, Ty) + R(7y)) -
<

Now the claim follows from R(7y) < pi’x(T) and r(h) < p} 7, (|h]) together with the
assumption that ,0’}7 Fla) 15 @ nondecreasing function. 0

Propositions 2.2.9, 2.2.11 and 2.2.13 are already sufficient to find upper bounds on
p%m for F = f(||z||x) if f is convex and if we sufficiently understand the smoothness of
both f and the space X. Regarding lower bounds the following proposition will be our
key instrument.

Proposition 2.2.14. Let F be convexr and x be such that there exists ¢ € OF (x). We
have

(05.) = e e (2.18)
Further we have that F is p-convex in x w.r.t. £ if and only if F* is p'-smooth in & w.r.t.
x.

Proof. We have
pFee(T) = sup [F(E+Ty") — F* (&) — (19", 2)]

Y*ES

= sup sup (¢ + 7y, y) = Fly) = F'(€) = {ry",)]

=sup [(§,y) — F(y) = F* (&) +7lly — =[]
yeX
By Youngs equality (2.5) we then have

(1) = sup [F@) = Fly) + (€, = ) + 7lly =]
y
= sup sup [57 — Ag_-(y,.r)} = (5§:$)* (7).
5€R0+ yeX,|ly—z||=¢e

The second statement follows from (2.18), which gives that
p;—'*,é = (53—,1) ’ 5.%‘—,$ 2 (5.%,90) = (p;—*,f)

and the fact that by Proposition 2.2.11 we have for 7 > 7 that p%x(r) > Tp%x(ﬂ/i
(5%@,(7 )>T 55;@(?) /T, so that in particular

(5§E$>* (%) = sup {T*T — 55?:;:(7')} , for 7 < 5%36(?)/?

0<r<7

(Fa) () = sup_[r7 = g (7)], for 7 < o (7)/7

Thus one can just put in the corresponding lower or upper bound and calculate the
maximum, which completes the proof. O
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From now on we will consider F = %H ||” for some p > 1 and use the framework outlined

above to proof Theorem 2.2.5. Note that in light of Proposition 2.2.10 it is sufficient to

understand 5;?’(3?) and pfé”(f) for x € Sy.

Theorem 2.2.15. For some fized p > 1 let F = I%H-Hp.

(a) For allT> 0 exists a constant Cz, > 0, such that for x € Sy and T <7 we have

PR (7) < Crppa(7).
(b) If we have for 7> 0,7 <7 and all x € Sy that
P () < 0(7),
then
pa(r) < pPlo(r) + Cer?,
for = < 7. In particular if ¢: RT — RT fulfills lim, 0 ¢(7)/7 = 0, then X is

uniformly smooth.
(c) Let % + z% = 1. For allz € Sx, T > 0 we have

(1) > Copbn(r/Cry),  T<Eo

where Cz,y is the constant from (a).
(d) If there exists T > 0 such that we have for all x € Sy and T < T that

529 () > o(r),

where ¢: RT — RY is nondecreasing and ¢(7) > 0 for T > 0, then X is uniformly
convezr.

Proof. Claim (a): Note that F = f o], with f(¢) = %tp and p} z,) nondecreasing by
Lemma 2.2.12, so Proposition 2.2.13 gives

PR () < AR T+ plr (74 AR (7))

We have by Taylor’s theorem

-1
ppa(T) = sup b= 2y r(o7)7* < C1?, for 7 < 37,
’ oe{-1,41} 2

where the inequality holds for a constant depending on p and 7 as p}jl is always finite and
so is the remainder . We have j,(z) € 9||-||(z) for € Sx, so by Proposition 2.2.9 we

jp(z)

have pﬂ’_’w (1) < 2px(7) and one can easily see that py(7) < 7. So we have

P2 (1) < 20 (7) +9CT2 < (24 9C/CH)pa(r), T

IN

?

where the second inequality follows from item (b) of Lemma 2.2.6.
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Claim (b): Note that ||-|| = f~loF and f~1(t) = (pt)% is concave, thus — f~1 is convex
and it is differentiable, so —1 € 9 (—f~1) (%) and by Proposition 2.2.11 p}HJ/p = p:},l’l/p
is nondecreasing. Then Proposition 2.2.13 gives for all x € Sy that

AL (T) S PRI (T) + sy (7 + 22D (1) < 0(0) + Cor?,

where the second inequality follows by Taylors theorem as above and the fact that by

Claim (a) we always have pj}?’f) (1) < C7 for some C' > 0. Thus Proposition 2.2.9 yields
the claimed assertion.

Claim (c): First of all note that F*(t) = Lt with % + ]% = 1. We have

=2
Jp () Jp () _(z * _ x

) = (08) (1) = (05 o)) () = sup 77 = p%e s ()]

By Claim (a) we have for all x € Sy that p%. ; ,\(r) < Crppx-(r) forall 0 <r <7. We
are only interested in the case 7 — 0 so let 7 < Czypx+(T)/T, where px«(7T)/7T > 0 by
Lemma 2.2.6, (b). Then by Lemma 2.2.6, (a). we have 7 < Cf ppx-(r) for r > 7 and
thus find

Sup |77 — p ()] = sup [rr = Cs ppa- (r)] = (Cpas)" (7).

o<r 0<r<7
So we have by Lemma 2.2.6, (c¢) and (e) that

ip(T * C?, / *k 27 T
H0) 2 oo () = G 00 (2 2 G 00 (o )

= m!
T,p

Finally note that C7, > pl; LCt) with OF from item (b) of Lemma 2.2.6 and thus
Csppa=(7) T > BT,

Claim (d): By assumption we have 5?5—”(;) (1) > ¢(7) for 7 < 7 and by Proposition 2.2.11
we have for 7 > 7T that 5j]_5’,(3f) (1) > 7'5??7(5) (7)/7 and thus 5;?755) (1) > ¢(7) with

It ) = ¢(T)= T<T,
ok {Tgb(T)/T, T>T7.

So by Proposition 2.2.14 we have for all * € Sy that

ip (") z* * T
PEe (1) = (0% j50m) (1) < °(7).

Now just observe that for 7 < ¢(7)/7 we have

m [t—é(t) = sup [t—(M]—M),T—m,

= sup =
T 0<t T 0<t<T T

as ¢ is nondecreasing. So by part (b) of the theorem we get that X™* is uniformly smooth
from which it follows that A" is uniformly convex [49, Prop. 1.e.2]. O
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Remark 2.2.16. One can see from the above proof that in the asymptotic case T — 0 one
can choose the constant Cz,, such that

o 2, X is not 2-smooth
P 1+p, X is 2-smooth.

These constants are not sharp for every space X, but at least in the asymptotic case the
constants are much simpler than the ones given in [77]. For best known constants with
respect to LP spaces we refer to [76] and [78].

The above theorem combined with Proposition 2.2.10 gives us upper and lower bounds
on the Bregman divergence for ||z —y|| < 7||x||. However as for large ||z — y/|| the Bregman
divergence will be dominated by the term %Hy”p it is not difficult to also find bounds that
hold for all z,y € X. Further one can additionally conclude bounds for the symmetric
Bregman divergence,

A" (2,y) = Ay, 2) + ARV (@,y) = Gplo) = Gp(y)x — ).
from our theorem. These two claims are shown in the following two propositions.

Proposition 2.2.17. For some fized p > 1 let F = %||-||p and let ¢: RT — RT be
nondecreasing. Let V = X \ {0} x X and define the statements:

3C,¢ > 0¥(e,y) € Ville - yll < cllef : A2 (g,2) < Cllafrs (25) ()
3C > 0¥(a,y) € V 1 AT (w,y) < Cmax{ |, |yl 17 (sl ) (b)
3C > 0¥(z,y) € V : AP (y, ) < Cmax{||a]), lyl|}"¢ (bitlrs) (c)

Then (a) = (b) = (c). Obviously one also has (c) = {(a) with ¢ replaced by ¢(2-)}.

Proof. We only show that (a) implies (b) as (b) = (c) follows trivially. Without loss of

generality let ¢ < 1. First of all assume o= Tz ” > c¢. Then by
lz =yl ll=ll _ lle = yll S Mloll = ll=ll o ) Dl
[zl Iyl Iyl Iyl lyll

one can see that regardless of whether we have ||z||/|ly|| > 1/2 or ||z||/|ly]] < 1/2 one
always has 2”ﬁCy_HyH > ¢. So by

AFN,y) = Gp(x) = Jp), 2 = y) < ll2l” + [yl + =P iyl + [y 17~ ]
< dmax{]fz], [ly[}*

we find that

symx 7maX T P QHx_y”
AT™ (2, y) < e el Nyl ¢<maX{HSL’H7Hy”}>.

Now consider the case ||z — y||/||z|| < ¢ < 1. In this range we can conclude (b) from
(a) as [ly[| < 2[|z[[, so that

(M) <o ().
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Proposition 2.2.18. For some fitedp > 1 let F = %H'Hp, let o: RT — R* be nondecreas-
ing and ¢(1) > 0 for 7> 0. Let V =X \ {0} x X and define the statements:

3¢ > 0W(z,y) € Vi |z — ]l < clle] : A9 (y,2) > Cllafrg (2=1)  (a)
3C > 0¥(a,y) €V : AE (y,2) > Cmax{ ), Iyl}6 (smliztl ) (e)
3C > 0¥(a,y) € V : AT (@,y) = Cmax{ [, |yl 176 (sistlr) (1)

Then (d) = (e) = (f).

Proof. The proof is similar to the previous proof and we only show (d) = (e) as the
left implication follows trivially. Again w.l.o.g. ¢ < 1. We now look at three different
cases. We start with the case ||z — y||/||z]| — oo, say ||z — y||/||z]| > N, for some N > 3.
Therefore we have (N — 1)||z|| < |ly|| so that in particular max{||z||, [|y||} = ||y|| and

- 1
le =yl 1
lyll 2

For N sufficiently large we find that

» . o (=l
AE (g, 2) > pNM’—Mym””¢<IM|>

S N e

max{|[z[|, [yl }

Now consider ¢ < ||z — y||/||z|| < N. So ||y|| < (N + 1)||z|| and thus

o=yl ==yl
=N ¢(mwﬂﬂumn> HN +2)

By (d) we have for ||z — y|| = ¢[|z]|| that
AR y,2) 2 oD (clzl)) = Cllall"é (c)
so that by Lemma 2.2.12 we have for ¢ < ||z —y||/||z|| < N

A o) = 2 (e = yl) = o2 (elle) = Clale (0

LGN +2) G Iz =

= CllalPé(0) Fxpy 2 Clial (N;Fm¢<nmxwxWHMH>
o 9(0) Iz — 4l

20@H4)\M\MN+2W<mMWMHWM>'

Last and least we have for ||z — y||/||z|| < ¢ <1 that ||y|| < 2||z| and thus by (d) that

ip(x Tr — _ T —
85 .0) 2 Clalpo (F ) = commpire (S0

] max{||z|[, [ly[l}
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Proof of Theorem 2.2.5. By Proposition 2.2.10 we have

i (@ o [z =y
lelPaster” (H H>§Nf()( z) < ||z |Pole)i (HH>

]l ]

Thus item (a) of Theorem 2.2.15 and the s-smoothness show the bound (2.14) for x € X
and y such that ||z — y|| < 7||«||. Similarly item (c) of Theorem 2.2.15 and the r-convexity
show (2.15) for # € X and y such that ||z —y| < pl*l?HxH As this holds true for all
7 > 0 one can just replace T =
conclude from this the uniform bounds for all x,y € X. m

2.3 Kullback-Leibler divergence

In this section we will formally introduce the Kullback-Leibler divergence, which is actually
also a Bregman divergence as we will see in Proposition 3.2.1. We have already motivated
the Kullback-Leibler divergence in 1.3 as the negative log-likelihood of Poisson data up to
a constant. Another reason for our interest in this special distance measure will be that
it can also be applied as a penalty term in maximum entropy regularization, see Section
3.2.5.

Definition 2.3.1 (Kullback-Leibler divergence). We first define the function kl: R? — R
by

slog(f) —s+t, ifs,t>0
kl(s,t) = <t ifs=0,t>0

0, else.

Then we can define on Ml C R? the Kullback-Leibler divergence KL: LY(M) x LY(M) — R
by

KL(g1, g2) = /M k(g1 (2), g ().

Lemma 2.3.2. (a) KL(g1,92) > 0 and for g1, 92 > 0 we have KL(g1, g2) = 0 if and only
if g1 = go.

(b)

2 4
o1 = 9ol < (Sl + lloall~ ) KL(gr. g2) (219)

2 4
o1 =92l < (Sl + 3lgelln ) K91, 90) (220)

(d) For all gy € L', go > 0 and all R > 0 we have for all g € L', g > 0 with ||g||;1 >
2e2 8 | gol| that

KL(g,90) = Rllg| -
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Proof.  (a) It suffices to show the claim pointwise for kl(s,t). If s = 0 the claim is clear.
For s > 0 we have kl(s,t) = skl(1,t/s) . By the inequality log(t) <t —1 for t > 0
we find kl(1,¢) =t — 1 —log(¢) > 0, with equality only if t = 1.
(b) The function

(1) = (2; + ;1)(15 log(t) — t+ 1) — (t — 1)?

is strictly convex on (0,00) with minse (o) ¢(t) = 0 attained at ¢ = 1. Thus by
o(s/t) > 0 we have

(s —1)? < (is + ;lt) kl(s, t). (2.21)

(Note that this also holds true for s = 0 as 1 < 4/3). Integrating (2.21) gives the
claim.
(c) We can take the square root in (2.21) and obtain by Cauchy-Schwarz

2 2 4 \} Y\
(/M\gl—gzldx) < </M(391+392> k1(91,92)2dw>

2 4
S/(glJrgz)dx/ kl(g1, go)dz.
M\3 3 M

(d) Let ||gllzr > 2e2BH||go||. Define B := {z € M : g(x) > e*tlgy(x)}. Assume
J59 < 3llgllz1. This would imply

1
ol = [ g+ [ g<Flglo +e2 [ gy < 262t gg),
B M\ B 2 M\ B

which is a contradiction. Thus we have [ g > 3||g||z:. This yields

g
KL(g, go) > / glog<> —g+g0> / glog(e’™) —g > 2R/ 9> Rl|gl|r:.
B 90 B B

]
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Chapter Three

Generalized Tikhonov
regularization

Let the forward operator F': X — ) be continuous between Banach spaces X and )). As
motivated in Section 1.3 we will consider generalized Tikhonov regularization of the form

fa € ar%erilinT(f) = argmin|[S(F(f)) + aR(f)], (3.1)

fex

where S: Y — R, R: X — R are convex and lower semi-continuous. From now on we
will have to distinguish between linear and nonlinear forward operators. To this end we
will write the forward operator as T': X — ) whenever we assume it to be linear. If the
forward operator is linear then the Tikhonov functional 7 is convex by Lemma 2.1.5. 7T is
strictly convex if R is strictly convex. Convexity gives all the nice properties of Section
2.1, in particular Proposition 2.1.12. Further convexity gives us the strong tool of duality,
which we will introduce in the following section.

3.1 Duality'

In this section we will introduce the so called dual problem of the minimization problem
(3.1) for linear forward operators. For convenience we consider the equivalent problem

it [25(T) +R()| = 5. (3.2

Duality is a well-known concept from optimization and the main reason why we consider
it here is that it will give a useful characterization for solutions of (3.1), the so called
Karush—Kuhn—Tucker conditions. First we have to introduce the perturbed problems

Bt PLg) = Wl [28(f )+ RO, ge,

so that minimizing P(f,0) gives back our original problem.

Definition 3.1.1 (primal and dual problem). We call (3.2) the primal problem and define
the corresponding dual problem by

sup [—P*(0,§)] = - (3.3)
£ey*

'Duality theory for optimization is well known and can be found e.g. in [24]. Still we give some proofs
to illustrate the idea of duality as it will be an important concept later on.
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We can compute the convex conjugate P* with respect to & and R to get a more
concrete formulation of the dual problem.

P68 = sw [(6.0)+ (€9 — - STT —g) —R()

feX,gey

= supsup (6, ) + (6, Tf ~ 3) — ~-5(5) ~ R()]

fex gey
= supl(6.f) + (T"€.f) = oR(/)] + - supl(—a€.5) = S(3)
= sup((T"€ + 0. /) = RU)| + (8) (~a)

= (8)"(~at) + RY(T*€ + ).

Thus the dual problem is given by
= 1 * * * 1 * * *
b € argmax |~ (S)'(~ag) = R (T, sup |~ ~(8)"(~a) = RY(T")| = 7. (3.4)
geyx & gey*L Q&

Equivalently we can write the dual problem as infecy« P*(0,€) and then consider the
bidual problem, that is the dual of the dual problem. According to Definition 3.1.1 this is
given by

Sup[_P**(fu O)] = _B

fex

and as P is convex and lower semi-continuous we have P = P** so that the bidual problem
is equivalent to the primal problem with 5 = 3. We have the following relations between
primal and dual problem.

Theorem 3.1.2. (a) Weak duality: § > ~. R ~
(b) We say that strong duality holds if there exists solutions f, to the primal and &, to

the dual problem, as well as f = 7. Strong duality is equivalent to the (Karush-Kuhn-
Tucker) extremal relations

T*E, € OR(fa) (3.5)
—aé, € 0S(Tf.). (3.6)

Proof.  (a) By Young’s inequality we have
P(f,0) +P*(0,£) > (0, f) + (£, 0) = 0.

Therefore 3 — v = infcx P(f,0) — supgey- —P*(0,€) > 0.
(b) Assume that strong duality holds with solutions faand &,. Then as 8 = v we have

P(fau O) + 77*(0, Ea) = 0. (3.7)

This is equivalent to

[R(F) + R (T6) + (TG Fod] = (T ) + (8 (~0&) + {~a&u T
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As both expressions in brackets are non-negative by Young’s inequality they have to
be zero. Then the necessary condition for equality in Lemma 2.1.14 gives (3.5) and
(3.6).

On the contrary assume that the extremal relations (3.5) and (3.6) hold true. We
have just seen that this is equivalent to (3.7). The necessary condition for equality in
Lemma 2.1.14 gives (0,&,)7 € OP(fa,0) as well as (fa,0) € 9P*(0,&,) by Corollary
2.1.19. By the definition of the subdifferential this is equivalent to

0

«

V(.)€ X XV P(frg) > <( ),<f—fa,g>>+7><fa,o>

v (?) EX* XY P (9, &) > <<€ _qbg ) ,(fa, 0)> + P*(O,ga).
Setting g = 0, ¢ = 0 we see that fa is a solution to the primal and Ea to the dual
problem. Further by (3.7) we have that § = ~.

]

If we want to make use of the extremal relations, we have to understand for which
kind of problems strong duality holds. To this end we have the following theorem [24, Ch.
I11, Proposition 4.1].

Theorem 3.1.3. Let there exist fo € X such that the map g — P(fo,q) is finite and
continuous at g = 0. Then there exists a solution to the dual problem (3.3) and we have

B=r.

Corollary 3.1.4. (a) Let there exist fo € X such that R(fo) < oo, S(T fo) < 0o and S
continuous at T fo. Then there exists a solution &, to the dual problem and we have
B=n.

(b) Let there exist § € V* such that (S)"(—a&o) < 00, R*(T*&) < 0o and R* continuous
at T*¢y. Then there exists a solution f. to the primal problem and we have = .

Proof.  (a) Immediate consequence of Theorem 3.1.3.

(b) Follows from the dual version of Theorem 3.1.3: If there exist & € Y* such that
¢ +— P*(¢,&) is finite and continuous at ¢ = 0, then there exists a solution to the
bidual problem, which actually is the primal problem based on our assumptions, and
we have 5 = 7.

]

Remark 3.1.5. If both assumptions of Corollary 3.1.4 hold true, then we have strong
duality. Actually, if we assume that the minimizer fa exists, it is already sufficient for
strong duality that (a) holds true. If we do not have existence of fa then we do not have
a reqularization method, so existence is well understood for many interesting Tikhonov
functionals.

3.2 Examples

In this section we want to give an overview of some variants of generalized Tikhonov
regularization, which will be most important in this thesis. To this end we separately



44 3. Generalized Tikhonov reqularization

introduce several data fidelity and penalty functionals, that can be in principle combined
freely. We want to point out that we try to work as general as possible to ensure that our
convergence analysis works for as many variants of generalized Tikhonov regularization
as possible. In particular in the next chapter the results will hold for general penalty
functionals or at least under general assumptions on the penalty, however we will have to
distinguish the data fidelities at some points. On the contrary in Chapter 5 we will have
to look closer at the different penalty functionals.

In this work we consider basically three different data fidelity functionals and two types
of penalty functionals. The three data fidelities are first a simple deterministic data fidelity
functional given by a norm power and second a least square data fidelity for random
noise, which is of similar nature as the norm power data fidelity and is most interesting
for Gaussian white noise. Last but not least we consider a Kullback-Leibler type data
fidelity, which is tailored to the case of Poisson data. The first very general penalty term
is again given by a norm power R: X — R, R(f) = 1]|f||% for some Banach space X and
t > 1 whilst the second is the cross entropy R: L'(M) — R, R(f) = KL(f, fy), where
fo € L*(M) is an a-priori guess.

3.2.1 Deterministic data fidelity

If the data are given by ¢°®® € ), then we can define for p € (1,00) the data fidelity
oDs 1 oDs
Sln(9) = Splg — g°) = Slla—g > 15,

The choice S = 89201)5 can be motivated for example as in Section 1.3, where it turned
out that this is the “correct” choice under the prior knowledge that the data noise is
normally distributed. More generally and simply put the choice S = Sg e Will lead to an

approximate solution f, such that F ( fa) is close to the data in the norm of ). The most
common and well studied example is S = ngobs, where ) is a Hilbert space, corresponding
to classical quadratic Tikhonov regularization.

As already shown in the last chapter 85 e 18 convex (and it is obviously continuous).
The convex conjugate is given by

()" () = sup[(€.9) = Slo = 5°™)] = sup[(€,9+ 4°™) = Sy(o)] = 1€

g)* + <§,gObs>.
geyY gey

The subdifferential of S, is given by the duality mapping (see Section 2.1)
Jo(g) ={€ €y (& q) = lENlgll, €N = llglP~}

and thus we have 957,,.(9) = J,(g — g°").

3.2.2 Least squares data fidelity for random noise

As motivated in Section 1.3 we would like to use a least squares approach for Gaussian
white noise and thus our estimator will be given by

Fo € axgmin [P (P = (G (1)) +aR(f)] 38)
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Notice that if we had G°* € L*(M) the above minimization would be equivalent to
minimizing 1{|7f — G°*||2, + a/R(f), however for Gaussian white noise we have G ¢
L*(M) with probability 1 by Theorem 1.4.5. Given the additive noise setting (1.7) we
denote our data fidelity by

1
Sgon(9) = 5-llgllt = (g +¢Z.g).

For this subsection we suppose that Assumption 1.4.1 holds true for some p’ > 1 and
consider ¥ = By, (M) with  + > = 1. If we have that P(Z € B, (M) = 0 for all € > 0,
which is true for Gaussian white noise and v = d/2 by Theorem 1.4.5, then this choice of
is necessary for the minimization functional to be well-defined (one could of course also set
SEon(9) = 0 if g ¢ Y = B) (M) but this will complicate the duality). In the remaining
two chapters we will still put J = L? for Gaussian white noise as it is not necessary for
our analysis that G € Y and F(f) € Bj (M) can still be assumed as a property of the
forward operator. Note that the dual space to Y is Y* = B’ (M) by Theorem A.2.6.
Assume now that the forward operator F' = T is linear. By Corollary 3.1.4 there exists a
unique solution §a of the dual problem as Saobs is continuous everywhere. The conjugate
of the data fidelity is given by

(S5.)"(©) = sup [<§,h>—;Hh|]%2+<gT+5Z,h>. (3.9)

heB) | (M)

Thus we have for all g € L?
* 1
(86%) (9 —2) = Sllg + gl 2.

In particular (SGobb)*(—afO) < oo for & = —é(g —¢Z),g € L? so that we have strong
duality if R* is continuous at T%&, for some g by Theorem 3.1.3. Under strong duality
one has the extremal relations

T*E, € OR(fa), (3.10)
—aéy € 0SE(T f). (3.11)
As S is differentiable in Y = B} (M) we have that
08 (T ) = {Tfa — g' — 2} (3.12)
and for our error analysis we will decompose
- t_Tf - -
AL N S (3.13)
! a

3.2.3 Kullback-Leibler type data fidelity for random noise

If the data are given by a Poisson process we will choose, following [43], S(g) equal to

{fM gdz — [y log(g + o) (AG; + odz), if g > —0 a.e., (3.14)

0, else,
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for some ¢ > 0, which is for ¢ = 0 the negative log-likelihood for Poisson data up to
a constant (see [43, Section 2.2]). Notice that, as in the previous subsection, if we had
Gy € L*(M), then the data fidelity would equal the Kullback-Leibler divergence

Gy +
KL(Gy+ 0,9+ 0) :/ g—Gt—i—(GH—J)log( ! g)
M g+o
up to a constant, so that we will call it Kullback-Leibler type data fidelity. In terms of
our general additive noise model (1.7) SGobb , is given by

SGObSU< ) = ||g||L1 - <g +eZ + a, log(g + U)>7

which equals (3.14) by setting ¢ = t=2 and Z = t%(Gt — g"). Concerning the penalty
functional we can demand that R = R + xp, with some suitable subset B C X, so that
our variational minimization problem is of the form

fo € argmin [SEit. o (F(f)) + aR(F)].

