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Thesis Overview

Denote by m(x) the number of primes up to = and by m,(g,a) the number of those lying in
a given arithmetic progression (a + n¢),>o. Denote by ¢(n) Euler’s phi function.

Counting prime numbers has long been a large part of number theory. Euclid already docu-
mented (around 300BC) that they were infinite in number, since if not then one may be added
to the product of the finitely many primes pi, ..., pr, a list of all the primes, to obtain a new
number

N=p---pr+1

which is divisible by none of the pi,...,pr, a contradiction. Quite some time later on, Gauss
conjectured (1792/3, so in his teenage years) on the basis of his per hand calculations that up
to a given z there are approximately z/logx primes, and this was confirmed a century later
independently by Hadamard and Vallée Poussin, the method laid out by Riemann in 1859, when
he connected the distribution of the primes with the complex analytic properties of his zeta
function ((s); by Perron’s formula

Z o _ 1 i ¢1(g)xtds
T i Sy s

n<wz
n is a power
of a prime p

Today the approximation is known to be of strength

7(2) = li(@) + O (weeVIoE?)

* du
li(x) =
i() /2 logu

but there is no 6 > 0 for which we know

where

m(x) =li(z) + O (a:lf‘;) . (1)

In expectation that the primes be randomly distributed there should be nothing better than
“square root cancellation” and indeed Littlewood showed (1914)

7(z) = li(z) + Q (ﬁlog log logx) .
log x

Establishing (1) for some ¢ € (0, 1/2] is in the number theory community accepted as out of reach
(the validity of § = 1/2, up to logarithms, amounts to the Riemann Hypothesis), and therefore
we settle for “average type” results, where this averaging is done over arithmetic progressions.
The first result in this context is a famous theorem by Dirichlet which asserts, for given coprime



q and a, that there are infinitely many primes congruent to a modulo g; this he established with
the introduction of his characters

> 1°gp:@2m > x(n)logp

n<x X n<ax
n=a(q) n is a power
n is a power of a prime p
of a prime p

and the analytic properties of their corresponding L-functions

f: x(n)

In fact for any A > 0, some ¢ = ¢(A) > 0 and any ¢ < (logz)? we have the Siegel-Walfisz
Theorem

li(z) Vit

(g, a) = + 04 (:L’efc OgI).
’ ¢(q)

The problem of counting primes restricted to a given arithmetic progression no easier than

counting all of them, the above discussion about the size of the error term still applies, however

now we can ask what happens when we vary ¢ and a. Define

E.(q,a) = Z logp — %Q)

n<z
n is a power
of a prime p

One of the major theorems in 20th century number theory is the Bombieri-Vinogradov Theorem
(1965):
max max|E (q,a)| < VrQ(logx)®,

1<a<q y<
q<Q (a,q)= -

for any A > 0 and /z/(logz)? < Q < \/z. Shortly after (1966) came the Barban-Davenport-
Halberstam Theorem:

2

Dz (00 < aQloga + s

<
1SQ ok

for @ < z. This was improved to an asymptotic formula by Montgomery and Hooley (1970s):
for any A > 0 and some ¢ € R

3/45/4 z?
q;z Z —a:QlogQ+ch+(9< Q +(10gx)A>. (2)

(GQ) 1

These results are important because they are suggested by the truth of

X
E,(q.0) ~ \/;

Yet more insight into the primes might be gained by looking at their arithmetical patterns, say
tuples n + hq,...,n + h,, for some fixed non-negative integers 0 < hy; < hy < -+ < h,, such
that the n + h; are all prime. But unfortunately this strategy already fails at Euclid’s Theorem,



since it isn’t (yet) known that there are infinitely many pairs of primes n,n 4+ 2, never mind the
Hardy-Littlewood Conjecture - this states that for some &y, € R

6h.’b
Z L~ r’
—~ (log )
n+h; all prime

It is perhaps a natural question whether such motives are present when we discuss sequences
other than the primes. Let k > 2. If for a given n there is no prime p for which pk|n then n
is said to be k-free. An asymptotic formula of similar shape to that in (2) is indeed known for
the k-free numbers, the current state of knowledge attained and summarised by Vaughan in [17].
Crucially, the corresponding questions on r-tuples of k-free numbers are accessible; for given
non-negative integers 0 < hy < hy < -+ < h, we call n + hq,...,,n + h, a k-free r-tuple if the
n + h; are all k-free. The asymptotic count

Z pe(n+hi) - p(n+hy) =Gz + O (xQ/(k+1)+e) ’

n<lzx

for some &y € R, is easily established (see [10]) and we look at the distribution in arithmetic
progressions. In [2] twins in arithmetic progressions were investigated and it was shown easily

that
> me()pk(n +1) = (g, a)z + O (362/('““)“) :

n<z
n=a(q)

for some 7n(g,a) € R, and that
2

q 2\ 2/*
Ve Q= D3| S w1 - na| <@ (5)

g<Qa=l| n=sz @

n=a(q)

In [9] the method of Vaughan (that in [17]) is followed to show that

1/k+e
VeQ <@ (5) et IonQ st

These results are important because the same results for primes are out of reach.

As far as we can see, however, there is no recorded asymptotic formula for the variance of
twins of k-free numbers. The main result of this thesis is an asymptotic formula for the variance

of k-free r-tuples; here nn (g, a) is a suitable main term. We will state the precise result shortly
and it is the content of Chapter 2. It seems to be the first instance of an asymptotic formula for
this variance. We follow closely Vaughan’s argument in [17].



Vo vari . . . vari . Wi
The above variance is somtimes referred to as the “improper” variance. We will also look at
the “proper” variance

of k-free numbers; that is, averaging just over the residues. An asymptotic formula was found
(when averaging over the reduced classes) for squarefrees by Ramon Nunes [12], and we improve
one of the error terms (when averaging over all the classes). This result is the content of Chapter
3.

We now state these results precisely.
Theorem 1. Fiz non-negative integers 0 < hy < ho < --- < h, and let

S={neNjn+h; € { k-frees }, i =1,...,r}. (3)
Let for g,a € N and Q,x > 0

oo

p(dy) - - - p(dy)
77(‘1»@) = Z Wa Eat(qa a) = Z 1- 3”77((17 a) (4)
dq,... dp=1 [q’ 1o ?”] n<az
(aF,ak)h;—h; (1<ij<n) S

(¢,d¥)|a+h; (1<i<r)

and

V((E, Q) = Z ZEI(% 0)2. (5)

q<Qa=1

Take ¢ = ¢(r) to be any number in [1/2,1) for which we know

[ Kesiore
oo (L)

converges absolutely for all o > ¢. For each prime p write R, for the number of different residues
represented by the hy, ..., h, modulo p*. If always R, < p* then for Q <z and € >0

—o02 (X v 2 (T (e 142/ (k+1)+e
V@ =0*(g) P(oa@/Q) + O (@*(g) o

where P = P(r,k,h) is a polynomial of degree r — 1.

As already mentioned the only theorems in this direction, that we know of, are upper bound
result for twins of squarefree numbers. In this case we can take ¢ = 1/2 since it is contained in
classical results that for o > 1/2

2T
/ |C(o +it)|2dt <, T'logT
T
and so our theorem then implies
V(z,Q) = w1/2Q3/2P(10g(w/Q)) + 0, (:vl/“QW + :c5/3+€)

for some linear function P. Of course if the h; cover a complete residue system modulo some p*
then there are no k-free r-tuples.



Theorem 2. Let k > 2 and denote by S the set of k-free numbers. For q,a € N define

o=y A Ega)= 3 1-(g.a) (6)

d:Icl [q’dk], n<x
(¢,d%)]a RN
and for x >0
q
Va(a) = ) |Ea(g,0) (7)
a=1
Define
2 1—2/(p* +ph!
Oy = k 11 /(p" +p"")
k- e LT
and

1—2/pF + (g, p")Y*1 /p

fel) =[] T2/ + 1/

plg

For large x and for ¢ < x we have for every € > 0

2\ V* 2\ 2/O=2/F) 142/(k+1)
vw=a(s) swron (s (a(7) )

This is an asymptotic formula for k = 2,3,4. Averaging just over the reduced classes an
asymptotic formula for V,(g), in the squarefree case, is already established in [12] with error

essentially
2\ /3 2\ 23/15
Lq\| - + | — .
q q

Before this only upper bound results are recorded (see [8] and the references therein), although
these are stronger in the range where the above asymptotic formulas don’t hold and are concerned
with more general sequences than the squarefrees. The relevance of our result is the improvement
in the first error term, which for £ = 2 seems decently small. This is obtained by a careful analysis
of the integrals arising from an application of Perron’s formula. (Our second error term is weaker
than in [12] but most likely can be made to be just as small for the squarefress by arguing, as in
that paper, with the square sieve.)






Chapter 1

Number theoretical sequences in arithmetic progressions

By a “number theoretical sequence” we are being rather vague - we mean simply a sequence
that would be of interest to a number theorist. For clarity, let’s just say a number theoretical
sequence is a subset of N.

Let NV denote a number theoretical sequence and suppose N satisfies for some n: N x N — C

> 1=n(g,a)z +o(z) (8)
nEN
n=a(q)

with © — oco. Of course, the question of uniformity in ¢ and @ is an important one but, as a
minimum, we should require that the above is true for each fixed ¢ and a if we are to study the
average behaviour over arithmetic progressions. Define

Ei(g;a)= ) 1-1n(ga) and V(z,Q) =" |E:a,0)f.

<z < =1
neN <Qa
n=a(q)

We have already alluded to the relevance of the Barban-Davenport-Halberstam (BDH) Theorem
and to the question of when N obeys a BDH type law. Hooley asks this question in [5] and

answers 9

x
v =
(7,Q) <4 2Q + (log )2
for each A > 0, whenever
E.(q, A
+(q,a) <a (og 2}
and 7 satisfies
n(g,a) =n(q, (g,a)); (9)

in [7] he removes this condition on 7. Of course, should a better approximation in arithmetic
progressions hold, this would be reflected in the second error term. As with (the shorter proofs
of) the Bombieri-Vinogradov Theorem, Hooley’s result was made possible with the large sieve:

if we define
W(a) = Z e(an)

n<wx

neN

then the Large Sieve Inequality says

>3 Wia/a) < afa+ Q%) (10)

q<Q a=1

here and in what follows we write ¥'? to mean the sum is taken over a = 1, ...,q coprime to q.
For illustrative purposes we present a weak form of his argument in the stronger setting where
N satisfies

E.(q,a) < z°. (11)



Assume @ < z and @ is large. By orthogonality

Ey(q,a) = ;sz;e( q)( (b/q) —fczq:nq, (J\;b)>

so that

and therefore

V(z,Q) = > - Z Z [Xq0l®

< d b=1
<@ ! |q<bq)d

=ZZZI

q<Q d|lg b=1

< log@Q) ézl | Xap]?

d<Q = b=1

< (logQ)? max — Z Z|Xq,b|2
R<q<2Rb 1
q
v n(aN

N=1

< (logQ)? max— Z Z W (b/q)|* +

R<q<2R b=1

> nlg, N)e (J\;b)‘ = > 1lg, N)nlg, N')ey(N = N')

N,N’=1

q/d q/d’

I
=
=

d,d’|q N=1N’'=1

and here the N, N’ sum is

q
!

> cqrala)ega(—a) = plg/d)u(q/d)é(q) < g

a=1

so that

2
- Nb

d.d'|q

D@, d) S S ey(Nd— N'd)

(13)



Clearly

SO

therefore (13) becomes

This with (10) says

Tr < z(z + R?) + 2? Z ¢! < xR? + 2%t
q<R

on the other hand (11) implies

q
Tr< ), D |E(g0)f <a2®R?
R<g<2Ra=1

and therefore (12) says

2
e . T~ 2A
Viz,Q) < x %gg(mln{x}%—i—R,x R})

For R < z'~2 the minimum is < z!*t2 and for !=2 < R < Q the minimum is < zQ + 212,
therefore

V(z,Q) < z° (mQ + :c”A)
which is a weak result of BDH type.

In [6] Hooley refines his BDH bound to an asymptotic formula on the further assumption that
n(q, q) is essentially multiplicative, that is there is p € RZ and multiplicative f : N — RZ for
which

n(g:q) = pf(q)

and we make a few comments as to the proof. Opening the square in the definition of V(z, Q)
we see that the difficulty lies in evaluating sums of type

S@Q) = Y Y 1

Q<qg<z n'<n<az
n=n’(q)
n,n' €N

which with a “modulus swap” becomes

S OY =YYy Y Yo

1< Q<(n—n')/I<z 1< S|l b=1 n/<z—-Ql n'+Ql<n<z
_QT/Q n=n'(l) _:E/Q | (b,1)=35 n! €N neN
n,n’eN n’=b(1) n=b(l)



the point being the modulus is now small. In view of (8) and (9) we expect

> tan(e(g,0) (Y - X)

X<n<Y
neN
n=a(q)

so that the sums over n’ and n above are

z—Ql 2 2
~l0) Y (z-Qu-n %77(176)/ N1 |dte B
n! <z—Ql ( ) 0 n/<t 2
n'eN n’eN
n/=b(l) n’/=b(l)

and therefore

) !
S(z,Q) = % Z (fol) Zn(l,é)z Z 1

(x - QZ)QM(I). (15)

"7(17 ) = W T”%; M(T)U(Ta T)

(this can be shown in a few lines) which with the multiplicativity assumption means that the
Dirichlet series of M (1) is associated to an Euler product and so we can apply Perron’s formula
to (15). Hooley obtains with this argument

V(z,Q) = (c + 0(1));@ N <(10§1)A> (16)

for some constant ¢ and where o(1) — 0 with /Q — oco. An alternative approach to Hooley’s
was developed by Goldston and Vaughan (see [3]) through which the variance is expressed as a
binary additive problem tractable by the circle method. In this case the approach to deal with

sums of type
> 21

g<Q n'<n<=z
n,n' €N
n=n’(q)

22 2!

q<Qi<z/q nn'<=
n—n'=ql
n,n’eN

is to write the double sum as

and then to apply the circle method to the inner sum. In [16] a general result is obtained in this
way, again under (9) of course.

A subtle point is that the constant (16) may be zero. As seen from the BDH Theorem this
is not the case for the primes, but as seen from [17] this is the case for the k-free numbers.

10



Briidern has a theory for this principle (see [1]) which characterises those sequences with smaller
variances as those limit periodic sequences. On the other hand, since we expect for the k-free

numbers
2\ /2K
Em(q,a) < <q> 3

we should also expect that in this case ¢ = 0 and moreover that

1/k
Ve <@ (5) -
Q
In fact an asymptotic formula for the k-free variance is long known and a strong asymptotic
formula is given in [17], as already mentioned. As far as strong asymptotics in arithmetic pro-
gressions are concerned, the k-free numbers are indeed easier than the primes, the k-frees in a
vague sense perhaps approximating the primes with decreasing k.

