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Kurzfassung

Die vorliegende Arbeit befasst sich mit der Dynamik einer Klasse hybrider dynami-
scher Systeme, die afsvitched tank systenisezeichnet werden. Die Anwendung
solcher hybriden Modelle auf Produktionssysteme und die Frontdynamik in Halbleiter-
ubergittern @ihrt zu neuen Erkenntnisséber die Natur des Zeitverhaltens dieser Sys-
teme.

Hybride dynamische Systeme entstehen aus der Interaktion kontinuierlicher dynami-
scher Systeme mit Automaten. lhr Verhalten wird daher nur in einem Zustandsraum
verstindlich, der sowohl kontinuierliche als auch diskrete (symbolische) Variablen
enthalt.

Im ersten Teil der Arbeit werden die Hintetgrde der Modellierung und Untersuchung
hybrider Systeme als dynamischer Systeme am Beispieswitched tank systems
dargestellt.

Nach einer kurzen Einleitung wird daher im zweiten Kapitel der Begriff des hybriden
dynamischen Systems und die damit verbundene Terminologie amgef

Das dritte Kapitel befasst sich mit der Klasse der Grenzkollisionsbifurkatidran (

der collision bifurcation}, die in kontinuierlichen dynamischen Systemen nicht auf-
treten. Diese Bifurkationen bestimmen die Dynamik der in dieser Arbeit betrachteten
Systeme.

Das vierte Kapitel untersucht die Dynamik vewitched arrivalund switched server
systemssowie weiterer, von diesen beiden Grundtypen abgelegetiéched tank sys-
tems Die Verwendung von PoincarAbbildungen zur Analyse der Dynamik von
Hybridsystemen wird e@lutert und die enge Beziehung zwischen den zwei Grund-
typen herausgearbeited. Es wird gezeigt, dass diese hybriden Systeme bei Parame-
terve@nderungen eine Vielzahl von Bifurkationen und unterschiedliche Dynamiken
durchlaufen.

Der zweite Teil der Arbeit widmet sich zwei Anwendungen aus verschiedenen Gebie-
ten der Wissenschatft.

Die Modellierung von Produktionssystemen durch hybride dynamische Systeme wird
im Kapitel funf dargestellt. Nach einer allgemeinen Disskussion des Ansatzes wird ein
Modell eines Produktionssystems untersucht, dastZiten einbezieht. Mit diesem
Modell und den Ergebnissen aus dem vierten Kapitel wird die logistische Leistungs-
fahigkeit von Produktionssystemen in verschiedenen dynamischen Regimes bestimmt.



Es zeigt sich, dass die Leistung wesentlich durch die Dynamik beeinflusst wird, und
dass in bestimmten Konfigurationen z.B. zu kleine Pufferkapteritzu chaotischem
Verhalten tihren, das mit empfindlichen Leistungsverlusten einhergeht.

Im sechsten Kapitel wird der raum-zeitliche Musterbildungsprozess in Halbleiter-
Ubergittern betrachted. Aus einer kurzen Bhmung in dadlbergittersystem wer-

den wesentliche Eigenschaften des physikalischen Systems extrahiert und zur For-
mulierung eines hybriden Modells benutzt. Dieses Modell kann in bestimmten Pa-
rameterbereichen mit Hilfe einer eindimensionalen Abbildung analysiert werden. Das
Kapitel endet mit einem Vergleich numerischer Resultate aus dem Hybridmodell und
aus einer vollsindigen mikroskopischen Simulation des Halbléibargitters, die eine
bemerkenswert8bereinstimmungen aufweisen.

Im letzten Kapitel wird einUberblick tiber die Ergebnisse der Arbeit gegeben, die
nicht nur die Untersuchung hybrider Systeme als dynamische Systeme zum Ziel hat,
sondern durch die Anwendung solcher Modelle in zwei sehr verschiedenen Gebieten
der Wissenschaft (Produktionsingenieurwesen und Halbleiterphysik) auch die poten-
tielle Breite der Anwendung hybrider dynamischer Systeme zeigt. Wir hoffen, dass
diese Beispiele die ziiiftige Forschung auf dem Gebiet der Dynamik hybrider Sys-
teme stimulieren werden.
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1 introduction

This introduction provides a brief discussion of the main ideas presented in this thesis.
It is outlined that this work, that might look like a collection of treatises on diverse
themes basically is an investigation of one topic: Tymamicsand applications

of hybrid dynamical systemsFurthermore, the motivation, the objective and the
structure of this thesis are clarified.

The investigation of systems that show a complex evolution in time is an important
topic of modern sciences. One fundamental challenge therein is the development of
models that are able to explain dynamical phenomena and to analyze them by math-
ematical means. Such models shall preserve the essential features of a real world
system but idealize it in a way that allows us to understand it.

Judging by the title and the table of contents, this thesis condstorsd systems
modelingof manufacturing systermand front dynamics in semiconductor superlat-
tices However, what is the meaning of front dynamics, and where is the connection
between superlattices and manufacturing systems? And what are hybrid systems and
which role do they play in these fields? For the reader familiar with all three notions,
it might make sense to speak about the modeling of manufacturing systems by means
of hybrid systems, but at least the connection to pattern formation in semiconductor
systems needs an explanation.

A first general impression of the relations between this only seemingly distinct
topics may be obtained from Figl In contrast to standard models of nonlinear dy-
namics we considenybrid systems Roughly speaking, any dynamical system that
involves the interaction of aautomatonacting on a set of discrete symbols with an
ordinary dynamical system is a hybrid system (Ei@g). Up to now, the research on
hybrid systems was mostly stimulated due to their importaneagineering applica-
tions. Previous works on hybrid systems have focussed on automaton aspects, general
modeling frameworks and stability considerations. However not much is known about
hybrid systems from the viewpoint of nonlinear dynamics. Studies of bifurcation phe-
nomena and transitions to chaos as carried out in this thesis reveal new insights in the
dynamics of this "exotic” class of dynamical systems.

Hybrid systems are found, for instance, in manufacturing (Fif). Due to scarce
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resources the service of different material flows is switched according to logical rules
- called policies - between competing tasks.

With the research on systems that involve processeslbEeparated time scal@s
natural sciencesas for instance ibiophysicsor pattern formationhybrid modeling
techniguesre moving into these areas. Here the approximation of very fast processes
by instantaneous changes is a reasonable method to obtain idealized models. If due
to idealizations some conditions involving state variables occur, for instance in form
of thresholds, the models become hybrid in fact. This was possibly not recognized in
the past, since the notion of hybrid systems is not common among researchers from
natural sciences, and hybrid phenomena may be hidden in sophisticated notations for
eqguations of motions.

The systems investigated in the following are very basic hybrid models. We can
think of them as a number of tanks and a server, switching between these tanks. De-
pending on the task of the server, the systems are callgidhed server systenifs
the server has to empty tanks (Ridc), orswitched arrival system@ig.1.1d), if the
server has to fill several tanks. The models are hybrid systems in continuous time, and
if we consider the tank contents as variables, they paa@wise constant time deriva-
tives(Fig.1.1g). Owing to this piecewise linearity the systems are special, simple ex-
amples of hybrid systems. The only nonlinearities in these systems are introduced due
to switchingsbetween the tanks, i.e. between a number of different possible values
of these derivatives according to sofogical rules Therefore these systems contain
not only aspects of nonlinear dynamical systems, but also aspeatgarhata This
fact will become more obvious, when we shall gsate transition graphsf symbolic
variablesto investigate the dynamics.

Although graph representations borrowed from automata theory are helpful to un-
derstand the logical structure of hybrid systems and unavoidable in the field of hybrid
maps, the dynamics itself should be investigated by methods from nonlinear dynamics.
For hybrid systems in which switchings are triggered if the continuous state trajectory
reaches certain thresholds (Hidg) thePoincae mappingechnique provides piece-
wise linear maps. To understand the bifurcations of the investigated hybrid systems
therefore an understanding of the bifurcations of piecewise linear map4.(Figs
fundamental. The bifurcations of piecewise linear maps are very distinct from bifurca-
tions of smooth maps. They constitute the rich varietgafer collision bifurcations

Since these border collision bifurcations are not common, we have included a chapter
that provides the basic knowledge in form of an overview of border collision bifurca-
tions of one dimensional maps.

It turns out, that despite of the remarkably simple construction of tank-switching hy-
brid systems they are able to show different types of bifurcations and chaotic behavior.
We study the dynamics in some detail. By introducing additional switching thresholds
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to in the text.
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we show in particular, that the dynamics of switched arrival systems and switched
server systems occur as limiting cases in the same system. Inbetween these limit-
ing cases characterized by periodic and chaotic behavior, a rich variety of dynamics
is found, due to bifurcation scenarios built exclusively from various border collision
bifurcations. Although the dynamics of the limiting cases in principle was known
before, their bifurcations as well as the close relation between switched server and
switched arrival systems presented in this thesis have not been discussed previously.

The first part of this thesis covers basic themes like the nature of bifurcations in
switched tank hybrid models on a more general level. In the second part of this thesis
the range of possible applicationsf the models introduced and investigated in the
foregoing part is demonstrated byudying two applicationfrom very distinct areas
in detail.

One example is the investigation of basic layout structure@sanufacturing systems

for its dynamics dependent performance (Eigp). This study provides new insights

in the importance of dimensioning buffer capacities in production planning. There-
with effects can be understood that are common on a practical level among production
engineers. Butin the existing frameworks of operations research (e.g. queuing theory)
such dynamical effects are hardly to observe or rather difficult to explain.

The second example is located in the area of modeiil state physicsIn semi-
conductor superlatticesecently dynamical regimes were found, in which fronts of
opposite charge may travel with different velocities through the lattice, annihilate one
another and fornsomplex spatio temporal patter(sSig.1.1h). The traveling of fronts

is characterized by piecewise constant velocities and very fast changes, if fronts anni-
hilate. We derive a simple model for this pattern formation procesgistable system
under anntegral over space conservation conditiowith this model that belongs to

the class of switched arrival systems (Eigd) not only the basic bifurcation behavior

can be understood and modeled computationally effectively, but also in certain pa-
rameter ranges analyzed using a one dimensional iterated map. The traditional way of
modeling these systems involves the numerical integration of typically one hundred
coupled differential equations with well over 15 physically relevant parameters. In
view of these facts the traditional modeling does not allow any investigation of bifur-
cations by analytical means.

We shall point out the surprising fact that in both applications essentially the same
hybrid model is applicable. In our view this supports the conjecture that the basic hy-
brid systems considered here are a generic class of dynamical systems which can be
widely used and may improve the understanding of complex systems in physics and
other sciences.

This thesis is organized as follows. In Chape introduce the terrhybrid system
and some notions that are needed in the following chapters. Also a brief review of con-
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cepts for hybrid systems that are developed in the communities of control engineers
and computer scientists is given. The more formal definition, explained as reference
in this chapter, will be relaxed in the main part of this work in favor of readability.

In Chap3 the class oborder collision bifurcationss presented in detail. The normal
forms for this class of bifurcations are piecewise linear maps. This chapter provides
the knowledge on the bifurcations that are obtained in the hybrid systems which are
the main topic of this thesis.

Chapter4 deals with the dynamics and bifurcationssufitched server systenasd
switched arrival systems/\e explain the use of Poin@&maps for the investigation

of dynamical properties of hybrid systems and consider their dynamics. The hybrid
modeling ofmanufacturing systems discussed in Chap. A general discussion of

the hybrid modeling approach is followed by the investigation of a model that includes
set-up times in the switched server and switched arrival systems. With this model and
the knowledge obtained in Chdpwye observe measures of logistical performance in
different dynamical regimes. It turns out that the performance of manufacturing sys-
tems can significantly be affected by different dynamical behaviors.

The spatio-temporal pattern formatioprocess irsemiconductor superlattices ad-
dressed in Chaf. From a brief introduction into the physical system the essential
features are extracted and used to formulate at first a hybrid model for front positions
that can be transformed into a switched arrival hybrid system. From the latter model
a flat bottom tent map is derived that captures the basic dynamical features of the sys-
tem. The chapter closes with a comparison of numerical results that are obtained from
the derived hybrid model and a full microscopic simulation of the semiconductor su-
perlattice.

In the last chapter (Chap.we give a summary of the main results of this thesis. Since
this thesis is rather a humble beginning of research in the exiting field of dynamics of
hybrid systems than the contribution of a new aspect in a well covered field, we con-
clude with some suggestions for future research.






2 Hybrid Systems

The topic of this thesis are dynamical systems, that do not fit into the common
categories of dynamical systems. We consider systems which contain two distinct
components: subsystems with continuous dynamics and subsystems that act on a
finite set of symbols, interacting with each other. Such systems are knokybed
dynamical systems

This chapter provides some fundamentals of hybrid systems. Since the notion of
hybrid systems is not common the term will be clarified and illustrated with some
examples (Sec.2.1). Then a more formal framework of hybrid systems is given
Sec2.2 and some results of recent hybrid system’s research will be discussed. The
numerical simulation of hybrid systems as used in this work is briefly explained in
Sec2.3

2.1 Hybrid Dynamical Systems

To introduce the notion of a hybrid dynamical system as it is used throughout this the-
sis, we shall at first recall two well known concepts, nanimamical systemand
automata

Many textbooks ordynamical systemstart with the statement that systems are dy-
namical if their state evolves in time and that two main types of dynamical systems
can be distinguished. Systems witiscrete timd” = {¢ : ¢t € Z, N}, represented by
iterated maps

Tip1 = f(24) (2.2)

and dynamical systems wittontinuous timé* = {¢ : t € R}, represented by differ-
ential equations

i = X(z). (2.2)

In both cases is considered to be the systengsntinuously valued staie a state

space which is a smooth manifold. More formally a dynamical system is a tuple
(¢, M,T"), whereg is a flow, M is a smooth manifold aridthe set of times. Through-

out this thesis we assign the terms “continuous (part of) dynamical system” and “con-
tinuous (part of) state-space” to systems and parts of systems, respectively, whose
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behavior is described by EG.(Q) or Eq.Q.2).

On the other hand systems are known that operatedisceete set of state variables

Q@ : q € @, which is countable and typically finite. These systems are considered in
the framework ofautomata theoryfor an introduction refer§d]) or! discrete event
system$6]. Such discrete event systems usually exhibit a directed evolution of states
in alogical timegoverned by discrete events (inputs) from aXetwheree € X is
anevent label Their "dynamics” is given by a transition function: ¥ x @ — @
defining the jump like transitions between discrete states. Systems, or part of systems
that obey the above characteristics are referred to as "discrete part of hybrid dynamical
systems” in the following.

Thus the termsontinuousanddiscreteare used here with respect to the range of state
variables and not with respect to time.

Notwithstanding the great efforts of continuous dynamical system’s theory and the
beauty of the automata theory an impressively large group of dynamical systems and
models do not fit into one of the categories since they contain aspects of both types.
Roughly speaking, any system that evolves in time and contains interactions between
continuous processes and discrete automata can be saghrasdynamical system
usually referred to aBybrid systemDue to the mixed nature of hybrid systems their
complete state spa@®ntains both continuous (€ R™) and discrete (symbolic) vari-
ables, and the dynamics can be represented and analyzed only with respect to this full
state space.

2.1.1 Occurrence of Hybrid Systems

Hybrid systems arise if dynamical systems consisting of piecewise defined continuous
time evolution processes are interfaced with some logical or decision making process.
Such models are used in several disciplines of science and occur regularly in the mod-
eling of technical systems.

A common example for such a hybrid system twe water tankgsee Fig2.1a)
with a water volume of;(¢) in each. The water flows out of the tanks with a constant
rate u;, and there is a switching fill unit dedicated exclusively to one tank at a time,
filling this tank with a constant rats;. Whenever a tank becomes empty € 0) The
filling unit switches to this tank to refill it. If the filling unit is attached to tankwe
can write the equation of motion far; asi = e; A — u wheree; is the i'th canonical
unit vector inR? and\ = (A, )T, = (11, u2)T are the vectors of in and outflow rates.

1As typical in science, researchers from different fields developed distinct frameworks, methods and
definitions for similar problems. Here the automata theory represents a more rigorous mathematical
approach founded on the works of Turing and von Neumann, whereas the notion of discrete event
systems was developed in the framework of computer sciences and control theory.
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Figure 2.1: Scheme of the two watertank system (a) and the bouncing ball (b). Two standard examples
for hybrid dynamical systems.

Also dynamical systems can be considered as hybrid, if jump like transitions in the
continuous part of the state space occur due to collisions with obstacles for instance.
A standard example for this type of hybrid systems is the vertically bouncing ball
(Fig.2.1b). In its free flight state the ball moves within the gravity field€ —g).

The discrete event transition takes place if the ball touches the ground=10 the
ball is reflected and a part of its energy is dissipated:» —ci where0 < ¢ < lis a
constant.

The main common feature of all hybrid systems are instantaneous jumps of either
the continuous state or the “vector field”, i.e. either the right or left hand side of the
equation of motion written in the form of EQ.Q). In the hybrid system’s literature
[17,18, 71, 97] four main types of hybrid phenomena are considered:

e autonomous switching vector field changes, if the continuous state hits certain
boundaries

e autonomous impulseghe continuous state jumps discontinuously if it reaches a
certain boundary

e controlled switching the the vector field changes abruptly due to an "external”
control signal

e controlled impulsesthe continuous state jumps discontinuously due to an "ex-
ternal” control signal

A distinction similar to the notion of autonomous/controlled changes is the consid-
eration oftimed eventswhere the moment of transition is known a priori astdte
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eventsvhere a transition occurs, if some condition involving the state variables is ful-
filled.

Since an external controller or a clock principally can be included in the description of
the system the distinction of autonomous and controlled hybrid phenomena is blurred,
but sometimes helpful in applications. Even mixed forms of state and time events can
occur, if, for instance one transition is a state event, but the following transition takes
place after a certain time interval (e.g. Seg). In the same sense a mixed occurrence

of switching and impulse like transitions in the same system is possible&(8ec.

For technical systems it is often obvious how discrete jumps or switches influence the
systems dynamics. For models of natural processes however, it depends often on the
level of idealization whether a process is regarded as continuous process at fast time
scales or as switching process. Sometimes new insights may become possible through
idealizations that lead to hybrid models even in natural systems (the model, derived
in Chap6 may serve as an example). Otherwise in natural sciences the hybrid nature
of models may be hidden in the equations of motion in form of nonsmooth intrinsic
functions, such asiin, max or if statements{/] .

2.1.2 Research on Hybrid Systems

There has been significant research activity in the area of hybrid systerts last
decade involving scientist from very different fields like dynamical systems, control
theory and computer science. More and more dynamical systems, that have hybrid
characteristics are investigated for their dynamical behavior, sometimes without men-
tioning the hybrid nature of the system explicitly. Research on dynamical behav-
ior of hybrid systems includetechnical systemkke mechanical systems with con-
straints occuring in robotics/], 75] , automotive engine control, and a large num-
ber of other intelligent control systems with a high degree of autonomy (references
for such technical systems are found in the engineering literature on hybrid systems
[20, 57, 15, 94, 73] ). Furthermore a number @alectronic oscillatorghat fall in the

class of modulated relaxation oscillators may be seen as hybrid systems. Even the
switching circuits, used ipower electronicsre hybrid.

In themodeling of biological systentnybrid models were proposed for metabolic cell
regulatory networks (see[56] for an introduction), transcription of genes by RNA
polymerase, cell growth and division, and successfully applied to gene expression in
multicellular networks T, 14].

However, at least the engineering orientated research is not mainly interested in the
dynamics of hybrid systems, but in design and verification of systems and controlers,
that guarantee a stable (periodic) operation of technical devices. In this context the
controllability and reachability analysis of hybrid systems plays a major rule. The

2The novelty of the subject leads to a number of different synonyms used to name hybrid systems or
some special classes of this type of dynamical systems.
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proposed methods for this analysis are of numerical naiiiie Thus a huge number

of modeling frameworkand describing languages for hybrid systems where devel-
oped, partly to transfer stability criteria, known from other systems classes, to more
ore less restricted classes of hybrid systems. An other part of modeling frameworks
emerged from (numerical) simulation tools and software languages for hybrid system
problems. The probably best review of the different approaches is given by research
articles, that consider the equivalence of several classes of modeling frameworks (see

e.g. 20, 57)).

2.2 Notions of Hybrid Systems

Basically a hybrid systerhis a dynamical system that describes the evolution of a set
of discrete and continuous variables in time.

2.2.1 Approach to a Definition of Hybrid Systems

Currently, no common definition of hybrid systems is available. Hence we will use
the following basic notion of a hybrid system which mainly adopt the hybrid system
definition given in P4] and [/3] and incorporates the definitions of {, 1&].This def-
inition is a straightforward adaption of the hybrid system’s bluepramtd combines

the definition of automata and dynamical systems in an appropriate manner:

A hybrid system is a collectiod = (M, Q, &, D, X, G, R), where:
M is a smooth manifold that contains the continuous statesM of H, preferably
M C R™;
() is a countable and finite set of (discrete) stajes () of H;
£ C @ x Q is the collection of discrete state transitiornsq &) °;
D ={D, : q € Q} is the set of domairsof H, whereD; C ¢ x M Vq € Q
X is a set of flowSon M or subsets of M.
G = {G(e) : e € E} is the set of guards, where for eaeh= (¢;,¢;) € E, G(e) C
D(qi);
R = {R. : e € E} is the set of resets, where for eack: (¢;, ¢;) € E R. is arelation
between elements 6f(¢) and Elements oD, such thatR, C G(¢) x D,, usually a

3In some parts of the hybrid systems literature even the notion hybrid automaton is common.

4A hybrid system consist of dynamical systems and an automaton interacting with each other.

Slt is also common to calf the collection of edges because the transitions are symbolized by edges
in a graph representation of the hybrid system.

6ln computer science related literature the domain is called invariant set. The infelicity of this term
is that there is nothing dynamical invariant in a domain.

For instance given by a set of vector fields such ttiat {X, : M x Q — TM; (z,q) — X,(z)}
and.X, is Lipschitz onD, Vq € Q.
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mapR(ql, Q2) : G(Qiu Qj) - D(qj)

The complete state @i at a time tis given byz(t), ¢(t)) € M x @ and the state
space is

D = U D,. (2.3)

q€Q

D is called thetotal domainof H. Although different domains lie in distinct copies

of M we use the terntontinuous part of the state spafm that manifold which is
obtained by ignoring the discrete state of the system. Formally this is done by identi-
fying M x @ with M via the diffeomorphisniz, ¢) — x. Further hybrid systems, in
which the set of flows is given by a set of diffeomorphisms (i.e. a number of iterated
maps) are calletlybrid mapsin the following.

The basic idea behind the above formalism is that the system, givéh éyolves
from a starting point (x,ginsomedomain(D,;) according toi = X, (x) until a
guardG(g;, g;) is reached, where an instantaneous switch via the ®@&gtq;) is
made which sets the discrete statezfaand the continuous state to some value X'.
After this transition the system evolves insif)g;) up to the moment the next guard

is reached.

For thewater tank examplésee Se€.1.1) we obtain with the above given formalism:

M =R?

Q= 1{q, ¢}

E = {(QhQQ), (QQ7Q1)},

D(q1) ={a} x R**, D(gz) = {g2} x R**,

Xogp = €12A —

G(q1,q2) = {(q1,z) € D(q1)|z2 =0}  G(q2, 1) = {2, ) € D(g2) : 21 = 0}
R(CI17CJ2) : (Q1,$170) = (CI27»’51,0), R(CI27CI1) : (Q2,0,l’2) = (CI1707CC2)-

A comparison of the above set of equations with the five lines containing verbal
description of the system in S&d.1may be a good argument for relaxing the nota-
tion in the remaining part of this thesis. Since the systems that are considered in the
following are not much more complicated than the two tank example and no further
benefits result from the formalism, we give the discrete state transitions, guards and
resets in form of verbadwitching rules These rules are emphasized and numerated
like equations for easy reference in the following.

2.2.2 Graph Representation

Since the discrete state can take only a finite number of values, it is sometimes con-
venient to represent a hybrid system bdisected graph(cf. Fig. 2.2). In a graph
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$2=0

a) 1 =0

Figure 2.2: A hybrid system can be represented by a graph. a) The graph of the two watertank
system. b) One of the simplest hybrid dynamical systems is a bouncing ball. The figure gives the graph
representation of this hybrid system with impulse like transitions.

representation the number of nodes is equal to the number of possible discrete states.
Each node corresponds to a discrete sjateThe notation of the vector field or

equations of motion of the hybrid system in this state can be added as well as the

conditions describing under which the system remains in this node. The nodes of the

graphical representation are connected by directed edges, symbolizing the state transi-

tion ¢; — ¢». Jump like changes of the continuous state of the system are noted aside

the transition edges (see Figh). In this thesis we will give graph representations of

the considered systems if needed in fornstdte transition diagramswvhere a node

Is only labeled with the discrete state that it represents.

A graph representation of a hybrid system emphasizes the automaton aspect of hybrid

systems and clarifies its logical structure. The graph can also be taken as an alternative

definition of a hybrid systeril. Furthermore, it depicts the grammar of genbolic

dynamics of the discrete states of the hybrid sygs=a Sec4.3.4.

2.2.3 Hybrid Trajectories

For every(z,q) € D(H) the action ofH generates a trajectory of the hybrid system

H. If the flow for the continuous part of the hybrid system is given by a differential
equation the trajectory is continuous inside the domairid offhere the discrete state

q(t) = g remains constant. If a guard is reached at timéhe full state of the system
changes discontinuously. We write(t;), ¢(t;)) — (z(t]), q(t})), wheref(tT) de-

notes the usual limit from the right of anyat timet.

It is generally assumed that the trajectories of hybrid systems are piecewise continu-
ous from the right, if the limit exisés The times; are calledevent timesThe series

80f course there is some problem, if an infinite number of switchings occur in finite time. However,
the not resolved problems of a consistent mathematical framework for hybrid dynamical systems are
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of event times of a hybrid dynamical system ip@nt process

The sequence = {I;}Y, of intervalsl; = [t;,¢; + 1] is also called a (forwardjy-

brid time trajectory This sequence can be either infinit€ (- oo) or finite. N(7)

is the size of the hybrid time trajectory and By} we denote the s€il, 2, ..., V)
and(1,2,...) for N — oo, respectively. IfN(7) is finite the intervally is either

I, = [tN, tN+1] with t; < tN_H\V/’i orl, = [tn, OO)

Atriple x = (7, ¢, ) with T being the hybrid time trajectory,: {r} — @ a map and

x; : I; — M a collection of maps, is also called anecution of H. Thus execution is

a notion, that approaches the trajectory of hybrid systems from automaton ideas. For
a precise definition refer’[5]. The execution time of is

N(r)
Too(X) = D (tis1 — 1) = iii]{}(lﬂ tiv1 — to (2.4)
=0

It is clearly a specific hybrid dynamical system’s phenomenon, that there are trajecto-
ries which terminate in a finite time. Hence the following notions are used:

A execution is callednfinite, if N(7) = oo or 7,(x) = oc.

A execution isZend if N(7) = co but7,, < oo

The execution time of a Zeno execution is calledemno time A (forward) trajec-

tory which corresponds to a Zeno execution should be callat trajectory If we
consider trajectories of hybrid dynamical systems we usually mean trajectories that
correspond to infinite executions.

An example for Zeno trajectories is the water tank with< 1, + 2. FOr a given

total content: = z1(0) + z5(0) at timet, the Zeno time iS..,,, = ¢/(p1 + 2 — A).
During this time the total content of the two tanks becomes smaller and smaller and
the closer the system comes to zero total content the faster the switchings occur. Even
the bouncing ball has only zeno trajectories since it stops if the initial total energy is
completely dissipated due to an infinite series of bounces.

