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| ntroduction

As the temperature is lowered, some inorganic and organic conductors with a
highly anisotropic crystal and electronic structure become unstable and undergo a
Peierls transition, i.e. they develop a charge-density wave. This instability is due to
their quasi one-dimensional nature which results in a (perfectly) nested Fermi surface.
A qualitative understanding of the Peierls instability can already be gained by coupling
independent electrons to phonons and treating the phonon field which can be identified
as the order parameter field in a mean-field picture [31, 136, 37, 55, (72, [75] [76]. How-
ever, because of reduced dimensionality, fluctuations of the order parameter field A(x)
are crucial and significant deviations are to be expected.

In a seminal paper, Lee, Rice and Anderson [57] introduced the one-dimensional
so-called fluctuating gap model (FGM), in which fluctuations of the phonon field are
described by a static disorder potential. Calculating the leading-order correction of the
electronic self energy of an incommensurate chain which is described by a complex
order parameter field with (A(x)) = 0 and (A(X)A*(X')) = A2e *X1/& where & is
the temperature-dependent correlation length, Lee, Rice, and Anderson obtained an
approximate expression for the density of states (DOS), showing a suppression of the
DOS near the Fermi energy, which is called a pseudogap.

A few years later, Sadovskii [[78] apparently obtained an exact expression for the
Green function of the FGM using Gaussian statistics for the higher correlation func-
tions of the order parameter field which he could assume to be real or complex, re-
ferring to a band filling being commensurate or incommensurate with the underlying
lattice. Recently, the experimental observation of a pseudo-gap state in the overdoped
cuprates above the superconducting phase transition lead to a reincarnation of the FGM
and Sadovskii’s exact solution [80, B81] in the field of high-temperature superconduc-
tivity. However, the revived interest in Sadovskii’s solution also brought to light a
subtle error in this solution [87] which questions not only the solution itself, but also
the work based on it.

Besides the limit §& — oo where Sadovskii’s solution is indeed exact [54] 7],
Sadovskii’s solution can also be easily tested in the white-noise limit § — 0, keep-
ing D = AZE constant, such that (A(x)A*(x')) = 2D3(x — x’). Solving a stationary
Fokker-Planck equation, Ovchinnikov and Erikhman [[71]] obtained an exact expres-
sion for the DOS for real A(x). They showed that for small w and (A(x)) = 0, the
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DOS diverges as (p(w)) O |wIn®|w]|| L. Singularities of this type at the band center
of a random Hamiltonian have been discovered by Dyson [[19] in the fifties and have
recently also been found in one-dimensional spin-gap systems [27,162]. It is important
to note that in the FGM the singularity is a consequence of phase resonance, and is not
related to concrete probability properties of A(x) [58, 68]. In particular, the singularity
is not an artifact of the exactly solvable limit & — 0 considered in Ref. [[71]. As argued
in Ref. [8]], it is therefore reasonable to expect that for any & < o the average DOS
of the FGM exhibits a singularity at w= 0. This general argument is in disagreement
with Sadovskii’s solution [[78] which for large but finite & shows a pseudogap and no
singularity. In this work we shall reexamine the DOS of the FGM which determines
the whole thermodynamics of the FGM and resolve the above contradictions.

We begin this work in Chapter [ with an elementary introduction to the Peierls ef-
fect of both commensurate and incommensurate Peierls chains. Starting from a Froh-
lich Hamiltonian which describes a one-dimensional electron-phonon system, we ob-
tain a Euclidean action which after integrating out the fermionic degrees of freedom
can be approximated by a static free energy functional of the phonon field. Expanding
this functional for small fields and keeping only the relevant terms, we are left with
the well-known Ginzburg-Landau functional of a one-dimensional Peierls system. We
will see that correction terms to this Ginzburg-Landau functional are already important
within a mean-field picture away from criticality. In the mean-field approximation, we
can explain the experimentally observed static lattice distortion and the accompanied
charge-density wave. Finally, we will discuss the importance of fluctuations of the
order parameter field and introduce the fluctuating gap model (FGM).

Chapter [2 focuses on the one-particle Green function of the FGM. After calcu-
lating the Green function in the leading-order Born approximation which reproduces
the result obtained by Lee, Rice and Anderson, we will develop a formally exact non-
perturbative expression of the Green function as a functional of the disorder potentials
based on a non-Abelian generalization of the Schwinger-ansatz. To calculate the DOS
and inverse localization length, the introduction of phase variables will turn out to be
very convenient. While one phase variable is simply related to the integrated DOS and
satisfies a non-linear equation of motion which is equivalent to a Riccati equation, the
other phase variable is related to the inverse localization length and can be expressed in
terms of the first phase variable. These equations of motions will serve as the starting
point for detailed calculations of the DOS and inverse localization length for various
probability distributions of the disorder potentials in the next chapters. It will turn out
that physical quantities like the DOS or inverse localization length are left invariant
under a gauge transformation which maps phase fluctuations of the order parameter
field onto an effective forward scattering potential and vice versa. We will make use
of this gauge-transformation in the following chapters.

In Chapter B8 we will review known exact results of the DOS and inverse local-
ization length in the limit of infinite correlation lengths and in the white noise limit.
Generalizing the phase formalism developed in Ref. [58] such that A(x) is allowed to
be complex, we will derive a linear fourth-order Fokker-Planck equation previously
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only obtained within the framework of the method of supersymmetry [42]]. The solu-
tion of this stationary Fokker-Planck equation encapsulates all known results for the
DOS and inverse localization length of the FGM in the white noise limit including the
above mentioned Dyson singularity in the Ovchinnikov and Erikhman limit. Results
for the case of infinite correlation lengths will finally be obtained by averaging the
DOS and the inverse localization length calculated for a constant disorder potential
over an appropriate probability distribution of the disorder potentials.

The case of finite correlation lengths of the order parameter field will be attacked
in Chapter @ Considering the equation of motion related to the integrated DOS, we
will first argue that we expect for any finite & a Dyson singularity in the DOS. We
will then set up an algorithm based on the equations of motion derived in Chapter
[2 which will allow for a simultaneous numerical calculation of the DOS and inverse
localization length for arbitrary disorder potentials with unprecedented accuracy. For
complex A(x), Sadovskii’s solution is not too far off from our numerical solution. In
particular, for large correlation lengths As¢ > 1, the DOS at the Fermi energy vanishes
as p(0) O (As&)~%64 instead of p(0) O (AsE) /2, as predicted by Sadovskii. However,
for real A, we will find a pseudogap in the DOS for As& > 1 which for any finite ¢ is
overshadowed by a Dyson singularity of the form p(w) = A |wIn®*1 ||| ~1, where A
and the exponent a depend on the correlation length &. As the correlation length &
increases, a assumes the finite value a = 0.41, but the weight of the Dyson singularity
vanishes with increasing correlation length. At the end of Chapter E, we shall also
discuss the case of only phase fluctuations of the order parameter which applies to
sufficiently low temperatures where the amplitude of the order parameter is confined
to a narrow region around As such that Gaussian statistics do not apply any more. We
will find exact analytic results for the DOS and inverse localization length and we will
also calculate the low-temperature Pauli paramagnetic susceptibility and the electronic
low-temperature specific heat.

In Appendix [A, we will use the formalism developed in Chapter P to obtain a
gradient expansion in the order parameter field of the local DOS and the related free
energy functional. Such a gradient expansion is well-known in the semi-classical the-
ory of superconductivity. Finally, in Appendix [Bl, we will describe the algorithm used
in Chapter @ to generate Gaussian colored noise in detail. We will also briefly discuss
an alternative method which can be used to generate disorder with an arbitrary given
spectrum.
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Chapter 1
The Fluctuating Gap M odel

This chapter serves as an introduction into Peierls systems which due to their quasi
one-dimensional nature and the presence of electron-phonon interactions develop a
static lattice distortion and a charge-density wave. After a microscopic derivation of
a (generalized) Ginzburg-Landau functional, we briefly discuss the Peierls instability
in a mean-field picture. It follows a discussion of fluctuations of the order parameter
which due to reduced dimensionality are very important for an adequate description
of Peierls chains. Finally, we introduce the fluctuating gap model (FGM) as a low-
energy model which takes into account these fluctuations. The FGM has a wide range
of applications.

1.1 Frohlich Hamiltonian and Peierls instability

The formation of periodic lattice distortions and charge-density waves in Peierls chains
is due to the electron-phonon interaction in these quasi one-dimensional materials [31),
36l 37, b5, [72]]. Since particle-hole excitations with momentum 2kg are possible for
very small excitation energies, the Lindhard density-density response function exhibits
a singularity at g = 2kg. Kohn showed that this singularity should be conveyed into
a kink in the phonon spectrum [47]. While these Kohn anomalies are rather weak in
isotropic materials, they can lead to a substantial alteration to the phonon dispersion
in quasi one-dimensional materials with a topology of the Fermi surface which shows
perfect nesting. At low enough temperatures, the renormalized phonon mode at 2kg
can scale all the way down to zero, i.e. become gapless. This process is called softening
of the phonon mode. Since wyen(2kg) — 0, a static lattice distortion with wave vector
2kr may now arise. Simultaneously, there is a formation of a charge density wave. As a
consequence, the discrete translational invariance is broken. The same physics can also
be described by considering the thermodynamics of a Peierls system. This approach
will also allow to go beyond a mean-field picture and will therefore be followed here.
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1.1.1 Frohlich Hamiltonian

A Hamiltonian to describe a one-dimensional electron-phonon system was proposed
in 1954 by Frohlich [31]]:

Og -
H = ;&%&m+z%wm+zf$gmx +b k@) @D

The system has length L = Na where a is the lattice spacing, and periodic boundary
conditions are assumed. cl and c are creation and annihilation operators of fermions
with momentum k, spin o, and energy €. Their anticommutators are given by

{Ck,O'aCk’,o"} =0 , {Ck’g,Cl—,’o,} = 60,0’6k,k’1 . (12)

While g = k?/2m for free electrons, in the tight-binding approximation one has g =
—2tcoska.

The second term in the Fréhlich Hamiltonian (L) describes phonons with phonon
dispersion wy. q is confined to the first Brillouin zone and for a chain with only nearest-
neighbor interactions we have (see for example Ref. [6]) wq = 2uypsin|ga/2|. The
creation and annihilation operators ba and bq of the phonons satisfy the commutation
relations

[bg,by] =0, [bg,b}}] =81 . (1.3)

Finally, the last term in Eq. (L.T)) models the interaction of the phonon system with the
fermions. The phonons are linearly coupled via the electron-phonon coupling constant
0q to the Fourier components of the electron density

I ; Chsq.oCko (1.4)
,0

Treating the electrons in the free electron approximation, q is not restricted to the
first Brillouin zone (—1t/a,11/a). To assure that the phonon momentum lies in the
first Brillouin zone, we define a reciprocal lattice vector K(q) such that (—1/a < q—
K(q) < 1/a). In the following we will identify q with g — K(q) for phonons such that
we may formally omit K(q).

Relation of phonon operators to operators of lattice displacements

The phonon operators by and ba are directly related to the operators of the normal
coordinates uq of the lattice system by

1\ 2 )
= () (bartle). (19)

Here, M is the ionic mass. The lattice displacement operators of the ions at x, = na
are given by its Fourier transform,

_ 1/2
U(Xn):%equn <m> (bq+biq) _ (1.6)
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As we will see later, in a mean-field picture the Peierls transition will lead to a non-
vanishing expectation value (u(xn)) which implies that the system exhibits a static
lattice distortion.

1.2 Euclidean action

In an Euclidean functional integral approach, the Fréhlich Hamiltonian is conveyed
into the action (see, for example, Negele and Orland [[70])

S{LIJ*’ LIJ’ b*a b} = Se|{l-|J*a llJ} + Sph{b*, b} + Sint{LIJ*a llJa b*a b} ) (17)
where
Se{W' W} =B 5 Wian,olith — &l Wkano (1.8)
K,0n,0
Sph{b*7b} = _B Z ba,wm [I(,Om - (*)q] bq,COm ) (19)
g,0m

* Rk gq *
S- l'IJ 7l‘IJ’b 7b - B = l'IJ (; LIJk7~ I
int{ } q,%m\/t (k,uzh,cr K=+, 60n+Wm, 0 F'K,0n 0)
X [bgom+0 g @, - (1.10)

Here, B = 1/kgT is the inverse temperature and € = & — W is the energy dispersion
reduced by the chemical potential . While the conjugated Grassmann variables Wy ¢,
and ljJiz’a)n describe fermions with momentum k and fermionic Matsubara frequency
tn = (2n+ 1)71/B, by e, and by, are complex (bosonic) phonon fields with momen-
tum q and bosonic Matsubara frequency wy, = 2rm/B. Both n and m are integers. In
terms of the above action, the partition function reads

z= [ D{wr,w} D{b", b} exp[-S{w, wib",b}] (1.11)

where D {y*,p} and D{b*,b} are appropriately normalized fermionic and bosonic
integration measures [70]. Thermal averages of a Euclidean time-ordered operator
T [F{c',c;b,b}] are given by

(7[Fict et b)]) = 2 [ 0w wp oo}
The following variable transformation turns out to be convenient:

9 x
Po,0m = \/—q[ (0g,0m +D7 g o) (1.13)

_ .9 *
Na,om = —'\/—qt (Ba.m = DZg,~cn) - (1.14)
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Note that by definition @ i, = ®-q,—wy, and Ng ¢, = N—q,—con SiNce the action con-
sidered as a functional of *, Y, @and ) is Gaussian in n, the respecting integral may
easily be donefl resulting in

S{lIJ*, W; (p} = Sel{qJ*a llJ} + Sph{(p} + Sint{LIJ*a Uk (p} ’ (115)
where Sei{W*, W} is unchanged and

1 1 Wh + Wl
S —IRLY — @ , 1.16
ph{®} ZB q,%m FRE @, Wy g, 0om (1.16)
Sint{llJ*,llJ:(P} =B Z ( Z w§+q,d),1-|—wmq*'k,dh) ®,com - (1.17)
0,0m \K,n

So far, no approximation has been made. In the following, we will restrict ourselves to
the low-energy physics of the weak-coupling limit, so that only fermions in the vicinity
of the Fermi energy are involved. In this case the Fermi energy may be linearized
around the two Fermi points, such that it assumes the form

&= Ve (k| — k). (1.18)

To separate right- and left-moving Fermions, let us introduce the spinor field
- llJ+ka>nc>_< Wke-+k,én,0 )
~ = sk, Wn, = >N, 119
LIJk’%,o ( LIJ—,k,(I)n,O' LIJ—kF—Fk,(I)n,O' ( )

and its conjugated counterpart

B o = (Wi kamo » W kino) = Wieikano » Wke +kino) - (1.20)

The electronic part of the action may be easily rewritten in terms of these spinor fields
and the inverse non-interacting Matsubara Green function

-1 ~ N i(I)n—VFk 0
G; (k,oon):< 0 i(I)n—i-VFk) . (1.21)

Since the momentum transfer of the phonons is either small compared with the Fermi
momentum or approximately 2kg, we decompose @, according to

Voo, = ( Voo Baon > _ ( Prom  Pgr2ke wom > , (1.22)
’ Alg—cm  Vaom Po—2ke,om P

such t_hat lq| < ke. While @com = Pq,—aom dir_ectly tra_mslates _into Vi oom = V_g,—coms
a similar relation for Aqy, does only hold if 4kr is a reciprocal lattice vector.

Physically this is due to the fact that we consider only non-interacting phonons which are coupled
to the space-coordinates of the underlying lattice.
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DG o = D—g,~cy, 1S therefore only true for a half-filled band for which 1/a = 2k.
We will refer to this case as the commensurate case. The more general case for which
kra/Ttis an other fractional number is also called commensurate but will not be dis-
cussed here. In the incommensurate case, for which kga/1tis well separated from any
simple fractional number, all Ag ,, and A_gy _, , are independent. \We will see in this
work that commensurate and incommensurate Peierls systems can have very different
physical properties.
Defining the matrices G, * and V via

G—l) = 8105 5, G (K, 6 1.23
( 0 KK Gony iy k,k" Oon, @y 20 (700(1)7 ( )
(V)k,kl’ah,a)n’ = VK, en—ayy (1.24)
our action turns into
S{LFT7 LEV7A7 A*} = Se|—ph{l-FT7 LEV’ A? A*} + Sph{v7 A7 A*} ’ (125)
where
S {0 BV.A8Y =B Y Bl (Gt V) Beges  (126)
P k,k',ug@n,,ok’w”’c ° k! Gon, Gy O
1 1 |+ o?
Spn{V,A,A°} = ZPL * | Vg o Vacom
1 1 +
L IpL 5 O + e 1 B o B, (127)
c 0,0m ‘QZkF+Q| W2ke+q ’
and

c= { 2, commensurate case (half-filled band) , (1.28)

1, incommensurate case .

While in the incommensurate case +2kg lie (up to a reciprocal lattice vector) inside
the first Brillouin zone, +2kg lie directly on the border of the first Brillouin zone in the
commensurate case. In this case the factor of 1/2 in the last line in Eq. (I.Z7)) avoids
overcounting.

1.3 Ginzburg-Landau theory

Since the action describing the Peierls chain is only Gaussian in both the Fermion and
phonon fields, either of them can easily be integrated out. To determine the phonon
statistics and the related lattice deformations, let us first integrate out the fermionic
fields. Sei_pn{®',P;V,A,A*} then turns into

SonanidV, 28,8 = = [In [ {4} exp (~Sur-pn B, V. 0,87}
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- In/ Q){LIJ*, llJ} eXp <_Se|—ph{@7 llT,O, 070}) ]
= —sIndet[1—GoV] = —sTriIn[1—-GgV] , (1.29)

where the logarithm of the matrix [1 — GoV/] is defined by its power series and s counts
the number of spin states and is defined as

s— { 2, fer_mlons Wlth spin1/2, (1.30)
1, spinless fermions.
Expanding the logarithm up to terms of fourth order, we get
Sonm{V,2,4°} = S Tr (GoV)? + 3 Tr (GoV)* . (1.31)

Neglecting for simplicity cross-terms between V and A, Sph int{V,A,A*} assumes the
for

Sph,int{va Aa A*} = Sph,int{v} + Sph,int{AaA*} ’ (1-32)
with
S *
Sph,int{V} = —3 BL > Mo(d, 0m) Vg eV, » (1.33)
g,Wm

Sph,int{AaA*} = —spL Z I_I(ZJkF (qv(*)f”)Aa,&knAqawm
g,0m

S / X .
+ 2 BL Z U4(qi’wmi)A_qzl’—(*)rmA—%—%A%%A%%l ’ (1.34)

0, Wm;
and
1 i .
Mo(@,m) = —5- > 5 Go (K, &n)Go (k+0, &+ o), (1.35)
a K,on
1 o .
M3 (g, o) = L 2. G0 (k)G (k-+0,n + ). (1.36)
,0n
Uy = U4(0,0 L L (1.37)

B ﬁk,% [i6n + VieK]? [iGn — Ve k]

The prime on the last sum in Eq. (L.34) denotes that the sums over the g; and wy, are
restricted to $¢ ;i =0 and y7_; wm = 0. Note that a closed-loop theorem assures
that all terms in V beyond the quadratic term cancel (see for example [50]). Since in
the following we will only consider the leading term of U4(qi, tm, ), here we have only

2Since there is no quartic term in V [see remark below Eq. (T37)], the V-field may formally be easily
integrated out leading to renormalizations of I‘ngF (9, wm) and Ua(q, , 0m )
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given Uy = U4(0,0). Definingﬂ the renormalized phonon frequencies wyen(q, wm) and

WHE (9, 6m) as

(")?en(qa(*h) = (‘0(% [1_8 (‘QQ|2/(*)Q) nO(qa("-)fN)] I (138)
( o (qa@m))2 = W 1 [1—C5(|92kp+q\2/0)2kp+q) nye (q,(om)] , (1.39)

the total (bosonic) action may be written as

S{V.0.47} = S{V}+S{A,A*} , (L.40)
1 wﬁl"'w?en(qawm)}
S{V}=zBL T oV, o (1.41)
V= B Z \gq\z[ wy 0,0m ¥ G, ®m
2
T e o, Gkl Wke +q 4,0m=0;0om

S / X N
+ EBL > Ua(@i,0m) A% g, A g, g BazomyBazomy - (1.42)
Qi ,0m,

1.3.1 Lindhard function

The density-density Lindhard response function for a linearised energy dispersion and
momentum transfers close to 0 or 2kg is given by Mp(q, (om) and I'I2 F(q,wm), respec-
tively. Returning to a quadratic energy dispersion g, = k? /2m, the static Lindhard
function per spin direction is given by

— 1 . .
Mo(@;6m) = =51 > Go(k,Gh) Go(k+, &n + o)
K,oon

k f(e — f(&
_ _/ o dk f(&kiqr2) = f(&k—qs2) . (1.43)
—ko 2TT kg/m
Here, Go(k, ) = [iéh — &x + U(T)] ™%, ko is an ultraviolet momentum cutoff,
1
f(ex) = 144
®)= o Ble— )]+ 1 (44
is the Fermi function and
W(T) ~er (1+ (12/12) (ks T /er)?) (1.45)

is the temperature-dependent chemical potential. A numerical evaluation of the static
Lindhard function for various temperatures is shown in Fig. [LIl As the temperature is

3These frequencies occur naturally in a dynamic theory based on linear response theory (see for
example [37]).
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0 1 2 3 4
q/ke

o

Figure 1.1: The static Lindhard response function Mg (q) for free electrons with energy
dispersion g = k2/2m and a momentum cutoff ko = 5k plotted for the temperatures
kT /er = 0.0,0.01,0.02,0.05 and 0.1. As the temperature approaches zero, the Lind-
hard function clearly diverges at q = 2kg . Since MNg(q) is symmetric with respect to
q — —q, we have only plotted Mo(q) for positive g.

lowered, perfect nesting leads to a singularity at g = 2kg.
In the limit T — 0O, the Fermi function renders into a step function such that the
integral in (LZ3)) can be done analytically, resulting in

= _ ke 12ke +q|
where
1
Po = — (1.47)

is the density of states (DOS) of free Fermions at the Fermi energy per spin direction.
While for small g we recover the Thomas-Fermi result Mo(q,0) = po, for |q| ~ 2kg we
find

_ 2%
:@m‘ F+[dl ‘|q‘—2k|:‘<<k|:. (1.48)

Mo(q,0) 2 M2ke —[q[|

The divergence of I'To(q, 0) at g = 2kg can clearly be seen in Fig. L1l
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1.3.2 Kohn anomaly in the phonon dispersion

The singularity in the (static) Lindhard response function has a dramatic effect on the
renormalized phonon dispersion. In the commensurate case, Egs. (.38) and (L.39) can
be generalized towards arbitrary momenta q by defining [[75]

where Mo(g, wy) was introduced in the last subsection. For small g the coupling con-
stant gq varies as q*/2 (see Ref. [37]) such that |gq|%/ 0y is independent of g. In one
dimension it should be not such a bad approximation to assume the dimensionless
coupling constant

2
A= Pol%a” (1.50)
26
to be independent of q. A plot of the bare acoustic phonon dispersion wq =
2wy sin|ga/ 1 and the renormalized phonon dispersion

1/2 (1.51)

Q_)ren(qa (*)m) = Wy [1 -2\ I_IO(qa (*)m)/pO}
for different temperatures is shown in Fig. .2 The singularity in the Lindhard func-
tion is clearly conveyed into a singularity in the renormalized phonon dispersion and is
known as a Kohn anomaly [47]. As the temperature is lowered, tyen (2kg ) decreases all
the way down to zero, leading to a finite transition temperature TMF at which ren (2K )
becomes zero. At TMF, the q = 2kg phonon mode softens, i.e. becomes gapless. We
will see shortly that this dynamic definition of TMF agrees with a thermodynamic def-
inition of the mean-field transition temperature TMF. In the thermodynamic approach,
the free energy will be minimized for a finite A below TMF.

