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INTRODUCTION

Rayleigh–Bénard convection is one of the standard model systems studied in tur-
bulence research. Despite the simple setup, i.e. a fluid layer confined between a
heating-plate at the bottom and a cooling-plate at the top, it is a useful tool to un-
derstand the complex flows occurring in nature and technology. A small selection
of examples is depicted in figure 1.1. It is an idealised description of the flow in
the outer layer of the Sun, the large scale structures in the Earth’s atmosphere and
oceans, a main ingredient for the dynamo model in the Earth’s core and plate tec-
tonics via mantle convection, for the thermal comfort in aircraft cabins, and even
everyday life, when cooking. Understanding this fundamental problem is, thus,
not only utterly important for geo- and astrophysics, but also in industry.
Classically, Rayleigh–Bénard convection has been studied with either infinite lat-
eral extension or confined within simple geometries, like cubes or cylinders with
small diameter-to-height aspect ratios, and by employing the so-called Oberbeck–
Boussinesq approximation (Boussinesq, 1903; Oberbeck, 1879). First and foremost,
this means that all properties are assumed to be constant with temperature and
pressure. Furthermore, the parameter ranges in terms of the Rayleigh and Prandtl
number, are rather limited, i.e. Ra . 1015 and Pr ≈ O(1) (cf. recent reviews, e.g.
Ahlers et al., 2009; Chillà and Schumacher, 2012). The Rayleigh number is the ratio
of buoyancy to dissipation, hence, being a measure for the thermal forcing and the
grade of turbulence. The Prandtl number is the ratio of the viscous to the thermal
time scale and is characteristic for every fluid.
However, all of the examples mentioned above are complicated by certain pecu-
liarities making at least one of these conditions not applicable. Amongst others,
in solar convection rotation and magnetic fields are expected to play an important
role, the Prandtl number is very low, Pr ≈ 10−4 and the Rayleigh number is very
high, Ra ≈ 1023. In the Earth’s atmosphere the Prandtl number is not crucial with
Pr ≈ 0.7. But again the Rayleigh number is high, being around 1020, and moreover,
one has to deal with rotation, very large aspect ratios, the stratification and the oc-
currence of clouds. In aircraft cabins, the geometry is complex, with passengers and
electrical devices being the heat sources opposing the forced cooling by the air con-
ditioning, thus, it is more accurate to talk about mixed convection. In the Earth’s
interior there is rotating metal core, which has a very small Prandtl number, and
is the source of magnetic fields. On the contrary, in the Earth’s mantle the Prandtl
number is very high, and furthermore the fluid there shows a strongly temperature-
dependent viscosity, which ultimately leads to a stagnant lid. And when cooking,
the material properties are usually temperature-dependent, and when boiling there
are additionally phase transitions.
Including all of these effects at once would not be very expedient. Here I pri-
marily focus on two important issues, rotation and non-Oberbeck–Boussinesq ef-
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CHAPTER 1. INTRODUCTION

fects. Accordingly, the main objective of this work is to improve the understand-
ing of rotating Rayleigh–Bénard convection and to investigate the consequences of
temperature-dependent material properties in liquids in the rotating and in the non-
rotating case. Furthermore, I touch on the topic of the importance of the Prandtl
number, i.e. in what way a very small or a very large Prandtl number affects the
flow, and I also deal with the issue of high Rayleigh numbers.

1.1 Non-Oberbeck–Boussinesq effects ∗

The Oberbeck-Boussinesq (OB) approximation is the well-established and most com-
monly used method to study Rayleigh–Bénard convection from a mathematical and
numerical point of view. Put very simply, it means, that all material properties are
constant with pressure and with temperature, except the density within the buoy-
ancy term, which is allowed to vary linearly with temperature therein. However,
depending on the employed temperature difference and the height of the consid-
ered container, it is intuitively clear, that if either one of them or both are too large,
this assumption cannot be fulfilled. A rigorous deduction for the range of valid-
ity of this approach was given by Gray and Giorgini (1976) and the method will
be briefly summarised in section 2.2.5. Deviations due to the violation of the OB
assumption are referred to as non-Oberbeck-Boussinesq (NOB) effects.
NOB effects have been studied theoretically by Busse (1967b) in a Rayleigh num-
ber range close to the onset of convection. For higher Rayleigh numbers, and in
particular in the turbulent regime, experiments have been conducted with gases at
low temperature or close to the critical point, for example, in helium by Wu and
Libchaber (1991), in ethane by Ahlers et al. (2007), and in sulfur hexa-fluoride by
Burnishev et al. (2010). There the compressibility and the pressure dependence of
the material properties play the most important role for NOB effects.
On the other hand, NOB effects in liquids almost solely originate from the tem-
perature dependence of the material properties. And that is what I am going to
focus on. As the starting point of my investigations I use the work by Ahlers et al.
(2006). They have not only conducted experiments in water, but also made some
hypothetical predictions for glycerol. Later, their research was complemented by
2D simulations in water and glycerol by Sugiyama et al. (2007, 2009).
However, the reliability of two-dimensional simulations to predict three-
dimensional properties is debatable. Schmalzl et al. (2004) have investigated the dif-
ference between two- and three-dimensional simulations for a moderate Rayleigh
number of Ra = 106 and Pr ∈ [0.001, 100]. They found that, e.g., the discrepancy
in the Nusselt number Nu and the maximal horizontal root mean square (rms)
velocity is about 80% for Pr = 0.025. In comparison to that, the calculations for
Pr = 100 seemed to yield similar results in the two- and three-dimensional simula-
tions. Nonetheless, the deviation in the Nusselt numbers and the maximal horizon-
tal rms velocity was larger than 20%.

∗Partly adopted from HORN, S., SHISHKINA, O. AND WAGNER, C., On non-Oberbeck–
Boussinesq effects in three-dimensional Rayleigh–Bénard convection in glycerol, J. Fluid Mech. 724
(2013), 175–202.

2



CHAPTER 1. INTRODUCTION

The main objective of the current work concerning NOB effects is to study the in-
fluence of temperature-dependent material properties in liquids by means of three-
dimensional Direct Numerical Simulations (DNS) for low-, moderate- and high-
Prandtl-number fluids on three examples, namely mercury, water and glycerol.
This is a step in the direction to predict the flow behaviour of realistic fluids.

1.2 Rotating Rayleigh–Bénard convection
Rotation is known to be able to change the flow completely and leads to effects that
are suprising, not only at first sight. Thus, also in Rayleigh–Bénard convection, the
Coriolis force can significantly influence the shape of the large scale structures and
the efficiency of heat transport.
The parameter space spanned by the aspect ratio, the Prandtl number and the
Rayleigh number is now enlarged by a fourth parameter, expressing the impor-
tance of rotation. Depending on the context, convenient choices can be the Ekman,
the Rossby or the Taylor number. The full exploration of this larger parameter space
is still an unfinished endeavour, and has led to lots of new insights into the nature
of turbulent convection. Furthermore, another, so far unanswered question is, how
NOB effects influence rotating convection in a confined geometry at relatively high
Rayleigh numbers.

3
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FIGURE 1.1: Diagram to visualise a few examples, said to be describable by Rayleigh–
Bénard convection, but exhibiting certain peculiarities not covered by the standard model.
The peculiarities investigated in the current work are highlighted in pink.

1Image credit: NASA/Jenny Mottar
2Image credit: Magnascan/iStockphoto
3Image credit: http://earth.yale.edu/solid-earth-geophysics
4Image credit: http://www.es.ucsc.edu/∼glatz/geodynamo.html4



THEORETICAL BACKGROUND

2.1 The basic concept of Rayleigh–Bénard convection

ρ, η,Λ, cp
ν, κ, α

Tt

Tb

D = 2R

H

FIGURE 2.1: Sketch of the used geometry.

The fundamental Rayleigh–Bénard set-
up is constituted of a fluid heated from
below and cooled from above. In
the current work, I restrict myself to
cylindrical geometries, as sketched in
figure 2.1. This means, the fluid is
confined by an impermeable, adiabatic
side-wall and isothermal top and bot-
tom plates, with temperatures Tt and
Tb, respectively. This geometry defines
a diameter-to-height aspect ratio Γ =
D/H, and, introduced for later conve-
nience, a radius-to-height aspect ratio
γ = R/H. In general, the acceleration
due to gravity is g = −gez, where ez is
the unit vector pointing in vertical direction, i.e. g = (0, 0, g).
The fluid itself is characterised by its primary thermophysical properties, density
ρ, dynamic viscosity η, thermal conductivity Λ and isobaric specific heat capac-
ity cp. Other relevant derivable thermodynamic and transport coefficients are the
kinematic viscosity ν = η/ρ, the thermal diffusivity κ = Λ/(ρcp) and the isobaric
thermal expansion coefficient α = −1/ρ ∂Tρ|P=const. The ratio of viscosity and ther-
mal diffusivity, defines the Prandtl number

Pr =
ν

κ
, (2.1.1)

which is a pure material function. The Prandtl number of liquid metals is very
low, Pr � 1, while gases have Pr ' 1, the Prandtl number in water varies between
Pr = 1.75 at T = 100 ◦C and Pr = 13.5 at T = 0 ◦C, and finally oils and alcohols have
10 . Pr . 40 000.
The imposed adverse temperature difference ∆ = Tb − Tt and, consequently, the
buoyancy is a source of constant energy supply. In case of a positive expansion co-
efficient α, which almost all fluids possess under normal conditions – an exception
is water around its critical point – the hot fluid at the bottom will be lighter than the
cold fluid at the top. This is a potential source of instability, but with the viscosity
of the fluid working against it. Naturally, if ∆ exceeds a certain value the system
is expected to become unstable. First experiments on this matter were performed
by Bénard (1900), who found out that above a critical ∆crit convection sets in and
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CHAPTER 2. THEORETICAL BACKGROUND

a regular pattern of hexagons forms, when looking on the fluid layer from above.
Rayleigh (1916) laid the foundations of the problem by identifying the ratio of buoy-
ancy force to viscous and thermal dissipation as the crucial control parameter for
the onset of thermal instability,

Ra =
αgH3∆

κν
. (2.1.2)

In his honour this quantity was named Rayleigh number afterwards. As shown, for
example, by Chandrasekhar (1961), for a laterally infinite system and free bound-
aries at the top and bottom the critical Rayleigh number and its corresponding crit-
ical wavelength are

Racrit =
27

4
π4 = 657.11, kcrit =

√
π2

2
= 2.2214; (2.1.3)

and for two rigid bounding surfaces, their values are given by,

Racrit = 1707.662, kcrit = 3.117. (2.1.4)

These values do not depend on the Prandtl number. However, Pr is crucially affect-
ing the secondary instabilities, discussed in more detail in 2.9. In the current work,
Ra is generally chosen to be well above Racrit.

2.2 The governing equations
The equations governing Rayleigh–Bénard convection are the continuity equation,
describing mass conservation, the Navier–Stokes equations, describing momentum
conservation and the equation of heat transfer, describing energy conservation. In
the following, they will be introduced in Cartesian tensor notation and using the
usual summation convention (Batchelor, 1967; Chandrasekhar, 1961; Landau and
Lifschitz, 2007).

2.2.1 The continuity equation

Let xj (j = 1, 2, 3) denote the position, uj the velocity components and ∂j the partial
derivative with respect to the coordinate xj. The mass conservation of a fluid is then
expressed as

∂tρ+ ∂j(ρuj) = 0. (2.2.1)

In the case of an incompressible fluid this simplifies to

∂juj = 0, (2.2.2)

therefore the velocity field is solenoidal. There are two sufficient conditions when
this assumption is reasonable. For one thing, the flow speed u must be much less
than the speed of sound cs, i.e. the local Mach number Ma = u/cs must be much
less than one. For another thing, the typical time scale τ in which the flow signif-
icantly varies must be much bigger than the time a sound signal needs to cover a
typical length scale l, i.e. τ � l/cs (see e.g. Chorin and Marsden, 2000; Landau
and Lifschitz, 2007).
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2.2.2 The Navier–Stokes equations

The equations of motion, guaranteeing momentum conservation, read

ρ∂tui + ρuj∂jui = −∂iP + ∂jτij + fi. (2.2.3)

Here, P is the pressure, τij the deviatoric stress tensor, defined as

τij = η
(
∂jui + ∂iuj −

2
3
δij∂kuk

)
, (2.2.4)

which in the incompressible case simplifies to

τij = η (∂jui + ∂iuj) , (2.2.5)

and fi is an arbitrary external force. For convection problems, one external force is
the buoyancy force,

fb = −ρgδi3. (2.2.6)

Another relevant example is the Coriolis force

fc = −2ρεijkΩjuk, (2.2.7)

whereΩj is the angular velocity component.
Assuming, furthermore, a constant dynamic viscosity η, equation (2.2.3) simplifies
to the original form of the Navier–Stokes equations:

ρ∂tui + ρuj∂jui = −∂iP + η∇2ui + fi. (2.2.8)

It is also often convenient to split the pressure into a hydrostatic pressure P0 and a
reduced pressure p, P = P0 + p. The derivative of P0 is ∂iP0 = −ρ0gδi3, with ρ0
being the reference density in static equilibrium. Thus, the Navier–Stokes equations
for Rayleigh–Bénard convection without additional forces read

ρ∂tui + ρuj∂jui = −∂ip+ ∂jτij + (ρ0 − ρ)gδi3. (2.2.9)

2.2.3 The equation of heat transfer

The equation expressing the conservation of energy can be obtained by starting
with the equation for the entropy S,

ρT (∂tS+ uj∂jS) = ∂j (Λ∂jT) + ρΦ, (2.2.10)

whereΦ is the dissipation due to viscosity, given by

Φ =
1

2ρ
τij (∂jui + ∂iuj) , (2.2.11)

and in the incompressible case, respectively,

Φ =
ν

2
(∂jui + ∂iuj)

2
. (2.2.12)

7
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In natural convection, however, the viscous dissipation is negligible (see e.g. Lan-
dau and Lifschitz, 2007). As a next step the differential 1-form of S,

dS = ∂TS|pdT + ∂pS|Tdp, (2.2.13)

is rewritten using several thermodynamic relations, namely, one of the Maxwell
identities,

∂pS|T = −∂TV |p, (2.2.14)

with V being the volume, the definition of the isobaric specific heat capacity

cp ≡ T∂TS|p, (2.2.15)

and the isobaric expansion coefficient

α ≡ 1

V
∂TV |p = −

1

ρ
∂Tρ|p. (2.2.16)

This yields
dS =

cp

T
dT − αρdp. (2.2.17)

In case of an incompressible fluid, p can be considered to be constant at the differen-
tiation of thermodynamic quantities (see e.g. Landau and Lifschitz, 2007), thus the
last term of equation (2.2.17) can be neglected. Hence, the general equation (2.2.10)
reduces to

ρcp∂t (T + uj∂jT) = ∂j (Λ∂jT) . (2.2.18)

2.2.4 The Oberbeck-Boussinesq approximation

In Rayleigh–Bénard convection, commonly, the general set of equations (2.2.2), (2.2.9)
and (2.2.18) is further reduced to the so-called Oberbeck–Boussinesq (OB) approxi-
mation, which was first independently applied by Oberbeck (1879) and Boussinesq
(1903).
The main idea behind it is that in many circumstances, density variations and com-
pressibility effects can be justifiably neglected. The only exception is the density
variation in the buoyancy term, where naturally it must be of significance.
The four main assumptions to obtain the governing equations in the OB approxi-
mation are as follows. First, the density ρ is constant everywhere, except within the
buoyancy term. Second, in the buoyancy term a Taylor expansion for the density
around a reference temperature T = T0 is performed where ρ0 is the density at this
reference temperature leading to

ρ = ρ0 + ∂Tρ|T=T0(T − T0) + O
(
(T − T0)

2
)
. (2.2.19)

With the definition of the isobaric thermal expansion coefficient α, given by equa-
tion (2.2.16), and dropping the higher order terms, this yields

ρ− ρ0
ρ0

= −α0(T − T0). (2.2.20)

8
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Third, all other material properties are independent of pressure and temperature.
Fourth, energy dissipation due to viscosity is neglected.
The final result are the Oberbeck–Boussinesq equations, expressed by additionally
making use of the material derivative operator Dt = ∂t + uj∂j

∂juj = 0, (2.2.21)

Dtui = −
1

ρ0
∂ip+ ν∇2ui + α(T − T0)gδi3, (2.2.22)

DtT = κ∇2T. (2.2.23)

2.2.5 Validity range of the Oberbeck–Boussinesq approximation ∗

Intuitively, it is evident that the OB approximation is not valid if the temperature
difference ∆ or the pressure difference, becomes too large, because naturally the
material properties vary with temperature and with pressure.
Gray and Giorgini (1976) provided a mathematically straightforward way to ex-
plicitly calculate the validity range of the OB approximation. Their final result is
a requirement on certain εi factors to be smaller than a requested accuracy. In this
thesis I only focus on liquids, thus, only the temperature dependencies of the mate-
rial properties are relevant. The ε factors are therefore given by

ε1 =
αm gH

cp,m

Tm

∆
, ε2 =

αm gH

cp,m

νm

κm
, ε3 = −

∆

ρm

∂ρ

∂T

∣∣∣∣
T=Tm

,

ε4 =
∆

cp,m

∂cp

∂T

∣∣∣∣
T=Tm

, ε5 =
∆

ρmνm

∂(ρν)

∂T

∣∣∣∣
T=Tm

(2.2.24)

ε6 =
∆

Λm

∂Λ

∂T

∣∣∣∣
T=Tm

, ε7 =
∆

αm

∂α

∂T

∣∣∣∣
T=Tm

.

The indexm here and in the following refers to the quantity at the arithmetic mean
temperature between the heating and cooling plate

Tm =
Tt + Tb
2

. (2.2.25)

That means, that if |ε1| . . . |ε7| 6 0.1, a residual error of at most 10 % is guaranteed.
The factor ε3 represents the common α∆ 6 0.1 criterion which is often quoted as
being a sufficient criterion (e.g. Chavanne et al., 2001).
Note that the Gray–Giorgini ansatz does not provide a criterion for a strong devel-
opment of non-Oberbeck–Boussinesqness, which becomes visible already in such
integral quantities like the Nusselt number or the centre temperature. As it was
shown by Ahlers et al. (2006) and Sugiyama et al. (2007), these global parameters
are affected mainly by higher order terms in the temperature dependences of the
material parameters.

∗Partly adopted from HORN, S., SHISHKINA, O. AND WAGNER, C., On non-Oberbeck–
Boussinesq effects in three-dimensional Rayleigh–Bénard convection in glycerol, J. Fluid Mech. 724
(2013), 175–202.
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2.2.6 The non-Oberbeck–Boussinesq equations

Here, I only investigate the temperature-dependence of liquids, where not only
the pressure dependence, but also the temperature dependence of cp and ρ, except
within the buoyancy term, is negligible. This will be elaborated further in chapter 5.
The general set of equations used to describe liquids with temperature dependent
material, i.e. under non-Oberbeck–Boussinesq (NOB) conditions, are given by

∂juj = 0, (2.2.26)

Dtui = −
1

ρm
∂ip+ ∂j

(
ν (∂jui + ∂iuj)

)
+
ρm − ρ

ρm
gδi3, , (2.2.27)

ρmcp,mDtT = ∂j (Λ∂jT) . (2.2.28)

They will be referred to as non-Oberbeck–Boussinesq equations in the following.

2.2.7 Governing equations in cylindrical coordinates

Throughout this thesis a cylindrical coordinate system is used, thus, for sake of
clarity and comprehensibility, the two main sets of equations, (2.2.21)–(2.2.23) and
(2.2.26)–(2.2.28), are also given here in terms of the radial, azimuthal and vertical
coordinate (r, φ, z) and the respective velocity components (ur, uφ, uz).
The OB equations are

1

r
∂r (rur) +

1

r
∂φuφ + ∂zuz = 0 (2.2.29)

Dtur −
u2φ

r
+
1

ρm
∂rp = νm

(
∇2ur −

ur

r2
−
2

r2
∂φuφ

)
,

Dtuφ +
uruφ

r
+
1

ρm

1

r
∂φp = νm

(
∇2uφ −

uφ

r2
+
2

r2
∂φur

)
(2.2.30)

Dtuz +
1

ρm
∂zp = νm∇2uz + αm(T − T0)g.

DtT = κm∇2T. (2.2.31)

The NOB equations read

1

r
∂r (rur) +

1

r
∂φuφ + ∂zuz = 0, (2.2.32)

Dtur −
u2φ

r
+
1

ρm
∂rp =

1

r
∂r (rνσrr) +

1

r
∂φ (νσrφ) + ∂z (νσrz) −

1

r
νσφφ,

Dtuφ +
uruφ

r
+
1

ρm

1

r
∂φp =

1

r2
∂r
(
r2νσφr

)
+
1

r
∂φ (νσφφ) + ∂z (νσφz) , (2.2.33)

Dtuz +
1

ρm
∂zp =

1

r
∂r (rνσzr) +

1

r
∂φ (νσzφ) + ∂z (νσzz) +

ρm − ρ

ρm
g,

ρmcp,mDtT =
1

r
∂r(Λr∂rT) +

1

r2
∂φ(Λ∂φT) + ∂z(Λ∂zT), (2.2.34)

10
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where the components of the symmetric tensor σ are given by

σrr = 2∂rur, σrφ = σφr =
1

r
∂φur + ∂ruφ −

uφ

r
,

σφφ = 2

(
1

r
∂φuφ +

ur

r

)
, σφz = σzφ = ∂zuφ +

1

r
∂φuz,

σzz = 2∂zuz, σzr = σzr = ∂zur + ∂ruz.

2.2.8 Dimensionless equations

It is more convenient to work with non-dimensional equations to study Rayleigh–
Bénard convection. They are obtained by using the physical parameters radius R,
temperature difference ∆, buoyancy velocity

√
gαmR∆, and the various material

properties at the mean temperature, i.e. αm, νm, Λm, cp,mκ, ρm as reference scales.
In line with this, the reference time is given by R/

√
gαmR∆ and the reference pres-

sure is ρmgαmR∆. Hence, the dimensionless quantities, denoted by a hat, are given
by

X̂ =
X

Xm
(X = α, ν,Λ, cp, κ, ρ), T̂ =

T − Tm
∆

ûi =
ui√
gαmR∆

, x̂i =
xi

R

t̂ =
t

R

√
gαmR∆, p̂ =

p

ρmgαmR∆
.

Replacing the original variables in the OB equations (2.2.21)–(2.2.23) with their
scaled counterparts reduces the problem to a dimensionless form:

∂ĵûĵ = 0, (2.2.35)

Dt̂ûî = −∂îp̂+ Ra
− 1
2Pr

1
2γ− 3

2∇2ûî + T̂δî3, (2.2.36)

Dt̂T̂ = Ra− 1
2Pr−

1
2γ− 3

2∇2T̂ . (2.2.37)

Similarly, after inserting them into the NOB equations (2.2.26)–(2.2.28), the non-
dimensional NOB equations are:

∂ĵûĵ = 0, (2.2.38)

Dt̂ûî = −∂îp̂+ Ra
− 1
2Pr

1
2γ− 3

2∂ĵ
(
ν̂
(
∂ĵûî + ∂îûĵ

))
+ (1− ρ̂)δî3, (2.2.39)

Dt̂T̂ = Ra− 1
2Pr−

1
2γ− 3

2∂ĵ
(
Λ̂∂ĵT̂

)
. (2.2.40)

Here, the classical control parameters Ra, Pr and γ appear, showing that only their
ratios are important but not the actual physical quantities. The Rayleigh and the
Prandtl number are defined at the mean temperature Tm,

Ra = Ram =
αmg∆H

3

κmνm
, (2.2.41)

Pr = Prm =
νm

κm
. (2.2.42)

11
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The radius-to-height aspect ratio

γ =
R

H
(2.2.43)

characterises the confinement, (cf. section 2.1). Of course, different choices for the
reference scales are possible. The hat on the dimensionless quantities is dropped
for clarity furtheron.
Two convective flows having different physical dimensions but being scaled in the
same way are called similar. Under OB conditions, this means that Ra, Pr and Γ are
to be identical. Under NOB conditions, the functional dependence of the material
properties must also be the same to yield a similar flow. Since these dependencies
are in general very specific for every fluid, however, dimensions are implicitly fixed.

2.3 The Nusselt and the Reynolds number
The key response parameters in Rayleigh–Bénard convection are the Nusselt num-
ber Nu, characterising the mean heat transport, and the Reynolds number Re, char-
acterising the turbulence level in the flow. Their dependence on Ra and Pr is one
of the primary questions eagerly demanding an answer in turbulent convection re-
search.
The Nusselt number is defined as

Nu =
qH

Λm∆
=

(qconv + qcond)H

Λm∆
=

(〈ρcpuzT〉A,t + 〈Λ∂zT〉A,t)H
Λm∆

, (2.3.1)

i.e. the ratio of the total heat flux q normalised by the heat flux without convec-
tion. The total heat flux is the sum of the conductive and convective heat flux,
q = qcond + qconv. Here, 〈·〉A,t denotes avering over any horizontal plane and in
time. Per definition in the conduction state, i.e. when Ra is below the critical value
Rac, the Nusselt number equals one.
The Reynolds number, however, is not uniquely defined. Formally, it is given by

Re =
U

νL
, (2.3.2)

with a characteristic velocity U, a characteristic length L and a characteristic viscos-
ity scale ν. All of them can be chosen differently and thereby significantly influence
the actual value of Re.
Finding a universal equation that describes how Re and Nu depend on the dimen-
sionless control parameters Ra, Pr and Γ is one of the key questions sought to be
solved in convection research. Recently, the Grossmann–Lohse theory is the most
established theory in this respect and will be discussed in section 2.9.

2.4 Statistical moments and their relevance for
turbulent flows

Most quantities in turbulent thermal convection cannot be predicted in their de-
tailed behaviour, but only in a statistical sense. However, certain statistical quanti-

12



CHAPTER 2. THEORETICAL BACKGROUND

ties are reproducible, making the statistical desription a very succesful tool in the
characterisation of turbulent flows. Most versatile for this purpose are the classical
statistical moments mean, variance, skewness and kurtosis.
The first, and probably most important, moment is the mean value. For a certain
quantity χ it is given by

〈χ〉 =
∞∫

−∞
χp(χ)dχ, (2.4.1)

where p(χ) is the probability density function (pdf) of the variable χ with

∞∫
−∞
p(χ)dχ = 1. (2.4.2)

The brackets mark a suitable averaging operation. In fluid dynamics usually an av-
eraging in space and/or in time is performed. Furthermore, ergodicity is assumed,
implying that time averages and ensemble averages are equivalent. Thus, both
temporal and spatial averages are utterly important.
An instantaneous and/or local flow quantity can be decomposed into its mean 〈χ〉
and a perturbation, or fluctuating, part χ′,

χ = 〈χ〉+ χ′ (2.4.3)

This is known as Reynolds decomposition.
The second moment of χ′ is the variance

σ2 =
〈
χ′
2〉

=

∞∫
−∞
(
χ− 〈χ〉

)2
p(χ)dχ. (2.4.4)

It is closely related to the root-mean-square (rms) of the fluctuations

χrms =

√〈(
χ− 〈χ〉

)2〉
=

√
〈χ2〉− 〈χ〉2. (2.4.5)

It is a measure for the strength of the turbulent fluctuations. In the case of the
velocity components, these quantities are referred to as turbulence intensities. The
specific turbulent kinetic energy is a combined quantity of them and is given by

etk = 1
2

(
u2z,rms + u

2
φ,rms + u

2
r,rms

)
. (2.4.6)

The skewness is the third normalised moment of χ′ and a measure of the asymmetry
of a distribution. In the case of thermal convection usually of the asymmetry of the
temperature and the velocity fluctuations is considered. It is defined as

S(χ) =

〈
(χ− 〈χ〉)3

〉
χ3rms

=
〈χ3〉− 3〈χ2〉〈χ〉+ 2〈χ〉3(

〈χ2〉− 〈χ〉2
)3/2 . (2.4.7)
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If a distribution is symmetric, than S = 0. If it is positive, than large positive val-
ues are more likely than large negatives ones. The analogue is true for a negative
skewness, there large negative values are more likely than large positive ones.
The flatness, also called kurtosis, is another measure to characterise a turbulent flow
and is given by†

F(χ) =

〈
(χ− 〈χ〉)4

〉
χ4rms

=
〈χ4〉− 4〈χ3〉〈χ〉+ 6〈χ2〉〈χ〉2 − 3〈χ〉4(

〈χ2〉− 〈χ〉2
)2 . (2.4.8)

For high values of the flatness, strong positive or negative fluctuations are likely.
Thus it indicates high amplitude and intermittency episodes in a time series. If the
flatness is low, then most values are clustered around the mean value.

