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Abstract

Accretion processes are common phenomena in the universe. Accretion disks can be found around
various types of objects such as very young stars (e.g. T Tauri and Herbig Ae/Be stars), evolved
binaries (cataclysmic variables), or massive central parts of galaxies (AGN). The cool gas and
dust disks around young stellar objects, the so-called protoplanetary disks which are believed
to be the birthplaces of planets, have moved to the center of attention in astrophysical research
ever since the discovery of the �rst planets around stars other than the sun almost 15 years ago.
Typically, the disk is emitting the major fraction of light from the star-disk system at wavelengths
larger than the near-infrared region. Modern observing facilities provide high-quality data of
IR emission from disks, e.g. spectra of high resolution, which allow to investigate the gaseous
structure of the disks. Consequently, a detailed modelling of these complex systems is necessary
to understand the environment of the early stages of planet formation. The goal of this thesis
was to develop a program that allows to calculate the vertical structure of the inner luminous
region of protoplanetary disks in detail in order to compare the emergent synthetic spectra with
high-resolution observations. Furthermore, the e�orts of disk modelling are extended to a full 3D
treatment of the radiative transfer problem which will allow to investigate asymmetries in disks
and radial radiation transport through the disk.

Early attempts to model the radiation �eld of accretion disks were based on blackbody spec-
tra or stellar atmosphere models of the e�ective temperature of the disks. In this approach the
irradiation of the central star, the height-dependent gravity in the disk, and the viscously dis-
sipated energy are neglected and hence the models were not appropriate. Later models either
accounted for the vertical structure of the disk in detail but treated the radiative transfer only
approximately or accounted for dust opacities only and assumed structure properties which were
not self-consistently calculated. Newer models allow to obtain full numerical solutions for the
structure and the detailed radiation �eld for either very hot disks around white dwarfs in cata-
clysmic variable systems or for dust in protoplanetary disks. In this work the model e�orts for
protoplanetary disks are extended to a detailed vertical radiative transfer and structure calcula-
tion including extensive lists of gas lines as well as dust. The disk is assumed to be geometrically
thin (the height of the disk is smaller than its radius) which allows for the decoupling of radial
and vertical disk structure. The disk is then divided into concentric rings and for each of these
annuli the vertical structure and the detailed radiation �eld is calculated from the main input
parameters, i.e. the stellar properties (mass, radius, e�ective temperature), mass accretion rate,
and Reynolds number as a measure for the viscosity in the disk.

In this thesis the dependency of the models on the input parameters is demonstrated and
�rst applications to three high-resolution infrared spectra of young stellar objects obtained with
the ESO VLT instrument CRIRES are shown. For the CO emission line spectrum around
� = 4:7 �m of GQ Lup, a well-�tting model could be calculated which allows to constrain
the system’s inclination to i � 22�. Furthermore, the best �t model yields a mass accretion
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rate of _M = 3 � 10�9 M� yr�1 and a Reynold number of Re = 5 � 104. For the much anal-
ysed star TW Hya, the known high energetic radiation �eld presumably produced in the accre-
tion shock has to be accounted for as irradiation source in order to reproduce the observed line
strength. Using this physically motivated additional emission pattern and a mass accretion rate of
_M = 2 � 10�9 M� yr�1, the inner radius of Rin = 0:09 AU could be determined, which is in agree-

ment with previous investigations. The spectrum of the classical T Tauri star RNO 90 shows very
broad line wings and 
at-topped emission peaks which cannot be reproduced by models which
incorporate thermal microturbulence velocities. A better �t could be achieved by convolving the
line pro�le with a Gaussian assuming some form of turbulent motion in the line emitting region
of the order of the speed of sound in the disk.

In addition to the 1+1D disk model approach, the radiative transfer calculations were extended
to three dimensions using the 3D radiative transfer framework of Hauschildt & Baron. With this
tool at hand two interesting problems were investigated. First, the e�ect of 3D radiative transfer
on the line pro�le, especially in the case of non-axisymmetric disks, was studied. The change of
the line pro�le for a disk with and without a density wave or an embedded planet was analysed.
Assuming adiabatic density changes, a spiral arm in the inner disk (R < 0:2 AU) can be detected,
while a small embedded planet in the same region will be harder to identify. Second, the e�ect
of direct irradiation of the central star on the inner disk wall was investigated by means of
iterative determination of the temperature structure from 3D radiative transfer simulations and
the coupling to the 1+1D hydrostatic equilibrium condition and resulting opacities. It was found
that direct stellar irradiation heats up the inner disk region substantially and the radial radiative
transfer treatment leads to an overall temperature increase of the inner disk. Connected with a
higher disk temperature is an overall hydrostatic blow-up of the disk. In none of the simulated
cases the disk becomes completely optically thin despite the evaporation of dust in large parts of
the disk.
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Chapter 1

Introduction

Stars and interstellar material can be observed because they radiate. In order to interpret the
radiation that we can detect on Earth or with satellites, radiative transfer models of the objects
observed are needed. The more detailed the models are, the stronger the constraints that we
can draw. Hence, modern astrophysical research demands the most detailed models that are
computationally bearable. This is especially true because theory needs to keep up with the
immense progress made on the observational side. The formation of stars is occurring in our own
but also in galaxies far away. Planets are formed along with stars from the same material in
a circumstellar disk. This process is essential for a complete understanding of our universe. In
this thesis models for circumstellar, in particular protoplanetary, disks will be described and the
results of model calculations will be compared to spectroscopic observations.

1.1 Young stellar objects

1.1.1 Formation

Astronomical observations support the picture that stars form from large and massive interstellar
clouds. In order to start such a formation process, certain criteria have to be ful�lled. Generally
speaking, an interstellar dust or gas cloud will collapse once its own gravity exceeds the internal
gas pressure. The thermodynamical conditions for such an event are described by the Virial
theorem and instability occurs when

2 Etherm + Egrav < 0 : (1.1)

Assuming a constant density, instability is described by the Jeans-criterion:

G
M

R
>

5kBT

��mH
; (1.2)

where kB is the Boltzmann constant and � = m=mH the mean mass. Depending on the type
of cloud the necessary mass and radius can be estimated if density %, temperature T , and mean
mass � are known. For a typical cool molecular cloud with %H2

= 50 cm�3, T = 20 K, and
� = 2 the Jeans mass is MJ = 2 500 M� and the Jeans radius RJ = 4 pc. Since stars with
masses > 100 M� have never been observed (except for the very �rst stars in the universe), the
clouds must fragment during collapse. This can also be explained by the conversion of potential
energy into radiation during the contraction process. At the beginning of the contraction phase
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!"

Figure 1.1: Evolutionary steps from
a collapsing gas and dust cloud to a
planetary system. For each graphic a
time scale, a dimension, and a tem-
perature range is given (taken from
Gardner et al., 2006).

%

Figure 1.2: HST images of protoplan-
etary disks in the Orion Nebula (taken
from Gardner et al., 2006).

radiation can escape quite e�ciently and hence no signi�cant heating occurs. With increasing
density, the Jeans mass decreases and gravitational collapse continues on smaller scales. Once
matter becomes optically thick, heating becomes more e�cient and the fragments warm up. As
a result, the Jeans mass increases and further fragmentation is stopped. If a protostellar cloud is
rapidly spinning it may split up into multiple systems.

Each protostar will contract faster in the center and pressure increases due to the heating
of the gas. Contraction will slow down in the core while matter is still infalling freely at larger
radii. Subsequent consumption of internal energy due to H2 dissociation and hydrogen and helium
ionisation will lead to a slower increase in temperature and pressure and hence contraction speeds
up. Contraction of the protostar will come to an end once the bulk of matter is completely ionised.

Initial random motion of the gas will follow the net angular momentum of the nebula. Eventu-
ally, a disk forms around the protostar due to the conservation of angular momentum. It possesses
� 99% of the system’s angular momentum but only a few percent of its mass. The infall phase
lasts about 105 years. The young stellar object (YSO) will continue to accrete matter through
the disk for about 107 years until the disk disappears due to e.g. a strong stellar wind or simply
a lack of material. For an illustration of the planetary system formation scenario see Fig. 1.1.
Observations of stars in the Orion Nebula embedded in their dust and gas cloud of formation is
shown in Fig. 1.2.

