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1. Introduction
The Kondo effect is a central phenomenon in the study of quantum-mechanical manybody correlations in electronic systems. It was observed in the study of dilute magnetic impurities in metals first [1; 2]. In these systems, surrounding electrons tend
to screen the magnetic moment of the impurity by forming a spin-singlet state with
impurity electrons. At low temperatures, this gives rise to unconventional changes
in physical observables such as electrical resistivity as compared to normal metals.
Within a theoretical model it was pointed out by Jun Kondo that the effect is due
to a non-perturbative many-body resonance [3]. It originates from resonant spinflip scattering of electrons. The adequate theoretical characterization of the manybody resonance is the so-called Kondo problem. It was solved by Wilson’s numerical
renormalization group which provides a controlled non-perturbative computation of
physical observables [4; 5]. At present, numerous analytical and numerical methods
are available and under further development for the understanding of the nuances of
the Kondo effect [6].
More recently, the Kondo effect was also observed in mesoscopic devices [7; 8]. It
is possible to study it far beyond thermal equilibrium by applying a bias voltage to
the device. Its relevance in mesoscopic systems is particularly high due to conceptual
connections to quantum computers and spintronics [9; 10].
For the new setups in mesoscopic systems, a further conceptual difficulty was
added to the Kondo problem. The state imposed by the nonzero source-drain voltage
must be described theoretically by a non-equilibrium quantum-statistical ensemble,
the mere definition of which is a challenge for theoreticians. Standard approaches
from the equilibrium setup are no longer applicable. Several methods for the nonequilibrium Kondo problem have been developed. These include perturbative approaches [11–13], renormalization groups [14–18], and numerical techniques [19–26].
It has been a controversial debate to which extent the many-body coherence of the
Kondo effect is maintained under non-equilibrium conditions. Presently available
approaches may be subdivided into two classes. First, it is possible to approach
the stationary state imposed by the bias voltage by switching a parameter in the
Hamiltonian and computing the time-evolution to a steady state. Here, the physical
relaxation dynamics are of additional interest. Second, the stationary state may be
described directly by techniques involving scattering-states bases.
In the present thesis, an approach proposed by Han and Heary is investigated
[27]. It uses a basis of noninteracting scattering states as a starting point in order
to map the non-equilibrium Kondo system to an infinite set of equilibrium systems.
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Analytic continuation with respect to an imaginary voltage which parametrizes the
equilibrium systems retrieves the non-equilibrium case. The major advantage of
the approach is that it facilitates the employment of numerous well-understood and
numerically controlled equilibrium techniques such as quantum Monte-Carlo for a
study of the non-equilibrium problem.
The first chapter of the thesis briefly discusses experimental realizations of the
Kondo effect in mesoscopic systems. As a standard model description, the singleimpurity Anderson model is introduced, and the basic theoretical starting point is
reviewed. Starting from this, the Matsubara-voltage formalism is presented in the
second chapter. Its inheritances from previous formal approaches by Zubarev and
Hershfield are discussed [28; 29]. Recent insights on the validity of the approach
are discussed. In chapter 4, the effective-equilibrium systems are solved numerically
with recently developed continuous-time quantum Monte-Carlo methods in order to
produce highly accurate data [30–33]. The latter are subject to further analysis
in the subsequent chapters. Chapter 5 introduces mathematical concepts from the
function theory of several complex variables and applies them to the structure of
dynamical expectation values and transport properties in imaginary-voltage theory.
An integral representation by Vladimirov is found to be of fundamental importance
[34]. In chapter 6, the numerical analytic continuation of observables from imaginaryvoltage theory will be discussed. The standard approach to analytic continuation
of quantum Monte-Carlo data, based on Bayesian inference [35], is first applied to
static observables. Vladimirov’s integral kernel is then used to derive first results for
dynamic observables and conductivity properties. This is followed by a discussion
of possible generalizations of the continuation algorithm for dynamic observables
and conductivity properties in chapter 7. Based on a continuity assumption for
the analytic structure of the correlation functions, a more effective integral kernel
is derived and invoked for the computation of non-equilibrium correlation functions
and transport properties. Chapter 8 concludes the thesis.

2

2. Kondo Effect in
Mesoscopic Systems
In this chapter, experimental realizations of nonequilibrium Kondo systems in quantum dots are discussed. An introduction to the theoretical description of the Kondo
effect in such systems via the Anderson impurity model is given. The Kondo effect
in equilibrium is outlined by means of its historical development, its phenomenology, and its theoretical treatment. Particular emphasize is put on perturbative approaches, because the imaginary-voltage theory employed in the present thesis relies
on perturbative arguments. The Keldysh real-time approach to the definition of
a nonequilibrium system starting from a well-defined system is briefly introduced.
This connects to the next chapter in which the real-time evolution is bypassed via
the introduction of imaginary voltages.

2.1. Experiments
Our discussion of experimental realizations of strongly correlated electrons in mesoscopic systems will be limited to the systems investigated by Cronenwett et al. and
Goldhaber-Gordon et al., who were first able to observe an out-of-equilibrium Kondo
effect in quantum dots [7; 8]. A typical device, based on a GaAs/AlGaAs heterostructure, is displayed in figure 2.1.1 Apart from the semiconductor heterostructures, the
effect was also observed in carbon nanotubes [36; 37].

2.1.1. Setup of a single-electron transistor
The single-electron transistor in figure 2.1 is comprised of a GaAs and an AlGaAs
layer, between which a two-dimensional electron gas (2DEG) is formed. Electrodes
on the surface of the sample are negatively charged in such a way that the 2DEG
is depleted in certain geometrically well-defined regions. This depletion leads to a
confinement of 2DEG-electrons to orbitals with sharp well-separated energy levels εd
in the central region of the device, the quantum dot. Tunneling through the depleted
region to the unconfined parts of the 2DEG leads to a finite life-time, i.e. a finite
energy-level broadening Γ, of the dot electrons. The unconfined parts of the 2DEG
1

A detailed review about the experimental realization of such devices may be found in the article
by Hanson et al. [10].
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region depleted by
confining electrodes
two-dimensional
electron gas

e−
tunneling
Source (L)

e−

s
aA

lG
A

s
aA

µL

U

µR

G

Drain (R)
quantum dot (εd )

gate electrode (VG )

(a) Schematic drawing of setup

(b) Coulomb blockade

Figure 2.1: Coulomb blockade physics in a single-electron transistor [7; 10].

being attached to source and drain electrodes form source and drain reservoirs. The
energy level(s) εd of the dot device may be tuned with respect to the Fermi levels of
source and drain reservoirs by the gate voltage VG .
A further important energy scale is introduced by the strong confinement of electrons to the quantum dot. It is the Coulomb repulsion which leads to a finite capacitance when an electron is added to the dot due to a tunneling process. Although
the capacitance consists of several contributions including capacitance with respect
to the conduction leads, it effectively yields a repulsion energy U of spin-up and down electrons within a spin-degenerate orbital [10]. The interplay of U , εd and Γ
gives rise to another energy scale, the Kondo temperature TK . It is associated to the
emergence of a coherent many-body state leading to a strong quantum-mechanical
entanglement of dot and lead electrons. The electrons form singlets which effectively
screen the free spin on the orbital.

2.1.2. Experimental Observables
The observables which are measurable with state-of-the-art techniques are the current
dJ
J and the differential conductance G = dΦ
as a function of the applied source-drain
voltage Φ. The magnetic susceptibility of the quantum dot as a function of a magnetic
field is in principle an excellent probe for the presence of the Kondo state; cf. section
6.1. It is however not within the range of current experimental resolution. Similarly, it
is presently impossible to determine the dot-electron spectral function rather directly
via photoabsorption.
Nevertheless, the interplay of temperature, Kondo scale, bias voltage and the other
energy scales leads to a striking behaviour of the conductance. When the Kondo scale

4
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is suppressed, transport behaviour is dominated by simple level shifts using the gate
voltage. In this so-called Coulomb-blockade regime, transport of an electron from
the source lead through the dot to the drain lead is possible whenever a quantum
dot energy level crosses the window defined by the two Fermi energies of the leads.
However, due to the Coulomb interaction U of two electrons in an otherwise degenerate orbital, the energy level is effectively shifted whenever the considered orbital
is singly occupied, cf. Fig. 2.1b. In the situation shown in the picture it is neither
possible to remove or add an electron. The conductivity of the dot is zero, due to
the Coulomb interaction.
When the system is cooled down below the Kondo temperature TK and if eΦ is
not significantly larger than kB TK , a nonzero conductance arises in an otherwise
unchanged system. This is the zero-bias anomaly due to the Kondo effect. Detailed
studies of the Kondo effect as a function of bias voltage, magnetic field, gate voltage,
temperature, and extensions of the quantum dot geometry are possible due to the
well-tunable parameters [38]. An utterly new aspect is driving the Kondo effect far
beyond thermal equilibrium by imposing the voltage bias.

2.2. Anderson Impurity Model
From the theoretical point of view, one finds that the study of transport through
small mesoscopic systems such as quantum dots may be often reduced to the physics
of quantum impurity models which involve a coupling to infinite source and drain
leads. In many cases these leads can be simply described by Landau’s Fermi liquid
theory. Superconducting or strictly one-dimensional [39; 40] leads go beyond this
picture and increase the physical complexity.
The standard model for transport through a small quantum dot with Kondo correlations is the single-level Anderson impurity model with two attached conduction
leads [41]. Its Hamiltonian consists of terms for the local part Hloc and the conduction, the term Hleads for the conduction electrons, a hybridization term Hhyb , and a
many-body interaction term Hint :
H = Hleads + Hloc + Hhyb + Hint .

(2.1)

The conduction electrons carry a lead index α, and an energy dispersion εαkσ . The
spin degree of freedom is the only local quantum number, i.e.
X
Hloc =
εd,σ d†σ dσ .
(2.2)
σ

Without a spin-orbit interaction, the hybridization to the conduction leads conserves

5
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the spin
Hhyb =

X


Vαkσ d†σ cαkσ + h.c. .

(2.3)

αkσ

We will furthermore assume that the hybridization is energy-independent, i.e.
Vαkσ = tα .

(2.4)

Without an external magnetic field, the d-orbitals are spin-degenerate. The interaction term simply introduces a capacitive charging contribution
Hint = U · (nd,↑ − 1/2)(nd,↓ − 1/2).

(2.5)

The case U = 0 is usually referred to as the resonant-level model. The quadratic
Hamiltonian allows a straightforward exact solution. In the limit of flat conduction
bands associated to the source and drain leads, using the energy-independence of the
hopping, one obtains an energy-independent broadening Γ of the dot level spectral
function. This is associated to the finite life-time of electrons due to the hopping.

2.2.1. Kondo Effect
In 1961, the Anderson impurity model was introduced by P. W. Anderson in order to
study the specific heat and electrical resistivity anomalies which had been measured
for diluted magnetic atoms in metals [42]. Despite the simple form, its physical
content is highly nontrivial. At zero temperature the perturbation series with respect
to V /U includes logarithmic infrared divergencies. This is equivalent to the Kondo
problem in the s-d exchange model [3]. The Anderson model exactly maps to the
latter in the limit U/V → ∞, through a Schrieffer-Wolff transformation [43].
It is often referred to as Kondo model and has the form
X
~ · ~s,
H=
εkσ c†kσ ckσ + J · S
(2.6)
kσ

where ~s denotes the net spin of the conduction electrons. J represents a local coupling
~ to the tight-binding chain of lead sites with local spin ~s. The
of the impurity spin S
Anderson model extends the s-d model by allowing for charge fluctuations on top of
the spin fluctuations.
The main reason why advance in the field has been both challenging but also physically enlightening may be found in the so-called Anderson orthogonality catastrophy.
Anderson pointed out that the Fermi liquid ground state of the interacting Anderson
model becomes orthogonal to the non-interacting one for sufficiently large interaction
strengths and that the overlap decreases exponentially as a function of the interaction
[44; 45]. One important consequence of the orthogonality catastrophy is the formation of a sharp Abrikosov-Suhl resonance next to the Fermi level [46; 47]. Its width,

6
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the Kondo temperature TK , is a newly emerging energy scale. It is essentially2 given
by the expression
√


ΓU
π(εd − U/2)(εd + U/2)
TK ≈
exp
,
(2.7)
2
ΓU
from Haldane’s scaling theory [48]. The essential singularity for Γ → 0 indicates
that a perturbative expansion in V /U , or, equivalently for the Kondo model (2.6), in
J must be regularized. The non-crossing approximation (NCA) and its systematic
extensions perform an infinite resummation of diagrams for this purpose [49–51].

Phenomenology
The Kondo effect can be described phenomenologically as follows [52]. At very high
temperatures T  TK , kB T  U , one-particle dynamics dominates, due to the
decoherence introduced by the strong thermal fluctuations. When the temperature is
decreased, the departure of a spin-down electron from the impurity and the arrival of
a spin-up electron in the impurity become correlated if a finite Coulomb interaction
is present. The latter makes the simultaneous presence of up and down spins on
the impurity energetically unfavorable and increasingly prefers sequential tunneling
processes. This sequential appearance of spin-up and -down electrons effectively gives
rise to a mutual spin flip of impurity and band electrons. With regard to in- and
outcoming band electrons it gives thus rise to so-called spin-flip scattering. At lower
temperatures T ≈ TK , the scattering becomes resonant, i.e. a many-body state forms
in which scattered electrons scatter again coherently with the impurity. By this, the
local spin is effectively screened by a cloud of conduction electrons. These resonant
spin fluctuations are frozen out to the Kondo ground state as T approaches zero.
The many-body resonance gives rise to a sharp peak of width TK at the Fermi level
in the spectral function of the impurity electron.
In the case in which the system is driven out of equilibrium due to a finite bias
voltage, it is a matter of debate, to which extent the decoherence introduced by the
bias voltage is analogous to that corresponding to the temperature of an equilibrium
system. An alternative to such an effective-temperature phenomenology would be
the partial maintenance of the Kondo coherence or other qualitatively new features.
For example, some computations indicate a pinning of the Kondo resonance to the
Fermi levels of each of the leads [13; 17].
2

The exact prefactor of the exponential has been subject to dispute since it also depends on
the precise definition of the width of a peak. Like many other low-energy properties it may be
extracted accurately as a full width at half maximum from NRG computations [4].
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Perturbative Approach in U/V
As a next step, U/V perturbative expansions will be discussed, whose applicability
is crucial for a justification of the imaginary-voltage approach utilized in the present
work [27; 53; 54]. A consequence of Anderson orthogonality is that not only perturbative expansions in V /U become nontrivial (see above), but also with respect to
U/V . Convergence is a priori not guaranteed. It was pointed out that in cases with
linear dispersion relation the Anderson Model may be mapped to a one-dimensional
system that can be solved exactly with a Bethe ansatz [55–59]. In this case the
systematic expansions of zero-temperature spin and charge susceptibilities around
the Hartree-Fock Hamiltonian with respect to U/V by Yosida and Yamada prove to
converge absolutely for arbitrary finite values of U [60–62]. Further comparisons to
results from Bethe ansatz showed that the same is true for the ground state energy
[63]. Initial indications [64] for an only finite convergence radius Umax = 2Γ appear
to be devitalized by these findings [13]; for the observables under consideration, these
singularities in solutions from Bethe ansatz turned out to be spurious, eventually.
It was found that both, at zero and at finite temperature the perturbative expansion
of the local Green’s function for the d-electrons converges in the intermediate- to
U
U
strong-coupling regime πΓ
≥ 2 [65; 66]. Values πΓ
≥ 2 [63] or, depending on the set
of considered observables and the desired extent of scale separation, still larger values
of U , may be regarded as quasi-infinite: most physical quantities are essentially equal
to the corresponding values in the Kondo model, in this regime. The weak-coupling
U
≤ 1, is delimited by the breakdown of the Hartree-Fock approximation
regime, πΓ
[6]. The temperature must be T < TK in order to study the strongly correlated
regime, because the Kondo resonance is increasingly suppressed, otherwise. The
universal scaling properties of the Kondo resonance are correctly reproduced with
the quantum Monte Carlo method [67]. Fixed-finite-order perturbation theory in
U eventually yields only algebraic scaling of the Kondo temperature in U , whereas
the correct scaling is given by equation (2.7) [6]. Hence, the speed of convergence is
lowered as U is increased or T is decreased. The behaviour of the average expansion
order in a Monte-Carlo sampling of the diagrams is related to this (see chapter 4).
Due to its presumably well-behaved convergence properties, an important application of the perturbative expansion in U turned out to be the derivation of exact
relations, for finite temperature as well as ground-state properties [6].
Physical Significance
Systematic studies clarified many aspects of the physics of the equilibrium model
even for the strong-coupling limit, and the model is considered to be well-understood
in equilibrium nowadays. However, understanding the emergence of the new energy
scale TK in detail was a non-trivial task that lasted for several decades. Other
aspects such as the spatial realization of the Kondo screening cloud are subject to
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experimental and theoretical investigations, using for example scanning tunneling
microscopy [68].
Due to the minimal local structure,3 already including physically highly non-trivial
physics and having a well-understood equilibrium limit, the Anderson model is widely
used as a test ground for various computational methods computing transport of electrons through nanostructures in the strongly correlated regime [69]. Understanding
the Kondo effect out of equilibrium may be seen as a fundamental key ingredient
to understanding quantum transport for this larger class of systems [41]. This and
further advance in nanotechnology lead to a “revival of Kondo physics” [70]. Furthermore, the Anderson model is included in the simplest non-trivial realization of
the now widely used dynamical mean-field theory (DMFT) for the treatment of the
Hubbard model which is for example used to study high-TC superconductivity [71].

2.2.2. Linear Response Theory
In order to have a first glance at nonequilibrium, a natural choice is the dissipationfluctuation theorem of statistical mechanics. It is widely and successfully used to
study transport characteristics of strongly correlated nanostructures by using equilibrium methods.
The theorem asserts that introducing an infinitesimal perturbation λ(t) to an equilibrium system, the response can be calculated from equilibrium correlation functions
[72]. The perturbation λ(t) = θ(t)λ̃(t) is switched on at time t = 0, contributing to
the Schrödinger representation of the total Hamiltonian via an operator Oλ ,
Hλ (t) = H + λ(t) · Oλ .

(2.8)

During the time evolution, eigenstates of H are perturbed by λ(t). It can be shown
[72] that the response of an expectation value of an observable M ,
δhM i(t2 )
δλ(t1 )

= −iθ(t2 − t1 )
λ≡0

Dh

M

(H)

iE

(H)
(t2 ), Oλ (t1 )

.

(2.9)

therm

Operators labeled by (· · · )(H) are Heisenberg representations of the respective quantities in the unperturbed system. The expectation value h· · · i is taken with respect
to the λ-driven out-of-equilibrium statistical ensemble, and h· · · itherm represents the
thermal expectation value.
The linear conductance of an interacting mesoscopic system is derived from this
relation [73]. It may be obtained by integrating over the conductivity of the sample,
i.e. the local response to an external electrical field.
Unfortunately, the regime in which linear-response is valid, is rather small as compared to intrinsic energy scales for systems which inhere a Kondo resonance: linear
3

I.e. only a single spin-degenerate orbital.
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transport characteristics are proportional to the height of the Kondo resonance. A
finite bias voltage introduces decoherence effects which may be expected to destroy
the resonance as the voltage approaches the order of magnitude of the Kondo temperature.

2.3. Nonequilibrium Perturbation Theory
In order to go beyond linear response theory, one has to take expectation values with respect to truely nonequilibrium statistical ensembles. The precise definition of the nonequilibrium ensemble in a formal way is often a cumbersome issue.
One of the most important tools used to accomplish this is the Schwinger-Keldysh
nonequilibrium perturbation theory [74]. The fundamental principle of setting up
the Schwinger-Keldysh theory is starting with a known density operator ρ0 at time
0 and then turning on a control parameter in the Hamiltonian which lets the density
matrix of the system evolve into the steady-state density matrix.

2.3.1. Fundamental correlation functions
Correlators of field operators constitute the fundamental building blocks of any diagrammatic approach to quantum field theory. Considering the initial density operator
ρ0 for a fermionic system we would, for example, like to compute a simple nonequilibrium steady-state static expectation value such as the density
Tr ρ0 ψ † (k, t)ψ(k, t)
,
t→∞
Tr ρ0

n(k) := lim

(2.10)

where k, k 0 are some degrees of freedom of the fermionic field operators ψ(k, t) in the
Heisenberg picture with respect to full Hamiltonian
H(t) = H0 + H1 (t)θ(t),

(2.11)

and H0 is the system Hamiltonian for t < 0, and θ(t) is the Heaviside stepfunction.
The lesser Green’s function
G< (k, t; k 0 , t0 ) = −i

Tr ρ0 ψ † (k 0 , t0 )ψ(k, t)
,
Tr ρ0

(2.12)

certainly contains more than enough information to compute
n(k) = lim iG< (k, t; k, t).
t→∞

(2.13)

Similarly, one may express certain current densities by equal-time values of G< [74].
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CT

t=0

t=T

Figure 2.2: The finite-time Keldysh contour CT . Both, the upper and lower part of the
contour are located infinitesimally below the real axis in the complex plane for convergence
reasons.

The lesser Green’s function nevertheless does not contain enough information in
order to build up a systematic diagrammatic expansion for expectation values, even
in equilibrium statistical mechanics. Here, the time-ordered Green’s function
G(k, t; k 0 , t0 ) = −ihT [ψ(x, t)ψ † (x0 , t0 )]i0 ,

(2.14)

where h·i0 = Tr ρ0 · /Tr ρ0 , must be considered there, because in perturbation theory,
the time-ordered exponential of the time evolution operator in the interaction picture
is expanded, while the density operator is treated as the imaginary time evolution
from 0 to −iβ.
Similarly, in the general nonequilibrium situation it is impossible to build a diagrammatic perturbation theory with respect to the regularly time-ordered Green’s
functions. Instead one has to use a more informative Green’s function by setting up
a time-ordered perturbation theory on the so-called Schwinger-Keldysh contour CT
which is depicted in figure 2.2. On the upper contour one considers time-ordered
operator sequences, on the lower contour anti-time-ordered sequences. The necessity
of the contour-ordering for a closed perturbation theory can, again, be seen by formally transforming Green’s function expressions between Heisenberg and interaction
picture and collecting term in the time-ordered exponential expansions [74].
The central quantity of nonequilibrium perturbation theory is thus the contourordered Green’s function
G(k, t, γ; k 0 , t0 , γ 0 ) = −i

Tr ρ0 TCT (ψ(k, γ, t)ψ † (k 0 , γ 0 , t0 ))
,
Tr ρ0

(2.15)

where γ, γ 0 are the Keldysh indices, denoting the upper and lower part of the contour
(denoted by − and +, respectively), and 0 ≤ t, t0 ≤ T . Writing the contour-ordered
Green’s function as a matrix with respect to the Keldysh indices, the diagrammatic
perturbation theory is obtained, including a Dyson equation, etc.

11

2. Kondo Effect in Mesoscopic Systems

2.3.2. Application to Nonequilibrium Kondo Systems
The assumption that unwanted initial correlations die out is by no means trivial in the
context of strongly correlated mesoscopic transport and is subject to ongoing investigations, because one has to show that the impurity models are no oversimplification,
even by means of purely qualitative nonequilibrium Kondo physics [75].4
While present-day understanding [6] indicates that the equilibrium Kondo effect
may be described perturbatively by means of a U/V expansion, one might argue
that this is not necessarily helpful in the nonequilibrium case, because the establishment of the nonequilibrium in case of a voltage source a priori involves a direct
switching of V , which is nonperturbative if U 6= 0 and, in contrast to equilibrium
theory, involves taking the open-quantum-system limit first (see section 3.1.2). In
the Matsubara voltage formalism (and a certain version of Hershfield’s formalism,
see, e.g. section 3.3), V is switched at U = 0 and after the establishment of the
well-understood non-interacting steady-state, a perturbative expansion with respect
to U/V is performed. However, one might argue that the nonequilibrium would have
to be introduced directly by a V /U switching, where nonperturbative effects might
arise, which otherwise are not taken into account. Such conceptual questions are at
present still a matter of debate.

2.4. Summary
In this chapter, the Kondo effect in quantum dot systems was introduced. The
theoretical description by means of a single-impurity Anderson model was discussed.
The theoretical properties of the model and its historical importance were sketched.
The formal definition of an out-of-equilibrium density operator by means of Keldysh
real-time theory was given. Furthermore, perturbative approaches were discussed by
means of their applicability to the nonperturbative Kondo effect.
The next chapter will connect to the Keldysh perturbative real-time approach by
first setting up a theoretical framework based on scattering theory. The cumbersome
expansion along a long real-time branch is replaced by an imaginary-time formalism which comes at the price of introducing an imaginary-voltage parameter. A
perturbative argument is used to connect real and imaginary-time theories.

4
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Another application of the Keldysh approach are quantum quenches, i.e. the transient dynamics
after turning on an interaction.

3. The Matsubara-Voltage Formalism
Apart from the Schwinger-Keldysh perturbation theory, it is also possible to investigate non-equilibrium steady states by means of scattering theory. This is due to
the fact that scattering states are (improper) eigenstates of the Hamiltonian of the
system under consideration and may serve as a (nearly) complete basis set for a
quantum mechanical description. We discuss some important aspects of quantum
scattering theory. Based on this, we introduce a Gibbsian approach to steady-state
quantum statistical mechanics which was pioneered by Zubarev and applied to mesoscopic systems by Hershfield. The introduction of a Matsubara voltage which makes
the latter approach technically more feasible, as proposed by Han and Heary, will be
described eventually. It represents the formal basis of the present work.

3.1. Quantum Theory of Scattering
3.1.1. Potential scattering of a single particle
Many important aspects of the quantum theory of scattering are already contained
in the limit of a single nonrelativistic spinless particle which is being scattered by a
localized potential V [76]. The Hamiltonian
H = H0 + V

(3.1)

acts on the Hilbert space H = `2 (R3 ) and has improper eigenstates1 and possibly
p2
bound states. Plane-wave solutions are the improper eigenstates of H0 = 2m
and are
in a certain manner related to the improper eigenstates of H, because the potential
V is local and H0 governs the time evolution of wave packets which are far away from
the interaction region.
This relationship, which is also named as the “asymptotic condition”, may be quantified by the so-called Møller wave operators: [76]
Ω± := lim U (t)† U 0 (t),
t→∓∞

(3.2)

where U (t) = e−iHt and U 0 (t) = e−iH0 t are the time evolution operators of the
interacting and non-interacting systems, respectively.
1

Improper eigenstates are no elements of the original Hilbert space.
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interaction region

U (T )

U (T )

|ψi
U 0(−T )|ψini
= U (−T )|ψi

U 0(+T )|ψouti
= U (+T )|ψi

(scattering
state)

Ω+

Ω−

S

U 0(+T )

U 0(−T )
|ψiin

|ψiout

Figure 3.1: One-particle potential scattering process for quasi-infinite times ±T , T > 0
in the Schrödinger picture. The in and out asymptotes U (∓T )|ψi of the scattering state
|ψi are represented by |ψin i and |ψout i, respectively, via the bare time evolution, because
the limit T → ∞ would yield infinitely broadened wave packets being no elements of the
Hilbert space `2 (R3 ). Møller operators Ω± and the S-matrix yield the relations between
the involved quantities.

Time-dependent scattering states
The operators Ω± act on H and also yield results in H. By specifying an arbitrary
state |ψin i ∈ H the asymptote of the incoming wave packet U 0 (t)|ψin i, t → −∞
should be resembled. The vector |ψi = Ω+ |ψin i represents the state which this train
has at time t = 0 under the influence of the scattering potential. Similarly, the
outgoing wave packet is represented by a state |ψout i ∈ H which is related to |ψi via
the second Møller operator, |ψi = Ω− |ψout i.
Because |ψi has an in- and an out-asymptote, it is called a scattering state.2 . The
scattering operator
S := Ω†− Ω+
(3.3)
yields the out-asymptote associated to a given in-asymptote of the scattering state
|ψi,
|ψout i = S|ψin i.
(3.4)
Its matrix elements yield the relevant transition probabilities in scattering experiments.
The action of the present operators is depicted in figure 3.1.
2

In contrast to classical mechanics, it is impossible to find a |ψi with only an in- but no outasymptote or vice versa [76]
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Orthogonality Theorem and Asymptotic Completeness
In contrast to the scattering states, bound states have no in or out asymptotes. Let
B be the space of bound states, R± ⊂ H the range of the Ω± operators, i.e. the space
of scattering states defined by all possible in/out asymptotes R± = Ω± H.
The orthogonality theorem states that for sufficiently regular V
B ⊥ R− ,
B ⊥ R+ .

(3.5)
(3.6)

R+ = R− =: R,

(3.7)

Asymptotic completeness,
may be proved for a wide class of potentials, but is notoriously difficult, in particular
in the much more general context of quantum field theory.
Consequently, for an asymptotically complete scattering theory one has
H = B ⊕ R.

(3.8)

In particular, in the absence of bound states, the scattering states form a basis
of the entire Hilbert space. Also the unitarity of S is obtained from asymptotic
completeness. In some scattering theories, most prominently the analytic S-matrix
theory, the unitarity of S is introduced axiomatically.
Stationary scattering states
While the scattering states |ψi ∈ R have the advantage of being regular vectors of
the Hilbert space, their time-dependence is an obstacle for the further development
of the theory. In particular, the theory does not refer to the continuous part of
the spectrum of H which certainly represents scattering processes but belongs to
improper eigenvectors of H.
In order to cope with the continuous part of the spectrum one enhances the range
of Ω± to improper vectors, namely denoting by
|~p±i := Ω± |~pi

(3.9)

the action of the Møller operators on the plane wave |~pi. While figure 3.1 cannot
be literally translated to the |~p±i states, they provide a basis to the |ψi ∈ R which
enables an interpretation of the scattering process by means of incoming and outgoing
momenta.
Since the Møller operators satisfy the so-called intertwining relation
HΩ± = Ω± H0 ,

(3.10)
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one finds that the stationary scattering states are in fact improper eigenstates of H,
with
H0 |~pi = Ep~ |~pi,
H|~p±i = Ep~ |~p±i.

(3.11)
(3.12)

That is, the continuous parts of the spectra of H0 and H are identical. In particular,
the |~p±i form an orthonormal basis of R.
Furthermore, one can show that
|~p±i = |~pi + G(Ep~ ± i0+ )V |~pi,

(3.13)

with the resolvent G(z) = (z − H)−1 , and
|~p±i = |~pi + G0 (Ep~ ± i0+ )V |~p±i,

(3.14)

with the free resolvent G0 = (z − H0 )−1 . Eq. (3.14) is the so-called LippmannSchwinger equation for |~p±i. While in one-particle scattering theory with a fixed
target, Eq. (3.14) is easier to solve than Eq. (3.13). This advantage disappears in
more general scattering theory, so that the term Lippmann-Schwinger equation often
synonymously refers to Eq. (3.13). We will also adopt this convention in the following.
Analytic structure
Apparently, the resolvents G0 (z), G(z) have poles on the real axis and are analytic
on the upper and lower half plane with respect to z. In order to relate the Møller
operators to the resolvents for finite values of Im z, one uses the definition
Z ∓∞
0
0
0
dt0 e±ηt eiHt e−iH0 t ,
(3.15)
Ω± = lim + ∓η
η→±0

0

which is equivalent to (3.2). In addition, for finite η, the operators
Z ∓∞
0
0
0
(η)
Ω± = ∓η
dt0 e±ηt eiHt e−iH0 t

(3.16)

0

yield the equations
(η)

Ω± |~pi = ±iη · G(Ep~ ± iη)|~pi,
= |~pi + G(Ep~ ± iη)V |~pi.

(3.17)
(3.18)

Eq. (3.18) makes it more convenient to use Eq. (3.16) for practical calculations and
then take η → 0+ at the end of the computation. One can derive Eq. (3.18) from
(3.17) by using the resummation G(z) = G0 (z) + G(z)V G0 (z). Taking η → 0+ yields
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the Lippmann-Schwinger equation. This procedure was introduced by Gell-Mann and
Goldberger [77]. Their physical motivation is that the finite but small η averages out
unnecessary time-dependent contributions in the definition of the scattering states in
combination with the integration with respect to t0 .

Liouvillian Formulation
In order to apply scattering theory to the steady-state many-body transport problem,
a Liouvillian formulation will be useful. Starting with the Liouville-von-Neumann
equation for density operators in the Schrödinger picture,
i

∂ρ
= [H, ρ] = Lρ,
∂t

(3.19)

where L = [H, ·] is the Liouvillian superoperator, rather than the Schrödinger equation i ∂ψ
= Hψ, one can generalize scattering theory to a Liouvillian formulation for
∂t
density matrices. In order to translate from Hamiltonian to Liouvillian description in
the one-particle problem, one simply has to replace H by L = [H, ·], V by LV = [V, ·],
|~pi by |~pih~q|, Ep~ by Ep~ − Eq~, H0 by L0 = [H0 , ·] [78].
Let us consider the eigenoperators Xk of L0 which fulfill the relation
L0 Xk = εk Xk ,
and yield, using the Møller superoperators
Z ∓∞
0
0
0
(η)
Ω± := ∓η
dt0 e±ηt eiLt e−iL0 t ,

(3.20)

(3.21)

0

the scattering states
(η)

Xk,± = Ω± Xk .

(3.22)

Consequently, the Lippmann-Schwinger equation for the scattering states reads
Xk,± = Xk +

1
LV Xk .
εk ± iη − L

(3.23)

As before, we will denote by
(η)

Ω∓ := lim+ Ω∓

(3.24)

η→0

the actual Møller superoperators.
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3.1.2. Many-body scattering theory
The formalism may be generalized straightforwardly to many-body scattering processes. In second quantization, consider the fermionic Hamiltonian
X †
H=
εk ck ck + V,
(3.25)
k

where V may introduce additional degrees of freedom, and H0 = H − V . Apparently,
†
L0 c†k = εk c†k and L0 ck = −εk ck . Following field operators ψk,±
are therefore obtained
†
from ck by
†
(3.26)
ψk,±
:= Ω∓ c†k .
Note that in order to obtain a similar expression for the adjoint operators ψk,± by
means of the annihilators ck one has to flip the sign of the Møller superoperators,
ψk,± = Ω± ck .