In summary, the variance in arithmetic progressions of both the primes and the k-frees are
particularly well understood, and there is a theory for sequences in general. Once we look at
r-tuples, however, we no longer have (9). In this case the situation for primes is hopeless, but
we can at least address the k-frees in this thesis.

11
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Chapter 2

Proof of Theorem 1

In [17] the evaluation of the variance is translated into a binary additive problem in k-free
numbers which can be tackled with the circle method. We use the method laid out there for
our proof except at the very end, worried that the r-tuples not being multiplicative would cause
some problems otherwise.

Write py for the indicator function of the k-frees and write ¢ = gi for the unique function
satisfying

W =g*1; (17)
specifically
~f w(d"*) if d is a kth power
9(d) = { 0 if not (18)
since

pi(n) =Y u(d) (19)

dk|n

is a well known identity. Then from (4)

(dg.dj)h;—hj (1<i,5<r)
(q,d;)|la+h; (1<i<r)

Throughout this chapter the implied constants in the O symbol will always be understood to be
dependent on k,7, h and ¢, and ¢ may be taken to be arbitrarily small at each of its occrences.
Whenever s,0 and t appear in the same context we will always mean a complex number s with
real and imaginary parts o and ¢. For real positive numbers ¢ and T' we often write the shorthand

/ or / or /

+T ctiT ctioco
T c+iT c+ico

/ or / or / .
=T c—iT c—100

We will write statements that involve r-tuples using vectors and mean that that statement
is to hold for each vector component. For example, v = d (q) would mean v = d; (¢;) for
each i = 1,..., R, where the R,d;,q; would be clear from context. A sum X’? will mean that
the summation variables are restricted to numbers coprime to q. The R-fold divisor estimate
dr(n) < nc is well known, as is the (General) Chinese Remainder Theorem which says

for

n =amod (q)

has exactly one solution modulo g1, ...,qr] if (¢:,q;)|a; — a; and has no solutions otherwise.
We will use both these facts frequently but often forget to mention where they come from. A

13



coprimality condition may often disappear from one line to the next with the introduction of the
Moébius function; here we are using

1 ifn=1
Z“(d):{o it 21

d|n

2.1 - Lemmas

Our theorem rests on having a concrete expression for the Gauss sums associated with the k-frees.
The difficulties in the transition to r-tuples is contained in the following lemma.

Lemma 1. For a,q € N define
av
Gg.a) =) e (q) n(q,v).
v=1

For each prime p and each q a non-negative power of p define

1/p%  if qlp*
gp(‘]) = { 0/ ifp‘k+1|q,

For each prime p write R, for the number of different residue classes modulo p* represented by
the hi, ..., hy. If for all primes p we have R, < p* define for ¢ € N

B
oo =11 15
p?lla v

For each prime p write Hy, ..., Hg, for the different residue classes modulo p* represented by the
hi,....;h.. For A€ N and P a power of p define for P|p*

Ry

Qa(P)==> e <Ag">

n=1

and for p**t1|P define the LHS to be zero. For Q, A € N define

w

HQ,A) =]] Q,570,(Qi),

i=1

where @ = Q1 -+ Qu with Q; the distinct prime powers of Q and each Q/Q; the inverse of Q/Q;
mod Q;; if Q@ =1 the product is to be read as 1. Define

Sl

If R, < p* for all p then for any a,q € N

oo =06 () 7 (G o)

14




Proof. We first set quite a bit of notation. For given dy, ..., d, write d* = [dy,...,d,] and ¢g(d) =
g(dy)---g(d,), where g is as in (17). By a sum X* over variables dy, ..., d,, we will mean always that
for all 4, j we have (d;,d;)|h; —h;. For given @, d1, ...,d, € N with Q|d* and (d;, d;)|h; — h; write
vg.a for the unique solution modulo [(Q,d1), ..., (Q,d,)] = (Q,d*) = Q to the system v = —h
mod ((@,d)). For Q, A, N € N with Q|N define

di,e.es dy
d*=N
so that -
3 JaeWN) _ v g(d) (AVQd> (21)
N=1 N dy,..., dr d* Q
QIN Qld*

and for P a non-negative power of a prime p define

g, (P) =" 9a.r®) _ Y gc(;l)e (Al;f’d> . (22)

pt
t>0 dy,..., dp
Plpt Pla*
d non-negative
powers of p

For w,DY,....,D% Di,...D} .. ,D%,..,.D¥ € N write D; = (D],...,Di) € N", write Dg - - - D, =
(DY---Df,..,DQ---Dy) € N', and write D} = [D1, ..., D]]. Now we can start the proof proper.

Take Q, DY, ...,D¥ € N, where Q = Q1 - - Q,, as a product of prime powers, where for 1 < j < w
each D/ contains only primes of Q;, and where each DY is coprime to Q. Suppose Q; |D]* Then
we have modulo @

YQ, DD, = VQD,-D,

Q/Q1(Q/Q1)vq, b, ++ -+ Q/Qu (Q/Qu) vq. D,

so that for N; A € N, with N = NyNj - -+ N, where the N; are the prime powers of N and where
(Q, Ng) =1 and Q;|N;, we have

* A
G = g(dnmg(dr)e( 5)
- 0 w 0 w AVQ7D0.“DOJ
= 3 X D8 D) g (DY Dy e (AR )
J=0p}....Dj
D;.‘:Nj

= | 3 g g(0?) 11 S g0) - g(D)e (AQ/%VQJDJ)

= gil(NO) H QZW@ (NV;)
=1 '

15



and therefore

{2

t
o \i=0 P

= H gI,p(l) H GZm,pj(Qj)v
j=1

pl/Q

gi1(p

0\ 2 ara-o. P5)
Q/Q;,Q;
| > 2=
j:l t>0
le:ﬁj-

(23)

where obviously the p; are the primes of @);; if @ = 1 this all goes through easier and gives the
same result as long as we read the finite product as 1. We now evaluate g% ,(P) on non-negative
powers P of a prime p and on any A € N coprime to p. For d a non-negative power of p we have

from (18)
1 ifd=1
gld)=<{ -1 ifd=pF
0 otherwise
so from (22)
X * 1 Avpg
SR SR W S )
XCA{1,...,r} di,eees dy
Pld*
d non-negative
powers of p
d;=pk if iex
d;=1if igX
1 Al/p,d
- r k
~ d* P
Pld*
d non-negative
powers of p
all d;=1
RP
AH 1
_ n _1)1Xl
- e( P ) >, (D > o (24)
n=1 xg{1,l.€“,r} Pﬁi*
N @ nomncesive
d;=pk if ieX
d;=1if igX
Note that .
S M-S0 (] ) =a-r-0
NC{1,..n} i=0
so that
S =
NC{1,...,n}
N#0
and therefore
> ()W = 1. (25)

NC{1,..., r}
h;=Hp (pk) VieN
N#Q

If p"*1|P there are no terms in (24). If P|p* the non-empty X (i.e.

contribute
R
1 «— AH,
s () X o
n=1 XC{1,...,m}
h;=Hn (pF) Viex
X#0

16

those with d* = pF)

Qa(P)
7Rp

if P#1
if P =1

ﬂX'=:p‘k{



from (25), and the empty set term (i.e. d* = 1) only gives a contribution if P = 1, in which case
it contributes 1. Consequently for (A, P) =

kR itP=1
ga,(P) = kQA if 1 # P|p*
if pk+1 |P
B R, ifP=1
a(P) ifP#1
and therefore from (23) we have for (4, Q) =

> ‘QZLN(N) = 11 (1 kap) 11 <9P1 Qi)g75; (Q7)>'

Jj=1

+ g(d) (Avg, gp; (@5) AQ/Qj(Qj)
L e( gd) E]<1_>II — Ry, /p"

= pGQH(Q,A4) (26)

for any @, A € N with (4,Q) = 1. We now take Q = ¢/(¢,a) and A = a/(q,a). Since for
(di, dj)|hZ - hj we have

S () - q e(avgald) if /(g dr), s (0:d,)] | a
2 (q) B [(q,dl),...,(q,dr)]{O if not

v=1

(g,d)|v+h

q {G(AVQ,d/Q) if Q|d*
(g,d*) | O if not

we see from (20) and (26)

d Av,
Gla.a)=a QZ;M M¢ﬁ&;dﬂe( C§d>::pG“QEHQ”A)
(di,dj)\hifhj
Qlax

O

This H(q,a) function of the previous lemma is special to the r-tuple case. We deal now
with its main properties. When comparing with [17] it is perhaps useful to think of ®,(n) as
Ramanujan’s sum.

Lemma 2. Define H as in Lemma 1. Define for g,n € N

_i H(g,a (“q") @;(n)—zq:/H(q,a)(i(CL;) and  ®(q) = @, (0).

a=1

(i) Both ®4(n) and ®}(n) are, for each n, multiplicative in q.

17



(ii) Suppose we have a function F(q,d) defined for ¢ € N and d|q. If for all (¢,¢') = 1 and
d|q,d'|q" we have F(qq',dd") = F(q,d)F(q',d’) then the sum

5 F (00 4))2,(4)
A=1

is multiplcative in q.
(iii) For q a power of a prime and for d|q

q/d

S, (—Ad) = B(q)u(a/d).

A=1

(iv) For any g € N
Z |y (A)| < ¢'*
and the same claim holds with ®,(A) replaced by ®(A).

(v) Let G(-) and p be as in Lemma 1. For any q € N

az: Z@ d)2.

dlq

(vi) For any q,a € N
H(q,a) < q°.

Proof. For given dy,...,d, write always d* = [dy,...,d;] and g(d) = g(d;) - - - g(d;-), where g is
as in (17). By a sum X* over variables dy,...,d, we will mean always that for all 4, j we have
(di,d;)|hi — h;. For P a power of a prime p and A € N we have

Ry

B AH, 1 for P|p*
H(P,A)Ze< 5 ){ 0 for pt1|P (27)

n=1

where Hy, ..., Hg, are the distinct residues represented by hyq, ..., h; modulo pF.

(i) Take ¢, ¢’ € N with (¢,¢’) = 1 and, for any prime p, define 8, 3’ > 0 through p?||q and p?'||¢’.
For a prime p denote by R the inverse of any R modulo p?*#". Then ¢'qq’ /pP+8" = q/pP mod (p?)
for any p|g. A similar comment applies when considering p|¢’ so that for any a,a’ € N

i ! ! Nl JBE B
(e () (- (7
plq n=1 pla’ n=1
= H(q,a)H({,d); 8)

18



here we are assuming P|p* but if not the equality is trivial. As a,a’ respectively run over reduced
residue systems modulo ¢, ¢ the quantity aq’ + a’q runs over a reduced residue sytem modulo
qq’, therefore (28) implies

Bo(n) = 3 |H(gq', A)e (;4:)

/

q q , /
_ 2 : 2 : ’ ' N2
_ / H(adad +d'q)] e((aq +aq)n)

a=1 a'=1 qq/
1 an oy a'n
2
- (Z g0 ¢ ()) >t e ()
a=1 4q a’'=1 q

= Py (n) @y (n)
and a similar proof obviously works for ®(n).
(ii) Suppose M, M’ € N with (M, M’) =1 so that

F(MM’, (MM, aM’ + a'M)) - F(M, (M, a))F(M’, (M, a')). (29)

As a and a’ run over complete residue system modulo M and M’ respectively then so do aM and
a’' M and the quantity aM’ + o’ M runs over a complete residue system modulo M M’. Therefore
by (29) and part (i)

MM’
3 F(MMQ (MM’,A))(I)MM,(A)
A=1

<

Il
M=

F(MM’, (MM',aM’ + a’M)) ®arar (aM + a' M)

e
Il
-
8
i\ Il
—

Il
NE

F(M, (M, a))F(M', (M, a’)> By (@M +a' M) Dy (/M + aM’)
1

a’

)
I
—

E\H

Il
NE

F(M, (M, aﬁ)) F (M’, (M, a/M)) O s (a) Bapr (a)

a’'=1

e
Il
—

and the claim follows.

(iii) The equality is trivial if p**!|g, otherwise for ¢|p* we have from (27)

By (n) = zq:'e <“(H" - qH i ”)> (30)
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so that

q/d R q q/d

’ L / a(Hn — Hn/) / —CLAd
E O,(—Ad) = g e < ) g e < )
A=1 n,n'=1 a q A=1 q

from (30).

(iv) The same argument as in part (ii) shows the sum in qustion to be multiplicative so it
is enough to prove the bound for ¢ a prime power. In that case (30) implies

Ry
Py(n) = Z cq(Hy — Hpr + 1)

n,n’'=1

so that . .
Do 1g(n)] < Y feq(n)] < gMF
n=1 n=1
by a standard bound for Ramanujan’s sum and the proof is obviously the same for ®(n).
(v) From part (i) )
/ —ab
bz:; H(d,b)e <d>

is, for each a € N, multiplicative in d and therefore so is

n(g,a) = g:lG ((q,qb)> H <(qf]b)’ (qub)) ‘ <_qab>

is mutiplicative.

Suppose q is a prime power so that for d|q, p* we have from (27)

and therefore (since G vanishes for p**1|d)

Ry
n(g.a) == Y Gld)ca(H, —a)

n=1d|q,p*

20



so that

q R, p
Sl = Y Y Gl e, —aeala— )
a=1 nn/zldd’lq a—1
[d7d'}
= a Z Z ch(Hn—a)cd«(a—Hn,), (31)
n,n'=1d,d'|q a=1
Then
[d,d"]
Z Cd(Hn - a)Cd’ ((I - Hn’)
a=1
g (A, A Ald,d)/d + A'ld,d)/d
= Zze( n n/>ze<a(—[,]/+ [d,d]/ ))
/ ’
A=1 A’=1 d d a=1 [dvd]
d d
! ! AH, A'Hy,
- 2 e( i@ )

A=1 Al=1
[d,d']|—Ald,d’]/d+A’[d,d"]/d’

but the only (prime power) d,d which can satisfy these summation conditions are those with
d = d’, in which case the A, A’ sum becomes

i (HH>> (Ho )

and so
[d.d
_ Cd(Hn—Hn/) ifd:dl
— n—a,cd/(H/—a)_{ 0 if not.
Therefore (31) says
q Ry
SNint@a)l = ¢ . D IGd)Pea(H, — Hyr)
a=1 n,n'=1 d|q
2
q R
! L aH,
SIS ED Dy
d|q a=1 n=1

(32)

I
L}
g
=
S
I
S
o

from (28). This holds initially only for ¢ a prime power, but we’ve already said that the LHS is
multiplicative and the RHS is multiplicative from part (i), so (32) holds for general ¢q. Let G(-, )
be as in Lemma 1. From orthogonality and then Lemma 1

n(g,a) = j}éG(q,b)e <_qab)

n*(q, a)
q
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SO
q

2 4
P *
2_Intaa)l* =53 In(g.a)?
a=1

a=1

and the result follows from (32).