1.1.2 Classi�cation

Depending on their mass, YSOs can be divided into two groups: T Tauri stars (TTS) and Herbig
Ae/Be stars. The former have masses below 2 M� corresponding to spectral types F, G, K, and
M while the latter are more massive with 2�10 M� and spectral types A or B. Tools for studying
Herbig Ae/Be stars are shown in Fig. 1.3.

TTS have masses and e�ective temperatures similar to main sequence stars but they have
not contracted to their �nal main sequence radii yet. Therefore, they are more luminous than
their main sequence counterparts. In the Hertzsprung-Russell diagram (HRD) TTS populate
the regions of fully convective and partially radiative pre-main sequence (PMS) stars (see e.g.
Cohen & Kuhi, 1979). Their overall spectral energy distribution typically shows an IR and UV
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Figure 1.3: Spectral properties and their origins for Herbig Ae/Be stars (taken from
Perez & Grady, 1997).

excess compared to the main sequence counterparts. The IR emission can be attributed to a
surrounding gas and dust disk. These TTS also have stronger sub-mm emission. The optical
spectra are described to have a stellar continuum and absorption line spectrum with a superim-
posed non-photospheric continuum, and an emission line spectrum (e.g. Appenzeller & Mundt,
1989, and references therein). The absorption spectrum is similar to that of main-sequence
dwarf stars (spectral type K { M) with the exception that Li i is much stronger since it its
not yet destroyed by proton-capture reactions (e.g. Bodenheimer, 1965). Due to the superim-
posed emission lines and the non-photospheric continuum, photospheric absorption lines in TTS
are weaker than in main sequence stars of similar temperatures. This e�ect is called \veiling".
Barrado y Navascu�es & Mart��n (2003) provide empirical criteria to classify TTS.

T Tauri stars can be split into subgroups depending on their spectral appearance. A classical
T Tauri star (CTTS) shows an emission line spectrum including hydrogen Balmer (especially a
strong H�) lines, He i, Ca ii H and K, as well as Ca ii infrared triplet at 8498, 8542, and 8662 �A.
The emission lines are broad and sometimes asymmetric; especially H� can have some hundred
km s�1 at FWHM. Furthermore, narrow and generally blue-shifted forbidden lines of e.g. O i, N ii,
or S ii are characteristic for CTTS. An additional feature of CTTS is the above mentioned UV
and IR continuum excess. A simple criterion to identify a CTTS is by its equivalent width of the
H� line, i.e. W (H�) > 5 �A. The broad hydrogen Balmer lines as well as the continuum excess
can be explained by the surrounding disk. The relatively cool circumstellar disk is the origin of
the IR excess, while the UV excess and the broad Balmer lines stem from the process of mass
accretion onto the star. Disk matter is channeled onto the star along strong magnetic �eld lines.
The material that hits the stellar surface is heated up in a hot spot and creates the UV excess.
The broad hydrogen lines originate in the material transported from the disk onto the star. The
narrow forbidden lines are formed in out
owing jets which are caused by the accretion. X-ray
emission has been observed for CTTS and is believed to form in the shock region and additionally
in the corona (G�unther et al., 2007).

In contrast to the rich spectrum of CTTS, weak-line T Tauri stars (WTTS) rather lack
strong spectral signatures. They also show H� in emission but less broad with W (H�) < 5 �A
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Figure 1.4: Evolution of stellar and disk mass and mass accretion rate with time (taken
from Dullemond et al., 2007). In the model from Hueso & Guillot (2005) the disk forms
at t � 0:03 Myr and the collapse phase ends at 2 � 105 yr.

(Herbig & Bell, 1988). Also the UV excess is not present and \veiling" is missing. The IR excess
is, if at all, only weakly present. Therefore, WTTS are believed to be more evolved PMS stars
with no or only residual circumstellar material left.

The more massive Herbig Ae/Be (HAeBe) stars are also characterised by Balmer emission
lines and IR excess due to circumstellar disks. The latter distinction is important since classical
Be stars show IR excess caused by free-free emission. HAeBes also show UV excess as a result of
accretion and IR excess which, however, is less intense than for CTTS (Waters & Waelkens, 1998).
Furthermore, X-rays have been detected from HAeBes stars by e.g. Hamaguchi et al. (2005), who
propose an origin from magnetic activity. Alternatively, the X-rays may originate from a TTS
companion.

1.2 Circumstellar disks

Circumstellar disks are complex systems and their properties vary strongly with radius. Many
e�ects such as stellar magnetic �elds or disk winds in
uence the structure and evolution of proto-
planetary disks. The chronological evolution of the central star and disk mass and mass accretion
rate is shown in Fig. 1.4. The model calculations of Hueso & Guillot (2005) predict a disk for-
mation around t � 0:03 Myr and an initial high mass accretion rate of � 10�5 M� yr�1. After
this �rst phase of rapid star and disk formation around t � 0:20 Myr, the mass accretion rate
drops quickly down to 10�7 M� yr�1 from where it will decrease to 10�9 M� yr�1 within 10 Myr.
During that time, the stellar mass slowly increases and the disk mass, since there is a limited
reservoir of matter, diminishes.

Protoplanetary disks were originally classi�ed (Lada & Wilking, 1984; Lada, 1987) according
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Figure 1.5: Spectral energy distributions of young stellar objects (taken from Lada,
1987). Class I objects show a strong IR excess and the (proto-)star is not yet visible.
The older class II objects have a 
atter SED in the IR and show a combination of stellar
and disk spectrum. Class III objects can be modelled by a blackbody of stellar e�ective
temperature.
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Figure 1.6: Model SED (without scattering) of a 
aring protoplanetary disk heated by
stellar irradiation (taken from Dullemond et al., 2007). The near-IR emission is assigned
to the warm inner disk regions, the mid-IR features are emitted from the warm surface
layers, and the underlying continuum comes from the cooler regions closer to the midplane
of the disk. The sub-mm emission typically originates in the inner regions of the outer
disk.

to their spectral index

s =
d log(�F�)

d log(�)
(1.3)

into the following classes:

class I: 0 < s � 3
class II: �2 � s � 0
class III: �3 < s � �2

Class I objects are sources with spectral energy distributions (SEDs) broader than expected
from a blackbody of the stellar e�ective temperature. The 
ux is even rising longward of 2 �m.
These SEDs come from very young objects which are deeply embedded in the cloud from which
they formed. Class II objects also show a broader than blackbody SED, however, the 
ux is either

at red of 2 �m or even decreasing. In the case of class III objects, the SEDs can be modelled
with reddened blackbodies. Objects of the latter two classes can usually be associated with stars
visible in the optical light. SEDs for the three classes are shown in Fig. 1.5. Andre et al. (1993)
later added the additional class 0 which is mainly characterised by sub-mm excess emission. These
objects are in an even earlier evolutionary stage than the class I objects.

1.2.1 Origin of IR excess

The origin of the emitted IR and sub-mm 
ux in class I and II objects can be attributed to
di�erent regions in the disk which is surrounding the YSO. Most of the emitted 
ux comes from
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the thermal emission of dust which is by a factor of � 100 (e.g. Karttunen et al., 2003) less
abundant than gas but has a much higher opacity. The light scattered on dust grains in the
disk also contributes to the observed emission. Figure 1.6 shows a model SED of a star with
a circumstellar disk as well as the origin of the emitted 
ux in a disk model. The energetic
domain spans a range from � 1 �m to � 100 �m and is set by the minimum and maximum dust
temperature in the disk. The near-IR bump is assigned to the very inner region of the disk. The
temperature there is especially high due to the proximity to the star. The reason for this thermal
emission has been discussed controversially. Lynden-Bell & Pringle (1974) suggested that the IR
emission is generated from accretion processes in the disk. In that case a 
at and steady state
disk is heated by viscous dissipation due to turbulent motion of matter in the disk { a process
essential for mass and angular momentum transport. Alternatively, a perfectly 
at disk could be
heated due to the absorption of stellar radiation. Adams & Shu (1986) and Adams et al. (1987b)
determined that the dependence of disk temperature on radius is similar for accretion and passive
irradiated disks, i.e. T (R) / R�3=4. Therefore, it is di�cult to specify the origin of the IR excess
from the spectral energy distribution for these two models. A disk with a signi�cant accretion
rate is likely to be optically thick (Lynden-Bell & Pringle, 1974) and hence reprocessing of stellar
light will take place.

