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Abstract

In this thesis, we propose to use generalized fixed point algebras as an approach
to the pseudodifferential calculus on filtered manifolds.

A filtered manifold is a manifold M with a filtration of its tangent bundle which
is compatible with the Lie bracket. This filtration allows to define a new notion
of order for the differential operators on M. As a result, the highest order part
of a differential operator is a family of right-invariant model operators acting on
certain nilpotent Lie groups. These groups form the bundle of osculating groups of
the filtered manifold. The new order can be encoded by a dilation action of Rsg
on this bundle.

The tangent groupoid Ty M of the filtered manifold M describes the relation
between the operators acting on M and their model operators on the osculating
groups. It is equipped with a “zoom” action of Ry that extends the dilations. In
this thesis, we build the generalized fixed point algebra for the zoom action on a
certain ideal J in the groupoid C*-algebra of Ty M. This generalized fixed point al-
gebra Fix®>°(J) is a C*-subalgebra of the bounded operators on L?(M). Moreover,
there is a “principal symbol map” S;; which induces a short exact sequence

K(L?M) s Fix®(J3) 1y FixR>0(Jy).

Here, the principal symbol map takes values in another generalized fixed point
algebra FiXR>°(J0), where Jg is an ideal in the C*-algebra of the bundle of oscu-
lating groups. This symbol algebra is, in general, noncommutative. It is unital if
M is compact. In this case, call P € FiXR>°(J) elliptic if its principal symbol is
invertible. We show that P is elliptic if and only if all model operators satisfy the
Rockland condition.

Furthermore, it is shown that the sequence above coincides with the C*-comple-
tion of the order zero pseudodifferential extension by van Erp and Yuncken [vEY19].
When viewing a graded Lie group as a filtered manifold, we show that the same
holds for the calculus by Fischer, Ruzhansky and Fermanian-Kammerer developed
in [FR16,FFK17]|.

We prove that Fix?>° (Jo) is KK-equivalent to the usual principal symbol alge-
bra of functions on the cosphere bundle of M. Lastly, we present an index theorem,
up to inverting the Connes—Thom isomorphism, for order zero pseudodifferential
operators on a compact filtered manifold that are elliptic in this calculus.

In this thesis, we propose to use generalized fixed point algebras as an approach
to the pseudodifferential calculus on filtered manifolds.

A filtered manifold is a manifold M with a filtration of its tangent bundle which
is compatible with the Lie bracket. This filtration allows to define a new notion
of order for the differential operators on M. As a result, the highest order part
of a differential operator is a family of right-invariant model operators acting on
certain nilpotent Lie groups. These groups form the bundle of osculating groups of
the filtered manifold. The new order can be encoded by a dilation action of Ryq
on this bundle.

The tangent groupoid of a filtered manifold M describes the relation between
the operators acting on M and their model operators on the osculating groups. It is
equipped with a "zoom” action of Ry that extends the dilations. In this thesis, we
build the generalized fixed point algebra for the zoom action on a certain ideal J in
the groupoid C*-algebra of the tangent groupoid. This generalized fixed point alge-
bra FixR>°(.J) is a C*-subalgebra of the bounded operators on L?(M). Moreover,
there is a "principal symbol map” which takes values in another generalized fixed
point algebra FiXR>°(JO)7 where Jy is an ideal in the C*-algebra of the bundle of



ABSTRACT iii

osculating groups. The kernel of the symbol map consists of the compact operators.
The symbol algebra is, in general, noncommutative. It is unital if M is compact. In
this case, call P € FixR>° (J) elliptic if its principal symbol is invertible. We show
that P is elliptic if and only if all model operators satisfy the Rockland condition.

Furthermore, it is shown that the sequence above coincides with the C*-comple-
tion of the order zero pseudodifferential extension by van Erp and Yuncken. When
viewing a graded Lie group as a filtered manifold, we show that the same holds for
the calculus by Fischer, Ruzhansky and Fermanian-Kammerer.

We prove that Fix">°(Jp) is K K-equivalent to the usual principal symbol alge-
bra of functions on the cosphere bundle of M. Lastly, we present an index theorem,
up to inverting the Connes-Thom isomorphism, for order zero pseudodifferential op-
erators on a compact filtered manifold that are elliptic in this calculus.
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Zusammenfassung

In dieser Dissertation schlagen wir verallgemeinerte Fixpunktalgebren als Zu-
gang zu Pseudodifferentialkalkiilen auf filtrierten Mannigfaltigkeiten vor.

Eine filtrierte Mannigfaltigkeit ist eine Mannigfaltigkeit mit einer Filtrierung
des Tangentialbiindels, die kompatibel mit der Lieklammer ist. Diese Filtrierung
ermdglicht es, einen neuen Begriff von Ordnung fiir die Differentialoperatoren auf
M zu definieren. Daraus resultiert, dass der Teil mit der héchsten Ordnung als eine
Familie von rechts-invarianten Modelloperatoren auf gewissen nilpotenten Liegrup-
pen aufgefasst werden kann. Diese Gruppen bilden das Biindel der oskulierenden
Gruppen der filtrierten Mannigfaltigkeit. Die neue Ordnung kann durch eine Stre-
ckungswirkung von Ry auf diesem Biindel beschrieben werden.

Der Tangentialgruppoid Ty M der filtrierten Mannigfaltigkeit M beschreibt die
Beziehung zwischen den Operatoren, die auf M wirken, und ihren Modelloperato-
ren auf den oskulierenden Gruppen. Die Streckungen kénnen zu einer Zoomwir-
kung auf Ty M erweitert werden. In dieser Arbeit konstruieren wir die verallgemei-
nerte Fixpunktalgebra fiir die Zoomwirkung auf einem Ideal J in der Gruppoid-
C*-Algebra von Ty M. Diese verallgemeinerte Fixpunktalgebra FixR>° (J) ist eine
C*-Unteralgebra der beschrinkten Operatoren auf L?(M). AuBerdem gibt es eine
Hauptsymbolabbildung S;;, die eine kurze exakte Folge induziert

K(L2M) —— Fix®(3) -5 FixR>0(Jy).

Hierbei nimmt die Hauptsymbolabbildung Werte in einer weiteren verallgemeiner-
ten Fixpunktalgebra Fix">°(Jg) an, wobei Jy ein Ideal in der C*-Algebra des Grup-
penbiindels ist. Diese Symbolalgebra ist im Allgemeinen nicht kommutativ. Sie ist
unital, wenn M kompakt ist. In diesem Fall nennen wir P € Fix®>°(J) elliptisch,
wenn das Hauptsymbol invertierbar ist. Wir zeigen, dass P genau dann elliptisch
ist, wenn alle Modelloperatoren die Rocklandbedingung erfiillen.

Zudem zeigen wir, dass die obige Folge die C*-Vervollstandigung der Pseudo-
differentialerweiterung nullter Ordnung von van Erp und Yuncken [vEY19] ist.
Wenn eine graduiert nilpotente Liegruppe als filtrierte Mannigfaltigkeit aufgefasst
wird, erhalten wir das gleiche Ergebnis fiir den Kalkiil von Fischer, Ruzhansky und
Fermanian-Kammerer, der in [FR16,FFK17| entwickelt wurde.

Es wird gezeigt, dass FiXR>°(J0) KK-édquivalent zu der gewohnlichen Haupt-
symbolalgebra von Funktionen auf dem Cosphérenbiindel ist. Zuletzt beweisen wir,
bis auf Invertieren des Connes—Thom-Isomorphismus, einen Indexsatz fiir Pseudo-
differentialoperatoren nullter Ordnung auf kompakten filtrierten Mannigfaltigkeit,
die elliptisch in diesem Kalkiil sind.
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Resumé

I denne athandling foreslar vi at bruge generaliserede fikspunkt-algebraer som
en tilgang til pseudodifferentielle kalkyler pa filtrerede mangfoldigheder.

En filtreret mangfoldighed er en mangfoldighed M med en filtrering pa dens
tangentbundt, der er kompatibel med dens Lie-parentes. En sadan filtrering til-
lader os at definere et nyt ordensbegreb for differentialoperatorer pa M, hvor
hgjesteordensdelen er en familie af hgjre-invariante modeloperatorer. Disse virker
péa seerlige nilpotente Liegrupper, som udggr bundtet af oskulerende grupper pa den
filtrerede mangfoldighed. Denne nye orden kan udstyres med en Rsq-virkning pa
bundtet.

Tangentgruppoiden Ty M af en filtreret mangfoldighed M beskriver relatio-
nen mellem operatorer virkende pd M og deres modeloperatorer pa de oskulerende
grupper. Denne er udstyret med en “zoom”-virkning fra R<¢, som udvider dilata-
tionerne. I denne afthandling, konstruerer vi den generaliserede fikspunkt-algebra til
zoom-virkningen ud fra et bestemt ideal J i C*-algebra gruppoiden af Ty M. Denne
generaliserede fikspunkt-algebra Fix">°(J) er en C*-subalgebra af de begraensede
operatorer pd L2(M). Ydermere er der en “ledende symbol afbildning” S, som
inducerer en kort eksakt fglge

K(L2M) —— Fix®(3) 275 FixR>0(Jy).

Den ledende symbol afbildning tager veerdier i en anden generaliseret fikspunkt-
algebra Fix?>° (Jo), hvor Jg er et ideal i C*-algebraen af bundtet af oskulerende
grupper. Generelt vil denne symbolalgebra veere ikke-kommutativ. Den har enhed
safremt M er kompakt. I dette tilfaelde, siger vi at P € Fix®>°(J) er elliptisk hvis
dens ledende symbol er invertibelt. Vi viser at P er elliptisk hvis og kun hvis alle
modeloperatorerne opfylder Rockland-betingelserne.

Det vises derudover at ovenstaende fglge er sammenfaldende med C*-fuldstzen-
diggorelsen af nulteordens pseudodifferential-udvidelsen fra van Erp og Yuncken
[VEY19]. Sifremt vi anskuer en gradueret nilpotent Liegruppe som en filtreret
mangfoldighed, viser vi at det samme ggr sig geeldende for den kalkyle der er ud-
viklet af Fischer, Ruzhansky og Fermanian-Kammerer [FR16/[FFK17].

Vi beviser desuden at Fix">°(Jy) er KK-zkvivalent med den almindelige le-
dende symbolalgebra af funktioner pa kosfzerebundtet af M. Slutteligt praesenterer
vi en indekssaetning, op til inversion af Connes-Thom isomorfien, for nulteordens
pseudodifferentialoperatorer pa en kompakt filtreret mangfoldighed der er elliptiske
i denne kalkyle.
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CHAPTER 1

Introduction

If the kernel and cokernel of a bounded operator P: H; — Ho between two
Hilbert spaces are finite-dimensional, it is called a Fredholm operator. Its Fredholm
index is

ind P = dim(ker P) — dim(coker P) € Z.

The dimension of the cokernel describes how many constraints f € Hsy has to fulfil
to have a solution x € H; of the equation Pz = f. The uniqueness of this solution
is described by the dimension of the kernel. The difference of these integers turns
out to be a useful invariant as it is, for example, stable under compact perturbations
of the operator.

An elliptic differential operator on a closed manifold is Fredholm. This follows
from the properties of the classical pseudodifferential calculus. The famous Atiyah—
Singer Index Theorem |AS68| states that its Fredholm index, which is also called
the analytical index in this context, equals the more easily computed topological
index.

However, there are differential operators that are Fredholm but not elliptic (see
[IBvE14, 2.3]). Consider the 3-dimensional Heisenberg group H whose Lie algebra b
is generated by X, Y, Z with the relations [X,Y] = Z and [X,Z] = [V, Z] = 0. Let
M be the quotient of the Heisenberg group by the integer lattice I' in H. Then the
right-invariant differential operator

P=-X?-Y?+iuZ (1)

is Fredholm on M if and only if € C\2Z + 1. It is not elliptic, because the Z-part
is not considered in the principal symbol as it does not belong to the highest order
part. This changes if we attach different orders to the differential operators that
generate . If Z has order 2 and X, Y have order 1, all parts of P contribute to the
highest order part. This highest order part can be understood as a right-invariant
differential operator on H and satisfies the Rockland condition. To formulate it,
recall that each unitary, irreducible representation 7: H — U(#H.,) of the Heisenberg
group induces an infinitesimal representation dm of h on the smooth vectors H2° C
Hr. It extends to a representation dm of the universal enveloping algebra of b,
which can be identified with right-invariant differential operators on H.

Definition 1.1. A right-invariant differential operator P on the Heisenberg group H
satisfies the Rockland condition if dm(P) is injective on H2° for all unitary, irre-
ducible representations m # 7y, of H. Here, 7,4, denotes the trivial representation
Triv(g) = 1 for all g € H.

The representation theory of the Heisenberg group is well-known. One can
show that the operator above satisfies the Rockland condition, see |[Eps99|. From
this one can deduce that P is Fredholm.

The idea that certain operators can be better understood when using a highest
order part that acts on a nilpotent Lie group, like the Heisenberg group, goes back to
Folland, Rothschild and Stein [FS74,RS76,Fol77]. Tt is the underlying concept of

1



2 1. INTRODUCTION

several calculi like the ones developed in [Mel82,[Tay84| BG88|CGGP92|FR16,
vEY19|.

We may encode the different orders of the generators of h by an Rsg-action
on h that scales the generators by different powers of r, say r- X =rX,r-Y =rY
and r - Z = r2Z. Then the operator above is homogeneous of degree 2. This
thesis proposes to use generalized fixed point algebras of such R g-actions to build
pseudodifferential calculi.

Generalized fixed point algebras were defined by Rieffel as a noncommutative
analogue of the orbit space for a proper group action H ~ X on a locally compact
Hausdorff space X. In this case, the orbit space is again locally compact and
Hausdorff. Following a well-known paradigm in noncommutative geometry, one
attaches to a space its C*-algebra of functions. In this case, consider Co(H\X), the
continuous C-valued functions on the orbit space H\X which vanish at infinity.

For example, if H = R acts on R™\{0} by scaling, the C*-algebra of functions
on the orbit space is C(S™~!) where S"~! denotes the unit sphere. Equivalently,
one could understand these as continuous functions that are constant along rays.
Except for the zero function, they do not vanish at infinity. So they are not fixed
points of the action on Cyp(R™\ {0}). However, one could understand them as
generalized fixed points as they are invariant under Rs and still act on Co(R™\{0})
by multiplication.

To generalize this to an H-action on a noncommutative C*-algebra A, note
that elements of F' € Co(H\X) can be obtained by averaging functions f € C.(X)
over the group action by setting

F(Hm)z/Hf(hflw‘)dh for x € X.

Therefore, one seeks a subset R C A such that averaging elements a € R as above
yields well-defined multipliers of A. These generate the generalized fixed point
algebra Fix® (A) inside the multiplier algebra of A. The precise construction will
be recalled in this thesis. At this point, we remark that R can fail to exist or to be
unique. Furthermore, there is a built-in Morita equivalence between Fix™ (A) and
an ideal in the reduced crossed product C*-algebra C(H, A).

For classical pseudodifferential operators on a manifold M, the C*-algebra of
principal symbols is Co(S*M). Here, S* M denotes the cosphere bundle. Extending
the example above, this is the C*-algebra corresponding to the orbit space of the
Rso-action A - (z,§) = (z,A) on T*M \ (M x {0}). Thus, it is a generalized
fixed point algebra. Moreover, Debord and Skandalis observed in [DS14] that
the pseudodifferential operators themselves can be obtained as averages of certain
elements of the C*-algebra of the tangent groupoid of M.

Connes’ tangent groupoid TM of a manifold M (see [Con94]) is a continuous
field of groupoids over [0, 00) given by

TM = (TM x {0}) U (M x M x (0, 00)).

Its groupoid structure is given by addition of tangent vectors in the fibres of T'M,
whereas the pair groupoid structure is used for ¢ > 0. These two components are
glued together in a continuous, even smooth, way. For M = R" the topology is
such that (z,,yn,t,) converges to (x, X,0) if and only if z,,y, — , t, — 0 and
the “difference quotient” satisfies (2, — yn)/tn — X.

As for groups, one can attach to a groupoid G a C*-algebra C*(G) if G admits
a Haar system. The starting point is a convolution algebra structure on C.(G). For
the tangent groupoid, the C*-algebra of TM is a continuous field of C*-algebras that
deforms the commutative C*-algebra C*(TM) at t = 0 to C*(M x M) = K(L?>M)
at t =1.
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Note that C*(T'M) is isomorphic to Co(T*M) via fibrewise Fourier transform.
This allows to extend Co(T*M\(M x 0)) to an ideal J in C*(TM), namely the one
generated by f € C.(TM) such that ﬁ](x, 0) =0 for all z € M. Here ]?0 denotes the
Fourier transform of fy. One can extend the scaling action on T*M to the “zoom”
action on TM by setting for A > 0

A (2, X,0) = (z,2X,0) foreceM, X eT, M,
A-(z,9,t) = (z,y, A7) for x,y € M, t > 0.

The C*-algebra generated by the pseudodifferential operators of order zero is iso-
morphic to FixR>°(J) for the zoom action of Rs.

In this thesis, we extend this generalized fixed point algebra construction to
the situation when different orders are attached to vector fields. Filtered manifolds
constitute a general framework where this is possible.

Definition 1.2. Let M be a smooth manifold with a filtration of its tangent bundle
0=H°C H'CH?C...C H" = TM by smooth subbundles H?. The manifold is
called a filtered manifold if the Lie bracket of vector fields satisfies

[L>°(H"),I>°(H7)] CT>°(H"*7) for all i, .
Here, we set H* = TM for all > r.

Examples of filtered manifolds are graded Lie groups, foliations or Heisenberg
manifolds, in particular, also contact manifolds. There is an associated graded
vector bundle

o0
ty M = @Hi/Hi—l.

i=1
The condition on the Lie bracket above allows to equip each fibre with the structure
of a nilpotent Lie algebra. Using the Baker-Campbell-Hausdorff formula, they
integrate to nilpotent Lie groups, called the osculating groups. The graded vector
bundle with this group structure in the fibres is denoted by Ty M. Following the
conventions in the literature, we call it the bundle of osculating groups, even though
it cannot be understood as a fibre bundle of groups in the usual sense. The reason
is that the isomorphism type of the osculating groups may vary from point to point.

In the example M = H/T' from the beginning, one obtains a filtration where
H' is generated by X,Y and H? = TM. In this case, all osculating groups are
isomorphic to the Heisenberg group H.

Extending the given example, there is a well-defined dilation action of Rsq
on tyM given by A - X = \'X for X € (H'/H""'), and € M. The part of a
differential operator which is homogeneous of the highest degree with respect to
these dilations is called the highest order part. It can be understood as a family
of right-invariant operators on the osculating groups. In the classical pseudodif-
ferential calculus, these correspond to the model operators obtained by “freezing
coefficients” at x € M. These can be understood as right-invariant operators on
T,M = R™. Therefore, the bundle of osculating groups Ty M is the right replace-
ment for TM.

As in the case without a filtration, Ty M fits into a tangent groupoid, which
is adapted to the filtered structure. This tangent groupoid was constructed using
different approaches in [VEY19,|CP19b}SH18, Moh18|. It is a continuous field
of groupoids over [0, 00) given by

Ty M = (T M x {0}) U (M x M x (0,00)).

Here, the groupoid structure is such that group multiplication is used in the fibres
of Ty M. Again, there is a zoom action of R<y where we use the dilations at ¢ = 0.
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To define the generalized fixed point algebra one needs an appropriate ideal J
in C*(TyM). Observe that in the case without a filtration,

F(0) = 0 = /f(x) dz = 0 = f € ker(mose: C*(R") — C)

for f € S(R™). Here, m,iyv: R™ — C is the trivial representation 7,y () = 1 for
all x € R™. It induces a representation of C*(R™) given by f — fRn f(z)dx for
feSR™).

Therefore, we define Jg to be the ideal in C*(Ty M) consisting of elements that
restrict at all z € M to elements that lie in the kernel of the trivial representation
of the osculating group at x. This will replace Co(T*M \ (M x 0)). The ideal J in
C*(Tyg M) consists of all elements whose restriction to ¢ = 0 lies in Jp.

In this thesis, it is shown that the generalized fixed point algebra construction
can be applied to the zoom action on J. That is, we prove that a subset R C J with
the necessary properties exists. In order to do so, we define a Schwartz type algebra
A(Tg M), similar to the one in [CRO8|, by adapting the construction to filtered
manifolds. Tt is a subalgebra of C*(T g M) which consists of f = (f;) € C®(TygM)
such that f; are compactly supported in M x M for ¢t > 0 and fjy has rapid decay in
the fibres of Ty M. For the generalized fixed point algebra construction, we could
also work with R = C(TygM) N J. However, it will become apparent in later
proofs that it is better to use the larger subset R = A(TypM) N J.

The generalized fixed point algebra approach yields a short exact sequence

K(L2M) —— Fix®(3) -4 FixR>0(Jy). 2)

Moreover, Fix">°(J) can be faithfully represented as bounded operators on L?(M).
The sequence above can be understood as an abstract order zero pseudodifferential
extension. The compact operators are the C*-completion of the operators of neg-
ative order. The algebra Fix<>° (J) is the completion of the order zero operators.
There is a principal symbol map S, taking values in the C*-algebra Fix">°(Jp). In
general, this algebra is noncommutative. It is unital if M is compact. An operator
P e FixR>0(J) is called elliptic, if its principal symbol is invertible. In this case, P
is Fredholm.

We show that Fix">°(Jy) is a continuous field of C*-algebras over M. Its
fibres are the generalized fixed point algebras FixR>° (Ji). Here, J, is the kernel of
the trivial representation of the osculating group G(x) at € M. The elements of
Fix">°(.J,) act as right-invariant operators on L2(G(z)). We prove that Fix">°(.J,)
is the C*-algebra generated by the convolution operators with kernels of type 0 that
were studied in the context of homogeneous groups. For this proof, it is essential
that R consists of Schwartz functions at t = 0. It will be used that rapid decay
is preserved by the Euclidean Fourier transform and its inverse. The generalized
fixed point algebra approach yields a new proof of the result by Knapp and Stein
[KS71] that these operators extend to bounded operators on L?(G(x)).

It is shown in this thesis that the sequence in is the C*-closure of the order
zero extension of van Erp and Yuncken [VEY19|, when restricting to compactly
supported kernels. Their calculus is already very close in spirit as it is also built on
the tangent groupoid and the zoom action. They define a notion of H-ellipticity
for their calculus. For a compact manifold, we show that an order zero opera-
tor P in their calculus is H-elliptic if and only if S, (P) is invertible in Fix®>°(Jy).
Moreover, this is equivalent to Sy (P)(z) and Sy (P*)(x) satisfying the Rockland
condition at each x € M. The generalized fixed point algebra construction allows
to understand the Rockland condition in a natural way by describing the spectrum
of Fix®>0(.J,).
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Fischer and Ruzhansky developed in [FR16] a pseudodifferential calculus for
graded Lie groups G. It is a symbolic calculus, which uses the operator-valued
Fourier transform defined in terms of the representations of G. In [FFK17| homo-
geneous expansions for their symbols were defined. We show that the C*-completion
of their order zero pseudodifferential extension is the sequence for M =G.

By the generalized fixed point algebra construction, the algebras of pseudodif-
ferential operators and principal symbols, FixR>°(J) and FixR>°(J0), are Morita
equivalent to ideals in C}(Rsg,J) and C;(Rsg,Jo), respectively. Using the repre-
sentation theory of nilpotent Lie groups, in particular, Kirillov theory [Kir62] and
Pukédnszky’s stratification [Puk67], we show that they are, in fact, Morita equiv-
alent to the whole reduced crossed products. This allows us to prove, using the
Connes-Thom isomorphism, that Fix<>° (Jo) has the same K-theory as the usual
C*-algebra of symbols Cq(S*M).

An index theorem for contact manifolds was accomplished by van Erp and
Baum in [BvE14], extending work in [vE10a,vE10b]. Recently, Mohsen proved an
index theorem for filtered manifolds in [Moh20]. In this thesis, we prove a theorem
for H-elliptic pseudodifferential operators of order 0 on a compact filtered manifold,
which reduces the index problem to inverting the Connes—Thom isomorphism.

Note that parts of this thesis, in particular the results for graded Lie groups,
are contained in [Ewe20].

This thesis is organized as follows. Chapter 2] gives an overview on generalized
fixed point algebras. Some new results regarding their behaviour under C*-algebra
extensions are proved. In Chapter [3] graded Lie groups are defined. Moreover,
analysis on these groups and their representation theory is discussed. Chapter [ is
concerned with filtered manifolds. In particular, the bundle of osculating groups is
defined. The construction of the tangent groupoid of a filtered manifold is recalled in
Chapter f] In Chapter [f] the C*-algebra of the tangent groupoid and the Schwartz
type algebra are defined. We prove in Chapter [7] that the generalized fixed point
algebra construction applies to the zoom action of Rsg on the ideal J in C*(Ty M).
We obtain the sequence in . The relation between generalized fixed point algebras
and kernels of type 0 is examined in Chapter [§] In Chapter [§] we compare the
generalized fixed point algebra construction to the calculus of van Erp and Yuncken
and the calculus of Fischer, Ruzhansky and Fermanian-Kammerer. The Morita
equivalence to the reduced crossed products is proved in Chapter[I0] In Chapter[T1]
H-ellipticity is discussed, and we describe the results towards index theory for
filtered manifolds. Chapter [I2] consists of a short conclusion and an outlook.



CHAPTER 2

Generalized fixed point algebras

Let H be a locally compact group and X a locally compact Hausdorff space. If
H acts properly on X, the orbit space H\X is again locally compact and Hausdorff.
Hence, one can consider the corresponding algebra of functions Co(H\X), which
consists of continuous functions f: H\X — C vanishing at infinity.

These are not necessarily fixed points of the induced H-action on Co(X), as
functions f: X — C that are invariant under H might not vanish at infinity. How-
ever, one can regard functions in Co(H\X) as “generalized” fixed points as they act
as H-invariant multipliers on Cq(X). Moreover, Co(H\X) is Morita—Rieffel equiv-
alent to an ideal in the reduced crossed product C;(H, Co(X)) of the corresponding
C*-dynamical system. This interesting property was observed in |Gre77].

To generalize this to noncommutative situations, Rieffel proposed a notion of
proper group actions on C*-algebras in [Rie04}[Rie90]. For these, it is possible to
build a generalized fixed point algebra as an analogue to the functions on the orbit
space. If H acts properly on a C*-algebra A, the generalized fixed point algebra
Fix" (A) is a subalgebra of the H-invariant multipliers of A. Moreover, there is a
built-in Morita-Rieffel equivalence between Fix™ (A) and an ideal in C*(H, A).

We follow the approach to generalized fixed point algebras of [Mey01]. In
the first section of this chapter, we recall the notation used there and explain the
construction. The following sections are concerned with some results regarding
extensions of C*-algebras and continuous fields. These will be convenient in the
later chapters, where we consider actions of H = R~ on certain C*-algebras arising
from groupoids.

2.1. The construction

For this chapter, let H be a locally compact group and A a C*-algebra with a
strongly continuous action a: H — Aut(A). The following definition and results
are taken from [Mey01].

Denote by Cy(H, A) and C.(H, A) the continuous and bounded, respectively
continuous and compactly supported, A-valued functions on H. The group H acts
diagonally on both spaces via (h - f)(z) = ax(f(h~1x)) for h,x € H.

Definition 2.1. For a € A define the following bra and ket operators
{al: A — Cy(H, A), ({alb) (z) := az(a)*b,

la)): C.(H,A) — A, la)) f = /H az(a)f(z) dz,

where dz denotes a fixed Haar measure on H.

Both operators are H-equivariant and adjoint to each other with respect to the
pairings (a|b) = a*b for a,b € A and (f|g) = [, f(x)*g(z)dx for f € Cy(H, A)
and g € C.(H, A).

The underlying idea of the following is to restrict to a subset R C A, such that
for a,b € R the operators ((a| o |b)) and |a)) o {(b] yield well-defined operators in
C*(H, A) and the multiplier algebra of A, respectively. Then R is completed into

6
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a Morita equivalence bimodule between an ideal in Cf(H, A) and the C*-algebra
generated by |a){(b| for a,b € R inside the multiplier algebra. The latter will be
defined to be the generalized fixed point algebra.

To make this precise, first recall the definition of the crossed product C;(H, A).
There is a covariant representation (p?, p7) of the C*-dynamical system (A, H, @)
on the right Hilbert A-module L?(H, A) given by

(pa ) (@) = ag(a)d(x) forac A,z e H,
(py ¥)(2) = P(zy) for z,y € H,

for ¢ € C.(H, A). Equip C.(H, A) with the convolution and involution

(f*g)(x) = /H )y (g(y~"2)) dy,

(@) = au(fa™h)"
for x € H. The I-norm is defined by

1l = max { [ i@l [ 7@l dx}.

The representation (p?, p¥) integrates to a *-representation p of C.(H, A) with

(1) (@) = /H an(fe )bl dy  for fu € Co(H, A),

which satisfies ||pf|| < || f|lz for all f € C.(H,A).

Definition 2.2. The reduced crossed product C}(H,A) is the norm closure of
p(C.(H, A)) inside B(L?(H, A)).

Lemma 2.3. The representation p* maps to the multiplier algebra of C¥(H, A).
If (uy) is an approximate identity for A, then ||F — pfA oF|| = 0 for each F €
Cx(H,A).

PROOF. The first claim follows from the identity p2 o p; = pas for all a € A
and f € C.(H, A). For the second claim note that

lps = pits 0 pell = llpf—ussll < I —urflr,

which converges to zero for compactly supported f. As C.(H, A) is dense, the same
holds for arbitrary elements of C!(H, A) by continuity. O

To understand ((a|]: A — Cy(H, A) as an adjointable operator A — L?(H, A)
for suitable a € A, we use the following definition.

Definition 2.4. Let {x;: H — [0,1]};cr be a net of continuous, compactly sup-
ported functions with y; — 1 uniformly on compact subsets. Call f € C,(H, A)
square-integrable if and only if (x;f) converges in L?(H, A).

Suppose f € Cy(H, A) is square-integrable and {x;: H — [0,1]};¢s is another
net of continuous, compactly supported functions with x; — 1. It is shown in
[Mil17, 1.13, 1.15] that (¢, f) converges in L*(H, A) as well and that lim(x;f) =
lim(; f). Consequently, being square-integrable does not depend on the chosen
net.

Definition 2.5. An element a € A is called square-integrable if (a|b € Cy(H, A) is
square-integrable for all b € A.
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In this case, we understand ((a| as an operator A — L?(H, A). By [Mey01],
a € A is square-integrable if and only if |a)) extends to an adjointable operator
L?(H,A) — A. We also denote it by |a)). Its adjoint is ((a|]. Let Ay be the
vector space of all square-integrable elements in A. It becomes a Banach space
with respect to the norm

lallsi = llall + [|{al o [a}]I*/* = llall + [lla}]].

Definition 2.6. A subset R C Ag; is called relatively continuous if for all a,b € R
the operator ((a|b)) := ((a| o |b)) € B(L?(H, A)) is contained in the reduced crossed
product C;(H,A) C B(L*(H,A)). It is called complete if R is a closed linear
subspace of Ag; with respect to || - ||s; and satisfies |a)(C.(H, A)) C R for all a € R.

Definition 2.7. A continuously square-integrable H-C*-algebra is a C*-algebra A
with a strongly continuous action of a locally compact group H and a dense subset
R C A which is relatively continuous and complete.

Example 2.8. If H acts properly on a locally compact Hausdorff space X, the
subset C.(X) of Cy(X) consists of square-integrable elements and is relatively con-
tinuous. Defining R to be the closure of C.(X) with respect to the || -||s-norm
yields a continuously square-integrable H-C*-algebra.

For an arbitrary C*-algebra A, it can happen that there is no R C A satisfying
the requirements above or that there are several ones [Mey01]|. However, there is
a sufficient condition that guarantees that there is a unique subset R.

Definition 2.9. Equip the primitive ideal space of A with the Jacobson topology.
There is a continuous H-action on Prim(A) defined by z - P = «,(P) for x € H
and P € Prim(A). The H-C*-algebra A is called spectrally proper, if this action on
the primitive ideal space is proper.

THEOREM 2.10 (|MeyO01, 9.4]). Let A be a spectrally proper H-C*-algebra.
Then there is a unique dense, relatively continuous and complete subset.

Definition 2.11. Let (4, R) be a continuously square-integrable H-C*-algebra.
Let FH(A,R) be the closure of |R)) C B(L?(H, A), A). The generalized fived point
algebra Fix™ (A, R) is defined as the closed linear span of |R) (R| in the H-invariant
multiplier algebra M (A).

