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Abstract

The subject of this thesis is the arithmetic theory of quadratic forms in
the language of algebraic geometry. The main goal is to formulate and prove
the Minkowski-Siegel Formula for definite quadratic bundles over curves over
finite fields.






Zusammenfassung

Das Thema dieser Arbeit ist die arithmetische Theorie der quadratischen
Formen in der Sprache der algebraischen Geometrie. Das Hauptziel ist es,
die Minkowski-Siegelsche Formel fiir definite quadratische Biindel auf Kurven
iber endlichen Korpern zu formulieren und zu beweisen.
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INTRODUCTION

The subject of this thesis is the arithmetic theory of (definite) quadratic forms in the language
of algebraic geometry. In order to preserve classical arithmetic properties we restricted ourselves to
curves over finite fields. Nevertheless, the intention of working over more general schemes should be
clear throughout the thesis. In this regard, a general theory of adeles for higher dimensional schemes
would be an essential step towards a general theory.

The problem of representability of an integer by an integral quadratic form can be solved lo-
cally by the Hasse-principle. Namely, if the quadratic form represents the given number locally
everywhere, then it represents this number with rational coefficients. This establishes a qualitative
relation between local and global representability of a number by a given quadratic form. We could
ask ourselves for a quantitative analogue: does there exist a relation between the number of local
representations and the number of global ones? The first concrete and satisfactory attempt to precise
this question was done by Gotthold Eisenstein [Eis47], where he realized the importance of certain
weighted sums for genera of positive definite ternary quadratic forms (nowadays known as the Maf
of the genus), which could be expressed as an infinite product of local densities over the prime
numbers. Eisenstein’s formula was later proved by Minkowski and Smith. The first general answer
to this question, though, was given by Carl Ludwig Siegel in [Sie35] and two subsequent papers,
where he proved a more general version of Eisenstein’s formula: the so called Minkowski-Siegel formula.

In the late 1950ies Tsuneo Tamagawa conjectured that the Minkowski-Siegel formula should be
equivalent to the fact that certain measure of a fundamental domain in an adele group of the special
orthogonal group of the quadratic form, is 2. The measure of this fundamental domain is known as
the Tamagawa number of the orthogonal group (which can be defined for any reductive algebraic
group). Tamagawa’s “intuition” was confirmed by André Weil in his celebrated lectures [Wei82],
where he proved that the Tamagawa number of the special orthogonal group of a quadratic form (over
a field not of characteristic 2) is 2. In the case the group is semi-simple (for example the quadratic
form is unimodular), the Tamagawa number is canonically defined; whereas in the case of reductive
(non semi-simple) groups some extra normalizations (so called convergence factors) must be chosen.
A far more abstract interpretation of Siegel’s formula was done by A. Weil again, in [Wei65]; a more
analytical study of the formula with tools from harmonic analysis on topological groups (this kind of
formulas are known as the “Siegel-Weil type” formulas). In this direction, [Har74| proved a Siegel-
Weil type formula in the function field case for dimensions greater or equal to 5 (so the quadratic
forms are indefinite in this case). Here we deal, though in a more geometrical context, with definite
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quadratic forms, so the dimension is at most 4. Even though this is not exactly the complement, since
it remains open the study of indefinite forms of dimensions lesser or equal to 4. All these results give
a concrete contribution to the rather under-developed situation of the theory of modular forms in
the function field case (not in the very general frame of automorphic representations). In particular,
we are interested in theta functions associated to (definite) quadratic forms defined over function fields.

In an attempt to understand this “analytical world”, we started with our very first motivation:
integral classification for definite ternary quadratic forms over global function fields of characteristic
not 2. I conjecture (based on some facts on supersingular elliptic curves and on its function fields
analogues: the supersingular Drinfeld modules), that as in the classical case (cf. [Sch97]), the integral
classes of definite ternary quadratic forms over global function fields are determined by their “theta
series”, or what amounts the same, by their representation numbers.

It is one of the main aims of this work, to prove the (arithmetical version of the) Minkowski-Siegel
formula for definite quadratic bundles over curves over finite fields (Theorem 4.4.1), which relates the
global representation numbers in the genus with the local representation numbers.

In a joint work with Prof. J. Morales and J. Bureau (Louisiana) we prove Schiemann’s result for
the rational function field case and quadratic forms of small (say prime) discriminant. This result,
is again a step towards an attempt to give an explicit algorithm to compute endomorphism rings of
rank 2 supersingular Drinfeld modules (cf. [Cer]), and gives some understanding to the analytical
problem depicted above.

We shortly summarize the contents of the thesis after the first introductory chapter, where we

settle notation of basic facts and some proofs, as for example the representability of the orthogonal
group of a quadratic bundle over any scheme.
We proceed with Chapter 2. One first attempt to study the Minkowski-Siegel formula in a more
geometric language (on curves over finite fields), is the study of the geometry of numbers for com-
pletions of global fields of positive characteristic. This non-archimedian geometry is pretty much
different from the classical one (for example all triangles are isosceles), something which has pros
but also cons. The main tool in the study of the geometry of numbers in this context is the basic
theorem of Riemann-Roch (Theorem 2.2.6). With a more classical approach, we found a new version
of the well known Hermite’s Lemma (Theorem 2.1.6) which gives a proof of a theorem of Harder
(Theorem 2.1.12). Unaware of this at the time of my investigations, I found this approach for the
proof of Harder’s theorem was already taken in [Ger79] (found after reading a book of Lam on Serre’s
Conjecture).

The studies in §2.2 were done with the intention of obtaining sufficient information to prove a step
(the left hand side) of the Minkowski-Siegel formula. In this direction the Proposition 2.2.10 (after
which I got to know it existed already in the literature: [GI63]) seems to shed some positive light.
Instead, we use more traditional methods of elementary analytic number theory (in the framework of
arithmetical semi-groups, cf. [Kno75]).

At the end, we study the extension property of quadratic bundles defined over an affine, Zariski
open subset of a projective curve (see later for some restrictions) to the whole.
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In the third chapter we study some properties of the adele orthogonal groups, of its Haar measures,
and define the necessary ingredients for the proof of the main formula. We give also a proof of the
well known fact, that the Hasse principle holds for orthogonal groups over global function fields.

In the last chapter, we prove the Minkowski-Siegel formula for definite (and integral, which is not

an essential restriction) quadratic bundles on curves over finite fields (Theorem 4.4.1). We follow the
lines of the original proof in [Sie35] and also the very nice exposition of it in M. Kneser’s [Kne92].
In [Sie37] Siegel gives a proof of his formula for the case of number fields. We prove a function field
counterpart of this last result, and hence the ideas contained in it are also of help.
At the end, we explain some consequences of the Minkowski-Siegel formula, and a suggestion (of
Prof. Stuhler) to derive this formula from the Lefschetz trace formula, as recently appeared in [BDO05].
An interesting application is Theorem 4.5.2, which states that there are finitely many isomorphism
classes of definite integral quadratic forms q over global rings (of positive characteristic) with the
following property: any one dimensional quadratic form represented by some form in the genus of q is
indeed represented by gq. This result generalizes the analogue of Watson’s result over Z (cf. [Wat53]
and [Wat76]). In the function field case, and only for the special case of the ring F [T, this result
was recently proved in [CDO5].

Some words about the numeration used throughout. The thesis is divided, in this order, in chapters,
sections, subsections, subsubsections and deeper logical units. By abuse of terminology, I will call by
section any section or deeper (subsection, subsubsection, paragraph). When refering to a section we
use the numbering: Chapter.Section.Subsection.Subsubsection. Paragraph.Subparagraph (for example
2.8.4.2). The sections (and deeper) do not have “absolute coordinates” when declared (i.e. 2.3
Hermite’s theorem is subsection 3 of section 2, but there is no information about the chapter in the
declaration). Similarly, the subparagraph: [2.3.4] Lattice reduction, is the fourth subparagraph of the
third paragraph of the second subsection, but one cannot extract from the declaration itself the chapter
and section to which it corresponds (other than directly from the text). The goal of this numeration,
is to avoid nasty numberings such as: (1.3.2.3.4) Lattice reduction, as it would instead appear.

This thesis was typeset with smfbook.cls.
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CHAPTER 1

QUADRATIC BUNDLES AND ORTHOGONAL GROUPS

In this chapter we collect basic definitions and elementary results to be used throughout the thesis,
most of which is well known.

Some notation:

— A* is the multiplicative subgroup of A, and A" is the dual (with A having the necessary structure).

— The star x will be used to denote an arbitrary/indeterminate charachter/word, which will be
understood from the context.

— All schemes are taken in the sense of Grothendieck; i.e. separated pre-schemes.

— Unless otherwise stated, all rings will be supposed to be associative, commutative and with unit.

1. Valuations and Norms

Let R be a ring (which we suppose throughout to be associative, commutative and with unit), T'g
a totally ordered commutative group, written additively. We denote by I' := (I'g) ., the commutative
monoid obtained by adjoining an extra element, co, to I'. We define on I' a commutative monoid law
and a total order, by simply extending the given ones as follows.
For the monoid law, we define z 4+ y to be oo if any of the summands is oo, otherwise the sum is
already in I'y C I'. This gives a commutative monoid structure on I'. The total order is extended
by declaring x < oo for any « € ['g. We can instead give an intrinsic construction, requiring I' to
be a totally ordered commutative monoid with a unique maximal element oo, such that the induced
monoid law on Ty :=T"\ {oco} gives indeed a (commutative) group structure.

1.1. Valuations. — A valuation on R with values in I' is a map v : R — I satisfying the
following properties:

Val.1) v(1g) =0, v(0) = +o0;

Val.2) v(zy) = v(z) +v(y), Vz,y € R;

Val.3) v(z +y) > inf(v(x), v(y)).

In the case, that R is an integral domain, there exists a unique valuation taking only the values 0
and oo. This valuation is called the trivial valuation, and will be left out from our considerations.



6 CHAPTER 1. QUADRATIC BUNDLES AND ORTHOGONAL GROUPS

Before we give some examples, let us introduce elementary concepts related to valuations on fields,
in which we are mainly interested. Let K be a field, and v a valuation on it (with values in I"). The
subset

R:=R(v) :={x € K |v(z) >0} C K,
is a subring, called the valuation ring of v, and
M :=Mv) :={zre K |v(x)>0} CR,

is a maximal R-ideal, called the (maximal) ideal associated with v. The field x := k(v) := R/
is the residue field of v. Finally, I, := v(K*) is a subgroup of Iy, called the value group of v.

Whenever we do not mention the group I'g, we assume it is the additive group of the rational
integers Z. In this case, the valuation of K is called discrete (cf. Remark 1.1.2); or equivalently, v is
discrete when the valuation ring R(v) is principal (see [Bou98, Chapter VI, page 392]).

Example 1.1.1. — (1) Let K = F, be any finite field, and v a valuation on it. Then v(z) = 0
for any 0 # x € K, since K* is a finite group ([Wei95, Lemma 1, page 2|) and 1x € K*, for which
v(1lg) = 0, by definition. So, v is the trivial valuation.

(2) If K = Q, we can define for each (rational) prime number p a valuation as follows. For an
integer a € Z define vy,(a) as the power of p appearing in the prime decomposition of a (it can be 0).
Then we extend this to the rationals: z = a/b € Q* by defining v,(x) := vp(a) — vp(b). This is a
valuation, called the p-adic valuation.

(3) For the rational function field K = F,(T'), we proceed as for Q. We take any irreducible
polynomial P € F,[T], and define for the elements in the ring F,[T] the P-adic-valuation. Since F,[T']
is a Dedekind (and Euclidean) ring, we can argue as before, by setting vp(Q) to be the highest power
of P in the prime decomposition of @) € F,[T]. This extends as before to a valuation in the function
field Fy (7). One figures out what the valuation rings and residue fields are.

Remark 1.1.2. — For a given valuation v on K, one introduces the 9M-adic topology on R (see
[Bou98, Chapter III]), induced from the basis of open sets of 0 € R given by the powers 9" of the
maximal ideal 9, for n € N. We say that any two valuations v and v on K are equivalent, if the
filtrations {M(v)} and {M(v')} define the same topology on R.

1.2. Ramification. — Let K'/K be a finite field extension, and v' be a valuation with values in T
(not necessarily discrete, i.e. v'((K’)*) may not be isomorphic, as group, to Z). Then the restriction
V' |k gives a valuation on K. It is easy to see, that R := R(v) = R' N K, where R’ := R(v), so
we have a group inclusion I'y, C I'yy. The index [’y : T'y] will be denoted by e(v’/v) and called the
ramification index of v' over v (it can be 0o). We have also, k(v) C k(v’), and hence we define
the degree of this extension to be f(v’/v), the residue class degree. In the case of number/function
fields, these concepts coincide with the better known definitions of eg and fq (for B a prime ideal
above, i.e. in R'), using prime ideals and decompositions of ideals (cf. [Has02, Chapter 14]).[!

1.3. Absolute values. — Let ¢ : K* — Ri be a homomorphism of multiplicative groups which
satisfies ¢(z + y) < ¢(x) + ¢(y). Extend it by setting ¢(0) := 0. Such a map is called an absolute
value on K.

An absolute value ¢ induces a topology on K*, namely the coarsest topology for which this map
is continuous, or what is the same, the topology generated by the basis of open sets given by ¢~ (U),
where U is any open interval in R}. Two absolute values are said to be equivalent, if their induced
topologies are the same.
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Remark 1.1.3. — Two absolute values ¢ and ¢’ are equivalent if and only if ¢(z) <1 & ¢'(x) <
1Vx € K* (see Bourbaki loc. cit.).

Example 1.1.4. — Suppose we have a valuation v on a field K. Pick a real number 0 < ¢ < 1.
We can define an absolute value (corresponding to v) ¢ = ¢, : K* — R} as ¢(z) := @),
Note that in this case ¢ satisfies the stronger inequality ¢(x + y) < min{¢(x),¢(y)}; ie. it is a
non-archimedian absolute value, and its associated valuation is also called non-archimedian.

An equivalence class of absolute values is called a place, and when there is no confusion, we work
with a representative absolute value (or valuation) in the class.

If ¢ is not non-archimedian, it is said to be archimedian, and the map given by —log.(¢(x)) :
K — R (any 0 < ¢ < 1) is called (by abuse of notation) an (archimedian) valuation associated
with ¢ (though they are not valuations in the sense of section 1.1.1). Any two such archimedian
valuations are equivalent if and only if their corresponding absolute values belong to the same place.
The absolute value corresponding to the trivial valuation on K, is called the trivial absolute value.

We give now the classification of places for the fields in the example 1.1.1.

(1) For the first case, there is only one valuation, hence only one place.

(2) For K = Q, the classification is due to Ostrowski, and besides the p-adic valuations (places)
explained in example 1.1.1, there exists also the place corresponding to the valuation associated with
the absolute value, say, v(z) := —log(|z|) (observe that this valuation is not discrete).

(3) In the function field case, besides the P-adic valuations given above, there is also one missing,
namely the so called valuation at infinity, given by v, (Q/Q") := deg(Q)—deg(Q’), where Q, Q" € F,[T]
and deg is the degree of a polynomial in 7.

Exzample 1.1.5. — The ordinary absolute value |-| : K* — R, where K is, say Q, is an archimedian
absolute value. The topology in Q induced by this absolute value, makes Q into a topological space,
whose completion is R. For the other valuations (places) of Q, we define the normalized p-adic absolute
values as: |a/bl, = (p~ )@@= ®)  for p a prime. Tts completion, @Up, is the well known field of
p-adic numbers, denoted usually by Q, and introduced by Hensel in a more analytical context.
When K is the function field of a curve over a finite field F, = ), all completions are isomorphic to
F,((€)), for £ a free parameter. In particular, all the characteristics of the residue fields of the com-
pletions are the same, p. On the contrary, in the number field case one has all possible characteristics
appearing in the residue fields.

1.4. (Counting) Norms. — A global ring is the integral closure of either Z or F,[T] in a finite
algebraic extension of Q, resp. F,(T'), the rational function field (of the curve IP’]%-Q over a finite field).
The quotient field of a global ring is called a global field. Whenever no confusion is possible, we
refer to a function field, meaning a global field of characteristic p > 0. In this section, R and K
stand for a global ring and its quotient field, respectively.

In chapter 4 we count ideals of a global ring R with certain properties, for which we need a so called
counting norm (similar to an absolute value, but) on Pic(R), the group of fractional R-ideals. This
counting norm will be given by

(1.1.1) N(a):=[R: q]
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on the R-ideals, and hence (canonically) extended to the whole Pic(R), to obtain the counting norm
N : Pic(R) — RZ; in chapter 4, by abuse of notation, also called the absolute value on R. The
reason for this term, is that actually this function, corresponds to the classical absolute norm of an
ideal of a number field, which is the absolute value of an integer.

In the function field case (i.e. R is the ring of (holomorphic) functions on a curve over a finite field
with at worst poles supported on a finite fixed set of points, called points at infinity), the absolute
norm of the ideal is not sufficient to count (since one gets polynomials instead of natural (=cardinal)
numbers). In order to get a cardinal number, we take the unique valuation at infinity for F,[T] (as in
the example above), and take the composition:

(1.1.2) Plc(R

Nrg/rg ) l
| |c>o

Pic(F, [T ]RX

We can suppose K = Quot(R) to be separable over K := F,(T") (K is perfect), so the residue degrees
of the primes in R depend only on the primes below (in Rp), and therefore N (a) = [IN /g, (a)]oo (cf.
[Ser68, Prop. 10, page 26)).

Remark 1.1.6. — With this (counting) norm at hand, we can develop a form of abstract analytic
number theory, in the sense of [Kno75], as explained in §4.5.3.

[4.1] An idele version of the counting norm. — We first introduce the adeles (also for later purposes)
and then the adelic version of the counting norm.

[4.1.1] Adele ring. — Let A)x C B, be (topological) rings indexed by A € A. We define the restricted
product of the family {A) C By}aea as the ring

H/{AA,BA} = lim I1B.x II 4

AEA S finite subset of A uES AEA\S

whose topology is given by the inductive limit topology (see §3.2.1).

Given a global ring R, there are finitely many places such that the valuations restricted to R take
negative values. These places are called places at infinity with respect to R, and the set of all them
is denoted by S, a subset of the set of all valuations on K: Val(K). We will suppose S, contains
all archimedian valuations (if they exist, clear).

Conversely, given any such finite set of valuations S, one can recover the global ring R, with respect
to which S is the set of valuations at infinity defined above.
We write R,, K, for the completions of R, resp. K with respect to a valuation v, and set

KOO = HUESOO KU'
The ring of adeles of K with respect to S, is the (locally compact topological) ring

Ag = Koo X HI {Rv7Kv}7
veVal(K)\Seo

where the last factor is the ring of finite adeles of K (with respect to S ), denoted by Ay.
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[4.1.2] Idele group. — The idele group of K, Ay, is the multiplicative subgroup of A formed by
all invertible adeles, and endowed with the coarsest topology (finer than the induced topology from

1

the adeles) making the homomorphism x +— z~* continuous (which, a priori, is not continuous on the

adeles!). Hence, A% is a locally compact topological group (cf. [Wei95, Chapter IV]).

Let a = {ay}ue|x| € A be an idele of K. There exists a surjective map Ag — Pic(R), which
sends the idele a to the ideal a := a(a) = Nygg. (K N wﬁ(o‘“)Rv) [Wei95, Ch. V, Theorem 3]. It is
easy to compute the kernel of this projection, namely the stabilizer of R in the group of ideles, which
is Ag = Il,gs.. B x [ies. K- So, the sequence

(1.1.3) l— Ay — Ap — Pic(R) — 0
is exact.
[4.1.3] Idele norms. — For each non-archimedian place v on K, we normalize the corresponding

absolute value ||, so, that |m,|, = |k(v)|; for archimedian places, we choose the absolute value induced
by the standard absolute value on C. After these normalizations, we define the idele norm |4, :
A} — RX by

{zo}ag = H |20 o-

veVal(K)

Remark 1.1.7. — The multiplicative group K* is diagonally embedded in the idele group, and the
norm restricted to it is the constant function 1 (this is the so called product formula, cf. [Wei95,
Chapter IV, Theorem 5]).

Set ¥ : A — RY as ¢({z,}) = HveVal(K)\Sw‘xv‘;l- This function is trivial on the kernel in
the exact sequence (1.1.3), so it lifts to a function e Pic(R) — RZ. From the Chinese remainder
Theorem, this function coincides with the counting norm N defined in (1.1.1), and will be denoted
by N (in chapter 4) or by |- |, (in chapter 2).

o0

2. Quadratic bundles and orthogonal groups

2.1. Quadratic spaces. — We summarize several basic notions. For details we refer to any book
about quadratic forms back in the bibliography.

[1.0.1] Let K be any field of characteristic not 2, V an m dimensional K-vector space. The pair (b, V)
is called a quadratic space, for b a symmetric bilinear K-form on V: b : V xV — K. Moreover
define qp :=: q: V — K, by v + 271b(v,v). By abuse of notation we may denote by q (by V or also
by b) the quadratic space (b, V).

[1.0.2] We write (b, V) := (b,V) L (t/, V) for the quadratic space over the vector space V :=V @V’
with bilinear form b given by
bz @',y ®y) = b(z,y) +b'(z,y).

In this case, one defines (b, V)* := (b/,V’) as the orthogonal complement of (b, V) inside (b, V).

The radical of a quadratic space (b, V) is the maximal K-vector subspace Vi,q, such that b(Vaq,*) :
V — K is the zero map; i.e. the orthogonal complement of V itself. A non-zero vector v € V is called
isotropic if q(v) is zero. If V has an isotropic vector, then it is called an isotropic quadratic space,
otherwise it is anisotropic.
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[1.0.3] A quadratic space is called non-degenerate (semi-simple after Eichler) if its radical

is {0}; otherwise it is singular. The discriminant of a quadratic space q is A(q) :=
m(m—1)

(=1) = Ho-m det({a;;}{%_1), where a; j := b(e;, e;), and {e1, ..., €5} is a basis of V.

It is easy to see, that this quantity is non-zero only when the quadratic space is non-degenerate. For

non-degenerate spaces, if one changes the basis, the discriminant changes by a square of K*. So, in
any case, it is a well defined element of K*/K** U {0} (to be seen as a commutative semi-group).

