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1. Introduction
The heart is one of the most important organs which render human life possible. It
is a muscular structure which pumps the blood through the entire body and is thus
the central active unit driving the cardiovascular system. The muscle cells the heart
comprises are called cardiomyocytes. For effectively operating as a pump, the heart has
to contract and relax in a temporal coherent manner and thus have the cardiomyocytes.
The frequency of this coherent beating behaviour is compelled by pacemaker cells [1].
These cells emit electric signals, which allow the cardiomyocytes to contract via the so
called excitation contraction coupling [2]. In the mature heart, cardiomyocytes which
are in direct contact are connected via gap junctions. Gap junctions allow ion currents to
flow from one cell to another. By exploiting this communication channel, cardiomyocytes
are able to operate in a coordinated manner [3].
To understand the formation process of heart tissue and possible pathological behaviour, effort has been made to study the physiological properties of cardiomyocytes
and their development. Interestingly, they are able to contract without pacemaker cells,
in a self-sustained manner, even in early development stages [4, 5, 6]. Radmacher
et al. were one of the first who used atomic force microscopy to observe the mechanical beating behaviour of single cardiomyocytes [7]. Today, many studies deal with the
quantitative characterisation of the electromechanical properties of the beating of single
cardiomyocytes in terms of contraction force, beating frequency, intracellular calcium
concentration, and membrane potential [8, 9, 10]. Eschenhagen and Zimmermann
developed a biological system termed engineered heart muscle [11, 12]. The engineered
heart muscle is coherent contracting heart tissue produced in a petri dish. Its premature
state can be used as a model for studying the development process of heart tissue and the
collective behaviour of premature cardiomyocytes in particular. Surprisingly, it can be
observed that premature cardiomyocytes synchronise their beating behaviour although
they are separated from each other. Tzlil et al. showed that the mechanical connection
established by the medium surrounding the cells, is sufficient for the synchronisation
process to happen [13]. This raises the question of how the mechanical properties of
the medium influence the synchronisation behaviour of self-sustained beating premature
cardiomyocytes.
The two most prominent components of the gel-like medium surrounding the cardiomyocytes are collagen, which builds the polymer structure of the extracellular matrix, and
fibroblasts, which are cells that exert traction forces, remodel the extracellular matrix
and stiffen the medium over time [14, 15, 16]. In general, the medium has to be considered viscoelastic. A material is called viscoelastic if it cannot be described as a pure
elastic solid or a pure viscous liquid, but features both viscose and elastic properties to
a certain extent. This means that the inner forces of a viscoelastic material opposing a
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deformation depend on the deformation itself as well as on the rate of deformation; or
that energy is only conserved to a certain extent during a deformation process [17]. Effort has been made to characterise the rheological properties of polymer gels or collagen
in particular [18, 19, 20]. Baroccas et al. studied the rheological properties of collagen gels comprising fibroblasts and developed a mathematical model for describing the
remodelling process [21, 22, 23]. Although linear viscoelastic behaviour can be modelled
by simple serial-parallel-connection of Hookean springs and liner dampers [17], nonlinear
viscoelastic behaviour, found in polymer gels, requires more sophisticated mathematical
tools like fractional derivatives or Fourier rheology [24, 25, 26].
To theoretically study the synchronisation behaviour of premature cardiomyocytes in
dependence on the viscoelastic properties of the medium surrounding them, mathematical models are needed for the medium as well as for the cardiomyocytes. Mathematical
systems of different complexity and abstraction level have been used to model the latter.
The more complex systems try to model cardiomyocytes as calcium oscillators on the
detail level of their organelles [27, 28]. Systems with a moderate complexity focus on
the electromechanical features of heart tissue on a more abstract level [29, 30]. Since
cardiomyocytes exhibit self-sustained beating, they are represented by self-sustained oscillators in cases in which only their oscillatory properties on the highest abstraction
level are considered [31, 32].
Especially the latter approach connects the synchronisation behaviour of viscoelastically coupled premature cardiomyocytes, modelled as self-sustained oscillators, to another very broad research field. Namely, the branch of nonlinear dynamics in which the
synchronisation of networks of oscillatory units is studied in general. It exists a lot of
theoretical and experimental work in this context [33, 34, 35, 36]. For example it was
studied how networks of oscillators synchronise in the presence of time delay coupling
[37, 38], chimera states have been found [39, 40], networks of coupled oscillators are used
to model neuronal activity [41], and until today it is an open question how to experimentally tweak the coupling of two self-sustained oscillators to make them synchronise
in an in- or anti-phase manner [42, 43].

1.1. Research question of this thesis
This thesis analyses how the synchronisation behaviour of self-sustained oscillators is
influenced by the viscoelastic properties of their coupling. This question is motivated
by the early development stage of artificial heart tissue in which the synchronisation of
beating premature cardiomyocytes is aided by the viscoelastic polymer gel surrounding
them. To tackle this task, a mathematical model is developed which comprises selfsustained oscillators and a viscoelastic component providing their coupling. Techniques
and concepts from nonlinear dynamics are used to study the stability of the synchronous
states featured by that model.
Furthermore, first experimental insights are provided and analysed which characterise
the model system – the premature state of the engineered heart muscle. Videos of beat-
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ing premature cardiomyocytes – recorded by Susanne Schlick1 – are studied to extract
the following features of their beating behaviour: frequency, oscillation form, and scale
of contraction. Rheological experiments have been conducted – with the help of Susanne Schlick, Florian Spreckelsen2 , and Florian Rehfeldt3 – to access the viscoelastic
properties of the medium surrounding the premature cardiomyocytes. The acquired experimental data is analysed with image processing tools, time series analysis techniques,
and concepts from linear and nonlinear phenomenological rheology.

1.2. Structure of this document
The main body of this document is subdivided into six chapters and two appendices.
This introduction is followed by an explanation of the general concepts which build the
scientific and technical background of this thesis and which might be of great avail for
readers which are new to certain fields. The background chapter is followed by an analysis of the beating behaviour of premature cardiomyocytes. Videos of beating premature
cardiomyocytes are analysed with image processing tools to access the temporal form of
their beating. This data is further processed with time series analysis to access their beating frequency, oscillation form and scale of contraction. The next chapter is dedicated
to the rheological properties of the medium surrounding the premature cardiomyocytes.
Experimental results from shear rheometry experiments, which provide insights into the
rheology of the extracellular matrix, are shown, interpreted, and facilitated to guide
the following model process. A mathematical model of two viscoelastically coupled selfsustained oscillators is presented and analysed in the succeeding chapter. The stability
properties of the synchronised states featured by that model are analysed with the help
of bifurcation analysis tools and the obtained results are discussed in the contexts of
nonlinear dynamics and the synchronisation process of premature cardiomyocytes. The
main body of this document ends with a short summary and a general interpretation
of the obtained results. Furthermore, and besides a list of figures, two appendices are
provided which contain additional material in form of calculations and figures.

1
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3
Third Institute of Physics - Biophysics, Georg-August-University Göttingen
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2. Background
This thesis touches three distinct fields. These are biomedical physics, rheology, and
nonlinear dynamics. The functional behaviour of cardiomyocytes and the composition
of the medium under study – the premature state of the engineered heart muscle – fall
into the field of biomedical physics. Rheological concepts and tools are used to study the
material properties of the medium which couples the premature cardiomyocytes. The
final analysis of the synchronisation behaviour of viscoelastically coupled, self-sustained
oscillators is ascribed to the field of nonlinear dynamics.
In order to understand this thesis, some background information about the mentioned
topics might be of great avail. This background information is provided in the different
sections of this chapter. First, the physiology of cardiomyocytes and the composition of
the medium under study is presented. Those first sections are followed by a short introduction to the field of linear phenomenological rheology. After that, some notions and
techniques from nonlinear dynamics are elaborated. These are used later to introduce
the concept of synchronisation in the last section of this chapter. Note that although
all information is provided which should be sufficient to better understand this thesis,
the given introductions are far from being comprehensive. Thus, additional literature
is mentioned to provide a good starting point for acquiring further and more detailed
insights into the different topics.

2.1. Excitation contraction coupling of cardiomyocytes
In the context of this thesis, the two most important properties of cardiomyocytes are
their ability to beat, or rather to contract in a self-sustained manner, and their ability
to synchronise with each other. The former one can be understood in the context
of excitation contraction coupling. This contraction mechanism of cardiomyocytes is
described in two review papers published by Bers [2, 3].
A cardiomyocyte has to get excited or rather to depolarise in order to contract. Depolarisation means that the transmembrane potential of the cell changes from negative
voltage to about zero. The transmembrane potential is the electrical potential measured
between the inner and outer part of the cell. Usually, this depolarisation is caused by an
ion flux from neighbouring cells via gap junctions and opens ion channels which allow
calcium (Ca+2 ) influx. The raised calcium concentration [Ca+2 ] triggers the sarcoplasmic
reticulum of the cell to release Ca+2 , and thus the intracellular calcium concentration
raises even further. Ca+2 diffuses though the cell and binds to the myofilaments which
contract the cell along the direction of their alignment. After some time, the intracellular calcium concentration recovers to its base level. This process is governed by the
sarcoplasmic reticulum up-taking Ca+2 and by ion pumps pumping Ca+2 outside the
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Figure 2.1.: Sketch showing the calcium transport during the excitation contraction coupling of a cardiomyocyte. Shown are different organelles which transport
ions through the cell membrane (sarcolemma), the sarcoplasmic reticulum
(orange boundary) which releases a large portion of calcium into the cell
if excited, and the myofilaments which make the cell contract if in contact
with calcium, beside others. The picture was taken from Bers [2].
cell. As soon as the calcium concentration has recovered to a certain extent, the cardiomyocyte can be excited again. Figure 2.1 shows a sketch of the ion transport during
the excitation contract coupling.
Note that the described behaviour is valid for adult cardiomyocytes inside heart tissue
and that the contraction of single premature cardiomyocytes differs at least in two ways.
Depending on the age, the myofilaments of premature cardiomyocytes might not be
aligned well. Thus the cell might not contract along a distinct direction but rather
buckles. Furthermore it is known that premature cardiomyocytes beat in a self-sustained
manner, thus without the stimulus from neighbouring cells. This self-sustained beating
is driven by oscillations of the inner calcium concentration [4, 6].
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(a) Picture of a mature ring-shaped engineered (b) Microscope recording of (roundish) premaheart muscle. The image was provided by
ture cardiomyocytes among some elongate
Zimmermanna et al. and post processed.
cardiomyocytes. The image was recorded by
Susanne Schlicka and post processed.

Figure 2.2.: Macroscopic and microscopic pictures of engineered heart muscles as mature
tissue and as premature gel.
a

Institute of Pharmacology and Toxicology, University Medical Center Göttingen

2.2. Premature engineered heart muscle
The biological system under study is a premature state of the engineered heart muscle
(EHM) system developed by Eschenhagen and Zimmermann [11, 12]. The engineered
heart muscle is self-sustained and coherent contracting heart tissue produced in a petri
dish. Global contractions begin around a month after cultivation. Its final shape and size
depends on the mechanical boundary conditions of the petri dish during its development.
Ring-shaped EHMs are macroscopic objects with spatial extents on the length scale of
1 mm – 10 mm. The development of mature EHMs takes around three months.
The premature state of the EHM can be considered as a polymer hydrogel populated
by cardiomyocytes and fibroblasts. Collagen builds the polymer structure of the extracellular matrix. During the development of the EHM, the fibroblasts exert traction
forces which remodel and compress the gel until it can be considered as a tissue [14, 15,
16]. The (premature) cardiomyocytes are quiescent and roundish after cultivation but
start to contract and to elongate while they mature. The onset of their synchronisation
is around 8 h – 15 h after cultivation, depending on the cell density. Recent studies have
shown that cardiomyocytes can be synchronised by mechanical stimuli mediated by the
extracellular matrix [13]. The diameter of roundish premature cardiomyocytes is on the
length scale of 10 µm. The biological system under study is the premature state of the
EHM in which the premature cardiomyocytes start to synchronise their contraction behaviour. A mature ring-shaped EHM is shown in Figure 2.2a while Figure 2.2b shows a
microscope recording of premature cardiomyocytes.
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2.3. Concepts of linear rheology
At this, point a short introduction to the concepts of linear rheology will be given. This
introduction is based on Tschoegl [17].

2.3.1. From elasticity and viscosity to viscoelasticity
The rheological properties of a material determine how this material is deformed if a
force is acting on it. The study of these properties is called rheology. In the field of linear
rheology, all the constitutive equations obey linearity. One can distinguish between two
types of deformations:
Elastic Deformation The energy needed for a elastic deformations is preserved (thus
it is reversible without energy loss) and the deformation is instantaneous (thus it
does not depend on rates). During a linear elastic deformation the force F acting
on an elastic material is proportional (with factor k) to its elongation ∆l:
F = k ∆l.

(2.1)

Viscous Deformation The energy needed for a viscous deformation is not preserved and
the deformation happens over a finite time. During a linear viscous deformation
the force F acting on a viscous material is proportional (with factor n) to its rate
of elongation d∆l/dt:
d∆l
F =n
.
(2.2)
dt
Because rheology is the study of material and not object properties, one seeks a formulation of the constitutive equations Eq. (2.1) and Eq. (2.2) which does not depend on the
geometry of the object under study. Following this approach one uses stress σ = F/A0 ,
which is the force acting on an object per unit area A0 , instead of force F , and strain
ε = ∆l/l0 , which is the relative elongation with respect to a reference length l0 , instead
of elongation ∆l.
σ =Eε
dε
σ=η
dt

(2.3)
(2.4)

Doing so, the constitutive equations (Eq. (2.3) and Eq. (2.4)) depend only on material
properties which are independent of geometry. These are the elastic modulus or Young’s
modulus E = k l0 /A0 and the viscosity η = n l0 /A0 . For an illustration see Figure 2.3.
The two deformation scenarios described above are idealised limit cases. Real materials
exhibit always both kinds of deformations to a certain extent. How viscous or elastic
a material deforms often depends on the time scale of deformation. To predict how
a material behaves in certain scenarios, its viscoelastic properties need to be known.
Since the strain-stress response of viscoelastic materials depends on the whole material
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Figure 2.3.: Sketch of an object with reference length l0 , cross section area A0 , elastic
modulus E, and viscosity η. It is deformed about the length ∆l corresponding to the strain ε by an external force F corresponding to the stress σ.
history, the constitutive equations describing them are not functions but functionals;
and the viscoelastic properties are no scalars but functions of time.
F[ε(u)]t0

σ(t) =

F[σ(u)]t0

ε(t) =

t

Z
=
0

Z
=
0

Q(t − u) ε(u) du

(2.5)

U (t − u) σ(u) du

(2.6)

t

Equations Eq. (2.5) and Eq. (2.6) showing the stress response σ(t) to a history of strain
ε(u) and the strain response ε(t) to a history of stress σ(u), respectively. The response
functions are called relaxance Q(t) and retardance U (t). It is important to note that
the relaxance and the retardance are equivalent in the sense that each of them fully
describes the viscoelastic behaviour of the material under study on its own, since1
Z

t

0

Q(t − u) U (u) du = δ(t).

(2.7)

holds. The choice of which response function to use often depends on the experimental
accessibility. For example the relaxance of a material is given as the stress response to
an instantaneous strain impulse stimulus:
Q(t) =

σ(t)
,
ε0

with ε(t) = ε0 δ(t).

(2.8)

Besides the relaxance and the retardance there are many other equivalent response functions, each of them accessible via other kinds of stimuli.

2.3.2. Models of viscoelastic materials
The task of viscoelastic modelling is to derive constitutive equations2 for materials with
different viscoelastic properties to understand and predict their behaviour under load.
1
2

See Sec. B.1 for a more detailed explanation.
These are the equations which directly relate stress and strain (or their derivatives) to each other.
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Figure 2.4.: Sketch of the two basic building blocks of serial-parallel models. Left is a
Hookean spring with the modulus E and right a Newtonian dashpot with
the viscoelasticity η.

(a) The Maxwell fluid consists of a
Hookean spring in serial with a
Newtonian dashpot.

(b) The Kelvin-Voigt material consists of a Hookean spring in parallel with a Newtonian dashpot.

Figure 2.5.: Sketch of the two simplest possible serial-parallel models: A Maxwell fluid
and a Kelvin-Voigt material. E denotes the moduli of the springs and η
denotes the viscosity of the dashpots.
The simplest models describe the behaviour of purely elastic or viscous materials. The
model of an idealised elastic material is a Hookean spring obeying Eq. (2.3). And the
model of an idealised viscous material is a Newtonian dashpot obeying Eq. (2.4).
One prominent class of linear viscoelastic models has the former mentioned as building blocks. This class is called serial-parallel models. The idea is to combine the idealised elastic and viscous behaviour of springs and dashpots to produce viscoelastic
behaviour. The two simplest of those serial-parallel combinations are called Maxwell
fluid and Kelvin-Voigt material. They obey the following constitutive equations and are
shown in Figure 2.5.
E
σ
η
Kelvin-Voigt material: σ = η ε̇ + E ε
Maxwell fluid:

σ̇ = E ε̇ −

(2.9)
(2.10)

Their names are motivated by their rheodictic3 and arrheodictic4 behaviour, respectively.
Although it is easy to create further kinds of serial-parallel models with more building
blocks to model more complicated viscoelastic behaviour, this approach has some disadvantages. In very complex models the single parameters cannot be interpreted anymore
as material parameters in a meaningful sense due to their large number. Thus the ability
3

Materials which do not have a well defined reference configuration, such as many fluids like water, are
called rheodictic.
4
Materials which do have a well defined reference or rest configuration, such as some solids like rubber,
are called arrheodictic.
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to understand the material behaviour via the applied model is lost. Furthermore, they
are not suited to reproduce any arbitrary kind of viscoelastic response. For example
power law like responses found in polymers cannot be modelled by serial-parallel models
which comprise a finite number of elements [25, 26]. But if kept simple and applied in
an adequate way, serial-parallel models are a powerful tool to characterise the behaviour
of a large variety of materials [44], and are able to convey a valuable understanding of
viscoelasticity itself.

2.3.3. The complex modulus
One prominent viscoelastic response function is the dynamic modulus or complex modulus
G∗ (ω). The complex modulus is defined as the stress response to a harmonic strain
stimulus after infinite time.
σ(t, ω)
t→∞ ε(t, ω)

G∗ (ω) = lim

with

ε(t, ω) = ε0 exp(i ω t)

(2.11)

The direct physical meaning of the complex modulus is revealed by considering its real
and imaginary part.
e
G∗ (ω) = G0 (ω) + i G00 (ω) = G(ω)
exp[i θ(ω)]

(2.12)

The storage modulus G0 (ω) is proportional to the average energy conserved during
one cycle per unit volume, the loss modulus G00 (ω) is proportional to the average energy dissipated during one cycle per unit volume, and the tangent of the loss angle
tan [θ(ω)] = G00 (ω)/G0 (ω) is the ratio between the dissipated and the conserved energy
during one cycle per unit volume of the material. Reconsidering the definitions of elasticity and viscosity given along with Eq. (2.1) and Eq. (2.2), which state that the energy
needed for a purely elastic or purely viscous deformation is preserved or lost respectively,
the loss angle can be interpreted as a measure of how elastic or viscous the material under
study is5 .
To get further insight into the meaning of the complex modulus and its components,
it is derived analytically for the Maxwell fluid and the Kelvin-Voigt material (see Figure 2.5). To do so, Eq. (2.9) and Eq. (2.10) are used along with the definition of the
complex modulus Eq. (2.11). The resulting complex moduli are given as follows and are
shown in Figure 2.6.


E 2 /η 2
E/η
∗
Maxwell fluid: G (ω) = E 1 − 2 2
+ iE 2 2
ω
(2.13)
2
E /η + ω
E /η + ω 2
Voigt material: G∗ (ω) = E + i η ω
(2.14)
To understand the shown complex moduli by intuition one could think about how the
corresponding model will behave (in terms of elastic or viscous response) if it is stimulated by different frequencies.
5

On the time scale given by 2π/ω.
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(a) Complex modulus of the Maxwell fluid (b) Complex modulus of the Kelvin-Voigt ma(Eq. (2.13)) with E = η = 1.
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Figure 2.6.: Complex moduli (Eq. (2.11)) of the Maxwell fluid and the Kelvin-Voigt material (Fig. 2.5) split up into storage and loss modulus.
First, the Maxwell fluid (Figure 2.5a) is considered. If the Maxwell fluid is stimulated
with a periodic strain or elongation ε(ω = 0) with a frequency equal to zero, meaning
infinitely slow, no energy is conserved or dissipated during the deformation process. This
is because an infinitely slow elongation will result in a strain rate equal to zero ε̇ = 0.
Thus no strains which correspond to the friction in the Newtonian dashpot (Eq. (2.2))
occur. Nevertheless the steady and strain free elongation of the dashpot allows the
spring to stay at its rest length although the whole model is elongated. So no strains
corresponding to the elastic spring can be measured either. This means that no energy
is needed for an infinitely slow elongation of the Maxwell fluid. Thus the storage G0 (ω)
and the loss modulus G00 (ω) are equal to zero at ω = 0. If, however, the Maxwell
fluid is stimulated by an infinitely fast elongation (ω → ∞) the dashpot acts like an
solid rod since ε̇ → ∞. Thus, the deformation happens only via the elongation of the
spring. Since the spring perfectly conserves all the energy needed for the deformation,
the storage modulus G0 (ω) approaches a limit given by its elastic modulus while the loss
modulus G00 (ω) goes to zero.
Now the Kelvin-Voigt material (Figure 2.5b) is considered. All elongations applied
affect both the spring and the dashpot equally since they are setup in parallel. The
strain generated by the spring does not depend on the rate of the elongation. Thus, the
energy stored does not depend on the frequency of elongation either. That is why the
storage modulus is constant with respect to ω and only depends on the elastic modulus
of the spring. The strain generated by the dashpot depends linearly on the rate of
elongation. Thus, the energy dissipated depends linearly on the elongation frequency.
This means that the loss modulus does as well and is zero for infinitely slow elongations
and approaching infinity for infinitely fast elongations.
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2.4. Concepts of nonlinear dynamics
Dynamical systems obeying nonlinear constitutive equations are studied in the research
field of nonlinear dynamics. The fact that those equations are nonlinear adds an additional layer of complexity, since the dynamical behaviour of those systems cannot be
described by simple superpositions of exponential functions in general, as it is possible
with linear systems. That means, analytic solutions which fully describe the systems dynamics cannot be found in general, thus making their analysis more challenging. On the
other hand, those systems are able to exhibit very rich dynamical behaviour as their solutions are not restricted to a set of basis functions. In this section, a short introduction
into the concepts and tools of the field of nonlinear dynamics is given to an extent which
is of avail for the understanding of this thesis. For a more detailed overview Argyris
et al. [45] is recommended.

