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Introduction

The topic of this thesis is the geometry and arithmetic of Del Pezzo
surfaces. Prime examples are cubic surfaces, which were already studied
by Cayley, Schlifli, Steiner, Clebsch, and Cremona in the 19th century.
Many books and articles followed, for example by Segre [Seg42] and Manin
[Man86].

On the geometric side, our main goal is to understand the geometry of
universal torsors over Del Pezzo surfaces. On the arithmetic side, we apply
universal torsors to questions about rational points on Del Pezzo surfaces
over number fields. We are concerned with the number of rational points of
bounded height in the context of Manin’s conjecture [FMT89].

More precisely, a smooth cubic surface S in three-dimensional projective
space P3 over the field Q of rational numbers is defined by the vanishing of
a non-singular cubic form f € Z[xg, x1, z2, x3]. Its rational points are

S(Q) :={x = (w0 : 21 :72:23) € P*(Q) | f(x) =0}

If S(Q) # 0, then S(Q) is dense with respect to the Zariski topology, i.e.,
there is no finite set of curves on S containing all rational points.

One natural approach to understand S(Q) is to ask how many rational
points of bounded height there are on S. Here, the height of a point x € S(Q),
represented by coprime integral coordinates xzg, r1, 2, x3, is

H(x) := max{|zol, [x1], |[v2], |x3]}-

The number of rational points on S whose height is bounded by a positive
number B is

Ns.i(B) = #{x € S(Q) | H(x) < B}.

As it is difficult to determine the exact number Ng g (B), our question is:
How does Ng p(B) behave asymptotically as B tends to infinity?

It is classically known that S contains 27 lines defined over the algebraic
closure of Q. If a line ¢ C S is rational, i.e., defined over QQ, the number
of rational points on £ bounded by B behaves asymptotically as a non-zero
constant multiple of B?. The behavior of Ngg(B) is dominated by the
rational points lying on rational lines, so we modify our question as follows:

QUESTION. Let U be the complement of the lines on a smooth cubic
surface S. How does

Nuu(B) :=#{xeU(Q) | H(x) < B}

behave asymptotically, as B — oo ?
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The answer to this question depends on the geometry of S. Suppose that
S is split, i.e., all 27 lines on S are defined over Q. Then Manin’s conjectural
answer is:

CONJECTURE. There is a positive constant ¢ such that
Ny, (B) ~ ¢ B-(log B)®,
as B — oo.

This conjecture is open for smooth cubic surfaces. Analogous state-
ments have been proved for some smooth Del Pezzo surfaces of degrees > 5
(IBT98|, [Bre02]).

An approach which is expected to lead to a proof of Manin’s conjecture
for Del Pezzo surfaces is the use of universal torsors. For the projective
plane, this method is used as follows: In order to estimate the number of
rational points x € P?(Q) whose height H(x) is bounded by B, we observe
that these points are in bijection to the integral points

Y = (o, y1,y2) € A*(Z) \ {(0,0,0)}

which satisfy the coprimality condition

ng(y07 Y1, y2) =1
and the height condition

max{|yol, [y1], [y2|} < B,

up to identification of y and —y. The number of these points y can be
estimated using standard methods of analytic number theory.

There is a similar bijection between rational points of bounded height
on a cubic surface S and integral points on a certain affine variety 7g, which
is called the wuniversal torsor (see Chapter [2] for the definition), subject to
certain coprimality and height conditions.

We can establish such a bijection in two ways. On the one hand, this
can be done by elementary transformations of the form f defining S such as
introducing new variables which are common divisors of previous coordinates
(see Chapter [9] for an example). This way of passing to the universal torsor
has been used in the proof of Manin’s conjecture for some Del Pezzo surfaces
of other degrees, e.g., [BB04]. We will see that these transformations are
motivated by the geometric structure of S.

On the other hand, we can compute universal torsors via Coz rings. The
Picard group Pic(S) of isomorphy classes of line bundles on S is an abelian
group which is free of rank 7 if S is a split cubic surface. Effective line
bundles have global sections, and the global sections of all isomorphy classes
of line bundles on S can be given the structure of a ring, resulting in the
Cox ring Cox(S) (see Chapter [2)). Its generators and relations correspond to
the coordinates and equations defining an affine variety A(S) which contains
the universal torsor 7g as an open subset.

Batyrev and Popov [BP04] have determined the Cox ring of smooth
Del Pezzo surfaces of degree > 3. In the case of smooth cubic surfaces, this
realizes the universal torsor as an open subset of a 9-dimensional variety,
defined by 81 equations in 27-dimensional affine space (see Section .
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However, estimating the number of points on the universal torsor seems to
be very hard in this case.

Schléfli [Sch63] and Cayley [Cay69] classified singular cubic surfaces.
For the cubic surface

Sy xy25 4 xoxd + 23 =0

with a singularity whose type is denoted as Eg, Hassett and Tschinkel
[HT04] have calculated the Cox ring. It is a polynomial ring in 10 variables
with one relation, resulting in a universal torsor which is a hypersurface in
10-dimensional affine space. One of our main results is (see Theorem [9.1):

THEOREM. Manin’s conjecture holds for the Eg cubic surface Si.

Joint work with de la Breteche and Browning resulting in a more precise
asymptotic formula for this surface will appear in [BBDO5].

This thesis is organized in two parts. Part[I]is concerned with Cox rings
and universal torsors of smooth Del Pezzo surfaces and of generalized Del
Pezzo surfaces, i.e., minimal desingularizations of singular ones. We work
over algebraically closed fields of characteristic 0. In Chapter [l we give
an exposition of the structure and classification of smooth, singular, and
generalized Del Pezzo surfaces. In Chapter [2| we recall the definition of
universal torsors and Cox rings and collect some preliminary results on the
generators and relations in the Cox ring of Del Pezzo surfaces.

Our main results concerning universal torsors and Cox rings of general-
ized Del Pezzo surfaces are:

(1) We calculate the Cox ring of smooth cubic Del Pezzo surfaces ex-
plicitly, using results of Batyrev and Popov [BP04] on the relations
up to radical in Cox(.S) for smooth Del Pezzo surfaces of degree > 3.
We extend these results to surfaces of degree 2 and 1 (Theorem 3.2).

(2) We find all generalized Del Pezzo surfaces of degree > 3 whose
universal torsor can be realized as a hypersurface in affine space, or
equivalently, where the ideal of relations defining the Cox ring has
only one generator (Theorem [5.1). We determine the Cox ring in
these cases.

(3) We give a method to determine generators and the ideal of relations
(up to radical) of the Cox ring of any generalized Del Pezzo surface
of degree > 2 (Theorem and Section [6.3)).

Skorobogatov [Sko93| and Salberger observed that the universal torsor
of a quintic Del Pezzo surface is an open subset of a Grassmannian.

Furthermore, for a smooth cubic surface S, the 27 coordinates of the
affine space containing the universal torsor correspond to the lines on S.
Their classes in the Picard group can be identified with the weights of a 27-
dimensional representation of the linear algebraic group associated to the
root system Eg.

Batyrev conjectured that this is reflected geometrically by an embedding
of the universal torsor of S in a certain homogeneous space associated to
this representation, similar to the Grassmannian in the quintic case. A
corresponding result was proved by Popov [Pop01] in degree 4.
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(4) We prove Batyrev’s conjecture that universal torsors of smooth Del
Pezzo surfaces of degree 3 or 2 can be embedded naturally in the
affine cone over a homogeneous space associated to certain linear
algebraic groups (Theorem (4.1)).

In Part 2| we apply our results of Part [I] to Manin’s conjecture for
certain Del Pezzo surfaces. In Chapter [7] we give a detailed introduction to
the usage of torsors towards Manin’s conjecture for Del Pezzo surfaces.

Our main results concerning Manin’s conjecture are:

(5) We give a formula for a certain factor of the leading constant, as
proposed by Peyre [Pey95|, in Manin’s conjecture for smooth and
singular Del Pezzo surfaces S. It is the volume of a polyhedron
related to the cone of effective divisor classes on S. Our formula
allows to compute this constant directly from the degree and the
types of singularities on S (Theorem and Theorem 8.5)).

(6) We prove Manin’s conjecture for a cubic surface with a singularity
of type Eg (Theorem [9.1)).

(7) We prove Manin’s conjecture for a split quartic surface with a sin-
gularity of type Dy (Theorem [10.1)).



Part 1

Universal torsors of Del Pezzo
surfaces






CHAPTER 1

Del Pezzo surfaces

1.1. Introduction

This chapter gives an exposition of the structure and classification of
smooth and singular Del Pezzo surfaces. For smooth Del Pezzo surfaces,
a standard reference is [Man86|, while [DP80] and [ANO04] are modern
accounts of the structure and classification of singular Del Pezzo surfaces.

Schlafli [Sch63] and Cayley [Cay69] classified singular cubic surfaces
in the 1860’s. Timms [Tim28] and Du Val [DV34] analyzed them more
systematically.

The basic objects of our studies are surfaces. For our purposes, these
are projective varieties of dimension 2 over a field K. In this chapter, we
assume that the ground field K has characteristic zero and is algebraically
closed. For basic notions of algebraic geometry, we refer to Hartshorne’s
book [Har77].

We are mainly interested in the following geometric invariants of a
smooth surface S:

Picard group: A prime divisor is an irreducible curve on S. The
free abelian group generated by the prime divisors is the divisor
group Div(S). Its elements are called divisors; non-negative linear
combinations of prime divisors are effective divisors. Considering
divisors up to linear equivalence (cf. [Har77, Section I1.6]) leads
to the Picard group Pic(S) of divisor classes as a quotient of the
divisor group.

Divisor classes correspond to line bundles, or invertible sheafs,
on S; see [Har77, Section I1.6] for details. We will freely go back
and forth between these points of view; we will not distinguish
between divisors and their classes whenever this cannot cause con-
fusion.

Intersection form: For smooth prime divisors which intersect trans-
versally, the intersection number is simply the number of intersec-
tion points. This can be extended to a bilinear form on Div(S)
and induces the intersection form (-,-) on Pic(S) (cf. [Har77, Sec-
tion V.1]). Let (D, D) be the self intersetion number of a divisor
(class) D.

Canonical class: The canonical class Kg of a smooth surface S, as
defined in [Har77, Section II1.8], is the second exterior power of
the sheaf of differentials on S. Its negative —Kg is the anticanon-
ical class. If S is a singular normal (see [Har77, Exercise 3.17])
surface with rational double points (see |Art66]), we define its

7
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anticanonical class —Kg such that its pull-back under a minimal
desingularization f : S — S is —Kg.

Ampleness: A divisor class L € Pic(9S) is very ample if it defines
an embedding of S in projective space (see [Har77, Section IL.5]),
while L € Pic(S) is ample if a positive multiple of L’ is very ample.

Blow-ups: The blow-up of a point on a surface replaces this point
in a particular way by a divisor which has self intersection number
—1 and which is isomorphic to the projective line P! (cf. [Har77,
Section 1.4]).

In this chapter, we study the following classes of surfaces:

o A smooth Del Pezzo surface is a smooth surface whose anticanonical
class is ample.

e A singular Del Pezzo surface is a singular normal surface whose sin-
gularities are rational double points and whose anticanonical class
is ample.

o A generalized Del Pezzo surface is either a smooth Del Pezzo surface
or the minimal desingularization of a singular Del Pezzo surface.

The degree of a generalized Del Pezzo surface S is the self intersection
number of its anticanonical class. Generalized Del Pezzo surfaces of degree
9 — r < 7 can be obtained by a sequence of r blow-ups of P2,

This chapter is structured as follows: In Section [1.2] we study how
blow-ups affect basic invariants of surfaces such as the Picard group with its
intersection form and the anticanonical class. Section [L.3is concerned with
smooth Del Pezzo surfaces and their prime divisors with self intersection
number —1, which we call (—1)-curves. In Section we describe how
certain Weyl groups and root systems are connected to the configuration of
(—1)-curves on smooth Del Pezzo surfaces.

Section|L.5]is concerned with singular and generalized Del Pezzo surfaces.
The desingularization of singularities of singular Del Pezzo surfaces gives
rise to prime divisors with self intersection number —2, which we call (—2)-
curves. In Section we show how the (—2)-curves of a generalized Del
Pezzo surface can be interpreted as the roots of root systems in the Picard
group of a smooth Del Pezzo surface of the same degree, and how the (—1)-
curves of these Del Pezzo surfaces are related. This allows the classification
of singular Del Pezzo surfaces. In Section we explain how to recover
configurations of blown-up points from the configuration of (—1)- and (—2)-
curves on generalized Del Pezzo surfaces. In Section [1.8] we determine which
generalized Del Pezzo surfaces are toric varieties [Ful93].

1.2. Blow-ups of smooth surfaces

A classical construction in algebraic geometry is the blow-up of a point
on a surface.

LEMMA 1.1. Suppose S is a smooth surface. Let @ : S’ — S be the
blow-up of p € S.
e The preimage E = 7 1(p) is isomorphic to P.
e The map w is a birational morphism which is an isomorphism be-
tween S"\ E and S\ {p}.
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e The blow-up increases the rank of the Picard group by one:
Pic(S") = Pic(S) @ Z.

Here, E = (0,1).
e Let —Kg be the anticanonical class on S. Then —Kg = (—Kg, —1)
is the anticanonical class on S'.

In this context, we have the following terminology.

e The curve E C S’ is called the exceptional divisor of the blow-up
7m:8 — 8.
e For a prime divisor D on S, the strict (or proper) transform of D
D is the prime divisor which is the closure of 7= 2(D \ {p}).
e Let o be the multiplicity of p € S on the prime divisor D. The
total transform D' of D is D' := D + oE.
The canonical map 7* : Pic(S) < Pic(S’) maps L € Pic(S) to L' = (L, 0).
If L is the class of a divisor D, then L’ is the class of the total transform D’
of D. The class of the strict transform D of D is (L, —a).
Whenever we use the same symbol for a divisor on a surface S and its
blow-up S’, it shall denote on S’ the strict transform of the divisor on S,
unless specified differently.

LEMMA 1.2. Let w:S" — S be the blow-up of p € S. Using the isomor-
phism Pic(S") = Pic(S) @ Z as above, we have:
e The self intersection number of the exceptional divisor E is —1, and
E does not intersect the total transforms of divisors on S.
o Let L1 = (My,a1) and Ly = (Ms, ap), where L; € Pic(S"), M; €
Pic(S), a; € Z. Then the intersection form on Pic(S’) is

(L1, Lo) = (M1, M) — aq - a.

e In particular, if the multiplicity of p on D is «, then (ﬁ,ﬁ) =
(D, D) — o2, where D is the strict transform of D.

A prime divisor D with self intersection number (D, D) = n is called
(n)-curve. A negative curve is an (n)-curve with n < 0. By Lemma
blowing up points creates negative curves. They have the following property.

LEMMA 1.3. Let E be an effective divisor with negative self intersection
number. Then the space of global sections of the corresponding line bundle
O(E) has dimension dim H°(S,O(E)) = 1.

PROOF. Since E is effective, O(FE) has global sections.

Suppose dim H°(S, O(E)) > 2. Then we can find two linearly indepen-
dent sections s1, so. As (E, F) is the number of intersection points of the
effective divisors corresponding to s; and so, it must be non-negative.  [J

Therefore, the effective divisor corresponding to a divisor class with neg-
ative self intersection number is unique.

REMARK 1.4. As explained in [HT04), Section 3], the Picard group is
partially ordered: For L, L' € Pic(S), we have L <X L' if L' — L is an effective
divisor class. If furthermore L # L', we write L < L'.
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ExXAMPLE 1.5. Consider the projective plane P? over K. Its Picard group
Pic(PP?) is isomorphic to Z, where we identify the class of a line in P? with
1 € Z. We write Op2(k) for the element of Pic(P?) corresponding to k € Z.
The anticanonical class —Kp2 € Pic(P?) is Op2(3). The intersection number
of Op2(a) and Op2(b) is a - b.

We are mainly interested in blow-ups of P? in r points.

DEFINITION 1.6. For 1 < r < 8, the blow-up 7 : §T — P? of P? in
p1,- -, py with exceptional divisors Ey, ..., E; is given as follows:
Let Sp:=P?, and for 1 <i <r, let

™ 1S — Si—1
be the blow-up of a point p; € gi_l, with exceptional divisor E! on §z Then
7r::7rlo---o7rT:§T—>IP’2,
and E; is the strict transform of E/ under w41, ..., 7.

LEMMA 1.7. A standard basis of Pic(g,n) = 77+ s given by lo, ..., 1,
where ly := 1 (Op2(1)) and, forie {1,...,r},

li = (miyr 0 om)"(E))

7

is the total transform of the exceptional divisor E. on §2 The intersection
form is given by

(lo,lo) =1, (L,h)="---=(Url)=-1, (1) =01ifi#j.
It is non-degenerate. In terms of this basis,
—Kz =3lg—(l1+---+1)
s the anticanonical class.

For an effective divisor D on §j, we say that D passes through py (with
k > j) if the strict transform of D on Sp_1 (respectively D itself if k = j+1)
contains py.

Note that E, = [, but for i < r, the classes F; and [; (i.e., the strict
and the total transform of the i-th exceptional divisor E; on S;) differ if E]

passes through one of p;t1,...,pr.

Consider the following conver cones [Zie95] in

Pic(S,)g := Pic(S,) @z R = R™!,

DEFINITION 1.8. The effective cone Acg(Sy) is the closed convex cone
in Pic(S,)r generated by the classes of effective divisors.

The nef cone A;/ﬂ(gr) is the closed convex cone generated by numerically
effective, or nef divisor classes, i.e., divisor classes which have non-negative

intersection number with all classes of effective divisors.

The nef cone is the dual of the effective cone with respect to the inter-
section form. By Kleiman’s criterion [Kle66], a divisor class is ample if and
only if it is in the interior of the nef cone.
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1.3. Smooth Del Pezzo surfaces
In this section, we describe basic properties of smooth Del Pezzo surfaces.

DEFINITION 1.9. A smooth Del Pezzo surface is a smooth surface whose
anticanonical class is ample.

For 1 < r < 8, distinct points p1,...,p, in P? are in general position if
e there is no line in P? containing three of them,
e if 7 > 6, no conic in P? contains six of them,
e if 7 = 8, no cubic curve in P? containing all eight points has a
singularity in one of them.

LEMMA 1.10. In the situation of Definition the points p1,...,p;
are in general position if and only if every prime divisor D on S, has self
intersection number (D, D) > —1.

Proor. Consider how the self intersection numbers of prime divisors in
P? behave under blow-ups (Lemma . See also [DP80, Section I1.3]. O

THEOREM 1.11. A surface S is a smooth Del Pezzo surface if and only
if S =P2, or S =P! x P!, or S is the blow-up S, of P? in r < 8 points in
general position. The degree is nine for P?, eight for P* x P, and 9 — r for
Sr.

PROOF. See [Man86, Theorem 24.4]. O
REMARK 1.12. In the notation of Definition [I.6] and Lemma the
strict and total transforms E; and ; of E! coincide if p1, ..., p, are in general

position. In this case, we usually use the notation S; := §Z and H := Iy, so
the standard basis is given by H, E1, ..., E;.

If D € Pic(9) is an effective divisor on a Del Pezzo surface S, then
(=Kg,D) > 0. By Lemma the only negative curves on S are (—1)-
curves. By [Man86, Theorem 24.3], we have (D, —~Kg) = 1 and D = P!
exactly when D is a (—1)-curve. The proof uses the adjunction formula
[Har77, Proposition V.1.5].

REMARK 1.13. For r < 6, the anticanonical class —Kg, is ¢} (Opo-r(1))
for the anticanonical embedding

by 2 Sy — P

The (—1)-curves on S, are mapped exactly to the lines on ¢,(S,) C P?~",
The image ¢g(Ss) of degree 3 in P? is given by a non-singular cubic form,
while ¢5(S5) of degree 4 in P* is the intersection of two quadrics.

There are no (—1)-curves on the Del Pezzo surfaces P? and P! x P!,

LEMMA 1.14. Let S, be the blow-up of p1, . . ., p, € P? in general position.
The (—1)-curves on S, are the exceptional divisor E1, ..., E, of the blow-up
and the strict transforms of the following curves in P2:

o Ifr > 2, the lines in P? through two of the blown-up points.

e Ifr > 5, the conics through five of the blown-up points.

o Ifr > 17, the cubics through seven blown-up points, one of them a
double point of the cubic.
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o If r = 8, the quartics through the eight points p;, three of them
double points.

o Ifr =8, the quintics through the eight points, sixz of them double
points.

o Ifr =8, the sextics through the eight points, seven of them double
and the eighth a triple point of the sextic.

The number N, of (—1)-curves on S, can be found in Table[1.1]
PROOF. See [Man86|, Theorem 26.2]. O

[r [1[2[3[4]5]6[7][8 |
[N, [1]3]6[10]16]27 56240

TABLE 1.1. The number of (—1)-curves on S,.

The class D € Pic(S,) of the strict transform of a curve D’ in P? of
degree d which has multiplicity A; in p; for i € {1,...,r} is

,
D=dH - \E;.
i=1
LEMMA 1.15. For 2 < r < 8, let S, be a smooth Del Pezzo surface of
degree 9 —r. The (—1)-curves on S, generate the effective cone Aeg(Sy).

PRrROOF. See [BP04, Corollary 3.3]. O

REMARK 1.16. For 2 < r < 7, the semigroup of effective divisor classes
in Pic(S;) is generated by the (—1)-curves, i.e., every effective divisor class
is a non-negative linear combination of the (—1)-curves. However, for r = 8,
this is only true for every effective divisor class besides the anticanonical
class —Kg, (|[BP04, Corollary 3.3]).

REMARK 1.17. By [Har77, Example I1.7.1.1], the automorphisms of P?
are given by the action of elements of PGL3(K) = GL3(K)/K* of invertible
3 x 3-matrices over K up to non-zero multiple. For every set of four points
in general position in P?, we can find a unique element of PGL3(K) which
maps them to four arbitrarily chosen points in general position. Hence, for
r > 4 points p1,...,p, in general position, we may assume that

p1=(1:0:0), p2=(0:1:0), p3=(0:0:1), pa=(1:1:1).
Furthermore, the requirements for points in general position show that the
remaining points must have non-zero coordinates.

This also shows that smooth Del Pezzo surfaces of degree > 5 are unique
up to isomorphism, while in degree 9—r < 4, we have a (2-(r —4))-parameter
family of isomorphy classes of smooth Del Pezzo surfaces.

1.4. Weyl groups and root systems

The configuration of 27 lines on a smooth cubic surface is preserved
under the action of the Weyl group associated to the root system Eg. Similar
symmetries are associated to smooth Del Pezzo surfaces in other degrees.
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Recall the definition of root systems and Weyl groups, for example from
[Bro89]. Consider R® with a non-degenerate bilinear form (-,-). For D € R*,
let

D% .= {D' eR* | (D',D) =k}
denote the hyperplane of elements of R®* whose pairing with D is k. Then
D=F .= {D' eR* | (D', D) >k}

is the closed positive halfspace defined by D=F, while D>* := DZF\ D=F is
the open positive halfspace. Similarly, DF (resp. D<F) defines the closed
(resp. open) negative halfspace.

A finite set & C R* is a root system if it is invariant under the reflections
5o on a~ Y for any a € ®, defined as

2(x, @)
(a, @)

Sa(z) =2 — - a.
The elements of ® are called roots. The rank of ® is the dimension of the
subspace of R® which is generated by .

For some D € R?® such that D=0 N® = (), let &+ = & N D> be the set
of positive Toots in ®. For any o € ®, we have either « € ®+ or —a € O
Furthermore, we can find a minimal system A of positive roots such that
any o € ® is a non-negative linear combination of elements of A. The
elements of A are called simple roots. A root system & is represented by
the Dynkin diagram of its simple roots (see Remark .

The reflections s, for a € ® generate the finite Weyl group W which
acts on R®. It acts transitively on ®, and it is already generated by all s,
for a € A.

The hyperplanes o= for a € ®* divide R® into chambers (cf. [Bro89,
Section 1.4B]). The (closed) fundamental chamber is

Co:={zeR’|(xr,a) >0foralla € A} = ﬂ a0,
€A

All other (closed) chambers have the form C,, := w(Cp) for some w € W.
The set of chambers is in bijection to the set of elements of W. The space
R? is the union of all chambers, and the dimension of the intersection of two
chambers is smaller than s.

Let S, be a smooth Del Pezzo surface which is the blow-up of P? in r

points in general position. For 3 <r <8and i€ {1,...,7}, let
E; — Eiqq, 1 <2,
a; 1= H—E1—E2—E3, i=3,
Ei1—E; i >4,
using the basis of Pic(S,) of Remark
Then aq,...,a, have self intersection number —2. They are the simple

roots A, of a root system ®, of rank r in Pic(S,)r. The roots of ®, are
E — E' for any pair of distinct non-intersecting (—1)-curves E, E'.

For r = 2, there are exactly two roots 1 — Fo and E3 — Ej, giving rise
to the root system ®9. For » = 1, there is no root system.
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REMARK 1.18. We denote Dynkin diagram as follows. The symbols A,,,
D,,, and E,, are associated to the following diagrams:

A, (n>1): 77
D, (n>4): @

They contain n vertices corresponding to n simple roots f31,...,3, of an

irreducible root system of rank n. The intersection number of two distinct
simple roots is the number of edges between the corresponding vertices; the
self intersection number of a root is —2.

If a root system is the orthogonal sum of irreducible root systems, we
denote its type as a sum of the symbols corresponding to its irreducible
components.

See Table [1.2] for the types of @,..

T 2 3 4 5 6 7 8
O, | Ay |As+ A1 | Ay | D5 | Eg | E7 | Eg

TABLE 1.2. Root systems associated to .S,.

For each root a € ®,., the reflection s, is given by
Sq() =2+ (z,0) -
since (a, a) = —2. These reflections generate a Weyl group W,.. The inter-
section form is invariant under the action of W,.. Therefore, W, acts on the

set of (—1)-curves on S,. The anticanonical class —Kg, is invariant under
this action.

LEMMA 1.19. The Weyl group W, acts transitively on the following sets:

o The set of (—1)-curves on Sy, if r > 3.

o The set @, of roots of Sy, if r > 2.

e The set of s-element sets of (—1)-curves which are pairwise non-
intersecting, if r > 2 and s #r — 1.

e The set of pairs of (—1)-curves which have intersection number 1,
ifr > 2.

PROOF. For the first three statements, see [DP80, II, Theorem 2 and
Proposition 4]. The last statement follows from [FMO02, Lemma 5.3] for
r > 4 (see also [BP04, Remark 4.7]). For r € {2,3}, we can check it
directly. O
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1.5. Singular Del Pezzo surfaces

We study blow-ups of P? as in Definition in the following configura-
tions of points:

DEFINITION 1.20. The points p1,...,p, are in almost general position if
and only if:
e No line in P? passes through four of the points p1,...,p,.
e No conic in P? passes through seven of the points.

e None of the exceptional divisors Ef,..., E/ passes through two of
the points.
LEMMA 1.21. The points p1,...,p, are in almost general position if and

only if the following equivalent conditions hold:
e Forie{l,...,r}, the point p; does not lie on a (—2)-curve ofgi_l.
e FEvery prime divisor D on S, satisfies (D, D) > —2.

PRrOOF. For the first condition, see [DP80, Theorem III.1], which also
lists further equivalent conditions. The second follows from Lemmal[l.2l O

DEFINITION 1.22. A singular Del Pezzo surface is a singular normal
surface S whose singularities are rational double points, and whose anti-
canonical class —Kg is ample.

A generalized Del Pezzo surface is either a smooth Del Pezzo surface or
the minimal desingularization of a singular Del Pezzo surface.

Note that every generalized Del Pezzo surface is smooth. However, the
term “smooth Del Pezzo surface” as introduced in Definition [L.9] refers to
generalized Del Pezzo surfaces which do not contain (—2)-curves, i.e., which
are not minimal desingularizations of singular Del Pezzo surfaces.

Rational double points (see [Art66] and [CT88|, Proposition 0.1]) are
singularities which can be resolved by a finite sequence of blow-ups of sin-
gular points, giving a minimal desingularization f :S — S, with smooth S
and —Kg = f*(—=Ks). The blow-ups produce ezxceptional divisors which are
(—2)-curves on S. The exceptional divisors are the simple roots of a root
system in Plc(S )r with associated Dynkin diagram as in Remark E We
label the singularities using the symbols of their Dynkin diagrams (e.g., we
say that “S has a singularity of type A;”). On singular Del Pezzo surfaces,
singularities of types A, (1 <n <8), D, (4 <n<8),and E,, (6 <n <38)
occur.

DEFINITION 1.23. For two singular Del Pezzo surfaces of the same de-
gree, we say that they have the same singularity type if and only if the
number and types of their singularities coincide. It is denoted using the
names of the corresponding Dynkin diagrams.

The singularity type of a generalized Del Pezzo surface which is not
a smooth Del Pezzo surface is the singularity type of the corresponding
singular one.

For example, the singularity type of a Del Pezzo surface with two sin-
gularities of type A1, one singularity of type Aj, and no other singularity is
denoted as 2A; + As.
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EXAMPLE 1.24. The Hirzebruch surface Fy := P(Op1 & Op1(—2)) is a
generalized Del Pezzo surface of degree 8 whose singularity type is A;. For
more details, see [Ful93| Section 1.1].

THEOREM 1.25. Ewvery generalized Del Pezzo surface is either P2, or
P! x P!, or the Hirzebruch surface Fy, or the blow-up w: S, — P% inr <8
points p1,...,pr tn almost general position.

PROOF. See [ANO04]. O

If D € Pic(S) is an effective divisor on a generalized Del Pezzo surface
S, then (—Kg, D) > 0. A negative curve D fulfills D = P! and is either a
(—1)-curve with (—Kg, D) =1, or a (—2)-curve with (—Kg, D) = 0 by the
adjunction formula. Furthermore, if (—Kg, D) = 0 for a prime divisor D,
then D is a (—2)-curve.
Let gr be the blow-up of P? in 7 points in almost general position. The
(—2)-curves on S, are the strict transforms of:
e the exceptional divisors EY,..., E. which pass through one of the
points pP1,---Dry
e if » > 3, the lines in P2 which pass through three of py,...,p,,
e if » > 6, the conics in P? which pass through six of these points,
e if 7 = 8, the cubics in P? which pass through seven of these points,
with a singularity in the eighth.
We will see in Proposition[8.11]that the effective cone of every generalized
Del Pezzo surface of degree < 7 is generated by its negative curves.

REMARK 1.26. For r < 6, the anticanonical class —Kg, of a singular Del
Pezzo surface S, is ¢ (Opo—r(1)) for the anticanonical embedding

by 2 Sy — PIT

Let f : S, — S, be the minimal desingularization. Since -Kg = ["(—Ks,),
the morphism
¢Tof:§r—>IP’9_”
contracts exactly the (—2)-curves on S, to the singularities of S, and maps
the (—1)-curves to the lines on the image of ¢,.
The image ¢6(Ss) of a singular cubic surface in P? is given by a singular
cubic form, while ¢5(S5) of degree 4 in P4 is the intersection of two quadrics.

An important invariant of a generalized Del Pezzo surface is its extended
Dynkin diagram, i.e., the configuration of the negative curves: We have
a vertex for each negative curve, and the number of edges between two
vertices is the intersection number of the corresponding negative curves. In
our diagrams, we mark the (—2)-curves using circles.

EXAMPLE 1.27. By the classification of singular cubic surfaces [BW79],
there is a unique cubic surface Sg with a singularity of type Eg. Its anti-
canonical embedding ¢g(Sg) C P? is given by the vanishing of

f(x) = z123 + x02d + 3.
It has one line {zg = z3 = 0} containing the singularity (0 : 1:0 :0). Its
minimal desingularization Sg contains six (—2)-curves Ej, ..., Eg, and the
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transform of the line is a (—1)-curve E7. The configuration of Ey,. .., Eg is
described by the Dynkin diagram Eg, but for the extended Dynkin diagram,
we also need to know how E7 intersects the (—2)-curves .

By calculating the desingularization of Sg explicitly, we see that the
extended Dynkin diagram is as follows:

(o)
E, Es E3 @ Es E7
N

DEFINITION 1.28. We say that two generalized Del Pezzo surfaces have
the same type if and only if their degrees coincide and their extended Dynkin
diagrams are isomorphic. Two singular Del Pezzo surfaces have the same
type if and only if their minimal desingularizations have the same type.

See Remark for a discussion how type and singularity type of Del
Pezzo surfaces are related and how we denote the type.

1.6. Classification of singular Del Pezzo surfaces

We describe how to obtain extended Dynkin diagrams of all generalized
Del Pezzo surfaces. We will use the results of this section in Chapter
Chapter [0, and especially Chapter

EXAMPLE 1.29. In degree 3, consider the following extended Dynkin
diagrams:

e The Eg-diagram as in Example [T.27]
e A diagram of type As + Aj:

Eg
e A diagram of type 3As:

@B

We will see how the extended Dynkin diagram of every generalized cubic
Del Pezzo surface can be obtained from one of these three diagrams.

In general, we proceed as follows (see [ANO4] for proofs): Choose one
of the extended Dynkin diagrams I' of [ANO04], Table 3] whose number N
is between 4 and 10. They correspond to degrees 11 — N from 7 to 1, with
more than one diagram to choose from for degrees 4 to 1. Let r := N — 2.

For example, for N = 8, i.e., degree 3 and r = 6, we have the three
diagrams of Example to choose from.

The diagram T describes the classes of some elements of Z"! together
with their intersection numbers: Each of the n vertices in I' corresponds to
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a basis element e; of a lattice M := @', Ze; with a bilinear form, where

(es,e;) = —2 if e; corresponds to a (—2)-curve in I' (represented by a black
vertex in [ANO4, Table 3], respectively marked by a circle in our notation),
or (e;,e;) = —1 if e; corresponds to a (—1)-curve in I' (represented by a

transparent vertex, respectively without a circle), and (e;, ;) is the number
of edges between the corresponding vertices for ¢ # j. This intersection form
on M has rank r+ 1. Let K be the kernel of this form. Let E; be the image
of e; in M/K = Z™. The induced form (-,-) on Z""! is a non-degenerate
bilinear form, and the intersection behavior of E1, ..., E, is described by I'.

The E; with (F;, E;) = —2 form the simple roots Ay of a root system
®y in R™!, generating a Weyl group Wy. Let & be the set of E; with self
intersection number —1.

Consider the orbit £ of & C Z"! under Wy: We can find an isomorphism
Z'+1 = Pic(S,) such that & is the set of (—1)-curves of S, and ® is a root
system in Pic(S;)r.

REMARK 1.30. Note that W is equal to the Weyl group W, associated
to the root system @, listed in Table only if we choose the first diagram
in the list for N = r 4 2 in [ANO04], Table 3].

To construct the extended Dynkin diagram I'(S) of the minimal desin-
gularization S of a singular Del Pezzo surface S, choose a subset A of Ag.
These are the simple roots of a root system ® C ®,, with positive roots
ot C (I)g . The reflections s, on the hyperplanes o= for the simple roots
a € A generate a Weyl group W C Wy, with corresponding fundamental
chamber Cjy.

THEOREM 1.31. For every choice of T' from [ANOQ4, Table 3| with N €
{4,...,10} (with corresponding simple roots Ay and (—1)-curves &), and
every choice of A C Ay (giving a root system ® with fundamental chamber
Co), there is a generalized Del Pezzo surface S of degree 11 — N whose (—2)-
curves are A and whose (—1)-curves are €N Cy.

The extended Dynkin diagram of every generalized Del Pezzo surface of
degree < 7 is obtained this way.

PROOF. See [ANO4]. O

ExAMPLE 1.32. Consider the diagram of type A5+ A1 of Example
corresponding to r = 6. This gives the following 8 x 8 intersection matriz:

E, By Fy E, Es F¢ E.|E;s
Ei|-2 1T 0 0 0 0 110
E,l1 -2 1 0 0 0 010
Esl0 1 -2 1 0 0 010
E//0 0 1 -2 1 1 010
Es[0 0 0 1 -2 0 010
Eslo 0 0 1 0 -1 010
E:[1 0 0 0 0 0 -1|1
Es|]0 0 0 0 0 0 1]-2

We check that the rank of the intersection matrix is  + 1 = 7, and that
the 7 x 7 submatrix A of the first seven rows and columns has determinant
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with absolute value 1. Consequently, we can perform our computations in
the basis F1,..., E7, and Eg can be expressed in terms of this basis using
the intersection numbers between Fg and FE1, ..., E7: As Fg intersects only
E7, we have Eg = A~1.(0,0,0,0,0,0,1) = (-1,0,1,2,1,2, —2).

The elements Ei,...,FE5, Es € Z7 are the simple roots Ag of a root
system ®q of type As + Ay. The reflections sg, on E;° for i € {1,...,5,8}
generate a Weyl group Wy. The orbit € of & = {Eg, F7} under Wy has
Ng = 27 elements. We can identify Z7 with Pic(Sg) together with the
intersection forms such that £ is the set of (—1)-curves of a smooth cubic
surface Sg, and ®( is a root system in Pic(Sg). However, it is not the
standard root system ®¢ of type Eg associated to this configuration of 27
(—1)-curves.

The Dynkin diagrams of various generalized Del Pezzo surfaces can be
constructed by choosing subsets A of Ag, for example:

e Let A := Ay. The (—1)-curves in the closed fundamental chamber
Cp corresponding to A are exactly & = {Fs, E7}. The extended
Dynkin diagram of a generalized Del Pezzo surface S of type As +
A is exactly the diagram I' that we started with.

e Let A := (. Then C is Pic(Se)r, and we obtain the diagram of a
smooth cubic surface Sg containing 27 (—1)-curves.

o Let A := {E}, Ey, E4, E5}. In this case, the (—2)-curves A have
the configuration 2A,, while £ N Cy consists of exactly seven (—1)-
curves. The extended Dynkin diagram F(g) of the corresponding
generalized Del Pezzo surface of type 2As is:

Eg

Er

Es Ey E3 @

E/ )

Es
Here, we use the symbols E1, ..., F11 for the eleven negative curves
in a way which is not related to the previous usage of E,..., Eg.

We can check that the possible choices of A C Ay, where A is extracted
from one of the three diagrams of Example lead to exactly 21 non-
isomorphic extended Dynkin diagrams. They correspond to the smooth
cubic type and minimal desingularizations of 20 singular cubic types with
rational double points which were already found by Schléifli and Cayley.

