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Abstract

We consider Ore monoid actions in a certain bicategory of étale groupoids Gprop.
Examples of such actions include self-similar groups, higher rank graphs and
actions of Ore monoids on spaces by topological correspondences. We prove that
every Ore monoid action in G,rop has a colimit. We construct a functor from
Gprop to the bicategory of C*-correspondences €orr. We prove that this functor
preserves colimits of Ore monoid actions. We write the colimit of an Ore monoid
action concretely, and in doing so provide a groupoid model for the Cuntz—Pimsner
algebra of the product system associated with the action. In the second part of
this thesis, we study colimit equivalence in the bicategories €Corr and &t. We
show that under certain assumptions on a diagram, cofinal subdiagrams have
equivalent colimits. This generalises the notions of shift equivalences of graphs
and C*-correspondences.
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1 Introduction

1.1 Motivation

If a locally compact group G acts on a locally compact Hausdorff space X by
homeomorphisms, one can form the full crossed product G x Cy(X) of Co(X) by G.
We think of G'x Cy(X) as a skew tensor product of the full group C*-algebra C*(G)
with Co(X). A celebrated result of Rieffel [42] shows that Co(X/G) is Morita
equivalent to G x Co(X) when the group action is free and proper. This suggests
to call the crossed product G x Cp(X) a noncommutative quotient, see [12,21].
So from the point of view of noncommutative geometry, the crossed product
G x Cp(X) replaces the quotient space X/G. If the group G acts freely and
properly on X, then X/G is Hausdorff. But what happens for non-Hausdorff
quotients? In such cases the quotient space is not suitable to encode the group
action, as we will illustrate in the following example. Let 6 € R be a fixed real
number. We consider the rotation action of Z on the unit circle T given by

(n,z) — ™m0,

If 0 is a rational number then the quotient space T/Z is a circle. Hence
"C(T/Z)" := {f € C(T) | f(nz) = f(z) for all n € Z, z € T} = C(T).

If 6 is irrational then the action is free, but not proper; the quotient space T /Z
has only two open sets and therefore "C(T/Z)"” = C. In both cases, the crossed
product Z x C(T) is isomorphic to the noncommutative torus Ag.

There is, however, a natural groupoid G x X associated with an action of G
on X which may replace X/G. The object space of G x X is X and the arrow
space is G x X. The source and range maps are

r(g,x) = g(x), s(g,z)==
and the multiplication map is
(g, %) (h,y) = (gh,y)

if h(y) = x. The inverses are defined by (¢g,2)"' = (¢!, g(z)). While the
groupoid G' x X remembers the isotropy groups, the quotient space X/G totally
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forgets this information. Moreover, C*(G x X) is isomorphic to G x Cy(X).
This makes G x X the right object to study from the perspective of noncom-
mutative geometry. Another reason to use a groupoid as a middle step when
associating a C*-algebra to given topological data is the well developed theory
of groupoid C*-algebras. The existence of a groupoid model for a C*-algebra
allows to use the general theory of groupoid algebras to study its basic structural
properties, such as simplicity, nuclearity or pure infiniteness.

In the previous example, we started with an action of a group on a space. This
is an instance of a reversible dynamical system. A prototype for a non-reversible
dynamical system can be obtained from a bouquet of n loops X over a vertex {*} for
a fixed natural number n € N. This corresponds to an action of N on the set {*x} by
the graph X : {x} — {x}, where a natural number k£ € N acts on {x} by the product
space X* realised as a bouquet of n* loops over {x}. The graph X: {x} — {x}
gives a C*-correspondence C": C — C, see Section 2.5. The Cuntz-algebra O,
is the right C*-algebra to associate with the correspondence C": C — C. It
is generated by isometries Si,..., S, such that Y ;" 5;S7 = 1. There is also a
groupoid Gy, the Cuntz groupoid, associated with the graph X with C*(Gx) = O,,
see [40, p. 140].

The construction of the Cuntz algebra has been generalised to what is now called
Cuntz—Pimsner algebras, which were introduced by Pimsner in [39]. Pimsner
constructs a C*-algebra from a C*-correspondence over a C*-algebra. Cuntz—
Pimsner algebras have been receiving continuous interest as generalised crossed
products associated to possibly non-invertible, singly generated C*-dynamics. An
action by a C*-correspondence is equivalent to an action of the monoid N. Actions
of a general monoid may be defined by putting together several C*-correspondences
in a suitable way. The correct definition is that of an (essential) product system
over the monoid; product systems were introduced by Fowler [17], who was inspired
by earlier work of Arveson [3]. We have shown in [2] that the Cuntz—Pimsner
algebra of a product system is the right analogue of the crossed product for monoid
actions by proper C*-correspondences.

An important source of product systems is monoid actions by topological cor-
respondences. A topological correspondence is a quadruple (E,V,r, s), where E
and V are locally compact spaces, r: £ — V is a continuous map and s: £ — V
is a local homeomorphism. An action of an Ore monoid P on a space X by
topological correspondences gives rise to a product system in the bicategory of
C*-correspondences. One of our main results in [1] is the construction of a groupoid
model for the Cuntz—Pimsner algebra associated to such a product system. This
generalises constructions for graph algebras [23] and higher-rank topological graph
algebras [46]. As we will be working simultaneously on two tracks—on the groupoid
level and on the C*-algebraic level-it is helpful to keep in mind the following
diagram regarding C*-algebras associated with Ore monoid actions by topological
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correspondences.

[ Ore monoid action by topological correspondence ]
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[ Groupoid C*-algebra
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In this work we are interested in generalizing this result. But before explaining
this let us analyze the previous examples further. Cuntz—Pimsner algebras of
product systems satisfy certain universal properties, which make them colimits of
the associated diagrams in a certain bicategory of C*-algebras, see [2]. Colimits
are canonical constructions to build new objects from simpler ones. For a group
action (G, X), the crossed product G x Co(X) is also a colimit of the associated
diagram (G, Cy(X)). If we view the action (G, X) as a diagram of topological
spaces, then its colimit is the quotient space X/G. In an appropriate bicategory
of groupoids its colimit is the transformation groupoid G x X.

There were several attempts to find an appropriate categorical setting to study
dynamical systems. In [24], a category M of discrete higher-rank graphs has been
introduced. The authors in [24] also introduce a functor from M to the category
of C*-algebras and isomorphism classes of Hilbert bimodules as arrows. This
makes M attractive as a possible setup for defining generalised dynamical systems.
Moreover, if A is a discrete higher-rank graph and X: A — A is an endomorphism
in M, then a new higher-rank graph A xx N (called the skew graph) may be
constructed. The C*-algebra of the graph A x x N is naturally isomorphic to the
Cuntz-Pimsner algebra Oc+(x, see [24, Theorem 6.8]. Nevertheless, despite their
combinatorial structure and their nice C*-algebras, discrete higher-rank graphs are
not well-suited as a common ground to study dynamical systems. Many examples
are left untreated and an extra step is usually needed to link this category to a
suitable category of groupoids.