(3.27)
(†)

At this point, nothing is known about the (anti-)commutator algebra of the ψk,± ,
however. It might thus be misleading to call them annihilation or creation operators
in a general context. Also note that, although the invoked notation is similar to that
(†)
of the scattering theory of density matrices, we think of ck as field operators in the
Heisenberg picture here. Therefore, the roles of Ω− and Ω+ are interchanged again,
because the time evolution of the field operators is governed by Heisenberg’s equation
of motion which differs by a sign from the von-Neumann equation which describes the
density matrices in the Schrödinger picture: The field operator c†k creates a fermionic
excitation in the distant past which evolves to the many-body excitation created by
Ω− c†k under time evolution with respect to H.
Infinite Quantum System
Note that it is crucial that the k-sum in Eq. (3.25) has to run over infinitely many
fermionic degrees of freedom. Otherwise, one would deal with a finite quantum
system. Then, the Poincaré recurrence theorem for finite quantum systems would
effectively assert that the interaction term V will not only be acting at time t ≈ 0
but also at times t ± T , t ± 2T , et cetera. A central assumption of scattering theory
would thus be violated, making the construction (3.26) meaningless.
In contrast to typical computations for systems in thermal equilibrium it is therefore inherently necessary to take the infinite limit at a very early stage of the formal(†)
ism: It would be meaningless to compute ψk,± and observables expressed by them in
a finite system and then do a finite-size extrapolation. For example, the expectation
value of the current operator is always zero in a finite system, due to the recurrence,
while it is non-zero for steady-state expectation values of an infinite system.
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A natural starting point to stationary currents of fermions is thus the quantum
field theory which emerges from taking an infinite lattice of fermions.
Mathematical Implications
While an ultraviolet cutoff is inherently imposed by the lattice, still the infinite
number of degrees of freedom poses a fundamental problem when included a-priori.
It has been pointed out that in principle one might even face certain conceptual
limitations of the Fock-space formulation of quantum field theory.3 In particular,
the existence of a (thermal) density operator is not certain, because one may find
counter-examples in similar systems [80]. One has to keep these principal precautions
in mind when proceeding with the formalism.
When performing calculations with otherwise ill-defined density operators, one can
use the fact that the typical length scale associated to certain recurrence phenomena
may be identified. It may be given by vF t, where vF is a Fermi velocity. If then
the system size L  vF t, the recurrence phenomenon will not appear. In order
to consider certain convergence processes such as the t → ±∞ limits of scattering
theory, even more care has to be taken, in order to correctly model the interplay of
the remaining relevant energy scales of the system.

3.2. Hershfield’s Operator Y
For the finite-size equilibrium Anderson impurity model one can formally write down
the thermal density matrix in the grand canonical ensemble as
ρeq := e−β(H−µN ) ,

(3.28)

where N is the particle-number operator and µ the chemical potential. Observables
may be expressed as hAi = Tr (ρeq A)/Tr ρeq , and the thermodynamic limit may be
taken at the end of the calculation.
In the steady-state nonequilibrium setup, the situation is not as clear. Hershfield
postulated4 that the density matrix of the steady-state system effectively may be
similarly coped in the Gibbsian form
ρneq := e−β(H−ΦY ) ,

(3.29)

where Φ is the bias voltage µL − µR and β = (kB T )−1 is the temperature of the two
leads [29]. The newly appearing operator Y is Hermitian and can be constructed by
3

Consider, e.g., the paradoxa emerging within the field-theoretic limit of BCS theory as discussed
in Ref. [79].
4
Other nonequilibrium Gibbsian approaches to quantum transport may already be found in
Zubarev’s textbook [28].
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means of certain scattering states. More generally, having not the bias, but maybe a
current as defining parameter of non-equilibrium, Hershfield claims that
ρneq := e−β(H−Ỹ ) ,

(3.30)

for some Hermitian operator Ỹ .

3.2.1. Outline of the formalism
The formal details, such as specifying the appropriate limiting procedures in order
to make the involvement of ρneq well-defined, with Hershfield’s approach are due
to the field-theoretic limit somewhat delicate and still subject to intensive ongoing
investigations. Hence, we will only discuss the central ideas of the formalism. Details
of the appropriate limiting procedure may be found in the literature [81; 82]. In
this work, we will concentrate on the aspects of Hershfield’s approach which are also
relevant for its imaginary-voltage extension by Han and Heary.
As in Keldysh perturbation theory, one typically defines the non-equilibrium system starting with an equilibrium system at t = −∞. In our case, one can start
with zero hopping from the leads into the nanostructure, with the two leads being
in thermal equilibrium at different chemical potentials µL and µR , namely with the
initial density matrix for the leads,
ρ(t = −∞) := e−β(HL −µL NL ) ⊗ e−β(HR −µR NR ) .

(3.31)

Using the time evolution with the full Hamiltonian of the system, a steady state of
the system is approached. For this purpose, the existence of a physical relaxation
process is assumed by Hershfield. Doyon and Andrei argue that a formal similarity to
Caldeira-Leggett models of quantum decoherence ensures the necessary relaxations
automatically within the model [81; 83]. Nevertheless, the actual approach to and
even the mere existence of a steady-state may only be proven for the interacting
Anderson impurity model under certain assumptions [75]. Another setup consider
a steady-state non-interacting system which may be constructed explicitly either
with respect to a certain voltage drop or with respect to a certain current. As the
interaction is turned on, the full non-equilibrium problem emerges.
None of these strategies is chosen by Hershfield, but he merely points out that in
all of these cases, the initial density matrix already has the form
ρ0 = e−β(H0 −Ỹ0 ) .

(3.32)

Under the assumption that due to the presence of a physical relaxation process
the mathematical details work out well, he was able to show that the interacting
stationary state may also be written in the above form. In the particular example
of the first switching process, namely the two equilibrium reservoirs with chemical
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potentials µL , µR , he finds that
X †
X †
Ỹ = µR
ψR,k ψR,k + µL
ψL,k ψL,k .
k

(3.33)

k

(†)

(†)

Here, ψα,k operators are the scattering states evolving from the k-th band electron cα,k
†
operators create
of the lead α via Eq. (3.26). It should again be emphasized that ψα,k
complicated many-body states involving processes such as particle-hole excitations,
etc., and the commutator relations of the ψ-operators are a priori unclear.
However, it has recently been shown by Han that
{ψα† 0 ,k0 , ψα,k } = δα,α0 δk,k0 ,

(3.34)

as long as the many-body interaction acts only locally on the nanostructure, so that
LV c†ασk ∝ d†σ , where LV is the Liouvillian with respect to the hopping and interaction
part of the Hamiltonian [84]. Hence, for a large class of mesoscopic systems, including
the single-impurity Anderson model, the scattering states are fermions. Han also
showed that these fermions provide a complete basis set for the underlying manybody Hilbert space [84].
Note that when we use the common convention of setting the zero of energy to the
mean of the two potentials, µL = +Φ/2, µR = −Φ/2, we have
Xα †
ψαk ψαk .
(3.35)
Y =
2
αk
†
The Y quantum numbers are ±1/2 for a single-electron state ψ±,k
|0i and distinguish
the source and drain leads to the nanostructure. In the many-body case the Y
quantum number is a measure for the balance of the number of electrons scattering
into the nanostructure from source or drain leads, respectively.

3.2.2. Application of the approach
The Zubarev-Hershfield approach has the appealing feature of yielding a quasiGibbsian density operator. Nevertheless, it took the scientific community some time
to develop the idea further for the following reasons.
First, the benamed mathematical difficulties coming with the introduction of the
density operator, have raised concern. Recently, the work by Doyon and Andrei
appeared to provide some insight to this topic. One of their results is that one can
probably only consider expectation values of “local” observables within Hershfield’s
formalism, such as the current operator and correlators within the nanostructure.
Second, the definition of the Y -operator via interacting scattering states is a highly
challenging issue for practical computations. Besides the Lippmann-Schwinger equa-
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tion there is basically no other starting point for a systematic buildup of the scattering states. The scattering-states numerical renormalization group approach [22]
imposes a numerically explicit real-time evolution for this purpose. Very recently,
Dutt et al. provided a perturbative imaginary-time approach to the Hershfield formalism [82]. It is however only diagrammatic in a sense that the density operator
has to be first computed to the desired order via a hierarchy of differential equations,
and then the diagrammatic rules define the Green’s functions of the nanostructure.
Third, these latter complications are very much due to the fact that the statistical
operator and the time evolution operator are no longer closely related. In contrast to
this, for thermal Green’s functions the Boltzmann factor, using the chemical potential
µ = 0 as the reference energy, may be written as an evolution from 0 to −iβ in
imaginary time. The same Hamiltonian is used for the time evolution as in realtime dynamics. This coincidence is heavily used in equilibrium quantum statistical
mechanics but is not applicable here.

3.3. Matsubara-Voltage Approach
In this section we introduce the imaginary-voltage formalism, which is being investigated in the course of the present thesis. Based on Hershfield’s approach, Han and
Heary suggested to introduce the following modification of the formalism towards an
effective equilibrium, using the Matsubara voltage idea of Fendley et al. [27; 85]. By
means of the non-interacting steady-state density matrix,
ρ0 = e−β(H0 −ΦY0 )

(3.36)

they analyzed the Schwinger-Keldysh perturbation theory with respect to U . The
non-interacting Y0 could be explicitly calculated by computing the non-interacting
scattering states analytically from the Lippmann-Schwinger equation (3.23), using
the respective Ω− c†αkσ states. In the non-interacting Anderson impurity model they
obtained:
X tα tα0
tα
gd (εαk )
(0)
(ψαkσ )† = c†αkσ − √ gd (εαk )d†σ +
c†α0 k0 σ0
0
0
Ω
ε
−
ε
+
iη
Ω
αk
αk
α0 k 0 σ 0
for
Y0 =

Xα
αkσ

2

(0)

(0)

(ψαkσ )† ψαkσ ,

(3.37)

(3.38)

where gd is the noninteracting Green’s function
gd,σ (ε) =
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1
ε − εd,σ + iΓ

.

(3.39)

3.3. Matsubara-Voltage Approach
In the next subsections, we will first comment on the structure of interacting expectation values of observables and the principal problem of how to obtain a consistent
effective-equilibrium theory from Hershfield’s approach. Second, the Matsubara voltages are introduced, and it is argued why they can provide a link between effectiveequilibrium systems and the nonequilibrum system. Third, the effective Hamiltonian
is derived, which is easily expressed by means of the noninteracting scattering states
and provides the effective-equilibrium systems corresponding to the interacting stationary state.

3.3.1. Structure of Expectation Values
Expectation values of static observables with respect to the interacting steady state
can be derived by the following:
Tr Âe−iL(T −0) ρ0
,
T →+∞ Tr e−iL(T −0) ρ0

hÂi = lim

(3.40)

where L is the full Liouvillian and ρ0 is the initial density matrix. Using the previously
proven [84] fermionic nature of the only implicitly known interacting scattering states
ψαkσ , and their completeness, the expectation value is formally written by Han and
Heary as a functional integral with respect to real-time Grassmann fields representing
the ψαkσ ,
*Z
+
Y
R
†
†
hÂi =
(Dψαkσ
Dψαkσ )A(ψ···
(0), ψ··· (0))ei L(t) dt
,
(3.41)
αkσ

0

where the Lagrangian is
L(t) =

X

†
(t)(i∂t − εαkσ )ψαkσ (t),
ψαkσ

(3.42)

αkσ

and the diagonality of
H=

X

†
εαkσ ψαkσ
ψαkσ

(3.43)

αkσ

has been used. The expectation value h·i0 is again taken with respect to the noninteracting steady state ρ0 .
Aiming at an effective-equilibrium description one should first note that the eigenstates of H, ψαkσ are associated to different chemical potentials µL and µR via the
action of Hershfield’s Y -operator, as in Eq. (3.33): the density operator is diagonal
in the ψαkσ -basis and has the form
ρ = e−β

P

αkσ

†
ψαkσ
(εαkσ −αΦ/2)ψαkσ

.

(3.44)
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The introduction of new eigenvalues ε̃αkσ := εαkσ − αΦ/2 formally yields the equilibrium density matrix
P
†
ρ = e−β αkσ ψαkσ ε̃αkσ ψαkσ
(3.45)
for the system (3.41) whose dynamics is now characterized by the Lagrangian
X †
L(t) =
ψαkσ (t)(i∂t − ε̃αkσ − αΦ/2)ψαkσ (t).
(3.46)
αkσ

Again, the nonzero difference between εαkσ and ε̃αkσ corresponds directly to the fact
that for nonequilibrium systems, the thermodynamic factor cannot be written as the
time evolution operator from 0 to −iβ (see section 3.2.2). Nevertheless, the shift is
a constant which only depends on the lead index, because the lead electrons stay in
thermal equilibrium.
As a next step, in order to obtain a full equilibrium system, the real-time Grassmann fields associated to the interacting scattering states are rescaled as follows:
ψαkσ (t) = e−iαΦt/2 ψ̃αkσ (t).

(3.47)

This would remove the −αΦ/2 term in (3.46). However, both ψ and ψ̃ will not be
able to represent equilibrium systems, because the analytic continuation
e−iαΦt/2 → e−αΦτ /2

(3.48)

as t → −iτ is not compatible to the Kubo-Martin-Schwinger (KMS) antiperiodic
boundary condition of fermionic Matsubara theory [74; 86; 87].

3.3.2. Matsubara Voltage Substitution
In order to solve this dilemma, the Matsubara voltage
iϕm := i

4πm
,
β

m∈Z

(3.49)

is introduced. Formally replacing Φ by iϕm in Eq. (3.47) and in the Lagrangian
(3.46) makes both, the formulations with respect to ψ- and ψ̃-fields compatible with
Matsubara boundary conditions at once, because the factors e−αiϕm τ /2 are β-periodic
with respect to τ . The operation ψ → ψ̃ is an equivalent transformation within the
functional integral (3.41):
+
*Z
Y
Rβ
P
†
†
†
hÂi(iϕm ) =
(Dψ̃αkσ
Dψ̃αkσ )A(ψ̃···
(0), ψ̃··· (0))e− 0 dτ αkσ ψ̃αkσ (t)(∂τ −ε̃αkσ )ψ̃αkσ (t) .
αkσ

0

(3.50)
Note that this formula implicitly depends on both iϕm and Φ.
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Eq. (3.50) is rather useless by itself. But by reinserting the ψ-fields, and by means
of the Matsubara voltage substitution applied to the bare band electron energies
occuring in the Lagrangian of the original theory,
εαkσ → εαkσ +

α
(iϕm − Φ),
2

(3.51)

we end up with an equilibrium system which may be described by the Matsubara
formalism, because it is equivalent to Eq. (3.50).

3.3.3. Effective Hamiltonian
At this point, the system can, like a canonical equilibrium system, again be described
by one single non-Hermitian Hamiltonian which appears both, in the statistical and
time-evolutional part of the expectation value: For the fully evolved density operator,
Eq. (3.44), we have
P
†
α
(3.52)
ρ ≡ e−β αkσ ψαkσ (εαkσ + 2 (iϕm −Φ))ψαkσ ,
†
because e−αβϕm /2 = 1, and the ψαkσ
ψαkσ operator is just counting 1 or 0 fermions in
the scattering state (αkσ).

One could use the Hamiltonian K = H +(iϕm −Φ)Y as an effective Hamiltonian for
the time-evolution and density matrix. Here, however, the problem of not being able
to explicitly construct interacting scattering states and thus also not the operator
Y , reappears. Furthermore, introducing the full density matrix is explicitly avoided
in expression (3.40) and in the following theory for that reason. It would not be
consequent to use quantities which depend on the interacting scattering states also
at this more advanced stage of the formalism.
At first, it is thus important to realize that the point made in the previous subsection can in particular be made for the non-interacting situation U = 0. In this case,
the limiting process (3.40) is trivial. For the initial density operator ρ0 we then have
ρ0 ≡ e−β

(0) †
(0)
α
αkσ (ψαkσ ) (εαkσ + 2 (iϕm −Φ))ψαkσ

P

(iϕm )

=: ρ0

.

Yet restricting to the non-interacting case, the effective Hamiltonian is

X (0) 
α
(iϕm )
(0)
†
K0
=
(ψαkσ ) εαkσ + (iϕm − Φ) ψαkσ = H0 + (iϕm − Φ)Y0 .
2
αkσ

(3.53)

(3.54)

Starting from Hershfield’s
lim e−iLH t ρ0 = lim e−iHt ρ0 eiHt = ρ,

t→∞

t→∞

(3.55)
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Han and Heary now adopt the substitution
(iϕm )

K (iϕm ) := K0

+ Hint

as effective Hamiltonian for the Matsubara theory.
Using Eq. (3.56) for the time evolution the quantity


(iϕ )
ρ(iϕm ) := lim exp −iLK (iϕm ) +Hint t ρ0 m .
t→∞

(3.56)

(3.57)

0

can be evaluated within the equilibrium formalism. If an appropriate analytic continuation iϕm → Φ exists, ρ(iϕm ) exactly reduces to the expression (3.55) for ρ. The
(iϕ )
identity ρ0 m ≡ ρ0 , Eq. (3.53), has to be inserted before the analytic continuation
is carried out.5 Consequently, the Hamiltonian (3.56) can be used for an effective
equilibrium calculation, and given the analytic continuation iϕm → Φ is adequately
possible, the original Hershfield result is reobtained from the Matsubara voltage theory.

3.4. Physical Observables
3.4.1. Range of applicability
In order to compute physical observables within the Matsubara voltage formalism
one first has to check whether and when there is actually an analytic continuation
iϕm → Φ which yields physical results, because the formal replacement of iϕm by Φ
in certain terms does not guarantee their existence.
In the original publication, Han and Heary chose to validate their approach for
the single-impurity Anderson model. In the wide band limit, the Schwinger-Keldysh
perturbative expansion of the dot electron Green’s function was compared to the perturbative expansion within the Matsubara formalism. A correct mapping as iϕm → Φ
of Matsubara theory to real-time theory was indicated by certain term-by-term identifications up to second order in U [27].
Role of Y0 quantum number in many-body processes
In a later publication it was pointed out that under certain circumstances, the correct
mapping cannot be realized by a simple analytic continuation rule for higher-order
contributions [53].6
5

This rule may preferably be interpreted as a boundary condition to the continuation, as we will
see later.
6
By an analytic continuation rule we denote a rule to recover real-time theory from a simple
functional expression involving certain analytic continuations of the Matsubara theory.
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Y0
+1/2

(0)

(0)

ψLk0σ

ψLqσ

(0)
ψLkσ

(0)
ψR,k+k0−q,σ

Y0
+1/2
−1/2

+1/2
Coulomb vertex

Figure 3.2: A scattering process which does not conserve the Y0 quantum number.

The reason for this constraint is a subtlety which itself arises in the first-order
perturbation theory with respect to U . As sketched in figure 3.2 it is based on
the fundamental observation that the Y0 quantum number is not conserved by manybody scattering processes: Because the source and drain leads are treated on an equal
footing, incoming electrons from the source lead (Y0 quantum number contribution
+1/2) may scatter via the interaction U to the drain lead (Y0 quantum number
contribution −1/2) and vice versa. One may see this formally in the single-impurity
Anderson model by rewriting the Coulomb interaction term in the non-interacting
scattering states basis: [53]


X  tα g ∗ (ε1 ) †
tα2 g(ε2 )
1
√
√
ψα1 k1 ↑
ψα2 k2 ↑ ·
Hint =U
Ω
Ω
{α},{k}
(3.58)



tα3 g ∗ (ε3 ) †
tα4 g(ε4 )
√
√
ψα3 k3 ↓
ψα4 k4 ↓ .
·
Ω
Ω
If the source and drain leads are given by the same density of states ρ(ε), this does
not impose a constraint to the applicability of the theory, for symmetry reasons, even
for different hoppings tα . Nevertheless, the formalism cannot be applied to serially
coupled quantum dots [53]. Another serious implication of the missing conservation
law for the Y0 number is that the imaginary-voltage theory is not applicable to the
current operator, although Hershfield’s approach is applicable [54; 81]. Nevertheless,
the current may often be calculated from the dot Green’s function via the MeirWingreen approach [88].
Note that disregarding the formal constraints to Matsubara voltage theory, the
fact of the Y0 number not being conserved has a simple physical reason. Namely,
it is due to the establishment of the correct statistical ensemble for the interacting
system. The latter is governed by the interacting Y -Operator, via time-evolution
with the full Hamiltonian: see the discussion of Eq. (3.57).
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Branch cut at Im zϕ = 0
An additional, but not fundamentally disturbing subtlety is that within certain vertex
corrections diagrams appear which introduce a rather involved structure of convoluted
bare propagators which gives rise to a branch cut at Im zϕ = 0, where the analytic
continuation iϕm → zϕ ∈ C has been inserted. Up to present knowledge, the branch
cut itself is not a principal constraint, because the physical expectation values may
be extracted from the two possible directions approaching it: it is argued that the
symmetric averaging over the branch cut generates the correct singular-value type of
integrals of the Keldysh real-time expansion [53].

3.4.2. Structure of the perturbation expansion
The structure of the imaginary-voltage theory, including some of the previously mentioned properties, may be investigated explicitly in perturbation expansions with
respect to U [60–62]. Integrating out the bath degrees of freedom in the wide-band
limit, the noninteracting Green’s function of the quantum dot becomes [27]
(0)

Gd (iϕm ; iωn ) =

X
α

iωn −

α
(iϕm
2

Γα /Γ
.
− Φ) − εd + iΓsgn(ωn − α2 ϕm )

(3.59)

In Eq. (3.59), Γα is the hybridization with the lead α, Γα = πNF · |tα |2 , where NF
is the density of states of the respective leads at the Fermi level and Γ = ΓL + ΓR .
Due to the non-conservation of the quantum number Y0 in the interacting theory, we
have to assume that NF is identical for source and drain leads, while the hopping
amplitudes tα may be different [53].
It is important to underline that no Lehmann representation exists for G0 , because
(3.59) is not analytic with respect to iωn on the entire upper half plane H [89]. Further
analytic properties will be described in the following chapters.
The time-evolution of the effective Hamiltonian (3.56) is now contained in the
time-ordered Matsubara Green’s function
Z Y

(iϕm )
0
Gd,σ (iϕm ; i(τ − τ )) =
D[dσ̃ , d†σ̃ ] dσ (τ )d†σ (τ 0 )e−Seff,d
(3.60)
σ̃

via the d-electron quantum effective action
Z β
XZ β
(iϕm )
(0)
Seff,d =
dτ
dτ 0 d†σ̃ (τ 0 )(Gd )−1 (iϕm ; τ, τ 0 )dσ̃ (τ ) + Sint [d, d† ],
σ̃
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0
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where the Hubbard interaction term



Z β
1
1
†
†
d↑ (τ )d↑ (τ ) −
Sint = U ·
dτ d↓ (τ )d↓ (τ ) −
2
2
0

(3.62)

represents the local Coulomb repulsion.
In second-order perturbation theory, Han and Heary showed that the particle-hole
symmetric irreducible self-energy with respect to the U -expansion of (3.60) can be
written as

X Y Z
Γαi
(2nd)
A0 (εi ) ·
Σ
(iϕm ; iωn ) =
dεi
Γ
{α} i=1,2,3
(3.63)
fα1 (1 − fα2 )fα3 + (1 − fα1 )fα2 (1 − fα3 )
·
,
iωn − (α1 − α2 + α3 ) iϕm2−Φ − ε1 + ε2 − ε3
where fαi is the Fermi-Dirac function f (εi − αi Φ/2). A0 (ε) is the non-interacting
particle-hole symmetric spectral function of the quantum dot, which is given by the
Lorentzian distribution
1 Γ
,
(3.64)
A0 (ε) =
π ε2 + Γ2
in the wide-band limit of the Anderson impurity model. One has used the following
boundary condition for the Matsubara voltage,
f (εi + αi (iϕm − Φ)/2) = f (εi − αi Φ/2).

(3.65)

Note that apart from the α-summations and the energy integrations, the expression
(3.63) consists of a single fraction whose numerator is a real function. The denominator has a similar structure to that of the bare Green’s function (3.59), but the
Matsubara voltage appears in additional ratios α1 −α22 +α3 with respect to the Matsubara frequency. In contrast to the bare Green’s function, these ratios may also take
the values −3/2 and +3/2, in addition to −1/2 and +1/2 which are already present
in G0 . Similar to equilibrium, the convolution (3.63) leads to discontinuities in the
imaginary part of the self-energy which occur whenever the denominator crosses zero.
In general it can be argued [27; 53; 90] that the higher-order particle-hole excitations result in diagrammatic self-energy contributions, with the approximate structure
X Z
σγ (iϕm ; ε)
(p.h.)
D
(iϕm ; iωn ) =
dε
.
(3.66)
iω
n − γ(iϕm − Φ)/2 − ε
γ∈2Z−1
Here σγ (iϕm ; ε) are some spectral functions, which are not necessarily real and depend
on iϕm , including possible non-analyticities with respect to iϕm .
Because the particle-hole excitation D(p.h.) is in general subject to further convo-
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lutions7 with certain other terms within the perturbative procedure, it is a priori
not clear that Σ itself has actual discontinuities along the non-analytic directions of
D(p.h.) (iϕm ; iωn ). Nevertheless, the self-energy and also the Green’s function will not
be analytic along the directions, i.e. only some higher derivatives of Σ and G will
actually jump and show discontinuities.
In Ref. [53] it is argued, that also in higher-order contributions to the one-particleirreducible self-energy a systematic partial fraction decomposition of products of
energy denominators results in a representation
X Z
Bγ (ε, iϕm − Φ)
dε
Σ(iϕm , iωn ) =
+ Σ(0) (iϕm − Φ)
(3.67)
γ
iωn − 2 (iϕm − Φ) − ε
γ∈2Z−1
to become exact, where Bγ (ε, iϕm − Φ) and the Hartree term Σ(0) (iϕm − Φ) are
analytic as a function of iϕm → zϕ on the upper and lower half plane.
Convolutive Structure of the Feynman graphs
To make the structure of perturbative expressions more explicit, let us comment
in more detail on how an arbitrary one-particle irreducible Feynman diagram of
imaginary-voltage theory is structured, using the partial-fraction decomposition argument of Ref. [53]. Without an external magnetic field, a general N -th order 1-PI
self-energy diagram with external frequency iωn has the form
−1
N
X 2N
Y
Y

UN X
−1
(k)
G0 (iϕm ; iωνk )
δ Cl (iωn ; {iων(k)
···
}N
D(iϕm ; iωn ) = 2N −1
k=1 ) .
k
β
ν
ν
k=1
l=1
2N −1

1

(3.68)
Here, δ(Cl ) is the energy conservation law associated to the l-th Coulomb vertex in the
diagram. It does not involve the Matsubara voltage ϕm , but is merely a multilinear
form with respect to the set of internal and external Matsubara frequencies. The
conservation laws now eliminates N − 1 internal Matsubara frequencies. Without
(k)
loss of generality,8 we can assume that they are the iωνk with k > N . We thus have
 N X
N
XY
U
D(iϕm ; iωn ) =
···
G0 (iϕm ; iων(k)
)·
k
β
ν
ν
k=1
1

·

2N
−1
Y

N



(k0 )

G0 iϕm ; iΩ

iωn ; {iων(k)
}N
k=1
k

(3.69)


.

k0 =N +1
7
8

The convolutions are Matsubara summations which can be rewritten using contour integrals.
We can choose the naming convention of the internal Matsubara frequencies in an appropriate
way.
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ωn − ων1 + ων3
+ων6 − ων5

ωn − ων1 + ων2
ων2
ωn

ων1

ων6
ωn
−ων1
+ων3

ων3

ων5
−ων3
+ων1

ων5

ωn

ων4
ων4 + ων3 − ων1
vertical cut

Figure 3.3: An arbitrary 1-PI selfenergy diagram D(iϕm ; iωn ) with external Matsubara
frequency iωn can be written in such a way that ωn only appears with prefactor 1 or 0 in the
internal Matsubara frequencies. One can choose ωn to appear only in the topmost particlelike propagator for each vertical cut through the diagram. This can be verified inductively
by inserting and removing arbitrary pairs of opening/closing vertices in the above diagram.
0
In our notation, the Ω(k ) functions, k 0 > 6, are the nontrivial linear combinations of ωn
and the ωνk , as presented above.

Here, the k 0 -th (k 0 > N ) internal Matsubara frequency is determined by the first
0
N internal frequencies, by defining the linear combination Ω(k ) according to the
conservation law Ck0 −N .
0
It is now crucial to recall that G0 is not an analytic function of iΩ(k ) → zΩ(k0 ) on
the upper and lower half planes, but merely on the stripes and half planes
S− = {zΩ(k0 ) ∈ C | Im zΩ(k0 ) < −|ϕm |/2},
S0 = {zΩ(k0 ) ∈ C | − |ϕm |/2 < Im zΩ(k0 ) < +|ϕm |/2},
S+ = {zΩ(k0 ) ∈ C | + |ϕm |/2 < Im zΩ(k0 ) }.

(3.70)
(3.71)
(3.72)

The mutual boundaries of S− with S0 , and of S0 with S+ are branch cuts of G0 with
respect to zΩ(k0 ) . A Hermitian theory would solely have a branch cut on the real axis.
Within a certain combination of Matsubara indices n, ν1 , . . . , νN , the fermionic
0
character of Ω(k ) enforces the constraint
Ω

(k0 )

iωn ; {iων(k)
}N
k=1
k



=µ

(k0 )

· ωn +

N
X

(k0 )

µk

· ων(k)
,
k

(3.73)

k=1
0

(k0 )

where the coefficients µ(k ) , µk ∈ {−1, 0, +1} depend only on the bare propagator
P
0
(k0 )
indices k 0 and k, and µ(k ) + N
must be an odd number. We can assume that
k=1 µk
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0

the multiplicity of the external energy µ(k ) only takes the values 0 and 1. As shown
in figure 3.3, one can prove by induction that this choice of representation is not a
restriction to generality.
The analytic structure of G0 is more explicitly contained in the spectral representation [53]
X Z
Γα |gd (ε)|2
,
(3.74)
G0 (iϕm ; iωn ) =
dε
α
(iϕ
−
Φ)
−
ε
iω
−
m
n
2
α=±1
where gd (ε) is defined according to (3.39). The evaluation of Matsubara sums in
expression (3.68) can be accomplished similar to a Hermitian equilibrium theory be
accomplished by Poisson sum rules. This invokes Fermi-Dirac and Bose-Einstein
functions, for which the boundary condition (3.65) of the Matsubara voltage has to
be inserted. Since we are interested in the analytic structure with respect to the
external frequency, it is insightful to formally rearrange some of the (iϕm − Φ)-terms
in Eq. (3.68) first, by a bosonic index shift in the νi -summations.
We obtain
 N X
N X
XY
U
D(iϕm ; iωn ) =
···
(k)
β
ν
ν
k=1 α =±1 iωνk +

Γαk /Γ
αk
Φ
2

− εd + iΓsgn(ωνk )
1
N
k
2N
−1

Y

0
N
G0 iϕm ; iΩ(k ) iωn ; {iων(k)
·
+
α
iϕ
/2}
.
k
m
k=1
k

·

(3.75)

k0 =N +1

" N
 N X
X
YX
U
=
···
(k)
β
iωνk +
α =±1
α
=±1 k=1 ν
2N −1

1

·

2N
−1
Y

(αk0 )

G0



0

iϕm ; iΩ(k )

Γαk /Γ

·
−
ε
+
iΓsgn(ω
)
d
ν
k
k
#

N
(3.76)
iωn ; {iων(k)
+
α
iϕ
/2}
.
k
m
k=1
k
αk
Φ
2

k0 =N +1

Here, we used the αk0 -th summands of G0 , namely
(α)

G0 (iϕm ; iωn ) :=

Γα /Γ
,
iωn − α(iϕm − Φ)/2 − εd + iΓsgn(ωn − αϕm /2)

(3.77)

P α
(k0 )
i.e. G0 (iϕm ; iωn ) =
= 1 in (3.73), the external
α G0 (iϕm ; iωn ). Whenever µ
(αk0 )
Matsubara frequency is paired with a term γiϕm /2 in G0 , where γ is an odd integer.
Apart from this, the expression within the squared brackets of (3.76) is formally
identical to the output of a Hermitian equilibrium perturbation theory which has a
branch cut at Im zω = 0. This structure is generated by the first term in Eq. (3.67).
In the perturbative expression (3.76) however, the combination of the Matsubara
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(α )

frequencies in the denominator of the G0 k0 in Eq. (3.76) gives rise to
"
!
#
N
N
X
X
0
0
α
0
k
(k )
(k0 )
µk αk − αk0 ϕm /2 +
µk ων(k)
.
Ω(k ) −
ϕm = 1 · ωn +
k
2
k=1
k=1
(αk0 )

This corresponds to different values of γ for each factor in G0

(3.78)

within Eq. (3.76).

We show that these γ values are in fact odd numbers. It is important to recall
0
(k0 )
that the energy-conservation coefficients µ(k ) and µk are constant as functions of
the internal Matsubara frequency indices, because they solely balance out the entire
diagram with respect to energy conservation. Starting from the definition as the ratio
(α )
of ϕ2m and ωn in each factor G0 k0 within Eq. (3.76), we obtain
γ

({α},{µ})

= αk0 −

N
X

(k0 )

µk αk .

(3.79)

k=1

The γ ({α},{µ}) being odd follows from the fermionicity of (3.73) and the fact that αk0
may take the values 1 and −1. This suggests the following interpretation: Because
there is no conservation law for the Y0 quantum number in the Coulomb scattering
processes,9 the theory consequently produces branch cuts in the 1-PI selfenergy for
ratios
γ
Im zω = Im zϕ ,
(3.80)
2
where iωn → zω and iϕm → zϕ . The fact that we are using ratios of imaginary parts
is a result of the convention that the sign function sgn(ωn ) analytically continues to
sgn(Im zω ).

Partial Fraction Decomposition
The locations of the resulting branch cuts are compatible with Eq. (3.67), although it
is not yet clear whether there are real discontinuities as branch cuts. As already stated
in section 3.4.1, a second kind of branch cut is also generated, which is completely
independent of zω [53]. In order to see this, the G0 functions in Eq. (3.76) have to be
re-expressed by means of the representation (3.74). The resulting convoluted product
of fractions is given within the brackets of the following expression:

9

See section 3.4.1.
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D(iϕm ; iωn ) =

X

···

α1 =±1

"

·

Z

X

Z
dε1 · · ·

dε2N −1

α2N −1 =±1

U
2πi

N Y
N Z
k=1

dζk

Ck

fk (ζk )Γαk |g(εk )|2
·
ζk − εk

2N
−1
Y

Γαk0 |g(εk0 )|2
·
P (k0 )
γ ({α},{µ})
0
(iϕ
−
Φ)
+
µ
ζ
−
ε
iω
−
0
m
k
k
n
k =N +1
k k
2

(3.81)

0
(µ(k ) =1)

·

2N
−1
Y
k0 =N +1
0
(µ(k ) =0)

Γαk0 |g(εk0 )|2
P

(k0 )

k µk ζk −

αk 0
(iϕm
2

− Φ) − εk0

#
.

The function fk (ζ) = f (ζ − αk Φ/2) is again the Fermi function, and Ck is an appro(k)
priate integration contour for the sum with respect to iωνk .
It is now important to note that the second k 0 -product does not depend on iωn but
contains singularities with respect to the complexified iϕm → zϕ . As a next step, one
can iteratively employ the partial fraction decompositions
(iωn − z1 )−1 (iωn − z2 )−1 = (z1 − z2 )−1 ((iωn − z1 )−1 − (iωn − z2 )−1 ), (3.82)
(iϕm − z1 )−1 (iϕm − z2 )−1 = (z1 − z2 )−1 ((iϕm − z1 )−1 − (iϕm − z2 )−1 ) (3.83)
on Eq. (3.81). One then obtains a structure which may be coped in the form of
Eq. (3.67). Eq. (3.67) is thus a general representation of the self-energy. An explicit
fourth-order example of this decomposition is demonstrated by Han in the appendix
of Ref. [53].
Branch Cut Geometry
It is now also evident from the perturbative expansion that self-energy and Green’s
function have branch cuts, which are in fact discontinuities of the functions themselves, with respect to iωn → zω and iϕm → zϕ for certain values of Im zω and Im zϕ .
These values are specified by the fundamental conditions
γ
Im zϕ ,
2
= 0.

