Statistical Multiscale Segmentation:
Inference, Algorithms and Applications

Dissertation zur Erlangung
des mathematisch-naturwissenschaftlichen Doktorgrades

“Doctor rerum naturalium”
der Georg-August-Universitat zu Gottingen

im Promotionsprogramm

“PhD School of Mathematical Sciences (SMS)”
der Georg-August University School of Science (GAUSS)

vorgelegt von
Hannes Sieling
aus Oldenburg (Oldb)

Gottingen, 2013



ii

Betreuungsausschuss:

Prof. Dr. Axel Munk,
Institut fiir Mathematische Stochastik, Universitat Gottingen

Prof. Dr. Anja Sturm,
Institut fiir Mathematische Stochastik, Universitat Gottingen

Mitglieder der Priifungskommission:

Referent:
Prof. Dr. Axel Munk,
Institut fiir Mathematische Stochastik, Universitat Gottingen

Korreferent:
Prof. Dr. Dominic Schuhmacher,

Institut fiir Mathematische Stochastik, Universitat Gottingen

Weitere Mitglieder der Priifungskommission:

Prof. Dr. Dorothea Bahns,

Mathematisches Institut, Universitat Gottingen

Prof. Dr. Tatyana Krivobokova,
Institut fiir Mathematische Stochastik, Universitat Gottingen

Prof. Dr. Stephan Waack,

Institut fr Informatik, Universitat Gottingen

Prof. Dr. Max Wardetzki,

Institut fr Numerische und Angewandte Mathematik, Universitdt Gottingen

Tag der miindlichen Piifung: 22.01.2014



Acknowledgment

First and foremost, I would like to express my very great appreciation to my advisor Prof.
Axel Munk for providing the interesting and challenging topic of this thesis. His guidance and
enthusiasm have been a great encouragement throughout my work. He has always kept an
open mind to my ideas during various vivid and interesting discussions, and his stimulating
contributions were fundamental to the completion of this thesis. His statistical intuition was
a great inspiration and essentially formed my statistical understanding.

Further, I would like to thank Prof. Dominic Schuhmacher for taking on the Korreferat.
Special thanks should be given to Klaus Frick for his extraordinary assistance with this work,
as well as for his companionship and encouragement throughout the time spent together at
the IMS.

Thomas Hotz expertise in statistical computing has been vital for this thesis and related
topics.

I am grateful to Prof. Lutz Diimbgen from the University Bern for sharing fruitful comments
and ideas during my visit.

I would like to offer my special thanks to Prof. Giinther Walther from Stanford University
for enlightening discussions on this work and related topics. I deeply appreciate him sharing
his ideas with me and providing a very pleasant stay in Stanford.

I wish to acknowledge the help of Prof. Chris Holmes from Oxford University, who introduced
me to some interesting challenges in statistical genomics.

Support provided by the DFG-SNF research group 916 “Statistical Regularization and Qual-
itative Constraints” was greatly appreciated.

I am particularly grateful to my colleagues for providing a pleasant experience at the IMS.
Special thanks should be given to Till Sabel, Rebekka Brink-Spalink and Ina Schachtschneider
for generating a supportive, creative and very enjoyable office environment.

Finally, I would like to express my heartfelt thanks to my parents and my girlfriend, Birte

Dunker, for their constant support and encouragement.






Preface

Piecewise constant step functions with a finite number of change-points provide a suitable
regression model in many situations. Estimation of such change-point functions is deemed to
be a classical problem in statistics, which experienced a revival with applications in various
interdisciplinary fields in recent years. Two examples that received particular attention are
the detection of gene copy number aberrations in genomics and the unveiling of changes in
the volatility of time series in financial econometrics.

This thesis mainly concerns change-point models with independent observations from an
exponential family, with constant mean in between change-points. An inferential scheme
for estimation and confidence statements based on a multiscale statistic is provided, which
allows for efficient and accurate detection of multiple change-points. A universal bound for the
asymptotic null-distribution of the considered multiscale statistic is derived. Based on this,
the probability of over- and underestimation of change-points is bounded explicitly. From
these bounds, model consistency is obtained and (asymptotically) honest confidence sets for
the unknown change-point function and its change-points are constructed. It is shown that
the change-point locations are estimated at the minimax rate O(n~!) up to a logarithmic
term. Moreover, the optimal detection rate of vanishing signals as n — oo is attained.

The general methodology, as in Section [I] and Section [2| and large parts of the theory in
Section 3| have been published in [Frick et al.| (2013]). However, several theoretical findings are
extended and refined, as described precisely at the beginning of Section

It is shown how dynamic programming can be used for efficient computation of estimators,
confidence intervals and confidence bands for the change-point function.

The performance and robustness of the approach are illustrated in various simulations. The
proposed estimate has been applied to DNA segmentation (Futschik et al. |2013]) and with
some modifications to idealization of ion-channel recordings (Hotz et al., 2012)). Both papers
are not part of this thesis, yet, the application in |Futschik et al.| (2013) is illustrated by means
of a data set from the literature in Section

This thesis extends the work of |[Frick et al. (2013 by including two generalizations beyond
exponential families (Section. In addition, an approach is derived, which is tailor-suited for
applications in which the change-point function is known to have few different values (Section
7). Finally, extensions and modifications that give motivation for future work are discussed

in Section 8]
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SECTION 1

Introduction

We assume that independent random variables Y = (Y7,...,Y,,) are given by the regression
model
}/;:NFﬁ(i/n)a for i = 1,...,77,. (1.1)

Here, {Fp}yco is a one-dimensional exponential family with densities fp and the regression
function 9 : [0,1) — © C R is a right-continuous change-point function with an unknown
number K of change-points. The change-points locations will be denoted by (71, ..., 7x) and
the value of the function by (61, ...,0k). Figure [1| depicts such a step function with K = 11
change-points and corresponding data Y for the Gaussian family Fy = N(0,1). A formal
definition of the model is given in Section The statistical problem related with this
model is often referred to as the change-point problem (Carlstein et al., [1994) and consists in

estimating

(i) the number of change-points K,

(ii) the change-point locations (7q,...,7x) and
(iii) the function values (01,...,0k).
Additionally, we address the more involved issue

(iv) of constructing simultaneous asymptotic confidence statements for the function ¥, its

number of change-points and its change-point locations.

Within this work we present an approach to the change-point problem based on a multiscale
test statistic. In general, the problem of detecting changes in the characteristics of a sequence
of observations has a long history in statistics and related fields, dating back to the 1950’s (see
e.g. Page| (1955))). For a selective survey, we refer the reader also to the books of |Basseville
and Nikiforov| (1993), Brodsky and Darkhovsky| (1993)), (Csorgé and Horvath| (1997), (Chen
and Guptal (2000), Wu/ (2005) and the extensive list in Khodadadi and Asgharian| (2008)).
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Figure 1: Example of a regression function ¥ € S with Gaussian observations Y and variance
2
o° = 1.

In recent years, the change-point problem experienced a renaissance in the context of regres-
sion analysis due to novel applications that mainly came along with the rapid development
in genetic engineering, looking at detection of changes in gene copy numbers in the genome
(Jeng et all, 2010; [Lai et al., [2005; Olshen et al., [2004; Zhang and Siegmund, [2007). Also in
the context of detecting changes in the volatility of time series in financial econometrics much
research has been done (Davies et al., |2012; Incldn and Tiao, (1994} [Lavielle and Teyssiere,
2007 [Spokoinyl, [2009). Motivated by these applications for large data sets, fast computation

of estimates is crucial and a lot of work on efficient algorithms was carried out recently (see
e.g. [Friedrich et al. (2008), Killick et al.| (2011)) and [Venkatraman and Olshen| (2007))).

1.1 Method

In order to address the points ({ij) — , we propose a methodology, which can be considered
as a hybrid method of two well-established approaches to the change-point problem.

Likelihood ratio statistics are frequently employed to test for a change in the parameter
of the distribution family and to construct confidence regions for change-point locations.
Approaches of this type date back as far as |Chernoff and Zacks| (1964), Kander and Zacks
and have gained considerable attention afterwards (Diimbgen, [1991; Hinkleyl [1970;
Hinkley and Hinkley, 1970; Huskova and Antoch, [2003; [Siegmund), 1988} Worsleyl, 1983, |1986]).
The likelihood-ratio test was also extensively studied for sequential change-point analysis
(Siegmund} 1986} Siegmund and Venkatraman, |1995; Yakir and Pollak], [1998). These methods

are primarily designed to detect a predefined maximal number (mostly one) of change-points.

A generalization of this approach towards testing of multiple (i.e. an unknown number of)

change-points yields a multiple testing problem. Such problems have e.g. been addressed by

multiscale (scanning) statistics, see Dumbgen and Spokoiny| (2001)), [Diimbgen and Walther|
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(2008) and in the context of change-point regression Siegmund and Yakir| (2000). In this
work we employ a multiscale statistic which will be derived in detail in Section and is
based on results from Dumbgen and Spokoiny| (2001). By these approaches simultaneous
confidence statements about multiple qualitative features are obtained, which makes this
approach particular suitable for the problem raised in . Moreover, it was shown in |(Chan
and Walther| (2013) that statistics of this kind achieve optimality in detection of signals on

segments of any lengths simultaneously.

Another popular approach in change-point regression is based on minimizing a penalized cost

function, i.e. solving an optimization problem of the form
inf ¢(Y,9) + 9). 1.2
Jes (¥, 9) + pen(v) (1.2)

Here the cost function ¢(Y, ) serves as a goodness-of-fit measure and the penalty term pen(d),
which may e.g. depend on the number of change-points, penalizes the complexity of ¥ and
prevents over-fitting. It increases with the dimension of the model and provides a model
selection criterion. A minimizer of the optimization problem naturally provides solutions
for —.

A special case of is linear penalization of the number of change-points, more precisely
pen(¥) = w#J (), which has been considered in [Yao (1988) and |Yao and Aul (1989) with a
BIC type weight w ~ logn. Model selection based £y-penalized functionals, which are nonlin-
ear in #.J (1) have been investigated in Birgé and Massart| (2001) for change-point regression.
Furthermore, |Zhang and Siegmund| (2007)) introduced a penalty, which depends on the num-
ber of change-points and additionally on its locations. Various methods based on weighted
lo-penalties have since been developed in |Braun et al| (2000), Winkler and Liebscher| (2002]),
Wittich et al.| (2008) and Boysen et al.| (2009). As an eligible property of lo-penalization, it
was shown that exact solutions of such optimization problems can often be computed effi-
ciently by dynamic programing (see the literature in Section 4| for a selective overview on the

literature).

In many situations the optimization problem in (|1.2]) may equivalently be written as

érel‘fs pen(d) s.t. c(Y,9) <gq, (1.3)
for some (unknown) threshold ¢ > 0. In this work, we combine these two ideas and propose
to solve an optimization problem of the type , where the goodness-of-fit measure c is
chosen to be a multiscale statistic. This statistic will be restricted to constant parts of ¥,
which makes dynamic programing applicable while maintaining optimal detection properties
of the multiscale statistic. By this the above mentioned advantages of both approaches are

combined, as we will point out in this work: on the one hand, we obtain confidence statements
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for the estimate originating from the multiscale statistic (see Section and on the other hand
we show that it can be implemented with worst case complexity O(n?) by dynamic programing
(see Section [4)).

In order to outline the estimation procedure, let T, (Y, ) denote a (later specified) multiscale
statistic. The goals — will then be achieved based on an estimation and inference method
for the change-point problem in exponential families: the Simultaneous M Ultiscale Change-
point Estimator (SMUCE). For ¢ € S we denote by J(1J) the ordered vector of change-points
and by #J(9) its length, i.e. the number of change-points. We consider the optimization
problem

inf #J(0) st L(Y.9) <q. (1.4)

SMUCE addresses change-point regression in two simultaneously combined estimation steps:
model selection (estimation of K) and estimation of 9 given K. The minimal value of #.J(¥) in
gives the estimated number of change-points, denoted by K (¢). To obtain an estimator
for ¥ first consider the set of all solutions of given by

H(q) = {19 €8 1 #J(¥) = K(q) and Tp(Y,0) < q} . (1.5)

We will show in Section that 7(q) constitutes a confidence set for the true regression
function 9. Based on this confidence set, we address and derive confidence bands for
and confidence intervals for the change-point locations. As the final estimate 9(q) for ¥ we

propose the constrained maximum likelihood estimator within this confidence set, i.e.

D(q) = argmax » _log (fy(i/m) (Y1) - (1.6)
veM(q) —1

Since zg(q) implies an estimate of the change-point locations and function values, this provides
a solution to ({i)-(ii). Figure [2] shows the SMUCE (red solid line) for the data example in
Figure |1} As stressed above, the multiscale constraint on the r.h.s. of renders SMUCE
sensitive to the multiscale nature of the signal 1. The signal in Figure [2] illustrates this as

the signal is recovered on large and small scales equally well.

1.2 Related work

Estimates, which minimize target functionals under a statistical multiscale constraint have
been already considered in Nemirovski| (1985), Donoho| (1995) and more recently in Davies and
Kovac (2001)), Candes and Tao (2007)), Davies et al.| (2009) and [Frick et al. (2012]). To piecewise
constant regression this idea was first applied in Hohenrieder| (2008)) for approximation of

financial data in a Gaussian model, see also Davies et al.| (2012). There it was also shown that
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Figure 2: Example of a regression function 9 € S (black, dotted line) with Gaussian observa-
tions Y and variance 02 = 1 and SMUCE (solid, red line).

the reduction to a multiscale statistic acting on constant parts makes dynamic programing
applicable (see Section {| for more details).

The literature in Section can be complemented by further prominent penalization ap-
proaches of the type including the fused lasso procedure (Friedman et al., 2007; Tib-
shirani et al., [2005) and Harchaoui and Lévy-Leduc| (2010) that use a linear combination
of the total-variation and the ¢!-norm to penalize complexity. Multiscale based partitioning
methods include binary segmentation in Sen and Srivastava (1975, Vostrikova (1981)), Olshen
et al| (2004]) and [Fryzlewicz (2012)). Besides the already mentioned frequentists work, there
are also several Bayesian approaches to the change-point problem. For some recent literature,
we refer to Du and Kou (2012)), Fearnhead| (2006), Luong et al.| (2012), Rigaill et al. (2012)

and the references therein.

1.3 Main results

1.3.1 Deviation bounds and confidence sets

The parameter ¢ € R in (1.4) plays a crucial role for estimation as it governs the trade-off
between data-fit and parsimony, represented by the number of change-points. It has an
immediate statistical interpretation. From (|1.4) it follows that

P (K(q) > K) < P(T,(Y,9) > q). (1.7)

Hence, by choosing g = g(a) to be the (1 — a)-quantile of the (asymptotic) null-distribution
of T,,(Y,¥), we can (asymptotically) control the probability of overestimating the number of
change-points by «. In fact, we show that the null-distribution of T}, (Y, ) can be bounded
asymptotically by a distribution which is independent of ¥ (see Section [3.1). In addition,
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Figure 3: Estimated change-points (red dots) for the signal in Figure |1| and different values
of a. The true change-point locations are shown grey vertical lines.

in Theorem we provide an estimate for the tails of this limit distribution, which yields
explicit bounds. It is noteworthy that for Gaussian observations these bounds are even
non-asymptotic (see Section . In Figure |3| we reconsider the previous example and show
for different choices of a (y-axis) the corresponding estimates for the change-point locations
(red dots). The vertical ticks mark the true change-point locations. The number of estimated
change-points is monotonically increasing in « in accordance with , which guarantees at

error level a that SMUCE has not more change-points than the true signal 4.

As mentioned before, the threshold ¢(a)) for SMUCE automatically controls the probability of
overestimating the number of change-points. In Section we prove a refinement (Theorem
which actually shows that for any k& € Ny

p (f((q(a)) K> 2k:) < of*1,

Based on this bound we will derive an upper bound for the expected number of overestimated
change-points (Corollary @ This bound in turn opens the opportunity for a data-driven
choice of ¢, based on controlling the false discovery rate (FDR), as we will show in Section

BIl

In addition, we prove an upper bound for the probability of underestimating the number of
change-points. Any such bound necessarily depends on characteristics of the signal ¢, as no
method can recover arbitrary fine features for given sample size n, see Donoho| (1988) for a
rigorous argument in the context of density estimation. Our bound (see Theorem [7)) reflects
this fact and is given in terms of the length of segments of ¢ and the height of its jumps. A

simplified version, which only depends on the smallest interval length A, the smallest absolute
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jump size A and the number of change-points K of the true regression function ¢ reads as
2
P (R’(q) < K) < 9K CnAA? [J"*V”‘)g(“"“)) 1l (1.8)

Here, C' > 0 is some known universal constant only depending on the family of distributions
(see Section [3.3)). While the bounds for overestimation are essentially build on the control
of the null-distribution of T},, these bounds rely on power approximations for the local test
statistics. For the case of Gaussian observations we derive the detection power of the mul-
tiscale statistic 7}, i.e. we determine the rate and constants at which a signal may vanish
with increasing n but still can be detected with probability 1, asymptotically. For the task
of detecting a single constant signal against a noisy background, we prove that the obtained
rate is optimal (cf. |Diimbgen and Spokoiny| (2001), Dumbgen and Walther| (2008]) and |(Chan
and Walther| (2013)). Further, we extend this result to the case of an arbitrary number of
change-points, retrieving the same optimal rate but different constants (Section .

As a consequence of the bounds for over- and underestimation, H(g(«)) in constitutes
an asymptotic confidence set at level 1 — a and we will explain in Section [£.5] how confidence
bands for the graph of ¥ and confidence intervals for its change-points can be obtained from
this. Of course, honest (i.e. uniform) confidence sets cannot be obtained on the entire set
of step functions S, as A and A can become arbitrarily small. Nevertheless, we can show
that simultaneously, confidence bands for 9 and intervals for the change-points are both

asymptotically honest with respect to to a sequence of nested models S™ C S that satisfy

n

lognAiAn — 00, asn — 00. (1.9)
In other words, the confidence level « is kept uniformly over S™ as n — oo (c.f. Section
. Here A, and A,, represent the smallest interval length and smallest absolute jump size

in S respectively.

1.4 Beyond exponential families

Even though the results in Section [3| generally rely on the restriction to exponential families,
the SMUCE methodology can be applied to other distributions. Extending the results from
Section [3.1] we show that the null-distribution of the multiscale statistic with Gaussian like-
lihoods converges to the same limit distribution for any sub-Gaussian additive noise. This
makes the procedure applicable in this more general model (Section [5.1]). These findings may
also be understood as a certain robustness property of the SMUCE with Gaussian likelihood,
which is confirmed by simulations in Section for uniformly distributed noise.

Moreover, we provide a modification of SMUCE for quantile regression. The approach is based
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on a multiscale analysis of the signs of residuals, and is hence applicable to any distributions

(Section [5.2).

1.5 Implementation and Software

The applicability of dynamic programming to the change-point problem has been subject of
research recently (Auger and Lawrence, 1989; Fearnhead, [2006; [Friedrich et al., [2008; [Har-
chaoui and Lévy-Leduc, [2010; |Jackson et al., 2005). The SMUCE @(q) can also be computed
by a dynamic program due to the restriction of the local likelihoods to the constant parts
of candidate functions. This was shown in [Hohenrieder| (2008) for the multiscale constraint
considered there.

Much in the spirit of the dynamic program suggested in |Killick et al. (2011)), our implemen-
tation exploits the structure of the constraint set in to include pruning steps. These
reduce the worst case computation time O(n?) considerably in practice. Simultaneously, the
algorithm returns a confidence band for the graph of ¥ as well as confidence intervals for the
location of the change-points (Section, the latter without any additional cost. A complete
pseudo-code of the algorithm is given and complexity and computation time are discussed. An
R-package (stepR) including an implementation of the pruned dynamic program for SMUCE
is available (Hotz and Sieling), 2013)H

1.6 Choice of ¢, simulations and applications

We investigate the performance of our approach in simulations and real world data exam-
ples. For this purpose, we first discuss the choice of the threshold parameter ¢q. As pointed
out above, ¢ can be chosen such that the probability of overestimation is controlled. More-
over, balancing the probabilities for over- and underestimation gives an upper bound on
P(K' (q) # K), i.e. the probability that the number of change-points is misspecified. This
bound depends on n, g, A and A in an explicit way and opens the door for several strategies
to select ¢, e.g. such that P(K(¢q) = K) is maximized if prior information on A and A is
incorporated. We discuss different approaches and suggest a simple way how to do this in
Section Additionally, we relate our findings to false and true discoveries in Section
From this in turn we derive an alternative, data-driven parameter choice, designed to control
the false discovery rate.

Extensive simulations reveal that SMUCE is competitive with state-of-the-art methods for
the change-point problem. Our simulation study includes the CBS method (Olshen et al.,
2004)), the fused lasso (Tibshirani et al., [2005) and the modified BIC (Zhang and Siegmund,

2007)) for Gaussian regression, the multiscale estimator in |Davies et al. (2012]) for piecewise

'R package available at http://www.stochastik.math.uni-goettingen.de/smuce
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constant volatility estimation and the extended taut string method for quantile regression in
Dumbgen and Kovac (2009). In our simulations we consider several risk measures, including
the mean integrated squared error (MISE), the mean integrated absolute error (MIAE) and
the model selection error P(K # K). Within these simulations the robustness to violations
of the assumption of a piecewise constant function is investigated.

As stressed before the applications for change-point models are vast. Besides the data exam-
ples in Frick et al. (2013) the procedure underlying SMUCE has been applied to idealization of
ion channels recordings (Hotz et al 2012)) and to segmentation of DNA-sequences (Futschik
et al., [2013). In extension to the results in |Futschik et al.| (2013) we illustrate the capacity of
SMUCE by means of a data example from the literature.

1.7 Multiscale segmentation with few levels

A modification of SMUCE is presented, which is designed for applications in which it is known
that the signal only takes few different values. The application, which we bear in mind is the
analysis of array CGH data. It is shown how the prior information of few different values
can be incorporated into the estimation procedure underlying SMUCE. The superiority of
the modified approach is illustrated in simulations and it is applied to an array CGH data
set, which has been considered in Snijders et al.| (2001) and Olshen et al.| (2004).

1.8 Discussion

In this section possible extensions and modifications of the proposed methodology are dis-
cussed. Motivated by the bounds for the expected number of overestimated change-points in
Section [3.2] we relate our findings to false discoveries. From this in turn we derive a data-driven
choice of ¢ and show promising results in simulations.

Moreover, we investigate possibilities to further reduce the computation time of SMUCE by
considering fewer intervals in the multiscale statistic 7;,. This is reduction is based on ideas
in [Walther| (2010) and makes SMUCE applicable to large data sets.

In addition we outline how SMUCE can be applied to dependent data in certain situation,
where the dependence structure is known. The ideas, which have been elaborated in detail
for an applications in [Hotz et al. (2012), are shown at a simple example.

Finally, the scale-calibrated penalization chosen for T;, is discussed and a possible extension

of SMUCE to more general piecewise parametric models is outlined.
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Introduction




SECTION 2

Statistical methodology

2.1 Model and notation

Before we can formally state the regression model, some definitions have to be introduced. We
recall the definition of exponential families and define the space of right-continuous change-

point functions.

Definition 1. Let v be a o-finite measure on the Borel set of R. Let F be the family of

distributions with v-densities

f@(x) = exp (9.@ - ¢(9)) , TeR, (2'1)

and with natural parameter space

0= {9 eR : /Rexp(ea;) dv(z) < oo}.

The family F is called a natural exponential family and is said to be regular and minimal if

O is an open interval and the cumulant transform 1 is strictly convex on ©.

Some well-known examples of exponential families are Gaussian distributions with fixed vari-

ance o2, Poisson distributions and Bernoulli distributions.

Definition 2. The class of right-continuous change-point functions is defined as

K
S = {29:19(15) :29k1[7k77k+1)(t),9k €0,0=m9< 7 <...<7Trg <TK+1 :1,K<oo}.
k=0

With these preparations, we now state the regression model.
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Model 1. Suppose we observe the independent random variables Y = (Y1,...,Yy,) from
Y;NFg(i/n), forizl,...,n, (2.2)

where {Fy}pcq is a regular and minimal one-dimensional exponential family of distributions

and ¥ € S a right-continuous change-point function.

It will be useful to define the functions

m(0) :==¢(0) =E[X] and v(f):=(h) = Var[X], (2.3)

for X ~ Fy. Note that m is strictly increasing and v is positive on ©. In Definition [2| the
values 73 are the change-point locations and 0, € © the corresponding intensities of ©. We
will assume that 0y # 01 for k=0, ..., K to ensure identifiability. To ease presentation we
also use the notation I = [k, T41) for the k-th segment of 0.
Also, it turns out to be useful to consider the mean-value parameterization of ¥ and 6 given
by

w(x) =m(¥(x)) and wmy = m(6). (2.4)

Due to the monotonicity of m, the mapping p +— ¢ is one-to-one and hence inference on 9
and p are equivalent. Clearly, the same is true for any strictly monotone transformation of
Y. For ¢ € § as in Definition [2| we denote by J(¥) = (1,...,7x) the increasingly ordered
vector of change-points and by #.J(J) = K its length.