1.2 The bicategory of groupoid correspondences

In 1967, Bénabou introduced bicategories in [6]. In a bicategory, we replace the
sets of arrows between objects by categories of arrows. The composition of arrows
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becomes a bifunctor. We demand that the associativity and unitality hold only
up to isomorphisms of functors.

We study colimits mainly in bicategories. The reason for this is best explained
by the following example. Let A be a C*-algebra and let G be a group acting
on A by isomorphisms (cy)gec. The colimit of this action in the usual category
of C*-algebras, which consists of C*-algebras as objects and *-homomorphisms as
arrows, is not an interesting object. It is the largest quotient of A such that all
isomorphisms «ay are trivial on this quotient. On the contrary, the colimit of this
action in the bicategory of C*-correspondences is the crossed product G x A.

What are diagrams in categories and their colimits? Let C and D be categories.
A diagram in D of shape C is a functor C — D. Such diagrams are again the
objects of a category D€, with natural transformations between functors as arrows.
Any object x of D gives rise to a “constant” diagram const,: C — D of shape C.
The colimit colim F' of a diagram F': C — D is an object of D with the following
universal property: there is a natural bijection between arrows colim F' — x in D
and transformations F' = const, for all objects x of D. In brief,

D(colim F, z) = DC(F, const,). (1.1)

Let C and D be bicategories. A diagram in D of shape C is a functor C — D.
The functors C — D are the objects of a bicategory DC; arrows and 2-arrows
in this bicategory are called transformations between functors and modifications
between transformations, see [25].

Thus D¢ (F, F5) for two diagrams Fj and F» is a category, not just a set. Simi-
larly, for two objects z1 and xg of D, there is a category D(z1, x2) of arrows z1 — 2
and 2-arrows between them. Once again, there is a constant diagram const, of
shape C for any object x of D. The bicategorical colimit is defined by the same
condition (1.1) after interpreting = as a natural equivalence of categories. The
colimit colim F' of some diagram D is unique up to equivalence if it exists.

Our main interest lies in the realm of groupoids and C*-algebras. In the
following we introduce bicategories €otrr with C*-algebras and &t with groupoids
as objects. First, let A, B be C*-algebras. A correspondence from A to B is
a right Hilbert B-module £ with a non-degenerate *-homomorphism ¢ from A
to the C*-algebra of adjointable operators on £. The correspondence € is called
proper if the image of ¢ is contained in the C*-algebras of compact operators.
An isomorphism between two such correspondences is a unitary operator which
intertwines the left A-actions. Let €ott be the bicategory consisting of C*-algebras
as objects, correspondences as arrows and isomorphisms of correspondences as
2-arrows. Let C be a category. A diagram of shape C in Cott is a functor C —
Corr. Such diagrams are the objects of a bicategory €ott®; the arrows and 2-
arrows in Cort® are transformations between functors and modifications between
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transformations (see [11]). Any C*-algebra D gives rise to a constant diagram of
shape C. The colimit of a diagram F': C — €ortr is a C*-algebra colim F' with the
following universal property:

Cort(colim F, D) = Cort®(F, constp), (1.2)

where = now means an equivalence of categories.

Let P be a monoid, then a functor P — Corr is the same as an essential product
system over the monoid P°P (see [17]). We prove in [2] that every diagram in the
subcategory of proper correspondences has a colimit; the Cuntz—Pimsner algebra
of a proper product system is the colimit of the associated diagram in Cortr.

Next, let H and G be étale groupoids. A correspondence X : H — G is a space X
with commuting left and right G-actions on X such that the right action of G on X is
free and proper and the source anchor map sy: X — G is a local homeomorphism.
We say that X is proper if the range anchor map rx: X — H? induces a proper
map ry«: X/G — HO. Let X: H — G and V: G — D be correspondences. Let
X og Y be the quotient of the fibre product X x,, go ., V with respect to the
diagonal G-action. The space X og ) carries a free and proper right D-action
and a left H-action, and the two actions commute. In addition, the anchor
map s: X og Y — DV is a local homeomorphism. Thus X og ) is a correspondence
from H to D. We call this correspondence the composite correspondence of
X and ). We denote by &t the bicategory consisting of étale groupoids as
objects, groupoid correspondences as arrows and equivariant homeomorphisms of
correspondences as 2-arrows. There is a covariant functor &t — €orr sending a
correspondence X: H — G to a correspondence £: C*(H) — C*(G).

Colimits in &t are defined by an equivalence of groupoids as in Equation (1.2).
We construct such colimits for proper Ore monoid actions. And we prove that

C* (liny(F)) = lim C*(F)

for such diagrams. This explains groupoid models for row-finite higher-rank graphs
without sinks and the C*-algebras of self-similar groups defined by Nekrashevych.

1.3 Colimit equivalent dynamical systems

Ever since the introduction of Cuntz—Krieger algebras in [13], many authors have
considered the question of deciding which subshifts of finite type have Morita—
Rieffel equivalent Cuntz—Krieger algebras (see [4,15,29]). Another related question
in symbolic dynamics comes from the conjugacy problem. This classification
problem amounts to deciding when two given subshifts are conjugate. A partial
answer to this question treats subshifts of finite type as edge shifts of directed
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graphs, see [26, Proposition 2.3.9]. The question can be simplified in terms of
defining certain operations on graphs producing conjugacies of edge shifts. Such
graphical constructions can be found in the work of Pask and Bates in [5].

Beyond the singly generated dynamics of shifts of finite type, it is more difficult
to determine whether two topological dynamical systems give the same C*-algebra.
The language of bicategories offers the right setup to understand these questions.
An (elementary) shift equivalence in a bicategory can be obtained by a functor
from the category Cs generated freely by

to the bicategory under consideration. In particular, a functor F': Cs — &tprop
is equivalent to the functor given by two groupoids G and H and proper corre-
spondences X': G — H and YV: H — G. The N-actions given by X oy V: G — G
and Y og X: H — H have the same colimit groupoid in &t. For the special
case where the groupoids G and H are just spaces, we obtain the usual notion of
elementary strong shift equivalence of topological graphs (compare [44, Definition
2.2]).

The same happens in the bicategory of C*-correspondences. An elementary
strong shift equivalence of C*-correspondences, see [44, Definition 3.10], is equiva-
lent to a functor F': Cs — Cotr.