2.4.1. Dynamics of nonlinear systems
Nonlinear systems can be described by nonlinear ordinary differential equations if time is
assumed to flow continuously6 and if the system is assumed to be not spatially extended.
That means that the only independent variable7 is time t.
dx
= f (x, t)
dt

(2.15)

The temporal derivatives of the dependent variables x are given by a nonlinear vector
field f which in turn depends on the dependent variables and time in general. Note
that lowercase bold italic letters are used for denoting vectors. Since only autonomous
nonlinear systems are considered in this thesis, the explicit time dependence will be neglected henceforth. The current state of the system is given as the union of all dependent
variables at a certain point in time xt . It is common to define the phase flow φ which
transports a system state in time.
φ : t + ∆t, xt → xt+∆t
φ(t + ∆t, xt ) = xt+∆t

(2.16a)
(2.16b)

Although the phase flow is implicitly given by Eq. (2.15), which defines the past and
the future8 of all states, it cannot be given analytically in general. Nevertheless, its
notion is utile in order to “speak” about the dynamics compelled by the equations of
motion Eq. (2.15). One can think about the phase flow as the nonlinear equivalent9 to
6

If time is assumed to flow in discrete portions the systems under study are described in terms of
nonlinear maps.
7
If the system is assumed to be extended, it is described by partial differential equations and the
additional independent variables are the spacial dimensions of the system.
8
All systems in this thesis are deterministic.
9
To be precise, the phase flow is the general solution of the system Eq. (2.15). The distinction between
linear and nonlinear systems is only made for didactical reasons.
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the general solution of a linear system, which transports an initial condition forward in
time. Given a fixed initial condition x0 , the phase flow generates a trajectory 10 x.
x : t → xt

(2.17a)

φ(x = x0 , t) ≡ x(t) = xt

(2.17b)

A trajectory is a continuous curve of system states, parametrised by time and it is
equivalent to a fundamental solution of Eq. (2.15). The trajectory resides in phase space
which is the space spanned by all dependent variables {xi }, which are called dynamic
variables henceforth. Again, the analytical form of both, the phase flow and its generated
trajectories, are not known in general. To analyse the dynamics of the system under
study, one exploits the fact that the temporal derivatives of the dynamic variables in
Eq. (2.15) are tangent to the trajectories. Thus, by following those tangents one is able
to generate trajectories graphically and numerically. For illustrating this, the following
dynamical system, the Van der Pol oscillator, shall be considered.
ẋ1 = f1 (x1 , x2 ) = x2
ẋ2 = f2 (x1 , x2 ) = µ 1 −

(2.18a)
x21



2

x2 − ω x1

(2.18b)

By plotting the vector field given by (f1 , f2 )T in phase space, the dynamical behaviour
of system Eq. (2.18) can be accessed. Figure 2.7 shows the phase portrait of the Van der
Pol oscillator. It can be seen how two different initial conditions lead to two different
trajectories (orange and blue line). The direction of time is illustrated by the direction
of the arrows, representing the vector field (f1 , f2 )T . In addition to the trajectories two
other structures are shown in Figure 2.7: two invariant sets; a (stable) periodic orbit
and an (unstable) fixed point.
Invariant sets are special sets of points in phase space. If a point of an invariant
set is chosen as an initial condition, the corresponding trajectory will never leave this
set. Furthermore, an additional property can be assigned to invariant sets, which is
their stability. Stable invariant sets attract trajectories and unstable ones repel them.
Taking these two properties together, invariant sets define the topology of the phase flow
and thus the dynamical behaviour which can be observed. Thus, analysing a nonlinear
system’s dynamics boils down to finding and characterising its invariant sets. In general,
this can only be done numerically or semi-analytically. The notions utilised for that
purpose are discussed in the following.

2.4.2. Linear stability analysis
An invariant set’s dimension is limited by the dimension of the dynamical system featuring it. Zero dimensional invariant sets, which are called fixed points, play a singular
role since they can be found and classified analytically in many cases. To access their
stability, linear stability analysis is used. The concepts introduced in this context can
be generalised to invariant sets of higher dimensions later.
10

Not that it is common in physics that functions and the elements of their image sets are addressed
with the same symbol.
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Figure 2.7.: Phase space portrait of the Van der Pol oscillator Eq. (2.18) with µ = ω = 1.
For two different initial conditions, the phase flow generates two different
trajectories which are colour coded by orange and blue. The vectors of the
vector field (f1 , f2 )T are tangent to these trajectories. Furthermore, the only
(unstable) fixed point and the only (stable) periodic orbit of the system are
shown in black.
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Since the trajectory generated by the phase flow for an initial condition identical to
the fixed point x∗ only comprises the fixed point itself, the temporal derivatives of all
dynamic variables have to vanish at the fixed point.
0=

dx
dt

= f (x∗ )

(2.19)

x=x∗

The solutions of the nonlinear system of equations (Eq. (2.19)) might be found analytically. A fixed point is asymptotically stable if trajectories are attracted towards it and
asymptotically unstable if they are repelled. Since there can be multiple “competing”
stable invariant sets in phase space, the given definition has only to hold in the infinitesimally close proximity of the fixed point under study. The Hartman-Grobman theorem
states that the nonlinear phase flow is topologically conjugated to the phase flow of
the linearised system in the vicinity of a hyperbolic fixed point. The dynamics of the
linearised system are defined by the linearised (around the fixed point x∗ ) differential
equations11 :
=0

z }| { ∂f
dx
i
≈ fl (x) = f (x∗ ) +
dt
∂xj

x∗

(x − x∗ ) = J|x∗ (x − x∗ ).

(2.20)

Here J|x∗ is the Jacobian of f at the fixed point x∗ . If the real parts of the eigenvalues
of the Jacobian J|x∗ do not vanish, the fixed point x∗ is called a hyperbolic fixed point.
The dynamics of a trajectory in the proximity of the fixed point x(t) = x∗ +∆x is studied
to check if the fixed point is attracting or repelling. This means that small deviations ∆x
from the fixed point decrease or increase in time, respectively. The linearised equations
Eq. (2.20) are used for this purpose. Insertion of the trajectory yields:
=0

z}|{
dx
dx∗ d∆x
=
+
≈ fl (x∗ + ∆x) = J|x∗ ∆x.
dt
dt
dt

(2.21)

The general solution of the linear differential equation is known to be a linear combination
of N exponential functions; where the number of dimensions of the system under study is
denoted by N . Those exponential functions have the eigenvalues νi of J|x∗ as exponents
and its eigenvectors vi as prefactors.
∆x(t) =

N
X

ai vi eνi t

(2.22)

i

This solution states that a multidimensional deviation ∆x from a fixed point will exponentially grow or decay in direction of the eigenvector vi , on the time scale given by the
real part of the corresponding eigenvalue νi . If all the real parts of the eigenvalues are
negative Re{νi } < 0 ∀ i, the fixed point is called asymptotically stable.
11

In this thesis, the terms in long equations which are used later are emphasised.
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Invariant sets which are asymptotically stable are called attractors. Since they attract
trajectories in phase space, they can be easily found by numerically integrating the
equations of motion forward in time. If multiple attractors coexist, the initial conditions
determine in which attractor the resulting trajectory will end up. The union of all initial
conditions which lead to a certain attractor is called basin of attraction of this attractor.
Invariant sets which are asymptotically unstable along all phase space directions are
called repellers. They can be found by numerically integrating the equations of motion
backward in time. Invariant sets which attract trajectories along some directions in
phase space and repel them along others are called saddles12 .
The spectrum of Lyapunov exponents {λi } quantifies the stability of invariant sets
with an arbitrary number of dimensions. It is a statistical measure of stability and can
be calculated numerically [46]. Note that the Lyapunov spectrum of a fixed point is
equal to the union of its eigenvalues’ real parts λi = Re{νi }. The meaning of Lyapunov exponents can be understood by considering the notion of phase volume and its
growth rates σi along certain directions in phase space. A phase volume is defined as
a bounded continuous set of states in phase space. Each state can be considered as an
initial condition of a trajectory. The phase flow deforms that volume over time. The
mean13 rates with which the principal components of the phase volume change are the
Lyapunov exponents. Consider Figure 2.8 as an example. There, a phase volume near a
stable periodic orbit is considered. A periodic orbit is a closed one dimensional invariant
set. Dynamic variables of the trajectories which live on top of this structure oscillate
periodically in time. Since the orbit is stable, the phase volume shrinks towards it in one
direction of phase space. Along the other direction, the phase volume does not change
size. This is caused by the motion a trajectory exhibits on top of the orbit. Along the
direction of motion, a perturbation does neither grow nor decay. Since Lyapunov exponents are usually ordered with respect to their magnitude, the first Lyapunov exponent
of this periodic orbit is zero and the second one is negative {λ1 = 0, λ2 < 0}.
Invariant stets can be characterised by their Lyapunov spectrum. If all Lyapunov
exponents of an invariant set are negative, it is called asymptotically stable. One vanishing Lyapunov exponent among negative ones characterises a stable periodic orbit. If
the phase flow enforces two distinct periodic motions with incommensurable frequencies
along two directions in phase space, quasi-periodic oscillations are observed. Such a set
corresponds to a two dimensional torus. Two vanishing Lyapunov exponents among
negative ones characterise these tori. A not periodic and bounded solution whose dynamics is sensitive to the initial conditions is called chaotic. Such solutions are governed
by chaotic attractors. These are invariant sets in phase space which are locally unstable but globally stable. Thus, they are characterised by at least one positive and one
vanishing Lyapunov exponent among negative ones. Note that they cannot be distinguished (by only considering the Lyapunov spectrum) from periodic saddles, which have
positive and negative Lyapunov exponents among one that is zero (theses invariant sets
12

Nevertheless, saddles repel trajectories as well in all practical situation, since a little perturbation
along an unstable direction is enough for a trajectory to diverge.
Rt
13
In this context, the temporal mean is defined as follows: hgit = limt→∞ 1t 0 g(t0 ) dt0

17

2. Background

Figure 2.8.: Sketch of a phase volume which shrinks in one direction (red arrow) while
it travels around a periodic orbit along an other direction (blue arrow). Its
principal components σi change accordingly. Their mean temporal rate of
change is given by the corresponding Lyapunov exponent λi .
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are locally and globally unstable). This is due to the fact that the notion of Lyapunov
exponents utilises the linearised system of equations of a nonlinear dynamical system.
Thus, Lyapunov exponents only measure local stability. Only nonlinear systems which
have a (at least) three dimensional phase space can feature chaotic attractors14 .
At least three different kinds of invariant sets occur later in this thesis. Among them
are chaotic and quasi-periodic attractors. However, the most notable ones are periodic
orbits, since they feature the most important class of solutions of the mathematical
models developed. Especially their stability, in dependence of the system parameters,
will be analysed. For investigating how properties of invariant sets change with system
parameters, bifurcation theory is utilised.

2.4.3. Bifurcation theory
A sudden change of the topology of the phase flow is called bifurcation. These are linked
to invariant sets which change their stability or state of existence, while one or more
parameters of the system under study are varied. Bifurcations are named depending
on the type of topological change, or the class, number and dimension of the invariant
sets involved. There is a vast number of bifurcations one can distinguish, especially
if systems of higher dimensionality are considered. One can group bifurcations by the
number of system parameters which have to change for the bifurcations to occur. This
number is called codimension. A saddle-node bifurcation is a pair production of a stable
node or stable limit cycle and a saddle or semi-stable limit cycle. After a supercritical
Poincaré–Andronov–Hopf bifurcation, a stable limit cycle is born or ceases to exist,
while it grows out or collides with an unstable node; the node becomes stable after
collision. Both are bifurcations of codimension one. The supercritical Neimark-Sacker
bifurcation is of codimension two. It is similar to the Hopf bifurcation, but an invariant
torus grows out or collides with a limit cycle in a shrink hose like manner. To detect a
bifurcation in general, one tries to observe how the number of invariant sets and their
eigenvalues or Lyapunov spectrum change.
Lets consider the following system as an example.
ẋ1 = f1 (x1 , x2 ) = −a + x21
ẋ2 = f2 (x1 , x2 ) = −x2

(2.23a)
(2.23b)

The system in Eq. (2.23) has a two dimensional phase space consisting of x1 and x2 and
features a saddle-node bifurcation of fixed points when its only parameter a is varied.
Its phase space portrait is shown in Figure 2.9 for different values of a. It can be seen
that no fixed point exists at a = −0.2 and how a stable node and a saddle are born while
a changes sign. Note how the vectors of the phase flow change continuously although
its topology does not. For a better understanding the position of the fixed points and
their eigenvalue spectrum can be considered. The position of the saddle is given by
√
√
xs = ( a, 0)T and the one of the node by xn = (− a, 0)T . Their eigenvalue spectrum
14

Reminder: Only continuous systems are considered here. Systems in which time flows in discrete
portions do not have to be (at least) three dimensional to feature chaotic solutions.
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Figure 2.9.: Phase space portraits of system Eq. (2.23) undergoing a saddle-node bifurcation while the parameter a is varied. The arrows denote the direction of
the phase flow. The solid circle represents the asymptotically stable node
while the other marks the saddle. The bifurcation happens at a = 0.
√
√
is given by {2 a, −1} and {−2 a, −1} respectively. It can be shown that both lose
their stability properties along x1 at a = 0 and that their positions, considering a real
phase space, are not well defined anymore if a < 0. Exactly at a = 0 they are identical.
For better visualising the event, one can draw a bifurcation diagram as shown in
Figure 2.10. Usually, invariant sets are represented by a scalar in a bifurcation diagram.
This could be the maximal positive amplitude of an oscillation caused by a stable periodic
orbit for example. Here, the x1 phase space positions of the fixed points are chosen. The
change of this scalar is observed in dependence of the parameter varied. By additionally
visualising the stability properties of the invariant sets, they can be distinguished from
each other. Note that this kind of visualisation is a mere projection of the bifurcation
behaviour rather than a comprehensive picture. Although a saddle-node bifurcation of
two limit cycles would look very similar, its implication on the phase space dynamics
is very different (or at least of higher dimensionality). To better visualise and analyse
the change of phase space dynamics caused by bifurcations, a clever way of reducing
the dimensionality of the problems is useful. One of those ways is the application of a
Poincaré surface.
To explain the concept of a Poincaré surface, the following three dimensional system,
called Rössler system, shall aid as an example. It comprises three parameters and in
dependence on those, it is able to exhibit periodic as well as chaotic dynamics.
ẋ = −y − z

(2.24a)

ẏ = x + a y

(2.24b)

ż = b + z (x − c)

(2.24c)

The values15 of two of the three parameters will stay fixed at a = 0.2 and c = 5.7.
15

The values have been taken from [47].

20

2.4. Concepts of nonlinear dynamics

0.4
x1

0.2

saddle
node

0
−0.2

−0.4

0

0.1

0.2

a
Figure 2.10.: Bifurcation diagram of system Eq. (2.23) showing a saddle-node bifurcation
when the parameter a is varied. The solid line denotes the x1 position of
the asymptotically stable node, while the dashed line marks the saddle.
The bifurcation happens at a = 0.

b is considered as the bifurcation parameter. In dependence of b, the properties of the
Rössler attractor will be discussed. The Figures 2.11a, 2.11b, and 2.11c show three phase
space portraits of the Rössler attractor which differ with respect to b. At b = 1.6 the
Rössler attractor is a period one orbit (see Figure 2.11a). As the bifurcation parameter
decreases, two period doubling bifurcations happen; leaving the Rössler attractor as a
period four orbit at b = 0.8 (see Figure 2.11b). At b = 0.4 the Rössler attractor exhibits
attracting chaotic dynamics (bounded, quasi-periodic dynamic which is sensitive to the
choice of initial conditions; or rather globally stable but locally unstable dynamics). To
visualise this behaviour in form of a bifurcation diagram, a Poincaré surface is applied.
It is a hyperplane in phase space defined by fixing the value and the sign of the derivative
of one dynamic variable. A part of the Poincaré surface for y = 0 and ẏ < 0 is shown in
each phase portrait as blue square (see Figure 2.11a for example). The surface is chosen
in such a way that the orbit under study intersects it. In the Poincaré surface, orbits
are represented by their intersection points. Single points correspond to periodic orbits,
while a dense point cloud is created by the intersection of a quasi-periodic or chaotic
orbit. This kind of mapping reduces the dimension of the bifurcation problem under
study by one.
One of the points’ coordinates, with respect to the chosen Poincaré surface, might be
choose as a scalar, representing the invariant set under study in a bifurcation diagram.
Such a bifurcation diagram, showing the bifurcation behaviour of the Rössler attractor,
is shown in Figure 2.11d. This time, different branches do not represent other invariant
sets, as it was the case with the bifurcation diagram shown in Figure 2.10. The number
of branches corresponds to the number of windings of the Rössler attractor as long as it
is periodic. By observing how the image of the Rössler attractor on the Poincaré surface
changes while varying the bifurcation parameter b, its bifurcation behaviour can be
seen. After some period doubling bifurcations (branching), chaotic windows alternate
with periodic ones while decreasing b. Note that both, quasi-periodic dynamics and
chaotic dynamics produce a dense point set on the Poincaré surface. That means that
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(a) Period one orbit at b=1.6. (b) Period four orbit at b=0.8. (c) Chaotic attractor at b=0.4.

(d) Bifurcation diagram created with the Poincaré map defined in top right corner. Several
period doublings (branch points) can be observed before the system becomes chaotic (point
cloud).
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(e) Two largest Lyapunov exponents of the system in dependence on the bifurcation parameter.
If the largest exponent is positive, the system exhibits chaotic dynamics.

Figure 2.11.: Bifurcation behaviour of the Rössler system Eq. (2.24). (a), (b), (c) The
attractor of the Rössler system is reduced to a set of points on a Poincaré
surface. (d) The x position of this points represents the attractor in a
bifurcation diagram. (e) Additionally, the two largest Lyapunov exponents
are shown. Everywhere where λ1 > 0 and λ2 = 0 the systems exhibits
chaotic dynamics.
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one cannot distinguish between them by only considering the bifurcation diagram.
To overcome this problem, the Lyapunov spectrum of the Rössler attractor has to be
considered. Figure 2.11e shows the two largest Lyapunov exponents of the system in
dependence of the bifurcation parameter b. Note how one Lyapunov exponent is always
equal to zero while the others are negative in the case of a periodic motion, as discussed
before in context of a growing or shrinking phase space volume (see Figure 2.8). Every
time a dense point set can be seen in the bifurcation diagram, the largest Lyapunov
exponent is larger than zero, indicating local instability thus chaotic dynamics in this
case.
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2.5. Concept of synchronicity
In 1665, the Dutch scientist Christian Huygens reported about a phenomenon nowadays referred to as synchronisation. Huygens observed that after some time, two pendulums clocks, mounted on a common support, started to tick at the same moments.
He concluded that little amounts of energy, which passed though their common support,
must have lead to that behaviour. Thus the “sympathy of two clocks” is caused by their
coupling via their support. In this section the notion of synchronisation is discussed to
an extent which is utile in order to provide a better understanding of the work conduced
in the context of this thesis. As a reference the textbook written by Pikovsky et al.
[48] was used.
Freely translated, “synchronous” means “at the same point in time”. In more mathematical words, one would consider two systems as acting synchronous if there is a perfect
temporal correlation between them. Synchronisation describes the process after which
two systems are synchronised. Thus, the term synchronisation has a causal extent. Two
uncoupled systems could exhibit synchronous dynamics by chance but only two coupled
systems can synchronise. In the context of this thesis, only the latter case, synchronicity
induced by a causality, is meant when speaking about synchronous systems. Furthermore, the notion of synchronicity in terms of a perfect temporal correlation shall be
relaxed. Two systems will be called synchronous if the current state of the first system
can be inferred by only knowing the current state of the second one and vice versa.
These definitions translate to systems comprising multiple coupled units as well.
Usually synchronisation can occur in two ways. In the first case, a unit synchronises
with another one, which in turn influences or drives the first, in terms of a master-slave
relation (unidirectional coupling). In the second case, multiple similar units synchronise
with each other because of a mutual influence (bidirectional coupling). The latter case is
called mutual synchronisation. Only mutual synchronisation of self-sustained oscillators
is analysed in this thesis.

2.5.1. Self-sustained oscillators
Systems which exhibit self-sustained oscillations, thus featuring a asymptotically stable
limit cycle16 in phase space as solution, are called self-sustained oscillators. In terms
of physics, self-sustained oscillators have an internal energy source which is used to
maintain their oscillatory motion even in the presence of damping or perturbations. A
pendulum clock is an example for a self-sustained oscillator. Its pendulum performs a
periodic oscillatory motion which is maintained by the potential energy of its weights.
Although small perturbations of the pendulum add an offset to its motion with respect
to time, its oscillatory behaviour is unaffected.
To illustrate the dynamics of a self-sustained oscillator and to compare these with the
dynamics of a not self-sustained oscillator, the following two systems are considered: the
16

Of course there are (self-sustained) chaotic oscillators as well, but they are neglected here for didactic
reasons.
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Van der Pol oscillator
ẋ1 = x2

(2.25a)

2

ẋ2 = µ 1 − x1 x2 − ω 2 x1

(2.25b)

ẏ1 = y2

(2.26a)

2

(2.26b)

and the harmonic oscillator

ẏ2 = ω y1 .

Figure 2.12 shows the dynamics of the self-sustained Van der Pol oscillator and compares
its phase space portrait with the one of the harmonic oscillator. The phase flow of
the Van der Pol oscillator features, besides an unstable fixed point at the origin, a
global attracting limit cycle (see Figure 2.12a). Almost all initial conditions converge
towards this limit cycle and perform a periodic motion after their transient time (see
Figure 2.12c). Thus, perturbations will decay and the system goes back to the periodic
motion compelled by the limit cycle. The “internal energy source” of the Van der Pol
oscillator is given by the nonlinear damping present in Eq. (2.25b). It pumps energy
into the system if trajectories are inside the limit cycle and drains energy from it if
trajectories are outside the limit cycle.
The phase flow of the harmonic oscillator features a dense family of periodic orbits
around its fixed point at the origin. Three of those are shown in Figure 2.12b. This means
that the whole phase space is filled with invariant sets. Thus, every initial condition will
produce a trajectory which stays on the invariant set from which the initial condition
was chosen. Perturbations will neither grow nor decay but lead to periodic oscillations
with a different amplitude than the unperturbed trajectory. This is due to the fact that
the harmonic oscillator does not comprise an inner energy source or sink but is energy
conserving.