EXAMPLE 1.33. Consider the first diagram I' of N = 7 of [ANO04], Ta-
ble 3] corresponding to quartic Del Pezzo surfaces:



20 1. DEL PEZZO SURFACES

As before, we calculate the extended Dynkin diagrams for different
choices of (—2)-curves A C Ag := {F4,...,Es}. The results can be found
in Table [L.3]

] A | singularity type | #{(—1)-curves} |
{E1, B, B3} Aj 5
{E37 E47 E5} A3 4
{E17 E3} 2A1 9
{E4, E5} 24, 8

TABLE 1.3. Quartic Del Pezzo surfaces

This shows that there are pairs of Del Pezzo surfaces of the same de-
gree with the same singularity type which have different extended Dynkin
diagrams. By [BW79] and [CT88]|, the only other examples of this phe-
nomenon in degree > 3 are surfaces in degree 6 of singularity type A; with
four or five lines.

REMARK 1.34. Example shows that two Del Pezzo surfaces may
have different types, but the same singularity type.

However, if the type of a singular Del Pezzo surface is determined by
its singularity type, we will use the same notation for both (e.g., “a singular
cubic Del Pezzo surface of type Eg”). In the three cases of Example we
will resolve the ambiguity by mentioning additionally the number of lines in
the anticanonical embedding (e.g., “a singular quartic Del Pezzo surface of
type Az with five lines”).

1.7. Contracting (—1)-curves

Let S be a generalized Del Pezzo surface. By Theorem the surface
S is P2, P! x P!, Fy, or the blow-up of P? in r points in almost general
position. In the latter case, how can we derive a configuration of points
p1,-..,pr in almost general position such that the blow-up = : S, — P?in
P1,-..,pr has a given extended Dynkin diagram I'(S;)?

This question is interesting as we may have produced F(gr) using the
procedure described in Section which does not involve information on
the position of the blown-up points.

LEMMA 1.35. Let S, be the blow-up of P? in r points in almost general
position, and let E, be a (—1)-curve on §T. Let m, : §r — gr_l be the
contraction of E,. to a point p, € §T_1. Then §T is the blow-up of §T_1 m
pr, and S,_1isa generalized Del Pezzo surface.
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PROOF. As S, is a blow-up of a smooth surface, there is at least one
(—1)-curve on S,. By Castelnuovo’s criterion [Har77, Theorem V.5.7], the
contraction of a (—1)-curve E on S’} to a point p, results in a smooth surface
gr,l such that g,n is the blow-up of §r71 in p,. By [DP80) Section III.9],
57«,1 is a generalized Del Pezzo surface. (Note that the Hirzebruch sur-
face Fy was missed in [DP80L Section III.9], as mentioned after [CT88,

Proposition 0.4].) O

In this situation, we can extract the intersection numbers (including self
intersection numbers) of the projections of the negative curves on §T under
mr. The only change is that the projections of curves which intersect E,
on gr intersect pairwise on §T_1 and have a higher self intersection number
(Lemma . Every negative curve on §T,1 is the projection of a negative
curve on g,,. This allows us to derive the extended Dynkin diagram of 5,,,1.
Furthermore, we learn which projections of the negative curves pass through
Pr, giving some information on the position of the blown-up point.

The degree of S,_1is9— (r—1). If this is < 7, i.e., r > 3, then S, is
the blow-up of P? in 7 — 1 points in almost general position. Therefore, any
choice of (—1)-curve E is suitable for a construction of S, as the blow-up of
P2 in 7 points in almost general position.

On the other hand, if r = 2, then I'(S3) is one of the following two
diagrams:

° F(§2,1) of a smooth Del Pezzo surface Sy = §2,1 of degree T:
Eq Es Es

° F(§272) of a Del Pezzo surface §272 of degree 7 and type A;:

B

Here, we must be careful with our choice of (—1)-curve, as in degree 8, only a
smooth Del Pezzo surface S containing one (—1)-curve is the blow-up of P2.
We must avoid P! x P! (containing no negative curves) and the Hirzebruch
surface Fy (containing one (—2)-curve).

Es

The correct choice is to contract Ey or E3 in case of F(§271) (contract-
ing Fy gives P! x P!), and E» in case of F(§2,2) (E1 is a (—2)-curve, and
contracting E3 gives Fy) to obtain Sj.

For r = 1, there is exactly one (—1)-curve on S;, which we contract to
obtainﬂ:ﬂlo-uon’r:gTjIPQ.

If a negative curve E on S, is not contracted at any stage of this process,
then 7(E) is a curve in P2 whose self intersection number is the square of
its degree. Furthermore, we know the relative configuration of all 7(E) and
the positions of the blown-up points p; relative to them. Of course, some of
the blown-up points may lie on exceptional divisors of previous blow-ups.

EXAMPLE 1.36. Consider the extended Dynkin diagram of the cubic
surface Sg of type 2A5 as constructed in Example with negative curves
FEq, ..., Eqq. For ¢ from 6 down to 1, the contraction

™ 1 5; — Si—1
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maps the (—1)-curve E; to the point p; € gz-_l, and the transform on §i_1
of a curve E; on S; is also called E;. We end up with Sy = P2, Let
m:=m 0---0mg. In more detail, this works as follows:

e Contracting Fg on §6 results in §5. The (—2)-curve E5 on gﬁ turns

into a (—1)-curve on S5 and intersects Er,..., F19. The curve E7
on §5 has self intersection number 0.

e Contracting E5 on S; gives Sy on which Er,..., Fqg intersect in
one point.

e Contracting F; on 5’1 for ¢ = 4,3,2,1 results in §0 = P? contain-
ing the curves FEr,..., Fq11. Their self intersection numbers have

changed to 1, so they are lines in P2. While Er, ..., Eyo intersect
in one point p € P2, they are intersected by Fj; away from p.

Reversing this process, the blown-up points p1,...,pg are as follows:
p1 = FEioNE1, p2=FE1NEw, p3=EsNEmn,
pa=FE9gNEn, ps=ErNEgNEyNEww, ps=FEsNEr7.
In terms of the standard basis (Lemma, FEq, ..., Fqq are:
Ey=1l1—1a, Ey=ls, E3=l3, FEyi=ly, FE5=1I5—1Is,
Eeg=1ls, Er=lo—1Il5—1s, Es=lo—1l3—15, FEg=Ilp—1ls—1s,
Ew=l—-lL—-la—15, Eun=lo—1l—1I3—ls
The surface §6 is determined by the position of the lines E7,..., Fq;
in P2. Using automorphisms of P? as in Remark we may assume
that p = (1 : 0 :0) in P2 = {(xp : 1 : 22)}, while Ey; = {29 = 0}.
Furthermore, we may assume that three of the four intersection points of

FEqq1 with Eq, ..., Eqy are at certain positions, while the choice of the fourth
results in a one-parameter family of generalized Del Pezzo surfaces of type

2A5:
1) E; ={z1 =0}, Eg={z =0},
Ey ={x1 — 22 =0}, Eip={x1—axy=0}.
The parameter a can take any value in K \ {0,1}. In Section we will

return to this family of surfaces.

This example shows that there may be an infinite family of isomorphy
classes of cubic Del Pezzo surfaces of the same type. In other cases of
degree 3, the number of isomorphy classes of a given type is finite:

e Type Eg: Exactly one isomorphy class of cubic surfaces exists (see
Example [1.27)).

e Type Dy: Exactly two isomorphy classes exist (see [HT04) Re-
mark 4.1]).

For singular cubic Del Pezzo surfaces, this and the number of parameters in
each infinite family can be found in [BWT9J.

1.8. Toric Del Pezzo surfaces

For an introduction to toric varieties, see [Ful93]. Toric surfaces are
equivariant compactifications of a 2-dimensional torus 7', for example P?,
P! x P!, and the Hirzebruch surface F.
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A toric surface contains divisors which are invariant under the action
of T. The T-invariant prime divisors intersect exactly in points which are
fixed under 7. In case of P?, the T-invariant prime divisors are three lines
forming a triangle.

The blow-up of a toric variety is again toric if and only if we blow up a
point which is fixed under the action of T, i.e., an intersection point of two
T-invariant prime divisors D1, Ds. The exceptional divisor E of the blow-up
is T-invariant. Fixed points on E are exactly the intersection points of E
with Dy and Ds.

To construct toric generalised Del Pezzo surfaces other than P! x P!
and Fy, we blow up P? in this way. Note that the only negative curves
are exceptional divisors and possibly the strict transforms of the three T-
invariant lines on P2, i.e., a subset of all T-invariant prime divisors.

If we include all T-invariant prime divisors in the extended Dynkin di-
agram, it has the shape of a “circle”. We denote it as a vector of self inter-
section numbers. Two entries are next two each other (where we consider
the first and last entry as “next to each other”) if the corresponding prime
divisors intersect. See Table for the extended Dynkin diagrams of all
toric generalized Del Pezzo surfaces.

This result allows us to identify non-toric Del Pezzo surfaces from their
extended Dynkin diagrams: Whenever a negative curve intersects more than
two other negative curves, the surface cannot be toric.

] degree H type \ extended Dynkin diagram ‘
9 P? (1,1,1)
8 smooth S (1,0,—1,0)
P! x P! (0,0,0,0)

F (— 2 0 2,0)
7 smooth So (0, — —1,0)

Al (1 O 27 7 1)
6 smooth S3 (=1,—-1,-1,-1, 1,

1)
)

A; (4 lines) (0,—1,—1 —2, -1
2A4 (0, 2 O)
As + Ay (1 0,— 2)
5) 2A4 (—1,—1,—1,—1 2 1 —2)
A2+A1 (07_17_17_27_2 )
4 4A4 (—-1,-2,-1,-2,—1, 2, 1,-2)

Ay +2A; | (-2,-1,-2,-1,-1,-2,-1,-2)
Az +2A, (0,-2,—1,-2,-2,-2,—1,—2)
3 3A, (—2,-2,-1,-2,-2,-1,-2,—2,—1)

TABLE 1.4. Toric Del Pezzo surfaces.







CHAPTER 2

Universal torsors and Cox rings

2.1. Introduction

Universal torsors were introduced by Colliot-Théléene and Sansuc in con-
nection with their studies of the Hasse principle for Del Pezzo surfaces of
degrees 3 and 4 [CTS80|, [CTS87]. We will see in Part [2 how they can be
applied to Manin’s conjecture.

Over an algebraically closed field K of characteristic 0, a universal torsor
of a generalized Del Pezzo surface S, of degree 9—r is constructed as follows:
Let Ly, ..., L, be invertible sheaves whose classes form a basis of Pic(S,).
Let L7 be the sheaf obtained by removing the zero section from £;. Then
the bundle

Ts, = Lg X5, -+ Xs, L}

over S, is a universal torsor (see Lemma [2.3]).
The Cox ring, or homogeneous coordinate ring, of S, is the space

Cox(S;)= @  HUS LF" @ & L>")

(V07-~~7V7')EZT+1

whose ring structure is induced by the multiplication of global sections. We
will see that 7g, is an open subset of A(S,) := Spec(Cox(S;)).

This section has the following structure: In Section we discuss uni-
versal torsors over non-closed fields. In Section we give basic properties
of Cox rings. In Section [2.4] we collect some preliminary results on genera-
tors of a Cox ring as a K-algebra and relations between these generators.

The following Chapters and [6] are concerned with the explicit deter-
mination of generators and relations in Cox rings of generalized Del Pezzo
surfaces.

2.2. Universal torsors

Over a field K of characteristic 0 with algebraic closure K, let S be a
smooth projective surface, with geometric Picard group Pic(Sg) = Zr+1,
where Sg := S Xgpeck Spec K.

Let T' be an algebraic torus, i.e., a linear algebraic group such that Tg
is isomorphic to G, for some s € Z~(. Let 7 be a variety with a faithfully
flat morphism 7 : 7 — S and an action of T on 7. As explained in [Pey98|
Section 3.3], 7 is called a T-torsor over S if and only if the natural map
T Xspeck 7 — T xg 7T is an isomorphism.

The T-torsors over S up to isomorphism are classified by the étale co-
homology group H}, (S, T).

25
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PROPOSITION 2.1. For every p € S(K), there is a T-torsor m : T, — S
(unique up to isomorphism) such that p € m,(7,(K)).

If K is a number field, S(K) is the union of mp,(7,,(K)) for a finite set
of points p1,...,pn € S(K).

PRrOOF. We construct 7, : 7, — S as follows (see [CTS80, Section IIJ):
We have a map
S(K) x Hi(S,T) — HYK,T)
(p, [T]) = [T(p)],
where 7 (p) := T xg SpecK(p) is a K-form of T, with [7(p)] = 0 in the
Galois cohomology group

HY(K,T) = H'(Gal(K/K), T(K))
if and only if p € 7(7(K)). Using the map ¢ : H'(K,T) — HA(S,T), we
can construct a torsor m, : 7, — S of the class [T] — ([T (p)]) € HL(S,T)

such that p € m,(7,).
See [CTS80, Proposition 2| for the second statement. O

The Picard group Pic(Sg) and the group of characters
X*(T) := Hom(Tx, Gn)

of the torus T are free Z-modules with an action of Gal(K/K). By [CTS87,
Section 2.2|, there is a map

p: HL(S,T) — Hom i) (X7 (1), Pic(Sg)),

defined by p([7])(x) := x«(7) for any x € X*(T'). Here, HomGal(K/K)(‘a )
denotes the homomorphisms of free Z-modules which are compatible with
the Gal(K/K)-action.

The torus Tns(S) := Hom(Pic(S), Gy, ) is called the Néron-Severi torus
of S. If the ground field K is algebraically closed, it is isomorphic to G
after the choice of a basis of Pic(S). The group of characters X*(Tng(S5)) is
canonically isomorphic to Pic(Sg).

DEFINITION 2.2. A wuniversal torsor Tg over S as above is a Tns(S)-
torsor such that p([7s]) = idpic(s,)-

LEMMA 2.3. Let K be an algebraically closed field of characteristic 0.
Let Lo, ..., L, be a basis of Pic(S). The bundle

T :=Lyxg - xs Ly
18 a universal torsor over S.

PROOF. The isomorphism ¢ : Pic(Sg) — X*(Ins(S)) gives a basis
X0s - - -5 Xr Of X*(Ins(S)), with x; := ¢(L;). By definition, p([7])(x;) for
the character x; € X*(Ixs(95)) is the class of (x;)«(7) in Pic(Sg), which is
L; as required. O

Over an algebraically closed field of characteristic 0, 7g as defined in
Lemma[2.3|does not depend on the chosen basis of Pic(S) by [Pey04], Propo-
sition 8]. In fact, every universal torsor is isomorphic to it.

Over non-closed fields K, the existence of a K-rational point p on S
implies the existence of a universal torsor m : 7g — S, defined over K
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(Proposition . In this case, 7g becomes isomorphic over K to 7 as in
Lemma . If S(K) = 0, a universal torsor does not necessarily exist over K.

2.3. Cox rings

The following construction is due to [HKO0O], generalizing the homoge-
neous coordinate ring of toric varieties in [Cox95].

As before, let Lo,...,L, be a basis of Pic(S) = Z"*! for a smooth
projective surface S over an algebraically closed field K. Let H(S, L) be
the K-vector space of global sections of £ € Pic(.S), which we also denote
by HY(L).

For v = (vp,...,vp) € Z"L let

LY =L ® @ LO
For v, pu € Z™!, the multiplication of sections defines a map
HO(L¥) x HO(L*) — HO(LYTH).

DErFINITION 2.4. For S and Ly, ..., L, as above, the Cox ring, or homo-
geneous coordinate ring, of S is defined as

Cox(S) := @ HO(LY),
vezr+l
where the multiplication of sections
HO(LY) x HO(LF) — HO(LVTH)
induces the multiplication in Cox(.S).

For any algebra A with a Pic(S)-grading, we will denote the part of
degree O(D) for a divisor D by Ap or Ap(p). We have a Pic(S)-grading on
Cox(S) as follows:

COX(S)D = COX(S)O(D) = HO(O(D))

If £¥ < L* in the partial ordering of Pic(.S), multiplication by a non-zero

global section of L#™ induces an inclusion
Cox(8S) v — Cox(S)zu.

As remarked in [HKOOL Section 2], the Cox ring of S is unique up to
isomorphism. However, we cannot simply define it without the choice of
a basis of Pic(S) since the multiplication would be defined only up to a
constant.

2.4. Generators and relations

Let S be a generalized Del Pezzo surface over an algebraically closed field
K of characteristic 0. A line bundle £ € Pic(S) has global sections if and
only if £ is the class of an effective divisor. Therefore, the Pic(S)-degrees in
which Cox(S) is non-zero lie in the effective cone Aeg(S) (Definition [1.8)).

LEMMA 2.5. The ring Cox(S) is a finitely generated K-algebra. Let N
be the minimal number of generators of Cox(S).

o We can find a system of N generators which are homogeneous with
respect to the Pic(S)-grading.
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e Up to permutation, the Pic(S)-degrees of a minimal system of ho-
mogeneous generators are unique.

o Given any set of homogeneous generators, we can find a subset of
N elements which is a generating system.

PROOF. The Cox ring is finitely generated by [HKOO0, Corollary 2.16
and Proposition 2.9]. Note that we will also prove this in Theorem [6.2|if the
degree of S is > 2. Since K is algebraically closed, Cox(S) is by definition the
direct sum of its homogeneous components. Hence, we can find a minimal
system of generators containing only homogeneous elements.

We use the partial order on the effective divisor classes. Any homoge-
neous expression involving an element of degree £’ € Pic(S) has degree £
with £ < L. Consequently, Cox(S), is generated by elements of degree
L=< L.

Let C be the subalgebra of Cox(S) generated by all elements of degree
L' < L. For a system of homogeneous generators of Cox(S), the generators
of degree L' < L generate exactly C since generators of degree £ £ L
cannot affect the degrees £’ < L. Therefore, we have at least

ne = dim(Cox(5)z) — dim(Cy)

generators of degree L.

Therefore, any system of homogeneous generators must contain at least
n, elements of degree L. If there are more than that for some £, we can
remove an appropriate number of generators of degree £ since we are simply
looking for a basis in the vector space Cox(S).. O

REMARK 2.6. Once any set of generators is known, we can find a minimal
generating set: First, we replace each generator by its homogeneous parts.
Then we go through the degrees £ of these homogeneous generators in their
partial ordering and check for each £ whether we may remove some of the
generators, as explained in the proof of Lemma [2.5

We will see in the following chapters how to determine systems of gen-
erators.

LEMMA 2.7. If E is a negative curve on S, then every homogeneous
system of generators of Cox(S) contains a section of degree E.

The number of generators of Cox(S) must be at least the number of
negative curves.

PRrOOF. By Lemma the space H(O(FE)) is one-dimensional.

If a non-zero global section s of O(F) can be expressed in terms of
homogeneous sections of other degrees, then O(F) must be a non-trivial
non-negative linear combination of other effective divisor classes. This would
allow us to construct a section which is linearly independent of s. U

However, the example of the Eg cubic surface [HT04, Section 3] shows
that the Cox ring of a generalized Del Pezzo surface S can have other gener-
ators besides sections of negative curves. In view of Lemma and Propo-
sition the following result shows that the degrees of these generators
lie in the nef cone if the degree of S is < 7.
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LEMMA 2.8. Suppose o € HY(A) an element of a miminal system of
homogeneous generators of Cox(S). Then A is a negative curve, or (A, E) >
0 for all negative curves £ on S.

PROOF. Suppose o € HY(A), and (4, E;) < 0 for some negative curves
E; with i € {1,...,s}. Then Ey,...,E; are fixed components of A, with
multiplicities e1, ..., es. We can write A = B+ 7 , ¢;E;, where (B, E) >0
for all negative curves E. Multiplication by n{* - - - n% gives an isomorphism

H°(B) — H°(A),

where 7; is a non-zero section of H(E;). Therefore, we have a = B-n;! - - -0
for some 3 € H(B). O

Let
A(S) := Spec(Cox(S)),
which is of finite type by Lemma [2.5] Having determined a finite set of
homogeneous generators &1,...,&¢y, ie., Cox(S) = K[&,...,&n]/I for an
ideal I of relations, we can regard A(S) as embedded in affine space

A" = Spec(K[¢1, ..., &)

If a minimal system of homogeneous expressions generating I has n elements,
we say that Cox(S) has N generators and n relations.

LEMMA 2.9. The variety A(S) is irreducible.

PROOF. We must show that Cox(S) is an integral domain. Since S is
irreducible, this follows from [EKWO04l Corollary 1.2]. O

PROPOSITION 2.10. The universal torsor Tg is an open subset of A(S).
ProoOF. See [HKO00, Corollary 2.16 and Proposition 2.9]. O

REMARK 2.11. The Néron-Severi torus Tns(.S) acts on A(S): The action
of Txs(S) on each coordinate &; of AN = Spec(K[¢1,. .., &n]) is given by the
character y; corresponding to the degree of §; in Pic(S5) = X*(Ins(95)). As
the ideal I of relations in Cox(S), which defines A(S) as a subvariety of A,
is generated by polynomials in K[, ...,&x] which are homogeneous with
respect to the Pic(S)-grading, the action of Txs(S) on A" induces an action
on A(S). By the constructions of [HKO0Q], this action extends the natural
action of Tng(S) on 7g C A(S).

By the next lemma, there is no relation between generators of the Cox
ring in case of toric Del Pezzo surfaces (Section |1.8)). The degrees in Pic(S)
of the generators can be extracted from the extended Dynkin diagrams in

Table [.4

LEMMA 2.12. A generalized Del Pezzo surface S is toric if and only if
its Cox ring is a polynomial ring.

In this case, generators of Cox(S) are sections corresponding to prime
divisors which are invariant under the action of the open torus in S.

ProOOF. This follows from [Cox95|]. See [HKO00, Corollary 2.10]. O

Distinguishing between the following three types of Cox rings and uni-
versal torsors will be important in Chapter
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LEMMA 2.13. Let S be a generalized Del Pezzo surface of degree 9 — r,
with universal torsor Tg. Let N be the minimal number of generators of
Cox(S) = K[, ...,&N]/I, where I is the ideal of relations between these
generators.

e [t is an open subset of affine space if and only if N =r+ 3, and I
is trivial.

e [t is an open subset of a hypersurface if and only if N =r+4, and
I has one generator.

e It has codimension > 2 in AN if and only if N > r +5, and I has
at least two independent generators.

PRroOOF. For the dimension of the universal torsor, we have
dim(7g) = dim(S) + dim(Tns(S)) = r + 3.
As the universal torsor is an open subset of A(S) by Proposition Cox(S)
is a free polynomial ring with r+43 generators, or it has r+4 generators whose

ideal of relations is generated by one equation, or at least » + 5 generators
and at least two independent relations. O



CHAPTER 3

Cox rings of smooth Del Pezzo surfaces

3.1. Introduction

We determine the Cox ring (Definition of smooth Del Pezzo surfaces
Sy (cf. Section whose degree 9 — r is at most 5. The results appeared
in [Der06b].

The structure of the Cox ring of smooth Del Pezzo surfaces of degree
> 6 is known from Lemma[2.12since these surfaces are toric (see Table[1.4)).

For r € {3,...,7}, Cox(S,) is generated by non-zero sections of the N,
(—1)-curves ([BP04, Theorem 3.2]), see Table [3.1] for the values of N,. For
r = 8, we must add two independent sections of H°(Ss, —Kg,). Let R, be
the free polynomial ring whose variables correspond to these generators of
Cox(S;). We want to determine relations between these generators.

DEFINITION 3.1. For n > 1, a divisor class D is called an (n)-ruling
if D = D; + Dy for two (—1)-curves D, Dy whose intersection number
(D1, Ds) is n. A (1)-ruling is also called a ruling.

By Lemma each (n)-ruling defines quadratic relations between gen-
erators of Cox(S,). Relations coming from (1)-rulings generate an ideal
I, C R,. For r € {4,5,6}, Cox(S,) = R,/ rad(I,) by [BP04, Theorem 4.9].
We extend this result to r € {7,8} as follows:

THEOREM 3.2. For r € {4,...,8}, we have Cox(S,) = R,/rad(J,),
where

o forr e {4,5,6}, J, :=1I,;

o the ideal J7 is generated by the 504 quadratic relations coming from
the 126 rulings, and 25 quadratic relations coming from the (2)-
ruling —Kg., ;

o the ideal Jg is generated by the 10800 quadratic relations coming
from the 2160 rulings, 6480 quadratic relations coming from 240

(2)-rulings, and 119 quadratic relations coming from the (3)-ruling
—2Kg,.

After explaining some results on the relations in the Cox ring of smooth
Del Pezzo surfaces in Section we will discuss the cases r € {6,7,8}
separately.

3.2. Relations in the Cox ring

Let » > 3. Recall the information from Section on the (—1)-curves
of S,., whose number is N, as in Table By Section the Weyl group
W, associated to the root system ®, as in Table acts on Pic(S,).

31
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For r < 6, the relations in the Cox ring are induced by rulings, and
these relations also play an important role for r» € {7,8}. More precisely,
by the discussion following [BP04), Remark 4.7], each ruling is represented
in r — 1 different ways as the sum of two (—1)-curves, giving r — 3 linearly
independent quadratic relations in Cox(S,). Therefore, if each of the N,
(—1)-curves intersects n, (—1)-curves with intersection number 1, we have
N} = (N, - n,)/2 pairs, the number of rulings is N/ = N, /(r — 1), and
the number of quadratic relations coming from rulings is N, - (r — 3) (see

Table [B-1)).

[ r [3]4]5]6[7 ] 8 |
N, [[6]10]16]27] 56 [ 240
ny 203 |5 [10]27 | 126
N/ 3] 5]10|27]126 | 2160

| relations [ 0 [ 5 [ 20 [ 81 | 504 | 10800 |

TABLE 3.1. The number of relations coming from rulings.

Now we describe how to obtain explicit equations for Cox(S,) and how
to prove Theorem [3.2] We isolate the steps that must be carried out for each
of the degrees 3, 2, and 1 and complete the proofs in the following sections.

Choice of coordinates. Choose coordinates for pq,...,p. € P2. By
Remark we may assume that the first four points are

(31) p1=(1:0:0), p2=(0:1:0), p3=(0:0:1), pg=(1:1:1),

and we can write p; = (1: «j : 3;) for j € {5,...,r}.

Curves in P2, As explained in the introduction, Cox(S,) is generated
by sections of the (—1)-curves for r < 7. For a (—1)-curve D, we denote the
corresponding section by £(D), and for a generating section £, let D(§) be the
corresponding divisor. For r = 8, we need two further generators: linearly
independent sections k1, kg of —Kg,. Let K1 := D(k1), K2 := D(k2) be the
corresponding divisors in the divisor class —Kg;.

Let D, be the set of divisors corresponding to sections generating Cox(.S,)
(including K1, Ks if r = 8).

We need an explicit description of the image of each generator D of
Cox(S,) under the projection 7 : S, — P2. According to Lemma (D)
can be a curve, determined by a form fp of degree d € {1,...,6}, or a point
(if D = E;). If m(D) is a point, the convention to choose fp as a non-zero
constant will be useful later.

For r = 8, we have the following situation: The image of K; is a cubic
through the eight points pi,...,ps. The choice of two linearly independent
sections k1, k9 corresponds to the choice of two independent cubic forms
fK,s fK, vanishing in the eight points. Every cubic through these points has
the form a; fx, +a2 fx, where (a1, a2) # (0,0), and the cubic does not change
if we replace (ai,a2) be a non-zero multiple. This gives a one-dimensional
projective space of cubics through the eight points.
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Let X1,..., X, be the monomials of degree d in three variables xq, x1, 2.
For D € D,., we can write

n
fp= Zai'Xi
i—1

for suitable coefficients a;, which we can calculate in the following way: If
p; lies on m(D), this gives a linear condition on the coefficients a; by substi-
tuting the coordinates of p; for xg, 1, x2. If p; is a double point of 7(D), all
partial derivatives of fp must vanish at this point, giving three more linear
conditions. If p; is a triple point, we get six more linear conditions from the
second derivatives. With p1,...,p, in general position, we check that these
conditions determine fp uniquely up to a non-zero constant.

Relations corresponding to (n)-rulings. Suppose that an (n)-ruling
D can be written as D; + D} for k different pairs D, D} € D, where j €
{1,...,k}. Then the products

fDl’fD’v"'vak‘fD/
1 k

are k homogeneous forms of the same degree d, and they span a vector space
of dimension n + 1 in the space of homogeneous polynomials of degree d.
Consequently, there are k — (n 4+ 1) independent relations between them,
which we write as

k
> aji- fo, =0 forie{l,....k—(n+1}
j=1

for suitable constants a;;. They give an explicit description of the quadratic
relations coming from D:

LEMMA 3.3. In this situation, the (n)-ruling D gives the following k —
(n+ 1) quadratic relations in Cox(Sy):

k
Fpi:=Y a;;-&D))-&D))=0  forie{l,....k—(n+1)}.
j=1

We will describe the (n)-rulings in more detail in the subsequent sections.

Let J, be the ideal in R, which is generated by the (n)-rulings (where
n=1forr <6,ne{l,2} for r =7, and n € {1,2,3} for r = 8).

The proof of Theorem For r € {4,5,6}, this is [BP04), Theo-
rem 4.9]. For r € {7,8}, we use a refinement of its proof.

Let Z, = Spec(R,/rad(J,)) C Spec(R,). We want to prove that Z,
equals A(S;) C Spec(R,), where A(S;) := Spec(Cox(S,)). Obviously, 0 €
Spec(R,) is contained in both Z, and A(S;). Its complement Spec(R,)\ {0}
is covered by the open sets

Up :={&(D) # 0}, where D € D,.

In the case r = 8, we will show that it suffices to consider the sets Up for
D e Dg \ {Kl,KQ}.
We want to show

Z.NUp & Z,_1 X (Al \ {O})
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Note that we can identify the (—1)-curves D,_1 of S,_1 with the subset D,
of D, containing the (—1)-curves which do not intersect D. We define

R Z,NUp — Zp_1 x (A1\ {0})
D) [ D' eDy) = ((ED)[D" €Dr1),&(D))

For r € {7,8}, we will prove:
LEMMA 3.4. Every £(D") for D" € D, intersecting D 1is determined by
&(D) and {&(D) | D' e D, with (D',D) =0},
provided that £(D) # 0 and using the relations generating J,.
By the proof of [BP04], Proposition 4.4],
A(S)NUp = A(S,_1) x (A1 {0}).

By induction, Z,_1 = A(S,_1). Therefore, Z, N Up = A(S,) N Up for
every (—1)-curve D, which implies Z, = A(S,), completing the proof of
Theorem [3.2] once Lemma [3.4] is proved.

3.3. Degree 3

We consider the case r = 6, i.e., smooth cubic surfaces. By Lemma|l.14
the set Dg of (—1)-curves on Sg consists of the following 27 divisors:

e exceptional divisors Fi, ..., Fg, preimages of p1,...,ps € P2,

e strict transforms m; ; = H — E; — E; of the 15 lines m;j through
the points p;,p; (i # j € {1,...,6}), and

e strict transforms Qi = 2H — (Ey1 + - - - + Eg) + E}, of the six conics
Q). through all of the blown-up points except pg.

With respect to the anticanonical embedding Sg — P3, the (—1)-curves are
the 27 lines (Remark |1.26]).

Together with information from Section it is straightforward to de-
rive:

LEMMA 3.5. The extended Dynkin diagram of (—1)-curves has the fol-
lowing structure:

(1) It has 27 vertices corresponding to the 27 lines E;,m; j,Q;. FEach
of them has self-intersection number —1.

(2) Ewvery line intersects exactly 10 other lines: E; intersects m;j and
Qj (for j #1i); mi; intersects E;, E;,Q;,Q; and my; (for {i,j} N
{k,1} =0); Qi intersects m; j and E; (for j #i). Correspondingly,
there are 135 edges in the Dynkin diagram.

(3) There are 45 triangles, i.e., triples of lines which intersect pairwise:
30 triples E;,m; j, Q; and 15 triples of the form mg, j, , My jo, My js
where {i1, j1,42,J2,13, 73} = {1,...,6}. This corresponds to 45 tri-
angles in the Dynkin diagram, where each edge is contained in ex-
actly one of the triangles, and each vertex belongs to exactly five
triangles.

LEMMA 3.6. The 27 rulings of Se are given by —Kgy — D for D € Dg.
Two (—1)-curves D', D" fulfill D'+ D" = —Kg, — D if and only if D, D', D"
form a triangle in the sense of Lemma @ There are five such pairs for
any given D.



3.3. DEGREE 3 35

ProOOF. We can check directly that D + D' + D" = —Kg, if D, D', D"
form a triangle. Therefore, —Kg, — D is a ruling. As any D is contained
in exactly five triangles, this ruling can be expressed in five corresponding
ways as D' + D".

On the other hand, by Table the total number of rulings is 27, and
each ruling can be expressed in exactly five ways as the sum of two (—1)-
curves. U

Let D be one of the 27 lines of Sg, and consider the projection vp :
S¢ — P! from D. Then

H - F;, D = Q;,
wB(Oﬂ]’Q(l)) = _KSG —D=<¢2H — (El —+ e +E6) + E; —|—Ej, D= mi j,
3H — (Ey +---+ Eg) — E;, D =F,;.

These are exactly the rulings.

A generating set of Cox(Ss) is given by section 7, 11 j, A; corresponding
to the 27 lines E;, m; ;, Q;, respectively. We order them in the following way:
My--5M6,  M1,25- -5 41,65 142,35 -+ -5 42,65 43,45 - - - 5 5,6, )\17”-7/\6‘

Let
R6 = K[U“ Hz’,ja Az]
The quadratic monomials in H%(Sg, — K g, — D) corresponding to the five
ways to express —Kg, — D as the sum of the (—1)-curves are

o pign; if D = Qs N
® MiNj, MiNiy Mk ko Mkes ks i D = pui g ({3, 7, k1, ka} = {1,...,6})
[ J Mi,j)‘j if D= Ez

In order to calculate the 81 relations in Jg explicitly as described in
Lemma we use the coordinates of (3.1]) for pq,...,ps, and

ps=(1:a:0b), pe = (1:c:d).
We write
E=0b-1)(c=1)—(a—1)(d—-1) and F :=bc—ad

for simplicity. The three relations corresponding to a line D are denoted by
F_ks,—p1, Fokg—D2, F-Ks,—D,3-

FlKsg—Qu1 = —N2H1.2 — 13413 + 14f1,4

Flgg—Qi,2 = —amp12 — byspg + nsp s

Flkg,—Qi2 = —Clpfi12 — dnspinz + 16fi1,6

Flogg,—Qat = M2 — m3p2,3 + Napiza
Fofgy—Qa2 = M2 — bapiaz + nspizs
FoKg—Qa3 = M2 — dijzpiz 3 + 62,6

Flogg,—Qs1 = mp13 + m2p23 + napisa
Flgg —Qs2 = MHu13 + anaping + 151435
Flks,—Qs,3 = Mp13 + cnapia3 + 1643,6
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F—Ks6—c24,1 =N1p14 + 22,4 + N334
Flgg—Qu2= (1= b)mpua+ (a—Db)napoa + nspas
Flgg—Qu3 =1 —d)mpura+ (c— d)napza + n6pae

Flgg—Qsn = 1/bmpas + a/bnapas + n3ps s
Flgg—s2 = (1= 0)/bmpas + (@ —b)/bnapias + napias
Flkg—Qs3 = (b—d)/bmps + F/bnapas + neps,6

Flgg—Qs1 = 1/dmpie + c/dnapoe + n3pse
F_kg—Qe2 = (1 —d)/dmp1e+ (c —d)/dnapze + napiae
F*KSG*QG::)' =(b- d)/dmﬂlﬁ + F/d772ﬂ2,6 + N5 45,6

F_Kg,—mi21 = 45136 — [13,504,6 + 13,4056
Flgg—mig2 = (b— d)usspae + (d— Dpsapse + n2A
Flgg—mi23 = Fusspae +ald — )z apse +mAs

Fggy—mis) = Hash2,6 — H2,504,6 + H2,4H5,6
Flgg—mig2 = (¢ —a)uaspae + (1 — c)p2apse + m3hi
Fstﬁ -m1,3,3 = —Fpaspae + b(c — d)M2,4,LL5,6 +mAs3

F_ kg —mos,1 = Hasli1,6 — H1,504,6 T H1,4H5,6
Flgg—mag2 = (@ —c)prspae + alc — 1) apse + n3he
Flgg—mag3 = (b— d)prspae +b(d — 1)papse + 23

FL g —mia1 = 135H2,6 — H2,5113,6 + H2,3H5,6
Flgg—mia2 = —Epsspse + (b—1)(c — Dp23pse + mh
F_gg,—mia3 = —Fpaspse + beuzsuse +mAs

F_Kg,—maa1 = U3501,6 — 111,5143,6 + 11,3156
Flgg—moa2 = Episuse + (a—b)(c— 1)p13puse + nads
F—KSG—m2,4,3 = (b—d)p5p3,6 — bu1,apse + M2

F—Ks6 —ms3.4,l = H2,5141,6 — H1,5M2,6 + H12/56
Flggy—msa2 = —Epspze + (a—b)(1 = d)pu2ps,6 + 1423
Fstﬁ —m3.4,3 — (C - G)M175M2,6 +apy 256 + 134



F_ggy—mis1
F—KSG—m1,5,2

F—K56 —m1,5,3
F7K56 7m2,571
F kg —mas.2

F—K5‘6 —ma2,5,3

F_KS’G —ms3,5,1

F—KS6 —m3;5,2 —

F*Ks6*m3,5,3

F—K56 —my5,1
F_ kg —mas.2

F—Ksﬁ—m4,5,3

F*KSG*mm,l
F7K56 7m1,672

Fo kg, —mi6.3

F_KSG_WZGJ
F_KSG —m2,6,2

F*KSG —ma,6,3

F*Ks6*m3,6,1
F—KSG —ms3,6,2

F—KSG—ma,GB

F_KSG —my,6,1
F*KSG —my,6,2

F*KS(; —ma4,6,3

F—Kse—ms,ﬁ,l
F_KSG_WS,&Q

F_KSG —ms,6,3

3.3. DEGREE 3

= U3.442,6 — H2,4/43,6 T 12,3/44,6
= —Bugapsze + (@ —c)(1 —b)uazpae + n5M1
= (d — c)p2,ap3,6 + cl2,304,6 + MAs

= [3,4M1,6 — 41,4143,6 T [41,3044,6
= aBpyapse + (a —b)(c— a)p3pae + m5A2
= (1 — d)p1,4p13,6 — 11,314,6 + 1725

= H2,401,6 — K1,4M2,6 T H1,2/44,6
—bEpu a2 + (@ — b) (b — d)p12pa6 + 753
= (¢ — 1)1 ap26 + p1,2004,6 + 135

= {23M11,6 — H1,3142,6 T 11,2436
= b(c — a)p13p2,6 + a(b — d)p12p3,6 + M54
= (c = Dpagp2e + (1 — d)p12p36 + 1as

= [3, 425 — 42,4035 T 2,3044,5
= —FBugapss + (@ —c)(1 — d)pa spas + 61
= (b— a)pzap35 + apa3pias + N1 A6

= U34M1,5 — H1,403,5 T H1,3144,5
= cBpyapss + (a —c)(d — c)paapas + n6A2
= (L = b)p1,4p3,5 — p1,314,5 + M2 6

= [2,4M1,5 — H1,4M25 T 120445
= —dEpyapas + (d—0)(d — c)p1 2045 + m623
= (@ — 1)prap2s + p12pa5 + 1306

= H2,3015 — K1,3M425 + 121435
=d(c—a)p1zp2s +c(b— d)u12p35 + M6\
= (@ — 1p13p25 + (1 —b)p1 2135 + Nade

= {23014 — H1,3042.4 + 121434
=d(c—1)p13p2.4 + c(1 — d)p1,2p3,4 + N6 A5
=b(a — 1)p13p2.4 + a(l —b)p1 2134 + 156

37
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Flgg—m1 = (d—0)/Emg)s + (c — a)/EpigAs + p1,4Ma
Flgg-m2=(d—1)/Epighs + (¢ — 1)/ Epi3As + 1,55
Flgg—m3=(0—1)/EpisA+ (a—1)/Epi3As + p1,6X6

Flgg—m1 = F/Epi A + (¢ — a)/Epg 3A3 + pi2,4M
Flgg -2 = (c—d)/Epah + (c —1)/Epz3As + piasAs
Flgg—m3=(a—b)/Emah + (a—1)/Ep23A3 + p2,6A6

Flgg—ps1 = F/Epighi + (b—d)/Epz 3o + pi3.aM
Flgg—ps2 = (c—d)/Epmzh + (1 —d)/Epz 3 + piz5As
Flgg—B53=(a—0)/Epizhi + (1 —b)/Epzsia + pizeAe

Flgg—pi1 = F/(a—c)prar + (b —d)/(a — c)puz,ads + p3,4)3
Flgg —pi2 = c¢/(a—c)uar +1/(a — cJpuaads + pasAs
Flogg,—Ei3=a/(a—c)par +1/(a— c)pars + paeAe

Flgg—ms1 = (d—c)/(c—=Dprsh + (d—1)/(c = Dpasia + piz5As
Flogg—ps2 = —c/(c— s — 1/(c = D25 + pasAs
Flgg—ps3=—1/(c=DpmsA —1/(c = 1)pa A2 + ps6A6

Flkg,—ps1 = (b—a)/(a—=1pureA + (b—1)/(a = DpzeA2 + pi3,6A3
Flgg,—ps2=—a/(a—1)pu1eM —1/(a—1)p26 2 + paeAa
Flgg—B,3 = —1/(a =1 eh —1/(a—1)p26 2 + p56A5

3.4. Degree 2

Let S7 be a smooth Del Pezzo surface of degree d = 2, i.e., the blow-up
of P2 in r = 7 points. The set D7 contains 56 (—1)-curves which are the
strict transforms of the following curves in P?:

e blow-ups Fy,...,E; of p1,...,p7;
e 21 lines m; ; through p;, p;, where

m;j = H — Ei — Ej;
e 21 conics Qg} ; through five of the seven points, missing p;, p;, where
Qi,j :2H—(E1++E7)+EZ+E],

e 7 singular cubics C] through all seven points, where p; is a double
point, and

Ci=3H—(E1+”'+E7)—EZ‘.