2.5 Thermal and viscous boundary layers
In a confined system boundary layers form at the solid walls. In a cylindrical
Rayleigh–Bénard cell, as considered in this thesis, viscous boundary layers form
at the top and bottom and the lateral sidewall since the fluid at the walls has zero
velocity relative to the wall. Thermal boundary layers occur only at the isothermal
top and bottom plates, but not on the lateral wall due to the assumed adiabaticity.
Their thickness depends on the viscosity and the diffusivity and, thus, their rela-
tive thickness depends on the Prandtl number. For Pr � 1, the thermal boundary
layer is nested within the viscous one and for Pr� 1 the viscous boundary layer is
nested within the thermal one. In a confined Rayleigh–Bénard cell, the actual ratio
of both boundary layer thicknesses also depends strongly on the angle of the wind
attacking the boundary layer. This will be further elaborated below in section 2.8.
The boundary layer thicknesses can be defined by different criteria. The ones used
here, and probably the most common ones, are the slope and the rms criterion. Ac-
cording to the slope criterion, the thicknesses of the boundary layers are determined
by the point where the tangent of the profile at the plate intersects with either the
centre temperature, in the case of thermal boundary layers, or with the maxima
of the radial velocity, in the case of viscous boundary layers. Mathematically ex-
pressed, the thermal top and bottom boundary layer thicknesses are given by

λθt =
Tt − Tc

∂z〈T〉r,φ,t|z=H
, λθb =

Tc − Tb
∂z〈T〉r,φ,t|z=0

, (2.5.1)

and similarly the viscous ones are given by,

λut = −
umaxt
r

∂z〈ur〉r,φ,t|z=H
, λub =

umaxb
r

∂z〈ur〉r,φ,t|z=0
, (2.5.2)

where umaxt
r and umaxb

r are the first maxima of the radial velocity profile close to the
top and bottom plate, respectively. Because of the intrinsic symmetry of Rayleigh–
Bénard convection under OB conditions, the top and bottom boundary layers have

†sometimes the kurtosis is not defined as the fourth moment, but the fourth cumulant divided
by the square of the second cumulant, i.e. a factor 3 is subtracted
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the same thickness,
λOB= λt = λb. (2.5.3)

The Boundary layer thickness based on rms-value is defined as the vertical distance
from the top and bottom plate, respectively, where the temperature rms, Trms, or
radial velocity rms, ur,rms profile reaches the first maximum:

δθt = max
(
z|∂z〈ur,rms〉=0

)
, δθb = min

(
z|∂z〈ur,rms〉=0

)
, (2.5.4)

δut = max
(
z|∂z〈Trms〉=0

)
, δub = min

(
z|∂z〈Trms〉=0

)
. (2.5.5)

2.6 Flow structures in thermal convection: Plumes and
the large-scale circulation (LSC)

The large-scale circulation (LSC), also called “wind” is a coherent flow structure in
turbulent convection along the walls of the Rayleigh–Bénard cell. It has an elliptical
shape and usually fills the whole container. Hence, there is a wind almost parallel
to the bottom plate and a wind in the opposite direction along the top plate. The
circulation is closed by an up- and down-welling flow along the lateral wall(s). In
Cartesian geometries, the LSC is confined between two opposite corners, trying to
fill most of the space, while in cylindrical containers its azimuthal orientation is
random and can vary with time (Brown and Ahlers, 2006).
Since its first detection by Krishnamurti and Howard (1981), it has become subject
of intensive research and is a major ingredient in the theories attempting to pre-
dict and explain the relation between the Nusselt, Reynolds, Rayleigh and Prandtl
number, as for example in the Grossmann–Lohse theory, which will be discussed in
more detail in section 2.9. The origin of the LSC in the first place is not completely
certain. There are essentially two different opinions. The first one assumes, that the
rolls that develop close to the onset of convection continue to exist at even the high-
est Ra, but only in an averaged sense (Fitzjarrald, 1976). The second one, proposed
by Krishnamurti and Howard (1981), considers the LSC as a high Rayleigh num-
ber effect, where the plumes detaching from the boundary layers interact with the
mean shear. This results in tilted plumes generating a Reynolds stress to maintain
a shear against dissipation.
The appearance of the LSC, such as its geometrical features and its dynamics,
strongly depend on the aspect ratio Γ and the inherent symmetry of the Rayleigh–
Bénard cell (Ahlers et al., 2009). If the aspect ratio equals one, a large-scale con-
vection roll in a vertical plane and two smaller counter-rotating rolls in the corners
occur. In the plane perpendicular to it four equally-sized rolls are observed (Horn
et al., 2013b). According to Ahlers et al. (2009) an LSC can be described by a unique
turnover time τ and a typical length scale L. Therewith a Reynolds number can be
defined by

ReLSC ≡ 2L
2

τν
. (2.6.1)
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The driving mechanism of the LSC is on the one hand conduction across the bound-
ary layers to the adjacent fluid and on the other hand hot plumes ascending from
the bottom plate and cold plumes descending from the top plate. These thermal
plumes are another coherent mode of heat transport (Siggia, 1994). They can be
understood as detached boundary layers (Grossmann and Lohse, 2004) or interior
layers (Shishkina and Wagner, 2007a). Consequently, thermal plumes and the ther-
mal boundary layers have the same characteristic length scale, namely the thickness
of the thermal boundary layer. The thermal plumes are extended in the direction in
which they are advected.

2.7 Useful analytical relations
There are a few analytical relations that come handy in the investigation of Rayleigh–
Bénard convection.
The heat flux, and hence, the Nusselt number is constant in vertical direction, also
under NOB conditions. This can be proven by averaging the energy equation
(2.2.28) in time,

〈ρmcp,m (∂tT + ui∂iT)〉t − 〈∂i (Λ∂iT)〉t = 0. (2.7.1)

The temporal average of a time derivative is zero,

〈∂tT〉t = 0 (2.7.2)

and the second term can be rewritten using the continuity equation (2.2.26),

∂i (uiT) = T∂iui + ui∂iT = ui∂iT, (2.7.3)

yielding
ρmcp,m∂i 〈(uiT)〉t − ∂i 〈(Λ∂iT)〉t = 0. (2.7.4)

Averaging over a whole horizontal cross section S = {0 6 r 6 R, 0 6 φ 6 π, z} at an
arbitrary height z gives

ρmcp,m 〈uzT〉t,S − 〈Λ∂zT〉t,S = const. (2.7.5)

Hence, the Nusselt number Nu (eq. (2.3.1)) is constant. Other rigorous analytical
relations for the heat flux involve the kinetic dissipation rate

εu(x, t) = ν (∂iuj(x, t))
2 (2.7.6)

and the thermal dissipation rate

εθ(x, t) = κ (∂iT(x, t))
2
. (2.7.7)

Global averaging over the whole volume gives (Siggia, 1994)

〈εu(x, t)〉V =
ν3

H4
(Nu− 1)RaPr−2, (2.7.8)

〈εθ(x, t)〉V = κ
∆2

H2
Nu. (2.7.9)
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2.8 Falkner–Skan boundary layer approximation‡

In many theoretical considerations of Rayleigh–Bénard convection it is assumed
that the large-scale wind blows parallel along the plates and is constant leading to
a zero pressure gradient with respect to the wind direction. This results in an ap-
proximate description of the boundary layer dynamics based on a classical Prandtl–
Blasius ansatz (Schlichting and Gersten, 2006).
In contrast to this, direct numerical simulations (DNS) of turbulent convection in
different fluids showed that, first, the time-averaged pressure gradient does not
vanish (Shi et al., 2012); second, the wind is non-constant along its path and, third,
the ratio of the thicknesses of the thermal and viscous boundary layers, although
being almost constant along the wind, is approximately two times larger (Wagner
et al., 2012) than that predicted by the Prandtl–Blasius equations.
In order to account for the influence of the non-constant wind, the Falkner–Skan
approximation of the boundary layers can be used, which can be interpreted as an
extension of the Prandtl–Blasius ansatz to a non-zero pressure change along the
wind. This approach, compared to a Prandtl–Blasius one, leads to more reliable
predictions of some integrated quantities related to the thicknesses of the thermal
and viscous boundary layers.
The laminar boundary layer equations in this case are given by

ũ∂x̃ũ+ ṽ∂ỹũ = ν̃∂ỹỹũ− ∂x̃p̃/ρ̃ (2.8.1)
0 = −∂ỹp̃/ρ̃, (2.8.2)

ũ∂x̃T̃ + ṽ∂ỹT̃ = κ̃∂ỹỹT̃ . (2.8.3)

Here ũ ≡ (ũ, ṽ, w̃)T is the velocity vector-function in the Cartesian coordinate sys-
tem x̃ = (x̃, ỹ, z̃), ỹ is the vertical direction, x̃ and z̃ are horizontal directions and
x̃ is along the wind. Since the considered boundary layer flow is two-dimensional
and incompressible, (2.8.1), (2.8.3) can be rewritten in terms of the streamfunction
Ψ̃, which satisfies

ũ = ∂ỹΨ̃, ṽ = −∂x̃Ψ̃. (2.8.4)

If a similarity solution is sought under the assumption that Ψ̃ and the similarity
variable ξ are representable in the forms

Ψ̃ = ν̃Ψ(ξ)g(x), ξ = y f(x), (2.8.5)

and for the wind at the edge of the viscous boundary layer holds Ũ = Ũ(x̃), then
the similarity solution exists only if gx/f is constant and g is either exponential or
a power function of x. Here x ≡ x̃/L̃ and y ≡ ỹ/L̃ are the dimensionless spatial
coordinates and the functions g and f depend on x alone.

‡ This section has partly been adopted from SHISHKINA, O., HORN, S. AND WAGNER, S.,
Falkner–Skan boundary layer approximation in Rayleigh–Bénard convection, J. Fluid. Mech. 730
(2013), 442–463; and SHISHKINA, O., WAGNER, S. AND HORN, S., Influence of the angle between
the wind and the isothermal surfaces on the boundary layer structures in turbulent thermal convec-
tion, Phys. Rev. E 89 (2014), 033014.
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The case in which g is exponential describes a decreasing boundary layer thick-
ness along the wind, while if g is a power function, the boundary layer thickness
increases. The latter case is in good agreement with DNS results by Wagner et al.
(2012), which showed that near the horizontal plate, after the stagnation point, the
boundary layer thickness grows together with the wind magnitude.
Thus, for Rayleigh–Bénard convection this case is relevant and solely considered
in the following. It leads to a boundary layer of Falkner–Skan type (Falkner and
Skan, 1931), which develops for a corner flow with angle β along the corners’ sides,
sketched in figure 2.2. The core flow (or wind) above the boundary layer and the
pressure term within the BL equal, respectively,

Ũ = Ũ0 x
−1+π/β, (2.8.6)

−p̃x̃/ρ̃ = (π/β− 1) x−3+2π/β Ũ20/L̃, (2.8.7)

where Ũ0 is a constant velocity magnitude. If the wind is parallel to the horizontal
plate, i.e. β = π, the Falkner–Skan BL is reduced to the Prandtl–Blasius one.
Thus, one obtains the following system of the dimensionless boundary layer equa-
tions for the momentum (Falkner–Skan)

∂ξξξΨ+ Ψ∂ξξΨ+ (2− γ)
(
1− (∂ξΨ)

2
)
= 0, (2.8.8)

Ψ(0) = 0, ∂ξΨ(0) = 0, ∂ξΨ(∞) = 1, (2.8.9)

and the energy

∂ξξΘ+ PrΨ∂ξΘ = 0, (2.8.10)
Θ(0) = 0, Θ(∞) = 1. (2.8.11)

For the similarity variable ξ, the stream function Ψ and the dimensionless tempera-

β

(a)

β

(b)

ηh

ηv

FIGURE 2.2: (a) Sketch of the corner flow with opening angle β in the Falkner–Skan sense.
(b) Sketch of the LSC and the secondary roll within the LSC-plane. Here ηv and ηh are the
distances from the corner to the locations, where the wall shear stress equals zero, and β is
the angle at which the LSC attacks the heated bottom plate.
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ture Θ the following expressions hold

ξ ≡ γ−1/2 Re
1/2
0 yx−1+1/γ, (2.8.12)

Ψ ≡ γ−1/2 Re
−1/2
0 x−1/γ ν̃−1 Ψ̃, (2.8.13)

Θ ≡ 2(T̃b − T̃)/∆̃. (2.8.14)

Here, Re0 ≡ L̃Ũ0/ν̃ is the Reynolds number based on the wind magnitude and

γ ≡ 2β/π. (2.8.15)

With respect to the similarity variable ξ, the thickness of the viscous BL equals

δ =
(
∂ξΨ|ξ=0

)−1 (2.8.16)

and can be determined by solutions of the system (2.8.8), (2.8.9). δ depends on γ
and, hence, on the angle β. Taking ξ = δ, y = δ̃u/L̃, where δ̃u is the thickness of the
viscous boundary layer in physical space, from (2.8.12) one obtains

δ̃u/L̃ = δ γ1/2 Re
−1/2
0 x1−1/γ. (2.8.17)

From (2.8.6), (2.8.15) and (2.8.16) it follows that

δ̃u/L̃ ∼
√
x/Re, (2.8.18)

where the Reynolds number Re is based on the wind Ũ (2.8.6). Relation (2.8.18)
holds for general Falkner–Skan BLs and thus also for the special case of Prandtl–
Blasius boundary layers, i.e. γ = 2. The proportionality of the relative thickness of
the boundary layer and the inverse square-root of the Reynolds number, commonly
known as Prandtl–formula, is one of the basic assumptions in the Grossmann–
Lohse theory (see the following section 2.9), for the case of non-turbulent BLs.
The dependence of the viscous boundary layer δ on γ is obtained by solving nu-
merically the system of Falkner–Skan equations (2.8.8) and (2.8.9) for 0 6 γ 6 2;
i.e., for all angles 0 6 β 6 π. It can be well approximated by

δ ≈ δappr ≡ C1(C2 − γ)−1/2 (2.8.19)

with C1 ≈ 0.88, C2 ≈ 2.17.
The temperature distributions within the boundary layers, i.e. the solution of (2.8.10),
(2.8.11) does not only depend on γ, but also on Pr. The temperature profiles for the
limiting cases Pr� 1 and Pr� 1 which satisfy the boundary conditions

Θ|ζ=0 = 0, ∂ζΘ|ζ=0 = 1, Θ|ζ=∞ = 1. (2.8.20)

Thus, for the similarity variable

ζ = C3(Pr)γ
−1/2Re

1/2
0 yx1/γ−1 (2.8.21)
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with

C3(Pr) =

{
21/2 π−1/2 Pr1/2, Pr� 1,

6−1/3[Γ(4/3)]−1δ−1/3Pr1/3, Pr� 1,

the limiting energy boundary layer equations

∂ζζΘ+ (π/2)ζ∂ζΘ = 0, Pr� 1, (2.8.22)
∂ζζΘ+ 3Γ3(4/3)ζ2∂ζΘ = 0, Pr� 1,

have the following solution

Θ(ζ) =

∫ζ
0

exp(−Bχω)dχ, (2.8.23)

with B andω being constants defined as follows:

ω = 2, B = π/4, Pr� 1,
ω = 3, B = Γ3(4/3) ≈ 0.71, Pr� 1, (2.8.24)

and Γ being the gamma function. The limiting profiles (2.8.23), (2.8.24) are inde-
pendent of the angle β, i.e. they are the same as in the Prandtl–Blasius case for
all β. Further, from the equations (2.8.20) and (2.8.21) one obtaines for the thermal
boundary layer thickness

δ̃θ/L̃ = C−1
3 γ1/2 Re

−1/2
0 x1−1/γ. (2.8.25)

The relations (2.8.17) and (2.8.25) give the ratio of the thermal to viscous boundary
layers in the limiting cases Pr � 1 and Pr � 1, which depends only on the angle β
and Prandtl number as

δ̃θ/δ̃u = [C3(Pr)δ]
−1 (2.8.26)

=

{
2−1/2 π1/2 Pr−1/2δ−1, Pr� 1,

61/3Γ(4/3)Pr−1/3δ−2/3, Pr� 1.

Inserting the approximation (2.8.19), δappr, into the ratio (2.8.26), yields

δ̃θ/δ̃u ≈ C4(Pr)(C2 − γ)
1/ωPr−1/ω (2.8.27)

with
ω = 2, C4 ≈ 1.43, Pr� 1,
ω = 3, C4 ≈ 1.77, Pr� 1. (2.8.28)

The change of the regime from Pr−1/2 (Pr � 1) to Pr−1/3 (Pr � 1) in (2.8.26) cor-
responds to the critical Pr∗, where the two asymptotes intersect. It can be approxi-
mated by

Pr∗ ≈ 0.596− 0.275γ. (2.8.29)

DNS for Pr ∈ {0.1, 0.786, 1, 4.38, 10} and Ra up to 108 have shown that β is always
around 0.7β, or equivalently, that γ = 1.4. Hence,

δ̃θ

δ̃u
≈


1.25Pr−1/2, Pr < 10−4,
1.75Pr−0.395+0.017 logPr, 10−4 6 Pr 6 103,
1.62Pr−1/3, 103 < Pr.

(2.8.30)
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2.9 Regimes in turbulent thermal convection and the
Grossmann–Lohse theory

Grossmann & Lohse provided in a series of papers (Grossmann and Lohse (2000,
2001, 2002, 2003, 2004, 2011); Stevens et al. (2013a), see also Ahlers et al. (2009)) a
“unifying theory” of the scaling of the Nusselt and the Reynolds number in tur-
bulent thermal convection. Their theory is referred to as Grossmann–Lohse (GL)
theory. It classifies different regimes based on whether the system is dominated by
the thermal or viscous dissipation rate in the bulk and in the boundary layers and
the relative thickness of the thermal and viscous boundary layers.
The theory assumes a coherent large-scale convection roll or LSC, or in other words,
a wind along the walls. The LSC stirs the bulk fluid and all velocity fluctuations
are a consequence of it. Thus, the Reynolds number Re used in the GL theory is
based on the LSC velocity, rather than on fluctuations because it is expected to
be more appropriate to describe bulk turbulence. Consequently, if no LSC exists,
one of the main assumptions is not met and the Re can not be defined accordingly.
However, even if without an LSC and considering local velocities to define Re, the
Grossmann–Lohse theory predicts decently the Nusselt and Reynolds number an
their dependence on Ra (see e.g. section 5.2).
At all walls a shear layer, i.e. a viscous boundary layer develops which is driven
by the large-scale wind. At the heating and cooling plate a thermal boundary layer
builds up and additionally the plumes are considered as interior layers. The main
idea is to use the exact relations for the global viscous and thermal dissipation rates,
(2.7.8) and (2.7.9), and split them into a bulk and a boundary layer contribution,

〈εu(x, t)〉V = εu = εu,bulk + εu,BL (2.9.1)

and a background and a plumes with boundary layers contribution, respectively,

〈εθ(x, t)〉V = εθ = εθ,bg + εu,pl. (2.9.2)

The thermal and the viscous boundary layer are assumed to be given by

λθ =
H

2Nu
and λu =

aH√
Re
. (2.9.3)

The first relation is exact, as long as the thermal boundary layer thickness is based
on the slope criterion, the latter is only valid when a Falkner–Skan type boundary
layer is considered. The Prandtl–Blasius type boundary layer is a special case of
it (Shishkina et al., 2013, 2014). The constant a is a coefficient that needs to be
determined by experiments or numerical simulations.
Hence, there a basically four possible regimes spanning the parameter space of
Rayleigh and Prandtl numbers, depicted in figure 2.3. In regime I, εu and εθ
are dominated by their boundary layer and plume contribution, respectively. This
means, that Ra is relatively small, since then the boundary layers are thickest and
the plumes are large. In regime II, εθ is dominated by εθ,pl and εu is dominated
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by εu,bulk. This is true for small Pr, since then λu � λθ. In regime III, εu is dom-
inated by εu,BL and εθ is dominated by εθ,bg, which is the case for large Pr, since
the λu � λθ. Finally, in regime IV , εu and εθ are dominated by their bulk and
background contribution, respectively. In this regime, Ra has to be relatively large,
since then the boundary layers are very thin. Additionally, these regimes are dis-
tinguished between an upper and lower sub-regime. When the thermal boundary
layer is thicker than the viscous one, the regime is marked by the index l, and ana-
logues, when the viscous boundary layer is thicker than the thermal one the regime
is marked by the index u. Thus, the crossovers between upper and lower regimes
are each determined by the line

2aNu√
Re

= 1. (2.9.4)

Furthermore, for very large Prandtl numbers the flow is suppressed by the high
viscosity and for too small Re the distinction between the bulk and the boundary
layer is no longer meaningful. But the viscous boundary layer cannot increase lim-
itless because they cannot become thicker than H/2. The critical Reynolds number
Rec for this case, determined by the demand that

λu =
aH√
Rec

=
H

2
, (2.9.5)

is fixed for a given a. The Nusselt number becomes independent of Pr and those
regimes are marked by the index∞.
When only taking the dominating contributions of the bulk and the boundary layer
into account, pure scaling laws for all four major regimes can be obtained. These
results are summarised in table 2.1 and allow for a quick estimation of Nu and Re.
The phase diagram is also shown in figure 2.3. However, these scalings are not to
be expected to be observed since the pure scaling laws are usually spoiled by the
neighbouring regimes.
More accurately,Nu and Re in the whole parameter range are given by the following
two equations

(Nu− 1)RaPr−2 = c1
Re2

g
(√

Rec
Re

) + c2Re
3, (2.9.6)

Nu− 1 = c3Re
1/2Pr1/2

[
f

(
2aNu√
Rec

g
(√Rec

Re

))]1/2
(2.9.7)

+c4Pr Re f

(
2aNu√
Rec

g
(√Rec

Re

))
with the crossover functions

f(x) = (1+ xn)
−1/n and g(x) = x (1+ xn)

−1/n
(n = 4). (2.9.8)

Similarly, as the factor a the other prefactors ci were obtained by fitting experimen-
tal and numerical data. The results for all prefactors are not universal and depend
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regime dominance of boundary layers Nu Re

Il εu,BL, εθ,BL λu < λθ 0.22Ra1/4Pr1/8 0.765Ra1/2Pr−3/4

Iu λu > λθ 0.31Ra1/4Pr−1/12 0.887Ra1/2Pr−5/6

I∞ λu = aH√
Rec

> λθ 0.35Ra1/5 0.656Ra3/5Pr−1

IIl εu,bulk, εθ,pl λu < λθ 0.37Ra1/5Pr1/5 2.064Ra2/5Pr−3/5

IIu λu > λθ 0.51Ra1/5 2.307Ra2/5Pr−2/3

IIIu εu,BL, εθ,bg λu > λθ 0.018Ra3/7Pr−1/7 0.279Ra4/7Pr−6/7

III∞ λu = aH√
Rec

> λθ 0.027Ra1/3 0.182Ra2/3 Pr−1

IVl εu,bulk, εθ,bg λu < λθ 0.0012Ra1/2Pr1/2 0.304Ra1/2Pr−1/2

IVu λu > λθ 0.050Ra1/3 1.069Ra4/9Pr−2/3

TABLE 2.1: Pure power laws for Nu and Ra for the whole Ra-Pr parameter space (adopted
from Grossmann and Lohse (2001, 2002); Stevens et al. (2013a))

on the aspect ratio. For Γ = 1 the prefactors, updated by Stevens et al. (2013a), are

c1 = 8.05, c2 = 1.38, c3 = 0.487, c4 = 0.0252, a = 0.922, Rec = (2a)2. (2.9.9)

The equations (2.9.6) and (2.9.7) are invariant under the rescaling transformation

Re→ αRe, Rec → αRec, a→α1/2a,
c1 → c1/α

2, c2 → c2/α
3, c3 →c3/α1/2, c4 →c4/α.

By determining one exact value of Re(Ra, Pr) for a certain numerical or experimental
set-up and comparing it to the original GL theory one can calculate new prefactors.
Thus, the prefactors of the GL theory can be adopted to different aspect-ratios etc.
For very high Ra the laminar boundary layers eventually become turbulent, thus
the Rayleigh–Bénard system reaches the so-called “ultimate regime”. In figure 2.3
these regimes are marked with a prime. The regime IV′l was observed by He et al.
(2012).

2.10 Rotating Rayleigh–Bénard convection
In rotating Rayleigh–Bénard convection the Coriolis force (2.2.7) appears in the
Navier–Stokes equations (2.2.22). In Cartesian tensor notation and in the co-rotating
frame of reference they read

Dtui = −
1

ρ0
∂ip+ ν∇2ui + α(T − T0)gδi3 + 2εijkΩjuk. (2.10.1)

Consequently, an additional control parameter apart from the aspect ratio, Rayleigh
number and Prandtl number is needed to characterise the importance of rotation.
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FIGURE 2.3: Phase diagram of the different regimes according to the Grossmann–Lohse
theory for a Rayleigh–Bénard cell with Γ = 1, adopted from Stevens et al. (2013a). The
dot dashed line corresponds to Re = 1; the solid line to εu,bulk = εu,BL; the dashed line is
λu = λθ; the dotted line is εθ,bg = εθ,pl and the triple-dot dashed line marks the transition
to the ultimate regime. The stars mark the simulations that I performed. The pink stars
denote Pr = 2547.9 (glycerol) and the blue stars Pr = 4.38 (water), discussed in more detail in
chapter 3 and 5. The green stars stand for Pr = 0.8 (SF6), although an aspect ratio of Γ = 0.5
was considered in that case, discussed in chapter 4. The purple stars mark simulations in
Pr = 0.0232 (mercury), discussed in chapter 3.

There are several possibilities for it. Depending on what is to be investigated, one
or another proves to be the most convenient one. From a classical force balance
between inertia and Coriolis force, one obtains the Rossby number

Ro =
(αmg∆H)

1/2

2ΩH
. (2.10.2)

If Ro � 1 the flow is dominated by the Coriolis force, if Ro � 1 the flow is domi-
nated by inertial forces, i.e. the flow should behave as in the non-rotating case.
In dimensionless form and using Ro, eq. (2.10.1) becomes

Dt̂ûî = −∂îp̂+ Ra
− 1
2Pr

1
2γ− 3

2∇2ûî + T̂δî3 + Ro−1γ1/2εîĵk̂êĵûk̂ (2.10.3)

The same term can be added to the NOB equations (2.2.38)–(2.2.40).
Other dimensionless rotation rates are for example the Taylor number Ta and the
Ekman number Ek. The Taylor number is usually used for stability analysis (e.g.
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Chandrasekhar, 1961) and is given by

Ta =

(
2ΩH2

νm

)2
=

Ra

PrRo2
. (2.10.4)

For the investigation of boundary layers the Ekman number is the most adequate
choice (Greenspan, 1968),

Ek =
νm

ΩH2
=
2RoPr1/2

Ra1/2
=

2

Ta1/2
, (2.10.5)

since this has proven to be a convenient dimensionless number in the boundary
layer analysis of rotating flows, sometimes defined with an extra factor of one half
(Julien et al., 2012; King et al., 2012). The Ekman number compares the viscous force
to the Coriolis force, and is essentially the inverse Reynolds number.
As pointed out by Chandrasekhar (1961), "the role of viscosity [. . . ] is reverted", i.e.,
instead of preventing instability, a higher viscosity inhibits the stabilising effect of
rotation and thereby aids instability.

102 104 106 108 1010 1012

Ta

104

106

108

1010

R
a

buoyancy dominated

conduction

wall mode Rac
w
∝ Ta

1/2

weak convection

Rac
∝ Ta

2/
3

Ra/Rac = 5

rotation dominated

FIGURE 2.4: Phase diagram of rotating convection, adopted from Ecke (2012). The solid
line marks the critical Rayleigh number Rac ∝ Ta2/3 for an infinite lateral extent according
to Chandrasekhar (1961). The dotted line shows the boundary for wall mode convection in
case of lateral confinement with Racw ∝ Ta1/2 (Herrmann and Busse, 1993). The dashed
line marks Ra/Rac = 5, below convection is expected to be relatively weak. The blue shaded
area shows the rotation dominated regime for water with Pr = 4.38 and the dark green
hatched area shows the rotation dominated regime for SF6 with Pr = 0.8, where the upper
boundary is given by Ra = PrTa and is denoted by a dot dashed line and a triple dotted
dashed line, respectively. Above the system is dominated by buoyancy. The blue stars
mark the simulations of rotating convection in water (Pr = 4.38), discussed in more detail
in chapter 6 and the green stars stand for the simulations of SF6 discussed in chapter 4.
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For free surfaces and a laterally infinite fluid layer (and for Pr > 0.677 and no oscil-
lating over-stability), the critical Rayleigh number is given by

Racrit = 3π
4
(
1
4
+ cosh

(
1
3
φ
)
+ cosh2

(
1
3
φ
))
, φ = cosh−1

(
1+ 2

π4
Ta
)

(2.10.6)

(Chandrasekhar, 1961; Nakagawa and Frenzen, 1955). The corresponding critical
wavelength is given by

kcrit =
√
π2 cosh

(
1
3
φ
)
−1
3
π2. (2.10.7)

For Ta = 0, i.e. the non-rotating case, the result is identical to equation (2.1.3). Since
Ta ∝ ν−1/2 and Ra ∝ Ta2/3, viscosity indeed aids instability.
For high Taylor numbers (Ta & 106) the following asymptotic behaviour is ob-
tained,

Racrit → 3
(
1
2
π2Ta

)2/3
, (2.10.8)

kcrit →
(
1
2
π2Ta

)1/6
. (2.10.9)

These results are modified when considering rigid walls. The solution of this case
can be obtained by a variational method given by (Chandrasekhar, 1961), and it
shows a similar asymptotic Ta2/3-behaviour for large Ta.
However, for a fluid confined by cylindrical sidewalls the critical Rayleigh number
is lower. The dependence of Racrit on the aspect ratio for low and moderate rotation
rates was first predicted by Buell and Catton (1983). While the actual value was
sufficiently accurate, they assumed that the onset was time-independent. However,
as was shown later on experimentally and theoretically, the onset is time-dependent
(Ecke et al., 1992; Goldstein et al., 1994, 1993; Herrmann and Busse, 1993; Kuo and
Cross, 1993; Zhong et al., 1991a,c, 1993), which means that wall-modes in the form
of travelling waves develop. For large enough rotation rates and insulating walls,
the asymptotic critical Rayleigh number Racw is given by

Racw → π2(6
√
3)1/2Ta1/2 (2.10.10)

(Herrmann and Busse, 1993).
Similar as in non-rotating Rayleigh–Bénard convection, there are several attempts
to characterise different regimes in rotating Rayleigh–Bénard convection. Several
combinations of the control parameters and flow quantities have been proposed
to determine whether turbulent thermal convection is rotation or buoyancy dom-
inated (Ecke and Niemela, 2014; Julien et al., 2012; King et al., 2012, 2009; Rossby,
1969; Schmitz and Tilgner, 2009, 2010; Stevens et al., 2013b, 2009). Most interest here
is drawn to the regime of geostrophic turbulence. Figure 2.4 depicts the suggestion
for different regimes by Ecke (2012). Different approaches are detailed in chapter 4
and 6. In chapter 4 I propose another way to characterise transitions based on the
toroidal and poloidal energy.
Moreover, there is a point, when the rotation is so fast, that the centrifugal buoy-
ancy (Hart and Ohlsen, 1999; Homsy and Hudson, 1969; Lopez and Marques, 2009;
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Marques et al., 2007; Rossby, 1969) becomes important. This point can be estimated
by calculating the Froude number,

Fr =
Ω2D

2g
=
αm∆Γ

8Ro2
. (2.10.11)

If Fr� 1 then centrifugal buoyancy is negligible. Therefore, in experiments it is usu-
ally attempted to keep Fr as small as possible, i.e. around 0.05 and lower (Zhong
et al., 2009). However, Fr 6= 0 can lead to an additional source of breaking the sym-
metry about the mid plane (Hart and Ohlsen, 1999) and it would be hard to decou-
ple centrifugal buoyancy and NOB effects. Since the investigation of NOB effects is
one of the major objectives of this thesis, I deliberately set Fr ≡ 0 everywhere.