The case of a half-filled band behaves slightly different. In this case the two singu-
larities at +2krp merge at the boundary of the first Brillouin zone. The general picture
of the softening of the phonon mode, however, is the same.

1.3.3 Discarding quantum fluctuations

To derive a time-independent Ginzburg-Landau theory we ignore quantum fluctua-
tions, i.e. we ignore all terms involving finite bosonic frequencies. Since we will be
only interested in static properties this should be a reasonable approximation for not
too small temperatures. The action S{V,A,A*} then turns into the free energy func-
tional BF{V,A,A*}, where

F{V,A,A*} = F{V}+F{AA*}, (1.52)

1 1 [6hen(@)],,
F{V} = EL%W[ Yo }quq (1.53)
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Figure 1.2: Plot of the acoustic phonon dispersion wq = 2uysin|ga/T
(dashed line) and the respective renormalized phonon dispersion Gyen(q,wm) =
0y (1—)\I'Io(q,u)m)/po)l/2 for A = 0.15 and kT /er = 0.1,0.05,0.02,0.01 and T =
TMF,

(@)

* 1 ,
F{p,4"} = EL% i | o Dyl
* % L %IU“(qi) A~ 4,8 00500, - (1.54)
It is not difficult to show that
Mo(q, wn) = pou%#‘éqz , (1.55)

which implies that for a linearized energy dispersion My(qg,0) = po is even valid for
arbitrary temperatures. As we have already seen in Fig. the Lindhard function
therefore only leads to a small modification of the acoustic phonon dispersion for small
g. Since F{V} is Gaussian in V, the electron-phonon coupling only leads to slightly
renormalized phonon statistics for small g.

Let us now focus on the truncated free energy functional F{A,A*}: Expanding
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I'Icz)"F (q)= I'IS"F (9,0) up to terms of second order in g, we have

MG (a) = MGF (0) —CvEq? (1.56)
with . .
=8 2 nir — : (1.57)
BL k,%n [160n 4 Ve K] [i6) — Vek]®
I'I(Z,kF (0) may be calculated as follows:
N2(0) =~ 3 G (k,hn)G (k. tn)
BL K, Con
_ /ko dk f(vek) — f(=Vek)
B —ko 2TT 2VEk
_ [ gk tanh Beeky2)
ok 2m 2VEk
_ Po €o/2keT du tanhu (1.5

2 Jo u

where the momentum cutoff kg turns into the energy cutoff €9 = veko and due to the lin-
earization of the energy dispersion, the chemical potential in the above Fermi function
equals zero. For €9/kgT > 1, the last integral in Eq. (L58) depends logarithmically
on g/2kgT. The additive constant can be obtained by partially integrating the last
integral in Eq. (.58) and then looking up the remaining integral (Eq. (4.371) in Ref.

[35]):

/Xdutanhu :In(x)—/mdu Inu +0(e™) =In(4e¥x/m + 0(e™*), (1.59)
0 u 0

cosh?u
where
: N 1
y= lim (n;ﬁ - In(N)) =0.577215664. .. . (1.60)
is Euler’s constant. We therefore find for I'IS"F (0)
M5 (0) = po/2 In[(2€"/M €0 /keT] . (1.61)
witd 2e
% — 1.1338659. .. . (1.62)

The mean-field transition temperature may now be obtained by plugging Eq. (L.&1)
into Eq. (T.39) and setting the renormalized phonon dispersion equal to zero. It directly
follows

ks TMF = 1.134€0exp (—1/A) , (1.63)

4Note that in the literature on the BCS-theory of superconductivity or the Peierls instability, many
people use the value 1.14 instead of 1.134. Of course, this slight deviation does not make any difference.
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where
Polgq/®
20
is the dimensionless coupling constant already considered above. In the weak-coupling
limit we have (by definition) A < 1.
To calculate C and Uy, let us consider the general expression

A=cCS

(1.64)

1 1

Cupv, = —
YLV2 T L k%ﬂ (163 + viek]V2 [i6), — vek]¥2

(1.65)

which clearly vanishes if v + V5 is odd and greater than two. Turning the k-summation
into an integral and using the residue theorem, it follows for evenv =v;+vy > 4

C 2 du 1
V1,V2 — B(’bn>0 2T[VF [iah—*—U]vl [ia)n_u]VZ
_ ot 1 (1) !
2 B & (vi—1)! \du [i6n — u]"2 i
_ _podmi (v=2)(v=3)---vy Z 1
2 B (vi—1)! o [2i6n]"
-2
_ o gz (BT V=2 vt gy g0
- %y (4n) ( V2)@ronav-n, e
where in the last step we have used
5 1 ( B )"1 1
5o [2i6n]" 2Tu néd nv=—1
<2T[| nZ]_ nV—l nZl (Zn)\)_l
B v—1
I v—1 __ _
_ ( m) (2" 1-1) {v—1). (L67)
The Riemann zeta-function which appears here is defined as
— - 1
{(v) = Z polt (1.68)

n=1

It directly follows from Eq. (L.66) that

2
Us =2C =po (%) 70(3). (1.69)
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1.3.4 Ginzburg-Landau functional

With the above approximations, the truncated free energy functional turns into

* SpOL * ! x *
FIO,0F = 2= [a(T) 5 83q+b(T) 3 'A% 4,0 g, Ay
q Qi

+¢(T) zqzagaq} @70
q
where the temperature-dependent coefficients a(T), b(T) and ¢(T) are given by

T

a(T) = In =y » ke TMF =1.134¢0exp (—1/7) , (1.71)
2

b(T) = (LmiBT) 77(3) . (1.72)
2

c(T) = ( 4T:(FBT) 7¢(3) . (1.73)

We now define the order parameter field A(x) as the Fourier transform of Aq:

AX) =Y el%n, (1.74)
q

L .
Dy = % /O dxe IA(X) . (1.75)

Note that the order parameter field A(x) and the order parameter (A(x)) are real in the
commensurate case where Ay = A_q. In the incommensurate case, Ay = A_q does not
hold and A(x) and (A(x)) are complex. Note also that with the above definitions of the
prefactors of the Fourier transform both A(x) and Aq have dimensions of energy. In
terms of A(x) the Ginzburg-Landau functional assumes the usual form

F{0,0%} = %/Ode[a(T)\A(x)\Zer(T)\A(x)\4+c(T)\aXA(x)|2} | (76)

In the microscopic derivation of this static Ginzburg-Landau functional we have ig-
nored quantum effects. The resulting free energy functional was expanded up to terms
of fourth order in the order parameter field and only the leading term involving gradi-
ents in the order parameter field was retained. These approximations can only be good
at sufficiently high temperatures provided that the order parameter field and its fluctu-
ations are small. In particular, we have to satisfy the condition |A| < kgT. To weaken
the above restrictions, higher terms in the order parameter field have to be included.

5We have introduced Aq such that below a phase transition Ag—o assumes the finite value Noe? .
Other definitions are, of course, also possible.
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A method based on the formalism developed in the next chapter which allows to ex-
pand the free energy functional in terms of gradients of the order parameter field but in
each order collects all terms in the order parameter itself is presented in Appendix [Al
Up to terms of second order in the gradient, we get the generalized Ginzburg-Landau
functional

F{a,A*} = FO{A A Y+ F{A A}, (1.77)
) . 21 N G
(0) — _en 2 _ =0
FO{A, A%} = spo /0 dX( 5 0<&%§€0 [\/w%HAI wn} + 2)\) ,  (1.78)
. L om 1 |90 1 [ox[nP)?
FOIA A} =spy [ dx=- [—73——75 . (179)
A P e e

For F(O{A, A*} to be finite and to avoid logarithmic divergences, the sum in Eq. (T.Z9)
needs to be regularized by an ultraviolet cutoff soE Although the ultraviolet cutoff €
was introduced here in the sum over Matsubara frequencies instead of as a cutoff in
the momentum integral, expanding Eqs. (L7Z7) to (L.79) in the regime B|A| < 1 and
using the definition of Euler’s constant given in Eq. (I.&0) to evaluate the remaining
sum in F(© (A, A*), we recover precisely the Ginzburg-Landau functional (L.76).

1.4 Mean-field theory

As a first step to understand the phenomenon of the Peierls transition, we consider
our system in the mean field approximation, i.e. we ignore fluctuations of the order
parameter field A(x) and consider A to be spatially constant. Since the gradient term
vanishes, the generalized Ginzburg-Landau functional (.Z7)) reduces to

F(A):spol_(—z—TT > [\/G)ﬁ—i-\AF—Gon]—i-%). (1.80)

B 0<n<eo

A plot of F(A) for different temperatures T and real A is shown in Fig. As long
as T > TMF, the generalized Landau function (LB0) assumes its minimum at A = 0.
At T < TMF however, the coefficient of the quadratic term in the expansion of the
generalized Landau function, (spo/2)a(T ), becomes negative, and F(A) takes on its
minima at the finite values A = Age™ which satisfy |A] = Ag # 0. While & is an
arbitrary but constant phase in the incommensurate case, it is only allowed to assume
the values 0 and Ttin the commensurate case, such that A = Agel® = +Ag is real. As
long as T is close to the mean-field critical temperature TMF, Ag/kgT is small and the

8This cutoff has to be introduced such that F(®){A,A*} is a smooth function of temperature. One
possibility to do so is to weigh the last summand with a factor between 0 and 1 depending on the
difference between its frequency &, and €.
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Figure 1.3: Plot of the generalized Landau function F (A) [see Eq. (L80)] as a function
of the real variable A for T /TMF = 0.001,0.6,1.0, and 2.0. For T < TMF, the Landau
function F (A) takes on its minima at the finite values +Ao(T) # 0.

Landau function obtained from Eq. [L.76) by setting A(x) = A is a good approximation
to its generalized form. In this case, F (A) is minimized for A = Ao(T )e'®, where

1/2
Do(T) = <|2ab((TT))|) , TSTMR. (1.81)

Since T < TMF, we may replace a(T) by (T — TMF)/TMF and b(T) by b(TMF), such

that )
ATkgTMF  (TMF_T\ %2 e
= <
Do(T) RO . T < TMF (1.82)

Note that we have defined Ao(T) such that it is real and positive. The critical exponent
B =1/2is the typical mean-field exponent. Since Ay(T) rises continuously from zero
at T = TMF, the system undergoes a second order phase transition. For arbitrary tem-
peratures, Ao(T) may be calculated by minimizing Eq. (T80). In this case, Ag(T) is
implicitly given by the BCS gap equation [}, 83} [90]

1 21 1

AT EO«%SSO \/GR+03(T) ’

(1.83)
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Figure 1.4: The solid line shows a plot of the energy gap Ao(T) as a function of tem-
perature. For a comparison we also plot as a dashed line the usual BCS-approximation

Do(T) = 1.76kg TMF (1 - (T/TC'V'F)Z)l/z.

which can also be written as

s tanh[(eZ+Ag(T))1/2/2kBT]
X:/o R

(1.84)

For T = TMF, we have Ag(T) = 0, and using Eq. (T59) we recover Eq. (LE3). A plot
of Ap(T) obtained by a numerical solution of Eq. (L.83) is shown in Fig. .4

At zero temperature, F(A) and Ag(0) can be simplified as follows: In the limit
[3 — oo, the sum over Matsubara frequencies in Eq. (L8J) turns into an integral,

€0 2
Fr—o(A) = spol (-/O dE [,/E2+\A|2—E] +%> : (1.85)

The integral may be done analytically, resulting in

2 2
Fr_o(8) = 220 (eo,/sg+A2+eéA|2|n V.o I TS

2 A A
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To be consistent with our weak-coupling assumption which implies |A| < €9, we ig-
nore terms of order |A|? /€3, such that

Fr_o(8) = —%L\AF (% +In (%’) - %) . (1.87)

Setting the derivative of this equation with respect to A equal to zero, we obtain for the
minimized free energy

_ spoL £5(0) _

Fr—o(80(0)) = >

(1.88)
Do(0), which we have chosen again real and positive, can be obtained in the weak-
coupling limit A < 1:

No(0) = 2gge~ /M. (1.89)
Expressing A in terms of the mean-field transition temperature TMF, we obtain the

usual BCS-relation between the zero-temperature gap and the mean-field transition
temperature,

20 (0) = 3.528kg TMF . (1.90)

1.4.1 Static lattice distortion

It directly follows from Eq. ([L.6)) that the expectation value of the lattice displacements
is given by

_ 1 1/2
_ i9Xn T
(%)) = ge ( 2Nqu> ((bg) + 0 5)) - (1.92)
In the mean-field approximation, the only non-vanishing contributions are
i 92k
(A(X)) = Doe™ = % ((bsz> + <bT_2kF>) (1.92)
and its conjugated form. We therefore have
2a 1/2
uxp) = ——= Ngcos (2kpxn +9) . 1.93
0 = (mgoz)  Bocos ke +9) (1.93)

Below the Peierls transition Ag > 0, and the system develops a static lattice distortion
with wave vector 2kg whose amplitude is proportional to the order parameter (A(x)) =
Noe'®. In the case of a half-filled band, kg = 11/2a, such that all ions are displaced by
the same amount, but in alternating directions.
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1.4.2 Mean-field Hamiltonian

Treating the phonon field in a mean-field approximation, the electronic part of the
action (I.Z5) corresponds to the Hamiltonian

MF _ t .t Ctk [ vek  Dge?
Tl = Z (C+,k7 C—,k) Hk(c,k) , He= ( Noe—® —vek | (1.94)

Here, ch and c,  are creation and annihilation operators of right- or left-moving

electrons with momentum k measured relative to the Fermi energy. For simplicity,
we have ignored the spin index. The above Hamiltonian can be diagonalized by the

Bogoliubov transformation
C+ k a_|_ k
T )=U ’ 1.95

where Uy is a 2 x 2-matrix. For the new fermion operators al « and a i to satisfy the
usual anticommutation relations

{ad,kaadl,k’} = O I {ad,k7a;/’kl} = 6(},(}’6k,k’1 ) (196)
Uk has to be a special unitary matrix, i.e. its matrix elements have to satisfy

Uikl 4+ Up wfP=1 (1.97)
U__x=Ul,,, U_jx=-Uj,. (1.98)

The eigenvalues of Hy can easily be shown to be +Ey, where

Ex = sgn (k) /V&k2+ A2 . (1.99)

Here, we have chosen a sign convention such that Ey — vgk for Ag/vek — 0. A
straightforward evaluation of the corresponding eigenvectors determines the unitary
matrix Uy:

oo L (1+VEk/Ey) 2 e®/2 —sgn(k) (1 — vek/Ey)M?ei¥/2
“T V2 \ san(k) (1 —vek/E)Y2e /2 (14vek/E) 2 o192
(1.100)
For A/vek — 0 the unitary matrix Uy scales to the identity 1. In terms of the new
fermion operators, the electronic part of the mean-field Hamiltonian reads

HNF = EkaEk al Ak (1.101)
o,

For finite Ag the energy dispersion of this Hamiltonian is gapped. A plot of the energy
dispersion Ej . relative to the Fermi energy is shown in Fig. .3
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Figure 1.5: Exaggerated plot of the energy dispersion Ey_y. relative to the Fermi
level of the mean-field Hamiltonian. In the weak-coupling limit discussed in the text
we should have Ay < €.

1.4.3 The density of states

The fundamental quantity which will lie at the heart of the following chapters and
which encapsulates the whole thermodynamics is the density of states (DOS). In the
mean-field picture discussed here, the DOS p(w) is given by

PV (w) = /_oo di Y 8(0w—aEx)

o 2T0
- %/Owdka(|m|—,/v§k2+Ag)
&

= po———0 (0 — AF) , (1.102)
\/ 0P — A3

where the DOS of free fermions with a linearized energy dispersion is given by [see

also Eq. (L.41D)]
1
=—". 1.103
Po= T (1.103)
A plot of the DOS in the mean-field approximation is shown in Fig. Due to the
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PMF () /po

Figure 1.6: Plot of the density of states pM"(w) in the mean-field approximation. The
DOS vanishes for |w| < Ag and shows two singularities at w= +Ag. For a comparison,
the dashed line gives the (constant) DOS of free fermions, p(w) = po.

gap in the electron dispersion, the DOS vanishes for |w| < Ag. The vanishing slope of
the energy dispersion Ex near the band edges manifests itself in the singularities in the
DOS at w= +Ayg.

1.4.4 Condensation energy

The ground state energy can be obtained by filling up all states up to the Fermi level
and adding to the corresponding energy the lattice energy spoLAg/Z)\. For a proper
normalization we have to subtract from this energy the corresponding energy of free
fermions. Since at T = 0 the free energy coincides with the energy itself, it is not
surprising that the above ground state energy is precisely given by Eq. (I.85) leading
to the condensation energy [see Eq. (L.83)]

spoL AZ(0
Econd = _FI':O(AO) = pTO 02( ) ’

where Ag(0) can be expressed by the BCS relation (LI0) in terms of the mean-field
transition temperature TMF. The condensation energy is positive because the Peierls

instability leads to a lowering of the occupied energy states near the Fermi level. This
energy gain prevails over the energy loss due to the static lattice distortion.

(1.104)
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1.4.5 Charge-density wave

The static lattice distortion encountered above is accompanied by a charge-density
wave. This can be seen by considering the ground state for which all energy levels
below the Fermi energy are occupied, implying the following expectation values:

(aaykaaw =0, <aa,ka$,7k,> = Oq o 5k,k'9(—(]k) . (1.105)
The density operator
pO) =W () W(x) (1.106)
can be expressed in terms of the field operator
W(x) = L g - L el(OkeHhXe (1.107)
VAR P ’
Recalling that ¢y k = Y o' Uq o’ k @ar &, it fOllOws
A 1 H H ! !
p(x) = = Z Z U;a",k Ugrom o e—i(akr+k)x gi(a'ke +k')x a(’;” Ban o - (1.108)
L a,0” ka’,a™ K ’

Taking the ground-state expectation value and making use of Egs. (I.97) and (I.I05),
we get

~ 1 . o
<p(X)> = E Z Uaau,kUara/gke i(a—a’)kgx (1109)
a,a’ a’k<0
! .
= E [l+ (U—T——,ku_—’k +U‘T‘+,—|(U——|—,—k) e—ZIkFX
k>

+ (U2 U +U%, [ Usy ) e2”<FX] . (1.110)
SinceU}_, =U_, i, weend up with
(B(x)) = Po—P1cos (2kex+9) , (1.111)
where Py = 1t/ko is the charge-density for Ag = 0 and
P1= 4 ( - ﬁ)m B0 (1.112)
L 0<k<ko EIE TNIZZ)‘

Below the Peierls transition the system exhibits a charge-density wave with wave-
vector 2kg and amplitude proportional to the absolute value of the order parameter
[(8)] = Do.
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1.5 Breakdown of the mean-field picture

The above mean-field picture was capable of explaining the experimentally observed
Peierls transition, including the static lattice distortion, the charge-density wave and
the occurrence of a single-particle gap. However, the underlying microscopic machin-
ery contains far more subtleties than one might suspect at first glance. A major point is
the importance of fluctuations of the order-parameter field in low-dimensional systems.
A theorem due to Mermin and Wagner states that these fluctuations lead to the absence
of long-range order, even at very low temperatures [64]. This precludes a sponta-
neously broken continuous symmetryﬂ But how can one explain the experimentally
observed charge-density wave which breaks a continuous translational symmetry in
strongly anisotropic materials like blue bronze [37]? The answer is simply this: These
materials are quasi one-dimensional, but not strictly one-dimensional. As we will see
below, in a strictly one-dimensional material, the correlation length &(T) increases
with decreasing temperature, but for any finite temperature cannot approach infinity.
At very low temperatures, however, even very weak interchain-coupling can lead to
the onset of three-dimensional order such that the system can undergo a Peierls transi-
tion. Of course, the transition temperature is not the previously considered mean-field
transition temperature TMF. Lee, Rice and Anderson [57] pointed out that one should
expect T3P ~ $TMF. For a derivation of an adequate three-dimensional microscopic
theory see McKenzie [61] and references given therein. Here, we will only consider
the strictly one-dimensional case or take the correlation functions of the order param-
eter field as phenomenological given quantities.

1.5.1 Correlation functions of the order parameter field

We will now consider fluctuations of the order parameter field A(x) and calculate the
correlation functions of A(x) which describe the phonon statistics.

Harmonic approximation

At temperatures far above the mean-field critical temperature TMF, the coefficient a(T)
becomes large enough such that anharmonic corrections to the free energy functional
may be neglected. Truncating the free energy functional (L. Z0) at the second order, we
are left with

Fe{A,A*} = Spol [a(T) +c(T) qz} TAWAN (1.113)

2 4
This functional implies the correlation functions
(Og) =0, (1.114)

2kgT Oq,q
spoL a(T)+¢(T)qg? "
"1t should be noted that the lower critical dimension for this theorem to be true is 2.

(1.115)

(Dghy) =
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While the correlation functions (AqAq) vanish for complex A they are equal to
(AqA’iq,) for real A. The correlation functions in real space are given by the Fourier

transformations of Eqs. (LI14) and (LI15):

(A(X)) =0, (1.116)
(BX)A* (X)) = B2(T)e =X /ET) - (1.117)

where
NA(T) = o E?I)C(T), (1.118)
YT = (%)1/2 . (1.119)

In the harmonic approximation, higher correlation functions are simply given by
Wick’s theorem.

Taking into account anharmonic corrections

As the temperature is lowered and approaches the mean-field critical temperature TMF,
fluctuation effects become important and the mean-field picture breaks down. How-
ever, as shown by Scalapino, Sears and Ferrel [[79] using the transfer matrix technique,
the first two moments of a one-dimensional Ginzburg-Landau theory are still approx-
imately given by Egs. (LII6) and (CIIZ). For temperatures well below TMF, one
finds for real A(x) an exponential increase of the correlation length with decreasing
temperature, while for complex A(x) the correlation length increases as the inverse
temperature. This last result can be understood as follows:

Phase fluctuations only

For small temperatures T < TMF the generalized Ginzburg-Landau functional is dom-
inated by its minima. Amplitude fluctuations get frozen out and only phase fluctuations
survive such that A(x) ~ Ase®®). For complex A(x), the phase 9(x) is a continuous
function of x. Ignoring, as before, quartic terms in the gradient expansion of the free
energy, the free energy is given up to an irrelevant constant by
F (phase) V1= F(phase){axa/z}
1 21

277 B @n>0 (00% +A2

= %spS(T) /0 dxV2(x), (1.120)

/ dx (059 (x)/2)?

where
V (X) = 0xd(x)/2 (1.121)



24 Chapter 1  The Fluctuating Gap Model

1.0 —
o \\\
Q ~
~ [N
= 05 T~
Q
0.0 —_———
0.0 0.5 1.0
T /TMF

Figure 1.7: Plot of the superfluid density as a function of temperature for As =
1.76kg TMF (dashed line) and As(T) given by the BCS relation [L83) (solid line).

can be interpreted (up to a constant 1/m*) as the superfluid velocity and
21 02

w . .3

P a0 63+ 052)2

is the superfluid density. The free energy is identical to the Kinetic energy of a super-
flow. A two-dimensional analogue of Eq. (L.I20) has been used by Emery and Kivel-
son [25, 126] in their theory describing superconductors with a small phase-stiffness.

