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Abstract

In this thesis, we define a cyclic homology theory for non-archimedean bornolog-
ical algebras, which we call analytic cyclic homology. Let V' be a complete, discrete
valuation ring with uniformiser 7, residue field F = V/7V, and quotient field F.
The material we present is divided in three parts. In the first part, we interpret
Monsky and Washnitzer’s weak completion using the framework of bornologies,
developed in [11]. Weakly complete algebras are used to define Monsky-Washnitzer
cohomology, and have three characteristic features - bornological torsion-freeness,
completeness and a certain spectral radius condition. We study the homological in-
heritence of each of these three conditions, and call a V-algebra with these properties
a dagger algebra.

In the second part, we define analytic cyclic homology for projective systems of
complete, bornologically torsion-free V-algebras. The theory we develop satisfies
homotopy invariance, Morita invariance and excision. We use these properties
to compute our theory for (dagger completed) Leavitt path algebras, and tensor
product with such algebras. We show that our theory coincides with Berthelot’s
rigid cohomology for smooth commutative V-algebras of relative dimension 1.

In the third part, we define analytic cyclic homology for algebras over the residue
field F, by lifting them to free algebras over V' and then building dagger completed
tube algebras. We show that under very mild assumptions on the bornology of
an F-algebra A, any complete, bornologically torsion-free V-module lifting can
be used to compute its analytic cyclic homology. The theory we define satisfies
polynomial homotopy invariance, matricial stability, and excision for extensions of
finitely generated F-algebras.






Abstrakt

Hovedresultat af denne arbejde er en konstruktion af Analytisk homologi, en
version af cyklisk homologi for ikke-arkimidiske bornologiske algebra. Lad V veere
en fuldstendig diskrete valueringsring, F = V/7V dens restklasselegeme og F
dens kvotientlegeme. I den fgrste del ve interpreterer Monsky og Washnitzer svag
fuldsteendiggrelse i sprog af bornologiske algebra. Svagt fuldsteendige algebra er
anvendt til at definere Monsky-Washnitzer kohomologi og har tre karakteristiske
eenskaber. De er torsionsfrie (som bornologiske algebra), fuldsteendige og har deres
spektrum har et bestemt spektral egenskab, indfgrt i teksten nedenunder. Algebra
som opfylder de egenskaber kaldes dagger algebra Den forste del af tesen er brugt
til at analysere homologisk stabilitet af dagger egenskaben.

Den anden del af arbejde introducerer analytisk cyklisk homologi af dagger
algebra. Den tilsvarende konstruktion er homotopi invariant, opfylder Morita
invariance og har udskeerings egenskab. vi regner ud analytisk cyklsk homologi
for tensor produkter med Lewitt sti-algebra. En af hovedresultater i denne del er
bevis for, at for glatte V-algebra, analytisk cyklisk homologi stemmer overens med
Bertholet’s rigid kohomologi.

Den sidste del af arbejde giver en konstruktion af analytisk cyklisk homologi for
algebraer(over F ved at bruge et loft til en algebra over V. Vi viser at, under meget
milde betingelser for algebra over I, konstruktion er uatheengig af valg af lgftet. Den
teori som opnéas herved opfylder polynomial homotopi invariance, Morita invariance
og udskeerings aksiomet for udvidelser af endelig genererede F-algebra.
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Introduction

The use of invariants in the understanding of geometry has a long and illustrious
history. Such invariants have been applied in areas ranging from the classification of
Platonic solids in Greek geometry, to the formulation of the Weil conjectures using
certain cohomology theories, to the theory of topological insulators using K -theory.
We dedicate this introductory section to an informal discussion on invariants for
two types of ‘geometries’ - geometry in characteristic zero, and geometry in positive
characteristic.

By geometry in characteristic zero, we mean associative algebras over fields of
characteristic zero, that encode some geometric structure H For example, affine
algebraic varieties over an algebraically closed field are equivalent to finitely generated
commutative algebras over the field. Another example is the Gelfand-Naimark
Theorem, which states that commutative C*-algebras are the same as locally compact
Hausdorff spaces. Regarding varieties or schemes over the complex numbers as
topological spaces, we can speak of their singular cohomology groups, which is a
powerful invariant originating from algebraic topology. If we consider spaces that
are suitably nonsingular, then a related invariant is the de Rham cohomology of
say, a smooth manifold or a non-singular variety over C. These invariants can be
used to obtain important geometric information such as the Fuler characteristic of
a topological space X or the Lefschetz number of a continuous map on X. When we
replace ‘spaces’ in the classical sense of topology or algebraic geometry by possibly
non-commutative algebras, singular cohomology and de Rham cohomology are no
longer meaningful, and need to be replaced with cyclic homology. The study of
non-commutative algebras as an extension of ‘classical’ geometry is the subject
matter of Alain Connes’ non-commutative geometry.

As the reader can probably guess, geometry in positive characteristic refers
to associative algebras over fields of characteristic p > 0. Algebraic geometry in
this context has a rich history, stemming from the pursuit reasonable invariants
to prove the Weil conjectures. From the purview of non-commutative geometry,
interesting geometric examples arise from finite group actions on affine schemes
over finite fields, which are treated by crossed product algebras. Another class of
examples is graph algebras over finite fields. It turns out, however, that the positive
characteristic of the underlying ring or field poses problems that invariants such as
de Rham cohomology or cyclic homology cannot easily circumvent. For instance,
the Poincaré Lemma says that in characteristic zero, the de Rham complex of the
(contractible) affine n-space is exact. The proof uses that the integration map on
differential forms yields sections for the de Rham differential. This is however no
longer true in positive characteristic.

11 should mention here that throughout this thesis, I will only talk about geometric objects
that are in some sense affine. That is, I will never refer to projective schemes, or graded algebras.

11



12 INTRODUCTION

What seems desirable is a de Rham or cyclic type cohomology theory that
is defined on a suitable category of ‘characteristic 0 liftings’ of an algebra over
characteristic p > 0. Of course, the resulting lifting and invariants should be
defined in a way that we can still obtain information about the original geometric
object. Considerations of this nature led to the development of several related
p-adic cohomology theories. Two such invariants which motivate this thesis are
Monsky- Washnitzer cohomology and rigid cohomology. The goal of this thesis to
study liftings of geometric objects in positive characteristic, to objects that are
better behaved in characteristic zero. Finally, we use such liftings to construct a
well-behaved homological invariant that specialises to Monsky-Washnitzer and rigid
cohomology for certain classes of commutative algebras.

Background for the work in this thesis

For smooth, commutative algebras over rings containing the rationals Q, the
Hochschild-Kostant-Rosenberg Theorem implies that de Rham cohomology coincides
with periodic cyclic homology. In other words, periodic cyclic homology extends de
Rham cohomology to non-commutative algebras in characteristic zero. This thesis
takes a step in the direction of extending rigid cohomology to non-commutative
algebras over finite fields.

The starting point of this program is the identification of periodic cyclic homology
with rigid cohomology for commutative, finite type algebras (see [11]). We describe
this identification here. Denote by V a complete discrete valuation ring with
uniformiser 7, F = V/7V its residue field, and F its fraction field, which we assume
to be of characteristic zero - we fix this notation for the rest of this thesis. Let A
be a commutative F-algebra, and I » V[S] - A be a free commutative algebra
presentation of A. Here S is a generating set of A, and for a natural choice, we
can choose S = A. The next step is to construct certain bornological versions of
I-adic completions R; ,,, of R=V[S5], with R:= R® F' and n € N. Concretely, the
bornology is defined by specifying bounded subsets M ¢ R for which p(M) < e'/™,
where € = |7r| is the norm of the uniformiser of V. This provides a bornological
interpretation of the weak completions used in Monsky-Washnitzer cohomology
[32, Section 2]. In conclusion, we get a projective system of complete, bornological

F-algebras (R J1/n JneN-

DEFINITION. Let A and R be as above. The periodic cyclic homology of A is
defined as the homology of the homotopy inverse limit of the projective system of
periodic cyclic complexes

(HP (L1 )s B+ b)nen-

The main result of this paper shows that the homotopy inverse limit of
(HP(R;, /n ), B + b)nen is quasi-isomorphic to the homotopy inverse limit of the de
Rham complexes (R, ®r Qp,d), made 2-periodic. The results of GroBe-Klénne

[19] imply that this homotopy inverse limit of de Rham complexes computes the
rigid cohomology of A. In summary, we have the following:

THEOREM. [11] Theorem 6.5] Let A be a finitely generated commutative F-

algebra. Then for » =0,1, we have
HP.(A) = @ Hyy " (A, F).
JEZ



SUMMARY OF PAPERS IN THIS THESIS 13

The machinery above has the important feature that it computes rigid cohomol-
ogy using a chain complex that is defined naturally using free commutative algebra
liftings. Furthermore, the homotopy invariance of periodic cyclic homology can be
used to show that if we use a different generating set S c A for the free commutative
algebra lifting R = V[S], we still get the same periodic cyclic homology. However, it
is unclear how this definition can be extended to non-commutative algebras in a
manner that is independent of the choice of the lifting. Invariance under different
liftings is a key result about Monsky-Washnitzer cohomology, proven by Marius van
der Put (see |12, Remark 8.2.8]). This motivates the need for a variant of periodic
cyclic homology that is defined for non-commutative F-algebras, and is independent
of choices of intermediate liftings to V-algebras. Such a homology theory should
of course have all the desirable formal properties that periodic cyclic homology
possesses. Finally, this theory should specialise in the smooth, commutative case to
periodic cyclic homology, which coincides with rigid cohomology. While we have not
been able to prove the last claim in full generality, we have constructed a theory
which nevertheless yields interesting computations for several classes of commutative
as well as non-commutative algebras.

Summary of papers in this thesis

This thesis has been arranged in the form of a collection of three papers I have
(co)-authored during my time as a PhD student.

Dagger completions and bornological torsion-freeness (joint with Ralf
Meyer). E|

Here we describe the dagger completion of a bornological V-algebra, which
is a key ingredient in the construction of our homology theory. It was already
observed in the seminar works of Monsky and Washnitzer, that in order to obtain
a well-behaved de Rham cohomology theory, we need to ‘complete’ a torsion-free
V-algebra lifting R of an F-algebra. They also observed that one cannot simply
work with m-adic completions and ensure the finite dimensionality of de Rham
cohomology, even in simple cases such as the affine line F. So the right thing to
do is to take a certain subalgebra R' of the m-completion R, which they call the
weak completion. If R is a polynomial algebra, then R' consists of overconvergent
power series. Quotients of dagger completed polynomial algebras appear naturally
in the context of Grofle-Klonne’s theory of rigid analytic spaces with overconvergent
structure sheaf.

In this paper, we describe the dagger completion process and its various inheri-
tence properties from the perspective of homological algebra. Our treatment uses
bornologies, which is the framework we choose for our cyclic homology theories. We
briefly recall some definitions from bornological analysis to keep the summaries of
the papers readable:

DEFINITION.

e A bornology on a set S is a collection of its subsets, called bounded sets,
such that all finite subsets are bounded, and subsets and finite unions
of bounded subsets are bounded. A bounded function f:S — T between
bornological sets is one which maps bounded sets to bounded sets.

2This paper is published in the Quarterly Journal of Mathematics (see [27]).
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e A bornological V -module is a V-module M with a bornology By, such that
any bounded subset is contained in a bounded V-submodule. A bornological
V -algebra R is a bornological V-module with a bounded multiplication
map R x R — R.

ExXAMPLE. We can always equip a V-module M with the collection of all finitely
generated V-submodules. This is called the fine bornology.

The fine bornology is the smallest bornology on a V-module. It is in essence
the ‘base’ bornology from the viewpoint of our applications, upon which we perform
further analytical operations. This is because the algebras we are interested in -
such as Leavitt path algebras, and coordinate rings of smooth curves - come with
no further analytical structure.

We now turn to the completion of a bornological V-module. A bornological
V-module M is said to be complete is every bounded subset S € B, is contained
in a bounded m-adically complete V-submodule T'. To define the completion of
M in the most enlightening manner possible, we state a result on the structure of
bornological V-modules:

PROPOSITION. |11, Proposition 2.5] The category of bornological V-modules
with bounded V-module maps is equivalent to the full subcategory of inductive systems
of V-modules, with injective structure maps.

DEFINITION. Let M be a bornological V-module, written as an inductive limit
of V-submodules M = li,an Let M; denote the m-adic completion of M;. Then

the completion M of M is defined as the quotient of the inductive limit h_I)nJ\’I\Z by
the bornological closure of the trivial V-module {0}.

For the definition of bornological closure, we direct the reader to the actual
paper. We only remark that taking this quotient ensures that the completion is
bornologically separated, that is, every bounded subset is contained in a w-adically
separated bounded V-submodule. Equivalently, the structure maps M; — M; of the
inductive system defining M remain injective when we take their m-adic completions
M, - ]\,[] The completion M ofa bornological V-module M is complete and admits
a canonical map M — M to it. Furthermore, it has the expected universal property:
if f:M — N is a bounded V-module map into a complete bornological V-module
N, then there exists a unique bounded V-module map M >N factorising f.

EXAMPLE. Any V-module with the fine bornology is complete. This is because
finitely generated V-modules are already m-adically complete.

We now talk about torsion-freeness, which is an important aspect of our lifting
constructions from the world of F-algebras. Recall, a V-module is torsion-free if
multiplication by 7 is an injective V-module map. It is bornologically torsion-free if
this map respects bornologies.

EXAMPLE. A torsion-free V-module M with the fine bornology is bornologically
torsion-free.

The example above implies that most algebras we are interested in studying,
such as the coordinate ring of a smooth affine variety over V' with the fine bornology,
are automatically also bornologically torsion-free. However, in order to arrive at the
weak completion of Monsky-Washnitzer, we will need to enlarge the bornology on a
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given V-algebra, and complete with respect to the enlarged bornology. It is therefore
natural to ask whether bornological torsion-freeness is preserved by completions.
This is indeed the case:

THEOREM. [27) Theorem 4.6] Let M be a bornologically torsion-free bornological
V-module. Then M is bornologically torsion-free.

Finally, we come to the growth condition of bounded subsets that is inherent
in the weak completion of Monsky-Washnitzer. A bornological V-algebra A is
called semi-dagger if whenever S is a bounded V-submodule, we have 7 - S? ¢
S. Trivially, any F-algebra with the fine bornology is semi-dagger. For torsion-
free V-algebras, however, we need to work with a larger bornology than the fine
bornology. Specifically, we equip a torsion-free bornological V-algebra A with
the bornology generated by V-submodules of the form Z;‘;O 71 891 where S is a
bounded submodule in the original bornology of A. This enlarged bornology is called
the linear growth bornology. It is by construction the smallest semi-dagger bornology
on A. We denote a bornological algebra A with the linear growth bornology by Aj,.
The enlargement of the bornology on A to the linear growth bornology produces a
canonical map A - A, that factorises any bounded algebra homomorphism into a
semi-dagger algebra. The following result shows the inheritance properties of linear
growth bornology and semi-dagger algebras for the notions previously introduced.

PROPOSITION. |27, Proposition 4.11, Proposition 3.8] If A is a bornologically
torsion-free V-algebra, then so is Aig. If A is a semi-dagger bornological V -algebra,

then so is its completion A.

Combining all the notions we have introduced so far, we can define a dagger
algebra:

DEFINITION. A dagger algebra is complete, bornologically torsion-free, semi-
dagger V-algebra.

We now show how to construct a dagger algebra from a given bornological
V-algebra.

DEFINITION. Let A be a bornologically torsion-free V-algebra. The dagger
completion AT of A is defined as the completion of A in its linear growth bornology,
that is, AT := Aj,.

We have only defined the dagger completion of a bornologically torsion-free V-
algebra since the algebras we are interested in are already bornologically torsion-free.
If A is not bornologically torsion-free, we would need to take the image A of A
inside A® F'. The dagger completion of A is then the completion of A in its linear
growth bornology. There is a universal map A - A" obtained by combining the maps
A— Ay, A—> A,y and A - E, that factorises a bounded algebra homomorphism
into a dagger algebra. And, the various inheritance properties of the three notions
that define a dagger algebra imply that the dagger completion A' is indeed a dagger
algebra.

An important feature of this bornological formalism is that these definitions
make sense also for noncommutative algebras. In Section [6] we compute the dagger
completion V[S]" of a monoid algebra V[S], which recovers Monsky-Washnitzer’s
weak completion if we set S = N¥. In Section [7, we compute the dagger completion
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of the crossed product algebra of a certain kinds of monoid actions. Finally, our
main result that is crucial for subsequent developments of the theory is the following
inheritence property for extensions of bornological algebras:

THEOREM. [27), Theorem 5.2] Let A > B - C be an extension of bornological
V-algebras. If A and C are dagger algebras, so is B.

Non-archimedean analytic cyclic homology (joint with Guillermo Cor-
tifias and Ralf Meyer). E|

In this article, we define a homology theory for projective systems of complete,
bornologically torsion-free bornological algebras (briefly, pro-algebras) over complete
discrete valuation rings V. The computations so far are directed towards two
classes of algebras that are interesting from the perspective of algebraic and non-
commutative geometry, namely, coordinate rings of smooth 1-dimensional affine
varieties over V', and Leavitt path algebras. Furthermore, the formal properties
of our theory provide computations for Laurent polynomials in n-variables and
higher dimensional Toeplitz algebras and Leavitt path algebras, taking us beyond
homological dimension 1.

Our construction uses dagger completions of certain generalised tube algebras
that are motivated from rigid cohomology. The m-th tube algebra of a torsion-free
V-algebra A with respect to an ideal I 9 A is defined as U(A, I™) = ¥.0°  w-bwlmn ¢
A® F. Varying m, we get a projective system U(A, 1) = (U(A,I™)),, of torsion-
free bornological algebras, with the subspace bornology inherited from A® K. In our
context, we use the tube algebra of the tensor algebra presentation JR » TR - R, of
a pro-algebra R. Taking a certain relative version of dagger completiorﬁ of the tube
algebra U (TR, JR>) with respect to the canonical ideal U(JR,JR*), we obtain a
pro-algebra T R, which fits in an extension

JR» TR > R,

with an appropriately nilpotent kernel J R.

The definition of our homology theory uses a certain quotient of the periodic
cyclic bicomplex (HP, B +b), called the X -complex. We do not define this here and
instead direct the reader to Section for its definition.

DEFINITION (Analytic cyclic homology). Let R be a pro-algebra. Its analytic
cyclic complex HA(R) is defined as the projective system of chain complexes X (T R®
F )ﬂ The homology of the homotopy inverse limit of HA is called the analytic cyclic
homology of R.

Our homology theory satisfies the following formal properties:

e Homotopy invariance for dagger homotopies (see Definition |4.1.1));
e Matricial stability and more generally, Morita invariance (Section |§| and

Section ;

e Excision for semi-split extensions of pro-algebras (Section .

3This paper is accepted for publication in Documenta Mathematica.

4n light of |27, Theorem 5.2], we must use this more technical completion in place of the ‘abso-
lute’ dagger completion of the tube-tensor algebra, because the quotient U(TR, JR™)/U(JR,JR™) =
R is not assumed to be semi-dagger.

5You can read the X -complex as HP for now. In what follows, we shall explain why it makes
no difference whether we use the X-complex or the periodic cyclic complex of TR
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We note here that the reason we tensor the X-complex with F' in the definition
of the analytic cyclic complex is to ensure homotopy invariance, on which several
key results rely.

To put our machinery into context, we shed some light on the Cuntz-Quillen
approach to cyclic homology theories. Their idea is to build a particular resolution
N » E - A of an algebra A, by an algebra E that has Hochschild cohomological
dimension 1, and nilpotent kernel N. Nilpotence of the kernel ensures that its
periodic cyclic complex is contractible. So the periodic cyclic homology of E is
the same as that of A. Homological dimension 1 ensures that the periodic cyclic
homology of E is computable by the X-complex. Finally, homotopy invariance of
periodic cyclic homology, and the universal property of 1-dimensional algebras imply
that any such extension can be used to compute the periodic cyclic homology of A.
A significant part of this paper contextualises such results in the non-Archimedean
setting. We recall some key definitions that appear in the paper.

DEFINITION (Analytic nilpotence). A pro-algebra (A, am n)nen is nilpotent
mod 7 if, for each m € N, there are n € N, and [ € N* such that a,, ,(A%) € 7A,,.
We call a pro-algebra analytically nilpotent if it is isomorphic to a projective system
of dagger algebras and is nilpotent mod 7.

In what follows, we shall call extensions of pro-algebras N = E - R analytically
nilpotent if the kernel N is analytically nilpotent. We call an extension semi-split
if it splits by a projective system of V-module maps. In other words, the splitting
map for the cokernel of the extension is only V-linear.

DEFINITION (Analytic quasi-freeness). A pro-algebra R is analytically quasi-free
if any semi-split, analytically nilpotent extension N » E — R splits by a pro-algebra
homomorphism R - E.

One of our main results is the following version of Goodwillie’s Theorem:

THEOREM . Let J » E 3 R be a semi-split, analytically nilpotent
extension of pro-algebras. Then p induces a chain homotopy equivalence HA(FE) ~
HA(R) and HA(J) is contractible. So HAL(E) 2 HA,(R) and HA,(J) = 0 for
+=0,1. If E is analytically quasi-free, then HA(R) is chain homotopy equivalent to
X(E®F) and HA,(R) is isomorphic to the homology of the homotopy projective
limit of X(E®F).

A particularly nice consequence of the theorem above is the case where the
algebra R is itself analytically quasi-free.

COROLLARY (4.7.2)). Let R be an analytically quasi-free algebra. Then HA(R) is
chain homotopy equivalent to X (R® F') and HA,(R) is isomorphic to the homology
of X(R®F).

The algebras mentioned at the beginning of the section, namely Leavitt path
algebras and smooth 1-dimensional algebras are analytically quasi-free. So the result
above makes our theory computable for them. The following is our main result
using analytic quasi-freeness:

THEOREM (9.2.9). Let X be a smooth affine variety over the residue field F of
dimension 1 and let A= O(X) be its algebra of polynomial functions. Let R be a
smooth, commutative algebra of relative dimension 1 with R/tR= A . Equip R with
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the fine bornology and let R be its dagger completion. If » = 0,1, then HA,(R'") is
naturally isomorphic to the de Rham cohomology of R'. This is isomorphic to the
Monsky—Washnitzer cohomology of A, which, if char(IF) >0, agrees with the rigid
cohomology H} (A, F) of X.

We can in principle use analytic quasi-freeness to compute our theory also for
Leavitt path algebras, but our coauthor Guillermo Cortifias pointed out a more
elegant way, that uses stability and excision. In what follows, let E be a directed
graph with vertices E° and incidence matrix Ng. Let C'(F) and L(E) denote the
Cohn and Leavitt path algebras, respectively.

THEOREM (8.1)). Let R be a complete bornological algebra. Let E be a graph
with countably many vertices. Then

HA(R® C(E)) ~HA(ReVE"),  HA(C(E))~ FF"),
HA(L(E)) ~ coker(Ng) @ ker(Ng)[1],
If EV is finite, then
HA(R® C(E)) ~ @ HA(R),

veEo

HA(R® L(E)) ~ (coker(Ng) @ ker(Ng)[1]) ® HA(R).

COROLLARY . HA(R®V[t,t7']) is chain homotopy equivalent to HA(R) &
HA(R)[1] and HA,(R® V[t,t71]) 2 HA.(R) ® HA,(R)[1].

The result above is very powerful as it provides nontrivial computations beyond
homological dimension 1. This is because the tensor product of two algebras
of homological dimension 1 can in general have homological dimension 2. We
can therefore iterate this result to get computations for tensor products of Laurent
polynomial algebras. Finally, all these results remain valid even for dagger completed
Cohn and Leavitt path algebras.

Analytic cyclic homology in positive characteristic (joint with Ralf
Meyer). E|

In this paper, we define analytic cyclic homology for an F-algebra A. The
construction proceeds as follows: let W be a complete, bornologically torsion-free
V-module lifting of A, which is viewed as a bornological V-algebra with the fine
bornology. Here by lifting we mean any bornological quotient map W 5 A. Such a
lifting always exists, as we can take the free V-module over A with the fine bornology.
Thereafter, we follow the Cuntz-Quillen machinery by using the tensor algebra
resolution I » TW — A to build tube algebras U(TW, 1) = (U(TW,I™))ms1 of
TW with respect to I.

A key difference to torsion-free theory developed previously arises here. Since
the canonical lifting of A is the free V-module W = V A, the dagger completions of
the tube-tensor algebras U(TW,I™) are hard to describe explicitly. So to remedy
this, we equip the tube algebras with the linear growth bornology and take their
X-complex. This yields chain complexes X (U(TW,I1°)1g) := X (UTW, I™)1g)ms1
of incomplete bornological V-modules.

6This paper is currently in the form of a manuscript I have written for the purpose of this
thesis. A journal version will follow shortly.
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DEFINITION (Analytic cyclic homology of A). The analytic chain complex of
A with respect to W is defined as the projective system of chain complexes of
bornological F-modules HA(A; W, 0) := (X (U(TW,1%°)1g ® F). We call the analytic
chain complex of A with respect to the natural lifting W =V A the analytic chain
complex HA(A) of A.

Thereafter, we take the homotopy inverse limit holim HA(A, W, 0) to obtain a
chain complex of bornological F-modules. Finally, we complete this chain complex
in the following weaker sense:

DEFINITION (Quasi-completion). Let M be a bornological V-module, written as
an inductive limit M = li_n)1Mi of its bornological V-modules. The quasi-completion

is defined as the inductive limit Q(M) = h_r)n]\//fl

The homology of the resulting chain complex Q(holim(HA(A, W, 0))) is called
the analytic cyclic homology of A with respect to g: W — A. The primary objective
of this paper is to find the correct derived category in which all such liftings yield
quasi-isomorphic analytic chain complexes. Such a derived category is constructed
using a certain exact category of locally split extensions of torsion-free bornological
V-modules (Section [3). The statement of the main result is as follows:

THEOREM . Let A be an F-algebra, let W be a complete, bornologically
torsion-free bornological V-module, and let o:W — A be a surjective V-module
map, bounded in the fine bornology on A. Then o induces a bounded V -algebra
homomorphism o#:TW — A. Then there is a canonical bornological F-module
isomorphism

HA, (4) 5 HA(A; W, 0).
The theory we define is homotopy invariant for polynomial homotopies and

matricially stable (see Section . Finally, the second key result of this paper is the
following excision theorem:

THEOREM . Let K » E - Q be an extension of finitely generated F-
algebras. Then there exists a semi-split extension of pro-dagger algebras IC = € - Q
that lifts the original extension of F-algebras. This yields the following long exact
sequence in analytic cyclic homology:

HAo(K) —“— HA¢(E) —— HA¢(Q)

il Is

HA1(Q) 55— HAL(E) < — HAy(K).






CHAPTER 1

Dagger completions and bornological
torsion-freeness

ABSTRACT. We define a dagger algebra as a bornological algebra over a discrete
valuation ring with three properties that are typical of Monsky—Washnitzer
algebras, namely, completeness, bornological torsion-freeness and a certain spec-
tral radius condition. We study inheritance properties of the three properties
that define a dagger algebra. We describe dagger completions of bornological
algebras in general and compute some noncommutative examples.

1. Introduction

In |28], Monsky and Washnitzer introduce a cohomology theory for affine non-
singular varieties defined over a field F of nonzero characteristic. Let V' be a discrete
valuation ring such that the fraction field F' of V has characteristic 0. Let m € V be
a uniformiser and let F = V/7xV be the residue field. Monsky and Washnitzer lift
the coordinate ring of a smooth affine variety X over F to a smooth commutative
algebra A over V. The dagger completion A" of A is a certain subalgebra of the
m-adic completion of A. If A is the polynomial algebra over V, then AT is the ring
of overconvergent power series. The Monsky—-Washnitzer cohomology is defined as
the de Rham cohomology of the algebra F ®y Af.

The dagger completion is interpreted in [11] in the setting of bornological
algebras, based on considerations about the joint spectral radius of bounded subsets.
The main achievement in [11] is the construction of a chain complex that computes
the rigid cohomology of the original variety X and that is strictly functorial. In
addition, this chain complex is related to periodic cyclic homology. Here we continue
the study of dagger completions. We define dagger algebras by adding a bornological
torsion-freeness condition to the completeness and spectral radius conditions already
present in [11]. We also show that the category of dagger algebras is closed under
extensions, subalgebras, and certain quotients, by showing that all three properties
that define them are hereditary for these constructions.

The results in this article should help to reach the following important goal:
define an analytic cyclic cohomology theory for algebras over F that specialises to
Monsky—Washnitzer or rigid cohomology for the coordinate rings of smooth affine
varieties over F. A general machinery for defining such cyclic cohomology theories is
developed in [26]. It is based on a class of nilpotent algebras, which must be closed
under extensions. This is why we are particularly interested in properties hereditary
for extensions.

If S is a bounded subset of a F-algebra A, then its spectral radius o(S) € [0, oo]
is defined in [11]. If A is a bornological V-algebra, then only the inequalities
0(S) < s for s > 1 make sense. This suffices, however, to characterise the linear
growth bornology on a bornological V-algebra: it is the smallest V-algebra bornology

21
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with o(S) <1 for all its bounded subsets S. We call a bornological algebra A with
this property semi-dagger because this is the main feature of dagger algebras. Any
bornological algebra A carries a smallest bornology with linear growth. This defines
a semi-dagger algebra Aj;. If A is a torsion-free, finitely generated, commutative
V-algebra with the fine bornology, then the bornological completion 'A_1g| of Ajg is
the Monsky—Washnitzer completion of A.

Any algebra over F is also an algebra over V. Equipped with the fine bornology,
it is complete and semi-dagger. We prefer, however, not to call such algebras
“dagger algebras.” The feature of Monsky—Washnitzer algebras that they lack is
torsion-freeness. The purely algebraic notion of torsion-freeness does not work
well for bornological algebras. In particular, it is unclear whether it is preserved
by completions. We call a bornological V-module A bornologically torsion-free if
multiplication by 7 is a bornological isomorphism onto its image. This notion has
very good formal properties: it is preserved by bornological completions and linear
growth bornologies and hereditary for subalgebras and extensions. So 'A_lg' remains
bornologically torsion-free if A is bornologically torsion-free. The bornological
version of torsion-freeness coincides with the usual one for bornological V-modules
with the fine bornology. Thus 'A_1g| is bornologically torsion-free if A is a torsion-free
V-algebra with the fine bornology.

A bornological V-module M is bornologically torsion-free if and only if the
canonical map M — F ®y M is a bornological embedding. This property is very
important. On the one hand, we must keep working with modules over V in order to
keep the original algebra over FF in sight and because the linear growth bornology only
makes sense for algebras over V. On the other hand, we often need to pass to the
F-vector space F' @y M — this is how de Rham cohomology is defined. Bornological
vector spaces over F' have been used recently to do analytic geometry in [5-7]. The
spectral radius of a bounded subset of a bornological V-algebra A is defined in [11]
by working in F' ®y A, which only works well if A is bornologically torsion-free.
Here we define a truncated spectral radius in [1, o] without reference to F ®y A,
in order to define semi-dagger algebras independently of torsion issues.

We prove that the properties of being complete, semi-dagger, or bornologically
torsion-free are hereditary for extensions. Hence an extension of dagger algebras is
again a dagger algebra.

To illustrate our theory, we describe the dagger completions of monoid algebras
and crossed products. Dagger completions of monoid algebras are straightforward
generalisations of Monsky—Washnitzer completions of polynomial algebras.

We thank the anonymous referee for helpful comments to improve the presenta-
tion in the paper.

2. Basic notions

In this section, we recall some basic notions on bornological modules and bounded
homomorphisms. See [11] for more details. We also study the inheritance properties
of separatedness and completeness for submodules, quotients and extensions.

A bornology on a set X is a collection Bx of subsets of X, called bounded sets,
such that all finite subsets are bounded and subsets and finite unions of bounded
subsets are bounded. Let V' be a complete discrete valuation ring. A bornological
V-module is a V-module M with a bornology such that every bounded subset is
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contained in a bounded V-submodule. In particular, the V-submodule generated by
a bounded subset is again bounded. We always write Bj; for the bornology on M.

Let M’ ¢ M be a V-submodule. The subspace bornology on M’ consists of
all subsets of M’ that are bounded in M. The quotient bornology on M /M’
consists of all subsets of the form ¢(S) with S € By, where ¢ M — M/M’ is
the canonical projection. We always equip submodules and quotients with these
canonical bornologies.

Let M and N be two bornological V-modules. A V-module map f:M - N
is bounded if f(S) € By for all S € By;. Bornological V-modules and bounded
V-module maps form an additive category. The isomorphisms in this category
are called bornological isomorphisms. A bounded V-module map f:M — N is a
bornological embedding if the induced map M — f(M) is a bornological isomorphism,
where f(M) € N carries the subspace bornology. It is a bornological quotient map
if the induced map M/ker f - N is a bornological isomorphism. Equivalently, for
each T € By there is S € By with f(S) =T.

An eztension of bornological V-modules is a diagram of V-modules

LR VEENS Y
that is algebraically exact and such that f is a bornological embedding and g a
bornological quotient map. Equivalently, g is a cokernel of f and f a kernel of g in
the additive category of bornological V-modules. A split extension is an extension
with a bounded V-linear map s: M — M such that go s =id~.

Let M be a bornological V-module. A sequence (z,)neny in M converges
towards x € M if there are S € By, and a sequence (8, )ney in V with lim|d,| =0
and z, —x €, -5 for all n e N. It is a Cauchy sequence if there are S € By, and a
sequence (0, )ney in V' with lim|6,| =0 and x,, - z,,, € 6; - S for all n,m,j € N with
n,m > j. Since any bounded subset is contained in a bounded V-submodule, a
sequence in M converges or is Cauchy if and only if it converges or is Cauchy in the
m-adic topology on some bounded V-submodule of M.

We call a subset S of M closed if x € S for any sequence in S that converges
in M to x € M. These are the closed subsets of a topology on M. Bounded maps
preserve convergent sequences and Cauchy sequences. Thus pre-images of closed
subsets under bounded maps remain closed. That is, bounded maps are continuous
for these canonical topologies.

2.1. Separated bornological modules. We call M separated if limits of
convergent sequences in M are unique. If M is not separated, then the constant
sequence 0 has a non-zero limit. Therefore, M is separated if and only if {0} ¢ M is
closed. And M is separated if and only if any S € By is contained in a m-adically
separated bounded V-submodule.

LEMMA 2.1. Let M’ 5 M % M" be an extension of bornological V-modules.
(1) If M is separated, so is M'.
(2) The quotient M" is separated if and only if f(M') is closed in M.
(3) If M" and M" are separated and M" is torsion-free, then M is separated.

PROOF. Assertion is trivial.

If M" is separated, then {0} € M" is closed. Hence g~1({0}) = f(M") is closed
in M. If M" is not separated, then the constant sequence 0 in M" converges to
some non-zero x'' € M. That is, there are a bounded subset S” ¢ M" and a null
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sequence (0, )ney in V' with 2" —=0¢€ 4, - S” for all n € N. Since g is a bornological
quotient map, there are x € M and S € By; with g(x) = 2" and g(S) = 5”. We may
choose y!! € 8" with 2" =6, -y!! and y, € S with g(y,) = y/!. So g(x - d,yn) = 0.
Thus the sequence (x -3,y ) lies in f(M"). It converges to x, which does not belong
to f(M’) because z” #0. So f(M’) is not closed. This finishes the proof of [(2)]
We prove Let = € M belong to the closure of {0} in M. That is, there
are S € By and a null sequence (6, )ney in V' with € §,, - S for all n € N. Then
g(z) € 6,,-9(9) for all n € N. This implies g(x) = 0 because M" is separated. So there
isyeM with f(y) =z. And f(y) =z €d,-S. Choose x,, € S with f(y) =6, - zp.
We may assume 6, # 0 for all n € N because otherwise z € ¢,, - S is 0. Since M"
is torsion-free, o, - x,, € f(M") implies g(x,) = 0. So we may write z,, = f(y,) for
some y, € M'. Since f is a bornological embedding, the set {y,:n ¢ N} in M’ is
bounded. Since M’ is separated and y = §,, - y,, for all n € N, we get y = 0. Hence
x=0. So {0} is closed in M. O

The quotient M /{0} of a bornological V-module M by the closure of 0 is called
the separated quotient of M. It is separated by Lemma 2.1} and it is the largest
separated quotient of M. Even more, the quotient map M — M /{0} is the universal
arrow to a separated bornological V-module, that is, any bounded V-linear map
from M to a separated bornological V-module factors uniquely through M /{0}.

The following example shows that Lemma [2.1)|(3)| fails without the torsion-
freeness assumption.

EXAMPLE 2.2. Let M’ =V and let M =V[z]/S, where S is the V-submodule
of V[x] generated by 1 —7"2" for all n € N. We embed M’ =V as multiples of
1=2° Then

M/M = é v/,

We endow M, M’ and M /M’ with the bornologies where all subsets are bounded.
We get an extension of bornological V-modules V » M — @;>, V/(x"). Here V
and @, V/(n™) are m-adically separated, but M is not: the constant sequence 1
in M converges to 0 because 1 =1-7"z" + 7"z"™ = 7"2" in M.

2.2. Completeness. We call a bornological V-module M complete if it is
separated and for any S € Bys there is T € Bys so that all S-Cauchy sequences
are T-convergent. Equivalently, any S € B), is contained in a m-adically complete
bounded V-submodule (see [11, Proposition 2.8]). By definition, any Cauchy
sequence in a complete bornological V-module has a unique limit.

THEOREM 2.3. Let M’ 2> M % M be an extension of bornological V -modules.

(1) If M is complete and f(M") is closed in M, then M’ is complete.

(2) If M’ is complete, M separated, and M" torsion-free, then f(M') is closed
in M.

(3) Let M be complete. Then M" is complete if and only if f(M') is closed
imn M.

(4) If M" and M" are complete and M is separated, then M is complete. If
M’ and M" are complete and M" is torsion-free, then M is complete.

PROOF. Statement is [11, Lemma 2.13], and there is no need to repeat the
proof here. It is somewhat similar to the proof of Next we prove Assume
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that M’ is complete, that M" is torsion-free, and that f(M’) is not closed in M.
We are going to prove that M is not separated. There is a sequence (z,,)pey in M’
for which f (2, )ney converges in M towards some z ¢ f(M’). So there is a bounded
set S ¢ M and a sequence (g ) ey in V' with lim |6 = 0 and f(x,) -z € §,, .S for all
n € N. We may assume without loss of generality that S is a bounded V-submodule
and that the sequence of norms |d,| is decreasing: let 0 be the d,, for m > n
with maximal norm. Then f(z,) -z € d,-S cd; -5 and still lim|§}| = 0. We
may write f(z,) -z = 6}y, with y, € S. Let m < n. Then &,9(ym) = —g(z) =
5:9(yn) and &7 /67, € V; this implies first 6%, - (¢(ym) — 9(yn) - 6,/05,) = 0 and then
9(ym) = g(yn) - 0 /0y, because M" is torsion-free. So there is z,,, € M’ with
Ym + f(Zmon) = Yn - 05 /6%,. We even have 2, ,, € f~1(S) because S is a V-submodule.
The subset f71(S) € M’ is bounded because f is a bornological embedding. We get
fxn) = f(@m) =65 yn — 6 Ym = f(07,2m.n) and hence x,, — Ty = 0.5, 2 for n>m.
This witnesses that the sequence (2, )nen is Cauchy in M’. Since M’ is complete, it
converges towards some y € M'. Then f(x,) converges both towards f(y) € f(M')
and towards x ¢ f(M’). So M is not separated. This finishes the proof of

Next we prove If f(M') is not closed, then Lemma shows that M" is
not separated and hence not complete. Conversely, we claim that M is complete
if f(M') is closed. Lemma 2.1 shows that M" is separated. Let S” € By». There
is S € By with g(S) = S” because g is a bornological quotient map. And there
is T € Bys so that any S-Cauchy sequence is T-convergent. We claim that any
S"-Cauchy sequence is g(T')-convergent. So let (z!!)nen be an S”-Cauchy sequence.
Thus there is a null sequence (0, )pey in V with 2, — !/ €d;-S” for all n,m,j e N
with n,m > j. As above, we may assume without loss of generality that the sequence
of norms |d,| is decreasing. Choose any xg € M with g(zo) = (. For each n € N,
choose y,, € S with zl/ ; — 2l =0, - g(yn). Let

n
Ty =20 + 00 Yo+ + Ot - Yot

Then g(zy,) = z. And Zpi1 — Tp = 0n - Yn € 0y - S. Since |, is decreasing, this
implies x,, — x, € 0, - S for all m >n. So the sequence (x,,)ney is S-Cauchy. Hence
it is T-convergent. Thus g(z,) = 2!/ is g(T)-convergent as asserted. This finishes
the proof of

Finally, we prove So we assume M’ and M" to be complete. If M" is
torsion-free, then M is separated by Lemma Hence the second statement in
is a special case of the first one. Let S € By;. We must find T € By; so that
every S-Cauchy sequence is T-convergent. Since M is separated, this says that it
is complete. Since M" is complete, there is a m-adically complete V-submodule
To € By that contains g(S). Since g is a bornological quotient map, there is
Ty € By with g(T1) = Ty Replacing it by T} + .5, we may arrange, in addition, that
S cT. Since f is a bornological embedding, Ty := f~(T}) is bounded in M’. As M’
is complete, there is T5 € By so that every To-Cauchy sequence is Ts-convergent.
We claim that any S-Cauchy sequence is Tj + f(T3)-convergent. The proof of this
claim will finish the proof of the theorem.

Let (2, )nen be an S-Cauchy sequence. So there are 6, € V and y,, € S with
lim |0, = 0 and p41 — &y, = O - Y. As above, we may assume that |d,| is decreasing
and that dp = 1. Since g(yn+r) € g(S) € Ty and Tj is m-adically complete, the
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following series converges in Tp:

[}

3 oy
(2.4) Wy ==Y 5+k 9(Ynik).
k=0 n

Since w,, € Ty, there is w,, € Ty with g(w,) = w,. So

N
Ong(wy) = lim —g ( > 5n+kyn+k)
k=0

= ]\1,1_1)1; 9(Tpn — TN4n+1) = 9(Tn) — ]\lfl_Igog(fEN)
In particular, g(wp) = g(x0) - impy_c g(xn). Now let
Ty = T — OpWy + Wo — To.
Then
9(2x) = 9(z1) = g(@) + lim g(zn) +9(wo) - lim g(zn) - g(z0) = 0.
So Ty € f(M') for all keN. And

(25) Tp4l =Ty = Tpyl — Tp — 6n+1wn+1 + 6nwn

1)
= 5nyn + 6nwn - 5n+1wn+1 = 5n ' (yn +wp — gfﬂwnJrl) .
n
Let zp, == yn + w, — ‘53"“ Wp41- A telescoping sum argument shows that
_ ~ 5n+1 ~ _
(2.6) 9(2n) = g(yn) + Wp — 5 Wp+1 = 0.

So z, € f(M"). And 2, € S+ T, + T, = T. Thus there is 2, € f(T}) = Ts
with z, = f(2,). Equation means that the sequence f~1(Z,) is Th-Cauchy.
Hence it is T3-convergent. So (Z,) is f(T3)-convergent. Then (x,) is Th + f(T5)-
convergent. [l

The following examples show that the technical extra assumptions in and
in Theorem [2.3] are necessary. They only involve extensions of V-modules with the
bornology where all subsets are bounded. For this bornology, bornological com-
pleteness and separatedness are the same as m-adic completeness and separatedness,
respectively, and any extension of V-modules is a bornological extension.

EXAMPLE 2.7. Let M’ := {0} and M := F with the bornology of all subsets.
Then M’ is bornologically complete, but not closed in M, and M/M' = M is
torsion-free. So Theorem [2.3)|(2)| needs the assumption that M be separated.