2.10.1 Taylor–Proudman theorem and thermal wind balance

The Taylor–Proudman theorem (Proudman, 1916; Taylor, 1921) is very often in-
voked to explain the behaviour of a flow under the influence of rapid rotation.
However, strictly speaking, it is only valid for a steady, time-independent flow
without any additional forcing Chandrasekhar (1961).
It is most conveniently derived by considering the Navier–Stokes equations in
OB approximation in vector notation and assuming a constant angular velocity
(Greenspan, 1968). They are given by

∂tu+ (u ·∇)u+ 2Ω× u = −∇p+ ν∇2u. (2.10.12)

The variables r, t, u, Ω, p are substituted by their scaled counterparts Hr, Ω−1t,
(αmg∆H)

1/2u, Ωk, ρΩ(αmg∆H)
1/2Hp, with k being a unit vector parallel to the

rotation axis. Hence, the following dimensionless form of the previous equa-
tion (2.10.12) is obtained

∂t̂û+ Ro(û ·∇)û+ 2k× û = −∇p̂+ Ek∇2û. (2.10.13)

Assuming that the flow is steady, thus, time-independent, the temporal derivative
is dropped, i.e. ∂t̂û = 0. In the case of very rapid rotation, it is Ro� 1 and Ek� 1.
Thus, the viscous forces and the convective acceleration are small compared to the
Coriolis force and are neglected. This yields

2k× û = −∇p̂. (2.10.14)

Taking the curl of equation (2.10.14) and using the imcompressible continuity equa-
tion gives the Taylor–Proudman theorem

(k ·∇)û = 0. (2.10.15)

If the rotation axis is assumed to be the vertical axis, it can be written as

∂ẑû = 0. (2.10.16)
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This means that no motion varying in the direction ofΩ is allowed. Or alternatively,
that every motion is necessarily two-dimensional.
In rotating convection, the thermal wind balance is a more adequate approximation.
In this case, also the buoyancy force is taken into account. The result is

∂ẑû = RoT̂eẑ. (2.10.17)

Clearly, in turbulent rotating convection the key assumption of a steady, inviscid
and slow-moving (compared to the rotational speed) flow are never met. However,
the tendency to a two-dimensional flow can still be found, which is sometimes re-
ferred to as Taylor–Proudman effect. The best example are the columnar vortex
structures observed. But, since there the "viscosity lifts away" the constraints by
the Taylor–Proudman theorem (Boubnov and Golitsyn, 1986), heat can be trans-
ported in vertical direction as long as the Rayleigh number is above Racrit. Below,
the Taylor–Proudman effect finally leads to the complete supression of the convec-
tive heat transport parallel to the axis of rotation.
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To study Rayleigh–Bénard convection, the dimensionless governing equations dis-
cussed before in section 2.2, are solved numerically. For the investigation of
Rayleigh–Bénard convection under OB conditions I performed DNS and LES with
the well-tested finite volume code flowsi for cylindrical domains. In opposite to
finite difference schemes, finite volume schemes have the advantage to be essen-
tially conservative.
The code is based on a fortran77 DNS code for turbulent pipe flow prob-
lems originally developed by Schmitt and Friedrich (1988). The three-dimensional
Navier–Stokes equations are solved following an ansatz proposed by Chorin (1967).
The equations are solved on staggered grids and the volume balance procedure mo-
tivated by Schumann (1975) is used.
Later on, it was completely rewritten and advanced. The spatial integration
scheme was changed to be fourth order accurate (Shishkina and Wagner, 2007b)
and furthermore, the simulation of Rayleigh–Bénard convection was made possi-
ble (Shishkina and Wagner, 2005). Eventually, in the course of this work, it was
parallelised and modernised to the fortran90/95/2003 standard (Horn et al.,
2013b).

3.1 The basic Oberbeck–Boussinesq code flowsi
The governing equations are solved for finite volumes V = V(zi, φj, rk) shaped
liked “cake slices” with a cut off tip, as sketched in figure 3.1. The volume cell is
associated with the coordinates of its centre (zi, φj, rk) and has the dimensions ∆rk,
rk∆φj and ∆zi. It is bounded by the cell surfaces

A±z = Az
(
zi ± ∆zi

2
, φj, rk

)
,

A±φ = Aφ
(
zi, φj ± ∆φj

2
, rk

)
,

A±r = Ar
(
zi, φj, rk ± ∆rk

2

)
.

(3.1.1)

Accordingly, the volume element and the surface elements written in a discretised
forms yield

∆V = rk∆rk∆zi∆φj, (3.1.2)
∆Az = rk∆rk∆φj, (3.1.3)
∆Aφ = ∆rk∆zi, (3.1.4)
∆Ar = rk∆zi∆φj. (3.1.5)

A velocity component uα averaged over the finite volume V is given by

uα =
1

∆V

∫
∆V

uαdV, (3.1.6)
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FIGURE 3.1: Sketch of an arbitrary finite volume element V(zi, φj, rk).

and a velocity component uα averaged over the A±β surface is given by

β±uα =
1

∆A±β

∫
∆A±β

uαdA
±
β , (3.1.7)

where α and β is one of the coordinates r, φ or z, respectively.
The continuity (2.2.35) and the Navier–Stokes equations (2.2.36) integrated over
such a finite volume read ∑

α

(Fα+ − Fα−) = 0, (3.1.8)

∂tuα +
∑
β

(Kαβ −Dαβ) + Pα − Cα + Bα = 0. (3.1.9)

The single terms denote the momentum flux

Fα± = ∆A±α
α±uα, (3.1.10)

the convective term
Kαβ =

1

∆V

(
Fβ

+

β+uα − Fβ
−

β−uα

)
, (3.1.11)

the diffusive term

Dαβ = Ra−1/2Pr1/2γ−3/2 1

∆V

(
∆A+

β
β+

sαβ − ∆A−
β
β−

sαβ

)
(3.1.12)

30



CHAPTER 3. NUMERICAL METHODOLOGY

with the surface averaged deformation tensor

βsαβ =

 2∂z
zuz

1
r
∂φ
φuz + ∂z

φuφ ∂r
ruz + ∂z

rur
1
r
∂φ
φuz + ∂z

φuφ 21
r

(
∂φ
φuφ + φur

)
r∂r
(
1
r
ruφ

)
+ 1
r
∂φ
rur

∂r
ruz + ∂z

rur r∂r
(
1
r
ruφ

)
+ 1
r
∂φ
rur 2∂r

rur

 ,
the pressure term

Pα =
1

∆V

(
∆A+

α
α+

p− ∆A−
α
α−

p
)

(3.1.13)

the curvature terms

Cz = 0, (3.1.14)

Cφ =
∆φj∆Aφ

∆V

(
−φuφ

φur + Ra
−1/2Pr1/2γ−3/2φsφr

)
, (3.1.15)

Cr =
∆φj∆Aφ

∆V

(
(φuφ)

2 + φp− Ra−1/2Pr1/2γ−3/2φsφφ
)
, (3.1.16)

and an additional force term Bα, i.e. the buoyancy term and in case of rotating
convection the Coriolis force term. The energy equation (2.2.37) can be written ac-
cordingly.
As time integration scheme, a hybrid explicit/semi-implicit Euler-Leapfrog method
is employed. This means an explicit scheme is used almost everywhere, except for
a small subdomain close to the cylinder axis where the convection and diffusion
term are solved semi-implicitly for azimuthal component φ. The border between
the semi-implicit and explicit scheme is determined by the empirical value of 10%
of the nodes Nr in radial direction.
The explicit Leapfrog-Euler time integration scheme is given by

un+1α = fn0un−1α + fn1unα + ∆tl

(∑
β

(Knαβ −Dn−1αβ ) + Pnα − Cnα + Bnα

)
, (3.1.17)

n is the number of the time step, fn0 and fn1 are prefactors that depend on the stage
of the integration cycle and∆tl is the time step∆t scaled with a factor, that depends
on the stage of the integration cycle as well.
One time integration cycle consisty typically of N = 50 time steps. The cycle starts
with an Euler step (n = 1) where the coefficients are given by

fn0 = 0, fn1 = 1, ∆tl = 1∆t, (3.1.18)

followed by leapfrog steps (2 6 n 6 N− 1) with

fn0 = 1, fn1 = 0, ∆tl = 2∆t, (3.1.19)

and is closed by an averaging Leapfrog-Euler step (n = N)

fn0 = 1
2
, fn1 = 1

2
, ∆tl =

3
2
∆t. (3.1.20)

In case of a constant ∆t the Euler step is only necessary for the very first time step
of an simulation, in case of a variable time step the full cycle needs to be performed.
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If a variable time stepping is used, ∆t is essentially determined by means of the
von-Neumann stability sufficient condition for fourth order schemes (Shishkina,
2007)

∆t 6

(
3

2

∑
α

|Uα|

∆xα
+
16

3

Pr1/2

Ra1/2γ3/2

∑
α

1

∆x2α

)−1

,

with ∆xα = ∆z, r∆φ, ∆r.
The solution of (3.1.17) is based on the Chorin ansatz (Chorin, 1967) and is sketched
here exemplary for the leapfrog part of the cycle, i.e. for

un+1 − un−1

2∆t
+ un · ∇un +∇pn =

Pr1/2

Ra1/2γ3/2
∇2un−1 + Tnez. (3.1.21)

Firstly, an auxilliary velocity field u∗ is calculated by neglecting the pressure term,

u∗ − un−1

2∆t
+ un · ∇un =

Pr1/2

Ra1/2γ3/2
∆un−1 + Tnez. (3.1.22)

Then, the Poisson equation for pn is solved using u∗,

∇2pn =
∇ · u∗

2∆t
, (3.1.23)

with the boundary condition

(n · ∇pn)|∂Υ = 0 (3.1.24)

at the solid walls ∂Υ. Then the velocity field is updated and the actual solution
un+1 is obtained

un+1 = u∗ − 2∆t∇pn. (3.1.25)

Since the explicit time integration scheme demands a very tiny time step an implicit
time integration scheme is employed in the azimuthal direction close to the cylinder
axis. The semi-implicit scheme

un+1 − un−1

2∆t
+ un · ∇un +∇pn

=
Pr1/2

Ra1/2γ3/2

(
∂2φu

n+1 + (∇2 − ∂2φ)un−1
)
+ Tnez (3.1.26)

is solved there. That means, at first, the auxilliary velocity field is obtained by
computing

u∗ − un−1

2∆t
+ un · ∇un =

Pr1/2

Ra1/2γ3/2

(
∂2φu

∗ + (∇2 − ∂2φ)un−1
)
+ Tnez. (3.1.27)

Secondly, the Poisson equation for Ψ,

∇2Ψ = ∇ · u∗, (3.1.28)
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is solved with the boundary condition

(n · ∇Ψ)|∂Υ = 0. (3.1.29)

Finally, un+1 and∇pn are computed,

un+1 = u∗ −∇Ψ, ∇pn =

(
1

2∆t
−

Pr1/2

Ra1/2γ3/2
∂2φ

)
∇Ψ. (3.1.30)

The Navier–Stokes equations for every velocity component and for the temperature
are solved on different, that is staggered meshes. The meshes are non-equidistant
in radial and vertical direction and equidistant in azimuthal direction.
For example, in the radial direction the creation of the meshes starts with the mesh
for the velocity w = ur, i.e. for every point rkw the velocity ur(k) is defined as a
surface averaged quantity. Originating from that, the corresponding pressure and
temperature mesh rp is created by

rkp =
1

2

(
rk−1w + rkw

)
. (3.1.31)

Hence the points rkp define the centre of the radial velocity or w-cell, whereas the
centre of the p-cell is defined by

rkmi =
1

2

(
rkp + r

k+1
p

)
. (3.1.32)

Thus, the distance between the points on the w-mesh and pmesh are given by

∆rkp = rkw − rk−1w , (3.1.33)

∆rkw = rk+1p − rkp, (3.1.34)

respectively, see also figure 3.2. For the vertical and azimuthal direction the ap-
proach is similar, however, due to the equidistant mesh in azimuthal direction it is
much simpler. The volumes for the p-cell, the green cell in fig. 3.2, and the w-cell,
that is the cell of the radial velocity ur, corresponding to the blue hatched cell in
fig. 3.2, and accordingly the other velocity cells for the z and φ component, called
u- and v-cell, are given by

Vp = rp∆φ∆rp∆zp, (3.1.35)
Vz = rp∆φ∆rp∆zu, (3.1.36)
Vφ = Vp, (3.1.37)
Vr = rmi∆φ∆rw∆zp. (3.1.38)

The values of ur, uφ, uz, T and deduced flow quantities presented in this thesis are
given as volume avaraged value at centre of the p-cell. Thus, the velocity compo-
nents are always interopolated to the p-mesh.
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FIGURE 3.2: Sketch of the radial mesh.

3.2 Resolution requirements for numerical
simulations of Rayleigh-Bénard convection

The numerical solution of the Navier–Stokes equations as discussed above is, how-
ever, only physical meaningful if the smallest scales of the flow problem are re-
solved. Numerical simulations without any additional model and the appropri-
ate resolution are called direct numerical simulations (DNS). As I will show in the
following, this can be a very challenging task with respect to the computational
resources.
In Rayleigh–Bénard convection the smallest spatial scales, are the Kolmogorov and
the Batchelor length scale

ηK =

(
ν3

εu

)1/4
, (3.2.1)

ηB =

(
νκ2

εu

)1/4
= ηKPr

−1/2, (3.2.2)

with the kinetic dissipation rate εu = ν|∇u|2. Hence, for fluids with Pr < 1 the
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Kolmogorov length is crucial, whereas for fluids with Pr > 1 the Batchelor length is
crucial. Using the exact relation

〈εu〉V,t =
ν3

H4
(Nu− 1)RaPr−2, (3.2.3)

a global mesh size hglobal can be estimated (Shishkina et al., 2010), yielding

hglobal 6


Pr1/2

Ra1/4 (Nu− 1)
1/4
H, Pr 6 1

1

Ra1/4 (Nu− 1)
1/4
H, Pr > 1

. (3.2.4)

However, these relations only apply for the bulk, since the local Kolmogorov and
Batchelor lengths are usually much smaller close to rigid walls. This allows to esti-
mate the number of nodes in one dimension, i.e.

Nglobal =
H

hglobal
. (3.2.5)

In the thermal and viscous boundary layers more complicated relations for the
mesh size hBL apply. Based on the Prandtl–Blasius boundary layer theory Shishkina
et al. (2010) provided the following criteria

hBL .


2−3/2a−1Nu−3/2Pr3/4A−3/2π−3/4H, Pr < 3× 10−4

2−3/2a−1Nu−3/2Pr0.5355−0.033 logPrH, 3× 10−4 6 Pr 6 1
2−3/2a−1Nu−3/2Pr0.0355−0.033 logPrH, 1 < Pr 6 3

2−3/2a−1Nu−3/2E−3/2H, Pr > 3

(3.2.6)

with A ≈ 0.332, E ≈ 0.982 and a ≈ 0.922 ∗. This results in the following number of
nodes in the thermal and viscous boundary layers, respectively

Nθ &


√
2aNu−1/2Pr−3/4A3/2π3/4, Pr < 3× 10−4√
2aNu−1/2Pr−0.5355+0.033 logPr, 3× 10−4 6 Pr 6 1√
2aNu−1/2Pr−0.0355+0.033 logPr, 1 < Pr 6 3√
2aNu−1/2E3/2, Pr > 3

(3.2.7)

Nu &


√
2aNu−1/2Pr−1/4A1/2π1/4, Pr < 3× 10−4√
2aNu−1/2Pr−0.1785+0.011 logPrH, 3× 10−4 6 Pr 6 1√
2aNu−1/2Pr0.3215+0.011 logPrH, 1 < Pr 6 3√
2aNu−1/2Pr1/3E1/2H, Pr > 3

. (3.2.8)

Thus, non-equidistant staggered grid with very fine resolution in the boundary lay-
ers are used. However, to use these criteria the Nusselt numberNu still needs to be
known, which is actually an outcome of the simulations. To overcome this problem,
the GL theory can be used which gives a good estimate of Nu.

∗The factor a is the same as in the GL theory 2.9, i.e. a ≈ 0.922 holds according to the updated
prefactors by Stevens et al. (2013a). However, in most of the thesis a ≈ 0.482 was used as in the
original publication by Shishkina et al. (2010).
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FIGURE 3.3: Estimation of the the Nusselt number Nu and the required mesh size
for various Prandtl numbers. The purple circles mark Pr = 0.0232 (mercury), the
blue ones Pr = 4.38 (water), the green ones Pr = 0.8 (SF6) and the pink ones
Pr = 2547.9 (glycerol). The grey circles show the generic Prandtl numbers Pr ∈
{0.001, 0.01, 0.1, 1.0, 10.0, 100.0, 1000., 10000.0}, where the grey scale changes from dark
to light grey with increasing Pr. (a) Nusselt number Nu according to the GL theory; (b)
Global number of grid points in one dimension Nglobal given by eq. (3.2.5). (c) Number of
nodes in the thermal boundary layer Nθ given by eq. (3.2.7); (d) Number of nodes in the
viscous boundary layer Nu given by eq. (3.2.8).
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(a) Ra = 105 (b) Ra = 107 (c) Ra = 109

FIGURE 3.4: Instantaneous temperature fields for mercury (Pr = 0.0232) under OB condi-
tions. Shown are isosurfaces for ten equidistantly distributed values between the top and
bottom temperature for (a) Ra = 105, (b) Ra = 107, (c) Ra = 109. Blue corresponds to
temperatures below Tm, pink to temperatures above Tm.

(a) Ra = 105 (b) Ra = 107 (c) Ra = 109

FIGURE 3.5: Instantaneous temperature fields for water (Pr = 4.38) under OB conditions.
Shown are isosurfaces for ten equidistantly distributed values between the top and bottom
temperature for (a) Ra = 105, (b) Ra = 107, (c) Ra = 109. Blue corresponds to temperatures
below Tm, pink to temperatures above Tm.

In figure 3.3 I present the predictions of the GL theory and the estimations of the
global number of grid points Nglobal and the required number of grid points in the
thermal and viscous boundary layers, Nθ and Nv, for generic Prandtl numbers in
terms of powers of 10 for 0.001 6 Pr 6 10000.0 and for the fluids investigation in
one way or another in this thesis, i.e. mercury (Pr = 0.0232), SF6 (Pr = 0.8), water
(Pr = 4.38) and glycerol Pr = 2547.9. The Nusselt number Nu increases with Ra
for all Pr, however, for very low Prandtl numbers, say Pr = 0.001 or already for
mercury with Pr = 0.0232, the heat transfer is very inefficient compared to higher
Prandtl numbers. Nonetheless, as seen in figure 3.3(b)–(d) the resolution is very
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(a) Ra = 105 (b) Ra = 107 (c) Ra = 109

FIGURE 3.6: Instantaneous temperature fields for glycerol (Pr = 2548) under OB conditions.
Shown are isosurfaces for ten equidistantly distributed values between the top and bottom
temperature for (a) Ra = 105, (b) Ra = 107, (c) Ra = 109. Blue corresponds to temperatures
below Tm, pink to temperatures above Tm.

demanding. In figure 3.4 instantaneous temperature fields are shown for mercury.
These show that in opposite to fluids with Pr = O(1) as for example water, presented
in figure 3.5, also in the bulk small structures occur, and not only plumes following
the LSC along the walls, and hence, the resolution in the bulk needs to be finer.
For Pr & 1 the resolution in the bulk does no longer change significantly with Pr.
However, as shown on the example of glycerol in figure 3.6, the convection is plume
dominated, i.e. the assumption, that the dissipation rate within the bulk can be
estimated in good approximation with the global value of it, might not apply. This
will be detailed in chapter 5.
Probably most crucial about DNS is the resolution of the boundary layers. Not
only the number of nodes that need to be placed in there increases tremendously,
but both the viscous and thermal boundary layer thicknesses decrease. As a con-
sequence of this the dimensions of the volume cells, i.e. the grid spacing, becomes
much smaller with increasing Ra and so does the time step ∆t. Numerical simula-
tions of turbulent convection for high Ra are, hence, computational very expensive
in many respects. The governing equations have to be solved for much more points
and much more time steps per time unit. Moreover, also the files containing the
flow fields require much more storage and memory. Generally, even below the ul-
timate regime, when the boundary layers turn turbulent, DNS for high Ra are not
feasible. If high Ra are the main goal fluids with Pr ≈ 1 are easiest to achieve.
The Rayleigh number range that is achievable with adequate costs with nowadays
supercomputers is Ra . 109. This requires, of course an efficient parallelisation of
the code, discussed below in section 3.3. Higher Ra are extremely expensive, and it
might be more reasonable to conduct large eddy simulations (LES), see section 3.4.
An estimation of the complexity of DNS shows that one can expect one additional
order of magnitude in Ra about every four years.
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3.3 Parallelisation

The parallelisation is implemented via a spatial domain decomposition in vertical
direction to solve the temperature and velocity equations and via the distribution
of the decoupled pressure source terms in azimuthal and horizontal direction to
solve the Poisson equation. Both times making use of the Message Passing Interface
(MPI).

To test the scalability of the code, simulations on the National Supercomputer HLRB-
II SGI Altix 4700 at the Leibniz Computing Centre in Munich to study thermal con-
vection in cylindrical domains were peformed. It is shown in figure 3.7 exhibiting
a perfect, almost linear behaviour for up to 1024 CPUs. The simulations were per-
formed using a cylindrical mesh ofNz×Nφ×Nr = 384×512×192 nodes and 1000
time steps for 4 to 64 CPUs and 4096× 4096× 128 nodes for 100 time steps for 64 to
1024 CPUs normalised to the value at 64 cores.
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103

104
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106

t w
c
t 

[s
]

FIGURE 3.7: Scaling behaviour the OB code flowsi on the HLRB II Altix cluster. The
diamonds show the obtained values of the wall clock time twct used for 1000 time steps
and the blue line is a guide to the eye. For comparison the perfect scalability for an ideal
code is plotted, i.e. wall clock time twct ∝ 1/# CPUs is shown by the black dashed line.
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3.4 Large Eddy Simulations
The i-th momentum equation of (3.1.21) averaged over a finite volume V is given
by

1

2∆t

(〈
un+1

〉
V
−
〈
un−1i

〉
V

)
+ 〈un · ∇uni 〉V + 〈∇pn · ei〉V (3.4.1)

=
Pr1/2

Ra1/2γ3/2
〈∆un−1i 〉V + 〈Tn〉Vez · ei. (3.4.2)

Its solution requires integrals over surfaces S, hence, the convective and diffusive
term are rewritten using the Gauß–Ostrogradsky theorem and the continuity equa-
tion as follows

〈un · ∇uni 〉V = 〈∇ · (uni un)〉V − 〈uni ∇ · un〉V
=

1

∆V

∮
S

n · (uni un) dS, (3.4.3)

Pr1/2

Ra1/2γ3/2

〈
∇2un−1i

〉
V

=
Pr1/2

Ra1/2γ3/2

〈
∇ · ∇un−1i

〉
V

=
Pr1/2

Ra1/2γ3/2
1

∆V

∮
S

n ·∇un−1i dS, (3.4.4)

The analogue is true for the temperature equation. Hence, in the numerical simula-
tions the averaged products 〈uiuj〉S and 〈Tuj〉S are required. In DNS it is assumed,
and actually demanded, that the resolution is fine enough so that the following

〈uiuj〉S ≈ 〈ui〉S 〈uj〉S , (3.4.5)
〈Tuj〉S ≈ 〈T〉S 〈uj〉S (3.4.6)

is valid. If the mesh is too coarse, the above becomes less and less valid. The
modelling of the so-called subgrid scale stress tensors

τij = 〈uiuj〉S − 〈ui〉S 〈uj〉S ,
τ
Tj

= 〈Tuj〉S − 〈T〉S 〈uj〉S
is therefore one of the key problems in computational fluid dynamics. In simula-
tions where these terms are modelled one speaks of large eddy simulations (LES).
Here, I will present results of LES with a very simple approach: an approximation
by the first term of the exact Fourier series expansions for filtered products accord-
ing to the model by Leonard (1975) and Shishkina and Wagner (2007c),

βuαuβ = βuα
βuβ +

1

12

∑
γ 6=β

(∆γ)2
∂βuα

∂γ

∂βuβ

∂γ
+ O

(
(∆γ)4

)
,

βTuβ = βTβuβ +
1

12

∑
γ 6=β

(∆γ)2
∂βT

∂γ

∂βuβ

∂γ
+ O

(
(∆γ)4

)
.

It has the major adavantage that no empirical constants are required. It has proven
to be quite successful in Rayleigh–Bénard convection for moderate Rayleigh num-
bers (Shishkina and Wagner, 2007c).
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3.5 Implementation of temperature-dependent
material properties into flowsi

To solve the non-Oberbeck–Boussinesq equations (2.2.38)–(2.2.40), I additionally in-
cluded the temperature-dependent material properties ν, Λ and ρ in flowsi.
The material properties of water and glycerol are given by polynomials of the tem-
perature up to order iwith certain prefactors ai, i.e.

X− Xm
Xm

=
∑
i

ai(T − Tm)
i X ∈ {ρ, ν, Λ}.. (3.5.1)

Values for ai are given and also the functional dependency of mercury on the tem-
perature are given in chapter 5.
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FIGURE 3.8: Sketch of how to interpolate the temperature for the calculation of the viscosity
for solving the Navier–Stokes equation for the vertical velocity component uz in radial,
azimuthal and vertical direction.

The main issue from a numerical point of view now is, that the temperature and
the velocity are calculated on different meshes. To solve the momentum equation
the viscosity ν is needed at the surface of the velocity cells. But since ν is a function
of the temperature T it needs to be interpolated. In a sufficient accuracy it is given
by the weighted average value of the surrounding temperature cells. For clarity
this is shown for the example of the vertical velocity uz in fig. 3.8. In that case

41



CHAPTER 3. NUMERICAL METHODOLOGY

interopolated temperatures Tip are given by

Tip =
Vjki T jk+1i + Vjki+1 T jk+1i+1 + Vjk+1i T jki + Vjk+1i+1 T jki+1

Vjki + Vjki+1 + Vjk+1i + Vjk+1i+1
(3.5.2)

in the radial direction r,

Tip =
Vjki+1

(
T jki + T j+1ki

)
+ Vjki

(
T jki+1 + T j+1ki+1

)
2Vjki + 2Vjki+1

(3.5.3)

in the azimuthal direction φ, and

Tip = T jki+1 (3.5.4)

in the vertical direction z.