(vi) We have
H(g,a) < H R,.
plq
O

Lemma 3. Suppose R, < p* holds for all primes p, where R,, is the number of different residues
represented by the h; modulo p* and let G(-) be as in Lemma 1. Then for any q € N
Glg) < g

and for and any Z >0
Z |G(q)| < Zl/k—1+e.

7<q<2Z
This implies in particular
S Gl < 2 and Y |Glg)] < 207
q<Zz >z
Proof. For any prime p and any ¢t > 0 we have

1 1/pk ift<k
oL <
G(p)_1—Rp/pk{0 it ¢ > k.

For large p we have R, =7 so 1 — R,/p* > 1/2 and so

2/p*  for large p
H| <

IGEOI = { 0 forallpandt>k (33)
therefore for all p

1/p¥  always, in particular for t < k
t ) = Ny
|G(p)|<<{0 for ¢ > k
so certainly the first claim holds for prime powers, and by multiplicativity also for general q. By
(33) we have

_ 2/p forlargepand 1 <t <k
{(1-1/k) ;
p |G(p)|<{0 for all p and ¢t > k

therefore by multiplicativity

Z qlfl/k|G(q)| < H 1+Zpt(171/k)|G(pt)| H 1+Zpt(171/k)‘G(pt)‘

q<27Z <kl t<k p<2Z t<k
< I (+2k/p)
p<2Z
< JI a+iw*
p<2Z

< (log Z2)*
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by one of Merten’s formulas. Consequently

> G < 2V ¢ URG(g) < 2R (log 2)%F.
Z<q<2Z q<27

O

Counting k-free numbers amounts to counting solutions of congruences modulo k-th powers.
The precision we need for r-tuples is contained in [10], but we reproduce the proof since we need
a slightly different result to the one stated there.

Lemma 4. (i) For all R, D € N with D being k-free we have for Z > 0
7\ 1/
Z IR YA (D) .

(i) For all R,a1,...,ar € N andY >0

Z [dl,...,dR]k(e_l) <R,a Yl_k+€.
dydp>Y

E akY o —a.
(aF,da¥)|a;—a;

(iii) For t > 0, R,dy,...,dr € N and ay, ...,agr € Ny denote by Na.a(t) the number of solutions
n <t to the system n = —a (d*). Then for Y >0 we have

S0 Nawlt) Spa to(t717FH 42050 ) 41, (34)
di--dp>Y
Proof. (i) We have

> 1= > dool<gze D> 1=> > 1L

[dY,...,d%,D]<Z [n*,D]<Z [d1,...,dr]=n [nk,D]|<Z l|D nkkSZl/D
(nk,D)=1

Write lo = [],,; p- Then the inner sum above is
7 1/k ll/k 7 1/k
> 1=(5)" < (5
D lo D
nk<zi/Dif
(nk1k,D)=1

since D and therefore [ is k-free, and the claim follows for D < Z. If D > Z the LHS of the sum
in question is zero.

(ii) For any d,a with (d¥, d¥)|a; — a;

ir @
1
and so
S Y cna Y gD @ Y e ik
di-dg>Y di--dp>Y n>Y
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(iii) We prove the claim by induction on R. Suppose ¢ is large since otherwise the LHS of

the sum in question is
<Y Y tena

di,...,dgp <1
d¥|nta;

anyway. We have

D Naa®) =3, > 1< Y (dtk + 1> Lo tY1E /R (35)

d>Y d>Y  n<t Y <d<(t+a)l/k
n=—a(dF) -

which is (stronger than) the result for R = 1 so suppose now the result holds for some R and let
Z > 0 be a parameter. We have

Z Ndl,-»-,dn+1;a1,~-»7¢1R+1 (t)

dy-dpy1>Y
DD >, 1

dy-dp>2Z

dydp>Z st e
nz;jzl(dé) nzfaRJFl(dlqurl)

< (t+aR+1)E § Ndl,..»ydn;alv--»aR(t)
dy---dr>Z

<Ra te(tzl—k+e+t2/(k+1)>

by assumption, and since the argument would obviously be the same if we had the summation
condition dj - - - dr41/d; > Z for some 1 <4 < R instead of i = R+ 1 we deduce

Do Niednoanann () € t9(12178 4 205D, (36)

dy,..., dry1>Y
dy-dryq/di>Z
for some i

On the other hand if always d; - - - dr11/d; < Z then we must have d; - - - dpy1 < Z1HL/R g that

Z Ndl,...,dR+1;a1,...,aR+1 (t)

di-dpy1>Y
dy-dpi1/di<Z

for all @
= Z Ndl»--~,dn+1;a1,...,aR+1(t)
Y <dy--dry1<Z1+1/R
t
< Z @ a1 +1
Y<d1---dR+1§ZI+1/R 1o %R41
(aF.dk)ja;—a;
<Ra (tYl"’“re + Zl+1/R+g) an
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from part (ii). Together (36) and (37) imply, assuming Z < ¢,

> Nupdrivarana ) <ra t€<tY1’“€+Z1+1/R+tzl’“+t2/(’“+1>)
di--dry1>Y

< (tyl—k+e 4 {(B+D)/(RE+1) _|_t2/(k+1)>
having chosen Z = tf/(f5+1) " The second term being less than the third, this is the result for
R+ 1. O
We use the last lemma to handle k-free r-tuples in arithmetic progressions.
Lemma 5. Let FEyi(-,-) be as in (4). Define fort >0 and q,a € N

M) =3¢ (%) B

v=1

and write 0 = 1/k and A =2/(k + 1).
(i) Fort>0 and ¢,a € N

Y 1=nga)t+0(t3*).

n<t
nes
n=a(q)

(i) Fort,v>0

q
D Y IE(g )P <0 4 178,

g<yv=1
1< _
DD E(g )P <yt 28,
q<vy ~ v=1
q

S S B )P <y 0 2

1—0 t\4, Y
q<~ v=1

1 < A

and ZWZ|Et(q,V)|2 < t2 ;

q<~ v=1

here the < symbol may include terms of size t€,~¢.

Proof. A sum ¥* over variables dy, ..., d, will mean that for all 4, j we have (d¥, df)\hl — hj. For
natural numbers dy, ...,d, write d* = [dy,...,d,]. For given q,a,dy,...,d, € N and t > 0 write

(1) for the number of solutions n < ¢ to the system of congruences n = —h mod (d*) and
n = a mod (q) and write Ng.n(t) = N(iyll(t), as in Lemma 4. From (3) and (19)

Soot= > ul@NGO. (38)

< k
:é; df,....dk<t
n=a(q)
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(i) From (38) we have for a parameter Y < ¢"/* to be chosen

Z L= Z* p(d) §;ﬁ(t)+0< Z* Nd;h(t))

n<t dy-d-<Y dydr>Y
nes
n=a(q)
= 3w S;ﬁ(tHO(tE(tYlk*wtﬁ)) (39)

dyd <Y
from Lemma 4 (iii). The main term here is

> ) (g 0)

dy-dp<Y
(q,dF)|a+h

_ * p(d) 1
- tdzd [q7d*k]+0 ¢ Z d*k+ Z 1
1seensdp dy-d.>Y dy---d.<Y
(g,dF)|a+h

tn(g,a) + O (tY'Fte y yite)
from (4) and Lemma 4 (ii), so (39) becomes

Z 1tn(q,a)+0<tylk+€+Y1+6+t6(tY1k+e+tA>>

n<t
nes
n=a(q)

which gives (i) on choosing Y = ¢!/,

(ii) From (38) we have for a parameter Y < t"/* to be chosen

o= Y w@nNgm+o| Y 1. (40)

n<t dy-dn.<Y dy--dp>Y n<t
nes - v=—h(q,d¥) n=—h(dk)
n=v(q) n=v(q)

The main term here is

N t _ « p(d) : 1
Z 1(d) <M+O(l)> =t Z [, 4" +0 |t Z g, d*F] + Z 1

dy--dp<Y dy,...,dr dy-dp>Y dy--d,. <Y
(q,d%)|v+h (g,dF)|v+h (a,d*)|v+h
* 14+e€
= tn(q,v)+ 0O |t E [ d*"’]+y
dy--dp>Y q,
v=—h(q,d*)

from (4), therefore (40) implies

Z 1—tn(qr) < Z Z 1+ﬁ 4 ylte

n<t dy-dp>Y n<t
nes v=—h(q,dk) n=—h(dk)
n=v(q) n=v(q)
—. 1+e
= Ty(q,v)+Y ™ (41)
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Now

q q 2
2 < * 1 t
St < Y Y | Y et
v=1 dydp>Y =1 non! <t [q, Hq, ]
dhdl >y v=—h(q,d¥) n=—nh(ak)
v=—h(q,d’F) n/=—n(a'®)

n=n'=v(q)

and the congruence conditions in the v sum amount to one conrgruence modulo

(q,d"*)(q,d"*")

Ld5), (g, d5), (g, d)5), o (g, d 9 =
[(q 1) (q r) (q 1 ) (q r )} (q,d*k7dl*k)

so that the whole v sum is

q « *k
< Z Z 1+ t2Q(Q7d kadl ) — Z 1+
v=1

£2(q, d**, d'"**)

k *k *k xk
et g, d*"][q, d"*"](q, d**)(q,d"™) ot qd*kd’
n=—h(dkF) n=—h(dk)
n/=—h(d’'k) n/=—h(d’'k)
n=n’=v(q) n=n’(q)

and therefore

*k 1%k
i|TY(q>V)|2 < Z* Z 1+M

kK
v=1 dy-dp>Y n,n/<t qd kd/*

dj-dl>Y n=—h(dk)

n/=—h(d’k)

n=n’(q)
Since for any N € N
N
E (qq) < Ns(logfy—&- 1) K Ne~©

q<~

we see that

tQ(d*k, d/*k)€75
d*kd’*k

Y man? < 3 e Y a1+

q<yv=1 dy-dp>Y n,n!/<t
dy--df.>Y n=—h(dk)
n/=—h(d’'k)

2 2
< it ( Z* ./V'd,h(t)> + t24° ( Z* d*k(61)>
d d

1-dr>Y 1+dr>Y

< ¢ (t2y2—2k+25+t2A) +t2y2—2k+26,ye

27



from Lemma 4 (iii) and (ii). Putting this in (41) we get, assuming ¥ < ¢,
2

1Y 1—tn(gw)

<yv=1| n<t
=y nes
n=v(a)

q
< <t2y272k+2e 4 t2A) + t2y272k+2676 4 y2+2e Z Z 1
q<yv=1

< t2Y2_2k +t2A 4 Y272

the t¢,7¢ terms going into the < symbol. Choosing Y = (t/~)'/* gives the first claim and the
others follow from partial summation. O

In the last stage of the proof we will be left with a quantity which we have chosen to analyse
with Perron’s formula. The main difficulty will be evaluating

Z x(n)

n<X

where y is a Dirichlet character.

We make the convention that a primitive character may be principal, as in Chapter 9 of [11].

Lemma 6. For any M € N, @ >0, tg € R, T > 1, and any primitive character x modulo M,

T ; ; iv
/ L(ZU‘F”(;’X)Q dv<<\/M(1+M).
1

Here the < may contain terms up to M, T¢, |to|.

Proof. Throughout we allow the M€ T |to|¢ terms to go into the <, O symbols - we are basi-
cally telling the reader to ignore logs and epsilons.

We first suppose x is non-principal. Take parameters Z; > Z > 1. Summing by parts and
applying the Polya-Vinogradov Inequality (Theorem 9.18 of [11]) we have for any t € R

_ Zo
= S DI (URNIEN ) I U SOl "

n
Z<n<Zy Z<n<Zy Z<n<y

(1 + [thv'M
Z

so that letting Zy — oo

=

L(1—it,x) = Z:Z nl@t +0 <1+1|t> (42)

so long as
Z > (1+[t])*VM; (43)

on the other hand Theorem 4.11 of [15] says that if Z > 1 + |¢| then

. 1 1
C(1—it) = an—it+o<1+|t|)

n<Zz
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so that (42) subject to (43) remains true also in the case of principal x (that is, M = 1). For
any k there is some A, for which

sin (’W) = Agemltl/? (1 +0 (1 j t|))

and by standard formulas for the Gamma function there is some B for which

. . 1
D(1— it) = BJtl/2=e—mll/2+it <1 o < e )>

so that with (42) we have for any t € R

L(1—it,x)T(1 — it) sin ( m(it + 5 )

= (Bt O((1+|t)1/2)> ,;val(i)tw(lim)

_ BA, |t|1/2 it it Z

n<Z

)

so long as (43) holds. Let x and €(x) be given respectively as in (10.15) and (10.17) of [11]; from
the comments immediately following (10.17) the quantity ¢(x) is bounded. Therefore Corollary
10.9 of [11] and the last equality say that for some C) < 1 we have for any ¢ € R

)it L(1 —it, 7)T(1 — it) sin (W)

(W log Z)

Lity) = 7 'e(OViT (QM”

2m 1/2—it it X(n
o (20) >

6zt(log(27r/M) log [t|+1+logn)

_ CX\/WZXn - +O(\/Mlogz)

n<ZzZ

so long as (43) holds. Therefore for any 1 < v < T and so long as

Z>1+T+t])>VM (44)

we have

Liw+1) 0@ Cuo/Mlo t o] 5~ Xme () O<\/M10g2>
v v = n ’

where

v+ to)(log(2n /M) —log |v + tg| + 1 + logn) +vlo
f(v):fn,M,Q,to('U):( o) (log(2m/M) gl% o gn) 8Q.

note that f is twice differentiable for v + ¢ty # 0 and there we have

1

+— 45
27T|’U+t0| ( )

fw) =
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Therefore

/T L(iv + itg, x) Q™ dv
1

v

- e [T/ (Z x(n)e(f(v))> o <mlog 75 d)
1 v n 1 v

n<Z
1]
« VY - / Gv)e (f(v)) do| + VT log Z (46)
n<Z 1
subject to (44), where
Glo) = VIV tol.