Kenyon & Hartmann (1987) show that the IR excess of most TTS can be explained by re-
processed stellar radiation. The simple 
at disk model predicts that at most 25% of the stel-
lar light will be absorbed and re-emitted by the disk (Adams et al., 1987b). For many objects
the 
ux level rather correspond to an absorption of 50% of the emitted stellar light. Hence,
Kenyon & Hartmann (1987) proposed a 
aring instead of a 
at disk which allows to absorb more
star light at large radii, thus heating these cool disk areas and increasing the mid- to far-IR
emission.

Assuming that reprocessed stellar irradiation is the only source of the observed disk luminosity,
a simple estimate for a dust grain temperature can be made by equating the absorbed stellar 
ux
by the projected grain surface area with the re-emitted thermal 
ux of the grain surface:

�a2 L?

4�R2
= 4�a2�T 4 () T =

�

L?

16��R2

�1=4

(1.4)

Hence, independent of grain size, the temperature for a dust particle which is living in the surface
of the disk atmosphere and is thus not shielded but directly irradiated by the central star can be
computed. For a typical TTS with R? = 2 R� and Te� = 4000 K (Kenyon & Hartmann, 1987)
the temperature at an inner dust radius of 0:1 AU is Tgrain = 863 K which corresponds to a
maximum blackbody 
ux at a wavelength of �max = 4 �m. The minimum inner dust radius of a
circumstellar disk is determined by the dust sublimation temperature of � 1500 K (Pollack et al.,
1994). For the typical TTS described above, the inner dust rim is at R � 0:03 AU and most of
the energy is radiated at �max = 2 �m.

1.2.2 Disk structure

The structure of protoplanetary disks is very complex and only partially understood. The com-
position of a disk depends strongly on age and other outside in
uences, e.g. the amount of matter
available or nearby luminous O stars that blow away disk matter. Axial asymmetries can be
present which make an analysis of such a disk even more di�cult. In the following description of
the disk structure, a symmetric and \typical" representation of a disk is used. Schematic plots of
the dust and gas structure of a disk are shown in Fig. 1.7.
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Figure 1.7: Schematic dust (left) and gas (right) structure of a protoplanetary disk.
Regions of di�erent physical and chemical conditions are shown. The arrows denote
winds that are driven by FUV and EUV irradiation (taken from Dullemond et al., 2007).

Since protoplanetary disks form from interstellar material (ISM) it can be assumed that 99%
of the disk mass is in gas and only 1% in dust (e.g. Karttunen et al., 2003). However, the
dust plays an important role for the disk observability because it scatters and thermally emits
radiation that we can observe as IR excess (see previous Section). Dust is also important for
setting the thermal structure of disks because of its dominating opacity over the gas content
(Natta et al., 2007). Therefore, the gas is shielded by the dust from stellar irradiation and the
ionisation fraction is reduced. Furthermore, dust grains are very important for chemical reactions
and freeze-out of molecules. Additionally, coagulation and fragmentation leads to growth of solid
particles which are believed to be the origins of planet formation (e.g. Brauer et al., 2008). The
vertical strati�cation of dust that forms in the disk will be a�ected by two competing mechanisms.
Gravity forces the dust to settle towards the midplane while turbulent di�usion mixes the dust
and transports it back to higher layers in the disk.

The dust disk is truncated at the dust condensation radius Rdc which is the distance from
the star where the dust temperature reaches � 1500 K, i.e. the point where dust thermally
dissociates . For a CTTS with R? = 2 R� and Te� = 4000 K the inner dust radius is located at
Rdc � 0:03 AU and for a HAeBe star of R? = 5 R� and Te� = 10000 K at Rdc � 0:50 AU using
the approximative equation (1.4). The shape of the inner dust rim will depend on the material
inside Rdc. Muzerolle et al. (2004) calculated models to answer the question how much stellar
irradiation is blocked by the gas inside Rdc. They assumed a typical HAeBe star and di�erent
mass accretion rates of _M = 10�9, 10�8, 10�7, and 10�6 M� yr�1. In all cases, the inner dust
wall receives large fractions of stellar irradiation (� 1, 0:9, 0:8, and 0:7 for the accretion rates
given above), which means that the portion of the dust wall that is in contact with the inner
optically thick gaseous disk is small. Hence, the very inner dust part of the disk is irradiated at a
� 90� angle while dust at larger radii is irradiated at much shallower angles and only the topmost
layers of the disk see star light. As a consequence, the dust near Rdc is much warmer probably
vertically isothermal, leading to an increase in height as a result of hydrostatic equilibrium. The
inner rim is said to be \pu�ed-up" and is a natural explanation for the near-IR bump seen in
many HAeBe SEDs (Natta et al., 2001).

The very outer disk is not resupplied with matter after the infall phase is over. Due to accretion
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Figure 1.8: Number of inner gas radii measured from CO lines in protoplanetary disks
(top) and orbital radii of short-period exoplanets (bottom). The distributions look very
similar even though the number of measured radii is small (taken from Najita et al.,
2007).

of matter onto the star and photoevaporation the disk will eventually drain (see Fig. 1.4). The
viscous time scale for irradiated disks is tvis / r, hence, the outer parts evolve the slowest and
serve as a mass reservoir for the inner regions.

The gas structure of disks is shown in the right panel of Fig. 1.7. The matter that is accreted
onto the star will be in the form of gas because all dust grains are thermally dissociated. The
gas is believed to follow the magnetic �eld lines which extend out to a few stellar radii (e.g.
Shu et al., 1994). The position where disk material has the same orbital velocity as the rotation
of the star is referred to as the corotation radius. The mechanism of stellar magnetic �eld and disk
interaction is often called \disk locking". The strength of mass accretion onto the central star is
commonly evaluated by the full width of the H� line at 10% of the peak (e.g. Jayawardhana et al.,
2006). The line is dominated by the infalling gas from the disk. An extra contribution comes
from chromospheric activity. A threshold 10% width of � 200 km s�1 has been introduced to
divide between accretors and non-accretors (Jayawardhana et al., 2003) which corresponds to an
accretion rate of _M = 10�11 M� yr�1 (Natta et al., 2004). Often stellar winds lead to absorption
features in the H� line. An older stellar accretion model assumed that the gas reaches all the way
to the star and forms a small and hot boundary layer, however, there were problems to explain
the relatively small rotation velocities observed in CTTS.

In the top strongly irradiated layers of protoplanetary disks densities are very small and the
physics and chemistry there are similar to that in photon dominated regions (Tielens & Hollenbach,
1985; Yamashita et al., 1993). Because of the small densities gas and dust have small collision
rates and hence are not in thermal equilibrium. Calculations of the thermal balance of all rel-
evant gas heating and cooling mechanisms (e.g. Woitke et al., 2009) show that the tempera-
ture of the gas clearly exceeds the dust temperature. This is valid for densities n < 105 cm�3

(Kamp & Dullemond, 2004). Due to the high temperatures, H i will evaporate in the upper
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Figure 1.9: Modelled CO fundamental emission band for a typical protoplanetary disk
annulus with R = 0:29 AU seen under an inclination of i = 40�. The small plot in the
upper right corner shows the vertical temperature structure for the disk atmosphere.

layers since its thermal velocity exceeds the escape velocity. Kamp & Dullemond (2004) give a
conservative lower temperature limit for photoevaporation of

Tesc =
GM?mH

kBR
: (1.5)

In the denser layers deeper in the atmosphere higher collision rates of dust and gas lead to a
temperature balance.

