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1 Introduction

Due to the ubiquity of fluids, the simulations of flow problem is of great importance in
many applications: Examples include the design process of new aircraft or cars, simulations
of air flow in the interior of buildings, simulation of the natural convection in the earth’s
mantle, simulation of fusion reactors or understanding the dynamo effect in astrophysical
bodies. The simulation of all these phenomena in experiments is often very complicated
and expensive. Hence, there is an increasing desire to perform numerical simulations be it

to complement the experiments or to replace them.

The goal of Computational Fluid Dynamics is the derivation of proper mathematical
modeling and the efficient implementation of the derived algorithms. From a mathemati-
cal point of view the description of flow problems is based on the Navier-Stokes equations.
Finding a proper discretization of these equations is subject to research and exhibits many
difficulties. Due to the fact that physical phenomena occur on many different scales all
of these have to be considered to obtain sensible solutions. Resolving all scales is in most
cases by far too expensive, especially when turbulence comes into play. Therefore the be-
havior on small scales has to be modeled. Apart from that also other difficulties arise in
a finite element simulation. With vanishing viscosity, i.e. dominating convection, control
over mass conservation is lost and this as well as internal shear or boundary layers lead to
unphysical oscillations in the solution.

To account for that using feasible computational costs various stabilization techniques
have been considered. Unfortunately, there is no approach that leads to accurate, efficient

and robust results for all problems and applications.

In this thesis, a finite element discretization of the incompressible Navier-Stokes equa-
tions for a non-isothermal and electrically conducting fluid in a possibly rotating frame
of reference is considered. In order to account for instabilities and to diminish unphysical
oscillations a stabilization for the incompressibility constraint as well as a local projection
approach for various terms is considered. Within this model the goal is to derive parame-
ter bounds and suitable ansatz spaces such that quasi-optimality and semi-robustness of
the resulting method can be shown both analytically and numerically. Furthermore, the

efficient implementation of the numerical solver is considered.
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1.1 Outline

In Chapter 2 the mathematical model used throughout this thesis is given. After stating
and describing the equations that govern the fluid behavior in the considered physical
model in Section 2.1, a suitable variational form is derived in Section 2.2. Afterwards,
the finite element semi-discretization in space in combination with the stabilizations is
introduced and all the assumptions that are used throughout this thesis with respect to

ansatz spaces are stated in Sections 2.3-2.5.

Chapter 3 is devoted to the investigation of the semi-discrete problems. The analytical
results in this section originate from the publications this thesis is based on. In Section 3.1
first the model without any coupling quantities is considered. First, stability considerations
give the existence and uniqueness of the discrete solutions. Afterwards, the convergence
behavior for various choices of inf-sup stable ansatz pairs is considered. In particular, a
suitable choice of parameter bounds is derived and it is shown how a local mesh width
restriction can be avoided. In Section 3.2 it is investigated how the results can be trans-
ferred to the case of different boundary conditions. In particular, an outflow boundary
condition that gives stability for the discrete solution is considered. Section 3.3 is devoted
to non-isothermal flow. In particular, we consider how the estimates due to the coupling of
the Navier-Stokes equations with the Fourier equation for the temperature changes. Com-
pared to the observations in 3.1 another approach to circumvent a mesh size restriction is
introduced. Finally, in Section 3.4, the combination of the Navier-Stokes equations with
the induction equation for electrically conducting fluids is investigated. For a stationary
and linearized model stability and convergence results are given. Opposed to standard
approaches, the performed analysis is not restricted to curl conforming ansatz spaces but
allows for nodal-based approaches. In comparison to the previous sections, also the case
of solution with reduced regularity is considered. For this case as well as for the case of

sufficiently regular continuous solutions, suitable parameter bounds are investigated.

Chapter 4 aims to combine all the results for the semi-discretized equations into the con-
sideration of the fully discretized and fully coupled model. For the time-discretization a
pressure-correction splitting scheme based on BDF2 is considered. In particular, we try
to extend results for the fully discretized Navier-Stokes equations to non-isothermal and
electrically conducting fluids. In comparison to the semi-discretization for the induction
equation, a slightly different stabilization approach that requires sufficient regularity is
chosen and justified in Section 4.2. After stability considerations for the proposed algo-
rithm in Section 4.3, the discretization errors for all steps in the approach are estimated

and finally combined in Section 4.4. These results are used to obtain convergence of the
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full algorithm in Section 4.5 where also suitable parameter choices and restrictions with

respect to the mesh size width and the time step are stated.

Chapter 5 is devoted to the numerical investigation of the full algorithm for flow that might
be non-isothermal or electrically conducting in a possibly rotating frame of reference. This
Chapter is a combination of results that were obtained in previous publications and some
new extensions with respect to more complex flow behavior. With respect to the structure,
in Section 5.1 first non-isothermal and electrically insulating fluids are considered. After
validating the theoretical convergence results with respect to spatial temporal discretiza-
tion, the influence of the stabilization model for boundary layer flow and turbulent flow
is considered. In particular, it is examined if a combined model of grad-div stabilization
and LPS-SU can serve as an implicit turbulence model. In Section 5.2 non-isothermal
fluids are investigated. After the theoretical rates of convergence are confirmed in a first
example, Rayleigh-Bénard convection is considered both with respect to a rotating and
non-rotating boundary and in a parameter regime from laminar to transient and possibly
turbulent flow. Section 5.3 is dedicated to electrically conducting flow. In two examples,
the difference in the stabilization parameter design for a sufficiently regular continuous so-
lution and a continuous solution with reduced regularity is investigated. Finally, in Section

5.4 the scaling behavior of the fully coupled algorithm is examined.

1.2 Overview of Publications and Contributions

The present thesis is based on the following publications:

[ABL15] D. Arndt, M. Braack, and G. Lube, “Finite elements for the Navier-Stokes
problem with outflow condition”, in Proceedings ENUMATH 2015, submit-
ted, 2015.

[AD15] D. Arndt and H. Dallmann, “Error Estimates for the Fully Discretized In-
compressible Navier-Stokes Problem with LPS Stabilization”, Institute for
Numerical and Applied Mathematics, Tech. Rep., 2015, Nr. 2015-08.

[ADL15a]  D. Arndt, H. Dallmann, and G. Lube, “Local projection FEM stabilization
for the time-dependent incompressible Navier—Stokes problem”, Numerical
Methods for Partial Differential Equations, vol. 31, no. 4, pp. 1224-1250,
2015.

[ADL15b] ——, “Quasi-Optimal Error Estimates for the Fully Discretized Stabilized In-
compressible Navier-Stokes Problem”, ESAIM: Mathematical Modelling and

Numerical Analysis, 2015, under review.
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[AL15] D. Arndt and G. Lube, “FEM with Local Projection Stabilization for In-
compressible Flows in Rotating Frames”, NAM-Preprint, 2015.

[DA15] H. Dallmann and D. Arndt, “Stabilized Finite Element Methods for the
Oberbeck-Boussinesq Model”, Journal of Scientific Computing, 2015, in re-

vision.

[DAL15] H. Dallmann, D. Arndt, and G. Lube, “Local projection stabilization for the
Oseen problem”, IMA Journal of Numerical Analysis, 2015. DOI:

[LAD15] G. Lube, D. Arndt, and H. Dallmann, “Understanding the limits of inf-sup
stable Galerkin-FEM for incompressible flows”, in Boundary and Interior
Layers, Computational and Asymptotic Methods - BAIL 2014, P. Knobloch,
Ed., ser. Lecture Notes in Computational Science and Engineering, vol. 108,

Springer International Publishing, 2015. DOI:

[WAL15] B. Wacker, D. Arndt, and G. Lube, “Nodal-based Finite Element Methods
with Local Projection Stabilization for Linearized Incompressible Magneto-
hydrodynamics”, Computer Methods in Applied Mechanics and Engineering,
2015, accepted for publication. DOI:

The goal of the present work has been to analytically and numerically analyze the dis-
cretized Navier-Stokes equations for a non-isothermal, electrically conducting fluid in a
rotating frame of reference with as few stabilizations as possible. In particular, we consid-
ered the suitability of the pressure-correction method for the time-discretization and an

efficient implementation of the scheme.

We started in [DAL15] with a semi-discretized analysis for the time-dependent Oseen prob-
lem improving results by Matthies/Tobiska in [MT15]. In particular, we were able to state
(quasi-optimal) error estimates that do not depend on the Reynolds number explicitly.
Local mesh size restrictions could be removed when considering a compatibility condition

between fine and coarse spaces.

These results were transferred to the nonlinear Navier-Stokes equations in [ADL15a]. Care-
fully estimating the convective term, we were able to obtain the same quasi-optimal es-
timates as for the Oseen case. Numerical examples supported the theory that grad-div
stabilization alone is able to remove unphysical oscillations for a wide range of Reynolds

numbers.


http://dx.doi.org/10.1093/imanum/drv032
http://dx.doi.org/10.1093/imanum/drv032
http://dx.doi.org/10.1007/978-3-319-25727-3
http://dx.doi.org/10.1007/978-3-319-25727-3
http://dx.doi.org/10.1016/j.cma.2016.01.004
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The recent observations for the Stokes, the Oseen and the Navier-Stokes problem were
summarized in [LAD15] with major contribution for the numerical analysis by Gert Lube.
In this work we first considered the scalability of the implemented pressure-correction

based solver.

In [ABL15] we were then able to combine considerations of Braack et al. for outflow bound-
ary conditions [BMZ14] with our results for the stabilized Navier-Stokes equations with
homogeneous boundary conditions. It turned out that apart from a different Gronwall
constant the results remain the same. This modification breaks the semi-robustness of the

estimate although numerically no such problems have been observed.

Next, we considered non-isothermal flow based on the previous experience with isothermal
flow in [DA15] using the Oberbeck-Boussinesq model. The analytical part of this work is
based on Helene Dallmann’s PhD thesis [Dall5]. In summary, we encountered no major
difficulties while extending the numerical analysis. For the numerical part we mainly con-
sidered Rayleigh-Bénard convection and were able to approximate DNS results for the
Nusselt number with minimal stabilization. In particular, we extended the numerical ex-
periments from [Dall5] to show that even the scaling of the boundary layers is simulated
correctly and that we can reproduce the Nusselt number results for a DNS simulation with

a hundred times fewer degrees of freedom.

For the case of an electrically conducting (but isothermal) fluid we considered a stationary
and linearized model mode in [WAL15]. This work is based on Benjamin Wacker’s PhD
thesis [Wacl5]. The circumstance that the magnetic field might have less regularity in
comparison to the velocity and the kinematic pressure posed some difficulties here. Nev-
ertheless, the suggested parameter design for velocity and kinematic pressure remains the
same. Just for the induction equation we needed to include stabilization for the magnetic
pseudo-pressure and were restricted to a much weaker control for the incompressibility

constraint similar to the parameter design suggested by Badia and Codina [BC12].

With respect to time discretization and implementation, a fully coupled solver for Navier-
Stokes simulations proved to be too less robust and to have unacceptable CPU times,
mostly for Large-Eddy simulations of weakly turbulent flows. Due to these reasons, the
author implemented a massively parallel solver based on a pressure-correction splitting
algorithm that decouples all considered quantities. For the analysis we first considered
the Navier-Stokes case for a non-isothermal, electrically non-conducting fluid. Preliminary
considerations in [ABL15] show how to extend the semi-discrete estimates to fully dis-

cretized ones. Unfortunately, it turned out that both this way and by first discretizing in
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time and then in space lead to suboptimal results and severe restrictions on mesh size and
time step size.

Based on an approach by Guermond in [Gue99], we considered in [ADL15b] a discretization
in space and time at the same time without any intermediate steps. This way semi-robust
and quasi-optimal estimates both with respect to spatial and temporal discretization can
be proven. In particular, there is essentially no time step size restriction with respect to
error estimates in the energy norm.

In [AL15] we observe that these results extend to the case of a rotating frame of reference.

The additional Coriolis term and its stabilization pose no further problems.

This dissertation now combines the semi-discrete results with respect to non-isothermal
and electrically conducting flow with the results for the fully discretized Navier-Stokes
equations in a (possibly) rotating frame of reference. In the following, this model is in-
vestigated both numerically and analytically. Furthermore, the efficient implementation
of the approach has been a major part of this thesis and is considered in one numerical

example.

During the preparation of this thesis various contributions to the finite element library
deal.II, on which the implementation is based, have been made. Besides the introduction
of bubble enriched finite elements, in particular periodic boundary condition on distributed
meshes has been considered and resulted in a joint work with Matthias Maier in the tutorial
program step-45 [AM15].



2 Mathematical Model

This chapter is devoted to the mathematical framework we want to consider throughout
this thesis. First, a mathematical description of the model for a nonisothermal and elec-
trically conducting fluid in a rotating frame of reference is given. Then we derive a weak
formulation from it and motivate the choice of stabilization terms in the discretization.
Finally, we state the assumptions on the ansatz spaces that we make throughout this

thesis.

2.1 Description of the Problem

The description of the model is divided in three parts: We first state the model that we are
going to use for non-isothermal flow. Afterwards we shortly consider the form that is used
for the Maxwell equations. Finally, we state the combined form that we will investigate
throughout this thesis.

2.1.1 Non-lsothermal Flow

In [FNO9] the general Navier-Stokes-Fourier model is described:
Non-isothermal flow for Newtonian fluids in an inertial frame of reference can be described
by:

e The continuity equation 0o+ V- (ou) =0,
e the momentum equation 0i(pu)+V: - (pu®@u)+V-p=V-S+ f,
Y

e the entropy balance O¢(0s) + V- (osu) — KV - % =0+ Q%,

d
e the total energy balance —/ (Q\u|2 + Qe) dx = / (of -u+ 0Q) dz,

dt Jo Q

1
e Gibbs’ equation ¥Ds = De + pD (p) .
where
T 2
S=u|Vu+ (Vu) —gv-u]l +nV - ul, (2.1)
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1 2
a:ﬁ(S:Vu+/<;’v;9‘ > (2.2)

The remaining physical quantities are given by

Symbol ‘ Unit ‘ Name

Uu ms~! velocity

0 kgm™3 density

P kgm~!s72 | kinematic pressure

0, K temperature

Q m?s73 production of the internal energy
S m?s 2 K~! | specific entropy

e m?s7? specific energy

f kgm =252 | density of body forces

and the physical parameters by

Symbol ‘ Unit Description

—1S—1

n kgm shear viscosity coefficient

1

n kgm~!'s! | bulk viscosity coefficient

K mkgs 3K | heat conductivity coefficient.
In case the Mach number Ma := U,cf/./PrefOres tends to zero, the Froude number Fr :=
Urey /\/Lre 7 frey behaves as Fr ~ v/Ma and there are only small temperature differences,

the Oberbeck-Boussinesq approximation [Obe79; Bou03] states that the above equations
simplify to

p(Ou+V - - (u®u))+Vp=V-S—pabg + fert,
V-u=0,
pcp(00 + V- (Bu)) — V - (kVO) = fo.

with the specific heat at constant pressure c, and the coefficient of thermal expansion a.

The force term g is often used as the gravitational force.

2.1.2 Electrically Conducting Fluids

For the magnetic field and its influence on the fluid we follow the description in [Dav01].

For materials that are neither magnetic nor dielectric, Maxwell’s equations give

V7Xl)::uj7 ‘7'j =0
é%b*_V7X<E;:.ﬁ7 V7‘b::07
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if displacement currents and charge density are neglected. The remaining physical quan-

j=0o(E+uxb),

tities and parameters are given by

frna =13 xb.

Symbol Unit Name
b Vsm™2 magnetic field
J Am™2 current density
E Vm™! electric field
7 VsA~'m~! | permeability
o AV~tm~! | electrical conductivity

These equations can be combined to give for the magnetic field the equation

f,=0b+V x E

=ob+V x (Juxb)

ag

zatb—Vx(uxb)—l—Vx(b)

o

=0b—V x (uxb)+ AV x (V xb)

with the magnetic diffusivity A := (uo)~!. Additionally, we obtain the force term

2.1.3 The Full Model

1
frna=3xb=—-V xbxb.
I

The model that we are going to consider in the following is a combination of the Maxwell

model and the Oberbeck-Boussinesq approximation. The momentum equation is given by

ou+ (u-V)u+ 2w X u—vAu
+Vp+ Blg — (V xb) xb=f,
V-u=0

u(to, ") = uo(")

in (to, T) x )
in (to, T) x )
in Q

for a frame of reference rotating with angular velocity w. The additional centrifugal force

term w X (w x 7) = —3V|w x 7|? is absorbed in the pressure being a gradient force. In

particular, p =p— %|w x r|? if p is the pressure in an inertial frame of reference. The term

B0g accounts for the effects of the temperature on the density in the Oberbeck-Boussinesq
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model and (V x b) x b for the coupling with the magnetic field.

The magnetic field b has to satisfy the induction equation

Ob—V x (uxb)+ AV x(Vxb)+Vr=4 in (to,T) x Q
V:-b=0 in (to,T)XQ
b(to,-) =bo(-) in Q

and the temperature 6 has to fulfill

Ol —aAl+ (u-V)0 = fy in (to,T) x Q,
B(to,-) = 6o(-) in Q.

Here, Q C R? is a bounded polyhedral Lipschitz domain with boundary 0.

If not differently stated, we use homogeneous boundary conditions according to

'u,’59 = 0, n X b|aQ = 0, 9’39 =0.

(2.4)

(2.6)

Remark 2.1.1 (Notation). In the following, we will consider the usual Sobolev spaces

W™P(G) with norm || - [lyym.e(e) and semi-norm | - [ymp () for a measurable subset G' of
Q) where m € Ny, p > 1. In particular, we have LP(G) = W%P(G). In the case p = 2, we

set H™(G) = W™2(@). Moreover, we define closed subspaces by

W *(92) 1= {u € WH(Q): ulon = 0},

I3(0) = {u e 1) [ wdr=0),
H™(Q) = {u € [LX(Q)]%: V x u e [LX(Q)]%),
HE = {u € HYQ): n x ulpq = 0},
H(Q) = {u € [LAQ)%: V -u € LX)},
Hi" = {u € H"™(Q): V-u =0},

and for the norms and semi-norms by

1/p
Jullywme@y == | > 1Dl q) : [ulyym.p () = [[D™ull Lr (),
0<|al<m
||l yprm.oo () = OSI‘HQET)S(mHDauHLOO(Q)a |ulym.co (@) = [ID™ul| Lo (),

[ull ety = IV X ullz2(0) + lull L2(), |l grewri(y = IV X ul| 2.

(2.7)
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where p € [1,00). The L? inner product on G is denoted by (-,-)g. For G = Q we will
usually omit the index (. This notation of norms, semi-norms and inner products is
also applied in the vector-valued case. For time-dependent problems we use the notation

LP(ty,T; X) for vector-valued functions in the Sobolev space X with bounded norm ( ft:g IE

1
(s)|%ds)?,1 < p < oo and standard modification for p = cc.

2.2 Weak Formulation

We now introduce a weak formulation for the equations (2.3)-(2.5). For well-posedness, we

consider the function spaces

V= Wt (), Q= Li(Q),

(2.8)
C = HS"'(Q),  S:=WrQ), ©:=WQ).

With these definitions we seek for continuous solutions according to

w € L2(to, T; V) N L™®(to, T; [L*(Q)]%),

)
p € L*(t, T;Q),
beL? )
)

0 e L?

to,T;C
to,T;@

N L (to, T; [L*(2)]4),
N L™ (to, T; L*(Q)).

—~~ o~ —~

For the external force terms, we assume f,, € L2(to, T; [L2(Q)]4) N C(to, T; [L2(2)]), £, €
L%(to, T; HE™(Q)) and fp € L%(to, T; L2(Q)) N C(to, T; L?(2)). For convenience, we often
drop the explicit time dependence, e.g. we write u instead of w(t).

The equations (2.3)-(2.5) are now multiplied with test functions from the respective space
and integrated over the domain 2. Using the boundary conditions (2.6), integration by

parts yields the weak formulation:

Find (u,p): (to,T) — V x @ such that

(Oru, v) + cy(u; u,v) + (2w x u,v) + v(Vu, Vo)
—(p,V-v) + (Bg0,v) = ((V x b) X b,v) = (fu,v), (2.9)
(v ’ u?Q) =0

holds for all (v,q) € V x Q for t € (to,T) a.e.
Find b: (t9,T) — C such that

(Ob,e) — (V x (u x b),e) + AM(Vx b,V xc)+ (Vr,e) = (f,c),

595 — 0 (2.10)
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holds for all (¢,s) € C x S for t € (to,T) a.e.
Find 6 € O such that

(0:0,9) + a(V0, V) + co(u; 0,¢) = (fo, ) (2.11)

holds for all (v,q,v) € V xQ x O for t € (tp,T) a.e.

The convective terms

[(w - V)u,v) = ((w- V)v,u)],

cu(w;u,v) =

co(w; 0,9) == Z[((w - V)0,9) = ((w- V)i, 0)].

N — DN —

have been chosen in a skew-symmetric form due to stability purposes in the discretization.

Remark 2.2.1. The ansatz spaces with respect to velocity and kinematic pressure satisfy

the compatibility condition

3B >0: inf  sup LYY 5 g (2.12)
g€Q\{0} vev\foy llallqllvllv

and similarly for the ansatz spaces with respect to magnetic field and magnetic pseudo-

pressure it holds

) (Vs,c)
36y > 0: inf sup ————— > [ 2.13
0> 0 ) e Tellslelle =™ (2.13)

In particular, by the closed range theorem this means that the spaces of weakly solenoidal

functions are not trivial:

Vi .= {ueV:(V-u,q =0 VYqeQ}+#{0},
Cc.={ceC: (u,Vs)=0 VsecS}#{0}.

2.3 Discretization

For the discretization of the above equations (2.9)-(2.11) we try to mimic properties of the
continuous formulation. Therefore we consider a family of conforming finite-dimensional

ansatz spaces
V, CV, Qn C Q, C,ccC, Sy C S, 0, CO

such that the sequences of discrete subspaces are dense in their continuous counterparts.

The discretized equations then read:
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Find (up,pn): (to,T) — Vi x Qp, such that

(Orun, vp) + cu(un; up, vi) + (2w X up, vy) + v(Vuy, Voy)
—(pn, V- vp) + (BgOh, vi) — ((V x by) X by, vp) = (fusvn),  (2.14)
(v *Up, q}z) =0

holds for all (vp,qn) € Vi X Qp, for t € (tg,T) a.e.
Find (bp,71): (to, T) — Cj x Sy, such that

(8tbh,vh) — (V X (uh X bh),ch)
—I—)\(V X by, V X Ch) + (V?”, Ch) = (fb, Ch), (2.15)
(bh7 VSh) =0

holds for all (e, sp) € Gy, x Sy, for t € (tp,T) a.e.
Find 6,: (to,T) — Oy such that

(O1Oh, ) + a(VOn, Viby) + co(un; On, ) = (fo,¥n) (2.16)

holds for all ¢y, € Oy, for t € (to,T) a.e.

Analogously to the continuous case, we define the spaces of discretely divergence-free

solutions according to

V,‘f“’ ={vn, € Vi: (V-vp,qn) =0 Vg, € Qp},
G := {vn € Cy: (V- cnysn) =0 Vs € Sp}

and equations (2.14) and (2.15) imply u;, € V% and b, € CH.
Unfortunately, the continuous inf-sup conditions (2.12) and (2.13) do not imply a discrete

counterpart and in particular
V}iliv ¢ Vdiv’ Ciilw ¢ Cdiv‘

In this thesis we impose this compatibility between velocity and kinematic pressure ansatz
space and between the ansatz space for the magnetic field and the magnetic pseudo-

pressure explicitly:

Assumption 2.3.1.
The ansatz spaces Vi and Qy, satisfy
(qh7 V. ’Uh)

3Bun >0: inf sup 1 = Buh
3 €Qi\{0} vy evi\ (0} llanllQllvnllv
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with a constant B, 1 independent of h.

Assumption 2.3.2.
The ansatz spaces Cy, and Sy, satisfy

3By >0: inf (30, V-en)

up > Bo.n
sn€S\{0} ¢, eci\ (o0} IIsnllsllenllc

with a constant By, independent of h.

Remark 2.3.3. Provided these conditions are fulfilled, it holds
Vi #£{0} G # {0}

due to the closed range theorem.

2.4 Finite Element Spaces

For a simplex T € T, or a quadrilateral /hexahedron T in RY, let T be the reference
unit simplex or the unit cube (—1,1)%. The reference mapping Fr: T — T is affine for
simplices and multi-linear for quadrilaterals/ hexahedra. We require that Fr is bijective

and its Jacobian is bounded for a family of triangulations according to
Jer, e > 00 ehd < |det DFp(&)| < eohd VaeT (2.17)

with constants c1, co > 0 independent of the cell diameter Ap. This in particular implies
that the aspect ratio of each cell is uniformly bounded.
Let I@’l and Ql with [ € Ny be the set of polynomials of degree <[ and of polynomials of

degree < [ in each variable separately. Moreover, we set

R,(T) = Py(T) on simplices T
e Q(T) on quadrilaterals/hexahedra 7.

Bubble-enriched spaces are
PH(T) :=PyT) + bs - Pro(T), QF(T):=QT)+ ¢ span{a} ', i=1,...,d}

with polynomial bubble function b} := Hf-lzo \i € ]@’dﬂ on the reference simplex T with
barycentric coordinates ); and with d-quadratic function ¢(z) := [[%,(1 — &2) on the

reference cube. Define

A

Yh,fl = {Uh c LQ(Q) : Uh’T okp e Rl(T) VT € 771},
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Yh,l = Yh,fl N W1’2(Q)

and bubble-enriched spaces Y,:ri ; analogously. For convenience, we write V}, = R}, instead
of V}, := [V3,£]2NV for the velocity (with obvious modifications for R}) and similarly for
kinematic pressure, temperature, magnetic field and magnetic pseudo-pressure.

2.5 Stabilization and Assumptions

Testing our weak discretized formulation symmetrically, we find

Ollunllg + vIIVunllg + Ocllbrlls + AlIV x blI§ + 410415 + ol VO[5
= (fusupn) + (fo, bn) + (fo.0n) — (BgOh, up,).

This means that for vanishing viscosities v — 0, A — 0, a — 0 we lose control over

the divergence of the velocity V - vp,

the divergence of the magnetic field V - by,

the convection (uy - V)uy, in the momentum equation,

the Coriolis term 2w X uj, in the momentum equation,

the convection (uy, - V)6, in the temperature equation and

the coupling between velocity and magnetic field V x (up x by) and (V x by) x by,.