[1.0.4] A morphism between two quadratic spaces (b, V) and (b',V’) is a K-linear transformation ¢
from V to V', such that b’(¢(v), d(w)) = A(¢)b(v, w), for some A(¢) € K*. These morphisms are called
similarity transformations, and the corresponding factor A is the norm of the transformation. A
similarity transformation of norm 1 is an orthogonal transformation if it is an isomorphism of
vector spaces; in which case the quadratic spaces are said to be isomorphic (or also isometric). The
set of all orthogonal transformations of a quadratic space V into itself builds a group, O(V), called the
orthogonal group of the quadratic space. The subgroup SO(V) of O(V) formed by those orthogonal
transformations of determinant 1 is called the special orthogonal group.

[1.0.5] We close this subsection with a version of Witt’s famous Theorem:

Theorem 1.2.1 (Witt). — If S1,S2 are two isomorphic non-degenerate subspaces of a quadratic
space (b,V), then their orthogonal complements are also isomorphic.

A direct consequence of this Theorem is the uniqueness of the factors (up to isometry) in the
orthogonal decomposition of a non-degenerate quadratic space V, as V = Vg 1 H, where H is
a hyperbolic space (an odd dimensional regular quadratic space with associated diagonal matrix
diag(1,.9.,1,—1,.9.,—1)) and Vj is anisotropic. The (well defined) number ind(V) := d (i.e. half
the dimension of H) is called the Witt index and the anisotropic quadratic space Vj is the type
of V. For any two types Vo, Wy we define Vo & Wy := (Vo L Wy)o. This gives a group structure to
the set of isomorphy classes of types over K, denoted by W(K), the Witt group of K. The identity
element of this group is the class which corresponds to the zero quadratic space (which is also the class
of any hyperbolic quadratic space). The Witt group can be endowed with a ring structure, considering
tensor products of quadratic spaces.

2.2. Lattices, quadratic forms. — Before introducing quadratic forms in the language of algebraic
geometry (§1.2.4), we recall the classical definitions, and then generalize them to schemes. In this
first approach, we avoid the characteristic 2 case, because of its peculiarities, which need a special
treatment. See [Tit68], for the general definition of a quadratic form, which stems originally from
Klingenberg and Witt.

[2.0.1] Let R be any (2 € R*) integral domain, and denote by K its quotient field. For a finitely
generated (projective) R-module E, the base change F ®p K is a finite dimensional K-vector space.
Moreover, if E is endowed with a symmetric bilinear form bgr : E ® g E — R (with values in R), then
the base change to the generic fiber produces a quadratic space (bp ®r K, E ®p K).

Suppose given any other finitely generated projective module E' with a bilinear R-form b, on it. It
may well happen, that the quadratic spaces (br ®r K, EQr K) and (b, ® g K, E' ® K) are isometric
(see for example [O’MO0O0] for a complete classification of quadratic spaces over local/global fields).
When this is the case, the two modules E and E’ can be thought to be inside the same quadratic
space (b:=br®r K,V := FE®gr K).
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Definition 1.2.2. — Let V be a K-vector space. A finitely generated, projective R-submodule E of
V is a lattice (with respect to (R, K)) if E@r K =V.

The condition F ®p K =V means just rk(F) = dimg (V).

Remark 1.2.8. — Suppose K is a (non-discrete) locally compact field (so called p-field in Weil’s
[Wei95] terminology). In this case, K is a local field with valuation, say v, and a lattice in a finite
dimensional K-vector space V is an R(v)-module L C V, such that L ®p(,) K = V. Topologically,
we can define a lattice, as an open R(v)-module L in V, which does not contain any sub-vector space
other than 0 (cf. [Wei95, page 29]).

[2.0.2] We are interested in the study of lattices inside quadratic spaces. Two lattices E; and Es in
a quadratic space (b,V) are said to be in the same (integral) class, if there exists an orthogonal
transformation u € O(V), such that u(E;) = E,. If a similarity transformation w fulfills u(E;) = Es,
we say that F7 and FEo are similar, and u is a similarity between FE; and FE>. In the case
FE .= E| = FE5 the similarity transformations are called units of E or automorphisms. The group
of automorphisms will be denoted by O(E) (C GL(V)).

[2.0.3] For E a lattice in a quadratic space (b, V) with respect to (R, K := Quot(R)), we have a map
q: E — a given by v — 27!b(v,v), where a is the R-ideal (inside K) generated by the values of q.
More generally,

Definition 1.2.4. — Let R be any ring with 2 € R*, and let F and a be projective modules of rank
m and 1 respectively. A quadratic form on E with values in a, denoted by (g, E,a), is a map
q: F — a, such that:

QF1) q(Am) = A2q(m), for any A € R, m € E,

QF2) b(m,m’) :=q(m +m') — q(m) — q(m’) is R-bilinear.
When a = R, the quadratic form is called integral, for which we simply write (q, F).

Conversely, to any symmetric bilinear form b(-,-) one can associate a quadratic form q(-) given by
the equation 2q(v) = b(v,v). So, quadratic forms and symmetric bilinear coincide (for rings with the
assumption above). The nice property of the latter, is that their construction is linear, hence can be
translated into geometry. Therefore, a quadratic form is a symmetric R-linear map b : E ®r F — a,
or equivalently an element of (Sym%(FE))* ®r a.

The main problem in the theory of lattices, is the determination of a complete set of invariants for
the classes: when may we find an orthogonal transformation u such that u(E;) = E57 This problem
will be referred to, as the integral classification of quadratic forms.

It is still unsolved for global rings, and a complete solution for local rings is given in [O’MO0O].

[2.0.4] Regularity (for lattices). — From the symmetric R-linear map b we obtain the adjoint map
(cf. section 1.2.4.1) b* : E — E* ® a. When this map is an injective homomorphism of R-modules,
we say that the quadratic form is non-degenerate, if it is moreover bijective, the form will be called
regular. The quadratic form is said to be degenerate if the adjoint is not injective. A non regular
quadratic form will be called singular®.

W This may be different from some other references.
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Remark 1.2.5. — From the definitions above, a regular quadratic form is also non-degenerate, but
it is not singular.

[2.0.5] Discriminant, reduced determinant. — Let q = (q, F,a) be a quadratic form over R (cf.
Definition 1.2.4), with m := rk(FE). The norm of g, n(q), is the R-submodule of a generated by the
image of the associated bilinear form b := b,

For any set of generators of E, resp. of E* ® a, we have an associated matrix for the adjoint map
(maybe not a m x m-matrix, not even square!). This matrix is said to represent q.

We define the (ideal) discriminant of q as the ideal generated by the m x m minors of all matrices
representing b. Again, this determines an element of Pic(R) (see [Bou98, Chapter II, §5.6]).

Remark 1.2.6. — In cohomological terms, for a regular integral quadratic form (q, F'), one defines
as usual a l-cocycle £(q) € Hflppf(R, fi5), via the isomorphism det(E)®? 22 R (cf. [Knu91, Chapter
II1]). By using
1—>//‘2;Gm/\—2>@m—>17
we get (as 2 € R this sequence is exact in the étale site)
1 — T(Spec(R), R* /R*") — HY (R, ps) > HY (R, G,,) = Pic(R).

Therefore, ¢,£(q) is an element of Pic(R), namely the discriminant ideal we have just defined.

Definition 1.2.7. — The reduced determinant of q is
o(q) := discr(q) © n(q)~ .

Remark 1.2.8. — The idea behind this decomposition of the discriminant, in the end, is to stratify
the quadratic forms, where in each stratum, the forms behave like unimodular quadratic forms, hence,
loosely speaking, reducing the study of quadratic forms, to the study of the unimodular ones.!"V]

[2.1] Quadratic forms over local rings. — Let K be a non discrete locally compact local field
(char(K') # 2 as always). Denote by R the valuation ring, by 7 a uniformizer, p := 7R, and by k the
residue field (which is finite, since K is locally compact).

[2.1.1] Let q : E — a be a quadratic form. In this case, the norm of q is the ideal n(q) := m®, where
6 = inf.cp oy {v(a(e))}. All projective R-modules are free, so we can take a basis of ' and of a = aR,
and write the associated matrix. We easily obtain discr(q) and hence 0(q).

[2.1.2] A lattice E C V is called maximal, if there does not exist another lattice E’ containing F,
with n(E) = n(E’). It is easy to see, that if the reduced determinant of E is either R or m, then F is
maximal (a strictly bigger lattice of the same norm implies m? | 0(E)).

To illustrate the meaning of the norm of a quadratic form, we recall the (local) classification of
maximal anisotropic lattices of rank 3 (see [Eic73, I1.9, page 54| for the proof) and some elementary
examples.

Let E be a maximal lattice of norm 7' inside an anisotropic quadratic space (q,V) of dimension 3.
Then
(. B) = (wle) Lal Ny, or
it (mle) L xl+l Nk
where F' is the unramified quadratic extension of K with relative norm N /g, and € is a unit, uniquely
determined up to squares of units.
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Example 1.2.9. — We set £ = R", the standard lattice in the vector space K™, so we are able to
write a symmetric matrix My with respect to the standard basis of £ = R for a quadratic form q.

(1) In the one dimensional case, for the symmetric matrix My = [7¢], we have n(q) = (7¢) = discr(q),

so 9(q) = R.

(2) Let My = [g 7?2], we have n(q) = (r), discr(q) = (7%) and 2 = (7).
o1
(3) if Mg = [Wl1 1 ], then n(q) = (7~ 1), diser(q) = (1 — 772) and 02(q) = (1 — 72).

[2.1.3] It is easy to prove, that every lattice E decomposes as the orthogonal sum of 1-dimensional
lattices (and maybe also 2-dimensional factors if char(R) = 2):

E:ElJ_...J_Em; I‘k(EZ):l

[2.1.4] A fundamental property of quadratic lattices over complete local fields is

Theorem 1.2.10. — [Eic73, §9, Satz 9.5] Let L, M be two maximal lattices in a fized quadratic space
V of Witt-index v. Then there exists an orthogonal R-basis {e1,...,e,} of L, and integers f1,..., fr,
such that

{7Tf1€1, e ,7TfL6L,7TfL+1€L+1, e ,Wfr‘Ler,L,Wffler,LH, e ,wffLer}

is an orthogonal R-basis for M. The norm of the anisotropic parts are ntn(L) and mMn(M), respec-
tively, for mnon-negative exponents ey, ey € Ny.

The uniquely determined (up to permutation) exponents {f;};_; are called the invariant factors
of M in L.

[2.1.5] The following version of Hensel’s Lemma given by Kneser [Kne92, Satz 15.3] is a very powerful
one. It gives, in particular, the cardinality of the possible liftings of orthogonal transformations defined
over the ring R/p" to orthogonal transformations over R/p"*! (cf. loc. cit.), which gives in certain
sense (see chapter 4) the local densities of the quadratic forms over local fields. .

Let V, V' be two quadratic spaces (with forms b, resp. b), F a lattice in V and G a finitely generated
R-submodule of V', and v : E — V' an R-linear map. Denote by ¢, : V' — E* the map: y — ¢,(y) :
x — b (uz,y).

Lemma 1.2.11 (Kneser’s Hensel). — With the notation just introduced, suppose there is k € N
with:

(1) E* = 6u(G) +pE*, p*d'(G) Cp,

(2) ¢'(uz) = q(z) (mod p*).
Then, there exists a linear map @ : E — V', such that

(1) @z = uz (mod pFG),

(2) ¢'(ax) = q(x) (mod p**1).

The importance of this result lies in the fact, that when the ring R is complete, by iterating this
Lemma one gets an orthogonal extension of u. Namely,

Theorem 1.2.12. — With assumptions of Lemma 1.2.11, and R a complete valuation ring; there
exists an isometry i : E — V', such that iz = uz (mod p*Q).



14 CHAPTER 1. QUADRATIC BUNDLES AND ORTHOGONAL GROUPS

[2.2] Quadratic forms over global rings. — Chapter 2 deals in detail with these quadratic forms, so
in this section we only state a few general facts.

Let R be now a global ring and K its quotient field. For a lattice FE in a quadratic space V over K,
we have

nE)= [[ &),
vE|Spec(R)|
o) = [I o).
vE|Spec(R)|
The standard technique to work with in this case, is the well known local to global principle. For
example: if we define a lattice M inside V to be maximal, when there is no lattice E D M (different
from M) with the same norm; then M is maximal if and only if M, is maximal in the quadratic space
V, over the complete local field K,, for all v € |Spec(R)].

[2.2.1] Structure Theorem for projective modules over Dedekind domains. —

Theorem 1.2.13 ([Bou98, Chapter VII, §4.10]). — Let M be a finitely generated projective module
of rank m over a Dedekind domain R. Then, there exists a unique non-zero R-ideal m, such that
M~R"™@m.

The divisor class of m is called, by abuse of notation, the divisor class of M (which is clearly
unique, since m = det(M) := ATK(M) pr ). Hence, this result tells us that the isomorphy class of finitely
generated projective modules is simply given by the rank and the divisor class.

[2.2.2] Genus theory. — One of the basic and most important concepts in the global case, is the
genus theory, whose aim is to make clear the obstruction to the passage from local to global. We refer
to section 3.3.

2.3. Clifford-Algebras, Spinor- norm and group. —

[3.1] The Clifford algebra. — The idea of constructing the Clifford algebra of a quadratic form, relies
on the wish of taking square roots of the values of a quadratic form. With this in mind, we define a
universal square root problem for a quadratic form.

Given an integral quadratic form (q, F), we look for a unital (i.e. with unit) associative R-algebra
C, together with an R-module homomorphism ¢ : E — C, such that ¢(v) - ¢(w) + ¢(w) - ¢(v) =
b(v,w) - 1¢, for any v, w in E; where - denotes the product in the algebra C'. In particular, for v = w,
q(v)-1¢ = ¢(v)?. The algebra C should moreover fulfill the following universal property: for any other
pair (C',¢'), with the same properties as (C, ¢) above, there exists a unique algebra homomorphism
1 : C — (', such that

B0

|
\ 13y
¢ v
C/
commutes. It is well known, that there exists such a universal object, and is therefore unique up to
isomorphism ([Bou59]), which we denote by C(E) and call the Clifford algebra of E.

Remark 1.2.14. — For non integral quadratic bundles (q, F, a) there exists the notion of a Clifford
algebra introduced in [BK94], which we are not going to use.
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Remark 1.2.15. — We refer to [Bou59] for the following basic facts.

(1) If ¢ =0, then C(FE) is just the exterior algebra of E, A(E).

(2) The algebra morphism ¢ is injective.

(3) If E is free, C(E) is a free R-module generated by the products of the form v;, - ... v;,, for
0 < k < m, where {v1,...,vn} is an R-basis for E (we write v-w for ¢(v)-¢(w), to simplify notation).
Hence, dimg(C(E)) = 2™.

The Clifford algebra can be given as a quotient of the tensor algebra T'(E) of E, by the two sided
ideal generated by the elements of the form v ® v — q(v) - 1¢(g), for all v € E. This algebra possesses
a natural Z/27Z-grading, given by the elements which are linear combinations of products of an odd
(even) number of v’s. The even part, Cy(FE) is still an algebra: the even Clifford algebra of F
(the odd part has structure of Cyp(E)-module). The rank of the Clifford algebra (of the even Clifford
algebra) is 2™ (2m~1),

[3.2] The Spinor Norm. — Define

OC(E) = {a € C(E)* | Int(a)(E) = E},

where Int(a)(z) := (—1)dee(@dee(®) =120 and deg is the function which corresponds to the grading
of C(E) (recall the identification of E with ¢(E) C C(E)). Set also, OCy(E) := OC(E) N Cy(E).
Let m : OC(E) — O(FE) the group homomorphism, which sends « to Int(«). This group homomor-
phism is a link between arithmetic (of algebras) and geometry (of the orthogonal group). On the
arithmetic side, one has a canonical involution ~ defined on the Clifford algebra, given by v-w = w- v,
where v, w are any two degree 1 elements of C(E). This action can be extended to the whole algebra,
and gives an involution, which acts trivially on (the image of) E. With it, one can as usual define a
norm map N¢ : OC(E) — R*, which sends v to N¢(v) :==vv € R*.

One would like to define a norm on the side of the orthogonal group. If for example R is a field,
every orthogonal transformation can be written as a product of reflexions and we obtain a well defined
map SN : O(E) — R*/R*” (the target is R*/R** due to the definition of the homomorphism 7); but
this is not the generic picture. In order to overcome this situation, we briefly sketch Bass’ approach
([Bas74]), which constructs a norm on O(E), for any regular E over a commutative ring R.

Let A := Autgr-a1g(C(E)) be the group of algebra automorphisms of C'(E) which preserve degree,
and let « be in this group. We define ,C(F) as the C(E) ® C(E)°P-graded algebra C(FE) itself with
twisted multiplicative structure given by (a ® b) - « := a(a)xb. Set Lo := Homg,-a1(C(E),o C(F)),
where again Homg;_ajg stands for the algebra homomorphisms which preserve the grading of the
algebras.

Theorem 1.2.16 (Bass). — There exists a canonically defined isomorphism tq : Lo ® Lo = R.

Therefore, the pair { Ly, Lo } is a discriminant bundle; i.e. a cocycle in H}ppf(R, jip) (which is R* /R*”
when R is a field). Since O(F) can be identified with the subgroup {u € A | u(E) = E} (cf. [Bas74]),

we have a map:
SN : O(E) - Hflppf(Ra//JL2)7

which is in fact a homomorphism of (abelian) groups. This map extends the norm on the Clifford
algebra, and therefore, is a correct generalization of the classical spinor norm (cf. (1.2.3.2.1)).
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[3.2.1] Spinor group. — The Spinor group associated with F is
Spin(E) := OCy(E) N Ker(N¢).

Denoting by O (E) the group image 7(OCy(E)) C O(E), we may summarize the definitions and
facts of this section in the following two diagrams:

O(E) -~ H} (Spec(R), uy)

1]

OC(E) R*/R**;

1 — my(R) — Spin(E) & OF(E) = HY (Spec(R), my);
where the first commutes, and the second is an exact sequence.

[3.3] An application. — We will now show, with help of the (even) Clifford algebra, how to compute
the Bruhat-Tits building of the special orthogonal group of a non-degenerate, isotropic ternary
quadratic form (q,V) over a local field K. We refer to [Ron89] for basic definitions on buildings.

[3.3.1] As we saw above, the even Clifford algebra Cy(V) is a rank 4 algebra over K, and its associated
norm is clearly isotropic, since the quadratic form q is isotropic. Therefore, Cy(V) is isomorphic to
the matrix algebra My(K'). Since all automorphisms are inner (Skolem-Noether), OCy(V) = Cp(V)*,
and hence

(1.2.1) PGLy(K) = Co(V)* /K> = OCy(V)/K* = SO(V).

More explicitly, if the quadratic form with respect to a suitable basis {e1, ez, e3} is H L ag, then
the isomorphism of algebras sends the basis of Cy(V), {1,e1 - e2,e1 - €3,e3 - €3}, to

1 0 1 0 0 —asg 0 asg
to W A0 RSl
[3.3.2] Let K now be a complete local field (see section 1.2.2.1 for notation). With isomorphism (1.2.1),
the Bruhat-Tits building & := X (SO(q,V)) of SO(V) is simply the affine building of PGL2(K'), which
has a down-to-earth interpretation. Namely, the simplicial complex X has as vertices, the classes of
lattices L C K2, where L; ~ Ly < 3\ € K* : L; = ALs. Since the dimension of the algebraic group

PGL2(K) is 3 and its K-rank is 1, it follows that the simplicial complex X is one dimensional. The
one simplices are given by flags of R-lattices

Lo 2 Ly 2 mLo(= Lo (mod ~));

which after fixing a basis, and recalling the elementary divisor Theorem (a weaker version of Theorem
1.2.10) can be explicitly described. With this, one obtains a complete explicit description of this
Bruhat-Tits building.

[3.3.3] When (q,V) is anisotropic, we make base change to a quadratic extension K’ of K (where
we denote by ¢ the non-trivial automorphism of K’ which fixes K) where it is isotropic. There we
compute the Bruhat-Tits building for (q,V) ® x K’. Then the Bruhat-Tits building of (g, V) is simply
the set of invariants under the action of o.



2. QUADRATIC BUNDLES AND ORTHOGONAL GROUPS 17

Remark 1.2.17. — The construction of the Bruhat-Tits building above depends on the chosen iso-
morphism (1.2.1). See [SP79] for a direct construction.

2.4. Quadratic bundles. — Let X be a scheme. There exists a one-to-one correspondence between
the isomorphism classes of vector bundles on X of rank m, and locally free sheaves of constant rank

m ([EGAII, §1.7]), given by:
E— V(&) :=E := Spec(Sym(&)),

and conversely for a vector bundle V x over X it associates I'(-, Vx)*.

We can therefore (and will) interchange the notation, whenever it will cause no confusion, vector
bundles and locally free sheaves of finite constant rank.

There is also a projective version of V(&) for rk(€) > 2: P(€) := Proj(Sym(&)). This is a projective
bundle of rank rk(£) — 1 over X. This functor P(+), is almost faithful: P(£’) = P(€) if and only if
there exists a line bundle £ on X, such that £ = &' ® L.

[4.0.1] Let £ (E) and £ (L) be vector bundles over an S-scheme X of rank m and 1 respectively. As
in the affine picture above, we suppose that 2 € O%.

Definition 1.2.18. — A quadratic form on £ with values in £ (over X) is a section b of
(Symp, (€))* ®oy L.

Hence, a quadratic form on X consists of a triple (q,&, £), where
b € (X, (Symp, (€))" ®oy L).

This triple will be also called a quadratic bundle, and it may be written by abuse of notation, as q
or £. If £L = Ox, the quadratic form is said to be integral and £ may be omitted in the triple.

[4.1] Regularity. — Given such a quadratic bundle, we define the adjoint map b*: £ — L ®p, £*
as in the following diagram:

Ide()®1e

EREnd(f) — = ERE®EF
Sym2(&) ® £*
lb@ldg*
L&E.

One can easily check by trivializing the bundles, that as in the classical case,

Lemma 1.2.19. — Locally, the morphism b* is such, that b*(v) = b(v, ) € L& E*, for local sections
v of €.

Denote by ICq the sheaf defined by the kernel of b*, whose support is the Cartier divisor supp(Kg).