Both results are special cases of a general phenomenon of colimits of diagrams
containing a cofinal subdiagram. This perspective allows to simultaneously treat
dynamical systems with the same colimit in &t and Core. We call (C*-algebraic or
topological) dynamical systems colimit equivalent if they have the same colimit.

1.4 Overview of the thesis

We describe now the contents of individual chapters of this thesis.

We start in Chapter 2 by recalling basic definitions regarding bicategories. In
Section 2.2, we introduce groupoid correspondences and in Section 2.4 we show
that groupoid correspondences form a bicategory &t. In Section 2.5, we construct a
functor from &t to the bicategory of C*-correspondences €ott, and we characterise
when the C*-correspondence associated with a groupoid correspondence is proper.
In Chapter 2, we also describe functors to &t and to Cotr, transformations between
such functors, and modifications between such transformations, and we define
colimits of diagrams in &r.
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In Chapter 3, we introduce and study Ore monoids and Ore monoid actions by
proper correspondences and by tight correspondences. Here we say that a corre-
spondence X': H — G is tight if the map induced by the range map ry.: X /G — Ggo
is a homeomorphism.

In the first section of Chapter 3, we associate an étale groupoid to a given action
of an Ore monoid by tight correspondences. We then show in Theorem 3.15 that
this groupoid is the colimit of the action in &t. We show in Theorem 3.21 that
the colimit groupoid of an action in &t is a groupoid model of the Cuntz—Pimsner
algebra for the product system associated with the action.

In Section 3.3 we show how to transform an Ore monoid action by proper
correspondences to an action by tight correspondences. This construction preserves
the colimits by Theorem 3.30.

Finally, Chapter 4 is devoted to studying diagrams with the same colimit in
bicategories. If C is a diagram with a cofinal object z, then the colimit of the
diagram C is isomorphic to the colimit of the diagram C(z, ). This theorem allows
to recover notions like shift equivalence of C*-correspondences, as introduced by
[32], as a special case. The same applies to diagrams in the groupoid bicategory.
We also generalise the notion of shift equivalence of graphs (see [44]).
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2 Groupoid bicategories and the
bicategory of C*-correspondences

This chapter introduces the bicategory of groupoid correspondences &t. The
definition of a groupoid correspondence is a common generalisation of topological
graphs by Katsura [20] and permutational group bimodules [36], which are related
to (possibly non-faithful) self-similar group actions. It is based on the notion of
groupoid actors by Meyer and Zhu which goes back to Buneci [8]. Our category is
a subcategory of the category of topological correspondences introduced in [18].
We construct a morphism from &t to the bicategory of C*-correspondence Cott as
we will see in Section 2.5.

In Section 2.6 we discuss colimits of diagrams in the bicategories &t and Corr.
We finish the chapter by some examples of colimits in &t and Corr including
colimits of group actions.

2.1 Bicategories

We recall in this section some definitions regarding bicategories. Our main reference
here is the small preprint [25]. Readers already familiar with bicategories can skip
this section.

When taking the leap from category theory to higher category theory, we weaken
equalities from one level to natural transformations at the following level. The new
structure is then required to satisfy certain coherence conditions. Our interests lie
in the realm of bicategories. A bicategory has three levels: objects, arrows and
2-arrows. The composition in the second level is weakly associative and weakly
unital. More concretely,

Definition 2.1. A bicategory C consists of the following data:
(1) A set of objects C?;
(2) categories C(A, B) for all objects A and B € C;

(3) for all objects A, B and C € C°, a composition bifunctor

x: C(B,C) xC(A,B) — C(A,C), (u1,ug) — ug * ug,
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called the horizontal composition, which commutes with the composition in
the categories C(A, B), that is, it commutes with the vertical composition;

(4) for all objects A, B € CY and arrows f € C(A, B)?, natural isomorphisms
called the unitor

lfilB*f=>f,
rer frla= f;

(5) for all objects A, B,C, D € C°, natural isomorphisms called the associator
: frx(fax f3) = (fixf2) = f
for all composable arrows f; € C(C, D), fo € C(B,C) and f3 € C(A, B).

And we require the following axioms:

(6) for all A, B,C € C° and all f, € C(A,B) and f; € C(B,C) the following
diagram commutes:

)
(f1 1) x fo === f1* (1 * f2)

T ox g, 1f N lf
1 2

Ji1* fo

(7) for all composable arrows f1, f2, f3, f4 in C the following diagram commutes:

e (frx(faxf3))*fa

/
((f1* f2) * f3) * fa o
® Jr=((f2 * f3) = fa) (2.2)
(fixf2)*(f3xf1) @ o
T
Ji* (f2x (f3+ fa))

10



2.1 Bicategories

A functor or a morphism of bicategories is a weakening of that of categories. For
instance, a functor of bicategories is only unital up to natural transformations.

Definition 2.2. A functor (F,u): C — D between bicategories consists of the
following data

(1) a function Fy: C° — DO,

(2) functors Fy: C(A, B) — D(Fo(A), Fo(B)) for all A and B € C°,

(3) 2-arrows pusq: F(f) o F(g) = F(fog) for all composable arrows f, g € C!,
(4) 2-arrows pa: Lpa) = F(14) for all A € CY,

such that the following diagrams commute:

fh,g * 1 Khog, f

(Fiho Fig) o Fif

“cp

Fiho (Figo Fif)

Fi(hog)o Fif

L pig,r [oh,gof

Fiho Fi(go f)
for composable arrows h, g and f, and

KA

Fifolxya FifoFi(la)
“rﬁf “uf,u (24)
F: Fi(fol
1f Fi07) 1(fola)
Ag *1
lr,Bo Fif A Fi(lg)o Fif
“lflf “Mly,f (2:5)
Fif Fi(lgo f)

Fi(ly)

for an arrow f: A — B in C.

Definition 2.3. Let C and Z be bicategories and let A be an object in C. The
constant functor const: Z — C maps all objects x of Z to A, all arrows f in Z to
the identity arrow on A, and the 2-arrows g in Definition 2.1 are identities.

11
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Definition 2.4. Let C and D be bicategories and let (F,u), (J,w): C =2 D be
functors. A transformation F = J consists of

e arrows g4: Fo(A) = Jo(A) for all A €O,
o 2-arrows of: Ji(f)ooa = opo Fi(f) for all arrows f: A — B in C;

such that the diagram

o lxo o1
(FigoFif)ooa = Figo (Fifooa) = 5:19 o(opoif) = (Figoop)o I f

“Ng,f*l Hog*l

fl(gof)OUAﬂaEOﬁ(goff*jan(Jlgojlf)g(Uonlg)Ojlf

* Wy, f
(2.6)
commutes for composable arrows f: A — B, g: B — E in C, and the diagram
loy T;j
lrya)004 = 04 =>0a01lg4
HMA*L,A “Mmm (2.7)
01,
Fi(lg)ooa oa0J1(14)

commutes for all objects A € CV.