1.3 Inner disk regions

The inner regions of protoplanetary disks are of special interest due to various reasons. First of all,
the gas and dust within R . 10 AU of the central star is believed to be the material from which
planets form. Therefore, the structure and composition will determine the properties of planets
born in the disk. The distribution of inner gas disk radii and radii of short-period exoplanets
shown in Fig. 1.8 supports the picture of halted migration due to disk truncation. Furthermore,
the lifetime of gas in the disk sets an upper limit to the giant planet formation timescale. The
inner regions are particularly interesting for the diagnostics of young stellar systems because the
material is warm enough (100 K to 1500 K) for the formation of various molecular and atomic
spectral lines, hence, a direct diagnostic tool for the investigation of the abundant gas is available.
The spectral lines often appear in emission which can be explained by i) an optically thin (� < 1)1

slab of emitting material (no optically thick continuum) or ii) an vertically optically thick (� > 1)
disk with a temperature inversion in the outer layers, i.e. the temperature rises as one goes to
smaller optical depths. The second scenario is probably the more common one in CTTS while the
�rst can occur when the column density is reduced by dynamical clearing e�ects or dissipation of
the disk.

1
� (z) =

R

1

z
� dz

0, with � the opacity
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Figure 1.10: Rotational diagram from CO lines for di�erent objects (taken from
Najita et al., 2003). The slope of the �tted line is a measure for the excitation tem-
perature Te assuming LTE and optically thin gas.

Matter in the disk rotates approximately with Keplerian velocity uKep / R�1=2 around the
central star. If the disk is inclined with respect to the line of sight of the observer, the imprints
of rotation can be seen in the line pro�les. Material closer to the star rotates faster, hence, the
contribution to the line originating there is broadened stronger than contribution from larger
radii. Therefore, high-resolution spectroscopy is a good tool to retrieve spatial information about
the line emitting regions. In the following the most important gas tracers are explained.

1.3.1 CO emission

The CO molecule has a high dissociation temperature of � 4000 � 5000 K and will be in the gas
phase down to � 20 K where condensation on dust grains will occur. Two prominent CO bands
have been observed in disks around young stars.

CO overtone emission lines arise from vibrational transition with �v = 2 and can be observed
around 2:3 �m. CO overtone emission was one of the earliest probes for gas in disks around
T Tauri stars (Scoville et al., 1983; Carr, 1989; Najita et al., 1996). Najita et al. (2007) note
that CO overtone emission lines are present in spectra of YSOs over a wide range of masses
with a trend towards high-luminosity objects. The high excitation temperature � 2000 K and
densities n > 1010 cm�1 for overtone emission (due to small A-values) suggest an origin very close
(0:05 < R < 0:30 AU, e.g. Chandler et al., 1993) to the central star in CTTS disks with high
accretion rates. Models for high mass stars suggest that the emission from these objects originates
at radii � 3 AU (Blum et al., 2004; Bik & Thi, 2004). Unfortunately, CO overtone emission is
only observed in a small fraction of CTTS and HAeBe stars. Therefore, it is not well suited for
the analysis of a brought range of YSOs.

The CO fundamental emission lines with �v = 1 are visible around 4:7 �m. They are
detectable in most CTTS (Najita et al., 2003) and many HAeBe stars (Blake & Boogert, 2004)
because the population of the v = 1 energy level requires lower excitation temperatures and
column densities than for the overtone v = 2 level. Excitation temperatures are of the order of
1000 K and the lines are usually centrally peaked in contrast to the double-peaked pro�les of the
overtone lines (Carr, 2007). This can be readily explained by an extension of the line emitting
region out to larger radii where the radial velocity shifts of the lines are smaller. Measurements
of the full width half maximum (FWHM) of fundamental CO lines are typically in the range
of 50 � 100 km s�1 which corresponds to an inner CO radius of . 0:1 AU. The outer radius is
proposed to be at & 1 AU (Najita et al., 2003), hence, CO fundamental emission originates from
the terrestrial planet region. In high signal-to-noise observations, the v = 2 � 1 transition can
be observed and sometimes even the v = 1 � 0 line of the 13CO isotope. These lines depend
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strongly on temperature and densities, just as the overtone CO lines, and can, therefore, put
tighter constraints on disk parameters.

CO emission line 
uxes can be used to estimate excitation temperatures. Under the assump-
tion of an optically thin gas and thermally populated energy levels, the logarithm of the quantity
Xe = F=�guAul / exp (�Eu=kBTe), where F is the line 
ux, gu = 2J + 1 the statistical weight
of the upper level, and Aul the Einstein A-value, is plotted against the energy Eu of the upper
level. Since d(ln Xe)=dEu = �1=kBTe, the slope of the curve gives the excitation temperature of
the gas (see Fig. 1.10, Najita et al., 2003). From this technique only a single temperature can
be derived, however, the lines originate from di�erent regions of di�erent temperatures in the
disk. Hence, the derived excitation temperature Te is an average value which is evident from the
di�erent slopes of grouped points around di�erent Eu values in Fig. 1.10.

Furthermore, CO observations show that the inner radius deduced from line width extends
within the inner dust truncation radius. This not surprising because the dust destruction tem-
perature of � 1500 K is much lower than the & 4000 K needed for CO dissociation. More
interestingly, the inner CO radii even tend to be of the order or even smaller than the coro-
tation radii, the distance from the star where stellar angular velocity equals the local Kepler
angular velocity. Therefore, the gaseous disk provides the material for high-energetic funnel 
ows
(Shu et al., 1994) which originate at corotation radii.

1.3.2 H2 emission

H2 is the most abundant molecule in interstellar material ((H2/CO)ISM � 104) and, hence, most
likely also in circumstellar disks. However, the physical properties of molecular hydrogen make
it hard to trace. It is a homonuclear molecule and therefore has no permanent dipole moment.
The Einstein A-values describing the probability of spontaneous emission of the fundamental
(quadrupole) transitions are small and give rise to weak lines. Furthermore, the lines are widely
spaced in frequency and for each line an own observation with current spectrographs is necessary
which makes the data collection very challenging.

H2 emission lines from disks can be observed in the near- and mid-IR when transitions between
the rotational levels of the vibrational states 2 and 1 or 1 and 0 occur. The H2 v = 2 � 1 S(1)
line has �rst been detected in disks around the CTTS TW Hya (Weintraub et al., 2000) and
the WTTS DoAr21 (Bary et al., 2002). Bary et al. (2003) report the observation of H2 in two
more CTTS and measure line width of � 10 km s�1 centered at the system velocity of the star,
thus, being in agreement with an origin in the disk at distances & 10 AU. While temperatures of
& 1000 K are necessary to excite the transitions thermally, these lines are most likely produced by
non-thermal e�ects such as UV 
uorescence or X-ray heating. It is di�cult to measure the total
gas mass from the H2 lines since the strength of emission is strongly depending on the intensity
of the radiation �eld (large gas column density) or the gas mass (low column density).

The H2 lines arising from pure-rotational transitions with �J = 2 can be observed at mid-IR
wavelengths, e.g. the v = 0 � 0 (J = 2 � 0) S(0) line at 28 �m, the v = 0 � 0 S(1) line at 17 �m,
the v = 0�0 S(2) line at 12 �m, or the v = 0�0 S(3) line at 9:6 �m. They probe gas at � 100 K
which places their emission region in the giant planet formation zone. The small A-values allow
detections up to large gas masses (NH & 1023 cm�2 for the transition to become optically thick).
If the continuum is already optically thick, then the H2 lines only probe a small fraction of the
gas.

Electronic transitions of H2 can be observed in the ultraviolet (UV) wavelength range and
hence only from space. Transitions between the �rst upper and the ground electronic states can
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be explained by Ly� emission pumping (e.g. Herczeg et al., 2004). All detected emissions that
overlap with Ly� are pumped out of highly excited vibrational v and in some cases also high
rotational J states. Consequently, assuming a thermal population of these lower states of the
electronic transitions, the gas must have � 1000 K. The vast majority of accreting TTS shows
H2 
uorescence (Najita et al., 2007, and references therein) because Ly� emission is a typical
signature of accreting T Tauri stars.