(%

We now bound the integral in (46). Take R > 1. For v € (R, 2R) we have |v + to| < R + |to| so
from (45)

VR + [t (47)

ve(R2R\{te} = [f"(v)> i

1
- d G
R+ Tio] an (v) K

and we now consider the various scenarios for the sizes of R and ty. Suppose first that R is large
and —tg € (R+1,2R — 1). Then the above bounds become

ve (R2R\{to}) —> |f”(v)|>>% and  G(v) <

so that from Lemma 4.5 of [15]

R

2R
Gle(f(v))dv = (

[ R B LCRERE

having bounded the second integral crudely with (47). If —tg ¢ (R+ 1,2R — 1) then v +tg # 0
for v € (R+ 1,2R — 1) so the bounds in (47) and the same lemma imply

2R R+1 2R—1 2R
G)e(f(v))dv = (/R —l—/ +/2R_1> Gw)e (f(v))dv

< 1

R R+1
< VR + [to] N VR to] 1 N VR + [to]
R R V R+ [to] R

< 1++/[to]

having bounded the first and third integrals crudely with (47). If R is not large then

2R
Gw)e(f(v))dv < 1+ /I|to] (48)

R

is clear from (47) so we conclude that (48) holds for all R > 1 and subject to no constraints on
to. Consequently

/1 G(v)e (f(v) dv < 1+ v/Ttal
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so (46) implies

T . . iv
/ Liiv +ito, )@ \/M(l-l—\/\t(ﬂ)z%-i-\/MlogZ
1

v
n<Z

< \/MlogZ<1 + \/|t0|>
which proves the lemma if we set for example Z = 1+ (1 + T + |to|)2VM in accordance with
(44). O

Suppose x > 0 and m € N with m < %M. For w € C with Im(w) < M), and Re(w) > 1/2
and for a primitive character x* modulo m, we have from [13]

L(w, x*) < z¢¢/m(1 + |Tm(w)]|)
which with the functional equation (Corollary 10.10 of [11]) implies
L(w, x") < z¢/m(1 + |Jm(w)|) (49)
for Re(w) € [0, 1].
Lemma 7. For q,d € N with d|q and s € C define
Us(g:d) = = " D*6(q/D).
151

Then for any d,M € N, z,t € R, Q > 0, and any Dirichlet character x mod M, we have for
da Ma |t|7 Q S x(’)(l)

X (u/(u,d) _ Us(dM,d)Q'*
L = + 0 (a5/MI T )
= (u/(u,d)) 1—s ( )

where s = it, and where the main term is present if and only if x is principal.

Proof. Throughout we write s = it and for w € C always w = u + iv, for real u,v. As in the last
proof we allow the <, O symbols to contain terms up to x€.

Let x* be a primitive character of modulus m say, with m < 1. Since x* is principal if
and only if m = 1 we may define for any X > 0

Xls{ 1 ifm=1

R (X) =771 0 if y* is not principal.

Write A for the implied constant in the hypothesis and take parameters 2 < X, T < 2412 with
T so large that

T > |t| (50)
and
T > X (51)
Perron’s formula (Theorem 2 in Part II, Section 2 of [14]) implies for £ > 1
- 1 L ) X"d - 1
S - g A0 Lo (xry
= 270 J it w “— n(1+ T|log(X/n)|)
— I(X,T)+ O(E(X, T)). (52)
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If m = 1 then L(w+s, x*) = ((w+s) and if x* is non-principal then L(w + s, x*) is holomorphic
for u > 0, so by the Residue Theorem and (50)

I(X,T) = R (X) = 5 (/WT / /N ZT) w+s,l>5*)X“’dw’ (53)

where £ is the vertical line from T to —iT except for a half circle C from i to —4&i to the right
of 0, where 6 = 1/log X. From (49) we have

/iT L(w + s, x*) X ¥dw < XR/“ |L(u +iT + it)|du

K 0 |U+ZT|

¢ XB\/m(1+ T+ |t|)
T

+iT w

<

and similarly for the other horizontal integral in (53). For the vertical integral Lemma 6 and
(49) imply

/ L(w+ s, x*) X" dw
L w

<

/T L (iv + it, x*) X™dv
1 ,I.)

(/ /< |<1> IL (w + s, X13|.|Xw|.dw

<z /mA+Jt]) + X2/ m(1 +t]) / /
5<|v|<1 \w|
< zt/m(1+ [t]) + XX /(1 + [t]) - |log d|

< zym(l+t).
Using these bounds for the integrals in (53) and inserting the result into (52) we get

S - RX*(XHO("TE (Xﬁ B m(lﬂtHE(X’T)))' o

T
n<X

In general for Z > —1

> 1zl
“1+Z
For X/2 <n <3X/2 we have (n — X)/X > —1 so that

|log(l+ Z)

n—X In—X|
= > > —
|log(X/n)| = |log <1+ X )’ >z Un X|J/n
and therefore
E : Y 1+2 § 1 < Xt (55)
n*|log(X/n)| — h ’
X/2<n<3X/2 h<X
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If n is not in this range then |log(X/n)| > 1 so from (55)

o0

1 ¢(x) Xl”)
X" < X" < +
2 T T oaX /) r T
if we set k =1+ 1/log X. Therefore E(X,T) <« X/T which we put in (54) to get

Z%(:l) = RX*(X)ﬁLO(JSE(X m(I;T+|t|)+ m(1+|t|)+);>>

n<X

<

<

SR

Ry (X)+ 0 (x m(+ |t\))

from (51). The equality obviously still valid if 0 < X < 2 we conclude that for any 0 < X < xAT2

1 Xl S
2wt —+0 (/T TH) (56)
and .
X (S”) m(1+ [t]) (57)
n<X

if x* is non-principal.

If x is non-principal then there is an m with m|M and non-principal primitive character x*
mod m for which (n) if( )
_f x*(n) i (n,M)=1
x(n) = { 0 if not

so that
X (u/(u,d)) _ Z Z X
(u/(u,d))" D wiayp

(u,d/D)=1

B X" (u)
D|d u<Q/D
(u, dM/D) 1

_ Z # X
= AS
N u<Q/DA

X" (u)
< DX
D,A|dM [u<Q/DA

< x/m(1+ [t])
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from (57), which proves the lemma for x non-principal. If y is principal then we use (56) to

deduce

X (u/(u,d)) d _ 1
2 wwdy = 2 Wy

u<Q usQ
1
2w

(u/(u,d),M)=1

1(A)
= Z Z As

D|d A|dM/D u<Q/DA
Qs Z wA)

- M2) o (e /T
I=s Dld AldM/D A ( )
Qs 1 ¢(dM/D)

= . € 1
1—S;DH dM/D +0 (V141

which proves the lemma for x principal.

2.2 - The circle method argument
Let x,Q > 0 be given. If Q < /7 then the first claim of Lemma 5 (ii) implies
V(z, Q) < zit0+e
which is stronger than our theorem, so we assume
Q> V.

Since for (df,d?)\hi —h;
1 < !

we have from (18)

|g(d)| 1 (q7dk dk 1 = ne k €e— 1
Z [(], [dl, vy dTH < q dlzd dk q z:: q,n L q
d;—djlh;—h;j e r

From (5) and (4)

1*2IZZW(%@)

< =1 n<s
a<Qo
n=a(q)

q
q<Q a=1 nnz<z q<Q a=1

n=m= a(q)

= S1(2,Q) — 228 (z, Q) + 2% Y W(q)

a<Q

For dy,...,d, € Nwrite d* = [dy, ...
(¢,d*) to z = —h ((q,d)). From (20)

Sawa) X 1= Y nan

a=1 n<x n<z dy,...,dr
nes nes
n=a(q)

142> > n(g.a)

,d;]. Denote by V' the unique solution modulo [(q, d1), ...

(59)

(gq,dr)] =



From Lemma 5 (i) the inner sum here is
Agarx+ O ($A+6)

for some A, 4« and therefore from (59)

Agarg(d
Sawa X1 = w Y Awdligfs v

a=1 n<z dy,....dp dy,..., ydp
niifq) di—djlh;—h; di—djlh;—h;
— 2Byt O (e
On the other hand Lemma 5 (i) says
Z 1 =xn(q,a) + o(x)
n<z
nes
n=a(q)
so from (60)
q q
> on(ga) > 1=zY nlga)’ +o(x) = 2W(g) + o(x)
a=1 n<w a=1
nes
n=a(q)
Therefore (61) implies
B, =Wi(q)

and becomes

so that

S2($,Q):Z( ()‘f'O(Ael>=$ZW(Q)+O<.%‘A+€).

9<Q 9<Q
Let p be as in Lemma 1. That lemma says 7(1,0) = p so from Lemma 5 (i)

Z 1=pz+0O (acA+€)

n<z
nes

Z Z 1= peQ+0 (x1+A+e)

< <
9<Q s

so that

and therefore

Si(z,Q) = Z Z 1
S S SRTS 3 of

a<Q m<n<Sa: a<Q 71.<:1:

n=m(q)

=1 28(z,Q) + pzQ + O (z'T4T).
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Putting this and (62) in (60) gives
V(e,Q) =254, Q) + prQ —2® 3 W(q) + O (a'757) (63)

q<Q
and now our task is to study Sy(x, Q) using the circle method. This argument is due to Vaughan
(see [16] and, for the particular case of the k-free numbers, see [17]).

Let v > 0 be a parameter. Consider the set of all irreducible fractions in [0, 1] with denom-
inator not exceeding +; the Farey fractions. If a/q is a Farey fraction, denote by F(a/q) the
interval from the median of a;/¢; and a/q to the median of as/qa, where a;/q; is the Farey
fraction immediately preceeding a/q and as/qs that immediately proceeding a/q so that

U 3/

1<a<qg<~vy
(a,q)=1

is a partition of a unit interval; we are being a bit lazy concerning the end-points of the intervals
but it will be clear soon enough that this is not important since we will only be integrating
(functions continuous on R) over these intervals and of course end-points then play no role.
Denote by 4U(a/q) the interval of unit length centered at a/q. It can be shown that

a 1 a 1 a 1 a 1

(8ot o) et e (2- 20+ L) cutway (64)

¢ 29y q 2qv 9 v 9 g9y

for a discussion of these matters, see Sections 3.1 and 3.8 of [4].

Circle method lemma. Let 6,A p,G(:),H, and A; be as in Lemma 1 and Lemma 5, and
denote by F(a/q) the Farey arc at a/q in the Farey dissection of order . For a € R define

fla) = Z e(na), Fla)= Z e(auv) and I(a) = /j e(at)dt.

n<z wv<z
nes u<Q

For o € §(a/q) write f = o — a/q and define for a € F(a/q)
J@) = —2wis [ e(BMlg.ad and  Je) = eed)Aulga) + I(a).
1

Then for 2y/x <~ < x/*
(A)  foraeFla/g), fla)=pG(q)H(g,a)I(B)+ J(a)

q
(B) for any B €R and ¢ < =z, ZI|H(q,a)|2F(fa/qfﬂ) Lz

. PRES TN
©) / |- | (0)Pda < a0 +
o ﬁ po ?(a/q) g
(D) > Wy T / F(-a)T(B) (@)da < 2+ 4 4at/2+9
q<2\/*_ a=1 S(Q/Q)

(E) Z Z/ |- |f(e)Pda < 2y

2\/><q<7 a=1 (a/q)

F —a)l - I (a—a 2do 2,2
(F) Z/a/q)\g(a/q F(~a)| - [I(a — a/q)Pda < ¢*
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Here the < symbol is allowed to contain terms of size x€.

Proof. This is essentially all contained in [17]. We will use the notaton << whenever the letter
x is in context - we will write f(z) << g(x) to mean f(x) < z°g(x). We are basically telling the
reader once again to ignore logs and epsilons, but the proof being longer we want to use an extra
notation. Write A = 1/¢ so that (64) reads

(q “N2.04 A/a) C §(a/q) (q “A L A) C U(a/q). (65)

For a € F(a/q) we have from (65) that |3| < A < 1/2y/x so we have, firstly, from display (2.7),
Lemma 2.9, (the second part of) Lemma 2.11 and Lemma 2.12 of [17]

Fla) << m+\/§+q<<§+q, for o € §(a/q), (66)
so that from (65)
/S(a/q) |F(a)|da =< ;/ﬁ : —:idflﬁI +AV7 +q) = é, (67)
and secondly
P18 < 2+ (Ve+a)lfl < . for o € §la/a) (68)

From displays (2.7), (2.9), (2.11), Lemma 2.9 and (taking ¢ = 1 in the first part of) Lemma 2.11
of [17]

x
F _ f eR. 69
(o) < Z u + z||uc| ore (69)
usy/@
Simply integrating shows
x
I1(8) € ———. 70
B < a3 (70)

Now we prove the claims of the lemma.

(A) Write fi(a) = Ep<inese(na) and recall from Lemma 5 the definition of A.(g,a). Sort-
ing the n according to the residue modulo ¢ and using Lemma 1 we have for t <z

paj = e(%) ¥

v=1 n<t
nes
nZv(e)
4 av
= e (%) ntan) + Ailava)

v=1

= pG(Q)H(Q7 a)t + At (q> a’)

so that partial summation to

o) = e (4 o)

n<xz
nes
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gives

f@) = e(@B)fulalq) — 2mif / " e(Bt) (o)t

PG H0) (ne(e) ~ 2 [ ety
1
+ e(xBf)Az(g,a) — 271'2',8/ e(Bt)A¢(q, a)dt
1
which gives the result after an integration by parts.

(B) Take ®,(n) as in Lemma 2. By part (iv) of that lemma

Z/ |H(q,a)|*F(~a/q—p) = Z @, (—uv)e (—uvp)
a=1 uwv<xz

< 2 (z/q+1) ) [24(n)]
< af(x/g+1)g""e

(C) From (68) and (65) we have for o € F(a/q)

x 2
()] |J(a)[2 < |F(a)| - |2 / (g, a)e(Bt)dt

: = !
>y

/lx Ai(g,a)e(Bt)dt

and therefore from (65)

> /S o F@)] ) P

a=1
_ q;y/j /j (; Avlg,a)Brr(q, a)> </i>\e(ﬁ(tt/))d6> dt'd.