The calculation of the heat conductivity Λ required for solution of the temperature
equation is simpler, no interpolation is needed.
In NOB simulations, the boundary layers at the top and bottom have different thick-
nesses, and can be thinner than in the OB case. How much thinner is not a priori
known. To ensure that the NOB simulations are properly resolved twice as many
nodes as required in the OB case were placed in the boundary layers. Furthermore,
because of the temperature-dependent material properties, the time step ∆t had to
be reduced.
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ROTATING RAYLEIGH–BÉNARD
CONVECTION OF SF6

IN A SLENDER CYLINDER∗

This chapter is devoted to rotating Rayleigh–Bénard convection of a fluid with a low
Prandtl number of Pr = 0.8, as is for air or SF6. The fluid is confined in a slender
cylinder with an aspect ratio of Γ = 1/2. Since this cuts down the needed number
of grid points in the radial direction, higher Rayleigh numbers than for Γ > 1 can
be achieved. Nonetheless, these simulations are expensive and to study the impact
of rotation on the flow, a large range of rotation rates, i.e. inverse Rossby numbers
1/Ro, has to be covered.
The ultimate objective would be to understand the influence of rotation on high
Rayleigh number convection, e.g. occurring in stars such as our Sun or gaseous
planets like Jupiter, Uranus and Neptune and the many recently found giant plan-
ets. Accordingly, it would be desirable to simulate Rayleigh numbers as high as
Ra ≈ O(1023), but these are far beyond reach, not only numerically but also exper-
imentally. The Rayleigh numbers that can be achieved by experiments and DNS
are magnitudes lower. Present experiments are limited to Ra ≈ 1015 (He et al.,
2012) and DNS to Ra ≈ 1012 (Stevens et al., 2011). Studying convection at lower Ra
might still help to understand the fundamental processes and some of the observed
phenomena in geo- and astrophysics, since even then, there is a lack of knowledge
about the actual influence of the other control parameters 1/Ro, Pr and also Γ .
However, the geometry of the container, first and foremost the aspect ratio, plays an
important role. The preferred geometry for rotating Rayleigh–Bénard convection is
a cylinder, however, the preferred aspect ratio has changed over the years. Starting
with large diameter-to-height aspect ratios, Γ = D/H, recent developments in nu-
merical and experimental studies, rather go to smaller and smaller Γ of 0.5 (Ahlers
et al., 2012; He et al., 2012) or even 0.23 (Stevens et al., 2011). Most of the earlier
studies were about the onset of convection and pattern formation (Chandrasekhar,
1961), thus, the aim was to mimic an infinite lateral extent, where analytical rela-
tions are available. On the contrary, most of the current investigations focus on
turbulent thermal convection, including the transition to the so-called “ultimate
state” (Grossmann and Lohse, 2011), thus, the aim is to achieve high Ra and, hence,
practical considerations demand a small Γ . The development to smaller Γ is true
for both, “ordinary” and rotating convection (Ecke and Niemela, 2014; Oresta et al.,
2007; Stevens et al., 2012). Yet, the finite size has serious implications for rotating
Rayleigh–Bénard convection. Not only, does the destabilising effect of the lateral

∗Parts of this chapter have been adopted from HORN, S. AND SHISHKINA, O., Toroidal and
poloidal energy in rotating Rayleigh–Bénard convection, J. Fluid Mech. 762 (2015), 232–255.
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wall yield a lower critical Ra for the onset of convection at fast rotation rates (Buell
and Catton, 1983) because of drifting wall modes (Ecke et al., 1992; Goldstein et al.,
1994, 1993; Herrmann and Busse, 1993; Kuo and Cross, 1993; Zhong et al., 1991b),
but Γ also determines the bifurcation point Rob, at which, for Pr & 1 and higher Ra,
heat transfer enhancement sets in (Weiss and Ahlers, 2011b; Weiss et al., 2010).
The increased heat transport, expressed in terms of the Nusselt number Nu, is usu-
ally used as an indicator for the different turbulent states occurring in rotating tur-
bulent thermal convection, suggesting a division into three regimes (Kunnen et al.,
2011). In the weak rotation regime,Nu remains nearly constant, but as soon as 1/Ro
is increased to values above 1/Rob, after a sharp onset, a continuous increase of
Nu is observed for moderate rotation rotates, which coincides with the generation
of columnar vortex structures (Stevens et al., 2011; Weiss et al., 2010). After it has
reached a peak, which marks the transition to the regime of strong rotation, it drops
rapidly with the rotation rate due to the suppression of vertical velocity fluctuations
(cf. also the recent review by Stevens et al., 2013b). However, this classification of
regimes is only valid for fluids with Pr & 1; for Pr . 1 no heat transfer enhancement
is expected (Stevens et al., 2010b).
As the change of Nu is closely connected to the columnar vortices, the number of
vortices serves as another criterion to determine the point where rotation dominates
over buoyancy. However, extracting these vortices is relatively cumbersome, and
involves a certain arbitrariness in choosing what constitutes a vortex. Furthermore,
for Pr < 1 the larger diffusivity results in only short vortices that dissipate quickly
when they reach the bulk, which complicates matters. Conversely, one can also look
at the large-scale circulation (LSC) or more specifically at the rotation rate when it
breaks-down (Kunnen et al., 2008; Stevens et al., 2012; Weiss and Ahlers, 2011a).
In experiments, this is frequently obtained by analysing the temperature signal at
the sidewall. However, one has to be careful with two-vortex states or multiple-roll
states occurring in Rayleigh–Bénard cells with small aspect ratios. Evidently, also
the crossover of the boundary layer thicknesses (King et al., 2012, 2009; Rossby,
1969) cannot be applied to fluids with Pr < 1, where the thermal boundary layer is
thicker than the viscous one even without rotation.
Here, I offer an alternative method for the characterisation of the different regimes
in rotating Rayleigh–Bénard convection. Motivated by the work by Breuer et al.
(2004), who have shown, that the toroidal and poloidal energy are characteristic
for the distinctive types of dynamics in low and high Prandtl number flows in non-
rotating convection, namely, that the toroidal energy is highest for fluids with Pr . 1
(Breuer et al., 2004), and vanishes for Pr = ∞ (Busse, 1967a), I analyse the contri-
bution of the toroidal and poloidal energy in rotating convection. This is a very
natural approach. The poloidal energy is the energy contained in cellular or roll
motion, such as the LSC or double-roll states, i.e. the dominant motion without
rotation. The toroidal energy, on the other hand, is contained in swirling motion in
the horizontal plane, i.e. with a vertical vorticity (Olson and Bercovici, 1991), which
is the dominant motion in rotating convection. This means, it is possible to distin-
guish different regimes of rotating convection based on global quantities, namely
the time and volume averaged toroidal and poloidal energy without a restriction to
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certain Prandtl numbers or aspect ratios.

4.1 Parameter space

All DNS results presented in this chapter were performed for a fluid with Pr = 0.8,
corresponding to SF6 or air, in a slender cylinder with Γ = 1/2 for Ra ∈ [105, 109]
and rotation rates 1/Ro ∈ [0, 20]. In addition, also LES were performed, but the
main focus lies on DNS.
The governing equations are the Navier–Stokes equations in Oberbeck–Boussinesq
approximation with the Coriolis force as an additional force term. Thus, numeri-
cally the set of equations

∇ · u = 0, (4.1.1)
Dtu = −∇p+ Ra−1/2Pr1/2γ−3/2∇2u+ Ro−1γ1/2êz × u+ T êz, (4.1.2)
DtT = Ra−1/2Pr−1/2γ−3/2∇2T, (4.1.3)

is solved in cylindrical coordinates.
Any effects due to centrifugal buoyancy are neglected. Their importance can be
estimated by calculating the Froude number

Fr =
Ω2D

2g
=
RaΓ

8Ro2
κν

gH3
. (4.1.4)

Since numerically dimensionless equations are solved, I use the parameters of the
High-Pressure Convection Facility (HPCF) at the Max Planck Institute for Dynam-
ics and Self-Organization in Göttingen, Germany, to evaluate Fr. It is a cylindrical
cell, with a height of H = 2.24 m and a diameter of D = 1.12 m, i.e. Γ = 1/2,
filled with sulfur hexafluoride (SF6) at pressures between 2 bar and 19 bar (Ahlers
et al., 2012; He et al., 2012). At a pressure of 2 bar, the viscosity of SF6 is given
by ν = 1.2× 10−6 m2s−1 and its thermal diffusivity by κ = 1.6× 10−6 m2s−1, i.e.
Pr ≈ 0.8. The gravitational acceleration in Göttingen is approximately 9.81 m s−2.
Thus, for the highest Ra and 1/Ro, namely 109 and 20, the Froude number is as low
as Fr = 4.4 × 10−4. Hence, since Fr � 1 it is justifiable to set Fr ≡ 0 (Zhong et al.,
2009). However, it should be noted, that the Rayleigh numbers in the HPFC are
typically much larger than the ones that be can attained by DNS.
The resolution is chosen to fulfil the requirements by Shishkina et al. (2010). The
meshes are non-equidistant in radial and vertical direction, with a clusterisation of
grid points close to the walls. To guarantee enough points in the boundary layers,
the grid points were denser clustered for smaller Ro, as it is well-known, that the
viscous boundary layer becomes thinner as the rotation rate increases (e.g. Kun-
nen et al., 2008; Stevens et al., 2010a). This means, that in the Ekman type viscous
boundary layer in the rotating case the same criterion for the number of grid points
was applied as in the non-rotating case. The details of all simulation parameters
and the numerical resolution can be found in table 4.1.
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Ra 1/Ro Nr ×Nφ ×Nz

105
{0.0, 0.07, 0.14, 0.23, 0.47, 0.71, 1.41, 2.36,

3.33, 4.71, 5.89, 7.07, 8.84, 10.1, 14.14}
11× 32× 34

106
{0.0, 0.07, 0.1, 0.14, 0.2, 0.35, 0.47, 0.67, 1.0,

1.41, 1.67, 2.0, 2.13, 2.5, 2.83, 3.33, 3.54, 4.0,

4.71, 5.0, 6.67, 7.07, 8.33, 10.0, 14.29, 20.0}
17× 64× 68

107
{0.0, 0.07, 0.14, 0.71, 1.41, 2.0, 2.83, 4.71,

7.07, 14.14}
33× 128× 132

108
{0.0, 0.07, 0.14, 0.2, 0.71, 1.0, 1.41, 2.0, 2.36,

3.33, 5.0, 7.07, 10.0, 14.14, 20.0}
80× 256× 320

109
{0.0, 0.07, 1.41, 2.0, 2.36, 2.83, 4.0, 7.07,

10.0, 14.14, 20.0}
192× 512× 768

TABLE 4.1: Parameters used in the DNS for rotating Rayleigh–Bénard convection in SF6
with Pr = 0.8 and Γ = 1/2, including the computational mesh size Nr ×Nφ ×Nz.

4.2 Rayleigh number dependence of the flow
structures in the non-rotating case

Firstly, the flow structures in the non-rotating case are shown for 105 6 Ra 6 1010.
They are best seen in the temperature distribution, thus, in figure 4.1 instanta-
neous temperature iso-surfaces are presented, which are equidistantly distributed
between the top and bottom temperature. The results for 105 6 Ra 6 109 were
obtained by DNS, for Ra = 1010 by LES.
They visualise the dramatic change of the flow structures and the flow behaviour
with increasing Ra. For the smallest Ra the flow is steady and one large convection
roll fills the whole cylinder. With increasing Ra the flow becomes unsteady until
it eventually enters the turbulent regime for Ra & 107 and the single structures
become gradually smaller. While for moderate Ra the LSC is clearly recognisable
in the instantaneous flow fields, i.e. there are cold plume descending on one side
and warm plumes ascending on the opposite side, this becomes hardly possible for
higher Ra. But the LSC can be recovered in the sufficiently long temporal averaged
flow fields; its break-down is not expected until Ra & 1013 (He et al., 2012).
But not only a change in the Rayleigh number Ra can be responsible for a tremen-
dous alteration of the flow structure, but also a change in the inverse Rossby num-
ber 1/Ro. Here, also different regimes depending on the rotation rate can be found,
this will be discussed in the following. I propose, that the toroidal and poloidal
energy can be used to universally capture these transitions in rotating Rayleigh–
Bénard convection.

4.3 Decomposition of the velocity field
In the DNS the Navier–Stokes equations (4.1.1)–(4.1.3) are solved in primitive vari-
ables. Hence, in order to obtain the toroidal and poloidal energy, instantaneous
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(a) Ra = 105 (b) Ra = 106 (c) Ra = 107

(d) Ra = 108 (e) Ra = 109 (f) Ra = 1010

FIGURE 4.1: Temperature iso-surfaces, equidistantly distributed between the top and bot-
tom temperature in the non-rotating case, i.e. 1/Ro = 0, obtained by DNS for Ra ∈ [105, 109]
and LES for Ra = 1010, respectively.
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velocity fields are analysed every half dimensionless time unit. That means, the
solenoidal velocity field u is decomposed into a poloidal field π and a toroidal
field τ with the defining scalars ξ and ψ, respectively, (Breuer et al., 2004; Chan-
drasekhar, 1961)

u = π+ τ = ∇×∇× (ξêz) +∇× (ψêz). (4.3.1)

This decomposition is also called Mie decomposition or Mie representation of the
vector field u (Backus, 1986). In cylindrical component notation, equation (4.3.1)
reads

ur = πr + τr = ∂r∂zξ+
1
r
∂φψ, (4.3.2)

uφ = πφ + τφ = 1
r
∂φ∂zξ− ∂rψ, (4.3.3)

uz = πz + τz = −1
r
∂r(r∂rξ) −

1
r2
∂φ∂φξ. (4.3.4)

The equations (4.3.2) and (4.3.3) can be combined, and expressed in terms of the
vertical component of the vorticityω = ∇× u,

ωz = −1
r
(∂r (ruφ) − ∂φur) = −1

r
∂r(r∂rψ) −

1
r2
∂φ∂φψ. (4.3.5)

The operator −1
r
∂r(r∂r)−

1
r2
∂φ∂φ ≡ ∆rφ is the horizontal Laplacian. The equations

(4.3.4) and (4.3.5) are thus two-dimensional Poisson equations

∆rφξ+ uz = 0, (4.3.6)
∆rφψ+ωz = 0. (4.3.7)

Therefore, these scalars are also called velocity potentials, in analogy to, e.g., elec-
trodynamics. However, the scalars ξ and ψ are not uniquely defined. In fact, to
the toroidal potential ψ an arbitrary horizontal harmonic function, i.e. any solu-
tion of the corresponding Laplace equation, can be added. The poloidal potential
ξ is only determined up to an arbitrary function of z (see e.g. Marques et al., 1993).
Thus, there is a gauge freedom for the boundary conditions. The most simple and
commonly used gauge condition for ξ is

ξ|r=R = 0 (4.3.8)

(Boronski and Tuckerman, 2007; Marques et al., 1993). This gauge in combination
with (4.3.2) and the no-slip condition on the velocity, ur|r=R = 0, yields

∂φψ = 0. (4.3.9)

Hence, ψ needs to be constant along the contour r = R for a constant z and can also
be set consistently to

ψ|r=R = 0. (4.3.10)

Furthermore, it is

ξ|z=0 = ξ|z=H = 0 and ψ|z=0 = ψ|z=H = 0 (4.3.11)
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(Marques et al., 1993). This choice of gauge is the most convenient one, because it
implies Dirichlet boundary conditions on r = R on the two equations (4.3.6) and
(4.3.7). Hence, the problem of solving these two Poisson equations becomes well-
posed, and the unique solutions for the poloidal and toroidal scalar field are given
by

ξ(r, φ, z) =

2π∫
0

R∫
0

uz(ζ, η, z)G(r, φ, ζ, η)ζdζdη, (4.3.12)

ψ(r, φ, z) =

2π∫
0

R∫
0

ωz(ζ, η, z)G(r, φ, ζ, η)ζdζdη, (4.3.13)

where ζ and η are integration variables and G(r, φ, ζ, η) is the Green’s function

G(r, φ, ζ, η) =
1

4π
ln
(
r2ζ2 − 2R2rζ cos(φ− η) + R4

R2(r2 − 2rζ cos(φ− η) + ζ2)

)
.

Albeit the fact, that this solution is analytically exact, the large mesh size of the
numerically obtained flow fields makes the solving computationally expensive and
for higher Ra, i.e. Ra & 108, infeasible. Numerically, it is more efficient to solve the
Poisson equations directly. This was done by adapting the well-tested fishpack90
(Swarztrauber and Sweet, 1975) solver to double precision and to non-equidistant
meshes. The solver is based on the generalized Buneman algorithm. Special care
is also required at the cylinder axis where in cylindrical coordinates one always
faces the problem of the mathematical, but not physical singularity, caused by terms
involving 1/r. But this can be elegantly overcome by calculating (4.3.12) and (4.3.13)
at r = 0 directly, utilizing that the Green’s function in this case simplifies to

G(0,φ, ζ, η) =
1

2π
ln
(
R

ζ

)
. (4.3.14)

Thus, by prescribing the analytical solution at r = 0 as numerical boundary con-
dition, a smooth scalar field is guaranteed. It is worth noting, that this does not
impose any additional physical boundary or gauge condition, but is a direct con-
sequence of the Dirichlet boundary conditions (4.3.8) and (4.3.10) and is, hence,
merely a numerical trick. Eventually, it is possible to calculate the total kinetic en-
ergy ekin, the poloidal energy epol and the toroidal energy etor, defined by

ekin = 〈u2r + u2φ + u2z〉V,t, (4.3.15)

epol = 〈π2r + π2φ + π2z〉V,t, (4.3.16)

etor = 〈τ2r + τ2φ + τ2z〉V,t, (4.3.17)

where 〈·〉V,t denotes averaging in time t and over the whole volume V .
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4.4 Nusselt number and characteristic flow properties
Most of the recent experiments and numerical simulations on rotating Rayleigh–
Bénard convection were conducted in water with 3 . Pr . 7 (King et al., 2009; Kun-
nen et al., 2010; Stevens et al., 2009; Weiss and Ahlers, 2011a; Zhong and Ahlers,
2010). One of the reasons for this might be, that only for fluids with Pr > 1 colum-
nar vortex structures, sometimes called Ekman vortices (Stevens et al., 2010b; Weiss
et al., 2010), occur that extend from one horizontal wall to the other (Horn et al.,
2011b). Via Ekman pumping, the vortices are able to significantly enhance the
heat transport compared to the non-rotating case, where the heat flux is usually
expressed in terms of the Nusselt number,

Nu = (RaPrγ)
1/2 〈uzT〉− γ−1 〈∂zT〉 . (4.4.1)

But for fluids with Pr < 1, these vortices are much shorter, and do not form a regular
grid. The reason is, that the thermal diffusivity is larger than the kinematic viscosity,
thus, heat can spread in the bulk, making Ekman pumping less effective (Stevens
et al., 2010b). Stevens et al. (2010b) found no heat transfer enhancement at all for
Pr = 0.7, Ra = 108, 0.1 6 1/Ro 6 10.0 and Γ = 1.0, however, Oresta et al. (2007)
found a slightly higher Nu for very similar simulation parameters, Pr = 0.7, Ra =
2 × 108, 0.1 6 1/Ro 6 33.3 but Γ = 0.5, which they attributed to Ekman pumping.
Figure 4.2(a) shows the Nusselt number for the rotating case normalized by the one
in the non-rotating case,Nu/Nu0, for the DNS for 105 6 Ra 6 109 and 0.07 6 1/Ro 6
20.0. In addition, experimental results by Ecke and Niemela (2014) for Ra = 6.2×109
in a cylindrical convection cell with Γ = 0.5 and helium with Pr = 0.7 are shown
for comparison. The Nusselt number Nu is also presented in figure 4.2(b), but as
function of the Taylor number.
For Ra = 105, convection is steady for all Rossby numbers considered, except for
1/Ro = 14.1, where convection is completely suppressed due to rotation and heat is
transported by conduction alone. For Ra = 106, convection is chaotic and unsteady
for 1/Ro . 1.67, for 1.67 & 1/Ro & 2.5 oscillatory convection is found and for even
faster rotation rates, i.e. 1/Ro & 2.5, convection is steady. For Ra = 107, there
is turbulent convection for low rotation rates, but again, however, for even faster
rotation rates, i.e. 1/Ro = 14.1 steady convection is observed. Finally, for Ra = 108

and Ra = 109 the applied rotation was never rapid enough to completely suppress
turbulent fluctuations.
The general behaviour of Nu with increasing rotation rate is very similar for all
Ra, i.e. it is almost constant for slow rotation and then drops rapidly at a certain
rotation rate. There is also a very slightly increased Nu for 1/Ro . 2, which is
due to the stabilizing effect of rotation, which suppresses reversals and changes
from a one-roll state to a double-roll state, that occur more frequently for Γ = 0.5

than for Γ = 1.0. For Ra = 106 there is more switching between these different
states than for the other Rawhich is a possible explanation for the evident deviation
of the behaviour of the Nusselt number for that particular Rayleigh number. It
was also found by Oresta et al. (2007), in numerical simulations with parameters
very similar to that at Ra = 9 × 105 and Pr = 0.7. The continuous decrease of Nu
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with increasingly high rotation rate is expected from the Taylor–Proudman theorem
(Proudman, 1916; Taylor, 1921). It predicts the suppression of flow variations along
the axis of rotation. Although strictly speaking it is not designated to the highly
non-linear and time-dependent case of rotating Rayleigh–Bénard convection, the
reduced heat transport can be understood with it. In figure 4.2(a) also the prediction
by Weiss et al. (2010) and Weiss and Ahlers (2011b) based on a phenomenological
Ginzburg–Landau model is shown. They have shown, that for fluids with Pr & 1,
at

1

Rob
=
a

Γ

(
1+

b

Γ

)
, a = 0.381, b = 0.061 (4.4.2)

a bifurcation corresponding to the onset of Ekman vortex formation and Nusselt
number enhancement occurs. This bifurcation is a finite-size effect, and gives 1/Rob =
0.86 for Γ = 0.5. For Pr = 0.8 and Ra = 105 and Ra = 107 the Nusselt number starts
to decrease at the point 1/Rob, but no columnar vortices were observed. However,
for Ra = 108 and Ra = 109, short columnar vortices are found and the Nusselt
number also appears to increase slightly and then drops at a critical inverse Rossby
number 2.36 . 1/Rocrit . 3.33. When Nu is plotted against Ta as in figure 4.2 (b),
the vertex of the curve, marked with filled symbols, seems to match all Ra. In fig-
ure 4.2 (a) the same rotation rate is indicated by a grey shaded area. The transition
at 1/Rocrit is consistent with the one found empirically by Ecke and Niemela (2014)
at 1/Ro1 ≈ 2.86. Furthermore, Ecke and Niemela (2014) suggested that after this
initial decrease a more rapid decrease occurs after 1/Ro2 ≈ 8.33. An accurate iden-
tification of Rocrit solely based on the Nusselt number is nonetheless difficult.
That a transition in the flow occurs is also visible in other important flow charac-
teristics as the radial velocity component ur, the temperature T , the rms temper-
ature Trms or the skewness of the temperature ST . The temporally, radially and
azimuthally averaged profiles of these quantities are presented in figure 4.3 for five
representative rotation rates, 1/Ro ∈ {0.0, 2.0, 3.3, 10.0, 20.0}. To rule out the sidewall
effects (Kunnen et al., 2013), the radial averaging was performed for 0 6 r 6 0.9R

(Stevens et al., 2010a). All of them, but in particular the radial velocity and the
skewness of the temperature, reveal a significant flow change for 1/Ro & 3.3.
The radial velocity ur as function of the vertical coordinate z, figure 4.3(a), nicely
demonstrates the Taylor–Proudman effect. Variations of the flow in vertical direc-
tion are inhibited and as a consequence roll-like structures such as the LSC are not
permitted. Hence, while theur mean profiles at low rotation rates still show the typ-
ical shape reflecting these structures, they show no variation in the bulk any more
as soon as these structures break down. The first three moments of the temper-
ature, presented in figure 4.3(b)–(d), reflect the impact of the generated columnar
vortices. The mean temperature profiles exhibit a non-zero gradient in the bulk in-
creasing with 1/Ro and strongest close to the plates. It is usually attributed to vortex
merger (Julien et al., 1996). However, even without rotation a small non-vanishing
temperature gradient is present that is assumed to be due to the small aspect ratio.
The rms temperature also varies significantly with the rotation rate. It is almost
constant without rotation, showing a crescent-shaped profile up to 1/Ro ≈ 10.0. For
1/Ro = 20.0, the crescent-shape is dented in the midplane and bent in the opposite
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FIGURE 4.2: (a) Nusselt number for the rotating case normalized by the one in the
non-rotating case Nu/Nu0 as function of the inverse Rossby number 1/Ro for Ra ∈
{105, 106, 107, 108, 109} obtained by DNS; experimental data by Ecke and Niemela (2014)
for Ra = 6.2 × 109 and Pr = 0.7 are shown for comparison. The vertical dotted line shows
the prediction by Weiss and Ahlers (2011b); Weiss et al. (2010), 1/Rob = 0.86, the vertical
long-dashed and dashed-dotted line mark the proposed transition by Ecke and Niemela
(2014) at 1/Ro1 ≈ 2.83 and 1/Ro2 ≈ 8.33, respectively. The grey shaded area shows where
epol ≈ etor at 2.36 . 1/Rocrit . 3.33. (b) Nusselt number Nu as function of the Taylor num-
ber Ta. The filled (pink) symbols show where epol ≈ etor and are the same as marked by
the grey shaded area in figure (a).

direction. The skewness of the temperature also exhibits signs of a fundamental
change in the flow, in particular close to the vicinity of the top and bottom plates:
with increasing 1/Ro, ST abruptly changes sign at 1/Ro ≈ 10.0. A similar change
of behaviour was also reported by Kunnen et al. (2006, 2009) for the skewness of
the vertical velocity Suz and of the rms vorticity Sωz , obtained by simulations in a
periodic domain, Pr = 1 and Ra = 2.5× 106.

4.5 Toroidal and poloidal potential and energy

In the following, I show how to connect the different flow behaviour with the
toroidal and poloidal potential and energy. It will allow to effectively identify
the transitions between different regimes in rotating Rayleigh–Bénard based on the
global quantities etor and epol.
In the figures 4.4–4.8 instantaneous flow quantities are presented for the same rep-
resentative rotation rates 1/Ro ∈ {0.0, 2.0, 3.3, 10.0, 20.0} at Ra = 108 as before. I
refrained from showing averaged flow fields, since the precession motion of the
flow might distort their interpretation.
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FIGURE 4.3: Temporally, radially and azimuthally averaged profiles of (a) the radial veloc-
ity component ur, (b) the temperature T , (c) the rms temperature Trms and (d) the skewness
of the temperature ST for Ra = 108. The radial averaging was performed for 0 6 r 6 0.9R.
In all figures 1/Ro = 20.0 is indicated by a blue solid line, 1/Ro = 10.0 by a dotted pink
line, 1/Ro = 3.3 by a short-dashed black line, 1/Ro = 2.0 by a dash-dotted black line and
1/Ro = 0.0 by dash-triple-dotted black line.
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FIGURE 4.4: Instantaneous flow structures for Ra = 108 and 1/Ro = 0, i.e. without rotation. Shown are twelve isosurfaces that are
equidistantly distributed between the interval boundaries. Colour scale ranges from blue (the smallest value) through white to pink (the
largest value). (a) Temperature T ∈ [−0.5, 0.5], (b) poloidal potential ξ ∈ [−0.04, 0.04], (c) poloidal energy epol ∈ [0, 0.76], (d) toroidal
potential ψ ∈ [−0.13, 0.13], (e) toroidal energy etor ∈ [0, 0.27].
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FIGURE 4.5: As in figure 4.4, but for 1/Ro = 2.0. (a) Temperature T ∈ [−0.5, 0.5], (b) poloidal potential ξ ∈ [−0.03, 0.03], (c) poloidal
energy epol ∈ [0, 0.70], (d) toroidal potential ψ ∈ [−0.16, 0.16], (e) toroidal energy etor ∈ [0, 0.74].

55



C
H

A
P

T
E

R
4.