2.5.2. Notion of the phase
Often, the phases of periodically oscillating systems are used to detect and classify
synchronisation between them. The phase ϕ is defined as follows: “The phase of a
periodic oscillator grows uniformly in time and gains 2 π at each period.” [48]. Lets
consider T as the temporal length of one oscillation cycle, usually called period. The
phase of a periodic oscillator keeps count of the number of oscillation cycles passed
(t − t0 )/T , after a time t0 , as multiple17 of 2 π.
ϕ = 2π ·

t − t0
+ ϕ0
T

(2.27)

The offset ϕ0 can be used to define a starting point of the oscillation cycle and to
account for perturbations, which transport the state of the oscillating system along its
limit cycle, thus suddenly increasing or decreasing its phase. Note the very importance
17

This factor is used for mathematical convenience.
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(c) Oscillations of the Van der Pol oscillator in the time domain. It can be seen how its dynamic
variables (orange) converge towards the periodic oscillation behaviour (black) compelled by
its limit cycle.

Figure 2.12.: Dynamics of a self-sustained oscillator, the Van der Pol oscillator, in phase
space and in the time domain. Furthermore, the phase space portrait of
the Van der Pol oscillator is compared with the portrait of the harmonic
oscillator. The parameter values µ = ω = 1 have been used.
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of the latter statement; since this is the only difference between a dimensionless number,
which counts time in terms of oscillation cycle length T , and a phase, which counts
passed oscillation cycles. Note further that the mere term “phase” is used ambiguously
in different contexts, like in “phase space”. There, for example, the term “phase” denotes
a state of the system under study in general. Fortunately, it can be inferred from the
context what is meant in most cases.
If a trajectory, which lives on a stable limit cycle, is perturbed, this perturbation will
decay in time, but only with respect to the amplitude or rather the form of oscillation.
Since the direction along the limit cycle is only neutrally stable (see Figure 2.8) perturbation or projections of perturbation on this direction will neither grow nor decay.
This is illustrated by Figure 2.13. Figure 2.13a shows the phase space portrait of a
self-sustained oscillator featuring one stable limit cycle. If a trajectory on top of this
limit cycle is perturbed, it will relax towards the limit cycle but might be transported
along it, which leads to a phase shift. This becomes more evident in the time domain.
Figure 2.13b shows an oscillation generated by the same limit cycle. After some time,
this oscillation is perturbed. The resulting oscillation is quantitatively identical with the
unperturbed one but features a phase shift ∆ϕ with respect to it.
To summarize, the phase of an oscillation counts the numbers of passed oscillation
cycles as multiples of 2 π and is neutrally stable. Thus, a general perturbation, although
decaying in time with respect to the amplitude of oscillation, leads to a phase shift. By
reviewing the Lyapunov spectrum of limit cycles: “the phase can be considered as a
variable that corresponds to the zero Lyapunov exponent.” [48]. Especially the latter
property of the phase is crucial for oscillators to synchronise.

2.5.3. Mutual synchronisation
In the beginning of this section, synchronisation was defined as the process which leads
to temporal correlated oscillation of multiple coupled units. For two oscillators to synchronise it is necessary for them to be coupled, since correlated oscillations by chance are
not considered as being the result of a synchronisation process. However, if it is known
that two oscillators are coupled, they have synchronised if and only if their oscillations
are correlated. In this context, the term correlation is used as the possibility to infer the
state of one oscillator by only knowing the state of the other18 . Or in other words, coupled oscillators are synchronised with each other if and only if they are phase locked 19 .
In the most simple way of phase locking, the phase difference ∆ϕ of two oscillators is
constant in time.
ϕ2 − ϕ1 = ∆ϕ = const.

(2.28)

This definition of phase locking is sufficient for all cases considered in this thesis. There
is a more relaxed definition though, which states that the ratio of the phases of two
18

This means that to coupled oscillators which exhibit a sinusoidal oscillation, with a mutual phase shift
of π/2, are still considered to be correlated.
19
There are more relaxed definitions which cover the synchronisation of chaotic oscillators.
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(a) Phase space portrait of a limit cycle. If trajectories on a stable limit cycle are perturbed,
they will converge towards it again. Nevertheless, they experience a phase shift ∆ϕ caused
by perturbations along the limit cycle and by their transient time.
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(b) Oscillations caused by a stable limit cycle in the time domain. The oscillations are stable
with respect to their amplitude or rather the quantitative form of oscillation. Nevertheless,
a perturbation will lead to a phase shift ∆ϕ.

Figure 2.13.: Phase space portrait of a self-sustained oscillator and oscillations generated
by it illustrating how perturbations of trajectories lead to phase shifts.
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oscillators has to be rational and constant for them to be phase locked.
m
ϕ2
=
= const.
ϕ1
n

with n, m ∈ Z

(2.29)

The ratio of m/n = 1/2 ⇔ ϕ2 = 2 ϕ1 would mean that after oscillator 2 has finished two
cycles, oscillator 1 has finished one.
To illustrate the concept of synchronisation further, the following system of two coupled Van der Pol oscillators is considered.
ẋ1 = x2

(2.30a)

ẋ2 = µx 1 −

x21

ẏ2 = µy 1 −

y12



ẏ1 = y2



x2 −

ωx2 x1

y2 −

ωy2 y1

+ k (y1 − x1 )

(2.30b)

− k (y1 − x1 )

(2.30d)

(2.30c)

The Van der Pol system is already known from Eq. (2.18) and Eq. (2.25). Here, x and
y denote the dynamic variables of the first and second oscillator respectively. Their
coupling is given by the term k (y1 − x1 ), where k is the coupling strength. The damping
coefficients are considered to be equal henceforth µx = µy = µ = 1. If the natural
frequencies of the oscillators ωx and ωy are equal as well, the oscillators are called identical; and nonidentical otherwise. Synchronisation of identical oscillators is considered
first. Figure 2.14a shows how two identical Van der Pol oscillators oscillate uncoupled
(k = 0 at t < 40) and how they synchronise after the coupling is switched on (k = 1
at t ≥ 40). Before the coupling is switched on, the two oscillators were phase locked
by chance since they have identical frequencies. Again, oscillators are not considered
synchronised if their phase locking is not due to causality or rather coupling. After the
coupling is switched on and after some transients have ceased, the two oscillators are
perfectly synchronised with a constant and phase difference of ∆ϕ = 0.
Figure 2.14b shows the synchronisation of two nonidentical (ωy − ωx = 0.1) Van der
Pol oscillators. Again, the oscillators are uncoupled at t < 40 and coupled afterwards
(t ≥ 40). Before the coupling is switched on, it can be seen how the nonidentical natural
frequencies leading to a varying phase difference between them. After the coupling is
switched on and after some transient oscillations have ceased, the two oscillators are
synchronised. Here, the synchronised state has two characteristics. First, the phase
difference is not exactly zero; second, the amplitude of the second oscillator is smaller
than the amplitude of the first one. Both are caused by the different natural frequencies
which break the symmetry of the coupled system. Only an infinite large coupling strength
would compensate for that.
It was already mentioned that the phase of an oscillator is neutrally stable. Thus,
perturbations of the phase do neither grow nor decay. This neutral stability of the phase
is the reason why oscillators are able to synchronise if they are coupled. Coupling means
that one oscillator is able to “feel” the other’s dynamic. Thus, the latter is influencing the
former and vive versa. These influences can be interpreted as perturbations which change
permanently the phase of the oscillators under consideration. These phase changes drive
the coupled system into a state which features a symmetry compelled by the coupling.
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(a) Synchronisation of identical oscillators (ωx = ωy = 1).
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(b) Synchronisation of nonidentical oscillators (ωx = 0.95 and ωy = 1.05).

Figure 2.14.: Synchronisation of two coupled Van der Pol oscillators (see Eq. (2.30)). The
black dashed line denotes the point in time (t = 40) at which the coupling
is switched on (k = 1). The oscillators are uncoupled (k = 0) before.
Furthermore, they do not differ with respect to their damping coefficient
(µx = µy = µ = 1).
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Thus, identical oscillators which are coupled symmetrically have to synchronise with
a phase shift of ∆ϕ = 0 or ∆ϕ = π after a while; even if the coupling strength is
infinitesimally small. A decreasing coupling strength only increases the transient time
towards the synchronised state. If the oscillators are nonidentical, their own dynamical
behaviour competes with the effect of the coupling. They only reach a synchronised
state if the coupling strength is high enough to dominate the dynamics of the whole
system. Nevertheless, the synchronised state cannot be perfectly symmetric since it has
to account for the symmetry breaking introduced be the nonidenticality of the oscillators.
If a system exhibits periodical behaviour in time, this periodic state is represented as
an one dimensional closed invariant set in phase space, namely a periodic orbit. The
stable limit cycle of a self-sustained oscillator is an example. If two coupled oscillators
are synchronised, the whole system, which comprises both of them and their coupling,
exhibits periodic dynamics as well. Thus, the synchronised state, comprising the dynamic variables of the oscillators and their coupling, is represented as a periodic orbit as
well. This means that the whole system could be considered a single high dimensional
oscillator. In general, it cannot be distinguished from “outside” whether a high dimensional periodic system is comprised of synchronised subsystems or not, since all dynamic
variables are “synchronised” with each other. Even by knowing the equations describing these systems, different choices of what the synchronised subsystems are might be
possible20 . Thus, although some choices might be more or less reasonable in different contexts, these choices are arbitrary and are only a classification introduced by the
physicist analysing these systems.

20

At least, a subsystem has to be able to exhibit oscillations to be considered synchronisable.
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3. Oscillations of Cardiomyocytes
Premature cardiomyocytes exhibit self-sustained oscillations or rather beating. This
beating behaviour was extensively studied. Early experiments accessed membrane currents and the transmembrane potential of myocardial fibre bundles in voltage clamp
conditions [49]. This yielded information about the correlation between the depolarisation of the membrane potential and the contraction of the muscle fibres. Furthermore,
they suggested the existence of a calcium storing and releasing unit inside the cells
and its importance for their contraction behaviour. Nowadays, this unit is known as
sarcoplasmic reticulum. Radmacher et al. were the first who used atomic force microscopy (AFM) to observe the mechanical beating behaviour of single cardiomyocytes
[7], and many followed. Today, many studies deal with the quantitative characterisation
of the electromechanical properties of the beating of single cardiomyocytes, in terms of
contraction force, beating frequency, intracellular calcium concentration, and membrane
potential [8, 9, 10]. This chapter is dedicated to the analysis of the qualitative form of
the beating signal of single premature cardiomyocytes.
Experiments were conducted by my colleague and collaborator Susanne Schlick1 , which
yielded video data of beating premature cardiomyocytes embedded in a collagen hydro
gel. This data were analysed with mathematical and image processing tools to extract
time series which show the periodic beating of single premature cardiomyocytes.
The first section of this chapter explains the experimental setup used. After that,
mathematical and image processing tools are introduced. The obtained results are discussed at the end of this chapter, followed by a short summary.

3.1. Experimental setup and video data
The medium of interest are in collagen I gel embedded cardiomyocytes. Together with
fibroblasts, which remodel the collagen structure and thus influence the rheological properties of the gel [14], they are the active part of the medium.
The experiments yielded video data of the samples showing beating cardiomyocytes.
These data were acquired using a camera attached to an optical microscope. All the
videos have one channel with a bit depth of 8 bit, a resolution of 2048x1087 pixels, are
stored in an uncompressed raw format (DIB2 [50]) in an AVI container [51], and were
recorded with a frame rate of 50 Hz.
Some snapshots of the videos acquired are shown in Figure 3.1. Figure 3.1a shows an
unordered assembly of cardiomyocytes in different stages during their development. In
1
2

Institute of Pharmacology and Toxicology, University Medical Center Göttingen
A more common name for Device-Independent Bitmap (DIB) is Bitmap (BMP).
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(a) Unordered structure of clustered and non (b) Rectangular assembly of mostly single preclustered cardiomyocytes in different stages
mature cardiomyocytes.
during their development.

Figure 3.1.: Two typical snapshots of the videos acquired during the experiments conducted by Susanne Schlick.
Figure 3.1b cardiomyocytes are shown, which are assembled in a rectangular structure.
This structure is predefined by an underlying grid, allowing the cardiomyocyte only
to attach to certain positions. It was developed by my colleague and collaborator Til
Driehorst3 .
To understand what can be seen in the acquired video data, Figure 3.2 provides
sketches of the most prominent components. These most prominent components are:
beating and not beating premature cardiomyocytes (Figure 3.2a), beating and not beating elongated cardiomyocytes (Figure 3.2b), and clusters composed of the former mentioned (Figure 3.2c and Figure 3.2d). In a young medium, a lot of the unelongated
premature cardiomyocytes can by found. As the medium grows older, the single cells
form clusters and the cells inside a cluster beat in coherence. As the cardiomyocytes
grow older they change their shape. They become longer and sink to the ground of the
medium. The most interesting type with respect to the following analysis are the single
beating premature cardiomyocytes.

3.2. Video analysis
To study the beating of single premature cardiomyocytes and to handle the large amount
of video data4 , the original videos were cropped to regions of interest, which contain only
one beating cell. In the same processing step each video was converted into a lossless
compressed image sequence (TIFF [52]). FFmpeg [53] was used for this. The resulting
images have a resolution of about 100x100 pixels. In the next processing step the image
sequences were denoised, the global contrast was enhanced and an edge detection algorithm was applied. The image analysis tool Fiji [54], which is a version of ImageJ [55],
was used for this purpose. Figure 3.3 summarises the mentioned preprocessing steps. In
total, six cells were analysed. Pictures of the cells are shown in Figure A.1.
3

Third Institute of Physics - Biophysics, Georg-August-University Göttingen; Institute of Pharmacology
and Toxicology, University Medical Center Göttingen
4
In terms of memory, one video is about five to six GB large.

34

3.2. Video analysis

(a) Single premature (b) Single
elongated (c) Cluster of prema- (d) Cluster of premacardiomyocyte.
cardiomyocyte.
ture
cardiomyoture and elongated
cytes.
cardiomyocytes.

(e) Video snapshot with labelled cell structures.

Figure 3.2.: Sketches of the most prominent cellular components seen in the videos.

(a) Snapshot of a video containing several pre- (b) Snapshot of the (c) Snapshot of the
mature cardiomyocytes.
cropped
video
cropped
and
containing
only
processed
video
one cardiomyocyte.
emphasising
the
cell contour.

Figure 3.3.: Snapshots of one captured video showing the results of the preprocessing
the videos undergo before the beating of the cardiomyocytes is analysed.
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3.2.1. Signals of cellular beating
The goal of this analysis is to specify the beating behaviour of the cardiomyocytes. By
beating behaviour any kind of rather periodic change of the cell’s configuration in time is
meant. This excludes all rigid body movements, like drift and rotation but includes for
example periodic contraction and bending. Because the premature cardiomyocytes behave very differently with respect to each other, this broad definition of beating behaviour
was chosen. To measure this property four different approaches have been followed.
Human eye approach The first approach was to watch the videos. In this way, a
first general impression was obtained how the cells behave. Independent of the concrete
representation of the beating, it could be seen that the temporal behaviour was the same
for all cells. The cells change very fast from their reference configuration to their excited
configuration5 . If the maximum extent of their excited state is reached, they return to
their reference configuration immediately. Although the change from the excited to the
rest state is very fast as well, it happens in a rather asymptotic-like manner, in contrast
to the change from the rest to the excited state. After the rest state is reached, the
cells stay there for a certain amount of time until they go to the excited state again.
Furthermore, the frequencies f of the cells can be determined by counting the beat events
Nb and dividing that number by the total observation time to . The total observation
time is given by the ratio between the number of observed frames Nf and the frames
per second fps.
fps
fps
f=
Nb with σf =
σNb
(3.1)
Nf
Nf
Table 3.1 shows the frequencies of the cells determined by eye. A counting error of
σNb = 1 was assumed.
Mean intensity approach The second approach to analyse the beating behaviour
of the cells is to calculate a time series from the videos consisting of the mean intensities
per frame. Obviously, this approach makes only temporal changes visible which alter
the mean intensity of the frames. That means that movement or beating behaviour,
which conserve the recorded cross section area of the cell cannot be observed with this
method. Thus this method is robust against rigid body cell movements. On the other
hand, high fluctuations of the background intensity (observed in some of the videos)
lead to a very poor signal to noise ratio. In the following, this approach will be called
mean intensity approach. Figure 3.4 shows an exemplary time series generated with
the mean intensity approach. The shown signal was generated from the video of cell
1. The signal to noise ratio is relatively high compared to the other two approaches
which will be discussed soon. Thus the form of the oscillation cannot be determined
very well with this method. Nevertheless, the signal is good enough to estimate the
frequency of the beating behaviour. It should be noted that the time series comprises
5

The configuration which the cells occupy longest is called reference configuration or rest state. The
state occupied shortest is called excited configuration or excited state. Note that this definition is
rather arbitrary since it does not take the inner biological mechanisms into account.
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Cell
1
2
3
4
5
6

Frequency
0.72 (±0.02) Hz
0.51 (±0.02) Hz
0.39 (±0.02) Hz
1.40 (±0.02) Hz
0.64 (±0.03) Hz
0.70 (±0.02) Hz

Figure
Figure A.1a
Figure A.1b
Figure A.1c
Figure A.1d
Figure A.1e
Figure A.1f

Table 3.1.: Frequencies of the cells determined from the videos by eye. The number of
beating events was counted and divided by total temporal length of the video.
The average frequency is 0.73 (±0.03) Hz.
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Figure 3.4.: Beating signal of cell 1 resulting from the mean intensity approach. Shown
is the mean intensity of each video frame.
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Figure 3.5.: Sketch showing how the beating of a cardiomyocytes can be visualised. A
reference image is subtracted from the video resulting in a video showing
only the deviations from the chosen reference frame.
negative values. This is because all the time series generated with this or the following
approaches are normalised. This means that the temporal mean of the time series is
removed by subtraction and that all values are divided by the standard deviation of the
time series.
smeasured (t) − hsmeasured it
s(t) =
(3.2)
STDt (smeasured )
Here smeasured (t) denotes the time series directly generated by applying the approach
under discussion and s(t) it the normalised time series with vanishing temporal mean.
Reference frame approach The third approach is called reference frame approach.
A reference frame is chosen and subtracted from the video. A time series is calculated
from the resulting difference, which again comprises the mean intensities per frame.
A sketch of the described method can be seen in Figure 3.5. Since this method makes
visible any deviations from the reference frame, it suffers from rigid body cell movement.
This means that the signal is best close (with respect to time) to the reference frame and
it becomes poorer if it is farer away. To generate a meaningful signal over the whole time
domain, a frame from the middle of each video is chosen as reference frame. On the other
hand this approach is more robust against background noise, since it yields a stronger
beating signal than the mean intensity approach. Figure 3.6 shows an exemplary time
series generated with the reference frame approach. As one can see, the peaks indicating
the beating of the cell are far more pronounced than in Figure 3.4, corresponding to the
mean intensity approach. Furthermore, the cell drift can be seen clearly as the temporal
distance to the reference frame increases. Again the signal was normalised as described
above. Note that the signal shows a clear outlier at the point in time defining the
reference frame. At this point, the unnormalised signal would be exactly zero. At every
other point in time the background noise defines the ground level (larger than zero) of
the signal. Another notable effect can be seen. The signal in Figure 3.6 is bifid. During,
approximately, the first third of the signal the peaks point downward. Later they point
upward. This is caused by the cell drifting past the position it occupies in the reference
frame. In this case, the cell beats by stretching out one of its ends. The direction of this
elongation coincides with the direction of the cell drift. While the cell is in front of its
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Figure 3.6.: Beating signal of cell 1 resulting from the reference image approach (Figure 3.5). An outlier is marked with a black circle.
reference frame position, it stretches into that position. Thus, the deviation from the
reference position is smallest if the cell is in the excited state. As soon as the cell has
reached its reference position, it stretches away from it. Thus, the deviation from the
reference position is largest if the cell is in the excited state.
Active contour approach The fourth and last approach is called active contour
approach. For each video frame, the outer contour of the cell is fitted by an active
contour6 . A principal component analysis is applied to each contour, to generate a scalar
time signal, which consists of the first (largest) principal value. It is assumed that the
beating of the cells happens along a distinct direction. This approach assumes further
that even in the resting state, the cell is slightly more elongated along the direction
of beating. If this assumption is not fulfilled, the first principal component of the cell
contour does not uniquely measure the beating behaviour along the distinct direction
of the cell, leading to a poor signal. On the other hand, this approach is very robust
against background noise and does not suffer from rigid body cell movement.
For fitting the active contour to the outer contour of the cells, the Matlab toolbox
Gradient Vector Flow (GVF) Active Contour written by Xu and Prince [56, 57] was
used and adopted for convenience. It follows an explanation of how the mentioned
software works. In general, the core algorithm places a parametrised (in our case closed)
curve (active contour or snake) x(u) = [x(u), y(u)] in a force field. The force field is
6

Active contours are sometimes called snakes.
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defined by a provided image. Usually, the force vectors pointing toward regions of a
large intensity gradient, thus make these regions attracting the snake. The antagonists,
opposing the external forces, are the inner forces of the Rsnake, given by its length and
curvature. By minimizing the energy functional E = Γu Eint [x(u)] + Eext [x(u)] du,
comprising external energy Eext , defined as the potential energy of the force field, and
internal energy Eint , given by the length and curvature of the snake, the snake is fitted
to edges in the provided image.
In Figure 3.7 the computational steps regarding the active contour software are shown.
The first step in using the software for fitting a snake to edges in an image is to provide
an image whose intensity is defined in the right way. The attracting features of the image
have to be regions of high intensity7 . In the terminology of Xu and Prince, images
following this definition are called edge maps (3.7b). The next task is to generate the
external force field from the edge map. If one would just use the gradient of the edge
map, one would face the following problem: Homogeneous regions do not provide any
information, or even false information if noise is present. Thus, if the snake is initialised
far away from the regions of interest, it will not be able to “see” the feature to be fitted.
Xu and Prince overcame this problem by introducing their gradient vector flow (gvf)
method. This method “diffuses” the vectors, generated by taking the gradient of the
image, in a direction preserving manner. This yields the gradient vector flow field (3.7c),
which is equivalent to the external force field deforming the snake. The generation of
the gfv field depends on two parameters: the number of computational steps or rather
the maximal time of diffusion and the regularization parameter µ. In general, µ defines
the length scale of features which are present in the final gfv field. In the last step, the
user has to define an initial snake and provide two parameters, α and β, which define
how strong the snake’s length and curvature is weighted against the influence of the gfv
field. The parameters define the elasticity and stiffness of the snake. If everything works
out, the initial snake is fitted to the image features of interest; the outer cell contour
in the case of this thesis (3.7e). To summarise, the user has to provide the image of
interest, the length α and curvature weights β, the regularization parameter µ, and has
to choose the “diffusion time”.
During this work, it was observed that all the mentioned parameters, including the
quality of the image, influence the described fitting process in a very sensitive way.
Thus, extensive fine tuning was necessary. A semi-automatic matlab script was written
for this purpose. Note that the operational targets of the described algorithm are images
and not videos or rather image sequences. For applying the algorithm in a convenient
way for the purpose of cell contour tracking in the time domain, additional matlab
routines had to be developed. It shall be mentioned that the fitting process itself is a
non negligible error source with respect to the extracted cellular beating signals. Since
the described algorithm depends sensitively on the provided parameters and since whole
videos (comprising ∼ 2700 frames) were needed to be analysed, it was not possible to
fine tune the parameters for each single frame separately. This led to a number of frames
where the fitting failed. Information extracted from those frames may lead to outliers
7

In this thesis, zero intensity is associated with the colour black.
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(a) The original image. The (b) The gradient of the orig- (c) The edge map is consnake shall be fitted to
inal image is used to calverted into the gradient
the cell contour.
culate the edge map.
vector flow (gvf) field.
The snake deforms in accordance with the force
vectors.

