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Abstract

The theory of Lagrangian distributions and clean compositions of
Fourier integral operators, the core of micro-local analysis, was estab-
lished in the 1970s by the classical works of Hormander, Duistermaat and
Guillemin. Recently, researchers have shown increasing interest in the
theory of paired Lagrangian distribution as the natural generalization of
Lagrangian distributions. However, an analogous composition theory for
paired Lagrangian distributions has not been fully investigated.

The aim of this research is to determine whether the composition
of paired Lagrangian distributions belongs to well-known classes such as
marked Lagrangian, isotropic Lagrangian, paired Lagrangian or general-
ized Lagrangian distributions associated with a clean system of closed
conic Lagrangian manifolds. By given a new characterization of paired
Lagrangian distributions via multi-phase functions, we obtain the first re-
sult on strong composition of FIOs and PLDs. As our second result, we
show that composed operators stay in the appropriate class under a certain
assumption. As a corollary, we achieve the closedness of the classes of
paired Lagrangian distributions under composition.

Moreover, we realise an important fact that the failure of this condi-
tion can produce new singularities. These singularities are detected in our
models for compositions. Finally, we also discuss the weak composition

laws for others distributions.
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Zusammenfassung

Die Theorie der Lagrange-Distributionen und der sauberen Komposition
von Fourier-Integraloperatoren, die Kernelemente der mikrolokalen Anal-
ysis, wurde in den 1970er Jahren durch die klassischen Arbeiten von
Hormander, Duistermaat und Guillemin begriindet. Gepaarte Distributio-
nen konnen als Verallgemeinerung von Lagrange-Distributionen betrachtet
werden. Obschon seit geraumer Zeit im Blickfeld der Wissenschaft, wurde
bislang noch keine analoge Kompositionstheorie entwickelt.

Das Ziel dieser Arbeit ist es zu bestimmen, ob die Kompositio-
nen gepaarter Lagrange-Distributionen miteinander oder mit Fourier-
Integraloperatoren wieder zu den wohlbekannten Klassen von Dis-
tributionen gehoren, d.h. ob sie markiert Lagrangesch, isotropisch
Lagrangesch, gepaart Lagrangesch oder verallgemeinert Lagrangesch
beziiglich sauberen Systemen geschlossen konischer Lagrange Mannig-
faltigkeiten sind. Eine neue Charakterisierung von gepaarten Lagrange-
Distributionen mittels Multiphasenfunktionen liefert ein erstes Resultat
iber die starke Komposition von Fourier-Integraloperatoren mit gepaarten
Lagrange-Distributionen. Weiter kann gezeigt werden, dass die Verkniip-
fung zweier gepaarter Lagrange-Distributionen unter zusitzlichen Voraus-
setzungen zu einer der obigen Klassen gehort. Als Korollar erhilt man
die Geschlossenheit der gepaarter Lagrange-Distributionen unter Verkniip-
fung.

Dariiber hinaus machen wir die wichtige Beobachtung, dass der Weg-
fall der obigen Voraussetzung Singularitdten erzeugt. Zuletzt diskutieren

wir noch die schwache Verkniipfung anderer Distributionen.
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0 Introduction

0.1 Motivation

We shall be concerned with the Cauchy problem

(0.1)
YoBju=g; onXyl<j<v,

{ Pu=f inX,

where X is a C* manifold with boundary Xy,dimX = 1+n, P € L"(X), B, € L"(X),...,
B, € L™(X) are classical pseudodifferential operators, yy : C*(X) — C%(Xy) is the
restriction map, and f € &'(X), g1,...,8, € &(Xp) are the given data.

We shall assume further that P, By,..., B, have real principal symbols p(x, &) and
bi(x,&),...,b,(x,&), respectively, and that P is strictly hyperbolic of multiplicity v with
respect to Xp. In local coordinates, one has x = (¢,y) € Rf”, where t > 0,y € R”, as well
as P = P(t,y, D,, D,) with principal symbol p(t,y, 7,7n), and the strict hyperbolicity of P

means that

put,y, 70 = at,y, 7w | (= e, y,m), 0.2)
k=1

where A;(t,y,n) is homogeneous in n of degree 1, a(t,y,7,n) # O for all (z,y,7,17) €
R ) RM0) and A1 (1, v, ) < Aol 1, 77) < -+ < Aty Y5 7))

The homogeneous problem

The well-posedness of the initial-value problem (ILT) in the scale of L*-based Sobolev
spaces can be investigated with the help of energy inequalities. Another approach consists
of constructing an asymptotic solution to the homogeneous problem (i.e., when f = 0)
as a sum of Fourier integral operators. In particular, when X = R!* P is a differential
operator of order m, B; = 6{_1 for 1 < j < v, and v = m, this follows from work by Lax

[Cax57], Ludwig [End60d], and Chazarain [Cha74]. More specifically, when combined



0 Introduction

with finite propagation speed, one obtains a unique solution u € Hfotm‘l(R}f”) to (1)

provided that f € H} (R}™),g; € Hlsotm_j (R™),1 < j < m. Moreover, this solution u can

be written in the form

u:Ef+ZEjgj’ 0.3)
=

where E; are certain Fourier integral operators and E is obtained from E,, through an
application of Duhamel’s principle, see [(Cha74]. Note that E is not a Fourier integral
operator.

We summarize here the classical results of Lax and Ludwig in the light of the theory
of Fourier integral operators. To this end, we assume that the following conditions are
met (recall that the bicharacteristic curves of P are the trajectories in 7*(X)\0 of the

Hamiltonian vector field H,, along which the principal symbol p vanishes):

1. Every bicharacteristic curve of P intersects (77(X)\0)x, at most once. Moreover,
for every compact set K C T*(X)\O there is a compact set Ky C (T*(X)\0)x, such
that every bicharacteristic curve starting in K and hitting (7*(X)\0)x, does so in Kj.

2. No bicharacteristic curve of P starting over X stays in a compact set and, for all
compact sets Ky C (T*(X)\0)x, and K c T*(X)\0, there is a compact set K’ C
T*(X)\0 with the property that if y is an interval on a bicharacteristic curve of P

with end points in K, and K, respectively, then y C K’.

Theorem 0.1. Let the above assumptions be fulfilled. Assume further that, in local coor-
dinates (t,y), for all (y,n) € T*Xo\0, the matrix (b;(0,y, 1,(0,y,n), 77));,1;1 is non-singular.
Then one has a solution formula as in (3) (up to a regularizing remainder, the upper

summation index being v again), where
E;j eI VC),1<j<,

and C C (T*X\0) x (T*Xy\0) is the canonical relation that is obtained by jumping down
onto one bicharacteristic curve of P and then following the Hamiltonian flow along this

bicharacteristic curve.

The free space problem

Historically, the next problem was to determine the analytic nature of the operator E. This
was done by taking the g; to be zero, i.e., the free space problem was considered (e.g., by

working on the double 2X).
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0.1 Motivation

It is now possible to assume that P is of real-principal type. Microlocally, this assump-
tion means that H, and the radial vector field £0; (or, equivalently, dp and the canonical
I-form &édx) are nowhere collinear. Under some further technical conditions of global
nature, replacing (1), (2) above, the results are as follows:

Let A = Ap(x)\o be the diagonal in (T*(X)\0)?, i.e., the canonical relation associated
with the conormal bundle N*(Ax)\0. Let A be the flow out from A N (pn)~'(0) under
the Hamiltonian flow of H), for positive time, where 7 : (T*(X)\0)*> — T*(X)\O is the
projection onto the first factor. Note that A is a homogeneous canonical relation, with
boundary AA, which cleanly intersects A in A = A N (pr)~1(0). In [DH72], Duistermaat
and Hormander constructed global parametrices for P by conjugating P with an elliptic
Fourier integral operator into the normal form i~'6/dx!, where the latter is easily solved.
This construction was turned into a symbolic (or geometric) one by Melrose and Uhlmann
[M1I79], who defined a general class of distributions associated to two Lagrangian man-
ifolds that intersect cleanly in a submanifold of codimension k = 1. This was further
developed by Guillemin and Uhlmann in [GUXT] and many others.

Eventually, in Joshi’s thesis [[0s94], [10s98], these constructions were given in the
form of a calculus I(A,A) = U, ,I"™F(A,A), where now the operators involved admit
classical symbols along both Lagrangians A and A. Note that I"”(A,A) c I"(A\A) U
IP(A\A).

Theorem 0.2. For P € I"P(A, A), there exists a two-side parametrix in I"™"P~Y (A, A) if
and only if P is elliptic in I'"?(A, A).

As a corollary, one obtains that if P € L™(X) is a classical pseudodifferential opera-
tor, then strict hyperbolicity of P implies ellipticity of P as an element of """ 73/2(A, A).
Therefore, we then find a parametrix Q € I7™!/>"(A, A) to P (that, moreover, can be con-
structed in a symbolic way starting by inverting the principal symbols of P as an element

of I™m=312(A, A).

Both constructions combined

To obtain a symbolic parametrix construction for the inhomogeneous Cauchy problem
(1), one needs to combine the results and methods of both approaches above. Formally,

the solution u of the Cauchy problem with source f € &'(X) and initial data g; € &' (X))

3



0 Introduction

can be written up to smooth terms as

=1 =1
i.e.,onehas E = Q-3 E;¥B;Q in (03). This formula is analogous to the solution for-
mula for elliptic boundary value problems (where the free space solution is corrected by
a contribution coming from the boundary, given by a so-called singular Green operator).

Note that we already know that
QeI P™AN)E; € ITM7V4X, Xo; C);y0 € I (X0, X5 R), Bj € L™(X)  (0.5)

where R is the canonical relation associated to N)*(XXO(AXO)\O and I"(A) = L™ (X). Part
of the project is to establish the analytic nature of all the operators and compositions that
occur in ([4). Until now, there is no general theory that encompasses all the compositions

required.

0.2 Formulation of composition theorems

Let X, Y,Z be smooth manifolds and A: C>(Y) — D'(X), B: C(Z) — D'(Y) be lin-
ear continuous operators. By abstract composition [H6r&S, Theorem 8.2.14], [[DmY6,
Theorem 1.3.7], or Appendix, Theorem AT, whenever WF}(A) (| WFy(B) = 0 and the

projection
supp ka X suppkBﬂXxAY XZ—>XXZ

is proper, A o B is well-defined as an operator from C;°(Z) to 9'(X). Moreover, wave front

relation of the composite is bounded in terms of those of A and B
WF'(A o B) € (WF'(4) o WF'(B)) |_J(WFx(4) x 0) |_)(0x x WF}(B)).

Question 1. For given admissible operators A, B, which further analytic structures the

composition A o B possesses?

We recall that an operator is admissible if its Schwartz kernel belongs to distributional
classes listed in Table 0. Such distributions share the following common property: For a
given admissible object G, the class of distributions associated with G, denote by I(X; G),
consists of all distribution # such that WF(u«) is contained in G and u has a special be-

haviour microlocally at G. For instance, if G is a closed conic Lagrangian manifold, then

4



0.2 Formulation of composition theorems

I(X; G) is the class of Lagrangian distributions associated with G. The "special behaviour"
above means that u can be written as an oscillatory integral via phase function and ampli-
tude function. Similarly, if G is a cleanly intersecting pair (Ao, A;) of Lagrangian man-
ifolds then the corresponding class 1(X; Ay, A1) is the class of paired Lagrangian distri-
butions and the "special behaviour" stands for oscillatory integral representation in terms
of multiphase function and suitable amplitude function. For more detailed discussions

about paired Lagrangian distributions, see Chapter . Other distributions are considered

in Chapter 2.
Admissible object in 7°X Distributional classes in X References
Closed conic Lagrangian | Lagrangian distributions [HEr7T], [DHT72],
manifolds [HEr&S]
Closed conic isotropic man- | Isotropic distributions [BGRT]
ifolds

Lagrangian manifold with | Marked Lagrangian distributions | [Mel&7]

isotropic marking

Cleanly intersecting pair of | Paired Lagrangian distributions | [MU79], [GURT],
Lagrangian manifolds [Meng&2], [10s9¥]

Clean intersecting system of | Generalized Lagrangian distribu- | Appendix

Lagrangian manifolds tions

Table 1: Geometric objects and their related distributions

A relation G from 7Y \ 0 to T*X \ 0 is admissible if its twisted G’ is an admissible
objectin T*(X X Y). Let Gy, G, be admissible relations from 7*Y \ 0 to 7*X \ 0 and from
T*Z\0toT*Y \ 0O, respectively. Denote by I(X, Y;Gy), (Y, Z; G,) the classes of properly
supported operators associated with G, G,. So composition theorem for these classes can

be rewritten in the following form:

Question 2. For given admissible classes of operators A € I(X,Y;Gy) and B € I(Y, Z; G,),

under which conditions one has
AoBeI(X,Z;G)

for some admissible relation G?
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By calculation of wave front relation, one gets WF'(A o B) C G; o G,. Hence, a

complete answer to this question requires the following three parts:

e The geometric condition: Find a condition which ensures the admissibility of G; o
G,.

e The weak law of composition:

I(X,Y;G) o I(Y,Z;Gy) CI(X,Z;G o Gy). (0.6)

e The strong law of composition:
(X, Y;G) o I"*(Y,Z;Gy) € IM(X, Z; Gy 0 Gy), 0.7)

with multi-orders p;, u», u. Moreover, symbolic calculus of such classes holds.

Weak and strong composition theorems

The weak composition I(X,Y;G) o I(Y,Z;G,) includes the first two parts: geometric
condition and weak law ([Lf). In addition, if the inclusion (') holds then one obtains a
strong composition of these classes.

Until now, only compositions of Lagrangian distributions and isotropic distributions
are well understood. As an illustration for this procedure, let consider composition the-
orem for Fourier integral operators. Assume that A € I(X,Y;Cy) and B € I(Y,Z;C,)
are Fourier integral operators associated with canonical relations Cy, C,. The well-known
cleanly condition "T*X X Ar.y X T*Z and C; X C, intersect cleanly with excess e" is the
geometric condition for this composition. The geometric part is stated as in [H6r8S, The-
orem 21.2.14] or Theorem 3 in the next chapter. Both weak and strong compositions for
Fourier integral operators hold. Namely, if the cleanly intersecting condition of canonical
relations is satisfied, then locally CoC; is a canonical relation and Ao B € I(X, Z; C, 0 ().
Moreover, if A and B are classical of orders m;, m,, then A o B is a classical FIO of or-
der m = my + my + e/2, whose principal symbol can be represented via those of A, B.
For further informations, see [H6r83, Theorem 25.2.3] or the work of Duistermaat and
Guillemin [DG75]. Similar composition theorem holds for classes of isotropic distribu-

tions on metaplectic manifolds, see [BGET].
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0.3 Main results

0.3 Main results

Composition theorems for Fourier integral operators have already been understood in
many cases. The analogous question for the composition of Fourier integral operators
and paired Lagrangian distributions has not been studied systematically. In the particular
case when the Fourier integral operators are associated with a symplectomorphism, one
has already a positive answer. Namely, let F' be a classical Fourier integral operator of
order r which associates with a symplectomorphism mapping the pair (Ag, A1) to (Ag, A)).
Then F: I"™P(Ag, A1) — I P (A(, A}) [10s98, Theorem 7.4]. Later in [[0s99], Joshi
proposed and proved a part of a composition theorem under a more general condition.
The order and principal symbol of the composite was, however, not given.

In the same situation, the composition theorem for paired Lagrangian operators has
been proved only in a particular case. More precisely, only the case of paired Lagrangian
distributions when the first canonical relation is the diagonal and the second one is a
flow-out manifold, i.e., the one obtained from the flow of the characteristic set under a
bicharacteristic flow. For details, see [[AURS, Theorem 0.1], and [[osY&, Theorem 11.2].
More general cases of canonical relations were unknown.

My dissertation is to study composition theorems for paired Lagrangian distributions
in general, under some geometric conditions on the canonical relations. The first main re-
sult is a new characterisation of paired Lagrangian distributions via multi-phase functions
relying on work by Mendoza [Men&?], which is an extension of Hérmander’s represen-
tation of Lagrangian distributions in terms of oscillatory integrals, see Chapter M. As
an important consequence, we get a second result on the strong composition of Fourier
integral operators and paired Lagrangian distributions, under a certain condition on the
canonical relations, see Theorem 8. Note that when this condition fails, in general, the
composite is not a paired Lagrangian distribution, see Theorem 246 and Corollary Z49.

The compositions of paired Lagrangian distributions are highly nontrivial. Under the
natural condition of clean composition above, the wave front relation of the composite
is contained in four Lagrangian manifolds. This fact suggests that composition of two
paired Lagrangian distributions belongs to some class of distributions associated with a
system of k Lagrangian manifolds, where « € {1,2, 3,4}.

The first difficulty is that such spaces of distributions have not been investigated yet;
only few results in particular case were known. We are the first to investigate such spaces

of distributions related to a clean system of « Lagrangian manifolds in full generality,

7



0 Introduction

where again « € {1,2,3,4}. The third result in my research is to give the oscillatory
representation for a class of distributions which is associated with a certain system of «
Lagrangian manifolds, for x = 3 and x = 4, and to prove that under a suitable condi-
tion, the composed operator of two paired Lagrangian distributions has Schwartz kernel
belonging to such class of distributions defined by « Lagrangian manifolds.

The class of properly supported Fourier integral operators is closed under clean, proper,
connected composition [H6r&S, Theorem 25.2.3]. A natural question for the class of
properly supported paired Lagrangian distribution arises. More precisely, let (Cy, C;) and
(Cy, C)) be cleanly intersecting pairs of homogeneous canonical relations from 7Y \ 0 to
T*X\0, and from T*Z\ 0 to T*Y \0, respectively. Find a condition on (Cy, C,) and (Cy, C})
such that for any properly operators A € I""(X,Y;Cy,C,),B € I’ (Y, Z,; Co,C)), the
composed operator A o B is a paired Lagrangian distribution. One of our new results is to
establish such a condition, see Corollary 3.

In another direction, new wave front relations of the composed operators arise auto-
matically when zero sections are allowed, that is, in the definition of the canonical relation
above we replace (T*X \ 0) X (T*Y \ 0) by T*X X (T*Y \ 0) or by (T*X \ 0) X T*Y. For
example, suppose that C;, C, satisfy all conditions of [H6r&8S, Theorem 25.2.3], except
that C, C (T"Y \ 0) X (T*Z \ 0) is replaced by C, ¢ T*Y X (T*Z \ 0). Then Hérmander’s
calculus of wave front sets yields WF'(A o B) C (C; o C;) U (Oxxy © C5), where Oy is
the zero section of T*Y x T*Z. This extra term shows that, in general, A o B is not a
Fourier integral operator. Actually, we prove that the composite is a paired Lagrangian
distribution (see Proposition 10 for details).

Finally, some models for strong compositions with or without CIS condition are given

at the end of Chapter D



1 Paired Lagrangian distributions

In this chapter, we first recall the standard objects in the theory of Fourier integral opera-
tors, for example, phase functions, conic Lagrangian submanifolds and theory of compo-
sition of canonical relations. Our aim is to use multiphase functions to parametrize pair
of Lagrangian submanifolds, and then to define the class of distributions corresponding
to these multiphase functions via oscillatory integrals. The main result in this chapter
is the new characterisation of paired Lagrangian distributions by oscillatory integral of
multi-phase functions and amplitude functions. One advantage of this approach is to
make paired Lagrangian distributions be a natural generalization of Lagrangian distribu-
tions. This plays an essential role in composition theory for paired Lagrangian distribu-
tions. We shall briefly recall some results in Lagrangian distributions and composition of

Fourier integral operators. For details, see [H6r&5], [BGRT].

1.1 Well-known results about Fourier integral operators

1.1.1 Basic definitions

Let X be a C* real manifold of dimension n with local coordinates xi,...x,. Then the
cotangent bundle 7*X is a homogeneous symplectic manifold with respect to the multi-
plication on the fibre and the canonical symplectic form o = dé A dx, where £ is the dual
coordinates.

A subset A of 7°X \ 0 is called a conic Lagrangian submanifold of 7*X if A is a conic
n-submanifold and o[, = 0. A submanifold X of 7*X is called an isotropic manifold if its

tangent space at each point is an isotropic vector subspace.

Definition 1.1. Let Y, Z be submanifolds of a smooth manifold M. We say that Y intersects
Z cleanly if Y NZ is a submanifold and forall p € YNZ, wehave T,(YNZ) =T, YNT,Z.



1 Paired Lagrangian distributions

The non-negative integer
e = codim Y + codim Z — codim(Y N Z) (1.1)

is called the excess of this clean intersection.
A pair (Ag, Ay) is called a Lagrangian pair if A, A, are closed conic Lagrangian man-

ifolds of 7*X \ 0 and furthermore, A and A intersect cleanly.

Note that if a Lagrangian pair has excess e then its intersection is a e-dimensional

submanifold.

Definition 1.2. A relation C from T*Y \ 0 to T°X \ 0 is called a canonical relation if its

twisted defined by

C' ={(y.&m) e T (X XY) | (x.&y,-n) € C} (1.2)
is a closed conic Lagrangian manifold in 7*(X X ¥) \ 0.

The geometric idea staying behind phase functions is the composition of canonical

relations.

1.1.2 Composition of canonical relations

We recall the composition of canonical relation in general setting:

Theorem 1.3 ([H6r&3]). Let S ; be a symplectic manifold with symplectic form o, j =
1,2,3.IfGy ¢ S1 XS, and G, C S, XS5 are Lagrangians for the symplectic form o — o
and o, — 03, and G| X G, intersects S| X Ag, X S35 cleanly in G with excess e, then the

projection  from G to S| X S3 has rank (dim S| + dim S3)/2, and the range

GioGy={(r1,73) | 312 €52 (11.72) € G1, (12,73) € Ga} (1.3)

of m is locally a Lagrangian manifold with respect to o — 03. Under these hypotheses we
shall say that the composition is clean and the number e is called the excess of the clean

composition.

Note that the map 7 has e-dimensional fibre. The excess can be computed by the
formula dim(G| XG2) N (S | XAg, XS3)—(dim S| +dim §3)/2. Similarly, the compositions

of isotropic canonical relations are stated in the following theorem.
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1.1  Well-known results about Fourier integral operators

Theorem 1.4 ([BGRT]). Let X, Y be manifolds, and 1" and X be closed conic isotropic sub-
manifolds of T*(X X Y)\0 and T*Y \ O respectively, which satisfy the following conditions:

a) 'N(T"X x0y)=0.

b) 'oX c T"X\O0.

¢) Let I"” be the projection of I in X X Y. Then the projection I" — X is proper.
d) I' x X intersects T*X X Ar-y cleanly.

e) Themap v: T XX)NT*X X Ar«y > I’ = T*X is of constant rank.

Then I" o X is an (immersed) isotropic submanifold of T*X \ 0 and the map is a fibre
mapping with compact fibre of dimension é. The excess of the clean intersection will be

called the excess of this composition.

Remark 1.5. -Forall p e TXX)N(T"X X Ar+y),let L =T,(I'XX),A := T,(T*X X Ar-y).
Then

LNA
LNAT’

T (T 0 2) [ Toin(T 0 X) Lrna”
[e) [e) >~
2 2 LNAT’

dimX—dimFoE:dimY—dimZ—dimL OA’
LNA“

Trp(T 0 %) =

where o is the standard symplectic structure of (X X Y) X Y.
So the excess of the clean intersection is
e =dim(L +A)? =dim L7 + dim A7 — dim(L N A)”
=dim(LNA)+2dimY — dim L
=dim(LNA)+2dimY —dimI' — dimX
=(dimlo X - (dimX + dim Y — dim X).

The compact fibre of the map 7 has the dimension
é¢=dimLNA’.

In general we have e > é. The equality occurs if dim L = dim L, for instance, when X
is a Lagrangian submanifold, the condition e) in this theorem holds automatically. Hence,

this condition disappears in the composition of canonical relations.

11



1 Paired Lagrangian distributions

- In the case X is the intersection of a cleanly intersecting pair of Lagrangian subman-
ifolds, namely (A, A1), then the condition e) is equivalent to (Lo(p) N Li(p)) N A(p)? (or
Lo(p) + Li(p) + A(p)) which has constant dimension, where L;(p) = T,(I' X A}). It holds
in particular when (Lo + L) NA = (LoNA)+(LiNA) and L;NA, LyN Ly N A have constant
dimensions.

Now we introduce a criterion which preserves the cleanness of Lagrangian pair under

composition.

Definition 1.6 (Joshi). Three smooth submanifolds X, Y, Z of a smooth manifold M are
called an intersecting triple if all the pairwise intersections are cleanly intersecting pairs,
the pairwise intersections of the pairwise intersections and the original manifolds are

clean,and forallpe XNY NZ,
T,X [ \(T,Y +T,2) = (T,X [ \T,V) + (T,X \T,2). (1.4)
The condition (C4) is equivalent to the following dimensional relation:

dim(T,X + T,Y + T,Z) = [ dim X + dim ¥ + dim Z- dim(X N ¥) — dim(¥ N Z)

—dim(ZNX) +dimXNY N Z)].

We recall a geometric part for composition of Fourier integral operators and paired La-

grangian distributions:

Theorem 1.7 ([[0s99)). Let X, Y, Z be smooth manifolds, A be a Lagrangian submanifold
in T*(X X Y) and (Ng, Ay) be a cleanly intersection pair of Lagrangian submanifolds in
T*(Y XZ). If ( AX Ao, AX A, T*X X N*(Ay) X T*Z) is an intersecting triple, then locally

(A o Ag, A o Ay) is a cleanly intersecting pair of Lagrangian submanifolds.

Proof. Set X = Ao N A,. First, we shall show that A o A and A o X are smooth isotropic
manifolds. Since A X Ay, A X A intersect T*X X N*(Ay) X T*Z), we have A o Ay, A o A;
are Lagrangian submanifolds in 7*X. Moreover, A X X = N;-12A X A; intersects T"X X
N*(Ay) X T*Z cleanly. However, this condition solely is not enough to conclude that Ao X
is an isotropic submanifold in 7*X. Indeed, the tangent condition (I"4) implies fulfillment
of condition e) in Theorem [C4. Therefore, A o X is an isotropic manifold in 7*X.

Now we shall show that T,(A o X) = Nj—o 1 T,(A o A;) for all p € A o X. For brevity,
denote L; := T,(AXA;), A :=T,(T"X X N*(Ay) X T*Z), and o as the standard symplectic

form in the tangent space X X Y~ X (¥ X Z7). The condition (I"4)) can be written as:
Lo+ L)NA=ULyNA)+ (L NA).
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1.1  Well-known results about Fourier integral operators

Since Ly, L, are Lagrangian subspaces, taking the orthogonal complements with respect
to o, we obtain

(LO N L]) + A7 = (LO + Alr) N (L] + Alr).

Using the fact that A is an co-isotropic subspace, we obtain
(LonLiNnA)+A” =((LoNA)+ A7) N (L NA) + A7)

This means that
LynLinA _ LinA _LinA

LoNLiNAT LoNA® LiNA"

Identifying F25EC8 with 7,(I" 0 £) and 225 N 0% with T,(A 0 Ag) N T(A 0 Ay), we

conclude that (A o Ay and A o A;) intersect cleanly. O

Remark 1.8. This theorem can be formulated in the language of the composition theory.
Indeed, let (AX Ao, AXA, T*X X Ar+y XT*Z) be an intersecting triple. Then all geometric

informations are decoded in the following:

e The set X = Ay N A; is an /-codimensional submanifold of Ay, where the number /

can be computed as / = 2dim X + 2dim ¥ — dim(A X Ag N A X Ay).

The composition A o A, j =0, 1, is clean with excess e; = dimL; N A“.

The composition A o X is clean with excess e = dim((Ly + L) N A”).

The set A o X is an isotropic submanifold of dimension (dim X + dimZ) + ['.

Then the tangent condition is equivalent to

[+eg+e —2e—-1=0.

As a corollary, we see that I’ < [. The equality occurs if and only if e; = ¢y = e.

Ifeg =0,thene=¢;and ' = [ —¢;.

1.1.3 Phase functions

Suppose that ¢: X x (RV \ 0) — R is a real homogeneous function of degree 1. Define
G = {(x,¢:;6,—dg) : (x,n) € X x RV} as the canonical relation from T*(RY) to T*X \ 0
generated by ¢. Let Gy = RV x 0 be the zero section of 7*(RY). By composition theory of

canonical relations, Ag = GoGj is a Lagrangian manifold if GX G intersects 7 X X Az« gy

13



1 Paired Lagrangian distributions

cleanly. As we will see, this intersection is clean if and only if d¢y has constant rank
on the critical set C, = {(x,0) | ¢9 = 0}. By a simple calculation, we will show that
GoGy={(x,¢y) | (x,0) € Cy}, which leads to the definition of a clean phase function that

parametrizes a Lagrangian manifold:

Definition 1.9. Let I" be a conic subset of X X (RY \ 0) and ¢ € C*(I') be a real val-
ued function which is homogeneous of degree 1. The function ¢ is called a local phase

function of X with excess e if the following conditions hold
o d,gp(x,60)is non-zeroin I
e On the critical set Cy = {(x,6) € T’ | do(x, 0) = 0}, dgpg has constant rank N — e.