EXAMPLE 2.8. Let M be the V-module of all power series Y, c,x" with
lim |¢,,| = 0 and with the bornology where all subsets are bounded; this is the m-adic
completion of the polynomial algebra V[z]. Let M’ = M and define f: M’ - M,
f (Zf:;o cnx”) =Y genma™. This is a bornological embedding simply because
all subsets in M = M' are bounded. Let p, = ¥’ x’. This sequence in M’ = M
does not converge. Nevertheless, the sequence f(py) = Z;-LO i a7 converges in M to
P i3, Thus f(M') is not closed in M, although M and M’ are complete and f
is a bornological embedding. So Theorem [2.3)|(2)| needs the assumption that M" be
torsion-free.
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EXAMPLE 2.9. We modify Example 2.2] to produce an extension of V-modules
N’ > N - N” where N and N” are w-adically complete, but N is not w-adically
separated and hence not m-adically complete. We let N’ :=V/(7) =F. We let N”
be the m-adic completion of the V-module M" of Example That is,

N" = {(cn)neN € ﬁ V/(7"):lim|c,| = O}.

n=0

This is indeed m-adically complete. So is

Ny = {(cn)neN e [TV/(=""):lim|e,| = O}.
n=0

The kernel of the quotient map ¢: Ny - N is isomorphic to [Tor o V/(7) = [IxF.
This is a F-vector space, and it contains the F-vector space Y., F. Since any F-vector
space has a basis, we may extend the linear functional > F — F, (¢p)nen
Yo 0Cny to a F-linear functional o:[xF — F. Let L := kero C kerq and let
N := Ny/L. The map ¢ descends to a surjective w-linear map N - N”. Tts kernel is
isomorphic to [[yF/kero 2 F = N’. The functional o: [Ty F — F vanishes on &g — dx
for all k € N, but not on §g. When we identify [IyF = ker ¢, we map dy to k8L, € Ny.
So &y and %6, get identified in N, but 8 does not become 0: it is the generator of
N’ =V/(x) inside N. Since [60] = 7*[§;] in N, the V-module N is not m-adically
separated.

The completion M of a bornological V-module M is a complete bornological
V-module with a bounded V-linear map M — M that is universal in the sense that
any bounded V-linear map from M to a complete bornological V-module X factors
uniquely through M. Such a completion exists and is unique up to isomorphism
(see |11} Proposition 2.15]). We shall describe it more concretely later when we
need the details of its construction.

2.3. Vector spaces over the fraction field. Recall that F denotes the
quotient field of V. Any V-linear map between two F-vector spaces is also F-linear.
So F-vector spaces with F-linear maps form a full subcategory in the category of
V-modules. A V-module M comes from a F-vector space if and only if the map

(2.10) M - M, me mem,
is invertible. We could define bornological F-vector spaces without reference to V.

Instead, we realise them as bornological V-modules with an extra property:

DEFINITION 2.11. A bornological V-module M is a bornological F-vector space
if the map mp; in (2.10) is a bornological isomorphism, that is, an invertible map
with bounded inverse.

Given a bornological V-module M, the tensor product F'® M := F ®y M with
the tensor product bornology (see [11, Lemma 2.18]) is a bornological F-vector
space because multiplication by 7 is a bornological isomorphism on F.

LEMMA 2.12. The canonical bounded V -linear map
tpM - FQ M, m~1®m,

is the universal arrow from M to a bornological F-vector space, that is, any bounded
V-linear map f: M — N to a bornological F-vector space N factors uniquely through
a bounded V -linear map f#:F ® M — N, and this map is also F-linear.
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PROOF. A V-linear map f#:F ® M — N must be F-linear. Hence the only
possible candidate is the F-linear map defined by f#(z ®m) =z f(m) for m e M,
x € F. Any bounded submodule of F® M is contained in 77*V ® S for some bounded
submodule S ¢ M and some k € N, and f#(77*V ®S) = 737 (f(S)) is bounded in N
because 7y is a bornological isomorphism. Thus f# is bounded. [l

3. Spectral radius and semi-dagger algebras

A bornological V -algebra is a bornological V-module A with a bounded, V-linear,
associative multiplication. We do not assume A to have a unit element. We fix a
bornological V-algebra A throughout this section.

We recall some definitions from [11]. Let ¢ = |n|. Let S € B4 and let r < 1.
There is a smallest integer j with &/ <, namely, [log_(r)]. Define

rx S = qlos(Ml. g
Let ¥,°, 7™ » S™ be the V-submodule generated by U;>; 7" = S™. That is, its

[}

elements are finite V-linear combinations of elements in U;_; r™ x S™.

DEFINITION 3.1. The truncated spectral radius 01(S) = 01(S;B4) of S € B, is
the infimum of all r > 1 for which Y;° ;7" x S™ is bounded. It is oo if no such r
exists.

By definition, 01(S) € [1,00]. If A is an algebra over the fraction field F
of V, then we may define Y-, 77" » S™ also for 0 < r < 1. Then the full spectral
radius o(S) € [0,00] is defined like 01(5), but without the restriction to r > 1.
The arguments in the beginning of Section 3.1 in [11] assume implicitly that the
V-algebra A is a bornological subalgebra in a F-algebra, so that the spectral radius
is defined without truncation. This means that A is bornologically torsion-free (see
Proposition . The results in |11}, Section 3.1] work without this assumption if
the truncated spectral radius is used throughout and the following lemma is used
instead of |11, Lemma 3.1.2]:

LEMMA 3.2. Let S ¢ A be a bounded V-submodule and m € Ny1. Then 01(5) =1
if and only if Y72 (7™ S9) is bounded for all j € Ns;.

PROOF. Let 91(S) =1 and j € Nyj. Then Y72, 771871 ¢ $72, (e™9)F « Sk
is bounded because e™ < 1. Conversely, let 3% (7™S7)! be bounded. Then
01(m™87) = 1. The proof of [11, Lemma 3.1.2] shows that g;(S) < ™. This
inequality for all j € Ny; implies 1(S5) = 1. O

DEFINITION 3.3. A bornological V-algebra A is semi-dagger if 91(S) =1 for all
Se BA.

PROPOSITION 3.4 (|11} Proposition 3.1.3]). A bornological V-algebra A is semi-
dagger if and only if Y500 7' S™L is bounded for all S € By, if and only if Y52 w' S*d
is bounded for all S € B4 and ¢,d € N with d > 1, if and only if any S € B, is contained
in a bounded V -submodule U € A with 7-U-U cU.

DEFINITION 3.5. The linear growth bornology on a bornological V-algebra A is
the smallest semi-dagger bornology on A. That is, it is the smallest bornology B’
with o1 (S;B’) =1 for all S e B/,. Let Aj; be A with the linear growth bornology.

The existence of a smallest semi-dagger bornology is shown in [11] by describing
it explicitly as follows:
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LEMMA 3.6 ([11, Proposition 3.1.3 and Lemma 3.1.10]). Let T ¢ A. The
following are equivalent:

(1) T is bounded in Ag;
(2) Teyz2ymS™ for some S eBa.
(3) T ey, mS*? for some S € Ba and c,d € N with d > 1.

More precisely, the proof of [11, Lemma 3.1.10] shows that the subsets in
form a semi-dagger bornology that contains B4. And Proposition shows that
these subsets are bounded in any semi-dagger bornology on A that contains B4. So
they form the smallest semi-dagger bornology containing B4.

By definition, the algebra Aj, has the following universal property: if B is a
semi-dagger V-algebra, then an algebra homomorphism A — B is bounded if and
only if it is bounded on Aj;. The algebra A is semi-dagger if and only if A = Aj,.

THEOREM 3.7. Let A > B % C be an extension of bornological V -algebras.
Then B is a semi-dagger algebra if and only if both A and C are.

PROOF. First assume B to be semi-dagger. Let S € Ba. Then Y72, 7li(S)I+t
is bounded in B. Since i is a bornological embedding, it follows that Z;Zo 7l il
is bounded in A. That is, 01(S;B4) = 1. So A is semi-dagger. Now let S € Bc.
Since ¢ is a bornological quotient map, there is T € Bg with ¢(T') =.S. The subset
Z;’ZO mIT*! is bounded in B because B is semi-dagger. Its image under ¢ is also
bounded, and this is Y72, 7787*L So 01(S;Bc) =1 and C is semi-dagger.

Now assume that A and C are semi-dagger. We show that Y7o, (7257)! is
bounded in B for all S € Bg, j € Ny;. This implies 01(S;B85) =1 by Lemma

Since C is semi-dagger, 01(q(S);Bc) = 1. Thus So := 352, q(7S7)! is bounded
in C by Lemma Since ¢ is a quotient map, there is T € Bg with ¢(T") = S2. We
may choose T with 757 ¢ T'. For each x,y € T, we have q(z-y) € Sy- S € Sy = q(T).
Hence there is w(x,y) € T with 2 -y —w(x,y) €i(A). Let

Q={z-y-wz,y)z,yeT}.

This is contained in 72 - T. So Q € Bg. And T? ¢ T + ). By construction, € is
also contained in i(A). Since i is a bornological embedding, i~!({) is bounded in A.
Since A is semi-dagger, we have g1 (i"*(2);Ba) = 1. So ¥02, (7 - Q)™ is bounded.
Thus the subset

U= i(w.g)u iT.(W.Q)n: S () T+ ST (- )"

n=1 n=1
of B is bounded. Using T2 ¢ T + ), we prove that 7T -U ¢ U. Hence (#T)"-U cU
for all n € Ny; by induction. Since T ¢ U, this implies 3o, #/7"*1 ¢ U. Hence
Yoo (7T) = w32, ! T ¢ 7U. Therefore, Y72, (7T is bounded. Since 7257 ¢ 7T,
it follows that 72, (7257)! is bounded for all j, as desired. O

PROPOSITION 3.8 ([11, Lemma 3.1.12)). If A is semi-dagger, then so is its
completion A.

Let 'A_lg' be the completion of Aj,. This algebra is both complete and semi-
dagger by Proposition The canonical bounded homomorphism A — E is the
universal arrow from A to a complete semi-dagger algebra, that is, any bounded
homomorphism A — B for a complete semi-dagger algebra B factors uniquely



30 DAGGER COMPLETIONS AND BORNOLOGICAL TORSION-FREENESS

through it. This follows immediately from the universal properties of the linear
growth bornology and the completion.

4. Bornological torsion-freeness

Let M be a bornological V-module. The bounded linear map mwp;: M — M,
m 7 -m, is defined in (2.10].

DEFINITION 4.1. A bornological V-module M is bornologically torsion-free
if mps is a bornological embedding. Equivalently, 7 -m = 0 for m € M only happens
for m = 0 and any bounded subset of M that is contained in 7 - M is of the form
S =x-T for some T € B)y.

Bornological F-vector spaces are bornologically torsion-free because bornological
isomorphisms are bornological embeddings. We are going to show that M is
bornologically torsion-free if and only if the canonical map tpr: M - F @ M defined
in Lemma [2.12] is a bornological embedding. The proof uses the following easy
permanence property:

LEMMA 4.2. Let M be a bornological V -module and let N ¢ M be a V -submodule
with the subspace bornology. If M is bornologically torsion-free, then so is N.

PRrOOF. Let j: N - M be the inclusion map, which is a bornological embedding
by assumption. Since my; is a bornological embedding, so is w04 = jomy. Since j
is a bornological embedding, this implies that 7 is a bornological embedding. That
is, N is bornologically torsion-free. (]

PROPOSITION 4.3. A bornological V -module M is bornologically torsion-free if
and only if the canonical map tpr: M - F ® M is a bornological embedding.

PRrROOF. As a bornological F-vector space, F'® M is bornologically torsion-
free. Hence M is bornologically torsion-free by Lemma if tps is a bornological
embedding. Conversely, assume that M is bornologically torsion-free. The map ¢y
is injective because M is algebraically torsion-free. It remains to show that a
subset S of M is bounded if ¢3s(S) € FF ® M is bounded. If ¢p/(S) is bounded,
then it is contained in 7% -V ® T for some k € N and some T € By;. Equivalently,
7k (S) =% - S is bounded in M. Since 7/ is a bornological embedding, induction
shows that Wﬂ:M - M, m ~ ¥ -m, is a bornological embedding as well. So the
boundedness of 7%, (S) implies that S is bounded. O

PROPOSITION 4.4. Let My == 1pr(M) € F ® M equipped with the subspace
bornology and the surjective bounded linear map vpr: M — Mys. This is the universal
arrow from M to a bornologically torsion-free module, that is, any bounded linear
map f:M — N into a bornologically torsion-free module N factors uniquely through
a bounded linear map f#: My — N.

PROOF. Since F'® M is bornologically torsion-free as a bornological F-vector
space, M is bornologically torsion-free as well by Lemma [I.2] We prove the
universality of the canonical map tp;: M — Mis. Let N be a bornologically torsion-
free V-module and let f: M — N be a bornological V-module map. Then N - FQN
is a bornological embedding by Proposition [{:3] and we may compose to get a
bounded V-linear map M — F ® N. By Lemma [2.12] there is a unique bounded
F-linear map f"F® M - F® N with f'(tpr(m)) = f(m) for all m € M. Since
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f'epr(M)) € N, f" maps the submodule M ¢ F® M to the submodule N ¢ F® N.
The restricted map f#: My — N is bounded because both submodules carry the
subspace bornology. This is the required factorisation of f. It is unique because
Lyt M — My is surjective. O

We have seen that being bornologically torsion-free is hereditary for submodules.
The obvious counterexample F = V / 7V shows that it cannot be hereditary for
quotients. Next we show that it is hereditary for extensions:

THEOREM 4.5. Let M' > M % M" be an extension of bornological V -modules.
If M'" and M" are bornologically torsion-free, then so is M.

PRrROOF. The exactness of the sequence 0 — ker 7y — ker my; — ker 7y shows
that 7p; is injective. Let S € Bys be contained in 7M. We want a bounded subset
S’ e By with -5 = 8. We have ¢(S) € g(m-M) ¢ w-M", and ¢q(S) € Bur
because ¢ is bounded. Since M" is bornologically torsion-free, there is T" € By
with - T" = ¢(S). Since ¢ is a bornological quotient map, there is T € By; with
q(T)=T". Thus ¢(7-T) = q(S). So for any x € S there is y € T with q(7-y) = ¢(z).
Since @ = ker(q), there is a unique z € M’ with = — 7y = i(z). Let T’ be the
set of these z. Since z € m- M by assumption and M" is torsion-free, we have
zem-M'. SoT' crm-M'. And T' is bounded because T’ ¢ i"*(S —7-T) and i is a
bornological embedding, Since M’ is bornologically torsion-free, there is a bounded
subset U’ € By with w-U' =T'. Then Scrn-T+i(n-U")=m- (T +i(U")). O

Next we prove that bornological torsion-freeness is inherited by completions:

THEOREM 4.6. If M 1is bornologically torsion-free, then so is its bornological
completion M .

The proof requires some preparation. We must look closely at the construction
of completions of bornological V-modules.

PROPOSITION 4.7 (|11} Proposition 2.15]). Let M be a bornological V-module.
A completion of M exists and is constructed as follows. Write M = h_I)an as an

inductive limit of the directed set of its bounded V -submodules. Let M, denote
the w-adic completion of M;. These form an inductive system as well, and M =
(h_r)n]\Z) /@ is the separated quotient of their bornological inductive limit.

The completion functor commutes with colimits, that is, the completion of a
colimit of a diagram of bornological V -modules is the separated quotient of the colimit
of the diagram of completions.

Since taking quotients may create torsion, the information above is not yet
precise enough to show that completions inherit bornological torsion-freeness. This
requires some more work. First we write M in a certain way as an inductive limit,
using that it is bornologically torsion-free. For a bounded submodule S in M, let

7 "S={reM:m" - xeS}c M
Mg = U T S cM.
neN
The gauge semi-norm of S is defined by |z|g := inf{e":x € 7S}, where ¢ = |r|
(see [11, Example 2.4]). A subset is bounded for this semi-norm if and only if
it is contained in 77"S for some n € N. Since M is bornologically torsion-free,
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7~ "S e By for n € N. So subsets that are bounded in the gauge semi-norm on Mg
are bounded in M. If S ¢ T, then Mg € My and the inclusion is contracting and
hence bounded. The bornological inductive limit of this inductive system is naturally
isomorphic to M because any bounded subset of M is bounded in Mg for some
bounded submodule S ¢ M (compare the proof of [11} Proposition 2.5]).

The bornological completion ']\75' of Mg as a bornological V-module is canoni-
cally isomorphic to its Hausdorff completion as a semi-normed V-module. We call
this a Banach V-module. Both completions are isomorphic to the increasing union
of the m-adic completions 7n8. If S c T, then Mg € Mr and this inclusion is
norm-contracting. So we get an induced contractive linear map ir, S:']\TS' — 'J\TT'
This map need not be injective any more (see |11, Example 2.15]). Hence the
canonical maps z'(x,’S:'J\TS' - M need not be injective. The bornological completion
commutes with (separated) inductive limits by Proposition So the completion
of M is isomorphic to the separated quotient of the colimit of the inductive system

formed by the Banach V-modules ']\75' and the norm-contracting maps ir g for
ScT.

LEMMA 4.8. The submodules
Zg = ker(iooys:']\TS' - 'J\_f) = z;}s({()}) c 'ATS'

are norm-closed and satisfy i}}S(ZT) =Zs if ScT. They are minimal with these

properties in the sense that if Lg C 'J\Tg' are norm-closed and satisfy ZE%S(LT) =Lg
for ScT, then Zg ¢ Lg for all bounded V -submodules S € M.

PROOF. The property i}TS(ZT) = Zg is trivial. The map i s is bounded
and hence preserves convergence of sequences. Since M s separated, the subset
{0} ¢ M is bornologically closed. Therefore, its preimage Zg in ']\75' is also closed.
Let (Lg) be any family of closed submodules with i}%S(LT) = Lg. The quotient
seminorm on 'J\75|/LS is again a norm because Lg is closed. And 'ATS'/LS inherits
Completeness from Mg s by Theorem If Sc T, then 7 g induces an injective map
’LT I MS /Ls — MT /Lt because Lg = i S(LT) Hence the colimit of the inductive
system (Mg /Ls,ip g) is like a directed union of subspaces, and each Mg /Ls maps
faithfully into it. Thus this colimit is separated. It is even complete because each
'Z\TS'/LS is complete. Hence the map from M to this colimit induces a map on the
completion M. This implies Zg € Lg. (I

Next we link M to the m-adic completion M := 121 M /77 M. Equip the quotients
M /77 M with the quotient bornology. Since 7/ - (M /7?) = 0, any Cauchy sequence
in M /77 M is eventually constant. So each M /77 M is complete. Hence the quotient
map M — M /x/ M induces a bounded V-module homomorphism M — M /x/ M.
Putting them all together gives a map M - M , which is bounded if we give M the
projective limit bornology.

Let S ¢ M be a bounded V-submodule and let j € N. We have defined the
submodules Mg so that Mgnmi M = 7 Mg. That is, the he map MS/WJMS - M/ﬂ'JM
is 1nJectlve Since Mg is dense in its norm-completion Mg s, we have Mg s =Mg+miS
and hence Mg g = Mg+md Mg s . Thus the inclusion Mg — Mg s induces an isomorphism

Ms/ﬂ'jMS = m‘/ﬂ'jm.
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Letting j vary, we get an injective map Mg — M and an isomorphism between the
m-adic completions of Mg and Mg .

PROOF OF THEOREM [4.G For each bounded V-submodule S ¢ M, define Lg :=
MNjen 7l ']\75' c ']\75' This is the kernel of the canonical map to the m-adic completion
of ']\75' The completion 'J\TS' is torsion-free because it carries a norm. Hence Lg
is also the largest F-vector space contained in 'J\TS' The subspace Lg is closed
because the maps 'M_g' - 'J\TS'/Wj ']\75' for j € N are bounded and their target spaces
are separable, even complete.

Let S ¢ T. The maps Ms/n? Mg — My /m My are injective for all j € N, and
']\75:/71']"]\75 & Mg/ni Mg, E/wj'J\TT' ~ My /7 Mr. So irs induces an injective
map m/ﬂj'ﬁs‘ - 'J\TT'/wjm. This implies i}}s(wj'J\TT') = 19'Mg for all jeN
and then i}}S(LT) =Lg.

By Lemma the kernel Zg = ker(io,s) is contained in Lg for all S. Since 7,
is a bornological isomorphism, the subsets 7+ Zg € Zg are also bornologically closed,
and they satisfy iz'g(mw- Zp) =m- i}}S(ZT) =7m-Zg. Hence Zg C m-Zg for all S by
Lemma Thus Zg ¢ Lg is a F-vector subspace in ']\75' So the quotient 'J\TS'/ZS
is still bornologically torsion-free. And any element of 'J\TS' /Zs that is divisible by 7/
lifts to an element in 77 ']\75'

Any bounded subset of M is contained in loo,S (S) for some bounded V-submodule
S ¢ M, where we view S as a subset of ']\75' Let j € N. To prove that M is bornolog-
ically torsion-free, we must show that 7777, 5(S) is bounded. Let z € M satisfy
TIT € ing,5(5). We claim that 2 = i g(y) for some y € Mg with 7/y € §. This
implies that 777 -ies 5(S) is bounded in M . Tt remains to prove the claim. There are
a bounded V-submodule T ¢ M and z € My with x = too,7(2). We may replace T
by T + S to arrange that T2 S. Let w € S satisfy 7/ = ioo g(w). This is equivalent
to sz—iT,s(w) e kerio 7 = Zp. Since Zr is a F-vector space, there is zp € Zp with
72 —ir g(w) =m 2. Since x =ie (2 - 20), Wwe may replace z by z - zy to arrange
that m/z = ir g(w). Since Z.E%S(ﬂ'j'm) =19 Mg, there is y € Mg with 7 -y = w.
Then 7’z = w¥ip 5(y). This implies z = i g(y) because My is torsion-free. This
proves the claim. O

PROPOSITION 4.9. Let M be a bornological V-module. Then F ®M =2FeM
with an isomorphism compatible with the canonical maps from M to both spaces.

ProOOF. The canonical map M — M is the universal arrow from M to a
complete V-module. The canonical map M — F' ® M is the universal arrow from M
to a bornological F-vector space by Lemma Since F® M is again complete,
the canonical map M - F ® M is the universal arrow from M to a complete
bornological F-vector space. The completion F'® M is also a bornological F-vector
space. The canonical map M — F ® M is another universal arrow from M to a
complete bornological F-vector space. Since the universal property determines
its target uniquely up to canonical isomorphism, there is a unique isomorphism
F®M =F®M that makes the following diagram commute:

FeM —=% sFeM

~ .
M
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COROLLARY 4.10. If M is bornologically torsion-free, then the canonical map
M - F® M is a bornological embedding.

PRrROOF. Use the isomorphism F' ® M=FeM to replace the canonical map
M — F® M by the canonical map M — F'® M . This is a bornological embedding
if and only if M is bornologically torsion-free by Proposition And this is true

by Theorem O

Finally, we show that being bornologically torsion-free is compatible with linear
growth bornologies:

PROPOSITION 4.11. If A is a bornologically torsion-free V-algebra, then so
1S Alg-

PRrOOF. Let S cm- A be bounded in Ajg. Then there is T e B4 with S c T :=
Y2 T by Lemma The subset Ty := Y2, 7T also has linear growth.
And - -

Ty =T+ Y 7T =T+ 3 7T =T + 7Ty
i=1 i=0
Since T is bounded in A and A is bornologically torsion-free, 77T := {x € A:m-x € T}
is also bounded. We have 771§ c 77T} c 771 . T+ T5. This is bounded in A O

The following proposition answers a question by Guillermo Cortinas:

PROPOSITION 4.12. Let M and N be bornological V-modules. If M and N are
bornologically torsion-free, then so is M ® N with the tensor product bornology.

PROOF. Since M and N are torsion-free, so is M ® N, that is, multiplication
by m on M ® N is injective. Let U € M ® N be a subset such that 7U is bounded.
We must show that U is bounded. By the definition of the tensor product bornology,
there are bounded V-submodules S ¢ M, T'c N such that 7-U €S ®7T. Define

a8 ={zeM:mxeS}, 7T ={yeN:nyeT}.

These subsets are bounded because 7- (772S) ¢ S and 7- (77 1T) € T and M and N
are bornologically torsion-free. We claim that U ¢ 7715 ® 7~!7". This shows that U
is bounded.

Let w e U. We may write u = ij\il z;®y; withx; e M, y; € N. Since m-u € S®T,
we may write mu = Zﬁlzk ®wy with z;, € S, wp € T. Let Ac M and B < N be
the V-submodules generated by the elements x;, z; and y;, wy, respectively. These
submodules are finitely generated and torsion-free, hence free. And the canonical
map A® B - M ® N is injective. The submodules An S and B nT are also
free. Any V-module homomorphism between finitely generated free V-modules
may be brought into diagonal form with entries in {7} u {0} along the diagonal
by choosing appropriate bases in the V-modules. Therefore, there are V-module
bases as,...,a, and by,...,b,, of A and B, respectively, and 1 <n' <n, 1 <m’ <m,
0>a1 > > >y, 0> 61 > By > > B, such that 7% - a; and 7% - b; for
1<i<n’ and 1< 7 <m' are V-module bases of An S and BnT, respectively. We
may write u € A® B uniquely in this basis as u =}, ; u; ja; ® b; with u; j € V. By
assumption, 7-u = Yol yr ® wi € (SN A) ® (T'n B). By construction, the elements
7%*Piq; ®b; form a V-module basis of (SnA)® (TnB). Since the coefficients of Tu
in the basis a; ® b; of A® B are unique, it follows that u; ; = 0if ¢ >n' or j > m’,
and 7u; j € 7PV for 1 <i<n' and 1< j <m'. Hence u is a V-linear combination
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of (@ Drg; @ nPfiD+p; for 1 <i <n', 1< j<m/, where n, = max{n,0}. Since
(@ Drg e xS, 7r<af1)+bj e 71T, this implies u e 718 @ 77 !T. Since u € U was
arbitrary, we get U c 7 1S @ n71T. (]

Theorem [£.6] and Proposition [£.12] imply that bornological torsion-freeness for
complete bornological V-modules is hereditary for completed tensor products.

5. Dagger algebras

DEFINITION 5.1. A dagger algebra is a complete, bornologically torsion-free,
semi-dagger algebra.

THEOREM 5.2. Let A 5> B % C be an extension of bornological V -algebras.
If A and C are dagger algebras, so is B.

ProoF. All three properties defining dagger algebras are hereditary for exten-
sions by Theorems (because C' is torsion-free), and g

We have already seen that there are universal arrows A - Ay € F® A, A > Ay,
A—>7A from a bornological algebra A to a bornologically torsion-free algebra, to a
semi-dagger algebra, and to a complete bornological algebra, respectively. We now
combine them to a universal arrow to a dagger algebra:

THEOREM 5.3. Let A be a bornological algebra. Then the canonical map from A
to A" = (Ag)ig is the universal arrow from A to a dagger algebra. That is,
any bounded algebra homomorphism from A to a dagger algebra factors uniquely
through AY. If A is already bornologically torsion-free, then AT = 'A_lg'.

Proor. The bornological algebra A' is complete by construction. It is semi-
dagger by Proposition [3.8] And it is bornologically torsion-free by Proposition [I.11]
and Theorem [£.6] So it is a dagger algebra. Let B be a dagger algebra. A bounded
homomorphism A — B factors uniquely through a bounded homomorphism A - B
by Proposition [£:4] because B is bornologically torsion-free. This factors uniquely
through a bounded homomorphism (Ays)g > B because B is semi-dagger. And

this factors uniquely through a bounded homomorphism (A )i, — B because B
is complete. So A" has the asserted universal property. If A is bornologically
torsion-free, then A = A and hence A' = Al . O

DEFINITION 5.4. We call Af the dagger completion of the bornological V-algebra A.

6. Dagger completions of monoid algebras

As a simple illustration, we describe the dagger completions of monoid algebras.
The monoid algebra of N’ is the algebra of polynomials in j variables, and its
dagger completion is the Monsky—Washnitzer algebra of overconvergent power series
equipped with a canonical bornology (see |[11]). The case of general monoids is
similar.

The monoid algebra V[S] of S over V is defined by its universal property: if B is
a unital V-algebra, then there is a natural bijection between algebra homomorphisms
V[S] - B and monoid homomorphisms S — (B,-) into the multiplicative monoid
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of B. More concretely, V[S] is the free V-module with basis S or, equivalently, the
V-module of formal linear combinations of the form
3 @, zs€V, seb,
seS
with zs = 0 for all but finitely many s, and equipped with the multiplication
Z Ts0g * Z Y0y = Z TsYtOs.t-
seS teS s,teS

We give V[S] the fine bornology. Then it has an analogous universal property in the
category of bornological V-algebras. So the dagger completion V[S]' is a dagger
algebra with the property that bounded algebra homomorphisms V[S]' - B for a
dagger algebra B are in natural bijection with monoid homomorphisms S — (B, ).

Assume first that S has a finite generating set F'. Let F™ € S be the set of all
words s;---s; with s1,...,s; € F and k <n. This gives an increasing filtration on S
with FO = {1} and S = U2, F". For s € S, we define (s) € N as the smallest n
with s € F™. This is the word length generated by F. Let V[F"] € V[S] be the free
V-submodule of V[S] spanned by F™. Any finitely generated V-submodule of V[.S]
is contained in V[F"] for some n € N. By Lemma a subset of V[S] has linear
growth if and only if it is contained in M, = 3327/ (V[F"])’*! for some n € N»;.
That is,

Mlg = h_I)n Mn.
Recall the valuation v:V — Nu {co} defined by
v(z):=sup{neN:zer"V}.

By deﬁnition, the submodule M,, consists of all finite sums of terms z,0, with
xs€m -V and £(s) <n(j+1) for some j € N or, equivalently, £(s)/n < j+1<v(xs)+1.
That is, M,, contains a finite sum Y .gxsds with =5 € V and z; = 0 for all but
finitely many s € S if and only if v(zs) +1 > £(s)/n for all s € S. The m-adic
completion M,, of M,, is the set of all formal power series Y g Ts0s such that x5 e V|
v(zs)+124L(s)/n for all s €S and limy(s) o (2s) + 1 —£(5)/n = co. This implies
x5 — 0 in the m-adic norm, so that M, < V[S]. So the extension M, — M, of the

inclusion map M,, - M, .1 remains injective. Therefore, h_H)lm is separated, and it
is contained in V[S]. Proposition [4.7| implies
V[S]" = lim M,,.
—

Elements of V[S] are formal series Y .gxsds with z; € V for all s € S and
lim|z4| = 0. We have seen above that such a formal series belongs to M,, if and only
if v(xs)+124(s)/n for all s € S and limy(s) oo V(25) +1-€(s5)/n=00. If 0 < 1/n<c,
then v(x,)+1 > cl(s) implies v(x,)+1 2 £(s)/n and limy(s) e (25) +1-£(5)/n = o0.
Thus all ¥,.q 205 € V[S] with v(2s) + 1 > ¢f(s) belong to M,. Conversely, all
elements of M, satisfy this for ¢ = 1/n. Letting ¢ and n vary, we see that V[S] is

—

the set of all 3 .gxs0s in V[S] for which there is ¢ > 0 with
(6.1) v(zs)+12cl(s) for all se S,

and that a subset of V[S]' is bounded if and only if all its elements satisfy
for the same ¢ > 0. The growth condition does not depend on the word length
function ¢ because the word length functions for two different generating sets of S
are related by linear inequalities £ < af’ and £’ < af for some a > 0.
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Now we drop the assumption that S be finitely generated. Then we may write S
as the increasing union of its finitely generated submonoids. By the universal
property, the monoid algebra of S with the fine bornology is a similar inductive limit
in the category of bornological V-algebras, and its dagger algebra is the inductive
limit in the category of dagger algebras. Since V[S']t ¢ V[S'] € V[S] for any finitely
generated S’ ¢ S, we may identify this inductive limit with a subalgebra of ‘7—[§]
as well, namely, the union of V[S’]" over all finitely generated submonoids S’ ¢ S.
That is, V[S]! is the set of elements of V[S] that are supported in some finitely
generated submonoid S’ ¢ S and that satisfy for some length function on S’.

We may also twist the monoid algebra. Let V* = {z € V:|a| = 1} and let
¢S xS = V* be a normalised 2-cocycle, that is,

(6.2) c(r,s-t)-c(s,t) =c(r-s,t)-c(r,s), c(s,1)=¢c(1,s8)=1
for all r,s,t € S. The c-twisted monoid algebra of S, V[S,c], is the V-module V[S]
with the twisted multiplication

(6.3) Z Ts0g * Z YOy = Z xsyrc(s,t) - Ost.

seS teS s,teS

The condition is exactly what is needed to make this associative and unital
with unit §;. Since we assume ¢ to have values in V*, the twist does not change the
linear growth bornology. Therefore, the dagger completion VS, ¢]! consists of all
infinite sums Y, g xs0s that are supported in a finitely generated submonoid of S
and satisfy the growth condition , and a subset is bounded if and only if all its
elements satisfy these two conditions uniformly. Only the multiplication changes

and is now given by (6.3)).

EXAMPLE 6.4. Let S = (Z2, +) with the unit element 0. Define c((s1,52), (t1,t2))
A2 for some A € V*. This satisfies (6.2). The resulting twisted convolution alge-
bra is an analogue of a noncommutative torus over V. Indeed, let Uy = d(; ) and
Uz :=6(0,1) as elements of V[Z?, c]. Then §(_y gy =U;" and d(g,_1) = U " are inverse
to them, and d(y, ,,) = Ur" - Us*. So Uy, Uy generate V[Z?,c] as a V-algebra. They
satisfy the commutation relation

(6.5) Uy-Up=\-Uy-Us.

And this already dictates the multiplication table in V[Z?2, ¢]. The dagger completion
V[Z? c]" is isomorphic as a bornological V-module to the Monsky-Washnitzer
completion of the Laurent polynomial algebra V[U- fl, U;l], equipped with a twisted

multiplication satisfying (6.5)).
7. Dagger completions of crossed products

Let A be a unital, bornological V-algebra, let S be a finitely generated monoid
and let a: S — End(A) be an action of S on A by bounded algebra homomorphisms.
The crossed product A x, S is defined as follows. Its underlying bornological
V-module is A %y, S = @4eg A with the direct sum bornology. So elements of A x, S
are formal linear combinations Y . g as0s with as € A and as =0 for all but finitely
many s € S. The multiplication on A x, S is defined by

(5;9 as5s) : (t;; bt5t) = s;S as0us(by)dst.

This makes A x, .S a bornological V-algebra. What is its dagger completion?
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It follows easily from the universal property that defines A € A x, S that
(Axg )" = (AT 5,4 S)T;

here af is the canonical extension of a to the dagger completion A', which exists
because the latter is functorial for bounded algebra homomorphisms. Therefore,
it is no loss of generality to assume that A is already a dagger algebra. It is easy
to show that (A x S)' is the inductive limit of the dagger completions (A x S”)T,
where S’ runs through the directed set of finitely generated submonoids of S. Hence
we may also assume that S is finitely generated to simplify. First we consider the
following special case:

DEFINITION 7.1. The action a: S — End(A) is called uniformly bounded if any

U € B4 is contained in an a-invariant T € B4; a-invariance means as(7T) = T for all
seS.

If T is a-invariant, so is the V-module generated by T'. Therefore, « is uniformly
bounded if and only if any bounded subset of A is contained in a bounded, a-invariant
V-submodule. If A is complete, then the image of T in A is also a-invariant because
the maps a, are bornological isomorphisms. Hence we may assume in this case
that T in Definition [7.1]is a bounded, a-invariant m-adically complete V-submodule.

PROPOSITION 7.2. Let A carry a uniformly bounded action o of S. Then the
induced actions on A, Ay, and Aig are uniformly bounded as well. Hence so is the
induced action on At.

PrOOF. If « is uniformly bounded, then A is the bornological inductive limit
of its a-invariant bounded V-submodules. The action of « restricts to any such
submodule T and then extends canonically to its m-adic completion T. Then the
image of T in A is S-invariant as well. This gives enough S-invariant bounded
V-submodules in 4. So the induced action on 4 is uniformly bounded.

If the action o on A is uniformly bounded, then so is the action idg ® o on
B ® A for any bornological algebra B. In particular, the induced action on F'® A
is uniformly bounded. Since the canonical map A - F'® A is S-equivariant, the
image A of A in F'® A is S-invariant. The restriction of the uniformly bounded
action of S on F'® A to this invariant subalgebra inherits uniform boundedness. So
the induced action on A is uniformly bounded.

Any subset of linear growth in A is contained in Z;’;O mITI* for a bounded
V-submodule T'. Since « is uniformly bounded, T is contained in an a-invariant
bounded V-submodule U. Then Y52, 7/ U7+ 2 $52 7/ T7*! is a-invariant and has
linear growth. So a remains uniformly bounded for the linear growth bornology.

The uniform boundedness of the induced action on the dagger completion AT
follows from the inheritance properties above and Theorem [5.3] [l

ExXAMPLE 7.3. Let S be a finite monoid. Any bounded action of S by
bornological algebra endomorphisms is uniformly bounded because we may take

T =Y .g0s(U) in Definition

EXAMPLE 7.4. We describe a uniformly bounded action of Z on the polynomial
algebra A := V[x1,...,z,] with the fine bornology. So a subset of A is bounded
if and only if it is contained in (V + Vay + -+ Vx,)¥ for some k € Ny;. Let
a€GL,(V)<cEnd(V™) and be V™. Then

avpVizy,...,zn] > Vzy,.. z0],  (a1f)(2) = faz +b),
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is an algebra automorphism «; of A with inverse (a7 f)(z) = f(a (2 —b)). This
generates an action of the group Z by a,, := af for n € Z. If a polynomial f has
degree at most m, then the same is true for a; f and a_; f, and hence for «,, f for
all n € Z. That is, the V-submodules (V + Vz; + -+ Vz,)* in A for k € N are
a-invariant. So the action a on A is uniformly bounded. Proposition implies
that the induced action on V[x1,...,2,]" is uniformly bounded as well.

PROPOSITION 7.5. Let S be a finitely generated monoid with word length func-
tion €. Let A be a dagger algebra and let a: S — End(A) be a uniformly bounded
action by algebra endomorphisms. Then (AxS)T € [1,eg A. A formal series ¥ 4. g a0
with as € A for all s € S belongs to (A= S)' if and only if there are € >0 and T € Ba
with ag € TlOIT for all s€ S, and a set of formal series is bounded in (AxS)tif
and only if € >0 and T € By for its elements may be chosen uniformly.

PROOF. We first describe the linear growth bornology on A x S. Let B’ be the
set of all subsets U ¢ A x S for which there are T' € B4 and ¢ > 0 such that any
element of U is of the form Y .. gas0s with as € 7l for all s € S. We claim
that B’ is the linear growth bornology on A xS. The inclusion V[S] € Ax .S induces
a bounded algebra homomorphism V[S];; - (A » S)i,. We have already described
the linear growth bornology on V[S] in Section@ This implies easily that all subsets
in B’ have linear growth: write ﬂ'lse(s)Ja;ds =al, - ml#)5,. We claim, conversely,
that any subset of A x S of linear growth is contained in B’. All bounded subsets
of Ax S are contained in B’. It is routine to show that B’ is a V-algebra bornology.
We only prove that the bornology B’ has linear growth. Since « is uniformly
bounded, any T € B4 is contained in a bounded, a-invariant V-submodule T5. Then
T3 := Z;Zo 7 Tgﬂ is a bounded, a-invariant V-submodule with - T32 c T3 and
T ¢ Ts (see |11}, Equation (5)]). If a, € 7l*I Ty and a; e 7l#“OITy, then

7T2 Qg oy € 7T2+[EZ(S)J+[EZ(UJT32 c ,/T[sf(s-t)Jﬂ_TSZ c ,R_[EZ(s»t)JTS
because 1+ |el(s)|+ |el(t)] > |el(s-t)]. This implies

7'('2 . Z WLEZ(S)JTg(SS * Z Wtaé(t)JTgét c Z Wlae(s.t)JTgést c Z W[EZ(S)JTLQ,(SS.
seS teS s,teS seS

So any subset in B’ is contained in U € B’ with 72 -U? c U. By induction, this
implies (72U)*-U c U for all k e N. Hence Yie0 72kU**1 is in B’. Now Lemma
shows that the bornology B’ is semi-dagger. This proves the claim that B’ is the
linear growth bornology on A x S.

Since A as a dagger algebra is bornologically torsion-free, so is AxS. So (AxS)T
is the completion of (A x.S)i; = (A xS, B’). It is routine to identify this completion
with the bornological V-module described in the statement. (I

Propositions[7.2] and [7.5] describe the dagger completion of A x S for a uniformly
bounded action of S on A even if A is not a dagger algebra. Namely, the universal
properties of the crossed product and the dagger completion imply

(7.6) (AxS9) = (AT xS)T.
EXAMPLE 7.7. Let « be the uniformly bounded action of Z on V[x1,...,x]
from Example The induced action of on V[xzy,...,2x]" is also uniformly

bounded by Proposition [7.2] And (7.6) implies
(V[w,. oy xr] %a Z) 2 (Vo .. 2k ] =4 Z)T
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The latter is described in Proposition Namely, (V[x1,...,2x]" x,t Z)" consists
of those formal series ¥.,,.; and, with a, € V[z1,... ,xk]T for which there are € >0
and a bounded V-submodule T in V[z1,...,2;]" such that a, € 7l*"IT for all n € Z;
notice that |n| is indeed a length function on Z. And a subset is bounded if some
pair ¢, T works for all its elements.

We combine this with the description of bounded subsets of V[z1,...,zx]" in
Section [6} there is some § > 0 so that a formal power series ¥, cnr bma™ belongs
to T if and only if by, € 7'V for all m € N*. Here we use the length function
[(mq,...,mg)| = Z§=1 m;. We may merge the parameters ¢, > 0 above, taking their
minimum. So (V[z1,...,2x]xZ)" consists of the formal series Y nez.ment n,mT" Oy
with @y, € le(nl+ml)]
m e NF.

V or, equivalently, v(anm) +1 > e(|n| +|m|) for all n € Z,

If the action of S on A is not uniformly bounded, then the linear growth
bornology on A x S becomes much more complicated. It seems unclear whether the
description below helps much in practice. Let F' ¢ S be a finite generating subset
containing 1. Any bounded subset of A x S is contained in (Zse rT- 6S)N for some
N €N and some T € B4 with 1 € T. Therefore, a subset of A xS has linear growth
if and only if it is contained in the V-submodule generated by

U alenl(T- {6,:5 € F})"
n=1

for some € >0, T € B4. Using the definition of the convolution, we may rewrite the
latter set as

U WLEHJ ‘T ag, (T) * sy sy (T)“'asl“'sn—l (T) 551"'5" :

1s1,...,8p€F

s

n

The resulting V-module is the sum Y, g Usds, where Uy is the V-submodule of A
generated by finite products

{rlend ‘T, (T)0gys, (T):ineNyy, s1,...,8, € F, 818, = S}.

Here taking a factor 1 € T is allowed. Thus we may leave out a factor as,...s, (T).
This has the same effect as increasing n by 1 and putting s; = s} - s7 with s},s? € F.
Since F' generates S as a monoid, we may allow arbitrary s; € S when we change the
exponent of 7 appropriately. Namely, we must then replace n in the exponent of 7
by the number of factors in F' that are needed to produce the desired elements s;,
which is £51(s1) + -+ €51(8p), where €51(1) = 1 and #51(s) = £(s) for se S~ {1}. As
a result, Uy is the V-submodule of A generated by

pler (sl (sn))l . 4 0 o, (1) 0rgy s, (Tno1),

ne€Nsy, Tgy.. . Tn1 €T, S1,...,8, €S, S1-°Sp, = 8.
Now assume that S is a group, not just a monoid. Then any sequence of
elements g1, ..., g, € S may be written as g; = s1---s; by putting s; == g7, g; with
go =1. So Uy is the V-submodule of A generated by
WLE(ZZI (90" 91)+E=1 (91" g2)++E21 (9, 119n)) ] . Qg (1'0) cOg,y (-Tl)"'agnfl (xn—l)a

nENzl» an"'vxn—leT7 gOa"'agnES7 90:13 gn =9-
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These subsets U, for fixed T and € depend on g in a complicated way. The bornology
on A x G generated by these subsets is, however, also generated by the sets of the
form ¥ e 7et(9) . U dg4, where U is the V-submodule of A generated by

e (e 90+ (07 g2) 441 (200 (20) - g, (1)1, (@n1),
neNZl, TOyeeesTp-1 ET, gos---s9n-1 ES, g0=1,

for some T € By, € > 0. The reason is that

f(gn) - g(gnfl) < Z(ggllgn) < e(gnfl) + Z(gn)

and ((gn-1) < £72) £(g;219;). Therefore, replacing the exponents of 7 as above does

not change the bornology on A x G that is generated by the sets above when & > 0
varies.