Definition 1.2.20. — A quadratic bundle q = (q,&, L) over X is called s-degenerate in codi-
mension ¢ (s,c € Ny) if and only if the local ranks of Ky are at most s, and the divisor supp(/Cq)
is supported in codimensions greater than c. ¢ is called degenerate in codimension ¢ (non-
degenerate) if it is rk(€)-degenerate in codimension ¢ (0-degenerate in codimension dim(X)).
Finally, q is regular if and only if b* is a sheaf isomorphism; singular if and only if q is not regular;
and degenerate if and only if q is not non-degenerate.
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For our purposes, we should just keep in mind

q is non-degenerate <= b" is injective.

Remark/Example 1.2.21. — In the case X is an integral, geometrically smooth and irreducible
curve over a finite field, we have only two possible codimensions, so either degenerate in codimension
1 or 0.

— The first corresponds to the classically known non-degenerate quadratic forms. These are the
forms we are interested in!

— The latter corresponds to degenerate quadratic forms, which actually (besides the zero form) are
non-degenerate on a “big” Zariski open subset of X, but fail to be everywhere non-degenerate.

Nevertheless, it is for higher dimensional schemes, that the Definition 1.2.20 can be of much help. It

can be interpreted as a stratification of the singular locus of the “space” of quadratic bundles of a

given rank over X.[al

[4.2] Discriminant and reduced determinant. — They can be given locally as for quadratic forms (cf.
1.2.2.0.5).
[4.3] Notational convention. — Let (q,&,L) be a quadratic bundle over a regular scheme X, and

let Y be an irreducible, codimension 1 subscheme of X, such that the local ring Ox y is a discrete
valuation ring with maximal ideal m and local uniformizer = := 7y (given locally, as a section of
certain sheaf: K*/O%; [Har97, Chapter I1.6, page 141]). Denote by (/9\X,y the completion of Ox y
with respect to the valuation v associated with 7; let @X,Y,(O) be its quotient field. Therefore, after
base change to the completed ring (field), we get an O x,y-lattice ((5 X,v,(0)-quadratic space) endowed
with the Acon:\esponding base chinged /c\luadratic form. We denote the resulting lattice (quadratic space)
by @y, &y, Ly) (resp. (dy,(0), Ey;0): Ly, 0)))-

In chapter 3 and thereafter, we will prescind from the hat to denote completions; that is, %, will denote
*y, for v a valuation.

[4.4] Definite quadratic bundles. — Let D be an effective Cartier divisor on X and |D| its support.

Definition 1.2.22. — A quadratic bundle (q,&,£) on X is called definite (with respect to
supp D) if the quadratic space (/q\y7(0),5y7(0),ﬁy7(0)) is anisotropic for all Y € supp D. A quadratic
bundle which is not definite is called indefinite.

Recall the classical (i.e. over the rationals) definition of a definite quadratic form: q is definite (with
respect to {oo := |-|}), if over R = Q it takes only positive or negative values (with the obvious
exception of taking all coordinates equal to zero). This is precisely what the definition above tells in
this case: the 0 can be only trivially represented in the completion R = Q..

2.5. Orthogonal groups. —

[5.1] Basic definitions. — We need to consider also morphisms between quadratic bundles. Let
(9i,&i, L) for i = 1,2 be two quadratic bundles on X. A morphism ® from (qi, &1, £1) to (g2, &2, L2)
is a pair of sheaf-morphisms ® = (1, @), with @1 : & — & and ¢ : L1 — La, such that the following
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diagram commutes:

Sym
(1.2.2) Sym?(&; ) - I m? (&)

hll lm

L, —2 o1,

A morphism ® as above is a similarity transformation, or simply a similarity, if both ¢
and ¢ are isomorphisms. We denote the set of similarities from (q1,&1,£1) to (q2,&2,L2) by
S((q1,&1,L1), (92,E2,L2)). A similarity transformation ® is an isomorphism (or equivalently, an
isometry) of quadratic bundles if ¢¢ is the identity morphism (in particular £1 = L£2). In this case,
the quadratic bundles are said to be isomorphic (=isometric), and belong to the same class (over
X) of quadratic bundles.

Definition 1.2.23. — Let (q,&, L) be a quadratic bundle on X. The group of similarities from this
bundle to itself is denoted by &(q,&,L). Let uw = (u,up) be a similarity. The homomorphism wu
can be interpreted as an element in I'(X, 0%), called the multiplier (since an automorphism of £
is an element of (£* ® £)* = O%). An element ® € &(q,€&, L) is an orthogonal transformation
or an automorphism if ¢y : £ — L is the identity morphism, in which case we write simply ¢ for
® = (p,Idz). The subgroup of the group of similarities given by the orthogonal transformations,
O(q,&, L), is called the orthogonal group of the quadratic bundle (q,&, £).

Hence, the orthogonal group of a quadratic bundle (q,&, £) is the subgroup of Aut(£) = GL(E),
consisting of those ¢ € Aut(€) which make the following diagram commutative:

2

Sym?(£) ————— Sym?(€)

\/

As usual, we define the special orthogonal group as
SO(q,&, L) == {p € O(q,&, L) | det(p) =1 € I'(X, 0%)},

and call its elements proper automorphisms. This could be also stated in the language of group
schemes, namely, as the connected component of the identity of the orthogonal group, as an algebraic
group scheme. For more general purposes, one takes the latter as the definition of the special
orthogonal group.

[5.2] Representability. — So, we prove now that in fact the groups defined above are indeed group
schemes (which we always mean to be affine) representing the corresponding functors on groups. It
suffices to prove representability for the orthogonal group itself.
[5.2.1] We will prove that the functor
O(€) : (Seh/X)? — Groups
Y — {u € GL(E)(Y) | by o Sym?(u) = by }.
is representable, from a general result of Grothendieck on the representability of certain functors

[SGAD, Exposé VIII, §6], which we briefly sketch for completeness sake. We use Grothendieck’s
notation when we want to use the fact, that schemes are first of all functors; e.g. GL,, is the group
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which represents the functor GL,,.
Representability of the functor O(€) means, that there exists a scheme G over X, such that for any
Y € Sch/X

O(E)(Y) = Homgenx (Y,9)
functorially; that is, the isomorphisms are given through a natural transformation. In this case, the
scheme G will be a group scheme over X.

Exzample 1.2.2} (Generic Example). — Let XY, Z be S-schemes, and 1, s be two actions of
X on Y with values in Z, i.e.

p1, p2 : X — Homg(Y, Z),
or what amounts the same,

X — Homg(Y,Z x5 Z).
The subfunctor X’ of X defined by X'(T') := {x € X(T) | m(x) = pa(z) : Yr — Zp} for T — S,
called the kernel of p is exactly the subfunctor inverse image of Homg¢(Y,Az) C Homg (Y, Z xg Z)

by p; with Az being the diagonal scheme in Z xg Z. Grothendieck’s Theorem on representability
(Exposé loc. cit.), gives conditions under which the subfunctor X’ is representable.!!

Theorem 1.2.25 (Thm. 6.4 loc. cit.). — The subfunctor X' defined above is representable by a
closed subscheme of X, when Z is separated over S, and Y is essentially free over S.

We will not introduce in detail the (technical) concept of essentially freeness, which in words
means, that after suitable base changes (faithfully flat, affine), the ring of regular functions on Y,
becomes a free module over the base. We use only the following two facts:

— over a field, any scheme is essentially free,
— any scheme is essentially free over itself.

[5.2.2] We want to apply the Theorem above, to prove the representability of the orthogonal group
O(&). The group GL(E) acts on the projective scheme V := P((Sym?(£))* @ L), whose sections are
precisely the quadratic forms (up to scalars). So, our quadratic form b is a section of this projective
bundle over X. Now, set X := GL(E), Y := {b} and Z the orbit of b under GL(E) in the example
above. (Y is a closed subscheme of V since the latter is projective, hence separated, and therefore any
section of the structural morphism is a closed immersion, cf. [EGAI, §5.4])
Define two (right) actions 1, p2 : GL(E)x — Homy ({b}, Z) by:

p1(9)(b) :=b - g := b o Sym®(g),

p2(g)(b) :=b.
Clearly, the subfunctor defined by the kernel of them, is exactly the orthogonal group. So we need
to prove, that {b} is essentially free and that the orbit is separated. The first is obvious from the

definition, since any scheme over itself is essentially free. The second is also clear, since the orbit sits
inside a projective bundle. So we have proved

Proposition 1.2.26. — The functor on groups O(E) : (Sch/X)? — Groups is represented by a
closed subscheme O(E) of GL(E)x,

0(&)— GL(E)

N

X
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[5.2.3] Alternatively, one can prove the representability of the orthogonal group over affine patches,
and then check the glueings. Even though, the use of Grothendieck’s Theorem above seems to be too
much for our purposes, its proof is not much more than what one should do, to prove the glueings for
the orthogonal group itself, and so, we decided to put it here to show a more versatile fact.

Remark 1.2.27. — The connected component of the identity in O(E) is the open subgroup scheme
of proper automorphisms O(€)° = SO(E) € O(E). This connected group scheme is not flat in general
(cf. chapter 3), but when the quadratic form is regular over X, it is indeed reductive. In general, the
Lie algebra of O(€) has trivial nilpotent ideal, so for reductiveness, we need only to check smoothness
of the fibers. When the quadratic bundle is not regular, the dimension of the fibers of the orthogonal
group jump up at certain “bad points”.






CHAPTER 2

LATTICES OVER GLOBAL RINGS

We define a constant which enables a generalization of Hermite’s Theorem for global rings, give
a proof of Harder’s Theorem (Theorem 2.1.12) and study extensions of quadratic bundles on curves
(Theorem 2.3.4).

1. Harder’s Theorem

1.1. Hermite’s Theorem. — In this section, R will be a global ring; i.e. the integral closure of
the ring of integers (of Fy[T]) inside a finite degree extension K of Q (F,(7)). In the function field
case (positive characteristic) K can be seen as the function field of a geometrically smooth, irreducible
projective curve X over Spec(F,), with generic point n (so k(1) = K).

[1.1] A(R). — Let |-| be the absolute value on K, as defined in §1.1.3.
Definition 2.1.1. — The limit

AM(R) := ess infrek d).((z, R),
where 0| (x, R) := inf{|z — y| | y € R} is called the Lebesgue number of R.

Ezample 2.1.2. — (1) We illustrate the relation with the classical Lebesgue numbers in the case
R = 7. Intersect any closed interval I := [a,a + k]NQ C Q =: K for a € Q and k € N. Take for a
covering of I the union of the finitely many relative open sets I N (n —1,n+ 1) with n € Z. Then the
Lebesgue number of this covering is exactly our A\(Z), which is clearly 1/2.

(2) R = Ft], K = F,(t),| | : KX — Rsq, given by |z1/xa|, = ¢%9(#1)=de9(2) Then
AFq[t]) =1/q.
Take © = xz1/xy and y with x1,29,y € R. Then, we have to compute 6|,|Oo |z —yl, =

|(yze — 1) /72| - If deg(z) < —1 then take y = 0 and we obtain §;_ < |z|, < 1/¢. If not,
deg(z) > 0, which means deg(x1) > deg(zz2). Since R is an Euclidean domain, we can find
Yo,70 € R : 1 = yoxa + ro with deg(rg) < deg(xz). Therefore, (yore — x1)/x2 = —1r9/r2 has v-norm
not greater than 1/q. It is easy to see, that the limit 1/¢ can be reached (take x = 1/t). Hence,
AF[t]) = 1/g.

Lemma 2.1.8. — Let R’ be the integral closure of R in a finite extension K' of K, and | - |, denote
also the extended absolute value given in §1.1.3. Then M\(R))" K1 < \(R).

Proof. — Combine the example above with the definition of the absolute value (cf. §1.1.3). U

Therefore,
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Corollary 2.1.4. — The Lebesgue number of a global ring of positive characteristic is smaller than
1.

[1.2] Let V be an n-dimensional K-vector space, b a non-degenerate bilinear form on it (i.e. (V,b) is
regular) and E a lattice in V. By scaling the lattice E we may suppose it is integral. Define:
(2.1.1) m(E) = inf {| discr(a)| .}

aCE,
rank-1 submodule

where discr(a) is the discriminant (ideal, cf. §1.2.2.1.1) of a.

Remark 2.1.5. — (1) The number m(F) is positive, because of the discreteness of R inside K,
with respect to | - | .

(2) Denote by q the associated quadratic form q(z) := 271b(z, ). Then, if R has class number one,
m(FE) is the smallest length of a lattice point in F.

(3) In the definition of m(FE) for a lattice in a not necessarily regular quadratic space, we restrict
the infimum to be taken among the regular submodules. In the case of isotropic (regular) lattices, a
bound for the “absolute” minimum (in this case equal to 0) does not give any information. Note that
this is not the usual definition, as for example in [Kne92].

[1.3] Hermite’s Theorem. — Let a be a rank 1 R-module. We write by a C E an injective homomor-
phism of R-modules from a into F, and in this case let a be identified with its image, such that for
example F/a makes sense. Take any a C E such that m(E) = |discr(a)|,, (which is easily seen to
exist).

Claim: The ideal a can be taken to be primitive, i.e. E/a torsion-free.

Suppose E/a is not torsion-free. Then there exist v € E\ a and A € R\ {0}, such that Av € a. Set
a(v) := a+ (v)r. This is again a rank one submodule of E. It is clear that discr(a(v)) D discr(a),
hence m(FE) = |discr(a(v))|.,. If we iterate this process (which finishes because R is Noetherian), we
obtain a submodule with the required property.

Claim: There is a principal ideal (a) C a with the same minimum.

Clear (because of the discreteness of the absolute norm).

[1.3.1] We return to the vector space V with its bilinear form b. Define 74 to be the projection
from V onto the orthogonal complement of a = (a). Denote by E’ the image of the lattice E under
this projection. It is therefore clear that discr(E) = discr(a)discr(E’). Now take o', with m(E’) =
| discr(a’)| .. So, by definition of A(R) (and since a is principal!) we can find for any v" € E" a vector
v € Eanda A € Rsuch that v = v'+\a (7q(7) = x—b(z,a)/q(a) a). Now b(v,v) = b(v/,v')+A?b(a, a),
so we obtain in the archimedian case m(E) < m(E') + A(R)?*m(FE), whereas in the non-archimedian
case even m(E) < m(E'), since A\(R) < 1 (cf. Corollary 2.1.4). The rank of E’ is strictly smaller than
the rank of F, so we proceed by induction in order to prove

Theorem 2.1.6. — Let R be a global ring as above, K its quotient field endowed with the valuation
|| : KX — Rxq, for which R is discretely embedded in K. Then, for any non-degenerate integral
quadratic lattice (E,b) of rank n over R holds:

3=

(2.1.2) m(E) < (1 - A(R)%) ™" | discr(E)|

oo

If moreover | - | is non-archimedian, and \(R) < 1, then

o0

(2.1.3) m(E) < | discr(E)| "

(e 9]
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Proof. — Let’s handle first the non-archimedian case. Suppose from the inductive hypothesis)

m(E'") < |discr(E")| " T.

From this and the relation between the discriminants, we have

1 |discr(E)| =

m(E) <m(E') < |discr(E')| T = oo
m(E)=1 <|discr(E)| 77 = m(E) < |discr(E)| 7.

If | - | is archimedian, we suppose

m(E') < (1 - MR)2) ™ | discx(E)] 7T,

[e.e]

then:
m(E) S(l — )‘(R)z)_lm(E’) < (1 . )‘(R)z)_%ldiscr(Elﬂooﬁ _
=(1- A(R)2)7%| discr(E)|Ooﬁm_m
n(

= m(E)" <(1 — )\(R)Q *%1)|discr(E)|oo

~—  —

3=

= m(E) <(1 - AR)?)~ "z | discr(E)|

e ¢}

O

Remark 2.1.7. — For R = Z, if we recall our definition of A\(R), we see from (2.1.2) that we recover
the classical result :

3=

(2.1.4) m(E) < (2/v/3)"!|discr(E)|*.

Remark 2.1.8. — Hermite’s Theorem could be said to belong to the realm of explicit reduction
theory, whose main aim is the explicit construction of fundamental domains (cf. [God64], [Har69]).
Godement says in [God64, page 3]:

“Il serait instructif d’étendre si possible la méthode précédente a la charactéristique p, i.e. en
prenant pour corps de base k = Fy(X) au liew du corps des rationnels.”

Our intention for the definition of the Lebesgue number of a global ring R was to obtain a generalized
version of Hermite’s Theorem for characteristic p > 0. To extend “Godement’s method”, one has to
generalize a constant ¢ (cf. loc.cit.), which in the case of the rational integers is 2/v/3 and comes from

Hermite’s Theorem (2.1.4). Hence, for a general global ring R, this constant is cg := (1 — A(R))™"/2,

where \ is our Lebesgue number.(?)

W1t is easy to see, that the “right” exponent for discr(E’) in the inductive assumption should be ﬁ Replace the
€n—1
€n—1+1"

() Added in edition: We unfortunately did not know about investigations on explicit reduction theory by the time of

unknown exponent for rank n — 1 modules by €,, and then observe, that ¢, =

writing the thesis. See for example [Thu96], [Wat04] and references therein for generalizations of the so called Hermite
constant, where the latter also generalizes Thunder’s definition (over number fields) for linear algebraic groups over global
fields.
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[1.4] The finiteness of the class group of a number field follows from Hermite’s inequality. A similar
statement in this context is the following (cf. [Kne92, Satz 20.2])

Proposition 2.1.9. — For any n € N,d € |R| C Rxq fized, there exist finitely many isomor-
phism classes of integral, non-degenerate quadratic lattices (b, E) such that E is of rank n and

d = |discr(EF)| -

Proof. — Since the statement is up to isomorphy, we can suppose the lattices to be in the same n-
dimensional quadratic space V. Let n = 1. Then by Theorem 1.2.13, E is isomorphic to an ideal a of
R. Let CI(R) = {a; = R, as,...,a,} be the class group of R and a; = (a;1,...,ain,). Then F = aaq;
for some ¢ = 1,...,h and for some o € K. Since the rank of F is one, we can associate to the pair
(b, E) a n; x n; matrix M with coefficients in K, of the following form:

Bbi1 Bbrz ... Bbig,
M= Bba1  Bbaa ... PBban,
ﬁbnl,l an1,2 .. ﬁbnl,nZ

The coefficients by, ; belong to K, and are determined by the class of the ideal associated with E. They
are obtained from the relations (in K) between the n; generators of a;. The “indeterminate” [ is given
by the bilinear form b on E. Therefore, if we impose a bound for the discriminant of F with respect
to the bilinear form b, this gives a bound on 3, since the matrix M/ depends only on the class of the
ideal a;. But there are h such matrices, so we can bound ( uniformly; therefore the claim for rank 1
lattices. (We could have certainly taken n; = 2.)

Suppose the assertion is valid for all modules of rank smaller than n (> 1). Take a; C E such that
| discr(ay)|,, = m(E). As we saw before, a; is a primitive sub-module of E of rank 1. So by the
inductive hypothesis, since its discriminant is bounded by A\(R) and discr(E) (Theorem 2.1.6), there
are finitely many possibilities for a;. Set G := ENa;i. Observe that G L ay C E C E# C G¥* L cﬁf#.
From this it is clear that we have only to bound the discriminant of G, since rk(G) < rk(E). A uniform
bound for it follows from next lemma, so the proof is finished. O

Remark 2.1.10. — We can prove also a similar result for quadratic lattices with values in fractional
ideals with bounded discriminants, instead of values in R.

For a quadratic form (M, q) over R, and a € K; set “M to be the quadratic form over M which
sends x to aq(x). In case it is necessary from the context, we write ®z for the element x € M, but M
seen with the quadratic form agq.

Lemma 2.1.11. — Let E be a lattice in a regular quadratic space (V,b), and L a primitive sublattice
of E. Then, there exists a divisor 0 of discr(E), such that:

6] 2| diser(L* N E)|, = | discr(E)| | diser(L)]

o
Proof. — Tt is clear that | diser(E L=t L)| = | discr(E)| | discr(L)]| .. We compute this quantity in
another way.

Both modules L and L+ N E are direct summands of E (L is primitive), say

(2.1.5) E=Go(L*NE)=Ha®L.

Define L' := {(z,”'2) |z € L} CE®L. Then E L ' L=FE& L' =G®(L*NE)$ L. With respect
to this last direct sum, any matriz representing (associated with, cf. §1.2.2.0.5) the bilinear form on
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E 171 L, b, has the following shape:

* * b(G, L")
(2.1.6) B q(L+NE) 0
b(L',G) 0 0

The bilinear form b on (G, L’) can be read off from (2.1.5), where the associated matrix (with respect
to G @ (L*+ N E) for rows and H @ L for columns) is:

b(G,L)  b(G,H)
0 6(L*NEH))’
Now, b(G, L) = b(G, L), and then discr(E) = discr(G, L') discr(L*NE, H); therefore | discr(G, L)| . |
| discr(E)|,,. Now, from (2.1.6):
| discr(E)| | diser(L)|,, = | diser(L* N E)| | diser(G, L')|OO2,

which proves the claim. O

1.2. Harder’s Theorem. — In this section we set R = Fy[T']. The restriction is, essentially, to
have an euclidean ring with respect to the norm at infinity | - | ; something clearly satisfied by F,[T7].

Theorem 2.1.12 (Harder). — Any unimodular quadratic lattice E = (q,E) over R “comes from”
Fy; e

(9, E) = (qo, Eo) ®F, R,
for some quadratic lattice (space) (qo, Eo) over IFy.

This result appeared for the first time in Knebusch’s Habilitationsschrift [Kne69]. Ours, is naturally
based on the geometry of numbers, and in particular on Hermite’s result. It is not a coincidence, that
already Gerstein [Ger79] took this approach; which we did not know before this investigation.
Because I (re)discovered this proof, I feel free to write it down here.

[2.1] Lattice reduction. —

Definition 2.1.13. — A symmetric matrix B = (b; ;);';_; € Mat,(K) is reduced if and only if

(1) 1biil oo > 103l for any j # 4
(2) 1b1,1l0e < 102200 < +v v < bnnl oo

For principal ideal domains, the lattices are free, and therefore we can associate matrices to the
bases. Let {e1,...,e,} be a basis for a given lattice E. Then a bilinear form b : E x E — R has
an associated matrix B € Mat,, (R). The basis {ej,...,e,} is called reduced if B is reduced. Any
subset of F is called reduced, if it is a reduced basis for the lattice it generates.

Proposition 2.1.14. — If the lattice E is anisotropic, then it possesses a reduced basis.

For the sake of completeness we repeat the algorithmic proof by Djokovié¢ given in [Ger03], which
can be seen as an application of the Gauss pivoting method for matrices with entries in a polynomial
ring over a field.