If ¢ is a local phase function, then A, := {(x, ¢.(x,0)) | (x,0) € Cy4} is a Lagrangian

submanifold. If A, is an embedded submanifold, then ¢ is a phase function.

Let X C R, T,T be open conic sets in X x RY, X x RY and ¢, ¢ be phase functions in

I, T respectively.

Definition 1.10. Two phase functions ¢, ¢ are equivalent if there exists a fibre preserving

diffeomorphism

T3 (x,0) - (x,0(x,0) €T,

where 6 is C® homogeneous of degree 1 in # such that ¢(x, 6) = @(x, 0(x, 6)).

Note that two equivalent phase functions have the same excess, the same number
of fibre and parametrize the same Lagrangian submanifold. We have a criterion for the

equivalence of phase functions:

Theorem 1.11 ([H&r71), [TreR0]). Let ¢ and ¢ be clean phase functions in conic neigh-
bourhoods of (xo,6y) € X x (RN \ 0) and (xo,0y) € X x (RN \ 0), respectively. Then the
functions ¢ and ¢ are equivalent in some conic neighbourhoods of these points under a
diffeomorphism mapping (xo, 0o) to (xo, 0y) if and only if

i) Two functions ¢ and ¢ parametrize the same Lagrangian submanifold near (xo, 6y) and
(x0, o)

ii)N=N,e=eé.

iii) Two matrices ¢go(x9, 6p) and ¢dgi(xo, 6y) have the same signature.

14



1.1  Well-known results about Fourier integral operators

Now we recall some basic transforms on the class of phase function: adding the num-
ber of fibre variables, reducing the number of fibre variables and eliminating the excess.

Firstly, if ¢(x, 6) is a phase function in some conic neighbourhood in X x (R" \ 0) of
(x0, 8y), we can always increase the number of fibres as many as we need. In fact, consider

a new function
Y(x,0,m) = d(x,0) + Qn)/16],

where Q is a non-degenerate real quadratic form on R”. This function is a phase function
in some conic neighbourhood in X x R¥*" of the point (xo,fy,0). Note that  and ¢
parametrize the same Lagrangian submanifold near (xy, 6y) and (xo, 8o, 0).

Secondly, let ¢(x, 8) be a clean phase function in a conic neighbourhood of (xy, 6)) €
Cy. If the matrix ¢gg(xo, 6) has the rank at least r, then we can reduce the fibre dimension
by r. Namely, rewrite § = (¢’,60") € RV7"xR" such that ¢g-¢-(xo, 6p) is invertible. Note that
6, # 0. By the implicit function theorem, the equation ¢, = 0 is solved by 68” = g(x, 6")
near (xo,dy). Consider the change of variables (x,0) — (x,n7",n7” + g(x,n")). The new
phase function ¢(x,6) = ¢(x,8,6” + g(x,1')) is equivalent to ¢ and has the property that
¢,» = 0 if and only if " = 0. So we put this assumption for ¢. Using Taylor’s formula,

we have

$(x,0,0") = ¢(x, 1, 0) + (B(x,0)6",6") /2,

where B is a symmetric matrix. Denote Q(x, 60") = ¢gr¢-(x,6’,0). By Morse’s lemma, we

prove that there exists a change of coordinates
(x,60) = (x, 6, R(x,0)0"), (1.5)

where R satisfies the matrix equation R’(x, 6)Q(x, 8')R(x, 0) = |6'| B(x, 6). So we conclude

that in the new coordinates

$(x,0) = Y(x,0) +(Q(x,0)0",8") /21, (1.6)

where Y(x,60) = ¢(x,60,0) is the clean phase function with the same excess which
parametrizes the same Lagrangian submanifold as ¢. Q is a non-singular symmetric ma-
trix whose entries are homogeneous of degree 0.

Thirdly, we now describe the procedure for eliminating the excess of a clean phase
function. Roughly speaking, for each clean phase function ¢ with excess e, there is a
splitting 6 = (6',0") € RN=¢ x R¢ such that ¢, (x,m) = 0. In fact, since ¢ has excess e, we
can rewrite § = (¢, 6”) € RV=¢xR¢ such that d¢y has rank N —e. We claim 6, # 0 because
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1 Paired Lagrangian distributions

otherwise, by Euler’s homogeneity relation ¢.(xo, 6y) = ¢xe (X0, 00)0) + dxo7 (X0, 60)6 = 0,
which contradicts to the fact that ¢ is a phase function. Since the submanifold Cy is
defined by N — e equations ¢y = 0 and ¢, = O on this set, there exists a matrix a(x, 6)

satisfying ¢g-(x, 0) = ¢y (x, 0)a(x, 6). Consider a change of coordinates of the form
(x,0) > (x,0" + a(x,0),0), (1.7)

where a is determined via the ODE system

da(x, 0)
66//

=a(x,0),a(x,6,0) = 0. (1.8)

In the new coordinates let ¢(x,6) = ¢(x, 8 + a(x,6),0”). Then ¢ is an equivalent phase

function for ¢ satisfying ¢y (x, 8) = 0.

Remark 1.12. The change of phase functions plays an important role in the investigation
of not only the global definition of Lagrangian distribution but also its principal symbol.
A remarkable property is that the classes of phase functions and amplitude functions are

invariant under action of fibre preserving diffeomorphisms.

1.1.4 Spaces of amplitude functions

Let assume that X is an open subset of R” and m € R.

Definition 1.13. We will denote by S™(X x R") the space of all a € C*(X x R") such that
for all compact subset K € X and all multi-indices & € N, 8 € NV there exists a constant

C(K, a, ) such that
1035a(x,0)] < C(O)" ¥, (x,0) € K xR,
where (6) = (1 +|6]*)"/2. We call S™(X x R") the space of symbols of order m.
Note that S™(X x R") is a Fréchet space with the semi-norms

Prapw) = sup |070a(x,0)(6) "V
(x,0)eKxRN

for K compact in X. Let
S™®X X RY) = NS (X X RY),  S®(X xRY) = U,erS™(X x RY).
We mention some important properties of these symbol spaces
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1.1  Well-known results about Fourier integral operators

e For all m’ > m we have S”(X x RY) c §” (X x RV).

e If m’ > mthen S (X x RY) is dense in $™(X x R") with respect to the topology of
S™(X x RM).

e Leta; € §™(X X RM),j =0,1,..., with m; — —oo. Then there exists a unique
a € S™X xRY) modulo S (X x RY), such that (a — Z';;(l) a;) € S™(X xR") for all

k € N. We call a the asymptotic sum of a; and write a ~ )’ a;.
In application, the following criterion is very useful.

Proposition 1.14. Let a; belong to S™(XXRN),m; — —oo, and a € C*(XXR") satisfying:

a) For all compact K € X, € N", 3 € NV, there exists a constant M, 3 > 0 such that
105a(x,0)] < C(O)" ', (x,0) € K xRN

b) There exists a sequence m; — —oo as k — oo such that for all compact K € X and

keN

k—1
la(x,0) = > aj(x,0) < C(®", (x,0) € KxR",

Jj=0
for some constant C.

Thena ~ 3, aj.

1.1.5 Local representation of Lagrangian distributions

Let ¢(x, 0) be a phase function and a € S"™(X x RY),m < —k — N,k € N. Then
I(a, ) = f eDa(x, 6)do € C*(X). (1.9)

Moreover, the map a — I(a, ¢) is continuous from §"(X x RV) to C*(X). In general, using

oscillatory integral, we obtain the following result:

Theorem 1.15 ([H5r85]). Let ¢(x, 0) be a phase function on X x (RN \ 0). Then there is
a unique way to define I(a,$) € D'(X) for a € S¥(X x RN) such that I(a, ¢) is defined
by (T9) when a € S™(X x RY),m < =N, and for all m € R, the map S"(X xRY) > a —

I(a, ¢) € D'(X) is continuous. Furthermore, WF(u) C Ay4. More precisely, we have
WF(u) C {(x, ¢x(x,0)) | (x,6) € cone supp a, gy(x, 6) = 0},

where cone supp a is the smallest closed conic subset of X x RN \ 0 outside of which a is

of class S .
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1 Paired Lagrangian distributions

Definition 1.16. Let ¢ be a phase function with excess e on a conic neighbourhood I'" of
XXRM\0. We shall denote by I"(X; Ay), m € R the space of all distribution u € 9’ (X) such
that u = I(a, ¢) with some function a € S"*/4=N/2=¢/2(X x RN) supported in I". Elements

of I"(X; Ay) are called Lagrangian distributions associated with the phase function ¢.

Suppose that @(x, 8) is another phase function on some conic neighbourhood I' of
X X (RN \ 0). A natural question that when the two formulas I(a, ¢), (@, ¢) micro-locally
represent the same distribution arises. The necessary condition is Ay = Aj. Combining

[HGr71, Theorem 4.2.1] and [DG7S, Lemma 7.1], we have

Proposition 1.17. Let ¢ and ¢ be two phase functions and (xo, &) € Ag NAG. Ifu € I"(Ay)
with WF(u) in a small conic neighbourhood of (xo, &), then u € I"(A).

Proof. The idea of the proof is as follows. Firstly, we prove for the case both ¢ and
¢ are non-degenerate phase functions via reducing the fibre of phase functions and the
equivalence of phase functions.

Secondly, when ¢ is a clean phase function, by eliminating excess of clean phase
functions, there exists a non-degenerate phase function ¢ such that Ay = A, near (xo, &)
and u € I"(X;Ay). Similarly, I"(X;Az) = I"(X;Ay) for some non-degenerate phase
function ¢ satisfying A; = Ay. Using the result on the non-degenerate case, we obtain
I"(X; Ay) = I"(X; Ay). Hence, u € I'"(X; Ay). This completes the proof. |

Remark 1.18. Another way to prove this result is using stationary phase method. More

details can be found in [Ho6r&Y, Propositions 25.1.5 and 25.1.5°].

1.1.6 Global definition of Lagrangian distributions

Definition 1.19. Let A c T*X \ 0 be a closed conic Lagrangian manifold. We will denote
by I"'(X; A), m € R, the space of all u € D’(X) such that

e the wave front set WF(u) C A.

o If (x9,&) € A and ¢(x,0) is a clean phase function with excess e in a conic
neighbourhood of (xo, 6y) such that A, = A near (x, &), then there is a function
a € Smn/A=NI2=el2(x » RN) which has support in the interior of a sufficiently small

conic neighbourhood of (xy, 6y) such that u = I(a, ¢) + v and (x¢, &y) € WE(v).
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1.2 Multiphase functions

1.2 Multiphase functions

1.2.1 Definition and geometric interpretation

Assume that X € R” is an open subset and RY = R¥ x R, § = (9,7) and H: R*\ 0 —
R’ is a homogeneous function of degree one. Let G = {(x,¢.,7,T, -y, =)}, Gy =
{(n,7,0,0)},G, = NﬁN(grath). Obviously, G is a canonical relation from 7*R" to T*X
and (Gy, G)) is a cleanly intersecting pair in 7*R¥. By applying Theorem 7 we shall
determine an explicit condition such that (G o G, G o G,) is a cleanly intersecting pair of
Lagrangian submanifods of 77 X.

Letus define M = T*X X Apipert, My = G X Go, M| = G X G1. Then

M O My ={(X, 67, T, =y 6231, 7,0,0) | ¢, = 0, ¢ = 0} (1.10)
M O My ={(x, ¢ 0, T, =y = 0, HOD, tH' (), =1) | 62 = 1,8, = —tH' ()} (1.11)
My 0 My ={(x, ¢ 0,7, =85, —¢3 0, HGP'), 0, 0) (1.12)
MO My O My ={(x, 601, 7, =y, b3 1, H(), 0,0) | ¢ = 0,5, = 0,7 = H}, (1.13)

where x,n,7,1, ¢, ¢, and ¢, are row vectors, and H'(n7) = (6,71.H j(n)) 1s an [ X k-matrix
with H = (Hy, ..., H;). We assume that

rank{d¢,,d¢.} = k + 1 — ey, ey € N at the point ¢, = 0,¢. =0 (1.14)
rank{d(¢, + ¢.H' (7))} = k — ey, e; € N at the point ¢, + ¢.H'(7) = 0,7 — H(yp) = 0.

Under these conditions (M N My, M N M, Mo N\ M, M N My N M;) are submanifolds.

Lemma 1.20. For every point p € M N\ My we have T,M NT,My = T ,(M N M), and this

tangent space is determined by

¢xn5x + ¢m]677 + ¢T?]5T =0, (115)
¢x76x + ¢n7§n + ¢TT5T =0.

Proof. For every p € M N M, we have

T,Mo = {(x, 65,1, T, =P, =, 17, 7, 0,0; 6, d(B.), 6y, 67, —d(y), —d(2), 6, 67, 0,0)},
(1.16)
where d(¢,) = @0y + G0y + P07, d(By) = Gry0x + GOy + G107, and d(P;) = @0, +
Gy + Prc0s.
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1 Paired Lagrangian distributions

Therefore, T,My N T\, M is defined by the equations

n/ = U’T’ = T’¢’7 = O’¢T = O,
d(¢,) = 0,d(¢,) = 0,6, = 6,0, = 0. (1.17)

T

From (ICTO), T,(M N M,)) is defined by equation d¢, = 0,d¢, = 0. Hence, T,(M N
My) = T,M N T,M,. This proves the lemma. ]

Denote H'(n)! is the transpose of the matrix H’(r7). Similarly, we have the following

results:

Lemma 1.21. At every point p € MO\ M, we have T,MNT,M, = T,(MNM,). Moreover,

this tangent space is determined by the following system:

¢ = t,¢, = —tH' (),
GrnOx + GOy + byeS: = —tH" ()5, — H' ()" 6,
Gxc0x + GyeOy + Prcbr = by,
H' ()6, — 6: =0

where p = (x, ¢, 1, H®), —¢y, —b-, 11, H(p), tH' (1), —1),(p,v) € T,M depends on 6., p,, 6+, 0,

in the form
V= (5x, d¢X7 67]5 Pzs _d¢n’ _d¢7a 57]’ H/(n)érp d(tH/(n))’ _61‘)'

By the two previous lemmas, one gets the tangent space T,(M N M) + T,(M N M,) at
the pOlnt p = (-x$ ¢X5 779 H(n)9 _¢77, _¢T9 775 H(n)a 09 0)'

Lemma 1.22. At every point p € M N My N M, the tangent space (T,My+T,M\) N T,M

is determined by the following system:

o =1, ¢r] = —fH'(U),l =0,
GunOx + GOy + b6 = —H' ()" 6,
¢x76x + ¢r]T6n + ¢7767 = 6t-

Proof. We have
T,My+T,M, =T,(GXGy) +T,GxGy)=T,Gx(T,Gy+T,G).
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1.2 Multiphase functions

Moreover,

TpGO :(n, T, 0’ 09 57]’ 5T’ 07 0)’

TpG] :(77, H(n)a tH,(U), =1 577’ H,(n)(sn’ tH”(r,)én + H,(U)Tél’ _5t)'

This yields T,Gy + T,G, = (1, H(n),0,0,06,, 6, H'(n)'6,,—6,). Thus, the space (T,My +
T,M\) " T,M depends on ¢ = (0, 6y, 0, 0;) such that d(¢,) = d(tH'(n7)), d(¢;) = 6,. The

lemma is proved. m|

We now rewrite the results above in matrix form. At each point

p = (x,¢.,n,H(1),0,0,n,H(n),0,0)

we set
by b b H D' by Py Py H @)
AO = ¢XT ¢7T1' ¢TT -1 ’A1 = (bx'r ¢Tl‘r ¢TT -1 s
O o0 O 1 0 H@m -1 0
A = P P o H '
Pxe ¢nr o -1
So we have

e the tangent space T,(M, N M) depends on the parameter 6 = (0, 0, 0, d,) such that
A06 =0;

e the tangent space T,(M; N M) is defined by A;6 = 0;
e the space (T,My + T,M;) N T,M depends on ¢ such that A6 = 0.
Condition (I4) is equivalent to
kerAy + ker A} = ker A.

Therefore, M, My, M, is an intersecting triple if and only if

¢xn ¢1777 ¢T7] H (U)T
XT T T -1
rank ¢ P ¢ =rank Ay + rank A| —rank A.
0 H@m -1 0

0 0 0 1

21



1 Paired Lagrangian distributions

This condition is equivalent to the following

¢x77 ¢7777 ¢‘rr} H’ (U)T ¢x7} ¢7]77 (bm
rank ¢x‘r ¢n‘r ¢‘r‘r -1 — rank ¢x‘r ¢r]‘r ¢‘r‘r =
0 HG@ -1 0 0 H@) -I
’ T
rank |1 Om O HOT | P Om P (1.18)
¢x‘r ¢)1‘r ¢TT -1 ¢x‘r ¢)1‘r ¢TT

Remark 1.23. Note that ¢;(x,n7) = ¢(x,n, H(n7)) is the phase function parametrizing A;.

Hence,

by by by H'(M) r
rank ¢xr ¢11‘r ¢TT -1
0 H@ -1 0

= rank (¢x,7 + G H' 1)) by + GoeH' () + H' () oy + H’(n)TaSTTH'(n)) +21

=rank (qblx,] ¢1rm) + 21.

This leads to the definition of multiphase functions:

Definition 1.24. Let ¢: X x (R¥*/\ 0) — R be homogeneous of degree 1 with respect to
0=m,1).

o The function ¢ is called a degenerate multiphase function if conditions (I'T4) and (IIR)
hold. Specifically, this means

1. Both ¢o(x,60) = ¢(x,n,7) and ¢1(x,n) = ¢(x,n,0) are clean phase functions with

excesses e, €1, respectively.

2. On the critical set Cy = {(x,n,7) : ¢,(x,1,7) = 0, ¢-(x,17,7) = 0,7 = 0} we have

rank [(pm ¢Tm] =k+1-erank(¢dy, ¢y ¢ =k—(eg+e —e).
¢XT ¢7’]T

The numbers (e, 1, ) will be called the excesses of the multiphase function ¢.
o If ¢y = e; = e then we say ¢ is a clean multiphase function with excess e.

e The multiphase function ¢ is regular if all excesses are zero.

Example 1.25. Assume that X = R" and x = (¥,x”) € R"' x R". Then function

d(x,n,7) = X'+ x”7 is a regular multiphase function parametrizing Ay = {(0,0; &, &)},
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1.2 Multiphase functions

Ay ={(x',0;0,£")}.

Set 7 = (n, ), T = (1,0"), w = (W,w") ER" xR,

Y(x,1,7) = $plx,n,7) + (Qu, w),

2|n, 7|

A B
where Q =

B C
parametrizing the same pair of Lagrangian submanifolds as ¢ if and only if rank A +

] is a symmetric matrix in R”*"”". Then ¢ is a multiphase function

rank Q = rank(AB) + rank(AB)'. Especially, if 7 = ”” and Q is a non-degenerate, then the
condition above holds if and only if A = 0 and B is invertible. For instance, A = 0,C =
0, B = I, then ¢ is a multiphase function with excess (0, , ).

When " = 0 and C is invertible, ¢ is not a multiphase function although ¢, | and ¢ are
phase functions parametrizing the Lagrangian pair Ay, A; and the isotropic submanifold
Ag N A

As an immediate corollary of Theorem 7 and the definition above, we get the fol-

lowing statement:

Proposition 1.26. Let ¢ be a degenerate multiphase function and A; be the Lagrangian
submanifold parametrized by ¢;. Then A intersects A, cleanly in an isotropic submani-
fold of dimension n—(l+eyg+e;—2e). Especially, a clean multiphase function parametrizes

an intersecting pair of Lagrangian submanifolds with (n — [)-dimensional intersection.

Remark 1.27. In comparison with clean phase functions for isotropic submanifolds, we
recall the definition in [BG81]: The function ¢(x, 0) is a clean (isotropic) phase function
if:

i) Z = {(x,0)|pg(x,6) = 0,7 = 0} is a submanifold of X x R" of codimension 1,

i1) At each point of Z exact m of the differentials d¢y, dt are linearly independent.

iii) Each differential d7; is linear combination of dx, d¢., d¢,,
by by
br G

Hence, clean multiphase functions can be represented as isotropic clean phase func-

Note that the condition iii) means [

] = rank(¢,, ¢py) + L.

tions satisfying some additional conditions as following:

The function ¢(x, i, 7) is a multiphase function if the following three conditions hold:

1. Ay is composable with Gy, Gy, i.e., A, X G; intersects T°X X Ar.g cleanly. This
condition is equivalent to that ¢o(x,n,7) = ¢(x,n,7) and ¢;(x,n) = ¢(x,n, H(n)) are

clean Lagrangian phase functions.
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1 Paired Lagrangian distributions

2. A, is composable with Gy N Gy, i.e. Ay X (Go N Gy) intersects T*X X Ar-g cleanly
and condition e) in Theorem [C4. This condition implies that A, o (Gy N Gy) is an
isotropic submanifold of 7°X \ 0. So ¢(x,6) is a clean phase function for some

isotropic manifold.
3. The rank condition which ensures that A4 o (Go N G1) = (Ay 0 Go) N (Ag 0 Gy).

Roughly speaking, ¢ is a clean multiphase function if ¢,, ¢, and ¢ are clean phase func-

tions with the same excess and satisfy an additional dimension condition.

Theorem 1.28. Let C be a homogeneous canonical relation from T*Y \ 0 to T*X \ 0 and
(Ao, A1) a pair of Lagrangian submanifolds of T*Y \ 0. Assume that (C XAy, CX Ay, T*X X
Ar+y) is an intersecting triple. Then C o Ay and C o A, intersect cleanly.

Moreover, if ®(x,y, ) is a regular phase function defining C and (¢(y,n, 1), H(1)) is a
regular multiphase function parametrizing (Ao, A1), then (O(x,y,&) +¢(y,n, 1), H(T)) is a

multiphase function parametrizing (C o Ay, C o Ay).

Proof. The first statement follows from Theorem 1.3. Now we proof the second. Set

Y(x,y,E1,m) = Ox,y,8) + ey, n, 7).

We regard y as the fibre variable and introduce the new variable w = (y(&* + n*)'/2, &, 7).
Under the assumption of intersecting triple, we obtain that ¥y(x, w,7) = ¥(x, w,T) and
Ui(x,w) = Y(x,w,H(w)) are phase functions parametrizing C o Ay, C o A;. So it is
sufficient to check the rank condition. Let Ay = (x, ¥ w, T, =¥, =), Gy = (w,1:0,0),
G| = (w, H®),tH,,~1), E = T*X X Ap.pv, where (w,7) € RV, N = n, + ng + n, + n..

We need to show that
[Tp(Aw x Go) + Tp(Ay X G])] NT,E = Ty(Ay X GoNE) + Ty(Ay X Gy NE), (1.19)

for all p € (A, X Go) N (A, X G))NE.

First, we check that
(AyXG)NE=(CxA)NTX X Ar.y. (1.20)

This follows from the standard argument in composition theorem. In fact, p € (A, xGo)N
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1.2 Multiphase functions

E if and only if (x,y, &, n, T) satisfies

Q,(x,y,8) + ¢, (y,n, 7) =0, (1.21)
D(x,y,€) =0, (1.22)
ey (v, 1, 7) =0, (1.23)
¢:(y,n,7) =O0. (1.24)

This means that {(x, ®,.y, -®,) € C | (y.¢,) € Ag: (. —®y) = (y,¢)}. This is nothing but
C X AgN(T*X X Ar.y). (Note that ® and ¢, are regular phase functions.)

Then we show that
| T0(Ay X Go) + Tp(Ay X G)|NT,E = [T,(CXA)+THCXADINT T " XXAg-y). (1.25)
Indeed, let A, = T,(T*X X Ag+y), Ayr = Tp(T"Y X Ar+g, ), we have

|T0(Ay x Go) + T, (Ay x G| N T,E

T,C X [TyA, X (T,Go + T,G1) N Ayc]| 0 A,

T,C X [Ty(Ay X Go) N Aye] + [Th(Ay X G1) N A N A,

T(Con)+T(C><A1)]mA

[
[
|T,C X [T,Ao + T,A1]| N A,
[
[

T,(C x Ao) N A | +[T,(C x AN A

Finally, equations (1.20), (1.25) imply that i, H satisfy the rank condition. ]

1.2.2 The equivalence of multiphase functions

In the classical theory, the pull-back of a fibre preserving diffeomorphism maps the classes
of phase functions in some conic neighbourhood into another one with the same excess
defining on another conic neighbourhood of the same dimension. Unfortunately, this
property does not hold in the classes of multiphase functions. This forces us to put addi-
tional conditions on the transformations. Because of this, the usual procedure for reduc-
ing the fibre dimension and eliminating the excess of phase functions cannot be applied
directly to the multiphase functions. In this part, we shall introduce the notion of admis-
sible transformation such that its pull-back acts between classes of multiphase functions

with the same excess. We also give other basic transforms on the classes of multiphase
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1 Paired Lagrangian distributions

functions: increasing, decreasing the fibre dimension and eliminating the excesses. Com-
bining with the invariant of the symbol estimate, we obtain the local representation of
paired Lagrangian distributions of multiphase functions. We postpone proving this result
until the end of this chapter, after investigating the class of symbols and the representation
of paired Lagrangian distributions via oscillatory integrals.

Now we study the relation between two multiphase functions parametrizing the same
pair of Lagrangian submanifolds. Assume that I', T" are open conic sets in X x(RY'xR/\0)

and X x (R¥! x R'\ 0). Let ¢, ¢ be clean multiphase functions in I, T', respectively.

Definition 1.29. A map I' > (x,n,7) — (x,7(x,n,7),T(x,n,7)) € [ is an admissible

transformation if the following conditions hold:

1. The functions #(x,n, 1), 7(x,n,T) are smooth and homogeneous of degree 1 with

respect to (1, 7).
2. The matrices D,fj(x,n,0), (x,n,0) € I"and D,7(x,n, ), (x,n,7) € I" are invertible.
3. The function 7(x, n, T) vanishes on the set 7 = 0.

The map y is admissible near (xy, 179, 0) if y is an admissible transformation in some conic

neighbourhood V C T of (xo, 179, 0).

Remark 1.30. A fibre preserving diffeomorphism (x,n, 7) — (x, g(x,n, 1), h(x,n, 7)) satis-
fying h(x,n,0) = 0 is admissible near (xo, 79, 0) € I.

We restrict the class of transformations because in general, the pull-back of multi-
phase function under a fibre preserving transformation is no longer a multiphase function.
However, this fact holds if we put an extra condition on transformation as the following

result.

Lemma 1.31. Assume that ¢(x,n, 1) is a multiphase function near (xo, o, 0) with excesses
(e, e1,e) and y is an admissible transformation such that x(xy, 9, 0) = (xo,10,0). Let
define y(x,n,7) = ¢(x(x,n, 7)) in some conic neighbourhood of (xy,jy,0). Then ¥ is a
multiphase function with the excesses (ey, e, €) parametrizing the same Lagrangian pair

as .

PTOOf Since I/IO(X’ n, T) = ¢0(X(x’ n, T)) and l/II (X, 77) = ¢1(X(xa n, O)) and X and X'TZO are

differmorphisms, we first conclude that ¢, i, are phase functions with the same excesses
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1.2 Multiphase functions

and parametrizes the same Lagrangian manifolds as ¢, ¢,. Hence, we only need to check

rank (‘/’xn l//m'] = rank (d)xn d)w) ,rank(dyr,)) = rank(dé¢,).
er wn‘r ¢x‘r ¢7]T

At the point (x,n,0) € I' satisfying ¢, = 0, ¢, = 0 we have
o I 0
['v”xn ‘/’nn) _ [7711 Tn) [¢xn P ¢m) fi, @
Ve Vi) \Be %)\ bee i oer !

X TT]

Because 7, and 7, vanish at the point (x,7,0) , we obtain:
[wm WJ _ [ﬁn 0 ] (% qzm) [ ! OJ
wx‘r w nr ﬁ‘r %T ¢x‘r (brrr ﬁx ﬁr]

This implies that rank [%” d’””] = rank (% ¢””). Similarly, the equality

wx‘r l/’?]T ¢x‘r ¢n‘r
I 0 O
(or W ) = @ (600 b 00c)|7c 7 7
T T, T:
yields the remain condition. This proves the lemma. O

We shall use admissible transformation to define the equivalence between multiphase

functions.