Since R is complete, there is a right C.(H, A)-module structure on R defined
by ax f = |a)(f) for a € R and f € Co(H,A), where “: Co(H, A) — C.(H, A) is
given by f(h) := an(f(h™1)) for h € H. Because of the identity |a)) o pr=laxf)
for a € R and f € C.(H, A), this can be extended continuously to a right Hilbert
C:(H, A)-module structure on FH (A, R).

For a,b,c,d € R the operator ((b|c)) € C*(H,A) can be approximated by a

sequence (py, ) with f, € C.(H, A). Therefore, the product
(1) bl) () ) = Tim [a) o py, o ((d] = lim [ax £)(d]
lies again in the generalized fixed point algebra. As (a))(b])* = |b)){(a|, this shows
that Fix (4, R) is a C*-subalgebra of M (A).
Now, we describe the elements of Fix™ (A4, R) more explicitly. In the commu-

tative case H ~ X, functions on the orbit space can be obtained by averaging
functions in C.(X) over the action:

Example 2.12. For a proper action H ~ X and f € C.(X) there is a function
F € Co(H\X) defined by

F(Hz) ::/Hf(hfl-x)dh for Hx € H\X.
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The following lemma suggests to also think of elements of Fix (A,R) for a
noncommutative A as averages over the group action of certain elements of A.

Lemma 2.13 ([Mey01} (19)]). Let (xi)icr be a net of continuous, compactly sup-
ported functions on H that converges uniformly to 1 on compact subsets as above.
Let a,b € R. The net

/ Xi(x)a,(a*b) dx
H
converges to |a)) {(b| with respect to the strict topology as multipliers of A.

Returning to the construction, F7(A,R) is a full left Hilbert Fix™ (A, R)-
module. Let J (A, R) denote the closed linear span of (R |R)) C C!(H, A), which
is an ideal. Then FH (A, R) is a Fix™ (4, R)-J (A, R) imprimitivity bimodule.

The ideal J#(A,R) need not be the whole reduced crossed product. The
following definition is due to Rieffel |Rie90].

Definition 2.14. Let (A4, R) be a continuously square-integrable H-C*-algebra.
Call (A, R) saturated if JH (A, R) = C*(H, A).

Example 2.15. For a proper action H ~ X, Rieffel observed in [Rie82] that
(Co(X),Co(X)) is saturated if the action of H on X is free. We will argue in
Lemma [2.23] that the converse is true as well.

The next lemma, proved already in [Mill7], gives a criterion when a set R C
Agi can be completed to a dense, relatively continuous and complete subset of A.

Lemma 2.16. Let R C A be a dense subalgebra. Suppose R consists of square-
integrable elements, is relatively continuous and H-invariant. Denote by R the
closure of R C Ag with respect to the || - ||si-norm.

Then (A, R) is a continuously square-integrable H-C*-algebra and Fix™ (A, R)
is the closed linear span of |R){(R].

PRrROOF. The inclusion Ay — A is continuous. Since R is dense in A, also R
is a dense subspace of A. As |[{all] = ||la)|| < |la|lsi for all a € Ay, elements of
(R|R)) can be approximated with respect to the operator norm on L?(H, A) by
elements of (R |R)). This shows that R is relatively continuous as well.

It remains to verify that R is complete. First, we show that R - A C R holds.
Let r € R and a € A and choose sequences (r,,), (a,) in R such that [|r —7,[s — 0
and |[a—ay,| — 0. Then ra € Ay because |ra)) = |r)op? and r is square-integrable.
By assumption, rna, € R holds for all n € N. We estimate using [Mey01} (17)]
that

[ra —rnanllsi < ||7llsillan — all + |7 — rollsillanl]-

This converges to zero. Furthermore, R is also H-invariant, which follows from the
invariance of R and [Mey01, (18)]. This implies that |R))(C.(H, A)) C R.

Using similar arguments as for the relative continuity of R, one obtains that
any |a))((b] with a,b € R is a norm limit of elements in |R)){(R]|. O

Remark 2.17. Suppose R C A is a dense, H-invariant *-subalgebra such that
{(alb is bounded with respect to the I-norm for all a,b € R as required in the
original definition in [Rie90|. Then by [Mey01, 6.8] R is relatively continuous
and square-integrable. Therefore, Lemma @ shows that (A4,R) is a continuously
square-integrable H-C*-algebra.
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2.2. Extensions of C*-algebras
Let I be an H-invariant ideal in A such that the sequence
Ci(H,I) — Ci(H,A) — C{(H,A/I) 3)

is exact. If H is an exact group, this is true for all H-invariant ideals I < A. For
example, this holds in our applications in the later chapters where H = Rs¢ = R.

Let R C A be a subset such that (A, R) is a continuously square-integrable
H-C*-algebra. Consider RNI C I and the image of R under the projection q: A —
A/I. We are going to show that the generalized fixed point algebra construction
can be applied to (I, RNI) and (A/I,q(R)), and to relate the respective generalized
fixed point algebras to each other.

In particular, we are interested in what can be said about saturatedness in
this case. This is inspired by the simple observation that if an H-space X can be
partitioned into two H-invariant subsets X = X; L1 X5, then the action on X is free
if and only if it is free on X7 and Xs.

Lemma 2.18 ([Mill7]). Let R C A be a relatively continuous, complete subspace
of A. If I < A is an H-invariant ideal such that is exact, then RNI =R -1
holds.

PROOF. Because I is an ideal in A and R - A = R by [Mey01, Cor. 6.7],
R -1 C RNI follows. The other inclusion uses exactness in ([3). Let r € RN 1. As

((r|r)(L?(H, A)) € L*(H,1)

and (3)) is exact, we have ((r|r)) € Cf(H,I). Now, let (uy)rea be an approximate
unit for I, satisfying u} = uy and |luy|| <1 for all A € A. One computes

7)) = fruapl* = [1{r = rus |7 = rua)ll
< 1) = o o Qr IrM+ 11 1) 0 puy = pug o [ o pi, |
<2 {rlr) = puy o {rl -
By Lemma this converges to zero. Furthermore, ||r — ruy|| — 0 holds. Hence,

r € R - I follows from Cohen’s Factorization Theorem applied to (R, | ||s) as a
right I-module. (]

Lemma 2.19. Let (A, R) be a continuously square-integrable H-C*-algebra and let
I < A be an H-invariant ideal such that the sequence of the reduced crossed products
mn is exact. Let q: A — A/I be the quotient map. Then the following holds:

(i) (I, RN1I) is a continuously square-integrable H-C*-algebra.

(ii) (A/I,q(R)) is a continuously square-integrable H-C*-algebra. Here, q(R)
denotes the closure of ¢(R) C (A/I)si in the || -||si-norm.

PROOF. We prove The linear subspace R NI =R -1 is dense in I because
any element ¢ € I can be factorized as ¢ = a - j for some a € A and j € I.
Since R is dense in A, there is a net (ry)aea € R with ry — a and hence ¢ =
limy ry - j. The square-integrability of elements in R N I is inherited from R, and
[RNIN(C.(H,I)) CRNI holds. Then (RNI|RNI) C C:(H,I) follows from
the same argument as in the proof of Lemma using that is exact. Note
that [[(@ i) |lcx ) = [1€i i) llcs(z,4) for i € RN 1. Because I < A is closed and
R is closed with respect to || - ||si_a, this means that R N T is closed with respect to
I - llsi,r- Hence, (I, RN 1) is a continuously square-integrable H-C*-algebra.

To prove we show that Lemma can be applied to ¢(R) C A/I. As
R C A is a dense linear subspace, the same holds for ¢(R) C A/I. For a € R and
i € I their product ai € R-I = R NI lies in R. All elements g(a) for a € R are
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square-integrable because the quotient map L?(H, A) — L*(H, A/I) is continuous.
Let Q: B(L?(H, A)) — B(L?(H, A/I)) be the canonical map. We have

{(a(a)[q(0)) = Q({alb))  fora,beR.
The relative continuity of g(R) follows as @ maps C;(H,A) to C}(H,A/I). By
[MeyO01} 6.7], R is H-invariant and an essential right A-module, that is, R - A =
R. This implies that g(R) is also H-invariant and satisfies ¢(R) - ¢(R) C q(R).
Therefore, the claim follows from Lemma O

Remark 2.20. The restricted map q: Ag; — (A/I)s is continuous with respect to
the respective || - ||si-norms as for a € A

la(a)ll + 1§a(a) | gD/ = lla(a)ll + Q({a | D)2 < llall + | {a | a)ll-

If R C A is the closure of some Ry C A with respect to the |- |si-norm, then

¢(R) = q(Ro) = q(Ro) because q is continuous with respect to the || - ||s-norms.

In the situation of Lemma FH(I,RNI) is a closed Fix (4, R)-J# (A, R)
submodule of F# (A, R). Under the Rieffel correspondence (see for example [RW98,
3.22)), FH(I,R N 1) corresponds to the ideals Fix® (I, R N I) in Fix” (4, R) and
JE(I,RNI) in JH(A,R).

To study saturatedness, we relate the corresponding ideals in the reduced
crossed products for I, A and A/I.

Lemma 2.21. Let (A, R) be a continuously square-integrable H-C*-algebra and
I <4 A an H-invariant ideal such that is exact.

The restrictions of Ci(H,I) — CH(H,A) and Q: C:(H,A) — CIi(H,A/I) to
JHE(IL,RNI) and JH(A,R), respectively, yield a commutative diagram with exact
rows

JE(I,RNI) —— JH(A,R) — JH(A/I,q(R))

£ £ [ 2

CH(H, 1) — C*(H, A) —% 5 C*(H, A/I).

PROOF. The ideal JH(I,R N I) is mapped into JH#(A, R) under the inclu-
sion. As Q({a|b)) = (q(a)|q(®))) for a,b € R, it follows that J (A, R) maps
to JH(A/I,q(R)). Moreover, the linear span of elements of this form is dense in
JH(A/I,q(R)) so that the restriction is onto. Hence, the claim follows from exact-
ness of the bottom row in (4)) once we show that J# (I, RNI) = JH (A, R)NC; (H, I).

As JE(A,R) and C}(H, I) are both closed ideals in C}(H, A),

JE(A,R)NCHH,I)=JT(A,R)-CHH,I)
holds. Consequently, the linear span of ((a|b)) o py = (a|b* f)) for a,b € R and
f €C.(H,I) is dense in JH (A, R)NC:(H,I). Let (uy)aea be a approximate unit
for I consisting of self-adjoint uy. Lemma implies that ((a|b= f)) is the limit of
pus © {a|bx f)) = (auy | b* f)). This net lies in JZ(I,RNI) as auy € R-I =RNI
and bx f € RNI. Thus, the inclusion JH (A, R)NC:(H, I) C JH(I,RNI) follows.
The converse inclusion is clear. g

Corollary 2.22. Let (A, R) be a continuously square-integrable H-C*-algebra and
1 < A an H-invariant ideal such that is exact. Then (A, R) is saturated if and

only if (I,RNI) and (A/I,q(R)) are saturated.

PROOF. Suppose first that (A, R) is saturated. In the proof of Lemma we
showed that JH(I,RNI) = JH(A,R)NC(H,I). Hence (I,RN1I) is saturated.

Because has exact rows, this implies that (A/I,q(R)) is saturated as well. If

(I,RNI)and (A/I,q(R)) are saturated, (A, R) is saturated because (4]) is exact. O
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As an application we show the following result for actions on spaces.

Lemma 2.23. Let H act properly on a locally compact Hausdorff space X and
assume (Co(X), Co(X)) is saturated. Then the action H ~ X is free.

PROOF. Let z € X and let Hx C X be its orbit. Since the action is proper,
Hzx is H-equivariantly homeomorphic to H/H,. Here H, is the stabilizer of z,
which is a compact subgroup of H. Hence, Cq(Hz) is a quotient of Co(X) by an
H-invariant ideal. Because Co(Hz) is spectrally proper, C.(Hz) is the unique rela-
tively continuous, complete and dense subset by Theorem By Corollary
(Co(Hz),C.(Hz)) is saturated. Hence, Fix™ (Co(Hz),C.(Hz)) is MoritaRieffel
equivalent to C}(H, Co(Hz)). By the Imprimitivity Theorem, C;(H, Co(H/H;)) is
Morita—Rieffel equivalent to C*(Hy).

On the other hand, Fix” (Cy(Hz), C.(Hz)) is isomorphic to the functions on
the orbit space. As Hx consists of a single H-orbit, this generalized fixed point
algebra is isomorphic to C. Hence, C and C*(H,) are Morita—Rieffel equivalent.
This can only be true if H, = {e}. Therefore, the H-action on X is free. O

Not only the ideals in the crossed product algebras fit into an exact sequence.
The same is true for the corresponding generalized fixed point algebras. The sur-
jective homomorphism ¢: A — A/I has a unique strictly continuous extension
M(A) = M(A/I). Let § be its restriction to Fix™ (4, R).

Proposition 2.24. Let (A, R) be a continuously square-integrable H-C*-algebra
and I < A an H-invariant ideal such that is exact. There is an extension of
generalized fixed point algebras

Fix? (I, RN T) —— Fix (4, R) — Fix(A/I,q(R)).

PrROOF. For a,b € RN I, we can view |a)((b| as a multiplier of I or A. As
la) {(b|(A) C I it follows that |||a)) (b]]lr = |||a){(b]||a. Hence, by extending contin-
uously we obtain an injective *-homomorphism Fix (I, R N I) — Fix" (4, R).

Denote by § the induced H-action on A/I. Strict continuity of ¢ and Lemma
imply

alla) () = tim [ afasab)do = lim [ fufata®b) do = la(a)) (a(b)
for a,b € R. This shows that the image of § is contained in Fix™ (A, ¢(R)). More-
over, the linear span of elements of this form is dense in Fix"(4,¢(R)). So q is
onto.

It remains to show that the kernel of § is Fix (I, RN I). The computation
above yields §(|a)(b]) = |q(a)){(q(b)| = 0 for a,b € RN I. Thus, Fix (I, RN I) is
contained in ker(g). Let T € Fix™ (A, R) be such that §(T') = 0. By the C*-identity
in Fix™ (4, R)/Fix™ (I, RNI) it will suffice to show that T*T € Fix™ (I, RNI). By
[Mey01}, (13)], T*|a) {(b] = |T™*a)){(b| holds for a,b € R. As T*a is square-integrable
and |T*a) = T*|a) € Fix (4, R) - FH(A,R) C FH(A,R), [Mey01, 6.5] implies
T*a € R. Moreover, ¢(T*a) = ¢(T*)q(a) = 0 shows that T*a € RN 1. The
equalities R NI = R - I and I = I? imply that there are ¢ € R and 4,j € I with
T*a = cij. The computation

|cig) (b = (lci)) o pj) o (bl = [ci) (b)) © pj=)" = [ci) (b5

shows that T*|a)) (b € Fix” (I, RN I). By definition of the generalized fixed point
algebra, T' is the limit of a sequence in the linear span of |R)){(R|. Hence, it follows
that T*T € Fix" (I, RN ). 0
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2.3. Continuous fields of C*-algebras

We end this chapter with some results on generalized fixed point algebras of con-
tinuous fields of C*-algebras. Recall the definition of continuous fields of C*-algebras
and Co(X)-algebras.

Definition 2.25. Let X be a locally compact Hausdorff space. A Cy(X)-algebra
is a C*-algebra A with a non-degenerate injective homomorphism 6: Co(X) —
ZM(A) into the centre of the multiplier algebra of A.

Definition 2.26. Let X be a locally compact Hausdorff space and (4,).cx a
family of non-zero C*-algebras. A family a = (a;)zecx of a, € A, is called a section.
An upper semi-continuous of field of C*-algebras is a triple (X, (Az)zex, A), where
A consists of sections and satisfies
(i) A is a C*-algebra with respect to the pointwise operations and the norm
lall = sup,e x|laz |,
(ii) Ay ={az |a€ A} forall z € X,
(iii) for each a € A the map x — ||a,|| vanishes at infinity and is upper semi-
continuous,
(iv) for each f € Cy(X), the section f -a defined by (f - a), = f(z)a, is in A.
It is called a continuous field of C*-algebras if the maps = — ||a,|| inbelong to
Co(X) for all a € A.

It is well-known that every upper semi-continuous field of C*-algebras over X
is a Co(X)-algebra using Conversely each Cy(X)-algebra defines an upper
semi-continuous field of C*-algebras with fibres A, = A/I, - A, where I, is the
ideal of functions in Co(X) that vanish at € X (see [Nil96, 2.3]).

Definition 2.27 (|[Kas88|). Let H act on a locally compact Hausdorff space X.

Denote by 7,,(f)(z) = f(h=t-2) for h € H and x € X the induced action on Co(X).
A Cy(X)-algebra A with 6: Co(X) — ZM(A) and an H-action a: H ~ A is

called an H-Cy(X)-algebra if the actions are compatible in the following sense

an(0(p)a) = 0(mh(p))ap(a) forall he H, ¢ € Co(X) and a € A.

Recall that the spectrum Aofa C*-algebra A is the set of unitary equivalence
classes of irreducible representations 7: A — B(#). It becomes a topological space
when pulling back the Jacobson topology on Prim(A) to A using the map [7] —
ker(m). If H ~ A is a strongly continuous action, there is a continuous action
H ~ A given by (z - 7)(a) = m(cy-1(a)) for [1] € A, 2 € H and a € A.

Let (A,R) be a continuously square-integrable H-C*-algebra. Every non-
degenerate representation 7 of A can be extended to M(A). Denote its restriction
to Fix (A, R) by 7.

In the commutative case, this procedure allows to completely describe the rep-
resentation theory of the generalized fixed point algebra. By Gelfand duality, the
spectrum of the commutative C*-algebra Co(X) is X. If H ~ X is a proper ac-
tion and (4,R) = (Co(X),C.(X)), the map 7 + 7 induces a homeomorphism
between H\A = H\X and Fix/ (4, R).

This generalizes to H-Cy(X)-algebras as follows. We summarize some results
concerning H-Cy(X)-algebras proved in [Mey01,aHRW 00, Rie04,aHRWO02].
Proposition 2.28. Let H ~ X be a proper action on a locally compact Hausdorff
space X and A an H-Co(X)-algebra with 6: Co(X) — ZM(A).

(i) The subset R := 6(C.(X))A is dense, relatively continuous and complete.
Moreover, it is the unique such subset.
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(ii) If the action of H on X is free, the map 7 — T induces a homeomorphism

H\A — Fix" (A, R) and (A, R) is saturated.
PrROOF. An H-Cy(X)-algebra where the action H ~ X is proper is spectrally
proper as argued in [Mey01} Sec. 9]. The R above is the unique, dense, relatively
continuous and complete subset constructed in [Mey01] 9.4]. The first claim in [(ii)]

is proved in [aHRWO0O, 3.9], the second in the preprint version of |Rie04| and in
[aHRWO02, 4.1]. O

The following result applies to trivial continuous fields Co(X, A), where the
action is taking place on the base space X.

Lemma 2.29 (|Rie90, 2.6], [RWS85| 3.2]). Let H ~ X be a proper action and
A a C*-algebra. Let H act on Co(X,A) by (tnf)(z) = f(h™t 2) for h € H,
f€Co(X,A) and x € X. There is an isomorphism

U: Fix" (Co(X, A), Co(X, A)) — Co(H\ X, A),

(1) (g (Hx) = /H (f*-g)(h" - z)dh  for Hx € H\X and f,g € Co(H, A).

In particular, for A = C the generalized fixed point algebra is isomorphic to
Co(H\X) as claimed before.

In contrast to the situation above, consider now what happens if the H-action
only takes place in the fibres of a field of C*-algebras.

THEOREM 2.30 ([Rie90, 3.2]). Let A be a continuous field of C*-algebras
over X with fibre projections p,: A — A, for v € X. Suppose that (A, R) is a
continuously square-integrable H-C*-algebra such that ker(p,,) is H-invariant for all
x € X. Furthermore, assume that H is a o-compact, exact group. Then Fix! (A, R)
is a continuous field of C*-algebras over X with fibre projections

Pe: Fix" (A, R) = Fix" (A,, p.(R)).
Remark 2.31. The above theorem in [Rie90| requires that the field A is Hilbert
continuous and that C*(H, A,) = C*(H, A,) for all x € M. These assumptions
are only needed to show that C!(H, A) defines a continuous field of C*-algebras
over X with fibres C*(H, A,). But this is true for any o-compact, exact group H
by [KW99, 4.2].

Now we study what can be said about saturatedness in this case.

Lemma 2.32. Let A be an upper semi-continuous field of C*-algebras over X with
fibre projections p,: A — Ap. If I < A is a proper ideal, then there is x € X such
that p,(I) < Ay s a proper ideal.

PRrROOF. By Lee’s Theorem (see [Lee76| or [Nil96} 3.3]) there is a continuous
map v¢: Prim(A) — X satisfying

Y(P)=xz & PCK,={a€ A|py(a) =0}

and A, 2 A/K, for all x € X. As I can be written as the intersection of primitive
ideals, it follows that there is a primitive ideal P € Prim(A) with I C P C A.
Let = ¢(P). The homeomorphism {Q € Prim(A) | K, C P} — Prim(A/K,) =
Prim(A;) maps P to p,(P). Then p,(I) C p,(P) C A,, and p,(P) # A, as
otherwise p, (P) would correspond to A under this homeomorphism. O

Corollary 2.33. In the situation of Theorem (A, R) is saturated if and only
if (Az,p2(R)) is saturated for all x € X.
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PROOF. Suppose first that (A, R) is saturated. By Corollary (Az,p2(R))
is saturated for all x € X.

Assume now that all (A,, p,(R)) are saturated. By assumption on H, C*(H, A)
is a continuous field of C*-algebras over X with fibre projections (p;).: Ci(H, A) —
Ci(H, A,) for z € X. Because

(Pz)«({a| b)) = (pz(a) [ pz (b)) fora,beR,

it follows that (p,).(J(A,R)) = C:(H,A,) for all z € X. Now Lemma [2.32]
implies that JH (A, R) = C:(H, A). O



CHAPTER 3

Graded and homogeneous Lie groups

In this chapter, we discuss graded and homogeneous Lie groups. These are Lie
groups which are equipped with a dilation action of Ry and, therefore, allow to
define homogeneity with respect to the dilations. Detailed studies of these groups
can be found in [FS82| or [FR16].

Definition 3.1. A graded Lie group is a simply connected Lie group whose Lie
algebra g admits a grading

g= @gj with only finitely many g; # {0}
j=1

which is compatible with the Lie bracket, that is, [g;,gx] C g+ for all j,k € N.
The graded Lie group is of step r if g, # 0 and g; = 0 for all j > 7.

Note that the condition on the bracket forces the Lie algebra to be nilpotent.
Consequently, also the Lie group is nilpotent.

Example 3.2. The simplest example of a non-Abelian graded Lie group is the
(2n 4 1)-dimensional Heisenberg group H,. Its Lie algebra b is generated by
{X1,..., X, Y1,...,Y,, Z} satistying [X;,Y;] = Z and [X;,Z] = [V, Z] = 0 for
i=1,...,n. Hence, h; = span{Xy,...,X,,Y1,..., Yy}, bo = span{Z} and h; =0
for 7 > 2 defines a grading of step 2 on §.

Example 3.3. For n > 2, the group of unitriangular (n X n)-matrices is a graded
Lie group of step n — 1. The strictly upper triangular matrices n are its Lie algebra.
Let Ey; be the matrix with entry 1 at (k,l) and 0 otherwise. Then a grading is
defined by nj =span{Ey; || —k=j}forj=1,...,n—1and n; =0 for j > n.

Graded Lie algebras can be equipped with an action of R~q. Set A-X = M X for
X € g; and A > 0. This extends to an Rsg-action by Lie algebra automorphisms.

Instead of starting with a grading, one can consider certain R -actions on Lie
algebras. This yields the slightly more general class of homogeneous Lie groups.

Definition 3.4. For a Lie algebra g and a diagonalizable, linear map A: g — g
with positive eigenvalues ¢1 < g2 < ... < gp, set Dy := Exp(A1n(\)). Here, Exp
denotes the matrix exponential. If all D) are Lie algebra homomorphisms, {Dy}x>o
is called a family of dilations.

A homogeneous Lie group is a simply connected Lie group G whose Lie algebra g
is equipped with a family of dilations {Dx}x>o. The eigenvalues {q1,...,¢,} are
called weights.

Folland and Stein assume in [FS82] that ¢; = 1. This can be achieved by
scaling appropriately. We shall also assume this in the following. In particular, all
weights satisfy ¢; > 1.

We fix a basis of eigenvectors { X1, ..., X, } corresponding to the weights. Then
Dy (X;) =A% X, holds for 1 < j < n.

16
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Example 3.5. A Lie algebra may admit different dilations. For example, let
{X1,...,X,} denote a basis for the Lie algebra of the Abelian group G = R™.
Then for all (¢1,...,q9,) € RY, there is a dilation defined by D X; = A% X,. The
standard dilation on R™ is given by scalar multiplication, that is, ¢; = 1 for all
j=1,...,n.

Lemma 3.6 ([FS82, 1.3]). Homogeneous Lie groups are nilpotent.

PROOF. Let G be a homogeneous Lie group with dilations D) and weights 1 =
q1 < q2 < ... <@y, Suppose X,Y are eigenvectors corresponding to the eigenvalues
¢i,q; > 0 of A, respectively. Then D)\[X,Y] = [DA(X),Dx(Y)] = NT%[X,Y].
Therefore, either [X,Y] = 0 holds or [X,Y] is an eigenvector of A corresponding
to the eigenvalue ¢; 4+ ¢;. Using that A has only finitely many eigenvalues, one can
deduce that g — and therefore G — is nilpotent. O

Consequently, the exponential map exp: g — G is a diffeomorphism. In the
following, we often identify (x1,...,2,) € R™ with its image exp(z1 X7 + -+ +
nX,) € G under this global coordinate chart. In particular, 0 € G denotes
the neutral element in a homogeneous Lie group and z~! = —z is the inverse.
Moreover, the multiplication in G is determined by the Lie bracket on g by the
Baker—Campbell-Hausdorff Formula (see, for example, |CG90, 1.2.1]).

Proposition 3.7 (Baker—-Campbell-Hausdorff Formula). Let G be a nilpotent Lie
group and X,Y € g. Then there is a unique Z € g be such that exp X -expY =
exp Z. It is given by

Z=X+Y+ X Y]+ & (XX, Y] - [V [X,Y])
—35 (Y [X, [X, Y]] = [X, [V, [X, Y]]) ()
+(commutators of order > 4).

As the Lie algebra is nilpotent only finitely many commutators up to a certain
order appear in the formula above.

Because DyoD,, = Dy, for A\, i > 0, the dilations define an action D : Ryo ~ g
by Lie algebra automorphisms. Denote by d: R~y m~ G the corresponding action
by Lie group automorphisms. We shall also use the notation dy(z) = A -z forz € G
and A > 0.

Remark 3.8. If all weights of a homogeneous Lie group are rational numbers,
it is a (scaled) graded Lie group (see [FR16| 3.1.9]). Hence, one can construct
examples of homogeneous Lie groups that are not scaled graded Lie groups as in
[FR16, 3.1.11]. Also note that there are nilpotent Lie groups that do not admit a
family of dilations (see |Dye70]).

3.1. Analysis on homogeneous Lie groups

In this section we recall some definitions like homogeneous quasi-norms that
proved to be useful to do analysis on homogeneous groups. The dilations induce
new notions of homogeneity for functions and of the order for differential operators.
We also consider Schwartz functions and (tempered) distributions on homogeneous
groups.

Definition 3.9. The homogeneous dimension of a homogeneous Lie group G with
weights 1 = ¢ < ¢ < ... < gy, isdefined as Q@ = ¢ + g2 + ... + q,. A function f
on G\{0} is called w-homogeneous for w € C if f(0x(z)) = A\ f(z) for all z # 0.

Lemma 3.10. Let G be a homogeneous Lie group of homogeneous dimension Q.
The pullback of the Lebesgue measure under the exponential map defines a Haar
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measure on G. The group G is unimodular and the Haar measure is Q-homogeneous,
that is,

/Gf(ék(x)) dz = A9 /G flz)dz
for each A > 0 and f € LY(G).

For simply connected nilpotent Lie groups the pullback of the Lebesgue measure
defines a left and right Haar measure [FS82| 1.2]. The Q-homogeneity follows from
the behaviour of the Lebesgue measure under scaling.

Because the Euclidean norm does not behave well with respect to the dilations
in general, we replace it by a homogeneous quasi-norm.

Definition 3.11 ([FR16| 3.1.33]). A homogeneous quasi-norm on a homogeneous
Lie group G is a continuous function || - ||: G — [0, c0) with
(i) |lz|| = 0 if and only if z =0,
(ii) [|—z| = ||z| for all z € G,
(iii) [[oa(z)]] = A||z|| for all z € G and A € Rs.

In the following, we fix a homogeneous quasi-norm on G, for instance,
n
[l]| ::Z\mﬂl/q" for x € G. (6)
j=1

In fact, by |[FR16} 3.1.35] all homogeneous quasi-norms on a given homogeneous
Lie group are equivalent. There is an analogue of the triangle inequality for a
homogeneous quasi-norm:

Lemma 3.12 ([FS82, 1.8, 1.10]). Let G be a homogeneous Lie group. There is a
constant v > 1 such that ||zy|| < (x| + llyll) for all z,y € G.

For R > 0 we define R-balls around =z € G with respect to the quasi-norm by
B(z,R) = {y € G| lay~"|| < R}.
Using the dilations and the continuity of the quasi-norm one checks that the closure
of B(z, R) in the Euclidean topology is {y € G | |lzy~!|| < R}. Furthermore, the
B(z, R) are bounded as the Euclidean 1-norm || - ||; satisfies ||z]|; < n + ||z||% for

x € G and the quasi-norm in @ Hence, closed balls with respect to a homogeneous
quasi-norm are compact and, in particular, have finite Haar measure.

Remark 3.13. Let G be a graded Lie group and let ¢ be a common multiple of the
weights qi,...,¢, € N. For the Euclidean norm || - ||2, we have that x ~ [|z[|3 =
Z?:l x? is smooth. As this is not necessarily true for homogeneous quasi-norms,
it is sometimes convenient to use

2a/q;
O(x) := ijq/q

instead. It is a smooth (2¢)-homogeneous function G — [0, 00). Moreover, one can
estimate ||z|| < ®(x) < n|z||?? for all z € G and the homogeneous quasi-norm
above.

We will use the following integrability criterion for functions on a homogeneous
Lie group later on.

Lemma 3.14 ([FS82, 1.17]). Let a € R and let f be a measurable function
on a homogeneous Lie group G of homogeneous dimension Q. Suppose |f(z)| =
O(||z||*=9). If a > 0 then f is integrable near 0. If a < 0, then f is integrable near
infinity.



3.1. ANALYSIS ON HOMOGENEOUS LIE GROUPS 19

Definition 3.15. For a multi-index oo € Nj its homogeneous degree is defined as
[a] == a1q1 + -+ + @ngn, while its FEuclidean degree is |a| := a3 + -+ + o A
function P on G is called polynomial if P o exp is polynomial.

Example 3.16. The polynomials 2% for a € Njj are [a]-homogeneous functions.

Using the Baker—-Campbell-Hausdorff formula and the homogeneity of the
coordinate functions, the following is proved in [FR16, 3.1.24]:

Proposition 3.17. For a homogeneous Lie group G with weights g1 < ... < qp
and a corresponding basis of eigenvectors X1,...,X,, € g there are constants c;j o g
for 5 =1,...,n such that for all x,y € G with respect to this basis

@ y)y=z+y+ Y, Casay’ (7)
a,BeN\{0}
[a]+[B]=4;

The Poincaré—Birkhoff-Witt Theorem identifies the universal enveloping alge-
bra U(g) with the left-invariant, respectively right-invariant, differential operators
on G.

Definition 3.18. For the basis of eigenvalues fixed above, define the left- and right-
invariant differential operators Xy,..., X, and Y1,...,Y, by setting for f € C}(Q)

(X)) = 5 (o exp(tX))]y

05 = S sexp3,) 0]y

Left, respectively right-invariant, means that they commute with the left reg-
ular representation 7y, respectively right regular representation mg, given by

(mr(@)f)(y) = flz"y),
(mr(2)f)(y) = f(yz)

for f: G — C and z,y € G. For a multi-index o € Njj set

X& = X{JthgQ . ‘X'zén7
Ya — Y1a1}/20¢2 L. Ynan-

The operators X and Y* for o € Nf form a basis for the left-, respec-
tively right-invariant, differential operators on G. Let U(g) be equipped with the
R<-action induced by the dilations on g. For a differential operator P define

S5 (P)f(z) :=P(fodx)(\'-x) for A>0and x € G. (8)

Assigning to an element of U(g) its left-invariant or right-invariant differential op-
erator is Rsg-equivariant for these actions. We say that a differential operator P is
homogeneous of order ¢ if 65 (P) = A?P. In particular, X and Y'* are homogeneous
of order [a].