The Cox ring Cox(S7) is generated by the sections 7;, ;. j, V4,5, Ai cor-
responding to the 56 (—1)-curves E;,m; j, Q;;, C;, respectively. They are
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ordered as
Moo s M7 1,25+ o v s U175 H2,3y -+ s 16,75 V1,25 -+ s V1T, V2,35« + s VBT, ALy - o5 AT
Let

Ry := Kni, i3, Vi g Ail
be the polynomial ring in 56 generators.

Consider the ideal Iy C Ry generated by the quadratic relations corre-
sponding to rulings. In view of Lemma [3.3] we need to know the six different
ways to write each of the 126 rulings as a sum of two (—1)-curves in order
to describe I7 explicitly. Here, we do not write the resulting 504 relations
down because of the length of this list.

LEMMA 3.7. Fach of the 126 rulings can be written in siz ways as a sum
of two (—1)-curves:
(1) For the seven rulings H — E;:
{Ej+mijli#i}
(2) For the 35 rulings 2H — (Ey + - -+ E7) + E; + Ej + Ej:
{Ei + Qjrs Bj + Qi g, Ex + Qi jymuy 1y +mug 0, | {4,5, k11,12, 13,14y = {1,...,7}}
(3) For the 42 rulings 3H — (Ey +---+ E7) + E; — Ej:
{Ei+Cj, Qi +myp | k #1, 5}
(4) For the 35 rulings AH — (E1 + -+ + Eq) — E; — Ej — Ej:
{Ci + 1k, Cf + ik, O+ gy Quy i + Qg | {8,785 11, 12,13, Ly = {1,..., T}
(5) For the seven rulings 5H — 2(Ey + --- + Eq) + E;:
{Ci+Qi; | J#1}

However, we have more quadratic relations in Cox(S7): Note that the
point ¢, with 71 = Ay = 1 and other coordinates zero, satisfies the 504
relations. Indeed, (E1,C) = 2, but all quadratic monomials which occur in
the relations correspond to pairs of divisors whose intersection number is 1.
Hence, all these monomials and all the relations vanish in ¢. On the other
hand, we check that the 504 x 56 Jacobian matrix has rank 54 in this point,
which means that ¢ is contained in a component of the variety defined by
I7 which has dimension 2. As A(S7) is irreducible of dimension 10, we must
find other relations to exclude such components.

As Ey + C; = —Kg,, we look for more relations in degree —Kg, of
Cox(S7): We check that in this degree, we have exactly 28 monomials:

midi |1 <i < TU{pjpvin | 1< <k < T},

corresponding to —Kg, = E; +C; = mj, +Qj k. As dim H°(S7,—Kg.) =3,
and as none of the relations coming from rulings induces a relation in this
degree, we obtain 25 independent relations. Note that —Kg, is the unique
(2)-ruling of Sy.

We can calculate the relations explicitly as they correspond to the rela-
tions between the polynomials fg, - f¢; and fm, ; - fq, ;, which are homoge-
neous of degree 3, as described in Lemma [3.3

Let J7 be the ideal generated by these 529 relations.
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Proof of Lemma In order to show that Cox(S7) is described by
rad(J7), we must prove Lemma [3.4]in the case r = 7.

For any D € Dz, consider a coordinate £(D’) where (D, D') = 1. This is
determined by the ruling D + D’. Indeed, this ruling induces a relation of
the form

§D)ED) =D ail(Di)E(D)),
where D; + D, = D + D'. Therefore,
(D,D;+ D))= (D,D+ D)= (D,D)+ (D,D')=-1+1=0,

which implies (D, D;) = (D, D}) = 0 since the only (—1)-curve intersecting
D negatively is D itself. Since £(D) # 0, the only unknown variable £(D")
is determined by this relation.

Furthermore, there is exactly one coordinate £(D") where (D, D") = 2.
The unique (2)-ruling D + D" = —Kg, induces a relation of the form

§D)ED") =D ait(Di)é(Dy),

where £(D”) is the only unknown variable.

3.5. Degree 1

In this section, we consider blow-ups of P? in » = 8 points in general
position, i.e., smooth Del Pezzo surfaces Sg of degree 1.
The set Dg contains the strict transforms of the following 242 curves:

e Blow-ups E1,..., Eg of p1,...,ps;
e 28 lines m; ; through p;, p;:

mi,j =H — Ei — Ej;
e 56 conics Q;’j’k through 5 points, missing p;, p;, pk:
Qijk =2H — (B1+ -+ Eg) + E; + Ej + Ey;

e 56 cubics C{’j through 7 points missing p;, where p; is a double
point:

Cij=3H — (Ey + -+ Es) — E; + Ej;

e 56 quartics VZ/ ik through all points, where p;, p;, pr are double
points:

Vijk =4H — (E1+ -+ Eg) — (E; + Ej + Ey);

e 28 quintics FZ-’J through all points, where p;, p; are simple points
and the other six are double points:

F7,7]:5H—2(E1++E8)+EZ+E],

e 8 sextics T/, where p; a triple point and the other seven points are
double points:

T; =6H — 2(E1 + - - + Eg) — Ej;
e two independent cubics K1, K} through the eight points:
[K1] = [Ka] = —Kgy =3 — (E1 + -+ + Eg).
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The Cox ring of Sg is generated by the 242 sections
Mis Mijs Vijks Nigs Pigiks Vigs iy Ki
of B, mij, Qijk, Cijy Vijk, Fij, Ti, K, respectively.

LEMMA 3.8. Each of the 2160 rulings can be expressed in the following
seven ways as a sum of two (—1)-curves:

o 8 rulings of the form H — F;:
{Ej +mij|j#i}
. (i) = 70 rulings of the form 2H — (E; + E; + Ey + E):

ms; + My, Mk + My,
mi g+ Mgk, Eo + Qped

{a,b,c,d,i,j,k,l} = {1,...,8}}.

° 8- (;) = 168 rulings of the form 3H — (E1+- - -+ Eg) — E;+ E; + Ej:
{Ej + Cije, B, + Cigymig + Qg | L ¢ {1, 4, k}}.
o 8- (1) =280 rulings AH — (Ey + -+ + Eg) + E; — (E; + Ej, + Ey):

Ei + Vi, Qiapb + Qicd,
Cji +mpy, Cri +myy, Cri +myp,

{a,b,c,d,i,j,k,1} = {1,...,8}},

and 8 rulings of the form 4H — (Ey + --- + Eg) — 2E;:
{mij+CijlJj#i}
e 8.7 =56 rulings of the form 5H — 2(E1 + --- + Eg) + 2E; + Ej:
{Ei+ Fij, Cri+ Qijr | k & {i,j}},
and 8- (;) = 280 rulings 5H — (B +-- -+ Fg) —2E; — (Ej+ Ey+ E)):

M+ Vigs, Mik + Vi
mig + Vijk Cia+ Qbed

{a,b,c,d,i,j,k, 1} = {1,...,8}}.

o (5)-(5) =420 rulings 6H — 2(Ey + - - - + Es) — (E; + E;) + Ex + Ey:
{mij + Fig, Vijm + Qrim, Cik + Cj1, Cig + Cjp | m & {i, 4, k, 1} }.
e 8.7 =56 rulings of the form TH —2(Ey + - -+ Eg) — 2E; — Ej:
{mij+ T Ci + Vi | b ¢ {51},
and 8- (%) = 280 rulings TH —3(E1 + - - -+ Es) +2E; + E; + By, + Ey:

Fij+Qikt, Fip + Qiji,
Fii+QijksCaii + Vica

{a,b,c,d,i,j,k, 1} = {1,...,8}}.

o 8- (7)) =280 rulings 8H — 3(Ey + -+ + Eg) — E; + E; + Ej, + Ey:

Cij+Fr1,Cix+ F;1,Cii+ Fj,
B R R T I TR b e dyi Gk, 1) = {1, 8) b,
Ti + Qjkis Viap + Vied

and 8 rulings of the form 8H — 3(E1 + --- + Eg) + 2E;:
{Fij+Cilj#i}
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o 8:(1) = 168 rulings of the form 9H —3(E1+- - -+ Eg)+E;—(E;+Ey,):
{8+ Chris Sk +Cji, Fig+ Viga | U {i,7,k}}
. (i) = 70 rulings of the form 10H —4(E1+- - -+Eg)+E;+Ej+E,+E:
{Fij+ e i+ Fip Fou+ Fig, Sa+Viea | {a,b,¢,d,4, 5,k 1} = {1,...,8}}.
e 8 rulings of the form 11H — 4(Ey + - -+ Eg) + Ej;:
{55+ Fij [ 3 # 14}
There is no way to write a ruling as the sum of —Kg, and (—1)-curves.

PROOF. Because of the Weyl group symmetry, we need to prove the last
statement only in one case, say H — F1. In this case, it is obvious.

By Table there can be no other rulings, and each ruling can be
expressed in no further ways as the sum of two (—1)-curves. 0

With this information, Lemma allows us to determine the 10800
relations coming from rulings explicitly.

We can find more quadratic relations in the degrees corresponding to
(2)-rulings: Because of the Weyl group symmetry, it is enough to consider
the (2)-ruling D := E5 4+ Cy ;. This can also be written as E; 4+ C;; for any
j # 1 and as m; j + Q1 for any 4,5 # 1, giving 28 section in H°(Ss, D).
As D = —Kg, + I, we get two further section n1k1,m1k2. As the previous
quadratic relations do not induce relations in this degree of Cox(Ss), and
because we calculate dim H°(Ss, D) = 3 for this nef degree, we obtain 27
relations, which can be calculated explicitly as before.

Every (—1)-curve has intersection number 2 with exactly 56 other curves
(e.g. (B1,D) =2if and only if D € {C1;, V1, Fij, T} for i,j # 1), so it
occurs in exactly 56 (2)-rulings. On the other hand, as every (2)-ruling can
be written in 28 ways as the sum of two (—1)-curves, the total number of
(2)-rulings is 2392'26 = 240. Therefore, we obtain another 6480 relations from
the (2)-rulings. To determine them explicitly, we need the following more
detailed information:

LEMMA 3.9. Each of the 240 (2)-rulings can be written as a sum of two
(=1)-curves in the following 28 ways:

e 8 (2)-rulings of the form
—Kg,+E;=3H— (E1+---+Eg)+ E;:
{Ej + Cjaymyp + Qijk | 3,k # i}
o (3) =28 (2)-rulings of the form
—Kgg+mi; =4H — (E1 +---+ Eg) — (E; + Ej) :

Ep+Vijk,mir+Cire, |k ¢&{i,j},
{ Mk + Cik, Qape + Qdes|{i,7,a,b,c,d, e, f} ={1,... ,8}}'
. (g) = 56 (2)-rulings of the form

—Ksy + Qijx =5H —2(Ey +--- + Eg) + Ei + Ej + Ey. :

Ei+ Fj, Ej + Fi g, Ex + Fi j,map + Ve ae| {4, 4,k a,b,¢,d, e}
{ Qiji+ Cik, Qikt + Crj, Qjrg + Cli ={1,...,8},1 ¢ {i,4, k‘}}.
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8 -7 =56 (2)-rulings of the form
_KSS +Ci,j :6H—2(E1+--'+E8)—EZ'+E]' :

{Ej + Ty, mig + Fjg, Qikg + Vikts Cie + Crj | by U {i, 51}

T + myk, Sj + ik, Sk +mij, Fop + Qcdyes
Vil + Crts Vi + Cjis Viga + Cig

{ Sk + Qijk, Fix + Ch.j,

(g) = 56 (2)-rulings of the form
—Ksg+Vijx=TH—2(E1+---+ Eg) — (E; + E; + Ey) :

{ivjvkaa7 ba c, da 6}
={1,...,8}, 1 ¢ {i,j,k} |

(g) = 28 (2)-rulings of the form

_KSS+Fi,j :8H—3(E1—|-—|—E8)—|—E1+Ej
k¢ {i,j},
{i7j7a’b7c7d7e’f}:{1""78} .

Fjp+ Cri,Vape+ Ve
8 (2)-rulings of the form
~Ks, +T;,=9H — 3(Ey + -+ + Eg) — E; :

{Sj+ Cij, Fi + Vijn | 4, k #i}.

Furthermore, the 242 generators give the 123 quadratic monomials

2 P
NiCi,  MijVijg, VijkPijks Aighjis K, K1k2, Ko

in the 4-dimensional subspace H°(Ss, —2Kg,) of Cox(Ss). Note that —2Kg,
is the unique (3)-ruling. As the relations coming from rulings and (2)-rulings
do not induce relations in HY(Sg, —2K3s,), we obtain another 119 relations.
Their equations can be calculated in the same way as before.

LEMMA 3.10. There are exactly 17399 independent quadratic relations
in Cox(Ss).

PROOF. The relations in Cox(Ss) are generated by relations which are
homogeneous with respect to the Pic(Ss)-grading. A quadratic relation in-
volving a term &(D1)&(D2) has degree D = Dy + Dy. The relations of degree
Dy + Dy depend on the intersection number n = (D1, D3):

If n = 1, then D is a (1)-ruling. As described above, we have
exactly 10800 corresponding relations.

If n = 2, then D is a (2)-ruling. We have described the 6480
resulting relations.

If n = 3, then D = —2Kg,, which results in exactly 119 quadratic
relations.

If n =0, then D = D; + D3 is not nef since (D, D) = —1. How-
ever, by results of [HT04, Section 3], the relations in Cox(Sg) are
generated by relations in nef degrees.

If n = —1, then D; = Dy, and (D, D;) = —2, so D is not nef,
giving no generating relations as before.

There are no other quadratic relations involving k; because the 240 degrees
—Kg, + D for some (—1)-curve D; are exactly the (2)-rulings, and the
degree —2Kg, has also been considered. U
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Let Jg be the ideal generated by these 17399 quadratic relations in
R = K[ni, pigy Vijks Mgy Pijiks Vigy i il

Proof of Lemma Let D € Dg \ {K1, K2} be any (—1)-curve. We
call a variable {(D’) for a (—1)-curve D’ € Dg an (n)-variable if (D, D’) = n.

As for r = 7 in the previous section, we show that the rulings determine
the (1)-variables in terms of the (0)-variables and £(D) # 0.

For the two variables x; = {(K;) corresponding to —Kg,, we use the (2)-
ruling —Kg, + D: As (D, —Kg, + D) = 0, we have (D,D;) = (D,D}) =0
for any other possibility to write —Kg, + D as the sum of two (—1)-curves
D;,D;. Since (—Kg, + D,—Kg,) = 2, by [BP04, Proposition 3.4], the
quadratic monomials £(D;)¢(D)) span H(Ss, —Kg, + D), so this (2)-ruling
induces relations of the form

kif(D) = a;i{(Di)§(D;).
Therefore, k1, ko are determined by £(D) and the (0)-variables.

Any (2)-coordinate £(D’) is determined by the (2)-ruling D + D’: As
(D,D+D') =1, we have (D, D;) = 0 and (D, D}) = 1 for every other possi-
bility to write D+ D’ as the sum of two (—1)-curves D;, D.. Furthermore, if
D+D' = —Kg,+ D", then (D, D") = 0. Hence, the relations corresponding
to this (2)-ruling determine £(D’) in terms of the (0)- and (1)-variables and
R1, K2, é(D)

Finally, there is a unique (3)-coordinate D', where D + D' = —2Kg, is
the (3)-ruling. As all other variables are known at this point, the relations
corresponding to —2Kg, containing the term £(D)&(D’) determine &(D').

Consider a point in Uk, i.e., with x; # 0. As above, by [BP04, Propo-
sition 3.4], HY(Ss, —2Kg,) is spanned by the monomials £(D;)¢(D)) for (3)-
rulings D;, D}. Therefore, we have relations of the form

W2 =3 ag(D)E(D)),

which shows that £(D;) # 0 for some i. This proves that Zg \ {0} is covered
by the sets Up for D € Dg \ {K;, Ka}.



CHAPTER 4

Universal torsors and homogeneous spaces

4.1. Introduction

In this chapter, we continue our investigations of universal torsors over
smooth Del Pezzo surfaces over an algebraically closed field K of character-
istic 0. The results first appeared in [Der06d].

The blow-up of P? in r points in general position is a smooth Del Pezzo
surface S, of degree 9 — r; we will assume that r € {3,...,7}. The Picard
group Pic(S,) is a lattice with the non-degenerate intersection form (-, -).
As explained in Section Pic(S,) contains a canonical root system @,
which carries the action of the associated Weyl group W,., see Table

(r ] 3 [4]5][6][7]
O, | Ao+ A; | Ay | D5 | Eg | Ef
N, 6 10 | 16 | 27 | 56

TABLE 4.1. The root systems associated to Del Pezzo surfaces.

It was a general expectation that the Weyl group symmetry on Pic(.S;)
should be a reflection of a geometric link between Del Pezzo surfaces and
algebraic groups. Here we show that universal torsors of smooth Del Pezzo
surfaces of degree 2 and 3 admit an embedding into a certain flag variety for
the corresponding algebraic group. The degree 5 case goes back to Salberger
(talk at the Borel seminar Bern, June 1993) following Mumford [MS72],
and independently Skorobogatov [Sko93|. The degree 4 case was treated in
the thesis of Popov [Pop01], Chapter 6]. The existence of such an embed-
ding in general was conjectured by Batyrev in his lecture at the conference
Diophantine geometry (Universitdt Gottingen, June 2004). Skorobogatov
announced related work in progress (joint with Serganova) at the conference
Cohomological approaches to rational points (MSRI, March 2006).

By [BP04] Section 2|, the simple roots of ®,_; (with ®3 = Ajs) can
be identified with a subset I, of the simple roots of ®, whose complement
consists of exactly one simple root «,., with associated fundamental weight
wyr. The Weyl group W, acts on the weight lattice of the linear algebraic
group G, associated to ®,. The fundamental representation g, of G, with
highest weight w, has dimension NV, as listed in Table the weights of o,
can be identified with classes of (—1)-curves E C S,.

Let P, be the maximal parabolic subgroup corresponding to I, and let
H, be the affine cone over G, /P,. It is well-known that H, is given by qua-
dratic equations in affine space AN". For r = 6, the equations are all partial

45
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derivatives of a certain cubic form on the 27-dimensional representation og
of Gg. For r = 7, equations can be found in [Fre53]. In both cases, the
equations were already known to E. Cartan in the 19th century.

The universal torsor 7g, over S, (Definition [2.2)) is a Tng(S,)-bundle
over S,, where Tns(S;) is the Néron-Severi torus of S, (Section .

The Cox ring (Definition of S, is naturally graded by Pic(S,). It is
generated by N, sections £(E) corresponding to the (—1)-curves E on S,.
The ideal of relations (up to radical) in Cox(S,) is generated by certain qua-
dratic relations which are homogeneous with respect to the Pic(.S;)-grading
(see Chapter for more details). Let A(S,) := Spec(Cox(S,)) € AN be the
corresponding affine variety. The universal torsor 7g, is an open subset of
A(S,) (cf. [HKOQ]).

We have seen that both A(S,) and H, can be viewed as embedded into
AN" | with a natural identification of the coordinates. For the embedding of
A(S,), we have some freedom: As the generators of Cox(S,) are canonical
only up to a non-zero constant, we can choose a rescaling factor for each of
the N, coordinates, giving a N,-parameter family of embeddings of A(S,)
into affine space. The task is to find a rescaling such that A(S,) is embedded
into H,.

More precisely, we start with an arbitrary embedding

A(S,) C A, := Spec(K[£(E) | E is a (—1)-curve on S,]) = AN
and view
H, C Al :=Spec(K[¢'(E) | E is a (—1)-curve on S,]) = AN

as embedded into a different affine space. An isomorphism ¢, : A, — A/
such that

o (€(E)) =¢"(B)-£(E)
for each of the N, coordinates, with {’(E) € K* := K\ {0}, is called a rescal-
ing, and the factors {’(E) are (a system of) rescaling factors. A rescaling

¢, which embeds A(S,) into H, is called a good rescaling.
Our main result is:

THEOREM 4.1. Let S, be a smooth Del Pezzo surface of degree 9 —r and
A(S,) the affine variety described above. Let H, be the affine cone over the
flag variety G,/ P, associated to the root system ®, as in Table .

Forr € {6,7}, there exists a (N,_g+ 2)-parameter family of good rescal-
ings ¢ which embed A(S,) into H,.

REMARK 4.2. The rescaling factors are naturally graded by Pic(S,) =
Z'1 and we will see in Section that the conditions for good rescaling
are homogeneous with respect to this grading. Therefore, for each good
rescaling ¢,, there is a (r + 1)-parameter family of good rescalings which
differ from ¢, only by the action of Txs(S,) = Gt Similarly, Txs(S,) acts
on A(S,) (Remark [2.11)), and it is easy to see that the image of A(S,) in
H, is the same for all good rescalings in the same (r + 1)-parameter family.
Consequently, the (N,_o + 2)-parameter family of good rescalings gives rise
to a (Ny_2 — r + 1)-parameter family of images of A(S,) in H,.



4.2. HOMOGENEOUS SPACES 47

For r = 5, we have N,_o —r+1 = 2, and by [Pop01] Section 6.3], there
is a two-parameter family of images of A(S5) under good rescalings in Hj.

In Section we recall the classical equations for the homogeneous
spaces G, /P, and give a simplified description on a certain Zariski open
subset; this will help to find good rescalings. In Section we derive
conditions on the rescaling factors in terms of the description of Cox(.S;)
and G, /P,. In Section and Section we determine good rescalings in
degree 3 and 2, finishing the proof of Theorem

4.2. Homogeneous spaces

In this section, we examine the equations defining the affine cone H, C
Al over G, /P, for r € {6,7}. For the N, coordinates ¢'(F) of Al, we also
use the names n;, i ;, A}, and furthermore v; ; in the case r = 7.

These coordinates are in obvious correspondence to the coordinates of
A, for which we use the names 7;, 11, j, A; (see Section, and furthermore
v;; in the case r = 7 (see Section as for the generators of Cox(S,).

In particular, we show that H, is a complete intersection on the open

subset U, of Al where the coordinates 7,..., 7. are non-zero.

We will see that H, is defined by quadratic relations which are homo-
geneous with respect to the Pic(S,)-grading. For each (1)-ruling D, we
have exactly one relation pp of degree D, and furthermore in the case

1) (8)

r = 7, we have eight relations p* Koo P K where we use the con-
7 7

vention p_ Ks, = p(_lg(&. For any possibility to write D as the sum of two

(—1)-curves E, E’, the relation pp has a term &'(E)&'(E’) with a non-zero
coefficient.

DEFINITION 4.3. For a (—1)-curve E, let Ug be the open subset of A/
where ¢'(E) is non-zero. Let N(E); be the set of (—1)-curves E’ with
(E,E") = k, and let Z'(E)j be the set of the corresponding ¢'(E’). Let
N(E)sy and Z/'(E)<j be defined similarly, but with the condition (E, E’) >
k.

Let U, C Al be the intersection of Ug,, ..., Ug,.

T

Note that N (E)p has exactly N,_; elements because we can identify
its elements with the (—1)-curves on S,_;. Since the only (—1)-curve in-
tersecting E negatively is E itself, the number of elements of N (F)~¢ is
N, —N,_; — 1.

PROPOSITION 4.4. Let
U, H NU, — U,y x (A"\ {0})
be the projection to the coordinates £'(E) € Z'(E1)o and n}. The map ¥, is

an isomorphism. The dimension of H, is Np_1 + 1.

PrOOF. If D = E1+FE'is a (1)-ruling, then (E;, D) = 0, and all variables
occurring in pp besides n} and &'(E) are elements of Z'(E1)g. For n} # 0,
the relation pp expresses ¢'(E) in terms of 7] and Z'(E1)o.

For a (2)-ruling D = Ey + E, we have (E1,D) = 1, so the relation pp
expresses {'(E) in terms of n] and monomials {'(E.){'(E!) where {(E!) €
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'(E1)o and '(E!) € Z'(E1);. Using the expressions for the elements of
'(E1)1 of the first step, this shows that we can express the coordinates
Z'(F1)so in terms of ] and Z'(E1)g by using the N, — N,_1 — 1 relations
ge,+E for E € N(FE)so. This allows us to construct a map

WU,y x (AV\ {0}) — AL,

It remains to show that the image of W/ is in H,, i.e., that the resulting
point also satisfies the remaining equations which define H,. This is done
in Lemma [£.6] and Lemma [£.7] below. O

1101 [1]

REMARK 4.5. Proposition [£.4] is also true if we enlarge U, to Ug, and
Ur_1 to Al _,. However, the proofs of Lemma and Lemma are slightly
simplified by restricting to U,..

First, we consider the case r = 6. It is known [Pop01], Section 2.2.2]
that Hg C Ag is given by the 27 partial derivatives of

F(Ml, Mo, Mg) := det M7 + det My + det Mg — tr(M1M2M3),

where
771 )\:1 Mé,g /\21 /\:5 /\%
My:=|m XNy pig|, Mp:= 7/711 7/755 7’6 :
n Az //1,2 Hs6 Hie Has
and

M/1,4 M/2,4 Né,z;
Ms:= | phs Hhs His
M,I,G M’z,ﬁ Mé,ﬁ
Note that the terms of tr(M;MyMs) are Ml(l’J)Mé]’k)M?Ek’l) for i,j,k €
{1,2,3} (where MP9 is the entry (b,c) of the matrix M,), so the num-
ber of terms of F is 3 -6 + 33 = 45. Each is a product of three variables
&(E), £(E"), £(E") such that the corresponding (—1)-curves E, E', E” on
Se form a triangle, and their divisor classes add up to —Kg,. The coefficient
is +1 in the nine cases
M 2Ae Mooy, T3 3T
Maty6Ae:  MskasNe  ToHs 65
N/1,4M/2,5M§,6a N/1,5//2,6N§,4v M/LG:U’I2,4M§,5
and —1 in the remaining 36 cases. (Of course, there is some choice here, for
example by permuting the indices 1, ..., 6, but it is not as simple as choosing
any 9 of the 45 terms to have the coefficient +1. See [Lur01) Section 5] for
more details.)

The derivative with respect to ¢'(F) contains five terms +&'(E')¢'(E")
corresponding to the five ways to write the (1)-ruling D := —Kg, — E
as the sum of two intersecting (—1)-curves E', E”. We will denote it by
PD = P-Kgs,—E-

LEMMA 4.6. For nj # 0 and any values of
E(E1)o = {1 o35+ - W5 65 A1 }
with non-zero 1}, ..., ng, the equations pg, +g for
EcN(E1) ={miga,...,mi6,Q2,...,Q6}
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define a point of Hg.

PROOF. As Tng(S6) acts on Hg and {E1,. .., Eg} is a subset of a basis
of Pic(Sg), we may assume that nj =--- =n; = 1. Then for i € {2,...,6},
the equation pg, 4m,, allows us to express pj,; in terms of the remaining

H;,f

{19 = po 5+ pin 4 + pio 5 + i g, [y3 = Moz — Hs g — M35 — M3
pha = —Hag — M4+ 15 — Higs 5= —Hos — Mg — s+ Hsge
1y = —Hoye — H3e+ e — My

Furthermore, for ¢ € {2,...,6}, we can use pg, +@, in order to express A; in
terms of A} and 4,

Xy = [ 4l 6 + s 5106 + Ha 615 + A1
5= —Haalse — Mashas — Haghas + AL
Ny = —Ha3lis 6 + Haslis.6 — Haglts 5 — A1
5=~ iy — Mo als et Haghs s — N
6 = —Haally s+ o afly s — fio 5 4 — Ny

By substituting and expanding, we check that the remaining 17 relations
are fulfilled. Therefore, the resulting point lies in Hg. U

Next, we obtain similar results in the case r = 7. The Ny = 56 coordi-
nates £'(E) in A} are nj, p ., v}, Aj for i, 5,k € {1,...,7} and j < k.“The
equations for Hy are described in [Fre53] in terms of 56 coordinates z*/, y;;
(i <je{l,...,8}). They correspond to our generators as follows:

77: = xiB’ /’L;@l = Ykl, V]/c,l = xklv >‘{L = Yig-
For the (1)-rulings D (see Lemma [3.7)), the relations pp are u“* and

vé as below. In the first column of Table we list a symbol Dgn) as-

signed to the (1)-ruling in the second column, and the third column gives
the corresponding relation.

’ symbol H (1)-ruling D = D§n) relation pp
D} H—E, o
Dz(,2j),k 2H — (E1+---+ E7)+ E; + E; + B}, uiks
DS}) 3H — (E1+---+ E7)+ B — Ej vl
DY, | AH = 2(Bi+ -+ Br)+ B+ Bj+ By + By | ¥
D 5H —2(Ey + -+ Eq) + E; vi

TABLE 4.2. Rulings and relations defining G7/P;.

Let

ikl ij Kl ik, jl ik
u?" =M™ — e+ "2 4 0 (Yabled — YacYbd + YadYbe)s
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wherei < j <k <landa < b < ¢ < d, with (7,7, k,1,a,b,c,d) a permutation
of (1,...,8), and o its sign. For i # j

=y 2ty
he({1,-8 P\ (i)

where x —2% and yp, = —yap if b > a.
For the (2)-ruling —Kg., we have the following eight equations with 28
terms:

@) i3 iy 4 L k.
Pl =vi=—7 > Wty > 2y
J€{L,. 81\ {i}) J<ke({1,...81\{i})
LEMMA 4.7. Forn),...,n5 # 0, the 28 coordinates
WGl T, W G<ke(2.. 7)), K, (ef2...7)
in ' (E1)o and the 28 equations pp for

ba _

1 1 2 3 3
De{Dy),....D D) ,.....D .. DY),... . D) ~Ks}

define
p (€427, Vi (G<ke{2,....7}), N (e{l,....T}),
resulting in a point on Hy.

Furthermore, we may replace P-Ks, by pp for D = D£31)

PROOF. As above, we may assume that n] = --- =7, = 1 because of the
action of Tng(S7). For the 27 (—1)-curves E € N'(E1)1, the equation pg, + g

defines ¢'(F) directly in terms of the 28 variables in ='(Ej)o; we do not list

the expressions here. By substituting these results, we use v1 in order to

express A} in terms of these variables:

A =-— M/2,3M£1,5M%,7 + M/2,3H£176M,5,7 - N,Q,B,Uil,%“%,ﬁ + M/2,4M§,5M%,7 - Nl2,4ﬂé,6ﬂl5,7
+ [t 4 75 6 — Mo 5 M ke 7 + o s M7 — Ha sl 76 T 6Hs 4l 7
— oM 5l 7+ o 6l TH 5 — Mol als 6 T M 7Hs 516 — Mo 7H3 6/ 5
— iy 3N+ p5 3 Ny — 15 g N+ 5 g Ny — fin 5N + 5 5 N
— iy 6Ny + iy g NG — fin 7 Ny + g 7 N7 — 13 4 N5 + 13 4N
— 353+ 3 55 — 3,63 T 13606 — a7 \5 + M3 7y
- Mﬁm)‘ﬁ + Mﬁ,s)‘g - Mﬁ,ﬁ)‘ﬁ; + Mﬁl,ﬁ)‘% - MQ,?M + :U*:l,?XY
— 5.6 N5 + 115 6 NG — M5 7 A + 15 7 A7 — He 7 A6 He 7 A7

We check directly by substituting and expanding that the remaining equa-

tions defining Hr are fulfilled.
As v? contains the term n5\|, and 1), # 0, we may replace vi by vZ. [

4.3. Rescalings

Let r € {6,7}. We use the notation of Chapter|3| We follow the strategy
of the case r = 5 [Pop01], Section 6.3] in order to describe conditions for
good rescalings explicitly in terms of the rescaling factors. However, we use
the results of the previous section to simplify this as follows:



4.3. RESCALINGS 51

Let
Mg :={E1+E | E € N(E1)}
and let
My :={E\+FE|EeN(FE)}U {D%)}-

Let H, C Al be the variety defined by the equations gp for D € M,.
By Proposition [1.4] Lemma [1.6] and Lemma 4.7 H, N U, = H, N U,.

REMARK 4.8. Because of N (FE1)y = {C1}, it could be considered more
natural to use —Kg, = E1+C instead of Désl) = FE5+ (1 in the definition of
M. However, we choose to avoid the (2)-ruling — Kg. for technical reasons.

LEMMA 4.9. A rescaling ¢+ A, — Al is good if and only if it embeds
A(S,) into H,.

PROOF. As H, C H,, a good rescaling ¢, satisfies ¢,(A(S,)) C H,.
Conversely, we have

(Z)T‘(A(ST’)) NnU C f:I?" NUy = H, O U,

by Lemma and Lemma [4.7] Taking the closure and using that H,
is closed and that A(S;,) is irreducible by Lemma we conclude that
¢r(A(Sy)) C Hy, so the rescaling is good. O

As in Theorem let J, be the ideal defining A(S,) in A,.

In terms of the coordinate rings K[A,] and K[A!] and in view of the
previous lemma, a rescaling ¢, is good if, for all D € M,., the ideal J, C
rad(J,) contains ¢} (pp), where pp is the equation defining H, corresponding
to the (1)-ruling D.

As K[A,] and KJ[A!] are both graded by Pic(S,) and ¢* respects this
grading, we need rescaling factors such that ¢%(pp) of degree D € M, is
a linear combination of the equations Fpi,...,Fp,_3 € J.. For concrete
calculations in the next sections, we describe this more explicitly:

Let D € M, be a (1)-ruling, which can be written in r — 1 ways as the
sum of two (—1)-curves E/, E!'. For i € {1,...,r — 1}, let

& = ES(EDE(E), &= (EDE(E), i =B ().
Then pp has the form
r—1
(4.1) Pp = Zfiﬁz{
i=1
with ¢; € {£1}.

As &; vanishes exactly on E/UE | the 2-dimensional space H%(S,, O(D))
is generated by any two &;, §. Hence, all other » — 3 elements §; are linear
combinations of &;, &, with non-vanishing coefficients. This gives r — 3
relations of degree D in Cox(S,). Rearranging &i,...,&—1 such that the

two elements &;, & of our choice have the indices r — 2 and r — 1, we can
write them as

(4.2) Fpj=¢& +aj§ 2+ Bi&—1,
for j € {1,...,7 — 3}, where o, 5; € K*.
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Suppose that ¢ (pp) is a linear combination of the Fp ; with factors A;:

5 (pp) ZA Fp;=0.

Since ¢X(E'(E)) = £"(E) - £(E), we have ¢} (&) = £ - & for the monomials
of degree 2. Then the above equation is equivalent to the vanishing of

r—3 r—3 r—3
D (@ =2+ | 628y =D Ny | Geat [ @& =D N8 | &1
i=1 j=1 Jj=1

For i € {1,...,r — 3}, we see by considering the coefficients of ¢; that
we must choose \; = €¢&/. With this, consideration of the coefficients of
&r—2 and &1 results in the following conditions gp 1, gp,2 on the rescaling
factors fj’/ , which are homogeneous of degree D € Pic(S,):

r—3 r—3
1! 1 1! //
9o =62l o — > €&l =0, gpai=e a1l — Y €8¢ =0.
7j=1 7j=1

Note that our choice of {2 and &1 in the definition of Fp ; as discussed
before is reﬂected here in the sense that gp 1 and gpa express the
correspondlng 5 and & as linear combinations of &7, /_q with non-
Z€ero coeﬂ"lments

This information can be summarized as follows:

LEMMA 4.10. For r € {6,7}, a rescaling is good if and only if the
rescaling factors £"(E) fulfill the equations gp,1 and gp 2 for each (1)-ruling
D e M,.