R
O

TA
T

IN
G

R
A

Y
L

E
IG

H
–B

É
N

A
R

D
C

O
N

V
E

C
T

IO
N

O
F

SF
6

(a) T (b) ξ (c) epol (d) ψ (e) etor

FIGURE 4.6: As in figure 4.4, but for 1/Ro = 3.3. (a) Temperature T ∈ [−0.5, 0.5], (b) poloidal potential ξ ∈ [−0.02, 0.02], (c) poloidal
energy epol ∈ [0, 0.27], (d) toroidal potential ψ ∈ [−0.21, 0.21], (e) toroidal energy etor ∈ [0, 0.77].
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FIGURE 4.7: As in figure 4.4, but for 1/Ro = 10.0. (a) Temperature T ∈ [−0.5, 0.5], (b) poloidal potential ξ ∈ [−0.003, 0.003], (c) poloidal
energy epol ∈ [0, 0.12], (d) toroidal potential ψ ∈ [−0.11, 0.11], (e) toroidal energy etor ∈ [0, 0.22].
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FIGURE 4.8: As in figure 4.4, but for 1/Ro = 20.0. (a) Temperature T ∈ [−0.5, 0.5], (b) poloidal potential ξ ∈ [−0.001, 0.001], (c) poloidal
energy epol ∈ [0, 0.05], (d) toroidal potential ψ ∈ [−0.03, 0.03], (e) toroidal energy etor ∈ [0, 0.09].
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In the non-rotating case, 1/Ro = 0.0, the flow is most of the time organised in an
LSC. This structure is not only visible in the temperature field T but also in the
poloidal potential ξ and energy epol. The toroidal potentialψ shows a rather chaotic
structure and the toroidal energy etor is concentrated in the bulk and of lower mag-
nitude than epol. If the flow was two-dimensional and independent from one hori-
zontal direction then it would be completely poloidal. However, since the toroidal
energy is associated with the vortices in the flow, the toroidal field acts in a desta-
bilising way on the flow and tears the plumes apart. On the other hand, when the
convection cell is rotated, the toroidal field has a stabilising effect. With increas-
ing rotation rate, as seen in the figures 4.5–4.8, the flow resembles a horizontally
two-dimensional flow. But a two-dimensional flow independent from the vertical
direction is fully toroidal. This means that with increasing 1/Ro the toroidal energy
increases and the poloidal energy decreases. Instead of an LSC, there are elongated
flow structures emerging from the edge of the boundary layers, that are visible in
the temperature field and in the toroidal potential ψ and energy etor. The highest
toroidal energy is contained in these short columnar-like vortices seen in figure 4.6
and 4.7. For even more rapid rotation, at 1/Ro = 20.0, which is close to the on-
set of convection, wall modes dominate and both the poloidal and toroidal energy
are highest close to the sidewall. Hence, the toroidal and poloidal energy can be
used to characterize the different types of dynamics in rotating Rayleigh–Bénard
convection.
In figure 4.9 also the temporal evolution of ekin, epol and etor is shown. Indeed for
1/Ro = 0.0 and 1/Ro = 2.0 holds epol > etor for all instances of time, while for
1/Ro = 10.0 and 1/Ro = 20.0 it is epol < etor. For 1/Ro = 3.3, epol and etor are
of the same order. Furthermore, the oscillation frequency tends to decrease with
increasing 1/Ro.
To analyse these observations quantitatively, the volume- and time-averaged en-
ergies are shown in figure 4.10 for all conducted simulations. Similar as in fig-
ure 4.2 (a), they are also compared with 1/Rob suggested by Weiss et al. (2010) and
Weiss and Ahlers (2011b) and the empirically found 1/Ro1 and 1/Ro2 by Ecke and
Niemela (2014).
The DNS data share some common features for all Rayleigh numbers. All energies
ekin, epol and etor are independent of 1/Ro up to approximately 1/Rob = 0.86. At
this point, ekin and epol decrease monotonically. On the contrary, etor increases at
this point, then reaches a maximum and after that drops with increasing 1/Ro. It
reaches the same value as in the non-rotating case at 1/Ro2 ≈ 8.33.
For the relatively low Rayleigh numbers Ra = 105 and Ra = 106, the toroidal energy
is always lower than the poloidal energy, despite the fact that it can be up to about
eight and three times higher, respectively, compared to the non-rotating case as
it is recognizable in figure 4.10(a)–(d). As a consequence, the poloidal field is for
all rotation rate able to sustain cellular-like flow structures. Since for Ra = 105

convection is steady for all 1/Ro, the standard deviation σ is zero. For Ra = 106,
convection is unsteady for 0 6 1/Ro . 1.67 and due to the small computational
mesh, DNS for several thousands of time units could be performed. Hence, the
large error bars in figure 4.10(b) and (d) indicate physical variations and not a lack
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FIGURE 4.9: Times series of the volume-averaged kinetic energy ekin (black dotted line), the
poloidal energy epol (blue solid line) and the toroidal energy etor (pink dash-dotted line) for
Ra = 108 and (a) 1/Ro = 0.0, (b) 1/Ro = 2.0, (c) 1/Ro = 3.3, (d) 1/Ro = 10.0, (e) 1/Ro = 20.0.
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The time is measured in dimensionless time-units (see main text), and all time series were
deliberately set to zero at a point when statistical equilibrium was reached.

of statistics. In the range 1.67 . 1/Ro . 2.5, when the convective heat transport is
oscillatory, σ decreases with increasing 1/Ro. The oscillatory behaviour is naturally
present in the time series of ekin, epol and etor. For even larger 1/Ro, we found
steady convection, in a sense that the Nusselt number does not change in time.
Interestingly, at the transition between oscillatory and steady convection, there is a
minimum in the toroidal energy and this point also coincides with 1/Ro1.
For Ra = 107 turbulent convection is observed for all considered 1/Ro, except for
the highest rotation rate 1/Ro = 14.1, where convection is steady. But in this case,
presented in 4.10(e) and (f), the toroidal energy is higher than the poloidal energy
for 1/Ro being greater than a critical inverse Rossby number 1/Rocrit. This critical
inverse Rossby number is hence determined by the condition

1

Rocrit
=
1

Ro

∣∣∣∣
epol=etor

. (4.5.1)

I argue, that only if toroidal motions are prevailing, i.e. etor > epol, one can
speak of rotation dominated convection. If, on the other side, poloidal motions,
i.e. etor < epol, are predominant then buoyancy is more important. If etor > epol,
the LSC or other roll-like structures cease to exist and instead columnar vortices be-
come apparent. Thus, this clarifies the change of behaviour, observed in the global
flow properties presented in figure 4.3 and discussed in the previous section. Fur-
thermore, these findings are also in agreement with those by other authors (Kunnen
et al., 2008; Stevens et al., 2012, 2013b) that relate the breakdown of the large-scale
circulation to the regime of rotation dominance. They also shed some more light
on the fact, why not only the inverse Rossby number but also the Rayleigh number
has to be sufficiently high to be in a rotation dominated regime (Ecke and Niemela,
2014; Julien et al., 2012). The behaviour of ekin, epol and etor with 1/Ro at Ra = 108

and Ra = 109, displayed in figure 4.10(g)–(j), is very similar to that of Ra = 107,
but the maximum relative enhancement of the toroidal energy compared to the
non-rotating case is diminished with higher Ra. Nonetheless, in these cases the
crossover of the poloidal and toroidal energy is more pronounced, in a sense that
the difference between etor and epol is larger at rapid rotation.
To determine the transition point more accurately, the ratio of the toroidal to the
total kinetic energy etor/ekin and the ratio of the poloidal to the total kinetic energy
epol/ekin are shown in figure 4.11. Besides, the ratios etor/ekin and epol/ekin are
known to be properties of the flow characterizing the different types of dynamics
in non-rotating Rayleigh–Bénard convection (Breuer et al., 2004) and I argue that
the same is true for rotating Rayleigh–Bénard convection.
Figure 4.11 reveals various information. First of all, the critical inverse Rossby num-
ber is about 1/Rocrit ≈ 3.0 or more accurately it lies in the range 2.36 . 1/Rocrit .
3.33. At this point, both the poloidal and the toroidal energy are about 50% of the
total kinetic energy. From the equations (4.3.2)–(4.3.4) and (4.3.15)–(4.3.17) it is ob-
vious that not all of the kinetic energy is contained in the toroidal and poloidal part,
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FIGURE 4.10: Left panel: Volume- and time-averaged kinetic energy ekin (black squares and
dashed line), poloidal energy epol (blue circles and solid line) and toroidal energy etor (pink
triangles and dash-dotted line) as function of 1/Ro. The horizontal lines indicate the value in
the non-rotating case. Right panel: Volume- and time-averaged kinetic energies normalised
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by their value in the non-rotating case. The vertical dotted line shows prediction by Weiss
and Ahlers (2011b); Weiss et al. (2010), 1/Rob = 0.86, the vertical long-dashed and dashed-
dotted line mark the proposed transition by Ecke and Niemela (2014) at 1/Ro1 ≈ 2.86 and
1/Ro2 ≈ 8.33, respectively. The grey shaded area indicates where epol ≈ etor at 2.36 .
1/Rocrit . 3.33. The error bars show the standard deviation σ of the averaged values.

since
ekin 6= epol + etor. (4.5.2)

However, as can be readily seen from figure 4.11, the sum of etor and epol is for all
cases about 90% of the total kinetic energy, indicating that the single components of
the toroidal and poloidal field are almost uncorrelated.
At small inverse Rossby numbers, 1/Ro . 1 and also in non-rotating convection,
the poloidal energy decreases, and the toroidal energy increases with the Rayleigh
number. Without rotation, at Ra = 105 about 90% of the kinetic energy is contained
in the poloidal energy and only about 1% in the toroidal energy. At Ra = 109 only
about 70% of the kinetic energy is contained in the poloidal motion and 20% in
the toroidal energy. This is not surprising, because the higher Ra the higher the
number of plumes. Hence, there is an increased shearing and swirling in the flow
that is associated with a vertical vorticity and a higher etor. Consequently, epol has
to decrease. This is also related to the picture of a less strong LSC at higher Ra. With
increasing 1/Ro one has to distinguish between the steady cases Ra = 105 and 106
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FIGURE 4.11: Poloidal and toroidal energy as fraction of the total kinetic energy versus 1/Ro.
The grey shaded area shows the approximate range where epol = etor at 2.4 . 1/Rocrit .
3.3.

63



CHAPTER 4. ROTATING RAYLEIGH–BÉNARD CONVECTION OF SF6

and the turbulent cases 107 6 Ra 6 109. At intermediate inverse Rossby numbers,
1 . 1/Ro . 5, etor/ekin and epol/ekin collapse at approximately the same value for
107 6 Ra 6 109, unlike for 105 and 106. Between 7 . 1/Ro . 10 the two data
sets of Ra = 106 and 107 cling to each other, however, for Ra = 106, etor/ekin drops
afterwards to a value of about 0.4 at 1/Ro = 20.0 and epol/ekin raises again to a
value of about 0.55. On the contrary, etor/ekin increases further to 0.53 and epol/ekin
decreases to 0.42 at 1/Ro = 14.1 for Ra = 107. Thus, there is a clear distinction
between non-turbulent and turbulent rotating Rayleigh–Bénard convection. Like
this, at large inverse Rossby numbers, 1/Ro & 5, the data show a larger spread
depending on the Rayleigh number. At 1/Ro & 14, Ra = 105 is in the conducting
state, hence etor, epol and ekin are zero. The relative toroidal energy is highest for
Ra = 109, being about 70% of the kinetic energy and the poloidal energy is lowest
for the very same Ra, being about 29% at 1/Ro = 20.0.
Another way of collapsing the data has been suggested by Ecke and Niemela (2014)
choosing the quantity RaEk7/4 = Ra1/8Pr7/8Ro7/4 instead of 1/Ro. This implies a
dependence on Ra and Pr, and indeed figure 2.4 (a) reveals that the collapse of the
critical point where the toroidal and poloidal energy are equal is even better. The
in this way determined crossover happens in the range 1 6 RaEk7/4 6 2 or at
RaEk7/4 ≈ 1.5, respectively. This quantity was also found to be a suitable scaling
variable in water with Pr = 7 (King et al., 2009), although it was corrected to RaEk3/2

later on (King et al., 2012). However, the latter does not fit to the data. A better
agreement of the Nu behaviour for all Ra (except for the particularities occurring at
Ra = 106) when plotted against RaEk7/4 is also true and had already been found by
Ecke and Niemela (2014). It is presented in figure 2.4 (b).

4.6 Summary

Rotating Rayleigh–Bénard convection of a fluid with a Prandtl number of Pr = 0.8

in a slender cylinder with an aspect ratio of Γ = 0.5 was studied in the Rayleigh
number range 105 6 Ra 6 109. The rotation rate was varied between the inverse
Rossby numbers 0 and 20. Depending on the rotation rate, the general flow phe-
nomenology changes, and with it certain flow characteristics, such as the tempera-
ture, the radial velocity, the rms temperature and the skewness of the temperature.
These changes are not clearly present in the behaviour of the Nusselt number Nu
even though also there different scalings depending on 1/Ro are observed (Ecke
and Niemela, 2014). To identify these regime transitions, I decomposed the velocity
field into its toroidal and poloidal scalar field, and analysed the contribution of etor
and epol to the total kinetic energy ekin. Evaluating regime transitions by means of
etor and epol has the advantage that it bases on global quantities which are char-
acteristic for the flow in rotating and in non-rotating turbulent thermal convection.
The poloidal energy is associated with all cellular-like structures, such as the LSC or
multiple roll state, i.e. the flow typically observed in non-rotating convection. The
toroidal energy is associated with the vertical vorticity and hence with columnar
vortices, typical in rotating convection. Hence, this method is expected to work in-
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dependently of the aspect ratio and of the Prandtl number and forthcoming studies
with different Γ and Pr are to be conducted, to reinforce this idea.
In the present DNS four different regimes can be identified with the proposed
method. As long as etor has the same value as in the non-rotating case, i.e. etor/e0tor =
1, the flow is completely dominated by buoyancy. As soon as the toroidal energy
relative to the non-rotating case increases, etor/e0tor > 1, Rayleigh–Bénard con-
vection is considered to be rotation influenced. This agrees well with the bifur-
cation point found by Weiss et al. (2010) and Weiss and Ahlers (2011b), which gives
1/Rob = 0.86 for a cylindrical Γ = 0.5 cell. At a rotation rate where the toroidal
energy is greater than the poloidal one, convection is rotation dominated and large-
scale roll structures, such as the LSC, are expected to cease to exist and instead
columnar vortex structures dominate the flow. To reach this regime, however, the
Rayleigh number has to be at least about 107. The critical inverse Rossby number is
thus determined by the condition epol = etor which gives 1/Rocrit = 1/Ro|epol=etor ≈
3 (2.36 . 1/Rocrit . 3.33) for the cases considered. Finally, when the toroidal en-
ergy drops below the value of the non-rotating case, etor/e0tor < 1 one reaches the
regime of geostrophic turbulence. The last two in this way determined transitions
agree well with the ones found by Ecke and Niemela (2014), who identify them by a
different scaling behaviour of Nu, finding 1/Ro1 ≈ 2.86 and 1/Ro2 ≈ 8.33. An even
better collapse of data for the Nusselt number and the toroidal and poloidal energy
for all Ra considered can be obtained by using RaEk7/4 instead of 1/Ro as scaling
variable, yielding 1.0 . RaEk7/4crit . 2.0 for the critical rotation rate where epol ≈ etor.
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NON-OBERBECK–BOUSSINESQ EFFECTS
IN RAYLEIGH–BÉNARD CONVECTION

OF LIQUIDS∗

The influence of temperature-dependent material properties on Rayleigh–Bénard
convection is investigated in three different liquids, ranging from a very small
Prandtl number for mercury with Pr = 0.0232, over a moderate one for water with
Pr = 4.38, to a very large one for glycerol with Pr = 2547.9. For this purpose, I per-
formed three-dimensional DNS in a cylindrical cell with a unity aspect ratio. Local
quantities such as the viscous and thermal boundary layer thicknesses, the centre
temperature and the wind velocity show a breakdown of the top-bottom symme-
try. One of the major objectives of NOB studies is to understand and quantify these
asymmetries.

5.1 The validity range of the Oberbeck–Boussinesq
approximation according to Gray & Giorgini on
the example of mercury, glycerol and water

In the following, I exemplary apply the method by Gray and Giorgini (1976) to
calculate the validity range of the OB approximation as introduced in section 2.2.5
to three particular fluids, which significantly distinguish themselves through their
different Prandtl numbers. Namely, glycerol with Pr = 2547.9, water with Pr = 4.38
and mercury with Pr = 0.232, all at an arithmetic mean temperature of Tm = 40 ◦C.
The maximal requested residual error is 10 %, i.e. the absolute value of all εi is to
be smaller than 0.1.
The material properties of glycerol and water were given in terms of polynomials
of order i of the temperature by Ahlers et al. (2006). This means their functional
dependency is described by

X− Xm
Xm

=
∑
i

ai(T − Tm)
i, X ∈ {ρ, κ, cp, ν, α, Λ} (5.1.1)

∗Parts of this chapter have been adopted from HORN, S., SHISHKINA, O. AND WAGNER, C.,
Non-Oberbeck–Boussinesq effects in Rayleigh–Bénard convection of liquids, Turbulence and Inter-
actions, Springer (2014), 99–105; HORN, S., SHISHKINA, O. AND WAGNER, C., On non-Oberbeck–
Boussinesq effects in three-dimensional Rayleigh–Bénard convection in glycerol, J. Fluid Mech. 724
(2013), 175–202; and HORN, S. AND SHISHKINA, O., Rotating non-Oberbeck–Boussinesq Rayleigh–
Bénard convection, Phys. Fluids 26(5) (2014), 055111.
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with certain prefactors ai. X stands for the various material properties, i.e. the
density ρ, the heat diffusivity κ, the specific heat capacity cp, the kinematic viscosity
ν, the isobaric expansion coefficient α and the heat conductivity Λ. However, the
given polynomial for ν was not sufficient, since it led to negative viscosities for
T & 70◦C. Thus, I performed a least squares polynomial fit on the data from Segur
and Oberstar (1951) ranging from 0 ◦C to 100 ◦C. The mean values at Tm = 40 ◦C
and the coefficients ai were given in table 5.1 for glycerol and in table 5.2 for water,
respectively. Mercury’s material properties were taken from Bobkov et al. (2008):

ρ [kg m−3] = 13595.0
(
1.0− 1.8144× 10−4(T − T0)

−7.016× 10−9(T − T0)
2 − 2.8625× 10−11(T − T0)

3

−2.617× 10−14(T − T0)
4
)
, (5.1.2)

cp [10
3J kg−1 K−1] = 0.1508− 6.630× 10−5(T − T0) + 6.4185× 10−8(T − T0)

2

+0.8049(T − T0)
−1, (5.1.3)

α [10−4K−1] = 1.8144+ 7.016× 10−5T + 2.8625× 10−7T2

+2.617× 10−10T3, (5.1.4)
Λ [W m−1 K−1] = 8.178+ 1.36× 10−2T − 6.378× 10−6T2, (5.1.5)

κ [m2 s−1] =
Λ

ρcp
, (5.1.6)

ν [m2 s−1] =
0.31× 10−3T0.07939 ∗ exp

(
341.13
T

)
ρ

, (5.1.7)

where T is the temperature in Kelvin and T0 = 273.15 K.
The deviation of the material properties from their values at Tm is shown in fig-
ure 5.1(a) for glycerol, in figure 5.2(a) for water and in figure 5.3(a) for mercury the
range between 0 ◦C and 80 ◦C.† By looking at the actual temperature dependencies
of the material properties of the fluids it is intuitively clear, that the OB approxima-
tion is least applicable in the case of glycerol, and probably valid for a great range
of temperatures in the case of mercury. This is especially evident for the variation
of the viscosity ν, yielding the very different scales on the ordinate for the three flu-
ids. But the aforementioned functional dependencies enables one to calculate the
validity range of the OB approximation explicitly.
Glycerol only exhibits a strongly temperature-dependent viscosity, while all the
other thermophysical properties are virtually constant. This suggests that NOB
effects occur already at small ∆. Indeed, the validity range diagram according to
Gray & Giorgini Gray and Giorgini (1976), presented in figure 5.1(b), confirms it,
showing that the maximal admissible temperature difference is ∆ = 0.044 K. It also
shows that the maximal attainable Rayleigh number Ra = αmg∆H

3/(κmνm) under
OB conditions is 3.9 × 109. For water, the variation of the material properties is
much weaker, however, the variation in ν and α is of the same strength, and also
the variation inΛ and κ, respectively, is not negligible. The validity range presented

†Strictly speaking, the polynomials were not valid in the case of water for temperature values
around 4 ◦C due to its density anomaly. Hence, I did not conduct water simulations for temperatures
below 10 ◦C.
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in figure 5.2(b) shows that OB conditions are limited to ∆ < 0.268 K. Finally, mer-
cury has almost constant material properties, and thus NOB effects are only to be
expected for larger ∆, as shown in figure 5.3(b). It should also be noted, than for
none of the fluids, the α∆ criterion is the crucial one.
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ρ [103 kg m−3] cp [103 J kg−1 K−1] α [10−4 K−1] Λ [10−1 W m−1 K−1] κ [10−6 m2 s−1] ν [10−6 m2 s−1]

Xm 1.2477 2.5108 4.7893 2.9351 0.0937 238.738

a1 [10−4 K−1] −4.789 22.511 20.639 3.863 13.858 −771.27
a2 [10−6 K−2] −0.3795 — 4.664 — 3.913 2746.4

a3 [10−8 K−3] — — 1.0757 — −0.7577 −3257.1
a4 [10−9 K−4] — — 2.540 — — 1513.2

a5 [10−10 K−5] — — — — — −1135.0
a6 [10−11 K−6] — — — — — 261.07

a7 [10−12 K−7] — — — — — −18.682

TABLE 5.1: Material properties X ∈ {ρ, cp, α, Λ, κ, ν} of glycerol at a mean temperature of Tm = 40 ◦C and the coefficients of the
polynomials (5.1.1). Adopted from Ahlers et al. (2006) and Segur and Oberstar (1951).

ρ [103 kg m−3] cp [103 J kg−1 K−1] α [10−4 K−1] Λ [W m−1 K−1] κ [10−6 m2 s−1] ν [10−6 m2 s−1]

Xm 0.9922 4.1690 3.8810 0.6297 0.1528 0.6690

a1 [10−4 K−1] −3.736 0.084 195.0 21.99 23.52 −175.9
a2 [10−6 K−2] −3.98 4.60 −159.8 −17.8 −14.9 295.8

a3 [10−8 K−3] — — 207.0 — — −460.0

TABLE 5.2: Material properties X ∈ {ρ, cp, α, Λ, κ, ν} of water at a mean temperature of Tm = 40 ◦C and the coefficients of the polyno-
mials (5.1.1). Adopted from Ahlers et al. (2006).
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FIGURE 5.1: (a) Relative deviations of glycerol properties X from their values Xm at a mean
temperature of Tm = 40◦, according to Segur and Oberstar (1951) and Ahlers et al. (2006);
black solid line: density ρ; green dashed line: thermal diffusivity κ; orange short dashed
line: specific heat capacity cp; purple dashed dotted line: kinematic viscosity ν; blue dashed
triple-dotted line: expansion coefficient α; pink dotted line: thermal conductivityΛ. (b) Re-
gion of validity of the OB approximation for glycerol at Tm = 40 ◦C, according to Gray and
Giorgini (1976). The grey shaded area shows the parameter range where the OB approxi-
mation is valid within a residual error of 10%. The stars denote the NOB DNS data points.

For mercury, I only performed simulations under OB conditions because now sig-
nificant differences under NOB conditions are to be expected. But the main objec-
tive of this work was the investigation of NOB effects, hence, I focused on DNS of
Rayleigh–Bénard convection in glycerol and water.

5.2 Non-Oberbeck–Boussinesq effects in glycerol

Trying to understand the particular case of Rayleigh–Bénard convection in glycerol
means facing two challenges at the same time. First of all, the standard approach
of using the OB approximation is not appropriate here, and second, glycerol has a
very high but finite Prandtl number of Pr = 2547.9. Thus the inertial forces are
small but not negligible, while the momentum is very diffusive.
Thermal convection at large Pr exhibits very different characteristics compared to
low and moderate Pr, even without NOB effects. But not much work has been de-
voted to this. Glycerol has been experimentally investigated by Zhang et al. (1997,
1998), but their experiments were conducted for a large range of Prandtl numbers
(600 . Pr . 8000), a major shortcoming induced by the strongly varying viscos-
ity. However, to draw quantitative conclusions, it is preferable to have a constant
Pr. This can be achieved by means of numerical simulations, despite the fact that
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FIGURE 5.3: (a) Relative deviations of mercury properties X from their values Xm at a mean
temperature of Tm = 40◦, according to Ahlers et al. (2006); the lines are as in figure 5.1.(b)
Region of validity of the OB approximation for mercury at Tm = 40 ◦C, according to Gray
and Giorgini (1976). The grey shaded area shows the parameter range where the OB ap-
proximation is valid within a residual error of 10%.
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treating high Prandtl number fluids is very challenging due to the required mesh
resolution. A recent example for a numerical study on fluids with large Prandtl
numbers to mention here is the work by Silano et al. (2010). They performed nu-
merical simulations for Pr = 1000 and Pr = 10000 for up to Ra = 109 and up to
Ra = 107, respectively. Generally, instead of conducting simulations at high Pr,
rather the limit as Pr goes to infinity has been used, as, for example, by Busse
(1979) and Constantin and Doering (1999) under OB conditions and Christensen
and Harder (1991); Ogawa et al. (1991) and Manga and Weeraratne (1999) with a
temperature-dependent viscosity. While making analytical and numerical consid-
erations simpler, this approach completely neglects effects induced by inertia.
Thus, the aim of studying Rayleigh–Bénard convection in glycerol was twofold:
First, to provide an accurate and extensive set of data for a high Pr fluid under strict
OB conditions – which is only possible by means of well-resolved three-dimensional
DNS, because experiments are unavoidably spoiled by NOB effects at higher Ra (cf.
e.g. Xia et al., 2002). Second, to also evaluate the influence of NOB effects for that
case.

5.2.1 Resolution of the DNS and parameter range

The high Prandtl number of Pr = 2547.9 puts severe constraints on the temporal
and spatial resolution, making glycerol very challenging from a numerical point of
view. First of all, the instabilities due to momentum diffusion are damped much
faster than the instabilities in the temperature, and the system reacts almost in-
stantaneously to temperature fluctuations. Thus, the temperature scales are much
smaller than the velocity ones. As a result, the time to reach equilibrium and to gain
reliable statistics is at least one order of magnitude longer, i.e., several thousand di-
mensionless time units.
Second, the system is known to be dominated by single plumes, also in the centre of
the cell, which then occasionally cross the whole cell, as shown in figure 5.4. They
also become thinner with increasing Ra, requiring a sufficient resolution not only
in the boundary layers but also within the bulk. Furthermore, the viscous bound-
ary layer becomes much thicker than the thermal one and eventually saturates at
a certain value (Breuer et al., 2004; Grossmann and Lohse, 2001; Schmalzl et al.,
2004). This cannot be described within the theory of mesh requirements proposed
by Shishkina et al. (2010). I decided to take the criterion from Shishkina et al. (2010)
for the mesh size in the Prandtl–Blasius type boundary layer and apply it to the
whole domain and, moreover, I divided the required mesh size by a safety factor of
2 to consider NOB effects, i.e., all cells are smaller than

hBL =
1

2

[
2−3/2a−1E−3/2Nu−3/2H

]
(a ≈ 0.482, E ≈ 0.982). (5.2.1)

The Nusselt number Nu was estimated using the scaling laws suggested by Ahlers
et al. (2009); Grossmann and Lohse (2000, 2001, 2002) as the best available estimate.
I refrained from using the experimental data by Zhang et al. (1997) because all of
their measurements were made for strongly varying Prandtl numbers and only for
a range between 8.2×106 and 6.1×108. The Nusselt numberNuGL calculated using
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Ra NuGL hBL/H NuDNSOB h/H max(hz/ηB) Nr× Nφ× Nz

105 4.7 57.6×10−3 3.88±0.01 14.1×10−3 0.41 32× 64× 64

106 7.6 19.9×10−3 8.84±0.02 12.3×10−3 0.96 32× 64× 64

107 13.2 8.33×10−3 17.62±0.13 7.81×10−3 1.04 64× 128×128
108 25.6 3.00×10−3 33.92±0.61 2.60×10−3 0.76 192× 512×384
109 52.9 0.99×10−3 65.38±1.24 2.60×10−3 1.60 192× 512×384
109 52.9 0.99×10−3 65.76±0.74 1.30×10−3 0.83 384×1024×768

TABLE 5.3: Rayleigh number Ra, the corresponding Nusselt number NuGL according to
the Grossmann–Lohse theory(Ahlers et al., 2009; Grossmann and Lohse, 2000, 2001, 2002),
the Nusselt number for the OB cases obtained in the simulations NuDNSOB , the requested
maximal cell size in the boundary layers hBL/H, according to equation (5.2.1), and the actual
one h/H, the maximal value of the ratio of the vertical mesh width to the Batchelor length
max(hz/ηB), and the number of nodes Nr, Nφ, Nz in the radial, azimuthal, and vertical
direction, respectively, for Pr = 2547.9.

the Grossmann–Lohse theory‡, the herewith a priori requested resolution hBL/H,
and the number of nodes in the radial, azimuthal, and vertical direction, are given
in table 5.3. In addition, also the actual maximal grid size in the boundary layers
h/H is shown, as well as the Nusselt number obtained in the OB simulationsNuDNSOB .
Further details regarding the heat flux, including but not limited to the Nusselt
number and its scaling, are discussed in section 5.2.8. Because of the very fine
meshes, the nodes were distributed equidistantly for Ra = 107, 108 and 109. For
smaller Ra, non-equidistant meshes were used where the nodes were clustered in
the vicinity of the walls.
For Ra = 109, the maximal mesh size in the boundary layers is slightly smaller.
However, a grid resolution study for the Ra = 109 simulation was also conducted,
and revealed that theNuDNS obtained agrees well with the one obtained on a coarser
grid with 192 × 512 × 384 nodes (see table 5.3). The grid resolution was also veri-
fied with an a posteriori analysis, i.e., I checked that the vertical grid spacing hz is
everywhere smaller than the smallest relevant length scale, the (non-dimensional)
Batchelor length

ηB = γ−9/8Pr−1/8Ra−3/8ε−1/4u , (5.2.2)

with the dimensionless kinetic energy dissipation rate

εu = γ−3/2Pr1/2Ra−1/2|∇u|2. (5.2.3)

The maximal value of the ratio hz/ηB is also given in table 5.3. It is less than or
equal to 1.0 for the whole computational domain and for all considered cases. These
considerations show that the grid resolution has indeed been chosen properly.
Here, the results from a total of 17 simulations, that is, Ra ∈ {105, 106, 107, 108,
109}, each under OB conditions and the NOB condition ∆ = 40 K is discussed. For

‡The prefactors a = 0.482, Rec = 1.041, c1 = 8.685, c2 = 1.441, c3 = 0.462, c4 = 0.013 were used.
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Ra = 106 I additionally performed NOB simulations for ∆ ∈ {10 K, 20 K, 30 K, 50 K,
60 K, 70 K, 80 K}. For all simulations I started temporal averaging when the flow
had statistically converged. As the criterion for this, I waited for the radial and
azimuthal averaged Nusselt number to be constant along the vertical coordinate
after an appropriate averaging time. In general, this meant at least five thousand
time units, but rather typically ten thousand time units before initiating and several
thousand time units of actual statistical averaging. Thus, the statistical data for the
higher ∆, i.e. 60 K–80 K, and higher Ra, i.e., 108 and 109, were obtained within 1000
to 3000 time units, and for lower ∆ and Ra, within more than 3000 and up to 10 000
time units.