1.3.3 H2O, C2H2, HCN, and OH lines

Water (H2O) is expected to be abundant in the gas phase of inner disks. Only recently, Carr et al.
(2004) and Thi & Bik (2005) reported the detection of hot water vapor in IR spectra of YSOs
which also show 2:3 �m CO emission. Carr et al. (2004) modelled the CO and H2O lines and
found that H2O originates at larger radii than the CO emission lines due to smaller velocity
widths of the lines and lower excitation temperatures needed for the transitions. Additionally,
they found a lower H2O abundance than expected from chemical equilibrium which they explain
by strong incident irradiation.

C2H2 and HCN have been observed in absorption in IR spectra of TTS by Lahuis et al. (2006)
and Gibb et al. (2007). The former authors derive excitation temperatures of 400 � 900 K and
high abundances of C2H2 and HCN of 10�5 and 10�6 and estimate an origin at R < 1 AU in the
disk. An origin of the lines in a disk wind is considered by the authors.

Carr & Najita (2008) have used the IR space telescope Spitzer in order to detect H2O, OH,
HCN, C2H2, CO2, and CO in the CTTS AA Tau. Temperatures determined are around 500 �
900 K which places the emission region inside 3 AU. The authors also �nd high abundances of
the simple organics and H2O in comparison to hot molecular cores surrounding young protostars.
Therefore, substantial molecular synthesis in the disk is suggested.

1.4 Disk model codes

A variety of model codes for the numerical simulation of the structure of (accretion) disks have
been developed over the last decades. Di�erent approaches have been used to tackle speci�c
problems. Early models combined sets of blackbodies or stellar atmosphere models to simulate
the excess 
ux observed in stellar systems with disks. Later, more detailed vertical disk models
have been developed, however, treating the radiative transfer by the di�usion approximation
which is only appropriate in optically thick media. Recent structure models are based on the
standard accretion disk model (Shakura & Sunyaev, 1973) and solve the structure and radiative
transfer equation in the vertical direction for a number of disk rings. Also 2D (vertical and radial
dimensions) Monte Carlo models for dust continuum radiative transfer simulations have emerged
quite numerously. These usually do not solve the structure equations. Today, large computers
allow to calculate radiative transfer in full 3D.

1.4.1 Early models

The pioneering work of Shakura & Sunyaev (1973) and Lynden-Bell & Pringle (1974) laid the
foundations for the description of accretion disks. The assumption of a geometrically thin disk
(the height of the disk is much smaller than the radius) allows for the separate treatment of vertical
and radial structure. The radial structure can be determined by adopting an axisymmetric and
vertically averaged structure. Bath et al. (1980) used the description of Lynden-Bell (1969) to
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estimate the 
ux of an accretion disk around a white dwarf in a cataclysmic variable (CV; binary
system consisting of a compact white dwarf which accretes matter from a main sequence star that
�lls its Roche lobe) system by an integration of blackbody 
uxes which originate from steadily
accreting ( _M = const:) and optically thick regions (annuli) of di�erent e�ective temperatures. The
approximate relation F� / �1=3, however, did not lead to satisfying �ts. Adams et al. (1987a)
use the same approximation in their e�ort to model the IR excess of 
at and passive disks which
reemit stellar irradiation.

An improvement over the blackbody models in the case of CV accretion disks was the use of
stellar atmosphere models of e�ective temperature and surface gravity characteristic for a given
disk annulus at radius R (e.g. Kiplinger, 1979; Mayo et al., 1980). Both the blackbody and the
stellar atmosphere approximation for accretion disks in CVs have been shown to be inappropriate
(Wade, 1988).

For passive irradiated disks around young stars, an improvement in SED �ts have been
achieved by allowing the disks to 
are as a consequence of vertical hydrostatic equilibrium
(Kenyon & Hartmann, 1987). In that case especially the outer regions of disks receive more stellar
irradiation and the temperature increases. The disk 
ux calculated from blackbodies reproduce
the observed SEDs better.

1.4.2 Vertical structure models

Further improvements in the understanding of disks has been achieved by treating the vertical
structure of disks in more detail. Meyer & Meyer-Hofmeister (1982) and Cannizzo et al. (1982)
presented vertical steady accretion disk models including convection. Because they intended
to investigate the stability of such disks in CVs, the radiative transfer was only calculated in
the di�usion approximation which is valid only at large optical depth. Therefore, no emergent
radiation �eld could be derived. A similar approach was chosen by D’Alessio et al. (1998) in the
case of accretion disks around young stars. They calculate detailed hydrostatic models including
irradiation by the central star, viscous dissipation, and convection but the radiative transfer was
solved in a simpli�ed manner using frequency-integrated moment equations and mean opacities.
Chiang & Goldreich (1997) calculated SEDs for CTTS with passive circumstellar disks assuming
that an optically thin layer of superheated dust grains resides on a dense inner layer. In their
model the surface is heated by stellar irradiation and about half of the stellar energy is reemitted
into space while the other half heats the inner parts of the disk.

Kriz & Hubeny (1986) and Shaviv & Wehrse (1986) went beyond the simpli�ed radiative
transfer approaches and presented accretion disk models with frequency dependent radiation �eld
treatment. Hubeny (1990) derived a simpli�ed analytical model which provides equations for the
temperature and density structure. Calvet et al. (1991) were the �rst to analyse the in
uence
of irradiation on the temperature structure and the emergent spectrum (emission vs. absorption
lines) for accretion disks around young stars using fequency-integrated quantities to describe the
radiation �eld. Dullemond et al. (2002) showed vertical structure models for passive irradiated
disks around T Tauri and Herbig Ae/Be stars treating only the dust in the disk ignoring scat-
tering. They compare vertical temperature structures obtained from full frequency-dependent
radiative transfer and frequency-averaged moment equations and show that a detailed treatment
of the radiation �eld is crucial.

Nagel et al. (2004) developed a code that solves the structure equations with detailed radiative
transfer iteratively using gas opacities and non-LTE model atoms necessary for the modellig of hot
CV disks. In this work vertical structure models of relatively cool accretion disks around YSOs
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will be presented (see also H�ugelmeyer et al., 2009). Gas and dust opacities are included and
their abundances are calculated assuming chemical equilibrium. The irradiation from the central
star is treated in detail and the radiative transfer equation is solved including scattering using the
operator splitting method (Hauschildt & Baron, 1999). Hydrostatic and radiative equilibirum are
considered and the set of coupled structure equations is solved self-consistently.

1.4.3 Multi-D codes

In the case of disks around young stars, the irradiation of the central star onto its surrounding
material is very important for the modelling of the radiation �eld. The dust in the disk is less
abundant than the gas but dominates the opacity. Assuming that the disk is axisymmetric, solving
the RT equation in 2D spatial con�gurations is more realistic in a geometrical sense than the
vertical structure models described above. Since the computational realisation is more challenging
(e.g. memory handling) in the 2D than in the 1D case, certain simpli�cations have to be applied.
There are a number of 2D/3D dust continuum radiative transfer codes either using a Monte
Carlo solver for the RT problem (e.g. Wolf et al., 1999; Dullemond & Dominik, 2004) or explicit
approaches (e.g. Dullemond & Turolla, 2000; Steinacker et al., 2003). These codes are suited for
the calculation of dust temperature structures, intensity maps, and SEDs. In the realisation of the
Monte Carlo code by Dullemond & Dominik (2004), photon packages emitted by the central star
are followed through the grid and absorption and re-emission processes determine the temperature
under the assumption of temperature independent opacities. A benchmark test for di�erent
codes is presented by Pascucci et al. (2004), where the density and geometrical structure is given
and not iterated. Woitke et al. (2009) developed a 2D radiation thermo-chemical model. They
solve the chemistry for 71 species taking into account 950 reactions and combine the results
with wavelength-dependent dust continuum RT and a consistent calculation of the hydrostatic
structure.