In hybrid systems literature often the serefchable statesf H is considered, which

are all states that can be reached from a set of initial conditions within a finite time.
Furthermore, hybrid systems where for evéryq) € D an infinite (forward) exe-
cution exists are calledon-blocking All hybrid systems considered in this thesis are
deterministic and non-blocking, i.e. for evarge D exists a unique infinite execution.
Generally in a deterministic non-blocking hybrid dynamical system the resets have to
be functions, the guards have to be mutually disjoint sets and whenever a trajectory is
at the boundary of a domain it has to hit a guard.

not addressed here.

9The name Zeno is a reminiscence of the paradoxon about Achill and the tortoise given by the greek
philosopher Zeno. As is generally known, the paradoxon is resolved by the observation that an infinite
series can converge to a finite sum.Thus even in hybrid systems infinite discrete transitions can occur
in finite time.
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2.2.4 Dynamical Properties of Hybrid Systems

From the foregoing sections it is obvious that a hybrid dynamical system in general
can be a complicated (and up to now not well explored) object.

It would be desirable to achieve a theory of hybrid dynamical systems as dynamical
systems in the future. Recently in this direction a number of attempts have been
made concerning the transfer of stability notions from dynamical systems to hybrid
systems [0¢. Especially the use of piecewise defined Lyapunov functicnk for
considering Lyapunov stability is well established meanwhild.[ A further basic
approach is developed 4] where the notion of aybrifold was introduced. A
hybrifold is an object consisting of manifolds glued together at the guard edges, which
is mathematically not easy to handle because of its generally complicated topology
and its partial open, partial closed boundary. Hybrifolds are in consequence similar
to branched manifoldsvhich are considered to analyze the topological structure of
smooth chaotic dynamical systems. For an introduction to topological analysis of
chaotic systems cf5[)]

In conclusion we state that the dynamics of hybrid systems is not well understood
today.

2.3 Numerical Simulation of Hybrid Systems

Since discrete events are the basic features in every hybrid system, any numerical
calculation must be performed on an event by event basis.

The core of the event driven simulation is the organization of an event list, which
contains all known future events and their event times. Further a simulation clock is
needed that holds the actual time of simulation. Given the full state of the system
at timet all possible future events connected with that state can be obtained for a
deterministic hybrid system and have to be noted in the event list. Than the simulations
proceeds as follows:

1. Pick the next event form the event list and set the simulation clock to its event
time.

2. Apply, depending on the event the reset map and set the system into its next
discrete state.

3. Remove all future events, that do not occur since the discrete stdte hafs
changed from the event list.

4. Compute all future events that may occur now and their event times.

5. Store this future events in the event list and rearrange it according to the event
times.
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6. Return to step 1.

Due to this structure a simulation program for hybrid systems is programmed
preferably in an object orientated manner. The estimation of the next event time can
be a challenging task for hybrid systems where the continuous state is given by a non-
linear differential equation. In the systems considered in this work we are not in the
need of numerical integration of nonlinear differential equations and approximating
the moment of guard reaching. All events are either timed, or their the time distance
towards a possible future event time can be calculated directly from equations in form
At(mi1) = (S+2x(tn)) /A whereS is a thresholdy(t,,) a continues state at the present
event timet,, and\ any rate. In this regard the numerics is exact. Furthermore, it is
fast, since only event times have to be calculated. And if values for variables inbe-
tween two event times are needed, they can be also obtained by linear relations.

A more comprehensive guide to event driven simulations is foundands, 77].
Furthermore a number of software packages and tool boxes for the simulation of more
or less restricted classes of hybrid systems especially for engineering purposes is avail-
able today.

2.4 Summary

Hybrid systems arise in a wide range of engineering applications as well as in models
of natural processes. Sometimes the hybrid nature of models is very obvious whereas
in other cases the hybrid nature of dynamical systems is hidden in discontinuities of
the equations of motion.

Despite of the fact that hybrid dynamical systems have received a considerably in-
terest in the engineering community during the last decade we are far away from a
comprehensive theory of hybrid dynamical systems as it exists for continuous dynam-
ical systems.

Nonetheless the concept of hybrid dynamical systems may be useful elsewhere for the
investigation of some other models not only in technics. In the switched tank sys-
tems considered in this thesis, the hybrid modeling allows a fast and exact numerical
simulation by discrete event algorithms.



3 Border Collision Bifurcations

In the following chapters of this work we are dealing with Poilgcaraps that con-

sist of several linear segments. Therefore an introductidsiftwcation phenomena
emerging irpiecewise linear mags given. The most simple case of one-dimensional
maps consisting of two segments will be discussed in more detail. A short overview
of basic notions (Se8.1) is followed by a review of (border collision) bifurcations of
maps that are continuous, but have a discontinuous derivative. Then the bifurcation
scenarios associated with a discontinuity in the map are discussed i8.3ec.

3.1 Bifurcations of Piecewise Smooth Maps

Bifurcation generally means some branching process, in which the qualitative topo-
logical picture of arattractor alters with the change of the parameters diyaamical
systemThe literature dealing with bifurcation theory (e.g0]) is in general focused

on bifurcations of dynamical systems arising from (everywhere) differentiable pro-
cesses.

For the understanding of hybrid sytems thiurcations of piecewise smooth maps
are important. Such maps arise in a very natural way from the discrete modeling
of technical and natural systemsl| 28, 29, 8¢]. Especially the derivation of such
piecewise smooth maps for systems in power electronitcs], 103 has led to an
increasing interest in systematic investigations of bifurcations in such maps during the
last years.
Usually a bifurcation occurs if a periodic point of a map looses its stability due to a
change of parameters. If a parameter is smoothly changed in a differentiable map the
eigenvalue also changes in a smooth way and a local bifurcation occurs when crossing
the unit circle. For piecewise smooth maps the situation is a little different. Here the
eigenvalue changes abruptly if a periodic point leaves a smooth segment of the map.
This leads to bifurcations that are very distinct from bifurcations of smooth maps.
Since a point of discontinuity of either the map or its derivative aler between
to smooth segments of the map, the tdronder collision bifurcatiorwas assigned to
this type of bifurcations of piecewise smooth maps (probably the term emerged firstly
in [81]). Border collision bifurcations are also call€ibifurcationsafter the earlier
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works of M.I. Feigin 19, 50, 51, 40]. The class of border collision bifurcation phe-
nomena includes a rich variety of different bifurcations as for instance bifurcations
from a fixed point attractor to a higher periodic attractor or even a chaotic one.

Hence thebifurcation parametersinder consideration are unusual. Generally we
consider maps where the slopes of the segments are fixed and a bifurcation parameter
which tunes the position of the segments relative to the diaggnal = z,,. This is
exactly the situation that we face with diverse Poigaaaps appearing in the follow-
ing chapters.

For the following discussion we consider piecewise linear maps with two segments
of different slope, which are the most simple examples among this class of iterated
maps.

3.1.1 Preliminaries

Before we start an overview of bifurcation phenomena in piecewise linear maps let
us briefly recall some basic notions by means of one dimensional maps. A concise
introduction to the theory of one dimensional maps is provided by several text books

(e.g. B3).

Amapf : I — I with I C Ris called smooth if it has a continuous derivative. The
map ispiecewise smoottif it has a finite number of points, € I,k € N such that
f is smooth o/}, = [¢x—1, cx). A pointcy is aturning pointof f if in an open neigh-
borhood ofc,, the map is strictly increasing on one sidecgpfand strictly decreasing
on the other. Maps with one turning point ameimodal mapsif ¢, is a turning point
or adiscontinuityof f, we callc, acritical point of f. Thetrajectory (or orbit) of a
pointz, is f"(xzo),_, and it is periodic of periodn if m is the smallest number such
that "+ (z,) = f"(z,). An orbit of periodm is typical, if the derivative of then'th
iterate of the map at the orbit’s location exists and this derivatitke eigenvalue) is
neither 1 nor -1. In other words: its stability properties are ensured by the knowledge
of the derivative. The orbit is calledflap saddleif ¢ < —1, aregular saddlef ¢ > 1
and anattracting periodic pointf |¢] < 1. The Lyapunov number of a trajectory is
L(zo) = lim,_oo[|(f™)(z0)[]V/™ if this limit exists, and the Lyapunov exponent is
A = log(|L(x0)|). A periodic orbit is often calleduper stablef its Lyapunov expo-
nent is—oo.

In connection with bifurcation scenarios sometimes the questi@talfng laws
and corresponding scaling constants is considered. For instance all unimodal smooth
maps belong to the sankeigenbaununiversality class with universal Feigenbaum

1By the notion piecewise smooth we do not imply that the map is continuous.
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constantsyvranddr. The scaling properties reflect the self similar structure of a bi-
furcation diagram. Usually two constants appear. The firstépaenotes the scaling
constant in the parameter space, and the seagtite one in state spaceThe con-
stanté is defined by:

ap—1 — Ap

0 = lim 9, = lim
n—oo n—00 Uy — Ap+1

(3.1)

wherea,, is the bifurcation parameter’s value at the n’'th bifurcation point. The scaling
constanty is given by:

o= lim oy, = lim (20 = 21)]o=an
n—0o00 n—00 (l’() - $1)|a:an+1

(3.2)

where(xy — x1)|.=q, IS the distance between two subsequent points of a periodic orbit
at the bifurcation parameter’s valug. In the Feigenbaum scenario the paramefer

for the superstable period-2n orbits is used for determinirgut if such an orbit does

not exist another choice must be made. The definition of these scaling constants im-
plies, besides the existence of the limit~ oo, a scaling that follows a power law. As

we will see below such constants are not universal in the case of piecewise linear maps.

Another useful method for investigating the dynamics of one dimensional maps is
the consideration o$ymbolic dynamicsFor one dimensional maps with one criti-
cal pointc to each orbit a binary symbolic sequence can be assigned by labeling the
touched branch according to

1 for z;>c. (33)

Ji:{ 0 for z;,<c¢
For 0, 1 also the symbols L, R will be used to denote the branches. syh#ol se-
quenceof {J;(f(xo))}i>o is the f-itinerary of x,. The itinerary off(c) is known as
thekneading sequende( f).
Using the symbol sequence of an orbiwading numbeis defined by
221 Ji
—

r = lim

n—oo

(3.4)

It is also useful to consider for periodic orbitgenjection numberV, counting the
number of changes from L to R (or R to L) within the period, i.e. the numbéi ©f

2For the sake of completeness the values of the two famous Feigenbaum constants for maps with
quadratic maxima are notedy ~ 2.502908... anddip ~ 4.669202...

3« describes in the Feigenbaum scenario the scaling of subsequent fork openings in the period dou-
bling cascade.
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Ln41

Figure 3.1: A continuous, piecewise smooth one-dimensional map. The bifurcation paragmister
indicated. Here i® < a;, < 1 and1 < ag, such that the stable fixed point infor u < 0 looses its
stability if ;2 crosses zero. This correspondsé&se 1'ain Fig.3.2

subsequences within a perfod

3.2 Bifurcations of Continuous Piecewise Linear Maps

If a one-dimensional piecewise smooth map is continuous but has a derivative which is
not continuous at one point, this point is thmrder” between two smooth segments

of the map. As shown in7] every one dimensional map with this behavior and a
single critical point can be transformed into the followimgrmal form

)= {

This normal form is a piecewise linear map with three paraméters:, 1) and one
border located at = 0. The slopes of the left and the right segment of the map are
denoted by, anday respectively and are assumed to be fhitEigure3.1 shows
an example of such a map. If we consigers bifurcation parameter an orbit or
attractor changes its stability if a fixed point or a periodic point hits the border of a
linear segment gt = 0.

The nature of this bifurcation depends only on the valueg;oéndar because
1 # 0 determines only the size of an orbit that exists forjalk 0 andy > 0,

4Both winding number and reinjection number are associated with different qualities of an orbit.
Consider for instance a periodic orbit with the symbol sequence (1010) and an other with (1100).
Both have a winding number r=1/2 but the reinjection number of the first orit is 2 whereas the
reinjection number of the secondis = 1.

SPiecewise smooth maps with one side infinite partial derivatives arise e.g. for grazing impact oscilla-

tors [27, 34] and some laser systent&]]. Border collision bifurcations in maps with such singularities
are also called grazing bifurcations. For a discussion3de [

fo(x)= apx+p for <0

fr(z) = agzr+p for z>0. (3.5)
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Figure 3.2: Overview of thea;, — ag parameter space of continuous piecewise linear maps with two
segments. Shown are regions with the same bifurcation phenomena3[cf. The labeling of the

regions denotes the cases that are discussed in the text. The primed numbers show regions with the
same bifurcation phenomena for an inverse border crossing due to the symmetry indicate by the dashed
line.

respectively. If (and only if) the ma3(5) has a stable periodic orbit or even a chaotic
attractor fory = 1 then it has it for allu > 0. These orbits scale linear with If {z}

is a trajectory for, = 1 then the similar trajectory for all other is given by{ux}.
The same statements apply to attractorsfar > 0. The study of border collision
bifurcations, in other words has to examine the attractors.6j {or a givena,,, ay at
w==x1.

Furthermore we have symmetryin the (@1, ar) parameter space. If a certain kind
of bifurcation occurs four < a; wheny is increased through zero, an analogous
situation occurs i/, = ar anda, = a;, andy is reduced through zero. Due to this
symmetry we restrict our following discussion of bifurcations of the nfap) o the
parameter arear < a. For an overview of the below discussed cases refeBFig.

3.2.1 Border Collision Pair Bifurcations
If
ar, > 1 andagr < 1 (3.6)

then there is no fixed point fgr < 0 while for . > 0 two -possibly unstable- fixed
points

L= p/(1 - ag) and R =p/(1—ag) 3.7)
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Figure 3.3: Bifurcation diagrams of border collision bifurcations for the mag). a) (Case 1awith
ar, = —0.2,ar = —0.9 where a unique stable fixed point is born at the bifurcation peiat 0. b)
The border collision bifurcatiorcése 1b of the normal form witha;, = 1.05,ar = —1.2. A chaotic
attractor is born at the bifurcation point.

in L and R respectively, exist. Because of this emergence of fixed points at the border
collision point this bifurcation was naméxbrder collision pair bifurcation

Casela
If the slopejag| < 1 the fixed point in the right segment is stable for- 0. Further-
more it is attracting inside the interval*, +o00). Thus we obtain a bifurcation from
no attractor(x < 0) to a unique stablperiod-1 attractorfor ;. > 0. This scenario is
shown in Fig3.3a.

Caselb
If a;, > 1 andar < —1 both L* and R* are unstable. Thus fgr > 0 only achaotic
attractor may exist (see Fity3b and Fig3.4a for examples). If a chaotic attractor ex-
ists the chaos imbust[10].
For most smooth chaotic systems a dense set of periodic windows for any range of
parameter values is obtained (for instance in the logistic map). For non-smooth sys-
tems by contrast parameter ranges are obtained, where a in neighborhood in parameter
space a unique chaotic attractor without any periodic attractors in that neighborhood
exists. The termobust chaosvas introducetifor this phenomenon ini[].
The parameter range for the existence of a stable chaotic attractor is bounded since no
point of an attractor can be located rightiof, where every point is mapped tex.
Therefore a stable attractor exists, as long as

(ap — 1)

6]t was argued in 0], that this type of chaos may be important in technical applications where a
reliable operation under chaos is required (even if a slight fluctuation of parameters are unavoidable).

(3.8)

arp > —
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Figure 3.4: Bifurcation diagrams of border collision bifurcations of m&p5. a) A special situation
of case lbwhere a four piece chaotic attractor is born at the bifurcation peintf 1.5,ar = —1.2).
b) An example otase 2(ar, = —0.2,ag = —0.9).

Inside this region a special parameter range exists for

ar
< . 3.9
v &9
where multiple piece chaotic attractors of skewed tent maps arise for0. The
discussion of these possible chaotic attractors is postponed to the following section in
the context of case 4 where the borders for an emergence of n-piece chaotic attractors
will be reviewed.

Caselc
In the parameter regiom;, > 1 andar < —ar/(ar, — 1) neither fory < 0 nor for
1 > 0 a stable attractor exists.

3.2.2 Border Crossing Bifurcations

In all regions of the parameter space that do not belong to the area define®i8 Eq.
an existing fixed point crosses the bordey ifs varied through zero and changes its
stability properties. The border crossing of fixed points may alternatively be inter-
preted as the existence of a pair of fixed points where onietiglly in the sense that
the branch to which it belongs does not exist where this fixed point is located. If
crosses zero the virtuality is interchanged between the two fixed points.

Case 2
If both

‘CLR‘ < 1and|CLL| <1

there is obviously a stable fixed point for ; < 0 andR* for > 0 (Eq.3.7). Thus
there is a unique stable period-1 attractor which changes its path-at, similar to
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a tangent bifurcation in smooth mapsalf anda i contain an opposite algebraic sign
the direction of the path will be also opposite to its former direction after the bifurca-
tion.

Case 3
The parameter region

0<ar <landar < —1

shows a variety of different border crossing bifurcations. ot 1 the map has a
stable fixed point at the left branch. But far> 0 the map becomes skewed tent

map with one segment expanding and one contracting. Due to its importance and
its rich dynamical behavior skewed tent maps have attained a considerable interest
[ ’ ’ ’ ]

The first result that was reported in4] and [30] using results fromq0] deals with

the existence and stability gferiodic orbitsin the skewed tent map family (with

arp < ar/(1+ag), ar < 0with respect to the symmetries and the stability resuB)(
reported above).

All stable period-n orbits are of the symbolic forfd0"~'}. The parameter regions
where stable periodic orbits of period > 2 appear are determined by the region
which ensures the existence of an period-n orbit, giveapyx —(1—a} ') /(a} 2 —

a?~!) and the curve, where the periaderbit looses its stability, i.eap > —a;("‘”.
Therewith the region where a stable period-n orbit exists is givénJ] by

Py(ar,ag): —a;y " <ar < ar(l —ag) (1 —a; ™). (3.10)

With a;, = 0.5 we obtain for instance a periad-attractor for—2"! > ap >
—(27~! —1). The two curves of the lower and upper boundary of this region intersect
in pointsO,, = (ar, ag), Which define the endpoints of the stability regions. This
endpoints are located on the < —1 branch of the hyperbolar = a; /(1 — 2ar)
where the first coordinate @}, is the root ofu} — 2a; + 1 = 0 in the interval(0.5, 1)

[74]. At the right hand side of this hyperbola the region given®y.() is an open and
nonempty set.

The second result on skewed tent-maps, that was found4ins[], is the order
of attractors in the parameter regions, where no stable periodic orbits exigtdH-
creases through the stability boundary®f ar = —ar/(ar — 1), a2n-piece chaotic
attractor emerges for alh > 2. This 2n-piece interval-circle is obtained by iterating
the interval( f>"(u), 1) under f, especially it contains the intervaf™ (i), f3"(11)).

If ar is further decreased the intervalg® (i), 1) and f™(u), f3"(1)) come in con-
tact and merge forming an-piece chaotic attractorThe bifurcation line where this

’Band-merging bifurcations are typical bifurcations for unimodal maps and are observed also in
smooth maps as for instance the logistic map. Nonetheless, in the piecewise linear map there is no
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Figure 3.5: Series of border collision bifurcations for the m&pgj in the parameter aréa< ay < 1,

ar < —1 (case 3. With a;, = 0.5. Different attractors of the skewed tent-maps appeay for0.

a)ar = 15.5,1.e(ar,ar) € Ps a period-1 to period-5 bifurcation occurs for= 0.

b)ar = 16.05, i.e (ar,ar) € C5,0 a period-1 to a 10-piece-chaotic attractor bifurcation occurs for
w=0..

C)ar =164 ,i.e(ar,ar) € C55 aperiod-1 to 5-piece-chaotic attractor bifurcation occurgfer 0.
d)ar = 164, i.e (ar,ar) € C5; a period-1 to one-piece-chaotic attractor bifurcation occurs for
w=0.

merging occurs, is given by:
ai(nfl)a% —ap+ap =0, (3.11)

Even this n-piece chaotic attractor undergoes a further bifurcation, where the n bands
merge and a 1-piece chaotic attractor is born. The bifurcation line was also obtained
in [74], given by:

al" Va% —ap+ay = 0. (3.12)

A special bifurcation scenario is connected with the period-2 case. Here attracting

chaotic interval cyclesf period2™ for all m € N appear if the parameters are below
the region of stable period-2 orbits. For the paramefersar) crossing(1l, —1) an
interval cycle of perio@* occurs fory, > 0. From this point onwards a inverse period

further internal structure inside the chaotic bands in contrast to smooth maps.



26 3 Border Collision Bifurcations

doubling cascade of interval cycles down to a one piece periodic attractor characterizes
the dynamic of skewed tent maps.

For this period doubling cascade of interval cycles ir][two universal scaling
constants are derived. can be defined according t8.(0) usinga,, = (ar ., ar,) at
the bifurcation points at any straight ling, = k(ar — 1) + 1 which passes through
(ar,ar) = (1,—1). It was proven that the limit exists arid= 2. For the scaling
in the state space the distance of the merging paiptst the bifurcation point were
considered and was defined, similar to3(2) by o = lim,, (1 — ) (1 — (z541))-
It appears that the state space scaling not obeys a power lawosineey, - 2™ with

()[02’\/5.

Thus in a piecewise linear map with one critical point of skewed tent map type the
following order of attractor bifurcations occurs:

(P1)- P2 > (C2m = C2m-1 > ... = C29 = CY)
>P3>(036>033>C[

= P4 > (Cdg = Cdy = C)) ...

= Pn > (Cngy, = Cny, = Ch) ...

where the capital letter symbolizes the nature of the attractor (periodic or chaotic),
the first superscript denotes the period of the parameter space region it belongs to and
the subscript for chaotic attractors denotes the number of chaotic intetfatsgans

a one piece chaotic attractor). All these attractors emerge, depending op, the
parameters in the border collision bifurcation point in the regions of case 3 and case
1b. See Fig.2.2for examples.

Case 4
For

—1<ar <0andar <0

every pointin L is mapped to R and vice versa. Thus all admissible orbits &ié pf

(n > 1) type. Therefore the dynamics is governed by the second iterate. This second
iterate has a stable fixed point@t= ar(u+ 1)/(1 — arag) for u > 0if agar < 1,

and an unstable saddle for> 0 anda;ar > 1.

Case4a
Thus we obtain for
—1<ar<0ar < —1landarar <1

aperiod doublingperiod-1 to period-2 border collision bifurcation. Note that the lin-
ear divergence of the period doubled orbit (Big) makes here the visible difference
to a period doubling bifurcation which is obtained in smooth maps.
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-1.0 -0.5 0.0 0.5 1.0

Figure 3.6: Period doubling border collision bifurcatiogse 5a) for the map 8.5 with af, =

—0.5,ag = —1.5. Note that the two branches of the period 2 orbit diverge linear from the bifurca-
tion point and hold a fixed direction thenceforwards. For the usual period doubling bifurcation the
diverging branches start perpendicular and the direction of the branches changes continuously behind
the bifurcation point.

Case4b
If

—1<ar<0,ar < —1landarar > 1

a bifurcation from period-1 to no attractor appears.

Case 6
Finally we note that for

ap < —1 andCZR < -1

no attractor for both: < 0 andy > 0 exists.

3.2.3 Border Callision Bifurcations in Continuous Two Dimensional Maps

Even in continuous piecewise smooth maps in two dimensions border collision bi-
furcations take place. Here the border between two segments is a one dimensional
manifold. Since this bifurcations were investigated in great detail in recent publica-
tions [7, 9, 84] here only a brief reference should be given, concerning the differences

to the one dimensional case and some new phenomena due to the increased dimension
of the maps.

A suitable normal form of piecewise linear maps in two dimensions according to [
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is given by:

oL () () e

E fR(Qf):(ZZ é)(z)Jru(é) for >0

The fixed points of the left and right branches, which may be virtually ( S&c?
are given by:

* X _hLM
L = 3.14
(1_aL+hL71_aL+hL’) ( )

. p —hprp
R = 3.15
(1—CLR+hR’1—CLR+hR7) ( )

Their stability is governed by the eigenvalues, = 3(k + va? — 4h). Thus, in two
dimensional maps even complex eigenvalues are possible, indicapga fixed
point, where the rotation is clockwise with> 0 and counterclockwise otherwise.
Since thesymmetrywith respect tai;,, ay, u exists for the two dimensional case too,
the following considerations are restricted to parametgers. ag.

At first the bifurcations fol0 < |k r| < 1 are considered. As long as all eigenval-
ues of the fixed points are real numbers, in principal the same bifurcations as in the
1D case are obtained. Especially therder collision pair bifurcationsappear in a
similar way, only the conditions far;, z have to be slightly changed (by replacihg

by 1 + hz r ) and one has also to consider the value$ pf; to obtain the stability
threshold for chaotic attractors (i.e. the line that separates 1b and 1c thhZsge

[7]). Even here the chaotic attractors ambust

As long as eithe2\/h; < a;, < 1+ hy or2y/hg < ar < 1+ hg, or bothay,  are

of equal sign anda, z| < 24/hrr0or0 > 2\/hyr > arr > 1+ hy r theborder
crossingof fixed points leads to unique period 1 orbits forah# 0 (similar to case 2

in Sec3.2.2 despite of the fact that the fixed points may be attracting in a spiral way.
A rather strange situation, that is not possible in one dimensional maps, occurs if the
two fixed pointsL*, R* arespiral attractors of opposite rotationr aspiral attractor

for one branch is combinealith a flip saddldor the other branch (despite of the "vir-
tuality” of one of the fixed points). In this case a large number of coexisting attractors
may occur, which leads tmultiple attractor bifurcation$[47] if 1. crosses zero.

We discuss the possible cases in more detail:

Case m1: multiple attractors both for < 0 and . > 0:

8]t was argued in43] that such multiple attractor bifurcations are a source of an extreme sensitivity
to noise, since for a variation of the bifurcation parameter through its critical value in the presence of
noise the new orbit of the system may be unpredictable by any means.
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If 0 < ar < 2vhr, —2vVhr < ap <00r0 < ag < 2vhgr, —2vhr, < ar, < 0two

spiral attractors with opposite sense of rotation occur. -Foy/'h;, < a; < 2v/hy,
—2vhr > ar > —(1 + hg) a spiral attractor and a flip attractor occur. In this case
there are multiple attractors both for< 0 andu > 0 existing, one of them is the
fixed pointL* or R*.

Case m2: multiple attractors fqr < 0:

If ar < —(1+ hg) and—2v/hy < ay < 2v/h;, then there can be multiple attractors

for u < 0. Depending om;, the border collision bifurcation at = 0 is of type

multiple attractors to no attractor

(—2\/5 <ap <0 andl — arapr + hr + hR + hlhR < 0),

multiple attractors to period-2

(—2vhr < ap <0andl —apagr + hy + hg + hjhr > 0), or

multiple attractors to chaotic or periodic attractors

(0 <arp < 2\/@)

In the latter case the occuring attractors for- 0 are the two dimensional counter-
parts of the skewed tent-map families attractors discussed as caS8e€23%in

If both —1 < h; r < 0 there are no imaginary eigenvalues for the fixed points. There-
fore the above discussed multiple attractor phenomenon does not occur and only the
border collision types which are known from one dimensional maps are possible. For
further details see/| 9].

A special situation is given if either;, = 0 or hy = 0. Then the map iswo dimen-
sional at one side, but one dimensional at the other sidiae border. This situation

Is studied in some extend i4]. The authors end up with a collection of catalogues
for twenty distinguishable regions in parameter space with different border collision
bifurcations forh;, > 1, hg = 0 and another twenty regions for< h;, < 1,hg =0

as well as twelve regions forl < hy, < 0, hr = 0. In the cases witl:| > 1 inside

the regions with basically the same behavior, i.e. the same type of fixed points for
1 < 0andp > 0 occurs, depending on the parameters chaotic and periodic attractors.
Such chaotic attractors can, due to the special nature of piecewise smooth maps be
organized around repellers and need not to be associated with saddle type fixed points
[84].