We often need to work with transformations to the constant functor over some
object in the target bicategory. We rewrite the previous definition in this case.

Definition 2.5. Let C and D be bicategories and let (F, u): C = D be a functor
and A € DV. A transformation F = const4 consists of

e arrows o,: Fo(r) — A for all z € C°,
e 2-arrows of: 0, = oy, 0 Fi(f) for all arrows f: x — y in C;

such that the following diagram commutes for composable arrows g: y — z,
h:z—y:
Oh oy o Fn

= RH
x

idgzﬂ 0, 0 ]:g o Fy (28)

Ox 1*opgp

Ogh 029 Jgh

12
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Definition 2.6. Let C and D be bicategories and let (F,u), (J,w): C == D be
functors. A modification between two transformations «, 5: F = J consists of
2-arrows I'4: ay = (4 for all objects A € CY, such that the following diagram
commutes for all arrows f: z — y in C:

1T,
ijOém jfoﬂm

Maf Mﬁf (2.9)
ry*1
ayO}—f ByO}—f

Finally, if J in Definition 2.6 is the constant diagram over an object A € DY,
then the coherence condition (2.9) simplifies to

L'y

ax:’ﬂz

“af “5f (2.10)
0y 0 Ff ry*1 8,0 Ff

for all arrows f: x — y in C.

2.2 Groupoid correspondences

A groupoid is a common generalisation of groups and spaces where the unique unit
of a group is replaced by a space of units and the multiplication is only partially
defined. We start this section with some basic definitions and some results
concerning groupoids and their actions. Then we define groupoid correspondences.
We finish this section with some examples of our correspondences.

Our main reference for general properties of groupoids, groupoid actions and
groupoid principal bundles is the survey article [31]. In the this article, groupoids
are dealt with in an abstract setting, allowing us to apply results for non-Hausdorff
groupoids as well. Another reference is [45].

Definition 2.7. A (discrete) groupoid is a set G with partially defined product
on a set G2 C G x G and an inverse map g — g_1 such that:

(1) if (a,b), (b,c) € G? then (ab,c), (a,bc) € G and

(ab)c = a(bc);

13



2 Groupoid bicategories and the bicategory of C*-correspondences

(2) (g9,97') € G? for all g € G, and if (a,b) € G? then
a~t(ab) = b, (ab)b™! = a.

The set of units G° of G is the subset of elements gg~! for all g € G. The source
map and the range map are defined by

r(g) =99, slg)i=9g g

for all g € G, respectively. For g,h € G the pair (g,h) is in G? if and only
if 7(h) = s(g). For x € G° we denote by G, and G% the sets G, = s !(x)
and G% := r~!(z). We say that G is a topological groupoid if it has a topology
such that the product and inversion are continuous.

The two extreme classes of groupoids are spaces and groups. A space is a
groupoid with only units and a group is a groupoid with a single unit. To assign
a C*-algebra to a topological group G, one needs a left-invariant measure on G
in order to define a convolution. Similarly, a family of measures on a groupoid
is needed to define its C*-algebra. However, unlike for groups, where a unique
left-invariant measure always exists, a family of measures must be specified a
priori. We are interested mainly in étale groupoids. These generalise discrete
groups, and carry a canonical family of counting measures.

Definition 2.8. An étale locally compact groupoid is a groupoid G with a topology
such that

(1) the space of units G° is Hausdorff and locally compact;
(2) the range and source maps r,s: G = G° are local homeomorphisms;
(3) the multiplication and inverse maps are continuous.

We allow G to be non-Hausdorff. Any point in G has a Hausdorff, compact
neighbourhood because r is a local homeomorphism and GY is Hausdorff and
locally compact.

Standing assumption 2.9. We shall assume for the rest of this thesis that all
groupoids are étale and locally compact.

Let G be a groupoid. A right G-space is a topological space X, possibly non-
Hausdorff, with a continuous map s: X — G, the anchor map, and a continuous
map

mult: X X560, G — X, X X500, G:={(x,9) € X xG|s(x)=r(9)}

which we denote multiplicatively as -, such that
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2.2 Groupoid correspondences

(1) s(x-g) =s(g) forall z € X, g € G with s(z) =r(g);

(2) (z-91) 92 =x-(q192) forall z € X, g1, g2 € G with s(z) = r(g1) and s(g1) =
r(92);

(3) z-s(x) ==z forall z € X.

The orbit space X /G is the quotient X' /~¢g with the quotient topology, where
x ~g y if there is an element g € G with s(z) =r(g) and z - g = y.

Proposition 2.10 ([31, Proposition 9.34]). The orbit space projection p: X —
X /G is open.

Left G-spaces are defined similarly. We always write s: X — G for the anchor
map in a right action and 7: X — G° for the anchor map in a left action.

Definition 2.11. Let X and Y be right G-spaces. A continuous map f: X — Y
is G-equivariant if s(f(z)) = s(z) for all z € X and f(z-g) = f(x) - g for
all z € X, g € G with s(x) = r(g).

Let X be a right G-space and Z a space. A continuous map f: X — Z is
G-invariant if f(z-g) = f(x) for all z € X, g € G with s(x) = r(g).

Definition 2.12 ([7, 1.10.1], “application propre”). Let X and Y be topological
spaces. A map f: X — Y is proper if f xidz: X x Z — Y x Z is closed for every
topological space Z.

Definition 2.13 ([45, Definition 2.9]). A groupoid G is proper if the following
map is proper:
(r,8): G =G xG% g (r(9),s(9))-

Definition 2.14. A right G-space X is proper if the transformation groupoid X xG
is proper, that is, the following map is proper:

X Xg60,G— XXX, (z,9) — (x-g,x). (2.11)

Definition 2.15. A right G-space X is basic if the map in (2.11) is a homeomor-
phism onto its image.

The image of the map (2.11) is the subspace
X Xy X = {(z,y) € X* |z ~g y}.

Basic actions are defined in [31] in a more abstract setting, and the definition
above is an equivalent characterisation of the basic actions in the setting of
topological spaces, possibly non-Hausdorff, with étale surjections as covers, compare
[31, Proposition 9.40]. We recall some more details related to this.
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2 Groupoid bicategories and the bicategory of C*-correspondences

Definition 2.16. A right G-space X is freeif x-g =z forx € X and g € G
implies g = 14(4).