All of these losses can lead to unphysical oscillations in the discrete solutions. Our aim is
to remove these and to regain control over these terms while still approximating the con-
tinuous solutions suitably. Therefore, we want to stabilize each of these terms separately.
Due to the fact that the continuous velocity and the continuous magnetic field are enforced

to be solenoidal, there is no harm in simply adding divergence constraints according to
Tugd(V - up, Vo) and  7p4a(V - by, V- cp) (2.18)

to the respective equations.

2.5.1 Local Projection Stabilization

The remaining terms do not vanish for a continuous solution. Residual-based methods aim
to provide stabilization by penalizing the residuum in the strong formulation. Drawbacks

of such an approach are additional non-symmetric terms and the occurrence of higher
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order derivatives. For an overview compare [RST08]. Here, we want to pursue another ap-
proach called local projection stabilization (LPS). We suppose that unphysical oscillations
that arise due to the vanishing control over the described terms are located on small scales

and therefore only these have to be stabilized.

Let {M}} be a family of shape-regular macro decompositions of €. In the one-level LPS-
approach, one has Mj = T, and chooses a coarser ansatz space. In the two-level LPS-
approach, the decomposition 7 is derived from refinement. We denote by hp and hjs the
diameter of cells T € T, and M € M,;,. It holds hy < hyy < Chy for all T C M and
M € My,

Assumption 2.5.1.

Let the ansatz spaces Vi, and Cy, satisfy the local inverse inequalities

vahHLQ(M) < Ch]T/[lH'UhHLQ(M) V'Uh € Vh, M e Mh, (2.19)
chhHL2(M) < ChJT/lechHLQ(M) Ve, € Gy, M € My, (2.20)

Let D}\%b/ b [L>°(M)]% denote coarse ansatz spaces on M € Mj, for uy resp. by, resp.

0n. For each M € My, let mpr: [L2(M)]4 — D%b/g be the orthogonal L2-projection.

Moreover, we denote by /@%b/ b —id— w%b/ % the so-called fluctuation operator.

Assumption 2.5.2.

u/b/0
M

The fluctuation operators x provide the approximation property

u/b/0
H/ﬂ]]\é / w”LQ(M) < Chl]\J”wHleZ(M)a Yw € Wl’z(M), MeMp, 1=0,... » Su/b/6- (221)

A sufficient condition for Assumption 2.5.2 is P, myo—1 C D%b/ 0

For each macro element M € My, we denote elementwise averaged streamline directions

unr, by € R? as approximations to wuy, and by, satisfying
[un| < Cllulloo,nr,  [blar < Cf|blloo,nr-
Possible choices are
1/ (@) dz, b 1/b()d (2.22)
UN = Uuplx X, M = T h\ T Z. .
M| Jm | M| Jar
With these preparations we can define the stabilizations

Sugd(u,v) 1= Z Tu,gd, M (V -, V - v) )y
MeMy,
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Su,sU (w; u, v) Z Tu,suM(E((war - V)u), k(war - Vo)) u
MeMy,
Su,Cor(W; U, V) Z Tu,Cor,M (K(w X w), k(w X v))p
MeMy,
suLorduv Z TuLOT’M VX(’u,XdM)) (VX(’UXdM)))M
MeMy,
sbgd(b, ) Z To,gd, M(V - by, V - en)
MeMy
SbLorwa Z TbLorM VX(’wMXb)) (VX(’wMXC)))M
MeMy
Sblnd d b C Z TbIndM VXb) XdM),K:((VXC) XdM))M
MeMy
so,su(w;0,0) == > 7 sum(k((war - V)0), k((war - V)U))
MeMy
srpspa(r,s) = Y Trnpspam(Vr,Vs)y
MeMy

where w € V}, and d € G, with piecewise constant approximations wjs and dj;.
We are now able to state the stabilized semi-discretization in space:
Find (up,pn): (to,T) — Vi, x Qp such that

(Opun, vp) + cy(un; up, vp) + (2w X up, vp) + v(Vuy, Vop,) — (pr, V - vp)
+7u,gd(V - up, V - vp) + sy 50 (Un; Un, V) + Su,cor(W; Un, vp) (2.23)
+5u,Lor (brs wn, v1) + (Bg0Oh, vi) — ((V X by) X by, vp) = (fu,vn),
) =

(v Uh, gh 0

holds for all (vp,qn) € Vi X Qp, for t € (to,T) a.e.
Find (bh,Th): (t(),T) — C), X S}, such that

(O¢bn, cn) — (V x (up, x by),cp) + MV x by, V x ¢p) — (Vry, cp)
+7b,ga(V - by, V - €) + Sp,Lor (Wn; bi, €1) + b, 1nd(br: br, en) = (5, cn),
(b, Vsn) + sr.pspc(Th, Sn) =0 (2.24)

holds for all (ep, sp) € Cp x Sy, for t € (tg,T) a.e.
Find 6y: (t9,T) — ©y, such that

(0iOn, ) + a(VOL, Viby) + co(un; On, Yn) + so,su(wn; On, ¥n) = (fo, ¥n) (2.25)

holds for all (va,qn,¥n) € Vi X Qp X Oy, for t € (to,T') a.e
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2.5.2 Interpolation

Additionally, we require that suitable interpolation operators exist:

Assumption 2.5.3.
There are (quasi-)interpolation operators j,: V- — Vy, and jp: Q — Qp, such that for all
M € My, for allw € VN [WH(Q)]? with 1 <1<k, +1

lw = juwl 2 (ar) + RV (w = juw) | 12ar) < Chiyllwlliz ey, (2.26)
and for all g € Q N HY (M) with 1 <1<k, + 1
lg = Gpall 2 (ary + har IV (@ = p@) |l 2 (ar) < Chhsllallwez oy (2.27)
on a suitable patch wyr O M holds. Moreover, let
v = juvlloear) < Chalvlwros gy Vo € [WH(war)]”.

Assumption 2.5.4.
There are (quasi-)interpolation operators jy: C — Cy, and jy: S — Sp such that for all
M e My, forallc e CN[WH2(Q)]? with 1 <1<k, +1

le = dvell 2y + har IV (e = goe) |l 2y < ChMHC”Wl2 (wnr) (2.28)
and for all s € SNH (M) with 1 <1<k, +1
s = grsllzzay + harlIV (s = Grs)l z2ary < Chigllallwrz - (2.29)
on a suitable patch wyr D M holds. Moreover, let
16— bl oo (1r) < Char|blyyros ) Vb € W (war)].

Assumption 2.5.5.
There is a (quasi-)interpolation operator jp: © — Oy such that for all M € My, for all
Y eONWH(Q) with 1 <1 <kg+1

14 = Gotll2ar) + halIV (@ = Goto)llr2ary < Chlyllellwra oy (2.30)

on a suitable patch wyr D M holds. Moreover, let

10 = 5601 oo (a1) < CharlOl ooy Y0 € WH(wnr).
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Remark 2.5.6. We often require that an interpolation operator is divergence-preserving.
According to Girault & Scott [GS03], such an operator satisfying the above interpolation
assumptions 2.5.3 resp. 2.5.4 exists provided £k > 2 for d = 2 and k£ > 3 for d = 3. It
is argued in [GS03] that the restriction £ > 3 can be lifted for quadrilateral/hexahedral
meshes to k > 2.

With these preparations, we consider a splitting of the total error:

Definition 2.5.7 (Notation).
We define the interpolation errors n,, my,, 7g, 1p, M by

My == jutt, 1My :=b—7gb,  npi=p—jpp, Nei=T—=Jgp7, Mg i= 60— job
and the discretization errors ey, e, eg, €p, €, by

€y = Jul —Up, e€,:=70b—by, ep:=7jp—pn, € =jor —Th, e€p:= job — 0.
This gives for the total errors &, &, &0, &p, &r

L= u—up=1,+e,, & :=b—-b,=mn,+ e, &p =P = Ph=1p + ep,
§ri=r—rp =1+ e, §o:=0—0r=mp+eg






3 Semi-Discrete Error Estimates

In the following, we summarize semi-discrete error estimates that we obtained for various
forms of the coupled Navier-Stokes equations. Here we restrict ourselves to the above de-
scribed discrete formulation. In particular, we use for the summary no edge stabilization
and just one common coarse space.

We begin with the Oseen equations [DAL15] and proceed to the uncoupled Navier-Stokes
equations [ADL15a]. Next, the analysis is extended to outflow boundary conditions in-
stead of the homogeneous Dirichlet boundary conditions [ABL15]. Finally, we consider

the temperature coupling and the coupling with the induction equation separately.

In the following, we will call an error estimate to be semi-robust if the coefficients multi-
plying the corresponding Sobolev norms of the solutions in the upper bound do not depend
on the problem parameters. We will call an error estimate quasi-optimal if the order of

convergence is the same as for the interpolation errors.

3.1 The Oseen and the Navier-Stokes Problem

We first neglect the coupling with the temperature and the induction equation and con-
sider the time-dependent Oseen equations as well as the Navier-Stokes equations in an
inertial frame of reference. The Oseen equations differ from the Navier-Stokes equations
by replacing the convective term c(u; u;v) by c(a; u; v) with a € L*®(tg, T; WH*°(Q)) and

V -a =0 in the continuous formulation (2.9):

Find (u,p): (to,T) — V x @ such that

(Oru,v) + cy(a;u,v) + v(Vu, Vo) — (p, V- v) = (fu,v),
(V ’ U>Q) =0

holds for all (v,q) € V x Q for t € (tp,T) a.e..

Similarly, c(wp;up;vp) is replaced by c(a;up;vy,) in the discretized formulation (2.23):

21
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Find (up,pn): (to,T) — Vi x Qp, such that

(Oyup, vp) + cula; up, vp) + v(Vup, Vo) — (pr, V - vp)
+5u,gd(Uh, V1) + Su,5U(Un; Up, Vi) = (fu, V), (3.2)

(v 'uhaqh) =0

holds for all (vp,qn) € Vi x Qp, for t € (tg,T) a.e..
For the analysis, let us define the mesh-dependent expression ||| - |||Lps, via symmetric

testing by
H|’U|H%p5u = VHV’UH[Z) + Sugd(v,v) + sy su(a;v,v) Yo e V.

For the Navier-Stokes problem, we choose a = uy,.

The approach here improves some results by Matthies/Tobiska in [MT15].

3.1.1 Stability

We can first state a common result:

Lemma 3.1.1.
Let f, € L'(to, T; L*(Q)) and ug € L*(Q). Then there exists a discrete solution uj, € VI
of the LPS-model (3.2). For tg <t <T we obtain

1 t 3
Sllunlls +/t [11(wn(s), O)ll[Zps, ds < lun(to)l§ + S Full s 1020 (3.3)
0
Proof. [DAL15, Lemma 3.1] and [ADL15a, Lemma 3.1] O

For the Oseen problem, we can also bound the time derivative:

Lemma 3.1.2.
Let f, € L%(tg, T; L?(Q)). Then there holds

HatuhH%%O,t;m(Q)) + |l|unllZ ps,
< [llun(to)lllips, + %”a||%°°(to,t;L°°(Q))Huh(tO)H(Q) (3.4)
+ 20| FullZ2(tg 2200 + %”aniw(to,t;Lw(Q))Hf”Ll(tO,t;L?(Q))'
Proof. [DAL15, Lemma 3.1] O

Remark 3.1.3. If we assume Lipschitz continuity in time for f,, the Picard-Lindel6f theo-

rem yields uniqueness of the solution.
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Lemma 3.1.4.
If fu € L%(to,T; L?(2)) and wy, € H'(to, T;[L?(Q)]9), there exists a unique discrete kine-
matic pressure pp in a solution Uy = (up,pp) € V,‘Lﬁ“ X Qn of (3.2). Moreover, for
to <t <T, we obtain

3

1Pn 1172 0 1:22(02)) < N {CIQD<Hqu%2(tQ,t;L2(Q)) + 10cunl 2 (1o 102 ())

t
+ K2 [ ()l ps, ds]
0

. Cpllallzoo ;Lo (Q
with K = /v + \(/5 @)+ maxprenm, \/Tu7SU,MHaMH%oo(tO,t;Loo(M)) + dTu,gd, M-

Proof. [DAL15, Lemma 3.1] and [ADL15a, Remark 3.2] O

3.1.2 Quasi-Optimal Error Estimates

As in [MT15], we are interested in semi-robust methods of order k, i.e., there exists a
constant C' > 0, independent on critical data (like v and h) such that for 0 <¢ < T

t
lewlFto gz + | lealiEps, ds
to (3.5)

< OW* (Julfa g w1y + 10l 32y ey + P2 i)

where h := maxs hyy.

In a first step, we improved the results of Matthies & Tobiska [MT15] for vanishing
reaction-type term ow. The basic tool is to work in the space V,fi”. In a second step,
a (mild) mesh restriction is removed. Finally, we identified methods of order k + % for
v < Ch.

Remark 3.1.5. We restrict ourselves here to velocity estimates. Using the discrete inf-sup

condition, we can recover convergence results rates for the kinematic pressure afterwards.

In the following, we assume stricter regularity according to

w e [L%(to, T; V) N L (to, T; L*(Q)) N L (Lo, T; WH=(Q))]<.

Methods of order k without compatibility condition

In the following, we assume that Assumptions 2.3.1, 2.5.2, 2.5.1 and 2.5.3 are valid with a
divergence-preserving interpolation operator j,. Furthermore, we consider k := k, = k,+1.

Then we can give a discretization error result for the velocity:
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Theorem 3.1.6.
Assume for the initialization that wp(to) = juwo. We obtain for the discrete velocity ap-
prozimation e, € L™ (to, T; L*(Q)) N L%(to, T; V) of the LPS-method (3.2):

t
leullteepszaay + | lew®lEps, dr
0

t
< Y /t eCo)(t=7) ((V + Tusumlan® 4 druga ) V1, (716 ar
0

MeMy, (36)
HO’H%OO(M) 2 . d 1 2
O () g min ()
+ 10 ()18 01 + Tusvarland llra (Va) (7[5 g ) dr
where a := wp, in the Navier-Stokes case. Furthermore, the Gronwall constant can be

chosen as C2*™(u) = 1 for the Oseen problem and

h2
CHF (w) = 1+ Clu| ooy rwroe (o)) + CMIQ%(’I {T ZM} [l 200 (19 7307100 ()
u,ga,

for the Navier-Stokes problem.
Proof. [DAL15, Theorem 4.1] and [ADL15a, Theorem 4.1] O

Corollary 3.1.7.

Let u € L™®(to, T; L3(Q)) N L2(to, T; V), p € L%(to, T; L*(R)) and Oyu € L?(to, T; L*(2)).
Then estimate (3.6) implies strong velocity convergence of the semi-discrete LPS-method
in L>®(to, T; L*(Q)) N L%(to, T; V).

Proof. [DAL15, Corollary 4.3] and [ADL15a, Corollary 4.1] O

Corollary 3.1.8.
Assume additionally a smooth solution of the time-dependent (Oseen or Navier-Stokes)

problem according to

u € L2(ty, T; [WF2(Q)]Y), dyu € L (to, T; [WH2(Q)]Y), p € L2(to, T; WH(Q)).
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Provided up(to) = juug, we obtain for tg < t < T the semi-discrete a priori estimate for

the approzimation e, = up — jyu of the LPS-method (3.2):

t
lewlFto iz + | lewllEps, dr
0

t
<C > h?ﬁ/ eCow)(t=) ((V(l + Re3y) + Tusumlan* + dmgd,M)|U(T)|%4/k+1,2(wM)
MeMy, to
2(s—k
t rusvarlan PR [u(r) By ey + 100w(0) B

.| d 1
+ min {, } |p(7—)|12/vk72(wM)>dT

V' Ty,gd,M

whr)

(3.7)

with the previously defined Gronwall constant Ci(u), the mesh Reynolds number Reps :=
hulalloan ong s {0,...,k}.

Proof. [DAL15, Corollary 4.4] and [ADL15a, Corollary 4.2] O

Remark 3.1.9. With a parameter choice according to

hZ(kfs)

M
Tu,gd,M = Tu,gd,0; Tu,SUM < T0o7 5

a2 (3.8)

(where a = wuy, in the Navier-Stokes case) we obtain a semi-robust method of order £ in
the sense of (3.5) provided that it holds

_ hullallpeary 1
v 2

In particular, the bound for the discretization error does not depend on v and the estimate

Ren (3.9)

is semi-robust. For the Navier-Stokes problem, this result strongly depends on the following

estimate of the convective term.

Lemma 3.1.10.

For the difference of the convective terms, we obtain

c(u;u, ep) — c(up; up, ep)

1 1+ vRe?
<o S My ey + 3l s + 4elllenllEps
MeMy, M
2

C h
2 2 2
+ [l + (0% + 2 mae =l ] lenlZz(o)

with the local Reynolds number Reyy := hyy||ul| oo (ar)/v-
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Proof. [ADL15a, Lemma 7.1] O

Remark 3.1.11. Possible variants of the triples V},/Qn/Dyr are

e One-level methods:
Pr/Pr-1/Ps; Qi/Qu-1/Qs, PF/P_1_1y/Ps, Qi/P_(4_1)/Ps

e Two-level methods:
Pi/Pr—1/Ps, Qi/Qi-1/Qs, PL/P_(4—1)/Ps, Qi/P_(5-1)/Ps

with s € {0,1,...,k —1}.

Methods of order k with compatibility condition

In order to avoid the mesh size restriction Reps < % in (3.9), we need to improve the
estimate of the convective term. First, we want to state another assumption with respect

to the streamline approximation of the velocity in the Navier-Stokes case:

Assumption 3.1.12.

The streamline direction wy; satisfies
Juar — wloonr < Challullioe WM € My,

Furthermore, we consider special choices of coarse and fine spaces that fulfill the following

compatibility condition.

Assumption 3.1.13.
For Yy (M) ={vp|m: vy € Vg, v, =0 on Q\ M} there exists Bu,h > 0 such that

inf sup (0n, Wh) M

> Bun- (3.10)
W€D v, vy (M) 1ORllo.a [ wrlloar —

Sufficient conditions on the meshes 7, My, the fine and coarse spaces can be found in
[MSTO7]. In particular, for the one-level approach with 7;, = My, one has to enrich the

velocity space by local bubble functions.

Lemma 3.1.14.
Let Assumption 3.1.13 be valid. Then there is an interpolation operator i: V. — V}, such
that for 1 <l <k+1

(v —iv,wp) =0 V'wheD%::@DM,veV,
||v — 'L"UHO,M + hM|’U — iv|W1,2(M) < Ché\/[H’UHWm(wM) YveVn [HZ(Q)]d (3.11)
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Proof. See Matthies et al. [MSTO07]. O

In consequence, the interpolation operator j,: V. — V), does in general not act in V,‘;l“’
and the previously presented analysis leading to Theorem 3.1.6 has to be modified. In
particular, the term (V -1, 7,) has to be handled. In case the discrete ansatz space for the
kinematic pressure is discontinuous, we need to include an additional edge stabilization.
For consistency we do not consider that in the following and just restrict ourselves to

continuous kinematic pressure ansatz spaces.

Theorem 3.1.15.
With the additional Assumption 3.1.13 we obtain for to < t < T and Qp D Pr_1 the

semi-discrete error estimate

t
leullEmozzay + | ewe)DllEps, dr
0

17 (T) 113 0

¢
< > / eCowt-7) ((V + rusumlan|® + drugann) V0, (TG 4 +
to Tu,SU,M

MeMy,

+ Tu,sulanllrar (V) (7)]§ ar

+min{d, ! }nnpw

3ar + 110mu (DN ar) dr

V' Tu,gd,
(3.12)
with the Gronwall constants
C9seen () = 1 + C Jax T, UM o (19 w100 (1))
CgSE(u) =1+ C|u’L°°(tO,T;W11<X>(Q))
My >
g, | (e o) o -
Proof. [DAL15, Theorem 4.8] and [ADL15a, Theorem 4.2] O

Remark 3.1.16. Assumption 3.1.12 can be replaced by one corresponding to the discrete

solution:

Assumption 3.1.17.

The streamline direction wy; satisfies

lun — unrlloo, s < Char|unllice VM € My
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Then the Gronwall constant in the Navier-Stokes case changes to

h2
NSE _ M 2
CG (u) — 1 + C|U|L°°(t0,T;W1»°°(Q>) + C ]\}rré%(h {TuygdyM ||uHL°°(to,t;W1’°°(M))}
+C A}%%(h{MSU,MHuh”%oo(to,t;WLw(M))}-

In this case, the above estimate is no longer a priori.

Corollary 3.1.18.

For the discretization error, it holds the estimate

t
lewlFtoryzze + | Newe)@llEps, dr
0

t 2
<C Z h%\lj/t €CG(u)(t—T)((V + 7'u,A5~U7]\/[|a]\4|2 +dty ga,m + - SUM)|U(T)|%/[/H1,2(WM)
MeMy 0 u ’
2h2(sfk) P 2
+ rusuarlan PR [u(n)ly s oy + 10000 s
. d 1 2
T {’/’ Tu,gd,M} |p(T)|Wk’2(wM))dT
(3.13)
with the previously defined Gronwall constant Ca(u).
Proof. [DAL15, Corollary 4.9] and [ADL15a, Corollary 4.3] O

Remark 3.1.19. Regarding the stabilization parameters, we obtain from formula (3.13)

that a method of order k results from

h2(k—s)

) _
Tu,gd,M = Tu,gd,0> I(]hM < Tu,SU,M <To (314)

lan?
with s € {k — 1, k} and tuning constants 7, 44,0, 7o, 70 = O(1).
Remark 3.1.20. According to [MSTO07; MT15], the following choices of ansatz spaces satisfy

the critical Assumption 3.1.13:

e One-level methods:
P /Pr1/Po-1, PF/P_1)/Pr-1, Qi/P_(h—1)/Pr—1

e Two-level methods:
Pr/Pe-1/Pr-1, Qi/Qi-1/Pr—1, Py /P__1)/Pr-1, Qr/P_(r_1)/Pr-1
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Methods of order k + % with compatibility condition

We now restrict ourselves to one-level methods (Mj = Tp,) with V}, = Pg, Qn =Py, Dy =
Pr_1 and k£ > 1 and assume v < Ch.

Corollary 3.1.21.
For t € [to, T] the error estimate

t
lewlFto ez + | lewe)DllEps, dr
0

t h2
<C th/ C (w)(t—7) 2.y M 2
> M;/[h M o e ((V + Tu,SU,M|a]V[| + Tu,gd, M + Tu,SU7M)’u<T),Wk+172(wM)
2 2 2 ) d 1 2
+ B[ 0eu(T) k.2 + hM(mm ¥ Tugdnt )‘p(T)‘W’”“(wM))dT
(3.15)
holds with the same Gronwall as in Corollary 5.1.15.
Proof. [DAL15, Corollary 4.11] and [ADL15a, Corollary 4.4] O
Remark 3.1.22. Choosing the stabilization parameters according to
Tu,SUM = Tu,sU0MM, Tu,gd,M = Tu,gd,0h M (3.16)

with tuning constants 79, 7, 44,0 = O(1), we obtain a method of order k + % in the sense
of [MSTO07]. This means that the discretization error estimates are superconvergent with

respect to the assumptions on the interpolation error estimates in H((2).

3.2 Directional Do-Nothing Boundary Conditions

So far we only considered the case of homogeneous boundary conditions. In [ABL15], we
were able to extend the results from the previous section for the grad-div and LPS-SU

stabilized model to outflow boundaries.

3.2.1 Description of the Model

In case there is a boundary ',y C 92 on which we do not prescribe Dirichlet boundary,

the continuous model (2.9) implies that the so called “do-nothing condition”

vWu-n—pn=0 at Ty
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holds. This is a common way to deal with the situation in which one wants to model the
flow in a domain that is much larger than 2 under the assumption that the influence from
the unmodeled larger part is negligible.

A typical case is a channel in which an object is placed. We specify the inflow profile and
assume homogeneous Dirichlet boundary conditions on the side walls of the channel. In
flow direction, we assume that the channel is infinitely long. For numerical simulations,
we want to consider a bounded domain and hence need to cut the channel at a face I',;.
Unfortunately, the missing control over inflow at I',,: leads to problems when proving
existence and stability of weak solutions for the Navier-Stokes equations, see [HRT96].
These stability issues can also be observed numerically.

In order to circumvent this disadvantage, we consider here the so-called “directional-do-

nothing condition” [Bral5] that is given by
vWu-n—pn—[B(u-n)_u=0 at [y (3.17)

where 5 > 0. If there is no inflow at T'yyt (u-n > 0), the additional term (u-n)_vanishes
and this condition reduces to the “do-nothing condition”. For this approach, existence of

weak solutions is proved in [BMZ14].

The weak formulation that arises differs only by the formulation of the convective term

CEDN(w;u’v) = cy(w;u,v) + (1(w n) — B(w - n)) u-vds
Tour \2

that is not skew-symmetric anymore. Due to the different boundary condition the ansatz

space, the ansatz space for the velocity changes to
VPPN = {u e HY Q) ulporr,,, = 0}

The stabilized discrete problem also just differs by the convective term from the case of

homogeneous boundary conditions.

3.2.2 Stability

If we test the weak discrete formulation symmetrically, we observe

1
iatHqu + V||l + w50 (Wh; wh, wh) + Suga(n, wr)

- /Fout [en|® (;(uh n)y+ (; - ﬁ) (ur, - n)—) ds < || fullollwnllo-
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In particular, for g > % we achieve stability of the discrete solution proceeding as in the
proof of Lemma 3.1.1. For the continuous solution, the analogon to the above estimate

gives existence of weak solutions, see [BMZ14], and uniqueness in case of small data, see
[Brals].

3.2.3 Error Estimates

We have seen that symmetric testing gives us some more control compared to the case of

homogeneous Dirichlet boundary conditions and we define the stability norm here by

lvll[Zps, = VIVOIG + su,6a(v,0) + 54,50 (un; v, )

ol (G m o+ (5= 8) wom) ) ds eV

With these preparations, assuming that the assumptions 2.5.2, 2.5.1 and 2.5.3 hold true
with an divergence-preserving interpolation operator j,, a convergence result can be de-

rived for this case, too:

Theorem 3.2.1.
For sufficiently regular continuous solution w, p and B > 1/2, it holds for the discretization

error:

T T
lleull oo 1o 7:22(2)) +/ llew®l[7 ps, dt < C/ e N Gy (r)dr
to to MeMy,

with the Gronwall constant
Ca = c(1+ || oot oo (@) + Pl Fo g oo ) + (L4 27Dl oo ()
and the quantity ¢pr depending on w and on the interpolation errors n,, 1,
o =l10my 13 + (e +ea)Vnullis + callmllir + eslloar (V)3 + eallnplis

and coefficients c1,...,cq:

c1=v-+ Tu,gd,M; C2 = th + I/_1H’LLHL0<>(M), c3 = Tu,SU,M‘“"%W, Cy = (l/ + TuygdyM)_l.