For any estimator Jofd es , the estimated number of change-points will be denoted by
#J () = K, the change-point locations by J(9) = (71,... ,T¢). Further, we set 0}, = 9(t) for
t € [Tr, Thr1), 1€ 0y, is the value of ¥ on the k-th segments Ij,. Analogously we set = m(@)
and iy, = m(0).

Let S[k] denote the class of all functions in & which number of change-points is less or equal to
k. For simplicity, for each n € N we restrict ourselves to estimators which have change-points
only at sampling points, i.e. Je Sp|K] with 7, = [k/n for some 1 < [k < n. For a simple
presentation, we consider an equidistant sampling scheme as in Model [1, However, extensions

to more general designs are straightforward.

2.2 A Multiscale test for change-point regression

In this section we derive the multiscale statistic, which we employ for change-point inference
throughout this work. We will first consider local likelihood-ratio tests for local intensities of
¥ (Subsection [2.2.1]) and then combine these into a multiscale statistic (Subsection [2.2.2)).
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2.2.1 Local likelihood-ratio tests

Given a candidate function 9 € S we want to decide whether or not 9 is a good reconstruction
of ¥. With a slight abuse of notation, ¥ is considered as a fixed non-random function at this
point. To begin with, we fix some 1 < k < K and consider one fixed interval [i/n,j/n] C Iy,

i.e. which 9 is constant on with value ék Then, consider the local test problem

Hi,j3Yi7~~7YjNFék VS. (2'5)
Kij;:Y;,...,Y; ~ F; for some fec{0\0}

For i.i.d. observations Y;,...,Y}, the local likelihood-ratio statistic for this test is given by

(2.6)

TI(Y.6)) = log (Supéee I, fg(Yl)> |

;:i fék (Y7)

Introducing the notation ¢(z) = supgeg(fz —1(0)) and J(z,0) = ¢(x) — (Ox — (0)) we find

T/ (Y,0,) = (j — i + 1) (Y], 0) > 0, (2.7)

2

where 7{ = (Xi<i<j Y1)/(j — i+ 1). This reveals the property of the likglihood—ratio test
to achieve reduction of the data by sufficiency, as the local test statistic 7/ depends on the

minimal sufficient statistic YZ only. The resulting test at level a € (0,1) is of the form

1 ] 7} ..
H(Y) = L if T/(Y,0k) < qij(a) and 08)

0 otherwise,

for some constant ¢; j(«), determined by the level of significance a € (0, 1) of the test. Hence,
H; ; is rejected if Tij exceeds the threshold g; j(«). Given the observations Y, ...,Yj, there

exist constants b; ; and Bi,j such that 6y is accepted if and only if
b; : < 0 < b ;. (2.9)

This follows from the strict convexity of Tij , as we will show in Section In summary, any
function ¥ which is constant on [i/n,j/n] is rejected if its value on [i/n,j/n] is not in the

interval [b; ;, b; ;].

Our goal is to decide if Jis a good reconstruction of the entire signal, i.e. on all intervals

simultaneously. For V€ S with K segments fl, e ,f i and values él, . ,0}( we therefore
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consider the following multiple testing problem

K K
ﬂ m Hi,j VS. U U KiJ.

k=1[i/n,j/n]CIx k=1i/n.j/n]CI),

In other words, ¥ is rejected, whenever any of the local hypotheses in ([2.5)) is rejected on
an interval, which ¥ is constant on. In the upcoming section we discuss how the local test
statistics in (2.7)) can be combined into a multiscale statistic.

2.2.2 Combing local tests

Recall that given a candidate function e S, we perform the local test in on any
interval, which ? is constant on. We aim for finding a testing procedure which will not reject
the true signal ¥ with a specified probability « € (0,1). In the theory of multiple testing this
corresponds to controlling the family wise error (FWE). By this approach the error of first
type is controlled uniformly over all local tests. Assuming the values ¢; ; in (2.8)) could be

chosen such that

P max max TV Y, 0,) — qiia >0> <a, 910
(k:l..,,K[i/n,j/n}C[k i (Y. 0k) —qij(@) (2.10)

for the true signal ¥ € S, one can guarantee that the true function ¢ is not rejected with
probability greater than 1 —« by any of the local tests. Following the argumentation in ([2.9)),

we can construct the acceptance region for the multiple test:

max ~ max _ TZ-j(Y, 0r) — qij(a) <0

is satisfied if and only if for all k = 1,..., K

b

bij < Op <bij forall [i/n,j/n]C Iy. (2.11)

Here, the bounds b; ; and Bi,j depend on Y and ¢; j(c). The computation of these bounds is
crucial for an efficient implementation of our approach (see Section . For the moment,
however, we focus on the statistical problem to find constants g; ; that satisfy condition .
Clearly, this problem has no unique solution. The particular choice we make enables us to
prove optimal detection of segments an all scales simultaneously. For this purpose, it puts
different scales on equal footing by penalization of small intervals. This becomes advanta-
geous, since there are many more small than large intervals. Without a scale-calibration the
null-distribution would hence be dominated by the small scales. We use an additive penal-

ization introduced in Diimbgen and Spokoiny| (2001)) and consider the penalized multiscale
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statistic
) — i—i+1
T, (Y. D) = oY, 0,) —p (L2 2.12
) = maxmax (i - p (T2 (2.12)

0<k<K [i/n,j/n]€l}

with penalties p(z) = y/2log(e/x). We use a penalization of the square root of the likelihood-
ratios instead of the likelihood-ratios. As it was argued in |[Rivera and Walther| (2012) this
allows for optimal detection with a simple additive penalty term. The same is not true if
the likelihood-ratios were penalized instead. In Section [8.4] we will briefly discuss different
penalizations. Assume that g(«) is the (1 — «)-quantile of the null-distribution of T,,(Y, 9),
i.e. the distribution of T},(Y,¥) for the true signal ¢ € S. Then we easily find that

gij=qla) +p (‘T) (2.13)

satisfies (2.10). We will investigate the null-distribution 7,,(Y, ) (asymptotically) in Section
In the further course of this thesis, we will consider the multiscale constraint T, (Y,9) < q
for the multiscale statistic T}, in (2.12) and a threshold ¢ € R.

2.3 Statistical multiscale change-point inference

With the definition of the multiscale statistic 7}, in (2.12)), we formally state the inference
scheme, which we employ in this thesis. For g € R the set of function, that fulfill the multiscale

constraint, will be denoted by
Clg):={9eS :T,(Y,9) <q}. (2.14)
We then consider the multiscale constraint optimization problem

érelg #J(W) st Y el(q). (2.15)

Let the estimate K (q) for K be given by be the minimal value #.J () of (2.15)), i.e.
K(g)=min{k eN : 39 e S,[k] : T,(Y,9) < q}. (2.16)
Further, define the set of all solutions of ([2.15]) as

H(q) = {19 €S Tu(Y,9) <q and #J(¥) = f((q)} . (2.17)
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Finally, let the estimate 1§(q) for ¥ be the maximum likelihood estimator among all functions
in H(q), i.e.

d(q) == argmaxz log (flg(i/n)(y;;)) . (2.18)
YEH(q) j—1

~

Clearly, ¥(q) implicitly defines estimates for the change-points locations by

(e Pk =T 0@). (2.19)

In the upcoming section we develop a theory for these estimates and show that H(g) con-
stitutes an asymptotic confidence set. Further, we will show in Section [] that an efficient
computation of a solution of (2.18)) relies crucially on the equivalence in (2.11]).



SECTION 3

Theory

In this section asymptotic and non-asymptotic properties of SMUCE are shown. Parts of
these results have appeared in [Frick et al. (2013). In Section we prove convergence of the
null-distribution of the statistic 7;,. These findings from [Frick et al.|(2013) are complemented
by explicit bounds for the tails of the limit distribution. Based on these results, the probability
of overestimating the number of change-points and the expected number of overestimated
change-points is bounded. This extends the results in [Frick et al.| (2013]) and opens the door
to a data-driven threshold selection as we show in Section B.I] Additionally, bounds for
the probability of underestimation are shown in the spirit of [Frick et al.| (2013)). Here, a
refined version is derived, which yields sharper finite bounds. Finally, we prove asymptotic
confidence statements for the set H(q) as in . We stress that non-asymptotic versions
of these results exists in the Gaussian case (Section .

3.1 Asymptotic null-distribution

We now investigate the null-distribution of 7,, as in . It is well known that in expo-
nential families the null-distribution of the local likelihood-ratio tests Tij are 2-distributed
asymptotically (i.e. as n — oo, s.t. (j —i+ 1) = o), see e.g. the book of van der Vaart
(1998)[Chapter 16]. Put differently, this says that the asymptotic null-distribution of the
local tests is the same as in the Gaussian case and depends neither on the specific exponential
family nor on the regression function 9.

We will prove a result in that spirit for the multiscale statistic T;,, i.e. for the scale-calibrated
maximum of the local tests. For Gaussian observations, it follows from Diumbgen and
Spokoiny| (2001)) and |[Diimbgen et al. (2006) that under the null-hypothesis T, converges to a
random variable, concentrated on the positive reals, which is finite almost surely. Moreover,
it has sub-exponential tails, as we will prove in Section In this section we show weak

convergence of the null-distribution of 7}, to the Gaussian limit distribution under Model



18 Theory

For the proof we bound the smallest size of intervals and consider a modified version of (2.12)),

which reads as

T.(Y, 9 = 2TJ YG 21 3.1
(YOien) = max . max (v k) = /208 m) (3.1)

(j—i+1)/n>cp

where it is assumed that
¢, M log3(n)/n — 0. (3.2)

This lower bound is necessary by technical reasons. We use strong approximations of par-
tial sum processes (see Lemma , which require ¢, log?(n)/n — 0. Furthermore, Taylor
expansion of the local likelihood-ratios Tij (see Lemma is used to show convergence to a
Gaussian limit law. These rely on the assumption that ¢, log3(n)/n — 0.

The representation of the asymptotic null-distribution is given in terms of the random variable

M= b ('mt)t_\/st(s)' — [2log t_es> : (3.3)

where (B(t))t>0 denotes the standard Brownian motion. After these preparations we can

state the main theorem on the null-distribution.

Theorem 3 (Asymptotic null-distribution). Let Y be given by Model and assume (Cn)nen

satisfies (3.2)). Then,

B(t) - B
Th.(Y,0;¢p) B max sup (!()(s)| — 4 /2log6> . (3.4)
0 k<K Tk<8<t<7'k+1 \/m t - S

Further, let My, ..., M be independent copies of M as in (3.3)). Then, the r.h.s. in (3.4]) is
stochastically bounded from above by M and from below by

1
max (Mk —/2log ) . (3.5)
0<k<K Tk+1 — Tk

We emphasize that the limit distribution in (3.4)) (as well as the lower bound in (3.5))) depends
on the unknown regression function 9 only through the change-point locations 7, ..., Tk.
Whereas the function values of ¢ do not influence the limit law. The upper bound M is

independent of ¢, i.e. for any = > 0

lim supP (T,,(Y,9,¢,) >2) <P (M > z). (3.6)
n—o0 9eS

We will show in Section that M has sub-Gaussian tails (see Theorem [37). Together
with Theorem [3| this yields the following corollary.
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Figure 4: Simulations of the cumulative distribution function (left) and density (right) of M
as in (3.3) for n = 50(dotted line), n = 500(dashed line) and n = 5,000(solid line) equidistant
discretization points.

Corollary 4. Let Y be given by Model[ll For all x > 2E [M] it holds that

lim P (T, (Y,0;¢,) > ) < 2exp(—z?/8).

n—oo
This bound on the tails of the null-distribution turns out to be useful throughout this the-
sis. For example it allows us to prove almost sure consistency for the estimated number of
change-points K (see Corollary in the Gaussian setting. In addition, the result can be

employed in order to approximate quantiles of M in the tails.

In Section we will show that for the Gaussian case even non-asymptotic versions of the
latter results can be obtained, which allows for finite sample refinement of the null-distribution
of T,,. More precisely, in (3.6 the random variable M can be replaced by

) [BG/n) ~ Blifn) _ [,

max . ..
0<i<j<n (j—1)/n J—1

As the convergence in Theorem [3]is rather slow, this finite sample correction is helpful even
for relatively large samples, say if n is of the order of a few thousands. This is highlighted
in Figure [4 where it also becomes apparent that the empirical null-distributions for finite
samples, obtained from simulations, is in general not supported in [0, c0).

Hence, it is advantageous for Gaussian data to use finite sample simulations from M (n) | For
non-Gaussian data the bound is valid asymptotically only. Empirically, however, we found
that the approximation of the likelihood-ratios by the Gaussian version is very accurate, even
for small sample sizes. This is illustrated in Figure [6] which shows probability-probability
plots of M against the null-distribution of 7T}, for Poisson observations with constant mean
3 (first row) and Bernoulli observations with constant mean 0.8 (second row) for sample size
n = 100 (left), n = 500 (middle) and n = 1,000 (right). Even for the smallest sample size
n = 100 we find that M) approximates the null-distributions quite well in both cases.

The inequality in (3.6]) is not sharp, if the true function has at least one change-point. For an
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illustration of this, Figure |5[ shows probability-probability plots of the exact null-distribution
of signals with two, four and ten equidistant change-points against the null-distribution of
a signal without change-points for sample size n = 500. Clearly, further information on the

number and location of change-points could be used to improve the distributional bound.

3.2 Overestimation of change-points

We first note that with the additional constraint in (3.1)) on the minimal interval length, the

estimated number of change-points is given by
K(g)=min{keN : 39 e S,[k]: T,(Y,0;¢n) < q}, q€R. (3.7)

From the construction of SMUCE, it is immediate that if ¢ = ¢(«) is chosen to be the
(1 — a)-quantile of M, then

limsup P(K (¢()) > K) < ov. (3.8)

n—oo
This holds since the number of change-points is minimized among all functions in C(g) and
P(W € C(q)) > 1 — . However, in we only distinguish between the events that the
number of change-points was overestimated or not. In many applications as well as from a
theoretical point of view, it is certainly of interest to quantify the number of overestimated

change-points. For this purpose, we extend the latter result in the following theorem.

Theorem 5 (Overestimation bound). Let Y be given by Model K(q) as in (3.7), ¢ = q(«)
be the (1 — «)-quantile of M and k € Ng. Then,

limsup P (K(q(a)) > K+ 2k> < oftl, (3.9)

n—oo
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Figure 5: Probability-probability plots of the empirical null-distribution of a signal with-
out change-points (z-axis) against signals with 2(left), 5 (center) and 10 (right) equidistant
change-points (y-axis) for n = 500.
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Figure 6: Probability-probability plots (black line) of M (") against the null-distribution of
T, for Poisson observations with p = 3 (first row) and Bernoulli observations with p = 0.8
(second row) for sample size n = 100 (left), n = 500 (middle) and n = 1,000 (right).

First, we observe that for k = 0, boils down to (3.8). For general £ > 1, the theorem
reveals that we cannot only control the probability of overestimation but, moreover, give
confidence statements about the number of overestimated change-points. As an application,
this allows to control the expected value of overestimated change-points, as shown in the

following corollary.

Corollary 6. Let Y be given by Model K(q) as in (3.7), ¢ = q(«) be the (1 — a)-quantile
of M. Then,

Jim E[(K(q(a))—ffu Zg 0

n—00 1—a

where (x)4+ = max(z,0).

This shows that even for rather large values of «, the expected value of overestimated change-
points is relatively small, see also Figure [7] for an illustration. Hence, SMUCE is a method,

which first of all guarantees the error of overestimation to be small.
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Figure 7: Bounds for the expected value of (K (g()) — K) in Corollary |§| in dependence of
a € (0,1) (x-axis).

3.3 Underestimation of change-points

In this section we derive explicit bounds for the probability that K (q) as defined in
underestimates the true number of change-points K. For these bounds it is not necessary to
impose a lower bound on the lengths of the considered intervals. Bounds for the probability
of underestimation necessarily have to depend on the true signal 1, as no method can recover
changes of arbitrarily small height or on arbitrarily small segments for a given sample size n.
For a similar argument in the context of density estimation we refer to the work of [Donoho

(1988). Under assumptions on the true signal ¥ such two-sided inference can be achieved.

We begin with a general result that bounds the probability of missing change-points given
some characteristics of the regression function ©. This needs some preparations. First, define
for kK =1,..., K the height of the k-th change-point ¢; and as a measure for the lengths of

the corresponding segments \; as

6k = ’0k+1 — Hk‘ and )\k = min {Tk 727%_1, Tk+127 Tk } .

We will also frequently use the notations

A= min 0y and A =2 min I (3.10)
1<k<K 1<k<K

for the smallest jump and smallest segment of 1, respectively. By D(GHé) we will denote the
Kullback-Leibler divergence of Fy and Fy, i.e.

fo(x)
fo(x)

D(6]|9) = /Rfe(ﬂf) log dv(z) = 9(6) — ¥(8) — (6 — )m(8). (3.11)
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To state bounds for the probability of underestimation we further require the functions

wy(v,w,x,y) = inf  sup E(D(HHGialc) —y)—D(0]|0Le)|, (3.12)
vSOSw cefo,g] LT
Otzelv,w] ’
K3 (v, w0, 1) = v<113£w D(0 + z||6). (3.13)
f+xcv,w]

Finally, we define

5 (q+ 210g/\£k)2 - Q’g’gk (q~|—,/2108;)\£k)2 -

5’ n)\k. ’

K5 = min {I-i;r <9,9, 52k> , Ky <9,9, 52k> } . (3.15)

After these preparations we can now give an explicit bound on the probability of underesti-

mating the number of change-points.

Theorem 7 (Underestimation bound). Let Y be given by Model qg >0 and K(q) be defined

by (2.16) and let
2
ﬂnk(Q) _ [1 . e—n’fn)xk _ e—lién)xk] ) (3.16)

Then,
K

p (f((q) > K) =[] Bula)

k=1

and moreover

E[(K K(q )] kf:ll_ﬁnk

As it becomes clear in the proofs, £,x(q) is a lower bound for the probability of detecting the
k-th change-point. Let
Bn(q) = min Bur(q), (3.17)

1<k<K

which bounds the probability of detecting the change-point, which is hardest to detect. As a
direct consequence of Theorem [7| we obtain from the inequality (1 — )™ > 1 — ma (for all
z € (0,1) and m € Ny) that

P (K() = K) > Bul0) 21— K (1= Bu(0)). (3.18)
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Furthermore, it holds that
E (K~ K())+| < K(1- a(0)). (3.19)

The parameters (,;(¢) depend not only on the true function ¥ but also on the family of
distribution F. Their explicit computation can be rather tedious and has to be done for each
exponential family separately (for the Gaussian case see Section . Therefore, it is useful

to have a lower bound for these constants, which is given in the following.

Lemma 8. Let v be as in (2.3 and K&t and @t be defined as in (3.12)) and (3.13)), respectively.

Then,

9. 2 2
< inf v(t x
fogigw V07 0 nd st w,w,2) > & inf o(t).

+
>
K (v, w,z,y) > 8 SUpy<i<y 0(t) 2 v<t<w

Clearly, Lemma [8| can be used to bound the results in Theorem [7] further. In particular,
combination with (3.18)) yields a simplified version, which only depends on A and A as in
(3-10). For this purpose, we assume that ¥ € S is so that § < 9(¢) < 0 for all t € [0,1]. Then,

2
P (K(g) < K) < 2tce-0nra®/z [ o[V IRBTR)" ] (3.20)

where

_ 1 inf,_,_5v(0)?
¢ = C(F.0,0) = L Mososi 110

= — 3.21
32 supyg<p v(6) ( )

Such simplified bounds were also derived in [Frick et al.| (2013). We stress that the refined
version in Theorem [7] is sharper, since the height and length corresponding to the same
change-point are taken into account, which is reflected in the definition of 3, in (3.16]).

3.4 Consistency and locations of estimated change-points

We will employ the latter results, in order to investigate the asymptotic behavior of SMUCE
for a fixed signal ¢ € S as n — oco. Under rather mild assumption on ¢, the estimate K (qn)
converges to the true number of change-points K in probability. This is made precise in the

following corollary.

Corollary 9 (Model selection consistency). Let ¥ € S be fized and K(q) be as in ([3.7).
Further, assume that g,/+/n — 0 and g, — oc. Then,

P (K(qn) - K) 1.

We will show in Section that this result can be extended to a.s. convergence for Gaussian

observations.
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Remark 10. In Corollary |§| we found that ¢,/+/n — 0 is sufficient to ensure consistency of
SMUCE. Since e.g. q, = O(y/n/logn) fulfills these assumptions, we find from Corollary

that P(K(g,) > K) < 2exp(—n/logn) can be achieved. Hence, the error of overestimation

can be controlled at an (almost) exponential rate while ensuring consistency.

Next, we investigate the localization of estimated change-points as in . Any candidate
in #H(q) recovers the change-point locations of the true regression function ¥ with the same
convergence rate. In other words, the maximum likelihood step in is not needed for these
results. To ease notations we nevertheless state the result only for (71,...,7%), estimated by
SMUCE as in . The results are proved similarly as the bounds for underestimation.
Here, we focus on asymptotic rates here and not on finite bounds. For this reason we give a

simpler bound which is less sharp for small n, similar to (3.20]).

Theorem 11. Let ¢ € R and (ep)nen a sequence in (0,1]. Further let ¥ € S be bounded by
0 <9 <0 andlet C=C(F,0,0) be as in (3.21)). Then, for alln € N

2
P| max min |[T—7|>¢, ] < 2K e~ Cnend® |7 (q+ v QIOg(Qe/E")> +1
TeJ(9) +€J(d(q))

For a fixed signal ¢ € S, a sufficient condition for the r.h.s. in Theorem to vanish as

n — oo is

S 1 logn
€ —— .
"= A2C n

This improves several results obtained for other methods, e.g. in [Harchaoui and Lévy-Leduc

(3.22)

(2010) for a total variation penalized estimator a log? (n)/n rate has been shown.

In the following we will apply Theorem [L1] to determine subclasses of S in which the change-
point locations are reconstructed uniformly with rate ¢,. These subclasses are delimited by
conditions on the smallest absolute jump height A,, and on the number of change-points K,
(or the smallest interval lengths A,, by using the relation K, < 1/A,) of its members. For

instance, the rate function ¢, = n~" with some 8 € (0,1) implies the condition

n? exp(—n'PA,)
An

— 0.

A value of § close to 1 gives a small subclass of functions which then can be reconstructed
uniformly with convergence rate arbitrarily close to the sampling rate 1/n. We finally point
out that the result in Theorem does not presume the number of change-points to be
estimated correctly. If €, additionally satisfies and if ¢ = ¢, — oo slower than \/—loge,
in Theorem we find that P(K(q) = K) — 1 and it follows that

P(ﬁﬁl\Tk—ﬁC\>1)—>0, fork=1,..., K.



26 Theory

3.5 Gaussian observations

We now derive explicit results for the case when F is the Gaussian family of distributions

with constant variance o2. In this case the regression Model [I| can be rewritten to
Yi=p(i/n)+oeg, i=1,...,n, (3.23)

where €1,...,&, are independent standard Gaussian random variables and ¢ > 0. We will
refer to the value of the k-th segment as my; € R as in (2.4)).

The result on the asymptotic null-distribution in Theorem [3|is based on strong approximation
of the likelihood-ratios by Gaussian partial sums. Since this step is superfluous for Gaussian
observations, it is possible to get rid of the lower bound for the smallest scales ¢, as in .
Furthermore, we can bound the null-distribution non-asymptotically. To this end, we set (as
before)

[B(j/n) — B(i/n)| en

M™ = max — 2. (3.24)
0<i<j<n (j—1i)/n j—i

D
Clearly, M(™ < M, since the maximum is taken over a subset of {[s,#] : 0 < s <t < 1}.

Corollary 12 (Null-Distribution of T},). Let Y be given by ([3.23) and let M™ be as in
(13.24). Then, for any n € N

D D
To(Y, ) < M™ < M.

In contrast to Theorem this result is non-asymptotic and we can control the error of
overestimation for any finite n, which e.g. enables us to prove almost sure consistency (see

Corollary . Further, we can also state finite bounds for overestimation.

Corollary 13 (Overestimation bound). Let Y be given by (3.23)), q(«) be the (1 — «)-quantile
of M™ and K(q) be defined as in (2.16)). Then, for any k € Ng and n € N

3 (f((q(a)) > K+ 2/<:) < ob+l

and

E [(K(g(a) — K)4] <205

(3.25)

1—ao
We now turn to bound the probability of underestimating the number of change-points.