F(f1) is the density of the Poisson process F(f,) should be a density as well, thus we
want to choose B such that

F(f)>0 VfeB. (3.15)

Then the offset parameter guarantees that we stay away from the singularity of the
logarithm. Further reasons to introduce an offset parameter have been discusses in [43].
In Chapter 4 we will work with the relaxed condition F'(f) > —o/2 for all f € B instead
of (3.15). The reason for this is that we can then find a set B, where fT is in the interior
(which will be important in Chapter 5) even if fT takes or approaches the value 0 at some
point. We again consider ) = B) (M) and F' = T linear for the rest of this subsection.
The conjugate of SGobs , 1s given by

(SGol)s U)*(f) - Sup [<€,g> - HgHLl _'_ <Gt + U: log(g + U))]
QGBJAMD
g>—c

In particular we have
(SGobs 0) (1=0)—=Gy) = sup [(Gi+o,log(g+o)—g)) <oo
QGB;J(M)
g>—0
as log(z +0) —ax <o —1 for all x € (—0,00). Thus (S b U)*(—af'o) < oo for & =
—1((1—0) —G,) so that we have strong duality if R* is continuous at T*&, as for the least

squares data fidelity. We have the same extremal relations as in the previous subsection
and

N o 1
OSGobs (T fo) =41 — — — —= Gy o. 3.16
o, (0h) = {1- 20— - Gl (3.16)

And similar as in the last subsection we decompose

s _l gT_Tfa 1 N . f N
ga_a(Tﬁ+a>+a<Tﬁ+a>(Gt 9') =t Gars + faz (3.17)
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3.2.4 Norm power penalty

so there is some ovelflap with the above section on the deterministic data fidelity. The
penalty R = 1||||% can again be motivated as in Section 1.3, where it turned out that
this is the “correct” choice under the prior knowledge that fT is normally distributed. The
idea behind using a norm power can also be that our main a-priori knowledge on the true
solution is that ff belongs to the space X. So this penalty is in principle rather general,
but one can make it stronger by choosing the smallest space that fT belongs to. The exact
value for the power ¢ can again be motivated as in Section 1.3 or it can be simply chosen
in a way such that R has favorable properties.

The penalty R(f) = || f||% has similar motivation and properties as the data fidelity Sgovs

The most common and well studied example is R(f) = 3| f||%, where X is a Hilbert
space, corresponding to classical quadratic Tikhonov regularization. We will also consider
R(f) = %Hthng, where ¢ is usually chosen either as t = p = g or as t = r, with 7 being
the convexity of the space By (see for example [19, 50, 55, 74]).

As already shown in the last chapter R is convex (and it is obviously continuous) and
the subdifferential of R is given by the duality mapping J;(x). The convex conjugate is
given by R*(f*) = % f*||%-. As this is continuous everywhere in X* we get the existence
of fa for linear forward operators by Corollary 3.1.4 if S* is finite at some point.

3.2.5 Cross entropy penalty

We now consider X = L'(M), where M is a bounded measurement manifold and assume
that we are given an initial guess fy > 0 for the true solution fT > 0. Given our observed
data G°P* we want to improve upon this initial guess. Considering probability distributions
f, fo (or more general positive functions in L'(M)) there is probabilistic motivation (see
[62] or [25, Ch. 3.5]) that the correct way to do this is to find

fa € arfgerﬁin [Sgovs (T'f) + Ry, (f)] (3.18)
where Ry, (f) is given by the cross entropy (or relative entropy or Kullback-Leibler)
functional Ry, (f) = KL(f, fo). Note that this is non-negativity enforcing as Ry, (f) = oo
if we have f < 0 on a set of positive measure, so one could equivalently take the arg min
over all non-negative functions.

Properties and the connection to Bregman divergences of the cross entropy functional
are well known and can be found e.g. from the perspective of regularization in [57, 58].
For the sake of self-containedness we show the crucial properties that will be of interest
for us.

Proposition 3.2.1. (a) Ry, is conver and lower semi-continuous, however nowhere
continuous.

(b) For f* € L>(M) we have R} (") = Ju fo(z)(ef" @) —1)da.
(c) Let fo > 0. The subdifferential OR ¢,(f) is non-empty if and only iflog(fio) € L*(M)

and in this case we have
OR(f) = {1og<f) }
Jfo
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as well as

AT (h, £) = KL(h, f) = Ry (h),
for all h € L'(M).

Proof. We can see that Ry, is convex by looking pointwise at kl, (t) = tlog(% —t+ to),
which has a non-negative second derivative. We calculate R}, also pointwise and find

KL (%) = supt > O[tt — Kl (1)] = to(e” — 1),

as the unique maximum is attained at t = tpe!". As M is bounded and f* € L>(M) we
have that R, is well defined at f = fye/” and it maximizes f*f — KL(f, fo) pointwise and
thus also

R, (f) = sup[f*f = KL(f. fo)] = [ fola)(e”"® = 1)da.

fert

Similarly we can compute for f € L'(M) that

7 () =KL(f, fo) = R, (f)

and therefore Ry, is lower semi-continuous by Theorem 2.1.18.
By definition we have f* € R, (f) if the inequality

| M@/ @) + h(@)) = Kl (/@) = (@)h(z)de > 0
holds for all h € X = L. This is equivalent to

klfo(m)(f<x> + h(l‘)) - klfo(z)(f(x)) - f*(x)h<$> >0

almost everywhere (otherwise just choose h as the characteristic function on the subset,
where the above expression is negative). Now let 3 > 0, then kl;, (¢) is differentiable in
t > 0 and thus has subdifferential 0kl (t) = {log %} by Theorem 2.1.11, whereas for

t <0 the subdifferential is empty. Thus we see that f* € OR, (f) C L™ has to be of the
form f* = log % and exists only if this expression is in L*™. If f* € L*°, then

Jo
h
_ /Mhlogf — h+ fdz = KL(h, f),

AR, () = KL(h f) = KL, )~ {1og L - 1)

if h > 0 almost everywhere, else both sides equal infinity.

Regarding continuity of Ry, at some arbitrary f € L'(M), f > 0 just note that f
has to be bounded by say B > 0 on a subset Mz C M and thus for every € > 0 one
can add a characteristic function h = —2Bxu. to f, where M. C Mp, |M,| < 55. Then
Ry (f +h) =00, ||h||pr < e and thus Ry, cannot be continuous at f. O
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3.3 Bregman iteration?

Additionally to the plain generalized Tikhonov regularization (3.1) we consider Bregman
iterated Tikhonov regularization, which is based on the simple idea that starting out with
the first approximation fa from (3.1) we could try to improve the approximation by using
fa as an initial guess.

Assumption 3.3.1. Let the forward operator T : X — Y be linear and bounded, S(g) =
S;’obs (9) = Splg — ¢°™), and R proper, conver and lower semi-continuous, with R*
continuous.

Proposition 3.3.2. Suppose Assumption 3.5.1 holds true. Let fél) = fa be the solution to
(Py) :=(3.1) and set Ry :=R. Then forn =1,2,... we can define R,11(f) := A%(f, f)
as well as

R : 1 obs
e e amgmin[Ls,07 — ) 4 R ()] (P
fex «

where

with f&”) given by the unique solution
A 1

& € argmin | S (—a8) - (€,6™) + R3,(T"p)] (P;)
cey* Lo

to the dual problem (P¥) of (P,) for which strong duality holds.

Proof. The existence of £ as well as strong duality for (P,), (P}) follows from Theorem
3.1.3 as both Sf; bs s (Sg )" are finite continuous, R is proper and R* is continuous. By
the extremal relation (3.5) we have

gl € OR(f1),
so we can define ff) as claimed. Now assume that the claim holds forn =1,2,...,m € N.
Then again the existence of £™ as well as strong duality for (P,,), (P%) follows from

Theorem 3.1.3 as R, is still proper and R}, is just R* with shifted argument and an
additive constant, so still continuous. By the extremal relation (3.5) we have

m—1
T € OR W (FIM) = OR(fI™) — - T*EW.
k=1

Therefore, we have > | T’ “£ ) € OR( fc(ym)) and can define R, 41 in the way we claimed. [

2Most of this section is taken literally from the article [64] to which the author contributed.



50 3. Generalized Tikhonov reqularization

We call this method Bregman iterated Tikhonov regularization or short Bregman
iteration. It reduces to iterated Tikhonov regularization if S(g) = ||g||3, and R(f) = || fl|%
by (2.2.3). There is a considerable literature on this type of iteration from which we can
only give a few references here. Note that for R(f) = || f||% the iteration (P,y1) can
be interpreted as the proximal point method for minimizing 7(f) := S,(T'f — ¢°*). In
[16, 17, 21] generalizations of the proximal point method for general functions 7 on R?
were studied, in which the quadratic term is replaced by some Bregman divergence (also
called D-function). For T(f) = S,(T'f — ¢g°®) this leads to (P,,1) and the references
above discuss in particular the case of cross entropy functions R considered above. The
maximum entropy case shows how canonical Bregman iteration actually is as we then have

N 1 N
0 € argmin | —S,(Tf — ¢°) + KL(f, f)
fex o

by Proposition 3.2.1, which is the only plausible way to iterate maximum entropy. In
the context of total variation regularization of inverse problems, the iteration (P, 1) was
suggested in [53]. We emphasize that in contrast to all the references above, we consider
only small fixed number of iterations as already fo(f) should showcase improved convergence
rates upon fo(él). In particular we study convergence in the limit of a — 0 instead of
n — oo. Low order convergence rates of this iterative method for quadratic data fidelity
terms S and general penalty terms R were obtained in [12, 30, 31, 32].

A useful fact about the penalty functionals R, is that their corresponding Bregman
distances coincide for all n € N as they only differ by an affine linear functional:

Lemma 3.3.3. Let fo € X, f& € OR(fo) and & := X 7=1 €F) . Then we have for all f € X
that

ARTTES fo) = AR (F o)
Proof. By Proposition 3.3.2 we have T*¢ € 872(]?&”_1)) so f —T*€ € OR(fo) and
AR fo) = AR P = AR (o f0) = (fy — TE f — fo)
= R(f) = R(fo) = {fi. f = fo) = AR (S fo).

]

The first step towards bounds on the error in the Bregman distance is given by the
next lemma.

Lemma 3.3.4. Suppose there exists &1 € Y* such that T*¢T € OR(f1). With the notation
of Proposition 3.3.2 define s .= ¢t — 0= eR) - Then
a

AR (f. 1) < inf [1 Sp (Tf = g™) + (s0.Tf = g™)

+;S; (—as&")> + A%"U (f, fg].



3.3.  Bregman iteration 51

Proof. Due to the minimizing property of fc(f”) we have

L5, (T — ) 4 R (J0) < 28, (17 — ) + Raul),
for all f € X', which is equivalent to
R (F) = Rou(f) < 28, (TF =) = =8, (T — ™). (319)
As T*s™ =T+¢t — fr € OR(fY) — £, = OR.(fT) by Proposition 3.3.2, it follows that
AR (F 1) = R () = R (1) = (180, 4 = 1)
< LS,(Tf ™) = 8, (T - )
— {10, = 1) + Rau(f) = R (£1)

Due to the strong duality (Propostion 3.3.2) the extremal relation —a€(™ € 98, (T f" —
¢°") holds true, and thus the generalized Young equality yields

28, (TIE — ™) = 85 (~ad) + (€0, TFE — )
= ;S; (—asg”)> + <5&”), Tfm — gObS>
— 22 (—asi?), —a€)

< ;S; (—as((x")) + <s((1”), T — gObS>

where we have used that the Bregman distance is non-negative. Combining this gives

*s(n) F(n 1 obs
AR (f. 1) < —S(Tf =g

1 (o) (71 -5

% (1) *
Now the identity A%j“ (f, f1) = A% gT(f, fT) shown in Lemma 3.3.3 completes the
proof. n

Given the above lemma all that is then left for proving an useful upper bound is to
construct appropriate vectors f which approximately minimize the functional on the right
hand side.
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Chapter Four

Error estimates

“What comforted his misapprehension?

That as a competent keyless citizen he had
proceeded energetically from the unknown to the
known through the incertitude of the void.”

Ulysses, J. Joyce

In this chapter we will prove estimates on the reconstruction error for generalized
Tikhonov regularization as introduced in the last chapter. As we have seen in Section 1.2 we
need some kind of source conditions on the possible solutions to achieve convergence rates.
We state these conditions in an abstract way to be as general as possible and will then
focus in the next chapter on the verification of source conditions in more concrete settings.
The first section of this chapter introduces a generalized notion of noise level. In the
second section we will consider the boundedness of regularized solutions under statistical
noise models. The last three sections introduce different types of source conditions that
correspond to different ranges of convergence rates.

4.1 Effective noise level

As we will not always assume the simple deterministic model ||g°* — g||y < & with noise

level § > 0, we need a more general notion of noise level. Recall that given measurements
G°P the data fidelity Sgobs should measure in some way how far the data are away from
the argument. Thus one could consider Sgons(g') as noise level. However, we can change
the data fidelity by an additive constant without changing the regularized solution, so
the absolute value of Sgevs(g') is not necessarily informative. Instead we will introduce
the effective noise level, based on [75, 42], which is actually not a plain number, but a
functional.

Definition 4.1.1 (Effective noise level). Let ST: ) — [0, 00) be some (“exact data fidelity”)
functional and let Co., > 0 some constant. Then we define the effective noise level
err: )Y — R by

1
CGIT

err(g) = Sgans(g') — Sgons(9) + =—S(g).

Further for a subset M C Y we define errys = sup,,, err(g).
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The following lemma indicates the use of the effective noise level for convergence
analysis.

Lemma 4.1.2. Let f, minimize (3.1), then we have

~

err(F(fa)> B 1 ST(F(]?Q))

£y — T
R(fa) = R(f1) € — =0 =

Proof. As fa minimizes the Tikhonov functional we have
1 -~ ~ 1
~Soms (F(fa)) + R(fa) < ~Saons(g") +R(S)

If we artificially add and subtract the exact data fidelity functional ﬁs f we obtain the
effective noise level

1
CGI‘I‘

S'(F(F))] = S (FUED) + RAE.

]

o~

R(Ju) < ~[Saon () = Sean (F()) +

For the simple deterministic model the effective noise level is nicely bounded by the
usual noise level. However, in general finding upper bounds on err can be difficult.

Lemma 4.1.3. (a) Let for 1 < p < oo the data fidelity be given by Sf;obs and choose
S'(g) = %Hg — 15, Core = 2P71. Then we have
2
erry < —o”.
p

(b) Let the data fidelity be given by S5 and choose S'(g) = 3llg — g'[|72, Core = 1.
Then we have

err(g) = (2,9 = g') <&l Zllp» llg = g'lls,-

(c¢) Let the data fidelity be given by Sg(ﬁ)s’g and choose ST(g) = KL(¢T+0,9+0), Copr = 1.

Then we have
gto g+to
= 7.1 < ellZl o=~ |1
err(g) <€ ,0g<gT+U>> <elZls_ Og<gf+0>

(d) Fora >+, p€[l,2] and all ¢;,co >0, 7 > 1 we have

By,
71777/; -X #(2*7") r
||5ZHB;10H9HB;,1 < Cey, <C1 - H5Z”Bpﬂoo> + Cl||9||B;2 + callgll7.
Proof.  (a) Note that by convexity of | - |’ we have for all s,¢ € R that
s — P = 12(s/2) + (1 = 2)t|" > 2s/2]" + (1 = 2)[t| = 2"7|s|” — [¢|".
This allows us to estimate the effective noise level by

perr(g) : = llg" = ¢*I15 — llg — ¢°™II5 + 2" (lg — ¢'[I5,
<& —|lg—g'lly = llg" = g°™ Iy lP +2""llg — gl < 207,

As this holds for all ¢ € Y we have shown the claim.
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(b) By definition we have

1 1 1
err(g) = 5!\9”\%2 —{g"+eZ,g" - S llgllzz + (g" +¢Z,g) + Sllg = g')1%-
= <€Z7g - gT>

The norm bound then follows from the duality given by Theorem A.2.6.
(c) By definition we have

g+o
err(a) = g'11s = ol + (o' + =2 + ovton( 422 ) ) + Kta' +0.9-+0)

i
o + g+o $ qg'+o
=(g'+eZ+0,1 + (g1
<g i 7 Og<9T+0>> <g Og<9+0
g+o
=(eZ 1
<6 ,Og(gf+g)>

and the norm bound follows as above.
(d) We have by Theorem A.2.7 that

1—v/a a 1—v/a a
gz, < ClgllpellglBe, < Cllallz=""llglH,
where we used the fact that B0 C L? continuously. Now we JUSt have to apply the

Peter-Paul inequality (2.7) two tlmes firstly with ¢ = i Ta q =7 +w Ta such that

1—~v/a

2
o a T++/a
Il Nollsg, < Cez ™ (JeZ Iy NollEe) ™ + eallll

and secondly with ¢ = T('ga), q = 1;17%“_” to find

1—v/a

2
- —Z [ERapR}
2115 Ngllsg, < O ™" (e %12l ) T +aullgllyg, + eallglia: O

4.2 Bounds on regularized solutions

Boundedness of J?a for deterministic data is not really an interesting question. If g°® fa
is a regularization method, then fa will be close to the solution for sufficiently small noise
level 9 and in particular bounded. For stochastic data it can however happen that fa
is not almost surely in any bounded set even though the distribution of fa may be well
concentrated around f1. As we will later need to bound the norm || f.|| at some points, we
want to understand its dependence on the random noise. In the white noise setting this is
straightforward.

Assumption 4.2.1. Let v > 0 and p € [1,2] be as in Assumption 1.4.1.

(A1) There ezists f. € D(F) minimizing (3.1).

(A2) For some a >~ we have ||F(f1) = F(f2)|lp2, < Ll f1 = follx for all f1, f2 € D(F).
(A3) There ezists Cr,0 > 0 such that || f||lx < CrRR(f) for all f € X with ||f||x > 0.
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Remark 4.2.2. For a linear forward operator F' =T (A1) follows for all penalty and data
fidelity functionals that we discussed in the last chapter from Corollary 3.1.4. Regarding
the existence of fa for nonlinear forward operators we refer to [54, Theorem 1.6] in the
general case, to [43, Proposition 4.2] for the case of Poisson data with S = SGobs and to
[74, Proposition 4.10] for the case of Gaussian white noise with & = Scobb

Note that by (A.1) from the appendiz (A2) is only slightly stronger than the assumption
that Y = B (M) (as in Sections 3.2.2 and 3.2.3) with a Lischpitz continuous forward
operator.

(A3) obuviously holds for norm powers R = %HHt if if t > 1 and it holds for R(f) =
KL(f, fo) by Lemma 2.5.2.

Proposition 4.2.3. Let S = SGobs Let Assumption 4.2.1 hold true. Then we have

1
leZIl-e\ =7

| fallze < max(8, CrR(f.)) and  R(f.) <3R(fH + C| ——2=

altv/a

In particular for a parameter choice fulfilling o > ceTH7E we have

1ol < mox(0,305R(") + CrC1 217 T )
Proof. By Lemma 4.1.2 and Lemma 4.1.3 with r = 1, ¢; = Cra/(2L) and ¢y = 1/2 we
have

oR(T.) < exr(F(7)) = SIF(F) — o' + oaR(f)

CROé

2
- =7
< (el ) T + TP - o', + aRT)

2
T—/a CRCY

< C(aFNeZllype) T+ TE = S+ aRAS.

In absence of any source conditions we can only bound || fo— f f||x by the triangle inequality,
which leads to the claim by (A3) after subtracting (a/2)R(f,) on both sides and dividing
by a. O

The approach for the case of Poisson data is the same, but the logarithm leads to
technical difficulties.

Proposition 4.2.4. Let S = SGobs Let gt > 0, F(fa) > —0/2, and let Assumption 4.2.1
hold true for p =2 and a € {1,2}, a > d/2. Then we have

1
€212\ 7

[ fallx < max(0, CrR(fa))  and  R(fa) < 3R(f1) +Cpi,

al+’y/a

2
In particular for a parameter choice fulfilling o > ce™/« we have

Il < max (8, 3CRR(f) + Oyl 21 75 ).
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Proof. We want to apply Items (c) and (d) of Lemma 4.1.3, so we have to understand the
Sobolev norm of the logarithm. By (A2) and Corollary A.2.12 we have for a € {1,2} that

F(fa) to n T n i
Hlog<gT—i‘O' 1o S CgT,a’,a F(fa) —4g HH“ S LOgT,o’,aHfa - f ”X
Let Cpi, = 2”"“%“”%]&% be the constant from Corollary A.2.12. By Lemma

-1
4.1.2 and Lemma 4.1.3 with the choices ¢y = 3(1OHgT”Loo + 60 + 4log(c)* + 2€3> (i
c1 = Cra/(2LC,4 ) and 7 = 1 we have

oR(f.) <err(F(fa)) = KL(g' + 0, F(fo) + o) + aR(f)
Il ry =7 7 2
SC(Ha ||Bm) / e 1Og<F(fa)+o>
Oﬂ/a

gt +o 12
~KL(g"+ 0, F(fo) + o) + aR(f").

C’R «

o gt
AL

To estimate the integral

1Og<F(fa) + a)

Co
gt+o 12

~KL(g'+ 0, F(fa) + ) (4.1)

we cut the domain of integration in the two parts

A:={zeM:F(f,)(z) <max(2¢'(2),0,log(c)? e*/2)}
B:={zeM: F(f,)(z)>max{2¢'(2),0,log(c)? ¢*/2}}.

In the first part we have the uniform bound F(f.)(z) < 2||¢'|| 1~ + o + log(c)? + €% so
by (2.19) we have

—~ 1 —~
lg" = F(fa)l220a) < g(mHgTHLw + 60 + 41og(0)” +2¢*) KLa(g' + 0, F(f) +0)
and by Corollary A.2.12 we have

("),

L2(A)

< Cgf,aHgT - F(ﬁ)”mmw

so on A the integral (4.1) is negative. On B we have 2¢1(z), 0, log(0)?,€3/2 < F(f.)(x)
so we can bound it by
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which is also negative as ¢; < 15 and F(f.)(x) > €. Thus we have

~ s ﬁ Cra ~
aR(f) < C(a 2l gy )+ TES N = il + aR(S.

and the claim follows as in the proof of Proposition 4.2.3. O

Remark 4.2.5. The fact that the above result is only stated for a = 1,2 comes from the
fact that Theorem A.2.10 is only proven for s = 1,2. However, we suppose that the above

Proposition should hold for all a > d/2 and possibly also for all p € [1,2] (compare Remark
A.2.11).

4.3 (First order) Variational source conditions

In this section we will show how to obtain estimates on the reconstruction error based on
variational source conditions (VSCs). As we have seen in the introduction source conditions
are necessary to obtain convergence rates and VSCs have become increasingly popular
recently, because they are quite flexible in the sense that they yield convergence rates for
general regularization methods on Banach spaces and non-linear forward operators.

Definition 4.3.1 (Index function). We call a function ®: [0,00) — [0,00) an index
function if it is increasing and continuous with ®(0) = 0.

Definition 4.3.2 (Variational source condition VSC'(®, R, ST)). We say fT satisfies a
(first order) variational source condition VSC'(®, R, S") if there exist f* € OR(fT) and a

concave index function ® such that for all f € X we have

(A= 1)< AR )+ B(STR()). (4.2

Remark 4.3.3. By definition of the Bregman divergence the inequality (4.2) is equivalent
to

SAE (1) < RU) = R + 2(SH(F (). (4.3

4.3.1 Regularization error bounds

Assuming VSC!(®, R, St) one can get immediately error bounds in the Bregman divergence
by the following Theorem (which is based on [42, Theorem 2.3]).

Theorem 4.3.4. Let 1 fulfill a VSC with index function ®, then the estimates

~

AL (R 1) < e”(z(f)) sy () s Ty ey (<o) 4

errOé o

and

o~

. -~ rr( F(fa N
gt < T L iz + oy ()

(4.5)
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hold true. For errp,r < oo the infimum of the right hand side of (4.4) is attained at
a=aif
1
Cerr@

S a(_q))* (Cerr errranF)

and in this case we have
;A{; (fa, fT) < ®(Corr €XTran p).
Proof. By (4.3) we have
AL (For 1) < R — RO + 0(ST(F(7))
and then Lemma 4.1.2 yields

~

.~ err( F(f, R .
Lty < D) L o) 4 a(si(R())

o Coprx

Introducing A € [0, 1] and writing ST (F(fa)) = 7 we find

~

lAf];(]?a fT) < err(F(fa)> . A
9 ) >

St (F(fa)) + sup

« Cerra 720

l_(l -

AT <—<1>><T>].

The supremum is by definition the convex conjugate, thus by choosing A = 0 we get (4.4)
and by A = 1/2 we get (4.5). By Young’s inequality we have

€rYran F * 1
(I) Cerr ran S _CI) -
( e Tran 1) e +(=®) ( C’erra)
and equality holds if and only if —(C’enéz)f1 € 0(—P)(Cor€rrian ). O

Thus we see that in the deterministic setting with data fidelity S;’ s @ VSC immediately

implies the convergence rate
AR (o fT) < 20(C07),

by Theorem 4.3.4 and Lemma 4.1.3, where the speed of convergence is determined by the
index function ®. Before we come to the stochastic setting we want to give a short outlook
on how to verify a VSC for a given solution f.

4.3.2 Outlook: Verification of variational source conditions

As the VSC is a rather abstract condition we would like to understand, what it takes for a
function to fulfill a VSC. We will actually verify the VSCs in complete detail for several
settings in Chapter 5, but we want to give a short outlook on how to verify a VSC. For
a linear forward operator 7" a VSC can be verified easily under the following condition
(compare [37, Remark 4.3]).
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Lemma 4.3.5. Assume that S'(g) = %Hg — ¢'||P and that there exists £ such that
T¢t € OR(f1). Then f1 fulfills a VSC with ®(t) = ||&t||y- (pt)7.

Proof.

v (pST(Tf))%- =

S = =T =TF) <y 1T = Tflly = NI€"]

y*

The preceding lemma uses a rather strong assumption (T*¢7 € OR(f1)), which leads
to a particular index function. More generally one can use the following strategy, which
has been proposed in [40, 74, 73].