This brief review may already show, that the class of border collision bifurcations is
even for the case of only two segments in a continuous map extremely rich and there
may be new phenomena in dimensions larger than two. To our knowledge no system-
atic investigation of such higher dimensional piecewise linear maps was done up to
NOow.
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3.3 Bifurcations of Piecewise Linear Maps with a Discontinuity

In the following we give an introduction to phenomena associated with two segment
piecewise linear maps containing a discontinuity or, in other words, a jump. Since
even a discontinuity point between two segments can be seen as a border the bifurca-
tion of such discontinuous maps are also summarized under thétedar collision
bifurcations As a suitable normal form we use the following map, which was pro-
posed recently inl[09).

) oagx, +p for =z, <0
Tl = { arxy, — (Il —p) for z, >0 (3.16)

This map consist of two linear segments, denoted by L and R with slopasday,
respectively and a discontinuity at= 0. The height of the discontinuous jump at

x = 01is (. We consider the parameterasbifurcation parameterHence wenormal-

izel byl =1forl|ar| < 1,|ag| < 1. Foralll > 0 in this cases a linear scaling for
attractors and periodic orbits far# 0 applies. For slopeg z| > 1 a normalization

of the discontinuous jump to one is not sufficient. However, even there we assume
[ = 1 since a choice has to be made.

As for the continuous case discussed in the foregoing Seta symmetryin the
parameter space with respectdp, ar, u exists. If a certain orbit occurs farg <
ar, p the same orbit is an orbit of, = ag, af; = ar andy’ = (1 — p). Therefore
we shall consider in the following the attractors and bifurcations of rai® in the
parameter range; > ag.

3.3.1 General Properties of Periodic Orbits

If |az] < 1 and|ag| < 1 the jump impedes the existence of fixed points in the map
(3.1 if 0 < p < 1. Thus we conclude that a periodic orbit has to be of period 2
or larger. Every periodic orbit that exists is also stable siaf@dz| < 1 for all z.

We therefore have to find the admissible periodic orbits with respeet;ta.f, ;) to
characterize the dynamics of the piecewise linear map with one discontinuity and two
segments. As mentioned in(9 the disposition of periodic orbits with respect;to
obeys arasymmetric devil’s staircaséhat may bencompleten some cases.

The common feature of map3.(6 with 0 < a; < 1is achannelformed by the left
segment of the map and the diagongl,; = z, (see Fig3.12. Once injected from

the right into the channel, a trajectory spends a number of iterations inside until it can
leave the channel through tideaining interval Dy, : (z,, € (f;'(0),0)). The injec-

tion takes place inside anjection interval/;. If 1 > ar > 0 even the right segment
forms a similar channel.

The value of, determines the width of the channel. A change in the channel width by
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Figure 3.7: Overview of theay,ar parameter space of piecewise linear maps with two segments
and a discontinuity Eq3(16), showing regions with the same qualitative bifurcation phenomena. The
labeling of the regions are the cases that appear in the text. The primed numbers show regions with
the same bifurcation phenomena for an inverse border crossing due to the symmetry indicated by the
dashed line.

changingu can result inbifurcationsif the number of iterations inside the channel is
altered.

Now, in principle the conditions for the existence of a periodic orbit with a given
symbolic encoding J;} can be investigated by direct analytic calculus since an orbit
has to fulfill the equation

fro..ofp(r) =2 (3.17)

with the left hand side ordered according to the symbolic encoding of the orbit and
x1 is the leftmost point of the orbit. Because this equation is linear with respect to
x1 its solution is unique. A number of restrictions concerning the pdint$ of the

orbit are necessary. Assumed, we have a block @onsecutivefz’s followed byn
consecutivef,’s, i.e. an orbit of(0"1™) type. Then the set of inequalities

7N wn) <0< fR(aen), SRR () <0< fRf7(x)

must be fullfilled. A similar set can be used for every, even more complicated periodic
orbit. This set of inequalities gives a sufficient condition for the existence of a periodic
orbit of the desired form, which can be written as:

Mmin({Ji}aaL)aR) <p< /J“ma:c({Ji}vaLaaR)-
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Ln+1

Figure 3.8: Example of a piecewise linear map E3{6 with a discontinuity atc = 0. Here the
situation0 < ar < 1 and0 < agr < 1 is depicted, which corresponds t¢ase 1in Fig. 3.7. The
injection intervall;, and the draining intervaD, of the channel formed by the left segment of the map
are indicated as well as the bifurcation paramgter

However, the stability of this orbit has to be considered separately. For an unique
period-2 orbit{10} this method leads to

ary, 1
<< . 3.18
1+a, "> 1¥an (3.18)

This condition for a period-2 holds for all,, ag. For|az|,|ar| < 1 the stability of
the period-2 orbit is ensured and the interval givendy @ includes alwayg = 1/2.
Now we shall consider the appearance of periodic orbits with respédet.taz) in
more detail.

3.3.2 Period Adding Scenarios
Case |
In the parameter region
1>ap >ar >0

the most rich variety of periodic orbits can be obtained. At first we consider periodic
orbits with reinjection number N=1.e periodn > 2 orbits of the type{1"~'0} and
{10"~'}. The condition for a{1"~'0} period-@ + 1) orbit (winding numbenr =

n — 1/n) was derived in 09 by:

1—a%?+arat (1 —a 1—at
5—1 = 5—2( J <p< .
l—dy  +apdy “(1 —ag)

) (3.19)
1—a%
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Figure 3.9: Example of period adding scenarios of map Bd.Q in thecase 1 a) shows the bifur-
cation diagram fod < p < 1 anday = 0.9,ar = 0.7 and b) the corresponding devil’s staircase of
winding numbers defined according to E34). c), and d) depicts the period adding scenario and the
winding numbers, respectively, fag, = 0.8,ar = 0.2. Note that fory = 0.5 in all cases a period-2
(10) orbit exists.

In a similar way one obtains for 10"} period-{ + 1) orbit (winding numbenr =
1/n+1):
a;'(1—ar) GZ_Q(l —ag)

< u< .
1—al} H 1—a} ' +aga? (1 —ay)

(3.20)

From 3.19 and (.20 the following order of intervals for any fixe@, ar) is found:

Pomin (10" ) < fmae (10" ) < 110 (10) < pimae (10™) < oo < iz (102) < pimin (10) <
Mmax(lo) < ,U/mzn(120> <. < /’Lmzn(lno) < ,U/maaz(lno) < ﬂmin(17l+10) < Mmaw(17l+10)

Thus, forfimme. (10"1) < @ < i, (10") there is non such that .20 can be full-
filled, therefore orbits of a more complicated structure must exist in these "gaps” be-
tween the{10™} orbits.

Inbetween these gaps the draining interval contains subsets ofhath andf;+* (1,).

The periodic orbits arising if,,,..(10") < g < fmin(10"T1) hence are bund only
from subsequences ¢f0") and(10"*!) type. By a deeper study it is possible to ob-
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Figure 3.10: Bifurcation diagram of the period increment scenario in the non genericagase
1.0, aR = 0.0.

tain aFarey treelike ordering of the existing periodic orbits. This was done for a spe-
cial case in 9. However, the structure of this symbolic period adding tree crucially
depends ol ar. Without going into deeper analysis we briefly remark, that not for
every reinjection number a orbit exists and basically the symbolic period adding tree is
finite. However, higher and higher periodic orbits are obtained in smaller and smaller
intervals and and therefore the periodicity varies non- monotonicEjg.

3.3.3 Period Increment Scenarios

Case ll
In the case where the right segment has a slope of zero or negative slope, i.e.

—1l<ar<0and0<ap <1

the situation is lucid compared to the previous considerations.

To begin with, we shall consider thepecial caseizy = 0, a;, > 0. Here the
injection interval shrinks to one point given hy= ;. — 1. Obviously all existing
orbits, even fora;, > 1 are superstable since the contraction of the right segment is
infinite, and all are of the symbolic forii0™). Using @.20 it can be determined that
Pmaz(10™) = fii,(107+1) @and thus a period-n orbit occdri:

ap'(1—ag) ap(l —ay)

. 3.21
1—an 1—ap +1 (3.21)

Here, the period of the system will be increased at every bifurcation point by one
and its order is represented by an arithmetical series. Due to this fact and to make a
difference to the period adding scenario discussed above it was suggesiga icg]l

this situation gperiod increment scenarioFor0 < a; < 1 this period increment is

- . . . . 1
SForar = 0, a;, = 1 a simple geometrical consideration ylelelnsﬁ—1 < < 3
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Figure 3.11: Bifurcation diagram (a) and corresponding winding numbers (b) for a period increment
scenario ¢ase 1). The parameterg;, = —0.8,ag = 0.2 are used.

complete, i.e. alh € N appear foru — 0. Thus we can compute scaling constants
for this scenario using3(1) and @.2). Foré we derive:

5 = lim Mminn—1 — Hminn — lim ar — CZL . (322)
n=00 Uminn — Hmin,n+1 n—oo ] — ay
a — D +2u—-1 ) -1 _ n

For0 > ar > —1 (and0 < a; < 1) even no consecutivé’s in a symbolic orbit

are possible, because every point in L is mapped to R within the next iteration. By
application of the above mentioned method the following condition for the existence
of an exclusive{10™} orbit is obtained [09:

at(l—ar) aﬁ’l(l —ar)

<pu<
1—a'™ +atar(l —ay) . 1—al}

(3.24)

The borders for the uniqué0™ orbit are, if we noteu’,,.(n) < u* < p..(n),
prin(n) = fimaz(n 4+ 1) @andp, .. (n) = pmin(n — 1). This relation is caused by the
negative slope of the right segment, which interchanges the upper and lower boundary
of the draining intervaD;, while it is mapped byf, to the injection interval ;. More-

over, the existence of a stabj@0"} orbit is determined again by3(20). Thus inside

the intervaly? . (n + 1) < p < p,;,(n) both stable{10"*1} and{10"} periodic or-

bits arecoexisting Orbits with injection numberd/ > 1 are not obtained in this case.

As a consequence one obtainsiacomplete devil's staircaseontaining only wind-

ing numbers that result from orbifg 0"} where intervals of unique period orbits

are connected by intervals where the two neighboring periodic orbits are interleaving

(see Fig3.1]).
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Case llI
If both the slope of the right and the left segment are negative and contracting

(-1 <ar,<0and—1 < ap < 0),

the only possible stable orbit is the period-®} orbit.

Case lll a
This stable period-2 orbit even remains stable fopal O foragr < —1,0 > ap > —1
as long asip > a; .

Caselllb
If, on the other hand, < agl (with 0 > a;, > —1) no stable attractor still exist for
all .

3.3.4 Discontinuous Maps with Slopes Larger than One

Now we shall consider the dynamics of the m&plQ) if |az| > 1 or lag| > 1. If

the slope of the left segment is larger than one, for eyeay unstable fixed point at
the left branch exists, anddfz > 1 also an unstable fixed point on the right branch is
found. These fixed points are given by:

L= (u)/(1 —ar) and R = (p=1)(1 - ag) (3.25)

For the normalized = 1 in Eq.(3.16). Every trajectory, that contains a point located
left of L* diverges towards-oco and every trajectory with a point right ét* diverges
towardsoo (given thatay, ar > 1).

Case IV
For

ar >1land0 < ap <1

the equationsi.19 and @.20) for the existence of stable periodic orbits remain true as
long as the associated periodic orbit exists. &0r> 1 the region of existence of any
periodic orbit shrinks with increasing, up to the moment wherg,,;,,(n) = fimaz(n).

This point is reached with? = ay' for {10} orbits and fora;' = a% for {170}
orbits, i.e. just in the point, where the periodic orbit also looses its stability. Even for
more complicated periodic orbits, occuring in the period adding scenario a condition
of this form can be derived since the devil’'s staircase obeys a strictly increasing order
of occurrence for the winding numbers with increasjng Thus for everya;,ar a
critical winding number, = ¢/(c + 1) with ¢ = In(ag)/|In(ay)| and a criticaly,
exists. Ify > p. aperiod adding scenari@s incase loccurs, leading to stable
periodic orbits. Fop: < pu. all periodic orbits are unstable. Thehaotic attractors
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that may consist of several intervals occur. The stable chaotic attractor disappears if
f-(0T) < L*i.e.

CLL—l

0 < (3.26)

ary,
Case V
A similar situation arises if

ar >1 andaR < 0.

In this case a period increment scenario with regions of coexigtitig} and{10"+!}

orbits arises as in case Il. The regions of coexisting orbits expand for incregsing

If a periodic orbit looses its stability} = az—1 chaotic orbits appear. But in regions
where a second periodic attractor coexists, that has, due to an other periodicity not
lost its stability the chaotic attractor eventually is not obtained. If all coexisting period
orbits in a given parameter region are unstable chaotic attractors are formed. Even
here interval attractors may occur. This chaotic orbits clearly loose their stability if

fr(p) < L% ie
arp — 1
1 -+ (CLL — 1)(CLR + 1).

I (3.27)

For
ar < 2(1—CLL)/(CLL—1) (328)

the condition 8.27) requires values oft > 1 to obtain a stable chaotic orbit. In
consequence no stable chaotic attractor is possible for a &gaf (vith jump size

of one. For jumps larger than one this border becomes more and more restrictive,
whereas this condition resemblesg) for a vanishing jump at = 0. The condition

for the disappearance of periodic orbits is given by the inequalit¥ L* wherex;

Is the leftmost point of the periodic orbit.

Because of the coexistence of period-n and period-(n+1) orbits in the associated
parameters regions two coexisting basins occur, where one is the basin of a stable
periodic orbit of period n and the other is the basin of a diverging solution.

Case VI
Now we shall investigate the case

0<ar <landar < —1.

At first the appearance of periodic orbits should be considered. Here again the con-
dition (3.24) with respect tqu for the existence of an unique 0"} orbit applies. As

one easily obtains the parameter interval for such a unique period-n orbit shrinks with
decreasin@gz. On the other hand the intervals where two of this orbits coexist grow
with decreasing:z and for smaller values this intervals came in contact and create
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Figure 3.12: Bifurcation diagram and winding numbers for m&p1© with a;, = 0.8,ar = —3.0,
i.e.case VI

intervals where three, or even more periodic orbits can coexist. Inside such intervals
orbits of {10"},{10"'}, ... are found.

However, every periodic orbit gfL0" } type becomes unstabledf > |ap
Let N be the smallest integer witN > —In |ag|/In|a;|. Then every periodic orbit
{10} with n < N is unstable, and the critical. is given by the largest for which
the stablel0" orbit exists, i.e.:

o — aY (1 —ap)
© 1—aVardY (1 —ap)

1|.

(3.29)

For .. > pu. chaotic attractors appear. Those may be consisting of several intervals.

Case VI
For

arp > 1andaR> 1

we obtain a expanding shift map with generally two different slopes. This map has a
stable chaotic attractor jf < R* andu — [ > L* i.e.:

CLL—l

<p<t. (3.30)
ar, ar

This requires:, /(a;, — 1) > ag to obtain a chaotic attractor.
Case VIII
Finally we remark, that for
—1>ayg and—1 > aR

no stable attractor for the m&pl6exists.
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Attractors of piecewise linear one dimensional maps with one discontinuity and
a positive jump

| ar, ar attractor |

lar| < 1,lag| <1 two coexisting stable fixed points
one in L, attracting in L and one in R, attracting in|R

ar, >1,lag| <1 one stable fixed pointin R
attracting in R

lap| <1,ar < -1 one stable fixed point in L
everywhere attracting

ar, >1,agp > 1 no stable attractor

ap < —1,ar < -1 chaotic attractor
for (1 —ar)(ar) < p < —1/ag. (Shift map)

Table 3.1: Overview of fixed points and attractors in piecewise linear one dimensional maps with two
segments (E§.16). Basically forl = —1, —1 < u < 0 no bifurcations with changing take place.

3.3.5 Positive Jump at the Discontinuity

For the sake of completeness we have summarized the behavior of th& @ ddr

-1 < pu < 0,0l = —1intable3.1 In this case the map jumps at= 0 from a

value smaller than zero towards a positive one. For the the map in a large fraction of
the (@, ar) parameter space simply stable fixed points exists, only for bpth —1
andar < 1 a Bernoulli type shift map as in case VIl is obtained, but now with two
negatively sloped segments.

3.4 Summary

We have demonstrated, that the bifurcations of piecewise linear maps in one dimen-
sion are very distinct to the well known bifurcations of smooth one dimensional maps
(as the logistic map, for instance). The bifurcations that are caused by non-smoothness
are summarized under the notiborder collision bifurcations Basically the type of
bifurcation depends on the slopes of linear segments. For continuous piecewise linear
maps with two segments five regions of qualitative distinct bifurcation behavior are
found with respect to a symmetry regarding the interchange of slopes3(§edf
additional a discontinuity in the map is considered, further eight regions of different



40 3 Border Collision Bifurcations

bifurcation behavior are identified (S8c9). The cases, that appear at the borders of
the above discussed regions in parameter space are not included here.

Whereas most of the results we have reviewed here appeared in the literature at dis-
tinct places in various contexts a comprehensive overview of this class of bifurcations
however, is to our knowledge not available yet.

This chapter therefore provides a discussion of such bifurcations that play a major
rule in the next chapters of this thesis. The nature of hybrid systems implies non-
smooth flows. Border collision bifurcations are therefore generic in hybrid systems.
A research on hybrid systems or other non-smooth dynamical systems may stimulate
investigations of border collision bifurcations in dimensions larger than one. Whereas
the bifurcations of continuous piecewise linear maps in two dimensions are well un-
derstood meanwhile (see Se€..3, a systematic investigation of discontinuous piece-
wise linear two dimensional maps was not carried out yet, for instance.

The hybrid systems consisting of tanks and servers, that switch between this tanks are
model systemior the appearance of border collision bifurcations. This rich class of
bifurcations basically structures the variety of dynamical behaviors in this systems.
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In this chapter the dynamics of hybrid systems consistingeofers that switch be-
tween tanksccording to some logical rules is investigated. In Se2we introduce
two examples of such systems, thwitched arrivaland switched servesystem in-
cluding maximum capacities of the tanks.The frameworlstedinge billiardsis de-
rived and limiting cases for the dynamics are considered. These limiting cases clarify
the close relation between these two models. In&S&the dynamicof systems with
three thanks in between the limiting cases will be considered in some detail.

In the second part of this chapter (Skd) related models are briefly discussed. This
includes modified switching rules (Séct.1), switching thresholds that are applied to
only one tank (Sed.4.2 and a model that involves two switching servers and has a
hybrid Poincag map (Seé..4.3. Finally, in Sec.4.5we draw some conclusions.

4.1 Switching Between Tanks

In the present work we investigate a certain class of hybrid systems consisting of ba-
sic units, calledanksin the following, that are driven by discrete events. Although
the two tank system (see Sed..]) is frequently used as standard example in hybrid
systems literature, not much is known up to now about the dynamics of such systems,
especially if the systems contain more than two tanks and additional switching thresh-
olds. Hence we try to fill this gap and end up with a number of dynamic phenomena
(as, for instance, a variety of border collision bifurcations) in these remarkably simple
systems.

In the following the tankg = 1, ..., n have maximum capacitids,i = 1,2,...,n
and can be continuously filled with fluid at ratésand emptied with rateg;. The
fluid contentz; of each tank is controlled by switching the inflow or outflow according
to switching rules if a tank produces a discrete point event, which means for instance
itis full (z; = b;) or empty. The complete state in state space for connected systems
of the described type contains both, continuous variablesd a discrete (symbolic)
variableq labeling the discrete state of the system (i.e., the on or off state of inflows
or outflows). At the discrete event times the complete state of the system changes

[x(tm)vQ(tm)] = [l’(tm),q(t%)] (wWith 7 = (21, 2, ..., T,,)).
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Due to their behavior that provides a uniform motion inside simplexes if projected
in the continuous part of the state space the eidetic stramge billiardwas created
[97] to label these systems. As we will see the systems have not much in common
with ordinary billiard systems. However, such systems can be studied by means of
Poincaé mappings. Chaos can be induced or avoided through different shapes of the
boundary.

Almost all previous work 15, 92, 98, 59, 63, 62, 87] emphasized the occurrence of
switched tank systems in manufacturing systems (see Ef@pa discussion). First
models of the described type have been analyzed by Ghade[25]. They studied
two discretely controlled variable systems which occur as limiting cases for the later
discussed three tank switched server and three tank switched arrival system, respec-
tively. The first system was shown to be periodic in contrast to the second, which was
shown to be chaotic. A three tank switched arrival system with equal rates for all tanks
(A12.3 = 1/3) and upper thresholds was studiedi][by a graphical method, but no
deeper analysis of the dynamics was done.%k) witched server systems under so
called corridor policies were considered and the possibility of chaotic behavior for
these systems was concluded. The work of Clease. was extended by Séinmann
and Hoffmann $2] who derived the invariant measure for theank switched arrival
system with unrestricted tank capacities. Recently the switched arrival system with-
out upper thresholds was studied 8] 67] in the context of discrete material flows
and used in{7] to study the interaction of parallel layers of switched arrival systems,
coupled through production losses as a model of manufacturing systems.

4.2 Switched Arrival and Switched Server Systems

Consider a system consisting @fparallel tanks, and one server as shown in£&ig.

At a time, the server can be attached to one tank, only. This server has either to empty
all tanks (Fig.4.1a), in which case they are assumed to fill themselves continuously.
Or the tanks, which are all emptied continuously, will be filled by a single switching
server (Fig.4.1b). We call, according toZ5], the first situation aswitched server
systemand the second, where the input to parallel tanks is delivered by a single server,
aswitched arrival system

The discrete (symbolic) variabtglabels the discrete state of the system (i.e., the
position of the switching server).
The switching policies under consideration are the following. For the switched server
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b)

Figure 4.1: Scheme of thes.-tank switched server system (a) and thtank switched arrival system.

system:

If a tank is filled to its maximum the server instantaneously starts 4.1)
to serve this tank. '

However if the currently served tank becomes empty before the first rule applies,
a deterministic function of the current state should be used to determine the next tank
that goes in service. We point out one possible rule:

Serve the next tank in cyclic order. 4.2)

For the switched arrival system the policy is inverse: A tank will be instantaneously
served if it becomes empty, and the second switching rule has to be applied if a tank
is full before another becomes empty.

If more than one tank is empty or filled in the same moment, we require that the system
stops.These events correspond either to a mapping on unstable periodic orbits in the
Poincaé maps (Sed.2.1and Secl.3) or to discontinuity points of the Poindamap.

If the stop points are critical points (due to the discontinuity) their basin of attraction
consists only of the points itself and is therefore of zero measure. If they are unstable
fixed points their basin of attraction contains all their preimages. This set is of zero
measure with respect to the Lebesgue measure, but can form a dense set. These orbits
are, in other words, not typical for the considered hybrid dynamical systems.

If the total inflow into the switched tank systems is smaller or greater than the
total outflow the systems will either empty in a finite time, or the total content of the
systems grows (up to infinity if there are no upper thresholds) until all tanks reach
their upper thresholds simultaneously. In both ca&sso trajectorie®ccur.

Hence we investigate the speciba{anced dynamical regime, where the total inflow
into the system meets the total outflow. To avoid overflow or complete draining of all
tanks we require thatlaalance conditions fullfilled.
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The balance condition for the switched server system isXhat, = T and for the
switched arrival system that , u; = A. Furthermore, the balance condition implies
(here) that the total content of the system is constant (fixed by the initial conditions).
Without loss of generality we normalize therefafe=1=>. ;andA =1=> " 1,
and), z; = 1. For simplicity we choose here the same maximum capadity all
tanks,b; = b. As long as the system stays in the discrete sjdiee., the server is
attached to tank q) the equation of motion fois simply:

(4.3)

T =1y

wherev, = X — ¢, for the switched server system, angd= e, — 1 for the switched ar-
rival system. Here: = (4, za, ..., 2,,) is the continuous state vectdw,|¢ = 1,...,n}
is the set of velocity vectorsy = (A1, Ag, ..., \n), 0 = (p1, ft2, .., fty,) @re constant
vectors and, is theq'th canonical unit vector ifR".
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Figure 4.2: Sample trajectory of a three tank switched arrival system withs = 1/3 andb = 1.(a)
depicts a trajectory in the continuous part of the state space. The starting point is markey doyd(
the end with ). Samples of the time series ©f(t) andq(t) are given in b).



4.2 Switched Arrival and Switched Server Systems 45

4.2.1 Strange Billiards and their Poincage Maps

The evolution of the system insid®” reveals the structure of a strange billiard (see
Fig.4.2). The current state moves uniformly and linearly inside the bounded region
Sib) = {z € R*> 2, = 1,0 < x; < byfori = 1,...,n}. The evolution
changes according to the switching rules if the continuous stdt#s the bound-

ary 05’ (b) of Sx(b). At this time instantt,, the full state of the system changes
[(tm), q(tm)] — [x(tm),q(t})] and a new velocity vector is selected from the set
{(v)lg=1,...n}.

This can be interpreted as a strange reflection at the boundary. The balance condition
implies that the allowed, span a hyperplane @".

But in contrast to ordinary physical billiards, which are invertible Hamiltonian sys-
tems, these systems are not invertible. Furthermore, the angle of incidence in general
does not equal the angle of reflection.

As ordinary billiards the systems can be studied by mearmwfcae mappings
of the boundary onto itself. These Poineanappings sample, in other words, the
systems continuous state at the switching times.

Consider the PoincarmapG : 45 — 0S¢. For the switched arrival as well as for
the switched server system two successive hits of the boundaty, @tdt,,,,) are
determined uniquely by(¢,,) and we can formally write

T(tmg1) = G(x(tm)) = x(tm) + v,At, (4.4)

whereAt,, = t,,11 — by, IS Aty, = min([zg(ty,)/(1 — A)]; [(b — zi(t)) [ Ai]izg) fOr
the switched server system and,, = min([(b — x,(tm))/(1 — pg)]; [xi(tm)/ 1ilizq)
for the switched arrival system.

4.2.2 Limiting Cases

For the normalized switched systems (with> 2) two limit cases with respect to
the shape of; exist. Forb = 1, S is the usuah-simplex embedded iR given
asS, = Sib=1)={z € R >,z = 1,0 < x; < 1;fori = 1,...,n}. If
b=1/(n—1), S is a geometrically similar regular-simplex which is now smaller
and inverted, given as, = S:(b = 1/(n — 1)) = {x € R"|>,; = 1,0 < x; <
1/(n—1); fori =1,...,n}. Figure4.3shows an illustration of these two limit cases
forn = 3.

Now we shall examine the properties Gfon the boundarie§S,, and 6S,.. For the
switched server system @, it was shown 5] that G is everywhere contracting. In
contrast, for the switched arrival system §nthe Poinca® mapG is chaotic and the
invariant measure can be derived by constructing the Frobenius-Perron operator. The
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piecewise constant probability measure invariant under G is given by

P (Seimnn) = g1~ ) 45)

with d = >, (1 — ;) ands,,—0, = {z € R"z; = 0,z € S,} denotes the

i'th face of S, (65, = U, 5.,—0) [97]. Moreover, the generating partition of the
Poincaé map is given by sub-simplexes exactly corresponding to the discrete states
of the hybrid system.Fa$,, choose the transformations

€q = nil(ﬂ_eq)
and

i=(n—1)"' -

A=(n—1)"I- p)

with T = " e,. This constitutes a complete orthonormal system (with mirrored
handedness) where the equation of motion and the P&@&map G for the switched
server system off,, are (up to the scaling factay (n—1)) just the ones of the switched
arrival system orf,, and vice versa.