Similar to Section B.3] we set

5 = My — mk” A= min{Tk — Th—1 Th+1 — Tk} (3.26)

o 2 ’ 2

and let A = 2min;<p<x A be the smallest interval length and A = min; << x 0y the smallest
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normalized jump height. We then define

(e )

8

2

/Bnk(Q) = |1- exp | —

and fn(q) = ming=1__ g Bnk(q)-

Theorem 14 (Underestimation bound). Let u € S and 'Y be given by (3.23)). Let ¢ > 0 and
R’(q) be defined as in (2.16|). Then,

K
P(K() > K) > ] fula) (3.27)
k=1
and P
E [(K K(q 4 3 (1 - Burla (3.28)
k=1

Note that the r.h.s. in (3.27) can be further bounded by (3,(¢))’. Similarly the r.h.s. in
(3.28)) can be bounded from above by K(1 — 3,(q)). We will employ the latter results, in
order to investigate the asymptotic behavior of SMUCE for a fixed signal y € § as n — oc.

Corollary 15. Let p € S and Y be given by (3.23)). Let K(q) be defined as in (2.16). Further,
set 0 < ¢ < 0.5, let g, such that g,/\/Togn — oo and ¢,n~ — 0. Then,

lim K(g,) =K a.s.

n—00

In comparison to Corollary [0 this shows that almost sure consistency can be obtained if
the assumption g,/v/n — 0 is replaced by g,n~¢ — 0 and it is additionally assumed that
an/\/1ogn — oo.

3.5.1 Detection of vanishing signals

The previous results may also be seen from a different angle. Instead of considering a fixed
signal pu as n — oo, we shall now determine sequences of subclasses of §, among which the
number of change-points is estimated correctly with asymptotic probability 1. In other words,
we investigate at which rate signals may vanish while still being detected by SMUCE. We

begin with signals on a single interval against an unknown background.
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Theorem 16. Let mp € R and p,(t) = mg + A, 1y, (t) for a sequence of intervals I, C [0,1]
with lengths |I,|. Further, let Y be given by (3.23) and (qn)nen be bounded away from zero.

Assume
(1.) for signals on a large scale (i.e. liminf |I,,| > 0), that \/|In| nAy,/qn — o0,

(2.) for signals on a small scale (i.e. |I,| — 0) that \/|In|nA, > (V2+en)\/—log(|1,]) with

eny 8.t eny/—log(|In])/qn — oo.

Then,
P (f((qn) > 0) 1. (3.29)

Remark 17. In Theorem [16]it is shown that SMUCE detects at least one change-point with
asymptotic probability one. This is due to the fact that the intervals I, are allowed to be
arbitrarily close to the borders of the unit interval. If it is further assumed that for some
e > 0 the intervals I, are in [¢,1 — €], i.e. I, is bounded away from the borders, we find
P <K (qgn) > K ) — 1. This is a direct consequence of the proofs of Theorem

Theorem [16| gives sufficient conditions on the signals p, (through the interval length |I,,| and
the jump height A,) as well as on the thresholds ¢, such that the multiscale statistic T;,
detects the signals with probability one asymptotically. The following theorem shows that
the result is optimal in the sense that any test with level « € (0, 1) has non-trivial power if

€n in (2.) of Theorem [16]is replaced by —e,. To state this more precisely, define

S = {n(t) = Ant, (0) - VITInA, = (V2 — 2) v/~ Toa(IL]) (3.30)

Theorem 18. Let €, be such that lim,_, €, = 0 and lim,_,~ €,+/—log |I,| — co. For any
test ¢ (Y') with asymptotic level o under the null-hypothesis p = 0, it holds that

inf E,¢0,(Y)—a <o(1).

HESh
For the special case, when g,(= ¢(«)) is a fixed a-quantile of the limiting null-distribution
M in , the result in Theorem [16|boils down to the findings in |(Chan and Walther| (2013).
In particular, aside to the optimal asymptotic power , the error of first kind is bounded
by «. The result in Theorem [16] goes beyond that and allows to shrink the error of first kind
to zero asymptotically, by choosing ¢, — oco. The rate of ¢, then determines explicitly the
rate of €, through the assumption &, \/m /qn — 0.
We finally generalize the results in Theorem [L6| to the case when p € S has multiple change-
points. These results are based on the bound in . To ease notations, we formulate the
result in terms of the smallest interval length A, and the smallest jump height A,, of u,. We

give conditions on A, and A,, so that no change-point is missed asymptotically.
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Theorem 19. Let (pn)nen be a sequence in S with K, change-points and denote by A, and
A, the smallest absolute jump size and smallest interval of p,, respectively. Further, assume

that q,, is bounded away from zero and
(1.) for signals on large scales (i.e. liminf A, > 0), that /AynA,/q, — .

(2.) for signals on small scales (i.e. A, — 0) with K,, bounded, that

VAAL > (44 ep)y/—log(Ay) with e/ —log(Ay)/qn — 0.
(3.) the same as in (2), with K,, unbounded and the constant 8 instead of 4.

Then,
P, (f((qn) > Kn> 1

Theorem [I19 amounts to say that the statistic T), is capable of detecting multiple change-points
simultaneously at the same optimal rate (in terms of the smallest interval and jump) as a
single change-point (see Theorem . The only difference being the constants that bound
the size of the signals that can be detected. These increase with the dimension of the model:
/2 for a single change against an unknown background, 4 for a bounded (but unknown), and
8 for an unbounded number of change-points. In|Jeng et al. (2010) it was shown that for step
functions that exhibit certain sparsity patterns the optimal constant v/2 can be achieved. It
is important to note that we do not make any such sparsity assumption on the true signal.
It is not clear, if the constants in Theorem are optimal. Finally we mention an analogy
to Theorem 4.1. of |Diimbgen and Walther| (2008]) in the context of detecting areas of local
increase and decrease of a density. As in Theorem they showed that only the constants

and not the detection rates changes for simultaneous detection of infinitely many features.
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3.6 Confidence regions

In this Section we discuss how confidence statements can be constructed from the approach

in Section Using the terminology in [Li (1989), we agree upon the following definition.

Definition 20. A set C C S is called asymptotically honest for the class S at level 1 — « if

Jingoég‘fsP@?GC) >1-a.
Clearly, from Theorem [5|it follows that for g(a) being the (1 — «)-quantile of M, the set C(q)
(as in (2.14])) is an asymptotically honest confidence set at level 1 — . This set, however, is
large, e.g. any interpolation of the data is in C(¢(«)). Recall that SMUCE is the maximum
likelihood estimate restricted to H(q) (as in (2.17)). From the definition of #(g) we observe

P (9 € H(q()) = P (9 € C(a(e))) — P (K(a(e)) < K). (3.31)

Combining Theorem [7] with the latter inequality gives the following corollary, which bounds
the coverage of H(q).

Corollary 21. Let a € (0,1) and g(«) be the (1 — «)-quantile M as in (3.3). Moreover, set
Brn as in (3.17). Then, we find from (3.18) that

P (9 €M(q)=1—a—K(1-pu(qg)+o(l) (3.32)
Since Bn(q(a)) = 1 for any 9 € S as n — oo it holds for any ¥ € S that

lim P (¥ € H(q)) >1—q.

n—00

We mention that for the Gaussian family (see Section inequality even holds for
any n, i.e. the o(1) term on the r.h.s. can be omitted. Thus, the r.h.s. of gives an
explicit and finite lower bound for the true confidence level of H(g(«)).

Being a subset of S, the confidence set H(q) is hard to visualize in practice. Therefore, in
Section we compute a confidence band B(q) C [0,1] x © that contains the graphs of all
functions in H(q) as well as disjoint confidence intervals for the change-point locations. These
will be denoted by [7}(q), 77 (g)] C [0,1] for k = 1,... ,f((q). For the sake of simplicity, we
abbreviate the collection {K(q), B(q), {[ri(q), Tg(q)]}k:17...,l%(q)} by I(q) and agree upon the

notation

9 <1(q) if K(q) =K, (t,9(t)) € B(q) and 7, € [T,i(q),T,:(q)] fork=1,...,K, (3.33)
¥ £ 1(q) otherwise.
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Put differently, ¥ < I(q) implies that simultaneously
1. the number of change-points is estimated correctly,
2. the change-points lie within the confidence intervals (i.e.7 € [7L(q), 75 (¢)) and
3. the graph is contained in the confidence band B(q).

As it becomes clear from the construction of I(g) in Section the confidence set H(q) and
I(q) are linked by the relation
9 e H(qg) =0 < I(q). (3.34)

In the following we will use this result to determine classes of step functions on which these
confidence statements hold uniformly. Following the terminology in Definition [20] we call I(q)
asymptotically honest for S, if

hnrggéf érel‘fSP (W<1(q))>1—a. (3.35)
Such a condition obviously cannot hold over the entire class S, since signals cannot be detected
if they vanish too fast as n — co. Because of this, assumption (1) cannot be fulfilled uniformly
over § by any statistical procedure. For Gaussian observations this was made precise in
Section 3.5
To overcome this difficulty, we will relax the notion of asymptotic honesty. Let S c S,
n € N be a sequence of subclasses of S. Then, we call I(q) sequentially honest with respect to
S at level 1 — o if

liminf inf P9 <I(g)>1—a.
n—o0 ges(n)

By combining (3.31)), (3.34) and Theorem [7| we obtain the following result about the asymp-
totic honesty of I(g(«)).

Corollary 22. Let § < 0, a € (0,1) and q(a) be the (1 — a)-quantile of M as in (3.3)) and

assume that (by)neny — 00 s a sequence of positive numbers. Define
S = {9 e S:nAA?/log(1/A) > b,, 6 <9 <B}.
Then 1(q(c)) is sequentially honest with respect to S™ at level 1 — a, i.e.

lim inf P9 <I(q(a)))>1-a.

n—00 YeS(n)
By estimating 1/A,, < n we find that the confidence level « is kept uniformly over nested
models S c S, as long as nA,A2%/logn — co. Here A, and A, are again the smallest

interval length and smallest absolute jump size in S, respectively.
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3.6.1 Empirical coverage of confidence sets /(q)

So far we gave asymptotic results on the simultaneous coverage of the confidence sets I(q)
as defined in . We now investigate the simultaneous coverage empirically. To this end,
we consider the test signals shown in Figure [§| for Gaussian observations with varying mean,
Gaussian observations with varying variance, Poisson observations and Bernoulli observations.
In our simulations we choose ¢ = g(a) to be the (1 — a)-quantile of M as in (3.3). It then
follows from Corollary [22] that asymptotically the simultaneous coverage is larger than 1 — a.
Table (1| summarizes the empirical coverage (first column) for different values for o and n
obtained by 500 simulation runs each and the relative frequencies of correctly estimated
change-points (second column). The results show that for n = 2,000 the empirical coverage
exceeds 1 — «v in all scenarios. The same is not true for smaller n (indicated by bold letters),
since here the number of change-points is misspecified rather frequently. Given K has been
estimated correctly, we find that the empirical coverage of bands and intervals is in fact larger
than the nominal 1 — « for all simulations (see third column). The low coverage for small

sample size is hence caused by underestimation of the number of change-points.

n 11—« Gaussian Gaussian Poisson Bernoulli
(mean) (variance)
0.8 0.59 0.64 0.92 0.66 068 097 | 0.87 0.89 098 | 0.85 0.90 0.94
1,000 | 0.9 0.48 049 098 | 0.39 039 1.00 | 0.85 0.86 0.99 | 0.86 0.86 0.99
0.95 0.28 0.28 1.00 | 0.16 0.18 093 | 0.71 0.74 096 | 0.66 0.70 0.94
0.8 0.84 0.90 0.93 0.87 0.88 098 | 092 095 0.96 | 093 097 0.96
1,500 | 0.9 0.73 0.74 098 | 0.72 0.74 097 | 0.95 097 098 | 0.96 0.97 0.99
0.95 0.55 0.56 098 | 0.45 047 098 | 0.92 093 099 | 0.89 0.90 0.99
0.8 0.94 099 0.95 0.98 1.00 098 | 0.95 0.99 095 | 096 0.99 0.97
2,000 | 0.9 0.98 1.00 0.98 0.99 1.00 0.99 | 0.96 0.99 096 | 097 0.99 0.98
0.95 0.99 1.00 0.99 0.97 0.99 098 | 1.00 1.00 1.00 | 099 1.00 0.99

Table 1: Empirical coverage obtained from 500 simulations for the signals shown in Figure
For each choice of o and n we computed the simultaneous coverage of I(g(a)), as in
(first value), the percentage of correctly estimated number of change-points (second value)
and the simultaneous coverage of confidence bands and intervals for the change-points given
K(g(e)) = K (third value).
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Figure 8: From top left to bottom right: Gaussian observations with varying mean, Gaussian
observations with varying variance, Poisson and Bernoulli observations and SMUCE (solid
black line) with confidence bands (red hatched) and confidence intervals for change-points
(shown by brackets []).
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SECTION 4

Implementation

In this section we show how SMUCE can be computed by a pruned dynamic programing
algorithm. This approach has been outlined in [Frick et al.| (2013) and Futschik et al.| (2013).
We describe the implementation in detail here (Section . Further, the complexity is
discussed and an efficient computation for confidence region is shown (Section [4.5). An

R-package of the implementation is available (Hotz and Sieling}, 2013)ﬂ

4.1 Dynamic programming in change-point regression

Dynamic programming algorithms for the change-point problem based on penalized least-
square fitting can be traced back to the work of |Bellman| (1961). In fact, the underlying
idea was already introduced in Arrow et al. (1949). All later approaches using dynamic

programming are essentially based on Bellman’s Principle of Optimality (Bellman) 1961):

“An optimal policy has the property that whatever the initial state and the initial
decision are, the remaining decisions must consist an optimal policy with regard

to the state resulting from the first decision.”

In the context of change-point regression this boils down to the observation that a part of the
optimal segmentation is optimal itself. We will explain in the following section why such an
observation is true for SMUCE. More general, dynamic programming has been used to find
exact solutions of penalized cost functionals in the Segment Neighborhood method, which
was suggested in |Auger and Lawrence (1989). Under the specification of an upper bound
on the number of change-points Kpax, the solution is computed in O(Kyan?). Also for
penalized cost functionals, dynamic programming has been used more recently in |[Jackson
et al.| (2005)) and |Friedrich et al. (2008 and it was shown that the proposed algorithms are
O(n?). [Killick et al.| (2011) developed this approach further by including a pruning step into

'R package available at http://www.stochastik.math.uni-goettingen.de/smuce
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the dynamic program. Their PELT-algorithm has a worst case complexity of O(n?) but
under the assumption that the number of change-points increases in a certain way as more
data is collected, the expected computational costs are linearly increasing in n.

Any of the latter approaches is based on the idea of minimizing a global cost functional
(sometimes referred to as measure-of-fit) with the additional penalization of change-points.
In contrast to that, SMUCE requires the final estimate to fulfill a multiscale constraint,
which acts locally. An adaption of the dynamic program to such multiscale problems has
been introduced in Davies et al| (2012)) in a similar setting. The authors showed that a
solution with minimal number of jumps can be computed in O(n?) operations. Moreover,
an algorithm which minimizes the empirical quadratic deviations among the solutions with
minimal jumps is proposed. This is similar in spirit to the maximum likelihood step in .
The author stated that this algorithm is O(n?).

We will exploit the structure of the optimization problem in explicitly by including
several pruning steps, similar in spirit to Killick et al| (2011). Due to this we can show that
the computation of the multiscale restricted maximum likelihood estimator in has a
worst case complexity of O(n?). In addition, we will illustrate that in many situations the
computation is much faster than this complexity suggests.

Simultaneously, we derive an efficient way to compute confidence bands for the graph of ¥
(Section as well as confidence intervals for the location of the change-points (Section
4.5.1)).

4.2 A pruned dynamic program for SMUCE

Suppose that n € N and ¢ > 0 are fixed and that Y = (Y7,...,Y,,) are observed data. In this
section we present a dynamic programming algorithm to compute the estimated number of
change-points K (¢) in (1.4) and the statistical multiscale estimator @(q) as defined in ([2.18]).

To this end, we note that an estimator ¥ can be identified with the vector (191, e ,?§n) cor
where

0; = 0(i/n).

Next, we note that for a given 6 € O the log-likelihood on an interval {k,...,l} is given by
(k—1+ 1)(9?51f —1(0)). With this we define the local costs of 8 on {k,...,l} as

k—1+1)(yv(0) —0Y if maxp<;<; 2T (Y,0) — , /2log == < ¢
(0) = ( )(¥(0) k) r<i<j<t |/ 217 (Y, 0) — | /2log 754

o0 else.

In other words, the costs for § € © coincide with the negative log-likelihood if 6 satisfies the

multiscale constraint on {k,...,l} and are infinitely large else. A parameter value that has
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finite costs will be referred to as admissible on the interval {k,...,l}. The optimal costs on
the interval {k...,[} are defined as

= mi 0).
Chl rerél(g%z()

If cx,; < 0o we say that ék,l is the optimal parameter if ¢ ; = Clc,l(ék,l>- If ¢x,; = oo then there
exists no parameter # € © such that the multiscale constraint is satisfied on {k,...,[}.

A detailed pseudocode is given in Algorithm [I] Here, we outline the main idea. To this
end, assume the data is not available at once but piece by piece and the optimal estimator
is computed iteratively. For p = 1,2,... we compute the optimal costs ¢, := ¢1, and the
corresponding parameter values 63171, as long as ¢, < oo. If ¢1 41 = oo then there are no
admissible constant estimators on {1,...,p+ 1} and we save the latest feasible index by
Ry =p.

For all p > Ry at least one change-point has to be introduced into the reconstruction in order

to satisfy the multiscale constraint. Note that for 1 <[ < Ry the estimator

9(l,p) = é1,z1{1,...,z} + él+1,p1{l+1,...,p}

is the estimator with lowest costs on its constant pieces given the jump location I.
By setting

l(p) = argmincy ; + ¢41,p
1<i<Ro

we find that 9(p) = J(I(p),p). It is the estimator on the interval {1,...,p} with lowest
cumulative costs ¢, 1= ¢1(p) + ¢(p)41, among all piecewise constant estimators with one
jump. Proceed until ¢;41 41 = oo for all 1 <1 < Ry and then set Ry = p. Put differently,
for p > R; no piecewise constant estimator with one change-point exists on {1,...,p} that
satisfies the multiscale constraint.

Now assume that k£ > 1, Ri_; and Ry are known and that for Ry_1 < < Ry, the estimator
J(1) is the one with lowest cumulative costs ¢; with k jumps on the interval {1,...,1}. Then,
for p > Ry

I(,p) =011,y + O pliisn,. p

is an estimator with &+ 1 jumps on the interval {1,...,p} with lowest cumulative costs given

that the last jump is at [. Again, by setting

l(p) = argmin ¢+ c41,
Ry 1<I<Ry

we obtain the estimator J(p) = 9¥(I(p), p) with lowest cumulative costs ¢, = C1i(p) T Cl(p)+1,p-

Such equalities, which constitute the key ingredient for the application of dynamic programing
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Data: Y1,...,Y, N . .
Result: Estimate for number of change-points K, location of change-points l1,...,[ 2, values on the segments

o0

for p < 1 ton do
Compute ¢p < c1,p < infgee c1,p(6);
if c1,p = oo then // note that p > 1 always

end

else

end

Ro+p—1;
break

01,p < argmingcg c1,p(0);

if c1,n < oo then // there exists a constant feasible estimate
return K < 0 and 0g < 01,5 ;

end

R_1 «+ 1;

for £+ 1 ton do

Ly 1+ Rp_2+1;

for p<+ Rip_1+ 1 tondo

end

end

Initialize ¢, = o0;
for | <+ Rip_1 —1to Rg_5 do

Compute ¢;41,p + infgeo ¢j41,p(0) // possibly ¢4, = 0!
if ¢j41,p = oo then
if p=Rir_1+1 then
‘ Li_1 <1 // save left bound for confidence intervals;
end
break;
end
if ¢; + cj41,p < cp then // placing a change-point at ! reduces overall costs
cp < ¢+ Cig1,p, Up) < 1, O141,p + argmingeg ciq1,p(0);
end
end
if ¢y = co then // there is no feasible estimate with k change-points on {1,...,p}
R < p—1;
break
end
end
if ¢, < oo then // there exists a feasible estimate with k change-points!

return K k;

lk_‘_l(—nj
for k <+ K to 1 do

‘ return [, + l(ik+1) and 0, « él}--H fosn

end

Algorithm 1: Dynamic programming algorithm for the computation of SMUCE
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Figure 9: Tllustration of the iterative computation for p = 2,...,9; estimate ﬁ(p) (red line)

and standard Gaussian observations (black dots) for ¢ = 1.

are referred to as Bellman equalities. This equality shows explicitly why Bellman’s principle
of optimality holds for the computation of SMUCE.

Proceed until ¢;41 41 = oo for all Ry < | < Ry, (then define Ry = p and restart the
iteration) or until p = n (then set 9 = J(n) and exit).

In Figure @ we show the iteratively computed estimators lg(p) for a given data set. The exam-
ple illustrates that the location of detected change-point may alter within the computation:
the location of the first change-point changes in the last iteration.

Comparing it to the general dynamic programming approach, it shows important differences
which allow for considerable speed-ups. They take into account the specific structure of cost

functional by including pruning steps, which are founded on the following three observations:

1. Whenever ¢, = oo for some p, no smaller values for [ need to be considered, since
¢p, = 00 for any 1<1 (see line 24 in Algorithm .

2. Whenever there exists no feasible solution with k change-points on {1, ..., p}, then there
also exists no feasible solution with k& change-points on {1,...,p} for any p > p (see line
32 in Algorithm [1]).

3. If for a fixed p a feasible solution with k& change-points exists, there is no need to consider
functions which have more than k£ 4 1 change-points up to point p. Consequently, for
p in [Ri_1, Ri] only estimates whose rightmost change-point is in [Ry_2, Ri_1) have to
be computed (see line 18 in Algorithm [1]).
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Particularly, for signals with many detected change-points these lead to faster computation,
as we will discuss in Section A crucial part of the algorithm is the computation of the
optimal local costs ¢; ;. For the sake of clarity, we gave no details about the computation of

these costs in the pseudo-code in Algorithm [I] but postpone this issue to the next subsections.

4.3 Computation of the optimal costs

We will show how the optimal costs ¢, ), can be computed for some 1 < r < p < n. To this
end, fix some 7 < i < j < p. Since {Fp}yco Was assumed to be a regular, one-dimensional
exponential family, the natural parameter space © is a nonempty, open interval (6, 603) with
—o0 < 61 < 03 < 00. Moreover, the mapping 6 — J (?Z, 0) is strictly convex on © and has the
unique global minimum at m_l(?g) if and only if m_l(?g) € int(©). In this case it follows
from Theorem 6.2 in [Nielsen| (1973) that for all ¢ > 0

: en
{96@: 2TZ?(Y,9)—\/210gJ.—_Z_+1§q}
2
L q+/2log = -
— HGG:J(Yg,H)g( \/T) =: [bi,pbi,j]v

- 2(j —i+1)

with —oo < b;; < m_l(Yg) < Bi,j < oco. In other words, b, ; and Bi,j are the two finite

J(Y,0) = (o4 VQ]Ogje?“y. (4.1)

solutions of the equation

2(j—i+1)
Ifm_l(Yg) ¢ int(©), then |Nielsen (1973) [Thm. 6.2] implies that either b; ; = —oc or b;,j = oo.
Let us assume without restriction that b; ; = —oo which in turn shows that © = (—o0, 02)
and m~1(Y7]) = —oco. In this case, the infimum of 6 — J(Y7,6) is not attained and (&.I)) has
only one finite solution Bi,]* The lower bound bi,j = —o0 then is trivial.
After computing b; ; and BZ-J for all r < ¢ < j < p, define B,, = max,<;<j<pb; ; and
?T’p = min,<;<j<p Bz-yj. Hence, if ¢,;, < 0o we obtain

By it m~(Y7) > By,

0;p= argmin c.,(Y,0) = B,, if m(Y?) < B, (4.2)

96 [Er,pVET':P]

m~Y(Y?) otherwise.
Moreover, ¢, = oo if and only if B, , > Er,zr

To summarize, the computation of 67, (and hence the computation of the minimal costs ¢, )
reduces to finding the non-trivial solutions of (4.1)) for all » < i < j < p. This can either be



4.4 Complexity and computation times 41

done explicitly (as for the Gaussian family) or approximately e.g. by Newton’s method.

