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Chapter 1

Introduction

We consider the set of SU(2)-instantons on R* with finite energy, which are anti-
self-dual connections of SU(2)-bundles over R?* (see [DK]). Since such a connec-
tion can be extended to a connection on S* due to the removeable singularities
theorem of Uhlenbeck, the famous ADHM-construction [DK] shows that there is
a 1-to-1 correspondence between SU(2)-instantons of charge n with framing at
the fibre at infinity (the fibre resulting from compactifying R* to S*) and

(i) [A,B] +ij =0
M (n) =< (A, B,i,j)| (i) [A, A1+ [B, B+ i —jj =0 » /U(n),
(iii) Stabym(A, B,i,j) =1

where A, B € End(V), i € Hom(W,V) and j € Hom(V,W) with V and W
hermitian vector spaces of dimension n and 2 respectively and U (n)-action, which
is given by the G L(n)-action

9(A,B,i,j) = (97" Ag,g"'Bg, g "i,jg) for g € GL(n).

One can show that these U(n)-orbits of ADHM data are in 1-to-1 correspondence
to GL(n)-orbits of tuples (A, B, i, j) satisfying

[A, B] +1ij =0

and the two stability conditions



(S1) A proper subspace S C V such that A(S) C S; B(S) C S and im(i) C S

(S2) # proper subspace S C V such that A(S) C S;B(S) C S and S C ker(j)
(1.0.1)

(see §3). An action of &, the group of regular automorphism of C2?, arises in
two natural ways: through the action on the above matrix data and through the
action on locally free sheaves on Py. Since & = A, xr &, where A, are the affine,
¢ the elementry transformations and I' = A, N €, the first action is given by

CL(A,B,i,j) = (:U’OA +MlB _'_MZ]-;VOA + VlB + V217det(a)i7j>7

ep(A?B7Z7j) = (A7B+p(A)7Z7j)7

where a € Ay and e, € € with p € C[t]. To get the second action one has to
consider an inclusion Ay < P, which implies an inclusion of & into Cr(Py), the
set of biregular automorphism on Py, and identify SU(2)-instantons with the
set of locally free sheaves E on Py trivial at [, := Py \ Ay, satisfying ¢;(E) =
0,c2(E) = n (see §4). Then for g € & one defines g(F) := g.(E) (more in §7).
Considering these two actions one has

Theorem 1.0.1 The bijection between the set of locally free sheaves E on Py
trivial at lo, satisfying c1(E) = 0,co(E) = n and the set of GL(n) x GL(2)-
orbits of ADHM data is &-equivariant.

(see §7).

In this work we investigate the &-action for charge n < 4. The basis for this
is a lemma of Artamkin [A1l], which states that in the set of pairs (A, B),
such that their commutators are equal up to a factor, there is a dense &-orbit,
which includes the pairs having no common invariant subspace and a reduced
spectral scheme. The spectral scheme of a pair (A, B) is the subscheme of
Py, = Proj(C[Ag, A\, A2]), which is given by the homogeneous ideal generated
by det(MA + M B — A21).

In §3 we show that SU(2)-instantons can be described as stable GL(n)-orbits of
tuples (A, B, 1, j) satisfying [A, B] +ij = 0, give the B-action and show that it
is well defined. In §4 we show that by dropping stability condition (S2) in 1.0.1
we extend the moduli space M"(n) to include torsion free sheaves on Py, with
trivialisation on I.

In §5 we consider the space of SU(2)-instantons of charge n modulo framing
at infinity, which we denote by M”®(n). We show, that there is no instanton
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with ADHM datum (A, B,1,j) such that rk[A, B] = 1. We therefore get a
decomposition as disjoint union

M (n) = M (n) U M (n)

where M’¢9(n) denotes the GL(n) x GL(2)-orbits of ADHM data with [A, B] = 0
and M"(n) those with [A, B] # 0. Furthermore we show that an element of
./\;lflig (n) is uniquely determined by a pair (A, B), and that up to a factor there are
n — 1 conjugation classes of the commutator [A, B] for n < 4 and 3 conjugation
classes for n > 4. Therefore Artamkins theorem implies that there are at least
n — 1 G-orbits in M (n) for n < 4. Before answering the question, if there
are more then these orbits in §6, §8, we investigate in the second part of §5 the
®-action on M’ (n). Since for (A, B,4, j) with [A, B] = 0 the GL(2)-orbit of i, j
is not uniquely determined by the pair (A, B) we only consider the $-action on
the set of conjugation classes of so called stable pairs (A, B), denoted by S(n),
which are those pairs, that can occur in an ADHM datum. We show

Theorem 1.0.2 There are 2,3 respectively 6 G-orbits in S(2),S(3) and S(4).
In §6 we show that for a pair (A, B) representing an element of M'%(n), n < 4
there is no invariant subspace of A and B, and investigate the spectral schemes

for charge 2 and 3. We prove that the spectral scheme of any element of M!9(2)
and M7%(3) is reduced. Thus with Artamkins lemma we get

Theorem 1.0.3 There is one &-orbit in M79(2) and two orbits in M79(3).

In §7 we sketch the proof of theorem 1.0.1 and show that the locally free sheaves
corresponding to instantons are GG-semistable. Because of this G-semistability we
can associate in §8 so called coherent systems, introduced by LePotier in [LP1],
to instantons of charge 4 and investigate with their help the spectral schemes.
It turns out, that also any element of M7 (4) has a reduced spectral scheme.
Therefore we get

Theorem 1.0.4 There are 3 G-orbits in MTI(4).



Chapter 2

Tools and notations

We give a short summery of definitions and facts about sheaves of modules on a
smooth projective variety X over C, that we will need in this text.

2.1 support, setsupport and Fitting scheme

Let X be of dimension n and G a coherent sheaf on X. Then the rank of G,
denoted by r¢g(G) is the dimension of G, over Ox, at the generic point x € X
(Considering X as the associated integral scheme). The support of G, denoted
by supp(G) is the scheme, which restricted to an open affine set U is given by
Spec(Oly Jann(G|y)), where ann(G|y) C O|y is the annihilator of G|y. With
setsupp(G)) we denote the underlying set of supp(G). We say G is of dimension
d if dim(setsupp(G)) = d. Furthermore one can associate the following schemes
to G:

For every point x € X there is a neighborhood U of z such that

¢

oy — O —- ¢ — 0

Let ¢ be given by a r x s matrix. Then the k — th Fitting scheme of G denoted
by Fitty(G) is the scheme, that is locally the spectrum of the quotient of the
structure sheaf of X by the sheaf of ideals generated by the minors of ¢ of order
r—k.

The advantage of F'itty(G) is that in opposite to supp(G) it ”counts” the mul-
tiplicities of a sheaf in the right way. For example let Y = Spec(C[z]/z?) and
consider the sheaves Oy and O, @ O,, then supp(Oy) =Y and supp(O,® O,) =
(y, O,) but both have Y as their O-th Fitting scheme.

A scheme S is called regular or nonsingular at a point x, if the dimension of the
local ring Og, is equal to the dimension of the Zariski tangent space T, of S
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at x. Note that in contrast to a variety the closed points of a scheme can be all
singular. An example is Spec(Clz,y|/(y?).

2.2 Torsion sheaves

For any open U C X, G(U) is an O(U) module. The torsion module of G(U) is
given by

TGWU))={meGU):3ac OU) s.ta#0 anda-m =0}

These torsion modules form a presheaf, whose sheafification is the torsion sheaf
T(G) of G. A coherent sheaf is called torsion free, if its torsion sheaf vanishes. G
is a torsion sheaf if 7(G) = G.

Since a coherent sheaf is uniquely determined by its restrictions to basic open
subsets and the generic point of X also belongs to the basic open subsets of X,
the restrictions of a coherent sheaf of rank 0 to the basic open subsets are also
of rank 0. Therefore for a coherent subsheaf F C G of rank 0, one has

F CT(G).

Therefore a torsion free sheaf cannot have a subsheaf of rank 0.

The dual of a coherent sheaf G is defined as G* = Hom(G, Ox), thus on an
open set U C X one has G*(U) = Homo1)(G(U),Ox(U)). There is a natural
homomorphism gy : G(U) = G**(U) given by

(ogwy(m))(g") = g"(m) ¥Vg" € G*(U)

and this maps extends to og : G — G**. One has

ker(og) = T(G).

Therefore G is torsion free if and only if og is injective. G is called reflexive if
it is an isomorphism . The set of points, where a reflexive sheaf is not locally
free is of codimension > 3, therefore a reflexive sheaf on a projective surface is
already locally free. For more details see for example [K].
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2.3 Duality, Ext and Ext

Let G be a sheaf of modules on X, Ext'(—,G) and Ext'(—, G) be the right derived
functors of Hom(—,G) and Hom(—,G) respectively. For the proof of the next
lemma see [H| 111.6,7.

Lemma 2.3.1 Let G be sheaf of modules on X

1. Ext'(Ox,G) = 0 for i > 0;
2. Ext'(Ox,G) = H(X,G) for i > 0;

3. For a locally free L and a sheaf of modules F one has
Ext'(G® L, F) ~ Ext' (G, F @ L")
Ext'(G® L, F) ~ Ext' (G, F® L*) ~ Bat'(G, F) @ L*
4. (Duality for P, ) For X =P, and G coherent one has
Ext' (G, wp,) ~ H" ' (P,,G)*
where wp, = O(—n — 1) is the canonical sheaf of P,,.
5. 2,3 and 4 together give

H(P,,L) ~ H" ' (P,, L @ wp,)*

6. If Y is a closed subvariety of P, of codimension d and F a sheaf of Oy -
modules, then

Homy (F,wy) ~ E:L’tfp{n (F,wp,)

7. For x € P,, one has
Ext'(G, F), ~ Exty, (Go, F)
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2.4 Torsion and duality for sheaves of rank 0
The following can be found in [LP1] chapter 8.

Lemma 2.4.1 Let G be a coherent sheaf of codimension ¢ on a smooth projective
variety X of dimension n. Then Ext!(G,wx) = 0 for ¢ < ¢, Ext®(G,wx) is of
codimension ¢ and Ext?(G,wx) is of codimension > q for q > c.

There is also a concept of torsion subsheaves and duality for sheaves of rank
0: A sheaf is called torsion free on its support if there is no subsheaf of lower
dimension. Setting G *:= Ext°(G,Ox) for G of codimension ¢, one also has a
canonical homomorphism G — G ™ which is injective if G is torsion free on its
support, and in case of an isomorphism G is called reflexive on its support. One
has

Lemma 2.4.2 Let G be a coherent sheaf of codimension ¢ on a smooth projective
variety X of dimensionn. G is torsion free on its support if and only for all ¢ > ¢
the support of Ext!(G,wx) is of codimension > q + 1.

and

Lemma 2.4.3 Let G be a coherent sheaf of codimension ¢ on a smooth projective
variety X of dimension n. G is reflexive on its support if and only for all ¢ > ¢
the support of Ext?(G,wx) is of codimension > q + 2.

Therefore if X is a surface and G is of codimension 1 and torsion free on its
support one has

g~G~

2.5 Further tools

Let Tor'(—,G) be the i-th left derived functor of — ® G. Considering the ho-
mological dimension of the stalk of a sheaf G on X, which is the length of the
shortest free resolution, one can show using point 7 of lemma 2.3.1 and a similar
isomorphism for Tor’ (see [K])

Lemma 2.5.1 Let G be a torsion free sheaf on X. Then G is locally free at x if
and only if one of the following two equivalent conditions is satisfied:

1. Tor'(G,0|,) =0 fori > 0.
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2. Ext'(G,Ox), =0 fori>0.

where O], is the structure sheaf of the reduced scheme supported at . The next
two statements can be found for example in [OSS].

Theorem 2.5.2 (Theorem A of Serre) Let G be a coherent sheaf on P,.
Then there is kg € Z such that G(k) is generated by global sections for k > ky

Theorem 2.5.3 (Theorem B or vanishing theorem of Serre) Let G be a
coherent sheaf on P,. Then there is a ko € Z such that for ¢ > 0 and k > ko one
has

H9(G(k)) =0
Furthermore we will use monads. A monad is a complex

a b
O - F = G = H — 0

of sheaves, which is exact at F and H. The sheaf £ := ker(b)/im(a) is called
the cohomology of the monad.

2.6 Grothendieck and Chern classes

The Grothendieck group of a smooth projective algebraic variety X of dimension
n, denoted by K(X), is the quotient of the free abelian group generated by
all coherent sheaves on X by the subgroup generated by short exact sequences.
That is, an element G — G" — G” vanishes in K (X), if there is an exact sequence
0— G — G — G"”" — 0. We denote the equivalence class of a sheaf G in K(X)
by ¢(G) and call it the Grothendieck class of G.

For X =P, K(P,) is freely generated by &k’ := Olp(1,);4 =0, 1,...,n as abelian
group, where L; is a linear subspace of C"*! of codimension i. Thus we write
the Grothendieck class of a coherent sheaf G on P,, as

90) = Y a0

The Grothendieck group also has a ring structure given by

n

g-9=>_( ggmk'

=0 j+m=i
Considering it with this additional structure we call it the Grothendieck ring.
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Definition 2.6.1 For a coherent sheaf G on P, of codimension d the multiplicity
of G is given by

m(G) := ga(9).

The Chow ring A(X) is the graded object

AX) =P AX)
i=0

where A’(X) is the set of cycles Y m;Y; with Y} irreducible subvarieties of X
of codimension j and m; € Z modulo rational equivalence (see [H] p. 426). It
comes with a map A" x A% — A" which generalizes the intersection of two
divisors on a surface and implements a ring structure on A(X).

The Chow ring of P,,, A(IP,), as a group is freely generated by n + 1 elements
L, h h?, - h™

A(P,) = Z[h] /W™,

where h is the Chow class of a hyperplane. The Chern character of a coherent
sheaf G on Py, which is an element of A(Ps), is given by

ch(G) = rk(G) + c1(G)h + %(q(g)? — 265(G)) 2 (2.6.1)

and with Hirzebruch-Riemann-Roch one gets

X(B) = 7k(G) + 5e1(0) + 5(1(G) — 262(0)) (262)

We compute the Chern characters of the generators of K (IPy):

O(i): With 2.6.1 we have
2'2
ch(O(i)) = 1+ ih + 5}12

O|(7): We consider the resolution of O|;(7):

0—-0(—-1)—=0@G) — O(i) >0
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and get

21 —1

ch(O|,(i)) = ch(O(i)) — ch(O@i — 1)) = h + h?

O|,: There is the resolution:
0— O(-1) — 0|, —» O], = 0.

Thus ch(0|,) = h%.

Notation: Since we will not be working with the local ring at a point p in this
text, we will often denote O|, by O,.

The image of a generic element of K (IPy) is
ch(g) = ch(go + gik + g2k%) = go + gih + (g2 — %)h (2.6.3)

This formula shows, that g; = ¢; for a sheaf on P,, therefore for a sheaf 6 of
codimension 1 on Py one has m(0) = ¢,(9).

We compute the Hilbert polynomial of a coherent sheaf G on Py. By definition
Pg(n) = x(G(n)). To apply 2.6.2, we need the Chern classes of the twisted sheaf
G(n) in terms of the Chern classes of G: One has

ch(G(n)) = ch(G)ch(O(n))
= (rk(G) + c1(G)h + 5(c1(G)* = 22(G))h*)(1 + nh + 5n°h?) =
=1k(G) + (c1(G) + rk(G)n)h + (3¢1(G)* = 2(G) + 57k(G)n” + c1(G)n)h?

Thus ¢1(G(n)) = ¢1(G) + rk(G)n and
)

3¢1(G(n))* = 2(G(n)) = 5¢1(9)* + rk(G)er(G)n + 57k(G)*n* — ca(G(n)) =
= %01(9)2 - CQ(Q) + %Tk(g)n2 + Cl(g)n

giving 2¢5(G(n)) = rk(G)(rk(G) — 1)n® + 2(rk(G) — 1)c1(G)n + 2¢2(G)
Using this with 2.6.2 gives:

Pg(n) = rk(G)+ 5c1(G) + 5rk(G)n + 5(c1(9)* = 2¢2(G)) + 57k(G)n + 1 (G)n

— sTR(G)n® + (3rk(G) + c1(G))n + x(G)
(2.6.4)
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2.7 The Grothendieck spectral sequence

A (cohomology) spectral sequence is a sequence of double complexes EP? r € N
with differentials

Pq . P4 p+r,q—r+1
dart . gPT — EY

such that EY{, is the cohomology of (E??, dP?). We say EP? is bounded if for any

r T

n € Z there is a rq such that for all p, ¢ with p+q = n one has EF! = B =: EFS

for 7 € N. We say EP? converges to H* in any object H" has a filtration
0=F'H"C...FP'H" C FPH™ ... C F*H™ = H" s.t P ~ FP[PT /Pl [prta

In this case we write EPY = HPT.
Now we come to the Grothendieck spectral sequence. Let A, B,C be abelian
categories with A, B having enough injectives and left exact functors G : A —
B; F : B — C such that GG sends injective objects of A to acyclic objects of B
(that is R"F(G(a)) = 0 for i > 0 and a any injective object), then for each object
a € A there is a spectral sequence with

EY = (RPF)(R'G)(a) = RPT(FG)(a)

The maps
RP(F)(G(a)) = RP(FG)(a) and RY(FG)(a) — F(R'G(a))

are natural transformations. Furthermore one has the so called exact sequence
of low degree

0 — (R'F)(G(a)) = R*(FG)(a) = F(R'G(a)) — (R*F)(G(a)) = R*(FG)(a).

15



Chapter 3

The action of the group of
biregular automorphism of the
affine plane on instantons

We give three equivalent descriptions of M"™9(n), the space of framed regular
SU(2) instantons of charge n over R* and define an action of the group of bireg-
ular automorphism of C? on M"(n).