Proof. [ABL15, Theorem 2] O

This estimate just differs from Corollary 3.1.8 by the additional term v~!||u|| Lo(Toue) 11
the Gronwall constant. In consequence, the estimate is no longer semi-robust and the error
might deteriorate quickly in time for small v. However, this estimate might not be sharp

as we have never experienced such a behavior in our numerical results.
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For the ansatz spaces, Theorem 3.2.1 suggests an equilibration of |V, |3, and ||7,/|3,;. In
view of Assumption 2.5.3, this means k, = k,11. Finally, note that the resulting parameter

bounds are the same as for homogeneous Dirichlet boundary conditions.

3.3 Non-Isothermal Flow

Now, we give up the assumption that the flow is isothermal and consider heat transport
within the Oberbeck-Boussinesq model [Bou03; Obe79]. The semi-discretized approach
in [DA15] allows for different coarse space for the velocity SU and the temperature SU
stabilization. For simplicity, we here restrict ourselves to one coarse space Mj,.

For v € V and 6 € ©, we define

I[0lIZps, = VIVOIE + sus0(un;v,v) + suga(v, v),

1101[Zps, = ol VOII§ + so.50 (un: 0, 0)

similar to the previous sections.

3.3.1 Stability

We again start with a stability result that gives existence and uniqueness of the discrete

solutions. The following result states the desired stability:

Theorem 3.3.1.
Assume (up,pp,0n) € VI x Qp x Oy, is a solution of (2.23), (2.25) with initial data
’U,h(to) € [LQ(Q)]d} Qh(tO) € LZ(Q) and fuafa € Ll(t07TaL2(Q)) For tp <t < T7 we

obtain

101l Loo (0,622 (0)) < 110n(to)llo + 1 foll L1 20, 7522(0)) = Co(T, On(to), fo),
wnll oo (t,6:22(0)) < llwn(to)llo + | Full L1 20, 7522(00))
+ Bligll s o722y (16 (t0)llo + 1 foll 2t 222
=: Cu(T, un(to), On(to), fu, fo),
10r1l 22(t0,:2.P5) < Co(T, On(to), fo),
lwnllp2(o,60ps) < CulT, un(to), On(to), fus fo)-

Proof. [DA15, Theorem 1] O

Remark 3.3.2. The discrete inf-sup stability again yields a stability estimate of the kine-

matic pressure as well. The above theorem gives us existence of the semi-discrete quantities
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due to Carathéodory’s Existence Theorem. If we assume Lipschitz continuity in time for

fu, fo and g, the Picard-Lindel6f Theorem yields uniqueness of the solution.

3.3.2 Quasi-Optimal Semi-Discrete Error Estimates

In this section, we present quasi-optimal error estimates in the finite element setting in-

troduced above.

Theorem 3.3.3.
Let (u,p,0): [to, T] — V4 x Q x O, (up,pn,0n): [to, T] — VI x Qp x Oy, be solutions
of (2.9), (2.11) and (2.23), (2.25) satisfying

u e Loo(t()a Ta [leoo(Q)]d)v 815’(1, € L2(t07T; [LQ(Q)]d)v pE L2(t07T; Q N C(Q))a
0 € L™(ty, T; W1°(Q)), 00 € L2(to, T; L*(Q)),  wup € L™®(to, T; [L®()]%).

Let Assumptions 2.5.1, 2.5.3, 2.5.5 be valid and wp(ty) = juto, Or(to) = jobo. We obtain
for all tg <t <T for the discretization errors:

2
(toti22()) T l€anllToo g 15020

+ / (llewnllEps + lean()ips) dr

t
s/ ecduﬂ’“h)“—ﬂ{ > [+ rusvartun + Tugaard) [ () s
to MeM,,

(M3

.| d 1
o+ 7t g P () () [ g + min { — } 17 (7)1 0

+ hag (7S

u,gd,

+ > [10ma(m)3 + (Aaf + Bllglloo,ar ) lIna(r)IE a1
MeMy,

+ (a + o, sUnr|war[*) Vo (T) I3 ar + Te,SU,MluM\QIIH%(W)(T)H%,M} } dr

with the Gronwall constant

Ca(u,0,up) =1+ Blgllo + [ulwroo () + [0lwice ) + lunllZ

+ maX {h?\/[|U|%4/1,oo(M)}+ max { ‘U|W1 oo(M)}

Me MeMy Tu,gd,M
(3.18)

+MIIé&X{ o lullae ) + pax {h3, \GIWloo( ¥

2

—i—max{

i 6l ean f + s {7y g arllfl3enr)-

Tu,gd,M
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Proof. [DA15, Theorem 2] O

This result can be used to obtain convergence results provided the continuous solutions

are sufficiently smooth:

Corollary 3.3.4.
Consider a solution (u,p,0): [to, T] — VI x Q x © of (2.9), (2.11) satisfying

w € L®(tg, T; [WEe°(Q)]4) N L2 (to, T; [WrT12(Q)]9),
Oru € L*(to, T5 [WH2(Q)]9),
p € L2(to, T; WTL2(Q) n C(Q)),
0 € L™ (to, T; Wh>(Q)) N L2 (to, T; Wrt1:2(Q)),
0 € L2(to, T; WH2(Q))
and a solution (up,pn,0h): [to, T] — VI x Qp x Oy, of (2.23), (2.25) satisfying uy, €

L>®(tg, T; [L°(2)]%). Let Assumptions 2.5.1, 2.5.3, 2.5.5 be valid as well as uy,(tg) = juuo,
O1(to) = jobo hold. For to < t < T, we obtain the estimate for the semi-discrete error

Eun=u—up, §opn="0—04

1€unllFoo o 1:22(2)) + 160,01 00 0 1:22(02))

" / (€un (NI ps + l60n (M ps) dr

wd) (i 2(kp+1 d 1
< t Ca(w,0)(t— { Z 5 (kp+ ) { } Hp(’r)H%,Vka,z(wM)
0

MEMh V T 7gd)M

+ > M [(1 + v+ Tusunlun? + Tugd e d) () Fr,120,)) (3.19)
MeMy,
(su—ku) 2
10 (T) 1k 2y F w500 |1 [ hy HU(T)HWSu*Lz(wM)]
ko)
+ > ne| [ 00T [y 09.2,, ) + T,50,01 [0 | W N0 g2 WM)}
MeMy,

+ (1+ 3Bl gloo s + 0+ 70,50 lwar[?) ||e<f>uévk9+1,2w>} dr

with s, € {0, ,ky}, sg € {0, -+ ,kg} and a Gronwall constant as defined in Theorem
3.8.5.

Proof. [DA15, Corollary 1] O
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Remark 3.3.5. Note that the above results do not provide a priori bounds since the Gron-
wall constant depends on ||up||oo. This allows us to prevent mesh width restrictions of the

form

h 1 h 1
Reyy — Mltnlloons 1 Pey, — Mlltnlloons 1

v RV a ~ Va
similar to the ones obtained in [ADL15a]. This is due to a different estimate of the con-

vective terms. Namely, Lemma 3.1.10 is replaced by the following Lemma.

Lemma 3.3.6.
We can estimate the difference of the convective terms in the momentum equation for

arbitrary € > 0 by

Cu(u; u, eu,h) — Cy (uh; Up, eu,h)

C 1
< . Z hTHT’uH(Q),M + 3ellIn.llZps + 3¢lllewnllliprs
MeMy, M
C h2
2 112 ¢ M 2
+ | [ufwreo ) + €Mﬁé%<h{hM|"\Wlm(M)} + 7 ymax {Tu’gde V"\Wlm(M)}

C _
+ 2 ma {1l el + euuhuzo] lewl?

with C' independent of hys, €, the problem parameters and the solutions.

Proof. [DA15, Lemma 1] O

Remark 3.3.7. Provided a certain compatibility condition between fine and coarse ansatz
spaces holds true (according to [MST07]), we can improve the above results similarly to

the consideration in [ADL15a]. In particular, we obtain

2 2
Heu,hHLOO(tO,t;L?(Q)) + ||69,hHL<>o(t0,t;L2(Q))

+ / (llewn@lps +lleon()lps) dr

t !
<cC eCG(u797Uh)(tT){ Z min {d, ! } H77p(7')H%),M

to MeM,, V' Tu,gd,M

1 n 1
h3,  Tusum

) 5

+ 3 [+ musvarlwnl? + Tugand) [V, ()80 + ( )Im ()3 01

MeMy,

+ 10m (P)IF s + Tusv e lwar 15 (Ve (7)1

+ X [(atmsvarust ) IV a4 (——— + Bllglloc.ar) o (r) I3 as

Mem,, 9,SU,M
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70,5000 [war 2|64 (VO)(T) 13 ar + 10070 (7) 113 0 } dr

with Gronwall constant

Ce(u,0,up) =1+ B|gllc + |l (o) + [0lwi= ()
2

+ Mrré%(h{h?v[]u\%vlm(M }+ max { wf2 1, m(M)}

MeM; LTy, ,gd, M

+ max {r, wga w5} + max {h [O1.00 0}

+max{

e 68 oan } + mas {7, 0 01101 00}

Tu,gd,M

2 2
+ max {7‘ U 00 }+ max {T u oo }
max w,SUM | Whiy1.00 (1) max 0,50,M|Wh[jy1.00 (1)

The details for this can be found in [Dall5].

Remark 3.3.8. Again, the above estimates give us the possibility to derive an error estimate

for the kinematic pressure via the discrete inf-sup condition. If
w € L(to, T3 [WH2(Q)]Y),  un € L®(to, T; [LX(Q)]Y),

we obtain the estimate for the semi-discrete kinematic pressure error §,, = p — pp, for
to<t<T

1€p.1 H%Q(to,t;LQ(Q))

C
< 53{||3t€u,h”%2(to,t;1{1(9)) + 821190 Foe 10, () €08 T 200 220

2 2 2
+ (HUHH(tO,t;Lw(Q)) + HuhHm(to,t;Lw(Q)))Hfu,h”Loo(to,t;p(Q))
t
+ (v e (gl Zear)
to MeMm

+ o {rusuartun*} + max (7 gaard)) 1wl ps dr

+/ max {TugUM\uM\ } Y rusumlunl’ HHM(VU)\OMdT}
to M MeMy

with a constant C > 0 independent of the problem parameters, hj; and the solutions.

3.3.3 Parameter Choice

For the ansatz spaces (3.19), suggests to choose

k= ky = ko= kp+ 1.



3 Semi-Discrete Error Estimates 37

This is for example fulfilled if we choose Taylor-Hood elements V', = Qp, Qn = Qr_1 and
O = Q.

The presented error estimates motivate a parameter choice as

Tu,gd,M = Tu,gd,05
h?\y@u—su)
Tlum (3.20)
h2(k9—59)
0<Tmsum =< TG,SU,OM72
[wm|

0 < TusUM < Tu,sU0

for M € My, where 7y 44,0, Tu,50,0, To,50,0 = O(1) denote non-negative tuning constants.
For 6 = 0 this reduces to the parameter bounds that we obtained for the Navier-Stokes

equations.

Comparing the physical dimensions in the momentum equation (2.23) and the Fourier

equation (2.25), we obtain

m? oy, m2
[rusvm] g = [su,s0 (uns wn, un)] = =3

ot » Uh
K? ooy, K?
a8 0 0 = [ =20, )| = .
[7o.50,M] ~—5 = [s0,50 (wn; On, On)] K T hﬂ .
This suggests a parameter design as
To.5U.M ~ ha/lunls Tusum ~ b /|[unl, (3:21)

that is within the above (theoretical) parameter bounds. We will consider this choice in

the numerical examples.

3.4 Incompressible Resistive Magnetohydrodynamics

Finally, we assume that the flow is isothermal again and consider the coupling with the
Maxwell problem for an electrically conducting fluid [WAL15]. Here, we consider a lin-

earized and stationary version of formulation (2.9), (2.10):
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Find U := (u,b,p,7) € V x C x @ x S such that

AcU,V) = Fa(V),
AcU,V) :=v(Vu,Vv) + cy(a;u,v) — (p, V-v) — ((V x b) xd,v)
+(V-u,q) — (b,Vs) (3.22)
+ AV xb,Vxe)+ (Vr,e)— (VX (uxd),c),
Fa(V) = (fu,v) + (fo, ©)

holds for all ¥V = (v,¢,q,8) € V x C x @Q x S. The quantities V-a = 0, a €
L ()N HY Q) and d € W (Q)? N H(Q) are prescribed approximations to
the velocity and the magnetic field.
Remark 3.4.1. We can consider these equations as a problem that arises after time dis-
cretization with time step size At for an extrapolated velocity field a and an extrapolated

magnetic field b in the limit At — oo.

Opposed to the considerations in [WAL15], we here restrict ourselves to inf-sup stable
ansatz spaces for the fluid part that does not require any stabilization for the kinematic

pressure. With the previous notations for the stabilization terms, we get here in summary

Sips(Un, Vi) = su,sU(@; up, vp) + Sy gd(Wh, V) + Su,Lor (d; wp, v)

(3.23)
+ sp,1na(d; by, i) + sp ga(bn, cn) + s, pspa(Vry, Vsp)
for the stabilizations. The discretized formulation then reads:
Find U, € V}, x Gy, x Qp, x Sy, such that
Astas(Un, Vi) = AaUn, V1) + Sips(Un, V1) = Fa (Vh) (3.24)

holds for all Vy, € Vj, x Cy, x Qp X Sh.

3.4.1 Stability

As usual, we first consider the stability of the discretized solution that is going to give us

existence and uniqueness.

The norm we want to control is again motivated by testing the discrete formulation sym-
metrically. In particular, we define for all YV € V' x C x @ x S the (weak) semi-norms
1/2
IVlia = (VIVolli+ AV x )
HV”Stab = Slps(v7 v)1/27
1/2
IVl = (IVIE + 1VI3a)
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and note Agap(V, V) = ||V|2, due to
((Vxb)xd,v)=—(Vx(vxd),b)

and the skew-symmetry of the convective term ¢, (a, -, -).

We introduce a problem length scale Ly and define the following norms

Y Vi
[l = T-llvllo + ViV olo, lelle = Zllello + VIV x €llo,
1 1 Lo
= , sl|s == —=||s]jo + —=||Vs
lallo = —=lall Islls == 7 lllo+ Vsl

in the sense of consistent units and introduce the Galerkin norm
) 1/2
Vllar = (lvllv + llellc + llalo + lIsls)" (3.25)

for the continuous problem. Finally, we consider a (strong) stabilized norm that combines

the weak semi-norm with the L? parts of the Galerkin norm:

A 1 2
[VI]]s :== (HIVIH?UJr !v||o+L2ICHo+IIq\3> :
0 14

|
Lj
Now, we can show stability for all considered quantities:

Corollary 3.4.2.

From the definition of the weak semi-norm, it follows immediately

Fe(V
I R 1428 (3.26)
ViV XChLXQp XSy |||vh|||w
for the solution Uy, € Vi, X C, X Qp X Sy of the stabilized discrete problem.
Proof. [WAL15, Corollary 4.9] O

Remark 3.4.3. For the continuous problem a Poincaré type inequality
lelld < CUIV x el + n x el§an) Ve e Hg™ (Q) N Hi™ ()

can be shown, cf. [Mon03, Corollary 3.51]. Hence, stability in the weak semi-norm implies

stability with respect to H"(Q) for the continuous problem.
Unfortunately, the discrete magnetic field is only weakly solenoidal and therefore this
inequality is not applicable. In fact, we need to rely on proper estimates for the stabilization

parameters:
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Theorem 3.4.4.
For the solution Uy, € Vi, X Cp, X Qp X Sy, of the stabilized discrete problem it holds in the

strong norm

|Fa ((vh, 0,0, 1))
[Ulls < C1|[Unllw+Co sup
(vh,81)EVRXSH H| ('Uh, 07 07 Sh) H‘s

(3.27)

where Co, C1 are given according to

VTu,sUM || @l Lo (arye
C1 ~ Cs (Mﬁéfjial(h ( NG +
Al Loo (Arya v/ T, Lor, M
NG

max
MeMy

()

Lo

+ max
MeMy,

+ max
MeMy,

o (HaHoo,MhM> (HdHoo,MhM) v
o~ max (——— )+ max | ——F—— | + max
MEM, v MeM, Vi MeMu \ \| Tu,gd,M
v omax (B ) <||d\|owv1) ey [ AP
MeM,, w/)\Tr,PSPG,M MeM,, VU MeMy, \/Tb,gd,MLO

Proof. [WAL15, Theorem 4.10] O

Remark 3.4.5. The above estimate is a stability result provided the requirements

L} Ah3,
cv < Tygam < C, c~ < 1pspam < C, C—5

< Thgam < C

are fulfilled.

3.4.2 Quasi-Optimal Error Estimates

Now, we are in position to state estimates for the discretization error. We start with
estimates for sufficiently smooth solutions without a special choice of coarse spaces and
try to cure the arising mesh width restrictions in case the LPS compatibility condition
3.1.13 holds. Finally, we are interested in the case b € H(Q)\ H' ().

For shortening the notation we define for the splitting of the total error
H = (nuvnbvnp7777")a E = (eu,eb,ep,er).

Then we can state a common bound for a considered cases.



3 Semi-Discrete Error Estimates 41

Lemma 3.4.6.

The total discretization error is bounded by
IEnEar + 11 BnllStas < ST + S5

where S1 and So are defined by

1
2 2
o)

1 3 1
Svi=Hlloa+ (X Sllalorlmallan)®+ (3 Sl allm,
MeMy, MeMp

1

_ 2 2 2

(X v+ VA (ldllsons + [V dllcon) 7 13.00) .
MeMy,

1

2
So = [ Hstap + [Ullstar + (3 Impllar)” + (2
MeM,, u,gd, M MeEM,, b,gd,M

1 1

=

I3 .0¢)
Proof. [WAL15, Lemma 5.1] O

Error Estimates for Smooth Solutions without LPS-Compatibility

If we now consider sufficiently smooth solutions, we can estimate the remaining terms in

S1 and Sy and achieve:

Theorem 3.4.7.
The approxzimation properties of the FE spaces and the local L?-projector yield in case
U c [H Q)Y x [H Q)Y x HF(Q) x HY(Q) for the total discretization error the

bound
IEnlGar + | Enll 3 < ST+ S5

where S1 and So can be bounded by

) ok lallZ arhds Il arh3ry, o
Si<C Y hM[(u(l t— )+ AT)IU\HLQ,M
MeMy
h3, 2\ 312
+ (A 2L (oo, + 1Vl oo0)*) 1B 12,00,
2(s—k
$3<C > Wi rugamlultirgar + har T (rusuarlan P + o maldar ) [l 00
MeMy,
2 pAlsh) dur||b)?
+ |p’k:,2,M+ M Tu7Lor7M‘ Mm%l |s+1,2,M
Tu,gd,
GTERYE,
+ (7, pspa,m + )’b|k+1,2,M]'
Tb,gd, M

Proof. [WAL15, Theorem 5.2] O
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Denote the local fluid and magnetic Reynolds numbers by

Reyar = ||al|lco,phas /v, Rep v = ||d|oo,prhar /A

respectively.

An equilibration of the terms in S? according to

2 2 2 2

A2 ’
oY 2
A+ W (ldlloo,nr + [[V@lloo,a1)” ~ 1
leads to the following (mild) restrictions on the local mesh width hjy:

VvResr < C, VARemar < C, har(ld]lcons + |Vdlloonr) < CV/v. (3.28)

Equilibration of terms in S3 and comparison to S? yields

2(k—
Tususlan|? + Tornanrlda)? ~ h]é o) Tu,gd, M ~ 1,
> 3.29)
~ 2(k— h (
FuLor | dar| ~ h]é o Tr,PSPG,M + ~ 1.
Tb,gd, M

This leads to the following bounds on the stabilization parameters:

h2(k—s) hQ(k—s)
0<r <C-M 1 0<7 <Cc-M__
> Tu,SUM > 2 Tu,gd,M ™~ 1, = Tu,Lor,M s Tb,Ind,M > 2
lan| ||
2 2
Ty, gd, M ™~ @ Tr PSPG,M ™ hMA
,ga, ? T, ) 2

(3.30)

Remark 3.4.8. Provided the magnetic field satisfies at least b € [H'(Q)]?, it is possible
to come up with a slightly different analysis that does not require PSPG stabilization
for the magnetic pseudo-pressure. In this case, the grad-div stabilization parameter has to
satisfy 7, g9 S 1. This gives the possibility to obtain much more control over the divergence

constraint. We will consider this approach for the analysis of the fully discretized problem.

Error Estimates for Smooth Solutions with LPS-Compatibility

Similar to the Navier-Stokes equations, we want here to remove the mesh width restriction
by carefully choosing ansatz spaces that satisfy the LPS compatibility condition 3.1.13 for
the velocity ansatz spaces and the ansatz spaces for the magnetic field. For technical

reasons, we assume here elementwise constant fields a|y; = ayr and d|yr = byy.
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With modified estimates for S; and So we can then improve the previous error estimate:

Theorem 3.4.9.
The approzimation properties of the FE spaces, and the local L?-projector yield in case
U € [HH Q)] x [HFH1(Q)]4 x H*(Q) x HF(Q) for the total discretization error the bound

1 EwlEar + 1 BrllEay < ST+ 53

with the bounds

2 2k his his 2 his 2
sts Y mi[(v+ + = Nulf o+ (A + bl 120] (3:31)
MeM, Tu,SU,M Tu,Lor,M Tb,Ind,M
on S and it still holds
2(s—k
S3< > i [TU,gd,M‘u|i+1,2,wM + 03 (rusuarlan? + To.tnd,ne|dar?) [wl2 1 0,0,
MeMy,
2 his 2
b 3.32
+ Tegd M \p|k,2,wM + (TnPSPG,M + Tb,gd,M)‘ |k+1,2,wM ( )
2(s—k)~
+ h]\E[s )Tu,Lor,M|dM’2|b|§+1,2,wM} :
Proof. [WAL15, Theorem 5.5] O

A calibration of the parameters in (3.31) and (3.32) gives the new parameter bounds

h2(kfs)
Ch?\/j < Tu,sUM < CM72
anm]
7}1?\2]{78) ch?, < To.Ind. M < CLiﬁ[kiS)
d|* M=o T dy 2

s Tu,gd,M ™ 1,
(3.33)

Ch?w < 7~—u,Lor,M < C

and as before

L} h3 A
Tv,gd,M ™~ B Tr,PSPG,M ~

(3.34)

Error Estimates for Singular Solutions

So far, we always considered solutions with b € [H'(Q)]%. Since the natural regularity
of the Maxwell problem only requires b € H it is relevant to consider solutions with

b c H N\ [H(Q)]¢ as well. This might happen if the domain is non-convex. For simplicity,
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we here restrict ourselves to the stationary Maxwell problem with w = 0, p = 0. Following
Badia/Codina in [BC12], we introduce the Maxwell norm

11, ) = [lblle + [[7[ls-

A different estimate of the term 3°y/c vy, Tr.PsPa,m(V - (b —jpb), V - cp)nr with an appro-

priate interpolation operator jj, is given in [BC12], leading to

[N

: Ahag
[[(bn, — b,rp —7)|[| S inf \l!(b—Wh,T—Sh)\!Jr( > 2 Hb_whH(Q),aM)

wpeCy
ShESH MeMp, 0

According to Lemma 3.11 in [BC12], a solution b € HS“!(Q) N H¥*(Q) can be written
as b = by + V¢ with by € [W72(Q)]7 N H§H(Q) and ¢ € Wy (Q) N W"2(Q) for some

r > % Moreover, the following condition is assumed.

Assumption 3.4.10.
There exists a FE space Gy, defined on Tp, such that Vo, € Cy, for any ¢ € Gy, and that

inf — son < ChL S
,of 19 — dnllms(ary < Chy M@l ey

for all M € Ty, for ¢ € WS2(M) and 0 < s <t < k+1.

This leads to

VA .
(b —bp,r —rp)ll| <C > (ﬁhffobOHLZM + Fhﬁw |ll1+¢,2,01 | -

MEeTy, 0

Some variants of simplicial and quadrilateral/hexahedral elements fulfilling Assumption
3.4.10 are discussed in [BC12] and [CDO02].

The analysis in the present paper shows that the approach in [BC12] for the pure Maxwell
problem is compatible with the analysis of the LPS method for the stationary linearized
MHD problem. In particular, the so-called cross-box elements can be handled as a two-level
LPS method where the LPS-compatibility condition 3.1.13 is valid.

3.5 Summary

The analytical findings for the semi-discretizations can be summarized as follows:
In all cases we achieve quasi-robust error estimates provided the stabilization parameters
are sufficiently chosen. While grad-div stabilization proved to be essential, all parameters

due to local projection stabilization are in most cases negligible with respect to quasi-
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optimal convergence results. On the other hand, unphysical oscillations in the numerical
solutions often occur due to vanishing control over terms the stabilizations are designed
for. Due to the wide range of parameter bounds that we obtain, we are able to recover
control while still obtaining convergence. Hence, we are in a good position to achieve phys-

ically sensible numerical results for a suitable parameter design.

Furthermore, the presented analysis offers various ways to avoid mesh width restric-
tions; either by assuming stronger stability of the numerical solutions such as up €
L (ty, T; L*>°(£2)) or by a special choice of fine and coarse ansatz spaces. In the latter
case, even superconvergent discretization errors could be proven. Apart from these spe-
cial cases, the analysis does not require special ansatz spaces as long as the velocity and

kinematic pressure ansatz spaces are inf-sup stable.






4 Error Estimates for the Fully Discretized
Equations

After summarizing the estimates for the semi-discretized quantities, now the fully dis-
cretized scheme used in the implementation is considered. The results in this chapter are

based on the error estimates for the fully discretized Navier-Stokes equations in [ADL15b].

4.1 Description of the Time Discretization

In the continuous Navier-Stokes problem, w and p are coupled through the incompressibil-
ity constraint. The idea for pressure-correction projection methods is to define an auxiliary
variable u and solve for uw and p in two different steps such that the original velocity can
be recovered from these two quantities. Such an approach was first considered by Chorin
[Cho69] and Temam [Tem69].

An overview of different projection methods is given in [GMS06]. Badia and Codina [BC07]
analyzed the incremental pressure-correction algorithm with BDF1 time discretization.
The incremental pressure-correction algorithm with BDF2 time discretization is discussed
by Guermond in [Gue99] for the unstabilized Navier-Stokes equations with » = 1. Shen
considered a different second order time discretization scheme in [She96]. It turns out that
this technique suffers from unphysical boundary conditions for the kinematic pressure that
lead to reduced rates of convergence. To prevent this, Timmermans proposed in [TMV96]
the rotational pressure-correction projection method that uses a divergence correction for
the kinematic pressure. A thorough analysis for this has first been performed in [GS04]
for the Stokes problem.