4.4 Complexity and computation times

In this section we investigate the complexity of Algorithm[l} To this end, we will only assume
that the local bounds b; ; and b; j can be computed in O(1). Let us for a moment fix p = pg
and k = ko. Observe from Algorithm [1| that [ runs from Ry,_1 to Lg,—1 (see line 16 and line
20). For every value of I the optimal costs c;y1, have to be computed, which requires the
computation of B, and §l+1,po as shown in . We first consider the case | = Ry,

and observe

By = max {Byyy 015 (b g )i=i41,...p0 } a0d Big1 py = min { Biy1,pg—1, (bipg )imi41,...p0 } -

In the previous steps of the algorithm, i.e. for p = po—1, the values B, ., _; and Elwl,poﬂ
have already been computed and hence can be recycled. Thus, there are py — Ry,—1 values
from which the maximum/ minimum have to be determined. Hence, this leads to costs of
order O(pg — Ry,—1) for | = Ry,—1. Also for | = Rg,—1 —1,..., Ly,—1 we find that previous

computations can be employed. This follows from the observation that

Bl—&-l,po = max {Bl—&-Q,po’El-l-l,po—l’bl—l-l,p} and BH—l,po = min {Bl-i-?,po’ Bl+1,p0—17 bH—LP} :

In the previous steps, Bji2,, and B9 p, have been computed as well as Biy1p,—1 and
B, 1 p,—1 have been computed for p = pg — 1. Therefore, the computation of ¢4 essentially
reduces to the computation of by, and bj+1p, which shows that for any
l = Rgy—1 — 1,..., Ly, it is O(1). In summary, the costs for all computations for p = pog
(and k = ko) are of order O(pg — Riy—1) + O(Rig—1 — Liy—1)-

We now consider the overall complexity of Algorithm [1] Since, for every k, p runs from Rj_{

to Ry, one finds that for a sufficiently large constant C' the complexity can be bounded by

K+1 Ry
C> S (o= Beer) + (Rioy — Lia)]

k=1 p=Ryi_1
K+1

<C Z (Rk — Rk_l)Q + ((Rk - Rk—l)(Rk—l - Lk—l))
k=1
K41

=C' > (R — Ri1) (R — Rp—1) + (Ri—1 — Li—1))
k=1

<Cn max (Ry— Rg—1)+ max (Ry— Lg)|, (4.3)

k=1,.. . K+1 k=1,. ,K+1
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where we used Zkkjll(Rk — Ry—_1) = n for the last inequality. We stress that this bound for
the complexity is a-posteriori, since it depends on Ly as well as on Ry, which in turn depend
on the data Y. It sheds some light on these bounds to regard two “extreme” scenarios: If
Ry — Ry_1 can be uniformly bounded from above by a constant the bound in is linear
in n. If, in contrast the estimated signal is constant, which implies Ly = Ry = 1 and hence
L1 = R; = n, the bound is quadratic in n.

From Theorem and the subsequent remark, we may (asymptotically) include the uncer-
tainty of estimating the change-points correctly into the bound in . Roughly speaking,
the result says that the true change-points can be localized with asymptotic probability one
at a rate of order logn. For a fixed signal 9 € S there hence exists a constant C; < oo, so

that with probability tending to one

max (Rp— Rg—1) < max n(rx —7%—1) + Cqlog(n) and

k=1,.. . K+1 k=1,.. . K+1
max (R — Li) < Crlog(n).
k=1,...,K+1

Together with (4.3)) this shows that the complexity is bounded by

k:ll?.%};(ﬂ(m — Tp_1)n? + 2C nlogn (4.4)

with probability converging to one. Clearly, this bound is not a-posteriori, as it only depends
on the true locations (71,...,7x) and not on the data Y.
We investigate the actual computation time empirically. To this end, we consider two different
signals (see Figure . The first signal (left) is constant with value zero, while the second
signal (right) consists of segments of 50 observations and values alternating between zero and
ten. For n = 100, 500, 1,000, 2,000, ...,8,000 and standard Gaussian noise we compute the
average computation time of SMUCE with o = 0.1 in 100 runs each. In order to justify
the assumptions that b; ; and Bz-,j are computed in O(1), these values are pre-computed in
a first step. The results are shown in Figure The increase is approximately quadratical
for the second signal (blue line). For the first signal (red) we find that the computation time
increases slightly faster than linearly. However, we note that in fact the computation is much
faster for the signal with many change-points, in particular for large values of n. This is in
accordance with and . All simulations were performed on a single core system with
2.67 GHz and 8 GB RAM in a 64-bit OS.
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Figure 10: First row: test signals for n = 2,000 observations; second row: average computation
time for SMUCE in dependence of n for both signals.

4.5 Confidence sets

The multiscale constraint underlying SMUCE can be used to obtain confidence intervals
(7L, 7] as well as a confidence band B(q) C [0, 1] x © such that for each estimator 0 € H(q)

A~

fpelrh, ] fork=1,...,K(q) and (t,9(t)) € B(q), for all t € [0,1].

In this section the computational aspects will be discussed in detail. A theoretical foundation

for the confidence sets was given in Section [3.6]

4.5.1 Confidence intervals

For the construction of confidence intervals we will consider Ry, as in Section and further
define Ly = min{l : ¢ g, < co}. Recall that R}, denotes the largest p such that there exists
a feasible estimate with k& change-points on {1,...,p}. Then, Ly is the smallest [, such that
a feasible constant estimate exists on {l,...,R;}. Then, for any estimator 9 € S[K(q)]
(i.e. with K(g) change-points) that satisfies T},(Y,J) < ¢, it holds that 7, € (7L, 7] with

T/,lC =n"1L; and T = n ' Ry.
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Figure 11: Simulated data and confidence intervals (grey hatched) obtained from applying
SMUCE forwards (upper panel), backwards (center panel) and intersection of both (lower
panel). The lower panel also shows confidence bands (red hatched).

To show this, assume for a moment that 9 € H(q) is fixed. If for some £k, ¥ has no change-point
in Lk, R, 9 must be constant on [Lp—1, Ry]. Since by the definition of Ly no feasible estimate
on [Ly — 1, Ry] exists, this contradicts T}, (Y, 1§) < q. Since 9 has exactly K change-points, we
find that 7 € [7},77] for all k = 1,..., K.

These bounds have been computed within Algorithm [I and can hence be read of without
additional costs. Moreover, the precision of these intervals can be increased by the following
idea. Since the optimization problem is invariant with respect to reversion of the data,
i.e. to consider (Yy,...,Y7) instead of (Y1,...,Y,,), we can also run the dynamic program on
the reversed data and compute the corresponding confidence intervals. Taking the intersec-
tions of the obtained intervals tightens the confidence intervals considerably in practice, as

we illustrated in Figure Clearly, this doubles the overall computation time.

4.5.2 Confidence bands

We construct a confidence band B(gq) that contains the graphs of all functions in #(q). To this
end, fix some ¥ € H(q) and recall that for 1 < k < K (q) there is exactly one change-point in

the interval [r},7/] and no change-point in (77,7} +1)- We will consider two cases separately.
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First, assume that ¢t € (7], 7} +1)- Then we get a lower and an upper bound for J(t) by
Bpry41,0,,,—1 and BRy.1,Les1—1, Tespectively. Now let ¢ € [r,77]. Then, the k-th change-
point is either to the left or to the right of ¢ and hence any feasible estimator is constant either
on [r7_,,t] or on [t, 7} ]. Thus, we obtain a lower bound by min {ERk_LLth s Brog 7Lk+1} and
}, where an and Er,p are chosen as in .
In the lower panel of Figure [11| we have depicted confidence bands obtained in this manner.

an upper bound by max {Equ,Lth’EfntkLkH

4.6 Software

SMUCE is implemented for the statistical software R (R Core Team, [2013) in the package
stepR (Hotz and Sieling, 2013)ﬂ The SMUCE procedure for Gaussian mean regression,
Gaussian variance regression, Binomial regression and Poisson regression is available via the
function smuceR, which also provides confidence bands and confidence intervals as described

in the previous sections.

2R package available at http://www.stochastik.math.uni-goettingen.de/smuce


http://www.stochastik.math.uni-goettingen.de/smuce
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SECTION 9

Beyond exponential families

So far we have assumed that the data are given by an exponential family regression model.
We extend the methodology to an additive noise model in Section Further, we provide
a distribution-free approach based on the signs of residuals in Section [5.2] which elaborates
the idea as it was outlined in [Frick et al. (2013) in detail.

5.1 Sub-Gaussian additive noise

In this section, we show how the methodology and theory underlying SMUCE can be ex-
tended to additive noise, different than normal noise. We show that for additive noise with
sub-Gaussian tails the limit null-distribution is the same as in the Gaussian case. More

precisely, we will consider the following model:

Model 2. Let ey, ... €, be independent and identically distributed observations with E[e;] =0

and Var [¢;] = 02 > 0 and assume that there exists a constant A > 0 such that
P (le;| > xo) < Aexp(—2?/2), for all x > 0. (5.1)

Let p € S be a piecewise constant, right-continuous function with values in R. Further, let

the observations Wy ..., W, be given by
Wi=upu(i/n)+e€, i=1,...,n.

Example 23. Distributions that fulfill the assumptions of Model [2| are e.g. any bounded
random variables with mean zero, such as the uniform distribution U[—u, u] for some u < oo
and the Beta(2,2) distribution.

Since the noise in Model is additive, local tests of the type (2.5 do not depend on the values

of the true signal . We will consider the multiscale test statistic for Gaussian likelihoods and
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investigate the properties of the resulting estimate under Model The multiscale statistic

(W, 1) i Wit/ [210g —" (5.2)
nU ) = Sk re<inegimen, G —it 1o NS it ‘

We will first show that the null-distribution of T, converges to the same limit law as for

reads as

Gaussian data.

As a direct consequence of Dimbgen and Walther (2008)[Theorem 7.1] the asymptotic null-
distribution of T, (W, i) is finite almost surely, due to the sub-Gaussian tails of the noise.
Moreover, by refined strong Gaussian approximation (see Sakhanenko (1985)), we can prove
that under the null-hypothesis the statistic converges weakly to the same distribution as in
Theorem [3] Note further that here we do not assume any lower bound on the length of the

considered intervals as in Theorem [l

Theorem 24 (Asymptotic null-distribution). Set T,,(W, u) as in (5.2)), let Moy, ..., MK be
independent copies of M as in (3.3) and let W be observations from Model @ Then,

B(t)-B D
T,(W, ) B max sup <|()(S)| —/2log ¢ ) < M.
OSkSK TkSS<tSTk+1 V t — S t — S

Empirically, we find that even for relatively small sample sizes the null-distribution of the

multiscale statistic is close to the Gaussian version M), Figure shows quantile-quantile
plots of the null-distribution for Gaussian observations against uniform noise supported on
[—1,1] and standardized Beta(2,2) random variables. For the sample size n = 1,000 we
observe only minor differences between the null-distribution of 7,, and the Gaussian version.
Based on Theorem we can also derive the asymptotic distribution of the extension of T,

on all subintervals.

Corollary 25. Let Wy, ..., W, be observations from Model and let M be as in (3.3)). Then,

D )] B e
— —F = M.
1155 ovj =i+ 1 Y

Proof. Under the null-hypotheses, the Lh.s. is distributed as T}, (€, f1o) for gp = 0 and €1, . .., €,
as in Model 2 With this observation the assertion follows directly from Theorem O

Without any further assumptions we can give the rate for multiple detection of change-points,

which is purely based on the almost sure finiteness of the asymptotic null-distribution of 7.
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Theorem 26 (Detection rates). Let (pn)neny € S be a sequence of change-point functions
with K, change-points and set A, and A, as in (3.26)). Further, let W1, ..., W, be given by

Model[2. Assume that q, is bounded away from zero and

(1.) for signals on large scales (i.e. liminf A, > 0), that \/A,nA,/q, — .

(2.) for signals on small scales (i.e. A, — 0) and K, unbounded, that
VAnA, > (84 en)y/—log(Ay) with e/ —log(Ay)/qn — 00.
Then,

P, (f((qn) < Kn> 0.

Comparing the result to Theorem [19|shows that under either of the assumptions (1.) or (2.)
the same constants are obtained as for Gaussian observations. Combination of Theorem [26]
and Theorem [24] yields model consistency for any fixed signal u € S as long as ¢, = o(1/y/n).
In Section [6.6| we empirically assess the performance of the SMUCE with Gaussian likelihoods

for uniformly distributed noise.

-05 00 05 10 15 20 25 30 -05 00 05 10 15 20 25 30

Figure 12: Left: Quantile-quantile plots of the empirical null-distribution of 7;, for Gaussian
(x-axis) vs. Beta(2,2) data (y—axis) with sample size n = 1,000; right: quantile-quantile plots
of the empirical null-distribution of T}, for Gaussian (x-axis) vs. U(—1,1) data (y—axis) with
sample size n = 1,000.

5.2 A sign-based version of SMUCE for quantile regression

In this section, we adopt the SMUCE methodology to quantile regression problems. This is of
interest e.g. for distributions with heavy tails (e.g. Student’s t- or Cauchy distribution) or if
the distribution of the observations is unknown. The approach is based on the idea to consider
only the signs of residuals. Such sign-based approaches have a long history in non-parametric
regression. For example, the run procedure, proposed in [Davies and Kovac (2001), is build
on the construction of “simple” estimates under the constraint that the maximal length of

a sequence of residuals with the same sign is below a specified threshold. In contrast, we
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suggest to use a multiscale analysis of the residuals’ signs in the spirit of the approach in
Section To state this precisely, let the observations Z1, ..., Z, be given by the following

model.

Model 3. Let ¥g € S be a piecewise constant, right-continuous function with values in R.

Further, let Zy, ..., Z, be independent random variables, such that for some 8 € (0,1)
P (Z; <93(i/n)) =B foral i=1,...,n.

We now aim for estimation of the piecewise-constant S-quantile function ¥g. This can be
turned into a Bernoulli regression problem as follows: given the 8-quantile function g, define

the random variables W(Z,05) = (W1,...,W,y,) as

0 if 9g(i/n)—Z; <0 and
1 if 9s(i/n) — Z; > 0.

Under Model |3| we then find that W1, ..., W, are i.i.d. Bernoulli random variables with mean
value 3. Extending the idea from Section [2.3| we aim for computing the estimate with fewest
change-points, such that the signs of the residuals fulfill the multiscale test for Bernoulli

observations with mean S. To this end, we consider the multiscale statistic

_ j _ e
Tu(Z,95) = L V2T (W(2,9,),8) e

Ygis constant on [i/n,j/n]

with the local likelihood-ratio statistic for Bernoulli observations

. . w . — W
TI(W(Z,05)).8) = (j — i+ 1) (Wg log (Z) +(1—T)log <11_V;>> 63

Here, WZ =G—i+1)7! {:i W;. As before we consider the optimization problem

i t. T(Z,95) < q. .
ﬂlﬁnefS#J(ﬁﬁ) st Tw(Z,98) <q (5.4)

Let Hp(g) denote the set of all solutions of (5.4) and define the estimate U5 as the restricted

maximum likelihood estimate

Da(q) = agggl(j;cz log (fs(W(Z,95))), (5.5)
€ i=1

where fg denotes the density of a Bernoulli distribution with mean 3. We will refer to 1% (q)
as Q-SMUCE in the following. The null-distribution of T;,(Z,9g) can again be bounded



5.2 A sign-based version of SMUCE for quantile regression 51

6000 10000
1 1 1 1 1 1

-2000 2000

0 1000 2000 3000

:

T
0 1000 2000

w
S
IS}
S}

00040000 ¢
@ ood g RO GO
DRI O HOH M
Q Qe o ke
XEREAEL LK

g 4 OO0 bl

0 1000 2000

T T T T
0 1000 2000 3000

Figure 13: from top to bottom: data Z; data Z (zoomed in); median function 9 5; estimated
locations of change-points by Q-SMUCE for different values of alpha with confidence intervals;
Q-SMUCE Jg5 for a = 0.3 with confidence intervals for the change-points location (blue
hatched area).

asymptotically by M, as a direct consequence of Theorem [3| Moreover, we emphasize that
even non-asymptotically the null-distribution is bounded in probability by T, (X, 5‘5) where
X = (Xy,...,X,) are independent Bernoulli random variables with mean § and 155 = B.
Therefore, in practice we can approximate the quantiles by Monte-Carlo simulations with

Bernoulli random variables at sample size n.

This idea enables us to control the error of overestimation non-asymptotically as for SMUCE

by choosing ¢(«) as the (1 — «) quantile of the null-distribution, such that for all k£ € Ny
P (K(g() > K +k) < ¥,

Further, confidence bands and intervals can be computed analogously to Section An
illustration of Q-SMUCE is depicted in A simulation study for an evaluation of the

approach can be found in Section [6.5
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5.2.1 Implementation

The Q-SMUCE 1§5(q) as in can be implemented similarly to the general approach in
Section [4. However, the computation of the local costs differs from the procedure described
in Section For this reason, we restrict ourselves to discuss the computation of the local
optimal costs. For an interval [i/n,j/n] C [0,1) let b; ; and b; ; denote the two unique solutions
of

zlog (;) + (1 - z)log (&:;) —q/(j—i+1)

such that b; ; < b;; (see ) Note that these bounds are independent of the observations
Z. Due to the monotonicity of the log-likelihood we then find that Tf(W(HB), B) < q if and
only it W2 (05) € [by.;,bij]

Moreover, let fg to be the log-likelihood for a Bernoulli observation with mean 3. With this

we define the local costs of an estimate g on [i/n, j/n] as

—TT: fs(Wi(05)) i maxi<pzi<; THW (65), B) < q,

00 otherwise.

cij(0p) =

Following the notation in Section E let B, , = max,<i<j<pb; ; and B, = min,<;<j<p b; ;.

Z
Further, set

p— argmax (fﬁ(l)mfﬁ(O)j_i+1_m) .
meN:0<m<j—i+1

In other words, for the sum of j — i + 1 independent Bernoulli observations with mean S,
x* is observed with highest probability. Furthermore, let Z[if], Z[Zg], ey Z[?ﬂ. ] be the order
statistic of Z;, ..., Z;. Then, g:i f8(Wi(0p)) is maximized by Z[Z’*]. Therefore, the optimal

local estimate on an interval [i/n, j/n] is given as

if Z“*] >B

Bi; o i
0i; = B;; if Z[Zg*] < B
VAR otherwise,
[z*]

by the same convexity argument as in Section Therefore, with these modifications, the
estimate 195 as defined in (5.5) can be computed by dynamic programing as described in
Section [4]
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Simulations and applications

We first discuss strategies to choose the threshold parameter ¢ in practice. Then, the perfor-
mance of SMUCE is investigated in various simulations and the results are compared with
state-of-the-art methods for change-point regression. The Sections trace back to [Frick
et al.| (2013) and are complemented in Section and Section by simulations for the mod-
ifications introduced in Section [5l Finally, the application of SMUCE to binary observations
in DNA segmentation (Futschik et al 2013)) is illustrated by means of a data set.

6.1 On the choice of ¢ for finite sample size n

The choice of the parameter ¢ in is crucial for it balances data fit and parsimony of the
estimator. First we discuss a general methodology that takes into account prior information
on the true signal 9. Based on this, a specific choice is given in the second part which we
found particularly suitable for our purposes. Further generalizations are discussed briefly. In
addition, a data-driven choice of ¢ based on controlling the false discovery rate is introduced
in Section Rl
For the Gaussian case we have shown in Section B.5 that the bound for overestimation is
non-asymptotic, i.e.

P(K(q) > K) < an(a), (6.1)

where a,,(g) is defined as a,,(q) = P(M™ > ¢) with M™ as in (3.1). This allows to control
the probability of overestimating the number of change-points. If the latter is considered as a
measure of smoothness, can be interpreted as a minimal smoothness guarantee. This is
similar in spirit to results on other multiscale regularization methods (see Donoho (1995)) and
Frick et al.| (2012)). As argued in Section in general it is not possible to bound the minimal
number of change-points without further assumptions on the true function . However, we
can draw a bound for the probability of underestimating the number of change-points from

Theorem in terms of the minimal interval length A and minimal feature size 7% = nAA?2
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which gives

2/A

s o))

P (K K) < |1- _
(q) < < exp 3 G

=: B(gq,n, A),

where we have exploited the fact that K < 1/A. By combining (6.1)) with the bound above

one finds
P (K(q) = K) > 1 - anlg) - Bg,n. A). (6.2)

In order to optimize the bound on the probability of estimating the correct number of change-
points, one has to balance the error of over- and underestimation. Therefore, we aim for

maximizing the r.h.s. over q. Given A and 7> = nAA? we therefore suggest to choose ¢ as

¢h, = argmax {1 - aa(q) - Bg.n. M)} (6.3)

q>0

1.0

0.8

0.4

0.2

0.0

Figure 14: Tllustration of ay,(q), 5(g,n,A) and qpp, as in 6.3) for n = 500, A = 1 and
A =0.25.

Figure[14]illustrates this balancing of both error terms. The explicit knowledge of the influence
of A and 7 in (6.3) paves the way to various strategies for incorporating prior information in
order to determine ¢g. One might e.g. use a full prior distribution on (A,7) and minimize the

posterior model selection error, i.e.

I;leaﬁ(E [1 - an(Q) - B(CL 7, A)] :
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Here, we suggest a rather simple way to proceed, which we found empirically to perform
quite well. We stress that there is certainly room for further improvement. Motivated by the
results of Section we suggest to define A and n = vVnAA in dependence of n implicitly

by the following assumptions

(i) n* = 8y/—log(A*) and
(ii) \/r = g(A7n)7

for some function g with values in (0,1]. According to Theorem the first assumption
reflects the worst case scenario among all signals that can be recovered with probability 1
asymptotically. The second assumption corresponds to a prior belief in the true function u.
In the following simulations we always choose g(A,n) = A which puts the decay of A and A
on equal footing. We then come back to the approach in and define

Gy = glgg{l —an(q) — B(g,n", A")}, (6.4)

where A\* and n* are defined by (fif) and . Consequently, ¢ is the element that maximizes
the probability bound in (6.2). Note that ¢ does not depend on the true signal p but only

on the number of observations n.
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Figure 15: Optimal values ¢} as in (6.4]) obtained from simulations together with the corre-
sponding o = an(q}).

Even though the motivation for ¢, is build on the assumption of Gaussian observations,
simulations indicate that it performs also well for other distributions. That is why we choose
q = ¢}, unless stated differently throughout all simulations. To compute ¢ in practice a;,(q) is

estimated by Monte-Carlo simulations. These simulations are rather expensive but only need
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to be performed once. For a given n, a solution of may then be approximated numerically
by computing the r.h.s. for a range of values for ¢q. Figure [L5|shows the approximated values
of ¢ for a variety of n, obtained from Monte Carlo simulations of M (n) We stress again that
the general concept given by can be employed further to incorporate prior knowledge of

the signal in applications.

6.2 Gaussian mean regression

Recall model (3.23) in Section Throughout this section we assume the variance o2 to
be known, otherwise one may estimate it by standard methods, see e.g. [Davies and Kovac
(2001) or Dette et al| (1998). Then, the multiscale statistic (2.12) evaluated at i € S,[K]

reads as

Tu(Y, ) —)Z?Zin _ ﬂk‘ 2log —
,[l) = max  max S— — 0g ——
" 0<k<K ly<i<j<lpy; \ VI —t+1 J—i+1

After selecting K (¢) as the minimal value of ([1.4]), SMUCE becomes

K(q) .
N . 2 N N N
Alg) = argmin Y (ler —0) (V7 —)® st Tu(Yih) < g
AESIK(9)] k=0
In our simulation study we compare our approach to the following change-point methods. A
large group follows the common paradigm of maximizing a penalized likelihood criterion of

the form
= 1Y, p) — pen(u) (6.5)

over u € S,[k] for k = 1,...,n, where the function pen(u) penalizes the complexity of the
model. This includes the Bayes Information Criterion (BIC) introduced in [Schwarz (1978)).
As it was for instance stressed in [Zhang and Siegmund| (2007)), the formal requirements to
apply the BIC are not satisfied for the change-point problem. Instead the authors propose
the following penalty function, denoted as modified BIC:

#J(p)+1

1
pen(p) = — | 3#J(u)logn+ > log(m — 7-1)
k=1

They compare their mBIC method with the traditional BIC as well as with circular binary
segmentation (Olshen et al., 2004) and the method in [Fridlyand et al. (2004) by means of
a comprehensive simulation study and demonstrated the superiority of their method with

respect to the number of correctly estimated change-points. We only consider the method of
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\Zhang and Siegmund| (2007) and CBS in our simulations.