Forb < 1/(n — 1) the system dynamics is the same asifer 1/(n — 1), restricted to

a smaller and smaller n-simplex upite= 1/n where the simplex vanishes.

Figure 4.3: lllustration of the continuous part of the state space embedd@&#.in(a) The two 3-
simplexesS; (green) andS; (red) that correspond to the limiting cades= 1 andb = 1/2, respec-
tively. (b) Contracting and expanding properties of one and the same velocity vectorSpside Ss,
respectively. The green edge®f (corresponding t@,.,—o.3) is mapped unders to a shorter segment

at the bottom of5;, whereas the red segment of the top edgé-pfsubset of5,,—1/2,3) is expanded
by the same flow.
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Figure 4.4: Sample trajectories and Poinéanaps of a three tank switched server model, filling rates
A1 = 0.3, Ao = 0.4, A5 = 0.3. The upper threshold is varied: The first row shows trajectories for a)
b=1.0,b)b=0.62and c)b = 0.5.

The lower row depicts the Poiné@maps of the system. The main segments (corresponding to faces
of S3) are indicated by dashed line(n) = X(n + 1) is shown by a dot-dashed line. a) Every-
where contracting Poincamap with 2 discontinuities fdr = 1.0 where only switchings at the lower
threshold take place. )= 0.7, ¢c) b = 0.6 d) Bernoulli type Poinca map forb = 0.5 where only
switchings at the upper threshold take place.

4.3 Dynamics and Bifurcations

The dynamics of strange billiards depends besides the configuration ahaititg:
parameters also on the shape of the boundary, determinédlhbythe following we
shall discuss the dynamics with respect t@s bifurcation parameter. We restrict our
analysis ton = 3 and consider the switched server system. Applying the results of
Sec4.2.2the transfer to the switched arrival system is straightforward.

4.3.1 Properties of Poincaé Maps

For three tanks the dynamics is restrictedtowhich lies on a two dimensional man-
ifold, and is generally a 6-simplex. The boundaty; is one dimensional. After
suitable changes of coordinatés ( 055 — [0,1];2z — X) and rescaling of the pa-
rameters the resulting Poinéamaps are piecewise linear maps of the unit interval
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onto itself (Fig.4.4). This normalized Poincarmaps are given in analytical form in
tableA.1(see Appendix A). By definition all branches of the Poirgcarap are right-
continuous ang is a function ofX.

Forb = 1 (whereS; = Ss is a triangle (see Figt.3a) we obtain an everywhere
contracting piecewise linear map with three different branches and three discontinuity
points (Fig.4.4d). Forb = 1/2 a Bernoulli type map with six segments of constant
slope and two discontinuities arises (Higdf). The branches are given by the trans-
formed coordinates of the vertices$f and their pre-images afb;. For the switched
server systems in between the limit cabes 1 andb = 1/2 we obtain a parameter de-
pendent morphing between an everywhere contracting map and a Bernoulli type map
(Fig. 4.4e). The mechanism, typical for strange billiards, is the expansion of linear
branches and the creation of new branches of the map with decréasing

In general, the maps have 6 main segments, associated with the 6 faggsdef

noted ass,,—o, Szy—b, Szo=0, Szy=b, Szs=0; Szy=p IN thiS sequence. Each of the 6 seg-
ments possesses a number of sub segmefup to three sub segments for._, and

up to two fors,,—o ), where the slope of the Poinéamap is constant. Whereas
the exact slopea(g) with a < 0 everywhere) is defined by\;|: = 1,2,3}, some
general properties depend only on the main segments (facg9 & which the sub
segment maps. We denote the possibilities for the segments: A segment belonging to
G(Sz;=b — Su;—0) OF g(Suz,—0 — Su,—p) hasa = —1, providing interval exchanges. A
segmenty(s,,—» — s.,—) hasa < —1 and segmentg(s,,—o — s.,—0) contribute
contracting branches:(> —1). For segmentg(s,,—o — s.,-5) the slope is given

by a = —()\;/;) and the associated branches are contracting, neutrally or expanding
depending or{)\;} . Thus, for the strange billiard expanding properties are closely
related to faces whetg = b.

The discontinuities of the map are given by the verti€es/s.,—, Szy—0/Sz1=b
ands,,—o/s.,—- By construction a further discontinuity at the pre-image of the point
where we sliced S3, (i.e. the vertexs,,—y/s:,—0 aNds,,—p/S.,—p fOr b = 0.5) is ob-
tained. Itis obvious that not all branches are present fér Moreover, the properties
of some branches depend §i;}. Thereforedifferent types of mapsonnected with
different admissible orbits specify the dynamics for differnthis is crucial for the
occurrence of chaotic behavior. A chaotic attractor is governed by more local expan-
sion than contraction during its evolution. Therefore chaotic behavior is only possible
if branches with expanding properties exist and are visited sufficiently often. A sim-
ple example for the creation of expanding branches and the associated change of the
dynamics is depicted in Figt.5a. Here with\; = 1/3 the only expanding segments
9(8z,=b — S2,—5) appear simultaneously fér < 2/3 (which can be derived from
simple geometrical arguments) and in this parameter region also chaotic behavior is
obtained.
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Figure 4.5: Bifurcation diagrams for three tank switched server models showing the normalized bound-
ary coordinateX vs. maximum tank capacity The main segments are indicated by dashed lines.

a) filling ratesh; = Ay = A3 = 1/3.
b) fillingrates X\, = 0.3, Ay = 0.4,
c) fillingrates A\; =0.49, Xy =0.11,
d) fillingrates Ay =0.45, Xy =0.15,
e) fillingrates Ay =0.15, Xy =0.8,
f) fillingrates X; =0.1, Ay = 0.6,

A3 = 0.3.
A3 = 0.4.
A3 = 0.4.
A3 = 0.05.
A3 = 0.3.

Note, that all bifurcations in this diagrams are border collision bifurcations, occuring from collisions of

periodic points with borders of subsegments

of the Pomozaps.
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4.3.2 Bifurcations in three tank switched server systems

In a parameter region where neither new segments appear nor existing segments van-
ish, the slope and (dis-) continuity of the branches are invariant for chahgungheir

end points and extension are altered. In this cds&uecationcan occur, if a point of a
periodic orbit of the map hits the border of a segment. At this border the map is either
continuous or has a discontinuity. In the billiard picture the hit of a segment border
corresponds to a reflection point at the boundary, that hits a vertex. In view of the dif-
ferent numbers of segments for differénthe number of critical points in the maps

and the fact that the segments are relatively small, it is clear that the entire structure of
the dynamics of strange billiards can be quite complicated. Fig&rprovides some
examples of bifurcation diagrams. For some areas in the parameter space orbits with
marginal stabilitymay occur due to the fact that expansion and contraction for the
orbit cancel each another. This typically requires a certain symmetry for the velocity
vectorsy,,.

In generakoexisting attractorsouching different subsets o6 are possible.

If a periodic point moves from one segment (slepg on a continuous branch to an-
other with slope: border collision bifurcation®f continuous piecewise linear maps
(see Chas) can occur. Because all slopes in the Poigaaap are smaller than zero,
either both slopes of the segments (in an n-fold Poimeaap for a periodic orbit)

are greater than zero (even period) or smaller than zero (odd period). Therefore, as
discussed in Seg.2, three cases of border-collision bifurcations of continuous maps
for periodic orbits can occur here:

1. If |ar| < 1 and|ag| > 1 a period doubling bifurcation takes place if 3. does not
apply.

2. If lay| < 1 and|ag| < 1 there is a unique attractor on both segments, only the
path of the fixed point changes.

3. If both slopes are smaller than zerg,(> —1 andag < —1) and1 — arar < 0
the periodic attractor vanishes.

An example of dorder collision bifurcations depicted in Fig4.6. For decreasing
b a period-3 orbit exists up to the moment where the face, of b hits the periodic
point ons,.—o (T in Fig. 4.6a,c). There the fixed point in the three-fold Poirecarap
(Fig. 4.6b) crosses from the segment with slopel < a < 0) to the segment with
slope(—2 > a) and a period-6 attractor is born. With decreagitige reflection points
of this attractor move alongS; as shown in Fig4.6c. The next border crossing occurs
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Figure 4.6: a) Bifurcation diagram for a three tank switched server model with filling rates 0.26,

A2 = 0.49, A3 = 0.25. b) Part of the three-fold Poindamap in the section, = 0 atb = 0.670, ¢) The
period-3 orbit (solid line) ab = 0.672 before the border collision, and the period-6 orbit (dashed line)
atb = 0.670 after the bifurcation, d) The modified period 6 orbitat 0.668 after border crossing

when the reflection point of the period-6 attractor crosses the verex/s,,—o (T *

in Fig. 4.6a,d) but no bifurcation takes placeé € a, r < 1 in the 6-fold Poinca

map) only the path with respect éds altered. A second border collision bifurcation
(not depicted in Fig4.6) will follow when a reflection point of the orbit hits the vertex
Sze—0/Szs=b- AS the example shows it is typical for strange billiards that bifurcations
occur on different branches in a rapid sequence if the orbit contains reflection points
on faces withy; = b.

Whereas the role of border collision bifurcations of continuous maps in the entire
scenario is limited, thdiscontinuitiesare in some sense essential for the dynamics of
the systems. When due to varyih@ periodic point hits a point of discontinuity, it is
mapped to a completely distinct site. It is well known that critical points caused by
a discontinuity can induce a rich variety of dynamical behavior in maps on the unit
interval. This includegeriod adding scenarioand unusual transitions to chaos as al-
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Figure 4.7: a) Bifurcation diagram for a three tank switched server model with filling rates 0.15,

A2 = 0.8, A3 = 0.05 (compare Fig4.5c) b) Reduced return map far,,—o atb = 0.70. c) Reduced

return map fors,,—o atb = 0.682. d) Stable period-5 orbit fob = 0.7 given by the stable fixed

point at the first segment of the reduced return map. e) Sample trajectory from the chaotic attractor at
b= 0.682.

ready discussed in SEc3.

For a detailed investigation it is often useful to consider return maps for a subset of

X, preferably of a main segment or face of the 6-simplex onto itself instead of the

full Poincae map. Sucheduced return mapsontain a number of segments, typically

associated with topologically different paths which map (usually within different num-

bers of iterations) points located on the choosen subset back to this subset.
Figure4.7 gives an example of a bifurcation scenario involving a discontinuity. The
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Figure 4.8: Examples of the functiod/ : X — At for a three tank switched server system, filling
rates\; = 0.3, Ao = 0.4 (cf. Fig4.5.The upper threshold is varied: &)= 1.0, b) b = 0.6 and c)
b = 0.5. The main segments df (corresponding to faces ¢f;) are indicated by dashed lines.

only relevant discontinuity for the considered family of attractors is the one located
at the vertexs,,—o/s.,=» (Mmarked byt in Fig. 4.7a,d,e). We obtain the reduced re-
turn mapH for the faces,,—o (Fig. 4.7b,c). Here, the discontinuity in the reduced
return map fors,,—, separates branches where the orbits returf, fo, within the

fifths iteration and those where the orbit returns within the third iterationb Fof).7

a stable period-5 orbit is obtained, indicated by a stable fixed point on the leftmost
segment of the reduced return map (Fighb,d). After border collision bifurcations

for decreasing all segments off become involved in the attractor formation.

4.3.3 Dynamics of Switching Times

To describe théull dynamics of the hybrid systemot only the filling levels £) of the
tanks or their transformed equivalents(given by iteration of the Poincammap) at

the switching times are required but also the switching titpesr the intervalsit,,,.

The intervalAt,, for given rates and tank capacities in a switched server system is
uniquely determined by(¢,,) or X(t,,) and is given by a piecewise linear function
M :[0,1] — R, X(t) — At. Some typical examples of this function are depicted
in Fig.4.8 for different threshold$. The functionM = M(X, \,b) has segments
located at the same locations as thes&'0K, A\, b) : X(¢,,) — X(tn41) Since the
time to the next switching (i.e. the next hit of the boundasy) is proportional to

the distance of the next boundary segment in the direction of the determined velocity
vector. The functionV/(X) can be determined analytically. The segmenta/gfX)

are of constant slope, determined pY;} and for segmentsi(s,,—, — S.,—0) and
M(Sz,=0 — Sz,—p) M(X) = const. The functionM (X) is not invertible.

Moreover, a map that considefs,, — At,,.; is in general not unique (see FHgO

for an example). Only for systems where all (fill) rates are equal and éithet or

b = 1/2 this map is unigque and allows a study of the systems dynamics directly from
successive inter-switching time intervdls,,,.
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Figure 4.9: Examples of bifurcation diagrams and numerically estimated distributions of inter-
switching time intervalg\¢. The bifurcation diagrams akt¢ vs. the maximum tank capacibyfor three

tank switched server systems in the first row are computed fohg);s = 1/3 and b)\; = 0.15,

Ay = 0.8, A3 = 0.05 (cf. Fig4.5a,e). c) Example for a mapt,, .1 vs. At,, (computed for

A1 = A3 = 0.3, Ay = 0.4 andb = 1/2) d),e) histograms of inter-switching times for a three tank
switched server system with the parameters a).-)0.6, e)b = 1/2.

However, a bifurcation diagram ofvs. the maximum tank capacity contains simi-
lar information on the system dynamics as a bifurcation diagram of normalized bound-
ary coordinates with two major drawbacks (c.f. Bi§a,b and Figl.5a,e). Firstly, the
period of At allows no conclusion on the period of the hybrid system since tanks that
obtain equal (filling) rates produce switching time intervals that are equal and do not
distinguish the different tanks. Secondly, whole boundary segments of the simplex in
the countinuous part of the state space (those thatnfap_, — s.,—o)) lead to only
one value forAt,,.
If we consider the series of switching eventsdegerministic point processhe in-
variant probability density of inter-switching time intervalgAt) is of interest. This
probability density can be obtained byAt) = M (X)p(X) if the invariant proba-
bility density p(X) of the Poincag map is known. For periodic orbits of the hybrid
systemp(At,,) is a set of somé peaks. For intermediate tank capacities, even if the
hybrid system is chaotic, some inter-switching times will occur with a high probabil-
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ity due to the horizontal segments i (X') and generally in some intervals dft,
p(A;) will be zero. Only in the limiting case df = 1/2 where the hybrid system is
chaotic and the Poincamap has a piecewise constant invariant probability measure
evenp(At,,) will be a piecewise constant function. Fged,e provides two examples

of numerically estimated histogramsgfAt).

4.3.4 Complexity of Symbolic Dynamics

For hybrid systems of the discussed type two types of symbolic dynamics can be con-
sidered. The first type is the usual symbolic dynamics of the Pd@noaps. Once a
generating partition for the Poin@amap is found the symbolic dynamics is a useful
tool for analytical studies. On the other hand we have the symbolic dynamics in-
duced by the discrete states of the hybrid system. If we label different states of the
hybrid system with symbols, the temporal evolution of the system produces a sym-
bol sequence. Each segmemnf the Poincag map, or section of the faces &%, is
uniquely associated with a symbol that equafer the time interval until the next hit

of the boundary in the hybrid system. In general this hybrid system related partition
of the map is neither generic nor generating. Only for special cases, @s-foy2 in

the switched server system, both types of partitions are equivalent and the entropy of
the symbol sequence of hybrid system states can be derived directly from the invariant
probability measure of the Poiné&amap.

4.4 Further Models

4.4.1 Modified Switching Rules

As we pointed out above, the switching rules for the switched server system and for
the switched arrival system (at the lower and upper threshold, respectively) are not
predetermined by system requirements. Two further possible choices for the switched
server rule at the lower threshold are:

Serve the tank that needs the shortest time to become empty. (4.6)

Serve the tank that needs the most time to become empty. 4.7)

Apply rule 4.7 unless tank 3 is empty. In that case serve the tank

that needs the shortest time to become empty. (4.8)

All these rules imply, in contrast to the choice that was made indSeihat every
boundary sectios,,—, contains two distinct subsections, where a switching leadsto
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Figure 4.10: Scheme of the vector fields for different switching rules. a) Cyclic switching4iib)
Switching rule4.6and c) rule4.8.
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Figure 4.11: Bifurcation diagrams for three tank switched server models. The main segments are
indicated by dashed lines a) Filling ratds = 0.45, A\ = 0.15, A3 = 0.40, switching rule4.6 is
applied b) Same filling rates as a) but switching riléis applied. For the same system with rdl@
compare Figt.5d.

different discrete stategt;}) and even to different velocity vectors. A sketch of the
resulting velocity vectors is depicted in FiglQ The pointC, where the two subsec-
tions meet, is determined by (C) = (1 —\;)/(2— A, — A\;) at sidex; = 0 in the full
system where = (z;, z;, ;)\ = (A, Aj, Ax) andz;(C) = 1 — z(C).

The main impact of such modified switching rules is an increasing number of criti-
cal points (discontinuities) in the Poinéamap. This essentially changes the admissi-
ble orbits and makes coexisting orbits more likely. On the other hand the fundamental
bifurcation mechanisms are not changed. Figui€ shows two bifurcation diagrams
that are computed with the modified switching rulesand4.8.

Figure 4.12 provides an example where in a certain parameter region (around
b = 0.67) coexisting with a stable period-3 orbit another family of attractors undergoes
a period adding scenario (see S&@.2).



4.4 Further Models 57

0.8
0.6
>< E
0.4
0.2}
a) :
0.60 0.70 0.80 0.90 1.00
b
eI B B 0.86
//
/
0.84 - o
0.82r 4
: /
= 7 £ o8op y 1
0.4+ _ > //
e e e e e T T T T T D D D ]| 0787 // 1
7 /
b) 1 C) //
0.2r ] 0.76 1 / 1
//
ool o] o741 1 Ll
0.666 0.668 0.670 0.672 0.674 0.676 0.70 0.75 < )QSO 0.85
b X(m

Figure 4.12: Example of a period adding scenario obtained for a switched server system. a) Bifurca-
tion diagram. The main segments are indicated by dashed lines. Filling\iate.5, Ao = 0.25, A3 =

0.25. Switching rule4.8is applied. b) A section of a) showing a family of periodic attractors under-
going a sequence of period adding bifurcations. ¢) Reduced return map,foratb = 0.674, same
parameters as b), showing the return map that provides the mechanism of the period adding scenario
(see Se&.3.9.

4.4.2 An Asymmetric Billiard

This subsection provides an example of a three tank switched server system, where
only to the first tank an upper threshalds assigned (Figd.13. In this hybrid system
different tanks are emptied with different priorities. Whereas the server stops instan-
taneously an emptying of tank two or three to serve tank one if its content reaches the
thresholdb, tank two is served only, if tank one was emptied in the foregoing time
interval. Tank three finally is only served, if tank two was emptied previously and the
content of tank one is below the threshold.

Now consider the dynamics of this asymmetric system. The balance condition is ap-
plied and all variables are normalized as in 86t.Every possible orbit has to strike
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Figure 4.13: a) lllustration of the continuous part of the state space of the switched server system with
an upper threshold assigned to the first tank only. b) PoinoapG of the system for\; = 0.2,

Ao = 0.6, A3 = 0.2 atb = 0.4. The main segments (faces of the parallelogram) are indicated by dashed
lines. c) The return ma@l for s,,—o — s.,=0, rescaled to the unit interval, same parameters as in b).

one point at the face,,_, within the second or third iteration. Therefore by sim-
ple geometrical arguments one may conclude, that there are three ways leading to a
mapping of the face,,_, onto itself. The dynamics of the system can be studied by
a family of three segment piecewise linear continuous maps constituting the reduced
return mapH : s,,—o — Sz,—0. We denote the paths and give the slep# the asso-
ciated branches of the reduced return niap
g1 * Sz1=0 2 Sz1=b =X Sz1=0
=a =1
2 3 1
gs 3951:0 - 3:52:0 - S:L‘l:b - 3:51:0
= Qo = )\2/()\2 — 1)
g3 * Sz1=0 2 Sz9=0 2 Sx3=0 - Sz1=0

= a3 = )\1)\2)\3/[()\1 — 1)()\2 — 1)()\3 — 1)]
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Figure 4.14: Bifurcation diagrams for an asymmetric three tank switched server system showing the
normalized boundary coordinaé vs. the upper thresholgat the first tank. The dashed lines indicate
the main segments;, ¢, 55,0, Sz,=b, Sz5=0. 1ne dynamics for the lowest segment in the bifurcation
diagramss,,, —¢ is given by the reduced return map. a) Filling ralgs= 0.2, Ay = 0.6, A3 = 0.2, b)

Filling rates\; = 0.1, Ay = 0.7, A3 =0.2.

The full equation of the reduced return map on the unit interval is:

a1y, +dy for 0<z(n) <c¢
H(yn) = UYn+1 = aolYn + d2 for C1 < IE(?”L) <cC o (49)
azyp, +ds for co <z(n) <1

with: ai, as, as given above,Cl =1- b(l + )\3/)\1), Cy = (1 — b)/)\g — b)\g/)\l,

dy = b)\g[(l — )\1)71 + )\1_1], doy =1+ b)\g/(l — )\1) —ciag—b anddg = )\3/(1 — )\1)

The brancheg, and g, exist only if¢; > 0, ¢co > 0, respectively. Thus existence
and expansion of branches depend$ @gain. The only expanding segment in the
full Poinca@ map isg(s.,—0 — Sz,—) provided that\, > A;. For the dynamics this
expansion is effective in, of segment, in the reduced return map. Fads < 0.5 a

stable fixed point o; or g, in the reduced return map is obtained, which corresponds
to a stable period-3 orbit in the full system. Fby = 0.5 a stable period-3 orbit
exists as long a& > (1 — A;)/(0.5 + 1.5)3). For smallerb a number of marginally
stable orbits exist and for some parameter regions also stable higher periodic orbits
occur (involving periodic points o in the reduced return map). M > 0.5 the first
bifurcation atb = (1 — A1)/(A2 + A3 + \2\3) is a period doubling border collision
bifurcation. For smalleb in this case further bifurcations and chaotic orbits occur.
For smallb, where segmeny; is not admissible frony; or g, the dynamics is that

of the skewed and shifted tent map consisting0éndg,. In this parameter region
depending on\,/(A; — 1) chaotic interval attractors are obtained (see $&c).

Thus for the asymmetrically assigned threshold the possibility of the system to behave
chaotically is determined by the value df. Figure 4.14 provides two examples of
bifurcation diagrams for this system.

If the segmeny; in the reduced return map is not reachable due to a snelén a
special dynamical situation is obtained. Whereas the hybrid system may be chaotic,
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the dynamics of the first, restricted tank remains periodic. It will be repetitively filled
up to its maximum capacity and completely emptied afterwards. This behavior is
shown in Figd.15
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Figure 4.15: Example of the trajectory (a) and time series (b) of a three tank switched arrival system
with an upper thresholdh{ = 0.3) at the first tank only. Parameters; = 0.2, \s = 0.6, A3 = 0.2.

Note that the content of the first (restricted) tank fluctuates periodically whereas the whole system is
chaotic (cf. Figd.14)

4.4.3 A Three Tank System with Four Discrete States

So far we have considered models of switched flow systems which involve one switch-
ing server. In the following we give an example of a system that involves two servers
where each can be attached to only two tanks but both are connected through a com-
mon tank (Figd.16. Therewith we wish to emphasize two aspects. Firstly: Con-
nections of switched flow systems can exhibit chaotic behavior even if subsystem are
not able to show it (clearly, a two tank switched arrival system is not chaotic and a
two tank switched server system also). Secondly: For more complicated systems the
successive hits of the boundary may not be determined uniquely from a section of the
boundary in the continuous part of the phase space but may depend on the foregoing
discrete state, too. So we have to use Poinéanaps with different leaves, or in other
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words: the Poinc& map becomes a hybrid map.
The switching rules are as follows:

Server | switches instantaneously , if one of the tanks A or B is

empty to the empty one and begins to fill it up to the next switch. (4.10)

Server |l serves one tank, up to the moment where it is empty and

) 4.11
starts then the service of the other one and so on. ( )

We consider different filling X;) and emptying ratesu() for each tank and set =
Ai/ i The system’s dynamic is nontrivial i > 1 andp; < 1. Otherwise the server
| can never leave tank A, server |l stays forever at tank C and the total content of the
system approaches infinity.
We obtain four possible discrete states associated with four possible velocity vectors
{vi|i = 1,2,3,4} for the whole system, named AB, AC, BC and BB, where the first
capital names the tank that is filled by server | and the second the one, which is emptied
by server Il. Figuret.16 shows a state transition diagram for these four states with
the parts of the boundary, where the transitions occur. The system is balanced if

po = L5 (4.12)

1 —p

The fraction of time, where the arrival of server | is placed on A is determined,as

well as the time, where server Il serves C is determinegsbjecause B can be filled

by server | only during a fraction of time— p;* and will be cleared in a fraction of
sizel — p3 by server Il the two flowg, andp; completely define the relation between

A2 @ndy,. As in the former models, the balance condition implies for this system, that
the dynamics is restricted to a hyperplane in the continuous part of the phase space
that is spanned by the velocity vectdrs }. With the switching conditions a normal-

ized form of the bounded region can be giverb&s= {z € R*| Y, c;z; = 1,2; > 0}
wherec; are coefficients (depending on{\;, ii;]i = 1,2,3}).S” is a generally not
equilateral triangle.

Even for this system we obtain a Poinganap by considering the mappifg§” —
5S¥ and a normalization to a map of the unit interval onto itself. Here the main
segments of the map are given by the boundary segmessté oé. s,, = 0, s,, = 0,
sz, = 0, wher the switching processes of server | and Il take place. An example of
this map is depicted in Fig.17. ThePoinca mapfor this system isiot unique It is
hybrid, because the branch of the map that must be used for an iteration depends on
whether the upper path of the state transition diagram4Hi) is recently used or

We obtaine; = n[Aid2(As — p3)/ (11 — M)y ca = n[AT(As — p3) /(11 — M)y e3 = n[Ai g,
wheren is a normalization factor such that= [c¢? + ¢3 + ¢3]'/2.
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Figure 4.16: Scheme (a) and graph representation of the symbolic transitions (b) for a switched tank
system involving two switching servers

the lower one. We denote these paths by the discrete state transitions that are made,
i.e (BC, AC, AB) for the upper one. The decision between the paths depends on the

subsegment of,,_, to which the system is mapped in staté3. We can simplify
the complete Poincarmap by introducing @aduced branch 4 : s,,_g (BGAGAB)

sz,—0, Shown by a dashed green line and labeled witt’, AC, AB) in Fig.4.17,
summarizing the mapping under the upper path of discrete state transitions. This
reduced branch is crucial for the dynamical behaviour, therefore we give its slope:

Q(BC,AC,AB) = P1P3- (4.13)
The reduced branch intersects the diagdn&ln) = X (n + 1)) if

It turns out, that the dynamics of the system depends crucially on the choosen pa-
rameters \;, u; }. We shall discuss some possibilities.

Caselipp > 1,pl L+ p3> 1
If po > 1 the content of tank B grows as long as the system is in state BB. The edge
BB 2= BC in the state transition diagram (Hgl@b) is never reached.