Algorithm. — Choose any basis {ej,...,e,} of E. Arrange the vectors of this basis in such a way,
that the diagonal of the associated matrix of b satisfies |b1,1] ., < ... < |bpn|-
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Begin. If this basis is reduced, there is nothing to do, so return {ej,...,e,}.
If not, let r € {1,...,n — 1} be so, that {ey,...,e.} is reduced, but {ey,...,e,41} is not.
Since {e1,...,ep41} is not reduced, d := maxi<j<r Voo(bir+1) — v(b;;) is non negative. Set v; =

Voo (bi)i), and A; := coeff,, (b;;), ¢ = 1,...,n. None of the \;’s are zero. Write
birt1 = civitd 4 {lower term degrees}, i =1,...,r,

for some ¢; € Fy (clearly, ¢; = 0 when v; + d > vo0(bir41)). Define

T
/ L Ci d
€r11 = Ept1 — Z — X €.
— )\
i=1
Now, for j =1,...,r we have that
C; G
/ _ J . d i d
blej, €ri1) = bjrt1 — -2 — > L i
J 1<i<ri#j "

has degree smaller than v; + d. If |b(e; q,€. )| > |brr|o, then replace e,41 by e, in the
original basis, and go back to the beginning. Then we can always reduce the degree of the new
bi r+1 at least by one and then after at most d + 1 passes through the beginning, we get a dom-

inant byi1,41; 1€ |bppirtile > birtilags Vi = 1,...,7. We might have to arrange the vectors
{e1,....er €51, €rq2,. .., €y} since byy1,41 might have smaller norm as the others b ;, fori =1,... 7.
After doing this, we have a basis {e1,... e, ;... €, €rq1,..., €} (Or {e1,... €€ 1,€42,...,€n})
where the first » + 1 elements form a reduced basis. So after repeating the whole process above at
most n times, we obtain a reduced basis {é1,...,¢é,} of E.

End. Return {é,...,é,}. O

[2.2] From this algorithm and Theorem 2.1.6 we can easily derive Harder’s Theorem.

Proof of Theorem 2.1.12. — Assume first F to be anisotropic. From (2.1.3), there exists a rank one
submodule a whose discriminant is a unit in R*. But R is a principal ideal domain, so there exists
e1 € E such that b(ej,e;) is a unit. Moreover we can extend {e;} to a basis {e1,...,e,} of E
((e1)r C F is primitive). Since FE is anisotropic, and b(ey, e;) is already a unit, the lattice reduction
algorithm 2.1.14 produces a reduced basis {é; = €1, €3,...,¢é,}. The diagonal of the associated matrix
is dominant, and b(ej, e;) a unit, hence the free submodule generated by e; is indeed an orthogonal
summand of F: a 1. E' = E. It is clear that E’ is again unimodular and of smaller rank, so we can
reproduce the same arguments as before, and finally obtain a diagonal form for E with entries in the
group of units of R, namely F.

If E is isotropic, we proceed by induction on the Witt index of E (recall R is an euclidean domain
and F is regular). So, any hyperbolic space inside E is an orthogonal summand of it. By induction
we are reduced to the case ind(E) = 1. From (2.1.3), there is an ideal a = (a)r C E such that b(a,a)
is a unit, and it is also a summand (see the proof of Theorem 2.1.6). E = a® d, with a’ = (a')r a
regular lattice. Since b(a,a) and b(a’,a’) are both units, it is easy to see, that the associated matrix
b(a,a) 0

with respect to the basis {a,a’} is < 0 b(d’. a')

) . The proof is finished. U
[2.3] Harder’s proof. — We sketch the original proof.

In our previous proof, modulo lattice reduction (§2.1.2.1), the whole effort consisted in finding a
unimodular orthogonal factor of the given (unimodular) lattice. If we found a unimodular sublattice,
by reduction theory, we get indeed a unimodular orthogonal factor, so it is enough to find a unimodular
sublattice. This was done with help of Hermite’s Theorem 2.1.6, whose bound guarantees the existence
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of such a sublattice. Harder proceeds as follows (recall notation from this section).
Set U := Spec(R), X := Pllgq, and S := X \U. Extend (cf. §2.3.3) (g, E) to a maybe singular quadratic

bundle (g, E) over X. There is therefore an exact sequence of coherent Ox-sheaves
0— B B — N —0.

Since N is a skyscraper-sheaf, x(N) = dim(H°(X, N)) = sdeg(T) = s, where m — s is the dimension
of the quadratic space over the residue field of the (regular) local ring of T' (F,;). The other two
Euler-characteristics are (after Grothendieck-Hirzebruch-Riemann-Roch; cf. [Har97, Appendix A,
Theorem 4.1] for the statement and notation):

X(E) = deg([ch(E). td(Tx)]1) = deg(det(E)) — % deg(Kx) = deg(det(E)) + m, and similarly
X(E*) = —deg(det(E)) + m.

The alternating sum of Euler-characteristics x (E) — x(E*) + x(N) is always zero, which gives y(E) =
m — %s, and therefore, since s < m, x(F) is positive and consequently E possesses a global section
o. Its norm is hence a global section, and so belongs to I'(X, O%) = F7. The sublattice generated by

o |y inside E' is unimodular, so the theorem follows.

Remark 2.1.15. — In Harder’s proof, one can obviously change S = {T~!} for any other set of
places at infinity, and the result remains true for deg(supp(S)) < 2 (cf. [Kne69, Satz 13.4.4]).

Remark 2.1.16. — Instead of using the very strong Grothendieck-Hirzebruch-Riemann-Roch The-
orem, one can directly prove, using the classical Riemann-Roch Theorem 2.2.6, by induction on the
rank of the vector bundle (since det behaves additively), that

xX(€) = deg(€) +1k(E)(1 — g);

and use this equation directly in the proof above.

2. Lattice points

For the rest of this chapter, we concentrate ourselves on the function field case.

Convention 1. Unless otherwise stated, a curve from now on is a complete, geometrically irre-
ducible and smooth one dimensional scheme over Spec(F,) (in particular projective).

Let X be a curve, Sy, C |X]| finitely many closed points on X, and denote by Val(Sy) the set of
their corresponding valuations; set R := I'(X \ S, Ox) for the global ring of functions holomorphic
on U := X \ Sy, K for its quotient field (the function field of X).

2.1. Ray and convex bodies. — Let co € S, and V be a K-vector space with basis B :=
{v1,...,vm}. Denote by V,, the vector space obtained by extension of scalars to Ko, where oo is any
valuation ("at infinity“). We can define a norm on it (which depends on the basis B):

m
ol = max {loly, [0 =" ogn).
k=1
Choose a lattice Lo C V4. Our main goal is to relate the number of points of L, inside a given
convex or ray-body (see the definition below), with certain quantity associated with it (its “volume”).

Definition 2.2.1. — A function o : Vo, — [0,00) which satisfies the following properties:
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SRF1. o(Mv) = || o(v) Yv € V, A € K, and

SRF2. ¢ is continuous with respect to the (canonical) norm || - ||
is called a semi-ray function; if moreover
RF3. o(v) =0 0v=0

is satisfied, then o is a ray-function. For any ray function ¢ and a positive number B, the set
Veo(o,B) :=={v € V | o(v) < B} ais called a (centered) ray-body.

If a ray function o satisfies also the inequality (recall that for the exposition’s sake, we restrict to
the non-archimedian case) o(v +w) < max{o(v) +o(w)}, it is a convex function and its associated
ray-body is called a convex body.

We illustrate this definition in two examples, which will be of main interest for us.

Example 2.2.2. — (1) Take o(-) = || - || .- Then the associated convex bodies are nothing else,
but spheres.

(2) Let F: Voo = K — K be any homogeneous d-form. Then we can define: op : Voo — [0, 00)
by op(v) := |F (v)|001/ ¢ The semi-ray function op is a ray function if and only if the hyper-surface
Hp := Proj(K«[T1,...,Ty]/(F)) has no rational points. For our further purposes we should keep in
mind the quadratic case (d = 2).

Any body (as defined above) will be called absorbent if and only if it contains at least one element
different from 0 of any 1-dimensional vector subspace of V..

Remark 2.2.3. — Let o be any ray function and S := {v € Vo | ||v||, = 1}. Since S is a compact
set (see below), we have o(S) C [0,00) is also compact, and therefore it is bounded. Call g, G the
lower, respectively the upper bound of the image set. It is clear, that g > 0 (from Definition 2.2.1 and
the compactness of S). So, we have:

|lv —w|l 9 <o(v—w) <||lv—w|, G, Yv,we V.

Although in the archimedian case it is well known that spheres are compact, we must show this

easy fact in the non-archimedian case. We will prove that B := V(|| - ||, 1) is compact, from which
the claim follows.
Since V4, is locally compact, there exists a neighborhood U of zero which is relatively compact. We
can indeed suppose U C B (B is closed). Since U is absorbent, we have to find A € KX : AU D B.
Fix any A\ € KX with |\|, > 1 and define g : U — N by p(v) := min{n | \"v & B} U {oo} (see that
it never takes the zero value). If we prove that p is a continuous function, then we are done, since it
is defined on a compact set, and therefore the image would be contained in some interval [1, N], and
therefore B C ANU; which proves the claim.

(Our topological spaces satisfy always the second axiom of countability, and hence we may check
n—oo

continuity by sequences.) Let ||v —uv,|l,, — 0. We have to relate the numbers e = p(v) and
en = p(vy). ||Av]| > 1 and ||A®"v, ||, > 1. But since vy, tends to v, and || - ||, is non archimedian,
for big n, we have ||v||, = ||vn||, Which implies that e,, = e; so p is continuous. Hence we have

proved the following

Lemma 2.2.4. — Any bounded and closed subset of V. is compact.
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2.2. Counting lattice points. — The notation is as in the previous section.

Lemma 2.2.5. — The pull-back (qs,(0)5 €sc,(0)s Koo) contains T'(U,E) =: M as a discrete sublattice.
In particular, M N Ex (0)(0, B) is a finite set for every ray function o and any B € R,

Proof. — After Lemma 2.2.4, we have to prove that M is discrete. If M is free, it is clear from
the properties of || - ||, (see §1.1). If not, from the structure theorem it suffices to prove that any

fractional ideal a is discretely embedded in K., which is also clear once we fix a generating set for
it. O

To count the lattice points, say for example of M inside £ (g)(c, B) as above, one naturally needs
the classical theorem of Riemann-Roch.

[2.1] Riemann-Roch. — We briefly recall this very basic result for completeness.

Let X be a scheme, and K be the sheaf associated with the pre-sheaf U — S[}lF(U, Ox), where
Sy is the multiplicative subset of I'(U, Ox) of non-zero divisors (cf. [Har97, page 145]). For a
Cartier divisor D = {(U;, f;)} on X, we define £(D) as the Ox-submodule of K generated by f; !
on U; (which is well defined, since f;/f; is invertible on U; N Uj). The invertible sheaf £(D) (it is
coherent and locally of rank 1) is the sheaf associated with D. Conversely, any coherent sheaf of
local constant rank 1 has an associated Cartier divisor class (a Divisor modulo principal divisors, cf.
[Har97, Chapter II, §6]).

Take now X an irreducible, smooth, complete curve over an algebraically closed field k. Denote by
g := pg = dimy H}(X, Ox) its arithmetic genus, and by K x the canonical class of X; i.e. the Cartier
divisor class associated with the invertible sheaf det(Q2x), for Qx the sheaf of relative differentials on
X over k. For a Cartier divisor D write /(D) for the dimension of the k-vector space H’(X, £(D)).

Theorem 2.2.6 (Riemann-Roch). — With the notation above, if D is a Cartier divisor on X,
then
(D) — (K — D) =deg(D)+1—g.

[2.2] Counting. — When the ray function is the (convex) function which corresponds to the norm,
we can compute the cardinal of the set in Lemma 2.2.5, using Riemann-Roch, explicitly:

Proposition 2.2.7. — The finite set of Lemma 2.2.5 for o(-) = || - ||
deg(det(M)), has the following cardinality:

(2.2.1) |M N Exg (0)(Il - oo, B)| = g~ 071 7108g B —degldet(AD),

and log,(B) > 29 — 2 +

Proof. — Write M = @& ;a;. Since the norm || - ||, is the maximum norm with respect to | - |, the
cardinality of M N &y (0)(|] - ||, B) is multiplicative on the summands of M, and the right hand side
of (2.2.1) is also, since deg o det behaves well additively. Therefore we can suppose m = 1, say M = a.
aN &) lloe: B) ={a € a|]al, < B} =
={a € K™ | |a|], < B and vp(a) > vp(a) Vp € Qo(K)} =
—L(log,(B) - () — a).
If B is sufficiently large, as in the hypothesis above, the [(K — D) summand of the Riemann-Roch
Theorem 2.2.6 vanishes, so we get:

801 e 0) (I lloos B)| = g E0oE (BYo2)—0) — g1+, (B)des(e

)

as required. O
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Note that in the proof we wrote M = @} ;a; instead of simply M = @, a;. The difference of these
two is illustrated in the following:

Corollary 2.2.8. — LetT : £, — &, be an invertible linear transformation. Then, for B sufficiently
large,

T(M) N0 Exc,0) (Il - o, Bl = [det(T) =1 |M N Exc (0) (Il - [l oo B)I-

Proof. — Recall that T'(v1) A ... AT (v;) = (det(T)).v1 A ... Av. So, from (2.2.1) we get:

IT(M) N a0y (Il * llog, B)| = g9~ 1-logy B)—deg(det(T(M)))
—m(g—1-log, B)—deg(det(T") det(M)) —m(g—1-log, B)—deg(det(M))—deg(det(T))

=q
= [det(T)|e-1[M 0 Ex (o) (I] -

=q
B)|.

o0

O

2.3. Volumes. — As explained in the introduction, we want to relate the number of lattice points
inside an “ellipsoid” defined by a definite quadratic form with the volume of the ellipsoid and the
volume of the fundamental domain of the lattice.

In the classical case, i.e. R = Z, the situation is as follows. Let V be a m dimensional Q-vector
space, and M C V is a free Z-module of full rank. Endow V with a (positive) definite integral
quadratic form (by abuse of notation, since the characteristic of our fields is different from 2, we use
the corresponding bilinear form) q : V — Q. Then for m > 4 we have

Theorem 2.2.9. —

N1/2 — m BT

|M N Vr(lq(-)"=, B)| |discr(M)| T'(m + 1)

_vol(Va (. B)
vol(Far)

O(B™?) =

+ O(Bme)’
when B tends to infinity.

This formula, essentially due to Landau and Walfisz, though not in its sharpest form, is enough for
the computations involved in the Minkowski-Siegel formula [Kne92].

In the function field case, we have seen that at least for some particular cases we can explicitly
compute this asymptotic cardinality without any error term. We want to compute it also for ray

1/2

functions of the form o(-) = |q(-)|,, /°, where q is any definite quadratic form. This computation will

be carried out in chapter 4. The following fact will be of use.[V]

Proposition 2.2.10. — The semi-ray function associated with a quadratic form is a norm if and
only if the quadratic form is anisotropic.

Proof. — Let q: £ (0) — Koo be a quadratic form, with bilinear form b(-,-). The necessity condition
is clear, since an isotropic quadratic form represents zero non trivially, and hence the semi-ray function
would take the value zero at a non-zero vector, so it is not a norm.

The condition is sufficient. To see this, we need to prove that oq(v+w) < max{oq(v), oq(w)}. This is
easily seen to be equivalent to the claim |b(v,w)|, < max{|q(v)|,|q(w)|, }, which is again equivalent
to

(*) Voo (4(0, w)) = Inf{voo (q(v)), Voo (q(w)) }-
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We now prove this last inequality, for which there are two cases, depending on whether v and w are
linearly dependent or not.

Since the form q is anisotropic, q(v + Aw) = 0 only when v = —Aw, in which case the initial inequality
follows directly from the fact that |1+ Al < |A (A € Kx). So suppose v and w are linearly
independent. Then q(v+ Aw) = q(x) + A2q(w) + 2Ab(v, w) is never zero. By suitable multiplication by
a power of a uniformizer 7., we can suppose the valuations of the coefficients to be non-negative. From
Hensel’s Lemma (recall K, is a complete local field, so henselian) the reduced polynomial will not
have roots in Ry, /Too Roo- We have to prove (x), so suppose veo(b(v,w)) < inf{vee (q(v)), voo (q(w))}.
If voo(b(v,w)) < voo(q(w)), we easily see that the reduced equation will not have solutions, only
when vs0(q(v)) = voo(b(v,w)), so (). On the other hand, if v (b(v,w)) < voo(q(v)), then we have
immediately local solutions, hence global, which is a contradiction to the anisotropicity of g. O

3. Curves in the sense of Chevalley

The goal of this section is the study of extensions of quadratic bundles defined over Zariski open
subsets of projective curves over finite fields. One standard tool to study this kind of problem, is the
language of adeles. In the following, we will try to explain how the adeles naturally (after Chevalley!)
arise in algebraic geometry.

3.1. Abstract curves. — We would like to recall some properties of smooth (quasi-) projective
curves over a field k& [Har97, Ch. I, §6]. For any such a curve X, we denote by F' its function field.
Consider the following set

R(X):={R C F | R is a valuation ring with quotient field F'}.
Endow this set with the topology given by the closed sets:
{S CR(X)| S is finite},

(i.e. the topology given by the Fréchet’s filter in Bourbaki’s terminology) and with a sheaf of regular
functions Ox (U) := Ng, cvRoo- Then, R(X) is called the abstract (non-singular) curve associated
with F'. So we know how to associate to a function field of transcendence degree 1, an abstract curve
R(X) (the reverse of which is trivial):

F ~ R(X).

Theorem 2.3.1. — [Har97, Ch. I, Thm. 6.9] Any abstract nonsingular curve R(X) is isomorphic
(as a locally ringed space) to a nonsingular projective curve Xp. [

This correspondence enables us to study vector bundles on abstract curves, where the adeles natu-
rally arise. It is worth to cite, that in [EGAI, §8], there is a more general correspondence established,
between integral noetherian schemes and Chevalley schemes (loc. cit.); so the abstract nonsingular
curve R(X) above is a one dimensional, smooth Chevalley scheme: a curve in the sense of Cheval-
ley.

This somehow formal observation of Chevalley enables a concrete interplay between geometry and
arithmetic. We illustrate this in more detail in the following section.
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3.2. Vector bundles and double classes. — Let £ be a vector bundle on a curve X. Denote by
7 the generic point of X, and by K := k() its function field. The vector bundle on the abstract curve
R(X) is given by a collection of local data (on the Chevalley side) {€, }yevai(k), Where Val(K) :=: | X]|
is the set of places of K (i.e. the closed points of X). We can write equivalently {a)}ue\/al( K)» since
-Q0y., 6;, is a faithfully flat functor. A vector bundle is a locally trivial sheaf of constant rank, say
m; in particular, whenever we choose a trivialization &€ |2 (Ox |¢)®™, it induces on the side of the
abstract curve, a trivial collection {@}Uelj, where X\U is finite. The bundle £ is obtained by glueing
such locally trivial bundles. The group given by the restricted product (cf. §1.1.4.1.1) GL,,(Ag) :=

HI v 1(K){GLm((?);,),G}Lm(l/(\v)} acts on the Chevalley side. The stabilizer of the locally trivial

Chevalley bundles are the integral matrices in GLy, (A ); namely GLm (Ok) = [T evai(x) GLm((?X\w).
Therefore, there is a surjection:

7 : GL(Agk)/ GL,(Og) — {Rank-m vector bundles over X}/ = .

In order to establish a bijection, we study the construction of a vector bundle on X from a given com-

GLn(Ox.0),

such that M, (5,) = 6);,®m for all v € Uy, (Uy, C X is Zariski open). From the correspon-
dence between X and R(X) as locally ringed spaces, we have I'(U, Ox) = NyeOx v, and therefore,
for vector bundles: T'(U,E) = Nyev&, = ﬁveU(EAU N &,); which from the above, is a locally trivial
sheaf of local constant rank m. Moreover, the subgroup GL,,(K) C GL,,(Ax) acts on the classes
GL(Ak)/ GL,,(Ok). Therefore, there exists an induced action of GL,,(K) on the vector bundles over
X, which is trival, since T'(U, €) = Ny (Ey N &) = Noer (Ey N T(&,)) for all T € GL(E,) = GL,(K).
Hence,

patible family {gv}U€Va1(K), i.e. for any vg € Val(K), there exists a matrix M, € Hvero

(2.3.1) 7 GLy (K)\ GL,,(Ak)/ GL,, (0 ) — {Rank-m vector bundles over X}/ 2.

Claim: The map in (2.3.1) is a bijection.

It remains to see the injectivity of the map. Let {(‘:’;Z}veval(K), 1 = 1,2, be representatives of any
two double classes, which have the same image under the map 7. From the action of GL,,(K) we can

suppose that all the lattices £ = &N &y (i =1,2) are inside the same fixed K = (n)-vector space
&, (send 5% isomorphically to E,?) Denote by &; := ﬂ({é;l}veval([()), 1=1,2,and by p: & — & an
isomorphism of vector bundles on X. At the generic point 1 of X, ¢, € GL(&,) = GLy,(K). Locally,
vector bundles are trivial, so @(5/1\71,) = 5/27\1,, and hence @, € GLm(@), which is just a base change
of ¢,. Therefore, on the Chevalley side, we obtain locally everywhere matrices in GLm((?X\ﬂ,), SO
{Pv}vex € GL,(0Ok); what proves the claim.

Summarizing,

Proposition 2.3.2. — The map

GL,,(K)\ GL,,(Ak)/ GLy,(0Ox) — {Rank-m vector bundles over X}/ =

constructed above is bijective.

3.3. Extensions. —

[3.1] Eztensions of vector bundles. — We return to our problem of extending a given vector bundle
on an affine Zariski subset U of X. From the discussion above, it is easy to prove
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Proposition 2.3.3. — The extensions of a given vector bundle £ on U to the whole curve X are
parametrized by [],e x\p GLin(K)/ GLn (Ox ).