(d) Zoom into the the gradi- (e) Result of the fitting proent vector flow field.
cess showing the initial
(blue) and the final (red)
snake.

Figure 3.7.: Process of the active contour (snake) fitting. After the video underwent
two frame wise preprocessing steps, an active contour was fitted to the cell
contour in each video frame.
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in the generated time series, which need to be filtered out.
After generating a series of contours x̂t (u) = [xt (u), yt (u)], a scalar time signal s(t)
should be extracted from those, which describes the beating behaviour of the cells. It
is assumed that the beating happens along a distinct direction defined by the inner
structure of the cell. The idea is to perform a principal component analysis of the
contours in the spatial domain. As long as the cell is elongated, the vector corresponding
to the largest principal value points into the direction of the largest variance (elongation)
of the cell contour. Furthermore, this principal value is a measure of how large this
elongation is. Thus, the time series comprising the largest principal values of the contour
series represents the beating behaviour of the cell, if that beating happens along the
direction of the largest elongation of the cell. It should be noted that u and t are
discrete variables. u ∈ [1, Nu ] is the integer index of the coordinate pairs [xt (u), yt (u)]
whose union defines the snake at time point t. The number of coordinate pairs is given
by Nu . The time t is related to the indices of the single video frames i ∈ [1, Ni ] via the
recorded frames per second fps. The total number of video frames is given by Ni .
t=

i
= i · ∆t
fps

with

fps−1 = ∆t

(3.3)

To generate the desired time series s(t), the contour series x̂t (u) is transformed into its
centre of mass coordinate system.
xt (u) = x̂t (u) − hx̂t iu

with

hx̂t iu =

Nu
1 X
x̂t (u)
Nu

(3.4)

u=1

A principal component analysis of the contours is performed in the spatial domain. This
can be done via a singular value decomposition.


xt (0)
yt (0)
 xt (1)
yt (1) 


x̃t (u) = xt (u) Vt with Ut St VtT =  .
(3.5)
..  = xt (u)
 ..
. 
xt (Nu ) yt (Nu )
Here x̃t (u) are the transformed data. The singular values, found on the diagonal of St ,
are equal to the principal values. The time series s(t) representing the beating behaviour
of the cells is given by the largest singular value.
s(t) = max diag(St )i
i

(3.6)

Figure 3.8 shows a beating signal generated with the active contour approach. One of
the most prominent features of the signal are the outliers marked with a black circle.
These result from an unsuccessful contour fitting. Compared to the signals generated
with the mean intensity approach and the reference frame approach, this signal is rather
noise free and it does not suffer from rigid body cell movement. Furthermore, the peaks
are sharp and the slow approach towards the rest state is clearly visible. Although this
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Figure 3.8.: Beating signal of cell 1 resulting from the active contour approach. Outliers
resulted from an unsuccessful fitting process are marked with a black circle.
sounds like the active contour approach is superior to the other mentioned approaches,
one should keep in mind the assumption which was made to generate a meaningful signal
with the principal component analysis. Namely, that the cell beating happens along a
distinct direction and that this direction corresponds to the largest principal component.
This is a strict criterion not fulfilled by all cells. Since some cells buckle rather than
contract, their beating cannot be geometrically described by the the longest axis of an
ellipse which shortens and elongates. The active contour approach might break down as
well if other objects beside the cells are present in the videos since the snake is fitted to
them as well.
In general it is to say that the cell videos are diverse with respect to quality and
other features. These features comprise background noise, closed or open cell contours,
objects beside the cells, flickering of the background lightning, and so forth. Depending
on the case at hand, the right approach, leading to a meaningful beating signal, has to
be chosen. This can only be achieved by combining all approaches and deciding upon
this broad data base.

3.2.2. Signal filtering
The generated time series give valuable information about the frequencies and the temporal form of the beating. Yet they also include features which do not relate to the
beating itself, but to artefacts caused by the chosen approach or a sometimes poor qual-
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Figure 3.9.: Beating signal of cell 1 resulting from the reference frame approach before
and after outliers were removed. After the filtering the signal was normalised.
ity of the video data. Those unwanted features can be removed by applying filtering
methods yielding a clearer signal; clear in the sense that the signal mostly holds information about the beating behaviour of the cells. All generated time series underwent
the same filter chain, which is explained in the following.
Outlier filter The first filtering is the removal of outliers. These outliers exist because
of certain properties of the discussed approaches (see Sec. 3.2.1). The reference frame
approach leads to one outlier at the very point in time at which the reference frame was
chosen. Furthermore, if the fitting of the active contour to the outer cell contour fails in
the active contour approach, outliers are produced as well. Outliers are defined as singular events in the time series which clearly diverge from the usual temporal behaviour.
They are detected by eye. Either by looking at the time series itself or, in case of the
active contour approach, by identifying the frames in which the fitting of the active
contour failed. This is done by comparing the fit result with actual outer contour of the
cell. Figure 3.9 shows the same time series before and after outliers were removed. It is
to note that the time series is normalised again after it underwent the filtering process.
This will be the case for all other filters discussed henceforth. An outlier with the index
i∗ is removed by deleting its value vi∗ from the time series s(ti ) and shifting the following
values backward in time. This results in the filtered time series ŝ(t̂j ).
s : ti → vi

ŝ : t̂j → v̂j

v̂j = vk
t̂j = tj

with i ∈ [1, Ni ]
with

j ∈ [1, Nj ]

with k ∈ [0, Ni ] \ i

∗

(3.7a)
with Nj = Ni − 1

(3.7b)
(3.7c)
(3.7d)

The number of samples of the unfiltered time series is given by Ni and the number
of samples of the filtered time series is given by Nj . Note that this filtering technique
changes the time scale of the signal. The unfiltered time signals comprise Ni ≈ 2700
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samples. Usually less then ∆N = Ni − Nj ≈ 10 samples are classified as outliers.
Removing those samples results in a relative change of time scale of about 1 − Ni /Nj ≈
3 · 10−3 . This error, which is less than one percent, is considered negligible.
Band pass filter Undesired frequencies are removed from the beating signals next.
This is done by simple band pass filtering. These frequencies can be caused by various
reasons: Flickering of the microscope light source leads to high frequency noise in case of
the mean intensity or reference frame approach; variations of the recorded thickness of
the outer cell contour leads to noise in case if the active contour approach; and rigid body
cell movement leads to low frequency noise in case of the reference frame approach. To
remove those artefacts one has two know either the frequencies of those or the frequency
of the desired beating signal. The latter is always known from the human eye approach
or rather by the determinations of the beating frequency by eye (see Table 3.1). The
lower boundary flow of the frequencies which should remain in the filtered signal is given
by halve of the beating frequency determined by eye feye . The upper bound fhigh was
chosen to be equal to 9 Hz.
1
feye
2
= 9 Hz

flow =
fhigh

(3.8a)
(3.8b)

Although the choice of the latter one sounds rather arbitrary, it is not. By investigating
the frequency spectra of all the generated signals, it was observed that every kind of
pronounced high frequency noise does not comprise frequencies less then 9 Hz. Furthermore, the fastest beating behaviour happens at about 1.4 Hz. Thus, by choosing the
upper frequency bound to be 9 Hz, a large portion of the noise present in the signals
can be removed while preserving the most important frequency components (up to six
harmonics) of the beating signals. All high frequency noise is removed while leaving
enough frequencies in the spectra for preserving at least six higher harmonics of the
beating frequency. Usually only the first four harmonics are pronounced in the spectra.
The undesired frequencies are removed by transforming the unfiltered signal s(t) into
Fourier space S(f ). Frequencies beneath to lower bound flow and frequencies above the
upper bound fhigh are removed from the spectra. The inverse Fourier transform of the
filtered spectra Ŝ(f ) yields the filtered signal ŝ(t).
S(f ) ≡ F [s(t)](f )


f < flow
0
Ŝ(f ) ≡ S(f ) otherwise


0
f > fhigh
ŝ(t) ≡ F −1 [Ŝ(f )](t)

(3.9a)

(3.9b)

(3.9c)

Figure 3.10 illustrates the described band pass filtering by comparing the spectra and
the time series before and after filtering. It can be clearly seen in Figure 3.10c how
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|F [ŝ]|2

|F [s]|2

1 × 106
10000

10000

100
1

0

2

4
6
8
−1
frequency [s ]

1

10

(a) Original frequency spectrum of s(t).

100
0

2

4
6
8
−1
frequency [s ]

10

(b) Frequency spectrum of ŝ(t) after band pass
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(c) Comparison of the filtered and unfiltered signal. During the band pass filtering frequencies
considered low (< 0.35 Hz) and high (> 9 Hz) were removed.

Figure 3.10.: Beating signal of cell 1 resulting from the reference frame approach before
and after it underwent band pass filtering. After the filtering the signal
was normalised.
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the low frequencies noise, caused by the rigid body cell movement, is removed by the
band pass filtering. Furthermore, it can be insightful to notice what the spectra of the
filtered and unfiltered beating signal (Figure 3.10a and Figure 3.10b) look like. All the
interesting frequencies, meaning the frequency of the beating and the frequencies of the
noise, are represented by sharp peaks. This is the same for all the other combination of
cells and approaches. Thus, the different features of the generated signals can be very
well distinguished in the frequency domain since they are all small band signals.

SVD filter After applying the band pass filter, the most prominent artefacts are
removed, but some noise is still perceptible in the excited and rest states. To obtain a
clearer signal, a last filter is applied to the data. This filter is based on a singular value
decomposition (SVD) of the time delay embedding of the discrete input signal s(ti ) = si .


1
USVT = √
N

s1
s2
..
.






s2
s3
..
.

...
...
..
.

sN −d+1 sN −d+2 . . .
ŝ(tj ) = U1j

with

j ∈ [1, N − d + 1]

sd



sd+1 

.. 
. 

(3.10a)

sN
(3.10b)

The filtered signal ŝ(ti ) is given by the first column of U . Here, N is the number of
samples the input signal i ∈ [1, N ], and d is the filter strength. Note that the input
signal has to have a vanishing mean hs(ti )ii = 0 and that the output signal is shorter
than the input by d − 1. In Figure 3.11 the effect of the SVD filter is shown. It can be
seen how the noise in the excited and rest states is reduced while the overall form of the
signal is preserved.
At this point, after applying all the mentioned filters, the signal is ready to be analysed
and interpreted since many of the artefacts caused by the experimental measurement
and the signal generation are drastically reduced. Yet, a last filter will be applied to
produce a functional representation of the beating signal.

Fourier series filter The Fourier series filter converts the filtered beating signal
s(t) into a short Fourier series f (t). This is achieved by only considering the dominant
frequency ω̃ in the spectrum of the beating signal and three higher harmonics. This
means that the resulting Fourier series produces a very clean and periodic signal which
is assumed to carry only the most relevant features of the cellular beating; like frequency
and shape. Furthermore, the derivatives of the Fourier series are well defined. This makes
it possible to easily approximate the periodic orbit of the beating in phase space. The
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Figure 3.11.: Beating signal of cell 1 resulting from the reference frame approach before
and after it underwent SVD filtering (Eq. (3.10)) with a filter strength of
d = 6. After the filtering the signal was normalised.
Fourier series is given by the following equations.
f (t) =

Nf
X

ak cos(ωk t) + bk sin(ωk t)

(3.11a)

k=1

ωk = k ω̃
ak =

with ω̃ = {ω| max |F [s](ω)|2 }

Re{F [s](ωk )}
2N

ω

and bk =

Im{F [s](ωk )}
2N

(3.11b)
(3.11c)

Here, N is the number of samples of s(t). The number of considered modes Nf = 4 is
chosen to be constant for all analysed cells. The dominant frequency ω̃ is given by the
position of the maximum of the spectrum, and the Fourier coefficients are defined by the
real and imaginary part of the Fourier transform of the signal. Considering a sampling
rate of 50 Hz and a total frame number of about 2700 yields a frequency resolution of
about ∆f = 0.02 Hz in Fourier space. Thus, the position of each harmonic is known
up to a precision of ∆f = 0.02 Hz. “Only” four modes are considered since the fourth
mode mostly provides a negligible contribution8 to the Fourier series. This is true for
all analysed cells.
8

Negligible contribution means |F [s](ω4 )|2  |F [s](ω1 )|2 .
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Figure 3.12 shows the result of the Fourier series filter and compares the corresponding
time series with the original signal (with removed outliers) and the SVD filtered signal.
It can be seen how the peak and plateau behaviour is similar to those of the compared
signals. Furthermore, the frequency of the Fourier time series matches very well with the
temporal behaviour of the other two. Note that there exists a small offset between the
Fourier time series and the original beating signal. Since the Fourier series is generated
from the SVD filtered signal, it inherits its temporal properties, such as the temporal
offset which is caused by the difference between the length of the SVD and the original
signal (see Eq. (3.10)).
In total, four filters have been introduced which are applied successively to the generated beating signals. All of them are controlled with a set of specific parameters. Those
filters are:
Outlier filter The outlier filter Eq. (3.7) removes clear outliers from the generated time
series. Those are defined by eye.
Band pass filter Undesired frequencies are removed with the band pass filter Eq. (3.9).
Undesired frequencies are frequencies which originate from artefacts caused by the
measurement or from the signal generation approaches (e.g. noise or rigid body
cell movement). The filter is controlled by the low cut off frequency flow and by
the high cut off frequency fhigh (see Eq. (3.8)).
SVD filter After band pass filtering, the signal is further refined with the SVD filter
Eq. (3.10). In general, this removes noise from the excited and rest states of the
beating signal. The filter is controlled by the filter strength d.
Fourier filter In the last filtering step, all but four harmonics are removed from the
signal’s spectrum. This yields an analytic Fourier series representation with well
defined derivatives. Those can be used to assign a periodic orbit to the beating
signal. The Fourier filter is controlled by the number of harmonics to keep, which
is equal four for all cells and signals.

3.3. Results
In this study, six cells were analysed. Three beating signals were generated per cell by
applying the introduced approaches (Sec. 3.2.1). This yields 18 beating signals in total.
The different approaches have been developed to account for the different characteristics
of the cell video data, like background noise or rigid body cell movement. Each beating
signal was filtered with the mentioned filter chain (Sec. 3.2.2) after generation. Only
one (the best) signal per cell was chosen as a representative result. This choice was
made by observing certain features of the signals, like noise or pronounced peak shapes
and by comparing them to the video data, in terms of frequency and observed beating
behaviour. See Figure A.2 in the appendix for an illustration of a poor and a good signal.
Table 3.2 states which signal generation approach was chosen for which cell and which
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(a) Comparison of the Fourier time series with the raw signal (without outliers) of cell 1 generated
with the reference image approach.
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(b) Comparison of the Fourier time series with the SVD filtered signal.

Figure 3.12.: Time series of a Fourier series representing the beating signal of cell 1. The
Fourier series was constructed from the dominant frequency and four harmonics of the SVD filtered signal (Figure 3.11). The frequency resolution
is ∆f = 0.02 Hz.
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Cell
1
2
3
4
5
6

Approach
active contour
reference frame
active contour
active contour
reference frame
reference frame

flow [Hz]
0.35
0.26
0.20
0.70
0.32
0.35

d
6
6
16
6
10
20

f Eye [Hz]
0.72 (±0.02)
0.51 (±0.02)
0.39 (±0.02)
1.40 (±0.02)
0.64 (±0.03)
0.70 (±0.02)

f Appr. [Hz]
0.72 (±0.02)
0.52 (±0.02)
0.39 (±0.02)
1.44 (±0.02)
0.61 (±0.02)
0.70 (±0.02)

Figure
Figure
Figure
Figure
Figure
Figure
Figure

A.1a
A.1b
A.1c
A.1d
A.1e
A.1f

Table 3.2.: For each cell the following information is shown: the approach which was
chosen to analyse the beating of the cell (see Sec. 3.2.1), the lower cut off
frequency of the band pass filter Eq. (3.9), the filter strength of the SVD
filter Eq. (3.10), the beating frequency determined by watching the corresponding video and counting the beat events, the beating frequency determined by the dominant frequency of the SVD filtered signal, and a reference to the figure showing the cell. The error of the dominant frequency is
given by the frequency resolution in Fourier space. The average frequency
(with respect to the human eye approach) the cardiomyocytes feature is:
hf i = 0.73 (±0.03) Hz.
filter parameters have been used. Furthermore, it compares the beating frequencies
calculated by watching the videos with the beating frequencies which resulted from the
chosen approach.
The first result obtained is the temporal shape of the cell beating. This can be seen
in Figure 3.13 for cell one. The SVD filtered signal and the corresponding Fourier time
series are shown. Two phases can be distinguished.
Peak phase A fast change in amplitude before the local maximum (if the peaks point
upwards) of the signal is reached.
Recover phase After the peak was reached the signal approaches its local minium with
a steep slope as well, but close to the minimum the slope becomes less steep.
The observed shape of the beating signals compare very well to those shown in the past
and recent literature [7, 8, 58, 9, 10]. But since the recent research focused solely on
the determination of certain quantitative aspects of myocardial beating, like frequency
and generated forces, no one ever discussed, at least to my knowledge, the mentioned
qualitative features.
One might be obliged by intuition to call the peak excited state and the plateau-like
recovery rest state. But this would mean that the cell elongates when it is excited, since
its length, along the direction determined by principal component analysis of the active
contour approach, increases. But muscle cells are known to contract when excited.
One could argue that this behaviour might be due to a projection issue. Although
a cardiomyocyte is a three dimensional object, only two dimensional video data were
analysed. But all the analysed cells, except cell 39 , are showing this peak up behaviour.
9

Cell 3 shows peak down behaviour.
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Figure 3.13.: Beating signal of cell 1 generated with the active contour approach. Shown
is the SVD filtered signal and the signal generated with the corresponding
Fourier series.
Furthermore, as the cells mature, they position their “active direction” parallel to the
observed focal plane, as can be seen exemplary in Figure 3.2e. These two kinds of beating,
namely the peak up and the peak down behaviour, were observed by Radmacher10 et al.
[7] as well, but (to my knowledge) were never discussed afterwards again. Radmacher et
al. observed peak up and peak down behaviour during the analysis of myocardial clusters
with the AFM. They tried to find the same behaviour with single cardiomyocytes, but
did not succeed due to limitation of their measurement method. The results presented
in this thesis suggest that even single cardiomyocytes show both peak up and peak
down behaviour. One interpretation is rather astonishing, because peak up behaviour
corresponds to an elongation of the cell. Since muscle cells are known to contract if
excited, the following interpretation sounds more realistic. The observed behaviour is
a mere geometrical effect caused by both, the arrangement of the myofilaments of the
cells and the recorded focal plane. The direction of contraction of a cardiomyocyte is
determined by their myofilaments. If those fibres are not aligned property, as it might
be the case in a premature cardiomyocyte, the cell does not contract along one distinct
direction but buckles. Additionally, only two spatial dimensions were observed during
the experiments. Thus, the peak up behaviour might be a projection artefact caused by
buckling cells.
10

In their study, the peak up and peak down behaviour is swapped compared to the definition given in
this thesis. This results from their AFM measuring method.
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Note that only the active contour approach can be used to measure a concept like
elongation or contraction since it measures the length of the cell along the direction
given by the first principal component of the cell’s shape. The other two approaches
measure the mean intensity of a video frame which is rather related to the cross section
area of a cell. Thus the active contour approach was used to determine if a cell shows
peak up or peak down behaviour even if another approach was chosen to represent the
cell’s beating signal. Furthermore, the resulting behaviour was confirmed by watching
the video data.
The beating signals of all cells are shown in the appendix Figure A.3 - A.8. Cell one,
two, four, five, and six show peak up behaviour. Only cell three shows peak down behaviour. Compered to the other cells, cell three looks rather extraordinary (Figure A.1).
Nevertheless, all the cells exhibit the two phases mentioned: the peak phase and the
recover phase. Note that this was already observed by watching the video data (see the
human eye approach in Sec. 3.2.1).
By facilitating the active contour approach, it is possible to estimate the maximum
amount of strain a cell exhibits on average while it beats. Strain is the relative elongation
of an object with respect to a fixed configuration state. Only the strain of cells whose
beating signals are represented by the active contour approach has been estimated.
These are cell one, three, and four. For estimating the maximum strain ε0 of a cell, the
extrema of it’s non-normalised svd filtered beating signal s(t) are determined and the
averages of it’s local maximal smax,i and minimal smin,i values are calculated.
hsmax i =

1
Nmax

hsmin i =

N
max
X

1

i
N
min
X

Nmin

i

smax,i

(3.12a)

smin,i

(3.12b)

Nmax and Nmin are the total numbers of the local maxima and minima, respectively. The
error of those mean extremal values are considered to be the corresponding empirical
standard deviation called σmax and σmin , respectively. Figure 3.14 show exemplary the
local maximal and minimal values of the svd filtered signal of cell 1. The maximum
strain a cell under study exhibits on average is given by:
ε0 =

hsmax i − hsmin i
.
hsi

(3.13)

Here hsi is the temporal mean of the cell’s beating signal. The error of the calculated
maximum strain σε0 is given by the sum of the empirical standard deviations of the
mean extrema. This is the worst case error.
σε0 =

σmax + σmin
hsi

(3.14)

In Table 3.3 the calculated maximal strains are shown for cell one, three and four. On
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Figure 3.14.: Svd filtered beating series of cell 1 showing the local minima and maxima which are used for calculating the maximal strain the cell exhibits on
average.
Cell
1
3
4
mean

average strain
4 (±1) %
2.7 (±0.6) %
8 (±2) %
5 (±2) %

Table 3.3.: Maximal strains the cells analysed with the active contour approach exhibit
on average and its mean value.
average (over three cells) the premature cardiomyocytes under study exhibit a maximal
strain of about 5 (±2) %. The error of the mean strain over all three cells, represents
again the worst case scenario.
Additional observations can be made by considering the beating signals in the frequency domain. Figure 3.15 shows the frequency spectrum of cell 1 obtained by Fourier
transforming its SVD filtered signal. The spectra of all cells can be found in the appendix Figure A.9 - A.14. The frequency spectra show that the beating events of the
cells occur periodically with a very stable frequency. This is true for the measured time
window of about one minute11 . This is indicated by the very sharp peaks (harmonics) in
the spectra. Thus the beating of the premature cardiomyocytes analysed is a small band
signal. The frequencies given in Figure 3.2 were determined by locating the positions of
the first harmonic in the corresponding spectra.
Since the beating signals are small band signals, it is self-evident to approximate
them with a linear combination of sines and cosines or rather a Fourier series. These
Fourier series need to comprise only few terms since the spectra of the beating signals
contain rather few pronounced harmonics. As discussed in Sec. 3.2.2, the Fourier series
are generated by considering only the first four harmonics. Approximating a measured
beating signal with a Fourier series has the advantage that the signal is described as a
11

Other studies found that the beating behaviour of cardiomyocytes is rather unstable, but these instabilities can only be seen in measurements several minutes long [7].
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Figure 3.15.: Frequency spectrum of the SVD filtered signal of cell 1, generated with the
active contour approach.
smooth and continuous function in time, rather then as a set of discrete values which
still suffer from noise and alike. Thus, all derivatives of the approximated signals are
known. For analysing the periodic motion of an oscillator, it is common practice to
consider its limit cycle in phase space. In a two dimensional system, the phase space is
spanned by the dynamic variable which oscillates and its first derivative. Considering
the beating signals and their approximation as Fourier series, one can easily access both.
Figure 3.16 shows the orbits, corresponding to the periodic beating of the analysed cells.
To emphasise their similarity, the orbit corresponding to cell three was turned12 by π.
The first thing one might notice is the difference in magnitude of the amplitude (10−1 )
and its derivative (100 ). This is caused by the peak behaviour of the beating signals.
Furthermore, the orbits look like ellipses for a wide range of amplitudes, but buckle at
their leftmost extent. This bifid shape emphasises the two phases of one beating event
mentioned before: the peak phase and the recover phase. The buckling corresponds to
the recover phase.