CHAPTER 2

Non-archimedean analytic cyclic homology

ABSTRACT. Let V be a complete discrete valuation ring with fraction field F'
of characteristic zero and with residue field F. We introduce analytic cyclic
homology of complete torsion-free bornological algebras over V. We prove that
it is homotopy invariant, stable, invariant under certain nilpotent extensions,
and satisfies excision. We use these properties to compute it for tensor products
with dagger completions of Leavitt path algebras. If R is a smooth commutative
V-algebra of relative dimension 1, then we identify the analytic cyclic homology
of its dagger completion with Berthelot’s rigid cohomology of R ®y F.

1. Introduction

Analytic cyclic homology of complete bornological algebras over R and C
was introduced in [24] as a bivariant generalisation from Banach to bornological
algebras of the entire cyclic cohomology defined by Connes [9] and further studied by
Khalkhali [22]. Tt was shown to be stable under tensoring with algebras of nuclear
operators and invariant under differentiable homotopies and under analytically
nilpotent extensions and to satisfy excision with respect to semi-split extensions [26].

Let V be a complete discrete valuation ring whose fraction field F' has char-
acteristic zero. Let 7 be a uniformiser and let F := V/xV be the residue field. In
this article, we define and study an analytic cyclic homology theory for complete,
torsion-free bornological V-algebras (see Section [2] for the definitions of these terms).
For example, if R is a torsion-free, finitely generated, commutative V-algebra, then
its Monsky-Washnitzer dagger completion R' introduced in [28] is such a complete
bornological algebra (see [11,27]).

We prove that analytic cyclic homology is invariant under dagger homotopies
and under certain nilpotent extensions, that it is matrix stable, and that it satisfies
excision with respect to semi-split extensions. We use these properties to compute
the analytic cyclic homology for dagger completed Leavitt and Cohn path algebras
of countable graphs. For finite graphs, we also compute the analytic cyclic homology
for tensor products with such algebras. In particular, it follows that the analytic
cyclic homology of the completed tensor product of R with V[¢,¢1]" is isomorphic to
the direct sum HA,(R) @ HA,(R)[1], where HA, denotes analytic cyclic homology.
This is a variant of the fundamental theorem in algebraic K-theory.

We also compute HA, (R") for a smooth, commutative V-algebra R of relative
dimension 1. Namely, it is isomorphic to the de Rham cohomology of R'. If IF has
finite characteristic, then this agrees with Berthelot’s rigid cohomology of R ® F
(see |11]). Partial results that we have for smooth, commutative V-algebras of
higher dimension have not been included because we have not been able to prove
that analytic and periodic cyclic homology coincide in this generality.

Monsky—Washnitzer cohomology and Berthelot’s rigid cohomology are defined
for varieties in finite characteristic by lifting them to characteristic zero. In order to

43
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define analogous theories for noncommutative F-algebras, it is natural to replace de
Rham cohomology by cyclic homology. Indeed, in [11], Berthelot’s rigid cohomology
for commutative F-algebras is linked to the periodic cyclic homology of suitable dag-
ger completed commutative V-algebras. When we allow noncommutative algebras,
however, then the dagger completion process forces us to replace periodic cyclic
homology by the analytic cyclic homology that is studied here.

In work in progress, we are going to use the theory defined in this article in order
to define an analytic cyclic homology theory for algebras over the residue field F.
We want to prove HA,(A) 2 HA,(R") whenever R is a torsion-free V-algebra and
A~ R/mR is its reduction to an F-algebra. The crucial point is that this should not
depend on the choice of R — and this is where we need analytic instead of periodic
cyclic homology.

All theorems in this paper require the fraction field F' to have characteristic 0.
This is needed for the homotopy invariance of analytic cyclic homology because
the proof involves integration of polynomials. Our proofs of the excision theorem
and of matrix stability use characteristic 0 indirectly because they are based on
homotopy invariance. Variants of periodic cyclic homology such as (negative) cyclic
homology are not homotopy invariant. This is why our methods do not apply to
these theories.

Several groups of authors have recently been studying cohomology theories for
varieties in finite characteristic with different approaches. We mention, in particular,
the work of Petrov and Vologodsky [29] that uses topological cyclic homology.

This paper is organised as follows. Some notational conventions used throughout
the article are reviewed at the end of this introduction.

In Section [2] we recall some basic notions from bornological analysis and from
the Cuntz—Quillen approach to cyclic homology theories. In particular, we introduce
dagger completions relative to an ideal (Section and review the appropriate
notions of extension of bornological modules, noncommutative differential forms,
tensor algebra, and X-complex for bornological algebras.

Section [3| introduces the analytic cyclic pro-complex HA(R) of a complete,
torsion-free bornological algebra R. It is defined as the X-complex of the scalar
extension TR ®y F' of a certain projective system T R of complete bornological
V-algebras functorially associated to R. Hence, by definition, HA(R) is a pro-
supercomplex (that is, a projective system of Z/2-graded chain complexes) of
complete bornological vector spaces over F'. The analytic cyclic homology of R is
defined as the homology of the homotopy limit of HA(R),

HA,(R) := H, (holim HA(R)).

By definition, this is a Z/2-graded bornological vector space over F.

The results about excision, homotopy invariance and matrix stability in this
article are all about HA as a functor to the homotopy category of chain complexes
of projective systems of complete bornological F-vector spaces. Here “homotopy
category” means that we take chain homotopy classes of chain maps as arrows. It
seems, however, that we must pass to a suitable derived category for results that
compare HA for two different liftings of an algebra over the residue field F. We do
not discuss here which weak equivalences must be inverted in order to get a well
defined theory for algebras over F.
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Section [4] is concerned with analytic nilpotence. Analytically nilpotent pro-
algebras and analytically nilpotent extensions of algebras and pro-algebras are
introduced. A pro-algebra R is called analytically quasi-free if every semi-split,
analytically nilpotent extension of R splits. In particular, the analytic tensor pro-
algebra TR (see Definition is analytically quasi-free and is part of a semi-split,
analytically nilpotent extension

JR~»TR—> R.

We define dagger homotopy of (pro-)algebra homomorphisms using the dagger
completion V[t]T, and we show that any semi-split analytically nilpotent extension
N » E - R with analytically quasi-free E is dagger homotopy equivalent to the
extension above. We use this and the invariance of the X-complex under dagger
homotopies to show that HA is invariant under dagger homotopies. This implies
that HA is invariant under analytically nilpotent extensions and that HA(R) is
homotopy equivalent to X (R® F') if R is analytically quasi-free.
Section 5] is devoted to the proof of the Excision Theorem, which says that if

KSELQ
is a semi-split pro-algebra extension, then there is a natural exact triangle
HA(K) > HA(E) 5 HA(Q) > HA(K)[-1].

Applying the homotopy projective limit and taking homology, this implies a natural
6-term exact sequence

HAo(K) —2 HAo(E) —2— HA(Q)

il Is

HAL(Q) 55— HAL(E) — HA,(K).

The proof of the excision theorem follows the structure of its archimedean version
in [25}/26], and adapts it to the present case.

The stability of HA under matricial embeddings is proved in Section [f] Any
pair X,Y of torsion-free bornological V-modules with a surjective bounded linear
map (-,-):Y ® X - V gives rise to a dagger algebra '/\_/l'(X,Y) with underlying
bornological V-module X ® Y. We show in Proposition that HA is invariant
under tensoring with './\_/f(X ,Y). For example, the algebra of finite matrices M,
with n < oo and the algebra of matrices with entries going to zero at infinity are of
the form M (X,Y) for suitable X and Y. Thus HA is invariant under tensoring
with such algebras. This implies that HA for unital algebras is functorial for certain
bimodules and invariant under Morita equivalence (see Section [7)).

Section [§] is concerned with Leavitt path algebras. For a directed graph FE
with finitely many vertices and a complete bornological algebra R, Theorems [8.]
and compute HA(R® L(E)") in terms of HA(R) and a matrix Ng related to
the incidence matrix of E:

HA(R® L(E)") ~ (coker(Ng) @ ker(Ng)[1]) ® HA(R).

For trivial R, the homotopy equivalence HA(L(E)") ~ (coker(Ng) @ ker(Ng)[1])
is shown also for graphs with countably many vertices. If E is the graph with one
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vertex and one loop, it follows that HA satisfies a version of Bass’ fundamental
theorem:

HA(R® V[t,t]") ~ HA(R) ® HA(R)[-1].

We also compute HA(R® C(E)") for the Cohn path algebra of E if E has finitely
many vertices, and HA(C(E)?) if E has countably many vertices.

In Section [0l we show that if R is smooth commutative of relative dimension
one, then the analytic cyclic homology of its dagger completion is the same as the
rigid cohomology of its reduction modulo 7 (see Theorem . That is,

HA, (R") = H}},(R/7R)

for n =0,1. We outline the idea of the proof. By [11], H}},(R/7R) is isomorphic to
the periodic cyclic homology of Rt ® F. By Corollary HA and HP(-® F') agree
on analytically quasi-free bornological V-algebras. It is well known that a smooth
algebra R of relative dimension 1 is quasi-free in the sense that any square-zero
extension of R splits or, equivalently, that the bimodule Q!(R) of noncommutative
differential 1-forms admits a connection. We show in Theorem that if R is a
torsion-free, complete bornological algebra and V is a connection on Q'(R) that
satisfies an extra condition, then R' is analytically quasi-free. We prove that a
smooth commutative algebra of relative dimension 1 with the fine bornology admits
such a connection (see Lemma .
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1.1. Some notation. Throughout this article, we shall use the following
notation. Let N* be the set of nonzero natural numbers. Let V' be a complete
discrete valuation ring, 7 € V' a uniformiser, IF the residue field V//(7) of V, and F the
fraction field of V. While our definitions work in complete generality, our homotopy
invariance, stability and excision theorems only work if F' has characteristic zero.
All tensor products ® are taken over V. By convention, algebras are allowed to
be non-unital throughout this article. An ideal in a possibly non-unital V-algebra
means a two-sided ideal that is also a V-submodule.

2. Preparations

2.1. Bornologies. As in [11], bornological V-algebras play a crucial role. We
first recall some basic terminology about bornologies from [11,27].

DEFINITION 2.1.1. A bornology on a set S is a set B of subsets, called bounded
subsets, such that finite unions and subsets of bounded subsets are bounded and
finite subsets are bounded. A bornological set is a set with a bornology.

DEFINITION 2.1.2. A map f:S; - S; between bornological sets is bounded if
it maps bounded subsets to bounded subsets. It is a bornological embedding if it
is injective and T ¢ S; is bounded if and only if f(T) c S5 is bounded. It is a
bornological quotient map if it is bounded and any bounded subset T ¢ S5 is the
image of a bounded subset of S;.
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DEFINITION 2.1.3. A bornological V-module is a V-module R with a bornol-
ogy such that any bounded subset is contained in a bounded V-submodule or,
equivalently, the V-submodule generated by a bounded subset is again bounded. A
bornological V -algebra is a bornological V-module R with a multiplication Rx R - R
that is bounded in the sense that S-T is bounded if S,T ¢ R are bounded.

DEFINITION 2.1.4. A bornological V-module is complete if any bounded subset
is contained in a bounded V-submodule that is w-adically complete. The com-
pletion M of a bornological V-module M is a complete bornological V-module
with a bounded map M — M that is universal in the sense that any bounded

map from M to a complete bornological V-module factors uniquely through it (see
[11} Definition 2.14]).

ExXAMPLE 2.1.5. Let M be a V-module. The fine bornology on M consists
of those subsets of M that are contained in a finitely generated V-submodule. It
is the smallest V-module bornology on M. It is the only bornology on M if M
itself is finitely generated. If R is a V-algebra, then the fine bornology makes it a
bornological V-algebra. The fine bornology is automatically complete.

We always equip the fraction field F' with the fine bornology.

DEFINITION 2.1.6. Let M; and M> be bornological V-modules. The tensor
product bornology on the V-module M; ® M5 consists of all subsets that are contained
in 1 ® Sy for bounded V-submodules S; ¢ M, for j = 1,2. The complete bornological
tensor product M1 ® My is defined as the bornological completion of M; ® Ms with
the tensor product bornology.

The universal property of tensor products easily implies the following:

PROPOSITION 2.1.7. Let My, Ms and N be bornological V-modules. Bounded
V -linear maps My ® My — N are in natural bijection with bounded V -bilinear maps
My x My - N.

COROLLARY 2.1.8. Let My, My and N be complete bornological V-modules.
Bounded V -linear maps M, ® My — N are in natural bijection with bounded
V -bilinear maps My x My — N.

ExAMPLE 2.1.9. Continuing Example 2.1.5] let M; be a V-module with the
fine bornology and let Ms be a complete bornological V-module. Then the tensor
product bornology on M; ® Ms is already complete because the tensor product of
a m-adically complete V-module with a finitely generated V-module is complete.
Thus M; ® My = M; ® M, in this case. This applies, in particular, if M, = F. If
both M; and Ms carry the fine bornology, then the tensor product bornology on
M, ® My = My ® M, is the fine bornology as well.

DEFINITION 2.1.10 ([27] Definition 4.1]). A bornological V-module is (bornolog-
ically) torsion-free if multiplication by 7 is a bornological embedding.

REMARK 2.1.11. Let M be a bornological V-module. If S € M, then define
alS={zeM:m-zeS}.

This depends on M and not just on S. By definition, M is torsion-free if and only if
multiplication by 7 is injective and 7715 is bounded for all bounded subsets S € M.

PROPOSITION 2.1.12 (|27, Proposition 4.3]). A bornological V-module M s
torsion-free if and only if the canonical map M — M Q® F' is a bornological embedding.
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ExaMPLE 2.1.13. A V-module M with the fine bornology is torsion-free if and
only if M is torsion-free in the usual sense.

DEFINITION 2.1.14. Let M be any bornological V-module and define M;s €
M ® F' as the image of the canonical map M — M ® I, equipped with the restriction
of the bornology of M @ F.

PROPOSITION 2.1.15 (|27, Proposition 4.4]). The canonical map M — M is
the universal map from M to a torsion-free bornological V -module.

DEFINITION 2.1.16. A bornological V-algebra R is semi-dagger if any bounded
subset S ¢ R is contained in a bounded V-submodule T ¢ R with 7-T-T ¢ T (see
[27, Proposition 3.4]). Let R with the bornology B be a bornological V-algebra.
There is a smallest semi-dagger bornology on R that contains B. It is denoted B,
and called the linear growth bornology on R; we write Ry, for R with the linear
growth bornology (see [27) Definition 3.5 and Lemma 3.6]).

DEFINITION 2.1.17. A dagger algebra is a bornological V-algebra that is com-
plete, (bornologically) torsion-free, and semi-dagger. The dagger completion of a
bornological V-algebra R is a dagger algebra R' with a bounded V-algebra homo-
morphism R — R' that is universal in the sense that any bounded homomorphism
from R to a dagger algebra factors uniquely through it.

THEOREM 2.1.18 (|27, Theorem 5.3]). If R is already torsion-free, then R' is
the completion of Rig. In general, it is the completion of (Rt )ig.

EXAMPLE 2.1.19. The dagger completion R’ of a torsion-free, finitely generated,
commutative V-algebra is usually defined as the weak completion of R by Monsky
and Washnitzer [28]. This agrees with our definition of R' by |11, Theorem 3.2.1]:
the dagger completion of the fine bornology on R is naturally isomorphic to the
weak completion of R, equipped with a canonical bornology.

PROPOSITION 2.1.20 ([11} Proposition 3.1.25]). Let A and B be torsion-free,
complete bornological algebras. Then (A® B)ig = Ajg ® Bz and (A® B)' 2 A''® BT.

COROLLARY 2.1.21. A completed tensor product of two dagger algebras is again
a dagger algebra.

PROOF. A completed tensor product is complete by definition. It remains
semi-dagger by Proposition [2.1.20} and torsion-free by |27, Proposition 4.12]. O

2.2. Relative dagger completions. We shall define analytic cyclic homology
for torsion-free, complete bornological V-algebras R that need not be dagger algebras.
This uses a variant of the linear growth bornology relative to an ideal.

Let R be a V-algebra and let M and N be V-submodules of R. Let MN ¢ R
be the V-submodule generated by all products xy with x € M and y € N. Let

(2.2.1) Me =Y M MM =M
=0 i=1

A subset of R has linear growth if and only if it is contained in M® for some bounded
V-submodule M of R (with the present definitions, this is |27, Lemma 3.6]).

LEMMA 2.2.2. Let R be a V-algebra and let M, N € R be V -submodules. Then
(1) M°®+N°c(M+N)°;
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2) M-N°c((M-N+N)®)° and N°-M c ((N-M+N)P)°;
3) m-M®-M°c M
4) M°-N°c((M+N)®)e°;
5) (M°)°=M°.
PROOF. The definition of M® immediately implies The following computa-
tion shows the first assertion of

M - NO — Zﬂ_Qi*lMNQi + ZW%MN%H

i>1 >0
— Z ﬂ_Qi—l(MN)NQi—l + Z 7T21(MN)(N2)Z
i>1 120

c (MN +N)°+(MN +N?)°c ((MN + N)®)°,

Similar calculations give the second assertion of and Statement |(3)| follows
because - m¢ ML MITL = gi#i+1 ppivi++l for all 4,5 € N, Then 7+ (M°)**t ¢ M®
follows by induction on i. This implies ([l

DEFINITION 2.2.3. Let R be a bornological V-algebra and I < R an ideal. Let
Big(ry be the set of all subsets of R that are contained in M + N° for bounded
V-submodules M ¢ R and N ¢ I. This is a bornology on R, called the linear growth
bornology relative to I. Let Rygry be R with this bornology.

EXAMPLE 2.2.4. By definition, Bigy(gy = B and Byg(g) is the usual linear growth
bornology on R. So Ry = R and Rig(gr) = Rig-

LEMMA 2.2.5. The bornology Big(ry is an algebra bornology, and its restriction
to I is semi-dagger. Let S be a bornological V -algebra. A homomorphism f: R — S
is bounded for the bornology Big(ry if and only if f(N) has linear growth in S for all
bounded subsets N € I and f(M) is bounded in S for all bounded subsets M ¢ R.

PROOF. Since [ is an ideal, Lemma implies that Bjy () makes R a bornolog-
ical V-algebra. And a subset of I belongs to By if and only if it is contained
in N¢ for some bounded V-submodule N ¢ I. The restriction of By to I
is semi-dagger by Lemma If M and N are as in Definition then
f(M+N°®)=f(M)+ f(N)°. This is bounded in S if and only if f(M) is bounded
and f(N) has linear growth. O

LEMMA 2.2.6. Let R be a bornological algebra and let I and J be ideals in R
with I ¢ J and R|T = (R[I)\gy/1y.- Then Rigyy = Rig(ry. In particular, if R/T is
semi-dagger, then Rig(1y = Rig.

Proor. By Lemma the bornology Big(sy on R is the smallest one that
contains the given bornology and makes J semi-dagger, and similarly for 7. And the
assumption R/I = (R/I)gs/r) says that J/I ¢ R/I is semi-dagger in the quotient
bornology on R/I. This is the same as the quotient bornology induced by Big(r).
[27, Theorem 3.7] says that an extension of semi-dagger algebras remains semi-
dagger. This theorem applied to the extension I » J —» J/I, equipped with the
restrictions of the bornology Biy(ry on I and J and the resulting quotient bornology
on J/I shows that .J is semi-dagger also in the bornology Big(;y. Then Big( ;) € Big(r)-
And Byg (1) € Big(yy is trivial. O

LEMMA 2.2.7. Let R be a bornological algebra and I < R an ideal. If R is
torsion-free, then so is Rig(ry-
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PROOF. Let S € mR be a bounded subset in Ry, ;). By definition, there are
bounded submodules M ¢ R and N ¢ I with Sc M + N°. And

JWHW:M+N+Z#NM:M+N+w(2ﬂNM)

i=1 i=0

Since 7' N2 ¢ 7f(N®)¥*1 for all i > 0, the subset Y52, 7' N**? belongs to Big(r)-
Since M + N is bounded in R and R is torsion-free, 77 - (M + N) is bounded. Then

'S e (M+N)ca ' (M+N)+ Y 7m'N*? e By O

i=0
DEFINITION 2.2.8. Let R be a torsion-free bornological algebra and I < R an
ideal. The dagger completion of R relative to I is the completion (R, I)" := Rig(ry -

We shall never apply (relative) dagger completions when R is not already
bornologically torsion-free. In general, the correct definition of the relative dagger
completion of (R, I) would be (R, Ii¢)T, where I is identified with its image in Ry

(compare Theorem [2.1.18]).

PROPOSITION 2.2.9. Let R and S be torsion-free bornological V-algebras, I € R
an ideal, and f: R — S a bounded algebra homomorphism. Assume S to be complete.
There is a bounded algebra homomorphism (R,I)T - S extending f — necessarily
unique — if and only if f(M) has linear growth for each bounded V -submodule M
of I.

PROOF. Use Lemma [2.:2.5] and the universal property of the completion. O
We know no analogue of Proposition [2:1.20] for relative dagger completions.

2.3. Extensions of bornological modules. An extension of V-modules is
a diagram of V-modules

(2.3.1) K5E%Q
that is algebraically exact and such that ¢ is a bornological embedding and p is a
bornological quotient map. Equivalently, ¢ is a kernel of p and p is a cokernel of ¢ in

the additive category of bornological V-modules. The following elementary lemma
says that this category is quasi-abelian (see [35]):

LEMMA 2.3.2. Let (2.3.1) be an extension of bornological V-modules and let
fiK - K" and g: Q" - Q be bounded V-module maps. The pushout of i, f and the
pullback of p,g exist and are part of morphisms of extensions

Kyt s E—"%0Q K B 2y
I A N
K>y p TyQ, K" F—L3%0Q.
Here
K oFE
B ° E" = {(e,q") € Ex Q":p(e) = g(a")},

CA{(f(R),=i(k)) ke K}
equipped with the quotient and the subspace bornology, respectively, and f(e) =

[(0,e)], i'(K) = [(K",0)], p'[(K',e)] = p(e), g(e.q") = e, p"(e,q") = q", and i" (k) =
(i(k),0) foree B, k'e K', ¢" €eQ", ke K.
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The following proposition is an analogue of Lemma [2.2.6] for completions,
describing a situation when a partial completion relative to a submodule is equal to
the completion.

PROPOSITION 2.3.3. Assume @ in an extension (2.3.1)) of bornological V -modules
to be complete and bornologically torsion-free. Form the pushout diagram

Kr—sE—"%0Q

lcanK l»y H
/

K4 B -2y Q.

Then there is a unique isomorphism p: E' 5E such that p oy is the canonical map
E—->FE.

PrRoOOF. The bottom row is an extension I?X. Lemmam Then E’ is complete
by |27, Theorem 2.3]. The maps cang: E - E and i:K —> E induce a bounded
V-module map ¢:E' — E by the universal property of pushouts. Since E’ is
complete, the universal property of E gives a unique map 1/1:'5 — E' with ¢ocang = 1.
Then potocang = povy = cang. This implies po1) = id-E,u. Next, ¢og ocang =yoi =

i’ o cang implies o7 =i/, and then Y opoi’ =thoi =4 and oo~y =thocang =
imply ¥ o ¢ =idgs. So ¢ is an isomorphism. O

2.4. Injective maps between completions. Unlike in the Archimedean
case, all Banach spaces over F' have a simple structure. This implies that they all
satisfy a variant of Grothendieck’s Approximation Property. This is Proposition[2.4.5
and it will be useful to describe completions of tensor products.

DEFINITION 2.4.1. Let D be a set. Let Co(D,V) be the V-module of all
functions f: D — V such that for each § > 0 there is a finite subset S ¢ D with
|f(z)] < § for all x € D~ S. Define Co(D, F) similarly. Equip Co(D,V) and
Co(D, F') with the supremum norm.

THEOREM 2.4.2. Any m-adically complete, torsion-free V-module M is isomor-
phic to Co(D, V') for some set D.

PrOOF. The map M — M ® F is an embedding because M is torsion-free.
Define the gauge norm on F - M by

|z| := inf{|7r|j e M}.

It is a non-Archimedean norm and makes F - M a Banach F-vector space with unit
ball M. It takes values in {|7|":n € Z} u{0} by construction. Hence there is a set D
and an isometric isomorphism FM = Cy(D, F) (see |34, Remark 10.2]). It maps M
isomorphically onto the the unit ball of Co(D, F'), which is Co(D, V). O

COROLLARY 2.4.3. Let W be a complete, torsion-free bornological V -module.
Then W is isomorphic to the colimit of an inductive system of complete V-modules
of the form (Co(Dp, V), fr.m)n,mes with a directed set (S,<), sets D,, forn e S,
and injective, bounded V -linear maps fn m:Co(Dm, V) = Co(D,, V) for n,me S,
nzm.
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PROOF. The complete V-submodules of W form a directed set under inclusion.
This defines an inductive system with injective structure maps and with colimit W by
[11] Proposition 2.10]. Each complete V-submodule of W is m-adically complete and
torsion-free. Then it is isomorphic to Co(D, V) for some set D by Theorem (]

LEMMA 2.4.4. Let f: Co(Dl, V) > Co(DQ, V) and g: Co(Dg, V) = Co(D4, V) be
injective, bounded V -linear maps. Then the induced bounded map

f®g:Co(D1,V)®Co(D3,V) = Co(D2,V) ® Co(Dy, V)
is injective as well. And here Co(Dyn, V) ® Co(D,, V) 2 Co(Dyy x Dy, V).

PROOF. The universal property of the complete bornological tensor product
implies that Co(D1,V)®Co(D3,V) = Co(D1x D3, V) for all sets Dy and Ds. Define
Co(D1,Co(D3,V)) to be the space of all functions f: Dy — Co(D3, V) for which the
gauge norm | f| vanishes at co. There is a canonical isomorphism

Co(Dy x D3, V) 5 Co(D1,Co(D3,V)),  f (s f(s,°)).
Similarly, Co(D; x D3, V) = Co(Ds,Co(D1,V)). Now we factorise the map f® g as
Co(D1,V) & Co(Ds,V) 2 Co(Dy x D3, V) = Co(Dy, Co(Ds, V)
% Co(Dy, Co(Dy, V) = Co(Dy, Co(D1,V))
L Co(Da, Co(Da, V) = Co(Ds x Da, V) 2 Co(Da, V) & Co(Da, V)

here the maps f, and g. are injective because f and g are injective. (I

PROPOSITION 2.4.5. Let My, Wy, My and Wy be complete, torsion-free bornolog-
ical V-modules and let pj: M; - W; for j = 1,2 be injective bounded V-module maps.
Then 1 ® po: My ® My — W1'® Wy is injective.

PROOF. Write W; and W» as inductive limits as in Corollary 2.4.3] Then
W1 ® Ws is naturally isomorphic to the inductive limit of the inductive system
defined by the maps f1.n,.m; ® f2.n2.m2:Co(Dny, V) ® Co(Jny, V) = Co(Dyp,, V) ®
Co(Jmy, V), and Wy ® Wo is naturally isomorphic to the inductive limit of the
inductive system defined by the maps f1 1, ,m. ® f2,n,ma: Co(Dny, V)®Co(Jpn,, V) >
Co(Dpm,, V) ® Co(Jim,, V). All these bounded maps are injective by Lemma
Therefore, the tensor product is isomorphic to an ordinary union of these V-modules,
equipped with the bornology cofinally generated by these V-submodules. The tensor
products M7 ® My and M, ® M, are described similarly, and the maps ¢; and @9
are described by injective maps between the entries of the appropriate inductive
systems. Then Lemma shows that ¢, ® s is injective. O

2.5. The bimodule of differential 1-forms. We are going to define the
(complete) bimodule (' (A) of noncommutative differential 1-forms over a complete
bornological V-algebra A.

For a unital algebra in the usual sense, 2! (A) is defined in [16, Section 1] as
A® (A/C-1) with a certain bimodule structure. Its elements are denoted by adb
with a € A, b e A/C-1. We shall use the version for non-unital algebras, which
uses A" instead of A. It is clear from the definition that the map Q!'(A4) - A* ® A*,
adb~a®b-ab® 1, is an isomorphism onto the kernel of the multiplication map
AT ® AT - A*. In |26, Appendix A.3], Q!(A) is defined as this kernel when A is
an algebra in a symmetric monoidal category. The kernel exists and is a direct
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summand as a left or right module because the multiplication map A* ® A* - A*
splits as a left or right A-module map. This definition applies in our setting, using
the tensor product ® .

By definition, Q'(A4) ¢ A*'® A" is a complete bornological A-bimodule. The
map

d:A—>51(A), dz)=1®9z-2®1,

is the universal bounded derivation into a complete A-bimodule, that is, any bounded
derivation 0: A - M into a complete A-bimodule factors uniquely through d. Namely,
there is a unique bounded bimodule homomorphism (I L(A) > M, apday = ap-9(ay).
This factorisation exists because there are bornological isomorphisms

A*8 A QN(A), xQ®y+ xdy,
A AT - Q1(A), z@yw (dz)-y=d(z-y) - zdy.

The first one is left and the second one right A-linear.

We now relate O 1(A) to sections of semi-split, square-zero extensions of A (see
[26, Theorem A.53] or |16l Proposition 3.3]). Let M be a complete bornological
A-bimodule. Give A & M the multiplication

(a1,m1) : (a27m2) = (Cl1 tG2,a1 M2 +My 'a2)~

The inclusion M » A @& M and the projection A & M — A form a square-zero
extension that splits by the inclusion homomorphism A - A& M.

LEMMA 2.5.1. Let A be a complete bornological algebra and let M be a complete
bornological A-bimodule. There is a natural bijection between bounded bimodule
homomorphisms ﬁl(A) — M and bounded V -algebra homomorphisms A - A& M
that split the extension M » A® M — A.

PROOF. Any bounded linear section s: A - A @ M has the form a — (a,d(m))
for a bounded linear map 9: A - M. And s is multiplicative if and only if 0 is a
derivation. Bounded bimodule maps Q*(A) — M are in bijection with bounded
derivations. a

We shall also apply the definition and the lemma above to incomplete bornolog-
ical algebras, where we define Q!(A) by leaving out the completions in the construc-
tion above. And we shall use a variant of Q!(A) for projective systems of algebras.
In general, the definition and the lemma above carry over to algebras in any additive
monoidal category.

2.6. Tensor algebras and noncommutative differential forms. We de-
scribe the tensor algebra of a bornological V-module and the algebra of differential
forms over a bornological algebra and relate the two. All this goes back to Cuntz and
Quillen [16]. Their constructions make sense in any additive monoidal category with
countable direct sums, and we specialise this generalisation of their constructions to
bornological V-modules and to complete bornological V-modules. We shall mainly
use the uncomplete versions below because we are going to modify tensor algebras
further before completing them.

Let W be a bornological V-module. Equip W®" for n > 1 with the tensor
product bornology and TW := @,,5; W®" with the direct sum bornology; that
is, a subset M of TW is bounded if and only if it is contained in the image of



54 NON-ARCHIMEDEAN ANALYTIC CYCLIC HOMOLOGY

DN ®J for some n > 1 and some bounded submodule N ¢ W. The multiplication
TW xTW - TW defined by

(331 ®:® xn) : (In+1 ®® xn+m) =21 ® @ Tptm
makes TW a bornological algebra, called the tensor algebra of W. Let oy W - TW

be the inclusion of the first summand. It is a bounded V-module homomorphism,
but not an algebra homomorphism.

LEMMA 2.6.1. The map ow:W — TW is the universal bounded V -module map
from W to a bornological algebra. That is, TW is a bornological V -algebra and if
W = S is a bounded V -module map to a bornological V -algebra S, then there is a
unique bounded algebra homomorphism f7*:TW — S with f# ooy = f.

PROOF. The multiplication above is well defined and bounded by the universal
property of the bornological tensor product. Let f:W — S be a bounded V-module
map. Then there is a unique bounded V-module map f#:TW — S with

[P ®uy) = f(a1)-f(zn)

for all zy,...,2, € W. This is a bounded algebra homomorphism. And it is the
unique one with f# o oy = f. O

Let W be a complete bornological V-module. The completion of TW is

TW:=@wer,
n>1

the direct sum of the completed tensor products, equipped with the direct sum
bornology. By the universal property of completions, the canonical arrow oy : W —
TW is the universal bounded V-module map from W to a complete bornological
algebra. That is, T W is a complete bornological V-algebra and if f:W — S is a
bounded V-module map to a complete bornological V-algebra S, then there is a
unique bounded algebra homomorphism f#: TW — S with f# ooy = f.

REMARK 2.6.2. If W is torsion-free, then so is TW. If W is complete and
torsion-free, then so is T W. This uses [27, Theorem 4.6 and Proposition 4.12] and
that completeness and torsion-freeness are hereditary for direct sums.

Let R be a bornological V-algebra. Then so is TR. The identity map on R
induces a bounded homomorphism p := idﬁ: TR — R by Lemma m Let
(2.6.3) JR:=ker(p: TR - R).

This is a closed two-sided ideal in TR. The inclusion JR > TR and the projection
p: TR - R form an extension of bornological V-algebras, which splits by the bounded
V-module map ogr: R — TR. Similarly, if R is a complete bornological V-algebra,
then there is an extension of complete bornological V-algebras

JR»TR-»R

that splits by the bounded V-module map 75 .
The unitalisation of R is R™ := R@® V with the multiplication

(2, A) - (y, ) 3= (wy + pw + Ay, Ap)
for x,y e R, \,ue V. So (0,1) is the unit element in R*, which we denote simply

by 1. The inclusion map R — R" is the universal bounded homomorphism from R
to a unital bornological algebra.
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We are going to rewrite the tensor algebra using the Fedosov product on the
algebra of noncommutative differential forms, following Cuntz and Quillen [16].
This alternative picture is important because it allows to describe the ideal JR
and the tube algebras that we shall need. It is sketched in |26, Appendix A.3-4]
why all this continues to work for algebras in symmetric monoidal categories. This
observation goes back further to [15].

Let Q°R := R and, for n > 1, let Q"R := R* ® R®", equipped with the tensor
product bornology. That is, a submodule N ¢ Q"R is bounded if and only if
there is a bounded submodule M ¢ R such that N is contained in the image of
Q"M =M*® M®". Let QR = @,50 Q" R, equipped with the direct sum bornology.
We interpret an element xg ® r1 ® --- ® x,, € Q" R as a noncommutative differential
form z¢dz; ...dz,. There is a unique structure of differential graded algebra on QR
whose multiplication restricts to the given multiplication on R = Q°R and whose
differential satisfies

d(zodzy ...dx,) =1 -dexodzy ... dx,.
Namely, the (graded) Leibniz rule dictates that

2odxy...dTy, - Tpe1 dTpso .. AdTpam = Z(—l)"ijxo dzy...d(zj - zj41) ... dTpem.
§=0

The Fedosov product on a differential graded algebra such as QR is defined by
(2.6.4) Eon:=£En—(~1)7d(€)d(n) for e 'R, ne VR.

Recall the notation M) := YoM If pg > 0 and M,N ¢ R are bounded
V-submodules, then

(2.6.5) QPM @ QIN < QP*I((M + N)P) e QPT1*2((M + N)).

Hence (2R, ®) is a bornological algebra. Its completion QR is the bornological
direct sum @,,59 Q"R of the completed differential forms. Let Q°VR ¢ QR be the
bornological subalgebra of differential forms of even degree. In the following, we
always equip QYR with the Fedosov product.

The inclusion map R = Q°R < Q°V R induces a bounded homomorphism

(2.6.6) TR - Q%R, T1® @@Ly > X1 O O Ly,

by Lemma [2.0.2] which is, in fact, a bornological isomorphism. To understand why,
let f:R — S be a V-module map. Its curvature is the V-module map

wpR®R— S,  w(z,y)=f(z-y)-f(z) f(y)

It is bounded if f is. The composite of the induced homomorphism f#: TR — S
with the inverse of the map in (2.6.6) must be given by the formula

(2.6.7) fH(zoday ... dza,) = f(z0) -wi (21, 22) Wi (Toan 1, Ton)
because the inclusion map R — QYR has the curvature (z,y) » z-y—2 0y = da dy.
Indeed, this defines a bounded homomorphism f#:Q°R — S. So QR enjoys
the same universal property as TR. Then the map in is a bornological
isomorphism.

The map p: TR — R corresponds to the map p: Q'R — R that vanishes on Q"R
for n > 1 and is the identity on Q°R = R. Therefore, the isomorphism TR = Q'R
maps JR onto @,,51 2?"R. Then it follows by induction that the isomorphism maps
the ideal JR™ onto @,,,, 22" R. This simple description of all the powers JR™ is
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the main point of rewriting the tensor algebra using the Fedosov product on the
even-degree differential forms.

REMARK 2.6.8. The map JR®™ — JR™ splits by the bounded V-module map
given by

agday ... dCLQ(,,,H_n) — agdaq das ® dasday ® - @ das,,—3 dasy,—9 ® dagy,_1 .. .dagy,.
Thus JR®™ — JR™ is a quotient map, and the same is true upon completion.

2.7. The X-complex. The X-complex introduced by Cuntz and Quillen
in [17] is an important ingredient in their approach to cyclic homology theories. It
is defined for algebras in additive monoidal categories (see also |26, Appendix A.6]).
We shall specialise this definition to the additive monoidal category of complete
bornological algebras over F or V.

Let Q'(S)/[,] be the commutator quotient of ©1(S), that is, the quotient
of 11(S) by the closure of the image of

S8 A(S) - T(9), TOWH T w—w-XT.

With the quotient bornology, this is a complete bornological V-module (see |27
Theorem 2.3]). The closure comes in because we take a cokernel in the category of
complete bornological V-modules, which forces us to make the quotient separated.

Let ¢:Q1(S) - '(_2'1(5)/[,] be the quotient map. There is a unique bounded
linear map b:ﬁl(S) — S that satisfies b(zdy) = z-y—y-x. It descends to a bounded
linear map b:Q*(S)/[,] = S. The X-complex of S is the following Z/2-graded chain
complex of complete bornological V-modules:

x(8)=(s % QYS)/]).

We briefly call Z/2-graded chain complexes supercomplezes. If S is a complete
bornological F-algebra, then X (.9) is even a supercomplex of complete bornological
F-vector spaces.

3. Definition of analytic cyclic homology

Let A be a torsion-free, complete bornological V-algebra. We are going to define
the analytic cyclic homology of A. The idea is to make a universal “analytically
nilpotent” extension of A and then take the X-complex of that, tensored with F’
to ensure its homotopy invariance. (The conept of analytic nilpotence will be
introduced later in Section ) The starting point is the universal extension with
a bounded linear section, which is given by the tensor algebra extension. To make
the kernel of this extension nilpotent mod 7, we pass to a tube algebra. Then we
dagger complete this kernel to make it analytically nilpotent. The tube algebra
construction produces a projective system of algebras. Tensoring with F' and taking
the X-complex, we thus get a projective systems of chain complexes. We could
define analytic cyclic homology as an invariant in a suitable derived category of
such chain complexes. Our main theorems hold in that setting. We prefer, however,
to define it as an ordinary F-vector space. Therefore, we also apply the homotopy
projective limit and take homology in the very end.

Now we go through the construction in small steps. In the first step, let

R:=TA, 1:=JA,
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be the tensor algebra over A and the kernel of the canonical homomorphism TA - A.
The second step enlarges R to a projective system of tube algebras relative to
powers of the ideal I:

DEFINITION 3.1. Let R be a torsion-free bornological V-algebra and I an
ideal in R. Let I’ for j € N* denote the V-linear span of products x;---x; with
Z1,...,2;5 € I. The tube algebra of I' < R for [ e N* is

URTY:=Yn7I"cReF
=0
with the subspace bornology; this is indeed a V-subalgebra of R® F'. If [ > 7, then
U(R,I') cU(R,I’) is a bornological subalgebra. Let U(R, ) be the projective
system of bornological V-algebras (U(R, I'))en+-

Since U(R, I') is defined as a bornological submodule of an F-vector space, it is
bornologically torsion-free. And the inclusion R < U (R, I') induces a bornological
isomorphism U(R,I')® F* R® F.

REMARK 3.2. In [11} Definition 3.1.19], the tube algebra U(R, I') of a bornolog-
ical V-algebra is equipped with a different bornology, namely, the bornology that is
generated by subsets bounded in R and subsets of the form 7=*M! for bounded sub-
sets M c I. This makes no difference if R carries the fine bornology. For general R,
however, the two bornologies on the tube algebra need not be the same. It is easy
to check that both bornologies induce the same bornology on U(R,I')® F* R® F.
Thus the two bornologies coincide if and only if the bornology defined in [11] is
bornologically torsion-free. This concept is introduced only later in [27]. The
more complicated bornology defined in [11] gives the tube algebra the expected
universal property for bornological algebras that are torsion-free as algebras, but
not bornologically torsion-free.

The third step equips U(R,I') for I € N* with the linear growth bornology
relative to the ideal (I, I'). This gives a projective system of bornological algebras

UR, T Ngurr=y) = (UR T gu(,11))) 1o

because the inclusion homomorphism U(R, I'*') < U(R,I') maps U(I, 1) to
U(I,IY). All these bornological algebras are torsion-free by Lemma
The fourth step applies the completion functor. By [27, Theorem 4.6], this
gives a projective system of complete, torsion-free bornological V-algebras
UR,I=), UL T=)) = (UR ) U T, -

The fifth step is to tensor with F'. This gives a projective system of complete
bornological F-algebras

URI=),UULI®)N) @ F = (UR ), U ® F)iav:.

The sixth step is to take the X-complex. Being natural, it extends to a functor
from projective systems of complete bornological algebras to projective systems of
supercomplexes. In particular, the canonical maps U(R, I'*') - U(R, I') induce
bounded chain maps

o X((UR I UL I e F) » X((UR,IN,U(I,TY) ® F).
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These define a projective system of supercomplexes of complete bornological F-vector
spaces, which we denote by

HA(A) := X ((U(R,I®),U(1,I7)) @ F).

The seventh step takes the homotopy projective limit holimHA(A). More
explicitly, this is the mapping cone of the chain map

[T X(UR YUY e F) > [] X(UR,IH)UIIT)) &F),
leN* leN*

(21) = (1= 01(w141) ) -

It is a supercomplex of complete bornological F-vector spaces. The final, eighth
step takes its homology:

DEFINITION 3.3. The analytic cyclic homology HA,(A) of a complete, torsion-
free bornological -algebra A for * € Z/2 is the homology of holim HA(A), that is,
the quotient of the kernel of the differential by the image of the differential. We do
not take the closure of the image, so that this quotient need not be bornologically
separated. For this reason, we prefer to forget the induced bornology on HA, (A).

3.1. Bivariant analytic cyclic homology. Besides the analytic cyclic homol-
ogy functor HA,, we also have the functor HA taking values in suitable homotopy
categories of chain complexes of projective systems of bornological V-modules.
This functor contains more information. In particular, it yields a bivariant an-
alytic cyclic homology theory by letting HA, (A1, A3) be the set of morphisms
HA(A;) - HA(A2). Cuntz and Quillen use the same idea in [17] to extend periodic
cyclic homology to a bivariant theory. The actual definition of HA, (A1, A2) depends
on the choice of the target category, however, and this is somewhat flexible. We do
not pick any choice in this article, but only point out two natural options.