Proposition 4.3.6. Assume that for some r > 2 and for all fi, fo € X, f5 € OR(f2) we
have

AZ(fi, ) > Crllf = follye (4.6)

Let fT € X and f* € OR(f1). Suppose that there exists a family of operators Py,: X* — X*
for k € Ny and constants ky, vy such that the following holds true for all k € Ny:
o < Rg and inf K =0, (4.7a)

(7= P

(Pef, 1= 1) < wl|F(FY = F(),,

L (4.7b)
for all f € X with |f1— f]| < (&1 1lx) "
Then T fulfills VSC'(®, R, SgQT) with the concave index function
®(7) = inf |v 1/2+1(L)”’" " (4.8)
T ken, T p\Cr) T | '

If we have instead of (4.6) that R = 1||-|I%, for t > 1 and X r-convex, then there exists
Cr > 0 such that under (4.7) fT fulfills a variational source condition (4.2) with the
concave index function

(7) = inf [+ Cod 71w, (4.9)

Proof. We will not prove the case for general R fulfilling (4.6) and refer to [74, Theorem
3.3] for the original proof. Instead we will do the very similar proof for R = 1||-||%, which
is just slightly more complicated, because we have to work with Theorem 2.2.5 instead
of (4.6). We distinguish two cases. First of all we assume that for some B > 3 to specify
later we have ||f — fT|| > B||fT||. This in particular implies || f|| > (B — 1)||fT|| > 2| /7]
and || — f1] = 1| thus Theorem 2.2.5 gives that Ak (f, /1) > Caed | FII 711 f — FIIF >
Cx27"|| f||*, where r > 2. Therefore

-i- t—1
Pl = 20715 1l < 2(””') Tk

* et *
(5= 1) < 2|7 171

X*

< 2B - 1) < 5AL (),
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if B is chosen large enough. Consequently the variational inequality (4.2) holds for all f
such that || f — fT|| > BJ|fT||. Conversely assume now that | f — fT|| < BJff||. For Cx > 1
sufficiently small this implies that (4.7b) holds true and we can estimate

(FfT = 1) = (Bf* f1 = )+ (I = PO = ) < PG = FO|, + mell 7= £

By (2.15) from Theorem 2.2.5 we have AL (f, f1) > Cr sl fTI7|lf — fT||” and thus by
the Peter-Paul inequality (2.7) that

/ !
— K;z

Fill fT = FI < AR (ST + (2rCaas £1177) 7 0
Thus we see that the variational inequality holds true with ® as in (4.9). To see that ® is
a concave index function note that it is given by an infimum over concave and increasing

functions and hence is also increasing and concave, which implies in particular continuity.
By (4.7a) we have ®(0) = 0, thus it is an index function. O

Remark 4.3.7. For many choices of Py, such as projections onto spaces of trigonometric
polynomials or finite elements, Condition (4.7a) describes the smoothness of f*, which is
often closely related to the smoothness of f1. On the other hand (4.7b) describes the local
ill-posedness of the problem (for more details we refer to [73]). In [29] it was shown that
if 1 is the unique solution to F(f1) = g then fT fulfills a variational source condition of
the form (4.2) (possibly with a different constant) under mild assumptions on the forward
operator and the penalty. Of course the index function ® will strongly depend on the
smoothness of f1 so that one still can end up with arbitrarily slow convergence.

If one intends to use Proposition 4.5.6 with R = %||||t to show convergence rates on a
set of possible solutions one has to be careful if t > r as the constant in the index function
will explode if || fT]| — 0. So in this case a lower bound on || fT|| would be required to get a
uniform constant.

At the end of this subsection we want to state a negative result on the range of index
functions for which a VSC can be verified (compare [28, Prop. 12.10]).

Proposition 4.3.8. Let the forward operator F be continuous. Assume that ST(g) =
%Hg — g'||P and that R is Fréchet-differentiable. If a VSC with ®(t) = o (tﬁ) holds true
for f1 then fT € argminR.

Proof. The VSC yields
(f =1 < iAJS (f, fH+o(SU(F(f) < §A4‘§ (£ fH+e(Clf = F1I7),  (4.10)

because of the continuity of F. Now for some arbitrary fo € X, ¢t > 0set f = fT +tf, in
(4.10) and divide by ¢ to find

(P 00) < g 0K (1o, 1)+ (C),

for all ¢+ > 0. As R is differentiable we have limy_t 'A% (fT + tfo, /) = 0 and by
1

O(t)=o0 (tE) the right hand side goes to 0 as t — 0. As f, was arbitrary we have f* = 0.

By definition of the subdifferential this is equivalent to f1 € arg min R. O
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As fT € argminR is not an interesting situation, the above proposition limits the
range of convergence rates that can be shown under VSC'. In the deterministic setting
VSC! thus yields convergence rates only up to A%; (fa, f1) = O (6).

4.3.3 The stochastic setting

We have seen that under a certain parameter choice a VSC immediately yields convergence
rates ®(Cey €rrpan ). However, this is only useful if err,,,  can be bounded. For the
data fidelity 853, we have seen that the effective noise level is of the form err(g) =
(eZ,g) — (¢Z,g"). Clearly in this case there is little chance for a uniform bound. If for
example the forward operator is linear then ran /' is unbounded and so is err(F(f)). Even
worse, if the noise is not in L? (compare 1.4.5) then err(g) might not be well defined
for certain g € L? so these should not lie in the image of F. Still we will show in this
section that one can show order optimal convergence rates under the VSC' if additionally
Assumption 1.4.1 holds true. Further we need the following assumption on F' and R.

Assumption 4.3.9. Let v > 0 and p € (1,2] be as in Assumption 1.4.1.

(B1) There ezists fo € D(F) minimizing (3.1).

(B2) For some a >~ we have |F(f1) — F(f2)| 52, < Ll /i = follx for all fi, f2 € D(F).

(B3) There exists Cr,p > 0, r > 2 such that for all B > 1, || fillx, || follx < B, f* €
OR(f2) we have A (f1, f2) = CrB*|lfi = foll.

Remark 4.3.10. (B1) and (B2) are as in Assumption 4.2.1. (B3) holds for norm powers
R = 1|l if X is r-convex with p = max(t —r,0) by Theorem 2.2.5 and it holds for
R(f) = KL(f, fo) by Proposition 3.2.1 and Lemma 2.3.2 with r =2 and p = 1.

Theorem 4.3.11. Let Assumption 4.3.9 hold true. Let B > 1 such that || [, ||fT]| < B.
If § = 8L, and f1 fulfills VSCI(CD,R,SST) we have

1
BR||eZ|[2-, | R

. - 1
M (ur S < O +a(-0) (=),

where C' is independent of any quantities on the right side and f7. If S = S5k, . let

Assumption 4.3.9 hold true with p = 2, a > d/2 and further assume g' > 0, F(fa) > —0/2.
If £ fulfills VSC*(®, R, KL7;) we have

a3 & 2 ﬁ . 1
A7f€ (fa’ fT) S CgT’o-Bﬁ (BJ(f“rmaX(a—l,O))a—l—Z‘|€Z||ZB2_ZO> 1+ra(2 ) + (_@) <_26K)’

where Cyt , depends on g" and o but not on any other quantities of the right side.

Proof. By (4.5) from Theorem 4.3.4 we have

o~

N rr( F(f, N
AL (R < (Cff ) oS (FE) + o (55 —)
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Let S = 853, then by Lemma 4.1.2 we have for all ¢1, ¢, > 0 that

1
-~ 2y Z(2-1) ~ - _~
err(F(£)) < Ca(er 2121, ) 7557 + el F(Ra) = o'y, + eallF(F) = o'l
p’,00 ’

Now use (B2) and choose ¢; = 1 and ¢; = $CrB™?L"", then we have by (B3) that

1 e ~ 2 TTo 1 e - 1
f t 2y 1= 2 1+ 75 (2-7) b t *
§AR (far 1) < C<Bmpa “||5Z||Bp,joo) + ZAR (far [T) + (=) <—2a>-
Bringing iA{; (fas f1) to the other side gives the claim.
IfS = Sé(}bs,a then by Lemma 4.1.2 we have ¢;, ¢, that

- -2 e
err(F(f)) <C., (cl m||52||32’;) ;

- . ~ 2
F(fo)+ F(fo)+
+ c1||log (];)0 + col|log (JJ:)U .
g'+o He g'+o 2
By Corollary A.2.12 and (B2) we have
F(-]?CY) to max(a—1,0) n t
los( 515 7)|, < ComeBme i -],

< LCyt 5o B0 fo = £l
Further by Corollary A.2.12 and Lemma 2.3.2 we have

F(f)+o\|’
Hlog< gt +o )

L2
Thus by choosing ¢; = 2CrB~(LC,i , ,B™* @ 10) =" and ¢y = (4BC% )~" we find

< 2| F(7) ||}, < 2BC3 , KL(g' + 0. F(fa) + o).

1 A ficmia 2v (2 {max(a— —-1-2 ll - * 1
ZAJI; (fme) SCQTJB”: (B 2 (£+max(a—1,0)) 1 ZH€Z||23230)1+M<2 >+(_®) (_20[)'

]

Corollary 4.3.12. Let both Assumption 4.2.1 and 4.3.9 hold true. Define Q., =
()7

~
alta

(a) If S = SLS,. and f1 fulfills VSC'(®,R, S2:) we have under the parameter choice
a>(Ce e that

et o~ % i} 1
AR Fun ) 2 C(RUN 12155 )+ 1205 Qe+ 4(-8)" (=52 )-

(4.11)
Let additionally Assumption 1.4.1 hold true and let ¢ = 2 + %, then we have under

the parameter choice a > CeT7 that
P(AR S (Jor /1) > C(L+ 2) Qe + 4(=®)" (—(20) ")) < exp(—Cza?),
E(AL S (far /1)) < CQua + 4(—@)*(—1>,

)

where the constant C > 0 depends on R(f7
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(b) Let S = S5k, g" > 0,F(f.) > —o/2, f1 fulfill VSC'(®, R, KL) and a > ag >
max(d/2,7), where ag € {1,2}. Then there exists ¢ > 0 such that under the
2

parameter choice o > C'e™ /% we have

xet o c * 1
AR (Fard1) 2 Cprgro (141715, ) Qe+ 4(-0)" (=)

20

Let additionally Assumption 1.4.1 hold true, then we have under o > Csﬁ that
gt o 1 i
P(A% o f1) > C(1 4 2)Qe + A(—D)° (—20)) < exp(~Cat)

E(ARE (furf) € CQun+4-0) (—5 ),

" 2a

where the constant depends on R(fT), g" and o.

2
Proof. For § = Sé?bs we have by Proposition 4.2.3 and the choice a > ce™++/« that

2

Il < Cua(ROM + 12157 )

p,00

2

Thus we can choose B = Cro(R(f1)+ ||Z||;1’Yd//[12) in Theorem 4.3.11, so that (4.11) follows
by

p/,00

1
1+ XL (2—r)
(BfZPI|Z||2B,w >< "< B max((|Z]| s 1) < BPmax(|Z] 5 1)
p,00 P o

2ap
-
-

< C<R(f*)” +12I7, / )(1 + HZ”B,QLO)Q

p’,00

Under Assumption 1.4.1 we have for all z > 0 and ¢ = 2 + 22 that

a

P(Agf*(fa, N> C1+29Qc0 +4(—2) (-5)) < exp(—Cyz")

(07

so replacing x = ie gives the claim. Let p; denote

1

pe = PO+ 17Qu < A (s 1) = 4(=0)"(—55 ) < Ok + 220z

then
E(ALY (/) <40 (—(20) 1) + 3 Clk +2)27Q.
k=0
+ ]P(A%*g (fau fT) - +4(_(I))* (-(2&)_1) < CQe,a>CQe,a

< 4(—@)*<—(2a)_1) + CQ:.0 <1 + i(k + 2)*t° exp(—C’Zk:pTH>>,

k=0

so that the claim follows as the sum is convergent.
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For § = SGobs , the proof is basically the same. Just note that Proposition 4.2.4

2
dictates the parameter choice o > ce™#7/90 and then we have

1 fallx < 3R(FT) + Gy, UHZIIIQ//“J’-

Thus we can choose B = C(R(fT) + || Z]|} ji//?) in Theorem 4.3.11 but the constant will

poo

already depend on g’ and o. O]

To see how the term 4(—®)" (—i) might behave we have the following lemma. Note

that by Proposition 4.3.8 the strongest index function such that VSC*(®, R, Sgﬂ) can hold
true fulfills ®(7) < Cre.

Lemma 4.3.13. Let ®(7) = At¥ forv € (0,1), A > 0 then we have

* 1 v _1 _v_ v
(—®) (—QCGHQ> — 15 (1 = VAT (200ma) ™ = Ca

Proof. We have for x > 0 that

(—fb)*<—1> = sup [@(t) — t}

xr t>0 xr

as ® is strictly concave the unique maximum is attained at ¢ = (1/)@)ﬁ which gives

1 1 1 v 1 v
PV (=2 ) = \T=% = Ty — yTv v ) = pT=v (] — ANT—vpi-—v. ]
( )( x) (1/ x Vv ) v (1l —v) x

4.4 Second order source conditions

We have seen in Lemma 4.3.5 and Proposition 4.3.8 that the strongest VSC'(®, R, 5#)7

which can be proven for non-trivial f1 and Frechet differentiable R, fulfills ®(7) ~ 7+ and
thus corresponds to deterministic convergence rates Ak (f,, f1) = O(8). This implies that
for quadratic Tikhonov regularization on Hilbert spaces the VSC! only covers convergence
rates (1.4) with indices v € (0,1/2], by AL (fa, f1) = %HﬁY — fT]|2. We will call such rates
first order convergence rates. Several alternatives to the formulation (4.2) of the source
condition suffer from the same limitation: multiplicative variational source conditions
[4, 45], approximate source conditions [28], and approximate variational source conditions
[28]. Symmetrized version of multiplicative variational source conditions (see [4, eq. (6)]
and [2, Ch. 4]) cover a larger range of v, but have no obvious generalization to Banach

space settings or non-quadratic S or R. The limiting case ®(7) = erv of VSC(®, R, S;?T)
implies by [61, Prop. 3.38] the source condition

3¢t e Y+ T € OR(f1) (4.12)

studied earlier in [11, 22] (and is thus equivalent to this condition by Lemma 4.3.5). To
generalize also the Holder rates (1.4) with v > 1 to the setting (3.1), one can impose a
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variational source condition on &' [34], which turns out to be the solution of a Fenchel
dual problem. Again the limiting case of this dual source condition, which we tag second
order source condition, is equivalent to a simpler condition, Tw' € oS, (€1), which was
studied earlier in [52, 57, 59]. Hence, the second order source condition corresponds to the
indices v € (1,2] in (1.4).

As this new condition strongly depends on the choice of the data fidelity term we have
to consider the deterministic and stochastic cases separately.

4.4.1 The deterministic case

In this subsection we only consider the data fidelity term S7,..(9) = Sy(g — g°>) =
;Hg g°>||% for p € (1,00). First we give a definition of the second order source condition
in Banach spaces based on [34, (4.2)].

Definition 4.4.1 (Variational source condition VSC*(®,R,S,)). Let ® be an index func-
tion and R a proper, convez, lower-semicontinuous functional on X. We say that fT € X
satisfies the second order variational source condition VSC*(®, R, S,) if there exist £ € Y*
such that T*¢T € OR(fT) and ¢* € JS, (€7) such that

VEe Yt <5T - g,g*> < ;Ag; (g,gf) + @ (A;;l (T*g, T*ET)) . (4.13)

We have the following slight variant of [34, Theorem 4.4].

Theorem 4.4.2. Let Y be p-smooth. Let there exist a minimizer fo to (3.1). Let f1 fulfill
the second order variational source condition with index function ®. Then there exists
C > 0 only depending on p and Y such that

AT (Fu f1) 4 (AT (—0b, —ag) < O 4o (o) (L),

ar'—1

Remark 4.4.3. The differences to [34, Theorem 4.4] are firstly that we allow the additional

term %Ag; (f,@) in the VSC?, which makes the assumption formally weaker and will
be important for the verification later on. Secondly we additionally bound the dual error
AV AR oo, —af), which can be of use for example in Lemma 4.5.6 below and lastly our
ﬁnalp bound is expressed differently.

Proof. Strong duality holds by Corollary 3.1.4 as fa exists and S, is continuous everywhere.
Thus we have the extremal relations T*¢, € OR(f.) and —a&, € IS,(T fo — g°*) or
equivalently T'f, — g°> € 08, (—a&,) by Corollary 2.1.19. Therefore we have
AN (far f1) = (T80 =T fo— 1) = (& — €. T fa — g")
= <€o¢ - {rana - gObS> + <€a - é‘T obs _ T>
St pelew -1 ¢ Tfa— P oobs _ i
— (G =€l —a¥ ) + o UE, — £, p—+5> € - €, g™ — g
- aP/—1<§T - gaag > - ap 1Asym(§a7 ) < —4g >’
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where the last equality follows from the fact that Tf‘*p e € 0§, (Ea) by Proposition
2.2.10. Now we can apply V.SC? on the first term to find

N , N p'—1 N N
AR (for 1) < @7 (M (T°6, TET)) = 5 A3 (€ ) + 16 — €l — o'l
(4.14)

As Y is p-smooth we have that J* is p’-convex and thus we have by Theorem 2.2.5 that
Sym(gay ) Z C“é\a - g*Hp/'
Consequently by the Peter-Paul inequality (2.7)

p'—1 N 2
AT (&) < Cal’ T = C‘i

1€ = €Mllg*™ = g'll -

Finally we have AL, (T*E,, T*¢h) = AL 5a( fT, fa) by (2.10) and o~ lAsym(ga,g*) =
Afg;m(—aéa, —a&h) by (2.17). Thus we can on both sides of (4.14) subtract AL (f1, f.)
and add AT (—a&,, —at’) to find
imn 1 sym e
Ar* (for [1) + A" (— ko, —ag)

< 0% 4o 0 (ML (176, TY)) — AL (G, 1)

<C'(S + o 1sup{ T —(—(I))(T)].

>0 aP' 1

By the definition of the convex conjugate this gives the claim. O

4.4.2 The stochastic case

In this section we introduce a second order source condition that combines and generalizes
the ideas of the second order VSC and the verification approach from Proposition 4.3.6.
This condition can be used to show higher order convergence rates for statistical inverse
problems.

Assumption 4.4.4 (Assumption on f7,T and R). Let v > 0 and p € [1,2] be as in

Assumption 1.4.1.

(D1) There exists f, minimizing (3.1).

(D2) Assume that for some a >~ we have ||T f||ps, < L[ f| x-

(D3) There exists Cr,p > 0, r > 2 such that for all B > 1, ||fillx, || follx < B, f* €
OR(f2) we have AR (f1, f2) = CrB~*|fr = fallly-

(D4) Let & € L?*(M) such that T*¢T € OR(fT).

Suppose there exist for all k € Ny maps P,: L* — B;l, as well as constants v, > 1,

ki >0, up>2,0¢€{0,1} such that we have

(D5) V€ € Byl (616 Pieh) < fllET =€l +va%”§*<T*s,T*&*)ﬂ%”?AJJ*(T*&,T*f*»
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(D6) ||<I — Pk)gTHLQ = R, wzth inkaNo R — 0
(D7) | Pi&llg < v
For S(g) = SGobs (9) let p=2. Instead of (D5) we need the following two conditions:

(D8) For B> 1,0 >0 and Gip = {g € H*(M) : ||gl[ze < LB} assume for all { € B,
and g € G} 5 that for vy, = v (B, o, |M|) we have

(€l —¢ (g+ o) Pl < f||<g+a>< — 9l 7+ukAf1<T*f,T*sf>%
LN )

(D9) Assume that a > d/2 and that R = R + xg, with Tf > —c /2 for all f € B.

Lemma 4.4.5. Let p € [1,2] and let conditions (D2), (D3) and (D7) of Assumption 4.4.4
hold true. For B > 1 let ||f||lx,||fTlx < B. Then we have the following interpolation
inequality

ITf = g" + AP&!| gy, < CITF = g' + AR |2 (BPAR S (f, 1) + ))& (4.15)

forall f € X and A > 0. If p=2 and (D9) holds true with f € B then we also have

<A3§f*<f, Y+ () )

(4.16)

< C«B'\/(lJr
B3,

+ )\Pka

T _
H / +)\Pka

Tf+o

‘Tf g'
Tf+o

L2

Proof. Same reasoning as in [74, Lemma 4.7]. We only prove (4.16). By (D2) we have
|Tf + 0|l < BL 4+ oM, so by Theorem A.2.9 |[(Tf + o) zra < o~ 1*1(BL + o|M]).
Further as a > d/2 we have by Theorem A.2.9 and Theorem A.2.8 that

Tf—g' Tf—4g' T - g :
+ARL <C + AP, + AP
H Tf+o a By, H Tf+o < 2 1 Tf+0o e Hg
Tf—4d N i TR
: CHW FARE BY(ITS = ol + AP )
The claim follows by (D2), (D3) and (D7). O

Remark 4.4.6. Let us discuss this abstract condition and relate it to other conditions.
Conditions (D2),(D3) as well as the choice p € [1,2] are as in Assumption 4.5.9 and are
necessary for the interpolation inequality (4.15). The condition T*(T € OR(f1) from (D4)
was also necessary for the VSC? and is equivalent to the first order VSC with best possible
index function (see (4.12)). As we intend to improve on the rates shown under this first
order VSC it is natural to take this condition into our assumption. To see that £ € L?(M)
is not necessarily an additional constraint, we refer to [64, Corollary 5.3] where it is shown
that in a specific setting the strongest first order VSC is equivalent to f1 € HZ(M) and
thus equivalent to the existence of £ € L*(M).

The inequality (D5) is a generalization of the second order VSC' from Definition 4.4.1.
As the noise is not in L? almost surely we have to formulate the inequality with respect
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to the space BI;:YOO. However for the dual solution we only quarantee ¢' € L?, so we need
to introduce the mappings Py to make the dual products on the left hand side of (D5)
well-defined. This approach is very similar to that of the verification strategy for VSCs in
Proposition 4.3.6 so one can hope that it will still yield order optimal convergence rates,
which in the end will turn out to be true. The inequalities (D6) and (D7) are similar to
the assumptions of Proposition 4.3.6 and describe the smoothness of &

Inequality (D§) is a variant of (D5) tailored to the case of S(g) = Siae ,(9). This

inequality should not be stronger or weaker than (D5) as g € G35 is smoother than P&
(D9) is only necessary for the case of S(g9) = Sfts ,(9) and similar assumptions were
also necessary in [75] to show convergence rates for Poisson data. Different from [75] we
assume only Tf > —o /2 instead of T'f > 0, which would be the more natural assumption
as T'f should be a density and thus positive. This has technical reasons as we will later
require some sort of differentiability of R at fT, which is only possible if fT lies in the
interior of B and f1 might be equal or close to zero in some parts of M. Later in Remark

5.1.7 we discuss how (D9) can be fulfilled.
With the notation of Assumption 4.4.4 we define the function W¥: [0, 00) — [0, o0] by

U(a) = kiggo {a“/_ll/,’jl + /fi] (4.17)
avi<l

The infimum of the empty set is +oo. Note that W[, ... v [0, maxy, v, %] — [0, 00)
is a concave index function, i.e. increasing and continuous with ¥(0) = 0. This follows
from the fact that it is an infimum over concave, increasing functions, thus concave and
increasing, so in particular continuous and by (D6) we have W(0) = 0. The function ¥
will describe the speed of convergence in the following theorems.

First we consider S(g) = 5-|g//32 — <gT +eZ, g>. We will show an upper bound on the
error in the Bregman divergence in terms of ¢, and || Z]| 53—+ . Assumption 1.4.1 then
500

immediately yields convergence rates in expectation and a deviation inequality on the
reconstruction error.

Theorem 4.4.7. Suppose (D1)-(D7) in Assumption 4.4.4 hold true. Let B > 1 such that
I fall, IfTIl < B. Then we have for ¥ as in (4.17) and some constant C' > 0 independent
of Z,B,e and « that

1
B# 2|3, \ RO ez
p’,00

2 + T‘” +a¥(a). (4.18)

CAL S (f., f1) <

Remark 4.4.8. Note that for a fized realization of the random variable ||Z||z--  and

g, a — 0 we have

1
leZ|5-- leZll}- \ #Ee
b ,00 p’,00

0 9
(6] Q/H'E
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asy >0 and r > 2. Hence only the first term on the right side of (4.18) is important for
the rate of convergence. But to formulate the error bound uniformly with a constant C'
independent of Z, in the case r > 2, we have to include also the other term. By definition
of U the above result only gives a useful upper bound if a is sufficiently small. However,
Theorem 4.4.7 is most interesting in the asymptotic case, where e, — 0. Even if one is
interested in a bound that holds for all o one could use the fact that by (D4) the first order
VSC holds true, so Theorem 4.3.4 gives a bound which is even superior to (4.18) for large
a.

Proof. As in the proof of Theorem 4.4.2 we begin by estimating the symmetric Bregman
divergence. The extremal relations (3.5), (3.6) yield by (3.12) and by the decomposition
(3.13) that

AT (for f1) = (T80 = T*¢", fo — )
= (&a — Tfa g")
= (a2 — &, —aor2) + (€az. Tfa — g)
(et fa 2, €N — OéHga =&+ <€a,Z7Tfa —q")
a(€t — &y 2, Polh) + alel — &, 12, (I — P)ED
— alléare = €17 + (Gaz Tfa — g7).