If condition 4.14 is fullfilled, then there exists a stable fixed point for the mapping

H:s,,- (BCAGAF) Sz,—0, Decause from Eg¥(13 and Eg4.12with p, > 1 follows

that |a(pc,ac,a5)| < 1. Thus we obtain a stable periodic orbit of the system in this
case. Figt.18shows an example. For the system the state BB is under these condi-
tions a "garden eden” state, a state that can only occur if given as initial condition and

2With the introduction of this reduced branch the hybrid Poiagaap becomes a unique mapping
of the unit interval onto itself.
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Figure 4.17: Poincaé map for a switched tank system involving two switching servers itk 3.0,

A2 = 0.75, A3 = 1.0, u1 = 1.0, u2 = 1.0, u3 = 2.0. The main segments of the boundasy, (o,

S:,—0, Sz3—0,) are indicated by dashed lines. The Branches are labeled with the symbolic states for
which the transitions occur. The red branches correspond to an symbolic orbit (BC,AC,AB) in the
transition graph (the upper path in FiglLeb). The dashed green branch is the summarized result of this
path. For a iteration of this hybrid Poinéamap the transition graph Figléb must be considered to
choose the next branch, where two possibilities are given.

then never reached again.

Case 2:p; =1

Evenifp, = 1the edgeBB 2220 BC can not occur, moreover in state BB the content

of tank B remains constant as in the state AC. In other woggds= —v ¢ and both
velocity vectors are parallel to the edgg_, of the triangle in the continuous part

of the state space. The assumption of equal inflow and outflow for the second tank
(p2 = 1) implies that the relation between in- and outflow for the first tank A meets
the relation of out- and inflow for the third tank @;(= p3*).

In this case periodic orbits with a symbolic sequence composgd©@f AC, AB) and

(BC, BB, AB) sequences are obtained. A special situation occyrs if= p3 = 1/2.

This implies that the velocity vectois, g andvg- are parallel and of opposite direc-
tion in the strange billiard. Thus every orit B, BC, BB, AB, BC, AC') runs the
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Figure 4.18: Sample of trajectories and time series for the switched tank system with two switching
servers, illustrating the, > 1 case (first column) and the < 1 case (second column).(a); = 2'/2,

A2 = 2.0, A3 = 1.2750..., u; = 1.0, o = 0.9859..., us = m.,(b):A;1 = 3.0, Aoy = 0.75, A3 = 1.0,

H1 = 10, Mo = 10, M3 = 2.0.

same way back and forth in the continuous part of the phase space, and all orbits of
this form are marginally stable.

Case 3:py < 1.
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Only if the second tank can become empty even in state BB the full transition diagram
of Fig.4.16b applies to the system. In this case the system is chaotic. Sdelifpr
an example.

4.5 Summary

We have analyzed the dynamics of two basic types of hybrid tank systems with switch-
ing servers from the viewpoint and with methods of Nonlinear Dynamics. Due to the
continuity of the trajectory at the switching points in the continuous part of the state
space their behavior can be characterized as a strange billiard. kh2XSee. have
shown that with the introduction of upper thresholds switched arrival and switched
server systems, two previously as contrasting examples for the dynamics of switched
flow systems described types are limit cases in one and the same system and recipro-
cal. This seemingly simple relation was not recognized before. For systems with three
tanks these limit cases show chaotic and periodic dynamics both in switched server
and switched arrival systems.

By sampling the dynamics at the switching points for systems with three tanks one
dimensional piecewise linear Poinéamaps were obtained and discussed in detail.
When the bifurcation parameteiis varied, linear segments of the Poireanap ap-

pear, disappear and change their extension whereas the slope of the segments is con-
stant. We have demonstrated that the change of extensions and the associated shift of
segments leads to bifurcations in the strange billiard. These bifurcation scenarios are
built (exclusively) from sequences of several border collision bifurcations. Sometimes
these bifurcations arise in a rapid sequence at different segments of the B oagar
These scenarios are therefore very different from the usual bifurcation scenarios, ob-
tained for smooth maps on the unit interval. The dynamics here is governed by an
interplay of expanding and contracting properties in connection with discontinuities
of the Poincae maps. Typical bifurcation mechanisms are discussed and illustrated
with bifurcation diagrams. For a detailed study of bifurcations in certain intervals we
used reduced return maps which are often simpler than the full Péimeap. This
technique may be useful in other cases too.

For more complicated systems such as those considered ih.&8¢the successive

hits may not be determined uniquely from a section of the boundary in the continuous
part of the state space anymore but depend on the foregoing discrete &tateln

this case we obtain hybrid Poinéamaps.

Here we did not consider any higher dimensional system with more than three tanks.
Such systems will lead in a natural way to higher dimensional piecewise linear maps
with even more complex dynamics.






5 Modeling of Manufacturing Systems

In this chapter modeling of manufacturing systems as an application of hybrid models
is discussed. Specifically we investigate the previously introduced switched server
and switched arrival systems for the interdependencies between switching policies,
switching thresholds and thegistic performance

After a general introduction concerning some aspects of modeling manufacturing
systems at a logistic level as dynamical systems {SBcwe introduce some
extensions to the switched server and arrival systems to include set up times which
are often unavoidable in manufacturing ($eg). In Sec5.3 an analysis of the
performanceof this dynamical systems from a logistical point of view is done.
Finally, in Sec5.4 we present numerical evidence, that the dynamics of discrete
deterministic queuing models is similar to the dynamics of hybrid models.

In the context of manufacturing systems our investigations lead not only to the
conclusion that for a given layout and policy the dynamics of a system may be
affected significantly by restricted buffer sizes, but also shows the complex relation
between system parameters, dynamics and performance.

5.1 Manufacturing Systems and Hybrid Models

The basic unit of most manufacturing systems is@k stationcontaining a server

(e.g., a machine) to perform some processing ahdfter, queuing the material be-

fore it can be processed. In practice the meaning of servers and material may be very
different from system to system. A server may represent a machine or a group of
machines (dubbed ”job shop” some times) in which case the material are work pieces
processed in a factory. Otherwise the "material” may be a group of passengers for a
scheduled flight, waiting for an aircraft, or at another level, some aircrafts that have
absolved a number of flights, and are waiting for a maintenance phase. Or the material
are data packets originating from a computer network, that have to to be scheduled to
their destination.

From these randomly picked examples it is obvious that a large number of man made
systems, which can be considered even at different levels of coarse-graining (one may
think of a hierarchy like machines, job shops, factories, supply chains) fit into the gen-
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eral description.

However, modern manufacturing systems are typically large networks of various
production and storage facilities. Their dynamics is governed by complex, system
immanent interdependencies involving both deterministic and stochastic elements as
well as unforeseen external influences. A basic feature of most manufacturing systems
is theexistence of policiexontrolling the allocation of scarce resources among com-
peting tasks. It is of great importance for operators of such manufacturing systems to
know how the policies may influence the time evolution or even the performance and
profitability of the manufacturing process. Also knowledge of the dynamics of such
processes is urgently needed for planning and control of manufacturing.

Traditionally the investigation of manufacturing systems is addressgugrations
research mainly in the context of a large area callgdeuing theory The classical
gueuing theorfocuses on the influence of stochastic arrival and departure processes
on the formation of queues, mostly in the language of equilibrium solutions. However,
in the framework of queuing theory the evolution of systems in time is hardly to obtain
and the distributions of inter-event times in modern manufacturing, which are often
restricted and have small variances are difficult to handle in a stochastic formulation.
Thus a number of recent investigations came up with the descriptimaoéifacturing
systems as deterministic dynamical systémsvercome the restrictions of queueing
theory and develop a new framework for efficient modeling and analysis of industrial
processes (se&] and references therein).

In the context of dynamical systemsle (policy) dependent switchingbetween
different operation modes (and parameters) are essential nonlinearities, leading to
complex behavior in manufacturing systems. To analyze such influences it is rea-
sonable to neglect any stochastic influence and the discreteness of the material flow.
This approach leads to dynamical systems consisting of piecewise defined continu-
ous time evolution processes interfaced with some logical or decision making process.
These approximations lead in a natural wapybrid dynamical systenas models of
manufacturing systems.

With a hybrid modeling approach we shall not try to account the "complexity” and
confusing structure of interactions that arises in a 1:1 model of a large production
facility. In particular for investigations of mainly stochastically determined behavior
that characterizes production systems which are strongly influenced by humans and
sudden random breakdowns of installations queuing theoretical methods are naturally
the best choice. But individualutomated subsysterase comparatively well defined
and seem to be promising candidates for a hybrid modeling approach.
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Figure 5.1: Diagrams of basic structures of automated production lines, &ft@r [a) Linear, b)
Reentrant systems: Servémeeds a policy to decide whether stream 1 or stream 2 should be processed.
¢) m:n junctions, here referred to as switched server and switched arrival systems, station A needs a
policy to decide which of the following stations should be filled or which of the foregoing stations
should be served.

Suchautomated production lineare networks, build from very few basic concate-
nation principles §6]. Fig. 5.1 shows diagrams of tree basic types. Besides pure
sequential configurationsndreentrant structuresiso so callean:n junctionswhere
one machine has to serve a number of foregoing workstations or one workstation has
to deliver products to some subsequent stations appear. Most of the real world m:n
junctionsare : 1,1 :2or1:3and3 : 1 catenationsI0€. The latter configuration
shall be investigated here. Inside a larger production facility these basic configura-
tions may occur in several combinations in the same production network. However,
any scientific approach should at first try to understand the dynamical features of such
basic configurations.

5.1.1 A Brief History of Hybrid Modeling for Manufacturing Systems

One basic idea of hybrid modeling, the approximation of the discrete flow of items
by a continuous flow which can be described by a differential equation is not new. It
was frequently used as simple example in queuing theory (sgevpl.ll ) as well as

in the production engineer’s community where it is also known as "funnel approach”

[87].

To our knowledge, the first work that used a hybrid modeling approach to study
the dynamics of a system that falls in the above outlined class of manufacturing sys-
tems appeared in 1991. 124] a hybrid model for telephone traffic switching systems
incorporating two buffers, a switching server and a time delayed feedback loop was
analyzed by means of Poinéamap techniques and oscillatory behavior and chaos
were found. The paper closes with the programatic words: "More generally, there is
a need to view teletraffic systems as dynamical systems whose behavior can substan-
tially influence performance.”

The investigation of deterministic models of manufacturing systems received a further
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impulse from the pioneering works of Beaumariage and Kerf \vho observed

in a number of simulations of simple modelsreentrant structures sensitivity to

initial conditions and parameter changes that led to the conjecture of chaotic behavior
in these systems. In a number of following investigatichis {12, 55] this conjecture

was proofed to be invalid, but it was demonstrated that methods of nonlinear dynamics
can be successfully applied to understand the dynamics of manufacturing systems.

M to n connections in manufacturing systems in fornswftched server and switched
arrival systemavhere investigated in Chase et at5[and in [92, 98, 59, 63, 62, 87]

(see Chapl). Whereas all these works were motivated partly by the occurrence of
switched server structures in manufacturing systems the consequences of dynamics
for the performance were addressed onlyd#, [62, 87] for the switched arrival sys-

tem with unrestricted buffers.

Another field of manufacturing systems for which hybrid models were successfully
considered is the understandingsefpply chain dynamicsThe problem making the
management of supply chains a challenging task is the delay between an incoming or-
der (orientated at the actual demand) and the delivery date. This delay causes usually
a mismatch between the delivered amount of goods and the actual demand (which is
less or higher than the previous one). Supply chains can be modeled by hybrid sys-
tems with timed events, since the orders are made usually at fixed time instants and
the delivery will also be done at fixed times. The processing of orders, however, is
a continuous process. A basic model also known as the "beer game” was studied by
means of a hybrid modeling approach (sed pnd the references therein).

Last but not least the works. ?, 11, 27] on deterministic hybrid models of different
forms of the Toyota Sewn Products Management System (TSS) should be mentioned
here. In principle the question is addressed how the work of a limited number of
workers at a street of (sewing) machines should be organized, if the worker carry their
workpieces from machine to machine, usually with different work speeds, since they
are more or less skilled. For such systems where the workers are sequenced from
slowest to fastest, the terbucket brigadenvas coined by Bartholdy and Eisenstein
[17]. In [11] by hybrid modeling piecewise smooth maps for two and three worker
system$where derived and for a two worker system a fixed point could be identified
that corresponds to an optimal production rate.

5.1.2 Switched Arrival and Server Systems in Manufacturing

As mentioned above (see Figl) layout structures where one work unit has to load

a number of subsequent units or one unit has to server some foregoing workstations
appear as basic concatenation principles in manufacturing. Because the parallel (fore-
going or subsequent) work units in general may process different products such con-
nections are generally operated under scheduling policies summarized under the term

IMany real life systems operate with only a few workers.
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Figure 5.2: Part of a production line for crankshafts as example for a switched arrival systain [

CAF "clear-a-fraction”. That means the server picks one of the parallel buffers and
serves it at its full ability until a switch to another buffer is required by any rule.

In Chap4 we have investigated such configurations as switched arrival systems and
switched server systems. In particular thedanced regimevas considered, with a
total inflow into the systems that meets the total outflow. The balanced state guaran-
tees the normal operation of a manufacturing system and is in industrial engineering
assured under CONWIP (Constant work in process) policiesupper limitsapplied

to the tanks in Chap.are translated here in buffers withresstricted maximum capac-

ity. And buffers in manufacturing are allways of limited capacity

We shall now review the main results from the investigations in Chiaghis context.

For switched arrival configurations that are chaotic for large buffer capacities, smaller
buffer sizes lead to a more regular (periodic) behavior. In switched server configura-
tions with three (or more) buffers small buffer capacities lead to chaotic behavior. The
onset of chaos can be very abrupt (cf. Eigf).

These results coincide with operational experience aggregated by production engi-
neers [0€. Despite of the fact that basically small buffers are favorite to keep the
inventory small and to reduce throughput times, it is empirically well known that in
some configurations to small dimensioned buffers cause several problems.

For a given configuration the behavior can be changed qualitatively (from chaotic to
regular dynamics for instance) by slight changes of policies {S&d). In view of

the parameter dependence of dynamics it depends on the given configuration whether
those measures are succesful and which rules should be choosen.
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The switched server system with only one upper threshold4Segis a model
for a manufacturing system with three (or more) priority classes.The first (restricted)
buffer is has the highest priority in this model.

5.2 Manufacturing Systems with Set-up Times

Usually different buffers (i.e. tanks in hybrid models) contain different types of prod-
ucts. Thus in general a server incurs a "set-up timéd bounded delay) when chang-

ing over to serve a new tank. A set-up is needed to change tools, to make the switching
itself or to perform maintenance which would be scheduled if a buffer is not served.
During this time intervalr the server is not able to work at its full ability causing
production losses and finally additional costs which are discussed in the following
section.

5.2.1 A Model for Switched Server Systems with Set-up Time

One way to take into account losses caused by set-up times is to assume a fixed amount
of costs for each switching. This implies in some sense that the whole system is
stopped for a time and continues after this interval just at the same state it had be-
fore the switching took place.

On the other hand it is desirable to improve the switched server (arrival) models
by introducing an effective reduction of output in connection with switching events.
Therefore one may assume that a server can work during a certain setup time, but with
a reduced rate. To conserve the balanced state of the system a simultaneous reduction
of the total in- and outflow of the system is necessary.

Recently an additional switching rdlevas proposed for the switched arrival sys-
tem without restricted buffer capacities/] for this purpose. |If restricted buffers
or switched server systems are considered, this proposed rule is not feasible.

We consider here switched server systems with three buffers and the following

2This rule can be formulated as:

switched arrival systemso upper threshold:

If a buffer () runs empty let the server for a certain timstay filling the "old”
buffer, but with a reduced rate" = 1 — u; which matches the total outflow of
the remaining (non-empty) buffers. Afterswitch the filling server to buffer.
The filling rate recovers its normal value= 1.
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Figure 5.3: Dynamics of a three tank switched server model £ 0.3, Ao = 0.4, A3 = 0.3) with an
additional set-up time = 0.2. The rule5.1is applied. a) Sample trajectory of the tank conterit at
0.6. b) Short time series of the buffer content$t) and the production rate\(t) = > \;(t) = u(t))

for the system if the maximum tank contenbis- 0.6. Every time a switching is made, the production
shrinks.

additional switching rule:

If required, switch the server according to the rules given in&Sec.

During a timer after a switching maintain the just left tank at its
previous level, i.e. this tank gets no input for the period of time (5.1)
Also the emptying rate of the server is reduced by the rate that
normally applies to this just left tank.

This rule is applicable even for switched arrival systems and more than three buffers.
It may be also combined with different switching rules for the lower threshold in
switched server systems (S&é..1). For simplicity we require an identical for all
switches. With the introduction of a set-up timm@ed eventgsee Se.1.]) are intro-
duced in the hybrid system, which previously was governed by state events only.

Furthermore, the additional rule implies a numbemefv discrete statefor the
hybrid system. Besides the staigs= {i|i = 1,2,3} for three buffers where the
server is attached to bufféeand empties it with ratg; = 1 in the normalized system,
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Figure 5.4: State transition diagram of a three tank switched server model with a maximum buffer ca-
pacityb and an additional set-up time. The discrete states are labeled as described in the text. Transition
edges that are associated with state events are inscribed with this state event. The green edges (without
in-scripts) correspond to time event transitions. Note that in the discrete statésmall circles) the
continuous state of the system remains constant.

six further discrete states occur where one tank is not filled (during the set-up time
following a switching). These states are denoted;by {i.|i,k = 1,2,3 : i # k}
where the numberi) gives the buffer to which the server is attached and the subscript
(k) denotes the (just left) buffer that is out of filling. In these states the emptying rate,
i.e. the output rate of the system is reducegtfo= 1 — A\, and in the continuous part

of the phase space the associated velocity vectors are parallel to,sigebecause

the content of buffek stays constant for the periad At the end of the time interval

after a switch the discrete state jumps bagk+ ), but it may happen that previously

the continuous state hits another boundary segmeft @f. In this case the server
switches, but for the remaining part of the intervatow whether the previously left
tank nor the recently left tank obtain input and the emptying rate associated with this
new discrete state, denoted Ry, is 1j, , = 1—X\;— A = A;. In other words, only one
tank is filled and emptied with the same rate and the continuous state of the system
is constant. Thus every switching process in the system is followed by a period of
reduced production rates. Figusel shows the graph of state transitions for the three
tank switched server system with set-up times applied according té rlile



5.2 Manufacturing Systems with Set-up Times 75

1.0 U

a) 0.8 \

0.6+

X(n+1)

0.4}

0.2+

OO I T
0.0 0.2 0.4 0.6 0.8

Figure 5.5: Poincaé map (a) of a three tank switched server model £ Xy = A3 = 1/3) with

an additional set-up time = 0.5 and a maximum buffer capacity= 0.5. The rule5.1and a cyclic
switching 4.2 at the lower threshold is applied. The main segments (corresponding to fadgy of

are indicated by dashed lines.b) Different velocity vectors during the set-up time lead to an up and
downward shift of segments in the Poinganap, depending on the foregoing discrete state. Without

a set-up time both depicted cases will be uniquely mapped under the dashed vector. c) Corresponding
sample of the trajectory in the continuous part of the state space.

5.2.2 Poincae Maps and Dynamics

The additional rule implies a number of new discrete states for the hybrid system
(Fig.5.4). For three tanks we obtain six additional states where one tank is out of ser-
vice and six further statésvhere two tanks simultaneously are out of service. There-
fore the introduction of a set-up time with reduced production rate also changes the
dynamical behavior (cf. Fi§.6). Furthermore, the switches between different discrete
states occur not only at the boundary; and the following discrete state depends on
the previous one.

Since the following hit of the boundarys; in the continuous part of the state space
Is uniquely determined by the previous discrete state and the boundary coordinate a

3Since there are only three different emptying rates associated with these six states and the velocity
vectors in the continuous part of the state space are zero in all six cases, one may conclude that there
are only three or one states, respectively. However, to make the graph representation unique, we need
the full number of six discrete states with two buffers out of service.
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Figure 5.6: Bifurcation diagrams of three tank switched server models with an additional set-up time.
The rule5.1 and a cyclic switching (rule.2) at the lower threshold is applied. The main segments
(corresponding to faces &) are indicated by dashed lines. &) = 0.0, A\» = 0.4, A3 = 0.3, set-up

time: 7 = 0.2. b) A; = 0.15, Ao = 0.8, A3 = 0.15, set-up time:r = 0.5.

-now hybrid- Poincaé map for the mappingS;, @) — (655, Q) can be obtained.

In the hybrid Poinca& map for the same normalized boundary coordidéate (0, 1)

two and three separate branches appear, depending on the number of discrete states
that can lead to a mapping to this valueXf Figure5.5a gives one example of such

a Poincag map. In middle positions of the faces, that can be reached only by states
with all buffers filled continuously, only two branches are present, one for each of the
possible discrete states. The slopes of these branches are the same as for the switched
server model without set-up times, but they are shifted upwards and downwards now
(see Figh.5b for an explanatory sketch). Only near vertices the continuous state of
the hybrid system may reach a new face of the boundary during the set-up time. In
this case also the third possible discrete state appears as a preceding state and a third
branch in the hybrid Poincamap is visible.

The consequences of set-up times for the low periodic orbits (which are typical for
larged in the switched server system) are not important because the orbits are only
slightly shifted compared to the systems without set-up times. But for sniatiter
dynamics is modified. Nevertheless foapproaching the limiting cage= 0.5 sys-

tems with set-up times are chaotic. One may state, that the dynamics of switched
server systems with set-up times is similar to the systems without this set-up.6Fig.
gives examples of bifurcation diagrams for these systems.

We remark that in the model with set-up times the system can also stay at vertices
of S; during set-up times with states, and then evolve forward during the following
i; State. However, because of the hybrid nature of the Pdénuep an unique func-
tion between the normalized boundary coordinate and the inter-switching\itras
described in Sed.3.3for systems without set-up times does not exist.
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From the above considerations it becomes clear, that even slight changes to a hy-
brid model (like the introduction of set -up times) may complicate the structure and
analysis of the model significantly.Although it results in a similar dynamics. One
may argue that a part of these difficulties arises, because we wished to maintain the
balanced state during the set-up. But without this requirement a number of other prob-
lems is obtained. The modified model with set- up times deserves its attention here
mainly due to its natural application for the evaluation of performance of switched
server manufacturing systems in the following section.

5.3 Performance of Manufacturing Systems

In the foregoing chapter the influence of restricted buffer content and different switch-
ing rules on the dynamics of switched server and switched arrival systems was studied.
Now we address the question, how different dynamics may affect the performance of
manufacturing systems, modeled as hybrid systems.

5.3.1 Measures of Logistic Performance

From the viewpoint of production planning and control it is a basic challenge to eval-
uate thelogistic performanceof a manufacturing process. The interest in modeling

of manufacturing systems concerns not primarily the dynamics, but the estimation of
measures of profitability of the manufacturing process in particularly with regard to
lead time, due date performance and machinery utilization.

Utilization (p) means the ratio of work which is actually done by a production system

to its theoretical maximum performance (capacity). The maximum performance of a
server is the maximum rate at which it is able to empty (to fill) a buffer, in normalized
models given by, = 1 (A = 1). Practically the utilizatiorp becomes smaller than

one if any disturbance reduces the actual production, as for instance during the set-up
time. Thus real production systems, where never an absolute lossless production can
be guaranteed, always obtain< 1. However, one of the often contradicting aims of
production planning and control is to keep the utilization as high as possible.

The second family of performance measures in production is related tiorthaghput

time T, given by the time difference between the entry time of a workpiece and its
departure time, and thgork in procesgWIP, inventory. Whereas a short through-

put time saves a quick completion of costumer orders a small level of WIP keeps the
capital, bounded in the manufacturing system in form of material, low. The latter vari-
ables are connected througittle’s Law for the mean values df (throughput time),

x (WIP) and) (arrival rate):

(A) = (@)(T). (5.2)
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This fundamental equation applies to all systems, regardless if they are stochastic or
not [69]. Since these measures are the data usually ascertained in real manufacturing
processes we give a number of examples for distributions of throughput times gen-
erated by deterministic models. Therewith it should be demonstrated that even pure
deterministic systems can show effects that may be similar to stochastic queueing sys-
tems, at least at superficially inspection.

In a practical view chaotic behavior, induced by small tank capacities for instance, has
two major consequences. On the one hand, the temporal evolution of tank (buffer)
contents is more difficult to predict in a chaotic system. On a statistical level this
spreads the distributions of inter-switching and throughput times and makes in general
the sequence of different products at the departure point irregular. Thus the production
planning may be affected. The performance of manufacturing itself is influenced by
the number of switchings per time interval for instance which strongly depends on the
dynamics.

5.3.2 The Costs of Switchings

For models without explicit production losses due to set-up times we study the per-
formance through cost functions. In the context of manufacturing two types of cost
functions have to be considered. Usually the set-up of buffer capacities causes costs.
For simplicity we assume that these costs are proportional to the maximum buffer
capacity and call them buffer cost:

k, = cb (5.3)
wherec is a constant. On the other hand consider the switching cost function:

. Nr
whereN7 is the number of switches in the time interiZal Here we assume that every
switching of the server causes fixed costs. The dependence of the cost functions on

the maximum buffer contemtfor switched server systems is depicted in Eig.

For models designed according to Segthe production loss due to switchings
can be calculated directly. We consider the production rate:

T
p = lim M (5.5)

T—o0 f(]T dtuo

wherey(t) = >, Ai(t) is the actual emptying rate while = 1 due to the normaliza-
tion. Fig.5.8provides some examples of production rates for switched server systems
depending on the maximum buffer capacity
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Figure 5.7: Cost functions for three tank switched server systems vs. maximum buffer coniigm
buffer costs forc = 3 are given by the three-dot-dashed line. a) The solid curve gives the switching
costs forA\; = 0.3, A1 = 0.4,\; = 0.3. The dot dashed curve gives the switching costsXfor=

1,A2 = 0.8, A3 = 0.1 and the dot-dashed curve faf = 0.1, A2 = 0.6, A3 = 0.3. Compare the
bifurcation diagrams given in Fig.5.

b) Switching costs for a three tank switched server system= 0.45,\; = 0.15, \; = 0.4) under
different switching rules. Solid line: a cyclic switching rule (r4l8) is applied, dashed line: rule6

is applied, dot-dashed line: rute7is applied. Compare the bifurcation diagrams given in4kgand
Fig.4.11
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Figure 5.8: Production ratey(b) vs. maximum buffer content shows production losses due to set-up
times for three tank switched server systems operated wittoriilé&ote that a lossless production will
resultinp = 1.0. a) p(b) for different parameters and a set-up time= 0.2. The solid curve gives
p(b) for Ay = 0.3,\; = 0.4, \; = 0.3. The dashed curve is for, = 1, A, = 0.8, \3 = 0.1 and the
dot-dashed curve fox; = 0.1, Ao = 0.6, A3 = 0.3.

b) Production ratey(b) for a three tank switched server system with = A3 = 0.3, Ay = 0.4 if
different set-up times are applied. Solid curve= 0.1, dashed curver = 0.2 and dot-dashed curve:

T =0.3.

Every attractor of the system has its own switching costs and production rate, re-
spectively. Therefore discontinuities in the switching cost function and production
rate are typical if the system changes the attractor. The switching costs become high
(and the production rate shrinks) if the attractor comes close to vertices, because there
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the time interval to the next switching is short. It is obvious in the examples that the
chaotic behavior for small reduce the performance of switched server systems.
Since it is common in the community of industrial engineers to conSaeracter-

istic curves’, the curves in Fih.8 may be regarded as such. But these curves are
characteristics for special deterministic systems with buffers of maximun sind
should be not confused with thevs. (b) (here(b) is the mean queue length) curves
usually applied in production planningj] that have a similar shape.

5.3.3 Throughput Times and their Distribution

The second important measure of logistic performance are throughput time and their
distribution. In practical regards it is easy to determine the throughput time of a work-
piece since only the time difference of the moment, where the part enters a manufac-
turing systems and the moment when it departures have to be measured.