The analytic cyclic homology computations in this paper often prove a chain
homotopy equivalence HA(A) ~ HA(B), as supercomplexes of projective systems
of bornological V-modules. These are equivalences in the homotopy category of
supercomplexes, where homotopy is understood simply as chain homotopy. In all
cases where we compute HA, (A) in this paper, we actually prove that HA(A) is
chain homotopy equivalent to a supercomplex with zero boundary map, so that
it contains no more information than the bornological F-vector space HA,(A).
Homotopy projective limits are sufficiently compatible with chain homotopies to
preserve chain homotopy equivalence; and this implies an isomorphism on homology.

A larger class of weak equivalences is used in [15] to define a homotopy category
of chain complexes of projective systems. A good aspect of this construction is
that it clarifies the role of the homotopy projective limit: this just replaces a given
complex by one that is weakly equivalent to it and fibrant in a suitable sense, so
that the arrows to it in the homotopy category are the same as chain homotopy
classes of chain maps. Thus HA,(A) is isomorphic to the space of arrows from
the trivial supercomplex V to HA(A) in the homotopy category of [15]. We will
see later that HA(V') is chain homotopy equivalent to the trivial supercomplex V
(see Corollary . So the homotopy category of [15] is such that the bivariant
analytic cyclic homology group HA, (V, A) simplifies to HA, (A).
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4. Analytic nilpotence and analytically quasi-free resolutions

Cuntz and Quillen described the periodic cyclic homology of an algebra A
as the homology of the X-complex of a certain projective system built from the
tensor algebra TA of A. This approach to periodic cyclic homology is the key to
proving that it satisfies excision. The Cuntz—Quillen approach is carried over to
more analytic versions of periodic cyclic homology in [26]. Our proof of excision
for HA, in Section [5| will follow the pattern in [26]. In this section, we explain how
HA, as defined above fits into this framework.

4.1. Pro-Algebras. An important idea in |26] is that an analytic variant of
periodic cyclic homology is defined by a suitable notion of “analytic nilpotence”.
This leads to an analytic tensor algebra of an algebra A, which is universal among
analytically nilpotent extensions of A. It also leads to the concept of analytically
quasi-free algebras. The theory is set up so that any two analytically quasi-free,
analytically nilpotent extensions of a given algebra are homotopy equivalent. In
characteristic 0, this implies that their X-complexes are chain homotopy equivalent.
Thus the X-complex of the analytic tensor algebra is chain homotopy equivalent
to the X-complex of any analytically quasi-free resolution of A. In this discussion,
“algebras” are always more complex objects — such as projective systems of algebras
or bornological algebras — because there is no suitable concept of analytic nilpotence
for mere algebras without extra structure. For the analytic cyclic homology defined
above, the appropriate type of algebra is a projective system of torsion-free, complete
bornological V-algebras. For brevity, we call torsion-free, complete bornological
V-algebras algebras and projective systems of them pro-algebras.

A pro-algebra is given by a directed set (N, <), algebras A,, for n € N, and
bounded algebra homomorphisms o, n: A, = Ay, for m,n € N with n > m that
satisfy ay,,m =ida,, for all m € N and o, pn © 0 p = Qi p for all m,n,p € N with
p >n >m. The morphism set between two pro-algebras is

Hom((A))ier, (Bn)nen ) := L%nh_f)nHom(Al,Bn).
We shall only need pro-algebras (A, )neny where N is countable. Restricting to a
cofinal increasing sequence in N gives an isomorphic pro-algebra with NV = N. Then
the maps o, , are uniquely determined by oy, n41: Aps1 = A, for n e N

An algebra A is also a pro-algebra by taking A, = A and o, 541 :=id4 for all
n € N. Such projective systems are called constant. For a pro-algebra A = (A,, m.n ),
there are canonical morphisms A — const(A4,) for all n e N.

The analytic tensor algebra of a torsion-free algebra A is the torsion-free
pro-algebra (U(TA,JA>),U(JA,JA®))" in the above definition of analytic cyclic
homology. This comes with a canonical homomorphism to A, whose kernel is the pro-
algebra (U(JA,JA>))T. This projective system of complete, torsion-free bornological
algebras has two important extra properties: it is semi-dagger — hence dagger — and
nilpotent mod 7 — this concept will be defined below. A pro-algebra with these two
properties is called analytically nilpotent. The tube algebra construction and the
relative dagger completion in the construction of the analytic tensor algebra are the
universal way to make a pro-algebra extension with an analytically nilpotent kernel.

Any functor from algebras to algebras extends canonically to an endofunctor
on the category of pro-algebras by applying it entrywise. The definition of analytic
cyclic homology already used this extension to pro-algebras for completions and
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tensor products with F'. The constructions of TA and JA for algebras are also
functors and thus extend to pro-algebras. So is the tensor product bifunctor - ® —,
which extends to pro-algebras by

(An7 am,n)m,nEN '(5 (Bn7 Bm,n)m,nEN’
= (An1 6 Bn27am1,n1 6 /67)'L2,712 )7711,7L1€N,7n2,n2€N’-

In particular, we may tensor a pro-algebra with an algebra such as V[t]', viewed as
a constant pro-algebra.

DEFINITION 4.1.1. An elementary dagger homotopy between two morphisms
of pro-algebras fy, fi: A = B is a morphism of pro-algebras f: A - B® V[t] that
satisfies (idy ® evy) o f = f; for t =0,1. We call fy, f1 elementary dagger homotopic
if there is such a homotopy. Dagger homotopy is the equivalence relation generated
by elementary dagger homotopy.

4.2. The universal property of the tube algebra construction. First,
we generalise the construction of tube algebras to pro-algebras. Actually, in this
subsection, we drop the completeness assumption for algebras because tube algebras
are usually incomplete. So “algebras” are torsion-free bornological algebras and
pro-algebras are projective systems of such algebras until the end of this subsection.

An ideal in a pro-algebra A = (An,0mn)ien is a family of ideals I, < A,
with amn(In) € Iy, for all n,m € N with n > m; then «, , induces homomor-
phisms U(A,,I') - U(A,,,I\) for all | e N*, which intertwine the inclusion maps
U(An, IL) > U(A,, IJ) for 1 > j. These homomorphisms form a pro-algebra

u(Aa Ioo) = (U(A"’ Iil))neN,leN* )

If 1 e N*, then U(A,I') := (L{(An7 Irlt))neN is a pro-algebra. The pro-algebra U (A, I')

for [ e N* U {oo} contains U(I,I') as an ideal. Since A,, CU(A,,I.) for all ne N,
! e N*, the inclusion maps define a pro-algebra homomorphism ¢4 1: A - U(A,I%).

REMARK 4.2.1. The notion of ideal above suffices for our purposes and is
convenient to define the tube algebra quickly. It has the problem of not being
invariant under isomorphism of pro-algebras. A better definition would be to define
an ideal to be the kernel of a pro-algebra homomorphism. It is, however, possible
to switch to isomorphic pro-algebras to make a pro-algebra homomorphism into
a homomorphism of diagrams. And then the kernel becomes a family of ideals as
above. This allows to extend the construction of tube algebras to ideals in the more
general sense.

DEFINITION 4.2.2. A pro-algebra (A, & n)nen is nilpotent mod 7 if, for each
m € N, there are n € Ns,, and [ € N* such that am,n(Aln) ¢ mA,; here Al denotes
the V-submodule generated by all products z1---x; of [ factors in A,,.

REMARK 4.2.3. Let A = (A, &mn)mmneny be a pro-algebra. Let A/(m) be
the projective system of F-algebras formed by the quotients A, /(w) with the
homomorphisms induced by &, . By definition, A is nilpotent mod 7 if and only
if A/(m) has the following property: for each n € N there are m € N and [ € N*
such that the I-fold multiplication map (A4,,/(7))® — A, /() is zero. This is
equivalent to the definition that a projective system of F-algebras is pro-nilpotent
in |26, Definition 4.3].
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PROPOSITION 4.2.4. Let A and B be pro-algebras and let I and J be ideals
in A and B, respectively. Let p:A — B be a pro-algebra morphism that restricts
to a pro-algebra morphism I — J. Let 1o 12 A - U(A,I°°) denote the canonical
pro-algebra morphism.

(1) The pro-algebra U(I,I%) is nilpotent mod .

(2) If J is nilpotent mod m, then there is a unique morphism @:U(A,I*) - B
with @ova = ¢. It restricts to a morphism U(I,1°) — J.

(3) There is a unique morphism @ U(A,I%®) > U(B,J®) with @.otar =
tg,J o . It restricts to a morphism U(1,1°°) - U(J, J*).

PrOOF. Write A = (An, tmn)nen, I = (In)neny with ideals I, in A, with
mn(In) € I, and B = (B, Bmn)nen's J = (Jn)nens with ideals J, in B,, with
Bmn(Jn) € Jm. The tube algebra U(A,I%) is the projective limit of the tube
algebras U(A,, I°) in the category of pro-algebras.

Being nilpotent mod 7 is hereditary for projective limits. So it suffices to
prove when A is a constant pro-algebra. Fix n € N* and let m =2n, [ =n. Then

o0 n o0
(4.2.5) U T™ =U(I, 1) = (I + 3 w‘jﬂ”j) cI*+ Y 7l

=1 =1

because Z;’Zl 77I*" is an ideal in U(A, I?"). Since 771" and 7~2/I?™ are con-
tained in U(I,I™), all summands on the right hand side of are contained in
w-U(L,I™). Thus U(I,I°) is nilpotent mod 7.

We prove statement The morphism ¢: A — B is described by a coherent
family of V-algebra homomorphisms ¢,: Ay ) = By, for all n € N'. Each B, is
torsion-free by our definition of “algebra”. Then the homomorphism ¢,, is determined
by ¢, ® idr: Ay(n) ® F - B, ® F. By construction, U(A,,I™)® F = A, ® I for all
ve N, meN*. Thus a factorisation of ¢ through U(A,I°) is unique if it exists.

Fix n € N'. Since J is nilpotent mod =, there are m € N{,, and [ € N* with
Bmm(an) € m-Jp. Since ¢ is coherent, there is v € Ny () With By ;mo@moayom),, =
©n © Qp. Since ¢ restricts to a morphism I — J, we may also arrange that
©m © Qy(m),v (1) € Jm by increasing v if necessary. Hence

©n © O{n7’/(I]lj) = 6n,m ©Pm © amp(m),v(li) c ﬁn,'m(']yln) cm- Jn-

Thus the homomorphism (¢, o o, ) ®idp: A, ® F - B, ® F' maps the tube algebra
U(A,,I'Yc A, ® F into B, € B, ® F and U(I,,I) ¢ A, ® F into J,, € B, ® .
This gives a homomorphism @,,;:U(A,,I}) - B,, with @, o LA, 1L = Pn © Qp . Since
U(A,,I™) c A, ® F, the homomorphisms ¢,, inherit the coherence property of a
pro-algebra morphism from the maps ¢,,.

We prove statement of the proposition. We compose p: A - B with the
canonical map B — U(B,J*) to get a morphism A — U(B,J*). It restricts to
a morphism I - J — U(J,J*). The ideal U(J,J*°) in U(B,J*) is nilpotent
mod 7 by So shows that our morphism extends uniquely to a morphism
U(A,TI®) > U(B,J>) that maps U(I, 1) to U(J, ™). O

We summarise the tube algebra construction in category-theoretic language.
Let Pro be the category whose objects are pairs (A, I'), where A is a pro-algebra
and [ is an ideal in A and whose morphisms are pro-algebra morphisms that restrict
to a morphism between the ideals. The pairs (A, I) where I is nilpotent mod 7
form a subcategory Pro,; in Pro. The first two statements in Proposition [£.2.4]
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say that the canonical arrow (A4,1) — (U(A,I*),U(I,I*)) is a universal arrow
from (A, I) to an object in Pro,;;. Thus Pro,; is a reflective subcategory in Pro and
the reflector acts on objects by (A, I) ~ (U(A,I%°),U(I,I°)). Its functoriality is
Proposition (3)} If I is already nilpotent mod 7, then it follows that the identity
map on A extends uniquely to an isomorphism of pro-algebras U(A, [*°) = A.

The inheritance properties of nilpotence mod 7 proven in the following proposi-
tion are needed by the analytic cyclic homology machinery in [26].

PROPOSITION 4.2.6. The class of nilpotent mod 7 pro-algebras is closed under
the following operations:

o Let A>> B3 C be an extension of pro-algebras. If A and C are nilpotent
mod m, then so is B, and vice versa.

o A pro-subalgebra D ¢ B is nilpotent mod w if B is so and B/ D is isomorphic
to a projective system of torsion-free bornological V -modules.

e Being nilpotent mod m is hereditary for projective limits.

e A tensor product A® B is nilpotent mod 7 if A or B is nilpotent mod .

Proor. Remark [£.2.3] translates all these statements to statements about the
class of pro-nilpotent projective systems of F-algebras. In this way, the statements
follow from [26, Theorem 4.4]. We briefly explain direct proofs for the first two
claims. The claims about projective limits and tensor products are easy and left to
the reader. 4

As in [26], we may write any extension of pro-algebras A » B 5 Casa

L . i P . . .
projective system of extensions A,, = B,, = C,,, with morphisms of extensions

An =" B, —"» Cy,

J/am’n lﬁm,n J;Wn,n

A 2% B, 2% Cpn

for n > m as structure maps (this construction is also explained during the proof
of Proposition {4.3.13| below). Assume that A and C' are nilpotent mod 7. Pick
m € N. There are ny € N3, and j; € N* so that o, n, (A7}) € 7 A,,. And there are
ny € Nan, and jp € N* so that yn, 5, (C72) € 7-Chy . Then pr, (B, ino (BR2)) € 7 Ch, -
This implies B, n, (BJ2) € 7+ By, +in, (An, ). Then

6m,n2 (BZLIQIJ'Z S ﬂm,m (7r B, +1in, (A'"«l ))jl Em- By + Z‘m(O‘m,nl (Afil ))
S By +im(nAy) S By,

So B is nilpotent mod 7. Conversely, if B is nilpotent mod 7, then C' is nilpotent
mod 7 because p,, (By,) = Cp, and py, (7- By, ) = 7 Cyp,. The claim that A is nilpotent
mod 7 if B is follows from the claim about pro-subalgebras.

Given a pro-subalgebra D ¢ B, we may write B = (By, Bm.n)neny and D =
(Dn, Om,n )nen so that D,, ¢ B, for all n € N and 0, = Bm.nlp, : D & Dy, for all
m,n € N with m <n. Let m e N. Since B/D is isomorphic to a projective system
of torsion-free bornological V-modules, there is n € Ny, so that the structure map
B, /D,, - B,/ Dy, kills all elements x € B,,/D,, with 7-x = 0. Equivalently, if z € B,
satisfies 7 - x € Dy, then B, n(2) € Dy,. Thus By n(w-B,nD,) Cw-Dy,. If Bis
nilpotent mod 7, then there are [ € Ns,, and j € N* with Bn,l(Blj) cm- B,. Hence

S (D] €0 (001(D))) € B (- By D) €7+ Dy
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Thus D is nilpotent mod 7. O

4.3. Analytically nilpotent pro-algebras. From now on, “algebra” means
a complete, torsion-free bornological algebra.

DEFINITION 4.3.1. A pro-algebra J is analytically nilpotent if it is isomorphic
to a pro-dagger algebra and nilpotent mod 7. It is square-zero if its multiplication
map is 0. An extension of pro-algebras J » E - A is analytically nilpotent or
square-zero if J is analytically nilpotent or square-zero, respectively.

In an analytically nilpotent pro-algebra, any power series ). ¢, ™ for an “element”
x € J and a bounded sequence (¢, )neny in V may be evaluated (see the proof of
Proposition for the precise meaning of this in a pro-algebra). This uses
nilpotence mod 7 in order to reduce to sequences whose valuation grows linearly,
and being a pro-dagger algebra to ensure that such series converge.

DEFINITION 4.3.2. A pro-linear map between two pro-algebras is a morphism
of projective systems of bornological V-modules between them; so pro-linear maps
need not be multiplicative. An extension of pro-algebras J » E - A is semi-split if
it splits by a pro-linear map.

DEFINITION 4.3.3. A pro-algebra A is analytically quasi-free if any semi-split
analytically nilpotent extension J > E — A splits by a pro-algebra homomorphism
A - E. Tt is quasi-free if any semi-split square-zero extension J » E — A splits by
a pro-algebra homomorphism A - F.

The following lemma gives an equivalent reformulation of the last definition:

LEMMA 4.3.4. A pro-algebra A is analytically quasi-free if and only if, for any
semi-split analytically nilpotent extension J » E - B, any homomorphism f: A - B
lifts to a homomorphism A — E. A pro-algebra A is quasi-free if and only if, for
any semi-split square-zero extension J = E — B, any homomorphism f: A — B lifts
to a homomorphism A - E.

PrROOF. We may pull the given extension back to a semi-split extension J »
E - A, such that a section A — F is equivalent to a lifting of f. O

REMARK 4.3.5. A pro-algebra is square-zero if and only if it is isomorphic to a
projective system of torsion-free complete bornological V-modules, each equipped
with the zero map as multiplication. Then it is analytically nilpotent. As a
consequence, analytically quasi-free algebras are quasi-free.

PROPOSITION 4.3.6. The base ring V viewed as a constant pro-algebra is ana-
lytically quasi-free.

PROOF. The proof follows |17, Section 12]. This ideas is, in fact, much older,
see [23} Section 3.6]. Let J » F 5 Q be a semi-split, analytically nilpotent extension
of pro-algebras. Analytic quasi-freeness of V' is equivalent to the assertion that any
idempotent in @ lifts to an idempotent in . Here by an idempotent in a pro-algebra
A = (An)n, we mean a collection a = (a,), of idempotents a, € A,. Each a, € A,
is equivalent to a homomorphism V — A,,.

Let é = (é,)n € @Q be an idempotent and let e € E be the image of ¢ under
a pro-linear section for p:E - Q. Let x := e —e? € J. We use an Ansatz by
Cuntz and Quillen to find an idempotent é € E with e — € € J. Namely, we assume
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é=e+(2e—-1)p(x) for some power series ¢ € tZ[[t]]. As J is nilpotent mod 7, for
every [ € N, there are m(l) > and j(I) e N* with « ((l) = my;. To simplify notation,

we simply write this as 27 = 7y for some y € J and j € N*. Finally, since J is also a
pro-dagger algebra, ¢(z) € J for all ¢ € tZ[[t]]. We compute
e —e=(p(x)” + () (1 - 4x) -
So é2 = ¢ if and only if ¢(2)? +¢(z) = -%-. This is solved by ¢ () = Xooy (¥ 1)z".
This defines an element of J. Then é is the desired idempotent lifting. a
PROPOSITION 4.3.7. An algebra A is analytically quasi-free if and only if its
unitalisation A" is analytically quasi-free.

PROOF. Proposition implies this as in the proof of |26 Proposition 5.53].
U

PROPOSITION 4.3.8. Let (A )nen be a sequence of unital, analytically quasi-free
pro-algebras. Then @,y An is analytically quasi-free.

PRrROOF. The proof of [26, Proposition 5.53] carries over to this context. O
COROLLARY 4.3.9. The direct sum @,V is analytically quasi-free.

ProPOSITION 4.3.10. Let J; » E; » A; fori=1,2 be semi-split, analytically
nilpotent extensions of pro-algebras. Assume that Ey is analytically quasi-free.

(1) Any pro-algebra morphism f: Ay — As lifts to a morphism of extensions

Jl >—>E1 2 »Al

Ul
Jo — By —2% A,

This lifting is unique up to dagger homotopy.

(2) Let f, §: E1 = Ey be pro-algebra homomorphisms that lift homomorphz’sms
f,9: A1 3 Ay, Then an elementary dagger homotopy h: Ay - Ay ® V[t]
between f and g lifts to an elementary dagger homotopy h:Ey - B, ® V[t]t
between f and §.

(3) Any elementary dagger homotopy Ay — As ® V[t]! lifts to an elementary
dagger homotopy Ey — Ey® V[t]'.

PrROOF. Let f: Ay - As be a pro-algebra homomorphism. Since F; is analyt-
ically quasi-free and the extension Jy » Fy - Ay is semi- spht and analytically
nllpotent the homomorphlsm f o q lifts to a homomorphism f FE; - FE5. Since
Q2 © f f o q1 vanishes on Jy, f restricts to a homomorphism J; — J5. Thus f gives
a morphism of extensions.

The uniqueness claim in follows from by taking f =g¢. And follows
fro and So it remains to prove Assume that we are in the situation
of Let evg,evi: A2 ® V[t]T = Ay and evg,evi: By ® V[t] = E, denote the
evaluation homomorphisms. Form the pull-back pro-algebra

£ E2 (&) E2
l l@@qz
A, B V[T 0y 4, 0 4,
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The universal property of the pull back gives pro-algebra homomorphisms
q:=(evp,evi, 2 ® idv[t]f)*lEQ ® V[t]' - &,
(f,9:hoq) By > €,
because f and g lift evy o b for ¢ = 0,1, respectively. Let
VI[t]§ = {p e Vt]":¢(0) =0, o(1) = 0}.
We claim that ¢ is part of a semi-split extension of pro-algebras
(4.3.11) Jo @ V[t]| » E2® V[t]! - &.

To see this, we forget multiplications and treat everything as a projective system of
bornological V-modules. In this category, a pro-linear section s: Ay - Fs for the
semi-split extension Jy - Eo - As gives a direct sum decomposition Fo = Jo @ As.
And V[t]" 2 V[t]{ ® V @ V, where the latter two summands are, say, spanned by
the functions 1 —+¢ and ¢. This induces decompositions

Agg V[t]T = (Ag'é)‘ V[t]g) ® A2 @AQ, _Eg'é| V[t]T = (EQ"g V[t]g) ® Fo @ .E27

such that (evg,evy) is the projection to the second and third summand both for Ag
and F5. These direct sum decompositions imply

B V[t 2 (LB V[t]) e (A@ V[t])eFe Ey 2 (L8 V[t]) @ &.

And this proves the claim.

Corollary and Proposition imply that the tensor product Jo ® V[t]g
is analytically nilpotent. Since F; is analytically quasi-free, the homomorphism
(f,9,hoq) lifts to a homomorphism h: By - E2® V[t]" in the extension (©311).
This finishes the proof of (]

COROLLARY 4.3.12. Any two analytically quasi-free, analytically nilpotent ex-
tensions of a pro-algebra are dagger homotopy equivalent.

PROOF. By Proposition [£.3.10} there are morphisms of extensions in both
directions which lift the identity map on A and whose composite maps are dagger
homotopic to the identity maps. ([l

PROPOSITION 4.3.13. Let A > E - B be an extension of pro-algebras. If A
and B are isomorphic to projective systems of dagger algebras, then so is E. If A
and B are analytically nilpotent, then so is E.

PROOF. Being nilpotent mod w is hereditary for pro-algebra extensions by
Proposition Hence the second statement follows from the first one. Its proof
has several steps. First, we rewrite the given extension of pro-algebras as a projective
limit of a projective system of algebra extensions. Similar ideas in a less specialised
setting also appear in |4, Appendix].

Write E and B as projective systems of (torsion-free, complete bornological)
algebras (Ey, VYn,m) and (By, Bn,m) that are indexed by directed sets Ng and Np,
respectively. By assumption, B is isomorphic to a projective system of dagger
algebras. We assume that we have picked this representative above, that is, each B,,
is a dagger algebra. We describe the pro-algebra morphism E — B by a coherent
family of bounded homomorphisms ¢,: Ey,,) = By for all n € Ng. Let N :=
{(m,n) e Ng x Ng:m >m(n)}. Define a partial order on N by (m1,n1) > (o, na)
if my 2 mo, n1 2 n2, m1 2 m(nz), and By, © Pny © Vm(ng)my = Pra © Vm(ne),ma -
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This partially ordered set is directed because N and Ng are directed and the
maps @, for n € N form a morphism of projective systems. The objects E,, and B,,
for (m,n) € N and the maps v, m, and Bp, n, for m; > my and ny > ng form
projective systems E’ and B’ of bornological algebras. They are isomorphic to
and B, respectively. The homomorphisms

(P,(m,n) = Pn 0 me.(n),m:EEm,n) = Em - Bn = Bzm,n)

for (m,n) € N are coherent in the strong sense that

’ ’ o /
ﬁ(ml,nl),(mg,ng) ° Sa(mrz,ng) - w(ml,nl) © ’y(ml,nl),(mg,nQ)

for all (mq,n1), (ma,n2) € N with (mq,n1) < (ma,n2). Here 7" and 8’ denote the
structure maps of the projective systems E’ and B’, respectively. By construction,
each BJ is a dagger algebra.

By assumption, the inclusion A — FE' is the kernel of the morphism F — B. This
is isomorphic to the kernel of ©": E’ - B’. So A is isomorphic to the projective
system A’ formed by the closed ideals AJ, := ker ¢,, € E;, for n € N with the structure
mMaps ay,, . =V, nola,, for ni,ng € N with n; <ng; and the canonical morphism
A’ - FE’ is the strongly coherent family of inclusion maps A] — E! for n € N.
Each A, is complete and torsion-free because E;, and B}, are (see [27, Theorem 2.3
and Lemma 4.2]).

The quotients Ej,/Aj, with the structure maps 4, ,, induced by 7, ,, form
a projective system of complete bornologlcal algebras, which is the cokernel for
the inclusion A" - E’. The map ¢/, for n € N descends to an injective, bounded
homomorphism g,:E;,/A! — B . The pro-algebra morphism ¢ = (0 )nen is an
isomorphism because E' — B is assumed to be another cokernel for the map A — E.
Next, we modify our projective systems so that these become equalities; this replaces
the quotients E! /A’ by dagger algebras. The inverse of p is given by a choice of
m(n) € N for n € N and bounded homomorphisms ¢,: B,y > E},/A],. Increasing
m(n) if necesessary, we may arrange that o, o1, = B;7m(n):B:n(n) - B! and
Yno0mm) =Yy, m(n) ;TL(TL)/A;”(H) > FE!l Al Let N':={(m,n) e NxN:m>m(n)}.
For (m,n) € N', pull the extension A, » E; — E] /Al back along 1, as in
Lemma [2.3.2] This gives a diagram of extensions of bornological V-modules

A/l

(m,n)

H | [

Al —> E, ——» E!JA!

with A” = A! and B/

ke
to B, (Eb)rl)sultable m e(Jm\/' 1: depending on n € N’. There is a unique bornological
algebra structure on E(m n) for which all maps in this diagram are homomorphisms.
We claim that Eé'm ny is complete. First, A! is closed in E!, because B, is separated.
Then Ej /Aj, is separated (see [27, Lemma 2.1]). Then E] s closed in By, @ Ey.
And then EE'mn) is complete by |27, Theorem 2.3]. As above there is a partial
order on N’ that makes it a directed set and such that A » E! - B! becomes
a projective system of algebra extensions. This projective system is isomorphic
to A" > E' - E'[ A’ because it is the pullback along the pro-algebra isomorphism

)= = B/,. The latter is a dagger algebra because it is equal

B’ — E'JA’. Thus it is isomorphic to the original extension A » E - B. We
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have now replaced this pro-algebra extension by a projective system of algebras
extensions where the quotients B!/ are dagger algebras.

To simplify notation, we remove the primes now and assume that our pro-
algebra extension already comes to us as a projective system of algebra extensions
A, » E, > B,, where A,, and E,, are torsion-free, complete bornological algebras
and B,, are dagger algebras for all n € N. The dagger completions E} for n € N
form a projective system of dagger algebras, and the canonical maps E,, - E
form a pro-algebra morphism. We claim that this pro-algebra morphism is an
isomorphism. Equivalently, for each n € IV there are m € N with m > n and a bounded
homomorphism ¥, ,: Ef, = E,, such that the composite map E,,, > E, = E,, is v m;
then the other composite map Ef — E, — E} is the map on the dagger completions
induced by vy, m, and these two equalities of compositions say that we are dealing
with morphisms of pro-algebras inverse to each other.

Fix n € N. We are going to build the following commuting diagram, where the
dashed arrow is the desired map ¥y, m:

A > > E By,
A\

m
f
nym
. 7

lg Yn,m l lﬁn,m

A, > » B,

N
:\
Y

By assumption, A is isomorphic to a projective system of dagger algebras (fln/)n:e N
Therefore, there are m € N, n’ € N’, and maps f:A,, - A, and ¢:A, - A,
such that m >n and go f = ap m: Am = A,. Let E,, be the pushout bornological
V-module of the maps A,, - E, and A, — A Thib ﬁtb in an extension of
bornological V-modules A, » E, - B, by Lemma Since A, and B,,
are torsion-free and complete, E, is complete by 27, Theorem 2.3]. Since A, is
semi-dagger, the canonical map E,, — E,, remains bounded when we give E,, the
linear growth bornology relative to the ideal A/ . This bornology is equal to the
absolute linear growth bornology on FE,, by Lemma because By, = E[An, is
a dagger algebra. Since E,, is complete, the map E,, - E,, extends to a bounded
V-module homomorphism E - E,. By construction, the map Ynm: Em = Ey
agrees on A,, with the composite map

A, 54,54, >E,.

Then the universal property of pushouts gives an induced bounded V-module
homomorphism 7: En - F,,. Let ’ynym:Ejn — F,, be the composite of the bounded
V-module homomorphisms E,Tn - E’n and En — FE,, defined above. The composite
map E,, > E! — E, is Y5, by construction. This finishes the proof that E, is
isomorphic to a projective system of dagger algebras. O

4.4. The analytic tensor algebra. Let R be a constant pro-algebra. The
definitions of HA(R) and HA.(R) use a certain pro-algebra TR defined by com-
pleting the tensor algebra TR. We call TR the analytic tensor algebra of R. We
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show that there is a semi-split analytically nilpotent extension JR » TR - R
and that 7 R is analytically quasi-free. Since it is not more difficult, we extend the
construction of the analytic tensor algebra to pro-algebras right away.

DEFINITION 4.4.1. Let R = (R, & n)mnen be a pro-algebra. Extending the
tensor algebra construction to pro-algebras gives a natural semi-split pro-algebra
extension JR » TR - R with TR = (TR, )nen and JR = (JR,)nen. For each
n € N, we form the tube algebras U(TR, (JR)!) with the ideals U(JR, (JR)'), and
their relative dagger completions (U(TR,(JR)"),U(JR,(JR)"))!. These form a
pro-algebra indexed by the product set N x N, which we call the analytic tensor
algebra of R and denote by T R.

LEMMA 4.4.2. The canonical homomorphism p: TR — R extends uniquely to a
pro-algebra homomorphism p: TR — R. The composite 0., of the pro-linear map
or: R > TR and the canonical homomorphism TR — T R is a section for p.

PROOF. Fix n € N and | € N*. The canonical homomorphism TR, - R,
vanishes on JR,,. Then it extends uniquely to the tube algebra U(TR,,, (JR,)")
by Proposition This extension vanishes on U(JR,,, (JR,)"). Then it remains
bounded for the linear growth bornology relative to this ideal and extends uniquely to
a homomorphism on the relative dagger completion. These maps for all n and [ form
a morphism of pro-algebras p: TR — R. The canonical maps og, : R, - TR,, form
a pro-linear section for p: TR - R. Composing with the canonical map TR - TR
gives a section for p. [

DEFINITION 4.4.3. Let J R be the kernel of p: TR > R.

Lemma [£.4.2) implies that there is a semi-split extension of pro-algebras

JR—— TR 2% R.
—*

OR
PROPOSITION 4.4.4. The pro-algebra J R is analytically nilpotent.

PRrROOF. Let m € N*. The linear growth bornology on U(TR, (JR)™) relative to
U(JR, (JR)™) restricts to the “absolute” linear growth bornology on U(JR, (JR)™)
by Lemma The tensor algebra is bornologically torsion-free by Remark
Then so is U(TR, (JR)™) by the definition of the bornology on the tube algebra.
Then the relative linear growth bornology on it is torsion-free by Lemma [2.2.7] and
this property is preserved by completions (see |27, Theorem 4.6]). Therefore, the
completion of U(JR, (JR)™) in the linear growth bornology is a dagger algebra.
Then JR is a pro-dagger algebra. And U(JR,(JR)*) is nilpotent mod 7 by
Proposition This remains unaffected when we equip the tube algebras with
the linear growth bornology and complete. O

REMARK 4.4.5. Let R = (Ry,®mn)m.neN be a projective system of dagger
algebras. Since U(TR, (JR)") /L{(JR7 (JR)!) 2 R is semi-dagger, the linear growth
bornology on U(TR, (JR)!) is equal to the linear growth bornology relative to
UJR,(JR)") by Lemma Hence TR is also equal to the “absolute” dagger
completion,

TR=U(TR,(JR)™)".
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PROPOSITION 4.4.6. The analytic tensor algebra T R is analytically quasi-free

and quasi-free. The bimodule ﬁl(TR) is isomorphic to the free bimodule on R, that

18,

(4.4.7) (TR)'® R® (TR)" 2 QY (TR);

the isomorphism is the map w @ x @ N~ w- (dog(x)) -n. And the following maps
are isomorphisms of left or right T R-modules, respectively:

(TR}Y'8 RS>TR, wor~woog(z),
R® (TR)* > TR, r®wr op(z)Ow.

PROOF. Let J » E > TR be a semi-split, analytically nilpotent pro-algebra
extension. Pull it back along the inclusion JR < T R to a pro-algebra extension
J > K - JR and identify K with an ideal in F. Since J and J R are analytically
nilpotent, so is K by Proposition Let s: TR — E be a pro-linear section
and let og: R — T R be the canonical pro-linear section. The pro-linear map soopg
induces a pro-algebra homomorphism (s o oz)*: TR - E by Lemma It
satisfies g o (s o og)? = Uﬁ, and aﬁ:TR — TR is the canonical homomorphism
because aﬁ and the inclusion map agree on the image of R in TR. In particular,
(soor)” maps JR into K < E. Since K is nilpotent mod m, Proposition m
shows that (soogr)# extends to the tube algebra U(TR, (JR)®), in such a way that
UJR, (JR)>) is mapped to K. And since K is a pro-dagger algebra, the criterion in
Proposition shows that the morphism U (TR, (JR)*) - E extends uniquely to
the dagger completion relative to U (JR, (JR)*). This gives a pro-algebra morphism
TR - E that is a section for the extension J » E > TR. So TR is analytically
quasi-free.

If h: R - E is any pro-linear map with goh = o, then the argument above shows
that h#*: TR — E extends uniquely to a pro-algebra morphism 7R — E that is a
section for the extension. Conversely, any multiplicative section g: 7 R — FE is of this
form for h := goop. Thus the multiplicative sections for the extension J » F STR
are in bijection with pro-linear maps R — E with go h = og. Any such pro-linear
map is equal to soog + hy for a unique pro-linear map hg: R — J. So multiplicative
sections for our extension are in bijection with pro-linear maps R — J. Combined
with Lemma [2.5.1] we get a natural bijection for all 7 R-bimodules M between
pro-bimodule homomorphisms Q' (7R) - M and pro-linear maps R - M. Thus
Q(TR) is isomorphic to the free bimodule on R, which is (TR)* & R® (TR)".
And this isomorphism is indeed induced by the map w ® x @~ w- (dog(x)) - .

Now let M be a left T R-module. Turn M into a T R-bimodule by taking the
zero map as right module structure. Then a bimodule derivation TR — M is just a
left module map. Therefore, left module homomorphisms 7R — M are in bijection
with pro-linear maps R — M. Thus the map

(TR)*'® R, wexHwoog(x),

is an isomorphism of left 7 R-modules. Here we have written ® for the multiplication
in TR because we will later use these formulas when T R is identified with Q°VR
with the Fedosov product. A similar argument works for right modules. O

We now describe the analytic tensor algebra and its bornology more concretely.
For this, we assume that R is a torsion-free, complete bornological algebra. A
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projective system (R, )nen is treated by applying the following discussion to R,, for
each n € N. We identify TR with 2°R with the Fedosov product as in Section
Recall that the isomorphism TR = Q°“R maps the ideal JR™ onto @®,,5., 2°"R.
Thus U(TR, (JR)™) is spanned by 77Q?"R with n>m-j. And U(JR, (JR)™) is
spanned by 77Q?" R with n > m-j and n > 1. Equivalently,

(4.4.8) U(TR,(JR)™) =Y wMmQ? R UUR,(JR)™) = Y nlmiQ R,
n=0 n=1

The following lemma estimates the growth of Fedosov products in QR:

LEMMA 4.4.9. Let R be an algebra and let M € R be a submodule. Letig, ..., i, >
1 andi:=ig+--+1,. Then
Q°Mo--00"Mc@Q*H(M®).
§=0
PROOF. As in the proof of [26, Theorem 5.11], we show the more precise
estimate

(4.4.10) Q°Mo--0Q"Mc@ (M) dM®)*
=0
by induction on n. This is trivial for n = 0. The induction step uses (2.6.5) and
QMo (MP) < (M) a(M®) + (M) d(MP). O

PROPOSITION 4.4.11. Let R be a torsion-free bornological algebra and m > 1. If
M c R is bounded, o € Qn (0,1/m), and f € Ny, then define

(4.4.12) Do(M,a, f) = @ o-lmin{n/m.an+f}]q2n yr
n=0

These are V-submodules of U(TR, (JR)™) that cofinally generate its linear growth
bornology relative to the ideal U(JR, (JR)™).

PROOF. Let M ¢ R be bounded, o € Qn (0,1/m), and f € Ny. Equation (4.4.8)
implies Dy, (M, «, f) € U(TR,JR™). Our first goal is to show that D,,(M,«, f)
has linear growth relative to U(JR,JR™). Let e > 1. We claim that

(4.4.13) M*. ( S atnimlam dM)") = @ lmil 12y
n=1

n=1

By definition, the left hand side is spanned by Fedosov products

gl /ml==lis/mipr+ o (AM, dM)™ @ - © (AM,dM)%
= ﬁj—l—[iO/mJ—'“—lij/mJQQ(i1+"'+ij)(M)

for j>1 and 1 <17y,...,%; < em. These contribute to Q2" M if 49 + - +1i; =n. For
fixed n and j, the sum of floors |i1/m]+---+|i;/m] is maximal if all but one of the %;
are divisible by m, and then it becomes |n/m]. For fixed n, the term j—1—|n/m|
becomes minimal if j is minimal. Equivalently, we choose i; = em for all but one j,
and then j = [n/em]. This finishes the proof of (4.4.13).

The right hand side in is one of the generators of the linear growth
bornology relative to U(JR, (JR)™). For fixed o < 1/m and f as above, there is
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e €e N* with 1/m - 1/(em) > a. Then there is k € N with

|n/m] - [%] +12> | min{n/m,a-n+ f}|
for n > k. Then

k em ©
Dm(M,OZ,f) c Z ﬂ_—[min{n/m,(xq”f}]QQnM + M. ( Z ﬂ_—[n/mj (dM dM)n) )
n=0

The first, finite sum is already bounded in U(TR,JR™). Therefore, D,,(M,«, f)
has linear growth relative to U(JR, (JR)™).

Now let S be any V-submodule of (TR, JR™) that has linear growth relative
to U(JR, (JR)™). We claim that S is contained in D,,(M,a, f) for suitable M, o, f.
By definition of the relative linear growth bornology, there are k, e € N and a bounded
submodule M ¢ R such that S is contained in the sum of ¥¥_; 7~ 1*/"1Q?" M and

(Zfﬂ w‘l%JQQiM)O. The latter is spanned by Fedosov products

n=1

AR gz o0 020
with j e N*, 1 <4q,...,i; <em. By Lemma Q%M © Q%5 M is contained
in the sum of QQ”(M(?’))7 where n lies between i := Zizl ir and i+ j. As above,
the sum of the floors |ix/m| for fixed 4 is maximal if all but one i) are divisible
by m, and then it is |i/m|. The constraints i), < em are equivalent to the constraint
i< j-em. So S is contained in the sum of 7/~ '-/™IQ2" (M) with i <n<i+j
and 7 < j - em. For fixed n, j, the exponent j — 1 - |i/m| is minimal if ¢ is maximal,
so we may assume that ¢ is the minimum of n and jem. Then the optimal choice
for j is the minimal one, which is [n/(em)] if i =n and j = [n/(em +1)] if i = jem.
The resulting exponents of m become [n/(em)] -1 - |n/m] in the first case and
[nf(em+1)]-1-[n/(em+1)]-e in the second. If a >1/m —1/(em) and n is large
enough, then both terms are greater or equal —|an|. Choosing f big enough, we
may arrange that both are greater or equal —|min{n/m,an+ f}| for all n € N. Then
ScD,(M® a,f). O

COROLLARY 4.4.14. For m € N*| let B,, be the bornology on U(TR,JR™) that
contains a subset if and only if it is contained in @, rlElo2nar for some bounded
V-submodule M ¢ R. This bornology makes U(TR,JR™) a torsion-free bornological
algebra. The projective system of bornological algebras (U(TR,JR™), B )men+ i
isomorphic to the projective system formed by U(TR,JR™) with the linear growth
bornology relative to U(JR,JR™).

PROOF. By Lemmal[£.4.9] the Fedosov product is bounded for the bornology B,.
The subsets D,, (M, «, f) in (4.4.12) are clearly in B,,. Conversely,
N |2 o2nay 1
Q_aow [0 0 = D, (M, 2=,0).
Thus any subset in B,,+1 is mapped to a subset of U(TR,JR™) with linear growth
relative to U(JR, JR™). The asserted isomorphism of projective systems follows. [

Now we can describe the completion 7 R. Recall that Q"R denotes the comple-

tion R*® R®"™ of Q"R = R*® R®". For m € N* and a bounded V-submodule M ¢ R,
the canonical map Q2" M — Q2" R is injective by Proposition Then we may
view [To0, 715192 M as a V-submodule of M2, Q"R F. Let Q°(R),, be the
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union of [];7, 7=l Q27 M for all bounded V-submodules M ¢ R, with the bornol-
ogy where a subset is bounded if and only if it is contained in [];_, Qs
for some bounded V-submodules M ¢ R. These form a decreasing sequence of
subalgebras with bounded inclusion maps Q" (R)ms1 = 2 (R)m.

PROPOSITION 4.4.15. If R is a torsion-free, complete bornological algebra,
then T R is naturally isomorphic to the projective system of complete bornological
algebras (L (R)m )men+ -

PRrROOF. We shall use the explicit description of the relative linear growth bornol-
ogy in Proposition Each 7~ ["/™Q?" R is a direct summand of U(TR,JR™),
and the projection is bounded in the linear growth bornology relative to U(JR, JR™).
This gives us maps from the completed tube to 1™/ Q2R for all me N. It is easy
to see that the m-adic completion of D,,(M,«, f) is isomorphic to the subspace of
| B aolnimlQen yr consisting of all (wy, )nen for which there is a sequence (h;) ey
in N with lim h; = oo and w,, € 7~ Imin{n/man+f}thn Q27M for all n e N. Any such
subset is bounded in Q¥ (R),,. Conversely, any bounded subset in Q¥ (R) .1 is con-
tained in a subset of this form with f =0 and m < 1/a < m+1. Therefore, the projec-

tive system formed by the relative dagger completions (U(TR,JR™),U(JR, JRm))T

is isomorphic to the projective system (2 (R)m )mene- O

4.5. Pro-Linear maps with nilpotent curvature. Let R and S be pro-
algebras. We are going to describe pro-algebra homomorphisms 7R — S through a
certain class of pro-linear maps R — S, namely, those with analytically nilpotent
curvature. This follows rather easily from the concrete description of the relative
linear growth bornology above. The main issue is to define analytically nilpotent
curvature. We begin with the analogue of nilpotent curvature mod .

DEFINITION 4.5.1. Let X = (X,/)nens be a bornological pro-module and S =
(Sn)nen a pro-algebra and let w: X — S be a pro-linear map. We call w nilpotent
mod 7 if, for every n € N, there is m € N* such that the following composite is zero:

wem mu
(4.5.2) X L, 5o M G s Sy /TS

here mult denotes the m-fold multiplication map of S.