For T =0, the sum in Eq. (LI22)) turns into an integral which can be done analytically
and gives

pPs(T) = Po (1.122)

Ps(0) =po, (1.123)

i.e. at T = 0 is the superfluid density equal to the density of states. Plots of ps(T) for

A(T) given by the BCS relation (L83) and for A = 1.76kg TMF are shown in Fig.[L7
For small temperatures, ps(T) may be approximated by

ps(T) =~ ps(0), T <TMF/4. (1.124)

Since F(PMae) js only quadratic in V (x), correlation functions of A(x) can easily be

calculated: For the first two moments we find
(A(x)) =0, (1.125)
(DX)A(X)) =0, (1.126)
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and
(DA™ (X)) = 8 (exp (i (x) = 9(x)]))
_ A2 <exp (Zi /X ,de”v (x”)) >
_D{V} exp (2i JXdX"V (") — sps(T)/2keT fo"dx”vz(x”)>
DIV} exp (—sps(T)/2keT J dx'V2(x"))

= D2 exp (—2kgT /sps(T)[x—x'|)
= N2 exp (—[x—X|/&(T)) , (1.127)

where

E§(T) = S;’ES) (1.128)

is the temperature-dependent correlation length. For very small temperatures, ps(T) ~
ps(0) = 1/mt[see Eq. (LIZ4)], such that in this strictly one-dimensional theory we find
&(T) =s/2rkgT O 1/T which for fermions with spin 1/2 agrees with Griiner’s [37]
result &(T) = 1/1kgT.

1.6 The Hamiltonian of the fluctuating gap model

Having discussed the statistics of the phonon field, let us now set up the Hamiltonian
of the fluctuating gap model (FGM). For a particular realization of the (static) disorder,
the electronic part of the Hamiltonian reads

#=5(c',. ¢ )H ,(C+""), 1.129
k%(w " ) Hi N (1.129)
where ‘5
VEK Ok + Vi Dy
Higk = < N —VEK O o + Vi ) (1.130)
A Fourier transformation leads to
L
_ t t ) Ay i [ P+ X
o= [Fox (w000 ) Ao (P700) . s
with
- [ —iVEOx+V(X) A(X)
H(x,—lax)_( A*(x) ived LV (x) ) - (1.132)

This is the Hamiltonian of the FGM. Recall that we have linearized the energy disper-
sion such that the FGM can only describe the low-energy physics of Peierls chains in
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the weak-coupling regime. As a further approximation we have considered the phonon
field to be static. It will now be the aim to calculate disorder-averaged quantities for
the model described by this Hamiltonian. As we will discuss in Chapter @, instead of
averaging over the disorder, it is also possible to consider a typical realization of the
disorder potential.

1.6.1 The fluctuating gap model in other physical contexts

In this chapter, the fluctuating gap model (FGM) emerged as an effective low-energy
model to describe quasi one-dimensional materials which undergo a Peierls transition.
Our strictly one-dimensional theory applies only to temperatures above the Peierls
transition before three-dimensional fluctuations become important and eventually lead
to a phase transition. However, a more sophisticated theory could provide the statistics
of the correlation functions of the order parameter field at arbitrary temperatures of an
effectively one-dimensional model.

It turns out that the FGM not only describes the low-energy physics of Peierls
chains. As shown in Refs. [62] and [[17] the Hamiltonian of disordered spin chains
[37, 138, 185, 186] can be mapped by a Jordan-Wigner transformation onto the Hamil-
tonian of the FGM. In a semiclassical approximation of superconductivity, it is also
possible to replace the original three-dimensional problem by a directional average
over effectively one-dimensional problems [[93] which in the weak coupling limit are
described by the FGM. This method has been used in Refs. [10, 52, 53] to derive
the gradient expansion of a clean superconductor. A generalization of the FGM to-
wards higher dimensions to describe the phase above the phase-transition in under-
doped high-T; superconductors by anti-ferromagnetic short-range order fluctuations
was considered in Refs. [80] and [81]].



Chapter 2

The Green function and related
guantities

In this chapter, we will introduce different concepts to calculate the Green function
and related quantities of the fluctuating gap model. The density of states and the lo-
calization length will be of special interest. In particular, we will develop a method
which allows to calculate these quantities simultaneously for arbitrary given disorder
potentials. In this chapter, we will only calculate the averaged single-particle Green
function in the Born approximation. Detailed non-perturbative calculations based on
the formalism to be developed in this chapter will be postponed to the next chapters.

As we have seen in the last chapter, the fluctuating gap model (FGM) describes the
low-energy physics of one-dimensional fermions subject to static disorder potentials
and applies to different physical contexts. The Hamiltonian of the FGM is of the Dirac
type and in first quantized form can be written as [see Eq. (L.I32)]

N

H(x,—i0yx) = —ivp0x03 +V (X)0p + A(X)04+ + A" (x)o_ . (2.1)

V (x) and A(x) are random potentials describing forward and backward scattering, vr
is the Fermi velocity (henceforth we set vig = 1), oj are the usual Pauli matrices, g is
the 2 x 2 unit matrix, and 0. = (01 £i0y).

2.1 The Green function

In the following, we are going to consider the retarded Green function GR(x,x’; w) of
the fluctuating gap model. This quantity is of special interest because it can be related
to several quantities which are in principle experimentally accessible. The trace of the
imaginary part of the Green function at coinciding space points determines the local
density of states (DOS),

p(x,w) = —1 HMTr[GR (x, X, W)] . (2.2)

27
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Averaging p(x, w) over all space points gives the DOS p(w), which is the fundamental
quantity that determines the whole thermodynamics of the FGM. It will turn out that
the trace of the energy-integrated space averaged Green function at coinciding space
points I (w) will be easier to calculate than its non-integrated form. While its imag-
inary part is proportional to the integrated DOS A/(w), the Thouless formula states
that Re T (w) is equal to the inverse localization length £=1(w). As in the following
chapters, we will usually only consider the DOS and the inverse localization length
for positive frequencies w. Due to the particle-hole symmetry, the DOS and the lo-
calization length are symmetric with respect to the Fermi energy so that after setting
the Fermi energy equal to zero we have p(w) = p(—w) and £~ (w) = £71(—w). It
therefore suffices to consider the case w > 0.

The retarded 2 x 2 matrix Green function GR(x,x’; w) to the Schrodinger operator
w— H satisfies the differential equation

[0+i0" — H(x,—idx)] GR(x,X;w) = 8(x—x)ap . (2.3)

The positive but infinitesimal imaginary part added to the frequency w indicates that we
have to impose the correct boundary conditions applying to a retarded Green function.

2.1.1 Free fermions

It is easy to calculate the Green function for free fermions. In this case, V (x) = A(x) =
0, such that the system is translational invariant, and Eq. (Z.3) simplifies to

(04107 +i030y] GR(X—X;0) = 0pd(x —X) . (2.4)

Taking the Fourier transform of this equation from real space to momentum space
gives
[w+i0T —kas] GR(k;w) = 0p . (2.5)

GR(k;w) = [dx e ®GR(x; ) can now be found by a simple matrix inversion. If
o = 1 accounts for right- and a = —1 for left-moving fermions, the matrix elements
of Gi(k; w) are given by

50(,0('

w—ok+i0t - (2.6)

(G§) aa’ (k; (‘0) =

A simple Fourier transformation back to real space now gives the retarded propagator
of free fermions in real space,

| (GR) yqr (% W) = 8 wB(ax)e™® . (2.7)

Here, B(x) is the Heaviside step function

9(X)={(1) iig . (2.8)



2.2 Dyson equation and perturbation theory 29

For concreteness, let us also define 8(0) = limy_,0[0(x) +08(—x)]/2 = 1/2. While the
matrix elements at x = 0 are sensitive to the definition 8(0) = 1/2 which amounts to
defining

gR(x:O;w)E% lim [GR(+x W)+ GR(—xw)] , (2.9)

x—0+

the local DOS p(x,w) = —Tt 1ImTr[G{(0; w)] does not depend on this definition be-
cause it only involves the harmless quantity 8(x) +6(—x) = 1. Due to translational
symmetry, the total DOS is equal to the space-independent local DOS,

po(w) =Tt (2.10)

Note that the DOS of free fermions is independent of the frequency because we have
linearized the energy dispersion.
A further Fourier transformation of Eq. (Z7) from frequency to time gives

1(G) g (1) = 8 O(1) (X — 1) . (2.11)

This free retarded Green function in space and time allows for a simple interpretation:
A fermion put into the system at t’ = 0 as a right- or left-mover will at time t > 0 have
traveled a distance |x| =t = vt in the positive or negative direction, respectively. The
fermion can not be observed in the system at timest < 0.

2.2 Dyson equation and perturbation theory

One way to handle the disorder is to consider the disorder potential as a perturbation
and expand the Green function in powers of this potential. Defining V(x) =V (x)oo +
A(x)oy +A*(x)o_, Eq. (Z3) may be written as

[i030y + w+i0F] GR(x,X; ) = d(x —x') g+ V(x) GR(x,X;w) . (2.12)

Substituting x by x1, multiplying the resulting equation from the left with the free
Green function g§ (x—x1;w) and then integrating over x; gives the Dyson equation

GR(x,X;w) = gg{(x—x’;w)—i—/dx GR(x—x1;0) V(x1) GR(x1,X;0) . (2.13)

Iterating this Dyson equation, the exact Green function can be expressed in terms of
the free Green function and the disorder potential:

GR(x,X' ) = igﬁ(x,x';u» , (2.14)

where GR(x,X';w) = G](x—x'; w) is the free Green function calculated above, and for
n > 1 the functions GR(x,x’; w) are given by

GrR(%,X'; ) :/dxl.../dxn
gg(x_ Xn;w) V(Xn) g(l)q(xn — Xn_1;0)) ... V(Xl) gg(xl — X’;w) ] (2.15)
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Figure 2.1: Diagrammatic expansion of the matrix Green function. While the single
line represents the Green function of free fermions, the double line is a graphical rep-
resentation of the full Green function GR(x,x’;w). The crosses denote the disorder
potential V(x).

Recall that the right-hand side of this equation involves the product of 2 x 2-matrices.
The perturbative expansion of the full Green function can be visualized by using Feyn-
man diagrams (see Fig. ZT)).

The physical interpretation of the perturbation expansion is simple: The pertur-
bative expansion takes into account all possibilities of a particle moving through the
sample getting scattered at the various impurity potentials. While A(x) changes the
direction in which the particle travels and therefore can be interpreted as a backscat-
tering potential, V (x) does not change the direction of the particle, so that it only leads
to forward scattering.

2.2.1 Boundary conditions of the retarded Green function

Below, we will consider a non-perturbative approach to calculate the Green function of
the FGM. The above perturbative expansion can be used to obtain the correct boundary
conditions of the full retarded Green function: Let us consider (gﬁ)m, (x,X; w). Ac-
cording to Eq. (Z.15), its expansion in a product of free Green functions and the poten-
tials starts with (GF) ,, (X—Xn; w) and ends with (GF) .., (X1 —X'; 3). These terms are
proportional to B(a(x —x,)) and B(a’ (x; —X')), respectively, so that (GF) . (X,X'; w)
has to vanish as ax — —oo or a’x’ — oo, Since this reasoning applies to all orders in
perturbation theory, it also applies to the full Green function. If we demand the po-
tentials to vanish outside the interval [—A,L + A], the boundary condition can also be
written as

(G®) g (FAAX;0) =0, (G7) o (%,0'(L+A);0) =0. (2.16)
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Figure 2.2: Diagrammatic representation of the averaged matrix Green function. The
single line represents the Green function of free fermions and in this case the (aver-
aged) double line is a graphical representation of the full (averaged) Green function
(GR(x,x";w)). The dashed line denotes the disorder average (V(x)V(x)).

2.3 Second order Born approximation

Let us now consider the disorder-averaged Green function. As discussed in Chapter [IJ,
above the Peierls transition the first two moments of the order parameter field A(x) are
given by

(0X)) =0, (AX)A*(X)) = nZe= X1/ (2.17)

Following Lee, Rice and Anderson [57], we ignore the forward scattering disorder,
i.e. set V(x) = 0. For a perturbative approach we assume Gaussian statistics for the
higher moments of the order parameter field such that these moments can be separated
according to Wick’s theorem. A diagrammatic representation of the averaged Green
function is shown in Fig. An infinite number of diagrams can be summed up
by introducing irreducible diagrams which by definition cannot be separated into two
disconnected diagrams by cutting a single propagator. The corresponding amputated
diagram is obtained by eliminating all outer propagators. The sum of all amputated
irreducible diagrams is known as the self-energy and is diagrammatically presented in
Fig. In terms of the self-energy, the averaged Green function reads in momentum

Figure 2.3: Diagrammatic representation of the (irreducible) self-energy. As in the
above Figure 22 the single line represents the Green function of free fermions and the
dashed line denotes the disorder average (V(x)V(x)).
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space
-1
(GR(k;w)) = [(gg*(k;w))*1 - Z(k;oo)] . (2.18)

The simplest approximation to take into account fluctuation effects of the order pa-
rameter is to consider only the first diagram in Fig. This approximation is known
as the second order Born approximation and is essentially the approximation made
by Lee, Rice and Anderson in their seminal paper [57] in which fluctuations of the
order parameter of the FGM were taken into account for the first time. A special non-
Gaussian probability distribution of A(x) involving only phase fluctuations for which
the second order Born approximation turns out to be exact is presented in Ref. [13]].

2.3.1 The self-energy

Since (V(x)) = 0, the self-energy in the second order Born approximation is given by
Sp(x—x;w) = (V(X) GR(x = x; ) V(X)) . (2.19)
Placing Eq. (Z7) into this equation, we get
(%8 ) (= X500) = g 0 £267 K I/E (G8) ¢ ¢ (X=X
= 8y, A2B(—0(x — x'))eTIACH/E) (2 20)

As one should expect, the process of averaging restored translational invariance. Tak-
ing the Fourier transform of Eq. (Z20), we arrive at

(Za)awr (ki) = [ dte™™ (Zg)gq (i)
A3

- 6(}’(}! m . (221)

Within second order Born approximation, we therefore find for the one-particle Green

function
60(,0(’

(G8) o (Ki0) = (2.22)

A3

w—ak — GTakTiE

This result was first obtained by Lee, Rice and Anderson [57]].

2.3.2 The density of states and the inverse localization length

Integrating Eq. (Z22) over k and taking the trace, we obtain

w+i/28
V(w+i/28)2 -2

Tr GR(x, X, w) = —i (2.23)
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where /Z is defined as the principal part of the square root with the cut chosen along
the negative real axis.
The imaginary part of Eq. (ZZ3) gives the (averaged) DOS,

w+i/28
V(w+i/28)2 -2

As we will show in Section 28, the real part of the Green function is equal to the
derivative of the inverse localization length £~ (w). Hence,

w+i/28
V(o+ij28)2 a2

Integrating this equation with respect to w and choosing the integration constant at
infinity equal to zero, we obtain

Ps(w) = poRe (2.24)

Owlgt(w) = Im (2.25)

051 (@) = Im [ (0+1/28)2 — 02 - 1/28 . (2.26)

A plot of both pg(w) and £5*(w) is shown for different values of the dimensionless
parameter A€ in Fig. 24l With increasing correlation length & the DOS gets more and
more suppressed for w < As. However, instead of a real gap the fluctuations can only
create a pseudogap. At w= 0, the DOS is given by

(2.27)

1
Pe(0) = po—F/———=,
( ) \/1+(2ASE)2
such that for As€ > 1 the DOS vanishes as

Po 1
~ —.
20s& A€

For large frequencies w, the asymptotic form of the DOS is given by

pPs(0) (2.28)

2
Ps (W) ~ Po [1 + ZA—:)Z] : (2.29)

Finally we note that as the correlation length approaches infinity, the DOS assumes the
mean-field result given in Eq. (LI02).

The analogous expressions for the inverse localization length are also easily calcu-
lated: At zero frequency, the inverse localization length is given by

(5(0) = A [\/1 +(1/2068)% — 1/2ASE] : (2.30)

And for large frequencies, Egl(w) vanishes asymptotically as

(2.31)
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Figure 2.4: Plot of the DOS pg(w) and the inverse localization length I3 (w) calcu-
lated for Ag¢ = 0.2,0.5,1.0,2.0,10.0, and o (mean-field result) in the second order
Born approximation.



2.4 Non-Abelian Schwinger-ansatz 35

2.3.3 The spectral function

Another interesting quantity related to the single-particle Green function is the spectral
function .

p(ake +kiw) = ——Im (GR(K®) g - (2.32)
Experimentally, the spectral function can be measured by angular resolved photoe-
mission spectroscopy (ARPES). It directly follows from Eq. (Z2Z2) that in the Born
approximation the spectral function is given by

A%E

(82 — (o7 —K2))* 82+ (w—aik)?

PB(akr +k; w) = pg (2.33)

Plots of the spectral function pg(akg;w) and pg(akr + k; w) with k = 0.5As as func-
tions of w are shown for different values of A¢€ in Figs. 2.5 and While for small
correlation lengths, i.e. As§ < 1 the spectral function exhibits a maximum near w= ok,
for large correlation lengths we find two maxima near w= ++/AZ + k2, the closest one
to ak having the larger weight.

Sadovskii’s solution and corrections to the second order Born approximation

An attempt to sum up all diagrams in the perturbative expansion of the averaged Green
function was made by Sadovskii in the late seventies [[/8]. His solution was known as
the only available exact solution of the pseudo-gap state (see Ref. [87]) and was there-
fore also used by other authors [63, 180, 81]. However, only recently Tchernyshyov
discovered an unfortunate error in Sadovskii’s solution which also turned the work
based on it into question [87]. For an analysis of the failure of Sadovskii’s solution see
the clarifying paper [87]. Instead of trying to sum up all diagrams in the perturbative
expansion of the Green function we will now develop a method which will allow for a
non-perturbative calculation of the Green function.

2.4 Non-Abelian Schwinger-ansatz

We base our non-perturbative approach to calculate the Green function of the FGM on
a matrix generalization of the Schwinger-ansatz [[84]]. To make the differential operator
—10y proportional to the unit matrix, we first factor out a Pauli matrix o3, so that the
retarded Green function

GR(x,X;0) = 03 G% (x,X; w) (2.34)

satisfies
(10 — M(x, 04107 GR (x,X; w) = 8(x — X) 0y, (2.35)

where
M(X,w) = [V (X) — w+A(X)04 + A% (x)0_]03 (2.36)
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Figure 2.5: Plot of the spectral function pg(kp;w) calculated for A& =
0.2,0.5,1.0,2.0,10.0 in the second order Born approximation.
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pe(kr -+ k; w)/poAgt

Figure 2.6: Plot of the spectral function pg(kr + k; w) with k = 0.5A; calculated for
A& =0.2,0.5,1.0,2.0,10.0 in the second order Born approximation.
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is a traceless matrix. We now try to solve Eq. (Z.35) by making the ansatz
G (%X, @) =U (x,w) G5 (x—x)U (X, ), (237)

where U (X, w) is an invertible 2 x 2 matrix and égi(x) is the Green function to the
operator idy +i0* o3, i.e.

GR(x) = —i< 98() —6?—x) ) . (2.38)

The ansatz (Z37) resembles the transformation law for the comparator in non-
Abelian Gauge theory (see, for example, the book on quantum field theory by Pe-
skin and Schroder [[73]), and since it is also similar to the scalar Schwinger-ansatz
[84] which is sometimes used in functional bosonization of interacting fermions
[[2, O 48, 49, B0, 51], we will refer to it as the non-Abelian Schwinger-ansatz
[8, 10, 11]. But note that in contrast to earlier formulations of the non-Abelian
Schwinger-ansatz [8, [10], we use the zero-frequency free retarded Green function,
such that the whole w dependence is included in U (x, w).

In the following we are going to suppress the parameter w. The ansatz ([Z.37)
indeed solves Eq. (235 if U (x) satisfies

[y — M(X)]U (X) = 0. (2.39)

To establish our formalism, let us first restrict the disorder potentials to the interval
(—=A,L+A). While the potentials are assumed to be constant in the intervals (—A,0)
and (L,L+ A), they are allowed to fluctuate in between. An example is given in Fig.
@-0). Later we can let A — o (or we will set A =0 and let L — ). The boundary
conditions for the retarded Green function given in Eq. (Z.18) now renders intof]

Ur2(=A) =Uz(L+A) =0. (2.40)
Two different solutions of Eq. (Z.39) are given by
X
Ui (x) = Texp [—i/ M(y)dy] ; (2.41)
-A

U (x) =T lexp [i/XLJrAM(y)dy} , (2.42)

where Texp is the path-ordered and T ~lexp is the anti-path-ordered exponential func-
tion. Both, U (x) and U_(x) can be expressed in terms of the S-matrix,

S(x,x') =Texp [—i/X’XM(y)dy} . (2.43)

LIn this work we will identify matrix elements as Uij with Uger, where i, j = 1,2 corresponds to
a,0/ =+,—,e0.Up=U,_.
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—N\ 0 L L+A

Figure 2.7: Concrete realization of the backscattering potential A(x). While the poten-
tial is allowed to fluctuate in the interval [0, L], it is assumed to be equal to Agc in the
intervals (—A,0) and (L,L+A), and outside these intervals A(x) has to vanish.