As described above precisely, the non-zero coefficients €; are taken from
the equations pp defining H,., and the non-zero «;, 3; are taken from
the equations Fp ; defining A(S,).

Let Z"(E)y (resp. Z"(F)sk) be the set of all ¢"(E’) for E' € N(E)i
(resp. E' € N(E)sy). Let

=i =E(E1)iNE"(Ey);.

We claim that we may express the rescaling factors 2" (E1)so UZ"(E2)so in
terms of the other NV,._o + 2 rescaling factors {ny, 75} U= .

We will prove this for » € {6,7} as follows: The 2 - (N, — N,_; — 1)
equations gp; are homogeneous of degree D with respect to the Pic(S;)-
grading of the variables ¢”(F), and we are interested only in the solutions

where all {”(E) are non-zero. Because of the action of Tng(S;) on the

rescaling factors and as Fj,..., F, are part of a basis of Pic(S,), we may
assume nf =---=n =1.
Consider a (1)-ruling D = E; + E such that (Es, E) = 0. Then
D=E\+E/=---=E._4+E' ;=Ei+E=Fy+F

are the r — 1 possibilities to write D as the sum of two intersecting (—1)-
curves. Here, E,E! € N(E1)o N N(E2)o. As in the discussion before
Lemma we may set up the equations Fp ; such that gp 1 and gp2
express £’ (E) and £’ (E’) directly as a linear combination of &’ (E!)&"(EY).
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This expresses all {(E) € Zf and all "(E’) € E; in terms of variables in
=1

;_4070.
For a (1)-ruling D = E; + E such that (Es, E) = 1, we have

D=FE\+FE/=---=E _,+E ,=FE +FE,

where we may assume (E3, E!) = 0 and (E2,E/) = 1. Since (Ei, E]) =

1, ;) = 0, we have ) € 2o an S ) € =2 q. Usin € previous
E\,E!)=0 h "(E}) € Z5o and £"(E]') € =7 ;. Using the previ
findings to express {”(E]') in terms of variables =, the equation gp 1 results
in a condition on the variables =, while gp 2 expresses {(E) € Zf; in
terms of these variables.

In the case r = 7, the equation gps for D = E; + C3 expresses \j €
E o in terms of variables in =g,, and gp; gives a further condition on
these variables. Furthermore, gp 2 for the (1)-ruling D = E3 + C expresses
A € 25, in terms of =7, while gp 1 gives a further condition on them.
Substituting the expressions for =, respectively =, in terms of Zf,, we

get expressions for \j and A/, while the gp; result in further condition on
=1
_4070.

We summarize this in the following lemma. For its proof, it remains to
show in the following sections that the expressions for Z"(FE1)~o UZ"(E2)so

are non-zero, and that the further conditions vanish.

LEMMA 4.11. We can write the N, — Ny_2 —2 rescaling factors in the set
E"(E1)s>0UZ"(E2)s0 as non-zero expressions in terms of N,_a+ 2 rescaling
factors =¢ o U{"(E1),&"(E2)}. With this, the Ny — 2N,—1 + Ny—a further

conditions on the rescaling factors are trivial.

=/

For an open subset of the N;._5+2 parameters {17, 75 }U=( ,, all rescaling
factors are non-zero, so we obtain good rescalings, which proves Theorem [4.1]
once the proof of Lemma 4.11|is completed.

4.4. Degree 3

In this section, we prove Lemma for r = 6 by solving the system
of equations on the rescaling factors of Lemma For each (1)-ruling
D € Mg, we determine the coefficients of the equation pp defining Hg as
in , and find the coefficients o, 3; of Fip ; defining A(Ss) as in in
the list in Section This allows us to write down the 20 equations gp;
on the rescaling factors £’ (FE) explicitly. Let

1 = ad — be, v2i=(a—-1)(d—=1)—=(b—-1)(c—1)

for simplicity.
" n " n "N n.n
9E1+mi1 2,1 = —N3H23 — Nal2a 4 — bns M2 5 — d776'u276a
n.n n. " n.n n. "
9E1+m12,2 = M H12 T Moo 4 T N5 Ho 5 + 16 H26
" n "N " n "o n
9E1+my3,1 = —T1H1,3 T N4H3.4 T 51435 + 16 13,6
non n. " "o n " n
9E14+mi 3,2 = Mol 3 + M43 4 + aN5 13 5 + Clg 143 65
" "

9B +mial = —M 1 4 + 0305 4+ (0 — V)mgpy 5 + (1 — d)ng iy 6,

7w i

9B +mia2 = —Maly g + 0305 4 + (b — a)nsuy 5+ (¢ — d)ng iy 6,
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n. "

9B +mi 51 = —Mally s + a/bizps s + (a
9B +mis2 = —M 15+ 1/0n5pz 5 + (1
9B +miel = —M I ¢ + 1/dn5pz 6 + (d — 1) /digpy ¢ + (b — d) /dns 5.6,

d
"non "on

9B1+mi g2 = —Mally e + c/dnzps e + (d — ) /dnj g6 — v1/dns s 6,

9B +Qo = a(c — ) X5 4 (d = D)y N — g i 6 + 15 144 5,

9B +Qo2 = NG 4 (b — d)ig N — s 511l 6 — 115 6144 55

9B +Qs = D(c — )N A5 + (¢ = V)mg N] — py 4p15 6 + i 6104 55

9B +Qs2 = NN A3 + (@ — N5 N] — piy 51y 6 — 15 6104 5,

9B +Qa1 = be N + (be — b — ¢+ 1)y N] — py s 15 6 + 15 6143 5,

9B +Qa2 = (ad — be)yn N + yany N{ + i 55 6 — 1 6145 5,

9B +Qs1 = (d— ) Ng 4+ Yans N] — py 415 6 + 1y 6143 4,

9E1+Qs2 = A5 + (a — ) (1 = D)ng N — iy 3114 6 — 11 6143 4,
/AN /AN "

9E1+Qo,1 = (b— a)nf g + yamg N + 115 apt3 5 — 11 5103 4,

AN/ /AN

9E1+Qe2 = Ay Ag + (¢ — a)(d — 1)ng A] — piy iy 5 + 1 5103 4-

I

)/onf{ 1y 5 + 1/ s 6

b
b)/bni iy 5 + (d — b) /bng s g,

As explained in the previous section, we may assume nf = --- = = 1.

Recall the discussion before the definition of Fp; and Lemma
If we had chosen &4 = n; A1 and & = n1\; when writing down the equations
Fg, 1@, ; in Section then the resulting gg, +¢,,2 would give X/ directly
as a quadratic expression in terms of 'L‘;'/,k' Furthermore, each of the five
9B +Q;,1 Would express A] as a quadratic equation in 7. Of course, we
get the same result by solving the equivalent system of equations gg, g, ;
as listed above.

The equations gg, 1m,,; for i € {3,...,6} and gg, g,  allow us to

express the variables pf,, AJ in =/, and pf,, A/ in =7, in terms of the

=1

six variables i 4,...,pt ¢ € 2. (As we have set the remaining elements

=/

Ny Mg O Ep,0 to the value 1, they do not occur in these expressions.)
With 3 :=d(a — ¢)(1 = b) — ¢(b— d)(1 — a), we obtain:

pi 3 =ps 4+ a5 + 136,

MIQI,3 =- Mg,4 - ‘Wg,s - Cﬂg,&

pi g =ps g+ (0= 1)y s+ (1 —d)uys,

pog =ps 4+ (b — a)uy s+ (c — d)py g,

i 5 =1/bpg 5+ (1 — b)/bpy 5 + (d — b) /bus g,

py5 =a/bug s + (a —b)/bui s + 1 /buis 6,

wi e =1/dps e+ (d—1)/duy e+ (b —d)/dus e,

pye =c/dus g + (d — c) /dpy s — 1 /dps e,
N == /s apse — ald = c) vz spse — c(b— a)/y313 614 5,
Ay =(b—d)/v3psapsg + (1 —d)/vapsspye + (1 —b)/vsps g5

We consider the remaining equations gg, 4+ g ; for E € {m12,Q3,...,Qs}.
We can use gg,+g,2 and substitution of our previous results in order to
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express {"(E) € Ef | in terms of =g 4
i =ps 4 — a/buz s — c/duz e + (a —b)(b—1)/buy 5
+(d—e)(d—1)/dp] ¢ + (b — d)y1/(bd) s 6,
5 =(a—c)/vspgapse +a(l —c)/(bys)ps s+ c(1 — a)/(dys)ps it 5
+ 1/ (bd) iy 511y 6 — 1/ dpq 55 6 + 1/bpy s 6,
A1 =2/ 35 4056 — 1/ (bd)pz s + (1 — d)(c — d)(a — 1)/ (dys)us 510
— 1/dpssps6+ (1= c)(b—1)(a —b)/(bys)uzgiss — 1/busgtis 6,
5 =1/dpls g6 — 1/dpss 4piy 6 + (b — d) (1 — a)y1/(dys) s ahs 6
+ ave/v3us 56 + (0 —1)(a —b)(a — c) /y3p5.6114 5 — 13,614,6:
A6 = — 1/bug apis 5 — 1/bpls gpiy 5 + (1 — ) (b — d)y1/(bya) s atis
— Mg,sﬂg,s +(d—1)(c—d)(a— C)/’Y?}Mé’ﬁﬂl@ + 072/73%:,6#2,5

Finally, we check by substituting and expanding that the five further condi-
tions gg, 4+ k1 are trivial.

Using the restrictions on a, b, ¢, d imposed by the fact that pq, ..., pg are
in general position (e.g., a must be different from b and ¢, and all are neither
0 nor 1), we see that pf,,..., 156, A],...,\g are non-zero polynomials in
ué’A, e ,,ugﬁ. Therefore, for an open subset of the Ny 4+ 2 = 12 parameters
N5 e sM6s 3 45 - - » 15 5 all Tescaling factors are non-zero, resulting in good
rescalings.

4.5. Degree 2

For the proof of Lemma for r = 7, we proceed as in the case r = 6
and assume nf =--- =nf = 1.

Let D := Dgl) € My for i € {3,...,7}. We can arrange Fp1,...Fpa
in such a way that gp1 and gpo express uf; and 5, in terms of pj; for

j € {3,....7}\ {i} (see the discussion before Lemma [4.10). Simﬂarl; for
i€{3,...,7} and D := Dgl € My, we can arrange gp1 and gp2 such
that they express v’ ; and vy ; linearly in vy, and of degree 2 in y5 4, . .., yg 7.
This expresses all variables in =, U Z{ , in terms of = .

Substituting this into an appropriately arranged gpo for D := Dél) €
Mz gives pf, € =Y in terms of pj4,...,ug,, and we check that gp 1
becomes trivial.

Now, let D := Dfi)j € My fori < j e {3,...,7}. We arrange gp
and gpo such that theif express vy ; respectively v}, in terms of v{'; and
expressions of degree 2 in ,u’k’J. Using our previous findings, the first ex-

=

pression turns out trivial, and the second one gives v/’ ; € B, in terms of
/! " " =1
Vi H34s -5 Me7 € =0,0-
. 3 3 3

Finally, let D € {Dg,Q), . ,Dg}, Dé%} C My7. We arrange gp,1 and gp 2
such that the first one is an expression in 47/, and v/}, which becomes trivial.
The second one expresses A in terms of u;-'  and 1/;-’ &> and we substitute again
our previous results.
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This completes the proof of Lemma and thus Theorem In
total, we obtain good rescalings for an open subset of a system N5+ 2 = 18
parameters

773/7"'777/7,7 Mg,47"'7ug,7v V1,,2'
Since it is straightforward to determine the exact expressions for the re-
maining 38 rescaling factors in terms of these parameters, and since the
expressions are rather long, we choose not to list them here.

REMARK 4.12. In principle, it would be possible to consider the condi-
tions gp,; for all (1)-rulings without reducing to the subset M, as we did
in Section While this is doable in degree 3 with some software help
(Magma), especially the expressions corresponding to the (1)-ruling Dz@ in
degree 2 seem to be out of reach for direct computations. Furthermore, we
would have to embed the relations v¢ corresponding to the (2)-ruling — K.,
which causes further complications.

REMARK 4.13. For r € {5,6,7}, there is a (N,_o — r + 1)-parameter
family of images of A(S,) under good embeddings in H, by Remark
The dimension of A(S,) is 7+ 3, and there is a (2 (r —4))-parameter family
of smooth Del Pezzo surfaces S, of degree 9 — r. The dimension of H, is
Nrfl + 1.

In fact, [Pop01], Section 6.3] shows that the closure of the union of all
these images for all Del Pezzo surfaces of degree 4 equals Hj.

For r = 6, by comparing the dimensions and numbers of parameters, a
similar result seems possible. However, for r = 7, we have

(Ny—g—r+1)+(r+3)+2-(r—4) =26,

while H7 has dimension N,._; + 1 = 28. Consequently, the closure of the
union of the corresponding images, over all Del Pezzo surfaces of degree 2,
under all good embeddings cannot be Hr7 for dimension reasons.



CHAPTER 5

Universal torsors which are hypersurfaces

5.1. Introduction

The universal torsor of a generalized Del Pezzo surface S has one of the
following three types (Lemma :

e The universal torsor can be presentable as a Zariski open subset
of affine space. By Lemma and Proposition this is true
exactly when S is toric.

e The universal torsor can be a Zariski open subset of a hypersurface
in affine space.

e In other cases, the universal torsor is more complicated: It can be
an open subset of an affine variety that has codimension > 2 in
affine space.

We focus on universal torsors of the second type. A first example, the
universal torsor over a cubic surface of type Eg, has been worked out by
Hassett and Tschinkel [HT04].

Universal torsors are closely connected to the Cox rings of Del Pezzo
surfaces (Chapter [2)). By Lemma[2.13] the question which of the three cases
above a universal torsor belongs to is equivalent to the question whether the
Cox ring with a minimal set of homogeneous generators (cf. Lemma isa
polynomial ring without relations, with one relation up to scalar multiples,
or with more relations.

In this chapter, we determine for all types of generalized Del Pezzo sur-
faces of degree > 3 what kind of Cox ring they have (cf. Table . Our
results were first made available as [Der06c].

] degree H toric \ one relation \ more than one relation ‘

9 P? — —

8 2 smooth, 1 singular - -

7 1 smooth, 1 singular - -

6 1 smooth, 3 singular | 2 singular -

5 2 singular 4 singular 1 smooth

4 3 singular 7 singular 1 smooth, 5 singular

3 1 singular 7 singular | 1 smooth, 12 singular

TABLE 5.1. Relations in Cox rings of Del Pezzo surfaces

THEOREM 5.1. The Cox rings of generalized Del Pezzo surfaces whose
degree is at least 3 have the following properties:

e In degree at least 7, all generalized Del Pezzo surfaces are toric.

57
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o In degree 6, two types Ay (with three lines), Ag have a Cox ring
with 7 generators and one relation. The smooth and three types A
(with four lines), 2A1, Ay + Ay are toric.

o In degree 5, four types A1, As, As, Ay have a Cox ring with 8
generators and one relation. The smooth surface has a Cox ring
with more generators and relations, and two types 2A1, As + Ay
are toric.

o In degree 4, seven types 3A1, As+Aq, Ag (with five lines), As+Aq,
A4, Dy, D5 have a Cozx ring with 9 generators and one relation.
The smooth surface and five types A1, 2A; (with eight or nine
lines), Ag, As (with four lines) have a Cox ring with more gener-
ators and relations, and three types 4A1, Ao +2A1, A3+ 2A; are
toric.

o In degree 3, seven types Dy, A3z + 2A1, 2As + Ay, Ay + Ay, D5,
As + A1, Eg have a Cox ring with 10 generators and one relation.
The smooth surface and 12 types A1, 2A1, Ao, 3A1, As+Aq, A3,
4A1, Ao +2A1, As+ A4, 2A,, Ay, A5 have a Cox ring with more

generators and relations, and the type 3As is toric.

In Section we describe the steps which must be taken to calculate
the Cox ring of each generalized Del Pezzo surface S explicitly in case there
is exactly one relation in Cox(S).

In Sections and we check for every type of degree
> 3 which of the three cases it belongs to. For each type with exactly
one relation, we calculate the Cox ring, and we list the data which is most
important for its calculation and applications: We give a “nice” model which
is defined over Q, its singularities, its lines (which are defined over Q),
generators of the Picard group, the effective cone, generators of the Cox
ring, the extended Dynkin diagram, and the map from the universal torsor
to the Del Pezzo surface.

5.2. Strategy of the proofs

In this section, we give an overview of the method of Hassett and Tschin-
kel [H'T04] to calculate the Cox ring of generalized Del Pezzo surfaces in
cases where the Cox ring has exactly one relation.

By Lemmal|2.7] the Cox ring has one generating section for every negative
curve. In some cases, the Cox ring is generated by these sections, but this
is not always true. In that case, we look for extra generators in nef degrees
(Lemma . When we find enough generators, we have a relation which
can be calculated explicitly once we know details about the anticanonical
embedding.

In more detail, we perform the following steps: Let S be a smooth or
singular Del Pezzo surface of degree 9 — r > 3, given by the vanishing of
some homogeneous polynomials for its anticanonical embedding into P,
Let S be its minimal desingularization. We apply this method only in the
cases where the Cox ring will turn out to have exactly r + 4 generators and
one relation. In the other cases, it would fail.

Find the extended Dynkin diagram of the negative curves. For
this, first we search for the lines on S, by looking at the equations of the
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anticanonical embedding of S (Remark [1.26). Using the classifications of
[BWT9] for degree 3 and [CT88| for degrees > 4, we know when we are
done. Then we determine the singularities, resolve them by blow-ups, and
keep track of the intersection behavior of the exceptional divisors with the
transforms of the lines. This must be done explicitly for degree 3, and
the results can be found in |[CT88] for degrees > 4. The information is
summarized in an extended Dynkin diagram of negative curves. Note that
the diagrams can also be constructed from the information given in [ANO04,
Table 3], as explained in Section

Determine a basis of the Picard group. We need a Z-basis for
Pic(S) =2 Z™!: We test for different (r + 1)-element subsets of the negative
curves whether their intersection matrix has determinant £1. Once we have

found such a subset, we call its elements FEi,..., E,.41, and the remaining
negative curves are called E,4s,...,FE;. By considering their intersection
with the basis, we determine FE, ys,..., F} in terms of this basis. Using the

adjunction formula, we calculate the anticanonical class —Kg, which is nef
since it describes the anticanonical embedding of S.

Determine the effective cone and its dual, the nef cone. In every
case, we want to show that the effective cone is generated by the negative
curves Fq,..., E;. Arguing as in [HT04), Proposition 3.5], we only need
to check that the cone generated by FEi,..., E; contains its dual, which is
generated by some divisors Ai,...,Ay. This can be done by an explicit
calculation using the basis we found in the previous step. It turns out to be
true in every case. We will show this result in general in Proposition
Therefore, Ay, ..., Ay, generate the nef cone. By Lemma a generating
set of Cox(S) must contain a non-zero section 1; € H(E;) for every i €
{1,...,t}.

Find generating sections in degrees of generators of the nef
cone. To every A;, we can associate a map from S to projective space. By
looking at these maps carefully, we can find extra generators o;; € H°(A4;) of
the Cox ring. We obtain generators ny,...,n:, aq, ..., g, where t+s = r+4,
which fulfill a certain relation. Assuming that this is a generating set with
one relation, we check that this gives exactly the right number of independent
sections in each HY(A;), where dim H"(A;) = x(A;) can be calculated using
Riemann-Roch and Kawamata-Viehweg as in [HT04), Corollary 1.10].

Determine ¢*(z;) for the anticanonical embedding. Especially by
considering projections from the singularities and lines on the one hand, and
maps to P? corresponding to the fact that S is a blow-up of P? in r points
on the other hand, and by considering the corresponding transformations of
the extended Dynkin diagrams, we find out which projections

Vi x> (x5, e xy,)

are given by A;, and what ¢} (z;) € H°(4;) is. Finally, we combine this
information in order to get ¢*(x;) € H(—K7g) for

¢:§—>S<—>]P’9_r.

Using the equations defining S, we derive a relation R from this. Note that
even though S might be defined by more than one equation, this gives only
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one relation in the cases we consider. We obtain a map

o:Kni,...,n01,...,04/(R) — Cox(S).

Prove injectivity of p. The argument is the same as in [HT04, The-
orem 3.8]. We must check that — K3 is in the inner of the effective cone.

Prove surjectivity of o. We follow the proof of [HT04, Propo-
sition 3.9]. We need to check that the generators of the effective cone
Aq,..., A, are contained in the moving cone corresponding to the r + 4
divisors Ey,..., E, Ay, ..., As (cf. [HT04, Lemma 3.11]). Furthermore, we
check that

t s
Y Ei+) Ai=deg(R)+ A
i=1 j=1

for some nef divisor A (cf. [HT04, Proposition 3.12]).

REMARK 5.2. For many Del Pezzo surfaces S, the number of negative
curves on its minimal desingularization S is at least r + 5, so Lemma
and Lemma imply that Cox(S) has at least two relations.

On the other hand, in many cases where the number of negative curves
on S is at most r + 4, the surfaces turn out to be toric or to have exactly
one relation in Cox(S).

However, S may have r 4+ 4 or fewer negative curves, but two or more
relations (see Proposition for type viii of degree 4, and Proposition
for types zi and zvi of degree 3). In these cases, more work must be done
to see that the number of relations is actually at least two.

In the next sections, we go through all types of Del Pezzo surfaces of
degrees > 3 whose Cox rings have exactly one relation, and list the following
information for one example of each type:

e Equations for the anticanonical embedding are given. We choose
“nice” equations in the sense that they are defined over Z, all the
coefficients are +1, and the singularities and lines have “nice” forms.
For applications, it can be useful to know these equations.

e The equations of the singularities and lines on the anticanonical
embedding are given, as we need their names F; later. Furthermore,
they are needed in applications.

e The ordering of the Fj; is chosen in such a way that Eq,..., Erq
are a Z-basis of Pic(S). We list the other E; and — K3 in terms of
this basis, as this is needed for further calculations.

e We list generators and the relation of Cox(S). Here, n; is always a
non-zero section of H°(E;), which is unique up to a scalar factor.
For each extra generator «;, we give the degree in terms of our
basis of Pic(S), specify which projection 1; : x +— (xj, - : xj,) it
defines, and what a; = 97 (z;,) and the corresponding divisor A; is.
We also describe the image of A; under the projection ) : S — 8.
We give the equation and the degree of the relation.

o We give the extended Dynkin diagram of the negative curves as in
Example and we also include the divisors A, ..., As (where
an edge means in this chapter that the intersection number is > 1).
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This diagram is probably the most important piece of information,
as it is independent of the actual equations of the surface, and most
other information is obtained from this diagram in some way.

e For the anticanonical embedding ¢, we list all ¢*(z;) € HO(—K§).
Here, we use the notation

AlyeensQpt1) o o0A1 Ar41
77( 7‘+)_7771 ‘..T]T’-i-l'

5.3. Degree > 6

PropoSITION 5.3. All generalized Del Pezzo surfaces of degree > T are
toric.

PROOF. These types are listed in [CT88|, Proposition 8.1]. By Table[1.4]

they are toric. O
] type H singularities \ number of lines \ type ‘
0 — 6 toric
7 Ay 4 toric
1) Ay 3 1 relation
119 2A, 2 toric
') Ay 2 1 relation
v As + Aq 1 toric

TABLE 5.2. Del Pezzo surfaces of degree 6

PROPOSITION 5.4. Let S be a generalized Del Pezzo surface of degree 6,
which has one of the types of Table[5.3.
o Types 0,1,1i1,v are toric.
o Types it and iv have Cox rings with seven generators and one re-
lation.

PRrOOF. The classification of singular Del Pezzo surfaces of degree 6 can
be found in [CT88|, Proposition 8.3]. Table lists the toric types. The
Cox rings of the remaining types are calculated in the rest of this section. [J

Type ii (A1). It has the following properties:

e It is the intersection of nine quadrics in PS:

.’Eg — X1X3 = 49 — T2X3 — QL) — L1T4 = 55X — T2X4
=T5T1 — x% = T5x3 — xi = x% + Tox3 + Ty
=xo0T1 + a:g + Tgxo = ToT2 + ToTg + TeTs.

e Its singularity (0 : 0 : 0 : 0 : 0 : 0 : 1) gives the exceptional
divisor Ey, and its lines are Ey = {xg = x1 = 29 = x4 = x5 = 0},
E3:{x0:$2:1'3:$4:.%'5:0},andE4:{1'2:$4:.%'5:
ro+ 1 = xTo + x3 :0}_

e A basis of Pic(9S) is given by E1,..., Ey, with —Kz = (3,2,2,2).
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e The Cox ring is

Cox(S) =K, ..., 04, a1, a2, as]/(neoy + n3oe + naag),

where the degree of the relation is (1,1,1,1), and deg(a1) = 41 =
(1,0,1,1) = *({(0: 0: 0 : @® : ab : b* : 0)}), deg(az) = Ay =
(1,1,0,1) = *({(0: a? : ab: 0: 0: b? : 0) | z125 — 23 = 0}), and
deg(az) = A3 = (1,1,1,0) = v*({(a® : —a® : ab: —a®: —ab: —b?:

0)}), where % is the projection S — S.
e The extended Dynkin diagram is:

Al ———— F
As E3
Ay ———— E4

Here, the divisors Ay, A2, A3 meet in (0:0:0:0:0:1:0).
e The anticanonical embedding is given by

(6" (2:)) = (P10 g, 12002 2210 o, (10.20)42

2,1,2,1 3,2,2,2
77( o , ( )

2,7 7041042043)7

and furthermore, ¢*(—z9 — z1) = 77(1’1’071)a1a3, ¢ (—x9 — x3) =

N0 apas, ¢ (—ao — x4) = n>L1D s, and ¢* (2z + 21 + 23) =
77(170’072)a§'

Type iv (A3). This surface has the following properties:
e It is the intersection of the following nine quadrics in P%:
LTy — T3T4 — XL — L1L4 = gL — L2X3 — T3Tg — T1T5
=X4Te — T2T5 = T1T6 + a:% + T3xy = T2xg + X374 + xi
::v% + x325 + X425 = x1T2 + Toxsz + x4 = 0.

e Its singularity (1:0:0:0:0:0:0) gives the exceptional divisors
E1, E, and its lines are E3 = {x9 = x3 = x4 = x5 = 26 = 0} and
E4:{l'1:$3f$4:l’5:$6:0}.

e A basis of Pic(S) is given by E1,. .., Ey, with —Kg = (4,2,3,3).

e The Cox ring is

Cox(S) =K[n,. .., 04,1, g, ag]/(n2ad + nzaz + naaz),

where the relation is of degree (2,1,2,2), and deg(ay) = A1 =
(1,0,1,1) = *({(a®>: 0: 0 : ab: —ab : b* : 0)}) gives the projection
Y1 x> (x50 x6) with ag = ¢*(x6), deg(an) = A2 = (2,1,1,2) =
P*({(0:0:a®: —a?b:b>: —ab?)}) gives the projection 1y : z —
(3 : w5 : x6) With g = Y3 (x3), and deg(az) = Ag = (2,1,2,1) =
{0 :a®:0: —a® : 0 : b : —ab?)}) gives the projection
Y3 1T (:L‘4 T X5 336) with ag = 1/J§<$4)
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e The extended Dynkin diagram is:
Ay ——— Fs

Here, Aj, A2, A3 meet in (0:0:0:0:0:1:0).
e The anticanonical embedding is given by

(171?071)

(¢* (1)) = (a3, n M1V 09,7 ajas,

/’7(2717271)a27 /’7(2’17172)a3’ 7](4727373)’ 77(3727272)a1)7

and furthermore, ¢*(—z; — z2) = nH20903 and ¢*(—x3 — 24) =
n(2727171)a%'

5.4. Degree 5

By [CT88|, Proposition 8.4], Table lists all types of Del Pezzo surfaces
of degree 5.

] type H singularities \ number of lines \ type ‘

0 — 10 > 2 relations
7 A4 7 1 relation

i 2A, 5 toric

) Ay 4 1 relation
') Ay + Ay 3 toric

v Aj 2 1 relation
o) Ay 1 1 relation

TABLE 5.3. Del Pezzo surfaces of degree 5

ProPOSITION 5.5. The generalized Del Pezzo surfaces of degree 5 of
Table[5.3 can be divided into the following groups:
o Type 0 has a Cozx ring with 10 generators and five relations.
o Types 11 and tv are toric.
e Types i,iii,v,vi have a Cox ring with 9 generators and one relation.

PRrROOF. Type 0 has 10 negative curves. By Lemma Cox(S) has
at least 10 generators. By Lemma this implies that there is more
than one relation in Cox(S). More information on this surface can be found
in [Sko93|, [Has04, Section 2.2], [Bre02]. The toric types are listed in
Table [L41

For the other types, we calculate the Cox ring in what follows, and we
see that each of them has exactly one relation. O

Type i (A1). The surface of type i has the properties:
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e It is the intersection of the following five quadrics in P°:
LoL4 — T1X2 = LoL5 — T1X3 = T2L5 — T3T4

=T1T2 + T173 + Tox3 = 1174 + 175 + x2x5 = 0.

e The singularity in p = (1 : 0: 0: 0 : 0 : 0) gives an exceptional
divisor Ej, the seven lines on S are Ey = {x] = 29 = x4 = x5 = 0},
Es ={x)y =23 =24 =25 =0}, By = {xg = x3 = x4 = x5 = 0},
Es ={xg =21 =29 = 23 =0}, Eg = {x9g = x1 = 29 = 4 = 0},
%7={$0=$1=$3=$5=0}, Es={xo=22 =23 =24+ 25 =
0}.

e E1,...,E5 are a basis of Pic(g), with Eg = (1,0,1,1,-1), E7r =
(1,1,0,1,—1), B = (1,1,1,0,—1), =Kz = (3,2,2,2, —1).

e The Cox ring is

Cox(S) = Kin1, - .., ms]/(m2m6 + 1317 + 1478),

and the relation is of degree (1,1,1,1,—1).
e The extended Dynkin diagram is:

Es Es
Ey E3 Er Es
Ey Eg

e The anticanonical embedding S — P is given by

(¢ (25)) = (000D penong, n ALV ey pALOLD e
p(LOLLY (221,100, (212,10, )

We have ¢*(—x4 — x5) = n>1120ng ¢* (—y — xp) = 1200052
¢ (—x1 — x3) = ,7(1,0,2,0,1),737 o* (—a9 — 13) = 77(1’0’0’2’1)77§~

nns, N N6, 1)

Type iii (Ag). The surface of type iii has the properties:

e It is the intersection of the following five quadrics in P°:
2
TT2 — T1T5 = ToT2 — T3T4 = Tox3 + T] + 174
2
=x0x5 + T124 + ] = 325 + T122 + Tax4 = 0.

e The singularity in p = (0: 0:1:0:0:0) gives the exceptional
divisors FEj, Fs, and the lines are F3 = {9 = x1 = x3 = x4 = 0},
Ey={xo=21 =24 =25 =0}, Bs={v0 =23 =05 =01 + 24 =
0}, and Eg = {z2 = 23 = 25 = 21 + x4 = 0}.

e A basis of Pic(§) is Ei,...,E5, with B = (1,0,1,1,—1) and
~Kg=(3,2,2,2,1).

e The Cox ring is

Cox(S) = K[n1, - .., 6, 1, @a]/(nan?ne + nza1 + naaz),
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where deg(a1) = A1 = (1,1,0,1,1) = ¥*({(a® : 0 : ab : 0 : O :
—bH)}), deg(ag) = Ag = (1,1,1,0,1) = *({(a® : ab: 0 : —b? : 0 :
0)}), and the degree of the relation is (1,1,1,1,1).

e The extended Dynkin diagram is:

Al\ Es
P Q>©

A2 E4

Here, Ay, Ag, Fg meet in (1:0:0:0:0:0).
e The anticanonical embedding ¢ : S — P? is given by

(" (7)) = (77(3’2’2’2’1)’77(2’1’2’1’0)6117776041@2,

(1,1,1,0,1) (2,1,1,2,0) (1,1,0,1,1)

n N1, 1 g, Ne2),

and furthermore, ¢*(—z; — z4) = 25126 and ¢* (—z3 — x5) =
(120032

Type v (A3z). The surface of type v has the following properties:

e It is the intersection of the following five quadrics in P°:
Toxg — x% = X0T3 — T1T4 = XT2X4 — 13
=x9T4 + :ci + zox5 = Taxs + 3wy + 2175 = 0.

e The singularity isin p = (0 : 0 : 0 : 0 : 0 : 1), giving three
exceptional divisors E, Ey, E5. The lines Fy = {xg = 21 = x9 =
x4 =0} and E5 = {xg = x; = x3 = x4 = 0} intersect in p.

o A basis of Pic(S) is B, ..., E5, with —Kg = (2,4,3,2,3).

e The Cox ring is

Cox(S) =K[n,. .., 05,01, aa, az]/(mad + nanias + nsas),

where deg(a1) = 41 = (0,1,1,1,1) = ¥*({(a® : 0: 0 : 0 : ab :
—b2)}), deg(ag) = Ay = (1,2,1,0,2) = ¢¥*({(a® :ab: b?> : 0: 0 :
0)}), deg(as) = Az = (1,2,2,2,1) = v*({(a® : a®b : ab® : —b3 :
—ab? : 0)}), and the degree of the relation is (1,2,2,2,2).

e The extended Dynkin diagram is:

Here, Ay, Ao, Az meet in (1:0:0:0:0:0).
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e The anticanonical embedding ¢ : S — P° is given by

(¢ (7)) = (n>1323) 23212 7(2210.1) 2

(171717170) (172727271)

n o102, 062,062043),

and furthermore, ¢*(—xy — x4) = n(172,1,0,2)a3.

Type vi (A4). The surface of type vi has the following properties:
e It is given by the intersection of the following five quadrics in P°:

Toxry — x% = XT3 — XT1T4 = T2X4 — T1X3
2 2
=212 + T4 + Tox5 = T5 + x324 + 125 = 0.

e The singularity isp=(0:0:0:0:0: 1), giving four exceptional
divisors E1, ..., E4 in Pic(g), and the line is F5 = {xg = 21 = 29 =
Ty = 0}

o A basis of Pic(S) is B, ..., E5, with —Kg = (2,4,6,3,5).

e The Cox ring is

Cox(S) = K1, - ., 05, a1, 2, a3)/ (170207 + 110 + 1503),
where deg(a1) = 41 = (0,1,2,1,2) = ¥*({(a® : 0: 0 : 0 : ab :
—b2)}), deg(az) = As = (1,2,3,1,3) = *({(a® : a®?b : ab®> : 0: 0 :
—b%)}), deg(as) = Az = (2,4,6,3,5) = —Kg = ¢*({(a® : —a®b* :
ab* : —b° : a®b3 : 0)}). The degree of the relation is (2,4,6,3,6).

e The extended Dynkin diagram is:

Here, Ay, Ao, Az meet in (1:0:0:0:0:0).
e The anticanonical embedding ¢ : S — P° is given by

(6% (21)) = (nZ4639) 5(23423) o) (222,112

(1,1,1,1,0)

)

(1,2,3,2,2)

n a1, 042,043)-

5.5. Degree 4

By Remark and Remark quartic Del Pezzo surfaces are certain
intersections of two conics in P4, The extended Dynkin diagrams of their
lines and exceptional divisors can be found in [CT88|, Proposition 6.1].

PROPOSITION 5.6. The 16 types of generalized Del Pezzo surfaces of
degree 4 of Table[5.]] can be divided into the following three groups:

o Types ix,x,xiv are toric.
e The Cox rings of types v,vi, vii, xi, xii, xiii, xv have 9 generators
and one relation.
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] type H singularities \ number of lines \ type
0 — 16 > 2 relations
1 Ay 12 > 2 relations
7 2A4 9 > 2 relations
149 2A4 8 > 2 relations
') Ay 8 > 2 relations
v 3A, 6 1 relation
o) As + A 6 1 relation
Vil Aj 5 1 relation
Vil Aj 4 > 2 relations
i 4A, 4 toric
x Ay +2A4 4 toric
i As+ Ay 3 1 relation
Tt Ay 3 1 relation
Tl Dy 2 1 relation
Tiv As +2A, 2 toric
v Ds 1 1 relation

TABLE 5.4. Del Pezzo surfaces of degree 4

e The Cozx rings of types 0,1, i1, 144, v, viii have at least 10 generators
and at least two independent relations.

PRrROOF. The toric types iz, z,ziv are identified using Table [1.4] For
types 0, ¢, 11, ¢it, tv, the number of negative curves is greater than r +4 = 9,
SO COX(S ) has more than 9 generators by Lemma. Therefore, there must
be more than one relation.

For type viitz, this is not as obvious because it has only 7 negative curves.
We can derive the following information from the extended Dynkin diagram
of negative curves given in [CT88| Proposition 6.1]:

e The singularity gives the exceptional divisors E1, Fa, E3, and they

intersect the four lines Fy,..., Ey in the following way:
Er Es

e A basis of Pic(g) is F1,...,Eq, with B = (-1,0,1,1,1,—1) and
~-Kz=(1,2,3,2,2,0).
e Four of the ten generators of the nef cone are B; = (1,1,1,0,1,1),
By = (1,1,1,1,0,1), B3 = (0,1,2,1,2,—1), By = (0,1,2,2,1, -1
and dim(HY(B;)) = x(B;) =2 fori € {1,...,4}.
The subring generated by non-zero sections n; € H°(E;) for j € {1,...,7}
does not contain two linearly independent sections in any of these degrees
B;.
Consider a minimal set of generators of Cox(S). By Lemma and
since F1, ..., E7 generate Ag(S), it has the form ny,...,n7,a1,...,as with
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all A; := deg(cy) nef. For all ¢ € {1,...,4}, it contains two linearly inde-
pendent sections of degree Bj, so it contain a section (; which is a scalar
multiple of n{* - - - n77af" - - - a? where e, a; > 0 and not all q; are zero. Con-
sidering their degrees, this means that >, ; qj4; = B; — 2]7:1 e;Ej, and
this degree is nef. However, we calculate directly that the intersection of the
nef cone with the negative of the effective cone translated by B; contains
only (0,0,0,0,0,0) and B;. Consequently, B; = A,, for some n € {1,...,s},
and all e, a; are zero except a, = 1. As this is true for all ¢ € {1,...,4},
the Cox ring must have at least 11 generators.