(€~ Eare, (T = POEY) < 11E0ze — EN1Rs + 17— POETIE
we find
AR (Fur 1) < le! = &z PEY) = s = €113 + o + G T = o)
= ale! — 0, BE) — S NEuss — €13 + and + (B T — g1 + aPig).
The first term can be bounded by (D5), so that

afvi

A (For 1) < avp AR (T*E,, T €N + AR(T*E,, T*¢N) (4.19)
T R TS NI R S o S SN S
+ 4H£ faHB—/W 4 Hgoz,L2 5 H +a"€k+ <£a,Za fa g + kg >
p’ 00

Now note that

o ~ o~ Q -

ZHST - 5&”123*/7 S 5”5&,2”237“/ + §||§T - ga,LQH?B*,V

p",00 p’,00 p’,00
1 o ~
< %ngnéﬁw + 5”5T —&ar2l|72

as well as A%:* (T*&,, T*€h) = Agﬁa( and by Young’s inequality

AR (T*E,, T*€) + Clavy)". (4.20)

fa)
Vil * * T 1 1
av A% (T Ea,Tf)u 5
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From now on we assume that k is chosen such that afv? < 1 (this assumption is included

in the function ¥) so we can subtract A%;* (T*E,,T*¢) on both sides of (4.19) and together
with (4.20) we find

* ~ , 1
A% éf(fom fT> SC(O(kaL + 7”82”2 -~ + ()éﬁ'/z
I (4.21)
+{faz T = o'+ aPig) = Fll€are = €17

The only remaining task of the proof is to bound (¢Z, T fa— g" + aPEh) which can be
seen as a version of the effective noise level err(T'f,,), which was already treated in Lemma,
4.1.3 in a similar way as below. By (4.15) we have

1 -~
(2, Tfa = g" +aBg)

1 ~
<—eZllp ITfa 9"+ aPil'|l5,
e p/,oo p,

C n 1-X n L
<—lleZl o ITFa = 9"+ @Bl 12 (B*Ar(far 1) + (via)) e

1

T 1 et o 1
ot §A££ (far F1) + 5 a)”.
Notice that from (4.21) we still can take advantage of the term

o~ o~ «
e — €12 < ~ Sz — B Ba + ST — PO

SC(Bngoz 1||ZHB—,W HTfa_gT‘f‘aPkgTHma)
p,OO

(4.22)

1 ~ o
=T+ oPl o
so that finally by Young’s inequality with ¢ = (1 ) and q = 125:; Tl‘;g we have

a ra

1 ~ 1 -
a<€Za Tfo—g'+abgl) - 8*04HTfa —g' + aP£t||7

M

1
»
B2l \ TR
p 00

1 d
aztia

1_d
o2 4a

~ 1-X T_7
- C(ana —gwapks*uma)l -

]_ ~ ]_ xet o~ 1 r
— 5o e = o'+ aPigllZ + SAR S (fa, £) + 5 ()

1
leZIP, -, \ =D

2vp P! 00 1 T*gf -~ f 1 r
SC B‘”W +§AR (fo”f)ﬁ—ﬁ(VkOé)
Combining this with (4.21) and (4.22) we find
1
2, (BHIezI, | TR
T*éT n T Bp’,oo ,00 2 w r
CAR® (far fT) < —2=+ e + ary + max((av)", (o))

Taking the infimum over k& € Ny such that ar? <1 gives the claim as r > 2 and y/ < 2,
thus (avp)"” > ()"

O
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Now we consider S(g) = SE%. ,(g) and prove an analogous upper bound to Theorem
4.4.7.

Theorem 4.4.9. Let Assumption 4.4.4 hold true with p = 2. Let B > 1 such that
Il 1£T]] < B. Then we have for ¥ as in (4.17) and some constant C > 0 independent
of Z,B,e and « that

1
B0 ez, \ TR (eZ|

_ 200 \\j .
e + 5 + a¥(a)

CALS (1) <

Proof. The proof is actually very similar to the previous proof. Basically the only difference

is the additional factor Tfl in Ea. Still this causes some difficulties so for the sake of

ato

completeness we give the proof. We introduce the short notation g, = T fa + 0. As before
we begin by estimating the symmetric Bregman divergence. The extremal relations (3.5),
(3.6) yield by (3.16) and the decomposition (3.17) that

AF (far f1) = (& — €1, T fo — g)
= (Earr — & —a0,E012) + (Eaz, Ta — g)
= (€ — &u12, 90T — allgo(Gare — ENN32 + (Caz, Tfa — g)
=a(¢h — Ea,L2,§aPka> - O‘Hfla(ga,L? — N7 + <ga,Z;Tfa —g"
+afeh = &ure, 4o (I — POET)

The Peter-Paul inequality gives
- 1. o~
(€' = a2, 90(1 — PET) < lega(&,m — &N + 1 = P22
and we have
sym/ 7 p~ N 3o o ~ ~
A?%/ (fom fT) SO'/(fT - 5&,L2790P/€€T> - ZHga(ga,Lz - fT)H%,? + Oé/{i + <€a,Za Tfa - gT>

~ = 3, .~
:O‘@T - Sav (Tfa + U)Pk{r> - ZHga(ga,L? - §T)||%2
+ Oé/ﬁi + <§o¢,Z7 Tﬁl - gT + OégapkgT>'

The first term can be bounded by (D8), so that
sym/ 7 t ft * N OéﬂV’% Vil * e * 1 2
A'% (fomf ) S aVkA *(T €a7T 5 )“ + TA’R*(T gaaT S )+a’{k
. ~ 3, o~ ~ -~ R
+ ZHgo(fT - ga)HQB,;ZO - Z“gcr(ga,L? - g)”%ﬂ + <£a,Z7Tfa - gT + agUPk§T>, (4.23)
By the same reasoning as in the proof of the last theorem we have

« ~ T o~ 2 1 _1 2 (6% ~ .I. -~ 2
Zchf(g - fa)HBpjlo < EHt QZHB;,?OO + 5”90(5 - ga,L2>HL2
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and as from (4.19) to (4.21) we find for k with a8vf <1 that

AT (Fur £1) <Clam)” + 3167520+
R cor - , (4.24)
+ <fa,Z>Tfa —g"+ Oégapkgr> - §’|fa,L2 — &Y3..
Bounding
~ . R 1 ~ .
(€az,Tfa = '+ G Pit’) = —(e2,(Tfo = 9') /G0 + aPi£T)
is analogous to the last proof. By the interpolation inequality (4.16) we have
1 A .
—(eZ,(Tfa - g*)/ga +aPg')
1 Tf.—g'
ez v o J=¥al
OZ” ”B Tf + Q kg B'y
~ 1-2
C I T e ~ 5
<Cpoez) . | Hom apg] (Ar(u 1)+ (ra))E
« 2,00 Tf L2
1
gc(a%im@*a”rnkzug; IVare - &)
1 et = 1
5% (far /1) + 5 (1)
Notice that from (4.24) we still have
oa  ~ oo~ o
—§||fa,L2 — &7 < —T6||§a,L2 — Pt + §||(] — Po)Etf7a (4.25)

and ¢ = ffw 13 we obtain

a Ta

left to work with. By Young’s inequality with ¢ = 2(1:17)

1 ~
7<5Zana_ T_‘_Q/Pk‘g €T>_7”€aL2 Pk‘gTH%Q
e L I
< C 'y 7AT*€ AOé f a "
which together with (4.24) and (4.25) gives the claim as in the last proof. O

Corollary 4.4.10. Let Assumptions 1.4.1, 4.2.1 and 4.4.4 hold true and let U be the
A
function from (4.17). Define Q. o = (%) T (r—2)

(a) If S = SES,. and c =2+ 2“p , then we have under a parameter choice ov > CeTr7a
that

(AR (far f1) > CU+2)Qe + a¥(a)) < exp(—Ca?),
(AR (fur 1) € CQuu + a¥(a),

where the constant C > 0 depends on R(fT) if p > 0.
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(b) Let S = Sfats, and a > ag > max(d/2,7), where ag € {1,2}. Under the parameter

2
choice oo > Ce1+v/a0 we have

PAR S (far /) > C(142)Qua + a¥(a)) < exp(—Ca’)
E(AL S (fa /1) < CQe + a¥(a),

where the constant depends on R(fT), g' and o.

Proof. Just as the proof of Corollary 4.3.12. n

4.5 Higher order variational source conditions!'

The aim of this section is to derive rates of convergence corresponding to indices v > 2
in (1.4), i.e. faster than ||fo — ff|| = O(6%/?) in a Banach space setting. By the well-
known saturation effect for Tikhonov regularization [35] such rates can occur in quadratic
Tikhonov regularization only for f* = 0. Therefore, we consider Bregman iterated Tikhonov
regularization as in Section 3.3. In Hilbert spaces we will obtain a full generalization of
Hélder source conditions by introducing variational source conditions VSC" for n € N. In
Banach spaces things are more complicated but we still show that Bregman iteration can
yield better convergence rates than non-iterated generalized Tikhonov regularization by
introducing a VSC*(®, R, S,).

4.5.1 Hilbert spaces

First we consider the Hilbert space setting, where X', ) are Hilbert spaces and R(f) :=

1 F11%s Solg) = 2|gll3, to prove rates (1.4) for all v > 0 using variational source conditions,

which are defined as follows:

Definition 4.5.1 (Variational source condition VSC!(ff,®)). Let fI € X, let ® be a
concave index function, and let n € N. Then the statement

i ex : ft= ()W)

n—1

1 (4.26)
. T 2 2
N VFeX s (wld) < SR+ (17 51P)
will be abbreviated by VSC*"*(f1, ®), and the statement
35;[0 c y . fT — (T*T)n_lT*fl
(4.27)

A ovEey : (68l < sl + e (ITEl)

will be abbreviated by VSC?™(f1, ®). VSC!(fT,®) forl € N will be referred to as variational
source condition of order [ with index function ® for (the true solution) fT.

!This section is mostly taken literally from [64] to which the author contributed.
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Note that that VSC'(fT, ®) is the classical variational source condition, and VSC?(f1, @)
coincides with the source condition from [34] up to the term 1[|£||?, which implies that
VSC?(ff, @) is formally weaker than the condition in [34]. It is well known that the spectral
Hélder source conditions (1.3) with v € (0, 1] imply VSC*(fT, Aid”/®“*V) for some A > 0
(see [38]). Therefore, it is easy to see that for any [ € N and v € [0, 1] the implication

I—14v
2

fleran (") 727) = 3A>0: VSC (1, Aidv) (4.28)

holds true. The converse implication is false for v € (0, 1) as discussed in Section 5.4. For
v = 1 we have by [61, Prop. 3.35] that

fleran ((T"T)7) < 3A>0: VSC (1, AV). (4.29)

The aim of this section is to prove error bounds for iterated Tikhonov regularization based
on these source conditions:

Theorem 4.5.2. Let [;m € N with m > 1/2, let ® be an index function, and let ¥ (s) :=
SUpys[st + @(s)] denote the Fenchel conjugate of —®. If VSC'(f1,®) holds true, there
exists a constant C' > 0 depending only on | and m such that

N 52 1
1fm — 2 < o ( +al 1y (-)) for all a,§ > 0. (4.30)
! o
Proof. We choose n € N such that [ = 2n or [ = 2n — 1. Then m > n. In the following
C will denote a generic constant depending only on m and [. The proof proceeds in four
steps.

Step 1: Reduction to the case m = n. By Proposition 3.3.2 and the definition of the
Bregman distance we have for all £ > 2 and f € X that

k—1
Ar(Ji ) = RaFe) = Ralf) - <f =TSP - > |
j=1

By the optimality condition Z?;ll T *ég) = fc(ffl) and the minimizing property of fg“)
(3.19) we have

1,4 A 1 A
SIS = FIP = Ar (F 1) <o (ITF = g™ = ITFE = g
I = 11P = A, (7, 1) <5 (1 I* =1 ") s
(SRR ).
Choosing f = fT gives
12 1 obs F(k— 2
S = £ < oo llgt = g1+ IS = A = £

Multiplying by four, subtracting || fék) — fT|? on both sides and completing the square we
get

P 20° Al
IF& = £ < = + Al FED = £
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So it is enough to prove (4.30) for m = n as this will then also imply the claimed error
bound for all m > n by the above inequality.

Step 2: Error decomposition based on Lemma 5.3.4. Both Assumptions (4.26) and
(4.27) imply that there exist

g{a'-'aglfl € yawjlra"'awj;fl €eX
such that fT = (T*T)j_lT*ij, fi= (T*T)jwjT for j=1,...,n— 1. In the following we will
write & = ¢ and w! = wl. We have OR(f1) = {fT} = {T*¢"}, so Lemma 3.3.4 yields
A 1
(n)_T2<7 T—ObS2 2 T obs
1A = ST < = (I = g1 + 20 (s, TF = ¢°) + || —as(|?)
+f =11 (4.32)
1 obs n—1 R
IR R GRS [T
k=1
for s = ¢t — 071 and all f € X.

We will choose f = nff — aw’ — 7] f(gk) As Tw' = ¢ and ch(f) — g°P = —aéﬁﬁ) b
strong duality, we have

F(n 1 obs
1 = £ < ~lin (9" = )P + [0 = 1) — awl Zf"")HQ (4.33)

It remains to bound the second term, which does not look favourable at first sight as we
know that || %) — ft|| should converge to zero slower than || /(" — f1|| for k < n. But it
turns out that we have cancellation between the different f*). Therefore, we will now
introduce vectors o, € X such that

n—1
l(n — 1) f1 — awf Zf 1< SUFP = f1 = o] (4.34)
k=1

and then prove that all terms on the right hand side are of optimal order.

Let (b ;) € NN denote the matrix given by Pascal’s triangle,

11 1 1 1 1
1 2 3 4 5 6
13 6 10 15 21

(bij) = 1 4 10 20 35 56
1 5 15 35 70 126
1 6

21 56 126 252

or equivalently by ; = (k;rf Iz) for all k,j € N. We will need the identities

Z (—1)jbk7j = —0p—20 for all n Z 2, (435)

k+j=n
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which are equivalent to (1 — 1)""2 = §,_5 by the binomial theorem

(a+b)"= > byza" v

k+j=n+2

Moreover, we need the defining property of the triangle,
Okj + k1541 = Dr 1. (4.36)

Using (4.35) we can add zero in the form

n—1 n—1n—k
0=aw + 3 aw/ S (=1)b; = aw + Z(—l)ﬂbmakﬂ’lw,iﬂ._l
=1 ktj=i+1 k=1 j=1

to find that
n—1 n—1 . n—k . .
(n—)ff —awl = 3 F® = 37 [ f1 = J9 £ 3 (<1 ot Nl
j=1

and by the triangle inequality this yields (4.34) with

n—k

o) 1= Z(—l)jbm(xkﬂ_lw};ﬂ_l, ke N.
j=1
It will be convenient to set oy := — fT and féo) = 0.

Step 3: proof of (4.30) for the case | = 2n — 1. In view of (4.33) and (4.34) it suffices
to prove by induction that given VSC*"~'(ff, ®) (4.26) we have

" 2 -1
If®) — ff— ol < C (i + o’ (a>> . k=0,1,...,n— 1 (4.37)

For k = 0 this is trivial. Assume now that (4.37) holds true for k—1 with k£ € {1,...,n—1}.
Insert f = f1 4 o4 in (4.31) to get

N 1 obs N obs
178 = 1= oull? <= (g + Tor — g |* = T — g™°?)
—2(fT o = JEV P~ fT o).
Now we add and subtract fc(ffl) — ft — o4_1 to the first term of the inner product to find

n 1 obs £ obs
IfP = fT = an)? < o (lg" + Tow — g°|* = TP — g°>||?)

-2 <0k — Ok-1, fék) - fJr - 0k>
F 20 F%D — = o IR — £ — o)

The last term, denoted by

E:=2|f0 = f1 = oI = 11 = ol
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will be dealt with at the end of this step. Because of the identity 7*Tw® = w1 and
(4.36) we have

of1 k+j—1, 1
Ok — Ok—1 = Wk 1+Z bkj+bk 13+1) ! Wetj—1

n—1

1
= —aT*TO'k + (—1)”7 bkjn,k+104nile

for £ > 1, and it is easy to see that this also holds true for £k = 1. Therefore,

~ 1 o
<0k — o, [P — 1 - 0k> == <TUI<:7QT + T — g° + g™ — Tf(gk)>
+ <<_1)nikbk,nfk+loénilel—l7 fAék) - fJr - Uk> )
which yields
n 1 obs N obs
18 =11 = oul* < = (llg" = g1 = | TS = Tor — g™|°) + E (4.38)
- (_l)n_kzbk,n—k+1an_1 <WIL 1 f fT - Uk>
For shortage of notation denote b = 2by,, _1y1. Apply VSC*'(fF, @) (4.26) with f =
(=1)"F(fF) — fT — o) /(ba™ 1) and multiply by (ba”1)? to obtain
— (=1)" "2 g0 <WL1, fi — ft - Uk;>

1.4 A
< 5Hfé’“) — [T =al® + (ba™ )@ ((banfl)QHTfo(ék) A TUk||2) :
Combining this bound with (4.38) yields

L2 1 obs £ obs
SIF® — £ = ol <= (llg" = 617 — ITFH — Tow — ™) + B
+ (ba" 1)?® ((ba" ) 2 TFE — gt = Toi|?).
Then we have
1 £ (k) 1 2 1 i obs|(2 £(k) obs||2
S0 = £t = ol <= (g = g7 ~ TS — Tow — ™) + B
+ (ba" )2 ((ba™ ) TP = gt = Toy|?)
0% 1o 2
<E—*||Tf ~Tor—g'|I"+ E
+ (00" (b ) 2ITI — of — T )
62 2 n—2 -7
< — 4+ 0™ “sup [ — (—@(7’))} +F

(0 >0 «

52 -1
P Abf, s " (a) + E.

To get rid of E = 2|| f#=D — ft —gp ||| f® — fT — o || subtract the term i||fc(¥k) — fT—op?
on both sides and use Young’s inequality as well as the induction hypothesis (4.37).
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Step 4: Proof of (4.30) for the case I = 2n. In view of (4.33) and (4.34) it suffices to
prove by induction that given VSC*"(ff, ®) (4.27) we have

R 52 1
If5) — f —ak\|2<c<a 2“%(—@)), k=0,...,n—1. (4.39)

Again, the case k = 0 is trival. Assume that (4.39) holds true for all j =1,...,k—1. Note
that

IFE = 1= onl® = (8 = 1= o0, I — 11— o)
k
< <f£f> — 1=, > (f9 — f —oj)>
j=1

k—1
+ 2 I = =l — T = 1.
j=1

Then Young’s inequality together with the induction hypothesis (4.39) gives

k
I =11 ol < (19 1= 0,3 (7 - 11 = )

=1

+C (ij +a®" ) (—;)) :

(4.40)

A simple computation (for example another induction) shows that

n—k—1
—aw' Zaj = > (—1Yb el = 6y
7=1
By VSC**(ft, ®) (4.27) we have o, € ranT" and by Proposition 3.3.2 we have T*EW) e
ORL(fH) = {f® — Sk TED)} as well as —alll) € S, (TP — o) = {TfP) — ¢°}
such that

k
1o (011 aj>>
j=1
k o k
= <Z 7D — T — (T o), S 9 — kff + awt + 6k>
j=1 7j=1

k
_ (T*_lgk),

indls
=
|
m
o,

I
s
i

(—af9)) + aTw + Téy, + k(g Obs—gT)>

J

)
t (et 20) N2 _ gt _ Lok
« §+(T Uk)_Za7Za _5 o +kE

=1 j=1

1

where E := <£T +(T* toy) — Xk €9, gt — °b5> On the right hand side of the scalar
product we now exchange Zg‘?:l €9 — ¢t by (T* Loy, to find

LISV NV T6y,
<5T (1o = 360 &) — ¢ - >
j=1 j=1 @
k k
(T* 1 ) _ A( )

=<§T+ o) = 30 (T 0 — T“k> 6+ (1) = S8
j=1
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and together with the identity

n—k—1

*— TA —
(T ow) = =~ o :Z L PR S G D L Te s
J:

7=1
( )n kb [ o 1£T

it follows that

<féﬁ>—f*—ak,i(fg>—f*—aj)>=—a||§* (o) — S E9|?

j=1 j=1

+bk,n_ka”<(—1)"—’f (g* + (T o i ) >+sz, (4.41)

so we are finally in a position to apply VSC*"~'(ff, ®) (4.27). For shortage of notation
denote b = 4by,,,—j, and € = &+ (T 'oy,) — X8, €. Choose & = (—1)"7*¢/(ba"1), and
multiply the inequality by a(ba” )2 to obtain

k
45k,n_kan<<—1)n—k (gf (T o) — 3¢ ) >
j=1 (4.42)
< CIENR + PPt ta ((bam )T E ||2)
2
Now combine (4.40), (4.41) and (4.42) to find
2f = 1= on]® < B ® ((ba" ) 2(If + o — FV|?)
& 2 112 5 oan—1 1
+ SUEIR — 40l + kB +C (% 4 a2l (-2 ) ). (443)

Completing the square, we get

ez 5112 T e gt _ _obs 8k?9°
S IEN™ = dall€]]” + 4k E = —all¢] +4(&g' —g™) < -
Now we subtract Hfo(ék) — fl— akH2 in (4.43) from both sides to find

1P — £1 = i < B2a® 10 (ba" ) 2| £1 + on — f9)2)
n o2 1
N - 7=l (e (-1))
(6% (0%

<P sup [_T —(~® (’7’)):| +C (ij + "l (‘i))

>0 L &

=16b7,,_,a*" (;1> +C <52 +a® 1y (—i)) . O

Note that under a spectral source condition as on the left hand side of the implication
(4.28), the VSC of the right hand side of (4.28) and Theorem 4.5.2 yield the error bound
C(6/a? + a!~1*7). For the choice a ~ %/(*+) this leads to the optimal convergence rate
H fém) — fTH =0 ((5(1_1+”)/ (l+”)>. However, we have derived this rate under the weaker

assumption VSC'(f, A id/ (”+1)) using only variational, but no spectral arguments.
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4.5.2 Banach spaces

In this section we will introduce a third order variational source condition and apply
it to prove higher order convergence rates for two times Bregman iterated Tikhonov
regularization (see Section 3.3).

Definition 4.5.3 (Variational source condition VSC*(®,R,S,)). Let ® be an index
function. We say that fT € X satisfies the third order variational source condition
VSC*(®,R,S,) if there exist £&& € YV* and wt € X such that T*¢" € OR(f) and
Tw' € 0S*(¢7) and if there exist constants 3 > 0, u > 1 and t > 0 as well as
[ € OR(fT —tw') for all 0 < t < T such that

Vfe X vte(0,t:
(fr =T T =t — ) SAF(F, T = twh) + 820 (77| Tf — gt + tTWH||P) + B2,

Remark 4.5.4. To see how VSC? and VSC® relate to other source conditions, recall
from Section 4.4 that the strongest VSC' is equivalent to the existence of £ € Y* such
that T*¢ € OR(f1). Similarly one can show that the strongest VSC? is equivalent to the
existence of Twl € 88;(@) (see [34, Lemma 5.1, 5.3]). So by assuming the existence
of such & € Y*, wt € X the VSC? is stronger than VSC' and VSC?. Similarly, as
discussed in the introduction of Section 4.4 the VSC? and VSC? are also stronger than the
multiplicative variational source conditions in [4, 45] and approximate (variational) source

conditions ([28]).
Now let X and Y be Hilbert spaces and Ro(f) := 5| flI%, S2(9) = 3llgl3- Then clearly

2
the VSC?(®, Ry, Ss) is equivalent to VSC*(f1, ®). We also have that the VSC*(®, Ry, S,)
s equivalent to VSC3(fT,®): In fact, for arbitrary f > 0 and p > 1 the condition

VSC?(fT, ®) is equivalent to
1
Viexw>0:  (whf)< SIfIP+ @ (IT£12) + g2,

as the limit t — 0 gives back the original inequality. Now we replace [ by and

multiply by t* to see that this is equivalent to

f=f1+twl
t

+ Bt

1 Tf— gt +tTw!|?
(~tl, f = tl = ) < SIIf = fH 4 1l + 20 <” 4 )

which is equivalent to VSC*(®, Ry, Sy).
We can now state the main result of this section:

Theorem 4.5.5. Suppose Assumption 3.5.1 and that Y is p-smooth and r-convex. Further
assume that f1 fulfills the VSC?*(ft, ®,R,S,) with constants (3,1, and t and that c=*6 <
o =1 < T for some ¢ > 0. Define ®(s) = ®(s?/"). Then the error is bounded by

e (O (et limet))”

AR(J?CS?)» fT> <C (Z) + 2’1 (—(ID) + Ba2r@'=1)

_ap/_l

with constants C,C' > 0 depending at most on p, r, ¢, and ).
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The proof consists of the following three lemmata, in all of which we will tacitly
assume that Assumption 3.3.1 holds true and ) is p-smooth and r-convex. By choosing
f = fTin Lemma 3.3.4 we show that Ag(f®), 1) is related to the Bregman distance
Agg(—aga, —a¢h), which is helpful as we will later actually use VSC*(ff,® R,S,) to

prove convergence rates for éa. In fact the following lemma is already sufficient to
show second order convergence rates for f(2) as Theorem 4.4.2 gives an upper bound on

As;(—aa, —aglh).
Lemma 4.5.6. If T*(T € OR(fT), then there exists Cyy > 0 such that
o 2 ~
A (7@ 1) < =2 f_ obs o As (—abs. —ac))
R(f& 1) < 2 (S, (9" = 9™) + Cuy-As; (—aba, —atl))
Proof. We apply Lemma 3.3.4 with f = fT to find
A 1 ~ 1 ~
(2) g1 - T obs T t _ obs ook T
Ar(FP 1) < =8, (9" = ™) + (€ = Earg' —g™) + ~8; (—al¢! &)
The generalized Young inequality applied to the middle term yields
o 2 ~
2) ¢t & t_ obs s et
Ar(f& 1) < (8, (o' = 6™) + 8 (~al¢' ~ &)

As Y is p-smooth, Y* is p/-convex by Lemma 2.2.6, so we can apply Theorem 2.2.5 to
obtain

Ar(f211) < i (Sp (9" = 9°) + Cpy-As; (—aba, —ag)). O

The next lemma shows convergence rates in the image space.