Proof. — From the group theoretical interpretation above, this kernel is given by

GLy(Ag)/ QL (O — ——
, B/ CLn@K) o ] QLW(K,)/ CLn(@xn) =
H e GLn(Oxw)/ [Tvey GLm(Ox0)  vex\v

~ J] GLn(K.)/GLn(Ox.) N GLy(K,) =

veX\U
= GL (Ky)/ GLy (Ox ).
veX\U
The second isomorphism follows from the observation that
GLm(E}) = GLm(OX,U) GLm(KU)7
which is easy to see, since GL,,(K,) is dense in GLm(I/(\v). O
[3.2] Extensions of quadratic bundles. — Endow & with a symmetric bilinear form by : Sym?(£) — £

with values in certain line bundle £ € Pic(U). We can ask ourselves for the extensions of this quadratic
form to the whole X. From the above proposition, we have extensions for £ and £ to X parametrized
by [l,ex\v GLr(K)/ GL;(Ox,p) for 1 = m and r = 1 respectively. Fix extensions £ and L of the
given bundles. We want to study the fibers of

D(X, (Sym*(€))* ®oy £) = T(U, (Sym®(€))" ®oy L).

Theorem 2.3.4. — Let U = Spec(R) be an affine Zariski open subset of a curve X over a finite field
k, and let by : Sym?(£) — L be a quadratic form on £ over U with values on the line bundle L. Then,
there exist finitely many isometry classes of quadratic forms b: Symz(g) — L, such that b lu= by,
for given bundle extensions €, L. This number is uniformly bounded.

Proof. — Denote by S the finitely many (closed) points of X \ U. Pick any po € S. Write
V(Sym?(€)* ® L) for the projective scheme of all quadratic forms up to scalars. Over a Zariski
open, affine Uy := Spec(Ry) C X

V(Sym?(€)* ® £)(Uy) := Proj(Symp, (Hompg, (Sym?(£)* ® L, Ry));

i.e. the fibers of this vector bundle over the Zariski open, affine subschemes of X are projective
schemes of the symmetric algebra of the coherent sheaf (Sym?(£))* @ L (see §1.2.4). There exists
clearly an extension of the quadratic form to the completion of the function field K of X with respect
to Poo (just by base change, which gives a quadratic space), and any other possible extension is similar
over Spec(K) to this one (cf. [Eic73, §II]). Hence, we have a uniquely determined section of the
projective bundle V(Sym?(£)* ® £). By the valuative criterion of properness ([Har97, Ch.IL, §4]), we
have a unique dotted arrow

Spec(Koo) e P(Sym?(£)* ® L)
|
Spec(Rso) ) ’

which lifts bs,. Therefore, the extension is unique up to multiplying by a scalar K% . We will show,
that this scalar has bounded valuation from above and from below. Hence, using that k* /k*? is finite
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and the valuation discrete, we have only finitely many classes which extend b,,. We do this with each
point at infinity, and the claim follows.

The valuation is obviously bounded from below, since the bundles £ and £ are fixed. From above is
also bounded, since the curve X is projective, hence we consider it as a covering of P}, with S C X
the support of the fiber over co = (T1) € P} := Proj(k[T = Tp,T3]). An arbitrarily high power of
the uniformizer at po, € X would give an arbitrarily negative power of the uniformizer at 7', which
is impossible, since the values of the quadratic bundle at any point above T' are uniformly bounded
from below (by L, i.e. the form should take values in £).

The last assertion is now clear from the proof. ]

The property of a quadratic bundle of being definite depends on the points at infinity. We have just
seen that a quadratic bundle on a Zariski open dense subset U = X \ S possesses (different) extensions
to the points S at infinity. From the proof of Theorem 2.3.4 we obtain the following

Corollary 2.3.5. — Fiz a pair of extensions & and L of given vector bundles & and L on a Zariski
open subset U C X. Then, if one extension to X of a quadratic bundle on U is definite, then so are
all the others.



CHAPTER 3

ORTHOGONAL GROUPS ON CURVES OVER FINITE FIELDS

In this chapter we set up the language and definitions and prove basic facts before introducing the
Minkowski-Siegel formula in a geometrical setting.

Notation. — Let X/ Spec(F,) be a smooth, projective, geometrically irreducible curve; £ a vector
bundle with a quadratic form on it b : Sym?(€) — £ (recall we assume 2 € O%), where £ is any line
bundle on X. Denote by K the rational function field of X, by Val(X) the set of all inequivalent
places of K (which is in one to one correspondence with the set of all closed rational points of X).
For a valuation (place) v € Val(X), K, will denote the completion of K with respect to v. By abuse
of notation, let us write £ or simply b for (b,E&,L). Let Soo C Val(X) be a fixed finite set of “points”
on X, which we declare to be the points at infinity. The subset U := X \ S is affine and Zariski
open, say U = Spec(R).

It is well known, that rank 4 quadratic forms over local fields are universal, therefore

Theorem 3.0.6. — After base change to Spec(K,), the quadratic form b, is isotropic if tk(€) > 5;
i.e. there exists a non zero section v of € ® K, such that b,(v) = 0.

Remark 3.0.7. — If rk(€) > 5, there are no definite quadratic forms on it (recall Definition 1.2.22).

Although it will not be everywhere necessary in this chapter, we restrict to definite quadratic
bundles, so in particular rk(€) < 4.

1. The group scheme O(€)

1.1. Good models. — The orthogonal group over X is represented by a subgroup scheme over X
(see Proposition 1.2.26)

O(€) :=0(q,&, L) := {¢ € GL(E) | b o Sym?(p) = b} C GL(E).

Denote by O(€) i the group scheme over Spec(K') obtained by base change to the generic point € X.

Definition 3.1.1. — A good model of O(€)x over a Zariski open, dense Y C X is a smooth affine
group scheme Gy over Y, together with a morphism O(£)x — Gy and a map Gy — O(&)y inducing
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an isomorphism over the smooth locus of O(€)y, and making the following diagram commutative

Oy

7

O(€)k——=0(&)y

} }

nN————>Y.

Theorem 3.1.2. — The orthogonal group O(E) is a good model over an affine, Zariski open subset
Spec(A) of X, if and only if supp(discr(€)) N Spec(A4) = 0.

Sketch. — The necessity is clear from the classification of anisotropic quadratic forms over local fields
(over local rings not of characteristic 2, we can diagonalize the forms!). We easily see also, that the
orthogonal group is a smooth scheme over Spec(A), when the intersection above is empty. Namely, if we
denote by k, the algebraic closure of the residue field with respect to the valuation v € Val(Spec(A)),
the k,-algebra I'(Spec(A), Oo(g)) ® k, should be reduced, which is clear, since the form is similar to
the trivial diagonal form. O

The good model obtained from above, with least number of points at infinity, is denoted by O(&),
and R, := N'Oxp, where the prime means that the intersection is to be taken over all points p at
which the group O(€) has good reduction. These points may be also called regular primes. The set
of points on the curve outside Spec(R,) is denoted by S,.

Again, from the local classification of quadratic forms we have

Proposition 3.1.3. — If tk(E) is greater than 2, then S, is exactly the set of points where the
quadratic form is anisotropic.

Remark 3.1.4. — In the rank 2 case, for example, the assertion of the proposition above is not true.
The quadratic form 2% — y? is anisotropic over a point of even degree (§ a non-square), whereas the
orthogonal group has good reduction.

Therefore, definite quadratic bundles on X of rank 3 or 4 are never regular (i.e. S, # (). Moreover,
the support of the divisor at infinity must be contained in the support of the discriminant of the
bundle.

In the classical case, the discriminant of (positive) definite quadratic forms is negative by convention.
In fact, this is not a mere convention. To be more rigorous, one should actually put, in this case,
the point at infinity in the discriminant. For example a positive definite, rational integral, ternary
quadratic form of discriminant —p, has discriminant oo - p. This can be better understood from the
definition of the discriminant of the associated quaternion algebra, via its even Clifford algebra, say.

1.2. Reductiveness of the orthogonal group. — As far as I know, the following result is well
known in the frame of Bruhat-Tits Theory (cf. [BT87]). Instead we give here a simple proof.

Theorem 3.1.5. — The special orthogonal group SO(E), is a reductive group; i.e. affine, smooth
with connected and reductive geometric fibers.

Proof. — Need only to check reductiveness. For rank 1,2 it is clear, hence for rank 4. For rank three,
our form is locally y? — 2z, since for reductiveness (cf. [SGAD, Exposé XIX]) we can pass to the
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an a2 0
algebraic closure. The nilradical of Lie(O(£)) consists of elements of the form |[2as35 0  2a19

0 azx —an
whose square

2 2 2
aip — ajp +a32a31 (11012 2aiy
2a11a32 dayzaszz —2a11a12
2 2
2a3, —ajjaze  2aj2a32 + ajg

is zero. This ideal is visibly trivial, so the claim.

Please note, that we have made use of a couple of basic nontrivial results about p-Lie algebras of
(unipotent) group schemes. Namely, the unipotent subgroup scheme corresponds to the nilpotent
ideal of the Lie-algebra and that for any presentation of the group chosen, unipotent elements go to
unipotent ones (a consequence of Jordan’s Theorem). See for this [Bor91, Chapter I, §4]. O

Remark 3.1.6. — The nilpotent ideal of the Lie Algebra of quadratic bundles at anisotropic points
is also trivial. We do not include here the rather lengthy computations, since in general, the wanted
result, the orthogonal group over X be reductive, is clearly false: the orthogonal group over X is
not even flat for definite forms (non regular), say of rank greater than 2, since the dimensions of the
orthogonal groups on the fibers, jump up precisely at the points where the form is not unimodular
(cf. Proposition 3.1.3).

2. Adele Orthogonal Group and Haar-measure
2.1. Adele orthogonal group. — We make the following notational

Convention 2. From now on, x, will denote the completion of * with respect to the valuation v,
instead of %,.

Pick a divisor at infinity Soo C X, and denote R := I'(X \ So0, Ox), U := Spec(R). The base
change of £ to a completion K, of K with respect to a place/point v will be denoted by &, ); which
is a K,-vector space of dimension m := rk(£). Any completion R — R, induces a map in geometry
which enables us to evaluate

0(5)(SpeC(Rv)) = O(gv)

Equivalently we write O(&,,g)) or O(by, (0), Ev,(0)5 Lo, 0)) for O(E)(Spec(Ky)).

Unless otherwise stated, S, stands for a finite set of places of K containing S, where * is any
sequence of characters (possibly empty).
For any (finite set of places) S containing S, we define:

0s(€) ={(w) € [] O )| us€O0(&) Vo ¢S}, and
veVal(X)

056(€) = {(uy) € [ OEu0)) | uw € O(E) Yo & S}
V€S0

both endowed with the induced product topology.
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Definition 3.2.1. — The group

Opg(€) =04, (6,E,L) := lim Os(€)
SoeCSCVal(X)
is called the adele orthogonal group and
O () == 04, (b,E, L) := lim Og¢(€)
SoeCSCVal(X)

is the finite adele orthogonal group associated with the quadratic bundle (b, &, £).

Remark 3.2.2. — In this chapter we develop the theory for Oy, , valid without changes for the finite
adeles. The results in chapter 4 from here (Propositions 3.3.3 and 3.3.8) are clearly valid for the finite
adeles as well.

The topology in Oa, (€) is the inductive limit topology, namely the one given by
Uscvai(x) Os(€)/R,

where (ag,,as,) € R <= 5, 5,(s,) = ts,,5 (s,), for

051US2 (5)

LS1USy LSoUsSy

051 (5) 052 (5) .

Remark 3.2.3. — The adele orthogonal group Oy, (£) can be seen also as the group of adelic points
O(€)(Ak) of the the orthogonal K-group scheme O(E) (cf. §1.1.4.1.1). The same is valid for A¢
instead of Ag.

We recall some basic facts about orthogonal groups (see [Eic73], [O’MO00] or more generally
[Wei82]).
(1) A subset G C O, (€) is open (closed) if and only if 15" (G) C Og(&) is open (closed) for all S.
(2) The subgroups
Os(&) = [Togs O(&) X [Tyes O(€y,0)) = Ony (€)

are open and locally compact. The groups O(&,) are indeed compact.

(3) The adele orthogonal group Og, (£) = h—H>ISCVal(X) Os(€) is locally compact.

2.2. Congruence subgroups. —

[2.1] Local principal congruence subgroups. — Let v € Val(X) \ Se be any “finite” valuation, and
v € R,. Since £ is a vector bundle, the endomorphism of &, given by multiplication by + is injective.
Hence we have the following commutative diagram

Y-

0 gv gv gv /r)/gv —0
Pv l/ Pu l/
0 Ey - &y &y /r)/gv =~ ()

with exact rows. A simple application of the snake lemma shows that we have a homomorphism
Py~ 1 O(Ey) — GL(E,/7Ey) (shortly: the orthogonal group is a functor). We define O(&,, ) to be the
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kernel of this homomorphism.

Claim. O(&,,7) C O(&,) is a closed and open subgroup.
Set a := anng, (£,/7Ey) = YRy, then &,/7E, has structure of R,/a module of finite rank (a is not
zero!). Since this last quotient ring is finite, we conclude GL(E,/~E,) is finite. This space has the
discrete topology, so {Ide, /,ygv} is closed and open; hence the claim.

Another kind of local congruence subgroups can be defined as follows. For a valuation v in Spec(R,)
(i.e. a place of good reduction), we choose a uniformizer element , and a natural number n, € Njy.

O(&y, mpv Oy) := 1} (Centr (O (&, /7y Oy))),

which follows from the formal smoothness of the group functor O(x) at v, since at this place the
orthogonal group was assumed to be smooth (cf. [SGAD, Exposé XI, §1]).
Clearly, O(E,,7) C O(&,, 70 0,), and

(0(6,, 750 0,) : 0(E,,7)| = [Centx(O(E, © O, /7P 0,))].

Remark 3.2.4. — (1) With this second definition in mind, we observe, that we can define con-
gruence subgroups with respect to any (normal) subgroup Z, of O(&, ® O, /m*O,). We will suppose
this subgroup to be trivial, when the orthogonal group has bad reduction at v.

(2) For a Haar measure p on the locally compact group Og, (€), we have

#(Ong (E,7R)) = p(Onge(€,7)) ] [Centr(O(E, @ Ry/mi) Ry))|.

veVal(X)
v(v)>0

[2.2] Principal congruence subgroups. — To an idele o with non-negative valuations at finite places,
we can associate the group

Oup(€,0) = ] O&s ) x J] O(&)
V€S0 vES

The definition of O (€, @) is naturally invariant by Ag_:
for ag € Ay, Onp (€, apa) = Opr (€, ).
Therefore, this definition descends to the R-ideals (recall (1.1.3)):

Definition 3.2.5. — Let a C R be an ideal, and « any lifting of a to the idele group of K. The
subgroup
Opp(€,0) = [] O, ) x ] O
V€S0 VESoo

is called a principal congruence subgroup of Oy, (£).

Remark 3.2.6. — For the zero ideal of R, the definition makes also sense:
Ou(€,0):= J[ O
veVal(X)

With this, OAK(E, a) C Oagk (€,0).

Lemma 3.2.7. — Any two principal congruence subgroups are commensurable.



42 CHAPTER 3. ORTHOGONAL GROUPS ON CURVES OVER FINITE FIELDS

Proof. — Let Op, (€,a) and Oy, (£,b) be two principal congruence subgroups, and denote by «,
respectively (3, any lifting of the ideals to the ideles. It is clearly sufficient to check the claim locally;
which follows from the following commutative diagram

Oy —— O,/

N

O, /mntm

for non negative integers n > 0, m. Applying the functor of points of the orthogonal group O(E),
we observe, that O(&,, 7™) is contained in O(E,,7!), certainly with finite index (cf. §3.2.2.1). The
ideles coincide almost everywhere, so the claim. O

Remark 3.2.8. — We see also from the proof above, that Oy, (£,a)N0x, (£,b) = Oa, (€,lcm(a, b));
since on the side of the ideles (with the previous notation), a lifting of the ideal lem(a, b) in the ideles

is vasoo vaaX”EN{v(a”)’v(ﬁ”)}, which gives this intersection.

VII]

[2.3] Congruence subgroups. — Here we define a Haar measure on a certain Borel V1 algebra, suitable

for our computational purposes.

Definition 3.2.9. — A congruence subgroup G C Oy, (£) is a subgroup which is locally almost
everywhere O(&,) (including all v € Sy,), and for each other place v, it is the pre-image of a normal

subgroup of O(&, ® O, /m;» Oy) under Py 5, = P, o

Any congruence subgroup G contains a principal congruence subgroup.

2.3. Haar measure. — Define
.A(g) = {UZ:l ﬁ?;"l U | O(E,ak,l) ‘ U € OAK(g), ag; C F(U, Ox)} U {@}

Proposition 3.2.10. — The set A(E) is an algebra of sets (in the sense of measure theory); i.e. the
following conditions are satisfied

SR1. 0 € A(E);

SR2. A,Be A(f) = ANnBec A(€);

SR3. A,B€ A(E)NAC B = B=AUJ,_, Ax; A1, € A(E);

R1. finite unions of elements of A(E) belong again to this set;

A. A(€) has a unit (set), i.e.

JE € A(E), such that VG € A(E): ENG =G.

Proof. — The first condition is satisfied by definition.

Take locally any two translated pre-images of subgroups, say Z,(a) C O(&,,ap) and Z,(8) C
O(&y, By), by uy, v, € O(E,) respectively. Suppose, without loss of generality, n, := v(a,) < m, =
v(By). We have the following diagram

(3.2.1) O(E © 0, /M) > Z,(a)

y

0(&,) —_—

m

O(& ® Oy /M) D Zu(H)
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From the next lemma we obtain

uvﬂ'v_,rlzv(z (@) Nvym Urlnv(zv(ﬂ)) =

= (g v, (ko () N 2,09 ) 1

n (u vwopmrh (W (Z0(0)) 1 Zv(g))) _

- U Wy T vmv (T/va nv(zv(a)) n Zv(ﬁ))’

for appropriate w,’s; which implies SR2, after pasting the local information. SR3 follows directly
from this decomposition and R1 is obvious. With these properties satisfied, we already have a ring of
sets. This ring of sets is called and algebra if it additionally has a unit (cf. A). In this case, the unit
E is Oy, (£,0) (see Remark 3.2.6). O

Lemma 3.2.11. — Let the notation be as in the proof above (recall n, < m,), we have

U u)\ﬂ'v My (T/va,nv (Zv (a)) N2z, (B)) = 7'(-;,1111) (ZU (O‘)),
and also

U vpﬂ-v My (wmv,nv (Zv(a)) N Zv(ﬁ)) = W;rlnv (Zv(ﬁ))7
for certain finitely many local orthogonal transformations uy and v, € O(&,).

Proof. — From (3.2.1), we observe that 7, L (¢}, (Z,(a)) N Z,(B)) is a subgroup of m,} (Z,(«))
and of m,} (Z,(8)); clearly of finite index in both. The index in the latter is the order of
Vb o (Zo(@) N Z4(B)\Z,(3), and lifting (when possible) these classes, we get orthogonal transfor-
mations v, € O(&,) which give us the decomposition

7T;,1lnv (Zv(ﬂ)) = U Upﬂ-v My (T/va,nv (ZU(OZ)) N ZU(B))

For the other decomposition, the “chasing” is almost the same, but for example the number of co-sets
covering 7, | (Z,()) is not (necessarily) the cardinality of a quotient group! Take lifts via m,,,, of
the finitely many classes Y, n, (V! . (Zo(@)) N Z,(3))\Zy(a). The problem now, is that these lifts
may not be enough to give a complete covering. The reason is that any two lifts uy and ) of a given
class uy do not necessarily give the same co-sets. They only do, when ¢mv e (T0.m, (uA u)) belongs

to Z,(0). Since there are only finitely many possibilities for ¢, (7o n, (u) Lu})) not to be in Z,(B),

we have again a finite union. The disjointness is clear, so the proof is finished. O
Remark 3.2.12. — The lemma says that any two elements of the algebra (none being empty) are
commensurable.

We have also from lemma 3.2.11
Corollary 3.2.13. — Any element of the algebra A(E) can be written as UN_| up O(E, az,).

A semi-ring of sets (in particular an algebra) generates an algebra of sets (itself), and a measure
on the semi-ring can be uniquely extended to the algebra (see [KF75] for these concepts and proofs).
Moreover, since the sets in our algebra are commensurable between each other (modulo translations),
any measure invariant under translations will be also o-additive, which allows us to extend the
measure to a larger class of measurable sets; namely to the Borel algebra B(&) generated by A(E).
The extended measure to the Borel algebra, known as the Lebesgue extension of the former, will
be also o-additive. A Haar measure on A(E) can be given just by arbitrarily fixing the measure for a
principal congruence subgroup: u(O(&€,a)) = up € Rs for some ideal a.
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Namely, since any congruence subgroup contains a principal congruence subgroup, and the last one
is of finite index in the first, and any two principal congruence subgroups are commensurable; we
can compute the measure of the congruence subgroup from the measure p(O(€,a)) = po. Also
the Borel-measurable sets can be written in such a way, that knowing the measure of a congruence
subgroup, one can compute the measure of the Borel set itself.

In symbols, let @ # A = Uyenuy O(E,ay) € B(E). To compute its measure, we write first A, :=
Uaenup O(E, ay), and Z, := Nyenuy O(E, ay). There exists a rational number p,, such that u(Z,) =
A<n A<n

pntto (Remark 3.2.12). The (finite) index of Z,, in A, is denoted by ¢,; i.e. A, = U™ v4Z,. Then,
from the o-additivity of the measure, we can compute the measure of A as

p(A) = lim u,pppio,
n—oo
which exists (maybe infinity), since the sequence t,p,, is increasing.

Remark 3.2.14. — This construction of the Haar measure is of a rather general nature. One can
also define such a measure using a top degree non-zero differential form w € det(Q2g(¢)), as in [Wei82].
This form induces, by integration, an invariant measure on O(€), for any prime p. By the product
formula, this induces a well defined global measure on Oy (€) - the so called Tamagawa measure -
provided the product over all primes converges. This occurs when the group is semi-simple (so in our
case, for example, orthogonal groups of unimodular quadratic forms). For non-semi-simple, reductive
groups one can still define a Tamagawa measure, for which one has to introduce convergence factors
(see loc.cit.).

3. Genus Theory

In this section, we repeat the ideas of §2.3, applied to quadratic bundles instead of vector bundles.

3.1. For quadratic bundles. — Again, we fix a line bundle £ over X, where the quadratic bundles
take their values and fix also an open, affine subset U =: Spec(R) C X. Set S := S, := X\ U.