An action is free if and only if the map (2.11) is injective. An action is basic
if and only if it is free and the map from X' x y /g X to G that maps (z,y) € X2
with  ~¢ y to the unique g € G with s(z) = r(g) and = - g = y is continuous: this
implies that the inverse map X Xy /g X — G X, go . X is continuous.

Proposition 2.17 ([31, Corollary 9.35 and Proposition 9.40]). Let G be a groupoid
and X a right G-space. The following are equivalent:

(1) the action of G on X is basic and the orbit space X /G is Hausdorff;
(2) the action of G on X is free and proper.
In this case, the orbit space projection is a local homeomorphism.

The statement in Proposition 2.17 about the orbit space projection needs our
standing assumption that G is étale.

All topological spaces that we shall need are locally Hausdorff and locally
compact.

2.2.1 Groupoid correspondences

We introduce the main building blocks of our bicategory: groupoid correspondences.

Definition 2.18. Let H and G be groupoids. A groupoid correspondence from H
to G is a (topological) space X with commuting actions of H on the left and G on
the right, such that the right anchor map s: X — GY is a local homeomorphism
and the right G-action is free and proper.

Having commuting actions of G and H means that s(h-z) = s(z), r(x-g) = r(z),
and (h-x)-g = h-(z-g) forallg € G, x € X, h € H with s(h) = r(z) and s(x) = r(g),
where s: X — GY and r: X — H are the anchor maps. If s: X — G is a local
homeomorphism and G° is Hausdorff, locally compact, then X must be locally
Hausdorff and locally compact; but it need not be Hausdorff. The orbit space X /G
is Hausdorff and the projection map X — X' /G is a local homeomorphism by
Proposition 2.17. Thus X'/G is locally compact as well.

Definition 2.19. A correspondence X: H — G is proper if its left anchor map
induces a proper map r.: X /G — HY. It is tight if r. is a homeomorphism.

Lemma 2.20. For a tight correspondence X: H — G the map r: X — H is a
surjective local homeomorphism.
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2.2 Groupoid correspondences

Proof. The quotient map X — X /G is a surjective local homeomorphism by
Proposition 2.17, and ry: X/G — H° is a homeomorphism. The map r is the
product of these two maps and hence also a surjective local homeomorphism. [

In [31], a “bibundle actor” between two groupoids in a category with a pre-
topology is defined as an object in the underlying category with two commuting
actions such that the right action is basic and the right anchor map is a cover
in the pretopology. In particular, a bibundle actor in the category of locally
Hausdorff, locally compact spaces with surjective local homeomorphisms as covers
is a space X with two commuting actions of H and G such that the right anchor
map s is a surjective local homeomorphism and the right action is basic. This is
very close to a groupoid correspondence. There are only two differences. First, we
do not require the source map on X to be surjective because we never need this
and there are relevant examples where this does not happen. Secondly, we ask
the orbit space X' /G to be Hausdorff. (By Proposition 2.17, an action is free and
proper if and only if it is basic and the orbit space is Hausdorff.) Furthermore, for
a bibundle actor as above, the groupoids involved may have a locally Hausdorff,
locally compact object space. We need X' /G to be Hausdorff to ensure that certain
groupoids we are going to construct from a correspondence have a Hausdorff object
space and also to pass to C*-correspondences.

The tight bibundle actors are close to the covering bibundle functors in the
notation of [31]. Here the only difference is that we do not require the right
anchor map to be surjective. The orbit space X /G is required, anyway, to be
homeomorphic to H?, so its Hausdorffness is not an assumption on X but only

on H.

Definition 2.21. A correspondence X': G — H is called a bicorrespondence if
the range map r: X — G is a local homeomorphism and the action of G on X is
free and proper. A bicorrespondence X : G — H is called a partial equivalence if
re: X/H — G% and s,: G\X — H" are homeomorphisms onto their images.

2.2.2 Examples

Ezxample 2.22. Let G and H be locally compact spaces viewed as groupoids with
no arrows and let X: H — G be a correspondence. Since the spaces G and H act
trivially on X, the correspondence X is equivalent to the triple (X,r,s). That
is, the correspondence X is given by a locally compact space X with anchor
maps s: X — G and r: X — H such that s is a local homeomorphism. The
triple (X,r,s) is called a topological correspondence in [1]. See also [20]. It is
called a continuous graph if G and H are the same space and r: X — H is also a
local homeomorphism (see [14]). Hence a continuous graph is a bicorrespondence
over a locally compact space.
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2 Groupoid bicategories and the bicategory of C*-correspondences

Ezample 2.23. Let X be a finite set and let G be a discrete group acting on X.
Let ¢: G x X — G be a (one)-cocycle for this action. That is, for all g, h € G and
all x € X we have

@(gh, ) = (g, h(z))p(h, z). (2.12)

Let X™* be the set of finite words over X. The action of G on X extends to an
action on X™* using the recursive formula

g(zw) = g(z)e(g, z)(w) (2.13)

for all g,h € G, z € X and all w € X*. We call the triple (G, X, ) a self-similar
action of the group G.

The pair (G, X) is called a faithful self-similar action if the action of G on X* is
faithful (compare [37, Definition 2.1]). In this case, ¢(g, z) is called the restriction
of g on x and denoted g|,.

Lemma 2.24. Let G be a discrete group. Self-similar G-actions are equivalent to
proper correspondences over G.

Proof. Let (G, X, ¢) be a self-similar group. The space X := X x G is in a natural
way a correspondence over the group GG. The left and right actions of G on X x G
are

for all 2 € X and all g, h € G. Clearly, the anchor map s: X x G — {G°} = {1} is
a local homeomorphism since X x G is discrete. Furthermore, the right action is
free and proper. In fact, the map ((z,g),h) — (x,gh) is a homeomorphism. The
orbit space of the right action X' /G is homeomorphic to X via the map [z, g] — =.
The map induced by the range map r.: X'/G — {1} is proper by our assumption
that X is finite.