5.2.2 Flow structures and plume dynamics

By looking at the instantaneous flow fields in figure 5.4, one can realise at first
glance, that the flow in large Prandtl number fluids differs greatly from the flow
at low and moderate Prandtl number fluids, for example, air (Pr = 0.7) and water
(Pr = 4.38) at the same Rayleigh number (see e.g. Wagner et al., 2012). Follow-
ing the classification by Busse (1978), Krishnamurti and Howard (1981), Getling
(1998) and Manga and Weeraratne (1999), the flow behaviour in Rayleigh–Bénard
convection can be distinguished into steady, unsteady, plume-dominated, transi-
tional, and turbulent. Except for the fully turbulent case, my simulations covered
all these flow regimes. The visualisation of the spatial structures can be used with
relative ease as a method for distinguishing between the different states. Another
criterion for categorising them is to use the probability density functions (PDFs),
which will be discussed in section 5.2.5.
The instantaneous temperature fields for Ra ∈ {105, 106, 107, 108, 109} are pre-
sented in figure 5.4, and in addition, the time averaged temperature and velocity
fields for the representative cases of Ra = 105, 107, and 109 are shown in figure 5.5
under both OB and NOB conditions with ∆ = 40 K.
For the lowest Rayleigh number, Ra = 105, and under OB conditions, a single con-
vection roll is found. The time averaged 2D slices reveal a plane with one large roll
and tiny counter-rotating secondary rolls at its edges. In the vertical plane perpen-
dicular to it, four equally sized smaller convection rolls develop. The time averaged
and the instantaneous flow fields are virtually the same. The temporal variation is
only on a long time scale and we can speak of a three-dimensional flow with quasi-
steady behaviour. A similar superposition of two roll patterns has been referred
to as bimodal convection by Busse (1978), however, the sense of rotation of these
patterns relative to each other is opposite to that reported by Busse (1979) for high
Pr fluids. This disagreement might be an effect of the finite size of the cell. Under
NOB conditions, the flow structures are similar, but the perfect top–bottom sym-
metry, typical for OB cases, is broken. Not only a clearly visible increase of the bulk
temperature is obtained, but also a shifting of the large convection roll away from
the centre. In the instantaneous flow field, one can also see that partially even the
down-welling flow has a positive temperature, T > 0. Hence, the four rolls in the
plane perpendicular to the large convection roll are arranged in a different manner.
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FIGURE 5.5: Time-averaged temperature fields with over-plotted velocity field for Ra =
105 (first column), Ra = 107 (second column) and Ra = 109 (third column). The pictures
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are arranged in the following manner: the first and second row show the OB case, (a)–
(c) is the plane where one convection roll or large scale circulation, respectively, is found
(abbreviated by LSC), (d)–(f) the central vertical plane perpendicular to it (LSC⊥); the third
and the fourth row show the NOB case, again (g)–(i) is the plane of the LSC and (j)–(l) the
plane LSC⊥.

The upper two rolls are less extended in size and their centres are shifted closer to
the cylinder axis, while the lower rolls are situated closer to the walls.
With increasing Rayleigh number, the flow becomes gradually unsteady and plumes
start to rise from the boundary layers. Generally, they keep on being connected to
their boundary layers where they are formed, until they reach the opposite cold or
hot wall. However, the plumes become thinner with increasing Ra and thus also the
number of emitted plumes increases. Their persistency is attributed to the domina-
tion of the diffusion of momentum over the diffusion of heat.
For Ra = 106 and 107, single isolated plumes emerge. In the OB case, time aver-
aging reveals three lengthy rolls extending in the vertical direction with very small
rolls between them at the top and bottom. This three roll structure resembles the
flow developing at higher aspect ratios and lower Prandtl numbers. An example
for Pr = 0.7 and an aspect ratio of Γ = 10 was shown by Shishkina and Wagner
(2006). A similar structure was also detected by Silano et al. (2010) for slightly dif-
ferent parameters, Pr = 103, Ra = 108 and Γ = 0.5. Under NOB conditions the
flow is distorted similar to the case of Ra = 105: again the centre temperature is
higher, we find warm down going plumes, and the large scale structures are ar-
ranged asymmetrically. In fact, one of the three rolls is much larger than the other
two. Therefore, one can find a plane where it resembles a typical large scale circu-
lation (LSC). However, in the plane perpendicular to it (LSC⊥), the corresponding
four-roll structure is missing. The 3D field confirms as well that the structure is
more complex.
At Ra = 108 and Ra = 109, the highest Rayleigh numbers attained, I find a sys-
tem where the velocity of the plumes and large-scale structures are comparable,
leading to the impression that the flow is only governed by plumes, which cross
the Rayleigh–Bénard cell almost unaffected. Thus, it seems reasonable to call this
a plume-dominated regime. This was also described by Breuer et al. (2004) and
Schmalzl et al. (2004). But even at Ra = 109, the majority of plumes are still con-
nected to their thermal boundary layers: only a few detach from them. While the in-
stantaneous fields have very distinct features, as pictured in figure 5.4 for Ra = 108

and 109, the time averaged flow fields are very similar to the ones obtained for
lower Pr at the same Ra. They unambiguously show an LSC. Again in the NOB case
the overall flow pattern within the cylinder is more complex, but the general fea-
ture, i.e. the LSC is still present. Apparently, this behaviour has not been found in
the 2D simulations by Sugiyama et al. (2007), neither in the OB nor in the NOB case.
Hence, 3D simulations are necessary to capture all the relevant flow structures, es-
pecially for NOB effects. These findings are also more consistent with the results
of the experiments for Ra = 2.3 × 108 by Zhang et al. (1997), although all plumes
stayed connected with their boundary layer and the LSC was easier to recognise
in the experiments. The reason for this disagreement is probably the about half as

78



CHAPTER 5. NON-OBERBECK–BOUSSINESQ EFFECTS IN
RAYLEIGH–BÉNARD CONVECTION OF LIQUIDS

large Pr in their case.
During averaging, neither reversals of the LSC nor any noticeable shifting of the az-
imuthal angle of the large scale structures were observed. While all the presented
flow fields display a clearly chaotic behaviour, the transition range to a fully devel-
oped turbulent flow extends up to Ra ≈ 1012 when using the criterion based on the
average Kolmogorov length as a typical length scale for the coherent structures.
Many of the asymmetries obtained in the NOB cases can be ascribed to the different
viscosities in the cold top and hot bottom layers. That is, the lower viscosity at the
warm bottom makes the plumes more prone to leave the bottom layer and they
are also more mobile, i.e., faster. The cold plumes from the top have the exact
opposite behaviour: they are very viscous and thus rather remain within the cold
top boundary layer. Or alternatively, one could say that the plumes emanating
from the cold top layer move more slowly and hence, they remain much longer
in contact with the ambient medium in the bulk and heat up on their way down.
These asymmetric plume dynamics have a significant influence on the entire flow
behaviour and, in particular, on the boundary layers and the temperature profiles.
This will be explained in more detail in the following sections.

5.2.3 Mean temperature profiles and thermal boundary layers

Figure 5.6 presents the time and r–φ plane averaged mean temperature profiles
under OB and NOB conditions. Figure 5.6(a) shows the profiles for different Ra
under OB and under NOB conditions, each time for ∆ = 40 K. In figure 5.6(b) the
Rayleigh number is kept constant at Ra = 106 and various NOB conditions, i.e., ∆,
are shown.
At the beginning of the simulations, all profiles exhibited an overshoot adjacent to
the boundary layers. Schmalzl et al. (2004), amongst others, observed this feature
already at Pr = 100 for Ra = 106, and suggested that this is a feature of the high
Prandtl number. In my case, however, both under OB and NOB conditions, those
overshoots disappeared in the course of the simulations. Thus, I think that this in-
termediate phenomenon is rather an indicator that the statistical equilibrium state
has not been reached yet. Nonetheless, in the profiles for Ra = 105 and Ra = 106,
seen in figure 5.6 (a)–(b), some non-monotonicity persists due to the occurring
structures (cf. figure 5.12) in this still quasi-steady regime and is not expected to
disappear after even longer averaging times.
The most prominent feature that distinguishes the NOB profiles from the OB ones
is the higher temperature in the bulk. The deviation of the centre temperature Tc
from the arithmetic mean temperature will be treated in detail in section 5.2.4. Fur-
thermore, the NOB profiles always lie above the corresponding OB profiles, i.e.,
they bend more towards the plate temperature close to the top and further away
from the plate temperature close to the bottom, in comparison to the OB profiles. It
is more easily visible when looking at the second derivative where the profiles are
normalised by the maximum absolute value of the second derivative of the corre-
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FIGURE 5.6: (a)–(b) Mean temperature profiles, i.e., the temperature averaged in time t and
in every r–φ plane. (c)–(d) Curvature of the temperature profiles normalised to the OB
value, as defined by equation (5.2.4). The black dashed vertical lines mark the points where
|κ| = 1. The left panels (a) and (c) correspond to varying Ra and the dashed lines indicate
the OB case and the solid lines the NOB cases for ∆ = 40 K. The right panels (b) and (d)
correspond to a constant Ra = 106 and each time the OB case and various NOB conditions,
i.e., ∆ ∈ {20 K, 40 K, 60 K, 80 K}.

sponding OB profile,

κ =
〈∂2zT2〉r,φ,t
max |κOB|

, (5.2.4)

seen in figures 5.6(c) and (d). Close to the top plate holds |κ| < 1 and close the
bottom one holds |κ| > 1. This behaviour is enhanced with increasing ∆ as well as
with increasing Ra. A similar result was obtained for water by Ahlers et al. (2006).
The reason lies in the larger heat conductivity Λ at the bottom and the smaller Λ
at the top. Since the heat flux has to be same at both boundaries, the temperature
profiles have to compensate for this.
Associated with the profiles are the different thicknesses of the boundary layer. The
thermal boundary layer thicknesses λθt and λθb are defined by the slope criterion, i.e.

λθt =
Tt − Tc

∂z〈T〉r,φ,t|z=H
, λθb =

Tc − Tb
∂z〈T〉r,φ,t|z=0

. (5.2.5)

The ratio of the top to bottom boundary layer thickness, χθλ = λθt/λ
θ
b, is given in

figure 5.7. It is practically independent of Ra, but increases with increasing ∆, i.e.,
the top thermal boundary layer is always thicker than the bottom one, λθt > λθb. For
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where the top and bottom boundary layer have the same thickness, i.e, χλ = 1. (b) Similar
to figure (a) but for constant Ra = 106, as functions of ∆.

the highest considered temperature difference, ∆ = 80 K, the top boundary layer is
about 2.5 times thicker.

5.2.4 Centre temperature Tc
One of the best known, and also best analysed, NOB phenomena is the deviation
of the temperature in the centre Tc from the arithmetic mean temperature Tm. The
three-dimensional DNS showed that for a temperature difference of ∆ = 80 K, the
centre temperature can be up to 15 K higher than under OB conditions.
There exist several models to predict the change of Tc, amongst others there are the
ones by Wu and Libchaber (1991), Manga and Weeraratne (1999), and Ahlers et al.
(2006). The comparison of the model predictions to the DNS data is shown in fig-
ure 5.8. Most of the models considered here are essentially based on the following
ideas. In the centre of the cell, the heat is almost solely transported by convection,
but in the boundary layers by conduction, since there the velocity approaches zero.
Because the total dimensionless heat flux, i.e., the Nusselt numberNu, is the sum of
the convective and conductive heat fluxes, qconv and qcond,

Nu = qconv + qcond = Nu = (RaPrγ)
1/2 〈uzT〉− γ−1 〈Λ∂zT〉 , (5.2.6)

it needs to be constant due to energy conservation. The temperature gradient is zero
in the bulk, hence the mean temperature 〈T〉r,φ,t only changes within the boundary
layers, and thus the total temperature drop ∆ is the sum of the temperature drops
within the top and the bottom boundary layers:

∆ = ∆t + ∆b. (5.2.7)

Obviously, the ratio

χ∆ =
∆t

∆b
(5.2.8)
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FIGURE 5.8: The centre temperature Tc versus. ∆ for a fixed Ra = 106, the predictions from
the models of Wu and Libchaber (1991), Zhang et al. (1997), Manga and Weeraratne (1999),
and Ahlers et al. (2006), and the results from 2D simulations by Sugiyama et al. (2007) are
plotted as well.

equals one under OB conditions, but in the NOB case this is no longer true. It
will prove to be convenient to combine these two equations and express the two
temperature drops as follows:

∆t =
χ∆

1+ χ∆
∆, (5.2.9)

∆b =
1

1+ χ∆
∆. (5.2.10)

In the thermal boundary layers the heat flux is given by conduction, hence

qcond = Λt̄
∆t

λθt
= Λb̄

∆b

λθb
⇒ κt̄

∆t

λθt
= κb̄

∆b

λθb
. (5.2.11)

The indices t̄ and b̄ here and in the following denote that the quantity is taken at the
interpolated temperatures (Tt+ Tc)/2 and (Tb+ Tc)/2. The latter equality in (5.2.11)
results from the fact that ρ and cp are assumed to be constant over the cell. In my
opinion, a better prerequisite is the exact relation at the plates, i.e.,

qcond = Λt
∆t

λθt
= Λb

∆b

λθb
⇒ κt

∆t

λθt
= κb

∆b

λθb
. (5.2.12)
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Nonetheless, Wu and Libchaber (1991) used (5.2.11), since the latter equation (5.2.12)
results in a greater deviation from their experimental data for all their Tc models.
The same conclusion can be drawn with the DNS shown here.
In the first model, they assume that the boundary layer Rayleigh number is the
same at the top and bottom,

Rat̄ = Rab̄ ⇔ αt̄g∆tλ
3
t

κt̄νt̄
=
αb̄g∆bλ

3
b

κb̄νb̄
. (5.2.13)

Their second proposed model follows the scaling model of Castaing et al. (1989)
and assumes that the velocity scales w of the plumes are equal,

wt̄ = wb̄ ⇔ gαt̄∆tλ
2
t

νt̄
=
gαb̄∆bλ

2
b

νb̄
. (5.2.14)

These scales are based on the balance between the buoyancy force gα∆ and the
viscous force νw/λ2. The third model will yield the same result, and is again based
on the aforementioned scaling model, but this time assuming the same temperature
scales Θ within the boundary layers,

Θt̄ = Θb̄ ⇔ κt̄νt̄
gαt̄λ

3
t

=
κb̄νb̄
gαb̄λ

3
b

. (5.2.15)

All these assumptions can be checked against the DNS data. Figure 5.9 presents the
ratios

χRa =
Rat̄
Rab̄

, χw =
wt̄
wb̄

and χΘ =
Θt̄
Θb̄
. (5.2.16)

In the case of glycerol and the ranges of Ra and ∆ I considered here, none of the
assumptions is perfectly fulfilled. Wu and Libchaber (1991), however, found that at
least the ratio χΘ of the third model was constant in their experiments conducted for
low-temperature helium gas, while the assumptions for the first and second model
did not hold.
Even though none of the required conditions are perfectly met, the models give a
good prediction of the actual Tc for glycerol. One can complete equations (5.2.7)
and (5.2.11) now with either equation (5.2.13), (5.2.14), or (5.2.15), and uniquely
calculate the ratio χ∆,

χ∆,1 =

(
αb̄νt̄
αt̄νb̄

)1/4(
κb̄
κt̄

)1/2
, (5.2.17)

χ∆,2/3 =

(
αb̄νt̄
αt̄νb̄

)1/3(
κb̄
κt̄

)2/3
. (5.2.18)

All of the material properties still depend on χ∆, but with the help of the polyno-
mial functions of the material properties these equations can be solved numerically.
Herewith, and using equations (5.2.9) and (5.2.10), the centre temperature Tc can be
calculated:

Tc = Tt + ∆t = Tb − ∆b. (5.2.19)
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FIGURE 5.9: (a) The left panel shows different ratios of top to bottom quantities, the bound-
ary layer Rayleigh numbers χRa, the plume velocity scales χw, and the temperature scales
χΘ as functions of Ra for the NOB simulations with ∆ = 40 K. (b) The right panel shows the
same quantities but as functions of ∆ for fixed Ra = 106. The dashed line corresponds to
χ = 1 in each case.

The difference Tc − Tm for the three models is shown for different ∆ in figure 5.8.
Zhang et al. (1997) used a two-dimensional steady-state boundary layer model with
three main assumptions. First, the plumes transport not between the thermal top
and bottom layer but only from the walls to the mixing region between the lay-
ers. Second, Tc is adjusted, so that the fluxes at the top and bottom are equal, and
third, the viscous stress is constant within the thermal sub-layer. Then the lami-
nar two-dimensional thermal boundary layer equation is solved numerically. The
result yields Tc as a function of both Tt and Tb. However, they only took into ac-
count the temperature dependency of the viscosity and not the thermal diffusivity.
Zhang et al. (1997) also gave another approximation for the third model of Wu and
Libchaber (1991) consistent with their boundary layer theory. Using an exponential
dependency of the viscosity, i.e., ν(T) ∝ exp(−cT), c = 0.087, and again leaving all
the other material properties constant, they found the fit

Tc =
∆

2
tanh(c∆/12). (5.2.20)

They also conducted experiments and measured the centre temperature. Certain
points for their boundary layer model, the tanh fit (5.2.20) and the experimental
data are shown in figure 5.8 as well. In their experiments the mean temperature
Tm varied strongly, between 24.55◦C and 64.75◦C, and hence, so did the Prandtl
number, between approximately 600 and 8000. As consequence, the scatter of Tc is
large. Thus, I distinguished between Pr > 1200 and Pr < 1200. The data points for
higher Pr show a very good agreement with the three-dimensional DNS data. On
the contrary, the lower Pr data yield a lower Tc.
Manga and Weeraratne (1999) investigated Rayleigh–Bénard convection in corn
syrup which has a comparable high Prandtl number between 103 < Pr < 106 and
a similar temperature-dependent viscosity. By also considering an exponential de-
pendency of the viscosity, assuming thatNu scales with the Péclet number Pe = PrRe
with Nu ∝ Pe−1/3 and that the temperature drop within the convecting region is
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FIGURE 5.10: Probability density functions (PDFs) of the time averaged temperature for
the whole volume. (a) Different Ra, the dashed line indicates the OB case, the solid line the
NOB case with ∆ = 40 K. (b) Constant Ra = 106, shown are the OB case and four different
NOB cases.

∆/2 (which is equivalent to using Tt̄ and Tb̄), they found the following relation for
the centre temperature,

Tc =
∆

1+
(
νt
νb

)−1/6 + Tt, (5.2.21)

also presented in figure 5.8.
Ahlers et al. (2006) used a similar approach to Zhang et al. (1997), but extended the
Prandtl-Blasius boundary layer theory also for a temperature-dependent diffusiv-
ity κ. The comparison with the experimental and the DNS data revealed that the 2D
boundary layer models overestimate the actual Tc. The rather poor agreement—at
least in comparison to its very successful application in the case of water—can be
explained easily. As already pointed out by Sugiyama et al. (2009) the main devia-
tion is caused by plume emission. However, in the case of glycerol, this happens not
only close to the walls, but indeed everywhere on the plates, making the Prandtl–
Blasius boundary layer theory less applicable. The discrepancy gets worse due to
the fact that the plumes stay connected to their boundary layers.
Finally, I also show in figure 5.8 the data from the two-dimensional simulations by
Sugiyama et al. (2007). Their data are lower than mine, even though the Prandtl
number is the same. Assuming that the scatter in the experimental data is indeed
caused by different Pr, it seems hat two-dimensional simulations are insufficient for
obtaining an accurate value of Tc.
In conclusion, the model of Wu and Libchaber (1991) based on the same velocity or
temperature scale in the top and bottom boundary layer (equations (5.2.14)–(5.2.15))
predicts Tc the best out of all the considered models, with a standard deviation of
0.4 K.

5.2.5 Probability density functions of the temperature

Figure 5.10(a) presents the volume-weighted probability density functions (PDFs)
of the time averaged temperature for the whole cell. In the OB cases, the most
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likely temperature is the arithmetic mean temperature Tm, while in the NOB cases
the most likely temperature is close to Tc. The change of the PDFs, i.e., the shift
to the right, is also associated with the presence of thermal boundary layers with
different thicknesses. Figure 5.10(b) shows the PDFs for a constant Ra but varying
∆; the PDFs become more asymmetric and the maximum peak is shifted to higher
temperatures.
Following the classification of Manga and Weeraratne (1999), one can herewith also
distinguish between the different styles of convection. If the distribution is Gaus-
sian, then the flow is expected to be quasi-steady. If the distribution is exponential,
then the flow is turbulent. However, for high Prandtl number fluids, these curves
have superimposed on them a persisting peak caused by the plumes (cf. e.g. Manga
and Weeraratne, 1999). Thus, for Ra = 105 the PDF is Gaussian, while with in-
creasing Ra the plumes become more predominant, resulting in a more and more
prominent peak. When Ra is increased further (Ra & 109), the background starts to
resemble an exponential distribution and the plume-induced peak starts to grad-
ually vanish. For the fully developed turbulent regime, a completely exponential
shape of the PDFs is to be expected.

5.2.6 Wind profiles and viscous boundary layers

The very distinct large scale structures occurring in glycerol can also be detected by
looking at the profiles of the radial and vertical velocity components and the rms
velocity fluctuations. The rms velocity fluctuations, or turbulence intensities, are
defined by

urms =
(
〈u2〉t − 〈u〉2t

)1/2
, (5.2.22)

where u denotes one of the three velocity components, ur, uφ or uz.
The radial and vertical velocity profiles for 105 6 Ra 6 109 under OB and the
NOB condition ∆ = 40 K are shown in figure 5.11(a), and likewise for Ra = 106

and various NOB conditions ∆ = 20 K, 40 K, 60 K and 80 K in figure 5.11(b). The
radial profiles are obtained by averaging uz(r, φ, z) in time and along φ and z and
are thus functions of the radial position, i.e., 〈uz〉φ,z,t(r). Similarly, the vertical
profiles are obtained by averaging ur(r, φ, z) in time and along r andφ and are thus
functions of the vertical position, i.e., 〈ur〉r,φ,t(z). The radial profiles can generally
be considered to be relevant for the wind along the plates, whereas the vertical
profiles are relevant for the wind being parallel to the bottom and top plate.
However, the flow patterns for glycerol are more complex than just a single LSC
with corner-flows, thus the profiles’ appearance does not resemble the one detected
at lower Pr. That means one cannot find small negative or positive values in the
vicinity of the walls caused by corner-flows, but instead one finds several maxima
in the vertical profiles, and not all the radial profiles are zero at the centre line of the
cylinder. Furthermore, as can be seen in figure 5.4 and 5.5, there is an up-welling
structure approximately in the centre of the cylinder for 106 6 Ra 6 108, under both
OB and NOB conditions. Thus, close to the bottom plate, the radial flow is direct
inwards, i.e. 〈ur〉r,φ,t < 0, feeding the central structures, and then when reaching
the top, the flow is consequently, directed outwards, i.e., 〈ur〉r,φ,t > 0.
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FIGURE 5.11: (a) Mean profiles of the radial velocity ur(z) and the vertical velocity uz(r) for
different Ra. The dashed lines indicate the OB, the solid lines the NOB cases with ∆ = 40 K.
(b) Similar to (a), but for constant Ra = 106 and different NOB cases, i.e., ∆, as well as under
OB conditions. (c) Mean profiles of the radial rms velocity ur,rms(z) and the vertical rms
velocity uz,rms(r) for different Ra. The dashed lines indicate the OB, the solid lines the NOB
cases with ∆ = 40 K. (d) Similar to (d) but for Ra = 106 and different NOB cases, i.e., ∆, as
well as under OB conditions.
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The major difference in the NOB case is, that the vertical profiles are bent further
away from the plate near the top, and closer towards it near the bottom compared to
the OB profiles, i.e., exactly the opposite from the case for the temperature profiles.
The reason is the different boundary layers, where also the largest variations of
the material properties occur. But generally, there is no clear trend in which way
the profiles are modified under NOB conditions. This is especially evident in the
case of Ra = 106. For ∆ = 20 K the velocity 〈uz〉φ,z,t(r = 0) is close to zero and
lower than in the OB case, while for higher temperature differences ∆ the velocity
at the centre line is higher than in the OB case. The vertical profiles show a similar
peculiar behaviour.
To understand this, I looked at the instantaneous temperature fields for OB condi-
tions and various NOB conditions, figure 5.4(b), (g) and 5.12. Depending on the
imposed ∆, a different number of cells develop, whose shapes are also clearly in-
fluenced by the cylinder wall. While for ∆ = 20 K only two cells are present, a large
one filling almost the whole cylinder and a very small one adjacent to it, the number
of cells increases with ∆. Thus, there are three cells for ∆ = 40 K, four for ∆ = 60 K,
and five for ∆ = 80 K. Remarkably, also under OB conditions, three cells develop,
the same as for ∆ = 40 K. Except for ∆ = 20 K, there is always a coherent structure
in the middle of the cell with a strong velocity component uz directed upwards,
explaining the different behaviours.
To further analyse why a different number of cells develops one needs to examine
the viscous boundary layers. However, the slope criterion (e.g. Wagner et al., 2012)
turned out to be inapplicable in the case of glycerol. Especially for higher ∆, the
velocity profiles bend so much away from the top plate, as depicted in figure 5.11(b),
that the top boundary layer thickness would be much thicker thanH/2, which is not
realistic. Thus, I decided to define the thickness of the viscous boundary layer as the
vertical distance from the top and bottom plate, respectively, where the temporally
averaged radial rms velocity profile 〈ur,rms〉r,φ,t reaches the first maximum,

λut = max
(
z|∂z〈ur,rms〉=0

)
, (5.2.23)

λub = min
(
z|∂z〈ur,rms〉=0

)
. (5.2.24)

The viscous boundary layers are thicker than the thermal ones, but show a similar
asymmetry when NOB effects come into play. The reason for the asymmetry is
that ∂ν/∂T < 0, and thus one has a thinner viscous boundary layer at the bottom
and a thicker one at the top, which also induces correspondingly different thermal
boundary layers. The ratios of top to bottom boundary layers, χuλ = λut /λ

u
b , as

function of Ra and ∆ are displayed in figure 5.7. χuλ virtually does not depend on
Ra, but increases with ∆, and reaches a maximum value of about 4.5 for ∆ = 80 K.
The dependence of the ratio on ∆ shows certain discontinuities, which agree with
the points where one more cell appears, and thus implies a close connection. The
increase of χλ means that the top boundary layer becomes thicker while the bottom
one does not decrease in the same measure. I hypothesize, that this is the source
of the different flow phenomenology, i.e., the different number of cells, occurring
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(a) ∆ = 20 K (b) ∆ = 60 K (c) ∆ = 80 K

FIGURE 5.12: Instantaneous temperature isosurfaces for Ra = 106 under various NOB con-
ditions, (a) ∆ = 20 K, (b) ∆ = 60 K, (c) ∆ = 80 K. Shown are ten isosurfaces, evenly spaced
between the minimal and maximal value, i.e. pink indicates (dimensionless) temperatures
above zero and blue temperatures below zero. The corresponding temperature fields for
OB conditions and ∆ = 40 K can be seen in figure 5.4(b) and (g).

for different ∆: the effective volume where convection takes place and hence the
effective aspect ratio is modified, and consequently the flow phenomenology.

Figure 5.11(c) and (d) show the rms profiles for the velocity components normal to
the walls and parallel to it, 〈ur,rms〉r,φ,t(z) and 〈uz,rms〉r,φ,t(r), again for various Ra
and under OB and NOB conditions and for Ra = 106 and various ∆, respectively. In
the OB case there is a jump of two orders of magnitude between 106 and 107 in both
rms values, consistent with the qualitative observation that starting from Ra = 107

plumes are emitted in a more random manner. Furthermore, the fluctuations in the
velocity are higher in all NOB cases.

Alternatively, also wind profiles based on the specific kinetic energy can be intro-
duced similar to Sugiyama et al. (2009),

UE =

√
1

2

(
u2r + u

2
φ + u2z

)
. (5.2.25)

They are presented in figure 5.13. Since they combine all velocity components, these
profiles are rather global and give a good overall impression. Hence they should
be less sensitive to the actual developing flow modes, but still be sensitive to NOB
effects. Indeed, the profiles have similar asymmetries to the ones presented in fig-
ure 5.11, but in figure 5.13(b) some of the peculiarities of the NOB case Ra = 106

and ∆ = 20 K disappear, i.e., the profiles at the top z/H = 1 are arranged in se-
quence with ∆ away from the upper plate and the profiles at the bottom z/H = 0

are arranged in sequence closer to the lower plate.
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FIGURE 5.13: Energy based wind profiles as function of r and z. (a) For different Ra. The
dashed lines indicate the OB, the solid lines the NOB cases with ∆ = 40 K. (b) Similar to (a),
but for constant Ra = 106 and different NOB cases, i.e., ∆, as well as under OB conditions.

5.2.7 Reynolds number

With the knowledge about the wind profiles, one can now analyse one important
outcome parameter of Rayleigh–Bénard simulations, the Reynolds number Re. Its
definition includes a characteristic velocity, length and viscosity scale. A reasonable
choice for the characteristic length scale is the cylinder’s height H, while the char-
acteristic viscosity and the characteristic velocity are less evident and are to be de-
termined. They can be chosen differently and thereby crucially influence the value
of Re. The Reynolds number expressed within the chosen reference dimensions is

Re =
URa1/2γ1/2

νPr1/2
. (5.2.26)

I have analysed the Reynolds number Repl, based on the absolute peak value of the
time averaged vertical velocity,

U = Upl = max |〈uz〉t|, (5.2.27)

representing a maximal plume speed, as suggested by Silano et al. (2010), and the
Reynolds number ReE, based on the volume averaged specific kinetic energy,

U = UEtot =

√〈
1

2

(
u2r + u

2
φ + u2z

)〉
V,t

, (5.2.28)

as was done by Sugiyama et al. (2009). Since the increased centre temperature leads
to a smaller viscosity in the bulk, I also distinguish between Rec defined with the
viscosity νc and Rem defined with the viscosity νm.
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FIGURE 5.14: (a) Reduced Reynolds number Re/Ra0.5 as function of Ra, based on the the
maximal plume velocity Repl and the specific kinetic energy ReE. Each defined in two ways:
with the viscosity at Tm and with that at Tc, denoted by the indexm and c, respectively. The
dashed line shows the corresponding fitted power laws and the resulting scaling is shown
in the legend. The black line shows the effective Grossmann–Lohse scaling for this range
under OB conditions. (b) Similar to (a), showing Repl and ReE under various NOB condi-
tions as function of ∆ for Ra = 106. The black asterisks show Re based on the Grossmann–
Lohse theory evaluated for Prc and Rac.