The triangular form of the group law allows to express X; and Y} in terms of
the partial differential operators with respect to the coordinate functions as follows:

Proposition 3.19 ([FR16, 3.1.28]). Let G be a homogeneous Lie group with
weights 1 < ... < qn. For j=1,...,n and k > j there are (g, — g;)-homogeneous
polynomials Py, and Qi such that the vector fields X; and Y; defined above can be
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written as
: +
X ax] Z J’“a Th axj Z a Fite
qK>4q; K>
Y, =—+
a x; 2 Qﬂ’“ax ax] Z 8:10
qk>q; qr>q;
The polynomials Pj and @, only depend on (z1,...,x,—1) because otherwise
they would be homogeneous of a higher order than g;, — g;. Hence, they commute

with the partial derivatives %.

Identifying G with R™ using the exponential map, one can consider the Schwartz
space S(G). One can replace the partial derivatives in the usual definition of the
Schwartz seminorms by the operators X; or Y; or vice versa because of Propo-
sition Furthermore, polynomials in ||z||2 for the Euclidean norm can be
estimated by polynomials in ||z| for a homogeneous quasi-norm and the other
way around. Therefore, one may use the following family of seminorms defined
in [FS82]|.

Definition 3.20. For a fixed homogeneous quasi-norm |- || and N € Ny define
Ifllx = sup (14 [lz)V[(Xf)(@)| for f e CZ(G).
a]<N, z€G

The Schwartz space S(G) is the completition of C°(G) with respect to the semi-
norms | - ||x for N € N.

Lemma 3.21 ([FS82, 1.46, 1.47]). The involution and convolution with respect to
the group multiplication on G given by

fr(@) = flz=1),

(z—
/ Fy)gly™ ) dy
define continuous maps S(G) — S(G) and S(G) x S(G) — S(G).

The following lemma shows how X* and Y'“ interact with the convolution.
Lemma 3.22. For f € S(G), define f € S(G) by f(z) = f(z~1). Then the left-
and right-invariant differential operators are related by

vof=(-DlIXef and Xof = (-1)llyef
for f € S(G). Moreover, they behave as follows with respect to the convolution:
XUfrg)=F+(X%), Y(fxg)="f)xg, (Xf)xg=F+¥"g) (9)
for f,g € S(G).

We denote by S’'(G) the space of tempered distributions, the continuous dual
of the Schwartz space. We recall some facts on distributions that are well-known
for G = R™ (see for example [Rud91]), and that carry over to homogeneous groups.
First, the convolution of a tempered distribution and a Schwartz function is defined:

Lemma 3.23. There are well-defined, bilinear, separately continuous maps

x: §'(G) x S(G) — S'(G), (ws f,q) == (u,g* f),

x: S(G) x 8'(G) = §'(G), (f xu,g) = (u, f *g),
foru e 8'(G) and f,g9 € S(G). They satisfy the following associativity properties
(frg)ru=fx(gxu), (uxflxg=ux(frg) and (fxu)rg=[fx(uxg)
forue S'(G) andf,gES(G
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Moreover, the action of X* € U(g) for a € N as a left-invariant or right-
invariant operators on S(G) can be extended to 8’(G) by setting for u € §'(G) and

fes(G)

(X, f) = (=), X°f),

(You, f) = (=1 u, Y f).
Let £'(G) denote the continuous dual of £(G) = C=(G). For the delta distribution
u =20 € &'(Q) defined by (9, f) = f(0), set X* := X*) = Y*§ € £'(G), slightly
abusing notation.

Note that for u € S'(G) and f € S(G) the convolution u* f belongs to C*°(G).
Therefore, the convolution of a compactly supported distribution v € £'(G) and
u € §'(G) is well-defined by setting

(v, f) = (o, f 5 1),
Here, @ € 8'(G) is defined by (@, f) = (u, f) for f € S(G).
Lemma 3.24. Let X* € U(g), u € S'(G) and f € S(G). Then the following holds:
(i) X**xu=Y% and u*x X* = X%u,
(ii) f* (X¥xu)=(f XY *xu

PRrOOF. For note first that for f € S(G) and v € S(G), X*(f *xu) =
f*(X%u) and X% = (—1)l*lY ey, These follow from the corresponding properties
on S(G). Hence, for all f € S(G)

(X, f) = (=1)748, X (f @) = 0.1+ You) = (Y°u, f)

holds. The second claim is proved analogously. For note that the left hand side
is well-defined as X xu € §'(G) by [([)} It remains to show f* (Y%u) = (X f)xu
One computes for g € S(G)

(f * (You),g) = (You, f + g) = (~1)1*Nu, Y (F x g)) = (1)l u, (Y f) * g)
= (u, XOf % g) = ((X°f) % u, g). O

Lemma 3.25. Let ¢: H — G be an injective, R~q-equivariant, smooth homomor-
phism between homogeneous Lie groups H,G. It induces continuous linear maps

#*: S(G) — S(H), J=fod,
¢ S'(H) = S'(G), (@(u), f) = (u, 6" (f))-
They satisfy
(i) ¢+(9)

5,
(i) 64(2) = 64 (u) for u € S'(H),
(ili) ¢u(u) € E'(G) foru e &'(H),
(iv) du(u*v) = @u(u) * ¢ (v) for allu € E'(H) and v € §'(H).

PRrROOF. Pick homogeneous quasi-norms on H and G. As z — ||¢(z)]| is con-
tinuous, it attains a minimum C' on the anisotropic sphere S = {z € H | ||z| = 1}.
Because ¢ is an injective homomorphism, C' > 0 must hold. For = € H arbitrary,
set A = ||z||. As ¢ is equivariant for the dilations,

le@) = 1Ix- 61 - 2)[| = Mo(A™" - 2)]| > Clla]. (10)
For X € h, X(fo¢) = (do(X)(f)) o ¢ holds. Therefore, one obtains constants Cn
for N € N such that ||[¢*(f)||nv < Cn||fl|ln for all f € S(G). This norm estimate
implies that for fr — f in S(G) also ¢*(fx) — ¢*(f), which means that ¢* is

continuous.

1)
1)
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For u € S'(H), ¢«(u) is a linear functional. It is continuous as f; — 0 in S(G)
implies that ¢*(f;) — 0, so that (¢.(u), f;) = (u,¢*(f;)) — 0. Moreover, ¢, is
linear and continuous, because if u; — v in §’'(H), then for f € S(G)

(0+(us), f) = (uj, &7 (F)) = (u, ¢"(f)) = (¢x(u), ).
As ¢(0) = 0,[(Q)]is clear. Property [(ii)] follows as ¢ is a homomorphism. For
we need that ¢ is proper. This follows from continuity of ¢ and . In particular,

the right hand side of [(iv)|is well-defined. Let u € &'(H), v € S'(H) and f € S(G).
Then

(@u(uxv), f) = (u,(f 0 ¢) * ),
(9 () * 6. (0), f) = (. (f * 6:0) 0 ).
Using [(ii)} it remains to show
(fod)*v=(f*du(v)o¢p forallveS(H).

This follows from
tr(e™)f o b = (wr(d(x) ) f) 0 ¢
for all f € S(G), which uses again that ¢ is a homomorphism. O

3.2. Representation theory and Kirillov’s orbit method

Now, we recall some facts about the representation theory of nilpotent Lie
groups and their group C*-algebras. For homogeneous Lie groups, the dilations
induce actions on the respective spaces of representations.

The vector space of continuous compactly supported functions C.(G) becomes a
*-algebra when equipped with the same involution and convolution as in Lemma[3.21]

Definition 3.26. For a homogeneous Lie group G denote by G the set of equiv-
alence classes of irreducible, unitary representations w: G — U(H,). For such a
representation 7 and f € C.(G) define the operator

A(f) = /Gf(x)ﬂ'(x) dz € B(Hy)  for f € Cu(G). (1)

This defines a *-representation 7: C.(G) — B(H). The full group C*-algebra
C*(G) is defined as the closure of C.(G) with respect to [|f|| = sup__s[7(f)]. It
contains the Schwartz space S(G).

By [Dix59] homogeneous Lie groups are liminal, so that all representations 7
map onto the compact operators K(H.).

The homogeneous structure allows to define an Rsg-action on G. For an irre-
ducible, unitary representation 7 set (A - 7)(x) = w(dy-1(x)) for A > 0 and = € G.
It is easy to see that A -« is again an irreducible, unitary representation and that
the action is well-defined on the equivalence classes.

Furthermore, we define a strongly continuous action o: R~ ~ C*(G) by

ox(f)(x) = A9f(6x(z)) for A >0, f € C.(G) and z € G.

It is not hard to check using the homogeneity of the Haar measure in Lemma [3.10]
that each o) is a *-homomorphism and an isometry with respect to the C*-norm.

This action on C*(G) induces in turn an action on the spectrum of C*(G) by
A - p)(f) = plox-1(f)) for a *-representation p: C*(G) — B(H,). Again, it is
well-defined on the equivalence classes of irreducible representations.

Proposition 3.27. For a homogeneous Lie group G the map G — C* (G) induced
by ™ — T is an Rsg-equivariant bijection.
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PrOOF. It is well-known that the map above is a bijection for each locally
compact group G. The equivariance under the Rsg-action follows because the
Haar measure is @-homogeneous, so that

(A = [ (ons D) de = [ )y @)de = 57(0)

G
for A > 0 and f € C.(G). O

In particular, G becomes a topological space with respect to the topology on

—

C*(G) under the bijection above. Kirillov’s orbit method |Kir62] allows to describe
G as the orbit space of the coadjoint action of G on g*, the dual of its Lie algebra.

Recall that the adjoint representation Ad: G — Aut(g) is given by Ad(x) =
d(az)o: ToG — ToG, where . (y) = xyz~! is given by conjugation. The coadjoint
action is defined by

(co-Ad(2)l, X) := (I, Ad(z~ 1) X)

forl € g*, x € G and X € g. The corresponding infinitesimal representation co-ad
of g on g* is given by (co-ad(X)I,Y) = (I, [V, X]) for l € g* and X, Y € g.

The orbit space G\g* is equipped with the quotient topology. For each | € g*,
one can construct a unitary representation m; of G as described in the following.
Define a skew-symmetric bilinear form b;: g x g — R by

h(X,Y) = (I,[X,Y]) for X,Y €g.

Denote by g; its radical. A subspace V C g is isotropic with respect to b; if
b(X,Y) = 0 for all X,Y € V. A maximal isotropic subspace has codimen-
sion £ dim(g/g;). A polarizing subalgebra for I is a subalgebra by C g that is an
isotropic subspace of codimension % dim(g/g;). Such a polarizing subalgebra always
exists (see [CG90, 1.3.3, 1.3.5]).

The formula y;(exp X) = e!tX) for X € by defines a one-dimensional repre-
sentation of H; = exp(h;). It is multiplicative, because if exp X -expY = exp Z for
X,Y € b, then Z is given by the Baker—Campbell-Hausdorff formula as

Z=X+Y+3X, Y]+ 4 (X, [X,Y]] - [V, [X,Y]]) + (commutators of order > 3),

so that all higher terms lie in [f;, ;] C kerl. Denote by m = Indngl the induced
representation of y; from H; to G.

Let Rso act on g* by (A- 1, X) = (I,Dy-1(X)) for A > 0,1 € g* and X € g.
This action descends to the orbit space of the coadjoint action as Dy o Ad(x) =
Ad(X-z)o Dy for A >0 and z € G.

Lemma 3.28 (|[CG90, 2.1.3]). Let H be a subgroup of a locally compact group G
and let « be an automorphism of G and w a unitary representation of H. Then
a~Y(H) is also a subgroup and

Indgfl(H) (moa)~ (Indflw) oo

Lemma 3.29. Kirillov’s map G\g* — G induced by | — m is an Rsg-equivariant
homeomorphism.

ProoF. Kirillov proved in [Kir62] that the map is well-defined. In particular,
the equivalence class of m; does not depend on the choice of the polarizing subal-
gebra h;. Two representations 7, and 7, are equivalent if and only if /; and Iy lie
in the same coadjoint orbit. Moreover, he proved that the map is continuous and
onto. The continuity of the inverse map is due to [Bro73|. To see that the map
is equivariant, note that xx.; = x; 0 dy—: and that d,(H) is a polarizing subalgebra
for A -1. Hence, Lemma yields that my; ~ X\ - m. O
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Note that all [ € g* that vanish on [g,g] induce one-dimensional represen-
tations m;. In particular, [ = 0 induces the trivial representation on C. If the
polarizing subalgebra is not all of g, the corresponding Hilbert space is infinite-
dimensional.

3.3. Stratification of the representations

The goal of this section is to use Kirillov theory and the coarse stratification by
Pukénszky [Puk67] to find a sequence of increasing, open, R g-invariant subsets

D=VoCViCVaC...C Vp=G\{muriv} (12)

such that all A; := V; \ V;_; are Hausdorfl and the Rsg-action on each of these
subsets is free and proper. This sequence will play an essential role in Chapter

Note that the following construction to find such a sequence of open subsets
works for all simply connected nilpotent Lie groups. However, a dilation action is
only defined for homogeneous Lie groups.

We start by describing Pukdnszky’s stratification of g*. Recall that we fixed
a basis {X1,...,X,} of g such that Dy(X,;) = A% X for all 1 < j < n. By the
triangular form of the group law all

¢, = span{X,11,..., X} fori=0,...,n

form an ideal in g. In particular, {Xi,...,X,} is a strong Malcev basis of G as
defined in |[CG90, 1.1.13], which is also called a Jordan-Holder basis in [Puk67].
Note that they require span{Xj,...,X;} to be ideals. We stick to the reversed
ordering of the basis as this is standard for homogeneous Lie groups.

Let {X},...,X;} denote the corresponding dual basis of g* and let & =
span{X;,..., X7} for i = 0,...,n. An element [ € g* is contained in & if and
only if (I,&) = 0. As the ¢ are ideals and are, therefore, invariant under the
adjoint action, the €& are invariant under the coadjoint action. Hence G acts on
each g* /.

Write p;: g* — g* /& for the projection. By [CG90, 3.1.4] the orbits G - p;(l)
of p;(1) under the coadjoint action are closed. Hence, they define submanifolds of
g*/&-. Following |[CG90|, make the following definition.

Definition 3.30. For [ € g* let d(I) = (do(l),d1(l),...,dn—-1(l)) denote the se-
quence of orbit dimensions d;(1) = dim(G - p;(1))-

The entries of d(I) are decreasing. The corresponding stabilizer subgroups Gy, )
form an increasing sequence

Gpott) © Gputy) S -+ € Gpa)-
The same is true for their Lie algebras g,,). By [CG90, 3.1.1] they are given by
9.y = {X € g | coad(X)l € &}
={Xeg|{,[X,Xi])=0for k=i+1,...,n}.
Example 3.31. The computation in [CG90, 3.1.11] of the coadjoint action on the
3-dimensional Heisenberg group H; yields
co-Ad(z,y,2)aX* + BY* +~4Z" = (a+yy) X"+ (8 — Y)Y  +~+Z*

for (z,y,z) € Hy and «, 3,7 € R. This shows for X; = X, Xo =Y and X3 = Z
that

d(aX*+ B8Y* +~2%) =(2,1,0) if vy #0,
d(aX™* 4+ B8Y™) = (0,0,0).
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With the help of the next lemma an argument by Pukanszky [Puk71) p. 70]
shows that the definition of d(l) as above coincides with the one given, for example,
in [BBL16], by jump indices.

Lemma 3.32. Letb: VxV — R be a skew-symmetric bilinear form, V=* its radical
and W C 'V a subspace. Then

dim(W) + dim(W+) = dim(V) + dim(W n V).

Lemma 3.33. The dimensions in d(l) decrease by steps of zero or one. There is
a jump, that is, d;—1(1) = d;(I) + 1 if and only if

X; ¢ g1 +span{X;1,..., Xn}

PROOF. The orthogonal complement of g; + span{X;1,..., X, } with respect

to the bilinear form b is g, ;- Hence, by Lemma there is a change of dimension
if and only if the dimension of the orthogonal complement decreases. This is the
case if and only if X; ¢ g; + span{X;1,..., X, }. O

Let D denote the finite set of all dimension sequences that occur for G. As-
semble all I € g*\ {0} with the same sequence to

Qa = {l e g"\{0} | d(l) = d}

for d € D. The sets {24 are G-invariant because the projections p; are equivariant.
As g; = gy for all A € Ry, Lemma implies that they are also invariant under
the dilation action. For d = (dy,...,d,) € D set d,,11 = 0 and define

S(d) = {i € {1,...,n} | di = disy + 1},
T(d) = {i € {1,....n} | di = di1},
95(q) = span{ X[ | i € S(d)},

97(q) = span{X] [ i € T(d)}.

The following theorem is due to Pukdnszky [Puk71] and is also proved in |[CG90].

THEOREM 3.34 ([CG90, 3.1.14]). There is an ordering di > do > ... > dp
of D such that all W; = Ud>di Qq fori=1,...,m are G- and Rsq-invariant and
open. Each G-orbit in Q4 meets g*T(d) in exactly one point.

This allows to find a sequence as in using Kirillov’s map by setting V; =
G\W, fori =1,...,m. It remains to check that the V;\V;_1 = G\Qy, are Hausdorff
and that the corresponding R+ g-action is free and proper.

Proposition 3.35. For d € D let Ag := Qq Og}(d). The map Ag — G\Qq
induced by the inclusion is an Rsg-equivariant homeomorphism. The corresponding
Rso-action on Ay is free and proper.

Proor. In [CG90, 3.1.14] it is proved that there is a birational, nonsingular
map ¥gq: Ag X gg(d) — Q4. Furthermore, m; o 1/)d_1 is G-invariant, where m; denotes
the projection to A4. Hence, it induces a continuous map G\Qg — Ag4. It is inverse
to the map induced by the inclusion. Thus, the two spaces are homeomorphic.
As Q4 and g}( ) are invariant under the dilation action, so is Ay. Therefore, the
inclusion is equivariant. Since 0 € g* is not contained in any 4, the Ay are
subsets of some R'\ {0} equipped with the Euclidean subspace topology. Hence
they are Hausdorff and the Rsg-action, which is given for A > 0 by multiplying the
coordinate entries by different powers of ), is free and proper. O
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Example 3.36. From the computations for the Heisenberg group in Example
we get as in [CG90, 3.1.15], up to the reversed order,

Q1,0 = {aX* + Y ++9Z" | o, B € Rand v # 0},
Qo,0,0) = {aX™ + Y™ | (a, B) # (0,0)},

T(2,1,0) = {3},

7(0,0,0) = {1,2,3},

Aoq10)={vZ" | v # 0},
A0,0,0) = {aX™ + BY™ | (a,b) # (0,0)}.

Therefore, the desired sequence is 0 C G\Q2,1,0) C G\ {muiv}. The dilation
action on A1) = R\ {0} is multiplication with A72 for A > 0, whereas on
Ao,0,0) = R*\ {0} it is scalar multiplication with A~

3.4. Plancherel theory

For a locally compact group G, the operator-valued Fourier transform f ]?
is defined for f € Ll(G). It is given by

/f x)dz € B(H,)

for an irreducible, unitary representation w: G — U(H,). We recall some re-
sults from Plancherel theory for locally compact, separable groups G of type I (see
[Dix77, 18.8], [CG90} 4.3] and [FR16, Appendix BJ).

In this case, the topological space G can be equipped with a certain Borel
measure u, which is called the Plancherel measure. For a simply connected nilpotent
Lie group G, it is supported within the orbits with maximal dimension sequence,
these are the orbits in @4, C g* with notation as in Theorem (see |[CG90,
p. 154]).

By [Dix77, 8.6.1] there is a subspace I' C [ __& M« that turns ((Hx) _g,T)
into a u-measurable field of Hilbert spaces over G as defined in [FR16, Def. B.1.3].
The elements of I" are called the measurable sections.

For a Hilbert space H denote by HS(#H) the Hilbert space of Hilbert—Schmidt
operators on H. Identifying H®H* with HS(H), one obtains for a simply connected
nilpotent Lie group G the p-measurable field ((HS(Hx)) 5, I ® I'") over G (see
[FR16, B.1.3]).

Define L2(G, HS(H,)) to be the direct integral of the Hilbert spaces HS(H.).
It consists of sections x € F®F* buch that (77 — |lz(m)|) € L3(G, p). Tt is a Hilbert
space with respect to (z,y) = [5 (= 7)) us dp ().

The Plancherel Theorem [FR16 B 2 32] states that the Fourier transform de-
fined above yields an isometric isomorphism

~: L2(G) — L*(G,HS(H)).

The (left) group von Neumann algebra VN, (G) of G consists of bounded, right-
invariant operators on L?(G). The Plancherel Theorem yields that the Fourier
transform extends to a *-isomorphism

~: VNL(G) = L®(G,B(H,)). (13)
Here, L°°(G, B(#,)) consists of a = (a(m)) g with a(r) € B(Hx) such that
(m

G
(i) (a(m) )) e T for all (z(m)), €T,

(i) (= a(m)ll) € L=(G, ).
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It is a von Neumann-algebra with the pointwise operations and the norm given by

lall = sup [la(7)llg(.)-
TeG

The inverse Fourier transform maps a field a € LOO(@,B(’HW)) to the operator
T, € VN (G) determined by

Toh(r) = a(m)p(x)  for v € L*(G), 7 € G.

This operator-valued Fourier transform is essential for the definition of the symbolic
pseudodifferential calculus of Fischer—Ruzhansky described in Section [0.2] and will
also be useful at some other places in the following.



CHAPTER 4

Filtered manifolds

For a differential operator P of order m on an ordinary smooth manifold, its
highest order part ¥(P) is independent of the choice of coordinates. If (z1,...,2,)
are local coordinates on M one can write

P= Z Ca 0%

lal<m

with smooth coefficients ¢, € C*°(M). In these coordinates, the highest order part,
or principal part, at © € M is

S(P)e= Y calx)d.

lee|=m

For a fixed x € M, the “model operator” ¥(P), can be understood as a constant
coefficient operator on R™. Usually, it is more convenient to apply Fourier transform:

Y(P), is acting by multiplication with the polynomial

S calw)(-i6)".

|a]=m

Using Fourier transform, it becomes easy to say when X(P), is invertible and to
cglﬂ“uct an inverse in this case. On a compact manifold M, P is called elliptic if
Y(P):(&) #0for all £ #0 and z € M.

Folland, Rothschild and Stein realized in the 1970s [FS74, RS76|Fol77| that
certain non-elliptic, but still hypoelliptic, differential operators could be analysed
using graded Lie groups. By attaching different integer weights to vector fields
viewed as differential operators, one obtains a new notion of order. Then the model
operators of the highest order part act no longer on R™ but on graded Lie groups
instead. The Kohn-Laplacian [J, and operators of the type of Hormander’s sum of
squares are examples studied by Folland, Rothschild and Stein.

Filtered manifolds, which are also called Carnot manifolds, offer a framework to
study this behaviour. The tangent bundle of a filtered manifold admits a filtration
by subbundles. This notion goes back to |Tan70|. It allows to attach different
weights to vector fields in a well-defined way. In the last years, filtered manifolds
were used in the realm of noncommutative geometry in [VEY19,vEY 17,/ CP19b}
SH18/Moh18,Moh20).

In this chapter, we recall the definition of a filtered manifold and give some
examples. For each point of a filtered manifold, the filtration yields a graded
nilpotent Lie group, the so called osculating group. In the last section, we consider
certain coordinates defined in [CP19a]. These give a better understanding how
the osculating groups approximate the manifold in a suitable sense.

Definition 4.1. A filtered manifold (M, H) is a smooth manifold with a filtration
of its tangent bundle 0 = H° C H' C H2 C ... C H" = TM consisting of smooth
subbundles such that

[[>°(H"),[>°(H7)] CT>°(H"™7) for all i, . (14)

28



4.1. THE OSCULATING GROUPOID 29

Here, we set H* = TM for all i > r. A manifold is filtered of step r, if H" = TM
and H"=1 £ TM.

We consider some examples. For a broader overview on different types of filtered
manifolds appearing in various areas of mathematics see [CP17, Section 2.3].

Example 4.2. A filtered manifold of step r = 1 is just the data of an ordinary
smooth manifold.

Example 4.3. By the Frobenius Theorem a foliated manifold is a manifold with a
subbundle 0 C H C TM such that [['*°(H),['*°(H)] C T'°°(H). In particular, this
defines a filtered manifold of step 2.

Example 4.4. A manifold with a step 2 filtration 0 C H C T'M such that H has
codimension 1 is called a Heisenberg manifold. A contact manifold is a (2k + 1)-
dimensional Heisenberg manifold such that for all local 1-forms 6 with ker(9) = H
the (2k + 1)-form 0(d#)* is nowhere zero on its domain.

Example 4.5. Each graded Lie group G of step r can be understood as a filtered
manifold of step r. Suppose To(G) = g = ®I_,9; and let n, = Zledimgi for
k > 1 and ng = 0. Choose a basis { X7, ..., X, } of g by subsequently picking a basis
{Xn, 1415+, Xn,} of g;. Extend these to left-invariant vector fields {X,..., X, }
on G and define H' to be the subbundle spanned by {X1,..., X, }. This defines a
filtration of the tangent bundle of G.

4.1. The osculating groupoid
The filtration of the tangent bundle allows to define the graded vector bundle

é Hi/Hi—l
i=1

over M. Note that H'/H*=! = 0 for i > r, where r is the step of the filtration.
The graded bundle can be equipped with the structure of a Lie algebroid over M,
which we will denote by tg M. For the general theory of Lie algebroids and Lie
groupoids see, for example, [Mac05]. The bracket
[~ s ] : FOO(fHM) X Foo(tHM) — FOO(tHM)
is induced by the Lie bracket of vector fields on TM. Let X € TI'™°(H') and
Y € I'°°(H7) be representatives of (X) € I'°°(H*/H*"!) and (Y) € [*°(H//H~1)
and set
[(X), (V)] = ([X,Y]).

The condition ensures that this is well-defined. The anchor tgM — TM is
given by the zero map. Therefore, the bracket restricts to each fibre (tgM), for
x € M and turns (tg M), into a graded Lie algebra.

The Lie algebroid ty M integrates to a Lie groupoid Ty M over M (see [VEY17),
Sec. 3, Sec. 8]). As a manifold, it is the graded vector bundle @;-, H*/H'~!. Tts
source and range map are the base projection.

Definition 4.6. For © € M denote by G(z) the graded Lie group of (tg M), and
call it the osculating group at x € M.

The group multiplication of G(z) is uniquely determined in terms of the Lie
bracket by the Baker-Campbell-Hausdorff formula . The groupoid multiplica-
tion in Ty M is given by the group product in the fibres. As the brackets vary
smoothly along M, this defines a Lie groupoid multiplication. The Lie groupoid
Ty M is called the osculating groupoid or the bundle of osculating groups in [vEY17].
In [CP19b] it is called the tangent group bundle. However, Ty M is in general not
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a group bundle in the sense of principal bundles as the group structure might vary
from point to point.

Example 4.7. Let M = R3 and define three vector fields
X =0, +v%0., Y =0, and Z=0..

Let H C TR? be the subbundle spanned by X,Y. One computes [X,Y] = —2yZ.
Therefore, the osculating groups are Abelian whenever y = 0, while they are iso-
morphic to a Heisenberg group for y # 0.

Example 4.8. For step r = 1 and « € M, the osculating group G(z) is the tangent
space T, M with group operation being the addition of tangent vectors. Hence, all
osculating groups are isomorphic to the Abelian group R".

Example 4.9. The osculating groups of a foliated manifold are also Abelian as
[[*°(H),I'*>°(H)] C T'*°(H) holds.

Example 4.10. For a Heisenberg manifold M, despite the name, the osculating
groups are not necessarily Heisenberg groups. In fact, each osculating group G(z) is
isomorphic to a product R'(®) x Hy () with I(z)+2k(z)+1 = dim(M) [BG8S| 1.15].
Note that {(z) and k(x) might vary along M. For a contact manifold of dimension
2k + 1 all osculating groups are isomorphic to the Heisenberg group Hg.

Example 4.11. For a graded Lie group G, understood as a filtered manifold as in
Example [£.5] all osculating groups are isomorphic to G.

Definition 4.12. The dilation action of R~ on the graded Lie algebras (tHM)m
extends to an action on ty M given by Dy((X)) := \{(X) for X € H./H!™'. Tt
integrates to an action on Ty M, which we denote by §5(£) = A - € for £ € G(x).

From now on, we will always assume that the bundles H? of the filtration of a
filtered manifold (M, H) have constant rank, which is automatic if M is connected.

Definition 4.13. The homogeneous dimension of a filtered manifold (M, H) is

dy = Zz (rank (Hl) — rank (Hi_l)).
i=1
The weight sequence for (M, H) is
1y osqn)=(1,...,1,2,...,2, ... 1y .y T)
where each 1 < < r occurs (rank(H?) — rank(H*~1))-times.

Remark 4.14. The homogeneous dimension of the filtered manifold is the homo-
geneous dimension of all osculating groups G(z) for € M as in Definition

Assigning to a filtered manifold (M, H) its osculating groupoid Ty M is func-
torial, when considering the following morphisms.

Definition 4.15. A filtered manifold map or Carnot map f: (My, Hy) — (Ma, Hz)
is a smooth map between filtered manifolds (M7, Hy) and (Ms, Hs) such that

df(H{) c H} forall i€ N. (15)
A Carnot diffeomorphism is a diffeomorphism f: M; — My such that f and f—!

are filtered manifold maps.

Let f: (Mi,H;) — (Ms, Hz) be a Carnot map. Condition ensures that
there is a well-defined induced vector bundle morphism tf: tg, My — tg, My, which
satisfies

tf(X),tf(Y)] =tf([X,Y]) for X,Y € T°(ty, M;).
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Consequently, using the exponential maps, one obtains a Lie groupoid homomor-
phism T'f: Ty, My — Ty, Ms which restricts in each fibre to a homomorphism
of graded Lie groups T, f: G(x) — G(f(x)). The map T'f is equivariant for the
dilation actions, that is,

Tof(A-€) = A-Tof(€) forz € M, A>0and ¢ € G().

We will consistently use the notation df: TM; — TN; for the usual differen-
tial, whereas T'f: Ty, M1 — T, My is the homomorphism between the osculating
groupoids, which is called the Carnot differential in [CP19b].

Proposition 4.16 (|CP19b, 5.5]). The assignment (M, H) — Ty M and f — Tf
defines a functor from the category of filtered manifolds with filtered manifold maps
to the category of Lie groupoids with Lie groupoid homomorphisms.

4.2. Anisotropic analysis

In this section, let R™ be equipped with dilations 6: R>o ~ R™ of integer weights
1=q <...< gy, that is,

Oa(V1y. o yvn) = A (V1,0 vp) == (AT, A Ty,) for A >0, v € R™.

We will recall some facts and notions on anisotropic analysis for R” equipped with
these dilations. They were introduced in [CP17,|CP19a] to define certain coordi-
nates on filtered manifolds, which we will describe in Section [£.3]

Fix a homogeneous quasi-norm || - || as in Definition [3.11] for the dilations above.
Note that one only needs dilations and does not need to specify an underlying group
structure to define them. This is a key observation as the group product in the
osculating groups can change along the manifold, whereas the dilations stay the

same. For a multiindex o € N} we denote by [a] the homogeneous degree as in
Definition B.15l

Definition 4.17 ([CP17, 4.4]). Let U C R™ be an open neighbourhood of 0 € R™
and m € No. A function f € C*°(U) has weight > m at 0 if 9*f(0) = 0 for all
a € Nij with [a] < m.

By [CP17, 4.12] f € C*>(U) has weight > m at 0 if and only if f has the
asymptotic behaviour f = O(]|v||™) near v = 0. To deal with vector-valued maps,
the following definition is useful.

Definition 4.18 ([CP17, 4.18]). Let U C R™ be an open neighbourhood of 0 € R™
and let R* be equipped with dilations with integer weights 1 = ¢} < ... < ¢q}. A
function f = (f1,..., fr) € C°(U,R¥) belongs to Oq(||v||q/+m) for m € Ny if

fi= O(Hv||q;+m) near v =0 foralli=1,... k.