Definition 1.32. Let ¢ and ¢ be multiphase functions in some conic neighbourhoods I', T.
Two multiphase functions ¢, @, are said to be equivalent if there exists an admissible
transformation y from I' to I'" such that ¢ = y*&.

These functions are said to be locally equivalent near (xy, 179, 0) and (xo, 779, 0) if y is locally

admissible near these points and x(xo, 170, 0) = (xo, 7o, 0).

Remark 1.33. Since g(x,n,0) = 0, D, f(x,n,0) and D.g(x,n,7) are invertible in some
conic neighbourhood 7/|n| < €. So the necessary condition for equivalence of multiphase

functions is that ¢, ¢y and ¢, ¢ are equivalent phase functions in the Hsrmander’s sense.

Proposition 1.34. Let ¢(x,n,7) and (x, 7, T) be regular multiphase functions in conic
neighbourhoods of (xy,10,0) € X x (RN \ 0) and (xo, o, 0) € X X (RN \ 0), respectively.
Then ¢ and ¢ are equivalent in some neighbourhoods of these points if the following

conditions hold:
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1 Paired Lagrangian distributions

1. ¢, ¢ parametrize the same pair of Lagrangian submanifolds,
2. N=N,l=1
3. ¢yn(x0,n0,0) and gﬁﬁﬁ(x, flo, 0) have the same signature.

Proof. Our proof is based on the proof of the equivalence of phase functions in [Ho85].
First step. We can assume that np = 7, ¢(x,17,0) = ¢(x, 17,0). Indeed, since ¢, ¢, parametrize
the same A;, N—[ = N—and Sinys b m have the same signature, we conclude that ¢, and
é, are equivalent phase functions. Hence, there is a diffeomorphism (x,7) = (x, f(x, 7))
such that ¢;(x,17) = @,(x, f(x,17)). So the multiphase function ¢(x,n,7) = ¢(x, f(x,1),7)
is equivalent to ¢ and ¢(x,7,0) = ¢(x,7,0). So we may assume that ¢, ¢ have the men-

tioned property.

Second step. We prove that by changing 7-variable, we have ¢.(x,n,0) = ¢z(x,n,0).
On the set {¢,(x, n7,0) = 0} the system {¢.(x, 7, 0) = 0} is equivalent to {#-(x,7,0) = 0},

which leads to

¢-(x,n,0) = ¢-(x,n,0)a(x,n) + ,(x, 1, 0)b(x,n), (1.26)

for a = (a;j(x,n)); and b = (b;j(x,n)n-1;) are smoothly homogeneous of degree zero.

Differentiating both sides of with respect to x, 7 at the point (xo, 79, 0) and adding

((»m ¢nx] _ [¢ &nx] [a 0]
¢'”7 ¢7777 (;STTI <z’l’l b 1

Since ¢ and ¢ are regular multiphase functions, both matrices have rank N. Therefore a

Gyx» Gpy» We Obtain

is invertible at (xg, 770). One has a non-degenerate extension in some conic neighbourhood
of (x9, 10, 0). Consider a diffeomorphism y: (x,n, 1) — (x,n+ b7, at) in some neighbour-
hood of |7|/|5| < &, then the multiphase function y*@ is equivalent to ¢ and differs from ¢

a term which vanishes to second order in 1.

Third step. Without loss of generality, we assume that ¢ — ¢ vanishes to second order

on Cy = {(x,n,7)|¢, = 0, ¢, = 0} and on {r = 0}. In fact, consider the map

(6,17, T) = (%, bx, Py)-
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1.2 Multiphase functions

Because ¢ satisfies the rank condition, it is injective. By the implicit theorem, there is a

smooth map ¥ from a neighbourhood of (x, &, 0) to RY such that

(1, 7) = ¥(x, dx, $2).

Replace ¥ by Y(x, &I&ol/|€], w)I€]/1éol, we may assume W is homogeneous of degree 1 in

&. Consider the transformation

X (6, 1) = (6 P(x, b, 6y),s

where ¥ is the map corresponding to ¢. It is fibre preserving and its restriction to Cyisa
differmorphism. Two functions y*@, ¢ have the desired assumption. It remains to check
that y*® and ¢ are locally equivalent. Set ¢ = ¢,,w = ¢, then the differential of £ at a

fixed x has the form

li].f;“(¢xna ¢x‘r) + q’w((bm]a ¢7rr) = q’f((}xn’ &xr) + q’w(&m]a &n‘r) =1,

since at the point (x,7,0), we have ¢(x,n,0) = ¢(x,7,0), ¢-(x,1,0) = ¢.(x,n,0) and
(m,7) = P(x, §,, ;). This implies that y is a diffeomorphism at (xy, 1, 0) and moreover,
x(x,1,0) = (x,n,0). Thus ¢ and y*¢ are equivalent multiphase functions. So we may
assume that ¢, ¢ vanish to second order on Cy and 7 = 0.

Forth step. Now we are in position to use Héormander’s method for phase functions

#(x,n,7) and d(x, n, 7). Using Taylor’s expansion, we obtain

¢(xa 9) - QB(X, 9) = ¢9A(X, 9)¢9’

where 6§ = (n,7) and A is a symmetric matrix vanishing at 7 = 0. We shall show that there

exists a diffeomorphism transformation of the form

(x,60) = (x,0 + B(x, 0)pg)

which satisfies ¢(x,0) = ¢(x,6 + Bpy) and B(x,n,0) = 0. In fact, since ¢(x,0 + Bpy) —
d(x,0) = ¢(x, 0) + pgBpg + pyBG By, where G is a matrix depending smoothly on x, # and
B. We take B as the solution of the equation

B+ BGB = A.

This equation has a unique solution if A is small enough and moreover, this solution is
homogeneous of degree 1 in 6. Since A(x, 7,0) = 0, we conclude that whenever |7|/|n| < &
small enough, we can take B as the solution of the equation above and B(x,7n,0) = 0. So
¢ and ¢ are equivalent in some conic neighbourhood of (xy,7,0). This completes the

proof. O
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1 Paired Lagrangian distributions

Proposition 1.35. Let ¢(x,n,7) be a multiphase function in a conic neighbourhood of
(x0, 10, 0) with excesses ey = 0,e; = e > 0. Then there exists a multiphase function y near

(X(), 7]’ . Z,) which parametrizes the same Lagrangian pair as ¢ such that
0°°0
¢(x9”’ Z) W(x’”/’ zl) ””2,//|]7,’ 1/|7(77U9 Z”) € Rel XRel'

Proof. First of all, since ¢(x,n) = ¢(x,n,0) is a clean phase function with excess e; near
(x0,10), wWe may assume that there exists a variable splitting n = (17,7”) € RF-¢1 x R®
such that ¢,(x,n,0) = 0. Now using the condition rank(d¢,(xo,n0,0)) = k, we derive
that (¢,.) has full rank. So there exists T = (7', 7”) such that ¢, (xo, 70, 0) has rank e;.

e ey
mn n

11 111
™n T

has the full rank e;. Hence, the equations ¢, (x,n,7) = 0,¢.(x,n,7) = 0 are solved

It follows that the matrix

near (xo,10,0) by 7 = g(x,n',7"), 7" = h(x,n’,7’). Because ¢,(x,1,0) = 0, we obtain

h(x,n’,0) = 0. Now if we use the change of variables

(x,n,0) = (17,0 = glx, 1, ), 7', 7" — h(x,n,7)),

then the new function @(x,7,7) = ¢(x, 7', 7" + g(x, ', '), 7', 7" + h(x,1’, 7)) is an equiv-
alent multiphase function of ¢ satisfying d, »¢(x,n’,0,7’,0) = 0. Without loss of gen-
erality, we suppose that g = 0,2 = 0. Define ¢(x,7’,7") = ¢(x,1',0,7’,0). It is clear
Yy Yy
Yo e

the fact that /(x, ', 0) and ¥(x, ', 7’") are regular phase functions parametrizing the same

that the matrix [ J at (xo,n;,0) has full rank k — e; + [ — ¢;. Combining with

Lagrangian submanifolds as ¢, ¢;, we conclude that ¢ is a regular multiphase function
which parametrizes the same Lagrangian pair as ¢. Now we shall prove that under a
suitable transform on 1", 7"/, two multiphase functions ¢ and ¢ have the desired relation.

Using Taylor’s expansion, we have

d(x,n,7) = ¢p(x,17',0,7,0) + (A", ")+ (Bn",7")+ B(a", ") + (Ct",7")],

2, 7|

where A, C are symmetric matrices and B(xo, 17y, 7, 0) = [0, T(lé,-(x, 0, To) is invert-

ible. Set G =

B 0 I
,0 = . We look for a matrix R of the form
B C I 0

B -CZ/2 CJ/2
Z I/
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1.2 Multiphase functions

which satisfies R"QR = G. Or equivalently, the matrix Z solves the equation
BZ+7'B -7'CZ = A.

We claim that this matrix equation has a unique solution provided that B is invertible and
B~'A is small. In fact, consider A as a functional of Z. The differential when Z = 0 is the
mapping

dA 4 4 4 /

ﬁ(O)(V) =BV +V'B' = V'CZ-Z'CV|zy.

It is surjective as for all symmetric U, the matrix V = B~'U/2 solves the equation V'B’ +
BV = U. By the implicit function theorem, we have Z = Z(A) near A = 0. Now at the
point (xg, 1709, 0) we have A = 0 and B is invertible. There exists a conic neighbourhood of

(x0, 170, 0) such that B is still invertible and A is small enough. So applying the change of

7 B -CZz/2 C/2\|n”
i\ _ [2-c2m) (1.27)
T Z I J\t”
"‘7’// . ~
. .ol . .
transformation (x,n,7) — (x,n',77”,7',7") is admissible. It is sufficient to show that

variables

we obtain ¢(x,n’, 7", 7, 7") = ¥(x,n',7") + Finally, we need to check that the
Z(x,n,7) = 0 when 7 = 0. This condition holds because A(x,n,0) = 0. So ¢(x,n,7) =
e )+ 0

1.2.3 Reduction of multiphase functions

In this part, we shall prove some results in the change of the fibre dimension. We use
the same idea as in the case of phase functions. In dealing with multiphase functions, we
need further properties of the change of coordinates. Therefore, in the proof of reduction
for multiphase functions, whenever we use a change of coordinates, we have to verify
the admissibility of the transformation. This demands a careful treatment, sometimes the
transformation does not come from an explicit formula. We shall prove the main result in

several steps.

Proposition 1.36. Let ¢ be a multiphase function with excesses (ey, ey, e) in some conic
neighbourhood in X x (R¥*'\ 0) of (xo, 10, 0). Then there exists an admissible transforma-
tion

x,n,7) > (x, 7', 0", 7', 7),
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and a multiphase function with excesses (eg, ey + €| — e, eg) parametrizing the same La-

grangian pair as ¢ such that

¢(x,n,7) =y (x, ', 7)) + "7 [, T,
wheren = (i, i) € R¥(e¢0) x R~ 1 = (77, 7) € RI=(¢=0) x Re~,

Proof. First of all, since ¢(x,n) = ¢(x,n,0) is a clean phase function with excess e, near
(x0,10), We may assume that there exists a variable splitting n = (17,7”) € R¥“ x R%
such that ¢, (x,1,0) = 0. By the conditions rank(d¢,(xo,1,0)) = k — (eg + e; — e) we
conclude that (¢,/,) has rank at least e — ep. So there exists 7 = (7/,7”) € RI7¢ ) x Re~0

such that ¢, (xo, 0, 0) invertible, and then

¢T//nl/ ¢T//T//
has the full rank 2(e — ). Hence, the equations ¢, (x,n,7) = 0, ¢ (x,n,7) = 0 are solved

near (xo,70,0) by 77 = g(x,n',7), 7" = h(x,7',7'). Since ¢,~(x,1,0) = 0, we obtain

h(x,n’,0) = 0. We now use the change of variables

(.X, n, T) — (X, 77,’ 77” - g(x’ 77,’ T,)a T,a T” - h(x’ n, T))

The new function ¢(x,7,7) = ¢(x, 7', 7" + g(x, ', '), 7', 7" + h(x,1’, 7)) is an equivalent
multiphase function of ¢ satisfying d,» .»$(x,1’,0,7’,0) = 0. Without loss of generality,
we suppose that g = 0,7 = 0. Let define ¥(x,n’,7") = ¢(x,17°,0,7",0). At (x0,10,0) we

have

¢xn’ ¢n’n’ ¢n” n ¢T" n ¢T’ n ¢xz7' ¢ n'n 0 0 ¢ vy
¢xn// ¢7], T]" ¢7]//n// ¢T//n// (]ST/U// _ 0 0 O ¢T//n// 0 . ( 1 28)
¢x‘r” ¢r]"r” ¢r]”7‘” ¢‘r"‘r" ¢T' T 0 0 ¢r]”7‘” ¢‘r”‘r” O

¢xr’ (bn“r’ ¢17”T/ ¢T”'r/ ¢T’T’ ¢x‘r’ ¢7]’T’ 0 0 ¢T/T’

Hence, y is a degenerate multiphase function with the excesses (e, eg + e; — €, ¢y) which
parametrizes the same Lagrangian pair as ¢. Now we shall prove that under a suitable
transform on 1", 7", two multiphase functions ¢ and ¢ have the desired relation. Using

Taylor’s expansion, we have

d(x,n,7) = ¢p(x,1',0,7,0) + (A", ")+ (Bn”,7") + B(a", ") + (C1",7")],

2, 7|
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where A, C are symmetric matrices, B(xo, 1), 7(,0) = i}, 7(|dy - (x, 00, To) is invertible.

A B 0 I B -Cz/2 C/2
LetG = ,0 = and R = )
B C I 0 YA 1

Using the same argument as in the proof of Proposition I35, we obtain the existence
of matrix R satisfying R"QR = G and the admissibility of the transformation (x,n,7)

(x’ 7]/’ ﬁ/” T” i.’-,/)' D

Proposition 1.37. Assume that ¢ is a multiphase function with excesses (e, ey, e) in an
open conic neighbourhood in X x (R¥*"\ 0) of (xo, 1o, 0). Then after using an admissible
transformation, we may splitn = (', ") € R4 x R and v = (v/,7”) € RI-¢=¢) x Re™

such that

Gy (x,1,7) =0, ¢ (x,m,7) = 0. (1.29)

Furthermore, for each fixedn”,t”, the function y(x,n’,v") = ¢(x, ', |y, T'|In", 7', |’ T'|7"")

is a regular multiphase function parametrizing the same Lagrangian pair as ¢.

Proof. Since ¢;(x,n) = ¢(x,n,0) is a clean phase with excess e}, applying the procedure
for eliminating excess of phase function, there is a splitting 7 = (7', ") € R¥"' x R such
that ¢, (x,n7,0) = 0. Because rank(¢.,, ¢, $-;) = k — e; by multiphase assumption, we
conclude that ¢, (x,n,0) = 0. Hence,

¢x17/ ¢n/n/ O
by Py _ _
rank =rank| 0 0 Ol=k+l-e.
¢XT ¢ T
! ¢x7 ¢7]’T 0

So we can choose T = (7, 77) € R x R such that
rank [(pw ¢n’n’] =k+[-—e.
¢’x‘r’ ¢T]'T’
It has some consequences. First, Cy is determined by ¢,/(x,7,0) = 0,¢~(x,1,0) = 0.
So there exist smooth matrices f(x,7n),g(x,n) such that ¢.~(x,1n,0) = ¢, (x,n) f(x,n7) +

o (x,m)g(x,n). Extend f, g into some conic neighbourhood of (xy, 179, 0) and consider an

admissible transformation of the form

(x’ n, T) - (X, 77, + f(-xa n, T)Tﬂa 77”’ T+ g(xa n, T)TH’ T”

In the new coordinates, we have ¢.~(x,n,0) = 0. Thus we may assume that ¢ satisfies this

property.
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Second, using the condition rank(d¢,, d¢.) = k + | — e, we conclude that Cy, is de-
termined by (k + [ — e) linearly independent functions ¢, (x, 7, 1), ¢ (x,n,7), and Cy, is
determined by k + [ — e, linearly independent functions ¢, (x,n,7) = 0,7 = 0. Note that
Cy, intersects Cy, cleanly.

Rewrite (”,7") = w = (wy,...,0,.),(n,7) = (7', 7", w). Since ¢,(x,n,0) = 0, ¢,
vanishes on Cy,. Now we shall prove the conclusion of this theorem by induction in the
number e of w-variables. If e = 0, then e¢; = 0. Thus, the theorem is obvious. Suppose
that the statement of the theorem holds for multiphase with the excess smaller than e.
Because the function ¢,,,(x, 7, 7) vanishes on C,, and Cy,, there exist smooth functions

P, q such that

G0, (X, 1, T) = ¢y (X, 1, T)P(X, 1, T) + dr (X, 1, T)q(x, 1, 7),  q(x,71,0) = 0.

Consider the change of coordinates in the form

x: (1) e o + plen,0),n”, v +q(x,n,1),7") (1.30)

such that p, g are the solutions of the ODE system
0w, P(x,1,7) = p(x,1,T), 00,G4(x, 0, 7) = q(x,1,7) (1.31)
ﬁ(-x’ na T)la)g:() = Oa Q(-xa 77’ T)|we:0 = 0 (1 32)

Note that g(x,n,0) = 0 as g(x,n,0) = 0. Hence, the transformation y in (I.30) is admis-
sible. In the new variables, ¢(x,n’, 7', w) satisfies d,,¢ = 0, so the multiphase function
¢ does not depend on w,. Rewrite w’ = (wy, ..., W.—1) then ¢(x,n,7) = ¢(x, 7', 7", ") is a
multiphase function with the excess e — 1. By induction assumption, using the transform
on (x,n',7,w"), we have ¢, (x,n,7) = 0. Hence, d,¢(x,n,7) = 0. This completes the

proof. O

1.3 Amplitude functions of double orders

1.3.1 Definition and basic properties of double symbols

Definition 1.38. We denote by S””(X x R* x RY) (or S when X, k, [ are fixed) the set
of all smooth functions a(x, i, 7) such that for an arbitrary compact subset K € X and any

multi-indices a, B, v, there exists a constant C, g, x satisfying
102680 a(x, 1, )| < Copyi(n, T Py M,
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1.3 Amplitude functions of double orders

S™P is called the space of double symbols of orders (m, p). We set

s7r = s (X xREXRY), 77 = () $™P(X xRE xR,

meR pER
S® = U S™P(X x RExRY, §7 = ﬂ S™P(X x RF x RY).
m,peR m,peR

The space of symbols of product type of orders (m, p), denoted by §™7(X x R¥), is the
set of all smooth functions a(x,n,7) such that for each compact subset K € X and all

multi-indices a, B, y, there exists a constant C, g, x satisfying
103050%a(x, 1,7 < Copyilm)" T, (x,m,7) € K X R
Obviously, S”(X x RF) ® S”(X x R/) is a subset of $"7(X x RF).

Proposition 1.39. Let a(x,n, 1) be a smooth function. Define a(x,7,7) = a(x,7{t), 7).
Then a € S™" if and only if a € SP™.

Proof. This proposition is proved by a simple computation. O

Consequently, we have the following properties:

S’{fo c S™" forall m € R, (1.33)

§mP .S §" for all m, p,m’, p’ € R, (1.34)

ST cS™P S cSTifm<m,p<p, (1.35)
@ . m, m—|Bl-lyl,p—|Bl

83000 S™ — sV for all @, B, y. (1.36)

1.3.2 Topology of double symbol spaces

Let I' be a conic subset of X x (R* x RY). With any compact cone K € I" and j € N, we
define a semi-norm on S "™”(I') by
Prmp (@ = sup 105000 a(x, 0, )| (n, 7) PP (m)y
bt

Proposition 1.40. The space S™" is a Fréchet space with the natural semi-norms. Let
a € S™P and x(n,7) be a smooth function which is identical to 1 in {|n, 7| < 1}, vanishes
outside {n, 7| > 2}. Set a.(x,n,7) = x(en,ev)a(x,n,7),k > 1. Then a, € S~ and the
sequence {a,} converges to a as & — 0+ with respect to the topology of S™*" for all

m<m andp—-p <O0.
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1 Paired Lagrangian distributions

Lemma 1.41. Leta € S®X xRF xR and0 < e < 1.

a) Set a.(x,n,T) = a(x, en, €t). Then a. is bounded in S*°, and a. — ay in S™" for all
m, p >0 when e — 0.

b) Define b.(x,n,7) = a(x,n, €r). Then b, tends to a(x,n,0) in S™° for every m > 0
when € — 0.

c) Similarly, a(x, en, T) converges to a(x,0, 1) in S*? when € — 0 for every p > 0.

Proof. We first prove part a) with an additional assumption that m, p € (0, 1]; the general
case follows immediately. Since ay = a(x, 0,0) € S, the conclusion follows by proving
that for each compact subset K of X and multi-indices @, f3,y, there exists a constant C

satisfying
(, P ()PP 150 0 (a(x, en, €1) — a(x,0,0)) | < Coppe™ ™, (1.37)

for all (x,7n,7) € K x RF,
Case 1. When a = 0, |8] > 1, the left hand side of (I"31) is estimated by

|Bl-m
C .7y (1) (ery B Al < e (ﬂ) <ce
(er)

Case 2. When || > 1, the left hand side of (I'37) can be estimated by

C <)7’ T>|<l|—p <T>Iﬁ|—m+19 <67], ET>—|f¥| <ET>—IﬂI 6|01|+W|

Cer ( €(n,7) )'“"" (e<r>)w' < Cer when p < m
o L
Neneny) o) @) =% Wer=m

Case 3. When a = 0, = 0, using Taylor’s formula, we can estimate the left hand side of
(C37) by

C(n, ) PP |en| N C(T)”" IeTI-

(€n, €T) (eT)
(1.38)

C o7 ()" (lenl (en, er)™ + letl (en) ™) <

The second term of the right hand side can be bounded by
Ce ()™ e (er)y™ ! < Ce™.
The first term can be bounded as the case |a| > 1:
C Y71 (en, ey ' € < Ce™MNmP),

Hence, the inequality (I'37) holds for @ = 0,8 = 0. This completes the proof of part a).

The parts b) and c) are similarly proved. O
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1.3 Amplitude functions of double orders

As a consequence of this lemma, we have

Corollary 1.42. Let y € C;(R) and be equal to I near zero. Then x(en,er) — 1in S™P
for every m > 0, p > 0. Similarly, y(et) — 1 in S™° for every m > 0 and y(eln|/ (t)) — 1
in SOP for every p > 0.

1.3.3 Admissible transformations
Consider a fibre preserving mapping
v XXREXR = X xR R, (x,1,7) - (x, f(x,1,7), g(x,1,7)).

Now we shall provide a condition on y such that under its pulling back, the double symbol

spaces are stable.

Lemma 1.43. Let a(x,n,7) € S™P, f € S and g € S'°. Assume that

(f,g) <(m,1); (g =<(1).
Then the function b defined by b(x,n,7) = a(x, f(x,n,7), g(x,n, 1)) belongs to S™7.

Proof. By induction on |a| + |B| + |y| one obtains that 0§6§6Zb is a finite sum of terms of

the form
R S
F A atx £ |07 faen | [0770 0 s, (1.39)
r=1 s=1

where R = |5, S = |y’| and

BI< Y 1B+ DB < Y W+ Y YL
The modulus of (L39) is bounded by a constant times
(f, @Y1 gy (i, YR E B 2y Ee ) (g 2y Er B (S 2o ]
< (1, Ty B (zyn-p I,
and the result follows. O

Remark 1.44. In application, we are in the following situation: f, g is homogeneous of
degree 1 in n, 7, and

If, gl <, 7l gl < |7l

37



1 Paired Lagrangian distributions

Let x(7) be a cut-off function near zero, i.e., y € C*(R), y(t) = 0if t < 1/2, x(r) = 1
for |t| > 1. Then b(x,n,7) = x(In, tha(x, f(x,n,7), g(x,n,7)) € S™P. The proof is similar,
using the fact that in the support of y, f € S|, ¢ S"'. Since g(x,7,0) = 0, there is a
matrix of homogeneous function A(x, 7, 7) such that g(x,n,7) = A(x,n,7)r. This yields

ge S,

Now we prove the invariance of the classes of these symbols under an admissible

transformation.

Corollary 1.45. Let y: X x RE xR — X x RE X R, (x,1,7) = (x, f(x,71,7), 8(x,1, 7))
be a homogeneous diffeomorphic transformation such that g(x,n,0) = 0. Ifa € S™ and

|7l < elnl for (x,n,7) € suppa, then b(x,n,7) = a(x, f(x,1,7), g(x,n,7)) € S™7.

Proof. First, since D(f, g)/D(n, 7) is invertible for fixed x, using Euler’s relation, we have

(f>8) = D(f,8)/D(, ) - (7, 7). This implies that | f, g < |, 7.
For 7 = 0, we have g(x,n,0) = 0. Hence, D,g(x,n,0) = 0. Therefore, D, f(x,n,0)
is invertible since D, f(x,n,0) has full rank. Similarly, we also obtain the invertibility of

D.g(x,n,0). By continuity, this holds for |7|/|n] < €. So we have

gi(x,n,7) =1D.gi(x,n, s7),5 € (0, 1).

Because D.g;(x,n, 1) is homogeneous of degree zero, we may assume that it is invertible
for all |7]/|n| < €. So we conclude |g| = [tD.g| > c|r|. On the other hand, since g(x,n,0) =

0, there is a matrix a(x, n, T) whose elements are homogeneous of degree zero such that

gx,n, ) =alx,n, 7)1

This implies that |g| < c|r|. So we obtain [g| =~ |r|. Applying the remark above, we obtain

the conclusion of the corollary. O

1.3.4 Asymptotic expansions of double symbols

Proposition 1.46. Leta; € S™"/ be a sequence of double symbols. Set m’; = supp,,, ;my, p; =

SUPP> j Ph-
a) Ifmax;m; =m € Rand p; \, —oo, then one can find a € S"™ such that for every

(a- > apesm.

0<j<J-1
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1.3 Amplitude functions of double orders

The function a is uniquely determined modulo ™~ and we write a ~ }’;a;.
b) Ifmax;p; = p € Rand m; \, —c0 as j — oo, then there exists a function a € S™?,
m = max; m; uniquely modulo S ~** such that
(a= » )ajesm?.
0<j<J
We write a = },;a; modulo § ™.

c)Ifmj,pj \y —o0 as j — oo, then there exists a function a € S$™? uniquely modulo

S~ such that
[a— Z aj] e §MPI,

0<j<J
We write a = },;a; modulo S ™.
Proof. We first prove the statement c). Take a smooth function y € C(R**') which is
equal to 1 near zero. We can choose a decreasing positive sequence €; converging to 0 so

rapidly in the sense that
105051 — x(x, é))a;(x, 0)] < 277 (n, TyP P (gymimpitm g = (. 7), el + |B| < .
Let a;(x, 0) = (1 — x(x, e0))a;(x,0) and define a = }};a’. Then a € C because this

J
sum is locally finite. Given «,f, J, we can choose N satisfying N > |a| + || and my <

my +m, py < p; + p. Then we have

020" [a - Z a}}

0<j<J

< <77 T>P1—|0/| <T>m1—p1—la”l .

Since (a; —a’) € $™ and a; € S"P7 when j > J, we conclude that
(a= ) apes™r.
0<j<J-1
The uniqueness of a is obvious from this property.

The statements b) and c¢) are proved similarly. O

Using the method of stationary phase, one easily obtains the following result:

Proposition 1.47. Suppose that a(x,n,7) € S™P(RF x R and n = (i, ") € R¥" x R,

T =(7,7") € RF" X R". Assume that exists € > 0 such that
(x,1,7) € suppa = In"|/In’, 7| < &. (1.40)

Set b(x,n',7") = fRZr e’ T T lg(x,n, T)dyt". Then b € S™" P+ (X x RE" x RI™").

Moreover, one has the following asymptotic expansion
i(}’
b(x, 77’, T,) ~ Z _‘agﬂag,a(x’ n, 7) modulo §™.
a!

n// :0’7—//:0
|
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1 Paired Lagrangian distributions

1.4 Local representation of paired Lagrangian distribu-

tions

In this section we prove that using multiphase functions and symbols in class S* =
Unm,perS ™", one can define a class of paired Lagrangian distributions via oscillatory in-

tegrals.

1.4.1 Local definition and micro-local properties

Let X be an open subset of R”, ¢(x, 1, 7) € C(X X (RY \ 0)) be a multiphase function, and
a € S™P(X x RVN-! x R!). Consider the integral

1(p, a)u := ff 0 a(x, n, Tyu(x)dndrdx, u € Cy (X). (1.41)
It is clear that this integral converges absolutely when m < —N, p < —(N —[).