By definition, U, (x) = S(x, —A) and U_(x) = S™%(L+A,x). Because M" = a3Ma3
and TrM = 0, the S-matrices satisfy ST = 035103 and detS = 1, which means that
they belong to the non-compact group SU(1,1). It follows that the elements of S
satisfy Spo = Sj;, S12 =S4, and S11|2 — |S21]? = 1. While each U (x) only obeys one
of the two conditions (Z.40), the combination

1 (Ut Ui
U(X):W<U;(x) uiﬁ(x)) 244)

satisfies both boundary conditions. Here, u = Sy (L + A, —A) = U_11(—-A\) =
Us22(L+A), so that detU (x) = 1. Definingf

Ug = (Ualla _UC121)T 9 (245)
Vo = (_UG127UG22)T ) (2.46)

(such that vq = o1ug), we obtain from Eqs. (Z:34), (Z37) and (Z.44)

+ —+
~~
x\
~—

U-(QUL(X) | gy _ g VHOVLOX)

iGR(x,X;w) = 0(x—x) - -

(2.47)

ZNote, that this definition deviates from the definition used in Ref. [L1]]. Here, the vectors ug and vqy
are given by the first and second column of the matrix Uy multiplied fromthe left by +03.
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ul and v!_ are the adjungated row vectors to the column vectors u; and v_, so that

u_u]LF and v+vT_ are 2 x 2-matrices. Note that Eq. (2.47) involves only U 12, U, 22,
U*;, and U*,,, but not its complex conjugates. In principle, Eq. (Z47) allows to
determine the full Green function of the FGM by evaluating time-ordered exponential
functions. Equivalent but more complicated forms of this equation were first derived
by Abrikosov and Ryzhkin [2]. Of special interest is the trace of the Green function at
coinciding space points,

U 22(X)U* 55 (X) +U12(X)U*,(X)

TrliGR(x, x; )] = . 2.48
1GOOI = G (U (0 — Ur 120U, (0 (249
It immediately follows from Eq. (Z.2) that the local DOS is given by
1 Up22(X)UZ55(X) +U22(X)U 2 15 (X)
X,w) = —Re : p . 2.49
P ) = TR0 220007 (0 — Us 12 (00U 1, () 249
2.5 Riccati equation
Since Eq. (Z.49) only depends on the ratios
D (X) = Ug12(x) /Uaz2(X) , (2.50)
we may also write
p(X,w) = }Rel + P+ ()P (x) . (2.51)

T 1-—®, (X)P*(x)
More generally, it follows from Eq. (Z.47) that the whole matrix Green function at
coinciding space points can be written in terms of ®_ (x) and ®* (x):

iGR(X, X w) = % [GR(x+ 0T, % w) + GR(x,x+07; )]

_ ! 5 (1+ 0, (0P (x) —o, (%)
T 1-d, (X (X) < 2 "o (0 L (14 0, (00 (1) ) . (252

Using Eq. (Z2.39), we find that the ®(x) are both solutions of the same Riccati equa-
tion,

— 9, ®Pq (X) = 263(X) Py (X) + A(X) + A (X) D2 (x) (2.53)

where we have introduced @(x) = w—V (x). Similar Riccati equations have recently
been obtained by Schopohl [82] from the Eilenberger equations of superconductiv-
ity. To specify the initial conditions, let us assume that outside the interval [O,L]
the potentials V (x) and A(x) are real constants, Vgc and Agc > 0. This amounts
to taking the limit A — oo, but keeping L constant. The initial values ®,(0) =
liMA_00S12(0, —A) /S22(0, —A) and ®_ (L) = lima_e0(S 1) 12(L+A,L) /(S 1) 22(L +
A, L) can be obtained by evaluating the S-matrix for constant potentials.

3Note also that the definition of @ (x) does not involve the extra factor +i used in Ref. [[1].



40 Chapter 2 The Green function and related quantities

2.5.1 The Smatrix for constant potentials

For constant potentials V,, and Ap, the time-ordering operator T may be omitted in Eq.
2.43), and the S-matrix is given by

Sn(x—x') = exp [—iMn(x—X)] = exp [i(6n03+ MmOy — An0 ) (X —X')]

= cosh[4/|An|2 — &% (x —x')]0o

- . ~ e A _A* 3
+isinh[{/]An[2 — 68 (x —X')] W03 +An04 — A0

V/[Bn[? — G

For |An|? < G, the argument of the square root is negative, so that in this case we write
the S-matrix a

(2.54)

Sn(x—X') = cos[y/ @& — |An|2 (x —X')]00g
no3+Anoy — Ao
V@& — A ?

For notational simplicity, let us introduce A™™ = /|An|2 — &2. To calculate @, (0) and
®_(L), we need the ratio

+isin[4/@2 — [Anf2 (x —X)]

(2.55)

Sni2(X)  iAnAsinh[ARX] cosh[ARXX] — An &, sinh? [AfX]

= 2.56
Sn22(X) | An|2 cosh? [Aredx] — G2 (250)
The limit x — +00 may now be taken. We obtain
+HiArd — G
fim o2l _ A" =G (2.57)

X% Sp2p (X) Ao

If we keep in mind that the frequency w involves a small imaginary part, we see that
this result is not restricted to the case |Aq|? > GF: For |An|? < 6% the square root has to
be taken such that the right-hand side of Eq. (Z&7) vanishes as A, — 0. This follows
directly from the definition of the S-matrix.

2.5.2 Initial conditions

It follows from Eq. (Z&7) that the Riccati equation (Z253) should be integrated with
the initial conditions

i /a2
* i ABC—((L)—X:((::)Z—((L)—VBC) , D& > (w—Vae)?,
¢+(0):¢_(L): san Y Vae)2—A2 Vi

gN(w-Ve,) (w_ABBf) e Vee) AZ < (00— Vac)?,

(2.58)

4Note that the transition from Eq. @53) to Eq. (Z59) is independent of the definition of the square
root.
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where sgn(x) is equal to 1 for positive x and equal to —1 for negative x. While for
Agc = 0 the initial conditions are given by ®_ (0) = ®* (L) =0, for Agc — o one gets
®, (0) = @* (L) = i. Note that for arbitrary potentials Vgc and Agc, the initial values
are simply given by the stable stationary solution of the Riccati equation (Z53) with
\ (X) =Vge and A(X) = Agc.

2.5.3 The case of a discrete spectrum
Defining the (complex) phase ¢« (x) via
Pg (x) = el (2.59)
and decomposing A(X) into its amplitude |A(X)| and its phase 9 (x),
A(X) = |A(x) [P | (2.60)
the Riccati equation Z53), turns into
By (X) = 260(x) +2/A(x)| cos [da (x) ~ 9 (x)] - (2.61)
Note that this equation of motion is of the Langevin type [34, 46]
OxV(x) = —a+ b1V (x) + b5 (V) A(X) + bz (V)A*(x) . (2.62)

Let us consider the case (w— Vgc)? < A3.: It directly follows from Eq. (Z58) that
|®,(0)] = |P_(L)| =1, such the initial values ¢, (0) and ¢_(L) are real. Hence, the
solutions of Eq. (Z.&1]) remain real, which implies |®4(x)| = 1 for all x. As can be seen
from Eq. @58), ¢ (0) and ¢_(L) can be chosen to fulfill ¢ (0) = —¢_(L) € [0, T,
so that the initial values ¢ (0) and ¢_(L) are uniquely determined by

cotd (0) = —cotd_(L) =

W— VBC

\/A (00— Vac)?

For the phases ¢4(X) to be continuous, they have to be unreduced phases which are not
limited to take values between 0 and 27t In terms of the ¢4 (x), the local DOS can be
written as

(2.63)

o+ (X) —0-(x)

p(X,w) = T[Imcot { 5

2

=2 Y 86 ()—6 (x)—2mm). (264)

m=—oo

It is easy to show that for x > 0 the phase ¢ (x,w) is @ monotonic increasing function
of w: For the initial value at x = 0, this follows directly from Eq. (Z.63),

e (0) = —Bud_( ! >0. (2.65)

\/A (09— Vac)?
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It can be seen directly from Eq. (Z&]) that d,$(X) > 0 is true for every x > 0. More
formally, differentiating the equation of motion (Z.&1) with respect to w gives

Ox0uda (X, W) =2 —2|A(X)|Sin[Pq(X) — B (X)] Owba (X, w) . (2.66)
Solving this first-order differential equation for 0,0« (X, ), we obtain
0P (X, W) = oo (X0, W)
X X
12 / exp [—2 / AKX sin [pa (") —S()] x| dX' . (2.67)
X0 X!

Since both terms on the right-hand side of Eq. (Z&1) are positive for a = + and xo =0,
we have
Opd+(X,0) >0 for x>0. (2.68)

Analogously we find
Oud_(x,w) <0 for x<L. (2.69)

For arbitrary w, ¢ (x,w) integrated with the initial condition ¢ (0,w) given in Eq.
(2.83) will usually not be equal to ¢_ (L, w) up to a multiple of 21tat x = L. For certain
discrete frequencies wy, however, this is the case. Since ¢ (x,w) is a monotonic
function of w, we can uniquely define wy, by the condition

Note that wy, is only well-defined if it turns out that (e — Vac)? < A3c. Since the
right-hand side of Eq. (Z&1) is a 2te-periodic function of ¢4 (X), we see that ¢, (X, )
and ¢_ (X, wy) are equal up to the constant 2rim for every x € [0, L],

¢+(X70-)m) - ¢—(X70-)m) =2mm. (271)

Of course, the wy, are the discrete eigenvalues of the system. This follows immediately
from the fact that the local DOS p(x,w) is equal to zero if not w = wy, for one m.
Therefore, the total DOS is given by

() = {3 80— @72)
Using the well-known formula
1
B(1(69) = Y ey @), 273)

where w, are the zeros of f(w), we can write Eq. (Z84) as

B 25(w— W)
PO =D 5 o) — b ()]

(2.74)
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Expressing ¢q (X, w) by the right-hand side of Eq. (Z6&7) with a = + and xo = 0 or
o = — and xo = L, respectively, we arrive at
O(W— W
p<x’°’)zz L 4y X Ayt ( 1 ) 7 Ty -
& Jo dx/ exp (=2 [ dx" [A(X")|sin[$q (X", wm) — 3 (X")])
Once the eigenvalues wy have been determined, this equation in principle allows to
calculate the local DOS for arbitrary potentials V (x) and A(x).

(2.75)

2.6 Integrated averaged Green function I (w)

In the last subsection, we have seen that the integrated DOS can be obtained by solving
a simple initial value problem for the phase ¢(x), which is a functional of the disorder.
To implement the correct boundary conditions for a system of length L, we have first
assumed that outside the interval (0,L) the potentials are constant over a range A,
but then drop to zero. Finally, we have let A go to infinity. However, if we are only
interested in the limit L — oo, i.e. the bulk properties, we can set A = 0 at the beginning
of our calculations. The physical meaning of this is that bulk properties should be
independent of the boundary conditions.

By setting the potential equal to zero outside the interval (0,L), we will not only
be able to recover the equation of motion (Z&1I) satisfied by the phase ¢(x) which
determines the integrated DOS, we will also be able to derive an additional equation
which allows to calculate the inverse localization length.

It follows from Eq. ([(Z48)) that the trace of the space-averaged diagonal element of
the retarded Green function is given by

1 L
Rix x: — Riy -
(TG ex), =T [ ox TG (e w)
1 L
=——— | =1 [ dx (S22(L,X)S22(x,0) — So1(L,%)S12(x,0 . (2.76
LSz (L,0) [ /0 (S22(L,X)S22(x, 0) — Sz (L, X) Sz ))] (2.76)
The term in angular brackets can easily be identified to be equal to 04,522 (L, 0):

0,S2(L,0) = (awT exp [_i/Ode’ M(X')D22
= (/Ode S(L,x) [—iawM(X)]S(X,0)>
- i/Ode (S(L,x)03S(%,0))2,

=i /O de (S22(L,X)S22(x,0) — Sz1(L,X)S12(x,0)) - (2.77)

We can therefore rewrite Eq. (Z.76)) as

(TR x @)]), = ‘9[*33522227((&(? _ %awln [S22(L,0)] . (2.78)

22
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To describe the bulk properties, one should now take the limit L — c. Since this
expression involves the partial derivative with respect to w, we introduce the trace of
the energy-integrated space-averaged Green function at coinciding space points,

I (w) %In[Sgg(L,O;w)] , (2.79)

= lim
L—oo

so that
(TrGR(x, % 0)]) = duT () . (2.80)

While the integrated DOS is given by A’(w) = —1r1Iml (w), we will see in the next
section that Rel™ (w) is equal to the inverse localization length £~ (w). The decompo-
sition of I' (w) into its real and imaginary part can therefore be written as

M) =4 Hw) —im\((w). (2.81)

Both A((w) and £~*(w) can simultaneously be calculated by determining the logarithm
of the S-matrix element S»,. It is convenient to express the S-matrix elements in terms
of their phases. Let us define ¢qq(X) Via

Saar(X,0) = e () (2.82)
I (w) is then given by

. L ¢22(L)

ir(w) = LI|_>rr(]o7L . (2.83)

Introducing o = —a, the properties of the S-matrix Sqor = S%5, render into ¢qor =
—¢gs- The S-matrix can be expressed in terms of ¢12, ¢22 and its complex conju-
gatesoﬁ It follows from i0xS(x,0) = M(x)S(x,0) that the ¢4 Satisfy

0xPaar (X) = Moa (X) +Maa (X) xpli(daar (X) — Paar (X))] - (2.84)

Recalling that M(x) = —&(x)o3 — A(x)0 + A*(x)o_, the two equations for ¢4, and
¢, read

0x922(X) = 6(x) + A% (x) exp[i(922(x) — d12(x))] , (2.85)
Oxd12(X) = —(X) — A(x) exp[—i(d22(X) — d12(X))] - (2.86)
If we now introduce
d(X) = d22(X) — d12(x) , (2.87)
C(x) = —i(922(X) + d12(X)) , (2.88)

SRecall that instead of a,a’ = +,— we also use i, j = 1,2 (see footnote [l on page Z7)
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we arrive at the following system of equations of motion:

b (X) = 26(X) + 2|A(X)| cos[(x) — 9 (X)] , (2.89)
AZ(X) = 2|A(X)|sin[p(x) — 9 ()] - (2.90)

Note that Eq. (2.89), which determines ¢(x), is exactly the same Langevin equation
that we derived before from the Riccati equation [see Eq. Z&]]] and is independent
from Eq. (290). After having found a solution to Eq. [.389), {(x) in principle can be
obtained by integrating Eq. 320). In terms of ¢(x) and {(x), I (w) is now given by

ir (@) = lim [§(L) +ig(L)] /2L . (2.91)

The initial condition S(0,0) = op could be mapped on the initial conditions for ¢(0)
and ¢(0) which are, strictly speaking, singular but integrable. However, since I'(w)
is determined by the asymptotics for large L, the initial conditions finally drop out in
the limit L — c. We can therefore also choose ¢(0) = ¢(0) = 0, such that ¢(x) and
(x) are real for all x and there is no finite initial value which as L becomes large only
dies out as 1/L. With these initial conditions, we can describe the bulk properties of
the system right from the beginning. The integrated DOS and the inverse localization
length can now be expressed as

() = po lim ¢(L)/2L, (2.92)
Y w) = Jim g(L)/2L. (2.93)

These two equations in combination with the equations of motion (Z.89) and (Z30)
allow for simultaneous exact numerical computations of the (integrated) DOS and the
inverse localization length for arbitrary given disorder potentials. Since the (integrated)
DOS and the inverse localization length are self-averaging quantities [58], it is suffi-
cient to consider just one typical realization of the disorder potential. We will do this
for various interesting cases in Chapter [l

In analytical calculations one does not usually work with a certain realization of
the disorder. Instead, one tries to calculate averaged quantities by using the given
statistical properties of the disorder potentials. Taking the average of Eq. (Z91) with
respect to the distribution of the random potentials V (x) and A(x), we obtain

(M (w)) = lim [{§(L)) +i(C(L))] /2L . (2.94)

Integrating the equations of motion (Z89) and 390) with respect to x from 0 to L,
(I (w)) can be rewritten as

(M (o) = lim = [ dx (@(X) + A*(x) exp[i0 ()]} (2.95)

L—o L Jo
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Instead of looking at (&(x) + A*(x) exp[id(x)]) as an average with respect to the prob-
ability distribution involving the disorder at x and via ¢(x) also at all space points
between 0 and x, we can also consider the average to be with respect to the joint prob-
ability distribution of the random potentials at x and the unreduced phase ¢(x). The
process of averaging has now become local. Since exp[i$(x)] is a 2meperiodic function
in ¢(x), itis also sufficient to use the joint probability distribution of the random poten-
tials and the reduced phase ¢(x) € [0,211). While the joint probability distribution of
the random potential and the non-reduced phase is only well-defined for finite x (and,
of course, depends on x), the joint probability distribution of the random potential and
the reduced phase becomes independent of x for large x and therefore in this limit is
equal to the stationary probability distribution. Recalling that (V (x)) = 0, Eq. (Z95)
reduces to

(M (w)) = -+ (A% (x) explig(x)]) - (2.96)

This equation expresses the averaged integrated DOS as well as the averaged inverse
localization length in terms of a relatively simple function averaged over the joint
stationary distribution of the random potentials V (x),A(x) and the reduced phase ¢(X).
Recall that A(x) is allowed to be complex. We will use Eq. (2.96) in Chapter B to
calculate both A’(w) and £~ (w) for the FGM in the white noise limit. In principle,
Eq. @38) also applies to less restrictive cases.

2.7 Gauge invariance

It turns out that fluctuations of the forward scattering disorder have similar effects on
the DOS and localization length as have phase fluctuations of the gap parameter. To
illuminate the hidden symmetry, let us again consider the equation satisfied by the
retarded Green function GR(x,x’; w),

( w—l/A(ngJ)r 10x w—;?x())()— i0, ) GR(x,X;w) = 3(x—x')ag . (2.97)

A crucial point of this equation is that its form is left invariant under the gauge trans-
formation [16]

GR (%X w) — exp[—(i/2)x(x)o3] GR(x,X;w)exp [(i/2)x(X)o3] ,  (2.98)

V(X) = V(%) + 30:X(X) , (2.99)

A(x) — A(x) exp[—ix(x)] - (2.100)

Here, x(x) is a local phase rotation which is allowed to vary arbitrarily from point to
point. Since the trace of a product of matrices is invariant under cyclic permutations

of the matrices, Tr GR(x, x; w) and therefore the local DOS and the inverse localization
Iengtrﬁ are also invariants under the above gauge transformation.

SStrictly speaking, it follows only that 9., (w) is left invariant. The integration constants at w = oo
are, however, the same, so that £~(w) is invariant under the gauge transformation.
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Instead of directly looking at the trace of the Green function at coinciding space
points, we can also consider the equations of motion (Z.89) and (Z.80). Their form is
gauge invariant under the combined transformation

0() = 0() —X(x) , (2.101)
((x) = {(x), (2.102)
V(X) = V (X) + 30X (X) , (2.103)
9(x) = 3(X) — x(X) . (2.104)

It follows from Eqgs. (Z92) and ([Z393) that both the integrated DOS A/(w) and the
inverse localization length £~1(w) are invariant under the considered gauge transfor-
mations. Only in the unusual case of a finite limit lim__,. X(L)/L we get an irrelevant
shift in the additive constant of A((w).

Besides x(x) = 0, the choices for which either V (x) or 9 (x) vanishes are especially
convenient.

1. Effectively vanishing phase fluctuations: If 9(x) is differentiable, we can de-
fine
X(X) =3(x), (2.105)

such that the forward scattering potential is modified in such a way that there are
no phase fluctuations of A(x) left. In this gauge we have to let

V(X) = V(X)+ 30,8 (x) (2.106)
A(X) — |AX)] . (2.107)
Note that in this gauge the order parameter field |A(x)| is real and positive. We

will use the above gauge transformation at the end of Chapter @l to find an exact
solution for the FGM involving only phase fluctuations.

2. Effectively vanishing forward scattering potential: Choosing the phase X(x)
such that
20X = V(). (2.108)

the forward scattering potential V (x) can be eliminated by renormalizing the
phase fluctuations 9 (x) of the backscattering potential A(x). Explicitly, we let

V(x) =0, (2.109)
A(x) — A(x) exp [iZ/XV(x’)dx’] : (2.110)

Xo0
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2.8 Lyapunov exponent and localization length

In this section, we will explicitly show that the Thouless formula holds for the FGM
and ReT (w) can indeed be identified with the inverse localization length £—(w).

One of the striking properties of disordered systems treated in the independent elec-
tron approximation is the fact that the disorder can lead to a macroscopic large number
of localized states. These states are eigenfunction of the Schrddinger equation falling
off exponentially with distance from one point in space which is characteristic for the
particular solution. Non-localized states only exist between two mobility edges, and as
the strength of the disorder increases, the width of this energy region narrows. Finally,
as both mobility edges coincide, all states become localized and the conductor turns
into an insulator. This phase transition is known as the Anderson transition [5].

In one dimension, an arbitrary weak disorder suffices to localize all eigenstates
(excluding perhaps states at isolated energy values) [69] of electrons treated in the
independent electron approximation. As a consequence the diffusion coefficient and
the dc conductivity vanish. Therefore, there is no metal-insulator transition in one
dimension.

2.8.1 Thouless formula

Since the energy dispersion of the FGM is linear, the Schrodinger equation of the
FGM, HY(x) = wWi(x), is a linear first order differential equation. Fixing the two-
component wave function P(x) = (P1(x), W2(x))T at one space point xo therefore con-
stitutes the wave function at all space points x. As we will see below, for large distances
IX — Xo| the envelope of the wave function will grow exponentially with probability
one, i.e. [[W(x)|| ~ ||wol|exp (+y|x — o), where [[(x)|[* = |wy(x)|* + [W2(x)|*. Of
course, Y(x) cannot be an eigenfunction of the Hamiltonian H satisfying the right
boundary conditions. The proportionality factor y in the exponential function is called
the Lyapunov exponent. The (mean) localization length is usually defined to be equal
to the inverse Lyapunov exponent [58]. This definition can be motivated by consid-
ering two wave functions of a large but finite system which are fixed at the left or
right end of the sample, respectively. Both solutions grow exponentially as one moves
into the bulk and usually they do not match. For certain discrete energy values wy,
however, the wave functions can be matched after an appropriate rescaling and one
obtains an eigenfunction to H obeying the correct boundary conditions. Of course,
the resulting wave function can not simultaneously grow and fall off. Instead, one ex-
pects the envelope of the wave function to have a maximum somewhere in the bulk.
One also expects the wave function to fall off exponentially from this point xp, such
that ||[W(X)|| ~ ||Wm||exp (—y|X—xm|). Defining the localization length to be equal to
the inverse of the Lyapunov exponent y therefore seems to be a reasonable definition.
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More explicitly, we define

- 1 e
Klwzywzllm—ln<7 . (2.111)
W=V = M0 ol
Note that since we take the limit L — oo, the initial value ||Wo|| drops out.