3.4. Summary
To qualitatively access the beating behaviour of premature cardiomyocytes, experiments
were conducted by my collaborator Susanne Schlick. In collagen gel embedded cardiomy12

All cells exhibit peak up behaviour, except cell three which exhibit peak down behaviour.
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Figure 3.16.: Periodic orbits in phase space, generated with the corresponding Fourier
series, showing the form the beating signal of the analysed cells.
ocytes were recorded with a camera attached to an optical microscope. The resulting
video data were analysed with the four discussed approaches, yielding time series, showing the beating of premature cardiomyocytes. These time series were filtered with the
introduced filter chain to remove certain artefacts caused by the measurements and the
time series generation approaches. The main result of this analysis is the temporal from
the beating behaviour of premature cardiomyocytes. Namely the two phases of a beat
event: the peak phase and the recover phase. Furthermore, periodic orbits in phase space
were constructed from the measured signals, which show the qualitative characteristic
beating behaviour of premature cardiomyocytes in phase space.
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4. Rheology of the Extracellular Matrix
Premature cardiomyocytes are able to synchronise their self-sustained beating behaviour.
This synchronisation can be caused by a purely mechanical coupling mediated by the
extracellular matrix [13]. It is manifest that the mechanical properties of the extracellular
matrix are influencing this synchronisation behaviour. For gaining experimental insights
into the viscoelastic properties of the extracellular matrix, dynamic shear rheometry
experiments have been conducted. The experiments have been carried out by Susanne
Schlick1 , Florian Spreckelsen2 , Florian Rehfeldt3 , and myself.

4.1. Experimental setup
During the dynamic shear rheometry experiments, samples of hydrogels, comprising
collagen I, were placed in a shear rheometer. The used shear rheometer consists of a
static and a rotating plate. By rotating the latter one, the sample confined by those
plates is sheared. See Figure 4.1 for an abstract sketch of a shear rheometer. Two
observables can be measured in this way: the strain ε, which is the normalised (with the
sample height h(r)) displacement l of a point on a cycle (with radius r) if rotated by the
angle ϕ, and the stress σ, which is the force F per area4 A of the sample.
l
ϕr
=
h(r)
h(r)
F
F
σ=
=
A
π r2
ε=

(4.1a)
(4.1b)

Note that the rotating plate has the shape of a cone (Figure 4.1). This shape ensures
that the measured strain and stress are equal over the whole radius of the plate. In the
experiments, the height of the medium was around h(r0 ) ≈ 100 µm. The radius r0 was
on the length scale of one cm.
The sample is stimulated by either a specific strain or stress signal and the corresponding stress or strain response is measured to analyse the rheological properties of
the medium under study. During the conducted experiments, a strain stimulus ε(t) was
provided and the stress response σ(t) of the sample was measured. Note that if the
strain stimulus is a periodic function, the stress response will be periodic (with the same
1

Institute of Pharmacology and Toxicology, University Medical Center Göttingen
Biomedical Physics Group, Max Planck Institute for Dynamics and Self-Organization, Göttingen
3
Third Institute of Physics - Biophysics, Georg-August-University Göttingen
4
The area perpendicular to the axis of rotation.
2

57

4. Rheology of the Extracellular Matrix

Figure 4.1.: Abstract sketch of a shear rheometer. The upper cone shaped plate rotates
about the angle ϕ with the angular velocity ω and thus shears the sample
(green). The radius dependent sample height h(r) ensures that the measured
strain and stress are independent of the radius r.
period T ) after the transients behaviour has ceased.
σ(t) ≡ f (ε(t))

σ(t) = σ(t + T )

(4.2a)
if ε(t) = ε(t + T )

(4.2b)

The strain stimulus was chosen to be a sine function in all experiments.
ε(t) ≡ ε0 sin(ω t) = ε0 sin(2π f t)

(4.3)

Thus, the strain stimulus and the corresponding stress response depend on the maximum strain or strain amplitude ε0 , and on the shear frequency f or angular velocity
ω. In general, the stress response can be any nonlinear periodic function in time which
depends on the mentioned parameters. If, however, the medium exhibits only linear
responses, which are governed by linear phenomenological rheology (see Sec. 2.3), the
stress responses will be sinusoidal function as well. The property which connects the
stimulus and the response in this case is the complex modulus G∗ (ω) or rather its real
and imaginary part: the storage G0 (ω) and the loss modulus G00 (ω), respectively.
G00 (ω)
ε̇
ω
σ(t) = σ0 sin(ω t + δ) = G0 (ω) ε0 sin(ω t) + G00 (ω) ε0 cos(ω t)
σ(t) = G0 (ω) ε +

(4.4a)
(4.4b)

Note that Eq. (4.4b) only holds in the case of a sine stimulus (Eq. (4.3)). From Eq. (4.4a)
it becomes evident that the phase lag δ between the strain stimulus and the stress
response is caused by a non vanishing loss modulus G00 (ω). By facilitating this phase
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Figure 4.2.: Complex modulus of collagen over time. The strain amplitude is ε0 = 1 %
and the shear frequency is f = 1 Hz.
lag, the loss and storage moduli can be determined by knowing the strain stimulus and
the stress response. Note that a system which responds with a force (or stress) that is in
phase with the corresponding elongation (or strain) conserves the deformation energy.
Thus, the storage modulus G0 (ω) is proportional to the average energy conserved during
one cycle of oscillation and the loss modulus, which causes the phase lag between stress
response and strain stimulus, is proportional to the average energy dissipated during one
cycle of oscillation. Thus, the storage modulus can be considered as a measure of the
elasticity or stiffness of a medium under study and the loss modulus can be considered
as a measure of its viscous behaviour.
As soon as media with nonlinear viscoelastic responses are considered, the notions of
the storage and loss modulus become meaningless since they are linear properties. In this
cases only the direct strain stimulus compared with the corresponding stress response
are measured in LAOS-experiments5 [24]. Note that for every medium which behaves
nonlinear, there is a regime of sufficient small maximum strains ε0 in which it can be
considered linear.

4.2. Data analysis
As already mentioned, a hydrogel comprising collagen I was analysed with a shear
rheometer by applying a sine strain stimulus (Eq. (4.3)). The storage G0 (ω) and the
loss modulus G00 (ω) of the medium have been measured over around three hours6 at a
constant maximum strain of ε0 = 1 % and a constant shear frequency of f = 1 Hz. In
Figure 4.2, the measured results are shown. It can be seen that during the first 30 min,
the medium under study becomes stiffer and a little bit more viscous. This behaviour is
caused by the collagen which polymerises in the sample. After this initial polymerisation
phase, the medium does not change its viscoelastic properties much more. Note that
there are two jumps in the data; one at around 60 min and the other at around 105 min.
These jumps are caused by mechanical perturbations of the table the rheometer resides
5
6

LAOS is the acronym for large amplitude oscillation shear.
This kind of measurement is called time sweep.
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on. After the viscoelastic properties of the medium did not change anymore, thus after
the time sweep, LAOS-experiments have been conducted since polymer gels are known
to exhibit nonlinear viscoelastic behaviour7 [24, 26].
In these LAOS-experiments the stress response σ(t) of a sinusoidal strain stimulus ε(t)
(Eq. (4.3)) was measured for different maximum strains ε0 and a constant shear frequency
f = 1 Hz. Figure 4.3a and Figure 4.3b show the stress response (blue) to a strain
stimulus (purple) for two different maximum strains of 3.16 % and 7.91 %, respectively.
The corresponding stress response spectra are shown in Figure 4.3c and Figure 4.3d. It
can be seen that the medium under study behaves rather linear8 at a maximum strain
of about ε0 = 3.16 %. This is evident, since the corresponding spectrum comprises only
one peak at the shear frequency of f = 1 Hz. Thus, the stress response is a sinusoidal
function, just like the strain stimulus. At a maximum strain of about ε0 = 7.91 % the
stress response does not behave linearly anymore. This is indicated by the additional
harmonics in the corresponding Fourier spectrum. Since the stress response and the
strain stimulus are periodic functions in time, they can be represented by a short Fourier
series F (t) as the few non-negligible harmonics indicate.
F (t) =

N
X

ak sin(ωk t) + bk cos(ωk t)

(4.5)

k=1

These Fourier series can be considered as noise free stimulus and response functions. In
Figure 4.3e and Figure 4.3f the raw data and the Fourier fit of the corresponding stress
responses are compared. It can be seen that the Fourier series represent very well the
raw data. In Figure 4.3g and Figure 4.3h the Fourier series of the stress response (blue)
to the strain stimulus (purple), at the two different maximum strains, are shown. The
phase lag between the response and the stimulus is relatively small. Thus, only little
amounts of energy are dissipated during one cycle of oscillation and thus the medium
behaves rather elastic. In case of a linear response (at ε0 ≤ 3.16 %), this was predicted
by the small (compared to the storage moduli) loss moduli which were measured during
the time sweep measurements (Figure 4.2). In Figure 4.3h it can be seen how a nonlinear
periodic stress response might look like. The shown nonlinear behaviour is called strain
stiffening.
Another way of presenting the LAOS-data is in form of Lissajous figures. In Lissajous
figures the stress response σ(t) is plotted over the strain stimulus ε(t). This yields closed
(in case of periodic response and stimulus functions) curves σ(ε) parametrised by time
t. Figure 4.4 shows three Lissajous figures which correspond to three different maximum
strains 3.16 %, 5.01, and 7.91 %, respectively. The Fourier series representations of the
stress response and the strain stimulus are plotted in Figure 4.4. The corresponding Lissajous figures which comprise the raw data can be found in the appendix (Figure A.17).
A linear stress-strain relation is indicated by an ellipsoid curve. As the nonlinear re7

The collagen gel under study can be considered linear at maximum strains of around ε0 = 1 % as it
can be seen later.
8
This result validates the former assumption that the medium under study behaves linear at ε0 = 1 %.
Thus the complex modulus is a meaningful observable in this low amplitude regime.
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Figure 4.3.: (a), (b) (g), (h) Strain stimulus ε(t) and stress response σ(t) at two different
maximum strains ε0 (left and right column). If compared directly, both
signals are normalised to standard deviation one. (c), (d) The small band
spectra of the stress response suggest (e), (f) a fit with a Fourier series. The
shear frequency is f = 1 Hz.
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Figure 4.4.: Lissajous figures at different maximum strains ε0 showing a linear stress
response at lower maximum strain ε0 = 3.16 % and strain stiffening at higher
maximum strain ε0 = 7.91 %. The Lissajous figures are based on a Fourier
fit. The Lissajous figures which comprise the raw experimental data are
shown in Figure A.17. The shear frequency is f = 1 Hz.

sponse of a viscoelastic medium becomes more pronounced, the corresponding Lissajous
curve deviates more from an elliptical shape. The phase lag between response and stimulus and thus the dissipated energy during one cycle of oscillation, is indicated by the
width of the ellipsoid or rather the closed curve. Perfect elasticity corresponds to a curve
which is a single line9 and hysteresis corresponds to energy dissipation and thus viscous
behaviour. As expected from the small phase lag between stimulus and response, the
Lissajous curves shown in Figure 4.4 are rather narrow. The linear behaviour of the
collagen gel at a maximum strain of ε0 = 3.16 % is represented by an elliptical curve10
(blue). It has been shown already that the medium shows a nonlinear response at a
maximum strain of ε0 = 7.91 %. The corresponding Lissajous curve (orange) illustrates
the mentioned strain stiffening behaviour very well. Strain stiffening means that the
medium reacts with nonlinear increasing stress if it is elongated over a certain amount.
It can be seen that the onset of the strain stiffening is around a strain of ε ≈ 4(±1) %.
9

A line like curve can still be closed, since the system under study travels on top of it back and forth
during one cycle of oscillation.
10
Since a Fourier series (Eq. (4.5)) with N = 1 has been used to fit this data, the Lissajous curve is an
ellipsoid by construction. But it was already validated that the system behaves linear at maximum
strains of ε0 ≤ 3.16 %.

62

4.3. Maxwell fluid approximation
As shown in Chap. 3, the premature cardiomyocytes under study exhibit a maximum strain of about ε0 = 5(±2) % on average. Thus the analysed range of maximum
strains ε0 ∈ {3.16 %, 5.01 %, 7.91 %} will be of great avail for modelling and disusing
the corresponding stress responses – at least in theory. There are some limitation to
the applicability of the presented results. The first point to consider is a theoretical
one. The dynamic shear measurements have been conducted by using a sinusoidal strain
stimulus (Eq. (4.3)). This kind of stimuli comprise only one temporal frequency, and it
was chosen to be constant at f = 1 Hz. Although cardiomyocytes beat on a well defined
time scale of the magnitude of about 1 Hz, their beating signal is not a pure sinusoidal
function of time, thus it comprises multiple time scales (see Figure 3.13 and Figure 3.15).
It is not known a priori how a nonlinear medium will respond to a strain signal which
comprises multiple time scales, if only the responses to signals comprising one time scale
are known.
The second limitation are the experimental data themselves. During the experiments
multiple sets of data have been acquired. Although all of them show the same qualitative
behaviour, they differ quite noticeable in a quantitative sense with respect to different
observables. These are the temporal end of the polymerisation phase and the height of
the following plateau, if the time sweeps are considered (see Figure 4.2). Furthermore
some LAOS-measurements have been conducted at the very edge of the measurement
precision of the shear rheometer used, as it is indicated by the sometimes low signal to
noise ratio (Figure 4.3a). Furthermore it is to note that the used collagen gels seem to
be less stiff by at least one order of magnitude compared to those analysed by others
[18, 59]. This could be related to differences regarding the preparation of the gels used,
in particular the concentration of collagen.
Nevertheless, the acquired results are a good starting point for understanding and
modelling qualitatively (and to some extent quantitatively) the viscoelastic properties
of the extracellular matrix which couples the premature cardiomyocytes and aids their
synchronisation.

4.3. Maxwell fluid approximation
For modelling and further understanding the viscoelastic response of the extracellular
matrix, a linear approach is used. The coupling provided by the extracellular matrix
shall be modelled with the Maxwell fluid. The Maxwell fluid was already introduced in
Sec. 2.3. It is show in Figure 2.5a and again in Figure 4.5 for convince. The constitutive
equations describing the viscoelastic behaviour of the Maxwell fluid are given in Eq. (2.9)
and in Eq. (4.6) again.
E
σ̇ = E ε̇ − σ
(4.6)
η
Since the Maxwell fluid is a linear viscoelastic model, its behaviour can be perfectly
described in terms of the complex modulus G∗ (ω). The real and imaginary part (the
storage and the loss modulus, respectively) of the complex modulus of the Maxwell fluid
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Figure 4.5.: Sketch of the Maxwell fluid. E denotes the elastic modulus of the linear
spring and η denotes the viscosity of the dashpot.
are already known (Eq. (2.13)) to be:
G∗ (ω) = G0 (ω) + i G00 (ω)


E 2 /η 2
0
G (ω) = E 1 − 2 2
E /η + ω 2
E/η
G00 (ω) = E ω 2 2
.
E /η + ω 2

(4.7a)
(4.7b)
(4.7c)

Note that ω is the angular frequency of the provided stimulus, which is always the strain
in the context of this thesis. In the following, the parameters which govern the viscoelastic behaviour of the Maxwell fluid shall determined from the acquired experimental data.
First, the elastic modulus E and the viscosity η of the final state (after the polymerisation phase (Figure 4.2)) of the extracellular matrix shall be determined. For that
purpose Eq. (4.4a) (which describes the stress responses to a strain stimulus of a linear viscoelastic medium) is used together with the known storage (Eq. (4.7b)) and loss
modulus (Eq. (4.7c)) of the maxwell model. This yields the following equation which describes the stress response σ(t) of the Maxwell fluid in dependence on the strain stimulus
ε(t) and the corresponding strain rate ε̇(t):


E 2 /η 2
E/η
σ(t) = E 1 − 2 2
· ε(t) + E 2 2
· ε̇(t).
(4.8)
2
E /η + ω
E /η + ω 2
If all temporal functions (σ(t), ε(t), and ε̇(t)) and the angular frequency of the strain
stimulus ω are known, Eq. (4.8) can be fitted to them via the elastic modulus E and the
viscosity η. This is true in case of the LAOS-measurements, which were conducted at
ω = 2π f = 2π rad Hz.
In the following the LAOS-data with a maximum strain of ε0 = 5.01 % (Figure 4.4)
are used, since the premature cardiomyocytes analysed in Chap. 3 exhibited a maximum
strain of around ε0 = 5(±2) % on average (Sec. 3.3). Note that at a maximum strain
of ε0 = 5.01 %, the stress response was already slightly nonlinear (Figure 4.4). Thus,
a linear approximation of the stress response is needed first. This can be achieved by
omitting the higher harmonics in the Fourier series representation (Eq. (4.5)) of the data.
The original Fourier series representation and the corresponding linear approximation is
shown in Figure 4.6a. The fit of Eq. (4.8) to the linear approximation of the LAOS-data
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Figure 4.6.: Fit of the linear Maxwell fluid model to the LAOS-data obtained at a maximum strain of ε0 = 5.01 % and a shear frequency of f = 1 Hz.
Parameter
E
η
E/η

Value
12.46 Pa
12.45 Pa s−1
1s

Table 4.1.: Fitted viscoelastic parameters of the Maxwell fluid. E denotes the elastic
modulus and η the viscosity. Note that the values have been rounded to the
second decimal value.
is shown in Figure 4.6b. Both, the linear approximation of the slightly nonlinear data
and the fit quality are convincing. The resulting elastic modulus E and the viscosity η
are shown in Table 4.1.
Note that a high viscosity η in the context of the Maxwell model means that little
energy is dissipated during one cycle of oscillation since the damper is in series with
the spring (Figure 4.5). A very rigid damper acts like a rod and the elongations of the
Maxwell model is governed by the energy conserving spring. Thus, the acquired results
(E ≈ η) make sense in the context of the narrow Lissajous curves (Figure 4.4), which
indicate a rather energy conserving viscoelastic response of the extracellular matrix.
After fitting the Maxwell fluid model (Eq. (4.6)) to the viscoelastic response of the
extracellular matrix after the polymerisation phase, it shall be analysed how the parameters of the model vary over time during the viscoelastic development of the system.
For this purpose the conducted time sweep is facilitated (Figure 4.2). During the time
sweep, the storage G0 (ω) and the loss modulus G00 (ω) of the medium under study have
been recorded over around three hours. By solving Eq. (4.7b) and Eq. (4.7c) for the
elastic modulus E and the viscosity η, which yields Eq. (4.9), they can be calculate from
G0 (ω) and G00 (ω) at each recorded point in time. Thus the elastic modulus and the
viscosity become functions of time E → E(t) and η → η(t). Note that the angular shear
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Figure 4.7 shows the temporal development of E(t) and η(t). The time is colour coded
to emphasise the relation between the elastic modulus E(t) and the viscosity η(t). To
compare these results with the calculated values obtained from the fit to the LAOS-data,
recorded after the polymerisation phase, the corresponding ratio E/η from Table 4.1 is
drawn in blue. Although the time sweep was conduced in the linear response regime
ε0 = 1 % ≤ 3.16 %, E(t) and η(t) converge against the ratio E/η predicted by the fit to
the LAOS-data, which were recorded in the nonlinear response regime ε0 = 5.01 % ≥
3.16 %. This finding validates the performed fitting of the linear Maxwell fluid model
to the nonlinear LAOS-data – at least in the considered range of maximum strain.
Furthermore, the temporal development of the elastic modulus and the viscosity show
that the extracellular matrix becomes more viscous (increasing η(t)) and more elastic
(increasing E(t)) over time, thus stiffer.
Note that, considering the discussion of the raw data (Sec. 4.2), the quantitative values
of the results obtained in this section should be interpreted with great care. Nevertheless, the qualitative behaviour will be of avail when interpreting how the viscoelastic
properties of the coupling of the self-sustained oscillators relates to the biological system
of coupled premature cardiomyocytes.
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Recent studies have shown that the direct and indirect mechanical coupling of cardiomyocytes leads to the synchronisation of their beating behaviour [13]. Synchronisation of
nonadjacent premature cardiomyocytes can be observed in a petri dish. This raises the
question of how the mechanical properties of the medium, acting as coupling agent, influence this effect. This chapter is dedicated to that question. It is studied how the
material properties of a simple viscoelastic system, which provides the coupling for two
self-sustained oscillators, influence their synchronisation behaviour. Note that this work
was already published by my coworkers and me [60]. Thus, although some new results
are shown, this chapter mainly orients itself on the mentioned publication1 .
It is evident to choose a self-sustained oscillator as a mathematical model for premature
cardiomyocytes since they show self-sustained beating behaviour [31]. Self-sustained
means that the oscillating objects use energy from an energy source to maintain their
oscillating state. The harmonic oscillator for example, is not a self-sustained oscillator.
In case of energy dissipation (damping), the exhibited oscillations will stop after all
energy is drained from the system. In contrast, cardiomyocytes beat although they are
damped by their environment.
Systems of coupled self-sustained oscillators and their synchronisation behaviour are
subject of a vast number of studies [61, 62, 63, 64, 65, 66, 67]. These studies tackle
different kinds of oscillators, ranging from simple one dimensional phase oscillators like
the Kuramoto oscillator [34, 68], over amplitude oscillators like the Stuart-Landau oscillator [69, 70], to more dimensional oscillators used as models for different complex
biological systems like cell calcium dynamics [13]. Usually those studies apply a purely
elastic coupling in one dynamic variable and in this way neglecting the effects viscous
coupling properties can introduce. Others, although incorporating some viscous coupling
into their mathematical models and experiments, deal with very complex or specialised
systems [71, 42, 72] and do not tackle the general question how viscoelastic coupling
influences synchronisation compared to purely elastic coupling.
In this chapter, two Van der Pol oscillators [73] are coupled with the Maxwell model
[74] to study the impact of viscoelastic coupling on their synchronisation behaviour.
Premature cardiomyocytes exhibit asymmetric beating behaviour (Chap. 3). This motivates an additional questing. Namely, how an asymmetry in the potential generating
the restoring forces of viscoelastically coupled oscillators is influencing their synchronisation behaviour. Thus, the classical Van der Pol equations are modified in a way such
that they are able to produce asymmetric oscillations. The stability of the synchronous
solutions of the system, in dependence on the viscoelastic coupling parameters and the
1

Some text is directly copied and translated into passive.
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asymmetry of the oscillations, are explored to study both: the impact of viscoelastic
coupling on the synchronisation behaviour of self-sustained oscillators and the influence
of the material properties of the medium, coupling the premature cardiomyocytes, on
their synchronisation behaviour.
First, the mathematical models for the cardiomyocyte and the viscoelastic medium
are introduced and motivated. Then, concepts of nonlinear dynamics, like bifurcation
analysis, and the calculation of Lyapunov exponents and Poincaré maps, are applied
to study the stability of the synchronised states of the system. A short summary and
discussion of the obtained results and the limitations of this study is given at the end of
this chapter.