Lemma 4.5.7. Suppose there exist &1 € Y* and w' € X such that T*¢T € OR(f1) and
Tw' € 885(E7) = Jy- 1 (&7). Then there exists a constant C, > 0 depending only on p such
that

1T fo = g'lly < Cp (6 + o H[Twl|1y) -

Proof. By Lemma 4.3.5 we get that 7*¢T € OR(f1) implies VSCH(®, R, Spi), with &(7) =
€T3+ (pT)%, which then implies by (4.5) in Theorem 4.3.4 that

1. - -1
“ITf, — Tp<2cen< —<1>*( ))
p|| fa—g'|IF < erry +a(—®) e

By Lemma 4.1.3 and Lemma 4.3.13 we thus get
I, — gl < Gy + I€T1ET a7 ),

30,/:1 and p/(p—1)=p,p'/(' =1)=p. O

so that the claim follows from ||Tw'||y = [|£T]

The main part of the proof of Theorem 4.5.5 consists in the derivation of convergence
rates for the dual problem:
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Lemma 4.5.8. Define o, := o =1, &(s) = ®(sP/"). Let VSC3(f1, &, R, S,) hold true with
constants B, i, and t. If o is chosen such that ¢'6 < ay, <, for some ¢ > 0, then

L[ —C (c—i— ||TwTH>p_T

Qp

1
2x

AS; (—aga, —a{*) < C’do]: + Oz; (—é) + ﬁai",

where C,C > 0 depend at most on p, r, ¢, ).

Proof. Tt follows from Proposition 2.2.10 and Tw' € 05} (¢") that —a,Tw! € 08 (—asT).
By (3.6) together with Corollary 2.1.19 we can consider

1 ~ 1 ~ N

SAY (—ad,, —afh) = = (—agl — (—ady), —a,Tw! — (T f, — ¢

AT (0ba,—agl) = — (—agl — (—aka), —0, T — (Tfo — g™))

= (T80 =T, f1 — oyt — fo) + (Ca — €1, 6% — g").
The second term £ := <€a — &, gobs — gT> will be estimated later. Artificially adding zero
in the form f; — f with f; € OR(fT — apw'), we find
1 ~ "
7Asy*m_ o — T _ *_T*T T_ T_a E
AT (—aba, —agl) = (JL, T [T = ol = fa) +
+ <T*€a - f;pafT - O‘p“)]L - fa> .

In view of (3.5) the last term is the negative symmetric Bregman distance —A%m(f o [T —
apw'). The first term can be bounded using VSC*(ff, ®, R, S,) by choosing f = f, and
t =

1 sym e Y - N T
“AY" (—ae, —at') < a)® (07T u — o'+ 0, Te|") + pat
+ AR (fou fT - Oépr> - A%m( AOU fT - Oépr) +E
< 0412)515 (oz;”HTfa — g+ oszwTH”) + ot + E.
Now we use our joker. We subtract
1 T e 1 7 obs t
EAS;(_ag 7_a€a) = EAS,,<Tfa -9, _apTw )
(see (2.10)) from both sides leading to
1 ~ ~ .
_ _ VA 2 - _af Tr
aAg; ( by, —ak ) < a;d (ap A||Tfa g'+ o, Tw'|| ) (4.44)
— As, (T fo — ¢, —a,Tw') + Ba2t + E.

So we need to bound A := Ag, (T fo — g°>, —a,Tw') from below. By Theorem 2.2.5 we
have (as p <)

£ obs p=r R obs r
A > Cpymax ([apTwl ||, 1T fo = 6™ + ap Tl )" " 1T fa = g™ + apTwl|"
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Moreover, it follows from Lemma 4.5.7 and the choice 6 < cay, that

ITfo — g°™ + e Twi|| < T fa — gl + llg" — g°™ || + [, Tw ||
< Gy (0 + oI Twl]l) < Cpoy, (e + [ TWT)) .

Therefore,

max ([, T [, | T fo = ¢°* + apTw'||) < apmax (| 7w, C, (e + || TwH]))
< apmax (1,C,) (c+ | Twl]]) .

Hence, there exists a constant C' > 0 depending on p, Cp,y, and r such that
—A > 9710 (e + |TWl|)" aW=DE= Y Tf, — g2 4 o, Twf|"

Note that (p' —1)(p—7r) —1 = —(r — 1)(p' — 1). In order to replace g°* by g' on the right
hand side we use the inequality

2T fo = g+ Tl | = 1T fa = ¢° + a, T < [lg" — g°™*|I"
(see [61, Lemma 3.20]) leading to

1, (e ITeth)”™

r—1
(0% Oép

(<17 fa = g+ apTwl|" +277157) .
Inserting this into (4.44) yields

;AS;( Oééa,—oggr> 2 ( ||Tfa gT—i‘OépTwTHT) +604}2;“+E

p
C e+ Twi)"

r—1
Ckp

< oz; Sup [—C’ (c+ ||TwT||)p_T a;lT - (-‘ﬁﬂ)}

(HTfa — g+ a,Tw'||" — 2’"_157’)

~ 1\ or-1 0 2
+C (c+[ITwh])" 2 = %,
The supremum equals (—(i))* (—C’ (c + HTWTH)p_T a;1>, by the definition of the convex

conjugate . To deal with E let Cp y« be the constant in (2.15) of Theorem 2.2.5. We use
the generalized Young inequality

1 —1
7 A

Cye ~ C v\ P
;<< p;)p> (Qfga_agT)7< pé]p) (QObS_gT)>

C/ * ~ / 1 C’ * "\
< O 10 et 4 L (wp)
2c P

”3\‘-@
2%
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and apply Theorem 2.2.5, using that V* is p’ convex, to find

P
7

~ 1 ~ 1 [(Cuyp'\ ¥ 0P
_ ¢t obs _ f _ et L[ Cp P 9
E=(b—&.g™ —g') < o As; (—aka. a§)+p< ; ) -

The assumption ¢ < a,, or equivalently 6"” < a7 =7, implies % < 2. =% Further
P p «

(c + HTwTH)p_T < P77, hence there exists a constant C' > 0 depending on p, r, ¢, C,y,
and Cpyy+ such that

1

5o As; (—ata, —agh) < O‘Z +a2 (—®) (—é (c+ 1T ])" a;l) + Ba2t,

which completes the proof. O]

Now Theorem 4.5.5 is an immediate consequence of Lemma 4.5.6 and Lemma 4.5.8.
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Chapter Five

Verification of
source conditions

“For that (the rapt one warns) is what papyr is
meed of, made of, hides and hints and misses in
prints. Till ye finally (though not yet endlike)
meet with the acquaintance of Mister Typus,
Mistress Tope and all the little typtopies.”

Finnegans Wake, J. Joyce

In this chapter we will show how the different source conditions that we have introduced
can be verified for many important inverse problems given smoothness of the exact solution
fT. To this end we will derive abstract strategies that work in a general setting. These
strategies are similar for all three orders of source conditions that we discuss. Firstly we
always have a result similar to Proposition 4.3.6 which establishes the source condition
for some function Af (e.g. fT or £7) under certain assumptions on the penalty function.
However, the index function of the source condition will not be given in an explicit form
yet, but rather as an infimum over terms related to projections of hf. These projections
will be chosen for the rest of this thesis as the wavelet approximations from A.2.13. So
secondly there will be a result that bounds these wavelet approximations and their tails in
certain norms.

After the first section on abstract strategies and assumptions we will consider specific
penalty functionals in each section. Note that against common praxis we do not start with
the most understood example of Hilbert space regularization, but rather with maximum
entropy regularization and Besov norm regularization. The reason for this order is that
these two examples show best why we need certain assumptions in the general strategies
and how we can profit from the variational approach.

The reader might consider to firstly read either Section 5.2 or Section 5.3 and then
come back to the abstract Section 5.1 to have a better understanding of the necessity of
the results.
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5.1 General strategies and assumptions'

5.1.1 Verification of first order VSCs

In Section 4.3.2 we have already seen a general strategy to verify the VSC*(®, R, ST) for
St = Syi- We now show how the assumptions (4.7a), (4.7b) of Proposition 4.3.6 can be
fulfilled with the wavelet approximation projections from Proposition A.2.13.

Lemma 5.1.1. Forp € [1,2],q € [1,00] let By, ,(My) C X*, ¥ C L*(M) with continuous
embedding. Let Py be given as in Proposition A.2.15. If for s > 0 we have h* € By, ., then
we have

I(Z = Pi)h?|| 0+ < C275[| 17|

BS,
Let a > s and assume that

11 = fall g guyy < NE (1) = E(f2)ll 20, (5.1)
for all fi, fo € X. Then we have

(Peh*, fr — fo) < CQ(Q_S)k!|h*|

5, _IECR) = F(h)y.

If, for a linear forward operator T', we assume instead of (5.1) that T* viewed as a mapping
T*: L*(M) — B§,(Mp) has a bounded right inverse (T*)" (i.e T* o (T*)! = id) then we
have

I(T*) Pih"ly- < C2C% |07 s, .
Proof. The first inequality follows directly from Proposition A.2.13 as we have

I(1 — Pi)h"|

we SN = PRl gy < C27 [

B;/’OO(MO)‘
The second inequality follows again from Proposition A.2.13 by

(Peh”, fu = fo) < |[Peh*|l e, s = fallp g < C2=Ik|[n*|

B;/’Oo”fl - f2||32jg7

so that (5.1) gives the claim. Concerning the statement for linear forward operators notice
that L? C Y* with continuous embedding and (77)': Bg, — L? is bounded so that we
have

(T Pl

ye < O Pl 2y < CHP g o000 < CIPI e
Thus the claim follows from Proposition A.2.13. O]

By the following lemma, we can conclude from the VSC!(®, R, ST) with St = Syi the
corresponding VSC with S'(g) = KL (9) := KL(g" + 0,9 + 0).

!This section has some literal overlap with the article [64] to which the author contributed.



5.1. General strategies and assumptions 89

Lemma 5.1.2. Let fT fulfill VSC'(®, R, S}). If Assumption 4.3.9 holds true with p = 2,
a>d/2 and r > p+ 1, then there exists a constant Cyt g p, > 0 such that I fulfills
VSCH®(Cip.po), R, KLZ:). If instead of (B3) of Assumption 4.3.9 we have R(f) =
R, (f) = KL(f, fo) as in Section 3.2.5 with fo € L', fo > 0 and fT/fy € L™ then there
still exists Cpi » e > 0 such that fT fulfills VSCH(®(Cpi r po), Ry, KL).

Proof. As f1 fulfill VSC'(®, R, SgQT) we have for all f € X that
1 *
(S = ) < AR D+ (IF () — o'IF)

and we want to verify VSC'(®(C-), R, KL7;), i.e. that for all f € X we have
. gt Larece gt i
(I 1= 1) < AR (D) + @(CKL(g + 0, F(f) + 0)). (5.2)

X*) T‘l’l> that

If (B3) holds true we have for all f with | f]x > max (zu Il (27Cr

AR (Fo 1) = CrIFIZNS = £l = 27 CrIF I = Flll
> 20| f s Il f = [Tl = 20F /T = F)

o (5.2) holds true. Instead if R(f) = Ry,(f) then for f with ||f]| > 2e8I/7leeo+1|| £1| we
have by Lemma 2.3.2 and Proposition 3.2.1 that

AL (f 1) =KL Y = 4l f el f e = 20 e f = FHlee = 2(F5 fF = ). (5.3)

So in these cases the variational inequality holds trivially with ® = 0. Now assume on the
contrary that ||f|| < C and then we have by (B2) that

IF(P)lle < CIF(Pllss, < CLIfllx + CIFO)]l5, < C.

2,2 —

X*

Therefore we have by (2.19) that [|[F(f) +0 —g' — 0%, < CKL(g' + o, F(f) + o), which
gives the claim. O

5.1.2 Verification of second order source conditions

Proposition 5.1.3 (verification of VSC*(®,R,S,)). Let Y be p-smooth. Assume that
there exists £ € V* such that T*¢T = f* € OR(fT) and let & € Jyy-(£7) € Y. We
distinguish two cases:
(a) Assume that for some > 2 and all B > 1 there exist constants Cy, g > 0 such that
for all z* € X* with ||z* — T*¢M|x- < B we have

lo* = T < Cuphe (a7, TN, (5.4)

SetV =2X.
(b) Let X be a Banach space continuously embedded in X and ‘assume that R 1is con-
tinuously Fréchet-differentiable in a neighborhood of f1 € X with respect to ||| &

and R' : X — X* is uniformly Lipschitz continuous with respect to ||l in this
neighborhood. Further assume that R'[f1] = (T*€")| 5. Set V = X and p=2.
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Suppose that there ezists a family of operators P, € L()) indexed by k € N such that
P& € T(V) for all k € N and let

ki = |1 = By, vy = max {| T Py, 1} - (5.5)

If limy_yo0 ki = 0, then there exists C > 0 such that VSC*(®, R, S,) holds true with the
index function

O(7) = C’iﬁrell{I [ule/“ + /fﬂ : (5.6)
Proof. We show the VSC*(®, R, S,), i.e.

(eh—¢.¢) < ;Ag; (66" + @ (af. (T7e.17¢1)) . (5.7)
for all £ € Y* by distinguishing three cases:

1
Case 1: £ € A:={{ € Y*: <§T —§,§*> < FAg. (T*S,T*§T>2}, with a constant A > 0
whose exact value will be chosen later. For these ¢ the inequality thus holds with

®(7) = %+/7 which is smaller than (5.6) for C' > 1/A.

Case 2: £ € B:={( e Y | - §||§,/:1 > 20, 4.]1€*|ly}, with constant Cpy y« from
Theorem 2.2.5. Y* is p/-convex as ) is p-smooth, so by Theorem 2.2.5 we have for all
¢ € B that

(€ -ee) <le - glllerl < 5A5; (6.6,

so (5.7) also holds for ¢ € B.

Case 3: £ € Y*\ (AU B). Assume that Item (a) holds true. As & ¢ B we know that
1€ — £]] is bounded, say ||£T — £|] < B for some B > 1 and thus ||[T*¢T — T+¢|| < ||T*|| B.
So we can apply (5.4) which yields

(€ =€) = (" —&PE) + ('~ & (T - PE)
<7t =TT Pl + Nig" = €Nl = Pje7|

e ety 1
< CH,”T*HBVI@A%;*(T §TENw + §A$; (575) + Cphir,

p/v'
where the last inequality follows by (5.4) and Young'’s inequality with C,, = % <p’02/ y*> .
Thus under Item (a) the claim holds true.

Now assume Item (b). By our regularity assumptions on R, there exist constants
Cyr,¢ > 0 such that for all f € X with ||f — fT|| 5 < Cf+ we have the first order Taylor
approximation

R(F) < RO+ (176 f = 1) + SI1F = 1%,

where ¢ is the Lipschitz constant of R'. Applying Young’s inequalities R(f) + R*(T*§) >
(T, f) and R(f1) + R¥(T*€T) = (T*¢H, f1), we find

RAT7€) 2 RUTEN +(T(6 =€), 1) + (176 =€), f = 1) = SIf = £1I1%
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for all € € Y* and for all f € X with ||f — fTl5 < C}t, which is equivalent to
(T =N, f = 11) < ARTe, TN + SIF = 1115 (5.8)

for all £ € Y* and for all f € X with ||f — [Tl < Cpi. We decompose the left hand side
of (5.7) as follows:

(eh—&&) = (-, Py + (& -6, - P)E).

Now for some small € > 0 choose f in (5.8) as f = fT + T 1 P.£*. Then we can conclude
that

(¢ =&, Pg) = (T =9, TR < ia;;: (¢, T°€" + ST A%

Again as € ¢ B we know that ||¢T — &|| < B. Now choose A from above as A =
Then from £ ¢ A we know, that

AR (T76, TN 7 < AllST = ¢ll[I€7]] < AB€7]| < C

Bllgx]l®

so we can choose &€ = AL, (T*¢, T*€1)z2 /iy, which ensures || f — f1| < C}+. Therefore we
have

(61— ne) < (14 ) mdh. (e T3,
Combining everything and using Theorem 2.2.5 with }* being p’-convex we find
1+ )ukAf* (T, TN + et — g||

<

=1+
<<1 )VkAf*T*f T*€N2 + Gyl + AS (55)
N

22

s; (6:€1) + O (AR (176, 7€) + 1)

p/p’
with C), = % ( 2 ) , ' = max {2+C Cy, A} which completes the proof. O

/
Pep y*

In view of (5.5) we need a variant of Lemma 5.1.1 in order to verify VSC? from
smoothness assumptions on the true solution.

Lemma 5.1.4. Let V C X be a normed space. Forp € [1,2],q € [1,00] let ngyq(Mo) cV,
L*(M) C Y with continuous embedding. Let Py be given as in Proposition A.2.13. If for
s > 0 we have £* € By, ., then we have

(I = P)Er|ly < C27%

Let a > s and assume a linear forward operator T which, viewed as T': Bg,jq(Mo) —
B (M), has a bounded right inverse T'. Then we have

| T P& ||y < C2a=9k,

If g € By, and s > d/2 then also have

q

IT(g - P&l < Clallzs, 20~
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Proof. By Proposition A.2.13 we have
17 = Pi)glly < CI(T = Po)g™ 22 < ClII = PE |1, , < €277

B, >
as well as
TPy < CIT' P& s, < CIIRE iy, < C2 € g,
If g€ B}, and s > d/2 > d/p’ then similarly by Theorem A.2.8
1T (g - Pe&*)llv < CllgPeé" ||z, < Cligllsz, 2" € e, _. O

The main task for verifying Assumption 4.4.4 lies in verifying (D5) respectively verifying
(D8). We will actually verify both inequalities simultaneously as usually one of them
should not be more difficult to prove than the other. However if one is only interested in
showing (D5), then one can set G = ) as the empty set to get a simplification.

Proposition 5.1.5 (verification of Assumption 4.4.4). Assume that there exists £' € L?
such that T*¢T € OR(fT). Let 0 > 0 and for R > 0 let G&% = {g € H*(M) : ||g||z« < R}.
We distinguish two cases:

(a) Assume that for some p > 2 there exists a constant C,, > 0 such that
Vot € X% ||zt — T | < CL AL (a7, TN (5.9)
and that P&t € T(X), (Gh + o) P&t € T(X). Set |-|lv := ||| x-
(b) Let X be a Banach space continuously embedded in X and assume that R is continu-
ously Fréchet-differentiable in a neighborhood of f1 € X with respect to ||-|| 5 and R’ :
X — X' is uniformly Lipschitz continuous with respect to ||-|| 5 in this neighborhood.
Further assume that R'[fT] = (T*¢)| 5 and that P&T € T(X), (G +0)Pul’ C T(X).
Set =2 and |-||v := ||| 3.
Then there exists C > 0 such that (D5) and (D8) hold true for 5 =0 (under (a)) or f =1
(under (b)) and for any vy satisfying

Vi 2> C'max { sup HT71(9 + U)PkaH\/a |‘Pk£THB;,1} (510)

ge{1-0}uUG%

In particular if &' € T(X),(G% + 0)&" C T(X) one can choose Py = I for all k € Ny and
thus (D5) and (D8) hold true with vy, = C for some C' > 0 and we have Kk, = 0 such that
U as in (4.17) fulfills U(a) < Ca* =1 for a sufficiently small.

Proof. Recall that we want to show the inequalities (D5), i.e.

- o< Lyt _gp2 I e eiyk L BV AF e et
VE € Byl (T — 6 Bl < €T — €+ naR(TE TENE + EEAL (1, T
and (D8), i.e. forall { € B, , g € Gy

(€ =& g+ 0P < Jlg+ )€ — O, -+ (T Tl

B

SEAR(TUE TN,

+

of Assumption 4.4.4.
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(a) By (5.9) we find for g € {1 — o} UG% that

(€ =& (g+0)Psh) = (T =T, T (g + 0) Pul) < || T — T |
< Cuup AL (T¢, T ¢

Therefore (D5) and (D8) holds true for all £ € B, with § =0. *
(b) The proof of this case is similar to the one of Proposition 5.1.3. For all k € Ny,
£ € B, we distinguish two cases:

Case 1: We assume HPkaHB;l < VkAfg* (T*¢, T2, Then we have by Young’s
inequality

(€~ & 9+ REN = g+ )€ — €, BEY < g+ )€ — Ol [Py,
< Mo+ o) — Ol +rEAR(TETE

Case 2: By our regularity assumptions on R, there exist constants Ct,c > 0 such
that for all f € X with || f — fT|| ; < C+ we have the first order Taylor approximation

R(F) < RUY) + (176 f = £1) + SI1F = 11,

where ¢ is the Lipschitz constant of R’. Applying Young’s inequalities R(f) +
RAT*E) > (T7¢, f) and R(fT) + R*(T¢h) = (T*¢F, f1), we find

RHT*€) > R(TEN) + (T (€ — €0), f1) +(T* (€~ €0), f — 1) = SF = f115
for all £ € Y* and for all f € X with ||f — [Tl < Cjt, which is equivalent to
(€ =€), 7 = 1) < M (176, TN + 51T = 1'% (5.11)

for all € € Y* and for all f € X with ||f — [Tl < Cyi. Now for some small e > 0
choose f in (5.11) as f = fT — T (g + o) P,¢". Then we can conclude that

(6 =& (9+0)Pueh) = (T°(§1 =€), T (g + o) PicT)

1o . cE,
< AR (T TN + T g + o) el

Choose v such that v, > C];1||Pk§T||B;1. As we are not in Case 1 we have

t % * 1
AR (T, T*€N)2 < — || P&l y, < Cpi

1
Vi
so we can choose £ = AL, (T*p, T*E)3 /vy, which ensures ||f — fT]| < Cfi. Therefore
we have

(61— &g+ P&t < (14 5 ) udf.(p 176N, 0

2Under the slightly weaker assumption (5.4) instead of (5.9) we can still verify (D5) as for 4|| Py&T HB; <
€T —€ll g, wehave (€1 =&, PpéT) < 31167 —€[1%, , thus we can assume [|[T*£T —T*£|| x+ to be bounded.
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5.1.3 Verification of third order VSCs

Proposition 5.1.6 (verification of VSC*(®,R,S,)). Let w! € X as in Definition 4.5.3
exist. Let 0 <t <1 and assume that for all f* € OR(f1) there exists some w* € X* such
that

xe < Cuit?, (5.12)

If* = fi = tw’]

whenever 0 < t < t and f; € OR(f! — tw'). This last assumption follows for ezample
from R being two times Fréchet-differentiable in X in a neighborhood of f1 with R": X —
L(X, X*) uniformly Lipschitz continuous in this neighborhood. Further assume

= (f1, f2) = Cullfr = fol (5.13)

for some p>1, C, >0 and all f1, fo € dom(R). We have:

(a) If w* = T*ES for some €5 € Y*, then f1 fulfills the VSC3*(®,R,S,) with ®(t) =
[[31/Eate

(b) Suppose that p < 2, i - =1, and that there ezists a family of operators P, € L(X™*)
indezed by k € N such that Pow* € T*Y* for all k € N, and let

K = H(I — Pk) * X+ Vi i— H(T*)_lPkw*Hy* (514)

Iflimj o ki, = 0, then f1 fulfills the VSC?(®, R, S,) with the index function
KL
(7) = inf [ukrl/q + W] : (5.15)
Proof. Recall that the VSC*(®, R, S,) is of the form
Vfe X vte(0,t:
(fi =T€ 11—t = ) SAF(f. 17— twl) + 8 (07| TS = g+ 1Tw|?) + e

Firstly, to prove that (5.12) is implied by two times differentiability with R” Lipschitz
continuous, recall that OR(f) = {R'[f]} if R is Fréchet-differentiable in X'. Then by the
first order Taylor approximation of ¢ — R'[fT — tw'] at ¢ = 0 we have

IRLfY = t'] = R[]+ tRV[fT)(W, )

for some C' > 0. Thus (5.12) holds with w* = R"[fT](w',-) and C; = C||w'||>. Now let
(5.12) hold true, then we have for all f; € OR(fT — tw') that

(f =T fH—twl = f) < —t (W fT =t = f) + Coat?| fT =l = £ (5.16)
Then using (5.13) and Young’s inequality, we find that

e < CP|u|?

Cot? [T = twh = fIl <920 (£ f1 = twl)* < Ag (f, 1 = twl) + gt

1 i
with v :=CC, " and B := iuf%y" .

So we only need to bound the first term on the right hand side of (5.16) and this is
done in two ways based on the two different assumptions:
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(a) If w* = Tl then

—t <w*,fT — twl — f> =—t <§§,gt —tTw' — Tf>
< 2|l (t7ITf — gt + emut ).

Hence Assumption 4.5.3 holds true ®(7) := ||&}||7/7.

(b) In the second case we have for all k£ € N with ¢, := W that

— 75<w’",fJr —twl — f>

= —t <P;§cu*,fJr —twl — f> — t<(] — P)w*, fT —tw' — f>

< tl|Tf — g" + tTw || + try || fT = 00’ — f]]

< (wt Tf = gt +tTwl | + et 2kl ) + CullFF = twl — £
<t (th_1||Tf — g+ tTwW|| + cu/f’,jl) + Ag (f, fr— th)

for t <t < 1asy > 2. Substituting 7 = ¢t ?||Tf — g' + ¢tTw'||P and taking the
infimum over k shows Assumption 4.5.3 with ® given by (5.15). It follows as in [41,
Thm. 2.1] that ® is an index function.

O

5.1.4 Required properties of penalty functionals

We give a short summary of the properties that we have to require from the penalty
functional in order to verify the source conditions and perform the convergence analysis as
in the last chapter.

(a) One has to understand the subdifferential 9R(f7) in order to transfer smoothness
properties of fT to the elements in the subdifferential.

(b) One has to be able to show that the assumptions of either Proposition 4.3.6, Propo-
sition 5.1.3, Proposition 5.1.5 or Proposition 5.1.6 on R hold true.

(c) For the statistical setting we need that (A3) of Assumption 4.2.1 and (B3) of
Assumption 4.3.9 hold true.

(d) For higher order rates we need strong duality for which it is sufficient that R* is
continuous, given the data fidelities of Section 3.2.

We give a short exemplary overview how these properties can be shown for the penalties
that we are especially interested in.

Squared norm on Hilbert spaces The first case where all of these restrictions are
met in the most simple and beautiful way is of course the standard case of X being a
Hilbert space and R = 1[|-[|%. Then the differential at fT coincides with fT and R* =R
such that the assumption of Proposition 4.3.6, case (a) of Proposition 5.1.5 and (B3) hold
true by

AR 1) = 51 - Bl
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In the case of the Kullback-Leibler type data fidelity term we would like to incorporate
the constraint f € B for a convex set B into the penalty function. So let

AR itfeB
00 else.