For the other types, the total number of negative curves is at most
r+3 =9 by the extended Dynkin diagrams of [CT88]|, and they are not
toric. In the following, we calculate their Cox rings, which will show that
they have exactly 9 generators and one relation. U

Type v (3A1). Type v, which has been considered in [Bro05], has the
following properties:

e It is given by the the following quadrics in P%:
Tox1 — m% = 2129 + :1:% + x3x4 = 0.

e Its three singularities p; = (1 : 0: 0: 0:0), pa = (0:0:0 :
1:0),p3=(0:0:0:0:1) give exceptional divisors E1, Ea, F3,
respectively. The six lines are Ey = {xg = x9 = 23 = 0}, E5 =
{ro =m2 =24 =0}, Bg = {71 =12 =23 =0}, By = {71 =12 =
T4 = 0}, Eg = {:L‘o—i—l'Q =21+ 22 = 23 = 0}, FEy = {wo—f—xg =
T1+ 22 =24 =~0}

e A basis of Pic(S) is Ey, ..., Fg, with

E7 = (_170707 17 17_1)7E8 = (_17 17 _17 1721 _2)aE9 = (17 _17 1707 _1a2)7

and —Kgz = (0,1,1,2,2,0).
e The Cox ring is

Cox(S) = Kn1, ..., m9l/(nans + mnenz + nsnoe),

where the relation is of degree (0,0,0,1,1,0).
e The extended Dynkin diagram is:

Ey

Es
e The anticanonical embedding is given by
(6" () = (77(0,1,1,2,2,0)’77(2,1,1,0,0,2)773’77(1,1,1,1,1,1)777

)

(1,0,2,1,0,2) (1,2,0,0,1,0)

2
777779),
(0,1,1,1,1,0)

n 78,1

and furthermore, ¢*(—z¢ — z2) = 7 ngng, ¢*(—x1 — x2) =
L0y (w0 + 22) + (21 + 22)) = 7011000ggd
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Type vi (As + Aj). Type vi has the following properties:
e It is given by the the following quadrics in P*:

Tox1 — TaT3 = 1T + Xox4 + T34 = 0.

e Its singularity p;y = (1:0:0:0: 0) gives the exceptional divisors
Ei,Ey,and po = (0:0:0:0:1) gives F3. The six lines are Fy =
{CL‘OZZ‘Q:$3:0},E5:{$0:$2:$4:0},E6:{l‘1:.%‘3:
$4:0}, E7:{331 :$2:$4:0}, EgZ{x0:$3:$1+$4:0},
E9 = {xl = T9 :N:Eg == 0}

e A basis of Pic(S) is Ei,..., Es, with By = (=1,-2,1,2,1,-2),
By = (-1,-2,1,2,2,-3), By = (-1,-1,0,1,1,-1), and —Kg =
(—=1,-2,2,4,3,-3).

e The Cox ring is

Cox(S) = Kn, ..., mel/(nsm7 + mnsng + nems),

where the relation is of degree (—1,—2,1,2,2,—2).
e The extended Dynkin diagram is:

EB)— 5

Er Es

e The anticanonical embedding is given by
(¢* () = (n(001.21.0) ,7(272,1,0,0,1)777,75’ p(LLLLLO) o

77(1,1,1,1,0,1)7787797 77(1,2,0,0,1,1)773)7
and furthermore, ¢*(—x1 — x4) = 77(1’270’070’2)777778 and ¢*(—w2 —
z3) = 77(2,172,1,0,0)773

Type vii (As). Type vii has the following properties:
e It is given by the the following quadrics in P*:

Tox1 — To2T3 = ToT4 + xor3 + T123 = 0.

e Its singularity (0 : 0 : 0 : 0 : 1) gives the exceptional divisors
Eq, Ey, E3, and the five lines are Ey = {1 = z9 = z3 = 0},
E5:{$0:£C1::E2:O}, E6:{$0:$2:£C3:0},E7:{5E1:
x3 = x4 = 0}, Egz{x0:x3:x420}.

e A basis of Pic(S) is given by Ey, ..., Fg, with E7 = (0,1,1,—1,1,1),
Eg=(1,1,0,1,1,-1), and —Kg = (2,3,2,1,2,1).

e The Cox ring is

Cox(S) = Kln, ..., 18, a] /(ns +mi e + n30gns),
where the relation is of degree (1,1,1,1,1,1), and deg(a) = A =
(1,1,1,1,0,1) = »*({(ab : —ab : b : a® : 0)}) gives the projection
Y1 i x— (x3 0 xq) wWith a = ] (z4).
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e The extended Dynkin diagram is:
Br — B —(By
-
Eg Eg
Here, A, E7, Eg meet in (0:0:1:0:0).
e The anticanonical embedding is given by

(W(%)) — (77(2,2,1,2,1,0)7777 n(1,2,2,0,1,2)7787 77(2,3,2,1,2,1)777(1,1,1,1,0,1)7777787 777778a)7

and furthermore, ¢*(—zg — z;) = n(1L21.02.0)q

Type xi (A3 + Aj). Type zi has the following properties:

e It is given by the the following quadrics in P%:
ToT3 — Takg = ToT1 + x1x3 + x% = 0.

e The singularity p; = (0:1:0:0:0) gives an exceptional divisor
Ei, and po = (0:0:0:0:1) gives Fy, E3, E4. The three lines
are B5 = {zg = z2 = z3 = 0}, Eg = {9 = 1 = z2 = 0},
E7:{£L'1:.Z‘2fl‘3:0}.

e A basis of Pic(S) is Ey,..., Eg, with Er = (1,-1,0,1,2,—1) and
~Kz=(2,1,2,3,4,0).

e The Cox ring is

Cox(S) = K, - -, 07, a1, 2/ (w2 + nra + mnanifng),

where the relation is of degree (1,0,1,2,3,0), deg(ay) = A1 =
(0,1,1,1,1,1) = o*({(a® : —b% : ab : 0 : 0)}) gives the projec-
tion Y1 @ x +— (z2 : x3) with ay = ¥](x3), and deg(ag) = Ag =
(1,0,1,2,3,—1) = *({(0 : a® : ab: —b? : 0)}) gives the projection
1/)2 Y P (CUO . xg) with a9 = ¢§(x0)

e The extended Dynkin diagram is:

A1 E?
P ©>@
Ay Es

Here, A1, As, Fy meet in one point.
e The anticanonical embedding is given by

(¢*(x7)) = (L LEED gy p(0321,0.2)2 1y (1,22.2.2.0),)

(1,1,1,1,1,0) (1,0,0,0,0,0)

051()[2),

2717273’470)

n nrag,n

and furthermore, ¢*(—z¢ — 23) = 1
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Type xii (A4). Type zii has the following properties:
e It is given by the the following quadrics in P*:
ToxL1 — T2X3 = T4 + T1T2 + :L'% =0.
e The singularity p = (0: 0:0:0: 1) gives the exceptional divisors
Eq,...,Ey, and the three lines are F5 = {z¢9 = z2 = x3 = 0},
E6 = {xo = :c1~: xr3 = O}, and E7 = {xl = X3 = T4 = O}
e A basis of Pic(S) is given by Ey, ..., Fg, with E7 = (1,2,1,0,2, —1),
and —Kz = (2,4,3,2,3,1).
e The Cox ring is

Cox(8) = Kn, . ..,n7, a1, 2]/ (ns01 + muas + nsmangng),
where the degree of the relation is (1,2,2,2,2,2), and deg(a;) =
A = (1,2,2,2,1,2) = *({(=b% : a® : —ab® : a®b : 0)}) gives the
projection 1 from E7, with oy = 9] (z4), and deg(az) = Ay =
(0,1,1,1,1,1) = ¢*({(a® : 0 : 0 : —ab : b?)}) gives the projection
’(/JQ Y g (371 . .263) with a9 = Iﬂ;(.fvl)

e The extended Dynkin diagram is:

Ay Es
Ag/

Here, A1, A2, E7 meet in (1:0:0:0:0).
e The anticanonical embedding is given by

(¢* (xz)) — (77(2,4,3,2,3,1)7 n(l,l,l,l,(),l),rI?aZ’ 77(2,3,2,1,2,0)a27 7’(1,2,2,2,1,2)7777 ,,770[1)'

Type xiii (D4). Type ziii, which is considered in more detail in Chapter
(see [BBO5] for a form whose lines are not defined over Q), has the following
properties:

e It is given by the the following quadrics in P%:

2
ToT3 — T1T4 = Tox1 + 123 + 25 = 0.

e The singularity p = (0:0:0:0: 1) gives four exceptional divisor
Eq,...,Ey, and its lines are E5 = {xo = 21 = 29 = 0} and Eg =
{xl = X9 = :L’3~: 0}

e A basis of Pic(S) is given by Ex, ..., Eg, and — Kz = (4,2,3,3,2,2).

e The Cox ring is

Cox(S) = K[n1,...,n6, a1, a2, as]/(n3nzas + nangas + mat),
where the degree of the relation is (2,1,2,2,2,2), deg(a1) = A1 =
(1,0,1,1,1,1) = o»*({(ab : b* : 0 : —ab : —a®)}) gives the pro-
jection ¥y : x — (x1 : m2) with a1 = ¥f(x2), deg(ag) = Ag =
(2,1,1,2,0,2) = »*({(0 : a®> : ab : —b% : 0)}) gives the projec-
tion 9 : x — (o : 1) with as = ¥3(x0), and deg(az) = Az =
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(2,1,2,1,2,0) = ¢*({(a® : —=b% : ab : 0 : 0)}) gives the projection
1/)3 I (.7}1 : xg) with a3 = ng(xg)
e The extended Dynkin diagram is:

Aa

Here, Aj, Ag, A3 intersect in (0:1:0:0:0).
e The anticanonical embedding is given by

(¢*($Z)) — (77(2,1,2,1,2,0)0[27 ,’7(4,2,3,3,2,2)’ n(3,2,2,2,1,1) (2,1,1,2,0,2)

ay1,n 0437042043)-

Furthermore, ¢*(—z¢ — x3) = 17(2’2’1’1’0’0)0(%

Type xv (D5). Type zv, which has already been considered in [BB04],
has the following properties:

e It is given by the the following quadrics in P*:
ToT1 — x% = x% + xprs + 2122 =0

e The singularity p = (0: 0:0:0 : 1) gives five exceptional divisor
Eq,...,Es5, and its line is Eg = {xg = 29 = x3 = 0}.

o A basis of Pic(S) is given by E, ..., Eg, and —Kz = (6,5,3,4,2,4).

e The Cox ring is

Cox(8) = K[n, ..., 76, a1, a2, as] /(1302 + mangas + nantas),

where the degree of the relation is (6,6,3,4,2,6), and deg(ay) =
A = (3,3,1,2,1,3) = ¢*({(a® : ab® : a®b : 0 : —a®)}) gives
the projection 1; from Eg with ay = ¢](x3), deg(ar) = A2 =
(2,2,1,1,0,2) = ¥*({(a® : 0 : 0 : ab : —b?)}) gives the projec-
tion g @ x (:Uo : xg) with s = ¥3(z2), and deg(as) = Az =
—Kgz = ¢*({(—a* : —b* : a®b* : ab® : 0)}) gives the anticanonical
embeddlng 0] Wlth ag = ¢*(xy4).
e The extended Dynkm dlagram is:

By

€)

where Aj, Ay, A3 intersect in (1:0:0:0:0).
e For the anticanonical embedding,

(6" (25)) = (77(6,5,3,4,2,4)7 (21,1,22,0) 2 (4, 3,2,3,2,2)012, 77(3’2’2’2’1’1)

2,7 061,063)-
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5.6. Degree 3

The classification of cubic Del Pezzo surfaces is classical and goes back
to Schlifli [Sch63]. Together with their number of lines, the list in Table
can be found in [BWT9].

] type H singularities \ number of lines \ type ‘
0 — 27 > 2 relations
1 Ay 21 > 2 relations
it 2A4 16 > 2 relations
111 A, 15 > 2 relations
v 3A4 12 > 2 relations
v As + Ay 11 > 2 relations
vl Ajg 10 > 2 relations
Vit 4A4 9 > 2 relations
Vil Ay +2A4 8 > 2 relations
1T As+ Ay 7 > 2 relations
x 2A, 7 > 2 relations
Tl Ay 6 > 2 relations
Tt Dy 6 1 relation
211 Az +2A, 5 1 relation
Tiv 2A5 + A4 5 1 relation
TV As+ Ay 4 1 relation
TVl A 3 > 2 relations
TVl Ds 3 1 relation
TV 3A, 3 toric
X As + Ay 2 1 relation
Tx Eg 1 1 relation

TABLE 5.5. Del Pezzo surfaces of degree 3

PROPOSITION 5.7. The cubic Del Pezzo surfaces of Table belong to
the following groups:
o Type xviit 1s toric.
e The Cozx rings of types xit, xiii, riv, TV, TV, TiT, xx have 10 gen-
erators and one relation.
e The Cozx rings of types 0,1, 11, 111, iv, v, Vi, Vi1, Vi1, 1T, T, T1, TVT have
at least 11 generators and at least two independent relations.

Proor. By Table type zviii is the only toric cubic Del Pezzo sur-
face. It has been studied extensively, for example in [Bre98|, [Fou9§],
[HBM99].

Using Lemma and Lemma [2.13] and since the number of negative
curves is at least 11, types 0 to x must have more than one relation. For
types xi, xvi, this is not as obvious because the number of negative curves
is 10 and 8, respectively.

For type xi, the negative curves give 10 necessary generators of the Cox
ring. The extended Dynkin diagram of the exceptional divisors Ei, ..., Fy4
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and the six lines Fs, ..., Fg is:
oo

Ey Er Eg

S 7

Eg E1o

A basis of Pic(S) is given by Fj, ..., E7, and in terms of this basis,
ESZ (171707_171717_1)7 E9:(1a2a1a072707_1)7
EIO = (07 17 17 17 17 _17 1)7 _K§ = (273727 1727 170)

The divisors FEf1,..., E1g generate the effective cone. We check that A =
(1,1,1,1,0,1,1) is nef. Therefore, we calculate dim H°(A) = y(A) = 2
by Riemann-Roch. However, the subring generated by non-zero sections of
H(E;) does not give two linearly independent sections in H°(A). Hence,

Cox(S) must have more than 10 generators.
For type xvi, we have the following information:

e The singularity gives the exceptional divisors Ej, ..., E5, and there
are three lines Fg, E7, Eg.
e The extended Dynkin diagram of negative curves is:

E7 ES

e A basis of Pic(S) is E, ..., E7, with Eg = (1,2,1,0,—1,—1,2) and
~Kz=(2,4,3,2,1,0,3).

e Three of the 13 generators of the nef cone are By = (0,1,1,1,1,1),
By =(1,3,2,1,0,-1,3), By = (1,2,2,2,2,2,1), with

dim(H°(By)) = dim(H°(By)) =2,  dim(H°(B3)) = 3.

As for type viii of degree 4, we check that a minimal system of generators
of Cox(S) can be assumed to contain 71, . .., 75 with non-zero n; € H(E;),
and 1, B2 of degree Bj, By, respectively. However, it is not hard to check
that the subring of Cox(g ) generated by 11, ..., ns, 51, (2 contains only two
linearly independent sections in degree Bs. Therefore, Cox(S) must have
more than 10 generators.

For each type whose Cox ring has exactly 10 generators, the calculations

follow below. (]

REMARK 5.8. By [BW79], some types of cubic surfaces do not have a
single normal form, but a family with one or more parameters. More pre-
cisely, this happens exactly for the types 0, 4, 94, 744, v, v, vi, z. Furthermore,
by [BWT9, Lemma 4], the Dy cubic surface (type xii) is the only surface
which has more than one normal form, but not a family. The two different
surfaces with a Dy singularity are also discussed in [HT04) Remark 4.1].
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Type xii (D4). As mentioned above, type zii has two different forms:

e The first is given by

zo(z1 + T2 + 23)? — 212973 = 0,
the second by
xo(z1 + 22 + a:3)2 + x1229(21 + 22) = 0.

e The singularity is p = (1:0: 0 : 0), giving four exceptional divisors
Eq,...,E4. In the first form, the six lines are F5 = {x1 = x9 +
xr3 = 0}, Eg = {CL‘Q =1x1 +x3 = 0}, E; = {xg =T + 22 = 0},
Eg = {x¢ = 21 = 0}, By = {rg = 72 = 0}, Eyo = {z0 = 23 = 0}.
In the second form, Ej is replaced by {xo = x1 + x2 = 0}.

e A basis of Pic(5) is given by Ey,..., Er7, with

Fs=(1,0,1,1,—-1,1,1),  Eg=(1,1,0,1,1,—1,1),

El(): (171717071717_]—)7 _K§:(3,2,2,2,1,1,1).

e The Cox ring is

Cox(S) = K[nt1, ..., mol/(m2nns + nsngne + nanznmo — A - mmansnansnenr),

where the constant A is 1 for the first form and 0 for the second
form, and the degree of the relation is (1,1,1,1,1,1,1).
e The extended Dynkin diagram is:

E2 E5 ES

The lines Ejg, Ey, E19p meet in one point only in case of the second
form.

e For the first form, the anticanonical embedding ¢ : S — P2 is given
by

(¢"(z:)) = (nsm9mo, 78,1 710)5

and furthermore, ¢* (21 + 22+ 23) =7 . The second form
differs from this as follows: ¢*(—z1 — x3) = 112002y and
¢*(z3) = 222101 4 p(211.2002),

7](2,271,172,0,0) (2,1,2,1,0,2,0) (2,1,1,2,0,0,2)

M9, 7
(3,2,2,2,1,1,1)

Type xiii (Asz +2A;). Type xiii has the following properties:
e It is given by the following cubic in P3:

x3(21 + x2) + zoT1T2 = 0.

e The singularities in p; = (0:1:0:0) and pp = (0:0:1:0)
give exceptional divisors E7, E1g, respectively, and the singularity
inp3=(1:0:0:0) gives Eo, E3, E4. The five lines are given by
E5={.%'()::U;;:O},E6:{a?1=$3=0},E7={$2:x3=0},
Eg = {1'1 = I9 :0}7 FEy = {HJQ =1+ X9 :()}.
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e A basis of the Pic(S) is B, ..., Er, and Eg = (1,0,—1,—1,1, -1, 1),
Ey = (0,1,1,1,-1,1,1), Eyg = (1,1,0,-1,0,-2,2), and —Kz =
(2,2,1,0,1,-1,3).

e The Cox ring is

Cox(S) = K[m, ..., mol/(nangmo + mn2n? + nsno),

where the relation is of degree (1,1,0,0,0,0,2).
e The extended Dynkin diagram is:

EB)—

E3 Eg Ey Es

N

e For the anticanonical embedding,

* _ 1,0,0,0,2,0,0 0,1,2,2,0,2,0
(¢*(z:)) = (1 Ynomo, 1’ Inso,
p(122,1002), 0 (LLLLLLY)

n0),
(0,1,2,1,0,0,0)

78,1

and furthermore, ¢*(—xz1 — 22) =7 7752;779-

Type xiv (2A2 + A;). Type ziv has the following properties:

e [ts equation is
x%(zl + x3) + xox122 = 0.

e The singularity (0 : 1: 0 : 0) gives an exceptional divisor F;, and
(1:0:0:0) gives Ey, B3, and (0:0:1:0) gives Ey, E5. The lines
areE6 = {330 = I3 :O}, E7: {$1 = I3 :0},E8 :{:L“Q =3 :0},
Ey = {xo = £U1~+ Tr3 = O}, FEip= {:UQ =21 t+x3 = 0}

e A basis of Pic(S) is F1, ..., F7,and Eg = (—1,0,1,0,1,—1,2), g =
(-1,1,2,-1,1,-2,3), Eyo = (1,-1,-1,1,0,2,~1), and —Kg =
(0,1,2,1,2,0,3).

e The Cox ring is

Cox(S) = K[m, ..., mol/(nsnsn7 + mnens + memo),

where the relation is of degree (0,0,1,0,1,0,2).
e The extended Dynkin diagram is:

JoN @ o)

e

Evo Ey
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e For the anticanonical embedding,

(6" (z:)) = (77(1’0’0’2’1’2’0)779: 77(0’1’2’1’2’0’3)7U(1’2’1’0’0’0’0)77§77107 77(1’1’1’1’1’1’1)778),
and furthermore, ¢*(—z; — z3) = p(OLLLLOD pop o

Type xv (A4 + Ay). Type zv has the following properties:
e [ts equation is
:Ugac% + x%xg + xox122 = 0.

e The singularity (0 : 0 : 1 : 0) gives an exceptional divisor Fg, and
(1:0:0:0) gives E1,...,Ey. The lines are E5 = {z¢g = 23 = 0},
E¢ = {x; :x3~:0}, E; = {x; = 29 = 0}, Eg = {zg2 = 23 = 0}.

e A basis of Pic(9) is Fy,..., E7, and Eg = (0,1,1,1,-1,1,1), Eg =
(1,2,1,0,—1,-1,2), and —Kz = (2,4,3,2,~1,1,3).

e The Cox ring is

Cox(S) =K, - ., n9, ]/ (13 + naningn + nrev),
where the relation is of degree (1,2,2,2,—1,2,2), and deg(a) =
A= (1,2,2,2,—-1,2,1) = *({(0 : ab : a® : —b?)}) describes the
projection v from Ejs, with oo = 9] (o).
e The extended Dynkin diagram is:

Es Ex @ E;
/ /7

A Er

Here, A, E5, E9 meet in one point.
e The anticanonical embedding is given by
(1,2,2,2,0,2,1) (2,3,2,1,0,0,2)

(1,1,1,1,1,1,0)

(" (7)) = (MM, 79,7 18,1 n879)-

Type xvii (D5). Type xvii has the following properties:

e Its equation is
2 2 2
r3xh + ToTH + T2 = 0.

e The singularity (0:0:0: 1) gives exceptional divisors E1,..., Es.
The lines are Fg = {zg = x1 = 0}, E7 = {xg = z2 = 0}, and
Eg = {1'2 = I3 f 0}.

e A basis of Pic(S) is E,..., F7, with Eg = (2,2,1,1,0,2,—1) and
~Kz = (4,3,2,3,2,2,1).

e The Cox ring is

Cox(S) = K, - -, 08, a1, 2]/ (nangaa + manznins + mzai),

where the relation has degree (2,2, 1,2,2,2,2), and deg(a;) = A1 =
(1,1,0,1,1,1,1) = ¢*({(a® : 0 : ab : —b?)}) describes a projection
Y from Eg with a; = ¢ (x1), deg(az) = A2 = (2,1,1,2,2,0,2) =
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Vv*({(a® : ab: —b? : 0)}) describes the projection vy from Fg with
ag = 13 (x3).
e The extended Dynkin diagram is:

As Eg

/

Here, Aq, Ao, Eg meet in (1:0:0:0).
e The anticanonical embedding is given by

(¢*(z;)) = (nd323221) pB3.222110),, ,(2112202)

Aq

78, 1M80x2).

Type xix (A5 + A1). Type ziz has the following properties:

e Its equation is
3 2 —0
] + rox3 + xor1202 = 0.

e The singularity (0 : 0: 1 :0) gives an exceptional divisor Fg, and
(1:0:0:0) gives E,...,Es. The lines are Eg = {x1 = 22 = 0}
and By = {z; = 23 = 0}.

e A basis of Pic(S) is E1,..., Er, with Bg = (—1,0,1,2,1,2, —2) and
~Kz = (1,2,3,4,2,3,0).

e The Cox ring is
Cox(S) = Klnt, ..., s, a1, co] / (nim3msm71s + 1507 + ngaz),
where the relation is of degree (2,2,2,2,1,2,2), and deg(a;) =
Ay = (1,1,1,1,0,1,1) = ¥*({(a® : ab : —b* : 0)}) (which describes
the projection 1 from Er, with a; = ¢ (x3)), and deg(ag) = Ay =
(2,2,2,2,1,1,2) = 9*({(0 : ab® : —a® : b®)}) (which describes the
projection 9 from (0:0:1:0), with as = ¥3(x0)).

e The Dynkin diagram is:

A1 E5

/ e

Ay Eg

e The anticanonical embedding is given by

(QZS*(I’Z)) — (778052, 77(2,2,2,2,1,1,2)778’ ,'7(1,2,3,4,2,3,0)’ 77(1717171’170’1)778051)-

Type xx (Eg). Type zx has been considered in [HT04) Section 3]. Its
properties are:
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e The equation is
wlx% + @x% + x% =0.

e The singularity (0:1:0: 0) gives exceptional divisors Ej, ..., Eg,
and there is a unique line Fy; = {x9s = x3 = 0}.

e A basis of Pic(S) is Ei, ..., F7, with —Kz = (2,3,4,4,5,6,3).
e The Cox ring is

COX(S) = K[nla <o N7y a, (2, a3]/(ﬁiﬁ5ﬁ$a3 + 77204% + 77%’730‘:1))%
where the relation is of degree (2,3,4,6,6,6,6), and deg(a;)
Ap = (0,1,1,2,2,2,2) = ¥*({(ab : a® : —b> : 0)}) describes
projection ; from E; with a1 = ¥j(x3), and deg(aa) = As
(1,1,2,3,3,3,3) = ¢*({(0 : —a® : b® : ab?)}) describes the projec-
tion 19 from the singularity with as = 15 (z), and deg(ag) = Az =
(2,3,4,4,5,6,3) = —Kg = P*({(a®: 0 : —b3 : a®b)}) describes the
anticanonical embedding ¢ with ag = ¢*(x1).

e The extended Dynkin diagram is:

As B @ s

Neee
Ag/ Eo

Here, Aj, A2, A3 meet in (0:0:1:0).
e The anticanonical embedding ¢ is given by

(Cf)*(l'l)) _ (77(1,2,2,1,2,370)042’ as, 77(2,3,4,4,5,673)7 7](272,3,2,3,4,1)0(1)‘

e |l







CHAPTER 6

Cox rings of generalized Del Pezzo surfaces

6.1. Introduction

Let §T be the blow-up of P? in » < 8 points in almost general position
over an algebraically closed field K, i.e., a generalized Del Pezzo surface of
degree 9 — r (Section . We restrict ourselves to the case r < 7.

If S, is a smooth Del Pezzo surface, the Cox ring is known explicitly
(see Chapter [3]). For generalized Del Pezzo surfaces, the Cox ring can be
determined for toric S, by results of Cox (see Lemma, and in cases with
exactly one relation in the Cox ring by a method of Hassett and Tschinkel
(see Chapter [9)).

The purpose of this chapter is to show how generators and relations (up
to radical) of Cox(gr) can be determined explicitly for any generalized Del
Pezzo surface, in particular including Cox rings with more than one relation.

Compared to the case of non-toric smooth Del Pezzo surfaces, this prob-
lem has several complications:

e While there is only one type of smooth Del Pezzo surfaces in each
degree, there are, for example, 20 more types of generalized cubic
Del Pezzo surface.

e In the smooth case, every generator of the Cox ring corresponds to a
negative curve. For generalized Del Pezzo surfaces, extra generators
can occur (see Chapter [5| for examples).

e The Weyl group symmetry of the configuration of (—1)-curves on
smooth Del Pezzo surfaces (Section can be used when deter-
mining the Cox ring. The configuration of negative curves (includ-
ing (—2)-curves) on generalized Del Pezzo surfaces is usually less
symmetric.

However, we will refine arguments of [BP04] in Section to describe

generators of Cox(S,). Every generator corresponds to a negative curve on
S, or has degree —K§T,
where S,_1 is obtained by the contraction of a (—1)-curve on S,.

or is the pull-back of a generator of Cox(S,_1),

Having determined N, generators of Cox(S,), we may think of Cox(S;)

in terms of the affine variety A(S;) = Spec(Cox(S;)) embedded in ANr,
Determining the ideal of relations in Cox(.S,) up to radical is equivalent to

finding equations defining A(gr). N
The ideas of [HT04] help to find certain relations in Cox(S,) even when
there is more than one relation. However, the proof of [HT04] that the

single relation defines Cox(.S,) does not generalize to a situation where more
relations occur.

81
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Instead, we proceed as follows. Let E be a (—1)-curve on S,.. Let Ug be
the open subset of AV where the coordinate corresponding to E does not
vanish. By Lemma [[.35 contracting E results in a generalized Del Pezzo
surface S,_1. We will see that

A(S) NUp = A(S,_1) x (A" \ {0}).

This will allow us to determine A(S,) N Ug recursively, and since A(S;)
is irreducible, we obtain the ideal of relations up to radical by taking the
closure. See Section [6.3] for more details.

In a series of examples of quartic and cubic Del Pezzo surfaces, we will
see that the methods to determine the generators and relations in Cox(S,),
as described in Sections[6.2|and can be made explicit in practice. As our
approach relates Cox(.S,) to the case r — 1, we apply the results for degree

5 (where the Cox ring of every singular surface has at most one relation) of
Section and degree 4 of Section whenever the surface S,_; obtained

from S, by contracting a (—1)-curve has a Cox ring with exactly one relation.
In the examples, we use notation from previous chapters, in particular
Chapter

6.2. Generators

In this section, we show how to determine generators of Cox(S,), where

S, is the minimal desingularization of a singular Del Pezzo surface S, of
degree 9 —r > 2.

LEMMA 6.1. For2 <r <7, let S, be a generalized Del Pezzo surface of

degree 9 — r. Let D € Pic(S,) such that (D,E) > 0 for all negative curves
E on S,. Then the linear system |D| has no base points.

PROOF. We use induction on r, starting with the case r = 2. The
surface Sy of degree 7 can be a smooth Del Pezzo surface or a generalized
Del Pezzo surface of type A; which is obtained from P? by blowing up one
point and another point on the exceptional divisor of the first blow-up. The
smooth case is covered by [BP04), Proposition 2.3]. In the second case,
we have (in terms of the standard basis as in Lemma the (—2)-curve
FEi1 = |1 — Iy and the (—1)—curves FEy =1y and E3 = lp — 11 — ls. The
negative curves Ey, Fs, FE3 are also a basis of Pic(gg). The dual basis
with respect to the intersection form consists of Iy — I; (defining a conic
bundle fibration Sy — PY), 2lg — I3 — Iz (defining a morphism Sy — P3),
and [y (defining §2 — P?), so the corresponding linear systems have no base
points. A general D is a non-negative integral linear combination of these
three elements, and, therefore, |D| also has no base points.

For r > 3, if there is a (—1)-curve E C S, with (D, E) = 0, then
we consider the map ng : §r — §r_1 which contracts E, where 57,_1 is a
generalized Del Pezzo surface of degree 9—(r—1). We have O(D) = 75,0(D’)

for some invertible sheaf O(D’) on S,_1. As the negative curves of S,_1 are

images of negative curves of S, under 7g, the divisor D’ is nef. By induction
on 7, the linear system |D’| has no base points. Consequently, |D| = |75,D’|
has no base points.
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If there is no (—1)-curve E C S, with (D, E) = 0, then let m > 0 be the
minimal number (D, E) for all (—1)-curves E. Since (E,—Kg ) =1 for all
(—1)-curves and (B, —Kg ) = 0 for all (—2)-curves, D' := D —m - (-Kg )
is nef, and (D', E) = 0 for some (—1)-curve E. As discussed before, |D’|
has no base points. Since r < 7, the system | — K §T| is also base point free.

—_—

Therefore, |D| has no base points. O

For r = 2, the Del Pezzo surfaces Sy of degree 7 are toric. Hence,
generators of Cox(S2) are known (Lemma [2.12). For larger r, they can be
determined recursively as follows. Suppose that we can find a finite set

of generators of Cox(S,_1) for any generalized Del Pezzo surface of degree
9—(r—1). N N B
For every (—1)-curve E on S, let 7g : S, — S,_1 be the contraction of F

resulting in a generalized Del Pezzo surface S,_1, and choose a homogeneous

system of generators of Cox(S,_1).

An element of Cox(.S;) is called a distinguished section if it is one of the
following:

e A section ¢(FE) corresponding to a negative curve E on §T (cf.

Lemma .
e A global section of —K 3 -

e A section 7},(a), where g : S, — S,_1 is as above, and the section
« is an element of the chosen homogeneous system of generators of

Cox(S,—1) which does not vanish in 7 (F) and does not correspond
to a negative curve on S,_1.

THEOREM 6.2. For 3 < r < 7, the Coz ring Cox(S,) is generated by
a finite set of distinguished sections which can be determined explicitly, in-
cluding at most two global sections of _K@»'

PROOF. Let k(D) be the number of fixed components of D which are
(=2)-curves of S,. If k(D) > 0 and the (—2)-curve E is a fixed component
of D, then k(D — E) = k(D) — 1. If k(D) = 0, then (D, E) > 0 for any
(—2)-curve E since E is the only prime divisor which intersects F negatively.

For each effective divisor D on S,, we want to show that H(S,, O(D))
is generated by the distinguished sections. We use induction over deg(D) :=
(D,—Kg ). Note that D is not effective if deg(D) < 0. In each degree, we
use a second induction over k(D).

(1) If there exists a negative curve E with (D, E) < 0, then F is a fixed
component of D. The sequence

H(S,,0(D - E)) — H’(S,,0(D)) — H(E,0(D)|r)
is exact, where the first map is multiplication with {(FE). Since
HY(E,O(D)|g) = 0, the claim follows from the induction assump-
tion for D — E, where k(D — E) < k(D) if E is a (—2)-curve, and
deg(D — E) < deg(D) if E is a (—1)-curve.
(2) If there exists a (—1)-curve E with (D, E) = 0, consider the map
75 : Sy — S,_1 contracting E. Then O(D) = n5O(D’), and

mh: HO(S,_1,0(D")) — H°(S,, O(D))
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is an isomorphism. We must show that, for any element « of the
chosen set of generators of Cox(S,_1), the section 7y (a) is a com-
bination of the distinguished sections of §r.

Indeed, let A be the divisor corresponding to «, let j be the
multiplicity of 75(E) on A, and let A be the strict transform of A,
with corresponding section @. Then 7},(A4) = A+ jE, and

mp(a)=c-£(E)-a for some ¢ € K*.

-~

If j > 0, then deg(A) = deg(A) —j < deg(A), so @ is a combination
of the distinguished sections by induction over the degree. If j =0
and A is a negative curve on S,_1, then 7},(A) is a negative curve
on Sy, o 7y () is a distinguished section. Otherwise, 77, () is a
distinguished section by definition.

If D = —Kg (or equivalently, (D, E) =1 for all (—1)-curves E and
(D,E") = 0 for all (—2)-curves E’), then O(D)|g is isomorphic to
Op(1) for any (—1)-curve E. We have the exact sequence

0— H°(S,,0(D — E)) — H°(S,,0(D)) — H(E,O(D)|g).

Since deg(D — E) < deg(D), H°(S,,O(D — E)) is generated by
distinguished sections by induction over the degree. Furthermore,
dim H°(E,O(D)|g) = 2. Therefore, we must include at most two
sections of H°(S,,O(D)) in the set of distinguished sections.

If (D,E) > 1 for all (—1)-curves E and (D, E’) > 0 for all (—2)-
curves £, but D # —Kg , let m be the minimum of (D, E) for
all (—1)-curves E. Let Ey be a (—1)-curve with (D, Ey) = m. Let

D":=D —m- (—Kg ). Consider the sequence

0 — HO(S,,0(D — Ey)) — H(S,,0(D)) — H(E, O(D)|g,),

where the first map is multiplication by the distinguished section
£(Ep). By induction over the degree, H%(S,, O(D — Ej)) is gener-
ated by distinguished sections. Therefore, it is enough show that
H°(S,,0(D)) contains elements generated by distinguished sec-
tions that map to generators of H°(Ep, O(D)|g,). Since (D", Ey) =
0, the space H(S,,O(D")) is generated by distinguished sections
by case and contains a section s which can be chosen such that
its support does not contain Ey by Lemma [6.I] Multiplication by
s gives a homomorphism

H(S,0(m - (~Kg,))) — H'(S,,O(D))
which restricts to an isomorphism
H°(Ey,O(m - (—Kg,))|g,) = H*(Eo, O(D)|E,)

since (D", Ey) = 0 implies that s is non-zero on Ey. Therefore, it
remains to show that

H°(Eo, O(m - (=Kg ))|B,) = H'(Eo, O, (m))

can be obtained by the restriction of elements of H 0(§T,(’)(m :

(—Kg ))) that are generated by distinguished sections. For m =1,



6.2. GENERATORS 85

this has been proved in case (3). For m > 1, this follows from the
fact that HO(Ey, Op,(m)) is generated by products of m elements
of HO(E(), OEO (1))

As the number of negative curves on §T is finite, the finiteness of the set of
distinguished sections follows by induction on r, where for r = 2, the toric
surfaces Sy have a finite set of generators of Cox(S2) by Lemma m O

REMARK 6.3. Generators of Cox(S,) which do not correspond to nega-
tive curves on gr will be called extra generators. As the following observa-
tions show, we do not expect to obtain many extra generators as 7}, (c) via
TR : S’; — ~,,_1 from generators of Cox(gr_l).

e As the self intersection number decreases when a point is blown up
(Lemma , extra generators of Cox(S,) can correspond only to
extra generators of Cox(S,_).

e Two contractions 7g : §T — gr_l and mg : §r — 5471 of (—1)-
curves E and E’ can lead to extra generators 7}, (a) and 7}, (o).
However, one of them or both might be unnecessary for a minimal
system of generators.

EXAMPLE 6.4. Starting with a surface Sy of type A1, four blow-ups lead
to a cubic surface Sg of type Eg:
(r 2] 3 [4[5][6]
| S A1 ]A1+Ay Ay [Ds | Eg |

Generators of the Cox rings of each S, were already determined in Chap-
ter 5| (we also use notation from that chapter), but we show how they are
interpreted in view of Theorem

e The surface Sy of type Aj has a Cox ring which is generated by
sections of the divisors 1y, 12,13, a1, g corresponding to the cyclic
Dynkin diagram (—2,—1,—1,1,0) of Sy (Table .

e The surface 5’3 is obtained from §2 by blowing up the intersection of
the (—1)-curves, giving a toric variety with cyclic Dynkin diagram
(—2,—-2,-1,-2,1,0). By Theorem the distinguished sections
which generate COX(§3) are sections 71, ..., n4 of the four negative
curves and the transforms of the sections ay, ag of the (1)- and
(0)-divisor of S which we also call oy, ag for simplicity. We check

that we do not need to add further sections of H°(Ss, -Kg,).

e The surface Sy is obtained from S3 by blowing up a point on the
(—1)-curve. This gives generators 7y, ...,ns corresponding to the

negative curves, and transforms of aj,as of S3. By case of
the proof, we must consider the restriction of H°(Sy, — K 54) to the
(—1)-curve E5: The generators 7;, ; induce the sections

2,4,6,3,5) . (2,3,4,2,3 2,2,2,1,1) 2 (1,1,1,1,0 1,2,3,2,2
( )777( )041777( )Oépﬁ( ) ( )ozz).