Let us now rewrite the Schrédinger equation such that the differential operator dy
is proportional to the unit matrix. As in the non-Abelian Schwinger-ansatz we factor
out a o3-matrix so that the wave function {J(x) = o3W(x) satisfies

[0y — M(X)] () = 0. (2.112)

Here, M(x) is the matrix defined in Eq. (Z38). The solution to the Schrédinger equa-
tion (ZI12) is therefore given by

B(x) = S(X,%o)Po - (2.113)
It follows with ||QD(x)|| = ||W(x)|| that the Lyapunov exponent can be expressed in
terms of the S-matrix, .
y(w) = lim —In||S(L,0) Jol| - (2.114)
L—oo L

It is now easy to see that with probability one, y(w) does not depend on Qg: Let s (x)
be the two eigenvalues of S(x,0), where |s; (X)| > [s_(X)| = |s+(X)|%. If {,(x) and
{_(x) are the coefficients of the vector (J(x) in the corresponding eigenbasis, we can

rewrite Eq. (Z114) as

V@) = fim T (10, Ose P +0-Ls-0P) . @a1s)

As long as the coefficient (L) of the exponentially increasing solution of the
Schrédinger equation does not vanish (and this should be the case with probability

one), Eq. ZII5) reduces to
V(@) = lim ZInjs, (L)), (2.116)
L—oo L

y(w) is clearly independent of the initial wave function {Jy and only depends on the
largest eigenvalue of the S-matrix which grows exponentially as the length of the sys-
tem increases. Choosing Qio = (0,1)", it follows from Eq. (Z114)

1 1/2
V(‘*)):L“_U‘]O[m(\Slz(LaO)\er|522(L,0)\2) 2 (2.117)

which P due o to
In(|812(L,O)|2+ISzz(L,O)|2)/ :In(ZISzz(L,O)|2—l)/ ~ In|Sy(L,0)| simplifies
to
V(@) = lim =1n[Sy(L,0)] . (2.118)
L—oo L



50 Chapter 2 The Green function and related quantities

Comparing this equation with Eq. (Z.79), we see that the inverse localization length
£~} (w) = y(w) is in fact equal to Re T (w). The equation

¢ (w) =Rel(w) (2.119)

is known as the Thouless formula [91]] and was first shown to be valid for the FGM by
Hayn and John [40] in a different way. But note that these authors have only shown Eq.
Z.I19) up to an integration constant which they had to determine by different means.

2.8.2 Localization length at w= 0 for real A(x)

Although we are going to postpone detailed calculations of the DOS and the localiza-
tion length to the next chapters, let us now consider the localization length at frequency
w = 0 for a real disorder potential A(x) and V (x) = 0. In this case M(x) = —ig2A(x),
so that the S-matrix may be expressed without the path-ordering operator as

S(x,X') = exp [—02 /X ,XA(y) dy]

— cosh [ / 'XA(y) dy] go — sinh [ / ,XA(y) dy] g, . (2.120)

It directly follows from Eq. (Z.118)) that the inverse localization length at w= 0 is given
by

1 1 L
-1 IRET < — i +
£(0) = le 3 In{S22(L,0)| I_Il_r>r‘30 C In (cosh [/0 A(y) dyD

im £ 00) dy| = 18000 = 18a] (2121)

L—o0

where we have used the fact that in the limit L — oo, the average (A(x))x is equal to the
expectation value A,,. The inverse localization length at frequency w = 0 is equal to
the absolute value of the expectation value of the backscattering potential (A(x)) and
does not depend on the random fluctuations around this average value. Note that this
result is valid for arbitrary higher correlation functions of A(x). In the case (A(x)) =0,
the localization length diverges for w = 0 which clearly distinguishes the point w= 0.

2.9 Eilenberger and pseudo-Schrddinger equation

For slowly varying potentials, one might be interested in a gradient expansion of the
local DOS which determines the gradient expansion of thermodynamic quantities. For
example, a gradient expansion of the free energy allows for a microscopic derivation
of the Ginzburg-Landau free energy functional and corrections to it. We will now
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deduce an equation which in the semiclassical theory of superconductivity is known
as the Eilenberger equation [21, 56]]. We will also derive a related pseudo-Schrodinger
equation. Both equations can be used to recursively calculate all orders in the gradient
expansion of the Green function at coinciding space points. Consider the Eilenberger
function

.Ogu,(x)ul(x) + 03v+(x)vT_ (x) ‘

GR(x,w) = 3G (X, x, ) = —i o (2.122)
Since o3uq(X) is a column of the S-matrix, it satisfies
1030xUq (X) = M(X)O3Uq(X) - (2.123)

An analogous equation holds for vq(X). Taking the adjoint of Eq. (ZIZ3) and remem-
bering that M (x) = a3M(x)as, one gets

ioul (x) = —ul (OM(x) . (2.124)

Eilenberger equation

Using Egs. (Z123) and (ZI24), it directly follows from the definition of the Eilen-
berger function that the partial derivative of R (x) with respect to x satisfies

10xG(x) = [M(x),g(x)] , (2.125)

where [M(x),§(x)] = M(x)§(x) — §(x) M(x) denotes the commutator of the matrices
M(x) and g(x). In the literature of superconductivity, this equation is called the Eilen-
berger equation [21, 56]. While the Eilenberger equation was first derived using per-
turbation theory, a similar derivation to our derivation based on wave functions was
given by Kos and Stone [52]]. To derive a recurrence relation, we write §(x) as

§(x) = ;ﬁn(x) : (2.126)

where by definition §,(x) collects all terms involving n gradients. It then follows

i0xGR (x) = IM(x), Gn1(X)] (2.127)

Unfortunately, this equation can not be solved for §n1(x). But since both M(x) and
Gn+1(X) are traceless matrices, for a given §,(x) it is possible to determine §n.1(X) up
to terms commuting with M(x)ﬂ To fix the term proportional to M(x), we note that it

"Since M(x) is a traceless matrix, we can write it as M(x) = m(x)R" (x)o3R(x), where m(x) is a scalar
function and R(x) is a (unitary) rotation matrix. Let us also expand §n.1 as Gny1 = RT(X){az(x)o3 +
0_(X)0+ + 04+(X)0_}R(X), such that the first term on the right-hand side is proportional to M(x). If
we now use [03,0+] = +204, we get [M(x),§(x)] = 2m(x)R" (x){a_(x)oy — a4 (X)o_ }R(X), which
implies that only o (x) and a_(x) can be evaluated from Eq. IZ7) while the term proportional to
M(x) remains undetermined.
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follows from Eq. (Z122) that §(x) satisfies the constraint

§(x) = —%00 : (2.128)

Since §(x) is a traceless matrix, it is possible to write §(x) as
6(x) = §3()03 + G (X)0+ + G+ (X)0 . (2.129)
The Eilenberger equation (Z.I25) may now be rewritten as
_ §+(x) 20 26°(x) O g+ (x)
o | G0 |=[ -ax) 0 a0 || G |. (2130
g (x) 0 28x -2 )\ -

This is a linear first-order differential equation, which we can cast into a pseudo-
Schrddinger equation.

Pseudo-Schrodinger equation

Defining P(x) and Qi(x) as

V24: () —V2G_(x)
Px)= | —2i§z(x) , () = —2i@3(x) , (2.131)
V24 (x) —V/24, ()

the normalized local DOS p(x,w)/po is simply given by the second component of
{(x). The constraint (ZIZ8) turns into

PP =1, (2.132)

and Eqg. (ZI30) can be expressed as a pseudo-Schrddinger equation,

—3(0) = HXD(X) . (2.133)

with the pseudo-Hamiltonian given by
2iw  V2A%(x) 0
HX) = | v2A(x) 0 V20*(x) ] . (2.134)
0 V2A(X) —2iw
Note that H(x) can also be written as

H (x) = 2iwd3 +AX)I_ +A*(x)J, (2.135)
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where the J; are spin J = 1 operators in the representation

0 0
Jg = 0 0 JJe =2 LJ_=V"2
0

-1

o+~ O
= O O

0
0 | . (2136)
0

o O
o O o
O O
o+ O

Formally, Eq. (Z133) looks like the imaginary-time Schrédinger equation foraJ =1
guantum spin subject to an imaginary time-dependent magnetic field. Recall that the
real part of the second component of the state {i(x) can be identified with the local
DOS. Because our pseudo-Schrodinger equation is linear, the gradient expansion of
the local DOS can now be generated by a straightforward iterative calculation of the
state P(x) in powers of gradients. This will be done in Appendix [Al






Chapter 3

Exact results

In this chapter, we analytically calculate the density of states (DOS) and the inverse
localization length of the fluctuating gap model in the limits of very small and infinite
correlation lengths &. While for & = o we only have to average the DOS and the
inverse localization length over an ensemble of systems with a space independent gap
A(x) = Ap, in the white noise limit & — 0, we can obtain the (integrated) DOS and
the inverse localization length by deriving and solving an equation closely related to a
Fokker-Planck equation.

3.1 The white noise limit

For small correlation lengths &, the disorder of the fluctuating gap model (FGM) may
be approximated by Gaussian white noise. This & — 0 limit is of special interest
because in this case the disorder at different space points is uncorrelated which basi-
cally admits for an exact analytic solution of the model. Various methods may now
be applied to find analytic results for the density of states (DOS). Ovchinnikov and
Erikhman [[71] were the first to solve the commensurate case for which the random
backscattering potential A(x) is real. They showed that in the symmetric phase for
which (A(x)) = 0, the DOS has a Dyson singularity previously found by Dyson [19].
In the case of (A(x)) # 0 which models a phase below a phase transition, the DOS
either exhibits a singularity or a pseudogap near the Fermi energy depending on the
ratio of the disorder and the static gap. Using the technique of S-matrix summation,
Golub and Chumakov [32] confirmed the results by Ovchinnikov and Erikhman and
were also able to solve the incommensurate case. In the incommensurate case which is
described by a complex backscattering potential, there is no singularity and the disor-
der can only lead to a filling up of the pseudogap. The incommensurate case was also
considered by Abrikosov and Dorotheyev [3].

In recent years, the method of supersymmetry developed by Efetov [24] has been
established as a powerful tool to describe disordered systems in the white noise limit.
First, Hayn and John [40] re-derived the Ovchinnikov and Erikhman result for the

55
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DOS and were also able to give an analytic expression for the localization length.
Later, Hayn and Fischbeck [29} 41]] used the method of supersymmetry to generalize
the known results for the integrated DOS to the case of three independent disorder
parameters which describe forward, backward, and umklapp scattering. These solu-
tions include both the commensurate and the incommensurate case as special cases.
Finally, both the integrated DOS and the localization length were calculated by Hayn
and Mertsching [42] in the most general case with a complex static gap parameter and
three disorder parameters.

In this chapter we start from i ([ (w)) = w+ (A*(x) exp[ip(x)]) and the equation of
motion dx$ (x) = 2[w—V (x)] 4+ 2|A(x)|cos[d(x) — B (x)] which we derived in the pre-
vious chapter and follow the ideas of Lifshits, Gredeskul and Pastur [58] to show that
the probability density for the distribution of the reduced phase ¢ satisfies a continu-
ity equation. The stationary probability flux of the continuity equation turns out to be
equal to the integrated DOS. We then derive an equation closely related to a Fokker-
Planck equation which allows to calculate the integrated DOS for the most general case
exactly. Before considering the most general case we discuss the commensurate case,
i.e. the Ovchinnikov and Erikhman limit which we can solve in analogy to Halperin’s
calculation of the integrated DOS of a particle with an effective mass in a white noise
disorder potential [[39]. The treatment of the general case is similar but more awkward
than the Ovchinnikov and Erikhman limit because instead of a linear differential equa-
tion of second order one has to face a linear differential equation of fourth order. The
equations to determine the integrated DOS and the localization length are, however,
the same as those derived by Hayn and Mertsching using the method of supersymme-
try [42] so that we recover their general results which also include the incommensurate
case which we will discuss afterwards.

3.1.1 Equality of the integrated density of states and the stationary
probability flux

As shown in the previous chapter, the averaged integrated DOS can be written in the
thermodynamic limit as [see Eq. (Z.98)]

A (w) = (Fu(B, 0))/2m, (3.1)

where for notational brevity we use A(x) = (V(x),A(x)) and Fu(A, ) is a function
linear in the disorder V,ReA, ImA,

Fo(B,0) = 2(w—V) +2ReAcosd + 2ImAsing . (3.2)

The unreduced phase ¢(x, w) satisfies the equation of motion (Z.89) which can also be
written as

00 (X, ) = Fyo(B(X), b (X, w)) . (3.3)
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Continuity equation

The space-dependent probability distribution can be defined as

Pw(X,(I)) = <62TI(¢ - ¢(Xa w))) ’ (34)

where &n(X) = Y m-_O(X — 21m) is the 2reperiodic delta function. A continu-
ity equation may be derived by partially differentiating the probability distribution
Pw(X,§) with respect to x:

aXPw(X7¢) = _a¢ <62T[(¢ - ¢(Xaw))aX¢ (X,(L))) . (35)
Making use of Eq. (8.3), the continuity equation reads

OxPu(X, §) + 0 Juo(X, §) = 0, (36)

where the probability flux Je, (X, ) is given by

Jo(% §) = (Son(® — (X, W) Feo(B(x), 9(%,))) - 3.7)

Letting x go to infinity, the probability distribution and the probability flux become
stationary, i.e. independent of x. Due to the continuity equation ([.8), J., becomes also
independent of ¢. Integrating the stationary form of Eq. (Z.2) with respect to ¢ from 0
to 21t therefore leads to 21, = (Fe(A, d)), so that together with Eq. B1) we find the
remarkable relationship [58]

N(0) =Jo - (3.8)

The integrated DOS, i.e. the number of states in the energy interval (0, | per unit
length, is equal to the stationary probability flux. Note that this result is valid for any
disorder potential and is not restricted to the white noise limit which we will consider
in the following.

3.1.2 White noise and the Fokker-Planck equation

While for arbitrary finite correlation lengths & it does not seem to be possible to find
an exact analytic expression for the (integrated) DOS, the white noise limit § — 0,
VZ& — Dy, (Relg)%E — Dg, and (ImAg)2E — Dy admits for an exact solution. This
is due to the fact that in this case the disorder at different space points is uncorrelated.

In the white noise limit, the disorder is characterized by the following correlation
functions:

VX)y=0 , (VXV(X))=2Dydx-X), (3.9)
(ReA(x))=Redy , (ReA(x)ReA(X))=2Dgrd(x—x), (3.10)
(IMA(X)) =1mdy ,  (ImAX)ImA(X)) = 2D, 3(x—X') , (3.11)
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where A(x) = A(x) — Ay It is no loss of generality to assume that the first moment of
the forward scattering potential V (x) vanishes because a finite value would only lead
to a renormalization of w. Since the probability distribution of the disorder is assumed
to be Gaussian, higher correlation functions are simply given by Wick’s theorem.

To cast the continuity equation into a Fokker-Planck equation, we make use of the
Gaussian nature of the disorder, so that for a functional f{V (y)} of the disorder V (y)
we have

vRHVmh = [ac vovey (S e

where in the last term we have to take the functional derivative of f{V (y)} with respect
to V (x'). Using Eq. 339), this simplifies to

_ of{V(y)}
vorvmp -2 (S 3.13)
Life becomes a little bit more subtle if we want to apply this relation to Eqg. (87
because in this case, f{V(y)} has to be replaced by the 2r+-periodic delta-function
Oor(d — & (X, w)) whose phase ¢(x,w) is a functional of the disorder involving the
disorder at all space points y < x. Using the chain rule for the functional derivative we
get

(Son(6(%,60) — )V (X)) = —2Dy 3 (Bon(0(x,00) — ) XDy (3.1

We now write ¢ (X, w) as

B(x,00) — (0, ) = /0 "X a0 (X, ) = /0 "aX Fo@(¢), (¢, )  (3.15)

and find
3 (X, )
oV (X')

Since in our case x = X/, 6(0) needs to be defined carefully (see also Itzykson and
Drouffe [43]]). Recalling that we have introduced the delta function d(x) as the limit
& — 0 of a symmetric function of x, we see that to maintain this symmetry, we have to
define 8(0) = 1/2. It therefore follows with Py,(X, ¢) = (S2r(d — (X, w))) that

=-20(x—x'). (3.16)

(Gon(9 — 0 (x, W)V (X)) = 2Dy 0pPuw (X, §) - (3.17)

Similarly, we can show that

(Bor(® — 9 (x, ) ReA(x)) = —2Drg(cOSPPu(X,9)) , (3.18)
(B2n(® — 0(x,w))IMA(x)) = —2D10(sing Peo(x, 9)) - (3.19)



3.1 The white noise limit 59

Making use of these relations, the probability flux Je,(x, ) is given by

Jou(X,$) = 2[w+ ReAgcosd + ImAgSind|Py(X, §)
-4 [DVacb Pu)(xa ¢) +Dr COS(I) 64) (COS¢ Pu)(xa q)))
+Dysing dy (sind Pw(x,q)))} ) (3.20)

The probability flux can also be written as

3ol ) = Aof®) Pu(x§) — 505 [B(9) Pl 0)] 321)
where

Aw(P) = 2[w+RelAgcosd + ImAgsing] —4(Dr —Dy)cos¢ sing , (3.22)
B(¢p) = 8[Dy +Drcos?¢ + Dy sin®¢] . (3.23)

Note that the forward scattering disorder Dy only leads to a renormalization of Dg and
D,. Let us therefore define Dgr = Dg + Dy and D; = D; + Dy.

Eq. (B.ZI) together with the continuity equation explicitly shows that the prob-
ability distribution satisfies the following one-dimensional Fokker-Planck equation
[34, 46]:

0Pl 0) = ~0p [Au®)Pulx,0)] + 30 BOPuO) - | (329

The first term on the right-hand side is often called the transport, drift or convection
term. The second term is known as the diffusion or fluctuation term.

To find an analytic expression for the integrated DOS, we use the fact that, as
shown above, A(w) is equal to the stationary probability flux. A good starting point
to calculate the integrated DOS is therefore the stationary form of Eq. (321)), which
is nothing but the integrated stationary Fokker-Planck equation with the constant of
integration being the stationary probability flux that is equal to the integrated DOS

N (o), .
N(00) = Aw(9) Po($) — 50 [B(®) Puo(@)] - (3.25)

In principle, one could first find a solution for [B(¢) Py (¢)] to this first-order differ-
ential equation subject to the boundary condition [B(21) P,(211)] = [B(0) Py(0)] with
A (w) as a parameter and could then use the normalization condition fOZ"dq) Pu(d) =1
to determine A(w). While this procedure works quite well in the incommensurate
case with Dr = Dy and after a variable transformation also in the commensurate case
(without forward scattering) for which D; = Dy = 0, the most general case considered
here seems to defy such a treatment. Here, we therefore present an alternative method
which allows to recover all known results in the white noise limit.
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3.1.3 The density of states in the white noise limit

To find the (integrated) DOS for arbitrary parameters Dg, Dy, Dy and complex Ag, we
first make the variable transformation

o T
Z=tan (———) . 3.26
2 4 ( )
The trigonometric functions sing and cos¢ can now be expressed in terms of z:
sing = i—ﬁ ,and cos¢ = —12%;. Since §& = 3(1+722), we find 9y = 3(1+2%)0;,

and the probability distribution P(¢) has to be replaced by %(l-i—zZ)P(z). Using these
relations, Eq. (325) turns into

N(w) = [(w+Imdg) — 2(Relg — (2D — D))z + (w— ImAg)Z?
+26,2°P(2) - Bid, ([1+207 1 (20— B1)2 + 2| (D)) . (327)

Taking the Fourier transform of this equation leads to

21 () 3(K) = (w+ ImAg)P(K) — 2i(Rely — (2Dg — Dy))P' ()
— (w—1mAg)P" (k) — 2iD,P" (k)
—iDk [ﬁ(k) —2B7Y(2Bg — B))P" (k) + B (k)| (3.28)

where ©

B(k) = / e~ K2p(7) dz (3.29)
is the Fourier transform of P(z) which is also known as the characteristic function [28].
Normalization of the probability distribution P(z) implies P(k = 0) = 1. Assuming
higher derivatives of P(z) to be integrable, the other boundary conditions are given by
demanding that P(k) — 0 sufficiently rapidly as |k| — co.

3.1.4 The commensurate case without forward scattering

Before we proceed with the most general case, let us first consider the Ovchinnikov
and Erikhman limit, i.e. the commensurate case without forward scattering. In this
case, 4 is real and may be assumed to be positive, D} = Dy = 0 and we set D = Dg.
Eq. (328)) reduces to a second order differential equation with the boundary conditions
P(0) =1and P(k) — 0 as k| — oo:

21\ (w)3(k) = wP (k) 4 4iD (1 — 2%) P’ (k) 4 4iD <k+ i—(g) P’(k).  (3.30)

Integrating this equation from —¢ to +¢& with € — 0™ leads to

2m\((w) = —w [P'(01) —P'(07)] . (3.31)
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Since P(z) is real, P(—k) = P*(k), and P'(—k) = —P"*(k), which implies
N (w) = —%) ReB'(0%) . (3.32)

P’(0T) can be determined by first finding a solution to the differential equation (Z30)
for k > 0 which vanishes as k approaches infinity and then normalizing this solution
such that P(0) = 1. Because Eq. (330) is homogeneous for k > 0, it therefore fol-
lows that if g(k) is any solution to the homogeneous differential equation which obeys
g(k) — 0 as k — o, then A(w) = —2Re [g'(0)/9(0)]. We introduce y(t) = g(k) with
t = —i(k+iw/4D). The integrated DOS is now given by

w (Y (5)
AN (w) = —=1Im ( , (3.33)
o\ v(ab)
where y(t) has to satisfy the differential equation
7 ﬂ / W _
ty (t)+ (1 ZD) y (t)+4Dy(t) =0, (3.34)

with the only restriction that y(t) should approach zero as t goes to i. The general
solution of this differential equation can be expressed in terms of a linear combination
of Bessel functions of the first and second kind, Jy(x) and Ny, (x) (Abramowitz and
Segun (A&S) [4]). The only solution which satisfies the boundary condition involves

the Hankel function of the first kind, H\El) (X) = Jy(x) +iNy(x). Introducing

JAY

=_—— 3.35
V=22 (335)

we find y(t) = (v/2)" H\El) ((oot/D)l/Z). Because the prefactor is real and we only
need the imaginary part of the quotient y'(w/4D)/y(w/4D), Eq. (333) turns into

1) (o]
o [ [HY ()]

(3.36)

Note that this equation is valid for arbitrary w and is even analytic in the upper half
plane. In the following discussion of the Ovchinnikov and Erikhman limit, we will
again restrict ourselves to w > 0. It follows

_ 90X (55) N (55) =% (55) v (55)
N(w) = = L 20 . (3.37)
T 35 (25) +NG (25)
The numerator can be simplified by using the Wronski relation [A&S, Eq. (9.1.16)]
2
30 (NG (%) = 3, 0O Ny (x) = =, (3.38)

T



62 Chapter 3  Exact results

so that as our final expression for the integrated DOS we are left with

4D
MO = ez (2) N (2)] (339

This result was first obtained by Ovchinnikov and Erikhman [[71] in a more compli-
cated manner. Differentiating Eq. (8:39) with respect to w, we find

o) — SN () s (BIN ()] 240
T 35 (35) +NJ (25)]
Finally, we can use the relations [A&S, Eq. (9.1.27)]

230(X) = Jy—1(X) +Jyr1(x) and 2N (X) = Ny_1(X) + Ny41(X) (3.41)
to express the derivatives of the Bessel functions through Bessel functions. Defining
u= w/2D, we get

o(0)) = 2[Jv (U) Fva (U) = Jy—1 (W)]+Ny (U) [Ny1a (U) =Ny 1 (U)]]
@ [35 () +Ng (u)]°
For Ag = 0 which implies v = 0, D is the only characteristic energy scale, and it is
useful to measure all energies in terms of D. Figure 3.1 shows the DOS p(w) plotted
versus w/D. The DOS clearly exhibits a singularity near w= 0 whose asymptotic be-

havior can be found by noting that Jo(0) is finite while Ny(x) diverges logarithmically
for small x, No(x) ~ 2/1tInx (A&S, Eq. 9.1.8). It follows]

D

(3.42)

() In?(w/2D) (3.43)
such that the asymptotics of the DOS for Ag = 0 is given by
1
p(w) ~ — (3.44)

(w/2D)In%(w/2D)

Recall that to generalize this result towards arbitrary frequencies w, we have to replace
w by |w|. The singularity described by Eq. (3.44) is called a Dyson singularity and
was first found by Dyson in a different model [19] involving also off-diagonal disor-
der. Outside this singularity, the DOS is almost equal to the DOS of the disorder-free
model, taking its minima p(w*) = 0.9636 pg at w* = +1.2514D.