Conversely, let X': G — G be a proper correspondence. The source anchor
map s: X — {1} is a local homeomorphism. Thus X is discrete. The map
r«: X /G — {1} is proper. Hence X' /G is compact and so it is finite. Therefore,
we may choose a finite fundamental domain (a basis) X C X for the right action.
That is, X intersects every orbit of the right action once. By assumption, the right
action is free. Hence the restriction of the multiplication map m: X x G — X
to X x G is an invertible map. Let §: X — X x G be its inverse. That is,
if 0(y) = (z, g) for an element y € X, then the elements x € X and g € G are the
unique elements with y = x - g. The space X x G is a right G-space. Furthermore,
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the map 6 is G-equivariant. That is, 0(yg) = 0(y)g for all y € X and all g € G.
We define a left action of G on the space X x G by the rule

90(y) = 0(gy)

for all y € X. With this action, X x G becomes a correspondence over the group G
such that #: X — X x G is an isomorphism. The map

X_>X7 prrl(e(gm))a

for all g € GG, defines a permutation action of the group G on the finite set X. We
define

p(g, ) == pra(0(g - x))
for all g € G and x € X. Then

p(gh, ) = (g, h(2))p(h, )
for all g,h € G and z € X. That is, the map
GxX =G, (2,9)—0(g,2)

is a cocycle. The triple (X, G, ¢) is a self-similar group. We have shown that
the map 0: X — X x G is an isomorphism of correspondences. So the two
constructions are inverse to each other up to isomorphism. ]

A proper correspondence over a discrete group is the same as a d-covering
permutational bimodule over the group as in [36, §2.1].

Lemma 2.24 gives an equivalence between self-similar group actions and proper
group correspondences. A closer investigation shows that a tight group corre-
spondence is equivalent to a self-similar action on an alphabet consisting of one
letter. That is, a tight correspondence over a group G is equivalent to a group
endomorphism over G.

Ezxample 2.25. Let G and H be discrete groups. Let ¢: H — G be a group
homomorphism. Let G, := G as a set. Then G, is a free and proper right G-space
with the group multiplication and the trivial anchor map. The group H acts
on G, using the maps . That is, for all h € H and g € G, we define

h-g:=p(h)g.
This action commutes with the action of G on itself by right multiplication
and hence G, is a correspondence. Moreover, G,/G = [lg], which implies

that G,: H — G is tight. Conversely, any tight correspondence X': H — G is
isomorphic to a correspondence of the form G, for some homomorphism ¢: H — G.
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2 Groupoid bicategories and the bicategory of C*-correspondences

To see this, first observe that |X¥ /G| = 1. We fix an element x € X. Then for
all y € X there is a unique element g = (x,y) such that y = xg. This implies that

L,:G— X, g — xg,

is a bijection. Now let h € H. There is a unique element ¢(h,z) € G such that
h(z) = zp(h,z). We define
b(h) = p(h, )

for all h € H. Then v is a group homomorphism.

2.3 The composition of groupoid correspondences

Our next step toward a bicategory of groupoid correspondences is the composition
bifunctor. We will compose two correspondences X: G — H and V: H — K to
obtain a correspondence G — K. The classes of tight and proper correspondences
are closed under this composition.

Let X: H — G be a groupoid correspondence. The image of the map (2.11)
consists of those (y1,72) € X x X with [y1] = [y2] in X/G. Since (2.11) is a
homeomorphism onto its image for any groupoid correspondence, we may define a
continuous map

XXpg X DX xo60,G 225G, (71,7%2) = (11,72). (2.14)

That is, (y1,72) for 71,72 € X with [y1] = [y2] in X/G is the unique n € G
with y117 = 2.

Proposition 2.26. Let X: H — G be a groupoid correspondence. The inner
product map in (2.14) is a local homeomorphism. It has the following properties:

(1) s((y1,72) = s(2), 7((y1,72) = (1), and 1+ (y1,72) = 72 for all y1,72 € X
with [y1] = [72];

(2) (v,7) =1 forally e X;
(3) (v2,71) = (v1,72) " for all y1,72 € X with [71] = [a];
(

(4) (Crm, Crame) = 0y Ny, y2)me for all ¢ € H, 1,72 € X, m,m2 € G with
s(Q) = r(n) =r(12), s(v) =r(m), s(v2) =), [n] = [l

Proof. The coordinate projection pry: X x4 go . G — G is a local homeomorphism
because s: X — G° is a local homeomorphism. Hence so is the map in (2.14). The
algebraic properties of the inner product map are verified by direct computation.

O
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Let H, G and K be groupoids and let X: H — G and YV: G — K be groupoid
correspondences. We are going to compose them. Let

X xgo YV = {(z,y) € X x V| s(x) =7(y)}.
We define an action of G on the space X xgo ) by

g-(z,y):=(x-9"g-y)

for x € X, y € Y and g € G with s(g) = ry(y) = sx(x). We call this the
diagonal action. Let X og Y be the orbit space of the diagonal action. The
maps 7(z,y) = rx(z) and s(z,y) := sy(y) on X xgo Y induce maps r: X og Y —
HY and s: X og Y — K. These are the anchor maps for commuting actions of H
on the left and IC on the right:

h[l’,y] = [h'l‘,y], [x7y]k: [way'k]y

forallhe H,x € X,y €Y, k € K with s(h) =r(z), s(z) =r(y), and s(y) = r(k).
Here [z,y] denotes the image of (z,y) € X xgo )V in X og V.

Proposition 2.27. The actions of H and K on X og Y defined above are well
defined and turn this into a groupoid correspondence H — K.

If both correspondences X and ) are proper or tight or bicorrespondences or
partial equivalences, then so is X og ).

Proof. The action of G on X is basic and the coordinate projection X xgo Y —
X is G-equivariant. Therefore, the diagonal action of G on X xgo Y is also
basic. Arguments as for the composition of bibundle actors in [31] show that the
induced actions of H and K are well-defined, continuous groupoid actions on the
space X og YV, that the source map s: X og) — KU is a local homeomorphism, and
that the right C-action is basic. One way to show this is by shrinking G and X to
the open subgroupoids with object spaces s(X’) and Sy(T&l(S/\/(X)), respectively,
to make the two right anchor maps surjective. Then our groupoid correspondences
become bibundle actors in a suitable category with pretopology, which satisfies
the axioms in [31] that show that the composite is again a bibundle actor.

We claim that the orbit space of the K-action on X og Y is Hausdorff. The orbit
space /K is Hausdorff by Proposition 2.17, and the right G-action on X is proper.
Hence the diagonal action of G on X xgo (Y/K) is proper by [45, Proposition
2.20]. Thus the orbit space of this proper action is Hausdorff by Proposition 2.17.
This orbit space is X og (V/K) = (X og V)/K by [31, Remark 7.9]. Since the
right C-action on X og Y is basic and its orbit space is Hausdorff, this action is
free and proper by Proposition 2.17. Thus X og Y is a groupoid correspondence.
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2 Groupoid bicategories and the bicategory of C*-correspondences

Now assume that the groupoid correspondences X and Y are proper. We want to
prove that their product remains proper. We use the following pull-back diagram:

pra
X X87g07r y//C E— y//C
lprl Jr* (2.15)
s
X Go

The map 7,: Y/K — G° is proper. Hence the parallel map pr; in the pull-back
diagram is also proper. Then the induced map (pr;).: X og Y/K — X /G on the
orbit spaces is proper by [45, Lemma 2.32]. The map 7.: X og Y/K — H is
proper because it is the product of the proper map r.: X /G — H® with (pry)s.
Assume that the groupoid correspondences X and ) are tight. That is, the
maps r.: X/G — HO and 7, : Y/K — G° are homeomorphisms. The pullback
diagram (2.15) shows that (pry).: X xgo YV/K — X' /G is a homeomorphism. Then
the induced map (pr;).: Xog)Y /K — X /G is a homeomorphism by [31, Proposition
5.9]. The map r.: X og Y/K — H" is a homeomorphism because it is the product
of the homeomorphism 7,: X/G — H° with (pr;).. Finally, using the same
arguments as before, X og )V is a bicorrespondences, or a partial equivalence if
both X and ) are. O

The next two lemmas are proved like their analogues for bibundle actors in [31].