The following lemma will be used later for computations on the tangent groupoid
of a filtered manifold.

Lemma 4.19 ([CP19bj, 3.9]). Let W is an open subset of RP x R™ such that
W N (RP x {0}) = U x {0} for a non-empty U C RP. Let © € C®°(W,R") satisfy
O(z,v) = O4(|[v||7t™) near v = 0 for all x € U. Then there are smooth maps
R; o € C®(W) such that fori=1,...,n

(til -O(x,t - v))i = Z t[o‘]fqivo‘RLa(x, t-v).
lal<gi+m<[a]
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PRrROOF. For a function f € C>*(W,R) and N € Ny the anisotropic Taylor
formula [CP17] 4.7] yields functions Ry, € C>(W,R) such that

flz,v) = Z ivo‘aﬁf(m,O)—i— Z v*Ry.o(2,v)

[a]<N la| <N <[a]

for all (x,v) € W. If f(z,v) = O(||v||"V) near v = 0 for all x € U, it follows that
flz,t-v) = Z v Ry o (2, t - v).

la|<N<]a]

The claim follows by considering for i« = 1,...,n the components 0; € C*(W,R)
and N = ¢; + m. O

As in , the dilations act on differential operators on R™ and, in particular,
on vector fields. For a differential operator P on R™ set

S5(P)f(v) = P(fodx) (ANt -v) for A >0, f e C®(R™) and v € R"™.

Definition 4.20. A differential operator P on R" is g-homogeneous with respect
to the dilations §: Rsg ~ R™ if §5(P) = A9P.

4.3. Coordinates

As already remarked, for a filtered manifold the osculating groups may vary
from point to point. Therefore, it is not always possible to identify M locally with
open subsets of a fixed graded Lie group. This can only be done in particular cases,
for example for contact manifolds using Darboux coordinates.

However, there are special kinds of coordinates on filtered manifolds that give
a relation with the group structure of the osculating groups. Using H-charts the
bundle Ty M can be locally trivialized in a way that is compatible with the graded
structure.

Definition 4.21. An H-frame X = (X1,...,X,) over an open subset V. C M
consists of vector fields X;: V' — T'M, such that (X1,..., X anpi) defines a frame
for H foralli=1,...,7.

An H-chart is a local chart k: V' — U between open subsets V. C M and
U C R™ together with an H-frame X over V.

For an H-chart x: V — U with H-frame X, the frame {s.(X1),...,r:(X0n)}
induces a filtration over U we denote by k,H. Therefore, x can be understood
as a Carnot diffeomorphism. The Carnot differential Tk gives an isomorphism of
bundles of graded groups

Tk: THM‘V — TH*HU'

We define a fibrewise homogeneous quasi-norm on 7, gU as in @ by
[I(z, v)]| ::Z|vj|1/q3 forx € U, v € R™. (16)
j=1

For a fixed point p € M, we consider now the privileged and Carnot coordinates
at p. See also [SH18| 6.21, 6.22, 6.23] for a different description of these.

Definition 4.22 ([CP17| 3.8, 3.10]). Let x: V — U be an H-chart around p € M
with coordinate functions z;: V' — R and H-frame X. The H-chart is linearly
adapted to p if k(p) = 0 and the H-frame coincides with the coordinate vector
fields at p, that is,

0 ,
Xj(P)Z%(p) forj=1,...,n.
J
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For an H-chart k: V — U, equip R" with the dilations induced by T'x. Then
one can speak of vector fields on U C R" that are homogeneous with respect to the
dilations in the sense of Definition 4.20)

Definition 4.23 (|CP17, 5.6]). An H-chart x: V — U with H-frame X which is
linearly adapted to p € V defines privileged coordinates at p if for all j =1,...,n

there is a g;-homogeneous vector field X ][p } on U such that
1967 (ko (X)) = XP 4+ O(t) in T®(U) as t — 0. (17)

Here, I'>°(U) is equipped with the smooth structure under the identification with
C>(U,R™) using the coordinate vector fields.

Using an H-chart x: V — U with H-frame X, Tk identifies Ty M|y with a
bundle of graded Lie groups over U. The frame (k.(X1),. .., k«(Xy,)) yields a basis
of the graded Lie algebra over s(p) € U. Let X} for j = 1,...,n denote the
left-invariant vector fields associated to this basis as in Definition using the
multiplication over x(p). Then each X f is a g;-homogeneous vector field on U.

Definition 4.24 (|CP19a, 7.7]). An H-chart x: V — U with H-frame X which
is linearly adapted to p € V defines Carnot coordinates at p if for all j =1,....n

1967 1 (K (X;)) = X2 +0(t) in T™(U) as t — 0.

Therefore, Carnot coordinates are the privileged coordinates at p for which the
“blow up” in yields the left-invariant differential operators obtained by the
H-frame X on the osculating group at p. This explains why these coordinates will
be important for the construction of the tangent groupoid.

Choi and Ponge give in [CP19a] an explicit construction how to turn any local
coordinates into Carnot coordinates. The result can be summarized as follows.

Proposition 4.25 (|CP19bl| 4.17]). Let k: V — U be an H-chart around p € M
with H-frame X. Then there is a unique change of coordinates Ez(p)Z R* — R”
such that Ez(p) o k are Carnot coordinates at p with respect to the H-frame X.

Moreover, the map e;: R™ — R™ for p € U can be described as follows. Write
the vector fields x,(X;) for j =1,...,n in terms of the coordinate vector fields as

n
Fa(Xj) = ;bjkai with b;), € C(U).
Let Bx(x) := (bjk(2))} =, for z € U and define the affine linear map
Ay(x) == (Bx(p)") 'z — p).
Then one can write 5 by [CP19a, 10.1]
ey =Ep 0 Ap, (18)

P
where £ is a polynomial map given by

Ep(x)j = x5 + Z Cja(p)z® forj=1,...,n.
[e]<g;,
| >2
The c¢j, are universal polynomials in the entries of (Bx(p)!)~! and 02 Bx(p) for
[8] < [a] — 1. Varying p inside U we obtain the e-Carnot map *: U x R* — R"
with (p,z) = e5 ().

Corollary 4.26 (|[CP19a, 10.4]). The maps U x R — R™ given by (p, ) + 55 ()

and (p,x) — (e5)~' () are smooth.
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The e-Carnot maps approximate the group multiplication of the osculating
groups in the following sense.

Proposition 4.27 (|CP19a, 10.7]). Let k: V — U be a Carnot coordinate chart
around p € V' with respect to the H-frame X. Then for (z,y) near (0,0)

e (y) = (=) py + Oq|| (=, )] 7*),
(€5) 7 (W) =z 5y + Og [l (z, ) [ 7).

Here, -, denotes the group product in the osculating group at (p).



CHAPTER 5

The tangent groupoid of a filtered manifold

The tangent groupoid of a filtered manifold and its smooth structure were
constructed in [VEY19,|CP19b, SH18, Moh18] using different approaches. Tt
generalizes Connes’ tangent groupoid |[Con94], which plays an important role in
Connes’ proof of the Atiyah—Singer Index Theorem. It is a smooth field of groupoids
over [0, 00) where the fibres are the osculating groupoid Ty M at ¢t = 0 and the pair
groupoid of M for ¢ > 0. In case of a step r = 1 filtration, one recovers Connes’
tangent groupoid.

5.1. The Lie groupoid structure

Before defining the tangent groupoid of a filtered manifold, recall that the
bundle of osculating groups Ty M can be understood as a Lie groupoid over M.

Example 5.1. The bundle of osculating groups is a Lie groupoid with the following
structure maps. The range and source map are given by the bundle projection
TyM — M. The unit map is the embedding M — Ty M as the zero section. The
inverse and multiplication are given by the group operations in the fibres.

Another important groupoid attached to M is its pair groupoid.

Example 5.2. For a set M, the pair groupoid of M is the groupoid with arrow
space M x M and unit space M. The range and source r,s: M x M — M and unit
u: M — M x M are given by

r(ey) =z, s(zy) =y, ulz)=(z,2).
The inverse and multiplication are defined by
(*T7y)_1 = (y,fﬂ) and (x7y) : (y,Z) = ((E,Z)
If M is a smooth manifold, the pair groupoid of M is a Lie groupoid.

The two groupoids Ty M and M x M can be glued together in a smooth way,
yielding the tangent groupoid of M. We first discuss its groupoid structure.

Definition 5.3. The tangent groupoid Ty M of a filtered manifold (M, H) consists
of the arrow space
TuM = (TugM x {0}) U(M x M x (0,00))

and the unit space M x [0, 00). The range and source maps r, s: Ty M — M x [0, c0)
are given by

r(z,&,0) = (,0), s(z,€,0) = (x,0) for £ € G(x),
r(z,y,t) = (x,t), s(z,y,t) = (y,t) for x,y € M and t > 0.
The unit u: M x [0,00) — Ty M and the inverse i: Ty M — Ty M are defined by
u(z,0) = (z,0,0) for x € M, u(z,t) = (x,z,t) forx € M and t > 0,

i(z,£,0) = (x,671,0) for & € G(x), i(x,y,t) = (y,x,t) for x,y € M and t > 0.

35
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The multiplication m: Ty M®) — Ty M is given by
(%5,0)(%%0):(maf'ﬁao) for fﬂ?GG(z)a
(z,y,t)(y, 2, t) = (z, 2,1) for z,y,z € M and t > 0.

At t = 0, the multiplication and inversion in the osculating groups are used.

The range fibres are given by

T @t — {(2,£,0) | £ € G(z)} forz e M andt=0,
" (=, y,t) |y € M} for x € M and ¢ > 0.

Example 5.4. Let M = G be a graded Lie group with the filtration H as in
Example The tangent groupoid TyG is isomorphic to the transformation
groupoid
G=(Gx][0,00)) xG
of the action (G x [0,00)) v\ G given by (z,t).v = (20:(v),t). Here, we set do(v) =
limy 0 0:(v) =0 for all v € G.
The unit map u: G° := G'x[0,00) — G, the range and source maps r, s: G — G°,
the inverse and the multiplication are given by
u(z,t) = (x,t,0), r(z,t,v) = (x,t), s(x, t,v) = (26 (v), t),
(z,t,0) "' = (26 (v), t, 07, (x,t,v) - (204 (v), t,w) = (z,t,vw),
for z,v,w € G and t € [0, 00).
The isomorphism ¢: TyG — G is given by é(x,y,t) = (x,t,6,-1(x~1y)) for
t >0 and ¢(z,£,0) = (x,0,£) when identifying G(z) with G. The inverse is given
by (z,t,v) — (x,20:(v),t) for t > 0 and (x,0,v) — (x,v,0).

A crucial feature of the tangent groupoid of a filtered manifold is that it defines
a Lie groupoid:

THEOREM 5.5 ([VEY19,/CP19b|). The tangent groupoid TyM of a filtered
manifold (M, H) admits a smooth structure such that it becomes a Lie groupoid.

We recall the construction of coordinate charts in [CP19b|. For an H-chart
k: M D2V — U C R", Choi and Ponge construct in [CP19bl (9.5)] a chart
¢r: TgM DOV — U, where

V=TgMly x{0})U(V xV x(0,00)),
U= {(as,v,t) €U xR" % [0,00) | (%)  (t-v) € U}.
Here, " is the e-Carnot map U x R — R™ associated with the H-chart x. The
map ¢, is given by
O (2,€,0) = (r(2), Ter(E), 0) for £ € G(x),
¢r(z,y,t) = (/-i(x),t_l el (n(y)),t) for z,y € V and t > 0.

r(z)
Its inverse is
. (k= Y(2), (Tpr)~1(v),0) for (z,v) € U x R" and t = 0,
QS; (.I,U,t) = 1 -1
(Fa (x),(ekor) " (t- v),t) for (x,v,t) € U and t > 0.

The smooth structure of Ty M is uniquely determined by the charts ¢, for all
H-charts k of M and by requiring that the inclusion M x M x (0,00) < Ty M is
a smooth embedding (see [CP19b, 9.7]). To shorten notation, we will sometimes
denote Voo = M and Voo = M x M x (0,00) in the following.

For each H-chart k: V. — U, the open subset V is a subgroupoid of TgzM.
Hence, the structure maps from Definition [5.3| can be transported to U and one
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can check that they are smooth. Moreover, the unit map is a smooth embedding,
the source and range maps are submersions and the inversion is a diffeomorphism.
Hence, Ty M is a Lie groupoid.

Example 5.6. Let G be a graded Lie group G and let k: G — R™ be the global
coordinate chart obtained from the exponential map. Then the e-Carnot map
is e%(y) = a7! -y, see [CP19a, 9.12]. Therefore, ¢, is the isomorphism from
Example [5.4]

5.2. Smooth field structure

Often, it will be useful to understand Ty M as a smooth field of groupoids over
the space [0, 00) in the sense of [LRO1} 5.2].
Lemma 5.7. The tangent groupoid Ty M of a filtered manifold (M, H) is a smooth
field of groupoids over [0,00) with fibres isomorphic to the pair groupoid of M for
t > 0 and osculating groupoid Ty M fort = 0. All these subgroupoids are amenable.

PROOF. The projection 0: Ty M — [0,00) is a smooth submersion. It satisfies
0 = pry or = pryos where pry: M x [0,00) — [0, 00) is the projection to the second
coordinate. Restricting the structure maps of Ty M to ¢t > 0, it is clear that the
groupoids #~1{t} are the pair groupoid of M for t > 0 and Ty M for t = 0.

As all fibres of Ty M are nilpotent Lie groups, thus amenable, it follows from

|[ADROO, 5.3.4] that Ty M is amenable. The pair groupoid of M is amenable as
well. O

5.3. The zoom action

The following zoom action of Rsg on Ty M by Lie groupoid automorphisms
was defined in [VEY19| Def. 17] and [SH18, 5.3]. It plays an essential role for the
definition of the pseudodifferential calculus in [vEY19]. We will use it to construct
a generalized fixed point algebra.

Definition 5.8. The zoom action of Rsxg on Ty M is defined for A > 0 by
ax(z,y,t) = (z,y, A1) for (z,y,t) € M x M x (0,00),
a)\(l',570) = (LL',(S)\(g),O) for (3376) 6T‘H]\4

Lemma 5.9. The zoom action of Rsq on the tangent groupoid of a filtered manifold
(M, H) is a smooth action by Lie groupoid automorphisms.

PROOF. It can be checked easily that all a) are groupoid morphisms with
underlying maps of the unit space

M x [0,00) — M x [0,00), (2,t) > (x,A\7').

They satisfy oy, = ax ooy for all A,u > 0 and a; = id. The smoothness on
M x M x (0,00) is clear. Let k: V — U be an H-chart for M and ¢,: V — U the
corresponding chart for Ty M. Then one computes for A > 0 and (z,v,t) € U

Ba(z,v,t) = (qﬁ,i oy 0 ¢;1) (z,v,t) = (3:, A, )flt) , (19)

where A - (vy,...,v,) = (A%v1,...,ATv,). Hence, the action is smooth. O

It will be useful to extend the notion of homogeneous quasi-norms on the os-
culating groups to U for H-charts V' — U. Let | -||: U = R>¢ be given by

I, 0 )l = Doy V. (20)
j=1
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It satisfies ||Bx(7)|| = Allv|| for all A > 0 and v € U, where § is the zoom action in
coordinates as in . As opposed to homogeneous quasi-norms on homogeneous
groups, |77t # ||v|| is possible for v € U.

5.4. Functoriality

For a filtered manifold map f: (M;, H1) — (Ma, Hs), we already saw in Propo-
sition [£.16] that it induces a Lie groupoid morphism T'f: Ty, My — Th,Ms. It can
be extended to a map of the corresponding tangent groupoids f: Ty, My — Ty, M,
with

f(x7y7t) = (f(x),f(y),t) for (J?,y,t) € Ml X Ml X (0,00),
f(z,£,0) = (f(z), T2 f(£),0) for (z,£) € T, M.

Note that the induced map f is equivariant for the respective zoom actions.

Proposition 5.10 ([CP19b) 9.17, 9.18]). Let f: (M1, Hy) — (Ma, H3) be a filtered
manifold map. Then f: Ty, My — Tg,Ms is a Lie groupoid homomorphism with
underlying map (x,t) — (f(x),t) of the unit spaces.

The assignments (M, H) — Ty M and f — T define a functor from the category
of filtered manifolds to the category of Lie groupoids.



CHAPTER 6

Convolution algebras for the tangent groupoid

To apply the generalized fixed point algebra construction to the zoom action,
we need to attach a C*-algebra to the tangent groupoid. In this chapter we re-
call the construction of groupoid C*-algebras. Furthermore, we define a certain
Schwartz type algebra for the tangent groupoid by adapting [CRO8]| to the filtered
manifold setting. This algebra will be convenient to obtain a relatively continuous
and complete subspace for the Rsg-action.

6.1. Haar system

As Ty M is a Lie groupoid, it admits a smooth left Haar system (see for example
[Pat99, 2.3.1]). In the following, we explicitly describe a left Haar system.

Fix an atlas of H-charts (k;: M 2 V; — U; C R™);es for M. Let (p;)icr be a
partition of unity which is subordinate to the open cover (V;);cr of M. One can
define a measure v on M by setting

/ fdv = Z/ (f - pi)(k; H(x)) da for f e Ce(M),
M icl VUi
where dx denotes the Lebesgue measure on U; C R™. Furthermore, the atlas of

H-charts gives rise to a smooth family of measures on the osculating groups. Each
H-chart k: V — U induces a local trivialisation

Tr: TyM|y = U x R™.
The Lebesgue measure on R™ can be pulled back using the graded isomorphism
T.k: G(z) SR forallzeV.
Recall that dy denotes the homogeneous dimension of M. Define for f € C.(TygM)
[0 =3 [ ) @) M@0 d fora e,
ier 'R"

/fdy(z’t) =t /M flz,y,t)dv(y) forz e M, t>0.

Lemma 6.1. The family of measures {V(w’t)}(x,t)eMx[o,oo) defines a smooth left
Haar system on TgM.

PRrROOF. For (z,t) € M x [0,00) the support of v(®?) is contained in Tz M(®?),
The left invariance follows for ¢ > 0 as in the pair groupoid case. For ¢t = 0, this is
due to the fact that the Lebesgue measure induces a bi-invariant Haar measure on
the osculating groups. For f € C°(Ty M), we show that the map

(z,t) — /fdu(””’t)
is smooth. Using the partition of unity, f can be written as a finite sum

f=tot> fi

iel

39
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with f; € C2(V;) for i € I and ¢ = co. As smoothness for ¢ > 0 is clear, it suffices
to prove for all H-charts k: V' — U and f € C°(U) that

(z,t) — t—H / (foou)(x,k  (y),t)dy for t > 0,
U

(z,0) — (f o ¢p)(z, (Tor)~ (v),0)dv = f(k(z),v,0)dv,

R” R”

is smooth. For z € V and t > 0 consider the diffeomorphism
PN U 5 U = {y e R" | (52(1))_1(15 -v) e U},
y—t e W)

Because £Z($) = é’;’(x) 0 Ay(z) as in and the differential d(é';(w))(y) is of upper
triangular form with ones on the diagonal and Ay, (y) = (B* (k(2))") " (y— r(x)),
it follows that \det(dé,(f’t) (y))| =t~ for all y € U. Therefore, we obtain

(dn /U (f 0 be) (@, w (), £) dy = ¢~ / £ e (), 1) dy

—/ f(k(x),v,t) dv.
U(z t)

Thus the Haar measure is smooth. O

6.2. The groupoid C*-algebra

Using the left Haar system {V(z’t)}(g;,t)e]\/[x[o,oo), the linear space C.(Ty M) can
be equipped with the following involution and convolution:

[T = (21)
(f*9)(v /f ymg(n~ ) dv* ™ (n /f gl ') () (22)
for f,g € Co(TyM) and v € Ty M. More explicitly, the involution is given by

The convolution can be written as

(frg) @,y t) =t /M f(z,2,t)g(z,y,t)dv(z) for ¢ > 0,

(f * 9)(2,£,0) = / £ (., 0)g(z, 17 €,0) v (2, 1, 0).

Let the I-norm on C.(Tg M) be given by | f||; = max{||f|/1, || fl1,s}, where
115 = sup 151000

and | fllr,s = ||f*|lr,-- The (full) groupoid C*-algebra of Ty M is defined as the
C*-completion of C.(TyM) with respect to representations that are bounded by
the I-norm as in [Ren80| I1,1.12].

Example 6.2. Let G be a graded Lie group. By the description of TyG as a
transformation groupoid in Example C*(TyG) is isomorphic to the crossed
product C*(G, Cy(G x [0,00)) (see [Ren80]).
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6.3. Continuous field structure

As the tangent groupoid Ty M is a continuous field of amenable groupoids, its
C*-algebra admits a continuous field structure. The same is true for the bundle of
osculating groups Ty M viewed as a continuous bundle of groups over M.

Proposition 6.3. The C*-algebra of the tangent groupoid Ty M is a continuous
field of C*-algebras over [0, 00) with fibres isomorphic to C*(TyM) for t =0 and
the C*-algebra of compact operators K(L2M) for t > 0.

PrOOF. Recall that Ty M is a continuous field of groupoids by Lemma
As all groupoids #~{t} are amenable, C*(Tx M) defines a continuous field of
C*-algebras with fibres C*(6~1{t}) by [LROL, 5.6]. For ¢ > 0 the groupoid §~1{t}
is isomorphic to the pair groupoid of M. The Haar measure on §~1{t} is given by

/K(*y) dpd (y) =t~ / K(z,y)dv(y) for K € C.(M x M).
There is a well-known isomorphism ®;: C*(M x M, u;) — K(L2M) with

@) =t [ K)ol vy

for K € Co(M x M) and ¢ € C.(M). Hence, for t > 0 we obtain epimorphisms
pe: C*(TgM) — K(L?M) given by

muwnmzr@/fu@wwww@ (23)
M
for f € Co(TuM), ¢ € C.(M) and = € M. O

Now consider the C*-algebra of the osculating groupoid at ¢ = 0.

Lemma 6.4. The C*-algebra C*(Ty M) is a continuous field of C*-algebras over M
with fibre projections

Gz: C*(TyM) — C*(G(x)) forxz e M.

PROOF. As Ty M is a continuous field of amenable groups over M, [LRO1} 5.6]
applies again. Therefore, C*(Ty M) is a continuous field of C*-algebras, where
the fibre over x € M is isomorphic to the group C*-algebra of the osculating
group G(x). O

Lemma 6.5. Denote by po: C*(TyM) — C*(TyM) the *-homomorphism induced
by restricting to t = 0. There is a short exact sequence

Co(Rso) @ K(L2M) —— C*(TyM) 25 C*(TyM). (24)

PROOF. The subset M x(0,00) C M %[0, 00) is open and invariant. By [HS87],
the kernel of pg is C*(TgM|arx(0,00))- The fibre projections p; from fort >0
combine to an isomorphism

p: C (TuM| 1 (0,00)) = Co(Rso, K(L*M)), (25)
which is induced by p(f)(t) = p:(f) for f € Co(TaM|arx(0,50))- O

Remark 6.6. If the filtration is of step r = 1, the C*-algebra C*(Ty M) is isomor-
phic to Co(T*M). Namely, the fibrewise Fourier transform yields an isomorphism
C*(TM) — Co(T*M). If the osculating groups are not Abelian, C*(Ty M) is non-
commutative.
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6.4. A Schwartz type *-algebra

The goal of this section is to define a *-subalgebra A(TyM) C C*(TyM)
consisting of f € C*(TyM) such that restricting to each ¢t > 0 gives a compactly
supported function f; € C°(M x M), whereas fy has rapid decay in the fibres
of Ty M. This follows the construction of the Schwartz type algebra in [CROS8| for
deformations to the normal cone.

First, the Schwartz type algebra will be defined locally as in [CRO8, 4.1] using
the charts ¢.: V — U of Ty M obtained from H-charts x: V — U. We use the
homogeneous quasi-norm on U from . Consider the continuous function

k: U xR" x[0,00) - U xR"
given by k(z,v,t) = (z,t-v). Recall that 6: Ty M — [0, 00) denotes the projection.

Definition 6.7. Let A(U) consist of all functions f € C*°(U) satisfying

(i) there is T > 0 and a compact subset K C k(U) such that (k(v),0(7)) ¢
K x [0,T] implies f(vy) =0,

(if) for all p € Np and o = (a1, a9,a3) € Nj x Nj x Ng there is a constant
D, o > 0 such that

sup 1+ [v[D)*1051 05205 f (V)] < Dpa-
YE

We check first that this space is invariant under Carnot diffeomorphisms.

Proposition 6.8 ([CRO8| 4.2]). Let F': Uy — Uy be a Carnot diffeomorphism and
F: Uy — Us the induced map as in Proposition|5.10} Then foF € A(Uy) for all
fe A(UQ)

PROOF. As the induced map F: U; — U is smooth, it is clear that f o F is
smooth for all f € A(Uz). In fact, as in the proof of [CP19b| 9.15] we have
F(,v) = (F(z),t7' - (ep@) o Foezt)(t-v),t) fort >0,
" (F(x), T F(v),0) for t = 0,

for (z,v,t) € Uy and the respective e-Carnot maps U; x R® — R™ for i = 1,2. To
show condition define Fy: k1(Uq1) — ka(Usz) by

(z,v) = (F(z), (erp@ o Foez") (v).

It is a diffeomorphism with inverse (F~1);. The following diagram commutes

Ul%UQ

b
F
k1(U1) — ko(U2).
Let Ky C ka(Uz2) be a compact subset for f as in Then K; := (F}) }(K3) is

a compact subset such that (f o F)(y) = 0 if k1(y) ¢ K;. If f vanishes for ¢t > T,
also f o F vanishes for ¢t > T.

For the rapid decay property, write F(z,v,t) = (F(x), w(x,v,t),t). Because of
this structure of F, one can write for v = (z,v,t), n = F(v) and a € Nj x N§ x Ng

OF(foF)(y) = > 9f(m) - Ps(v),
18] <|ex]
where Pj is a finite sum of products of the form

O Fy(x) - 8§fwj (z,v,1).
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We only need to estimate each Ps for v = (x,v,t) such that k(xz,v,t) € K as
otherwise 8;57 f(F(v)) = 0. In particular, x is contained in a compact subset, so that
991 Fy(x) is bounded. By [CP19b) 6.7],

er@) © Foeg ! (v) = ToF(v) + Og(|lv] 7).

holds near v = 0. Hence, Lemma implies that there are smooth R;. for
7 =1,...,n such that

wj(z,v,t) = (T F(v)); + Z =992 R, (z,t - v).
la|<g;+1<[a]

For all (z,v,t) € k~(K;) the components x and (x,t - v) are in compact sets.
Moreover, we only need to consider ¢ < T'. It follows that one can find Cs, ; > 0
and ms, ; such that

%2, (7)| < Ciy g (1+ 7)™ for all 7 € k™' (K) N6~ [0, T

Together, this means that there are Cs > 0 and ms € N such that |Ps(y)| <
Cs(1 + ||v|)™ for all such v. As F is a Carnot diffeomorphism, one can find
likewise D > 0 and [ > 0 such that for all v with k(y) € K3

L+ vl < DA+ [F@)ID'

Let p € Nyg. Because f satisfies the rapid decay condition there are constants
Di(ms+p),s > 0 such that for all n € Uy

103 (M| < Digng-4py,6(1+ [l ]) =1 E+m),
It follows that sup. cy(1+ [|7[)?[05F(v)| < oo. O

The invariance under Carnot diffeomorphisms allows to define the Schwartz
type algebra in the following way. For an H-chart k: V — U let

A(V) == {f € Co(V) | fogp,' € AU)}.
We will denote by r1,s1: TyM — M the maps given by 1 = pry or and s; = pry os.

Definition 6.9 ([CRO8, 4.4]). The Schwartz type algebra A(T g M) is the space of
functions f € C*°(Ty M) such that

(i) thereareT > 0and a compact subset K C M x M such that (71, s1,6)(7) ¢
K x [0,T] implies f(y) =0
(ii) f has rapid decay at t = 0, that is, for all H-charts k: V — U and
x € C°(V x V x [0,00)), the function f, belongs to A(V), where
F() = (xo(r1,51,0) () f(7) foryeV.

We will verify later that A(TgM) is indeed an algebra.

Lemma 6.10 (|CROS8| (5)]). Let (k;: Vi = U,;)icr be an atlas of H-charts for M.
The space A(TgM) can be decomposed as

ATaM) =" A(V;) + CF (Voo)-
iel

PRrROOF. Let f € A(V) for an H-chart k: V — U. We claim that f € A(TgM).
There is a diffeomorphism k: V x V — k(U) given by

(2.) = (K(@), 250 ((w)))
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It makes the following diagram commute

V—% sy

J,(rl’sl) lk

VxV s k(U).

Let Ky C k(U) be a compact subset for fo¢, ! asin Deﬁnition Then ¢~ }(Ky)
is compact and f(v) = 0 whenever (r1,s1)(y) ¢ » *(Ku). In fact, condition
from Definition for f € C*=(V) is equivalent to from Definition for
fog¢st € C®°(U). Moreover, f has rapid decay at t = 0 by the invariance un-
der Carnot diffeomorphisms from Proposition Clearly, A(Ty M) contains all
smooth function with compact support in M x M x Rs( and is closed under finite
sums.

For the converse inclusion, let f € A(TyM) and let K C M x M be a compact
set and T > 0 as in[([i)] Note that V; x V; x [0, 00) for i € I and M x M x (0, c0)
define an open cover of K x [0,T]. Therefore, there is a finite partition of unity
(pi)ierugeo) comsisting of smooth, compactly supported functions subordinate to
this open cover. By [(iD)] f; := f,, are in A(V;) for i € I and foo € C2°(Voo). This
yields a decomposition of f as above. O

For a vector bundle E — M consider functions that have uniform rapid decay
in the fibres.

Definition 6.11 (|CRO8, 4.6]). Let m: E — M be a smooth vector bundle. A
function f € C°°(E) has uniform rapid decay in the fibres, if for all local trivial-
izations ¢: Ely — V X R™ p € Ng and a = (a1, a2) € Nij x NJ* and all cutoff
functions x € CX(V)
sup (14 [0)P1851 052 x () f (9™ (z,0))] < oo
(z,0)EV XR™

Let S(E) be the space of functions with uniform rapid decay in the fibres. Let
Scp(E) consist of all f € S(E) such that w(supp f) is compact.

Lemma 6.12. The restrictions e;: f — f; fort € [0,00) yield surjections
er: A(TgM) — CX(M x M) fort >0,
eo: .A(THM) — Scp(THM)

Proor. Let f € A(TyM). Condition ensures that f; is compactly sup-
ported for each ¢ > 0. For t = 0 it implies compact support in the M-direction.
Moreover, fy belongs to S¢p(E) as any locally defined norm on the fibres of Ty M
is equivalent to the homogeneous quasi-norm.

For t > 0, surjectivity is easily seen by extending a function in C° (M x M x {t})
smoothly to a function in C°(M x M x Rsg).

At t =0, it suffices to show that eg: A(U) = Scp(U x R™) is surjective for each
H-chart k: V — U. Let fy € S¢p(UxR™) and let Ky C U be a compact subset such
that f(x,v) = 0 whenever z ¢ Ky. As K is compact there isa 1 > ¢ > 0 such that
(ef)"H(v) € U for all z € Ky and ®(v) < §, where ® is the smooth function defined
in Remark Choose a smooth function 0 < x < 1 on [0,00) which satisfies
x(0) = 1 and x(t) = 0 whenever ¢t > §. Define f(x,v,t) := fo(z,v)x(t)x(®(t - v)).
The following set is compact and contained in k(U)

K :={(x,v) e U xR" |z € Ky and ®(v) < §}.

Then f(z,v,t) = 0 whenever k(z,v,t) ¢ K or t > 6. Moreover, f satisfies the rapid
decay condition and eg(f) = fo. O
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*

We proceed by showing that the Schwartz type algebra is a *-algebra with
respect to the operations in and . First, we prove the following estimates
for the groupoid inversion i: U — U and product m: U®) — U with respect to the
homogeneous quasi-norm.

Lemma 6.13. Let K C k(U) be compact, T > 0 and o € N3" 1.