We have (A, and E; are defined in Lemma 5)

2
g

/13” As(g, a)e(Bt)dt

q

> Aug,a)Av(g,a) =gy Eilg,v)Ee(g,v) (71)

a=1 v=1

and the second factor in the double integral above is

. 1
< (1277)
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SO

| (@) Pda
q<'ya 1 3(‘1/‘1)
1 T x 1 q - ) 1 ,
- Z - Z ‘Et(q, v)Ey (g, V)’ min | ——-, A\ | | dt'dt
Yo \IZ 4o [t —t']
1%
= (‘i”) (72)

Applying twice the Cauchy-Schwarz inequality we see that

V(z,v) < /1 Z Z|Et (q,v |/m1n< A)dt’ dt

q<’y v=1

<< @ -max Z Z|Et q,v (73)

q<’y v=1

therefore from (72)

ZZ /a/q 17 ()[2da «5 max (Y0 Z|Et o). (74)

q<vy a=1 q<’y
From (67) and (71)
q , q
> A (g a)? |F(a)|da << |Ey(q,v)[?
a=1 S(a/Q) v=1
therefore
q
> Z 1Az (g, a)]? [F(e)lder < max (> > |Ei(q.v)
¢<2y7 a=1 S(a/q) =0 ¢<2yzv=1

which with (74) says

ZZ/ () 2da

q<2\/5 a=1 a/q)

< max ZZ|EtQa )P+ = Z Z\tha

q<2y/zv=1 q<v

PR S L7 7(71 20 20+x2A)

from Lemma 5 (ii). The second term is bounded by the fourth term and the third is bounded
by x!*?.
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(D) For o € §(a/q) write
Cla) = G(q)H(q,a)I(B).
For a € F(a/q)\(a/q — \/2,a/q + X/2) we have |3]| > ) so from (66) and (70)

Fealo < (g +) () < (5 %

so that from (65)

1 /1
/ Fl-a)l P < 5 (o +7) =2
S(a/a)\(a/q—7/2,a/q+X/2) q

and therefore by Lemma 2 (vi)

2 2 / F(-a)|-[Cla)Pda < 7% 3 1Glg)
q<2vm a=1 7S(@/O\(a/a=2/2,a/q+X/2) o
< 7 2,002

from Lemma 3. Therefore the Cauchy-Schwarz Inequality and part (C) imply

>3 IF(~0)- 0(0) - i (e)]da

¢<2yz a=1 S(a/\(a/q—A/2,a/q+X/2)

>

¢<2v7T a=1 /T§(G/Q)\(a/q N2,a/q+X/2)

x (Z > / o T |J<a>|2da)

q<2ﬁ a=1
plH2a
= 7256‘9/2 (acH'Q + )
Y
so that

> D

q<2yz a=1 /S(G/q \(a/q—X\/2,a/q+X\/2)
<« ’YSU1/2+30/4+71/2x1/2+A+0/4

& a0 4o gttA,

|F(=a)| - |C(a)] - | (a)|dex

For a € §(a/q) and u < y/x we have from (65)
Bl < o

so if ¢ [ u then

ua
lual| > HHH S
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and therefore using the standard bound for a linear exponential sum

H,(a) = Z (Z + Z )e(auv)

usvﬁ vlz/u  z<ulQ,x/v
1
< T
2 Tyl
al/u
G
1
< el

< qe(\/@r q)

so that, breaking the u summation in the definition of F at v/x in view of (58),

Fla) = Z Z e(auv) + Z Z e(auv)

u<Vv<a/u VEVE VE<u<Qa /v

— Z Z (quwv) + Z Z e(auv) + Hy(a)

u<‘f v<z/u uS‘\/E Vz<v<Q,z/u
qluw u

= Z Z (Bquv) + Z Z e(Bquv) + O (¢°y)

u<yz/qusz/ug u<Vz/q V/2<v<Q,x/uq
= K, B)+0(q)

whenever a € F(a/q). Therefore by Lemma 2 (vi)

!

> o) [ P )

= Ky (Z a/q+ﬁ)> dﬁ+0<q72/3
= [ KaP A5 <qu / [ da)

(a/q)

(oz)’ doz)

so that
4 !
Z / F(—a)C(a)J(a)da
g<2y7 a=1 a/qEN/2
q
/
~« Y K(-0)4(0)a8) +7 Y 16@IY [ |B(@lda
q<2+/x £A/2 q<2yz a=1 S(a/q)
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and therefore from (75)

q
1

S oS Hga) /g y )F(w)l(@)f(a)da

q<2Vx a=l1
4 !
- >y )Cla) J(a)da
q<2yz a=1 a/q:l:)\/Q
i /
0 / [F(-a)]-C(@)] - [ (@)lda
qg;/; ; S(a/9\(a/a=X/2,a/q+X/2)
= D IG@I| [ Ky(=8)Aq(B)dB
gt /2
+ 72|G |Z / a)|da 4 yxl/2H0 4 g1+a (78)
q<~vy (a/q

Recall the definition of A(g, a) from Lemma 5 and of H(q,a) from Lemma 2. Let ®*(n) be as
in Lemma 2. From Lemma 5 (A) and then Lemma 2 (iv) we have for ¢,t < x

S'MgaHga) = Y e | Y 1-mg)

nes
n=v(q)

q
< YD)
v=1

<~ qt?
so that
4 ! N a ! _ [
S A aia/a+8) < |3 Aule,a) (g 0) o) (g,a)| dt
a=1 a=1
=< qu(1+|,3\z)
and therefore from (70)
Aya) =< gz' T2, (79)
Therefore from (77), (65) and (67)
1
K (—B)A,(B)df =< qz'T4 <|F(—a/q - B)| + ’y)dﬁ <« gz tA ( + 7/\> < 't
+2/2 +1/2q7y q
and so from Lemma 3
> lG(a) Ky(=B)Ay(B)df| << &' +2. (80)
q<~ +A/2
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We have from (65)

a !
3 / 17 ()Pda
a=1 S(Q/Q)

[ J (Gouasam) | ooy

The first factor is from (71)

q
4> Eiq,v)Ev(q,v)
v=1

A2 3
< mi S A
< min <t—t’ )

and the second factor is

SO

q<y a=1
A s /
/ / ;Yq VZlEt q,v)Ev(q,v )mm<tt”)\> dt'dt
= U(x,).

As in (73) we have

U(x,v) /(Zq 1|th, |/m1n< t,,v)d)dt

q<y v=

= % max (qu 22|Et q,v )

q<vy
so that (81) says
1 q
Sy [ e e (30 S )
< (a/q) v orse \ezm el i
a<vy a<y v
From (65) and (71)

q q q
1
Z @l [ da<anY Edan)P =2 Y |BdanP
a=1 S(G’/q) ’y v=1

v=1

so that

q<v

q
1 / 1
P B BENINOTEER h3fec szt (@
7 =1 JSa/e) v
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and therefore from (82) and Lemma 5 (ii)

- 92/ a)l*da
q<w a/q

1 R T R
< —emax [ Y Y B+ 2 ) 55 D Elg )
v i<z =4 - Vi 4 —1
q=7 v q<vy v
« 1 (,yl—HxZQ 4+ 228 4 931+2A>
Y Y
. PRESTN
< X + 7 (83)

From orthogonality

/ IB) <
+A

S 0Glg)? Z/ B)dB « x. (34)

q<~
From the Cauchy-Schwarz inequality and then (83) and (84)

Z|G Z /(a/Q) ke

so from Lemma 3

q<~
1/2 1/2
< Y a6 |Z/ B)I*dp 192/ o)da
q<y q<y (a/q
JREWN
<~ x1/2+9+T' (85)

From this, (78) and (80) we deduce

~ — j 1/2+6 ﬂ
Y. G Higa) /g( / )F( ) I(B)J(a)da << (x i .

q<2y/z a=1
(E) For ¢ > /= and « € §(a/q) we have from (66)
Fla) <y

therefore

DS / o FCa) (e < | @ <o (36)

2y/x<g<y a=1

by orthogonality.
(F) Write

/ xdf
2qv<18<1/2 1B (u+ z|lua/q + upl])

vz
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so that (69) and the bound I(8) <« 1/|8| (from (70)) says

q

Z/ /1/2 <18I<1/2 [F(—a/q—B)| - [I(B)]*dB < V.
qv

a=1
We have
o5 xdt
'/1/2q7<|ﬂ|51/2 5 (u+alfua/g+uBl) " /u/2qv<|tSu/2 t2 (u + ||ua/q + t]))
and the part of the integral with ¢t > 1/2 is
< /1/2 xdt -
B o<ljl<u/2” ~1/2 (J+1)2 (u+z||lua/qg+ j+t])

so that the whole integral in the definition of V is

/ xdt
u
w/2qy<lti<1/2 2 (u + |lua/q +t]))

+ O(u)

and therefore
q

Vo= Z / z:u+9£||ua/q+t|>dt+(9 z::

u<@ /2qv<lt|<i/2 b (a

s
7 .
= ————— | dt+ O (zq).
u;f ~/u/2q’y<t|<1/2 (;_:1 U+$||UG/CI+t|>
Write ¢’ = ¢/(q,v) and «' = u/(g,u). The inner sum is
q "
< ,U
= (q );u+$||u’a/ql+t||
qa .
= ,U _—
(a )azzlu+x||a/q’+t||
q'/2 "
< , U — 4+ (q,u
@ 2 g e
lla/q’+tl1<1/3¢’
so that
1 7/ T
YV < u(q, u)/ — _—
E;E w/2av<li<1/2 ¥ Z: u+zla/q" + ¢
= lla/a’+t11<1/3¢’
oty uf
<z /qv<|t\<1/2
q'/2 .
< u(q, u)/ dt + ¢*y/x.
u;/E u/2qy<|t|<1/2 ; t2(u+x||a/q, +t|‘)
= lla/a’ +1[1<1/34/
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In the sum we have t > a/q’ so that the whole integral is for ¢ < z

q'/2
2 " ,
< q/ / e )
u/2qy<|t|<1/2 aZ:1 a(u+ z||a/q +t]])

and therefore
V< Y ulgu)g” + P < ¢Pya
w<VE
so that from (87)

Zq:/

a=1

/ F(~a/q— B)| - | I(B)PdB < ¢*?
1/2qv<|B|<1/2

or in other words
q

/
3 / F(~a)| - (e - a/q)da < ¢
a—1 JMa/D\X

for any subset

a 1 a 1
—— =, +— ] CX CUa/g).
<q 297 q 2q7) (/)
The result now follows from (65). O

Let F, f be as in the Circle Method Lemma. Writing the congruence condition in Sy(z, Q)
out explicitly and using orthogonality we have

-y % 1—/ o) 2da. (38)

< n,m<w
9=Qlsz/q el
n—m=ql

As in the comments preceeding the Circle Method Lemma, denote by F(a/q) the Farey arc at
a/q in the Farey dissection of order v, where (a,q) = 1 and 2y/z < v < /%, Then (88) implies

S(0,Q) = Y Z/ 1 (o)[2da

orE =t <a/q>
q

+ Of1+ Z Z/A(a/q)|F(—a)|-f(a)|2da

2vz<g<y a=1

= M(y)+ 0(1 + E(fy)). (89)

Let 0,A,p,G,H,I and J be as in the Circle Method Lemma and as in that lemma write v =
a/q+ 8 whenever a € §(a/q). From the Circle Method Lemma (A)

(@) = 1pG(a)H(a, ) I(B)* + 2% (pG(@) H(a, ) T(B)F (@) + | F ()]
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so that from the Circle Method Lemma (D) and (C) we have

Me) = 2 Y 6P 1Hg o)l / F(~a)[1(3)]?da

q§2\/5 a=1 @(G/Q)

2Re | p G /H ,a F(—a)I(8)J(a)da
" e(pz @Y Hao) [ Pl )
' F(—a)|J(a)|?da
Y Z/W) (—a)lJ()|

<2/ a=1

q

!
= 2 Y 16PEY Hg )P /
1<2Vx a=1 §

1+2A

(a/q)

so that (89) says
pl2a
Sy(x,Q) = M*(y)+0O <x6 <a:1+A + yzt/2H0 4 - + E(V))) . (90)

Take a parameter Z < 2,/z. From Lemma 3

> PlGWl < 2+

q<Z

so from Lemma 2 (vi) and the Circle Method Lemma (F)

q
DG IH(q,a)Iz/ |F(=a)| - [I(a - a/q)Pda < a922°, (91)
<z a=1 U(a/@)\S(a/q)

where 4(a/q) denotes the unit interval centered at a/q. On the other hand the Circle Method
Lemma (B) and then orthogonality gives

g 1 1/2
> A /X F(~a/q - B)I(B)PdB < ' / ORI

for any X C [—1/2,1/2], and from Lemma 3

> 1G9 < 2772,

q>7Z

therefore

< g?tez072, (92)

> 1G(@))

q>Z

S [H(g,0) /X F(~afq - H(B)Pdp

a=1
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From (91) and (92)

) = Y G o) L(a/q)F<—a>|f<a—a/q>2da

q<z a=1

(ZG )I? Z [H(q,a)]? |F(=a)| - [I(a = a/q)]dp

q<Z Wa/\F(a/a)

S 6P| S H g a / F(-a)|I(a — a/q)]2da
q>ZZ Z a/q)\F(a/q)
+ Y6 \Hq, )2 / F(—a)|I(a — a/q)*da
>z U(a/q)

= QZ\G )|? Z |H(q,a |2/ F(—a)|I(a—a/q)*da+ O (2° (v* 2% + 22 2°7?))

gz U(a/q)
- 2Z\G IZIH g.a)? / | FCalg = D@ +0 (270" (93)

on choosing Z = x/v. Since

I(a—a/q)|?e(—(a—a/q)n)dS = =zx—n+0
/Wq)'( [DPe(~(a—afgm)ds= Y 1 Lo

N,N' <z
N—N'=n

we have (F is defined in the Circle method lemma)

F(—a)|l(a —a 2da = e(—auv T — uv O (x
/u(a/q)< (e —a/q)Pda = 3 e(—auv/q)(@ —w) + O (z)

wv<aw

usQ

so we deduce from (93), Lemma 2 (vi) and Lemma 3

M) = P2 1G] [Hig.a)P > e(—auv/q)(w —uv) + O(x)

q<z a=1 urse
ol g o
q<lz
= p’ Z G(q) Z (;p - uv)qu(_uv) L0 (xﬁ (x + 727%9)) ,
q<z 'LvSSQl

where ®,(n) is as in Lemma 2, so from (90)

Si@.Q) = 2 IGW@IE Y (v uw)@y(~u)

<z wo<az
= uwQ

14+2A
+ O <$6 (lerA + ’)/1'1/2+0 + xT

s E(y) + 72%9)) . (94)
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Recall that § = 1/k and A = 2/(k +1). If k > 2 we set v = 21/ so that F(y) = 0 and v > 22
to deduce that

Si(@.Q) = P 1G] (m - “”)‘I’q(—uv) + O (28t

ase VS
= p*’J(2,Q)+ O (z'T4T). (95)

If k = 2 we set v = 22/3 and deduce from the Circle method lemma (E) that the error term in
(94) is up to an z€ bound

7/3
< 2?3 4 yz + % +ay + %2212 « 253 = 1A

to conclude that (95) holds for all k > 2.