The next step is to perform full 3D radiative transfer including gas and dust opacities as well
as scattering. This way the abundant gas in the disk can be considered and non-axisymmetric
e�ects can be simulated. In a series of papers (Hauschildt & Baron, 2006; Baron & Hauschildt,
2007; Hauschildt & Baron, 2008, 2009; Baron et al., 2009) Hauschildt and Baron describe a frame-
work for such 3D radiative transfer simulations in di�erent coordinate systems and for various
simulation goals, e.g. grey RT or two-level model atom line transfer. In this thesis the framework
has been adopted to take 1D disk structures as input and interpolate those on a 3D Cartesian or
cylindrical grid. Besides grey radiative transfer, a wavelength dependent module has been devel-
oped which takes binned opacities from 1D calculations. Furthermore, a line RT as described in
Baron & Hauschildt (2007) has been adopted for the use with di�erentially rotating disks.

1.5 Infrared spectroscopy

YSOs are characterised by their IR 
ux excess which originates in the circumstellar disk with
typical temperatures of � 10 � 1500 K. In order to investigate the properties of protoplanetary
disk a comparison of synthetic disk spectra with observed high-resolution IR spectra is a good
choice. In this Section the properties of the ESO VLT spectrograph CRIRES will be presented
and the data reduction will be explained.

CRIRES is the CRyogenic high-resolution InfraRed Echelle Spectrograph (Kaeu
 et al., 2004)
which is mounted to the Nasmyth focus A of UT1. A maximal resolving power of R � 100 000 in
the near- to mid-IR wavelength range of 0:95 � 5:20 �m can be achieved using a slit width of 0:002.
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Figure 1.11: CRIRES images of a standard star with telluric emission lines superim-
posed for two di�erent nodding positions of the object in the slit.

The detector is a mosaic of four Aladdin III InSb arrays providing an overall number of 4096�512
pixels. The gap between the individual chips is equivalent to 283 pixels. Therefore, breaks in
the spectral coverage are present but they can be closed by taking a second spectrum shifted in
wavelength which then also covers the gap. The spectrograph is of Echelle type but it is not cross-
dispersed, hence, only one order can be detected at a time. Since telluric absorption and emission
lines (intrinsic to the Earth’s atmosphere) contaminate the spectrum of the observed object,
these unwanted features have to be eliminated in the data reduction process. The cancellation of
telluric emission lines can be achieved rather easily by exposing the object on two di�erent nodding
positions A and B, i.e. shifting the object in the slit in spatial direction (see Fig. 1.11). The telluric
emission lines can then be excluded from each image by subtracting the two images from each
other (A�B and B�A). During this process, the images are also divided by a normalised 
at �eld
image in order to reduce instrument or detector intrinsic curvatures in the intensities. In a next
step, the 1D spectra are extracted from the images using the CRIRES reduction pipeline. Then
the spectra with di�erent nodding positions are combined in order to improve the signal-to-noise
ratio.

This procedure is done for science as well as standard reference star images. The reference
stars are chosen to be free of spectral emission or absorption features but ideally share the same
telluric absorption lines as the science target. This is, however, only the case if the observation
conditions for science and standard object are comparable, i.e. if the airmass and weather do not
deviate much. Alternatively, telluric models can be calculated and �t to the absorption lines in
the science spectrum. In order to eliminate the telluric absorption features, the standard star
spectrum or the telluric model are scaled to the continuum of the science spectrum and the latter
is divided by the �rst (see Fig. 1.12).

.
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Figure 1.12: Left: Science (black line) and standard star (red line) spectra. The telluric
absorption lines overlap. Right: Science spectrum normalised by division through the
standard star.
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Chapter 2

1+1D models

Accretion disks are three dimensional objects and a correct numerical treatment requires the
solution of the structure and radiative transfer equations in all spatial directions. However, such
an attempt is currently beyond computational capabilities if the radiative transfer is supposed
to be treated in a sophisticated manner. Therefore, simpli�cations have to be applied. The
approach followed in this work aims at modelling high-resolution spectra, hence, in order to allow
calculations on reasonable time scales, the structure equations are limited to one dimension. Since
accretion disks are radially extended objects, the total disk structure can be approximated by a
set of disk annuli. The vertical structure is then assumed to be constant over ring width (see
Fig. 2.1) and the combination of the calculated structures yields the total disk model.

The disk model implemented as part of this thesis is an extension to the general purpose
stellar atmosphere code PHOENIX. The solution approach used in PHOENIX is a nested scheme
iteration of the highly coupled structure equations. The iteration scheme is shown in Fig. 2.2.
The solution of the equation of hydrostatic equilibrium, the boundary conditions of the radiative
transfer equation, and the equation of radiative equilibrium had to be adapted for the properties
of circumstellar disks. In this chapter, the basic ideas and equations for the solution of the disk
atmosphere problem will be explained.

Figure 2.1: Disk ring geometry as adopted for the structure calculations. The radius
of the rings increases exponentially. The left panel shows a face-on view of a disk, the
right one a vertical cut viewed edge-on (height is not to scale). The dotted lines are the
radii R for which the models are calculated while the solid lines show the borders of a
disk ring. The disk structure is assumed to be constant over the ring width.
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Figure 2.2: Flow chart showing the iteration scheme as used for the DISK model calcu-
lation with PHOENIX.
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2.1 Standard accretion disk model

The canonical model of Lynden-Bell & Pringle (1974) and Shakura & Sunyaev (1973) describes
the radial structure of accretion disks. The disk is assumed to be cylindrically symmetric and
geometrically thin, i.e. the disk height H is much smaller than the disk ring radius R. In this
description the vertical disk structure is in quasi-hydrostatic equilibrium compared to the time
scales of radial motion of matter. Therefore, the vertical and radial structure can be described
independently.

Matter is assumed to rotate with Keplerian velocities and viscous shear decelerates inner and
accelerates outer parts. This leads to accretion of a large fraction of disk matter onto the star and
outward transportation of angular momentum by a small fraction of disk matter. Molecular vis-
cosity is too small to provide the observed mass accretion rates. Thermal convection in accretion
disks was investigated by di�erent authors using various methods which are summarised in Klahr
(2007). The results show that thermal convection is unlikely the dominant source of turbulence
and even leads to inward transport of angular momentum. Furthermore, a heating source is re-
quired to drive the convection. Bell & Lin (1994) argue that convective instabilities can only occur
at temperatures T < 200 K or 2000 K < T < 20 000 K, i.e. temperature regimes untypical for inner
protoplanetary disks. The magnetorotational instability (MRI) introduced by poloidal magnetic
�elds in ionised disk matter (Fricke, 1969; Balbus & Hawley, 1991), the global baroclinic insta-
bility caused by inclined density and pressure gradients in the disk (e.g. Klahr & Bodenheimer,
2003), and strati�cation instabilities caused by a dust sub-disk (e.g. Johansen et al., 2006) are
among the currently debated origins of dissipation and angular momentum transport, yet, their
e�ect on the thermal structure of the disk cannot be easily described or parametrised. Even
though temperatures T > 1000 K are necessary to thermally ionise disk material, cosmic ray
ionisation is possible at surface densities � < 100 g=cm2 (Gammie, 1996). The mean viscous
dissipation is often modelled as an \alpha-viscosity" resulting in a vertically-averaged viscosity

�� = �csH (2.1)

(Shakura & Sunyaev, 1973) where 0 � � � 1 is the angular momentum transfer e�ciency, cs

the sound speed, and H the pressure scale height. Alternatively, a turbulent viscosity can be
modelled assuming a critical Reynolds number Re

�� =

p
GM?R

Re
; (2.2)

(Lynden-Bell & Pringle, 1974). This second model has the advantage, that the calculation of the
mean viscous dissipation is decoupled from the thermal structure of the disk and is adopted in
this work. Both of these formalisms allow one to account for the e�ect of viscosity on the disk
structure without the need to describe its origin in detail.