In addition, we will include the penalized likelihood oracle (PLoracle) as a benchmark, which
is defined as follows: Recall that K denotes the true number of change-points. For given data

Y, define w; and w, as the minimal and maximal element of the set

{w eER : argrglax (I(Y, 1) —w#J (1)) has K change—points} ,
1€Sn

respectively. In particular, for wy, := 2(w; +w,) the penalized maximum likelihood estimator,
i.e. a maximizer of obtained with penalty pen(u) = wm#J (1), has exactly K change-
points. For our assessment, we simulate 10 instances of data Y and compute the median
w* of the corresponding wy,’s. We then define the PLoracle to be a maximizer of with
pen(u) = w*#J(u). Of course, PLoracles are not accessible in practice (since K and p are
unknown). However, they represent benchmark instances within the class of estimators given
by and penalties of the form pen(u) = w#J(u). We stress again that even if SMUCE
and the PLoracle have the same number of change-points they are in general not equal, since
the likelihood in is maximized only over the set H(q).
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Figure 16: True signal (solid line), simulated data (dots) and confidence bands (grey hatched)
and confidence intervals for the change-points (inwards pointing arrows) for a = 0 (left),
a = 0.01 (middle) and a = 0.025 (right) and o = 0.2.
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Moreover, we consider the fused lasso algorithm which is based on computing solutions of

n
iy 2 (Y- Ai/m)? + Mllall, + Aol py (6.6)
where ||-||; denotes the {1-norm and ||-||y the total variation semi-norm (see also |[Harchaoui
and Lévy-Leduc| (2010)). The fused lasso is not specifically designed for the change-point
problem. However, due to its prominent role and its application to change-point problems
(Tibshirani and Wang, 2008)), we include it into our simulations. An optimal choice of the
parameters (Aj, A2) is crucial and in our simulations we consider two fused lasso oracles
FL™SE and FLP. In 500 Monte Carlo simulations (using the true signal) we compute A
and \p such that the mean integrated squared error (MISE) is minimized for the FLIMSE
and such that the frequency of correctly estimated number of change-points is maximized for
FLP.
In summary, we compare SMUCE with the modified BIC approach suggested in [Zhang and
Siegmund| (2007), the CBS algorithmﬂ proposed in [Olshen et al.| (2004)), the fused lasso al-
gorithmﬂ suggested in Tibshirani et al.| (2005) and the PLoracle as defined above. Since the
CBS algorithm tends to overestimate the number of change-points, the authors included a
pruning step which requires the choice of an additional parameter. The choice of the parame-
ter is not explicitly described in |Olshen et al. (2004) and here we only consider the un-pruned
algorithm.
We follow the simulation setup considered in |Zhang and Siegmund (2007). The application
they bear in mind is the analysis of array-based comparative genomic hybridization (array-
CGH) data. Array-CGH is a technique for recording the number of copies of genomic DNA
(cf. Kallioniemi et al.| (1992)). As pointed out in Olshen et al.| (2004), piecewise constant re-
gression is a natural model for array DNA copy number data. We will discuss the application
of SMUCE to these data sets in Section [7l
Here, one has n = 499 observations with constant variance o and the true regression function
has 6 change-points at locations 7; = I;/n and (11, ...,ls) = (138,225, 242,299, 308, 332) with
intensities (myg,...,mg) = (—0.18,0.08,1.07,—0.53,0.16, —0.69, —0.16). In order to investi-
gate robustness against small deviations from the model a small deterministic sinusoidal local

trend component is included in these simulations, i.e.
Y; ~ N(u(i/n) +0.05sin(ami), 0?), i=1,...,n. (6.7)

Following Zhang and Siegmund (2007)) we simulate data for o = 0.2 and @ = 0 (no trend),
a = 0.01 (long trend) and a = 0.025 (short trend), see Figure [L6]for an illustration. Moreover,

'R package available at http://cran.r-project.org/web/packages/PSCBS
2R package available at http://cran.r-project.org/web/packages/flsa/


http://cran.r-project.org/web/packages/PSCBS
http://cran.r-project.org/web/packages/flsa/
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trend o <4 5 6 7 >8 MISE MIAE
SMUCE (1 — a = 0.55) no 0.1 || 0.000 0.000 0.988 0.012 0.000 | 0.00019 0.00891
PLoracle no 0.1 || 0.000 0.000 1.000 0.000 0.000 | 0.00019 0.00874
mBIC no 0.1 || 0.000 0.000 0.964 0.031 0.005 | 0.00020  0.00888
CBS no 0.1 || 0.000 0.000 0.922 0.044 0.034 | 0.00023  0.00903
FLCP no 0.1 || 0.124 0.122 0419 0.134 0.201 | 0.00928  0.15821
FLIMSE no 0.1 || 0.000 0.000 0.000 0.000 1.000 | 0.00042  0.00274
SMUCE (1 — a =0.55) no 0.2 || 0.000 0.000 0.986 0.014 0.000 | 0.00117 0.01887
PLoracle no 0.2 || 0.024 0.001 0975 0.000 0.000 | 0.00138  0.01915
mBIC no 0.2 || 0.000 0.000 0.960 0.037 0.003 | 0.00120  0.01894
CBS no 0.2 || 0.000 0.000 0.870 0.089 0.041 | 0.00146  0.01969
FLCP no 0.2 || 0.184 0.162 0.219 0.174 0.261 | 0.08932  0.23644
FLIMSE no 0.2 || 0.000 0.000 0.000 0.000 1.000 | 0.00297  0.03692
SMUCE (1 — a=0.55) long 0.2 || 0.000 0.000 0.825 0.171 0.004 | 0.00209 0.03314
PLoracle long 0.2 || 0.026 0.030 0.944 0.000 0.000 | 0.00245  0.03452
mBIC long 0.2 || 0.000 0.000 0.753 0.215 0.032 | 0.00214  0.03347
CBS long 0.2 || 0.000 0.000 0.708 0.130 0.162 | 0.00266  0.03501
FLCP long 0.2 || 0.078 0.112 0.219 0.215 0.376 | 0.08389  0.22319
FLIMSE long 0.2 || 0.000 0.000 0.000 0.000 1.000 | 0.00302  0.03782
SMUCE (1 — « = 0.55) short 0.2 || 0.000 0.002 0.903 0.088 0.007 | 0.00235 0.03683
PLoracle short 0.2 || 0.121 0.002 0.877 0.000 0.000 | 0.00325  0.03846
mBIC short 0.2 || 0.000 0.000 0.878 0.107 0.015 | 0.00238  0.03695
CBS short 0.2 || 0.000 0.000 0.675 0.182 0.143 | 0.00267  0.03806
FLCP short 0.2 || 0.175 0.126 0.192 0.210 0.297 | 0.08765  0.23105
FLIMSE short 0.2 || 0.000 0.000 0.000 0.000 1.000 | 0.00331 0.04111
SMUCE (1 —a = 0.55) no 0.3 [ 0,030 0.340 0.623 0.007 0.000 | 0.00660  0.03829
PLoracle no 0.3 || 0.181 0.031 0.788 0.000 0.000 | 0.00505  0.03447
mBIC no 0.3 || 0.015 0.006 0.927 0.050 0.002 | 0.00364 0.03123
CBS no 0.3 || 0.006 0.019 0.764 0.157 0.054 | 0.00449  0.03404
FLeP no 0.3 || 0.038 0.059 0.088 0.115 0.700 | 0.08792  0.23496
FLIMSE no 0.3 || 0.531 0.200 0.125 0.078 0.066 | 0.09670  0.24131
SMUCE (1 —a=0.4) no 0.3 || 0.000 0.099 0.798 0.089 0.000 | 0.00468  0.03499

Table 2: Frequencies of estimated number of change-points and MISE by model selection for
SMUCE, PLoracle, mBIC (Zhang and Siegmund}, 2007)), CBS (Olshen et al., |2004), the fused
lasso oracles FLSP and FL™5F The results are obtained from 500 simulations and the true
signals, shown in Figure have each six change-points.

we included a scenario with a smaller signal-to-noise ratio, i.e. ¢ = 0.1 and a = 0 and one
with a higher signal-to-noise ratio, i.e. ¢ = 0.3 and a = 0. For ¢ = 0.1 and ¢ = 0.3 we do not
display results with a local trend, since we found the effect to be quite similar to the results
with o = 0.2.

Table 2] shows the frequencies of the number of detected change-points for all methods men-
tioned and the corresponding mean integrated squared error (MISE) and mean integrated
absolute error (MIAE). Moreover, in Figure we displayed typical observation of model
with ¢ = 0.1 and b = 0.1 and the aforementioned estimators. The results show that
the SMUCE outperforms the mBIC (Zhang and Siegmund, 2007) slightly for ¢ = 0.2 and
appears to be less vulnerable for trends, in particular. Notably, SMUCE often performs even
better than the PLoracle. For ¢ = 0.3 SMUCE has a tendency to underestimate the num-
ber of change-points by one, while CBS and in particular mBIC estimates the true number
K = 6 with high probability correctly. As it is illustrated in Figure this is due to the
fact that SMUCE can not detect all change-points at level 1 — o &~ 0.55 as we have chosen
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Figure 17: An example of model (6.7) for a« = 0.01, b = 0.1 and ¢ = 0.2. From top left to
bottom right: true signal, SMUCE, mBIC, CBS, FL™SE and FL°P.

it following the simple rule (6.4]) in Section 4. For further investigation, we lowered the level
to 1 — a = 0.4 (see last row in Table . Even though this improves estimation, SMUCE

performs comparably to CBS and the PLoracle now, it is still worse than mBIC.

For an evaluation of FLMSE and FLP one should account for the quite different nature of
the fused lasso: The weight A; in penalizes estimators with large absolute values, while
Ao penalizes the cumulated jump height. However, none of them encourages directly sparsity
with respect to the number of change-points. That is why these estimators often incorporate
many small jumps (well known as the staircase effect). In comparison to SMUCE one finds
that SMUCE outperforms the FL™SF with respect to the MISE and it outperforms FLSP with

respect to the frequency of correctly estimated the number of change-points. The example in
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Figure 18: Top: typical example of model (6.7]) for b = 0 and o = 0.3; bottom: change-points
and confidence intervals for SMUCE with o = 0.1, ...,0.9 (left y-axis) and the corresponding
quantiles ¢(«) (right y-axis).
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Figure [17] suggests that the major features of the true signal are recovered by FL™SE. But
additionally, there are also some artificial features in the estimator which indicate that an
additional filtering step has to be included (see Tibshirani and Wang (2008)). Again, we note
that Table [2| can be complemented by the simulation study in Zhang and Siegmund (2007))
which accounts for the classical BIC (Schwarz, |1978]) and the method suggested in |Fridlyand
et al.| (2004).

6.3 Gaussian variance regression

Again, we consider normal data Y;, however, in contrast to the previous section we aim to

estimate the variance o2 € S. For simplicity we set g = 0. This constitutes a natural
exponential family with natural parameter § = —(202)~! and (0) = —log(—260)/2 for the
sufficient statistic Z; = YZ-Q, i =1,...,n. It is easily seen that the multiscale statistic in this
case reads as
— Zj 7.7
Tn(Z,&Z) = max max ] l+ A2 —1- 2log$
0<k<K ly<i<j<lpi1 J—i+1
After selecting K (¢) as the minimal value of (L.4), SMUCE is given by
K(q 1 7l:k+1
2(q) = argmax Z b — 1) | log —5 — 512 , st T(Z,6% <q.
2 g g
62€Sn[K(q)] k=0 k k

We compare our method to the method proposed in |[Hohenrieder| (2008)), see also [Davies et al.
(2012). Similar to SMUCE they propose to minimize the number of change-points under a
multiscale constraint. They additionally restrict their final estimator to coincide with the
local maximum likelihood estimator on constant segments. This may increase the number of

detected change-points, as pointed out by the authors and confirmed in our simulations.

k -3 -2 -1 0 +1 +2 +3 MISE MIAE
SMUCE 0 0.000 0.000 0.000 0.945 0.053 0.002 0.000 | 0.00072 0.02040
_ (Davies et al.} 2012) 0 0.000 0.000 0.000 0.854 0.127 0.019 0.000 0.00093 0.02122
SMUCE 1 0.000 0.000 0.000 0.975 0.024 0.001 0.000 | 0.00653 0.04295
(Davies et al., 2012) 1 0.000 0.000 0.000 0.901 0.089 0.009 0.001 0.00935 0.04648
SMUCE 4 0.000 0.000 0.000 0.997 0.003 0.000 0.000 | 0.02153 0.07967
_ (Davies et al.} 2012) 4 0.000 0.000 0.000 0.957 0.042 0.001 0.000 0.03378 0.09655
SMUCE 9 0.000 0.001 0.023 0.973 0.003 0.000 0.000 | 0.06456 0.13206
(Davies et al., 2012) 9 0.000 0.000 0.009 0.968 0.023 0.000 0.000 0.11669 0.18297
SMUCE 19 0.000 0.027 0.222 0.751  0.000 0.000 0.000 | 0.26076 0.27468
(Davies et al., 2012) 19 0.000 0.008 0.074 0.912 0.006 0.000 0.000 0.47105 0.40606

Table 3: Comparison of SMUCE and the method in Davies et al.| (2012). The table shows the
frequencies of the differences between the estimated and the true number of change-points for
k=0,1,4,19 as well as MISE and MIAE for both estimators.
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Following their simulation study we consider test signals o, with £ =0,1,4,9, 19 equidistant
change-points and constant values alternating from 1 to 2 (k = 1), from 1 to 2 (k = 4),
from 1 to 2.5 (k = 9) and from 1 to 3.5 (k = 19). For this simulation the parameter of
both procedures are chosen such that the number of changes should not be overestimated
with probability 0.9. For any signal we computed both estimates in 1,000 simulations. The
difference of true and estimated number of change-points as well as the MISE and MIAE are
shown in Table[3] Considering the number of correctly estimated change-points, it shows that
SMUCE performs better for few changes (k = 1,4,9) and worse for many changes (k = 19).
This may be explained by the fact that the multiscale test in Davies et al. (2012) does not
include a scale-calibration and is hence more sensible on small scales than on larger ones,
see also Subsection With respect to MISE and MIAE, SMUCE outperforms in every
scenario, even for k = 19, where [Davies et al.| (2012)) performs better with respect to the

estimated number of change-points.

6.4 Poisson regression

We consider the Poisson-family of distributions with intensity g > 0. Then, 8 = log 1 and

() = exp . The multiscale statistic is computed as

y v L
T.(Y,0) = max  max |20 —i+ 1)\/1/3 log — + g, — V7 —  [2log — 1
0<k<K I <i<j<lpi Mk J—i+1

After selecting K (¢) as the minimal value of (1.4]), the SMUCE is given by

K(q) .
fi(q) = argmax Z (lps1 — Zk)(?ﬁfﬂ log fix — fir,) s.t.  To(Y,0) <gq.
PESH[K ()] k=0
In applications one is often faced with the problem of low count Poisson data, i.e. when the
intensity p is small. It will turn out that in this case, data transformation towards Gaussian
variables such as variance stabilizing transformations are not always sufficient and it pays off
to take into account the Poisson likelihood into SMUCE.

<5 6 7 8 >9 MISE MIAE  Kullback-Leibler
SMUCE 0.000 0.067 0.929 0.004 0.004 | 0.274 0.217 0.0187
BIC 0.000 0.000 0.080 0.094 0.920 | 0.575 0.313 0.0417
SMUCEmm 0.013 0420 0.561 0.005 0.006 | 0.434 0.364 0.0418
PLoracle 0.045 0.014 0.942 0.000 0.000 | 0.275 0.217 0.0185
MLoracle 0.000  0.000 ~ 1.000 0.000 0.000 | 0.258 0.208 0.0143

Table 4: Frequencies of K and distance measures for SMUCE, the BIC (Schwarz, 1978),
SMUCE for variance stabilized signals as well as the PLoracle and MLoracle.
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Figure 19: From top to bottom: simulated data, true signal, SMUCE with confidence bands
for the signal intensities (gray area) and confidence intervals for the change-points (inward
pointed arrows), SMUCE,,,, and Ploracle.

In the following, we perform a simulation study where we use a signal with a low count and a
spike part (see top panel of Figure . In order to evaluate the performance of the SMUCE,
we compare it to the BIC estimator and the PLoracle as described before. Moreover, we
included a version of SMUCE which is based on variance stabilizing transformations of the
data. To this end, we applied the mean-matching transformation (Brown et al. 2010) to
pre-process the data. We then compute SMUCE under a Gaussian model and re-transform
the obtained estimator by the inverse mean-matching transform. The resulting estimator is
referred to as SMUCE,,,,. Moreover, as a benchmark, we compute the (parametric) maximum

likelihood estimator with K = 7 change-points, which is referred to as MLoracle.

Table [4] summarizes the simulation results. As to be expected the standard BIC performs
far from satisfactorily. We stress that SMUCE clearly outperforms the SMUCE,,;,, which
is based on Gaussian transformations. Note that SMUCE,,, systematically underestimates

the number of change-points K = 7 which highlights the difficulty to capture those parts of
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the signal correctly, where the intensity is low (see also the example in Figure . Again,
SMUCE performs almost as good as the Poisson-oracle PLoracle. To get a visual impression
along with the results of Table |4], we illustrated these estimators in Figure

6.5 Quantile regression

In the following we compare the Q-SMUCE from Section with a generalized taut string
algorithm which was proposed in |Diimbgen and Kovac| (2009). Their estimate is constructed
in such a way that it minimizes the number of local extreme values among a specified class

of functions. Here, a local extreme value is either a local maximum or a local minimum.
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Figure 20: First row: signal blocks (left) and simulated Cauchy data (right) for sample size
n = 2048. Second row: Estimator for median (solid), 0.1 and 0.9-quantiles (dashed) from
SMUCE (left) and generalized taut string (right).

In contrast to SMUCE the number of change-points is not penalized. In a simulation study
the authors showed that their method is particularly suitable to detect local extremes of a
signal. We follow this idea and repeated their simulations for the signals blocks and doppler
(Donoho et al., [1995)), see Figure 20{ and Figure [21| for an illustration. For the simulations we

considered independent Cauchy observations given by

Y ~ C(9(i/n),04), i=1,....n,
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Figure 21: First row: signal doppler (left) and simulated Cauchy data (right) for sample size
n = 2048. Second row: Estimator for median (solid), 0.1 and 0.9-quantiles (dashed) from
SMUCE (left) and generalized taut string (right).

where C(l, s) denotes the Cauchy distribution with location ! and scale s. The results which
also include the estimated number of change-points, are shown in Table Even though
detection of local extremes and change-points is almost the same for the blocks signal, it can
be seen that the generalized taut string estimates the number of local extremes slightly better
than SMUCE, while the number of change-points is overestimated for n = 2048 and n = 4096.
Clearly, this may be explained by the fact that the generalized taut string is primarily designed
to have few local extremes instead of change-points. The results are similar for the doppler
signal, even though it is not piecewise constant. The generalized taut string approximated the
signal by step functions which typically incorporate many more change-points than SMUCE.
The performance with respect to the number of detected local extremes is better throughout
all scenarios. However, the difference is rather small, indicating that SMUCE is able to
provide a good approximation of the signal, even though the assumption of a piecewise step

function is violated.
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local extreme values change-points

signal n B=05[B=01]p=09] B=05 ] =01 [ =09
SMUCE 512 3(569) ] 1(7.9) | 2(74) | 5(8) 2(9.1) | 3(5.3)
gen. taut string 512 3(6.0) 3 (6.6) 3 (6.6) 12 (2.0) 6 (4.9) 7 (4.0)

blocks SMUCE 2048 9 (0.4) 4 (5.4) 3 (5.8) 11 (0.1) 6 (5.2) 5 (5.9)
gen. taut string 2048 9 (0.7) 5 (4.0) 3 (5.7) | 26 (15.3) 18 (7.1) 16 (5.7)
SMUCE 4096 9 (0.1) 4 (4.3) 5 (4.5) 11 (0.2) 8 (3.1) 6 (4.8)
gen. taut string 4096 9 (0.0) 6 (3.1) 3(5.3) | 35(24.1) | 25 (13.8) | 21 (9.9)
SMUCE 512 5 2 1 8 3 2
gen. taut string 512 5 3 2 38 18 9

doppler SMUCE 2048 10 4 4 26 7 7
gen. taut string 2048 11 5 6 132 38 43
SMUCE 4096 15 6 7 43 13 14
gen. taut string 4096 16 8 9 266 70 75

Table 5: Comparison of SMUCE and generalized taut string (Diimbgen and Kovac, 2009).
Median of local extreme values/ change-points of the estimators and mean absolute difference
(in brackets) to true number of local extremes/ change-points. For blocks the true number of
local extremes equals 9 and the true number of change-points equals 11.

6.6 Uniform noise

In this section we consider uniform additive noise, i.e. for p € S and some u > 0 we assume
Yi=p(i/n)+e with ¢ i Ul—u, u).

Here U[—u, u] denotes the uniform distribution with support [—u,u]. For our simulations we

let u be the blocks signal from the previous section. A realization of Y together with the

signal y is shown in Figure

\ \ \ \ \
0 500 1000 1500 2000

Figure 22: Blocks signal (black solid) and simulated uniform noise supported on [—2,2].

For our simulations we consider the SMUCE with Gaussian likelihood (see also Section
for a theoretical justification). Clearly, the Gaussian SMUCE is not an optimal estimator for
uniform noise. The motivation for this simulation study is to investigate the robustness of

SMUCE against violations of the assumed distribution.
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|| 10 11 12 13 >14
SMUCE w=15 [[ 0.026 0.974 0 0 0
CBS (Olshen et al}[2004) w=1.5 || 0.616 0.863  0.09  0.036 0.011
SMUCE u=2 0.616  0.384 0 0 0
CBS (Olshen et all,[2004) u =2 0.002 0.569 00259 0.117 0.053

Table 6: Frequencies of estimated number of change-points for SMUCE and CBS (Olshen
et al., 2004) for the blocks signal and independent uniform noise ¢; ~ U[—u, u].

In 1,000 simulations we compare the SMUCE for Gaussian likelihoods and the CBS (Olshen
et al., 2004)). In the CBS procedure permutations of the data are used for the choice of the
required thresholds, which makes it applicable to any distributions. For two different signal-
to-noise-ratios (u = 1.5 and u = 2) the frequencies of the estimated number of change-points
are shown in Table [6l

Similar to the results in Section we find that SMUCE performs very well for data with a
large signal-to-noise ratio, while CBS is superior for signals with higher variance.

In order to assess the locations of the change-points, we depicted histograms of the locations
of estimated change-points for both procedures and v = 2 in Figure It can be seen that
the estimated locations by SMUCE and CBS is quite similar in both scenarios, even though

CBS tends to include more change-points.

800
|

400
|

I
-1 01 2 3 4

0 500 1000 1500 2000

800
|

400
|

I
-1 01 2 3 4

] | | :
{ w w w \
0 500 1000 1500 2000
Figure 23: Histograms of the locations of estimated change-points for SMUCE (blue) and

CBS (red) and the true signal. The results are based on 1,000 simulations with u = 2.
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6.7 Application to DNA segmentation

As we have stressed in Section [I] the applications for change-points methods are vast. So
far, the SMUCE methodology has been applied thoroughly for the idealization of ion channel
recordings (Hotz et al., 2012)) and for segmentation of DNA sequences (Futschik et al., 2013).
The application to binary data in [Futschik et al.| (2013|) does not need any modification of
the approach in Section [2.3] Here, we briefly introduce the application and, as an extension
of the empirical findings in Futschik et al. (2013)), we illustrate the applicability of SMUCE
by means of a data set from the literature.

Change-point methods for binary responses have frequently been used to identify regions of
homogeneous GC-content in DNA sequences. Each base of a DNA sequence is one of the four-
adenosine(A), guanine(G), cytosine(C) or thymine(T). The DNA sequence is often converted
into a binary sequence where G and C are set to “1” and A and T to “0”. The relative
frequency of bases G and C is referred to as the GC-content.

The GC-content is typically not homogeneously composed and detection of these inhomo-
geneities is important as it correlates with many features of biological interest, see |[Futschik
et al.| (2013) for a detailed list. Various methods have been suggested for the segmentation
of DNA sequences, including Bayesian methods as in Boys and Henderson (2004) and the
quasi-likelihood approach in Braun et al. (2000)) (see also |[Elhaik et al. (2010) for an overview
and comparison of available methods).

We think that SMUCE is suitable for these data since it is designed to detect variations on
small and large scales simultaneously and can moreover provide significant statements about
the detected changes. We illustrate this by means of segmentation of the bacteriophage
lambda. This virus has been recently analyzed, see e.g. again Braun et al| (2000), Boys
and Henderson| (2004)), |Churchilll (1992) and the references therein. It became a common
benchmark sequence for segmentation algorithms. The whole genome is available from the
National Center for Biotechnology Information (NCBI) and can be obtained onlineﬂ The
GC-content of the sequence is shown in the top panel of Figure

The third panel shows the change-points estimated by SMUCE for « varying from 0.1 up to
0.9. For 0.3 < o < 0.85 it can be seen that SMUCE detects K = 8 change-points, which is in
accordance with the results from Braun et al.| (2000).

We also included the CBS estimate as introduced in Section[6.2)into Figure[24] (second panel).
It consists of 12 change-points, which includes the eight change-points, that were detected
by SMUCE. Since CBS is not taking into account the multiple testing problem it has the
tendency to overestimate change-points. The fact that SMUCE is constructed to control the
error of overestimation can therefore be utilized in combination with the results from CBS:

a comparison of the estimated change-points by SMUCE and CBS reveals that some of the

3http://www.ncbi.nlm.nih.gov/
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detected changes from CBS can be confirmed with high significance by SMUCE.
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Figure 24: From top to bottom: binned GC-content of bacteriophage lambda; segmen-
tation by CBS (Olshen et al. 2004) (purple); estimated change-points by SMUCE for
a €{0.1,0.15,...,0.9} (y-axis); SMUCE for o = 0.3 (red line).
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SECTION 1

Multiscale segmentation with few levels

In this section we assume that the mean regression function p € S has only a finite number
of values, which is typically much smaller than the number of change-points. Throughout
this section, we restrict ourselves to Gaussian observations. Nevertheless, an extension to
additive sub-Gaussian noise as in Section is straightforward. More precisely, we consider

the following model:

Model 4. Leteq, ..., €, be independent and identically distributed Gaussian observations with
E[¢;] = 0 and Var [¢;] = 02. We assume that u € S is a piecewise constant, right-continuous
function with L different values, denoted by L(u) = {l1,...,lr}. Further, let the observations
Yi...,Y, be given by

Yi=p(i/n)+e, i=1,...,n.