Let w: X — S be nilpotent mod 7 and represent w by a coherent family of
bounded V-module maps wy,: X;(,) = S, with r(n) € N’ for ne N. For n e N and
n' € N' with n’ > 7(n), let wy nr: X = Sy, be the composite map X,r — X, (,) = S
Let n € N and choose m so that the map in vanishes. Then there is
n’ € N’ with n’ > r(n) such that the composite map X&" - S - S, — S, /7S,
vanishes. That is, wy n(21) - wnn (Tm) € TSy, for all z1,...,2, € X, Let
M < X,,» be bounded. Since w;, s is bounded and S,, is torsion-free, it follows that
Wnon (M)™ € 78, and that 771 - w,, n (M)™ € S,, is bounded. Then

(4.5.3) W (M) = > w0y, (M)
j=1
is bounded for every e > 1.

DEFINITION 4.5.4. Let X = (X,;,)men’ be a bornological pro-module and S =
(Sn)nen a pro-algebra and let w: X — S be a pro-linear map. Represent w by a
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coherent family of bounded V-module maps wy, »: X;,r = Sy, as above. The map w
is called analytically nilpotent if, for every m, there are m € N* and n’ € N’ with

n' > r(n) such that for any bounded subset M ¢ X/, the subset

W‘lj/mjwn,nr(M)j cS,®F

M

7=0

is bounded in S,,.

PROPOSITION 4.5.5. Let R and S be pro-algebras and let f: R — S be a pro-linear
map. Let R R - S, x @y~ f(x-y) - f(x)- fly), be its curvature. There is
a pro-algebra homomorphism f7*:TR — S with f = f#or = f if and only if w is
analytically nilpotent.

PROOF. Write R = (R, )nren and S = (S, )nen as projective systems of algebras.
Then TR is the completion of the projective system of bornological algebras T :=
(U(TR,,JR), By ) nsen' men+ With the bornologies B,, in Corollary Since S
is complete, any homomorphism of projective systems of bornological algebras T' — .S
extends uniquely to T R. Since S is torsion-free, such a homomorphism 7" - S
is determined by its restriction to TR. Then there is a unique pro-linear map
f:R — S such that the homomorphism is f#: TR — S as in . Corollary
shows that f# extends to a homomorphism 7 — S if and only if f has analytically
nilpotent curvature. (I

COROLLARY 4.5.6. Let f:R—> S, g:S = T be pro-linear maps and let U be a

projective system of dagger algebras. If f and g have analytically nilpotent curvature,
then so do go f and f@ U:R® U - S® U.

PRrOOF. The assertion about go f follows as in the proof of |26, Theorem 5.23],
using [27), Theorems 3.7 and 4.5]. Since f has analytically nilpotent curvature, there
is a homomorphism f#: TR — S with f# oo = f. The extension

(JR)BU » (TR)®U » RB U

is analytically nilpotent because (JR) ® U is nilpotent mod 7 by Proposition m
and a pro-dagger algebra by the extension of Corollary 2.1.2] to projective systems.
The pro-linear section 0z ® U induces a homomorphism 7 (R® U) - (T R)® U which,
when composed with f#, gives a homomorphism 7 (R® U) — S that extends f® U.
Thus f® U has analytically nilpotent curvature. O

4.6. Homotopy invariance of the X-complex. In this section, we assume
that the field F' has characteristic 0. This is needed to prove that homotopic homo-
morphisms defined on a quasi-free algebra induce chain homotopic maps between the
X-complexes. If we understand homotopy to mean “polynomial homotopy”, then
this is already shown by Cuntz and Quillen (see [17] Sections 7-8]). In the context
of complete bornological V-algebras, the proof for polynomial homotopies still works
for dagger homotopies. The corresponding statement for the B,b-bicomplexes is
|11, Proposition 4.3.3]. For quasi-free algebras, the canonical projection from the
B, b-bicomplex to the X-complex is a chain homotopy equivalence. This implies the
following:

PROPOSITION 4.6.1. Let R and S be projective systems of complete bornological
F-algebras. Let f,g:R = S be two homomorphisms that are dagger homotopic.
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Assume that F' has characteristic 0 and that R is quasi-free. Then the induced chain
maps X (f), X (g): X(R) = X(S) are chain homotopic.

PROOF. It suffices to treat an elementary dagger homotopy. Define
M (SeV[t])® F - Q" (S)® F,

1
apday . ..da, — fo ao(t) 8a5t(t)

for n =1,2. Here integration and differentiation are defined formally by rescaling
the coefficients of polynomials a; € S ® F[t]. We claim that 7,, extends to a bounded
linear map 7,: Q"(S@ V[t]") ® F - Q"1 (S) ® F. To see this, let T := S ® V[t]}.
Then Q(T) 2T+ @ T®" = T®" @ T®"*!. So it suffices to show that 7, is bounded
on T%" @ F'z S®" @ V[t]P" ® F. This follows if the map

V[t '® F > F,

dag(t)...da,(t)dt,

Oaq(t)
ot
is bounded. The formal differentiation on V[t];s is clearly bounded. And V'[t], is

a bornological algebra. So this happens if and only if the integration map

1
a0®a1®~~-®anv—>/(; ao(t) Cag(t)-an (t) dt

Vit ®F > F,  at)=Y et »Y =
1=0 o l+1
is bounded. If F has characteristic 0, then [ + 1 is invertible in V for all [ e N. If F
has finite characteristic p, then the valuation of [ + 1 grows at most logarithmically.
In any case, this is dominated by the linear growth of the exponents of 7 for a
subset of linear growth in V[t]. Thus the integration map above is bounded, and
then so are the maps n,. We still write n,, for their unique bounded extensions to
the completions.

Let g = 0. Then [n,b] = 0. Therefore, ne(b(3(S® V[t]"))) c b(Q2(S)). So 7
defines a map X (S® V[t]1) - X (), where X?) is the truncated B — b-complex
defined in [26| Definition A.122].

Let £&: X (S® V[t]1) = X(S& V[t]") be the canonical projection. Then

[, B+b] = (X(evi) - X (evg)) o & XD (ST V[t]H) - X(9).

Now let H: R —» S®V[t]" be an elementary dagger homotopy between f and g. Then
no X (H): X@(R) - X(S) is a chain homotopy between X (f)o&; and X (g) o0&y,
where &: X®)(R) -» X (R) is the canonical projection. Since R is analytically
quasi-free, it is in particular quasi-free, so that & is a chain homotopy equivalence.
Let oz X(R) - X (R) be the homotopy inverse of &. Then 5o « is the desired
chain homotopy between X (f) and X (g). O

THEOREM 4.6.2. Let A and B be pro-algebras. If two homomorphisms fo, f1: A=
B are dagger homotopic, then they induce homotopic chain maps HA(A) — HA(B).
And then HA, (fo) = HAL(f1).

ProOF. The homomorphisms T fo, T f1: T A= T B lift fy and f;. Since TA is
analytically quasi-free and J B is analytically nilpotent, Proposition provides
a dagger homotopy between T fo and 7 f;. Then the chain maps X(TA® F) 3
X(TB®F) induced by fp and f; are chain homotopic by Proposition This
remains so on the homotopy projective limits. And then fy and f; induce the
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same map on the homology of the homotopy projective limits. That is, HA,(fo) =
HA.(f1). O

4.7. Invariance under analytically nilpotent extensions. We continue
to assume that F' has characteristic 0.

THEOREM 4.7.1. Let J » E > A be a semi-split, analytically nilpotent extension
of pro-algebras. Then p induces a chain homotopy equivalence HA(FE) ~ HA(A) and
HA(J) is contractible. So HAL(F) 2 HA,(A) and HA.(J) =0. If E is analytically
quasi-free, then HA(A) is chain homotopy equivalent to X(E ® F') and HA,(A) is
isomorphic to the homology of the homotopy projective limit of X(E ® F).

PrOOF. The composite map TFE - E - A is pro-algebra homomorphism with
a pro-linear section. Its kernel K is an extension of JFE by J and hence analytically
nilpotent by Proposition Both TE and T A are analytically quasi-free by
Proposition [£.4.6 Proposition applied to the extensions K » TE - A and
JA » TA - A shows that TA and TFE are dagger homotopy equivalent. This
together with Proposition implies that HA(A) = X(TA® F) and HA(FE) =
X(TE®F) are homotopy equivalent. This remains so for their homotopy projective
limits. So HA,(E) 2 HA.(A). More precisely, the isomorphism is the map induced
by the quotient map E - A.

Since J and JJ are analytically nilpotent, so is T.J by Proposition [1.3.13
Since T'J is analytically quasi-free, Proposition [£.3.10] may be applied to the exten-
sions TJ=TJ—0and 0=0=0 of 0. Thus 7J is dagger homotopy equivalent to 0.
Then HA(J) ~0 and HA,(J) 2 0.

Now assume E to be analytically quasi-free. Then Proposition shows that
the extensions of A by T A and FE are dagger homotopy equivalent. Then X(E)® F
is homotopy equivalent to X (7T A) ® F. Then HA(A) is homotopy equivalent to the
homotopy projective limit of the projective system of chain complexes X (E)®F. O

COROLLARY 4.7.2. Let A be an analytically quasi-free algebra. Then HA(A) is
chain homotopy equivalent to X (A® F') and HA,(A) is isomorphic to the homology
of X(A® F).

PROOF. Theorem shows that HA(A) is homotopy equivalent to X (A® F).
Then HA. (A) is isomorphic to the homology of holim X (A ® F'). Since X(A® F)
is a constant projective system, it is chain homotopy equivalent to its homotopy
projective limit. So we simply get the ordinary homology of X (A ® F). O

COROLLARY 4.7.3. HA(V) is homotopy equivalent to F with zero boundary
map.

PROOF. The algebra V is analytically quasi-free by Proposition [£:3.6] Then
HA(V) ~ X (F) by Corollary A small calculation shows that any element of
QY(V) is a commutator. So X (F) is F with zero boundary map. O

5. Excision

The goal of this section is to prove the following excision theorem for analytic
cyclic homology:
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THEOREM 5.1. Let K »> E 5 Q@ be a semi-split extension of pro-algebras with a
pro-linear section s:QQ — E. Then there is a natural exact triangle

HA(K) 2 HA(E) 25 HA(Q) > HA(K)[-1]

in the homotopy category of chain complexes of projective systems of bornological
V-modules. Thus there is a natural long exact sequence

HAo(K) —= HAG(E) —2— HA((Q)

il Is

HA1(Q) 55— HAL(E) < — HAy(K).

Here the arrows in the “homotopy category” are chain homotopy classes of
chain maps. This homotopy category is triangulated over any additive category,
with triangles coming from mapping cones of chain maps.

The proof will take up the rest of this section. It follows [25/26]. We use
the left ideal £ in TFE generated by K and prove chain homotopy equivalences
X(TK) ~ X(£) and X(£) ~ X(TE : TQ) as chain complexes in the additive
category of projective systems of bornological V-modules. First, the pro-linear
section s yields two bounded maps sy, sp:Q°VQ = Q°VE defined by

s1(qodqr ... dgan) = 5(qo) ds(q1) - .. ds(qzn),
SR(dfh ...dgop 112n+1) = dS(Ql) cee dS(Q2n) 5(Q2n+1)

for all qo, gans+1 € QF and ¢; € Q for 1 <i < 2n. Let m € N*. Both s, and s map JQ™/
to JE™ for all j € N by (4.4.8). Thus they induce bounded linear maps on the tubes,
from U(TQ,IJQ™) to U(TE,JE™). Both are sections for the canonical projection
U(TE,JE™) - U(TQ,JQ™). These sections remain bounded for the linear growth
bornologies relative to U(JE,JE™) and U(JQ,IJQ™) by Proposition Thus
they extend to bounded V-module maps on the completions. These maps for all
m € N* form two pro-linear sections for 7Tp:TE — TQ. They induce two sections
for the canonical chain map X (7p): X(TE) - X(TQ). Let

X(TE:TQ) =ker(X(Tp): X(TE) > X(TQ)).
There is a semi-split extension of chain complexes
X(TE:TQ)»TE->TQ.

Since X (7Tp)o X(Ti) = X(T(poi)) =0, the chain map X(77:) factors through
X(TE:TQ). We are going to prove that this chain map X(TK) - X(TE:TQ)
is a chain homotopy equivalence. Then the homotopy projective limit of X (7T K) is
homotopy equivalent to that of X (T E : TQ), and the latter fits into a semi-split
extension of chain complexes with the homotopy projective limits of X (7 F) and
X(TQ). As a result, Theorem [5.1] follows if the inclusion map X (7K) - X(TE:
TQ) is a chain homotopy equivalence.

Our construction of the chain homotopy equivalence will, in principle, be explicit
and natural, using only the multiplication maps in our pro-algebras and the pro-
linear sections sy, and s above. Therefore, we assume for simplicity from now
on that we are dealing with an extension of (complete, torsion-free bornological)
algebras K » E — ). In general, we may rewrite the semi-split extension above as
a projective system of semi-split algebra extensions K,, » E, - Q,, with compatible
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bounded linear sections; this uses arguments as in the proof of Proposition [£.3.13]
To simplify notation, we write down the proof below only for a semi-split algebra
extension. The chain maps and homotopies that we are going to build for the
extensions K,, » F, - @, form morphisms of projective systems. So the same
proof works for a semi-split extension of pro-algebras.

5.1. The pro-algebra L. In the following, we identify TE with Q°VFE and E
with Q°(E) ¢ Q°VE. So the map og:E — TE disappears from our notation.
Proposition [1.4.6] gives an isomorphism of left 7 E-modules
(5.1.1) (TE)Y*8@ ESTE, we®zrwoz.

Explicitly, the inverse of this isomorphism is given by

(512) wdeg,_1des, > w® (62n_1 . egn) - (w © 62n_1) ® €eop.

These two maps also define an isomorphism for the purely algebraic tensor algebras:
(5.1.3) (TE)*® ESTE, wRerwoe.

Variants of this isomorphism and the following ones were proven already in |26,
Section 4.3.2]. Let L € TE be the left ideal generated by K. The bounded linear
section s:(Q — E yields an isomorphism of bornological V-modules F 2 K & Q.

Then implies an isomorphism
(5.1.4) (TEY'®9K 5L, wek-wok.
The explicit formula for the isomorphism in and its inverse imply
L=Ke @ Q" (E)dK
n1

as in the proof of |26, Lemma 4.55]. Let I := ker(Tp: TE - TQ). This is part of
semi-split extensions

(5.1.5) [——TE-"57Q I (TE)" 2% (1Q)".
K- K< -

s -
L SL

LEMMA 5.1.6. The following maps are isomorphisms:

(5.1.7) U: L7 e (TQ)" > (TE)T, lenw10s5(n),
(5.1.8) Le(TQ)" 51, len~10s5(n),
(5.1.9) (TEY* @Ko (TQ)" 51, weken—wokosy(n),
(5.1.10) (TQ) ® Ko (TE)" 51, n®k®wr sp(n) okow,
(5.1.11) (TQ)Yre KoLt S L, nek®l-sp(n)okol

PROOF. The computations in [26] Section 4.3.1] show this. We briefly sketch

them. The isomorphisms (5.1.7) and (5.1.8) are equivalent because of the semi-split
5.1.8) and (5.1.9) are equivalent because of the isomor-

extension (5.1.5). And (
phism he isomorphisms ((5.1.9) and (5.1.10)) imply each other by taking
opposite algebras because this reverses the order of multiplication and exchanges
sp, and sg. And (5.1.10) implies by substituting (TE)* 2 L* ® (TQ)* and
IzLe(TQ)" in and then cancelling the factor (TQ)* on both sides.

So it suffices to prove that ¥ is an isomorphism. We describe its inverse W1,
Split a differential form egde; . ..des, € Q2" E so that each coefficient e; belongs
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either to K or s(Q), or is 1 in case of ep; this is possible because of the direct sum
decomposition E = K @ s(Q); write k; := e; or ¢; := s *(e;) accordingly. If no e;
belongs to K, then

U (s(q0) ds(qr) .- ds(g2n)) = 1®godgs - .. dgan.

Otherwise, there is a largest i < 2n with e; € K. If i = 0, then
U (kods(qr)...ds(gan)) = ko ® dgi ... dgoy.

If 7 is even and non-zero, then
\1/71(60 d61 N dei,l dk‘l ds(qu) e dS(QQn)) =€p d61 o dei,l dkl ® dqi+1 ‘e qun
If 7 is odd, then

U (egder ... de;y dk; ds(gist) - - ds(gan))
=egdey...de;_1 © (ki 5(qiv1)) ® dgiva ... dgon
—epdey...de;_1 ©k; ® ¢iv1 dgisa . . . dgan.
A direct computation using dk; ds(q;11) = ks - 8(gis1) — ki © 8(gi41) shows that
ToU l(epde ... deay) = egdey ... dea,

for all eg e {1} UK Us(Q), e1,...,e, € Kus(Q). Then one shows that the map ¥~!
is surjective: its image contains all elements of the form 1 ® 7 for n € (TQ)" and
w®dq; ...dgs, with w e LT by the first two cases with no 4 or even i, respectively.
And modulo a term of this form, the image of ¥~! contains all w© k® qodq; .. .dga,
with w € (TE)*, k € K because of the formula in the case of odd ¢. This exhausts
L*® (TQ)* because of the isomorphism (5.1.4). O

)

We are going to pass to the analytic tensor algebras and describe “analytic’
analogues of L,I € TE and of the isomorphisms and semi-split extensions above.
For m e N*, let

Iy = ker(U(TE,JE™) - U(TQ,JQ™)),
Limy =K ® @1 rlml () dK.

It is easy to see that I, is a two-sided and L, a left ideal in U(TE,JE*). In
particular, both are V-algebras in their own right. Inspection shows that

(51.12)  Imy =U(TEJE™n(I®F), L =U(TE,JE™)n(L®F)

as V-submodules of TE ® F. The maps in the projective system U(TE,JE*)
make (1)) men+ and (L) )men+ Projective systems by restriction. We equip each
U(TE,JE™) with the bornology B, described in Corollary using the linear
growth bornology instead would slightly complicate the estimates below. We give
I(;yy and L(,,) the subspace bornologies. So the bornology on L(,,) is cofinally
generated by

(5.1.13) (MnK)e @z Wmopmd(MnK)
n=1
for bounded V-submodules M ¢ E. Let T := (I(m) )
the projective systems formed by the completions.
Since U(TE,JE™) is a subalgebra of TE ® F' and the maps in (5.1.3)), (5.1.4
and (5.1.7)—(5.1.11)) only involve Fedosov products and the maps sy, and sg, (5.1.12

and L := (L(m) ) be

meN* meN*
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implies that these maps still exist and are bounded if TE, TQ, I, L are replaced by
U(TEJE™),U(TQ,JQ™), I(m); L(m), respectively, each equipped with the bornolo-
gies specified above. The inverse maps for these isomorphisms are slightly more
complicated, however: they may shift the index m in the projective system:

LEMMA 5.1.14. The inverses to the isomorphisms above extend to bounded maps

U(TEJE™) > U(TE,JE™)* ® E,
L1y > U(TE,JE™)* ® K,
U(TE,JE*™)" - L{,, o U(TQ,IQ™)*,
Iom) = Limy @U(TQ,IQ™)",
Iom) > U(TE,JE™)" @ K U(TQ,JQ™)",
Iomy ~ U(TQ,JQ™) ® K @U(TE,JE™)",
Liamy ~UTQ,IQ™)* @ K ® L{,,).-

PrOOF. Our explicit formula for the first map shows that it reduces the total

degree of a differential form by at most 2. Since :ﬁll < o for all n > m and [%J

l%J =0 if n <m, it follows that it defines a map U(TE,JE™) - U(TE,JE™)*®F
that is bounded for the bornologies described in Corollary The second map
is a restriction of the first map, so that it is covered by the same argument.

Our explicit formula for the third map shows that it maps a differential form
of degree 2n to a sum of tensor products involving differential forms of degree 2j
and 2(n—j—1) or 2(n—j); in the first case, j < n and the differential form in L is
already explicitly written as w ® k, so that the isomorphism L - (TE)* ® K does
not reduce the degree any further. This shows that the same degree estimate applies
to the fourth map in the lemma. The fifth map differs from that only by taking
opposite algebras, and the sixth map is a restriction of the fifth one. This is why
the following estimates cover all these maps at the same time.

That these maps are well defined between the relevant tube algebras amounts to
the estimate |n/2m| < |j/m|+|[(n-4-1)/m] for all n € N, 0 < j < n. This is trivial
for n < 2m, so that we assume n > 2m. For fixed n, the right hand side is minimal if
j=m~—1, and then the needed estimate simplifies to |n/2m] < |(n—-m)/m]. This is
true for 2m < n < 4m. Since adding 2m to n increases |[n/2m| by 1 and |(n—m)/m|
by 2, the inequality follows for all n € N. Now it follows that the maps in the lemma
are well defined and bounded for the bornologies described in Corollary O

The composite maps

UTEJE™)Y @ E - U(TE,JE™) > U(TE,JE™)* ® E,
UTEJE™Y) > U(TE,JE™* @ E - U(TE, JE™)*

are the structure maps in our projective systems because they extend the identity
maps on (TE)* ® E and TE, respectively. Thus these two families of maps for
m € N* are isomorphisms of projective systems of bornological V-modules that are
inverse to each other. This remains so when we complete, giving an isomorphism
(TE)*® E 5 TE. The same argument applies to the other isomorphisms above.
Summing up, we get the following isomorphisms of projective systems of bornological
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V-modules:

(5.1.15) (TE)*® ES TE, weerwaoe,

(5.1.16) (TEY*® K 5 L, we®k—wok,
(5.1.17) LY (TQ)" = (TE)*, len—10sc(n),
(5.1.18) LB (TQ)" 51T, len~losy(n),
(5.1.19) (TE)Y'8 K& (TQ)" > 1T, weken-wokosy(n),
(5.1.20) (TQ)*® K& (TE)" 51T, N®k®wsp(n) ©kow,
(5.1.21) (TQ)"®K® LS L, ne®k®lwsp(n)0kol.

In addition, there are semi-split extensions

(5.1.22) Ty TE —2% TQ 7 (1B 2% (TQ)".

~--- K-
SL _92’

Here ((5.1.15)) is the same as ((5.1.1]). So it follows already from the analytic nilpotence
machinery in Section And (5.1.15)) easily implies (5.1.16)). The isomorphisms

(5.1.18)—(5.1.21) follow from ([5.1.15)—(5.1.17) and the semi-split extension (|5.1.22))

as in the proof of Lemma It seems, however, that the existence of the maps
sp,Sr:TQ = TE and (5.1.17)) do not follow from the machinery in Section 4| and
must be checked by hand.

THEOREM 5.1.23. The chain map X (L) - X(TE : TQ) induced by the inclusion
L = TE is a chain homotopy equivalence.

PROOF. The proofs of [26], Theorems 4.66 and 4.67] carry over literallly to our

analytic tensor algebras, using the isomorphisms ([5.1.15)—({5.1.21f) and the semi-split
«~— «— «—

extension ((5.1.22)). We merely have to replace the symbols ®, A:= TE, TQ, L,
<« < — —
I and G in that proof by ®, TE, TQ, £, Z and (TQ)" ® K, respectively; and
Q°E and Q°4E in |26] become TE and (TE)*® E, respectively, with the latter
identified with differential forms of odd degree. [26, Theorem 5.80] is a similar
translation exercise for the analytic cyclic homology theory for bornological algebras
over the complex numbers, and the situation in this article is quite similar.

We briefly sketch the main idea of the proof. Proposition [f.4.6]and the definition
of QY(TE) imply that there is a semi-split free 7 E-bimodule resolution

QYTE)» (TE)' 8 (TE)" » (TE)*
with a natural pro-linear section (TE)* - (TE)*® (TE)*, 2~ 1®x. Let
Po=L"® L'+ (TE)'® LS (TE)'® (TE)*,
P :=(TE)' DL<QYTE)*.

This together with £* ¢ (TE)" gives a subcomplex of the resolution above, and the
standard section above yields a contracting homotopy for it, making it a resolution.
The bimodules Py and P; are free; this is where the isomorphisms above enter.
So P, » Py - L* is a free £L-bimodule resolution. Then £ is quasi-free, and the
X-complex computes its periodic cyclic homology. And the commutator quotient
complex Py/[L, P1] - Py/[L, Py] computes the Hochschild homology of £. These
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commutator quotients are computed explicitly and shown to compute the relative
Hochschild homology for the quotient map 7 F — T Q. And then the isomorphism on
Hochschild homology implies an isomorphism in cyclic homology and thus periodic
cyclic homology. [

5.2. Analytic quasi-freeness of L. The proof of the excision theorem is
completed by the following theorem:

THEOREM 5.2.1. There is a semi-split, analytically nilpotent extension JENL ~
L > K and L is analytically quasi-free.

This theorem and Theorem imply that HA(K) is chain homotopy equiv-
alent to the X-complex of £. Theorem [5.1.23] identifies this with the relative
X-complex X(TE:TQ). And this yields the excision theorem. So it only remains
to prove Theorem [5.2.1

The canonical projection T E — E restricts to a semi-split projection £ - K.
Its kernel JE N L ¢ JE is a projective system of closed subalgebras. These are
complete and torsion-free by [27, Theorem 2.3 and Lemma 4.2]; and subalgebras
also clearly inherit the property of being semi-dagger. So JFE n L is a projective
system of dagger algebras. Proposition [.2.6] implies that it is again nilpotent mod 7
because JE/(JE n L) is torsion-free.

The proof of Theorem [5.1.23] already shows that £ is quasi-free. We need it to
be analytically quasi-free, however. This is the main difficulty in Theorem [5.2.1]
The proof of this uses the same ideas as the proof of the corresponding statement
for analytic cyclic homology for bornological algebras over C in [26]. First, we
define a homomorphism v: L - TL for the purely algebraic version L of £. Then we
show that this homomorphism extends uniquely to a homomorphism of pro-algebras
L — TL that is a section for the canonical projection 7L - L.

We need some notation for elements of TL and a certain grading on TL. Elements
of TL are sums of differential forms loDl;...Dls, with lg € L*, I1,...,lo, € L. We
write ® for the Fedosov product in Q2°V L to distinguish it from the Fedosov product ®
in L and the resulting usual multiplication on 2L. Call an element of TL elementary
if it is of the form ZQ Dll .. Dlgn with lj = €50 d€j71 .. -dej,Qij for 0 < _] < 271, and
ejr € K us(Q) for all occurring indices j, k, except that we allow ej o =11ifi; > 1
and lo = 1 if ig = 0; here e; 2;, € K because [; € L. Any element of TL is a finite linear
combination of such elementary elements. The entries of an elementary element &
are the elements e;; € E; its internal degree is deg;(§) = Z?fo 2i;; its external degree
is deg, (&) = 6n if Iy € L and deg, = 6n —4 if |y = 1, and the total degree deg,(£) is
the sum of these two degrees; this particular total degree already appears in the
proof of |26, Lemma 5.102].

The definition of v is based on the isomorphism L = (TE)* ® K in (5.1.4). The
restriction of v to K = (Q°TEn L) ¢ L is the obvious inclusion of K into TL. We
extend this map to L using a homomorphism from TFE to the algebra of V-module
homomorphisms TL - TL. Such a homomorphism is equivalent to a linear map
E - Hom(TL,TL), which is, in turn, equivalent to a V-bilinear map FE x TL - TL,
which we denote as an operation (e,£) » e >§ foree E, £ € TL. As in |26], we first
define the map V: L » Q'(L) by V(sgr(£) @k @1) :=sg(£) @ kDI for all £ € (TQ)",
ke K, leL* with the understanding that D1 =0 if [ is the unit element of L; this
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uses the inverse of the isomorphism (5.1.11)). Then we let
e >xoDz1...Dxo, =e@x9Dz1...DToy, — DV(e® 29) D1 ... Doy,
e >Dx1Dxy...Dxo, = V(e ®x1)Day ... Dxay,.

The curvature of the corresponding map E — Hom(TL,TL) acts by the operation
wi(er,e2)f:=(e1-e2) DE—e1 D (e2 >E&). It is computed in [26, Equation (5.91)]:

wp(e1,e2)loDly ... Dlyy, = (derdes ®lg) Diy ... Digy,
+ V(el OV(ea ® lo)) DIy ...Dly,
-DvV(deides ®1y) Dl ... Dla,,
wp(e1,e2)Dly ... Diyy, =V((e1-e2) ®11)Dly...Dly,
-e10V(ea©11)Dly...Dly,
+ DV(61 O V(e ® ll)) Diy...Dly,.
Finally, we define
v(egdes ...des, O k) = eg > (wi(e1,e2) 0 owp (ean-1,€2,)) (k).

LEMMA 5.2.2. The map v: L — TL is an algebra homomorphism, and powv =1idp,
for the canonical projection p: TL — L.

Ifle Q?""Y(E)dK c L has degree 2n, then v(l) is a sum of elementary elements
of TL with total degree at least 2n.

Let M ¢ E be a bounded V -submodule. There is a bounded subset M' € E such
that if egdey ...deg, € Q2" M n L, then v(egde; ...des,) is a sum of elementary
elements of TL with entries in M'.

PROOF. As shown in [26] or in [25], the left action > is by left multipliers, that
is,ed(for)=(epé)oerforallec B, {,7eTL. Andkp>é=kof forall ke K.
This implies that v is a homomorphism.

A short computation shows that each summand in the formula for wy(e1,e2)
increases the total degree defined above by at least 2; this is already shown in the
proof of [26, Lemma 5.102]. By induction on n, it follows that v maps Q2" L into
the subgroup spanned by elementary elements of TL with total degree at least 2n.

Given a bounded subset M ¢ E, the proof of |26, Lemma 5.92] provides a
bounded subset M’ ¢ E such that v(epde;...des, ® k) is a sum of elementary
elements of TL with entries in M. (]

The homomorphism v induces an F-algebra homomorphism L® FF - TL® F.
Recall that

Limy =K ® E_Bl ol (By dK

for m € N*. These are V-subalgebras of L ® F' that satisfy L(,) S L) if n > m.
Each L) is equipped with the bornology cofinally generated by the submodules
in (5:1.13).

Let (TL)(m) € TL ® F' be the subgroup generated by 7 ldmI¢ for elementary
elements ¢ of total degree d. These are V-subalgebras of TL ® F that satisfy
(TL)(ny € (TL) () if n 2 m. If M ¢ E is a bounded V-submodule, then let
D! (M) c (TL) (1) be the subgroup generated by 7 ld/ml¢ for elementary elements &
of total degree d. We give (TL )y, the bornology that is cofinally generated by these
V-submodules. This bornology is the analogue of the bornology in Corollary [£.4.14]
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It is torsion-free and makes the multiplication in (TL)(,) and the inclusion maps
(TL)(ny = (TL)(m) for n>m bounded. So we have turned ((TL)(m))meN* into a
projective system of torsion-free bornological algebras.

The second paragraph in Lemma says that the extension L FF > TL® F
of v maps L,y to (TL) () for each m € N*. And the third paragraph says that this
homomorphism is bounded. Thus v is a homomorphism of projective systems of
bornological algebras. By Corollary L is isomorphic to the projective system
of the completions m for m € N*, with the bornologies described above.

LEMMA 5.2.3. The embedding TL < T L extends to an isomorphism of projective
systems from the projective system of completions (TL) () for m e N* to TL.

PRrOOF. For a bounded V-submodule M ¢ E, let Mg := M n K and let
QM) == Mg and QZ(M) = Q%1 (M)'® Mg for k > 1. A proof like that
for Proposition {4.4.15| shows that the completion of (TL),,) is the union of the
products

(5.2.4) [« l@2ior2ia)ml G2 (00§ G20 (M) T B T2 (M)
§20,i0,...,i2;20
% ﬁ 7_(.—[(63'—4+2i0+~.+2i2j)/mj'ﬁ'iﬁ (M)'é' 53:1,2 (M)'é' g 5?27(]\4)
§20,61,...,12;0

taken over all bounded V-submodules M ¢ E; elementary tensors in a factor of the
first product correspond to differential forms lo DIy ... Dly; with ly,...,lo; € £ and
deg(l;) = 2i;, whereas those for the second product correspond to differential forms
Dl; ...Dly;. The exponent of 7 is the total degree defined above.

Proposition describes TE. The pro-subalgebra £ is described similarly,
by also asking for the last entry of all differential forms to belong to K. Then a
second application of Proposition [£.4.15] describes TL. The result is very similar to
the projective system above. The only difference is that the exponent of 7 in the
bornology is replaced by h:=|j/k| + ijo li1/m] for each factor in (5.2.4), for some
parameters k, m € N*. Here we may take k = m because this gives a cofinal subset.
So it remains to prove linear estimates between these two notions of “degree”. In
one direction, this is the trivial estimate

21812220

for j > 0 and a similar estimate with 6j —4 = 4(j — 1) + 2j instead of 65 for j > 1.
In the other direction, we distinguish two cases. Let i := Y 4;. If i < 4j-m, then
67 +2i <j-(6+8m) and we estimate

. 251 + . . .
2 )
ml Zlm m (6+8m)-m
The other case is 7 > 45 - m. Each floor operation changes a number by at most 1,
and 67 +2i < 520 +2i < 4i. So

. 2j . . . . .
HJ+ZPJ21—2J'ZL2[6J+2ZJ. O
ml [Zlml m 2m 8m

As a result, v defines a pro-algebra homomorphism £ — 7L. Then L is
analytically quasi-free. This ends the proof of the excision theorem.
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6. Stability with respect to algebras of matrices

A matricial pair (X,Y) consists of two torsion-free bornological modules X
and Y and a surjective linear map (-,-):Y ® X - V. Any such map is bounded. A
homomorphism from (X,Y) to another matricial pair (W, Z) is a pair f = (f1, f2)
of bounded linear homomorphisms f1: X — W, fo:Y — Z such that (f2(y), fi(z)) =
(y,z) for all z € X and y € Y. An elementary homotopy is a pair H = (Hy, Hs)
of bounded linear maps, where Hy: X - W{t] and Ho:Y - Z or H;: X > W and
Hy:Y — Z[t], such that the following diagram commutes:

Yeox 2o, Z @ WI[t]

l( 2) l( ,)®id

Vo V1]
Let (X,Y) be a matricial pair. Let M = M(X,Y) be X ® Y with the product

(z1®y1)(T2®y2) = (Y1, T2)x1 @ Yo.

This product is associative and bounded, and it even makes M a semi-dagger
algebra. The bornological algebra M is also torsion-free by [27, Proposition 4.12].
Thus the completion M is a dagger algebra and M = M.

Homomorphisms and homotopies of matricial pairs induce homomorphisms and
homotopies of the corresponding algebras. Any pair (£,7) € X xY with (n,£) =1
yields a bounded algebra homomorphism

t=te gV = M, (l)=¢@n.

We shall also write ¢ for the composite of the map above with the completion
map M - M = M'. If R is a torsion-free bornological algebra, then R® M is
torsion-free by |27, Theorem 4.6 and Propositions 14.11 and 14.12]. Define

(6.1) tr=idg® 1R - R® M.

PROPOSITION 6.2. Let R be a complete, torsion-free bornological algebra. Then
the map g induces a chain homotopy equivalence HA(R) ~ HA(R® M) and an
isomorphism HA,(R) * HA,(R® M').

Proor. Corollary yields a natural pro-algebra homomorphism 7 (R ®
M) = T(R)® MT covering the identity of R® M'. And any elementary homotopy
between matricial pairs (X,Y") and (W, Z) yields an elementary dagger homotopy
M(X, V) > M(Z,W)'® V[t]!. The X-complex is invariant under dagger homo-
topies by Proposition [£.6.1] Taking all this into account, the argument of the proof
of [26, Theorem 5.65] now applies verbatim and proves the proposition. ([l

Let A be a set. We now describe increasingly complicated algebras of matrices
indexed by the set A.

EXAMPLE 6.3. Let A be a set and let V) be the V-module of finitely supported
functions A — V. This is the free module with basis {xx:\ € A} formed by the
characteristic functions of the singletons. The algebra M (V™) V(M) associated
to the bilinear form (xx,x,) = 0x, is just the algebra My of finitely supported
matrices indexed by A x A, equipped with the fine bornology. The latter algebra is
already a dagger algebra. Proposition implies HA(R) ~ HA(My ® R) for all R.
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EXAMPLE 6.4. Define V") as in Example Its m-adic completion is the
Banach module ¢g(A) := ¢o(A, V) with the supremum norm. The bilinear form
in Example extends to ¢g(A). The m-adic completion of M(co(A),co(A)) is
isomorphic to the Banach V-algebra M} = ¢o(A x A) of matrices indexed by A x A
with entries in V' that go to zero at infinity. The Banach V-modules above become
bornological by declaring all subsets to be bounded. Then the completions and
tensor products as Banach V-modules and as bornological V-modules are the same.
Therefore, Proposition implies HA(R) = HA(M}{ ® R) for all R.

EXAMPLE 6.5. Let £: A - N be a proper function, that is, for each n € N the
set of z € A with ¢(x) < n is finite. Define V(® as in Example and give it the
bornology that is cofinally generated by the V-submodules

Sm= Y rl/mly |
AeA
for m € N*. The bilinear form in Example remains bounded for this bornology
on VM. So M(V(A), V(A)) with the tensor product bornology from the above
bornology is a bornological algebra as well. It is torsion-free and semi-dagger.
So its dagger completion is the same as its completion. We denote it by M f\.
It is isomorphic to the algebra of infinite matrices (¢z,y )z yea for which there is
m € N* such that c, 4 € mlE@)+W)/m] for all z;,y € A; this is the same as asking for
lim |cw,yﬂ_L(Z(w)+e(y))/mJ| =0 because /¢ is proper. It makes no difference to replace

the exponent of m by [£(z)/m]+ [£(y)/m] or |max{l(zx),£l(y)}/m| because we may
vary m. Proposition [6.2 implies HA(R) 2 HA(M{ ® R) for all R.

The following completed matrix algebras will be needed in Section [§]

EXAMPLE 6.6. Let A be a set with a filtration by a directed set I. That is, there
are subsets Ag € A for S € with Ag € Ay for S <T and A =Uger Ag. Let A - N
be a function whose restriction to Ag is proper for each S € I. For S € A, form the
matrix algebra M f\s as in Example These algebras for S € I form an inductive

system. Let h_r)nM f;s be its bornological inductive limit. This bornological algebra
is also associated to a matricial pair, namely, the pair based on lim V{*s) where

"
each V(*s) carries the bornology described in Example Thus Proposition
implies HA(R) = HA(lim M{ | ® R) for all R.

7. Morita functoriality

In this section, we show that analytic cyclic homology is functorial for certain
bimodules. Let A and B be unital, torsion-free, complete bornological V-algebras
and let P be an A-B-bimodule. Assume P to be finitely generated and projective
as a right B-module. Then there are n € N and an idempotent matrix e € M, (B)
such that P = eB™. The left action of A on P induces a V-algebra homomorphism

tarA— Endp(P) 2 eM,(B)e c M, (B).

Proposition describes a chain homotopy equivalence HA(B) = HA(M,,(B)) for
any n € Ny;. Composing this with the map induced by ¢4 gives a chain map

HA(P):HA(A) - HA(B).
This induces maps HA,(P):HA,(A) - HA,(B) for x =0, 1.



86 NON-ARCHIMEDEAN ANALYTIC CYCLIC HOMOLOGY

LEMMA 7.1. The homotopy class of HA(P) only depends on the isomorphism
class of P. That is, if P~ e-B" = f-B™ for n,m €N and idempotent e € M,,(B),
f eM,,(B), then the resulting chain maps HA(A) — HA(B) are chain homotopic.
If A= B =P, then HA(P) is homotopic to the identity chain map.

PROOF. The chain homotopy equivalence HA(B) 2 HA(M,,(B)) in Proposi-
tion is induced by the corner embedding ¢,,: B - M,,(B), b » b- E11. If k > n,
then the inclusion jg,: M, (B) - My (B) that appends zeros on the right and at
the bottom satisfies jg, o ¢, = tx. Hence there is a commuting diagram of chain
homotopy equivalences

HA(tr)

HA(B) HA (M, (B))
Hm lHA(ka
HA My (B)).

Therefore, the maps HA(A) — HA(B) remain unchanged when we replace e and f
by jin(e) € Mp(B) and jgm(f) € Mi(B) for k > n,m. This allows us to reduce to
the case n = m. And then we may still choose k = 2n = 2m to create extra room.

Since fB™ 2 eB™, the idempotent matrices e and f are Murray—von-Neumann
equivalent. That is, there are matrices v, w € M, (B) with

e =vw, f=wv, VWY =V, WOW = W.

Let 15, LQ: A = M, (B) be the two homomorphisms defined above using the idem-
potent elements e and f, respectively. By construction, ¢ (a) = mQ(a)w and

Lf;(a) = w5 (a)v for all a € A. It is well known that jou, m(€) and jomm(f) are
homotopic. We recall the elementary proof. Let

vpi=to+ (1-1t), wy :=tw + (1 -1t)
in M,,, (B[t]) and let
V¢ VWt — 1 -1 th — WVt W4 1- WV
Ut = Uy = = .
1- WV 2wt — WV Wy VWt — 1 (%

Easy computations show that the latter two elements of My, (B[t]) satisfy ug =1
and wpuyt =1 =u; uy. And

v (Lf;(a) O)ulz(i‘(a) O)
Lo o)™ 0 0

for all a € A. Therefore, conjugation by u; defines a polynomial homotopy between
the homomorphisms ¢4 and LQ. Since HA is homotopy invariant by Theorem
it follows that the chain maps HA(A) - HA(May,,(B)) induced by ¢ and ¢/, are
chain homotopic.

To prove the last claim about HA(A) for the identity bimodule A, use m =1
and e = 1. Then t4: A - M,,,(A) is the identity map. O

LEMMA 7.2. Let A, B, C be unital, torsion-free, complete bornological V -algebras
and let P be an A-B-bimodule and Q a B-C-bimodule. Assume P and Q to be finitely
generated and projective as right modules. Then P ®p Q is finitely generated and
projective as a right module, and HA(P®pQ) is chain homotopic to HA(P)oHA(Q).
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PROOF. By assumption, there are m,n € N and idempotent matrices e € M, (B)
and f € M, (C) with P2 eB™ and @ = fC™. Then

P®BQ§(€~Bm)®B (f-C");(e@B 1)'(Bm®3 (f'Cn)):(€®B 1)(an)m

More precisely, this identifies P ® g @ with the image of M,,(v5)(e) € M,,..(C),
where tg: B - M, (C) is the homomorphism associated to f and M,,,(¢5):M,,(B) —
My, (C) is the induced homomorphism on matrices. Inspection shows that the
homomorphism A - M,,,.,(C) defined by realising P ® g @ in this way is equal to
the composite homomorphism M, (tg) o ta: A > M,,,(B) - M,,,.,(C). This implies
the claim because the chain homotopy equivalences HA(B) = HA(M,,(B)) are
natural. ]

THEOREM 7.3. Let A and B be unital, torsion-free, complete bornological

V-algebras. A Morita equivalence between them induces a chain homotopy equiva-
lence HA(A) ~ HA(B) and isomorphisms HA,(A) 2 HA.(B) for x=0,1.

ProOOF. The Morita equivalence is given by bimodules P and @ over A, B and
B,A with PepQ ¥ A and Q®4 P 2 B. It is well known that the equivalence
bimodules P and () are finitely generated and projective as right modules. Hence they
induce well defined chain maps HA(A) <> HA(B) by the construction above. These
are inverse up to chain homotopy by Lemma This homotopy equivalence implies
isomorphisms HA,(A) 2 HA,(B) for * =0,1 on analytic cyclic homology. O

When dealing with non-unital algebras, Morita theory gets more difficult. In
particular, we know less about the bimodules involved in a Morita equivalence. The
issue is to impose the right assumptions on an A, B-bimodule so that there are a
matricial pair as in Section @ an idempotent double centraliser e of B® './\_/t'7 and an
algebra homomorphism A - e(B'® M )e. We do not discuss sufficient conditions
on bimodules that allow to associate such data to them.