Here, the incremental pressure-correction approach is extended to cover also time dis-
cretizations for the temperature, magnetic field and magnetic pseudo-pressure.

Before describing the scheme, we need some abbreviations that will simplify the equations.

Definition 4.1.1 (Notation).
Let f™ describe the state of a quantity f at time ty + nAt.

e The time propagation d; is defined as §; f™* = f* — f*~1.

47
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e The discrete time derivative D; is defined as

3fn _ 4fn71 + fn72 _ 35tfn o ('5tfn71
2At 2At ’

Dyf" =

e The time extrapolation is defined as

Frri=2fmtl - T F ()T = 2f (tao1) — fltn—2)

and we notice

fr=rrr=0u " f(ta) = f(tn)" = 0uf(tn).

For the time-discretization of the weak stabilized formulation (2.23)-(2.25), the stabiliza-
tions s, pspc and s, 1or are neglected. Furthermore, we consider equidistant time steps
of size At such that ¢,, := tg + nAt. Then for each n € [2,.., N] the following sequence of

problems is solved:

In the incremental pressure-correction scheme [GMS06], first an auxiliary velocity vector
is introduced that solves the following problem with explicit treatment of the kinematic

pressure:

Find uy, € V}, such that

3up, — dul 4wl
2At

+ > (nisvar (B (@5 - V)R, k(@ - V)vn)) y
MeMy,

,'vh> + (2" x uy,, vp) + v(Vay, Vop) + ey (up,; apy, vp)

7o (R (@™ X W), 1 (@™ X 00)) 3g + Tikga (V- i, V- 01) )

= (i1, vn) — (Vo Hon) + (V x b)) x by vn) — B(g"057" vn)
(4.1)

for all vy, € V3,

Afterwards, we solve for the kinematic pressure while projecting the auxiliary velocity into

the space of weakly solenoidal solutions:

Find (up,, ¢7,) € Vi x Qp such that for all y, € VQp, ® V,f“’ and qp € Qp

<3U’Zt — 3up,

2At + vqb;lztayh) = 07

(4.2)
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Then set the new kinematic pressure according to

(s an) = (B + 0t — xvV Ul qn)  Van € Qn

where x € {0,1}.
For the magnetic part, again the standard incremental scheme is applied: We first solve
for the magnetic field and treat the magnetic pseudo-pressure explicitly.

Find EZt € O, satistying

3by,, — 4b7L 4 bl
2At

+ 3 (Throrar (Whs (7 x (@35 b)), b (V x (@ x en)))
MeMy,

1 rma (Fhe((V 5 B) x Bip), wh (V< en) x BR))
780 (V- b, V - ) )
= (fi,en) = (Vrp " en)

,ch> + A (V x by, V xep) = (V x (up;, X by,),cp)

(4.3)

for all ¢, € C;,.

The projection onto the divergence-free constraint is achieved by solving the problem

Find (b, 77,) € C, x Sy, such that

2At

+ V(Tf’rllt - T}Tllt_1>7 zh) = 07
(V- by, sn) =0

holds for all s, € S, and zj, € VS), ® CHv.
Finally, for the temperature a convection-diffusion problem is solved:

Find 67, € ©}, such that

2At

+ > s (W4 (@ O mL (@5 VIvn) (4.4)
MeMy,

= (fo,vn)

for all ¥y, € ©y,.

For xy = 0 the approach for the velocity is called standard incremental pressure-correction

305, — 465" + 07
< i h* Phe a¢h> + a (VOy, Vibn) + co(Upy; Oy, )

and in case of x = 1 rotational incremental pressure correction. The latter one attempts
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to remove some artificial boundary conditions for the kinematic pressure and Guermond
could prove in [GS04] that this yields improved error estimates in the Stokes case. Here,
we will carry out the analysis for x = 0 only and consider for simplicity the boundary

conditions
upiloo = uplon =0, mxblag=0,  flag =0. (4.5)

For simplification of the presentation, globally constant grad-div parameter Tgfgd’ M=

n n f— n
Togds Tugd, M = Tugd 8T€ assumed.

Definition 4.1.2 (Notation).

We remind of the splittings of the total errors into interpolation and discretization errors

My = u(tn) — juu(ty), ey = jutt(tn) — upy, u = u(tn) —up, =ny + ey,
en = juul(tn) — Upy, &, = ulty) — Up, =nj + &,
Ny = b(tn) — jvb(tn), ey = Jvb(tn) — by, p =b(tn) — by =my + ey,
& = jub(tn) — by, &, = b(tn) — by, = mjf + &,
My = p(tn) — Jpp(tn), ey = JpP(tn) — Phys p = D(tn) —phy =1y, +ep,
ny =r(tn) = jrr(tn), ey = Jpr(tn) = Th, r=r(tn) =T =0 €,
ng = 0(tn) — job(tn), eg = JoO(tn) — Opy, §g = 0(tn) — O =g + €4

4.2 On the Regularity of the Maxwell Problem

In contrast to the semi-discretized case, the PSPG stabilization for the magnetic pseudo-
pressure is neglected in this approach. This needs justification that is given in this section.
For u = 0 the weak formulation of the induction equation (2.10) reduces in the stationary
case to:

Find b € H§“(Q) such that

AV xb,Vxe)—(r,V-c)=(fp,c),
(b,Vs)=0

holds for all (¢, s) € HS*H(Q) x W, *(Q).
It can be shown that the corresponding bilinear form is coercive with respect to the natural
norms on H () and WH2(Q) as defined in (2.7). Hence, this problem is well-posed. On
the other hand, an uniform coercivity result for the respective discretization using nodal

finite elements (with or without grad-div stabilization) is not known according to [BC12].
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In [Haz02] it is shown that the above so-called curl formulation is equivalent to the fol-

lowing so-called curl-div formulation:

Find b € H§"(Q) N H¥(Q) such that

MV x b,V xe)+ (Vr,e) = (fy,0),
(V-b,s)=0

holds for all (¢, s) € H§H(Q) N HEV(Q) x LE(Q).
In particular, also this problem is well-posed. The discretization in time for the induction

equation (4.3) corresponds to this latter formulation.

We now consider solutions b for the Maxwell problem satisfying the stricter regularity
assumption b € H§*'(Q) N H'(Q) and define the unit normal and the tangential parts of
b by:

Definition 4.2.1.

For an unit normal vector n the normal part of a vector u is given by
Uy, =U "N
and the tangential part by
U = U — UpMN.

With this preparations, it can be shown that for a solenoidal b the H c“”(Q) semi-norm

and the H'(Q) semi-norm are equivalent:

Lemma 4.2.2.
For a polyhedral domain Q with boundary T' and w,v € H'(Q), the identity

(Vxu,Vxov)+ (V- -u,V-v)— (Vu,Vv) = (V- u,vn)|r — (Vup, ve)r
1s fulfilled. In particular,
IV xulg+ IV -l = [ Vulj

if we prescribe homogeneous normal (u-mn = 0) or homogeneous tangential (u x n = 0)

boundary conditions on I'.

Proof. [Cos91]
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In particular, a discretization using inf-sup stable conforming elements in combination
with Tgfgd < \is coercive with respect to the curl-div formulation. Due to the fact that for
deriving convergence results we always need the solution to be sufficiently smooth, this

result justifies omitting the PSPG stabilization for the magnetic pseudo-pressure.

Remark 4.2.3. If the reference solution has just regularity according to b € H(Q) \
[H'(Q)]%, the discrete solution cannot converge in the above described framework: A so-

lution by, to the discretized Maxwell equation satisfies the stability result

NIVballg = MV x bal§ + AV - b3
<AV X bl + ANV - Ball5 + $b,10a(Bn; br, br) = (fo, br)
< 1 Fsll-2Vballo-
= AVbpllo < [[ £l -1

and is hence uniformly bounded with respect to the H'(£2) semi-norm. Convergence to b
would however imply that A||Vby,||2 is unbounded in the limit. This case is not artificial:
Provided 2 is not convex, Costabel proved in [Cos91] that H§“(Q) N[H(Q)]¢ is a closed
proper subspace of H§“(Q) N HY ™ (Q).

That is the reason why we still consider PSPG stabilization and a parameter design as in

(3.30) in case of solutions with reduced regularity in the numerical examples.

4.3 Stability Estimates

After the justification of reduced set of stabilization parameters, we now proceed to sta-

bility results. The discrete error norms that we are interested in are given by:

Definition 4.3.1.
Consider sequences u = (u',..., u"Y) € AN of vector-valued and p = (p!,...,p") € BN
of scalar-valued quantities, where A and B are normed spaces and 1 < n < N. Then

discrete error norms are defined by

N N
FalBego oy = A6 S %0 ol ey = At S 671,
n=1 n=1

w100 (10,7;.4) = ax, w4, IPllieeto,7:B) = ax, 0" || 5-

Furthermore, we define similar to the semi-discrete case for the errors with respect to

stabilization and the natural semi-norm:

0" ps, = VIVO™[§ + Su,ga(v™,0™) + sy sv (U 0", v™),
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N
an||122(to,T;LPSu) = At Z ”UnH%PSu’
n=1

~ ~n
lle"1Zps, = MV x €"[[§ + sp.ga(v", 0") + 0, L0r (W5 €7, €7) + 51, 1ma(bpy; €7, €7),

N
€™ 1o i ps,) = At I Zps, s
n=1

114" [IZps, = lVU" IF + so.su(@hy; ¥, 4",

N
Hlﬁ"Hle(to,T;Lpse) = At Z ||¢"H%Psu

n=1

for all (v,c,0) € VN x CV x @V,

For quantities r that are continuous in time we identify r by its evaluation at the discrete

points in time (r(t1),...,r(ty))7.

Now, a stability result can be stated in case the magnetic coupling is treated implicitly in

the momentum equation:

Lemma 4.3.2 (Stability).

Assume an implicit treatment of the magnetic coupling in the momentum equation, i.e.
(Vxby; ) xby; = (Vxby) xby,, and fo € 12(to, T; [L2(Q))9), fi € (to, T5 [L2()]), fp €
2(to, T; L2(Q)),g € 1®(to, T; [L®°(Q)]%). Then it holds

e 1 10 2200) + [@nillE (s 7, p) + 1082 10 72200
T2 2 2
+ bnell2to, 7.5y + 1108elli50 (19 12202y + 11082ll22 (20,7 L.P3)
+ (A?IVpntllio g 722 (62)) + AO IV el 1 72200

4(At)?
3

Co(T— _ ~1
< €10 (), |13 + [[2uh, — w3 + IV PhelI5 + 10 13 (4.8)

2b1 _bO 2 4(At)2 \V/ 12 91 2 291 _90 2
1126} = B3 + =5 I9rielly + 10411 + 1263, — 60113
G (|2 (|2 At n|(2
+ 3 (4AFLIE + 4D T + g 15415))
= Flg"IE

where the Gronwall constant Cg 1is given by

At

!
5+ AALB " [Fe g ey < 1

Co~1—-K)!, K

Proof. Symmetric testing in the momentum equation (4.1) and (4.2) yields

(Bup, — dup, ' +up % apy)
At

+ I/||V1~1,Zt||% + Su,gd(aZt’ Upy) + su,SU("jZﬁ Upy, Upyy)
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= (fisup) + (p}i{l, V-agy) — (V x EZtn) X gh;fnv wuy) — B(g" 9ht , Wpy)

(Bupy, — 3upy,, VPZ;I) 3

N = o1 (Ve by ) = (Vi = i), Vi ).

For the first term, we have the splitting

2(3ay, — 4wt +up 2 al,)

= 3||ahll5 — 3llan, — uhills — 2llupe|f + 2(3ub, — dup " +uh ah, — ugy)

+ 112y — uh 5+ GwuhlIg — lah, 15 — 12 — g (13

where the term 2(3u}, — 4u}; ' + u};?

,up;) vanishes due to the fact that u}, is the
orthogonal projection of uy, in the space of discretely solenoidal functions.

For the second equation, we notice

9 ~
IV6pilIG = WH“% —aplf

(V(phs ' = Phe), Vo 1) = (IIVp 8 + IV l15 = 1VPR: 1)

T 9 n ~
= (||Vp g - HvPhtH%)+Wuuht_uht”%'

In combination, this gives by multiplying the first equation with 4A¢

(At)

5115 + 12wk, — whr G + I8euhll§ + == VoR 5 + 4Atw | Va3

+ 4Atsy ga(Upy, Upy) + 4Dy SU(Wht; Why, uht) + 4Atsy,cor(w"; Upy, upy)

(At)

< By 5 — 2wk 17 + 112k, — wig 13 + 0w, 1§ + IVPhlls + 4Atw|[ Vg, |13

+ 4At3u,gd("72tv Upy) + 4Atsy su (Why; Upy, Upyy) + 4At5u,Cor (W™ Upy, Upy)
(At)

= [l 15 + l120hy " — uhy 16 + VDR 113 (4.9)

AN ay,) — AAL(V x by)') x bht Jag,) — AAtB(g"OLT A,

For the first estimate, we additionally used ||u},[|3 = H?TV;LZW’TLMH% < |lap, I3

An analogous estimate for the magnetic field yields

n n n (At)
1Byl + 11267 — bl (13 + [|6eebi |15 + V7713 + AAEA| Vb, I3
+ 4Atsy, gd(bhn bht) + 4Atsp Lor(uhu bhtv bht) + 4Atsp Ind(bhta beEZt) (4.10)
n— n— n— At ‘
< o 3 + 2t — b 22+ A e

+ 4At(fl?a5;bt) +4AHV X (up, x bht)a bht)-
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Finally, we also test the advection-diffusion equation for the temperature symmetrically

and obtain

(307, — 46" + 6772, 0m,)

L + [ VORI + so,50 (@hes 07, O1) = (£7,65).

The first term can in an analogous manner to the discrete time derivative of the velocity

be rewritten as

2(30h, — 40, + 05, 07,)
= (67113 + 11205, — 02712 + 110005112 — 110513 — (12075 — 072 2.

Therefore, for the discrete temperature we obtain

1673115 + 1205, — 05 116 + 1060k 17 + 4Atal| VO3, 1§ + 4Atso,s0 (tg; 07y, O7)

n agn n—1)2 n—1 n—21(2 (411)
= 4At(fg', Op) — 104 116 + 11265 + 05 115-

A combination of the estimates (4.9)-(4.11) gives

(At)

IVPhlIF + 4atv|| Vg, |5
(At)

13 + 11227, — gy 15 + 10wy I3 +

- B
+ 1bpel§ + 1265, — By 115 + 19bie 15 + IV 75 + 4AEN| Vb, 1
~1
+ 165115 + 11267 — One 16+ 1160713 + 4Ata\\V9ht\\o + 4Atso,50 (Whys Oy, Ohe)
+ AAt sy ga(Upy, Upy) + 4ALsy,5U(Whes Upyg, Uhy) + 4ALSy,Cor (W5 Uy, Uy )
~n n
+ 45y ga (B, biye) + Ay Lor (UWhy3 by, bpe) + A0ty 1 (Bpys by, by)
(At)

< gy MG+ 120 — i G + IV 16 + 1105 13 + 11267 — by 2I15

U,

IV H%—\|0251||%+||292;1+9Z;2H% (4.12)
+ 4At< o gy) — ANV x by, ) < by, Tgy) — 4ALB(g" 05" Tgy)
+ANL(F bpy) + AAK(Y x (@], x byy), b)) + AAL(f7, 07

Now, we estimate the last terms on the right-hand side according to

- At
NS k) < = llaq 6 + 488 £15,

AAL(fy b)) < ?thtng +4At| £'115,

ANE(f7, 07) < AALB2|g" (|12 |10, ||0+‘452H En 1815,
grm an 2m (2 At
ANtB(gm0; ary) < AAtB?|g™ 210715 + — 1 [orAlk
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and note

(V X (@ X b)) — ((V x b)) x by )
= ((V X bZt) X bZt - (V X bh%n) X bht ,uht) =0

due to the implicit treatment of the magnetic coupling.

Using these observations, (4.12) states after summing up for all 2 <m < N

(At)

il + l12wh; — iy~ + IV DR IG + 1Bme 1§ + 112675 — i1

(At)

I7rielld + N0R 13 + 11205 — 057 15

m
> (||5ttuztu% AT B + b + AN Vi3 + 1156513

n=2
+ 4Ata||V6,’{tHg + 4Atsg,su(up; Ohes Oy) + 40y ga(hy, Uhy)
~ ~ ~ ~ ~ ~n ~n
+ AAtsy sU (U Wy, Uhy) + AAESy Cor (W™ Uy, Upy ) + AAESE ga (b, by)
~ ~n ~Nn -n TN Tn
+ 4At‘9b7LoT(uZt; by, byy) + 4At5b,fnd(bht; byt bht))

(At)
IV 0hell3 + [1Bell3 + 11263, — 5,3

< [l lIg + l12h, — w5 +

(At)
IV l§ + 10818 + 1208, — 63,15

+ Z (4At 177 a‘Zt) 4At/8(g Ztna ﬁZt) + 4At(.fl?a EZt) + 4At(fg7 Zt))
n=2

_ (At)
< lanelld + 122y — whell§ + IVphelI3 + [Brell3 + 11265 — BR113
(At)
IV 713 + 103115 + 112605 — Oell3
m
~ -n
+ (7\\%2\!3 +4AH| 2 1E + 7”bht“g + 4Dt (I3 + 44821 g™ 131107113

n=2

At
f +4At52 g e*m 2 )
+ g Mol la™1%107"15)

With application of a discrete Gronwall lemma for

At At ~n
S @71 + 516w llg + 44852 g IS 07116 + 44521 g™ 516" 15,

we arrive at the final estimate

4(At)?

~ _1 ~m 1
@6 + 12wk, — wyy 5 + IVPRIG + [1re 6 + 11267 — b~ 115

Ay

IV l§ -+ 10720 + 11205 — 6~
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m
3 (I3 + ANtV I3 + 81 13 + AN VBl + (152053

n=2
+ 400l VO, (1§ + 40t e su(Uhys Oy, Oy) + 4005y ga(Why, Uy)
+ A0y, 50 (g3 gy, fy) + A0Sy Cor (W Ul Ufy) + Aty ga(by, byy)
+ AALS) Lor (hs By i) + ALt 1 (B By b)) (4.13)
4(At)?

~1
A

< O ([} 1§ + [ 2uh, — ufllf +

opl. _ pY |12 4(At)2 vl |12 oL |12 201 _ 00 112

1126, — BRI + =5V rhalld + 1ORlI3 + 112608 — 08,13
< n |12 n||2 At n|2

+ 3 (AL + 4A T + o 1715))
Blg"[1%

where the Gronwall constant Cg is given by
-1 At 2 (|2 ;
Ce ~ (1-K) K = — + 448, 57" [ (¢, 1000y < 1

This gives the claim. O

Remark 4.3.3. In case of an electrically insulating fluid in an inertial frame of reference,

this stability estimate reduces to a variant of the result in [Dall5].

4.4 Estimates of the Discretization Errors

In this section, first error estimates for each quantity separately are derived and in the
end combined for an estimate on the total discretization error. In conjunction with the
assumptions on the interpolation errors, this leads to convergence results for all considered

quantities.

In the following approach, extensive use of previous results for individual equations or
terms is made to shorten the presentation adequately. The estimates of the coupling terms

are stressed here.

4.4.1 The Momentum Equation

For the momentum equation, the choice of an adequate interpolant is crucial. As in
[ADL15b], we consider interpolants (juu(tn), jpp(tn)) := (w},, p,) that preserve the dis-

crete divergence as solution of the grad-div stabilized Stokes problem
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Find w}, € V}, and py, € @), such that

v(Vwpy, Vop) + Su,gd(Why, V) — (Phys V - Op)
= V(vu(tn), V'Uh) + su,gd(u(tn)u 'Uh) - (p(tn)a V. 'Uh)v (414)
(V- whyqn) = (V- u(tn),qn) =0

holds for all vy, € V}, and g, € Qp,.
An extension of the result according to [JJLR13, Theorem 1] gives for the interpolation

error the bound

VIVLIIG + i gall V- malIE + llep 13

<C| inf (V700 |V (u(tn) —wa)|F + inf t) —anll? | -
(0, ) — ) it )~

Using Assumption 2.5.3 for the interpolation and the local inverse inequality (Assumption
2.5.1) results in

vt + 7o gall V- mullg + g 13 + 22 Vg lI5

(4.15)
< O+ 7 g) W () [Fmuss + C(1 4a) " B2 p(6) [ Tk 1
and application of the Aubin-Nitsche trick for k, > 1 finally yields
2 2 2 2
Imullo < Ch*(Wlimilly + 7 gall V - 7 6) (4.16)

< O((v + 7 g) 2 P2 u(tn) | Fipasr + (7o) T R () [ 0)-

Discretization Error

With these preparations, the results in [ADL15b] state for the Navier-Stokes case:

Lemma 4.4.1.
For all 1 < m < N the discretization error for the uncoupled problem can be estimated

according to
=m||2 m m—1/2 4 2 mi2
213 + ll2e — eI + 5 (A0 Ve

m
+> (MWHVEZ‘II% +AAtT IV - € + el 3

n=2

+3At Z TqZSU,MH’iﬂ(("N‘TJQ‘V)EZ)H%,M
MeM;,

_ 4
< lleullg + l12e, — ealls + 5 (A1) Vey I3
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4(At)3

Vel + =5 (1+ 557 ) IV @ — 2Rl

+> {K’}IIEZH% -
n=2
+ C(At)?|Demit |5 + C(AD? || Dyu(ts) — dyu(ty)||3

+ Ch™2 At + 3CAth2 2|02 ||2 ps,

At
O i (rlop a5 ) 3 + vty (V) )}

where z € {0,1} and with

2z

| (tn) e () + B2 [w(tn) [0 @t \U(tn)@vlm(g)

u

— 1
R <4 4O

ugd
!
< 1.

The temperature coupling in the momentum equation can be estimated as

2z—2

+ la(ta) 3 + 22w 12

u,gd

(0(tn) — 0y €5) = (0(tn) — O(tn)", €5) + (0(tn)* — 0, €7)
< Cllub(tn)lg + lI€nl§ + Clleg™ 13-

This gives essentially no restriction on the time step size.

We treat the coupling term due to the induction equation according to

((V % b(tn)) X blta) — (V x by/") x by, &r)
= ((V x b(tn)) x blt) — (V x b(t,)*) x b(t,)*, &)
I
+ (V% b(ta)*) X b(ta)* — (V x byy') x by, ,&n)
II

and bound the two terms using Young’s inequality:

I =((V xdub(ty)) x b(tn),e;) + (V x b(ty)*) x dub(tn), €r)
<V % 8ub(tn) o l16(tn) oo ll€gllo + 1V 3 b(En) " [lool161b(En) [l0]l€3; 10
< IV % Seeb(ta) [511B(t) 15 + IV % b(ta) |13 l10eb(tn) [ + ClI€ 1[5

IT = ((V % (b(ta)* = by, ) x by €1) + ((V x b(tn)*) x (b(tn)* — by ), &)
= ((Vx &™) x by, ,en) + ((V x b(ty)") x (&™), &)
t

+ (VX m;™) X by @) + ((V x b(ta)") % (1;™), 1)

r U

99
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< IV x & " llol1Bn: ool €2llo + IV x B(tn)* ool llolIE2 o

+ IV < 3™ lollbr lloclIE2llo + 1V % B(ta)*lloc o™ loll 1€ 1o
lell3

II€ZII3 IV 5 b(ta) 2l ™ 15 + Cllen

< *H”‘”Hpoht I3 + *HEZH% + IV x b(tn)* 3185113

+ IV < " 3165 112

In the last estimate, the local inverse inequality (Assumption 2.5.1) is used. This gives
a time step size restriction according to At < min{h, A\}. If we used b}, instead of the
approximation bht , term I would vanish and the extrapolations in I would be replaced
by the values at time t,. Hence, we would not have to use the inverse inequality and could

remove the restriction At < h.

Incorporating the above results for the coupling terms and the Coriolis force and Coriolis

stabilization from [AL15], we achieve:

Lemma 4.4.2 (Discretization Error for the Momentum Equation).

For all 1 <m < N the discretization error for the coupled problem can be bounded as

4 m
S(A02vep3

m
+ > (28] VeL(F + 4t gl|V - €35 + el
n=2

15115 + l12el — el =I5 +

+3At ) (TZSU,M”/#M((WX/I‘V) )HOM>+7'ucorH’€M(w xe )HOM)
MeMy,

_ 4
< lleulls + l12es — eulls + 5 (A% Veyllg

+Z&W@%+()

n=2

PO () N O W PR
Vel + 252 (1+ 557 ) IV - #7013

+ C(A?|IDeny[I§ + C(AL? || Dyultn) — dpu(ta)
+ Ch™ 2 At|ln|[§ + 3CAth* | [lny|[Lps,

+ O o (sl P WAL + vty (Faa(in)) )

+ CALT] gop | P([mil1? + 1165 (w(tn))13)
+ CAL)6:0(tn) |G + CAep™ |15
+ AtV x S (tn) [510(ta) |12 + ALV X b(tn)*[|216::b(t0) (|5

+C*H~*" B3 112 + ALV x bltn)* |12 18" 15

* 7kn *,
+mva%ﬂwmw&+vaXMMWémw%}
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where z € {0,1} and with

1 11 2
KZ} = (4 + CAt|1 + E + X + ’U(tn)‘wl,oo(g) + h22|u(tn)]124/1,00(9) + T,Z}gd \u(tn)\%vlm(m
2z—2 |
o lluta) 3% + 22 ah 13 + \w"IZD <L
u,gd

4.4.2 The Fourier Equation

For the temperature, we choose the interpolation jpd(t,) := é;’}t as solution of the Poisson

problem
a(VO, Vi) = a(VO(t,), Vibn) Vi € Op.

Using standard results (and the Aubin-Nitsche trick), this gives us the estimate
1 .
13+l < Ca g 16(t) = vl

In combination with Assumption 2.5.5, the interpolation error can be bounded by

1 k
ﬁ\lnﬁll% +alngllt < Cah®|0(tn)l| o1 o-

Discretization Error

For the convective terms, we can modify the estimate from [DA15] analogously to the
treatment in [ADL15b] and achieve:

Lemma 4.4.3.