If Ag # 0, Ag is another characteristic energy scale. v = Ay /2D then basically gives
the ratio of the two relevant energy scales Ag and D. The DOS plotted against w/Ag
for different values of the parameter v is shown at the top of Fig. B2l While the limit

!Note that the argument of the logarithm in the asymptotic form given by Ovchinnikov and Erikhman
deviates by a factor 1/2 from our result. Nevertheless both expressions lead to the same asymptotic
behavior. To take into account next to leading terms one has to use No(x) = 2/TtIn(ax) + O(x), where
a= eY/2 which follows from A&S, Eq. (9.1.89). Here, y= 0.5772 is Euler’s constant which leads to
a = 0.8905. This value is closer to our choice a =1 than to Ovchinnikovt’s and Erikhman’s choice
a=1/2.
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Figure 3.1: Dyson singularity in the DOS p(w) for Ag = 0.

v — 0, for which one should measure w in units of D, was already considered above,
in this figure we see that the singularity only survives for v < 1/2. Forv =1/2, the
DOS is constant and for v > 1/2 the effects of the constant gap Ao dominate those due
to the disorder and a pseudogap emerges.

The algebraic dependence of the DOS at small w on the parameter v can be found
by using again an asymptotic expansion of the Bessel functions. If v > 0 is fixed and
x — 0, the Bessel function Jy(x) stays finite and Ny (x) ~ —(1/m)(v)(x/2)"Y [A&S,
Eq. (9.1.9)]. It follows

N (@) ~ é—([\),) (%)ZV , (3.45)
so that
2v—-1
p(w) ~ rzz_(\;) (%) . (3.46)

We now see that for v < 1/2 the DOS in fact diverges algebraically as w approaches
zero because in this case the exponent is negative. Although the algebraic divergence
differs from the divergence found in Dyson’s model, we will nevertheless refer to this
singularity as a Dyson singularity. For v > 1/2, however, the exponent is positive and
the DOS vanishes algebraically.

For large v the disorder becomes irrelevant, A((w) = po B(w? — A3) (v — A3)Y/2,
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0 0.5 1 1.5 2
Q)/Ao

Figure 3.2: The DOS p(w) and the inverse localization length £~1(w) in the
white noise limit for the commensurate case plotted versus w/Ag for v = Ag/2D =
0.1,0.3,0.5,1.0,3.0,10.0,100.0,00 or v = Ap/2D = 0.1,0.3,0.5,1.0,1.5,2.0, 2.5, 3.0,
respectively.
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and the DOS reduces to the mean-field result

0 , W<y
It is also easy to see why the DOS is constant for v = 1/2. In this case the Bessel
functions are of half odd integral order and can be expressed in terms of sinx, cosx,
and powers of x. Using the well-known addition theorem cos?x +sin?x = 1, one finds
AN (w) = w/Tt The DOS is then given by p(w) = po where pg = 1/t The effects of
the disorder are exactly canceled by those of the static gap.

Localization length

Since ' (w) = £ (w) — iT\(w) is an analytic function in the upper half plane, we can
also easily find an analytic expression for the localization length £=%(w). It follows
from Eq. (3.38) that up to a constant

MNw=-w (3.48)
1Y ()
The inverse localization length is now given by
3y (227 (L Ny (-2 )N/ (L
£1(0) = Rel (00) = — v (25) % (25) +Nv (8) v(zD)_ (3.49)

3 (55) + N (55)

Comparing the right hand side of this equation with Egs. (8:39) and (3.40)), we find

(o) = D 2P (3.50)

N(w)

This equation is exact and can already be found on page 155 in the book by Lifshits,
Gredeskul and Pastur [58].

If Ay = 0, it follows from Eqs. 843) and ([Z24) that £~ (w) vanishes logarithmi-
cally as w approaches zero,

2D
" In(w/2D)

Using Egs. (8.45) and (3.46)), we get for arbitrary Ag

7H0) =4y, (3.52)

¢ How) ~ (3.51)
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which, as can be seen from Eq. (B51) is also true for Ag = 0. Eq. (3.52) agrees with
Eq. (Z121), so that ' (w) involves no extra constant. For large frequencies, p(w) — po
and A (w) — po w, such that

Hw)—=D. (3.53)

A plot of the inverse localization length £~ (w) for various values of v = Ay /2D is
given at the bottom of Fig. (82). Note that here we measure £~1(w) in terms of D but
w in terms of Ap.

3.1.5 Solving the general case with arbitrary parameters Dg, Dy,
Dy and Ag

While in the commensurate case we only had to solve a differential equation of second
order, for Dy # 0, Eq. 8.28) is a differential equation of fourth order and more difficult
to solve. Without loss of generality we may assume that Dg > D; (later we can also
take the limit Dgr — D). Integrating Eq. (328) from —¢ to +€ with € — 0 we can
proceed as before and express the integrated DOS in terms of P(k) and derivatives
thereof evaluated at 0. Integrating the terms linear in k by parts and using again the
fact that P(") (—k) = (—1)"P(W*(k), we find

N (w) = %Im [—i(w—1mAG)P'(07) +D,P"(07)] . (3.54)

So, if y(k) is any solution to the homogeneous differential equation

(w4 1mAg)y(k) — 2i(Redg — (2Dr — Dy))y' (k) — (w— ImAg)y” (K)
—2iByy" (k) — iDik [y(k) — 2B} (2Bg — By )y" (K) +y""(k)] 0, (355

which vanishes for k — oo sufficiently rapidly, then the integrated DOS is given by

AN(w) = %[Im [—i(w— Ion));;((g)) +Dy 3;/((0%)} . (3.56)

Again, since ' (w) = £ (w) — im\((w) is an analytic function in the upper half plane,
up to a constant we have

) y"(0)
y©0) ' y(0)
Using the method of supersymmetry invented by Efetov [24], Hayn and Mertsching

[42]] derived the set of equations (3.55) and (3.57) by different meandd. Using the
method of Laplace transforms they found an exact expression with the constant of

M(w) =i(w—1Imhy) (3.57)

2Hayn and Mertsching use a slightly different notation but apart from this and some irrelevant dif-
ferent signs their expressions are equal to ours.
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integration chosen such that one obtains the correct asymptotic behavior for large fre-
quencies determined in the Born approximation, ' (w) = D —iw= Dr+ D —iw. Here,
instead of presenting a lengthy derivation, we will only cite the exact result found in
[42]:

[ (w) = 2D, 4 4Dg z(1—z)|F:I((ZZ))+z5R—i(1—z)s : (3.58)

In this equation, F (z) is the hypergeometric function

F(z) = F(% —ie+id; — O, % —ig—id — 0,1 —2i€;2) , (3.59)
with the parameters dg, 9y, €, and z (in our notation) given by

ReA ImA
Or = 0 , O = 0

4 (Br(Br—DBy)) ™ 4 (B, (Br— D))
W Z_|5R—|5|
4(BrB))Y? Dr

Recall that we incorporated the parameter of the forward scattering disorder, Dy, into
Dg and D, by defining Dg = Dg + Dy and D, = D, + Dy. Only the additive constant
2D, in Eq. (358) does not get renormalized by Dy . This is due to the fact that for large
frequencies I' (w) ~ Dr+ D — iw, independent of Dy . As one would expect, Eq. (3.58)
is invariant under ReAy — —Re/Ap and ImAg — —ImAg. This can be seen by noting
that F (a,b;c;z) = (1—2)° 2 PF(c—a,c—b;c;z) and F(a,b;c;z) = F(b,a;c;2).

The imaginary part of Eq. (858) determines the integrated DOS and can be sim-
plified as follows: First of all, we write

(3.60)

12

(3.61)

() = —poImF (c0) = Po% , (3.62)
where
W (z) = —4Dr(1-2) [zIm (F'(z)F*(2)) — €|F (2)|?] - (3.63)

Differentiating Eq. (863) with respect to z, we see that W (z) satisfies the Wronski

relation g -
_ _ R
&W (2) = T ZW(z) . (3.64)

This differential equation can easily be integrated to give

W (z) =W (0) (1 —2)%% . (3.65)

Since F(0) = 1, it directly follows from Eq. (3:63) that W (0) = 4Dge = (5R/5|)1/2 w,

such that 1/2-25
["j —<O0R
W = <—R) w. (3.66)
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The integrated DOS can therefore be written as

x| 1/2-28g
DR) iy (3.67)

N(w) = po <[~)—I

Taking the confluent limit D; — 0 of Eq. (8.58), one can recover Eq. 848) which
describes the commensurate case without forward scattering. Turning on the forward
scattering disorder Dy in the general expression gradually removes the possible sin-
gularity in the DOS. Below, we are only going to discuss the incommensurate case.
Other special cases can be found in [29, 40| 41}, 42, ©65].

3.1.6 The incommensurate case

In the incommensurate case, Dg = D} =D/2, and theNforward scatterjng poteNntiaI Dy
only leads to a renormalization of D. If we introduce D = D+ Dy = Dr/2+4 D, /2, we

can write ' (w) as
/

LF
M(w) = D—|Q)+2DZ?. (3.68)

Without loss of generality, we may assume that Ag is real. Note that the additive
constant D (which is equal to £71(c0) = limg, ;. Rel (w)) does not include Dy: The
forward scattering disorder does not affect the inverse localization length at large fre-
quencies. If we first define Dr = D/2 and Dy = (1+u~2)D/2, the confluent limit of the
hypergeometric function F may be taken by letting u — c. Then, the hypergeometric
function reduces to the generalized hypergeometric function oF; (1 —iw/D;A3/4D?),
which can be expressed in terms of the modified (hyperbolic) Bessel function I,(x).
One finds (A&S, Eq. (9.6.47))

lim F = (Zég)iw/D r(1-i6/B) s (%) - (3.69)

H—roo
Similarly, one can show that

lim zF' = (ég) HHe/D
H—oo 2

M(1—i6/D) Iy (éDQ) . (3.70)
In the incommensurate case, I (w) therefore simplifies to

Ilfioo/li (T;')Q>
iy (%Q)

>

(W) =D —iw+Ag (3.71)
Using the formula (A&S, Eqg. (9.6.28))

o (9 = 100 = S (X) (3.72)
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Eq. BZI) can also be written as

1 (ég)
M(w)=D+8g — 2220 (3.73)
Ifioo/li (_5Q>

Taking the imaginary part of Eq. (3.Z1)) and making use of the Wronski relation (A&S,
Eq. (9.6.14))

()10 (%) — 110 (X) by (X) = —2sin (W) /T, (3.74)
we find for the integrated DOS

A((w) = —sinh ("—[‘;’) ‘I-/;W . (3.75)
iw D

This expression agrees with Ref. [32]. A plot of the DOS for different values of the
parameter v = Ay /2D is shown at the top of Fig. There is no Dyson singularity,
and in the absence of a static gap A, the disorder has no effect on the DOS so that
p(w) = pp for v=10. At zero frequency, p(0) is always finite and the DOS vanishes
with increasing v, i.e. decreasing disorder, as p(0) = po/ [lo(2V)]?. Putting it the other
way round, the disorder leads to a filling of the gap. As in the commensurate case,
in the limit D — 0, i.e. v — oo, the DOS reduces to the mean-field result p(w) =
poB8(a? — 13) (] /(6 — AF) /2.
Taking the real part of Eq. (371, we get for the inverse localization length

oy () iy () +is (%) liors (%)
Z‘Iiw/li (_Aﬁq) ‘2

In contrast to the commensurate case, the localization length at w = 0 is finite for any
Ao and given by

Hw) =D+ (3.76)

1 +(%)
rH0) =D+00— L. (3.77)

o(3)
While for Ag/D — 0 one has £71(0) — D (and also £ () — D for every ), for
Do/D > 1 one finds £ (w) ~ Ag +D/2 — Dy /2. Finally, for small D and Dy, the in-

verse localization length almost vanishes for |w| > Ag. The weak disorder also creates
a few localized states with energies |w| < Ag whose inverse localization length is given

by £71(w) = /03— «?. A plot of the inverse localization length for different values
of the parameter v and Dy = 0 is given at the bottom of Fig. B.3
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Figure 3.3: The DOS p(w) and the inverse localization length £~1(w) in the white
noise limit for the incommensurate case plotted versus w/Ag for v = Ag/2D =
0.0,0.3,0.5,1.0,3.0,10.0,30.0,c or v = Ag/2D = 0.0,0.5,1.0,1.5,2.0,2.5, respec-
tively.
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3.2 Infinite correlation lengths

In the limit of infinite correlation lengths, A(x) becomes independent of x and exact
results for the averaged DOS of the FGM may be obtained. The limit of large cor-
relation lengths & is of special importance for Peierls systems because the correlation
length of the order parameter diverges at the Peierls transition. Sadovskii was the first
to consider the fluctuating gap model (FGM) with infinite correlation lengths [[77] and
calculated the one-electron Green function for the incommensurate case by summing
up all diagrams in the perturbation expansion. This Green function leads to a DOS
which exhibits a pseudogap at the Fermi energy. The commensurate case was later
solved by Wonneberger and Lautenschlager [96].

Taking the ensemble average

The limit of infinite correlation lengths can be solved by averaging the desired quantity
calculated with a static gap A over an appropriate probability distribution of A. This
amounts to taking an ensemble average.

3.2.1 The commensurate case

For real A and Gaussian statistics we have

© dA  _a2/0a2
(...):/ eI (3.78)
—00 S

The DOS can now be calculated as foIIows:

2 /972 ()]
w)—po/ o0 W

1

M e, (WP
= po\/;ASe lo (4Ag) . (3.79)

Here, lo(u) is the modified Bessel function with index 0 already encountered in the
section on the white noise limit.
If we define the inverse localization length £ (w) for & = o by the Thouless for-

mula, we have
-1 _ W 2
0l (W) = <7\/f B(A w2)> , (3.80)

such that

o) = <\/A2 —20(A%— w2)>

= %gA due—(@/289v% /2 q (3.81)
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3.2.2 Incommensurate case

For complex A(x) and Gaussian statistics, the process of averaging can be written as

dA j2o82
<>:/\/ﬁe A/ZAS... . (382)
S
We therefore obtain for the DOS
dReAdImA 2 /72 w
— hell bl 1A\ oy A%
0o (0) = e
P (@) = Po /mm 2 —
- poﬁz / " que—(@i/m L
As Jo V1—u?
W R2/A2 . w
= 2p9— e~ (@W/B) Erfi (—> ) 3.83
pOAS Al (3.83)
Here, .
Erfi(u)z/ e’ dx (3.84)
0

is the error function with an imaginary argument.
Similarly to the above calculations one can show that the inverse localization length
for complex A(x) and Gaussian statistics is given by

5N w) = AS? e~/ (3.85)

Plots of pe(w) and £, (w) are given in Fig. B4 While in the commensurate case the
DOS vanishes linearly in w, it only vanishes quadratically in the incommensurate case.
This is due to the fact that the probability distribution for complex A has less weight
for small |A| than the one for real A. The inverse localization length assumes for both
the commensurate and the incommensurate case a finite value at w = 0 and drops to
zero as wincreases. That £51(0) is finite in the commensurate case seems to contradict
the general result £;;1(0) = Ay = 0 derived in Chapter 2L One should keep in mind,
however, that for & = o we have only defined £5*(w) by Re (G(x,x;w)). While for
finite & a single chain is representative for an ensemble of chains, for & = o, there is no
self-averaging effect. On the other hand, it seems plausible to assume that the above
results for & = oo give a good approximation to the case of finite & if & is much larger
that any microscopic length scale involved. In particular, we have to demand Agé > 1
and w¢ > 1. The above results for the DOS and the inverse localization length at w=0
can therefore not be expected to hold for finite correlation lengths. In fact, we will see
in the next chapter that for any finite & we find in the commensurate case p(0) = o and
6*1(0) = 0. For As¢ > 1 and ¢ > 1, however, we will find a remarkable agreement
between the two solutions as predicted above.
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Figure 3.4: The DOS p.,(w) and the inverse localization length £ (w) for the com-
mensurate and incommensurate case with & = o and A,y = 0.






Chapter 4

Finite correlation lengths

While in the limit of very small and infinite correlation lengths ¢ of the random disor-
der, the fluctuating gap model (FGM) admits for an exact analytic calculation of the
density of states (DOS) and the inverse localization length, in the intermediate regime
of finite & there are only approximate solutions available. It especially turns up the
question: ““How accurate are Sadovskii’s solutions [[78], which for a long time were
thought to be exact?”” An answer to this question is of particular interest because
Sadovskii’s solutions have become quite popular since the experimental discovery of a
pseudogap in the underdoped cuprates above the critical temperature T [80, 81]. In
this chapter, we will calculate the DOS and the inverse localization length for Gaus-
sian statistics, as approximately done by Sadovskii with very high accuracy numeri-
cally. We will also consider the case of only phase fluctuations for which we will even
find an exact solution by applying a gauge transformation to the Green function and
mapping the original problem onto a problem involving only white noise.

4.1 Singularities in the density of states

The exact results of the FGM derived in the white noise limit in the previous chapter
imply under certain circumstances a Dyson singularity in the DOS. This singularity
arises only in the commensurate case [i.e. for real A(x)] and only if the forward scat-
tering potential and Ay = (A(X)) are sufficiently small [see Eqgs. (8.44) and (3.48)].
Since the white noise limit describes the low-energy physics of physical systems char-
acterized by small correlation lengths &, this statement should also be true for small
but finite &. As far as | know, it was first shown by myself in collaboration with Peter
Kopietz that the DOS p(w) of the FGM exhibits a singularity at the Fermi energy for
any finite value of the correlation length & if the fluctuating order parameter field A(x)
is real and its average (A(x)) is sufficiently small [8]. To detect the singularity, we ap-
plied the boundary condition Agc = Ve = 0, such that the complete spectrum turned

75
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out to be continuous [see Eq. (Z58) and its following remark]ﬂ The existence of the
Dyson singularity can also be seen in the discrete case by considering the equation of
motion (Z.89) for V (x) = 0 and real A(x) which after the shift § — ¢ — 11/2 reads

Oxd(X) = 2w+ 2A(x) Sind(X) . 4.1)

The Dyson singularity in the DOS is due to phase resonance: If w is small (compared
to As, AZE and 1) but positive, the change of ¢(x) is dominated by the fluctuating
term 2A(x) sin¢(x). Only near ¢(x) = nrt(with n an integer) we have 0y (x) = 2w > 0,
such that ¢(x) can only grow on average. As (¢(x) —n1) =~ w/As, fluctuation effects
of A(x) become important, driving ¢(x) from n1t+ w/As to (n+ 1)1t— w/As. Near
¢ (x) = (n+ 1), the constant force 2w dominates again and the above picture repeats
itself.

As we decrease w, the “time” (which corresponds to the space coordinate x) to
move ¢(x) from nmi— w/As to nt+ w/As will not change, but fluctuations of A(x)
will need slightly longer to drive ¢(x) from nTti+ w/As to (n+ 1)11— w/As, implying
that ¢(x) decreases more slowly than w as w decreases. Now, the average DOS for
frequencies between 0 and w is given by

N(w) - D(X)

PLe) = = = = 0 4.2
where  is a number between 0 and 1. Letting w approach zero, it follows p(0) = co.
This divergence describes the Dyson singularity in the DOS. The above reasoning is
independent of the probability distribution of A(x). However, it should be noted that
A(x) must not be dominated by one sign. If ¢(x) ~ nmtand (—1)"A(x) is negative,
¢ (x) will fluctuate around the stable position near nTi+ w/As. ¢(X) = (n+ 1)1 can
only be reached if (—1)"A(x) is positive on average over a finite interval. We therefore
conclude that we expect a Dyson singularity if A(x) is real and fluctuates around Ay =
(A(x)) with A,y sufficiently small.

For complex A(x), fluctuations of the phase of A(x) can be mapped via the gauge
transformation (2.98) onto a forward scattering potential. Since the amplitude |A(X)|
is always positive and the phase fluctuations lead to an effective local shift of the
frequency w, there should be no Dyson singularity. Instead, we expect a suppression
of the DOS, i.e. a pseudogap.

4.2 Numerical algorithm

In the following, we present an exact algorithm which for stepwise constant potentials
allows for simultaneous numerical calculations of the integrated DOS and the inverse

1Our results have been turned into question in Ref. [67], but as pointed out in Ref. [12] and as will
be shown below, the DOS diverges in the commensurate case for (A(x)) = 0 and V (x) = 0 for any finite
& at the Fermi energy.
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localization length. By choosing the step size sufficiently small, the integrated DOS
and the inverse localization length may be calculated for arbitrary given potentials. Let
us partition the interval (O,L) into N intervals (Xn,Xn+1) of length & = X1 — Xp With
Xo=0<X1 <...<xn=L,suchthat A(x) = A, and V (x) =V, for xp < X < Xp41. Let
us also define wn adl & W = Ww— V.