Im zω =
Im zϕ

γ odd;

(3.84)
(3.85)

Due to its occurrence in second-order perturbation theory, the first kind of branch
cuts, Eqs. (3.84), can be thought of being associated with particle-hole excitations.
The second kind of branch cut, Eq. (3.85) may be first found in a fourth-order diagram
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Im zϕ

γ=1

γ=3

Im zω
γ = −7

branch cut from
vertex corrections

γ = −3
branch cuts from
particle-hole pairs

γ = −1

Figure 3.4: Branch cut geometry of dot-electron Green’s functions in the Matsubara voltage
theory, arising from Eqs. (3.84) and (3.85).

introducing a vertex correction [53]. Note that the strength of the γ-th branch cut
of the (3.84)-kind depends on the highest relevant expansion order N with respect
to U . Branch cuts for γ ≥ N are then virtually non-existent, due to Eq. (3.79). It is
important to note that physically, the complexity of the branch cut structure is thus
proportional to the strength of many-body correlations.
As a more formal consequence from (3.84) and (3.85), a fundamental geometry
of Green’s functions in the Matsubara voltage theory with respect to the space C2 ,
which is spanned by the pairs (zϕ , zω )T , arises. The geometry is drawn in figure
3.4. It will be the starting point of the systematic function-theoretical framework of
chapter 5.
Following the logic of the preceeding sections, the physical real-time limit of the
theory is obtained by first doing the continuation zϕ → Φ and then doing the continuation zω → ω + iδ. In fact, due to the presence of the (3.85) branch cut, the average
of the limits zϕ → Φ ± iδ has to be taken [53].
Second-Order Approximation to the Continuation
We continue with a discussion of the representation (3.67) for the selfenergy. A first
problem is that nothing is known a priori about the function Bγ (iϕm , ε), except for
the existence of the branch cut on the real axis with respect to iϕm , corresponding
to Eq. (3.85). Also, the use of Eq. (3.67) for an analytic continuation is inherently
limited by the large number of degrees of freedom which one needs to include in a
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fitting procedure (see chapter 6).
In their original publication, Han and Heary restricted to an approximation to
Eq. (3.67) which was motivated by the structure of the second-order selfenergy [27].
Starting from Eq. (3.63) it was required that the particle-hole symmetric self-energy
has the following form,
XZ
σγ (ε)
Σ(iϕm ; iωn ) ≈
dε
,
(3.86)
γ
iωn − 2 (iϕm − Φ) − ε
γ odd
where the spectral functions σγ (ε) are assumed to be real and independent of iϕm . A
fitting procedure with respect to the σγ (ε) guaranteed properly normalized spectral
functions through the sum rules which hold for the Dyson equation. Signatures of the
nonequilibrium Kondo effect are obtained. In a more recent publication [53], Han
made a step towards the representation (3.67) in the numerical fitting procedure
by approximating the spectral functions σ by a frequency-independent first-order
Padé expansion with respect to iϕm . However, the approximation (3.86) can only
be regarded as a rather uncontrolled way of obtaining results from the Matsubara
voltage formalism, because of the ill-posed nature of the actual inverse problem (see
chapter 6).
Matsubara Voltage Boundary Condition as Boundedness
In the course of this thesis it will be important to have a more abstract criterion
at hand which is equivalent to the boundary condition of the Green’s function with
respect to the Matsubara voltage, i.e. identity (3.53) for the density operator. For the
Fermi functions in perturbation theory, the boundary condition reads f (ε − iϕm ) =
f (ε). If the condition were not excessively applied to the diagrammatic expansion of
the Green’s function, the function would diverge as a function of zϕ → ∞. Therefore,
the boundary condition may simply be interpreted as a statement of boundedness
for the two-variable function G(zϕ ; zω ).

3.4.3. Atomic Limit
An interesting limiting case of the Matsubara voltage theory is the atomic limit.
While it has no apparent physical significance, it provides some insight on how the
Matsubara voltage theory itself behaves nonperturbatively. We will find that its
analytic structure is consistent with the findings of perturbation theory.
In order to introduce the atomic limit, we set the hybridization to zero in the bare
Green’s function, namely
(atom)

Gd,0

=

X
α=±1
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iωn −

1/2
.
− Φ) − εd

α
(iϕm
2

(3.87)
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± 2i (iϕm − Φ)
εd

εd

quantum-dot orbital dσ

auxiliary orbital fσ

Figure 3.5: The atomic limit Γ = 0 of Matsubara-voltage theory yields a molecule with a
non-hermitian hopping of the dot electrons to an auxiliary orbital in the case of formerly
symmetric coupling to the source and drain lead leads.

Because in the atomic limit the case of formerly asymmetric coupling to the leads
is in fact much more complicated, we restrict to the symmetric one. In this case
the imaginary-time Green’s operator within the noninteracting part of the effective
action (3.61) reduces to the simple expression
h

(atom)

Gd,0

i−1

= ∂τ − εd −

1 (iϕm − Φ)2
.
4 ∂τ − εd

(3.88)

By introducing another pair of spinful fermions fσ via a quadratic insertion of Grassmann fields, we equivalently obtain the following simple fermionic molecule: [72]



X
1
1
(iϕm )
†
†
†
εd dσ dσ + U d↑ d↑ −
Heff, atom =
d↓ d↓ −
+
2
2
σ

(3.89)
X
X i
i
†
†
†
+
εd fσ fσ +
− (iϕm − Φ)fσ dσ + (iϕm − Φ)dσ fσ .
2
2
σ
σ
It is depicted in figure 3.5.
The auxiliary fermions fσ apparently invoke the nonequilibrium statistical ensemble and are decoupled from the dot electrons in the true equilibrium case iϕm −Φ = 0.
Despite being non-Hermitian, the Hamiltonian (3.89) can be diagonalized analytically
via a computer algebra system.
Due to the missing availability of a Lehmann representation, the d-electron Green’s
function has to be written using Liouvillians as
(atom)

Gd,σ

(iϕm )

(iϕm ; zω ) =Tr e−βHeff, atom dσ

1
d†σ +
zω − LH (iϕm )
eff, atom

(iϕ )
−βHeff, m
atom

+ Tr e

d†σ

1
dσ .
zω + LH (iϕm )

(3.90)

eff, atom
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Matsubara Boundary Condition
For investigating the analytic structure of the Green’s function with respect to the
(atom)
variables iϕm → zϕ and iωn → zω it is now important to ensure that Gd,σ (iϕm ; zω )
approaches the correct Matsubara boundary condition, by excessively using the identity (3.53) before analytic continuation. The effective-equilibrium density operator
(iϕm )

e−βHeff, atom has some eigenvalues which contain the (iϕm − Φ)-dependent factors
√
± β4 U 2 +4(iϕm −Φ)2
, and
(3.91)
λ1,± = e
√ 2
β
2
λ2,± = e± 4 U +16(iϕm −Φ) .
(3.92)
In contrast to the perturbative expressions from the preceeding section, at finite U
it is not clear how the Matsubara boundary condition (3.53) should be imposed on
λ1,± and λ2,± . We will therefore concentrate on the limit U → 0 in the following.
As we will see, this limit is in fact nontrivial, because U/Γ is the relevant interaction
scale for the Kondo effect, and Γ had already been set to zero in the beginning of the
calculation.
Poles of the atomic Green’s function
In the limit U → 0, poles of the properly analytically continued Green’s function
occur at the points
1
zω = εd ± (zϕ − Φ), or
2
3
zω = εd ± (zϕ − Φ)
2

(3.93)
(3.94)

with respect to zω . The values coincide with some eigenvalues of the Liouvillian due
to the resolvent structure of expression (3.90).
With respect to iϕm → zϕ , a singularity is obtained at the value
zϕ = Φ.

(3.95)

It emerges from the diagonalization procedure with respect to the Hamiltonian. We
see that taking the limit zϕ → Φ essentially involves dealing with a singular structure.
Comparison to Perturbation Theory
Obviously, the singularities (3.93) and (3.94) are located on the branch cuts of the
first kind, Eq. (3.84). Similarly, the singularity (3.95) is located on the second kind
of branch cut, (3.85). One may thus interpret the (γ = ±3, ±1)-branch cuts and also
the (Im zϕ = 0)-branch cut as U → 0 poles from the atomic limit, as being smeared
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out by the hybridization to the leads. The limit zϕ → Φ in both variants is nontrivial
due to the presence of a singularity. The singularity has to be averaged out in order
to obtain the correct physical result, zϕ → Φ ± iδ.
We have also learned that in contrast to the first kind, the second kind of branch
cuts cannot simply be extracted from eigenvalues of the Hamiltonian. It is rather
an intrinsic feature of the diagonalization procedure with respect to the effective
Hamiltonian. This involves the analytic structure of the corresponding eigenvectors.
Its analogue in the perturbative approach is the vertex correction.

3.4.4. Symmetry Relations
It is straightforward to see that G0 complies with the symmetry relation
G0 (−iϕm ; −iωn )∗ = G0 (iϕm ; iωn )

(3.96)

in general. Inspection of the perturbation series (3.75) then proves that the same
symmetry relation holds for the full Green’s function and self-energy.
Similarly, using a symmetric coupling to the leads, ΓL = ΓR , one has an invariance
of G0 with respect to (iϕm − Φ) ↔ −(iϕm − Φ). In expression (3.81) one does immediately see that this invariance is also present in full Green’s function and selfenergy.

3.4.5. Analytic Structure of Static Observables
In the imaginary-time theory, expectation values of static observables may be written
as
(iϕm )
Tr e−βK
A
,
(3.97)
hAi =
(iϕm )
−βK
Tr e
for which one has the expansion [54]
Tr e−βK

(iϕm )

A = Tr Aρ0 + Tr A

1
−LK (iϕm )

LV ρ0 +

0

+Tr A

1
−LK (iϕm )
0

LV

1
−LK (iϕm )

LV ρ0 + · · · .

(3.98)

0
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For example, the second-order contribution to this expansion can be written by means
of the noninteracting scattering-states basis as
"
X
ρ0,ν
−βK (iϕm )
=
Tr e
A
+
(iϕ
)
(iϕ
)
(iϕ )
(iϕ )
m
m
2nd
− K0,µ )(K0,ν m − K0,κ m )
νµκ (K0,ν
ρ0,µ
+ (iϕm )
(3.99)
+
(iϕm )
(iϕ )
(iϕ )
(K0,µ − K0,ν )(K0,µm − K0,κ m )
#
ρ0,κ
Vνµ Vµκ Aκν .
+ (iϕm )
(iϕ )
(iϕ )
(iϕ )
(K0,κ − K0,ν m )(K0,κ m − K0,µm )
(z )

As iϕm is analytically continued to zϕ , the spectrum of K0 ϕ = H0 + (zϕ − Φ)Y0
will only include zero for Im zϕ = 0. Apart from the terms in the denominator in
(iϕ )
(iϕ )
which the Fock states in the differences such as (K0,ν m − K0,µm ) have the same Y0
quantum number, the function (3.99) has poles only on the real axis with respect to
zϕ . The terms with identical Y0 quantum number are however constant as a function
of zϕ . The same will be true for an arbitrary higher-order contribution to hAi(zϕ ).
Therefore, we can expect the quantity hAi(zϕ ) to be holomorphic on the upper and
lower half plane with respect to the complexified imaginary voltage zϕ .

3.5. Summary
The present chapter dealt with the concept of Hershfield’s Y -operator, starting from
the basic notions of quantum scattering theory. Hershfield’s approach has the shortcomings of the nonexistence of an explicit expression for Y and the emergence of two
different Hamiltonians for imaginary-time and real-time evolution. The latter point
makes a direct application of Matsubara theory very cumbersome. The limitations
are overcome by the imaginary-voltage approach by Han and Heary at the cost of an
increase in complexity of the analytic structure of physical observables and a smaller
set of considerable systems and observables. By means of perturbation theory and a
nonperturbative analysis, the analytic structure of observables and correlation functions has been worked out. For the evaluation of the current through an Anderson
impurity, a double analytic continuation of the dot-level Green’s function has to be
performed. This is particularly problematic, because the Green’s function exhibits a
large amount of branch cuts in the two-dimensional complex space (zϕ , zω ) ∈ C2 .
Chapter 5 will introduce concepts from the function theory of several complex
variables and apply them to the unconventional analytic structure of the dot-level
Green’s function. This connects to chapter 6, where the MaxEnt method is used to
infer physical properties from simulation data and to chapter 7, in which the analytic
continuation theory is extended systematically. The next chapter will briefly intro-
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duce continuous-time quantum Monte-Carlo methods and will show that they provide
high-quality solutions to the effective actions of the Matsubara-voltage formalism.
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In this chapter we introduce the Monte Carlo techniques which are used in order
to solve the effective-equilibrium quantum impurity systems. We refer to either the
Hamiltonian
H = Hloc + Hhyb + Hbath + Hint
(4.1)
or the action-based formulation
S = Sloc + Shyb + Sbath + Sint

(4.2)

of the Anderson impurity model in thermal equilibrium which was introduced in
chapter 2.2. We first give a brief introduction of the algorithms involved. The implementation of the Matsubara voltage approach is discussed. Finally, the computational
performance of the algorithms is analyzed.

4.1. Algorithms
4.1.1. Interaction Expansion
For almost 20 years the standard Monte Carlo quantum impurity solver used to be
the Hirsch-Fye method. It was introduced in 1986 by Hirsch and Fye and imposes a
Trotter-Suzuki discretization of imaginary time into M equal slices [91]. A HubbardStratonovich transformation is imposed, and a field of Ising spins acts on the now
noninteracting electrons. Observables are estimated by an appropriate sampling of
the auxiliary field variables. However, the computational complexity of the algorithm
increases as a function of M . In order to remove systematic artifacts, the extrapolation M → ∞ has to be carried out rather carefully and binds computational
resources.
It turns out [92] that an equivalent method to extrapolating Hirsch-Fye is the
continuous-time interaction expansion method by Rubtsov et al. [30], which is
nowadays often referred to as “CT-INT”. The algorithm is the outcome of a line
of continuous-time algorithms starting with bosonic lattice model simulations which
had been generalized to fermions [33].
Rubtsov’s algorithm is in many aspects equivalent [92] to the “CT-AUX” formulation by Gull et al. [93] which is formally more similar to Hirsch-Fye. The fundamental
idea of the algorithms is to divide the Hamiltonian into two parts, H = Ha + Hb and
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write partition sum and observables in the Dirac picture with respect to Ha , e.g.
Rβ

Z = Tr Tτ e−βHa e− 0 dτ Hb (τ )
Z β
Z
X
k
=
(−1)
dτ1 · · ·
0

k

(4.3)
β

dτk Tr e−βHa Hb (τk ) · · · Hb (τ1 ).

(4.4)

τk−1

Continuous-time algorithms enable to sample the k-sum and τi -integrals simultaneously, generating topologically correct diagrams [33].
In the interaction expansion approach, Ha = Hhyb + Hbath + Hloc . Within our work
we impose the auxiliary-field type of CT-QMC for including the interaction. In case
of the CT-AUX algorithm it is technically advantageous to introduce an additional
term into the Hamiltonian, namely Ha → Ha + K/β, and Hb → Hb − K/β, where K
is some arbitrary constant number.
Within the auxiliary-field decomposition [94] one finds that [33]
Z=

∞
X

X

k=0 s1 ,...,sk =±1

Z

β

Z

β



dτ1 · · ·
0

dτk
τk−1

where
Zk ({si , τi }) = Tr

1
Y

K
2β

k
Zk ({sk , τk }),

e−∆τi Ha esi γ(n↑ −n↓ ) ,

(4.5)

(4.6)

i=k
Uβ
2K



, and ∆τi = τi+1 − τi , i < k; ∆τk = β − τk + τ1 . The relative
γ := arcosh 1 +
contribution of a configuration ({τi }ki=1 , {si }ki=1 ) to the partition sum simplifies to
[93]
Zk ({si , τi })
−1
= det N−1
(4.7)
↑ ({si , τi }) · det N↓ ({si , τi }),
Z0
with
{si }

Vσ
N−1
σ ({si , τi }) := e

e

{s }
Vσ i

{τ }

{si }

− G0,σi (eVσ

:= diag (eγ(−1)

σs

1

− 1), where

, . . . , eγ(−1)

σs

k

).

(4.8)
(4.9)

The notations (−1)↑ := 1, (−1)↓ := −1, and the bare Green’s function matrix
{τ }
(G0,σi )i,j := G0,σ (τi − τj + 0+ ) have been used. A representation of a Monte-Carlo
configuration {si , τi } is depicted in figure 4.1a.
Sign Problem
The coefficients of the partition function in (4.6) represent weights for the measurement of observables. Because they are not necessarily positive, a probabilistic interpretation for a Monte-Carlo sampling procedure is not readily available. For example,
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the fermionic anticommutator relations generate plus- and minus-signs. In the case of
Matsubara-voltage theory, the Hamiltonian is not hermitian and generates complex
weight factors. In order to perform a Monte-Carlo average over configurations C of
a quantity
X
hAi =
wC AC
(4.10)
C

one performs a Monte-Carlo sampling of averages
X
hAi|·| =
|wC |AC

(4.11)

C

and hsi|·| , where sC = wC /|wC | is the phase factor of the weight. Then, the actual
observable is given by
hAi|·|
.
(4.12)
hAi =
hsi|·|
If the average sign hsi|·| is smaller than the error of its estimate (this is usually the
case for comparably small |hsi|·| |), the uncertainty of the hAi estimate is extremely
large.
While within the single-impurity Anderson model, the sign problem may be completely eliminated by choosing an appropriate value of K, [31] the fermionic sign
problem is supposed to be N P -hard within more complex models [95].

4.1.2. Hybridization Expansion
A complementary approach to CT-AUX is the CT-HYB solver by Werner et al.
[96]. The expansion of the partition sum is performed with respect to the hybridization of the quantum impurity and the conduction band degrees of freedom. For
density-density like interactions and diagonal hybridization to the bath, as in the
single-impurity Anderson model, a simple representation of the partition sum can be
derived. One finds [33]
Z =Zbath
·

∞ Z
YX

β

dτ1σ

Z
···

β

σ

dτ 0 kσ ·

0
σ kσ =0 0
σ
σ
Tr d [Tτ e−βHloc dσ (τkσσ )d†σ (τ 0 kσ ) · · · dσ (τ1σ )d†σ (τ 0 1 )] det ∆σ ,

(4.13)

with the hybridization function
X |Vp |2
∆σ (τ ) =
eβεp + 1
p

(
−e−εp (τ −β) , if 0 < τ < β;
−e−εp τ ,
if − β < τ < 0.

(4.14)
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τ
0

β
(a) CT-AUX algorithm

d↑
d↓

τ

0

β
(b) CT-HYB algorithm

Figure 4.1: Configurations within the continuous-time quantum Monte-Carlo algorithms.

The trace over local degrees of freedom can be represented by so-called segments
(†)
(†)
spanned by the pairs of creation and annihilation operators d↑ and d↓ which were
introduced by the density-density interaction. A Monte-Carlo configuration is given
by a set of segments, as depicted in figure 4.1b which can be pictorially interpreted
as spin-up or -down electrons living for a certain lifetime on the imaginary-time
interval. Whenever there is an overlap between spin-up and -down segments occurs,
the Coulomb interaction introduces a penalty term proportional to e−U ·∆τ , where ∆τ
is the length of the overlap.

4.2. Application to Matsubara-Voltage Formalism
4.2.1. CT-AUX
The implementation of the iϕm -th effective-equilibrium effective action of Matsubara
voltage theory is straightforward. At a given value of iϕm , the imaginary-time noninteracting Green’s function serves as input to the quantum impurity solver. As
opposed to the Hirsch-Fye algorithm, the noninteracting Green’s function is resolved
arbitrarily well. This is particularly important, because in contrast to conventional
Matsubara Green’s functions, for rising ϕm , the imaginary-time Green’s function
develops increasingly severe oscillations, see the lower panel of figure 4.2. Since it is
desirable to be able to compute a large range of ϕm quantities associated to a given
physical expectation value for analytic continuation purposes, thus using strongly
oscillating G0 (τ ) the usage of continuous-time algorithms is practically inevitable.
Practically, in order to introduce very large values of ϕm , it is most convenient
to factorize out the oscillating parts of G0 (τ ) and introduce them directly into the
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Figure 4.2: Imaginary-Time G0 and modification of hybridization function within
Matsubara-voltage theory.

quantum Monte-Carlo code. If the frequency-space bare Green’s function is given by
G0,σ (iωn ) =
(iϕ −Φ)

m
G0,σ,α

(iωn ) :=

X 1 (iϕ −Φ)
m
G0,σ,α
(iωn ), with
2
α=±1
iωn −

α
(iϕm
2

1
,
− Φ) − εd,σ + iΓsgn(ωn − α2 ϕm )

(4.15)
(4.16)

one can factor out the oscillations by writing
G0,σ (iτ ) =

1 X − α iϕm τ
fα,εd,σ (τ ),
e 2
2 α=±1

(4.17)

where a high-precision tabulation of the regular factor
fα,εd,σ (τ ) =

1 X −iωn τ
1
e
α
β ω
iωn + 2 Φ − εd,σ + iΓsgn(ωn )

(4.18)

n

can be performed within the initialization procedure of the simulation. A direct
tabulation of G0,σ (iτ ) is, even for very fine imaginary-time grids, too inaccurate for
large values of ϕm .
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4.2.2. CT-HYB
In order to apply the CT-HYB solver to the Matsubara-voltage formalism we have
to refuge to the action-based formulation of the algorithm [96]. The hybridization
function F (iωn ) is obtained from the bare Green’s function via Dyson’s equation,
F (−iωn ) = iωn − εd − G0 (iϕm ; iωn )−1 .

(4.19)

Straightforward algebraic manipulation yields
F (iωn ) =

iωn − εd +

iΓ
2

1
P
α=±1

Y h
sgn(ωn − α2 ϕm )

iΓsgn(ωn −

α=±1

i
α
ϕm ) +
2


2

α 
iΓ
iϕm − Φ
+
[iωn − εd + α(iϕm − Φ)] sgn ωn − ϕm −
2
2
2
α=±1
X

!
.
(4.20)

Care has to be taken because of the expressions iΓsgn(ωn − αϕm /2), which are due
to the wide-band limit, while for the CT-HYB solver the expansion order diverges.
It is therefore necessary to replace the signum function by a sufficiently well-behaved
function corresponding to a finite band width.
The high-frequency behaviour of (4.20) is given by
F (iωn )
c1

|ωn |→∞

→
=


X iΓ
c1
c1
α 
=: F̂ (iωn ) +
, with
sgn ωn − ϕm +
2
2
iω
iω
n
n
α=±1

2
iϕm − Φ
2
−Γ −
.
(4.21)
2

In order to perform the Fourier transform of the hybridization function, we separate
off the regular contribution


∞ 
1 X
c1
∆F (τ ) :=
F (iωn ) − F̂ (iωn ) +
e−iωn τ .
β n=−∞
iωn

(4.22)

The irregular leading order high-frequency tail c1 /(iωn ) yields a constant shift −c1 /2
in F (τ ), 0 < τ < β. The term

X iΓ
ϕm 
F̂ (iωn ) :=
sgn ωn − α
2
2
α=±1
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(4.23)

4.3. Computational Performance
on the other hand yields
∞
Γ cos(ϕm τ /2)
1 X
F̂ (iωn )e−iωn τ =
.
F̂ (τ ) =
β n=−∞
β sin(πτ /β)

(4.24)

Eq. (4.24) diverges for τ → 0 and τ → β, because of the wide-band limit and causes
the expansion order of the algorithm to diverge. As a consequence, in practical
computations, one can introduce a cutoff parameter Fcut and use


c1
F (τ ) = ∆F (τ ) − + min F̂ (τ ), Fcut .
(4.25)
2
In practice, we used a value Fcut = 104 Γ2 , and ∆F (τ ) was obtained by accumulating
the series numerically. In order to illustrate the difference to the conventional implementation to the hermitian single-impurity Anderson Hamiltonian, we investigate
the quantity
F̃ (τ ) = F eq (τ ) − F̂ (τ ),
(4.26)
where F eq (τ ) = Γβ (sin(τ /β))−1 is the standard equilibrium hybridization function. A
plot is shown in the upper panel of figure 4.2.

4.3. Computational Performance
The computational performance of the algorithms drastically depends on the sign
or phase problem if present and the average expansion order. When applied to the
imaginary-voltage approach, a phase problem is observed for both, the CT-AUX and
the CT-HYB algorithms.
We find that in accordance with the literature [31; 96] there is no sign problem
present in the hermitian limit iϕm = 0 of the effective impurity model. However, as
demonstrated in figure 4.3, there is an increasingly severe phase problem obtained for
both, the CT-AUX and the CT-HYB. Nevertheless, there is a drastic difference in
computational performance at increasing values of iϕm . While the CT-HYB approach
experiences an exponentially growing phase problem, the problem appears to be much
milder for CT-AUX. The severity for CT-HYB is due to the quadratically increasing
shift c1 , see Eq. (4.21), towards negative values in F (τ ) as a function of iϕm , as in
Eq. (4.25). CT-HYB is thus limited to high-precision computations of small iϕm at
large values of U/Γ.
The CT-AUX solver, nevertheless, is able to provide unbiased high-quality data in
the Kondo regime over a large regime of the Matsubara voltage variable. In order
to demonstrate this, data for the Matsubara self-energy at U = 10Γ, Φ = 0.018Γ,
T /Γ = 0.0098 and ϕm = 0 (m = 0), ϕm /Γ = 1.23 (m = 10), ϕm /Γ = 2.46 (m =
20), and ϕm /Γ = 3.69 (m = 30) are plotted in figure 4.4. The equilibrium Kondo
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Figure 4.3: Absolute values of the average sampling weight phase factors eiγ of the CTAUX (solid lines) and the CT-HYB (dashed lines) solver, respectively, as a function of the
imaginary voltage. On a logarithmic scale, the average phase decays faster than linearly
for the CT-HYB approach when ϕm is increased. No strong dependence on ϕm is found
for the CT-AUX algorithm.

temperature for this parameter set is TK /Γ ≈ 0.018  1, i.e. we are reasonably deep
in the Kondo regime of the Anderson model. In sharp contrast to Hirsch-Fye results
presented in Ref. [27] we do not observe any discontinuities of the self-energy with
respect to the Matsubara frequency. Note that based on this evidence, a recipe has
been proposed to alleviate this issue within Hirsch-Fye in reference [53].

4.4. Summary
A brief introduction to the continuous-time quantum Monte-Carlo algorithms was
given. It was shown that they are particularly suited for solving the effectiveequilibrium systems defined by the Matsubara-voltage formalism. The latter gives
rise to a set of effective-equilibrium Green’s functions which have a strongly oscillatory
behaviour on the imaginary time axis that in contrast to the Hirsch-Fye algorithm
can be resolved arbitrarily well by CT-QMC. We found that the CT-AUX algorithm
is able to provide highly precise effective-equilibrium data in the non-equilibrium
Kondo regime over a broad range of Matsubara voltages. The latter is required for
an adequate analytic continuation with respect to iϕm . The CT-HYB solver was
found to be limited to small values of ϕm due to a severe sign problem which makes
it less useful for practical computations within the Matsubara-voltage approach.
The numerical analytic continuation of data obtained with the CT-QMC approach
will be done with the MaxEnt methods developed in chapters 6 and 7. In order
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Figure 4.4: Imaginary part of the impurity self-energy obtained with the CT-AUX solver
for VG = 0, U/Γ = 10, T /Γ = 0.0098 and Φ/Γ = 0.018 . The equilibrium Kondo scale here
is TK /Γ ≈ 0.018. We easily obtain high-quality data for all values m = 10, 20 and 30 of
the complexified voltage, even in this most challenging parameter regime TK  Γ, Φ ≈ TK
and T ≈ TK /2. Each m-value was run on a single Intel Xeon(R) E5345 CPU for approx. 24
hours, so the data were obtained with relatively moderate computational effort.

to provide necessary mathematical foundations for the analytic continuation of the
dot-electron Green’s function, the next chapter will issue an introduction to the
function theory of several complex variables. Apart from fundamental insights about
the structure of the Green’s function, it will provide the integral relations between
imaginary-time and real-time structure which are necessary for an extraction of dynamical quantities from the QMC data.
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5. Dynamic Expectation Values and
Several Complex Variables
Regarding dynamic observables, computing physical expectation values from Matsubara voltage simulation data involves both, an analytic continuation with respect
to the Matsubara voltage iϕm → zϕ ∈ C and the fermionic Matsubara frequency
iωn → zω ∈ C. It implies that a function G(z), z := (zϕ , zω )T ∈ C2 , in particular
its reconstruction from a certain set of values, must be studied. This unconventional
situation requires tools from the theory of analytic functions of several complex variables.
In this chapter, a detailed introduction to the mathematical structures of several
complex variables which are necessary for a profound understanding is provided.
In particular, similarities with and differences to one-variable complex analysis are
pointed out. As a next step, dynamic correlation functions G(zϕ , zω ) are studied
within the resulting theory. Uniqueness of the mathematical procedure involved in
the analytical continuations is proved and the connection to maximum entropy approaches for the inference of spectral functions is made (cf. chapter 6). The latter
subject connects to the next chapter, in which the numerical implementation is discussed.
Without the presence of iϕm , i.e. within conventional Matsubara theory, Green’s
functions are analytic on the upper and lower half-planes, H and H∗ . Due to the z1ω
decay of G(zω ) as zω → ∞, a Lehmann spectral representation with respect to the
real axis is used [97]. The branch cut on the real axis represents the only set of points
z0 ∈ C for which the Cauchy-Riemann differential equations
∂G
∂ z̄ω

=0

(5.1)

z0

do not hold.1 The very location of the branch cut gives rise to the spectral representation in Matsubara theory, i.e. it yields, due the nonsingular structure at ∞, a
unique characterization of the analytic structure [98].
In order to discuss the holomorphy in the several complex variables context we will
partially follow the book on single-sheeted domains of holomorphy, by Vladimirov
[99].
1

For notational convenience, we introduced the Wirtinger derivative
x, y ∈ R.

∂
∂ z̄

:=

∂
∂
∂x +i ∂y ,

with z = x+iy;
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A function G of one complex variable is holomorphic at a point z, if and only
if condition (5.1) is satisfied. A natural extension of this definition is given for
holomorphy of functions of several complex variables. A function f (z), z ∈ Cd is
holomorphic with respect to z at the point z (0) if and only if it is holomorphic with
respect to each individual variable,
∂f
∂ z̄i

= 0,

i = 1, . . . , d.

(5.2)

z (0)

Hartogs’ fundamental theorem 2 asserts that this definition is in fact equivalent to
the Weierstraß definition of holomorphy. The latter calls a function holomorphic
at z 0 if and only if there exists an open neighbourhood M of z (0) , such that for all
zP∈ M the function f may be written as an absolutely convergent powerQseries f (z) =
d
∞
(0) α
α
αn
n=0 zn , and
|α|=0 aα (z − z ) . α denotes the multiindex for the monomial z :=
Pd
|α| := n=0 αn . An analytic complex function of several variables is holomorphic.
The notion of holomorphy implied by Eqs. (5.2) is thus as natural and intuitive as
in the one-dimensional case.

5.1. Domains of Holomorphy and
Biholomorphic Transformations
The major important qualitative difference of single- and multivariable complex analysis is, however, the notion of a domain, and the geometric equivalences among
holomorphic functions arising from classes of domains. The notion of a domain in
single-variable complex analysis is replaced by the notion of a domain of holomorphy
in multi-variable complex analysis – the notion of a conformal map is replaced by the
notion of a biholomorphic map. We will address the most prominent differences by
first reminding the reader of basic structural properties of one-dimensional complex
analysis and then introducing the corresponing terminologies of the more-dimensional
theory.

5.1.1. One-dimensional function theory
In one-dimensional complex analysis, domains are defined as open connected subsets
of C. We will for the first moment restrict to simply connected open sets, i.e. open
connected sets with no holes. Conformal maps between domains U , V , namely
functions
m : U → V, z 7→ m(z)
(5.3)
2

See chapter VII, §§2,3 in Ref. [100] or chapter I, §2.6 in Ref. [101] or chapter I, section 4.2 in
Ref. [99].
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which are holomorphic and invertible (one-to-one), provide links between certain
classes of domains. The Riemann mapping theorem 3 states that conformal maps
between any simply connected U 6= C, ∅ and the unit disk exist. I.e. all simply connected domains 6= C, ∅ are conformally equivalent: their structures of holomorphic
functions map one-to-one to each other and are conformally diffeomorphic. Generalizing the concept of holomorphy to Riemannian surfaces, conformal maps exist
only for surfaces of the same topological genus.4 The Poincaré-Koebe uniformization
theorem 5 finds that for simply connected Riemann surfaces (topological genus 0), up
to conformal equivalence, three classes exist:
• the unit disk D1 = {z ∈ C : |z| < 1},
• the complex plane C,
• and the Riemann sphere C ∪ {∞}.
These three form the so-called moduli space of genus 0, defined as the space of
conformally inequivalent Riemann surfaces of genus 0. In contrast, the moduli space
of g = 1 is infinite. In general, the moduli space of a Riemann surface of genus g
gains complexity as a function of g. Each modulus represents an equivalence class of
holomorphic functions.6
Conformal equivalence plays an important role in physical applications such as
two-dimensional potential flows around airfoils or conformal field theory, because it
allows for many powerful simplifications. One natural consequence of the conformal
equivalence of all non-empty simply connected domains U ( C1 is that there always exists a function which is not analytically continuable beyond the domain: the
function
∞
X
f0 (z) =
z α!
(5.4)
α=0

is holomorphic on the unit disk but may not be analytically continued to larger
domains [99]. Using a conformal map m from the unit disk to U , which exists due
to the Riemann mapping theorem, one finds the function f0 ◦ m−1 which cannot
be analytically continued beyond U . One also calls the unit disk the domain of
holomorphy of f0 , i.e. the largest domain for which f0 is holomorphic. Similarly, U
is the domain of holomorphy of f0 ◦ m−1 . If there exists any function f for which a
domain is a domain of holomorphy, the domain is called a domain of holomorphy.
3

See chapter VII, §4 in Ref. [102].
The topological genus is in simple words the number of holes of an orientable Riemannian surface.
The notion also exists for non-orientable surfaces. For further information see the brief article
by Hirzebruch and Kreck [103].
5
See theorem 10-3 in Ref. [104].
6
An intuitively accessible discussion of these findings is provided by Roger Penrose in chapter 8 of
Ref. [105].
4
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In general, any domain is also a domain of holomorphy in the analysis of one
complex variable, because of the Riemannian mapping theorem.7

5.1.2. Multi-dimensional function theory
The two statements just mentioned are incorrect for several complex variables Cd ,
d ≥ 2.
In several complex variables,
a domain is not necessarily a domain of holomorphy;
domains of holomorphy are usually not biholomorphically equivalent.