Let € > 0 and (u,0) € V¥ x O, (u},0,) € VI x O, be solutions of (2.9), (2.11)
and (4.1), (4.4) satisfying u(t,) € [WH®(Q)]4, 0(t,) € WHe(Q) and u}, € [L>=(Q)])%.
If Assumptions 2.5.1, 2.5.3 and 2.5.5 hold, the difference of the convective terms in the

Fourier equation can be estimated as

Cg(u(tn), e(tn)y 63) - c@(a’Zt; 9ht7 eg)

1 s O,
< 2160t w1 o 31 + =0 o (83

n 1 zZ— ~ z
+ lleg s (2‘9(tn)’W1700(Q) +eh 2| ag,|%, + eh? ’9(tn)|%/vl,oc(g)

C b C b2
- 0 tn 2 (o) - 0 tn 2
+ 8ngd\ (tn) [yreo () + ST 10(t)I5
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C,_ -
+ —h7 = g5 + 3ellimill|Zps, + 3ellledll2ps,

with C > 0 independent of the problem parameters, h, the solutions and z € {0,1}.
With this we can state the discretization error result for this quantity:

Lemma 4.4.4 (Discretization Error for the Fourier Equation).
For all 1 < m < N the discretization error stemming from the temperature equation can
be bounded by

m
leg 5 + N2 — 513 + D= (11duehlly + 4Atal| Vepllf + so(@hy, e, @h, e5))

n=2

< lleglIf + 112e5 — €5l

+> {K3||€3!\3 + (A2 D [I§ + C (A2 Deb(tn) — 0:0(tn) 13

n=2
+ CAUO(t) lwroe oy €015 + CAtAT>||1g () |13
+ CAth™2||n™||2 + 3€Ath2*2z||]nﬁl||%pgu + 3£Ath2*22\|]éﬁ|\|%PSu

+ At Mfg%h{Téfsa,MIﬂMIQ}(II%?w(V@(tn))H% + [V 13)}

where Kp is defined according to

n 1 1 z—21~ z
Kg = <4 +At<2|9(tn)|wlﬂw(ﬂ) +eh® 2 |agy I3, + el |0(tn) [fr.00 0

C h2z C h22—2 |
+ 2o 10t ey + = IOt | | <L
u,gd Tu,gd

Proof. Similar to the previous approaches, the error equation for the temperature reads

leg 5 + l12¢f — e 115 + [15eeeh 1§ + 4Ate||Veg || + 4Atsq (g, ef, @y, ef)

S lleg ™I+ 112571 — e 7215 + (A2 D |15 + C(AD? [ Dib(tn) — 0 (tn) 3
+ 4Atco(u(tn); 0(tn), ep) — 4Atco(Why; One, €f)
+ Atsg(Wpyy, e, Upy, €g) + Alsg(Upy, Opy, Upy, )

S lleg G + N2 — eg 211 + (At Deng 1§ + C(A)? (| Def(tn) — 30 (tn)ll5

At e C
+ 7\9(tn)|w1,w(m\leullﬁ +—Ath 2 |ne (ta)

n 1 z— ~ zZ
+ Atllegllg | 510(tn) oo @) +eh® 72 aRll5 + eh®|0(tn) i1 (0
2
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C h2z Ch2272
— 0(tn) 7100 - 0(t,)]?
+ 2 O ey + 2 0 >||oo>

c.. . _ DY
+ —AthTE 5 + 3eAt|nil 2 ps, + 3eAth* *||eGl L ps,

+ Ath(ﬁZt, jQG(tn)a ﬁZn 63)

Note that the interpolation error term a| Vn2||3 does not appear due to the special choice
of the interpolant.
Due to

50 (Whts Jo0(tn), Wh, €§) = So(Why, 0(Ln), Whes €g) — s0(Upy, g, Wiy, €4)

1
~ 0 ~ ~
S s {79500 R P (185 (VOIS + IV 16) + 3 so(@he, €5, why )

we arrive at

I3 + 126" — e 13+ 3 (I61uch I + A0t VepIE + AAtso @, e, @y )
n=2
S lleglly + l12e3 — €Bll3
£ 5 (KR IeBIB + (AP I3 + C(A I Dib(ta) — D0t
n=2
+ CALO(En) w10 [€21E + CAL™ |Img () 3
+ CAth™ 3|3 + 3eAth? ||| ps, + 3=Ath* ||l |13 ps,

A n ~n |2 6 2 n2
A e {7 sl (ks (03 + 19051}

where K} is defined according to

Kj = +At<2|9(tn)\wl,w(g) +eh® 72| ah I3 + eh®0(t)[f1 . 0
C h2z Ch2z72 |
+ = 0 ey + — ||9(tn)\§o> > 1.
€ u,gd v @ € 7—u,gd

4.4.3 The Induction Equation

For the magnetic field, we assume again a divergence-preserving interpolant 7, that satisfies
the Assumption 2.5.4 and sufficient regularity b € H'(Q) for the magnetic field. For the

magnetic pseudo-pressure j, = 0 is used.



64 4 Error Estimates for the Fully Discretized Equations

Remark 4.4.5. In principle, the interpolant could also be chosen as solution to a Maxwell
problem similar to the approach for the momentum equation. However, it turns out that
the term A||V x 1" [|2]|b;"[|% in the estimate of the magnetic coupling term in the mo-
mentum equation prevents obtaining improved results for the discretization error with

respect to spatial discretization. Therefore, we stick to the above simpler choice.

Discretization Error

We first estimate the coupling term by

(V x (u(tyn) X b(ta)) — V x (@}, x by,), &p)

= (u(tn) x b(tn) — Uy X by, V x &)

= ((u(tn) — Upy) X b(tn),V x &) + (U x (b(tn) — byy), V x &)
C
X

(4.17)

A - C - -
(e I3 + D)) 5 + LIV xe I + XHuhtHgo(”nZH(Q) +lep13)-
As we see later, this again gives a time step size restriction as At < A.
For the LPS induction stabilization we achieve

Sb,lnd(gzt;jbb(tn)aé?) = Sb,lnd(gzt;b(tn);éb) Sblnd(bht7ng7 e)

(4.18)

1 -n ~ -n b
< 2 So1nd(bpys €f, ef) + Mﬂé%h{féfznd,zwIbMIQ}(II%M(V < b(ta)§ + IV > 03 5).

With respect to the Lorentz stabilization, we first note
Vx(axb)=a(V-b)—(a-V)b—b(V-a)+ (b-V)a.
and for constant a
Vx(axb)=a(V-b)—(a-V)b.
Hence, we get

Sb,Lor (ﬁZt; jbb(tn)a é?) = Sb,Lor (aZt; b(tn)a é?) — Sb,Lor (’aZt; 77?: E?)
(4.19)

1
< govLor(Uhsi €5, €5) + max {7y 10, 5[t R Y URh (VB(E))IE + V73 115)-

Now, we are in position to bound the discretization error:
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Lemma 4.4.6 (Discretization Error for the Induction Equation).

For all 1 < m < N the discretization error due to the induction equation can be bounded

by
Sm||2 m m—1/2 4 2 mi2
3513 + llzef — eI + 5 (A0 Ve

m
+ (QAtAIIV x epll3 + 40TV - €515 + l10ued
n=2

+38t 3 (g l5he (Y x 5) x B3 ar
MeMy,

b ~ ~
78 Lorar 55 (V % (@ x €))II3 ar))

~ 4
< &3 + II2e5 — bl + g(At)QHVdH%
O n|=ni 2 n|2 n n|2 4(At)5 n2
+ > S EPlep) + CANY x ny|[§ + CAtr 4]V -mp 1§ + 5 IIVerllo
n=2

+ C(AL? | Denp|[§ + C(A)?[| Deb(tn) — eb(ta)ll5
At At ., n

+ O IR b2 + O 5 [t 13

+ At max {7 tnanr 102 P I3 (VX b)) G + IV x 03 1)
eMy,

+AE max {170, 0|8l 2} (|65, (V) IF + HVHZH%)}
eMy,

where K}' is defined by

1
K} = ( + At

C C -, !
1A b + uhtuioD <L

Proof. The error equation reads

<3'é};‘ —de} ! ey ?

AL ,ch> + AV xey,Vxen)+1qaV-€,V-cp)

+ 5p.1nd(Bpy; EF, €1) + Sp.Lor (W4 EF, €1)
= —(Dimy', en) + (Dib(tn), en) — (Dub(tn), €n) + co(Wpy, byy €n) — co(w(tn), bltn), €n)
I II 117
+ Sb,Ind(EZtQ ey, cn) + Sb,Ind(EZt§ 521&» cn) +r(tn) — nglv Ve
v |4
+ b, Lor (W3 €1, 1) + S, Lor (Whys gy ) + — MV X 03, V % en) — 05q(V -1, V - €p)

VI VII VIII
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66
due to the fact that the pair (b(t,),r(t,)) fulfills the (continuous) induction equation
Testing this equation with ¢, = €} gives

N N 1
i.€er) < CllerlollDemillo < o= 1€rll§ + CAt|Dini |3,
324t (4.20)

I=- (Dt'r]b,eb

) 1
IT = (Dyb(ty) — Oib(t ),eb)gCAtHDtb(tn)*8tb(tn)||3+@llebllo~

Noticing that the error equation for the projection step reads

3e) — 3ey e n
—(thb Vsp) = (v(rht t— Tht)> Vsn),
3V .-¢e} n n
_( 2Atb 7Sh) = (v(rht ! Tht)a VSh),

n—1 n—1
— Ty = Ty 88

we may write V' by choosing s, = r(t,)
n— ~n 2At n n n—

=V = (ry 17v -ep) = _T(V(Tht ! —The)s VT 1)

At

_ =" n 2 _
3<wmm

— Ve 16 = 1verlig) — agler —eb 13-

IV I = I8 5)

For I11,1V and VI the above derived bounds (4.17), (4.19) and (4.18) are used

(He”||o+||77u||o)||b( tn)llZ + AV x &5 + || I3 (b 115 + 1€3118),

11T <
15 nd(bys €5 €5) + max {7, nd, alBa P3RS (V X B(E))IIE + 1V < mp 7).

1
IV <
1 e ey~ ~
VI < shror(Uhs; €, €p) + max {78 or [ @31 P (165 (VOED)G + 1V0115)
eEMy,

Finally, we have for the remaining two terms

1
SVIT= XV x 0,V x &) < ONV x n [+ ZAIV x &3

—VIII = Tl;lgd(v : 1’7;717 V- Eb) < CTI:?gdHV : Ir]lT)LH(z) + ZTl;rfgdHV eb”O
For the discrete time derivative, we use the splitting

2(3ep — de) t + e 2 Ep)
=3l lls — 3llep — ep I3 — 2llef 5 + 2(3ef — 4ep ™" + ey 7% e — ef)
=0
les M5 — ll2e; ™" — ey 213
lep I — l12e ™" — ey 2113

“HIE + Nldeeb 15 —

—epllg + lI2ey —ep

+ [12ep — ey
G+ owerlls —

> |lep 5 - 3llep
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where the term 2(3ej — 46?_1 + 62_2, e;) vanishes due to the projection equation and the
fact that e}l is discretely divergence-free. In the last estimate |e}||2 = ||7chiv erli3 < ey
is used.

Now, we can summarize the above estimates to obtain

_ _ 4
125115 + 112ef" — e~ I3 + 5 (A0 [V 3
m
+ 3 (2A00V x &3 + 48tV - €13 + 1 uep I3
n=2

- ~n
388 Y (Hranllshe (V< @) x Ba)E e
MeMy

78 o |55 (V % (@ < €))13.01) )
< 8} + l12e} — QI + 5 (At Vel 3
n
+ 32 {KGIRLIE + CANIY < nfE + Oy I -mif + C(a0? D
£ (A Dibi(t) — Dib(t)3
+ O MR + 05 g 2 g 13
+ A e {7 B PHsk (7 % b)) + 1V 1 )
A e (17 @3N (VECDIE + 95 15)
where K} is defined by

1

C C -, !
Sl II% + AHuhtu%:oD <1

O]

Remark 4.4.7. In summary, we see that the discretization error equations are strongly cou-
pled. From the momentum equation (without coupling), convergence in time is restricted
to first order due to the estimate for the kinematic pressure gradient. This means that
we can not expect more than that for the coupled equations although all the other error
equations provide estimates of second order in time.

In space, the estimates of the Lorentz coupling in the momentum equation prevents achiev-
ing superconvergence for the discretization error. In consequence, quasi-optimal error es-
timates with respect to spatial discretization can just be expected for the H' and LPS
errors, but not for the L? errors.

However, for an electrically non-conducting fluid, i.e. the Oberbeck-Boussinesq case, the

error estimates give quasi-optimal and semi-robust results without mesh size restriction.
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4.4.4 Summary

After deriving all the individual discretization error equations, they are now combined
to get a bound depending only on the time step size, the interpolation errors and the

continuous solutions.

Lemma 4.4.8.

The total discretization error can be bounded according to
Eht(éua Eba epa €r, 89) g RHS
where Epi(€y, €p, €p, er,€9) and RHS are defined below.

Proof. We first collect all the terms on the left-hand side of the equations:

o _ _ 4
Ent(&u, &, ep, er, €9) =[€] | + 125 — el M IF + 2 (A VeI + lleg 15

3
_ ~ _ 4
+[12e5" = e5 715 + €516 + l12e5" — el + 5

m
+> {MtV\IVéZH% + 4Dt IV - Ell5 + 0wenF + l1deeq I3

n=2

(At [[Ver|

+4Ata||Vey |3 + 2At\||V x €713
+AALT] IV - €15 + [|0wed |13

380 3 (nlsuallsie (@ - VIEDIE
MeMy,

+ o corl K3 (W X €13 1
+ g su i (@ - V)eg)13
b ~ Tn
+ Torrnd,m 150 (VX &) x bM)Hg,M
b ~ ~
78 ol he (V X (@37 < @3 ar) } -
The combined right-hand side reads:
—~— . 4
RHS =|&,|5 + [12e, — eqll§ + g(At)ZHV%H% +legllg + 112¢5 — egll3
~ 4
+ €15 + l12e5 — egllg + g(At)2||V€1H§
m
+ {KZHEZH(% + Kpllep 3 + K3 lleg |13
n=2

4(At)3
T3

4(At)3
3

IVeplld + CALO(tn) w0y €411 + Vel
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At ~%,n « -
+ C & I6l1bn 115 + CAtlleg™ I + AtV x b(tn)" |5 [ 1I5

+ 3eAth> | |€2||3 ps,

4(At)? 1 el n
3 (1 5 ) IV @' = BRI + C(AD | Derg 3

+ C(A)? | Dyw(tn) — Beultn)[I§ + Ch™2* Aty |13
+3CAth* ™| ||[Lps,

t -
+C— Mné%(h{TS,SU,M‘uM’2}(1/”"73‘& +v]ah (Vu(tn))II5)

+ CAtT coplw™ P (I 1 + [l (u(ta))15)

+ CA|0u0(tn) 13

+ ALV x bt [116(tn) I3 + ALV x () |13 [16b(tn) 15
+ ANV < 1318 12 + ALY < () 12 m;™ 13

+ (A?(IDeng [I§ + C (A2 Deb(tn) — 0:0(tn) 13

+ CAth™ g (tn)II5

+ CAth™ |lm|[5 + 3e Ath* [ IIZ ps,

+ At Mné%h{TéfsaM!ﬁMl2}(llﬂﬁ4(V9(tn))H% + [ Vngllo)

+ CANV x np [§ + CAtr IV - mp [[§ + C (A Dy I3
+ C(At)?[|Deb(tn) — 0ub(tn) I3

N At .

+ ORI G)IZ + O 5 ik g 13

+ At max {75t OM P[RR, (V X BE G + [V % 15 [5)
eEMy,

+ Mr%%(h{Tb,LonM’uM’ FIRa (Vb)) + anbH0>}

Provided At is sufficiently small, the underlined block can be hidden in the left-hand side.

For the first block (marked by _), a discrete Gronwall lemma is used. This gives

Eni(€u, €, ep, e, €9)

~ 4
S RHS = Ce{ |88 + l12¢l — by + 5 (A0 [Vepl3 + llepllf + l12¢h — Bl
~ 4
+ 112313 + l12e} — B3 + 5 (A0 Ver 3
o~ rA(AL)? 1 ‘-1 on \|(2 2 2
3 AT T (1 g5 ) IV @R = BRI + C(A) [ D8

+ C(AL?|| Dew(tn) — Beultn)[I§ + Ch™2* Aty 13
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T 3CAH |13 ps,

ro! e (sl @5 20+ vl (Tu(t)]3)

+ CA ol P + I (b)) 2)

+ CAL|8u0(t) 2

AV x 8b(t) BBt + ALY x b(t)* |2 [6b(ta) 2
T+ AN %y R11Bn 2 + ALY x b(t) |2 " 2
+ (A2(DmgI + C(AL2Db(t) — Bi6 (1)1

+ Ot ot 3

+ O |3+ B Atk 3 s,

+ A mmax {50 @3 HOIS (V) 3 + 190518)

+ ANV x i3 + CAtrf IV - m |3 + C(AD| D2
+ C(AL2Db(ta) — it

At At .

+ O IR G)I2 + O 5 ik 2 g 13

+ At max {75 OM P3R5, (V X b(E)IF + [V x 05 [5)
eEMy,

n ~n |2 b 2 n||2
+ A ma {7 8585 (VBN + 995 13)} }

where the Gronwall term Cyg is given according to
T
Cag ~ —
oo (105 )
!
K ~ max {Kj + Ky + Ky + At|0(ts) [} < 1.
2<n<m

4.5 Convergence Results

With this combined estimate at hand we can proceed to a convergence result by using

Assumptions 2.5.3, 2.5.4, 2.5.5 for the interpolation errors in the right-hand side.

Theorem 4.5.1.

Assume that the continuous solutions satisfy the reqularity assumptions

u € WH(to, T H* Q) n W (to, T; L*(2)),
p € Wh(to, Ty H*1(Q)),
b e W>(to, T; H' () N W (to, T; H® Q) N L®(to, T; WH()),
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0 € W2 (tg, T; L*(Q)) N Wh(to, T; H**1(Q)),

that the discrete solutions fulfill the additional bound Upt, byt € L>(tog, T; L*°(R2)) and that

the initial errors are sufficiently small.

1. The total error with respect to the LPS-norms can be bounded by

1€l (1o 7222y F 1€b 1170 (10 722 (02)) + €8I 1 72222y

“ 12 “ N2 N2
+ 1€ullise o, P50y T 1€0ll15 10,7, P5,) + [1€6li50 (10,11 P5,)
< At?  pZRe g p2Ret2 g op2Ro 4 2k

provided
~7 ku* u
Mné%{h{T&SU,M‘U%P} N2 Tugd ~ 1,
o 1
ol ST Ra S
n S 127 < 1 2kg—2sg <
Mné%(h{To,SU,M\UM\ FSh 5 Togd S 1, (4.21)
. . VA
MI%%{h{Tgflnd,M’bM‘z} < B, Reynr S 0
~n |2 2%y, —2
s {7 W7} S 202
and At < min{h, \} where
h||b(t h||w
Rep pr = H(;)”OO, Rey = ||u£t||oo

are the local magnetic and fluid Reynolds number.

2. Neglecting the magnetic field, we can get an improved bound for the L*-errors

1€l (19 o2 () + €010 (10, 7120y S (A1) 4 PFut? 4 p2hotd 4 p2ko+2

provided

Tuga 1 s (g3} S bR
' (4.22)

Tucorl"[* S BT e (il sul Y S BT

and At < h2.
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Proof. For the total error with respect to the first result, we consider the splitting

72 72 712
1€l to,ms22(00)) + W€l (1,722 (02)) + €015 (20,1 2202
72 72 712
+ 1€ullize to, P50 T 1€0llise 10,7 P5,) + €610 (10,7 2.P5))
2 2 2
S RHS + [nyllise 0,702 (0)) + 1M6lli50 (1, 7:22(02)) + M0li50 (10,712 (2)
2 2 2
+ 1Moo o, 7:.P50) T IM6llie (10, 7:2.25,) + 1M6ll75 (10,7, 59)
and the assumptions on the interpolations immediately give the expected rate of conver-

gence for the interpolation errors apart from the nonlinear stabilizations. For those we

estimate

TiZL,SUMH"@}\Ld(( V)n ||OM< SUM|uM| ||V77u||0M7

n
u
Tu C’orH’%M(w X 772
n
0

)

M.ar < 7 corlw” Pllmulle ar
To.sum [ Ear((Uhr - V)1 )||0M < Tp SUM|uM| ||V779H0 M>

)

)

~n
Tb Ind, MH’?M((V X 1) X by ||0M < Tb Ind, M‘bM| IV x ny Ho M>

n

Tb,Lor,MHHM(V X (upr X my) HOM Tb,Lor,M|UM|HV77b HO,M

and notice that these terms already appear in RHS.

For the second result, we observe
F o2 12 2 2
1€ulliso (to, 7 02(0)) + €0l (10, 7:12(00)) S BHS + (1Ml (1, 7,220 T 1M6lli5 20,712 (02))
and again the interpolation results give the expected rate of convergence.
All that is left is an estimate of RHS.

We first bound the terms that give us the temporal order of convergence:

4(At)? 5 5 )
3 (1 2At>||V5t helld < CAL (ullfyr. (to,T; Hru+1(5) +||P||W1,oo(to’T;Hka(Q))),

(
(At)?|| Dyu(tn) — Bru(tn) |5 < CIA) w2 iy 02 ()
(AD?|Dib(tn) — 0ib(ta)ll5 < CAD BTy 20 (0 7:22(0))
(ALY Def(tn) — 0:0(tn) Iy < C(At)4||9\|w2oo (to, T:L2(Q))>
ALV x Sub(tn) [310(t0) 120 < CAD[1B]Iy2.00 0 7,11 (0 10 136
ALV % b(tn)* |12 [10:b(t )||o < C(At)3||bHW2 (o 22V X B(tn)* |15
At|010 ()15 < CIA? 1011200 0 2200
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Next, we consider the approximation with respect to the velocity and the kinematic pres-

sure:

(AL)*|[Deniy 5
h2kp+4

< C(At)2((lj + Tagd)thu+2||uHI2/Vl’OO(tO’T;Hku+1(Q)) +— o ||p”Wl,oo(tO’T;Hkp-‘rl(Q)))7
u,gd

R A2 + Ath> 2| 02|12 ps,
}2kp+d—2z

< CAt((V + T’z?,gd)thu+2722HuH%w(to,T;Hkqul(Q)) + Hp( )|’im(t07T;H’“p+1(Q)))7

ugd

Wl It + vilsi (Va(tn)I5)
R 2kp+2

<C(lv+1} gd)hzk"llUHLoo tOTHku'H(Q))+Tinp(tn)”ﬂ’o(toTHk"+1(Q))
u,gd

25u ||, |12
+vh™ ”uHLOO(tO,T;HSu“(Q)))7

Aty coplw™ Pl 1 + 153 (u(tn))1I6)

< CAtTg,Cor’w ‘ ((V + ngd)thquQHuH%w(tmT;Hkqul(Q))

2kp+4
+

Pt oo g w1 ) + 20 2l e g s 2)):
,gd

At
- Imalgllb(Ea) Il

At 2
< CT”b(tn)Hgo((l/ + 7o g PR | e ) bt )
h2k;;+4*275

+ =P | e iy 0+ (1))
7—u,gd

For the magnetic field, we notice
(A D5 < CAL R 2]b]F 1 1y 1 prv 1 ()
MV < I + 7gall V- 15115 < COA o g) 2 BN e 4 00410
ANV < ;" 1311Bpe 136 < C 1By (B A 1017 s, i1
ALV x b(tn) 3 m ™ 15 < CALIV % b(ta) 3h 2Bl o 4 i1 (0
7||uhtH2 5113 < CAA @ 2R 21007 s 1) epriotr )

1555 (% % bt + IV % 0313 < COP I ooy + B2 1B g 010
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2 2k 2 2 2
IWh (T(EDE + VT < COP B gy + B2 I s )
Finally, we consider the approximation results for the temperature

(At)QHDtTIgH(% g C(At)Qah2k9+2H0||12/V1,oo(t07T;Hk9+1(Q))7

Ah g (1) 3 < CALR 201 s

(IR (VOEIF + IV 1) < CONONT g 001 ) + 7 160F g 00

Collecting all these estimates and ignoring the initial errors, the bound for the discretiza-

tion errors can be summarized as
AtEht(Eu7 gba €p, €, 69)
3 2 2 2
S ngagxm At (HuHWl’oo(t()’T;Hkqul(Q)) + HPHV[/l,oo(tO,T;HkuH(Q)) + ”UHWZOO(tO,T;L?(Q))

+ ||b\|%V2,oo(t0,T;L2(Q)) + ”9||I2/V2a00(t0,T;L2(Q)) + Hb||12/1/2v°°(t0,T;H1(Q))Hb(tn)Hgo

+ 1Bl .72 IV X B(tn) (56 + 1015200 10 7:22(52)))
h2kp+4

ky, 2
+ (At)z((l/ + Tagd)hQ +2”uH%/VI,oc(tO’T;Hku+1(Q)) + o Hp|’W1,oo(t07T;H/€p+1(Q)))
u,gd
ky+2—
+ AUV + 7 ) P22 | e g it )
p2kp+4—22 )
)2 ot 1)
7—u,gd
1A (o suarl @ P + 7ol g )W [l F e g g1
v Mekt, U wSU, U,g Loe(to, T HRFut1(0))
B 2kp+2 )
- = 1) 200 (1 ;1 ()
?g

1 yp2su Hu||%oo(t07T;Hsu+1(Q)))

ku 2
L L (e s 1 A
h2kpt+4

+— Hp(tn)H%m(tmT;Hku-’rl(Q))
Tu,gd

+ yh25"+2Hu||%°°(t07T§HS“+1(Q)))

At oy
+ THb(t”)HgO((V + T ga) 2ZHU||%°°(to,T;Hku+1(Q))
h2kpt4—22
+ T||p(tn)||2°°(t0,T;HkP+1(Q)))
u,gd

R [ N s ][

to, T3 H 0+ () to, T3 H 0+ ()
~n 2732k 2 2 2
+ At Mné%(h{Tél,SU,M’uM| Hh 9\Ié’le,oo(to,T;erH(Q)) +h SeHe”leoo(to,T;Hsf?'H(Q)))

+ (AR 2B o i1 )+ AUV X D) ISR T2 N8I e 741 )
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+ At]lby 12 [B]13
=4
A

"2 2k 2 2 2
A s {7310 00 B3 228 s gy + B2 100 e 001 )

+ At(A + Tb,gd)th”HbHioo(

to,T;HR b H1(Q) to, T;H*T1(Q))

~ k
+ S a2 h 2 bl

to,T;HFb ()

~ 2 2k, 2 2 2
A ma {73 [T PO g i )+ 1210w g 10001 )

For the estimates with respect to the LPS-errors, we take z = 1 in the above estimate.
Bounding the coefficients in front of the powers of h and At then gives the parameter
bounds (4.21). For the second estimate we proceed similarly and use z = 0. Since we are
ignoring the errors stemming from the induction equation and the related couplings, we
achieve the claimed convergence results. The parameter bounds (4.22) are then again a
consequence of constant coefficients in front of powers of h and At.