To find an exact analytic solution for the given stepwise constant potentials of
the equations of motion ([Z89) and [Z.30), let us consider again the related S-matrix
S(L,0; w), which can be written as the finite product

S(L,0; w) rLSn = rLS Xn1,Xn; (4.3)

where the Sy, are given by [see Eqgs. (Z54) and (Z59)]

Sh = cosh[4/ |An|2 — 6% 8n 00

. - (03 + A0 — Ao -
tisinhly/|ag2 - @R8] DT I0= G2 a2, (a)
V/|Bn|? — 6B

Sh = cos[y/ 6% — |An|28n]00
o3 +A000+ — Ao

+isin[y/6R — |An|2 0] b ;@2 > A2, (4.5)
V&R — |Bn]?
Eq. @.3) implies the recurrence relation
S(Xn+1,0; W) = Sp S(Xn, 0; W) , (4.6)

which we will now cast into recurrence relations for ¢(x) and {(x): Taking the loga-
rithm of

S22(Xn+1,0) = (Sn)92 S22(Xn,0) + (Sn)o1 S12(Xn,0) , (4.7)
we get
INS22(Xn+1,0) = INS22(Xn,0) +1In[(Sn)5 + (Sn)oq S12(Xn,0)/S22(Xn, 0)] - (4.8)
Recalling
S12(X,0) = exp[idp(x) /2+(x) /2], (4.9)
S22(x,0) = exp[—id(x)/2+(x)/2], (4.10)

the recurrence relation for the S-matrix is transformed into the recurrence relations for

dn = ¢ (Xn) and {n = {(Xn),

One1 = Pn—2Im[Inz,] (4.11)
(i1 = (Gt 2Re[Inzy] (4.12)

21t should be obvious that Gy, = w— V;, is not a Matsubara frequency.
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where we have introduced

Zn = (Sn)9p + (Sn) o1 Xp (in) - (4.13)

Note that Eqs. (@.11) and (€.12) are integrated forms of the equations of motion (Z.89)
and (Z20). The real and imaginary part of Inz, can be determined by using the formula

Inz,=1In (‘zn‘eian) =In|zy|+ian =In|zy| +iarg(zn) . (4.14)

The argument of z,, arg (z,) can be obtained up to a multiple of 2mfromd

R
arg (z,) = 2nmn+sgn[lmzn]arccos( ‘:7”) : (4.15)
n
To find the integer
_larg(z) 1
mp = [ = + 2:|int , (4.16)

we define z,(x) by z, with &, replaced by X — x,. zn(x) is an analytic func-
tion of x and at x = X,.1 agrees with z,. For & < |An|?, it follows from

Eq. @34) that Im[zy(x)] O sinh[/|An|? — 6% (X — X,)] does not change its sign

for any x > x,, such that |arg[z(x)]| < 1 and m, has to be zero. For &% >
|An|2, however, Im [z, (x)] O sin[4/6% — |An|2 (X — Xn)], such that [[arg (zn(X)) /Tint| =
[ 02— \An|2(x—xn)/n}int. Since the constant of proportionality is negative for
@n > |An| and positive for Gy < —|Ap|, it follows

. [1 _ Sgn(@n) /& — [Bn 2y
n 211

2

(4.17)

int

To summarize, we can simultaneously calculate the integrated DOS and the inverse lo-
calization length for arbitrary stepwise constant potentials using the following iterative
algorithm with the initial values ¢o = (o =0,

Oni1 = On—2 [ZTlmn +sgn[Imzp] arccos (%)] , (4.18)

Cnt1 = G+ 2In)zy| (4.19)

where z, and m,, are given by

3When implementing the algorithm on a computer and using the language C, arg(z,) is given up to
a multiple of 21tby the function atan2(Imz,,Rez,), which returns a value between —1tand 1T



4.2 Numerical algorithm 79

Zn == (Sn)zz + (Sn)21 exp(i(pn) , (420)
1 sgn(én)+/&h —[An|?n G — A2 > 0

my={ |2 21 e " , (4.22)
0 , @h—|M[?<0

and the matrix elements of S, are determined by Eqs. (.4) and (£.5).

4.2.1 Generation of disorder

In case of finite correlation lengths, specific extensive physical quantities (which are
obtained by relating extensive quantities to the length of the system) show a self-
averaging effect as the length of the chain increases [58], i.e. they become independent
of the concrete realization of the disorder. This self-averaging effect can be under-
stood by partitioning a very long macroscopic chain into a large number of chains,
each one still being much longer than the correlation length and any other microscopic
length scale. In this case, boundary effects between adjacent parts of the original chain
may be neglected and we are practically left with an ensemble of a large number of
independent chains. Physical quantities can now be calculated for each chain indi-
vidually, assuming independently all possible values with their respective statistical
weight. Specific extensive quantities are now given by the ensemble-average, giving a
non-random value in the thermodynamic limit. The DOS and the inverse localization
length can therefore be calculated by generating one typical very long chain.

Gaussian disorder

To generate Gaussian disorder at the sample points x, with the first two moments
satisfying
(D) =ba, , (BEOAX)) = ade *V/E, (4.22)

where A(x) = A(X) — Ay, We use a realization of an Ornstein-Uhlenbeck process de-
scribed in more general form in Appendix Bl Using the Box-Muller algorithm [[74],
we generate independent Gaussian random numbers g, with {(gn) = 0 and (g3) = 1.
For real A(x), we generate A, = A, — Ay, recursively by

Do =Dsgo » Bny1=anbn+\/1—a3DsGnia (4.23)

where a, = e~I%l/&_ |t is shown in Appendix Bl that this Markov process indeed leads
to a Gaussian random process with the desired correlation functions. The Markov
property of the algorithm allows us to generate the disorder simultaneously with the
iteration of the recurrence relations (£.18) and (£.19), so that the algorithm presented
above practically needs no memory space and, in principle, arbitrary long chains can
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be considered. If we choose ||/ < 1 (in practical calculations we choose |8y |/& =~
0.0001 to 0.05 depending on As& and make sure that lessening of |0,|/§ does not
change the results), the (integrated) DOS and the inverse localization length may be
calculated with arbitrary accuracy numerically.

Of course, the above algorithm can also be used to generate V, and in the complex
case, ReA, and ImA, can be generated by replacing As by As/+/2 (see Appendix [B).

4.2.2 Results

First numerical calculations of the DOS of the FGM in the regime of finite correlation
lengths were done by myself in collaboration with Peter Kopietz using an algorithm
similar to the one presented here [[L1]. Simultaneously, Millis and Monien presented
their data obtained by an exact diagonalization of a lattice regularization of the FGM
[66]]. However, these authors did not make any attempts to relate their results to the
continuous FGM which would have allowed for a more direct comparison with the
solutions given by Sadovskii [[78]].

In contrast to the algorithm described in Ref. [[L1], the algorithm presented here
does not only allow for a numerical calculation of the (integrated) DOS, it is also
capable of a simultaneous evaluation of the localization length which for finite & has
never been published before.

Commensurate case

In Fig. &1, we show our numerical results for the DOS p(w) and inverse localiza-
tion length £=1(w) for real A(x) (with Ay = 0 and V (x) = 0), which refers to the
symmetric phase of a commensurate system with no forward scattering. Except for
A& = 1000,0.2 we have chosen the same values of the dimensionless parameter Ag¢
as in Fig. 7 of Ref. [78]H One clearly sees the Dyson singularity in the DOS which
exists for any finite value of & and overshadows the pseudogap at sufficiently small en-
ergies. One can also see that this Dyson singularity is accompanied by a singularity in
the inverse localization length. The inverse localization length drops to zero at w =0,
in accordance with the exact result £71(0) = (A,) [see Eq. @IZD)].

The Dyson singularity in the DOS is missed by Sadovskii’s algorithm [[78]. For a
more quantitative description of the Dyson singularity we have plotted the logarithm
of the integrated DOS A’/As versus the logarithm of —In(w/As). For frequencies
between w = 10~1Ag and w= 10~° we find that the data can be very well fitted by a
straight line, such that

(69 — gy 25B®

=P Tin(w/a 70 24

“Note that by choosing the length of the system to be AsE = 108 which is ten times as large as in
Ref. [L1] we have improved the accuracy of the data of the DOS.
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Figure 4.1: Plot of the DOS p(w) and the inverse localization length £~1(w) for
real A(x) with Gaussian statistics, AsL = 108, and finite correlation lengths A& =
1000.0,100.0,10.0,2.0,1.0,0.5,and 0.2. As Ag¢ increases, the pseudogap in the DOS
becomes deeper and the inverse localization increases for small frequencies. For any
finite &, we find p(0) = » and £~1(w) = 0. The dotted line represents the exact result
derived in Chapter Bland for w 2> 0.2 is almost indistinguishable from the result for
A& = 1000.0.
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Figure 4.2: Plot of the exponent a(§) defined by Eq. (#.24) for frequencies between
w=1075A¢ and w= 10" A,. While a(&) slightly overestimates the white noise result
for small Ag&, in the opposite limit Agé > 1 we find a ~ 0.41.

which implies for the DOS

A()
(02/285) {0/ ) [FHE)

P(w) = pPo (4.25)

with A(§) = a(&)B(§). Plots of the exponent a (&) and the weight factors of the Dyson
singularity A(&) and B(&) are shown in Figs. and 3 For As§ < 1 our data is

consistent with the white noise result a = 2. As Ag€ increases, the exponent a(§)
decreases, assuming for large correlation lengths & the finite value

a(€) ~0.41, AE>500. (4.26)

Fitting the data for A(§) in the regime between As§ = 500 and As& = 10000 to a power
law shows that the weight of the singularity of the DOS vanishes as

A(E) = 0.175 (AsE) 55 (4.27)

The plot of the DOS given in Fig. &1l shows that for large correlation lengths & the
Dyson singularity only overshadows a pseudogap, such that p(w) takes a minimal
value at a certain frequency w*(€). A double-logarithmic plot of p(w*) versus (As€)~*
is given by the triangles in Fig. &4l The straight line gives a fit to a power-law:
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Figure 4.3: Plot of the weight factors A(§) and B(&) of the Dyson singularity defined
by Egs. @24) and @25) for frequencies between w= 10"%A¢ and w = 10"11As. As
the correlation length increases both weight factors scale to zero.
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Figure 4.4: Double-logarithmic plot of p(w*)/po as a function of 1/A§ for real A(x)
(triangles) and complex A(x) (diamonds), where w* is the energy for which the DOS
assumes its minimum. While w* = 0 for complex A(x), the circles give the double-
logarithmic plot of w* /A for real A(x) as a function of 1/Ag¢.
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p(w")/po =C (AsE)~H (4.28)

We find
C=0.482+0.010, p=0.3526+0.0043 (4.29)

The circles in Fig. .4 show w* where p(w) is minimal. The long solid line is a fit to a
power-law
w* /A =D (AsE) Y. (4.30)

Here, we find
D =0.2931+0.0074, y=0.3513+0.0051. (4.31)

such that within numerical accuracy p = y. The proportionality of p(w*) to the energy
scale w*, which can be interpreted as the width of the Dyson singularity, can also
directly be seen in Fig. 4.1l Finally we note that for Asg < 0.2 our algorithm produces
results consistent with the white noise limit As§ < 1. From the exact solution of
Ovchinnikov and Erikhman [71] we obtain p(w*)/po — 0.9636 and w* — 1.2514 A2E
which determines the short solid line in Fig. B4} describing w* (&) in the white-noise
limit.

Incommensurate case

The DOS p(w) and inverse localization length £~1(w) for complex A(x) (and Ay =
V (x) = 0), which refers to the symmetric phase of the commensurate case with no for-
ward scattering are presented in Fig. Neither the DOS nor the inverse localization
length involve a singularity. In fact, a direct comparison of our results for the DOS
with those obtained from Sadovskii’s algorithm shows a good agreement.

For a more quantitative comparison, the diamonds in Fig. 4.4 show the DOS p(0)
at the Fermi energy. A fit to a power-law gives

P(0)/po=C(As&) *, (4.32)
with
C =0.6397+0.0066, = 0.6397+0.0024. (4.33)

Note that within numerical accuracy we find C = p. This result should be compared
with Sadovskii’s approximate result C = 0.541+0.013 and p=1/2.

4.3 Phase fluctuations only

As pointed out by Griiner [37], far below the mean-field critical temperature TMF, am-
plitude fluctuations of the complex order parameter A(x) = |A(x)|e®™) are gradually
frozen out, and the amplitude |A(x)| is close to its T = 0 value (with the Boltzmann
constant kg set equal to one)

As = No(0) = 1.764TMF (4.34)
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Figure 4.5: Plot of the DOS p(w) and the inverse localization length £~1(w) for
complex A(x) with Gaussian statistics, AsL = 108, and finite correlation lengths
A& = 1000.0,100.0,10.0,2.0,1.0,0.5, and 0.2. As Ag¢ increases, the pseudogap in
the DOS becomes deeper and the inverse localization increases for small frequencies.
The dotted line represents the exact result derived in Chapter Bl This line is hardly
recognizable because it is almost indistinguishable from the line for A& = 1000.0.
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Long-wave length fluctuations of the phase, however, cost only little energy, so that the
order parameter fluctuates at the bottom of the two-dimensional free energy potential
well, which has the shape of a “Mexican hat”. Ignoring quartic terms in the gradient
expansion of the free energy (which can be found in Appendix [A), the free energy is
given for a constant amplitude [see Eq. (I.I20) and Ref. [14]] by

F (Phase) fy/} — %sps(T)/OLdXVZ(X) : (4.35)

The superfluid density ps(T) was given in Eq. (I.12Z2) and at low temperatures is ap-
proximately equal to pp. In terms of the superfluid “velocity” V (x) = 0x9(x)/2, the
process of averaging can be written as

_ [D{v}.. e PRV}

(..)= D (4.36)

Since F{V } is Gaussian and local, the process of averaging is described by Gaussian
white noise. The first two moments of V (x) are given by

V(X)) =0, (4.37)
V(X)V (X)) = Zﬁé(x—x’) : (4.38)

with [see EqL128]
&(T) = Sp;g) (4.39)

Well below the mean-field temperature TMF, we can use the BCS gap equation Ag =
1.764TMF and ps(T) ~ po = 1T L to get for the dimensionless parameterl A€

AE(T) =0.281sTMF/T . (4.40)
As already shown in Chapter [}, Eqs. (@.37) and (Z.38) imply the correlation functions

(AX)) =0, (AXAKX)) =0, (4.41)
(DX)A* (X)) = A2 exp (—|x—X'| /&(T)) . (4.42)

To calculate physical quantities like the DOS or the inverse localization length, we use
the gauge invariance of these quantities under the gauge transformation (Z.88) and map
the phase fluctuations of the order parameter A(x) = Ase™ ) onto the effective forward
scattering potential V (x) = 0x9(x)/2.

5The prefactor can be expressed in terms of the Euler constant y, such that AsE(T) = STMF/2¢'T.
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4.3.1 Density of states and inverse localization length

The DOS and the inverse localization length for the remaining problem involving only
a constant gap parameter and forward scattering described by Gaussian white noise
were already calculated in the previous chapter. With the exception of the constant
shift in the inverse localization length, the results are identical with those for the in-
commensurate case without forward scattering and (A(x)) = Ao # 0. Substituting in
Egs. @71 and (Z3) Ao by As, D by 1/4&(T) and setting D = 0 (since there is only
forward scattering) which implies a completely different interpretation of the resulting
equations, we get for I' (w) = £~ (w) — iT\(w)

: 1 (40s€)
(W) = —iw+Ag —— 22 4.43
© * g (455) (443
or, equivalently,
1" - (40s8)
M() =0 —2% 2 4.44
(=B @DeE) -
It follows from Eq. (B.75) that the integrated DOS is given by
sinh (4 1
N () = po i nﬁmﬁ) . (4.45)
|liace (408)]

Plots of the DOS and the inverse localization length for characteristic values of Ag¢ are
shown in Fig. At the Fermi energy, the DOS simplifies to

- Po
 [1o(44s8)]2

such that, as the temperature is lowered and the correlation length grows, the DOS at
the Fermi energy vanishes exponentially,

P(0) (4.46)

P(0) ~ BTpoAsE exp(—8AsE) , 4AsE > 1. (4.47)

This result is in contrast to the power-law behavior of the DOS as predicted by Gaus-
sian statistics. A plot of the DOS at the Fermi energy is shown in Fig. &7 as a function
of 1/As€. For a comparison, we have also plotted p(0) for Gaussian statistics and the
result found in the Born approximation, which at low temperatures can only poorly de-
scribe the quantitative behavior of the pseudogap. For T = TMF /4 which corresponds
to As& ~ 2.0, we find that the DOS p(0) for phase fluctuations only is less than 10~°py
while the Born approximation and the numerical exact result for Gaussian statistics
suggest a value of order po/4.

As can also be seen in Fig. .4, there is no pseudogap for As& < 0.1. Note, however,
that these correlation lengths correspond to temperatures of order TM*, where the DOS
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Figure 4.6: Plot of the DOS p(w) and the inverse localization length £~(w) for phase
fluctuations only and As = 0.1,0.3,1.0,3.0,10.0 and . As Agé increases, the pseu-
dogap in the DOS becomes deeper and the inverse localization length increases for
small frequencies.
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Figure 4.7: Plot of the DOS p(0)/po as a function of 1/As&. The solid line gives the
DOS for phase fluctuations only while the dashed line is the result found in the leading
order Born approximation [see Eq. ZZ7] and diamonds give the DOS evaluated for
Gaussian statistics [see Section 2]

has to be described by amplitude fluctuations. Nevertheless, using only phase fluctua-
tions for all temperatures T gives a good qualitative description of the DOS also in the
temperature region where amplitude fluctuations are important.

For temperatures well below the mean-field temperature TMF, where our theory
becomes quite accurate, we have, according to Eq. (£.40), As& > 1, such that the
Bessel function

liy(vz) = g ™V/2 Jiv(ivz) (4.48)

may be approximated by an Airy function: Using Eq. (9.3.35) from Ref. [4] (A&S),

47\ Ai(v?3g
3,(vz) ~ (1_22) E}l e ), (4.49)
with
§z3/2 1+” 2 7, g<1. (4.50)

3

g(—1)3/2 = \/22 — 1 —arccos (%) , z>1, (4.51)
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whose leading terms in the Taylor expansion are given by

7 =23 ((1—2)—1—1% (1-z)2+%(1_z)3) +0(1-2)*, (4.52)
we find
W — A2\ Y2 14 1
N = (“7%) G A G 4

Here, C is given by Eqgs. (450) and @X51) with z = As/w. Note that Eq. (53) is
valid for arbitrary w as long as As¢ > 1. The case of large correlation lengths can be
surveyed further as follows: Expanding Eq. (£.53) for w around As, we find to leading
order in 1/4As€ a maximum of the DOS p(w) at As, described by the inverted parabola

2
P(w) ~ Py |a(40sE) 3 — b (41sE)/3 <A9 —1> ] , (4.54)
S
with
a— 1 %2073 (4.55)
= g ~ 0731, .
11, () ]
= e [3 (Cl) —1] ~0.258 (4.56)

where ¢; = Ai(0) = 3723/ (2/3) ~ 0.355 and ¢, = —Ai' (0) = 3 Y/3/I(1/3) ~
0.259. Note that Eq. (#54) implies that the maximum of the DOS diverges as
(40E)3 OT 173,

Away from w = A, the argument of the Airy function is large such that
Ai((i4wE)?/37) may be expanded in an asymptotic series: If we use Eq. (10.4.59)
from A&S,

Al (2) ~ (1/2)TT Y27~ Y4 exp (—2z3/2/3) . (largl <), (4.57)

we find for w > Ag

N2 w 3/2
p(w) ~ po (1+ ﬁ) , A0 (A_ - 1) >1, (4.58)
S

which is independent of As and agrees with the mean-field result.
For w < A, we can use Eq. (10.4.60) from A&S,

Ai(—=2) ~ Y277 45in (%z:”/2 + g) . (larg| < 21/3), (4.59)
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to find for a quantitative description of the pseudogap

p(w) ~ 8ppy/AZ — P & arccos (w/As) [1 + exp(—8Twk)]
X exp (—8[ A2 — o? & — W arccos (oo/AS)]) :

0\ 32
A0GE (1 - A—) >1. (4.60)

S

If w< Ag and 4wZE/AS < 1, this result simplifies to

p(0) ~ 8TPpAsé cosh (4T ) exp(—8AsE) (4.61)
which at w = 0 agrees with Eq. (@.Z1).

4.3.2 Pauli paramagnetic susceptibility

The Pauli paramagnetic susceptibility is defined as the contribution of the conduction
electrons to the susceptibility and can be written in terms of the DOS. A magnetic field
H shifts the energy levels of the electrons by an amount +pgH, where g is the Bohr
magneton and the sign depends on the spin orientation of the electron with respect
to the field. The resulting different occupation of spin-up and spin-down states leads
to a magnetization density M(T) which for small magnetic fields is linear in H. An
elementary calculation of the susceptibility x(T) = dM(T)/dH, which can be found
in the textbook by Ashcroft and Mermin [6]], gives

X(T) =13 /_o:odep’(w)f(m) . (4.62)

Here, f(w) = 1/(exp(w/T)+ 1) is the Fermi function, p’(w) is the derivative of the
DOS with respect to frequency, and the factor of 2 is due to the two spin directions.
Integrating by parts, we find

XM =12 [ dwzp(o) (—M) . (4.63)

dw
AtT =0, we have f(w) =8(—w), such that —d f (w) /dw= d(w), and

X(T =0) = 2u3p(0) . (4.64)

At zero temperature, the Pauli paramagnetic susceptibility is proportional to the DOS
at the Fermi energy. In usual metals, p(0) is finite at T = 0, and Eq. (4.64) holds up to
T a 10000 K (see Ref. [6]). In the case of a pseudogap or a singularity at the Fermi
energy, however, we have to go back to Eq. (£.63)), which can also be written as

2  poo
M5 [ deop(e0) —

XM =7 0 @ cosh?(w/2T)

(4.65)
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Placing the asymptotic expression (£.60) with &(T) = ps/T into this equation, we are
left with

16 pS 1+ exp[—81Psw/T]
X(T)/%0 ~ wyA ‘*’Zarcc"s(AS) (1+ exp[—2w/T])2
X exp (—% [Z (1 8psarccos (2:)) +8psy/1— (w/AS)ZD , (4.66)

Xo = 2U5po , (4.67)
For ps > po/4 (and T <& TMF), the integrand is sharply peaked at w = cos(1/8ps)As,
such that the integral may be evaluated by a saddle point integration, resulting in

x(T) T (sin(1/8ps) As 3/2 8pssin(1/8ps) As
Yo \E ( T > P <_ T > ’ (4.68)
T < 4pshs (1 —cos(1/8ps))*/? .

where

Note, that the temperature restriction is necessary for the asymptotic expansion of
the DOS to be valid. Although the susceptibility x(T) vanishes exponentially, the
exponent 8pssin(1/8ps)As/T is smaller than the exponent 8psAs/T, which governs
the DOS at the Fermi energy. However, as ps approaches po/4, the two exponents
become identical, such that for ps < po/4 the DOS and the susceptibility have the
same exponential dependence on T.

A numerical evaluation of the susceptibility x(T)/xo for &(T) = ps(T)T given
by Eq. (EI:I:ZZI) and As(T) determined by the BCS gap equation ([I.83) is shown in
Fig. &8 For a comparison, we have also plotted the DOS p(0)/po as a function of
temperature The two are not identical because for small temperatures (and ps = po),
the major contribution to the integral in Eq. (£.65) comes from the frequency region
just below Ag. In Fig. we also show susceptibility data taken from Ref. [45] for
incommensurate quasi one-dimensional conductors which undergo a Pererls transition.

It is quite surprising that our plot of the susceptibility is very similar to the plot
obtained by Lee, Rice and Anderson [57] which perfectly fits experimental data
[37, 44, 45]. However, to explain experimental data, Lee, Rice and Anderson [57]
had to base their calculations on a real order parameter with a correlation length which
for low temperatures increases exponentially as the temperature is lowered. Only the
exponentially increasing correlation length of a real order parameter could lead to an
exponentially decreasing susceptibility and the prediction of T3P ~ TMF/4. Here,
we have shown that these predictions should also hold for a complex order parameter
with a correlation length which increases as 1/T. Since most Peierls chains are in-
commensurate and the susceptibility of many incommensurate Peierls chains has been
compared with the theory by Lee, Rice and Anderson [57], our results are of major
experimental relevance. For a comparison between theory and experiment, it should
be recalled that we have only used a strictly one-dimensional model with phase fluctu-
ations only. At higher temperatures, one should also include amplitude fluctuations.
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Figure 4.8: Plot of the susceptibility x(T ) calculated for &(T) = ps(T)/T [with ps(T)
given by Eq. (.IZ2)] and As(T) determined by the minimum of the Ginzburg-Landau
functional. For a comparison, we also show as the dashed line the DOS at the Fermi

energy, p(0).