The standard accretion disk model further allows to derive the following radial quantities.
The mass surface density

� =

Z +1

�1
%(z) dz ; (2.3)

where % is the density, can in the static case (constant mass accretion rate) be written as function
of the radius R as

�(R) =
_M

3���

"

1 �
�

R?

R

� 1
2

#

; (2.4)
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where _M is the mass accretion rate (Kriz & Hubeny, 1986). Using Eq. (2.4) and assuming that
disk matter moves at Keplerian angular velocity


K =

r

GM?

R3
(2.5)

the dissipated energy rate per unit surface can be expressed by

D(R) =
3GM?

_M

8�R3

"

1 �
�

R?

R

� 1
2

#

: (2.6)

Equation (2.6) shows that the dissipated energy is independent of the viscosity �. With the
simpli�cation that the energy radiated from the disk can be described by the Stefan-Boltzmann-
law

D(R) = �T 4
e� ; (2.7)

with � being the Stefan-Boltzmann constant, the e�ective temperature of the disk at a given
radius can be written as

T 4
e�(R) =

3GM?
_M

8��R3

"

1 �
�

R?

R

�
1
2

#

; (2.8)

which is also independent of the viscosity �.
As shown above, the disk structure can be described in the picture of the standard accretion

disk model by the mass and radius of the central object, the mass accretion rate, and the e�ective
viscosity �.

2.2 Radiation �eld

The radiation �eld can be described by the speci�c intensity

I�(~r; ~n; �; t) =
dE�

dt d� d! cos # dA
; (2.9)

which is the energy dE� per time interval [t; t + dt], frequency interval [�; � + d�], solid angle d!,
and projected area element cos � dA, where � is the angle under which the radiation leaves the
surface of the radiating matter.

Integration of the weighted speci�c intensity I� �i (� := cos �) over all directions ~n de�nes the
ith moment of the radiation �eld. Hence, the zero-order moment or mean intensity is calculated
as

J�(~r; �) =
1

4�

Z

4�
I�(~r; ~n; �)d! ; (2.10)

where the time-dependence was neglected. For a plane-parallel one-dimensional treatment of the
radiation �eld Eq. (2.10) can be written as

J�(z; �) =
1

2

Z 1

�1
I�(z; �; �)d� : (2.11)
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Figure 2.3: Schematic sketch of a plane parallel disk atmosphere. The vector tilted by
the angle � against the normal to the plane is the ray along which the intensity I�(~n; �)
is calculated.

The �rst- and second-order moment can be written accordingly:

H�(z; �) =
1

2

Z 1

�1
I�(z; �; �) � d� (2.12)

K�(z; �) =
1

2

Z 1

�1
I�(z; �; �) �2 d� (2.13)

2.3 Gas and dust properties

2.3.1 Occupation numbers

Disk atmospheres are open systems and radiation can escape transporting away the energy pro-
duced by dissipation or due to irradiation by the central star. In atmospheric regions where
collision rates between particles are high and exceed photon-particle interactions, however, it is
a good approximation to assume local thermodynamic equilibrium (LTE). In LTE systems the
ratio of the occupation numbers of energy levels i and j of a species can be described entirely by
the Boltzmann equation

ni

nj
=

gi

gj
exp

�

� Eij

kBT

�

; (2.14)

where g is the statistical weight of a given atomic state and Eij is the energy needed for a transition
between level i and j. For atoms, i ! j is an electronic transition where as for molecules the
transition can be between electronic, rotational, vibrational, or translational states. If departures
from LTE have to be considered, the occupation numbers need to be determined by iteratively
solving a rate equation system. For all calculations presented in this thesis LTE is assumed
because non-LTE model molecules are not available and would require enormous amounts of
computational power. Non-LTE for atoms is neglected in the model calculations shown here
because atomic spectral lines are scarce in IR observations of protoplanetary disks and their
analysis is not the objective of this work.
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Figure 2.4: Relative abundances of the most important dust contributors to the opacity.
The left plot is for a disk ring with R = 0:094 AU and the right one for R = 0:290 AU.
Forsterite (Mg2SiO4) is the most abundant dust species and strongly present in all layers.
Graphite sets on around m = 0:01 g=cm2 where it blocks stellar irradiation e�ciently
and therefore suppresses heating of deeper layers.

2.3.2 Dust chemistry and opacity

Dust is included in the models presented here by treating condensate formation under the assump-
tion of chemical equilibrium and phase-equilibrium for 217 dust species. I.e. all dust monomers
exceeding the local saturation pressure as de�ned by thermal equilibrium are allowed to condense
(this implies a supersaturation ratio S = 1; Allard et al., 2001, cf. also Helling et al. 2008 for a
comparison of di�erent condensation treatments).

The grain opacity is calculated from the most important refractory condensates using optical
data for a total of 50 di�erent species. Absorption and scattering are calculated in the Mie
formalism, assuming a given particle size distribution for a mixture of pure spherical grains,
following the general setup of the new ACES dust setup (Barman, private communication; a plot
with relative abundances of the most important species in the disk models is shown in Fig. 2.4).
This equilibrium assumption is a good approximation in the inner optically thick layers of the
well-mixed disk atmosphere. In the low-density outer layers, non-equilibrium e�ects are more
important; they are however not included in the current version of the DISK code. In the later
phases of disk evolution grain growth will become important and may cause departures from a
homogeneous size distribution.

2.4 Start models

In order to start a new DISK disk calculation either an existing model can be used as input or
a grey LTE start model is constructed. In the latter case, the approach of Hubeny (1990) is
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followed.
The model is initialised by setting up a mass depth scale mi; i = 1; : : : ; NL, where NL is

the number of layers, which will be kept �xed also for later calculations with the same input
parameters. The m scale is equally spaced on a logarithmic grid between the column mass at the
midplane of the disk

M0 =
_M

6���

"

1 �
�

R?

R

� 1
2

#

(2.15)

and the outer value m1, which is an input parameter. This spacing is done for NL � Nin points,
while for the remaining Nin layers each point j, j = 1; : : : ; Nin, is positioned halfway between M0

and mj�1, with mj=0 = mNL�Nin�1. This is done to provide numerical stability in the iterative
process because of the steep m gradient near the midplane. A typical value for Nin is 6 or 12 for
NL = 64.

In a next step, the depth-dependent viscosity is calculated

�(m) = ��(� + 1)

�

m

M0

��

; (2.16)

assuming a value of �� determined by an assumed constant critical Reynolds number (Eq. (2.2)),
where � > 0 is a free parameter (Kriz & Hubeny, 1986). The smaller the value of �, the lower
the temperature. However, if irradiation is noticeably strong, the e�ect of � on the structure
has negligible in
uence on the spectrum. Lynden-Bell & Pringle (1974) argue that the Reynolds
number has to be chosen to equal the critical one for the onset of turbulence.

Furthermore, an isothermal density structure { the sound speed associated with the gas pres-
sure cg and the 
ux mean opacity �H are independent of height { is assumed, which lets one
derive a simple analytic expression for the density at each depth point %(z). The relation

m(z) =

Z 1

z
%(z) dz (2.17)

is then inverted to convert the mass depth variable m into a height above the midplane of the
disk z.

Finally, the formal LTE solution derived in Hubeny (1990) and the Rosseland opacity tables
of Ferguson et al. (2005) are used to get a temperature structure by iterating

T 4 =
3

4
T 4

e�

�

�

�

1 � �

2�tot

�

+
1p
3

+
1

3��tot

�

��

�

(2.18)

with �R = �R(T; %) until the T -� -structure is consistent for each layer. In Eq. (2.18) � = �R=�B

is set equal to 1 and �tot is the opacity at the midplane of the disk.
The start models in the form implemented do not include irradiation by the central star.

Furthermore, detailed RT calculations with PHOENIX lead to temperature changes of up to a few
100 K. Therefore, a few detailed RT and structure iterations have to be made before irradiation
is switched on in order to achieve stability in the temperature correction scheme.