5.1. Mathematical model
The model equations consist of two parts: two self-sustained oscillators and their coupling. Two of the most general amplitude oscillators used in many studies are the
Stuart-Landau oscillator and the Van der Pol oscillator [73, 75, 35]. Both comprise
only few parameters and span a two dimensional phase space. Since the Stuart-Landau
oscillator is the normal form of a Hopf bifurcation, it only exhibits sinusoidal like oscillations. The Van der Pol oscillator however can be tuned to exhibit very nonlinear
oscillations which are closer to those of cardiomyocytes. The most prominent, often
called dimensionless2 , form of the Van der Pol oscillator is the following:

(5.1)
ẍ = µ 1 − x2 ẋ − ω 2 x.
In this equation, ω denotes the natural frequency3 of the oscillator and µ is the parameter
controlling the influence of the nonlinear damping. Figure 5.1 shows a representative
example of the dynamics of the Van der Pol oscillator in case of a stable limit cycle.
Considering the case of µ = 0, the Van der Pol oscillator would be equivalent with the
well known harmonic oscillator. For µ > 0, the nonlinear damping drives a trajectory
towards the symmetric and stable limit cycle of the system. This limit cycle becomes
unstable for µ < 0. That means that a trajectory would diverge to infinity or would
approach the fixed point of the Van der Pol oscillator. There exists only one fixed point
in phase space at (x = 0, ẋ = 0) whose stability depends on µ.
Note that the system Eq. (5.1) consists of four terms but is controlled by two parameters rather than four. Obviously and without loss of generality, one out of four
parameters can always be absorbed into the others, which would leave three parameters.
Considering the Van der Pol oscillator as physical system, introduces in general two
physical dimensions. One dimension in which time is measured and one in which the
value of the dynamic variable x is measured. Thus, and by considering the BuckinghamΠ theorem, the Van der Pol oscillator can be fully described by only one dimensionless
2

As long as the Van der Pol oscillator is considered as a physical system, I do not agree with this
convention as discussed in the following.
3
Although ω is called natural frequency, the oscillation frequency depends on µ as well; but it is much
more sensitive to ω.
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(b) Time domain dynamics: The same trajectory showing the oscillations of the dynamic variable
x and its first derivative ẋ.

Figure 5.1.: Dynamics of the Van der Pol oscillator Eq. (5.1) with µ = 3 and ω = 1.
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parameter. Having two parameters left means that either the dependent (x) or the independent (time) variable is still measured in terms of its physical dimension and not in
terms of a system property (parameter combination). This is obviously time, since the
statement 1 − x2 would be meaningless with a non-dimensionless dynamic variable.
Furthermore, the very prominent choice of the semi-dimensionless form of the Van der
Pol equation has important implications for the bifurcation behaviour of the system.
Since ω enters only in squared form, the last term will always describe a linear restoring
force independent of the sign of ω. Furthermore, the maximal amplitude
 of the limit cycle oscillations is fixed by the expression 1 − x2 rather than a − x2 . Thus, no single
Hopf bifurcation is possible. Although this implications do not cause any problems with
the following analysis, it is useful to keep them in mind when interpreting the results
and the meaning of the parameters.
The Van der Pol oscillator exhibits symmetric4 oscillations. For generating nonsymmetrical oscillations, the restoring force of the Van der Pol oscillator, given by a
harmonic potential, is perturbed by an exponential function.

ẍ = µ 1 − x2 ẋ − ω 2 (x + ε c [ec x − 1])
(5.2)
Here ε is called perturbation parameter and it is small in magnitude compared to all other
parameters. |c| is the length scale of the asymmetry introduced by the perturbation. The
sign of c defines the side of the harmonic potential which is influenced stronger. Note
that this perturbation does not change the fact that there exists only one fixed point and
one potential limit cycle in the phase space. Figure 5.2 shows a comparison between the
dynamics exhibited by the classical Van der Pol oscillator Eq. (5.1) and the asymmetric
system Eq. (5.2). The additional term, controlled by the length scale of the asymmetry c,
makes it possible to analyse how asymmetric oscillations influence the synchronisation
behaviour of self-sustained oscillators in addition to the viscoelastic properties of the
coupling. A comparison of the asymmetric oscillations generated by the introduced
model with the beating signal of cell 1 can be seen in Figure 5.3. The qualitative
similarities are evident. Both signals show the peak and the recover phase. Note that
the signal generated by the asymmetric Van der Pol equation is inverted in time. The
“recover phase” lies right before the peak phase, not right after it, like in the beating
signal of the cardiomyocytes. This is a general property of the Van der Pol oscillator
and cannot be overcome by just inverting the time in the system of differential equations
(Eq. (5.2)), since a time inversion would render the limit cycle unstable. Furthermore,
some quantitative linear transformations were necessary to emphasise the qualitative
similarities of the two signals (see the caption of Figure 5.3). Since the following analysis
focuses on the general and thus qualitative influence of viscoelastic coupling on the
synchronisation behaviour of self-sustained oscillator, this is not a problem in general.
The perturbation used to make the oscillations of the Van der Pol oscillator asymmetric
has the side effect that it renders the formerly linear restoring force nonlinear. To
separate the effect of a asymmetric restoring force from a (symmetric) nonlinear restoring
4

Symmetric in the sense of a point reflection in phase space.
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Figure 5.2.: Comparison of the classical Van der Pol oscillator Eq. (5.1) with the asymmetric system Eq. (5.2). The parameters used are: µ = 3, ω = 1, c = −8,
 = 10−3 .
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Figure 5.3.: Comparison of the oscillations generated by the asymmetric Van der Pol
oscillator Eq. (5.2) with the beating signal of cell 1. The beating signal
is represented by the corresponding Fourier series (see Figure 3.13). The
following parameters were chosen for the mathematical model: µ = 5, ω =
4.0, c = 4, ε = 10−3 . For emphasising the qualitative similarities, the
oscillations of the mathematical model were shifted in time by −6.8 and the
amplitude of the beating signal was enlarged by a factor of 7.3 and shifted
by −0.42.
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Figure 5.4.: Sketch of the Maxwell model (series connection of a harmonic spring with
spring constant ωc2 and a linear damper with damping constant γ) which couples two oscillators with distinct natural frequencies ω1 , ω2 like in Eq. (5.4).
The position of the black dot in the middle corresponds to the value of the
dynamic variable d.
force on the synchronisation behaviour of self-sustained oscillators, an additional term
is introduced.


(5.3)
ẍ = µ 1 − x2 ẋ − ω 2 x + ε c [ec x − 1] + b x3

Here b ≥ 0 is the strength of the symmetric but nonlinear part of the restoring force. In
the case of c = 0, Eq. (5.3) is called Van der Pol-Duffing oscillator.

The full model under study consists of two oscillators given by Eq. (5.3) coupled by a
Maxwell fluid. The Maxwell fluid consists of a harmonic spring in series with a linear
damper. The spring constant of the spring is ωc2 and the time scale on which the damping
acts is γ −1 . We call ωc elastic coupling parameter and γ fluidity (inverse viscosity) or
viscous coupling parameter. Putting everything together yields the following system of
differential equations:
oscillator

elastic coupling

z
}|
}|
{

{ z
ẍ1 = µ 1 − x21 ẋ1 − ω12 x1 + ε c [ec x1 − 1] + b x31 + ωc2 (∆x − d)


ẍ2 =µ 1 − x22 ẋ2 − ω22 x2 + ε c [ec x2 − 1] + b x32 − ωc2 (∆x − d)

(5.4a)
(5.4b)

viscous creep

}|
{
z
d˙ = γ (∆x − d)

with

∆x := x2 − x1 .

(5.4c)

A sketch of the above system is shown in Figure 5.4. Although the two coupled oscillators are identical with respect to their asymmetry c and the strength of the symmetric
nonlinear part of the restoring force b, they differ with respect to their natural frequencies ω1 and ω2 . Thus, nonidentical oscillators are considered. For convenience, the
parameter space of the natural frequencies (ω1 , ω2 )T is parametrized by a centre of mass
like parameter system (ω̄, ωr )T :
  

   ω1 +ω2 
ω1
ω̄(1 − ωr /2)
ω̄
2
.
(5.5)
=
⇔
= ω2 −ω
1
ω2
ω̄(1 + ωr /2)
ωr
ω̄
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Here ω̄ is the mean of the natural frequencies and ωr is their relative deviation with
respect to the mean. As discussed before, the time scale of this system can still be
chosen to eliminate one parameter comprising the physical dimension of time. This is
used to fix ω̄ = 1.
To understand how the coupling was introduced, the following more abstract equations
might be useful to consider.
oscillator

z }| { coupling
z}|{
ẍ1 = f1 (x1 , ẋ1 ) + σ
ẍ2 =f2 (x2 , ẋ2 ) −

σ

(5.6a)
(5.6b)

The oscillators are represented by fi and the function which couples them is denoted
by σ. The stress-strain relation of the Maxwell fluid (see Sec. 2.3) is given by:
σ̇ = E ε̇ −

E
σ
η

⇔

σ = E (ε − d)
.
d˙ = Eη (ε − d)

(5.7)

Renaming E → ωc2 and E/η → γ, identifying the strain along the Maxwell fluid ε =
∆x = x2 −x1 , and by inserting Eq. (5.7) into Eq. (5.6) yields the coupled system Eq. (5.4).
The coupling is an elastic spring, which adjusts its effective rest length over time, to fit
its current elongation. d can be understood as this adjustment which happens on the
time scale given by γ −1 . If the fluidity is equal to zero (γ = 0), the rest length of the
spring stays constant. Thus, the coupling can be considered as perfectly elastic. If the
fluidity approaches infinity γ → ∞, the spring adjusts its rest length instantaneously
which is equivalent to the case of no coupling.
The coupling in its present form (the last terms of Eq. (5.4a) and Eq. (5.4b)) was introduced to follow the standard approach of mutually coupling oscillators diffusively.
Thus, the results of the following analysis of the system are comparable inside the field
of nonlinear dynamics which deals with networks of coupled oscillators. This coupling
approach shall be called pendulum approach or pendulum picture henceforth. It can
be understood easily by considering the two coupled pendulums in Figure 5.5a. Two
pendulums are coupled via a spring. The dynamic variables x1 and x2 are the displacements from their reference positions. Thus, the length of the spring between them is
changed by the difference of their displacements: ∆x = x2 − x1 . If the length of the
spring is changed, it exerts a force proportional to its elongation ∆x > 0 or compression
∆x < 0. In case of an elongation, the exerted restoring force Fr pulls the two pendulums
together. Pendulum 1 is pulled in positive direction Fr,1 ∝ +∆x while pendulum 2 is
pulled in negative direction Fr,1 ∝ −∆x. Thus. their equation of motion look like:
Ftotal,i = Finternal,i ± k ∆x.

(5.8)

Where k is the proportionality factor of the restoring force. This kind of coupling does
not describe the coupling between premature cardiomyocytes – at least not on the first
glance.
The coupling of two cardiomyocytes is shown in Figure 5.5b. It shall be called cardiomyocyte picture henceforth. Two cardiomyocytes are coupled via a spring. The
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(a) Coupling in the pendulum picture.

(b) Coupling in the cardiomyocyte picture.

Figure 5.5.: The two equivalent coupling scenarios: the pendulum picture and the cardiomyocyte picture.
dynamic variables x̂1 and x̂2 are the variations of their radii. Thus, the length of the
spring between them is changed by the negative sum of these variations: ∆x̂ = −x̂2 − x̂1 .
If both radii decrease ∆x2 , ∆x1 < 0, the spring is elongated ∆x > 0 and if both radii
increase ∆x2 , ∆x1 > 0 the spring is compressed ∆x < 0. In case of an elongation, the
exerted restoring force F̂r pulls on both radii of the cardiomyocytes. Thus, the radii feel
a force which tries to increase them both: F̂r,1 = F̂r,2 ∝ +∆x̂. Thus. their equation
of motion look like:
F̂total,i = F̂internal,i + k ∆x̂.
(5.9)
To use the developed system of equations (Eq. (5.4)), which comprises two oscillators
coupled in the pendulum picture, for describing coupled cardiomyocytes, the pendulum
picture coupling (Eq. (5.8)) must be equivalent to the cardiomyocyte picture coupling
(Eq. (5.9)). This is shown in the following.
Eq. (5.10) describes the two coupled oscillators in the cardiomyocyte picture.



¨1 = µ 1 − x̂2 x̂˙ 1 − ω 2 x̂1 + ε c [ec x̂1 − 1] + b x̂3 + ω 2 (−x̂2 − x̂1 − d)
x̂
1
1
1
c



¨2 = µ 1 − x̂2 x̂˙ 2 − ω 2 x̂2 + ε c [ec x̂2 − 1] + b x̂3 + ω 2 (−x̂2 − x̂1 − d)
x̂
2
2
2
c
d˙ = γ (−x̂2 − x̂1 − d)

(5.10a)
(5.10b)
(5.10c)

By renaming x̂1 → x1 and −x̂2 → x2 Eq. (5.10) becomes Eq. (5.11).


ẍ1 = µ 1 − x21 ẋ1 − ω12 x1 + ε c [ec x1 − 1] + b x31 + ωc2 (x2 − x1 − d)


ẍ2 = µ 1 − x22 ẋ2 − ω22 x2 − ε c [e−c x2 − 1] + b x32 − ωc2 (x2 − x̂1 − d)
d˙ = γ (x2 − x1 − d)

(5.11a)
(5.11b)
(5.11c)
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Except for the term which introduces the asymmetric oscillations Eq. (5.11) is identical
to Eq. (5.4). Thus, both systems are equivalent as long as symmetric oscillations are
considered (c = 0). This means that the introduced system of equations Eq. (5.4) can
be used as a tool to analyse the influence of viscoelastically coupling on the synchronisation behaviour of self-sustained oscillators and to relate those results to the coupled
premature cardiomyocytes. Note that, while changing from the pendulum picture into
the cardiomyocyte picture, x2 changes its sign.
Now the term ẍ on the left hand side of Eq. (5.4a) and Eq. (5.4b) shall be discussed.
One might be obliged to argue that this term is related to inertia force and that the system, comprising the premature cardiomyocytes and the collagen hydrogel providing their
coupling, exists in a regime of low Reynolds numbers. Thus, the effect of the inertia term
should be negligible. For a simple reason, this is not the case here. Second derivatives in
time are necessary for a system to exhibit oscillatory behaviour. Furthermore, there is
no need to interpret the oscillatory part of the system (the two Van der Pol oscillators)
in a purely mechanical sense. Originally the Van der Pol oscillator was introduced as
an abstract relaxation oscillator studied in the context of triode oscillations [73]. In the
context of this thesis, the modified Van der Pol oscillator is used as an abstract and
simplified model for the inner cell dynamics, which leads in the end to a self sustained
oscillation of the cell membranes and these membranes are coupled via a Maxwell fluid.
There exists a vast number of rheological models as discussed in Sec. 2.3. For coupling
the two modified Van der Pol oscillators, the Maxwell fluid was chosen over the Voigt
material and other generalised series-parallel models, composed of multiple springs and
dampers. The goal of this study is to get first insights into how viscoelastic coupling
can influence the synchronisation of two coupled self-sustained oscillators. To do that,
a model with a minimum number of parameters, one describing the elastic component
and one describing the viscous component, is utile. By varying the parameter related to
the viscous properties, the Voigt material becomes a solid rod or a elastic spring in the
limit cases; where the Maxwell fluid becomes a elastic spring or a perfect liquid. The
latter one sounds more reasonable to model a hydrogel.
Note that Eq. (5.4c), which represents the viscous creep, is a linear differential equation
with time dependent inhomogeneity ∆x(t). This kind of equation can be solved with a
Green’s function approach. Doing this yields5 :
−γ t

d(t) = d0 e

Z
+γ

t

e−γ(t−τ ) ∆x(τ ) dτ.

(5.12)

0

Here d(t = 0) = d0 is the initial condition which decays to zero over a time scale given
by γ −1 . This means that Eq. (5.4c) introduces a distributed time delay coupling with
an exponential integral kernel between the two oscillators under consideration. In this
context, γ −1 can be considered as the amount of temporal memory of the distributed
time delay coupling. Thus, small viscous coupling parameters γ correspond to a long
5

See Sec. B.2 for the calculation.
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temporal memory and large γ to a short one. Other studies have analysed the influence
of distributed time delay coupling on amplitude death [63, 69], amplitude and phase
dynamics [37], and the synchronisation of networks [38, 70] using identical and nonidentical Stuart-Landau oscillators. Most of those studies discussed different kinds of
time delay distribution and their influence on the mentioned topics. In this thesis the
type of distribution will not change but the influence of the memory length on the synchronisation behaviour of in- and anti-phasic synchronisation states of two non-identical
Van der Pol like oscillators will be analysed. Although the focus lies on the meaning
of γ in the context of a viscoelastic coupling, the results obtained might be interesting
in the field of coupled oscillators with distributed time delay as well and the reader is
encouraged to keep this second possible interpretation of d and γ in mind while reading
this chapter.

To summarise, the self-sustained and asymmetric (peak and recover phase (Chap. 3))
nature of the beating of premature cardiomyocytes motivated the choice of self-sustained
oscillators, which are able to exhibit asymmetric oscillations, for analysing how the
viscoelastic properties of their coupling is influencing their synchronisation. This selfsustained oscillators are a modified Van der Pol oscillators. For producing asymmetric
oscillations, the former linear restoring force of the Van der Pol oscillator was modified
with a exponential term. To distinguish between the effect of a nonlinear asymmetric
restoring force and a nonlinear symmetric restoring force, an additional modification was
performed. The final system under study consists of two modified and non-identical (with
respect to their natural frequencies ωi ) Van der Pol oscillators coupled viscoelastically
by a Maxwell fluid (Eq. (5.4), Figure 5.4). The Maxwell fluid was chosen because it
utilises viscoelasticity in the form of only two parameters: its elasticity ωc and its fluidity
(inverse viscosity) γ. In the following it is analysed how the stability of the synchronised
oscillating states of the system depends on the viscoelasticity of the coupling and on
the parameters controlling the form of the oscillations. A comprehensive summary of
all system parameters is given in Table 5.1 along with their default values. Note that
for interpreting the results of this stability analysis in context of the coupled premature
cardiomyocytes, one has to change from the pendulum picture into the cardiomyocyte
picture, which changes the sign of x2 → −x̂2 .

5.2. Results
As in systems with non-viscous but purely elastically coupled oscillators, the model
Eq. (5.4) exhibits synchronisation of periodic oscillations in terms of phase locking. For
analysing the fundamental differences between viscous and elastic coupling, it useful to
focus solely on synchronisation states with 1:1 phase locking. In this case, only two types
of synchronisation states remain: in-phase (1:1 phase locking) and anti-phase (-1:1 phase
locking) synchronisation. Since the two Van der Pol oscillators have in general distinct
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Parameter
damping constant
mean of natural frequencies
deviation of natural frequencies
perturbation magnitude
length scale of asymmetry
strength of cubic nonlinearity
elastic coupling parameter
viscous coupling parameter

Symbol
µ
ω̄
ωr
ε
c
b
ωc
γ

Default
3
1
0.1
10−3
0
0
1
0.1

Table 5.1.: Summary of all system parameters. If not stated otherwise, all parameter
values are set to these default values.
natural frequencies, it is not possible to obtain perfect 1:1 or -1:1 phase locking6 in the
sense of a constant phase lag of ∆ϕ = 0 or ∆ϕ = π, respectively. Therefore, in-phase
and anti-phase synchronisation is defined as 0 ≤ ∆ϕ < π/2 or 3 π/2 < ∆ϕ < 2 π, and
π/2 < ∆ϕ < 3 π/2 with ∆ϕ ∈ [0, 2 π), respectively. The model Eq. (5.4) is able to exhibit
both, a slower7 in-phase synchronisation and a faster anti-phase synchronisation state as
shown in Figure 5.6. Note that a synchronised solution of two or many oscillators is, as
well as the periodic solution of a single oscillator, given by a periodic orbit (closed one
dimensional structure) in phase space. That is because all dynamic variables are “entangled” and exhibit periodic variations with identical periods in both cases. The time
translation symmetry, which is common to all dynamic variables, makes the structure
one dimensional. Thus, the dynamics of two or many synchronised oscillators can be
viewed as the dynamics of one single oscillator of higher dimensionality in phase space.
The ratio between the frequencies of the anti- and in-phase synchronisation state shown
in Figure 5.6 is fanti /fin ≈ 2.03. As shown in Figure 5.7, this ratio does not change
much with respect to the viscous coupling parameter γ and it depends linearly on the
elastic coupling parameter ωc . Note that by changing from the pendulum picture into
the cardiomyocyte picture, the sign change of x2 → −x̂2 makes the in-phase state in
the pendulum picture the anti-phase state in the cardiomyocyte picture and the antiphase state of the pendulum picture becomes the in-phase state in the cardiomyocyte
picture. Whenever it is necessary to distinguish between those pictures, the synchronised states of the cardiomyocyte picture will be explicitly called: in-phase-cmc state
and anti-phase-cmc state.