8. Leavitt path algebras

Our next goal is to compute the analytic cyclic homology for tensor products
with Leavitt and Cohn path algebras of directed graphs and their dagger completions.
A directed graph E consists of a set E° of vertices and a set E' of edges together with
source and range maps s,7: E1 - E°. A vertex v € E° is regular if 0 < |s71({v})] < o0.
Let reg(E) ¢ E° be the subset of regular vertices. Define

Ng:E° xreg(E) - 7Z, (v,0) & 6y = |5 ({w}) nr  ({w})]-

Let L(E) and C(F) be the Leavitt and Cohn path algebras over V', as defined in
[1} Definitions 1.2.3 and 1.2.5]. We consider them as bornological algebras with the
fine bornology. The following theorem follows easily from the results in [13] and
the formal properties of analytic cyclic homology:

THEOREM 8.1. Assume char F' = 0. Let R be a complete bornological algebra.
Let E be a graph with countably many vertices. Then

HA(R® C(E)) ~HA(R® VED),  HA(C(E)) = FE",
HA(L(E)) ~ coker(Ng) @ ker(Ng)[1],
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If E° is finite, then
HA(R® C(E)) ~ @ HA(R),

veE0

HA(R® L(E)) ~ (coker(Ng) @ ker(Ng)[1]) ® HA(R).

PROOF. We define a functor H from the category of V-algebras to the trian-
gulated category of pro-supercomplexes by giving A the fine bornology and taking
HA(R® A). The functor H is homotopy invariant for polynomial (and even dagger)
homotopies by Theorem stable for algebras of finite matrices over any set A
by Proposition (6.2 applied to Example [6.3] and exact on semi-split extensions
by Theorem Theorem also implies that HA is finitely additive. It is not
countably additive in general, but Corollary [.3.9] shows that it is countably additive
on the ground ring V. Now [13| Theorem 4.2] proves a homotopy equivalence

HA(R ® C(E)) ~ HA(R ® VE").

If EY is finite, then this is homotopy equivalent to HA (R) @V E) = @, o HA(R) by
finite additivity. And if R =V, then Corollary identifies HA(V(EO)) ~ FEY),
|13} Proposition 5.2] yields a distinguished triangle of pro-supercomplexes

HA(R® V@) L HA(Re VE)) - HA(R ® L(E)) — HA(R ® V(ee())

and partly describes the map f. If R =V and E° is countable, then Corollary
identifies HA(V(EO)) ~ F(E") and HA(VeE)) ~ Fres(E) and the information
about the map f in [13| Proposition 5.2] shows that it multiplies vectors with the
matrix Ng. If E? is finite, then HA is E°-additive and [13, Theorem 5.4] gives a
distinguished triangle

HA(R) ® Fre® N5, ma(R) @ FE° - HA(R® L(E)) > -

Since char(F') = 0, there are invertible matrices x,y with entries in F' such that
xNpgy is a diagonal matrix with only zeros and ones in the diagonal. We may replace
the map Ng or id ® Ng above by id ® (zNgy). Then the formulas for HA(L(E))
in general and for HA(R ® L(FE)) for finite E° follow. O

COROLLARY 8.2. HA(R® V[t,t7']) is chain homotopy equivalent to HA(R) ®
HA(R)[1] and HA(R® V[t,t7']) 2 HA,(R) ® HA,(R)[1].

ProOOF. Apply Theorem to the graph consisting of one vertex and one
loop. a

The following theorem says that Theorem [B.]] remains true for the dagger
completions C(E)' and L(E)" of C(E) and L(E):

THEOREM 8.3. Let R be a complete bornological algebra and let E be a graph.
Then

HA(R® C(E)) ~HA(RS C(E)"), HA(R® L(E))~HA(RS L(E)).

So the formulas in Theorem also compute HA(R® C(E)') and HA(R®
L(E)") — assuming E° to be countable or finite or R =V for the different cases.

COROLLARY 8.4 (Fundamental Theorem). HA(R® V[t,t71]") is chain homotopy
equivalent to HA(R) ® HA(R)[1] and HA,(R® V[t,t7]") 2 HA,(R) @ HA,(R)[1].

PROOF. Combine Theorem [8:3 and Corollary 8:2] O
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We are going to prove Theorem by showing that the proofs in [13] continue
to work when we suitably complete all algebras that occur there. We must be
careful, however, because the dagger completion is not an exact functor. We first
recall some basic facts that are used in [13]. These will be used to describe the
dagger completions C(E)" and L(E)'.

By definition, L(E) has the same generators as C'(E) and more relations. This
provides a quotient map p: C(E) - L(E). Let K(E) c C(FE) be its kernel.

LEMMA 8.5. There is a semi-split extension of V -algebras
K(FE)» C(E) > L(E).

PROOF. Let P be the set of finite paths in E. For v € reg(FE), choose e, €
s71({v}). Let

B:={af*:a,f P, r(a)=r(B)},
B =B~ {aese;B vereg(E), a,BeP, r(a)=r(B)=v}.

By [1, Propositions 1.5.6 and 1.5.11], B is a basis of C(E) and B’ is a basis of L(E).
Let o: L(E) — C(E) be the linear map that sends each element of B’ to itself. This
is a section for the quotient map p: C(E) - L(E). d

Next we describe K (E) as in [1, Proposition 1.5.11]. Let v € reg(E). Define

Let P, € P be the set of all paths with 7(a) = v. Let V{P*) be the free V-module
on the set P, and let Mp, be the algebra of finite matrices indexed by P, as in
Example [6.3] The map

@ M'Pu _)K(E)’ 0‘®6'_>QQUB*;
vereg(E)

is a V-algebra isomorphism by |1, Proposition 1.5.11]. Each Mp, with the fine
bornology is a dagger algebra because it is a union of finite-dimensional subalgebras.
Thus K(F) is a dagger algebra as well. In contrast, C(E) and L(E) with the fine
bornology are not semi-dagger algebras. And the restriction to K(F) of the linear
growth bornology of C'(FE) is not just the fine bornology: this is already visible in
the special case where C(E) is the Toeplitz algebra and L(E) = V[t,t!].

We are going to describe the linear growth bornology on C(E). Let F be the
set of all finite subsets S ¢ E° u E! such that

eeSnE"and s(e) ereg(E) = {s(e)} us'(s(e)) cS.

Let S(*) for S € F be the set of all paths that consist only of edges in S. Let |a| be
the length of a path a € P. For n e N| let

S, ={af*:a,B5C), o]+ |8l <n}cB.
This is an increasing filtration on the basis B of C(E).

LEMMA 8.6. A subset of C(E) has linear growth if and only if there are S € F
and m € N* such that it is contained in the V -linear span of Upey ™™ S, .
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PROOF. It is easy to see that the V-linear span of U,y 7l™™ S, in C(E) has
linear growth. Conversely, we claim that any subset of linear growth is contained in
one of this form. Every finite subset of E° U E' is contained in an element of F. It
follows that, for every finitely generated submodule M ¢ C(F), there are S € F and
m > 1 such that M is contained in the V-submodule generated by S,,. Then M7 is
contained in the V-submodule generated by S,,; for all j e N*. Thus M*° is contained
in the V-submodule generated by 77715, for all j € N*. This is the V-linear span
of Upens w™/™1718,, . Letting m vary, we may replace [n/m] -1 by |n/m]. O

Constructing linear growth bornologies commutes with taking quotients. So a
subset of L(FE) has linear growth if and only if it is the image of a subset of linear
growth in C(E). Next we show that the section ¢: L(E) — C(F) is bounded for
the linear growth bornologies, and we describe the restriction to K (F) of the linear
growth bornology on C'(FE):

LEMMA 8.7. Give V(F2) c V(P) the bornology where a subset is bounded if and
only if it is contained in the linear span of {7r“a|/mja:a € S(°°)} for some S € F and
some m € N*. Equip the matriz algebra Mp, = V(PoxPo) with the resulting tensor
product bornology and the multiplication defined by the obvious bilinear pairing as in
Section @, and give @ yereg(r) Mp, the direct sum bornology. There is a semi-split
extension of bornological algebras

vereg(E) Y.
o

P Mp, — C(E)y —2» L(E),.

PROOF. Let S € F. We claim that ¢ o p maps the linear span of S, into itself.
If af8* € B, then o o p(af*) = af*. If af* ¢ B, then « = age,, B = Boe, for some
vereg(E), ag, Bo € Py. And then

p(ap) =plaofy) - Y, plavee’Bo).
s(e)=v,exe,

Since apf3g is shorter than a8* and agee* By € B’ for e € B! with s(e) = v and e # e,,
an induction over |a| +|3| shows that o o p(af*) is always a V-linear combination
of shorter words; in addition, all edges in these words are again contained in S
because S € F. This proves the claim. Now Lemma [8.6] implies that o o p preserves
linear growth of subsets. Equivalently, o is a bounded map L(E); - C(E)g.
Then a subset of K(E) has linear growth in C'(E) if and only if it is of the form
(id=oop)(M) for a V-submodule M ¢ C(FE) that has linear growth. The projection
id - o o p kills a3* € B'. Thus we may disregard these generators when we describe
the restriction to K (F) of the linear growth bornology on C(E). Instead of applying
id — 0 o p to the remaining basis vectors aeye;* for r(a) =r(5) = v e reg(E), we
may also apply it to aeye) 3 — af* because aff* is a shorter basis vector that
involves the same edges. And

(-0 op)(aesct’ — aB*) = ac,el’ — ap* + o( 5 p(aee*ﬁ*))

s(e)=v, eze,
* * * *
=-af" + Z aee” B = —aq,p”.

s(e)=v

Now Lemma implies that a subset of K (F) has linear growth in C(E) if and only
if there are S € F and m € N* so that it belongs to the V-linear span of 7™l aq, 5*
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with v € reg(E), o, 8 € P, n S and |a| + || + 2 < n. Under the isomorphism
Doereg(r) Mp, 2 K(E), this becomes equal to the bornology on @,ereg(r) Mp,
specified in the statement of the lemma.

The semi-split extension in Lemma implies a similar semi-split extension in-
volving the dagger completions C(E)', L(E)" and the completion of @yereq(£) Mo,
for the bornology specified in Lemma [8.7]

Now Theorem is proven by showing that all homomorphisms and quasi-
homomorphisms that are used in [13| remain bounded and all homotopies among
them remain dagger homotopies when we give all algebras that occur the suitable
“linear growth” bornology, defined using the lengths of paths to define linear growth.
This is because all maps in |[13] are described by explicit formulas in terms of paths,
which change the length only by finite amounts. We have put linear growth in
quotation marks because the correct bornologies on the ideals K (FE) and K (E)
in [13] are restrictions of linear growth bornologies on larger algebras as in Lemma
These bornological algebras are special cases of Example and so HA is stable for
such matrix algebras. The bornology on K(F) in Lemma actually deserves to
be called a “linear growth bornology”. But the relevant length function is specified
by hand and not by the length of products as for the official linear growth bornology
in Definition

9. Filtered Noetherian rings and analytic quasi-freeness

In Section [0.1] we develop a criterion for a quasi-free algebra to be analytically
quasi-free. It uses a connection with a growth condition, called finite-degree. In
Section[9.2] we show that the criterion from Section[9.I]applies to dagger completions
of smooth, commutative V-algebras of relative dimension 1. And we show that any
smooth curve over F lifts to such a V-algebra.

9.1. Finite-degree connections. Recall that a complete bornological V-algebra R
is called quasi-free if all its square-zero extensions split. This is equivalent to the
existence of a connection on Q!(R), that is, a linear map V:Q*(R) - Q?(R)
satisfying

V(aw) =aV(w) and V(wa)=V(w)a+wda,

for all @ € R and w € Q'(R). And this is, in turn, equivalent to Q*(R) being
projective for extensions of complete bornological R-bimodules with a bounded
V-linear section. The above claims go back to Cuntz and Quillen [16] for algebras
without extra structure. They also hold for algebras in additive symmetric monoidal
categories and hence for complete bornological V-algebras (see, for instance, [26]).
A related result is Proposition [4:4.6]

We are going to prove that a quasi-free algebra R is analytically quasi-free if
ﬁl(R) has a connection whose growth is controlled in a certain way. This uses
increasing filtrations. An (increasing) filtration on a V-module M is an increasing
sequence of V-submodules (F,, M),y with UF, M = M. For a V-algebra R, we
require, in addition, that F, R-F,, R € Fp+m R for all n,m € N. And for a module M
over a V-algebra R with a fixed filtration (F,, R).en, We require, in addition, that
FoR-FM € FromM for all n,m e N. Then we speak of a filtered algebra and a
filtered module, respectively.
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DEeFINITION 9.1.1. A map f: M — N between filtered V-modules has finite
degree if there is a € N — the degree — such that f(F,M) ¢ F,+o(N) for all n e N.
Two filtrations (F, M), and (F; M), on a filtered V-module M are called shift
equivalent if there is a € N such that F,,M ¢ F) M and F, M ¢ F,.,M for all
n eN.

EXAMPLE 9.1.2. Let R be a torsion-free bornological V-algebra. Define M ()
for a complete bounded submodule M € R and j >0 as in (2.2.1)). Put

9.1.3) FMQIR:= Y MEODdM@ L dMPD e Y am) . dm)
G+ +i <7 i1+t <7

for r € N. This is an increasing filtration on the differential j-forms of the subalgebra

M) c R generated by M.

The following lemma relates such filtrations to the linear growth bornology:

LEMMA 9.1.4. Let R be a torsion-free bornological algebra, M ¢ R a bounded
V-submodule and n > 0. Then
z Wlfz]\fn nR S Q (MO) Z 7T' +n+1 QnR
i20 20

ProOOF. We compute
Q™(M°) = M°d(M°)" & d(M°)"

— Zﬂ_l( Z M(i0+1) dM(’i1+1) . .dM(in+1)

>0 G0+ +in =1

o ) dMmh. ..dM“‘n“)). O

B+t =1
LEMMA 9.1.5. Let M € R be a bounded submodule, r,b>1 and s >0. Then
FMG R FM QR FMy . QR
PrOOF. Straightforward. ]

LEMMA 9.1.6. Let X and Y be torsion-free bornological modules. Let (f,)
be a sequence of bounded linear maps X — Y. Assume that for each bounded
submodule M ¢ X there is a bounded submodule N €Y and a sequence of nonnegative
integers (ay) with lima, = oo and f,(M) € 7N for all n € N. Then the series
s(2) =%, falz) converges in'Y for every x € X, and the assignment x s(x) is
bounded and linear. So it extends to a bounded linear map s: X Y.

ProOOF. Straightforward. ]

DEFINITION 9.1.7. Let R be a torsion-free bornological V-algebra. A connection
V:QY(R) - Q%(R) has finite degree on a bounded submodule M < R if it has
finite degree as a V-module map with respect to the filtrations on Q (M) and
EQ(M(‘”)) from Example A connection V has finite degree on R if any
bounded subset is contained in a bounded submodule of R on which V has finite
degree.

REMARK 9.1.8. Lemma w implies that if V has finite degree on M, then
it also has finite degree on M) for all b. Then V is a finite degree connection on
M) with the bornology that is cofinally generated by M (™ for n e N.
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The following theorem is an analytic version of the formal tubular neighbourhood
theorem by Cuntz and Quillen in [16].

THEOREM 9.1.9. Let R be a complete, torsion-free bornological algebra. Ifﬁl (R)
has a connection of finite degree, then R is analytically quasi-free.

PRrROOF. We introduce some notation on Hochschild cochains. If X is a complete,
bornological R-bimodule and z/J:R®” — X is an n-cochain, write §(¢) for its

Hochschild coboundary. If & R®™ - Y is another cochain, write ¢ u & R®™™ -
X ®RY for the cup product. Let v:Q'R > Q2R be a connection of finite degree,
and let M ¢ R be a bounded submodule and a > 0 an integer such that V has
degree a on M. The connection V is equivalent to a 1-cochain ¢s: R — O2R satisfying
d(p2) =dud, via V(zgdz1) = zopa(x1) for g € R*, 21 € R. Then ¢y raises the
M-filtration degree by at most a. If X is a filtered R-bimodule and 1: R® R - X
is a 2-cocycle of degree at most b, then

0 Q2R - X, (o dey dzs) = 2ot (w1, 2)
is a bimodule homomorphism. And the 1-cochain
Y=oy

raises filtration degree by at most a +b and satisfies 6(¢") = ¢. For n > 1, inductively
define a 2-cocycle and a 1-cochain with values in Q2" R as follows:

¢2(n+1) = Z depaj U d<p2(n—j) - Z P25 U P2(n+1-5)>
7=0 j=1

P2(n+1) = ¢§(n+1)~

Put ¢y =id: R - R. To see that the maps 19, are cocycles, one proves first that
3(dpan) = =3 d(w2; U a(n-j))-
3=0

Then a long but straightforward calculation using the Leibniz rule for both d and ¢
shows by induction that d(t2,) =0 (see |10, Theorem 2.1]). By construction, the
bounded linear map @<an, = Y @2; is a section of the canonical projection TR - R,
and its curvature vanishes modulo JR™"!. So it defines a bounded algebra homomor-
phism R - TR/JR™"!. Hence the infinite series 52, ¢o; is an algebra homomorphism
into the projective limit. It suffices to show that, for each m, the series ¥ ;o wa;
defines a bounded linear homomorphism Rig — (U(T Rig, JR7),U(JRig, JR]Z))T.

One checks by induction on n that g, (M ™) c i]‘f(Zn—l)aﬁ?nR' Hence
(9.1.10) Pon(M°) € Y T FN i 1yans TR,
=0

Next let m > 1 and choose an integer ¢ > max{1,2am}. Then

(9.1.11) i+ {%J - [”(2";1)‘”1} > (1-1/c)i>0
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for all ¢ > 0 and sufficiently large n. Then ¢ > [M] - [ J Set D(i,m,c) :=

n
c m

[M] Equations (9.1.10) and (9.1.11) and Lemmas [9.1.4{and [9.1.5| imply

i () '3 2n
an(MO) S Zﬂ- [AJ/[(i,n,c)Jan Q2 (R)

120

- & i,n,c (©) '3 2n -2 ]'52n )\ ®
em [mJ ZT(—D( )’ )‘Fljgl(i,n,c)+2n92 (R) cm [mJQ? ((M( )) )
i20
By Proposition [4.4.15] the subset of infinite series Y, w2, (M°) is bounded in
(U(TRig, IR, ), U(JRig, JRIZ))T. So Y77 o, defines a bounded homomorphism

R - (Z/I(Tng,JRf’g),Zx{(Jng,Jng))Jr
for each m > 1; this completes the proof. O

COROLLARY 9.1.12. Let R be as in Theorem [9.1.9. Then the natural map
HA(R'") - X(R'® F) is a chain homotopy equivalence and HA,(R) is isomorphic
to the homology of X(R' ® F).

PrROOF. Immediate from Theorem and Corollary [1.7.2] O

9.2. Filtered Noetherian rings and smooth algebras. We now show that
some quasi-free algebras have a connection of finite degree. In particular, this includes
smooth, commutative finitely generated V-algebras of relative dimension 1. For
the remainder of this section, let R be a finitely generated V-algebra, equipped
with the fine bornology. Let S € R be a finite generating subset and let S=™ be the
set of all products of elements of S of length at most n. As above, let F,R € R
be the V-submodule generated by S<". By convention, S<° = {1} and FyR =V -1.
This is an increasing filtration on R. It induces filtrations on the bimodules Q!(R)
as in Example More concretely, F,(Q(R)) is the V-submodule of Q'(R)
generated by xodzy ...dx; with xg € F,,  (R) or zo = 1 and ng =0, and z; € F,,,(R)
fori=1,...,1, and ng + - + n; < n. By construction, the V-module F,, R - F,, R that
is generated by products x -y with x € F, R, y € F,, R is equal to F,,+, R for all
n,m € N. This is more than what is required for a filtered algebra, and the extra
information is crucial for the filtration to generate the linear growth bornology.

Let M be an R-module with a finite generating set Sy € M. Then we define a
filtration on M, called the canonical filtration, by letting F, M be the V-submodule
generated by a-x with a € 7, R and x € Sp;. This satisfies F,, R F,M € Fpoome M
because F,, R - F,R € FpimR. The following proposition characterises canonical
filtrations by a universal property:

PROPOSITION 9.2.1. Let R be a filtered V-algebra and let M be a finitely
generated R-module. Equip M with the filtration described above. Then any R-module
map from M to a filtered R-module Y is of finite degree. The canonical filtrations
for two different finite generating sets of M are shift equivalent.

PrOOF. Let {m,...,m,} be a finite generating set for M as an R-module.
Let h: M - Y be an R-module homomorphism into a filtered R-module Y. Since
Y =UFY, there is an [ € N with h(m;) e /Y for all i =1,...,m. Then h(a-m;) €
FruR for a € F,R. Hence h(F,M) ¢ F,.,Y for all n € N. That is, h has finite
degree. In particular, if we equip M with another filtration (F; M )nen, then the
identity map has finite degree, that is, there is [ ¢ N with F,,M ¢ F| M for all
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n € N. If the other filtration comes from another finite generating set, then we may
reverse the roles and also get I € N with inclusions M € F,,p M for alln e N. O

DEFINITION 9.2.2. A filtered V-algebra R is called (left) filtered Noetherian
if every left ideal I is finitely generated and the filtration (F, RN I),en is shift
equivalent to the canonical filtration of Proposition from a finite generating
set. In other words, there are finitely many x1,...,x, € I and [ € N such that for all
meN and y € F, Rn I, there are a; € Fpp R with y =37 a;z;.

LEMMA 9.2.3. Let R be a finitely generated, quasi-free V -algebra. Assume that
R* ® (R")°P is filtered Noetherian. Then Q'(R) has a connection of finite degree.

PROOF. Since R is quasi-free, the left multiplication map R* ® Q'(R) - Q'(R)
splits by an R-bimodule homomorphism s:Q!(R) - R* ® Q!(R). By definition,
QY(R) is a left ideal in R* ® (R*)°P. By assumption, it is finitely generated
as such, and the filtration on R* ® (R")°P restricted to Q'(R) is the canonical
filtration on Q'(R) as a module over R* ® (R*)°P. Now Proposition shows
that the section s above has finite degree. The section s yields a connection
V:QY(R) > Q*(R), which is defined by V(w) =1®w - s(w). It follows that V has
finite degree. ]

Our next goal is to show that a commutative, finitely generated V-algebra with
the filtration coming from a finite generating set is filtered Noetherian. First consider
the polynomial ring in n variables. The filtration defined by the obvious generating
set is the total degree filtration, where F,,,(V[x1,...,2,]) is the V-submodule
generated by the monomials of total degree at most m, that is, terms of the form
x® =zt rg?xdn with |of = Y o <m.

THEOREM 9.2.4. The polynomial ring R =V[x1,...,x,] with the total degree
filtration is filtered Noetherian.

PROOF. Let I be any ideal in R. Since R is Noetherian, I is finitely generated.
Since V is a principal ideal domain, I has a finite, strong Grobner basis with respect
to any term order on the monomials  (see [2, Theorem 4.5.9]). We use the degree
lexicographic order (see [2, Definition 1.4.3]); the only property we need is that
la| < || implies 2% < 2°. The chosen order on monomials defines the leading term
It(f) of a polynomial f. Let G = {f1,..., fn} be a strong Grébner basis for I. By
[2, Theorem 4.1.12], any g € I can be written as g = 2%1 cjtjfi;, where M €N,
c; €V, tj is a monomial in R, i; € {1,...,N}, and It(t; f;,) <1t(g) for each j. So
the total degree of t; f;, is at most the total degree of g for each j=1,..., M, and
this remains so for the total degree of t;. Combining the monomials ¢; with the
same %;, we write any element g € I of total degree at most m in the form Zf\il D fj
with pj € FmR. 0

PROPOSITION 9.2.5. A quotient of a filtered Noetherian V -algebra with the
induced filtration is again filtered Noetherian.

PROOF. Let R be a filtered Noetherian V-algebra and let I be an ideal. Any
ideal in the quotient ring R/I is of the form J/I for a unique ideal J in R containing I.
Let x1,...,2, € J and [ € N be such that for all m € N and y € F,, Rn I, there are
a; € Fr R with y = Y7 a;z;. Then the images of x1,...,z, in J/I and the same I
will clearly work for the ideal J/I in the quotient R/I. O
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COROLLARY 9.2.6. Any finitely generated, commutative V -algebra is filtered
Noetherian.

PrROOF. Let A be a finitely generated, commutative V-algebra. Let S be any
finite generating set. Turn it into a surjective homomorphism from the polynomial
algebra R = V[z1,...,2,] onto A. This identifies A = R/I for an ideal I in R. The
filtration on A defined by S is equal to the filtration on the quotient R/I defined
by the degree filtration on R. Now the claim follows from Theorem and

Proposition O

PROPOSITION 9.2.7. Let R be a smooth, finitely generated commutative V -algebra
of relative dimension 1. Then R admits a connection of finite degree.

PROOF. The assumptions on R imply that Q' (R) a projective, finitely generated
R-bimodule. Furthermore, by Corollary R is filtered Noetherian. The result
now follows from Lemma [0.2.3] O

REMARK 9.2.8. In their seminal article [28], Paul Monsky and Gerard Wash-
nitzer introduced the so-called Monsky-Washnitzer cohomology Hypy(A) for a
smooth unital F-algebra A that has a “very smooth” lift. This is a presentation
A =8/nS where S is dagger complete and very smooth (|28, Definition 2.5]); by
definition, Hyw(A) = Hqr(S ® F') is the de Rham cohomology of S ® F. As in the
current article, Monsky and Washnitzer assumed that char(F') = 0 but made no
assumption about the characteristic of F. The very smooth liftability assumption
in [28] was crucial for their proof of the functoriality of Hy,. Later on, Marius
van der Put [32] managed to remove that assumption; for any smooth commutative
unital F-algebra A of finite type, he defines Hy(A) as the de Rham cohomol-
ogy of the dagger completion of any smooth V-algebra R with R/mR = A. The
existence of such a lift follows from a theorem of Renée Elkik [18]; van der Put
proves functoriality of Hyy using Artin approximation. However, in his paper
he assumes that F is finite. More recently, under very general assumptions (in
particular, for F of arbitrary characteristic) Alberto Arabia [3] proved that every
smooth F-algebra admits a very smooth lift, and extended the original definition of
Monsky and Washnitzer. In a parallel development, Pierre Berthelot introduced
rigid cohomology H;,(X) of general schemes X over a field F with char(IF) > 0,
which for smooth affine X =sp(A) agrees with Hyyw(A). With no assumptions on
char(F), GroBe-Klonne |19] introduced the de Rham cohomology of dagger spaces
over V', and he related it to rigid cohomology in the case when char(F) > 0.

The following is one of the main applications of our theory:

THEOREM 9.2.9. Let X be a smooth affine variety over the residue field F of
dimension 1 and let A= O(X) be its algebra of polynomial functions. Let R be a
smooth, commutative algebra of relative dimension 1 with R/tR= A . Equip R with
the fine bornology and let R be its dagger completion. If * = 0,1, then HA,(R") is
naturally isomorphic to the de Rham cohomology of RY. This is isomorphic to the
Monsky—Washnitzer cohomology of A, which, if char(IF) > 0, agrees with the rigid
cohomology H}, (A, F') of X.

PROOF. By our hypothesis and Proposition [0.2.7} R is quasi-free. Equipping R
with the fine bornology, we are in the situation of Theorem [9.1.9] Then Corol-
lary [9.1.12| and [11, Theorem 5.5] imply that HA,(R'") is isomorphic to the de
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Rham cohomology of RT. Remark discusses the generality in which the latter
is known to be isomorphic to different cohomology theories over F. ([

Elkik [18] has shown that any smooth curve over F has a smooth lift over V.
The following lemma shows that we may also arrange this lift to have relative
dimension 1 as required in Theorem [9.2.9

LEMMA 9.2.10. Let R be a smooth algebra, A = R/7R, and d = dim A. Then
R = Ry x Ry, where Ry is smooth of relative dimension d and Ry/mRy = A.

PROOF. Since R is smooth, Q}z/v is projective. So its rank r is a continuous
function on Spec(R). Thus the set of primes P where r(P) = d is clopen. This
clopen subset induces a product decomposition R = Ry x Ry. Since dim A = d, the
relative dimension is d at all primes containing 7. Now the lemma follows. ]






CHAPTER 3

A cyclic homology theory in positive characteristic

ABSTRACT. Let V be a complete discrete valuation ring with uniformiser 7
and residue field F = V/7V. We define a cyclic homology theory for algebras
over IF, which we call analytic cyclic homology, by lifting them to free algebras
over V' and then building a tube algebra and completing to a dagger algebra.
‘We show that this theory may be computed using any complete, torsion-free
V-module lifting of an F-algebra. We show that our theory is polynomially
homotopy invariant, matricially stable, and satisfies excision.

1. Introduction

Cyclic homology and its variants have become fundamental invariants in non-
commutative geometry. Developed by Connes and Tsygan in the 1980s, these
invariants vastly generalise de Rham cohomology for smooth manifolds and schemes
to non-commutative algebras. The approach of Cuntz and Quillen provided a
new perspective in cyclic homology by introducing a non-commutative analogue of
non-singular replacements of arbitrary algebraic varieties. Specifically, they build
a certain universal nilpotent extension of an associative algebra A over C, by a
quasi-free algebra T (A). From the viewpoint of cyclic homology, the consequence
of this quasi-free replacement is that the periodic cyclic homology of A can be
computed by a much simpler chain complex — the X-complex of T (A). So a quasi-
free replacement plays the same role in cyclic homology that a smooth embedding
does in de Rham cohomology. The use of suitably defined nilpotent extensions
has thereafter become a standard approach in the definition of local, analytic and
equivariant cyclic homology theories.

The robustness of the Cuntz-Quillen approach leads us to the natural question
of extending periodic cyclic homology to the setting of non-Archimedean algebras.
The ultimate aim of the program — which is far from complete — is that our
homology theory specialises to rigid cohomology in the commutative setting. Our
motivation comes from recent work in |[11], which links Berthelot’s rigid cohomology
for commutative Fj-algebras to the periodic cyclic homology of a certain dagger
completed Z,-algebra lifting.

As a first step towards a theory for noncommutative Fp-algebras, we introduced
analytic cyclic homology in [12] for torsion-free non-Archimedean bornological
algebras. We briefly recall its definition here. Let V' be a complete discrete valuation
ring with uniformiser 7, residue field F and fraction field F' of characteristic 0.
Given a complete, bornologically torsion-free V-algebra R, we use the Cuntz-Quillen
machinery to build an analytically nilpotent extension

JR»TR->R

99
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with an analytically quasi-free algebra T R. We define the analytic cyclic complex
HA(R) of R as the projective system of X-complexes of TR® F. These are
projective systems of Zs-graded bornological F-vector spaces. We show that our
homology theory is homotopy invariant for dagger homotopies, matricially stable
and satisfies excision for semi-split extensions. In one of our main applications, we
show that if R is a smooth algebra of relative dimension 1, then its analytic cyclic
homology can be identified with the rigid cohomology of R/mR with coefficients in
F, when char F' = 0.

We assume throughout this paper that char F' = 0.

In this article, we define analytic cyclic homology for F-algebras by lifting them
to projective systems of torsion-free V-algebras (briefly, pro-algebras). We show that
our theory is homotopy invariant for polynomial homotopies. Furthermore, we use
the analytic cyclic theory in [12] to show that our theory for F-algebras is matricially
stable and satisfies excision for extensions of finitely generated algebras. These
properties are desirable from the perspective of algebraic bivariant K-theory ([14]),
which is the universal excisive, homotopy invariant, matricially stable functor from a
category of algebras into a triangulated category. In our most important result, we
show that different choices of complete, bornological torsion-free V-module liftings
all compute the same theory.

The paper is organised as follows:

In Section [2], we define the analytic cyclic homology complex HA(A, W, o) of
an F-algebra A with respect to a complete, bornologically torsion-free V-module
lift W = A. It is defined as the X -complex of a pro-algebra, built from the tensor
algebra TW and powers of the ideal I := ker(TW - A). We refer to the analytic
cyclic complex complex of A with respect to the free V-module lift VA - A as
‘the’ analytic cyclic homology complex of A and denote it by HA(A). This is a
projective system of Zs-graded chain complexes of bornological F-vector spaces.
The homology HA, (A) of a certain bornological completion of the homotopy inverse
limit of HIA(A) is called the analytic cyclic homology of A.

In Section (3} we recall the simplified axioms of an exact category, following |21].
We need this generality to define the correct derived category in which different
choices of torsion-free liftings of an algebra over F yield quasi-isomorphic chain
complexes. We call an extension

in the category of bornological V-modules 8 locally split if for every bounded
submodule M ¢ @, there is a bounded V-linear section for p. We also define locally

-
split extensions in the category B of projective systems of bornological V-modules.

p
The class of locally split extensions are exact category structures on 28 and 8. We
use these exact category structures to define quasi-isomorphisms in the homotopy

category of chain complexes HoKom(%) over 8. The derived category of the exact

category % is defined as the localisation of HoKom(%) at the quasi-isomorphisms.
In Section [4] we use the exact category framework defined in Section [3] to show
that for any complete, bornologically torsion-free V-module lifting W — A, the
complexes HA (A, W, ) and HA(A) are quasi-isomorphic.
Sections [5] and [f] are about formal properties of our theory. We show that
analytic cyclic homology is homotopy invariant for polynomial homotopies. We also
show that if A is a set and M, is the algebra of finitely supported matrices over F,
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then the canonical map

A —> AQp My
induces a quasi-isomorphism HA(A) 2 HA(A ®r My ). Finally, we show that there
is a diagram of extensions

Kr—€&—L%0Q

K»—— E 2% Q,
where the top row is a semi-split extension of pro-dagger algebras that surjects onto
the bottow row of finitely generated F-algebras with the fine bornology. This is
used to show that analytic cyclic homology satisfies excision in the sense that if

K » E - (@ is an extension of finitely generated F-algebras, then there is a natural
6-term long exact sequence in homology

HAo(K) —— HA(E) —2— HAo(Q)

il Is

HA1(Q) <5— HAL(E) <— HA(K).

2. Analytic cyclic theory in mixed characteristic

In this section, we define analytic cyclic homology for F-algebras. The definition
follows an approach similar to that introduced in [12]. Namely, we lift an F-algebra
to a suitably defined tensor algebra, which has desirable homological properties in
the sense of Cuntz and Quillen. For an F-algebra A that admits a dagger algebra
lifting D — which is the situation considered in Monsky-Washnitzer cohomology —
the analytic cyclic homology of A coincides with the analytic cyclic homology of
D. Therefore, the definition we introduce is the right passage from torsion-free
V-algebras to F-algebras.

DEFINITION 2.0.1. Let W be a complete bornological V-module. Its (incomplete)
tensor algebra TW is the direct sum @:>, W®" with its canonical bornology and
with the multiplication defined by

(xl X ® xn) : (xn-%—l ®-® xn+7n) =T ®® Tpim-

Let ow: W — TW be the inclusion of the first summand. It is a bounded V-module
homomorphism, but not an algebra homomorphism.

A subset S ¢ TW is bounded if and only if there are a € N and a bounded,
m-adically complete V-submodule B ¢ W such that S is contained in the image
in TW of Y_, B®". The tensor algebra has the following universal property:

LEMMA 2.0.2. Let S be a bornological V -algebra. Composition with ow is a
bijection from bounded homomorphisms TW — S to bounded V -module maps W — S.

ProOF. Let f:W — S be a bounded V-module homomorphism. Then there is
a unique bounded homomorphism f#:TW — S with f# o oy = f, which is defined
by
f#(xl ® - ®xy) = f(z1)f(2n)
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for all z1,...,x, e W. ([

In what follows, we go through a sequence of steps as in |12} Section 3], which
leads to the definition of our homology theory.

The first step. Let A be an F-algebra and let W be a torsion-free, complete
bornological V-module with a surjective map o: W - A. We assume that o(M) c A
is finite-dimensional for each bounded V-submodule M < W. Equivalently, o is
bounded when A carries the fine bornology. Let R := TW; this is a torsion-free
bornological V-algebra. It is torsion-free because W is torsion-free, and torsion-
freeness is inherited by n-fold tensor products and direct sums. Since A with the
fine bornology is a bornological V-algebra, Lemma [2.0.2] also shows that ¢ induces
a bounded V-algebra homomorphism p#: R = TW — A. Let I := ker ¢*. Then we
have a torsion-free V-algebra resolution

I>R—-»A

of A.

The second step. We have built a torsion-free bornological V-algebra R with
an ideal I. As in the case of our homology theory for complete, bornologically
torsion-free algebras, we enlarge R to tube algebras for powers of I in R. We recall
their definition:

DEFINITION 2.0.3. Let R be a torsion-free bornological V-algebra and I an
ideal in R. Let I’ for j € N* denote the V-linear span of products z;---x; with
Z1,...,2; € I. The tube algebra of I' 4 R for 1 e N* is defined as

URTY):=Y 77T cReF,
j=0
equipped with the subspace bornology; this is indeed a V-subalgebra of R F. If
l>j, then U(R,I') cU(R,I?) is a bornological subalgebra. Let U(R, %) denote
the resulting projective system of bornological V-algebras (U(R, I'))en+-

Since U (R, I') is a bornological submodule of an F-vector space, it is bornologi-
cally torsion-free. Furthermore, the inclusion R < U(R,I') induces a bornological
isomorphism U(R,I')® FxR® F.

The third step. In this step, we equip each tube-tensor algebra U(TW,I') for
I € N*, with the relative linear growth bornology with respect to the ideal U (I, I') (see
[12, Definition 2.2.3]). Since 7 -U(R,I') cU(I,I'), the quotient U (R, I")JU(I,1")
is semi-dagger. So by [12| Lemma 2.26], there is no difference between the relative
and the absolute linear growth bornologies on U(R, I').

The fourth step. Tensor with F'. This gives a projective system of bornological
F-algebras

URI®) g ® F = (UR, T )15 ® F)jenys.

The fifth step. In this step, we take the X-complex, defined for incomplete
algebras as follows:

DEFINITION 2.0.4. Let S be a bornological V-algebra. The X-complex of S is
defined as

X(8)= (8 E= S )
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where Q!(S)/[,-] denotes the quotient of the noncommutative 1-forms by the
cokernel of the map

S®QHS) - QN(S), zewr T w-w- .
The maps ¢, d and b are the same maps already defined in [12, Section 2.7].

In our case, we take the X-complex of the projective system of incomplete
bornological algebras U(R,I° )1z ® F. These define a projective system of Z/2-graded
chain complexes of bornological F-vector spaces, which we call the analytic cyclic
complex HA(A; W, 0) of A with respect to the lifting o: W — A.

The sizth step. The next step takes the homotopy inverse limit holim HA (A, W, o)
of the analytic chain complex. More explicitly, this is the mapping cone of the chain
map

[IXURT)YeF)-> ] XUR,IT)e F),
leN* leN*
(1) = (21 = 01(2131) ) e

We will discuss the homotopy inverse limit construction in greater depth in
Section This gives us a Z/2-graded chain complex of bornological F-vector spaces.

The seventh step. Finally, we impart a notion of completion to our bornological
structures that has better exactness properties. Recall that we can explicitly describe
the completion of a bornological V-module as follows: given a bornological V-module
M = li_n)1Mi, its completion is defined as M = h_n)l]\’/Tl/@ The functor that takes
a bornological V-module to the quotient by the bornological closure of the trivial
module {0} is called the separated quotient functor. In general, this functor is not
exact and the separated quotient of a bornological V-module is hard to describe
explicitly. This is also why we delay the process of completion; instead of directly
taking the dagger completion of the tube-tensor algebra in stepas in [11}12]. More
specifically, the definition of analytic cyclic homology involves a certain analytic
tensor algebra lifting 7 R of a complete, bornologically torsion-free V-algebra R. We
described this tensor algebra explicitly in [12} Section 4.4], using the bornology of R
and subcompleteness of the tensor product (see |12, Proposition 2.4.5]). However,
to associate a natural chain complex to an F-algebra A, we need to use free algebra
liftings in place of tensor algebras, for which the separated quotient functor is hard
to control. Therefore, we replace the completion functor with the quasi-completion
of a bornological V-module:

DEFINITION 2.0.5. Let M be a bornological V-module written as an inductive
limit M H_I)nMi of the directed set of its bounded V-submodules M;. The quasi-

completion of M is defined as Q(M) := hﬁ}]\’z It is a bornological V-module with
the inductive limit bornology.

We now take the quasi-completion of the homotopy inverse limit of HA(A, W, o)
at each degree. This yields a Zs-graded bornological chain complex.

The eighth and the last step. In what follows, let A and p: W - A be as in Step
1.

DEFINITION 2.0.6. The analytic cyclic homology of an F-algebra A with respect
to W is the homology HA, (A, W, o) of the chain complex Q(holim(HA(A, W, 0))),
that is, the quotient of the kernel of the differential by the image of the differential,
equipped with the induced bornology.
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REMARK 2.0.7. The definitions above also work if the lifting W of an F-algebra
is a projective system of V-modules. We then need a tube algebra that is a projective
system over the powers of the ideal as well as over the indexing set of the pro-tensor
algebra TW (see |12, Section 4.2]). We still denote the analytic cyclic complex of a
pro-V-module lifting W — A by HA(A, W, o).

The following result formulates the functoriality of our homology theory:

LeMMA 2.0.8. For j =1,2, let A; be F-algebras with the fine bornology, let W
be torsion-free, complete bornological V-modules with bounded V-module maps
0;:W; - Aj. Let g: W1 - W be a bounded V-module homomorphism that satisfies
g(kerp1) <€ kerpo. Then g induces a bounded F-linear map HA,(A1;W1,01) —
HA., (Az; Wa, 02).

PrOOF. The map ¢g:W; — W5 induces a bounded V-algebra homomorphism
T(g)TWl d TW2

Furthermore, the condition g(ker 1) € ker g means that the F-linear map A; — A,,
gz +ker(o1) = g(x) +ker(ps) is well-defined. Finally, the maps g;: W; - A; induce
bounded V-algebra homomorphisms g5: TW; — A; such that 03 o T(g) = go 0j. So
T(g) maps Iy := ker(TW; - A;) to Iy := ker(TWy > As). Hence T(g) induces a
map U(TWy, I}) - U(TWs, I4) for each [. Since tensor product with F, the X-
complex, homotopy projective limits, and quasi-completion are functors, we obtain
a chain map Q(holim(HA(A;,W1,01))) = Q(holim(HA (A2, Wa, 02))). It induces
a map in homology HA, (A1, W1, 01) > HA,(As, Ws, 02) for each * =0, 1. d

2.1. Special lifts of an algebra over the residue field. We now consider
two special types of liftings that arise in practice.

Monsky- Washnitzer type lifting. The situation in Monsky-Washnitzer cohomol-
ogy is as follows: consider a smooth, unital F-algebra A with a weakly complete,
“very smooth” V-algebra D that satisfies D/rD = A. In our setup, this means
that if we equip A with the fine bornology, then there is a resolution by a dagger
algebra 7D » D - A. We can now apply our machinery and define the analytic
cyclic homology of A with respect to its dagger algebra lifting D. This turns out
to be the same as the analytic cyclic homology of D as defined in [12, Section 3].
Importantly, there is no difference between the quasi-completion and the completion
of the tube-tensor algebra U (TD,JD™) in the linear growth bornology.

PropPOSITION 2.1.1. Let D be a dagger algebra with the property that the quotient
bornology on D[nD is the fine bornology. Then HA(D/mD, D, q) is quasi-isomorphic
to the analytic cyclic homology complex HA(D) of the dagger algebra D.

PROOF. Let A:= D/nD. We claim that the ideals JD and
ker(TD » A)=JD&®n-op(D)=JD+n-TD

in TD generate the same tube algebras. To check the claim, let [ € Ny; and compute

oo oo al o
Y tUD+m-TD) < 3 Y a (D) = Y a*(ID)™.
a=0 a=01=0 a=0

So the tube algebras defining HA(D) and HA(D/xD, D, q) are the same. We
now show that quasi-completion commutes with homotopy inverse limits. To show
this, we will need the following;:
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LEMMA 2.1.2. Quasi-completions commute with countable products.