Henceforth, we will refer to £(u) as the levels of u. SMUCE, as it was defined in ,
is entitled to sparsity with respect to the number change-points. However, in general the
estimated function values will be different on different segments. In other words, the estimate
{1 is not enforced to sparsity with respect to its level £(f1). In many applications, however, it
is known that the mean function u takes values from a finite but unknown number of states,
which is typically much smaller than the number of change-points. One prominent example
is the analysis of array CGH data, which we will discuss in Section [7.3] It may seriously
weaken inference in applications if this discreteness is not taken into account. In a first step
we will illustrate this and show how SMUCE can be modified, assuming the true levels £(u)
are known (Section. Subsequently, we incorporate an estimation step for the values £(u)
into the SMUCE procedure. To this end, we will take advantage of the fact that the multiscale
constraint T}, (Y, u) < ¢ carries two kinds of information about p simultaneously: first about

the location of change-point and second about the values of u.
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7.1 A modification for known levels

Let us assume that the levels £(u) are known. We define the function

D(z,y) := <y+ \/2log ;) 12,

Further, for any 1 <i < j<mnlet p;j = (j—i+1)7} {:i 1y denote the mean value of p on
the interval [i/n, j/n]. Then, Theorem 3| yields that with probability greater than 1 — «

i € [bi,j(CI(Oé)), bi,j(q(a))], (7.1)

for all 1 < i < j < nsuch that p is constant on [i/n,j/n]. Hered, ;(q) = ?{—F((j—i%—l)/n, q),
bii(q) =Y +T((j —i+1)/n,q) and g(a) is the (1 — a)-quantile of M. Assuming that £(u)
is known, ([7.1)) can easily be refined to

pig € {[bi;(a), bi(@)] N L(w)},

for all 1 < i < j < n such that p is constant on [i/n,j/n]. Following the estimation

methodology in Section [2.3| we now consider the optimization problem

inf #J(j) st iy € {[bs (), bii(@)] N L)}, (7.2)
for all 1 < i < j < n such that fi is constant on [i/n,j/n]. Note that for ¢ = ¢(«) the
side-constraint is fulfilled for the true signal p with probability greater than 1 — «. As
the side-constraint in ([7.2]) is more restrictive than in (2.15)) the estimate will in general
incorporate more change-points than the regular SMUCE.

We illustrate the advantage of this approach in the two upper panels of Figure where
we compare the regular SMUCE with the modification from ([7.2]) that incorporates the true

levels £(u) = {0,2}. Clearly, the additional information result in a better estimation.

7.2 A modification for unknown levels

In real world applications the assumption that £(x) is known is often not realistic. Therefore,
we will incorporate estimation of £(u) into the methodology in this section. We begin with
a simplification of Model 4] in which we assume that the number of levels L < 2. As shown
in the following this leads to a natural way to include inference on L£(u) into the procedure.
In Section these ideas will be extended to an arbitrary number of levels.
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Figure 25: Upper panel: SMUCE (red) with data and true signal (black); Middle panel:
modified SMUCE for known levels £ = {0,2} (red) with data and true signal (black); modified
SMUCE (as in (7.5)) for estimated levels L(q) as in (7.4) (red) with data and true signal
(black). For all estimates ¢ was chosen to be the 0.9-quantile of the null-distribution.

7.2.1 Estimation of signals with two levels

We assume that p has not more than two different values, i.e. £(u) = {l1,l2}, where we allow
for 11 = la. By choosing ¢ = ¢g(«), it holds as a consequence of Corollary [25| with probability

greater than 1 — «
pig € {1bi;(a),bi5(q)]} forall 1<i<j<n (7.3)
In particular, this implies
v _

L(g) = max bi;(¢g) <l and [(g):= min bi;(g)>h

Hence, R\ (ZT (q),g(q)) is a confidence set for the true levels L(pu).

We set
Mg) = {R\ (Li(0) B(a)) } (7.4)
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and consider the optimization problem

}féf; #J() st fuig € {0 ;(q),bij(@)] N M(q)}, (7.5)
for all 1 <4 < j < n so that fi is constant on [i/n,j/n]. We then proceed analogously to
the method in Section The minimal value of ([7.5) gives an estimate for the number
of change-points and the final estimate for p is chosen as to be the solution of (7.5) with

maximal likelihood.

This approach is illustrated in the lower panel of Figure[25] The signal contains large and small
segments of its two levels. The large segments allow us to obtain sharp bounds I (¢) and I5(q)
which in turn strengthen inference on small scales. For this reason, we obtain a considerably
better reconstruction than from the regular SMUCE. For an empirical assessment, we ran
100 simulations for the signal in Figure |25 with standard Gaussian noise. Table [7| shows the
frequencies of estimated number of change-points. In general, the results show that both
modified estimates outperform the regular SMUCE by far. In particular, the estimate based
on is superior to SMUCE, which does not account for the information that the number

of levels is bounded by two.

Remark 27. Note that whenever T, (Y, ) < g we find that Iy <[] and I > Z;. Hence, for

all intervals [i/n, j/n], which the true regression function p is constant on, it holds
i € {[bi,j(Q)aEi,j(Q)] N ﬁ(Q)} :

Consequently (given T, (Y, 1) < q), the number of change-points is not overestimated. Which
in turn implies that
3 (K(q(a)) > K) <a

remains true for the modified approach given by ([7.5]).

| 2 3 4 5 6 7
SMUCE for known levels 0 0 0 0.19 0.79 0.02
modified SMUCE for L(g) as in (7.4) 0 0 0.8 0.26 0.66 0
SMUCE 029 059 0.11 0.01 0 0

Table 7: Frequencies of estimated change-points for the modified SMUCE with known levels
as in , the modified SMUCE as in and the regular SMUCE. For all estimates
q is chosen as the 0.9-quantile of the null-distribution. The results are obtained from 100
simulations with standard Gaussian noise and the signal from Figure
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7.2.2 Signals with an unknown number of levels

Finally, we assume the number of levels M to be finite but unknown. We propose a more

general modification of SMUCE which is designed to incorporate few different levels.

Assume an interval I contains two subintervals [i1/n,j1/n] C I and [iz/n,ja/n] C I such
that b;

=1

11 (@) > biy 4, (q) or vice versa. Clearly, this implies that any function fulfilling the
multiscale constraint T5,(Y, 1) < ¢ (i.e. 1t € C(g)) has at least one change-point in I. Let ¥(q)

denote the set of all such intervals, i.e. define
W(q) == {[k/n,1/n] : by, j,(q) > biyjo(q) O by, 4, (q) > by 4y (q) and k < iy < jy <idp < jo <1}.

We then find that any i1 € C(¢g) has a change-point in every interval I € W(q). More precisely,
J() = (F1,...,7) NI #0 for all T € W(q).

Hence, ¥(q) constitutes a confidence region for the location of change-points. The estimated
number of change-points K (¢) as in (2.15)) is the minimal value of

ing#J(,u) st. Ju)NI#Q  forall I e ¥(q).
e
Moreover, we can employ ¥(q) to construct confidence regions for £(). To this end, consider

the complement of ¥(q) defined as

V< q) = {li/n,j/n] i < jand [i/n,j/n] & ¥(q)}.

Then ¥Y(q) is a confidence set of all intervals the true regression function is constant on.

Consequently, a confidence set for the levels £(u) is given by

Y@= |J [ biq)

[i/n,j/n]€¥ (q)

Recall that in Section [I.I] we proposed first to minimize the number of change-points and

estimate the function values my,...,m R(q) by the maximum likelihood step in ([2.18]).

In comparison to SMUCE, we will now interchange the role of change-points and levels. In a
first step we concern estimating the levels £(u). For this purpose, we consider the optimization
problem

inf #L(p) st. Lp)NJ #0, YJeT(q). (7.6)
HES

Let M(q) denote the set of all solutions of (7.6) and L(g) its minimal value. For estimation
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Figure 26: From top to bottom: true signal (black line) and simulated data for Gaussian
noise with variance o = 0.8; modified SMUCE for a = 0.1 together with M (blue hatched
area); SMUCE (as in (22.18)) for o = 0.1; mBIC estimate (Zhang and Siegmund, 2007).

of 1 we then propose to consider the optimization problem

;g‘fs #JI(u)  st. T,(Y,u) <q and L(u) € M(q). (7.7)
In other words, we minimize the number of change-points under the additional side-constraint
that it has a minimal number of levels (in the sense of (7.6))). In order to make fast computa-
tion possible, we consider a relaxation of by replacing M(q) by a superset M(q) 2 M(q).
In general, this relaxation decreases the number of detected change-points. This superset
M(q) can be constructed very similar in spirit as the confidence intervals in Section It
consists of L(q) disjoint intervals [I;,11],. .., [lﬁ(q)’ii(q)]' A formal proof for M(q) D M(q) is
analog to Section [£.5.1] and is omitted.

A pseudo-code for the computation is given in Algorithm [2l The relaxation of ([7.7)) is then
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Data: ¥ (q) and {Qi,j(fI)ji,j(Q)}i,]’eqzc(q)
Result: [,]
I+ 9% (q);
forQ’L:l,Q,...do B
lm 4= ming;/n j/mier bij(9);
I+ I\{[i/n,5/n]: b; ;(@) < lm} // remove already considered intervals;
if I =0 then
‘ break
end
end
I w9 (q);
form=1,2,... do
Lin 4 maX(i/n,j/nler b,;(2);
I I\{[i/n,§/n] : bi,j(q) > Ly };
if I = then
break

WU R W

i
BWN = O©

end
end

[rp——
g O G»

return [,

Algorithm 2: Algorithm for the computation of M(q)

explicitly given by

Wl #7(0) st g € {1y (@B N M@)} (7.8)
for all 1 < ¢ < j < mn so that i is constant on [i/n,j/n|. This relaxed optimization problem
can be solved by dynamic programing as in Section [4l Analogously to Section let K* (q)
denote the minimal value of (7.8)) and /i*(¢) be the maximum likelihood estimate among all

solutions of (7.8).

Figure [26| shows a simulated data set, together with the modification of SMUCE defined by
(7.8). The set M(q) is shown in the second panel (blue hatched area). For comparison, we
also depicted the regular SMUCE and the mBIC estimate (Zhang and Siegmund, [2007)) as
introduced in Section Clearly, the regular SMUCE does not give a precise reconstruction
of the signal. The mBIC performs slightly better. However, with none of both approaches,
the different levels with values three and four can be separated in the first part of the signal.

In contrast, the modified approach distinguishes between them almost perfectly.

In 100 simulations for the signal in Figure 26| we found that modified SMUCE 4* detected the
43 change-points in all 100 simulations at level « = 0.1. In contrast, the regular SMUCE at
a = 0.1 detected 28.7 change-point in average and 35 maximum. This confirms that inference
is considerably strengthened by including the information that only few levels are present in

the true signal. In the upcoming section we apply the modified approach to a real data set.
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7.3 Application to array CGH data

The statistical analysis of array CGH data has drawn a lot of attention recently, see e.g.
Fridlyand et al.| (2004), [Venkatraman and Olshen| (2007), [Lai et al.| (2008) and |Jeng et al.
(2010).

The analysis of CGH data concerns detection of aberrations in DNA copy number. In nor-
mal diploid cells, the autosomal chromosomes each have two copies. The earliest observed
aberration is a trisomy of chromosome 21 in Down’s Syndrome. Nowadays it is known that
changes in copy number occur on parts of chromosomes of different lengths. For example,
in cancer cells parts of chromosomes can be present in zero copies (loss) as well as in two or
more copies (gain). Detection of gains or losses is e.g. important in order to identify certain

cancer genes.
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Figure 27: Log ratios and the modified SMUCE for the cell line GM03563.

In array CGH analysis genomic DNA is isolated from a test and a reference sample and
labeled differently. In a second step the DNA is hybridized to a DNA micro-array. Ideally,
the hybridization intensity for a segment gives the proportion of the copy number of the test
and reference sample. For the (statistical) analysis of array CGH data the log, ratios of the
intensities are considered. Since the ratios at each position are half-integer-valued, the log
ratios are discrete. However, due to normal tissue contamination and other effects the log2
ratios differ from the expected values logy(1/2),logy(1),log,(3/2), ... and it cannot assumed
that these values are known.

We apply the modified approach from the previous section (see ) to a data set from
Snijders et al.| (2001), which was also considered in (Olshen et al. (2004) and is available
online [} In total the data set consists of 15 cell lines with 2,276 observations each. In each
cell line there are one or two aberrations present as was shown by spectral karyotyping. For

comparison we consider the same nine cell lines as in |Olshen et al. (2004]). They showed that

"http://nature.com/ng/journal/v29/n3/suppinfo/ng754_S1.html
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12 from 15 aberrations are detected by their approach. With the modified SMUCE we could
identify the same 12 aberrations at level & = 0.25. In addition, in chromosome 9 on GM03563
we could detect an aberration on a segment consisting of only two observations, which is not
detected by CBS. This observation is in accordance with the results from the simulations
in the previous section. There, it was shown that in particular inference on small segment
can be strengthened by the modified approach. Figure 27| shows the data and estimate O (q)
for the entire cell line GM03563. Further, we depicted magnifications of chromosomes 3 and

chromosome 9 in Figure [28] as examples.

0.2

0.6
1

|

0.4
log2 ratio
-0.4
1

log2 ratio

0.6

0.0
1

-0.8
1

-0.2
1

chromosone 3 chromosone 9

Figure 28: Log ratios and the modified SMUCE for chromosome 3 and chromosome 9.



80

Multiscale segmentation with few levels




SECTION &

Outlook and discussion

In this section we discuss extensions and modifications of the methodology in this thesis.
Recall that SMUCE is primarily based on the idea of controlling the probability of overes-
timation of the number of change-points. We first discuss a less conservative approach by
controlling the false discovery rate. Moreover, we give a brief motivation how the method may
be extended to dependent data and mention alternative penalizations of the multiscale statis-
tic. Finally, we show how the computation time may be reduced considerably by restricting

the multiscale statistic to fewer intervals.

8.1 False discovery rate

In this section we will relate the findings of Chapter [3| to the frequently considered quantities
true and false discoveries. To this end, we consider Gaussian random variables and stress
that asymptotic versions can be obtained for exponential families in general. The following
results are a direct consequence of the proofs of Section The false discovery rate as it
was introduced in the celebrated work of Benjamini and Hochberg| (1995) is a criterion for
controlling the Type 1 error in multiple testing which has drawn lots of attention since.
Following their notation, let R denote the number of discoveries of a statistical procedure and
let V' denote the number of false discoveries. The false discovery rate (FDR) is then given as
E [1{p-01V/R].

We consider the multiple testing problem underlying SMUCE in . As it was pointed out in
Siegmund et al. (2011)) such local tests are highly correlated and consequently tests on nearby
intervals will likely reject the (true) null-hypotheses together. These rejections, however,
typically lead to detection of only one single (false) change-point. Instead of considering
the number of false rejected null-hypotheses H; ; it is more intuitively to balance false and
true discoveries in terms of change-points. The specification of true and false change-points
is ambiguous, here we agree upon the following definitions, which are tailor-suited to the
findings in Section
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Definition 28. For the true signal ¥ € S and an estimate U with change-points (71,...,7%)

e an estimated change-point 7; is a false positive (false discovery), if

(7A'i_1,7:i+1] - (T]’,Tj+1] for some j = 1, N ,K.

e a true change-point 7; is a false negative, if the estimate ¥ is constant on
2 2

Figure [29] illustrates these definitions by means of an example.
For the SMUCE at level o, the number of discoveries is given by R(a) = K(g(a)) and
we denote the number of false positives for SMUCE at level o by V(«). For K > 0 the
sensitivity rate is then defined as E [(R(«) — V(«))/K] and the false discovery rate is defined
as E [1{g(a)>0yV (a)/R(a) > 0].
As a straightforward consequence of Definition [28] the expression K (¢(a))— K can be replaced
by the number of false positives V(«) in Corollary |§| and Theorem [5. Hence,

P(V(a)>0)<a and E[V(a) < 12_“04. (8.1)
Similarly, implies for K > 0 that
B [W] > 1- Bulg), (8.2)

where (5, is as in . The bound in reveals the nature of SMUCE with respect to
false discoveries. The absolute number of false discoveries is controlled uniformly over all
¥ € S§. In contrast to that SMUCE uniformly controls the sensitivity rate: the bound in
does not depend on K but on (3,,(g) only.

These findings give motivation to a different parameter choice which depends on the number
of discoveries and which is related to ideas in [Siegmund et al. (2011). This approach will be

designed in such a way that not the probability of overestimation is bounded but rather the
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Figure 29: Illustration of false positives and false negatives as in Definition
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false discovery rate, which leads to a data-driven choice of the threshold q. We chose the level

« in such a way that the false discovery rate is bounded by some ~ € (0,1). To this end, let

N ) ] 2«
If the threshold parameter ¢ = ¢(a*) is chosen to be the (1 — a*)-quantile of the null-
distribution of T;, the false discovery rate can be controlled. This is due to the following
bound which is based on (8.1) and the definition of a*. We find that

® oo <2 e

Via®)
R(a¥)

R =18

Ray>1f s

First, we find from the definition of o* and the r.h.s. of (8.1) that

ARG I (S S
<E [12_(;*1/(04*) R(a*) > 1]

<.

Second, the r.h.s. of (8.1)) together with the definition of a* yield

B [

R(a*) = 1} =P (V(a*) > O’R(a*) - 1) <af <. (8.6)

Plugging and into finally gives
E |:1{R(a*)>0}zéz*;:| <.

This proves that the false discovery rate for the SMUCE at level a*(y) is bounded from
above by . Overall, this provides a method in order to control the false discovery rate by
choosing ¢ = g(a*). In order to solve the optimization problem underlying , one has to
compute the path of solutions R(ar) = K (g(a)) for all o € (0,1). We use an approximation by
computing K (q(a)) for the discretization o = 5i/100,i = 1,...,20. Clearly, this will give an
approximation for o, however, the false discovery rate is controlled for this approximation.
We illustrate this approach for two different signals (see Figure . For the two data sets
in the first row of Figure [30] we computed the selection criterion in and chose a*(0.15)
accordingly (vertical gray line), i.e. we bound the false discovery by v = 0.15. For the signal
with many change-points (left), this leads to a*(0.15) = 0.55 and for the signal with one
change-point(right) to a*(0.15) = 0.15. The resulting estimates for this choices are shown

in the bottom row. In both scenarios the number of change-points is estimated correctly.
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Figure 30: First row: simulated standard Gaussian data and true regression functions (solid
line); second row: selection criterion as in (8.3) and optimal choice a*(0.15) (vertical line);
third row: SMUCE for o*(0.15).

In order to assess the performance empirically we simulated data for both signals in 100
runs with standard Gaussian noise. For each simulation we computed the regular SMUCE
at level a = 0.15 as well as SMUCE for a*(v) with v = 0.15. The frequency of estimated
change-points for both procedures is shown in Table |8} For the signal with one change-point
both methods perform equally well. For the signal with 19 change-points, we find that
controlling the FDR leads to considerably better results. This is due to the less conservative

approach of controlling the false discovery rate instead of the probability of overestimation.
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K =19 K=1
<15 16 17 18 19 0 1 2
SMUCE with a = 0.15 0.37 0.21 031 0.17 0.04 0.07 0.92 0.01
SMUCE with a = a*(0.15) 0 0.01 0.02 0.19 0.78 0.07 0.92 0.01

Table 8: Frequencies of estimated change-points for the signals in Figure |30| by the SMUCE
for a = 0.15 and the SMUCE for a*(y) with v = 0.15. The results are obtained from 100
simulations.

8.2 Reducing computation time

In order to apply SMUCE to large data sets, one has to reduce the number of considered
intervals in the multiscale constraint in order to make fast computation possible. For the
applications in Hotz et al.| (2012) and |Futschik et al.| (2013)) this was achieved by considering
only intervals of dyadic length. However, an interesting strategy to reduce the computational
costs even further can be adapted from Walther| (2010), see also Rivera and Walther, (2012)).
There it was suggested to restrict the multiscale constraint to a specific system of intervals,
which is of size O(n). The authors could prove that this still guarantees optimal detection.
We used the system of intervals as in Rivera and Walther| (2012) but also included intervals
with size smaller than logn, which were not considered in Rivera and Walther| (2012) in the
context of density estimation. For the same signal as in Section (without a deterministic
trend) and for the same level of significance as before we compute the SMUCE for the reduced
set of intervals. The results from 1,000 simulations are shown in Table [9] It turns out that
the performance is only slightly worse than for the regular SMUCE for ¢ = 0.1 and ¢ = 0.2

and in fact better for o = 0.3.

More striking, however, is the decrease of computation, that comes along with the reduc-
tion to fewer intervals. The data consists of n = 499 observations and hence potentially
n(n — 1)/2 = 124,750 subintervals have to be considered for the computation of the regular
SMUCE, whereas the reduced system consists of only 2,207 intervals. This reduction leads
to a considerable speed up of the computation times: in average the computation of SMUCE
took 0.1384 seconds, whereas the modified version was in average computed in 0.0078 seconds
(on a single-core system with 2.67 GHz and 8 GB RAM in a 64-bit OS).

|| 4 5 6 7
oc=01 0 0004 0.979 0.020
0 =0.2 0 0003 0.978 0.022
c=03 || 0022 0242 0.702 0.040

Table 9: Frequencies of estimated number of change-points for the modified SMUCE (with
a = 0.1) for different noise levels . The true signal (in Figure has 6 change-points.
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8.3 Dependent data

So far the theoretical justification for SMUCE relies on the independence of the data in Model
The methodology underlying SMUCE can be extended to piecewise constant regression
problems with serially dependent data, if the dependence structure is known. We will outline

this in the following for a simple example.

Example 29. For a piecewise constant function u € S we consider the MA(1) model
Yi=u(i/n)+¢e;+ Beimy for i=1,...,n,

where 8 < 1 and €g,€1,...,€n i N(0,0?%). We aim to adapt the SMUCE to this situation.

Following ([1.4), one might simply replace the local statistic \/2Tz-j (Y, po) for po € R in ([2.6))
by the (modified) local statistics

VA W) = = 2okl : (8.7)

J—i+ DA+ 8%+ (i)

This is motivated by the fact that Var( {:i V) =02 [(j —i+1)(1+ )+ (j—i)B]. Under
the null-hypothesis the local statistics Tl-j then marginally have x? distributions, as Tl-j in (2.6)

for independent Gaussian observations.

In order to control the overestimation error as in Section [3.2, one now has to compute the

null-distribution of

~ . =i _ en
To(Y, p) = | Jhax <\/ 215 (Y, po) — 4 /21og ——— .+1>.

] —1
(t)=po for t€li/n,j/n]
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Figure 31: Empirical distribution functions of the null-distribution for dependent observations
with 8 = 0.3 and probability-probability plot against the null-distribution for independent
observations.
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To this end, we used Monte-Carlo simulations for a sample size of n = 500. We reconsider
the test signal from Section with ¢ = 0.2 and a = 0. The empirical null-distribution of
T,, and a probability-probability plot of the null-distribution of T}, against T}, are shown in
Figure

For § = 0.1 and 8 = 0.3, which corresponds to a correlation of p = 0.1 and p = 0.27,
we run 1,000 simulations each. We compute the modified SMUCE, as in , and the
SMUCE for independent Gaussian observations. For both procedures we choose ¢ to be the
0.75-quantile of the corresponding null-distribution. The results are shown in Table For
B = 0.1 both procedures perform similarly, which indicates that SMUCE is robust to such
weak dependences, while for 8 = 0.3 the modified version performs much better with respect

to the estimated number of change-points.

B 5 6 7 8 >9 MISE MIAE
modified SMUCE 0.1 0.02 0.98 0.00 0.00 0.00 0.00154 0.02104
SMUCE 0.1 0.00 0.95 0.04 0.00 0.00 0.00142 0.02117
modified SMUCE 0.3 0.27 0.73 0.00 0.00 0.00 0.00435 0.03084
SMUCE 0.3 0.00 0.29 0.34 0.24 0.13 0.00277 0.03229

Table 10: Frequencies of estimated number of change-points and MISE by model selection
for the modified SMUCE and SMUCE.

The example illustrates that the ideas underlying SMUCE can be successfully applied to
dependent data after an adjustment of the underlying multiscale statistic T}, to the dependence
structure.

This strategy has been elaborated for m-dependent data in a more complex model in [Hotz
et al. (2012) in order to apply the SMUCE methodology to estimating the channels conduc-
tivity in ion channel recordings. In this application an analog filter is applied before the data
analysis which yields dependent observations. The methods capacity is shown in simulations

as well as in real data examples.