4.3.3 Thermodynamic quantities

The DOS encapsulates the whole thermodynamics. Let us first consider the elec-
tronic free energy, Fe(T) with respect to the gapped state with pe,(w) = poB(w? —
£3) |ool/ (0 — A3):

Fei(T) —F5~(T) = —% de[p(w) — Pa(@)]In (1+e7P2) . (4.69)

Partial integration leads to

Fu(T) = F§™(T) = —sL. [ d0(A(6) - 26(@))
— spol. Im/dw[r(w) T o()] ﬁ , (4.70)

where '(w) = £71(w) — iTA((w) is the space-averaged integrated retarded Green
function at coinciding space points already considered before and e (W) =
A2 — (w+0)2, where the square root has to be taken such that e, (w) — —icw for



94 Chapter 4  Finite correlation lengths

w — oo, Since I'(w) is analytic in the upper half plane, the integral may be done by
closing the integral in the upper half plane and using the residue theorem. We find

—w 2m o ~

Fat(T) — F"(T) = —spoL. & 5 [Rel(ié) — 6] - (4.71)
B n>0

For the FGM with phase fluctuations only, we obtain by placing Eq. (&44) into this

equation

Far(T) — i~ (T) —SpoLAs z
>0

(@ > 2 lagg (40s8)
JAR |4(I)nE (4ASE)

] . @12

F="(T (T) is given by

1 Vel

. e 1
F5=(T) = —spolL2A? / duv/ul—1—— (4.73)
1

Up to an irrelevant additive constant

which for small temperatures is exponentially small:
F5™(T) ~ —spoLv2ma2e ™/ | T <A (4.74)

While in the general case we have to add Eqs. (£.72) and (£.73) to get the free energy
Fei(T), for low temperatures we can neglect the exponentially small contribution given
by Eq. @74), such that F¢ (T) is determined by the right-hand side of Eq. (Z-72).

For T <« TMF, the dimensionless correlation length AsE is large, and a uniform
asymptotic expansion of I, (vz) and I\,(vz) [see A&S, Egs. (9.7.7) and (9.7.9)] can be
used to find for the leading terms of the free energy

m 1 1 1

2 —_ —_—
F(T) ~ 5ol | 7 9 ~ 12 (ani 2

(4.75)

Electronic specific heat

An experimentally accessible thermodynamic quantity is the electronic specific heat
which can be expressed in terms of the free energy as

d?Fe(T)
dT?

The low-temperature behavior of Cg(T) can be obtained from Eq. @.75): Using
&(T) =sps(0)/2T, it directly follows

Ca(T)=-T (4.76)

2
Cor(T) ~ = <Sp":? )) c(T). (4.77)
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where the specific heat of free electrons is given by

C&(T)::s%?pOLT. (4.78)
Although the DOS exhibits a pseudogap and vanishes exponentially near the Fermi
energy as the temperature is lowered, the electronic specific heat C¢ (T ) vanishes only
linearly in T, as for free electrons.

We conclude this chapter with a summary of the central results of the FGM valid
at low temperatures where phase fluctuations dominate in Table .11

Table 4.1: Asymptotic low temperature results for the FGM describing electrons with
spin. Note that we have reintroduced the Fermi velocity vg and note also that the mean-
field critical temperature TMF serves as the only energy scale. For generalizations of
the formulas see the text.

. . 1
superfluid density ps(T) ~po = —
TWVE
. VE
lation length T)~ —
correlation leng &(T) —
_ p(0) 14.1TMF 4.49TMF
d ty of stat ~ _-vc
ensity of states ” = exp -
: - 1.76 TMF
inverse localization length  £71(0) ~ Vic
F
3/2 MF
I X(T) TMF 1.72T/
tibilit A 174 — _—fc
susceptunility X0 T exp T
. - Cel(T 1
electronic specific heat %'( ) 1
CeI (T) 32







Conclusion

In this work, we have discussed the density of states (DOS) of the fluctuating gap
model (FGM) and related quantities like the inverse localization length, the Pauli para-
magnetic susceptibility and the low-temperature specific heat. We introduced the FGM
as an effective low-energy model describing the electronic properties of Peierls chains
and emphasized the fact that the FGM also finds its applications in other physical con-
texts: Spin chains can be mapped by a Jordan-Wigner transformation onto the FGM
and in order to explain the pseudogap-phenomenon in underdoped cuprates above a
phase transition, higher-dimensional generalizations of the FGM have been used.

With the rediscovery of the FGM in the context of high-temperature superconduc-
tivity, a previously unnoticed subtle error surfaced in Sadovskii’s widely used Green
function of the FGM, calculated for Gaussian statistics with finite correlation lengths.
This error re-opened the whole problem.

After setting up a non-perturbative theory which, in principle, allows to express
the one-particle Green function as a functional of an arbitrary given realization of the
disorder, we derived a simple equation of motion whose solution determines the DOS
and the inverse localization length. Starting from this equation, we could rederive all
known results for the FGM in the white noise limit.

Considering the equation of motion governed by the phase which determines the
DOS, we argued that the Dyson singularity found in the white noise limit for commen-
surate Peierls chains should not be an artifact of the white noise limit, but should be
present for any finite correlation length in contradiction to Sadovskii’s solution. Our
following numerical calculation of the DOS and inverse localization length confirmed
this prediction and showed also that for large correlation lengths, the Dyson singularity
only overshadows a pseudogap. Although Sadovskii’s algorithm misses this singular-
ity, his solutions for the incommensurate case where there are no singularities in the
DOS give a fairly good approximation to the exact result.

In the pseudogap-regime below the mean-field critical temperature, fluctuations of
the order parameter cannot be described by Gaussian statistics. Instead, as the tem-
perature is lowered, amplitude fluctuations get gradually frozen out, and the amplitude
takes on a value given by the minimum of the Ginzburg-Landau functional and only
long-wavelength gapless phase fluctuations survive. Using a gauge transformation to
map the phase fluctuations of the order parameter onto an effective forward scatter-
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ing potential, we could even find an exact solution for the FGM involving only phase
fluctuations which should be valid in the low temperature regime. We found that the
low-temperature specific heat is linear in T and that both the DOS at the Fermi energy
and the Pauli paramagnetic susceptibility vanish exponentially as the temperature T is
lowered, the ratio of the former to the latter also vanishing exponentially. The Pauli
paramagnetic susceptibility has been measured in various experiments and is in good
agreement with our results.

Having discussed quantities related to the DOS, one would also like to calculate
quantities like the spectral function. This has been done for a special non-Gaussian
probability distribution involving amplitude and phase fluctuations in Ref. [I13], but
accurate results for realistic probability distributions (e.g. for phase fluctuations only)
are not known yet.



Appendix A

Gradient expansion of the free energy

In this appendix we present an efficient algorithm for obtaining the gradient expan-
sion of the local density of states and the free energy functional of the fluctuating gap
model (FGM). The algorithm is based on the linear pseudo-Schrédinger equation de-
rived in Chapter @ The three-component wave-function Q(x) satisfies a non-linear
constraint and may be found by a simple iterative procedure. Since one component of
P(x) is directly related to the local density of states (DOS), we obtain a simple itera-
tive algorithm to develop the gradient expansion of the local DOS and therefore also
the free energy fuctional. A generalization of the results to a three-dimensional clean
superconductor is given in Ref. [10].

Introduction

The phenomenological Ginzburg-Landau theory has proven to be a powerful tool in the
theory of superconductivity. Starting from the Gorkov equations of superconductivity,
it is also possible to derive the Ginzburg-Landau functional microscopically. For the
Ginzburg-Landau expansion to be valid, the order parameter field has to be small.
In a mean-field picture this is the case near a phase transition. However, away from
criticality or if fluctuations are large, one needs to include terms of higher order. In
the case of superconductivity, the extension towards arbitrary temperatures has been
done in the sixties by Werthamer [94, 95] and Tewordt [88, 89], who expanded the
free energy in terms of gradients of the order parameter. Unfortunately, this direct
expansion of the free energy in powers of gradients of A(x) is quite laborious and
rather difficult to verify.

Recently Kosztin, Kos, Stone and Leggett [53], and Kos and Stone [52] (KKSL)
developed new and more efficient algorithms to obtain the gradient expansion of the
free energy F{A,A*} of a clean superconductor and found a discrepancy with the
expression published by Tewordt. In Ref. [10] we confirmed the result derived by
KKSL by reducing the three-dimensional problem in a semiclassical approximation
to the problem of finding the gradient expansion of the one-dimensional FGM, and
determining its gradient expansion by an iterative solution of the pseudo-Schrédinger
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equation (ZI33) derived in Chapter 2L Since, as was shown in Chapter [, our pseudo-
Schrddinger equation is in fact equivalent to the Eilenberger equation of superconduc-
tivity which was used by KKSL, our determination of the gradient expansion of the
free energy is related to the one used by KKSL. The essential difference, however,
is the implementation of our non-linear constraint, which turns out to be quite use-
ful. In the following we will present our derivation of the gradient expansion of the
local DOS (which was first published in [10]) and the free energy functional of the
one-dimensional FGM. The semiclassical generalization towards higher dimensions is
given in [10].

In Chapter [2 we have shown that the local DOS can be obtained from the sec-
ond component of the three-component vector Q(x), which satisfies the linear pseudo-
Schrédinger equation [see Eq. (Z133)]

—0xP(x) = H(X)P(x) (A1)
with the pseudo-Hamiltonian given by
H(x) = 2ied3 + A(x)J_ + A" (X)J . (A.2)

The J; are spin J = 1 operators in the representation

10 0 010 0 0O
J3=100 0 | .,Jy=v2[001]|,l_=v2[100]. (A3)
0 0 -1 0 00O 010
Recall that Qi(x) has to satisfy the constraint
PT (P =1, (A4)
where
B () = (—=Wa(x), W (%), —W1(x)) - (A.5)
In terms of (x) the local DOS (per spin direction) is given by
p(w;x) = poRe W (x) - (A.6)

Iterative algorithm and gradient expansion

The gradient expansion of the local DOS is directly obtained from the second com-
ponent of the gradient expansion of {(x). For convenience, we develop the gradi-
ent expansion of Qi(x) for imaginary frequencies w = iE, because then our pseudo-
Hamiltonian (A.2) is Hermitian and left and right eigenvectors are identical. Suppose
we expand the solution of Eq. (AJ) in the form

B(x) = iwx), A7)
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where by definition @i, (x) involves n derivatives with respect to x. Obviously

H(X)Po(x) =0, (A.8)

i.e. Po(x) must be an eigenvector of H(x) with eigenvalue zero. The existence of such
an eigenvector follows trivially from the fact that our pseudo-Hamiltonian (A2) can
be interpreted as the Zeeman-Hamiltonian of a J = 1 quantum spin in an external mag-
netic field. Note that Eq. (A.8) determines Qo(x) only up to an overall multiplicative
factor, which is fixed by requiring that the components of Qp(x) satisfy the constraint
(A2). This yields (with w=IE)

A*(x)
Do (¥ : E (A9)
o) = ————— :
VEZHIAXE | sk
ﬁ
For the higher order terms we obtain the simple recursion relation
OxPn(X) = —HX)Pns1(x) , N=0,1,.... (A.10)

Because one of the eigenvalues of H(x) vanishes, the inverse of H(x) does not exist,
so that we cannot simply solve Eq. (BI0) by multiplying both sides by H—1(x). As a
consequence, Eq. (A10) determines Q41 (x) only up to a vector proportional to Qg (x),

On1(X) = —H T2 (X)0xDn (X) + Cns1 () To (¥) (A.11)

where Hll(x) is the inverse of H(x) in the subspace orthogonal to Pg(x). Using the

fact that the two non-vanishing eigenvalues of H(x) are given by +2[E2 4+ |A(x)[4]Y/?,

we find
H(x)

H (x) =
== ZEE T IaG
ie. Hll(x) is proportional to H(x). To fix the constant cn1(X) in Eq. (A1), we
require that the components of zf‘jol Qi (x) satisfy the constraint (A4). This implies

(A.12)

cr12(0 =3 3 B (0hia-i00) (13

where the vector Jj(x) is obtained from @;(x) by exchanging the first and third com-
ponents and multiplying them by —1, see Eq. (A5). For odd n we can show that
cn(x) = 0. We thus obtain an explicit and very compact recursive algorithm for cal-
culating the gradient expansion of the local DOS. To zeroth order the vector {(x) is
given by Eq. (A3). This corresponds to the adiabatic approximation of elementary
quantum mechanics. The step n — n+1 is summarized as follows:

e {Pigivenfori=0,...,n

¢ = —H000 -3 Wl (A12)
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It is easy to implement this iterative algorithm on a symbolic manipulation program
(such as Mathematica). In this way the lowest few terms in the gradient expansion can
be obtained in a straightforward manner.

Given the gradient expansion of the local DOS [which can be directly obtained
from the second component of Q)(x)], we can calculate the free energy by simple inte-
grations. Using the fact that in the normal state p(x; w) = po, the difference between
the free energy densities in the gapped and normal state of our one-dimensional model
at inverse temperature 3 is given by spo f (x), where

f@%:_%m{/tdwRWUWHJQ_”"%1+€&ﬁ}

— _Z_HRe [ S r(x;idh)—d)n] . (A.15)
B n>0

Here, éy, = (2n+ 1)1/ are fermionic Matsubara frequencies, and
W
iF(x;w):/ dod Wa(x; o +10) . (A.16)
0

Note that A’(x; w) = —po IM T (X; w) is the integrated local DOS. In Eq. (AI5) we have
used the fact that W, (x; w) is analytic in the upper half of the complex w-plane. The
free energy functional of the FGM is now given by

L 2
F{A A"} = spo/ dx [f(x)-l— ‘Ag\ﬂ ] . (A.17)
0
The second term is the field energy of the order parameter field and was already derived

in Chapter I

The above equations allow for a simple recursive calculation of the gradient ex-
pansion of the free energy. Systematically adding total derivatives to the expressions
for the free energy (which do not change the bulk properties), we find the following
expressions:

Zeroth order:
)

VP — A2
L 2
F(O){A,A*}:spo/o dx (-2—” S [,/aﬁ+\A|2—a>n]+%> . (A19)

B 0<uwn<eo

PO (x; w) = po B(c? — |A]%) (A.18)

Second order:

212 21A12] _ 2
0@ () = po | 8(c? — A7) [_ 5 [ada?” 1 (3P B\OXA\]

32((,02—|A|2)% 8 ((.02—|A\2)g
(A.20)
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L 2 212
PO =spo [ 2T 3 [E%_LF’L\}S
0 BaSol8 @@+ an)? 32 (@+iap)?
(A.21)
Fourth order:
1155  [o,laf]*
42 [0x012]7 (11 [02/A2] — 15/8,8]2)
o1 (62— [82)
7 5‘axA|4—|—4 [(MA\Z} [OE‘AF} —10 [ax (‘aXA|2 [aX‘A|2D] +3 [a)z(‘A‘z}Z
128 R
1 [05/A] —5[0F]0xA 7] + 5074

. (@ - 8)?

P (x;00) = pow|B(w’ — |A) [

(A.22)

I L0 10502 [0]0[2]
2048 Gz +(a2) 7 512 (GR+|ap)?
1 50,4 — 100,812 [ZA7] + [FA%)° 1 |a3AP

128 (R +10J2)? 32 (G2 +|a2)?

Note that the high-frequency cutoff &¢ in Eq. (A.I9) is necessary to regularize the free
energy which is well-known from the theory of superconductivity [20].

L 2m
F@ (A, 0%} :spo/ dx = [
0 B d)nz>o

(A.23)






Appendix B

Generation of Colored Noise

In this appendix we describe a simple Markovian algorithm to generate a typical sam-
ple path of colored noise described by an Ornstein-Uhlenbeck process. The algorithm
works equally well to simulate a real or complex disorder potential with exponentially
decaying covariance and higher correlation functions given by Wick’s theorem. As
an input we only need independent Gaussian random numbers which can easily be
generated by the well-known Box-Muller algorithm. Finally, we discuss an alternative
method which can also be used to generate non-Gaussian colored noise.

Fluctuations of the relevant degrees of freedom in non-equilibrium statistical physics
are usually taken into account by adding a stochastic force to the deterministic equa-
tions of motion. The prototype stochastic differential equation has the form

& (1) +b(v)X(O). ®.1)

This equation is known as the Langevin equation [34} 46] and can easily be general-
ized to a matrix equation. It was first introduced by Langevin to describe Brownian
motion [22]. v(t) denotes the relevant variable which usually is a function of timefl
Note, however, that in condensed matter systems the disorder is often considered to
be stationary, and in one-dimensional systems a space-coordinate can play the role of
time.

The fluctuating random force is often called noise and can be of different orign.
Internal forces such as thermal fluctuations are usually assumed to be Gaussian with
very small correlation times tc. Since a finite expectation value (X(t)) = x can be
incorporated into a(v(t)), it is no restriction to assume

(X(t))=0, (B.2)

LIn the case of Brownian motion, the relevant variable v(t) is the velocity of a heavy particle of unit
mass, a(v(t)) = a - v(t) is the dissipative force due to friction, and b(v(t)) X(t) = X(t) is an additive
random force.
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where (...) signifies averaging over the probability distribution of X(t). A Gaussian
stochastic process with standard deviation o and correlation time T is characterized
by the covariance

XX () = g2 It=t1/Te (B.3)

and all higher moments given by Wick’s theorem. This process is called the Ornstein-
Uhlenbeck process [92], which by Doob’s theorem (see for example van Kampen [46])
is essentially the only stationary Gaussian Markov process. The white-noise limit may
be taken by letting T go to 0 while keeping the quantity D = 621 constant. In this limit
the covariance becomes diagonal, such that disorder at different times is uncorrelated
and

(X(t)X(t)) =2D3(t —t') . (B.4)

While the white noise limit usually leads to a good approximation of internal fluctua-
tions, in the case of external fluctuations the relevant variables can vary substantially
over the correlation time T¢. In this case it is essential to consider colored noise. Un-
fortunately, in most cases the finite correlation time leads to a serious complication
when trying to solve the Langevin equation. Techniques which turn out to be success-
ful in solving the white noise limit can only be applied after coupling the stochastic
equations of motion to an extra equation which takes care of the finite correlation time.
Often, the only way out lies in a numerical simulation of the stochastic process. It is
therefore important to find a method to generate typical disorder realizations. In the
following, we describe a very simple algorithm to generate a concrete sample path of
the Ornstein-Uhlenbeck process with finite correlation time t; which can be useful in
various applications. This algorithm can already be found in similar form in the math-
ematical literature on stochastic processes [[28] and was also used in different physical
situations such as the Kramers problem (see for example [30, 59]). For the generation
of spatio-temporal colored noise see [33].

Simple algorithm to generate Gaussian colored noise

Independent Gaussian random numbers Z, with zero mean and unit variance can be
generated by the Box-Muller algorithm [74]E The following recursive algorithm
(which we will refer to as Algorithm I) maps these onto real correlated Gaussian ran-
dom numbers X, = X(t,) at the sample points t, (to < t; < ... <ty_1) with (X;) =0
and (XmXn) = g?e[tm—tl/Tc;

Xo = 0Zp , (B.5)

Xn = pnXn—1+ \/ 1- p% 0Zp , (B.6)

where the correlation coefficients py are given by p, = e~ ln—th-1l/Tc_ Setting pg = 0,
Eq. (BY) is also included in Eq. (B:6). A sample path generated by this algorithm is

Note that the Box-Muller algorithm needs a good number generator to generate independent uni-
formly distributed random numbers.
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|
N

t/Tc

Figure B.1: Sample path of X(t) with o =1 as a function of t /1.

presented in Fig. Bl

Using (Z,) = 0 and (ZnZ,) = dmn, it is easy to see recursively from Egs. (B.5) and
(B.6) that the first two moments of X, are in fact given by (X,) =0 and (XnX,) =
o2e~Itm=tl/Tc. Because the X,’s are given by a linear combination of the Gaussian
random variables X, and a linear combination can only turn one Gaussian distribution
into another Gaussian distribution [28], the X,’s also have to be Gaussian random
variables. Higher correlation functions are therefore given by Wick’s theorem [46].

It is also easy to generalize the above Algorithm | to a complex disorder poten-
tial. In this case one would like to have (X(t)) =0, (X(t)X*(t")) = o2e~It-tl/T
and (X(t)X(t')) = 0. Generating ReX, and ImX, independently as before, one sees
that to get the desired correlation functions one has to replace o by a/v/2. Since
Xn = ReX, + ilmX, only depends linearly on ReX, and ImXp, the complex X, are also
Gaussian random variables.

Non-Gaussian colored noise

The above Algorithm | is very simple and proves to be succesful in generating Gaus-
sian colored noise. However, external fluctuations do not have to be Gaussian, and
there might be a need to generate a typical chain characterized by different statistics.
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Let us now describe an algorithm based on an expansion of a stochastic process in
terms of harmonic functions [23] which in the following we will refer to as Algorithm
I1. If S(w) represents the power spectrum of the stochastic process, a typical sample
path may be generated for large N by (see [18, 15])

X (t) = \/iNi 25 (wn) Aw] Y2 cos (wnt + @) - (B.7)

Here, the @, are independent random phases which are uniformly distributed over the
interval (0,211), Aw = wWmax/N, wWhere wmax is an upper cutoff of the noise spectrum,
and wy, = nAw. Algorithm Il has the advantage that it is applicable to an arbitrary
given spectrum S(w). The spectrum of Gaussian colored noise can be found by taking
the Fourier transform of Eq. (B:3), resulting in

(B.8)

In comparison to Algorithm I, which unfortunetely only works to generate a sample
path of an Ornstein-Uhlenbeck process, Algorithm Il has the disadvantage that for
it to become accurate, both wmax and then N have to be chosen sufficiently large.
Even when using a fast Fourier transform which results in O(Nlog, N) operations
[74], this can lead to large computation times. In addition, the sample paths are always
periodic with period 21N /wmax, Which can lead to further complications. For a more
guantitative comparison between the two Algorithms see the Comment by Manella
and Palleschi [60] on Ref. [15].

In summary, we have described a very simple algorithm to simulate a real or com-
plex Ornstein-Uhlenbeck process and an alternative algorithm which is not restricted to
generate Gaussian colored noise. When generating Gaussian colored noise, the advan-
tage of the former in comparison to the latter is that it takes advantage of the Markov
property of the Ornstein-Uhlenbeck process: To generate X, we only need to know
Xn—1. When numerically solving an initial value problem of a stochastic differential
equation, the disorder may be simultaneously generated with the propagation of the de-
sired solution. In addition, arbitrary long chains can be easily generated. We have used
the described algorithm to generate the fluctuating order parameter field A(x) = X (t) of
the so-called fluctuating gap model (see Chapter @l and Ref. [11]). The above method
enabled us to calculate the density of states for arbitrary correlation lengths & = 1.
with unprecedented numerical accuracy. The algorithm, however, should be useful in
all contexts where there is a need to generate colored noise described by an Ornstein-
Uhlenbeck process.
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