Lemma 1.48. Let ¢(x,n, T) be a multiphase function. There exists a first-order differential
operator

N-I 1 n
L= Z p(x,n,7)0,, + Z q(x,n,7)0-, + Z ri(x,n, T)0, + s(x,n, 1),
Jj=1 j=1 J=1
with coefficients p; € So,qj € SO’_I,rj, s € S71 such that L(e'®) = e®. Moreover, the

formal adjoint operator 'L: S™P — S™ L= forallm, p € R.

Proof. Take an arbitrary cut-off function x(0) € Cy’ (RM) such that y is identical to 1 when

|6] < 1 and vanishes outside |6| > 2. Then define
( ,T)
Rl L Z 6,0, + I Z be,0r, + Z b0y, | +x 1T, (142)

where D(x,n,7) = |@.* + In, 7/*l¢p,I* + |7*l¢-*. Note that D is homogeneous in (1, 7)
and D # 0 for all (,7) # 0, so the definition of L is well-defined. Indeed, because D is
homogeneous of degree 2 in 17, 7, we may assume that |, 7| = 1. If ¢, = 0,¢, = 0, then
¢, # 0 since ¢(x,n,7) is a phase function. If |7| = 0, then |p(x,n,0)| + |¢,(x,77,0)] # O
since ¢(x,n,0) is a phase function. This implies that D # 0. Now the remain case is

¢. # 0 and 7 # 0, then it is obvious that D > |r*|¢.|* > 0. Therefore, D # 0 as we need.
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1.4 Local representation of paired Lagrangian distributions

Now it is easy to check that

L(e") = ¢,
pix,n,7) = i(l — Ol TIqub,,,(x, 7.7) €850 c s
qi(x,n,7) = i|77|2 . % €§0. 87225072 g0l
ri(x,m,7) = Ao ng)”(x’ PO g e s

s(x,n,7) = x(, 7)€ S,

For each a(x,n,7) € $™7, we have

N-1 I n
'La = Z 6nj(pja) + Z ij(qja) + Z ij(rja) + sa
j J J

Combining with properties of symbols, we conclude that ‘L acts continuously from §”

to Sm-br-t, mi

Using the operator L, just as in the classical theory of oscillatory integral, we have the

following result:

Theorem 1.49. The definition of integral (ILZ1l) can be extended in a unique way to all
a € 8™ and u € CJ(X) such that I(¢, a)u is a continuous function of a € S™? for every

fixed (m, p). We define an oscillatory integral by

(¢, a)u = f 1O LY (a(x, 0, T)u(x))dndrdx,
for k large such that m —k < —N,p —k < —(N = I).

Remark 1.50. We also have

I(p,a)u = lir% f f f N0 a(x, n, Ty (en, eT)u(x)dxdndt

for y € CX(RM), x(0) = 1.

Next we prove an important result which describes the wave front set of distributions

defined by this oscillatory integral.

Proposition 1.51. Assume that T is a conic cone in X x RN x RY) and ¢(x,1,7) is a
multiphase function in T. If a € S™P(X x RVN™! x RY) vanishes near zero section and

cone suppa C I, then u — I(¢, a)u defines a distribution A(x) in X.
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1 Paired Lagrangian distributions

Moreover, we have

WE(A) € {(x.¢,) | (x.n.7) €T, = 0., = 0
Uler.g0) | (.. 7) €T, = 0,7 = 0. (1.43)
Proof. Take a point (x,&y) € X x R"\0, which does not belong to the right hand-side
of (C43). We shall prove that (xy, &) ¢ WF(A). Choose a closed conic cone I" which

contains cone supp a such that (xg, &) ¢ F = {(x, ¢.(x, 1, 7)) | (x,n,7) els¢, =050, =
0 or 7 = 0}. We have

YA() = f O g (x,m, T (X)dndrdx,  x € Cy(X),

First, we shall show that there exist £, > 0 and a conic neighbourhood K of &, such that

(.1, 7) = &l + [, Tl (x, 1, DN + |7l (x, 17, )| 2 6, 7, €] (1.44)

whenever |x — x| < g,& € K. In fact, since for (x,&) = (xp, &) the left-hand-side of
("44)) is non-zero, the inequality (I"44)) holds with 6(xy, &y) for x = xg, & = &, (x0,7,T) €
I'. By the continuity of this function in (x, £)-variables, there is a conic neighbourhood
B(xp,2€) X K of (x, &) such that this inequality also holds with ¢ := d(x, &y)/2.
Now take any cut-off function y with supp y € B(xo, €). The operator
I _i(¢x = )0, + In, T ¢,0, + 17 ¢:0-
|2 = &7 + In, TPIyl* + [TPIep- >

satisfies the following properties:

Le/@cn)—xé) _ ,i(@xn.n)-x8)
1LY (ay)|l < Ci(1 + g, 7, EDT*(1 + g, TP (1 + |)™P.

Hence, take some ky € N : m — kg < —N, p — kg < —(N — [), we estimate the terms above

as
@] <| [ e ocntandndra < i
for all £ € K and k > kj large enough. This means that (xo, &) ¢ WF(A). |

Theorem 1.52. Let ¢(x,n,7) be a multiphase function on a conic neighbourhood I in
X x (R¥ x R'\ 0). Denote by Ao, A, the Lagrangian manifolds which are generated by
oo, @1 in the following sense:

Ao = {(x, 6x(x,1, 7)) | $y(x,1,7) = 0, $:(x, 7, 7) = O},

Ay = {(x, ¢:(x,1,0) | ¢ (x,,0) = O}.
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1.4 Local representation of paired Lagrangian distributions

If a(x,n,7) € S™ P (X x R* x RY) with support inT and m’ = m — (k + 1)/2 + n/4,p’ =
p —k/2 + n/4, then WE(I(a, )) C Ay U Ay. Moreover, for all (xy, &) € WE((a, ¢)) the
following statements hold:
1. When (x9,&0) € A1\ Ao, there exists a distribution v(x) € IP(X;Ay) such that
(%0, &0) € WE(I(a, ¢) — v).
2. When (xo,&0) € Ao \ Ay, there exists a distribution v(x) € I"(X; Ao) such that
(%0, $0) € WE(I(a, ¢) — v).

3. When (xy, &y) € AoN Ay and ¥ (x,n, T) is another multiphase function parametrizing
the pair (Ao, A1) near the point (xo, &), there exists a function a(x, i, T) € S™P(X x
R* x RY) such that (xo, &) € WF((a, ¢) — 1(a, $)).

Proof. We prove the first statement. For (xo, &) € A; \ Ay, set

Frog = {(00.7,0) € T | §,(x.,0) = 0, 6,(x0,17.0) = o} .

The set F,, ¢, 1s non-empty and ¢-(xo,10,0) # O for all (xp,70,0) € Fy z. So we may
assume that |¢.(x9,7,0)] > € > 0 on F, ;. Choose a homogeneous smooth func-
tion y(x,n,7), which is identical to 1 on {(x, 1,7) | |p-| > 6/2} and vanishes on the set

{(x, n,7T) | |- (x,n,T)| < 6/4}. Define u(x) = v(x) + w(x), where
w(x) = f e 0a(x,n,7)(1 = x(x, 7, 7)dndr,

v(x) = fei¢(x,?7,0) (f ei((P(X,U,T)—fﬁ(X,ﬂ,O))a(X, 1, Ty (x, 1, T)dT) dn.

We now show that (xy, &) € WFE(w) and v € I7(X; Ay \ Ao).
We prove that (xg, &) ¢ WF(w) by contradiction. Assume that (xy, &) € WF(w) C
Ao U A;. Because (xo,&) ¢ Ay, we have (xo,&y) € A;. Hence, there exists (xo,10,0) €

supp a(1 — y) such that

§0 = ¢x(-x09 No, O)’ ¢7](x0, No, 0) =0.

This yields (xo,70,0) € F,,¢. Because (1 — y) vanishes on a neighbourhood of F, ., we
obtain that a(1 — y) vanishes on a neighbourhood of (xy, 779, 0), which contradicts the fact

that (xo, 170, 0) € supp a(l — x).
In order to show that v € I”(X; Ay \ Ay), we need to prove that

b(x,n) = f MDD a(x, 1, Th(x, 1, T)AT € ST (X X RE).
By rewriting & as ay, we may assume that a € S™7" and |¢.(x, 1, T)| > €/2 on its support.
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1 Paired Lagrangian distributions

Lemma 1.53. Let a € S"™P(X x R¥ x R) vanish near (,7) = 0 and ¢ be a multiphase
function such that |¢.| > c on the support of a. Define y(x,n,7) = ¢(x,n,7) — ¢(x,1n,0).
Then b(x,n) := f e a(x,n, t)dt belongs to the symbol class SP(X x R¥).

To prove this lemma, we use the following facts:

e The function ¥(x,n,7) € S ' on the support of a. In fact, Y(x,7,7) = T fol ¢-(x,1, sT)ds,
where fol ¢-(x,n, sT)ds is homogeneous of degree zero in (1, 7). This implies that

W € S0 outside (17, 7) = 0.
e For all multi-indices a, 8, y, we have
e—iw(x,fm)aiagaz (eiLD(XJI,T) a(x,n, T)) e §mHal.p-I8l

U-0:

iy

Define L = then Le¥ = ¢ and ('L)"a € S™ 7. We write

b(x,n) = f eV a(x,n,t)dr = f ¢('LY a(x,n, 7)dx,

The remark above implies that ajﬁ(?gb(x, n) = f eV a(x,n, t)dr, where a € S™tal=rr-l,

Therefore, for each compact set K € X, we estimate

|a§a§b()ﬁ 77)' < CKﬂ,ﬁ,r f(n’ T>[’_|,3| <T>m+|‘1’|—r—(17—|ﬁ|) dn

<C <n>P—|ﬁ| <T>|p—|ﬁll+m+|a|—r—(17—|,3|) dﬂ <C <77>p_|'6|

if we choose r large enough, for instance |p — ||| + m + || + || — p < r — . This means
that b € S7(X x R¥), and the lemma is proved.

Apply this lemma, we conclude that v € I”(X; A; \ Ag). This proves the first statement
of the theorem.

The second statement is proved similarly. Define

Freo = {(x0,7,7) | ¢2(x0,7,7) = &0, $y(x0,17,7) = 0, ¢ (x, 7, 7) = 0}.

Because (xp,&) € Ao \ Ay, the set Fy 4 is non-empty and 7 # O for all (xo,7,7) €
F,

& Hence, we may assume that |7| > €|n, 7| for all (xo,77,7) € F, ¢ . Take a smooth,

homogeneous function y (7, 7) such that y is identical to 1 on |7| > €|n, 7|/2, vanishes on
the set |[r| > €|r,n|/4. Then (1 — ) vanishes on a neighbourhood of F, ,,. By setting
v(x) = I(ay, ¢) and w(x) = I(a(l — x), ), we get u(x) = v(x) + w(x).
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We now show that (xg, &) ¢ WF(w) and v € I"(X; A). Indeed, if (xo, &) € WF(w) C
Ao U Ay, this yields (xp, &) € Ay. Thus, there exists a point (xy, 179, 7o) € suppa(l — )
such that & = ¢.(x0,70,70), ¢, = 0,¢. = 0. Thus (xo,70,70) € Fy . This implies
that (1 — y) vanishes on a neighbourhood of this point, which contradicts the assumption
(X0, 10, To) € supp a(l — ).

Moreover, to prove that v € I"(X; Ay \ A1), we note that on the support of ay, we
have |r| > €|, 7. Combining this with the fact that a € §™, we conclude that ay €

S™ (X x RF*1). This shows that v = I(ay, ¢) belongs to the class I™(X; Ag \ A)). o
This theorem has the following immediate consequences:

Corollary 1.54. Let ¢(x,n, ) be a multiphase function and a € S™~*k+D/Zn/4p=k/2tn/4(x
R¥xRY). Define u(x) = I(a, ¢). Let A € ¥ (X) be a properly supported pseudo-differential
operator of order r on X.

a) If WF'(A) N Ay = 0, then Au € I''P(X; A1 \ Ag). If WF'(A) N Ay = 0, then
Au € I'™(X; Ao \ Ay).

b) If WF(u) € Ao \ Ay, then u € I'"(X; Ao \ Ay). Similarly, if WF(u) C Ay \ Ao, then
ue IP(X; Ar \ Ay).

Definition 1.55. Let Ay, A; be an intersecting pair of Lagrangian manifolds in 77X \ 0.
Assume that H(n) and ¢(x, n, T) are homogeneous functions such that ¢(x,n, 7 + H(n)) is
a multiphase function on X x (R* x R’\ 0) parametrizing the pair Ay, A;. Let I™"(Ag, A}),
where [ = codim,,(Ag N A), denote the set of all distribution u can be defined as the

oscillatory integral

u(x) = (2m) Kb/ f e a(x, m, T)dndr, (1.45)
where the amplitude function a € §”* is of the form

a(x,n,7) = d(x, —1—— 1 — H(p)), (1.46)

(t—H())’
for some a(x,7,17) € S”(X X RO)®coxyS™ (X X RN, m" = m — (k + )/2 + n/4,p’ =

p—k/2+n/4.

We now refine the assumptions by requiring that & € S fl/ (X % R")@cm(x)S ’C’} (X x R,

where S/ (X x R¥) is the space of classical symbols.

45



1 Paired Lagrangian distributions

Remark 1.56. If a(x,n,7) € S"™(X x R**') and a(x, 7, 7) := a(x, 7{(t), 7), then & € S"(X X
RH®coxS"(X x RY). The leading homogeneous parts dy, a1, doo of @ in 7, in 7, and in

(77, 7), are given as follows:

ao(x,7,7) = }Lg t™"a(x, tiT), 7) = (1)"ap(x, 1, 0),
L " T
a(x, 7, 7) = |[t|"ap(x, 7, H),

aoo(x, 77, 7) = |t|"ay(x, 7, 0).

In general, an intersecting pair may have no global multiphase function. In this case,

we use the micro-local definition of this space as follows:

Definition 1.57. Let Ay, A; be an intersecting pair of closed conic Lagrangian manifolds
in 7°X \ 0. We write J™”(X; Ay, A1) for the space of all distribution u € D’(X) such that
WEF(u) € A¢gUA, and for all (x, ¢) € WE(u), the distribution u can be micro-locally written
as the oscillatory integral u = I(a, ¢), for some local multiphase function ¢ parametrizing
the pair Ay, A near (xy, &) and an amplitude function a € § ™~ *+D/2+n/p=kiZ4n/4 (¥ 5 Rk %

RY).

Set J(Ag, A1) = Uppd™P(Ag, A1). Now we prove that this class is invariant under

action of Fourier integral operators.

Theorem 1.58. Suppose that a homogeneous canonical relation C from T*Y\Oto T*X\ 0
and a pair of Lagrangian submanifolds (Ag, A1) of T*Y \ O are satisfied the assump-
tion in Theorem [[28. Let A € [1(X X Y;C) be a properly supported operator and
u e I"™P(Y; Ao, Ay). Then Au € J&™*P(X; C o Ay, C o Ay).

Proof. We follow the method used to prove the composition of Lagrangian distributions.

First, we assume that X C R™*, Y € R™ and

A(x,y) =y im0 f e ax, y, E)d,
u(y) =(2my /- f eI b(y, 7, T)dnd,

where ®(x, y, £) is a regular phase function in a neighbourhood I'j € X X ¥ x (R™ \ 0) of
(x0, Yo, &0) parametrizing C, ¢(y, i, T) is a regular multiphase function in a neighbourhood
[, € Y X @®R"™\0)xR"™ of (o, 10, To) parametrizing (Ao, A;), a € S9,b € S™ " have order
q =q+nx+ny)/4—ng/2,m" =m+ny/4 - (n, +n:)/2, p+ny/4 —n,/2 and support in
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1.4 Local representation of paired Lagrangian distributions

a closed cone of I'y, I',, respectively. If a € S ™, b € § ™, then

Au(x) = Qn)™ f eV ENTD) g (x., v, €)b(y, n, T)dydédndr, (1.47)

where N = nx/4 + (ny + ng + ny + n;)/2 and Y(x,y,&,n,7) = O(x,y,8) + ¢(y,n,7). By
Theorem 2R, we know that (i, H) is a multiphase function parametrizing (CoAgy, CoAy).

Since @ and ¢ are phase functions, there are positive constants cy, ¢, such that ¢|€] <

In, 7| < )€l if (x,y,€&) € suppa, (y,1,T) € supp b and
DO =0,0,=0,0, =0,Dy + ¢, = 0.

Note that in the part {|n7] < c|[t — H(n)|}, u € I"(Y; Ap) is a Lagrangian distribution, then
we obtain Au € I"*4(C o A) by the classical theory. Hence we only need to consider the

region {|n| > c|t — H(n)|}. Let x(&,n, 7) be a homogeneous function of degree O satisfying

1 L&, 2 , 2
) = &.n.7) €lcr/21l <[, 7l <o/ |§|}. (1.48)

0 (& n 1) ¢ f{a/31El <In 7l <caf3lEl}
Set c(x,y,&,n,7) = x(&,n,Da(x,y,E)b(y,n,7) and r(x,y,&,n,7) = (1 — y)ab. In the sup-

port of r we have
00 (x, y, &1, 7| 2 ¢l n. 7.

Therefore, the distribution corresponding to r is a C* function on X, which depends
continuously on a and b.
We have c(x, y, f, 7, T) c Sm+q+(nx+2ny)2—(ng+n,]+nT)/4,p+q+(nx+2ny)2—(n5+n,])/4(X X Y)

Changing variables y — 6 = y(|&* + [7/*)!/2, we have
|§’ nl—nyc(x’ 9/|é|_-’ 77|, ég, 7, T) e Sq+m+nx/4—2(ny+n5+n,]))/2,p+nx/4—(n.r+ny+ng)/2-
This shows that Au € J7*"™4*P(C o Ay, C o Ay). O

Theorem 1.59. Let ¢ be a regular multiphase function parametrizing an intersecting pair
of Lagrangian manifolds Ny, Ay. Then the space 1" (Mg, A1) coincides with the space of
paired Lagrangian distributions 1" (Ng, A1).

Proof. Because both spaces I™7(Ag, A1) and I"™?(Ag, A1) are invariant under action of
Fourier integer operators of order zero, we only need to prove for the model pair (A, A ).
Recall that I"™?(Ay, A1) are defined by oscillatory integral with respect to the model mul-

tiphase ¢(x, n, T) = x’n+x"7 and the usual functional spaces S "~"/4P=1/4+112(X x R*~I x R}).
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1 Paired Lagrangian distributions

First of all, it is obvious that I"7(Ag, Ag) € I™P(Ay, Ay). It is sufficient to prove the
inverse conclusion.

Given u € J"™?(Ay, A1). By definition, u(x) is defined as the oscillatory integral of a

multiphase function ¢(x, i, 7) and an amplitude function a(x, 5, 7) € §™"+/4=k+D/2.p+n/4=k/2

Using Lemma [C60, we can rewrite
u(x) = f eb(x,£)dé,  ae §mTAPTA2
This implies that u € I"™?(Ay, Ay). |
The proof is completed by applying the following lemma, which states that each reg-
ular multiphase function can be reduced to a model multiphase function:

Lemma 1.60. Consider a model pair of Lagrangian submanifolds in T*R":

Ao={x&) | x= 0L Al = (68 | ¥ = 0,8 = 05X = (X1 es X))o X = (i)

Assume that
u(x) = f ei“”(x"”T)a(x, n, T)dndr,

S m+n/4—(k+1)/2,p+n/4—k/2

where a € and (¢, H) is a regular multiphase function parametrizing

the pair (Ao, \1). Then there exists an amplitude function a(x,&,&") € §m-/4p-n/4+/2

such that
u(x) = f ea(x, &, &")d¢.
Proof. Step 1. Without loss of generality, one takes H = 0. In fact, if one defines
¢(x,n,7) = e(x, 1,7+ H(p), alx,n, 7) = alx,n, 7 + H()),

then (¢, H = 0) is a multiphase function which parametrizes Ay, A;. Hence, u can be

represented in the form
f 1 0e(x,m, T)dndt,a € S™P .

Step 2. Reduce the number of p-variables and ¢(x,n,0) = x’n. One can reduce the

number of n-variables until ¢,,, = 0 at the point (xo, 70, 0). Since ¢(x,17) = ¢(x,n,7) 0
parametrizes A, we have ¢,(x,7,0) = 0 is equivalent to x" = 0, ¢,~(x,7n,0) = 0. Indeed,

assume that rank(¢1,,)(x,n,0) = r, by linear transformation in 5, this leads to

=000 =) = (et - 0,
d;27/90(x0, 7705 O) = O’ dT]' dn"QD(xo» 770’ 0) = Oa

di/,n/,go(xo, N0, 7)) = r for 7/|n| small enough.
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1.4 Local representation of paired Lagrangian distributions

As di/,n/,go(xo, 1o, 7)) is non-degenerate, the equation d,¢(x,n,7) = 0 is solved by n” =

g(x,n’, 7). Applying the stationary phase method in 7”-variables, one obtains
fa(x’ 1, T)ei¢(x'n’T)dl],’ — ei¢(x,77’,g(x,n',‘r),‘r)b(x’ 77,, ),

where the function b has an asymptotic expansion such that

b(x, ', 7) = a(x, ', glx, 1, 7),7) € ST

Consequently, one obtains

be Sm+n/47(k+lfr)/2,p+n/47(k7r)/2

So one can assume that k = n — [, d%ngo(x, n,7) = 0 in an open conic neighbourhood V of
(X0, 10, To) and that g € §™"/4P=1/4+1/2 hag support in V.

Step 3. By Proposition [34], two multiphase functions ¢(x,n, 7) and x'é" + x”&” are
locally equivalent at (xo, 179, 0) and (xo, &) with & = ¢.(xo,10,0). Hence, there is a dif-
feomorphism transformation (x, &) — (x, n(x, &), 7(x, &) such that ¢(x,n,7) = & on the set
I7|/Inl < &. On this set, the symbol a(x, 57, ) behaves like a classical symbol in S, this
part contributes to I"(Ay). So we assume that the amplitude function has cone suppa in
a small conic neighbourhood of (xy, 779, 0). Using the change of variables above, one can

rewrite

u(x) = f ¢a(x, E)dE,

where a = a(x,n(x, &), 7(x,€)D(n, 7)/DE,E7)| € S oy’ by Corollary 45. The lemma

is proved. o

1.4.2 Representation of paired Lagrangian distributions via degen-

erate multiphase functions

Although each intersecting pair of Lagrangian manifolds can always be parametrized by
a non-degenerate multiphase function, it is convenient to consider the representation of
paired Lagrangian distributions by oscillatory integrals of clean multiphase functions and
amplitude functions. This representation appears naturally when a Fourier integral oper-
ator composes cleanly with a paired Lagrangian distribution. Now we introduce a new
result which states that distributions defined by clean multiphase function indeed belong

to the class of paired Lagrangian distributions.
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1 Paired Lagrangian distributions

Theorem 1.61. Let ¢ be a clean multiphase function with excess e in a conic neighbour-
hood of (xy,10,0). Ifa € S™TMA=N/2p+n/4=(N=D/2(x « RNIxRY), then the oscillatory integral
I(¢, a) defines a distribution belonging to I"**/*P*¢/2(A, A1), where Ay = {(x,$.)I¢p, =
0,¢- = 0}, Ay = {(x, )l = 0,7 =0}

Proof. First, we assume that there is a splitting of fibre variables (n,7) — (7',n"”,7)

satisfying the following essential condition
O p(x,m,7) = 0. (1.49)
By rewriting the distribution « in the form

u(x) = f dw f ei‘ﬁ(x’””'”"fl“”’)ln',Tlea(x,77', 17, Tlw, T)dn dr,
w

we derive the conclusion of the theorem.
Indeed, define ¥(x,n’,7) = &(x, 17, |7, Tlw, ) for fixed w . We shall show that
is a new regular multiphase function parametrizing the pair of Lagrangian submanifold

(Ao, A1). Because d¢,» = 0, we have

¢xn ¢n’f7/ 0
Wxn/ v nn ’ _ — _
rank (x0,1,,0) =rank| 0 0 0|(x,n0,0)=N-—e.
wxr '70 'T
! ¢x‘r ¢77"r O

This means that the function ¥(x,7n’,7) is a regular multiphase function. Just by a
simple calculation, we see that ¢ parametrizes the pair (Ay, A;) near (xg,&p). For a fixed
w the distribution /(w) = f eV Ol rca(x,n’, iy, Tlw, T)diy dr belongs to I"*e/2r+el?,
so does the integral u(x) = fRe I(w)dw. This proves the claim.

Now we shall complete the proof of this theorem by showing that after a suitable
change of fibre variables, the condition (IL49) holds. In fact, splitting n = (7', ") such
that at (xo, 179, 0) we have

¢xn/ ¢n’n/ ¢n”n' ¢Tn/ ¢xn’ ¢n/17/ 0 ¢Tn’
rank | ¢ Gy Gy Pryp | = rank| 0 0 0 ¢y
¢x‘r ¢77"r ¢ n't ‘p‘r‘r ‘er ¢77"r ¢r]” T ¢TT

Using procedure of eliminating excess for ¢;(x,n7) = ¢(x,n,0), we can assume that
¢y (x,17,0) = 0 in some neighbourhood of (xo, 7). Since ¢, vanishes on the set {¢, =
0,¢. = 0}, there are matrices p,q whose elements are smoothly homogeneous func-

tions of degree zero with the property ¢,» = ¢, p + ¢.q. The function ¢, (x,n,7) —
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1.4 Local representation of paired Lagrangian distributions

¢y (x, 1, T)p(x, 1, 7) vanishes on the cleanly intersecting pair {(x, 7, T)|¢, (x,17,7) = 0, ¢, =
0} and {(x,n,7)l¢,y = 0,7 = 0}. Hence, there exist smooth functions c(x,n,7),d(x,n, )

satisfying
G (X, 1, T) = Gy (X, 10, DIP(X, 1, T) = oy (X, 1, (X, 7, T) + T(x, 1, (X, 77, 7).
This implies
Gy (X, 1, 7) = Gy (X, 10, T) f(x, 7, T) + (X, 17, T)(X, 77, T),

where f = p + ¢, and g = 7d are matrices of smoothly homogeneous functions, and
g(x,n,0) = 0. This fact leads to the existence of changing of coordinates (x,n,7)
(x, 7'+ f, 0", 7+8) satisfying g(x,7,0) = 0. Let us define ¢(x, 7, 7) = p(x, 7’ + f, 17", T+8),
where £, g are determined just as in Remark . Then ¢ and ¢ are locally equivalent in
some conic neighbourhood of (xy, 779, 0) and &n” = 0. So we may assume that ¢, (x,n,7) =

0. The theorem is proved. O
Theorem 61T has the following generalization.

Theorem 1.62. Let ¢ be a degenerate multiphase function with excesses (e, 1, e) in an
open conic neighbourhood T’ C X x (R¥xR!\ 0) of (xo, 10, 0). Then Ay = {(x, ¢.)|¢o(x,0) =
0} and Ay = {(x,¢)|p,(x,n,7) = 0,7 = 0} intersect cleanly near (xo,&y) with & =

&(x0, 10, 0), and the intersection Ay N A, is an isotropic submanifold of dimension
(n—101—ey—e; +2e).

Moreover, if a € §™MA4=k+D/2.04n/3=kI2(TY has support in a small conic neighbourhood

of (xo, M0, 0), then the distribution I(¢, a) belongs to the space I"*/>P+e1/2(Ay, Ay).

Proof. First we make an additional condition that ey = e. By Proposition 37, we assume
thatn = (7', "), = (7', 7") such that ¢, (x,n, 7) = 0, where w = (", 7””). Using a change
of variables " = w|n’, |, 7" = wy|’, 7’|, then a = a(x, ', winy’, 7’|, 7", wz|n’, T’|). Since
a has support in some small conic neighbourhood of (xo, 79, 0), 17, # 0, we may assume
that |w| = [, 7”|/|n7’, 7’| is bounded on the support of a. For fixed w, a simple calculation
shows that

aeS™P (X x R RI-eny,

Rewriting /(a, ¢) in new variables, we have
I(a, ¢) = f (f ei¢(x,T]”|T]”T’|wl,T/’lf]”T/|UJ2)|n/’ T/|€a(x’ 77/, |nl’ 77/|(,U1, T/’ |77l, T/|wl2)dn/dT/ da)
w
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1 Paired Lagrangian distributions

For fixed w the function ¢(x,n’,7’) is a non-degenerate multiphase function parametrizing
the Lagrangian pair (A, A;). Therefore, we conclude that I(a, ¢) € I"+¢/>P+¢/2,

Now considering arbitrary excesses, we shall show that I(a, ¢) € I ¢0/2PTe/2(Ag A)).
Indeed, by Proposition 368, we can rewrite ¢(x,n,7) = Y(x,n’, ")+ 5”7 /|n’, 7’|, where
Y(x,n’,7") is a multiphase function with excesses (eg, ey + €1 — ¢, €¢p) which parametrizes

the Lagrangian pair (A, A1) near the point (xy,&). Then we have
I(¢, Cl) — feilﬁ(x,ﬂ',‘f,)b(x, n’,T’)dn’dT,,

where b(x,1,7') = f e T T a(x, ' !, T, T)dn d.