(5.5)
(5.6)

As compared to one-dimensional function theory, the emerging structures are thus
very rich. Depending on the domain geometry, very different sheaves of holomorphic
functions arise.
Biholomorphic maps
The notion of a biholomorphic map, which was used in statement (5.5), is the generalization of a conformal map to several complex variables. If a holomorphic mapping
m : U → U 0 , with U, U 0 ⊂ Cd is invertible, namely one-to-one, it is called a biholomorphic map. Two domains U , U 0 are biholomorphically equivalent, if and only if
a biholomorphic map exists between them. They will have an equivalent sheaf of
holomorphic functions.8 In contrast to conformal maps, biholomorphic maps do not
necessarily preserve angles. Nevertheless, with respect to the holomorphic structure,
they are the natural generalization of conformal maps on C, because they are complex diffeomorphisms: the inverse of a biholomorphic map is also holomorphic [99].
Within the present thesis, it will be of practical use to exploit the biholomorphic
equivalence of holomorphic functions on two-dimensional wedges.
Domains of holomorphy and holomorphic envelopes
Regarding statement (5.6), a remarkable example of a domain ⊂ C2 which is not a
domain
of holomorphy is given by the hollow sphere M := {z = (z1 , z2 )T ∈ C2 :
p
1
<
|z1 |2 + |z2 |2 < 1}. In sharp contrast to the single-variable case, one can
2
show that any holomorphic function f : M → C may be analytically continued
7

For simplicity, let us just consider a simply connected bounded domain G. Due to the Riemann
theorem it is conformally equivalent to the unit disk. The unit disk is a domain of holomorphy,
because any simply connected set D̃, D̃ ⊃ D1 , contains a number ζ on the unit circle. The
function 1/(z − ζ) is holomorphic on D1 but not on D̃. Thus, not all functions remain analytic
on D̃. Due to conformal equivalence, G is also a domain of holomorphy.
8
Sheaves are very general mathematical concepts, but here one may just imagine the set of holomorphic functions U → C carried by a given domain U ⊂ Cd .
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to the unit sphere. The unit sphere is, in fact, a domain of holomorphy and is
thus named the holomorphic envelope of M [99]. This extends to the famous and
surprising result by Friedrich Hartogs that isolated singularities are always removable
for analytic functions Cd → C, d ≥ 2 (Hartogs’ lemma).9 Isolated singularities play
the fundamental role in the residue calculus of conventional complex analysis. This
is a rather distinguished situation as compared to the d ≥ 2 case, due to Hartogs’
result. As will be shown in section 5.2, the theory of integral representations of
complex functions for d ≥ 2 has consequently a very different character as compared
to the d = 1 case.
We showed above that general domains such as the hollow sphere are often reducible to larger domains by means of the analytic continuation of its entire sheaf
of holomorphic functions. For this reason, mathematicians restrict to the systematic
study of corresponding envelopes of holomorphy, i.e. the domains of holomorphy.
One can show that a domain is a domain of holomorphy if and only if it is a so-called
pseudoconvex domain. Pseudoconvexity is a certain generalization of convexity from
Rd to Cd [99]. Whether or not a domain is reducible by means of its analytic structure
is thus connected to its geometry.10
Biholomorphic equivalence
In order to provide a classification scheme for domains of holomorphy in Cd , d ≥ 2,
the fruitful strategy from d = 1, namely using biholomorphic equivalences, is adopted.
Non-empty simply connected domains of holomorphy ( Cd are usually not biholomorphically equivalent. There are many different types of holomorphic structures,
depending on the domain geometry. A prominent example of biholomorphically inequivalent domains of holomorphy is given by the unit ball |z| < 1 and the bicylinder
D1 × D1 in C2 . The unit ball in higher dimensions is with regard to the holomorphic
structure in no way related to the unit disks and carries in fact a highly singular holomorphic structure. As mentioned above, in the present thesis, the equivalence class
of two-dimensional wedges will become important. It is introduced in the following
sections.

5.2. Boundary value problems
The Cauchy integral representation from conventional function theory can only be
adopted for domains which are Cartesian products of bounded simply connected Cdomains, G = G1 × G2 × · · · × Gd . The function has to be continuous in Ḡ in
9

10

Hartogs’ lemma is also known as Osgood-Brown theorem. For further reference see the corollary
in chapter III, section 17.4 of Ref. [99].
In particular, for this reason, the notion of the holomorphic envelope is conceptually related to
the notion of the convex envelope of a set. Note that the sphere is both, the holomorphic and
the convex envelope of the hollow sphere.
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terms of the points in ∂G1 × ∂G2 × · · · × ∂Gd .11 In some sense due to the surprising
implications of Hartogs’ lemma, finding a generalization of Cauchy integral representations to arbitrary domain geometries and function sets, yielding, for example, a
spectral representation of our two-variable Green’s function, turned out to be a cumbersome task. Many efforts were put in by mathematicians to find representations.
At present, there are several, more or less general, possibilities to construct such
representations, known, even with different dimensions of the integration manifolds.
The Bochner-Martinelli representation12 is, for example, probably the most general
integral representation, but the integration manifold is 2d − 1 dimensional.
In our practical application, the integration space will become identical to a fit
space in order to reconstruct real-time properties of the Green’s function (cf. chapter
6). Of course, it is most desirable to keep the dimension of the fit space as small
as possible. In the following, we aim at constructing a minimally redundant integral
representation which will be tailored to the reconstruction of real-time properties.

5.2.1. The Shilov Boundary
The fact that there are different integral representations known which invoke different
dimensionalities of function values or boundary values on the domain is clarified by
the important concept of the distinguished boundary or Bergman-Shilov boundary13
of a bounded domain.
In d = 1 complex analysis, Cauchy’s integral representation reconstructs all values
of a function on a simply connected open domain of finite radius using the limit
values on the topological boundary, as long as the the boundary values are continuous. I.e. the structure on the topological boundary determines the structure of the
interior. For d > 1, the topological boundary can in this sense be reduced to an
often much smaller set, the so-called distinguished or Bergman-Shilov boundary. In
the 1930s, Stefan Bergman discovered the distinguished boundary in the context of
C2 for bounded domains with piecewise smooth boundaries. He found that under
certain regularity conditions, an integral representation with respect to the only twodimensional manifold S of all intersections of the smooth boundaries was possible
This invokes the so-called Bergman kernel function (cf. section 5.4.3). A precise geometric and analytic description of these results is provided in great detail by chapter
XI of Ref. [106].
A pictorial comparison of the Bergman-Weil and the Cauchy representations is
provided in figure 5.1. Bergman realized that the distinguished boundary S is given
11

See chapter IV in Ref. [99].
For details see chapter IV, section 23 in Ref. [99].
13
The notion distinguished boundary was introduced in Bergman’s book [106], in which analytic
polyhedra (see below) in C2 were considered. For a more general discussion see the article on
Bergman-Shilov boundaries in Ref. [107].

12
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S
D

∂D
D

(a) Cauchy (d = 1)

(b) Bergman-Weil (d = 2)

Figure 5.1: Comparison of Cauchy and Bergman-Weil integral representation theories.
Integrations run over the (a) full topological boundary ∂D and (b) the Bergman-Shilov
boundary S ⊂ ∂D of an analytic polyhedron, respectively.

by a maximum set S̃. This is a compact set S ⊂ D̄ for which
|f (z)| ≤ max |f (ζ)|,

(5.7)

ζ∈S̃

for any z ∈ D̄, and any f ∈ HD̄ where HD̄ is the set of holomorphic functions
f : D̄ → C. In the 1940s, Shilov stumbled across the distinguished boundary in
the rather different context of commutative Banach algebras. He showed that the
intersection of all such maximum sets is nonempty and defines the distinguished
boundary [107].

Generalization
Note that in modern terminology the Shilov boundary, as a generalization of the
Bergman-Shilov boundary, may be defined for any compact space with respect to an
algebra of continuous complex-valued functions on the space [107].14 If we, for example, find physical constraints imposing certain conditions to the set of holomorphic
functions, the Shilov boundary with respect to these functions may, in fact, “shrink”
to a smaller subset of the Shilov boundary of the holomorphic functions. If a sufficiently elaborate kind of integral representation is used, this might enable us again
to reduce the number of linear fit parameters significantly in the Bayesian inference
problem.
14

The considered algebra A of continuous complex-valued functions also has to separate the points
of the considered domain G, i.e. ∀z 1 , z 2 ∈ G ∃f ∈ A : f (z 1 ) 6= f (z 2 ). This prevents to consider,
e.g., the algebra of constant functions, for which S would be empty.
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Examples
For the domains with piecewise smooth boundaries which Bergman investigated, S
is given by the unification of all possible intersections between the smooth boundary
hypersurfaces, as long as certain regularity conditions hold. We return to our two
examples from part 5.1.2, the bicylinder and the unit sphere and comment on their
Bergman-Shilov boundaries.
The bicylinder, D1 ×D1 , is one of the most easily accessible domains of holomorphy,
because it simply factorizes into two D1 -disks in C. A minimal integral representation
of a holomorphic function which is continuous on the closure D1 × D1 , is simply given
by the product of two conventional Cauchy representations (see Theorem 2.2.1 in
Ref. [108]),
ZZ
f (ζ)
1
2
Q
f (z) =
d
ζ
.
(5.8)
(2πi)2
S1 ×S1
k (zk − ζk )
Therefore, the Bergman-Shilov boundary of D1 × D1 is given by the only twodimensional toroidal subset S1 ×S1 = ∂D1 ×∂D1 of the three-dimensional topological
boundary ∂(D1 × D1 ) = ∂D1 × D1 ∪ D1 × ∂D1 . Similarly, integral representations
of domains which are direct products of C1 domains can be constructed from the
conventional Cauchy integral formula.
It was already mentioned in part 5.1.2 that the unit sphere in C2 is not biholomorphically equivalent to the bicylinder. In contrast to the two connected smooth
boundary hypersurfaces of the bicylinder, the boundary hypersurface of the unit
sphere is not even a smooth hypersurface in Bergman’s notion. One can show that
here, the Bergman-Shilov boundary is, in fact, identical to the topological boundary. Thus, any integral representation for holomorphic functions in the unit sphere
must invoke at least three real integrals. The unit sphere in d ≥ 2 is thus a highly
pathological type of domain. The intuition one might have from d = 1 and from the
fact that the bicylinder and the unit sphere are topologically equivalent is completely
misguiding. The different dimensionalities of the distinguished boundary surfaces of
the bicylinder and the unit sphere is an easy and intuitive indicator for the absence
of a biholomorphic map between the two.

5.3. Holomorphic Structure of the Green’s Functions
As a next step, the findings of section 3.4.2 shall be observed from the functiontheoretical point of view. The bare Green’s function with respect to the two variables
iϕm , iωn reads [27]
G0 (iϕm , iωn ) =
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Γα /Γ
.
iωn − α(iϕm − Φ)/2 − εd + iΓsgnnm
α=±1
X

(5.9)

5.3. Holomorphic Structure of the Green’s Functions
Here, sgnnm := sgn(ωn − αϕm /2). Performing the analytic continuations iωn → zω ,
iϕm → zϕ , the sgn function in the denominator results in an ambiguity, as far as the
definition of domains for which G0 is holomorphic is concerned.
Choosing a branch cut structure which corresponds to the continuation
sgn(ωn ± ϕm /2) → sgn(Im zω ± Im zϕ /2)

(5.10)

appears to be most sensible from both, a mathematic and a physical point of view:
First, in contrast to other choices the resulting domains are also domains of holomorphy and are thus “maximal” with respect to the holomorphic structure.15 The
four domains of holomorphy are given by C2 separated into wedges by the two branchcut hyperplanes Im zω ± Im zϕ /2 = 0. Second, it is just the imaginary part of the
linear combinations of zω and zϕ , appearing in the denominators of perturbative expressions in U , which yields the crucial sign-switching delta functions generating the
non-analytic terms separating the domains for which G is holomorphic. See e.g. the
structure of equation (3.81).
Consequently, for a finite many-body interaction U 6= 0, the introduction of a
branch cut must be expected for any new kind of linear combination of zω and
zϕ in denominators of perturbative integrands. Second-order perturbation theory
from Ref. [27] indicated that particle-hole bubbles create higher-order branch cuts
Im zω − γ2 Im zϕ = 0; γ odd, due to the structure of convolutions which are involved (see
section 3.4.2). In a later publication [53] it was pointed out that vertex corrections
appear to introduce yet another species of a branch cut, given by Im zϕ = 0. The
physical retarded Green’s function is then given by
Gret (ω) =

lim

zω

→ω+i0+

limδϕ →0+ + limδϕ →0−
G(Φ + iδϕ , zω ),
2

(5.11)

i.e. one has to average over the two possible limits with respect to δϕ , in order to
generate certain principal-value integrals of Keldysh perturbation theory.16

5.3.1. Resulting Mathematical Assumptions
The following assumptions are being made for the mathematical structure of the
Green’s function:
1. By means of holomorphy, we obtain cone-like constraints for the combinations
of imaginary parts, as depicted in Fig. 3.4. More precisely, we require G to be
a solution of the Cauchy-Riemann equations (5.2) for any z (0) except for those
z (0) which
γ
Im zω(0) = Im zϕ(0) ∨ Im zϕ(0) = 0,
(5.12)
2
15
16

They are “maximal” in the sense of a holomorphic envelope, cf. section 5.1.2.
See the discussion in section 3.4.2.
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with some γ ∈ 2Z+1. Those z (0) define the branch cut hyperplanes and delimit
the wedges for which G is holomorphic.
2. We will require the interacting Green’s function G(z) to be bounded, i.e.
sup |G(z)| < ∞.

(5.13)

z∈C2

3. We will assume that the Green’s function G(z) is uniquely defined by the
discrete function values G(iϕm , iωn ) which are obtained from the effectiveequilibrium computations. I.e. we require that the continuation to a multisheeted holomorphic function
G(iϕm , iωn ) → G(zϕ , zω )

(5.14)

is unique.
The second assumption is justified by the structure of the convolution equations
(Wick contractions) in perturbation theory and the boundary conditions that terms
eiϕm β/2 and eiωn β , evaluate to 1 and -1 before the analytic continuations are carried
out.
A proof of the third assumption, which is of course crucial for the physical theory
itself, is provided in appendix A. It is based on assumption 1 and 2 and the assumption
3’ which sharpens the requirements on the z → ∞-asymptotics:
3’. Given arbitrary x(0) ∈ R2 \ {0} and ζ ∈ C, we have
(0)
lim ζ · G(ζx(0) ) < ∞ ⇔ x(0)
ω 6= ±xϕ /2.

(5.15)

ζ→∞

In other words, G(z) is required to decay like a usual Green’s function as a
function of ζ, where z = ζ · x(0) , if and only if the direction x(0) satisfies the
(0)
(0)
regularity condition xω 6= ±xϕ /2.

5.3.2. Justification of assumption 3’
The assumption 3’ may be justified as follows.
the absolute value of the free Green’s function (5.9), |G0 (zϕ , zω )| ≤
PConsider
1
1
Γα
α=±1 Γ |(zω −α(zϕ −Φ)/2−εd +iΓsgnIm (zω −αzϕ /2)| . It is obvious that it decays ∝ ζ when
(0)

(0)

(0)

(0)

zϕ = ζ · xϕ and zω = ζ · xω for the nonsingular combinations of xϕ and xω . It
(0)
(0)
does not decay at all in the singular cases xω = ±xϕ /2.
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It is easy to check that interaction U > 0 does not alter this high-energy structure.
Let us examine the second-order selfenergy expression (Eq. (15) in Ref. [27]):
" 3 Z
#
X Y
fα (1 − fα2 )fα3 + (1 − fα1 )fα2 (1 − fα3 )
Γ
α
, (5.16)
dεi i · 1
Σ(2) (z) = U 2
Γ
zω − (α1 − α2 + α3 ) zϕ2−Φ − ε1 + ε2 − ε3
α
i=1
i

with fαi = f (εi − αi Φ/2).
Due to the structure of the denominator, we see that on top of the singular direc(0)
(0)
tions of the bare Green’s function, xω = ±xϕ /2, we also have the singular directions
(0)
(0)
xω = ± 23 xϕ .
Consequently, assumption 3’ is incorrect for the second-order selfenergy. Nevertheless, when inserted into Dyson’s equation,
G(2) (z) =

G0 (z)
,
1 − G0 (z)Σ(2) (z)

(0)

(5.17)

(0)

we see that for the directions xω = ± 23 xϕ the limiting behaviour of G0 is adopted,
i.e. the behaviour (5.15). Note that the uniqueness proof of appendix A also holds
when applied directly to the selfenergy, because the singular directions of the second(0)
(0)
order perturbation theory, xω = ± 23 xϕ , are not required to be regular in the proof.
(0)
(0)
This is because the direction xω = ± 32 xϕ also defines a branch cut (assumption 1).

5.4. Tubular Cone Domains (“Wedges”)
As we have seen, the structure of G0 combined with the structure of convolutions
in the perturbation theory with respect to U , indicate that the numerous branch
cut hyperplanes divide C2 into several, in fact infinitely many, wedges of the form
T C = R2 + iC. C is a convex cone with vertex at zero. See also figure 3.4. Due
to the convexity of C, T C is pseudoconvex and is thus a domain of holomorphy,
i.e. in some sense irreducible with respect to its analytic structure [99].17 In the
function-theoretical classification scheme, domains like these are called tubular cone
domains.

5.4.1. Geometry of the Cones
We briefly introduce certain notions of the description of the analytic geometry of
cones in Rd . This is necessary to thoroughly follow the mathematical formulae which
are involved in the description of the analytic structure of T C . A cone C with vertex
at zero is formally defined by the scaling property x ∈ C ⇒ ∀λ > 0 : λx ∈ C.
17

See the discussion of holomorphic envelopes in section 5.1.2.
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Its dual cone C ∗ is defined via the standard scalar product
(ξ, x) :=

d
X

ξk xk ;

ξ, x ∈ Rd ,

(5.18)

k=1

by
C ∗ := {ξ ∈ Rd | ∀x ∈ C : (ξ, x) ≥ 0}.

(5.19)

C ∗ represents the space of positive semi-definite linear functionals on C when the
functional form (5.18) is considered. The dual cone is important, because the construction of kernel functions often involves Fourier transforms.
A convex cone is a cone for which the straight line between any pair of points within
the cone is also contained in the cone. We will also use the analytic continuation of
the scalar product (5.18) with respect to x. We continue x → z holomorphically in
(5.18):
d
X
(ξ, z) :=
ξk zk ; ξ ∈ Rd , z ∈ Cd .
(5.20)
k=1

5.4.2. Analytic Structure and Biholomorphic Equivalence Classes
Tubular cones and domains are very well-known objects in the theory of several
complex variables, because they naturally arise in certain fields of mathematics. As a
consequence, many efforts were put in a detailed understanding of their structure. In
the prominent physical example, axiomatic quantum field theory, the cones represent
forward and backward light cones, in four-dimensional spacetime, d = 4. A celebrated
result was Bogolyubov’s edge-of-the-wedge theorem.18
A key component of the wedge is given by its edge, namely the real subspace
associated with the vertex of the cone. Because in our case the vertex is located at
zero, the edge of the wedge T C can be formally identified with an oriented copy of
the real subspace,
EdgeT C := Rd + i0C ,
(5.21)
where 0C is an infinitesimal vector within the cone C. Although there exist, depending on the direction approaching the origin within C, several infinitesimals 0C ,
the Edge is well-defined through (5.21), because all infinitesimals in C are obviously
equivalent with respect to holomorphic continuation in T C . T C may be regarded as
a generalization of the upper half plane in C.
0
Let C, C 0 be arbitrary convex cones in Rd , C 6= C 0 . T C and T C are in general not
biholomorphically equivalent. However, our two-dimensional case is fortunately an
0
exception to this rule: T C and T C are biholomorphically equivalent for any combination C, C 0 . See also the introductory notes in the corresponding part of the second
18

The edge-of-the-wedge theorem will be briefly discussed in section 7.1.
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0

volume of Ref. [34]. In C2 , biholomorphisms between T C and T C may be constructed
easily using complexified rotations and
of R2 : Consider that the real (non dilations

a b
x maps C to C 0 , i.e. C 0 = M C. The
singular) matrix M : R2 → R2 , x 7→
c d
C
C0
corresponding biholomorphism between
 T and T is obtained from the complexia b
0
fied map M̃ : C2 → C2 , z 7→
z. It is easy to see that T C = M T C , that M
c d
is holomorphic, and invertible. If the complexified linear map is a rotation, we will
also call it a biholomorphic rotation when we want to emphasize the biholomorphic
character of the mapping.
Note that the helpful notion of the Bergman-Shilov boundary is not directly applicable to T C , because T C is unbounded. However, as will be discussed next, sequences
of bounded domains approaching T C from its interior may be used to understand the
holomorphic structure on T C .

5.4.3. Bergman-Weil Representations
The following three subsections describe how not to build an integral representation
for wedges of the two-variable Green’s function of Matsubara voltage theory. By
this, some insightful peculiarities of the theory analytic structure of the theory are
revealed. The proper integral representation is then derived in section 5.5, based on
the Cauchy-Bochner integral kernel which is introduced in section 5.4.4.
We may construct a sequence of bounded domains Dn ⊂ T C , limn→∞ Dn = T C ,
with piecewise smooth boundaries like in Fig. 5.1b easily, such that the edge of the
wedge contains a part of the Bergman-Shilov boundary Sn of Dn and such that the
other subsets of Sn disappear to ∞ as n → ∞. In our case, d = 2, an explicit
construction of such a sequence may be obtained by intersecting T C with a growing
bicylinder Bn := Rn · (D1 × D1 ), Dn := Bn ∩ T C , with Rn ∝ n. The procedure
is sketched in Fig. 5.2. One finds that the sequence of Bergman-Shilov boundaries
improperly converges to
S∞ := EdgeT C ∪ {∞},
(5.22)
where “∞” shall informally denote the point or merely a list of points which emerge
when T C is, depending on the holomorphic structure, compactified suitably.19 At first
glance, each direction for approaching ∞ might yield a different point in {∞}. The
points “∞” carry the additional information which is necessary to turn the structure
on EdgeTC into a unique description of the holomorphic structure on T C .
19

This informal terminology shall just emphasize the fact that the sequence of Shilov boundaries
leads to a non-trivial structure “∞” at infinity which needs to be taken care of when an integral
representation is constructed. Fortunately, however, the finite part of S∞ , namely the edge of
T C , is just the real-time limit of the holomorphic branch of the Green’s function on T C enclosed
by two subsequent branch cuts (cf. figure 3.4).
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TC
Sn
Dn
Edge∩Sn

Bn

Bn−1

Figure 5.2: An artist’s impression of asymptotically filling the wedge T C with the sequence
Dn . Dn is a domain with piecewise smooth boundaries created by intersecting with a
growing bicylinder Bn , creating the analytic polyhedra Dn . The corresponding sequence
of Bergman-Shilov boundaries improperly converges to the set Edge ∪ {∞}. Therefore,
the sheaf of holomorphic functions on T C is solely characterized by its edge values and its
asymptotic behaviour z → ∞.

The Bergman representation for an analytic polyhedron in C2 may be obtained by
the following procedure [106]. An analytic polyhedron is defined by
ζ (k) = f(k) (z, λk ),

(5.23)

where f(k) (z, λk ) are λ-parametrized families of analytic functions of z and λk ∈
Λk ⊂ R, k = 1, . . . , K. Each equation yields a surface in z-space for a given λ and
a hypersurface hk in z-space as λ is varied continuously. The mutual
intersections
S
Skl = hk ∩ hl yield the Bergman-Shilov boundary surface S = k,l Skl . Skl is then
parametrized by a function z = g(kl) (λk , λl ). A holomorphic function f on the analytic
polyhedron may then be written with respect to the Bergman-Shilov boundary of the
latter using the Bergman kernel function [106]
!
(kl) (kl)
(kl)
(kl)
∂(g1 , g2 )
fk (z1 , z2 , λk )fl (z1 , g2 , λl )
fl (z1 , z2 , λl )fk (z1 , g2 , λk )
.
Bkl =
·
−
(kl)
(kl)
(kl)
(kl)
∂(λk , λl )
(g1 − z1 )(g2 − z2 )
(g1 − z1 )(g2 − z2 )
(5.24)
The integral representation with respect to f |S then reads
Z
(kl) (kl)
f (g1 , g2 )Bkl
1 X
f (z) = − 2
8π k6=l λk ,λl f(k) (z, λk )f(l) (z, λl )

66

(5.25)

5.4. Tubular Cone Domains (“Wedges”)
and can be applied directly to our Dn domains.
An explicit test on whether a Bergman integral representation for G0 on the Dn =
Bn ∩ T C domains is feasible yields that the subsets of Sn which go to ∞ may not be
neglected for G(z) functions.20 This is because G0 (z) has a nonzero limit as z → ∞
if one goes along the cross-shaped submanifold Re zω = ±Re zϕ /2 and keeps Im z
constant. Due to the independence from Im z, this problem occurs for each of the
wedges. Hence, the Bergman kernel function (5.24) is only of limited practical use
for the two-variable Green’s functions.
However, the formal use of the sequence Dn enables us to see very explicitly that
the Edge of T C is the only carrier of structural information which involves finite
values of z. The rest of the information, then uniquely defining the holomorphic
structure on T C , is encoded in the several possible classes of limiting behaviour as z
approaches infinity.

5.4.4. Cauchy-Bochner Integral Representation
As an almost straightforward consequence of this, assuming a certain limiting behaviour of the considered set of functions on T C , integral representations with respect to the Edge Rd + i0C may be derived. Even more generally, a constraint on
the function class which also limits the Edge behaviour, can be imposed in such a
way that the Edge function yields a unique description. The several possible z → ∞
behaviours are then, using the information from the constraint, encoded in the Edge.
This appears to be linked deeply to the extension of the notion of the Bergman-Shilov
boundary to the notion of the Shilov boundary mentioned in the course of section
5.2.1: Considering only a subset of the sheaf of holomorphic functions on a certain
(compactified) domain may cause the Shilov boundary to “shrink”.
One of the earliest of such developments was another extension of the Cauchy
integral formula with respect to tubular cones by Salomon Bochner.21 It goes beyond
restricting the considered function set such that a naı̈ve extrapolation of Bergman
representations, like in Fig. 5.2, holds. It considers a function f which is holomorphic
on T C and satisfies the constraint
kf (x + iy)k ≤ Mε,f (C 0 )eε|y|

(5.26)

which has to hold for any compact22 cone C 0 ⊂ C and for any ε > 0, where Mε,f (C 0 )
is a suitably chosen real number. k · k is a norm which integrates out the x variable,
20

We aim at a parametrization of the function with respect to the real-time structure which
corresponds to the edge of T C . Therefore, getting rid of the explicit dependence on the structure
at “∞” is desirable. However, it cannot be accomplished by simply “extrapolating” Bergman-Weil
representations.
21
See chapter IV, section 25 in Ref. [99].
22
See paragraph 1 in section 25 of chapter IV of Ref. [99] for an appropriate definition of the
compact subcone.
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R
kf (x + iy)k2 := dd x |f (x + iy)|2 [99].
Inequality (5.26) constrains the limiting behaviour z → ∞ in a sufficiently strong
way such that an integral representation with respect to the Edge may be constructed.23 Namely, the Cauchy-Bochner representation then allows a function f
satisfying (5.26) to be written as
Z
1
(5.27)
f (z) =
dd x0 KC (z − x0 )f (x0 + i0C );
d
(2π)
with the Edge values f (x0 + i0C ). Here, the so-called Cauchy kernel [99] of the cone
C,
Z
KC (z) :=
(5.28)
dd ξ ei(ξ,z) ,
C∗

was introduced. It is straightforward to compute the Cauchy kernel for our wedges
with this formula. We will provide a general but easily applicable expression for
further numerical and analytical computations in section 5.6.
Unfortunately, as in the Bergman approach, a numerical test of Eq. (5.27) for
f = G0 using an arbitrary wedge for which G0 is holomorphic shows that the CauchyBochner representation (5.27) is also incorrect for G0 . As a consequence, we find that
the Green’s functions does not satisfy (5.26). This is compatible with the fact that
the left hand side of (5.26) diverges in the case f = G0 , no matter which C 0 is
considered.
Nevertheless, as we will see, the Cauchy-Bochner kernel will serve as a building
block for the construction of a kernel for a different class of holomorphic functions
which in fact contains our Green’s functions G(z) when a single wedge is considered.

5.4.5. The tubular octant H × H and
Biholomorphic Equivalence to the Bicylinder
Before coming to the practically usable integral equation, one further conceptually
important mapping should be discussed, which is in fact essential for the applicability
of the actual representation derived in section 5.5. Due to the biholomorphic equivalence of all T C in C2 , any of the wedges which arise for the Green’s function may be
mapped biholomorphically to the tubular octant H × H = R2 + i (R+ × R+ ), where H
is the upper half plane of C. This domain may itself be mapped biholomorphically
to the bicylinder D1 × D1 via a piecewise Möbius transformation of the coordinates.
Hence, all wedges of the Green’s function are biholomorphically equivalent to the bicylinder. Let us denote a corresponding biholomorphism by mC : T C → D1 ×D1 . We
would like to comment on this due to the striking simplicity of the bicylinder and of
23

This is possibly because the Shilov boundary of the constrained set of holomorphic functions
shrinked to the edge. See the discussion of the generalized notion in section 5.2.1.
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S1 × 1

p∞
1 × S1
(1, 1)

mC (Edge)

S1 × S1

Figure 5.3: On the distinguished boundary surface of the bicylinder, the picture of EdgeT C
under the component-wise Möbius transformation mC is delimited by the dash-dotted lines
p∞ . A discontinuity of G|T C ◦ m−1
C occurs at the intersection point (1, 1) of the two circles
and prevents a Cauchy representation from being applicable. The violation of the CauchyBochner condition (5.26) appears to be related to the occurance of the discontinuity.

domains which are direct products of C1 domains with respect to the construction of
integral representations. From the point of view of this construction, the tubular octant may be regarded as the simplest representant of the biholomorphic equivalence
class of all wedges in C2 .
Due to the premises of the Cauchy integral formula, a usage of the representation
(5.8) for the biholomorphically transformed sheaf of holomorphic functions is feasible
in case the transformed Green’s function G|T C ◦ m−1
C is continuous on its topological
boundary ∂(D1 ×D1 ).24 Note that under the biholomorphic transformations, S1 ×S1 is
mapped to the edges of the T C wedges. The “∞” in T C maps to “∞” in H × H under
biholomorphic transformation, and that again maps biholomorphically, using the
−i
to the points p∞ := {1} × S1 ∪ S1 × {1}.
component-wise Möbius transformation zzkk +i
Note that the points p∞ ⊂ ∂(D1 × D1 ) are also part of the distinguished boundary
torus S1 × S1 .
The boundary behaviour of the transformed Green’s function G|T C ◦ m−1
C is not
continuous at the intersection point (1, 1) of the two circles p∞ , due to the properties
of G0 |T C at ∞ leading to singular directions, as summarized in assumption 3’ of
section 5.3.
An illustration may be found in Fig. 5.3.
Therefore, using the biholomorphic equivalence to the bicylinder is not immediately
helpful for the construction of an integral representation of the Green’s function G.
Nevertheless, it is essential in the application of Vladimirov’s approach which will be
subject of the next section.
24

More precisely, it must be continuous in the closure D1 × D1 at all points on the distinguished
boundary torus S1 × S1 shown in figure 5.3. See chapter IV in Ref. [99].

69

5. Dynamic Expectation Values and Several Complex Variables

5.5. Vladimirov’s Integral Formula
In the late 1970s and early 1980s, Vladimirov provided a generalization [34; 109] of the
so-called Herglotz-Nevanlinna representation to tubular cone domains which is, due
to its generality, applicable to the interacting Green’s function G. His investigations
were motivated by applications in the field of linear passive systems in mathematical
physics.

5.5.1. Herglotz-Nevanlinna Representation (d = 1)
Herglotz’ representation theorem considers holomorphic functions in the open unit
disk D1 which have a positive real part, the so-called Carathéodory functions [110–
112]. By separating a phase factor out of the function, one can also consider functions
with positive or negative imaginary part, and so on. Since the open unit disk can
be conformally mapped to the upper half plane H, using the Möbius transformation
z−i
, as mentioned above, the representation can, under certain circumstances, be also
z+i
used for H.
By considering Carathéodory functions, Herglotz’ theorem only imposes assumptions on the positivity of the real (imaginary) part of the function. In contrast to
Cauchy’s integral formula, no assumptions about the behaviour of the Carathéodory
functions on the boundary of the disk are made, such as the continuity. The theorem
states that every Carathéodory function f can be represented by
Z 2π it
e +z
dσ(t) ,
(5.29)
f (z) = i · Im f (0) +
eit − z
0
where dσ is a nonnegative finite measure [110].
Regarding a different set of functions, a formally very similar representation is the
so-called Poisson formula,25 which is the analog of the Cauchy formula to the real
analysis of harmonic functions, and can in fact be derived from it. It provides an
integral kernel for the solution to the Dirichlet problem for the Laplace equation on
the unit disk in R2 . For a continuous function f : ∂D1 → R it allows to construct a
harmonic function u : D1 → R as follows:
Z 2π it
e + z it
1
u(z) =
Re
f(e ) dt
(5.30)
2π
eit − z
0
A comparison of Eqs. (5.29) and (5.30) shows that the measure dσ of the Herglotz
formula is in fact defined by the (possibly singular) boundary limit of the holomorphic
function.
25
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See pp. 169ff. in Ref. [113].
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As a natural extension of the Poisson formula, the Schwarz integral formula 26
reconstructs a holomorphic function f on the closed unit disk from the real part of
its boundary values, up to a constant imaginary offset. It reads
Z 2π it
e +z
1
f (z) = i · Im f (0) +
f (eit ) dt .
(5.31)
it
2π 0 e − z
Apparently, the only formal difference between (5.30) and (5.31) is the different
measure.
Due to the conformal equivalence, for a holomorphic function f on the closed upper
half plane Im z ≥ 0, under the assumption that there is an α > 0 for which |z α f (z)|
is bounded, one has the Schwarz representation in the following form:
1
f (z) =
πi

Z

∞

Re f (x + i0+ )
dx .
x−z

−∞

(5.32)

Note the formal equivalence to the spectral representation of a conventional MatsubR
1 Im G(x+i0+ )
ara Green’s function [97], G(z) = dx −π
.
z−x
Similarly, the Poisson kernel for the closed upper half plane is
Py (x) =

x2

y
,
+ y2

(5.33)

yielding the representation
1
u(x + iy) =
π

Z

∞

Py (x − t)f(t) dt ,

(5.34)

−∞

with f ∈ Lp (R).
The full Herglotz-Nevanlinna representation [109] of arbitrary analytic functions
with positive real part for the open upper half-plane reads
Z
z+i
dµ (x0 )
f (z) =
πi
(x0 − i)(x0 − z)
(5.35)
Z
1
dµ (x0 )
−
− iaz + b.
π
1 + x02
Here, µ is given by the boundary-value distribution of Re f :
µ = Re bv f,

26

(5.36)

See p. 171 in Ref. [113].
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i.e. µ(x)“=”Re f (x + i0+ ). The linear coefficient
Z
1
dµ (x0 )
a = Re f (i) −
,
π
1 + x02

(5.37)

and the constant term b = Im f (i). For example, in the case of the function f (z) =
i/πz, µ is the Dirac measure µ(x) = Re bvf = δ(x) and the coefficients a = b = 0.
The case µ(x) = −a · δ(x) is not permitted by construction.
At first glance, with regard to their formal structure Eqs. (5.32) and (5.34) and
the connection to the Herglotz-Nevanlinna representation (5.35) seem to be rather
straightforward applications of the Cauchy integral formula. However, attempting
the multidimensional generalization, we found that in our case, d > 1, the CauchyBochner way of invoking KC for a representation, equation (5.28), is not valid for the
noninteracting Green’s function G0 |T C : see section 5.4.4. Remarkably, as pointed
out in section 5.4.5, taking assumption 2 from section 5.3 into account, we find
that when transformed to the bicylinder, the Green’s function G|T C ◦ m−1
C is very
similar to a Carathéodory function, but the Cauchy-Bochner representation is invalid.
These subtleties are apparently reflected by the central assumption (5.26) of CauchyBochner representations.