(i) There are Ci ok, >0 andl; o € N such that for all v € U with k() € K
and (y) <T

1051(7);] < Ciaicr(1+ |1y

forj=1,....2n+1.
(ii) There are Cpy o,k > 0 and Uy, o € N such that for all (y,n) € U@ with
k(v),k(n) € K and 0(y) <T

|05 m(y,m)j] < Comarer (14 1Y) (1 + mlf)
forj=1,....2n+1.
PrOOF. For|(i)| the inversion is given in local coordinates as i: U — U with
~1 -1

i 0,) = (ez (t-v),t .5651(t.v)(x),t) for t > 0,

(z,—v,0) for t =0,
for (z,v,t) € U by [CP19b} 9.9]. As noted there, near v = 0

ezt (@) = 0+ Oy e7+)

holds. So Lemma and the compactness of K x [0, 7] can be used, similarly as
in the proof of Proposition [6.8] to derive bounds of the desired form.

We proceed similarly for and write for ((z,v,t), (7 (t - v),w,t)) € UR)
(x,t—l : (5,0 o sa—fl(m)) (t- w),t) for t > 0,
(z,v-w,0) for t =0,

m((z,v,t), (e, (t-v),w,t)) = {

as in [CP19b) 9.11]. By their argument, for all x € U
er 0 (W) = v w+ O (v,w) )

holds for (v, w) near (0,0). As K x [0,7] is compact and the group multiplication
is polynomial and depends continuously on x, one obtains estimates of the claimed
form using again Lemma (]

Corollary 6.14. For K C k(U) compact and T > 0 there are Cxr >0 and l € N
such that

(i) for ally € U with k(y) € K and 6(y) <T
L+ [y < Crr+ Iy,
(ii) for all v,n € U with (n=,7) € UP) k(n),k(n~'-v) € K and O(n) <T
L+l < Crr(+ ) @+ I~ -1

THEOREM 6.15. The Schwartz type algebra A(Tg M) is a *-algebra with respect
to the involution and convolution defined in and . Moreover, there are
inclusions of *-algebras

CX(TugM) Cc A(TygM) C C(TyM).
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PROOF. For the involution, note that if K C M x M is a compact subset for
f € A(TyM) as in Definition [6.9} i(K) C M x M is a compact subset for f*. Here
i: M x M — M x M is the inversion on the pair groupoid. By Lemma and
linearity, it suffices to show that f* € A(V;) for f € A(V;) for j € I. For j = o0,
it is clear that f* lies again in C2°(V).

Suppose now that f € A(U) for an H-chart k: V' — U. Denote by Ky, Ky C
k(U) the compact subsets for f, f* respectively. As f*(v) = f oi(7), the derivatives
of the inversion i can be bounded by powers of 1 + ||v|| as in Lemma with
K = Ky- and T such that f vanishes for ¢ > T. By Corollary 14|yl <
Cr,; (14 [[i(y)])! holds for all v € k~(Ky) with 6(t) < T. Then the Schwartz
seminorms for f can be used to show that f* has the rapid decay property.

For the convolution, note that fxg for f,g € ATy M) is a well-defined smooth
function as f, g are Schwartz functions at ¢t = 0 and compactly supported otherwise.
If Ky, K, C M x M are compact subsets for f, g, it follows that K := m(K, K,) is
a compact subset for f*g, where m denotes the multiplication in the pair groupoid.

To prove the rapid decay, we decompose g as in Lemma [6.10] into a finite sum
of gj € A(Vj), j=1,...,m, and go € CX (V) and use linearity to write

frg= Y. fxg;

j€{1,...;m,00}

Let T > 0 be such that f and ¢ vanish for ¢ > T. As there is a compact subset
K,, CV; x Vj for each gj, it follows that

Kfig, x [0,T] = m(Ky, Kg,) x [0,T]

is openly covered by V; x V; x [0,00) and M x M x (0,00) as for t = 0 the source
and range maps coincide. Let {x,1 — x} be a corresponding compactly supported
partition of unity. Let tg > 0 be such that 1 — x vanishes for ¢t < ty and choose a
bump function w € C*°(Rs¢) with w(t) =1 for t > ¢y and w(t) = 0 for ¢t < ty/2.
Then we can write

(F*95) ) = (- (@0 ) x g - (w0 )y, (26)

This is a convolution of functions in CS°(M x M x Rsg), so that the result is clearly
contained in A(TyM).

Consider now (f * g;)y. Let w; € C°(V;) for i = 1,2 be such that wq(z) =1
for all = € r1(supp x) and we(x) =1 for all x € (K, ). For each vy € Ty M

J

(F 935 () = xe (7“1781,9)(7)/f(vn)gj(n’l)dsm(n)
=xo(r,51,0)(7) wl(ﬁ(v))/f(w) wa(r1 (™ )g;(n™H) @O ()

=xo(ri,s1,0)(7) /m(h(vn))f(vn) wa(s1()))g;(n~") d*0(n)
=(f (wior)-(wzos1)*g;),

holds. In conclusion, we obtained a finite decomposition
Frg=> (Fixg+ D [Fxg® (27)
j=1 je{1,...,m,00}
with 79,95 € C2°(Vo), fi,9; € A(V;) and x; € C2°(V; x V; x [0, 00)). Therefore,
it is left to show that A(U) x A(U) C A(U).
Let f,g € A(U) and denote by Ky, Ky, K¢.g C k(U) the respective compact
subsets, and let T' > 0 be such that f, g vanish for ¢ > T. To show rapid decay, we
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must estimate the derivatives
059 'y) =D 001 g y) - MO(n7t,y) for 7'y € kTN (K,) and t < T,

where M?(n~!,v) is a product of 85‘;‘ m;j(n~',7). The bounds from Lemma for
the multiplication and inverse allow to estimate |M?| for all v € k=!(K}.,) and
n € k71 (Ky) with t < T by C(1+ ||n])"(1 + ||v])? for some C' > 0 and r,s € No.
Therefore, we can use the rapid decay of f and g to estimate for p € N using

Corollary

A I 176103, 0079) - 357 v )
S+ I [+ D105+ g 1)| v )
S+ P [1E@I+ Tl )™ d ) )
S [IFI+ )7+ 6 )

< / (L -+ lf) =4 dvr @ () < oo

for all v € U. This finishes the proof that A(Ty M) is a *-algebra.

Clearly, C*(Ty M) is contained in A(TyM). For f € A(U), we can construct
a sequence f,, € C(U) which converges to f in the I-norm. This will imply
that A(TgM) C C*(TygM). This can be done by choosing a sequence of functions
Xm € CZ(R™) with 0 < Xy, < 1, supp(xm) € B(0,m) and Xn|B(0,m—1) = 1. Then
fm(x,v,t) == f(x,v,t)xm(v) is such a sequence. O

6.5. The zoom action on the convolution algebras

The zoom action on the tangent groupoid, introduced in Definition [5.8] induces
an action on the convolution algebras.

Lemma 6.16. The maps ox: C.(TgM) — C.(TyM) defined by
(oxf)() = A% f(ax(7))  for A >0 and f € Ce(TuM)

extend to a strongly continuous Rsg-action on C*(TyM). Moreover, A(TyM) is
invariant under the action.

PRrROOF. Note that the Haar system {V(w’t)}(x,t)eMx[o,oo) satisfies

/ oxfdv@t) = / FAvEAT for all f € Co(TyM). (28)

Using this one can show o (f*g) = oa(f)*ox(g) for f,g € Co(TygM). Furthermore,
all oy are linear and satisfy o) (f*) = (ox(f))* for all f € C.(TyM). As each o)
is an isometry with respect to the I-norm, it follows that o extends to a strongly
continuous action on C*(TyM).

To see that A(T g M) is invariant, note that it suffices to show this for f € A(U),
as C°(M x M xRxp) is invariant. Because k(8 (z,v,t)) = (z,t-v) = k(z,v,t) for all
A > 0, one can take the compact set K for f for all o5(f). Furthermore, for fixed
A > 0 the function o (f) has compact support in the t-direction and satisfies the
rapid decay condition. This follows from the homogeneity of the quasi-norm. [

Lemma 6.17. The ideal ker(pg) < C*(Tg M) is invariant under the zoom action.
Under the isomorphism from

p: ker(pg) — Co(Rso) @ K(L?M)
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the zoom action corresponds to the action T ® 1, where T is induced by the free and
proper scaling action of R~o on itself, namely,

(T2 f)(t) = FONT)  for f € Co(Rso) and A\, t > 0.
PROOF. The homomorphism pg is equivariant for the zoom action and the

action on C*(Ty M) induced by the dilations in Definition The second claim
follows from the computation that po oy = (7, ® 1) op for all A > 0. O



CHAPTER 7

The fixed point algebra construction for filtered
manifolds

For an ordinary manifold M, the C*-algebra generated by the principal sym-
bols with compact support in the M-direction are the continuous functions on the
cosphere bundle Cy(S*M). This algebra is the generalized fixed point algebra of
the action of Ry on Co(T*M\ (M x {0})) which is induced by the scalings

Ao (2, &) = (x,\7) forze M, E€TM.

Here, it is essential to take out the zero section of the cotangent bundle as otherwise
the action is not proper.

In the case of a filtered manifold, we will not apply Fourier transform on Ty M
as the osculating groups are not necessarily Abelian. Therefore, we trace back what
Co(T*M\(M x {0})) corresponds to under inverse Fourier transform. Let 7 denote
the Euclidean Fourier transform of f € S(R™). Recall that the trivial representation
of the group R™ induces a representation 7y : C*(R") — C as in . Then

FO)=0<= [ f(z)dz=0< f € ker(Fui)-

This observation motivates the following definition of an analogue of the ideal
Co(T*M\ (M x {0})) for filtered manifolds.

7.1. The ideals J and Jg
Definition 7.1. Let Jg be the ideal in C*(Ty M) defined as
Jo= [ ker(Ruiv 0 ¢a)-
zeM

Here, Tyiv: C*(G(x)) — C denotes the representation induced by the trivial repre-
sentation of the osculating group G(z).

The ideal Jg can be extended to an ideal J in C*(Ty M) as follows.

Definition 7.2. Let J denote the ideal in C*(Ty M) given by

J = [ ker(Fesiv © ¢z © po)-
xeM

Both ideals J and Jg are invariant under the zoom action o of Ryy. In the
following, the generalized fixed point algebra construction will be applied to this
R<¢-action on J. In order to do so, consider the following *-subalgebra of J.

Definition 7.3. Let R C J consist of all f € A(TyM) such that

/fdy(r’o) =0 forallze M. (29)

49
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7.2. Proof of continuous square-integrability

We show first the following lemma, which will replace an application of the
mean value theorem in the Euclidean case.

Lemma 7.4. Let g € A(U) and Ky, Ky C k(U) be compact subsets. For all a € N
there are D > 0 and b € N such that for all (y,n) € U® with k(v) € K1,k(n) € K

_ _ (A A+ [l
lg(v"'n) —g(y" 1| <D [In]|%.
@+ vl Z

PROOF. It suffices to show the claim for real-valued g € A(U). Let v~ ! =
(z,v,t) and n = (e *(t - v),w,t). Define the function G [0,1] x U?) — R by
G(m,v,t,w,h) = g((x,v,t) : (gz_l(t : U)7h : wat))

Hence, we obtain

1
(0. 0)(E (o) w.0) = gl 0.0) = [ Gt 9)ds

To estimate |05, G| note that G = g om o (id x 0), where 6(w,h) = h - w. Writing
nn = (e, (t-v),h-w,t), one calculates that

WG(y s Z Bug(Y " mn) - By mi(y ) - O (w, ).

i,j=1
By the structure of U we can find a compact subset Ko C K C k(U) that is star-
shaped in the sense that for (z,v) € K also (x,h-v) € K holds for all h € [0,1].
Let T" > 0 be such that g vanishes for ¢ > T. Lemma applied to i(K;) U K
and T gives C' > 0 and [ € N with
[0 ma (Y om)l < O+ [y THD L+ [l )" < O+ (7D (L + [Inl])’

for all v, n with k(y) € K1, k(n) € Ky and t < T. For these 7,7 use the rapid decay
condition for g to estimate using Corollary

_ _ 2 2 _ _ 2
100,90y )| S U [y o)) S (@ [y byl )
2 2
< 0+ [[na|])! (1) < 0+ |+t

O 1) e O 1 D s
As 0j(w, h) = h%w;j, it follows that |0p0;(w, s)| S Jw;| < |In||%. Together, these
estimates imply the claim. O

Lemma 7.5. Let (M,H) be a filtered manifold. Consider the restricted zoom
action 0: Rsg ~ J. For f € R the operator {(f| as in Definition satisfies
(flg € LY(Rs0,d) for all g € R.

PRrOOF. We show that (A — [lox(f*)*gll7) € L'(Rs0, ) holds for all f,g € R.
Because o for A > 0 is an isometry with respect to the I- norm
lox=1(f) gl = I1f* * ox(@)llz = lloalg™) = s

holds for all f,g € R. Therefore, and as R is invariant under involution, it will

suffice to show -

loa(f) * gllr 2 < oo forall f,g €R. (30)
We decompose f as in Lemma and write
onf)xg= Y. ofi)*g

J€{1,...;m,00}
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with f; € Ry, :== RN A(V;) and foo € C°(Vs). We proceed to decompose this
further as in . Let Ky,, K, be compact subsets for f;,g and let T > 0 be
such that f; and g vanish for ¢ > T. As before, let {x,1 — x} be a compactly
supported partition of unity subordinate to the open cover V; x V; x [0,00) and
Voo of m(Ky,, K4) x [0,T]. As noted in Lemmawe can take the same compact
subset Ky, C k(U) for all ox(fj). For A > 1, let xx be the scaled version of x
defined by xx(z,y,t) = x(z,y, A71). As A > 1, {xa, 1 — xa} is still a partition of
unity for the above cover of

m(Ky;, Kg) x [0,T] = m(K,,s,), Kg) x [0,T].
As before, we have a decomposition

ox(fi) * g = (ox(f5) * @xx + (O (fi) * 9 1—x2)-

Inspecting the argument for the first summand in Theorem [6.15] we can find a
gj € Ry, that does not depend on A such that

(oA (i) * 9)xx = (Ox(f5) * Gj)xr-

For the second summand, recall the construction of w € C*([0,00)) in Theo-

rem It follows as in that for wy(t) == w(A\~1t)
(@a(f5) * 9)a—xx) = (Oa(f5) - (wr00) xg)(1_,,)
= (oa(fj - (wo ) * g)(lixx) .

Note that f; - (wo#) € C°(Vao). As [xal, |1 —xa| <1 forall A > 1, it suffices to
prove for the two cases f € C(Vy) and g € R, and f,g € Ry. Here, Ry
denotes all functions f € A(U) with f o ¢, € Ry for an H-chart x: V — U.

Suppose first that f € CP(Vs) and ¢ € R. Let T,ty > 0 be such that
f(z,y,t) = g(x,y,t) = 0 whenever t > T and f(z,y,t) =0 for t < tyg. For x € M
and ¢t > 0 we have

(ox(f) * 9) (1, 1) = A /M F(, 2 A gz ) du (),

which is only non-zero for ¢ < T'. Moreover, it vanishes if A > Tty ! because then
A7t < tg holds for t < T, so that f(z,z,A7't) = 0. As A > 1, only t > to have
to be considered. As g restricted to t > tg is a compactly supported function, we
can find a compact subset K C M such that f(z,y,t) = 0if (z,y) ¢ K x K and
g(x,y,t) = 0if t > to and (x,y) ¢ K x K. Moreover, there is a constant C' > 0
such that |g| < C for t >t and |f| < C. We obtain

oo T/to

/ lox(f) * gllr L < TQdHCQV(K)Q/ A1) < oo.

1 1

Consider now the case that f,g € Ry. For v € U with r(vy) = (x,t), write

Let K¢, K, be compact subsets for f and g as in Deﬁnition As Ky is a compact
subset for all o5 (f), we only need to consider v € K := m(Ky, Ky) by Theorem
Moreover, we only need to consider z € U@ with (2, (A~'t) - 2) € K;. Define two
functions Ry, Ry by

Ri(v,m) :=g*(n""-v) — g* (),

Ro(z, 2,t) :=f(x, z,t) — f(x,2,0).
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We write
(ox(F) *9) () =9(7) / f(,2,0)dz + / F(, 2, 0) Ry (. (2, A7 - 2, 8)) dz

+ /Rz(x,z,A‘lt)g*((fc,A‘l “z,t) - y)dz.

The first term vanishes as f € Ry. The mean value theorem in Lemma [7.4] applied
to i(K), Ky, g and a = dy + 1 yields D > 0 and b € N such that

- +AT 2 1
| R1 (7, (2, A 1-z,t))|§D((1+|ﬁy||dz,j,|+|1ZIIA 2|
(L+ A=) <
L+ [yttt =

D)L w
- (L4 [y )t

for v € K and 2z € U®Y with (z, (A\"'t) - 2) € K. For the last inequality we used
that A > 1. The usual mean value theorem and the rapid decay of f allow to find
C > 0 such that

D AT

A

|Ro(z, 2, A1) < A™HCO(1 + ||2|) =D @n+D),
As f has rapid decay, one can estimate
[f(,2,0)| S (L4 |l2f) =024t
As g* is rapidly decaying, as well, and using Corollary [6.14 and A > 1, we find

197 (2, A7 2,8) - N S (L4 (@, Az 8) - ]~
o (L[|, Atz )ttt

- (L4 [l
< Al At T (14 ) oD
- (L4 [[yl)dmtt = (L + [yt

Therefore, we obtain for all (x,t) € M x [0, 00)

Jlosr) #7140 = [{oa () ") @00l aw S A7 1 +0)

As there is a T' > 0 such that g* vanishes for ¢ > T this implies ||o(f)*g*||;» S AL

~

For || - ||1.s, replace v by v~! in the estimates above and use Corollary to derlve
similar estimates. The convergence of floo A~2d) finishes the proof of . O

THEOREM 7.6. For a filtered manifold (M, H) the *-subalgebra R C J is square-
integrable with respect to the zoom action of Rsg.

Denote by R its closure with respect to the | -|si-norm. Then (J,R) is a
continuously square-integrable R~o-C*-algebra.

PROOF. The Schwartz type algebra A(TyM) is a *-subalgebra of C*(TyM)
by Theorem Condition (29)), which is that the Haar integrals vanish at ¢ = 0,
is preserved when taking the involution or convolution of functions in R. Therefore,
R is a *-subalgebra of J. Moreover, it is invariant under the zoom action of R+, as
A(Tg M) is invariant by Lemma and the dy-homogeneity of the Haar system
at t = 0, which follows from .
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To see that R is dense in J, let f € J and € > 0. There is a g € C(Ty M)
with ||f — g]| < €/2. To adjust g to have vanishing integrals at ¢ = 0, define the

function h € C (M) by
h(x) :/gdu(w’o)

for 2 € M. Tt satisfies [h(z)| = [Friv (2 (70(9))) — Foriv (@2 (po ()] < If — g1l < 2/2
for all # € M. Choose a function k € C®(TgM) such that [kdv(®® =1 for
all € r(po(suppg)) and ||k||; < 1. This can be done by defining such a function
locally on the charts V; and pasting them together with a smooth partition of unity.
Let g := (hory)-k. It is a smooth, compactly supported function on Ty M, and
lg]l < €/2. Asg—g € R and ||f — (9 — §)|| < ¢, this finishes the proof that R is
dense in J.

Now, the estimate in Lemma [7.5 together with Lemma and Remark
imply that (J,R) is a continuously square-integrable R~ (-C*-algebra. O

Hence, the generalized fixed point algebra Fix?>° (J,R) is defined as in Defini-
tion By Lemma it is the closed linear span in MR>0(J) of

el =tim [ o 0% with g e R

Here, (x;)ier consists of smooth, compactly supported functions x;: Rsg — [0,1]
that converge uniformly on compact subsets to 1. We can arrange that y;(\) =
Xi(A™1) for all i € T and A > 0, which we will assume from now on.

7.3. The extension of generalized fixed point algebras

Recall that Jg = pp(Jd). The C*-algebra extension for the tangent groupoid
in restricts to the short exact sequence of R (-C*-algebras

Co(Rs0) @ K(L2PM) —— J —22 J,. (31)

Proposition 7.7. Let Ry := po(R). The zoom action of R~y on the extension
mn gives rise to a short exact sequence of generalized fized point algebras

K(L2M) — Fix?>0(3,R) 2 Fix®>(Jy, Ro). (32)
PROOF. Proposition gives an extension of generalized fixed point algebras
FiXR>°(ker(p0)77€ﬁ ker(pg)) — FiXR>0(J,77?,) Py FiXR>°(J0,p0(ﬁ)).

By Remark the completion of py(R) with respect to the || - ||si-norm on the right
hand side is Rg. The isomorphism p from Lemma induces an isomorphism

ps: Fix®>0 (ker(pg), R Nker(pg)) — Fix™>°(Cy(Rso) @ K(L2M), R). (33)
where R := p(R Nker(py)). By the description of the zoom action on Co(Rsg) ®
ﬁ

K(L?M) in Lemma 7l it follows that R is the unique relatively continuous,
complete and dense subset by Theorem Lemma [2.29) gives an isomorphism

W Fix®>0(Cy(Rso) @ K(L2M), R) — K(L?M). (34)
Therefore, we obtain the extension (32). The inclusion of K(L?M) into Fix">°(J,R)
is given by (¥ op,)~ L. O
Proposition 7.8. The generalized fized point algebra FiXR>O(J0,7T0) s a contin-
wous field of C*-algebras over M with fibre projections
Ge: Fix">0(Jg, Ro) — Fix">°(J,, Ry).
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Here J := ker(Tiiy) < C*(G(2)) and Ry consists of all f € S(G(x)) with vanishing
integral with respect to the Haar measure on G(x).

PrOOF. This follows from Theorem 2.301 O

7.4. A faithful representation on L?(M)

The *-homomorphisms p;: C*(Tyg M) — K(L?>M) defined in for ¢ > 0 can
be restricted to the ideal J. The restrictions are still surjective. Therefore, they
yield strictly continuous representations

pr: FixR>9(J3,R) — M(K(L?M)) = B(L*M) for all t > 0.
Lemma 7.9. The representation py: Fix">°(3,R) — B(L2M) is faithful.

PROOF. To show that the representation is faithful, observe the following re-
lation between the homomorphisms p; for ¢t > 0

pi ooy =pi-1 forall £, A > 0. (35)

This equality still holds for the corresponding extensions to the multiplier algebras.
As each T € Fix®>°(J,R) is invariant under o, it follows that p,(T) = p(T) for
all t > 0. Therefore, T' € ker(p;) implies p:(T) = 0 for all ¢ > 0. For all f € J it
follows that p:(Tf) = pr(T)p:(f) = 0 for all t > 0. As C*(TyM) is a continuous
field of C*-algebras this implies by continuity that T'f = 0. Since this holds for all
f €3, it follows that T"= 0. O

Lemma 7.10. As before, let (xi)icr be a net of x; € CX(Rsq) that converge
uniformly on compact subsets to 1 and satisfy x;(A\™1) = xi(\) for all A > 0. Let
frg € R and h = f* xg. Then the operators T;(h) given by

Ty(hy(a) = / A [ ey 0ot vl 2 (36)

for € L2(M), x € M, converge strictly to p1(|f){(g]) as multipliers of K(L>M).

PROOF. Strict continuity of p; together with imply that

(o) oo
pr (1) {gl) = li.m/ XiNp1(oa(f*+9)F =lim [ xs(Vpa(f**9) -
s Jo 5 Jo
The operators T;(h) above are obtained by inserting the definition of py. O

Lemma 7.11. Let p, and ¥ be the isomorphisms from and . Then fol-
lowing diagram commutes, where the horizontal maps are the inclusions:

ker(po) Fix®>0(J3,R)
":le*
Fix®>° (Co(Rs0) ® K(L2M), R) 1
EJ\II

~

K(L2M) B(L2M).
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PROOF. Let 91,15 € C.(Rso, K(L?>M)). Since p; is strictly continuous,

P ()~ () (a)) = (™ o) o™ ()
=71 (im [ W i) )

_hm/ Xi(A)pa—1( 1(1/’1@2))%

_ / Pr(AT) (AL = () (2]

holds. As the linear span of [¢1)) (2| with 91,12 € C.(Rs0,K(L*M)) is dense in
Fix (Co(R0) ® K(L?M),R) the claim follows. O

Lemma 7.12. Let h € R Nker(py) and let T;(h) be defined as in (3€). Then
(Ti(h)) converges in norm in K(L?M). In particular, its strict limit as multipliers
of K(L2M) exists and is contained in py(Fix?>°(J3,R)).

PROOF. As h € R C A(Ty M) vanishes for ¢t = 0, it can be written as h = tf
with f € A(TygM). By definition of the representation py in (23), it follows that
pa(h) = Apa(f) for all A > 0. Hence, for all A >0

AR < Allpa(HIF < AlLA-

We show that (T;(h)) is Cauchy. Let T' > 0 be such that h vanishes for ¢ > T'. For
jJ > i, we estimate

[e%s) T
IT5(h) — Tu(h) | < / 06N — i) AW < (171 / (1 - xi(A) dA.

As x; — 1 on compact subsets, the claim follows. As K(L?M) is complete, it
follows that (T;(h)) converges in norm. The second claim follows as convergence in
norm implies strict convergence and K(L2M) is contained in p; (Fix®>°(J,R)) by
Lemma [T.111 O

In conclusion, the generalized fixed point algebra construction for the zoom
action on the tangent groupoid of a filtered manifold (M, H) yields an extension

K(L2M) —— Fix®>°(J, R) 2 Fix">°(Jo, Ro)

\ L,l (37)

Remark 7.13. In particular, this generalized fixed point algebra construction for
the zoom action applies to graded Lie groups. In [Ewe20] we showed that it works,
in fact, also for homogeneous Lie groups. For these groups the tangent groupoid
can be defined as a transformation groupoid as in Example The zoom action
is defined analogously using the dilations on G.



CHAPTER 8

Homogeneous distributions and generalized fixed
points

In the classical pseudodifferential calculus on a smooth manifold M, the prin-
cipal symbols of order 0 are smooth functions on the cosphere bundle S*M, or,
equivalently, smooth 0-homogeneous functions on T*M\ (M x {0}).

They act on Co(T*M\ (M x {0})) by multiplication. Under the inverse of the
Fourier transform C*(T'M) — Co(T* M), they act on Jg <« C*(T'M) by convolution.

We proceed by showing that also in case of a non-trivial filtration, certain
homogeneous convolution operators on the bundle of osculating groups Ty M are
generalized fixed points of the dilatations on Jg.

For an ordinary manifold, it is easy to represent a 0-homogeneous symbol F
on a local chart V' as in the generalized fixed point algebra construction. First, one
writes

Fla,€) = /0 A

for some smooth, compactly supported function f that vanishes with all derivatives
at the zero section. In this case, f can be written as a product f = f; - fo of smooth,
compactly supported fi, fo with fi(x,0) = fo(x,0) =0 for all z € V.

In case of a non-trivial filtration, these factorizations are not so straightforward.
We cannot apply the Euclidean Fourier transform as it does not behave well with
the group product in the osculating groups. This is why we need a result by Dixmier
and Malliavin, which shows that every Schwartz function on a nilpotent Lie group G
can be factorized as f = f1 * fo with fi, fo € S(G). In the following we recall the
proof to obtain a bundle version for Ty M and to ensure that fi, fo € Rg if f
satisfies certain conditions.

8.1. Fibred distributions on the bundle of osculating groups

As a preparation, consider smooth families of distributions on the osculating
groups. We will use tempered fibred distributions on Ty M (see also [VEY19)).

Definition 8.1. For a smooth vector bundle 7w: E — M, a tempered fibred dis-
tribution with compact support in the M-direction is a continuous C2°(M)-linear
map u: S(E) — CX(M). Denote by S;,(E) the linear space of tempered fibred
distributions.

For u € §/,(F) and each x € M there is a tempered distribution u, € §'(E;)
such that (u, f)(z) = (ug, fr) for all f € S(E). For E = Ty M, there is a well-
defined convolution

which restricts in the fibres to the convolution on the osculating groups. It satisfies
analogous properties as in Lemma Lemma and Lemma [3.25] To define
homogeneity of fibred distributions, recall that the dilations yield an Rsg-action on
S(Ty M) given by

(oaf)(z, &) = )\dHf(ar,(S,\(f)) for A\ >0, f € S(TyM) and € € G(z).

56
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This action can be extended to Sg, (T M) by

<0A*U7 f> = A <U'a UA*1f>
for u € S{,(TgM), f € S(TyM) and A > 0. These allow to extend the notion

of kernels and operators of type v on homogeneous Lie groups (see for example
[FR16! 3.2.9]) to the bundle of osculating groups.

Definition 8.2. Let G be a homogeneous Lie group and let ¥ € R. A tempered
distribution v € S§'(G) is called a kernel of type v if it is smooth away from zero
and oy, (u) = Au for all A > 0. Denote by K¥(G) the space of kernels of type v.

Remark 8.3. Let @ be the homogeneous dimension of a homogeneous Lie group.
The kernels of type v are also called (v — @)-homogeneous distributions in the
literature. This is because they coincide with (v—@Q)-homogeneous functions outside
Z€ero.

Definition 8.4. Let v € R. A fibred distribution u € S/,(Tg M) is called a kernel
of type v if it is smooth away from the zero section and oy.(u) = AYu for all A > 0.
Denote by K¥ (T M) the space of kernels of type v. The corresponding continuous
operator T,: S(TuM) — S;,(Tg M) given by T, (f) = ux f is called an operator
of type v.

In particular, T, restricts at x € M to the right-invariant continuous linear
operator S(G(z)) — S§'(G(x)) given by f — u, x f for f € S(G(x)). Moreover, one
calculates that an operator T of type v satisfies

T(oy-1f) =Noy-1(Tf) forall \>0and f € STuM),
see also |[FR16, 3.2.7].

Example 8.5. Let k: V — U be an H-chart with H-frame X. The differential
operators (X)® for o« € Nj can be understood as in Section as an element of
Sep(TrV') when multiplied by a function f € C2°(V). It is a kernels of type —[a].
The corresponding operator T. x)~ restricts at x € M to the right-invariant dif-
ferential operator f(z) - (Y)(x) on G(x) defined as in Definition To simplify
notation, we will write X; for the equivalence class (X;) € I'*°(tg M) in the follow-
ing.

As an analogue under Fourier transform of the functions in Scp(T*M) that
vanish with all derivatives at the zero section, define the following subspace of
Sep(TuM).

Definition 8.6. For a filtered manifold (M, H), let the space So(Ty M) consist of
all f € Sop(TuM) such that for all H-charts k: V — U

/vo‘(f oTk M (z,v)dv=0 foralla € NJ and all = € U.

This is well-defined as for a Carnot diffeomorphism f: U; — Us, the Carnot
differential T'f: Ty Uy, — Ty Uy preserves polynomials in the fibres.

The Euclidean Fourier transform F: Sg,(tg M) — Scp(t5; M) maps So(TuM)
onto the subspace of functions vanishing with all derivatives at the zero section.

Definition 8.7. For a homogeneous Lie group, let Sy(G) consist of all functions
f € S8(G) with [,v*f(v)dv =0 for all & € N.

The space Sp(G) was defined in [CGGP92| and plays an important role in
their calculus. The restrictions give surjective maps g, : So(TuM) — So(G(x)) for
all x € M.

Lemma 8.8. The space So(TuM) has the following properties:
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(i) So(TuM) is a *-subalgebra of Sep(TuM),

(if) So(TaM) is closed in Scp(Ta M) with respect to the Schwartz semi-norms,
(iii) ux f € So(TuM) for allu € K*(TyM), v eR and f € So(TuM),

(iv) X * f € So(TuM) for all smooth, compactly supported sections X: M —
tgM and f € S()(THM).

PRrROOF. It is clear that So(TyM) is a linear subspace of Sep(TyM). It is
left to show for |(i)| that So(TrM) is closed under involution and convolution. In
H-coordinates and for v € G(x)

()" = (=) = (=Dl

Moreover, by the polynomial group law in Proposition [3.17] one can write v - w for
z,w € G(z) as a finite sum of cg ., (z)v w? with smooth functions cg .

We show on an H-chart V. Pick a homogeneous quasi-norm on TV as in
and let the Schwartz seminorms be defined analogously to Deﬁnition For
f € Sep(TrV) and a € N, we estimate

‘/vo‘f(ac,v) dv

The integral converges by Lemma It follows that for a sequence (fi)ren in
So(TuV') which converges in Scp(THV'), the limit lies in So(THV) as well.