1,1,1,1,0)

(n ajag,n

Among these, only 77( ajaz is non-zero after restriction to
E5. Hence, a section ag € H(Sy, —K §4) completes the generating
set.
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e Blowing up the intersection of the (—1)-curve of S and the divisor
corresponding to a3 gives Ss. The distinguished sections include
N1, -..,Ne corresponding to the negative curves and ay, oo as trans-
forms of the generators in the previous case. We do not need the
transform of ag since a3 vanishes in the blown-up point. Only
7n(>1:1.2:20)02 restricts to a non-zero element of HY(Eg, —Kg |ps),
so we need to add another section of —K 3 which we call as again.

e Blowing up the intersection of the (—1)-curve and the divisor corre-
sponding to a3 on 5’5 gives 56 As before, the distinguished sections
are 71, ...,n7 corresponding to the negative curves, ay, o as trans-
forms of the extra generators of Cox(S5) which do not vanish in the
blown-up point, and a section ag of —K Gy

6.3. Relations

Let § be a generalized Del Pezzo surface of degree 9 —r. In this section,
we show how to determine the relations in COX(S ) up to radical.

For r < 2, S, is toric, so there are no relations in COX(S ). For r > 3,
let 7 : S — S _1 be the contraction of a (—1)-curve E on ST, where ST 1
is a generalized Del Pezzo surface of degree 9 — (r — 1). Let A(S ) be the
affine variety Spec(Cox(S,)).

LEMMA 6.5. Let Ug be the open subset {¢(E) # 0} of A(S,). Then
A(S,) NUp = A(S,_1) x (A" \ {0}).

PROOF. Using the fact Pic(S,) = W*E(Pic(gr,l)) ®Z- E, the proof is the
same as the proof of [BP04, Proposition 4.4]. O

Having found generators &, ..., ¢y, of Co:x;(gr)7 we are interested in the
ideal defining A(S’;) in AN = Spec R,, where R, = K[¢1,...,&n,] is a free
polynomial ring.

Suppose that we have found certain relations between &1, ..., &y, which
generate an ideal J;. Let Z, := Spec(R,/rad(J;)) C C ANr. We want to check
whether we have found all relations: While A(S,) C Z, is clear, we need to
check whether A(Sr) = Z,. This can be done by the following method:

e Suppose that we have determined J,_; such that
A(Sr_1) = Spec(R,_1/rad(J,_1)),

where S,_; is the generalized Del Pezzo surface obtained by con-
traction of the (—1)-curve E on §r. First, we check that Z, NUg =
A(Sr_1) x (A\{0}). For this, we must show that that £(E) and the
generators of Cox(S,) which correspond to generators of Cox(S,_1),
together with the relations in J;., determine all other generators of
COX(S ) Furthermore, we must show that J, induces the relations
in Cox(S,_1). Together with Lemma 6.5} this will prove

Z-NUg gA(ST)ﬂUE.
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e As A(S,) is irreducible by Lemma and closed in AN we can
calculate the closure of Z, N Ug in AN, If this coincides with Z,,
then we are done, since in this case

Zy = Zy NUg = A(S,) NUg = A(S,).

e Carrying out the first step of checking Z, N Ur = A(S,) N Ug for
all (—1)-curves E instead of just one, the second step of show-
ing Z, = Z.NU can be done with U = Upg replaced by U =
U(_l)_curves g Ug. In practice, this can be considerably simpler.

We illustrate this in a quartic and a cubic case. The types are numbered

as in Tables [5.4] and [6.2] respectively Tables [5.5] and

EXAMPLE 6.6 (Quartic type i (2A; with nine lines)). We use Theo-
rem to show that the generators of Cox(S5) correspond to the negative
curves F1, ..., Fqp as in the following extended Dynkin diagram:

E, Ex Es

Ey Eqo

We claim that the relations are:

Ry = mnam3 + nsm + om0
Ro = mmnsna + nemo + n7ma
R3 = mn3ns + nens + 1o
R4 = manzne + nano + nsm1
Rs5 = nansnz + nans + nsmo

] E; \ type of Sy \ other variables \ generation relations ‘
Es 0:— - Ry, Ro, R3, Ry, R5
E, 1Ay ng : Rs,mo : Ry Ry
Es 1Ay Mo : Rs,m1: Ry R3
Es 1Ay ng : R3,mo : Ra Ry
Er 1Ay n9 : R3,ma : Ra Rs

Eg 20 : 2A1 N4 ¢ R5,T]6 : R377]11 : Rl —
Ey 11 : 2A4 N4 Ry,m7: R3,mo: By —
Fio | 1i:2A4 M5 : Rs,me : Ro,mg @ Ry —
FE i1 : 2A4 N5 Ra,m7: Roymg @ Ry .

TABLE 6.1. Quartic type it (2A;)
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Depending on the choice of the (—1)-curve E; (i € {3,...,11}), we ob-
tain a quintic Del Pezzo surface Sy: In Table we list the variables 7;
which do not correspond to negative curves on 4, together with the rela-
tion Rj which determines 7;, in the column “other variables”. The column
“generating relations” lists the relations which generate the ideal Jy defining
Cox(§4). The remaining relations I;, turn out to be trivial or dependent on
the generating relations in Cox(Sy).

This shows that Zs N U = A(§5) N U, where U is the complement of

In particular, with
U’:{(nl,...,nn)EAll ’7711#07773:...:7710:0}ch

we have A(Ss5) N U'=2ZnU =U" AsV C U’, and A(~§5) and Zs5 are
closed, we have A(S5)NV =Z;NV = V. We conclude A(S5) = Zs.

EXAMPLE 6.7 (Cayley’s cubic surface — type vii (4A1)). The four (—2)-
curves are Ey, ..., Ey. Six (—1)-curves E; ; intersect E; and Ej. Three (—1)-
curves E; ;y (1) intersect each other and F;; and Ey;, where {i,j,k,[} =

{1,2,3,4}. The corresponding generators of Cox(§6) are

ni’ ni’-j’ n(l,]),(k),l) = _n(kzl)v(lz.])

Six relations have the form

Rij = ninikmig + 5056750 — M), (k 1)

and three have the form

R gy, (kd) = My 1005 = Mie I+ 1Gi.k),.) 06,00,k

These nine relations define Zg and were already described in [HBO03| and
[DT06, Example 14].

Contracting Fj; ; results in a quartic surface Sy of type i (2A1) as in the
previous example. The variable 7 ;) (), which does not correspond to a
generator of COX(§5), is determined on Ug, ; by Ry, while the five relations
in COX<S5) are given by R(i,j),(k,l)a Ri,k7 Ri,l? Rj,ka Rj,l-

Contracting F(; ;) () gives a quartic surface S5 of type iz (4A1). The
variables 1; j, M1, M k), (j,0)» Mi,0),(j,k)» Which do not correspond to generators
of COX(S5) are determined on U%Lj),(k’l) by Ri,jaRk,lvR(i,l),(j,k‘)7R(i,k),(j,l)v
respectively. As S is toric, Cox(Ss5) has no relations. The other relations
in Cox(Sg) turn out trivial in Cox(S5).

Therefore, Zg N U = A(Sg) N U, where U is the complement of

V = {771'73‘ = n(i,j),(k,l) =0 for all ’i,j, k, l}

In particular, we can check that A(Sg) NU' = ZgNU' = U’ where U' C U
is defined as V' except that 7 9) 3.4y # 0. As V C U’, we have A(Sg) NV =
Zg NV = V. Therefore, A(§6) = Zg.
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REMARK 6.8. In addition to the relations in J,. that we identify in the
first step of the process (corresponding to the relations in J,_; on the one
hand, and determining the “other variables” on the other hand), we might

need further relations in J, in order to describe A(gr) on the complement
of U(—l)-curves E Ug.

For example, this happens for the quartic type viii (A3), as we will see
in the following section.

6.4. Degree 4

] type H singularities \ lines \ extra gen. \ gen. \ relations ‘

0 - 16 — 16 20
1 A, 12 — 13 10
1 2A4 9 — 11 )
110 2A4 8 — 10 2
w A, 8 — 10 2
v 3A, 6 — 9 1
vl As + Ay 6 — 9 1
Vil Aj 5) 1 9 1
VI Aj 4 4 11 )
1T 4A1 4 — 8 —
x Ay 4+ 2A4 4 — 8 —
Tt A3 + A 3 2 9 1
it Ay 3 2 9 1
Tt Dy 2 3 9 1
v A3 + 2A1 2 1 8 —
Tv Ds 1 3 9 1

TABLE 6.2. Del Pezzo surfaces of degree 4

Complete results for generalized Del Pezzo surfaces whose degree is at
least 5 can be found in Chapter For smooth Del Pezzo surfaces, see
[BP04] and Chapter

In degree 4, Section lists all relevant information in the case of Del
Pezzo surfaces whose universal torsor is an open subset of affine space or of
an affine hypersurface, or equivalently, whose Cox ring has 8 or 9 generators.
This includes exactly 10 of the 15 different types. We will describe generators
and relations for the remaining five types here. We give similar information
as in Chapter |5 using mostly the same notation and conventions.

For S5 of types i to iv, we can check that Cox(S5) is generated by sections
corresponding to negative curves. Their extended Dynkin diagrams can be
found in [CT88| Proposition 6.1].

Type i (Aq).
e The extended Dynkin diagram consists of one (—2)-curve Ey and
twelve (—1)-curves E;, E; 1, E; o fori € {1,...,4}: E; intersects Ey,
E;1, E;2, while E; ), intersects E; and Ej; for j € {1,...,4}\ {i}
and [ # k.
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e A basis of Pic(S) is given by Ey, ..., Ey, Eq 1, with
FE>;=(0,1,-1,0,0,1),E31 = (0,1,0,—-1,0,1), E4; = (0,1,0,0,—-1,1),
Eio=(1,-1,1,1,1,-1),Ey» = (1,0,0,1,1,-1), E3 2 = (1,0,1,0,1, —1),
E42=(1,0,1,1,0,-1),

and —Kg = (2,1,1,1,1,0).
e Fori# je€{1,...,4}, there is one relation between
NomMiMgs  Mean2s  M1Nk,2,

where {3, j,k,l} = {1,...,4}. For i € {1, 2}, there are two relations
between
mmnie,  NM2M24,  M3N34s T4N4i-
This gives 10 relations in total.
e 23 monomial sections of —Kg are: ngmmn2nsna, six section of the
form n; 1m;1Mk,2m1,2, twelve section of the form ngn;n;n;11;2, four
section of the form non?n; 172

Type ii (2A; with 9 lines).
e See Example

Type iii (2A; with 8 lines).

e Its equation is:
ToT1 — x% = xoTo + x129 + 374 =0

e Singularities: (0:0:0:1:0) giving Ey,and (0: 0:0:0: 1) giving
Ey; Lines: B3 = {zg =22 =23 =0}, By = {zog —x1 =29 + 22 =
T4 = 0}, E5 = {ZL‘O—Z'l = X)— Xy = T4 = 0}, E6 = {{L‘l = T9 = T4 =
0}, Er = {21 = 20 = 23 = 0}, By = {x0 — 21 = x0 + 22 = 23 = 0},
E9:{ZBO—ZE1§1‘0—1'2:1'3:0}, E10:{$0:$2:1}4:0}.

e A basis of Pic(S) is given by Ey,..., Eg, with

E7 = (_1717 _17 17 170)7E8 = (_17 17 _17 1707 1)7
Ey = (—1,1,-1,0, 1,1),E10 =(-1,1,-2,1,1, 1),

and —Kg = (-1,3,-2,2,2,2).
e Dynkin diagram:

Eq Es EIO/
By Eg
Eg FE;5

Eq Ey
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e The anticanonical map ¢ is given by

(¢* (1)) = (nt11200002 (1100022 ) (LLLOOL) gy

2,0,1,0,0,0 0,2,0,1,1,1
77( ) ( )7710),

p (L1010
717170717

nnsn9, 1

and furthermore, ¢*(zg — x1) = Ingng, ¢*(xg — x3) =
L0000 % (20 + 29) = n Ongmo, ¢*(z1 + x2) =
pELO0L D ong 3% (2 — 1) = nBHOLODp ng - ¢ (30 + 21 + 2a2) =
77(1,1,070,2,0)7737 &* (20 + 21 — 209) = 77(1’1’0’2’0’0)773-

e Let Z5 be the affine variety defined by

Ry = m3mo + nenr — 1518
Ry = m3mo — nen7 — nang
Contracting any line results in a quintic Del Pezzo surface of type

i (A1). We see easily that A(S5) = Z5 not only when restricted to
the complement of V' = {3 = --- =119 = 0}, but also on V.

Type iv (Ay).

e Its equation is:

129 — 374 = To(x1 + T2 + 23+ x4) — 2324 =0

e Singularities: (1:0:0: 0 : 1) giving Eq, Fy; Lines: E3 = {xg =
{L‘1:$3:O},E4:{1'0:{L‘Q:$4:0},E5:{X:l’2:$3:0},
EGZ{X:SCl21'4:0},E7:{X:$2:$4:0},E82{X:
vy =23 =0}, Bg = {xg =21 = x4 = 0}, By = {xg = 22 = 23 =
0}, where X :=x1 + 29 + x3 + 24.

e A basis of Pic(S) is Eu,..., Eg, with E; = (0,1,0,—1,1,1), Eg =
(0717_1707171)7 E9 - (1727_1)_1727 1)5 Elo - (1727_17_15 172)7
and —Kg = (2,4,-1,-1,3,3).

e Dynkin diagram:

E; Ey Eq Es

/

Eg Es Ey Eg

e The anticanonical map ¢ is given by

77(1’1’1’0’0’1) (1,1,0,1,1,0)

and ¢*(x1 + w3) = 200 Ang ¢ (21 4 24) = n*LOL00RIng,
¢*(wa+a3) = n>LL000 2 g% (2g+ay) = 12002000 6 (21 +
Ty + 13+ m4) = E2O0L D

e Contracting one of Ej5, Fg, E7, Eg, we get a quintic surface of type
i (A1). For one of E3, E4, Ey, F19, we obtain a quintic surface of
type iti (Ag).

7819, 77110)5
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e Let Z5 be the affine variety defined by

Ry = 619 + n5m10 — M107708,5

Ry = man7 + n3ng — 021576
On the complement U of V. = {93 = --- = n9 = 0}, we have
A(S5) = Zs. For U’ = {ns #0,m4 =--- =mp =0} CU, we have
A(S5)NU' = ZsNU' = U'. Therefore, A(S5) NV = V, which
coincides with Zs NV, and we obtain A(§5) = Zs.

Type viii (A3).

e When we contract any of the four (—1)-curves S5, we obtain the

minimal desingularization Sy of a quintic Del Pezzo surface Sy of
type iii (Asg), where Cox(S;) has two extra generators aj,as. In
total, we obtain four extra generators of Cox(S5).

Its equation is:

Tox — x5 = (T + T1 + T3)T3 — Toxy =0

Singularities: (0:0:0:0:1) giving Fy, Es, E3; Lines: Ey = {xg =
x2:$3:0},E5:{:L’1:xQI.CCg:O},EG:{CE():JZQ:
x1+:z:3:O}, Ej:{xl = X9 = Xg + T3 :0}
A basis of Pic(S) is Eu,..., Eg, with E7 = (—=1,0,1,—1,1,1), and
~Kz =(1,2,3,0,2,2).

5
Dynkin diagram:

Ey A1 Z AQ : E6
— Fy Ay A Es

\\\\\\\\\\C}//////////

e The anticanonical map ¢ is given by

((b* (xz)) — (n(1,2,3,0,2,2)’ 77(3,2,1,2,0,0)77$’ 77(2,2,2,1,1,1),'77, 77(1,1,1,0,1,0),,77ah 051044),

and furthermore, ¢*(zy + x3) = nMLL00Nn a0 ¢* (29 + 23) =
77(1:1’1:17170)a37 (Z)*(xo—i—xl +m3) = 7](1717171)071)a47 ¢*($2 —|—x4) = a2a3

e Relations: Let V5 C A!! be the affine variety defined by the five

relations
Ry = ninaning + msaq — neova,
Ry = mam3mdng + nra — maou,
R3 = namnsmg + nran — naas,
Ry = nimamans + nsas — 60,
Rs = nimsm3nansnens + a10y — anas.

Note that Ry, ..., R4 correspond to the relation in Cox(§4) when
contracting Ey, . .., E7, respectively. Therefore, Cox(S5) is given by
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Ri,..., R4 on U, the complement of V' = {ny = ns = ng = n7y = 0}.
As expected, Ry follows from Ry,..., R4 on U.

However, when restricted to V, the relations Ry,..., Ry are
trivial, while R5 is ajay — agaz = 0. As A(S5) is closed and
irreducible, and Rj holds on U, it must also hold on V, so A(§5) C
Z5. This shows that we need the extra relation Rs in order to
describe the closure of Zs N U.

With U’ = {n4 # 0,m5 = ng = n7 = 0} C U, we have

A(§5)QU/:Z5QU/:{774750,0532014:775:776:777:0}.

Taking the closure, we conclude that A(S5)NV must contain {as =
ay = ng = --- = n7 = 0}. Replacing n4 by 15,16 or n7 in the
definition of U’, we see that A(S5) NV must contain all points of V
where one of o, ay and one of ao, ag vanishes. This is equivalent to
the condition ayay — asag = 0, which is R5 restricted to V. Hence,
no further relations are necessary to describe A(Ss), so A(Ss) = Zs.

6.5. Degree 3

In Section the Cox ring of cubic surfaces is determined in every case
where it has at most one relation. In this section, we determine generators
of the Cox ring of singular cubic Del Pezzo surfaces in the remaining twelve
of 20 cases.

] type H singularities \ lines \ extra generators \ generators ‘

0 - 27 — 27
1 A4 21 — 22
X 2A4 16 — 18
11 A, 15 — 17
v 3A, 12 — 15
v As + Ay 11 — 14
v Aj 10 — 13
) 4A4 9 — 13
Vil As 4+ 2A,4 8 — 12
1T As+ Ay 7 — 11
x 2A, 7 — 11
i Ay 6 2 12
it Dy 6 — 10
111 As+2A, 5) — 10
Tiv 2A5 + A4 5) — 10
v Ay + Ay 4 1 10
Ul A 3 4 12
TVl Ds 3 2 10
TULL 3As 3 — 9
xix As + A 2 2 10
Tx Eg 1 3 10

TABLE 6.3. Del Pezzo surfaces of degree 3
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For types i to x, i.e., generalized Del Pezzo surfaces §6 whose types are
Aqi,2A1, Ay, 3A1, A1+ Ao, A3, 4A1, Ao +2A4, A3+ Aq or 2A5, we check
that the Cox ring is generated by non-zero global sections of the negative
curves on Sg.

The remaining two cases xi and xwvi with singularities of type A4 and
A5, respectively, are more interesting. We give more details in these cases.

In several cases, the easiest way to describe the extended Dynkin diagram
is to explain how the diagram of a quartic Del Pezzo surface (see Section
must be modified in order to obtain the cubic surface.

Type i (Ay).
e The (—2)-curve Ej intersects the (—1)-curves Ej,..., Eg. There
are 15 further (—1)-curves E; ; (i # j € {1,...,6}) which intersect
E;, E; and six curves Ey, where {i,5} N {k,1} = 0.
Type ii (2A;).

e Blowing up the intersection of two (—1)-curves Fj, E5 on a smooth
quartic Del Pezzo surface Ss results in the following Dynkin dia-

gram of Se:
On Ss, for i € {1,2}, the (—2)-curve E; intersects four (—1)-
curves E; 1,. .., E; 4. There are six further (—1)-curves EY, ..., E.

Each (—1)-curve intersects four others.

In order to obtain the Dynkin diagram of Sg, we change F1, F»
into (—2)-curves and remove the edge between them. Two new
(—1)-curves Ej3, Ey are added, which intersect Fj, Es, Ey4 respec-
tively EY, ..., Ef, Es.

Type iii (As).
e The Dynkin diagram of eight of the 17 negative curves is:

Eiq E19 Ei3 Esq Es9 Es3

Furthermore, the nine (—1)-curves E] ; (where 7,j € {1,2,3}) in-
tersect E 4, Ep j and the four curves Ej, ;,, where i # i’ and j # j'.

Type iv (3A,).
e Blowing up the intersection of F; and Es2 on the quartic type i
(A1) surface gives the following Dynkin diagram: We turn E; ; and
Es 5 into (—2)-curves and remove the edge between them. Two new
(—1)-curves E, E' are added, intersecting E 1, E2 2, E' respectively
Ey2,E51,E3, Ey, E (the (—1) curves which do not intersect £ ; or
E2’2).

Type v (A] + Ag).

e Blowing up the intersection of E; and Ej; on the quartic type i
(A1) surface gives the following Dynkin diagram: We turn E; to
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E;; into (—2)-curves and remove the edge between them. A new
(—1)-curve E intersects E and Ej ;.

Type vi (As).

e The extended Dynkin diagram is the following modification of the
diagram of quartic type iz (2A; with 9 lines), corresponding to
the blow-up of a point on E3: The (—1)-curve Ej3 is changed to a
(—2)-curve. Two new (—1)-curves F and E’ are added, where E
intersects E3, E', and E’ intersects Eg, Ey, E19, E11, E.

Type vii (4A;).
e See Example

Type viii (Ag +2A,).
e Dynkin diagram:

E; Ey Es Es

Type ix (Az + Ay).
e Dynkin diagram:

y
=

Type x (2A3).
e See Section [6.6]

Type xi (Ay).
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e Dynkin diagram:

(BB
Ey Er Fg
Eg Eqo
e We claim that Cox(§6) is generated by 11, ...,n10 and ay, ag, where
A; = deg(a) intersects Es5, Er, By, Ao and twice Fyg, while Ay :=

deg(aw) intersects Ej5, Fg, E19, A1 and twice Eg. This is checked by
considering the Cox(S5) for the various quartic contractions S5 of

the (—1)-curves on Sg:

’ (—1)-curve ‘ type of S5 ‘ extra curves on Ss | corresp. curves on Sg

Ex vi: Ay + Ay — —

Eg vitd : A3 Ay, Ag, Az, Ay Ay, Erg, Az, Eg
E7 Vit A3 A A2

Eg Vit A3 A A1

Eg il A4 Al, A2 AQ, E6
El[) il A4 Al, A2 Al, E6

Type xvi (Asj).
e Dynkin diagram:

Er

Eg

e Contracting Fg gives a quartic surface S5 with a singularity of type
A,4. We have two extra generators «aq, as of degree Aj, As which
intersect F7 and twice Eg respectively Fq and Eg. Contracting Fg
gives the same type of quartic surface. Here, the extra generators
intersect F7 and twice Fg respectively E; and Eg. This shows that
we need four extra generators aq, ..., a4 such that the correspond-
ing divisors Ay, ..., A4 intersect one of Eq, E7 and one of Fg, Eg.

Contracting E7 gives a quartic surface with singularities Ag +
A;. Its Cox ring also has two extra generators, but the induced
sections of Sg are two of ay,..., a4 as above.

e Therefore, Cox(Sg) is generated by these 12 elements. By consider-
ing the sections in degrees A;, we see that it is a minimal generating

set (cf. Lemma [2.5)).

6.6. Families of Del Pezzo surfaces

In this section we compute the Cox ring of a family of Del Pezzo sur-
faces. By Example there is a one-parameter family of singular Del
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Pezzo surfaces S of type 2A,. Its extended Dynkin diagram is given in

Example [1.32]
We have dim(H (lp — I5)) = 2, but

lo—1ls =FE4+ Eg+2FE7 = E1 + F11 = Ey + Eg = E3 + Ey.
Hence, there are two relations between

7747767733 mni,  1N2Ms, 13N,

where 7; is a non-zero element of H°(E;). To determine the relation between
these sections, note that

mansen, MU, Tnss,  Msnsne € HY(Se, lo)
are 7(s7), ..., 7 (s10) under the map 7 : Sg — P2, with s; € H°(P%, Op2(1))
is a section vanishing in F; for ¢ € {7,...,10}. By our choice of E7,..., Eg
in P? as in , depending on the parameter «, two relations between
S7,...,810 are
Sg+sg—s7=0 and s190+ asg— s7=0.

This gives rise to two relations in H 0(§6, lo), which results in relations in
HO(Sg,lo — I5) after dividing by 7s:

Ry(mi) == mams +mm1 —manent = 0,  Ra(n;) := n3no +ammi — manen? = 0.

Note that the contraction of the (—1)-curve E7 on Sg results in a gen-
eralized quartic Del Pezzo surface §5 of type 2A; (with 8 lines), while the
contraction of any other (—1)-curve gives S of type As + Aq. As before,
we can check by comparing the generators 71, ...,n11 and the relations Ry,
Ry with the results in these two quartic types that we have

Cox(Se) = K[n1, - - -, 1)/ (Ri(m:), Ra(m:)-

Our method of determining the Cox ring shows that the following prop-
erties are invariant in families of isomorphy classes S of the same type:
e By definition, the extended Dynkin diagram and the Picard group.

e The numbers and degrees of the generators of Cox(S) in Pic(S)

(see Lemma [2.5)).

e The numbers and degrees of the relations in Pic(.5).

However, the exact form of the relations depends on the choice of isomorphy
class in the family. As the monomials occurring in a relation are determined
by the degrees of the relation and the generators, only the coefficients vary.

See also Section [5.6] for the two isomorphy classes of type Dy in degree 3.
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CHAPTER 7

Manin’s conjecture

7.1. Introduction

Let f € Z[xo,...,zy,] be a non-singular form of degree d. By the circle
method,

N(f, B) = #{x € 2"/ | max(|a;]) < B} ~ c- B~
J
(where x € Z""!/+ means that we identify x with —x = (—x0,...,—x,))
with ¢ € Rsg, provided that n > 2¢-(d — 1), and f(x) = 0 has solutions

over all completions of Q (see [Bir62]). Let X = Xy C P" be the smooth
hypersurface over Q, given by f(x) = 0. It follows that

(1) Nxr g, (B) = #{x € X(Q) | H_r (x) < B} ~ C- B,

as B — oco. Here X(Q) is the set of rational points on X, represented by

primitive vectors x € (Zginln 0)/+ (i.e., x = (xo,...,xy,) is identified with
—x, and there is no prime dividing all coordinates zy, ..., zy), and

(7.2) H_g,(x):= mjax(\xj\)"ﬂ_d, for x = (zg,...,xn) € (Z;Iél \0)/£
is the anticanonical height of a primitive representative.

The main goal of Manin’s program on the distribution of rational points
of bounded height (see [FMT89] and [BM90]) is an extension of the asymp-
totic formula to Fano varieties which are not necessarily isomorphic to
hypersurfaces in projective space. A Fano variety is a projective variety
whose anticanonical class is ample.

It became apparent that, in general, to obtain a geometric interpreta-
tion of asymptotic results, it may be necessary to restrict to appropriate
Zariski open subsets U of X. Otherwise, the number of rational points on
a Zariski closed subset of lower dimension may dominate the total number
of rational points; e.g., this phenomenon occurs for smooth and for singular
cubic surfaces where the number of rational points on rational lines on such
a surface dominates the total number of rational points. Hence, we count
rational points on the complement of these lines. It is often necessary to
consider rational points in finite extensions of the rationals: while X (Q)
might be empty, X (k) could still contain infinitely many points for some
number field k.

We are concerned with Del Pezzo surfaces, cf. Chapter [I] for their basic
properties. Smooth Del Pezzo surfaces are birational to P?, provided the
ground field is algebraically closed. Besides P! x P!, they are blow-ups of
P2 in at most eight points in general position.

101



102 7. MANIN’S CONJECTURE

Of special interest are irreducible curves for which the self intersection
number is negative, which are called negative curves (Deﬁnition. Arith-
metically, rational points tend to accumulate on negative curves where they
are easy to count. Our main focus is to count rational points on the com-
plement of the negative curves.

For smooth Del Pezzo surfaces of degree > 3, the negative curves are
exactly the lines (in the anticanonical embedding, see Remark, having
self intersection number —1.

Singular Del Pezzo surfaces are obtained as described in Section We
blow up P? in points in almost general position (see Definition e.g.,
three points on a line). This results in a generalized Del Pezzo surface, i.e.,
a smooth surface S containing negative curves with self intersection number
—2 (called (—2)-curves). Contracting the (—2)-curves gives a singular Del
Pezzo surface S whose singularities are rational double points and whose
minimal desingularization is S.

For number fields, we say that a Del Pezzo surface is split if all of the
negative curves are defined over that ground field, in which case the surface
is birational to P2. There do exist non-split Del Pezzo surfaces which are bi-
rational to P? over that ground field; however, the generic Del Pezzo surface
is non-split and is not birational to P? over the ground field.

From here, we work over (. Manin’s conjecture in the special case of
smooth or singular Del Pezzo surfaces S,.of degree 9—r > 3 can be formulated
as follows. Consider S, as a subvariety of P~" using the anticanonical
embedding (Remark and Remark . For the height function on
P9~"(Q), we always use

H(x) := max(|zo, ..., |xg—|),

with x € PP~ (Q) represented by integral coprime coordinates zo, . .., 9.
For an open subset U of S, let

Nu#(B) = #{x € 5(Q) | H(x) < B}.

CONJECTURE 7.1. Let S be a smooth or singular Del Pezzo surface over
Q. Then there exists a subset U C S which is dense and open in the Zariski
topology such that

(7.3) Ny (B) ~ cs - Blog B)'™ 1,

as B — oo, where t is the rank of the Picard group over Q of the minimal
desingularization S of S.

The constant cg g has been defined by Peyre [Pey95]; see Section
for more details. It should be non-zero if S(Q) # 0. It is analogous to the
singular series and the singular integral that you meet in the classical circle
method. Note that a line defined over Q on a Del Pezzo surface of degree
> 3 contributes ~ ¢ - B2 rational points to the counting function (for some
positive constant ¢). Thus it is expected that U is the complement to all
lines defined over Q (i.e., the negative curves).

Table gives an overview of current results towards Conjecture
for Del Pezzo surfaces. In Column 4 (“type of result”), “asymptotic” means
that the analog of is established, including the predicted value of the
constant; “bounds” means that only upper and lower bounds of the expected
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order of magnitude B(log B)! are known. As explained in Definition
the type of a surface is usually denoted by the Dynkin diagram associated
to its singularities.

] degree \ singularities \ (non-)split \ type of result \ reference ‘
>6 — split asymptotic IBT98]
5 - split asymptotic [Bre02]
5 - non-split asymptotic [BEF04]
4 Ds split asymptotic [CLTO02], [BB04]
4 Dy non-split asymptotic [BBO5J
4 Dy split asymptotic Chapter
4 3A, split bounds [Bro05
4 2A4 non-split asymptotic de la Breteche,
Browning, Peyre
3 3A» split asymptotic | [BT98]|, [Bre98], ...
3 4A, split bounds [HBO3]|
3 D, split bounds [Bro04]
3 Eg split asymptotic | Chapter @ [BBDO05]

TABLE 7.1. Results for Del Pezzo surfaces

The paper [BT98| contains a proof of Manin’s conjecture for toric Fano
varieties. This includes all smooth Del Pezzo surfaces of degree > 6 and
the 3A, cubic surface. A list of all types of toric Del Pezzo surfaces can be
found in Table [L4l

Figure [7.1] shows all points of height < 50 on the Cayley cubic surface
(Example , which has four singularities of type A; and was considered
in [HBO3].

The proofs of Manin’s conjecture proceed either via the height zeta func-

tion
Zupm(s)= Y H_ g, (x)7,
xeU(Q)

whose analytic properties are related to the asymptotic by Tauberian
theorems (see Section [7.3), or via the lifting of the counting problem to
the universal torsor — an auxiliary variety parameterizing rational points.
Experience shows that counting points on the universal torsor is often eas-
ier. The torsor approach was developed by Colliot-Thélene and Sansuc in
the context of the Brauer-Manin obstruction [CTS87| and was applied to
Manin’s conjecture by Peyre [Pey98| and Salberger [Sal9§].

In the simplest case of hypersurfaces X = X C P" over Q, with n > 4,
this is exactly the passage from rational vectors x = (zg,...,z,), modulo
the diagonal action of Q*, to primitive lattice points (Zgi&i \0)/£. Geomet-
rically, we have

A"\ {0} Gm_, pn and Ty -5, X,

Here, Tx is the hypersurface in A"*1\ {0} defined by the form f. The 1-
dimensional torus Gy, is interpreted as the Néron-Severi torus Tng(X) (see
Section [2)) since Pic(X) has rank 1. Rational points on the base surface X
are lifted to integral points on the torsor, modulo the action of the group
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o P A |
L RV . LI

Ficure 7.1. Points of height < 50 on the Cayley cubic sur-
face xox122 + ToT1T3 + ToT2T3 + T12223 = 0.

of units Tng(X)(Z) = {£1}. The height inequality H(x) < B for x on the
base X translates into the usual height inequality on the torsor . In
this case, it is possible to count the points on the torsor using the classical
circle method.

For hypersurfaces in P2, or more generally for complete intersection sur-
faces, the Picard group may have higher rank. See Section for the defi-
nition of universal torsors 7g of generalized Del Pezzo surfaces S as Tng(5)-
bundles over S. For example, for split smooth cubic surfaces the rank is
7, so that the dimension of the corresponding universal torsor 7g is 9; for
quartic Del Pezzo surfaces these are 6 and 8, respectively.

In order to prove Manin’s conjecture (Conjecture for Del Pezzo
surfaces, rational points on S are lifted to certain integral points on 7g,
modulo the action of Txs(S)(Z) = (+1)!, where ¢ is the rank of Pic(S).
The height inequality on S translates into appropriate inequalities on 7g.
This explains the interest in the geometry of torsors, and especially, in their
equations. As we have seen in Part [ the explicit determination of these
equations is an interesting algebro-geometric problem.

Estimating the number of integral points subject to height inequalities
on the universal torsor seems to be easiest for toric Del Pezzo surfaces since
their universal torsors are open subsets of affine space. This was used in
Salberger’s proof of Manin’s conjecture [Sal98] for all split toric varieties
over Q.

The easiest non-toric cases are singular Del Pezzo surfaces whose uni-
versal torsors are open subsets of hypersurfaces. A first example, a quartic
Del Pezzo surface of type Dj5, was treated by de la Breteche and Browning
[BBO04], while Chapter [J] gives a proof for the Eg cubic surface. A more
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detailed analysis of this surface, which gives a much improved error term
in the asymptotic, can be found in a separate paper (joint with R. de la
Breteche and T. D. Browning [BBDO5], see also Section [7.3)).

While in principle, a similar approach seems possible for the other sur-
faces whose universal torsors are hypersurfaces, it does not seem to be easy
to count the points on the universal torsor using methods of analytic number
theory. The first step of passing to the universal torsor can be done using
the detailed information on the Cox ring given in Chapter [5] for all singular
Del Pezzo surfaces of degree > 3 which have such a universal torsor. One
example which can be treated is a split quartic Del Pezzo surface of type
Dy, see Chapter

However, new difficulties seem to arise in the estimation of error terms
in many other cases. Apparently, it is easier for Del Pezzo surfaces of higher
degree. In each degree, the easiest cases seem to be the ones with the “worst”
singularities, e.g., D5 in degree 4 and Eg in degree 3. Therefore, the next
challenge would be to prove Manin’s conjecture for a singular Del Pezzo
surface of degree 2, or for other singular cubic surfaces.

7.2. Peyre’s constant

In this section, we explain the leading constant cg  appearing in Con-
jecture [7.1] for a smooth Del Pezzo surface S defined over a number field K.
It was suggested by Peyre [Pey95], Batyrev and Tschinkel [BT95|] and is
defined as the product

cs.i = a(S) - B(5) - wu(S)

of the following three constants.

The first factor a(S) is related to a certain volume in the effective cone
Acr(S) in the Picard group Pic(S). Note that the ground field is not neces-
sarily algebraically closed, so the rank of Pic(S) could be lower than r + 1
if S is a Del Pezzo surface of degree 9 — r. For its precise definition and its
calculation in the case of split Del Pezzo surfaces, see Chapter [8| below.

The second factor 3(S) is defined as the order of the Galois cohomology

group
H'(K,Pic(S)) := H'(Gal(K/K), Pic(S)g).

It first appeared in [BT95] and [BT98, Section 1]. We have §(S) = 1 for
split Del Pezzo surfaces.

For singular Del Pezzo surfaces, we must replace a(S) and 8(S) by a(S)
and 3(S) for the minimal desingularization S of S.

ExAMPLE 7.2. Consider a singular quartic Del Pezzo surface S with two
conjugate singularities which are not joined by a line on S. Such a surface is
called Iskovskih surface (cf. [CT88| Section 7]). Its type is 2A; (with eight
lines). In yet unpublished work of de la Bretéche, Browning, and Peyre,
Manin’s conjecture is proved for an Iskovskih surface S with 3(S) > 1.

The third factor wg(S) does not only depend on the surface S, but also
on the height function H. If the ground field is K = Q, it is defined as the
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product

wi(S) = lim((s — 1) P (s, Pic(9) H L, Plc

s—1

Here, ws(S) is the “density of points over R” and can be calculated by
[Pey95| Section 5.1] as follows using the Leray form if S is a complete
intersection: Suppose the anticanonical embedding of S is given by m forms

fiseeoy fm € Z]xg, ..., xN] in PV such that the matrix
of
M0 = (30
Lj 1<i<m,N—m~+1<j<N

is invertible. Then
woo(S)—/ M(x)"1dzo. .. dzy .
lzol,....Jen|<1

For each prime p, the constant w,(S) is the “p-adic density” of points
on S. It can be calculated using the Leray measure [Pey95 Lemma 5.4.6].
For complete intersections S in projective space PV, defined by m forms
fiyeoos fm € Z[xg,...,xn], [PT01lal Proposition 3.1] gives the following
possibility of its explicit calculation:

Z/p"Z)N+! =0e (Z/p"Z)™
() =t FEE @D (RGO, ful) =0 € BT
n—00 pn-(dlm S+1)

By Remark and Remark this includes the smooth and singular
cubic and quartic Del Pezzo surfaces S,., where m = 1, N = 3 in the cubic
case, and m = 2, N = 4 in the quartic case. See [BB04] for an example of
its calculation.

For the definition of the L-functions occuring in the definition of wg(.9),
see [Pey95| Section 2.2]. In the split case, we have
lim ((s — 1)™* PG (s, Pic(9)) = lim (s - st =1

S—

s—1

and
Ly(1,Pie($)) ™" = (1 = 1/p)*".

For a singular Del Pezzo surface S with minimal desingularization g, we
calculate wp(S), where the anticanonical image of S coincides with the
anticanonical embedding of S.