5.5.2. Functions with positive real or imaginary part in T C
Note that the representation (5.35) can be also used for bounded functions on the
upper half plane. This can be formally accomplished by introducing a shift in f
which makes the real part of the function of consideration positive definite. While
the signs of its real and imaginary parts will vary, the considered holomorphic sheet
of the Green’s function,27 G|T C , is guaranteed to be bounded, due to assumption
(5.13).
It is thus worthwhile to study the set of holomorphic functions with positive imaginary parts on T C which shall be denoted by H+ (T C ). Due to the biholomorphic
equivalence of the Green’s function’s wedges to the bicylinder, one may think of
H+ (T C ) as a generalization of the Carathéodory functions. Note that in the literature, sometimes functions with positive real and sometimes functions with positive
imaginary parts are considered, resulting in marginal differences in the equations.

27
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Please recall that holomorphic sheets of the Green’s function are enclosed by subsequent branch
cuts, as depicted in figure 3.4.
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5.5.3. Vladimirov’s Kernel Functions for T C
We will now study the generalization of the Herglotz-Nevanlinna representation to
d-dimensional wedges [34; 109].28 Let us first introduce Vladimirov’s generalizations
of the Poisson and Schwarz kernels, using the Cauchy kernel KC from Eq. (5.28) as
a starting point.
The (generalized) Poisson kernel for the wedge T C is defined by
|KC (z)|2
PC (z) :=
;
(2π)d KC (2iy)

z = x + iy.

(5.38)

The (generalized) Schwarz kernel with respect to a point z (0) = x(0) + iy (0) ∈ T C is
given by
SC (z, z (0) ) :=

2KC (z)KC (z (0) )


(2π)d KC z − z (0)

(5.39)

− PC (x(0) , y (0) ).
For a measure µ(x) we call
Z
PC [ dµ ](z) :=

dµ(x) PC (z − x)

(5.40)

the Poisson integral with respect to µ.

5.5.4. Vladimirov’s Theorem
We already pointed out that in the case d ≥ 3 two arbitrary different wedges, T C
0
and T C , are usually not biholomorphically equivalent. In particular, the wedge T C
is not necessarily biholomorphically equivalent to Hd when d ≥ 3. Hence, one may
expect the structural similarity to the Carathéodory functions to break down more
easily in higher dimensions.
This is the reason why Vladimirov’s d-dimensional generalization of Herglotz’ theorem is stated in the following way [34]:
Theorem. (Vladimirov, 1978/79) The following conditions for a function f ∈
H+ (T C ) are equivalent for a cone C ⊂ Rd and µ(x) := Im f (x + i0C ):
1. The Poisson integral PC [ dµ ] is pluriharmonic in T C ;
28

Vladimirov’s approach may be found for positive real parts in Ref. [109] and for positive imaginary
parts in Ref. [34].
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2. the function Im f (z), z = x + iy ∈ T C , is represented by the Poisson formula
Im f (z) = PC [ dµ ](z) + (a, y),

(5.41)

for some a ∈ C ∗ , where C ∗ is the dual cone of C;
3. for all z 0 ∈ T C , under the assumption that C is regular, the Schwarz representation
Z
SC (z − t, z 0 − t) dµ (t)
f (z) =i
(5.42)
Rd
+ (a, z) + b
holds, with b = b(z 0 ) = Re f (z 0 ) − (a, x0 ).



Pluriharmonic functions are the natural multidimensional generalization of harmonic
functions. A regular cone C in our context is a cone for which 1/KC is non-singular
in T C . In the cases d = 1, 2, 3 all pointed cones are regular [109].
The first statement of the theorem is true for our type of domains, because it
is known from the literature (see p. 134 in Ref. [109]) that the Poisson integral is
pluriharmonic for any function H+ (Hd ). Due to the biholomorphic equivalence of
all T C to H2 in C2 ,29 the two integral representations provide exact relations for all
holomorphic sheets of the interacting Green’s function.30 A parametrization of the
Green’s function with respect to their Edge values is gained by this. Due to the
far-reaching biholomorphic equivalences, the validity of our representation has first
been shown for the polycylinder by Korányi and Pukánsky [114].
Note that the linear growth term a is zero for the Green’s function, because it is
bounded, as required by assumption (5.13).

5.6. Application to the Green’s function
It turns out to be reasonable to specify a given cone domain arising from the branch
cut structure by an angle ϑ and an opening ratio r. See figure 5.4. It is sufficient
to consider the case ϑ = 0 first, because relations for finite ϑ may be reconstructed
from biholomorphic rotations, as explained in section 5.4.2.
29
30

See the discussion of the biholomorphic transformations in section 5.4.5.
It may again be helpful to recall that the holomorphic sheets are defined by subsequent branch
cuts, as depicted in figure 3.4.
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Cr,ϑ

ϑ
Cr,0

opening
ratio r

Figure 5.4: An arbitrary cone C with 0 as vertex can be parametrized by an opening
ratio r and an orientation angle ϑ. The rotation Rϑ which maps Cr,0 to Cr,ϑ induces a
biholomorphism between T Cr,0 and T Cr,ϑ .

5.6.1. Kernels for ϑ = 0
For the case ϑ = 0, the computation of the kernels KCr,ϑ and PCr,ϑ can be accomplished straightforwardly. Using the definition
[
Cr,ϑ :=
{(x1 , x2 ) ∈ R2 | x2 > 0 ∧ x1 = λx2 }
(5.43)
λ∈(−r,r)

one can compute the Cauchy and Poisson kernels via equations (5.28) and (5.38).
The resulting Cauchy kernel is
KCr,0 (z) = −2r

1
,
rz2 − µz1
µ=±1
Y

(5.44)

and the resulting Poisson kernel is
PCr,0 (z) =

r Y
ry2 − µy1
.
2
π µ=±1 (rx2 − µx1 )2 + (ry2 − µy1 )2

(5.45)

An explicit use of the Schwarz kernel (5.39) seems to be less advantegeous, because
the occurance of the reference point z (0) appears to introduce additional technical
complications.

5.6.2. Operator Notation
In order to put a stronger emphasize on the functional-analytic nature of the integral
representations which interrelate edge and wedge values of the Green’s function, let us
introduce an operator notation for the Poisson integral and also for the biholomorphic
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rotations. Let us denote the set of all a-priori admitted Green’s functions on T C by
GC . By “a-priori admitted” we mean those analytic functions G|T C : T C → C for
which axiom 2 from section 5.3 holds (T C has to comply with axiom 1). Furthermore,
let us denote the corresponding space of boundary value distributions G|T C (x + i0C )
by EC . In order to focus on the Poisson kernel, we introduce the corresponding spaces
(I)
(I)
of imaginary parts, GC and EC .
We denote by the operator PC the linear map
(I)

PC : EC

(I)

→ GC ,
Z
C
Im G(x + i0 ) →
7
dx2 PC (z − x)Im G(x + i0C ).

(5.46)

Note that the Schwarz kernel (5.39) does not directly yield a comparable map from
EC to GC , due to the occurance of the z (0) reference point.
Furthermore, the rotation Rϑ , which maps the cone Cr,0 to the cone Cr,ϑ , induces
a biholomorphic map R̃ϑ : T Cr,0 → T Cr,ϑ (see section 5.4.2). This biholomorphism
maps functions f ∈ GCr,0 to functions f ∈ GCr,ϑ . This can be similarly represented
by the linear operator
Rϑ : GCr,0 → GCr,ϑ ,
f (z) 7→ f (R̃ϑ−1 (z)).

(5.47)
(5.48)

The operator Rϑ also naturally extends to a linear map from ECr,0 to ECr,ϑ which
we will denote by the same symbol Rϑ .

5.6.3. Kernel functions at finite ϑ
Consequently, for finite ϑ, the Poisson kernel operator of T Cr,ϑ is
PCr,ϑ = Rϑ PCr,0 R−1
ϑ .

(5.49)

Equivalently, the Poisson kernel function of T Cr,ϑ is given by
PCr,ϑ (z) = PCr,0 (Rϑ−1 · z).

(5.50)

In practical computations, the function can be evaluated combining equation (5.45)
and the rotation matrix


cos ϑ − sin ϑ
−1
Rϑ =
.
(5.51)
sin ϑ cos ϑ

76

5.6. Application to the Green’s function

5.6.4. Edge Properties of G0
Since we essentially reduced the structure of the Green’s function to the edge values
of their holomorphic branches, it seems worthwhile to investigate the edge structure
of G0 , and later also the perturbative structure of the theory in U , more carefully.
See section 7.1 for the deeper analysis.
The edge limit of the bare Green’s function (5.9), as a function of the edge orientation ϑ, is given by
X (edge),α
(edge)
G0
(ϑ; x) =
G0
(ϑ; x),
(5.52)
α=±1

where
(edge),α

G0
and

(ϑ; x) =

Γα /Γ
xω − α(xϕ − Φ)/2 − εd + iΓsgnϑ



α
sgnϑ := sgn cos ϑ − sin ϑ .
2

(5.53)

(5.54)

Apparently, the edge function only changes as a function of ϑ whenever cos ϑ ±
sin ϑ/2 crosses zero. This reflects the equivalence of all directions


sin ϑ +
ϑ
0
(5.55)
x + i0 := x + i ·
cos ϑ
when approaching the edge within a holomorphic branch T C , as discussed in section
5.4.2. The edge function changes whenever ϑ crosses a branch cut, namely for the
following singular orientations in the interval [0, 2π):
(sing)

ϑ1

= arctan 2;

(sing)
ϑ2
(sing)
ϑ3
(sing)
ϑ4

= π − arctan 2;

(5.56)

= π + arctan 2;
= 2π − arctan 2.

(sing)

are also identical to the singular directions of assumption 3’
The orientations ϑi
in section 5.3.
There is another subtle feature of the edge behaviour of the bare Green’s function.
The real part
(edge)

Re G0

(ϑ; x) =

Γα
(xω
Γ

− α(xϕ − Φ)/2 − εd )
(xω − α(xϕ − Φ)/2 − εd )2 + Γ2
α=±1
X

(5.57)

is completely ϑ-independent. As a consequence, for any branch of G0 , the edge limit
Re G0 (x + i0C ) is identical.
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Another property is related to the physical limit (5.11) of the Green’s function.
With regard to the orientation within the branch cut structure of the respective
limiting procedure, one obtains that ϑ = 0 corresponds to the retarded Green’s
function. One finds that the quantity

1
Ã0 (x) := − Im G0 x + i · 0ϑ=0 ,
π

(5.58)

where x + i · 0ϑ=0 is defined according to Eq. (5.55), is positive definite:
Ã0 (x) =

Γα /π
.
(xω − α(xϕ − Φ)/2 − εd )2 + Γ2
α=±1
X

(5.59)

Within the MaxEnt method employed in the following chapters, this will be of use in
the probabilitic interpretation of the fit variables associated to the integration space.
In particular, the non-interacting spectral function
A0 (ω) = Ã0 (Φ, ω).

(5.60)

Again one can see in equation (5.59) that Ã0 does not decay to zero as a function
(sing)
of x → ∞ along the singular directions ϑi
(x(0) in axiom 3’, section 5.4.2). This
is because the occurance of singular directions is an essential feature of the edges and
the holomorphic structure of the Green’s function. It leads to a discontinuity at ∞.31

5.7. Summary
In the present chapter, basic notions of the theory of several complex variables were
introduced. It was pointed out that the Green’s functions of Matsubara voltage theory have holomorphic branches living on wedge domains which are in mathematical
terminology the well-known tubular cone domains. They represent a generalization
of the upper half plane to two or more complex variables. The analytic properties of
the Green’s function within a wedge were characterized. An integral representation
for an arbitrary analytic branch of the Green’s function for a wedge was derived. By
this, a linear relation between imaginary-voltage data and the edge of the wedge was
achieved. Since it establishes a link between real-time and imaginary-time structure
of the theory, it will be utilized by the numerical analytic continuation procedures in
the next two chapters.

31

See the compactification discussed in chapter 5.4.5 and in particular figure 5.3.
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Numerical Analytic Continuation
In order to analytically continue the imaginary-time quantum Monte-Carlo simulation data, a rather involved numerical technique has to be invoked. This so-called
MaxEnt algorithm [35] provides Bayesian estimates on real-time properties based on
evidence given by the imaginary-time simulation data. The Bayesian estimates are
necessary because real-time and imaginary-time structure are related via an integral
equation whose inversion is numerically ill-posed. As consequence, the stochastic
noise associated to the Monte-Carlo simulation is amplified by the numerical inversion. The inversion has to be regularized appropriately, in order to obtain physically
insightful data from the simulation. The MaxEnt incorporates a-priori information
about the real-time structure via Bayes’ theorem in order to accomplish this task.
In the example of conventional equilibrium bosonic or fermionic correlation functions one has the representation [97]
Z
A(ε)
G(iωn ) =
dε =: Keq [A](ωn ),
(6.1)
iωn − ε
where G(iωn ) is the Gaussian random variable associated to the output of a thorough
quantum Monte-Carlo simulation at bosonic or fermionic Matsubara frequency ωn .
An optimal estimator for the spectral function A(ε) is needed, given some measured
mean values Ḡ and their covariance matrix C. A simple least-square estimator identifying a function A, with χ2 [A] ≈ N , given N QMC data points, is not of any practical
use, because it can be shown that a vast amount of qualitatively different functions
with this property exists.1 This is the ill-posed nature of the analytic continuation
problem of quantum Monte-Carlo data.
The standard approach to understand and partially resolve this issue is the MaxEnt
method. Based on Bayesian inference,2 it provides a language to systematically
incorporate the information provided by QMC data into a-priori known facts about
the spectral function. In the fermionic case, A(ω) is a positive semidefinite function
and can be interpreted as a probability density. The additional information is then
PN
−1
(Ḡl − (KA)l ), where K is the analytic
We use the definition χ2 :=
k,l=1 (Ḡk − (KA)k )C
continuation kernel.
2
An excellent introduction to the algebra of probabilistic inference, which may be regarded as a
generalization of Boolean algebra to random variables, is provided by Ref. [115].
1
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introduced by a so-called default model D(ω), defining an entropic prior. The entropic
prior can be derived with Bayes’ theorem, introducing the entropy [116]


Z
A(ε)
S[A, D] =
dε A(ε) − D(ε) − A(ε) log
.
(6.2)
D(ε)
If
any systematic error, the exact constraint
R it is known that the Ḡ data do not contain
3
A(ε) dε = 1 yields via Bayesian logic the entropy
S norm=1 [A, D] = −A(ε) log

A(ε)
.
D(ε)

(6.3)

For Hirsch-Fye input data, the choice (6.2) is standard for practical reasons, although
the normalization is known exactly [35]. The entropy (6.2) is the optimal choice in
cases in which function A(ε) is a positive definite function with unknown normalization. The entropic prior has the form Pr[A] ∝ eαS , where α is some scale factor. In
order to introduce the information contained in the stochastic data, the functional
1
Q := αS − χ2
2

(6.4)

is maximized with respect to A in MaxEnt. In order to obtain results which are
independent of the choice of the hyperparameter α, several approaches exist. The
simplest approach, so-called historic MaxEnt, chooses the α for which χ2 = N .
Historic MaxEnt is, however, not considered to be optimal with regard to the ultimate
aim of taking account of all information contained in the data. It merely tends to
ignore some valuable information.
From a Bayesian point of view, a better approach with this respect are classic and
Bryan’s MaxEnt. They are based on the computation of the posterior probability
Z
eQ
Pr[α|Ḡ, D] = Pr[α] DA
.
(6.5)
Zl Zs (α)
Because α is a scaling factor, the prior Pr[α] ∝ α−1 (Jeffreys prior) [117]. The terms
Zl and Zs (α) ∝ α−N/2 are some partition sums. A sharp maximum of Pr[α|Ḡ, D] is
obtained in practical computations if N is large [118; 119]. Classic MaxEnt chooses
the
Pr[α|Ḡ, D]. Bryan’s MaxEnt computes the weighted average
R A which maximizes
(α)
dα Pr[α|Ḡ, D]A . While classic and Bryan’s MaxEnt are, from a Bayesian point
of view, better estimates, a good check for QMC data quality and significance of
inferred results is the deviation between historic, classic, and Bryan’s MaxEnt.
The standard MaxEnt implementation for the analytic continuation problem [35]
uses the algorithm by Bryan [118]. It is particularly useful, because the algorithm is
3

It can readily be derived from Eq. (6.2), also.
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optimized for oversampled data sets. The ill-posed problem of analytic continuation
is in fact oversampled, because it is comparably cheap to generate a vast amount of
imaginary-time data at different imaginary times or frequencies by QMC measurements which at some point, which is to be qualified, do not contribute any additional
information.

While the application of MaxEnt to the continuation problem is almost excessively
discussed in Ref. [35], we will have to comment on the implementation used in this
work. It is found practical to go beyond the description of Bryan’s algorithm given
in Ref. [35] and implement the optimizations specified by Bryan in his original paper,
Ref. [118]. The optimizations are very effective for the vast amount of imaginary-time
data which come along with the imaginary-voltage formalism. The central trick is a
singular value decomposition (SVD) of the kernel
K : VÃ → Vdata ,

K = V ΣU T ,

(6.6)

with V , U T orthogonal, and the singular values
Σ = diag(σ1 , σ2 , . . . , σs , 0, . . . , 0),

(6.7)

σ1 ≥ σ2 ≥ · · · ≥ σs > 0. Many important quantities may be reduced to the sdimensional singular space VΣ . Most notably, the (dim VÃ )-dimensional optimization
problem given by
!
Q[Ã] = min
(6.8)
may be solved within the singular space using Levenberg-Marquardt iterations. As s
is comparably small after truncating the singular space with respect to the floating
point precision of the singular values σi , the algorithm is still sufficiently efficient.

In order to analytically continue data from different QMC simulations we use
different seeds for the random number generators of each ϕm value. It is assumed
that observables gained for values m 6= m0 are not correlated. Consequently, in order
to estimate the covariance matrix C, a block-diagonal shape


C (mmin )
0
···
 0
C (mmin +1) 0
··· 


C =  ..
(6.9)

...
 .

0
···
0 C (mmax )
is assumed whose blocks C (m) are estimated from the output of each individual ϕm -th
QMC simulation.

81

6. Bayesian Inference for Numerical Analytic Continuation

6.1. Static Observables
In this section, we will introduce the application of Maximum Entropy to the estimation of static quantities within Matsubara voltage theory. In contrast to equilibrium
QMC computations, static observables cannot be measured directly but have to be
analytically continued with respect to the single variable iϕm . On top of this, for
some observables, most prominently the current operator, it can be shown that the
analytic continuation iϕm → Φ does not yield the physical result.4 However, this
is apparently possible for other types of observables. An important subset of these
“good” observables appears to be comprised of those which only measure correlations between dot degrees of freedom. It has been shown that functions of nd,σ are
observables of this kind. Details will be published in Ref. [54]. Consequently, dot
magnetization
(6.10)
m = hd†↑ d↑ i − hd†↓ d↓ i
and double occupancy
d = hd†↑ d↑ d†↓ d↓ i

(6.11)

are good observables. It has been shown that static observables are holomorphic on
the upper and lower half plane (cf. section 3.4.5). As derived below, for an observable
O which is either double occupancy or magnetization, one finds that a representation
Z
AO (ϕ)
dϕ
(6.12)
hOi(iϕm ) = hOiconst +
(iϕm − Φ) − ϕ
holds, where hOiconst is a real number, and AO (ϕ) ∈ R is a real-valued spectral
function.
Once the validity of representation (6.12) is established, the implementation of a
MaxEnt estimator for the physical expectation value is rather straightforward. After
measuring the complex expectation values hOi(iϕm ) of the observable O with respect
to the effective-equilibrium system with nonhermitian Hamiltonian at Matsubara
voltage iϕm , one has typically obtained a reliable estimate of the correlation matrix C
of all values. This is because due to the independence of the simulations, there is only
the variance and correlation of imaginary and real parts of a single iϕm value to be
estimated. Therefore, the typical problems which arise for the covariance estimation
of Matsubara Green’s function measurements, within a single QMC run, do not
appear.5 The constant hOiconst can be eliminated before the MaxEnt procedure is
involved into data analysis. In order to do so the high-energy tail of hOi(iϕm ) is
fitted to hOiconst + iϕcm + (iϕdm )2 + · · · . In practice, the weighted least-square fit yields
reliable values and error bars for hOiconst . Via Gaussian error propagation it is then
4
5

See section 3.4.1.
Covariance estimation issues are discussed in more detail in the discussion of dynamic expectation
values, section 6.2.
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Figure 6.1: Simulated QMC data and inferred spectral functions at U = 8Γ, eΦ = 0.01Γ,
β = 40.0Γ−1 , and the magnetic field µB B = 0.02Γ.

possible to incorporate the uncertainty of hOiconst into the covariance matrix of the
quantity hOi(iϕm ) − hOiconst .6
Because the MaxEnt method is only applicable to the inference of positive definite functions, a shift function Ashift (ϕ) of the spectral function AO (ϕ) has to be
introduced, which makes the to-be-inferred A0O (ϕ) = AO (ϕ) − Ashift (ϕ) positive. We
employ a symmetry condition
Ashift (ϕ) = Ashift (−ϕ),
because this choice is robust with respect to the physical result7
Z
1 X
AO (ϕ)
+
hOiphys =
hOi(Φ + αi0 ) = hOiconst − P dϕ
.
2 α=±1
ϕ

(6.13)

(6.14)

This is due to the invariance of hOiphys under symmetric modifications of AO (ϕ).
R
(ϕ)
Using a particular Dshift (ϕ), the data hOi(iϕm ) − hOiconst − dϕ iϕAmshift
are used
−Φ−ϕ
as input for the MaxEnt algorithm. Example input and output data of the inference
process are shown in figure 6.1 for double occupancy and magnetization. The re6

Note that corrections from error propagation to offdiagonal covariance matrix elements were
neglected. This may be justified, because correlations between real and imaginary part of an
effective-equilibrium expectation value are the only nonzero offdiagonal elements.
7
The principal value integral results from the symmetric averaging discussed in section 3.4. It
generates the correct principal value integrals of the real-time expansion in the mapping from
Matsubara voltage theory to Keldysh theory. Note that if upper or lower value would have a
stronger weight, the physical expectation value would be complex, which is, of course, unphysical.
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sulting MaxEnt spectra are shown, together with the previously estimated constant
offset term.

6.1.1. Double Occupancy
We will first show that the representation (6.12) holds for the double occupancy,
Z
Adocc (ϕ)
d(iϕm ) = d0 +
dϕ .
(6.15)
iϕm − Φ − ϕ
We restrict to the case of particle-hole symmetry and symmetric coupling to the
leads, ΓL = ΓR . Wick’s theorem yields that
d(iϕm ) = hn↑ ihn↓ i +

1 X
+
Σ(iϕm ; iωn )G(iϕm ; iωn )eiωn 0 .
βU ω

(6.16)

n

Due to particle-hole symmetry, we have hn↑ ihn↓ i = 1/4. Obviously, the 1/iϕm decay
of Green’s function and selfenergy allow for the existence of the spectral representation (6.15), as long as there is only a single branch cut at Im zϕ = 0.
The real-valuedness of spectral function and constant offset remain to be shown.
The general relation G(−iϕm , −iωn )∗ = G(iϕm , iωn ) holds for Green’s function and
selfenergy, see section 3.4.4. Inserting into Eq. (6.16), we find
d(−iϕm )∗ = d(iϕm ).

(6.17)

Consequently, the real part of d(iϕm ) − d(−iϕm ) vanishes. Using the symmetric coupling to the leads, we have an invariance of the Green’s function and selfenergy under
(iϕm − Φ) ↔ −(iϕm − Φ). Consequently, d0 is an actual, sheet-independent constant.
Due to the symmetry of Im d(iϕm ), d0 is real. By inserting the representation (6.15)
into (6.17) we see that Adocc (ω) is real-valued.
Figure 6.2 shows computed double occupancy data as compared to scatteringstates numerical renormalization group (SNRG) [22], second-order perturbation theory (PT), and real-time quantum Monte-Carlo (RT-QMC) [32].8 The “classic” MaxEnt estimates seem to be subject to more statistical fluctuations than the “historic” MaxEnt, presumably because the “classic” estimator is designed to overfit data
(χ2 /Ndata < 1) in favor of information which is supposed to be contained in the
default model. The error bars are not actual error bars, because an arbitrarily informative default model can generate arbitrary physical expectation values via the
MaxEnt process. We rather use a set of symmetric flat shift functions. The error
bars denote the range over which resulting expectation values are scattered.9 The
8

SNRG data were provided by Sebastian Schmitt and Frithjof Anders. Real-time QMC data were
provided by Philipp Werner. Used with permission.
9
Further details of this procedure will be published in Ref. [54].
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Figure 6.2: Double occupancy as a function of the bias voltage for “historic” and “classic”
estimators over a broad range of the bias voltage. Data are compared to second-order
perturbation theory (PT), scattering-states NRG (SNRG), and real-time quantum MonteCarlo (RT-QMC).

default model is chosen to be flat, because no a-priori information is available.
An excellent agreement between SNRG and our method is obtained for small charging energy U = 3Γ and also for any U at small bias voltages eΦ < 0.5Γ. At larger bias
voltages, the effective-equilibrium systems associated to the high-energy tail needed
to estimate d0 increasingly suffer from a phase problem, which makes the MaxEnt
estimates less accurate. Nevertheless, also for the range eΦ > 0.5Γ, the estimated
curves for the double occupancy look reasonable. The Matsubara voltage approach
appears to predict a deeper minimum at larger voltage for the double occupancy, as
compared to SNRG. For all curves, at large biases, the non-interacting value of 1/4
is approached.
All methods agree on the prediction with regard to interaction strength U = 3Γ.
Interestingly, SNRG disagrees with the other methods with regard to the position of
the minimum for U ≥ 5Γ. While real-time QMC tends to agree with second-order
perturbation theory, our MaxEnt estimates give rise to more pronounced minima,
but apart from that a good agreement with real-time QMC is obtained. Source of
the deviation may be the flat default model.

6.1.2. Magnetic Susceptibility
An observable which is much more sensitive to the Kondo effect is the magnetic
susceptibility of the quantum dot, because it directly probes the destruction of the
Kondo singlet. In equilibrium, a strong dependence on the temperature is observed,
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Figure 6.3: Magnetic susceptibility as a function of the bias voltage for U = 8Γ, µB B =
0.02Γ, β = 40Γ−1 compared to scattering-states numerical renormalization group.

on the scale of the Kondo temperature [6].
The validity of a spectral representation
Z
m(iϕm ) = m0 +

Amagn (ϕ)
dϕ
iϕm − Φ − ϕ

(6.18)

can readily be confirmed. Starting from the symmetry G(−iϕm , −iωn )∗ = G(iϕm , iωn ),
one can again show that m(−iϕm )∗ = m(iϕm ), and the same arguments which
were used for the double occupancy apply, concerning the interchange (iϕm − Φ) ↔
−(iϕm − Φ).
As can be expected from the equilibrium case, our nonequilibrium results show a
strong dependence on the voltage within the Kondo scale.10 This is shown in figure
6.3. An excellent agreement with the scattering-states numerical renormalization
group is found. The MaxEnt results are biased from below, by construction, because
the default value of the “classic” and “historic” estimators is hOiconst , due to the
flat default model. A further analysis of SNRG data indicates that the breakdown at
small voltages is an artifact of the method.11 The biasedness of the MaxEnt estimates
as compared to the equilibrium value is less drastic for the Matsubara-voltage theory.
Hence, our method seems to be a promising computational tool for the study of the
Kondo effect out of equilibrium.
10

The resolved energy scale is in fact the Kondo scale and not the energy scale associated to the
magnetic field. This was checked by a qualitative scaling analysis at different values of U at
same values of eΦ, µB B, and kB T in units of the equilibrium Kondo temperature kB TK [54].
11
Sebastian Schmitt, private conversation.
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6.2. Dynamic Observables
We will now discuss the estimation of dot electron spectral functions within Matsubara voltage theory. The computation of conductance data within the formalism
crucially depends on the knowledge of the spectral function, because the current operator itself is not a “good” observable within the formalism (see section 3.4.1). Once
the spectral function Aσ (ω) of the spin-σ dot electron is known, the expectation
value of the current operator is given by the Landauer-type expression by Meir and
Wingreen [88]:
Z
eΓ X
hIi =
dε [fL (ε) − fR (ε)]Aσ (ε).
(6.19)
2h σ
As a consequence, in order to succeed in computing conductance data within the
formalism, a detailed understanding and controlled algorithmic consideration of the
structure of the dot electron Green’s function is mandatory.
Preceding calculations of conductance data within the Matsubara-voltage formalism rely on arbitrarily regularized fits to the functional form of the second-order
selfenergy [27; 53]. It is not clear to which extent these fits yield reliable estimates.
Nevertheless, a good agreement with other methods has been reported in the weak
to intermediate coupling limit [53].
A main goal of the present work is thus to investigate systematically the applicability of standard Bayesian inference methods to the double analytic continuation
problem which is obtained for the dot-electron Green’s function. In order to do so,
we use the exact relations from two-variable complex function theory which were
derived in chapter 5.

6.2.1. Single-Wedge Continuation
A naı̈ve and straightforward attempt on applying Bayesian inference to the functiontheoretical structure of the Green’s function is the following. We ignore the Im zϕ = 0
branch cut,12 indications for the mere existence of which were first pointed out in a
comparably recent publication [53].
One can argue that, considering the first kind of branch cuts, given by Im zω =
γ
Im
zϕ , Eq. (3.84), γ odd, the γ-th branch cut first appears in approximately γ-th
2
order of perturbation theory. Consequently, at finite temperature and finite U/Γ,
there will exist a critical value γcrit , for which first-kind branch cuts γ > γcrit effectively do not exist. At this point, the Green’s function may be assumed to be
analytic within the wedge comprised of the remaining area governed by the neglected
branch cuts. This is sketched in figure 6.4. The shaded area is the wedge within
which the Green’s function is assumed to be analytic. Within the grid of Matsubara
data, the crosses denote those data points which are taken into account and circles
12

See “branch cut from vertex corrections” in figure 3.4 and discussion of equation (3.85).

87

6. Bayesian Inference for Numerical Analytic Continuation
Im zϕ

γcrit

γcrit − 2

Im zω
Cε

−γcrit + 2
−γcrit

Figure 6.4: Geometry of the single-wedge continuation approach. All branch cuts within
the T Cε wedge are neglected. This can only be justified for the first-kind branch cuts,
equation (3.84). The dot-electron spectral function is located on the edge of T Cε .

those which are not. The blue arrow denotes the direction of analytic continuation,
which is compatible with the limiting procedure (5.11).
The resulting object of interest is a wedge T Cε . One can hence invoke Vladimirov’s
continuation kernel (5.45). We rename the opening ratio r by ε. The positive definiteness of the function Ã0 (x), see section 5.6.4, justifies the a-priori assumption
that for the interacting Green’s function G, the edge function
Ã(x) := −

1
· Im G|Edge Cε (x)
T
π

(6.20)

is also positive definite. In principle, a violation of this assumption can be detected
by the MaxEnt method.