2.3 - Completion of proof

The circle method work being done it remains to evaluate J(x, Q). We use Perron’s formula.

We make the convention that whenever we have the letter D appearing in a context involv-
ing natural numbers ¢,a we mean D = (¢,a). For any u € N we then write v' = u/(u, D).
Sorting the uv according to the residue a mod ¢ we have

J(@,Q) = ;IG(q)Fiéq(—a) Z (x—uv)
S5
S ILUDWACEID SN CR)
= Y (C@P S (- ai(a.a). (96)

q<z a=1

For n € N with (n,q’) = 1 denote by 7 the inverse of n modulo ¢’. We have

U(g,a) = Z Z (a:—uv)
u<@

v<z/u
D/(D,u)|v
wv/D=a’(q’)

= Z D’ Z (x/Du’fv)

u<Q v<z/Du’
(u’.q")=1 v=u’a’(q’)
. /
=Y DUVl (97)
u<Q

(u,q")=1

Through the orthogonality of Dirichlet characters and a Perron formula (taking w = 1 in (11)
of Section 2, Part IT in [14], the relevant quantities being defined at the start of that section) we
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have

1 — (7! /
Vialw) = g DX 3 x()(2/Du ~v)

X v<zx/Du’
o 1 — 7 2o L(S,X) x \stl .
~ @) g"(““)/g_m G (ow) @ %)

here and in what follows the sum X, runs over the Dirichlet characters modulo ¢’ and for s € C
we always write s = o + it for real numbers o,t. Denote by £ the contour from —iz% to ix®
which is a vertical line except for a small detour to the right of 0. Define

_J 1 ifx=Xxo
5(X)_{ 0 if x # xo-

The parts of the above integral with |t| > 2% contribute to the integral

L(2+it, x)|dt dt 1
<<:c3/ |L(2 +1t, X)| <<x3/ L
220 2 jtzae B2 27

so pulling the remaining part of the integral to the left, and so picking up a simple pole at s =1
if x = x0, we see that the integral in (98) is

[ He (P 15“ 25 w002

Lo o) oo+ 5 (o) 0000 (55)
so that for (v/,¢') =1

Vial) = i SACON) [ ()

and so from (97) for ¢ <z

1 pstl ., X(ul)
= I p
U(qya) ¢<q/) /ﬁ S(S—i—l)Ds ;X(G) (S,X)% e s
x2 1 1 ,
+ Tq’ 1;2 D’ + 0O E 7;2 Du
(u’,q')=1 =
_ 2 (u, D)
= I(g,a) + 50 E ” +0(1) (99)
(u/(u,%T,g/D):l
We have
L(Sa XO) = C(S) H(l _p_s) = C(S)u.)s(q/)7 (100)

pla’
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define for d|q

0:(.d) = %(ZZ;)((JU;%’ < (101)

where Ug(g,d) is as in Lemma 7. For ¢/, [¢| < 2 we have the standard estimate
L(s, x) < zV/q' (1 + [t]), 0<o<1,

so that with Lemma 7 we see that the term in the brackets in Z(q,a) is for ¢ < z

- Xo(“'ﬂ(&XO)Us(Dq“DW“S+O<”“"E q/<1+|t|>2|x<a’>L<s,x>l>

1—s

? C(i)lD_sng(g)isl(q,D) + O(@"Eq/(l + \t|)¢(q/)> (102)
and so
(g, a) Q2/ _(5)85(a,D) <$)+ et O / |+ [t)a 1 |ds
q, ﬁs(s—i—l)(l—s) Q S—|—1 Dbl

so from Lemma 2 (iv) we have for ¢ < z

4 s)(z/Q) 1 1
Zqu(fa)l(q,a) = Qz/[:(i(—)(l)gg)—:U (Zes(QaD)‘bq( )) ds+0 (z'7¢%)

a=1

and therefore from Lemma 3

q

Y 1G@)P Y @4(~a)Z(g,a)
T s+1
= _QQ/L(S((l/Qerl (Z|G Z )(I>q(—a)> ds

q<zx a=1

o (wH‘ZqQG(Q)F)
_Qg/w (ZlG 2A4(q )ds+(9(m1+9+€). (103)

For ¢ > 0 and d|q it is clear that Us(q,d) < |d®|¢° and so from (101) that 05(q,d) < ¢¢, so from
Lemma 2 (iv) we have
As(g) < gt

and therefore from Lemma 3
> 1G(@)PAL(g) < 271

q>x

o1



so we can add in these terms to (103) at the cost of an error of size

O—14€ 2 (s )(m/Q)S—H O+
Lz Q /ﬁ ds < x Q/
to get

oo 1 7T
D S R e T erat] PO GG

q<lzx a=1
. C .TZ‘/Q s+1g( )dS O+e
_. Qz/ QIR Lo (@)

— QW(a/Q) + O ().
where G(s) converges absolutely (at least) for o > 0. The last equality with (96) and (99) implies

T@.Q) = -Q@V(/Q)+ Z‘G Z@ y o wP

q<zx

|t|'/2dt

T <T

usQ
(u/(w,D),q/D)=1

+ 0O 1+¢9+e + x1+0+e Z |G | Z |(I)

q<lzx

= —QW(z/Q)+ w + O (a10F) (104)

with Lemma 2 (iv) and Lemma 3. Our application of Perron’s formula is complete and now our
task is now to evaluate G(s). The main point is we can write down an analytic continuation for
this thanks to the explicit expressions for the Gauss sum in Lemma 1. Recall the assumption
of our theorem: we always have R, < p*, where R, is the number of distinct residue classes
represented by the hq, ..., h,. Denote these different residues by Hy, ..., Hg,.

It is straightforward to establish that Us(q, d) satisfies Us(qq’, dd") = Uy(q,d)Us(¢, d') for (q,¢") =
1 and d|q, so the same must be true of 5 (¢,d) and therefore Lemma 2 (ii) says that A4(q) is
multiplicative, so from Lemma 1 we have for ¢ > 0

Gs) = J[|D.I6@lPas | =11 1+W S Ada) |- (105)

p \t>0 P 1#q|p*

Define p as in Lemma 1, namely

po) = T (1-3) +ox ¥ Ao (106)

We have
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so that from (101)

0. (g (q,a)) = W DF(0.d)

qd*$(q/d)
so from (103)
q/d
s, wr
dlq

Define H(q,a) and ®(gq) as in Lemma 2, and take a prime p. For ¢ a power of p

R.
L aH,
_nzle< q )

so that
RP
= Z Cq
n,n’'=1
so from Lemma 2 (iii)
q/d/ R,
Y @y(—ad) = pla/d) Y cq(Hn— Hy)
a=1 n,n/=1

and therefore from (107)

d)w,(q/d)F*(q,d .
Al (ZMQ/ ds(;{]/zi) (4 )) (nz:_ Cq(Hn_Hn,))

Psqq S co(Hy — Hy). (108)

Simple calculations show

Fg.9)=q + Ol Ut}

s—1 __ 1
and
Fi(q,q/p) = Fi(¢,9) — ¢°
so that
Fi(g,q) (1—p*)Fi(q:9/p)
B@ = (/P 6(p)
S U AW T e ¢ (1—p*)
- (q T ) (qs ((J/P)S¢(p)> T @/ro)
so from (108)
Ry
Adq)=q" > cq(Hp— Hp)



The sum here is for ¢|p*

RP
Y co(Ha— Hu) + Rpola) =2 A™(q) + Ryd(q)

n,n!/=1

" As(g)=q° (A*(q) + Rp¢(Q)>

S

and therefore, writing X = pand Y =p~*%,

d Al = ) qSA*(q)+Rp( > qscb(fJHps’“aﬁ(pk))

1#q|pk 1#£q|p* 1#£q|pk—1
o ns 1-1 k(l—s) _ ,1—s o .
= Z q "A%(q) + R, <( /p;(lp_s 1 P) *pk(l ) 1> Jerpk(l )
1#q|p*
. 1-1/X)((XY)kF - XY XY)k
L5 vy s, (MR GO0
1<t<k

= PI(X,Y)+ R,(XY)"
so from (106) for o > 0

2R, R’ P(X,Y) v\*
H( _X75+X§k+ X2k +RP(X>

p

p*G(s)

k R2 1 )

— 1] ((1 VX)) 4 R Y) + Pl%ﬁ) ; (100)

in particular
2 4 D ) D
pg(O)—”( _7)_”“4—7)?2’“4_7 5f2k+7>f’€ : (110)

p

For ¢ a power of p and n € N with ¢ f n we have c,(n) < q/p, so for ¢|p* all the summands in
A*(q) are < pF~!. Therefore

Y YiArx) < RRxEU YD Y < X"“‘1<|Y| + |Y|k). (111)
1<t<k 1<t<k
Take a small § > 0. If 0 € [~1,1/2] then |Y|/X < 1. Moreover 5X|Y|/7 > 5v/2/7 > 1 so with
(111)
XkY P+ XY XkY|*
X[Y] X

P(X,Y) < X+ v)) +
L XFL(Y [F+]Y])+1
Y\

Xk XQk,—l L

< + X

X2lc

<
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From the Binomial Theorem

v\ Y\ o1 1 1 1
P2(X7Y)<< (X) +---+(X> +X7+X2k < 1+2k6’ fOI"O'Z—l—I—%—i—(S

so that with (112) we have

P (X,)Y) 1 1
ok < pRERR f0r0>71+%+5. (113)

PQ(X7Y)+
For 0 > —1+ 1/2k + § we have |(Y/X)¥| < 1/p/?+% 5o
L+ (Y/X)" > 1, for o > —1+1/2k + 6. (114)

Since (Y/X)F < 1/p**% if 0 > —1+1/k + 6 we deduce from (113) that the product in (109) is
absolutely convergent for ¢ > —1+ 1/k 4+ ¢ and so from (114) that

Ry Py(X,Y)+ P (X,Y)/ X2k
IT (1 070") " T (1 5 Agn )

r (1+ (v/ X)) Py(X,Y) + Pi(X,Y)/ X2
[T+ 00) I ey 1}(“ Treape )

p*G(s)

p kahr
C(sk+ k)" F(s)
¢(2s +2k)"

where the third product in the second line is absolutely convergent and uniformly bounded for
o> —1+41/2k+ 6, so that F(s) is holomorphic and uniformly bounded for o > —1 + 1/2k + 4.

We now have our analytic extension for G(s) in place. With this extension the integral in
V(y) is certainly absolutely convergent for o > —1 + 1/k + 6 and so we may pull it to the left,
picking up a simple pole at s = 0, to deduce

B C(s)¢(sk + k)" F(s)y*tlds
V) = ey Jr/( 1+1/k+s) (8 — 1)s(s + 1)C(2sk + 2k)"

p?G(0)y 1/ C(=14 s/k)C(s)" F(—1+ s/k)y*/*ds
2 kJavksy (=24 s/k)(=1+s/k)(s/k)C(2s)"

=: + / f(s)y*/*ds.
2 (1+k)

Since for 1/2 < o < 3/2 and |t| > 1 we have the standard bounds ¢(—1 + s/k) < |t|>/2=0/k+e
and ((2s) > 1/(logt)” we see that
(L+[tP2=7 ) ¢(s)]" 1<(s)I" 1
5) K < , for —<og<
e GEaTE T+ 1) 3 =7=
By the definition of ¢ the integral above therefore converges absolutely for ¢ > ¢, and we may
move the line of integration to o = ¢, picking up a pole at s = 1, to deduce

V() = r°6(0)y + Ress—1 (f(s)ys/k> + ( )f(S)Z/s/de

l\.')\OJ

2

- p2g2(0)y + Ress—1 (f(s)ys/k) +0 (yc/k> . (115)
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Since the pole of f is of order r a standard formula from complex analysis tells us that

s () = it = ()00 (o)

Citj=r—1

o, B, () (o)

i+j=r—1
__y"P(logy)
2 bl
where P = P, is a polynomial of degree at most r» — 1, so from (115)
—2p"V(y) = —p*G(0)y +y"/* P(logy) + O (yc/k) : (116)

It is straightforward to establish that for ¢ fn

Z ca(n) =

dlq
SO
Ry
Z A*(p') = Z Z ca(Hp — Hp) = —Rp(Rp — 1)
1<t<k n,n/=1 g|pk
n#n!  d#1
SO

Pl(X,O) _ Z A*(pt)—i—Rp <(1— 1/:;;)5)?“ _X) _Xk_1> _ —Ri
1<t<k

and so from (110) n
60 =TI (1- 5% ) =» (117)

From (104)

(u/(u, D) q/D> 1
L& | fulq
= Z;Z . (118)
usQ  g=1

From Lemma 2 (ii) we see that f,(¢) is multiplicative and for prime powers ¢ Lemma 2 (iii)
implies
q/d/
Y. (wd)) @(-a)
dlq a=1
(u/(u.d),a/d)=1

= (g Y. (w,d)ulq/d)

fu(Q)

() o) ) d)=1
= (w,q)®(q) > plqg/d)

dlq
(u,q)=(u,d)

= (u,0)%(q)F.(0)
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so that for general ¢

ful@) = (wa)2a) | IT F.0")

Plq

If p?|u then F,(p?) has only the term d = ¢ and so F,(p?) = 1. If p® Ju then F,(p”) has the

terms d = q and d = q/p so F,(p®) = 0. Therefore

g ={ 20l

if not

and so from (118)

WQ) = ¥ X e@IGal = 5 3 W

u<Q  qlu usQ

(119)

from Lemma 2 (v) and (60). Theorem 1 now follows from (63), (95), (104), (116), (117) and

(119).
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Chapter 3

Proof of Theorem 2

We consider k£ and ¢ as fixed throughout. Each time € appears it is to be understood that
it may be taken arbitrarily small at each occurence. Fix some 0 < § < 1/2k. All <, O constants
depend on €, k and §. For real positive numbers ¢ and T we often write the shorthand

/ or / or /

+T ctiT ctioo
T c+iT c+ioco

/ or / or / .
-T c—iT c—i00

As said in the introduction, an asymptotic formula for a similar variance to the one in ques-
tion was already found in [12], and our interest is in improving one of the error terms.