The restrictions on the time step size are due to the requirement K < 1 in the Gronwall
term. Note that for the second estimate the terms % and % can be neglected since they

come from the induction equations or the Lorentz force term. O

Remark 4.5.2. By choosing different interpolation operators, the restriction with respect
to v for the SU-LPS parameter for the velocity in (4.21) can be lifted. On the other hand,
this does not allow to get quasi-optimal L? error estimates and hence the restriction in

(4.22) remains.

Remark 4.5.3. The above convergence results for the LPS errors are quasi-optimal and
semi-robust with respect to temporal and spatial discretization. If we neglect the magnetic
field, there are no mesh size restrictions.

For the L? estimates the estimates are at least semi-robust and quasi-optimal with respect
to spatial discretization. We expect that the L? errors convergence of second order in time
in fact but a proof is out of the scope of this thesis. In [ADL15b], we could achieve this
for the Navier-Stokes problem by considering an incremental error equation.

If we consider the induction equation alone, the above estimates give second-order conver-

gence with respect to time discretization for both the L? and the LPS error.

Remark 4.5.4. For a tensor product polynomial f(x) = Y. cox® of degree k on a cell
oo <k

M = [0, h]¢ the estimate

@)% 241\
17 @) 20 S( h )

can be shown. Hence, we obtain

- - 2k +1\¢ ~ _
h** 72 |2, = max R 72 \ag |20 4 < W2 (;) max @ l1§ 0 S B2 7272 g, |13
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and can avoid the requirement ay, € L™ (to,T; L°>°(£2)). With respect to the Gronwall

constant this leads to the restriction At < h2d+2-22

After obtaining convergence results for velocity, temperature and the magnetic field, we can
now proceed to estimates for the kinematic pressure and the magnetic pseudo-pressure in
the L?-norm. These rely here heavily on the inf-sup stability of the chosen ansatz spaces for

velocity and kinematic pressure and the magnetic field and the pseudo kinematic pressure.

Theorem 4.5.5.

The total error for the kinematic pressure and the magnetic pseudo-pressure can be bounded

by

. 10l 0,720 20 "
165 o ey < O+ CUEleg sy + O o rizece

+ OV X 1[0 220y + ClE s (1o 7120y + C(AL)Y,

o -
1€ 1||l22(t0,T;L2(Q)) <C (A(Z)g’ + C|& Hl22(t0,T;LPSb)

+ ClE o 10,7512 () + C(AD)*
if the assumptions in Theorem 4.5.1 for the LPS errors are fulfilled.

Proof. The inf-sup stability for the discrete velocity /kinematic pressure pair allows us to
find wy, € V}, such that

IVwyllo < 1€0 0/ Br: —(V - wn, &) = €115 (4.23)

We test the advection-diffusion error equation with wy:

(322 —4gn 7t gn?

AL ,’I.Uh) +V(v€uvvwh)+legd(v'£uav'wh)

= —cu(u(tn), u(tn), wn) + cu(Upy; Uy, Wi) + Su,sU(Upy; Upy, Wh) (4.24)
+ su,cor (W ATy, wp) + (Deu(ty,) — Ovulty), wr) — (V(p(ts) — pist), wh)
— (Bg"E, wi) — ((V X blty)) X blta),wp) + (VX byy ) X by, wp).

Noticing || f||=1 < || f]lo, we obtain

IVwnllollg; " llo
1o _
< gl HE = (Ve wn)

3€, —4€n7! 4 gn?
2At

IVewnllo + V[V, ol Vewnllo + 72 4all V - Eullo |V - wrllo

-1
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+ cu(u(tn), u(tn), wn) — cu(Upy, Uy, wh) + Su,SU(ﬁZt? Uy, W)
+ $u,Cor (W™ Uy, wh) + || Dyw(tn) — Bu(tn)|| 1| Vawn o

+ Ip(tn) = p(ta—1) [0V - whllo + 89" €5 | -1l Vv lo

— (V% b(tn)) % (b(tn), wh)) + ((V x byy) x (by; ,wy,)).

We calculate for the convective terms

\cu(u(tn), u(tn), wh) - Cu(ﬁZta ﬁql;Lt7 wh)|
= cu(&,ultn), wp) — ey, En, wp)
= cu(&) u(tn), wn) — cu(u(tn), Euywp) — cul&rs &y w),)

=n ~n
< Clléullollutta)ll2llwnlls + Cll€, 1F1wnlx

and for the stabilization terms

—n o~ - ~n
Su,SU(uZt; 'U'Zu ’LUh) = Su,SU(uZt; u(tn) - £u7 ’LUh)

<C Y mrsumlaiPllsi (Vata)) ol llwnllia
MeMy,

+C0 S sl (@ V)E,)
MeM,,

oyl lwn v
< C (e (oo @y (Futn)) o)

~ ~ ~n
+ > mesuulaillsi (@ - V)€ o | [[Vwnllo
MeMy

- ~n
Su,Cor (wn; uZta ’th) = Su,Cor (wn; u(tn) - £u7 wh)

<C Y oW PlIES (wta))lloalll[wnlli,ar
MeMy,

~n
+C Y Thconmllrii(@ x &) llomlw"[[lwhl1,a
MeMy,

2
< € (g {7 aalo” Pl () oas)

~n
+ Y Tucormlw Ik (W x Eu)HO,M) IVwnlo,ar-

MeMy,

Finally, the magnetic coupling can be bounded by

((V x b(tn)) x b(tn) — (V x b)) x by, wp,)
= ((V x b(ty)) x b(ty) — (V x b(t,)") x b(tn)*, wp)
I
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(V% b(ta)*) X b(tn)* — (V x b)) X by s wh),
II

1] = [((V X 61b(tn)) X bltn), wn) + ((V X b(tn)") X 01:b(tn), wh)|
< IV < 81eb(tn) o 16(tn) [[oo [lwwn |1 + [V X B(tn) [lool|02¢b(tn) [loll w1

11| = [((V % (B(tn)* — by ) X bpy s wp) + ((V x b(ty)*) x (b(tn)* — bpy )y wy,)|

e . ’
< IV < & ol loollwnlly + IV x b(tn)*[locl1€;,™

lollwn1-

We combine these results and obtain due to the approximation property of the fluctuation

operators and the previous results for velocity, magnetic field and temperature:
N
—1y2
Aty eI
n=1

1= 2|IVE, |12
< C{W||£u”l°°(to,T;L2(Q)) +v HVEquz(to,T;Lz(Q))

+ (Tg,gd)QHV : £u||l22(to7T;L2(Q)) + ||gu||l2°°(to,T;L2(Q)) ||qu22(t(),T;H2)
+ ||€u”l2°°(t0,T;H1(Q))Hsu”lQQ(to,T;Hl(Q))

~ 2121,2 2
+ max  max {7y 5o W |"HAT [l g oo )

N
n A n ~n 120U (ST T\ |12
+  max, Mné%(h{'ru,SU,M} tnzzleezj;/lh Toesum | Warl 165 ((@hy - V)EG s

2127 25u+2||,, (|2
+11SnnaSXNMHé%<h{Tﬁcor,M\wn’ | Hquz(tO,T;HkuH(Q))

N
~n
+ max maxh{TaCor,M}AtZ Z TS,COT,M“‘J”PHHl](/[(wn X £u)H3,M

1<n<N MeM n=1 MeM,
2 2 b2 :
+ 12@1\/{‘%9”” HIEG 12 10,7:22(02)) + NBnellioe 10, 7:200) IV X &R 17210, 7522(02))

IV X B[ (1 7,50 165 150 0 752202y + C(At)4}

1 2 &2
<cC <(At)2 - Hu\llz(tom;fﬂ)) 1&ulli to,7:2()

n n ~n |2
+C <V + Tuga + e, Mné%{h{Tu,SU,MWM ¥

~n 9
||£u||12(t0,T;LPSu) 2
2AF Héu”l?(tmT;LPSu)

n n (2
+ max  max {7, cora|wis "} +

n|2 |2
+ Clg}%XN{Hﬁg 17HI€6 12 0,722 2))
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+ Cthtszoo(to,T;Loo)HV X E;}HIQQ(tO,T;LQ(Q))

+ ClIV % bltn) o 1,710 165 10 107,222
hzku

+ C max maX{ L suM || §s

u
1<n<N MeM ||l2(to T;HRut1(Q))

2121 2ky+2 2
+01£nna<XNMHéaX{ . Cor, M | @y |7} TR ||’u’||l2(t07T;Hku+1(Q))

+C(ADL

Provided all the assumptions on the regularity and the parameter choice are satisfied, this

can be shortened as

. - ,
165~ o raan < O (agp 2+ CUEgoirizes,) + ClE IR o)

+ OV X &1l so mz2(0)) + CNED s (10 71202y + C(AD)E

For the magnetic pseudo-pressure, we proceed similarly: Due to the inf-sup stability of the

discrete ansatz pair, there exists dj, € Cj, such that

IVdillo < 1€ 0/Brs —(V - dp, &) = 1715 (4.25)

and we test the induction error equation with dp;:

3€, —4&) ! + &2
2At

= 5y Lor (W4 by di) + Suind(bry: bug, di) + (Dyw(tn) — Oyu(ty), dp)
— (V x (u(ty) x b(tn)), dn) + (V x (@}, x byy), dp).

,dh> + MV % &,V x dy) + 105(V - &,V - dy)
(4.26)

Therefore, the term coupling magnetic pseudo-pressure and magnetic field in the above

equation can be bounded according to

— 1 n— n—
IV ol|€ o < EH@ g =—(ve dy)

=n n—1 n—2
- | 3¢, — A€+ €]

2At
+ 86, Lor (Bht3 Bes wh) + $u,1ma(Bpes by dn) + 1Ded(tn) — 0ib(t) |1 Vi lo
— (V(ultn) x b(tn)), dn) + (V (@ x by,), dn).

IVdallo + AlIV x & 11olIV x dallo + 78'4allV - € llo ]IV - dlo
-1

First, we estimate the stabilization terms:

N _ ~n
St Lor (Whys by, dp) = sp por (Upy; b(tn) — &y, dp)
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<C Y ol P IE5 (VO o, all a1,
MeMy

~ <n ~
+C Y Wronullsi (V x (@l x &))lloaelwhy |l dnll,m
MeMy,

< c( s (73, @31 253 (V)11

~ ~ ~n
+ > Trerml@RlIK5(V x (@l x €))lloar | IV dallo,
MeMy

Sblnd(bhtabht7dh)—Sblnd(bhtv ( ) 5badh)

<C Y T rand b P15 (VO () o || dallrae
MeMy,

b ~n ~n ~n
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For the coupling term we obtain

(V % (w(tn) X b(tn)) = V X (@, X by,), df)
= (u(t,) x b(t,) — up, X bht,V x djy)

= ((u(tn) = hy) X b(tn), V % di) + (Uhy x (b(tn) = bpy), V x djy)
< [|&ullollb(t) oo VR llo + @R lloo 15 0l Vel lo-

In combination, this gives with the approximation property of the fluctuation operators

and the previous results for the velocity and the magnetic field:
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Provided all our assumptions on the regularity and the parameter choice are satisfied, this

can be shortened as

. €5 1122 (1) 720 ~n
1€ g mi22(0)) < € ((A(;’)Q’ @) el 40, 7:.P5,)

+ CH&ZH?OO(tmT;LQ(Q)) + C(At)4
0

Remark 4.5.6. The above estimates for kinematic pressure and magnetic pseudo-pressure
are only slightly related to the chosen time discretization and stabilization. We see that
(quasi-) optimal convergence results can only be achieved if the order of convergence for
the L? errors is by one higher then for the LPS errors. Due to the fact that we have not
proven more than first order convergence for the time discretization, the above results just
show that the error remains bounded in time.

Furthermore, the terms C' W+L2(Q and C W%)”w give a dependence on the
mesh width h and the time step size At. For second order temporal convergence with
respect to the L2(Q) error (as we proved in [ADL15b] for the Navier-Stokes equations),
we would want to choose max{hFuTl pkrt2 pkotl pket21 < (A$)2,






5 Numerical Results

The analysis for the semi-discretizations and for the full-discretization gives parameter
bounds that are quite wide. Using numerical examples, we want in this chapter to discuss
what suitable choices of parameters within these bounds are and whether all of the con-
sidered stabilizations are really needed. In particular, we aim for a parameter design that
is suited for a wide range of problems. Furthermore, we consider the performance of the
implementation with respect to scalability and the sharpness of the convergence results.

The presented examples are an extension of the publications this thesis is based on.

If not stated differently, the author’s implementation based on the C++-FEM library
deal.II [BHKO7; BHH+15] is used. The development of a robust and scalable numerical
solver within this framework has been an essential part of this PhD thesis for conducting

the numerical experiments.

Due to the restriction of deal.ITI to linear, quadrilateral and hexahedral cells, in the fol-
lowing examples mainly those types of meshes appear.

In contrast to the analysis presented in the previous chapters, we investigate anisotropic
meshes, too. Basic results for that case can be found in [Ape99]. In combination with the

results presented below, this suggests that an extension of the analysis should be possible.

For the local projection stabilization always an one-level approach My = Tj is used. If

not stated differently, we choose the coarse space to be Dy = Q~(ku=1),

The structure in this section is as follows:

First, in Section 5.1 the Navier-Stokes equations alone are considered. After validating
the theoretical results for homogeneous Dirichlet boundary conditions and “directional-
do-nothing conditions”, the influence of the grad-div and the LPS-SU stabilization is

considered for more realistic types of flow.

In Section 5.2 we investigate the additional effects of the Fourier equations for the temper-
ature. For a problem with known reference solution the rates of convergence, the choice of

enriched ansatz spaces and the influence of SU stabilization for the temperature is investi-
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gated. For Rayleigh-Bénard convection we try to find a setting that reproduces benchmark
quantities for a wide spectrum of cases.

Afterwards, in Section 5.3, results for electrically conducting non-isothermal flows are
considered. In particular, we are interested in how the regularity of the magnetic fields
affects the choice of stabilization parameters and the achievable results.

Finally, in Section 5.4 the fully coupled setting is examined with respect to parallel scala-

bility of the implementation.

5.1 Isothermal Insulating Flow

We first neglect all couplings and consider an isothermal, insulating fluid. In particular, the
equations that describe our problem are the Navier-Stokes equations. The results presented
here originate from [ADL15a; DAL15; LAD15] for an inertial frame of reference and from
[AL15] for rotating frames of reference. In the first academic examples, the influence of
grad-div stabilization is investigated. Due to the analytical results we expect that this
term is crucial. Afterwards the behavior of the numerical model for more realistic types of
flow, such as boundary layer behavior or turbulence, is considered. We expect that grad-
div stabilization is not sufficient to suppress the arising spurious oscillations and that

additional SU stabilization is necessary to resemble correct physical behavior.

5.1.1 The No-Flow Problem

We first consider the case in which the forcing term f, is a gradient field in the domain Q =
(0,1)3. With f, = (32241, 323, 323)T and homogeneous Dirichlet boundary conditions the
reference solution is given by (u,p)(z) = (0,23 +x1 + 23 + 23 — 1). For the discrete ansatz
spaces we choose Taylor-Hood elements V3,/Qp = [Q2]?/Q; and consider a randomly
distorted Cartesian mesh. In this setup Theorem 3.1.6 tells us that the discretization error

for the velocity can be bounded by

.| d 1
min q —, 17
V. Tu,gd,M

In particular, the velocity error strongly depends on the viscosity v if no grad-div stabi-

2
0,M"

lization is applied.

Exactly this behavior can be observed in Figure 5.1: The error with respect to the H'(£)-
norm scales like v~ without and like »~/2 with a constant positive grad-div stabilization
parameter 7, 49,07 = . Interestingly, an influence on the kinematic pressure can not be
observed. On the undistorted mesh, we further notice superconvergence. We conclude
that Theorem 3.1.6 is sharp with respect to the dependence of the discretization error on

Tu,gd,M - For this test case we observe no significant impact of s, s7. As the consideration
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Figure 5.1: No-Flow test for Q2/Q; and v € {1,1073,1075} with and without grad-div
stabilization: (i) H'-velocity error, (ii) L2-divergence error, (iii) L*-
kinematic pressure error, (iv) Cut through mesh
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of non-isothermal or electrically conducting flow large external gradient forces are of great

importance, we will in the following always consider 7, 4q a7 ~ 1 as suggested in (3.8).

Remark 5.1.1. The above results do not depend on the fact that the reference solution
is part of the ansatz space. Similar results for the two- and three-dimensional Couzy test
problem [Cou95] can be observed in [DAL15] and for an extension to rotating frames of
reference in [AL15]. The error strongly depends on the grad-div stabilization and local
projection stabilization shows no considerable effect. In particular, it turned out that
for these cases a grad-div stabilization parameter in the order of unity is best. Using
bubble enriched ansatz spaces in general improves the results. Choosing inhomogeneous
boundary conditions instead of homogeneous or periodic ones did not influence the errors

significantly.

Remark 5.1.2. In [Linl4] Linke et al. modify inf-sup stable finite element pairs for incom-
pressible flows in such a way that a pointwise divergence-free discrete velocity field can
be obtained. The essential idea is to replace the test function vy, in (fy, vy) by IIpv, with
a projector II;, : V + V, — X, to an appropriate finite element subspace of H%?((Q).

Potentially, this allows to omit the grad-div stabilization.

5.1.2 Outflow Boundary Conditions

After the investigation of the influence of the grad-div stabilization for homogeneous
boundary conditions, we next want to verify the analytical results for the “directional-
do-nothing condition”.

We consider the domain © := (0,27) X (—m, 7). and prescribe this outflow boundary
condition at S := {(2m,y) : —7 < y < 7} with the parameter 5 = 1. For the remaining
part of the boundary Sp := 00\ S} we use Dirichlet boundary conditions. Let x : R — [0, 1]
be defined as x(y) = 1 if y < 0, and x(y) = 0 for y > 0. The exact solution is in analytical

form given by

u(z,y) == (sin(y) cos(t)?,0)T

p(z,y) = —1x(y) sin(y)? cos(t)*.

The corresponding right-hand side then reads
f(z,y) = (—2sin(t) cos(t) sin(y) 4 cos(t)? sin(y)v, —x(y) cos(y) sin(y) cos(t)*)T .

Here, we want to neglect the error due to time discretization. Therefore, we choose At =
10~* and evaluate the error at 7' = 1072. We investigate the convergence behavior for the

classical Taylor-Hood pair Qs/Q;.
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Figure 5.2: Outflow Boundary Conditions: Errors for Taylor-Hood (Q2/Q;) elements



88 5 Numerical Results

In Figure 5.2 we plotted the errors with respect to ||[p — ppl|, ||lw — upl|, |u — upl1, and
|ldiv (w — up)|| in dependence of an uniform mesh size h for various viscosities v and
considered the effect of grad-div stabilization. The kinematic pressure error ||p — pp|| does
essentially not depend on any of the parameters and we observe second order convergence.
For the velocity energy error ||[u — wuy|| and the H(Q) error the results deviate from the
optimal rate of convergence (h3 resp. h?) if no grad-div stabilization is used. However, the
biggest impact of the stabilization can be seen for the divergence error ||div (v — uyp)|.
For sufficiently small viscosity the error stays nearly constant if no grad-div stabilization
is used. Optimal rates of convergence can be recovered if grad-div stabilization is used.
With respect to the LPS stabilization we did not observe any significant influence for the
considered norms. In particular, the error does not blow up, even if there is inflow at the

boundary 5.

5.1.3 Time Discretization

In this example we consider rates of convergence with respect to time discretization. In
particular, we compare the rotational incremental form of the kinematic pressure segrega-

tion algorithm with the standard incremental one that we analyzed in Chapter 4.

The reference solution here is given as

w(z,y,t) := (sin(l — z)sin(y + ), cos(1 — z) cos(y + t))T
p(z,y,t) ;== —cos(l — x)sin(y + t)

and the forcing term f, is calculated accordingly such that (u,p) is the solution to the
time-dependent Navier-Stokes problem in the domain = (—1,1)? and for ¢ € [0, 1].

In [ADL15b] we considered three different Reynolds numbers Re € {1072,10°,10%}. Tt
turned out that, in contrast to the grad-div stabilization, the LPS-SU stabilization does
not show any significant influence on the error in the considered parameter regime.

For Re = 1072 the effect of the rotational correction is clearly dominant compared to
grad-div stabilization. This behavior is in good agreement with our analysis as the critical

term in the velocity discretization error is

) d 1
min § —, [[7p
V. Tu,gd,M

in our semi-discrete analysis. For v > 1 a grad-div stabilization as 7, gq,ps = 1 has essen-

2
0,M"

tially no influence on this term.
In the chosen parameter regime, the velocity error is dominated by the spatial discretiza-

tion. Hence, we observe quasi-optimal rates of convergence in space while the LPS error
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only slightly depends on the time step size At.

100 1072

Ax=1v=0 100}
—(At)l'ﬁ
(At)?
075 2 & o 1073 & 0
10 10 10 10 10 10 10
At h
(a) h = 2745 fixed (b) At =1073 fixed

Figure 5.3: Time Discretization: Re = 102, errors for the velocity w.r.t L?(u)

H (u) error

;:' x=1v=1
Ax=1v=0
e
107 10°
h
(a) h =27%% fixed (b) At = 1073 fixed

Figure 5.4: Time-Discretization: Re = 102, errors for the velocity w.r.t H'(u)

Results for the case Re = 10? can be observed in Figures 5.3, 5.4, 5.5 and 5.6. In contrast
to the previously discussed case, grad-div stabilization is dominant compared to the rota-
tional correction. This is not too surprising as the correction scales with v.

For the first three errors we get a clear picture with respect to spatial discretization. Grad-
div stabilization diminishes the error by a fixed factor. This is exactly the behavior we
have observed for the No-Flow test case.

With respect to the time discretization, grad-div stabilization improves the velocity errors.



90 5 Numerical Results

107!
1072
S
)
51078
>
S
N
-
1074
w x=1y=1
—h2
10°° ‘ : 10°° :
1078 1072 107" 10° 1072 107" 10°
At h
(a) h =27%5 fixed (b) At = 1073 fixed

Figure 5.5: Time-Discretization: Re = 102, errors for the velocity w.r.t L?(V - u)
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Figure 5.6: Time-Discretization: Re = 102, errors for the kinematic pressure w.r.t L?(p)
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In particular, we observe that the L?(u) error is convergent of second order and that the
LPS error converges faster than linearly. Note that in view of the analysis carried out for
these types of schemes the results are superconvergent.

Compared to the velocity, for the kinematic pressure error the behavior with respect to
stabilization is the other way around: The error is best when no stabilization is used. This
last case stresses that one really has to know which error one wants to control when choos-
ing stabilization parameters. There is apparently no rule that is best for both velocity and
kinematic pressure.

Experiments with higher Reynolds number show the same qualitative behavior of the er-

rors.

In summary, one might say that the rotational correction never harms and even improves
the results considerably if the viscosity v is not too small. Grad-div stabilization however
seems to be beneficial whenever the main interest is in the velocity solution. For the
kinematic pressure the above example suggests that disabling the stabilization is the best

option.

5.1.4 Flow Over a Horizontal Plate

For a slightly more realistic problem, we consider the flow over an infinitely thin, flat
plate parallel to an outer constant velocity field of magnitude us = 1 for v = 1073. In a
coordinate system in which the plate lies on the x-axis starting at the origin, the attached
laminar boundary layer profile in the outer flow direction u = u, f’(n) developing along the
plate can be well described by the Blasius profile as exact solution of Prandtl’s boundary

layer equations given by

2" () + f(n) f"(n) =0,
f(0) = f(0) =0, f'(c0) =1,

where 1 = y\/us/(vx) is a dimensionless variable.

Using a discretization with Taylor-Hood elements (Q2/Q1) on a structured rectangular
mesh, we observe spurious modes of magnitude up to 10% of the velocity in front of the
plate, see Figure 5.7 (left). On the other hand the boundary layer profile is in pretty good
agreement with the reference data [How38], see Figure 5.7 (right).

These unphysical oscillations are exactly the kind of phenomenon for which we considered
local projection stabilization. Using an empty coarse space or Dj; = Q@ in conjunction with
a constant LPS parameter 7, si7» = 1 approximation of the Blasius profile is perturbed.
In addition to the thickening of the boundary layer, the oscillations are merely smeared

than damped out (cf. Figure 5.8). Note that this choice is neither in agreement with the
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Figure 5.7: Flow over a horizontal plate for v = 1073,y = 1, Tu,suM = 0,h = 275
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Figure 5.8: Blasius flow: Profiles for different coarse spaces Dj; and stabilization param-
eters 7, sum at o = 0.1 (left) and velocity for Dys = 0, 7, sy = 1 (right)
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parameter bounds (3.8) in the semi-discrete analysis nor with the bounds (4.21) in the
fully discretized case. If the parameter is chosen in the magnitude O(h?) (for Dy = 0)
respectively O(h) (for Dy = Qq), the boundary profile is nearly unaffected. For the finest
possible coarse space Dy; = Q1 we do not observe an influence of the stabilization with
respect to the Blasius profile. As long as the parameter does not depend on A the spurious
modes are damped out as effectively as with the previous choices for the coarse space even
when 7, su.M = Umin, M-

In this example, the flow away from the plate is given by (1, 0). In particular, this means
that using any power of gz, v O Umin,pr changes the behavior in the boundary layer
only. There the reference solution is of the form
(P

5 A1 +0(n°)

f'(m) =nf"(0) -

and hence the streamline derivative is approximately linear away from the stagnation
point. In particular, the velocity is well approximated in the coarse space Dj;. Therefore
it is not too surprising that the profile is just slightly influenced by the SU-LPS parameter,
see Figure 5.9 (right).

If we use global refinement, a mesh size h = 27° is necessary to approximate the boundary

layer properly. This motivates the choice of a TVD-based refinement that controls

d
ol = 3= (g (@)l — i ) ).

In this case we want to ensure tolx = 0.1 on all elements K € 7Tj. Indeed, this criterion is
sufficient to improve the approximation of the Blasius profile (Figure 5.9). Furthermore,
this results in a rather coarse mesh away from the plate that removes the spurious modes
without any further stabilization than grad-div. Increasing the Reynolds number to 10,
10° and 10% shows that this criterion is stable with respect to the critical parameter and
leads to convincing approximations of the reference Blasius profile with errors less than
1%, see Figure 5.9 (left) and 5.10.
In summary, we observe that local projection stabilization improves the numerical solution
in all cases if the parameter is chosen within the bounds 3.8 derived in the semi-discrete
analysis. However, choosing a suitable mesh that is sufficiently coarse in front of the

obstacle has a similar effect. Mesh diffusion smoothens the unphysical solutions as well.