7.3. Height zeta functions

Let S be a smooth or singular Del Pezzo surface whose minimal desingu-
larization is the generalized Del Pezzo surface S (with S = S in the smooth
case). For simplicity, we assume that S is split over Q, with height function
H :S5(Q) — R. Let U be the complement of the lines on S.

DEFINITION 7.3. The height zeta function Zy g of S is defined for all
s € C with real part Re(s) > 1 as

Zyu(s) = Z H(l:r)s
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Conjecture [7.1]is related to properties of the height zeta function in the
following way by Tauberian theorems:
o If
Ny.u(B) ~ csu - B(log B)'™ 1,

then Zy g (s) should have a pole of order t at s = 1 with residue
(t—1)! csm.

e If we can prove Conjecture with an error term of order B'—9
for some 6 > 0, i.e., if

Ny (B) = cs,ir - BQ(log B) + O(B'™°),
where @) is a monic polynomial of degree r — 1, then Zy (s) should
have a meromorphic continuation to the halfplane
{s € C|Re(s) >1—0}.

Our proofs of Manin’s conjecture for a cubic surface of type Eg in Chap-
ter[0Jand a quartic surface of type Dy in Chapter [I0]give error terms of order
O(B(log B)?) respectively O(B(log B)3). This does not yield information on
the properties of Zy g (s) for Re(s) < 1.

However, in joint work with de la Bretéche and Browning [BBDO5], we
prove the following result:

THEOREM 7.4. Let S be the cubic surface of type Eg as in (9.1)), and let
U be the complement of the unique line on S. Then

NU,H(B) =CS,H* BQ(lOg B) + 05(310/11+6)’

where Q is a monic polynomial of degree 6, and cs, g is the constant predicted
by Peyre.

Proor. [BBDO5| Theorem 1]. O

In fact, we prove a stronger statement than a meromorphic continuation
of Zy u(s) to Ne(s) > 10/11:

THEOREM 7.5. For S and U as in Theorem (s=1)" Zypu(s) has a
holomorphic continuation to the halfplane Re(s) > 9/10.

Proor. [BBDO0S5) Theorem 2]. O






CHAPTER 8

On a constant arising in Manin’s conjecture

8.1. Introduction

For 1 <r <8, let S, be a smooth Del Pezzo surface of degree 9 —r (see
Section [1.3)). Suppose that S, is split over Q.

An important object associated to S, is the effective cone Aeg(S,) (see
Definition , i.e., the closed convex cone in

PiC(Sr)R = PiC(ST) ®z R

which is generated by the classes of effective divisors. For r > 2, Aeg(S,) is
generated by the classes of the (—1)-curves by Lemma As always, we
identify Pic(S,)r and its dual using the intersection form.

This chapter, whose results first appeared in [Der06al, is concerned with
the constant «(S,) appearing in the leading constant of Manin’s conjecture,
cf. Section Its definition is due to Peyre [Pey95| Definition 2.4]; see
[PT01Db, Section 6] for more details.

DEFINITION 8.1. Let Aeg(Sy) be the effective cone, AY(S,) its dual, and
— K, the anticanonical class on S,.. Then we define

a(Sy) = Vol(F,),
where
Py = {z € A(S,) | (~Ks,.2) = 1},
and the Lebesgue measure on the hyperplane
{z € Pic(Sy)r | (—Kg,,z) =1}

is defined by the r-form dx such that dx A dw = dy, where dy is the form
corresponding to the natural Lebesgue measure on Pic(S,)r and dw is the
linear form defined by —Kg, on Pic(S;)r.

For small 7, the calculation of «(.S,) can be carried out directly by hand
(see [Bre02| Section 1.3] for the case r = 4). For larger r, especially r = 8,
a direct calculation seems to be currently impossible even with the help
of software like Polymake [GJ0OQ]. In this case, the cone Aqg(Ss) has 240
generators, while AY;(Sg) has 19440 generators. A direct calculation of
a(Ss) would require a triangulation of AY;(Ss), which seems to be out of
reach for today’s software and hardware.

Therefore, we need a more detailed knowledge of AY;(S,). See Sec-
tion for details on the action of the Weyl group W, on Pic(S,). Our

main result which will allow us to compute «(S,) recursively is:

THEOREM 8.2. For r > 3, the nef cone AJz(S;) has N, faces, where N,
is the number of (—1)-curves on S,. Each face is isomorphic to AYg(Sr—1).

109
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The Weyl group W, acts transitively on the faces and fizes —Kg, in the
interior of AJg(Sy).

This observation is a crucial step in the proof of the following recursive
formula for «(S,); see Table 8.1] for the values of a(S,) and N;.

THEOREM 8.3. Let S, be a split smooth Del Pezzo surface of degree 9—r.
We have a(S3) = 1/24 and
Nr . Oé(Srfl)
r-(9—r)
for 3 <r < 8. Furthermore, a(S1) = 1/6, a(P! xP!) = 1/4, and o(P?) = 1.

a(Sy) =

Lr [ 2[31 415 [ 6 [7]8]
N, 3 ] 6 | 10 | 16 | 27 | 56 |240
a(S,) [1/24 [1/72 [1/144 [ 1/180 | 1/120 | 1/30 | 1

TABLE &8.1. Smooth Del Pezzo surfaces

Next, we consider split singular Del Pezzo surfaces S (see Section [1.5))

with minimal desingularizations S, of degree 9—r. The definition of a(S7) is
almost the same as for smooth Del Pezzo surfaces: we must consider —Kg ,
Aeg(S!) and Agﬁ(gé) in Pic(S”) of rank r+1. We will see in Proposition
that A (S,
this case. _

As explained in Section negative curves on S, are related to the (—1)-
curves on a smooth Del Pezzo surface S, of the same degree and certain root
systems in Pic(S;)r.

More precisely, recall that, for 7 > 2, we can identify Pic(S") and Pic(S,)
together with the intersection form and the anticanonical classes —K g and
—Kg,. Then the (—2)-curves of S’ are the simple roots A of a root system
® in Pic(S,)g, and the (—1)-curves of S/ are the (—1)-curves of S, which
lie in the fundamental chamber Cy of ®.

The root system & is the direct sum of the irreducible root systems
associated to the singularities of S/.. Let W be the Weyl group associated
to @, generated by the reflections sg associated to the (—2)-curves E. The
space Pic(Sy)r is the union of chambers C,, := w(Cp) for all w € W, where
the intersection of two chambers has lower dimension.

This description of the negative curves on S.. in terms of (—1)-curves on
the smooth Del Pezzo surface S, of the same degree and the action of the
Weyl group W leads us to the following result on the structure of the nef
cone AY;(S)) of Si:

THEOREM 8.4. For r > 2, we have
A (57) = Adg(Sr) N Co.
Every w € W maps AYg(S) isomorphically to AYg(Sy,) N Cu.

) is generated by the negative curves, including (—2)-curves, in

It leads to the following result:
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THEOREM 8.5. For 2 < r < 8, let S| be a split singular Del Pezzo

surface of degree 9 — r with minimal desingularization S|, and let S, be a
split smooth Del Pezzo surface of the same degree. Let ® be the root system
describing the singularities of S... Let #W be the order of the Weyl group
W associated to ®. Then

a(S)) = a(S,) [#W,

where the values of a(S,) can be found in Table . Furthermore, for the
Hirzebruch surface Fa, we have a(Fy) = 1/8.

If S/ has exactly one singularity, the root system is irreducible. The
number #W of elements of the corresponding Weyl group can be found in
Table For more than one singularity, we must multiply the numbers
corresponding to each of them.

(® | A | Dy [ B | Er [ By |
] H#W H (n+1)! \ 2n—T . pl \ 51840 \ 2903040 \ 696729600 \
TABLE 8.2. Weyl groups

For examples of the calculation of a(S,) for non-split Del Pezzo surfaces,
see [Pey95], [PTO01Db, Section 6], [BF04], and [BB05].

8.2. Smooth Del Pezzo surfaces

Let S, be the blow-up of P? in 2 < r < 8 points in general position.
By Lemma the effective cone Aeg(.Sy) is generated by the (—1)-curves,
whose number is N, as listed in Table 8.1}

LEMMA 8.6. Let E be a (—1)-curve on S, for r > 3. If D € Pic(S,
fulfills (D, E) =0 and (D, E’) > 0 for all (—1)-curves E'" such that (E, E') =
0, then D is nef.

PROOF. As the (—1)-curves generate the effective cone (Lemma [1.15)),
we must show that (D, E’) > 0 also holds for all (—1)-curves, regardless of
the value of (E, E').

If (E,E') <0, then E' = E, and (D,E) = 0. If (E,E’) = 0, then
(D, E") > 0 by assumption.

We proceed by induction on (E, E"). If (E, E') = n > 1, then E+E'is an
(n)-ruling as in Definition (Note that n = 2 occurs only for r € {7, 8},
and n = 3 only for r = §; furthermore, n > 4 is impossible.)

Any (n)-ruling can be written in at least two ways as the sum of two
negative curves (see Section for n = 1, and Section and Section
for n € {2,3}), say E+ E' = Ey + E», where E ¢ {E1, E2}. Then and

(E,E\)+ (E,Ey)) = (E,E')+ (E,E) =n —1,

where (E, E1) and (F, E») are both non-negative. Therefore, the induction
hypothesis holds for Fy, Fs, and

(D,E'"Y= (D,E+FE')=(D,E, + FE3) = (D,E) + (D, E3) >0

completes the induction. O
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Proof of Theorem By definition, AY;(S,) is the intersection of the
closed halfspaces EZ° (see Section for all generators E of Aeg(S)), which
are exactly the (—1)-curves by Lemma [1.15] By [FMO02, Lemma 5.3], W,
acts transitively on the (—1)-curves. This symmetry implies that each (—1)-
curve E defines a proper face Fg = Aeg(Sy) N E=0 and that W, acts
transitively on the faces Fg.

Consider S, as the blow-up of S,_1 in one point, resulting in the excep-
tional divisor E,. Then

Pic(S,) = Pic(S,—1) ® Z - E,

is an orthogonal sum.

We claim that Fg, = Acg(Sr—1), where we regard Aeg(Sr—1) C Pic(Sy—1)
as embedded into Pic(S;).

Indeed, if D € Aegr(Sy—1), then (D, E,) =0, and (D, E) > 0 for all (—1)-
curves F of S,_1, which are exactly the (—1)-curves of S, with (F, E,) = 0.
By Lemma we have (D, E) > 0 for all (—1)-curves of S,.

On the other hand, if D € E°, then D € Pic(S,_1). If D € Aeg(S,),
then (D, E) > 0 for all (—1)-curves of S, which includes the (—1)-curves of
S»_1, proving the other direction.

The root system corresponding to W,. is

&, = {D € Pic(S,) | (D, D) = —2, (D, —Kg,) = 0}.

Since W, is generated by the reflections E +— E + (D, E) - D corresponding
to the roots D € ®,, the anticanonical class —Kg, is fixed under W,.. This
completes the proof of Theorem 8.2

Proof of Theorem The polytope P, is the intersection of the N,
half-spaces E=° (where E runs through the (—1)-curves of S,) in the r-
dimensional space —K;O.

Note that (—Kg,,—Ks,) = 9 —r. Consequently, Q = 5-(—Kg,) €
—K3', and since (—Kg,, E) =1 for any (—1)-curve E, the point @ is in the
interior of P,.

Consider the convex hull Pg of Q and of the face P, N E=Y of P, corre-
sponding to E. Then P, is the union of the Pg for all (—1)-curves E, and
since their intersections are lower-dimensional,

Vol(P,) = Vol(Pp).
E

As the intersection form and —Kg, are invariant under W,, the Weyl
group W, acts on —K;l and, therefore, on P.. As in Theorem it
permutes the faces of P, transitively. As (@ is fixed under W, and the volume
is invariant under W,., we have Vol(P,) = N, - Vol(Pg) for any (—1)-curve
E.

As in the proof of Theorem [8.2] we consider .S, as the blow-up of S,_1 in
one point, resulting in the exceptional divisor E,, with the orthogonal sum

Pic(S,) = Pic(S,—1) ®Z - E,.

We claim that P, N E7° = P._;. In view of Theorem it remains to
prove that (D, —Kg, 1) = 1 is equivalent to (D, —Kg, ) = 1 on E-Y. This
follows directly from —Kg, = —Kg,_1 — E,.
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Therefore, Pg, is a cone over the (r — 1)-dimensional polytope P,_; in
the r-dimensional space —Kgrl. A cone of height 1 over P._; has volume
Vol(P,_1)/r. As E, is orthonormal to Pic(S,_1), and (—Kg,, E,) = 1, the
distance of @ to P,_; is 1/(9 — r). Hence,

Vol(Pp,) = Y()l((ﬁi_;))

Together with a(S,_1) = Vol(P,_1) and Vol(P) = N, - Vol(Pg,), this
completes the proof of the recursive formula.

For r = 2, we have Aeg = (F4, E2, H — E) — Es) and —Kg, = 3H — Ej —
E,. Consequently, a(S2) is the volume of

{(ao,a1,a2) € R | 3ag — a1 —az = 1,a1 > 0,a3 > 0,a0 — a1 — az > 0}
={(ag,a1) € R*|a; >0,3ap —a; — 1 >0,—2a9 + 1 > 0}
=convex hull of (1/3,0), (1/2,0), (1/2,1/2),

which is a rectangular triangle whose legs have length 1/6 and 1/2. Hence,
a(S2) = 1/24, while a(S;1) = 1/6, a(P! x P1) = 1/4, and a(P?) = 1 can also
be calculated directly, which completes the proof of Theorem

REMARK 8.7. By the proof of [Pey95, Lemme 9.4.2], a(S1) = 1/6, and
by the proof of [Pey95, Lemme 10.4.2],

OZ(SQ) = 1/3 . VOI{(:E1,$2) S R2>0 | 1+ 220 < 1/2},

which is clearly 1/24 and, therefore, agrees with our result. Note that the
recursion formula does not hold for r = 2:

o 1 N2 . 05(51) _ 1
) =517 592 "
The value a(Sy) = 1/(6 - 4!) was previously calculated in [Bre02, Sec-
tion 1.3].

8.3. Singular Del Pezzo surfaces

We prove Theorem and Theorem For r > 2, let S' := g,’n be a
generalized Del Pezzo surface of degree 9 — r, and let .S := S, be a smooth
Del Pezzo surface of the same degree. Identify Pic(S) and Pic(S’) together
with the intersection form as in the introduction.

LEMMA 8.8. Let L be a (—1)-curve on S. Then there is a (—1)-curve
Lo on S" and w € W such that L = w(Ly).

PROOF. The (—2)-curves form a system A of simple roots in Pic(S)gr.
By the theory of root systems, the fundamental chamber Cy is a fundamental
domain for the action of W, so we can find a w € W and x € Cy such that
L = w(z). As W acts on the (—1)-curves on S, we conclude that = is a
(—1)-curve on S’. O

LEMMA 8.9. Let L = w(Lp) as in Lemma . Then there are positive
roots E1, . .., Ep which fulfill the following conditions: We have w = wy, and
(Li—1,E;) > 0 forie {1,...,k}, where w; := sg,0---0sp, and L; := w;(Lo).



114 8. ON A CONSTANT ARISING IN MANIN’S CONJECTURE

PRrROOF. Cousider a minimal gallery Co,Cy, . .. ,Ck from Cy to Cx := w(Co)
(cf. [Bro89, Section II.1]). Here, k is the length of w, and for i € {1,...,k},
there is a root FE; such that C; = sg,(Ci—1), and E; is the wall between
Ci—1 and C;. As sg, = s_p,, we may assume that Fy,..., E} are positive
roots. We have C; = w;(Cp) and w = wy.

For z € Cy, we have (w;—1(x), E;) > 0 and (w;(x)
all roots E # +FE;, the numbers (w;—1(z), E) and (w;(x
sign (or are both zero).

As LypeCyand L; = wi(LO), we have (Lz;l,Ei) > 0. U

,E;) < 0, while for
), E)) have the same

Let C be the convex cone in Pic(S") = Pic(S) generated by the negative
curves on S, and let CV be its dual with respect to the intersection form.

Recall from Lemma that Aeg(S) is generated by the (—1)-curves on S
since r > 2.

LEMMA 8.10. Let z be in CV. Then x € AYz(S).

PROOF. Let z € CV, i.e., (x, E) > 0 for all negative curves E on S’. We
must show that (z, L) > 0 for all (—1)-curves L on S.

Let L be a (—1)-curve on S, and w, k, w;, L;, F; as in Lemma We
use induction on the length k of w. If £ = 0, then L = Ly is a (—1)-curve
on S’, so (z,L) > 0 by assumption.

If k>0, then L = sg, (Lk—1). Then

(ZL’,L) = ($,8Ek(Lk_1)) = ($,Lk_1 + (Lk—laEk) . Ek)
= ($, Lk—l) + (Lk—17 Ek) . (.1‘, Ek)

As Ly = wg—1(Lo) for wy_1 := sg,_, ©--- o sp, which has length k£ — 1,
we have (z, Lg—1) > 0 by induction. Since the positive root Ej is a non-
negative linear combination of the simple roots, which are exactly the (—2)-
curves on S’; we have (z, Ey) > 0. Furthermore, (Lyx_1, Ex) > 0 because of
Lemma O

PROPOSITION 8.11. The effective cone Aeg(S’) is generated by the neg-
ative curves on S’.

PROOF. It is easy to check for each r € {2,...,8} that AY;(S) is con-
tained in Aeg(S), which is generated by the negative curves on S.

By Lemma we have CV C AY;(S). Taking duals again, which
reverses the inclusion, we conclude A.g(S) C C. Together, we have

C¥ C AY(S) C Aegr(S) C C.

Every prime divisor on S’ is either a negative curve or has non-negative
intersection number with all negative curves on S’. Therefore, it is either
contained in C or in CV C C. Hence, C' = Ag(5"). O

Proof of Theorem We claim that AY;(S") = A%;(S) N Co. On the
one hand, every z € A%(S’) is in Cy by definition, and = € AY%(S) by
Lemma On the other hand, if x € Cp, then (x, E) > 0 for all (—2)-
curves on S’, and since the (—1)-curves on S’ are a subset of the (—1)-curves
on S (according to the identifications of the Picard groups that we have
made), the condition z € AY%(S) implies (z, L) > 0 for all (—1)-curves on
S’ s0 x € A(S) NCo implies x € AYz(5).
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As W acts on the (—1)-curves on S, any w € W maps AY%(S) N Co
isomorphically to AY(S) Nw(Cp). This completes the proof.

Proof of Theorem If € —K3', then for any (—2)-curve E on ',
(SE($)7 _KS) = (l‘ + (x’E) : E, _KS) = (,I, _KS) + (.’E,E) : (Ea _KS) =1

since (E,—Kg) = 0. Therefore, every w € W maps —Kg' C Pic(S)r
isomorphically to itself.

Together with Theorem M this shows that AY;(S) N (—K35') is the
union of the sets

Ve := Ag(S)NCy N (=K35)

for all w € W, where the intersection of any two of these sets has lower
dimension. Each V,, is the isomorphic image of Vg := A%(S") N (—K351')
under w € W, and this isomorphism respects the measure on —Kgl. Hence,
the volume of each V,, is the volume of V. As the anticanonical class
—Kg on S is identified with the anticanonical class —Kg/ on S’ under our
identification of the Picard groups, we have a(S") = Vol(1}), and as Vol(S)N
(=K5') = a(S), this shows #W - a(5) = a(8S).

We calculate a(F») = 1/8 for the Hirzebruch surface Fh directly, com-
pleting the proof of Theorem






CHAPTER 9

Manin’s conjecture for a singular cubic surface

9.1. Introduction

We prove Manin’s conjecture (Conjecture [7.1) in the case of a cubic
surface with a singularity of type Eg (see Example [1.27)):

(9.1) S={x=(xg:x1:22:x3) cp? | f(x) :1‘133%—1—1‘230(2)4—1‘320}

In Figure (9.1} we see points of height < 1000 on S.

FiGure 9.1. Points of height < 1000 on the Eg singular
cubic surface S with zg, xo > 0.

THEOREM 9.1. Let S be the cubic surface as above with a singularity
of type Eg¢ and let H be the anticanonical height. Let U := S \ ¢, where
¢ = {x9 = x3 =0} is the unique line on S.

Then

Nu.i(B) = cs,uBQ(log B) + O(B(log B)?),
where @ is a monic polynomial of degree 6, and the leading constant cs g s

the one conjectured by Peyre [Pey95|.

The invariants appearing in Manin’s conjecture and Peyre’s constant
cs,H are calculated in Section

117
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The proof follows the strategy of de la Breteche and Browning [BB04]
and uses the universal torsor. For our particular surface, the universal torsor
has been calculated by Hassett and Tschinkel using the Cox ring; the torsor
is a hypersurface in the 10-dimensional affine space [HTO04]. In addition
to the equation defining the torsor we need to derive certain coprimality
conditions between the coordinates. In Section we compute the torsor
and determine these conditions following the more direct approach of Heath-
Brown, Browning and de la Breteche [HBO03|, [Bro04], [BB04].

The next step is to count the number of integral points on the univer-
sal torsor and satisfying the coprimality conditions and subject to certain
bounds, given by lifting the height function to the torsor. For three of the
ten variables on the torsor, this summation is done in Section by ele-
mentary methods from analytic number theory. The summation over the
last seven variables, completing the proof of Theorem is carried out in
Section

The results of this chapter first appeared in [Der05]. Section dis-
cusses joint work with de la Breteche and Browning which proves a version
of Theorem [9.1] with an improved error term, to appear in [BBDO5].

9.2. Manin’s conjecture

In this section, we calculate the invariants appearing in Manin’s conjec-
ture and its refinement by Peyre. We use the notation from [Pey95]|.

LEMMA 9.2. Manin’s conjecture predicts in case of S as defined in (9.1)):

Ny.(B) ~ cs.uB(log B)®,

where cg g = a(8)3(S)wr (S) with

(§) 1 1 1
(8 = = =
6!'T[; i 6!-2-3-4-3-4-5-6 6220800’

B(S) =1,

wi (S) = weo - wo,

and
A= <)\17A27)\37A€7A47)\57A6) = (2737473747576)7

Woo ::6/// 1dtdudw,
{(t,u,w)eR3| [tv3|<1, [24u3|<1, 0<v<l, |uvt|<1}

w2 (0 )

p

PrROOF. By Theorem a(S) = o/ J#W, where o/ = 1/120 is the
constant associated to smooth split cubic surfaces, and #W = 51840 is the
order of the Weyl group W associated to the root system Eg.

The surface S is split over Q, so that

B(S) = #H"(Q, Pic(5)) = 1.
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By definition,

wir(S) = lim((s — 1) P (s, Pic(9)))wso (S) I—===.

s—1
p
where, in our case,

lim ((s — 1)%Pe®) (s, Pic(8))) = lim((s — 1)7¢(s)7) = 1

s—1 s—1
and N
Ly(1,Pic(9)) ™" = (1 - 1/p)".

We use Peyre’s method [Pey95] to compute wso(S) and parameterize
the points by writing z1 as a function of zg, z2, z3. Since x = —x in P3, we
may assume xo > 0. Since d%lf = 23, the Leray form wy(S) is given by

$52d$0d$3d$2, and we obtain woo(g’) from

/// x2_2da:0dx3dx2,
{|zo|<1, |25 2 (w222 +ad)|<1, 0<z2<1, |23|<1}

using the transformations

Ty = t:cé/2, T3 = U$§/3, T9 = 5.
The calculation of -
wp(S) =1+~ + —
. p P
is done as in [BB04, Lemma 1], and we omit it here. O

9.3. The universal torsor
The universal torsor
T35 = Spec(Q[&1, &2, €3, &r, €45 €55 E65 715 T2, Te) /(T (&5 7))

is given by the equation
(9-2) T(&i, ) = TiP€16s + 1362 + TVETE3 = 0
and the map W : Tz — S = Spec(Q[zo, . . ., ¥3]/(f(x))) defined by
U* () = (1220,1,23)
U (1) =7
U (1) = £(234,3.4,5.6)

U*(z3) = (2231234 )

(9.3)

where we use the notation f(”17”27”3’”f’”4’"5’"6) = 5?1532%35?{5245?5%6-
Note that ¥*(x3) = ¢} with A € Z7 as in Lemma

We establish a bijection between rational points on the surface S and
integral points on the torsor 7z which are subject to certain coprimality
conditions. More precisely, the coprimality conditions can be summarized in
the following table, where a “—” means that the two variables are coprime,
and a “x” that they may have common factors. For a variable combined
with itself, “—” means that each prime occurs at most once (which can be
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expressed using the Mobius function p as |u(-)] = 1), and “x” means that it
may occur more often.
§ & & & &4 & S| T T T

HIXx — X — — — X|xX — -—

Ll—- — — — — — x|— x -

€| x — — — — — x|— - -

&l— — — X X X xX|— — X

|- — — x — — x|— — -

|- — - x — — x|- - -

| X X X X X X X|— X -

Tmlx — — — — — —|x x X

To|— X — — — — X |Xx x X

|- — — X — — —|x X X
We will refer to the
(9.4)  coprimality conditions between &1, ...,&s as given in the table.

Because of the torsor equation T', we can write the coprimality conditions
for 7; equivalently as

(9.5) ged (71, §26380648586) = 1
and
(9.6) ged(m2,6183) = 1, ged (7o, £48586) = 1.

PROPOSITION 9.3. The map ¥ induces a bijection between

T —{(guﬂ GT |- .7.h01d§2>0}
and U(Q) C S(Q).

The proof splits into two parts. First, we establish a similar bijection
with slightly different coprimality conditions:

LEMMA 9.4. Let Tz be set of all (&;,7i) € T5(Z) such that § > 0 and the
coprimality conditions described by the table hold, except that the conditions

(97) ng(gg,Tl) =1 and ng(§6,7—1) =1
in the table are replaced by
(9-8) (1)l =1 and ged(£1,€3) =1

Then the map ¥ induces a bijection between To and U(Q) C S(Q).

PROOF. Using the method of [BB04], we show that the coprimality
conditions lead to a bijection. We go through a series of coprimality con-
siderations and replace the original variables by products of new ones which
fulfill certain conditions. When doing this, the new variables will be uniquely
determined.

Since x = —x, and x2 = 0 is equivalent to x € £, we can write each
x € U(Q) uniquely such that z; € Z, 9 > 0, and ged(z;) = 1.

e Note that zo|z3. Write 70 = y1y3y5 with y; € Z~o, where each
triple occurrence of a prime factor of x3 is put in y3 and each
double occurrence in yo, so that yi,ys2,y3 are unique if we assume
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lt(y1y2)] = 1. Then z3 = y1y2y32z must hold for a suitable z € Z.
Substituting into f and dividing by y1y5y3 gives

f1($07$1>y17y27y3a Z) = xlyly%yg + l% + y%y223 = 0.

e Now y1ya|z3, and since |u(yiy2)] = 1, we have yiyo|zo. Write
T = y1yow, where w € Z. Substituting and dividing by y1y2, we
obtain

fo(@1, 91,92, Y3, 2, w) = T1y2y3 + W yrys + y12° = 0.
e Since yo|y12® and |u(y192)| = 1, we must have yz|z. Write z = y22/,
where 2’ € Z, and obtain, after dividing by ya, the relation
fs(@1,y1, 92, Y3, w, 2') = 21y + wiyr + y1y32” = 0.

e Since y; divides our original variables g, 2, x3, it must be coprime
to x1. Together with |u(y1)| = 1, the fact yi|z1y5 implies y1|ys.
Write y3 = y1y5, where y5 € Z~o, and obtain

f4(x17y17y27w7 Z/7yé) = xly%yég =+ w2 -+ ygz/3 =0.

e Let a = ged(yh, 2') € Zso and write y4 = ayh, where v € Z~o, and
2 =az", where 2" € Z. This gives

non 2. .13 3 2 2.13 3
f5(x1, 91, y2,w, 2" 45, a) = z1y7ys°a® + w” + y32"a’ = 0.

e Now a3|w?. Writing a = £2&, where &, & € Zso with |u(&)] = 1,
gives w = w’ﬁg’ﬁ%, where w’ € Z, leading to the equation
folzr,yn,ye, 2" g 0, €0, &) = a1yl + w6 +y32" = 0.
e Let & = ged(yy,w') € Zso and write y5 = &&5, where § € Zsy,
and w’ = w"&5, with w” € Z. Then
f7(CC1, Y1,Y2, Z//v w//a 527 5@7 555 56) = JUly%fZ?)fg + w//2€2€§ + ygzl/g = O

e Since ged(ys,2") = 1, also ged(&4&s,2") = 1. Therefore, &2|y3,
which means &5|y2, and we write yo = &1&5, with § € Zso. We
obtain

fs(x1,y1, 2", 0" €1, €2, &0, &5, 6) = 21y7&05 65 + w'Ea + €123 = 0.

o Let &3 = ged(w”,y1) € Zso. Since |u(y1y2)| = 1, ged(&1,8&3) = 1.
Hence, £3|272 and even &3|2”. Write w” = 73€3, where 7 € Z,

y1 = £4€3, where &4 € Z~g, and 2 = 7&3, where 71 € Z. Replacing
r1 = 7y, where 7y € Z, we get

fo(€1,€2,63,€0,€4, 65,86, 71, T2, 7o) = TeP 6565 + T3 6o + T1E 63 = 0.
This is the torsor equation T'(&;, 7;) as in (9.2)).

The substitutions lead to xg,...,xs in terms of &, ; as in . Con-
versely, it is easy to check that each (&, 7;) satisfying 7' is mapped by ¥ to
a point x € S(Q). Note that & € Z~¢ and 7; € Z. Furthermore, the copri-
mality conditions we introduced impose the following conditions on &;, 7;:

()| = |n(61€3848s)[ =1, |u(&)l =1, ged(m, &) =1,
ged(ys, 2") = ged(&eés, m&3) =1, ged(&p, w") = ged(&e, mé3) = 1.
The condition ged(x;) = 1 is equivalent to ged (e, £1£2€3846586) = 1.
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We obtain ged(£2,&3) = 1 in the following manner: If p|{s, &3 for some
prime p, then p]Tg{?fi& by the torsor equation 7. On the other hand, a
divisor of &3 cannot divide any of the factors by the coprimality conditions
we found. Similarly, we conclude

ged(&3, 2) = ged(&1, m2) = ged(§2,&5) = ged(&s, m2) = 1.

Finally, if a prime p divides two of &, &4, 71, we see using T that p must
divide all of them. Since |u(&2)] = 1 and p?|T&JE3¢s + T9E3€3, we conclude
p|me which is impossible since ged(72,&4) = 1. Therefore, &2, &4, 71 must be
pairwise coprime. In the same way we derive that no two of &1, &5, &, have a
common factor.

It is easy to check that we cannot derive any other coprimality condition
because we could construct a solution to 7" violating it.

Note that the conditions on (§;,7;) are exactly the ones given in the
definition of 75. Since in every step the newly introduced variables are
uniquely determined, we have established a bijection between U(Q) and
1. O

The second step towards the proof of Proposition [9.3] is:
LEMMA 9.5. There is a bijection between T; and 7.

PROOF. Given a point (§;,7;) € T3 violating (9-7), we could replace a
common prime factor p of &, & and 71 by powers of p as factors of £] and
possibly &; such that holds. This way, we obtain a point (&, 7;) € 7.
This should be done in a way such that ¥ maps (&, 7;) and (&, 7}) to the
same point x € U(Q), and such that we have an inverse map, taking care of

the conditions .

Let (&i,7j) € 71 and (&}, 7;) € T2. Decompose the coordinates into their
prime factors: Let

5@' = Hpmp’ Tj = :thmjp and gzl — Hpn;p7 7_]/‘ _ Il:Hpm;'P’
p o S .

where ¢ € {1,2,3,¢,4,5,6} and j € {1,2,¢}. Note that (9.7) translates to
(nip, mjp) fulfilling ns, = ne, = 0 or my, = 0, and that means that
(ng,, mj,) must fulfill nj, +ng, < 1. Furthermore, ngp, nj, € {0,1} always
holds.
Define the map
o' - 75 — T
& ) — (&),

where n;, 1= nj, for i € {2,¢,4,5} and my, := m}, for j € {2,£}, and
the values of n1p, n3,, ngp, M1, depend on the size of ng, compared to mj,,
whether m/,, is even or odd, and whether nj, is 0 or 1:

o If my, =2k + 1,ng, > k +1,n3, = 0, then
(N1p, N3p, Nep, Mip) = (n’lp +3k+1, l,ngp —k— l,mﬁp — 2k —1);

o if my, =2k +1,n5, > k+1,n3, = 1 or ng, = k,mj, > 2k,ny, =1,
then

(n1p, n3p, Nep, M1p) = (n/lp +3k+2,0, n'6p — k, mllp — 2k —1);
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e otherwise, with ng, = k,m}, > 2k, n3, = 0 or my, = 2k, ng, > k:

N, / / /
(n1p, N3p, Nep, M1p) 1= (N1, + 3k, 3, NG, — k,my, — 2k).

Conversely, define
®: Tt - T
& m) = (& 7)),

where nj, := ny, for i € {2,(,4,5} and mj, := my,, for j € {2,¢}, and the

values of n},, ny,, ng,, my, depend on ny, modulo 3 and whether ns, is 0 or
1:

o If ny, € {3k + 1,3k + 2} and n3, = 1, then
(n'lp,ngp,n%p,mllp) = (n1p — 3k —1,0,n6p + k + 1,m1p + 2k + 1);
e if ny, = 3k + 2 and ng, = 0, then
(n/lp, nép, ngp, m’lp) = (n1p — 3k — 2,1, nep + k,m1p + 2k + 1);
e otherwise, with n;, € {3k, 3k + 1}:
(n’lp, ngp, nlﬁp, m’lp) = (n1p — 3k, n3p, nep + k, mip + 2k).

It is not difficult to check that ® and @’ are well-defined, that (&;, 7;) € 73(Z)
and (&}, 7;) € T3(Z) correspond to the same point x € U(Q) under the map
¥, and that ® and @' are inverse to each other. O

Together, Lemma and Lemma [9.5| prove Proposition [9.3

9.4. Congruences

We use the following results from [BB04, Chapter 3] on the number of
solutions of linear and quadratic congruences.

Let n(a;q) be the number of positive integers n < ¢ such that n? =
a (mod ¢). Then by [BB04l, Equation 3.1], we have for any q € Z~¢

(9.9) n(a; q) < 2°@,

where w(q) is the number of distinct prime factors of gq. Let ¥ be an arith-
metic function such that

S0 % )(d)] < o,
d=1

where 9 * o is the usual Dirichlet convolution.

LEMMA 9.6. Let a,q € Z such that ¢ > 0 and ged(a,q) = 1. Fort >0,

t oo o0
S =t X e oSl
n<t T 4= d=1
n=a (mod q) ged(d,g)=1
PrOOF. This is the case k = 0 of [BB04, Lemma 2. O

_ Let 4(t) = {t} — 1/2 where {t} is the fractional part of ¢ € R. Let
Y(t) =1(t) + 1 for t € Z and 9(t) = ¢(t) otherwise.
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LEMMA 9.7. Let a,q € Z, where ¢ > 0 and ged(a,q) = 1. Let by, by € R
with by < by. Then

by — b
#{n| b1 <n <byn=a (mod q)} = = + (b1, bz a,q),
where
~ (b —a by —a
7"(51,52;61,Q)—¢<1 >—¢<2 >
q q
PrOOF. This is a slight generalization of [BB04, Lemma 3|. O

LEMMA 98. Let € > 0 and t > 0. Let a,q € Z such that ¢ > 0 and
ged(a,q) = 1. Then

— a0? - a2
Z ¢ <t ap > <<€q1/2+e and Z w (t ap ) <<Eq1/2+6.
q q

0<e<q 0<e<q

ged(o,q)=1 ged(e,q)=1

PRrOOF. For 1, this is [BB04, Lemma 5].

Note that if t = ap? (mod q) for i € {1, 2}, then g; = +09 (mod q), which
implies that there are at most two different values for ¢ with 0 < p < ¢ such
that (t — ao?)/q is integral. Consequently, the sum for 1 differs from the
one for ¢ at most by 2. O

9.5. Summations

Note that 74 is determined uniquely by 7" and the other variables, once
a certain congruence is fulfilled. Therefore, our strategy is first to compute
the number of possible 79 depending on 71, &; such that there exists a unique
7y satisfying T. By summing over 71, the number of possible 7; is then
computed depending on &. The summation over the variables &; is finally
handled using the height zeta function.

Let

Xl — (Bg(_Q’O’_l’?”Q’l’O))l/S, X2 — (Bg(O,—l,O,B,Q,l,O))1/27

and
Xy = (B_1£(2’3’473’4’5’6))1/6.

Then the height conditions |z;| < B lift to

(9.10) ‘(Z) X3 <1, '(;’2)2 + (;1)3 <1,
and

(9.11) | Xo| <1,

and

(9.12) ‘C(ll) x4 <1,

respectively.

Using Proposition [9.3] we can now relate the counting of rational points
of bounded height on U C S to a count on the torsor.
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LEMMA 9.9. We have

9.4), (05), (9.6),
Nu,u(B) = #{(&,Ti) € T3(Z) }

(©.10), (O.11), (9.12) hold,& > 0

Summation over ™ and 7. Let &, satisfy the coprimality conditions

(19.4), (9.5) and the height conditions (9.11)) and (9.12)). Let N = N(&;,71)
be the number of pairs (72, 7¢) such that (9.6), (9.10) and the torsor equation

T are fulfilled. Then a Mobius inversion gives

N= > pulke)Ng,
kolés€s€s

where N, has the same definition as N except that ged(7y, {4é586) = 1 is
removed, and T is replaced by

Th, (&iy Ty ko) = kool €iés + 562 + T3€165 = 0.

Note that 7 together with T}, defines 7, uniquely once a certain congruence
is fulfilled. Therefore,

Ng, = #{Tz
Note that

ged(T7€263, ke€P€385) = ged(TPe36s, 4858, T2E2) = ged(T1, &, T2E2) = 1

and

—73& = TPE €5 (mod ke&FEGEs)

ged(72,6183) = 1, (9.10) holds,}

ged(&o, kP &36s) = ged (&2, ke) = ged (&2, &a&se, THETES) = 1.

Hence, it is enough to sum over all ky|£4&586 with ged(ky, 1£16283) = 1,
and since ky|4€5&6 implies ged(kg, 71) = 1, we reduce to ged(ke, £1€263) = 1.