PROOF. Let (M, )nen be a collection of bornological V-modules and let M =
[T,y M. Writing each M,, as an inductive limit M,, = lim M, ;,, we can

—”n

describe the bornology on M explcitly as follows: a subset in J\ﬂ4 is bounded if
and only if it is contained in some bounded submodule of the form [],,cy My i, , for
in € I,. So the quasi-completion of M is the inductive limit of [],y Mn,i,,. This is
also precisely the product of the quasi-completions Q(M,,). [l

It remains to show that the quasi-completion of the complex X (U(TD,JD*);;®
F) is isomorphic to the completed analytic chain complex X (TD'® F) that defines
the analytic cyclic homology of the dagger algebra D. Let [ € N* be fixed. In degree
0, the X-complex is U(TD, .JDl)lg®F7 and in degree 1 it is the commutator quotient
of Q' (U(TD,JD")), ® F). Here by commutator quotient, we mean the quotient
by the image of the map U(TD,JD"), ® Q' (U(TD,JD")),) = Q' U(TD, D)),
TOWH T W—Ww:-ZT. v

We first observe that submodules of the form @32 7 L1102 (M), for bounded -
adically complete submodules of D, cofinally generate a bornology that is isomorphic
to the linear growth bornology of the tube algebra U(TD,JD")}, (see |12, Corol-
lary 4.1.4]). Now let M - N be a bornological embedding between bounded,
m-adically complete submodules of D. Then by [12] Proposition 2.4.5], we have an
inclusion (M) < 41 (N). So we have [, Lt Q2 (M) - [, Lt Q2 (N),
which implies the separatedness of the inductive limit. Varying [, we can identify
QY (U(TD,ID>),)/[,+] with the pro-bimodule differential forms of odd degree. So
we can repeat the same argument as above to deduce that the quasi-completion of
this pro-module is isomorphic to O 1(U(TD, JD=)")/[,]. O

COROLLARY 2.1.3. Let A be the coordinate ring of a smooth, affine variety X
over F of relative dimension 1. Suppose R is a smooth, commutative V -algebra with
the fine bornology, satisfying R/mR= A. Then for » =0,1, the following homology
groups are isomorphic at each degree:

(1) HA.(A,R", R - A);

(2) the de Rham cohomology of R' ® F;

(3) the Monsky-Washnitzer cohomology of X ;
(4) if char(FF) > 0, then the rigid cohomology H,

PROOF. The homology groups in (2), (3) and (4) are all isomorphic to HA, (R")
by |12, Theorem 8.2.9]. O

L(AF) of X.

rig

We would like to show that the homology theories above are isomorphic to
HA, (A), which is our definition for the analytic cyclic homology for an F-algebra.
This is true by Proposition [2.1.8] which we prove in the Section

Pro-dagger algebra lift with pro-nilpotent kernel. We end this section with a
generalisation of Proposition [2.1.1}] This generalisation will be needed to prove
excision in Section [6] Recall that a pro-algebra N is called analytically nilpotent if
it is isomorphic to a projective system of dagger algebras, and is nilpotent mod 7
(see |12, Definition 4.3.1]).

PROPOSITION 2.1.4. Let A be an F-algebra with the fine bornology, viewed as a
constant projective system. Let I, » D, 2 A be an extension of pro-algebras, where
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D = (D) nen s a pro-dagger algebra and I = (I,)nen s analytically nilpotent. Denote
the surjections (0n: Dy = A)pen by 0:D - A. Then HA(A, D, o) is quasi-isomorphic
to HA(D).

PROOF. Let J = ker(TD - A) be the pro-algebra J, = ker(TD,, » A). By
hypothesis, for each n, there are m > n and k > 1 such that Ifjl cmw-1I,. So the
image of Jﬁ@ is contained in JD,, & 7l,. By a computation as in the proof of
Proposition [2.1.1] it follows that for each n, there are m > n and [ = jk > j, such
that the image of U(TD,,, J.) is contained in U(TD,,,JDJ). And the image of
U(TD,,,JD?) is contained in U(TD,,J?) for each n e N and j € N*. Therefore, the
pro-algebras U(TD,I*) and U(TD,JD>) are isomorphic as projective systems. Ap-
plying the X-complex gives an isomorphism of projective systems of chain complexes
XU(TD,I*)) - X(U(TD,JD*>)). Now the functoriality of homotopy inverse
limits, quasi-completions and Proposition imply that HA, (D) 2 HA.(A, D, o)
for » =0, 1. O

REMARK 2.1.5. Let A be an F-algebra and let N » D - A be an extension
by a pro-algebra D and a nilpotent mod 7 kernel N. Then D is automatically
isomorphic to a projective system of semi-dagger algebras. This is because by
[12) Remark 4.22], the reduction mod N /7N is nilpotent, and hence isomorphic to
a projective system of semi-dagger algebras. Since wIV is also a projective system of
semi-dagger algebras, so is N by |12, Proposition 4.3.13]. Of course, since w- A =0,
A is also semi-dagger. Viewing A as a constant pro-algebra, we can again use
[12 Proposition 4.3.13] to conclude that D is isomorphic to a projective system of
semi-dagger algebras.

2.1.1. The free V-algebra lifting of an F-algebra. The approach in [11] uses
the free commutative V-algebra lifting V[A] - A of a commutative F-algebra
A, and associates to it a functorial chain complex. If the algebra A is finitely
generated, their construction yields rigid cohomology. In our setting, the algebra A
is non-commutative. So we must replace the free commutative algebra by the free
V-algebra V(A), defined as follows:

DEFINITION 2.1.6. Let S be a set. Let (S) denote the free semigroup generated
by S; this is the set of all non-empty words with letters in S, with concatenation of
words as multiplication. Let V(S) be the free V-module generated by (S}, equipped
with the multiplication induced by the product in (S). This is the free algebra
generated by S. Namely, it has the following universal property: for any V-algebra B,
there is a natural bijection between algebra homomorphisms V{S) — B and maps
S — B. We write f#:V(S) —» B for the algebra homomorphism induced by a map
f:S—B.

If S is a subset of A, then the inclusion map i:.S - A induces a V-algebra
homomorphism i#:V(S) - A. It is surjective if and only if S generates A as an
F-algebra. A functorial choice for the generating set is S = A.

LEMMA 2.1.7. Let S be a set and let V.S be the free V-module over S. Then
V{(S)zT(VS).

PROOF. Let B be a V-algebra and let S — B be a map. Since B is in particular
a V-module, the universal property of free modules, gives a unique V-linear map
VS - B extending S — B. Since B is a V-algebra, the universal property of the
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tensor algebra gives a unique extension T(V'S) — B. The claim now follows from
the Yoneda Lemma. ([

We equip the free V-module VA and the tensor algebra R:= V(A) =z T(VA)
with the fine bornology. Then VA and R are both complete as V-modules. Since
V' A is free, the algebra R is torsion-free and since it has the fine bornology, it is also
bornologically torsion-free. So we obtain a bornologically torsion-free resolution

IR A,

which we feed into our machinery. We denote the resulting analytic chain complex
by HA(A) := HA(A,VA, VA - A) and call the resulting homology HA,(A) ‘the’
analytic cyclic homology of A. This name is justified in our main theorem, which
we now formulate:

PROPOSITION 2.1.8. Let A be an F-algebra, let W be a complete, bornologically
torsion-free bornological V-module, and let o:W — A be a surjective V-module map
that is bounded in the fine bornology on A. Assume that o has a bounded section.
Then there is a canonical bornological F-module isomorphism

HA,(A) 2 HA,(A; W, o).

Let A, W and o:W — A be as in Proposition Let I := kero#. The
homology HA, (A; W, ¢) is based on the projective system of bornological V-algebras
U(TW, I') for I € Ny;. The homology HA, (A) is based on the projective system of
bornological V-algebras U(T(V A), J') for | € Ny, where J := ker(p: T(VA) » A).
We first build a natural map

HA. (A) > HA,(A; W, o).
The starting point is a map s: A - W with go s =id4. This induces a V-linear
map VA - W, which we compose with the canonical linear map oy: W — TW.
The composite induces a homomorphism s, from V(A4) = T(VA) > TW. It satis-
fies o7 o s, = p and hence maps J to I. Then it extends uniquely to compatible
homomorphisms sg,l):Z/{(T(VA)7 JY = U(TW,IY) for all [ € N. The bornology on
U(T(V A),J) is the fine one, so that these homomorphisms are bounded. We get
HA,(A) and HA,(A; W, 0) by applying the steps 3-8 in the definition of analytic
cyclic homology to the projective systems of bornological algebras U(T(V A), J!)
and U(TW,I'). Since each of these steps is functorial, the family of homomor-
phisms (sgl))leN21 induces a map HA, (A) - HA,(A; W, p). To show that this map
is invertible, we first need to develop some machinery that is motivated by local
cyclic homology [26], Section 2.3]. Using this machinery, we will construct ‘local’
algebra homomorphisms in the opposite direction that are inverse to sﬁl) in a suit-
able sense. We will ultimately show that the resulting chain complexes HA(A) and
HA(A, W, p) are ‘locally’ chain homotopy equivalent.

3. The exact category of locally split extensions

In this section, we define exact category structures on the categories of bornolog-
ical V-modules and projective systems of bornological V-modules (over countable
directed sets). Let C be an additive category C with kernels and cokernels. A
diagram of the form

(3.0.1) K5ELQ
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is called an extension if i = ker(p) and p = coker(i). An exact category is an additive
category C with a distinguished class of extensions &) called conflations, satisfying
certain properties. An arrow in C is called an inflation (respectively, deflation) if
it is the arrow i (respectively, p) in a conflation. The conflations must satisfy the
following axioms:

e the identity map on the zero object is a deflation;

o if A 4 B and B3 C are deflations, so is A iy C;

o the pullback of a deflation along an arbitrary map exists and is again a
deflation;

e the pushout of an inflation along an arbitrary map exists and is again an
inflation.

3.1. Locally split extensions of bornological modules. We now define

the relevant exact category structures on the categories B and % of torsion-
free bornological V-modules and projective systems of torsion-free bornological
V-modules, respectively. Briefly, we require extensions of bornological V-modules
that split locally, that is, on each bounded V-submodule of the quotient.

DEFINITION 3.1.1. An extension as in (3.0.1]) of torsion-free bornological V-
modules is called locally split if for any bounded V-submodule M ¢ @, there is a
bounded V-module map s: M — E such that po s: M — @ is the inclusion map. We

call a bounded V-module map X ER Q locally liftable into the extension (3.0.1)) if for
any bounded V-submodule M ¢ X, there is a bounded V-module map f:M - E

such that po f = f oy, where ¢y is the inclusion M ¢ X;

McX

e

E—25Q.

REMARK 3.1.2. An extension is locally split if and only if idg is locally liftable,
if and only if any bounded V-module map X — @ is locally liftable.

In what follows, and throughout this article, we shall only consider projective
systems indexed by countable directed sets N. We can actually assume N = N. This
is because restriction to cofinal subsets yields isomorphic projective systems.

DEFINITION 3.1.3. An extension of projective systems of torsion-free bornological
V-modules is called locally split if it is isomorphic to a projective system of extensions
(K, » E, » Qpn)nen, where for each n € N, there exists m > n such that the
canonical map @, — @, is locally liftable with respect to the extension K,, » E,, -

Qn-

A few remarks are in order here. The proof of [12, Proposition 4.3.13] shows
that an extension K » E — @ of projective systems of bornological V-modules is
isomorphic to a projective system of extensions of bornological V-modules (K], »
E! > Q! )nen, such that (K)),, (El), and (@), are isomorphic as projective
systems to K, E and Q, respectively. We do not assume that the local sections are
compatible with the structure maps of E and ). Finally, it is easy to see that the
definition of locally split extensions is independent of the choice of representation as
a projective system of extensions.
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<«
Denote by & and & the classes of locally split extensions in the categories 5
pi

and ‘B, respectively.

REMARK 3.1.4. The class of locally split extensions defined above is inspired by
the locally split extensions defined in [26), Section 2.3.6] for categories of projective
and inductive systems over an additive category.

LEMMA 3.1.5. The pair (9B, &) is an ezxact calegory.

PROOF. Clearly, the zero map on the zero module is a deflation. To see that
the composition of two deflations p: A - B and ¢: B — C' is a deflation, let M be a
bounded V-submodule of C'. Then there exists a bounded V-module map sp;: M - B
such that go sy, is the inclusion of M into C. Let Nj; be a bounded submodule of B
containing the image of sp;. Then there is a bounded V-module map tp: Ny — A
such that p oty is the inclusion of Njs into B. So tps o sps is the required local
section for the map A - C. It remains to to verify the pushout and pullback axioms.

By |12, Lemma 2.3.1], the pullback of a bornological quotient map A 5B along an
arbitrary bounded V-module map C' ER B exists, and is a bornological quotient map

Axp, s C 5 ©, where Axp i C={(z,y) e Ao C:p(z) = f(y)} and p’ is the canonical
projection onto C'. This has an obvious local section: let M ¢ C' be a bounded
V-submodule. Then there exists a bounded V-module map szpp: f(M) — A that
locally splits p. So (s¢aryofyinm): M — A®E, m v (s¢ap)f(m), m), is the required
local section of p'.

Finally, let i: A = B be an inflation, and f: A - A’ an arbitrary bounded V-
module map. Then by Lemma [12] Lemma 2.3.1], the pushout exists, and is given

by B’ := {(f(a)‘if% with the canonical maps i": A" — B’ i'(a’) = [(a/,0)] and

f:B - B', f(b) =[(0,b)]. Furthermore, i’ is a bornological embedding. It remains

to show that the cokernel B’ » coker(i’) is locally split. Since i is an inflation, we
know that for every bounded V-submodule M of coker(7), there is a local section
sp:M — B for B - coker(i). Then f o s is a local splitting of ¢'. d

PROPOSITION 3.1.6. The pair ((‘g, E) is an eract category.

ProOOF. Let p: A - B and ¢: B - C be two deflations. By definition, we can
represent p and ¢ as diagrams of locally split cokernels (p): Al - Bl )ney and
(q7: By = Cl')pen, where A 2 (Al )pen, (Bl)nen 2 B 2 (B)))neny and C' 2 (C)) pen.
Taking the pullback of the projective system of cokernels (p},: A!, > B )nen along the
isomorphism (B!),en = (B),)nen, we obtain a diagram of cokernels p”: (A!) pen —
(B! )nen such that (A )nen 2 (A )nen 2 A. Tt is easy to see that p” is locally split,
so that it represents the deflation p. So for each n € N, there exists k > n, such
that the structure map B; — B is locally liftable with respect to pl: Al - B,.
Similarly, there exists [ > k such that the structure map C;" - C}/ is locally liftable
with respect to ¢;: B;] - C}/. Composition of these local liftings C}" - By — A,
yields the required local lifting of the structure map C;" - C)/ into the quotient
Al Ol

To verify the other axioms, it is well known (see |30, Proposition 7.1.5]) that
if the pullback (respectively, pushout) of a cokernel (respectively, kernel) along an
arbitrary morphism exists and is a cokernel (respectively, a kernel), then the same
holds in the projective category. We sketch the proof here as follows: let ¢: B - C
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be a cokernel of projective systems and let f: X — C' be an arbitrary pro-linear
map. Then ¢ can be represented as a cokernel of diagrams (g,: B, - Cp)nen.
Modifying the terms B,, and C,, if necessary (up to an isomorphism of projective
systems), we get a morphism of diagrams f,: X,, - C,, into B,, » C,,. Of course,
the modified morphism of diagrams B,, - C,, still represents the deflation ¢: B - C,
so we continue to denote it by ¢,. By Lemma we can take the pullback of
gn* By, » C,, along fp: X,, > C,, and again obtain a cokernel (B, x4 ; X,,) > (X,,) of
diagrams. Fix n € N. Since ¢ is a deflation, there is an m > n such that the structure
map C,, » C, lifts locally with respect to the cokernel B, - C,,. Precomposing
with f,: Xy, = Cp, yields the required local lifting X,,, — B,, x4,y X, of the structure
map X,, - X,.

The pushout axiom can be dealt with similarly: let i: A » B be an inflation and
f:A— A’ a pro-linear map. By definition, we can represent the extension i: A

B coker(i) as a diagram of extensions (A, 5 B, > coker(i,))nen that satisfies:
for each n € N, there is an m > n such that the structure map coker(i,,) — coker(i,)
is locally liftable. By modifying A and B up to an isomorphism of projective
systems, we can represent f as a morphism of diagrams f,: A, - Al out of the
kernels (iy: Ay, > Bp)nen. We continue to denote the kernel A,, > B,, by i, as both
these morphisms represent i: A » B. By Lemma we can take the pushout

Al A B!, whose cokernel isomorphic as a projective system to coker(i). O

3.2. Definition of the derived category. We define the derived category

-
of the exact category (%, ¢). Throughout this section, we will refer to Zs-graded
chain complexes, also known as supercomplexes.

LEMMA 3.2.1. Let R be a ring that is finitely generated as a Z-module. Let
(X,0x) and (Y,0y) be projective systems of R-modules, and f: X —Y a morphism
of projective system of Z-modules that is R-linear in the sense that

Rey; X X5 X

ide fl lf

Re,Y 5V

commutes, where mx and my are the multiplication maps of X andY , respectively.
Then f can be represented as a morphism of projective system of R-modules.

PROOF. We can represent f by Z-linear maps (fn:X,n) = Yn)nen. The
condition of R-linearity says that for each generator r € R, there are indices k,.(n) >
l;(n) > m(n) to have f,(c™(r-z)) =r-o¥ (fi,(2)) for x € X, (n). Now since R is
finitely generated, we can arrange that this equality holds simultaneously on all the
generators of R, by taking the maximum of all such indices k,.. So f: X - Y isa
morphism of projective systems of R-modules. (]

THEOREM 3.2.2. Let C be an additive category with cokernels. Then any
<
supercomplex in C is a projective limit of a projective system of supercomplezes in
C and, this yields an equivalence of categories

Kom(C) = Kom(((?).
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PROOF. Let R be the ring with the presentation {g,d:g* = 1, gd+dc = 0,d* = 0}.
Then a Zs-graded chain complex over C is equivalent to an object X € C, together with
a ring homomorphism R - End(X). Since C is additive and has cokernels, so does

«— «—
C . Therefore any chain complex in Kom( C ) is a projective system X = (X, )pen in

(E, together with a ring homomorphism f: R - End(X). Viewing R as an R-module
in an obvious way, we obtain a projective system R ®z X of R-modules. Since R is

Pt
finitely generated and free as an abelian group and, since C is an additive category,
R ®z X is well-defined. It is concretely given by a direct sum of finitely many copies

<«

of X. The map f induces a morphism R ®z X — X of projective systems in C.
Tensoring on the left with R, we obtain a morphism R ®z; R ®z X - R®z X of

projective systems in ((?, which is R-linear. Since R is finitely generated, Lemma
3.2.1]implies that we can represent this map as a projective system of R-module maps
R®y R®z X - R®zX. These can be further represented as a diagram of R-modules
(R®z R®y X,, > R®7z X,,)nens, after suitably reindexing by some directed set M,

with (X;)nen 2 X in (E For each n, the cokernel of R ®z R®z X,, > R®z X,

is X,, so that each X, is an R-module. Therefore, X is a projective system of

R-modules. By naturality of the bar resolution, this assignment is indeed a functor
piliamati

“«— — “«—
Kom(C) — Kom(C), which is inverse to the functor Kom(C) - Kom(C ) that
forgets the R-action on a diagram in C. O

DEFINITION 3.2.3. A chain complex (C,d) in an exact category is called ezxact
if ker(9) exists and

ker(d) » C - ker(9)
is a conflation, where ker(d) » C' is the identical inclusion and C — ker(d) is

the map § at each level of the chain complex. A chain map f:C — D is called a
quasi-isomorphism if its mapping cone is exact.

Consider the exact category (%, (6) of projective systems of torsion-free bornolog-
ical V-modules with locally split extensions as conflations as in Definition [3.1.3

-
Then Kom(*B) is an exact category, whose conflations are given degreewise. We
— <«

use the equivalence of categories Kom(8) ~ Kom(*B) to describe conflations in
-

the category Kom(B), which is easier to work with. The induced exact category
-\

structure on Kom(®B) is the set of all kernel-cokernel pairs that are mapped by the

<«
forgetful functor to conflations in Kom(8). By [8, Section 5], this is indeed an

-
exact structure on Kom(28). We describe these conflations more explicitly.

Let K » E - @ be a locally split extension of chain complexes in each degree.
This means that at each chain complex degree, this extension is isomorphic to a
projective system of extensions of bornological V-modules

(Kn > En - Qn)neN

- —
that is locally split. Since the forgetful functor Kom(8) - Kom (*8) is part of
an equivalence of categories, it is essentially surjective and fully faithful. So the
extension above lifts to the extension of projective systems of chain complexes

(K',d5") = (E',d"") - (Q',d?)



112 A CYCLIC HOMOLOGY THEORY IN POSITIVE CHARACTERISTIC

that is isomorphic to the original extension and satisfies the following: for each
n € N, there exists m > n such that the canonical chain map Q), — Q! is locally
liftable with respect to the extension K|, » E! — Q! taken degreewise.

en T

In what follows, we also refer to conflations in Kom(28) as locally split extensions

Pkt —
and not explicitly distinguish between conflations in Kom(8) and Kom(‘5B).

DEFINITION 3.2.4. The derived category of the exact category % is the lo-

—
calisation of the homotopy category of chain complexes HoKom(®8) at the quasi-
isomorphisms.

3.3. Locally contractible chain complexes and local chain homotopy
equivalences. In this section, we describe quasi-isomorphisms and exact chain
complexes as local chain homotopy equivalences and locally contractible complexes.
This description will be useful in the next section, when we compare the analytic
cyclic homology of an F-algebra A and the analytic cyclic homology of a torsion-free
lifting. We will make use of the local structure of complete, torsion-free bornological
V-modules to construct an explicit local chain homotopy equivalence between them.

Let C = (Cy, dg) be a chain complex of bornological V-modules. For each n, we
write the bornological V-module C,, as an inductive limit of its bounded submodules
as follows C), = li_n)lidn Ci.

DEFINITION 3.3.1. (1) A local chain map f:(C,d°) - (D,dP) between
chain complexes in Kom(%8) is a collection of V-linear maps (fi:C% —
D) (nezy ie1,) satisfying d2 o fi(z) = £l 0dS () for all z € C?, and some
j €I 1 so that d$(CL)cC?_,.

EXAMPLE 3.3.2. The collection of canonical maps (C? Cn) (neziel,,)
is a local chain map C' - C.

(2) Two local chain maps f,g: (C,d%) - (D,dP) in Kom(B) are said to be
locally chain homotopic if there is a collection of bounded V-module maps

(hi;:c:;,n + dS(C};) - Dn+1)(neZQ,ineln)
that satisfies
fﬁ(x) - 95(95) = (hif—1 ° dg + d'r?+1 ° h;)(x)

for all x € Cin +dS(Cir) and all (n,i,) € (Zg,I,). We call the collection
above a local chain homotopy and denote it by h:C — D[1].

REMARK 3.3.3. Before moving on, we simplify our notation. Since we rarely
need the chain complex degree n, we omit it altogether. A bounded submodule at
each chain complex degree will simply be denoted as M ¢ C. Accordingly, a local
chain homotopy is a collection of bounded V-module maps h: M +d® (M) — D that
satisfies f(z)—g(x) = (hod® +dP oh)(x) for all 2 € M +d® (M) and every bounded
submodule M.

DEFINITION 3.3.4. A chain complex (C,d®) in Kom(%8) is locally contractible
if for any bounded submodule M ¢ C, there is a bounded V-module map h™: M +
d®(M) - C such that (hM 0d® +dP o hM)(x) = x for all z € M +d°(M). In other
words, the identical inclusions of each bounded subcomplex of C' is null homotopic.
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We now define local contractibility and local chain homotopy equivalences for
PR

projective systems of chain complexes and chain maps in Kom(‘8).

DEFINITION 3.3.5. A projective system of chain complexes C' = (Cy, Yim,n: Cr, =

- T
Cpn)nen in Kom(®B) is locally contractible if and only if for every n, there are an
m 2 n such that the structure map v, n: Cp(n) = Cp is locally null-homotopic.

-

DEFINITION 3.3.6. A projective system of chain maps f:C — D in Kom(*8)
represented by a projective system of chain maps (f,:Cp, & Dy )nen is called a local
chain homotopy equivalence if for each n € N, there are an m > n, and a local chain
map and local chain homotopies

9m:Dm = Crn, h:D, - Dy[1], hC, — Cy[1]

between f,,gm and g, frnm, and the canonical structure maps D,,, - D,, and C,,, - C,,,
respectively.

LEMMA 3.3.7. A projective system f:C — D of chain maps Kom(B) is a local
chain homotopy equivalence if and only if cone(f) is locally contractible. A projective
system of chain complezes C' is locally contractible if and only if the zero map 0 - C
s a local chain homotopy equivalence.

PROOF. Let cone(f) = C[-1]® D be a locally contractible complex in Kom(B).
Then for each n, there exists m(n) > n such that the structure map

C[-1 D
oL ey

cone(f)m =C[-1lm® Dy, —  C[-1], & D,, = cone(f),

is locally null homotopic. So for every bounded subset M ¢ cone(f),,, there
exists a bounded contracting homotopy h: M + d°**(Y)(M) - cone(f),. Since
cone( f),, has the direct sum bornology, M is contained in T ® Sp, with bounded
subsets T € C[-1] and Sp € D. More concretely, these bounded subsets are of
the form To = MCIH 4+ gCE(MC1Y and Sp = MP + f,,(MCTY) + dP(MP),
for bounded subsets M1 ¢ C[-1],, and MP ¢ D,,. So the local homotopy
h:Te ® Sp — cone(f)y, is given by a block matrix of the form

(hu h12

Ted S Cl-1], e D,.
m ,m) ¢ ®Sp - C[-1]

For two linear maps, denote [f,g]:= fg+ gf. Then the local null homotopy of
the structure map cone(f),, — cone(f), says that

cl-11
3.3.8) [Tmn
(338) ( 0 %ﬁ,n)
_ [dc[_l] yhir]+higo f d°U o hyg — hypdP
ho1 0 d°T1 — dP 0 hyy + hgy o f+fohii  fohia— [dD, has]

on the bounded submodule T & Sp. Then g,, = h12:Sp — D, is the required local
chain homotopy inverse of f,,:C,, = D,,.

Conversely, if f is a local chain homotopy equivalence, then the local chain
homotopy inverse and the local chain homotopies can be used to satisfy ,
which shows that cone(f) is locally contractible. O
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- -
THEOREM 3.3.9. A chain complex C in Kom(B) = Kom(B) is locally con-

-7
tractible if and only if it is locally split exact. A chain map f:C — D in Kom(B) is
a local chain homotopy equivalence if and only if it is a quasi-isomorphism.

PROOF. Let C = (C,,, dy)nen be alocally contractible projective system of chain
complexes. Then for each n € N, there exists m > n such that the structure map

Cm Tz C,, is locally null-homotopic. So the restriction of v, ., to ker(d,,) € C,
is locally null-homotopic. So for any bounded submodule X < ker(d,,), there
exists a bounded V-module map h: X — C,, witnessing the null-homotopy, that is,
dp o h =7y.m o tx. This means precisely that the canonical map ker(d,,) - ker(d,)
is locally liftable with respect to the map C,, - ker(d,,). Finally, since C' has zero
homology as a projective system, the map d: C' — ker(d) is surjective as a morphism
of projective systems. Therefore, we can arrange that ker(d) » C - ker(d) is

isomorphic to a projective system of extensions in B that is locally split exact. So
C is locally split exact.

Conversely, suppose C' is locally split exact. Then (im(dy,))nen = (ker(dp))nen
as projective systems. And local split exactness implies that for each n, there
is an m > n, such that for every bounded submodule X ¢ ker(d,,), there is a
bounded V-module map hi: X — C,, satisfying d,, o h1 = Vpm 0 tx. Similarly,
for this m, there is an [ > m and a bounded V-module map ho:di(Y) - C,,
satistying dy, © ha = Ym, © tg,(y) for any bounded submodule Y ¢ Cj. Define
Yy == Ym oty —hgodpY - C),. Then py is a bounded V-module map for the
subspace bornology on Y ¢ C}, whose image is containted in ker(d,,). By hypothesis,
hy exists on this bounded submodule to yield a local contracting homotopy for the
structure map vy, ;: C; = Cj,.

The claim for local homotopy equivalences follows from Lemma [3.3.7 and the
definition of quasi-isomorphisms. O

-

3.4. Homotopy inverse limit. Let C = (Cy,, Ym.n)nen € Kom(B) be a pro-
jective system of chain complexes of torsion-free bornological V-modules. Then for
each n € N, there is a chain map

n id—Shift,, n-1
[1¢:" =" [1C,
k=0 k=0
given explicitly as
(id = Shift,, ) (o, - - -5 ¢n) = (co —Y0,1(€c1),c1 =71,2(C2)s - -+ Cne1 = Yn-1,n(cn))

for ¢ € Cy, k=0,...,n. Furthermore, we have a canonical inclusion C, s [Thoo Ck,
in(Tn) = (Yon(@n)s - - s Yn-1,n(Tn)) whose composition with id — Shift,, vanishes.

-
LEMMA 3.4.1. Let C € Kom(B) be a projective system of chain complexes
indexed by N. Then we have a split exact sequence

in 1% id-Shift, "=
C, = ]]C — " []Ck.
k=0 k=0
PRrROOF. The splitting of ¢ is given by the obvious projection

n
HC’k ->Cn (20,...,Tp) P~ Tp.
k=0
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Now use the splitting lemma. O

Using the lemma above, we deduce that for each n € N, there is a chain homotopy
equivalence
C,, — cone(1 — Shift,,).
Denote by RC' the projective system of chain complexes (cone(1 — Shift,,)),v. We
then have a local chain homotopy equivalence between projective systems of chain

complexes
a:C - RC.

REMARK 3.4.2. We note that the assignment C' — RC is only functorial for
diagrams N°? - Kom(28). To show that it is functorial for projective systems

of chain maps, we must pass to the derived category Der(%). Let f:C - D
be a projective system of chain maps. Since C' - RC and D — RD are both

isomorphisms in the derived category Der(%), the chain map f lifts to a morphism

R(f):RC - RD in Der(®8), which is unique up to chain homotopy. So defining the
— <«

action of R on morphisms this way turns it into a functor Kom(8) — Der(28). The

functoriality of homotopy inverse limits on a quasi-abelian category of pro-objects
over arbitrary indexing categories is treated in detail in |30, Definition 7.3.5].

DEFINITION 3.4.3. A functor F from Kom(%) or HoKom(%) to another cate-
gory is called local if it maps local chain homotopy equivalences to isomorphisms.

To see how such functors can arise, let F": % > X be an additive, exact functor
for the exact category structure on b} given by locally split extensions. Here X is any
exact category. Then F' induces a functor F,:Kom %) — Kom(X) that descends to
a functor HoKom(%) — Der(X). By Theorem the functor F is exact if and
only if the functor F*:HoKom(%) — Der(X) is local.

A local functor extends to a functor on the derived category Der(%)7 by the
universal property of localisations. We show that the functor limoR: Kom(B) -
Der(B) is a local functor.

-
PROPOSITION 3.4.4. The functor limoR: Kom(8) — Der(8) maps local chain
homotopy equivalences to isomorphisms. So it descends to a functor

holim := lim o R: Der(%) — Der(B),
<~

which is called the homotopy inverse limit. The functor holim is the total right
derived functor of the inverse limit functor.

PROOF. Let f:C — D be a local chain homotopy equivalence. By Lemma
the mapping cone cone(f) is a locally contractible projective system of chain
complexes. We claim that £i£10R( f) is a local chain homotopy equivalence. There
is a representative of f of the form (f,:Cy = Dy )neny. By naturality of the mapping
cone, we get coneQiLn oR(fn)) = LiLHOR(cone(f)). Using Remark we see
that limoR(cone(f)) is locally contractible, so that cone(limoR(f,)) is locally
contractible. Hence Lin oR(f) is a local chain homotopy equivalence.

Finally, to see that Lgl oR is the total right derived functor of Lir_n, one checks

-
that if F' is any local functor on HoKom(®8), then any natural transformation
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F = Lgl factors uniquely through liEwR. This is a standard result in category
theory (see [33], Proposition 6.4.11] for details in a more general context). O

REMARK 3.4.5. We end this section with a remark on the notion of homology that

oo

we need for our purposes. We define the homology of a chain complez C' € Kom(8)

as the homology of the homotopy inverse limit of C. By Proposition [3.4.4] the
homology functor

-
H.:Kom(B) - B
is already local.

3.5. Interaction of quasi-isomorphisms with quasi-completion. We now
discuss the exactness of the quasi-completion functor introduced in Step 7 of Section
To do this, we first describe the internal structure of torsion-free bornological
V-modules.

PRrOPOSITION 3.5.1. The category of torsion-free bornological V-modules B
18 equivalent to the full subcategory of the category of strict inductive systems of

torsion-free V-modules 5.

PrOOF. By |11, Proposition 2.5], the result is true if we do not restrict to
torsion-free bornological V-modules. We work out the same proof in the subcategory
of torsion-free V-modules. In one direction, we have the dissection functor

diss: B - %),

which maps a torsion-free bornological V-module to the strict inductive system of
its bounded submodules. Of course, these submodules are in particular torsion-free.
The functor in the other direction is the inductive limit functor, that assigns to an
inductive system (M;);er of torsion-free V-modules, its inductive limit M = lim M;
with the inductive limit bornology. This is a torsion-free bornological V-module. [

The assignment M — Q(M) is functorial: it is the composition of the dissection
functor M ~ (M;);er, the m-adic completion functor, and the inductive limit functor.
Now suppose A » B - (' is a locally split extension of torsion-free bornological
V-modules. Then the exactness of each of the component functors of Q implies that
we have an extension of torsion-free bornological V-modules

Q(A) » Q(B) » Q(C).

Note that m-adic completion is indeed an exact functor since in particular, the
quotient C' is torsion-free. Denoting by By, the exact structure whose conflations
are all extensions in 28, what we have shown is the following:

PROPOSITION 3.5.2. The quasi-completion functor Q:8 — By, is an exact
functor.

The exactness of Q implies the following easy consequence:
COROLLARY 3.5.3. The functor Q induces a local functor
Q:HoKom(B) — Der(Biyiv ).

That is, if f:C — D is a local chain homotopy equivalence, then Q(f): Q(C) - Q(D)
s a quasi-isomorphism.
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PROOF. Since Q is an additive functor, it extends to the homotopy category
of chain complexes over B, by termwise application. Now if f:C — D is a local
chain homotopy equivalence, then its cone cone( f) is locally split-exact by Theorem
By naturality of the mapping cone, we have cone(Q(f)) = Q(cone(f)). By
Proposition Q(cone(f)) is exact, and hence cone(Q(f)) is exact. So Q(f) is

a quasi-isomorphism. O

4. Independence of the choice of lifting

In this section, we prove Proposition 2.1.8] which is our main result.

4.1. Some non-Archimedean analysis. The proof of Proposition re-
quires a lot of preparation for which we first recall some results on the structure of
non-Archimedean Banach spaces.

DEFINITION 4.1.1. Let D be a set. Let Co(D, V') be the set of all functions
f:D -V such that for each § > 0 there is a finite subset F' ¢ D with |f(z)| < d for
all z € D\ F. Define Co(D, F) similarly. Equip both with the supremum norm.

THEOREM 4.1.2. [12, Theorem 2.4.2] Let W be a complete, bornologically
torsion-free bornological V -module. Any m-adically complete bounded V -submodule M
of W is isomorphic to Co(D,V') for some set D.

LEMMA 4.1.3. Let W be a bornologically torsion-free, complete bornological
V-module. Assume that the quotient bornology on W [xW is the fine one. Then the
quotient bornology on W [x™W is the fine one for all m € N.

PROOF. The claim is proven by induction on m, the case m = 0 being trivial.
Assume that the claim is true for m. Let S ¢ W be a bounded V-module. We
must show that its image in W /a1 W is finitely generated. By assumption, its
image in W /nW is finitely generated. So we may pick a finite set x1,...,z, with

Sc Y, Va;+aW. Let S = (5 T ij) AaW. Then S; € 7W is bounded
and S ¢ Z}Ll Vz; +5;. Since W is bornologically torsion-free, 7~1S; is bounded
as well. And S ¢ ¥}, Vo + - (7~ "S1). The induction assumption applied to the

image of 71S; in W /x™W gives finitely many elements x,,1,...,Z,, such that
7718 € Xy Vaj+ W, Then S € X7 Vi + 7™ ' W as desired. O

LEMMA 4.1.4. Let W1, W5 be torsion-free, complete bornological V -modules. If

the quotient bornologies on W;[mW; for j =1,2 are fine, then the same is true for
W1 @ Wa/nW1 @ Wa and also for TWy /7 - TW;.

PrOOF. Any bounded subset of W; ® W5 is contained in the image of M; ® My
for m-adically complete bounded V-submodules M; ¢ W; for j = 1,2. By assumption,
for j = 1,2 there are finite subsets S; ¢ W; with M; = ¥, V -z +7W;. Hence
the image of M; ® My in Wi ® Wy is contained in ¥ cg, yes, @y +m- W1 @ Wa.
Then the quotient bornology on Wy ® Wy /#W; ® Wy is the fine one. By induction,
it follows that the quotient bornology on W2" /7W2" is the fine one for all n € N.
And this is inherited by the direct sum TW; = @ Wfbn because any bounded subset
of TW7 is already contained in a finite subsum. O
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4.2. Proof of Proposition [2.1.8, We now return to the proof of Proposition
[2.1.8] Recall that W is a complete, bornologically torsion-free V-module with a
V-module surjection o:W — A, that we assume is bounded in the fine bornology on
A. Let s: A - W be a set-theoretic section of p. The map s induces a V-algebra
homomorphism s,: V{A) > TW. The following lemma gives us the necessary control
on bounded subsets of U(TW, I'):

LEMMA 4.2.1. In the situation of Proposition[2.1.8] let N be a bounded V -submodule
of U(TW,IY).

o There are a € N, a finite subset S € I, and a bounded subset B € TW such
that N is contained in ¥, Vr~7SY + B.

o There is a bounded subset M ¢ W such that N is the image of a bounded sub-
set inU(TM, (TMnI)), and the natural bounded map from U(TM, (TMn
DY to U(TW, 1Y) is injective.

e There is a bounded homomorphism fap:U(TM,(TM nI)Y) - U(V(A),J")
with po far = 0.

e There is a bounded homomorphism

HypU(TM, (TM n DY - U(TW, TN © V[1]

such that evg o Hyy is the homomorphism U(TM,(TM n1)') = U(TW, 1)
induced by the inclusion map, evi o Hys = s, 0 far, and (o7 ® idy ) o Hyr
is the constant homotopy o™ .

o I[f NoacVAisa bounded V-submodule with s.(Na) S M, then s. induces
a bounded homomorphism s,:U(TNa,(JNTNa)) > U(TM,(TMn1)).
And there is a bounded homomorphism

Hy 4:U(TNA, (JNn TN > UV (A), T e V[t]

such that evy o Hy 4 = fa; o S«, the map evgo Hy 4 is equal to the inclusion
map U(TNa, (J N TN > UV (A),J), and (p®idy(y) o Hya is the
constant homotopy associated to p:U(TNa,(J N TN4)!) - A.

PROOF. By construction, U(TW, I') carries the subspace bornology from TW ®
F. Hence N is bounded in TW ® F. Then it is contained in 7 ° N’ for a bounded
subset N’ ¢ TW. Lemmas and imply that the quotient bornology on
TW /aPTW is fine. Thus there are x1,...,x, € N’ that generate the image of N’
in TW/r*TW as a V-module. Since N’ ¢ U(TW,T') = Yie0 79!, each z; € N’
may be written as a finite sum of products w1y, with y1,...,9; € I, plus a term
in TW. Let S be the set of all factors y,, that appear in these products. Then

each element of N may be written as a finite V-linear combination of elements of
U?=1 w’ijl, plus an element of TW. Let B := (N + Z?:l Vw’ijl) N TW. This is
bounded because TW is bornologically torsion-free, and B and S verify the first
claim.

The subset B u S of TW is bounded and hence contained in the image of
@?:1 M®™ for some m-adically complete, bounded V-submodule M ¢ W and some
b e N. The inclusion M — W induces an injective bounded homomorphism TM —
TW and this remains so after tensoring with F'. Hence we get an injective bounded
homomorphism U(TM, (I n TM)") = U(TW,I'). By construction of B and S, the
subset N is the image of a bounded subset of U(TM, (I n TM)").
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The image of the map g|ar: M — A has finite dimension. Let aq,...,a; € A be a
basis. Identify M with Co(D,V). For i € D, let §; € Co(D, V') be the characteristic
function of {i}. Write o(d;) as a linear combination of the basis elements a1, ..., a;
with coefficients in F and lift the coefficients to V' in any way. This defines an
element of V A supported in the finite set {a1,...,a;}, which we call f(4;). Doing
this for all 7 € D, we get a unique V-linear map M — V A with the specified values
on characteristic functions. It has finite rank and thus it is bounded for the fine
bornology on V A. It is compatible with the projection to A. We lift further to a
linear map M — T(V A) = V(A) in the canonical way and let fj; be the induced
homomorphism TM — V{A). Since this is compatible with the projections to A,
it maps TM n 1 to J. Being a homomorphism, it then maps (TM nI)! to J! and
extends to a bounded homomorphism fp:U(TM,(TM nI)!) - U(V(A), ).

To build Hj;, we use the linear homotopy from the canonical inclusion M & W —
TW to the map syo fyjoow: M - W — TW. This bounded V-module map induces a
bounded homomorphism Hy;: TM — TW ® V[t]. When we project to A® V[t], this
map becomes the constant homotopy on o7 |tys. Therefore, it maps the ideal InTM
into I®V'[t]. So its extension to Hy ®idp: TM @ F - TW ® V[t]® F maps the tube
algebra U(TM, (TM nI)!) into the tube algebra U(TW @ V[t], (I ® V[t])!). The
latter is easily seen to be equal to U (TW, I')®V[t]. This provides the homotopy H
with the desired properties. The homotopy Hy 4 is constructed in exactly the same
way. O

The statement of Lemma is somewhat analogous to [12], Corollary 4.3.12],
which says that all semi-split, analytically quasi-free, analytically nilpotent extensions
of the same algebra are homotopy equivalent. Since the extensions we are dealing
with are no longer semi-split, and then we only get locally defined homomorphisms.

The tube algebras (U(TW,I'))en+ are only quasi-free as a pro-algebra, and
not for each individual [. Therefore, we cannot apply the homotopy invariance
of the X-complex to the local homomorphism in Lemma directly. We could
in principle describe a version of Lemma which would say that the different
tube algebra resolutions of A are locally dagger homotopic as projective systems
of bornological V-algebras. This would then have to be followed up with a version
of homotopy invariance for the X-complex that works for locally dagger-homotopy
equivalent algebras. Instead, we use the B — b-bicomplex HP, which is homotopy
invariant even for individual tube algebras. Of course, the result will not change
when we vary the tube algebra parameter [, since for quasi-free algebras, HP is
chain homotopy equivalent to the X-complex. The following lemma shows that the
tube algebras that we require are indeed quasi-free.

LEMMA 4.2.2. The pro-algebras U(V(A), J* )ig and U(TW, 1% ), are quasi-free.

PROOF. The proof is similar to the proof of [12| Proposition 4.4.6]. We only
need to observe that the properties of being nilpotent mod 7, and semi-dagger are
both hereditary for extensions of pro-algebras, by [12], Proposition 4.2.5] and by
adapting the proof of [12| Proposition 4.3.13]. O

PROOF OF PROPOSITION 21,8 The map fi,:U(TM,(TMnI)") - U(V(A),J')
from Lemma [£.2.1] is also a bounded algebra homomorphism

ForU(TM (TM A1) — UV (A, T
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because application of the linear growth bornology is functorial. Furthermore,
Lemma implies that the bornological algebra U(TW, I l)lg is isomorphic to the
inductive limit of the strict inductive system U(TM, (TM n1)")), over the directed
set of bounded subsets M ¢ W.