Remark 5.1.3. Further numerical results consider separation flow over a tilted plate and
flow over a vertical plate (in [ADL15a]). In agreement with the observations above, LPS-
SU was necessary to remove unphysical oscillations and capture important features of the
flow such as the drag coefficient. In both cases a parameter choice as 7, su.m = 1/]|wn||%

proved to be useful to remove spurious modes and obtain correct physical behavior.
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Figure 5.9: Blasius flow for v = 1073 on an adaptively refined mesh (left) and with global
mesh size 27° for Dj; = Q; and Tu,sU,M = 1 (right)
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Figure 5.10: Blasius flow: Comparison of boundary layer approximation for different v
(left), mesh produced by the adaptive refinement criterion for v = 1073 (right)
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5.1.5 Taylor-Green Vortex

In order to properly resolve turbulent flow considering the correct behavior on a large
variety of scales is necessary. If not all these scales are properly resolved in a numerical
simulation the distribution of energy with respect to different Fourier modes can not
be resembled correctly. Hence, in all approaches apart from direct numerical simulations
(DNS) diffusion on the smallest scales has to be modeled. There are many ideas for such
large eddy simulations that only aim to resolve larger scales to to reduce computational

costs. For an overview see [Sag06] or [Joh12].

In [MSTO7] it is argued that LPS terms can interpreted as artificial diffusion term for
subscales. Hence, we are interested how the stabilization model performs as implicit subgrid

model for a rather simple case of turbulence.

The setup of the flow is similar to the one in [CBCP15]: We consider a periodic box
Q = (0,a)® with some a > 0 that we vary as needed. With b > 0, the initial values are

cos | “EFzx)sin(“Ty)sin (“Lz

() (0) 0 5

ug="b- | —sin (%m) cos (a%”y) sin (a%’rz) )
0

1 4 47 4
po=0b-— (cos (—:Jc) + cos (—y)) (cos (—z) + 2)
16 a a a

and we choose a = 27, b =1 for v = 107% and a = 8/+/3, b = 1/10 for v = 107°. The
time interval is chosen according to ¢ € [0,10/b] and we use Taylor-Hood elements for the
discretization. For the coarse space Qi elements are used. According to [BMO+83] the

flow is nearly isotropic for Re > 103.

Figure 5.11: Taylor-Green Vortex: Isosurfaces for |w| = 1 at ¢t = 0 (left), |w| =2.5at t = 4
(middle), |w| =4 at t =9 (right) with h = 7/8, {a = 27,b = 1} and grad-div
stabilization v;; = 1.
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In order to evaluate the numerical results, we are interested in the energy spectrum at

time T' = 10/b given as

E(k:,t):% S k) -alk.)

k=3 <|k|<k+3

with the Fourier transform a(k,t) = [, u(x,t) exp(—ika)dz. For locally isotropic turbu-

lence we expect in the inertial subrange the behavior (Kolmogorov’s —5/3-law)
BE(k,t) ~ e/3k75/3,

where ¢ is the turbulent dissipation rate, see [Pop00] for the derivation and more details.

In Figure 5.11 we observe the time development of the flow: The large vortices in the initial
solution decay into smaller eddies with increasing vorticity |w|. This is in good qualitative
agreement with results in [CBCP15].

In a first attempt, we consider grad-div stabilization alone (cf. Figure 5.12(a)). The result
clearly shows that the grad-div stabilization 7, 4q,7 = 1 does not produce enough dissipa-
tion as the smallest resolved scales carry too much energy. Additional LPS-SU stabilization

cures this situation considerably but produces too much dissipation (Figure 5.12(b)).

10° ‘ 10° ‘
vy =1h=m/4 sty =1h=mn/4
<y =1h=7/8 -y =1h=m/8
. L =1h= . s =1h=mn/1
101 - —-thf)/i* 1h=mn/16| 10 - __;AJS/S h=m/16|
1072
L
1073
1074 ' '
107° :
10° 10" 102 102
k
(a) ym =1 (b) vm =1, Tusum =1

Figure 5.12: Taylor-Green Vortex: Energy spectra at ¢ = 9 for different mesh widths;
a=2m,b=1.

Figure 5.13(a) shows that the obtained results are comparable to those of the Smagorinsky
model that is also known to be too dissipative. Dimensional analysis suggests to choose
the parameter according to 7, sy = Ch/||upl/co,ar- Interestingly, the choice 7, sum =
h/(2||un|loo,nr) performs as well as simply 7, sy = 1 (cf. Figure 5.13(b)).
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In summary, we observe that grad-div stabilization is not sufficient in this example. How-
ever, additional LPS SU stabilization performs considerably well as implicit subgrid model

in this test case.

0 0
10 10
=1 SN se7ar = h/(2]|un|so,nr)
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(a) a=2m, b=1,h=7/16,v =10"* (b) a=8/v3,b=1/10,h =1/(8V/3),v = 107°

Figure 5.13: Taylor-Green Vortex: Energy spectra for different stabilization models

5.1.6 Rotating Poiseuille Flow

Next we are interested in the influence of the Coriolis stabilization in a fast rotating frame
of reference. We consider a channel given by the domain Q = (—2,2) x (—1,1) which

rotates around its midpoint and the inflow is given by a quadratic profile

1—-v%07", z=-2

u(z,y) = . ,
(0,0)", ly| =1

plz =2,y) =0,
UOZOa pOZO) f:O

Note again that the centrifugal force is absorbed in the pressure we consider here. In
particular, p = p — %\w x 7|2 if p is the pressure in an inertial frame of reference. For the
critical parameters we choose w = (0,0,100)7 and v = 1073. The basic flow we expect
is one where all outflow happens in a small area on the bottom left side. In particular,
the streamlines are strongly curved at the outflow boundary and resolving the boundary
layers there by stabilization or grid refinement is important to prevent oscillations from
occurring.

For this example we use the stabilization parameters v = 1, 7, sun = 1/|un|? and

a = 1/h. Using only grad-div stabilization leads to high oscillations that spread from
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the outflow into the interior of the domain (Figure 5.14). This behavior improves when
the mesh is refined adaptively (Figure 5.15), but nevertheless oscillations occur. Hence,

grad-div stabilization is not sufficient in this example.

1 69 -08 07 -06 -05 04 03 62 -61 0 01 02 03 04 05 06 07 08 09 1

(a) Streamlines (b) Profile at the outflow boundary x = 2

Figure 5.14: Rotating Poiseuille Flow: 7, gqp = 1

“P0 01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16 17 18 19 2

(a) Streamlines (b) Profile at the outflow boundary x = 2

Figure 5.15: Rotating Poiseuille Flow: 7, 44,07 = 1, adaptive mesh

Using LPS-Coriolis stabilization additionally improves the solution a lot. All the oscillation
in the interior of the domain are damped away and only at the outflow boundary smaller
oscillations occur (Figure 5.16). If we use the LPS-SUPG stabilization instead the situation
is similar but there are oscillations that spread into the interior (Figure 5.17).

Finally, we combine all the considered stabilizations and use adaptive mesh refinement.
This finally leads to a solution that has all the features (Figure 5.18) and we see that all

these parts are necessary.

Remark 5.1.4. In [AL15] we additionally investigated the Proudman-Stewartson problem
in which the fluid motion between two rotating spheres is considered. In accordance with
the observations for the rotating Poiseuille flow, we observe that a combination of grad-
div and Coriolis stabilization on an adaptively refined mesh is sufficient to capture the
physical behavior correctly and achieve convincing results for a wide spectrum of problem

parameters.
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(a) Streamlines (b) Profile at the outflow boundary = = 2
Figure 5.16: Rotating Poiseuille Flow: 7, gq.p = 1, Tu,corm = 1/h
b =
(a) Streamlines (b) Profile at the outflow boundary z = 2
Figure 5.17: Rotating Poiseuille Flow: 7, gqpr = 1, Ty su,m = 1

(a) Streamlines (b) Profile at the outflow boundary z = 2

Figure 5.18: Rotating Poiseuille Flow: 7, ga.vr = 1, Ty su,m = 1, Tu,.cormr = 1/h,
adaptive mesh
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5.2 Non-Isothermal Insulating Flow

For non-isothermal flow two test cases are investigated. We first confirm the rates of con-
vergence with respect to the temperature and consider the influence of the SU stabilization
for the parameter in a case in which we prescribe a reference solution. The second exam-
ple is Rayleigh-Bénard convection in a heated cylinder. We consider both the cases of a

rotating and a non-rotating hull.

5.2.1 Traveling Wave

In this example we want to confirm the rates of convergence with respect to the tempera-
ture. Therefore we consider a time-dependent, two-dimensional solution of the Oberbeck-
Boussinesq equations for different parameters v,a,3 > 0 in a box Q = (0,1)? with
t€[0,6-1073:

w(z,y,t) = (100,007, p(z,y,t) =0,

1 2 1 -1
O(z,y,t) = (1+ 32()00¢t)_1/2 exp <— <2 + IOOtx) (800 + 4at) )

with g = (0, —1)7 and (time dependent) inhomogeneous Dirichlet boundary conditions for
u and . The right-hand sides f,,, fg are calculated such that (u, p, §) solves the equations.
Initially, the temperature peak is located at = = % and moves in the z-direction until it

finally hits the wall at z = 1,¢ = 0.005 and is transported out of the domain.
For the discretization, we consider a randomly distorted mesh and use Q2/Q;/(Q2/Q1)

or Q2/Q1/(Q3 /Q1) elements for velocity, kinematic pressure and fine and coarse temper-
ature. Since only the temperature ansatz spaces are varied here, we write @gﬂ /Q; for

convenience.

Figure 5.19 shows that the expected order of convergence for the stabilization error
1€ullLps, + |l|€ll|Lps, ~ h? is obtained even without stabilization. For unenriched ele-
ments, an additional LPS stabilization for 6 shows no significant influence. On the other

hand, for Q3 /Q; elements the error clearly improves by using LPS stabilization for small c.

The temperature profile at y = 0.5 can be observed in Figure 5.20. The impression from
the error results are confirmed here: For small a spurious modes appear in the solution. In
case of a Q2/Q ansatz function for fine and coarse temperature space LPS stabilization
is not able to damp these oscillations. On the other hand for Q3 /Q; ansatz spaces there

is an obvious improvement.
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Figure 5.19: Traveling wave: LPS-errors for different finite elements and choices of o and
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Figure 5.20: Traveling wave: Plot over temperature at y = 0.5 (z € [0,0.9]) at time
t = 0.005 with h = 1/16 in case of (a) Q2/Qq elements for 79 sy = 0
(dotted line) and for 79 sy v = HuhH;fM (solid line), (b) Q3 /Q; elements
for 79 sy = 0 (dotted line) and for 79 gy p = ||uh||g02M (solid line),
(v,a, ) = (1,1073,1). The dotted and solid lines lie on top of each other
in (a)
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5.2.2 Rayleigh-Bénard Convection

We consider Rayleigh-Bénard convection in a three-dimensional cylindrical domain

Q.= {(:L‘,y,z) € (— %,%)3‘\/1‘2—1—1;2 < é, lz] < ;}

with aspect ratio I' = 1 for different Prandtl numbers Pr € {0.786, 6.4}, Rayleigh numbers
10° < Ra < 10 and Rossby numbers Ro € {0.09,0.36,1.08, co}. These critical parameters
are defined by

Arer L ATL
pr—V  py 9188ty VIgIBATL

a va 2|w|L

In this test case the gravitational acceleration g = (0,0, —I)T as well as the angular
velocity w are (anti-)parallel to the z-axis. The temperature is fixed by Dirichlet boundary
conditions at the (warm) bottom and (cold) top plate; the vertical wall is adiabatic with
Neumann boundary conditions % = 0. Homogeneous Dirichlet boundary data for the

velocity are prescribed.

As a benchmark quantity, the Nusselt number Nu is used. For fixed z we consider the disc
B, defined by

11 1
B, i={(m9,2) € (-5 50 o +42 < ).

Then the Nusselt number Nu is calculated from the vertical heat flux ¢, = u.0 — a% from

the warm wall to the cold one by averaging over B, and in time:

-1 T
Nu(z) = F(Q\BKT — 10) |Obottom — etopo /t /B q:(z,y, z,t) de dy dt
0

with a suitable interval [tg,T]. For the variation of the Nusselt number in z-direction we

obtain

N 2r rR
5@; _ /O /0 —(PrRa)"?rd,0 dr dyp

due to the thermally insulating walls and the homogeneous Dirichlet conditions for the
divergence-free velocity. This means that for a stationary temperature field there is no
variation in z-direction. This also holds for the time averaged Nusselt number in any case

in the limit

% (T—to o NUdt) _/0 /0 —(PTR(I) Tﬁ drdQO
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In the instationary convection-diffusion equation for the temperature there is no inlet

boundary and hence a maximum principle shows that € is bounded by 6(t¢). In particular,

0 1 T
— N
82 (T—to to Udt>|

we get

/027r /OR —(PrRa) 1/27“0(“;_)1 Q(T)

—to
_ 2ROt e 7o
- T—tg

IN

drdp

0

In order to assess the quality of our simulations, we compute the Nusselt number for
different z € {—0.5,—-0.25,0,0.25,0.5}, where the heat transfer is integrated over a disk at
fixed z. Then we compare these quantities with the Nusselt number Nu®'® calculated as
the heat transfer averaged over the whole cylinder 2 and in time. The maximal deviation

o within the domain is evaluated according to

o := max{|Nu®™® — Nu(z)|, z € {-0.5,-0.25,0,0.25,0.5} }.

Non-Rotating Cylinder, Pr = .78

We first summarize results that we obtained for Pr = 0.78 in [DA15] by comparing with
DNS simulations in [WSW12]. The used meshes are problem-adapted and obtained from
an isotropic mesh by the transformation 77,.: €2 — €2 defined by

x tanh(4r) y tanh(4r) tanh(4z)

T
Tppe: (2,9, 2)T < 2 , 1
gz (2,9,2)" (7“ 2tanh(2)’ r 2tanh(2) 2tanh(2)> (5:1)

with r := /22 + y2. With these grids the resulting isosurfaces for the temperature are
depicted in Figure 5.21 and it is clearly visible how the increasing Rayleigh number Ra
leads to increased mixing of the temperature and an enhanced transport from heat away
from the wall. In all cases we observe for the large scale behavior one large convection cell
(upflow of warm fluid and descent of cold fluid) while for larger Ra smaller structures and
thin boundary layers occur. This is in good qualitative agreement with simulations run by
[WSW12].

In Table 5.1 we compare the resulting Nusselt numbers for an optimal grad-div parameter
and no grad-div stabilization at all. While the average Nusselt number is in both cases
in good agreement with the reference value with up to Ra = 107, the deviation between
Nusselt numbers at different z-positions quickly increases without grad-div stabilization.
Despite this, for all Ra € {10%,105,107, 108}, the reference values Nu™f obtained by DNS
can be approximated surprisingly well with the help of grad-div stabilization on a mesh
with only N = 10 - 8% cells. We note that the optimal grad-div parameter only slightly

depends on the Rayleigh number and with this choice the Nusselt number varies little
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Figure 5.21: Temperature isosurfaces at 7" = 1000 for Pr

(a)

5 Numerical Results

Ra =107, (c) Ra =10°, N = 10- 163, 457 = 0.1

Ra 10° 106 107 108 10°

N’uan g Nuavg g Nuavg g Nuavg g Nuavg g
nGD | 3.84 0.04 | 865 034 1641 1.83 | 37.70 29.5 | 118.8 137.6
GD | 3.84 0.03| 865 002 16.88 0.11 | 31.29 0.70 | 55.52 1.35
Nuref | 3.83 8.6 16.9 31.9 63.1

Table 5.1: Rayleigh-Bénard Convection: Averaged Nusselt numbers and maximal devia-
tions o for different Ra and different grad-div parameters 7, 4q 17, averaged
over time t € [150,1000], N = 10 - 8%, Q2/Q1/Q; elements are used. nGD indi-
cates that no stabilization is used (in particular, 7, 4q.ps = 0), GD means that
an optimal grad-div parameter is used: 7, gq. 07 = 0.1 for 10° < Ra < 10% and
Tugam = 0.01 for Ra = 10°. Nu*®f denotes DNS results from [WSW12]
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with respect to different z. It turned out that this parameter design is independent of the
considered refinement.

With respect to the LPS stabilization it turned out that for anisotropically refined meshes
T9,5u,Mm produced the best results. In case of isotropic grids, that are not adapted to the
problem, LPS SU stabilization for the temperature becomes necessary. Bubble enrichment
enhances the accuracy on all grids.

Figure 5.22 gives an overview of the obtained results (using the respective optimal stabi-
lization parameters and an anisotropic grid). We compare the reduced Nusselt numbers
Nu/Ra®?3 for different finite element spaces, indicated by th and bb as above, with DNS
data from the literature. The Grossmann-Lohse theory from [GLO00] suggests that there
is a scaling law of the Nusselt number depending on Ra (at fixed Pr) that holds over
wide parameter ranges. The reduced Nusselt number calculated in our experiments is
nearly constant. However, one does not observe a global behavior of the Nusselt number
as Nu o< Ra’3. But as in [WSW12], a smooth transition between different Ra-regimes
Ra < 106, 10% < Ra < 10% and Ra > 10% can be expected. Note that the presented results
on the finest grid (N = 10 - 323) differ by only 0.1%.

0.14 U x : :
® x
0.135
* *$
@ 013 f * -
T O N=10-8 th | * &
o 0125 O N=10-8 bb| ¢ 1
g ¥ N =10-16° th Q
z 012 O N =10-16% bb 7
$ N =10-323 th o
0.115 s DNS[WSW12] 1
DNS[BES10]
041 : : x 0
10° 108 107 108 10°
Ra

Figure 5.22: Rayleigh-Bénard Convection: Nu/Ra’? (I' = 1, Pr = 0.786) for an
anisotropic grid with N € {10 - 82,10 - 163} cells, compared with DNS data
from [WSW12] (' = 1, Pr = 0.786) and [BES10] (I' = 1, Pr = 0.7).
The grid is transformed via Tj,. for N € {10 - 83,10 - 163} and via T,
for N = 10 - 323. The label th indicates that (Q2/Q1)/Q1/(Q2/Q1) ele-
ments are used and (QF /Q1)/Q1/(Q3/Q1) are denoted by bb. For 10°
Ra < 108, (ngd’M,T}\j[,T&) = (0.1,0,0) is chosen; (ngd’M,T}Q,T&)
(0.01, 1 h/||up|co. 01, 0) in case of Ra = 10°

I IA

Table 5.2 validates that a grid transformed via T, (together with grad-div stabilization)
resolves the boundary layer: For a grid with N = 10 - 162 cells, the dependence between
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(d9) (6p) o< Ra™

Ra=10° Ra=10" Ra=10° m mref

top | 0.1295 0.0311 0.0084 | -0.2970 | -0.285
bottom | 0.1295 0.0293 0.0085 | -0.2957 | -0.285

Table 5.2: Rayleigh-Bénard Convection: Thermal boundary layer thicknesses at the top
and bottom plates (Jg)!oP/botom averaged over r = \/z2 + 2 € [0, %], and slopes
mtop/bottom regulting from the fitting (Jg) o Ra™. The grid with N = 10 - 16
cells is transformed via Tyy.; Q2/Q1/Q2 elements are used. 7, 4437 = 0.1 for
Ra € {10°,107} and Tugd,m = 0.01 for Ra = 109. m*f denotes the slope
proposed by [WSW12]

Ra and the resulting thermal boundary layer thickness (dy) is in good agreement with the
law (8g) o< Ra=02%5 suggested by [WSW12]. Here, the thermal boundary layer thickness
Jdp is calculated via the so-called slope criterion as in [WSW12]. dy is the distance from
the boundary at which the linear approximation of temperature profile at the boundary

crosses the line § = 0. (dp) denotes the average over r = \/a? 4+ y? € [0, %]

All in all, our simulations illustrate that we obtain surprisingly well approximated bench-
mark quantities even on relatively coarse meshes (compared with DNS from the reference
data). For example, for the grid with N = 10-16 cells, we have a total number of approx-
imately 1,400,000 degrees of freedom (DoFs) in case of (Q2 /Q1)/Q1/(Q2/Q1) elements.
Enriched (QF /Q1)/Q1/(Q3 /Q1) elements result in 1,900,000 DoFs for N = 10-16° cells.
Refinement increases the number of DoFs roughly by a factor of 8. In comparison, the
DNS in [WSW12] requires approximately 1,500, 000,000 DoFs.

Rotating Cylinder, Pr = 6.4

Finally, the question arises whether these observations transfer to the case in which the
cylinder is rotating. Therefore we consider the setup in [KBG15] where the Prandtl num-
ber is chosen as Pr = 6.4 For the anisotropically refined mesh with N = 10 - 8% cells and
Tu,ga,m = 0.01 we visualize for Rayleigh numbers Ra € {10°,107,10%,10°} the flow struc-
tures and isosurfaces of the temperature in Figures 5.23, 5.24, 5.25, 5.26. In accordance
with the reference we observe that for Ro = oo the convection is dominated by large scale
circulation. For strong steady rotation, i.e., Ro = 0.09, the flow structure is very different
as now Taylor columns dominate the temperature and the velocity field. Hence, we see
that this problem is quite similar to our considerations in [AL15] for the Taylor-Proudman

problem. All in all we achieve comparable results to those in [KBG15].
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Ra Ro Nu?ve o Tu,gd,M mesh Nyret

10 0.09 5.2851 0.1014 0.1 iso 5.0 £0.2
10° o 8.2327  0.8263 0 aniso | 9.0+0.1

107 0.09 15.7992 0.2971 0.1  aniso | 16.1+0.5
107 0.36 189784 0.1057 0.1  aniso | 18.84+0.4
10° 1.08 17.3130 0.0620 0.1  aniso | 17.44+0.3
107 oo 16.4804 0.1806 0.1 aniso | 16.5 + 0.2

105 0.09 38.8861 0.6861 0.1 aniso | 38.2+0.8
108 oo  32.0387 0.5651 0.1 aniso | 33.2 4+ 0.4

10° 0.09 64.8679 6.5222 0.1  aniso | 73.84+ 1.0
10° 0.36 78.2142 59778  0.01  aniso | 72.24+ 0.9
10° 1.08 71.8906 2.9568 0.01  aniso | 67.0 £ 1.6
10 oo 66.2219 2.6035 0.01  aniso | 66.5+ 1.8

Table 5.3: Rotating Rayleigh-Bénard Convection: Averaged Nusselt numbers and maximal
deviations o for optimized grad-div parameter 7, 4q 37 With Pr = 6.4 and vary-
ing Rayleigh and Rossby numbers. Nu"®f denotes DNS results from [KBG15]

For the results with respect to the Nusselt number we only state here the best results
for N = 10 - 8> cells where we always tried Tu,gd,m € {0,0.01,0.1,1} on an isotropic and

anisotropic mesh.

Table 5.3 shows that also in this case the reference Nusselt number can be approximated
surprisingly well on the rather coarse mesh. The parameter design with respect to the
grad-div 7, 44 s is confirmed. Up to Ra = 10® a parameter Tu,gd,m = 0.1 is best, only for
Ra = 10° we gain from the smaller parameter Tugd,M = 0.01. Although the flow structure
differs quite a lot, it turned out that the anisotropically transformed grid is still superior

to the isotropic ones.

All in all, we conclude that for both the rotating and non-rotating case DNS results can be
well approximated when a suitably transformed mesh and grad-div stabilization is used.

In particular, local projection is only beneficial on the isotropic meshes.

5.3 Isothermal Electrically Conducting Flow

For the magnetic field we considered convergence results in [WAL15]. Here, we extend two
examples that show typical features of the Maxwell equations. The first one describes a

solution of reduced regularity and in the second one sharp inner boundary layers appear.
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LY 2

(a) Isosurfaces uz = £0.007, Ro € {0.09, 0o} (b) Isosurfaces 8 = +0.15, Ro € {0.09, oo}

Figure 5.23: Rotating Rayleigh-Bénard Convection: Ra = 10°

2

>y

(a) Isosurfaces uz = £0.007, Ro € {0.09, 00} (b) Isosurfaces § = +0.15, Ro € {0.09, 00}

Figure 5.24: Rotating Rayleigh-Bénard Convection: Ra = 107

N

(a) Isosurfaces uz = £0.007, Ro € {0.09, 00} (b) Isosurfaces § = +0.15, Ro € {0.09, 00}

Figure 5.25: Rotating Rayleigh-Bénard Convection: Ra = 108
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I

o x oD

(a) Isosurfaces uz = £0.007, Ro € {0.09, 00} (b) Isosurfaces # = +0.15, Ro € {0.09, 00}

o

Figure 5.26: Rotating Rayleigh-Bénard Convection: Ra = 10°

Both cases are challenging, although quite different as we will see in terms of a proper

parameter design.

5.3.1 Singular Solution

The first example is one for which b € H(Q)\ [H'(2)]? holds. In particular, we consider
in the L-shaped domain Q = (—1,1)%*\ {[0,1] x [=1,0]} the reference solution (in polar
coordinates (d, ¢))

b(d,p) = d5 sin (2;0) e [H*3(Q)? r(d, ) :=0.

u(d, ) =0 p(d, ) :=0.

Due to V-b = 0 and V x b = 0 the right-hand side for velocity and magnetic field vanishes,
i.e., fu = f» = 0. On the boundary, we choose homogeneous Dirichlet boundary conditions
for w and r and prescribe the tangential component of the magnetic field n x b=mn x bp
where bp is the exact solution on 92.

In [WALI15] we solved the above presented problem for fixed w = 0 by a stationary solver
written in FreeFEM-++[Hec12] and considered equal-order ansatz spaces P /P; as well
as the Taylor-Hood pair Py /P;. The used meshes can be seen in Figure 5.27.

For the parameter design 7, gq,01 = Ah?, Tr,.pspG,M = 1/, we received the following results
with the rate of convergence in brackets.

In accordance with [BC12] the cross-box element works fine and achieves the expected
rates of convergence. Furthermore, the Taylor-Hood approximation in Py /Py reaches the
asymptotically optimal rates of convergence as well in contrast to the equal order approx-

imation in P; /P; on the other given meshes.