Definition 3.3.1. — Two quadratic bundles (q;,&;) = (4:,&;,£), @ = 1,2, belong to the same
genus over U C X if and only if (q1,0,€1,0) = (42,0, E2), for all v € Val(U) and (qy,4,(0) €1,0,0)) =
(92,0,(0)» €2,0,(0)), for all v € S. The set of quadratic bundles which belong to the genus of (g,&) over
U will be denoted by gen (g, &), or simply gen(q, £).

Remark 3.3.2. — The genus of a given quadratic bundle consists of whole isomorphism classes, since
global isomorphisms give rise to local ones. Hence, gen(q,£) can be partitioned into isomorphism
classes, and we are able to talk about a class belonging to a genus.

Proposition 3.3.3. — The set of isomorphism classes of quadratic bundles in the genus of £ is
parametrized by the double classes
(3.3.1) O(E)(K)\O4a(E)/ Oa(E,0).

Proof. — (cf. Proposition 2.3.2) Let V be a quadratic space over K. Then, any two lattices L, L’ C V
coincide almost everywhere, i.e. L, = L for almost every place v € Val(K) ([Eic73, Satz 13.1]).

Given two quadratic bundles £ = (q,&, L) and &' = (¢, &', L) on X, it is easy to see from the remark
above, that there exists an automorphism ¢ € O(€)(nx) = O(E)(K) such that ¢(&,) = &, for almost
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all v. for almost all places &, = &,. Therefore, two such bundles are in the same genus if and only
if there exists u = (u,) € Oa(E) such that ¢u,&, = &, for all v € Val(U); that is, the co-sets
O(&)(K)\ Oa(€) act transitively on gen(E).

The next natural step, is to compute the stabilizer of £:

Stabg, £)(€) = {u = (uy) € O4(E) | ué = E};
which is = Ox(€,0). O

Theorem 3.3.4. — FEwvery genus contains finitely many isomorphism classes of quadratic bundles on
X.

Proof. — Denote by (q, &, L) the quadratic bundle on X. By local considerations, we can compute the
discriminant of the quadratic bundle, which is certainly, over U, an invariant of the genus. Hence, over
U, d := N (discr(q,&, L)) is fixed. Moreover, the genus determines at infinity the quadratic spaces
Eoo,(0)- From Proposition 2.1.9 (and Remark 2.1.10) we have finitely many quadratic bundles over
U in the genus of (q,&,L). Now, any of these finitely many bundles over U possesses finitely many
extensions to X, up to isometry (Theorem 2.3.4). Therefore, we have finitely many isometry classes
in the genus, so the proof is finished. O

Corollary 3.3.5. —
h
O4(E) = U O(E)(K)uy 04 (€.0),
where h = |gen(€)/ cls|. More generally,

h(v)
OA(E) = U O(€)(K)uy O4(€,7),
for any v € T'(X \ Ss, Ox).
3.2. For quadratic bundle representations. — We finish this section with a result similar

to (3.3.1), in the context of representation of quadratic bundles by quadratic bundles. It resembles
the classical notion of representation of a number by a quadratic forms, or more accurately the
representation of a quadratic form by another. As said in the beginning of this section, again this
reasoning is similar to the ones cited above, and therefore will not be repeated again. Instead, we
state the analogous definitions and results.

[2.1] Definitions. —

Definition 3.3.6. — (1) Let & = (q;,&;, L) (i = 1,2) be two quadratic bundles on X. We say
that & represents & if there exists an injective morphism ¢ : & — & such that by o Sym2(g0) = b;.
This morphism is called a representation of £ by &. The set of all such representations will be
denoted by R((q2, &2, L), (41,&2, L)), or shortly R(E, E1) (= R(q2,41))-

(2) Any two representations ¢; : F — & (i = 1,2) belong to the same class if there exists an
isomorphism 1 : &1 — &5 such that the diagram

j:i)gl

N

&

commutes.
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(3) Two representations ¢; : F — &; (i = 1,2) are in the same genus (w.r.t. U) if there exist
isomorphisms 1, () : £1,4,(0) = E2,0,(0) for all v, with

Fu Ay 51,v,(0)

l%%,(o)

E2,0,(0)

P20

commutative and for all v € Val(U) v, (o) le;,: €10 =, Exp.

Remark 3.3.7. — — By definition, if two representations ¢; : F — & (i = 1,2) belong to the
same class (genus), then the quadratic bundles &£, & belong to the same class (genus).

— In the next chapter, we are going to consider only definite bundles. For these in particular,
the conditions at infinity disappear, since over complete local fields there exists only one anisotropic
quadratic space (up to isomorphism), when the rank is 1,3,4. In the rank 2 case, the class is also
determined outside the points at infinity (cf. [Eic73, §IIJ).

[2.2] Let F — & be a representation. Over the affine, Zariski open subset U = Spec(R) it is just
an injective R-homomorphism of the corresponding projective modules, which respects the quadratic
forms. Over the generic point, we can write F,, L fnl = &,. Take an R-lattice G inside the vector
space .7-",%. Choose any extension G of the quadratic bundle G on U to X, such that F, L G, C &,
for all v € Val(X). Almost everywhere, F, L G, = &,, and at some other places the quotient
module &,/(F, L G,) is a non-trivial finite (torsion) module. In any case, for a given u, € O(G,),
the orthogonal transformation Idg, L u, € O(F, L G,) can be extended in a canonical way to an
orthogonal transformation 7, on the local vector space &, (), which almost always lies in O(&,).

For example, if rk(G) = 1, we illustrate the canonical extensions referred to above. Choose an adapted
orthogonal basis B, of &,, with (v,) NG, # 0. Then, there exists ng € N such that 7/'°v generates G,.
Any linear (orthogonal) transformation of G, extends by linearity to (v).

In this manner we obtain an injection

O4(G) = Oa(€)

u = (Uy) — U= (Uy).
Using this injection, we define
OA(Q,E) = StabOA(g)(E).

Let us state the analogue result to Proposition 3.3.3, which follows by repeating similar arguments
of Proposition 3.3.3, or as in [BDO05], since the Hasse principle holds for the orthogonal group (ff.
§3.3.2.3).

Proposition 3.3.8. — Fix a representation F — E. There exists a bijection
(3.3.2) O(G)(K)\ O4(G)/ On(G.E) L {j/ 1 F = &' | j €gen(j : F — &)}/ cls.

Theorem 3.3.9. — Let F be a non-degenerate quadratic bundle. Then there exist finitely many
isomorphism classes of representations F — &£, such that € has fixed rank and discriminant (say m
and a, respectively).
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This theorem combined with Proposition 3.3.8 gives, as in the case of genera of quadratic bundles
(cf. Corollary 3.3.5),

333 04(9) = U 0(G) (K, 04(6, ) |

where p : F — & is a (special) representation of the quadratic bundle F though &.

Remark 3.3.10. — This statement is nothing else, than the finiteness of the measure u(O(G)(K)\ Oa(G)).
It is the computation of this Haar-measure in two different ways, what gives the Minkowski-Siegel
formula. A further computation gives also the constants appearing in the formula. All this is the
topic of the next chapter.

[2.3] Hasse principle for orthogonal groups. — The results of §3.3.2.2 are indeed a consequence of
the Hasse principle for orthogonal groups over function fields (see, for example, [BDO05, §7]). We
briefly recall here the Hasse principle in our case.

The formulation of the Hasse principle for algebraic groups is a direct generalization of the local to
global principle for quadratic forms over global fields. For an algebraic group G over a global field K,
we say that G satisfies the Hasse principle if the map between Galois cohomology sets

H(K,G)— ] H'(K.,G)
veVal(K)
(given by restriction and extension of scalars; cf. [Kne67] or [Ser97, I11.84]) is injective.

With the notation as above, let 1 < m = rk(E).

Proposition 3.3.11. — The generic fiber of the orthogonal group of €, G := O := O(E),, satisfies
the Hasse principle.

Proof. — Claim: If SO := SO(E),, satisfies the Hasse principle, then so does O.
From the exact sequence

1—SO—0 — py — 1,

we get

H'(K,SO) H'(K,O) HY(K, py) = K*/K*°

| | |

oevaio) B (50, SO)—— TTevair) B (Kv, O) —— [Tyevaix) K2 /KX

Take a cycle ¢ € HY(K, O) in the kernel of the middle vertical map. Since an element in K> which
is locally everywhere a square is indeed a square (injectivity of the right vertical map), we have that
¢ comes from a cocycle, say &2, of HY(K,SO). Now the bottom-left map is injective, since the maps
HY(K,,0) — HY(K,, py) are surjective; so ¢ is in the kernel of the left vertical map. From the
assumption of the Hasse principle for SO, £ is trivial, hence ¢ is trivial.

Claim: The special orthogonal group SO over K satisfies the Hasse principle.
Using the exact sequence

1 — gy — Spin — SO — 1,
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and the fact that H?(K,, p,) is the kernel of multiplication by 2, Br(K,)s, in the Brauer group of K,
we obtain

H'(K,80) 5 [ H'(X,80)— ][] Br(K.):.
veVal(K) veVal(K)
But H'(K,SO) — Br(K)y (since Spin is simply-connected), so any cycle on the kernel of ¢, cor-
responds to an element of the Brauer group over K with trivial local invariants everywhere, so by
Brauer-Hasse-Noether, it is itself trivial. This completes the proof. ]



CHAPTER 4

MINKOWSKI-SIEGEL FORMULA

We prove the geometrical version of the Minkowski-Siegel formula, which consists of an explicit
computation of certain fundamental volumes (Theorem 4.4.1). At the end, as an application, we
prove a theorem on definite regular (in the sense of Dickson, see §4.5) quadratic forms over global
rings (Theorem 4.5.2). We explain some other consequences of this formula, as well as relations with
other topics and possible future work.

Notation. — Let X/Spec(F,) be a smooth, projective, geometrically irreducible curve; £ a definite
(with respect to a fixed set So, of places at infinity) vector bundle of rank m < 4 with a quadratic
form on it b : Sym*(€) — L (recall we assume 2 € O%), where £ is any line bundle on X; and also F
will denote a positive definite vector bundle of rank n, with values in L.

We set U := X \ Sy and A := Ay.

1. Fundamental domains

We need to show the existence of fundamental domains for the action of O(£)(K) on Oy (&).[V1I
For any Borel-measurable A C O04(&), we would like to write O(E)(K) - A as a disjoint union of
translates of a fundamental domain for A, namely O(£)(K) - A = Uj_, vi5 a, for certain §4 C

04(E).

Proposition 4.1.1. — Let & be a quadratic bundle, B(E) its Borel algebra (cf. §3.2.83). Then for any
A € B(E), there exists a fundamental domain Fa C Ox(E). If F'y is another fundamental domain for

A, then p(Fa) = w(F)-

The following result will be used in the proof of the above proposition. Recall p is always > 3.

Lemma 4.1.2. — For any non-trivial ideal a C R = T'(U, Ox), the intersection O(E)(K) N Ox(E, a)
is trivial.

Proof. — Let u € O(E)(K) NOa(E,a) C O(E)(U). Since £ is definite, u has finite order e.

Assume p | e, say without loss of generality, p = e. From remark 3.1.6, we know that SO(E)(U) has
no non-trivial unipotents. If uw € O(E)(U) is unipotent of order e > 2, denote by ¢ its determinant
over U. Then 6P = 1, which implies § = 1 and therefore u € SO(E)(U), so the identity.

Suppose p fe and u # Id. Write v := u — Id € End(&).

uf = (v+1d)° =Id+ev +... +ev® ! +v.
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Take a prime p | a (here comes the assumption on the non-triviality of a). Then for a certain n, € N,
u = Id (mod p™) (take the greatest such ny, which exists, since v # 0). Hence u® = Id = Id +ev
(mod p?™), which contradicts the maximality of ny. O

Proof of Proposition 4.1.1. — Let A = UP_, u, O4(&,a), s0 O(E)(K)-A = UL, O(E)(K)v; 04(E, a).
Set §:= U, v;04(&,a); then O(E)(K) - A = Upw,,§. Ts this union disjoint?
Assume, w;vpp = wyvep'. From one disjoint union above, we have k = &/, that is wvp = wypvp/,
for v := vi. But then,

vpp v = w;lwy € O(E)(K) NvO0u(E,a)v ! =

=0(E)(K)NO0p(v€,a) = {Id};

where the last equality is given by the previous lemma. Hence w; = wy and p = p/, which proves the
first assertion.
Let § = Uj_, upB and §' = UJL, u} B’ be two fundamental domains for A. Without loss of generality,
we may assume B = B’ (by taking the intersection, cf. Lemma 3.2.7). To show: n = m.
By definition O(E)(K) - § = O(E)(K) - § = UL, O(E)(K)u,B. So each O(E)(K)uy,B must be
included in only one O(E)(K)u;(ko)B, and vice versa: O(E)(K)up, B = O(E)(K )y 1y B; where o is

a permutation in the set of n elements. In particular, n = m, which implies u(§) = pu(gF). O

It follows from the proposition that the volume of any fundamental domain of a fixed A € B(€) is
the same. Therefore we define

OE)ENO(E)K) - A) = (3 a);

for some (and hence for any) fundamental domain § 4 of A.

Recall definitions and notation from §3.3.2. Equation (3.3.3) gives
h(j)

(4.1.1) WOG)EN\O4(G)) =D n(O(G)(K)\ O(G)(K)uk O4(G.)).
k=1

Remark 4.1.3. — A fundamental domain § C wug Ox(G,E) for ur Ox(G,E) under the action of
O(G)(K) is also a fundamental domain for u; O4 (G, £) under the action of O(G)(K)Nug Oa(G, E)u;
(by which we actually refer to the action of O(G)(K) on O(G)(K)ui Op(G,E); cf. (4.1.2)), and

conversely.

The converse is trivial. For the other way, we must show that for any representation
n
(4.1.2) ur Oa(G, ) :1!1 hS,

the h;’s belong to uy OA(g,f;)u;l. Since there exists a v € O4(G,E) such that hjupv € u,p Ox(G,E),
hjuy, belongs also to this coset, and so h; € u OA(Q,E)ugl.

This fact does not use any property of orthogonal groups or whatsoever; it is a simple abstract
statement (cf. [Kne92, §30]).

Pick a fundamental domain § of O(G)(K)\ O(G)(K)ur Oa(G,E) for each k =1,...,h(j). Then

uy 04(G,€) = WS,

U
w €0(G,urE)(U)
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since remark 4.1.3 asserts that the same §j is a fundamental domain for the action of
O(G)(K) Nuy, 04 (G, £)u " = O(G)(K) N O(G, ui€) =
= O(G, ux&)(U).
The summands of (4.1.1) can be written as

#(OG) I\ O(G)(K)ug On(9,€)) = (k) = p(ur Oa(Y, ))-

106w = u(0a(6, ) A D0 T

and hence the total volume

h(5)
_ [O(ui&)(U) : O(G, ur)(U)]
M9 (0 (U) - O(G, upl) (U
=M<OA<9,5>>;[ LGt L 0,0
YiFoe  [OENU):0(G,ENU)]
Z cls(j’)€gen(y)
cls(&")egen(€) |O(5I)(U)|
Setting
W€ F) = > [0E)):0(G.£)W).]
il;?;’"?eggen )
we have

/
HO©)(KN\0K(0) = u(0x(@.€) 30 HETh —uou@.en 3 S
cls(&)egen(€) =
Note, over what the initial and the latter sum indices run. Precisely this difference is what this
computation is for!
Writing together, we obtain

& &7
4.1.3 1(O(G)(E)\ 0a(G)) = u(0a(G, E BN A
(413 (OGN OA(G)) = H(OMG-EN 3 Gy
Lemma 4.1.4. — Let p, and p be Haar-measures on O(EU,(O)), on Oa(E) respectively, such that
vasoo ty(Ay) is convergent for some A € B(E). Then, there exists a constant ¢ € Rg, such that for
any congruence subset C = [],zg  Cyv C On(€),

p(@) =c IT m(@u).
V€S0
Proof. — From Corollary 3.2.13 and remark afterwards, it suffices to show the statement for the
algebra of sets A(E) instead of B(E) (a simple limit process passes from the algebra of sets to its
Borel completion). So, we suppose that the congruence subset A, as well as C are in A(E); i.e. they
are finite disjoint union of translates of congruence groups (cf. Corollary op.cit.).
Since any two congruence groups differ at most, at finitely many places, we show the statement by
induction on the number of coordinates where they differ. Namely, we can suppose that the formula
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is true for some congruence subset B (for instance A), and then have to show that it is true also for
any congruence subset C', which differs from B in at most 1 place.

Without loss of generality (see Definition 3.2.9), we can take B := [[,4q_ O(&), and C =
[1o20, O(Ev) X Coy, for some measurable Cyy C O(Ey, (0))- By assumption we can find ¢ € R such
that p(B) = c[],gs. #o(Bv) (By = O(&y)). Define fi, : B(Ewy) — R0, by Cuy = pi(I 1,20, Bo X Cug)-
It is easy to verify, that f,, is a Haar-measure, so p,, = ofi, for some a € Rsg. From
fivg (Buy) = @ iy (Byy) = p(B) = vas fiv(By) follows

t(C) = finy (Cry) = ™ Mvo (Cy) =c H to(By)-pg (Cop)
EZN

whence, u(C) = u([[,gs.. Cv) = cll,gs., #o(Cy) for any C differing in at most one place from B;
the claim follows. O

Using this lemma, and by assuming for the moment the convergence of the infinite product
[Togs., #o(O(Ey)) (cf. section 4.2.1), we specialize the formula (4.1.3). Take F = {0} the zero bundle
on X (with trivial quadratic form on it), then G equals £ and therefore r;(£',0) = ro(€’,0) = 1, for
any & in the genus of £ (definite), which gives

h(E)

(4.1.4) p(O(E)(K)\ Oa(E —CHMU Z!O&

Taking the quotient of (4.1.3) by (4.1.4) (and using again Lemma 4.1.4, modulo the assumption on
the convergence of the product) we get

u(O@)(K)\0a(9) _ ¢TI m(0(Gn &) S iy
uOENOL(E) c]T, 1(0(&) SO0 )|

where ¢, are the constants from Lemma 4.1.4 for the famlly of measures p, on B(E) and B(G)
respectively. (Note that we do not distinguish in the notation between the local Haar measures on

different groups.)

Following Siegel, we define the v-adic densities with respect to j (recall G, depends on j(F),)
1o (O(Er))

Bl ) = 0@ £
and replace it above, to obtain
1 2 rj 51, cu(O(G)(K)\ Oa(g
T 0(e0) 1 2 0 T = SAOEN R O Q@d &5
Writing j = j1,J2,...,Jy for a set of representatives of the genera of primitive representations of
F by &, define R(&, F) == >.7_ 1, (&, F) and the v-adic density of representations of F by &
as dy(E,F) := 3.1, dvj, (€, F). Summing up the last equation for the different representatives of the

genus, and using the elementary properties of the Haar-measure, we have the following

Theorem 4.1.5. — In the definite case, for n < m < 4, we have

+(0(G
(4.1.5) 12’0 Ms(o( H dy (€, F).

h£
<|O< U)o ) oo
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(Later we show more; in particular ¢ = 1.) Siegel writes his celebrated "Main Theorem “ (see
[Sie35] for details) as

(&, F) = lim §4(€,F),

q—00

where the left hand side is the global representation density, defined as

R(E,F
I \0((5f 3 \/zz Dlo@E) ) '
pg(m —n)/pg(n) ’
whereas on the right hand side we have the limit of the representation densities modulo g:

r(€,F mod q)
R: qr™ "5

5(E,F) =

0q(E,F) ==

The limit g — oo means that eventually, any (rational) effective divisor with support on U = Spec(R)
will divide g; this means, the limit should be taken over a (any) sequence of effective divisors g,
with n € N, such that for any effective rational divisor D, there exists N = N(D) € N for which
D | g, Vn > N. This limit coincides precisely with the product of the v-adic representation densities
[1, duw(E, F), since for a point p :=p, € U C X with corresponding valuation v € |U| (cf. [Sie35])

do(E,F) = lim 6n (€, F),

n—oo

and for any two different effective divisors on U, q,q’, with disjoint support,

Sqq (E,F) = 04(E, F)og (E,F).

2. Proof of the formula (first part)

In this section, we will prove the formula (4.1.5); for which we understand:
(1) regularize the local Haar-measures, such that the product
IT wo(0(E,
V€ Soo
converges;
(2) prove that the Haar-measures of the fundamental domains, uz(O(G)) only depend on the di-
mension of the positive definite quadratic bundle;

(3) from the regularization of the local Haar-measures and an asymptotic computation of the rep-
resentation numbers R(&;, F), we should obtain the only unknown left: c.

2.1. Regularization of local Haar-measures. — For a valuation v ¢ S, we have O(G,, 7, R,) C
O(Gy), which leads to

1o(O(Gy)) = [0(Gy) : O(Gu, mo Ry)] 1o (O(Go, Ty Ry)).

If the quadratic bundle is regular at v, then by Kneser’s Hensel Theorem §1.2.2.1.5
[0(Gu) : O(Gy, Ty Ry)] = ‘O(g_v)’



54 CHAPTER 4. MINKOWSKI-SIEGEL FORMULA

Whence 11,(0(Gy)) = |0(Gy)| 110 (O(Gy, mpRy)). Recall r = 1k(G) = m — n. If we denote by g,
(= N(my)) the cardinality of the residue field of v, we have

1, G, of odd rank;
- r(r—1) ok —LEJ -
|0(Gu)| = 2qv * H (1—¢,“")¢1—qy %', G, hyperbolic of even rank;
o<2k<r 1+ qv_ LEJ, Q_v non-hyperbolic of even rank.
_r(r=1)
:U’U(O(gv)) = 2qy 2 /U’U(O(gva WvRv))'
(4.2.1) L, r odd;

TTocorer (I — ¢ 2F)(1 - <di%f(g)> qv_LEJ) r even.

Hence, for the regular primes (cf. §3.1.1) we regularize the local measures as

_r(r=1)
(422) :U'U(O(gvﬂTURu)) = (qu 2 )—1’
and we obtain
[To<orer CRSues (2K) 7, r odd;
(4.2.3) [T #(06G) = Moo (a8
Ueereg‘ LR(\.%J?Xdiscr(g)) H0<2k<r CK,Sreg (2]9)’ T even,

where Lg(s, x) 1=t Ly(s) == [[,¢s. (1 — x(po) N(p,)~H~ L.

This gives item (1). For the irregular (=not regular) primes v € Sy, it does not matter what we
choose as normalized Haar-measures, what the convergence concerns; but for the whole formula, it
does. We will give a procedure for normalizing the local Haar-measures, which does not depend on
the regularity or irregularity of the place; which is the general way for constructing a Haar-measure
on a reductive (non-semi-simple) group.