It is known [Sh1], that the group of biregular automorphism of the complex affine
plane, which we denote by &, is the amalgamated product

®:A2*F€7

where the subgroups A,, I', € are given by

Ay = {(x,y) — (lox + fuy + po, vox + 11y + 15)| det(a) = det ( 53 511 ) + 0}

¢ ={(z,y) = (z,y + p(x))|p € Clz]}, '=A4,NE¢.

The following actions of As and & canonically induce an action of G on the set
of pairs of matrices. For (A, B) € gl(n) x gl(n), a € Ay and e, € € let

a(A, B) = (poA + B + pal, 1A + 11 B + 1,1),

ep(A, B) = (A, B+ p(A)).
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We want to extend this action to an action of & on framed instantons, these are
anti self dual SU(2)-connections on bundles over R*. Their original description by
ADHM data, as it can be found in [DK], states that the space of these connections
with charge n can be described as

(i) [A,B]+ij =0
M (n) =4 (A B,ij)| (i) [A, A+ [B, B +i* —j*j=0 »/U(n)
(ii1) Stabymy(A, B,i,j) =1
(3.0.1)

where A, B € End(V), i € Hom(W,V) and j € Hom(V,W) with V and W
hermitian vector spaces of dimension n and 2 respectively and U (n)-action, which
is given by the G'L(n)-action

9(A,B,i,j) = (g7 Ag,g"'Bg,g "i,59) for g € GL(n)

Definition 3.0.1 We call a tuple (A, B,i,7) stable if it satisfies the following
conditions

(S1) 7 proper subspace S C V such that A(S) C S; B(S) C S and im(i) C S
(S2) 7 proper subspace S C V such that A(S) C S; B(S) C S and S C ker(j)

Remark: (A4, B,i,5) — (B A’ j%,i") is an involution on the set of tuples
(A, B,i,7). It preserves stability. For a tuple (A, B,i,j) the condition (S1)
respectively (S2) is violated if and only if the condition (S2) respectively (S1)
is violated for (B!, A%, j*,i"). Therefore to show stability of (A, B,i,7) it suffices
to show condition (S1) for (A, B,14,j) and (B!, A%, j*,").

For the proof of the next lemma we will need a lemma of Mumford [MFK]

Lemma 3.0.2 Let G be a finite dim. Lie group acting symlecticly on a symplec-
tic manifold X with moment map p: X — g*. Suppose p(x) =0 for an x € X
and Stabg(x) = 1. Then for the action of G© induced by the action of G one
has Stabge(z) = 1.
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Lemma 3.0.3 M"™(n) is bijective to each of the following two set

(i) [A,B]+ij =0
(A, B,i,7)| (id)GL(n)(A, B,i,j) is closed 3 /GL(n); (3.0.2)
(ZZZ) StabGL(n) (A, B, Z,j) =1
(1) [A,B]+ij =0
(A, B,i,7)| J/GL(n). (3.0.3)
(17) (A, B,i,j) is stable

Proof:

Consider the vector space V of tuples (A, B,i,7) with the hermitian metric in-
duced from the metrics on V' and W and canonical symplectic form. The U(n)-
action given by

u(A, B,i,7) = (u ' Au,u ™ Bu,u ™, ju)

is symplectic. The corresponding moment map is
w:V—un); (A B,i,j)— [A A+ [B,B*] +ii" — j*j.

The Lie group U(n) is semisimple and its complexification is GL(n). By a theo-
rem of Kempf and Ness ([N], Th.3.12) there is a bijection

1 H(0)/U(n) — {closed GL(n)-orbits in V'} (3.0.4)

Since condition (7i) of 3.0.1 for an ADHM datum is u(A, B, i,j)) = 0, we get (i7)
of 3.0.2 by applying 3.0.4, applying lemma 3.0.2 to U(n) gives (éi7) of 3.0.2 thus
we have shown the first equivalence.

The Hilbert-Mumford criterion states that every point in the closure of an G L(n)-
orbit O is in the closure of a 1-parameter family, we use this to show the equiv-
alence of 3.0.2 and 3.0.3.

Let GL(n)(A, B,1,j) be closed and Stabgrm)(A, B,4,j) = 1. Assume (A, B, 1, j)
does not satisfy (S1) then 3 S C V such that V = S & S+ with

-GG ()

Choose A(t) := ( é t_ql >, then
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. x 0 . * 0
hmt—>0 A)\(t) = ( 0 * )7 hmt—>0 B)\(t) - ( 0 " )7

limy 0 A(t)i = ( 0 ) , limy o jA(t)™! = ( * 0 )
1 0 . .
Thus g = 0 -1 € Stabgrm(limeo A(t)(A, B,i,7)) # 1 =
Stabarmy(A, B,i,j) # 1, which is a contradiction thus (A, B, 4, j) must satisfy
(S1).

Since (A, B,i,j) € M™(n) if and only if (B, A", j*,i") € M"9(n), and (S1) for
(B, A, 5t,i") is (S2) for (A, B,1,j), the conditions "G L(n)(A, B, 1, j) is closed”
and Stabgrm) (A, B,14,j) = 1 also induce (S2).

Let (A, B,1,7) be stable. Suppose GL(n)(A, B,i,j) is not closed, then by the
Hilbert-Mumford criterion there exists a l-parameter family A : C* — GL(n)
such that limy o A(¢)(A, B,14,7) is not in GL(n)(A, B,i,7). Consider the weight
decomposition of V' with respect to A, which has real weights only: V =
@D, V(a). Because of the existence of the limit we must have

AV(a) c VB, BV(a) c V),

pza B=o

im(i) c P V(B), EPVia)Cker)).

a>0 a>0

If there is a positive weight, then with S = V(«), where « is the highest weight,
(S2) is violated and therefore (A, B, i, 7) would not be stable.

If there is a negative weight, then with S = @,V (5) (S1) would be violated
and the tuple therefore not stable. -

Thus A(t) can only have the weight 0, but that means A(tf) = const, and that
contradicts that lim; 0 A(¢)(A, B,i,7) is not in GL(n)(A, B,1,7). Thus stability
induces a closed orbit.

Finally we show, that stability also induces a trivial stabilizer: Sup-
pose (A, B,7,7) is stable but Stabgrm)(A,B,i,5) # 1. Then let s ¢
Stabarmy(A, B,i,7). We have to consider two cases:

1. V is a generalized eigenspace of s. Then s™'i = ¢ and js = j imply
i = 7 = 0. That means [A, B] = 0, therefore it exists an at least one
dimensional common eigenspace S of A and B. This S violates (S2).
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2. Otherwise let Vi be a generalized eigenspace of S, which is not an
eigenspace, or an eigenspace with eigenvalue # 1 which is also a gener-
alized eigenspace. Then with V' = V] @& V5 and a basis of V such that s has
Jordan normal form one computes that s € Stabgrn)(4, B, 1, j) implies

* % :
A,B:(O*), j=(0 *)
Thus V; violates (S2).

This completes the proof.

Lemma 3.0.4 The following actions of Ay and € on M"™9(n) are well defined
and induce therefore a B-action on M"™9(n).

a(A, B,i,j) = (uoA + 1 B + pu2l, v9A + 11 B + 1,1, det(a)i, j)

(A, B,i,j) = (A, B +p(A),i.j)

Proof:
We use 3.0.3.

(¢) This action, which is defined on V, commutes with the GL(n)-action. The
G-action therefore descends to V/GL(n).

(77) One has

(oA + 1 B + pel, vgA 4+ 141 B + 1] + det(a)ij =

= (uov1 — ) [A, B] + det(a)ij = det(a)([A, B] +ij) =0,
and [A,B+p(A)] +ij =[A,B]+ij =0.

Therefore the B-action preserves condition (¢) of 3.0.3.
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(7i1) Suppose a(A, B,1i,7) is not stable. Then there exists S C V such that

(oA + mB)(S) C S (nA+wnB)(S)CS

Therefore

der(a) (oA + B) = (A + nB))(S) = AS) € 5,

and one shows in the same way that B(S) C S. Thus if a(A, B, 1, j) is not
stable then (A, B,1,7) is not stable, which means that the action of A(2)
preserves condition (ii).

If e, (A, B,1,j) is not stable, then there exists S C V' such that

A(S)c S (B+p(A))(S)cS

But A(S) C S implies p(A)(S) C S, and therefore B(S) = (B + p(A) —
p(A))(S) € S. Thus the &-action preserves condition (ii) of 3.0.3.

This completes the proof.
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Chapter 4

Instantons as vector bundles on
P9

Now we will show, that there is a 1-to-1 correspondence between M"™9(n) and
the set of locally free sheaves of rank 2 on Py with (c1,c2) = (0,n), which are
trivial on a fixed line [, C P;. We start with

Theorem 4.0.5 (Nakajima [N])
Let M(n) be the set of torsion free sheaves F of rank 2 on Py with
(c1(F),ca(F)) = (0,n), trivial at lo, with framing of H*(F|,.,). There is a bijec-
tion of M(n) to
(i) [A,B]+ij=0
(A, B,i,7)| /GL(n) (4.0.1)
(17) (A, B,i,j) satisfies (S1)

Thus using this bijection and 3.0.3 we can identify
M"™(n) C IM(n)

with "trivial at [,” we mean that F is locally free at any p € [l and that

We divide the proof into a couple of lemmata.

Lemma 4.0.6 Let F be a torsion free sheaf of rank 2 on Py with (¢1,¢2) = (0,n)
trivial at I then

1. HY(F(~1)) = HY(F(-2)) =0
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2. HX(F(~1)) = HX(F(~2)) =0
3. HO(F(~1) ® Q1)) = H2(F(~1) @ Q1)) = 0

Proof:

We consider the resolution of O;_:

0-0(-1)-0—=0,_—0

We tensor it with F(—k): Since Tor'(F(—k),O) = 0 and F is torsion free one
has Tor' (F,O,_) = 0, thus we get

0—F(-k—-1) = F(—k) > Fli (k) —0

The resulting long exact sequence of cohomology is

0 — HYF(-k-1)) — HF(-k)) — H'(F|.(-k) —

— HYF(-k-1)) — HYF(-k)) — HYF| (k) — (4.0.2)

— H*(F(-k-1)) — H*(F(-k) — 0
Now

H' Py, Fli(—k))" = Extp,(Fli (—k), wp,) =
= HOmloo(‘Fhoo(_k:)?wloo) = Ho(loo, OZOOU{} - 2) D Oloo(k - 2))
Thus H'(F|;,(—k)) = 0 for k < 2. Therefore 4.0.2 gives
H*(F(=k — 1)) 2 H*(F(=k)) for k <2 (4.0.3)

Now Serres vanishing theorem says that there is a j, € Z such that Vj > j
H?(F(j)) = 0, therefore by 4.0.3

H*(F(k)) =0 for k > —2

which is 2. This is also true for (F**)* = F*. But since 7** is locally free we can
use Serre duality for it:
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HY(F*(=k)) = H*(F"(k - 3))"

Together with the natural inclusion H°(F(—k)) — H°(F*(—k)) we get 1.
To show 3. we tensor the resolution of O, with F(—k) ® ©(1). The resulting
long exact sequence of cohomology is

0 - HYF(-k-1)®Q1) — HY(F(-k)xQ1) -—
- HY(F(-k) Q1)) — HY F(-k-1)Q(1)) — 404
S H(F(-k)201)) o H(F-heon)l) - @04
S H(F(—k—1)200) -  HAF(—k)®1))  — 0

The restriction of the tangent sheaf 7p, to any line (in particular to l.,) splits as
follows (see [OSS] p.27)

E2|loo = Oloo (2) @ Oloo(]‘)

Therefore with Ext' (O, (i), O) = O, (1 — i) we get

Q1)) — Q® 0, (1) = Q® Est'(0,_,0) =

= Eat'(T.,,0) = Eat'(0.(2) ® 0. (1),0) = O, @0, (-1)
With this we find H'((F(—k) ® Q(1))*|,.) =0 for k < 1 and 4.0.4 gives

H*(F(k—-1)®Q1)) = H*(F(k) @ Q1)) for k> —1

which gives with Serres vanishing theorem H?(F(—1) ® (1)) = 0. Since this
is also true for (F(—1) ® Q(1))™ we get with Serre duality for this locally free
sheaf and the natural inclusion of a sheaf into its double dual 5.

This completes the proof.

We will use this result in an application of a Beilinson spectral sequence, which
is

Theorem 4.0.7 [OSS] Let F be a torsion free sheaf of rank r over Py, then there
1 a spectral sequence with

GY' = HY(F @ Q7P(—p)) ® O(p)

which converges to F in degree 0 and to 0 otherwise.
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Lemma 4.0.8 Let V and V be vector spaces of dimension n and W a vector
space of dimension 2n + 2. There is a bijection from 9 (n) to the set of pairs
(M, Fr(F)), where M is a monad of the form

a b
0 = Veo(-1) - W0 — VeOo(l) — 0

F the cohomology of M and Fr(F) a framing of H°(F|;_).

Proof:

Let F be a torsion free sheaf of rank 2 on Py with (¢, o) = (0,n) trivial at .
We apply theorem 4.0.7 to F(—1). Because of lemma 4.0.6 there are only 3 non
vanishing entries:

0— HY(F(-2))®0(-2) - HY(FRQ)®0(-1) — H' (F(-1))20 — 0 (4.0.5)

Thus Gg,q = G5, , therefore 4.0.5 is a monad and JF(—1) is its cohomology.
We tensor 4.0.5 with 1, denote the first arrow by a, the second by b and set

HY(F(=2)) =V, H(F®Q) =W and H'(F(—1)) = V, then the monad becomes

a b

0 = Vao(-l) - Weo — Veol) — 0 (4.06)

Because of lemma 4.0.6 one has x(F(—i)) = —h'(F(—1)) for i = 1,2. Further-
more one has (c1(F(—1))(, ca(F(—1))) = (—2i,4> + n), which gives with 2.6.2
—h'(F(=1)) = x(F(—i)) = —n This shows dim(V) = dim(V) = n. The same
kind of computation shows dim(W) = 2n 4+ 2. On the other hand a monad of
the form 4.0.6 is uniquely defined by its cohomology (see [OSS]). Therefore the
only thing left to be shown is that the cohomology F of any monad of the form
4.0.6 is torsion free with (ci(F), ca(F)) = (0,n). This means ch(F) = 2 — nh?.
That can be verified by computing ch(ker (b)) = (n + 2) — nh — 2h* from

0—ker(h) = W0 —=Ve0O(1) =0 (4.0.7)

and then computing ch(F) out of
0—->V®0O(-1) = ker(b) - F —0 (4.0.8)
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And F is also torsion free: With 4.0.7 one shows, that Ext’(ker(b),O) = 0 for
j > 0, therefore ker(b) is locally free. With 4.0.8 one gets Ext*(F,O) = 0.
Furthermore since F is trivial at o, one has setsupp(Ext'(F, 0))Nly = 0, thus
setsupp(Ext' (F,O)) is of codimension 2, and therefore F torsion free due to
lemma 2.4.2.

This completes the proof.

The final step of the proof of theorem 4.0.5

Lemma 4.0.9 Let V and V be vector spaces of dimension n and W a vector
space of dimension 2n + 2. There is a bijection from the set pairs (M, Fr(F)),
where M is a monad of the form

“ b (4.0.9)
0 - Veo(-1) - W0 —- Vool — 0, o

F the cohomology of M and Fr(F) a framing of H°(F|,_), to

(i) [A,B] +ij =0
(A, B,i,7)| /GL(n) (4.0.10)
(13) (A, B,i,j) satisfies (S1)

Proof:

We choose homogenous coordinates zg, 21, 22 of Py such that I, = {zp = 0}. One
has a € Hom(V @ O(=1),W @ O) = H°(O(1)) ® V* @ W. Thus choosing z; as
basis of H°(O(1)) we write a = Z?:Q z;ia;, where a; € Hom(V,W). Furthermore
b= Z?:o 2;ib;, where b; € Hom(W, V). We show, that bsa; is an isomorphism:
4.0.8 tensored with O, is still short exact, since F is trivial on lo:

0=>V®0O,_(-1)— ker(b)|,, — Fli, =0 (4.0.11)
By applying H® we get

W = H(ker(b)|,.) = H°(F|..) (4.0.12)

We choose a basis of W to set the framing. Now let s € W be a nonvanishing
section. Since 4.0.7 induces W < W we get s(p) = w € W Vp € s, § €
H°(F|,.) corresponding to s under the isomorphism of 4.0.12. Then § has a zero
at (0:1:0) if and only if there is a v € V such that
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ar(v) = w.
But this is equivalent to #m(a;) N W # () and since W = ker(by) N ker(by) that
means im(ay) N ker(by) # 0. Now F|,_ is trivial, therefore no nonvanishing
section has a zero, thus we have
im(ay) N ker(by) = 0. (4.0.13)
Tensoring 4.0.11 with Og.1.0) and Og.0.1) shows that a;,a, are injective. Fur-
thermore by, by are surjective, therefore 4.0.13 gives byay is an isomorphism. We

identify V' and V' via this map.
The monad condition becomes with a = Z?:o z;a; and b = Z?:o 2;b;

(l) boao =0 (Zl) boCLl + blag =0
(le) b1a1 =0 (M)) blag + bgal =0
(U) bg(lg =0 (UZ) boag + b2a0 =0

These equations lead us to 4.0.10: We found im(ay)NW = ). The same argument
shows im(az) N W = (). And since im(a;) C ker(b;) we can decompose W =
im(ay) @ im(ay) ® W. Identifying im(a;) with V' via a; we get
W=VeVaeW

Thus we have

a = (1,0,0))  ay = (0,1,0)"
and with (7i7), (v), bea; = 1 and (iv)

by =(0,1,0) by =(—1,0,0)
Now we set

ap = (B, A, —j) bo = (C, D, 1)
The equations (i7) and (vi) give us C' = —A and B = D. Thus (i) becomes
[A,B] +ij =0
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Now lemma 2.7 of [N] says that having a tuple (A, B, 1,j) and related maps a, b
as above, then ker(a) = 0 and b is surjective if and only if S C V s.t A(S) C S,
B(S) C S and im(i) C S. Thus a tuple (A, B, 1, j) gives rise to a monad if and
only if it satisfies (S1). Furthermore we see that two tuples giving the same
monad if and only if they belong to the same GL(n)-orbit.