ﬁwwzﬂﬂ&+muy:{

If we have fT in the interior of B then we still have that R is differentiable at fT with
derivative fT and
~ 1 1 y
R(f) = Sl = inf [ S0 = FI3
2 fenl2

is continuous everywhere. Further R satisfies the condition (b) of Proposition 5.1.5 and
we still have

t 1 1
AL (£ I =51 = 11112+ xs () = S = ST
In particular VSC!(®, R, ST) trivially implies VSC'(®, R, ST).

Remark 5.1.7. For many operators it is possible to find a convexr and closed subset B € X
such that (D9) holds true with fT in the interior of B if fT > 0. In particular this is the
case if T' is positivity preserving, i.e. Tf >0 for all f > 0 and T fulfills (D2) with a > d/p.
Then let f =: fy+ f_, with fy = max(f,0), f- = min(f,0) and for some sufficiently small
C, >0 choose B={f € X :||f_|| < C,}. Then f1 is in the interior of B and we have for
all f e B that |Tf—Tfy|re < C||Tf—||B;2 < CLC, < /2 for C, chosen appropriately,
by (D2) and Theorem A.2.5. Thus we also have Tf > —c /2.

Note that in many applications with Poisson data the true solution f1 will be some
density and thus positive. T f > 0 for all f > 0 holds true for example for a convolution
operator with positive kernel.

Cross-entropy penalty Higher order convergence rates for the choice X = L'(M),
R(f) = KL(f, fo) for some initial guess f, € X have already been discussed in [64] and
unsurprisingly this choice of R also works in the statistical setting of this paper. We have
OR(f1) = log ;—: so that under suitable assumptions on the initial guess the smoothness

of f1 transfers to the subdifferential. Case (b) of Proposition 5.1.5 is actually tailored to
the cross entropy functional. (A3) of Assumption 4.2.1 and (B3) of Assumption 4.3.9 are
fulfilled by Lemma 2.3.2. Finally R* is continuous in L*°(M) by Proposition 3.2.1.

Note that if fy > 0 then R = R + xg, where B = {f € L'(M) : f > 0} so (D9)
holds for a positivity preserving forward operator and there is no necessity for additional
constraints.

Wavelet Besov norm penalty In [74] deterministic and statistical convergence rates

under a VSC were shown for (3.8) with X = BJ a Besov space and R = 1]||%0 -

Smoothness of the subgradient was a key result of [74] and is given by Theorem 5.3.1. By
[46] the space Bg’q is r = max (2, p, ¢)-convex, so if one chooses t = r, then by Theorem
2.2.5

1fi = foll” < CLAE (1, fo). (5.17)
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/ . . .
Further R* = £ |0 is continuous and as BY , is max(2,p/,¢') =: p convex by Lemma
p'd’

p,q
2.2.6 we have

lz* = T€M < Cuif. (", TN, (5.18)

for o* sufficiently close to T*¢" by Theorem 2.2.5 so case (a) of Proposition 5.1.3 holds
true. If t = p, then also case (a) of Proposition 5.1.5 holds true.

5.1.5 a-smoothing forward operator

Concerning the forward operator its smoothing property is most important for the verifica-
tion of source conditions. We will give a short summary of the properties that we require
for the forward operator. Notice that we will only consider linear forward operators as we
are mostly interested in higher order convergence rates and for these we need duality and
thus linearity of the forward operator. However, verification is similarly possible given a
non linear forward operator, see [74, Section 4] and [39].

Note that in the following we will only consider finitely smoothing forward operators.
This excludes severely ill-posed inverse problems [25, Section 2.2]. The reason for this
neglect of infinitely smoothing forward operators is that a first order variational source
condition is typically sufficient to yield the complete range of convergence rates for these
operators (with the exception of extremely smooth true solutions). For an example
of convergence rates for a severely ill-posed inverse problems under variational source
conditions we again refer to [74].

Assumption 5.1.8. Let T: X — Y C L*(M) be linear and bounded, let T* denote the
L?-adjoint of T, let p € [1,2] as in Assumption 1.4.1, M, My C R? bounded Lipschitz
domains or d-dimensional tori and a > 0. Assume that T is a-smoothing in the sense that
it has some of the following properties.

(T1) T viewed as a mapping T: X — By ,(M) ids bounded.

(T2) T*: L*(M) — B3,(My) has a bounded right inverse (T*)1.

T3) T: BY (My) — B% (M) has a bounded right inverse T for all q € [1, 00].
P'q v'q

T4) T*: B3 (M) — B35t (My) has a bounded right inverse (T*)" for all s € (0,a).
RS p',00

(T5) T: By . (My) — By (M) and T*: By % (M) — B;ffo“(Mo) have bounded right

inverses for all s € (0,a).
(T6) T: By5(My) — L*(M) is bounded.
(T7) T: B) (My) — B (M) has a bounded inverse T~' and T: B (Mo) — B5t2(M)

is bounded and surjective for all s € (0,a).

The first property is necessary for the stochastic error analysis in Chapter 4 (see e.g.
(D2) of Assumption 4.4.4). The second respectively third property is required so that we
can apply Lemma 5.1.1 respectively 5.1.4. Properties (T4) and (T5) are used in order to
get smoothness of preimages of f* € B;,f 2 (M) respectively of f* € B;,f 20(Myp). The last
two properties will allow us to show optimality of convergence rates in Section 5.3.

Example 5.1.9. Note that for s € R, p,q € [1,00] the operator (pid —A)~*: B;?q(rJFd) —
B;’Jg%(']f‘d), where A is the Laplace-Beltrami operator, is an isomorphism if p > 0 is
sufficiently large by [70, Theorem 7.4.3]. Therefore Assumption 5.1.8 holds true for all
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p€l,2],a=2k and M =M, =T¢ if T = (pid —A)~*. More generally this assumption
can be shown for convolution operators, for which the convolution kernel has a certain
type of singularity at 0, boundary integral operators, injective elliptic pseudodifferential
operators, and compositions of such operators.

Remark 5.1.10. As laid out in [39, Exzample 2.7] one can also consider the Radon
transform on a bounded domain My C R? as an a-smoothing Forward operator with a = %.
The Radon transform appears as forward operator in computed tomography (CT) and
positron emission tomography (PET), among others. However, for the Radon transform the
measurement manifold M has to be chosen as ST x R, where S~ ! := {x € R : |z| = 1}
is the unit sphere, which does not quite fit into the setting of Assumption 5.1.8. Considering
more general manifolds in our framework is only a technical problem: One would have to
ensure that the results of the appendixz remain true and verify the deviation inequality of

Assumption 1.4.1 in order to treat statistical noise.

In Section 5.4 we will work with a different definition of a-smoothing, which is simpler
and slightly more general, but of the same nature as the above assumption.

5.2 Maximum entropy regularization’

In this section we will verify our source conditions in the case where the penalty term is
chosen as a cross-entropy term given by the Kullback-Leibler divergence

R(F) = KLU o) = [ [f md g4 fo] da (5.19)

for My C R a bounded Lipschitz domain or T¢. Here f; is some a-priori guess of f, possibly
constant. Under the source condition (4.12) convergence rates of order || fo— f1||.1 = O(V/9)
were shown in [22] by variational methods and in [27] by a reformulation as Tikhonov
regularization with quadratic penalty term for a nonlinear forward operator. In [57] the
faster rate || fo— f1]| 21 = O(6%3) was obtained under the source condition T*Tw! € IR (f1).

5.2.1 Convergence rates under Holder-Zygmund smoothness as-
sumptions

Let Y = L*(M) and T: L' (My) — L*(M) linear and bounded. We apply generalized

Tikhonov regularization in the form of maximum entropy regularization

fa € argmin [S(Tf) + a KL (f, fo)], (5.20)
feLY(My)

respectively Bregman iteration given by

fi" € argmin [S(Tf) + a KL (f, fV)]. (5.21)
feL(My)

3This section has some overlap with the article [64] to which the author contributed.
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As we consider X = L'(Mj) we have X* = L>°(M) so that in view of Lemma 5.1.1 it
will be natural to measure the smoothness of the true solution in the Holder-Zygmund
spaces C*(My) := B3, (Mp). Note that the definition of these spaces (see e.g. [69]) is
much more straightforward and easier to relate to differentiability than the definitions of
Besov spaces in the appendix.

Theorem 5.2.1. Let M, M, C R?¢ be bounded Lipschitz domains or T4, X = L'(Mj),
Y = L*M). Let fy € L*(My), fo > 0. Suppose that T is a-smoothing in the sense that
Assumption 5.1.8 (T'1)-(T5) hold true for p = 1. Moreover, suppose there exists ¢ > 0
such that
ﬁ <c ! n M
<c a.e. in M. (5.22)
0

c<

We distinguish the different orders of convergence rates:
(a) Assume that

T
; € B3, (M) for some s € (0,a).
0

Then there exists C' > 0 such f1 fulfills VSC'(®, KL(-, f[)),ngT) with
O(1) = Cra.
(b) Assume that
fT

€ B, (M) for some s € (a,2a) .

Jo
Then there exists C > 0 such that VSC*(®,KL(-, fo),Ss) holds true with

s—a

O(r)=Cr = .

Further (D5)-(D8) in Assumption 4.4.4 hold true and for ¥ as in (4.17) we have

s—a

U(r)<Crs

(c) Assume additionally to (5.22) that fT > p and
fifo€ B, (M) for some s € (2a,3a). (5.23)

Let B > 2||fT||z, and x5 be the characteristic function of ||f||z1 < B. Then there
exists C > 0 such that fT fulfills VSC*(®, KL(, fo) + x5, S2) with p =2 and

s—2a

O(1)=Cr 50 .

Let {2 be given by (5.21). For s € (a,2a) U (2a,3a) we obtain under the deterministic

model with § = S;obs for the parameter choice o ~ 53te the convergence rates

KL ([P, f)=0(67%), =0 (5.24)
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Let fa be given by (5.20). Under the first and second order smoothness assumptions
(s € (0,a) U (a,2a)) we get

KL (fa, /1) = O (5+) . =0, (5.25)

under the deterministic noise model with S = Sgobs. Under the Gaussian white noise model

with M = T? and S = SGobs we get for a >~ > d/2 and a parameter choice o ~ 6S+2aa+v
that

E(KL (fo. /1)) =0 (e77),  c—0. (5.26)

Proof. (a) We want to apply Proposition 4.3.6 to verify VSC'(®, KL(-, fo), S ) however
there is the slight complication that (4.6) does not hold uniformly for all fe LY.
Still, the variational inequality (4.2) holds obviously for non positive f (as R is just
infinity then) and as in (5.3) the variational inequality holds trivially if || f|| ;1 > C/+.
For || f|lz1 < Cp+ we have (4.6) with r = 2 by Lemma 2.3.2, thus we can then apply
Proposition 4. 3 6.
Let f* = log( ) By Theorem A.2.9 we have f* € BS _(M). We apply Proposition
4.3.6 with Py as in Proposition A.2.13, v}, = H(T*)TPkf |y« and kg = ||(I — Pg) f*|| 2
to find that f1 fulfills VSCH(®,KL(:, fo), %) with

00 g et ] < € e

where the inequality follows from Lemma 5.1.1 as B ,(My) C L™(My) = X*.

Choosing 27% ~ 7 gives ®(1) < Ct++. The deterministic rate (5.25) then
follows from Theorem 4.3.4 and the stochastic rate (5.26) follows from Corollary
4.3.12 and Lemma 4.3.13, which give

2

E(KL (fu. /1)) < O3 +4(—q>)*(—21a> < 0(0;; +az>,

where 7 has to be chosen such that v > d/2 by Theorem 1.4.5 as X = L' and we thus
only have T': X — Bj, bounded only for p = 1 by Theorem A.2.5. The parameter

choice a ~ e57477 then yields (5.26).
(b) Note that due to (5.22) the functional R is Fréchet differentiable at fTin L>°(Mj)
and

RUo) = [ (5 )ate R = [ Jrae G2

Mo ST
Local Lipschitz continuity of R’ w.r.t. X := L°(M,) follows from local boundedness
of R” wrt. X. As above we have f* € B, (Mp) and by (T4) (T*)'f* = &' €
B3 5, (M) exists. Thus we can now apply both Proposition 5.1.3 and Proposition
5.1.5 with P, as in Proposition A.2.13 in order to verify VSC*(®,KL(-, fo),Ss)
respectively (D5)-(D8) of Assumption 4.4.4. By Lemma 5.1.4 we have xj, < C27*(=2)
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and vy, < C2%(27=9) (note that regarding (D8) the constant for v, depends on G% and
o). Thus VSC*(®, KL(-, fo),S») holds with

s—a

O(7) < C inf [2(2“73)1“7'1/2 + 27%(87“)} <Ct =,
keNy

where the second inequality follows from 2% ~ T3, By Theorem 4.4.2 and Lemma
4.5.6 we have the deterministic estimates

859 =0 (% vat-ar () =0 (% +ai),

for both f = fa and f = fg). The parameter choice oo ~ ¢ “¥a gives the claim. Under
the white noise model we have for ¥ as in (4.17) that

Ca™a if Ca™= <1

oo else.

inf (5.28)
auigl

U(a) = inf [ow,f + mﬂ < {

Thus the white noise rate (5.26) follows from Corollary 4.4.10.

(¢) Assumption (5.13) of Proposition 5.1.6 is satisfied for R = KL(-, fo) + xp with p = 2
due to Lemma 2.3.2. By Theorem A.2.8 and Theorem A.2.9 we have f* € B (Mp).
By (T5) there exists w' = (I")'T7f* € B52*(Mp) C L*(Mp). In particular, R
is Fréchet-differentiable at f — tw! > 0 w.r.t. L™ for t < T := ¢/|w'| 1~ with
fi = TR/[fT —tw'] given by (f7, h) = {In(f —tw') —In fo, h) (see (5.27)). Therefore,

assumption (5.12) of Proposition 5.1.6 is satisfied with w* = % as then

og (14 1 £
O —_— JR— JR—
& s IE

Again by Theorem A.2.8 and Theorem A.2.9 we obtain w* € By 2¢(M). Thus
Proposition 5.1.6 with P, as in Proposition A.2.13 and Lemma 5.1.1 show that fT
satisfies VSC*(®, R, S,) with p = 2 and

< Clﬁt?
LOO

1" = i =t =

®(T) S C lnf |:2k(3a_8)\/F+ 2_2k(8_2a):| S CTSsiQaa7
keNg

which follows from 2% ~ 776,
Now instead of R we consider iterated Tikhonov with R = KL(-, fo) however for
6 < 1 both |||, and || /P, are bounded (for example by Lemma 4.1.2 and
Lemma 2.3.2) so that we can choose B = max(HfC(yl)HLl, ||fc(f)|\L1) so that both
choices for R give the same minimizers. Finally we apply Theorem 4.5.5 with
r=gq=pu=2and note that & = &, (—P®)*(z) = C(—z)2=9/a for x < 0 and
(—®)*(z) = co else. Hence, KL (fT, f(gf)) < O(8%?/a+ a®/* + pat), and the choice
a ~ §++a leads to (5.24).

O]

Remark 5.2.2. Although the Hélder-Zygmund smoothness assumptions are simple and
natural it is possible to show the same convergence rates by considering weaker smoothness
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assumptions with respect to the Nikolskii scale B . ,(My) (note that B3, . (Mo) C Bj (M)
by Theorem A.2.5) if one additionally assumes boundedness w.r.t L°°(My) of the minimizer
fa- This will be shown in the next subsection.

We omitted S = Sg&s > respectively the case of Poisson data, in the above theorem. In

principle we can verify VSC'(®, R, KLgT) by Lemma 5.1.2 and (D8) in Assumption 4.4./
can be shown as in the above Theorem. However, we concentrated our error analysis for
S = Sggi, , in Chapter 4 on the case p = 2 in Assumption 1.4.1, whereas for R = KL(f, fo)
we would need p = 1. The reasons for only considering p = 2 is that for Poisson data we
only have the deviation inequality 1.4.9 for p = 2 and the boundedness result of Proposition
4.2.4 also works only for p = 2 because of Theorem A.2.10. Both of these problems are
of technical nature and should be solved in future research. Alternatively the next section
provides a workaround given boundedness of the minimizer.

5.2.2 Convergence rates under boundedness assumptions

In this subsection we will assume that fT € L>°(Mj). Therefore it makes sense to restrict
regularization to bounded functions so we will consider R = R, + x5, where B C L' (M)
is closed and convex and for some constant R > 0 we have sup ¢z f|z~@mg) < R. With
the true solution and the minimizers bounded we can consider X = L?(Mj) and as a
forward operator the restriction of the forward operator from the last section to X. Then
generalized Tikhonov regularization is of the form

fa € arg min [S(Tf) +aKL(f, fo)]. (5.29)

If all iterates are in the interior of B, Bregman iteration is given by

fc(yn) € arg min {S(Tf) + a KL (f, fé”’”)] , (5.30)
feB

otherwise the iteration formula may involve an element of the normal cone of B at f{"~ 1.

Theorem 5.2.3. Let M, M, C R? be bounded Lipschitz domains or T4,X = L*(My),
Y = L*(M). Let fo € L}(My), fo > 0. Suppose that T is a-smoothing in the sense that
Assumption 5.1.8 (T1)-(T5) hold true for p = 2. Moreover, suppose there exists ¢ > 0
such that

T 4

c<—=<c¢
0

a.e. in M. (5.31)

We distinguish the different orders of convergence rates:
(a) Assume that
fT
log<f> € B; (M) for some s € (0,a).
0
Then there exists C > 0 such fT fulfills both VSC'(®,KL(-, fo) + XBaS;) and
VSCH(®, KL(-, fo) + x5, KLY;) with

S

o(1)=0 (Ts+a) :
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(b) Assume additionally to (5.31) that fT > p and
f1, fo € Bs (M) for some s € (2a+ d/2,3a).

Then there exists C > 0 such that f1 fulfills VSC*(®, KL(-, fo) + x5, S2) with p = 2
and

s—2a

O(1)=Cr 50 .

Let fo be given by (5.29). Under the first order smoothness assumption (s € (0,a)) we get

KL (f.. [y =0(55%), a0 (5.32)

under the deterministic noise model with S = Sgobs. Under the Gaussian white noise model

with M = T?, a > d/2 and § = Séosbs we get for a parameter choice o ~ €S+a2j:d/2 that

E(KL (fo. 1)) :0<gs+f+sd/2>, e 0. (5.33)

Under the Poisson data model with M a bounded Lipschitz domain,a > ayg > v (with

ap € {1,2}) and S = S5k, , we get that for all v > d/2 and a parameter choice o ~ t5Far
that

E(KL(fo 1)) =0 (t757), - o0 (5.34)

For f® as in (5.30) and s € (2a + d/2,3a) we obtain under the deterministic model with
2a
S = ngobs for the parameter choice o ~ §s+a the convergence rates

KL(f®, fy=0(67%), s (5.35)

Proof. The proof has obviously some similarities to the proof of the last subsection. But
actually it simplifies at some points due to the boundedness of the minimizers.
(a) Let f* = log(%). By assumption we have f* € B3 (M. Due to sup scp|| f{ Lo 01y) <
R we have that (4.6) holds true by (2.19). So we can apply Proposition 4.3.6 with
Py as in Proposition A.2.13, v, = ||(T*) P f*||y- and ky, = ||(I — Py)f*||x- to find

_ ; 1/2 2 : (a—s)k1/2 —2ks
O(7) = Cklélgo [VkT + /@k] < Cklélgo [2 T2 42 },

where the inequality follows from Lemma 5.1.1 as B§,(My) = L?c0(M,) = X*.

Choosing 27% ~ T3 gives ®(7) < Cr++a. The deterministic rate (5.32) then
follows from Theorem 4.3.4 and the stochastic rates (5.33) and (5.34) follow from
Corollary 4.3.12 and Lemma 4.3.13, which give

E(KL (f.. /1)) < Cail +4(—<I>)*(—21a> < C(i + ai),

o

where 7 for Gaussian white noise can be chosen as 7 = d/2 by Theorem 1.4.5,
whereas for Poisson noise we have to choose v > d/2 by 1.4.9. The parameter choice

a ~ e then yields (5.26) and if we replace e = t~/2 we get (5.34).
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(b) Assumption (5.13) of Proposition 5.1.6 is satisfied for R = KL(-, fy) + x5 with
p=2Dby (2.19) as sup ;g fllz~ @) < R. By Theorem A.2.8 and Theorem A.2.9 we
have f* € Bj  (My). By (T5) there exists (T*)TTf* = w' € B3 2*(My) C L (M)
by Theorem A.2.5 as s — 2a > d/2. In particular, R is Fréchet-differentiable at
fl—twl >0 wrt. L® for t <1 := ¢/|wl||pe with f7 := R'[fT — tw'] given by
(fr;h) = (In(fT — tw') — In fo,h) (see (5.27)). Therefore, assumption (5.12) of

Proposition 5.1.6 is satisfied with w* = ‘}’—: as then

< C+t2.
L2

1 = f = tw'lle =

| . twt toﬂ
O —_— JR— JR—
& ft—twf It

Again by Theorem A.2.8 and Theorem A.2.9 we obtain w* € B3 2*(Mj). Thus

2,00
Proposition 5.1.6 with Py as in Proposition A.2.13 and Lemma 5.1.1 show that I
satisfies VSC*(®, R, fo),S,) with 1 = 2 and

() < C inf [2H00)/7 4 972620 < 072,
keNg

which follows from 9k 3, Finally we apply Theorem 4.5.5 withr = ¢ =p =2
and note that ® = @, (—®)*(x) = C(—2)?*=9/% for x < 0 and (—®)*(z) = o else.
Hence, KL (fT,féz)) < O(8%/a + a®/* + Ba*), and the choice o ~ &7+ leads to
(5.35).

0

Remark 5.2.4. The rates (5.32), (5.33) and (5.35) are of optimal order, see [41]. We did
not consider second order rates in the above Theorem as xp with sup ;epl| fllL~@) < R
cannot be differentiable w.r.t. L*(My) so that we cannot verify an assumption like (b)
of Proposition 5.1.3. We might have differentiability w.r.t. L>(My), but then we would
have to choose V = X = L®(My) in (5.5) of Proposition 5.1.3, which would result in no
improvement compared to Theorem 5.2.1. In [64, Theorem 5.7] the authors claimed second
order rates but oversaw this problem.

5.2.3 Numerical results

In this section we give some numerical results for the iterated maximum entropy regular-
ization.

Test problem: We choose T': L' (T) — L?*(T) to be the periodic convolution operator
(TF)(x) := Jy k(z —y)f(y) dy with kernel

> 1\ ! 20 — 2 -1
k(z)= ) exp(|x—j|/2):<sinh4> Coshzimj, reR

j=—o0

where |z| := max{n € Z: n < z}. Then integration by parts shows that 7" = (—9* +
(1/4)I)~', and hence T satisfies the assumptions of Theorem 5.2.1 with a = 2. We choose
fo = 1 and the true solution f such that fT — 1 is the standard B-spline Bs of order 5
with supp(Bs) = [0,1] and equidistant knots. Then we have fT € B35 (T), i.e. s =5.51in
Theorem 5.2.3. (To see this note that piecewise constant functions belong to B33 (T) using
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FIGURE 5.1: Predicted and computed approximation error for standard and
iterated maximum entropy regularization.

the defintion of this space via the modulus of continuity.) Hence, according to Theorem
5.2.1 a third order variational source condition condition VSC*(A7%/7 KL(-,1) + x5, S2)
is satisfied for some A > 0. Note that by Theorem A.2.5 we also have fT € B3 _(T),
thus one could also apply Theorem 5.2.1. This results in a worse index function for the
VSC?, however we can see that the strongest VSC? should be fulfilled and thus expect the
maximal rate for non-iterated maximum entropy regularization.

Implementation: The operator T is discretized by sampling & and f on an equidistant
grid with 480 points. Then matrix-vector multiplications with 7" = T™ can be implemented
efficiently by FFT. The minimizers fa and fc(f) are computed by the Douglas-Rachford
algorithm. To be consistent with our theory, we consider the constraint set B := {f €
LY(T): 0 < f <5 a.e.}. We checked that for none of the unconstrained minimizers the
bound constraints were active such that an explicit implementation of these constraints
was not required for our test problem.

To check the predicted convergence rates with respect to the noise level § the reg-
ularization parameter o was chosen by an a-priori rule of the form o = ¢/? with an
optimal exponent ¢ > 0 and a constant ¢ chosen to minimize the constants for the upper
bound given in the figures. As we bound the worst case errors in our analysis we tried to
approximate the worst case noise. Let Gs := {¢g" + dsin(27k-) : k € N}. For each value of
§ we found ¢°™ € G5 such that the reconstruction error gets maximal. This in particular
yielded larger propagated data errors than discrete white noise.

Discussion of the results:  Figure 5.1 shows the approximation error as a function of
a, i.e. KL(f., fT) where f, and ) respectively, are the reconstructions for exact data
g°" = g'. The two dashed lines indicate the corresponding asymptotic convergence rates

predicted by our theory, which are in good agreement with the empirical results. Note that
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FIGURE 5.2: Predicted and computed convergence rates for standard and iterated
maximum entropy regularization.

the saturation effect limits the convergence of the standard maximum entropy estimator
fo = fM to the maximal rate KL(f,, f) = O(a?). Tterating maximum entropy estimation
yields a clear improvement to KL(f(?, fT) = O(a*/*) = O(a''/*).

Figure 5.2 displays the convergence rates with respect to the noise level § for the
a-priori choice rule of o described above. Of course, in practice one would rather use
some a-posteriori stopping rule such as the Lepskii balancing principle, but this is not
in the scope of this paper. Again, we observe very good agreement of the empirical
rate KL(f,, f1) = O(6*?) with the maximal rate for non-iterated maximum entropy
regularization, as well as agreement of the rate KL(f®) fT) = O(§%/(sta)) = O(§22/15) of
the Bregman iterated estimator fc(f) with the rate predicted by Theorem 5.2.3.