Since we started with a definite quadratic bundle £, the bundle G will be also definite, and in particular
Gy,(0) Will be regular. Moreover, almost everywhere, when one localizes with respect to the maximal
ideal of the complete local ring O,,, the orthogonal group has good reduction, but at some non-reqular
places (see §3.1.1) the dimension of the orthogonal group over the residue field jumps up; hence the
regularization of the Haar measures over these primes is slightly different from the ones done above.
We proceed a follows - a canonical way to fix a Haar measure over reductive, non-semi-simple algebraic
groups on the adeles -.

For any place v there exists a natural number f := f(v) € N, such that

11— O( anng) — O(gy) — O(gv mod Wg) —1

is a short exact sequence, and also 7 q(GI) C R,. Call

r—1

c(v) == Nv(o(gwﬂz{Rv)) {gv : ng#] T?
where r is the rank of G. Then,

(4.2.4) (0(G.)) = [0(G) : OGur 7 )| 110(0(Gu, 7)) =

(4.2.5) = |0(G) : 0o, w R)| |Go : 7lGE| 7 elo).

In the case G is regular over v, we can choose f = 1, as was done at the beginning of this section.
This justifies, our notation for f = f(v), which can be chosen big enough, so as to satisfy all necessary
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conditions for any place of K. For v regular, c(v) = 27! (cf. (4.2.2)). Therefore, in accordance with
the regular case, we normalize the local Haar-measures at irregular points by

r—1

1(0(Go, m] Ry)) =27 Gy s wl G| T

We still have to justify the arbitrariness of f (for every v), by

Theorem 4.2.1. — The quantity c(v) defined above is constant for f > 0 (in particular it is inde-
pendent of Gy ).

This theorem settles the regularization of the local Haar-measures and the Minkowski-Siegel formula
(4.1.5). It remains now to show that the fundamental volumes depend only on the rank of the bundles,
and to give an explicit formula to compute them. The strategy to compute them is rather ingenious
(for the left hand side, loc. cit.). We must compute both sides of (4.1.5). In the next section we prove
Theorem 4.2.1 and compute the v-adic representation densities d,, (€, F). For the left hand side, we will
compute the representation numbers for several F’s, which will save us from computing the order of
the orthogonal groups involved, since in the average, the representation numbers will be independent
of the class in the genus and therefore the sums on the reciprocals of the order of orthogonal groups
will cancel each other! This is the task of §4.4.

3. Quadratic lattices over discrete valuation rings

For further details on this section, see [Bou03].
Using Theorem 1.2.10, a computation shows

Lemma 4.3.1. — Let M, be a lattice in a quadratic space over the local field K,, and f € N such
that Wng C M,. Then

[Mf : Mv} = N(discr(M,)), and

~1
[Mv : WQ{M#} = gf Tk(Mo) [Mf : Mv] .

(2

Proof. — Let {e1,...,e,} be an orthogonal basis for the quadratic lattice M, (recall char(K,) # 2).
Then
T T
M# = {Z QALCL ‘ ap € Ky, [J(Z akek,ej) S RUVj =1,... ,T’}.
k=1 k=1
Denote b; := q(ej,ej), for j =1,...,r. Then it is clear, that {e}éé = b;lej}gzl forms a basis of M.

Hence,
T

[Mf : Mv] = [TIR. : o;R.) = [ N(b)) = N(discr(M,)).
j=1 j=1
The second equation follows directly from the multiplicativity of the norm. O

Lemma 4.3.2. — Let G|, C G, be a submodule, such that for some f € N Gl ¢ G, G ¢ g,
and [Gy : G| = N(my). Then

0(Gu, G4/ mlGiF) 1| = (o)1,
For O(gv,gv/m{g#), we understand the subgroup of O(G,) formed by those (local) orthogonal trans-

formations which are the identity when projected to G, /m’f Gt (similarly for the other group, which
makes sense after the assumptions above).
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Proof. — The lengthy, but straightforward proof is the same as the classical case, for which we refer
to [Kne92, §32.5]. O

Proposition 4.3.3. — With the assumptions of Lemma 4.3.2,

po(0(Gu, Gu /T GE)) _ rogn
115(0(Gy, Go /w16

Proof. — From Lemma 1.2.11

r(r—1)

f ot
1l /ML) _ T0(g,,G,/x{01) : 0. 6u/eL7GH)] = 4

110(0(Gy, Go /i 1 GT))

O

Proof of Theorem 4.2.1. — For f large enough, all hypothesis of the proposition (and two lemata)
r(r—1)

above are satisfied, and therefore c¢(v) becomes N (m,)™ 2 SN ()", which is independent of f. For

the independence of G, it suffices to see that for any sub-lattice G/, of index N(m,), the quantity is

preserved, which follows directly from Lemma 4.3.2. O

We claim that the orthogonal groups O(Gy,&,/miE#) and O(Gy, G, /miGY) are the same. One
inclusion (C) is trivial from the sequence

ngﬁ N gm(o) - ngy C Gy C &y

where in fact, the first inclusion is an equality. The other inclusion, follows without difficulty, since
Gy © Fy 0y O Ev; hence every orthogonal transformation u, € O(G,) which is the identity modulo
Go/m G, is also the identity modulo the larger quotient &,/ &, (cf. §3.3).

This enables us to replace iy(O(Gy, &y /TLET)) by 10(0(Go, Go/mLGH)), which we know how to
compute.

We are now ready to evaluate the limits of the local representation densities.

Proposition 4.3.4. —

_ fn(m+r—1)

do(€F) =y 7 N(diser(€,))? N(diser(,))2 -
’ rjl(gwfv mod ngﬁ)

Proof. —

o (o) = tel0E) [0 06 Eu/rlED)]
T 06w D) T [0(0,.8) 1 0G0 EufrleR)]
) Nv(o(gv’gv/ﬂg‘g#))

110(O(Go, £ /T ER))
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The last factor is (see remark before the theorem and previous results)

( (gvag /77'55#)) v(O(gv,gv/szjgﬁ)) _
10(0(Go, £ /X)) 110(0(Go, Gu /7l G ))

r—1
Lol 2 § N
_ |:gv : 7Tvgv } 7lcv(m) _ Cv(m) [Ev . ﬂ-gé‘v}if []_—v : 75.7:#]7 21 _
[&) :m{eﬂ ch(r) Cu(r)
= CCU((T:)) qv—%(fm) N (discr(&,))2 N(m)—r?(fn) N(discr(fv))% =

N cy(m) -
) N ()

The second factor can be computed easily from one of the fundamental isomorphisms of group theory
(H/HNN = HN/N) as follows
(0(&0) : O(s, 0/l el (0(0): O, 0/l el

[o(gv) L 0(Gy, &, /ng#)] [O(QU,&,) (Go, & /TLEX) - G, &, /ﬂfg#)}
= [O(gv) : O(gvagv) O(gv,gv/ﬂgé‘#)} = rj(é’v,fv mod 71-1];5#)

— 5

m+r=1) N (discr(E,))2 N (discr(F,)) N

The v-adic representation densities can therefore be written as

g
(4.3.1) dy(€,F) = lim by (€, F) = > doi (6, F) =
=1

_ fn(mtr—1) . .
(4.3.2) = €qu 2 N (discr(&,))2 N (discr(F, ))Tlrv(gv,}"v mod 7/ EF),
L {1/2 when r = 0 and m > 0;
where € =

1 else.

4. Proof of the formula (cont’d.): Volume Computation

The goal of this § is to prove that u(O(G)(K)\ Ox(G)) depends only on r, the rank of G, for
any definite quadratic bundle G. Siegel’s idea (taken from Dirichlet and Minkowski, as he says)
is to sum left and right hand side of (4.1.5), over various one dimensional quadratic bundles F()
(n = 1). By convention, we set pz(0) = p(O(G)(K)\Ox(G)) = 1 for r = 0; which after a
simple computation gives pugz(1) := pu(O(E)(K)\ O4(€)) := 1/2, for rk(€) = 1. We refer to the Ap-
pendix 4.5.3 and the main reference therein, for basic analytical definitions to be used here throughout.

Let us state first the result to be proved

Theorem 4.4.1. — Let X/Spec(F,) be a smooth, projective, geometrically irreducible curve, Soo a
finite set of places (U := X \ Sao, and R :=I'(U, Ox) with class number hr). For a the representation

(DPlease note the difference between F and .



58 CHAPTER 4. MINKOWSKI-SIEGEL FORMULA

numbers of a definite (with respect to S ) quadratic bundle F of rank n through the genus of a definite
quadratic form € of rank m, 4 > m > n, holds the following Minkowski-Siegel formula

h(E) 5 s ( )
(4.4.1) Z ” g H do (&, F).
Here, 15(0) = 1, and the other measures for fundamental volumes are gz'ven by:
1
hRq(g_l) 1
2)=———-C(r(2)" 7,
h2 3(9—1)
3) =L Y¢Rr(3)7!
ng(3) = 3(q 1)? Cr(2)” Cr(3),
h%qﬁ(g_l)

pg(4) = 36(q— 1) Cr(2)7'CR(B) T CRA)T

To compute the volumes of the fundamental domains in the formula, as we mentioned above, we
sum the whole formula over F, where F runs over one dimensional quadratic bundles with underlying
module belonging to a fixed class ay modulo an appropriately chosen modulus ¢. This is the classical
strategy, by which one obtains a recursive formula, starting from pg(0) = 1.

4.1. The left hand side. — For two one dimensional quadratic bundles a and ay and ¢ an R-ideal,
we write a = ag (mod c¢) if one can find associated matrices M and My to the quadratic forms a and
ap respectively, such that M — My has entries in the ideal c.

Remark 4.4.2. — If the class number of R is one, there is only one class of ideals, and therefore the
quadratic forms over R are simply given by elements of R (by abuse of notation denoted by the same
symbol), and so a = ag (mod ¢) means the element a — ag belongs to c.

We start the computation. Concretely, on the left hand side (LHS), we take

(4.4.2)
h(E)

51, 1 1 .
2 "“\o ZiO B 2@, 2 R

h &) —
a=ag (mod c) ( ‘O( )( )‘ ! =1 a=ap (mod ¢)
N(a)<B N(a)<B

and the modulus will be so chosen, that the last sum will not depend on [. Throughout, we will
be putting (compatible) conditions to the modulus ¢. We start with a ¢, such that for any two one
dimensional sublattices

(4.4.3) b=by (mod cE¥) implies a=ay (mod ¢),

where a(g) is the quadratic space induced on b (bg) by €. This can be achieved by simply choosing
a c such that c£7 is contained in € (so in particular the support of ¢ contains the support of the
discriminant of £). This ¢ can also be chosen to be principal (just take a power of it). Moreover,
choose a quadratic subspace ag of £, such that its associated matrix (so any) is not zero modulo c.
This can be also achieved, since the lattice can be supposed to be of norm R. Namely, if the rank
of £ is greater than 1 this is clear. For a rank 1 quadratic form, we have two possibilities. Either
it is defined over a module of trivial discriminant, in which case by simply scaling the form one
gets a unimodular one. If not, suppose the form is defined over a module of rank one generated by
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(e1,¢€)), such that aje; = oj€|. But even in this case, we can restrict the quadratic form to the finite
index sub-lattice (¢}), for which, as we explain in §4.4.1.1, the fundamental volume does not change.
Therefore, without loss of generality, we can use this lattice for the volume computations in Theorem
4.4.1, which again can be scaled as before, to obtain a norm R quadratic form.

Now, we will need to compute

Yo REW= Y 1=

a=ap (mod c) b &
N(a)<B a’=ag (mod c)
N(n(d'))<B
D D M
Vo CE[cEH bCE

a=ap (mod ¢)
b=vyp (mod cE#)

N(n(a))<B
D> S e
EOCS/CS# bCcE#

n(vg)=ayp (mod ¢) N(n(b))<B

(Z 0.z )

N(n(b))<B (vo)=ap (mod c)

where al”) is the quadratic form induced from € on 6¢). In the third equality, we used the property
(4.4.3), ¢ was chosen to have. So, we concentrate on the first factor above, since the last sum will in
the end cancel with a factor on the right hand side (RHS).

In order to compute

(4.4.4) >,

bCcE#
N(n(b))<B

we show first, that we can suppose £ to be a diagonalized quadratic bundle.

[1.1] We now justify, why it suffices to do the computations for diagonalized quadratic bundles (in
this section we mean always over U) (q,&, L).

The first reduction, is to suppose det(£) = R. Then we can assume & to be trivial over U = Spec(R).
Now we need to diagonalize the quadratic form on it. It is clearly not possible in general (for rk(&) > 1).
It is easy to show that one can diagonalize the form on a finite index sub-bundle £ of £.

Claim:

(4.4.5) 15(0(€)) = ng(0(£).

Then the general formula for £ follows from the formula for £’.
We prove this by induction on the rank of the torsion module £/&’. We can also suppose, k(&) > 2.
If the rank of the torsion module is zero, the bundle is diagonalizable. If the rank is greater than O,
then we make a filtration

g c&c...c&=E¢;
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where the successive quotients at each step have rank 1. Therefore, it is enough to show the statement
for £ and &, differing at only one prime, say v. Now the two fundamental volumes § and § differ

only at v. Denote by MU(O(gU,TQJ;(/))) the measure of § (§') at v. From (4.2.4) we obtain that these
two volumes are the same, if we show that min{f, f’} is large enough. From ??[Zusatz 15.4] (cf.

Lemma 4.3.2) (and provided f is large) the index [O(gv) : O(QU,W{;RU)] depends only on the rank,

[Qv : 77{; Q# ] also, and from Theorem 4.2.1 the remaining factor does not depend on G, either. So, it

remains to get min{ f, f’} large, which can be certainly achieved by rewriting the fundamental domains
with respect to principal congruence subgroups which at v have large f. This proves the claim.

Remark 4.4.3. — The claim above is, in the end, a direct consequence of Theorem 4.2.1.

Lemma 4.4.4. — For an embedding ¢+ : b — F =2 R 1 a, with F a quadratic bundle. We set
ay := q(e1), where ey generates the first summand of F. Then

v

N (6)> N(f1)* N(a1), N(f1)> N(a1)
ay

N(f2)2 N(det(a)):
N(6)2 N(f2)2 N(det(a), N(f1)2N(ar) < N(f)?

N(n(e =
(n(e(0)) { (f2)? N (det(a))

Proof. — It follows by a simple computation, since

n(u(b)) = ged({b? fiay + b3 f2q(v) | by,ba € b and v € a}) =
= b?ged({(ffa1 + fFa(v))}) = 6% (ffas + fodet(a)).

Taking norms yields the result. O

Remark 4.4.5. — We will also use later the corresponding version of this lemma for higher ranks
(i.e. embeddings into lattices up to 4). This statement is similar, but with the obvious additional
cases (see below).

We will make abuse of notation, and write N (a,(s)) instead of N (det(a)) (see below).
By a =y ( we mean limy_, a/3 = 1, where we may omit N.

[1.2] Rank 4-case. — Using Lemma 4.4.4 for the case rk(£) = 4, we obtain

>, 1= > >
bCcEH bCR fie(z) f2e(335)

N(n(b))<B 1/2 1/2
_ BY2 _ BY2
NUI< o v@n 72 NSRG4 Ny 172

Bl/2

NSy N @72

where x consists of 4 summands, which correspond to the four cases in the computation of the norm
of n(¢(b)). One can easily see, by the inclusion-exclusion principle, that x can be written as a single
sum, times a factor, 6 (correspondingly, it is 2 or 1 for the cases rk(€) = 3,2, respectively).

In the rank 4-case, the six sums correspond to the 6 4 x 4 ordering boxes. Namely, if we write ¢ > j
(i,5 = 1,2,3,4) for the inequality

N(f;)* N(a;) > N(f;)* N(ay),
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where N (ay4) := N(det(n(a))) (respectively for >); then the a ordering box is, for example, a box
of the form

3 > 2 > 1 > 4
3 > 2 > 4 > 1
3 >4 > 2 > 1
4 > 3 > 2 > 1

which is said to correspond to the ordering (of length 3) 3 > 2 > 1. In a similar way, for the case
rk(€) = 3, an ordering box, is a 3 x 3 box, which corresponds to a previously fixed ordering of length
2. It is easy to see, that each box contributes with a single sum (because of telescopic cancellation of
the sums), and that the number of ordering boxes for the different ranks, are 6,2, 1, as remarked above.

We start with the case (rk(€) =:)m = 4 (which contains all sums to be computed in the other cases

also).
TR SIS DD » >
bCcE# bCR frelcr) f2€(53)
N(n(b))<B N Bl/2 N B1/2
I<To @7z NS {5 N7

as
Bl/2
N (b) N(a3)1/2

aq
Bl/2

)< SN N2

Therefore, we need to compute (also for the cases of smaller rank m = 2,3) the sum

>oL

fer
N(f)<B

Lemma 4.4.6. — Let ¢ € Dir(JRr) be a multiplicative function and v = p® an R-ideal, with p prime
and e a natural number. Then

S =3 G T e

ae‘JR beJr
Tja B
N(a)<B NO<JGerm
Proof. —
Yo v@= ) W)=
acJr N(tb)<B
tla ~ beJIr
N(a)<B
= D e+ D> M/ =
beTR(r) n=1 p"||b
N(b)<B/ N(x) bETR
N(b)<B/N()"+
= D vEpm+Y > b)) =
bETR(x) n=1 b €TR(Y)
N(b)<B/N(v) NS nayney™
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=S % w<b>:7§w<tp">-}’§}$§- > w).

beETR( ) bGJR
N(O) < v N(O)< Jmyrgm
O
Lemma 4.4.7. — In the previous lemma, for 1/1 =1, we have
> 1 DI
ta N(a0)<B
N(a)<B
Proof. —
— ©1(p)
Z 1~ . Z 1=
vl n=0 N(p) beTr
N(a)<B (b)< Jperny
- —¢1(p) hrg P B po 8 p1(p)hrg VB ZN
= N(p) = (¢—1) N(p)tn) N(p)t'(q
_ (1 - N(p_l)hRq_(g 1)B . (1 _ N(p)fl)fl _ hRq_(g_l)B
N(p)e(¢—1) N(p)(g—1)
O

Applying these lemata to (4.4.6) we obtain

> 1= 3 3 Z) <6 f4z> 1>z

bCcE# bCR f16(5) f2€(2%) f3€(= (=
N(n(b))<B a]131/2 - a?51/2 a;;l/z

N(f2)< Bl/>2 N(f3)<

N (b) N (ag)1/2

N(f1)< N(f1)<

N(b) N(ag)!/? N (b) N(ag)'/?

(¢—1)
SOVEEDS > > (5t ox )
bCR fre() f2ae(%) f3E(Z)

_ B2
N(b) N(aq)1/2

-1 N(I4
SR DS 3 > (X )

N(b) N(a)1/2

a
Bl/2
N (b) N(ag)1/2

as
Bl/2
N (b) N(a3)1/2

Bl/2
N (b) N(ay)l/2

N(f1)< N(f2)< N(f3)< N(a)<

bCR fe(E) f2e(35) f3e(33) N(a)<731/2
N Bl/2 N Bl/2 N Bl/2 N (b) N(ag)1/2
(fl)<N(b)N(a1)1/2 (f2)<N(b)N(a2)1/2 (f3)<W
(g—1) N(ayg) hprg—9—1 B1/2
N Y 2 > > =1 N© Na)?
bCR fle<ﬁ) f2€(a2> f3e<%>
1/2 1/2 1/2
N(fl)<N<b>?v<a1>1/2 N(f2)<N<b)JJBV<a2)1/2 N(f3)<N<b)JIBV(a3)1/2
<6l1=D) N heg 00 B2 : > > IO
~ _ 1/2 ~
be N (a=1) N)P?{ZNb - e=) REE) fa€(E)
N < B2 N(f)< B N(fy)< B

N(b) N(aq)1/2 N (b) N (ag)1/? N (b) N(a3)1/2
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1
~ 1 N(ag)zg~7V 1
<6 BTN LN 2 2!
freda) f2&(33) fs&(33)

a3
gl/2 Bl/2 Bl/2
NUDSFo N7 NS Nz U<

N (b) N(a3)1/2

and repeating the same calculation for the other sums

=

N (a3)? N(as)2Cr(4)

S s 649~V N'(a1)? N(as) 52
bCcE# N(C)4
N(n(b)<B
Putting all together:
T N (discr(&))'/?
(4.4.7) LHS(y) ~ 6- ¢ "7V . Cp(4) - %-BQ- ( > 1).
EQCE/CS#

n(vg)=ap (mod c)

[1.3] Rank 3 and 2. — For the rank 3-case, we have (recall the beginning of §4.4.1.2)

SIEED VDS > fox )
bCcE# bCR hecr) f2e(35) f3€(53)

N(n(b))<B “2 3
(n(b))< N(f1)< Bl/2 N(f2)<

Bl/2 Bl/2
N(b) N(ap)1/2 N (b) N (ag)1/2 N (b) N(a3)'/2

_ 2¢7%9°Y N(a1)? N(a2)? N(as)? N(as)3Cr(3)
- N(e)?

N(fs)<

. B3,

Therefore,

N (discr(€))/2B3/2
( (€)) Z

~ —3(g—1
(4.4.8) LHS(3) ~ 2+ ¢ 37V . ((3) - NP

1;

ToCE[cEF
n(vg)=ag (mod c)

and similarly, we obtain

' 1/2
discr(€)/°B Z 1

(4.4.9) LHS(y) ~ ¢ 29V - Ca(2) - M N(c)?

EQCS/CS#
n(vg)=ag (mod c)

for rank 2.

4.2. The right hand side. — For the computation of the RHS of (4.4.2), we recall first the local
representation densities (4.3.1)
_ fn(m+r—1) n r—1
dy(&,0) = qu 2 N (discr(&,))2 N(discr(ay)) 2 ry(Ey, ay mod lEF).
For v not dividing our modulus ¢, the orthogonal group has good reduction (in particular, the
quadratic form is regular over v). Therefore, we divide in two the product over the finite primes: the
product over the primes not dividing ¢, and the product over the others. This last product will cancel
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with the sum on the LHS left without calculation (cf. §4.4.1). So, we concentrate ourselves on the

infinite product
[1du(& ).
vfc

Since the representation numbers r,(&,, a,mod 775 5# ) essentially depend on the parity of the rank

of £, we need to make case distinction between 2,4 and 3; this last case causing also and additional
inconvenience.