The polynomial homotopy Has:U(TM,(TMnI)Y) - U(TW,I') ® V[t] between
s, o fi, and the inclusion map U(TM, (TM n 1)") & U(TW, ') is also a bounded
algebra homomorphism

HypU(TM, (TM A1) g — UTW, )1 ® V[t

such that evgo Hyy is the inclusion U(TM, (TMnI)!) g - U(TW, I™), and evyo H
is the composition s, o fi,. Here we have used that the linear growth bornol-
ogy commutes with tensor products (see |11, Proposition 3.1.25]). Similarly, the
homomorphism Hy(4y is a polynomial homotopy between f]lw o s, and the inclu-
sion ::U(TNa, (JNTNA) g = UV (A), J). All this remains true after tensoring
with F'.

Fix [ > 1. The bounded homomorphisms

sk @ FIUV(A), ) g ® F > U(TW, '), © F
and
U@ FUTM, (TMnD) )@ F > UV(A),J ) ®F
induce bounded chain maps between the bornological chain complexes
HP(U(V(A), Jl)lg ® F) and HP(U(TM,(TM n I)l)lg ®F).
By homotopy invariance of periodic cyclic homology, the polynomial homotopies
Hy; and Hy 4y induce chain homotopies between HP(s,) o HP(f},) and HP(in)
and between HP(f},) o HP(s.) and HP(i), respectively. Since M is an arbitrary
bounded submodule of W, we conclude that the pro-chain map
HP(s,):HP(U(V(A),J")1g ® F) - HP(U(TW, ') ® F)

is a local chain homotopy equivalence.

By Lemma the b — B-bicomplexes are homotopy equivalent to the X-
complexes of these quasi-free pro-F-algebras. We then get a local chain homotopy
equivalence

HA(A) = XU(V(A), J* )i © F) > XUTW,1®), ® F) = HA(A, W, 0)

between projective systems of chain complexes of bornological V-modules. This is a
quasi-isomorphism by Theorem and Corollary O

We end this section with a version of Proposition for pro-V-module liftings.
This version will be used to prove excision for our theory. Let A be an F-algebra
viewed as a constant projective system. Let W = (W, ),y be a projective system
of complete, bornologically torsion-free bornological V-modules with a compatible
family of surjective V-module maps g,,: W,, - A denoted by o: W — A. Let s: A - W
be a bounded pro-set section. Assume that each g,, is bounded in the fine bornology
on A.

ProposiTION 4.2.3. With A, ooW - A and s:A - W as above, there is a
canonical bornological F-module isomorphism

HA, (A) = HA, (4; W, ).
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PrOOF. By construction, there are maps s,: A - W, that split g,: W, - A
for each n € N. These maps induce V-algebra homomorphisms V(A) - TW,, for
each n, which in turn induce pro-chain maps HA(A) - HA(A, W, 9,,). Since the
local algebra homomorphisms of Lemma [4.2.1] are defined entrywise on each tensor
algebra TW,,, the pro-chain map above is a quasi-isomorphism for each n. O

5. Homotopy invariance and stability

In this section, we prove certain formal properties of our theory. We start with
a homotopy lifting result that is analogous to [12| Proposition 4.3.10]. Using this,
we prove that our theory is homotopy invariant for polynomial homotopies. We
then use the stability result [12, Proposition 6.2] of analytic cyclic homology for
torsion-free algebras to show that the same result holds for stability over finitely
supported matrices.

LEMMA 5.0.1. Let fo, f1: A - B be homomorphisms between F-algebras, and let
H: A - BerF[t] be a polynomial homotopy between them.
(1) there are V-algebra homomorphisms f§, f1:V{(A) - V(B) lifting fo and
fl 5
(2) there is a polynomial homotopy H*:V(A) - V(B) ® V[t] between f§ and
i that lifts H.

Proor. The liftings fJ and f exist because of the universal property of
free algebras. The proof of the second statement is similar to the proof of [12|
Proposition 4.3.10] and the universal property of free algebras. Concretely, we

take the pull-back & of the evaluation maps (evg,evy): B® F[t] - B @ B along the

canonical projection V{(B) ® V(B) P2L% B @ B. Then the maps

pV(BYeV[t] > V(B)aV(B), b~ (b(0),b(1)),

and V(B) ® V[t] % B o F[t] induce a unique map ¢:V(B) ® V[t] - £ by the
universal property of pullbacks. Here nn = pg ® F. We have the following commuting

diagram:
)@ V[t]
7 l¢\\
V1A> 1 ¢ V(B) T V(B)
pPA L / PBOPB

(evo,evi)

A— BepF[t] —=’ > Be B,

V(B

where H is defined on A by a + (H(a), f&(a), f; (a)). Composing with a section
of ¢, we obtain a map of sets A > V(B) ® V[t]. By the universal property of free
algebras, this extends to a V-algebra homomorphism H*:V(A) - V(B) ® V[t],
finishing the proof. O

PROPOSITION 5.0.2. Let A be an F-algebra and let A[t] = A ®p F[¢].

(1) the inclusion ta: A - A ®p F[t] induces a quasi-isomorphism HA(A) =
HA(A[t]);
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(2) let A be a set and let My (A) be the algebra of finitely supported matrices
indexed by A x A, with values in A. Then for each X € A, the canonical
inclusion 1x: A — My(A), a~ e ®a induces a quasi-isomorphism

HA(A) = HA(M, (A)).

PROOF. Let evg: A[t] — A be the evaluation map at ¢t = 0. Then H: A[¢] —
Alt,s], f—sf+(1-5)(taocevy)(f) is an affine homotopy between ¢ o evy and
idap)- By Lemma this extends to a polynomial homotopy H*:V{A[t]) —»
V{A[t]) ® V[s] between the induced maps ¢* o evy and the identity map. Let
IV(A[t]) = ker(V(A[t]) —> A[t]) Then H* maps IV(A[t]) to IV(A[t]) ® V[S] Hence
it extends to an algebra homomorphism

UVIALL]D, I apgy) = UV (A), I 4y) ® Vs,
for each m > 1. This further induces bounded algebra homomorphisms

UV(ALLL), I apy e > UVALD, I apgy e © VIshg

for each m > 1, which are polynomial homotopies between the corresponding maps
of semi-dagger algebras induced by ¢* o evy and the identity map on V(A[t]).
By Lemma the pro-algebra Z/{(V(A[t]),l(/f‘(A[t]))lg is quasi-free. Then the
homotopy invariance of the X-complex and homotopy inverse limits implies that
HA(t4) o HA(evg) is chain homotopic to HA(id).

Next we prove There is a canonical V-algebra lifting V(My(A)) —
Ma(V(A)) of the identity map on My A, induced by the obvious maps V. My (A) —
MA(VA) > Mpy(V(A)). Let I =ker(V(Ma(A)) > My(A)) and J = ker(V(A) >
A). Then we get a pro-algebra homomorphism between tube algebras

UV (MA(A)), I7) > MA(U(V(A)), 7).
The functorality of the X-complex gives a pro-chain map
XUV (Mp(A)), I7)) > X(MaU(V(A)), J7)).

We can now proceed as in the proof of [26, Theorem 5.65], adapted to the situation
of |12 Example 6.3]. O

6. Nilpotent extensions and excision

6.1. Nilpotent resolutions of F-algebras. In this section, we discuss ana-
lytically nilpotent resolutions that can be naturally associated to F-algebras. Our
motivation here is to prove that our theory satisfies excision for finitely generated F-
algebras. Specifically, we will show that an extension of finitely generated F-algebras
extends to an extension of pro-dagger algebras with analytically nilpotent kernels,
and then appeal to Proposition[2.1.4l An important feature of our framework is that
we do not require our F-algebras to admit V-algebra lifts R that satisfy R/mR = A.
Instead, we resolve A by an extension of tube algebras

UL T®) »U(TR,I®) > A,

where I =ker(TR - A), and R is a V-module with a non-associative multiplication,
that reduces mod 7 to the multiplication on A. Such a lift R always exists.

In what follows, let A be an F-algebra and let R be a V-module. Let Q!(R) :=
R*®R® for | >0 and Q°(R) = R as V-modules, where R* := R®V is the V-algebra
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obtained by adjoining a unit to R. Let Q(R) = @2, Q' (R), Q% (R) = @2, Q*(R),
and Q°44(R) = @72, Q%1 (R). We now define a V-module isomorphism

1:Q%(R) 5 TR,

using a possibly non-associative V-bilinear multiplication : R® R - R. Let ®
denote the multiplication in TR. For x1,zs € R, we define

v(dzy dxg) = p(x1,22) —21 ® 2 € TR.
More generally,
t(dzy dxs .. . dwg—1 dgy) = t(dzy das) ® - ® t(dwey—1 dwey),
(xodry das ... dwg_1 dzgy) = 2o ® t(dx; d) ® -+ ® t(dwg—1 daey)
for x,...,xs € R. These maps Q% (R) - TR combine to a map «:Q(R) - TR.
LEMMA 6.1.1. The map 1:Q*V(R) — TR is an isomorphism of V-modules.

PRrROOF. We define filtrations on TR and Q°VR. Let (TR); be the V-submodule
generated by 1 ® - ® x,, with z; € R, m < j. Let (Q°"R); be the V-submodule
generated by Q%*R for all k with 2k < j and by the “closed” 2k-forms dz; ...dzoy if
2k = j. We prove by induction on j that ¢ restricts to an isomorphism from (Q°VR);
onto (TR);. The assertion is empty for j = 0. Assuming it for j -1 >0, we prove
it for j. We have (TR);/(TR);-1 = R®. By definition, ¢ maps dz ...dzg; and
zodzy ... dxoy, to (=1)F1 ®-- @29 and (-1)F1g® 21 ® - ® 29 modulo shorter terms.
So ¢ maps (2°VR); into (TR); and induces an isomorphism from (Q°VR);/(2*VR) ;-1
onto (TR);/(TR),-1. By the induction assumption and the Five Lemma, it induces
an isomorphism from (Q°VR), onto (TR);. O

In the following, we identify TR and °V R using this isomorphism. Let ©® be the
associative multiplication on Q°V R that corresponds to the multiplication in TR. If u
is associative, then ® is the well known Fedosov product, w ® n = wn — dw dn, where
we use the usual multiplication of differential forms dictated by the Leibniz rule
(see [16]). When g is non-associative, this has to be corrected by terms involving
the associator of p. Writing p multiplicatively, the basic rule is

(612) (dl‘l dSCQ)@Ig—dCCl d(CCQZZJg)-Fd(ZCl:L‘Q) dl‘g—xldzg dxg = (I1I2)I3—I1(I2$3)

for all z1,x9,23 € R. The homomorphism p: TR — A satisfies p(dzidzs) = 0
because p lifts the multiplication in A. Hence it corresponds to the map Q°VR — A,
3 way, = wo mod 7 for wa, € Q2" R. So

[}

(6.1.3) I=ker(TR—> A)=7Re P Q¥YR.

j=1
LEMMA 6.1.4. If m e N*| then

UTR,I™) =Y wUIm2R Yy, 1my=1e ) »UMmoRp,
J=0 J=1
ProoF. To simplify the writing, we adjoin a unit element to TR and allow
T9 € RY == R®V -1 to treat forms with and without zy on an equal footing. Let
I®) :=Ten-V cR*, sothat m e I*). We claim that this does not affect the tube
algebra $,520 791", Let 1m) .= YL, @919, Then induction shows that

(I =(Ter-V)"=1" @™ V.
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And

S pdgmi) = S 3 qmiheigk 2 S i,

j=1 j=lk=1 j=1
Let m>1and j>0. Let (m—75)y be m—j if m—j >0 and 0 otherwise. Let xg € R,
Z1,...,%2; € R. Then

(6.1.5) W(m_j)+.’170d.’171 . dl‘gj = (W(m_j)+.’170) odzridzs @0 d.’l?gj_ldxzj

is a product of j terms dzg;_1dwo; € I and the term ﬂ(m_j)m‘o, which involves
(m-7)r>2m—j factors m-1 ¢ I Thus 7" D+ zda .. .dxy; € I We prove
by induction on m that these elements generate 1(™).

Let m > 1 and assume the assertion is shown for (™). We must prove it for
I = 1o 1) 4. 10 The second summand is easy to handle. The first is gener-
ated by products 7rx0®7r(7”_j)+yody1 ...dys; and xg dl‘1"'dl‘2i®7'('(m_j)+y0 dyi ... dys;
with ¢ > 0. The first type of product gives

Ty © ’R'(mij%yo dy; ... dij

7T1+(m_j)+

= 70D (2yo) dys - dyay — dzodyodyy ... dyay,

which has the desired form. In the second type of product, we rewrite xgdx;---dxe; ©
7(m=D+yo using . All associators that appear here belong to mR because
A = R/mR is associative. Hence we get a sum of forms that have non-zero degree or
belong to mR. So each summand in the product has the desired form. This completes
our description of I("™). The assertions on tube algebras follow immediately. (Il

Lemma implies U(I,I™) n TR = I for m > 2. Hence there is a natural
extension of V-algebras

UILLTT) »U(TR,I™) » A
for all m > 2. Letting m vary, this becomes an extension of pro-algebras
(6.1.6) ULT®)»U(TR,I7) > A,

where A is viewed as a constant pro-algebra. Its kernel is nilpotent mod =« by
|12, Proposition 4.2.3]. Lemma also shows that N+ U(TR,I™) = TR or,
equivalently,
@ZJ(TR, I)=TR.

We may choose a representative in R and then in TR for each element of A. So the
extension splits by a morphism of pro-sets. We cannot expect much more
because A is an F-algebra, whereas U(TR, ™) is torsion-free for all m e N*.

Equation gives us a pro-algebra lifting of an F-algebra with a nilpotent
kernel. In order to be in the situation of Proposition [2.1.4] however, we need an
extension of A by a pro-dagger algebra and an analytically nilpotent kernel. To
obtain such a resolution in a natural way, we take R = V A as the free V-module
over A, and equip A and R with the fine bornology. Equipping the tube algebra
U(TR,I®) =U(V(A), I*) with the fine bornology, we now show that we can enlarge
to an analytically nilpotent extension

UL T®)V »U(TR, ™) - A.

We first describe the quotient bornology of dagger complete tube algebras
U(R,I)" by their canonical ideals U (I,1%)". Here R is any V-algebra presentation
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of an F-algebra A with I = ker(R - A), and the tube algebras U (R, I"™) are equipped
with the fine bornology for each m € N*.

PROPOSITION 6.1.7. The canonical map from U(I,I™)" to U(R,I™)" is a
bornological embedding. Its image is a closed ideal. It induces an isomorphism

UILT™) @ F~U(R,I™) ®F.

The inclusions U(I, I™) - U(T, I™)" and U(R, ™) > U(R,I™)" induce an isomor-
phism
URI™) U I™) 2UR ™) [ U, I

The quotient U(R,I™) /Z/I(I,Im) is an F-algebra with the fine bornology.

PROOF. We claim that the linear growth bornology of U(R,I™) restricted
to U(I,I™) is the linear growth bornology of U(I,I™). To prove this, we equip
U(R,I™) with the bornology generated by the inclusions of U(I,I™) and R. That
is, the bounded subsets of U (R, I") are those of the form S+ 7T where S is a finitely
generated V-submodule in R and T has linear growth in U (I,1™). We claim that
U(R,I™) with this bornology is a semi-dagger algebra.

The restriction of our bornology on U(R,I™) to U(I,I™) is the linear growth
bornology because SN (I, I™) for finitely generated S ¢ R is again finitely generated
and hence bounded in U(I,I™). The induced bornology on Ay := U(R,I™) /
U(I,I™) is the fine bornology. This quotient algebra is a quotient of the F-algebra A
because R/I % A. This is semi-dagger because m- A = 0. Hence U(R,I™) with
our tailor-made bornology is an extension of semi-dagger algebras, hence semi-
dagger. Thus our bornology contains all subsets of linear growth in U(R,I™).
Conversely, all subsets of the form S + T as above have linear growth in U(R, ™).
So our new bornology on U(R,I™) is just the linear growth bornology. Hence
the linear growth bornology on U(R, ™) restricts to the linear growth bornology
on U(I,I™) and induces the fine bornology on the quotient A;. We also see
that the inclusion U(I,I™), - U(R,I™)), induces bornological isomorphisms
UL TN @ FzUR,I™ )@ F and U(R, I™ )1 /U(T, 1™ )15 = As.

Both U(I,I™) and U(R,I™) are bornologically torsion-free. This remains so
for the linear growth bornologies by [12, Lemma 2.2.7]. Hence

ULT™Y @ F=UI, ™), ®F =U(R,I™),® F =U(R,I™)' & F.
Since both U(I, I™)" and U(R,I™)" are bornologically torsion-free, they bornolog-
ically embed into U(I,Im)lg ®F = U(R, I ) ® F. Hence the canonical map
U, I™)" > U(R,I™)" is a bornological embedding. Since U(I, ™)' is complete,
its image is closed. It is a two-sided ideal because U(I,I™) is a two-sided ideal in
U(R,I™). Since the quotient U(R,I™ ), /U(I, I )i = Ay is an F-algebra with the
fine bornology, it is already complete. The completion functor preserves cokernels be-
cause it is a left adjoint functor. Hence the isomorphism above implies U (R, ™ )iq /

UL, I™)g = Ay, That is, U(R, I™) JULI™) 2 U(R,I™) [ U, I™). O

COROLLARY 6.1.8. Let A be an F-algebra with the fine bornology. Then we have
an analytically nilpotent extension

UL T > UV(A), T®) - A
of pro-bornological algebras, that splits by a bounded pro-map of sets.
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PROOF. Set R =V(A) with the fine bornology in Proposition and then
use Equation (6.1.6). The kernel U (I,1%)" is analytically nilpotent as nilpotence
mod 7 is unaffected by dagger completion. O

REMARK 6.1.9. In Corollary we can replace the free algebra V(A) by the
free algebra over a smaller set. Namely, let S be a basis for A and R:=VS. Then

V(A) = TR. So Proposition and Equation (6.1.6) yield an extension
UL T®) > U(TR, ™) - A.

6.2. An explicit analytic tensor algebra lifting. The analytic tensor al-
gebras constructed from free algebras in Corollary and Remark are too
large. Consequently, they do not give us any information about their structure, by
way of explicit descriptions of their bornologies. In this section, we start with a
finitely generated F-algebra A, whose generating set we use to build a specific basis
S c A. We then take the free V-module R over S, and replace the fine bornology
by a larger bornology Rjs. It turns out that the linear growth bornology on the
resulting tube algebra (U(TRig, I™))men+ is easier to describe. The completion of
the tube algebra in this bornology is dagger homotopy equivalent to U(TR, I*)1.

Let A be a finitely generated F-algebra and let S; be a generating subset of A.
We assume S7 to be linearly independent. We shall describe a filtration on A by
F-vector subspaces. Let F;A be the F-vector subspace of A generated by elements
of the form s; ...s;, where s; € S for 1<i<I<j. Set FoA={0}. We have

.7:jA -FrLAcC .7:341.314, FnAc FpiA.

So (FpA)ney is an increasing filtration of A. Furthermore, S is a basis for JF; A.
The set S; together with products of the form s; - so, with s1, s € S1 generates
F2A. Omitting some products if necessary, we obtain a basis Sy for F2 A containing
S1. Continuing like this, for each j > 1, we obtain bases S; for F;A containing S;_.
Then S =U32, S; is a basis for A.

Let R be the free V-module generated by the set S. By construction, R/mR = A,
and R inherits an increasing filtration 7; R := V'S;. Let ¢: R - A be the quotient map.
Then ¢(F;R) = F; A by construction. We shall now construct a map u:R® R - R
that reduces mod 7 to the (associative) multiplication map po: A ®r A — A for the
algebra A in the sense that the following diagram commutes:

ReR L5 R
ol ]
Agp A -2 A.

Let = € S; and y € Sy for some j and k. Then there is z € Fj,, R such that
q(z) = po(g® gz ®y)). We then set u(z ® y) := z. This map is well-defined as
different representations of pg(z ® y) all map to z for a specific choice of section
A — R. By construction, we have the following:

LEMMA 6.2.1. The map p: R® R - R satisfies u(F;R® FrR) = F; xR for each
j and k e N.

PRrROOF. By construction, we have

w(F;(R) ® Fi(R)) € Fjr(R).
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When we divide out by 7, the map p is simply pg, which restricts to a surjective
map F;(A) ®r Fr(A) > Fjir(A). We have
po(F5(A) ® Fi(A)) = p(F;(R) ® Fiu(R)) /7 - u(Fj(R) ® Fi(R)).

Here F;(R) ® Fi(R) and Fj,;(R) are finitely generated, free V-modules. So a
V-module map between them is surjective once it is surjective mod 7. O

The multiplication map g is in general non-associative and this means that we
must modify the definition of the linear growth bornology for (associative) algebras.
By Lemma [6.2.1] any element of R may be written as a finite sum of products of
elements in F;(R). Conversely, an element belongs to F;(R) if and only if we can
get it using only products of length at most j. Here the way we put parentheses does
not matter as they all give the same V-submodule in R. Hence the submodules of
linear growth should be those of the form 32, 7/ (FL(R))'GHD) = Y520 Fijeny (R)
for some [ € N*. This leads to the following definition:

DEFINITION 6.2.2. A subset of R has linear growth if it is contained in a
submodule of the form

z 7Tj]:l(j+1)(R)
§=0
for some [ € N*. We denote R with this bornology by Rj,.

LEMMA 6.2.3. Let N - N be a function of linear growth, that is, A\(n) < an+b
for some a, beN. Then Y7207/ Fx;)(R) has linear growth in R.

PROOF. Let I > max{a,b}. Then A(j) <I(j+1), so that we have
Z 7Tj.7:)\(j) (R) c Z 71'j.7:l(j+1)(R).
=0 =0

O

If R is an associative algebra with the fine bornology, then this bornology is
analogous to the usual definition of the linear growth bornology for algebras. By
construction, Ry, is bornologically torsion-free and its reduction mod 7 is R/7R = A
with the fine bornology. So ¢: R — A is a bornological quotient map. Completing
R with respect to this bornology yields a complete, bornologically torsion-free
V-module 'R_1g|. Since the completion functor is a left adjoint functor and since an
F-algebra is already complete with respect to the fine bornology, we have

Ry /7Ry, = R/TR = A.

So 'R_lg' — A is a bornological quotient map.

The construction above defines a bornologically torsion-free, bornological V-
module Rj,, whose bornology is described by a filtration (F;R);jey. We can use
the filtration on R to induce a filtration on differential forms Q!(R) as follows:
let F;(Q(R)) be the V-module generated by differential forms zodx;-+-dz;, where
zg € (Fjo(R))*, z; € Fj,(R) such that Y. i = j. This is an increasing filtration on
the module Q'(R). We use the description of the tube algebra from Lemma
U(TR,I™) = %, 7 Lw10% (R) to equip it with the bornology B,, generated by
V-modules of the form

(6.2.4) 5

k=035=0

R E ) (9% (R)),

M8

<
I
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for some [ € N*.

PROPOSITION 6.2.5. For each m € N*, the bornological algebra (U(TR,I™), B,,)
is bornologically torsion-free and semi-dagger. So its completion is a dagger algebra.
The ideal U(I,I™) is bornologically closed, and the bornology By, still induces the
fine bornology on the quotient U(TR,I™) /U(I,Im) A,

PRrROOF. We first show that (U(TR,I™),B,,) is bornologically torsion-free. Let
S be a bounded subset in B,,,. Then there is an « such that

Se 3 Y EIRE ) (P (R)) = Y a TR, (0% (R))

%=07=0 =
3 2w TR T, ) (0¥ (R)).
k=0 35=0
Then
rlse Y ala T E (@ (R)) + Y 3 Al R R o) (0% (R)),
J=0 k=0 5=0

Denote the first term and the second term in the equation above by T and U,
respectively. The term T is contained in

> a LU (@Y (R) € w7t Fa(R) + 3wl M3 e (049 (R)),
§=0 j=1
which is bounded as Ry is bornologically torsion-free and the latter term is a
generator for the bornology B,,. The second term U is bounded in B,, by Lemma
Therefore, 7715 is bounded in B,y,.

To show that the bornology B,, is semi-dagger, we need the following estimate

on the growth of the Fedosov product on Q(R):

LEMMA 6.2.6. Let R be a V-module with a filtration (F;(R)); by V -submodules.
Then with the induced filtration on differential forms, we have

. ) 1 . i1 )
Fi, Q% (R) © Fi, (2°2(R)) € @ A (R)) & @ " A’ (R),

§=0 k=1

where 1 =11 +1i9 and [ =11 + 1.

PROOF. Let wy := zoday---dre;, and ws = yody;---dys,, be differential forms
in F, Q*1(R) and F;,Q%2(R). Since the Fedosov product is only determined by
the action of wy on the 0-th entry yo of ws, it suffices to prove the case i5 = 0.
So we have i = i1 and we rewrite yg = x2;41. We write wy as i blocks of 2-forms
zo @ dzidze @ - © dag;_1dxy;.

Let a(x,y,2) = z(yz) - (vy)z denote the associator for the multiplication u of
R. Since the multiplication on R is associative mod =, a(x,y,z) € mR. Using the
rule in , when we take the product wi ® x2;.1, we get a 2i + 2-form dw;dxg;11
and sums of 2i-forms

zodzidae--d(xzis)--daois
that do not simplify further. We also get a decomposable 2i-form
xo @ -dwoi_3dwoi2 © T2i—1 © dxe;dwa;s,

and a 2¢ - 2 form
o ®@dridze @ © a(ﬂfgi,l, $2i7x2i+1)~
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The 2i and 2i + 2-forms that do not decompose further are contained in JF;(Q%(R))
and F;(Q**2(R)), respectively.

Applying the product rule of the Fedosov product to the term xg®@dz1dzs®@---©
a(xai_1,T2i, T2i41) yields an indecomposable 2i-form in F;(2%(R)), indecomposable
sums of 2i — 2-forms in 7F;(2?2(R)), and a 2i — 4-form

2o ©dai1des @ © a(22i-3, T2i-2, A(T2i-1, T2i, T2i41)) € 772-71(9%_4(1%))

The same argument for the term zg ® -+ © dwo;_3dza;_o © To;—1 ® dro;draiy
yields sums of 2i-forms that do not decompose further, a 2i-form

o © dzidrs @ ® 2;-3 @O dIQiszi_'.l,
and a 2i — 2-form
2i-2
2o @dx1drs O 0dwgi_5daei—g ©® a(X2i-3, T2i-2, T2i-1) @daaidrai1 € TF(Q(R)).

So we see that each 27 — 2-form arises precisely as an indecomposable term in
the Fedosov expansion of a term of the form

20 @+ © a@ai—(2)41)s T2i-2 T2i—(2j-1)) @ =+ © dwoidwasar € TF (27 (R)),
with 0 < j <i-1. Iterating the same argument, we see that any 2¢ — 2k-form arises
as an indecomposable term in the Fedosov expansion of a term of the form

2o @ - © a(Tai—(2j+1) T2i-2j, A(T2i—(2j-1)s T2i-(2j+3), a(...))) @ -+,
where the number of times the associator term occurs is k. And such a term must
lie in 78 7, (Q% 72k (R)). O
Now let T, = Y72 Xilo ﬂ_[j/mj+[j/a]+kfa(k+1)QQj(R) be a subset in B,, for

some a € N*. We claim that 772 ¢ T,,. The V-module 77?2 is generated by elements
of the form

W_le/mJ_UQ/mJJ’[h/O‘] D2/a]+k1+k2+1}_ (l€1+1)Q JI(R) @fa(k2+1)Q g2 (R)
for j1, j2, k1, k2 > 0. By Lemma [6.2.6]
Fa(ir )7 (R) © Fo 1,012 (R)
c a(k1+k2+2)92(j1+j2) (R) @ fa(k1+k2+2)92(j1+j2+1)(R)

J1 L
® EBWlfa(k1+k:2+2)92(hﬂ27l)(R)~
=0

So mT? is contained in sums of V-modules of the form

oo

Ton= . Z . ; Oﬂ’ljl/mJ*[jz/mJJrUz/a] [J2/al+kitka+1 L (k1+k2+2)Q "(R),
J1,J2=U R1,k2=

and
T, o= g-lin/ml=liz/m]+[5z2/ @)+ 2/ @l +l+kr+ke+1 & (k1+k2+2)Q (R)
where n = j1 + jo or j1 + jo + 1, t = 51 + jo — I, and [ varies between 1 and j;.
If n = j1 +j2, then the estimates —|j1/m|—|j2/m]| > -|n/m] and [j1/a]+[j2/a] >
[n/a] imply that T, 1 € Y07 S, wlv/mltln/alk (k+1)Q2*" (R) = T,,. Similarly, if
n = j1 + jo + 1, the same estimates on the exponent of © show that

a 1¢ Z Z Lot o l=gt fa(kJrl)QQn(R) cT,.
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Now let 1 <1< j; be fixed. Then

t+1 t+1 t t
R e RS R B )
m a m e

80 T2 C Y7o Yo ﬂ_[ﬁJJ'[i]*kfa(kJrl)ta(R) = T,. Hence 712 ¢ T,, so B, is
semi-dagger.

The ideal U(I,I™) with the subspace bornology inherits bornological torsion-
freeness from (U(TRig,I™),By). And, (UL, I™),Bn) = (U(TRig, I™),By) is a
bornological embedding. Since their quotient is an F-algebra, tensoring with F
yields a bornological isomorphism

U, I™),Bp)® F 2U(TRy,, I™),B) ® F.

By [27], the completions (U (1,1™),B,,) and '(L{(Tng, I'™),B,,) are bornologically
torsion-free. Hence, (U(I,1I™),B,,) and '(U(Tng, I"™),By,) both embed into

=lgr/m] = Lizfm ]+ [ir/e] + [G2/al+1> -|

WU, I™),By) ® F 2 (U(TRy, I™),B,,) ® F.

So the canonical map (U(I,I™),Bm) — '(L{(Tng, I"™),B,,) is a bornological em-
bedding. Since (U(I,I™),B,,) is complete, its image is closed, as required.

Finally, we show that the quotient bornology on U(TRig, I"™)/U(I,I™) is the
fine bornology. Any finite-dimensional subspace of A is contained in some F-vector
subspace of the form Fj(A) for some k € N. This lifts to the bounded V-submodule
Fi(R) by construction. We have Fj,(R) € Y52 7 F+i(R), which is bounded in the
“linear growth bornology” on R and hence in B,, for each m > 1. So the quotient
map U(TRy,, [™) - A is bounded in the fine bornology on A. Since an F-algebra
with the fine bornology is complete, and since the completion functor commutes
with quotients, we obtain bornological isomorphisms

(U(TR, I™),B,u) [ U, T™), By) = A,
completing the proof. O

In summary, the above construction tells us that given a finitely generated
F-algebra A, we can construct a pro-dagger algebra TpA := (U (TRig, I™), B ) that
lifts A. Furthermore, the dagger algebra lifting respects bornologies in the sense
that the quotient map TrpA - A is bounded with respect to the fine bornology on
A.

6.3. The excision theorem. In this section, we use our theory of nilpotent
extensions to show that our homology theory satisfies excision. Let

KSELQ
be an extension of finitely generated F-algebras. We view them as bornological

V-algebras with the fine bornology. We will prove that there is a long exact sequence
in analytic cyclic homology:

HAo(K) —2= HAo(E) —2— HA(Q)

(6.3.1) ‘ﬁ l‘s

HA(Q) 45— HAL(E) +— HA,(K).



6. NILPOTENT EXTENSIONS AND EXCISION 131

LEMMA 6.3.2. Suppose we have a morphism of extensions of the form

— s & —"%0

S

K E—2%Q,

where the top row is a projective system of extensions of dagger algebras. Suppose
further that the algebras in the bottom row carry the fine bornology, and that the
kernels of the morphisms from the top row to the bottom row are analytically nilpotent.
Then there exists a long exact sequence as in Equation .

PROOF. By Proposition[£:2.3] the algebras in the top row compute the homology
of the F-algebras in the bottom row, since by hypothesis, the reduction mod =«
has the fine bornology. We then use Proposition [2.1.4] and the Excision Theorem
(|12 Theorem 5.1]) for pro-V-algebras. O

Now given an extension of finitely generated F-algebras , we pick bases
S, T and non-associative liftings M = V.S and N = VT of E and @ in the manner
described in Section [6.2] By the universal property of free modules, an F-linear map
p: E - @ extends uniquely to a V-module map p: M - N. If p: E — @ is bounded
in the fine bornology, then since the free lifts M and N are filtration preserving,
the map p is bounded in the fine bornology on M and N. This remains true for the
linear-growth bornologies on M and N. So we obtain a bounded V-module map
M — N with a bounded V-module section s: N = M. By functoriality of the tensor
algebra, we obtain a bounded V-algebra homomorphism TM — TN that splits by
the following V-module section

o(zodxy ... dxay) = s(xo)ds(z1) ... ds(xa,)

for all 2o, z2,+1 € N* and x; € N for 1 < ¢ < 2n. Furthermore, s maps even differential
forms to even differential forms. Lemma shows that they define linear maps
on tube algebras Y77 il (N - Yie0 7 LlmIQ2i (M),

LEMMA 6.3.3. The V-module section o:U(TN,I3) - U(TM,I}}) is bounded
in the bornology defined in (6.2.4)).

PROOF. Since the section s: N — M is bounded, for each k, there is an [ ¢ N
with s(Fr(N)) € Fi(M). Let w = zodxy---dzg; € ]—'k(QQj(N)_). Then o(w) =
$(20)d(s(w1))d(5(27)) € F,d(Fp, (M))-d(Fy, (M) € F(Q2 (M), for L= Iy +
et lgj. So

o(3 Y lilmlk 7 .0%(N)) € Y liimI m,0% ().
Jj ok l

O

By Lemma the section ¢ extends to completions and yields a section for
the canonical bounded algebra homomorphism p: Ty  E - Tn Q.
What we have therefore proved is the following:

PROPOSITION 6.3.4. An extension K = E - Q of finitely generated F-algebras
with the fine bornology extends to a semi-split extension of pro-dagger algebras
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ker(Tas E - TnQ) —— TuE —2= TnQ

| I

K » s E—" % Q.

Furthermore, the quotient maps from the dagger algebras ker(TyE - TnQ),
TuE - E and TnQ — Q are bounded with respect to the fine bornologies on
K, FE and Q.

PROOF. By Proposition [6.2.5] for any F-algebra A with the fine bornology,
there is a bornological quotient map from the dagger algebra TrA to A, where R
is a filtered non-associative lifting. This, coupled with the discussion preceeding
this theorem, shows that any bounded F-algebra homomorphism FE — @ lifts to a
bounded V-algebra homomorphism 7y, E - Ty Q. Finally, the kernel Ty E - Ty Q@
is a pro-subalgebra of a pro-dagger algebra and is hence a dagger algebra. The
induced map to K is bounded in the fine bornology. Finally, it splits since the
pro-set section ' — Ty E comes from a set-theoretic section £ — M, which in turn
restricts to a section K — ker(M — N) - ker(Ty FE - Ty Q). O

By Lemma the lifted pro-algebras ker(Ty E - Ty Q), TarE and Ty Q are
all admissible liftings of K, F and @, that is, they compute their analytic cyclic
homologies. This completes the proof of excision for analytic cyclic homology for
finitely generated F-algebras.

REMARK 6.3.5. The methods in this section should also help us prove excision
for extensions of countably generated F-algebras. This would entail building a
non-associative lifting R from a countable generating set for the F-algebra A we
start with. The lifting R should then be an inductive limit of finitely generated
non-associative algebras, for which we can again build tube-tensor algebras with
explicit semi-dagger bornologies. However, we do not treat this more general version
of excision here.



CHAPTER 4

Conclusion and outlook

The results in this thesis achieve three main things. First, they formalise Monsky
and Washnitzer’s weak completion using bornologies, which is the framework for our
homology theories. Second, we construct a homology theory that satisfies certain
desirable formal properties. Third, we provide computations of our homology theory
for certain classes of algebras that are interesting in non-commutative geometry
and algebraic geometry. In particular, for algebras corresponding to smooth 1-
dimensional varieties over a finite field, our homology theory agrees with rigid
cohomology.

1. What is still missing?

The main result of [11] shows that for finitely generated, commutative F-
algebras, periodic cyclic homology coincides with rigid cohomology. In [12], we
have shown that for smooth curves (that is, one-dimensional affine varieties), our
theory coincides with periodic cyclic homology and hence, rigid cohomology. This is
because in Hochschild cohomological dimension 1, smooth algebras are the same as
quasi-free algebras, for which the X-complex computes the analytic and the periodic
cyclic theories.

In general, if R is a smooth commutative V-algebra, it has Hochschild coho-
mological dimension n, for some n € N. Using standard results from homological
perturbation theory, one can then show that a certain projection

HP(R'® F) » X"(R'® F)

of the periodic cyclic complex is a chain homotopy equivalence. We refer the reader
to |26], Definition A.122, Theorem A.123] for the definition of the X"-complex and
a proof of this result. Viewing the analytic chain complex as the b — B-bicomplex
(HP, b + B), with a certain analytic bornology, we can show that there is a bounded
projection map

HA(R') - X"(R'® F) ~HP(R'® F).

For Banach algebras over C with the von Neumann bornology, results by
Masoud Khalkhali (see |22, Theorem 2.50]) can be used to show that if A has finite
cohomological dimension n, then HA(A) - X™(A) is a chain homotopy equivalence.
The proof of this result uses an explicit formula for the contracting homotopy of the
kernel of the projection map F,,(HP(A)) = ker(HP(A) - X" (A)). However, in our
case, it is not obvious why such contracting homotopies should be bounded in the
analytic bornology on the complex HA(R'). The comparison of the analytic and
periodic cyclic theories in the non-Archimedean setting is therefore an important
issue that this thesis has not resolved in full generality.

133
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2. Some future directions

We now discuss some future projects that I plan to pursue, using the tools
developed in this thesis.

2.1. More on liftings mod 7. The main result in Chapter [3|says that if D
is any dagger algebra lifting, then HA, (D) 2 HA,.(D/n D), provided D/mD has the
fine bornology. An important question now is how such liftings arise and are related
to m-adic completions, which seem more ‘canonicalﬂ

Let R be a m-adically complete V-algebra and let A := R/mR. We give R the
compactoid bornology: a subset S € R is bounded if and only if for every n € N,
there is a finite set F' ¢ R such that S ¢ F' + 7" R. This bornology appears in
connection with the work of Bambozzi, Ben Bassat and Kremnitzer on derived
analytic geometry (see [7]). It can then be shown that R with the compactoid
bornology is a dagger algebra. Furthermore, the analysis results from Section [4.1]
yield the following:

LEMMA. Let M be a complete, torsion-free bornological V -module. Then M [xM
has the fine bornology if and only if the bornology on M is compactoid, that is, for
any bounded submodule N € M, there is a bounded compactoid submodule N' that
contains N.

The lemma above can be used to feed a m-adically complete bornological algebra
R with the compactoid bornology into the statement of Proposition to yield
HA.(R) 2HA,(A). So if R is any reasonable V-algebra lifting mod 7 of A, and A
has the fine bornology, then we expect the following;:

THEOREM. With R and A as above, we have

HA,(R") 2 HA,(A) 2 HA,(R).

Another result we expect due to Proposition 2.1.8]is the invariance of analytic
cyclic homology under homotopies A - B® Tf[?], where Vm has the compactoid
bornology and A and B are dagger algebras whose reductions mod 7 have the fine
bornology. This should hold because of the following:

THEOREM. Let B be a dagger algebra whose reduction mod 7 has the fine
bornology. Then HA,(B) = HA,(B® V[t]).

PrOOF. The proof follows from a string of isomorphisms:

HA.(B V[i]) = HA.(B® V[A]/=(BE V[1]))
~ HA, (B/rB ® F[t]) 2 HA, (B/xB) = HA, (B).

O

These results will be added to the manuscript of Chapter [3]

11 am thankful to the organisers for inviting me to the Oberwolfach Workshop Non-commutative
geometry and cyclic homology, where these ideas were first discussed.
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2.2. Product structures in non-Archimedean cyclic homology. Here
we consider the behaviour of analytic cyclic homology with tensor products. In
periodic cyclic homology, and archimedean versions of analytic and local cyclic
homology, such results are due to Michael Puschnigg. Briefly, if H denotes any of
the chain complexes of any of these theories, we have under certain conditions chain
homotopy equivalences

H(A® B) ~H(A) ® H(B),
that are associative, symmetric and monoidal in a suitable sense. If H = HIP, then
the above holds for any pro-algebra A and B. But for HA, we need that the
algebras A and B are locally multiplicative in the sense that they are direct limits
of semi-normed subalgebras. Such results are used to construct an exterior product
operation on bivariant versions of these theories.

In the non-archimedean theory for torsion-free V-algebras, I expect a similar
result to hold, stated as follows:

THEOREM. Let A and B be complete, bornologically torsion-free unital V -
algebras. Then there is a chain homotopy equivalence HA(A® B) ~ HA(A)® HA(B).

To see why this could be true, we first observe that the identity map on the
algebra A® B extends to a morphism 7(A® B) - T(A)® T(B) of analytically
nilpotent extensions. The proof that the kernel of TA® TB - A® B is analytically
nilpotent uses [12| Proposition 4.2.5]. It is precisely here that the assumption of local
multiplicativity is used in analytic cyclic homology for C-algebras. So invariance
under analytically nilpotent extensions gives

HA(A® B) ~HA(TA® TB).

Now a typical issue arises involving homological dimensions. In the entire theory
developed in this thesis, analytic cyclic homology is mostly only easily computable
in cohomological dimension 1. However, TA® T B in general has cohomological
dimension 2. In dimension 2, periodic cyclic homology is chain homotopy equivalent
to a certain quotient of it, namely the X 2-complex, which also came up in the proof
of homotopy invariance of our theory (see Proposition . So the task is to show
that there is a chain homotopy equivalence

HA(TA® TB)~X*(TA®TB)® F.

In the Archimedean case, Puschnigg (see [31]) constructs certain explicit maps at
the level of the tensor algebras, that implement the chain homotopy equivalence
above. We hope that similar formulas can also be used in our setting. Suppose we
can adapt Puschnigg’s methods, the rest of the proof goes as expected:

XX (TA® TB)® F~X(TA® F)® X(TB® F) =HA(A)® HA(B).

2.3. Equivariant non-Archimedean periodic cyclic homology. An im-
portant motivation for the introduction of our homology theory is to study of
group(oid) actions on affine varieties over a finite field. The orbit spaces of such
actions are studied through crossed product algebras, which are noncommutative,
and fit within the scope of application of our homology theory. In this realm, we
wish to develop a non-Archimedean version of equivariant periodic cyclic homology
HP® in the sense of Christian Voigt [36]. We propose to investigate under what
conditions, the following version of the Green-Julg Theorem holds:
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THEOREM. Let G be a discrete group acting on a dagger algebra A. Then
HPY(V, A) 2 HA, (G x A).

In more geometric situations, A is the dagger completion of the coordinate
ring of say a smooth, affine variety X. The idea would then be to relate these
equivariant invariants to the more geometric, de Rham type invariants such as the
rigid cohomology of the orbit space X/G.

2.4. Topological cyclic homology and final insights. An important devel-
opment alongside ‘classical’ cyclic homology is topological Hochschild homology and
its variants. These invariants are constructed by working over the sphere spectrum,
instead of the derived category of Z-modules. While topological versions of cyclic
homology coincide with the classical versions in the Archimedean setting, their effect
is most remarkable in the non-Archimedean setting. The pioneering work of Hessel-
holt and more recent work by Scholze-Nikolaus (|20]) and Petrov-Vologodsky ([29])
establishes connections between topological periodic cyclic homology and crystalline
cohomology. However the methods used in the topological theories seem drastically
different from our more concrete, analytical methods, which are better suited to
the examples we find important. It is therefore very desirable to find connections
between the two worlds. One possible approach could be the development of a
bornological version of topological cyclic homology - a project I plan to take up
in the future with Kobi Kremnitzer. Furthermore, I would also be interested in
studying condensed mathematics developed by Scholze and Clausen, as a framework
in which cyclic homology can be defined for topological algebras.
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