5.3 Besov norm regularization®

Let X = BY (M) with My a bounded Lipschitz domain in R? or the d-dimensional torus
T?. We consider generalized Tikhonov regularization with penalty

RUF) = 41l a0

for 1 < p,q,t < 0o so that

A ) «
fue argmin ST+ S17 g 0a| (5.36)
feBy ,(Mo) ’

4This section has some overlap with the article [74] to which the author contributed.
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5.3.1 Upper bounds

To apply the verification strategies it will be crucial to understand the smoothness of the
subgradients of our penalty at fT. To this end we cite the following result from [74].
Theorem 5.3.1. Let R be given by (5.3), with 1 < p,q,t < co. Let fT € Bs_(My) and
f* € OR(fT). Then we have f* € B;,(?OZI)(I\\/JIO) with

1 gotan = DF I 1]
p ;00 ’

Theorem 5.3.2. Let My, M C R? be bounded Lipschitz domains or T¢, Y = L*(M).
Let p € (1,2], q € (1,00). Suppose that T is a > 0 times smoothing in the sense that
Assumption 5.1.8 (T1)-(T5) hold true. We distinguish the different orders of convergence
rates:

(a) Let s € (O - ) and let ¢ <t <r =max(p,q,2). There exists C > 0 such that for

g1
all f1 e By (M) with | f] Bs.. <o the VSCH(®, 1A tB;q,S;) holds true with

q—1
Bpoo"

s(g—1) <9
(I)(T) =CT1” where V= {5(‘2;1)4-(1’ q =4
2(s+a)”’ q > 2.

For f, as in (5.36) this yields with S = Sg%,bs the deterministic convergence rates

2s(g—1) 2a
A 0 (s57555), q<2 fa~iTiE
Tt o ) = 4
AR (fCU fT) - 2a+(2—q)s

) (5.37)
O (6+7), q>2, ifan~d s

as 6 \, 0 and under the Gaussian white noise model with 8 = 855, a > d/2 that

2s(g—1) 2a
. O <€s(q—1)+a+d/2> q < 2 Zfa ~ gs(q—1)+a+d/2
* ¢ f ) — ’
E(AR S (far 1) = (5.38)

2a+(2—¢q)s

qs .
O (€s+a+d/2) , q Z 27 Zfa ~ € s+a+d/2 ,

as € N\ 0.
(b) Let s € (L 2—“) and t > q. Define u = max(p’,q'). There exists C' > 0 such that

q—1’ ¢g—1
for all fT e By (Mo) with || ft||s; . < o the VSC*(@, 1]|| th’q,SQ) holds true with

2(s(¢g—1)—a)

Q)(T) = 7 rsle—D

This yields for S = 59201)5 the deterministic rates

s 2a+(2—q)s
o [olE)  gspans
AT*g , T — /s(q—1) 2a+(p' —2)(q—1)s 5.39
r (far 1) o(aM) > pan~§ TG (539)

Let t = q and q < p, then there exists C > 0 such that for all fT € By (Mo) with
1f ;.. < o (D5)-(D8) in Assumption 4.4.4 hold true and for W as in (4.17) we
have

2(s(g—1)—a)

\IJ(T) < Cr (u=2)s(g=T)+2a
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for T sufficiently small. This yields under the Gaussian white noise model with
2a+(2—q)s

C—as
S =855, a>d/2 and for a parameter choice v ~ e*™*"2 3+552) that

E(A%éf(fa,ﬂ)):@<e‘+ +4 (1+4352 ))

Proof.  (a) By Theorem 5.3.1 we have f* € B;/(gl)(Mo) with

I1/7]

_ Tit—a Tg—1 t—1
B;ff’;” = ||f ||Bgﬂq||f ||B;M><> <Co 7,

ast—q > 0. As X is r-convex we can apply Proposition 4.3.6 with P as in
Proposition A.2.13, v, = ||[(T*) Pf*|ly- and &y, = ||(I — Py)f*||x+ to find that f7
fulfills VSC!(®, §[|-[|, . S5i) with

@(7_) _ kié’go |:Vk7_1/2 +CX,tHfTHTX/(T_ :| < C klélgo{ a—s(q— 1))k 1/2 2—kr/s(q—1):|7

where the inequality follows from Lemma 5.1.1 and the constant depends only
on o and not 1n another way on fT only because we have ¢ < ¢t < r. Choosing
2=k o 7200 1)<T’ D+a) glves

s(g—1)r’

O(7) < Cr26a—DE"-Dta)

Now use that for ¢ < 2 we have r =1’ = 2 and for ¢ > 2 we have r = ¢ and 1’ = ¢/,
as well as ¢'(¢ — 1) = g and (¢ — 1)(¢’ — 1) = 1. The deterministic rate (5.37) then
follows from Theorem 4.3.4 and the stochastic rate (5.38) follows from Corollary
4.3.12 and Lemma 4.3.13, which give

E(A (fas f1)) < C< ffzd>”d(‘*’2) +4(—<I>)*<—21a>

(0
s(g—1)
C 1ii + COC a 5 q < 2
< o 2a 1
- d(q—2) ’
O( ) T 4 Camitews, 22,
a T 2a

2a
We obtain (5.38) by the parameter choices o ~ es@D+Fd2 for ¢ < 2 and o ~
2a+(2—q)s

g s+atd/z for q > 2.
By Theorem 5.3.1 we have f* € Bs(q D (M) with || f* 5 ) = HfTHBO

Note that because of this the assumption ¢ > ¢ is crucial to get a umform constant
Bs.. <0 As A= Bp (M) is p-convex with p = max(p’,q',2) =
max(p’, ¢') we have by (2.15) from Theorem 2.2.5 that (5.4) holds true (note that
t' < p) and thus we can apply Proposition 5.1.3 with Py as in Proposition A.2.13.
Together with Lemma 5.1.4 and &* € B;,(j{;”‘“ we see that VSC*(®, 1| B+ S2)
holds true with ‘

O(7) = C inf [Vkrl/“ + ﬁq] < C inf [2]C (2a=s(g=1)) - 1/p 2*%(5(‘7*1)*“)}
keNo k keNo

2(s(¢—1)—a)

< C7 @0
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where the last inequality follows from 27% ~ PG
By Theorem 4.4.2 and Lemma 4.5.6 we have the deterministic estimates

* 2 _1 2 ps(g—1
AR (f =0 (i +a(—q’)*<>> =0 <5 +Oz%+(u£2)(q)—1)3>

a !
ps(g—1)
=0 <5a+(u—1)<q—1)8> ,
2a+(p—2)(g—1)s

where the last bound follows from the parameter choice a@ ~ §at®=DG-Ds If
q < p, so u = ¢ the exponent simplifies significantly to .2 by ¢(qg—1) =qand
(¢ —D(g—-1)=1
Under a stochastic model with t = g and ¢ < p we have by Theorem 2.2.5 that (5.9)
holds true as t' = p and thus Proposition 5.1.5 gives that (D5)-(D8) in Assumption
4.4.4 hold true. For ¥ as in (4.17) and sufficiently small o we have that

2(s(g=1)—a)

U(a) = kieano [aw—lylg/ + 'fﬂ < CaZatG-2s@-1 (5.40)

2
av, <1

1
where the inequality follows from 2% ~ q2+G=2sG-1 . This leads to the stochastic
error bound
6‘2 6‘2 s(qg—1

N ps(g—1)
E(A{z (fome)) <C o +a¥(a)<C — + CaZeFm=—20a—1s

(8% (8% 2a

2a+(2—q)s

s+a+d (1+ (2;(3)5

With the parameter choice o ~ ¢ ) we obtain the claimed rate as w=q,

¢d(g—1)=qand (¢ —1)(¢—1)=1.
]

5.3.2 Lower bounds

In the following we want to discuss the sharpness of the estimates obtained in the previous
theorem. Recall that for a linear forward operator lower bounds for the reconstruction
error measured in the norm can be formulated in terms of the modulus of continuity wy,
introduced in (1.2). One can actually also show lower bounds in the Bregman divergence,
see [73, Lemma 4.1].

Theorem 5.3.3. Let R = ||| for some t > 1 and K C X such that K = —K and let
Ji be a selection of the duality mapping Jy, with j(—f) = —ji(f). Then we have for any
reconstruction method R: Y — X the lower bound

; 1
i%fsup{A%(fT)(R(g‘)bs),fT) . fT c /C,gObS e, HTfT _ gObsHy < 5} > ?Wlin@, T, /C)t

Proof. Let f € K such that ||Tf|| < 4. Setting g = 0 we see that ||T'f — g|| < is fulfilled.
By symmetry of I we also have —f € I with ||T(—f) — g|| < . Hence,

je (fF obs obs obs
25up{ AL (R(g™), 1) s 11 € K, g™ € VI = gy < 6

> sup  [ARP(R(0), f) + AR (R(0), - £)]
FEK|ITfII<o

= sup  2[R(R(0)) = R(f) + (Ge(f), /)] = 2R(R(0)) +2  sup ~ R*(ji(f)),
JeK TS <8 JeKITS<8
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where the last equality is Young’s equality. By definition of the duality mapping we have

1 , 1o e L,
R (Ge) = GOl = S 11 = SIFI"

As infgr R(R(0)) = 0 the claim follows by (1.2). O

A lower bound for the modulus of continuity can be shown under Assumption 5.1.8,
see [74, Theorem 4.12].

Theorem 5.3.4. Let K = {f € B, ., : [|fll;.. < o} and let T be a-smoothing in the
sense that (T6) of Assumption 5.1.8 holds true. Then we have wyy (8, T,K) > Cpd5+a.

In the light of this result we see that the first order rates from Theorem 5.3.2 are order
optimal in the Bregman divergence for ¢ > 2 and the second order rates are order optimal
in the Bregman divergence if t = ¢ and ¢ < p.

Lower bounds for the statistical convergence rates can be concluded from results in
[20]. Instead of the continuous Gaussian white noise model they consider an n-dimensional
normal means model. However as their results in [20, Thms. 7 and 9] do not depend
on the dimension n one can send n to infinity, so that the Le Cam distance of the two
models goes to zero (compare [33, Ch. 1]) and thus conclude for general estimators
S=2S(g"+eW) e Bs

Theorem 5.3.5. We have

s*4d/2  g**F _g*

infs Sup”gT”BS** SQE (HgT _ S<gT + EW)HBS*> Z CQS**J,-d/QE s+d/2 ,
p,0 p,q

with ¢ depending on s*,s**,p,q.

Combining all results we see that we get order optimal rates in the norm for ¢ > 2,
both for deterministic data and for the Gaussian white noise model.

Corollary 5.3.6. Let the assumptions of Theorem 5.3.2 hold true and let T fulfill As-
sumption 5.1.8. Let s € (O, q%l) There exists C' > 0 such that for all fT € Bs (M) with

1]

B3 < 0 we have the deterministic convergence rates
1 fa = fMllpy, < CO7
and under the Gaussian white noise model for M = T¢
E()|fo = flllzy,) < COFrare,
These rates are order optimal.
Proof. The rates in the norm follow immediately from Theorem 5.3.2 by Theorem 2.2.5

and Jensen’s inequality. The optimality of the rates for deterministic data follows from
Theorem 1.2.3 together with Theorem 5.3.4. To see that also the convergence rates under
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the white noise model are of optimal order we apply Theorem 5.3.5. By setting s* = a
and s** = s+ a in Corollary 5.3.5 we find that
a+d/2
o owB(jrr-s@r ), ) > ornemn
||TfT||Bs+a(M)< Bg (M)
For all reconstruction methods R we have by (T7) that

|1 = R(TfF+ W) > C||Tff = TR(Tf + W)

By (Mo) — Bz (M)’
Thus we get again by (T7) a lower bound
inf sup ( 1= R(Tf1+eW) )
Bstlss oag <Ce H ‘ 9, (Mo)
> inf sup (Hﬂ TfT + EW)‘ ) > C’Qsizif/255+a+d/2. 0
B B9 ,(Mo)

BT 10 ey <0

Remark 5.3.7. Although we did achieve order optimal second order convergence rates
in the Bregman divergence fort = q, ¢ < p this does not yield order optimal rates in the
norm. Therefore it would be interesting to find an approach which avoids the Bregman
divergence. For q = 1 such an approach was recently outlined in [39] and resulted in
optimal convergence rates. Closing the gap between upper and lower bounds for first order
rates with q € (1,2) remains an open problem.

5.4 Quadratic regularization on Hilbert spaces’

In this section we consider Tikhonov regularization (3.1) and iterated Tikhonov regular-
ization (P,+1) on Hilbert spaces with R = 1-[|%. We give some new results for statistical
inverse problems, like higher order convergence rates given Poisson data, a saturation result
for Gaussian white noise and the deviation inequality for the reconstruction error. But
we also want to see how variational source conditions compare to other source conditions
on Hilbert spaces. To this end we do not consider Holder source conditions, but rather
more general conditions due to Neubauer [51], that are necessary and sufficient for rates
of convergence of spectral regularization methods. Let E] T := Loy (T*T), A > 0, denote
the spectral projections (see [25, Sec. 2.3]) for the operator T*T" with the characteristic
function 1p ) of the interval [0, A). For an index function ¢ we define

1
X .={fex: < 00¢, = sup ——
b ={f 1fllr < oo} 1fllaz += sup o
If we want to compare this to Holder source conditions (1.3), then the function ¢ corre-
sponds to the function in fT € ran()(7*T)). The corresponding convergence rate function

is

1 (5.41)

2
ou(t) = 0 (071VD)', B0 = VAG(N).

In particular ®;» = idz¥1. Note that fT € rany(T*T) implies fT € Xd,T, but not vice

versa and it was shown in [51] that fT € X[, with ¢(t) = t2a, s € (0,2a] is equivalent to

convergence rates || fo — f1]|x < C85 for deterministic quadratic Tikhonov regularization.

This section has some overlap with the article [64] to which the author contributed.
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5.4.1 Deterministic convergence rates

The following theorem is a generalization of [41, Thm. 3.1], where the first order VSC was
equivalently characterized by the set Xg , to VSCs of arbitrary order.

Theorem 5.4.1. Let ¢ be an index function such that t — (t)?/t'=+ is decreasing for
some p € (0,1), ¥ -1 is concave, and v is decaying sufficiently rapidly such that

o) -k
Cy = sup Zizo (27N < 00. (5.42)

O<AL|T=T| ?ﬁ()\)Q

Moreover, let | € Ny and define 1y(t) = (t)t"/2. Then

flex] < 3JA>0: VSCH(f, 4d,). (5.43)

Note that condition (5.42) holds true for all power functions (t) = ¢t with v > 0, but
not for logarithmic functions ¢(t) = (—Int)~? with p > 0. The first two conditions on
the other hand imply that ¢ must not decay to 0 too rapidly. They are both satisfied for
power functions ¢ (t) = #*/2 if and only if v € (0,1). We point out that for the case | = 0
the condition (5.42) is not required.

Proof. We first show for all [ € N that
flex? o 3ulexl: ft=(1T)m (5.44)
2 2

which together with the special case [ = 0 from [41, Thm 3.1] already implies (5.43) for
even [:

(i) Assume there exists wl € X such that fT = (T*T)2w! . Define S = lime foe.
2
The following notation is based on [25, Sec. 2.3]. We have

1 * !
112 — E TT*T 5 T2
111, = sup BT T (T

1 A
= su A d|| Bswl |2
sy M dlEse]]
1 A+
<su A d|| Bswl |
<pow b N
1 >\+d Few 9
= — 5 <
sup o [ Bl = el ey < oo

(ii) Now assume that f1 € X . It follows that

-T2 2

I = Azz/wg |15 S|
SIS Y R VR
=T '

I & b(27kN)? sy
< sy & s hya eyl B
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B 2l 00 7/]( k)\) ;
ll\f‘% ¢( ) 0¢( ) ||E2 k)\+€f ||

QZ@D 2NN Mar < 2Cull f1r -

B ¢

This shows that WZT/2 = [ A2 dE;s T is well defined. Moreover, we have that
Wl/z (T*T)~ W2 ft and ”%Dz”x;{ < 0.

To prove the theorem in the case of odd [ we use the polar decomposmon T =U(T*T)"/?

with a partial isometry U satisfying N(U) = N(T') and set ¢l b1 = Uw As U : XwT — yg*

is an isometry, (5.44) implies
flex & 3, eV =) TTEL. (5.45)

Applying (5.43) for [ = 0 from [41, Thm. 3.1] to Y and T'T* yields (5.43) for the case of
odd [. ]

The equivalence (5.43) together with the equivalence in [2, Prop. 4.1] also shows
that in Hilbert spaces higher order variational source conditions are equivalent to certain
symmetrized multiplicative variational source conditions.

We have already seen at the end of Section 4.5.1 that VSC!(fT, Aid”/ (”H)) implies the
order optimal convergence rate || /(™ — fi|| = O ((5(1_””)/ (l+”)) for an optimal choice of

o and m > 1/2. Tt follows from [41] and Theorem 5.4.1 that VSC' (fT, Aid”/(”+1)), with

v € (0,1) is not only a sufficient condition for this rate of convergence, but in contrast to
spectral Holder source conditions also a necessary condition:

Corollary 5.4.2. Let | € N, m > 1/2, and v € (0,1). Moreover, let fT # 0 and let
fim) = fm)(gobsy denote the m-times iterated Tikhonov estimator. Then the following

(6 (6%
statements are equivalent:

(a)
JA >0 : VSC! ( fT,Aid"/<”+1>)

(b) I=14v

3C >0V >0 :supinf  sup  |[fU(¢°) — fT|| < C6

§>0 >0 gobs 7 f1|| <5

For operators which are a-times smoothing in the sense specified below, higher order
variational source conditions can be characterized in terms of Besov spaces in analogy to
first order variational source conditions (see [41]):

Corollary 5.4.3. Assume that Ml is a bounded Lipschitz domain or a d-dimensional torus
T¢ and that T : H*(M) — H***(M) is bounded and boundedly invertible for some a > 0
and all s € R. Then for all f1 € L* (M), alll € N and all v € (0,1) we have
3A >0 : VSC'(fF, AidwiT) e fteB{ ), (5.46a)
3A>0: VSC' (f1, AV") & fteBlyM) = H(M). (5.46b)
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5.4.2 Statistical convergence rates

In Section 5.1.5 we have already discussed properties that define an a-smoothing operator.
From now until the end of this chapter we will assume the following slightly more general
definition of a-smoothing.

Definition 5.4.4 (a-smoothing forward operator). We call a linear operator T: X —
L*(M) an a-smoothing operator if

(a) TT* as a map TT*: L*(M) — H2*(M) is bounded with bounded inverse,

(b) T as a map T : X — HJ(M) is bounded with bounded inverse.

Lemma 5.4.5. Let Ml = T?. If the linear operator T is injective and fulfills item (a) of
Definition 5.4.4, then item (b) holds as well.

Proof. Let A be the Laplace-Beltrami operator, with (I —A)~®: L?(T9) — H?*(T9) being
an isometric isomorphism. Then item (a) of Definition 5.4.4 is equivalent to the existence
of Cy,Cy > 0 such that for all g € H?*(T?) we have

CUll(I = A)gll2 = Cillgllmze < (TT*) " gllz2 < Callgllmze = Col| (I = A)g]|1e.

Thus by the inequality of Heinz [25, Proposition 8.21] we conclude that for all g € H¢(T¢)
we have

1 1 a 1 1 a 1
Ctlgllme = CE{I(I — A)2gllre < (TT7) 29z < C3||(L — A)z2glr2 = CF || gl me

and thus (T7%)Y2: L?(T%) — HZ(T%) is bounded with bounded inverse. By [66, Theo-
rem 3.1.5] there exists a polar decomposition T* = U(TT*)"/? with a partial isometry
U: L*(M) — X, ker(U) = ker(T*) = 0. Therefore we have T = (TT*)'/2U* with an
isometry U and the claim holds. O]

Note that first order statistical convergence rates for an a-smoothing forward operator
follow from VSC'(ff, ®) by Corollary 4.3.12 (together with Lemma 5.1.2 for Poisson data).
But for second order convergence rates we still have to show how to verify Assumption
4.4.4.

Theorem 5.4.6. Let T' be an a-smoothing forward operator in the sense of Definition
5.4.4 with a > ~ and let f' € X with ¢(t) = Cts, s € (a,2a). Then (D1)-(DS8) of
Assumption 4.4.4 hold true with p =2, u =2, r = 2 and there exists C'y > 0 such that the
index function W in (4.17) satisfies

s—a

V(o) < Cya's, for all o such that Cya’a < 1. (5.47)

Moreover, if fT € ranT*T, then (D1)-(D8) hold with ¥ (a) < Ca for o sufficiently small.

Proof. Note that (D1),(D2) and (D3) are fulfilled by our choice of R and T'. By (5.45)
we see that fT € X is equivalent to the existence of " € L*(M) such that £ € L*(M)%"

’LE )
where ¢(t) = Ct= . From [3, Proposition 2.2] we see that

L2 (M) = (L*(M), TT"L* (M) se o, = (L*(M), H3" (M) e o, = B35 (M),

2a
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where the second inequality follows from Definition 5.4.4 and the third by Theorem A.2.7.
Thus we have found &' such that (D4) holds true and we even have ' € B5_2. Now we
want to apply Proposition 5.1.3. Let Py be given by the projections defined in Proposition
A.2.13. We have for g € {1} UG% that

1T~ gP:&M || x < CllgPeé |z < Cllgllae | Petlma < CRIPe&l || a-

By (A.6) in the appendix we see that

| Pty < C2CEI||gT | e < O,

thus we can choose vy, := C2¢(¢=%)_ Finally by (A.7) we obtain
ik = |1 = Po)g" 12 < 02787 I¢T|

o < 09 M=),
Let @ > 1 then we can for all a € (0,a] choose k € Ny such that 2% ~ oz with the
implicit constants depending on @. With this choice of k£ we have
avl+ k< Cae = Cya'a.
Now if Cya™a < 1 then we also have av? < 1, which implies

U(a) = zi%f {OzVIQ + /i?] <avi4 K2 < Cyaa.
€
avfgol

The last statement in the theorem follows directly from Proposition 5.1.3 as g¢T € H¢ = TX
and thus one can choose P, = I for all £ € N. O

Combining Theorems 5.4.1 and 5.4.6 together with the deviation inequality from
Assumption 1.4.1 and Corollaries 4.3.12 and 4.4.10 yields optimal (or almost optimal)
convergence rates in expectation.

Corollary 5.4.7. Let T be an a-smoothing forward operator in the sense of Definition
5.4.4 with a > v and let fT € XwT with ¥(t) = Ctza, s € (0,a) U (a,2a). We have for

2a
S = Séfbs, with Z =W Gaussian white noise and a parameter choice o ~ g5+a+d/2 that
Vo >0:  P([|fa— fll2 > (C+x)e7em?) < exp(—Cwa?),
for some constants C, Cyy, > 0 which tmplies for all ¢ > 1 that
~ 1 s
E(llfa— f1l18:)" < Cevoram,

Assume additionally (D9), with f7 in the interior of B, and that a > ag > d/2 for
ap € {1,2}, 5 > az- — d/2. Then we get for S = Sili.,,, Z = VUG —g'), e =712,

R = %H”L2 + x5 and a parameter choice o ~ 5Tt that for all 0 < € we have

Vo> 0:  P([|fa— 2 > (C + z)t7meim ) < exp(—Ca,x).
This implies for all ¢ > 1 that

~ 1 .
E(If. — £1IL,) " < Ozt



116 5. Verification of source conditions

Proof. For s € (0,a) we have by Theorem 5.4.1 that VSC'(fT, ®) holds true with ®(7) =
Cr+a and by Lemma 5.1.2 also VSCH(®(C"), -2, KL7;) holds true. For s € (a, 2a) we
have by Theorem 5.4.6 that (D1)-(D8) of Assumption 4.4.4 hold true with p = 2, u = 2,
r = 2 and index function as in (5.47). The bounds for the quadratic Tikhonov regularization
with Gaussian white noise follow directly from Corollaries 4.3.12 and 4.4.10 together with
Lemma 4.3.13 which give

Ve >0 IP’(||fa — e > OV —i—x( ° +azi)) < exp(=Ciwa),

1, d
o2 da

so that the claim follows by the parameter choice a ~ evetar and replacing x by 2.
(Note that under (5.47) we would strictly speaking need « sufficiently small. However, if
s € (a,2a) then in particular the first order VSC holds true with ® = C4/- and for large
a this actually gives a stronger bound than the above, compare Remark 4.4.8. In other
words: large « respectively € are not interesting.)

For the case of Kullback-Leibler regularization with Poisson data we have ¢ := t~1/2
and convergence rates follow likewise from Corollaries 4.3.12 and 4.4.10 together with
Lemma 4.3.13. The main differences to the white noise case are the different deviation

inequality (Theorem 1.4.9), as well as the additional assumption that
a > Ctﬁ, (5.48)

where a > ag > 7, ag € {1,2}. Because of the deviation inequality we want to choose

v =d/2+ ¢ with ¢ > 0 sufficiently small. Under the parameter choice o ~ T we
have (5.48) if and only if s > % — 4 O

5.4.3 Converse and saturation results for Gaussian white noise

In this subsection we will only consider an a-smoothing forward operator T' with a > d/2
as in Definition 5.4.4 and quadratic Tikhonov regularization given by

r : 1 obs 1
fu € argmin S ITHIR = (G TF) + 5111 (5.49)

with a Hilbert space X and G°™ = ¢ + W, where W is Gaussian white noise. The
following theorem shows equivalence of the standard second order VSC and some conditions
of Assumption 4.4.4, which in particular implies that converse results from the literature
are applicable.