Lemma 2.28. Let X': H — G be a groupoid correspondence. The maps

Hopy X — X, [h,x] — h -z,
XOgQ—)X, [w,g]Hx-g,

are G, H-equivariant homeomorphisms.

Lemma 2.29. Let G; for 1 <1¢ <4 be groupoids. Let X;: G; — Gipq for 1 <i <3
be correspondences. The map

Xy og, (X 0g, A3) — (X og, Xs) og, X3,  [w1, |72, 23]] = [[21, 72], 73],

1s a G1, G4-equivariant homeomorphism.

2.4 Bicategories of groupoid correspondences

In this section, we show that correspondences form a bicategory &rt; the subclasses
of proper or tight correspondences and the subclasses of bicorrespondences and
partial equivalences are all subbicategories in &r.
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We define the bicategory of groupoid correspondences &t. Its objects are
(étale, locally compact, possibly non-Hausdorff) groupoids. Its arrows H — G are
groupoid correspondences H — G. The 2-arrows X = ) for arrows X,): § =3
‘H are G, H-equivariant homeomorphisms X = ). The composition of arrows
‘H — G — K is the construction og above, which we often abbreviate from now
on as o. This is a bifunctor with respect to our 2-arrows, that is, equivariant
homeomorphisms on both factors. The unit transformations and associator are
given by Lemma 2.28 and Lemma 2.29. These are clearly natural for equivariant
homeomorphisms of groupoid correspondences, and they also satisfy the coherence
conditions needed for a bicategory, see Definition 2.1.

Theorem 2.30. The equivalences in &t are exactly the Morita equivalences of
groupotids. That is, a groupoid correspondence X: H — G is an equivalence if and
only if both actions are basic and both anchor maps induce homeomorphisms X /G =

HY and H\X = GO,

Proof. First, let X be a Morita equivalence H — G. Then X is a groupoid
correspondence as well, and so is the inverse Morita equivalence X*, which we get
by reversing left and right in X'. Being a Morita equivalence implies X o X* = H
and X* o X =2 G. Thus X is an equivalence in &r.

Conversely, let X': H — G be an equivalence in &t with inverse ). Since the
right anchor map s: J o X — G is surjective, the right anchor map s: X — G is
surjective. Similarly, the right anchor map s: ) — H° is surjective. Thus both X
and Y are bibundle actors in a suitable category with pretopology, and so they are
equivalences in the bicategory of bibundle actors. These equivalences are identified
with bibundle equivalences in [31, Theorem 7.31]. These are exactly the Morita
equivalences. ]

The classes of proper and tight correspondences and the classes of bicorrespon-
dences and partial equivalences are all closed under composition by Proposition 2.27.
In addition, the identity correspondence over a groupoid G belongs to all three
classes. Therefore, these classes are subbicategories in &t. We denote these
by Gtprop, Btiight and Stpicor, respectively.

Next we show some properties of the bicategory of bicorrespondences. This
bicategory consists of arrows with no predefined direction. We make this precise
in the following section.

The symmetric bicategory Gtp;icor

The bicategory Stpicor carries a natural involution making it a symmetric bicategory.
It is essential here to distinguish between the notions of commutativity and
symmetry. The notion of commutativity works well when the category under
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2 Groupoid bicategories and the bicategory of C*-correspondences

consideration has a single object; it becomes less useful when applied to other
categories. As a consequence, the notion of a symmetric bicategory, when restricted
to single object categories, is more general than symmetric monoidal categories
Recall that we are mainly interested in bicategories where all 2-arrows are
invertible. This makes the definition of a symmetric bicategory a little simpler.

Definition 2.31 (compare [30, Definition 16.2.1]). An involution on a category C
is a functor (x,w): C — C°P such that

(1) the map *: CY — CY is bijective with (A*)* = A for all A € C°,

(2) the functor x: C(A, B) — C(B*, A*) = C°P(A*, B*) gives an equivalence of
categories for all objects A and B in C; the natural isomorphisms of the
equivalence are given by 2-arrows £: f — f**,

(3) the following diagram commutes

feog : (fog)™
¢ 5ﬂ ”*W (2.16)
f** Og** = (g* o f*)*

for all composable arrows f and g € C'.

A symmetric bicategory is a bicategory with an involution. An object A € C is
called commutative if A* = A.

Proposition 2.32. The bicategory Btpicor 1S symmetric.

Proof. We define an involution (x,w) on Bty as follows. Let G* := GP for all
groupoids G. For a bicorrespondence X: ‘H — G we define X* := X as a topological
space. The left action of G* on X* is given by the anchor map ry+ := sy and the
multiplication map

G" X560 50 X" — AT, (g,2) —»x-g.

Similarly, X* is a right H*-space. The left and right actions commute and they are
both free and proper, since X is a bicorrespondence. This makes X*: G* — H* a
bicorrespondence. For an isomorphism v: A7 — Xs, we define v* := . This defines
functors *: &t(G, H) — &t(H*,G*) for all groupoids G and H. Let X: G — H
and Y: H — K be correspondences. we define

wyy: Yoy X' — (X oy V), [y, z] — [z,y].
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This is an isomorphism of correspondences. In addition, for all X € &t! we define
E=id: (X)) — X.

We leave it to the reader to check that (x,w) is a functor &t — Gt°? and the
functors *: &t(G,H) — &r(H,G) are isomorphisms of categories. Moreover,
Condition (2.16) is satisfied since w* o w = id. O

2.5 The functor to Cort

We are going to construct a covariant functor from the bicategory &t to the
correspondence bicategory of C*-algebras, which is studied in [11]. A similar
functor of bicategories is constructed in [18]. The construction is very close to the
construction of Morita—Rieffel equivalences between groupoid C*-algebras from
equivalences of groupoids in [34], which is extended to the non-Hausdorff case
in [41].