5.2.1. Synchronisation with symmetric linear restoring force
Each stable synchronisation state corresponds to an asymptotically stable, periodic orbit
in phase space. In the following the case of a symmetric and linear (c = 0, b = 0) restoring
6

There exists a singular parameter limit case which force the oscillators to perfectly synchronise inphasic: ωc → ∞ and γ = 0. In this case, the Maxwell fluid would be equivalent to a solid rod.
7
In terms of the periods of the shown periodic solutions.
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(a) Phase space projection of the periodic orbits of the in- and anti-phase synchronisation state.
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(c) Fast anti-phase synchronisation state.

Figure 5.6.: Two coexisting stable periodic solutions of the model under study Eq. (5.4).
The initial conditions determine in which state the coupled oscillators will
end up.
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(a) Frequency ratio with respect to the viscous coupling parameter γ.
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(b) Frequency ratio with respect to the elastic coupling parameter ωc .

Figure 5.7.: Ratio between the frequencies of the in- and anti-phase synchronisation
states. The length of the lines is determined by the ωc -γ parameter regime
in which the in- and anti-phase synchronisation states coexist (see Figure 5.9
below in the text).

80

5.2. Results

saddle node bifurcation

2

max(x2 )

1.6
1.2
0.8
0.4
0
−1.2

−0.8

−0.4

0
ωc

0.4

0.8

1.2

Figure 5.8.: Bifurcation diagram of the in-phase orbit. Periodic orbits are represented by
a scalar value, the maximum amplitude of the second oscillator max(x2 ), in
dependence on the elastic coupling parameter ωc . For a given ωc value, the
number of max(x2 ) values is equivalent to the number of coexisting orbits.
Solid lines denote globally stable orbits and dashed lines denote unstable
orbits (dotted dashed: periodic saddle, dashed: periodic repeller). The
points where saddle node bifurcations occur are marked with a black circle.

force is considered. It is analysed how the stability of the two periodic orbits, in-phase
(1:1) and anti-phase (-1:1), depends on the elastic and viscous coupling parameters ωc
and γ, respectively. For doing this, the bifurcation analysis tool AUTO [76, 77] was
used.
The orbits are born and perish due to saddle node bifurcations which are pair productions and pair annihilations of stable orbits with their unstable counterparts. These
bifurcations can easily be found by varying the elastic coupling parameter ωc , since the
coupling strength of the two oscillators vanishes in the limit of ωc → 0 and without coupling there is no synchronisation. Figure 5.8 shows a bifurcation diagram of the in-phase
orbit while varying ωc . It can be seen that the in-phase synchronisation state (stable
in-phase orbit) exists until the elastic coupling parameter decreased to ωc ≈ 0.8. A saddle node bifurcation happens at this point. The stable orbit collides with an unstable
one and both cease to exist. Since the model equations Eq. (5.4) depend only on ωc2 , the
diagram possesses a reflection symmetry at ωc = 0.
The parameter value at which the in-phase synchronisation state is born is called
bifurcation value ωc∗ . The bifurcation value might change by varying an additional
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Figure 5.9.: Phase diagram (spanned by the elastic ωc and viscous γ coupling parameter)
showing the continuation curves of the saddle node bifurcations which give
rise to the different synchronisation states. Above each line, the corresponding asymptotically stable periodic orbit exists. Note that both synchronisation states coexist if parameter combination which lie above both lines
are considered. In this case, the initial conditions decide in which state the
system will end up. The vertical black lines separate three different regions
of interest.
model parameter p. Thus, the bifurcation value might depend on this parameter ωc∗ ≡
ωc∗ (p). Following the bifurcation value in parameter space while varying p is called
continuation 8 . Such a continuation, featuring the elastic and viscous coupling parameter
ωc∗ ≡ ωc∗ (γ), is shown in Figure 5.9. The phase diagram shows a blue and a purple
saddle node bifurcation curve corresponding to the anti-phase and the in-phase orbit,
respectively. Above those curves the corresponding orbit exists. On the curves the
stable orbits collide with their unstable counterparts and vanish due to a saddle node
bifurcation. Below both curves only quasi-periodic solutions exist corresponding to not
synchronised states. The anti-phase and the in-phase orbit are both located on the same
two dimensional torus in phase space. Quasi-periodic solutions are filling this torus.
Increasing the fluidity γ yields three distinct effects, which can be seen in the different
parts (a), b), c)) of Figure 5.9. If the two oscillators are coupled purely elastically
8

Note that the choice of the domain and the codomain with respect to the relation ωc∗ ≡ ωc∗ (p) is
arbitrary. One could start with finding a bifurcation value p∗ and flowing this value while varying
ωc . The curves in parameter space given by ωc∗ ≡ ωc∗ (p) and p∗ ≡ p∗ (ωc ) are identical.
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Figure 5.10.: Phase diagram (spanned by the elastic ωc and viscous γ coupling parameter) in the cardiomyocyte picture. Above each line, the corresponding
stable synchronisation state exists. The colour coded dots show the stiffening of the extracellular matrix (ecm) over time (Figure 4.2, Figure 4.7).

(γ = 0), the anti-phase orbit emerges before the in-phase orbit does when increasing
the elastic coupling strength ωc . As soon as the fluidity γ reaches a certain value, one
observes a behaviour which is the other way round (part a)). At higher fluidity (part
b)), a strictly increasing elastic coupling strength is necessary for the anti-phase orbit to
emerge while the elastic coupling strength needed for the in-phase orbit to emerge stays
nearly constant. Furthermore, there is a critical value of γ at which the system will
never reach an anti-phase synchronisation regardless of the value of ωc . If the fluidity
γ is increased even further (part c)), a strictly increasing elastic coupling strength ωc is
needed for the in-phase orbit to emerge. This is because a fluidity approaching infinity
would describe a medium which does not provide any diffusive coupling at all (e.g., liquid
water). In terms of the model equations Eq. (5.4), the limit γ → ∞ leads to a spring
which adapts its rest length infinity fast, thus providing no coupling forces.
These results indicate that systems composed of periodically oscillating components
which are coupled viscoelastically may have a tendency to synchronise in-phase at low
coupling strengths if the viscosity of the system is sufficiently low. Or considering the
delay coupling interpretation Eq. (5.12); systems with a short temporal memory (large
γ) may have a tendency to synchronise in-phase.
Figure 5.10 shows the discussed phase diagram (Figure 5.9) translated into the cardiomyocyte picture. Here, the in-phase state corresponds to the anti-phase-cmc state
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and the anti-phase state corresponds to the in-phase-cmc state. Additionally, the temporal stiffening behaviour of the extracellular matrix, extracted from the time sweep
measurements (Chap. 4, Figure 4.2, Figure 4.7), is shown. When the cells and the collagen gel are brought together, the medium is rather liquid. After some time, the medium
is remodelled by fibroblasts and becomes stiffer [21, 22, 18, 15, 78, 19]. The phase diagram of the cardiomyocyte picture (Figure 5.10) suggests a stiffness boundary, given
by the bifurcation curve of the in-phase-cmc orbit, the extracellular matrix has to cross
before the cardiomyocytes are able to synchronise since no in-phase-cmc synchronisation
can be found (independent of the elastic coupling parameter ωc ) if the fluidity γ of the
extracellular matrix is to high. Note that, given the temporal path the medium takes
in the phase diagram, the anti-phase-cmc orbit is stable before the in-phase-cmc orbit.
This raises the question, why the premature cardiomyocytes to not synchronise in an
anti-phase manner. The inner mechanism which makes premature cardiomyocytes contract – the inner calcium oscillations in context of the excitation-contraction coupling
(Sec. 2.1) – might be the reason. By sensing the mechanical signals of their neighbours,
the excitation-contract coupling of premature cardiomyocytes might by triggered sooner;
thus, shifting the phase of their inner calcium oscillations. Because of the following refractoriness, this phase shifts can only lead towards an in-phasic entanglement and not
away from it.
The frequencies of the two synchronisation states (of the pendulum picture) can be
easily determined by inverting the average time between two distinct (with positive
derivative) roots of adjacent oscillations. This can be done for every ωc -γ-parameter
combination shown in the phase diagram (Figure 5.9); yielding frequency maps in parameter space. Two frequency maps are shown in Figure 5.11. The two maps were
generate by using two different sets of initial conditions to define which frequency is
shown in the parameter regime in which both states coexist. One set favours the antiphase synchronisation state (Figure 5.11a) while the other favours the in-phase state
(Figure 5.11b). In all other parameter regimes, the frequency of the only existing state
is shown regardless of the initial conditions chosen. In the regime in which no synchronisation state exists and only quasi periodic solutions occur (gray region below both
yellow lines), no single oscillation frequency can be determined. The amplitude of the
second oscillator x2 was used for calculating the maps. Furthermore, two line scans of
Figure 5.11a are provided in Figure 5.12.
It can bee seen that the frequency of the anti-phase synchronisation state depends
linear on the elasticity ωc of the coupling and decreases slightly with its fluidity γ. In
the context of a distributed time delay coupling Eq. (5.12), this means that the frequency
of the anti-phase state does not change much with the coupling’s time scale of memory
γ −1 . The frequency of the in-phase synchronisation state is bound by a small frequency
window given by the frequencies of the single uncoupled oscillators. Thus, the frequency of the in-phase state is rather constant with respect to the viscoelastic coupling
parameters. The only noticeable dependence is that the in-phase frequency converges
against the mean of the frequencies of the uncoupled oscillators with increasing coupling
strength ωc (see subplot in Figure 5.12). This suggests that the two synchronisation
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(a) Frequency map generated with initial conditions favouring the anti-phase state. The vertical
white lines denote line scans shown in Figure 5.12.
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(b) Frequency map generated with initial conditions favouring the in-phase state. See Figure A.15
for a colour map providing a higher contrast.

Figure 5.11.: Maps in parameter space showing the colour coded frequencies of the different synchronisation states in dependence on the elastic ωc and viscous γ
coupling parameter. Above the bifurcation curves (yellow lines), the corresponding synchronisation state exists (see Figure 5.9). In case of two
coexisting synchronisation states, the initial conditions determine which
state is reached; thus, which frequency is shown. In the absence of synchronisation (below both yellow lines), no meaningful frequency can be
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0) oscillators and their average frequency. The subplot shows a zoom with
respect to the frequency axis. Note that the very steep in- or decreases
of the synchronisation frequency are actual discontinuous caused by the
saddle node bifurcations.
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states are dominated by different components of the system.
The very existence of the anti-phase state might be caused by the linear elastic spring
in the coupling (Figure 5.4) since a more fluid coupling (large γ) renders the anti-phase
state unstable (Figure 5.9) and its frequency can perfectly be tuned by the spring’s
spring-constant ωc2 . In this case, the linear spring dominates the two coupled oscillators
and defines the time scale of the oscillations observed in the system. On the other hand,
in case of the in-phase synchronisation, the dynamics is dominated by the two coupled
self-sustained oscillators. The frequency of the in-phase synchronisation state is defined
by the natural frequencies of the coupled oscillators and does not depend significantly
on the coupling parameters.
In Figure A.16, the form of oscillations exhibited by the in- and anti-phase synchronisation states are compared. The form of oscillations of the in-phase state stays rather
constant while varying the elastic coupling strength ωc and it is similar to the oscillations
exhibit by a single uncoupled oscillator. The form of oscillation of the anti-phase state
changes while the elastic coupling strength is varied. With increasing ωc , the oscillations
become more sinusoidal; thus they become more similar to the oscillation a harmonic
oscillator would exhibit. This supports the theory that the anti-phase synchronisation
state is dominated by the linear spring and that the in-phase state is dominated by the
properties of the coupled oscillators.
Considering the synchronisation of premature cardiomyocytes and switching into the
cardiomyocyte picture, this result raises the question why cardiomyocytes to not show in
reality the very high frequencies the in-phase-cmc (the anti-phase state in the pendulum
picture) state exhibits. This can be explained by considering the excitation-contraction
coupling again. Since cardiomyocytes are refractory after they have beaten, they cannot
adopt to frequencies which are much higher than their on natural frequency. Furthermore, these results suggest an optimal elasticity ωc of the extracellular matrix for the
cardiomyocytes to synchronise. The very elastically might be optimal for which the
in-phase-cmc state features a frequency which is similar to the natural frequencies of
premature cardiomyocytes.

5.2.2. Synchronisation with asymmetric restoring force
It was analysed how the viscoelastic coupling parameters are influencing the synchronisation of two viscoelastically coupled Van der Pol oscillators (c = 0, b = 0). The
question which role the (a)symmetry (|c| ≥ 0, b = 0) of their oscillations plays shall
be tackled now. The dimensionless Van der Pol equations were modified to produce
asymmetric oscillations. In this context, the parameter c was introduced, which is the
length scale of asymmetry in the potential generating the restoring force (see Eq. (5.2)
and Figure 5.2). For analysing how the resulting asymmetry of the oscillations is influencing the synchronisation behaviour of the coupled oscillators, a bifurcation diagram
with respect to c was calculated and is shown in Figure 5.139 . For the symmetric case
9

The L2 -norm was chosen to emphasise the reflection symmetry at c = 0 and it is defined as follows:
Let T be the period of an q
orbit, N the number of dimension of the system, and uk the dynamic
R T PN
2
variables. Then L2 -norm ≡ T1 0
k=1 uk (t) dt .
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in-phase orbits
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Figure 5.13.: Bifurcation diagram showing stable and unstable periodic solutions of the
two viscoelastically coupled van der Pol oscillators with asymmetric restoring force. Unstable periodic solutions are marked as dotted lines. Plotted
is the L2 -norm of each orbit vs. the asymmetry parameter c. Furthermore,
two saddle node bifurcations are marked with black circles.
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λ1 , λ2 , λ3

(a) Bifurcation diagram created via plotting the elongation of the first oscillator x1 of the associated Poincaré map. Two different Poincaré surfaces were chosen to emphasise the symmetry.
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(b) The three largest Lyapunov exponents λ1 , λ2 , λ3 of the system Eq. (5.4), both vs. the
asymmetry parameter c.

Figure 5.14.: Lyapunov exponents and a bifurcation diagram revealing a chaotic solution.
The colours indicate the type of solution. Purple: in-phase orbit, blue:
anti-phase orbit, orange: in-phase orbit, and black: chaotic region.
(c = 0), the two asymptotically stable, coexisting, periodic orbits correspond to the inand anti-phase synchronisation states and their unstable counterparts can be seen. The
purple and the blue line correspond to the in- and anti-phase orbit respectively. As the
asymmetry increases (|c| > 0), all orbits remain until a critical value is reached where
they vanish due to a saddle node bifurcation (the anti-phase orbit vanishes before the
in-phase orbit does). After that point, there is a region in which no synchronisation takes
place. As it can be seen in Figure 5.14, the system has a chaotic solution in this region
since the largest Lyapunov exponent is greater than zero (λ1 > 0). If the oscillations
become even more asymmetric, a saddle node bifurcation takes place which gives rise
to a single asymptotically stable in-phase orbit, which is stable for a wide range of |c|
values, denoted by the colour orange. The oscillations of this synchronisation state are
shown in Figure 5.15. Note that the new born synchronisation state can be classified as
in-phasic since the phase lag between the two oscillators is ∆ϕ ≈ 5 π/11 < π/2.
It shall be analysed now, how the existence of chaotic solutions depends on the viscous
effects of the coupling. Figure 5.16 shows the two largest Lyapunov exponents λ1 and
λ2 of the system in γ-c parameter space. One can see that the system exhibits chaos
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Figure 5.15.: Transient (t < 20) and asymptotically stable in-phase synchronisation state
occurring at c = −20 (Figure 5.13). See Figure 5.6 for comparison.
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Figure 5.16.: Two largest Lyapunov exponents λ1 and λ2 showing a parameter regime
in which the system exhibits chaotic dynamics. The chaotic regime is bordered by the bifurcation curve of the saddle node bifurcations marked in
Figure 5.13. Note that for vanishing viscous coupling parameter γ, the
largest Lyapunov exponent is zero independent of the asymmetry parameter c.
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(λ1 > 0) only for a specific c-range, which depends on the fluidity γ. This result was
checked by continuing the two saddle node bifurcations marked in Figure 5.13 and by
plotting their bifurcation curves on top of the Lyapunov exponent map. By increasing
γ, the bifurcation points come closer together until they annihilate each other, leaving a
stable and continuous (with respect to c) in-phase solution without any chaotic regime
in between. Note that there is no chaos to be found at γ = 0 (λ1 ≤ 0). In this case,
the second largest Lyapunov exponent is equal to zero as well. This can be explained by
looking at the first derivative of the dynamic variable d in Eq. (5.4c). Since γ = 0 ⇒ d˙ ≡ 0
a perturbation in d will neither grow nor decay. This is also true for a perturbation in
the direction of the limit cycle corresponding to one of the two synchronisation states.
Because there are two dimensions in phase space in which a perturbation will be constant
in average, there have to be two Lyapunov exponents equal to zero. Furthermore, we
have calculated the Lyapunov exponents in ωc -c parameter space with γ = 0. There was
no chaos to be found. Thus, chaotic oscillations occur for the coupled system only in
the case of viscous coupling (γ > 0) and asymmetric restoring forces (|c| > 0).
The obtained results show that in-phase synchronisation is favoured over anti-phase
synchronisation by self-sustained oscillators which exhibit asymmetric oscillations. This
can be explained by recalling that the frequency and the oscillation form of the antiphase synchronisation state is dominated by the elastic spring in the coupling, which
forces the self-sustained oscillators to oscillate more sinusoidal if synchronised anti-phase
(see Figure 5.12 and Figure A.16). Sinusoidal oscillations are symmetric. In addition
to the nonlinear damping of the oscillators, the introduced asymmetry parameter c enforces non-sinusoidal oscillations in terms of an asymmetric oscillations form. Thus, non
vanishing values of c render it more difficult for the elastic spring to take over. Since
the self-sustained oscillators maintain their natural oscillation properties if synchronised
in-phase (see Figure A.16), asymmetric oscillations can be featured without problems
by this state. Nevertheless, increasing the asymmetry c increases the frequency shift between the coupled oscillators. This means that an increasing effective coupling strength
is needed for maintaining synchronisation. Thus, if the coupling strength is not increased, all synchronisation ceases to exist at a certain value of c. Since the analysed
system equations Eq. (5.4) of the pendulum picture are not equivalent, with respect to
the asymmetry term, to the system equations of the cardiomyocyte picture (Eq. (5.11)),
this results cannot be interpreted directly in context of synchronisation behaviour of
premature cardiomyocytes.

5.2.3. Synchronisation with symmetric nonlinear restoring force
In the previous section, the synchronisation behaviour of two viscoelastically coupled
self-sustained oscillators was studied with the focus on their nonlinear and asymmetric restoring force. The asymmetry was introduced by perturbing the formerly linear
restoring force by an exponential term Eq. (5.2). In this section it is analysed how a
nonlinear but symmetric restoring force affects in general the synchronisation behaviour
of self-sustained oscillators. For this purpose a system Eq. (5.4) with a symmetric but
nonlinear restoring force (c = 0, b ≥ 0) is studied: two viscoelastically coupled Van der
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(a) Bifurcation diagram created via plotting the elongation of the first oscillator x1 of the
Poincaré map.
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(b) The three largest Lyapunov exponents λ1 , λ2 , λ3 of the system Eq. (5.4).

Figure 5.17.: Lyapunov exponents and bifurcation diagram of two coupled Van der PolDuffing oscillators. The colours indicate the type of solution. Blue: inphase orbit, purple: anti-phase orbit, and black: no 1:1 phase locking.
Pol Duffing oscillators.
For analysing how the symmetric but nonlinear restoring force influences the dynamics
of the coupled oscillators a bifurcation diagram based on a Poincaré map and the three
largest Lyapunov exponents were calculated and are shown in Figure 5.17. In the case
of a linear restoring force (b = 0) the two coexisting periodic orbits correspond to the
in- (purple) and anti-phase (blue) synchronisation states can be seen. As the strength
of the nonlinearity in the restoring force increases (b > 0), the orbits remain until a
critical value b ≈ 0.2 is reached. At this point the anti-phase solution vanishes. The
in-phase solution remains until another critical point b ≈ 1.6 is reached at which the
in-phase solution vanishes, too. After this point, no 1:1 synchronous state is found to be
stable anymore. This was checked by calculating the Poincaré map and the Lyapunov
exponents up to b = 20. Furthermore, no other coexisting attractors were found by
varying the initial condition at different values of b.
Figure 5.18 shows the largest two Lyapunov exponents of the system in the γ-bparameter space. It can be seen that the described behaviour does not depend qualitatively but quantitatively on the viscous coupling parameter γ. The second critical
value of b, after which no synchronised solution exists (blue area), increases with γ.

92

5.2. Results

≥ 0.01

6

γ

0

λ1

4
2
0

0

1

2

3
b

4

5

6

≤ −0.01
≥ 0.01

6

γ

0

λ2

4
2
0

0

1

2

3
b

4

5

6

≤ −0.01

Figure 5.18.: Two largest Lyapunov exponents λ1 and λ2 showing a parameter regime
in which the symmetric system |c| = 0 exhibits a synchronised dynamics
(λ2 < 0). Important to note: For vanishing viscous coupling parameter γ
an additional Lyapunov exponent is equal to zero since d˙ = 0.
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Thus a high fluidity seems to have a stabilizing effect. If γ becomes to large, this effect
diminishes, since a very high fluidity effectively decreases the coupling strength between
the two oscillators. In contrast to the results obtained when analysing the asymmetric
nonlinear restoring force (|c| 6= 0, b = 0), the regime where neither the in-phase nor the
anti-phase orbit exists is not chaotic, as the Lyapunov exponents (Figure 5.17b) indicate.
Furthermore, there is no new in-phase orbit to be found as the parameter controlling
the strength of the nonlinear part in the restoring force increases. Another difference is
that the anti-phase orbit vanishes way before the in-phase orbit does.
In summary, it was found that the in-phase synchronisation state is favoured by a
nonlinearity b in the restoring force. This can be explained by recalling again that the
frequency and the oscillation form of the anti-phase synchronisation state is dominated
by the elastic spring in the coupling. This spring enforces the oscillation frequency of the
anti-phase state (see Figure 5.12). The strength of the nonlinearity of the restoring force
b (Eq. (5.3)) introduces an additional time scale competing with the oscillation time scale
enforced by the elastic coupling ωc . If the mismatch is high enough, the anti-phase state
ceases to exist. In the in-phase synchronisation state however, the oscillators are allowed
to oscillate with the frequencies defined by their inner properties: ωi and b (Eq. (5.4)).
Thus a higher value of b does not negatively affect the in-phase synchronisation state
as fast as the anti-phase synchronisation state. But since a higher value of b effectively
increases the frequency shift between the oscillators and since the effective coupling
strength was kept constant, even the in-phase orbit stops to exist at a certain value of
b; because for a certain frequency shift there needs to be a certain minimal coupling
strength for synchronisation to occur. These results can be interpreted in context of
the synchronisation of premature cardiomyocytes by switching into the cardiomyocyte
picture. Here, the anti-phase state becomes the in-phase-cmc state. On the first glance,
the obtained results seem to suggest that rather non-sinusoidal oscillations, which are
exhibited by cardiomyocytes, frustrate the in-phase-cmc synchronisation of these. However, this is not true. The reason for that might be again the inner excitation-contract
coupling (Sec. 2.1) which prevents, due to its temporal refractoriness, cardiomyocytes
to feature the frequencies of the in-phase-cmc state. Thus the above reason for the antiphase state (or the in-phase-cmc) to cease at nonlinear oscillations, is not valid in case of
premature cardiomyocytes. Thus, the biological system is able to synchronise in-phase
in the presence of non-sinusoidal oscillations.