Since a € ™7 and supp a is contained in some conic neighbourhood of (xy, 179, 0),
we get b € S *e—eor"+e=<0) by Proposition 47, This means that I(a, ¢) = I(b, ¥) where
b € SmHeenpte=e) and y is a multiphase function with excesses (e, e + €1 — e, e)
near (xo,1),0) in X x (RF@ ) x R~ \ ). The first step of the proof asserts that

7”1

I(b, ) € I'"P (Ag, A1), where the orders m”, p” satisfy

m'=m' +(e—ey))+k+1—-2e—ey)—ey)/2+n/4 =m+ey/2

p'=p +e—e)+k—(e—ey)—(eg+e —e)/2+n/4d =p+e/2.
Hence, I(a, ) € I 0/2Preil2(A) A)). i
As a corollary of this theorem, Theorem and Theorem 58, we obtain

Corollary 1.63. Let X, Y be smooth manifolds and T be a canonical relation from T*Y \ 0
to T*X \ 0 and (Ao, A1) be a cleanly intersecting pair of Lagrangian submanifold in
T*Y \ 0. Assume that I' X Ag,I' X Ay and T*X X Ar+y form an intersecting triple. If
u € I"P(Ng, A1), kg € I(X X Y,T7), then Qu € I"**/>P*\/2(T'o Ay, T o Ay), where ey, ey, e

are the excesses of the intersecting triple above.
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2 Compositions of paired Lagrangian

distributions

Composition theorems for Fourier integral operators have been understood in a great vari-
ety of cases. For instance, if two canonical relations satisfy a certain geometric condition,
then the composition of two corresponding Fourier integral operators is again a Fourier
integral operator. Moreover, the symbolic calculus of the composition was asserted, see
[H6r8S, Theorem 25.2.3].

The analogous question for the composition of Fourier integral operators and paired
Lagrangian distributions has not been studied systematically. Joshi proposed and proved
a part of composition theorem under a more general condition. However, the symbolic
formulation of this statement, the order and principal symbol of the composite were not
given, see [10sYY] for details.

In the same situation, the composition theorem for paired Lagrangian operators has
been proved only in a particular case. More precisely, only the case of paired Lagrangian
distributions when the first canonical relation is the diagonal and the second one is a
flow-out manifold, the one obtained from the flow of the characteristic set under a bichar-
actertistic flow. For details, see [[AURY, Theorem 0.1] and [[os9&, Theorem 11.2]. More
general cases of canonical relations are unknown.

This chapter is devoted to composition theorems for classes of paired Lagrangian
distributions, in general case under some geometric condition on their canonical rela-
tions. Our first main result is the composition of Fourier integral operators and paired
Lagrangian distributions, under a certain condition on the canonical relations, see Theo-
rem Z8. Note that when this condition fails, the composite, in general, is not a PLD, see
Theorem 248 and Corollary 249 below. As a consequence of Theorem 28, we prove a
composition theorem for FIOs which generalizes the cleanly composition [H6r&S, Theo-

rem 25.2.3] to the weak canonical relations, see Proposition IZT0.



2 Compositions of paired Lagrangian distributions

2.1 Composition of Fourier integral operators and paired

Lagrangian distributions

Throughout this section we make the following assumptions: X, Y,Z are subset in Eu-
clidean spaces; C is a canonical relation from 7°Y \ 0 to 7°X \ 0 and (Cy,C;) is an
intersecting paired of canonical relations from 7°Z\ 0 to 7*Y \ 0.

In chapter 1, the intersecting triple condition is introduced to preserve the cleanness of
Lagrangian pair under composition of relations. Now we give more details on this condi-
tion. Moreover, we will show that this condition is also sufficient for strong composition

of FIOs and PLDs.

2.1.1 Geometric condition

Proposition 2.1 (Joshi). If the submanifolds X, Y, Z form an intersecting triple, then near
any point there exist local coordinates such that each submanifold is given by a subset of

coordinates vanishing.
As a corollary, one obtains

Corollary 2.2. If submanifolds X, Y,Z of M is an intersecting triple then for any smooth
function f on X which vanishes on X N (Y U Z), there exists an extension h of f on M such

that h vanishes on Y U Z.
Now we prove a criterion for locally clean intersections.

Lemma 2.3. Let Y, Z be submanifolds of a smooth manifold X and Z be a closed subman-
ifold of Y and Z such that for all p € Z, one has

T,2=T,YNT,Z @.1)

Then Y and Z intersect cleanly locally near X, that is, there exists a neighbourhood U of
Y in X satisfying
YnznuU ==x.

Proof. Because of the following inclusions ¥ C Y C X, there exist coordinates x =

(x’, x”, x"") such that

Y = {x/ = O}az = {x = O,XU = O}s-x = (-xla coo s KXo Xt 1o o o o5 Xty X415 + - 'axd)' (22)



2.1 Compositions of FIOs and PLDs

Then the tangent space at p = (0,0, x””’) € X is determined by equations
.t ¢") e R, =0, =0.

Since Z is a submanifold of X, there exists a smooth function F = (Fy, ..., F,,) such that

locally near p,
Z = {x| F(x) = 0}, (2.3)

and dF are linearly independent at Z. A vectort € T,Y N T,Z if and only if ¥ = 0 and
dF(p)t = 0. By relation (1), one obtains

oF oF
- 0’ O, 244 t,’ +
8)(:” ( X ) 8)(”,

0,0, x")" =0 1" =0.

Hence
OoF

axru

Since £ C Z, one obtains F (0,0, x”") = 0. Then, by standard calculus, one has

oF
(0,0, x"”") = 0,rank —(0,0, x"") = L.
ax//

F(x) = A(x)x" + B(x)x" = dF(x) = A(x)dx" + B(x)dx",

where A € M™% B € M"™ are matrices of smooth functions. Consequently,

oF
(9)(”

Therefore, B(0, 0, x”’) has full rank /. Without loss of generality, assume that B(x) has

(0,0,x") = B(0,0, x™).

rank / in a neighbourhood U,. Hence, in U, the set Y N Z is determined by the following

system:

F(x)=0,x=0,xe U, = A(x)x' =0,B(x)x”" =0,x' =0,xe U, 2.4)

—=x'=0,x"=0,xe U, 2.5

as B has rank [. In other words, Y N Z N U, = XN U,. The proof is completed by setting
U = U[)GE Up. O

Remark 2.4. Away from X, the intersection Y N Z freely has any type of singularities. In
other words, Y, Z may not intersect cleanly far from X. The analogous statement does not
hold if one replaces (Z-1) by a weaker condition: The following space
r,ynT,Z
— |-PE€Z (2.6)
T,
has a positive constant dimension.

If £ = Y N Z, then trivially one has globally clean intersection.
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2 Compositions of paired Lagrangian distributions

2.1.2 Weak compositions

We now reformulate the following result whose details can be found in [los99]. Note
that for our aim, we translate this into the language of canonical relations and operators

without the Sobolev stable orders.

Theorem 2.5 (Joshi). Let Cy, Cy be a cleanly intersecting pair of canonical relations from
T*Y\OtoT*X\ 0and C be a canonical relation from T*Z \ 0 to T*Y \ O such that

(T*X\ 0) X Agoyyo X (T*Z \ 0),Co X C,C; X C 2.7)

form an intersecting triple. Then the weak composition of properly supported operators
holds:
I(Cy,C1) o I(C) CI(CyoC,Cy 0 ().

Sketch of Proof. By using partition of Unity, for any conic neighbourhood W of Cy N C1,

one has the following finite decomposition
A=Ag+ ) Ajjel,

where WF'(Ag) ¢ Wand A; € I(Cy \ W) + I(C; \ W). Using composition theorem for
FIOs, it is sufficient to consider the composition of Ay and B.

Hence, we suppose that WF’(A) is contained in a small conic neighbourhood of CoNC;
and WF'(B) is contained in a sufficiently small conic neighbourhood. This leads to an
important effect on composition that Coo C,C; o C, (CoNCy)o C are proper compositions.
Note that the compositions of canonical relations hold locally with respect to the wave
front relations of initial operators, but the weak composition law is true globally.

The geometric part asserts that Cy o C,C; o C form a cleanly intersecting pair of
canonical relations while the analysis part shows that the composed operator is a paired
Lagrangian distribution.

The geometric part goes as follows: By Theorem 4, the following properties locally
hold:

e CyoC,C; oC are canonical relations,
e ¥ = (CyN Cy)oCisan isotropic relation, submanifold of Cy o C, j =0, 1,
e For each p € Z, one has

T,% =T,(CyoC)NT,(CyoC).
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2.1 Compositions of FIOs and PLDs

Hence, Cy o C and C; o C intersect cleanly near (Co N C;) o C by Lemma P3.
We prove the second part by using geometric characterization of paired Lagrangian
distributions. Without loss of generality, we assume that Cy o C, C; o C intersect cleanly.
Firstly, decompose composition into fundamental operations: Forall A € I(Cy, Cy), B €
1(C), one has
AoB=nA (ks ®kp), (2.8)

where A is the diagonal map
XXYXZ>3(x,y,20 (x,y,y,2) € XXYXYXZ,

and r is the projection from X X Y X Z into X X Z.

Secondly, remove the singular part of the tensor product k4 ® k. Although
ka®kp ¢ 1(CoxC,C; xXC),
one still has a small perturbation
ka®kg=a+p, acl(CyxC,C; xC), m.A(B)eC”. (2.9)
Therefore, it is sufficient to prove that
A (I(Cyx C,Cy xC)) CI(CyoC,C;0C). (2.10)

Finally, relation (2.10) is a consequence of the push-forward Theorem and the follow-
ing property: every smooth homogeneous of degree zero function on D := T*X X Ay X
T*Z which vanishes on (Cy X C) N D, (Cy x C) N D can be extended to a smooth homoge-
neous of degree zero function on 7*(X X Y X Y X Z) which vanishes on Cy X C,C; X C.

The proof is completed by applying Corollary 272. m|

Remark 2.6. Although C( o C,C; o C may have bad intersections globally, the isotropic
subset X is an intrinsic part which contains singularities of the composed operator. In
general, Cy o C, C; o C does not form a cleanly intersecting paired, even locally in X.

Self-intersections of canonical relations are avoidable if we consider only proper, con-
nected compositions. Then Z is a smooth subset of Cy o C () C; o C which is separated
from the remainder. All singularities of composed operators come from X, so we can
neglect all other parts of the intersection Cy o C (" C; o C.

In order to get global cleanness of the pair Cy o C, C, o C, a further assumption should

be added. For instance, Co o C(C; o C = (Cy N Cy) o C is a sufficient condition.
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2 Compositions of paired Lagrangian distributions

Remark 2.7. The same procedure was used to prove the weak composition of FIOs: If D

and Cy x C intersect cleanly then microlocally, one get
I(Cp) o I(C) C I(Cy o C).

However, similar statement fails if at least one canonical relation contains zero section.

See Proposition 10 for further discussion.

2.1.3 Strong compositions

By using oscillatory integral representation as in Chapter [, we shall improve the compo-
sition of FIOs and PLDs. Being consistent with the action of Fourier integral operators
on paired Lagrangian distributions, we state a slightly different form from the weak com-

position theorem.

Theorem 2.8. Let C be a canonical relation from T*Y \ 0 to T*X \ 0 and (Cy, C) be two
canonical relations from T*Z\ 0 to T*Y \ O such that C X Cy, CXCy and T*X X Ag+y X T*Z
form an intersecting triple. If A € I"(X,Y;C) and B € I"P'(Y,Z; Cy, Cy) are two properly

supported operators, then the composite
A o B g [potreolzmipital2x 7. C o C, C o Cy), (2.11)
where e; is the excess of the composition C o C;, j =0, 1.

Proof. We use the method of the proof of the compositions of Fourier integral opera-
tors. Let ¢(x, y, 0) be a regular phase function parametrizing the canonical relation C and
Y(y,z,1m,7) be a regular multiphase function parametrizing the pairs (Cy, C;). One only

needs to prove this conclusion locally. Assume that
ka(x,y) = f 9 a(x,y, 0)do,
kg(y,2) = f eV 0b(y, z,n, T)dndr,
where a € "™ (X X Y), b € SP0Pi(Y x Z). Then we have
kaop(x,2) = f OO g(x, v, O)b(y, 1, T)dOdndT.
Step 1. Lifting the multiphase phase function. Write

Y(x,z,w,60,n,7) = ¢(x,w/In,n,7l,0) + Yy(w/In,n, 7|, n, 7).
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2.1 Compositions of FIOs and PLDs

By Theorem T8, the function ¥ is a multiphase function parametrizing the pair C o

Cy, C o C; with excesses e, e;, €.

Step 2. Lifting the amplitude function. Using similar argument in the proof of Theo-
rem [[38, there exists a constant ¢ > 0 such that whenever ¢,(x,y,0) + ¢,(y,z,n7,7) = 0,
we have |0|/c < |, 7| < c|f|. Thus, only the part satisfying 6] ~ |n, 7| contributes to the
singularities of ks.p. Hence, the amplitude function a(x,y, 0)b(y, z,n, T) belongs to the

symbol classes S (X X Z).

Step 3. Using Theorem &2 which provides oscillatory integral representation of
paired Lagrangian distributions via multiphase functions, one obtains the conclusion of

the theorem. O

Remark 2.9. If C is the graph of a canonical transformation, then the assumption in the
theorem automatically holds. Compositions of paired Lagrangian operators and Fourier

integral operators are formulated and proved in the same way.

Proposition 2.10. Let C be a canonical relation from T*Y \ 0 to T*X \ 0 and C, be a weak

canonical relation from T*Z \ 0 to T"Y such that
(T*°X\ 0) X Ap-y X (T"Z\ 0),C X C, Oxxy X Cy

is an intersecting triple. Then for all properly supported operators A € I"(C),B €
I'"'(Cy), one has

AoBec Im"'ml+€/2Jﬂl+€0/2_(dx+dy)/4(c o Cl’ OX><Y o) Cl)’
where e, ey are excesses of composition C o Cy,0xxy o Cy, respectively.

Idea of the first Proof. The geometric part, which asserts that C o C;, Ox«y o C; intersect
cleanly, follows from the intersecting triple. The second part works well by using the
method as in the proof of Theorem 28, except that the second step needs a slight modifi-

cation. m|

Second Proof. Rewrite composition in terms of fundamental operations as in (Z8). The

proof is divided into three steps:

Step 1. Describe the singularities of the tensor product. We use the following fact: If
ue I’ (X;A;) and v € IP2(Y; A,), then

U v e [PrrePrdi/Ap=RIA(x sy AL X Ay, Oy X Ag, Ay X Oy),
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2 Compositions of paired Lagrangian distributions

where d; = dim X, d, = dim Y and the right hand-side is the space of distributions associ-
ated with three Lagrangian manifolds with the following properties: A; X0y () OxXA;, = 0.
This implies that this class, indeed, consists of sum of paired Lagrangian distributions.
Using the fact above for k4 € I"(X X Y, (), kg € I"'(Y X Z; C}), we obtain

ky ® kp € [mHmm—(datd)dm=(d+d)/4 (o Y 5 Y % 73 Ly, Lo, L),
where Ly = C X Cy, L, = Oxxz X Ci, Lz = C X Oyyz.

Step 2. Eliminate the singular part of the tensor product. Note that P = m,A" is a
FIO of order zero associated with the canonical relation I' from 7 (X X Y X Y X Z) \ 0 to
T*(X x Z) defined by

" = Niy(Axsysz), M = (XX Y X Z) X (X X Y X Z). (2.12)

Since I' o Ly = 0, only the part microlocally near L; U L, contributes to singularities of

kaop. Moreover,I'o L; = C o C, I o L, = Oxxz o Cy and away from L3, one has:
MLy, Ly, L) € IM*2(Ly \ Ls, Ly \ Ls).
Hence, the conclusion follows if one shows that

P: M (L,, Ly) C [M1ra2#relX(Co [ T o Ly).

Step 3. Compose of the regular part. By applying Theorem IR, the proof is com-
pleted. m|

Example 2.11. Let X be a k—dimensional submanifold of Z. Consider the following

canonical relations:

C = Apy c(T*X \ 0) X (T*X \ 0), (2.13)
Ci = Niy(Ay) cT*X x (T*Z \ 0), (2.14)
Co =Ny (XXX) C T*Xx(T*Z\0). (2.15)

Then the assumption of Proposition 10 is fulfilled and one obtains
I"(Ay) o I"(Cy) € I™PPH2(Cy, Cy).

The condition in Theorem IR is natural to obtain paired Lagrangian distributions.
When this condition is not fulfilled, in general, even (CoCy, CoC)) is a cleanly intersecting
pair of canonical relations, the composed operator is not a paired Lagrangian distribution

associated with this pair. For more precise statement, see Theorem 48.
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2.2 Compositions of PLDs near their intersections

2.2 Composition of paired Lagrangian distributions near

their intersections

Let (Cy,C;) and (50,61) be pairs of canonical relations from 7*Y \ 0 to 7°X \ 0 and
from7°Z\0to 7Y \ O, respectively. We shall investigate compositions A o B of properly
supported operators A € I1(Cy,C;)and B € | (60, 51). By abstract composition, WF’(A o B)

is contained in (J; j-o; C; o Cr. According to geometric property of the system
L = {C] ng,j,k = 0, 1},

the composite can be in various forms. In general, L can be a system of canonical rela-
tions which might have non-clean intersections. Moreover, the compositions of isotropic
canonical relations C; N C; and @ N 5, for i, j,k,I = 0,1 have a strong effect on the re-
sulting operators. Note that away from the intersection of two Lagrangian manifolds, the
corresponding PLDs are indeed Lagrangian distributions. So if (Co () C;)o(Co N C;) = 0,
then the composition of related paired Lagrangian distributions can be written as sum of
compositions of FIOs and PLDs by using microlocal decomposition and the fact above.
These typical results have been already investigated in the last section. Therefore, in this

section we consider only the non-trivial cases

(Co ﬂcl) o (Co ﬂ'd) # 0.

We introduce a geometric condition which ensures that all involved compositions of
isotropic canonical relations are smooth isotropic relations. Furthermore, we prove that
under this condition, all resulting relations obey a nice law and the composition operators
belong to the class of distributions associated with this system.

Throughout this section we make the following fundamental assumption:

Assumption 1. The set {C; o Cy, j,k = 0,1} forms a clean system of x Lagrangian mani-
folds, i.e., the intersection of any number of those manifolds is again a submanifold whose

tangent plane at each point is equal to the intersection of those tangent planes.

2.2.1 Geometric condition

Definition 2.12. A family L = {L;, j € J}, where J is a finite set, is called a cleanly
intersecting system (CIS) of submanifolds if locally each possible intersection is given by

a subset of vanishing local coordinates.
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2 Compositions of paired Lagrangian distributions

Remark 2.13. For |J| = 2, a cleanly intersecting system is a cleanly intersecting pair.
Similarly, a system of three submanifolds forms a cleanly intersecting system if and only

if it is a cleanly intersecting triple.

As a direct consequence of Definition T2, a CIS has the following properties:

Proposition 2.14. Let L = {L;, j € J} be a cleanly intersecting system of smooth subman-
ifolds in X. Then one has:

1. Forall A C J, the subsystem {L;, j € A} is a CIS.

2. Forall A C J, Ly := (\jea L; is a smooth submanifold and, for all p € Ly, one has
TyLy = [ \T,L;.
JjeA

3. Forall A C J and any point p € L, one has

dim(Y  T,L;) = > (~1)"*! dim Ly. (2.16)

JEA BCA
4. Forallp e ULj, J, = {j eJ | pE Lj}. In some neighbourhood of p in X, there
exist coordinates xi,...,x, and subsets of B; € {1,...,n} for j € J, such that

Lj = {x; :O,kEBj}.

Example 2.15. Let (Cy, Cy) and (50, C 1) be cleanly intersecting pairs of smooth subman-
j-k=0,1}isaCISin X x Y.

ifolds in X and in Y, respectively. Then {C i X Cy
Proof. Let define
Lyjui = Cjx Cy, ik =0,1.
Since (Cy, Cy) is a cleanly intersecting system in X, there exist coordinates xi, ..., X, in
X such that Cy = {x’ = 0,x” = 0} and C; = {x’ = 0,x” = 0,}. Similarly, there exist
coordinates yi,...,y, in Y such that 50 ={y’ =0,y” =0} and 51 ={y =0,y =0}.
Then in the coordinates x,y of X X Y, C; X Cy is given by some coordinates vanishing.
Hence, the system {L;, j = 0, 1,2, 3} forms a CIS. Furthermore, this system satisfies:
LyjioNLyj =C; X (ConC))
LN Ly = (C1 N Cy) X Cp,
LinLy=LNL,=(ConC)x(CynC)),
((\Li=(ConC)x(ConC), VYjke(0,1,2,3)

Jj*k

LolemLzﬂlg:(ClmCZ)X(aomEI).
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2.2 Compositions of PLDs near their intersections

O

Definition 2.16. Let D be a submanifold of manifold X and L be a subset of X. We say
that D has the LIFT property (with respect to L) if, for every smooth function f on D

which vanishes on D N L, there exists a smooth function f on X such that f| | p = fand

fl, =0

Example 2.17. If L and D are submanifolds of X such that D and L intersect cleanly, then
(D, L) has the lift property. Similarly, if {D, L, L,} forms a cleanly intersecting triple,
then (D, L; U L,) has the lift property.

From now on we restrict to the case that L is the union of a system of submanifolds
because in composition theorems of paired Lagrangian distributions, one only meets the
situation when L is union of four closed, conic Lagrangian manifolds.

Let us recall some facts about conic manifolds. By a conic manifold X we mean a

smooth manifold equipped with a free, proper action of the group R, :
R, xX—->X, (t,x) >1t-x.

This action defines an equivalent relation on X as in the following sense: x ~ y if and
only if there exists a r € R, such that y = # - x. An equivalent class is called a R, -orbit.
By [DKO(, Theorem 1.11.4], the space of R, -orbits X/R, is a smooth manifold and X is

a R, -principal fibre bundle over X/R, with the canonical projection
. X - X/R,.
In general, we obtain the following result:

Lemma 2.18. Let X be a conic manifold and {L;, j € J} be a CIS of conic submanifolds
in X. Then their images {n(L;), j € J} form a CIS in the space of R, -orbits X/R,.

Proof. Because L; C X is a conic submanifold, we have a free, proper action:
R+ X L] e L].

Hence, n(L;) is a submanifold of X/R, and codimn(L;) = codimL;. So {n(L;),j € J}
is a system of submanifolds in X/R,. For any given point 6y € (e (L)), A € J, we

shall show that there exist local coordinates on X/R, near 6, such that each L;, j € A is
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2 Compositions of paired Lagrangian distributions

given by some coordinates vanishing. Indeed, by [DKO(, Theorem 1.11.4], there are a
neighbourhood § € X/R, and a diffeomorphism
T '(S) > Ry xS
x > (r(x), 6(x))

such that, forallt e R,, x € 77 1(S):
m(x) = 6(x) and 7(¢ - x) = (tr(x), 0(x)).

Since 6y € (e 7(L;), the point x(1,6y) € (ea L. By the assumption of CIS, there exist

local coordinates x such that
Ling ') ={xeM|x=0kea;c{1,2....n)}, jeA.
Therefore, as a submanifold in X/R, with coordinate ¢, we obtain
aL)nS ={0eS |x1.0)=0jea;C{l2....n}}, jeA

Since 7 - x(1,60) = x(r,0) € (ea L; by conic assumption of the submanifolds L;, j € J,
we have xi(r,6p) = 0, k € a;. Differentiating with respect to ¢, we obtain d,x(1, 6y) = 0,

k € a;. Consequently,
rank(Ogxy, k € a/j)|9:00 = rank(dx, k € cxj)|r:1’9:@0 = |ajl.

Thus, dyxi(1,6), k € a; are linearly independent at 6y. Similarly, the system {dyx,(1,6),k €
(U jea @;} has rank | [ e4 ;| at 6y and the linear independence of the differentials follows.
This means that {n(L;), j € J} forms a CIS in X/R,.

O

Proposition 2.19. Let {D, Lj}jc; be a CIS in X. Then D satisfies the LIFT property with
respect to L = Jje; Lj. More strictly, for any smooth function f on D which vanishes
on D N L, there exists an extension f on X such that f vanishes on the system L. Fur-
thermore, if X and D, L are conic manifolds, then the LIFT property holds in the class of

homogeneous of degree one functions.

Proof. By partition of unity, it suffices to prove this result locally. Suppose that p €
(Vjea Lj>A € J. By inductive on |J|, consider only the case A = J. We pick coordinates

xsuchthat L; := {x; = 0,k € @;} and D := {x; = 0,k € ap}. Forany 1 < k < n, we
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2.2 Compositions of PLDs near their intersections

define J(k) = {j € J | k € a;}. The germs of smooth functions which vanish on (., L;

are generated by the following germs

x| 1<k<nJk) =1, (2.17)
X x| 1< ik <n JkD | JJGa) =0, J(h) # 0,00 # J, (2.18)
3
XX | 1< kikaoks < | Iy =0 | Ik # 0,7 =1,2,3, (2.19)
i=1 i#]j
Y1 1
[ o 1=<nl Jik =0 | ik #01<j<l (2.20)
i=1 i=1 i#j
Similarly, on D the local coordinates are x;, j € {1,...,n} \ ap. Hence, near the point p in

manifold D, the submanifolds D N L;, j € J are given by:
DNL;= {x.,-:0|j€04,-\a0}~

Therefore, the germs of smooth functions near p which vanish on [ J(DNL;) are generated
by functions given as in (ZT7)-(Z20) with «; are replaced by a; \ ap. Obviously, these
functions are restriction to D of the functions given in (Z-I72)-(Z220). Hence, the first part
holds.

To prove the second part, we apply the lift property for the corresponding CIS system
in the space of X/R,. Indeed, assume that f is a smooth function on D homogeneous of
degree 1 such that f vanishes on D N (U, Lj). Let D = ﬂ(D),L? =n(Lj), j € J, be
the projections of D, L;, j € J to X/R,, respectively. Then f defines a unique smooth
function ¢ on D¢ which vanishes on D N L%. By Lemma IR, {D°, Li,jelJ } forms a
CIS in X/R,. Applying the lift property for this system, there exists a smooth extension
f¢ on X/R, such that ¢ vanishes on D° N (|J L;). Hence, f¢ can be extended to a smooth

function f on X homogeneous of degree 1. Obviously, f|L =0, je Jand f|D =f

_ rc _ fc
DcmL;—Oandf e =1 m|

follow from f¢

Remark 2.20. Although a cleanly intersecting system L of Lagrangian submanifolds is
given by the vanishing of coordinates, in general, the oscillatory integral representation
of distributions associated with L is still quite complicated. For example, consider the

following system of three Lagrangian submanifolds in 7*R":
L1 = N*{XN = 0, X1 = 0}, L2 = N*{XN = 0, Xy = 0}, L3 = N*{X = 0},
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where x = (x1, x2, X"). Then M, the class of first order symbol vanishing on Ly, L,, L3, is

generated by
{X"1E, X120, X161, X262}

Hence, u € & (R") belongs to I(L;, L,, L) if and only if there exists m € R such that for

all multi-index ¢ € Z",l € Z

(€10 (€205,)™(E186)™ (165, ) (&) < C(EY", 1€l > 1. (2.21)

Lemma 2.21. Let (Cy, Cy) and (Co, C,) be cleanly intersecting pairs of canonical rela-
tions from T*Y \ O to T*X\ 0 and from T*Z\ 0 to T*Y \ 0, respectively. In addition, assume
that {(T*X \ 0) X Apy\o X (T"Z\ 0),C; X Ek, J, k = 0,1} forms a CIS of five submanifolds.
Then the following statements hold locally.