2.5 Iterative procedure

After a restart model is read in or a start structure has been computed, the hydrostatic equation,
the radiative transfer (RT) equation, and the energy balance equation have to be solved. This is
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done iteratively until convergence in 
ux is obtained. The termination criterion is

max
i=1;:::;NL

�

�

�

�

Fm(mi) � Fc(mi)

Fm(mi)

�

�

�

�

< 10�3 ; (2.19)

where Fm is the expected \mechanical" 
ux released by the disk and Fc the current 
ux value.
This convergence criterion in Eq. (2.19) is not always reached and for a su�ciently small

max
i=1;:::;NL

j�Tij � 1 K (2.20)

the calculation is then stopped after a given number of iterations. Typical errors in F are of the
order of 10�2.

2.6 Hydrostatic equilibrium

The equation of hydrostatic equilibrium has to be satis�ed for a disk atmosphere to be in a
stable con�guration. The mass of the disk is much smaller than that of the central star and
self-gravitation of the disk can be neglected if gself � g?, which is the case for the inner disks of
low-mass stars analysed in this thesis. Assuming that the radial component of the gravitation
of the central star and the centrifugal forces of the rotating disk just cancel each other out, the
vertical hydrostatic equation reads

dP

dm
=

GM?

R3
z : (2.21)

In equation 2.21 P is the sum of the gas pressure

Pg = nkBT ; (2.22)

where n is the total particle density, and the radiation pressure

Pr =
4�

c

Z 1

0
K� d� : (2.23)

Now, there are di�erent ways to solve this equation. One constraint is the symmetry condition
at the midplane of the disk. Therefore, P 0(M0) = 0 has to be satis�ed. This boundary condition
is naturally satis�ed by the following approach:

By di�erentiating equation 2.21 over m and applying the relation dz=dm = �1=�, one obtains
an expression for the hydrostatic equation which is independent of the height z which still needs
to be determined:

d2P

dm2
= �c2

s

P

GM?

R3
: (2.24)

The sound speed c2
s = P=% is introduced, which is taken from the previous iteration and only

depends on the temperature T . Therefore, the error in P and % cancel out and one obtains a
more stable version of Eq. (2.21). This second-order di�erential equation is then decomposed into
two coupled �rst-order di�erential equations. With the inner boundary condition P 0(M0) = 0
(symmetry at the midplane) and the outer boundary condition

P (m1) =
m1 c2

s

Hg f
�

z�Hr

Hg

� (2.25)
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derived in Hubeny (1990), the two point boundary value problem is solved with a simple shooting
method.

Another solution ansatz is a simple integration from the top of the atmosphere to the midplane
(Mihalas, 1978). In this approach one solves for the gas pressure Pg by rewriting Eq. (2.21):

dPg

dm
=

GM?

R3
z � 4�

c

Z 1

0
(��=%) H� d� (2.26)

and discretising to

P1 = m1

�

GM?

R3
z1 � 4�

c

Z 1

0
(��=%) H� d�

�

(2.27)

for the outer starting value and

Pd = Pd�1 � 4�

c
(Kd � Kd�1) +

GM?

R3
zd � (md � md�1) ; (2.28)

with Kd being the second frequency-integrated moment of the radiation �eld, for all other layers.
This apparently more simple approach, however, leads to iterative oscillations in P for disk rings
with parameters typical for CTTS while the second order di�erential equation for P given in
Eq. (2.24) is very stable and quickly converges to a stable solution.

2.7 Radiative transfer

Each disk ring is assumed to be a plane-parallel slab of matter and the solution of the 1D radiative
transfer equation (RTE)

�
@I�(z; �; �)

@z
= ���(z; �)I�(z; �; �) + ��(z; �) (2.29)

yields the intensity I�(z; �; �) in every layer of the disk ring between the midplane z = 0 and
the surface of the atmosphere zmax = z(m = M0). In Eq. (2.29) the change in intensity dI� at a
given frequency � is equal to the sum of attenuation of I given by ���I�dz and the contribution
through emissivity ��dz. In the special case of disk atmospheres, the inner and outer boundary
conditions have to be set according to

I�(zmax; ��; �) = Iext
� (zmax; ��; �) (2.30)

I�
� (z = 0; ��; �) = I+

� (z = 0; +�; �) (2.31)

(the calculation of I�
� (z = 0; ��; �) is described in Sect. 2.8). Using the de�nition of the source

function S� = ��=�� one can rewrite Eq. (2.29)

�
dI�

d��
= I� � S� ; (2.32)

where d�� = ��dz is the optical depth and � and z dependencies have been dropped for better
readability.
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The source function S� in the radiative transfer equation (2.32) contains scattering terms
which in turn depend on the radiation �eld. Therefore, the solution of the RTE has to be iterated
because S� is not initially known. A formal solution of the RTE assuming that S� is known yields

I+
� (��) = I+

� (�max) � exp

�

��max � ��

�

�

+

Z �max

��

S�(� 0) � exp

�

�� 0 � ��

�

�

d� 0

�
(2.33)
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The mean intensity can be written as

J�(��) =
1
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assuming �max = 1. This equation can be rewritten as

J�(��) =
1

2

Z 1

0
S�(� 0)E1

��

�� 0 � ��

�

�

�

d� 0 (2.38)

with the exponential integral E1(x) =
R 1

1 exp (�xt) dt=t. With the introduction of the �-operator

�� [f(t)] � 1

2

Z 1

0
f(t)E1 (jt � � j) dt (2.39)

the formal solution reads

J�(��) = ���
[S�(�)] : (2.40)

It is obvious from Eq. (2.40) that J�(��) is a non-local quantity since it depends on the source
function S� at all optical depths � . In order to obtain the mean radiation �eld, the iterative
scheme

Jnew = � [Sold] , Snew = (1 � �)Jnew + �B ; (2.41)

where � is the thermal coupling parameter, has to be solved. In order to solve Eq. (2.41) numeri-
cally, it is handy to consider � in its matrix representation. Then the mean intensity at a certain
depth i can be written as

Ji =

NL
X

j=1

�ijSj : (2.42)

The solution of Eq. (2.41) is called lambda iteration and su�ers from severe convergence problems
if � � 1 since the maximum eigenvalue of the ampli�cation matrix is close to unity. Therefore
the change per iteration can be small even though the current value of J is far from the solution
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Figure 2.5: Irradiation geometry as adopted for the model calculations. A star with
radius R? at a distance R from a disk ring with a height zmax and a slope of the disk surface
tan(’) is considered. For each quadrature point �i = cos(�+’+�) and its corresponding
integration weight ai the projected surface fraction on the star is determined and the
irradiation intensity is calculated. The angle under which radiation leaves the surface of
the star is �j = cos(� + �).

(Mihalas, 1978). This problem is overcome by operator splitting and introducing an approximate
lambda operator �? and split � according to

� = �? + (� � �?) (2.43)

A common and mostly adequate choice for the �?-operator is simply the diagonal (local) or the
tri-diagonal (non-local) of the �-matrix. Other bandwidths can be chosen if the convergence
properties require it. The elements of the � and hence the �?-operator are calculated using the
characteristic method (Olson & Kunasz, 1987; Hauschildt et al., 1994). The symmetry boundary
condition at the midplane (see Eq. (2.31)) had to be integrated into the �? as well.

With the help of the operator splitting (Eq. (2.43)) the solution for the mean intensity now
reads

Jnew = �?Snew + (� � �?) Sold (2.44)

or

[1 � �?(1 � �)] Jnew = Jfs � �?(1 � �)Jold (2.45)

with Jfs = �Sold. The solution for a local �?-operator is simply a scalar division. For a non-local
operator a matrix inversion has to be performed which is numerically more costly but speeds up
the convergence process.

2.8 Irradiation geometry

The treatment of irradiation of the central star upon the disk atmosphere is very important for
spectral line diagnostics of protoplanetary disks. As shown by Calvet et al. (1991), the ratio be-
tween disk surface temperature, which is a function of the radius R of the disk annulus and the
e�ective temperature of the central star, and the intrinsic temperature caused by viscous dissipa-
tion determines whether spectral lines, e. g. of CO, appear in absorption or emission. Therefore,
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