The property is the bundle version of |Gel83, Lemma 4]. For let
X €T (tgV) for an H-chart V. Then one can write X = )" ¢; X; with ¢; € C2(V)
with respect to the H-frame {X1,..., X, }. The ¢; X; define kernels of type —g; by
Example Hence, implies the claim. U

8.2. The Theorem of Dixmier and Malliavin

< Wfllapans [+ l) o for all o€ V.

The theorem was proved in [DMT78|, see also [Casl6]|. The following is the
foundation for the factorization theorem.

THEOREM 8.9 (|DMY78| 2.5]). Let (8k) be a sequence of positive real numbers.
Then there is a sequence (ay) with oy, < B for all k > 1 and a function h € S(R)

such that
p

Z(—l)kak(S(%) xh—3d inS'(R) as p — oo.
k=0
In the following we show a bundle version of the Dixmier and Malliavin Theo-
rem. Note that we do not obtain a factorization with two functions but as a finite
sum of convolutions, as we do a construction in local coordinates. However, this is
good enough for the generalized fixed point algebra construction.

THEOREM 8.10 (|[DMT78| 7.2]). Let (M, H) be a filtered manifold. For each
€ Sep(L'yg the following holds:
f € Sep(TuM) the following hold,
(i) There are finitely many g;, hi € Scp(TuM) such that f = g; * h;.
(i) If f € So(TuM), one can find a factorization as in[([i) with g; € So(TuM).
PRrROOF. Consider an open cover of M by H-charts k;: V; — U;. As f has

compact support in the M-direction, there are p; € C°(V;) for i = 1,...,m such
that

Fav) = pula) fav).
i=1

Therefore, it will suffice to show the claim for f € S¢,(TyV') for an H-chart k: V —
U. Let (X1,...,X,) denote the H-frame on V. For 2 € V, the equivalence classes
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of {X1(z),...,X,(x)} form a strong Malcev basis for all osculating groups G(x)
with z € V. Therefore, by [CG90, 1.2.8]

O: VxR > TyV
(@81, ) = (2, exp(tn(Xn) (@) - - exp(t1 (X1)(2)))

defines a diffeomorphism. Moreover, by [CG90|, 1.2.11] it transports the Lebesgue
measure on R™ to the Haar measure induced by the corresponding exponential
coordinates in each fibre.

Denote by Y; for j = 1,...,n the family of right-invariant differential operators
on the osculating groups corresponding to X;. For k,m € No, o € N let

Mk:,m,a = sup |’Umya (YIZkf) (SU, U)|7 (38)
(x,0)ETHV

which are finite as f belongs to the Schwartz space. Choose a sequence of positive
real numbers (f)) such that

> BeMima <oo  forallmeNg, a€Ng, (39)

k=0
see also [Cas16| 4.4]. Now by Theorem there is a sequence oy < S for k > 1
and a function hy € S(R) with

p

Z(fl)kak(;(%) xh; — 6 inS'(R) as p — oo.

k=0
Consider the map ®1: V x R = TyV given by (z,t1) — (z,exp(t1X71)). It is a
polynomial homomorphism in the fibres. Note that (®1(z)).(6%)) = Xi(z)* €
S§'(G(x)) for all € V. By Lemma it follows that for a function w € C°(V)
which is constant 1 on r(supp f)

P
z:(—l)]’“akX%’C #(1)(w®@hi) 2 w®6 in S, (TuM) as p — oco.
k=0

holds. It follows that

k=0
Note that for each p € N by Lemma [3:24]

P P
I (Z(—nkakxf’“ # (D)o (w® h1)> = (Z(—l)kakakf> * (®1)s(w ® hy).
k=0 k=0
By the choice of (i in and the definition of My o in , the sequence
b _o(=1)*a, Y2k f is Cauchy with respect to all semi-norms. Therefore, it con-
verges to a function g1 € Sep(TeV). It follows that f = g1 * ($1)«(w ® h1).
Now, the same procedure is applied to g1 and Py(z,t2) = (z,exp(t2X2)).
Subsequently, we obtain

F=0(gn*(Pn)s(w®hy))*...)* (P1)s(w hy)

for a function g, € Sep(TyV) and hy,...,hy, € S(R). Define h € Scp(V x R™) by
h(z,t) == w(x)hi(t1) - - hp(ty). One computes that

gn*(‘Pn)*(hn)*"'*(<I>1)*(h1)(w,v)=/ h(w, £)gn((x,v)®(z,t) ") dt.

p
[ (Z(l)’“aka’“ (1) (w® h1)> — fin Sep(TyM) as p — .

n

As the Lebesgue measures on R” is transferred to the Haar system by @, it follows
that f = g, * (P*h). This finishes the proof of
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If f € So(TyV), note that g1 € So(TyV) by and of Lemma
Inductively, it follows that g, € So(THV). O

8.3. Operators of type 0 as generalized fixed points

In this section, we show that Fix">°(Jg, Rg) is isomorphic to the C*-algebra
generated by the operators T, for kernels u € S, (T M) of type 0.

Proposition 8.11 ([FS82| 1.65]). Let f € Ro. Then

/0 TN () B

converges in S, (Tu M) to a kernel of type 0.

We will show that, conversely, every u € K°(Ty M) can be written as an average
over the dilation action as above. First, this is proved for © = w®4d, where § denotes
the delta distribution in the fibres and w € C2*(M), which is a kernel of type 0.

Lemma 8.12. For every w € CX(M) there are finitely many f; € Ry and g; €
So(TyM), j=1,...,1, such that

L e
Z/ XiNoA(Fr #g) R S w@d i Sl (TuM).
j=170

ProOF. It suffices to show this for w € CX(V) for an H-chart V of M. As
noted in [CGGP92|, one can find a ¢ € So(TyV) with

wed=lm [ xi(Nar(e)(2) .

* JRso
For example, take a function h € C°(Rso) with [;°h(A71)92 = 1. Define ¢ €
S, V) with (x, &) = w(x)h(||€]]), where |- || is a homogeneous quasi-norm on

t7;V which is smooth outside the zero section. The invariance of the Haar measure
on Ry implies that fooo (X, ay-1 (5))% = w(z) for all z € V and £ # 0. Therefore,
¢ € So(THV) can be taken as the inverse Euclidean Fourier transform of .

Now, ¢ needs to be factorized appropriately. By the proof of the Dixmier
Malliavin Theorem in one can find k € So(TyV) and | € S(TV) such that
¢ = k«1. Following [FS82| 1.60] and using the H-frame {X1,...,X,} on V, k can

be written as k = Z?:l X,kj with k1,...,ky, € So(TgV). Therefore, using @D
b= (Xjky) w1l ="k (Y;l)
j=1 j=1

holds. Using Proposition one obtains that [(Yjl)(z,v)dv =0 for all z € V
holds. Consequently, the claim holds with f; := k} € So(TrV) and g; :=Y;g € Ro
forj=1,...,n. O

Corollary 8.13. Every u € K°(Tg M) can be written as a finite sum of
tim [ x(os(f+9) L
i Jo

with f € So(TyM) and g € Ryp.

PrOOF. Choose w € CF(M) with X|,suppu) = 1. Let f; € So(TyM) and
gj € Ro for j =1,...,1 be functions as in Lemma Then use the homogeneity
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of x to compute for h € Scp (T M)

l oo
uxh=ux(w®04xh)=lm Z/o Xi(Au s (ox(f; * gj) * h) S
j=1
l )
= lim ;/0 Xi(A)oa((u* f;) * gj) * h4T

_ Z (1m0 [ o £ 090 )

Here we used that u (f*g) = (ux f)*g for all ¢, € Scp(TyM). The last equality
holds as u * f; lies in So(TyM) for all j = 1,...,n by Lemma so that the
expression in the bottom line converges in S, (T M) by Proposition O

Example 8.14. Suppose G is a homogeneous Lie group of homogeneous dimension
@ equipped with a smooth homogeneous quasi-norm. Let k € C*°(G) be a (—Q)-
homogeneous function with vanishing mean value, that is,

| @ullaly s =0
G

for all u € Ll(R>07%). By |FS82, 6.13, 6.19] its principal value distribution
PV (k) € §'(G) is defined by

(PV(k),¢) = lim k(x)y(z) da for ¢ € S(G).
=0 llal|>e
Let w € C2°(Rso) be a function with fR>0 /\Qw()\)% = 1. Then we can define a

function g € S(G) by g(z) = w(||z|)k(z/||x|) for x € G. Tts integral vanishes by
the vanishing mean value condition for k:

[ wllahra/lalds = [ w(lalple] ) do = o
G G

Moreover, for z # 0,

| @@ = [ A%albte/ )4 = ]2/ lol) = )
0 0

holds. By [F'S82, 6.13] this implies that PV (k) = lim; [;° xi(A)or(g) % + ¢ - 6 for
some ¢ € C. Writing § as in Lemma one obtains a representation of PV (k) as
an average over the dilations.

Remark 8.15. Let v > 0 and f € So(TyM). Then

/0 T A ()

converges to a smooth (v — dg)-homogeneous function outside the zero section. By
Lemma it is locally integrable at the zero section. It follows that it defines
a tempered fibred distribution. It is in fact a kernel of type v. Conversely, every
kernel of type v > 0 can be written in this form by a similar argument as in the

proof of Corollary

Remark 8.16. Suppose L is a right-invariant v-homogeneous differential operator
on a homogeneous Lie group G, such that L and L' are hypoelliptic. Then by
[Fol75, 2.1] and |Gel83| Thm. 3], L admits a fundamental solution x € S'(G),
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that is L x k = 0. Let @ denote the homogeneous dimension of G. If v < Q, K is a
kernel of type v and is uniquely determined. If v > @, & is of the form

# = o + p(z) In(|[z]]) (40)

where kg is a kernel of type v, p a polynomial which is homogeneous of degree
v — @ and || -|| denotes a homogeneous quasi-norm on G. Convolution operators
with kernels of this form are still homogeneous when their domain is restricted to
So(G).

Because of this structure of the fundamental solutions, pseudodifferential oper-
ators of order m in the calculus of Christ, Geller, Glowacki and Polin [CGGP92|
are defined to have a homogeneous expansion of their convolution kernel of the
form Z;’;fm kj with x; kernels of type j for j < @ and s; of the form in
for j > Q. In the calculus of van Erp and Yuncken this is reflected by considering
essentially homogeneous distributions and not only homogeneous distributions (see
[VEY19, Example 26]).

The description of the kernels of type 0 above is already very close to the
generalized fixed point algebra construction. We compare now the corresponding
convolution operators to elements of Fix">°(Jg,R) € MR>0(Jy). The latter is a
continuous field of C*-algebras with fibres Fix">°(.J,, R,) by Proposition To
understand these fixed point algebras better, note that the restrictions of the left
regular representations A, : C*(G(x)) — B(L?G(z)) to J, are still non-degenerate
for all z € M.

Lemma 8.17. For each graded Lie group G, the restriction of the left reqular repre-
sentation \: C*(G) — B(L?G) to J = ker(Tiy) is a non-degenerate representation.

PROOF. Suppose ¢ € L?(G) is such that f*1) = 0 holds for all f € J. As C*(G)

acts by right-invariant operators on L2(G), this is equivalent to f(x)¢(r) = 0 for
all f € J and for almost all 7 € G by the Plancherel Theorem, see ((13)). The ideal
J < C*(@) is liminal. Hence for 7 € J = G\{muiv} we have that f(w)@(w) =0
for all f € J is equivalent to K("Hﬂ){b\(ﬂ) = 0. But as ¢(m) is Hilbert-Schmidt,
this means that @(w) = 0 for m # Ty The Plancherel measure is supported
within the representations corresponding to orbits of maximal dimension sequence.
In particular, {miy} has measure zero and, therefore, ¢» = 0 must hold. O

Consequently, as the restriction is also faithful, the multiplier algebras M(J;)
can be identified with the idealizer of A(J,;) in B(L?G(x)). Therefore, elements of
the generalized fixed point algebra FixR>o (Jz, R:) can be viewed as bounded, right-
invariant operators on L?(G(x)). This allows us to reprove the following theorem
of [KST1].

THEOREM 8.18. Ewvery operator T of type 0 extends uniquely to a family T, of
bounded operators L?(G(x)) — L*(G(z)).

PrOOF. Note that if such an extension exists, it is unique as S(G(x)) C
L?*(G(z)) is dense for each x € M. Let f,g € Ro and consider the kernel of
type 0 given by

u= lim/ Xi(Noa(f* * g) S
vt Jo
If we can show that T, ,: ¢ — uy * ¢ defined on S(G(z)) extends to an operator
in B(L?G(z)), the claim follows as every kernel of type 0 is a finite sum of kernels

of this form by Corollary Let h € R, and ¢ € S(G(z)). The description of
lg: (F)) {g=(g)| as a strict limit as in Lemma shows that

X (|42 (HN @z (9)]) O (R)) = T (A (R)).
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As the restricted left regular representation is non-degenerate by Lemma
{Ae(M)Y | h € Ry and ¢ € S(G(z))} is dense in L?(G(z)). Hence, the opera-
tor Az (Jgz(f)) {gz(g)|) is the unique continuous extension of Ty, . O

Proposition 8.19. The generalized fixed point algebra FiXR>D(J0,m> is the C*-
closure of the operators of type 0.

PROOF. This follows from the one-to-one correspondence between the opera-
tors of type 0 and the linear span of |f)){(g| with f,g € R obtained from Proposi-
tion 811} Corollary [B:13] and Theorem [8:I8] The latter is dense in the C*-algebra
Fix®>°(Jg, Ro). O

Corollary 8.20. Let G be a homogeneous Lie group, Jg = ker(Tyiv) and let R
consist of all f € S(G) with [, f(v)dv = 0. The generalized fized point algebra
FiXR>O(JG77—\’,7g) is the C*-completion of the operators of type 0 on G.



CHAPTER 9

Comparison to calculi on filtered manifold

In Chapter [7, we obtained for a filtered manifold (M, H) and the zoom action
an extension of generalized fixed point algebras

K(L2M) —— Fix">°(J,R) —2% Fix™>°(Jg, Ro).

In this chapter, it is proved that it coincides with the C*-completion of certain order
zero pseudodifferential extensions defined in the literature. Namely, we will compare
it to the calculus by van Erp and Yuncken in [vEY19] for filtered manifolds and
the calculus of Fischer, Ruzhansky and Fermanian-Kammerer in [FR16,FFK17|
for graded Lie groups.

Let us mention that there are also other calculi related to filtered manifolds, for
example, the calculus of Melin for filtered manifolds in the unpublished manuscript
[Mel82|, the calculus of Beals and Greiner for Heisenberg manifolds in [BG88|,
the calculus of Taylor for contact manifolds in [Tay84], or the calculus of Christ,
Geller, Glowacki and Polin in [CGGP92| for homogeneous Lie groups.

9.1. Van Erp and Yuncken’s calculus

The pseudodifferential calculus for filtered manifolds developed by van Erp and
Yuncken is also based on the tangent groupoid and the zoom action. Note that they
use a version of the tangent groupoid which is a field over R and not [0, c0). In this
section, we outline of their construction and compare it to the generalized fixed
point algebra approach.

Recall the theory of fibred distributions on Lie groupoids and their convolutions
as in [vEY19, Section 2], see also [LMV17].

Definition 9.1 ([VEY19, 6]). Let G be a Lie groupoid with unit space G(*) and
range and source r,s: G — GO, An r-fibred distribution, respectively an s-fibred
distribution, is a continuous C*(G(®)-linear map u: C=(G) — C>(G), where
the C*°(G9)-module structure on C*(G) is induced by the range, respectively the
source map. The spaces of r- and s-fibred distributions are denoted by £.(G) and

£49).
There are well-defined convolution products *: E.(G) x EL(G) — EL(G) for
m = r,s that turn £/ (G) into an associative algebra [LMV17, 20].
Definition 9.2. A subset X C G is proper if the restricted range and source maps
rlx: X - G@ and s|x: X - GO

are proper. For m = r, s, let {0 be the bundle of smooth densities tangent to the
range fibres, respectively source fibres, of G. Let C5°(G;,) denote the space of
smooth sections f such that supp(f) is proper.

Then C°(G;€,) is a right ideal in £/.(G), whereas C5°(G;),) is a left ideal in
E(G) (see [VEY19, 9] and [LMV17] 21]).

The zoom action from Definition induces an Rsg-action a, on E.(TygM)
by automorphisms. Each ay, restricted to C2(TyM; Q) coincides with oy-1 as

64
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in Lemma when identifying C°(TyM;Q,.) with CX(Ty M) using the left
invariant Haar system.
Definition 9.3 ([vEY19, 18, 19]). A properly supported P € E/(Ty M) is essen-
tially homogeneous of weight m € R if

ax«(P) = AP € C*(Ty M;Q,) for all A > 0.

The space of these distributions is denoted by 7 (M).

A distribution P € E.(M x M) is an H-pseudodifferential kernel of order < m
if there is a P € 7(M) that restricts to P at t = 1. Denote by ¥ (M) the space
of these kernels. For P € U%(M), the operator

Ob(P)s C<(10) = C=(01), Op(P)f() = [ Ple.f(w)
is the corresponding H -pseudodifferential operator.

Moreover, they define the principal cosymbol of P € U7 (M) by extending it
toa P € (M) and restricting P to ¢ = 0. To make this independent of the choice
of the extension, the space of cosymbols is defined as follows.

Definition 9.4 ([VEY19| 34, 35]). For m € R, let Ess7; (M) consist of all properly
supported u € E/.(Ty M) such that

Oax(u) = N"u € CP(Ty M;Q,)  for all A > 0.
Here, ¢, is induced by the dilations in the fibres of Ty M. Define
S5 (M) 1= Esspi(M)/C (T M; ).

The principal cosymbol of P € W (M) is defined by extending P to P € 7(M)
and setting
si(P) := [Po] € X7 (M).

Van Erp and Yuncken show in [vEY19] 47] that the wave front set of P €

T (M) is contained in the conormal to M x [0, 00). This implies by [VEY19, 48]

that P belongs, in fact, to the space of proper r-fibred distributions &/ ((TzM)

as defined in [VEY19, 11]. As C3*(TyM;(2,) is a two-sided ideal in &, (Ty M),

it is then easy to see that |J,,., V(M) is a Z-graded algebra, see [VEY19, 49].

Moreover, there is a well-defined involution on &/ (TgM) by [LMV17, 20]. We
summarize now the main properties of the calculus.

Proposition 9.5 ([VEY19, 36, 37, 38, 49, 50, 52, 53], [DH17, 3.6]). The pseudo-
differential calculus on a filtered manifold (M, H) satisfies:

(i) For m € Z there is a short exact sequence
M) > WR(M) — SR (M), (41)

The inclusion is well-defined, which can be seen by considering the map
M) - B(M) with P s tP for P € WY (M), which does not

change the kernel att = 1.

(ii) For P € V(M) and Q € Vi (M) with m,l € R, the convolution is in
UM and s (P« Q) = s (P) * s5(Q).

(iif) For P € U(M) and m € R, the formal adjoint P* is in V(M) and
S(P*) = S(P)".

(iv) For k >0 and r the step of the filtration, the following regularities hold

W, E (M) € CR (M x M;9,),

() YH(M) = CX(M x M;Q,).
meZ
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Remark 9.6. Dave and Haller extend in [DH17| the pseudodifferential calculus
to operators acting between sections of vector bundles E, F' over M. In this case,
distributions in /(T M;hom(s*(E), r*(F)) ® Q) are used, where E = F x R and
F = F x R are the vector bundles over the unit space M x R.

Frequently, global exponential coordinates as in [VEY17, 15] are used. They

identify an open subset W of ty M X R, the Lie algebroid of Ty M, with an open,
zoom invariant neighbourhood W of

TyM x 0U Ajps X (0,00) C TygM.

Here, Ajs denotes the diagonal in M x M.

Suppose p; € C*®(M x M) is constant 1 on Aj; and vanishes outside Wj.
Then ¢ € C*(TyM) defined by ¢ := ;1 o (11, $1) is called an exponential cutoff
in [VEY19, 27]. It is invariant under the zoom action. It is shown in [VEY19, 27]
that each P € (M) differs from a Q € (M) supported on W by an element of
CX(TaM;Q;), namely, set Q = ¢P for an exponential cutoff ¢.

As we used the Schwartz type algebra in the construction of the generalized
fixed point algebra FixR>° (J,R), the corresponding operators on L?(M) as in
Lemma have compactly supported kernels. Therefore, we compare it to the
following variant of van Erp and Yuncken’s calculus with compact instead of proper
supports.

Definition 9.7. Let % (M) consist of all P € (M) such that there is a compact
subset K C M x M such that all P; for ¢ # 0 are supported in K. Likewise,
Ess}; (M) denotes all u € Essj (M) with compact support in the z-direction and

#e(M) := Bsspy (M) /CE (Tr M; Q).

Lemma 9.8. Let m € Z. The pseudodifferential extension of order m in
restricts to a short exact sequence

W (M) s U (M) s s (M) (42)

PROOF. This can be shown analogously to [VEY 19| 36, 37, 38]. For surjectiv-
ity of the principal cosymbol map, extend a compactly supported u € Ess}; .(M)
as in [vEY19, 36] to the constant distribution 0 € E.(tgM X R) given by 0; = u.
Using an exponential cutoff ¢ for a ¢1 € C°(M x M) that is constant 1 on a
neighbourhood of A,(suppuy C M X M and zero outside of Wy, one obtains an
ue 7 .(M) that extends u. O

We will first compare the space of principal cosymbols of order 0 to the gener-
alized fixed point algebra at t = 0, namely, Fix>° (Jo, Ro). Consider the following
bundle version of the space of approximately homogeneous distributions defined
in [Tay84l 2].

Definition 9.9. A tempered fibred distribution u € S; (TyM) is approrimately
0-homogeneous if

(i) u is smooth outside the zero section,
(i) w = w1 + ug for some uy € Sep,(TyM) and ug € Eép(THM),
(ili) oa(u) —u € Sep(TuM) for all A > 0.
Denote by .V)gp (Ty M) the space of approximately 0-homogeneous distributions.

By |Tay84, 2.2, 2.4] they are closely related to kernels of type 0, defined in
Definition 8.4l

Proposition 9.10. There is a surjective linear map ®: ﬁgp(THM) — KTy M)
with ker(®) = H (Ty M) N CZ(TuM).
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PROOF. By the bundle version of [Tay84, 2.4] every u € $H2,(TyM) can be
written as u = f +w with f € CX(TyM) and w € K°(TyM). In fact, it
is shown in [Tay84, 2.2], that & € C®(t};M) admits a radial limit w(z,§) :=
limy o0 u(z, AE), which defines a smooth, 0-homogeneous function w. Therefore,
w extends to a tempered fibred distribution and w is its inverse under Fourier
transform. The above decomposition of u is unique as kernels of type 0 coincide
with smooth (—dg)-homogeneous functions outside the zero section. Therefore,
CE(TuM)NKY(TyM) = {0} and u — w is a well-defined linear map.

For surjectivity, let w € K°(Ty M) be a kernel of type 0. The Euclidean Fourier
transform @ € S'(tj;M) is smooth and 0-homogeneous outside the zero section
M x {0}. Take a smooth cutoff function x € C*(tj; M) which vanishes near the
zero section and is constant 1 outside an r-compact set. Then u = F~1(yw) is an
approximately 0-homogeneous distribution by [Tay84, 2.2] and one can write

u=w—F 1 ((1-x)D).

The latter is smooth as (1 — x)w € &,(tgM), so that ®(u) = w. The claim
concerning the kernel follows from the uniqueness of the decomposition above and
the definition of ®. O

Note that $2, (T M) is larger than the space Ess?{ﬁc(M ) we consider. However,
the following result holds. See [DH17, 3.8] for a more general result for 37 (M).

Lemma 9.11. There is a linear bijection ©: X9 (M) — K*(TyzM).
PROOF. The map ® in Proposition induces a bijective, linear map
N0 (T M)/ ker(®) — K°(Ty M).
We show that there is a linear bijection X% (M) — 9 (TyM)/ker(®). The
inclusion ¢: Ess(l)q,c(M ) = H2,(Ty M) induces a linear map to the quotient

¢ Bssy (M) — 92, (Ty M)/ ker(®).

To see that it is surjective, let u € H2 (T M) and choose a function w € C*(Ty M)
which is constant 1 in a neighbourhood of r(suppu) x {0} and consider wu €
Eep(TrM). 1t is essentially 0-homogeneous as for all A >0

ox(wu) —wu = —or((1 —w)u) + or(u) —u+ (1 —w)u
is smooth. It is also compactly supported as the left hand side is. Moreover,
u—wu = (1 — w)u is smooth, so that ¥ (wu) = [u].

Finally, we show that ker(y) = C(TyM). If u € Essy (M) is contained
in the kernel of 1, it is smooth by the description of the kernel of ®. It is also
compactly supported. So it must lie in C°(TyM). As CZ(TyM) C CH(TuM)
the converse inclusion holds, too. O

By the description of K°(Ty M) inside a generalized fixed point algebra in
Proposition 819 we obtain a linear map

©: X9 (M) — Fix*>°(3o,R)

with dense image. However, it is not clear from the proof that it is a *-homomorphism
for the convolution and involution of distributions. This will be shown later.

It was observed in [DS14} Theorem 3.7] that classical pseudodifferential oper-
ators on a manifold M can be written as averages over the zoom action of functions
f e A(TM) with fo € So(TM). We will show this for filtered manifolds for the
order zero case.

Lemma 9.12. Let g € C®(t;;M x R) vanish at all points (x,0,0) for x € M.
Then fooo xi(A)g(z, A& NS converges in Sep(t M).
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PROOF. We show that for each (z,&) € t;; M

oo
K(o,§)i=lim [ xa(Ngler-€,0) 2
i Jo
converges and satisfies for all o € Nj

sup|0S K (z, )| < oo.
(z,£)

As g vanishes at all points (z,0,0), it can be written as

g(m,f,t) = ijgj(m,f,t) + tgt(m7£7t)

j=1

with g;,9: € C°(t5;M x R) for j =1,...,n. Since they are compactly supported,
there are R,T > 0 such that g;(z,&,t) = gi(z,§,t) =0 for j = 1,...,n whenever
l€]] > R or t > T. It follows that |K(z,§)| < T(R+ 1) maxj=1,.. nt|/gjllcc. This
shows the claim for a@ = 0. Derivatives in the z-direction give an expression of the
same form so it holds for all a € Nj. O

Proposition 9.13. Let © be the map from Lemma . For P e (1]170(M) there
is f € R with fo € So(TugM) such that

P1 —/Ooopl(a,\(f))(i\’\ € C®(M x M) and O([Po]) :/OOOU/\(fO)%\A.

ProOOF. By [VEY19, Lemma 27 and Lemma 42] P differs by a kernel in
CyX(TyM) from an element Q € Q.(M) which is supported in the global ex-
ponential coordinate patch and is homogeneous on the nose outside [—1, 1]. Using
that P has a uniform compact support K C M x M for ¢t # 0, one can arrange
that the same holds for the kernel in C3°(TyM) and that Q € (}“(M) So as-
sume, without loss of generality, that P has is supported in the global exponential
coordinate patch and is homogeneous on the nose outside [—1,1].

Let P € &.(tyM x R) be the pullback under the exponential map and P =
F(P) € C>®(t5;M x R). Here, F is the fibrewise Euclidean Fourier transform
F:S8.(tuM xR) — S.(t5;M xR). Asremarked in [vEY19, 7.3], P is approximately
homogeneous for the Rsq-action Bx(z,&,t) = (x,A- &, At) on t5;M x R. This is a
dilation action when considering ti; M x R = M as a graded vector bundle over M
with the original dilations on t;;M and the usual scaling on R as observed in
IVEY19, 7.3].

Now we use [VEY19, Prop. 43|, which is based on the bundle version of
[Tay84, 2.2]. It allows to find an A € CZ(t;; M x R\ M x 0 x 0) homogeneous of

degree 0 such that P— XA € Sep = (£ M x R) for any smooth cutoff function x that
vanishes in a neighbourhood of the zero section M x 0 x 0 and is constant 1 outside

a m-compact set. Now choose g € C(t;; M x R) vanishing with all derivatives at
all points (z,0,0) such that for all (£,¢) # (0,0)

Al &,1) = / " gl A6 M) D,

Then [ g(x, AE, At)42 converges in Sep (M) for t = 0 by Proposition and
for t > 0 by Lemma We write for all ¢t > 0 and a cutoff function y as above

ﬁt —/0 g(x,)@,/\t)% = (ﬁt - X(Eat)At> - (1 - X(gvt))/o g(x’/\fa)‘t)%'
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The first part lies in Scp(t5;M) and the second in &/ (t5; M) with compact support
in the z-direction. So that we obtain under inverse Fourier transform

- | T (6r0 FU ) ()R € O (M),
0

Here, 6 denotes the zoom action on tgM X R.

As P has uniform compact support, there is an exponential cutoff ¢ built from
a compactly supported p; € C°(M x M) such that pP = P. Let f := oF 1(g),
which is an element of R with fo € So(TyM). We obtain for all ¢ > 0, using that
@ is invariant under the zoom action,

Pt—/o pt(U)\(f))% = Pt (Pt—/o PtOU)\Of—l(g)(iﬁ)-

For t > 0, this is contained in C°(M x M). For t = 0, note that ¢y = 1 on the
support of Py and g in the z-direction. As Pg € XY (M) € ¢, (T M), the claim
follows from Proposition [9.10} O

Lemma 9.14. For f € R with fo € So(TuM)
JARCVGE S

converges strictly to an element Q € Fix">°(3,R). Moreover,
- hm/ Xz O—A(fO) € FIXR>O (‘]OaRO)

PROOF. As fy € So(TuM), the same argument as in the proof of Lemma
gives fj,9; € Ro with fo = Z;;l f;‘ x gj. Let F;,G; € R be extensions of f;, g; to

t > 0, which can be obtained as in the proof of Lemma Ash:=f—=3_ F}*

G; € A(TgM) vanishes at t = 0, it follows from Lemma [7.12| that

/ (W) ()

converges strictly to an element of the generalized fixed point algebra. As

| xon® = [Txomp + Z/m Non(E} » )4

and the operators on the right converge to |F;)){(G,|, it follows that the left hand
side converges strictly to a Q € FixR>°(J,77€) As h € ker(pg), the decomposition
above also shows that

(@) = 15 ol =t [ xios (o) .

THEOREM 9.15. The pseudodifferential extension of order zero from for a
filtered manifold (M, H) embeds into the generalized fized point algebra extension
from such that the following diagram commutes

SO
V(M) ——— W (M) ——— 3 (M)

j j j@ (43)
K(L2M) — By (Fix®>0(3, R)) —» FixR>0(Jy, Ro),

with Sy, = Po o (p1)~*
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PROOF. For the inclusion of \I/%’C(M ) in the generalized fixed point algebra, let
P € Y .(M). By Proposition there is a function f € R with fy € So(TuM)
and

P— /oopl(cf)\(f))% € CX(M x M).
0

By Lemma fooo Xi(AN)ox(f )dT)‘ converges to an element @ of the generalized
fixed point algebra Fix">°(J, R). Its image p1(Q) in B(L2M) is the unique bounded
extension of the convolution operator associated with [ pi(oa(f))42. Convolu-
tion by the kernel in C3°(M x M) extends to a compact operator K. It follows that
K + @ is the unique continuous extension of Op(P) and belongs to the generalized

fixed point algebra. Moreover, Lemma [9.14] also implies
O(sy(P)) = /0 ax(fo) R =D _Ifidlgil = Su(Q) = Sx(Op(P)).
j=1

Hence, the right square in commutes. For P € \I/I_{lc(M ) the commutativity of
the right square and exactness of the rows yields that Op(P) extends to a compact
operator on L?(M). O

Remark 9.16. In particular, we recover the result in [DH17) 3.9] that H-pseudo-
differential operators of order 0 extend to bounded operators on L?(M), while the
ones of order —1 define compact operators.

As the left and middle vertical arrows in are inclusions of *-algebras,
the quotient map O: Z%{,a — FixR>0 (Jo, Ro) must be a *-homomorphism, too.
Therefore, Fix">°(Jo, Ro) is the C*-completion of £% ,(M).

Corollary 9.17. Let C*(0Y; .(M)) be the C*-closure of Oy (M) inside B(L*M).
Then C* (WY (M) is isomorphic to Fix">°(3,R). There is a short exact sequence
of C*-algebras

K(E2M) b (W (M)~ O (2 (M),
where Sy extends the principal cosymbol map s : \I/%,yc(M) — E%yC(M).