1. All compositions C; o Cr, J. k =0, 1 are canonical relations from T*Z\ 0to T*X \ 0.

2. All subsets (C;(1Cj)o (@ N a), i, j,k,l = 0,1 are conic isotropic submanifolds in
T*(Xx2)\0.

3. The composition distributes over the intersection in the sense that for all y €
(CiNC) e (CNC),

T, ((Ci[ )€ o (Ce D) = Ty(Cio C)( | TCjo C), ik 1=0,1. (2.22)

4. {CJ- o Cy, J, k=0, 1} is a pairwise cleanly intersecting system.

Proof. Note that the CIS assumption implies that C; x C rand (T*X\0) X Apey\o X (T*Z\ 0)
intersect cleanly. So the first part is a consequence of the clean composition of Lagrangian

canonical relations.

The second part follows if one shows that all conditions in composition of isotropic
relations are fulfilled. Let = := CoN C}, X := CyN C;. The compositions of type C; o T or
¥ o Cy are well-defined. For example, the composition Cy oXisan isotropic relation since
{D, Cy % EO, Co X C 1} 1s an intersecting triple by CIS assumption.

We now show that = o X defines an isotropic relation. By Theorem 4 or [BGRT,
Theorem 9.4], one needs to check that both (X x E) N D and T,(X X E) NT,D?, Vp €
2 x E) N D have constant dimensions. Since (X X f) ND = (;=0.1(C; X (?k) N D,
it has constant dimension by Proposition T4, Item 2. Besides, due to the symplectic

complement, for all p € (X X %) N D, one gains

66



2.2 Compositions of PLDs near their intersections

dim(T,(Zx Z) N T,D") = 2dim X + 4dim ¥ + 2dim Z — dim (T,(Z x £)” + T,,D)

=2dimX +4dimY +2dimZ - dim[(m T,(C;x Co) + T,D
Jik

= 2dimX+4dimY+2dimZ—dim[ D Ty(CjxCo+T,D
i,k=0,1

By Proposition IZT4, Item 3, the space ;- T,(C; X Co) + T,D has constant dimen-
sion, so does T,(X X f) NT,D7.

The third part is proved similarly as in Theorem 2. Lety € X o T and pEXX < such
that m(p) = . Define
A= Tp(T*X X Apy X T*Z),
Ly =T,(Co X C), L= T,(Cyx Co),
Ly =T, (Ci xC)), Ly =T,C,xC)).

Then one has \

AﬂiLJ =Y .(ANLy
Jj=0

J=0

By taking the symplectic complement, we obtain
3 3
() Ly +A7 =)L+ A%, (2.23)
j=0 J=0
On the other hand, for any vector subspace A, the following relation holds

(A+A)NA=(ANA) +A". (2.24)

Indeed, since A € Aonehas (A+A)NADANA)+A"NA) =(ANA)+A”.
To prove the inverse conclusion, take any element a + d” = d € (A + A”) N A. Since

a=d-d? € A,d” € A7, one gains a + d” € (AN D) + A”. Therefore,
A+A)"NAC(ANA)+A".

The relation (Z24) is verified.

Intersecting both side of (Z223) with A and using (Z24)), we conclude

LomLmLszmA_ﬁijA

Aa’ =0 Aa’
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Hence,
T(ZoX)= () T)(CjoCp.

Jjk=0,1
Similarly, any intersections from {C; o Cy, j.k = 0, 1} intersect cleanly. This proves

that {C; o Cy, j,k = 0, 1} is a cleanly system. O

2.2.2 Geometric method for weak compositions

In this section we use geometric characterization of paired Lagrangian distributions and
other distributions. The advantage of this approach is that we can treat many kinds of
distributions in a united manner and, moreover, the geometrical condition of canonical
relations appears naturally. However, the results which are obtained by this method are
far from a symbolic calculus. The basic idea in this section is taken from [[0s99]. Now

we recall some basic definitions:

Definition 2.22. A defining class of symbols on a manifold X is a submodule of the spaces
of homogeneous smooth functions of order one over the ring of those of order zero which

is closed under Poisson bracket.

Definition 2.23. If M is a defining class of symbols, then I'”(X, M) is the class of all
u € H; (X) such that
P,...Puuc H]SOC(X)

for all k € N and P; € W), (X) is a classical pseudo-differential operator whose principal
symbol belongs to the class M. Usually, we write

1x, M) = 190, M.

seR

Example 2.24. Let A be a closed conic Lagrangian submanifold in 7 X \ 0 and M be the
set of all smooth functions on 7*X \ 0 homogeneous of degree 1 which vanish on A. Then

the class of Lagrangian distribution /(X; A) is determined by (X, M).

Example 2.25. Let (Ag, A1) be a cleanly intersecting pair of closed conic Lagrangian
manifolds in 77X \ 0. Then the class of paired Lagrangian distributions associated with
Ao, A is identified with 1(X, M), where M(A,, A1) is the set of all principal symbols of

first order classical pseudo-differential operators on X which vanish on Ay U A;.
Similarly, we have:
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Definition 2.26. Let L = {A;,0 < j < «} be a system of closed, conic Lagrangian mani-
folds in 7*X \ 0. We denote I(X; L) = I(X, M(L)), where M(L) is the set of all first order

symbols which vanish on [J;y A;.

Proposition 2.27. Let L = {A;,0 < j < k} be a system of closed, conic Lagrangian
manifolds in T*X \ 0. If u € I(X; L), then

WFw) < | JA,.
j=0

Proof. Let (xp,&) € T"X \ (U{, Aj) and & # 0. We shall show that (xg,&)) ¢ WF(u).
Indeed, since (xo, &) does not belong to the closed conic subset | J A;, there exists an
operator P € W!(X) such that o'(P) = 0 on |J; A; and o' (P)(xo, &) # 0. Hence, there
is s € R such that PVu € H} (X) for all N > 0. By micro-ellipticity (see [HOrYZ,
Theorem 8.4.8]), we obtain u € Hl“O*CN (X) microlocally at (xy,&y) for all N. Therefore,
(x0,&0) € WF(u). o

Proposition 2.28. Let J be a subset of {0, 1, ... ,«} and (xo,&) & Ujes Aj. If u € I(X; L)
then
u € I(X;Aj, j ¢ J)microlocally at (xy, &).

Proof. Let p(x, €) be a smooth function homogeneous of degree zero such that p(x, &) = 1
in a conic neighbourhood W of (xo, &), and vanishes on |, L;. We have that g satisfies
q — 1 € S microlocally near (xy,&p). Let Q be a properly supported operator with the
left full symbol g(x, &). Choose a smooth function ¢ such that suppy ¢ W and ¢ = 1
in a conic neighbourhood of (xy,&y). Then we have Qy = . Consider the following
decomposition

u=y(x,Du+ (u—yY(x, Du).
Since 1 — ¢ € S near (xy, &), we obtain
(%0, &0) € WE((1 — ¥(x, D))u).

We shall verify that ¢(x,D)u € I(X;A;,j ¢ J). Since u € I(X;A;), there exists a
s € R such that u € H; (X). Hence, v(x) = ¢(x,D)u € H; (X). Take any P(x,D) €

loc

Op(M(A}, j & J)). Then o(Py) = o(P)o (i) vanishes on | J; A;. Thus, we obtain
Pv(x) = Pyu € H; (X),
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2 Compositions of paired Lagrangian distributions

as Py € Op(M(A)). Assume that

P]...PNVEHI‘V

\
ocC

X), Yo(Py),...,0(Py) € M(A;,j¢ ).
Take any N + 1 symbols p;, j=1,...,N + 1, we have

P]...PNPN+1V:P1...PNPN+1I//M
= Py...PyPn QY yu

=P ---PNQN(PN+1Q)1//M+P1 ---(PN[PN+1,QN]Q)1/’”

The second term belongs to H; (X) by the inductive assumption. For the first term, using

commutator method, one easily checks that
P .. .PNQN S Op(M(Aj,O < ] < K))N.

Hence,

P .. -PNQN(PNHQ)WM € H (X).

Therefore, y(x,D)u € I(X;A;, j & J). m]

Abstract theory of distributions states that the kernel of the composition can be decom-
posed into three fundamental operations: tensor product, pull-back, and push-forward.
Namely, let A: D(Z) — D'(Y)and B: D(Y) — D'(X) be such that WFy(A)NWF(B) = 0
and the projection supp k4 X supp kg into X X Z is proper. Then A o B is well-defined as
an operator from D(Z) to O’'(X) and ksop = m.A*(ks ® kp), where A is the diagonal map
XXYXZ > XXYXYXZandn: XXYXZ — XXZ. Therefore, one needs to understand

the change of defining classes of symbols under these operations.

Theorem 2.29 (Joshi). Let M be a defining class of symbols on X X Y where X,Y are
smooth manifolds and Y is equipped with a smooth density. If u € I'(X x Y, M) and the
support of u is proper with respect to the projection onto Y, then m.u € IV(X, M), where
M is the class of symbols on X, which after being pulled back to | J,cx Ny, ,({x} X Y) are

restrictions of elements of M.

Remark 2.30. The operator m,A* is a Fourier integral operator associated with the canoni-
cal relationI' = {(x, &, 2,4, x,&,y,1m,y, -1, 2, {)} and its principal symbol is one. Therefore,
in composition, only WF(ks ® kp) near (x,&,y,n,y,1,2,{) contributes to the wave front

set of the composite. For more details, see [BGRT, Theorem 9.4].
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2.2 Compositions of PLDs near their intersections

We now provide the decomposition of the tensor product of paired Lagrangian dis-
tributions. Roughly speaking, one proves that on the regular part, the tensor product
I(Ag, A\) @1 (Ko, Xl) of two classes of paired Lagrangian distributions is characterized
by the class of first order symbols which vanish on A; X A J.k = 0,1. The following
argument relies on the proof for the tensor product of two isotropic distributions which

was given in [BGXT, Theorem 9.3].

Lemma 2.31. Let (Ao, A1) and (Ao, Ay) be cleanly intersecting pairs of closed, conic
Lagrangian manifolds in T*X \ 0 and T*Y \ 0, respectively. Assume that u(x) € I(Ag, A1)
and v(y) € I(Ay, ) are paired Lagrangian distributions and U is a conic neighbourhood

of the conic set

LJ s x 00 [Joxx Ap.
Jj=0,1 k=0,
Then there exists a decomposition
URV=w+r, (2.25)

where w € I(A; x Ay, j,k = 0,1) and WE(r) € U.

Proof. Because the statement is invariant under conjugating by elliptic FIOs associated

with canonical transformation, without loss of generality, one takes X = R% Y = R% and

Ag=N{x=0}, A=
/~\0 = N*{y = 0}, /~\1 =

Hence, paired Lagrangian distributions u, v have the following representations:
u(x) = f e“a(x, &)dé (2.26)
v(y) = f ”b(y, mdn, (2.27)
where smooth functions a(x, &) and b(y, n) satisfy the following estimates:

|DEDEa(x, &) < C(EY" " ey, xeKeX
|DZD§b(y, 77)| <C <n/>p0—|a'| <n>p1—|a”| xeK eY

This implies that

U@V, y) = f f ¢CEMa(x, )by, m)dédn (2.28)
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2 Compositions of paired Lagrangian distributions

For any positive constant € < 1, choose a cut-off function y € C°(R) such that y(¢) = 1 if
€ <t <e'. Define w(x,y) = ff ei("f+y’7))((%)a(x, Ob(y,n)dédnand r = u —w.

We shall show that this decomposition has the desired properties if € is sufficiently
small. Indeed, in the support of y one has () =~ (&). Therefore, c(x,y,&,n) = yab

satisfies the following estimate:
|DEDIDY e(x v, m)| < €&y P g mym L (g y) e K e XX Y.

This yields that w € I(A; X Ai, jk = 0,1). It remains to prove that WF(u — w) c U.
It follows from the facts that WF(u — w) C ;=01 (Aj X Ap N A x 0y N0y X 1~\k) and

WF(u — w) does not meet the set {(x, y,En)| €< % < E_l}. o

Now we are in a position to state the main result in this section, the weak composition

of paired Lagrangian distributions.

Theorem 2.32. Let Cy, Cy and 50, C | be clean pairs of canonical relations from T*Y \ 0
toT*X \ Oand fromT*Z\ 0to T*Y \ O, respectively. Define

D= (T"X\0) X Areyyo X (T*Z )\ 0), (2.29)
Li=CixCp, k=0,1,i=2j+k (2.30)
Assume that the following assumptions are fulfilled.

1. All systems (D, Ly, Ly); (D, Ly, L,); (D, Ly, Ls); (D, Ly, L3) are cleanly intersecting

triples.
2. The system (D(\L;, j = 0,1,2,3) forms a CIS of four manifolds.

3. The rank condition
3 3
T,D( Y. TyLi= ) T,(DnLy, peD( )L, 2.31)
Jj=0 J=0 J

Then {C jo G, k=0, 1} is a system of canonical relations satisfying:

T, ((C; o Co) N(CjoC)) =T)(C;joCo) NTH(C;0Cy), y€C;io(ConCy),j=0,1;
T, ((Coo C) N (C1oCp) = Ty(Coo CYNTH(CroCy), y€(CoNCi)oCrk=0,1;

Ty( ﬂ cjoEk]: ﬂ T,(C; o Cy), y €(CoN Cy)o(ConCy).

jk=0,1 jk=0,1

Moreover, the weak composition law holds:

I(Co,C1) 0 I(Co, C1) S I(C; 0 C. jik = 0, 1), (2.32)
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2.2 Compositions of PLDs near their intersections

Proof. Because of the cleanness assumption, (C;o Cy, j, k = 0, 1) contains only canonical
relations from 7°Z \ O into 7*X \ 0. The geometric part follows from Lemma 711

Now we prove the analytic part. By a result proved by Joshi [Jos99], the composite
A o B belongs to the class of distributions which is determined by the defining class of
symbol Mon T*(X x Z) \ 0, after being pulled back to D = (T*X \ 0) X Ag+y\o X (T*Z\ 0)
are restriction of class of symbols vanishing on C; X C. Hence, we only need to show that
the set of all first order principal symbols vanishing on JC; o C; is the stable defining
class of composed operators. It is equivalent to prove that any smooth function on D
homogeneous of degree 1 which vanishes on U?:o L; N D can be extended to a smooth
function on T7*(X X Y X Y X Z) \ 0 homogeneous of degree 1 which vanishes on U?:o L;.
The hard part in the proof is the LIFT property since the system (D, L;, j = 0,1,2,3) is
not a CIS. Since 7*(X X Y X Y X Z) \ 0 is a conic manifold, the space of R, -orbits, denoted
by S, is a smooth manifold. Furthermore, the canonical projection r is a fibre map. Note
that 7(D), n(L;), j = 0, 1,2, 3 are smooth submanifolds of §.

By the argument in the proof of Lemma 19, the proof follows from the lift lemma.

O

Lemma 2.33 (Lift lemma). The submanifold n(D) of S has the lift property with respect
to U;:o n(Lj).

Proof of lift lemma. 1t suffices to prove the statement locally. Note that the projection
7 commutes with the intersections of conic submanifolds. Since the action is free and
proper, (D) is an embedded submanifold of S. Suppose that (D) is given by coordinates
(D) = {(x, y) | y = 0}. By Lemma LT8R, the intersections 7(D N L;), j = 0,1,2,3 form
a CIS. Hence, there are local coordinates x, which are numbered by “subsets” of J =
{0,1,2,3}:
aDNL)={x,=0,uecl}, j=0,1,2,3,
I;={uci{0,1,2,3}| jeu

where x = (x,, %), € {0, 1,2, 3} are local coordinates. For example, 7(D N L) is given

by the following coordinates

X0, X01,> X025 X03, X012, X013, X023, X0123»
while (D N L) is given by the vanishing of

X1, X105 X125 X13, X012, X013, X123, X0123-
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2 Compositions of paired Lagrangian distributions

Then the set M of all smooth functions on (D) vanishing on Uizo (yr(D) N (L j)) is a

finitely generated ideal, whose generators are given by

X0123, (2.33)
Xy Xuty w #F= L # L u Uy =J, (2.34)
Xy Xy Xy M1 Uy # S po U s # Lz Uy # J, g U pp U iz =, (2.35)
X1 X0 X3X4. (2.36)

Because of the appearance of the full coordinates, the generators of M, in general, are
quite complicated. Since in our case, D N L; has special properties, a simpler form of

local coordinates holds.

FACT 1. With the notation above, the coordinates (xy, X1, X», X3, X12, Xo3) are absent from

vanishing coordinates, that is,

(D N Ly) = {Xo1, X025 X023> X013 X0125 X0123}
m(D N Ly) = {X10, X13, X123, X013 X0125 X0123}
(D N Ly) = {X02, X23, X123, X023, X0125 X0123}

(D N L3) = {x13, X23, X123, X023, X013» X0123}-
Indeed, we shall show that #(xy, xo3) = 0. Forany p € DN Ly N L; N L,, one has
Tp(Ll N Lz) = Tp(LO NLN Lz) (= Tle + TpLz = TpLO + TpL] + TpLz.

Adding T,D” to both sides of this equation and taking the symplectic complements,
one obtains
T,D,NT,LiNnT, L, =T,DNT,LoNT,Li NT,L,.
This yields T,(DNL,NL,) = T,(DNLyNL;NLy) by CIS assumption of DNL;, j =0,1,2.

Using the following relations

dlmﬂ'(D N Ll N Lz) =dimDnN Ll N L2 - 1,
dimﬂ'(DﬂLO nL] ﬂLz) = dlmDﬂLO nL] ﬂLz - 1,
dim T,r(p)(ﬂ'(D N L] N Lg) —dim Tn(p)(ﬂ'(D N L() N L] N Lz) = #(Xo, X03),

one obtains the conclusion above.

This leads to the following very useful statement:
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2.2 Compositions of PLDs near their intersections

FACT 2. The set M/ span(x1,3) is determined by
Span <x01x23, X02X13, X§X01, X§X02, X X01, X{X13, X3X20, X3X23, X3X31, X3X32, ijlg> )

where j #k, jk=0,1,2,3, 7=1{0,1,2,3}\ {j} for j=0,1,2,3.

As a consequence, any function f € M/ span(xy;23) can be decomposed into g(x)h(x)
such that g and 4 vanish on 7(D N Ly) Un(D N Ly) and 7(D N L) U (D N L) respectively,
oront(DNLy)Un(DNLy)and n(DNL;)Un(DN L) respectively. By cleanly intersecting
triples, one defines f (x,y) = 8g(x, y)fz(x, y), where g, h are the corresponding extensions of

g, h too. This fact implies the following result:

FACT 3. The set M/ span(x1»3) has the lift property.
Therefore, it is enough to show that xy;>3 has some extension on S that vanishes on
Un(L),j=0,1,2,3.

With these notations, it is apparent that for all u C J, the dimension of the space

> TrDALy, penD) |a(L))

JEu Jeu
is equal to

dim (D) — Z #(x,).

=y

Hence, the numbers of variables x,,u € J can be computed in terms of the dimensions

of those spaces T,n(D () L;). For instance, the space Zizo T,n(D N L;) has dimension

dim (D) — #(x0123). Similarly, ((Ly), w(Ly), m(Ly), m(L3)) is a CIS by Lemma ZT8. Thus,

there exist coordinates f,,u C J such that n(L;) is given by the following coordinates
vanishing:

(L) = {f,(xy) = 0, uCJ,jep). (2.37)

Thus, the space T,n(D) N 2320 T,n(L;) is determined by the following equations:

(X, ¥; Vi) € T,m(D) |y = 0,x € na(D N L), t, =0 (2.38)
3
1) € ) Tpr(Ly) | deforns (6 3)vs + dyfors(x, y)n|_g = 0. (2.39)
j=0

Hence, setting go123 = f0123|n(1))’ we conclude that
3
dim | T,7(D) () )" Tpm(L;)| = dim (D) — rank{dgoras}. (2.40)
=0
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2 Compositions of paired Lagrangian distributions

On the other hand, we have

3 3
dim [Z T,n(D N Lj)) = dimZ T,(DNL;)-1,
Jj=0

=0
dim [Tpn(D) M j T,n(L j)) = dim [TPD M i T,L j] - 1.
j=0 Jj=0

Therefore, condition (P3Tl) is equivalent to
rank{dgoi23} = rank(dxo123) (2.41)

Because gy123 vanishes on U;:o n(D N L), there exists a smooth matrix C(x) satisfying

8o123(x) = C(x)xp123 + R,

where

. . 2
R = span {x,, X,,; Xy, X, X135 X1 X2X3X4} = 0(X7).

This implies that rank C(p) = rank{dgoi,3}. So we can choose a left inverse B of C and
extend it into a neighbourhood of p in the whole manifold. And the formula above can be

written as

Xo123 = Bgo123 — BR.

We have to show that the functions xyj23 can be extended in to smooth functions on §
which vanish on [ 71(L;). One already has that property holds for functions g3 trivially
and for R(x) by the fact above. The proof is completed. O

Remark 2.34. The proof strongly relies on the special property of the system Ly, Ly, L,, L,.
The analogous method can be used to prove the composition of a FIO A € I(X, Y; C) with
a class of distributions associated with a CIS of four Lagrangian manifolds L, L;, L, L3

of 7*Y \ 0. In this case, one needs further assumption.

Example 2.35. Let consider the following canonical relations:

Co=Ni{x—-y=0f, C;=N{x"-y"=0,x"-y" =0}, (2.42)

CO — N*{y _ Z — 0}/, El - N*{yl _ ZI — O’ylll _ Z/I/ - O}/. (2.43)

76



2.2 Compositions of PLDs near their intersections

Let D = {y -y = 0,n — 7 = 0} with standard coordinates (x,y,y,z;&,n,7,{) on T*(X X
Y X Y X Z). With the notations as in Theorem 237, we have

Ly=N{x-y=0,5-z=0},
Li=N{x-y=0,y-7=0,3y"-72" =0},

L=N{x' -y =0,x"-y" =0, -7 =0,7"-7" =0},
Ly=N"{x' =y =0, X" -y =0,§ -7 =0,5" - " = 0},

D={y-y=0,n-7=0}L

Obviously, the system {D, Ly, L, L,, L3} forms a CIS. Hence, the weak composition law
holds:
1(Co, Cy) 0 I(Co, C1) C I(Eq, E1, Es, E3),

where Eyj, . = Cjo (Afk, J,k = 0,1 are four canonical relations from 7*Z \ 0 into 7°Z \ 0.
Example 2.36. Consider the following canonical relations

Co=N{x—y=0}, Ci=N{x' -y =0,x"-y" =0},
50 — N*{y —z= O}/, 51 — N*{y/// _ Z/// — 0}/’
EO — N*{x _ Z — O}/’ El — N*{x/// _ ZI// — 0}/’ E2 — N*{xl _ Z/ — (), x/// _ Z/// — 0}/

It is not hard to verify that all assumptions in the previous theorem are fulfilled. Moreover,
CypoCo=Ey, CooCy=E, CoCy=E,, C,0C, =E,.
Therefore, one has the weak composition law
I(Cy,Cy) 0 I(Co, Cy) C I(Ey, E), E), (2.44)

where the left hand side is the space of operators whose Schwartz kernels correspond to

three Lagrangian manifolds.

Example 2.37. Consider the following canonical relations

C() — N*{xl _ yl — O, x/// _ yl// — O}’, Cl — N*{x/// _ y/// — O}/
EO — N*{yl! _ Z// — ()’ xll/ _ Z/I/ — O}/’ El — N*{yl!/ _ Z/I/ — O}/
EO — N*{xu/ _ Z/// — 0}/
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2 Compositions of paired Lagrangian distributions

All assumptions in Theorem are satisfied. In addition,
C;oCy=Ey, jik=0,1.
Hence, the weak composition law holds
1(Co, C1) 0 I(Co, Cy) C I(Ey). (2.45)

Corollary 2.38. Assume that all assumptions in Theorem 232 are fulfilled and the system

{Cjo Ek, J,k = 0, 1} contains two canonical relations E, E.

Case 1. When the following compatible condition is satisfied

(ConC)o(ConCy) =EyNEy, (2.46)
then Ey, E; intersect cleanly. Moreover, the weak composition holds:

I(Co,C1) 0 I(Co, C1) € I(E, E).

Case 2. When E, and E, intersects cleanly and K := (Co N Cy) o (50 N 51) C EyNE,,

the weak composition holds
I(Co,C1) 0 I(Co, C1) € I(Eo, K) + I(E1, K) & I(Eo, Ey).

Proof. Obviously, when {C j05 %> J»k = 0, 1} contains only two cleanly intersecting canon-

ical relations Eo, E; then I(C; o Cy, j,k = 0,1) = I(Eqy, Ey).

Let us consider the second case, when {C; o C © J» k = 0, 1} has two canonical relations
Ey, E satisfying (CoNC)o (50 N 51) = EyN E;. Because of the composition of isotropic
relations, Theorem [C4, the set X = (Co N Cy) o (50 NnC 1) is an isotropic manifold. Thus
we need to verify that for all y € £ = Ey N E, the tangent condition holds. Indeed, due to
relation (Z31), for any p in the fibre 77!(y) we have

T,DN Y Ty(CixCy= > TyDN(C;xCy).
Taking the symplectic complement and intersecting with 7,D?, we obtain
T, ((Con €)% (Cox Cy) ﬂ D)+T,D" = ﬂ (T,(DNCjoCo)+T,D)
Dividing by T,A7, this yields
T2 =(T,(C;o C) (2.47)

Replacing C; o @ by Ey, Ey, one concludes that T',(Ey N Ey) = T, Eo N T, E;. Hence, E,

and E, intersect cleanly. The proof is completed. O
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2.2 Compositions of PLDs near their intersections

Example 2.39. Let X = Y = Z = R with coordinates x = (x’, x”") € R¥*?". Consider the

following canonical relations:

Co=N{x—-y=0), C,=N{x'-y =0}, (2.48)
Co=N{y—z=0Y, C =Ny -7=0Y, (2.49)
Ey=N'{x-z=0), E, =N{x -7 =0}. (2.50)

Then these canonical relations satisfy all assumptions in Corollary ZZ38. Moreover,

Co o Co = E,
CjoCy = Ey, Y(j,k) # (0,0)
(ConCy)o(ConCy) =EyNE,.

Hence, we obtain the weak composition law
I(Cy,C1) 0 I(Cy, C1) € I(Ey, E)).
Indeed, D, Ly, L;, L,, L3 are given by coordinates vanishing as follows: For any point
p=0092EEn0,0)eT"(XXYXYXZ)\O0,

one has

D={y-5=0n-7=0}

L0: {X—y:0,5—77:0,)7—220777—520},

Ll = {x_y:()’f_n:()vj},_zl :O’ﬁ_§:O7ﬁ’,+{” 20}7

L2:{x,_y,:O’g_nzo’§,,+n,l:O’S;_Z:O’ﬁ_gzo}’
L= =) =0.6=5 =0, +7" =05 =2 =0.7- £ = 0,7/ +¢" =0}

The intersections DN L;, j =0, 1,2, 3 are determined by the following equations:

DNLy={x-y=0,6-n1=0,y-2z=0,n-¢ =0}, (2.51)
DNL ={x-y=0,&-17"=0,y -2 =0,7-=0,=0,7"=0," =0}, (2.52)
DALy =(x—y =0, —if =0,y—2=0,1/ = =0,6" =0, = 0," =0}, (2.53)
DNl;={x-y =0,-107"=0,y-7=0,-0=0,&=n"=¢"=0} (2.54)

This leads to the conclusion that the system DN L;, j=0,1,2,31s aCIS on D. Note that
(D, Ly, L,) does not form an intersecting triple. We now verify the condition (2231, that
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2 Compositions of paired Lagrangian distributions

is,
T,DN Y T,Li= > T(DNL)), pe ﬁijD.
=0
By formulas (Z5T))-(Z54), one obtains j
dim(} T,(DN L) = dim D - 2(d + d).
On the other hand,
dim(T,D 0 Y T,L;) = dim D +dim )" L; = dim(T,D + )" T,L;)

= dim D + dim(T,D” [ ) T,L;) - dim(( | L;)

= dim D + 0 — dim(Coy N C,) x (Co N C))

= dimD - 2(2d —d”) = &imD — 2(d + d’)

This implies (Z31). Moreover,

3

3
TyLo+Tyls = Y T,L;, > .(T,(DNL)= Y (Ty(DNLy,
Jj=0 Jj=0.3 j=0

shows that (D, Ly, L3) forms a CIS. However, (D, L, L,) is not a CIS because

3
T,DN(T,Li+T,L;) =T,(DN(T,Lo+T,L3) = Z T,(DNL)) 2T,(DNL)+T,(DNL,).
=0
Thus, in this example our assumptions are satisfied.
Similarly, the following example provides the second case when one obtains closed-

ness of the classes of paired Lagrangian distributions.