8.4 Penalizations

The penalization of different scales we use for SMUCE in (2.12]) was established in [Diimbgen
and Spokoiny| (2001]) and calibrates the number of intervals on a given scale. This prevents
small intervals from dominating the statistic. For this purpose one might also consider two

alternative penalizations methods given by

\/QTJYQ \/210g 7=

Tp(Y,0)=  max
Isi<js —Z—I—llo (elog(en/(j —i+1
B(t)=0 for 1] z%,J/n J g(elog(en/(j )
T/(Y,6) — 210g
TT%(Ya 79) = 1<max ( ) Jj— z+1
Si<jsn loglog +< z+1

9(t)=0 for teli/n,j/n]
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which are both finite a.s. as n — oo (see again (Dumbgen and Spokoiny, 2001, Theorem 6.1)

and Dtumbgen and Walther| (2008)). A multiscale statistic without scale calibration, i.e.

T3(Y,9) = max T/(Y,0)
1<i<j<n
9(t)=0 for te[i/n,j/n]

was e.g. considered similarly in [Davies et al| (2012) and Davies and Kovac| (2001). We
illustrate the calibration effect of the statistics T}, as in (2.12)), T}, T? and T3 in Figure

The graphic shows the frequencies at which the multiscale constraint is violated for T}, T},

T2 and T2 at a certain scale (scales are displayed on the z-axis). It can be seen that T
puts much emphasis on small scales, while the penalized statistics T},, T} and T3> treats the
scales more uniformly. The difference between the various penalizations, however, is rather
small. For our purposes calibration is beneficial in two ways: First it is required to obtain
the optimal detection rates in Theorem (19| as it was shown in Chan and Walther| (2013]).

Second, we find it to work well in practice. However, there is no uniformly superior type of

penalization: in application were changes are known to occur mainly on the smallest scales

the choice of T is most appropriate.
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Figure 32: Frequencies at which the corresponding 0.75-quantiles of the statistics T},, T}, T2
and T3 is exceeded at a certain scale (z axis). Results are obtained from 10,000 simulations
with Gaussian observations.
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8.5 Piecewise parametric models

In this section, we discuss how SMUCE may be extended to more general right-continuous
piecewise models. To this end, let I' C R¥ and h,(x) : [0,1] x T' = R. We will assume that

the mean regression function p is in the class of piecewise parametric functions

K
{u(ac) :Zl[mm+1)($)h%($):OZTO <M <...<Tg <TK4+1 = 1,71,...,’)% EF,K < OO}
k=1

Example 30. Setting v = (v},72) € R? and h,, (z) = 7} + 722 yields piecewise linear

regression functions with jumps between its linear segments.

In this more general setting, the observations Y are not identically distributed within one
segment. We leave the generality of exponential families and consider only such families that

fulfill the following reproducing property.

Assumption 31. Let F = {F,} be a one-dimensional, standard exponential family, pa-
rameterized in the mean value p € m(©). Further, let Y; ~ F,, be an arbitrary sequence of
independent random variables with p; € m(©) for alli =1,...,n. We assume that a sequence

of positive numbers (an)nen exists, so that 1/an Y i Yi ~ Fp, with i = 1/an Y 1" .

Two examples of such reproducing exponential families are Gaussian distributions with a
fixed variance and Poisson distributions. We suggest a modifications of the local tests in
for a fixed candidate function i € S and the observations Y;,...,Y;. Recall that
L {:Z. Y, ~ Fj; for some i € m(©). We consider the local tests

aj—it1

1 J J

al/n) vs. Kij:ji Z (I/n).

Hij:ji=
Aj—i+1 =i Qj—i+1 =

1
Aj—i+1

By choosing 6; ; such that m(6; ;) =
by

7_; i(l/n), the local likelihood-ratios are given

T/(Y, i) = sup Y, — Y, — (0
( ) 06@( aj— z+1lz: ) ( a] z+1Z L= >

i =i

Again, we consider the multiscale statistic which evaluates the maximum over all local statis-

tics on intervals between two change-points

- en
T,(Y, i) = max max \/2T7 (Y, 1) — /210 ) :
n(¥, ) 0<k<K F1<i/n<j/n<tpi1 ( P () V s Jj—i+1

The null-distribution of 7,,(Y, i) can be computed, following the ideas in Section This is
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due to the fact that the minimal sufficient statistic 1/a;_;11 ZZ:Z Y} is again in the exponential

family.

A crucial task is to compute the estimate efficiently. In particular it is important to provide
a fast computation of local optimal costs as in Section More precisely, the local optimal

costs 0, are a solution for the multiscale constrained maximum likelihood problem

p

J
Iilea% 2 1Y, hy(l/n)) st b < lz:;hw(l/n) <b;jforallr <i<j<p,

where the constraints b, ; and Ei,j are computed analogously to Section

In particular, it is important for a fast implementation that these solutions can be updated ef-
ficiently, i.e. that 6 ., can be computed fast if 67, is given. However, even if the computation
of the restricted maximum likelihood estimate is too expensive, the number of change-points
may be estimated and confidence regions may be constructed, as we will illustrate by means

of the piecewise linear regression model in Example

Example 32 (Example |30 revisited). We reconsider the example of piecewise linear regres-
sion, i.e. 7 = (v, 7%) € R? and h,, (z) = v} +~7z. For this problem, a dynamic programming
has been used in Bellman| (1961) for the computation of least square solutions for a given num-
ber of segments. The special case, in which no jumps between the linear segments are allowed
is often referred to as the broken-line problem and has been studied extensively (see e.g. [Feder
(1975)) and Siegmund and Zhang| (1994])). We briefly discuss the computation of solutions,
fulfilling the constraint 7,,(Y, 1) < g. From
J
D hy(l/n) = (j =i+ Dhy i+ j/(2n))

l=i

we find that the multiscale constraint on an interval [p/n,r/n] is fulfilled by ~ if

bijG—i+ 1) <h, (T) <bij(j—i+1)7" forall r<i<j<p  (88)
’ n

In other words, there exists a parameter v which fulfills the multiscale constraint on [p/n,r/n],

whenever a linear function exists, that lies below the points ((z +5)/2,bi;(G — i+ 1)*1) and

above ((i +35)/2,b; ;(G — i+ 1)) for all p < i < j < r. These conditions can be restated

with the notions of greatest convex minorants and least concave majorants (Barlow et al.,

1972). The latter conditions are fulfilled, if the greatest convex minorant of

(G +5)/2,G =i+ 1D)7big) i
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and the least concave majorant of

((i+3)/2,( —i+ 1)71bi7j)p§i§j§r

do not intersect. Hence, confidence intervals for the change-points 71, 79, . . . can be constructed
similar to Section[£.5] Moreover, on the intervals between these confidence intervals we obtain
simultaneous confidence bands for the graph of ¥ by the greatest convex minorant and the
least concave majorant, as above. Without discussing any algorithmic details, we stress that
these can be used to construct simultaneous confidence bands. Figure [33|illustrates this for
an example with Poisson observations: any estimator fulfilling the multiscale constraint with
minimal number of change-points K has exactly one change-point in any of the (blue hatched)

confidence regions and its graph lies within the (red hatched) confidence bands.
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Figure 33: Top: Poisson data and a piecewise linear regression function (black, solid line);
bottom: confidence bands for ¥ (red hatched) and confidence intervals for the change-point
location (blue hatched). Here ¢ is chosen as the 0.9-quantile of M.
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APPENDIX A

Proofs

A.1 Auxiliary Results

A.1.1 Large deviation and power results

We begin by showing some large deviation results for exponential families. Recall that by
D(0]|6) we denote the Kullback-Leibler divergence of Fy and F, i.e.

D(I6) = [ fota) o ;ZE@ () = $(B) — (8) — (G- O)m (D).

x)

With the techniques used in Brown| (1986) [Thm 7.1] it is readily seen that for a sequence of
independent and Fp-distributed r.v. Y7,...,Y, one has that

P(Y —m(0) >n) < (D 0l0+e)=ne) (A.1)

for all £ > 0 such that § + ¢ € ©. The following restatement of inequality (A.1l) turns out to

be very useful.

Lemma 33. Let Y = (Y1,...,Y,,) be independent random variables such that Y; ~ Fy and
assume that 6 > 0 is such that 0 + 6 € ©. Then,

P(m—l(?) > 9+5> < 6—nD(9+5H9)_
Proof. First observe that according to (|A.1])

P(m 1Y) > 0+6) = P(Y —m(0) > m(0+5) — m(0))
< exp(n(D(0|0 + 6) — (m(6 + &) — m(6))d)).
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Now it follows from (3.11)) that

D(0]10 + 8) — (m(6 + 5) — m(6))6 = (6 + 8) — »(0) — m(0 + 6)3
=—(¥(0) = ¥(0 +0) — (0 — (6 +))m(0 + 9))
= —D(0+9]|0).

O
From (A.1)) we further derive a basic power estimate for the local likelihood-ratio statistic.

Lemma 34. Let Y = (Y1,...,Y,) be independent random variables such that Y; ~ Fy and
assume that § € R is such that 0 + 6 € ©. Then, for all x > 0

P 2T(Y. 0+ § € ex?
+ >x ) > 1 )
( T, ) > > >1—exp <n€ér[%)f:6} [D(GHG +e¢) D610 + o) + 3 ])

Proof. For

J(Y,0) = 6(Y) — (YO —2(0))

we obtain

J(Y,0+6)=J(,0)—6Y — () + (0 + ). (A.2)

Thus, we have for any z > 0

I(z,n,0) := P(I7(Y,0 + 6) > z)
=P (J(?,9+5) > %)
=P (J(V,0) =07 > = — (6 + ) +(0))
> P (=07 = = —y(0+6) +v(0)).

where in the last inequality holds since J(z,0) > 0 for all z € R and 6§ € ©. Now, let us first
assume that § > 0. Then by (3.11)) we find

— (0 +0) + w(e)) —Pp (Y —mf) < —— + W) : (A.3)

P -0V > on 5

z
n

Combining this with the large deviation inequality (A.1)) yields

P <\/2T1”(Y—9+5) > x) >1—exp (n(D(GHHJra) - %D(0|\6+ 5)) + & 521’> ,

for all 0 < & < §. The case when § < 0 follows analogously. O
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For Gaussian observations the result can be sharpened, as shown in the following lemma.

Lemma 35. Let Yq,...,Y, be i.i.d. random wvariables such that Y1 ~ N(0,1) and let
x4 = max(0,x) for x € R. Then,

P (\/2T1”T<5) > x) > 1—exp (—W) . (A.4)

Proof. Assume w.l.o.g. that § > 0 and observe that
STP(Y,8) = [VAT — V] 2 Vs - VAT,
Since \/n Y is standard normal distributed, we find for any z > 0
P (VnY7] > 2) < exp(—22/2).
Therefore, we find
P (Vi —vaY| >2) > 1-P(VaY] > Vné —z),

which proves the assertion. ]

A.1.2 On the limit distribution M

In this section we collect some known facts and proof some new properties of the random
variable M defined as in (3.3). These results will be employed frequently for the proofs
of Section [3| but might also be of interest on its own. We will first fix some notations.
Throughout this Section, let B denote the standard Brownian motion. For 0 < s <t <1

define the calibrated absolute increments of the Brownian motion as

g(s,t)zw—,/mogtfs. (A.5)

M= sup &(s,t). (A.6)

0<s<t<1

Thus, we find that

The first result gives a bound for the probability that these calibrated increments exceed a

threshold value on multiple disjoint subintervals of the unit interval.

Theorem 36. Let k € N with k > 1 and q(«) be the (1 — a)-quantile of M. Then,

P <l minkﬁ(sl,tl) > q(a) for some 0 < s1<t] <sg<ta<...<sp<tp< 1) < aF. (A.7)

=1,...,



96 Proofs

Proof. For a fixed ¢ > 0 we iteratively define the stopping times (y(q), (1(q), C2(q), - .. by

¢i(q) = inf {t>0: sup £(s,t)>q} for i=1,2,...

Ci—1(q)<s<t

From the strong Markov property of the Brownian motion, we obtain that the waiting times

€1(9),¢2(q) — C1(q),¢3(q) — Ca(q), - - -

are independent and identically distributed. Therefore, for any x > 0 and for any k& > 1 it
follows that

P (Ck(a) (Z Gla) — G- ) <P (G(q) — Go1(q) <zV¥Ii=1,...,k) (A.8)
=P (Ci(q) < o).

Next, note that by definition (;(¢) < 1 implies that M > q. Therefore,

P (Gi(q(a)) <1) <P(M > g(a)) < a, (A.9)

where ¢(a) denotes the (1 — a)-quantile of M. Combing the results from and (A.9)

leads to

P (i(g(@) < 1) < a”.

The proof is now completed by the observation that the L.h.s. in (A.7)) already implies that
Ce(g(a)) < 1. O

It was shown in Dumbgen and Spokoiny| (2001) that M is finite almost surely and in Dimbgen
et al. (2006) that it has a continuous distribution which is supported on [0,00). Moreover,

we can prove the following lemma about the tails of M.
Theorem 37. Let M be as in . Then,
(i) E[M] < o0
(i1) med [M] < oo,
(iii) P(M > t) < 2exp(—(t — E[M])?/2) for all t > E[M],
(iv) P(M >t) < exp(—(t —med [M])?/2)  for all t > med [M],

(v) P(M >t) < 2exp (—t*/8) forallt > 2E[M] .
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The proof needs some preparation. It is essentially build on a corollary of Borell’s inequality
(Borell, 1975), see also van der Vaart and Wellner| (1996]).

Corollary 38. Let (X;)ier be a separable Gaussian process on T, such that

U :=sup|X;| < oo a.s. and supVar[X;| <1.
teT teT

Then, E [¥] < co,med [V] < oo and for all t > 0

P (U - E[¥] > t) < exp(—1?/2),
P (¥ — med [¥] > t) < 1/2exp(—t2/2).

The main idea the proof follows van der Vaart and Wellner| (1996) [Proposition A.2.1.] and
at some points Adler and Taylor| (2007). However, since some modifications are needed, we

give the complete proof for the sake of clarity. It strongly relies on the following lemma (see
van der Vaart and Wellner| (1996) [Lemma A.2.2.]).

Lemma 39. Let Z ~ N(0,1;), where I; € R¥4 denotes the d-dimensional unit matriz.
Then, for every function f : R* — R that is Lipschitz-continuous with constant 1, it holds for
all t > 0 that

P(H(2)-E[2)> 1) <o (-5 )

1 t?
P(f(Z)—med[Z] >1t) < 5 €XP (—2> :

Proof of Corollary[38 The proof is done in two steps: first the result is shown for a finite T
and extended to separable spaces in the second step. We prove the result only for the version
with the expected value, as the argumentation is the same for the median. Let us assume for

the moment that 7" is finite with |T'| = n and covariance matrix
2 ={0i}1cijcn € RV

Then, there exists a matrix Q € R™ ", such that QTQ = ¥. Further, for Z ~ N(0,I,) and
= E[(Xt)ier] € R™ one finds that

(Xt)ter 2oz + -

We define f(z) = ||Qz||,, and will show that f is Lipschitz-continuous with constant one,

which is a consequence of the following observation. Let e; € R™ denote the i-th unit vector.
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Then,

1Qzlloe < max [1Qeilo l2]lo < max el QTQe; ||zl = = max oy |2l < flllo

We have used the Cauchy-Schwarz inequality as well as Q7' Q = ¥ and oy; < 1 (by assumption).
Therefore, we can now apply Lemma which completes the proof for finite T'.

We extend the result to general T' by taking into account separability. To this end, let T}, be
a sequence of finite subsets of T, such that T,,_1 C T}, and T, increases to a subset which is
dense in T'. Then,

U, = ?el%f‘Xt‘ — U as.

From the monotonicity of the convergence, we also deduce

lim P(U,>z)=P (¥ >z) and lim E[V,]=E[¥].

n—o0 n—o0

It remains to ensure that E[¥] < co to prove the assertion. To this end, let us assume that
E [V] = co. We choose some zy € R that satisfies

2
1
exp (—?) < 3 and P (U <xo) >

Ak\co

Since lim, o0 E[¥,] = E[¥] = co we can select ng € N large enough that E [¥,] > 2z for

all n > ng. Using the argumentation as for finite sets T', we obtain on the one hand

2
1
P (E[U,,] — U, > 20) < exp (-”ﬁj) <3 (A.10)

On the other hand, since ¥,, is monotonically increasing in n and E [U,,] > 2z, we find
3
P(E[Un] — Uy > x0) 2 P (220 — ¥py > 20) = P (Vpy < z0) > P (¥ <) > 1
Since this contradicts (A.10) to the latter inequality, we have shown that E [¥] < co. The

proof for ¥ — med [V] is obtained analogously, for uniqueness of the median see e.g. van der
Vaart and Wellner| (1996). O

Proof of Theorem[37. After having established Corollary [38] the proof of (i)-(iv) is straight-
forward. Let T' = {(to,t1) : 0 < tp < t; < 1} and define the Gaussian-processes

Bt _Bt e Bt _Bt (&
X} =——29 _  [2log —— d X? =-———29 /2] .
(tott) = "/ — 7o B (tota) Vi —to B —t
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We then observe that

|Bt1 — Bto‘ € 1 2
M= sup ————— —,/2log < max sup X , sup X .
(to,t1)€T /t1 — to t1 — to (to,t1)ET (to,t1) (to,t1)ET (to,t1)

Then, the assertions (i)-(iv) follow by applying Corollary [38/to X! and X? together with the

observation

E[M]>E | sup X(ltmtl) =E

2
sup X
(to,t1)€T (t07t1)

(to,tl)ET ]

med [M] >med | sup X/| =med| sup X(Qtotl) :
(to,t1)eT (tot)eT

For (v) note that from ¢ > 2E [M] we find that ¢/2 + E[M] < t and hence (v) follows from
(ii). O

A.2 Proofs of Section

In this section we collect the proofs of Section [3| We begin with results on the asymptotic

null-distribution.

A.2.1 Proof of Section (3.1

We will assume for now that Y = (Y1,...,Y,) are independent and identically distributed
random variables with Y; ~ Fp and 8 € O, i.e. we consider the situation of no change-point.
Without loss of generality we will assume that m(0) = () = 0 and v() = ¢(0) = 1.
Moreover, assume that (¢p,)nen satisfies and introduce the notation

Z(cn) ={(,)) : j—i+ 1> cpn}.

We will show that in this scenario T, (Y, 9, ¢,) B M. The proof is divided into several steps.
First, we use Taylor expansions and strong approximation results to approximate the local
likelihood-ratios uniformly by a function of Gaussian partial sums (Proposition . This
function is then shown to converge to the random variable M weakly, which completes the
proof for signals without change-point. The actual assertion is then derived at the end of this

section.
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Lemma 40.

V2T (Y,0) — /j—i T Y]] =

Proof. Set ¢ = m~! and note that ¢ is strictly increasing. Since © is open, there exists for
each given 0’ > 0 a 6 > 0 such that £(Bs(0)) C By/(0) C ©. Next define the random variable

max
(4,7)EZ(cn)

3
Yi

L, = max j—1+1.

1<i<j<n

Then, it follows from Shao’s Theorem (Shao, 1995) that L, /v/logn converges a.s. to some

finite constant and we hence find that

Y]’ logn L,
max a.s.
(4,5)€Z(cn) ne, /logn

Thus, for each € > 0 there exists an index ng = ng(e) € N such that for all n > ng

P < max
(i,)€Z(cn)

vl > 5) <e.
In other words, ¢(Y)) € Bs(6) uniformly over Z(c,) with probability not less than 1 —&. Note
that ¢(Y?) = maxgeo 0V — () = £(Y?)Y? — 1(€(Y))) which in turn implies that
J(Y1,0) = ¢(V]) — 071 +9(0) = (£(V]) - OF] — ($(&(Y7)) — 1:(6)).
Taylor expansion of ¢ around 6 gives (recall that m(#) = ¢)(0) = 0 and v(0) = )(#) = 1)
Y(ETD) — w(6) = S (V) 07 + ST @) (V) - 0)°
for some § € B.(#). This in turn implies
T(7,6) = (6(7)) — 6)(¥)) — L(6(F)) — 67 — L @)(ET) - )"

1

Again, Taylor expansion of £ = m™" around 0 shows

v (0)
2(v(0))?

S —6=Y] - )
for some 6 € By (). This finally yields

2T/ (Y,0) = (j — i+ D)J(V],0) = (j — i+ DY) + ( — i + Dra(¥})

where 7, is such that ‘rn(?g)} < 02(75)3 for a constant C' = C(§’) > 0 (independent of ¢, i
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and 7) and for all n > ng. It thus holds with probability not less than 1 — ¢ that

PN 1/2
max \/2T7Y0* Vi—i+ ‘Y‘]‘ <C max (j—i—l—l)(Yf)
7] EZ(Cn) Z] EI(Cn)
, 3/2
Y
—C max |-Zl=itl —i+1)"1/6
(1,5)€Z(cn) |V — 1+ 1 (7 )
3/2 3
<C L, 1/ log n.
Vdlogn ney
From Shao’s Theorem it follows that the r.h.s. vanishes almost surely as n — oc. ]

We proceed with some strong approximation results for ?z, which is due to Komlds et al.
(1976).

Lemma 41. There exist i.i.d standard normally distributed r.v. Z4,...,Z, such that
lim y/logn max <\/]77J+ ‘}Yj}f‘Zj ) =0 a.s.
n—00 (4,)€Z(cn

Proof. We define the partial sums S§ =0 and S} =Y; + ...+ Y] and find that
(j—i+ 1)’7” = )S]Y - Sgil‘. Analogously we define SZ. Now let (i,j) € Z(c,) and observe
that

Sy -S| [s7-stl| _[sy-sf| ysr sz, |st-spl

Vi—i1+1 B Vi—i1+1|~ /ne, /nen, — 0<I<n ney,

It follows from the KMT inequality in Komlds et al.| (1976)[Thm. 1] and (3.2)) that

S =S¢

) Vlogn max *——— <o(1) as.

0<i<n ncy

v/logn max (\/.]—Z—f— MY]‘—‘ZJ

(4,5)€Z(cn)

By combining Lemma [41] and [40] we obtain

Proposition 42. There exist i.i.d standard normally distributed r.v. Z1, ..., Z, such that

max ‘\/QT]YH Vi—it1|Zl|| =

(4,5)€Z(cn)
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Lemma 43. For n € N, define the continuous functionals h, hy, : C([0,1]) — R by

|z(t) — x(s)] e
h = — /2] d
(z,c¢) ogsslg)gl ( — og P an

t—s>c

hn(x,c) = max <\x(]/n) —x(i/n)| 2log en> ,

1<i<j<n \ /(G—i+1)/n j—i+1

(j—i+1)/n>c

respectively. Moreover assume that {x,},. C C([0,1]) is such that x, — x for some
xz € C([0,1]). Then hp(xn,c) = h(z,c).

Proof. Let 6 > 0. Then there exists an index ng € N such that |z,(t) —z(t)| < ¢ for all
n > ng and ¢t € [0, 1]. Thus, it follows directly from the definition that hy(z) = hy(zy) + O(9)
for n > ng. Since u — \/m is uniformly continuous on [c, 1] we consequently have that
hn(x) = h(x) as n — oo and the assertion follows. O

Before we proceed, recall the definition of M in (3.3). Moreover, we introduce for 0 < ¢ <1

the statistic |B(t) — B(s)]
_ S €
Ve = sup (BO =BG [ e ) A1l
( ) 0§s<lt)§1 ( \/m m> ( )

t—s>c
From (Dumbgen and Spokoiny, 2001, Thm. 6.1) (and the subsequent Remark 1) it can be
seen that M (c) converges weakly to M as ¢ — 0.
We continue by showing the convergence of the multiscale statistic with a constant lower

bound on the interval length. More precisely we consider the statistic

Ti(Y.0) = max <\/2Tg'(y, 6) — \/2 log 36“> . (A.12)

(4,5)€Z(

Proposition 44. For ¢ > 0 and the statistic TS, as in (A.12)), we find that

lim lim 7T5(Y,0) = M,

c—0t+ n—oo

weakly.

Proof. Let SZ be the partial sums of Z as in Lemma and let {X,,(t)},~, be the process
that is linear on the intervals [i/n, (i + 1)/n] with values X, (i/n) = SlZ/\/ﬁ_ We obtain from
Donsker’s Theorem that X, 2) B. Now, recall the definition of h and h,, in Lemma and
observe that

hn(Xp,c) = max (\/jz'+1\Z{y 2logj_en).

(4,5)€Z(c) 1+ 1
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It hence follows from Proposition 42| that

V2TV (Y,0) — /G — i +1|Z2|| = op(1). (A.13)

|T5(Y,0) — hp(Xn,c)] < max
(i,7)€Z(c)

Since X,, > B, Lemma 43 and (Billingsley, 1968, Thm. 5.5) imply that

ho(Xp,c) 33 h(B,c) 2

M(e).
Together with (A.13]) one hence finds that for all ¢ > 0
T:(Y,0) LA h(B,c) = M(c) as n — oc.