As shown in figure 5.14 (b), the absolute value of Repl is always greater than ReE. But
there is only a minor influence of the different reference viscosities νm and νc for
∆ = 40 K and the phenomenological behaviour is almost unaffected by it. However,
Repl and ReE differ not only in magnitude, but also in their scaling behaviour. I have
performed power-law fits, Re = cReγ, in the range of 105 6 Ra 6 109 for all defined
Reynolds numbers and the results are shown in the legend of figure 5.14(a). The
effective scaling in this range according to the Grossmann–Lohse theory (see esp.
Ahlers et al., 2009; Grossmann and Lohse, 2002) under OB conditions is shown as
well.
For ReE, simple power laws are appropriate to capture the scaling of Re within the
range of Ra considered. The 1-σ uncertainty estimates of the fit are at most 2% and
there is no significant difference in the scaling exponents of ReEOB, ReEm, and ReEc . On
the other hand, Repl does not obey a power law. One clearly sees that a linear fit on
a double-logarithmic scale does not reflect the behaviour of Repl with Ra. Indeed,
this is also obtained within the framework of the Grossmann–Lohse theory, which
even yields the approximate magnitude. The corresponding scalings for ReplOB, Replm ,
and Replc are given in figure 5.14(b), showing that here the 1-σ uncertainty estimates
are about 7%. Remarkably, the NOB data agree much better, even within the un-
certainty, with the Grossmann–Lohse theory than the OB data. I assume that the
scaling is significantly influenced by the occurring coherent structures. Other de-
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FIGURE 5.15: Ratio ReNOB/ReOB for the Reynolds numbers as defined in figure 5.14.
The dashed line marks where ReNOB = ReOB. (a) ReNOB/ReOB versus Ra for ∆ = 40 K
(b)ReNOB/ReOB versus ∆ for Ra = 106. The green crosses show the ratio assuming that Re
scales with the free-fall velocity, (αc/αm)1/2νm/νc as suggested by Sugiyama et al. (2009).
The black asterisks shows the ratio based on the Grossmann–Lohse theory, evaluated for
Prc and Rac and for their respective values under OB conditions, Prm and Ram.

viations might be caused by the fact that the Grossmann–Lohse theory assumes a
single wind amplitude originating in the LSC, that furthermore needs to be uniform
throughout the Rayleigh–Bénard cell, while for glycerol more complex spatial flow
structures occur.
Figure 5.14(b) presents Re as a function of ∆ for constant Ra = 106. Due to the
reduced viscosity νc in the bulk, the deviation between the two curves for Rem
and Rec becomes considerably larger with increasing ∆. By evaluating them for the
material properties at Tc, equivalent to using Rac and Prc, a general agreement of
ReGLc with Replc and the principal dependence on ∆ can be obtained, especially for
higher ∆.
Figure 5.15 shows the dependence of the ratios of the NOB to the OB Reynolds
numbers on Ra and ∆. For constant ∆ = 40 K, see figure 5.15(a), the data appear
just scattered. However, as seen in figure 5.15(b), for Ra = 106 and varying ∆, they
follow a clear increasing trend. Replc is most sensitive to NOB effects, for ∆ = 80 K
the Reynolds number is 6 times higher than in the OB case; ReEm is least sensitive to
NOB effects, being only 1.5 times higher in that case. Assuming that UEtot is sim-
ilar to the free-fall velocity

√
αg∆H, Sugiyama et al. (2009) obtained that the ratio

ReENOB/Re
E
OB should be proportional to (αc/αm)

1/2νm/νc. This is a very rough esti-
mate, being equivalent to a scaling of Re ∝ Ra1/2Pr−1/2. Nonetheless, the agreement
with the obtained DNS data is satisfactory. A refinement of this method would be
to use the scaling relations proposed by Grossmann and Lohse (2002). Indeed, this
predicts the ∆ dependence better, especially for higher ∆.
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FIGURE 5.16: Nusselt number ratio NuNOB/NuOB = FλF∆ and its contributing factors Fλ
and F∆. Shown are the 3D DNS data as well as the 2D data from Sugiyama et al. (2007). (a)
Fλ · F∆, Fλ and F∆ versus Ra for ∆ = 40 K. (b)FλF∆, Fλ and F∆ versus ∆ for Ra = 106. The
dashed line corresponds to F = 1.

5.2.8 Heat transfer and Nusselt number scaling

The dimensionless heat flux, expressed in terms of the Nusselt number Nu is an-
other important output parameter. High Prandtl number fluids distinguish them-
selves by a strong convective heat transfer. With the definition of the boundary
layers based on the slope criterion, the Nusselt number in the NOB case is given by
the exact relation

NuNOB =
H

λθt + λ
θ
b

κt∆t + κb∆b
κm∆

, (5.2.29)

as was shown by Ahlers et al. (2006). This equation looks similar to the well-known
equation in the OB case,

NuOB=
H

2λOB
, (5.2.30)

and a straightforward calculation then yields for the ratio of the NOB to the OB
Nusselt number

NuNOB

NuOB
=

2λOB

λt + λb

κt∆t + κb∆b
κm∆

= FλF∆. (5.2.31)

The factors Fλ and F∆ and their product are displayed in figure 5.16. In the case
of glycerol, the heat conductivity Λ, or, equivalently the heat diffusivity κ, depends
only very weakly on the temperature. Thus F∆ ' 1 for the considered tempera-
ture range. The important factor for the deviation of the Nusselt number rather
originates from Fλ and not from F∆ as in the case of water, this was also found by
Sugiyama et al. (2007) and was implicitly assumed by Zhang et al. (1997). Since the
presented DNS are neither steady nor turbulent, but always plume-dominated or
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FIGURE 5.17: (a) Reduced Nusselt number Nu/Ra0.3 as a function of Ra under OB (purple
triangles) and NOB conditions with ∆ = 40 K (blue diamonds). The Nusselt number is
evaluated as a plane average, i.e., the vertical heat flux, and the error bar indicates the
standard deviation of the constant Nu profile along z. The experimental data from Zhang
et al. (1997) (green crosses) are also shown, however, I would like to point out that first,
Pr varied between approximately 600 and 8000, second, their Nusselt number is based on a
constant κ, i.e.,Nu = H/(λθt +λ

θ
b). The black line shows the effective scaling for the OB case,

according to the Grossmann–Lohse theory. (b)Nu as a function of ∆ under NOB conditions
for constant Ra = 106 and varying ∆. The dashed line indicates the OB value.

transitional, the Nusselt number depends in a strongly non-linear way on ∆ and Ra
due to the complex and distinct flow patterns. In the two-dimensional simulations
by Sugiyama et al. (2007), this non-linear behaviour of Nu with ∆ was found as
well. But evidently, the flow patterns are different under these circumstances. For
all considered combinations of Rayleigh numbers Ra and temperature differences
∆, the deviations are more pronounced in the three-dimensional case.
Figure 5.17(a) finally also presents Nu as a function of Ra under OB and NOB con-
ditions, including the scaling predicted by Grossmann and Lohse (2000, 2001) and
the experimental data by Zhang et al. (1997). The effective exponents can be found
in the legend. While the scaling practically does not change under NOB conditions,
and the agreement with the experiments is remarkably good considering the dif-
ferent Prandtl numbers, the Grossmann–Lohse theory slightly underestimates the
Nusselt number. The reason might be that the available experimental data to fix the
constants in this regime are rather sparse, making scaling predictions less accurate.

5.3 Non-Oberbeck–Boussinesq effects in water
This section is devoted to Rayleigh–Bénard convection of water with non-constant
thermophysical properties. Several authors have studied NOB effects by means
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of experimentsAhlers et al. (2006); Brown and Ahlers (2007) and two-dimensional
numerical simulations (Sugiyama et al., 2009). While compared to glycerol, the
properties of water only posses a rather weak dependence on the temperature, i.e.
has the advantages of being computational less expensive, showing developed tur-
bulence already for Ra ≈ 108 and nonetheless significant NOB effects (Ahlers et al.,
2006; Sugiyama et al., 2009).
The simulations were performed under OB and various NOB conditions for the
Rayleigh numbers 107, 108 and 109. The temperature differences are chosen to be
up to 70 K to guarantee for measurable NOB effects, but being still in a tempera-
ture range far enough away from the water density anomaly at around 4 ◦C. These
simulations also serve as reference for the simulations, where the Rayleigh–Bénard
cell is additionally rotated, discussed in the following chapter 6. Hence, it is very
important to note that by specifying ∆ and the temperature-dependencies of the
material properties, one also fixes all the other dimensions in the NOB simulations
for a constant Ra. The parameters for the performed DNS are presented figure 5.2(a)
and in table 5.4.

Ra ∆[K] H[cm] Nr ×Nφ ×Nz
107 OB — 64× 512× 128
107 {10, 20, 30, 40, 50, 60, 70} {3.0, 2.3, 2.1, 1.9, 1.8, 1.6, 1.6} 64× 512× 128
108 OB — 192× 512× 384
108 {10, 20, 30, 40, 50, 60, 70} {6.5, 5.1, 4.5, 4.1, 3.8, 3.6, 3.4} 192× 512× 384
109 OB — 384× 512× 768
109 {20, 40, 60} {11.0, 8.8, 7.7} 384× 512× 768

TABLE 5.4: Simulation parameters, i.e. Rayleigh number Ra, temperature difference ∆,
height H and the grid resolution in radial, azimuthal and vertical direction Nr ×Nφ ×Nz.
The OB simulations are dimensionless, while NOB simulations always imply dimensions.

5.3.1 Centre temperature Tc
Firstly, I present the results for the centre temperature Tc, since it is probably the
most prominent NOB effect. The increase of the temperature within the bulk can
clearly be seen in Fig. 5.18 and in the mean temperature profiles in Fig. 5.19(a).
The higher the applied temperature difference ∆, the hotter the fluid inside the
Rayleigh–Bénard cell. This effect can be evaluated quantitatively by analysing the
centre temperature, i.e. the radially, azimuthally and temporally averaged temper-
ature at mid-height,

Tc ≡ 〈T |z=H/2〉r,φ,t. (5.3.1)

Figure 5.19(b) presents Tc as obtained by the DNS for Ra ∈ {107, 108, 109} for tem-
perature differences ∆ between 10 K and 70 K. Tc increases with ∆. For ∆ = 70 K
Tc is about 5.5 K higher than in the OB case. For comparison, the experimental data
by Ahlers et al. (2006) for 109 . Ra . 1011 and the two-dimensional DNS results by
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Sugiyama et al. (2009) for Ra = 108 are also shown. All three data sets are in excel-
lent agreement and, moreover, there is no significant dependence on the Rayleigh
number for the cases considered. For lower Ra, i.e. when the bulk is not fully tur-
bulent, Tc as function of ∆might be slightly lower (Sugiyama et al., 2009).
Several models (Ahlers et al., 2006; Manga and Weeraratne, 1999; Wu and Libch-
aber, 1991; Zhang et al., 1997) have been proposed to predict Tc, however, the suit-
ability of the model strongly depends on the fluid (Chillà and Schumacher, 2012;
Horn et al., 2014). In the case of water, an extension of the Prandtl–Blasius boundary

(a) OB (b) NOB, ∆ = 20 K

(c) NOB, ∆ = 40 K (d) NOB, ∆ = 60 K

FIGURE 5.18: Instantaneous temperature fields for Ra = 108 under (a) OB conditions and
three different NOB conditions, (b) ∆ = 20 K, (c)∆ = 40 K and (d) ∆ = 60 K. Visualized are
isosurfaces for ten equidistantly distributed values between the top and bottom tempera-
ture, Tt and Tb. Pink corresponds to temperatures above the mean temperature Tm and
blue to temperatures below Tm.
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FIGURE 5.19: (a) Mean temperature profiles for Ra = 108 under OB and various NOB condi-
tions, ∆ ∈ {10 K, 20 K, 30 K, 40 K, 50 K, 60 K, 70 K}. Note that not the full temperature range
is shown. (b) Deviation of the center temperature Tc from the mean temperature Tm as
function of the temperature difference ∆. The pluses show the experimental data by Ahlers
et al. (2006), the asterisks represent the two-dimensional numerical data by Sugiyama et al.
(2009) for Ra = 108, the solid dashed line is the prediction by the extended Prandtl–Blasius
boundary layer theoryAhlers et al. (2006). The DNS data obtained for Ra = 107, 108 and
109 are denoted by diamonds, circles and squares, respectively.

layer theory to non-constant viscosity ν and thermal diffusivity κ has been proven
to be very successful (Ahlers et al., 2006; Sugiyama et al., 2009). The prediction of
this theory is also depicted in Fig. 5.19(b). Since the variation of κ is rather small
compared to the variation of νwith temperature, this also supports the hand-wavy
explanation of the enhanced Tc: The fluid at the bottom is warmer, thus, in com-
parison to OB convection, the viscosity is lower and, thus, the fluid and the plumes
emerging from the bottom boundary layer are more mobile, i.e. they are able to
cross the cell faster. Furthermore, they also spend less time in contact with the am-
bient fluid and, hence, have less time to cool down. The analogue is true for the
cold plumes from the top; their viscosity is higher, they move slower and they have
more time to warm up in the bulk. As a consequence, the temperature in the cen-
tre of the cell enhances. This suggests, that in the case of water the viscosity is the
major reason for an increase of Tc with ∆.

5.3.2 Boundary layers

Another very well-known feature of NOB convection, already discussed for glyc-
erol, are the different boundary layer thicknesses at the top and bottom. They are
presented in Fig. 5.20. The boundary layer thicknesses are defined by the slope cri-
terion, i.e. they are determined by the point where the tangent of the profile at the
plate intersects with either the center temperature, in the case of thermal bound-
ary layers, or with the maxima of the radial velocity, in the case of viscous bound-
ary layers. Mathematically expressed, the thermal top and bottom boundary layer
thicknesses are given by

λθt =
Tt − Tc

∂z〈T〉r,φ,t|z=H
, λθb =

Tc − Tb
∂z〈T〉r,φ,t|z=0

, (5.3.2)
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FIGURE 5.20: Boundary layer thicknesses in the NOB case normalized by the boundary
layer thickness in the OB case for Ra = 108. Their calculation is based on the slope criterion,
cf. eq.s (5.3.2)–(5.3.3). (a) Thermal boundary layer thicknesses, upper half circles: top ther-
mal boundary layer λθt , lower half circles: bottom thermal boundary layer λθb, circles: ratio
of the sum of the NOB to the OB boundary layer thicknesses. (b) Viscous boundary layer
thicknesses, downward triangles: top viscous boundary layer λut , upward triangles: bot-
tom viscous boundary layer λub , diamonds: ratio of the sum of the NOB to the OB boundary
layer thicknesses.

and similarly the viscous ones are given by,

λut = −
umaxt
r

∂z〈ur〉r,φ,t|z=H
, λub =

umaxb
r

∂z〈ur〉r,φ,t|z=0
, (5.3.3)

where umaxt
r and umaxb

r are the first maxima of the radial velocity profile close to the
top and bottom plate, respectively. In the OB case, the top and bottom boundary
layers have, of course, the same thickness,

λOB= λt = λb. (5.3.4)

In the NOB case, on the contrary, the top boundary layers are always thicker than
the bottom ones. Furthermore, they exhibit the very peculiar behavior, that the sum
of their thicknesses approximately equals the sum of the thicknesses in the OB case,
i.e.

λt + λb ≈ 2λOB. (5.3.5)

This holds for both, the viscous and the thermal boundary layer thicknesses. To
be more precise, their ratio (λt + λb)/(2λOB) equals 1.009 ± 0.007 for the thermal
and 1.10 ± 0.06 for the viscous boundary layer thicknesses. Thus, for both types
the sum of OB boundary layer thicknesses is slightly greater than the sum of the
NOB ones and approximation (5.3.5) works better for the thermal boundary layers.
For some time it was suspected that eq. (5.3.5) is a universal NOB behavior (Ahlers
et al., 2006), however, for example in the case of glycerol this relation does not hold
at all (Horn et al., 2014; Sugiyama et al., 2007).
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5.3.3 Nusselt number

Finally, the dimensionless heat flux, the Nusselt number, defined by eq. (5.2.6) is
shown in figure 5.21(a) as function of Ra for the OB case and the NOB case with
∆ = 40 K and compared to experimental data by Funfschilling et al. (2005) and the
predictions by the Grossmann–Lohse (GL) theory (Ahlers et al., 2009; Grossmann
and Lohse, 2000, 2001, 2002) using the updated prefactors (Stevens et al., 2013a)
c1 = 8.685, c2 = 1.441, c3 = 0.462, c4 = 0.013, a = 0.482, Rec = (2a)2. The Nusselt
number in the DNS presented here is evaluated using the mean value of the r-φ
plane averaged heat fluxes for all vertical z positions (Shishkina and Wagner, 2007a)
and the error bars indicate the standard deviation. There is a good agreement of the
experimental data, the OB DNS results and with the GL theory. The Nusselt number
in the case of temperature-dependent material properties,NuNOB, is always slightly
lower than in the pure OB case, NuOB. But despite that fact, the deviation and
especially its scaling with Ra is only marginal, i.e. NuOB ∝ Ra0.293±0.001 compared
to NuNOB ∝ Ra0.288±0.003. And even for higher ∆, as depicted in figure 5.21(b),
the deviation remains below 5%. The insensitivity of the Nusselt number can be
understood by expressing Nu in terms of the temperature gradient at the plates,
eq. (5.2.30), in the OB case, and similarly, eq. (5.2.29), in the NOB case, with ∆t =
Tc − Tt and ∆b = Tb − Tc being the top and bottom temperature drop, respectively.
Hence, the relation (5.2.31)

NuNOB

NuOB
=

2λOB

λθt + λ
θ
b

Λt∆t +Λb∆b
Λm∆

= FλF∆ (5.3.6)

holds (Ahlers et al., 2006). By inserting approximation (5.3.5), the first factor Fλ
equals one. By using the exact values obtained from the DNS it is slightly less
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FIGURE 5.21: (a) Reduced Nusselt number Nu/Ra0.3 as function of Ra under OB (circles)
and NOB conditions with ∆ = 40 K. Additionally, the experimental data by Funfschilling
et al. (2005) and the predictions by the Grossmann–Lohse theory (Grossmann and Lohse,
2000) using the updated prefactors (Stevens et al., 2013a) c1 = 8.685, c2 = 1.441, c3 =
0.462, c4 = 0.013, a = 0.482, Rec = (2a)2 are presented. (b) Nusselt number NuNOB for
various NOB conditions normalized by the value under OB conditionsNuOB as function of
∆; diamonds: Ra = 107, circles: Ra = 108, squares: Ra = 109. The Nusselt numbers were
obtained by the mean value of the r-φ plane averaged heat fluxes for all vertical z positions.
The error bars indicate the standard deviation.
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than one. Since there is also no strong temperature-dependence of Λ, the second
factor F∆ depends only weakly on ∆ and is likewise close to one. However, one
can even show, that F∆ is also always less than one, since the center temperature is
always higher than the mean temperature. Thus, even though, there is only a weak
dependence of Nu on ∆, NuNOB is necessarily smaller than NuOB.

5.4 Summary
Rayleigh-Bénard convection of glycerol with Pr = 2547.9 and water with Pr = 4.38

was investigated in a cylindrical cell of aspect ratio unity. I focused my attention on
the influence of NOB effects.
Under ambient conditions the validity range of the OB approximation is severely
violated for glycerol. I performed three-dimensional DNS in a range of 105 6 Ra 6
109 for OB conditions and NOB conditions between 10 K 6 ∆ 6 80 K. The re-
sults were compared to the only available experimental data by Zhang et al. (1997,
1998), and numerical (but only two-dimensional) data of Sugiyama et al. (2007).
The developing flow patterns in glycerol for lower Ra resemble the behavior of
lower Pr and higher Γ , i.e., several cells are observed. The number of cells, more-
over, depends on the imposed ∆. However, for large enough Rayleigh numbers,
i.e., Ra & 108, a typical LSC as in Γ = 1 and Pr = O(1) Rayleigh–Bénard convection
is found. This behavior could not be reproduced in two-dimensional simulations.
While these simulations are useful to investigate qualitatively the properties of the
three-dimensional flow, three-dimensional DNS are evidently necessary to resolve
its full topology.
Under NOB conditions, the perfect symmetry with respect to the horizontal mid-
plane is broken. One of the most remarkable features then is the higher center
temperature. The deviation Tc − Tm is as large as 15 K for ∆ = 80 K. The obtained
values of Tc agree perfectly well with the experiments, when only the experimental
points for Pr > 1200 are considered. For lower Pr, the experimentally obtained cen-
ter temperatures are lower. The two-dimensional simulations by Sugiyama et al.
(2007) yielded a lower Tc than the three-dimensional ones, even though the same Pr
was considered in their case. I also compared my results with the predictions of the
theoretical and empirical models by Manga and Weeraratne (1999); Wu and Libch-
aber (1991); Zhang et al. (1997), and Ahlers et al. (2006). While the 2D boundary
layer models by Zhang et al. (1997) and Ahlers et al. (2006) overestimate the actual
Tc, due to the plume emission all over the plate and the not always existing LSC,
the models by Wu and Libchaber (1991), based on the same temperature or veloc-
ity scales in the boundary layers, predict Tc very well with a standard deviation of
0.4 K.
Furthermore, I analysed the temperature and velocity profiles. Due to the strongly
varying viscosity and heat conductivity close to the heating and cooling plates, the
temperature profiles bend towards the plate near the cold top plate and farther
away from it near the hot bottom plate, whereas the situation for the velocity pro-
files is the other way round: they bend farther away from the top plate and closer to
the bottom plate. This also induces different thermal and viscous boundary layer
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thicknesses. The top boundary layers are always thicker than the bottom ones.
Their ratio is up to 2.5 for the thermal and up to 4.5 for the viscous boundary lay-
ers.
The two important output parameters of Rayleigh–Bénard convection, the Reynolds
number Re and the Nusselt number Nu, were investigated as well. In the parame-
ter range considered, Re is always higher and Nu is always lower under NOB than
under OB conditions. Re was evaluated for different choices of the characteristic
velocity, i.e., based on the total volume averaged kinetic energyUEtot and the plume
velocity Upl, and for different choices of the characteristic viscosity, i.e., the mean
and the centre viscosity νm and νc. The absolute value of Re is highly sensitive, but
the scaling with Ra is only slightly sensitive, to the choice of the characteristic scales.
For Ra = 106 and ∆ = 80 K, the Reynolds number defined with Upl and νc is up to
6 times higher than in the OB case. This increase can be described with satisfactory
accuracy by the Grossmann–Lohse theory based on Rac and Prc. The Nusselt num-
ber Nu is influenced in a non-linear way by NOB effects, and more strongly than
was suggested by the two-dimensional simulations.
The scaling of Nu with Ra shows no significant difference between NOB and OB
conditions, i.e., NuOB ∝ Ra0.305 and NuNOB ∝ Ra0.298. The NOB scaling is in excel-
lent agreement with the experimental data.
For water, the validity range of the OB approximation is much larger. Albeit the fact,
that the properties of water only posses a rather weak dependence on the temper-
ature, it shows significant NOB effects. In water, I focused on the most prominent
features, namely, the increase of the centre temperature Tc, different boundary layer
thicknesses and the modification of the dimensionless heat flux, the Nusselt num-
ber Nu. Similar as in glycerol, Tc increases together with the applied temperature
difference. For ∆ = 70 K Tc is about 5.5 K higher than in the OB case. This increase
is well predicted by an extension of the Prandtl–Blasius boundary layer theory pro-
posed by Ahlers et al. (2006). This suggests that the temperature dependence of
the viscosity is mainly responsible for the enhanced Tc. The top viscous and ther-
mal boundary layers are always thicker than the bottom boundary layers, but their
sum equals approximately the sum of the boundary layers under perfect OB con-
ditions. Furthermore, the Nusselt number Nu is lower under NOB conditions, but
this deviation remains below 5%, even for temperature differences up to 70 K.
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NON-OBERBECK–BOUSSINESQ EFFECTS
IN ROTATING RAYLEIGH–BÉNARD

CONVECTION OF WATER ∗

Only few systematic studies of the influence of temperature-dependent material
properties on rotating Rayleigh–Bénard convection can be found. If, then concern-
ing pattern formation and, thus, with larger aspect ratios (Young et al., 2003). But it
is a very fascinating question what happens if NOB and rotational effects are super-
imposed. Hence, here I discuss simulations of rotating thermal convection in water
at Tm = 40 ◦C, thus, with Pr = 4.38, considering its actual properties.

6.1 Parameter space

For the simulations with rotation, I set the temperature difference to ∆ = 40 K
and the Rayleigh number to Ra = 108 in the NOB case. The inverse Rossby num-
ber range is given by 1/Ro ∈ {0.07, 0.24, 0.35, 0.71, 1.01, 1.41, 2.36, 2.83, 3.54, 4.71,

7.07, 11.31, 14.14}. Hence, the smallest Ekman number achieved is Ek ≈ 3 × 105,
thus, still about one magnitude larger than when asymptotically reduced equa-
tions are to be expected to be sufficient, as introduced by Julien et al. (2012). In
the OB case, additionally to Ra = 108, moreover a series of DNS was conducted for
Ra = 1.16 × 109 and 1/Ro ∈ {0.24, 0.71, 1.41, 2.36, 3.54, 7.07, 11.31, 14.14} to com-
pare with available experimental data by Kunnen et al. (2011) with exactly the same
Prandtl number of Pr = 4.38.
Since the dimensions are fixed under NOB conditions, it is also possible to estimate
the potential importance of centrifugal buoyancy effects by calculating the Froude
number,

Fr =
Ω2D

2g
=
αm∆Γ

8Ro2
. (6.1.1)

In experiments it is usually attempted to keep Fr as small as possible, i.e. around
0.05 and lowerZhong et al. (2009). For the fastest rotation rates, i.e. 1/Ro = 14.14,
and ∆ = 40 K the Froude number is Fr = 0.4 which suggests that centrifugal
buoyancy effects might be observedHart and Ohlsen (1999); Homsy and Hudson
(1969); Lopez and Marques (2009); Marques et al. (2007); Rossby (1969) and only for
1/Ro . 5 they are expected to be negligible. Considering Fr 6= 0, however, would
lead to an additional source of breaking the symmetry about the mid plane and it

∗ Adopted from HORN, S. AND SHISHKINA, O., Rotating non-Oberbeck–Boussinesq Rayleigh–
Bénard convection in water, Phys. Fluids 26(5) (2014), 055111.
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would be hard to decouple centrifugal buoyancy and NOB effects. Thus, I deliber-
ately set Fr ≡ 0.
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(a) OB, 1/Ro = 0 (b) OB, 1/Ro = 0.7 (c) OB, 1/Ro = 1.4 (d) OB, 1/Ro = 7.1 (e) OB, 1/Ro = 14.1

(f) NOB, 1/Ro =∞ (g) NOB, 1/Ro = 0.7 (h) NOB, 1/Ro = 1.4 (i) NOB, 1/Ro = 7.1 (j) NOB, 1/Ro = 14.1

FIGURE 6.1: Instantaneous temperature fields for Ra = 108. Visualized are isosurfaces for ten equidistantly distributed values between
the top and bottom temperature, Tt and Tb. Pink corresponds to temperatures above the mean temperature Tm and blue to temperatures
below Tm. The upper panel, (a)–(e), shows the OB cases, the lower panel, (f)–(j), shows the NOB cases with ∆ = 40 K. The rotation rate
increases from left to right. (a), (f) Ro = 0; (b), (g) Ro = 0.7; (c), (h) Ro = 1.4; (d), (i) Ro = 7.1 and (e), (j) Ro = 14.1.
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FIGURE 6.2: Mean temperature profiles for Ra = 108. The dotted lines show the OB profiles,
the solid lines the NOB ones with ∆ = 40 K. The color changes from blue to purple with
decreasing rotation rate 1/Ro. Note that not the full temperature range is shown.