Example 2.40. The canonical relations Cy, C; and Co, C satisfy the following properties

C;0Cy=Ey, j=0,1, (2.55)
C,oCi=E, j=0,1, (2.56)
(CoNC)o(ConCy) = EgNE;. (2.57)

For instance, let X = Y = Z = R? with local coordinates x = (x’, x”/, x’), y=0",y",y")

and z = (z/,7”,7"”). Then the canonical relations defined by
Co=N{x-y=0Y, Ci=N{x'-y =0x"-y"=0},
Co=N'{y -2 =0y, CL=N"{y -2/ =0.y" =" =0},
Eg=N{y -2 =0, Ey=N{y) =/ =0,y =" =0}.

satisfy our assumption.
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2.3 Models for compositions

2.3.1 Models for strong compositions

To summarize several examples where the weak composition holds, let x = (x', x”, x'”, xV) €
R¥ x RR2 x Rb x Réx—ki=k2=ks pe gplitting of coordinates in X and similar notations for y
and z. Let us define the following canonical relations from (7Y \ 0) to (T*X \ 0):

Co=N{x -y =0,x"-y"=0,x"-y" =0},

Ci=N{xX -y =0,x"-y"=0Y,

C,=N{xX"—-y"=0,x"-y" =0},

Gy =N{x" =y" =0},
and from (T*Z \ 0) to (T*Y \ 0):

Dy =Ny =2/ =0,y" =2" =0,y =" = 0},

Dy =Ny -2/ =0,y" =" =0},

Dy =N'{y" =" =0,y =" =0},

D; = N*{y”" -7" =0}.

Then we have the following weak compositions for properly supported operators:

A B AoB Involved Lagrangian manifolds | note

I[(Cy,C,) | I(Dy, Dy) | I(Ey, Ey, E>, E5) | Four Exam. 233
I[(Cy,Cy) | I(D,,Ds) | I(Ey, Ey, E3) Ey, E, and two times Ej Exam. 234
1(Cy,Cy) | I(Dy,Dy) | I(Ey, Ey) E, and three times E; Exam. 39
1(Cy, Cy) | I(D,,D3) | I(E,, E) 2 times E; and 2 times Ej Exam. 40
I1(Cy,C3) | I(Dy,D5) | I(E3) 4 times E3 Exam. 237

Table 2.1: Weak composition of paired Lagrangian distributions

where the canonical relations E;, j = 0,1,2,3 from (T*Z \ 0) to (T*X \ 0) are defined by:
Eo=N{x-7=0,x"-7"=0,x"-7" =0},
Ei=N{x -2 =0,x"-7"=0Y,
E,=N'{x"-72"=0,x"-7" =0},
E; =N{x" -7" =0}.
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2 Compositions of paired Lagrangian distributions

Now we shall prove some strong compositions corresponding to these cases.

Theorem 2.41. Let C;, Dy, E; be canonical relations as above. Suppose that A € "™ (X, Y; Cy, C5)
and B € I"P'(Y,Z; Dy, Dy) are two operators such that the projection into X X Z from
(supp ks X supp kg) N (X X Ay X Z) is proper. Then A o B € [19>%(X, Z; Ey, Ey, E», E3),

where
qo=mo+po+el/2,qr=my+p+e/2,qo=m+po+e/2,qg3s=m+p +e/2, (2.58)
with the excess e = dy — (k1 + ko + k3).

Proof. Recall that A € "™ (X, Y; Cy, C,) means that its Schwartz kernel has the follow-

ing representation
ka(x,y) = f ¢ Ma(x, y, n)dn,

where a(x,y,n) € S"™™(X x Y x (Rh*h*k \ (), i.e. for any compact subset K € X x Y

and multi-indices a, B, there is a constant C , g such that
\DA Da(x,y,m)| < C @y "1 ay"o ™1 (x,y) € K,

with mj = mo+(dx +dy) /4= (ki +ky +k3)/2,m), = my+(dx +dy)/4— (ks +k3)/2. Similarly,
B € I"P\(Y, Z; Dy, D) implies that

kp(y,z) = f eV%b(y, z, £)dE,

where the function b satisfies
D3 _DEb(y. 2. £)| < C(YT gy [y e K e Y X Z,

with pj = po + (dy + dz)/4 — (ki + ky + k3)/2, p} = p1 + (dy + dz)/4 — (ki + k3)/2. Then

the composed operator A o B has the Schwartz kernel

kAOB(X9 Z) = f ei(x—y)n+i(y—z)§a(x, Y, U)b(x, e f)dydﬂdf

Without loss of generality, assume that a(x,y,n) and b(y, z, &) vanish when || < 1 and
|€] < 1, respectively. If |£] < |n|/2 or || < |€]/2 in the support of a(x, y, n)b(y, z,£), then we
have [ —&| > (In| + |£])/2 for all (x,y, z,n7, &) € supp ab. Using integration by part in y, we
conclude that this part contributes to ks.p(x, z) only smooth function. Hence, we make a

further assumption that ||/2 < |n| < 2|£| in the support of ab. This yields

D,

XY,

DyDE(ab)| < C (&, mys it FW 8 gy Pl grynamrier
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2.3 Models for compositions

forall (x,y,z) e KEeX XY XZ

Because the variables &, 17", "’ have the same behaviour as usual symbol of type S,

4

using stationary phase method in y’,y”,y"”,&,n”,n"”, we obtain:

kAoB(x’ Z) — fei(x’_z’)77'+(x’/_zu)§;u+(xm_Zm)gmC(x, . n”fﬂ’g”’,y(4))d77,d§”d€:’”dy(4)’

where

"1 1" 1 111

C(.X', z n/’ é‘:ll’ é’|_-///’y(4)) — ei(y’—z’)(n'—-f’)—i(x Y"1 =& —i(xX" =y " —€ )abdy'dy"dy”'df’dn”dn'"

= e_i<D)‘"D~f' >+i<D}"”D'I” >+i<D,\”" ’Dfl”’>(a(_x’ y, n)b(y’ Z, f))|V0’

~za%ﬁ—%DwL@>+i@%uDW>+iﬂyme»ymmmp
!

with Vy = {(x, ¥,2,1,€) | o0& 0", ") =, x", x”’,n’,f”,f”’)}. As a consequence, the

17/

symbol a(x, z,17/, &, &, y¥) satisfies the following estimate:

//‘

D;]y/’fﬁ’fmc(x, z, n/,g//,glu,y(ﬁl—))' <C <n/,g//’g///>m’2+p’l_|(y’//| <n,>m6—m’2—|(y| <é_~//>176—17/1—|(l .

‘ x,Z,y(4)

Therefore, &(x, z,17’, &, &) = f c(x,z,n, &7, &, yP)dy™ also satisfies the same estimate
above. This implies that A o B € I(X,Z; Ey, E1, E», E;). By definition A28, the order

g € R* satisfies the following equations:

G +d—-4q—4q3=0

o = gy = my —my = mg —my = ky /2

do =4\ =Po— Py =Po—P1—ka/2
g3 =my+ py =my+ (dx +dy)/4 = (ky + k3)/2 + p1 + (dy + dz) /4 — (ki + k3)/2
o = qo + (dx +dz)/4 = (ki + ko + k3)/2
q) = q1 + (dx +dz)/4 — (ki + k3)/2
¢y = @2 + (dx + dz)/4 — (k2 + k3)/2
g5 = qs + (dx + dz)/4 — k3 /2

Hence, A o B € I9(X, Z; E) with the correct order g satisfying relation (2.58). The proof is

completed. O

More general, we have the following embedding maps

Imo,mz(co’ CZ) C Imo,mo—k2/2,mz,Wl2—k2/2(X’ Y’ CO’ Cl’ Cz, C3),
1P°P/(Dy, D;) C IPOaPlsPO—kl/z,[’l—kl/z(Y’ Z,Dy, Dy, D,, D3).

Then the previous theorem is a special case of the following result.
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2 Compositions of paired Lagrangian distributions

Proposition 2.42. Let X,Y,Z,C;, D;, E; be as above and m,p € R*. Suppose that A €
I"(X,Y;C)and B € I"(Y,Z; D) are two properly operators, i.e., the Schwartz kernel ky €
I'"(X X Y,C"), kg € I"'(Y X Z,E’). Then A o B € I"*P*¢/2(X, Z; E) where the excess e € R*

is determined by €y = dy — (k] + ky + k3), e =ey+ ks, e, = €y + ki, ez =e¢y+ ki + k.

Lemma 2.43. If a(x,y,n) € S"™(X X Y,C) and b(y,z,¢) € SP(Y X Z, D) then the Gauss

transform ¢*2rPn) (a(x, mb(y, £)) o) SmP(X x Z, E).
y=(x,

Proof. We will apply Hormander’s results on Gauss transforms [Theorem 18.4.10°, H6r85]
to conclude that eX2-Pia(x, y, )b(y, z, E)lym=(xe) belongs to S (m + p, E). Let

V=XxYxZxR¥

with the coordinates v = (x, y, z, 17, €). Consider the following metric

P ldn"P A€ ldEn?
L+l T+l T+ 1+

go(dv) = dx* + dy* + d* +
On V we define weighted functions
w(v) = ('Y Y™ )" Y™ ELENEN(EN P Ym, p € R
The symmetric bilinear form on the dual V’ of V is given by
o(,9) = 7y + 9.

The dual metric of g with respect to o is given by

g7(dv) = sup <dv, cfv>2 (2.59)
gl,(O'dAv)<l
too, if |dxf? + dé + |dal? # 0,
_ (2.60)

@ 1dy' P + ) dy” > + ldn*,  otherwise.
Let Vo = V|ym=x¢) be a subspace of V. One has to verify the following properties:
e The metric g is slowly varying in V. It is trivial by choosing ¢ < 1/4 and C = 2.

e The weighted functions w are g-continuous. It is also trivial with the same constants

as above.

e The metric g is o-temperate and w is g, o-temperate with respect to v uniformly in

Vo.
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2.3 Models for compositions

e The inequality g,(dv) < g7 (dv). It is a consequence of (ZZ60).

It remains to check the third property. In order to obtain the temperateness of g, we verify

2u(dv) < gu(dv)(1 + g7(v — )
gv(dv)
o gudv)

<(1+g7(v—u),

where v = (x,y,z2,&,1), u = (X,9,7, 5, i7). Because g is diagonal, one needs to prove

that

{ LHIEP 1+IEP 1+IEP 1+17P
max{ 1

s s s N S 1 foa _ ) 261
L+EP 1+1€P 1+ nP 1+|,7/|2} (1 +g/(v—u) (2.61)

It follows from the inequality 1 + g7(v — w) > (1 + [fi — n* + |€ — &). Similarly, one

obtains
W(V) & ~ m o m
—= <L+ &P +17—nP)"? < (1+ g7 (v —u)™?,
w(u)
with |m| = Z;:o Im;|. Hence, w(v) is o, g—temperate. O

Theorem 2.44. Let A € """ (Cy,C,) and B € I"*P3(D,, D3) be two operators such
that the projection from supp ks X suppkg N (X X Ay X Z) into X X Z is proper. Then
AoBe Im2+p2+e/2,m2+p2+e/2(E2’ E3) with e = dy — (ky + k3).

Proof. Since A € I""™(Cy, C5), there exists a symbol a(x,y, &) = a(x,y,&,&",&") such
that for each K compactin X X Y,

DY DiaCx,y,&, &, &) < Ci &)™ ¥ @yl (x,y) € K,

with my = my + (dx +dy)/4 — (ki + ka + k3)/2,m}, = my + (dx + dy)/4 — (kz + k3)/2 and
forallu € C2(Y):

Au(x) = fei((x’—y')§’+(x”—y”)§”+(xm—y'")-f'")a(x’ v, f” éf”’ f”’)u(y)dydf’df"df"'.

Similarly, there exists b(y,z,17) = b(y,z,n7”,n”"") such that for all compact subset K of
YXZ,

DL, bz )| < C W Gy (3, 0) € K,
where p), = py+(dy+dz)/4—(ka+k3)/2, py = p3+(dy+dz)/4—ks/2 and for all v € C°(Z),

By(y) = f 0= )y 2 YR dzdy iy
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2 Compositions of paired Lagrangian distributions

This yields
kAoB(-x, Z) — fei((x’—y/)fl+(x//_y//)f//+(xm_ym)§///)+i((yu_Zu)nu+(y//;_zm)nm)a(x’ v, é—‘)b(y, Z n)dydé‘fd]]’

— el-((x//_Z//)n//+(x//1_2///)77///)c(x, Z’ n,/, n///)dn/ldn///’

where C(.x, z, 77//, 77///) — fei((x’—y’)§'+(xu_y//)(flf_n//)+(x/r/_ym)(fm_n/,,))a(x’ y, f)b(y, Z n)dfdy Re-

244

group X = (X', x”,x""),y = (',y”,y"”’) then the previous formula can be rewritten as

C(X, z 77//’ n///) — fé(x, z 77//’ n/l/’y(4))dy(4)’

- 4 {(De.Ds N o @4
C(.x, Z, n//’ nlN’ y( )) — el<D£7D}>a(_x’ y’ y( )’ f)b(y, y( )’ zZ, TIN, 7]’”)|§:(o,,,~,,,m),§,:j.
It follows from Hormander results on Gauss transforms that ¢ € S"2+7>"*P; with extra
parameter y¥. This implies that
Ao B [mtprellmrpstel(py By e = dy — (ky + k).

The proof is completed. O

Remark 2.45. It is not surprising that the order on C, \ C; does not contribute to the
composed operators. In fact, since (Cy \ C5) o (D, U D3) = 0, the composition takes place
on C, only. However, this composition is still different from the composition of Fourier
integral operator A € I(C,) with the paired Lagrangian distribution B € I(D,, D3) since

the intersection C, N C also contributes to the composite.

2.3.2 Models for compositions without the CIS condition

As we claim in the strong composition of FIO with PLD, if the CIS condition is violate,
then the composed operator does not belong to the class of paired Lagrangian distribu-
tion associated with the natural cleanly intersecting pair of canonical relations. Now we

introduce a model with this property:

Theorem 2.46. Let X = R%, Y = R% and Z = R%. Consider canonical relations Cy, C,
fromT*Z\O0toT*Y \ Oand C fromT*Y \ O to T*X \ 0 as follows:

C=N{' -x"=0,y"-x"" =0},

Co=N{Z =y =0,2"=y" =0,2" —y" =0},

Ci=N{Z +y =0,7" -y’ =0},

Co=N{x"-7"=0,x"-7" =0},

61 = N*{(x" -7’ =0}, E‘: = (60 N 51)|Z’=0’
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2.3 Models for compositions

where x = (X', x", X", x"),y = (/,y",y",y") and z = (',7",7",7") are coordinates of

X, Y and Z, respectively. Then
CoC;=Cj j=0,1, Co(CoNC)=1. (2.62)

Furthermore, for all properly supported operators A € I"(C) and B € "™ (Cy, C,), the

composition
AoBe Z Imj+m+e/2,(m0+m])/2+(2k’+k”')/4—m_,~(Ej’E)’ (2.63)
j=0,1

where e = d, — (k' + k" + k') is the excess of the composition C o C,.
With the same proof, one also gains the following result:

Theorem 2.47. Let X = R%,Y = R® and Z = R%. Consider canonical relations Cy, C,
fromT*Y\OtoT*X\0andC fromT*Z\ 0to T*Y \ O as follows:

C() — N*{xl _ yl — O, xl/ _ yl/ — O, xl/l _ yll/ — O}/,
Cl — N*{xl +y/ — O,X” _yl/ — O}I,

C — N*{y// _ ZII — O,y’” _ Z/// — O}’,
60 — N*{x// _ Z// — 0’ X" — Z/// — 0}/,
Ci=N{x"-7"=0, T=(ConC),_,
where x = (X', x",x",x"),y = (y/,y",y",y") and z = (Z,7",7",7") are coordinates of
X, Y and Z, respectively. Then

CioC=Cj, j=0,1, (ConC))oC=x. (2.64)

Furthermore, for all properly supported operators A € I""™ (Cy,C) and B € I'""(C), the

composition

AoBe Z Imj+m+e/2,(m0+m1)/2+(2k’+k”’)/4—mj(5j,E), (2.65)
j=0,1

where e = d, — (k' + k" + k') is the excess of the composition Cy o C.

Proof. Obviously, Cy and C; intersect cleanly at an isotropic submanifold X of dimension
dy +d, —2k' — k' and (262) holds. Decomposing paired Lagrangian distributions into

sum of marked Lagrangian distributions [I0s99, Theorem 5.1], one has

Josm (CO Cl) — Im(),(ml—mo)/2+(2k'+k"')/4(co E) +Im1,(m()—ml)/2+(2k'+k"')/4(c1 2)
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2 Compositions of paired Lagrangian distributions

Therefore, it remains to check

I"*(C;,Z) o I"(C) C I”’f*’"*e/z’s(gj,f), j=0,1. (2.66)
The proof is completed by using Lemma 248 below. O
Lemma 2.48. If A € I'"*(C},X) and B € I"(C) are compactly supported operators, then

Ao Be [l (CLS),
Proof. We shall prove the case j = 0, while j = 1 is proved similarly. Rewrite
£= (X9 = 00",
By Proposition B 22, there exists a C* function a(% + §, x", y", &, &”,&"”") such that
Ka(x,y) = f DTS ) o4 5,0V, €7, €7) dE ddE

where the function a satisfies the following estimate: for all K € X, multi-indices o/, 83,
we have

—2s—|e’|-8" 8"

’ e \1/2
LS @

&

iv
X,

DEDIDY, a(3,",y",6)| < Crap (|x'|

with p’ = p+ (d, + d,) /4 — (K" + k" + k") /2.
Similarly, B € I"(C) implies that

KB(y, Z) — fei((x//y//)n//+(x///y///)n///)b(y’ Z’ TI//’ n///)dn//dnlﬂ,

where the function b € §"+d+d)/4=K"+K"/2(y 5 7 « R¥*¥"). The Schwartz kernel of the

composition A o B can be written as an oscillatory integral:
kAoB(x, Z) — fei((x,_yl)§,+(X”_y,’).f”+(xm_y,,/)‘f/”)"'i((y”_Z”)’7”"'0’”,_1”,)77”’)a(x’ y, é—‘)b(y’ Z n)dydé‘:d]]

— fei((x//_Z//)n//+(x///_Z/H)UIN)C(X’ Z, ]7"’ n/l{)dnlldn/”’

Where C()C, Z, 77//, n///) — fei((x,iy,)gur(x”7)’”)(‘,5”777,,)+(x,//7y”,)(§/”77],//))0()(:, y, é—‘)b(‘y, z n)dfdy, The

previous formula yields

C(.x, z, 77”’ n///) — fz_(x’ Z, n//’ n///, yiV)dyiv’

5'(X, z 77”’ n///, y(4)) — ei(Df»DS)a(je’ 5], xiv’ yiv’ é\;)b(j\}’ yiv’ z, 77”’ 7]/”)|§:(O,n”,n’”),§:fc-
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2.3 Models for compositions

It follows from Hormander results on Gauss transforms that c(x, z, ) satisfies:
~25—al-8"
| + ()" T
Dill)l;DZiv’ZivC(x7 <, n)‘ < CK,a/,ﬁ (lxll + ﬁ <n”’ n ”)p m’'=|6" B .
n.,n
But this exactly means that a € S?*"+¢/25_ As a conclusion, one has AoB € [P*"+¢/25(C,. ¥).

O

We are interested in the degenerate case when there is a canonical relation C from
T*Z\ 0to T*X \ O such that C = CjoC, j=0,1,and (CoNCy)oC = Y is an isotropic
submanifold, but I(Cy, C) o I(C) =1 (5 , E), the class of marked Lagrangian distributions.

Lety” = ( and rewrite y”” instead of y”, one gets:

Corollary 2.49. Let X = R*,Y = R* and Z = R%. Consider canonical relations C, C,
fromT*Y\OtoT*X\ 0and C fromT*Z\0toT*Y \ O as follows:

Co=N"{x' -y =0,x" -y =0},

C,=N{x+y =0,x"-y" =0V,

C=N{Yy' -2’ =0},

C = N*{xu _ Z// — 0}/, E — ELC,:O’

where x = (X', X", x""),y = (', y",y"")and z = (', 7",7""") are coordinates of X, Y and Z,

respectively. Then
CioC=C, j=0,1, (ConC)oC=3.

Furthermore, for all properly supported operators A € "™ (Cy, Cy) and B € I"(C), the
composition

AoBe Imax{mo,m|}+m+e/2,(m0+m1+k’)/2—max{m0,m1}(5 E)
where e = d, — #(y',y") is the excess of the composition Cy o C.

We have seen that the violation of the CIS condition causes new singularities in the
composition of FIOs and PLDs. An analogous phenomena takes place in the composition

of PLDs. Indeed, let Cy, C; and 50, C 1 be the following twisted conormal bundles to clean

submanifolds:
Co=N{x -y =0,x"-y"=0,x"-y" =0}, (2.67)
Ci,=N{X+y =0,x"-y"=0,x"-y" =0}, (2.63)
Co=N{y'—=7"=0,y" -=7" =0, (2.69)
C,=N{y"” -7" =0}. (2.70)
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2 Compositions of paired Lagrangian distributions

One can easily check that
C;oCi=E;, Cjo(ConC)=EyNE, Yjk=0,1.
However, one has
(Coﬂcl)OEJ':Kj, (ConC)o(ConC))=KoNK; G EyNE,
where

E() — N*{x/l _ ZH — 0’ XIN _ ZN/ — 0}1, sz1 — N*{xlll _ ZNI — O}/’ (2'71)
K;=Ejy0, Jj=0,1, Kon Ky =EqN E1|x,:0, (2.72)

with x = (', x", x”, x),y = (/,y",y"”,y¥) and z = (7, 7”,7"”,z?) are coordinates on
X, Y and Z, respectively.

Actually, we show that the resulting operators stay in a more general class of distribu-
tions associated with such Lagrangian manifolds with some isotropic marking on them,
which combine paired Lagrangian distributions and marked Lagrangian distributions in

the sense of Melrose [Mel&7]. More precisely, we have

Definition 2.50. Let (Ag, A;) be a cleanly intersecting pair of closed conic Lagrangian
manifolds of 7°X \ 0 and M; be a conic submanifold of A; for j = 0,1. The set
M(Ag, Ay, My, M) consists of all function p € M(Ay, A;) whose Hamiltonian vector
field is tangent to My, M,. The class of distributions on X which is determined by the
defining class of symbol M(Ay, A, My, M) will be denoted by I(X; Ay, Ay, My, M).

In our case, (E, E}) is a paired of closed conic Lagrangian manifolds of 7*(X x Z) \ 0

and K’ is conic submanifolds of E’. This leads to the following observation:

Definition 2.51. Let I(Ey, E1, Ky, K1) denote the class of operators associated with the
system (Ey, E;, Ko, K;) which consists of all operators A: C.°(Z) — D’(X) such that its
Schwartz kernel k4 € I(X X Z; E|, E7, K[, K7).

Remark 2.52. Because of the identification ": T°X X T*Z — T*(X X Z), we identify a
defining class of symbols with its pull-back by the symplectomorphism above.

Theorem 2.53. Let A € I(X X Y;Cy,Cy) and B € I(Y X Z; Cy, C;) be properly supported

operators. Then A o B is a properly supported operator belonging to the class
I(X X Za E07 El9 K()’ Kl)‘
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2.3 Models for compositions

Proof. The left hand side is determined by the following defining class of symbols
M(E()a El’ KO’ Kl) = {p(x, Z, ‘f> é/) € M(E07 El) | vy € K;a Hp(y) € TV(K;)’.] = 07 1} )

where H), is the Hamiltonian vector field corresponding to p. Because K7, j = 0,1 are
isotropic conic submanifolds, this class of symbols is closed under Poisson bracket. We
have to show that the composite belongs to I(Ey, E;, Ky, K1), the distributional space cor-
responding to the class M(Ey, E1, Ky, K;). Because Ey, E| are given by 71}, the space
M(Ey, E) is spanned by the following functions

&,

g/, (X” _ Z//)(é:// _ {//)’ (x/// _ Z///)|€:’ {l, f/“ _ g//l, §(4)’ ((4).
Evidently, for any p € M(E,, E), the vector H, tangents to ;. Hence, H,, is tangent to K
if and only if H,(dx") = 0. This yields H(dp) = ¢ p = 0 at K;. Thus M(Ey, E\, Ko, K1)
has the following generators
,a £ EE-1")
xXE&, ,

€, <l €, <l

{/’ (x// _ Z//)(é‘:// _ éa//)’ (x/// _ Z/U)lé:, {l, f’” _ é«ru’ §(4)’ 4(4).

, (xll _ le)é:_-l’

We need to verify that any function f(x, z, &, {) € M, considered as a function on
D =(T"X\0)XAry\o X (T°Z\ 0),

is the restriction to D of some defining function f € M(C; x G, J,k =0,1), the set of all
first order symbols on X X ¥ X Y x Z vanishing on C; X Ek for all j,k=0,1.

On the other hand, the set M(C; x Ci, j,k = 0,1) is determined by the following
generators
& +m)E —n)

Em i gl
& =yEn 7.4l (7 = YN L €7 = €7 =" ED Y,

ﬁ/, éw’ @/H _ Zul)lég’ 7, ﬁ’ ‘:l, 7—7/// _ Z:N/, ﬁ(4)’ §(4)’ ()~)// _ Z//)(ﬁ// _ é«//).

" =)+ 0,7, 41, (F + Y)E 1), (= y)E + 1),

Restricting to y = J, 7 = 7}, one obtains the following ideal

& - +1)
€, 1. ¢l

(x// _ y//)lég’ n, éul, (x/// _ y,”)lé:, 1, é«l’ é‘:ll _ 77”, ég/// _ n///’ 6(4), 77(4)’

O =N = O =0 = . LY).

(& =)+ Y2, (£ ))E,

b
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2 Compositions of paired Lagrangian distributions

Therefore, the conclusion easily follows. For instance, we have

ot (x/ _y/)fl +(x/ +y,)§/
xE = 5 )

W =2 = (=Y + -2
@ =2 = (=Y NEL + (O = 2IEL,
W =N =) = = NE =)+ (=Y =+ =2 -,
& =" =@ =)+ =),
&£ _EamE-n)

N &,¢] €,21°

The proof is completed.
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A.1 Distribution theory

Let X be an open subset of RY and 9’ (X) be the set of all distributions in X.

Definition A.1. Let u € 9 (X) and (xy, &) € X X (R \ 0). We say that (xo, &) ¢ WF(u) if
there exist a neighbourhood V of x; and a conic neighbourhood W of &, in (R? \ 0) such
that for some function y € C(V), x(xy) # 0, the Fourier transform yu rapidly decreases

in W in the sense that for all N € R, there is a constant C > 0 such that
u@| < c@™, £ew. (A.])

Note that WF(u) is a closed conic subset of X x (R? \ 0) whose projection into X is
equal to the singular support of u. In general, any closed conic subset of X x (R¢ \ 0) can
be wave front set of some distribution u € 9’ (X).

With the help of pseudo-differential operators, one can use the following result as
definition of wave front set of sectional distributions on manifold. The proof can be found

in [H6r8S, Chapter 18].

Proposition A.2. Let V"' (X) be the set of all classical properly supported pseudo-differential
operators P of order m on X with principal symbol o-(P). For any m € R and u € 9/ (X)

we have

WF®) = ﬂ Char P, (A.2)

AP (X)
PueC>(X)

where Char P = {(x0,£0) € T*X \ 0| o°(P)(x0. &) = 0}.

The following results shall tell us how wave front sets behave under fundamental

operations such as tensor product, push-forward and pull-back.



A Appendix

Theorem A.3 (Tensor product). Let X be an open subset in RY and Y be an open subset in

R%. Forallu € ' (X),v € D' (Y), u®v defines a distribution in D'(X X Y) and moreover,
WF(u ® v) € WF(u) X WF(v) U(supp ux 0) x WE(v) U WEF(u) X (suppv x 0). (A.3)
where one identifies X X Y x R4+ with X x R x ¥ x R%,

Theorem A.4 (pull-back). Suppose that f: X — Y is a smooth map and f*: C7(Y) —
C*>(X) is the pull-back operator defined by f*u = uo f. Set

Ny ={(f(0.m) | x € X,p e R®\ 0,"df(x)n = 0}
Then f* extends uniquely to an operator
f'1 {ue D'(V) | WEw) NNy = 0f - D'(X).

Moreover;

WE(f*u) € {(x,'df(om) | (F(0),m) € WF@)).