3.1 - Lemmas

for

For MRe(s) > 1 define

oo

_ p(d)p(d)
Fls) = ddZ:1 [d%, d'*][q, (dF, d)]5

and for Re(s) > —1+ ¢ define

. 1+ (q7pk)s/pk(1+s) 2
= 1-— .
F*(s) H 1+ 1/pk(i+s) H P (1 + (q’pk)s/pk(1+s))

plg P

The first series converges since the summands are bounded by

1
(@ (@ %)

for Re(s) > —1446

(q,p") /pH

1/pk°  for Re(s) < 0
< 1 (120)

< { 1/p*  for Re(s) >0

and therefore
1+ (g, pF)s /pFFs) > 1 —1/2% > 1

so that each Euler factor of the infinite product in F*(s) is of the form

1+ 0 (1/p%)
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and therefore this product converges; for fRe(s) > —1 + & we have

1 S 1
pk:(lJrs) — W
and therefore
so from (120) the finite product in F*(s) is < ¢° for Re(s) > —1 4 4.

Lemma 1. If Re(s) > 1 then
k(s + 1) F(s)

Fls) = ¢ (2k(s + 1))

Proof. We have

'u d/)(dk d/k)l s(q,dk d/k)
Z dkd'*

pd)u(d)(d",d™) (g, d", d*)*

dd'=N

= Z%(N. (121)

Nk
N=1

I
hE
Z| -

d,d’

[

Clearly aq(N) is multiplcative and simple calculations show

aq(p?) = p" =9 (g, p*)*

and ay(p') = 0 for t > 3. Consequently

N=1 p p )
_ (a,9°)° B 2
B 1;[ <1 R > 1;[ (1 pF(1+ (q,p’“)s/p’““*s)))
B 1 1+ (q7pk)s/pk(1+s) 2
B 1;[ <1 ' pk(lJrS)) plq L+ Upk(HS) 1;[ - P (1 + <q7pk)s/pk(1+s)>
_ Gk +5)) F(s)
= @R+ 9) (122)
so that (121) becomes
§ BB a0 (1S ) F
o dkd'® ¢ (2k(1 +s))
and the claim follows. O

Lemma 2. Suppose q has w distinct prime factors pi,...,p,. For each n € N and each
Iy ey lw, 1y, 1, > 0 there are Ay, Wy, Cry, Z11 € R such that



for Re(s) > =1+ 6. Moreover for =1+ < Re(s) <0

Z Z Gy, v 2y An Wats| < 1.

Proof. From (120) we have (g, p*)*/p*1+%) < 1 and therefore

2
H (1 o pk (1 + (q7pk)s/pk(l+s))> - H 1-— Z ( k(1+e) >

p P t>1

> filn) (123)

t—1

where f¥(n) is the multiplicative function given on prime powers by

. 2 . 7ks t—1
o =-% (T2

p
Then for any n = Hpt‘np
-1
* _ 2 7(q7pk)s '
ro = T () (G5
ptn
- _9 o (g, p*) =D (+9)
_ _1)t-1 —_“ ky—(t—1) ’ __
- H( 1) ];[ pk H(q7p ) H p(tfl)k(lJrS) . (124)
ptn ptin ptn ptln

If we now define

so= (TTE0 (T2 ) (T
ptln ptln pt|n
and

(q,p")t~

W, = p—DEk

p'In
then (124) becomes
Fn) = AW

o (123) becomes

2 - 1+s
11 <1 Pt (q,p’“)s/p’““ﬂ))) - nz::l AnW . (125)

p

Just as (123) is true so is

(126)

t—1
< k(1+s) >

t>1

Dol =] |t ok Z
n=1 D
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For —1 + 6 < PRe(s) <0 the t sum here is from (120)

t—1
1
< Z < ) = m <1
t>1

so the Euler product in (126) is uniformly bounded in this range and therefore

Z\f*(n)|<<1, for =146 <Re(s) <0

n=

—

We have for Re(s) > -1+

Ly G0
W Z k(1+s) _Zpk(1+s)z

>0 >0

for some Cp (1) with

Cp(0) 1
Z k(1+s)l < Z W <1
1>0 >0
as well as ,
1+ (q,pk)s . Z C{)(l')(qu)sz
pk(1+s) - pk(lJrs)l’

1'>0
for some C} (1) with

Cp(1) (g, p")™

. <141
PRt

>

>0

(127)

(128)

(129)

(130)

(131)

from (120). From (128), (129), (130) and (131) there are for each prime p and [,!’ € N some

Cp(1), CL(I") for which

L+ (q,p%)° /pHH) 3 Co()CH (1) (g, 9*)*"

14 1/pk(its) = prA+s)(I+1)
and )
OGO @ |

Z PR () <L

LI'>0
Consequently
H1+(q,p’“)s/p’“(”s) . Cpa (11)Cy, (1) -+ G (1) Cy, (1) (g, )" - -+ (g, P
oia 1+ 1/pkQ+s) e pfu+sxh+h),.,pgﬂ+ﬂuw+hﬂ

U 17,>0
and

Coy (11)C (1) <+ Cp, (L) T (1) (g, ) - -+ (g, pF) "t
pk(1+s)(l1+l’1) B .pk(1+s)(lw+l;)
1 w

>

11,..,lw>0
’ ’
23 1,>0
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for PRe(s) > —1+ 6. If we now define

k
w w " C*.,
Civ = [ Cn O @), W= (Hp?“f) N
i=1 i=1 v
- v Dy
Dy = and Zyy =

1 g(q SRS L1 Wir
then . K1)

1+ (g, p")*/p™"

= C] l/Zl iU
g 1+ 1/pk(1+s) ,,Z,L;zo
z’l ,,,,, 1 >0
with
oGzl <1 (132)
11, 1w >0
|2 1,>0

for Me(s) > —1 + 6. The first claim now follows from (125) and the boundedness claim from
(127) and (132). O
Lemma 3. (4) Define

1+ (q,p") /p%—?/p 1

- H 1+ 1/p2k — H p2k

ﬁzl}(l—;»

and
L+ (g.p") "% p — 2/pF 1—2/p +p"71)
_H 1+1/p—2/pF H Pk
Then
<(2é€()4fk;(1) = q, C(lz)(.;:)(O) =8 and ((-14+1/k)F (-1+1/k)=~.
(B) Define n(gq,a) as in (6). For any g,n € N
n(g,n) =n(g, (q:n) < ¢
and
I a
> nlga)* = —.
a=1 q

Proof. (A) So long as there are no problems with zeros of denominators we have

e =TT @) /e ot 2
Fis) = ]I 1+ 1/pF+s) H( L+ 1/p 1“’))

plg
I 1+ (q,p%)*/pF0+s) —2/pk H 2

| 1+ 1/pk(1+s) _ 2/pk 1 + 1/}7 1+s))
plg
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For s = 1,0, —1+41/k this is clearly not the case and therefore from the Euler product expressions
for the Riemann zeta function

C(2k)F (1) 1+ (q,p")/p* — 2/p* p ik 2
(k) H 1+ 1/p2k —2/p* H ( ) (1 S PR+ 1/292’“))

1+ (q,p")/p* —2/p" 2
g 1+1/p* —2/pk 1}( p’“)’
C(k)F(0) 1+1/p~ —2/p p—2k B 2
C(2k) 1—[1+1/p —2/pk (1 )(1 pk(1+1/pk)>
12
= T )

and
C(=14+1/k)F*(—-1+1/k)
B L+ (g, p%) "5 /p—2/pF -1 2
- I 107 (- i)

rlg

(B) From (6)

n(g.a) = Z Z r dk

d=1
Dm(k+1)free (q,d*)|a
(q,d*)=D

Writing [y for the squarefree part of D the d sum must be

DS Hd DS ulde) D

— = <L —

q “— dv g = (dlp)F T qlk
(a,d%)|a (a,(dlg)k)|a
(q,d*)=D (a,(dlg)k)=D

so that D
n(ga) < Y g <0 !

Dlq 0
D is (k + 1)-free
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which is the second claim and the first is trivial. We have

q

;n(q,a)2 = Z udk q’d,k] > 1

d’l

a=1
(g,dk),(q,d"F)|a

_ p(d)p(d’)
- qddzl q7dk Qﬂdlk][(q7dk) (%dlkﬂ

_ 1o~ p(@u(d)(g.db,d")
q 57, drd*
1 > 1 / k 1k
= - Z NE p(d)p(d’) (g, d*,d"™)
5= dd'=N
13 by(N)
= 3 > O (133)
N=1
Clearly by (V) is multiplicative and simple calculations show
bq(p) = _2a
be(p”) = (a,9")
and b, (p') = 0 for ¢t > 3. Consequently
 bg(IV) ( 2 (qm’“))
(B
k H k 2k
N=1 N P p p
_ H1*2/p+qp /p%H( 1)
B 1-2 1/p2k
_p /P"+1/p
= «
which with (133) is the third claim. O
Lemma 4. Let c > 1, let
As) =Y
n=1 n

be absolutely convergent for Re(s) > ¢, and let

A .
@)=, e, lan]

Then for T > 1 and non-integer (Q > 0
_ A(s)Q**Hds QA(Q)2° Q(logQ+1) Qc“ - lan]
n<zQan (Q—n) N %~/ciiT s(s+1) +O ( T <1 + T ) Z ) ’
In particular if c=1+ O (1/1og Q) then
_ 1 ()@ ds QL @
Z(Q—n)—%/ﬁ” s(s+1) +O<Q <T+T2>>

n<Q
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Proof. Take X > 0 and define

0 fo<X<l1
X-1 ifX>1

and

=L [ X
T omi it 8(s +1)°

We first prove

5 Xett 1
Ix(T)—46(X —— min< 1, ———— . 134
I6(7) =83 < Z min {1, o (134

Suppose first 0 < X < 1 so that for R > ¢ we have X < X¢ <« 1. The integrand is holomorphic
to the right of 0 so for R > ¢

R+1T c—iT s+1
X
owmilx(T) = / / / >
+iT R+iT s(s+1)

1 / X R+1
<L = X°tldo + / dt
T2 c R2 +T

Xt + X R+1 X R+l X+l
T2logX] | B < T?logX|

<

with R — oo. Suppose now that X > 1 so that for R < —1 we have X® <« 1 we have X*t! « 1.
The integrand is holomorphic except for at two places, so for R < —1

Xs+1 Xs+1 R+:T c—iT Xs+1d
2rilx(T) = Ress—o (> + Resg——1 ( ) / / / i
5(5 + 1) 5 +1 +iT R+1iT S =+ 1)
1 R XR+1
= X-140 —/ Xt + / dt
(TQ c R2 +T

1 o0 XEBHT
= X-1+0( = X°tlq
* (T/ AT )

Xc+1_|_XR+1 XR+1T
T2logX| ' |RP )

- x-140(

Xc+1
= X-140|("—
+0 (i)
so we can conclude that for all X > 0 the second bound in (134) is clear; now for the first bound.
If 0 < X <1 and if C is the arc of the circle going clockwise from ¢ + iT to ¢ — ¢T (so a circle

of radius vT? + ¢ > T') then on C we have X* <« X¢ on C). Noting again that the integrand is
holomorphic to the right of 0 we have

X5t1lds
2mil x (T = -
milx(T) /Cs(s—i—l)
ds Xetl
< Xc+1/ < .
cls[-[s+1] T
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If X > 1 the remaining part of the circle should be taken as the contour so that X* < X¢ holds
on the contour, and this gives a similar result. We conclude that the first bound in (134) also
holds for any value of X > 0 and so the proof of (134) is complete.

By (134) (and absolute convergence)

A)Q s & 1 Q\*™
cxir S(s+1) B Zann /c:I:iT s(s+1) <n) s

n=1
= 3 ann n QM |an| 1
- Samie) )+(9< ol {1,Tlog(Q/n)|}>

For Q/2 <n <3Q/2

[log(Q/n)| =

10g<1+nz2Q>‘>> \n;Q\ > Un7Q|J/n

Therefore

0l {1 | } ) L 2@/ 1
Q/QS§3Q/2 e " g S MO\ @ar T T hSQZ;Mh
Q(logQ+1)

< QTCA(Q)2° <1 + T

and if n is not in this range then |log(Q/n)| > 1 so we deduce

T T T2 e

Therefore the error term in (135) is of the right order of magnitude and of course the main term

is Z " (Q - n)
n<Q

so the main claim is proven. For the “in particular claim” the main claim implies an error term

(Q  QF Qo)
Q (T-‘rTQ'FTQ>7

now use ((c) € 1/(c—1) < log @ and Q° < Q. O
Lemma 5. Take Q >0, L > 2 and A € [1/2k,1/k]. Let
Ri=—-14+A and Ry=Ak.

Then
< LYYk 60 I,

/L C(Ry + it)¢(Ry + it)Qdt
1 t2
Proof. Write s = o + it, suppose always ¢ > 1 and take two parameters N, M > 1 with
NM =t/27n. Let

2518 sec(sm/2)
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By formula (4.12.3) of [15] (the definition of x(s) comes just before) we have for —1 <o <1

¢\ /2ot 1
0 = (&) o)
21 t

_ i 1/2—0—it /4 o ; (135)
o tl/2+0o
so that
1 £\ /2Rt 1 MEe
. _ v i(t+m/4) s
X(Rg + it) Z TR i (27r> € Z nl-Ra—it +0 <t1/2+R2>
n<M n<M

so by the approximate functional equation (formula (4.12.4) of [15])

. 1 , 1
((Rotit) = D —om +x(Retit) ) ——p—p
n<N n<M

L 0 (N—R2 +t1/2—R2MR2—1>

1 ¢\ /2 Rait o 1
Z nRatit + (277) € Z nl—Ra—it

n<N n<M

+ o((l‘f)R <1+tl;)> (136)

From the functional equation (this just preceeds formula (4.12.1) of [15]) and from (135) we have

¢\ /2Rt 1
1(t+m/4 .
((27‘(‘) et /)+O<W)>C(1—R1—Zt)

" 1/2—Ri—it ‘ 1
( ) el(t+ﬂ'/4)<<1*R1 *Zt)‘i’o (t1/2+Rl>

C(Rl + it)

o1
so that with (136) we get

C(R1 + it)C(RQ + it)

" 1/2—Rq—it 1
- (L i/ (1= Ry — i .
= <27r) e ¢(1— Ry —it) ;V T

¢ \1-Ri-Ra-2it 1
N () 2T/ (1 — Ry —it) E I—Ra—it
n<M "

R 1/2
+ 0 <t1/231<(1 — Ry —it)] (?) (1 + tM>

N (t/M)l—RQ +t1/2—R2MR2 1 <M>R2< t1/2>>

t1/2+ R + t1/2+R: \ ¢ Lt —

M
My (t) + Ma(t) + O <t1/2_R1 (?)RQ (1 + t;)) .
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Write N = t1/4 and M = t1/8 so the above reads

C(Ry + it)C(Ry + it) = My (t) + Ma(t) + O (t1/2*R1+R2/B*R2 (1 + tl/z’l/B)) . (137)