Before going into the cases, we write more precisely the local representation densities for those
primes v not dividing c. In this case, discr(&,) € R, so it defines an element of Fg. - If we denote by

(qf) : Fy — {£1} the quadratic character, from [Kne92, §13] we have

m m_q
gt + <g—v) i —1 <g—z)qv2 —1 form=0 (mod?2),v|a
m—1 _ (O )27 form=0 (mod 2), v1a;
(4.4.10)  ry(&,a, mod T/ EF) = do <q”)q me1 ( bt
g+ <%>qv 2 form=1 (mod2),vta;
grt -1 form=1 (mod2),v|a.
[2.1] Rank 4,2 case. — Summing up d,(&,, a,/t,) for all (local) ideal divisors t of a, we get
_ m_ 0. _m O\ K —k(Z—1)
— 1, _ (v 2 . “v 2
€)= N@)F 1= ()¢, ) g; (7) a7
Now,
Z H d,(&,a) :Hav(é',ao mod wvg#)-H(l— (@)qv_%)
— Qv
a=ap (mod ¢) V€S vle vfc
(4 4 11) N(a)<B

> N () N
bla

a=ap (mod c)
N(a)<B

For m = 4 these last sums are asymptotically

ged(b,c)=1
N(b)<B
therefore
_ hqu(gq)Bz _ 4
Z H dv(E,a) = T(C)de(g,ao mod 7TU£ )
a=ap (mod ¢) V€S vle
N(a)<B
) 1) 1
nics <_v)qf2) 3 (_>7>
w/ N(b)?
<v)(c 4 ged(b,c)=1 b (b)
N(b)<B

Using the fact that

e M0 (D) 5 (3t




4. PROOF OF THE FORMULA (CONT’D.): VOLUME COMPUTATION 65

for s > 6 =1 (valid also for s = § when the character <5TU> is non-trivial), we see
RHS g ~ UOODUENOLG) N(diser(E) BB 11,0 11oq 0,68, a,) 0
O LOEENOAE) N + mod e, a,)

vle

For the rank 2-case, we need to compute, cf. (4.4.11), the asymptotic for

Again, we use here a trick due to Dirichlet (cf. [Sie35, page 566] or [Kne92, page 151 and ff.]).
As explained in last loc.cit., this trick consists in bounding the asymptotic for the sum over three
different regions defined below the hyperbola (consider this for the definitions of the regions below)

N (bc) =

= {(b,¢) | bc=ap (mod ¢) and N(b), N(c
{(b,¢) | bc=ap (mod c) and N(b) > B
Rs :={(b,c) | bc =ayp (mod ¢) and N(c) > B

) <

Computing the asymptotic for these three regions gives

thq - B S\ 1
(4.4.13) 3 Z( L)~ T NG 3 (F)—(b)'
a=ap (mod c) bla ged(b,c)=1
N(a)<B N(b)<B?2

—

Since the character (g) is non-trivial, (4.4.12) holds, and therefore we have

pOG)E)\Ou(9)) N(discr(E)*B vy o . Zhpg )
OB ENOE) — Nz L€ mod et e) ==

[2.2] Rank 3 case. — This last case is classically a special one, since (besides one) three is the only odd
number smaller than five. The reason, why being greater or equal to five is important, is because in
the computations we have seen above, some L-series coming into play must be evaluated at (m/2) —1;
and hence we have absolute convergence only for m > 5. The case m = 4 is not so difficult, since
there is conditional convergence (due to the non-triviality of the character, cf. §4.4.2.1), and the cases
2 and 3 are the most difficult (cf. [Sie35, Einleitung)).

For our last remaining computation, we can not use any of the classical tricks (loc.cit., [Sie37],
[Kne92, Kapitel X]). They are based on standard classical computations, either on the representation
number of an integer by the diagonal ternary quadratic form diag(1,1,1) (a result due to Gau), or on
the analytic theory of modular forms and on explicit reduction theory of quadratic forms over totally
real number fields, as in [Sie37]. We can make the computation directly.

Recalling the local densities described at the beginning of §4.4.2 for m = 3, we have

(4.4.14)  RHSp) ~

vle

D do(E,a/8) =dy(€,0) + du(E,a/m0) + ... =

la
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1
= N(av)§ : |:(1 — q[z) + ...+ (1 — qu)qgr 4+ (1 o q;2)q;(ev—1)+

N (1 N (av/zﬁe“év) - <av/7;12;evév>2)q;2>:|_

Setting e, := [v(a)/2] and x(b) := <a—b‘$), the last sum becomes

dy(€,a) = N(a,)? qu E 4 xan /) - gt = (1= (/7202 =

k=0
1 &
)2 [qu +Zx (a/m")g, *HD = (1 —X(av/ﬂik)Z)(JJ(k“)] =
k=0
- N} - [qu (o /)y O (L (o /)y )
Hence,
1 av 7T v _ 1 _ av 7T261; 2 _
dy(E,a) = )3 qu [ %;g)'qvl%—( ( / )).%2}
k:Oql) ]{;:qu

We take now the product of the d,(€,a)’s over the primes not dividing ¢, and obtain that the

Z Hav(é’,a)

a=ap (mod ¢) vic

asymptotic of this product:

N(a)<B
is
1 1 1 1 2hpg~ D . B3
N(a)2 =~ N(a)z ~
2 Nerrgrg 2L NP gt
a=ap (mod c) N(a)<B

N(a)<B

Namely, over the primes dividing a it is clear that the asymptotic is given by N (a)%, since the
remaining factor can be uniformly bounded by a sum Zbg‘ . IN(b); whereas the product over the
primes not dividing a is precisely the special value of L, (1). In our case, this L-function is indeed
a polynomial in ¢—° and the independent coefficient is 1 (cf. [Wei95, Chapter VII, §7] or [Ros02,
Chapter 14]). Therefore, again the main contribution of these factors is N (a)%.

Replacing this in the formula above,

uO(G)(K)\ O4(9)) N (discr(€)) 2 B>
r(O(E)(K)\ 04 (€)) N{(c)?

2hRq_(g_1)
3(g—1)

RHS3) =~ H r(€, mod ¢, a,) -

vle

Combining the computations for the left and for the right hand sides, we finished the proof of
Theorem 4.4.1. O

5. Applications and Consequences

5.1. Genus-versal integral quadratic bundles. — Let q := (q,&) be a quadratic bundle over a
curve X (with respect to S C X). Recall the definition of a representation: the quadratic bundle q
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represents the quadratic bundle g’ := (¢, £) if there is an isometry ¢ from ¢’ to g.

Definition 4.5.1. — An integral quadratic bundle (q,&) as above is d-genus-versal®, for d €
{1,2,...,m =rk(€)}, if and only if every quadratic bundle q’ of dimension d which is represented by
some quadratic bundle in the genus of g, is represented by q itself (i.e. all isomorphism classes in the
genus represent the same forms of dimension d). A 1-genus-versal quadratic bundle is simply called
genus-versal.

One may call a genus of a quadratic bundle d-genus-versal if some, and hence any, form in the
genus is d-genus-versal.

In this section, we will show, as an application of Theorem 4.4.1 the following

Theorem 4.5.2. — Let R be a global ring with quotient field K, a function field. Fiz a positive
number B € Rsg. There are finitely many isomorphy classes of genus-versal, definite (integral)
quadratic forms over R with norm not greater than B.

Remark 4.5.3. — We will give a bound for the discriminants of genus-versal definite quadratic
forms, so the restriction on the integrality of the form is not essential (cf. Proposition 2.1.9 and
Remark 2.1.10).

Remark 4.5.4. — The bound B in the theorem above, is simply to avoid the following trivial fact.
Let &€ be a genus-versal quadratic bundle (over Spec(R)), then any (integral) multiple of it is again
genus-versal. This means that the cardinality of the set of genus-versal quadratic forms is either 0
or infinity. But how many essentially different genus-versal quadratic forms do exist? In a more
mathematical language, in the case of principal ideal domains (and for example also in the classical
case (Z,Q)), this translates into:

how many primitive, integral, genus-versal quadratic forms do exist?

The restriction to primitive forms is a particular case of the restriction on the norm written in Theorem
4.5.2; namely quadratic forms of norm smaller or equal to 1.

So, all in all, Theorem 4.5.2 generalizes what is known in the classical case, a result first proved by
G.L. Watson in his Ph. D. [Wat53] (see also [Wat76])

Theorem 4.5.5. — For each dimension d € N, there exist finitely many primitive, positive definite,
integral quadratic forms over Z.

Note that in the function field case there are only definite forms in rank up to 4 (whereas in the
classical case one has definite forms in all dimensions). The only previously known result in the function
field case, is for the very special case of rational function fields (F,[T],F,(T)) (i.e. Theorem 4.5.2 holds
for R := Fy[T), recently proved in [CDO05]. In that paper, the main ingredient is the explicit reduction
theory for definite quadratic forms, only available in F,[T] (due to Gerstein’s [Ger03]). So, the use

1n the literature, these quadratic forms are known as regular, after Dickson’s studies in the theory of ternary quadratic
forms over Z. Nevertheless, this term is very inappropriate, since regular forms are indeed quadratic forms whose adjoint
is bijective. For this reason, in order to avoid confusion, and recalling the definition of a universal quadratic form: it
represents every element of the ring; we use here the term genus-versal. Universal means the quadratic form represents
everything in the universe (=ring), whereas genus-versal means it represents everything represented by the genus (i.e.
universal in the restricted universe given by the genus: elements of the ring represented by some form in the genus).



68 CHAPTER 4. MINKOWSKI-SIEGEL FORMULA

of the Minkowski-Siegel formula is a powerful ingredient to get rid of this obstruction, for proving the
statement in full generality for any global ring.

For a general account, see the overview paper in the subject of “regular” (here genus-versal)
quadratic forms: [CEO04].

Proof of Theorem 4.5.2. — We will show that for large N (&), the LHS of (4.4.1),

h(€)
gla
)~ Z 0

becomes smaller than 1, so in particular the genus of £ cannot be genus-versal (as one directly concludes

(4.5.1)
h(g |O(5z

from the inequality). It is clear from Proposition 2.1.9, that it suffices to bound the discriminant (or
equivalently the reduced determinant and the norm, which is already bounded). To do so, we show
that

(1) for a particularly chosen quadratic form (bundle over Spec(R)), a, the local representation
densities d,, (£, a) are smaller than one, at all the places where the discriminant is supported (and also
the greater the valuation of the discriminant at such a place is, the smaller the local representation
density is);

(2) for the places not dividing the discriminant, we obtain a universal bound depending only on
the ring R; which would finish the proof.

Let q := (q,€) be a definite quadratic form of dimension m over R. Choose a quadratic form of
dimension 1, a, represented by the genus of £ and of minimal discriminant (the counting norm is
discrete). Using Hasse Principle, we obtain that the support of the discriminant of a is contained in
the support of the discriminant of £ (and also the valuations at those places of the discriminant of a
are at most the valuations of discr(£)): v(discr(a)) < v(discr(£)).

From the computations in §4.4.2 at the places outside the support of the discriminant of £, we see
clearly for ranks 4 and 2, that the product

I dErn

V| Soo|
vgsupp(discr(£))

is uniformly bounded, so

(4.5.2) Hg(m — 1) II derm
pg(m) valSe

vesupp(discr(£))

can be bounded depending only on R (cf. Theorem 4.4.1). For the rank 3 case, we obtain this bound
from the fact that the L-series appearing in §4.4.2.2 can be uniformly bounded depending only on
R, since it is a polynomial in ¢—°, with coefficients again bounded from R (actually coming from
properties of the class group of R). (See [Wei95, Chapter VII, §7] or Rosen op.cit..)

Now, we need to show that the local representation densities contribute with numbers smaller than

1. For m =1 there is nothing to show.

(1) Let m = 2, then for v € supp(discr(£)) we have &, = (72, ), for 0 < a < b (clearly not both
0). Then we have

ol &# c (n%,7d) C (7, 7, ),

v Mo v oY v
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where f, = 2b > 2. From the choice of a, we have only primitive representations: d,(£,a) = d, (&, a).
But this last local density is (recall (4.3.1))

a N(discr(gv))%rv(é'v, a, mod T/ EF).

Now N(discr(&,))% = q:TM. The last factor is 1 in the case a = b (clear, since the index [é’v : 775”5#]
is 1, so it can be 1 or 0 depending on the existence or not of a single representation) and we get
dp(Ep,ay) < qv_b < 1 (keep in mind the dependence on b: the greatest exponent appearing in the
diagonalized form of &,).

2(b—a)
If 0 < a < b, then r,(Ey,a mod vag#) is at most ¢, > , where q?,(b’“) is the index of WUUS# in &,.
# —4b+(a+b)+2(b—a) —(b+a)
So, we get in this case dy, (&, a, mod T, &) < gy 2 =¢qy, > < 1 and again recall that

the density bound depends on the valuation of the discriminant of £.
(2) Let m = 3. In this case we have (after the same observation as above about the primitivity of
the representations of a), that

do(Ey, ay) = g5 2 N(discr(€,))2 N(discr(ay))2ry(Ey, ay  mod 7i*EF).

Denote &, by (7%, 78, 7¢), withc¢ > 1and 0 < a < b < c. So, f, = 2¢, N(&,) = ¢**'*¢ and N(a,) = ¢2.

It remains to study r,(&y,a, mod 771,”5#). The index of 775”5# inside &, is qg(cfa)JFQ(c*b), and the

local representations we have to compute are the same as the representations of an element by a
. . . 2(c—a) R .

binary form over a ring with g, elements (actually this gives an upper bound, since we may have

enlarged the ring by ¢?~¢). But this number can be bounded from above. The expected number of

such representations is the number of elements of the ring to the power (2 —1) — (1-(1+1)/2) (a

simple combinatorial argument). The actual number of representations may differ from it in a power
2(c—a)

series of ¢, >  (i.e. half the number of elements in the ring) with coefficients +1 (cf. Siegel [Sie35]
or Kneser [Kne92, Kapitel IV] for the case the ring is a field). Hence, r,(&,, a, mod my" i ) can be
bounded by

2(c—a)+152
Y .

Putting altogether, we obtain

dv(gva av) = Qv rv(gva a, mod Wz{vg#) < Qv ? Qv

—8ctatbtcta —T7c+2a+b 4(c—a)+(c—a)
2 2 <

—c—3a

<qv?

N[0

<q? <1

where again, the quantity is smaller than 1, and depends on the valuation of the discriminant of £ at
v (dependence again on the highest exponent c).
The remaining m = 4 case follows with exactly the same arguments.

Therefore, if the norm of the discriminant is big enough (for example N (discr(€ ))%1 bigger than the
bound for (4.5.2)), then (4.5.1) is smaller than 1. O

Remark 4.5.6. — Fixing a particular global ring R, one can explicitly compute the bounds given in
the proof, and so one can effectively compute, say for example for R := F,[T], all genus-versal forms.
Moreover, by doing this, one could also answer the still open question (cf. [CDO05]), whether there
exist or not genus-versal quadratic forms of class number strictly bigger than one. This means also,
this approach seems to be more effective than the reduction theory used in op.cit..

The answer to this question above in the classical case is negative, and the counter example was
constructed by Kitaoka in dimension 3 (one can see this also from the theory of (supersingular)
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elliptic curves over Fyy, cf. [Cer]). Finding an example for a genus-versal, definite quadratic form
using the Brandt’s correspondence (cf. loc. cit.) in the global ring case seems to me impossible. We
would rather support the conjecture, that in F,[T] all genus-versal definite (integral) quadratic forms
have class number one. This problem will be addressed soon jointly with J. Bureau (Louisiana, USA).

5.2. Deuring-Gekeler Maf3formel. — In [Gek83] and in [Gek92] Gekeler computed the sum of
the reciprocals of the cardinality of the automorphisms of supersingular Drinfeld modules of rank 2
up to isomorphisms (i.e. the Maf3formel for Drinfeld modules), which is the analogon to the famous
formula of Deuring (cf. [Deu41])

(-1
> |Aut(E)|~! = TR

E supersingular elliptic curve
over ) /=

We are not going to develop the theory of supersingular Drinfeld modules of rank 2 and their
relation with ternary quadratics forms; which in the classical case was studied in [Cer]|. Instead, we
would like to announce, that using the so called Brandt correspondence, we can derive the Mafiformel
of Gekeler cited above from our Theorem 4.4.1, by simply computing the local densities for definite
ternary quadratic forms of prime discriminant. This can be easily done using some well known results
(which go back to Dickson), on the order of orthogonal groups over finite fields. All this will be the
subject of a forthcoming work.

5.3. Lefschetz trace formula over stacks and Minkowski-Siegel formula. — Along the lines
of [BDO05], we would like to derive the Minkowski-Siegel formula from the Lefschetz trace formula for
the stack of principal orthogonal bundles on curves with a given additional level structure. In loc.cit.,
using the Lefschetz trace formula, Behrend and Dhillon obtain a formula for the Maf of the genus.



ARITHMETICAL SEMI-GROUPS

(We follow [Kno75]. Any result without proof in this section, can be found in loc. cit.) Let & be
a commutative semi-group with unit, P C & a countable subset, such that for any g € & there exist
unique:

reN;ep,...,e, € Nand py,...,p- € P,

such that g = p7* ... ptr. The subset P will be called the set of primes of &.
Moreover, let |-| : & — Ry be a map with the following conditions:

ASG1) |1g| = 1;
ASG2) |p| > 1Vp € P;

ASG3) |g1g2| = |g1]|g2| Vg1, 92 € &;
ASG4) #{p e P |lg| < B} < o0, VB € Rsy.

We call the data (&, |-],P) an arithmetical semi-group.

Ezxzample 5.0.7 (Prototype). — & = (Z,-)/Z* which can be identified with {1,2,3,...}, for || we
take the ordinary absolute value, and for P the set of (rational) prime numbers. This is the standard
example of classical analytical number theory.

Remark 5.0.8. — In other words, the triple in the example consists of the semi-group of Z-ideals,
the subset P consisting of the prime Z-ideals, and the ordinary absolute value. More generally, we
can take any Dedekind domain R inside a global field K, Jr the semi-group of the R-ideals, and P
the set of prime ideals in R; plus an absolute value on Jg, which can be obtained as explained above.
In chapter 4, we will focus our attention to the case K being the function field of a curve X over a
finite field, and R the sub-ring of regular functions on an affine Zariski open subset U of X, and ||
will be the norm function N ().

All arithmetical semi-groups we are going to deal with satisfy Aziom A ([Kno75, page 75]):
There exist positive constants A, 6 and n, with 6 > n > 0, such that

Ag(B) = AB® + O(B"), for B — oo;

where Ag(B) is the number of elements in & of norm at most B.

Remark 5.0.9. — Resumig remark 5.0.8, one has for function fields (cf. §1.1.4) that 6 = 1 (as in

the classical case), A = hR(qq%(i)_l)
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1. Arithmetical functions. Some properties

1.1 We define now, (classical, abstract) arithmetical functions associated with an arithmetical group
(8,-],P) and give some properties, which will be used later on.

Denote Ag(B) := ) gce 1, for any B € Ry. The Mébius function is defined by:

lal<B
1 Jifg =1
pu(g) =4 (=17 ,ifg=[[_,p", and ¢; > 0;
0 , else.
The Euler-¢ function is given by
pl@:= > L

g€
lg'I<|g]
ged(g',g)=1

where the greatest common divisor can be defined, as usual, from the properties ASG1-ASG4.
We have the classical result (with the same proof)

= () As(la/d)).
olg
There are also similar useful Euler-functions for a given real number r:

)= p(o)la/ol".

ola
They are useful, for example, for determining the asymptotic of the arithmetical semi-group obtained
from a given one &, in the following way. Take vt € & and define &(t) as the semi-group of all elements
of & which are coprime to v (henceforth we easily obtain an arithmetical semi-group in the sense
above). We are interested in the asymptotic of this newly defined semi-group.

Proposition 5.1.1. — In the notation above, the semi-group &) satisfies axiom A, and has asymp-
totic
Ag o (B) = Aps(v)[t| B’ + O(B").

1.2 As for classical arithmetical functions, we have a more general version of the Mobuis inversion
formula (proposition 5.1.2). To state it, we define first the algebra of arithmetical functions, where
the general statements will hold.
The complex valued functions on & form the set of arithmetical functions, Dir(&). It is clearly a
complex vector space, to which we add a multiplicative law:
(p*1)(g Zgb ), for any ¢,v € Dir(®) and g € &,

db=g
called the convolution of ¢ with .
This unital, associative algebra is the Dirichlet algebra of &.
A function f € & is called completely multiplicative (multiplicative) if f(ab) = f(a)f(b) for any
a,b € & (with ged(a,b) =1).

Proposition 5.1.2 (Mobius inversion formula). — For any ¢, € Dir(®) holds

=Y (8) & ¢(8) = D> u(8)v(s/9)-

dlg dlg
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The zeta-function if an arithmetical semi-group & is defined as

2) =y lal ™"

geSB
It is the multiplicative inverse of the Mdobius function in the Dirichlet algebra.

We close this section, with a simple and useful lemma. Define for any ¢ € Dir(®) and B € Ry,
A9, B) = gce  9(9)-

A(g)<B
Lemma 5.1.3. — Let ¢, € Dir(@). Then

A, B) = > 4(e) AW, Bflgl) = D v(g) A6, B/lg|)-

lsl<B lg|<B
Proof. —

Alpx,B) =3 > o@)w(b) = > ¢(0)v(h) =
lg|<Bdbh=g |6h|<B
=360 Y wm) =S wm) Y 60)

15|<B [h|<B/|d] [hl<B [6|<B/|b|

2. L-functions and asymptotical properties
Here we simply recall [Kno75, Chapter IV, §2, Prop. 2.8] which is also of use in chapter 4.

Proposition 5.2.1. — Let & be an arithmetical semi-group satisfying axiom A. Then:
(1)

Y N(a)° mp_oo 6Alog(B).
N(a)<B

(2) For R(z) =mn,

> N(a)~*= 55142« ~* 4+ O(log(B)).

N(a)<B

(3) If R(2) <6, R(2) =6 #mn and z # 0, then

5A
> N 7= B,
N(a)<B

With methods similar os the ones used in the proof of the above proposition (cf. op.cit), it is proved
that the L-series
= x(9)lgl™*,

geSB
for x a non-trivial character, defines an analytical function for R(s) > n (see [Kno75, Chapter 9,

§5])-
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