PROOF. We show that C*(¥ (M)) = p1(Fix®>°(Jo,R)). The C*-algebra

of H-pseudodifferential operators of order 0 is contained in py(FixR>(Jg,R)) by

Theorem Q.15
For the converse, note first that K(L*M) C C*(¥% .(M)). This holds as

Y (M) contains the kernels in C2°(M x M) and these generate the compact
operators on L*(M). Now, let f,g € R. Let u € X9 (M) be the inverse of

|fo) {(go| € K°(Ty M) under the map © in Lemma Since the principal cosym-
bol map is surjective, there is a P € U9, (M) with s (P) = u. Then the operator

(1) gl) = pa([f){gl) — Op(P) + Op(P)
is contained in C*(\I/(}I((M)) This is because Op(P) is and p1(|f)) {g]) — Op(P) €
K(L?M) as the diagram in commutes. The C*-algebra Fix">°(J,R) is gener-
ated by |f){(g|] with f,g € R. Thus, the result follows. O

The convolution algebra ESS(I){)C(M ) can be completed into a C*-algebra. Con-
sider the *-representations A, for x € M given by the corresponding convolution
operators, that is,

Ae(u)f =uy* f forue ESS?LLC(M) and f € S(G(z)).
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To see that these extend to bounded operators on L?(G(x)), recall that by Proposi-
tionthere isaw € K°(Ty M) such that u—w € CZ(TyM). Let x € CX(Ty M)
be such that x - u = u. Then one can write u = x(u — w) + xw. The first part is in
C°(Ty M), so convolution with it extends to a bounded operator. As w, extends
to a continuous operator L?(G(x)) — L?*(G(z)) by Theorem also convolution
with y,w, extends to a bounded operator by |[Chr88| 2.10]. In fact, using the
compact support in the base space, the proof of [Chr88| 2.10] yields a C' > 0 with

A (W) < [[x(w = w)[| + Cllw]| - for all z € M.

Thus, one can take the completion of Ess%,yc(M) with respect to the norm

||u|| :== sup |[Az(uw)|| for uw e ESS%yC(M).
rzeM

Denote the resulting C*-algebra by C* (Ess%,yc(M )). The homomorphism
©: Ess}y (M)/C(TyM) = % (M) — Fix*>°(Jo,R)

has dense image. Therefore, one obtains an extension of C*-algebras
C*(TyM) —— C*(BEss}y (M)) — Fix">°(Jo, R) (44)

Remark 9.18. For a step 1 filtration, the short exact sequence above corresponds
under Fourier transform to the disk bundle extension

Co(T*M) —— Co(B*M) —— Co(S*M).

Denote by (I)'I,C(M)|[O71] the *-algebra obtained by restricting to [0, 1]. It can
be completed into a C*-algebra using the left regular representations Op, for ¢ > 0
in the following way. Let P € OHyc(M)\[OJ]. Using Proposition one can find
an element T € Fix">°(J,R) with associated distributions K = (K;) such that
P— K € C®(TyM|jp,1)). Furthermore, there is a cutoff function xy € C°*(Ty M)
that is 1 in a neighbourhood of the unit space such that xP = P. Then xy(P— K) €
C®(TuM],1)). Moreover, x;K; extends to bounded operator for each t > 0 as K;
does and (1 — x;) K is supported away from the diagonal and is, therefore, smooth
and compactly supported. For ¢ = 0, this was discussed above. It follows that

10p; (Pl < [Ix(P = K)[ + [IXK]| forall 0 <t <1.

Thus, one can complete %7C(M)|[0,1] with respect to

P :=max{sup |Opt<P>||7||Po||} for Pe 9.(M)
0<t<1

[0,1]-

We will denote the C*-completion by C*( % .(M)). As elements of § (M) are
continuous families of distributions, C*( % .(M)) is a continuous field of C*-algebras

over [0,1]. Note that C*(Ty M| 1) is an ideal in C*( Yo(M)).
Lemma 9.19. The kernel of the homomorphism

S C*( G, (M)) = Fix® (30, Ry)
induced by P — [Po] is C*(TyM]|j,1)-

PrOOF. Since C*(TyM|jo,1)) is generated by CZ°(T i M |[o,1)) which is contained
in the kernel of SY%, the first inclusion follows. For the converse inclusion, note that
the kernel is generated by I_jr}c(M)|[0,1]~ Let P € ;I}C(M”[O,l]- Tracing back
the construction in Proposition one can take f € R such that f vanishes
at t = 0. Tt follows that the corresponding element T' € Fix">° (J,R) defines a
compact operator. Therefore, Op(P;) € K(L?M) for all t > 0. By assumption
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Py € C*(TyM) C C*(Ty M) holds, so that P belongs pointwise to C*(TxM). As
C*( (M) is a continuous field, it follows P € C*(Ti M) by [Dix77, 10.4.2]. O

9.2. The calculus of Fischer, Ruzhansky and Fermanian-Kammerer

Recall the operator-valued Fourier transform for a nilpotent Lie group G de-
scribed in Section It maps a right-invariant operator on L?(G), like the model
operators on the osculating groups, to a field of operators {a(7) € B(H,) | 7 € é}
For an arbitrary filtered manifold, it might be inconvenient to work with it as the
osculating groups and, therefore, their representation theory can change from point
to point.

However, when viewing a fixed graded Lie group G as a filtered manifold as
in Example [L.5] the operator-valued Fourier transform can be used to define a
symbolic pseudodifferential calculus. This was carried out in [FR16]. In [FFK17],
homogeneous expansions for the symbols were defined. We give a short introduction
to their calculus. The symbols in their calculus are fields of operators

{a(z,7): H® = Hy |z € G, 7 eG).
Here, H2° are the smooth vectors in H.

Remark 9.20. Note that [FR16| uses a different convention for the Fourier trans-
form

F(f)(m) = /Gf(x)ﬂ'(x)* dz for f € L'(G).

This leads to F(f % g)(x) = F(g)(m)F(f)(r) for 7 € G and f,g € L*(G). In this
case, L°(G,B(H,)) is identified with the right von Neumann algebra VNg(G). In
particular, their operators have right convolution kernels.

The pseudodifferential calculus is defined in [FR16| using a positive Rockland
operator. Each 7w € G yields an infinitesimal representation dm of U(g) on H°
(see [FR16) 1.7.3]). As in [FR16] we will write 7(P) := dn(P) for right-invariant
differential operators P on G.

Definition 9.21 (|[FR16, 4.1.1, 4.1.2]). Let G be a homogeneous Lie group. A
right-invariant differential operator P on G satisfies the Rockland condition if w(P)
is injective on H for all 7 € G \ {meuiv }-

A right-invariant differential operator P which is homogeneous of positive de-
gree and satisfies the Rockland condition is called a Rockland operator.

Example 9.22. For G = R" the Laplace operator A, = Z?Zl (“)]2 is a Rockland

operator. There is an isomorphism R — R™, € +— ¢, given by m¢(x) = e"H&),
One computes that m¢(8;) = —i&;. Hence, m¢(A,) = —||€]|2 # 0 for £ # 0.

Example 9.23 ([FR16| 4.1.8]). Let G be a graded Lie group with weights ¢; <
g2 < ... < qp and corresponding basis X1, ..., X, of g. Let ¢ be a common multiple
of the weights. Then the following operator is a Rockland operator

Do (-nrm X,

j=1
Example 9.24. Let G = H,, be the Heisenberg group with generators X;,Y;, Z
for j = 1,...,n as in Example 3.2} The following operators and variants of them
were also considered in [Eps99,vE10a,vE10b,BvE14|. For u € C let

n
Pu=) —X] =Y} +inZ.

j=1
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In particular, we obtain for y = 0 the sub-Laplacian Py = 2?21 —XJ2 - Yf on the
Heisenberg group. For n = 1, this is the operator considered in the introduction.

The computation of the coadjoint orbits in Example [3.31] yields representatives
of the coadjoint orbits 2?21 a; X5 +p;Y] for (o, ) € R2" and vZ* for v # 0. Note
that («, 8) = (0,0) corresponds to the trivial representation under the Kirillov map.

In the first case, the corresponding representation X, g of H,, is one-dimensional
and given by xa.p(z,y,2) = e!lam)+(B.v) for (z,y,2) € H,. One computes that
Xas(P) = llall3 + 1813 # 0 whenever (a, ) # (0,0).

The representation of H,, associated to vZ* with 7 # is unitarily equivalent to
a representation 7, : H, — L?(R") as in [FR16, Sec. 6.2.1]. The smooth vectors
are S(R™). It is computed in [FR16| 6.2.1] that infinitesimal representations are
given by

i 0 :
™ (X;) = |’7‘% forj=1,...,n,

J
m(Y;) = £/ |vliu; forj=1,...,n,
o (Z) =iy.
Here, & corresponds to the sign of 7. Consequently, P, satisfies the Rockland
condition if and only if

7 (B) = A=A + Jul® £ )

is injective on S(R™). It was already observed in [Eps99, Sec. 8] that the quantum
harmonic oscillator —A,, + |u|? shows up. In [Eps99, Sec. 9] it is proved that it
has pure point spectrum and its spectrum is given by {n + 21 | I € No}. The
corresponding eigenfunctions are Schwartz. Therefore, P, satisfies the Rockland
condition if and only if 4 ¢ {n +20 |l € No} U{—n —20 |1 € Np}.

Remark 9.25. The existence of a positive Rockland operator on a homogeneous
Lie group is equivalent to the group being (up to rescaling) graded (see [FR16,
4.1.3, 4.1.8)).

Remark 9.26. The Helffer—Nourrigat Theorem [HN79| states that a right-invariant
homogeneous differential operator on a graded Lie group satisfies the Rockland con-
dition if and only if it is hypoelliptic.

From now on, let SR be a fixed positive Rockland operator of homogeneous
degree g on G. It will play the role of the Laplace operator on R™.

Using the positive Rockland operator and its functional calculus, the Sobolev
spaces L2(G) for s € R are defined in [FR16, 4.4.2]. Moreover, the operator-
valued Fourier transform extends to a Fourier transform between right-invariant
operators in B(L2(G), L(Q)) for a,b € R to a space of fields denoted by Lg‘fb(@),
see [FR16, 5.1.21, 5.1.24]. The spaces of corresponding convolution kernels in
S'(G) are denoted by Ky (G).

The derivatives in the cotangent direction in the Euclidean calculus are replaced
with difference operators A* for a € Ngj, which are defined in the following. This is
based on the observation that the Euclidean Fourier transform intertwines 0% and
with multiplication by z®. For u € §'(G) denote by z®u for a € Nj the tempered
distributions defined by

(x%u, f) = (u,z*f) for f € S(G).

Let u € Kqu(G) be a kernel such that 2%u € Ky (G) for some a’,b' € R. Then
the difference operator A% is defined as in |[FR16| 5.2.1] by

—
e%

A%T(n) == zou(x) for 7 € G.
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The following symbol classes are adapted to the notion of order induced by the
dilations. Hence, the homogeneous degree [a] for o € Nfj as in Definition is
used.

Definition 9.27 ([FR16| 5.2.11]). A field {a(z,7): H® — H, |z € G, m € G} is
a symbol of order m € R if for all a, B € NZ, the field of operators X?A%a(x, ) is

defined on the smooth vectors and satisfies

[a]—m
sup || XAz, )L +R) "7 s < oo

(z,m)EGXG
Denote the class of symbols of order m by S™. For a € 5™ and «, 8 € Nj set

[a]—m

lallsmap=sup [IXJA%(x,m)m(I+R) "7 |lae,)-
(z,m)EGXG
The smoothing symbols are S~ = g S™.

One can form asymptotic expansions of these symbols in the following sense.

Proposition 9.28 ([FR16| 5.5.1]). Let {a;};en, be a sequence of symbols a; € S™
with m; strictly decreasing to —oo as j — oo. Then there is a symbol a € S™°,
unique modulo S™°, such that
M
a— Zaj e SmM+L - for all M € N.

=0
. : 0o
In this case, one writes a ~ > -~ a;.

Proposition 9.29 ([FFK17, 5.2.12, 5.2.17]). The symbol classes have the follow-
ing properties:
(i) 8™ C S™2 for mi < ma.
(ii) Fach differential operator > cq(x) X with coefficients ¢, € C®(G) is
contained in S™, where m = max{[a] | ¢, # 0}.
(iii) For a € S™ and o, B € N the symbol XPA%a is contained in S™1°1.

For a € S™ the following quantization formula is well-defined and yields a
continuous operator Op(a): S(G) — S(G) by [FR16, 5.2.15]

Op(a)p(z) = /6‘51" (m(x)a(z, m)p(m)) dp(r) for p € S(G), v € G. (45)

Let k; € S'(G) be the convolution kernel of the right-invariant operator whose
Fourier transform is {a(z,7) | 7 € @} Then Op(a)p(z) = K, * ¢ holds. Denote by
K, € §'(G x G) the integral kernel of Op(a). It is formally given by K,(x,y) =
Kz (yz1).

In the following, we will consider operators with compactly supported integral
kernels. Let S¢p consist of all symbols a € S™ such that Op(a) has a compactly
supported integral kernel. Set S_>° = (,,cr Sep-

The following properties for the symbols with compactly supported integral
kernels follow from the respective properties for the symbol classes S™ shown in
[FR16| 5.5.8, 5.5.12, 5.7.2, 5.4.9, 5.2.21].

Proposition 9.30. The pseudodifferential calculus has the following properties:
(i) Let my,mg € R. For A € Op(S&t), B € Op(Sey?) the composition AB
lies in Op(Smr+m2).
(ii) Let m € R. For A € Op(S%) the formal adjoint A* lies in Op(Sg).
(iii) A € Op(S%) extends to a bounded operator L2(G) — L?_,(G) for s € R.

s—m

(iv) A € Op(S:.>°) if and only if its integral kernel lies in C°(G x G).
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For the following lemma, see also [FFK17| 4.24].

Lemma 9.31. Let A € Op(S(}) form < 0. Then A extends to a compact operator
on L*(G).

ProoOF. By Proposition A extends to a bounded operator A: L?(G) —
L2, (G). Let x € C>°(G) be constant 1 on the support of A in the z-direction
and be supported in a compact subset K C G. The map f — x - f extends to a
bounded operator L2, (G) — H 7 (K) by [FFK17, 2.17], where H @ (K) denotes
the Euclidean Sobolev space. By Rellich’s Theorem the embedding

Han (K) < L*(R") = L*(G)

is compact as —m/q, > 0. Therefore, the composition A: L?(G) — L*(G) is
compact. O

Moreover, in [FFK17| classical pseudodifferential operators, which admit a
homogeneous expansion of their symbol, are defined.

Definition 9.32 ([FFK17, 4.1, 4.20]). Let m € R. A field {a(z,m): H° — Hr |
x € G, m € G} is a regular m-homogeneous symbol if

(i) a(x, A7) = X"a(z,w) for all x € G and almost all 7 and A > 0,
(ii) for all o, B € NB, the field of operators XS A®a(xz, ) is defined on smooth
vectors and satisfies

[a]—m
sup A||X5Aaa(x77r)7r(9%) T |lB(a,) < 00,

(z,m)EGXG

Denote by S™ the class of all regular m-homogeneous symbols and by 5';" the ones
with compact support in the x-direction.
Example 9.33 ([FFK17| 4.3, 4.4]). For each ¢ € C3°(G) and multi-index « € N,
the symbol ¢(z)m(X)® belongs to Si.

In the Euclidean case, homogeneous symbols are cut off in a neighbourhood of

the zero section to obtain actual elements of the symbol classes. This corresponds
to the following procedure for graded Lie groups.

Proposition 9.34 ([FFK17, 4.6]). Let ¢ € C*>([0,00)) be a cutoff function with
0<% <1 and Pl =0 and Pla,oc) = 1. For all m € R there is a linear map
Cm: 8™ — S™ given by a(x, ) — a(z, 7)Y(7(R)).

This allows to define a homogeneous expansion of symbols.

Proposition 9.35 ([FFK17, 4.14]). Let {a;};en, be a sequence of homogeneous
symbols a; € S™i with m; strictly decreasing to —oo as j — oo. Then there is a
symbol a € S™°  unique modulo S™°°, such that

M
VM eN alz,m) — Zaj(x,ﬁ)w(ﬂ(m)) € SMMHL
3=0

Moreover, if a € S™ for m < my, it follows that ag = 0.

In this case, we also write a ~ > a;. There is a well-defined principal symbol
for these operators.

Definition 9.36 ([FFK17, 4.17, 4.20]). Let a € S™ be a symbol that admits a
homogeneous expansion a ~ 3% a; as above with a; € S™7. The principal part
of Op(a) is defined as princ,,,(Op(a)) := aop.
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A symbol a € ST} is a classical pseudodifferential symbol of order m if it admits
a homogeneous expansion a ~ Z;ﬁo a; with a; € S™7. Denote by S’} the classical
pseudodifferential symbols of order m and by ¥} = Op(SZ) the corresponding
operators.

Proposition 9.37 (|[FFK17, 4.19]). Let A € Op(S™) and B € Op(S') be operators
whose symbols have a homogeneous expansion as above. Then the symbols of AB
and A* admit homogeneous expansions as well. Moreover, the following holds

princ,, ,;(AB) = princ,, (A) - princ;(B).
princ,, (A*) = princ,, (4)*.
On the right hand side, the pointwise operations are used.
In particular, princ, is a *~homomorphism.

Lemma 9.38. For m € Z, there are short exact sequences

princ,

e . ¢ s ) (46)
For m =0, it is a short exact sequence of *-algebras.

PROOF. Except for surjectivity of the principal symbol map, exactness is clear.
Let ag € S and a(z,7) := ao(z, ™) (r(R)) € S™ as in Propositionm Then
princ,,(Op(a)) = ap holds. We need to adjust a in a way such that its integral
kernel K, is compactly supported. Let R > 0 be such that the support of a in
the a-direction in contained in B(0, R). Pick a ¢ € C2°(G) which is constant 1 on
B(0,2yR?). Here, v is the constant from the homogeneous triangle inequality in
Lemma Denote by M,.: L?(G) — L?(G) the multiplication operator ¢ + c-¢.
It belongs to Y with symbol given by c(z)ids,.. Let @ := Op(a)M,. Its integral
kernel K, (z,y)c(y) is compactly supported. Moreover, () belongs to U7 and

princ,, (Q) = princ,, (Op(a)) — princ,, (Op(a) — Q).

We show that last term is zero. Let x denote the convolution kernel of Op(a).
The convolution kernel of Op(a) — Q is k. (y)(1 — ¢(y~'z)). This is only non-zero
if ||[y~tz| > 2yR? and ||z|| < R. The homogeneous triangle inequality implies
that ||ly|| > R. But the k, are smooth outside zero by [FR16, 5.4.1]. Therefore,

Op(a) — @ is a smoothing operator and its principal symbol vanishes. O

We compare the extension in for m = 0 to the short exact sequence of
generalized fixed point algebras. First, we show that the C*-algebra C*(S?) gener-
ated by regular 0-homogeneous symbols defined as in [FFK17| is FixR>° (Jo, Ro)-
Recall that this generalized fixed point algebra is a continuous field of C*-algebras
over G with fibres Fix">°(Jg, Rg) by Proposition

Definition 9.39. [FFK17, 5.1, 5.5] The *-algebra of invariant, 0-homogeneous
symbols SO consists of all {a(r): HX® — HX | w € G} that satisfy

(i) a(\-7) = a(x) for almost all 7 € G and A > 0,

. la]

(ii) sup__gllA%a(m)m(R) 7 [lg(3,) < oo for all o € N.

The C*-algebra of invariant 0-homogeneous symbols C*(S°) is the closure of S°
with respect to
lal = sup fla(m)]l-
T€G/R>o

Lemma 9.40. The *-algebra K°(G) of kernels of type 0 is isomorphic to S0 under
Fourier transform. Moreover, Fix®>°(Jg, R¢) is isomorphic to C*(S°).
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Proor. By [FFK17, 5.3] the kernels of type 0 correspond exactly to the in-
variant, 0-homogeneous symbols under Fourier transform. By uniqueness of the
C*-completion, C*(S°) is isomorphic to the C*-algebra generated by kernels of
type 0. This is Fix">° (Ja, Ra) by Corollary [8.20 O

Identifying the space of 0-homogeneous symbols with compact support in the
a-direction SO with C>°(G, S°) as in the proof of [FFK17, 5.9], yields the following
result.

Corollary 9.41. The *-algebra of 0-homogeneous symbols Sg is isomorphic under
inverse Fourier transform to a dense *-subalgebra of FiXR>“(J0,7TO).

To compare the sequence of generalized fixed point algebras to the order zero
pseudodifferential extension from ([46)), we show that operators in p; (FixR>°(J,R))
can be written as in in terms of a symbol. By Lemma and Lemma
for f € R with fy € So(TrG) the operators T;(f) given by

T()pla) = / T Ae [t@aNewa)® g e @), s e,

converge strictly to an element T(f) € p; (Fix">°(J3,R)).

We start by considering a slightly different generalized fixed point algebra.
The reason for this is that one has to understand the convolution kernels x, as
a family of right-invariant operators in order to take their Fourier transform. Let
B :=C*(TyG) @ Cy([0,00)) with Rsp-action given by

Ba(h)(z,v,t) = A9h(z, A - v, A7) for A >0 and h € C.(TyG x [0,00)).

For t > 0 let evy: B — C*(TyG) be the homomorphism induced by the restriction.
Define an Rsg-invariant ideal Jp with a dense subset R C Jp by

JB - ﬂ ker(ﬂ'triv O gy © ev0)7
zeG

Rp = {h € C°(0,00), Sep (T G)) ‘ / h(z,v,0)dv =0 for all x € G} .
G

Similar arguments as in Lemma [7.5] and Theorem [7.6] show:

Lemma 9.42. The *-subalgebra Rp C Jp is square-integrable for the action (3 of
R<o. Furthermore, (Jp, Rp) is a continuously square-integrable Ro-C*-algebra.

Hence, Fix®>(Jp, Rp) is defined. The evaluations at t = 1 and & € G com-
posed with the left regular representation C*(G) — B(L?G), yield strictly continu-
ous representations

Ao Fix®>0(J5, Rp) — VNL(G).
Lemma 9.43. For h € Rg with hg € So(TuG)

/O T VB () D

converges strictly to an element of FiXR>°(JB77TB). Its image under Xm is given by

et =tim ([Nl A (N R g o € L)

PROOF. The first claim is proved as in Lemma This uses that there is an
isomorphism
U: ker(evg) = Co(Rso) @ C*(TuG)
which is induced by ¥(h)(t) = t~%ev,(h). The action 3 corresponds to 7 ® 1 under
the isomorphism. Here, 7 is induced by the action of R on itself by scaling.
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The second claim follows from strict continuity of Xz and the computation
evy o Ba(h) = A9evy-1,(h) for \,t > 0. O
Corollary 9.44. For f € R with fo € So(TuG), there is a symbol {as(z,m) €
B(H,) | x € G,m € G} such that T(f) = Op(ay).

PROOF. We show that one can write T'(f)p(z) = Ky *  for a smooth family of
kernels x, € S8’(G) such that ¢ — k, * ¢ extends to a bounded operator on L?(G)
for all z € G. This implies that one can apply Fourier transform to x, and one
obtains a symbol as above with af(z, 7) = k().

Let g := f o $~! where ¢ is the global chart from Example Then for each
i € I, one can write T;(f)p(x) = K; 4 * ¢ with

i (0) = / KA Cg(a, A1 0, Ay

We claim that the k;, converge to distributions k, € S§’(G) whose convolution
operators are bounded. Note that g can be understood as an element of Rp with
go € So(Tu@G). It follows from Lemma that k;, converges in S'(G) to the

convolution kernel of A, (g). In particular, ay(x,m) is the strict limit of

oo
/ Xi(N)g(a, A m,A)
0
as multipliers of K(H,). O

Let ag € SY. Tt was discussed in Proposition that ag(m(R)) is in S°.
Lemma [9.43] yields a different way to attach a symbol to ag. By Corollary [0.41]
there is a hg € So(TwG) such that ag is the Fourier transform of

/ ox(ho) 2 € KO(TyG).
0

Let w € C¥([0,00)) be a function with wlp = 1 and w|jz) = 0. Define
h € Rp by h(z,v,t) := w(t)ho(z,v). By Lemma this yields a symbol a; €

~

Co(G, L>*(G)). We compare now the symbols agip(m(R)) and ap,. As a preparation,
the following lemma is proved.

Lemma 9.45. Let hy € So(TuG) and let w € C(]0,00)) be a function with
Wlo,) = 1 and wlp,o) = 0. Define h € Rp by h(z,v,t) := w(t)ho(z,v). Let

an(z,m) be the Fourier transform of Ag(h) and ag(z, ) the Fourier transform of

/ ox(ho) .
0

Then for all m > 0, there exists a constant Cyp, > 0 with
(a0 (z, ™) = an(a, m)P(m(R))(1+ m(R) 7 || < Cllholls—m 00
for all x € G and almost all ™ € G.

PRroOOF. The symbols can be written as strict limits

ag(z,m) = lim/ Xi(/\)ﬁg(x, A ﬂ)%,
S 0

ap(z,m) = lim/ Xi()\)w()\)ﬁg(ac7 A ﬂ)%,
s Jo

as multipliers of K(#,) for almost all 7 € G. This implies that
bi(w,m) = [ (A1 = w)ho(w, A m) R p(m(R)) (1 + 7(R) T
0
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converges strongly to b(z, ) := (ao(z,7) — ap(z, 7))Y(w(R))(1 + 7(R)) T on H®.
We show that b;(x, 7) is a Cauchy sequence. As HS® is dense, this will imply that
bi(x, ) converges to b(x,7) in norm. For j > i we estimate

165 () = bz, )|

=] 06 = 01 = e Amyue() 1+ ) F L
AN m
<f§(15) [ 06 = 3 -y s [t 2 mymon’® 4
° 1—w(A) m
S [0 T s oA w0 mioy E £
t \7 [ 1—w()) m
Sap () [T a- w5 e )1+ () 4

S R e e

The integral converges to 0 as the dominated convergence theorem can be applied
due to the assumptions on w. Note that Eg(x, m) is a smoothing symbol by [FR16,
5.2.21], so that ||c[|g-m 9o < oo for all m > 0. Using the same estimates there
is a constant C,, > 0 such that ||b;(z,7)| < C’m||7zz||57m,070 for all ¢ € T and
(z,7) € G x G. As b(x, ) is the norm limit of this net, the claim follows. O

Remark 9.46. The same result holds when o(7(R))(1 + 7(R)) is replaced
by w(R) 7

Lemma 9.47. Let hg € So(TuG), h € Rp, ag and ap, be as in Lemma(9.45 Then
app(m(R)) — ap € ST holds.

Proor. Write agip(m(R)) —a = (ap — a)p(7(R)) — a(1 — ) (w(R)). We claim
that both summands are smoothing symbols. Recall that a symbol b is smoothing
if for all m > 0 and o, 8 € N§

sup || XZA® {b(z, 1)} (1 + n(R))

(w,m)
For (ag — a)y(m(R)) consider first the case & = 0. Then the result follows by
applying Lemma to XPho € So(TyG). For arbitrary o € NZ, the Leibniz rule
for difference operators [FFK17), (3.1)] yields

A{(ap —a)(z,mp(r( )} = D [A%(ao — a)(z,m)] [A%(m(R))].
[a1]+[az]=[0]
For ag # 0, it is shown in [FFK17| 4.8] that

m— [ ] m+[a]
w(R) T AY(r(R) (L +T(R) T | < oo
Applying Remark and Lemma M to XPv*1hg yields
sup ‘XBAO“ (ap — a)(z, m)w(R) = < .

(z,m)

For a, = 0, Lemma, is applied to vao‘ho € S(TG).
Consider now the symbol a(1 — ) (w(R)). As (1 —1)) is supported in [0, 2] and

[a]4+m
(1+1¢) =™ is bounded on this subset, it suffices to show for all o, 8 € Nj that

sup ‘Xana(x,w)H < 00.

(z,m)
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For a = 0, this follows from Corollary applied to X2h. For a # 0, the net

/ XiNwMAN (X vehg) (2, A - m) 42

0

is Cauchy in Co(G, L°°(G)). This follows from w(A)AlY) < w()2[e) and Corol-
lary applied to X2v*hg. Then X?A® is the limit of this net as the respective
convolution kernels converge in §'(G). O

THEOREM 9.48. Let G be a graded Lie group. The order zero pseudodifferential
extension from Lemma[0.38 embeds into the generalized fized point algebra extension
for G such that the following diagram commutes

1 0 princg 0
\chl \Ilcl Sc

I L 4

K(L2G) —— Fix">*(J,R) —2» Fix">°(Jg, Ro)-

PrOOF. Every operator in \Ilal extends to a compact operator on L?(G) by
Lemma Let A be a classical pseudodifferential operator of order zero with
principal symbol ag € S?. Let @ € WY be the element constructed in the proof
of Lemma with princg(Q) = ag. Recall that @ = Op(ag(x, m)(7(R))) M,
for a certain ¢ € C(G). In the following we show that there is an element T €
p1(Fix®>0(3,R)) with po(T) = ag and Q — T € K(L?G). Once is this established,
writing

A=A-Q+Q—-T+T
shows that A lies in p;(Fix®>°(J,R)) as A — Q has order —1 since its principal
symbol vanishes. In particular, A — @ is compact by Lemma [9.31] The above
decomposition also shows that

Po(A) = po(T) = ag = princy(A)

so that the diagram in commutes. To construct T', let hg € So(THG) be such
that ag is the Fourier transform of

/ O’)\(ho)%.
0

Let h € Rp and a;, be as in Lemma and g(x,v,t) := h(z,v,t)c(t - v). Then
f = gop~! belongs to R, where ¢ is the global coordinate chart from Example
It satisfies f(z,y,t) = (ho ¢)(x,y,t)c(y) for t > 0. Corollary implies that

Q —T(f) = Op(aoy(r(RN)) — an) M.
This is a compact operator as its convolution kernel is smooth by Lemma and
compactly supported. O

Denote by C*(¥) the closure of the *-algebra ¥ in B(L?G). The same
arguments as in the proof of Corollary give the following result.

Corollary 9.49. The C*-algebra C*(VY) generated by classical order zero pseudo-
differential operators on a graded Lie group G is isomorphic to FixR>o (J,R). There
is an extension of C*-algebras

K(L2G) —— C*(W0) — C*(S0),

such that Sy; extends the principal symbol map princy: ¥ — SS



CHAPTER 10
Saturatedness and Morita equivalence

In this section, we will show that (J,R) and (Jg, Ro) are saturated for the zoom
action of Rsq. Therefore, for each filtered manifold (M, H) the C*-algebras of order
zero pseudodifferential operators Fix®>° (J,R) and principal cosymbols Fix(Jg, Ro)
are Morita—Rieffel equivalent to C;(Rxg,J) and C}(Rxq,Jo), respectively. For the
Euclidean scalings this is a result of [DS14].

10.1. Graded Lie groups

First, consider a homogeneous Lie group G. Recall the sequence of open, dila-
tion invariant subsets of G\ {7y} found in :

Q):‘/()C‘/lC‘/QC-”C‘/m:a\{Trtriv}y

where A; = V; \ V;_; are Hausdorff for all i = 1,...,m. Moreover, the induced
Rso-action on each A; is free and proper by Proposition m There is a corre-
sponding increasing sequence of closed, dilation invariant ideals in C*(G)

0=JogaJ1aJo<...aJ, =Jg (48)
which is given by
J; ={f € C*G)|7(f) =0 for r € G\ V;}.

In this section, it will be shown that the subquotients J; /J;—1 of the filtration in
define continuous fields of C*-algebras over A;, respectively. This will allow us to
prove, using Corollary that the generalized fixed point algebra of the dilation
action on Jg is Morita—Rieffel equivalent to the crossed product C¥(Rsq, Jg)-

In [BBL16| Pedersen’s fine stratification [Ped89| is used to obtain a similar
sequence of increasing ideals, where the respective subquotients are even isomor-
phic to trivial fields Co(A;, K(#;)) for some finite- or infinite-dimensional Hilbert
spaces H;. For our purposes the coarse stratification suffices.

Proposition 10.1. Fach subquotient J;/J;—1 for i =1,...,m is isomorphic to a
continuous field of C*-algebras over A; with a unique dense, relatively continuous
and complete subset R; for the induced Rsq-action. Furthermore, (J;/Ji—1,R;) is
saturated.