For hybrid models with either a continuous arrival process (switched server systems
with fixed arrival rates\;) or a continuous departure process (switched arrival systems
with fixed departure rates;) the throughput tim@’ can be computed directly for all
differential amounts of material. In the switched server syétidyatimeT'(¢) that the
material has spent in the buffer up to the moment where it departures is given by:

Tty = 50, (5.6)
Ai
Here: labels the buffer that is actually emptied andt) is its actual filling level.
A explanation of this relation is provided by Fig9. Due to the continuous arrival
process the entry time is proportional to the actual filling level. The throughput time
T(t) thus is a piecewise decreasing function of emptying intervals for the specified
buffers.

Since in switched server (and switched arrival) systems without set-up times both
the initial contentz; at the beginning of an emptying interval as well as the duration
of the emptying itself are uniquely determined by the normalized boundary coordinate
X (see Sec4.3) there exists a unique mappipgl’) = f(7, X) where f(T, X) for
X fixed isp(T) = const. it T' € (Trin, Tinaz) @ndp(T') = 0 otherwise.T,,;, is the
throughput time at the end of the associated emptying interval’'gpdthe throughput

4In a similar way for the switched arrival systems the throughput time can be determined in the
moment, when material enters one of the parallel buffers by :

T(t) = ”“"M—(t)

Now i labels the just filled buffer and; (¢) is the actual filling level. The throughput time function now
is peace-wise increasing in the intervals of filling.
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Figure 5.9: On the estimation of throughput times in a hybrid model for switched server systems. The
times that the "material” has spent in the buffer is read in the upper part of the figure with separately
drawn time evolutions of the cumulative arrivais,() and departuresc(,,;) as function oft. The WIP

iSz(t) = 2in(t) — Tour(t).

time at the beginning of the associated emptying interval. With these relations we can
obtain the probability density function of throughput timé§I’) analytically by

p(T) = n / dXp(X) (T, X) (5.7)

(wheren is a normalizing factor to obtaih= f0°° dT'p(T)) if the invariant probability
densityp(.X) for X is known.

Thus, periodic orbits lead to a piecewise constant probability density functions of
throughput times. A piecewise constant invariant density of the orbit, which is ob-
tained in the chaotic limit case for the switched server or switched arrival system,
results in a triangular shaped (sawtooth like) probability density function of through-
put times (cf. Figh.10 first column). If the maximum buffer capacibyin a switched
server system is smaller thard all buffers are never emptied completely. In that case
all throughput times are longer than a minimal value larger than zero.

The distinction between throughput time distributions of chaotic and periodic or-
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Figure 5.10: Numerically estimated distributions of throughput times in hybrid models for three tank
switched server systems, depending on the maximum buffer content for different parameters.

Filling rates: \; = A3 = 0.3, Ay = 0.4. The first column shows histograms for the system without
set-up time, right column histograms for the system with set-up time 0.3. The maximum buffer
capacity is reduced from top down: a)e} 1.0, b),f) b = 0.7, ¢),9)b = 0.5, d),h)b = 0.4,
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Figure 5.11: Numerically estimated distributions of throughput times in continuous hybrid models for
three tank switched server systems, with an upper threshold assigned to the first buffer only.

The solid curve stands for the first (restricted) buffer, the dotted for the second buffer and the dash
dotted curve gives the distribution for the third buffer.

a) Filling rates:\; = A3 = 0.3, A2 = 0.4. The system is not chaotic.

b) Filling ratesA; = 0.1, Ao = 0.7, A3 = 0.2 for b; = 0.2. The system is chaotic, but the dynamics of

the first buffer is periodic.

bits is especially obvious in the histograms shown in Fiiflo where the switched
server system with an upper threshold at the first buffer only {S&@ was used.
Here the throughput time is considered for the different buffers separately. The first
buffer exhibits a periodic evolution (of period one) and provides a piecewise constant
probability density of throughput times in contrast to the chaotic evolution of the other
two buffers.

If systems with a setup time according to $eg.are considered, the additional
time intervals where the filling levels of a buffer are maintained constant must be
taken into consideration. In this case an estimation in form ofZ£q.{s not possi-
ble. A numerical estimation of throughput times shows that the set-up time changes
the throughput time distribution compared to the system without set-up (séelff)g.

The times during which two of the three buffers are out of service (i.e. the filling level
of the remaining buffer is kept constant) lead to exactly the same throughput time for
all material that enters and leaves the buffer during this time interval. Therefore some
throughput times occur very frequently.

Finally we shall consider theean throughput timeFor switched server systems
without set-up times the mean throughput time for the whole system is independent of
the parametel and constant. This follows directly from Little’s law (Exq2) because
both WIP (total content) and total arrival (departure) rate are constant. For systems
with a switching rule according to Séc2 the mean throughput time depends on the
utilization and increases for small buffer capacities.
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Figure 5.12: Numerical estimation of mean throughput times in a continuous hybrid model for three
tank switched server systems. The mean throughput time per buffer vs. maximum buffer éastent
shown for different parameters. The solid curves correspond to byffae dotted curves to buffé&

and the dot dashed curves correspond to buffer

a)A = 0.3, Ay = 0.4, A2 = 0.5, without any switching time.

b) \; = 0.1, A2 = 0.6, A3 = 0.3, without any switching time.

C) A1 = 0.3, Ay = 0.4, A2 = 0.3, a set-up time of = 0.3 is applied.

d) \; = 0.1, A2 = 0.6, A\3 = 0.3, a set-up time of = 0.3 is applied.

However, the mean throughput times for different buffers may deviate significantly
from one another (see Figl2. Moreover, this mean throughput times for individual
buffers in the system depend on the attractors of the system and may change with
maximum buffer capacity and or modifyied switching rules (Séc4.1J).

5.3.4 Optimization and Chaos Control

It is common to reduce buffer costs by lowerilxgn the switched arrival system this

can also prevent chaotic behavior but it induces chaos connected with high switching
costs or production losses in the switched server system.

Optimization may therefore address organizational tasks to adjust parameter combina-
tions in a desired range. This can include appropriately chosen switching thresholds or
filling rates. Optimization may alternatively consider appropriately chosen switching
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rules for the lower (upper) threshold in the switched server (arrival) system. As we
have seen the dynamics is influenced strongly by the switching rule and another rule
may lead to stable orbits with lower costs. The advantage of such organizational tasks
is, that the system can follow its own dynamics once the parameters are adjusted to
the desired values.

Another way may be active control of the dynamics. To optimize both cost functions
for the switched server system the maximum buffer contecdn be reduced, and
then chaos control methods can be applied in the chaotic region to reduce the switch-
ing costs.

5.4 Switched Discrete Deterministic Systems

The hybrid modeling of manufacturing systems in connection with the strange bil-
liard concept is a powerful tool to evaluate the potential dynamical features of a given
topology of manufacturing systems under priority rules and to obtain analytical results
in the language of nonlinear dynamics. However, to meet manufacturing reality we
have to consider a discrete material flow instead of the fluid modeling presented in the
previous sections.

Therefore we now dismiss the approximation of continuous material flows and
study the behavior of the previously investigated systems under the assumption of
deterministic, but discrete flow of parts. We assume fixed inter-arrival tilhgs (
and inter-departure time®j for the buffers and servers. The system is balanced
if 1/© = > 1/T;. The switching rules with respect to the buffer filling levels under
consideration should be the same rules as indS@te main difference between both
types of modeling is that a change in the servers position now can occur only at spe-
cific times, i.e. the processing of a part is finished. A normalization as with the hybrid
models is not feasible in the discrete case. Rather we have to start with an initial buffer
contentr; € N and even discrete thresholds for the buffer capacities. Additionally the
initial condition defines the time to the next event inside the intervals, given by the
inter-event times. In some sense hybrid models are the limit case of discrete models
with infinite total content or infinitesimal inter-event times. Following the terminol-
ogy of (stochastic) queueing theory such models should be descriloedeainistic
gueueing modelsin principle the same system of queues, servers and routers as in
gueueing theory are considered, but instead of stochastic processes the systems are
governed by deterministic point processes.
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Figure 5.13: Bifurcation like behavior and transition to quasi-chaotic states in a deterministic queuing
model of switched server type with three buffers. Parametgrs= 0.3, T, = 0.5, 73 = 0.3, © =
0.11538462. a) Bifurcation diagram showing the content of the first buffer (measured in parts) at
switching times of the server vs. the maximum buffer capacity. Total contgntt 1

b),c) Time series of buffer content for a total content@f+ 1 parts, b) maximum buffer capacity

b = 40, ¢) maximum buffer capacity = 23.

d),e) Histograms of throughput times for the whole system with a total contefit &f 1 parts for
different maximum buffer capacities. )= 23, e)b = 40.

5.4.1 Dynamics

Due to the doubly discrete nature of the system (in ampltude and time) the dynam-
ics of the discrete model is fundamentally distinct to the continuous hybrid model.
The discreteness implies a countable, finite number of possible states (filling levels of
buffers) and therewith a periodic behavior of the trajectory. Usually a larger number
of coexisting orbits in the discrete state space are obtained. Nonetheless the discrete
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model shows in some sense a similar dynamic as the hybrid model even if the tran-
sition from the continuous to the discrete material flow fundamentally changes the
modeling assumptions in a mathematical framework.

In particular a correspondence of similar coarse grained dynamics in certain pa-
rameter regions is obtained. And even in deterministic queuing models bifurcation
like phenomena arise (cf. Fig.13a). Small buffer capacities in the switched server
system lead to a complicated behavior which may be dubbed quasi-chaotic. For the
discrete model it is possible to obtain throughput times for single parts. The distri-
bution of throughput times is determined by the dynamic behavior, and therefore also
this logistic parameter depends on the maximum buffer content §Figd,e).

5.4.2 Small Stochastic Disturbances

As a further step towards fully realistic modeling of manufacturing we carried out
numerical simulations of deterministic queueing models with small stochastic distur-
bances of inter-event times as they are typical for highly automated manufacturing sys-
tems. The results indicate, that such small disturbances mainly lead to slow changes in
the total content of the systems. Thus the dynamics is reasonably good approximated
by the deterministic queueing models for short time scales. At larger time intervals
the system may (because of the varying total content) slowly drift through different
dynamics of the pure deterministic model. This leads, for instance, to unexpected
chaotic behavior, if the total content of the systems rises through a certain value.

5.5 Summary

We have analyzed the dynamical behavior of manufacturing systems governed by the
interaction of scheduling policies and limited buffer capacities in the deterministic
limit case.

By estimation of cost functions or calculation of production losses due to set-up times
it became obvious, that dynamical behavior directly influences the performance of
manufacturing systems.

Despite of their relative simplicity the systems investigated here exhibit a complex
dynamics, even without irregular influences. Furthermore not only the policies them-
selves contribute to this behavior, but also the chosen thresholds are crucial where
these policies become active. For larger networks of work units with even more rules,
thresholds and a huge number of possible discrete states exists. Therefore a highly
complex behavior is expected. The transition from a continuous flow to a discrete part
flow, which we briefly discussed in Sec.5.2 still remains an open fundamental ques-
tion. The systems we have introduced here might serve as model systems for the study
of such transitions.
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Last but not least the investigations may be seen as a contribution to the discussion on
chaos in manufacturing systergjs 3, , 67,89, 91]). Whereas in an informal man-

ner the word chadss frequently used by engineers trying to operate manufacturing
systems not many sources of a behavior that deserves this term in its scientific sense
are identified in manufacturing. The analyse presented here shows, that the intrinsic
dynamic of a switched server or switched arrival configurations, depending on the
dimension of buffer capacities, can lead to a complex dynamical behavior. This com-
plex behavior is also obtained, if the material flow is discrete. The interdependencies
outlined here may be useful to prevent situations in manufacturing where a planning
and prediction of production is complicated and the performance of the manufacturing
system is reduced.

SMore recently even the terturbulencewas used as a metaphor for things going wrong in man-
ufacturing [LO4[105. In this setting production engineers try to identify sources of turbulence in
manufacturing systems.



6 Modeling of Front Dynamics in Semiconductor
Devices

This chapter presents a general hybrid modeling approach for studying front prop-
agation in nonlinear systems with a global constraint. A model of semiconductor
superlattices is investigated, where the dynamics of electron accumulation and deple-
tion fronts shows complex spatio temporal patterns.

After a brief introduction into the investigated solid state system S§ca generic
hybrid model belonging to the switched arrival class is derived in 8&c.Then we
investigate the dynamics of the model for some cases in more detail.

6.1 Fronts and Pattern Formation in Semiconductor
Superlattices and Other Spatio-Temporal Systems

Moving fronts are the source of complex patterns in very different areas of physics
[32, 107, chemistry [1, 76], and biology P3, 78]. While the movement of single
fronts is well understood for many systems, not much is known on how front gen-
eration and annihilation processes or collisions between fronts influence the possible
bifurcation scenarios in systems where fronts of different velocities interact.

Figure 6.1: Sketch of a typical semiconductor superlattice structure.
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Spatio-temporal pattern formation processes of fronts traveling with different ve-
locities are found, for instance, semiconductor superlatticeSuperlattice structures
(cf. Fig6.1), as suggested in 1970 by Esaki and T4y [16] are artificial crystal like
structures with an adjustable periddhat are realized by periodically repeated de-
position of alternate layers of different semiconductor materials. The two materials,
AlAs and GaAs for instance, possess different band gaps, resulting in discontinuities
in both the conduction band and the valence band of the superlattice structure. The
conduction band is of interest. Since the conduction band in AlAs is higher than in
GaAs the layers of AlAs act as a barrier for electrons, whereas the layers of GaAs
representjuantum wellsFor superlattices with a large barrier widtheakly coupled
superlattice¥the structure can be approximated by a series of quantum wells in which
the electrons are located. For a finite barrier width the wells become coupled to each
other by tunneling processes and the main electrical transport for an applied electric
field results fromresonant tunneling This leads to aequential tunneling modébr
the electron transport. For details on this approach and other microscopic models see
[104.
This model describes the tunneling current dengity. ..+ 1 (Fn, m, nma1) from well
m to well m + 1. It depends only on the electron densitigs andn,,, ., in the wells
and the electric fieldF,, between the wells100, 3, 46]. The resulting typicalN-
shaped current density vs. electric field characterisgidepicted in Figs.2
In a microscopic simulation the electric fields, are determined by a discrete version
of the Poisson equation:

ereo(Fm — Frn1) = e(ny, — Np) for m=1,--- N (6.1)

whereNp, is the doping density and< 0 the electron charge. The dynamic evolution
of electron densities,, is given by the continuity equation:
dn,,
GF = Jm—l—»m — Jm_>m+1 for m = 1, s ,N (62)

In the following a superlattice for a fixed applied voltages considered, giving rise
to the global constraint

U=> Fud (6.3)

Crucial for the formation of patterns are theundary conditionst the emitter and
collector of the superlattice device.

Joo1 = 0kFy and JN—>N+1 =cFN— (64)
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Figure 6.2: N-shaped current density characteristic (current density vs electric field) at the emitter
barrier (straight line) and between two neutral welik [The Ohmic conductivity of the emitter is
oc=0.5 Q !m~!. J.denotes the intersection point of the two characteristics.

whereo is the Ohmic conductivity. An N-shaped well-to-well current voltage charac-
teristic with a region ohegative differential conductivitlgas major implications for
the behavior of a spatially extended system since it introdubestability.

For a given fixed currenf a homogeneous electric field for the whole sample is
unstable if it falls into the region of negative differential conductivity. This results
in the formation of field domains of different local well-to-well electric fields. In the
neutral regions of the superlattice, there are two stable points for fixed cuirene
at a low field F'(.J) and one at a high field"(J) (Fig. 6.2). In the following we
make the approximation that both fields do not depend on the currenk,'aad) and
F"(J) = F". For a transition from a low field domaif,, = 0 to a high field domain
F, = —F" (n > m) a negatively charged region (i.e. alectron accumulation frojt
Is required by Poisson’s equation. Similarly a transition from a high field domain to
a low field domain can be attributed to atectron depletion front Such fronts can
appear only alternating and a high-field domain is located between a leading accumu-
lation and a trailing depletion front. A regime with one electron accumulation and one
electron depletion front is calleddipoleregime whereas a regime with one depletion
and two accumulation fronts or two accumulation fronts and one depletion front is a
tripole regime.

For the following considerations it is also helpful to remark, that the velocities of ac-
cumulation and depletion front are basically functions of the total curéehnt’[3, 3].
The relation is depicted in Fig.3.

The formation of fronts and field domains due to the negative differential conduc-
tivity gives rise to a large menagerie of complex behavior in semiconductor super-
lattices including self—sustained current oscillatiofs],[ or sawtooth—like current—
voltage characteristicslp, 54, 90]. For a recent review see ((]. While ac driven

P

chaos was already reported some time ago theoreticallyahd experimentally{7],
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Figure 6.3: Front velocity vs. current density for electron depletion and accumulation freptgf,

J3. denote the currents corresponding to tripole propagation with two accumulation and one depletion
front and with two depletion and one accumulation front, respectiviyis the current corresponding

to a dipole propagation with equal velocities for one accumulation and one depletion front. The Ohmic
conductivity of the emitter i = 0.5 Q~'m~1.

autonomous chaos in weakly coupled superlattices was predicted only recidntly [
Depending on the doping density and the contact characteristics the fronts may travel
through the lattice with different velocities, annihilate one another and form a complex
spatio-temporal pattern under constant voltage conditions.

The main conditions for such behavior are:

1. Boundary conditions that permit multiple stationary states and fronts due to neg-
ative differential resistance.

2. An integral over space constraint (e.g.B03).

These conditions are found in many semiconductor devicgahd even in molecular
electronics $3, 26]. Patterns which are very similar to the ones we investigate here
were found for instance in a spatially continuous semiconductor model describing the
impurity impact ionization breakdown in bulk p type G&.

6.1.1 Benefits of a Generic Model

The straight forward approach for studying the dynamic behavior of superlattices is
to numerically integrate the charge densitigét) in each well using a sequential
tunneling model. This leads to a system of typically 100 coupled ODEs with well
over 15 physically relevant parameters. Over the last decade this method has proven
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to yield quantitative data which could be verified in a large range of experimeis [

From the dynamical system point of view, it is still highly desirable to find a generic
model which captures the essential dynamics and bifurcation scenarios of the full
system in only a few dynamical variables and parameters. This is especially important
in the case of complex behavior, where the type of complexity should be completely
characterized by the generic model.

6.2 Modeling Front Dynamics

In the following we motivate a simplified model for the front dynamics, which will
lead to a version of the switched arrival hybrid system. Hence a discrete quantum well
structure is approximated by a one dimensional continuum.
Let us denote by; the distance of an electron accumulation front (or more precisely
its center of charge) from the emitter. The index 1, ..., N, labels the accumulation
fronts depending on their emitter distance, such that a;,; and N, is the number
of accumulation fronts. In the same way the positions of depletion fronts are denoted
by d; with i = 1, ..., Ny, and N, is the number of depletion fronts. Since we only
allow for alternating accumulation and depletion fronts, we hsye- N, = —1,0, 1.

The applied voltagé’ between emitter and collector defines the total lergth=
U/F" of the lattice that is at high field. This imposes a constraint on the fields and at
the same time on the front positions by

N Ng Nq
Lh:;—%%zzl:di—z;ai mod L. (6.5)

Here L denotes the total length of the superlattice. The expression/imod6.5)
means that is to be added as necessary in orderfgrto be in the intervalo, ).
Note that althouglu; andd; are continuous variables, EcG.9) is exact even for a
discrete lattice with extended fronts, as long as all charge can be uniquely assigned to
one front.

By assuming that the front velocities are a function of the total curteht] we
haved; = v, andd; = v, for all fronts. Differentiating Eq.&.5) with respect to time
yields

No _ Na (6.6)
Vg Vg
for the relative velocities. We may fix the absolute velocities using v, = 2 by
rescaling time.

In the microscopic model it is found that the front injection at the emitter is gov-
erned by a critical current.. For.J < J. the region close to the emitter is pinned at
a low field [LO(]. Hence an accumulation front is injected, if the preceeding front is a
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depletion front. Due to the finite width and build-up time of the fronts new fronts can
not be injected arbitrarily fast. Phenomenologically we therefore introduce a distance
parametep”, and assume that front generation is suppressed while p", where

dy is the position of the first depletion front. In the same fashion, a depletion front
is injected if J rises above/, andp! < a;, wherep' is a parameter describing the
minimum front distance for depletion front injection.

Since the current/ is a monotonous function oV, /N, [3] (cf. Fig.6.3) , the
parameter/. may be replaced by a new parameteand the above conditiof = J.
is transformed intaV, /N, = 7.

The processes which reduce the number of fronts are collision of two fronts of
opposite polarity and the running out of fronts at the emitter. Both processes affect
N,/N, and potentially trigger a new front generation at the emitter.

We summarize the front model by the following rules:

(I) Evolve the positions of the fronts linearly according to

N,

==  fori=1...N,

N, + Ny (6.7)
di= 2 fori—1..N |
‘TN, + N, o

a d
until one of the following rules applies.

a;

(ny If N,/Ny < r.andp, < a; < d; then increaseV, by one,
re-indexa; — a1 for all i and sety; = 0 (6.8)

(i If N,/N,; > r.andp; < dy; < ay then increaseV, by one,
re-indexd; — d;,, for all i and setl; = 0 (6.9)

(IV) If a;, = d;, for anyi,, j, then decreasé/, and N, by one,
re-indexa;;; — a; fori > i, andd;;, — d; for j > j,. (6.10)

(V) If ay, > L decreaseV, by one. (6.11)

(VI) If dy, > L decreaseV, by one. (6.12)

Note that the voltage parametef only enters in the starting position for the fronts
(see Eqg. §.5) and that forr, = r_! the characters of accumulation and depletion
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Figure 6.4: Space-time plot of the electron density evolution in a semiconductor superlattice. Elec-
tron accumulation and depletion fronts are indicated by light and dark shading, respectively. The
full microscopic sequential tunneling mode]] ffor n = 100 quantum wells and contact conductiv-

ity o = 0.5Q 'm~! is used for a biag’ = 0.95V. The inset shows the simplified view of the pattern
which is adopted in the hybrid model. The dashed lines denote the switchingttjmes

fronts are interchanged.

In the following we will restrict ourselves to the case< 1 andp! = 0. All consid-
erations that are made for high-field domains here apply also to low-field domains if
r. > 1. Rule6.8does not apply as long &§, > r./(1—r.) andN, can only decrease.
Consequently.. imposes the following limits on the number of fronts:

N, <

1
Ny < 1 +1 forr.<1 (6.13)

1—r, —Te
Since the number of high-field domains is given by the number of fronts this implies
a maximum numben of high-field domains of:

+1] (6.14)

n = int|
1—r,
where infx] means the largest integer smaller thafThe injection of an accumulation
front is immediately followed by the injection of a depletion front (rél&). This
detaches a high-field domain from the emitter and opens a new one.
Let us now introduce the length of the high-field domains (se&Hig.

xr;, = dz — ;-1 fori = 2Nd (616)
Further we require the maximal number of high field domairier a givenr,. (6.14).
In case no fronts reach the collector, the rilesland6.12do never apply. The case

when fronts are able to reach the collector is considered ir6Sed.he rules for the
front model can be now reformulated in termsugfy the following rules for aank
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model

(1) Filling and emptying rates:

f (6.17)
[j = — = ——  =2...N,
T 7] (N.—1) orz: d
(2) If z;, = 0 then decreas&/, by one, re-index:;,; — z; for
alli > i, andz;, — r(r—n,)- (6.18)
3) If Ny < 1/(1 —r.) andz; > p, then increaseV, by one,
re-indexz; — z;,4 for all 7. (6.19)
The conservation laws(5) can be expressed now by
Ly=) (6.20)
k
A
n—1
Prn | __ I I IR o
0 s ® 00O N,
Iz Iz
|
n tanks

Figure 6.5: lllustration of a typical situation in the tank model withtanks. The minimum filling
level is indicated by,,. One tank (indexed by 0) is waiting, wheresg = n — 1 tanks are emptied or
filled and the fronts they are assigned to are present in the superlattice.

It is very illustrative to interpret this model in the language ofratank switched
arrival system(cf. Fig.6.5. A domain may be seen as a tank with fluid content
Now we haven of such tanks, where one of them is filled at rgd¢ — 1), while the
others are drained with raje(z;|i = 1,..., Ng), or waiting for filling (z;|: < 1), be-
cause the currently filled tank has not reached the minimal filling leveApart from
the re-indexing procedure and the normalization of the total contehj, tonstead
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of one) this configuration is well known from Chdgbut here aminimal switching
thresholdin form of p,, is introduced.
In the following we shall investigate the dynamics of this model.

6.3 Dynamics for Long Superlattices

In this section we consider the dynamics of the hybrid model under the assumption
that no fronts reach the collector. This implies a long superlattice sample. Since no
front reaches the collector, the only effect is the annihilation of fronts, which results in
the generation of a new dipole at the emitter site. This new dipole contains a depletion
front, which opens a new domain at the emitter site growing with asateThe
previously growing domain will be closed by the accumulation front and shrinks now
continuously with the rate = (v, —vg4). If another domain annihilates (i.e. its content
reaches zero) the same process repeats.

6.3.1 Limiting Case of a Vanishing Threshold

At first we discuss the limiting case = p, = 0. If a tank is empty at time,,
(zx(tn) = 0) the ruless.18and rule6.19apply instantaneously and the system starts
to fill this tank (, () = 0). In this case no indices< 1 occur, i.e. no tank has to
wait for filling. Apart from the re-indexing procedures we obtain a switched arrival
system (Sed.?2). As shown in PZ] the system is chaotic for ab > 2 and has a
constant invariant probability measure.

By sampling the dynamics at the event timeswe obtain thePoincae mapP :
Z(tm) — Z(tme):

F(tme1) = Z(th) + ZAL,
Aty = ming(a,(th)/p) (6-21)
wherei = (A, —p, ..., —u) is a constant vector anft,,, = t,,,1 1 — tp.
Generally this is am - dimensional mapping which acts due to the normalization
>.;x; = 1 on then — 2 dimensional boundary of a regularsimplex embedded in

R"™. The re-indexing procedure can be seen as a rotation afivaplex which brings

the subsimplex; = 0 in the position of ther; = 0 subsimplex. To link the dynamics

of the tank model for fronts with the hybrid dynamical systems investigated in the
previous chapters we have included some figures (e.g5.Bjgwhere the well known
regular 3-simplex is not rotated and the strange billiard trajectories can be obtained
directly.

Since all tanks are indistinguishable with respect to their filling and emptying rates
here we can denote the-2 dimensional mapping directly. Far= 3 the map reduces
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Tl b

> bas

Figure 6.6: lllustration of the basic model for three domains. a) The trajectory of domain sizes moves
uniformly inside the 3-simplexS; embedded irR3. b) Sample evolution of domain contents. The
different tanks (domains) are indicated by solid, dashed and dot-dashed lines. c) Associated evolution
of fronts on the lattice with normalized velocities.

to a one dimensional map of the interydJ L, ) onto itself describing successive filling
levels of the first tank at,,. From the rules we obtaim, () = 0, z5(t)) = z1(tn),
andzs(t)) = Lp — x1(ty). If 21(t) < Lp/2, the tank2 empties afterAt,, =
x1(tm) /1 and we findz (t,,41) = 2241(t,,). Otherwise, ifx(t,,) > Lj/2, tank3
empties aftei\t,,, = (L, — z1(t,)) /1 and we findey (t,,41) = 2(Ly, — z1(t)). Thus
the dynamics is that of the well knovteant map

Forn = 4 we consider the filling level of the first tank and the emptiest remain-
ing tank (s, without loss of generality ) as appropriate variables for the return map.
Since either the just filled tank or the tank with contegtis the next empty tank the
determination of the filling level at= t¢,,. is straightforward. Thus for the construc-
tion of the return map only the filling level of the smallest remaining tartk-at,,,
should be determined. Since all filling levels are known we obtain the following map:

21(tm+1) = min{3zi(tm),3xs(tm)} .
Sitm+1 min{z1 (tm) — €s(tm), Ln — 21 (tm) — 225(tm)}  f 2s(tm) < x1(tm)

(6.23)
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For alln > 4 a similar map can be constructed,zf(t,,) and then — 3 smallest
remaining tanks are used as variables for the iterated mapr.Fer 1 however the
dimension divergegn — 2) — oc.