5.3. Summary
The aim of this chapter was to analyse how the synchronisation behaviour of selfsustained oscillators depends on the viscoelastic properties of their coupling. This study
was motivated by premature cardiomyocytes which are able to synchronise with each
other if they are coupled mechanically via the viscoelastic extracellular matrix surrounding them [13]. Premature cardiomyocyte exhibit self-sustained and asymmetric beating
behaviour (Chap. 3). Thus a simple self-sustained oscillator, the Van der Pol oscillator
was chosen as mathematical system and its restoring force was modified for him to ex-
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hibit asymmetric oscillations as well. In this context, the asymmetry parameter c was
introduced. To understand how the viscoelastic properties of the medium, coupling the
cardiomyocytes, influences their synchronisation behaviour, it has to be understood how
a viscoelastic coupling influences the synchronisation of self-sustained oscillators in general. Thus, two modified Van der Pol oscillators were coupled with a simple viscoelastic
system: the Maxwell fluid. The simplicity of this model makes it possible to understand
and study its viscoelastic behaviour in terms of only two parameters: its elastic coupling
parameter ωc and its viscous coupling parameter γ. Two modified Van der Pol oscillators
were coupled via the Maxwell fluid and they were found to synchronise in-phase as well
as anti-phase. The stability of these two synchronisation states was analysed by means
of the viscoelastic coupling parameters and the asymmetry of the exhibited oscillations.
It was found that the in-phase synchronisation state is favoured by both a more fluid
coupling (high γ) and more asymmetric oscillations (high c). Furthermore, it was found
that the properties, in terms of oscillation form and frequency, of the in-phase state are
determined by the properties of the coupled components. However, the properties, in
particular the frequency, of the anti-phase synchronisation state are mostly determined
by the linear elastic spring and its spring constant ωc2 .
The results were obtained in general for the used self-sustained oscillators which where
coupled like in the pendulum picture (Figure 5.5a). To interpret these in context of the
synchronisation of premature cardiomyocytes, it was necessary to introduce the cardiomyocyte coupling picture (Figure 5.5b). By switching from the pendulum picture to
the cardiomyocyte picture, the synchronisation states swap their meaning. The in-phase
and anti-phase synchronisation states of the pendulum picture become the anti-phasecmc and in-phase-cmc synchronisation state in the cardiomyocyte picture, respectively.
With this in mind, it can be better understood why premature cardiomyocytes may
only synchronise in-phase if the extracellular matrix reaches a certain stiffness. The
medium in which they are embedded is more fluid in the beginning but becomes more
elastic and viscose over time [21, 22, 18, 15, 78, 19]. Figure 5.10 suggest a synchronisation boundary the medium has to overcome in this way for the in-phase-cmc synchronisation state to be stable. Because of the temporal refractoriness of their inner
excitation-contraction coupling (Sec. 2.1), cardiomyocytes can only feature certain beating frequencies. The frequency of the in-phase-cmc state, however, is not bound and
determined by the elastic coupling parameter ωc . This suggests a optimal elasticity of
the extracellular matrix for the cardiomyocytes to synchronise in-phase. Namely, the
very elasticity at which the frequency of the in-phase-cmc state can be featured by the
premature cardiomyocytes.
Even though these results are very interesting, there are certain limitations caused by
the chosen model. First, the Maxwell fluid does not model the viscoelastic properties of
polymer gels in general. Usually, those complex compounds cannot be described without
tremendous mathematical effort in terms of Prony series and fractional derivatives [20,
25, 26]. On the other hand, the parameters of those models often cannot be interpreted in
a straightforward way. Thus, it might be a good idea to avoid those for generating a first
qualitative understanding and return to them as soon as quantitative results are sought.
Second, the inner properties of the premature cardiomyocytes were neglected in this
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study. Until today it is an open question how the mechanosensing of cardiomyocytes
works. Furthermore, it is unknown how synchronisation is made possible by changes
of their inner biological structure. It is known however that once cardiomyocytes are
synchronised, they maintain the beating frequency of the synchronised state for a long
period of time10 after the coupling between them has ceased [13]. This effect of a
sustained shift in natural frequency cannot be modelled by the simple self-sustained
oscillator used. Thus, the presented results may not explain how the synchronised state
is maintained by a system of cardiomyocytes but may enlighten the way towards it.
Furthermore, its was found that the excitation-contraction coupling, which makes the
cardiomyocyte contract, may be a very important feature to consider if one tries to model
their synchronisation behaviour. Thus, later studies which try to mathematical model
a system of synchronising cardiomyocytes, may want to incorporate the features of an
excitable system, which can show temporal refractoriness, into the equations representing
the cardiomyocytes.
Considering the analysed mathematical model Eq. (5.4) as a pure dynamical system,
the obtained results are interesting in two other contexts. First, in the context of distributed time delay coupling. As already said, effects like amplitude death [63, 69] and
the synchronisation of networks of self-sustained oscillators [38, 70], to only name a few,
have been studied in systems comprising distributed time delay coupling. Since the
viscoelastic coupling chosen in this thesis can be interpreted as distributed time delay
coupling as well Eq. (5.12), the present study enqueues itself in this interesting field of
research. It was shown that the memory γ −1 of the distributed time delay coupling,
comprising an exponential integral kernel, determines which synchronised solutions are
found to be stable. A short memory favours in-phase synchronisation while, in case of a
long memory, in- and anti-phase synchronisation states coexist.
Second, in the context of in- and anti-phase synchronisation of two-oscillator systems in general. Throughout literature many systems are found to synchronise in-phase
and/or anti-phase. But there is a distinct branch of studies which is focused on the
very root of synchronisation research, namely, on Huygens’ experiment of two coupled
pendulum clocks. Many studies have tried to reproduce his observations mathematically
and experimentally [71, 42, 43]. The question which properties a physical system needs
to possess to exhibit either in- or anti-phase synchronisation is subject of recent studies
[43]. By analysing how the synchronisation behaviour of two self-sustained oscillators
depends on the viscoelastic properties of their coupling, a little more light was shed in
the field of synchronisation research.

10

More than a hundred oscillations.
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In this thesis it was analysed how the synchronisation behaviour of self-sustained oscillators is influenced by the viscoelastic properties of their coupling. This question was
motivated by the early development stage of artificial heart tissue in which the synchronisation of beating premature cardiomyocytes is aided by the viscoelastic polymer
gel surrounding them. To tackle this task, a mathematical model was developed which
comprises two asymmetric oscillating Van der Pol oscillators which were coupled with a
Maxwell model (Chap. 5).
They were found to synchronise in-phase as well as anti-phase. The stability of these
two synchronisation states was analysed by means of the viscoelastic coupling parameters
(Sec. 5.2.1) and the asymmetry of the exhibited oscillations (Sec. 5.2.2 and Sec. 5.2.3). It
was found that the in-phase synchronisation state is favoured by both a more fluid coupling and more asymmetric oscillations. Furthermore, it was found that the oscillation
form and frequency of the in-phase state are determined by the properties of the coupled
oscillators. The properties, in particular the frequency, of the anti-phase synchronisation state however, are mostly determined by the linear elastic spring of the coupling
and its spring constant. These results were related to the synchronisation behaviour of
premature cardiomyocytes. It was shown that the mathematical model system suggests
both a stiffness boundary which the viscoelastic properties of the extracellular matrix
have to overcome and an optimal elasticity of the extracellular matrix for the premature
cardiomyocytes to synchronise in-phase (Sec. 5.2.1). These results are interesting in two
contexts: first, in the context of bioengineering and second, in the context of the branch
of nonlinear dynamics, in which networks of coupled oscillators are studied.
Furthermore, first experimental insights were provided and analysed which characterise the model system – the premature state of the engineered heart muscle (Sec. 2.2).
Videos of beating premature cardiomyocytes have been studied to extract the following
features of their beating behaviour: frequency, oscillation form, and scale of contraction (Chap. 3). It was found that the analysed premature cardiomyocytes have a mean
beating frequency of hf i = 0.73 (±0.03) Hz, feature asymmetric oscillations in terms of
a peak and recover phase, and that their exerted maximum strain is ε0 = 5(± 2)% on
average (Sec. 3.3). A video and signal analysis procedure was developed to extract those
quantities (Sec. 3.2) and periodic orbits representing the beating behaviour of premature
cardiomyocytes in phase space were generated.
Rheological experiments have been conducted as well, to access the viscoelastic properties of the medium surrounding the premature cardiomyocytes (Chap. 4). It was shown
how the extracellular matrix becomes stiffer over time during the polymerisation of the
comprised collagen I and the stress response of the extracellular matrix to a sinusoidal
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strain stimulus was analysed in a regime which covers the maximum strain the premature
cardiomyocytes exhibit on average (Sec. 4.2). These findings have been used to relate
the parameters of the Maxwell model to experimental quantities over time (Sec. 4.3).
The analysis of the presented mathematical model uncovered a limitation which in subsequent studies should be to avoided. Premature cardiomyocytes beat in consequence
of inner calcium oscillations in context of the so called excitation-contraction coupling
(Sec. 2.1). Thus, they posses properties of excitable systems like refractoriness, which
turned out to be an important feature in context of their mechanically driven synchronisation. Simple limit cycle oscillators do not feature refractoriness. Thus, they are only
applicable as a mathematical model for cardiomyocytes to a limited extent.
Furthermore, the extracellular matrix is not only composed of collagen but of fibroblasts, which stiffen the medium as well (Sec. 2.2). This further stiffening may lead to
a stress response of the extracellular matrix that is more nonlinear than considered in
this thesis. Since a linear model was chosen here, it remains an open question how
this nonlinear stress response might influence the synchronisation behaviour of premature cardiomyocytes. Thus, viscoelastic models which feature nonlinear stress responses
should be considered in subsequent studies.
To conclude, this thesis provided first experimental insights into the beating behaviour
of premature cardiomyocytes found in the biological engineered heart muscle system and
into the rheological properties of the extracellular matrix. In addition, a mathematical
model of viscoelastically coupled self-sustained oscillators was developed and it was analysed how their synchronisation behaviour depends on the viscoelastic properties of their
coupling. The results provide first insights into the mechanically driven synchronisation
mechanism of premature cardiomyocytes and enqueue themselves into the broad field of
research in which networks of coupled oscillations are studied. Last but not least, this
thesis paves the way for subsequent studies dealing with both, the mathematical modelling of the synchronisation behaviour of premature cardiomyocytes in the context of
the engineered heart muscle system and the synchronisation of viscoelastically coupled
self-sustained oscillators.
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A.1. Pictures of the analysed premature cardiomyocytes

(a) Cell 1.

(b) Cell 2.

(c) Cell 3.

(d) Cell 4.

(e) Cell 5.

(f) Cell 6.

Figure A.1.: All the six cells whose beating behaviour was analysed are shown here.
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A.2. Good vs. poor cell beating signals
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(a) Poor beating signal generated with the active contour approach. There are no clear pronounced peaks indicating the beating events. The dominant frequency is 0.278 Hz, which is
far less then the beating frequency determined by eye: 0.51 (±0.02) Hz.
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(b) Good beating signal generated with the reference frame approach. There are clear pronounced peaks indicating the beating events. The dominant frequency is 0.52 (±0.02) Hz,
which is almost equal to the beating frequency determined by eye: 0.51 (±0.02) Hz.

Figure A.2.: Comparison of a good and a poor beating signal, generate with two different
approaches from the video data of cell two.
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A.3. All cell beating signals
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Figure A.3.: Beating signal of cell 1 generated with the active contour approach. Shown
is the svd filtered signal and the signal generated with the corresponding
Fourier series.
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Figure A.4.: Beating signal of cell 2 generated with the reference frame approach. Shown
is the svd filtered signal and the signal generated with the corresponding
Fourier series.
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Beating signal of cell 3
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Figure A.5.: Beating signal of cell 3 generated with the active contour approach. Shown
is the svd filtered signal and the signal generated with the corresponding
Fourier series.
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Figure A.6.: Beating signal of cell 4 generated with the active contour approach. Shown
is the svd filtered signal and the signal generated with the corresponding
Fourier series.
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Beating signal of cell 5
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Figure A.7.: Beating signal of cell 5 generated with the reference frame approach. Shown
is the svd filtered signal and the signal generated with the corresponding
Fourier series.
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Figure A.8.: Beating signal of cell 6 generated with the reference frame approach. Shown
is the svd filtered signal and the signal generated with the corresponding
Fourier series.
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A.4. Spectra of cell beating signals
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1×

107

1 × 106
100000
|F [s]|2

10000
1000
100
10
1

0

1

2

3

4
5
frequency [s−1 ]

6

7

8

9

Figure A.9.: Frequency spectrum of the svd filtered signal of cell 1, generated with the
active contour approach.
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Figure A.10.: Frequency spectrum of the svd filtered signal of cell 2, generated with the
reference frame approach.
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Spectrum of Cell 3
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Figure A.11.: Frequency spectrum of the svd filtered signal of cell 3, generated with the
active contour approach.
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Figure A.12.: Frequency spectrum of the svd filtered signal of cell 4, generated with the
active contour approach.
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Spectrum of Cell 5
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Figure A.13.: Frequency spectrum of the svd filtered signal of cell 5, generated with the
reference frame approach.
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Figure A.14.: Frequency spectrum of the svd filtered signal of cell 6, generated with the
reference frame approach.
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Figure A.15.: Map in parameter space showing the colour coded frequency of the inphase synchronisation state in dependence of the elastic ωc and viscous
γ coupling parameter. Above the bifurcation curves (yellow lines), the
corresponding synchronisation state exists (see Figure 5.9). In case of two
coexisting synchronisation states, the initial conditions determine which
state is reached. Here, initial condition favouring the in-phase state are
chosen. In the absence of synchronisation (below both yellow lines), no
meaningful frequency can be determined. See the other frequency maps
in Figure 5.11 for comparison.
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A.6. Oscillation form of in- and anti-phase state
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(c) In-phase synchronised oscillations with ωc = 2 µ vs. the reference oscillation. Due to the
strong elastic coupling, the elongation of the coupled oscillators x1 and x2 do not significantly
differ from each other.
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(d) Anti-phase synchronised oscillations with ωc = 2 µ vs. the reference oscillation.

Figure A.16.: Comparison of the orbit and oscillation form of the in- and anti-phase
synchronisation states with the oscillation of an single oscillator (ω = 1,
µ = 3) denoted by ref. In case of the orbit comparison, different values
for the elastic coupling parameter are chosen: ωc ∈ {µ/2, µ, 2 µ}. Note
that although the in-phase state is very similar to the reference oscillator
for every chosen elastic coupling strength, the anti-phase state differs a lot
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A.7. Lissajous figures from raw experimental data
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Figure A.17.: Lissajous figures at different maximum strains ε0 showing a linear stress
response at lower maximum strain ε0 = 3.16 % and strain stiffening at
higher maximum strain ε0 = 7.91 %. Lissajous figures based on Fourier
fits are shown in Figure 4.4. The shear frequency is f = 1 Hz.
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B.1. Equivalence of Relaxance and Retardance
To show that the relaxance Q(t) and the retardance U (t) can be inferred from each other
Eq. (2.7) shall be reconsidered. This equation states that their convolution is identical
to the Dirac-delta-function.
Z ∞
Q(t − u) U (u) du = Q(t) ∗ U (t) = δ(t)
(B.1)
0

Since convolutions in the time domain are mere multiplications in Laplace1 space
L [f (t) ∗ g(t)](s) = f¯(s) · ḡ(s),

(B.2)

Laplace transforming2 equation Eq. (B.1) yields an algebraic equation, which can be
solved for Q̄(s) or Ū (s).
Q̄(s) · Ū (s) = 1

1
Ū (s)
1
⇔ Ū (s) =
Q̄(s)
⇔ Q̄(s) =

(B.3a)
(B.3b)
(B.3c)

Transforming Eq. (B.3b) and Eq. (B.3c) back into the time domain yields the relaxance
and the retardance respectively.


1
−1
Q(t) = L
(t)
(B.4a)
Ū (s)


1
−1
U (t) = L
(t)
(B.4b)
Q̄(s)
Note that the inverse Laplace transform is defined as an integral over a contour enclosing
the poles of the transformed function.
I


1
−1 ¯
L
f (s) (t) = f (t) =
f¯(s) exp(s t) ds
(B.5)
2πi
Thus Eq. (B.4a) and Eq. (B.4b) are well defined even if Ū (s) and Q̄(s) feature complex
roots.
1
2

R∞
The Laplace transform is defined as: L [f (t)](s) = f¯(s) = 0 f (t) exp(−s t) dt with s ∈ C.
The Laplace transform is chosen over the Fourier transform since Q(t) and U (t) are only defined for
positive time.
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B.2. Solving Eq. (5.4c) with Green’s function approach
Solving Eq. (5.4c) with Green’s function approach. Consider the following linear
and ordinary differential equation (ode) with time dependent inhomogeneity φ(t):
L ◦ f (t) = φ(t).

(B.6)

Here L denotes the linear differential operator acting on the sought function f (t). φ(t)
can be understood as the response of the differential operator L to the input function
f (t). A Green’s function G(t) is defined as the function which leads to a single impulse
response, denoted by the delta distribution δ(t).
L ◦ G(t) = δ(t)

(B.7)

For obtaining a fundamental solution f˜(t) of the inhomogeneous ode system Eq. (B.6),
Eq. (B.7) can be applied in the following way:
L ◦ f˜(t) = φ(t) = δ(t) ∗ φ(t) = [L ◦ G(t)] ∗ φ(t) = L ◦ [G(t) ∗ φ(t)]
⇒ f˜(t) = G(t) ∗ φ(t).

(B.8a)
(B.8b)

Here ∗ is the convolution operator. The general solution f (t) of Eq. (B.6) is given by the
sum of the general solution fh (t) of the homogeneous system (Eq. (B.6) with φ(t) ≡ 0)
and one fundamental solution f˜(t) of the inhomogeneous system.
f (t) = fh (t) + f˜(t)

(B.9)

The advantage of the Green’s function approach is that the Green’s function can be
found by applying the Fourier transform3 to Eq. (B.7).
F [L ◦ G(t)] = L̂ Ĝ(ω) = F [δ(t)] = 1
i
h
⇒ G(t) = F −1 L̂−1

(B.10a)
(B.10b)

To summarize, a linear and ordinary differential equation with time dependent inhomogeneity can be solved by applied Green’s function approach in the following way.
1. Find the general solution fh (t) of the homogeneous ode system L ◦ f (t) = 0.
2. Find the Green’s function G(t) of the differential operator L with Eq. (B.10).
3. Calculate the fundamental solution f˜(t) of the inhomogeneous ode system with
Eq. (B.8b).
4. Generate the general solution of the inhomogeneous ode system with Eq. (B.9).
3

The following convention is used: F [f (t)] =
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R∞
−∞

f (t) ei ω t dt and F −1 [fˆ(ω)] =

1
2π

R∞
−∞

fˆ(ω) ei ω t dω.

B.2. Solving Eq. (5.4c) with Green’s function approach
This procedure shall now be applied to Eq. (5.4c). The differential equation to be solved
is given by:


d
+ γ ◦ d(t) = γ ∆x(t)
(B.11)
d˙ = γ (∆x − d) ⇔
dt
d

The linear differential operator is given by L = dt
+ γ and the time dependent inhomogeneity is given by φ(t) = γ ∆x(t). The general solution dh (t) of the homogeneous
system is known.
dd
= −γ d ⇒ dh (t) = d0 e−γ t
(B.12)
dt
Here d(t = 0) = d0 is the initial condition which decays to zero over a time scale given
by γ −1 . The Green’s function of the differential operator under study can be found in
the following way:



d
F
+ γ ◦ G(t) = (iω + γ) Ĝ(ω) = 1
(B.13a)
dt


Z ∞ iωt
1
1
e
⇒ G(t) = F −1
=
dω.
(B.13b)
iω + γ
2 π −∞ iω + γ
To calculate the Green’s function, the integral given by Eq. (B.13b) has to be solved.
This is done by splitting up the exponential function into sine and cosine, by multiplying
the integrand with the complex conjugated of iω + γ, and by splitting up the integral
into its real an imaginary components.
Z ∞
[cos(ω t) + i sin(ω t)] [γ − i ω]
1
dω
(B.14a)
G(t) =
2 π −∞
γ 2 + ω2
symmetric

symmetric

z }| {
Z ∞ z }| {
cos(ω t)
1
ω sin(ω t)
γ
dω +
dω
Re{G(t)} =
2
2
2 π −∞ γ + ω
2 π −∞ γ 2 + ω 2
Z

∞

antisymmetric

Im{G(t)} =

γ
2π

Z

antisymmetric

z }| {
Z ∞ z }| {
sin(ω t)
1
ω cos(ω t)
dω −
dω
2
2
γ +ω
2 π −∞ γ 2 + ω 2

∞

−∞

(B.14b)

(B.14c)

The imaginary part of G(t) vanishes since it comprises only integrals with asymmetric
integrands. The real part of G(t) comprises integrals which can be rewritten and found
in literature4 .
Z
1 ∞ γ cos(ω t) ω sin(ω t)
G(t) = Re{G(t)} =
+ 2
dω = e−|γ t|
(B.15a)
π 0
γ 2 + ω2
γ + ω2
⇒ G(t) = e−γ t with γ, t ≥ 0
(B.15b)
˜ of the inhomogeneous
With the calculated Green’s function, a fundamental solution d(t)
system Eq. (B.11) can be constructed.
Z t
˜ = γ ∆x(t) ∗ G(t) = γ
d(t)
e−γ (t−τ ) ∆x(τ ) dτ with ∆x(t) ≡ 0 for t < 0 (B.16)
0

4

Bronstein [79] page 1083.

113

B. Additional Calculations
Combining the general solution Eq. (B.12) of the homogeneous system and the fundamental solution Eq. (B.16) of the inhomogeneous system yields the general solution of
the inhomogeneous system Eq. (B.11).
˜ = dh (t) = d0 e−γ t + γ
d(t) = dh (t) + d(t)

Z
0

This solution is discussed in the following of Eq. (5.12).
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t

e−γ (t−τ ) ∆x(τ ) dτ

(B.17)
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