Theorem A.5 (push-forward). Suppose that Y, Z are smooth manifolds endowed positive
densities v, 0. Let

m.: CO(Y XZ) - CX(Y)
be the operator defined by
m(u)(y) = fu(y, v, ueCr(Yx2). (A.4)
zZ
Then n, can be extended to an operator
.. {u eD(YXZ) | 7T osuppu — Yproper} - D'(Y). (A.5)

Moreover,

WEGr.u) € {(v.7) € T°Y\ 0 | 3z € Z,(y,2,7,0) € WF(u)} .
In composition theorem, it is convenient to work with wave front relation:

Definition A.6. Let A: C°(Y) — 2Y(X) be a linear continuous operator. Wave front
relation WF'(A) C T*X X T*Y of A is defined by the following relation

WF(4) = {(x.& 5.1 | (1,3, € =) € WF(ka)} (A.6)
where k4 € D’(X X Y) denotes Schwartz kernel of A.
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In order to formulate composition, one introduces the following sets:

WEy(A) = {(x.£) € T°X | Fy € ¥, (x, £ y,0) € WF(4)}, (A7)
WF}(4) = {(y.7) € T°Y | 3x € X, (x,0;y.7) € WF'(A4)] (A.8)
Ay = {01y €Y XY [y = yf. (A9)

Definition A.7. A continuous map f: X — Y is proper if for any compact subset K € Y,

its inverse image f~!(K) is a compact subset in X.
We recall a result about action of an operator in distributional class:

Theorem A.8. Let A: C2(Y) = D'(X). Forallu € D'(Y) such that WF,(A)NWF(u) = 0
and the projection (supp ks X supp u) () (X X Ay) — X is proper, Au is well-defined as an

element in 9 (X). Moreover,
WF(u) € WF'(A) o WF()|_] WFx(A).

Remark A.9. For most interesting operator, WFEx(A) = 0, WF}(A) = 0, one can interpret

the formula above as the propagation of singularities under the action of operator A.

Itis a special case (and also an equivalent form) of the following abstract composition:

Theorem A.10 (composition). Let X, Y, Z be smooth manifolds and A: CX(Y) — D' (X)
and B: CX(Z) — D'(Y) be linear continuous operators. Suppose that WF},(A) (| WFy(B) =
0, and the projection

m: (suppkAxsuppkB)ﬂ(XxAYxZ) - XxZ (A.10)
is proper. Then A o B is well-defined as an operator from C(Z) — D'(X). Furthermore,
WF'(A4 o B) € WF'(A) o WF'(B)|_] WFx(4) x 0z|_0x x WFy(B),

where Ox = X X {0},0, = Z X {0} as the zero sections in the cotangent bundles T*X and

T*Z, respectively.

Proof. Let A: X XY XZ — X XY XY X Z be the diagonal map. The kernel of operator

A o B can be rewritten as

kaop(x,7) = A (ky ® kp). (A.11)
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Note that P := ,A* is a FIO associated with canonical relation I' from T*(X XY XY X Z)\0
to T*(X x Z) \ 0 which is defined by I" = N*{Axxyxz}. Hence, the operator P has the

following properties:
WF'(P) C T, WF, yuyz(P) = Ox X Ny (Ay) X 0z, WExy7(P) = 0. (A.12)
This implies that (x,y, y,z, &, 1,7, {) € WE(ka X kg) () WFyyyyys7(P) if and only if
§=0,0=0y=5.n=-7, (xy,,2,0,7,-7,0) € WF(ka X kp).

It is equivalent to (y, —n) € WF}(A) " WFy(B) = 0. Therefore, the composition theorem
follows by applying action of P on k4 ® kg. O

A.2 Gauss transforms

In this section we recall basic definitions and main results on Gauss transforms. For more
details, see [Hor8Y, Section 18.4]. From now on V denotes a finite dimensional vector

space and g,, x € V is a family of Riemannian metric in V.

Definition A.11. The metric g is said to be slowly varying if there exist positive constant

¢, C such that

8x(y) < ¢ = guiy(t) < Cgu(0). (A.13)

Definition A.12. If g is slowly varying, then a positive real-valued function m: V — Ris

called g continuous if there exist positive constants ¢, C such that
g:(y) <c = m(x)/C < m(x +y) < Cm(x). (A.14)

Denote by S (m, g) the set of all u € C*(V) such that

k
sup |ul (x)/m(x) := sup [u®(x; 14, .. .,tk)l/l—[gx(t.,-) < 400, (A.15)
1

IjGV

for all k € N.

S (m, g) forms a Fréchet space with the topology defined by the semi-norms p;, k € N
given by (A13). Now let A be a quadratic form on V’, the dual space of V. The operator
¢4 on 8'(V) is given by

A Pux) = F' (£ 0a)).
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Definition A.13. If g is a positive definite quadratic form on V and A is a quadratic form
on V’, then the dual form of g with respect to A is a quadratic form on V given as follows
g'x) = sup (%67
HEIAS
Definition A.14. The Riemannian metric g (and the positive function m) in V is called
A temperate (resp. A, g temperate) with respect to x € V if g is slowly varying (m is g

continuous) and there exist constants C and N such that y,t € V

A N
2,(0) < Cg.(0) (1 + g} (x - ) (A.16)
m(y) < Cm() (1+ gl (x - y)" (A17)

Definition A.15. A continuous linear form on § (m, g) is called weakly continuous if the

restriction to a bounded subset is continuous in the C* topology.
We shall use the following result on Gauss transforms

Theorem A.16 (Hormander). The map C° 5 u — expiA(D)u(x) € C has a unique exten-
sion to a weakly continuous linear form on (m, g) for every x such that g is A temperate,

g, < g%, and mis A, g temperate with respect to x. We have
|lexp iA(D)u(x)| < m(x)Jul] .

Furthermore, if these conditions are fulfilled uniformly for all x in a linear subspace V,
of V, then the map
S(m,g) > um— exp iA(D)u|VO

is weakly continuous with values in the space S (m, g)IVO of symbol in Vy corresponding to

the restrictions of m and of g.

A.3 Marked Lagrangian distributions

In this section we recall the definition of marked Lagrangian distributions, paired La-
grangian distributions and prove an oscillatory integral representation of these distribu-
tions in a model which is convenient for examining composition theorem. Let X = R?

and x = (x/, x’’) be coordinates in X. First, we define

Ao=N{x=0}, Ky=A (A.18)

&=0°
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Definition A.17 (Melrose). The space of marked Lagrangian distributions of order (m, s) €

R? associated with (A, Ky) (denote by I"5(Ay, Ky)) consists of all distributions u such that
) - 0" [ e e v,

for some a € S"*(Ag, Ko), ' = m —d/4, i.e., a € C°(RY) satisfies

4 2\ 174\ ~25-1¢|
L+ €1+ 1" ) &yl (A.19)

&

Remark A.18. We can extend the classes of symbols depending on x such that the os-

|D2a(é)| < c(

cillatory integral above defines the same classes of distributions. Namely, if a(x, &) €

C>(X x R?) such that for all multi-indices a, 3, there exists a constant C satisfying

(L+ &1+ 16"
&)
Then u(x) = f e a(x, £)dé belongs to I™5(Ag, Ko).
In fact, using Taylor expansion near x = 0, it is evident that every symbol a(x, &) can be
reduced to a symbol independent of x. Taking a(&) = e {PxPe)g(x, §)|x:0 € S™S(Ag, Kyp),
then u(x) — f e™a(&)dé € C=(X). Therefore, it is enough to consider the symbol classes

—25—|a’|
|D:Dha(x, )| < C( ) (&ml., (A.20)

which depend only on &.

Definition A.19 (Melrose, Joshi). Let A be a conic embedded Lagrangian manifold of
T*X \ 0 and K be a conic embedded submanifold of A. Denote I"™*(A, K), the space
of marked Lagrangian distributions of order (m, s) associated with (A, K). It consists of
distributions u with WF(u) C A, and for each A € A, there is a properly supported Fourier
integral operator F such that Fu € I'"™*(Ay, Ky), where F is of order zero, elliptic at 4

associated with a canonical transformation mapping (A, K) into (Ag, Kp) -

Joshi also proved oscillatory integral representation of marked Lagrangian distribu-

tions in the following models, when splitting variable x = (x, x”, x"”'):

Ai = N*{x” =0}, Ki= M|,
A2 = N*{x” = O, X" = O}’ KZ = A2|{:N:O'

Proposition A.20 (Joshi). For all (m, s) € R?, a distribution u € I"*(A,, K,) if and only

if u = uy + up, where u; € C* and

l/lz(X) — feix'”fma(xl’ x//’é_-///)dgul
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with a € S"™°(Ay, K}), the space of all smooth function a(x’, x",&"") satisfying

)—Zs—la/l

DZ/’X/,D?,,G(X/, X’,,f’”) <§”’>m,_W| ,

< Crap (I¥]+ &7
for (x',x") € K compact, m" = m+d/4 — k' /2, all multi-indices a, .

For more details, see [[0s99, Section 4].

Now we shall investigate a generalized model with splitting x = (x’, x”, x"”/, x"),

A3y =N"{x"=0,x" =0}, K;3=As, (A.21)

=0,£7=0"

Note that when x, &” or x’, x" are degenerate, one obtains the two models above.

Definition A.21. The space S"™°(A3, K3) consists of all a(x, &, &) € C* such that for all
xeKeX,

(1+1&"1 + |§"'|2)‘/4)‘25"“"‘”" ,,,,,
&€

Proposition A.22. A distribution u € I"*(A3, K3) if and only if there exists a function

IDD{a(x, )| < Ckap (Ix’l +

a(x,&,&") € S™ (A3, K3), m' =m+dj4— K +k")/2,

such that
M(.X) _ fa(x’ égu’gul)ei(x//é_u//+xm§///)d§”d§,” c COO(X)

Proof. We use the standard argument in the proof of model (A, K), see [10s9Y9, Theorem
4.2]. Consider a canonical transformation y mapping (A3, K3) into the model (A, Kp).

The map y is defined away from [£”’| = O as follows:

_‘x’ ( /7 l/l) + x,é:, + xl"éﬂv (f” 6”,) _xlv
|é://,é:///|’ XX |é‘://,é‘:///|2 ’ ’ |é‘://’é:///|

Rewrite x; = (x/, x"), x;; = (x”, x’""), then the phase function associated with the canonical

X: (x’ g) N ( ’xllé‘:/l’é‘:/”L (gll’gll/)’ xl‘\/lg//’gﬂll .

transformation above is given by

Yy, x,n, &) = ymr + G — xinn — xiér + Z;—gll, (A.22)
1
Note that y(A3) € Ag = N*{x = 0}, x(K3) C A0|§,:0’§,,:0. Let P be a properly

supported Fourier integral operator of order zero such that

Pr(y) = f MO p(y £ dxdndé), (A23)
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where p € S%/2(Y x R'k; + d)), is elliptic near K3 and smooth outside K3. Assume that
u(x) = fei"”f”a(x,,fll)df,,, for some a € ™ (A3, K3) with compact support in x;. We
shall show that Pu € I"™*(Ay, Ky). Indeed, we have

Pu(y) = feiyfl (f ei(—xlfl+x"(§n—77n)+§ml/|7711I)p(y, 1, ENalx, &)dxdé | dn (A.24)

- f My, ), (A.25)

where b(y,n) = f e xrtxnEu—n+émi /inul) p(y, 1, ENalx, &p)dxdé. First of all, by applying
stationary phase method in variables x;;, &, it reduces to prove that
i)
—if x7— 94
b(y,n) = f e U il px, . €0aCer, mindxidé;,

— feix@lp(y’ n, =&pa(x; + :7]—1, nll)dxld&

1
_ ei(Dx,,Df])p(y, n,&naxg, 7711)|

belongs to ™ *5(Ag X Ry, Kp). It is easy to check that if a(x;,7711) € S™°(As, K3), then

xr=nr/mul,E=0

am) = atm;/mul,nr) € S™ (Ao, Ko). In fact, since a(x;, n7;7) has compact support in x;, in
the support of a(n;/|n:l, 711), one has
Inul < e nul < Clnul.
Replacing x’ by n’/In”, ””’| implies
2L V@) At ey (r”.n")

oy "y s mu)*
Therefore, one obtains

']

a(l, nir)
7711

’ 1+ 114 + | 2\1/4 —2s
(l //n 77 + ( |n |// /|/7/7 | ) ) <)7//,77"/>m
I, " m’,n"")

la(m| =

<C

n'\n’)+ <77"', niv>1/2 —2s

<C
M

Memm™

The derivatives of a(n;, ;) are estimated in the same way.

This yields

by, m) = Y (iDy, D) p(y,n, €Nt min)|

||

m—d/4
xi=n1/Inilér=0" €s (AO, Ko)

Hence Pu € I"™*(Ay, Ky). The first part was proved completed. The second part is proved

similarly. O

100



A.4 The four-Lagrangian distributions

A.4 The four-Lagrangian distributions

In this section we shall define a class of distributions corresponding to a given system of
four Lagrangian manifolds L;, j = 0,1,2,3 of 7°X \ 0.

Definition A.23. Let denote by M(Ly, L;, L,, L3) the set of the principal symbols of first
order, properly supported pseudo-differential operators on X which characterize on L;, j =
0,1,2,3.

It is evident that M(Lo, L;, L,, L3) is closed under Poisson bracket. Thus, the set
M(Ly, Ly, Ly, L3) is a defining class of symbols on X.

Definition A.24. The space of distributions on X associated with the system of La-
grangian manifolds L = {L;, j = 0, 1,2, 3}, I(X; L), is determined by the class M(L).

We shall prove an oscillatory integral representation of distributions associated with

the following four conormal Lagrangian submanifolds in RY x (R? \ 0):

Ly =N"Sg, So={x"=0,x"=0,x" =0}, (A.26)
L =N*S;, S;={x"=0,x" =0}, (A.27)
L, =N*S,, S,={x"=0,x"=0}, (A.28)
Ly =N*S;, S3;={x"" =0}, (A.29)
where X' = (X1, ..., X)), X" = Xgsts oo s Apsar)s X" = Xgragrsts -+« s Xarsqrsq) and x@ =
(Xgradrsdrats - Xa), X = (&, X7, x"", x¥) € RY. For m = (mgy, m;, my, m3) € R*, the basic

weighted functions are given by

m(§) = (€, &")" (&N (€)™, (A.30)
Wn(€) = (&, €7)"TTITIR (YT (YT (E™ (A.31)

From this definition, we obtain the following properties of the weighted functions

(@i < () < (g E MOy e RY,

EMM < wy(€) < MM m e R*
Wn(EWp(&) = Wi p(€), m, p € R,
W€ +17) < Cwy () - (€)M m € R*
Win(&) < wy(é), m,peR, m;<p;,j=0,1,23.
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Definition A.25. The space S (L, m) is the set of all smooth functions a(x, ¢) such that for

all multi- indices a, 8 and compact subset K € R, there is a positive constant C = Ck 4z
IDADga(x, &) < Cwu(@) (€)1 @@y ey x e K.
One easily checks that

S(L,m)-S(L,m’")> (a,b) > abe S(L,m+m’)
DiD;: S(Lim) = S(Lim = e,), e, = (lal /| + la”|,la”| + |2, la”"D.

Definition A.26. Let S = S;,j=0,1,2,3, and I"'(X, S) denote the space of all distribu-
tions u € O'(R?) such that

u(x) = f e a(x,&)dé +v(x), ve C*RY), aeSL,m),

where m; =m; + d/4 - Nj/2), No=d +d’ +d”",N, =d +d”,N, =d” +d" and
N3 =d"’. We write
1x,8) = | ] I"x.s).

meR*
Since w,,(§) < w,(€) if m < p, we obtain I"(X,S) C I7(X,S§) if and only if m; <
pi,j=0,1,2,3.

Definition A.27. Let denote V(S) the set of all smooth vector fields on R¢ which are
tangentto all §;, j =0,1,2,3.

Using Taylor’s expansion, one easily verifies the following result:

Proposition A.28. The set V(S) is generated by the following vector fields

X0y i={x;0,, 1< jk<d} (A.32)
X0 = {x;0y, d < jk<d +d") (A.33)
X0, :={x;0y, d +d" <j<d +d" +d",1 <k<d} (A.34)

O =10y, d +d' +d" <k<d). (A.35)

Lemma A.29. Let s € Rand u € HISOC(Rd) such that Vy ... Vyu € HS (R?) for all N > 0,
Vi,...,Vy € V(L). Furthermore, assume that u has compact support. Then a(x?, &) =

fa(f)d§<4) € S(L,m) for all m € R* such that s + minog;<3{m;} > 0.

loc
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Proof. Fora = (¢/,a”,a"”,a™) € N, set

T(a) = {ﬂ c Nd . Iﬁl/ll S |al1l|, Iﬁll + Iﬁ”,l S |a/| + |alll|’

Iﬁ”' + Iﬁ’”l S |a/I| + |aIII|, wl’ﬁll’ﬁlll| S |a/,a/l, a”ll}.

By induction, one easily proves that for all 8 € T(«a),
1Bl
Dixe )V (A.36)
=0

where VY is the multiplication by smooth functions, V! = V and V¥ = V o VX,
Hence, if B € T(«@), then DPx%u =V, ... Vyu € Hfoc(Rd). Because supp u is compact
and u € H; (R%), we obtain D“fi € (£)™* L*(RY) for all a.
By assumption of u, we have &(D0) € (¢)~* L*(RY) for all B € T(a). Fix a multi-
index « and a positive integer N. Expanding (<§'>a, @ty <§(4)>N)2, we obtain

EVTHEN @ (WY D e @) LR, (A.37)
We have to show that there exist m € R* such that for all N > 0 and multi-index «,
D) < Cawa€) €)1y (@ ()
Choose m = (mg, my, m,, m3) € R* such that s + min m; > 0. For |y| > d/2, we obtain
D} (wm@-l &Y e @ gy Dga@)) € max|Dgw (@)1 ()7 LR,

On the other hand, w,,(&)™! = w_,,(&) € S(L,—m). So |D'w_,(€)] £ Cw_,,(&) < C (&)’

since s + minm; > 0. Hence,
|DIwn(©)' (&) L*RY) € L*(RY). (A.38)
For all N > 0, by Sobolev embedding theorem, we have
&) €V €Y (Y Drae) e Lo,
Therefore, by setting a(x,&,¢”,&”) = [ V5 U(E)de® we conclude that

u(x) — fei(x'f’+x”§”+x"’§”’)a(x(4), g/’gll’glll)dé:/ dé_-/l dé:/”, ac S(L, m)
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Lemma A.30. Let a(x,&) € S(L,m) for some m € R* and y € CX(R?) be a smooth
function with compact support. Set u(x) = y(x) f e™a(x,&)dE. Then the Fourier trans-
form () = F._,u(n) belongs to the space S(L,m). As a corollary, if u € I"(X; L) with

compact support, then it € S (L, m).

Proof. By definition, we have

an) = 2x) f M a(x, E)(x)dxd.

We now show that ii(n) satisfies the estimates above. Fix any N > 0 and multi-index «,

we obtain

Dy =C | [ [ e mxratr. o]
| [[ e @ a1 (e + o) dra
< [n-axm+ @ (¢ +n?) " ae

N N -N
<Cm = o)) (1) [~ alcer e (£9) " de < m -y (1) ™"
This implies that & € S (L, m). This completes the proof. i

Proposition A.31. The space I(X,S) is equal to the set of all u € 9 (X) such that there
exists s € R satisfying V... Vyu € HfOC(Rd)for all N, where Vy,...,Vy € V(L).

Proof. Let u € I(X;L) and m € R* such that u(x) = f ea(x,&)dé,a € S(L,m). Take
any cut-off function y € C*(RY). By Lemma B30, yu(n7) € S(L, 7). This implies that
yu € H*(RY) for all s + min m', > 0. Hence, I"(X; L) C H}

loc

(RY) for such s. Now take any
Vi,..., Vy € V(L). By induction we conclude that V; ... Vyu € I"(X; L). Consequently,
Vi...Vyuce Hl‘OC(Rd). Hence, u is stable under iterated action of the vector fields V(L).
Conversely, let u € 2'(R?) such that u € H} (R?) and forall N > 0, V,...,Vy €
V(L), we have V... Vyu € H; (R?). We have to show that there exists m € R* such that
u € I"(X; L). Take any locally finite family {y;} ¢ CZ°(R?) such that ¢ = 1. Applying

Lemma A~29, we obtain

pju = f e"a;(€)dé, ai(é) € S(Lm'),

where m € R* such that s + min m; > 0. Seta(x, &) = ;¥ (x)a;(€). Hence, a € S(L,m’)
and u(x) = f e*a(x,&)dé. Thus, u € I"(X; L). The proof is complete. m]
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Corollary A.32. Ifu € I(X; L), then WF(u) C L.

In fact, since V(L)Nu € HfOC(Rd ) for all N € N, we obtain
WFu) C{(x,&) e RIXRINO: o(V)(x,&) =0, YV e V(L) =L.
Note that if u € I"(X; L) then u € I"/(X; L; \ (Urz; L) for j =0,1,2,3.

Theorem A.33. Let S ={S;,j=0,1,2,3}and L = {L;, j =0, 1,2,3} be given as above.
Then we have
I(X,S) =I(X;L).

Hence, we write I"(X; L) = I'"'(X, S).

Proof. The first part I(X; L) c I(X, S) follows from the inclusion V c Op(M). Hence, it

remains to prove that for any operator P € Op(M),
P: I'"'(X;L) - I"'(X; L). (A.39)

We notice that holds for all vector fields in {x'0,, x"0,, X' 0, d,»} which generate
PV.
Take any P € Op(M) and u € I'"(X; L). Since the principal symbol o((P)(x, &) of P

vanishes on L, there exist smooth functions g;(x, /|€]) such that
To(P)(%,€) = Y 4,6 E/EDv,(x, ©),
J

where v(x,&) € {X'&,x"&", x"E,EP). Let Q; be properly pseudodifferential operators
with symbol ¢;, V; vector fields associated with v;. Set Qg = P—3,; Q;V; € ¥'(RY). Then
the principal symbol of Q, vanishes on a conic neighbourhood of L. Thus, Qy € ¥°(R?)
such that P = Q;V; + Qg near L. Hence, Pu = ), Q;V;ju + Qou € I"(X; L) for Q;, V; act
on I"™(X; L). O

Similarly, we obtain:

Theorem A.34. Let P € WP(R?) be a properly pseudodifferential operator of order p.
Then u € I"(X; L) implies Pu € I (X; L), where m; =m;+p,j=0,1,2,3. In par-
ticular, the spaces I"(X; L), m € R are invariant under action of the properly supported
pseudodifferential operators of order zero.

If P € Y\ (RY) is a properly supported operators such that its principal symbol po(x, &)
vanishes on L, then Pu € I"'(X; L).
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Sketch of Proof. Without loss of generality, take u € I"(X; L) N & (X). By Lemma [A730,
aE, e, e, xWy € S(L,m'). Let p(x,&) € SP4*RY x R?) be the total left symbol of
P € YP(RY), then Pu = feixfp(x, OE)dé. Because p € SPY* and ot € S(L,m'),
p(x, &)i(€) € S(L,m+p). Hence, Pu € I (X; L), with m’ = (mg+p, mi + p, my+p, m3+p).

The proof is complete. O

Similarly, we now define the class of distributions associated with three Lagrangian
manifolds Ly, Lo, L3:

Definition A.35. Let S (L,, L,, L3) be the set of all smooth functions a(x, £) such

that for any multi-indices «, 8 and K cc RY, there is a constant C, 5 > 0 such that
IDDga(x, ) < CgY" g gy g v e K.
We denote by I""™3(X; Ly, L,, L3) the set of all u € O'(R¢) such that
u(x) = f e ERETE D g (x, ©)dE, a(x, &) € S"0"5(Lo, Ly, Ly), (A.40)

where m = mo +d/4 — (d +d" +d")/2,my = my +d/4 - (d" +d")/2,m} =
msy+d/4-d" /2.

Theorem A.36. Let Ly, L,, L3 be given as above. Then the space | J,, """ (X; Ly, Ly, L3)

consists of all u € 9'(X) such that there exists a s € R satisfying
P...Pyuc H (RY), VN eN

where P;,1 < j < N are first order, properly supported pseudodifferential operators

whose principal symbols vanish on Ly U L, U L;.

The relations of these spaces with four-Lagrangian distributions are given in the fol-

lowing result.
Proposition A.37. For every (mg, m,, m3) € R3, we have
[Oromomm) (X L) @ I"O"(X Ly, Ly, Ly) € ™™™ (X L),
where m; = mo —d” /2.
Proof. Let my = my — d"” /2. Then m| = my,. Hence, we have

<§:/’ é';//>
<§N>
< war @€Y ™.

my—m/|~la"| ) B »
<§/>m(’)—m’2—|a’| <é\:/’§//>m/2—mg—laf”| <é\;>m§—|a”’| — Wm’(é‘:)( ) <§/>—Ia| <‘§;//>—|(l |<é:>—|a \
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Thus, if a € §""™"(Ly.L,, L3) then a € S (L, w,,). Therefore, the right inclusion follows.

The left inclusion is trivial. O

Remark A.38. As a consequence, if a(x, &) € S (L, w,,) satisfies

€'l < 16”], ¥ (x,€) € suppa,
then a € §"0"™"(Ly, L, Ls).
Theorem A.39. For all m € R*, we have
I"(X; L) C I"™"™"™(X; Ly, Ly, Ls) + I""™"™(X; Lo, Ly, Ly) € I" (X; L),

where m* = (mg, max{m,,mo — d” |2}, max{m,, mo — d’[2}, m3).
In particular, if min{m; + d” /2,my + d'/2} > my, then the following decomposition
holds
I"(X; L) = """ (X Lo, Ly, L) + """ (X; Lo, Ly, Ly).

Proof. Let y € C*(R) be a smooth function satisfying
0, fort < 1,

X =10<y®<1, forl<r<?2,

1, fort > 2.

Then ¢(&',&") = x((&€") / {(£€”)) has support in (£’) > (£”), and for all ', a”, there exists a

constant C(a’, @) such that

sc@Ey ™.

|DE DE (&,

Therefore, if u(x) = f ea(x,&)dé,a € S(L,m’) then u = u; + u,, where
00 = [ arn e = 9 £ at

Ur(x) = feixfal(xa E)dé, ar(x, &) = (1 — @&, E"))a(x, &).

Since a € S(L,m’), it is obvious that a; € S™ (Lo, L, L3) and in the support of a; we
have |¢’| > |¢”|. This implies that a; € S§""™ " (Ly, L, Ls). Similarly, a, € S(L,m’)
and (£’) < 2(x") in the support of a,. This shows that € §"0">"3(L,, L,, L3). Hence,
uj(x) € I'">""(X; Ly, Lj, Ls), j = 1,2. Thus, the left inclusion in the theorem holds. The

right one follows from Proposision A73. The proof is complete. O
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Definition A.40. Let J be a subset of {0, 1, 2, 3}. Denote V(S ;, j € J) the set of all smooth
vector fields on R which are tangent to S j» J € J. Similarly, Op(M(L;, j € J)) stands for
the set of all classical properly first order pseudodifferential operators on R with principal

symbols vanishing on Uje;L;.

In general, V(S j, j € J) is a subspace of the vector space Op(M(S ;, j € J)). In some
case, Op(M(S ;, j € J)) are generated by V(S ;, j € J) over PO(RY). For example, we have

V(S0,51,52,53) =span{du, X' 0y, x" 0, X0} (A.41)
V(So,51,83) =span{du, X0y, (X', X))y, X' Oy} ={xX0,} UV (A42)
V(S0,82,53) =span{du, X0, X" 0, (X', x")0 v} ={x"0,} UV (A43)

V(So,S1) =span{du, X0, X" 0, X'} ={X'0, X0} UV (A.44)
V(So,S2) =span{du, x""'0,, X0, X' 0.} ={x"0y,x" 0} UV (A.45)
V(S 1,S2) =span{du, x""0, X0, X', X' x" 0.} ={xXx"0, UV (A.46)
V(S0,S1,52) =span{du, X0, X" 0, X' 0, X' X0} ={xXx"0, UV (A4T)
V(S1,52,53) =span{du, X' 0y, x" 0, X" 0.} =V, (A48

The following relations hold:

Op(M(L)) = PU(X)V(L) + P(X) (A.49)
Op(M(L1, Ly)) = ¥ X)(V(S1,S2) + Op(€'¢” |€) + ¥O(X) (A.50)
Op(M(Ly, L1, Ly)) = P°(X)V(S0,S1,52) + P'(X) (A.51)
Op(M(L1, Ly, Ls)) = YO (X)(V(S 1,82, 83) + Op(€'¢” /1)) + ¥O(X). (A.52)

Therefore, M(-) is finite generated over the ring ¥° of first order, classical, properly sup-
ported pseudodifterential operators on X. Note that the operators Op(&'€”/|€]) kill the
symbols on Ly while operators Op(x'x"¢;), 1 < j < d kill the symbols on Ls.
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