6.3.2 The Parameter,

The basic model, considered in the previous allows the opening of a new domain for
any size of the previously filled domain. In contrast in semiconductor superlattices the
injection of a new dipole at the emitter is suppressed if a depletion front is near the
emitter. To include this effect the parametgrwas introduced and assumed that the
filling of an empty domain only starts if the previously filled one has asjze p;,. If

a domain is emptya(;(to) = 0) and the currently filled domain,(¢,) < pj, it remains
empty untilz,(t;) = py,. During this interval only’ = n — 1 domains are present in

the system. Due to this fact we have to adjust the empty-ratevwoth p; = 1/n' — 1

and the normalized front velocity; = 1 — 1/N* for the remaining domains. But

if one subsequent tank is empty(t;) = 0i = 1,2 while z1(¢;) < %, only rule
6.18applies and the empty tank is sent to a waiting state (indexed<byt). In this

state the rates are changed according to 6ulg€. In the strange billiard picture the
trajectory moves with a new velocity vector along the boundaty (see Fig.6.9for
illustration).

Forn = 2 (i.e. r. < 1/2) the minimal switching height has no influence and the pat-
tern is periodic.(If one domain is empty, all current is concentrated in the remaining
domain which is over the threshold due to this fact.)

Forn = 3 only one domain can be empty without the currently filled domain is over
the threshold. But for. > 3 we have a possibility to have two or more (uprie- 2)
empty domains for which the filling is prevented by the threshgldThat increases

the number of discrete states in the hybrid model to(n — 2) N. The corresponding
trajectories are restricted to subsimplexes of decreasing dimensions the more tanks
are in the waiting state. However, loosely speaking, the system "knows” how many
tanks it has due to the parametethat is given by physical conditions (i.e, U, see
Sec6.2).

6.3.3 Dynamics for Three Domains

Now we consider the cagg > 0, n = 3. The Poinca& map Eq{.22 remains
unchanged ifp,/2 < z1(tm) < (1 — ps/2). Butif one subsequent tank is empty
(x;(t1) = 0]t = 1,2) while z1(t;) < p only rule6.18applies and the empty tank is
sent to a waiting state and the rates are changed according t®.tleNonetheless,
at a later event time¢,, we getz(t,,) = =, and now the filling of the empty tank
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starts. In this case we takg as sampling time for the map. Thus for= 3 we obtain
(cf. Fig.6.7a)):

$1(tm+1> = maX{Lh — 2|$1(tm) — Lh/2\,ph} (624)

The map is depicted in Fi§.7. Due to the flat segments and the remaining tent-
map part we call the map Ef24 flat bottom tent mapn the style of p3] where

the flat topped tent map appears. For physical reasons the map is not defined for
x < pp. However, for the long term behavior we may also consider the form given in
Eqg.(6.24) since every point irf0, py,) is mapped within one iteration into the invariant
set[py, Ly,). For the hybrid model\t,, (z;(t,,)) is a unique function given by:

Aty (21 (L)) =  max{ Le=2ioalim) ZLn/2)

=21 (tm) =L /2) y (6.25)

ph — (L — 2|21 (t) — Li/2|) + 3
Ly,
5
4
R I 0
a) 21 (tm) " b

Figure 6.7: lllustration of the return map for three domains. a) The modified tent ag)(b) The
graph of function Eqf.25) giving At (1 (tm))

The introduction of a minimal switching threshold fundamentally changes the dy-
namics of the model compared to the chaotic limiting case discussed i6.5éc.
A bifurcation diagramfor map6.24is given in Fig6.8. It is convenient to plot this
diagram usinge; /pn vs. Ly, /ph for two reasons. On the one hand consider the su-
perlattice. Owing td_, U, the axisL;,/p;, reads the voltage applied to the superlattice
(assumed that, = const. for the superlattice system). Furthermorg/p, gives a
value proportional to the distance of the leading depletion front in the lattice, i.e. the
initial domain content (at the moment where the domain detaches from the emitter)
measured on the lattice. On the other hand it is favorable since the bifurcation struc-
ture becomes much more visible than in the usual way of plotting bifurcation diagrams
(cf. Fig.6.8b).
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Figure 6.8: Bifurcation diagram of the flat bottom tent map Eq44) (a). This diagram directly gives
the initial domain content on the lattice. b) the bifurcation diagram from a) now plotted in the usual
manner withe = 2, /L;, andp = p, /Ly, i.e. the bifurcation diagram of the flat bottom tent map as a

map of the unit interval onto itself. c¢),d) enlarged sections of a) for the regions between the period-1
and the period -3 window and between the period-2 and period-3 window.

The bifurcation structure of ma.24) with respect to the bifurcation parameter
pr 1S unusual (Fidh.8) but has similarities to the flat-topped tent mag,[101, 95].
Due to the horizontal segments the map cannot show chaotic behavior although it un-
dergoes several bifurcation cascades. A trajectory on the tent map segments would
explore the attractor of the tent map and will therefore either fall on one of the flat
segments or stay at an unstable periodic orbit of the tent map, which is contained in
the remaining part of the tent map. Once arrived at one of the flat segments the tra-
jectory continues on a stable periodic orbit. The dynamigeeisodic By analyzing
then’th return map of the flat bottom tent map we find, that windows of pekiade
found inside the intervals, /p, € (%, Z’;—j) forj eI, c {j e Njj <282 -1}
Thus higher and higher stable periodic orbits are arising in smaller and smaller inter-
vals.
The most obvious feature in Fi§8 are thehorizontal linesjust giving the first, and
higher iterated images of the minimal switching heighy)( Between the windows
where with increasind.; /p;, orbits of periodk andk + 1 are stable, a point of the
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unstable periodic set of the tent map is reached, which producegitiher like struc-
tureswith orbits of even periods at one side and odd periods at the other side.

6.3.4 Obtaining Front Positions

Now we turn to the front dynamics, driven by the normalized model. The front veloc-
ities are given by rulé.7. If the filling of a domain startst(= t,), we set the position

of the leading depletion front;(¢,) = 0 and the position of the accumulation front
that closes the previously filled domair(t,) = 0.

The evolution of fronts is completely governed by the dynamics of the tank model
with respect to the following rule:

Evolve the position of the depletion fronts with velocity for

i = 1,..., Ny given in rule6.7 and obtaina; = d; — L"z; for

1 = 2,...,N,. If rule 6.18 applies, re-index the front positions

in the same manner as but do not consider any front position (6.26)
assigned ta;|i < 1. If rule 6.19applies, re-index the fronts as

and setl; = 0.

To compare the results obtained from the hybrid model with the results of a micro-
scopic simulation by means of a sequential tunneling model presented by Amann et
al. in [3] we shall consider a transformation to front positions given in units of (quan-
tum) wells. We assume a length of the superlattice of 100 wells as it was usdd in [
To obtain front positions in the superlattice from the normalized model the results have
to be rescaled. At first a relation between the normalized total cobtent = Ly,

and the content at the lattice (measured in wells) with respect to voltage U has to be
established. We assume that this relation is simply linear and given by:

di — Q-1 = ClUIZ' (627)

wherec; is the scaling constant (in the following we appty: = 23[wells/V]). Fur-
ther we re-scale the time using the relation between the front velagity {vells/ns),
given in Fig6.3and the normalized models front velocity by

i=cU% (6.28)

Uq

An adequate approximation is given by the dipole propagation velocity; ef V, =
10wells/ns. This value yields,/0,; = 0.1[ns/well]. Because the relation EG.©)
holds for all models therewith the scaling is done. Figiufesshows an example of the
strange billiard like trajectory of the hybrid model and the resulting evolution of do-
main contents as well as the time evolution of the associated fronts in the superlattice.
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Figure 6.9: lllustration of the basic model including a minimal switching threshold for three domains
forU = 0.7V, ¢,,in = 5.5wells a) The trajectory of domain sizes moves uniformly inside the 3-simplex
S3 embedded iR? and if a domain is underneath the threshold along the bounda$y.bj Sample
trajectory of domain contents, the time is rescaled by@&gd. c) Associated evolution of fronts on
the lattice, completely rescaled.

We shall briefly discuss the relations between &igand Fig6.15 that gives a
bifurcation diagram of annihilation positions of accumulation and depletion fronts ob-
tained from the hybrid model and rescaled using €§.{). By rule 6.26the period of
the Poincag map is the period of the pattern observed from the front model. More-
over, the bifurcation diagram of the hybrid model Big.indicates the size of the first
domain at the moment it is resolved from the emitter. The timavhen this happens
is defined byt,,, of the tank model. Thus the bifurcation diagram Ei§.reveals the
structure of Figs.15 But the collision position of fronts, although given in principle
by x1(¢,,), can not be obtained directly in F&8. During the shrinking of a high-field
domain any other waiting tank event may occur, which changes the propagation ve-
locities and therefore the collision position.

6.3.5 Four and More Domains

After the above excursion we shall maintain the discussion of the dynamics of the
switched arrival tank model given by the rul@s. 7 6.19

For four and more possible domains we obtain a Po@oaap that is hybrid too, due

to the likewise possibility that more than one tank stays empty for a wilenFerd

we have only 2 possible discrete states: either none or one tank stays empty ¢r

two tanks have to wait for fillingg = 2). The hybrid Poinca map can be written as

an iterated map of one discrete variapland two continuous variablas, x5 chosen
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asin Eq.6.23. Forz, in stateg = 1 we can write:

21 (tmy1) = max{min{3x1(t,,), 3zs(tm)}, on} (6.29)

The iteration ofzg in stateq = 1 depends on the value, obtained far(t,, ;). If
21(tmy1) > pn We have:

z5(tm) — 1 (tm if zg(tn, 1 (tm,
$S(tm+1) = { msll(l{$)1(tm) (— a:)s(tm),Lh — 21 (tm) — 225(tm)} :f ngtmg z xlgtm;
(6.30)

For zy(t,,+1) = pn the additional draining during the time that is needed by the first
tank to reach the minimum switching threshold must be considered:

x5 (tm) — 1 (tm) — P25 if  zs(tm) > x1(tm)
xs(th) = q min{zi(ty) — z5(tm) — 2257, (6.31)
Ly — x1(tm) — 225(tm) — Bi57=}  if 2g5(ty) < z1(tm)

In stateq = 1 the following discrete state is obtained by:
q(tm +1) = q(tn) if Xs(tms1) >0 and ¢(t,, + 1) = 2 otherwise  (6.32)

If (¢, + 1) = 2 we have taeset(see Se.2.]) the continuous state by replacing
xgs by:

zs(tm +1)=1—1p, (6.33)

Once arrived in the discrete state= 2 (i.e. two waiting tanks duringtf,, t,,.1) the
iteration of the hybrid Poincarmap is straightforward:

I1(tm+1) = Dh
Ts(tms1) = min{zs(tn) — 5, 5} (6.34)
Q(tm-i-l) = 1

Basically this map is most time a two dimensional iterated map (gtaté) and only
sometimes it becomes for some iterations one dimensignal {). Since we have

to proceed with a two dimensional map after every 2 state we keep the second
variablex, even there.

The bifurcation structure of this hybrid map is shown in BigQ Although the bi-
furcation structure is much more complicated than forithe 3 case the same basic
features are obtained: Here we have again the horizontal lines of images of the bifur-
cation parameter,, and even the spider like structures appear.

For more than four possible domains, in other wordifor 3/4, the hybrid Poincar

map has a higher dimension améd 2 discrete states. The numerics indicates, that even
in this case horizontal lines and spider structures are characteristics of the bifurcation
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Figure 6.10: Bifurcation diagram of the hybrid map E§.29-Eq.(6.34). a) This diagram directly
gives the initial domain content on the lattice. b),c) enlarged sections of a).

diagrams. However, we think that it is beyond the scope of this thesis to investigate the
bifurcations of more dimensional piecewise linear hybrid miapdetail. Since here

not only an example of such a map, but also an application in a highly attracting area
of modern semiconductor physics is outlined, we hope to stimulate future research on
such bifurcation problems.

6.4 Dynamics if Domains Can Traverse the Sample

A second effect that has to be included in the hybrid model is the run out of fronts
reaching the collector due to the limited size of the lattice. To decide whether a front
has reached the collector or not, we have to include an additional set of variables
{d;]i =1, ..., N} into the model, becausg is not a unique function of (it depends

on the history). Now we deal with a hybrid model that contains exactly as many
continuous variables as fronts are present in the superlattice.

If d;(ty) = L we assume that at first no new dipole is injected at the emitter site. Thus
we get, due taV, = N, new front velocitiesw); = v = 1 and therefore the domain,
that is at the collector site will be emptied witlf = 1 while for all other domains
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Figure 6.11: lllustration of the model including with a periodic solution for all fronts reaching the
collector atU = 2.5V. a) The trajectory of domain sizes moving inside the 3-simplegrmbedded in
R3. b) Sample trajectory of domain contents. c) Associated evolution of fronts on the lattice.

w** = 0 and the one attached to the emitter will be filled with= p*. With these
considerations we have to add one additional discrete state to the model. Finally, if the
domain at the collector is empty, a new dipole is injected, and the system turns back
to its normal state. During the time the domain at the collector is emptied, no other
domain can become empty. Thus the rules prevent a conflicting situation. Although
a unreal situation is not avoided: if a new domain at the emitter is opened just before
another reaches the collector, we may get an accumulation and depletion front running
through the lattice in a small distance.

More formally we represent the mechanism outlined above by including6ril2
beside the rule8.17-6.19and6.26in acomplete hybrid modébr the front dynamics.

With this model various dynamical regimes are numerically obtained. This includes
periodic states, where all domains reach the collector (seesFid) as well as higly
complex patterns (Fi§.12.

100 7 ] 100
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Figure 6.12: By means of the hybrid model numerically obtained patterns of front dynamics with
n = 4 and fronts reaching the collector. A length of the lattice of 100 wells is assumed and the results
are rescaled according to E§27) and Eq.6.29 a) L, /pr, = 16 b) Ly, /py, = 20
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6.5 Comparison of Numerical Results

To test the validity of thénybrid modefor front dynamicsn semiconductor superlat-
ticeswe will now compare some numerical results obtained from the much simpler
hybrid model with results of the futhicroscopic sequential tunneling modgen in

[3]. At first we consider the spatio-temporal patterns of moving accumulation and de-
pletion front (see Fig.5and Fig6.14). It turns out, that the results iG] are obtained

for then = 3 case (see Set3.3.

a)

80[

60; 1

100 110 120 130 140 0T : I
t 100 t[ns] 150

Figure 6.13: Dynamic evolution of front positions , obtained in a period-5 window. from the hybrid
model (a) and the microscopic sequential tunneling modelb)The position is given in wells for a
superlattice of 100 wells. ay. = 3, L,,/pr, = 3.2, rescaled according to Efj27 and Eqg6.28 b)
o=050"tm™1, U =095V.

Generally the patterns for small voltages are reproduced qualitatively satisfaction-
able with the simplified three tank model including a minimal switching height. Es-
pecially the time intervals between successive maxima in the pattern are in good co-
incidence if the scaling is well adapted (cf. Fig.14). The annihilation positions
are not completely reproduced, but a discretisation phenomenon in the sequential tun-
neling model should be considered, leading to an earlier annihilation if the difference
between fronts is smaller than one well. It seems that a drift of the parameten
higher to lower values with increasing voltage can give better coincidences. Basically
the domains obtained from the hybrid model seem to be too large in an arbitrary emit-
ter distance. This coincides with the observation that the dynamics near the emitter site
is not well reproduced in the hybrid model. However, we do not expect to reproduce
the dynamics of the microscopic model in all details by the hybrid model. Especially
the complicated interactions during the detachment of fronts are not considered in the
hybrid modeling. But the hybrid model, based on very basic assumptions is, as the
examples show able to capture the essential features of the spatio-temporal pattern
formation process.

The bifurcation diagram6.15shows, that the bifurcation structure for small volt-
ages can be understood from the hybrid model. The simple linear scaling relation
which we use here (Eg(27) is not proper (especially the width of the periodic win-
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Figure 6.14: Dynamic evolution of front positions for various voltages, obtained from the hybrid
model (first column) and the sequential tunneling modgaf o = 0.5Q2~'m~1!. The voltages applied
to the superlattice are indicated.

dows is too large), and some details, visible in Eif)5 are not present in Fig.15.

I.e. the falling property of some branches after bifurcations, and the clearly reduced
minimal annihilation position inside the second "chaotic” window abGve 1.1V. A
possible explanation is, that the microscopic simulations are carried out with parame-
ters, that giver. ~ 2/3. The microscopic simulations therefore are near the situation
where we have to operate withra= 4 tank model {{]. Thus in the regions above

the prominent period-3 window sometimes the system simulated with the full micro-
scopic model falls in irregular dynamical regimes by opening a fourth domain that
annihilates near the emitter.

We note, that th@rominent featuresf the bifurcation diagram, for instance the hori-
zontal lines, given by the first, and higher iterated images of the minimal filling height
are covered completely by the observations of the one-dimensional flat bottom tent
map In particular the spider-like structure &t ~ 0.9V in Fig.6.15is explained

by the nature of the bifurcation structure of the flat bottom tent mapGEQ)( (cf.
Fig.6.9).
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Figure 6.15: Bifurcation diagrams of positions where accumulation and depletion fronts annihilate,
obtained (a) from the hybrid model with three tanks (see &3 and (b) a simulation by means of
a sequential tunneling modéei][

6.6 Conclusion

We have introduced hybrid models as simplified models for the front dynamics in
semiconductor superlattices. These hybrid models are derived by idealizing the con-
tinuous but very fast processes of front generation and annihilation as instantaneous
switching processes. The global coupling in the superlattice system in connection
with the integral over space constraint allowed a hybrid modeling of the semiconduc-
tor system by means of a switched arrival system wittanks. In this unexpected
analogy, the tank filling level corresponds to the widths of the high-field domains in
the superlattice, while the position of the server determines which high field domain
is connected to the emitter. The number of tanks that have to be included are directly
given by a physically meaningful constant The switched arrival system includes a
minimal switching threshold, that was motivated by the process of front detachment

in the superlattice. This minimal switching threshold leads to a special bifurcation
structure that was investigated in particular for= 3 . For this case a one dimen-
sional map named flat bottom tent map is found, which covers the front dynamics as
long as no front reaches the collector completely. This simplified model provides an
explanation for the complicated front dynamics in semiconductor superlattices. A bi-
furcation diagram for the positions of the front collisions (FidL5 exhibits a striking
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similarity with the corresponding diagram of the full sequential tunneling mafel [
Although we investigated a superlatticemodel in this chapter, the presented methods
are very general and are expected to work for other pattern forming systems which
provide bistability and a global coupling similar to E&.%) as well.



{ Conclusions and Perspectives

Here the results and insights obtained in the previous chapters are summarized. Some
open questions concerning the dynamics of hybrid systems and related topics are
outlined and conclusions for future research are drawn.

In this thesis new results for the dynamics of hybrid switched tank systems have
been presented. By using hybrid switched tank systems as models for manufacturing
systems and front dynamics in semiconductor superlattices new insights are obtained
into the nature of the dynamics of these systems.

The switched tank systems considered throughout this thesis deserve interest in
their own right. On the one hand side they are fundamental models for the dynam-
ics of hybrid systems, because all complexities of the dynamics are produced by the
hybrid characteristics of the systems, i.e. the rule dependent switching processes. Fur-
thermore, they are ideal model systems to study border collision bifurcations because
these are the only bifurcations that can occur due to the piecewise linear nature of the
associated Poincamaps. On the other hand, the large number of different border
collision bifurcations (see Chdj).causes the rich variety of dynamical behaviors in
switched tank systems.

By considering switched server systems and switched arrival systems with upper switch-
ing thresholds we found a close relation between these models. We have seen, that a
switched server system in a limiting case can show the behavior of a switched arrival
system and vice versa (Séc).

In particular we investigated the dynamics of some close relatives and variants of a
three tank switched server system in detail. In &8an upper threshold for all tanks

was applied and chosen as bifurcation parameter. The bifurcations of these systems,
as of all other systems considered here as well, are exclusively border collision bi-
furcations. We have discussed the bifurcation mechanisms. We remark that border
collision bifurcations in these systems are indeed associated with collisions of the at-
tractor with a simplex boundary, when changing a control parameter. 14.8€c.

we discussed the influence of various switching rules on the dynamics of these sys-
tems. A three tank system with an upper threshold applied only to the first tank was
considered in Se¢.4.2 Here the value of one filling rate\{) was identified to be
crucial for the system’s ability to exhibit chaotic behavior. A system that contains two
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servers, one for filling two tanks and another for emptying two tanks, was investigated
in Sec4.4.3 For this system a hybrid Poinéamap was obtained. This is an iterated
map, in which the iteration of a continuous variable depends on a discrete state. In
the context of manufacturing systems a switched tank model with additional set-up
times was introduced (Séc2). Here the Poinc& map is also hybrid. Although the
system’s description contains a higher number of discrete states, the dynamics of these
systems, including a set-up time was found to be similar to the dynamics of systems
without set-up times.

Whereas in Chap.and Chab all possible choices of rates were of interest, in Cap.
where a model for the front dynamics was investigated, all tanks obtained equal filling
rates. By using the symmetries that are introduced therewith, modified versions of the
tent map could be used for the description of the dynamics. Due to the introduction of
minimal switching thresholds, motivated by physical reality, the associated three tank
switched server system shows only periodic dynamics. The period, however, can be
very high.

From the investigations of a variety of hybrid switched tank systems we conclude, that
seemingly slight changes in the model can have major consequences for the dynamical
features. Furthermore, the inclusion of conditions, like set-up times, leads in a natural
way to hybrid Poinca maps.

Since the beginnings of nonlinear dynamics the theoretical concepts were applied
to problems of interdisciplinary character in all areas of science, including physics,
ecology, economics and biology. In this thesis we applied the knowledge, obtained
theoretically for a general description of switched arrival systems and switched server
systems to investigate systems exhibiting a complex dynamics from two areas of sci-
ence.

We addressed the dynamics of basic configurations in automated manufacturing sys-
tems. Here we have approximated the discrete flow of materials by a continuous
process to obtain a hybrid model that describes the dynamics and can be analyzed by
analytical means from nonlinear dynamics. The irregularities obtained in such sys-
tems are shown to be caused by the intrinsic dynamics of policy guided switching
systems. Restricted buffer capacities in switched server systems are identified as a
source of chaotic behavior in the hybrid models of switched server configurations.
By means of numerical simulation we have seen, that the chaotic behavior and bifur-
cations, obtained for a continuous approximation of material flows are qualitatively
also found for discrete deterministic queuing models. To clarify the interdependencies
between systems parameters, dynamics and performance we used measures that are
used regularly in operations research and by production engineers. It became obvious,
that chaotic behavior not only complicates the planning of production but also reduces
effectively the productivity. The question, what countermeasures are able to prevent
such drawbacks was briefly discussed. The knowledge and methods for predicting the
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effects of changed parameters or policies are contained in this thesis.

The most unexpected result of this thesis is the application of a switched arrival tank
model to describe the dynamics of accumulation and depletion fronts in semiconduc-
tor superlattices. By approximating basically continuous processes of front generation
and annihilation by instantaneous switching-like processes, it was possible to find a
generic description for this spatio-temporal pattern formation process. The global cou-
pling in the superlattice in connection with an integral over space constraint allowed
a model, in which the tank filling levels correspond to the widths of high-field do-
mains in the superlattice, while the position of the server determines, which high-field
domain is connected to the emitter. With this model the complex pattern formation
process and a bifurcation scenario, obtained by means of a simulation of a sequential
tunneling model, could be explained and investigated by means of a one dimensional
map, called flat bottom tent map. Although we investigated a superlattice model, the
applied methods are very general and are expected to work for other pattern forming
systems, too. This might be useful in other areas of research, where systems with
similar characteristics, i.e. a global coupling and a bistability inducing fronts with
different characteristic velocities appear.

From the presented results it becomes obvious, that a hybrid modeling approach can
be a highly efficient method to obtain idealized models of dynamical phenomena,
describing the main features of the dynamics. Furthermore, at least the models con-
sidered here are tractable by analytical means. This is possible due to the piecewise
linear nature of the obtained Poinéamaps. For some systems we could make use
of reduced return maps summarizing the action of whole paths in a state transition
diagram of the hybrid system in one segment of the map to simplify the analysis.
The hybrid nature of the systems is reflected by the existence of not only the above
mentioned Poinc& map, but also a second map that has to describe the dynamics of
inter-switching times of the systems (S&6.3 and state transition graphs that are a
way to determine the possible evolution of discrete states in these hybrid systems.

As we have seen, the investigation of more complicated hybrid systems leads in a
natural way tohybrid maps Since those maps are the most simple hybrid systems a
future investigation of hybrid dynamical phenomena may consider such hybrid maps
as starting point for a systematic research.

In connection with the dynamics of hybrid systems a number of problems is still unre-
solved. This ranges from very fundamental questions, as for instance the classification
and investigation of border collision bifurcations in more than two dimensions, to a
new view on natural systems which obey characteristics as the pattern formation pro-
cess in superlattices that can be covered by a hybrid modeling approach.

We expect that if the concept of hybrid systems becomes more known among re-
searchers from natural sciences even other systems will be recognized where this
notion may lead to new insights. Especially networks of pulse coupled oscillators
(integrate-and fire neuron modelg)[ 96] are seemingly hybrid.
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A closer investigation of hybrid systems with impulse like transitions of the contin-
uous state may be fruitful. It will be a challenge to reach furthermore a deeper un-
derstanding of the implications of mixed occurrence of state and timed events in the
same system as we have seen them in the switched server model with set-up times.
Up to now we lack a quantitative measure for the chaotic properties hybrid systems.
For strange billiard like systems as considered here it may be promising to explore
a transfer of methods used for the estimation of Lyapunov exponents in Hamiltonian
billiards [37, 36, 38] to strange billiards.

In this thesis not only models are presented, that reveal some fascinating features,
but also an application in a highly attracting area of modern physics was given. We
hope that this will stimulate future research in the field of hybrid dynamical systems.



A Tables of Poincar & Maps



A Tables of Poinca& Maps

116

9€ = 2 :xa|dwIs-9 a8y} JO 82UBIBJWNIIID BY) SI D

T [((T —q2) + (¥ — 1)/?2Yq];-° TV/(eY + 1Y) | =r2c==g
[(T —42) + (5v — 1)/%¢a] -2 (8Y = 1)/2¢q; -0 T— 0=trq=tzg
(8Y — 1)/%(9;-0 (T —qp) ;2 ey /(EY 4 Ty) | o=tree=eg
e,-2 (1 - Q._VVHIU g=tag
(T —ap);-> [T/ (8¢ = 29 + £¥9) + 92l -2 oY /eY =T0="73
[T/ (€x — 2¢¥q + €¥q) + q¢] ;-9 QT2 (Ty — 1)/e¢— | 0=Teeo=tag
AH _ Q._VVHIO @NHIU O“mHm.
QNHIO _H._“ - QNV |_| AM/\ — Hv\m&ﬁﬁlo NK\ANK |_| M«Av Q=CT+q=11g
[(T —42) + (5¥ — 1)/%¢a] -2 (8 = 1)/2(q; -0 T— 0="rq=12g
AMK - Hv\NKQHIo AH — @MVHIU mK\ANK |T m<v q==fz¢—q=12g
Qg2 (T —9€);-° a=rog
(T —9€);-2 [ex/(8Y — exq + €¥q) + 1]1-9 Ty /e =Te0="03
[ex/(8Y — 2xq 4 €xq) + 1];-2 Q-2 (Y — 1)/ey¢— | 0=*tz<0=g
(T —9€);-2 q,_o o=tog
912 [(T—9c) + (B¢ — Hv\m&@?lo N&\ANK + 1Y) q=Tz+q=%t7g
(T —qg) + (°x — 1)/%¢q] ;-2 (5 = 1)/2¥q; -2 - o=seeg=tog
(8x — 1)/%¢q; -2 (T —92),-? Ty /(2¢ 4 Ty) | o=eree=r2g
q.-° (T —92);-° a=tog
(T —-492);-? /(B — Y9 + §Y9)_» e/ 1Y =T 0="0g
T/ (8Y — T¥q + €Yq) ;2 0 (zy — 1)/Ty— | 0=coo0="eg
A.—“ I QNVHIU 0 O”Ha_m.
laplog 19| laplog 1ybu ado|s Juswbas

dew aueauiod ay} Jo sayoueug

Table A.1: Table of the segments of the Poinganap for the three tank switched server system with a

maximum tank capacity for all tanks.