This completes the proof.

Now we show that under the identification of theorem 4.0.5 M"®9(n) corresponds
to the locally free sheaves in 9t(n).

Lemma 4.0.10 Let E € M(n) with corresponding tuple (A, B,i,j), then E is
locally free if and only if (A, B,i,j) satisfies (S2).

Proof:

Consider

a

0 - VoO(=1) — ker(h) — E — 0 (4.0.14)

By lemma 2.5.1 E is not locally free if and only if there is a point z € Py such
that Tor'(E,O.) # 0. Since ker(b) is locally free we see by tensoring 4.0.14 with
O, that Tor'(E,0,) # 0 is equivalent to the existence of a point z such that
a. is not injective. But that means b the map resulting from (B?, A’ jt it) is
not surjective and by lemma 2.7 of [N] that means, that (B, A", j*,4") does not
satisfy condition (S1), which is equivalent to condition (S2) for (A, B, i, 7).

This completes the proof.
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Chapter 5

The &-action on M. (n) for n < 4

From now on we will consider the unframed versions of M"™9(n) and 2M(n). We
set

M) = M79(n)/GL(2),  M(n) = M(n)/GL(2)

Note that the B-action descents to M”9(n).

51 M(n) and M’%(n)

We will show, that there is no element of M"*9(n) such that for the corresponding
(A, B,i,7) one has rk[A, B] = 1. Therefore we can decompose

M (n) = M (n) U M (),
where M’%(n) denotes the set of instantons such that for the corresponding
(A, B,i,j) we have [A, B] = 0, and M’ (n) denotes the set of instantons such
that for the corresponding (A, B, i, j) we have rk[A, B] = 2.
Furthermore we show, that an element of /\;l;ig (n) is already uniquely defined
by the corresponding (A, B).

Lemma 5.1.1 There is no element of /\;l’"eg(n) such that for the corresponding
(A, B,i,7) one has rk[A, B] = 1.

Proof:

Due to lemma 4.0.10 an element of M"(n) corresponds to a locally free sheaf
E, thus the conditions of [OSS] p.279 Corollary 2 are satisfied. Therefore the
adjoint of the monad of E is also the monad of F, since £ = E*. This implies

rk(i) = rk(j).
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So if rk[A, B] = 1, one must have rk(j) = rk(i) = 1. Now we choose a basis of
V such that [A, B] has Jordan normal form. Since it must be trace free one has

010 --- 0
000 0
[A7 B] = :
000 - 0
and taking the suitable basis of W
10
00 (010 -0
10 77 oo0oo0 - 0)
00

Now let C' be any word in A and B. We show by induction on the length
of C, that jCi = 0. But that means, since j # 0 that the subspace S =
span{Ci(W)| C is a word in A, B} contradict condition (S2).

If C' is of length 0 one computes j2 = 0. Now let C' be of length k. Then one has

0 C11 0O --- 0

0 0 Co1 0 0
j&:(%lo) Cij = : :
0 ¢pu O --- O

So we have to show, that tr(jCi) = tr(Cij) = 0. The proof of that is taken
from [N] p.24: We denote for the moment A, B by Dj, Dy. So we can write
C = D,, - D,, where oy = 1 or = 2. If there is a [ such that D,, , = B,
D,, = A, we have

jC = .jDal"'BA"'Dak
]Dal([BVA]—i_AB)Dak
(jDgoy++1)j Doy +JDgo, -+ AB++- D,
JjDo, -+ AB--- D,,

(5.1.1)

where the last equality results from the induction hypothesis. So it suffices to
proof tr(iCj) = 0 for C = A B!
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tr(jCi) = tr(Cij) = —tr(A*'B![A, B))
= —tr([A*'B! A|B]) = —tr(A*![B, A|B)
= — Y b= tr(A'B?[B, A|BPT!B)
— zp - “tr(B-PA*1BP[B, A))
= —> - "r (Bl AR BPij)
_ Zp l 1tT(jBl Ak prZ)

Thus with 5.1.1 we get
tr(jCi) = —1-tr(jC9)

This completes the proof.

A commutator has a vanishing trace, therefore for n = 2 there is up to a factor
only one possible conjugation class of C' = [A, B]. For n = 3 there is also
the possibility that C' is nilpotent and for n > 4 a nilpotent C' can be either
satisfy C? = 0 or C? # 0. Therefore for n > 4 up to a factor there are 3
possible conjugation classes of C'. We give 3 examples for n = 4 to show that all
possibilities occur.

Let A always be

0100
0010
A=100 01
0000
e with
0000
1000
B=10100
0010
Then
100 0 10
a_|0oo0o0 o oo /100 0
“looo o oo J=\Vo o0 0 -1
000 —1 01
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This tuple is stable: One has

A(im(3)) = C B(im(i)) = C

o= O O
o O = O

and since span{im(i), A(im(3)), B(im(i))} is of dimension 4 (S1) is satis-
fied. The same is true for the transposed tuple, thus (S2) is also satisfied,
and C' is not nilpotent.

e with
0000
0000
B = 0000
1 000
Then
0 0 0O 00
o |00 00 oo /1 0 00
"1t o000 1o 7= o -100
0 -1 0 O 0 1
This tuple is stable since dim(span{im(i), A%(im(i))}) = 4 and
dim(span{im(j'), A%(im(5'))}) = 4. One has C? = 0.
e with
0000
0000
B = 1 00 0
1 00 0
Then
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0 0 00 0 O
C— 1 0 00 i 1 0 (1000
1 -100 11— 7= 0100
0 -1 00 0 —1
This tuple is stable: One has
1 -1
20 i 0 -1
A*(im(i)) = span o'l o
0 0

thus span{im(i), A%(im(i))} is of dimension 4 and (S1) is satisfied. As in
the previous case also the transposed tuple satisfies (S1). One has C? # 0
but C? = 0.

Lemma 5.1.2 Let A,B € gl(V) s.t. rk[A,B] = 2. If A,B is part of two
ADHM data (A, B,i,j) and (A, B,4',j'), then there is an s € GL(2) such that
(178)<A7B727J) = (A7 B7/L.7j)'

Proof:

Consider 2 data (A, B,i,75) and (A, B,1,j). Let C = [A, B] we show the claim
for C' having Jordan normal form

n 0 0 0

0 —n 0 0
c=10 0 o0 0.

0 0 0 - 0

for the other at most 2 Jordan normal forms one proves the claim in the same
way. In a basis where C' has Jordan normal form we have

111 12
191 122 . .

i — 0 0 j= 211 212 O --- 0
S J21 J22 0 - 0
0 O
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and 7, j are of the same form. Let

. i . 0
j:(‘zll ‘212)cmdsetj: ,

J21 J22
Then with s := jj we have (1,s)(A4, B,i,7) = (A, B,1, ), since jj = 1.

This completes the proof.

5.2 Stable pairs

We show that (A, B,i,7) € M’®¥(n) is not uniquely determined by the pair
(A, B). We therefore introduce the set of stable pairs S(n) and compute the
number of G-orbits in S(n) for n < 4.

Lemma 5.2.1 If (A, B,i,j) represents an element of M79(n), then rk(i) =
rk(j) =1

Proof:

Since we know, that rk(i) = rk(j), see lemma 4.0.10, there are only two possi-
bilities. If rk(i) = rk(j) = 0, then the span of the common eigenvector of A and
B violates (S2).

This completes the proof.
Definition 5.2.2 Let (A, B) € gl(n) x gl(n). Then (A, B) is called stable if it
satisfied the following two conditions:

(s1) There is no common eigenspace of A', B of dimension > 2.

(s2) There is no common eigenspace of A, B of dimension > 2.

We denote the set of conjugation classes of stable pairs of size n by S(n).
Lemma 5.2.3 For a given pair of matrices (A, B) with [A, B] = 0 there exists
i,j such that the ADHM datum (A, B, 1, j) is stable if and only if (A, B) is stable.
In this case the GL(2)-orbit of i, j is not uniquely defined by (A, B).
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Proof:

Let (A, B) such that there are 7, j such that (A, B, 1, j) is stable. Suppose (A, B)
does not satisfy (s2), then since due to lemma 5.2.1 dim(ker(j)) =n—1, SN
ker(j) =: S # (), and S violates (S2) for (A, B,1i,7), which is a contradiction.
Now let (A, B) satisfy (s2), then the number of invariant subspaces of (A, B) is
finite. Therefore we can choose j such that non of these invariant subspaces is a
subspace of ker(j) and this choice is not unique.

(s1) is (s2) for (B, A"). Thus (s1) is equivalent to (S2) for (B*, A, j*,i'), which
is equivalent to (S1) for (A, B,i,7).

This completes the proof.

Remark: Because of lemma 5.2.3 for a given stable pair (A, B) there are families
of pairs (7, ) such that (A, B,i,7) represents an instanton. Furthermore for a
generic choice of (i,7) and (i',7'), (A, B,i,j) and (A, B,7,j") do not belong to
the same G-orbit. Therefore we will investigate the G action on stable pairs.

Lemma 5.2.4 There is a dense &-orbit in S(n). It consists of all diagonalizable
stable pairs.

Proof:
Let (A, B) = (diag(ay, - -+ ,ay), diag(by, - - - b,)). We show that we can map it to
(A, B) = (diag(1,2,---n),diag(—1,—2,--- ,—n)). Since (A, B) is stable there is

a A € C such that A+ AB = diag(ay, ...., a,) has no two dimensional eigenspace.
Let

p) =Y ) = 3k ] 2%
k=1 k=1 itk kT

and a = (7,y) = (A+ AB, B). Then e,(a(A, B)) = (A+ AB, B). Now we map

(A+AB, B) to (B, A+ AB) which is mapped by ¢; to (B, A) where

po) =Y melo) =k —a) J[ T
k=1 k=1 i=1;i#k

Since the &-action preserves the condition of being diagonalizable there are no
further pairs in this orbit

This completes the proof.

35



5.3  M’9(2) and M(3)

Definition 5.3.1 Let (A, B) € gl(n) x gl(n) and consider Py as the scheme
Proj(C[Ao, A1, X2]).  The subscheme Xap C Py given by homogeneous ideal
generated by

det()\()A + )\13 - )\21)

is called the spectral scheme of (A, B). We set supp(X(a,p)) =: f](A,B) and called
it the spectral curve.

Since ¥(4,p) is invariant under conjugation of (A, B) this is a well defined object
for (A, B)H™ the G L(n)-orbit of (A, B).

Lemma 5.3.2 There are two &-orbits in S(2). They are characterized by the
spectral curves of their elements: One orbit consists of classes of stable pairs such
that their spectral curves consist of two non identical lines (the dense orbit), the
other one of classes of stable pairs with a line as spectral curve.

Proof:

If A9 and B%E®) of a class (A, B)9H?) have only one eigenvalue each, then
one of them must not be a multiply of the identity, say A““(N)_ since otherwise
the pair would not be stable. Thus (A4, B)¢*? has a representative

(57) e=(1)

with o # 0, and we can assume a # 0. We perform the following mappings:
(z,y) = (z,y+1— %x) and (z,y) — (z,y + (1 — (g — %)(x — a)) then we get

(o))

then we act with (z,y) — (y,z) and use mappings like above to get
11 11
01/)'\01

Lemma 5.3.3 There are three B-orbits in S(3). They are characterized by the
degree of the spectral curve.

This completes the proof.
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Proof:

If A and B have both one eigenvalue only, we have to consider the following
cases:

1. One of the two classes ASF®) BELG) gay AGL(3) has only one Jordan block,
then there is a representative of (A4, B)“®) of the form

a a 0 b B ~
A=10 a o |, B=|010b p
0 0 a 0 0 b

with o # 0. All these classes belong to the same orbit: We perform the
following mappings: (z,y) — (2,5 + (1 — 22)); (z,y) — (z,y + (1 — (g _
$)(x —a)) and (z,y) = (z,y + (1 = (55 — 7)(z — a)?) to get

) 1 11
a |, 011
a 0 01

o o9
o9 9

After an interchange of the matrices we perform similar mappings to get

o O =
O = =
— =
o O =
O =
— =

2. One of the two classes AGLG) BGLG) gay ASLG) has 2 Jordan blocks, then
there is a representative

A=

oS O e
o @ O
L = O

b
B = o
0

IS )
SalS IS

of (A, B)¢T®). If a = 0 then with S = span{e;, ey} we violate condition
(s2). If v = 0 we violate condition (s1) with S = span{e;,es}. The
equation

U3

B(w)=b-v+ | avy+ Bus
0

therefore shows that B has only one eigenvector. Thus if we permute A, B
and bring B in Jordan normal form, we are in situation 1).
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If one of the matrices A, B has two different eigenvalues, we can assume that

a1 0 0 bl 0 0
A= 0 a9 1 B = 0 b2 /B
0 0 ag 0 0 bQ

with a1 # as. By multiplying the polynomials, that we used for charge 2 with
(r—ay) and then acting with the appropriate multiply of (z —as)?, interchanging
the matrices and repeating the same process, we reach

2.0 0 2.0 0
011,011
00 1 00 1

The B-action preserves the common invariant subspaces of A and B. Therefore
these pairs form a second orbit. The third is the dense one.

This completes the proof.

5.4 MI9(4)

In charge 4 the spectral curve does not suffice to characterize the existing &-orbits

in S(4):

Lemma 5.4.1 Let A C S(4) be the set of classes of stable pairs that have a line
as spectral curve. Then there are two &-orbits in A.

Proof:
We have to consider the following cases:
1. One of the two classes A4 BEL® gay AGL®) has only one Jordan block,

then we act as we did in the case of charge 3: A representative of (4, B)¢¢®)
is

A: B:

oo o9
OO R
o RO
L = OO
oo oo
oo >R
S L ™
0

We can always map (A, B) to
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1100 1100
0110 0110
0011 1’{00T11
0001 0001

by acting with (z,y) — (z+ (1 —a),y+ (1 —b)) and (z,y) — (z,y + (1 —
a)(x —1) — Bz — 1) — y(z — 1)3). Thus all these classes of pairs belong
to one orbit O.

. One of the two classes AL BELA) say AGLM) has a Jordan block of size
1 and a Jordan block of size 3, then there is a representative

a 0 0 O b 0 0 n

[ 0a 10 | b B é
A= 0 0 al B= 00 0b p
000 a 00 0 b

Stability implies 7 # 0 and 1 # 0. By using (z,y) — (z,y — B(z — al) —
8(A — al)?) followed by a conjugation with diag(1, 7,7, 7), which is in the
stabilizer of A, we get

oo

I
oo~ o
oo oo
o oo
SN N

with € = 7 # 0. We will show after considering the last case, that these
pairs belong to a second orbit Os.

. One of the two classes A9 BELW gay AGL™) has two Jordan blocks
of size 2. Since the choice of B is unique only up to conjugation with
Stabgr4)A, we can choose a representative

a 1 0 0 b a & v
0 a 00 0 b 0 0
A= 0 0 a1l B = 0n b g
00 0 a 00 0 b
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Because (A, B) has to be stable we need ¢ # 0. The equation

Qg + 0v3 + YUy
51]4
Ny + Bug
0

Bw)=b-v+

shows that B has a 2 dimensional eigenspace if and only if n = 0. Therefore
(A, B)5L™ ¢ O, if n # 0. So let n = 0. A, B have a two dimensional
eigenspace each, and the intersection of these eigenspaces is of dimension
one. These eigenspace conditions are preserved by the G-action. Therefore
(A, B)E® cannot belong to O;. So we have found that there is at least
one other orbit. We show, that all pairs of this form belong to one orbit:

A conjugation with

12 0 0
o1 0o o
9= 0 0 st o0

00 0 ot

which is in StabgryA and an action of (z,y) — (x,y — a(r — a)) maps B
to

e

I
oo o
oo o
I T
S )

If ¢ = 0 which means o = 3, then A and B have both two Jordan blocks
of size 2. By acting with (z,y) — (x — a,y — b) we can map any such pair
to the class having the representative

0100 0010
0000 0001
0001171 0O0O0O
0000 0000
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Thus they belong to one orbit Oy. If £ # 0 then B has a Jordan block of
size 3, since (B — b1)? # 0. Therefore after permuting A and B we have
mapped (A, B)¢4 to a class of 2).

Now we show, that we can map

a 1 0 0 b 01 0
0a 00 0b 0 1
A=10041 B=1001b 0
000 a 000 b
to
a 00 0 b 0 0 ¢
0 a1 0 1500
00all|’l0oo00boO
000 a 000 b

For any given £ # 0. That shows, that all classes of 2. and 3. belong to Os.
At first we map (A, B) to (C\, D) := (A— AB, A+ B). For the moment we only
assume \ # 0. Let

01 0 0
A0 4 A
M = 2 ,
1 0 —5 11
00 0 -5
then we have with cy =a—Abandd=a+b

o 00 0 d 0 0 -i
A 0 0 e 1 |’ 0 0 d 22
0 0 0 ¢ 0 0 0 d

Thus (CM, DM) is of the form 2. Using the same maps as there we can map
(CM DM) to

a 000 b 00 —
0 al0 150 0
00al | loo0ob o0
000 a 000 b
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Thus for a given £ we have to choose A = %f -2,
This completes the proof.