Computational Procedure
In order to qualify data, default model, and solution quality, the strategies from
Ref. [35] are adopted. A strategy to qualify the kernel function itself (i.e. a measure
for the validity of the analyticity assumption for T Cε ), is unfortunately not at hand.
In principle, this would fall into the class of so-called blind deconvolution problems,
which are far beyond the scope of this thesis [120]. Thus, in the present implementation, a small enough ε is chosen a priori (and the existence of the Im zϕ = 0 branch
cut is ignored).
Using the posterior probability distribution (6.5), a posterior for the default model
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D̃(x) can be computed, based on the evidence of the QMC data, by
Z
Z
eQ
Pr(D̃|Ḡ) ∝
dα
DÃ Pr(α)
.
ZL ZS (α)

(6.21)

In order to qualify the estimate of the covariance matrix C, one can test for a most
probable mock rescaling σ 2 of C [35]. The covariance is formally substituted by σ 2 C.
If the most probable σ, i.e. the solution of
χ2classic
+ Ng = N
σ2

(6.22)

deviates from 1 by more than a few tens of percent, the input data are rejected [35].
Here, χ2classic is the χ2 value of the classic MaxEntP
solution, the number of data points
λi
with λi the eigenvalues
N , and the number of “good” data points Ng = i αclassic
+λi
of
"q
q #
∂ 2 χ2 /2
Λij =
Ãi
Ãj
.
(6.23)
∂ Ãi ∂ Ãj
Ã
classic

In practice, a maximal Matsubara frequency nmax compatible with the error rescaling merit is determined, and all data Im G(iϕm , iωn ) in T Cε , with n ≤ nmax are used
for inference. Presumably, better data selection strategies do exist. For example,
using independent measurements for Re G and taking them into account by using
a Schwarz representation (see equation (5.39)) could yield better results. Furthermore, the largest Matsubara frequency index nmax could be determined for each ϕm
individually. The latter appears to be necessary for non-equilibrium data.
For the truncation of singular values, a threshold λ is used in Bryan’s algorithm,
(
σi , if σi ≥ λσ1 max{M, N },
σi 7→
(6.24)
0, else
for an M by N kernel matrix. While for the conventional Wick rotation λ ≈ 10−8 is
sufficient, λ ≈ 10−12 has to be chosen in our case in order to take all relevant search
directions in the Ã space into account. Quadruple precision floating point arithmetic
is found to be unnecessary. For discretizing the Ã(x) function, logarithmic meshes
for the x1 and x2 variables are used. Although Ã(x) does not decay for all directions
as x → ∞, choosing a finite mesh and truncating the integrals is not found to be
critical.
The entropy expression for Ã with respect to the default model D̃ is given by
!
ZZ
Ã(x)
S[Ã] =
d2 x Ã(x) − D̃(x) − Ã(x) log
.
(6.25)
D̃(x)
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Equilibrium limit
Despite its naı̈vety, the equilibrium limit of the single-wedge approach yields decent
results. As a test, we can analytically continue the ϕm = 0 data via the MaxEnt
approach to the conventional Wick rotation
Z
A(ε)
dε .
(6.26)
G(iϕm = 0; iωn ) =
ωn − ε
Figure 6.5 compares this 1D spectral function to the result based on the 2D data
set G(iϕm , iωn ) and continued using the domain T Cε and Vladimirov’s Poisson kernel
(5.45). As default models for high temperatures we introduce Lorentzian-shaped
functions with variable width Γdefault . They read
D(ω) =

1 Γdefault
π ω 2 + Γ2default

(6.27)

for the 1D continuation and
Γ̃default (x)
1
(6.28)
2
π ω + Γ̃default (x)2
p
for the 2D continuation, with Γ̃default (x) = Γ2default + x2 . An annealing procedure
in the temperature is used for both, the 1D and 2D data for invoking adequate prior
information, i.e. we use the Ã solution of the next higher temperature as default
model, starting with the Lorentzian at the highest temperature.
This annealing-type default model selection procedure appears not to have any
strict Bayesian justification, however the physical argument is freezing out the highfrequency degrees of freedom and using present data for inferring low-energy details of
the spectrum step by step [35]. Note that Gaussian default models are not well-suited
for our data, since the high-frequency tail in the wide-band limit is Lorentzian. This
manifests itself quantitively in the following way: For the Gaussian default models
we tested all had Pr(D̃|Ḡ) one order of magnitude lower than the Lorentzian ones.
For both, the Gaussian and the Lorentzian, we can expect the quantity Γdefault /Γ to
be > 1, due to the overall broadening introduced by a finite interaction U .
Indeed, for the parameters U = 5Γ, VG = 0, Φ = 0 shown in Fig. 6.5(d), the
(unnormalized) posterior probabilities Pr(D|Ḡ) and Pr(D̃|Ḡ) as a function of the parameter Γdefault are peaked at ≈ 2Γ for both, the 1D and 2D continuation procedures,
respectively. These probabilities are calculated for β = 10Γ−1 . The most probable
Γdefault is chosen as default model. However, a strong dependence of the results on
Γeff is not observed.
The spectral functions shown in Fig. 6.5 are obtained for βΓ = 5, 10, and 20. The
2
sufficiently small value ε = 19
had to be chosen for the 2D domain. The maximum
D̃(x, ω) =
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Figure 6.5: Analytically continued data for equilibrium (Φ = 0) obtained using the conventional Wick rotation (1D) and the unconventional two-variable continuation (2D), with
2
U = 5Γ, with particle-hole symmetry. The domain parameter for 2D continuation is ε = 19
.
Subfigure (d) shows the posterior probabilities Pr(D|Ḡ) of the default models as a function
of Γdefault (Eqs. (6.27) and (6.28)).

number of Matsubara frequencies were nmax = 10, 20, 40 for βΓ = 5, 10, and 20,
respectively. Note that due to the simple data selection strategy described in the
previous section only data points with ϕ−2 ≤ ϕm ≤ ϕ2 were taken into account.
Using a global nmax , the finite-sample estimate for the covariance submatrix C (m=0)
in Eq. (6.9) eventually becomes singular, even though C (m) with |m| ≥ 3 and ωn >
ωnmax could still be estimated for a limited set of Matsubara frequencies. Using such
additional, well-estimated C (m) might lead to more structured spectral functions.
In practice, however, the merit σ must yet be viewed as a rather crude measure of
the quality of the covariance estimate. So for the purpose of both simplicity and
reproducibility we used the stronger restriction.
The Kondo temperature for U = 5Γ is TK /Γ ≈ 0.1, i.e. we can expect first signatures of strong coupling physics like Hubbard bands and a temperature dependent
quasi-particle peak of reduced width in the spectra. Indeed both the 1D and 2D
MaxEnt reproduce these features. More importantly, the overall shape of the spectra
obtained agrees for all temperatures shown in Fig. 6.5(a-c). The results depend only
slightly on the choice of Γdefault for relevant values of Pr(D̃|Ḡ). Although the spectra
inferred from the 2D procedure using our current implementation appear to be less
structured, the overall shape seems to be reconstructed quite well. For more serious calculations, the detailed high-frequency behavior (and behavior for large x) can
be introduced with a more sophisticated default model, e.g. based on perturbation
theory.

91

6. Bayesian Inference for Numerical Analytic Continuation
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Figure 6.6: Lorentzian default model (6.28) with best Pr(D̃|Ḡ) for first annealing step in
equilibrium, and MaxEnt solution for Ã(xϕ , xω ) inferred from the QMC data at the lowest
temperature, βΓ = 20, for the equilibrium test case shown in Fig. 6.5.

Inferred Edge function Ã(xϕ , xω )
Figure 6.6a shows the Lorentzian default model we used at the highest temperature
in the annealing procedure, βΓ = 2. At the lowest temperature βΓ = 20, the
representation shown in Fig. 6.6b was obtained. The equilibrium spectral function
shown in Fig. 6.5(c) is given by the cut Ã(Φ = 0, ω). Other values of Re zϕ do not
have any physical meaning.
Note that certain structures appear in the inferred Ã(xϕ , xω ) which vary as the
domain parameter ε is changed: they occur for Re zϕ = ±Re εzω . They can be interpreted as resulting from the fundamental properties of the kernel function discussed
in Sec. 6.2.2 in combination with the MaxEnt principle of only incorporating changes
which are strongly supported by data. Also, at larger distance from the origin, discretization errors from the discretization of the double integral are most dominant
for this most structured region of the kernel. At finite bias, the qualitative structure
of the inferred representation remains unchanged.
Finite bias voltage
The rule of thumb nmax ≈ βU
appeared to be a good choice for preparing the equi2
librium QMC data for inference. For the nonequilibrium Φ > 0 a first interesting
observation is that at sufficiently low temperatures nmax seems to be considerably
smaller than βU
.
2
In fact, at least the simple data selection strategy yielding nmax does not appear
to produce a sufficiently informative data set to obtain quantitative agreement with
for example real-time QMC calculations [21]. This severe problem was observed for
βΓ = 10 and the interaction strengths U = 4Γ and U = 6Γ and several values of the
bias voltage Φ. As a result, the MaxEnt leaves the nonequilibrium spectral function
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invariantly equal to the default model’s distribution. The reason for this behaviour is
due to the geometry of the continuation problem, as explained in section 6.2.2.
Nevertheless, as shown in appendix A, the single-wedge continuation problem in
principle allows for unique solutions. It is thus interesting to see to which extent the
MaxEnt can be used within this simple setup in order to compute nonequilibrium
spectra and conductance data. By picking an nmax for each ϕm separately, driving
the applicability of the MaxEnt to a limit, larger sets of admissible input data were
obtained. At least for small voltages, they eventually produce MaxEnt changes in
the nonequilibrium spectral function based on the data, yielding currents which show
show a better agreement with real-time data for the current-voltage characteristics.
Because the procedure is rather arbitrary and at the edge of the applicability of the
MaxEnt, the following criteria were used to restrict the choices of data sets producing
convergent MaxEnt solutions:
• ensure an error rescaling σ ≈ 1;
• discard strongly oscillating solutions and solutions with obvious artifacts around
ω ≈ 0;
R
• discard solutions which strongly violate the physical sum rule kAk := dω A(ω) =
1. In many cases, too small values kAk ≈ 0.9 were obtained. Note that the
MaxEnt as we implemented it
has prior information about the value of
RRonly
2
the truncated double integral
d xÃ(x), because two-dimensional probability
densities are considered when the entropy expression (6.25) is straightforwardly
generalized with respect to Ã;
• use as many data points as possible, starting with small ωn , to maximize the
amount of accessible information.
Note that the domain parameter ε was, again, chosen somewhat arbitrarily: For
U = 4Γ we only investigated νmax = 16, for U = 6Γ we picked νmax = 20, with
ε = νmax2 −1 . The dependence of the results on the particular choice of ε was not
studied systematically yet, but work along these lines is under way and the results will
be presented elsewhere. The usual annealing procedure with temperatures βΓ = 2,
βΓ = 5, βΓ = 10, where for βΓ = 2 the Lorentzian default models with Γdefault = 1.5Γ
(U = 4Γ) and Γdefault = 2.1Γ (U = 6Γ) were found to be most suitable based on the
posterior Pr(D̃|Ḡ).
The source-drain current J was computed using the Meir-Wingreen equation (6.19),
Z
J = Jmax
dω [fL (ω) − fR (ω)] A(ω),
(6.29)
with Jmax = Γe
. Again, it should be emphasized that due to the estimator bias from
h
the default model, for too small sets of QMC data the method systematically underestimates the current, because Bryan’s algorithm by convention does not incorporate
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Figure 6.7: Current-voltage characteristics obtained using the single-wedge MaxEnt inference of Matsubara-voltage theory compared to RT-QMC [21] data for indicated Coulomb
interactions at inverse temperature βΓ = 10.

any changes to Ã ≈ D̃ in case the data do not provide sufficient evidence for such
modifications. As a result, the current is too small, because in the vicinity of ω ≈ 0
the less structured default model obtained from the next higher temperature (initially
the broad Lorentzian (6.28)) is much flatter than the true solution, which features
a sharp Abrikosov-Suhl resonance in the relevant frequency range. Hence, the spectral function obtained from the MaxEnt has less spectral weight in the integration
window in Eq. (6.29) than the true A(ω). Due to this trend of underestimation, in
Fig. 6.7 we compare the largest values of the current compatible with the above-listed
restrictions to data obtained using a recently developed real-time approach [21]. A
generally good agreement is obtained. However, the data selection procedure is too
arbitrary to consider these results unbiased. Error bars are not available. If we only
considered a fixed set of data Ḡ, the covariance Cov(Ã(x(1) ), Ã(x(2) )) would be estimated easily [118]. However, due to large off-diagonal terms, attempting to estimate
an error bar for J is rather cumbersome. The eΦ/Γ = 0.0625 run did not converge
to a solution meeting our criteria for U = 4Γ and was not taken into account.
Non-Equilibrium Spectral Functions
Spectra resulting from the procedure described above are shown in Fig. 6.8. These
are the spectral functions used to compute the current in Fig. 6.7.
Because the data selection criteria for the nonequilibrium case drive the input data
range for the MaxEnt to a limit, neglect the error of the associated covariance estimate
[121], and – maybe most importantly – rely on a somewhat arbitrarily chosen γcrit ,
an overfitting resulting in oscillations in the spectra is obtained. For these reasons,
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Figure 6.8: Spectra A(ω) = Ã(Φ, ω) used for the computation of the current shown in
Fig. 6.7.

the oscillations are pure numerical artifacts and cannot be traced back to a formal
inconsistency of the theory beyond the neglected influence of branch cuts within T Cε ,
because the inferred equilibrium functions, Fig. 6.5 and Fig. 6.6b, do not show these
features although they result from the same formal analytical structure. In fact,
when artificial noise is added to the free Green’s function, a strong overfitting is
obtained whenever a wrong covariance estimate is passed to the MaxEnt. Therefore,
the continuation problem is merely more demanding from a stochastic point of view
as discussed in section 6.2.2.
A tendency towards suppression of spectral weight is observed at small ω with
increasing U . This is consistent with the expectation that the quasi-particle resonance
for U = 6Γ is already reduced, because β −1 = 0.1Γ > TK , whereas β −1 ≈ TK for
U = 4Γ.
In Fig. 6.9, we show a comparison of the spectral functions for U/Γ = 4 and
βΓ = 10 to the result obtained from fourth-order perturbation theory [122]. Based
on the results presented in Ref. [21], we expect that fourth-order perturbation theory
is quite accurate at this interaction strength and temperature. Besides the unphysical
oscillations in the MaxEnt result and a bias towards the high-temperature default
model, especially for larger voltage biases, the agreement between the spectral functions seems satisfactory.
R
Table 6.1 shows the norm kAk = A(ω) dω for the functions presented in the
figure. Obviously, the physical sum rule kAk = 1 is not strictly obeyed, and there is
a slight tendency towards too small norms whose origin is unclear but which appears
to be consistent with the trend of current underestimation. Moreover, the selection of
data we chose at βΓ = 10 for U = 4Γ and U = 6Γ is shown in table 6.1 and table 6.3,
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Φ/Γ
0.0625
0.125
0.25
0.5

kAkU =4Γ
–
0.92
0.92
1.03

kAkU =6Γ
0.91
0.92
0.95
1.16

Table 6.1: Norms of the spectral functions shown in Fig. 6.8.

0.25

Φ=0.125Γ
Φ=0.25Γ
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Φ=0.5Γ (4th order)

A( ω)Γ

0.2

0.15

0.1

0.05

0
0

3

ω/Γ

6

Figure 6.9: Spectra A(ω) = Ã(Φ, ω) for U = 4Γ as compared to fourth-order perturbation
theory.

respectively. The tables present the number Nm ≈ nmax (m) − 2m/ε of Matsubara
frequencies which are located within the cone domain T Cε for the chosen nmax (m).
Larger values of m were not considered, although at least m = ±4 yields further
relevant information about Ã. For a test case the spectra did not show dramatic
qualitative changes as additional values at larger ϕm were included, as long as the
error scaling merit remained σ ≈ 1. However, the level of arbitrariness in the data
selection would have been even larger, because of the corresponding additional nmax
parameters.
Apart from these in principle correct features, obtaining reliable nonequilibrium
spectral functions will obviously require more effort. In principle, apart from the
recently discovered existence of the Im zϕ = 0 branch cut, better nonequilibrium
spectral functions should be obtained by using longer QMC runs, as long as the
choice of the critical branch cut index γcrit is adequate. However, increasing the
number of Monte-Carlo sweeps, we found that in some cases the noise on the spectral
function increased as the QMC data accuracy was improved, while in other cases
the quality increased. The fact, that the quality of the output spectra does not
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Φ/Γ
0.0625
0.125
0.25
0.5

Nm=0
–
26
24
24

Nm=±1
–
12
12
12

Nm=±2
–
6
5
6

Nm=±3
–
3
3
3

Table 6.2: Number Nm of Matsubara frequencies taken into account for each value of m
taken into account in the data selection at βΓ = 10 for U/Γ = 4 and for the voltages plotted
in Fig. 6.7.

Φ/Γ
0.0625
0.125
0.25
0.5

Nm=0
20
21
21
20

Nm=±1
11
11
11
11

Nm=±2
6
6
6
6

Nm=±3
1
8
3
1

Table 6.3: Same as Table 6.1 but for U/Γ = 6.

improve systematically with the data quality illustrates the inherent difficulty of the
approach. Apparently, in cases, where the noise grows as function of the number of
QMC sweeps, the neglected branch cuts within the T Cε domain become important.
In particular, this is expectable for the Im zϕ = 0 branch cut. This problem appears
to be amplified by the increased difficulty of the continuation problem at finite bias
(see section 6.2.2). An elimination of the restriction to the domain T Cε and thus
the necessity to arbitrarily determine a critical branch cut index is therefore highly
desirable. Chapter 7 goes along this line and introduces a formal elimination of the
function-theoretical restriction of the data space to the cone domain T Cε .
Optional Extension: Taking into account the Im zϕ = 0 branch cut
In order to take into account the Im zϕ = 0 branch cut explicitly within the singlewedge continuation strategy, one could use the (iϕm − Φ) ↔ −(iϕm − Φ) invariance
at symmetric coupling to the leads (see section 3.4.4) and – in terms of figure 6.4
– cut T Cε into an upper and lower part. The functions living on T Cε can then be
parametrized via the edge of the upper part, using the symmetry relation.
An unanswered question about this approach is how to appropriately incorporate
the information about low-energy physics from the iϕm = 0 data, which are located
on the boundary of upper and lower half of T Cε . Apart from this, the numerical
performance of this refined strategy has not been tested within this work, because it
is also expected to be limited by the following aspects in principle.
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6.2.2. Geometry of the Single-Wedge Inference Problem
Very important insights result from the structure of the kernel function (5.45) and
its role in the problem to reconstruct function values on the edge from data within a
given wedge. In the language of Bayesian inference, the kernel function defines the
information channel through which evidence about the shape of the representation
function Ã(x) and thus also the physical spectral function A(ω) is extracted from the
Monte Carlo data.
For the information provided by a single data point, this channel may result in
rather vague or rather strong evidence for changes in a given compact region R ⊂ VÃ ,
see Eq. (6.6). It depends on whether the subset of column vectors ui of U spanning
R is associated with rather small or rather large singular values σi , respectively. Furthermore, the overlap of the column vectors vi of V with the data point is important.
For example, in the one-dimensional continuation problem (6.1) one is most reliably
able to extract low-energy features (see below).
For this reason, very small singular values yield irrelevant components of the channel and are therefore projected out in Bryan’s algorithm by introducing the threshold
λ, Eq. (6.24). We can neither perform the SVD analytically, nor can we analytically
take into account structural changes which occur when rotating the basis of Vdata
to the eigenbasis of the covariance matrix C in order to consider statistically independent data. We can however consider values of the kernel in VÃ for a given data
point, assuming it to be uncorrelated with other data points so that it may be investigated separately. Within our QMC implementation, the structure of measured
covariance matrices reveals that correlations between Matsubara frequencies ωn , ωn0
monotonically decrease as a function of distance |ωn0 − ωn |, though very slowly.
Let us first consider a single uncorrelated imaginary part of a Green’s function
at Matsubara frequency ωn in the standard Wick rotation problem. The spectral
function A(ε) is inferred through the Lorentzian-shaped kernel (6.1),
Im Keq [A(ε)](ωn ) = −

ε2

ωn
.
+ ωn2

(6.30)

For all ωn , the kernel (6.1) is centered around ε = 0 and higher frequencies are
associated with larger values of the kernel as the width given by ωn is increased. As
compared to ε ≈ 0 the values of the kernel at large frequencies are still small. We can
therefore expect large singular values and thus relevant components of the kernel to
be associated with small frequencies only. This is in agreement with the well-known
observation [35] that high-frequency information about the spectral function is better
put into the default model as prior knowledge and a good resolution is obtained for
the – fortunately most interesting – low-frequency region.
In the case of our two-dimensional continuation, the situation is quite similar. For
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given data Im G(iϕm , iωn ), the Poisson kernel, Eq. (5.45), is
PCε,0 ((iϕm − xϕ , iωn − xω )T ) =

1 Y
ωn − µϕm /ε
.
2
π ε µ=±1 (xω − µxϕ /ε)2 + (ωn − µϕm /ε)2

It is the product of two Lorentzians.
In analogy to the argument given above, one may expect the best resolution for
data Ã(x(best) ) with
x(best)
≈ ±x(best)
/ε and x(best)
, x(best)
≈ 0.
ω
ϕ
ω
ϕ

(6.31)

This is illustrated in figure 6.10 for some assorted values of iϕm and iωn . One can
see that the orientation of the imaginary-time data point defines the orientation of
the best-resolved area on the edge. As a consequence, in contrast to equilibrium, the
low-energy region (xω ≈ 0) of the spectral function is not always the best resolved
one.
In other word, for a fixed opening ratio ε, the structure of the best-resolved region
(6.31) does not depend on the physical voltage Φ. In the limit of very large voltages,
especially the low-frequency region of the physical spectrum A(ω) = Ã(Φ, ω) is not
expected to be in the best resolvable region (6.31).
Thus, the approach based on a representation of data in T Cε appears to be limited
to relatively small voltages. On top of this, the low-frequency region of the nonequilibrium spectral function is, even for small voltages, not contained in the well-inferred
region of Ã. It should be evident from figure 6.10 why the sharp cross-like structure
in figure 6.6b arises and that it corresponds to the angle-dependent geometry of the
inverse problem.

General Wedges
Due to the biholomorphic equivalence of all T Cr,ϑ wedges (section 5.4.2), an analogue
geometry of the inverse problem arises for inference of edge values of functions living
on the rotated wedges, ϑ 6= 0. It is displayed in figure 6.11. As can be seen, the
low-energy region of the cut which was corresponding to the nonequilibrium spectral
function is now well-resolved. Unfortunately, the upper edge function corresponds
to the wrong limiting procedure, and not the physical (5.11). The key task thus
appears to be providing a link between the corresponding regions of the edge functions
in (xϕ , xω )-space, in order to improve the resolution of the nonequilibrium spectral
function. Possible approaches will be discussed and developed in chapter 7.
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Figure 6.10: Geometry of the single-wedge inverse problem. A contour plot of PCε,0 ((iϕm −
xϕ , iωn − xω )T ) vs. (xϕ , xω )T is shown for some chosen combinations of iϕm and iωn at
a wedge opening ratio ε = 0.1. Inverse temperature is β = 20.0. In case of the equilibrium theory (Φ = 0), the spectral function is located on the short-dashed line. In the
nonequilibrium case (eΦ/Γ = 0.5), the spectral function is on the long-dashed line.
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Figure 6.11: Same as Fig. 6.10, but for the connection of upper wedge and the upper edge
function, i.e. PCr=1/2,ϑ=π/2 ((iϕm − xϕ , iωn − xω )T ). The upper edge function is not directly
related to the physical spectrum. But if there is a simple relation between edge functions
which is local in x, the resolution of nonequilibrium spectra is improved dramatically.

6.3. Summary
The MaxEnt technique for the analytic continuation of quantum Monte-Carlo data
was introduced. We showed that for static observables, namely the double occupancy
and the magnetic susceptibility, the Matsubara-voltage approach yields physically
consistent expectation values. The magnetic susceptibility was found to be a sensitive
probe of the Kondo effect out of equilibrium which is in reasonable quantitative
agreement with the SNRG. Discrepancies in the double occupancy as obtained from
different numerical methods were pointed out.
Based on the mathematical preliminaries of the previous chapter, we set up a
MaxEnt method for the two-variable analytic continuation of the Green’s function.
The method successfully reproduced equilibrium spectral functions but failed to yield
reliable non-equilibrium spectral functions. The issue was mainly traced back to the
kernel structure which results from considering a single sharp wedge containing only
a subset of the raw data. In order to overcome this problem, the next chapter will
develop a method to systematically incorporate data from different branches of the
Green’s function into the inference of the non-equilibrium spectral function.
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7. Generalized Approach to the
Double Analytic Continuation
The aim of the present chapter is to extend the function-theoretical approach to spectral functions of section 6.2 to a computationally feasible method for true nonequilibrium properties. To do so, a relation between the wedges has to be found, in order
to use data of all wedges for the determination of the nonequilibrium spectral function. We will introduce a connection based on a continuity property of Re G at the
branch point of the wedges.1 From a-priori considerations, it will be shown that the
high-energy structure of the Green’s function is described correctly. Furthermore,
the continuation approach by Han and Heary [27] is included as a special case.2 It
turns out that the approximation is an appropriate tool for computing spectral functions and transport properties for intermediate many-body correlations. An exact
generalization of the algorithm will be suggested. Results from this section will be
published in Ref. [123].

7.1. Bogolyubov’s edge-of-the-wedge theorem
From a formal point of view, it should be mentioned that a candidate of a link
between functions on wedges is in principle provided by Bogolyubov’s famous edgeof-the-wedge theorem which was first discovered in the context of axiomatic quantum
field theory [99]. It considered the analytic continuation of Wightman functions in
order to establish certain dispersion relations. From a mathematical point of view,
it also introduced a generalization of the very notion of analytic continuation [99].
There are several versions of the theorem. A simple version which captures the
essential idea may be found in the book by Hörmander on partial differential operators
[124]. It roughly considers two functions f ± which are holomorphic on the tube cones
T ±C , where C is a convex open cone with vertex at zero. Consequently, the edges of
T C and T −C are “infinitesimal neighbours”. If the functions have the same boundary
value distributions, f + (x + i0C ) = f − (x − i0C ) =: f0 , then f0 is an analytic function.
f0 provides an analytic continuation of both, f + and f − .
In its more general formulations, the theorem actually demands the functions f ±
to be holomorphic only locally at the edge and establishes certain facts about the
1
2

The branch point is the point around which the edges of the wedges are arranged (figure 3.4).
The generalized approach with Padé corrections (Ref. [53]) is, however, not included.
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Im zϕ

Im zϕ

Ã(xϕ, xω )
Im zω

Im zω

(a) imaginary-voltage formalism data

(b) corresponding set of Edge functions

Figure 7.1: Abstract picture of the analytic structure of dynamical correlation functions.
The set of branch cuts has been reduced for reasons of clarity and comprehensibility. (a)
and (b) are equivalent structures, due to the uniqueness theorem provided in appendix A. In
particular, (b) is a unique decomposition of (a). They are linearly related by Vladimirov’s
representations such as equation (5.50). The green edge functions are MaxEnt-inferable due
to the presumed positive/negative definiteness of the imaginary part. Due to their partial
meaning as an advanced/retarded Green’s function they also yield the spectral function.
Only green data points in the left panel give direct evidence about physics (section 6.2.1).

domain in which f0 is analytic (global edge-of-the-wedge theorem) [125].
Matching the geometry of our correlation functions, an extension to several cones
whose edges meet in a single point is provided by Martineau’s theorem [34]. As in
Bogolyubov’s theorem, locally, holomorphic functions may be found which constitute
analytic continuations of pairs of functions living on wedges. Again, the edge values
of the considered set of functions have to be interrelated in a more or less direct way.

7.2. Systematic extension of the continuation
procedure by use of edge relations
In order to construct an explicit functional-analytic approach to the analytic continuation which would enable us to extend the numerical implementation of the maximum
entropy approach, the edge-of-the-wedge theorem is only of indirect use. It is however clear that any simple relation between edges of the different branches of the
Green’s function provides a rather direct link between integral representations of the
respective wedges. In particular, a simple identity among Edge functions would be
of great help. This is illustrated in figure 7.1: an identity between the edge functions
would make blue-colored data available for the inference of the physically relevant
green-colored edge functions. At the same time, from a more technical point of view,
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it reduces the amount of fit parameters necessary to describe the entire analytic
structure.

7.2.1. Shared real part on edges
A candidate for such a local relation between edge functions is the equality of all
functions Re G0 (x + i0ϑ ) at arbitrary edge orientations of the bare Green’s function, i.e. equation (5.57). It is easy to verify that same is true for the second-order
self-energy (5.16). The continuation approach by Han and Heary in Ref. [27] also
generates this identity. We have
0

Re G0 (x + i0ϑ ) = Re G0 (x + i0ϑ ),
0
Re Σ(2) (x + i0ϑ ) = Re Σ(2) (x + i0ϑ ),

(7.1)
(7.2)

for all ϑ, ϑ0 ∈ [0, 2π).
This structure is similar to the conventional Green’s function causality relation
G(z ∗ ) = G(z)∗ .

(7.3)

Re G(ω + i0+ ) = Re G(ω − i0+ ).

(7.4)

There, we consequently have

However, in our case we only know for sure the symmetry (3.96),
G(zϕ∗ , zω∗ ) = G(zϕ , zω )∗ .

(7.5)

From equation (7.5) only the edge relation
Re G(x + i0ϑ+π ) = Re G(x + i0ϑ ), ϑ ∈ [0, π)

(7.6)

can be derived. I.e., conjugate wedges T C , T −C carry the same real parts of G(z) on
their edges.

7.2.2. A-priori constraints to the shared-real-part assumption
We will now investigate to which extent the continuity relations (7.1) and (7.2) can
a priori be expected to hold for higher-order contributions to the fully interacting
Green’s function G(z). It is insightful to study the algebraic properties of a conventional Green’s function G(z) first and subsequently consider the two-variable function
G(z).
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Conventional Green’s function
As a simple example, let us consider the summation of the Dyson series [97]
G = G0 − G0 ΣG
= G0 − G0 ΣG0 + G0 ΣG0 ΣG0 − · · · .

(7.7)

The entities G(z), G0 (z), and Σ(z) satisfy the causality relation (7.3). For the equation to hold, the product (and the sum) of two (7.3)-satisfying quantities A(z), B(z)
shall also satisfy (7.3). This is obviously the case, because
Re (AB)(ω + i0+ ) = Re A(ω + i0+ )Re B(ω + i0+ ) − Im A(ω + i0+ )Im B(ω + i0+ )
= Re A(ω − i0+ )Re B(ω − i0+ ) −
(−Im A(ω − i0+ ))(−Im B(ω − i0+ ))
= Re (AB)(ω − i0+ ).
The crucial point is that as one can see the conjugateness of the imaginary parts of
the upper and lower functions is nearly mandatory for the equation to hold. Consequently, the set of functions with only the property (7.4) is not closed under multiplication.
Two-variable Green’s function
Unfortunately, for a similar reason, the shared-real-part property (Eqs. (7.1), (7.2)) is
not closed under multiplication. This can be checked explicitly with the terms G0 (z)2
and G0 (z)−1 . Since also the two-variable function G(z) is comprised of Dyson-series
type of contributions (7.7), the shared-real-part assumption is only an approximation
to the structure of the interacting Green’s function. Fortunately, however, there
are also some important a-priori constraints to the structure of the resulting error
terms. They are summarized in appendix B. The constraints are partially due to
the fundamental structure of the two-variable Green’s functions, partially due to the
empirically observed continuity of QMC selfenergy data (cf. Fig. 4.4).

7.2.3. Functional-analytic consequences
One can show that the continuity assumption for the real part at the branch point
indeed leads to a complete description of the entire function G(z) on all wedges
only as a function of the single edge Im G(x + i0ϑ=0 ). This is extraordinarily attractive from a computational point of view. The number of degrees of freedom within
the maximum entropy method is not increased, but all imaginary-time theory data
G(iϕm , iωn ) may be taken into account, without any a-priori constraint. We will also
see that for functions which comply with the assumption, it in fact alleviates the
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Rϑ
Eq. R−1
ϑ
(B.7)
Im G(x + i00 )

H

−H
(edge)

Qϑ

(edge)

Figure 7.2: Sketch of the action of the operator −Qϑ

.

severity of the inverse problem, as desired. On top of this, we still infer a positive
definite function, which is the fundamental requirement of the MaxEnt method.
Construction of the kernel
If we take equation (B.7) for granted, we can derive a representation of the Green’s
function with respect to Im G(x + i0ϑ=0 ) in the following way. First, we introduce
the Hilbert transform operator H as
Z
1
f (x1 , x02 )
.
(7.8)
(Hf )(x) := P dx02
π
x2 − x02
Then we can use condition 3’ (section 5.3) in order to apply the Hilbert transform
for computing real and imaginary part from each other on the boundary of certain
H-isomorphic complex lines.
One can show that
Im G|T Cr,ϑ = −Qr,ϑ · Im G(x + i0ϑ=0 ),

(7.9)

where we introduced the operator
Qr,ϑ := Pr,ϑ Rϑ HR−1
ϑ H.

(7.10)

Let us also introduce a symbol for the right part of the operator sequence,
(edge)

Qϑ

:= Rϑ HR−1
ϑ H.

(7.11)
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(edge)

The action of −Qϑ
on Im G(x+i0ϑ=0 ) is depicted in figure 7.2: First, the Hilbert
transform H with respect to the xω variable yields Re G(x+i0ϑ=0 ). Then, via equation
(B.7) it is identified with Re G(x+i0ϑ ). In order to obtain Im G(x+i0ϑ ), one formally
has to transform to the biholomorphic equivalent of G|T Cr,ϑ in the domain T Cr,0 via the
operator R−1
ϑ = R−ϑ . The inverse Hilbert transform −H yields the imaginary part
of the edge value of the function T Cr,0 → C, z 7→ (R−1
ϑ (G|T Cr,ϑ ))(z). Transforming
Cr,ϑ
the function back to the edge of T
using Rϑ yields the result Im G(x + i0ϑ ).
Using the Poisson kernel Pr,ϑ , Eq. (5.50), the Green’s function is obtained in the
desired wedge T Cr,ϑ . The entire procedure is contained in Qr,ϑ .
(edge)

Feature of Qϑ

: decoding branch cut geometry from single edge function

(edge)

The operator Qϑ
is a map of pure “edge” character. Therefore, it seems worthwhile
(edge)
to study it separately. Qϑ
is well-defined for any square-integrable function f (x),
no matter which orientation ϑ is considered.
Considering an edge function which is compatible with the Green’s function prop(edge)
is not defined for the singular orientations (5.56).
erties 1,2,3’ (section 5.3), Qϑ
(edge)
step by step
For example, a straightforward calculation shows that applying Qϑ
to G0 (x+i0ϑ=0 ) yields exactly the formula (5.52), with the switching behaviour (5.54)
whose value is undefined for the orientations (5.56). The missing square-integrability
of the edge functions along these directions is the corresponding mathematical rea(edge)
crosses a singular orientation of Im G0 (x+i0ϑ=0 ),
son. In particular, whenever Qϑ
it exactly generates the jump in Im G0 (x + i0ϑ ) as a function of ϑ.
Consequently, assuming (B.7) is correct, both, not only the holomorphic structure,
but also the complete information about the entire branch cut structure, namely the
exact geometry of the branch cuts, are encoded in the single edge function Im G(x +
i00 ). This correspondence is illustrated in figure 7.3. Same is true for the (ϑ = 0)edge limit of the second-order self-energy, Im Σ(2) (x + i00 ), due to equation (7.2). It
is always square-integrable, except for the directions xω = −3/2xϕ , xω = −xϕ /2,
xω = xϕ /2, xω = 3/2xϕ , namely for the geometry of the 2nd-order branch cuts.
In the language of Shilov boundaries, the continuity constraint (B.7) of the considered function class caused a shrinking of the Shilov boundary as compared to the
more general function class specified by points 1,2,3’ in section 5.3.
(edge)
Other properties of Qϑ
are translational invariance, scale invariance, but in
general no rotational invariance: For the translation operator
(Tx0 f )(x) := f (x − x0 ),

(7.12)

and for the homogenous scaling operator
(Λλ f )(x) := λ2 f (λx), λ > 0,
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Figure 7.3: Plot of π Ã0 (x) (equation (5.59), with εd = 0 and eΦ = 0.5Γ) showing correspondence of noninteracting branch cut structure (see figure 3.4) and Ã0 function, as
(edge)
revealed by operator Qϑ
.

we have
h
h
but for the rotations

(edge)
, Tx
Qϑ
(edge)

Qϑ
h

, Λλ

(edge)

Qϑ

i

= 0,

(7.14)

i

= 0,

(7.15)

i
, Rϑ0 =
6 0

(7.16)

on the set of functions we consider. The proof of these commutator relations is
provided in appendix C. Note that because directional scaling implies a shear and
therefore nonconserved angles in the shapes of Im G(x + i00 ), it is no symmetry of
the operator, in contrast to uniform scaling.