Now, the question arises whether these results also hold in the framework we consider in

this thesis and in the case of an instationary solver. Note that this kind of problem is not
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Figure 5.27: Different meshes for the calculations: (left) Cross-box, (right) P; standard
mesh

covered by the analysis for the fully discretized scheme considered in Chapter 4. We choose
for both the pairs (u,p) and (b, r) the inf-sup stable Taylor-Hood ansatz spaces [Q2]?/Q;.
The resulting errors can be observed in Figure 5.28 for a Cartesian quadrilateral mesh.
In accordance with Section 4.2, we observe for the choice 7 49 = 1, 7, pspg = 0 no
convergence with respect to the total error magnetic field error that is locally given as
sum of the L2(M)- H(M)- and the H%(M)-error scaled with \/Togdn- Only for the
H%?(Q)-error are the results much better than for all the other parameter choices.
Decreasing the grad-div parameter and choosing 7pspse < 1 improves the results in such
a way that the total error is at least not increasing with mesh refinement. For a parameter
choice according to 7y gqnm = h? /Lo, 7r.pspG = Lo with Ly > 10* we finally achieve
results comparable to those with the stationary solver above. Just the rate of convergence
for the divergence is reduced since here only observe a scaling like h~2/3. This choice is in
agreement with the bounds (3.30) derived for the semi-discrete case.

If we now try to distort the mesh slightly, the results first improve for all considered errors,
but then suddenly grow immensely. This clearly shows the sensitivity of this example with
respect to a special choice of meshes.

In Figure 5.29 the numerical solution is depicted. Although we have seen that the parame-
ter design for the left picture shows the best convergence behavior, unphysical oscillations

only disappear when the grad-div parameter is increased.

5.3.2 Magnetic Field Expulsion

In this example we examine the influence of a rotating electrically conducting fluid rotating
in an infinitely long cylinder on an uniform magnetic field. Therefore, we consider on the
domain Q = (—1,1)2 with R = % the prescribed velocity field

(_yvx)T <R
u = .
0,000 >R
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Thgd,M = 107t h27 Tr,PSPG.M = 10 Th,gd,M = 107+ hz, Tr,PSPG.M = 10*
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Figure 5.28: Error for the singular solution with Taylor-Hood [Q2]?/Q; elements

— 1.2 —4 — 4 — 1,2 —
(a) Ty,ga,m = h? - 1074, 7 pspa,m = 10 (b) To,ga,m = 1, T pspa,m =1

Figure 5.29: Magnitude of the singular solution
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H Cross-box, Equal-order
h 24 27° 2-6 277
IIb —brllo 1.71F —1 | 1.09E — 1 (0.65) | 6.91E — 2 (0.66) | 4.36E — 2 (0.66)
IV x(b->5p)|o |l 1.9BE—2 | 7.66E —3 (1.33) | 3.04E — 3 (1.33) | 1.23E — 3 (1.31)
lr — rullo 794F — 3 | 3.46F — 3 (1.20) | 1.45F — 3 (1.25) | 5.96F — 4 (1.28)
IV (r—rn)llo 391FE —2 | 2.49F — 2 (0.65) | 1.57F — 2 (0.66) | 9.92F — 3 (0.66)
V- (b—"0bn) o 3.65 4.57 (—0.32) 5.75 (—0.33) 7.23 (—0.33)
H Cross-box, Taylor-Hood
h 24 270 2-6 2~ 7
IIb —brllo 1.60F —1 | 1.02E — 1 (0.65) | 6.45E — 2 (0.66) | 4.07E — 2 (0.66)
IV x(b—>bp)llo || 1.55E —2 | 6.13E —3 (1.34) | 2.42FE — 3 (1.34) | 9.61FE — 4 (1.33)
llr — r1nllo 6.25FE —3 | 2.74E — 3 (1.19) | 1.15E — 3 (1.25) | 4.71E — 4 (1.29)
IV (r—rn)llo 3.04E —2 | 1.94F — 2 (0.65) | 1.23FE — 2 (0.66) | 7.74F — 3 (0.67)
|V - (b—"0bn) |lo 3.52 4.41 (—0.33) 5.54 (—0.33) 6.98 (—0.33)
H Py standard mesh, Equal-order
h 2~1 275 276 277
IIb —brllo 3.62E —1 | 2.86E —1 (0.34) | 2.23E — 1 (0.36) | 1.74E — 1 (0.36)
IV x(b—>bp)lo || 1L.19E —1 | 7.98E —2 (0.58) | 5.68FE — 2 (0.49) | 4.19E — 2 (0.44)
llr — rnllo 2.33E —2 | 1.46E — 2 (0.67) | 8.83F — 3 (0.73) | 5.30E — 3 (0.74)
IV (r—71) o 798E —2 | 6.39E — 2 (0.32) | 5.07F — 2 (0.33) | 4.00E — 2 (0.34)
|V - (b—"0bn) |lo 3.06 3.94 (—0.36) 5.24 (—0.41) 7.12 (—0.44)
H P, standard mesh, Taylor-Hood
h 24 27° 276 277
b — brlo 219E -1 | 1.41E -1 (0.64) | 8.98FE — 2 (0.65) | 5.68E — 2 (0.66)
IVx(b—>b)lo || 287TE -2 | 1.16E —2 (1.31) | 4.72E — 3 (1.30) | 1.92F — 3 (1.30)
llr — 7nllo 1.00FE —2 | 4.58F —3 (1.13) | 1.96E — 3 (1.22) | 8.13E — 4 (1.27)
IV (r—71) o 3.81FE —2 | 246FE — 2 (0.63) | 1.56 E — 2 (0.66) | 9.89E — 3 (0.66)
V- (b—"0bn) o 3.18 3.99 (—0.33) 5.02 (—0.33) 6.32 (—0.33)

Table 5.4: Singular solution: Errors for simplicial meshes

In particular, we neglect the influence of the magnetic field on the velocity field. We assume

that the boundary 9 is electrically conducting and prescribe b-n = (0,1)7.

For an infinite domain this problem admits an analytical solution [Mof78] that can be

expressed in polar coordinates (d, ¢) by

b(d, ¢) ==V x R[f(d) exp(iy)]

dy:{d+CM,
Dy (pr),

d>R
d<R
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where j,(z) are the Bessel functions of first kind and the constants C', D and p are given
by

_ R[2j1(pR) — pRjo(pR)] __ 2 =(1—i
¢= pjo(pR) P iR) p=(miva

For A\ — oo the initially described magnetic field is undistorted and b(z,y) = (0,1)7. On

the other hand, for vanishing magnetic diffusivity we obtain

0, d< R 0 d<R
hIIl b: o =
A0 —V x ((d—%)cos(9)), d>R

— 2 .2 :
(2(3;2_’_22)2 ) 1 + 4(1‘2_;'_52)2 )T d Z R

In particular, we observe that the magnetic field is expelled and a sharp inner boundary

layer appears.

For moderately small A the numerical solutions are depicted in Figure 5.30 for a constant
grad-div stabilization parameter 7444 = 1 and no PSPG or LPS stabilization. In all
these cases, we achieve on this rather coarse mesh (h = v/2/16) results that resemble the
correct behavior of the solution. Just for the choice 7, ¢ = Ah? for A = 1072 suggested in
the semi-discrete approach (3.30) spurious oscillations introduced by the inner boundary

layer occur.

If we decrease the magnetic diffusivity further, suddenly lots of unphysical oscillations
occur (Figure 5.31(left)). These can be be removed by using the stabilization s, 1., With
T, Lor. v = 1 (Figure 5.31 right).

Comparing with the Blasius test case (Subsection 5.1.4) one might expect that further
refinement should be sufficient to remove oscillations and to capture the correct behavior
of the solution with grad-div stabilization alone. In Figure 5.32 we consider for the case A =
107° the influence of the Lorentz stabilization again for two different meshes (h = 1/2/32
and h = /2/128). While the magnetic field grows exponentially in time for the grad-
div stabilized solution on the coarse mesh, the solution on the fine mesh stays bounded
and no oscillations are visible. On the other hand, the magnitude is still too large by a
factor of 10 and the streamlines away from the cylinder seem not to be influenced by
the rotating fluid at all. However, for the Lorentz stabilized solution we obtain physically
reasonable results. The magnitude of the solution is of the order of the analytical solution
for vanishing magnetic diffusivity and infinite domain. Furthermore, the inner boundary
layer is sufficiently resolved such that the expulsion of the magnetic field is clearly visible.
On the coarse mesh a quite strong magnetic field in the inside of the domain is visible.

This is due to the fact that the numerical simulation has been stopped after the magnetic
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Figure 5.30: Magnetic field for moderately small magnetic diffusivity A

(@) Th.gamr =1, Ty, Lor,m =0

(b) Tb,ga,M

= ]-) Tb,Lor,M = 1

Figure 5.31: Effect of LPS stabilization for the Lorentz coupling A = 10™%
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field outside of the cylinder became stationary. We expect that this inner magnetic field

decays further in time due to diffusivity.

b Magnitude

1.28’E125
3
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b Magnitude
6.07e+1 Z’Eae«vz
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Eu 25
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b Magnitude b Magnitude
2.4+ 24.7+
E’Z Ezo
E 210
0.00602 ,E 0.013367E

Figure 5.32: Magnetic field with (left) and without (right) LPS on coarse (top) and fine
(bottom) meshes for A\ = 10~°

Finally, we consider in Figure 5.33 for the same A different stabilizations on an adaptively
refined mesh. The mesh width is in the range hys € [v/2/32,v/2/512] and as error indicator
the gradient jumps in normal direction over cell faces are used. We first observe that the
results for the grad-div stabilized and the additionally Lorentz stabilized solutions are
qualitatively comparable to those on the isotropic meshes. Using the induction stabilization
Sp,1nd leads to an improperly refined mesh: There is no sharp boundary layer and the
position of the maximum is incorrect. A combination with the Lorentz stabilization clearly
improves the situation, but compared to Lorentz stabilization alone the solution is blurred

since too much diffusivity is introduced.

This example shows first that the parameter design for solutions with reduced regularity
is not appropriate here. In case of small magnetic diffusivity grad-div stabilization is
not sufficient for a proper resolution of the inner boundary layer but additional Lorentz
stabilization is needed. With this combination we are able to remove unphysical oscillation
even for small values of A on coarse meshes. On the other hand the stabilization sy rpq
seems not to be appropriate for this problem. Using adaptive mesh refinement we can
greatly diminish the number of degrees of freedom (~ 6 - 10° on the fine mesh in Figure
5.32 and ~ 4 - 10* for the meshes in Figure 5.33) while preserving a comparably good

solution.
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Figure 5.33: Different stabilizations on an adaptively refined mesh for A = 107

5.4 Non-Isothermal Electrically Conducting Flow

In the last example we consider the fully coupled model. On the domain Q = (0,10) x (0,1)
we investigate the flow that develops in an infinite channel that is heated from below and
cooled from above and possibly stabilized by a magnetic field in y-direction. In particular,

we consider the boundary conditions

Ulyefo,13 =0 U|z—0 = U|z—10

n - blycio,1y = bo blz—0 = u[z=10
1

0‘@/6{071} = (y - 5) Ra 9’3&:0 = 9|m:10-

Above a critical Rayleigh number Ra flow is induced when the buoyancy effects dominate
the stabilizing viscous forces. At fixed Rayleigh number this flow is damped out when the
magnetic field is sufficiently strong [Chal3]. A typical stable state is depicted in Figure
5.34. In particular, stationary convection cells develop that transport temperature from
the warm bottom to the cold top.

The main interest in this test case is the consideration of the parallel scaling behavior
of the implemented numerical solver. For Ra = 25000 and by = 10 we calculate with a
time step size At the first 100 time steps of the numerical solution on successively refined
meshes with N = 1280-4%, k € [0, 6] cells. Figure 5.35 shows that we obtain for all problem

sizes convincing results. In particular, we obtain for k¥ > 3 (nearly) linear weak scaling,
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Figure 5.34: Flow structure for Ra = 25000 and bg in steady state

i.e., the run time halves when the number of used processes halves. Weak scaling on the
other hand means that the run time stays the same when the size of the problem and the
number of processes are doubled. We observe that this is approximately the case if the
problem is sufficiently large. In Figure 5.36 we have a closer look on the scaling behavior
of the major parts of the solver for a mesh with N = 1280 - 46 = 5,242,880 cells. This
means for that we have to solve for 115,417,095 unknowns in each time step for ansatz
spaces according to V, = Q3, Gy, = Q2, Q) = Q1, S;, = Q1. We observe that all assembling
parts of the algorithm scale linearly. Just for solving for the kinematic pressure and the
magnetic pseudo-pressure the scaling breaks quickly down. Since linear solvers typically
need more than 10,000 unknowns to achieve convincing results, this is not too surprising.
In sum these contributions clearly vanish when we consider the total run time.

All in all, we observe good scaling results for up to 1024 processes. This suggests that the
chosen splitting in combination with the stabilizations is also well-suited with respect to

numerical efficiency.
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6 Discussion and Conclusions

This thesis is concerned with the numerical solution of the incompressible Navier-Stokes
equations for a non-isothermal, electrically conducting fluid in a rotating frame of reference.
In particular, the goal has been to propose a suitable model and to investigate it both
analytically and numerically. The mathematical description is based on the Oberbeck-
Boussinesq approximation for the influence of temperature and for electrically conducting
fluids resistive magnetohydrodynamics is considered.

With respect to the spatial discretization in Chapter 2 a finite element approach has
been suggested that combines stabilizations of the incompressibility constraints with local
projection stabilizes for various force terms to prevent unphysical numerical solutions and
to model subgrid behavior appropriately.

The discretization in time is first considered in Chapter 4 and consists of a pressure-
correction projection method based on BDF2 that we considered both in the standard
incremental and the rotational incremental variant. Although projection methods have
been considered for a long time (starting with Chorin [Cho69] and Temam [Tem69]), to
the best of our knowledge, this is the first time that the approach has been applied to a
model for non-isothermal and electrically conducting flow.

In the following, we summarize the findings with respect to theoretical (Chapter 3 and

Chapter 4) and numerical investigation (Chapter 5).

6.1 Discussion of the Analytical Results

We first considered analytical results for the semi-discretized model in Chapter 3. The out-
come can be summarized as follows: In most cases we were able to prove stability without
any requirements on the stabilization parameters. Just for the linearized and stationary
MHD model, stability depends on a proper choice of the grad-div parameters for veloc-
ity 7u,44,m and magnetic field 7, 49 ps and on suitable parameter bounds for the magnetic
pseudo-pressure 7. pspag,m- LThe reason for the different behavior for the electrically con-
ducting case lies in the fact that for the discretized stationary problem the stability for the
semi-norm not immediately extends to stability for the full H°"/(Q) norm, cf. Theorem
3.4.4.

With respect to error estimates for the discretization error, always three cases can be

considered.

119
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In the first approach no particular assumption with respect to fine and coarse ansatz spaces
is needed. We were able to derive semi-robust a priori estimates provided a certain local
mesh restriction depending on critical non-dimensional quantities is satisfied. Essentially,

we require in this case

R ||wn || oo, n 1 hor||wn | oo, pr 1
Fewm v = v oM o =a
harllbnll o 1
Fepmr = | ;H - = in{ﬁ’ \f}

Compared to the global condition

b||o 1
ReQ;:””VCP<

v

in [MSTO07] not depending on the mesh width, these restrictions can be considered mild.
Deriving semi-robust results in this case critically depends on the existence of a divergence-
preserving interpolation operator. The construction in [GS03] is based on the inf-sup sta-
bility that we assume throughout this thesis. With respect to the interpolation errors the
obtained estimates for the discretization errors are quasi-optimal for the LPS errors. In
this approach the mesh width restrictions with respect to velocity and temperature can
be circumvented by a modified estimate of the convective terms at the price of assuming
up, € L™ (to, T; L*°(R2)). This latter assumption might be removed by using bootstrapping
techniques as considered in [GT99; AGNO5].

With respect to the stabilization parameters there are upper and lower bounds for the
fluid grad-div parameter suggesting for a feasible parameter design 7, gq.p = Ty gd,0- Fur-
thermore, the magnetic grad-div parameter and the PSPG parameter for the magnetic
pseudo-pressure have in this analysis to be chosen as 7, gq.1s ~ )\h%w, Tr.PSPG,M ~ 1/A.
With respect to the LPS parameters there is no lower bound meaning that they do not

contribute to the rate of convergence.

In a second approach special choices of fine and coarse spaces satisfying a compatibility
condition are considered. This allows to avoid the mesh width restriction without ad-
ditional assumptions for the discrete solutions. In this case a lower bound for the LPS

parameter according to

2 2 ~ 2 2
Tu,SUM = Ny, T0,5U,M = My, Tu,Lor,M = Ny, T, Ind,M = Ny

is needed (for results with respect to the Oberbeck-Boussinesq model alone in this setting

refer to [Dall5]). The bounds on the grad-div parameters remain the same.

The third approach then aims to extend the second approach to obtain superconvergent

estimates for the discretization error provided the viscosities are smaller than the mesh
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width. This can be achieved using a much more restrictive choice of fine and coarse ansatz
spaces and a clear design for the LPS parameters. In particular, local projection plays a

major role in obtaining the discretization error estimates.

With respect to the “directional-do-nothing conditions” we observed that apart from an
additional term in the Gronwall constant the error estimates do not change compared
to homogeneous Dirichlet conditions. In particular, we were able to derive stability and

quasi-optimal results for a suitable model of outflow boundary conditions.

For the fully discretized equations, we considered different approaches in [AD15]. In par-
ticular, we considered what restrictions arise when trying to extend spatial discretization
results to the fully discretized case or discretization results for the temporal approxima-
tion to the fully discretized case. While both of these approaches are possible, we observed
severe restrictions and suboptimal convergence results.

Finally, in [ADL15b] we where able to achieve quasi-optimal and semi-robust error esti-
mates for the fully discretized Navier-Stokes equations. In comparison to the results in
Chapter 3 even quasi-optimal results with respect to the L?(2) were obtained. Chapter 4
aimed to transfer these estimates to the fully coupled set of equations. The analysis in this
section combines ideas from the semi-discretization with ideas from [Gue99]. In particular,
a proper estimate of the convective terms plays an important role in order to avoid time
step size restriction like At < 3 that would appear in a naive approach. In conjunction
with problem suited interpolation operators, we were able to derive semi-robust estimates
that are quasi-optimal with respect to the LPS errors with respect to temporal and spatial
approximation. The coupling between velocity and magnetic field prevents the derivation
of quasi-optimal results for the L?(£2) errors with respect to spatial discretization. How-
ever, for the Oberbeck-Boussinesq alone quasi-optimality in space can be achieved and
we assume that the results from [AD15] with respect to temporal discretization can be
extended to that model.

The necessary assumptions with respect to stabilization parameters and temporal and
spatial resolution are similar to those in the first approach for the semi-discretization.
Although for the fully discretized a slightly different stabilization model for the mag-
netic field has been chosen, grad-div stabilization still proves to be essential for obtaining
semi-robust results. In particular, we are able to neglect PSPG stabilization for the pseudo-
pressure and choose the grad-div parameter 7, 44 37 in the order of unity. For obtaining
convergence results, LPS stabilizations can again be neglected. On the other hand, the
analysis allows for a wide range for stabilization parameters that allow to control behavior

of the numerical solution beyond convergence considerations.
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With respect to mesh size restriction and LPS error estimates the coupling between mag-
netic field and velocity still requires a sufficiently fine mesh according to

VA

Rey v Reynr S —.
v

< 1
SN
and time step size restriction according to At < min{h,A}. Compared to a time step
size restriction like At < v this is still mild and comparable to results one would obtain
without an improved error estimate for the convective terms. Although the L?() error
estimates require an even stricter bound for the LPS parameters, this need is never ob-

served in the numerical results.

6.2 Discussion of the Numerical Results

In Chapter 5 we validated the analytical results and considered a suitable parameter de-
sign for different types of flow. We started with academic test cases that do not show any
complex behavior but merely served for numerical validation for isothermal and isolating
fluids. In accordance with the analytical results we observed that in these cases the total
error essentially depends on the grad-div parameter. In particular, a constant grad-div pa-
rameter is crucial for semi-robust error estimates even in case the velocity vanishes. With
respect to LPS stabilization we did not observe any significant influence. The obtained
rates of convergence were in agreement with the analytical expectations. However, in none

of these cases we observed any influence of a mesh width restriction.

In Section 5.1.4 with the Blasius profile the first example that exhibits instabilities due to
arising boundary layers. We observed that grad-div stabilization is not sufficient to remove
the spurious oscillations in front of the obstacle. With global refinement a rather fine mesh
is needed to remove these spurious modes. However, with the help of the LPS-SU model
these unphysical modes can be removed on rather coarse meshes. Another possibility is
to use a problem-adapted mesh that is only refined near the obstacle. In this case mesh
diffusivity is sufficient to remove the spurious modes, but additional SU stabilization does

not harm either.

For investigating the behavior of LPS-SU stabilization as subgrid model for turbulent flow
we considered in Section 5.1.5 the Taylor-Green vortex. In accordance with the expec-
tations we observed that grad-div stabilization alone is not able to produce sufficiently
dissipation to model the scaling of the energy spectrum correctly. Choosing the LPS-SU

parameter as T, sym = har/up, improved this behavior much and we observed results
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similar to those of a Smagorinsky model. Therefore, we conduct that at least for simple
types of turbulent flow the LPS-SU stabilization may serve as implicit LES model. Due
to the fact that the LPS-SU acts in flow direction it might well be that for flow with a
clear direction such as a turbulent channel results could be even better. This is subject to

future research.

For non-isothermal flow, we started again with a prescribed reference solution that models
a temperature peak moving through the domain and hitting a wall where uv-n > 0
and Dirichlet boundary conditions are prescribed. Similar to the analytical test cases for
isothermal fluids we obtained for all choices of o and 3 the theoretical rates of convergence.
However, in case of small « spurious oscillations occur that spread across the whole domain.
Surprisingly, for Q2/Q; elements a LPS-SU stabilization for the temperature does not show
any significant influence. If the velocity ansatz space is enriched by bubble functions, the

stabilization suddenly shows effect and diminishes the oscillations considerably.

A much more complex example is the Rayleigh-Bénard convection that we considered
in Section 5.2.2. In all considered cases grad-div stabilization on anisotropically refined
meshes is sufficient to reproduce DNS results from the literature. LPS SU stabilization for
velocity or temperature improved the results only in case of isotropically refined meshes
that were not problem-adapted. For the rotating case nearly no influence of the Coriolis

stabilization could be observed.

For electrically conducting fluids two examples have been considered in Section 4.2. For
the case of a solution with reduced regularity we observe that, in agreement with the
considerations in 4.2, the parameter design derived in Chapter 4 for smooth solutions
does not lead to convergence, but PSPG plays a major role. On the other hand, with the
parameter design that is also suited for solutions of reduced regularity from Section 5.3
convergence results are obtained although still unphysical oscillations in the solution can
be observed. In the second example the expulsion of the magnetic field by an electrically
conducting fluid has been considered. In comparison to the singular solution it turned out
that in this case grad-div stabilization for the magnetic field is crucial to obtain physi-
cally sensible solutions. As long as the magnetic diffusivity is sufficiently big, no additional
LPS stabilization is needed. This changes as A = 10™* is approached. Suddenly unphys-
ical oscillations appear due to the developing sharp inner boundary layer. Adding LPS
stabilization for the Lorentz coupling with a parameter in the order of magnitude cures
this behavior considerably and convincing results for down to A = 107> are obtained. In
contrast to the Blasius flow example it turns out that adaptive mesh refinement in this
case is not sufficient, but additional LPS stabilization is still needed. Nevertheless, refining
not globally is extremely beneficial for this example as numerical errors are confined to a

rather small part of the domain.
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In the last numerical problem we considered exemplarily the performance of the numer-
ical solver that has been developed by the author for conducting the various numerical
experiments in this thesis and the related publications. We observe good parallel scaling

results for at least 1024 processes.

6.3 Conclusions

In this thesis we considered fully discretized model for non-isothermal, electrically con-
ducting in compressible flow in a rotating frame of reference. For the spatial discretization
we used a finite element methods and stabilizations for the incompressibility constraints,
convective terms and force terms in the Navier-Stokes, Fourier and induction equation
to circumvent numerical instabilities. For the discretization in time a projection pressure-
correction approach based on BDF2 was considered that allows to solve for each quantity
(velocity, kinematic pressure, magnetic field, magnetic pseudo-pressure and temperature)
separately instead of solving for all quantities at the same time. With respect to efficiency
such an approach appears useful especially due to the fact that good numerical solving
strategies for each of the resulting smaller problems are known. In particular, we could
validate good scaling results for the author’s implementation.

With respect to analytical investigations results the semi-discrete and fully-discretized
analysis draw a consistent picture: Using inf-sup stable ansatz spaces for the velocity and
the kinematic pressure just grad-div stabilization is necessary to obtain quasi-optimal and
semi-robust estimates for the discretization error. Unless certain compatibility conditions
are considered, local projection stabilizations do not improve the rate of convergence of the
considered scheme. For the magnetic field and the magnetic pseudo-pressure on the other
hand no inf-sup stability is assumed in the semi-discrete analysis and hence an additional
PSPG stabilization is necessary. Considering inf-sup stable pairs as in the fully discretized
case, this stabilization can be neglected for sufficiently smooth solutions. Due to the fact
that the continuous magnetic pseudo-pressure vanishes in this case, grad-div stabilization
for the magnetic field can also be neglected with respect to quasi-optimal error estimates.
This behavior is confirmed in the numerical examples: For academic examples neither
the local projection stabilizations nor the PSPG stabilization or the magnetic grad-div
stabilization are crucial. Just grad-div stabilization for the velocity has to be used in order
to obtain quasi-robust results. On the other hand, for more complex flow with inner shear
or boundary layers or turbulent flow applying local projection stabilizations is crucial to
remove numerical instabilities. In summary, local projection stabilization (almost) never
harms but is beneficial in many cases. In order to obtain best results a problem-adapted
mesh in combination with grad-div and local projection stabilization in the order of unity

one is recommended.



6 Discussion and Conclusions 125

In case of solution for the magnetic field with reduced regularity, PSPG stabilization turns
out to be crucial while all the other stabilization are not. In particular, convergence can
only be achieved if the grad-div stabilization parameter for the magnetic field is sufficiently

small. This can be verified analytically and numerically.

6.4 OQOutlook

Although the used error indicator based on the gradient jumps across element faces pro-
duced in all cases suitable indications for refinement, an a posterior estimator for the
suggested model could be interesting. Some indication on how to do this for splitting al-
gorithms are given in [SLL12].

In [GMSO05] Guermond et al. investigated outflow boundary conditions with respect to
convergence behavior in time for splitting algorithms. It would be interesting to extend
the analysis for the presented model as well, in particular with respect to the DDN condi-
tion. Furthermore, a higher order time discretization as recently suggested in [GM15] or
adaptive time step sizes could be considered.

With respect to numerical results, we observed fairly broad results. However, the ap-
plication to even more complex problems would be interesting to test the limits of this
approach.

Problem-adapted meshes often require anisotropic meshes and it should be possible to

extend the analysis to this case based on the consideration of Thomas Apel in [Ape99].
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