As explicitly done in the proof of charge 3 one can ”manipulate” the matrices A
and B in each common generalized eigenspace separately. Therefore we get

Corollary 5.4.2 There are 6 &-orbits in S(4): One s.t. a pair belonging to it
has 4 lines, one s.t. a pair belonging to it has 3 lines, two s.t. a pair belonging
to it has 2 lines and two s.t. a pair belonging to it has 1 line as spectral curve.
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Chapter 6

The ®-action on M, ’(2) and
M (3)

6.1 A dense orbit in M %(n)

The adjoint action of GL(n) on gl(n) x gl(n) is a symplectic action with moment
map m : gl(n) x gl(n) — gl(n); m((A, B)) = [A, B].
In [A1] Artamkin shows the following lemma:

Lemma 6.1.1 Let 0 # C € gl(n). Then there is a dense &-orbit Oc-c in
m~Y(C*C). If a pair (A, B) € gl(n) x gl(n) satisfies

(1) [A, B] € C*C,

(it) Y(a,p) is reduced,

(7it) there is no common invariant subspace of A and B,

then (A, B) € Oc+c.

Considering conjugation classes Artamkins lemma becomes

Corollary 6.1.2 Let 0 # CX") ¢ g¢l(n)/GL(n). There is a dense ®-orbit
Ocsccrm in {(A, B)¢H™|3k € C* such that [4, B]9*™ = kCEMY containing
the conjugation classes of pairs satisfying

(i) Xa,p) is reduced,

(7i) there is no common invariant subspace of A and B.
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This lemma is the key for our further investigations. Since one easily obtains,
that a pair (A, B) corresponding to an element of M7 (n) for n < 4 satisfies
condition (77) of corollary 6.1.2 (see the end of the next subsection), everything
of what follows is done in order to show that there is no instanton of charge < 4
having a spectral scheme, which is non reduced. This together with the examples

of chapter 5.4 will show that there are exactly n—1 @-orbits in M’ (n) for n < 4.

6.2 The spectral scheme

The restriction of a locally free sheaf F of rank 2 on Py with (c1,¢2) = (0,n) to
a generic line is trivial (see [OSS]). The dual of the lines, for which this is not
the case, so called jumping lines, form a curve in P}, the jumping curve, which
we denote by S p. It is the support of the scheme Y called the jumping scheme
defined below. We show, that the jumping curve of a locally free sheaf E' is the
same as the spectral curve f]( 4,B) of the corresponding (A, B, 1, j), considered as
a curve in P5. Therefore the spectral scheme of a locally free sheaf E is non
reduced if and only if the jumping scheme is. Furthermore we sketch how one
shows that even Y = Y4 p).

In chapter 5 we considered the spectral scheme as a subscheme of Py and we
chose an arbitrary coordinate ring C[\g, A1, A2}, which induced homogeneous co-
ordinates (Ao : A; : A2) on Py. But when we considered the relation between
instantons an torsion free sheaves we fixed coordinates (zg : 21 : 22) on Py and we
set loo = {20 = 0}. Therefore we define the spectral scheme as the subscheme of
Py = Proj(Clvy, v1,15)) corresponding to the dual coodinates (g : v : 1y) given
by the ideal generated by

det(—ugl + VlA + VQB).

Lemma 6.2.1 Let E be a locally free sheaf of rank 2 on Py with (c1,co) = (0,n)
trivial at loo and ADHM datum (A, B,i,j) and | a line in Py such that | = (v :
v1: ). Thenl is a jumping line of E if and only if det(—vpl + 11 B +1,A) = 0.

Proof:

[ is a jumping line if and only if there is a s € H°(E|;) that has a zero. In the
proof of lemma 4.0.9 we have seen that there is an isomorphism ¢ : H°(E|;) —
H(ker(b)), an inclusion H°(ker(b)) < W, and that if ¢(s) = w € W then s
vanishes at p € [ if and only if there is a v € V such that a,(v) = w. But for any
point ¢ € [ one has b,(w) = 0, thus s vanishes at p if and only if
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by(a,(v)) =0V qel (6.2.1)

Furthermore we have the monad condition b,(a,(v)) = 0 and since a and b are
linear in ¢, 6.2.1 is equivalent to

by(ay(v)) =0 for any two points p,q € l;p # q (6.2.2)

So let [ be given by (1 : vy : 15) such that vy # 0. Then with p = (=2:1:0)
and ¢ = (=12 :0: 1) we get

—4B 41
[N
o
SITAYY: FUY G y; Y Py ;Y SR R
Vg 12 120) L6) Yo

=42([A, Bl +ij) + 2A+ 2B -1=2A+2B ~1

VO 140} 1%0) Vo 1%0)
If vy = 0 we can choose two other points to show the result.
This completes the proof.

Consider the standard construction

q
D C ]P)QX]P); — ]P)Q
Ip
P

In general for a torsion free sheaf F the net of F (see [B1]), which is the second
arrow in

0 — H'(F(—2)) ® Ops(—1) = H'(F(—1)) ® Op; — R'p.(Op @ ¢ F(—1)) — 0
defines the jumping scheme
Yr = Fitto(R'p.(Op ® ¢* F(-1)))

While the Kronecker modul of F, which is given by —1p1 + 14 A+ 5B, see [OSS]
pp. 322 and [LPH], the second arrow of
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0 — H'(F(-2)) ® Op;(—1) = H'(F(~1)) ® Ops — Eap (¢"(F(1)),Op) = 0

where Ext)(—, M) = R'(po Hom(—,H)) defines the spectral scheme of the pair
(A, B) corresponding to F, i.e.

S(am) = Fitto(Ezp (q"(F (1)), Op)).

For a locally free E the sheaves R'p,(Op ® ¢*E(—1)) and @;(q*(E(l)), Op)
are isomorphic:

The exact sequence of low degree for the Grothendieck spectral sequence of p, o
Hom(—,Op) applied to a coherent sheaf H is

0 — R'p.(Hom(H,Op)) = Eat,(H,Op) — p.Ext'(H,Op) —
But for a locally free E, ¢*(E(1)) is locally free as well and therefore
Ext'(q"(E(1)), Op) = Ext' (0,0p) ® (¢"(E(1)))" =0,

because Ext' (O, Op) = 0, which one deduces from applying Hom(O, —) to the
resolution of D

SD
0 — OPQXP;(—l,—l) — OPQX]P; — OD — 0.

Therefore

Eut,(q"(E(1)), Op) = R'p.(Hom(q"(E(1)), Op)) = R'p.(q"(E(-1)) ® ?D) |
6.2.3

since F is selfdual in this case. Thus for a locally free sheaf F the two sheaves are
isomorphic and therefore the net and the Kronecker module of E are the same.
For a not locally free F these sheaves do not have to be isomorphic but since
we have shown that setsupp(Ext,(¢*(F(1)),Op))) = setsupp(R'p.(q*(F(—1))®
Op))) and R'p,(¢*(F(-1))® Op) and Ext,(¢*(F(1)), Op) have the same Chern
class, one has

Fitto(R'p.(q"(F(~1)) ® Op)) = Fitto(Ezp (¢"(F(1)), Op))-
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see [LPH].

The net of a locally free E € 9(4), which in our notation is (A, B,1) has no
invariant subspace of dimension or codimension 1 (see for example [A2], thm.
1). Therefore for n < 3 condition (i7) of corollary 6.1.2 is trivially satisfied. For
n = 4 the only possibility for a pair (A, B) corresponding to E not to satisfy (i)
of corollary 6.1.2 would be to have a two dimension invariant subspace, i.e.

. Al A2 o Bl BZ
A‘(o A3>’ B‘(o Bg)

with Ag, By, 2 x 2 matrices. The commutator [A, B] = C' is also of such a form,
and since C' = —ij stability implies that rk(C;) = rk(C5) = 1. Considering
A;p in Jordan normal form the equation C} = [A;, B;] together with rk(C) =1
induces that B; is also upper triangular. Therefore we would have a invariant
subspace of dimension one, a contradiction. So a pair (A, B) representing an
element of M (4) satisfies condition (i7) of corollary 6.1.2 and we only have to
investigate whether there are elements of M’ (n) for n < 4, that have a non
reduced spectral scheme.

6.3 Spectral schemes of elements of M’¢9(2) and
MGEG3)

Now we will show, that there is one B-orbit in M’ (2) and two orbits in M[<9(3).
To do that, we need the following lemma:

Lemma 6.3.1 Let F be a coherent sheaf on Py that is the quotient of two locally
free sheaves Ly, Ly of rank k:

¢

0 — Ly —» Ly - F — O (6.3.1)

Let p € supp(Fitto(F)) but p & supp(Fitt1(F)) and U ~ C? an open neighbor-
hood of p with coordinates (x1,x2) and p = (0,0). Then Fitty(F) is singular at
p if and only if

99
3%

(p)(ker ¢(p)) C im(¢(p)) for i = 1,2

Proof:
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One has codim(F) = 1, because applying Hom(—,O(—-3)) to 6.3.1 gives
Ext*(F,0(—3)) = 0, which is due to 2.4.1 a contradiction to codim(F) = 2.
So Fitto(F) is singular at p if and only if Triu,r), is of dimension 2. Let
U = Spec(Clzy,x5]). Then p corresponds to the maximal ideal (x,z2) and
Tisto(7)p 1S 1somorphic to (w1, 22)/ (71, 22)* as a C vector space. A subscheme
of U given by an ideal (f) with f € C[zy, 9] is singular a p if and only if
[ € (z1,29)?, therefore dime(Tpiu,(r),) = 2 if and only if

0 det(9)
8l’i

(p)=0 fori=1,2

For ¢ = 1 this means
det(¢)(€,0) = O(e?) (6.3.2)

for infinitesimal €. Since p ¢ supp(F'itt;(F)) one has rk(¢(p)) = k—1. Therefore
6.3.2 is equivalent to

Jv €V 5.t ¢(e,0)v = O(e?) (6.3.3)

where we identify the fibers of L; and L, at p with the vector space V. Let
v = u+ et with u € ker(¢(p)) then 6.3.3 becomes

o(€,0)(u + eu) = ¢(0,0)u + €p(0,0)a + eg—i(o, 0)u + O(€?) (6.3.4)

So 6.3.3 is satisfied if and only if g—i(p) (ker ¢(p)) C im(¢(p)). The same is true
for i =2

This completes the proof.

Proposition 6.3.2 The action of & on M79(2) is transitive.

nc

Proof:

a € Ay maps a non reduced component to a non reduced component and A, acts
transitive on the set of lines in Py, therefore we can assume that the non reduced
spectral scheme is given by (13). That means rk(vy A+15B) < 1V(v1, 1) # (0,0),
and since rk(A) = 0 or rk(B) = 0 would be a contradiction to [A, B] # 0 we
have rk(A) = rk(B) = 1. Therefore the points (0 : 1 : 0) and (0 : 0 : 1) do
not belong to Fitt;(F), where F is the sheaf corresponding to the instanton
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uniquely defined by (A, B), so we can apply lemma 6.3.1 at these 2 points. With
¢ =—-1yl+ 1A+ 1B wegetforp=(0:0:1)

do do
.
dl/1 dVO

and for p=(0:1:0)
de d¢
“L-p L=
dVQ dl/()

Since j¢ —1 lemma 6.3.1 induces ker(A) C im(A). So with a basis such that

span{ei } = ker(A) and % = B we get
0 =* %
=(os) ()
Which is a contradiction to rk[A, B] = 2.
This completes the proof.

Proposition 6.3.3 There are two &-orbits in M79(3).

Proof:

As in the proof of lemma 6.3.2 we can assume that the non reduced component of
the spectral scheme is given by the ideal (13), so k(11 A + 1, B) < 2 V(vy,1s) #
(0,0). rk(tnA+ 1.B) < 1 V(vy,1n) # (0,0) is impossible since rk[A, B] = 2,
rk(vy A + 1n,B) = 2 for a generic (v1,15). The subgroup of Ay that preserves
the line 1, = 0 moves the points on this line, therefore we can assume rk(A) =
rk(B) = 2. This means that the points (0:1:0) and (0:0: 1) do not belong to
Fitt, (F), therefore we can apply lemma 6.3.1 at these 2 points. One again with
¢ =—vgl + 1A+ 1LB we get

do do do
—=A — =B — =-1
diy dvs dvy

Since j¢ = —1 lemma 6.3.1 induces ker(A) C im(A) and ker(B) C im(B). We

show, that a regular instanton with Proj(Clvg, vi,1.]/(14)) C E(a,p) does not
exist: We have to consider 2 cases.

1. ker(B) C im(A):
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o ker(B) = ker(A)
We choose a basis of V' such that span{e;} = ker(A) and
span{ey, es} =im(A): Thus

0 * = 0 * *
A= 0 x x B=1 0 % =«
0 00 0 * =
then
0 * *
[A,B]=| 0 % x
0 *

But this means, that j; = 0. Therefore by setting S = span{e;} the
stability condition (S2) is violated.

o ker(b) # ker(A):

Then we choose eq,es such that span{ei} = ker(A), span{es} =

ker(B) and span{ej,es} = im(A). Since % = B we need b3; = 0

due to lemma 6.3.1:

then

But this means, that i3 = 0. Therefore by setting S = span{es, ex}
the stability condition (S1) is violated.

2. ker(B) € im(A):

Then we choose a basis such that span{e;} = ker(A), span{es} = ker(B)
and span{e;,ea} = im(A).

A=

oo o
o * %
O % ¥
Sy
|
O %k ¥
x % %
oo o
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We compute the generator of the Fitting ideal:

det(¢) = vo(vo + vabi1) (Vo + vabas + viass) + viv3ai3babss
(6.3.5)

—(vo + vaby1)v1aa3bss — Volabay (V2bia + v1as2)

ker(B) C im(B) implies bsy # 0. To get a spectral scheme with component
given by (v3) the first summand of 6.3.5 must have a factor 13 and the
other summands have to vanish. There are two possibilities for a factor v3
in vo(vy + vobi1) (Vo + vabas + 11a92):

e by =0:
The third summand of 6.3.5 vanishes only if as3 = 0. Therefore the
second summand of 6.3.5 vanishes if a;3b9; = 0. But if by; = 0 then
rk(B) < 2, and if a;3 = 0 then rk(A) < 2.

® by = agp =0:
The last three summands again only vanish if as3 = 0 and a13b9; = 0
and one gets the same contradiction as before.

This completes the proof.
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Chapter 7

Stability of locally free sheaves
corresponding to instantons

7.1 Stability of torsion free sheaves

We will introduce the notation of - and G- (semi)stability for a torsion free
sheaf on P,, and show, that in the case Py for a locally free E of rank 2 with
(c1(E), ca(FE)) = (0,n), (which means, that E corresponds to a regular instanton
due to lemma 4.0.10) the conditions rk[A, B] = 2, u-stable and G-semistable are
equivalent.

7.1.1 Stability on curves

Consider a smooth plane curve C' and let F be a torsion free and therefore locally
free sheaf on it, then the degree of F is defined as

d(F) = x(F) = rk(F) - x(Oc)

This just extends the definition of the degree of a line bundle on C| since for a
given divisor D one has d(Lp) = deg(D)

Definition 7.1.1 In the above setting we define the slope of F:

. AaF)
#F) = 0@
F is called (semi)stable if and only if for any coherent F' C F one has
W(F') < p(F) resp. p(F') < u(F)
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We can express this in terms of the Hilbert polynomial Pz(n) := x(F(n)). On
the curve one has

Pr(n) =rk(F)-degC -n+ x(F)

Therefore

F F F F
0 < u(F) —ul(F) = 220 \(0c) — (3D ~(0c)) = A~ 25D+ deg 0o =

Pr(n Pr/(n
ER0) _ PR () = pr(n)

where pr(n) is the reduced Hilbert polynomial of F. Thus the semistability

condition is equivalent to

pr(n) < pr(n).

7.1.2 Stability on P,

Because of that two equivalent conditions for stability on curves there are two
kinds of generalizations of stability for a torsion free sheaf F on Py:

(1) p-semistability: u(F') < u(F) for any coherent F' C F.

(2) G-semistability: i.e. pz(n) < pr(n) for any coherent 7' C F.
where we define pu(F) = :,t((f_.)), since d(F|;) = ¢1(F) for a general line | C Ps.
These are also the definitions of stability on Py. The reduced Hilbert polynomial
for a sheaf F on Py reads

pr(n) = min® + (u(F) + 72)n + x(F)
with constants 7, 73 (see [LP3]). Thus we can easily compare these two stabilities:

G—semistable =- p-semistable

) )
G-stable = p-stable

Furthermore there is a characterization of u-(semi)stability for sheaves of rank 2
on P, by cohomology: For a sheaf F set kr s.t. ¢1(F(kr)) is 0 or —1. We call
F(kx) the nomalization of F.

Lemma 7.1.2 ([OSS] Ch.2, Lemma 1.2.5) Let F be a torsion free sheaf of rank
2 on P,,. Consider the conditions

1. F 1is p-stable.
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2. HFporm) = 0.

Then we have the implication 1)=2). If F is furthermore reflexive one also has
2)=1). The same is true for the conditions

1. F 1is p-semistable.
2. HY(Frorm(—1)) = 0.

Lemma 7.1.3 For a torsion free sheaf F of rank 2 on Py with (¢1,¢2) = (0,n)
and corresponding tuple (A, B,i,7) one has rk[A, B] = 2 if and only if H°(F) =
0.