7.2.4. Numerical implementation of Qr,ϑ
The numerical implementation of the kernel Qr,ϑ is unfortunately still quite cumbersome. Assuming that G(x + i00 ) is sufficiently smooth, we can represent it by
superimposing localized test functions which span the space of edge functions.3
3

Due to Bogolyubov’s theorem (section 7.1), the smoothness of edge functions can indeed be
rigorously proven for functions which are compatible with the assumptions of the theorem,
because the resulting holomorphy and thus continuity on the edges. The symmetry relation
(3.96) of the Green’s function might help to satisfy these requirements.
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Integral structure of the mapping
Qr,ϑ is comprised of a quadruple integral. The first two integrals are the two principal
value integrals which come with the Hilbert transforms. The second ones are included
by the Poisson kernel Pr,ϑ . The integrations are formally very similar to a sequence of
convolutions A ∗ (B ∗ (C ∗ e)), where e is an edge function. A crucial point is that due
to the distributional nature of both, the principal values and the edge functions, the
associativity rule cannot be expected to hold for these convolutions (see section 4.2
in Ref. [124]): Principal value and our type of edge functions (functions with singular
directions, Eqs. (5.56)) are no distributions with compact support. Therefore, it is
impossible to simply contract some “inner integrals” within Qr,ϑ analytically in order
to obtain a simple kernel function for Qr,ϑ . The use of a set of test functions which
spans the space of edge functions is mandatory.
Construction of the test functions
The test functions would preferably be structured in a way which allows the quadruple
integral in the operator Qr,ϑ to be solved essentially analytically. The functions
fX,δ := TX Λ1/δ f,
with
f (x) :=

(7.17)

1 Y
1
2
π α=±1 (xω − αxϕ /2)2 + 1

(7.18)

turn out to be a good starting point for this: First, we have the Dirac delta distribution
lim fX,δ = δ(x − X)
(7.19)
δ→0

as a limit. Second, the use of scaling and translation operators yields the – regard(edge)
– much more simple expression
ing the action of the integrals in Qϑ
(edge)

(Qr,ϑ fX,δ )(x) = (Pr,ϑ TX Λ1/δ (Qϑ
(edge)

f ))(x)

(7.20)

rather than (Pr,ϑ (Qϑ
TX Λ1/δ f ))(x) as a matrix element of Qr,ϑ . Third, the simple
pole structure of (7.18) allows us to compute most of the integrals analytically. Note
that the simpler looking symmetric Lorentzian function x2 +x1 2 +1 is, in fact, no good
ω
ϕ
alternative to f , because the poles with respect to zω or zϕ contain square roots of
zϕ or zω , respectively. Similar problems arise for localized Gaussians.
The directional arbitrariness xω ±xϕ /2 arising in Eq. (7.18) from choosing a product
of 1-dimensional Lorentzians in (7.18) is still to be discussed. For example, one could
also have chosen it to be xω ± xϕ , adjusting the normalization factor from π12 to π22 in
order to assert (7.19). A conceptional advantage of our choice of f is, however, that
for any domain T Cr,ϑ , for which G is holomorphic, we have r ≤ 2. Consequently, due
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Figure 7.4: Transformation behaviour of the test function f (x) as a function of the edge(edge)

to-edge map −Qϑ
[−5, 5] × [−5, 5].

for different values of ϑ. Function values are shown within the range

to the pole structure of (7.18), f is holomorphic in the domain T Cr,0 ⊂ T C2,0 , whose
edge is the starting point of the Qr,ϑ transform. Nevertheless, a certain ambiguity
remains which might be even technically useful.

Computation of the matrix elements
We found it feasible to calculate at least the first three integrals of the right-hand
side of expression (7.20) analytically, using a computer algebra system. In order to
compute the fourth integral, an adaptive numerical quadrature can be used.
(edge)
f )(x)
The result of the analytical integration of the first two integrals, i.e. (−Qϑ
(edge)
f )(x) is
is shown in figure 7.4 for selected edge orientations. We find that (−Qϑ
a rational function which changes continuously as a function of ϑ, in contrast to the
(edge)
is scale-invariant,
transformation behaviour of Im G0 (x + i00 ). Note that since Qϑ
Eq. (7.15), the transformation behaviour of the Dirac delta distribution is analogous
to figure 7.4. Consequently, the transformed delta distribution on the edge R + i0ϑ
is not a function but rather a distribution with a relatively complicated structure.
Therefore, the limit δ → 0 in (7.20) cannot be taken before the last two integrals
from the Poisson kernel Pr,ϑ are computed. In the special case ϑ = π/2, figure (7.4c),
1
the asymptotic behaviour of the result decays ∝ |x|
when x → ∞, in contrast to the
1
original test function behaviour f (x) ∝ |x|2 . This is because the Hilbert transforms
are taken with respect to mutually orthogonal directions in R2 here. This case yields
the particularly simple expression
(edge)

−Qϑ=π/2 f (x) =

1
xω xϕ
·
·
π 2 (xω 2 + 1) (xϕ 2 + 4)
12 xϕ 2 + xϕ 4 + 16 xω 4 + 48 xω 2 − 8 xϕ 2 xω 2 + 96
·
.
(xϕ 2 + 4 − 4 xϕ xω + 4 xω 2 ) (xϕ 2 + 4 xϕ xω + 4 xω 2 + 4)

(7.21)
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The angles between 0 and π/2 interpolate smoothly between the extremal cases
of the unperturbed well-localized f (x) at ϑ = 0 and the long-range function (7.21)
at ϑ = π/2 and involve higher-order rational functions. The solution at ϑ = π is
again strongly localized and equals −f (x). The behaviour in the interval [π, 2π) is
analogous due to symmetry reasons.
Implementation
As mentioned above, the third integral, with respect to the x1 variable, can still be
computed analytically. However, each integration of the operator sequence (7.20)
adds additional poles to the resulting function, and more and more complex distinctions have to be done in order to decide whether a pole is on the upper or lower
half-plane and whether it contributes or not to certain residue sums.
Because translational and scale invariance do not seem to be as useful concepts
when applied to Pr,ϑ , not only the extra variable r appears in the computation of
the remaining expressions, but also the shift X and the scale λ of the test function
(7.17). For the third integral, one can still determine the poles and residues before
doing the latter substitution with the computer algebra system, however.
Doing this, with the computer algebra system at hand, the resulting symbolic
expression for the integrand of the fourth integral coming from the Poisson kernel,
approaches an approximate file size of 500 kilobytes. Due to a similar behaviour as
that of the transformed edge functions, taking the limit δ → 0 is still not allowed for
the integrand of the fourth integral.
An algebraic determination of the poles of this expression is cumbersome, because
high-order polynomials appear in the denominator of the resulting expressions. Nevertheless, numerical computations indicate that the limit δ → 0 yields well-defined
functions after the fourth integration. Once an algebraic expression is found, the
expression for the limit δ → 0 would be more simple than the intermediate terms.
As already stated in the beginning of this section, we compute the fourth integral
with an adaptive numerical integration routine in practice. One can adjust δ as a
function of x, depending on how well a specific region of the edge should be resolved.
In future applications, the analytic evaluation of the fourth integral and the limiting
process should provide a great simplification.
Implementation details of the resulting MaxEnt procedure are specified in appendix
D. The numerical computation of the matrix elements is described in appendix E.

7.3. Results of the Q-approach
When defined according to the interacting branch cut geometry, we will refer to Qr,ϑ
simply by the symbol Q. In order to obtain estimates for the finite-U Anderson
impurity model out of equilibrium, we determine a most probable default model
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(D.3),
D̃σdef (xϕ , xω ) =

σdef
1 X
,
α
2
2π α=±1 (xω − 2 (xϕ − Φ))2 + σdef

(7.22)

first and, in a second step, refine the knowledge about its low-frequency region, with
an extra low-energy width, and a transient behaviour as in equation (D.4),
σdef (xϕ ) = Γ + (σ̃def − Γ)

R2
,
x2ϕ + R2

(7.23)

where we set R = 5Γ. Due to the approximative nature of Q, also the range of the
data G(iϕm , iωn ) has to be constrained in order to obtain spectra with a normalization
≈ 1. One finds empirically that a major constraint is ωn > |ϕm /2| for finite values
of U . By this, the data space is in fact originated in the neighbouring wedges of
the retarded Green’s function’s wedge. It is however very large as compared to the
data space of the single-wedge approach as used in section 6.2.1. Furthermore, as
many-body correlations increase, small values of ωn must be neglected in order to
apply Q. This is in accordance with the observation that Q is only perturbatively
correct.
It will be shown explicitly that the extended data range makes the inverse problem
and also the MaxEnt procedure more well-behaved as compared to the single-wedge
approach. Results of spectral functions and transport properties are presented in the
weak- to intermediate coupling regime.

7.3.1. Weak-Coupling Regime
In the weak-coupling regime, U ≤ πΓ, the second-order perturbation theory in U/Γ
is still expected to be rather accurate. A useful formula for the calculation of secondorder perturbation spectra at T = 0 is provided by Ref. [126] for comparison purposes.
Already in the weak-coupling regime, U = 2Γ, βΓ = 5, the applicability of the Q
approach is limited a posteriori by bad behaviour of the inferred spectral functions
precisely to input data with ωn > |ϕm /2|. If any data point G(iϕm , iωn ) with ωn <
|ϕm /2| is included, the MaxEnt procedure ceases to converge to a reasonable solution.
This corresponds to not crossing the principal branch cut γ = ±1 in figure 3.4, when
coming from the retarded Green’s function. Apart from this, there appears to be no
further constraint. We use all Matsubara data ωn , extending from n = 1 to n = 8,
while m = ±1, . . . , ±5 in ϕm , with the ωn > |ϕm /2| constraint for ωn .
As a first test, figure 7.5 displays the performance of the MaxEnt method for both,
the single-wedge and the multiple-wedge approach for the given data set. The singlewedge approach implicitly assumes the interacting Green’s function to be analytic for
Im zω > |Im zϕ /2|. Apparently, this wrong assumption makes no fit with a positive
definite Ã(x) possible. Instead, the χ2 value does not drop below ≈ 106 , and the
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Figure 7.5: Comparison of χ2 in the MaxEnt for single-wedge kernel Pr,ϑ and multi-wedge
kernel Q at U = 2Γ, β = 5Γ−1 , and eΦ = Γ as a function of the regularization parameter
α. For the same input set, the single-wedge approach already clearly fails to converge due
to the wrong assumption of negligible branch cuts |γ| ≥ 3.
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Figure 7.6: Application of the MaxEnt procedure for the Q-mapping to the nonequilibrium
weak-coupling case U = 2Γ, β = 5Γ−1 , eΦ = Γ, with CT-QMC data as input. The default
model has been identified via its maximal posterior probability.

MaxEnt does not converge. In sharp contrast, values of χ2 /Ndata ≈ 1 may be reached
with the MaxEnt with respect to Q. Also, controls such as the MaxEnt error rescaling
merit do not indicate the presence of any abnormalities.
For the Q-mapping, a well-behaved MaxEnt solution is obtained. Applying the
procedure described in appendix D, the edge function displayed in figure 7.6a is
identified as a-posteriori most probable default model. Using this default model, the
edge function in panel 7.6b is obtained. An overall moderate sharpening of the edge
function along the cross-like structure is observed.
The resulting spectral function is displayed in figure 7.7 together with the spectral
function of the default model which has been identified as most probable a posteriori.
The spectrum is in good agreement with the zero-temperature second-order perturbation theory. Presumably due to the finite temperature, the quasi-particle weight
is slightly smaller than the perturbative one.
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Figure 7.7: Spectral function as inferred for the nonequilibrium weak-coupling case U = 2Γ,
eΦ = Γ, β = 5Γ−1 , compared to zero-temperature second-order perturbation theory.

7.3.2. Intermediate-Coupling Regime
Using the same range within Matsubara space, ωn > |ϕm /2|, the method can well be
applied to intermediate coupling strengths. At the comparably small inverse temperature β = 5Γ−1 , calculations are most readily done, mainly due to the comparably
small QMC data space of approximately 50 imaginary-time-theory data points. In
general, the amount of data will grow quadratically as a function of inverse temperature, due to the simultaneous presence of Matsubara voltage and Matsubara
frequency. Additionally, at low temperatures, sharp features in the spectral function
and hence the Ã will have to be resolved, requiring an enhanced grid refinement.
Altogether, matrix sizes in the MaxEnt are blown up substantially when the temperature is decreased. In particular, the computational effort for the generation of an
appropriate kernel matrix (cf. appendix E) is increased by this. Apart from this presumably, in principle, minor technical issue, the memory consumption of the MaxEnt
itself poses a limitation at lower temperatures at the current stage of development.
Additionally, it is well-known that the resolution of low-temperature features with
the MaxEnt method requires a careful Bayesian analysis based on higher-temperature
data, i.e. an “annealing procedure” involving many higher-temperature data [35; 127].
Figure 7.8 shows some spectral functions obtained within the intermediate-coupling
regime at β = 5Γ−1 , but without imposing any annealing procedure. In parts, the
spectral function has not been modified by the MaxEnt, but remains attached to
the default model. The agreement in shape and height with second-order zerotemperature perturbation theory seems satisfactory.
However, in particular in the cases (U = 4Γ, eΦ = 0.125Γ), (U = 4Γ, eΦ = 0.25Γ),
and (U = 6Γ, eΦ = 0.25Γ), the formation of peculiar side-bands can be observed,
coming along with an unphysical increase in the spectral sum. They are clearly an
artifact of the continuation procedure. The resulting unphysical region however seems
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to be limited to a certain energy range which is not necessarily of physical interest. It
can often be traced back to certain structures which seem to form along well-defined
angular directions in the function Ã(xϕ , xω ). For the case (U = 6Γ, eΦ = 0.25Γ),
the MaxEnt inference process is displayed in figure 7.9. The quasi-particle resonance
is generated by the peak at x ≈ 0. The formation of broad Hubbard shoulders is
accompanied by the structures producing the unphysical sidebands.
A comparison to scattering-states numerical renormalization group (SNRG) spectra is shown in figure 7.10.4 While data seem to be compatible with a splitting of
the quasi-particle resonance, i.e. peaks at ±eΦ/2, the SNRG does not exhibit this
feature. The double-peak structure is found to be generated by the Matsubara data
points in the vicinity of the edge, i.e. the low-energy imaginary-time theory. Due to
the assumption which the Q-approach relies on, it cannot yet be decided whether
the prediction of the quasi-particle peak to split is a prediction of Matsubara voltage
theory or is an artifact of the Q-approach. The peak-splitting could also be generated
as an artifact of the MaxEnt procedure – however, the rather systematic positions at
±eΦ/2 oppose against this hypothesis.

7.3.3. Transport properties
Due to the increased quality of spectral functions, the calculation of transport properties is much more reliable with the multi-wedge approach than with the single-wedge
continuation. In figure 7.11, resulting electric currents are compared to real-time
quantum Monte-Carlo data by Werner et al. [32]. The results for β = 5Γ−1 are
presumably more reliable than at lower temperature β = 10Γ−1 . A good agreement
with the real-time QMC data is found. The extraordinarily high value at β = 10Γ−1
and U = 6Γ for voltage eΦ = 0.0675Γ can be traced back to an unphysically high
quasi-particle peak, which may however still be resulting from stochastic noise or
imperfections of the MaxEnt procedure. The latter is again more demanding for
β = 10Γ−1 than for β = 5Γ−1 . Figure 7.12 shows the current as a function of the
voltage for several values of U .

7.4. Perspective: Exact Q-approach
The underlying continuity assumption of the Q-approach is only approximate, because in higher order of perturbation theory, terms (B.1) which do not characterize
the collection of wedges, but merely just isolated wedges, are generated. These terms
are manifested in discontinuities of the real part of the Green’s function at the branch
point Im z = 0.
In order to extend the Q-approach to the full nonequilibrium Kondo regime U ≥
2πΓ, eΦ ∼ TK , β −1 ∼ TK , one has to take these contributions into account. This
4

SNRG data were provided by Sebastian Schmitt and Frithjof Anders. Used with permission.
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Figure 7.8: Intermediate-coupling nonequilibrium spectral functions at inverse temperature
β = 5Γ−1 , as compared to zero-temperature second-order perturbation theory.
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Figure 7.11: Currents for U = 4Γ and U = 6Γ as compared to real-time QMC [32] and the
noninteracting case.

0.25

U=4Γ, βΓ=10
U=6Γ, βΓ=10
U=8Γ, βΓ=10

Current

0.2

0.15

0.1

0.05

0
0

0.2

0.4
0.6
Voltage eΦ/Γ

0.8

1

Figure 7.12: Current as a function of voltage at β = 10Γ−1 for several interaction strengths.
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requires the consideration of the full analytic structure of the theory as illustrated in
figure 7.13b. As a consequence, extra terms have to be added to the representation
of G(zϕ , zω ) within the MaxEnt procedure. Natural candidates for such degrees of
freedom are the residual imaginary parts of edge functions
(edge)

R̃ν (x) := Im G(x + i0ϑν ) − π · (Qϑν

Ã)(x),

(7.24)

for the edge of the ν-th wedge with orientation ϑν . Due to the properties of the
residual terms (B.1), R̃ν (x) is expected to vanish as x → ∞. I.e. the functions are
essentially localized within a finite radius around 0 which can be expected to be of
the order of magnitude of the energy scales Γ, U , εd , and eΦ. One can therefore
hope that although one formally introduces infinitely many two-dimensional variable
vectors to take into account the exact analytic structure, in the actual discretized
version of the problem, the growth in variable space is not so dramatic. This must
be seen in relation to the Ã function, which has to be discretized over a very wide
range in order to pay tribute to the strong intertwining of edge function structure
and branch cut structure.
For data in the ν-th wedge, one then has the exact equation
Im G(iϕm , iωn ) = (Prν ,ϑν R̃ν )(iϕm , iωn ) + π · (QÃ)(iϕm , iωn ),

(7.25)

where rν is the opening ratio of the wedge.5 The inverse problem to be solved by the
MaxEnt is to determine R̃ν and Ã simultaneously. Practically, the terms R̃ν would
act as “valves” for the conceptual imperfection of the Q-mapping within the Bayesian
information flow.
Because the functions R̃ν (x) cannot be expected to be positive, it is necessary to
introduce a shift to a positive function, such as for the spectral functions of the static
observables in section 6.1. The terms R̃ν (x) are most dominant for wedges next to
the noninteracting Green’s function’s branch cuts. A very careful Bayesian analysis,
including an appropriate set of choosable default models constructed from a-priori
information, is probably required for a successful application of the exact approach.6

7.5. Summary
In this chapter, the MaxEnt approach to the double analytic continuation was systematically extended to a substantially larger range of QMC simulation data. At the
cost of an approximation to the structure at the branch point,7 it enabled to estimate
dynamical properties up to the intermediate coupling regime which are in reasonable
agreement with other computational techniques.
5

For the definitions see figure 5.4.
Some a-priori information is provided in appendix B.
7
We refer to the point where all wedges join as branch point.
6
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Im zϕ

Im zϕ

Ã(xϕ, xω )
Im zω

(a) imaginary-voltage formalism data

Im zω

(b) Q-simplified set of edge functions

Figure 7.13: Effective simplification of the analytic structure as found a posteriori for the
Q-mapping. It is valid up to intermediate many-body correlation strengths. Compare to the
general structure depicted in figure 7.1. The inaccessibility of the upper and lower wedges
to Q is presumably due to the strong violation of the shared-real-part assumption within
the multiplicative structure of the Dyson series, as predicted as an a-priori constraint by
section 7.2.2. In strong contrast to the single-wedge approach, the ϕm = 0 data are not
used, because they are located on the accumulation axis of interacting branch cuts and also
on the Im zϕ = 0 branch cut.

Resulting from an a-posteriori constraint, the accessible data range was extended
to the one symbolized by the set of green crosses in figure 7.13. The mathematical setup is much simpler than the nonapproximate analytic structure sketched in
figure 7.1. The technical realization of a matrix representation for the resulting mapping Q and the Bayesian inference procedure, however, required a carefully prepared
computational procedure.
As a future application, an exact generalization of the approach was suggested. It
introduces additional degrees of freedom from several distinct edge functions which
have to be determined sufficiently accurately by the MaxEnt procedure. Along the
route to the ultimate goal of providing estimates on non-equilibrium strong-coupling
spectra, in particular the identification of appropriate a-priori information for incorporation into the default model are expected to be a non-trivial task.
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8. Conclusion
The Matsubara approach to the Anderson impurity model out of equilibrium by Han
and Heary was studied regarding its viability. Particular emphasis was put on the
computational feasibility of numerically controlled predictions.
We showed that highly accurate unbiased imaginary-time data can be produced for
the resulting effective-equilibrium systems in the Kondo limit by means of recently
developed continuous-time quantum Monte-Carlo methods. The auxiliary-field expansion algorithm (CT-AUX) was identified to be particularly useful for this purpose.
Based on the perturbative structure of the theory, an exact analytic continuation
formula for certain types of static observables was derived, namely the double occupancy and the magnetization of the quantum dot. Employing a MaxEnt procedure,
non-trivial predictions resulted which are in reasonable agreement with other computational methods such as the scattering-states numerical renormalization group
(SNRG). The simulation data were found to be fully consistent with the formal
structure of the theory. In particular, data for the magnetic susceptibility indicated
that the approach is indeed a viable numerical approach to the Kondo effect out of
equilibrium.
Using the function theory of several complex variables, a framework for the analytic continuation of dynamic correlation functions was provided by means of an
axiomatic characterization of the Green’s function. In particular, kernel functions
connecting real-time and imaginary-time structure of the theory were derived, and
a one-to-one linear correspondence of real-time and imaginary-time quantities was
established. Whereas the imaginary-time structure is characterized by holomorphic
Green’s function branches on wedges, the real-time structure is characterized by the
edges of these wedges.
Employing the kernel functions, we were able to extend the standard MaxEnt
approach for the ill-posed analytic continuation of effective-equilibrium quantum
Monte-Carlo data to the non-equilibrium problem. Considering a single analytic
wedge, equilibrium results for spectral functions were reproduced. However, it was
found impossible to utilize a single-wedge approach for the non-equilibrium situation.
At this point, an asymptotically exact continuity constraint to the overall structure
was employed. It enabled the inclusion of data from several distinct wedges to the
MaxEnt Bayesian inference of the non-equilibrium spectral function. By this, the
severity of the inverse problem was reduced. Well-controlled reproducible true nonequilibrium results were obtained for weak and intermediate correlation strengths.
Derived I − V curves were in good agreement with other methods. For the extension
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to strong correlations, an exact generalization of the formalism was suggested.
The generalization demands for an extension of the analytic continuation algorithm
for dynamical quantities. It brings along a considerably large set of additional degrees
of freedom which have to be inferred sufficiently accurately by the MaxEnt procedure.
It is an open question to which extent information about the non-equilibrium strongcoupling regime may be inferred. In particular, it will have to be investigated how
much prior information about the structure of edge functions is required in order to
set up appropriate default models.
For this purpose, additional experience from the analysis of static quantities may
play a key role, as they can be numerically accessed with much less difficulty. Again,
the systematic construction of default models which contain more prior information
and thus yield more reliable results seems promising. This requires a more extensive
formal analysis of quantities such as high-energy tails of the effective-equilibrium
observables hÂi(iϕm ).
As far as the validity of the Matsubara-voltage formalism itself is concerned, our
recent perturbative investigations [54] showed that for the chosen definition of the
non-equilibrium state, the theory successfully maps to the corresponding SchwingerKeldysh real-time theory. However, the Kondo effect is a non-perturbative phenomenon. Furthermore, there do exist several different, possibly inequivalent, procedures to introduce the non-equilibrium ensemble. One can therefore at present
not state with certainty that the theoretical framework is correct. The essential
agreement of our strong-coupling magnetic susceptibility data with the conceptually
rather different SNRG method gives a substantial amount of convidence that in fact,
both methods are capable of describing the correct Kondo physics. In this context,
is however puzzling that surprisingly, the three numerical methods real-time quantum Monte-Carlo (RT-QMC), SNRG, and Matsubara-voltage theory disagree on the
double occupancy, i.e. the behaviour of charge fluctuations. While still a qualitative
agreement with RT-QMC is obtained, the SNRG yields even qualitatively different
predictions.
Besides the conceptual validity and the further technical improvement of numerical
estimates, the extendability of the formalism to more general transport scenarios is
a major point. It has been shown that for certain types and geometries of quantum
dots, as well as certain observables, it is not possible to use the Matsubara-voltage
idea, at least in the present form [53]. This may be traced back to some compulsory symmetries of operators [54]. It is an open question if these constraints may
be overcome by a different setup of the formalism. Even if the answer is negative,
progress within the present theory may gain some further valuable insights into the
non-equilibrium Kondo effect in quantum dots, for example by including dissipative degrees of freedom or introducing additional sources of non-equilibrium such as
temperature gradients.
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A. Uniqueness of Continuation
In the following, we would like to show that the continuation of Matsubara data
G(iϕm , iωn ) to the multisheeted holomorphic function G(z) is unique, i.e. we will
prove assumption 3 in section 5.3, relation (5.14). We would like to derive the uniqueness using the assumptions 1, 2, and 3’ from section 5.3. Since the proof will involve
some elementary geometry, it will be accompanied by several sketches. It can be
seen as a generalization of the Baym-Mermin result on the uniqueness of the analytic
continuation of single-variable Matsubara Green’s functions [98].
We may focus our attention to a single wedge T C which is defined by subsequent
branch cuts from Eqs. (5.12). The data G(iϕm , iωn ) which are located in the wedge are
our starting point, (ϕm , ωn )T ∈ C. Without loss of generality we can assume that we
have entire lines of data, G(iϕm , iωI ), ωI ∈ R, because arbitrary continuous imaginary
ωI may be computed by Fourier transform in the ϕm th effective-equilibrium theory,
having again (ϕm , ωI )T ∈ C. Let us denote the effective-equilibrium data range by
E0 := {i(ϕm , ωI )T |m ∈ Z, ωI ∈ R} ∩ T C .

(A.1)

These lines of known data of the unknown function G(z) in the wedge T C are
depicted in Fig. A.1. They constitute one-dimensional lines in the four-dimensional
wedge T C for which the function G|T C shall be reconstructed.
We will, step by step, prove the uniqueness of the continuation of the imaginarytime data by applying biholomorphic maps and the identity theorem of complex
analysis. The central idea will be to extend larger and larger subsets for which a

E0
TC

Figure A.1: The wedge to be considered. The dash-dotted lines denote the data yielded by
imaginary-time theory.
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TC

ϑ
R−ϑ
∼
=H

R−ϑ T C

Figure A.2: A single line contained by the cone C may after biholomorphic rotation R−ϑ
and subsequent complexification be interpreted as the upper half plane H of C.

unique continuation is obtained.

A.1. Reconstruction of edge values using
complex lines which are isomorphic to H
Due to assumptions 1 and 2, we found that the Green’s function G|T C may be
reconstructed from their edge values, using Eqs. (5.41) and (5.42). Therefore, it
suffices to show that we can reconstruct all edge values of the function G from the
data G|E0 .
We will first show that one may reconstruct a certain set of single lines through
zero on the edge. Each of these lines is defined by an angle ϑ. All function values on
the line may be reconstructed if the angle ϑ is contained by the cone C.
The proof of the latter statement is the following. Consider a single line in the
cone C, given by the angle ϑ. A biholomorphic rotation in the sense of section
5.4.2 can then be applied in such a way that the line is horizontal and may after
complexification be interpreted as the upper half plane H of C, see Fig. A.2. The
real line is then associated to a horizontal line on the edge of R−ϑ T C .
−1
The biholomorphic equivalent to the yet unknown function is now G̃(z) = G(R−ϑ
·
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A.1. Reconstruction of edge values using upper half planes
z). Note that the line (0, iλ)T in R−ϑ T C , λ > 0, contains infinitely many known
values of G̃(z). These are denoted by the crosses in Fig. A.2. Extending to the
upper half plane (0, H), one may apply the identity theorem of complex analysis for
reconstructing G̃(z) on the whole plane (0, H). In particular, the boundary values
G̃(0, R + i0+ ) are recovered. This proves the statement of this subsection.

Identity Theorem
Let us comment on the satisfaction of the assumptions of the identity theorem. Since
(0, ∞) is the accumulation point of the known data points on (0, H), i.e. of the “series
of crosses in Fig. A.2”, given by (0, H) ∩ R−ϑ E0 , we have to show that G̃(0, 1/z) may
be extended to an analytic function at z = 0. Once this is possible, the function is
uniquely determined by the set of function values.
Combining assumptions 1 and 3’, we know that G(ζx(0) ) (in the sense of assumption
3’) behaves like a conventional Green’s function, because the singular case coincides
with a branch cut which is by construction not contained by the wedge. Due to
this rapid decay one may extend G̃ to the lower half plane such that G̃(0, z ∗ ) =
G̃(0, z)∗ and is holomorphic at z = ∞. This can be done explicitly using a spectral
representation with respect to the boundary values of Im G̃(0, z) on the real axis.
The spectral representation exists due to the 1/z asymptotics which lets the line
integral contribution vanish on the infinitely large semicircle attached to the real
axis. Note that this construction is also compatible with the symmetry relation
G(−iϕm , −iωn ) = G(iϕm , iωn )∗ .
As a consequence, the identity theorem is applicable for G̃(0, z) at z = ∞ such as
it is for regular Matsubara Green’s functions.
One may also think of G(ζx(0) ), ζ ∈ H as a meromorphic function of ζ ∈ C, because
it may due to boundedness and 1/ζ asymptotics be approximated arbitrarily well by
a meromorphic function, such as in an infinite Padé expansion. Since meromorphic
functions on C are holomorphic on the Riemannian sphere, the identity theorem
holds at the accumulation point ∞.

Resulting reconstruction of edge values
Sweeping through all possible angles ϑ which are contained by the cone C, the
uniquely reconstructed edge behaviour of G|T C is given by the area depicted in
Fig. A.3.
It is obviously given by
(recon,0)

EdgeT C

:= C ∪ (−C).

(A.2)
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reconstructed area

0

reconstructed
area

Edge of
TC

(recon,0)

Figure A.3: Uniquely reconstructed range EdgeT C
of G(z)|T C on the edge of T C following from the partial argument of subsection A.1. The wiggly lines in the boundary mean
that the area extends to infinity.

A.2. Extending the unique range to the entire edge
In order to show that the function values of G|T C are also uniquely defined by G|E0
(recon,0)
for the complement of EdgeT C
, the argument has to be extended in a similar way.
The trick is to consider yet another set of H-isomorphic subspaces and then apply
the argument of the last section to a larger set of data.

Extending the known data range within the wedge
The first step is depicted in Fig. A.4. In contrast to before, we consider a constant
angle ϑ0 and various lines which start at different points on the boundary of the cone
with the orientation ϑ0 .
After biholomorphic rotation to the wedge R−ϑ0 T C we can again complexify the
lines
˜l (0) := {iỹ (0) + i(0, λ)T , λ > 0}; ỹ (0) ∈ ∂C
(A.3)
ỹ
to
L̃ỹ(0) := iỹ

(0)

 
0
+
.
H

(A.4)

The isomorphy of L̃ỹ(0) to H and assumption 3’ again enable us to apply the identity
theorem to the crossed data in Fig. A.4, namely to the infinite sequence (G ◦ Rϑ )|(R−ϑ E0 )∩L̃

ỹ (0)

By this, the transformed Green’s function G̃ = G ◦ Rϑ0 is reconstructed for all
points of the set
 
[
iR
C
.
(A.5)
D :=
L̃ỹ(0) = (R−ϑ0 T ) ∩
C
(0)
ỹ
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∈∂C
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A.2. Extending the unique range to the entire edge

ϑ0

TC

ϑ0

ϑ0

R−ϑ0
∼
=H
∼
=H
∼
=H
R−ϑ0 T C

Figure A.4: Enhancing the formal holomorphic reconstruction within the wedge.

For simplicity, we may now just look at a subset of D, namely
 
0
Ẽ1 := R−ϑ0 E0 +
.
R
It enables us to see that the values of G are now known on the set
 
0
E1 := E0 + Rϑ0
.
R

(A.6)

(A.7)

Full Reconstruction of the Edge
With the information from E1 one may reinterpret the procedure associated with
Fig. A.2 and described in section A.1. The dashed lines of known data now contain
an additional real dimension along the direction Rϑ0 (0, 1)T .
We can use each point λ · Rϑ0 (0, 1)T (λ ∈ R) of this new degree of freedom as
an offset of the lines used in section (A.1) and reapply the entire procedure. Using
the resulting affine subspaces, the Green’s function may be reconstructed on further
regions of the edge which are affine to the one in Fig. A.3, namely
(recon,λ)

EdgeT C

(recon,0)

:= EdgeT C

+ λ · Rϑ0 (0, 1)T .

(A.8)
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Rϑ0 (0, 1)T
0

Edge of
TC

Figure A.5: Reconstructing the Green’s function on the complete edge. The reconstructed
(recon,0)

area EdgeT C
(see Fig. A.3 and Eq. (A.2)) may be extended by affine transformations
along the Rϑ0 (0, 1)T direction using the information from the set E1 .

Applying the argument to all λ ∈ RSreconstructs the entire edge and hence the
(recon,λ)
entire Green’s function G|T C , because λ∈R EdgeT C
= EdgeT C .
This “affine procedure” is sketched in Fig. A.5.
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B. A-priori information about residual
discontinuities
In the present appendix, we will study what can be learned a priori about the structure of terms which violate the continuity assumption which is fundamental to the
approach lined out in chapter 7. It is insightful to study how the resulting difference of two given edge values is structured, namely to investigate the branch-point
discontinuity
0
0
R(ϑ,ϑ ) (x) := Re G(x + i0ϑ ) − Re G(x + i0ϑ )
(B.1)
for arbitrary values ϑ, ϑ0 ∈ [0, 2π) as a function of x ∈ R2 .
Angular structure
Obviously, due to Eq. (7.6) we have
R(ϑ,ϑ) ≡ R(ϑ,ϑ+π) ≡ 0,

(B.2)

for all ϑ. R(ϑ,ϑ) ≡ 0 if ϑ and ϑ0 (+π) belong to the same wedge.
Structure due to continuity of imaginary-time data
Using the nontrivial empirical fact that the continuous-time QMC data Σ(iϕm , iωn )
0
are continuous as a function of ϕm and ωn , we can derive certain relations for R(ϑ,ϑ ) .
The empirical observation that the quantum Monte Carlo data are continuous as a
function of iωn , as one crosses higher-order branch cuts, yields the following structure.
Let ϑ0 be the orientation of the corresponding branch cut. Then, due to the observed
continuity, we have
G(iρ sin(ϑ0 − δ), iρ cos(ϑ0 − δ)) =
= G(iρ sin(ϑ0 + δ), iρ cos(ϑ0 + δ)),

(B.3)

for any ρ > 0.
Using the identity theorem along the directions ϑ0 ± δ, one find that the relation
R(ϑ0 −δ,ϑ0 +δ) (ρ sin(ϑ0 ), ρ cos(ϑ0 )) = 0

(B.4)

holds for any ρ > 0. Consequently, the continuity in Matsubara space induces a
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continuity relation in the edge space. Similarly, one could construct relations for the
0
derivatives of G which help constrain R(ϑ,ϑ ) (x).
High-energy structure
Let us also consider the high-energy limit
|x|  max{Γ, |U |, |Φ|, |εd |}.