Theorem 5.4.8. Let T be a-smoothing in the sense of Definition 5.4.4 with a > d/2 and
M = T?. For s € (a,2a) the following statements are equivalent:

(a) (D4), (D5), (D6), (D7) hold true with p = v = 2, = 0 and the index function

CI)(t) = infkeNO %[Vkﬁ—f— li,ﬂ =0 (t s ) , t \ 0.
(b) (D4), (D6), (D7), (D8) hold true with p = v = 2, § = 0 and the index function

®(t) := infren, 3CRom [Vkﬂ+ Ri} =0 (t s ) .t N\ 0, with a constant Cr ey > 0
depending on R, and vol(M).
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(c) There exists & € L?(M) such that f1 =T*¢1. £ fulfills the standard (Hilbert space)
second order VSC

vE € L(M): (66N < Sl + (1€l
with ®(t) = O (%), £\, 0.
(d) f1 e X7 with (t) = O (t3) , £\, 0.
() (infasoB(|Ifa = f11}))* = O (e75572) , 2 \ 0.

Proof. (a) or (b) = (c): We first assume (a) and thus have for all ¢ € L?(T¢) and k € N,
by applying (D5) for £ = &7 — € that

(€ PE) < €I, + 2T 12
Thus together with (D6) we have
(€,€") = (&, Pl") + (&, (I = R)ET)
< i\|§||23;g2 + %HT*fHLQ + 1€l 2 (T = Pe)&M e

1 Vk "

< Jl€lze + S IT7Elle + mall€]l e
1 Vk |1 r 1

< 615 + ST 62 + 2.

Taking the infimum over k gives the claim. The other implication works analogously by
choosing g € G§ constantly so that this only gives an additional scalar factor depending
on R and vol(M). The resulting different constant in front of ||¢||2. can be changed by
rescaling &.

(c) & (d): As in the last section we see that (d) is equivalent to the existence of
& e LQ(M)g, with ¢(t) = ¥(t)t~2 by (5.45). & e L2(I\\/JI)5* is equivalent to (c) by
Theorem 5.4.1.

(d) = (a) and (b): This follows from the proof of Theorem 5.4.6 as we then have
v, < 02F20=5) and K, < C27F6=9) 50 choosing 27% ~ t3s gives the claim.

(d) < (e): This follows from the general equivalence theorems 3.3 and 5.1 in [41] as in
the proof of [41, Theorem 7.1]. O

Finally we will prove a saturation result in the setting of this subsection. As we assume
a > d/2 we can compute the minimizer in (5.49) as usual by

fo = (T*T + o) ' TG (5.50)

because the Tikhonov functional is differentiable, strictly convex and has the above solution
as unique zero of the derivative. Further we can show that for a nontrivial exact solution
fT one can bound each parameter choice rule a(e, G°) in the following way.

Lemma 5.4.9. Let T be a-smoothing, with a > d/2, let fT # 0 and ag > 0. Then for
every parameter choice (e, G°™) < oy we have

E(a(s,G™)?) = 0 (2 +E(Ifa — £1IP)) -



118 5. Verification of source conditions

Proof. For easier notation we just write & for a(e, G°*). By (5.50) we find
(T*T + al)(ff = fa) = aff —eT*W.
In particular as fT # 0 we have

[TWil T + o

r _ rt
et A Ma A

and thus by Young’s inequality

% 2 . _ 2
4<2HTWN> QCWT+am/;_T>.
“-<HﬂH5 2 Ma = A

As T is a-smoothing we have E(|T*W|3,) < E(CHWH?BWQ) < 00, so the claim follows
2,00

by monotonicity of the expected value. O

Now we can prove the saturation result, which shows that the rate we obtain for
fT € ranT*T is actually the best rate, that one can achieve by quadratic Tikhonov
regularization with nontrivial solution f! and an a-priori parameter choice for a.

Theorem 5.4.10. Let T' be a-smoothing with a > d/2 and let oy > 0. Assume that we
have

; £ h2) = Tz
od1f, BIa = 17) = o (575%),

then fT =0.

Proof. Let f, be the solution to (5.49) for exact data, i.e. ¢ = 0. From (5.50) we can
conclude that

||]?oz - fTHQ = ||foz - fTHQ + 2<fo¢ - fom fa - fT> + ||]?a - fa||2-
Taking the expected value on both sides yields the bias-variance decomposition
E(Ilfa = 1) = 1o = S+ E(1fa — fall?).

as E(W) =0 and fa — f. depends linearly on W. By assumption there exists a parameter
choice a(e), such that E(Hﬁ; - fT||2> =0 <83+3/2a> which leads to

E(Hfd—faHQ) =0<53+d4/2“>- (5.51)

Now assume that fT # 0. By Lemma 5.4.9 we then have
& =o <53+3/2> . (5.52)
We will show that such a parameter choice & cannot exist. To this end we consider a

different “true solution” At with bt = T*Tw, |lw|x < 1 and the corresponding regularized
solutions hg = (T*T + &) 'T*(Th + eW) for noisy data, hg = (T*T + al) " T*Th! for
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exact data. Note that hg — hy = e(T*T + al) Y T*W = J?@ — fa does not depend on the
true solution thus we have by the bias-variance decomposition and (5.51) that

E(lha — A1) = lha — hF? + 0 <€3+;/2> |

Now by classical regularization theory (or by Theorem 5.4.6 and Theorem 4.4.7 with
W = 0) we easily see that ||hg — hf||? < Ca? so together with (5.52) we have

E(|lha — A7) = o (5s+5/2a) , (5.53)

which is a contradiction to the optimal rates that one can show under the source condition
ht = T*Tw. (See [6, Section 5.3] for X = L*(M). If X # L?*(M) then X still has to
be infinite dimensional as T is a-smoothing, so there exists an isometric isomorphism
ix : L*(M) — X and one can consider the inverse problem related to 7= T oix. As T
is still a-smoothing one can conclude the same rate (5.53) for hf = T*Tw # 0, this also
leads to a contradiction.) Thus (5.52) cannot hold and we must have fT = 0.

[]



120




121

Discussion and outlook

Whilst we successfully have derived higher order convergence rates for statistical inverse
problems and even introduced variational source conditions of third and higher order,
there emerge several open problems from what we achieved.

The most nail-biting one is how variational source conditions of fourth and higher
order for Banach spaces should look like. This problem has already been discussed in
[64, Section 7]. Usually a mathematician would expect that if he understands the first
two or three instances of an inductive problem then he will see some pattern and find a
generalization. However, in this case the second order VSC is already more complicated
and restrictive than the first order VSC and the third order VSC even more so. Thus it is
possible that there is no VSC* which is as general as the VSC? and that the Hilbert space
VSC* is actually almost the most general version that one can find. Nonetheless we would
be glad to be proved wrong here.

Another big and non obvious problem is to show higher order rates for nonlinear
forward operators F' under higher order VSCs. Since VSCs have been originally introduced
to relax the strong assumptions necessary on F' it is a natural question whether higher
order VSCs also work for nonlinear F'. As pointed out in [34] this comes down to the
problem that duality requires a linear forward operator, so that this concept has to be
generalized.

It would be interesting to see whether the higher order VSCs could be verified under less
restrictive assumptions on R. At the moment we require some kind of differentiability of R
(note that item (a) of Proposition 5.1.3 implies differentiability of R at fT by Proposition
2.2.14). This is the reason why we did not show a VSC? under Nikolskii smoothness
assumptions for maximum entropy regularization in Theorem 5.2.3 and also a VSC? for
Besov norm regularization in Theorem 5.3.2 is not obvious from Proposition 5.1.6 as the
norm is not twice differentiable for p < 2 or ¢ < 2. Especially in the case of maximum
entropy (Theorem 5.2.3) it would be remarkable if it would be impossible to show a VSC?
under Nikolskii smoothness assumptions although we can show a VSC?. Therefore we
suspect that it should be possible to relax the assumptions required of R.

There are some open questions that seem to be of more technical nature and will
hopefully be resolved soon. This includes firstly an optimal deviation inequality for Poisson
processes, i.e. Assumption 1.4.1 with v = d/2 and ideally also for all p € [1,2]. Secondly it
should be possible to show inequalities of the kind of Theorem A.2.10 for all smoothness
indices s and also for Besov spaces (where again integrability indices p € [1,2] would
be most interesting in order to consider entropy and Besov penalty terms for inverse
problems with Poisson data, compare Remark 5.2.2). Finally one can most likely consider
more general measurement manifolds M. To this end one would have to ensure that the
necessary results in Section A.2 of the appendix still hold true and to deal with statistical
data one would need to verify the deviation inequality on the manifold of interest.
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Concerning Theorem 5.3.2 for Besov norm regularization the error bounds (5.37) for
g < 2 can probably be improved. Similarly the second order rates (5.39) are not optimal
in the Bregman divergence so one would expect that some improvement is possible.

By Definition A.2.1 of the Besov spaces for bounded Lipschitz domains M and the
assumption F'(f) € By,(M) for f € X, a > d/2, that we consider for Gaussian white
noise, we restrict us to exact data g¢' that vanish on the boundary of M. If one is
interested in inverse problems with non trivial boundary values then one has to define
Bs (M) ={feDM): f=glug e Bs,(RY)} for s > 0. The main difficulty then is to
find a wavelet system such that Theorem A.2.4 holds true. This problem is extensively
covered in [71, Ch. 5]. For the simple case of 2 = [0, 1] one can consider boundary-corrected
wavelet bases as in [33, Sec. 4.3.5].

We did not consider the problem of showing statistical convergence rates under the
third order VSC. The reason why our approach in the deterministic case cannot eas-
ily be generalized to solve also the statisical case is simply put that duality becomes
much more complicated for statistical noise. More concretely we cannot conlcude an
analogue of Lemma 4.5.6 for S = Sé§bs (or § = Sgﬁjo) by Lemma 3.3.4 as the quantity

i(Ségbs)* (—Oz(fT - Ea)) almost surely equals oo if Z ¢ L2 To see this note that by (3.9)
and (3.13) we have

(SE3) (—aleh =€) = sup |(—ag'+2¢" — Tf,, h) —;|lh||%2+2<62, h)).

heB) | (M)

Whilst the first two terms can be bounded by ||h||z2 the last term can not. Thus there is
a sequence (h,) C By (M) with ||h,[/2 < C and (¢Z, hy,) — 0.

Last but not least there are of course a lot of regularization methods, penalty and data
fidelity terms that we did not consider in this work. It would be interesting to investigate
on which of those the methods that we outlined can be applied.
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Appendix

A.1 Normed vector spaces

Theorem A.1.1 (Bounded inverse theorem). Let X',Y Banach spaces and T: X — Y
linear, bounded and bijective. Then the inverse operator T~! is also linear and bounded.

Proof. 60, Cor. 2.12]. O

Definition A.1.2. Let X, Y be normed spaces. F: X — Y is called Fréchet differentiable
in x € X if there exists a bounded linear operator F'[x]: X — Y such that

1
lim ——
h=0 [|h][x

|F(z + h) = F(z) = Flz]h| = 0.

A.2 Function spaces

Besov spaces B‘,j,q(Rd) are function spaces that allow to measure smoothness s and
integrability p of a function and generalize other common function spaces. To this end
one has the additional fine tune parameter ¢q. For example Sobolev spaces are given by
B;VQ(Rd) = H3(R?) for all s € R and in particular Bng(Rd) = L?(R%).

We do not intend to give a full overview over Besov spaces, but will rather state the
theorems, that we need for our proof. In particular we will give no definition of B (R?)
as we actually are interested in Bj (M) for a bounded Lipschitz domain M or M = T,
the d-dimensional torus. However it is the standard approach to Besov spaces to start
with Bf (R?) and then go to other domains and we refer the reader who wants to have a
thorough understanding of Besov spaces to [33, 69]. We also neglect the d-dimensional
torus, however it can be defined by a wavelet basis as in Definition A.2.3 below (see [33] or
[74]) and properties can be transfered from B (R?) to Bs (T?) as described in [69, Ch.
9.

Let from now on M C R? be a bounded Lipschitz domain. We will define B (M) in
two ways: first via restrictions from R? to M and secondly via wavelet coefficients.

Definition A.2.1. Let 1 < p,q < 00, define

B (M) = {feD'M): f = glu,g € By (R} if s <0
i {feDM): f =glu,g € B}, (RY),suppg C M} if s> 0.

and

/]

B (M) = ianQHB;q(Rd)a
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where the infimum is taken over all extensions g as above. For s > 0 denote Hi(M) =
B3 o(M) and define the spaces

By (M) = {f € D'(M) : f = glu, g € B}, (R")}
with the morm given again by the infimum over the norm of all such extensions. Denote

H*(M) = Bj 5(M).

We only introduce the Sobolev spaces H§(M), H*(M) as special cases of the defined
Besov spaces, but one can also show that this definition coincides with more intrinsic
definitions for example by distributional derivatives for s € N or by moduli of smoothness

(see [71, Remark 2.3]).
Theorem A.2.2. Let k € Ny. An equivalent norm on H*(M) is given by

£l = > 1D flle-

lof <k
Definition A.2.3. Let for u € N,
{@] :j €No,l=1,... N;}uwith N; € NU {oo}

be an orthonormal wavelet basis of L*(M) (as in [71, Def. 2.4,2.31 and Thm. 2.83]). Then
we can define

By (M) ={f € D'(M): f = > Y Nl Al oy < 0%

Jj=01eN;

where

Q=

1/l

leEN.

q
I —— il

where one has to replace the l, (orl,) norm by the lo norm for ¢ = oo (orp = 00).

Actually both definitions give the same space for a suitable wavelet basis by [71, Thm.
3.23, Cor. 3.25].

Theorem A.2.4. Let (®]) be a u-wavelet basis as in [71, Def. 2.4,2.31 and Thm. 2.33].
Then we have for all 1 < p,q < oo, |s| < u that B, (M) = B;ZZV(M) with equivalent norms.

We have the following embedding results.
Theorem A.2.5. Let p1,pa, q1, G2 € [1,00], s1,82 € R with s1 < so, then

. d d
Bst (M) C B (M) {Zf S1 — I = S2 — P2 and q1 = q2

P1,q1 P2,q2 or if 81_7>82_p%

Let 1 <p; <ps <00, q €[l,00] and s € R then
BS (M) C B (M).

p2,9 pP1,9

Let p € [1,00], then
BO

p,min(p,2

, C LP(M) C B)

;max(p,2)*

All above embeddings are continuous.
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Proof. As in [69, Theorem 3.3.1] the first embedding follows directly from the definition
and the corresponding embeddings for B;’q(Rd) and the second basically by boundedness
of M, compare [69, Lemma 3.3.1]. The final embedding is given by [69, Proposition 3.2.4]
together with the fact that £, (M) = LP(M), compare [69, 3.4.2/(1)]. O

From the above embeddings we can in particular conclude that the Besov spaces form
scales with respect to the smoothness and fine tune parameter: For s € R, p € [1, 0],
1<q <q¢ <ooande >0 we have

B cBy,CB;, CBy, CBs  CB°. (A1)
It is crucial for our work that we have the following duality result [71, Thm. 3.30].

Theorem A.2.6. Let 1 < p,q < oo,s € R, then
(B;,q(M)> - B;fq’ (M).
Furthermore we need the following interpolation inequalities.
Theorem A.2.7. Let 1 < p < 00, —00 < §1 < § < Sy < 0, (,q1,q2 € [1,00] and let
0= % then

(Bs1 (M)7BSQ (M))@

p,q1 psq2

= B, (M)

d

and there exists Cqg > 0 such that
11l 55,00 < Caollf]

Proof. By [71, Thm. 4.19] we get the interpolation statement, which gives the inequality
by [68, Thm. 1.33]. m

1-6
5, 00l

9 S
Byl (M)

For the case of the Kullback-Leibler fidelity term we also need the following two results.

Theorem A.2.8. Let f € B, (M), g € B;”q(M) with 1 < p,q < 0o and s > d/p, then
fg € By (M) and there exists C > 0 such that

/9]

Proof. For Ml = R? the statement follows from [69, Thm. 2.83]. To transfer it to bounded
Lipschitz domains we use Definition A.2.1. We have s > d/p > 0, so we know that
there exist f,§ € Bs (R?),supp(f) C M such that f = fly and g = glu. As we have
fge Bs (R?) with supp(fg) € M and fg = f§|u we know that fg € B; (M). The norm
is given by
/9]
< inf{|| /9|
< inf{C|[f|5; ,rn) 9]
= Cllf I 0 ll9]

B; 00 < CllfllBs ,anll9ll 55 @)-

By .00 = nf{||hll g @a) : h € By ((RY), fg = hlu, supp(h) C M}
B &) : [, € By (RY), fg = [glu,supp(fg) C M}
B, f, g € B;q(Rd)’ f = flm,9 = glm,supp f C M}

B (M)




126 A. Appendiz

Theorem A.2.9. (a) Let f € H*(M) with s > d/2 and f > ¢ > 0. Thenlog(f),1/f €
H*(M). Further let m —1 < s <m with m € N, then

[log(f)|| s ey < C'min(1,¢)” (||f — g+ | f max(l s )

11/ Al < Cmin(L, o)™ ([l + 1 £I132-).

(b) For p € {2,00} let f € B;OO(I\\/JI) for some s > d/p with f > ¢ > 0. Then
log(f),1/f € By (M).

Proof. Let h: [c —1,00) — R,z +— log(1 + ), then & can for all n € N be continued to
a function h: R — R such that h(0) = 0 and there exists C' > 0 such that ||A/|
C'min(1, )™ (with constant independent of ¢ > 0). Similarly let §: [¢,00) = R,z +— 1/x,
then g can for all n € N be continued to a function g: R — R such that ¢g(0) = 0 and
there exists C' > 0 such that ||¢’||cn-1 < C'min(1,¢)™"1

(a) We first prove the statements for f € H*(R?). By Theorem A and the following
remarks in [1] we have

cn—1 S

e )-

1o (f = Dllgrseay < CIH lem (ILF = Uy + 11 = 1]

Let now f € H*(M), then for all € > 0 there exists f € H*(R?) with f = flu and
1 £l zrsay < |f =y + €. As above we have log(f) € H*(R?) with

log(f)|| s (rey < C'min(1,c)” (Hf — Wasany + €+ (If = Ul sy + &)™ s))

Of course log(f) = log(f)|u, thus log(f) € H*(M) and we can let € go to zero to
show the claimed inequality. The same argument can be applied for the reciprocal.
(b) We have by [8, Thm. 6] (for 0 < s < 1) and [8, Thm. 10] (for s > max(d/p, 1)) that
for f € Bs (R?) we have ho f,go f € Bs (R?). The claim for M instead of R

follows simply from Definition A.2.1.
O

Theorem A.2.10. Let s € {0,1,2}, f € H*(M), f > ¢ > 0 and M given by the d-
dimensional torus or a bounded Lipschitz domain in R. In the latter case assume that

f=h+c, where h € H{(M). Then log(f),1/f € H*(M) and

Hog(f)|l ey < Cmin(1,¢) M| f — 1| s
N1/ fllzs@n < Cmin(1,c)”

Proof. We will only consider the more interesting case of small ¢ < 1, as the other case
should then be clear. We show the claim for the equivalent norm from Theorem A.2.2.
We will use the short notation 0; = %. For both s = 0,1 the claims are quite clear. We

have |log(z)| < max(x — 1,1_79"’) <llz -1

log(F)I: < 5 [ 1f = 1P = 5If ~ 1] (A.2)
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Further by 1/f = f/f? we have ||1/f||z2 < 1/c?||f||z2 and by

/M<(jf{>d <—/|8f|dx

we get both |[log(f)|lmarn < Ce M| f — g and |1/ fl|mary < Cc?||f|lm. The more
interesting part are the estimates for s = 2. Basically we have to understand ||0;0; log(f)]| .2
(the estimates for the reciprocal 1/f then follow by pulling out ||1/f]| L= of the norm). We
have

(0:0;f) _ (8:)(0;f) (0:f)(9;[)
f /? /?

The first term is good, but we need to find a bound for the second. We have

/M (aif);gajff d — / (o f)<[(6if);fjf)2 - 2(ajf3>;§iajf)] N Q(ajfggiajf)> L

5 (9if) 3f)(aaf)
_/ (0f 3f3 Fas +3/ G

<52 L% /
-3 (2 M f2 2
L 21 / (0:0; 1) / (0 f
3\2/m 2 2 '
The second equality follows from integration by parts, where the boundary terms vanish

due to periodicity, and the last inequality by two times Young’s inequality. For i = j we
can conclude

1046 og(f)]] 22 — H

1
< 100,11+ |

L2 L2

and with this also

@NOD| _ p @PON?, L )+ (05 + 2(0:0,)°
H R Pl M T Y ) 7
1
47(||32fHL2 + 1103 £1I72 + 2110:0; £ 1172),
which concludes the proof. O]

Remark A.2.11. The above theorem improves the estimates from Theorem A.2.9 both
in the constant ¢ > 0 and it allows to forget the additive norm power for s = 2. This is
crucial in Proposition 4.2.4 and also generally the constants obtained for Poisson data
could improve a lot by estimates of this form . However, even though we suppose that these
estimates should hold for all s > 0, it is not known to us whether this is true. Also the

extension to B;q is an open problem.
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Corollary A.2.12. Let o > 0,B > 1 and s > d/2. Let g,g' € H*(M), with g* > 0,9 >

— /2, llgllas, 19" |ms < B. Then we have
U= 1
log( 47 < Cyolg—d| ,. with 0910:2”9 lixto . (A3)
g+ )| ’ L ’ o g+~
Coiosllg—gt if s € {1,2
log 47 < ) Cotsl|9 g1 i fse{l,2} (A4)
gt +o )|y CgT7U’sBmaX( )= Hg — gTHHs else,
T
g't+o S Cg—sBmaX(LS)_ng _gT‘ . (A5)
g+ 0 ||y ’ He

Proof. Again we only consider small 0 < 1. In the other case the constants simplify. We

have ggfi‘; > S Tey nd thus by (A.2) that A.2.10

log g+o < (lg™|ze +0) || g+ 0 1 SQHQ |z + 0 Hg—gT §
gT‘f“O’ 2 g gjf+0' 12 o gT_|_0- [0 L
By Theorems A.2.9 and A.2.8 we have for m — 1 < s < m that
log il <ol -7 gto _ gto
9"+ o)l 19"l + & gt +o e |lgt+o .
g -m 1 1 s s
- <Hg*||oo+o> (g*w Hng I |gf+a HSHg 9\l

1
gt +o

Hs

<C g h 1 B f
= @wm+a> HS‘Ww+om o=

and Theorem A.2.10 gives the improved constants for s = 1,2. Finally we have again by
Theorems A.2.8 and A.2.9 that

T
gt+o T —m—1 s i
— <C . . _ 7
’g—i—a e ’g+g HHg g’HS_ g (lg + ol + lg + ollz)||g g’HS
which concludes the proof. O]

The final result gives the projections Py that we need for the verification of our
assumptions and crucial inequalities on them.

Proposition A.2.13. Let for s <t and u > |s|,|t| an u-wavelet basis as in Theorem
A.2.4 be given by (®}). Define Py : B; (M) — By (M) by

Bof = i SN, for f= fj ST N@.
j=01EN; j=01€N;
Then we have for s <t and G € [1,00| the Bernstein and Jackson inequalities
1P f 135,00 < C2M | £l s _quay (A.6)
1T = P Fllsg,0m < C2 0 flle . (A7)

Proof. As in [74, Example 3.9]. O
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A.3 List of symbols

In the following we list some of the symbols that recur throughout this thesis.

Spaces and domains

X Banach space containing causes of an inverse problem
X dual space of X

Yy Banach space containing effects of an inverse problem
R R :=RU{—0c0, 0}

T d-dimensional Torus

M generic domain (usually either a bounded Lipschitz domain in R¢ or T¢)
M see Assumption 5.1.8

By (M) | Besov space, see Section A.2

B;yq(M) see Definition A.2.1

H*(M) | Sobolev space, see Section A.2

H§(M) | see Definition A.2.1

Functions
F Forward operator of an inverse problem, F: X — )
T linear forward operator, T: X — )
T* adjoint operator of T', T*: Y* — X*
f generic function f € X
generic function g € Y
fi true solution of an inverse problem
fa Tikhonov minimizer, see Chapter 3
Ea dual Tikhonov minimizer, see (3.4)
¢t source element T*¢T € OR(fT)
w' source element Tw! € 955 (£7)
g exact data of an inverse Problem, g' = F'(fT)
g°® noisy data of an inverse Problem (deterministic)
Gobs random variable modelling the data, see Section 1.4
Z random variable modelling the noise, G°* = gt + Z
w Gaussian white noise, see Definition 1.4.2
Gy temporally normalized Poisson process, see Definition 1.4.8
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F generic Functional, F: X — R
F* convex conjugate of F, see Definition 2.1.13
OF(x) | subdifferential of F at x, see Definition 2.1.9
AL (-,-) | Bregman divergence, see Definition 2.2.1
Ip duality mapping, see (2.9)
R Tikhonov penalty functional, see Chapter 3
S Tikhonov data fidelity functional, see Chapter 3
S,(9) S,(9) = %Hg”p, see Section 3.2.1
S:(9) Sz(9) = Sp(g — ), see Section 3.2.1
S}Jﬁbs least squares data fidelity for statistical noise, see Section 3.2.2
KL Kullback-Leibler divergence, see Section 2.3
KLZ: (9) | KLgi(g) := KL(g' + 0,9 + o) for 0 > 0
Sé%jsﬁ Kullback-Leibler data fidelity for statistical noise, see Section 3.2.3
ST “exact data fidelity”, see Definition 4.1.1
err effective noise level, see Definition 4.1.1
o generic index function, see Definition 4.3.1
v index function for statistical second order rates, see (4.17)
XB characteristic function of B C X, x5(f) = {O itfeb
oo else
Constants
Q regularization parameter, o > 0
a (Besov) regularity of the image of F' or T, see e.g. Assumption 5.1.8
ap restriction of a to values {1,2} emerging from Proposition 4.2.4
y (Besov) regularity of the noise Z, see Assumption 1.4.1
) deterministic noise level, 6 > 0
d dimension of measurement domain M, d € N
€ statistical noise constant, see (1.7)
Kk, V) | see either Proposition 4.3.6, Assumption 4.4.4, Prop. 5.1.3 or Prop. 5.1.6
o offset parameter in SIG%;S’U, o > 0, see Section 3.2.3
s (Besov) regularity of the true solution fT, s >0
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