Proof:

From the sequence (which comes from the monad of F)
0—-V®0O(-1) > kerb— F =0
we get since H°(O(—1)) = H'(O(-1)) =0
HO(kerb) = H(F)
Applying the cohomology functor to

b
0 = kerb - W0 — VeO(l) - 0

we get

by
0 — HY%kerd) — H°W®0O) — HYV®O(1))

Thus H°(kerb) = H°(F) = 0 if and only if b, is injective. With the notation
of the proof of 4.0.9, W =V eV aW,b=> zb, H(W @ O) = W and
H'V®01)) =V H°(O(1)) we get

bi(v1 B vy D w) = (Buy — Avy +iw) ® 29 + v ® 21 — U1 ® 29

Thus b, is not injective if and only if there is a w € W such that iw = 0. But
that means, that rk(i) < 2, which implies rk(ij) < 2 and therefore rk[A, B] < 2
if and only if H°(F) # 0.

This completes the proof.
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Lemma 7.1.4 [OSS] Let E be a locally free sheaf of rank 2 on Py with (¢1,¢c) =
(0,n) with n > 0. Then E is p-stable if and only if it is G-semistable.

Proof: We only have to show, that G-semistability induces p-stability. For any
F € M(n) one has HO(E(—1)) = 0. Suppose E is not p-stable, i.e. H(E) # 0.
Let s be a global section of E. Since H°(F(—1)) = 0, Lemma 2 of [B1] implies,
that the zeros of s must be of codim. 0 or 2. Since E is locally free an almost
everywhere vanishing section must vanish identically. Therefore we only have to
consider codim. 2. Set Y := (s)o. We have

S

0O - 0O - E - K = 0 (T.1.1)

If Y is empty then the restriction of 7.1.1 to any point p € Py is exact, which
means Tor' (K, 0,) = 0, thus by lemma 2.5.1 K is locally free: KX = O(i). But
from 7.1.1 we get as well ch(K) = 1 — n?h? which can only be satisfied with
1 =n = 0. This contradicts the assumption n > 0.

If Y is not empty, we get K = Jy, the ideal sheaf of Y. Then the G-semistability
gives:

X(O(k)) = Po(k) < 225 < Py (k) = x(Fy (k) = x(O(k)) — x(Oy (k)

But for k£ > 0 this is H°(Oy(k)) due to Serres vanishing theorem, and due to
his theorem A Oy (k) is then generated by global sections, which implies the
contradiction H°(Oy (k)) > 0.

This completes the proof.

Corollary 7.1.5 There are bijections between the following sets:

e Locally free G-semistable sheaves of rank 2 on Py with (c1,c) = (0,n)
trivial at .

o Locally free p-stable sheaves of rank 2 on Py with (c1,c2) = (0,n) trivial at

lo.
o M:!¢(n)
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7.2 & and the Cremora group

Let Cr(IPy) denote the group of biregular automorphism of P, with homogeneous
coordinates (zg : 21 : 22). Under the identification C? = {(1 : 2y : 29)} with affine
coordinates (x,y) the elements of & uniquely extend to elements of Cr(Ps) in
the following way:

1 0 O
((x,y) — (por+my+pe, vox+riy+is)) = | p2 o p1 | € PGL(3) C Cr(Py)
Vo Vg U1

(x,y) = (z,y+2™)) = ((20: 21 : 22) = (20" : zé"’lzl : 26"*122 +21))

Therefore one can consider & as a subgroup of Cr(Py). Artamkin shows in [A2]
the following:

Theorem 7.2.1 There is a well defined action of & C Cr(Ps) on the set of -
stable locally free sheaves E with ¢;(E) = 0, co(E) = n trivial at l. The bijection
between p-stable locally free sheaves and its Kronecker modules given by theorem
4.0.5 1s &-equivariant.

We give a sketch of the proof: Since a € A, is a bijection of Py preserving [,
a.(E) is well defined and locally free. Since a is just a coordinate transformation
a look at the monad of F, that defines A, B shows the As-equivariance.

The non trivial part is the E-action. e,m is not a bijection of Py, therefore we
cannot consider the push forward of E under e,~. But since it is a birational
map, there is a projective surface X and a diagram

X
£ v N7
PQ — ]PQ
Cym

with regular maps &,n (See [Sh2|,p.210). Thus one defines (e;m).(E) =
n«(§*(E)). £ consists of the following 2m — 1 o-processes: 1. blow up the point
(0:0: 1), denote the exceptional divisor by C;. 2. blow up the intersection point
of '} and the proper preimage of [, with exceptional divisor Cs. 3. blow up
the intersection point of C5 and the proper preimage of C... m. blow up: blow
up the intersection point of C,,_; and the proper preimage of C;. Let X be the
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surface resulting from this m o-processes and D the zero set divisor of the map
X 5P, resulting from (2o : 21 : 22) — 26"_122 + 2". The following o-processes
are blow ups of D resp. its proper preimage and the exceptional divisor of the
blow up before.

n consists of the blow downs of the preimages of the following divisors in the
following order: [, Cy,Cs, ..., Csy_s. Since the blow ups and blow downs com-
mute one can perform after the first blow up, which makes P, to the rational
ruled surface Fi the second blow up followed by the first blow down, which leads
to F,. In this way one can factor e,m through F,:

F,
§ N7
PQ — ]P)Q
Exm

with regular maps £, 7 and (egm).(E) = & (7*(E)). Let ¢; : Fi_y — F; be the
birational map resulting from a blow up blow down process. Now Artamkin
shows that there is an isomorphism between the set of stable bundles on F; and
F;_1 respectively the stable bundles on F; and P, trivial on certain divisors, and
a 1-to-1 correspondence of those stable bundles and stable nets, which are linear
maps

V @ H(Op(C+ (i)f) = V*

with n dimensional vector spaces V,V* and C| f being generators of the Pi-
card group of F;. Furthermore he shows that under the natural inclusion
H(OFp_,(C+(i—1)f)) = H*(OFr(C +if)) for a stable bundle £ on F;_; with
net (7o, v1,72) the restriction of the net of (v;).(F) to H(Or_,(C + (i — 1)f))
and the net of E coincide and that the net of (¢;).(E) is uniquely determined
by its restriction to H*(Op,_, (C + (i — 1)f)).

Because of these facts and the circumstance that the lines zyp = 0 and z; = 0 are
invariant under the resolution of € one get e,m () =70 = 1 and em (7)) =1 =
A. e,m(72) is obtained in the following way: One has n*(S,,) € £*(H°(Op,(1))),
where S,, C H°(Op,(1)) consist of the section with {2, = 0} as zero set divisor.
But for a representative sy € S, one gets 7*(s) = £*(s)+t where t € H°(Or, (C+
(¢)f)) has a zero set divisor of the form C'+ mf,. Furthermore for s; € S, the
zero set divisor of £*(s1) is C+mfi, where f; and f, are two different fibers of F,,,
and £*(F) is trivial on f;. Now Artamkin shows that under this circumstances
one has Yo ymp, = Vo imp, = A™ (see [A2] Prop. 5). Therefore e,m(v2) = B+ A™,
which shows the equivariance of the &-action.
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Remark: It seems that this G-equivariance extends to the whole ifn(n) To
prove this, one has to ensure, that for torsion free sheaves on Fj trivial on the
exceptional divisors of the blow ups and blow downs one has a monad uniquely
determined by a datum (A, B,1,7) (for locally free sheaves those monads have
been investigated in [Bu]) and that even for non stable nets the formula of [A2]
Prop. 5 is true.
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Chapter 8
Mud (4)

In this chapter we will show, that there is no element in M’9(4) that has a
non reduced spectral scheme. In order to do that, we will consider the space of
certain coherent systems, which is a blow up of 9gss(4) the set of G-semistable
torsion free sheaves with (¢1, ¢2) = (0,4), which includes under the identification

of theorem 4.0.5 M7%9(4).

8.1 Coherent systems

We give a summary of coherent systems and coherent cosystems without proofs.
They were introduced by LePotier in [LP1].

Definition 8.1.1 A coherent system (I', F) on P, of dimension d consists of a
coherent sheaf F with dim(F) = d and a subspace ' C H'(F).

A morphism of two coherent systems (I, F') — (I', F), is a map f : F — F
such that f.(I'") C . (I', F") is called coherent subsystem of (I', F) if there is a
morphism f: (I',F') — (I, F) of coherent systems that is injective.

Definition 8.1.2 Let F be a coherent sheaf on P,, of codimension d and let Pp,
be the Hilbert polynomial of Op, and Pr the Hilbert polynomial of F. We define
the reduced Hilbert polynomial of a coherent system (I', F) as follows:

dim(T")Pp, + Pr
pPa,F) = m(]—")

where m(F) is the multiplicity of F.
Definition 8.1.3 A coherent system (I', F) is called semistable if and only if
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a) F is a torsion free sheaf on its support.

b) Y(I'",F') C (I', F) we have

P Fy S PEF)-

(I', F) is called semistable concerning (I, F') if b) is satisfied for this fixed sys-
tem.

As it is shown in [LP1] one can define families of coherent systems over algebraic
varieties such that every fibre of such a family is a coherent system with a given
Chern character ch. In particular one can define a functor Syst(ch) from the
category of algebraic varieties to the category of sets for which there is a coarse
moduli space Syst(ch). Due to [LP1, Th. 4.12.] Syst(ch) is a projective algebraic
variety. It decomposes into the disjoint union of Syst(ch, m), where m = dim(T").

Dualizing the concept of coherent systems leads to so called coherent cosystems:

Definition 8.1.4 A coherent cosystem (A, &) of dimension d on P, consists of a
coherent sheaf € of dimension d and a subspace A C Ext®(E, Op,) with c = n—d.

A morphism of coherent cosystems (A, E) — (A, &) of dimension d is a map
f* : Exte(&,0p,) — Ext(€,0p,) induced by a map f : € — &' such that

f(N) C A, in particular if a map f induces a commutative diagram

AN — El‘tc((‘:/, Opn)

! 4 :
A = Exte(€,0p)

Once again we define a reduced Hilbert polynomial and a stability condition for
them:

Definition 8.1.5 Let (A, E) be a coherent cosystem of dimension d on P,. We
set
L dlm(A)Ppn - Pg
p(A,g) T m(g) .

We call the cosystem semistable if
a) & is torsion free on its support.
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b) For any coherent cosystem (A',E") €' of dimension d torsion free on its sup-
port such that there is a surjective f : £ — &' that induces a morphism of
coherent cosystems (A, E) — (N',E") one has

Daren < PAE)-
We shall need the following results.

Lemma 8.1.6 (LP1, Lemma 5.8) A coherent cosystem (A, E) of dimension 1
on IP,, is semistable if and only if the coherent system (A, Ext" ' (E,0p,)) is.

Lemma 8.1.7 (LP1, Prop 4.4) Let (I', F) be a semistable coherent system of
dimension d on P, with I' # 0. Then the evaluation map

F®O]P’n—>F

has a cokernel of dimension < d.

Lemma 8.1.8 (LP1, Prop 5.3) Let (I',€) be a semistable coherent cosystem
of codimension d with I" # 0. Then the cokernel of

I'® Op, — Ext’(€, Op,)

15 of codimension > d.

Furthermore in the special case of n = 2 one can reduce the semistability of the
coherent system (I', F) to the G-semistability of F:

Lemma 8.1.9 (LP1, Lemma 6.6) Let (I',F) be a coherent system on Py with
dim(T") = rk(F). Then (I', F) is semistable if and only if F is G-semistable.
8.2 Instantons and coherent systems

Now we consider torsion free sheaves F on Py with (c1,c2) = (0,4). One has
ch(F(1)) = 2+ 2h — 3h* and x(F) = 2. And since h?(F(1)) = 0 (see the proof
of 4.0.6) we find that Syst(2+ 2h —3h?) # (. The following theorem is based on
[LP1], Theorem 5.11.

Theorem 8.2.1 There is a bijection

Syst(2 4+ 2h — 3h* 2) = Syst(2h + 3h?,2)
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Proof:

We construct two maps:

U : Syst(2+ 2h — 3h?,2) — Syst(2h + 3h?,2)
® : Syst(2h + 3h?,2) — Syst(2 + 2h — 3h?,2)

and show ® o ¥ = id and that & is injective.

Construction of U :
Take (', F(1)) € Syst(2 + 2h — 3h*,2). Because of lemma 8.2.5 the evaluation
map is injective. Let 6 be the quotient of F(1) by ev(I' ® O):

0TRO0—=F1)—=60-0 (8.2.1)

One has Hom(F(1),0) = H(F*(—1)). By lemma 8.1.9 F is G-semistable and
therefore p-semistable, so F* is p-semistable as well, thus H°(F*(—1)) = 0.
Therefore applying Hom(—, O) to 8.2.1 gives

0 — I'" — Ext'(d,0)

Thus (I', F(1)) defines a coherent cosystem (I'*,6). Since Hom(6,©) = 0 the
extact sequence of low degree of the Grothendieck spectral sequence applied
to H o Hom(—,0) = Hom(—,O) gives H*(Ext'(0,0) ~ Ext'(d,0). Thus
(T', F(1)) also defines a coherent system (T'*,6) with 0 := Ext'(0, ©). We set

V([ F(1))) = (I, 0).

Chern Charagter of 6:
Since Ext*(6, O(—3)) = 0 we have

H'(0(n)) = H'(Ezt'(0,0(n))) = Ext'™(6(—n),0) =
— Ext ' (§(—n — 3),0(=3)) = H(§(~3) @ O(—n)).

where the second equality again results from the Grothendieck spectral sequence
applied to H® o Hom(—, O = Hom(—, O). Therefore

Py(n) = —Pé(_s)(—”)~

Thus to compute ch(@ we compute its Hilbert polynomial by computing the
Hilbert polynomial of @, read out its Chern classes and use them to compute the
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Chern character of . With the help of 2.6.4 we find Pr)(n) = n*+ 5n+ 2 and
Proo(n) = n? 4+ 3n + 2. Therefore with the additivity of Hilbert polynomials on
short exact sequences 8.2.1 leads to

Ps(n) =2n = Py(n) = —Fy_3(—n) = —Fj(-n —3) = =2(-n — 3) = 2n + 6.

Thus ¢1(0) = 2 and 2.6.2 gives 2¢1(0)+3(c1(0)?—2¢2(0)) = 345 (c1(0)*—2¢2(0)) =

6, which is equivalent to 3(c;(#)* — 2¢2(0)) = 3, giving

ch(f) = 2h + 3h2.

Stability of (I'*, 6):
Due to lemma 8.1.6 the semistability of (I'*, #) is equivalent to the semistability
of the coherent cosystem (I'*,0). Therefore we verify the semistability of the
coherent cosystem:

To see, that 0 is torsion free on its support, we apply Hom(—,wp,) =
Hom(—,0(-3)) to 8.2.1. Since Ext'(I' ® O,0(-3)) =0 for i = 1,2, we find

Eat?(0,0(-3)) = Eat(F(1),0(-3)).

Now F(1) is a torsion free sheaf, that is a sheaf with support of codimension 0,
torsion free on its support. By lemma 2.4.2 Ext*(F(1), O(-3)) = 0 and therefore
Ext*(0, 0(=3)) = 0 which due to lemma 2.4.2 means that 6 is torsion free on its
support.

Let f: 60 — F — 0 be given and E of codimension 1 and torsion free sheaf on
its support. Since f* : Ext'(E,O) — Ext'(0,0) is injective, A* := (f*)~1(T*)
is the maximal subspace of I'* such that f induces a commutative diagram

A — Ext'(E,0) = H(E)
! L (8.2.2)
I — Ezt'(§,0) = H(6).

Let ¢ be the element of Ext'(E, A ® O) that corresponds to the upper inclusion
and 7 the element of Ext'(6, ® O) that corresponds to the lower inclusion.

Let K be the kernel of f and C* the cokernel of A* — I'*. We can form a
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cross out of thev two sequences that result from applying H om(—, A ® O) to
0—>K—0—E—0and Hom(#,—)to0 = C®0 -TI'®0 —-A®0 —0:

i}
Ezt'(),T ® O)
§ g 1 a
0 — FEzxt'(E,A®0) — Ext'(0,A®0) —°
l
0

The commutativity of 8.2.2 means that (i) = (). Since i corresponds to the
extension 8.2.1, we get a map from 8.2.1 to an element of Fzt!'(E, A ® O), in
particular a commutative diagram

0 - I'e0 - F(1) — — 0

0
1 l ! (8.2.3)
0 - A®O - J —= E — 0

where the right vertical arrow is f and therefore surjective and so is the left
vertical arrow, which is just restriction. Thus the middle vertical arrow is a
surjection as well. Now we can use the G-semistability of F(1), which is

rk(J)

> ———Pryy. 24
J = 7”/{:(]:) F(1) (8 )

By the additivity of the Hilbert polynomial on short exact sequences, since
Po(n) = in? + 3n + 1, we get from 8.2.3

Pr(n) = Py(n) + rk(T) (5" + n+ 1)

Pr(n) = Pyln) + rh(F)(gn? + Sn+1)

Plugging this into 8.2.4 leads to

—

Pp(n) +rk(T)(3n% + 3n+1) > B(Py(n) + rk(F)(3n* + 3n+ 1)) =

= :ZE?;Pg(n) +rk(J)(3n* + 3n+1)

Thus



P (8.2.5)

Now since  and E are both of codimension 1, their multiplicity is the leading
coefficient in their Hilbert polynomial and therefore this inequality implies

m(E) _ rk(J) _ dim(A) _ dim(A*)
rk(F)  dim(T)  dim(T*)’

v

where the first '=" results from the injectivity of the evaluation maps in 8.2.3.
Thus

dz’m({\*) < dzm(?*)
m(E) — m(0)

which in case of inequality means that (I'™, 0) is stable concerning (A*, F). In

case of equality we have Tn(E) _ Th(J)

@ = P and therefore 8.2.5 becomes

P > m_@Pé.
m(0)

which means that (I'*, #) is semistable concerning (A*, ). Thus the semistability
is proved.