PROOF. The subquotient J;/J;—1 has Hausdorfl spectrum as
Ji) Ji—1 = jz\J/z\—l =V \Vior = Ay

Therefore, J;/J;—1 is isomorphic to a continuous field of C*-algebras over A;, see
INil96, 3.3]. The isomorphism takes [f] € J;/J;—1 to the section f defined by

f(m) =7(f) = /Gf(ac)w(x) dr € B(Hx) for m € A;.

o — ~

The dilation action on J;/J;_; satisfies ox(f)(7) = f(A™ - 7) for all A > 0. De-
note by ay(f) the section given by ax(f)(r) = f(A\7!-x). Let 6;: Co(A;) —

81
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ZM(J;/J;—1) denote the non-degenerate homomorphism which is given by point-
wise multiplication when J;/J;_1 is viewed as a continuous field. It satisfies the
compatibility condition
ax(0:(0)f) = 0 (Tad)ax(f)  for ¢ € Co(A;) and [f] € Ji/Ji—1,

where 7 denotes the R g-action on Co(A;) given by 75 (¢)(m) = ¢(A~t-7). Therefore,
Ji/Ji—1 is an Rso-Cp(A;)-algebra. The dilation action on A; is free and proper by
Proposition m By Proposition Ji/Ji—1 is saturated with respect to the
subset

Ri = 0;(Ce(Ai))(Ji/ Jim1)-
It is the unique dense, complete, relatively continuous subset by Theorem [2.10] as

Ji/Ji—1 is spectrally proper. O

Using Corollary and an inductive argument for the sequence in , we
obtain as a consequence:

Corollary 10.2. For a homogeneous Lie group G the Rso-C*-algebra (Ja,Rq)
is saturated for the dilation action of Rso. The generalized fized point algebra
FiXR>°(Jg,Ri(;) is Morita—Rieffel equivalent to C(Rso, Jg).

Recall that it was shown in Corollary that for a graded Lie group G,
FixR>0 (Jg, Rg) is the C*-algebra generated by kernels of type 0. As an application
of the above results, we give a different proof of the description of its spectrum
obtained in [FFK17] 5.5].

Proposition 10.3. Let G be a homogeneous Lie group. Then FiXR>0(Jg,'R,7g) 18
of type 1. Furthermore, there is a homeomorphism

(C\{miiv}) /Ro0 — Fix® (Jg, Re)
induced by 7+ (7)~ for m € G\ {meriv}.

PROOF. The ideals in yield short exact sequences of generalized fixed point
algebras for i = 1,...,m by Proposition 2:24}

FiXR>0(Ji,1,’R/7G n Jifl) — FiXR>O(JZ',’R,7G n Jz) Hq> FiXR>0(Ji/Ji,17RZ').

Each quotient J;/J;—1 is an Rso-Co(A;)-algebra with a free and proper Rsg-action
on A; by Proposition Therefore, the spectrum of FixR>°(J;/J;_1,R;) is
A;/Rs¢ by Proposition In particular, the spectrum is Hausdorff and, thus, Tp.
As FixR>0 (Ji/Ji—1, R;) is separable, this implies that it is of type I by [Dix77, 3.1.6,
9.1]. If an ideal T of a C*-algebra A and the quotient A/I are of type I, it follows
that A is of type I. Thus, one can use an inductive argument for the sequences
above to show that FiXR>0(Jg, R¢) is of type L.
We proceed by showing the second claim. The spectrum of Jg is given by

Jo =G\ {Tui} = A1 U...UA,,.

By Proposition R acts freely on A; for all i = 1,...,m. Hence, the action
of Ry on the spectrum of Jg is free. As Jg and FiXR>O(Jg,'R,7G) are of type |
and separable, their spectra can be identified with their primitive ideal spaces. We
show that there is a homeomorphism

¢: Prim(Jg)/Rsg — Prim(Fix">°(Jq, Ra))

with ¢ ([ker(w)]) = ker(7) for 7 € Ja. By [KM20, 6.3, 6.4] there is a continuous,
open and surjective quasi-orbit map

p: Prim(C} (Rso, Jg)) — Prim(Jg)/R>o.
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As the action of the amenable group R~ on Prim(Jg) is free, the quasi-orbit map
is also injective by |[GRT79, 3.3]. Hence, it is a homeomorphism. In particular, Jg
separates ideals in C*(Rxg, Jo). We describe now the inverse of p. First, there is
a homeomorphism ¢: Prim(Jg)/Rso — Prime(IR>°(Jg)) by [KM20, 6.3], which
is induced by mapping a primitive ideal P of Jg to the largest Rsp-invariant ideal
contained in P:
P— () AP
AERs(
It follows from [KM20, 2.11, 6.1, 6.3] that p= =i o ¢ with
i: Prime(I?>°(Jg)) — Prim(C; (R0, Ja)),
Q — C:(Rso,@).

By Corollary C*(Rso,Jg) is Morita-Rieffel equivalent to Fix®>°(Jg, Ra).
Therefore, the Rieffel correspondence gives a homeomorphism

7: Prim(C? (R, Jg)) — Prim(Fix®>° (Jg, Ra)).
Together, we obtain a homeomorphism
Y i=7r0p t: Prim(Jg)/Rso — Prim(FixR"> (Jg, Ra)).

It is left to show that ¢ ([ker(w)]) = ker(7) for 7 € Jo. Let Q = ¢([ker(m)]). Using
that the action on Jg is saturated, Lemma [2.21] implies

p~H(fker(m)]) = C{(Rx0,Q) = C{(Rs0,Q) N C; (Rx0, Jg) = T (Q, Ra N Q).

This ideal is mapped to FiXR>°(Q, Re N Q) under the Rieffel correspondence.

We show that Fix">°(Q,Re N Q) = ker(7). Let a,b € Rg N Q. Then
m(a) = w(b) = 0 and, consequently, w(la)((b]) = |m(a)){w(b)] = 0. It follows
that Fix">°(Q,Ra N Q) C ker(7).

Now let T' € ker(7). As elements of the generalized fixed point algebra are
invariant under the Rsg-action, (A-m)” (T) = #(T) = 0 holds for all A > 0.
We use a similar argument as in the proof of Proposition 2.24] and show that
T*T € Fix">°(Q, R¢ N Q). For each a € R¢, we obtain

(A7) (T*a) = (A-7)~ (T*)(A-7)(a) =0 for all A > 0.

It follows that T*a € RaNQ. Now the same argument as in Proposition shows
that T € Fix®™>°(Q, Ra N Q). O

10.2. Filtered manifolds

We deduce saturatedness for the respective ideals in the C*-algebras of the
osculating groupoid and the tangent groupoid.

Proposition 10.4. Let (M, H) be a filtered manifold. The C*-algebra of order 0
principal cosymbols Fix®>°(Jg, Ry) is Morita-Rieffel equivalent to C*(Rsq,Jo).
The C*-algebra of order 0 pseudodifferential operators FiXR>O(J77€) is Morita—
Rieffel equivalent to C!(Rsg,J).

PROOF. As all (J,,R,) are saturated by Corollary (Jo, Ro) is saturated
by Corollary[2:33] Therefore, the generalized fixed point algebra construction gives
the Morita-Rieffel equivalence between Fix">°(Jo, Ro) and C*(Rsg, Jo).

The second claim follows from Corollary applied to the sequence in
if saturatedness for the ideal Co(Rso) ® K(L?M) is shown. By Lemma the
R<o-action is given by 7 ® 1, where 7 is induced by the action of R-g on itself
by multiplication. Then R N (Co(Rso) ® K(L?M)) is the unique dense, relatively
continuous and complete subspace and 7 is free and proper. Therefore, the action
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is saturated by Proposition[2:28] The Morita-Rieffel equivalence follows again from
the generalized fixed point algebra construction. O



CHAPTER 11

K-Theory and index theory

Let M be a compact, smooth manifold and let E, F' be smooth vector bundles
over M. The Atiyah-Singer Index Theorem |AS68| states that the analytical and
topological index of an elliptic (pseudo)differential operator P: T'*°(E) — I'°(F)
coincide. The analytical index is the Fredholm index of P when considered as a
bounded operator between suitable Sobolev spaces.

Definition 11.1. A bounded operator P: H; — Hs between two Hilbert spaces
H1,Ho is Fredholm if its kernel and cokernel are finite-dimensional. In this case,
its Fredholm index is defined as

ind(P) = dim(ker P) — dim(coker P) € Z.

The properties of the classical pseudodifferential calculus on a compact man-
ifold imply that elliptic operators are Fredholm. However, there are differential
operators that are not elliptic but still admit a Fredholm index, see [BvE14] 2.3].
As a first step towards index theory, it is helpful to find a pseudodifferential calculus
in which the considered operator is “elliptic” in a suitable sense.

Van Erp and Baum studied index theory for contact manifolds in [vE10a,
vE10b,[BvE14]. They solved the index problem for (pseudo)differential operators
that are Heisenberg-elliptic. In [Moh20], Mohsen proved an index theorem for
filtered manifolds.

In this section, we describe some consequences of the generalized fixed point
algebra construction regarding K-theory and index theory. Let (M, H) be a filtered
manifold. If M is compact, the C*-algebra FixR>°(J0, Ro) is unital by Lemma
We treat the generalized fixed point algebra extension

K(L2M) —— Fix">°(J,R) - Fix™>°(Jg, Ro)
\ \[pl (49)
B(L2M)
from as an abstract pseudodifferential extension.

Definition 11.2. An operator P € Fix®>°(J,R) is C*-H-elliptic if its principal
symbol po(P) is invertible.

Since the sequence above is exact, P is C*-H-elliptic if and only if there is
a @ € FiXR>°(J,ﬁ) such that 1 — PQ,1 — QP € K(L?M). In particular, P is
Fredholm in this case by Atkinson’s Theorem [Atk51]. As po(P) is invertible, it
defines a class in K; (Fix">°(Jg, Ro)). The same arguments as in the unfiltered case
yield the following lemma.

Lemma 11.3. The short exact sequence in induces a 6-term exact sequence
in K-theory. Let

9: K, (Fiwa(Jo,m)) s Ko(K(L2M))

85
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denote the corresponding index map. For a C*-H-elliptic P € FixR>o (J,R) the
Fredholm index of P is given by O([po(P)] under the identification Ko(K) = Z.

In particular, the Fredholm index just depends on the K-theory class of the
principal symbol.

11.1. H-Ellipticity and the Rockland condition

The goal of this section is to understand C*-H-ellipticity better. Moreover,
C*-H-ellipticity is compared to H-ellipticity, which was defined by van Erp and
Yuncken. We also discuss the relation to the Rockland condition.

Definition 11.4 ([vEY17, 54]). An operator P € U7 (M) on a compact fil-
tered manifold (M, H) is H-elliptic if its principal cosymbol s7(P) is invertible
in & (TgM)/C(TyM).

If P e V(M) is H-elliptic, it admits a two-sided parametrix Q € V" (M),
that is, PQ — 1,QP — 1 € C*(M x M), see [VEY17, 60]. If P is an H-elliptic
differential operator, this implies that P is hypoelliptic [vEY17] 61].

For m = 0, P is H-elliptic if and only if s% (P) is invertible in X% (M). This
follows from [vEY17] 55].

The C*-algebra of principal cosymbols Fix?>° (Jo, Ro) is a continuous field of
C*-algebras over M with fibres Fix">°(.J,,, R,) by Proposition

Lemma 11.5. Let A be a unital C*-algebra. Suppose A is a continuous field of
C*-algebras over a compact Hausdorff space X with fibre projections q,: A — A,.
Then a € A is invertible if and only if ay = q(a) is invertible for all x € X.

PROOF. Clearly, invertibility of a implies that ¢,(a) is invertible for all z € M.
Conversely, suppose that g, (a) is invertible at every point € M. Fix € X and
let b, € A, be an inverse of a,. As g, is surjective, there is a b € A with ¢, (b) = b,.
Let ¢ := 1 — ab. Because g,(c) = 0, one can find an open neighbourhood U, of «
such that |g,(c)|| < 1/2 for all y € U, by continuity. By the von Neumann series
ab is locally invertible on U,. Therefore, b(ab)~! is right inverse to a on U,. Using
a continuous partition of unity which is subordinate to the open cover U, of X, one
can glue together the local inverses to a global right inverse of a. Similarly, one can
construct a left inverse of a. It follows that a is invertible. O

Therefore, C*-H-ellipticity is a pointwise condition.

Corollary 11.6. Let (M, H) be a compact filtered manifold. A principal cosymbol
u € Fix®>0 (Jo, Ro) is C*-H-elliptic if and only if u, € FixR>o (Jo, Ry) is invertible
forallx € M.

Consider now the Rockland condition as described in [Pon08| Sec. 3.3.2] and
[DH17| Sec. 3.4]. It generalizes the Rockland condition for differential operators
in Definition Let G be a graded Lie group of homogeneous dimension ¢ and
m € Z. Let u € &'(G)/CP(G) be m-homogeneous. It was shown in [DH17| 3.8]
that the class u € &'(G)/C(G) can be uniquely represented by a kernel a of
type —m if —m—Q ¢ No. For m = 0 this is Lemma If —=m—@Q € Ng, it can be
represented by a = k + plog(||z|) with & € K~™(G) and a (—m — @)-homogeneous
polynomial p. This representation is not necessarily unique. However, the map
So(G) = So(G) given by f — a = f does not depend on the chosen representative
a of u (see [DH17| Sec. 3.4]). Here, Sy(G) is as in Definition [8.7}

For a unitary, irreducible representation m: G — U(H), let HO be spanned by
7(f)v for f € So(G) and v € H,. The operator 7(u) defined on H2 by

m(uw)(T(f)v) =7(ax flv for f € So(G), v € Hr,
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is closable. Denote its closure by m(u).

Definition 11.7. Let G be a graded Lie group and let u € &'(G)/C(G) be
homogeneous. Then u satisfies the Rockland condition if w(u) is injective on H2°
for all m € G\{miyiv}. Here, H® denotes the space of smooth vectors.

Example 11.8. Recall that for a usual compact manifold of dimension n the
osculating groups are isomorphic to R™. Let P be a pseudodifferential operator
on M with model operators ¥(P), for x € M. Then ¥(P), satisfies the Rockland
condition if and only if X(P),(§) # 0 for all £ # 0. Therefore, P is elliptic if and
only if ¥(P), satisfies the Rockland condition for all z € M.

For a homogeneous Lie group G, FixR">° (Jg, Ra) is the C*-algebra of kernels of
type 0 by Corollary The spectrum of FiXR>0(JG77T6) is (é\{ﬂ'triv})/R>0 by
Proposition m This allows to describe invertibility in Fix?>°(Jg, Rg) in terms
of the representations of G.

Definition 11.9. An element u € Fix">°(Jg, R¢) satisfies the C*-Rockland con-
dition if 7(u) is invertible for all 7 € G\ {Tgriv }-

Proposition 11.10. Let u € Fix<>° (Ja,Rc). Then u is invertible if and only if
u satisfies the C*-Rockland condition.

PROOF. Suppose u € FiXR>D(Jg,,R,7g) is invertible. As 7 for m # myy 1S an
irreducible representation of the unital C*-algebra Fix">°(Jg, Re), it follows that
7(u) is invertible.

Now assume that u satisfies the C*-Rockland condition. As Fix®>°(Jg, Rq) is
a C*-subalgebra of the group von Neumann algebra of G, it suffices to show invert-
ibility in this larger C*-algebra. The group von Neumann algebra is isomorphic to
LOO(@, B(H,)) via Fourier transform. As wu is invariant under R~ and {7y} is a
null set, we show that the essential infimum of the function

(C\{mea})/Reo = [0,00] 7 [|F(u)]

is strictly greater than zero. The domain is the spectrum of Fix">°(Jg, R¢), thus
the function is lower semi-continuous, see [RW98, A.30]. As (G\{muiv})/Rso is
compact as the spectrum of a unital C*-algebra, the function attains its minimum.
It must be strictly greater than zero since u satisfies the C*-Rockland condition. [

Now, one deduces that P € W%, (M) is C*-H-elliptic if and only if it is H-elliptic.

Proposition 11.11. Let (M, H) be a compact filtered manifold. For P € W% (M)
the following are equivalent:
(i) P is C*-H-elliptic,
(ii) s%(P), satisfies the C*-Rockland condition for all x € M,
(iii) % (P). and s%(P)% satisfy the Rockland condition for all x € M,
(iv) P is H-elliptic.

PROOF. The equivalence of|(i)| and follows from Corollary [11.6{and Propo-
sition By the results of Glowacki in [G1091], 4.3 and 4.9], and are
equivalent for all z € M. The arguments in [DH17, 3.11, 3.12], which follow
ICGGP92| and [Pon08|, show that and are equivalent. O

Remark 11.12. The Rockland condition is also defined for operators acting be-
tween vector bundles E, F' over M (see [Pon08| Sec. 3.3.2] or [DH17, Sec. 3.4]).
In this case, the model operators map So(G(x), Ey) = So(G(x), Fy). It is shown in
IDH17, 3.11, 3.12] that H-ellipticity is again equivalent to satisfying the Rockland
condition at all points.
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11.2. Deformation to the step 1 case

For a filtered manifold (M, H), consider the restriction of the short exact se-
quence in (24)) to [0, 1]

Co((0,1]) @ K(L2M) —— C*(TyM|gy) —2» C*(TyM).

The C*-algebra on the left is contractible and C*(Ty M) is nuclear as a bundle of
nilpotent Lie groups. Therefore, the class [ev{] € KK(C*(TyM]jp1)), C*(TuM))
is invertible. As described in [DL10| one can define a deformation element

[evil]™! @ [evil] € KK(C*(TgM),K)

associated to the short exact sequence above. Likewise, there is a deformation
element [evy] ™! @ [ev1] € KK(Co(T*M),K) for the short exact sequence of Connes’
tangent groupoid

Co((0,1)) ® K(L*M) —— C*(TM|0.1)) —25 Co(T*M).

Connes showed that this class is the analytical index (see [Con94]).

Using the adiabatic groupoid of Ty M one can relate these deformation classes
in KK(C*(TyM),K) and KK(Co(T*M),K). This construction was carried out in
[vE10a] for contact manifolds, see also [Moh18|Moh20| for the filtered manifold
case. In the following, we recall the argument.

The Lie algebroid ty M of Ty M is described in [VEY17]. Denote by p: tyM —
T(M x [0,1]) its anchor map and let

be the bracket. Let Ty M® be the adiabatic groupoid of Ty M. It is easier to
describe it in terms of its Lie algebroid (see |[DS14, 2.1]). It is the vector bundle
tyM x R over M x R x R with anchor

Pa:tyM xR —T(M xR) x TR
pa(z,t,U, 8) = (p(x,t,sU),s,0)

forz € M, t,s € Rand U € tyM(, ;). The bracket is defined by
(X, Y]a(z,t,8) = s[X,Y](z,t) for X, Y e T™®(tyM x R).

The resulting Lie groupoid can be viewed as a continuous field of groupoids over
each copy of R and over R2. The fibre over s = 1 is the tangent groupoid Ty M of
the filtered manifold.

For s = 0, the anchor and bracket are zero. One obtains a bundle of Abelian
groups. It is isomorphic to TM x [0,1] via a splitting as defined in [VEY17, 9]. A
splitting is a vector bundle isomorphism tg M — T'M, which restricts on H’ /H7~!
to a right inverse of HY — H7/H'~1 for j =1,...,r.

For ¢t = 0 the anchor is zero. Therefore, all fibres over (0,s) for s € R are
bundles of nilpotent groups. The bundle of osculating groups Ty M at s = 1 is
deformed into a bundle of Abelian groups at s = 0. The latter can be identified
with T'M using the splitting above. Denote the subgroupoid at t = 0 by G.

Note that the fibre at (1,1) is the pair groupoid of M. Its adiabatic groupoid
is Connes’ tangent groupoid TM. It is the fibre at t = 1 of Ty M®.

Therefore, all edges of [0,1]? can be understood as deformation groupoids and
one can associate corresponding deformation classes in the respective KK-groups.
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Denote the restriction to the edges by ri—1,7¢—g,7s=1,7s=0. Lhe following
diagram commutes

TyM® "= TM

J{TS:l J{evl
H

TuM —— M x M.
Therefore, the following KK-classes coincide:
[re=1] @ levi] = [rs=1] ® [evi’]. (50)

Denote by by and by the restrictions to t = 0 and ¢ = 1 on the trivial bundle at
s = 0. The deformation class [bg] ™! @ [b;] is the identity. It follows that

[re=1] ® [evo] = [ri=0] ® [b1] = [ri=0] & [bo]- (51)
Denote by ¢y and ¢; the respective restrictions on G. We obtain
[rs=1] @ [evg'] = [ri=o] @ [e1] = ([re=o] @ [co]) ® ([eo] ™ @ [ea]). (52)

Let rgg be the restriction to ¢ = 0,s = 0. One can show that it induces a
KK-equivalence as in [vE10al 21]. This is done by writing it as a composition of
the restriction to the union of £ = 0 and s = 0 and further restriction to t = s = 0.
Both maps have contractible kernels. Using and , one obtains

[roo] ™" @ [re=1] = [evo] ',

[roo) ™! @ [re=1] = ([co] ™" @ [e1]) @ [evg 1.

Inserting this into shows that the deformation classes for Ty M and TM are
related by

[evo] ™' @ [evi] = ([eo] ' @ [e1]) @ ([evg] ! @ [evi]).

The class ¥ := ([co] ! ® [c1]) € KK(Co(T*M),C*(TyM)) is a KK-equivalence.
This is a well-known consequence of the Connes—Thom isomorphism, see [Con81,
Corollary 7] and [Nis03| Corollary 1] for the bundle version. We show that the
KK-equivalence V¥ restricts to the ideals used in the generalized fixed point algebra
construction.

Lemma 11.13. The KK-equivalence ¥ € KK(Co(T*M),C*(TuM)) restricts to a
KK-equivalence V| € KK(Co(T* M\ (M x 0)),Jo).

PROOF. Define the ideal Jg C C*(G) that consists of all sections (as) € C*(G)
such that all as , for s € [0,1] and x € M lie in the kernel of the trivial represen-
tation of the nilpotent Lie group over (s,z). The trivial representations induce a
commuting diagram

Jo — 1 O (TyM) —E— Co(M)

: i I

Jg s C*(G) — L C([0,1], Co(M)) (53)

I I b

Co(T*M\ (M % 0)) <2 Co(T*M) —2 5 Co(M).

As ker(eg) is contractible, one can build the deformation class V| := ([eg] "t o[e1]) €
KK(Co(T*M \ (M x 0)),Jo). Similarly, there is a class o := ([fo] ! o [f1]) €
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KK(Co(M), Co(M)). Because commutes, there is a commuting diagram in KK:

Jo — 5 CH(Ty M) —2% Co(M)

! b

Co(T*M\ (M x 0)) —2 Co(T*M) —2s Co(M).

The KK-classes in the middle and on the right are KK-equivalences. The long exact
sequences in KK-theory and the Five Lemma yield that

- ® W) KK(A, Co(T*M\ (M x 0))) — KK(A, Jo)
V| ® -: KK(Jo, B) = KK(Co(T*M\ (M x 0)), B)

are isomorphisms for all separable, nuclear C*-algebras A, B. Taking A = Jg and
B = Co(T*M\ (M x 0)), one obtains a class in KK(Jg, Co(T*M\ (M x 0)) that is
the KK-inverse of U|. O

As a consequence, the C*-algebra of principal cosymbols of order 0 has the
same K-theory as its unfiltered counterpart.

THEOREM 11.14. Let (M, H) be a filtered manifold. The C*-algebra of principal
cosymbols FiXR>°(J0, Ro) and Co(S*M) are KK-equivalent.

ProOOF. It was shown in Propositionthat FixR>0 (Jo, Ro) is Morita—Rieffel
equivalent to C¥(Rsg,Jo). Therefore, they are KK-equivalent. As (Rsg, ) =
(R,+) and by the Connes-Thom isomorphism, C*(Rx¢,Jg) is KK-equivalent to
Co(R) ® Jg. This C*-algebra is KK-equivalent to Co(R) ® Co(T*M \ (M X 0)) by
Lemma [I11.13] The converse argument, applied to the step 1 filtration case, yields
that Co(R) ® Co(T*M \ (M x 0)) is KK-equivalent to Co(S*M). O

11.3. Connections to index theory

In this section, let (M, H) be a compact filtered manifold. Following the expla-
nation in [BvE14] 5.3] (see also |[Con94] §I1.9.a]), one can attach to an H-elliptic
H-pseudodifferential operator P of order m a class in Ko(C* (T M)). Let P be a lift
of P to 7(M). By definition, the equivalence class [Po] € E.(TyM)/CX(TyM)
is invertible. So there is a Qp € £.(Ty M) with Sy :=1— Qg * Py € C(Ty M) and
S1:=1—-PygxQg € CEO(THM)

Let o (P) := [e]—[eo] € Ko(C* (T M)) be the formal difference of idempotents

B 1- 52 Po * So 4 e (L0
€T\ S Qox(1+5) 82 and =190 o)

The same construction works for operators that act on a vector bundles over M.

Lemma 11.15. Let (M, H) be a compact filtered manifold. Consider the short
eract sequence from given by

C*(TyM) —— C*(Ess¥(M)) — C*(X%(M)). (54)

For an H-elliptic P € W% (M) the class o (P) € Ko(C*(TyM)) above is the image
of [s%(P)] € K1(C*(X%(M))) under the boundary map in K-theory of (54).

PROOF. Let Qp € E.(TuM) satisfy 1 — Qg+ Py € CX(TyM) and 1 —PyxQq €
C® (T M) as above. By [VEY19), 55] Qq is contained in Ess% (M). Hence, Py and
Qo are lifts of [Po] and [Po]~! in Ess%(M). Computing the image of [s%;(P)] under
the index map as in [CMRO7| 1.46] gives exactly the class above. (]
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Up to inverting the Connes—Thom isomorphism, we prove an index theorem for
H-elliptic pseudodifferential operators of order zero. For contact manifolds, this is
[VE10Db| Prop. 12] in the scalar-valued case or [BvE14] Thm. 5.4.1] for operators
acting on vector bundles. Mohsen recently proved an index theorem for filtered
manifolds in [Moh20]. His construction involves a “larger” bundle of graded Lie
groups over M to obtain an index theorem that does not contain the Connes—Thom
isomorphism anymore.

THEOREM 11.16. Let (M, H) be a compact filtered manifold and let P be an
order zero H-elliptic H-pseudodifferential operator acting on vector bundles E, F
over M. Then

ind(P) = ind, (V! (o5 (P)))

holds. Here, W: KO(T*M) — Ko(C*(TyM)) denotes the Connes—Thom isomor-
phism and ind;: KO(T*M) — Z is the topological index.

PROOF. Choose hermitean metrics on F and F. Using polar decomposition
and that the Fredholm index is invariant under homotopies, we can assume without
loss of generality that the principal cosymbol of P is unitary.

We follow the arguments in [vE10a,vE10b,BvE14] closely. Let E := E x [0, 1]
and F := F x [0,1] denote the vector bundles over the unit space M X [0,1] of
TrM]p,1) and extend P to P € O (M,E,F).

As in [BvE14] construct a class [D] € KK(C(M),C*(TgM],17)) from P as
follows. Define the Zs-graded right Hilbert C*(Ty Mo 1))-module

E =T0o(E) ®cmxo)) C(TaM|pq1) © To(F) @carxioa) C(TuM|jo,1))
and let

D= (g F(’)) € C*( 9(M)) ® End(E & F).
Note that elements of C*( ;(M)) act as multipliers on C*(Tz M| 1)). By [VEY19,
25] there is a homomorphism C(M) — C*( % (M)), f — f, where f; is the multi-
plication operator My on L*(M) for t > 0 and fy is the fibred distribution given
by (f(x)dz)zen. Therefore, there is a diagonal representation ¢: C(M) — L(E).
Moreover, D acts as an odd operator on €. We verify that ¢(f)(D*—1) and [¢(f), D]
lie in (&) for all f € C(M). Compute
PP, —1 0
24y Pt
st -1 =0 (PP pp? ).

At t = 0, this defines a matrix over C*(TyM). Then the claim follows from
Lemma For [¢(f), D], note that this vanishes at ¢ = 0 as functions in C(M)
define central multipliers of C*(Ty M). Therefore, Lemma applies, too. Note
that one can restrict (£,¢,D) to t > 0 and denote the restricted classes by [De].
The long exact sequence in KK-theory implies that

evyl: KK(C(M),C*(TgMl,11)) — KK(C(M),C* (T M))
is invertible. Similar to before, one obtains a map
evil o (evil)™1: KK(C(M), C*(Ty M)) — KK(C(M), C).

It satisfies evi? o (evll)~1([Dy]) = [D1]. Let [u] € KK(C, C(M)) be the class induced

by the unital embedding C — C(M). It is well-known that [u] ® [D;] € KK(C,C) =

Z is the class representing the Fredholm index of P (see [CMRO7, (12.7)]).
Similarly, there is a corresponding map for Connes’ tangent groupoid

evy o (evg) ' KK(C(M),Co(T*M)) — KK(C(M),C).
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The arguments in Section [11.2]involving the adiabatic groupoid can be adapted to
show that there is a Connes—Thom isomorphism ¥ such that the following diagram
commutes

KK(C(M), Co(T* M)) —%s KK(C(M), C*(Ty M)

levlo(evo(%l{ . (55)
1 0

KK(C(M),C).
As in |[BvE14], one can use the natural transformation aj; that maps KK(C, A)

to KK(C(M), A) for C(M)-algebras A. It makes
KK(C,Co(T*M)) —2— KK(C,C*(T M))

J/O(M J/OCIM
KK(C(M), Co(T* M) —¥s KK(C(M), C*(Ty M))
commute. Since the principal cosymbol of P was assumed to be unitary, we can

take Qo = P{ to construct o (P) € Ko(C*(TzM)). This class can be represented
in KK(C,C*(TyM)) using the Fredholm module given by

Eo =To(E) ®cry C*(TaM) © To(F) @cm) C(Ta M),

_ (Y P
o= (2 7%).

Its class is mapped to [Dg] by aps. Together with the commutativity of , this
shows that [ind P] = evy o (evg)™! o apr o U1 (og(P)). Therefore, the claim is
reduced to the Atiyah—Singer Index Theorem. O



CHAPTER 12

Conclusion and outlook

In this thesis, we showed that the generalized fixed point algebra construction
can be applied to the zoom action on the tangent groupoid of a filtered manifold. It
recovers the order zero pseudodifferential extension of known calculi in this context.
Many properties of the calculus follow from the generalized fixed point algebra
construction in a natural way. Moreover, it allows to compute the K-theory of the
algebra of principal cosymbols and to proceed towards index theory.

In the following, we sketch some related questions and situations to which this
approach could be applied as well.

The generalized fixed point algebra corresponds to the operators of order zero.
This leads to the question what can be said about operators of different order. It
is a result of [DS14], that every classical pseudodifferential operator of order m on
a manifold M can be written as an average

/ Aoy (f)% with f € R and fo € So(TM).
0

It was not shown yet that this could also be done in the filtered manifold case.
Understanding this in a systematic way would be also important for cases where
no pseudodifferential calculus is available yet and one wants to define it via a
generalized fixed point algebra construction.

The Shubin calculus on R™ (see [Shu01]), can be understood using an Rsq-
action on the tangent groupoid of R™. It is defined for A > 0 by

A (2, X,0) = (A, A1 X, 0) for X € T,,R"
M- (z,y,t) = Az, Ay, A1) for z,y € R™ and t > 0.

The induced action on C*(T'R™) corresponds under Fourier transform to the scalings
A (2,8) = (Ax,AE) on T*R™. The generalized fixed point algebra of an ideal
J <« C*(TR™) yields a sequence

K —— Fix">9(J) — C(S?"1).

It is the C*-completion of the order zero extension of the Shubin calculus. As a
natural continuation, one can replace R™ by a graded Lie group and the scalings by
the dilations. In the case where R™ is equipped with different dilations, this should
be compared to the anisotropic Shubin classes defined in [BNO3|]. For R™ there
is an index theorem by Callias (see [Cal78,BS78|). For non-Abelian groups one
could study the index theory of the resulting operators. In particular, it should be
possible to compute the K-theory of the resulting symbol algebra.

All groupoids were equipped with R g-actions so far. To expand this, one could
consider multiparameter actions of RY on R of the form

Ao = (AP AT Py, AT AR ,) for A e R* and z € R",

for a fixed matrix (a;;) with certain properties. Ricci and Stein considered in
[RS92] convolution operators with kernels that are homogeneous for these dilations.
It would be interesting to understand if these are generalized fixed points of the

93
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action above. If this is possible, one can consider corresponding variable coefficient
operators as in [NRSW18| and try to relate them to a generalized fixed point
algebra attached to an appropriate tangent groupoid.
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