This implies that there is a unique integer p satisfying 0 < o < k‘g&?fi&
and ged(p, ke&3€3¢5) = 1 such that

o = om€1 (mod ke&lE3¢5) and — o2&y = 113 (mod ke&pE3Es).
We have

N= > k) > Np,(e)

kel€4€586 0<0<ke£3E3¢s
ged(kg,€16263)=1 —0%€2=11€3 (mod keE3€3¢5)

ged(o,ke€3E385)=1

where

ng(T27§1§3) = 17 hOldS,
Nl =\ o) (mod kgleles) [

We also know that ged(omi&1, keé€3¢s) = 1. Now we can apply Lemma
to the characteristic function

1, if ged =1
X(n) _ , 1 gC (nu 6163) )
0, else.
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Since
3 W: 11 <1_):H<1—>=¢<&§3>,
d—1 [3%3 b |€1€ P
3¢2 — PIbLSs Phis
ged(d,ke3€3€5)=1 ptke&3E3¢s

where we use ged(&1&3, ke€P€3¢5) = 1 and the notation ¢*(n) := ¢(n)/n as
in [BB04, Equation 5.10], we conclude

?*(£163) X2
ke€3E3Es
where Xog1(71/X1,Xo) gives the total length of the intervals in which

must lie by (9.10]), with

(9.13) g1, 0) = / Ldt.
{eR] wdl<t, 12 4us]<1)

By equation , the number of integers p with 0 < p < k:gf?ﬁ&, such
that ged(o, ke€3E365) = 1 and —p?& = 11&3 (mod ke€JE3Es) is at most

n(&a&sT1; 1%555255) < 2W(kz€?€fr€5) < gw(&e€a€s86)
This gives as the first step towards the proof of Theorem

Ni,(0) = g1(m1 /X1, Xo) + 0(26‘)(5153))7

LEMmMA 9.10.
N = Lm (Tl/XhXO)E(fi,Tl) + O(20-)(5153)+UJ(§1354€5£6)+w(§4§556))7
£3€3¢s
where
B(&i,m1) = " (6183) Z e Z 1.
ke|€4€586 0<0<ke£3E2¢5
ged (ke £1€283)=1 —0%62=71€s (mod ke&J¢des)

ged(o,ke3E565)=1

Now we show that the error term suffices for Theorem [0.1f We sum it
over all the &;, 71 which satisfy the height conditions (9.11)) and (9.12)); we
can ignore the coprimality conditions (9.4)), (9.5)), . We obtain:

Z Z ow(£183)+w(&e§a€s8e)+w(§a€s8o)

& T
X
w(€1€3)+w(€r€asée)tw(Eabsbe) 21
<<Z2 1€3 0648586 450){61
&
— Z ow(§1€3)Fw(€r€as8e)+w(§a€s86) B
5(272,3,1,2,3,4)
&
gw(€183)+w(€48586)+w(€aésés)
2
<<B(10g B) Z 5(2,2,3,0,2,3,4)
&isiA L
<B(log B)%.

For &, we have used the estimate

Z 2¢(") < z(log z)

n<x
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together with partial summation.
Therefore, we only need to consider the main term when summing over
71,& in order to prove Theorem

Summation over 7;. For fixed &, ..., & satisfying (9.4) and (9.11)), we
sum over all 7 satisfying the coprimality condition (9.5) and the height

condition (9.12f). Let

X
N' =N'(&) = §3§;€ Z g1(m1 /X1, X0)2 (&, 1)
5455 7 ([G.19) holds
ged(71,628380848586)=1

First, we find an asymptotic formula for

Nonb)=o@e) Y M S N o),

o l€a€séo £ o<o<keiees
ged(kg,€16263)=1 ged(o,ke€3€365)=1

where

Ny, (0,b1,b2) = # {71 € [b1, bo]

—0%6 = i€ (mod kEPE Es)

We have ged(0?&2, ke3€3¢5) = 1. Hence, we can replace the condi-

tion ged(71,£28380€46586) = 1 by ged(11,£28386) = 1 in the definition of
N, l;g(g, b1, b2) and perform another Mébius inversion to obtain

Nk =6 ST My

ged (71, £26380648586) = 1, }

k
ke|€4&5€6 ¢ k1]€2£386
ged(ke,€182€3)=1 ged(ki,ke€3€385)=1
> Nigy oy (0,01, 02),
0<o<keE3E2¢s

ged(o,ke€3E3¢5)=1

where
N, i (0,01, b2) = #{11 € [b1/k1,bo/k1] | —0°&2 = kami&s (mod ke&P7és)}-

Note that we must only sum over the k; with ged(kq, kg{?fi&) because of
ged(0%Ea, ke€PEiEs) = 1.

Let a = a(&;, k1, ke) be the unique integer such that 0 < a < ke&3E3¢s
and

—& = krags (mod ke&P€1Es).
Then — 0% = k171€3 (mod kg{?fi&) if and only if 71 = ag? (mod kgfg’fz&).
Since ged (&2, ke€3€3¢5) = 1, we have ged(a, ke&3E3¢5) = 1. By Lemma
we conclude
ba — by

Ny, 1y (0,01,b2) = m +r(by/k1, ba /Ky, a0?, kePEREs)

where, by definition of r,

~ (b1 )k — ao? by k1 — ao®
T@Mhﬁﬂhﬂwamﬁﬁ&):¢<lééﬁgg>—¢<2ééﬁéf>'
A Y4
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Let
5= 0(c) = 6" (6163) 0" (£263€0646586) 3 gate i eneyys  (0-4) holds,
' 0, otherwise.

Then for any b; < bo, we have
N(b1,b2) = D(E) - (b2 — b1) + R(b1, b2)

where

R(b1,b2) =¢"(§1€3) > ik > (k1)

k
kel€a€586 ¢ k1|€2€386
ged(7e,€4€586)=1 ged(k1,ke€3€3€5)=1
> r(b1/k,ba /K1, ag®, ke€PE5Es).
0<0<ke£3€2¢5

ged(o,ke3¢265)=1

By partial summation, we obtain

9(E) X1 X ,
N'(g) = f;ﬁ; 2 00(X0) + ()
with
(9.14) g2(v) = / g1, v)du
{ueR]| |uvt|<1}
and

R(g) = 522 / 0 Dage) o Xo R(— X/ X, Xru)du
9385 J_x;

where Dg; is the derivation of g; with respect to the first variable.
LEMMA 9.11. For any &; as in (9.4)), , we have
P(&) X1 X
5{ 5465
where the error term R'(&;) satisfies
>,  R(&)=0(BlogB).
&, (04), holds
PrRoOOF. By Lemma we have

g92(Xo) + R'(&)

R(b1,b2) <9 (1€3) > ke > (k)| (ke €55) /2

ko

kel€a€586 k1|€28386
ged(7e,€4€586)=1 ged(k1,ke&3€3€5)=1
< > |1a(ke) | > |u(k)|(€7€365)1 /2
kel€a€se k1]€2€386
ged(7¢,€48586)=1 ged(ky,ke&3€3¢5)=1

< 9w(8a€sle)tw(€a8sts) (&?5255)1/2+e‘
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Therefore,
4
/ X2 o w(§a€s5€6)Tw(€2€386) (¢3¢2¢ \1/2+€
R (fi)<<eﬁ X_4(D191)(Ua Xo0)2 (§7/€4€5) " du
065485 J-X

Xo
< P2 gw(€as8e)tw(€agale)
(£38385)1 /7

Summing this over all §; < B, we get, using (9.11]),

Z R/(&)(E Z Xo gw(§a8s586)+w(§2€386)

&<B &<B Xg(f?ﬁ&)l/g*
7 hold -

_ Z B gw(§a€586)+w(£2€386)
o 5(1,2,2,3/2736,2726,5/276,3)
&<B

Blog B rtae) b(Eaate)
< Z 5(072»273/2—3e,2—26,5/2_6,3)2 4€5€6)+w (28380
&l

< BlogB.

Summation over §;. Define

- 0(&i) X1 X
P PR
£;,6(2,3,:4,3,4,5,6)=p YAYASH

We sum N'(§;) in Lemma over the seven variables &; such that the
coprimality conditions and the height condition hold. Note that
the definition of ¥(&;) ensures that the main term of N'(;) is zero if
is not satisfied. In view of Lemma this implies:

LEMMA 9.12. We have
Ny (B) = BY® > " A(n)ga((n/B)"/) + O(B(log B)?).

n<B

9.6. Completion of the proof

Our argument is similar to [BB04]. We need to estimate

M(t):=>_ A(n)

n<t

for t > 1. Therefore, we consider the Dirichlet series F'(s) := > o> | A(n)n~*.
Observing
XXy  BO/6(¢(2343456))1/6

fgfg& ¢LLLLLLY) )

we get,

J(&)
F(S + 1/6) = s S s s s s S ?
%: 5% +1£§ +1£§l +1£§ +1§i +1€E5) +1£g +1
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and writing F'(s +1/6) = [], F(s +1/6) as a product of local factors, we
obtain:

P (S N 1/6) s (1 . 1/]9)2 p>\15+1 p/\15+1p>\65+1
p - (p)\68+1 _ 1) p)\15+1 -1 p)\35+1 (p)\13+1 _ 1)
p)\ss-i-l 1 p>\28+1p>\68+1
+ (1 — 1/p)p/\25+1 + p)\es‘i’l — ]_ p)\48+1(p)\28+1 _ ]_)
p)\gs+1p)\68+1 1— 1/p 1— 1/p
p>\55+1(p)\gs+1 _ 1) p)\ls—‘rl -1 p/\gs-l—l -1

for any prime p.
Since 1/p*st! = O (1/pY/?*€) for s € H := {5 € C | Re(s) > —1/12+¢}
and i € {1,2,3,¢,4,5,6}, we have

1 1
Fy(s+1/6) = HZWJFOG (p1+)
for s € ‘H, and defining
E(s) == [ ¢is + 1) = ¢(2s + 1)¢(3s + 1)°C(4s + 1)%¢(55 + 1){ (65 + 1),

we have

1 1 1
E,(s) =1- Z pristl + O <p1+e>

(2

for s € H. Define
G(s) = F(s +1/6)/E(s)
for Re(s) > 0. Then G has a holomorphic and bounded continuation to H.

Note that .
1 7 1
G(0) = 1— = 1++>,
© H< p> < p P

P
and that for s — 0, we have

1

E(s) = T A1'5—7 +0(s79).
Consequently, the residue of F'(s)t*/s at s = 1/6 is
1/6
Res(t) = 6G(0)t/°Q1(log?)

6! - H@ Ai
for some monic polynomial ) of degree 6.
LEMMA 9.13. M(t) = wooz(g) 6t1/6Q  (log t) 4+ O (t1/6-1/24+¢),

PROOF. Integrating Perron’s formula for M (t) over ¢, we have
1 1/6+4€+ico tst1

t
M(uw)du = - F(s)———ds
/0 ( ) 2mi 1/6+e—ioco ( )5(5 + 1)

fort > 1 and € > 0.
We apply Cauchy’s residue theorem to the rectangle with vertices

1/12+e—iT,1/12+ e+ iT,1/6 + € +iT,1/6 + € — iT,

for some 7" > 1, where € > 0 is sufficiently small.



9.6. COMPLETION OF THE PROOF 131

By the convexity bound
C(1+ 0 +ir)<|r| 73T
for any o € [-1/2,0), we have
(9.15) F(1/6 + 0 +4i7) < E(0 + i1)< || 97T

for any o € [-1/12 + ¢,0), using (>, A;)/3 = 9 and that G(o + i7) is
bounded.
For the ray going down from 1/6 + ¢ — T, we get

/1/6+e—iT F(s)tst! ‘ . /T ’F(1/6+6+i0)"t7/6+6+w‘
. ———ds| <

foremive S 1) | T ) (U6 +e+io)(7/6 +e+io)
|
< 1/t / —do
oo 107

< t7/orept

where we use that F(s) is bounded for Re(s) > 1/6 + €. Integrating from
1/6 + e+ 4T to 1/6 + € + ico gives the same result.
For the lower edge, we estimate

/1/6+E—7LT F(S)ts—Hd - /e ‘F(l/ﬁ +o— Z'T)Ht7/6+0—iT’ 4
—0 . as| = ; N g
1/124e—i7 S(5+1) —1/124¢ |(1/6 + 0 = iT)(7/6 + 0 — iT)|
T9/12+6t7/6+e
€

because gives a bound for —1/124¢€ < 0 < —e, F(s) being continuous

gives a bound in an e-neighborhood of 1/6 — iT', and the length of the

integration interval is 1/12. For the upper edge, we obtain the same bound.
For the edge on the left, we have

4l < /T ’F(1/12 e+ iU)”t13/12+6+i0‘
S
— J_r|(1/12 + e+ i0)(13/12 + € + io)
< /T |O.|9/12+et13/12+6
€
v (1+]o])?
< $13/12+¢

1/124e+iT F<8>ts+1
/1/12+6—iT s(s+1)

do

since the integral over ¢ is bounded independently of T, and using (9.15]
again.
Taking T' = t, we have proved

t t
/ M(u)du = / Res(u)du + Oe(t13/12+5),
0 0

But now
t+H

% /t_HM(u)du <M< [ M

and for H < t/3, both integrals are equal to
Res(t) + O (Ht/%(log t)® + H~1¢13/12+¢),
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— 423/

The proof of the Lemma is completed by choosing H and noting

that wyp = G(0) and «(S) = (6! T]; \i)~! by the definitions of wy and «(S)
in Lemma O

By partial summation we conclude

> Aln)ga((n/B)"°)

n<B

- B
= woa(S) - 6/ gz(ul/G/Bl/ﬁ)%(ul/GQl(log w))du + OE(B1/671/24+6)
0

~ 1
= BY6uwpa(S) - 6/ 92(v)Q2(log B + 6log v)dv 4 O (B'/671/24+¢)
0

for some monic polynomial Q2 of degree 6. Considering definitions (9.13)
and (9.14)), note that

Woo = 6/ g2(v)dwv.
{veR|0<v<1}

Together with Lemma, this completes the proof of Theorem



CHAPTER 10

Manin’s conjecture for a singular quartic surface

10.1. Introduction

In this chapter, we illustrate the torsor approach to asymptotics of ra-
tional points in the case of a particular singular surface S C P4 of degree 4
given by:

(10.1) T3 — 1174 = Tox1 + T173 + 25 = 0.

This is a split Del Pezzo surface, with a singularity of type D4. The results
first appeared in [DT06],

THEOREM 10.1. The number of Q-rational points of anticanonical height
bounded by B on the complement U of the Q-rational lines on S (10.1))
satisfies

Nyu(B) =csi-B-Q(ogB) +O(B(logB)?)  as B — oo,

where Q is a monic polynomial of degree 5, and

LI [T - 1/p)°+6/p+1/p)

“SH = 34560

is the constant predicted by Peyre (Section , with p running through all
primes and

Woo :3/// 1dtdudv.
{(t,uw)ER3| 0<v<1, [tv2],|v2ul,|v(tv+u?)|,|t(tv+u?)|<1}

In [BBO05], Manin’s conjecture is proved for a non-split surface with a
singularity of the same type. However, these results do not follow from each
other.

In Section [10.2] we collect some facts about the geometric structure of
S. In Section we calculate the expected value of cg i and show that
Theorem |10.1f agrees with Manin’s conjecture.

In our case, the universal torsor is an affine hypersurface. In Section [10.4]
we calculate its equation, stressing the relation with the geometry of S. We
make explicit the coprimality and the height conditions. The method is
more systematic than the derivation of the torsor equations in Chapter 9]
[BB04], and [BBDO035], and should generalize to more complicated cases,
e.g., other split Del Pezzo surfaces.

Note that our method gives coprimality conditions which are different
from the ones in Chapter [9] [BB04], and [BBDO05], but which are in a
certain sense more natural: they are related to the set of points on 73 which
are stable with respect to the action of the Néron-Severi torus (in the sense
of geometric invariant theory, cf. [Dol03] and [HKO0O]). Our conditions

133
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involve only coprimality of certain pairs of variables, while the other method
produces a mix of square-free variables and coprimalities.

In Section [10.5] we estimate the number of integral points on the univer-
sal torsor by iterating summations over the torsor variables and using results
of elementary analytic number theory. Finally we arrive at Lemma [10.9
which is very similar in appearance to [BB04), Lemma 10] and Lemma|9.12
In Section [10.6] we use familiar methods of height zeta functions to derive
the exact asymptotic. We isolate the expected constant cg i and finish the
proof of Theorem [10.1

10.2. Geometric background

In this section, we collect some geometric facts concerning the surface
S. We show that Manin’s conjecture for S is not a special case of available
more general results for Del Pezzo surfaces.

LEMMA 10.2. The surface S has the following properties:
(1) It has exactly one singularity of type Dy at g = (0:0:0:0:1).
(2) S contains exactly two lines:
E5:{x0:x1:$2:0} and E(;:{:Bl:.%'gzl'g:()},

which intersect in q.
(3) The projection from the line E5 is a birational map

¢p: S --» P2
x —  (xo:za:xy)
which is defined outside Es. It restricts to an isomorphism between
U:S\(E5UE6):{XES|{E1?£O
and
A’ = {(t:u:v)|v#0} CP?
whose inverse is the restriction of
P P2 -+ 5
(t:u:v) —  (tw? 03 0% —v(tv +u?) . —t(tv +u?))
Similar results hold for the projection from Fg.
(4) The process of resolving the singularity q gives four exceptional divi-

sor E1, ..., E4 and produces the minimal desingularization S, which
is also the blow-up of P? in five points.

PROOF. Direct computations. O

It will be important to know the details of the sequence of five blow-ups
of P? giving S as in Lemma :
In order to describe the points in P2, we need the lines
Es = {v =0}, A; ={u =0}, Ay ={t =0}
and the curve Az = {tv + u? = 0}.

LEMMA 10.3. The following five blow-ups of P? result in S:

e Blow up the intersection of Es, A1, As, giving Fs.
e Blow up the intersection of Es, F3, As, giving Ey.
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e Blow up the intersection of E1 and As, giving Fjy.
e Blow up the intersection of E4 and As, giving Fg.
e Blow up the intersection of E3 and Ag, giving Es.
Here, the ordering of the first four blow-ups is fized, and the fifth blow-up
can be done at any time.
The Dynkin diagram in Figure [10.1] describes the final configuration of
divisors F, ..., g, A1, Ag, Ag. Here, Ay, As, A3 intersect at one point.

Es5

Es

N
/

Ey
Ficure 10.1. Extended Dynkin diagram

Es Eq

\A
/

Ao
1
As Es

The quartic Del Pezzo surface with a singularity of type Dy is not toric
(cf. Table , and Manin’s conjecture does not follow from the results of
[BT98|. The D5 example of [BB04] is an equivariant compactification of
G2 (i.e., S has a Zariski open subset isomorphic to A2 and the obvious
action of G2 on this open subset extends to S), and thus a special case of
[CLTO02].

LEMMA 10.4. The quartic Del Pezzo surface with a singularity of type
D, is a compactification of A?, but not an equivariant compactification of
G2.

PRrROOF. We follow the strategy of [HT04, Remark 3.3].

Consider the maps ¢, as in Lemma . As 1) restricts to an
isomorphism between A? and the open set U C S, the surface S is a com-
pactification of AZ2.

If S were an equivariant compactification of G2, then the projection ¢
from Ej would be a G2-equivariant map, giving a G2-action on P2. The line
{v = 0} would be invariant under this action. The only such action is the
standard translation

T P? — P?,
(t:u:v) — (t+av:u+pPv:v).
However, this action does not leave the linear series
(tv? s 3 v —v(to +u?) - —t(tv + u?))
invariant, which can be seen after calculating
t(tv +u?) = (t + av)((t + av)v + (u + fv)?)
=t(tv + u?) + 2Btuv + (8% + @)tv® + av(tv + u?)
+ 2a6v%u + (af? + a?)v3,

since the term tuv does not appear in the original linear series. O
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10.3. Manin’s conjecture

The following lemma shows that our result agrees with the prediction of
Manin’s conjecture.

LEMMA 10.5. Let S be the surface . Manin’s conjecture for S
states that the number of rational points of height < B outside the two lines
s given by

Nu.u(B) ~ cs,i - B(log B)?,

where cs g = a(S S) - B(S) - wy (S) with

a(S)=(5!-4-2-3-3-2-2)"1 = (34560)
B(S) =1
#(S) = woo Hl—l/p (1+6/p+1/p*)

and

Woo :3/// 1dtdudv.
{(t,u,w)eR3| 0<v<], [tv2],|v2ul,|v(tv+u?)|,|t(tv+u?)|<1}

PROOF. Since S is split over Q, we have rk(Pic(S)) = 6, so the expected
exponent of log B is 5. Further, ﬁ(§ ) = 1. The computation of cg g is done
on the desingularization S. The constant «(S) can be calculated as o /#W
by Theorem where o = 1/180 is the constant associated to smooth split
quartic surfaces (see Theorem , and #W = 192 is the order of the Weyl

group associated to the root system D,. The constant wH(§ ) is computed
as in [BB04, Lemma 1] and Lemma [9.2] O

10.4. The universal torsor

By Section[7.1] the problem of counting rational points of bounded height
on the surface S translates into a counting problem for certain integral points
on the universal torsor, subject to coprimality and height inequalities. In
the first part of this section, we describe these conditions in detail. They are
obtained by a process of introducing new variables which are the greatest
common divisors of other variables. Geometrically, this corresponds to the
realization of S as a blow-up of P? in five points.

In the second part, we prove our claims.

The universal torsor 7z of S is an open subset of the hypersurface in
A% = SpecZ[ny,...,n6, a1, a2, az] defined by the equation

(10.2) T(n, @) = aine + aznang + aznamg = 0.
The projection ¥ : 75 — S is defined by
(10.3)
(W (7)) = (L2120, (123322 32220110, p2L1202) 00 )00,

where we use the notation 77(”1’"2’”3’"4’”5’"6) =0 0y Ny Ny Nt ngS.

The coprimality conditions can be derived from the extended Dynkin
diagram (see Figure [10.1). Two variables are allowed to have a common
factor if and only if the corresponding divisors (F; for n; and A; for «;)
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intersect (i.e., are connected by an edge in the diagram). Furthermore,
ged(a, ag,a3) > 1 is allowed (corresponding to the fact that A, Ag, As
intersect in one point).

We will show below that there is a bijection between rational points
on U C S and integral points on an open subset of 73, subject to these
coprimality conditions.

We will later refer to

10.4) coprimalities between 71, ...,ns as in Figure [10.1
10.5) ged (o, musnansne) = 1,
10.6) ged(a, mnansmane) = 1,
10.7) ged(as, mnansmans) = 1.

To count the number of x € S(Q) such that H(x) < B, we must lift this
condition to the universal torsor, i.e., H(¥(n, «)) < B. This is the same as

(
(
(
(

’n(27172»172’0)a2’ S _B7 ey ‘O@O{g’ S B?

using the five monomials occurring in ([10.3)). These have no common factors,
provided the coprimality conditions are fulfilled (direct verification).
It will be useful to write the height conditions as follows. Let

423322\ /3
Xo= ([
B

Xl — (Bn(71,72,0,0,1,1))1/37 X2 — (Bn(2,1,0,3,72,4))1/3‘

and

Then

(10.8) X5 <1

(10.9) | X3 (a1/X1)| < 1

[X§(ag/X2)| <1, | Xo(Xo(az/X2) + (a1/X1)%)| <1,
|(2/ Xa)(Xo(a2/X2) + (a1 /X1)%)| < 1

are equivalent to the five height conditions. Here we have used the torsor
equation to eliminate a3 because in our counting argument we will also use
that as is determined by the other variables.

We now prove the above claims.

(10.10)

LEMMA 10.6. The map ¥ gives a bijection between the set of points x of
U(Q) such that H(x) < B and the set

equation ((10.2)), }

coprimality (10.4)), (10.5)), (10.6)), (10.7)),
inequalities ((10.8]), (10.9), (10.7) hold

PROOF. The map v of Lemma induces a bijection

T = {(n,a) €78, x7?

2 3 9
o 1 (3, a1, a2) — (N300, 13, N300, 3063, A2013),

where ag 1= —(n3a2 + a?), i.e.,

Ty := Oc% + n3aa + a3 =0,
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between

{(n3, a1, ) € Zwg x Z% | ged(n3, a1, 0) =1} and U(Q) C S(Q).
The height function on U(Q) is given by

max(|n3asl, [73], [n3eal, [nsas], lazas))
ged(nfog, m3, mjan, n3as, anas)

The derivation of the torsor equation from the map 1)y together with the
coprimality conditions and the lifted height function is parallel to the blow-
up process described in Lemma More precisely, each line Fs, Ay, A
in P? corresponds to a coordinate function 73, a1, as vanishing in one of the
lines; the blow-up of the intersection of two divisors gives an exceptional
divisor F;, corresponding to the introduction of a new variable 7; as the
greatest common divisor of two old variables. Two divisors are disjoint if
and only if the corresponding variables are coprime. This is summarized in

Table [10.11

H (vo(n3, o1, 02)) =

] Variables, Equations H Geometry ‘
variables divisors
initial variables coordinate lines
N3, A1, 012 E3, Ay, Ay
taking gecd of two variables || blowing up intersection of divisors
new gcd-variable exceptional divisor
12, 11, 14 16, 15 Ey, Er, Ey, Eg, Es
extra variable extra curve
as As
starting relation starting description
ag = —(1m3az + af) As = {m3a2 + af = 0}
final relation torsor equation
asnang = —(aansni + aing) || ofn2 + aonsng + aznung = 0

TABLE 10.1. Dictionary between gcd-process and blow-ups

This plan will now be implemented in five steps; at each step, the map
Wi ZH x 78— U(Q)
gives a bijection between the following two sets:

e The set of all (1,1, a2,a3) € ZZ)} x Z3 satisfying certain co-
primality conditions (described by the extended Dynkin diagram
corresponding to the i-th blow-up of Lemma |10.3)), an equation T3,
and

_ maxg(|vi(n), o)kl)
Hli(ny, 05)) = ged(¥i(nj, o))k)
e The set of all x € U(Q) with H(x) < B.
The steps are as follows:
(1) Let 9o := ged(ns, 1) € Zso. Then

< B.

n3 = nan, a1 = mpal, with ged(nz, o) = 1.
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Since 72 | ag, we can write az = nm2aj. Then of = —(nhaz + ).
After renaming the variables, we have
T = 772Ck% +n3ag + a3 =0
and
1 ¢ (12,713, a1, @2, 03) = (manfas 303 EISaL : TRisas | aza).

Here, we have eliminated the common factor 12 which occurred in
all five components of the image. Below, we repeat the correspond-
ing transformation at each step.

(2) Let m = ged(n2,m3) € Zso. Then

Ny =mny  m3=mns,  with ged(ny,n3) = 1.
As n1 | ag, we write a3 = 1, and we obtain:
Ty = npaf + nzas + ag =0

and

o (11, m2, M3, Q1,5 2, (3)
(miman3 : mingng < nimgnien < ninensas : asag).
(3) Let n4 := ged(m, a3) € Zso. Then
m = nn, a3 = 1403, with ged(ny, af) = 1.
We get after removing ’ again:
Ts = n2ai + n3og + a3 = 0

and

V3 1 (01,M2, M3, M4, 1, @2, 3) =
(niman3nace < mimamang : mimamanion : ninamsnias : asas).
(4) Let ne := ged(ns, a3) € Zso. Then
N4 = 1674, a3 = 1603, with ged(n}, a3) = 1.
We obtain
Ty = m203 + nzas + nangas = 0

and

sz)4 : (7717 125 M3,14, 76, A1, (2, a3) =
(Ememamacez : MIBETENEG © MIMENANAN6C < MIM2NINANG Qs © Qp0r3).
(5) The final step is 75 := ged(ns, ae) € Zso, we could have done it
earlier (just as the blow-up of the intersection of E3, A2 in Lemma
(10.3)). Then
N3 = 575, Qg = 50, with ged(nh, af) = 1.
We get
Ts = n203 + n3nsae + mamgas = 0
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and

V5 (11,12, 13, M4, M55 165 Q15 2, Q3)

(inaminanga - minEnninsg  nimmEniNsNeen < NiNansiGas : a203).
We observe that at each stage the coprimality conditions correspond to inter-
section properties of the respective divisors. The final result is summarized
in Figure which encodes data from ((10.4)), (10.5)), (10.6[), (10.7).

Note that 15 is ¥ from ((10.3). As mentioned above, ged(5(n;, oj)k)
(over all five components of the image) is trivial by the coprimality conditions

of Figure Therefore, H(15(n,a)) < B is equivalent to ((10.8)), (10.9),
(10.10).

Finally, Ty is the torsor equation 1" (10.2)). O

10.5. Summations

In the first step, we estimate the number of (o, ag, ag) € 72 which fulfill
the torsor equation T’ and the height and coprimality conditions. For
fixed (o, ag), the torsor equation 7' has a solution ag if and only if the
congruence

iy + aznani = 0 (mod nang)
holds and the conditions on the height and coprimalities are fulfilled.

We have already written the height conditions so that they do not de-
pend on aj3. For the coprimality, we must ensure that and are
fulfilled.

As ged(nsn2,nan3) = 1, we can find the multiplicative inverse ¢; of 7312
modulo 77477%, so that

(10.11) cimans = 1+ comng

for a suitable c3. Choosing

(10.12) g = c3mumg — cLaqng,
(10.13) ag = coainy — csnan?

gives a solution of ((10.2)) for any c3 € Z.
Without the coprimality conditions, the number of pairs (ag, ag) satis-

fying T and would differ at most by O(1) from 1/n4n of the length
of the interval described by . However, the coprimality conditions
and impose further restrictions on the choice of c3. A slight
complication arises from the fact that because of T, some of the conditions
are fulfilled automatically once 1, a; satisfy and .

Conditions imply that the possibilities for a prime p to divide
more than one of the n; are very limited. We distinguish twelve cases, listed
in Column 2 of Table [10.21

In Columns 4 and 5, we have denoted the relevant information for the
divisibility of ag, as by primes p which are divisors of the 7; in Column 2,
but of no other 7;:

e “allowed” means that a; may be divisible by p.

e “automatically” means that the conditions on the n; and the other
a; imply that p t o;. These two cases do not impose conditions on
c3 modulo p.
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lcase [p|... | plor | p | o Pl as ‘

0 — allowed allowed allowed

1 i restriction | restriction restriction
1 72 allowed restriction | automatically
11 N3 restriction | restriction | automatically
w N4 restriction | automatically | restriction
v N5 restriction allowed automatically
vl M6 restriction | automatically allowed
vit | Mm1,72 || restriction | restriction | automatically
vite | Mm1,7M3 || restriction | restriction | automatically
ix | m1,n4 || restriction | automatically | restriction

x | n3,m5 | restriction | restriction | automatically
xt | Mm4,Me || restriction | automatically | restriction

141

TABLE 10.2. Coprimality conditions

e “restriction” means that c3 is not allowed to be in a certain congru-
ence class modulo p in order to fulfill the condition that p must not
divide «;.

The information in the table is derived as follows:

e If p | 3, then p { ¢y from (10.11]), and p { a1m2 because of (10.4)),
, so by , p 1 as independently of the choice of ¢3. Since
p 1 mang, we see from that p | ag for one in p subsequent
choices of c3 which we must therefore exclude. This explains cases
i3 and viii.

e In case vii, the same is true for as. More precisely, we see that we
must exclude ¢z = 0 (mod p). By (10.13), p { c3 implies that p t as,
so we do not need another condition on cs.

e In case i, we see that p | ap for one in p subsequent choices of c3,
and the same holds for a3. However, in this case, p cannot divide
ag, a3 for the same choice of c3, as we can see by considering 7"
since p 1 04%772, it is impossible that p | ag,as. Consequently, we
must exclude two out of p subsequent choices of p in order to fulfill
p1ag,as.

e In the other cases, the arguments are similar.

The number of (az, a3) € Z? subject to T, (10.6)), (10.7), (10.10) equals
the number of ¢3 such that as, a3 as in (10.12)), (10.13)) satisfy these condi-
tions. This can be estimated as 1/n4m3 of the length of the interval described
by , multiplied by a product of local factors whose values can be read
off from Columns 2, 4, 5 of Table the divisibility properties of 7; by p
determine whether zero, one or two out of p subsequent values of c3 have to
be excluded. Different primes can be considered separately, and we define

1—2/p, case i,
V1p:=191—1/p, casesii,..., iv,vi,...,xi,
1, cases 0, v.
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Let

V1(n) = H191,p

be the product of these local factors, and

(10.14) g1(u,v) = 1d¢.

/{tGR [tv?],|t(to+u)]|o(to+u?)[<1}

Let w(n) denote the number of primes dividing n.

LEMMA 10.7. For fized (n,a1) € Z8, x Z as in (10.4), (10-5), (10.8),
(10.9), the number of (az,a3) € Z? satisfying T, (10.6)), (10.7)), (10.10) s

2

Ni(n,a1) = Mgl(al/Xl, Xo) + 0(2“)(7117]27]37]47]6))'
Tl47g

The sum of error terms for all possible values of (1, a1) is < B(log B)3.

PRrROOF. The number of ¢3 such that the resulting ao, a3 satisfy ((10.10))
X$291(041/X1,X0) by at most O(1).
6

differs from ”

Each 91, # 1 corresponds to a congruence condition on c3 imposed
by one of the cases 1,...,iv,vi,...,xi. For each congruence condition, the
actual ratio of allowed c3 can differ at most by O(1) from the ¥ . The total
number of these primes p is

w(mmenznang) < 2201

which is independent of 75 since any prime dividing only 75 contributes a
trivial factor (see case v).

Using the estimate (10.9) for «; in the first step and ignoring ((10.4))
(10.5), which can only increase the error term, we obtain:

Qw(mnznsnwe)

3 S < 3 B < plos

n o

Here, we use 2¢(" < n¢ for the summations over 7y, 72,73, 74. For 16, we
employ

22“ " < z(log z)

n<zx

together with partial summation, contributing a factor (log B)?, while the
summation over 75 gives another factor log B. U

Next, we sum over all a; subject to the coprimality condition (10.5)) and
the height condition ((10.9)). Let

(10.15) g2(v) —/ g1(u,v)du.
{ueR| |[v?u|<1}

Similar to our discussion for as, a3, the number of possible values for o as

in ((10.9)), while ignoring (10.5)) for the moment, is X;g2(Xo) + O(1).

None of the coprimality conditions are fulfilled automatically, and only
common factors with 7 are allowed (see Column 3 of Table[10.2)). Therefore,
each prime factor of 1113141516 reduces the number of allowed a4 by a factor
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of ¥9, =1 —1/p with an error of at most O(1). For all other primes p, let
Yo, =1, and let

= Hq?zp and ¥ (n) = {791 + (10-4) holds

0, otherwise.

LEMMA 10.8. For fizedn € Z8, as in (10.4), (10.8)), the sum of N1(n, aq)

over all oy € 7 satisfying - - 18

No() o= PXIK2 )+ Rat),
T)47g

where the sum of error terms Ra(n) over all possible n is < Blog B.
PRrROOF. Let
N (b1,b2) = D1(n) - #{a1 € [br, b2] | ged(ar, mn3nansne) = 1}.
Using Mo6bius inversion, this is estimated as
N (b1, b2) = 91(n) - D2(n) - (b2 — b1) + R (b1, b2)
with R (b1, bp) = O(2¢(Mmnsm415m6)) - By partial summation,
V(n) X1 X5

Na(m) = 147§
6

92(Xo) + Ra(n)
with

_X2
nang

where Djg; is the partial derivative of g; with respect to the first variable.
Using the above bound for R(b;, b2), we obtain:

Ra(n) =

/ (Dagn)a Xo)R(~X1 /X3, Xru)du
{ul |X3ul<1)

Ra(n) < X2 =2 (mn3nansne)
774776

Summing this over all  as in while ignoring ((10.4]) which can only
enlarge the sum, we obtain

S Ra(n) < ZXQ
n

Qw 771773774775776) B . ow(mnsnansne)

X = zn: 12222 < Blog B.
In the first step, we use Xy < 1. O
Let
- I(n)X1X, () (n4-233:22))1/3
_ 2/3 _
A(n) =B > e R > p(LLLLLD
s ($2:3.3,2.2) =p 6 nin($2:3:3,2.2) =p

In view of Lemma the number of rational points of bounded height
on U can be estimated by summing the result of Lemma [L0.8 over all suitable
7. The error term is the combination of the error terms in Lemmas[10.7] and

0K
LEMMA 10.9. We have

Nug(B) = B**> " A(n)g((n/B)"?) + O(B(log B)®).
n<B
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10.6. Completion of the proof

We need an estimate for

= ZA(n)

n<t

Consider the Dirichlet series F'(s) := > ~2 ; A(n)n~*. Using

V(n)
F(s+1/3) = ,
- nélls+1ngs+1ngs—l—lnis—&—lngs—i—lngs—i—l

we write F(s + 1/3) = [[, Fp(s + 1/3) as its Euler product. To obtain
F,(s+1/3) for a prime p, we need to restrict this sum to the terms in which
all n; are powers of p. Note that ¥(n) is non-zero if and only if the divisibility
of n; by p falls into one of the twelve cases described in Table[10.2] The value
of ¥(m) only depends on these cases.

Writing F,(s 4+ 1/3) = 3212, Fpi(s + 1/3), we have for example:

Fpols+1/3) = 1,

—1/p)(1-2/p) (1-1/p)(1-2/p)
Fp15+1/3 Z (4S+1 — p45+1_1 9
— (1-1/p)? (1-1/p)?
F 77(8 + 1/3) = = .
p j;l piAstD) ph(2s+1) — (pls+l _ 1)(p2s+1 — 1)
The other cases are similar, giving
1-1/p —1/p 1-1/p
Fy(s +1/3) =1+ Pt <( —2/p)+ 2s+1 1 2p35+1 1
1—-1 1-1 1—-1 1—1/p)?
n /p +2( /p)? 49 /p 49 ( /p)

P2l _ 1 sl — 1 p2stl | (p2stl —1)2
Defining

E(s):=C(4s+1)¢(3s +1)%¢(2s +1)3 and G(s):=F(s+1/3)/E(s),

we see as in Section [9.6 that the residue of F'(s)t*/s at s =1/3 is

3G(0)t'/3Q; (logt)

5!-4.-2.3-3-2-2

for a monic @; € R[x] of degree 5. By Lemma a(S) = srr55553- BY
a Tauberian argument as in Lemma [9.13

LEMMA 10.10. M(t) = Res(t) + O(tY/379) for some § > 0.

Res(t) =

By partial summation,
1
> A(n)ga((n/B)'?) = a(S)G(0)B'/3Q(log B) - 3/ go(v)dv + O(B3~°)
n<B 0
for a monic polynomial @ of degree 5. We identify wg(.S) from
G(0) H<1 1>6(1+6+1) and 3/1 (v)d
— N - —- ], Nad Wee = gz v)av.
. p p P 0

Together with Lemma this completes the proof of Theorem [10.1
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