Construction of ®:

The constuction of this map is simple: Since a coherent system (I'*, ) corre-
sponds to a coherent cosystem (I'*, ), and (I'* — Ext'(6,0)) € Ext'(§,T @ O),
a coherent system (I'*, §) induces an extension

0—-T®0—F(1)—60—0. (8.2.6)
We define
o(I*,0) = (I', F(1)).

The computation of the Chern character from above works in the other direction
as well, thus we find that the Chern character of F(1) is as stated.
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Stability of (I', (1)) :
By dualizing 8.2.6 we find

0= F* - T*"®0 — Ezt'(d,0) = Ext'(F(1),0) — 0,

and Ezt*(f,0(-3)) = Exzt*(F
therefore Ext*(F(1),0(-3)) =
of supp(@l(]:(l), (=3))) is

Now let (I, ') C (I, F(1)). That means, we have a commutative diagram

),O(=3)). 6 is torsion free on its support,
furthermore by lemma 8.1.8 the codimension

(1
0,
> 2. Thus by lemma 2.4.2 F(1) is torsion free.

0 0
I 1

red® — F (8.2.7)
\ 1

0 - I'e0 — F(1)

Because of the injectivity of the lower horizontal and the two vertical arrows, the
upper horizontal is injective as well, and we can extend the diagram to

0 - I'e0d = F = 0 — 0
! | Il .
0 - I'O0O — F1) — 06 — 0

The first two vertical arrows are injective, therefore so is the third, thus we have
constructed an injective morphism 0 — ' — 6.

Since for a sheaf of rank > 0 on Py the rank is the same as the multiplicity, it
follows from diagram 8.2.7 that

dim(I") _ dim(T") 1
m(F)  m(FQ1)

Therefore the semistability of (I', (1)) concerning (I, F’) is equivalent to pz <
pra)- I dim(I") = rk(F') = 2 this is true, since in that case pr < pr( is
equivalent to Pr < Pr(y), the map 7' — F(1) is an injection and the Hilbert
polynomial is additive on short exact sequences. Thus we only have to consider
the case of dim(I'"") = rk(F’) = 1. Now we use the semistability of the coherent
cosystem: Since we have an injection 0 — €' — 6, the semistability of (I'*,6)
implies
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dim(vF’) - dim(vl“)'
m(0) — m(0)

(8.2.8)

The right hand side is 1. For that inequality to hold, we need m(#’) = 1, which
means that 77 is an equality, thus the semistability of (I'*, 6) concerning ((I')*, ¢')
induces ps < pg. That is

Py Py Pr — Prigo Pray — Prgo
5y — - e — — /—P < = — = —P .
Ps m(0)  dim(I") dim(T") Pr—ro = Ds dim(T") Pray—fo
Thus
PF < PF(1)s

and the semistability of (I', (1)) concerning (I, ') is shown. Thus (I', (1))
is semistable.

boV =id:
We have a 1-to-1 correspondence between coherent systems (I', (1)) and short
exact sequences

0-T®0—F(1)—0—-0 (8.2.9)

The image of (I', F(1)) under ¥ is the coherent system (I'*,6), which uniquely
determines an inclusion I'* — Extl(é, ©), which corresponds to an element of
Ext'(0,T ® ©). The image of (T'*,#) under ® is defined via this extension, thus
to show ® o ¥ = id, we have to show, that the extension that corresponds to
I — Ext'(f,0) is 8.2.9.

If we apply Hom(—,T' ® O) to 8.2.9, we get

0-I"®T — Ext'(),T ® O) - Ext'(F(1),T ® O) — 0.

It is known, that the image of the identity of I'" ® I' under this construction
is the extension that one has started with. But the image of the identity in
Ext'(),T ® O) = Ext'(0,0) @ I is the inclusion I'* «— Ext'(0, ©). Therefore
the extension that corresponds to I'* < Ext'(d,0) is 8.2.9.

® is injective:
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Assume that ®(((TV)*,6')) = ®((T'*,0)). First of all that would imply 6 =
and therefore #' = 0. Thus if ((IV)*,6') # (I'*,0) they represent two different
extensions of § by V ® O, where V is a 2 dimensional vector space, as Ext!
classifies the set of extensions up to an isomorphism. Thus the resulting sheaves
F(1) and F'(1) cannot be the identical.

That completes the proof.

In the proof of lemma 4.0.6 we have seen that h?(F(1)) =
it is shown that h'(F) < 1 and since x(F (1)) = h%(F(1
has 2 < R%(F(1)) < 3.

The sheaves with h'(F (1)) = 1, so called special sheaves, are locally free, form
a set of codimension 3 and have a unique jumping line of order 3. In fact
Syst(2 + 2h — 3h3,2) is a blowup of Me,,(4) along the set of special sheaves.
(See [LP1])

0, furthermore in [LP1]
)

) h'(F(1)) = 2 one

For (T',0) € Syst(2 + 2h — 3h?,2) we denote the map, that evaluates a section
selinfbyev:I'®0O — 0. We apply Hom(—, O) to the standard sequence
of the coherent system 8.2.1:

ev
0 —- F(-1) - T'®0O — 0 — Ezt'(F(1),0) — 0.

Ext'(F(1),0) is the obstruction for F to be locally free, thus we found the
following lemma:

Lemma 8.2.2 Let (T',0) € Syst(2h + 3h%,2) and ®((T,0)) = (I'*, F(1)). Then
F is locally free if and only if the evaluation map

ev:I'w0 =10
1S surjective.

Definition 8.2.3 Let (T',0) € Syst(2h + 3h*,2). A point p € Py such that the
restriction of ev to the stalks at p is not surjective, is called base point of the
coherent system. If (I',0) has no base point, we call it base point free.

Corollary 8.2.4 In the above setup p is a base point if and only if p €
setsupp(Ext' (F(1),0)).

Lemma 8.2.5 A coherent system (I',0) € Syst(2h + 3h*,2) has a base point if
and only if there is a 9 C 0 such that T C H°(9).
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Proof:

If there is a ¥ C @ such that T' C H°(¢), then ev(I' ® O) C o, since I' ® O is
globally generated.

Suppose (I',0) has a base point, that is Ext'(F(1),0) # 0. Thus there is a
subsheaf ¥ C @, such that Ext'(F(1),0) is the quotient of by ¥ and we have

0= F(-1)=>T®0—=9—0.

Since F is torsion free and stable its dual is stable as well and has the same
first Chern class, therefore H°(F*(—1)) = 0 and the long exact sequence of
cohomology gives

0—T — HY).

This completes the proof.

8.3 Spectral schemes and coherent systems

In chapter 6.2 we found that the spectral scheme of an instanton can be described
in terms of the associated G-semistable sheaf F| in particular

YF= Fitto(@;(q*<—7:(1))7 Op)).

We computed the Fitting scheme by using the resolution
0 — H'(F(-2)) ® Op;(—1) = H'(F(~1)) ® Ops — Eap (¢"(F(1)),Op) = 0

Now we will show that there is a second resolution of Ea:p;(q* (F(1)),0p) only

using sheaves, that are related to a corresponding coherent system (I",6). For
a non special sheaf F(1) this system is unique but even for a special F(1) we
get for any ®(I'™*, F(1)) with I'* € H°(F(1)) a resolution of @;(q*(}"(l)), Op).
Therefore the notations of spectral scheme and spectral curve of a coherent sys-
tem, which we denote by Y gy respectively i(ng), are well defined.

Consider v : I'® O — 6. When we apply p.(¢*(—) ® Op) we get a map

ev: T'® Ops — Go = p.(¢"(0) ® Op)
Note that if Sy := {I € P} : I C supp(6)} then Gy is locally free of on P} \ Sy by
the base-change-theorem and that the induced map of fibres ev; maps a section

seT tos|; € H(0];) = (Gs);
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Theorem 8.3.1 ([LP2])
Let (T',0) € Syst(2h + 3h*,2) and ®(T,0) = (I'*, F(1)). The evaluation map ev
is injective. The Fitting scheme of its cokernel is Y.

0= I ® Opy = Gy — Ext,(¢"(F(1)),0p) = 0 (8.3.1)

Proof:

Step 1: We show that Gy = M},(q*(@), Op).

Consider the resolution of Op. Since the supports of ¢*(6) and Op are transver-
sal, we have Tor'(q*(0),Op) = 0, thus after tensoring with ¢*(#) the resolution
remains short exact:

0 = ¢(©)(=1,-1) 27 70 — ¢O®)®0p — 0. (8.3.2)

We apply p.:
0— HO(H(—l)) ®O0(-1) — HO(G) R0 = Gy — Hl(G(—l)) ® O(-1)

We show, that H'(6(—1)) @ O(—1) = 0. Consider

0-TI'®0(-i—3)—>F1—-i—-3)—=>0(—i—3) —=0.
Applying the cohomology functor gives
HY(F(1—i—-3)) = H%0(—i —3)) - T @ HY(O(—i — 3)).

Since we are on Py, H'(O(—i—3)) = 0. Due to the p-semistability of F we have
HY(F(1—i—3))=0for 1 —i—3< —1, which is i > —1. Thus

H(6(—i —3)) =0 for i > —1.

Now Serre duality gives

H'(0(i))" = Eat'(0(i), O(=3)) = H(Ext' (0(i), O(~3)) = H(6(~i - 3)).
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Thus

HY(0(i)) =0 fori> —1, (8.3.3)

and we have found a resolution of Gy

'(SD)*

0 > HB-1)00(-1) — H@®e0 » G —» o &3

Now we show, that Ext;(q*(é),(’)D) has the same resolution and is therefore
isomorphic to Gyg. To show that, we will need the natural isomorphism

Eat'(¢*(0),0) = ¢*(Ext' (6, 0)). (8.3.5)

To see this consider the two functors Hom(—, Op,xp;) 0q* and ¢* o Hom(—, Op,).
By their very definition they are the same and since ¢* is exact, the corresponding
Grothendieck spectral sequences have only nonzero entries in the first column and
row respectively. Therefore we find 8.3.5.

Since 6 is torsion free on its support one has

R*p.(Hom(q*(d), O(—1,-1)) =0,

R'p.(Ext'(q"(0), O(=1,~1)) = R'p.(q* (Ext'(0,0)® O(~1,-1))) =

- HY(0(—1)) ® O(—1)) =0

po(Bzxt*(q*(0), O(—1,-1)) = p.(¢* (Bat*(0,0) ® O(~1, 1)) = 0,

with the help of the Grothendieck spectral sequence Ext>(q*(6), O(—1,—1)) =

0, therefore applying Hom,(q¢*(¢),—) to the resolution of Op gives with

Hom,(¢"(0), Op)

¢

0 — M;(q*(é),(,)(—l,—l)) — M};(q*(é%o) — M};(q*( >7OD) — 0



Furthermore because of the vanishing of H om(q*(0),0(—1,—-1)) and
Hom/(q*(#), ©) we have natural isomorphisms

M;(q*(é),(/)(—l,—l)) p*EIt ( (é) O<_17_1))7
Euty(q"(6),0) = p.Ext'(¢(6), 0),

and get therefore

(SD)*
0 — p*wl(q*(é),(')(—l,—l)) — p*wl(q*(é>,0) — Mp( (é> OD) — 0

which becomes with 8.3.5 and the isomorphism Ext*(¢*(0),0(~1,-1)) ~
Ext'(¢*(0), 0) ® O(1, -1)

pq" (@) @ O(=1,-1)) =  p.g*(0) — Exty(¢°(0),0p) — 0.

Therefore
Go = M;l;(q*(é)a Op).

Step 2:

The resolution of Ext,(¢*(F(1)),Op):
We apply Hom,,(—,Op) to 0 = I @ O — ¢*(F(1)) = ¢ (6) =0

0 — p.Homl(q ( (1))»@17) — I'®0
Z
Go

_>
— 0

I' ® O and Gy are torsion free sheaves of rank 2 and the cokernel of the third
arrow of rank 0, therefore p, Hom(q*(F(1)),Op) is also of rank 0, which means
that is must be 0, since otherwise it would be a torsion subsheaf of I' ® O. Thus
we have our resolution

Y
0 = I'e0 — G — Lt (q"(F(1)),0p) = 0 (8.3.6)
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Step 3:

We show that -y v. If F is locally free, Ext'(¢*(F(1)),0p) =

= e
Ext'(0,0p) @ (¢*(F(1)))* = 0, since Ext'(O,0p) = 0 (which one gets by
applying Hom(O, —) to the resolution of Op). Therefore Ext)(q*(F(1)),0p) ~
R'p.(Hom(q*(F(1)),Op)) and 8.3.6 becomes

0-T®0—G— R'p.(Hom(q"(F(1)),0p)) = 0

In this locally free case there is a second way to construct 8.3.6 out of the standard
sequence of the coherent system: Since Exzt'(F(1),0) = 0 the dual sequence of
0->I"®0 — F(1) — 6 — 0 is still exact:

0—-F(-1)=»T®0—=6—0.

Here the third arrow is the evaluation of a section of I' in . Then we apply ¢*,
tensor with Op and apply p. to get 8.3.6. Here one can directly see that v = ev.
If F is not locally free, consider ¥ = ker(§ — Ext'(F(1),0)) and

0—=>F(-1)=>T®0—=9v—-0. (8.3.7)

Applying p.(¢"(—) ® Op) we get

evy : I'® O — Gy.

Furthermore we have the following diagram (we set Ex = Ext'(F(1),0)):

0 0 0
L L Il

0 - I"w0 - F1) — 6 — 0
|| | I

0 - IR0 — F*(1) - ¢ — 0
3 3 !

0 — E]: = E]: — 0
\ \
0 0

Now we apply Hom,,(¢*(—),Op). We get



Ext(¢*(EF),Op) =  Eat)(¢*(EF),Op)

boow 1 }

0 - I'e0 — Go = Bat)(¢"(F*(1)),0p) — 0
I li \

0 - I'e0 — G - Euat)(¢"(F(1)),0p) — 0
U 0 U

0 — Ext)(q"(Er),Op) = EztX(¢"(Er),Op) — 0
l 0

(8.3.8)

An application of Hom(q*(Er), —) to the resolution of Op gives (since ¢*(Er) is
of codimension 2 and torsion free on its support)

where the middle arrow is (sp). and Hom(q*(E#),Op) = 0. In the same way as
one shows 8.3.5 one can show that there is a natural isomorphsim

Ext*(q"(Er), 0) ~ ¢*(Ezt*(Er, 0)) = ¢*(Er)
Thus 8.3.9 becomes

0 — Eat'(¢"(Er),Op)
— 7 (Er)

from which we read

Eat'(q*(Er),Op) = Tor'(¢"(EF),Op) = 0

and Ext*(¢*(Ex),Op) ~ ¢*(EF) ® Op, therefore by the Grothendieck spectral
sequence Ext(q*(Ex, Op)) ~ ¢*(EF) ® Op and diagram 8.3.8 becomes
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0 0

1w 1
0 - I'ed — Gy —  Euxty(¢*(F*(1)),0p) — 0
| Vo i !
0 - Teo — G - Ext (¢"(F(1)),0p) — 0
{ 1
0 = plg(Er)®0p) =  plg(Er)®Op) — 0
1 {

(8.3.11)

Since F** is locally free we have vy = evy, thus 79 = i o evy. Now we apply
p«(¢"(—) ® Op) to

Then we get the left part of 8.3.11 with 7y replaced by evy. Therefore evy =
i0evy = .
This completes the proof.

8.4 Detecting the spectral scheme

For a sheaf @ torsion free on its support with ch(6) = 2h + 3h? one has ch(d|;) =
2h? for all lines [ such that Ml(ﬁ, O,) = 0, since in that case the resolution of O,
tensored with 6 is still exact and ch(6(—1)) = ch(0)ch(O(—1)). The condition
Tor'(9,0;) = 0 is satisfied for all lines, which intersect setsupp(f) transversal,
thus for a generic line [, [ N setsupp(6) consists of one or two points, and since 6
is torsion free on its support, setsupp(6) must be a conic or a line, since it is a
closed subvariety.

We want to get to know, whether there is a base point free (I',0) € Syst(2h +
3h?,2) such that its spectral scheme has a non reduced component. Our main
tool will be the following lemma of LePotier [LP2].
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Lemma 8.4.1 Let (I',0) € Syst(2h + 3h%2) and | a line in Py with | ¢
setsupp()). Then

1. l¢e i(ng) if and only if there exists a section s € I' with
s € lH°(0(-1)).

2. If (T, 0) is furthermore base point free, ¥r gy is singular on its support at [
iof and only if there exists a section s € I' with

s € ZQHO(Q(—2)).
Proof:

Due to theorem 8.3.1 Sp ) = Fitto(Ext)(q*(F(1)), Op)), which in a local neigh-
borhood U of [ can be computed by using 8.3.1. Restricted to U, ' ® O and
Gy are locally free of rank 2. The fibre of Gy over [ is isomorphic to H°(6),),
and using this isomorphism eo maps a section s € I at the point { to sl;. Thus
[ € S(rp) if and only if there is a section in I', that vanishes when restricted to [
and this is equivalent to 1.