(B.5)

For this, |G(x + i0ϑ )| is only significantly greater than zero if xω ≈ ±xϕ /2, according
to point 3’, section 5.4.2. The “+” and “−” cases imply a separation of energy scales.1
For both of these two energy scales, the closedness under multiplication is recovered.
One can easily see the recovery of the multiplicative structure in the high-energy
limit by investigating the bare Green’s function (5.52). The “+” and “−” energy
scales are given by the α = − and α = + addends (5.53) in Eq. (5.52), respectively.
Each of the addends satisfies the multiplication rule, because the absolute value of
their imaginary part remains
the same for all ϑ at fixed x. Same is true for the sum
P
of the corresponding i αi = ∓1 addendends in the second-order self-energy (5.16).
Therefore, we conclude that
lim R(ϑ,ϑ) = 0,

(B.6)

x→∞

in contrast to the infinite-x limiting behaviour for G itself.
Consequences for the analytic structure
Although the assumption
0

Re G(x + i0ϑ ) = Re G(x + i0ϑ ),

(B.7)

0

for all ϑ, ϑ0 , is apparently incorrect, the errors R(ϑ,ϑ ) (x) are localized in x-space.
In other words: The relation gives a correct picture of how the wedges are correlated in the higher-energy range. When assuming the relation, additional low-energy
degrees of freedom have to be introduced in order to reobtain an exact continuation
theory.
Dyson’s equation
The missing closedness under multiplication can a priori be expected to be particularly problematic along the singular directions of the bare Green’s function. It will
1

The two separated branches nevertheless appear to be “interacting” with each other, due to the
absence of a conservation law for the Y0 quantum number in Coulomb scattering processes
(section 3.4.1), the relevance of which is particularly evident for |xϕ − Φ|  Γ.
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become clear in an a-posteriori analysis that therefore data which do not cross the
bare Green’s functions branch cut are valuable for an analytic continuation based on
the assumption that the real part is continuous (cf. section 7.3).
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(edge)
C. Commutator relations of Qϑ
In the following we will derive the commutator relations (7.14), (7.15), and (7.16) for
(edge)
the edge-to-edge map Qϑ
.

C.1. Translational invariance
(edge)

Let us consider the action of Qϑ
= Rϑ HR−1
ϑ H on a function Ã(x, y) which is
translated by the operator TX , where we set X = (X, Y )T . We also write x := (x, y)T .
As a first step, we apply the Hilbert transform,
Z
1
Ã(x − X, ỹ − Y )
(HTX Ã)(x) = P dỹ
π
y − ỹ
Z
1
Ã(x − X, ỹ)
= P dỹ
.
π
(y − Y ) − ỹ

(C.1)

Using the short-hand notation c := cos ϑ, s := sin ϑ, we then have
(R−1
ϑ HTX Ã)(x)

Z
1
Ã(cx + sy − X, ỹ)
= P dỹ
.
π
(−sx + cy − Y ) − ỹ

(C.2)

In the next two steps one obtains
→(C.6)

z
}|
{
Z
Z
˜
1
1
Ã(
(cx
−
sy)c
+
s
ỹ
−
X,
ỹ)
(edge)
TX Ã)(x) = 2 P dỹ˜
P dỹ
.
(Qϑ
π
sx + cy − ỹ˜
−(cx − sy)s + cỹ˜ − Y −ỹ
|
{z
}
|
{z
}
→(C.5)

(C.3)

→(C.7)

By substituting X = 0 and then multiplying with TX from the left, one finds
Z
1
1
(edge)
(TX Qϑ
Ã)(x) = 2 P dỹ˜
·
π
s(x − X) + c(y − Y ) − ỹ˜
(C.4)
Z
˜ ỹ)
Ã((c(x − X) − s(y − Y ))c + sỹ,
· P dỹ
.
−(c(x − X) − s(y − Y ))s + cỹ˜ − ỹ
In order to verify that the expressions (C.3) and (C.4) are, in fact, equal, we consider
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the following system of linear equations:
sx + cy − ỹ˜ = sx0 + cy0 − y ∗
(cx − sy)c + sỹ˜ − X = (cx0 − sy0 )c + sy ∗
−(cx − sy)s + cỹ˜ − Y = −(cx0 − sy0 )s + y ∗ c,
in matrix form:

     
  ∗
−1 s
c
−1 s
c
0
y
ỹ˜
 s
c2 −sc · x − X  =  s
c2 −sc · x0  .
c −sc s2
c −sc s2
Y
y0
y
|
|
{z
}
{z
}
=:M

(C.5)
(C.6)
(C.7)

(C.8)

=:M

as
The equations correspond to the idea of substituting the terms in Requation (C.3)
R
∗
˜
denoted there in such a way that y is the new integration variable, dỹ → κ dy ∗ ,
where κ is some regular prefactor from the integral transformation, and such that the
external variables x and y are replaced by x0 and y0 . We will see that the resulting
form will exactly be (C.4):

The system (C.5)-(C.7) can be solved by

0
−1

M = s
c

inversion of the matrix M : One has

s c
1 0 ,
(C.9)
0 1

det M = −1, and consequently the well-defined solution
y ∗ = ỹ˜ − (sX + cY ),
x0 = x − X,
y0 = y − Y.

(C.10)
(C.11)
(C.12)

The integral transformation constant κ = 1, and performing the substitutions (C.5)˜
(C.7) in (C.3) yields (C.4), when y ∗ is again renamed as ỹ.

(edge)

Therefore, [Qϑ
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, TX ] = 0.

C.2. Scale invariance

C.2. Scale invariance
Similarly, we show the scale invariance (7.15). We have
(edge)
(Qϑ
Λλ Ã)(x)

Z
Z
˜ λỹ)
λ2
1
Ã(λ[(cx − sy)c + sỹ],
=
P dỹ˜
P dỹ
(C.13)
2
π
sx + cy − ỹ˜
−(cx − sy)s + cỹ˜ − ỹ
Z
1
1
˜
=
P
d
ỹ
·
˜
π2
sx + cy − ỹ/λ
Z
˜ ỹ)
Ã((cλx − sλy)c + sỹ,
(C.14)
·P dỹ
˜ − ỹ/λ
−(cx − sy)s + cỹ/λ
Z
λ2
1
=
P dỹ˜
·
2
π
sλx + cλy − ỹ˜
Z
˜ ỹ)
Ã((cλx − sλy)c + sỹ,
·P dỹ
(C.15)
−(cλx − sλy)s + cỹ˜ − ỹ
(edge)

= (Λλ Qϑ

Ã)(x).

(C.16)

C.3. Absence of rotational invariance
(edge)

, Rϑ0 ] 6= 0.
We provide a simple example for which [Qϑ
We consider the bare Ã0 , equation (5.59). Setting ϑ = ϑ0 = π/2, we find
αΓα /π
, and
(xω − α(xϕ − Φ)/2 − εd )2 + Γ2
α=±1
X
αΓα /π
(edge)
.
(Rπ/2 Qπ/2 Ã0 )(x) =
(xϕ − α(−xω − Φ)/2 − εd )2 + Γ2
α=±1
(edge)

(Qπ/2 Ã0 )(x) =

X

(C.17)
(C.18)

On the other hand,
Γα /π
, and (C.19)
2 + Γ2
(x
−
α(−x
−
Φ)/2
−
ε
)
ϕ
ω
d
α=±1
X
−αΓα /π
(edge)
.
(Qπ/2 Rπ/2 Ã0 )(x) =
(C.20)
(xϕ − α(−xω − Φ)/2 − εd )2 + Γ2
α=±1
(Rπ/2 Ã0 )(x) =

(edge)

X

(edge)

(edge)

Hence, Qπ/2 Rπ/2 Ã0 = −Rπ/2 Qπ/2 Ã0 , and therefore [Qπ/2 , Rπ/2 ] 6= 0.

137

(edge)

C. Commutator relations of Qϑ

138

D. MaxEnt implementation for data
from multiple wedges
In this appendix chapter, the implementation of the MaxEnt algorithm for the Qmapping is described. Details on the computation of a numerical representation of
Q are provided in appendix E. As pointed out there, the local test function width
δx for the map Qr,ϑ can be adjusted to the local grid resolution when the function
Ã(x) is discretized. The inverse problem for the inference of spectral properties using
assumption (B.7) is, by construction,
Im G(iϕm , iωn ) = (Qr,ϑ Ã)(iϕm , iωn ).

(D.1)

The values r, ϑ are those which specify the T Cr,ϑ branch of G the vector (iϕm , iωn )T
is located in, as defined by point 1 of section 5.3. The spectral function of the dot
electrons can then again be gained by evaluating the fiber
A(ω) = Ã(Φ, ω)

(D.2)

of the inferred (ϑ = 0)-edge function, see section 6.2.
Discretization of Ã(xϕ , xω )
In contrast to the simpler approach depicted in section 6.2.1, the discretization of the
edge function has to pay tribute to the strong interrelation between edge structure
and branch cut structure which is revealed by Q(edge) , as described in section 7.2.3.
Especially, it turns out that the limiting behaviour along the singular directions
of Ã has to be captured numerically. In our experience, also the lateral structure of
Ã(x) along the singular directions has to be resolved, in order to improve numerical
(i)
(j)
instabilities. We constructed a grid as follows. Let x̃1 and x̃2 be two variables which
are discretized on i-th and
grid points around zero, respectively.
 j-th logarithmic

√
8 10 (i,j)
yields an appropriate discretization of the
Then the grid x(i,j) = 205
x̃
−4 5
edge, because the given matrix maps the double-cone R+ × R+ ∪ R− × R− and its
complement to the wedges defined by the singular directions. The test function width
δx can then be adjusted to the local grid resolution.
Also the high-energy structure of the Green’s function G has to be taken into ac-
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count explicitly, because along the singular directions, G does not decay. In practice,
it seems to be important to have a very large logarithmically discretized fit region,
for which a xϕ /Γ region of at most [−800, 800] is subject to modifications by the
MaxEnt algorithm and a xω /Γ region of at most [−400, 400]. The singular-direction
contributions beyond this range also prove not to be negligible, in a test with the
bare Green’s function (see also the G0 benchmark below). In order to take them into
account, their contribution up to very large energies (xϕ ≈ 105 Γ) is computed assuming a G0 -like structure along the directions, positioning adequately weighted δ-spikes
along it and substracting the corresponding contributions from the raw data, as done
for the negative-spectral-function contributions of static observables in section 6.1.

Kernel structure
One has to keep in mind that the kernel Qr,ϑ may show rather sharp structures
also in regions where the to-be-determined Ã is expected to be very smooth and the
MaxEnt discretization grid is consequently chosen to be rather coarse-grained. These
potentially disturbing structures can already be seen from the plots of Pr,ϑ , which
are displayed in Figs. 6.10 and 6.11. The convolution with the (transformed) test
(edge)
(edge)
fX,δ is in general no cure for this problem, because Qϑ
fX,δ is even
functions Qϑ
more sharply structured, on the scale δ, which is of the order of the discretiziation
scale (see figure 7.4).
In order to discuss this in more detail, some matrix elements of Qr,ϑ are plotted in
figure D.1. Again, as compared to the Pr,ϑ in Figs. 6.10 and 6.11, the orientation of
the considered data point in Matsubara space defines the orientation of the structure
which emerges in the kernel with respect to the (xϕ , xω ) coordinates of Ã-space. A
qualitative difference to figures 6.10 and 6.11 is the occurance of negative regions.
(edge)
These are generated by Qϑ
in order to compute Ã from the edge function of the
wedge being considered due to the position of the (iϕm , iωn ) point. The negative and
positive regions spread over a comparably wide range and will compete in the process
of Bayesian inference, in which several (iϕm , iωn ) pairs and differently overlapping
combinations of positive/negative regions are involved. The wide range of the regions
(edge)
appears to emerge from superimposing the 1/x tails of Qϑ
fX,δ which are dominant
for ϑ ≈ π/2 and ϑ ≈ 3π/2 and absent for ϑ ≈ 0, as well as ϑ ≈ π. Note that since the
real-part assumption (B.7) becomes exact for larger energies, this feature is expected
to be contained in the kernel of an optimal continuation theory of Green’s functions
within the Matsubara voltage formalism. The kernel structure indicates that due
to the leverage of the single-wedge constraint (section 6.2.2), the nonequilibrium
spectral function could now well be resolved. In the following, the interacting branch
cut geometry will always be used for the operator Qr,ϑ . For brevity, the accordingly
defined operator will be shortly written as Q.
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Figure D.1: Cut through Qr,ϑ in Ã-space for different pairs of iϕm and iωn , at βΓ = 5.0.
The wedge opening ratios r and wedge orientations ϑ (figure 5.4) are chosen according to
the interacting branch-cut geometry (chapter 3.4.2). The “nonequilibrium” line represents
the location of the dot-electron spectral function for a system with source-drain voltage
eΦ = 0.5Γ. The location maps for Matsubara data are on the same scale as the ones in
figures 6.10 and 6.11. Wiggly structures at higher energies result from the increasingly
coarse-grained Ã grid.
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Ã(xϕ , xω )

10

0.05
-10

0
-10

(c) 4 × 4 averaging

-5

0
xω

5

10

(d) 8 × 8 averaging

Figure D.2: Successive improvement of kernel quality by averaging out the local kernel
structure within the local Ã grid resolution. Data are shown for U = 0, Φ = 0, βΓ = 5, n =
−13
0, . . . , 9, m = −3, . . . , 3 and a realistic mock diagonal covariance matrix C = diag ( 10Γ2 ).

Non-interacting Green’s function as benchmark
The fundamental assumption of this chapter, equation (B.7), is exact for G0 (equation
(5.57)). As a consequence, we use the noninteracting Green’s function as a benchmark
for our multiple-wedge numerical analytic continuation procedure, already assuming
the interacting branch cut geometry for the construction of Qr,ϑ . From a numerical
point of view, the method is comprised of two technically challenging consecutive
steps: First, the kernel and its high-energy convolution with the Green’s function
have to be evaluated numerically up to a certain precision. Second, an appropriate
default model has to be defined and the MaxEnt has to converge to a good estimate
in a controlled way.
In order to test the performance of the first step, we can take the exact solution as
default model and run the MaxEnt with the discretized kernel. Due to the design of
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Figure D.3: Sensitivity to the default model, using the same parameters as in figure D.2d.

Bryan’s algorithm [118], MaxEnt changes of the Ã(xϕ , xω ) function will directly correspond to the numerical errors in the computation of the kernel matrix elements: evidence for changes of the exact solution is taken from the exact data due to numerical
imperfections in the kernel. Without averaging out the sharp structures of the kernel
for these regions, serious artifacts are obtained even for larger values of δx . This can be
seen in the historic MaxEnt data shown figure D.2. Here, δx is chosen adaptively with
respect to the local kernel resolution, namely δx = 0.3 · (local kernel grid resolution).
The MaxEnt is able to modify the Ã function on a large grid varying over the ranges
xϕ ∈ [−800, 800], xω ∈ [−400, 400]. As the local kernel resolution is increased, averaging out its structure within the Ã grid, an increasingly appropriate discretization of
the kernel is obtained. In the computations shown in figure D.2 realistic covariance
√
weights for the imaginary-time data were assumed. If numerical errors ' 10−13
were included into the realization of the kernel, there would probably be stronger
deviations from Ã0 (xϕ , xω ) than observed. For some single points the δx is so small
that the adaptive quadrature of the fourth integral in Q does not converge. This
can be seen best in figure D.2d, because here the kernel discretization grid is eight
times finer than the Ã(xϕ , xω ) discretization grid. Similarly, in the nonequilibrium
situation, Φ 6= 0, the function Ã0 is not significantly altered by the 8 × 8-averaging
kernel. This was tested explicitly also for large bias voltages, such as eΦ = Γ.
The performance of the second step can be tested by using a kernel realization which
succeeded in the first step and then performing runs with a modified default model.
Because the noninteracting Ã0 (xϕ , xω ) function has the correct singular behaviour as
x → ∞ we investigate the dependence of the MaxEnt results on the following default
models:
1 X
σdef
D̃σdef (xϕ , xω ) =
.
(D.3)
α
2
2π α=±1 (xω − 2 (xϕ − Φ))2 + σdef
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As compared to Ã0 (xϕ , xω ), the width of the Lorentzians is varied. Using the bestquality kernel, i.e. 8 × 8-averaging (see figure D.2d), increasing the default-model
width quickly results in spurious features (see figure D.4) in the low- to intermediateenergy region, even though Q represents an exact relation between data and Ã and
the numerical representation of Q is sufficiently accurate. Away from the low-energy
region also for σ = 1.5Γ a good agreement with Ã0 is obtained, i.e. a sharpened
structure along the cross-shaped directions with an approximately correct amplitude
(as compared to figure D.2a). The strong sensitivity of especially the low-energy
range on the default model may be interpreted as a result of the subtle interplay of
positive and negative regions of high-amplitude kernel matrix elements for different
(iϕm , iωn ). The structure of the matrix elements was discussed above and plotted in
figure D.1. As shown in figure D.4 a problem often encountered for not well-chosen
default models is apparently an increase of spectral weight in the low-energy region
|x| ≈ 0, which exceeds the color scale used in the plots by up to a factor of three,
even for moderate deviations of σdef from Γ. This is unfortunate, because not only
for spectral functions unphysically high values may be deduced, but also the overall
weight of the spectral function is too large. However, since the kernel Q imposes an
exact relation on G0 and is resolved well enough, this unfortunate aspect is identified
as a pure MaxEnt (“second step”) artifact. As such it is no conceptual problem of
the Q-approach and can in principle be removed by developing a more sophisticated
MaxEnt algorithm which imposes the physical constraints as prior information.

From our data we can conclude that default models with the shape (D.3) are
apparently not of much use for functions whose high-energy behaviour along the
singular directions is a Lorentzian with width Γ. Once the high-energy structure is
known to be such, an interesting experiment is to flatten out the low- to intermediateenergy structure of the default model, by imposing an x-dependent
σdef (xϕ ) = Γ + (σ̃def − Γ)

R2
,
x2ϕ + R2

(D.4)

where R is the flattening radius and σ̃def is a maximum flattening. For G0 it turns out
that the resulting MaxEnt solution is practically identical to the σdef = Γ solution.
The “second step”-artifact for G0 of overshooting values (Fig. D.4) can, in fact, be
cured by using the correct high-energy limit as imposed by the σdef (xϕ ) function.
The low-energy artifact is thus caused by missing a-priori information about the
high-energy structure. This appears to be another manifestation of the fact that the
kernel Q mixes energy scales over a comparably wide range.
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Figure D.4: MaxEnt results for flat low-energy default models (D.4), R = 5. As compared
to Fig. D.3b, the quality of low-energy data is increased significantly, due to the correct
high-energy behaviour of the default model.

D.1. Application to the interacting model
Switching on a finite Coulomb interaction, one has to be fully aware of the fact that
the Q-mapping can no longer be expected to be exact.1 However, a special case of
the assumption, namely the fitting ansatz in Ref. [27], is found to yield reasonable
results which agree with other methods up to a certain extent [53]. Therefore, it seems
worthwhile to investigate how far one can go with the controlled MaxEnt approach
to the inversion of the Q-mapping.2
Lateral structure along singular directions
As shown in the preceding section, the determination of an approximate a-priori picture of the high-energy structure is crucial for the success of the MaxEnt procedure.
As sketched in figure D.5, at finite U , one may, for example (panel a of the figure),
expect the lateral structure be an unphysical copy of a spectral function, i.e. two Hubbard peaks with possibly an additional peak associated to a quasi-particle resonance.
Such a structure would extend over a range ≈ U . However, the two parallel Hubbard
peaks can be expected to approximately have a Lorentzian structure of width ≈ Γ
and would generate a type of branch cut in the Q-mapping which is equivalent to the
1
2

See the detailed discussion in sections 7.2.2 and appendix B.
To be more precise, for technical reasons (conservation of the spectral function normalization for
any causal selfenergy) the fits in Refs. [27; 53] were performed with respect to the selfenergy, not
with respect to the Green’s function. Because the Q-mapping is also exact for ansatz functions
of the fits presented in [27], the fits are essentially special cases of the present work, though.
The first-order Padé approximant fits presented in Ref. [53] appear to represent a different kind
of generalization.
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Γ

(b) “asymptotic freedom”

Figure D.5: At high energies, one might (a) expect the lateral structure of Ã(xϕ , xω ) to be
composed of two Hubbard peaks and possibly a quasi-particle resonance which combine to
the physical spectrum A(ω) at the intersection point. In the complementary scenario (b),
the function Ã would not differ from the noninteracting one at high energies.

one in G0 . This would effectively yield the picture provided by panel (b) of figure
D.5. One may also have to consider that in the strongly correlated regime, Hubbard
satellites may be broadened up to a width of 2Γ, due to many-body correlations [128].
It is a priori uncertain to which extent either of the intuitive pictures in figure
D.5 is correct. However, maybe the foremost conceptual strength of the Q-mapping
is the precise rendering of the high-energy structure of the imaginary-voltage theory
(appendix B). One can expect that only a characteristic width of the lateral structure
along the singular directions is needed in order to model the correct high-energy contribution to the amplitude of the discontinuity of G(zϕ , zω ) at the low-to-intermediate
energy portions of the branch cuts. Based on this, we can investigate the posterior
probability Pr(σdef |Ḡ) for default models (D.3) as a function of their width σdef .
The thus determined most probable σdef could then serve as evidence about an
effective description of the high-energy structure Ã(xϕ , xω ) for the actual computations. However, only low- to intermediate-energy data are available as input data
from the QMC simulations. Therefore, the posterior probability probe with respect
to default models (D.3) has to be interpreted with care. In figure D.6 posterior probabilities for different interaction strengths are displayed. Due to the width being
significantly larger than 2Γ for U = 15Γ it is obvious that the lateral width cannot solely be interpreted as a signature of the Hubbard bands. Merely, the overall
Lorentzian broadness of the spectral function seems to be obtained. Based on our
data, neither of the scenarios D.5 can be preferred. However, based on our experi-
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Figure D.6: Posterior probability of the default model (D.3) at βΓ = 5, eΦ = Γ for several
interactions strengths. The result is found to be essentially independent of the bias voltage.
The kernel validated in figure D.2d has been used.

ence, the most probable high-energy structure also yields reasonable results in the
case of comparably strong interactions.
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E. Numerical representation of the
multi-wedge map Q
In this appendix, a recipe for the numerical computation of the quadruple integral
Q is given. The application to the test function (7.17), fX,δ , for a function value at
(iϕm , iωn ) is to be computed. The first three integrals can be computed analytically
by use of a computer algebra system. A numerical quadrature method can be used
for the approximation of the remaining integral.

E.1. Analytic computation of three first integrals
(edge)

Using the translational and scale invariance of the edge-to-edge contribution Qϑ
(edge)
on our test function
only the action of Qϑ
f (x, y) =

1
1
1
·
2
2
π (y − x/2) + 1 (y + x/2)2 + 1

,

(E.1)

has to be computed, yielding the results shown in figure 7.4. For brevity we set
y = xω and x = xϕ . The first principal integral can be eliminated by straightforward
application of the residue theorem:
Z
π −1
(Hf )(x, ỹ) =P dy
f (x, y)
ỹ − y
(E.2)
(x2 − 12 − 4 ỹ 2 ) ỹ
8
.
=− 2
π (16 ỹ 4 + 32 ỹ 2 − 8 ỹ 2 x2 + 16 + 8 x2 + x4 ) (x2 + 4)
As a next step, introducing the short-hand notation s = sin ϑ and c = cos ϑ, imposing
the rotation operator R−1
ϑ , one obtains
(R−1
ϑ Hf )(k, l) = subs (x → kc + ls, ỹ → lc − ks; (Hf )(x, ỹ)).

(E.3)

Here, “subs” denotes the operation of a variable substitution. In order to apply the
second Hilbert transform, it is necessary to determine the poles of the corresponding
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integrand
π −1
· (R−1
ϑ Hf )(k, l)
˜
ỹ − l
(k 2 c2 + 10 kcls + l2 s2 − 12 − 4 l2 c2 − 4 k 2 s2 ) (lc − ks)
·
=8
π 3 (k 2 c2 + 2 kcls + l2 s2 + 4)
· 4 l2 c2 − 6 kcls + 4 k 2 s2 + 4 + 4 kc2 l−
−1
− 4 k 2 cs + 4 l2 sc − 4 ls2 k + k 2 c2 + l2 s2 ·
−1
· −ỹ˜ + l

˜ l) :=
g(k, ỹ;

(E.4)

with respect to the integration variable l. One finds that the function has the following seven poles in the complex plane:
˜
l1 := ỹ,
−kc + 2ks ± 2i
,
l2,3 :=
s
−kc + 2ks ± 2i
l4,5 :=
,
s + 2c
kc + 2ks ± 2i
.
l6,7 :=
−s + 2c

(E.5)
(E.6)
(E.7)
(E.8)

The Hilbert transform can now be evaluated through the residue sum
˜
(HR−1
ϑ Hf )(k, ỹ)

=

7
X



˜ l) · θ(Im ln ).
Re 2πi · Resl=ln g(k, ỹ;

(E.9)

n=1

The Heaviside function θ(x) ensures that only poles from the upper half plane are
taken into account for the evaluation of the contour integral which corresponds to
the principal value integral. An explicit evaluation of the residue sum (E.9) can be
accomplished with a computer algebra system. A dramatic increase in complexity
is coming along with the constraints Im ln > 0 which depend on the wedge orientation angle ϑ. In fact, six separate cases emerge as a function of ϑ. They can
be parametrized by three overlapping different cases, namely (A) terms which are
proportional to sgn(s), (B) proportional to sgn(2c + s), and (C) terms which are
proportional to sgn(2c − s), discriminating between the different signs of Im ln . The
term
−1
˜
˜
(Rϑ HR−1
ϑ Hf )(x, y) = subs (k → xc − ys, ỹ → yc + xs; (HRϑ Hf )(k, ỹ))
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E.1. Analytic computation of three first integrals
is then best reorganized into rational functions as coefficients of the sign functions,
(edge)

(Qϑ

f )(x, y) = (Rϑ HR−1
ϑ Hf )(x, y) =A(x, y) · sgn(s)+
+ B(x, y) · sgn(2c + s)+
+ C(x, y) · sgn(2c − s).

(E.11)

This explicit split is necessary for the study of the interplay of the rational functions
A(x, y), B(x, y), and C(x, y) in a computer algebra system.

E.1.1. Rational coefficients of the transformed edge test function
The rational functions
Aenum (x, y)
,
Adenom (x, y)
Benum (x, y)
B(x, y) =
,
Bdenom (x, y)
Cenum (x, y)
.
C(x, y) =
Cdenom (x, y)
A(x, y) =

(E.12)
(E.13)
(E.14)

have the following polynomials as enumerators and denominators:



41
13 12
12 28 2
4
2
Aenum (x, y) = − 8
−1 + x + 1/4 y −
xy c −
xy + x +
−
y sc3
16
16 13
13 13



13
2
xy − 1/2 y c2 + 1/16 s −4 + x2 − 4 xy − 12 y 2 c
+ 1+
8
!


2

2

− 1/16 y (−4 y + x) ,
(E.15)

Adenom (x, y) = π 2 x2 + 4 − 4 xy + 4 y 2 · K(x, y),
(E.16)


41
2
2
xy c4 +
Benum (x, y) = − 8
−1 + x + 1/4 y +
16




13
13
12
12 28 2 3
2
2
+
s − xy + x +
−
y c + 1−
xy − 1/2 y c2
16
13
13 13
8
!

− 1/16 s −4 + x2 + 4 xy − 12 y 2 c + 1/16 y (4 y + x) ,
(E.17)
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Bdenom (x, y) = x2 + 4 xy + 4 y 2 + 4 π 2 · K(x, y),
(E.18)



Cenum (x, y) = − 3 −1/3 y 2 − 3 + x2 yxc4 − s −3 x2 + 4 y 2 − 5 x2 + 4 + x4 c3

+ 3 −10/3 + x2 − 2/3 y 2 yxc2



+ −3 x2 + 4 y 2 − x2 + 4 sc + yx y 2 + 1 ,
(E.19)
and

Cdenom (x, y) = x2 + 4 π 2 · K(x, y).

(E.20)

For the denominators, we introduced the shared polynomial


K(x, y) = y 4 + −3 − 6 x2 y 2 + 3 x2 − 4 + x4 c4



− 4 3/2 + x2 − y 2 xsyc3 + −2 y 4 + 2 + 6 x2 y 2 + 4 + x2 c2 (E.21)

− 4 1/2 + y 2 xsyc + y 2 + y 4 .

E.1.2. Composition of the rational coefficients
(edge)

f , the coefficients A(x, y), B(x, y),
In contrast to the actual edge functions Qϑ
and C(x, y) are comparably ill-behaved. For example, one obtains
B(x, y)|ϑ=0 = −8

π2

(x2

+

x+y
1
· .
2
+ 4 xy + 4 y + 4) x

4) (x2

(E.22)

Apparently, the function diverges for x → 0. The functions A(x, y) and C(x, y) are
similarly structured. However, the actual edge functions, as displayed in figure 7.4,
have no such singularities, but do rather represent smooth deformations of the test
function when the wedge orientation angle ϑ is tuned. As a consequence, the real
singularities are cancelled as the rational functions are added up in equation (E.11).
For a consistent further evaluation of the action of Q on the test function it is thus
necessary to study each of the full combinations (E.11) separately. There are six
possible combinations, namely the sectors
(a)
0
(b)
arctan 2
(c) π − arctan 2
(d)
π
(e) π + arctan 2
(f ) 2π − arctan 2
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≤ ϑ ≤ arctan 2,
≤ ϑ ≤ π − arctan 2,
≤ ϑ ≤ π,
≤ ϑ ≤ π + arctan 2,
≤ ϑ ≤ 2π − arctan 2,
≤ ϑ ≤ 2π.

(E.23)
(E.24)
(E.25)
(E.26)
(E.27)
(E.28)

E.1. Analytic computation of three first integrals
For example, the expression for the sector (a) reads
(edge)

(Qϑ

(x, y) = A(x, y) + B(x, y) + C(x, y).

f)

(E.29)

(a)

E.1.3. Contraction with the Poisson kernel
As a next step, one of the integrals introduced by Vladimirov’s Poisson kernel (5.49)
will be evaluated analytically. For this, the pole structure of both, the Poisson kernel
(5.50), and the edge-transformed test function have to be analyzed.
Pole structure of edge-transformed test functions
In fact, we are interested in the pole structure of the scaled and then translated
(edge)
edge-transformed test functions (TX Λ1/δ Qϑ
f )(x0 , y 0 ), from equation (7.20). The
poles and also the residues of these functions are however easily calculated from the
(edge)
f )(x, y). This is the crucial advantage of translational
poles and residues of (Qϑ
(edge)
.
and scale invariance of Qϑ
(edge)
f )(x, y) with respect to
For example, in sector (a), the following poles of (Qϑ
x are obtained: x1,2 = ±2i, x3,4 = sy ± 2i, x5,6 = −2y ± 2i, x7,8 = 2y ± 2i. The
corresponding residues are r1,2 = 2π12 y , r3,4 = − 2π12 y , r5,6 = 4π1 2 · (y−1∓iy
2 +1)y , r7,8 =
1
4π 2

·

1∓iy
.
(y 2 +1)y

(edge)

The resulting residues of (TX Λ1/δ Qϑ
ri0

1
= · subs
δ



f )(x0 , y 0 ) are then given by


y0 − Y
y→
; ri (y) ,
δ

(E.30)

where the center of mass of the test function is X = (X, Y ). They are associated to
(edge)
f )(x0 , y 0 ), which are similarly given by
the poles of (TX Λ1/δ Qϑ


y0 − Y
0
xi = X + δ · subs y →
; xi .
(E.31)
δ
In order to obtain the true residues with respect to the x0 -contraction with the Poisson
kernel, one only has to evaluate the Poisson kernel at the poles (5.50) and multiply
ri0 with the value.
Pole structure of Poisson kernel
The pole structure of Vladimirov’s Poisson kernel is rather straightforward to compute, however rather lengthy expressions result for the poles. Similar to above, the
residues have to be multiplied by the function values of the edge-transformed test
(edge)
function (TX Λ1/δ Qϑ
f )(x0 , y 0 ) at the pole of the Poisson kernel. Poles of the rotated
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Poisson kernel Pr,ϑ (ϕm , ωn ; x0 , y 0 ) with respect to x0 are
η1 + εη2
s − cε 0
y ±i
,
sε + c
sε + c
cε + s 0
η1 − εη2
=
y ±i
.
c − sε
sε − c

x01,2 =

(E.32)

x03,4

(E.33)

We introduced the short-hand notations η1 = ϕm c − ωn s, η2 = ϕm s + ωn c. The
associated residues of Pr,ϑ are easily determined.
Residue sum for the x0 integral
An algebraic expression for the residue sum corresponding to the x0 integral can be
generated symbolically by evaluating
Z
(edge)
0
I3 (ϕm , ωn ; y ) = dx0 Pr,ϑ (ϕm , ωn ; x0 , y 0 ) · (TX Λ1/δ Qϑ
f )(x0 , y 0 ) =
|
{z
} |
{z
}
“Poisson”

“edge”

“edge”

=

X

Re [2πi · Pr,ϑ (ϕm , ωn ; x0i , y 0 ) · ri0 ] · θ(Im x0i ) +
(E.34)

x0i

+

“Poisson”
X

h
(edge)
f )(x0i , y 0 )·
Re 2πi · (TX Λ1/δ Qϑ

x0i

i
· Resx0 =x0i Pr,ϑ (ϕm , ωn ; x0 , y 0 ) · θ(Im x0i ).
However, it yields rather lengthy formulae, because the integrations with respect to
x0 have to be done separately, for each of the sectors (E.23) to (E.28). The growth
in complexity is also due to amount of parameters which increased dramatically by
introducing the Poisson kernel and inserting the translations TX and scaling Λ1/δ
of the edge functions. It is possible to export the expressions resulting from (E.34)
from the computer algebra system to a file of Fortran code which is 500 kilobytes in
size. Similar to the procedure described in section E.1.2 for the second integral, the
expression (E.34) includes removable discontinuities.

E.2. Numerical quadrature of the fourth integral
Due to the vast complexity of expression (E.34), the last remaining integral
Z
I4 (ϕm , ωn ) =
dy 0 I3 (ϕm , ωn ; y 0 )
(E.35)
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Figure E.1: Example for I3 as a function of y 0 , using ϕm = 2.0, ωn = 2.0, with test function
location X = 0.0, Y = 4.0, and test function width δ = 10−3 . The interacting branch cut
geometry is used for the determination of r and ϑ.

is evaluated numerically, making use of the exported Fortran code. Adaptive integration routines from the GNU Scientific Library are imposed [129]. Because the
resulting matrix elements give rise to an inverse problem, it is compulsory to achieve
a high integration accuracy. By definition, the integrand is most distinguishly structured in the area y 0 ≈ Y , on a scale δ. Special attention has to be drawn to the
appropriate integration of this range.
The high-frequency tails (−∞, −R] and [R, ∞) need to be integrated out separately, where R is the integration range of the conventional quadrature. For some
parameter values of δ, X, etc., problems with the convergence of these high-energy
integrals may occur, due to floating point precision. Choosing a finite interval extending to ± max(106 , |X| · 103 , |Y | · 103 ) is then usually sufficient for numerically
satisfactory data.
A typical shape of the integrand I3 is shown in figure E.1. The structure at y 0 ≈ Y
is not necessarily δ-shaped, but depending on the values of ϕm and ωn it may rather
look like the Hilbert transform of such. The integral may be computed at each point
(X, Y ) of the Ã discretization lattice for all values of the simulation data (iϕm , iωn )
on a computer cluster. In practice, the computation of the matrix elements has to
be done only once for each temperature β, regardless of the bias voltage. This is
because an adjustment of the Ã grid is not necessary in the latter case.
In future applications, one should aim at symbolically programming the residue
sum of the fourth integral and then take the limit δ → 0 analytically.
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