For some constant C

& eit(f log t+1—log n+log m+log Q)

My(1)Q" = oty TN nR2ml—Ra

n<N m=1

fm n
Cl/2—Ra Z Z nR27?7,{ Rl)

nA<t m=1
2rnM<t

where H(—logt + 1+ log X)
—logt+ 1+ log
fx(t) = 5
s
and the two summation conditions on n are equivalent. So for any 7' > 1
2T it
M (t dt mQ/n dt
! )2Q = CZ l-Fr Z / f36)22/+1(z)> : (138)
T t m ! A<T max(2nrnM,T) t !
We now bound this oscillatory integral. We have
21 f4 (t) = —logt + log X. (139)

Suppose first that T is large and 0 < X < 1. For max(27rnM,T) < t < 2T we have from (139)

i) >1

and
$3/24 Ry, 3/2+Ra

so from Lemma 4.3 of [15]

2T
e(fx@)d 1 |
/max(?n‘nM,T) t3/2+Ra < T3/2+Ry’ 0 <X <L (140)

Suppose now X is large. Since from (139)
fx@) > |log(t/X))|
= [log(1+ (t - X)/X)|
{ [t — X|/X ifte (X/2,3X/2)
> 11

if not

>

{ 1/VX  ifte(X/2,X —VX)U(X +VX,3X/2)
1 if t ¢ (X/2,3X/2)

and since for ¢t > T
3/2+ 1 5, p3/2+ R (141)
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we have from Lemma 4.3 of [15]

/ o e(fx(t))dt
max(2mnM,T) t3/2+ 1
< VX T3/2+ i (T,2T) € (X/2, X —VX)U (X +VX,3X/2)
1/T3/2+ if (T,2T) C (1,00)\(X/2,3X/2)
1
< T1+R1

and this bound is trivial if (T,2T) C (X — VX, X + v/ X). Therefore from (140)

/” e(fx(t)dt 1

$3/2+R T1+R:

max(2rnM,T)

holds in fact for all X > 0, so we deduce from (138)

2T ML (1) Qi dt - 1 i 1 3 1

T t2 TlJrRl mlle nRg

m=1 nA<LT

1 Mns
< g (1)
< Tl/Aflleng/A' (142)
Similarly we have

QTMg(t)Q”dt:Ci 1 3 1 /2T e (fma/m(t)) dt

T t2 — ml*Rl nBST nlfRQ max(nN,T) t1+R1+R2
where the oscillatroy integral is
1
< T1/2+R1+Ry
so that
/2T Mo (t)Qdt - 1 f: 1 3 1
- 2 T1/2+Ri+Ra2 — mi-R1 = nl—Ra
1 1/B Rz

< T1/2+Ri1+Ro (T )

< TR/Bo1/2m iR (143)
Note that

—1/2— R —Ry/2=1/2-A—-Ak/2<1/2—-A—-1/4 (144)

so taking A = B = 2 we see from (142) and (143)

/2T (M (t) + My (t)) Qdt

= < T-1/2-Ri—R2/2 o p1/4-A
T

We assumed that T is large but the bound is trivial for 7" not large so we conclude

/L (M (t) + Ma(t) Q™dt

2 < LY*logL

69



and so from (137) and (144)
L . . it L
/ C(Rlﬂt)quﬂtw @« L1/4_A10gL+/ t3/2-Ri—Ra/2 gy
1 1

< LMAA log L.

Lemma 6. Let o, 3, and v be as in Lemma 3. For X >0 and T,c > 1

/ C(8)C (k(s+1)) F*(s)X*tds
ciT s(s +1)¢ (2k(s +1))
aX? BX kyX1/k
2 2 (—14+1/k)X(2)

X 1/2k XC+1
+ Oflog(2+ X)log(2+T) T1/4(T> + ==

Proof. Suppose X and T are large since otherwise the claim is clear. For s € C write always
s =0 + it for o,t € R and let

C(s)C k(s +1)) F*(s)

&) = = ars 1)

(145)

Let Ry = —1+41/2k + 7 for some 0 < 7 < 1/k. From Lemma 2 we have F*(s) < 1 for ¢ > Ry,
therefore

[C(s)¢ (k(s + 1)) |
MG+ 1)

By Lemma 1 we see that Z(s) is holomorphic except for simple poles at s =1 and s = -1+ 1/k
so by the Residue Theorem

I(s) <« for o > R;. (146)

le/kRBSS_,lel/kI(S)
s(s+1) 2 +TO)X + -14+1/k

Ry+iT Ri—iT =T\ T(g) X5+
— om / +/ +/ L(s) X" ds (147)
ciT Ry+iT Ry—iT s(s+1)

/ I(s)X*Ttds X?Ress—1Z(s)
27i —_—
ctiT

It is standard that for ¢t > 1

C(s) < l/2—o+te for 0 <0
5 tl/2=o/24¢  for ¢ >0

and
1 for o > 2k

<(0)<<{ 1/lc—=1] forl1 <o <2;

we will now use these bounds freely without comment. If 0 < ¢ < 2 and ¢ > 1 we have
C(s) < max{1,tY/?=o/2+e},

Clk(s+1)) <1
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and

1

so from (146)
Z(s) < max{1,t'/2=7/2+e}

and therefore

c+iT I(S)Xs—i-lds XC+1 X XC+1
A D e —  — 148
/iT s(s+1) < + T2 <<T+ T2 (148)
If Ry <o <0 thenfort>1
((s) < /277,
C(k(s+1)) < t/?
and
L L C(2k(c+1) < ! <<1+1
- - p .
C(2k(s+1)) |2k(c + 1) — 1]
so from (146)
tl—a
I(s) < - (149)
and therefore o . P
iTI(s)Xstds 1 (XE X 1 X
=2 P (Yt ) <= (145, 150
~/R1+iT s(s+1) <<7'(T1+R1 +T) <<7'( +T> (150)
From (148) and (150) we have
ol pemil\ T(s)X5tds 1 X o xett 1 Xetl
=2 P14+ )< S (14 S 151
</c+iT Jr/RliT) s(s+1) <<T(+T+ T2><<7'(+ T2> (151)

a similar argument for the second integral obviously valid. We now turn to the vertical contribu-
tion in (147). Denote by w the number of prime factors of q. For given integers n, Iy, ..., 1, 1}, ..., 1/, >
0 write n = (n,ly, ..., lw, 1, ...,1},). Let Wy, Z11 be as in Lemma 2. Then that lemma says that
for given n there are an, = an(0) € R such that for o > —1 4+ 1/2k

S) = Z Qn (WnZLl/)it

and
D <1 (152)
Therefore
FH (R +at) X" p(m)an  (XWaZip \"
CE(Ry +it+1)) A m2kitl) m2k g

so from (145), Lemma 5 and (152)

T I(Ry +it) X dt _ C (Ry +it)C (k (R1 tit+1)) [ XWoZiy itd

L m% R1+1 s t

(m)an
< m

T1/471/2k logT

< TYAU2k(1og TYC(1 4 2kT) <
-

(153)
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For [t| > 1 we have

therefore from (153)

/RIH'T I(s)X*Hds gy /T Z(Ry +it)X"ds
R s(s+1) o 1 t2
+ O XR1+1 |I(S)|dS+XR1+1 /R1+i |I(S)|d8
Rt 13 R Is(s+1)]
XRl+1T1/471/2k:10gT
<
.
X T V40g T X\
- ()

since for 0 < ¢ < 1 we obviously have Z(s) < 1 and since for ¢ > —1 and || > 1 we have clearly
Z(s) < |t|"/*. A similar bound obviously holding for ¢ negative we conclude

/Rl—iT I(s)X+1ds - XTTY410g T (X)l/%

Rt S(s+1) T T (154
From Lemma 3 (A) we have
Res1Z(s) = 4(25();;)(1) = q,
ORGSO
1= ¢(2k) 2
and =1+ 1/R)F* (=1 + 1/k)
Res-aiapl(s) = (@ -
so the main terms in (147) are
aX? X ky XUk
> T2 TR M(X).
This with (151) and (154) means (147) becomes
I(s)X*Hds | X\ xe+
/cﬂT D - Mx+o (T (X T4 10g T <T> + S
1/2k c+1
= MX)+O0 <logT10gX <T1/4 (f;) + XTQ>>
on taking 7 = 1/log X. O

Lemma 7. For any z,y > 0
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1 1—k+e
— K
2 <Y

and, for ql < zx,
Z Z 1 < myl ke 4 g2/ (e,

n<z
[d, ’>y n=0(dk)
n=—ql(d’'*)
Proof. Since
> e
[d,d']=n
we have
DRED D SRR
[d,d']<y n<y[d,d'|=n
and
1—k+e
Z [dk d/k Z Z 1<<y
[d,d']>y n>y [d,d']=n

which are the first two claims. Let Z be a parameter. We have with a divisor estimate

Z Z 1<<xfz Z 1<<x1+62%<<x1+621_k

d,d’ n<z dk<z n<w d>Z
d>Z  n=0(dk) d>Z n=0(dk)
nz—ql(d’k’)

and similarly for the terms with d’ > Z. On the other hand the second claim implies

ooy 1« Z([(ifc,xcl/’“]Jrl)

d,d'<z n<wz d,d'<Z
[d,d']>y n=0(dk) [d,d']>y
n=—ql(d'*)

< mylfk%»e + 22
and therefore

Z Z 1 <« wylkare_’_ZQ_‘r_mlJrezlfk

d,d']> nw
[ ] Y n=0(dk)
n=—ql(d'k)

which gives the claim on choosing Z = z!/(k+1),
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3.2 - Proof of theorem

Let 2 > 0 large be given and define 7(g,a) and V,(q) as in (6) and (7). Opening the square we
have

q

q q
L o= Y Y 1-2Y e Y 1422 ne.0)?
a=1 7L,1L:§:L' a=1 Zé; a=1
St nZalo)
q
= Y 1-22) nlgn)+a>> nlga)’
n,n/ <z n<x a=1
n,n’'€8 nes
n=n’(q)
q
= A.(q) = 22By(q) +2° > _n(g,a)”. (155)
a=1

From Lemma 3 (B) we have n(q,n) = n(q,(¢,n)) and n(¢,d) < 1. Therefore from Lemma 2.2
(ii) of [17] we have for some constants cqp, ¢,

Bu(q) = Y nlgd) Y 1

dlq nes
(n.q)=d
= > nlg.d) Y pu(h) > 1
dlg hla/d nse

dh|n

= x> nlg,d) > ph)can +O | *T>  n(g, d)| Y |pu(h)]

d|q hlq/d d|q hlg/d

= xc,+0 (xl/k+e) . (156)

But evidently with x — oo

q q
B.(q) =) n(ga) > 1~z n(ga)
a=1 Zég a=1
n=a(a)
so (156) must read
q
Bu(q) =@ n(g.a)* + O (/). (157)
a=1
It is well known that "
l=——+0(a/*
nes
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therefore

Acg) = 2 ) 1+)1

n<n/ <z n<z
n,n' €8s nes
n=n’(q)

-2y ¥ 1+ﬁ+(9(m1/k)

I<z/q n.n/<w

. x e
= 200+ g +O(:c ) (158)
so we deduce from (155) and (157)
q
_ x _ /k+e
Vel = 2C(0)+ g =t D om(aa)* 4O (7). (159)

Take a parameter y < 2'/* so that [d,d'] <y is a stronger condition than d*, d'" < z. Using

1 if nis k-free
> u(d) = { 0

if not
d*|n

we see that

Yoo = Y udud) Y o1

n,n' <z d,d’ n,n’ <z
n,n'cs n=0(dk)
n/ —n=ql n’=0(d’k)

n! —n=ql

= Sudud) Y1
d,d’ n<z—ql

n=0(dk)
n=—ql(d'k)

N[ x—ql
= Y udud) (M + 0(1)> ol Y 1
[d,d']<y ’ [d,d'|>y n<w

(dFk,d’k)|ql n=0(dk)
n=—ql(d’'k)

(dk,da’k)|ql

1
+ O|(@@—a) ) | TP >, 2!
[@al>y [ddl>y e

n=—ql(d'k)

From Lemma 7 the error terms here are for gl < x

y1+e 1—k+e +I2/(k+1)+6 < x?/(k:+1)+e

+xy
after setting y = z'/¥, so that

Yo o l=(e—ql) i “[il?’;(,f]/) +0 (a2 %)

n,n/ <z d,d'=1
n,n'€S (dk,d’k)|q

n! —n=ql

(0]



so from (158)

Calq) = Zudk d’k > (s-a)+o ((xQ/(k+l)+E) 2. 1)

d,d’ 1<
(dak, d%?\ql isa/a

-y MOl (04 B WY € i
> d’“ d*] 2 ([q,(dk,d”“)] l)”( q )

d,d' 1<z/[q,(dk,d'*)]
2142/ (k1) +e
= J(x)+0O (q) . (160)
From now on all < symbols will denote bounds up to z¢ bounds so that (159) and (160) read
q 142/ (k+1)
Vy(z) =27 (z) + ﬁ — ) n(g.a)’*+0 <xq) . (161)

Let ¢ =1+ 1/logx so that ¢! < 22 and ((¢) < logz < 1. From Lemma 4 the inner sum in
J(x,q) is for any T' > 0

L sé(—i)l) ([q, @ d/k)])SH Bt o <T[q<dkdm>

and therefore from Lemma 1 and Lemma 6

((s)a*? p(d)pu(d) w(d)]
sy (Z (@ g, (dF, )] ) B0 ( P d’k NG d/k)])

d,d’

L SRR () o (5

B ax? - Bz kvqlq/kxuk ” ( T >1/2k " >2
= o z+<—1+1/k><<z>+0<q<T i)

where «, 3,7 are as in Lemma 3. Setting

()

2-1/2k
9/4—1/2k
2\ 2/0-2/K)
<a(2)
q
and so from (161)
a q 1 2k’yq1_1/k$1/k
Valg) = | = — NOMES YA ARSI WIAYIC
@ <q 2 la-a) )”” (e ) S
Lo (q <Z>2/(9—2/k)> o (1,1+2;(k+1)>.
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J(x)

where
V =

the error term becomes



From Lemma 3 (B) the x? coefficient vanishes. Directly from the definitions (Lemma 3) we see
that 8 = ((k)~! so the z coefficient also vanishes. Again from the definitions the z'/% coefficient

° Dheg 1/ 1 2)(F £ PN 1y (14 (00" p— 2/
(—1+1/k)C(2)1;[< 1—pl=t/k )g( 1+1/p—2/p" )

and we have Theorem 2.
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