If (T, 0) is base point free we have

0—=>F(-1)»T®0—-60-0 (8.4.1)

Since | € setsupp(0), setsupp(d];) consists of one or two points. Let p be such a
point, then if all sections of I' vanish when restricted to [ they also vanish when
restricted to p. But that is a contradiction to 8.4.1 tensored with O, since 6, # 0.
Therefore if (I', #) is base point free there can only be a one dimensional subspace
of I', whose restriction to 1 vanishes and this means that [ does not belong to
Fitt(Ext,(q*(F(1)),Op)), thus we can use lemma 6.3.1. We will use another
resolution of Ext,(q*(F(1)),Op) to show 2.: We can extend the resolution of G
by ev to a commutative diagram, since Ext'(T' @ O, H°(A(—1)) @ O(—1)) =0

0 0 0
i \ i

H(0(-1)) @ O(-1) — (H'O(-1)20(-1)a(Tx0) — 'oO
| URC }
HO(-1) @ O(-1) — H(0)2 O — g
} \J }

0 Eaxt,(q*(F(1)), Op) = Ext,(¢"(F(1)),

\ }
0 0

(8.4.2)
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with columns of zeros at the left and at the right. Now we apply lemma 6.3.1 to
the middle column to show 2. Let [ € Fitto(Ext)(q*(F(1)), Op)). Due to 1. that
means, that there is a s; € I' and a §; € H°(#(—1)) such that s; = [5;. Choose
homogeneous coordinates (fiy : fig : fis) of P such that { = (0 : 0 : 1) and let
U:={(fi1 : 1o : f13) : iz # 0} with affine coordinates (ju1, p2). Restricted to U 9
is a map between the two trivial bundles U x (H°(6(—1)) & T') and U x H°(9)
which at a point (p1, 2) that corresponds to a line [ is given by (§&®s) — I5+s.
So ker(1o,0)) = span{s @ (—151)}. We compute the differentials of this kernel:
One has

¢(e,o)(§1 @ (—lgl)) = (m — l)§1

where m = ex + 2. Since m — [ = ex € H°(O(1)) we get

o
- (51 D (—l§1>) = I§1
O (0,0)
and in the same way 36_52(0 O)(§1 @ (—151)) = y5;. By lemma 6.3.1 [ is a singular
point if and only if 7
0 _ N . :
4 (51 @ (=151)) Cim(Y)) fori=1,2 (8.4.3)
O (0,0)

with s € I" such that span{si, ss} = I' one has
im(10,0)) = span{ss} ® IH°(A(—-1))
Now if s; = [?3; then 5, = [5; and therefore x5, = [(z8;) € [H°(#(—1)) and

y3 € LH°(A(—1)), thus X (r g is singular on its support at /. If on the other hand
Y(rg) is singular on its support at [, 8.4.3 is satisfied and therefore

9
Oy (0,0)

Go-E), Y Gie (-zgl))} Nl-H(O(—1))) > 1

dim(span ,
{ Ope (0,0)

thus there are ¢q, ¢y € C such that

o

51D (—151)) = (1 + o)1 € LH(H(—1
e o) g (1 @ (1800 = 07 + ey € LH(0(-1)
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But that means that 5; = [3;, which is s; = [25;.
This completes the proof.

Now we will investigate the spectral schemes of all (T',0) € Syst(2h + 3h%,2).
Since 6 is a sheaf of codimension 1, one has Tor'(O;,0) = 0 for a general line
[. Because of ¢;(f) = 2 one gets from tensoring the resolution of O, with 6 that
ch(0);) = 2h?. Therefore [ intersects setsupp(f) in at most 2 points. Therefore
we have to consider the three cases, where setsupp(f) is either a nonsingular
conic or a singular conic or a line.

8.4.1 Nonsingular conics

Let C' C P, be a nonsingular conic. C'is isomorphic to P;. Let ¢ : C' — Py be such
an isomorphism. If for a sheaf 6 of codimension one, torsion free on its support
ch(0) = 2h + rh? and setsupp(0) = C, supp(f) is reduced, therefore 6 is also an
Oc-modul of rank 1, and since 6 is torsion free on its support, it is even locally
free over O¢. Therefore there is a j € Z such that § = i*(Op, (j)). We compute
J, such that ch(i*(Op,(j))) = 2h + 3h*. For even j, i*(Op, (j)) = i*(Op, (2k)) is
a restriction of Op,(k):

f
0 - Ok-2) = Ok) = Ock) = 0 (8.4.4)

where f € H°(O(2)) such that C' = {p € Py| f(p) = 0}. So Oc(k) = i*(Op, (2k)).
Any inclusion Op, (2k — 1) < Op,(2k) induces an inclusion *(Op, (2k — 1)) —
Oc (k). With this map we can extend 8.4.4 to a diagram

0 0 0
\ 1 \

0 - Ok—-2) = Tp(k) — *(Op(2k—-1)) — 0
| NS ’

0 — Ok-2) - Ok) — Oc(k) — 0
3 3

o, = 0, — 0
1 \
0 0

where p is a point depending on the choices of the inclusion Op, (2k — 1) —
Op, (2k) and the isomorphism i. We compute

ch(i*(Oc(k)) = ch(O(k)) — ch(O(k — 2)) = 2h + (2k — 2)R2,
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ch(i*(Op, (2k — 1)) = ch(Oc(k)) — ch(O,) = 2h + (2k — 3)h2.

Thus the only 6 supported on a nonsingular conic that can occur in a (', 0) €
Syst(2h + 3h?,2) is 0 = i*(Op, (5)).

Since C' is isomorphic to P;, we can reformulate the conditions of lemma 8.4.1
using 7,60 on Py:

Lemma 8.4.2 Let § = i*(Op, (j)) with j > 0.

1. Let 1 be transversal to C' such that INC =pUq. Then s € I"HY(0(—k)) if
and only if i.(s) has a zero of multiplicity at least k at i(p) and i(q).

2. Let | be tangent to C, such that 1N C = p.Then s € I"H°(O(—k)) if and
only if i.(s) has a zero of multiplicity at least 2k at i(p).

Proof:

| is a section of Op,(1) and therefore a representative of a section [ of Og(1).
i.(1) is a section of Op, (2). If [ is transversal to C' i,(I) has single zeros as i(p)
and i(q), if [ is tangent to C it has a double zero at i(p). Thus if s = I*5 with
5 € H°(O(—k)) i.(s) has zeros of order k at i(p) and i(q) or a zero of order 2k at

i(p) respectively.
This completes the proof.

Proposition 8.4.3 Let (I',0) € Syst(2h + 3h?,2) be base point free. If
setsupp(0) = C' is a nonsingular conic, then X gy is reduced.

Proof:

Since (T, ) is base point free, the evaluation map ev is surjective:

ev
0 - F(-1) - I'O — 6 — 0,

and therefore its restriction to any point ¢ € C' as well: ev, : I'® O, — 6, — 0.
Since C' is a nonsingular conic one has 6, = O,, thus up to a factor there is a
unique section s, € I' such that ev,(s, ® O,) = 0. The pullback i*(I') is a 2
dimensional subspace of H%(Op, (5)), the zero divisors of the projectivisation of
i*(I") form a pencil of divisors. The theorem of Bertini (see [GH|,p.137) states,
that a general element of such a pencil consists of 5 different points. Thus for a
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general point ¢ € C, i*(s,) has 5 zeros of multiplicity 1. Since this s, is unique up
to a factor, there is no line [ through ¢ such that ¥ g is singular on its support
at [ due to lemma 8.4.2. But that means, that Y g restricted to ¢ consists of
nonsingular points only and that contradicts, that X ) is non reduced.

That completes the proof.

8.4.2 Singular conics

Now we investigate coherent systems (I',0) € Syst(2h + 3h?,2) such that
setsupp(f) is a singular conic C' = t; U ty, t; # to with ¢; being the zero set of
g1 € H°(O(1)) and ¢, the zero set of g, € H°(O(1)) respectively. Let p = t1 Nty.
We will see that any such 6 is either Oy, (i) ® O, (4 — i) or a sheaf locally free
over O¢, the structure sheaf of the scheme given by the ideal (g1¢2). Finally we
show that there is no base point free (I', ) with setsupp(f) = C such that X g
is non reduced.

Lemma 8.4.4 Let 6 be coherent sheaf on Py torsion free on its support with
ch(0) = 2h+3h? and setsupp(f) = t; Uty = C a singular conic, then there exists
ij € Z for j = 1,2 such that

0— Oy, (i5) =0 = Op(4—1i5) =0

with max{iy, s} > 2.

Proof:

Consider the restriction of ¢ to t;. This map is surjective, since it results from
tensoring the resolution of O;; with 6. Denote its kernel, which is supported on
tgfj, by leI

0—IKC;—0—0], —0. (8.4.5)

If we apply Hom(—, Q) to this sequence, we find

Ext*(0,0) — Ext*(K;,0) = 0

By lemma 2.4.2 K; is torsion free on its support since 6 is, so Kj = Oy, (m;).
Furthermore the only point, where 6];, can have torsion is p, because any other
subsheaf of 0|;; supported on a Hilbertscheme of points on ¢; \ p would also be a
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torsion subsheaf of §. Let 77 be the torsion subsheaf of |t;- The map TI — O,
extends 8.4.5 uniquely to the diagram

0 0 0
! L |

0 — (9,537j(mj) — Ot37j(mj—|—|TJ|) — 7 — 0
\ {

0 — O ,(m;) — 0 - O — 0
\ 1 1

0 — Otj(kj> = Otj(kj) — 0
\ 1
0 0

where |T7] is given by ch(TV) = |TV|h?. Taking k; = 4 — i;, the middle column
is the sequence we are looking for, since ch(Oy,_ (m; + |T7])) 4+ ch(Oy, (k;)) =
2h 4 3h?.

Now suppose max{i1, s} < 2. Then ch(Oy, (ms)) < h+ 1h* and the middle row
of the diagram for j = 2 gives and ch(f|,,) > h + 3h?. But tensoring

0= Oun(i1) 20— 04 —1i1) =0
with O, gives
0— On(ih) =0y, > O, =0

and therefore max{iy, o} < 2 would imply ch(O,) > 2h?%

This completes the proof.

Lemma 8.4.5 dim(Ext'(Oy,(4—1i;),04,_,(i;))) = 1 and any 0 € Ext' (O, (4 —
ij), O,_,(i5)) is torsion free on its support for j = 1,2, i; € Z.

Proof:
If we dualize the resolution of Oy, (4 — i;), we find that Ext'(Oy, (4 — i;),0) =
Oy, (i; — 3). Then we apply Hom (O, (4 — i;),—) to the resolution of Oy, _(i;)
and find since Hom(Oy,(4 —i;), Oy,_,(i5)) = 0

Ml(ot]‘ (4 - ij)? Ot:a—j (Z])) - OP‘
Using the Grothendieck spectral sequence of H® o Hom(O,, (4 — i;), —) gives
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dim(Ext' (O, (4=15), O, (i5))) = h*(Bxt' (O, (4=15), Or,_, (i) = h*(Op) = 1.

Any 6 € Ext'(Oy,(4 —i;), O4,_,(i;)) is torsion free on its support: Dualizing

0— Oy, (i5) =0 — Oy(4—1i5) =0

leads to

MQ(OH(ZL - ij)v O) - M%@, O) - MQ(Otafj(ij)a O) — 0

But Oy, ,(i;) and Oy, (4—1;) are torsion free on their support, thus Ext*(O;, (4 —

J

ij),0) = Ext*(Oy, ,(i;),0) = 0 by lemma 2.4.2 and therefore 6 is torsion free
on its support as well.

This completes the proof.

As in the nonsingular case some of the sheaves locally free over O¢ are quotients
of sheaves locally free over Op,:

0 — O(k-2) gih Ok) — Oc(k) — 0 (8.4.6)

with c¢h(O¢(k)) = 2h + (2k — 2)h?. We can extend 8.4.6 to

0 0 0
I 9; 3 \J

0 - Ok—-2) — Ok-1) = Oyk—-1)) — 0
H 9192 { g3—j {

0 - Ok-2) — O(k) — Oc (k) — 0
1 {

Ot37j (k)) = Ot37j (k’) — 0
\ !
0 0

Thus Oc¢(k) € Ext'(Oy,_,(k), Oy, (k — 1)) is a nontrivial extension for j = 1,2.
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Lemma 8.4.6 Let 6 be a coherent sheaf on Py torsion free on its support with
ch(0) = 2h + 3h* and setsupp(0) = t, Uty = C a singular conic, then 0 is either
Oy, (k) ® O, (4 — k) with k € Z or a sheaf locally free over O¢, for which there
is a i € Z and a Hilbert scheme of points n with ch(n) = (2i — 3)h? either on t;
or on ty and nNp =0 such that

0—=0—0c(i+1)—0,—=0 (8.4.7)
Proof:

Due to lemma 8.4.4 we have
0— Oliz) >0 — Op(4—iy) =0
Assume 7 = i > 2. Consider
0—=04,() > 0c(i+1) = Ot +1) =0 (8.4.8)

A choice of a Hilbert scheme 7 with ch(n) = (2i — 3)h? on t, defines a unique
inclusion Oy, (4 — 1) < O, (i + 1), which extends the sequence 8.4.8 uniquely to
a commutative diagram :

0 — O,0) —

|
0 — O1)

<— th<+ O
4
S
™)
iy
Si e O
|
~
S~—
+
o

1
o
.
+
1
S
+
1
(@)

(8.4.9)

o+ O«
I
o<—3®<—

Due to lemma 8.4.5 there is only one nontrivial extension of Oy, (4 —1i) by Oy, (7).
If nNp = 0 we see, that £ is this nontrivial extension, since tensoring the middle
column with O, gives &, = O,. If nNp # () we get the trivial extension: We
tensor the whole diagram 8.4.9 with O, and get

0 0
\ a
0 — @ - O, —
. i L5 (8.4.10)
0 - 0, = Tor'(£,0,) — 0, —
3 \J 3



Since o a is injective Tor'(E, O,) must be unequal to O, therefore we ob-
tain from tensoring the middle column of 8.4.9 with O, that £, # O,. That
contradicts that £ is the nontrivial extension.

The nontrivial extension is locally free over O¢: since n N p = () there is a open
neighborhood U, of p with U, Nn = . Thus 6|y, ~ O¢|y,. For any other
point ¢ € C' there open neighborhood U, such that Oc(i + 1)|y, = Oy, |y,. Thus
restricted to U, 8.4.7 becomes

0 — 0y, = O lu, = Oylu, = 0

Therefore 0|y, ~ Ocly,, so 0 is locally free over Oc¢.
This completes the proof.

Remark: Since in the above proof two Hilbert schemes 7,& with nNp = 0
ENp = 0 and |0, = |O| define the same sheaf 6, we will denote such a
nontrivial extension by .7|J(',)n|(z' + 1) if n C t;. Note that if for § not a direct sum
of line bundles with iy, iy > 2 there are Hilbert schemes n; on ¢; for j = 1,2 such
that 0 = J¢, (i1 +1) = T3 |(ia +1)

m n2

To show that there is no base point free coherent system (T, ) € Syst(2h+3h?,2)
supported on a singular conic such that ¥ ) has a non reduced component we
need the following

Lemma 8.4.7 Let (T',0) € Syst(2h + 3h?,2) with setsupp(f) = C' = t; Uty and
0 torsion free on its support. If (I',0) is base point free, then for the sequences
of coherent systems

0— (I, O, (i5)) = (T,0) = (T}, 0, (4 —i;)) = 0

induced by the sequences of lemma 8.4.4 one has dim(T'}) = 2.

Proof:

[, and I'} are defined as follows: Denenoting the maps from lemma 8.4.4 by f} :
O,_, (i) = 0 and [} : 0 — Oy (4 —1;) then I} = (fH)~YT) and I = f/('). The
short exact sequences of coherent systems means, that we have a commutative
diagram

0 - INewod — Iie0 - IO — 0
1 1 1 (8.4.11)
0 — O (i) — 0 — Oy —i;) — 0
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Since (I, #) is base point free, the middle down arrow is surjective and therefore
the right one as well. Let E be its kernel:

0= E—=T/®0 = 0,4—i;) =0 (8.4.12)

By dualizing 8.4.12 we see that Ext'(E, O) = Ext*(E,O) = 0, thus E is locally
free of rank 2, therefore dimo, £, = 2 for any g € P;. Now we tensor 8.4.12 with
O, with ¢ € t;:

0= 0, = E, =170, 0, —0

Since dime, E, = 2 we must have dim(I'}) = 2.
This completes the proof.

dim(I") = 2 implies, that we can only have those 6, such that the sheaves
0/0y,_,(i;) have at least a 2 dimensional space of global sections, which means
i; < 3 for j =1,2. Thus we get:

Corollary 8.4.8 Let C' = t; Uty be a singular conic. Then there are only 7
sheaves 0, that can occur in a base point free (I',0) € Syst(2h + 3h%,2) with
setsupp(f) = C. These are:

*71]<3)’ ‘-73] (4)7 Otl (2) D OtQ (2)7 Otj (1) D Ot37j (3)

with j =1, 2.

Proposition 8.4.9 For any base point free (I',0) € Syst(2h + 3h? 2) with
setsupp(f) = C = t1 Uty a singular conic, X ) is reduced.
Proof:

We have to consider the 7 sheaves of corollary 8.4.8. If ¥ ) has a non reduced
component, then there is a line [ C Py with ¢; # [ # t5 and a section s € T’
such that s = 125 with § € H°(A(—2)) due to lemma 8.3.1. If § = J/(4) or
0 =0y (1) ® Oy,_,(3), which means that we have a sequence

0= O ,(3) =0 —04,(1) =0

then H°(A(—2)) = H°(Oy,_,(1)). Thus if there is a section s = I*3, its image in
H°(O,,(1)) is zero, which means we have for the coherent system of lemma 8.4.7

85



(I, O, (4 —i5)) dim(T'j) < 2 for j =1 or j = 2, which is a contradiction to the
non existence of a base point. Therefore the sheaves left to be considered are
Ji (3) and O, (2) ® Oy,(2)

Suppose X g) is a double conic, whose reduction D is nonsingular. Take 3 points
ri,...,r3 € D such that 7 U7y U753 intersects each of the lines ¢, t5 at 3 different
points. Due to lemma 8.3.1 there are three different elements in P(I") such that
their images in P(I'"”) have a double zero. But either I = H°(Oy, (1)) and there
is no such element in P(I"") or the zeros of P(I") form a pencil of divisors, and
such a pencil has only 2 double points. Thus X ¢) cannot be a double conic.
The same argument works for a double line ¢* C Y with ¢ # p = t1 N ta:
Any point of § has to be singular, so if we take 3 points r,79,73 € ¢ we have
3 different intersection points of t; or ¢ with 71,7, and 73. We would need 3
elements in P(I'}) or P(I'}) being a double point, which is impossible.