Thus, the assertion finally follows, since M (c) — M weakly as ¢ — 0. O

Theorem 45. Let ¥ = 0 and recall from the definition of T, that

T, (Y. 0. ¢,) = 2T/ (Y, 2log — ).
¥, d,en) =, max | W o)~ \/Ogj—z‘+1>

Then, T,,(Y,9,c,) — M weakly as n — oo.

Proof. First observe that according to Proposition 42| we have for all £ > 0 that

P (T,(Y,¥;c) <t) =P [ max \/J—TW\— QIOgL <t +o(1).
1+ 1

(4,9)EZ(cn

Since furthermore

P((.‘max (x/j—i—i—l‘ZZ‘— 210g6n><t>

i,7)€Z(cn) +1

=P <0<S;1£<1 (Mm)lt_\/fé's(@| R 2o t—8> = t) ’

this shows that for all ¢ > 0

liminf P(T,, (Y, 9, ¢,) <t) > P(M <t).

n—o0

Now let ¢ > 0 be fixed and assume w.l.o.g. ¢, < c for all n € N. With T} as defined in

Proposition 4] we conversely find

limsup P(T,,(Y, ¥, ¢,) <t) <limsupP(T;(Y,9,¢,) <t) =P(M(c) <t).

n—oo n—oo

Hence, the assertion follows from Propositionwith ¢ — 0T and the fact that M > 0 a.s. [
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Proof of Theorem[3 Let T, (Y, 9;c,) be defined as in (2.12). From Theorem [45]it then follows

that B() B
T.(Y, v, cn)—> max sup (M—,/Qloge> .
0<k<K 7 <s<t<rj11 Vit—s t—s

The limiting statistic on the right hand side is stochastically bounded from above by M, since
the maximum is taken over a smaller set. Conversely, we observe by the scaling property of

the Brownian motion, its stationarity and by choosing 3 = s/(7x+1 —7%) and £ = t/(Tp41 — 1)
|B(t) - B(s)| | e >
sup — " — [2log ——
Tk§8<t§7'k+1 ( m t — S
B(t) — B(3 1 D 1
L sup W—()‘— 2log~e~—|—21og7 >M —/2log ——.
0<5<i<1 t—35 t—3§ Th+1 — Tk Th+1 — Tk

A.2.2 Proofs of Section |3.2

We now give the proofs for the bounds for the probability of overestimation. These essentially

rely on the results in Section and Section

Proof of Theorem[5. We first note that it suffices to give the proof for constant ¥ = 6y, i.e.
K = 0, which will ease notation. Second, observe that K (¢(a))) > K + 2k implies that the
multiscale constraint for true regression function # is violated on at least k disjoint intervals.

This amounts to say that for k disjoint intervals [i1/n, j1/n], ..., [ix/n,jk/n] C [0,1] it holds

that
\/2T‘73 (Y, 6p) — \/210g 1 > q(a) foralll<s<k.

As a consequence of Proposition we find that there exist i.i.d. standard normally dis-

tributed random variables Z1, ..., Z, so that

V2T (Y, 00) — G —i + 1|71 | =

max
J EI(CW)

As before, we set
I(cn) ={(,j):1<i<j<n and j—i+12>c,n}
and moreover define

Dy = {((il,j1)7...7(ik,jk)) € (I(Cn))k tl<in<ji <. <ip <Jp < n}
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Next we observe that

nhﬁ\nc}oP <3((217]1) (Zkajk)) € Dy : IIllIl 2Tjé Y 90 \/210g Js +1~ q( )>

. .. .. . - ; Js en
= lim P (3((11,.71)7---7(2197]1@)) € Dy, : min \/js — s+ I‘ng — \/210gji 1 > q(oz))
s s

n—o00 1<s<k

B(%) - B(%)

n en
= lim P | 3((¢1,751)s- -+, (igsJ Dy : mi —/2log ———— >
Jim. (i, 1), - (i, ji)) € Dy = min, T \/ S q(cv)
< Ozk+1.
Here the last inequality follows from Theorem O

With Theorem [f] we can proof Corollary [6]

Proof of Corollary[f. For the proof we will use that for a random variable supported on Ny

it holds that -
=Y P(X>i).
i=0

Together with Theorem [5] this shows that

lim E [(K(q(a) — K)+| = lim " P(K(g(a) ~ K > )

n—oo
> > 2c
< T > o s+1 _
< lim 2 P(K(q(a)) — K > 2s) < 2> a —
5=0 s=0
which completes the proof. O

A.2.3 Proofs of Section |3.3

In this section we prove the bounds for the probability of underestimation. We begin with the
result for Gaussian observations (Theorem and then turn to the general case (Theorem
7). This eases presentation, since the idea of both proofs is the same, but the Gaussian case

requires less technicalities.

Proof of Theorem[I] For the proof we define for k = 1,..., K the pairwise disjoint intervals

I, = <Tk—1 Tk Tk ¥ Tt (A.14)

2 ’ 2

Recall that the value of 1 on the segment I is denoted by my. Let mz = max {mg, mg41},
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— nu
I

He i

Tk—1 Tk Tk+1
Figure 34: Hlustration of I, I}, m; and m; as in (AT14) and (A.T5).

m, = min {my, my41} and split each interval I}, accordingly, i.e.
LF={tely:pt)=m{} and I, ={tely:pult)=m_}. (A.15)

Clearly, it holds that Iy = I ,j U I,. We define the event that a function exists, which is

constant on I and fulfills the multiscale constraint on [ ,j and I, , i.e.

. A en - en
Qk:{HmER:1/2TIk+(Y,m)— /210g#—1_2_§qand1/2TI;(Y,m)— /2log#Ik_§q}.

Here #1} denotes the number of observations in the interval I,. We proceed by computing an
upper bounds for P (€;). To this end, observe that either m < mj" — §;/2 or i > m + /2.

Following this idea we define

Of = {ana <l = 0k/2 2T (Y, o) — /ZIOg% < q} and (A.16)
k
_ ~ _ ~ en
Qp =qIm>m +0,/2: /2T, (Y, mg) — , [2log —— < q .
k #Ik

Next, observe that P(€;) <1 — (1 — P(Q{))(1 — P(£,)), due to independence of Q, and
QZ’ and the fact that € C {Q_ U QZ‘} In other words, the event € implies either €2, or
Q;". We proof an upper bound for P(£2;)) only, the same bound can be obtained for P(Q;)

by symmetry arguments.

Recall that z — T I (Y, x) is convex with global minimum at Y’ I Thus, for all m > m; +6/2
one obtains
T, (V) > T, (Yimg +8/2)

k
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whenever ?IE <my + d;/2. This yields
o) <p(only,_ <m 42 Y O
P(Q) <P (9N Ypsm+o o)+ P (Y >m + o
J — J
<P <\/2le (Y,m,; + ;) < (a+ 2log(e/)\k))> +P (ij > mp + ;)
2
_(x/n)\k.ék—Qq— ,/8log E) - (_TL)\MS;%)

8 8

< exp

where the last inequality stems from Lemma [33| and Lemma Hence,
P(Q) <1— (1 -P(Q)))(1 - P())

2
\/n/\kék—Qq—q/Slogf 2
<l1—1]1—exp ( k> — exp (—n)\k(sk)

B 8 8

=1— Buk(q). (A.17)
Next, for k =1,..., K we define the random variables

Ze(w) 0 if weQg and
p(w) =
1 otherwise.

Observe that Z = 1 implies that any function 4 € S with T, (Y, i) < ¢ has a least one
change-point on the interval Ij. Since the intervals I, ..., [k are pairwise disjoint, this yields
K(q) > Zszl Zy.. Therefore, we find

K K K
P (ff(q) > K) >P <Z Zy > K) = -Pw) =[] Bur(0),
k=1 k=1

k=1

which completes the proof of the first part. As a result of (A.17), Z; can be bounded in

probability by a Bernoulli random variable with success probability 3,.. Therefore,

K
> 7
k=1

E [K(q)] >E

K
k=1
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and hence

K K
E[(K—f((q)>J <K= Bur(@) =D _(1-Buklg
k=1 k=1

We now turn to the proof of Theorem [7, which follows the proof Theorem But here we
will employ a general large deviation results for exponential families (Lemma [34)), instead of
Lemma

Proof of Theorem[7. First, let I, I,” and I, as in (A.14) and (A-15) and define 6, and 6,

accordingly. We again consider the events

5 ; en ~ en
Qk:{EIOG@.,&TI:(Y,G) /2log#—llquand\/2le_(Y,9)— /2log#lk§q},

Q. and Q+ analog to ( m We provide an upper bound for P (Q_) and P (Q+) Again,
we only show the proof for P (Q ) since the bound for P (Q+) follows by symmetry. To this
end, we find from Lemma [34 ﬂ and ( -

P ()
<P (Q A {Ylk <m6) + 5;}) +P <YIk >m~(0;) + 5;)

“p WQT,k (v +%) < (s m)) (7w + )

2

2
_ X I € pallo + 5. 5(q+ 210g(6/>\k))
sop | n iy | PO+ 2) = 5 DO +0n/2) + ORART

+exp (—\enD(6;; + 6,/2]167)) -

From P(Q) < 1—(1-P(Q}))(1-P(2,)) and the definitions of x}, and 3 in (3.14) we then
find
P(Q) < 1—(1— ™% — e™wm)2 =1 — 8 (q). (A.18)

With this inequality, the rest of the proof is identical to the proof of Theorem ]

Proof of Lemmal8 First observe from (3.11]) that for any § € © and £ > 0 such that +¢ € ©
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one has D(0||6 +¢) = f90+6(9 + & —t)v(t) dt. Thus, it follows that for all 0 < e < x

IS € O+ O0+¢
= D)0 + ) ~ D(EII0 +2) = x/ (042 — t)o(t) dt — / 0+ = — tyo(t) dt
0 0
2
EX €
> — Inf v({)—-—=— sup o).
2 te[0,6+a] Q 2 te[0,0+4) Q

Maximizing over 0 < ¢ < z then yields

2

sup ED(0|\9+$) D)0 + &) > " Mlyefp o+ ju(t)
e€f0,z] T 8 SUDyc(9,044] u(t)

This proves that
.2122 infvgtgw ’U(t)z _

+ > 7
K1 (U’w7$7y) =8 SupUStSw ’U(t)

Likewise, one finds

2

inf v(t).

,{;(U’ W .CU) 2 ? v<t<w

The estimates for k] and k5 are derived analogously. O

A.2.4 Proofs of Section |3.4

Proof of Corollary[9 and Corollary[15. First recall, that 9 € S is fixed and therefore K, A
and A are constant. From (3.20) we find that there exists a constant C' < oo, so that

2
P (k) < K) < 2000 [l VR4 (10

On the other hand, Corollary [13| combined with Corollary [4] yields for sufficiently large values
of g, that
lim P (f((qn) > K) < 2e~ /8, (A.20)
n—oo
Therefore, a sufficient condition for P (K (gn) = K > — 1, is that the r.h.s. in (A.19) and

(A.20) are converging to zero. It is clear that this is true, whenever ¢, /+/n — 0 and ¢, — oo,
which proves Corollary [9

We now proof the almost sure statement in Corollary i.e. we consider Gaussian obser-
vations. Note that in this case, inequality (A.20) holds for finite n. We employ the Borel-
Cantelli-Lemma. Let 0 < ¢ < 0.5 assume that ¢,/v/logn — oo and gnn~ ¢ — 0 holds. First,
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we show that ¢,n~¢ — 0 implies that the r.h.s. in (A.19) is summable. To this end, observe
2
exp [—C’nAA2 + <qn + 210g(2e/A)) ]

2
=exp [—n* | Cn'"*AA% - <q" + 210g(26/A)>

ns nS

Since 1 —2¢ > 0 and ¢gn™¢ — 0 as n — oo, the latter expression is summable (and there-
fore the r.h.s. in (A.19)). Summability of the r.h.s. of (A.20) follows directly from from
qn/v/10ogn — oo. This shows that

iP(K(qn) %K) < 00

and almost sure convergence from K (gn) to K follows from the Borel-Cantelli-Lemma. [

We close this section with the proof of Theorem [I1] which is in the spirit of the proof of

Theorem [ above.

Proof of Theorem[I1 Let again A be the smallest jump of the true signal ¥ and recall that
J(t) € [6,0] for all t € [0,1]. Further, as in the proof of Theorem (7, define the K disjoint
intervals I := (7, — €n, 75 +€) C [0,1] and I, , I;" and 6, , 6 accordingly.
Now assume that K € Ny and that 9 € S,[K] is an estimator of 9 such that T}, (Y, J) < ¢ and
max  min |7 — 7| > €.
0<k<K o<i<K
Put differently, there exists an index k € {1,..., K} such that |7 — 74| > €, forall 0 <1 < K

or, in other words, Y contains no change-point in the interval I,. With the very same reasoning
as in the proof of Theorem [7] we find that

P <EIR' eN,J € Sp[K]: T,(Y,9) < gand max min |7 — 7| > 6n>
0<k<K o<i<K

A 1 2 1 2
<P <E|9€@andk :TI;(Y,9)§2(q+1/10g6> andTIk(Y,0)§2<q+1lloge> >
€n €n

By replacing \; in the proof of Theorem [7| by €, and the assertion follows from ((3.20)). O

A.2.5 Proofs of Section |3.5

Proof of Theorem[16. 'W.l.o.g. we shall assume that A,, > 0. The main idea of the proof is
as follows: Let J, = argmax{|J|: J C [0,1], JN I, = 0}. In order to show that (3.29)) holds,
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we prove

sup P, (Tn(Y, o) < ¢n) — 0. (A.21)
Ho=meO

For this purpose we construct a sequence m;, € R such that

sup P («/QTJn(Y,m) < gn +\/210g (e/|Jn|)> 0 and (A.22)

m>m#
sup P (\/2T17L(Y, m) < gn + /2log(e/ \In)|) — 0. (A.23)
m<m¥

Recall that the true signal pu, takes the value mg + A,, on I, and mg on J,,. Without loss of

generality we assume that inf,cn |J,| > 0. We will construct a sequence of functions
m,, =mo + /By /n

for a sequence (f3),)nen that satisfies /B, /g, — oo, (A.22)) and (A.23]), where we consider
(A-22) first. Observe that for all t € J,, we have [m? — 11, (t)| \/|Jn| 7 = \/Bn |Jn|. We further
find that

L = /B |l = 4 — 210g(e/|Jn]):qn<\/W_1_Ql()g(e/‘%’))_)oo'

q

With this preparations, we can apply (A.4]) and find for all m > m}

FQ
P (\/2TJn (Y, 1) < gn + v/2log(e/ |Jn|)> < exp (—;) — 0.

Now observe that for ¢ € I,, we have [m}, — 1, (t)| \/|In|n = Ap/|In| 1 — \/Bn |In]. Thus, by
again applying (A.4]) we can show (A.23)) by proving

Ty, o= An/|In|n = /B |In| = gn — v/21og(e/ |1]) = oc.

It hence remains to construct sequences (3,) for each case (1.) and (2.) in the assumptions,

such that the previous condition holds while v/f3,, /¢, — co. We assume liminf,,_, [I,| > 0
and define (3, through the equation

VBulLl = ¢ (Aav/ITln = g, — v/2log(e/ 1))

for some arbitrary 0 < ¢ < 1. Clearly, this implies that

VBIL _ <Am/unrn o V2log(e/ rfnw) |
dn an

an
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From the condition in case (1.) of the theorem, the fact that |I,,| is bounded away from zero
for large n and /B, /¢, — oo we find

Iy, = (1 _C) V Bn |In‘ — 0.
Finally, we consider the case when |I,,| — 0 and define $,, through the equation
V Bn In| = cen/— log |1,]. (A.24)

From the conditions in case (2.) of the theorem and the inequality v +1 — /z < 1/(2\/z),

which holds for any = > 0, one obtains

I'r, > (\@4’ 571)\/_ log |1, — \/ﬁn [ n| — gn — v/21og(e/ |1n])
= (V24 (1 = ¢)en) v/ = log | In| — gn — V21/1 + log(1/ |1,])

1
> (1 —clep/—logl|ly| — —/— — qn.
> (1= eny/~Togllal = e =

This shows that I';, — oo for a suitable small ¢, such that

sup qn/(en/1og(1/|1,])) <1 —2¢,
neN

which is not restrictive since ¢ was only assumed to be in (0, 1). t

Proof of Theorem[I9. The proof will be essentially based on Theorem First, we define
B, 01y 0nk and Ap1,..., A\pix as in Theorem From Theorem and the subsequent
remarks we find that K,,(1 — 3,(g,)) — 1 is a sufficient conditions for

P (K(qn) > Kn) 1

By definition we find K, < 1/A,, 2 A < A, and §,, < A, for all 1 < k < K. Therefore,

2

(\/nAnAn —2v/2q — 4\/10g(26/An))
K (1= Ba(q)) <exp | — W =+ log(K,)

2

+ exp (—m;?" + log(Kn)>

=:texp (—I'1n) +exp(—T2,).

Hence, the proof is completed by showing that I'1,, — oo and I'y,, — oo. It is easy to see

that any of the conditions (1.)-(3.) implies I'y,, — oco. Therefore, it only remains to ensure
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that I'1 ,, = co. Under condition (1.) we find that 1/A,, is bounded and observe that

2 82 n n q?

2
i 1 (x/nAnAn B 2v/2qn +4\/log(2€/An)> B log1/A, s
J’_

Since gy, is bounded away from zero, the assertion follows. Next, we consider conditions (2.)
and (3.). To this end, assume that v/nAp,A, > (C+¢ey)4/log(1/A;,) for some constant C' > 0
and a sequence &, such that €,+/log(1/A,) — oco. We find that

2

1 1
Fl,n > m <(C + En)\/long - 2\@(]71 —4 IOg(Qe/An)> N - log Kn

2
1 ( 1 1 1+log?2
> — | ey /log— + (C — 4) | /log — — 2v/2g,, — 4> —log Ky,
8v/2 Ay, Ay, 2\/log(1/An) ) |

where we have used the inequality v/ +y — /z < y/(2v/z). Under condition (2.), i.e. if
sup,en K < 00, the choice C' = 4 implies I'y,, — oco. Otherwise, we use the estimate

K, <1/A, which results in C = 8 as a sufficient condition for I'; ,, — oo. O

Proof of Theorem[18. The proof is build on a result on Gaussian likelihood-ratios which we
state here, see Ingster| (1993) or |Diimbgen and Spokoiny| (2001)[Lemma 6.2] for a proof.

Lemma 46. Let Z1,7Z5... be independent standard Gaussian random wvariables.  If
wm = V2logm(l — €y,) with lim,, o0 €, = 0 and limy, o0 €v/10gm = 00, then

1 m
E m;exp (wmZj — w2, /2) — 1| = 0.
e

With this lemma we can now give the proof of Theorem [18 which follows ideas from |[Dumbgen
and Spokoiny| (2001)). Let I, = [1/A,| and define the piecewise constants functions

po =0, png = L[(j—1)A,,jA.) Bn,

for j = 1,...,1,. Clearly, {sn;}i1<j<i, C Sn (as in (B:30)) for any n. We will show that for
any test ¢p(Y)

lim E,¢0(Y) —a=0 = lim inf E, ¢u(Y)—a=0.

n—o0 n—o0 1<5<lI,

To this end, let ¢, be a test, so that E, ¢,(Y) < a4 o(1). Let f, denote the Lebesgue

density of a Gaussian random variable with mean p € R and variance one and define the
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likelihood-ratios )
- f,um i(i/n) Y;,
b= 50—

i=1
We then find that,

. 1
1§1§2on Eun,j¢n(y) -« SE Z [Eung¢n(y) o a]

j=1
1 &
Sf E.., [Pn(Y) = Epodn(Y)] +0(1)
ni
1 &
=E,, T Ly;(Y)=1]¢n(Y)| +o0(1)

Next observe that for i.i.d. standard Gaussian observations Z1, Zs, ..., Z;

n

ln

l
1 & 1
By [ Lug (V) 1| =B |- exp (\/|In|nAan—|In|nAi/2> —1],

which is a straightforward computation. Since the r.h.s. converges to zero by Lemma[46] this

completes the proof. O

A.3 Proof of Section

Proof of Theorem[24 To begin the proof we show that T, is finite almost surely, which follows
from [Dtimbgen and Walther| (2008)[Theorem 7.1]. More precisely, their result states that

D((j—i+1 ‘Zg:iq 210g — < A.25
e (DU =it D/n) | g = [2los sy | p <00 as (A25)

where D(x) = log(e/x)"/?log(elog(e/z))~!. Note that D(z) — oo as  — 0. For the proof

we divide the set of intervals into sets of “large” intervals

Z,={@G,j):1<i<j<nandj—i+1>c¢,}
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and “small” intervals
In={(,j):1<i<j<nandj—i+1<c,}

for some sequence ¢, such that ¢, /logn — oo. We first consider the small intervals in 7,.
Note that min; jye 7, D((j —i+1)/n) — 0o as n — oo. Therefore, we find from (A.25) that

‘Z{:i i 21 en <0 (A.26)
max —_—— — og ——— a.s. .
iner \Vi—i+t 1o ST it ("

In order to deal with the intervals in Z,, we use strong Gaussian approximation results from
Sakhanenko (1985)) (see also |Zaitsev (2002))[Theorem 1] and the subsequent remark) which

provides a generalization and a refinement of the results in |Komlés et al.| (1976]).

Corollary 47 (Sakhanenko| (1985)). Given the random variables €1, ..., €,, one can con-

struct a sequence of independent Gaussian random variables (1, ..., (n, such that E[(;] = 0,
Var [(;] = Var [¢;] = 02 and for all z > 0

P (C1A(e,¢) = z) < exp (log (1 + C2v/no) — ),

for some constants C1 < 0o and Cy < 0o and A(e, () = max;<p,

Sii(e — Cz)‘-

From Corollary 47| and ¢,/ logn — oo we deduce that there exists a sequence of independent

Gaussian random variables (i, ..., (, such that

HZLi q‘ - ’Z?:i QH _2A(60) _2A(6Q)
max
(i,5)€T Vi—i1+1 T Vy—i+1 Cn
From this in turn we observe that
. ‘Z;:z Cl’ 91 en
im | max { ————— — og ———
novos |(if)eLn | V7 — i+ 1o & —it+1

’Z{:i €l
max

B (.)€, | VI — 1+ 1o B

— 0 a.s.

en
2log— ;| =0 a.s.

i1 a5
We have shown in Theorem [3|that the Lh.s. converges in distribution to the M. The assertion
then follows together with (A.26)) and the fact that M is concentrated on the positive reals,
as it was shown in [Diimbgen et al.| (2006). O
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Proof of Theorem[26 We first define

I(z,y) = (y +4/2log e;) z12,

Further, let fi(¢,) be the SMUCE estimate with threshold ¢,. For any interval [i/n, j/n]
which fi(gy,) is constant on, let rﬁf denote the value of /i on [i/n, j/n] and m{ denote the mean
value of y, on [i/n,j/n], ie. mg =(j—i+1)7! {:i,u(l/n). Then, for a(g,) = P(M > ¢,)

we find

P ( max ’m{ —Iﬁg
[

) —2(j—i+1,q,) > 0| < algn). (A.27)
i/n,j/nlel

The inequality is based on the following observations: first note, that T, (W, fi(q,)) < qn
implies that ’ﬁi{ - W

<T(j—i+1,q,) for all intervals [i/n,j/n], which f is constant on.

Here, Wg =(G—i+1)71 {:i W;. Second, Corollary [25| yields that with probability greater
than 1 — a(qy,) it holds uniformly over all 1 < i < j < n that ’Wi - mﬁ‘ <T(j—i+1,qn).
Combining both observations together with the triangle inequality yields (A.27)).

Now, define Iy, I, , I ,j , m,_ and mli' as in (A.15)). Assume that K (gn) < K which implies that
fi(gn) is constant on I with value my for some k . Since ’mg — mﬂ > A,, this means that

either

‘m,;—rﬁk}ZAn/Q or ‘m;—tﬁk‘ > A, /2.

Furthermore, by straightforward calculations we find

A AV AL — V32q, — 8log (2¢/A
J_2F(Ann/2a(hb): = nt \/37% 80g( e/ n)‘

2 2V A,n
Under any of the two assumptions (1.) or (2.) the last term in (A.28]) is greater than zero,
if n is sufficiently large. Under assumptions (1.) this is clear. For assumption (2.) we set
AnvVApn = (8 +€),/log 5. With the inequality \/z +y — vz < y/(2y/z) we find that the
r.h.s. of (A.28)) is greater than or equal to

(A.28)

6\/logAn - \/33Qn - %
2V Ann ’

which is positive for large n, by assumption. Summarizing, K(g,) < K implies that for large

n there exists an interval [i/n, j/n|, which fi(gy,) is constant on and

‘m{ —nﬁ{‘ — T (j—i+1,q5) > 0. (A.29)
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As shown in (A.27)), the probability for (A.29)) can be bounded by «(g,) and consequently
P (K’(qn) < K) < a(gn) — 0,

since a(gn) — 0 as g, — oo (see e.g. Theorem [37)). O
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