6.2 Flow structures and temperature distribution

When a constant rotation rate is applied, the typical plume shape changes. The
plumes become more and more elongated with increasing 1/Ro. For smaller 1/Ro
a single large-scale circulation (LSC) is the predominant structure, for higher 1/Ro
the LSC breaks downKunnen et al. (2008) and a regular pattern of columnar vortex
structures forms. These columnar vortices are also called Ekman vorticesStevens
et al. (2009); Weiss et al. (2010); Zhong and Ahlers (2010) or convective Taylor columns
Grooms et al. (2010); King and Aurnou (2012). This change of the flow behavior
is visualized by temperature isosurfaces in Fig. 6.1 for Ra = 108 and four repre-
sentative inverse Rossby numbers, 1/Ro ∈ {0.7, 1.4, 7.1, 14.1} under OB and NOB
conditions with ∆ = 40 K.
In the NOB cases for low and moderate rotation rates, 1/Ro . 1.4, the bulk of the
fluid shows a generally higher temperature, similar as without rotationHorn et al.
(2011b). However, for even higher rotation rates, at the point when the columnar
vortices become very pronounced, 1/Ro & 7.1, the differences in the temperature
fields become less apparent. To investigate this in more detail, I analyze the mean
temperature profiles, see Fig. 6.2, the mean temperature gradients, Fig. 6.3(a), and
the center temperature Tc as function of 1/Ro, Fig. 6.3(b).
Both the profiles in Fig. 6.2 in the OB and in the NOB case show a non-zero mean
temperature gradient within the bulk. This was found to be a result of vortex-vortex
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FIGURE 6.3: (a) Absolute value of the mean temperature gradient |∂z〈T〉r,φ,t|z=H/2| for
Ra = 108, obtained by a linear fit of the mean temperature profiles between 0.4 6 z/H 6 0.6.
The circles denote the OB case, the diamonds the NOB case with ∆ = 40 K (b) Deviation of
the center temperature Tc from the mean temperature Tm as function of the inverse Rossby
number 1/Ro for Ra = 108 under NOB conditions with∆ = 40 K. The dashed line represents
the value in the non-rotating case, 1/Ro = 0, the solid line shows a power law fit for 2.8 6
1/Ro 6 14.1.

interactionsJulien et al. (1996); Liu and Ecke (1997). More precisely, at fast enough
rotation, when the columnar vortices appear, the flow is nearly two-dimensional
and, thus, there is hardly any mixing in vertical direction. The only mixing occurs
when vortices merge, which occurs along their lateral extent, i.e. in horizontal direc-
tion. Unlike without rotation, there is no fully three-dimensional mixing and conse-
quently, there is a non-zero temperature gradient in the core part of the convection
cell. The mean temperature gradient in the center of the cell, ∂z〈T〉r,φ,z|z=H/2, is
determined by making a linear fit on the mean temperature profiles in the range
0.4 6 z/H 6 0.6 and presented in Fig. 6.3(a). In general, the absolute value of it
increases with the rotation rate, and tends to be slightly higher in the NOB cases.

Under NOB conditions the profiles in Fig. 6.2 possess another intriguing feature.
With increasing rotation rate, the temperature in the bulk decreases and the OB and
NOB profiles for 1/Ro = 14.1 approach each other.

Indeed, Fig. 6.3(b), displaying Tc as function of 1/Ro, reveals that for high enough
rotation rates, 1/Ro & 3.5, the center temperature shows a sudden drop. Physically,
this is readily understood. Under strong rotation the relative magnitude of the
viscous term in the Navier–Stokes equations is small and thus, viscous effects in
the bulk are less importantGreenspan (1968). But as explained in chaper 5, the
increase of the Tc in the case of water is almost solely due to the viscosity. I have
performed a power-law fit based on the least squares method. It yielded that Tc−Tm
decreases approximately as 1/Ro0.66. However, it cannot decrease limitless, but
probably reaches at most a value corresponding to the pure conductive state, which
is still greater than Tm.
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FIGURE 6.4: (a) Mean profiles of the radial velocity, 〈ur〉r,φ,t, for Ra = 108 under OB and
NOB conditions with ∆ = 40 K and various 1/Ro. The ordinate shows the distance z∗ from
the top and bottom plate, respectively, i.e. the profiles under NOB conditions of the upper
half of the cell are mirrored along the midplane. The OB profiles were obtained by aver-
aging the upper and lower profiles. Open symbols with solid lines: NOB profiles for the
upper half of the cylinder. (b) Viscous boundary layer thicknesses based on the slope crite-
rion (2.5.2) as function of the inverse Rossby number 1/Ro; diamonds: OB boundary layer
thicknesses λuOB, upward triangles: top NOB boundary layer thicknesses λut , downward
triangles: bottom NOB boundary layer thicknesses λub . The solid line shows the Ekman
scaling 0.5Ek1/2.
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FIGURE 6.5: (a) Thermal boundary layer thicknesses based on the slope criterion (2.5.1)
as function of the inverse Rossby number 1/Ro; circles: OB boundary layer thicknesses
λθOB, upper half circles: top NOB boundary layer thicknesses λθt , lower half circles: bottom
NOB boundary layer thicknesses λθb. (b) Thermal boundary layer thicknesses based on the
slope criterion that considers the mean temperature gradient in the bulk (6.3.1) as function
of the inverse Rossby number 1/Ro; squares: OB boundary layer thicknesses λ̃θOB, right
facing triangles: top NOB boundary layer thicknesses λ̃θt , left facing triangles: bottom NOB
boundary layer thicknesses λ̃θb. The solid line in both panels shows the Ekman scaling
0.5Ek1/2, similar as in Fig. 6.4(b).
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FIGURE 6.6: (a) Mean profiles of the rms temperature for various inverse Rossby numbers
1/Ro, including no rotation, 1/Ro = 0. The dotted lines show the OB cases, the solid lines
the NOB cases. (b) Mean profiles of the radial rms velocity. Analogous to Fig. (a), the dotted
lines show the OB cases, the solid lines the NOB cases.
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FIGURE 6.7: Thermal and viscous boundary layer thicknesses based on the maxima of the
rms temperature and velocity profiles, (6.3.2) and (6.3.3), respectively, as function of the in-
verse Rossby number 1/Ro. Circles: OB thermal boundary layer thicknesses δθOB, upper half
circles: top NOB thermal boundary layer thicknesses δθt , lower half circles: bottom thermal
NOB boundary layer thicknesses δθb. Diamonds: OB viscous boundary layer thicknesses
δuOB, upward triangles: top NOB viscous boundary layer thicknesses δut , downward trian-
gles: bottom NOB viscous boundary layer thicknesses δub . The solid line shows the Ekman
scaling 0.5Ek1/2, similar as in Fig. 6.4(b). The dashed lines are guides to the eye. The gray
shaded area shows the crossover range of the boundary layer thicknesses predicted by King
et al. (2012).
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6.3 Boundary layers
For rotating convection, the boundary layer thicknesses can also be based on the
slope criterion similar to non-rotating convection. This is straight forward in the
case of the viscous boundary layers by using eq. (2.5.2). A selection of the radial ve-
locity profiles used for the analysis is presented in Fig. 6.4(a). There is an anticipated
asymmetry in the top and bottom NOB profiles. Figure 6.4(a) reveals further that
the magnitude of the area-averaged radial velocity near the top and bottom plates
decreases with increasing rotation rate, which indicates a breakdown of the large-
scale circulation that is essential for non-rotational thermal convection in water for
Ra = 108.
The maxima for increasing 1/Ro are closer to the top and bottom wall, respectively,
a behavior also reflected in the viscous boundary layer thicknesses λu presented in
Fig. 6.4(b). The viscous boundary layer thickness λu decreases with higher rota-
tion rates and it is well-known, that in rapidly rotating flows the viscous boundary
layer is an Ekman type boundary layer with a thickness proportional to Ek1/2. In
fact, λuOB follows 0.5Ek1/2 perfectly well for 1/Ro & 0.7. Under NOB conditions,
the drop of λut occurs at higher 1/Ro than in the OB case and λut > λuOB for all
Ro. On the contrary, the drop of λub occurs for lower 1/Ro than in the OB case and
λub < λuOB for all 1/Ro. The deviation is only small and the scaling exponent of Ek
is essentially the same in the OB and the NOB cases. Moreover, the sum of the top
and bottom boundary layer thicknesses in the NOB cases still approximately equals
their sum in the OB cases. But it is not too surprising, that in opposite to the cen-
ter temperature Tc, the thicknesses of the viscous boundary layers keep on being
non-negligibly influenced by the temperature-dependence of the viscosity. In the
Ekman layer, the Coriolis force is balanced by the pressure gradient and the viscous
shear.Greenspan (1968) Friction acts to satisfy the no-slip condition at the plates,
hence, in the boundary layers the viscous processes are essential, despite the fact
that Coriolis force dominates the bulkKing et al. (2012).
The definition of the thermal boundary layer thickness is more trickyStevens et al.
(2010a). Instead of using eq. (2.5.1), Stevens et al. (2010a) suggested to use the
intersection of the tangent to the mean temperature profile at the plate and of the
tangent to the profile at the center of the cell,

λ̃θt =
Tt − Tc − ∂z〈T〉r,φ,t|z=H/2H/2
∂z〈T〉r,φ,t|z=H − ∂z〈T〉r,φ,t|z=H/2

, λ̃θb =
Tc − Tb − ∂z〈T〉r,φ,t|z=H/2H/2
∂z〈T〉r,φ,t|z=0 − ∂z〈T〉r,φ,t|z=H/2

.

(6.3.1)
The boundary layer thicknesses based on both definitions are presented in Fig. 6.5.
Definition (2.5.1) has the advantage that it allows for some analytical discussion
of the Nusselt number, presented in the next section 6.4. Definition (6.3.1) on the
other hand, is more physical since it takes the mean temperature gradient into ac-
count. But the essential behavior is very similar: λθ and λ̃θ are almost constant
for 1/Ro . 0.35, decrease for 0.35 . 1/Ro . 7.1, and then sharply increase for
1/Ro & 7.1. Remarkably, for 1/Ro > 7.1 the bottom NOB boundary layers are
thicker than the top ones and than the OB boundary layers, whereas the top bound-
ary layers are thinner than the OB boundary layers and consequently, also as the
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bottom NOB boundary layers. Hence, for fast rotation the situation is reversed to
slow and moderate rotation. In addition the line 0.5Ek1/2 is also plotted and the
point of intersection between λu and λθ and between λu and λ̃θ is determined to be
at 1/Ro ≈ 1.4. But this inverse Rossby number does not seem to be crucial for any
observed change in a flow feature.
Additionally, the boundary layer thicknesses based on the rms profiles for the tem-
perature and the radial velocityKing et al. (2009); Kunnen et al. (2010) are also eval-
uated and shown in Fig. 6.6. The thicknesses are then defined by

δθt = H− max
(
z|∂z〈ur,rms〉=0

)
, δθb = min

(
z|∂z〈ur,rms〉=0

)
, (6.3.2)

δut = H− max
(
z|∂z〈Trms〉=0

)
, δub = min

(
z|∂z〈Trms〉=0

)
, (6.3.3)

and presented in Fig. 6.7. When the viscous boundary layer thickness is based on
the rms criterion, the scaling is still consistent with the Ekman scaling, i.e. δu ∝
Ek1/2, however, the absolute value and thus the prefactor is higher. This was also
found by Stevens et al. (2009) and Kunnen et al. (2010). According to King et al.
(2012) the thermal and viscous Ekman boundary layers should have the same thick-
ness, δθ = δu, somewhere between 6 . Pr3/4Ra1/4Ro3/2 . 20, or expressed ex-
plicitly in terms of 1/Ro and for Pr = 4.38 and Ra = 108, it should be between
6.25 . 1/Ro . 14.3. The predicted crossover range is marked by a gray shaded
area. Indeed, the OB DNS results agree nicely with this prediction. The crossover
Rossby number is estimated to be 1/Ro ≈ 7.9. Under NOB conditions, the crossover
of the top boundary layers occurs for higher 1/Ro than the OB crossover, whereas,
the crossover of the bottom boundary layers occurs for smaller 1/Ro than the OB
crossover. In addition, similar as for the λθ and λ̃θ, the top boundary layers are
thicker than the bottom ones for 1/Ro > 7.1. Furthermore, the inverse Rossby num-
ber 1/Rowhere λθ and λ̃θ show the sudden increase and their respective thicknesses
reverses coincides with the inverse Rossby number where δθ = δu, i.e. 1/Ro ≈ 7.9.

6.4 Heat flux
Finally, I discuss how the Nusselt number is influenced by temperature-dependent
material properties in rotating Rayleigh–Bénard convection. The Nusselt number
Nu normalized by its value without rotation Nu∞ as function of the inverse Rossby
number 1/Ro is shown in Fig. 6.8.
Under OB conditions the dependence of the heat flux on the rotation rate has been
subject to a plethora of experimental and numerical studiesEcke and Niemela (2014);
Julien et al. (2012); Kunnen et al. (2006); Liu and Ecke (2009); Schmitz and Tilgner
(2009); Stevens et al. (2010b); Weiss and Ahlers (2011a); Zhong et al. (1993); Zhong
and Ahlers (2010). It is generally approved, that there are essentially two competing
mechanisms that determine how Nu changes with 1/Ro for fluids with Pr & 1. On
the one hand there is Ekman pumping, leading to an enhancement of the heat trans-
port and on the other hand there is the Taylor–Proudman effectProudman (1916);
Taylor (1921), resulting in the suppression of the heat transport. Hence, one often
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40 K and the same Ra, and the filled upward triangles OB data for Ra = 1.16 × 109. For
comparison the open stars, squares, and downward triangles show experimental data by
Kunnen et al. (2011) for Ra = 2.99 × 108, 5.88 × 108, and 1.16 × 109, respectively, for the
same Pr = 4.38. The vertical dot dashed line shows the onset of heat transfer enhancement
predicted by Weiss et al. (2010). The other three vertical lines show predictions for the
transition to the rotation dominated regime, triple-dot dashed line: Kunnen et al. (2011),
dashed line: Ecke and Niemela (2014), dotted line: Julien et al. (2012). The gray shaded area
represents the crossover range of the boundary layer thicknesses according to King et al.
(2012) as in Fig. 6.7.

distinguishes between three different regimesKunnen et al. (2011); Stevens et al.
(2013b); Zhong and Ahlers (2010), indicated by the roman numbers I, II and III in
Fig. 6.8.
For low rotation rates, denoted as regime I, the Nusselt numbers in the rotating and
in the non-rotating case are virtually the same. Hence, the system is governed by
the buoyancy force. For more rapid rotation, regime II, there is a sudden increase
ofNu and then, after reaching a maximum which marks the transition to regime III,
the heat transport drops rapidly. The transition from regime I to II was found to
be a bifurcation and a finite size effect of the Rayleigh–Bénard cellWeiss and Ahlers
(2011a); Weiss et al. (2010). The critical inverse Rossby number for this transition
was determined to

1

Roc
=
a

Γ

(
1+

b

Γ

)
, a = 0.381, b = 0.061 (6.4.1)
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which results in 1/Roc = 0.4 for the case of Γ = 1.
The enhancement of the heat transport in regime II is commonly understood to
be due to the formation of columnar vortex structures. They suck additional heat
out of the thermal boundary layerJulien et al. (1996); Kunnen et al. (2010); Liu and
Ecke (1997, 2009); Rossby (1969), a process called Ekman pumping. The decrease
in regime III is explained with help of the Taylor–Proudman theorem. It states
that for very rapid rotation all steady slow motions in an inviscid fluid are two-
dimensional, in other words, that all components of the velocity are not allowed to
vary in the direction of the rotation axis (Chandrasekhar, 1961). Strictly speaking
the Taylor–Proudman theorem is not valid in the time-dependent convective flow
considered here. Nonetheless, the tendencies are correctly captured by it. In this
regime the system is expected to behave as if it was in geostrophic balance. How-
ever, the exact border between the regimes II and III is slightly arbitrary and several
combinations of the control parameters have been proposed to determine whether
the flow is rotation or buoyancy dominatedEcke and Niemela (2014); Julien et al.
(2012); King et al. (2012, 2009); Rossby (1969); Schmitz and Tilgner (2009, 2010).
Furthermore, the heat flux is not the only way to characterize this transition but
there are also other approaches, e.g. using the helicitySchmitz and Tilgner (2010),
the strength of the large-scale circulationStevens et al. (2009) or the toroidal and
poloidal energyHorn and Shishkina (2015).
In Fig. 6.8 the DNS results for Ra = 108 and Ra = 1.19× 109 are compared to experi-
mental data and several recent predictions for the regime transitions. As previously
the Nusselt number was obtained by the mean value of the r-φ plane averaged Nu
for all vertical z positions.
The agreement with the experimental data by Kunnen et al. (2011) for Ra = 1.19 ×
109 and Pr = 4.38 is excellent. Furthermore, these authors have shown that their
measurements also agree with the data by Zhong and Ahlers (2010). Unfortunately,
neither group measured for Rayleigh numbers as low or for temperature differences
as high as the ones presented here. However, the trend of the Nusselt number to
an enhanced heat flux increase and a shift of this maximum to higher 1/Ro with
decreasing Ra is captured nicely. The higher maximum for lower Ra is explained by
a lower turbulent viscosity Stevens et al. (2013b).
The maximum heat flux for Ra = 108 is observed for 1/Ro ≈ 7.1, which is the
same point, where the viscous Ekman and the thermal boundary layers intersect,
δu = δθ. This impact of the boundary layer dynamics in rotating Rayleigh–Bénard
convection on the global heat transport was first suggested by Rossby (1969) and
later on taken up by others, e.g. Julien et al. (1996); King et al. (2012, 2009). Accord-
ing to King et al. (2012) the crossover of the boundary layers is supposed to mark
the transition of the heat transport behaving either quasigeostrophic or weakly ro-
tating. Similar as in Fig. 6.7 the proposed transition range for Ra = 108 is visual-
ized by a gray-shaded area and fits nicely to the DNS. However, transitions in the
scaling behavior of Nu with the rotation rate were also observed in numerical sim-
ulations with stress-free boundary conditions by Schmitz and Tilgner (2009) where
no Ekman boundary layers are present. It might be worthwhile testing whether a
generalization in terms of dissipation layers suggested by Petschel et al. (2013) for
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1/Ro NuOB NuNOB Tc − Tm[K]

0.0 32.94± 0.10 32.31± 0.08 1.80± 0.12
0.07 32.85± 0.15 32.21± 0.14 1.76± 0.10
0.24 32.92± 0.13 32.52± 0.42 1.80± 0.10
0.35 32.97± 0.21 32.24± 0.13 1.75± 0.14
0.71 34.05± 0.19 34.07± 0.22 1.72± 0.11
1.01 35.18± 0.21 34.55± 0.03 1.75± 0.11
1.41 35.26± 0.07 35.46± 0.76 1.70± 0.11
2.36 36.77± 0.06 35.86± 0.16 1.76± 0.12
2.83 37.01± 0.07 36.29± 0.08 1.75± 0.12
3.54 37.62± 0.06 37.35± 0.46 1.57± 0.04
4.71 38.51± 0.18 38.43± 0.13 1.54± 0.13
7.07 38.60± 0.14 38.57± 0.33 1.21± 0.09
11.31 34.53± 0.40 32.86± 0.44 0.93± 0.08
14.14 29.81± 0.37 28.63± 0.63 0.60± 0.04

TABLE 6.1: Nusselt numbers as presented in Fig. 6.8 for the OB and the NOB case with
∆ = 40 K and Ra = 108. Furthermore the last column shows the deviation of the centre
temperature from the mean temperature for this NOB case as presented in Fig. 6.3(b).

non-rotating Rayleigh–Bénard convection can be found.
Other authors proposed transition parameters, that were supposed to be indepen-
dent of the boundary conditions. Julien et al. (2012) suggested an approach based
on an asymptotic state in the limit Ek → 0 which is expected to be valid for Ek-
man numbers still about one magnitude lower than the ones investigated here for
Ra = 108. Nonetheless their prediction of the transitional regime with active Ekman
pumping, given by 1 & Ro & Pr1/8Ra−1/8, yielding 1 . 1/Ro . 8.3 for Ra = 108,
matches the maximum Nu decently. Ecke and Niemela (2014) empirically deter-
mined the transition to geostrophic turbulence by measurements in helium with
Pr = 0.7. There, the thermal boundary layer is always thicker than the viscous
one, thus, the argumentation of a crossover of boundary layers does, of course, not
apply. But despite that, their transitional Rossby number 1/Rot = 1.5Pr1/2Ra1/14,
which gives 11.7 for Ra = 108, also coincides in a good approximation with the
Rossby number where the thermal boundary layers based on the slope criterion
start to increase, where the rms boundary layer thicknesses intersect and the maxi-
mum of the Nusselt number is found.
Now the question arises in which way NOB effects influence the heat transport
in rotating convection. Fig. 6.8 shows that NuNOB normalized by its value with-
out rotationNu∞NOB is virtually the same and agrees within the statistical error with
NuOB/Nu

∞
OB for 1/Ro . 3.5. Thus, the temperature dependence of the material prop-

erties influences the Nusselt number in the same way as without rotation. However,
in the small range between 3.5 . 1/Ro . 11.3, the ratio NuNOB/Nu∞NOB is greater
than NuOB/Nu∞OB. This does not mean that the actual Nusselt number is larger,
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NuNOB is only at most as large as NuOBwithin the statistical error. For 1/Ro & 11.3,
the situation is reversed, i.e. NuNOB/Nu∞NOB < NuOB/Nu∞OB.
To understand this behavior, it is useful to consider again eq. (5.2.31), i.e. the sepa-
ration of the ratioNuNOB/NuOB into a contribution by the boundary layers, Fλ, and a
contribution by the temperature drops, F∆. The factor F∆ is independent of 1/Ro for
1/Ro . 3.5. For more rapid rotation, the center temperature Tc drops, as discussed
before and was shown in Fig. 6.3(b), thus the top temperature drop ∆t increases
and the bottom temperature drop ∆b decreases. Consequently, F∆ decreases, but
only marginally. The factor Fλ is also independent of 1/Ro for 1/Ro . 3.5. After-
wards it increases, which is also the point where the thermal boundary layers in the
NOB case intersect, as was presented in Fig. 6.5(a). Fλ has its maximum value of
1.03 for 1/Ro = 7.1. For the highest 1/Ro, when the top boundary layer thickness
λθt is thinner than the bottom boundary layer thickness λθb, Fλ is smaller than in the
non-rotating case. Hence, the influence on the boundary layers is crucial for Nu.
The drop of Tc is only of minor importance.

6.5 Summary
The influence of non-Oberbeck–Boussinesq effects on rotating thermal convection
in water was investigated by means of three-dimensional DNS.
For low and moderate rotation rates, the Rayleigh–Bénard system responds very
similar to the temperature dependencies of the material properties as without rota-
tion. That is, Tc has the same value, the top thermal and viscous boundary layers
are thicker than the corresponding bottom ones and NuNOB/NuOB is the same as in
the non-rotational case.
However, for rapid rotation, certain NOB effects, i.e. those caused by the viscos-
ity are suppressed. The reason is that viscous effects in the bulk of the Rayleigh–
Bénard cell become negligible for strong rotations rates. This is best reflected by the
behaviour of Tc that shows a sharp decrease for Ro . 0.2. Although this might sug-
gest that in experiments many symmetries being inherent in Rayleigh–Bénard con-
vection are restored under NOB conditions if only the rotation rate is high enough,
one has to be careful since it will probably be a fallacy. There, not only the centrifu-
gal buoyancy, that was not considered in this study, would be another source of
breaking of the top-bottom symmetry, including a higher centre temperatureHart
and Ohlsen (1999), but furthermore, the boundary layers keep on being strongly
influenced by viscous forces.
Under NOB conditions the crossover of the top (bottom) thermal and viscous bound-
ary layers happens for slightly smaller (larger) Ro than under OB conditions. At this
crossover Rossby number the absolute deviation betweenNuOB andNuNOB is mini-
mal and smaller than without rotation. Moreover, at this Ro, the top thermal bound-
ary layers become thinner than the bottom ones, whereas for the viscous boundary
layer the situation remains as without rotation and the top viscous boundary layers
are thicker than the bottom ones.
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In this thesis different aspects of turbulent Rayleigh–Bénard convection have been
studied that go beyond of what the majority of recent investigations focuses on.
The two main concerns here, were the influence of rotation and the influence of
non-Oberbeck–Boussinesq (NOB) effects, and their combination. In addition also
the impact of the Prandtl number was considered. Thus, the objective was to get
us closer to the understanding of the turbulent convective flow behaviour in na-
ture. With this in mind, three-dimensional direct numerical simulations (DNS) of
turbulent Rayleigh–Bénard convection were performed.
Firstly, rotating Rayleigh–Bénard convection of a fluid with a Prandtl number of
Pr = 0.8 under perfect Oberbeck–Boussinesq (OB) conditions was discussed. The
fluid was confined in a slender cylindrical cell with an aspect ratio of Γ = 1/2. DNS
were performed for the Rayleigh number range 105 6 Ra 6 109 and the inverse
Rossby number range 0 6 1/Ro 6 20. Based on this data, I proposed a new method
to universally capture regime transitions using the decomposition of the velocity
field into toroidal and poloidal parts. Four different regimes were identified. First,
a buoyancy dominated regime occurring as long as the toroidal energy etor is not
affected by rotation and remains equal to that in the non-rotating case, e0tor. Second,
a rotation influenced regime, starting at rotation rates where etor > e0tor and ending
at a critical inverse Rossby number 1/Rocrit that is determined by the balance of the
toroidal and poloidal energy, etor = epol. Third, a rotation dominated regime, where
the toroidal energy etor is larger than both, epol and e0tor. Fourth, a geostrophic tur-
bulence regime for high rotation rates where the toroidal energy drops below the
value of non-rotating convection. A good agreement with other common methods
is found, having, however, several advantages over them: It captures all the transi-
tions. It works independent of the Prandtl number and the aspect ratio. It is based
on a global quantity, and thus, is very robust.
Secondly, the influence of temperature-dependent material properties on Rayleigh–
Bénard convection was investigated in three different liquids, ranging from a very
small Prandtl number for mercury with Pr = 0.0232, over a moderate one for wa-
ter with Pr = 4.38, to a very large one for glycerol with Pr = 2547.9. A series of
three-dimensional DNS was conducted in a cylindrical cell with a unity aspect ra-
tio, Γ = 1. Simulations were performed under OB conditions for all three liquids
and furthermore, various NOB conditions, i.e. temperature differences, were stud-
ied on the examples of water and glycerol.
For that purpose, I implemented temperature-dependent material properties into a
finite volume DNS code, by prescribing polynomial functions (up to seventh order
in the case of glycerol and up to third order in the case of water) for the viscosity,
the heat conductivity and the density. The DNS revealed that NOB effects lead to a
breakdown of the top-bottom symmetry typical for OB simulations. The observed
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NOB effects include, but are not limited to, different thermal and viscous bound-
ary layer thicknesses, asymmetric plume dynamics and an increase of the centre
temperature Tc. Their intensity strongly depends on the particular fluid.
In glycerol, simulations were performed within a range of Rayleigh numbers of
105 6 Ra 6 109. For the highest temperature differences, ∆ = 80 K, the viscos-
ity at the top is about 360% times higher than at the bottom, while the differences
of the other material properties are less than 15%. The temperature and velocity
profiles and the thermal and viscous boundary layer thicknesses were analysed.
Under NOB conditions, the temperature in the centre of the cell, Tc, increases with
increasing ∆ and can be up to 15 K higher than under OB conditions. The compari-
son of these findings with several theoretical and empirical models showed that 2D
boundary layer models overestimate the actual Tc, while models based on the tem-
perature or velocity scales predict Tc very well with a standard deviation of 0.4 K.
Furthermore, the obtained temperature profiles bend closer towards the cold top
plate and further away from the hot bottom plate. The situation for the velocity
profiles is reversed: they bend farther away from the top plate and closer towards
to the bottom plate. The top boundary layers are always thicker than the bottom
ones. Their ratio is up to 2.5 for the thermal and up to 4.5 for the viscous bound-
ary layers. Additionally, the Reynolds number Re and the Nusselt numberNuwere
investigated: Re is higher and Nu is lower under NOB conditions. The Nusselt
number Nu is influenced in a non-linear way by NOB effects, stronger than it was
suggested by 2D simulations. The actual scaling of Nu with Ra in the NOB case is
Nu ∝ Ra0.298 and is in excellent agreement with the experimental data.
In water, the Rayleigh number Ra ranged from 107 to 1.16 × 109 and temperature
differences ∆ up to 70 K were considered. Here, the NOB effects are reflected in an
up to 5.5 K enhancement of the center temperature and in an up to 5% reduction
of the Nusselt number. The top thermal and viscous boundary layer thicknesses
increase and the bottom ones decrease, while the sum of the corresponding top and
bottom thicknesses remains as in the classical OB case.
Furthermore, rotating Rayleigh–Bénard convection was studied in water as well,
both under OB and under NOB conditions. The inverse Rossby number range
0.07 6 1/Ro 6 14.1 was studied for ∆ = 40 K with the focus on Ra = 108. Rotation
applied to NOB thermal convection reduces the central temperature enhancement.
Under NOB conditions the top (bottom) thermal and viscous boundary layers be-
come equal for a slightly larger (smaller) inverse Rossby number than in the OB
case. Moreover, for rapid rotation the thermal bottom boundary layers become
thicker than the top ones. The Nusselt number normalized by that in the non-
rotating case depends similarly on 1/Ro in both, the NOB and the OB cases. The
deviation between the Nusselt number under OB and NOB conditions is minimal
when the thermal and viscous boundary layers are equal.

The progess in numerical investigations of turbulent thermal convection is very
closely connected with the development of supercomputers. So far, the next gener-
ation of supercomputers also led to the feasibility of simulations at higher Rayleigh
numbers, and therewith to simulations closer to realistic conditions. Even now,
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simulations are getting close to the so-called ultimate regime and the analysis of
the toroidal and poloidal energy might be another possibility to determine where
this transition occurs. However, not only achieving higher Ra is desirable. Other
questions seeking for an answer, are for example: How do NOB effects influence
convection in water at temperatures around the density anomaly? Do the vortex
statistics change in rotating NOB convection? How does rotation influence convec-
tion in a fluid with a high Prandtl number such as glycerol, in particular also with
respect to NOB conditions?
Many more questions can be asked. And once answered they might lead to new
ones. Thus, Rayleigh–Benard convection will probably keep on being a challenging
topic in fluid dynamics.
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