So the only possibility left is p? C Y. In this case for all lines [ through p
there is a section s € T' such that there is a § € H°(0(—2)) with s = [25.

° (92[7{(3):

We can assume that p = (0:0: 1),t; = {x = 0}, ¢, = {y = 0}, furthermore
j=2and n=(1:0:0). A section of J?(1) is of the form § = c;y + co2.
Let a line through p be given by | = ax + Sy, then

2.5 =2’z + 0152y3 + 02/32y2z.
Thus [ is a singular point of Y(r) if there is a section s € I' of the form
s = apr?z + a1y + asy®z such that there are constants c;, co with

(i) ag = cpa? (i1) a1 = c13? (ii1) ag = co3?

(1) and (iii) give ag = aog—z. Thus s defines [ uniquely. We write s; for a
section associated to [. Since for | # [ span{s;, s; = I, a necessary condition
for p* C Y(r) is that

I C span{z?z, %, y*=}.

But span{z?z,y3, 3?2} is a subset of the image of H°(#(—1)) under the
multiplication with x 4+ y. Thus by lemma 8.2.5 p is a base point.
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o 04,(2)® O, (2):

If there is a section § € H°(6(—2)) such that s = [25 € T, the evaluation of
sin 0, = O, ® O, vanishes. Therefore

evy, : I'® O, =0,

is not surjective, which implies that ev : '® O — 6 is not surjective. Thus
p would be a base point.

This completes the proof.

8.4.3 Lines

Now we investigate those 6 with ch(f) = 2h + 3h?, which are torsion free on
their support, such that setsupp(f) = t with ¢ a line in Py. We will describe
all these sheaves 6 explicitly and show that for any base point free (I',6) €
Syst(2h + 3h?,2), Xrg) is reduced.

Lemma 8.4.10 Let 6 with ch(f) = 2h + 3h* be torsion free on its support and
setsupp(0) = t, then there is i € Z such that

00— Od—1i) =0 — Oi) = 0. (8.4.13)

Proof:

If supp(#) is reduced then 6 is a torsion free sheaf on a line and therefore locally
free over ;. Since ch(f) - h = 2h* one has k() = 2 considering 6 as an
O;-module. Due to a theorem of Grothendieck (see for example [OSS] pp.22)
any locally free sheaf on Py is a direct sum of line bundles, therefore one gets a
sequence of the form 8.4.13.

If supp(6)) is non reduced, we use the construction of lemma 8.4.4. Consider
0. It must be ch(f];) = h + (m + 3)h?, since 6 is not concentrated on ¢ and
torsion free on its support. Therefore IC, the kernel of § — 0|;, which musts also
be torsion free on its support, is of the form K = O;(2 — m). Now we consider
T(0|;) < 0|; and argue as we did in the proof of lemma 8.4.4.

This completes the proof.
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Lemma 8.4.11 One has

¢
0 = Euth (04 —i).040))) — Eath, (Oi(4—1),0,(0) — (34.14)
= HO(0,(2i — 3) = 0

and the extensions corresponding to ¢p(Exty, (O(4 — i), 04(1))) are direct sums
of line bundles on t.

Proof:

We apply the Grothendieck spectral sequence of for Hom(O;(4 —i),—) = H% o
Hom(O(i), —) to O(i): One has

Hom, (O(4 — 1), O4(i)) = O(2i — 4).

and a surjective map

Homg, (01(4=i), Ou(i)) = Home, (O1(4=i), Oy(i))@0; = Hom, (O1(4—i), O¢(i))

Thus we have we have a surjection

HomOPQ(Ot(LL —1),04(1)) = Oy(2i —4) = 0 (8.4.15)
Applying Hom(O(4 — i), —) to the resolution of O,(i) gives

0 — Homg, (O4—1),0,(i)) — Ext'(0y(4 —14),0(i — 1))

_>
= Bot' (0,4 -1),0(i) —  Ext (04 —1),04(i)) — 0

We have Ext'(O;(4 —i),0(i)) = O04(2i — 3) and Ext'(0y(4 —i),0(i — 1)) =
O,(2i — 4), so we get

0 — Home, (Oi4—i),0,(i) — 0.(2i — 4)
- O,(2i — 3) —  Ext'(Oy(4 — i), O4(i))

8.4.15 and the first half of 8.4.16 give
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Oy (20 —4) = Mot(ot(‘l — ), O(i)) = Hﬂo% (04 —1i), Ouli))  (8.4.17)

And therefore the second half of 8.4.16 gives
Ext'(Op(4 — i), 04(1)) = O(2i — 3) (8.4.18)
Furthermore
HZ(MO%(QM —14),04(1))) = H*(Oy(2i — 4)) =0 (8.4.19)

So with 8.4.17, 8.4.18 and 8.4.19 the exact sequence of low degree of the
Grothendieck spectral sequence becomes

¢
0 — HYO(2i—4)) — Eaty, (0,4 —1),04(i)) — (8.4.20)
— HY%Ou(2i—3)) — 0

Finally we have
H'(Py, 04(2i—4)) = H'(t, 04(2i—4)) = Extg, (O, O4(2i—4)) = Exty, (Oy(4—i), O4(i))

Thus we get 8.4.14. If 7 < 2 one has

Extp, (044 — i), O4(i))) = Exth, (O1(4 — i), 04(i))

and for i > 2 Futy, (Oy(4 — 1),0,(i))) = 0. Any extension of Oy(4 — i) by
O,(i) on t is also an extension on Py. Therefore the extensions corresponding to
P(Exty, (044 — i), Oy(i))) are direct sums of line bundles on ¢.

This completes the proof.

Now we investigate the case i > 2, which means Ext%,)%(@t(él —1),04(i)) ~

HY(0y(2i — 3)). Any element of the Picard group of Proj(Clz,y, z|/(t?)), which
we denote by 2t, can be obtained as quotients of line bundles on Py (see [D]):
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0— O —2) = O(i) — Ox(i) = 0.

We can extend this to a diagram

0 0 0
! t \J 3
0 - 0@GE—-2) - 0O@Gi-1 = O(i—-1) — 0
I 2 Lt !
0 — 0@G0—-2) — 0@ — Oxi) — 0
3 \’ 3
\J 3
0 0
Thus for Oy (i + 1) we have
0= Ou(i) = Oxu(i+1) = O(i+1) = 0. (8.4.21)

Lemma 8.4.12 Any 0 that corresponds to an element ofE:Jet}D]P,2 (Ou(4—1),0(7))
for i > 2 is of the form I, ® Oy (i + 1), where I, is the ideal subsheaf on Oy of
the Hilbert scheme of points n on t with |n| == |0,| = 2i — 3.

Proof:

Let 7 be the zero set of s, € H*(Oy(2i — 3)). s, induces a map Oy(4 — i) —
Oy(i 4+ 1). This map extends the sequence 8.4.21 uniquely to a diagram:

0 0 0
\: A \J

0 — Oi) — 6, — O4—14) — 0
u I I

0 = Oi(i) = Ox(i+1) — Oi+1) — 0
!
0o —

o+ O«
3
Il
o+ O«
3
(@]

from which we see that 6, = Z,. For two different Hilbert schemes n,{ Z, and
Z, are not isomorphic: if setsupp(O,,) # setsupp(O¢) this is obvious, because if
restricted to an open set U such that setsupp(O,) NU = 0 and setsupp(Og¢) N
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U = p a point, Z,|y has one generator while Z¢|y has two. If setsupp(O,) =
setsupp(Og) consider an open set U such that O, |y # O¢|v, setsupp(Og)NU = p
and extend Z,|y, Z¢|y to sheaves Ty, Zg, which are locally free apart from p. If
7, ~ I¢ then I ~ Z;. But since O; 2 O; one has ch(Z;) # ch(Z;), which
contradicts Zy ~ Zg.

Since Emzf%op2 (O1(4—1),0,(i)) ~ H°(O(2i — 3)) we obtain with this construction

any nontrivial extension of O;(4 — i) by O(7).
This completes the proof.

Remarks:

e Note that 7, and J,, ® Oy, where 7, is the ideal sheaf of  on Py, are not
isomorphic. Applying ®Oy; to

0=, —0—=0,—0

gives

0 — Tor'(0,, Oy) = Ty @ Ozt — Oz — O — 0

Thus with Ml((’)n, Oy) = O, one has

I X0, Oy =1, O,

which is not torsion free on its support.

e We can identify the global sections of Oy (i) with
H(Ou(i)) = {p(w,y) + zq(z,y)|deg(p) = i,deg(q) =i — 1}.

Let the zero set divisor of s, be >~ (0; : —a; : 0)™ then H°(Z, (7)) seen as
a subspace of H°(Oy(i)) is

H°(Z,(i)) = {H(aiﬂﬁiy)mp(%y)+29(x7 y)ldeg(p) = i—|nl; deg(q) = i—1}.
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Lemma 8.4.13 The sheaves 6 with setsupp() = t and supp(d) non reduced,
that can occur in a semistable coherent system (T, 0) € Syst(2h + 3h%,2)are of
the form 1,,(3) and Z,,(4), where |n;| = i.

Proof:

Suppopse (I', Z,,, ., (i + 3)) is semistable. Since we have a sequence

0— (I,0:(i +2)) = (IZ,,..,(i+3) = (I'", 0,2 —1)) = 0,

? T2i+1
the semistability implies
P,0u(i4+2)) < P(D Ty, (i43)-

Now recall, that Pp,(;)(n) = n + j + 1 which one computes from 2.6.4 using
c1(0:(4)) = 1,c2(O(j)) = 1 — j and therefore Py(n) = 2n + 6. Thus IV # 0 is
only possible if i = 0. For ¢ > 0 it must be zero and therefore dim(I') = 2. But
H°(O(j)) = j + 1, thus we get i < 2.

So the only sheaves, that can occur in a semistable system (I, 0), are Z,, (3) and

Z,,(4) . We have to consider all possible inclusions

0— (I'",0) — (T,0).

It is impossible to destabilize (I',#), where 6§ is eitherZ,, (3) or § = Z,,(4), with
a 0 such that supp(@’) is nonreduced since both sheaves would have the same
multiplicity. If ¢/ = O:(j) we can choose a I' such that the restriction of no
section to ¢ vanishes, so I = 0 and therefore § =7, (3) or § = Z,,(4) occur in a

semistable coherent system.
This completes the proof.
Lemma 8.4.14 There are two sheaves 0 with setsupp(d) = t and supp(0) re-

duced, that can occur in a (T',0) € Syst(2h + 3h%,2). These are O(1) & O4(3)

Proof:

Since 6 is torsion free on its support it must be locally free over O, and is therefore
always a direct sum of line bundles. So we have a sequence of the form

0— Oc(4—1) = Oc(i) ® Oc(4—1i) = Oc(i) = 0 (8.4.22)
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with ¢ < 2. Considering a coherent system (I', Oc(i) & O¢(4 — 1)) with i < 2,
the sequence of coherent systems induced by 8.4.22 is

0= (I, 0c(4—1)) = (T,0c(i) & Oc(4 — 1)) = (I, 0c(i)) = 0

If (T',0c¢(i) & Oc(4 —i)) is semistable dim(I') = 2 by the same argument as
in the proof of lemma 8.4.13. Thus 7 > 1 since we need H°(O¢(i)) > 2. So we
find ¢ = 1 or i = 2 are the only possibilities such that (I', O¢ (i) @ Oc(4 — 7)) is
semistable.

This completes the proof.
Since we now know all possibilities of #, we can show

Proposition 8.4.15 For any base point free (I',0) € Syst(2h + 3h?,2) with
setsupp(0) = t, Xr,) is reduced.

Proof:

Once again we use lemma 8.4.1.

o 0=0,(2)®O,2) or § = O,(1) © O,(3):

If the spectral scheme has a non reduced component, then there is a [ # ¢
such that [ is a singular point. Let £ = [Nt. So there is a s = [?5 € " with
§ € H°(6(—2)), but that means s vanishes at £. Thus eve : I' — 6 is not
surjective, which implies ev is not surjective, which would mean that £ is
a base point.

* Im (3)
We can choose coordinates such that n; = (0: 1 :0), thus

H(Z,,(3)) = {xp(z,y) + zq(x, y)| deg(p) = deg(q) = 2},
H°(Z, (1)) = {c1z + 22}

Given a line [ = ax + Sy + 72 and a section § = 1z + oz € HY(Z,, (1)),
we compute

l2.§:
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(4)

= (a?2? + B%y* + 2afxy + 2aT1xz + 2B7Y2)(C10 + C22) =
= zey(a?2? + f2y? + 20 Bwy)+
+2(2ciat2? 4 2¢1 BTy + co(a?2? + [2y* + 2aBxy)) =

= zcy(ax + By)? + 2((2c1a7 + c20?)x? + (201 BT + 2000 8)wy + 2 82y?)

That means, to have a point [, where the spectral scheme is singular on
its support, we need a section s = xp(z,y) + zq(x,y) € H(Z,(3)) in T
such that p has a double zero at £ = [ Nt. But since I' is of dimension
2, there are only two points on ¢, that satisfy this condition. Therefore
the only possibilities to have a non reduced component are the lines in
IP; corresponding to the two points &;,&; € t, for which there is a section
s¢; € I' with pe; having a double zero at &;.

So [ is a singular point if there is a section

si = zey(az + By)? + z(agz® + arzy + agy?)
with

ag = 2ciaT + cpa? (it) ay = 2coa + 2¢1 8T (i11)  ay = co3°.

Now we have to consider two cases:

1. B#0:

If for another line m = ax + By + 72 m is a singular point, the section
Sm, that ensures this, cannot be an element of span{s;}: Because if
Sm = ks; with k € C, which means, that there are constants ¢;, ¢s
such that s; = m?(kc¢yx + kéy2), then p,, = kp; implies kc; = ¢; and
to get the same coefficient at the y? summand of kg, and ¢,, we need
kcy = €, thus it is impossible to get the same coefficient at the 2
and xy summands of kg, and g,,, since 7 # 7.

Therefore if £ = (=5 : a : 0), a necessary condition for £ e Y(z,0) 18,
that for all sections s = xp + zq € I it is p(§) = 0. But in that case

%g = 95
is not surjective and therefore ¢ is a base point.
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2. p=0:
That means n = £. Now we have

0 = (2Clz, 2] + 2Clx, 2])/2* ®c. Clz, 2]/ (7, 2) = O ® O¢.

If a section s € I is of the form s = [25 the corresponding polynomials
D, q have a double zero at . Therefore ev¢(s ® O¢) = 0, which means
that ev is not surjective and & would be a base point.

o 7, (4):
Let n3 be given by the zeros of the polynomial r(x,y) of degree 3. Then

HO(Z,,(4)) = {r(z,y)p(z,y) + 2q(z,y)| deg(p) = 1;deg(q) = 3}

H%(T,,(2)) = {2q|deg(q) = 1}.

Thus to have a singular point in the spectral scheme apart from ¢ we need
a section s1 = zqi(z,y) € HY(J,,(4)) in I'. Taking a second section sy =
r(z,y)p2(x,y) + zq2(x,y) € I' such that I' = span{sy, se} every section
s € I' is of the form

s = r(z,y)p2(x,y) + 2q(,y).

Thus denoting the Hilbert scheme given by the zeros of r(x,y)ps(z,y) by
14 We see that

el ®0) C L, (4) ¢ L, (4),

=

which by lemma 8.2.5 means, that there would be a base point.

This completes the proof.

Finally using the lemma of Artamkin, the circumstance that there are instantons
in M"%9(4) such that [A, B] is not nilpotent, nilpotent with [A, B]* # 0, nilpotent
with [A, B]? = 0 and Propositions 8.4.3, 8.4.9 and 8.4.15 gives

Theorem 8.4.16 There are 3 G-orbits in MTI(4).
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Chapter 9

Further investigations

Even though we did not find non reduced spectral schemes for elements of
M;ig(n) for n < 4, the suggestion, that this might be true for any n, is false. In
[Sch2] Schwarzenberger gave an example of a p-stable locally free sheaf E on Py
with (¢1,¢2) = (0,6), that has a conic as spectral curve. Remarkable in that case
is that even though the spectral curve is a conic and ¢»(E) = 6, the restriction
of E to a jumping line [ is E|; = O;(2) ® Oy(—2).

For the investigation of charge 5 the construction of coherent systems fails, since
one has x(F(1)) = 1 and it does not seem to be the case that h'(E) > 1 for
any locally free F € 93?(5) A first approach could be to investigate, whether the
existence of a line as a component of the spectral curve of F € 93((5) implies,
that F is not locally free. The inverse implication is true, because the dual of
setsupp(Ext' (F, O))) belongs to the spectral curve. If this turns out to be true
one also gets for charge 5 the non existence of spectral schemes with non reduced
components, since the resulting spectral curve of any such scheme has a line as
component.

The identification of instantons with coherent systems could lead to a successful
investigation of charge 8, since in that case one has x(F(2)) = 2. But their
treatment will be more difficult since the coherent systems are supported on
curves of degree 4.
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