117

T/evq —2x/(Q— 1)

=Tz Q=ftT+(Q=C%x0=17
T € [4

8

Tv/exq —2ex/(q—1)

o=Tz—q=TT-Q=CT<—0=TT
T € 4

8

['v/ex 4+ 1] —1

o=Tzx¢q=Tz¢(Q=T2
T [4

['x/ex 4+ 1l9—1T 0 3
oWy uW b
laplog y9| lapiog 1ybu wawbas

panunuod

0="%g +— 0="%g : m dew uJn)al padsnpal ayl JO Sayouelg

[(T =8O (T —2) (1T — TY)]/exTY-

[(T — &) (T —2) (1 — TY)]/8xex Ty

=Tz Q=Cfr—Q=Cx¢(Q=TT
T € 14

8

_ _ o=Tzq=Tz+-Q=Cz<—0=TT
SMWSMMWH«/WQ +oa e (T —20)/% v © 3
1 O”ﬁRTQ”HHTO”ﬂH
[ oY + (P — 1)]8Yq I e T8

qQ D b
uswaoe|dsiq ado|s wawbas

Ajuo Mue) 1s41y 8yl 10} pjoysaal Jjoddn ue ylm WalSAS JBAISS PaydlIMS duel € syl 10}
0="%g +— 0="%g : y dew uJn}al padnpali ayl Jo sayouelig

Table A.2: Table of the segments of the reduced Poiéeaap for the three tank switched server system

with an upper thresholbdlassingned to the first tank only.






Bibliography

[1] R. Alur, C. Belta, F. lvancic, V. Kumar, M. Mintz, G.J. Pappas, H. Rubin, and
J. Schung.Hybrid Modeling and Simulation of biomolecular Netwarkages
19-32. Number 2034 in LNCS. Springer-Verlag, Berlin, Heidelberg, New York,
2001.

[2] R. Alur, C. Belta, V. Kumar, M. Mintz, G.J. Pappas, H. Rubin, and J. Schug.
Modeling and analyzing biomolecular networkSomputing in Science Engi-
neering 4(1):2-13, 2002.

[3] A. Amann, J. Schlesner, A. Wacker, and E. 8ichChaotic front dynamics in
semiconductor superlatticeBhys. Rev. B65:066207, 2002.

[4] A. Amann and J.H. Schlesner. private communication.

[5] A. Amann, A. Wacker, L.L. Bonilla, and E. Soih. Dynamic scenarios of
multistable switching in semiconductor superlattidelbys. Rev. F63:193313,
2002.

[6] V. Avrutin and Schanz M. On the scaling properties of the period increment
scenario in dynamical system&haos, Solitons and Fractgl41:1949-1955,
2000.

[7] S. Banerjee and C. Grebogi. Border collision bifurcations in two dimensional
piecewise smooth maps$hys. Rev. E59(4):4052-4061, 1999. see Erratum
PREG60(3)3450.

[8] S. Banerjee, M.S. Karthik, G. Yuan, and J.A. Yorke. Bifurcations in one-
dimensional piecewise smooth maps-theory and applications in switching cir-
cuits. IEEE Trans. Circuits and Syst.-I: Fund. Theory and ApglZ(3):389—
394, 2000.

[9] S. Banerjee, P. Ranjan, and C. Grebogi. Bifurcation in two-dimensional piece-
wise smooth maps - theory and applications in switching circlHEE Trans.
Ciruits Syst. I: Fundam. Theory App#7:633-643, 2000.

[10] S. Banerjee, J.A. Yorke, and C. Grebogi. Robust cha@RL, 80(14):3049—
3052, 1998.

[11] J.J. Bartholdi, L.A. Bunimovich, and D.D. Eisenstein. Dynamics of two-
and three worker "bucket brigade” production line©perations Research
47(3):488-491, 1999.



120 Bibliography

[12] J.J. Bartholdi and D.D. Eisenstein. A production line that balances itSgif.
erations Researght4(1):21-34, 1996.

[13] T. Beaumariage and K. Kempf. The nature and origin of chaos in manufacturing
systems. Irbth IEEE/SEMI Adv. Semicond. Manufacturing Copéges 169—
174, 1994.

[14] C. et al. Belta. Satbility and reachability analysis of a hybrid model of lumi-
nescence in the marine bacterium v.fischri. Grasp. Lab., Univ. Pennsylvania,
Philadelphia, 2002.

[15] A. Bemporad, G. Ferrari-Trecate, and M. Morari. Observability and control-
lability of piecewise affine and hybrid systemdEEE Trans. Autom. Control
45(10):1864-1876, 2000.

[16] L. Billings and E.M. Bollt. Probability density functions of some skew tent
maps.Chaos, Solitons and Fractgl$2:365-376, 2001.

[17] M. Branicky. Studies in Hybrid Systems: Modeling, Analysis and ConkbD
thesis, Massachusetts Institute of Technology, 1995.

[18] M. Branicky. General hybrid dynamical systepwlume 1066 oL NCS pages
186—200. Springer Verl., 1996.

[19] M.S. Branicky. Multiple lyapunov functions and other analysis tools for
switched and hybrid systemdEEE Trans. Autom. Contrpl43(4):475-482,
1998.

[20] M.S. Branicky, V.S. Borkar, and S.K. Mitter. A unified framework for hybrid
control: Backround, model and theory. Rroc. 33rd IEEE Conference on
Decision and Control, Lake Buena VisteD94.

[21] O.M. Bulashenko and L.L. Bonilla. Chaos in resonant-tunneling superlattices.
Phys. Rev. B52(11):7849-7852, 1995.

[22] L. Bunimovich. Dynamical systems and operations research: a basic model.
Discrete and Continuous Dynamical System4®):209-218, 2001.

[23] I.R. Cantalapiedra, M.J. Bergmann, L.L. Bonilla, and S.W. Teitsworth. Chaotic
motion of space charge wave fronts in semiconductors under time independent
voltage biasPhys. Rev. £63:056216, 2001.

[24] A. Carpio, L.L. Bonilla, A. Wacker, and E. Soh. Wave fronts may move
upstream in semiconductor superlatticelys. Rev.F61(5):4866—-4876, 2000.

[25] C. Chase, J. Serrano, and P.J. Ramdge. Periodicity and chaos from switched
flow systems: Contrasting examples of discretely controlled continuous sys-
tems.|EEE Transact. Autom. Cont838(1):70-83, 1993.

[26] J. Chen and M.A. Reed. Electronic transport of molecular syste@tsem.
Phys, 281:127-145, 2002.

[27] W. Chin, E. Ott, H.E. Nusse, and C. Grebogi. Grazing bifurcations in impact
oscillators.Phys. Rev. E50(6):4427-4444, 1994,



Bibliography 121

[28] B. Christiansen, D.-R. He, S. Habip, M. Bauer, U. Krueger, and W. Martienssen.
Phase diagram of a modulated relaxation oscillator with a finite restting time.
Phys. Rev. A45(12):8450-8456, 1992.

[29] S. Coombes and A.H. Osbaldestin. Period adding bifurcations in a periodically
stimulated exitable neural relaxation oscillatehys. Rev. F62(3):4057-4065,
2000.

[30] J.D. Crawford. Introduction to bifurcation theoRMP, 63(4):991-1037, 1991.
[31] B. Cristiansen, P. Alstrom, and M.T. Levinsen. Routes to complete phese lock-
ing in modulated relaxation oscillatorBhys. Rev. A42(4):1891-1900, 1990.

[32] M.C. Cross and P.C. Hohenberg. Pattern formation outside of equilibFR@w.
Mod. Phys,. 65(3):851-1112, 1993.

[33] W. de Melo and S. van StrienOne -dimensional DynamicsSpringer Verl.
Berlin, 1993.

[34] J. de Wegner, W. van de Water, and J. Molenar. Grazing impact oscillations.
Phys. Rev. E62(2):2030-2041, 2000.

[35] R.A. Decarlo, M.S. Branicky, S. Petterson, and B. Lennartson. Perspectives
and results on the stability and stabilizity of hybrid systemBroc. IEEE
88(7):1069-1082, 2000.

[36] C. Delago, L. Glatz, and H.A. Posch. Lyapunov spectrum of the driven lorentz
gas.Phys. Rev. E52(5):4817-4825, 1995.

[37] C. Delago and H. Posch. Lyapunov eponents of systems with elastic hard col-
lisions. Phys. Rev. E52(3):2401-2406, 1995.

[38] C. Dellago and W.G. Hoover. Are local lyapunov exponents continuous in
phase spacePhys. Lett. A268:330-334, 2000.

[39] M. di Bernado, C.J. Budd, and A.R. Champneys. Grazing and border-collision
in piecewise smooth systems: A unified analytical framew®tkys. Rev. Lett.
86(12):2553-2556, 2001.

[40] M. di Bernardo, M. Feigin, S. Hogan, and M. Homer. Local analysis of c-
bifurcations and chaos in n-dimensional piecewise smooth systé€’hgos,
sSolitons and Fractalsl0(11):1881-1908, 1999.

[41] I. Diaz-Rivera. The dynamics of queues of re-entrant manufacturing systems
PhD thesis, Arizona State University, 1997.

[42] I|. Diaz-Rivera, D. Armbruster, and T. Taylor. Periodic orbits in re-entrant man-
ufacturing systems. to be published, 2002.

[43] M. Dutta, H.E. Nusse, E. Ott, J.A. Yorke, and G. Yuan. Multiple attractor
bifurcations: a source of unpredictability in piecewise smooth systdpys.

Rev. Lett.83(21):4281-4284, 1999.

[44] U. Ernst, K. Pawelzik, and T. Geisel. Delay induced multistable synchroniza-

tion of biological oscilatorsPRE 57(2):2150-2162, 1998.



122 Bibliography

[45] A. Erramilliand L.J. Forys. Oscillations and chaos in a flow model of a switch-
ing systemlEEE Journal on Selected Areas in Communicatj@{g):171-178,
1991.

[46] L. Esaki and L.L. Chang. New transport phenomenon in a semiconductor su-
perlattice.Phys. Rev. Lett33(8):495-498, 1974.

[47] L. Esakiand R. Tsu. Superlattice and negative differential conductivity in semi-
conductorsIBM j. Res. Develop14:61, 1970.

[48] J.B. EvansStructures of discrete event simulatidgllis Horwood Lim., Chich-
ester, 1988.

[49] M.I. Feigin. Doubling of the oscillation period with c-bifurcations in piecewise
continuous systemsPMM [Journ. Appl. Maths. Mech,]34:861-869 [822—
830], 1970.

[50] M.I. Feigin. On the generation of sets of subharminic modes in a piecewise-
continuous system.PMM [Jour. Appl. Math. Mech,] 38(5):810-818 [759—
767], 1974.

[51] M.I. Feigin. On the structure of c-bifurcation boundaries of piecewise-
continuous systems?MM [Journ. Appl. Math. Mech,]42(5):820-829 [885—
895], 1978.

[52] R. Gilmore. Topological analysis of chaotic dynamical systerRev. Mod.
Phys, 70(4):1456— 1529, 1998.

[53] L. Glass and W. Zeng. Bifurcations in flat-topped maps and the control of
cardiac chaosint. Journ. Bif. Chaos4(4):1061-1067, 1994.

[54] H.T. Grahn, R.J. Haug, W. Mler, and K. Ploog. Electric-field domains in
semiconductor superlattices: A novel system for tunneling between 2d systems.
Phys. Rev. Lett67(12):1618-1621, 1991.

[55] D. Hanson, D. Armbruster, and T. Taylor. On the stability of reentrant manu-
facturing systems. In Beghi et al., edit®gc. of the 31st MTNS, Padua 1998:
Mathematical Theory of Networks and Systeh®99.

[56] L.H. Hartwell, J.J. Hopfield, S. Leibler, and A.W. Murray. From molecular to
modular cell biology.Nature 402(6761Suppl):C47-52, 1999.

[57] W.P.M.H. Heemels, B. de Schutter, and A. Bemporad. Equivalence of hybrid
dynamical modelsAutomatica 37(7):1085-1091, 2001.

[58] J.E. Hopfcroft and J.D. Ullmanlintroduction to automata theory, languages
and computationAddison Wesley, 1979.

[59] C. Horn and P. J . Ramadge. A. topological analysis of a family of dynamical
systems with non-standard chaotich and periodic behavimudourn. Contro}
67(6):979-996, 1997. SwAIT.

[60] S. ITO, S. Tanaka, and H. Nakada. On unimodal transformations and chaos.
Tokyo J. Math.2:241-259, 1979.



Bibliography 123

[61] R. Kapral and K. Showalter, editorscChmical Waves and PatternKluwer
Acadamic Publishers, 1995.

[62] I. Katzorke.Modeling and analysis of production systerRD thesis, Univer-
sitat Potsdam, 2002.

[63] I. Katzorke and A. Pikovsky. Chaos and complexity in a simple model of pro-
duction dynamicsDiscrete Dynamics in Nature and Socigbyl79-187, 2000.

[64] L. Kleinrock. Queuing Systemgohn Wiley & Sons, 1975.

[65] D.E. Knuth. The Art Of Computer Programming, Seminumerical Algorithms
volume 2. Addison-Wesley, Reading MA., 1981.

[66] C. Kbhrmann. Modellbasierte Veifgbarkeitsanalyse automatischer Mon-
tagelinien PhD thesis, University Hannover, Institute for Production Systems,
2000.

[67] S.R.T. Kumara, H. van Brussel, S.T.S. Bukkapatam, and I. Ham. Non-linear dy-
namics and chaos in manufacturing - a critical analysiSCIRP international
Seminar on Manufacturing Syster2901.

[68] E.R. Larsen, J.W.D. Morecroft, and J.S. Thomson. Complex behaviour in a
production distribution model.European Journal of Operational Reseaych
119:61-74, 1999.

[69] J.D.C. Little. A proof for the queueing formula= \w. Operations Research
9:383-387, 1960.

[70] O. Lorch, J. Denk, J.F. Seara, M. Buss, F. Freyberger, and G. Schmidt. An em-
ulation enviroment for a vision guided virtual walking machinePhoc. of the
First IEEE-RAS International Conference on Humanoid Robots HUMANOID
S2000, Cambridge, MA000.

[71] J. Lunze. Modelling, Analysis and Design of Hybrid Systemslume 279 of
LNCIS chapter What is a Hybrid System, pages 3—-14. Springer Verlag ,Berlin,
Heidelberg, 2002.

[72] K.J. Luo, H.T. Gran, K.H. Ploog, and L.L. Bonilla. Explosive bifurcation
to chaos in weakly coupled semiconductor superlattic€hys. Rev. Lett.
81(6):1290-1293, 1998.

[73] J Lygeros, K.H. Johansson, S.N. Simic, J. Zhang, and S. Sastry. Dynamical
properties of hybrid automatdEEE Trans. Autom. Contrp#i1(1):2—-18, 2003.

[74] Y.L. Maistrenko, V.L. Maistrenko, and L.O. Chua. Cycles of chaotic intervals
in a time -delayed chua’s circuitint. J. Bifurcation Chaos Appl. Sci. Eng.
3(6):1557-1572, 1993.

[75] J. Mareczek, M. Buss, and G. Schmidt. Robust global stabilization of the un-
deractuated 2-dof manipulatdproc. of the IEEE International Conference on
Robotics and Automation, Leuvygrages 2640-2645, 1998.

[76] A.S. Mikhailov. Foundations of Synergeticgolume 1. Springer, Berlin, 1994.



124 Bibliography

[77] 1. Mitrani. Simulation techniques for discrete event syste@asmbridge Uni-
versity Press, 1982.

[78] J. Muller and W. van Saarloos. Morphological instability and dynamics of
fronts in bacterial growth models with nonlinear diffusiorPhys. Rev. E
56:061111, 2002.

[79] H.E. Nusse and J.A. J.A. Yorke. Border-collision bifurcations for piecewise
smooth one-dimensional mapsint. J. Bifurcation Chaos Appl. Sci. Eng.
5(1):189-207, 1995.

[80] H.E. Nusse, E. Ott, and J.A. Yorke. Border collision bifurcations: An expla-
nation for observed bifurcation phenomen@hys. Rev. E49(2):1073-1076,
1994.

[81] H.E. Nusse and J.A. Yorke. Border collision bifurcations including "period two
to period three” Physica O 57:39-57, 1992.

[82] P. Nyhuis and H.-P. WiendahlLogistische KennlinienSpringer Berlin Heidel-
berg New York, 1999.

[83] P. Orella and F. Claro. A terahertz molecular switciPhys. Rev. Lett.
90(17):178302, 2003.

[84] S. Parui and S. Banerjee. Border collision bifurcations at the change of state
space dimensiorChaos 12(4):1054-1069, 2002.

[85] M. Patra, G. Schwarz, and E. Sgh ifurcation analysis of stationary and oscil-
lating domains in semiconductor superlattices with doping fluctuatibthys.
Rev. B57(3):1824-1833, 1998.

[86] P.J. Ramadge and W.M. Wonham. The control of discrete event sysReats.
IEEE, 77(1):81-98, 1989.

[87] B Rem and D. Armbruster. Control and synchronization in switched arrival
systems Chaos 2003. to be published.

[88] N.F. Rulkov. Modeling of spiking-bursting neural behavior using two-
dimensional mapPhys. Rev. F65:041922, 2002).

[89] J.P.M. Schmitz, D.A. van Beek, and J.E. Rooda. Chaos in discrete production
systems?Journal of Manufacturing Systeni21(3):236-246, 2002.

[90] E. Scloll. Nonlinear spatio-temporal dynaics and chaos in semiconductors
volume 10 ofNonlinear Sciences Serie€Cambridge University Press, Cam-
bridge, 2001.

[91] B. Scholz-Reiter, M. Freitag, A. Schmiederer, and Sillst. Nichtlineare dy-
namik und ppsPPS Managemen6(3):34-37, 2001.

[92] T. Scturmann and I. Hoffmann. The entropy of strange billiards inside n-
simplexesJ. Phys. A: Math. Gen28:5033-5039, 1995.

[93] J.A. Sherratt. Invading wave fronts and their oscillatory wakes are linked by a
modulated travelling phas®hysica ) 117:145-166, 1997.



Bibliography 125

[94] S.N. Simic, K.H. Johansson, S. Sastry, and J. Lygeros. Towards a geometric
theory of hybrid systems. IAlybrid Systems: Computation and Contrebl-
ume 1790 oLNCS pages 421-436. Springer Verl., 2000.

[95] R. Stoop and C. Wagner. Scaling properties of simple limiter contPr®RE
90(15):154101, 2003.

[96] M. Timme, F. Wolf, and T. Geisel. Prevalence of unstable attractors in networks
of pulse-coupled oscillator®RL, 89(15):154105, 2002.

[97] J.E. Tolsma and P.l. Barton. Hidden discontinuities and parametric sensitivity
calculations.SIAM J. Sci. Comput23(6):1861-1874, 2002.

[98] P. Vakili and G.-X. Yu. Periodic and chaotic dynamics of a switched-server
system under corridor policies.|IEEE Transactions of Automatic Contyol
41(4):584-588, 1996.

[99] G. Wackenhut, V. Avrutin, and M Schanz. On dynamical systems with piece-
wise defined system functions. Rroceedings of the 2nd International Con-
ference "Tools for Mathematical Modelling” MATHTOOLS’9pages 4-20,
1999.

[100] A. Wacker. Semiconductor superlattices: a model system for nonlinear trans-
port. Phys. Rep.357:1-111, 2002.

[101] C. Wagner and R. Stoop. Renormalization approach to optimal limiter control
in 1-d chaotic systemsl. Stat. Phys.106(1/2):97-107, 2002.

[102] D. Walgraef. Spatio-temporal Pattern FormatiorPartially Ordered Systems.
Springer Verl., Berlin, Heidelberg, New York, 1997.

[103] J. Wang, X.-L. Ding, B. Hu, B.-H. Wang, J.-S. Mao, and D.-R. He. Charac-
teristics of a piecewise smooth area-preserving nidyys. Rev. £64:026202,
2001.

[104] E. Westlkampfer, H.-H. Wiendahl, G. Pritscow, B. Rempp, and M. Schanz. Tur-
bulenz in der pps - eine analogilerkstatttechnikd0(5):203-207, 2000.

[105] H.-P Wiendahl, J. Worbs, and K. Peters. Turbulente zeif&NF, 97(12):633—
637, 2002.

[106] J. Worbs and H.-P. Wiendahl. private communication.

[107] J. Worbs, H.P. Wiendahl, and K. Peters. Analysis of the logistical performance
of manufacturing processes with methods of non-linear dynamics. In R. Teti,
editor,Proc. 3rd CIRP (Intelligent Computation in Manufacturing Engineering)
International Semingr2002.

[108] H. Ye, A.N. Michel, and L. Hou. Stability theory for hybrid dynamical systems.
IEEE Trans. Autom. Contrph3(4):461-474, 1998.

[109] E. Yellin and A. Rabinovich. Properties and features of asymmetric partial
devil’s staircases deduced from piecewise linear mapgs. Rev. £57:016202,
2003.






Acknowledgements

This thesis is the result of several years of work and influenced by a considerable num-
ber of people. All of them | would like to express my gratitude. The most important
of them for this work | shall acknowledge in the following. First of all | would like to
thank my advisor Prof. Parlitz for his constant support. He made this thesis possible
in many ways.
The project that he has started with the Institute for Production Systems in Hannover
gave me the chance to learn much about the problems of production engineering. |
have to thank our partners, Prof. Wiendahl and Jochen Worbs for many fruitful dis-
cussions.
When | started the work on the hybrid switching systems considered here, it was not
predictable that an application to supperlattices is possible. So my special thanks are
due to Andreas Amann, with whom the ideas of the model for front dynamics were
discussed many times. For the possibility to use the calculations of the microskopic
model here | have to thank J.H. Schlesner. Prof.ag8@tcompanied the work on this
model with his constant interest. The financial support of the VW-Foundation (Grant
No. I/76 279 - 280) is gratefully acknowledged.

Furthermore | would like to thank Prof. Lauterborn for the perfect working condi-
tions in his institute. My roomates and colleagues Jochérlgr, Alexander Horn-
stein and Immo Wedekind supported me in many ways. Last but not least | thank B.
Vath for her patience and support during the hard times when this thesis where written.






Lebenslauf

Perdnliche Daten

Name Karsten Peters
Geburtsdatum 30. November 1972
Geburtsort Rostock

Nationalift deutsch

Ausbildung

1979-1987 Besuch der POS in Rostock

1987 -1991 Besuch der Spezialschule "Albert Einstein” in Rostock

Juli 1991 Abitur

1991-1992 Grundwehrdienst

1992-2003 Studium der Physik an der UniversEottingen

Juli 1994 Vordiplom

1998-2000 Diplomarbeit am Dritten Physikalischen Institut der Univar&bttingen,
Betreuer: Dr. U.Parlitz
Titel: Untersuchungen zur Dynamik gekoppelter chaotischer Systeme

Mai 2000 Diplom

seit Juni 2000 wissenschaftlicher Mitarbeiter am Dritten Physikalischen Institut



	1 Introduction
	2 Hybrid Systems
	2.1 Hybrid Dynamical Systems
	2.1.1 Occurrence of Hybrid Systems
	2.1.2 Research on Hybrid Systems

	2.2 Notions of Hybrid Systems
	2.2.1 Approach to a Definition of Hybrid Systems
	2.2.2 Graph Representation
	2.2.3 Hybrid Trajectories
	2.2.4 Dynamical Properties of Hybrid Systems

	2.3 Numerical Simulation of Hybrid Systems
	2.4 Summary

	3 Border Collision Bifurcations
	3.1 Bifurcations of Piecewise Smooth Maps
	3.1.1 Preliminaries

	3.2 Bifurcations of Continuous Piecewise Linear Maps 
	3.2.1 Border Collision Pair Bifurcations
	3.2.2 Border Crossing Bifurcations
	3.2.3 Border Collision Bifurcations in Continuous Two Dimensional Maps

	3.3 Bifurcations of Piecewise Linear Maps with a Discontinuity
	3.3.1 General Properties of Periodic Orbits
	3.3.2 Period Adding Scenarios
	3.3.3 Period Increment Scenarios
	3.3.4 Discontinuous Maps with Slopes Larger than One
	3.3.5  Positive Jump at the Discontinuity 

	3.4 Summary

	4 Switched Tank Hybrid Systems
	4.1 Switching Between Tanks
	4.2 Switched Arrival and Switched Server Systems
	4.2.1 Strange Billiards and their Poincaré Maps
	4.2.2 Limiting Cases

	4.3 Dynamics and Bifurcations
	4.3.1 Properties of Poincaré Maps
	4.3.2 Bifurcations in three tank switched server systems
	4.3.3 Dynamics of Switching Times
	4.3.4 Complexity of Symbolic Dynamics

	4.4 Further Models
	4.4.1 Modified Switching Rules
	4.4.2 An Asymmetric Billiard
	4.4.3 A Three Tank System with Four Discrete States

	4.5 Summary

	5 Modeling of Manufacturing Systems
	5.1 Manufacturing Systems and Hybrid Models
	5.1.1 A Brief History of Hybrid Modeling for Manufacturing Systems
	5.1.2 Switched Arrival and Server Systems in Manufacturing

	5.2 Manufacturing Systems with Set-up Times
	5.2.1 A Model for Switched Server Systems with Set-up Time
	5.2.2 Poincaré Maps and Dynamics

	5.3 Performance of Manufacturing Systems
	5.3.1 Measures of Logistic Performance
	5.3.2 The Costs of Switchings
	5.3.3 Throughput Times and their Distribution
	5.3.4 Optimization and Chaos Control

	5.4 Switched Discrete Deterministic Systems
	5.4.1 Dynamics
	5.4.2 Small Stochastic Disturbances

	5.5 Summary

	6 Modeling of Front Dynamics in Semiconductor Devices
	6.1 Fronts and Pattern Formation in Semiconductor Superlattices and Other Spatio-Temporal Systems
	6.1.1 Benefits of a Generic Model

	6.2 Modeling Front Dynamics
	6.3 Dynamics for Long Superlattices
	6.3.1 Limiting Case of a Vanishing Threshold
	6.3.2 The Parameter ph
	6.3.3 Dynamics for Three Domains
	6.3.4 Obtaining Front Positions
	6.3.5 Four and More Domains

	6.4 Dynamics if Domains Can Traverse the Sample
	6.5  Comparison of Numerical Results
	6.6 Conclusion

	7 Conclusions and Perspectives
	A Tables of Poincaré Maps
	Bibliography