Let G be an étale groupoid. We call a function on G quasi-continuous if it is a
finite linear combination of compactly supported functions U — C for Hausdorff,
open subsets U of G, where we extend a function on U by 0 outside U to a function
on G. If G is non-Hausdorff, these functions are not continuous. Let &(G) be
the C-vector space of quasi-continuous functions on G.

We define an involution and a convolution on &(G) as in [22]:

Exnlg)= Y. &hn(h'yg), (2.17)

h:r(h)=r(g)

§(g) = &g (2.18)
for £,m € &(G).

To make &(G) a normed *-algebra we define a norm as follows:

| fllrr = sup Z 1 f(2)],

ueg? zir(z)=u
I fllrs = sup > [f(z7H)I.
ueg® zir(z)=u
Then

£z == max{|[fllr.r, [[f

|I,s}-

We need the following fact about C*-algebras of étale groupoids.
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Lemma 2.33 ([38, p. 47]). Let G be an étale groupoid. Then &(G) has a bounded
approzimate tdentity with respect to the I-norm.

Proof. Since G° is open in G and Hausdorff, Urysohn’s lemma gives a sequence
{£,} in Cc(G%) € &(G) such that 0 < &, <1 for every n € N and such that G° =
Unen Un, where Uy, is the interior of the set {u € G° | &,(u) = 1} and U,, C Up41.

[&nllr = [1€nllr,r = [I€nllr,s = sup [&n(u)] = 1.
ueg?

It follows that the sequence {&,} is bounded with respect to the I-norm. If £ € &(G)
then n € N we have

Exénlg) = D, &(gk)én(k™)

r(k)=s(g)

for all g € G and n € N. Since &, € &(G°), the last formula can be rewritten as

Ex&nlg) = E(95(9))én(s(9)) = £(9)én(s(g))-

We may assume without loss of generality that the support of f is contained in a
compact set C' C G. Then we can pick n € N large enough such that s(C) C U,,
and fx f, = f for such n. Similarly, f, x f = f, so {fn} is an approximate identity
for 6(G). O

Definition 2.34. A correspondence from a C*-algebra A to a C*-algebra B is a
Hilbert B-module F with a nondegenerate left action of A by adjointable operators.
A correspondence is proper if A acts by compact operators. An isomorphism
between two correspondences from A to B is a unitary operator on the underlying
Hilbert B-modules that intertwines the left actions of A.

There is a bicategory €orr that has C*-algebras as objects, correspondences
as arrows, isomorphisms of correspondences as 2-arrows, and the interior tensor
product as composition of arrows, see [11].

Let G and H be groupoids and let X': H — G be a correspondence from G to H.
We are going to construct a C*-correspondence C*(X): C*(H) — C*(G) as follows.
We equip &(X) with the right &(G)-action

Eb(y) = D, Ey-nb(yh (2.19)

vEG:r(v)=5(y)

for £ € 6(X) and y € X, with the &(G)-valued inner product
€mig = >  wny-9 (2.20)

yeX:r(9)=5(y)
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2.5 The functor to Cort

for £,m € S(X) and g € G, and with the left G(#)-module structure

@@= >  aEh™ y)

heH:r(h)=r(y)

fora € 6(H), { € 6(X) and y € X.

If X were an equivalence of groupoids, we could also define a left inner product
and complete X' to a full Hilbert C*(#), C*(G)-bimodule, see [41, Corollaire 5.4];
the statement in the Hausdorff case without coefficients in [34, Theorem 2.8] is
slightly more transparent, and the proof in [35] is far more detailed. The main
issue is to prove the positivity of the inner product, so as to get a Hilbert module
completion C*(X'), and to prove that the left action on &(&’) extends to an action
on C*(X). If we only assume that X is a groupoid correspondence, then part of
the proof still works in the same way and shows that C*(X) is a correspondence
from C*(H) to C*(G). If G, H and X are Hausdorff, this is proved in [18], even
for groupoids with Haar systems. Given this long list of nearby results, we allow
ourselves to omit the proof of the following proposition:

Proposition 2.35. There is a unique completion of S(X) to a Hilbert C*(G)-
module C*(X), and the left C*(H)-action on S(X) extends to a nondegenerate
*~homomorphism C*(H) — B(&(X)).

Thus C*(X) is a C*-correspondence C*(H) — C*(G).
Let X 2 X': H — G be an isomorphism of groupoid correspondences. Clearly,
this induces an isomorphism of C*-correspondences

C*(X) 2 C*(X).

The identity groupoid correspondence G on a groupoid G is mapped to the iden-
tity C*-correspondence C*(G) on the groupoid C*-algebra. If two correspon-
dences X: H — G and Y: G — K are composable, then there is a canonical
isomorphism

CH(X oY) = C(X) ®cg) C*(V), (2.21)

which is induced by the map

pry: 6(X) ®s@g) 6(V) = S(X oY),  ulf®g)([z,y]):=>_ flx)gy),

where the sum runs over all representatives (z,y) € X X560, Y of [z,y] € X o .
This map is a &(H)-S (K )-bimodule map, preserves the & (K )-valued inner product
and has a dense range. Hence it extends to an isomorphism of correspondences as
in Equation (2.21).

Proposition 2.36. The data above defines a covariant functor from the bicategory
of groupoids Gt to the C*-correspondence bicategory Corr.
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2 Groupoid bicategories and the bicategory of C*-correspondences

Proof. The conditions for a functor between bicategories are formulated, for
instance, in [25]. They are routine to check here. O

Remark 2.37. Let X: H — G be a bicorrespondence. Similar arguments as above
show that C*(X) is a Hilbert C*(#H), C*(G)-bimodule in the sense of Watatani, see
[19]. The left inner product is

Emmy= > &g yny) (2.22)

yeXr(h)=r(y)

for £,n € 6(X) and h € H.

The left and right inner products for a Hilbert bimodule associated with a
bicorrespondence do not satisfy any compatibilty condition, therefore it does not
give a Hilbert bimodule as in [11], for instance.

Now assume, in addition, that r,s: X — G° are surjective. This implies
that the Hilbert bimodule C*(X) is full (as a left and right Hilbert module).
Therefore, it is a bi-Hilbertian bimodule in the sense of Kajiwara—Pinzari-Watatani
(see [19, Definition 2.3]). It follows that the functor F: &t — Corr restricts to a
functor F: Gtpicor — Cotyim, where Corrgyyy is the subbicategory of Cotr of Hilbert
bimodules in Watatani’s sense. Moreover, the image under F of a bicorrespondence
with both anchor maps being surjective is a bi-Hilbertian bimodule.

Finally, if the bicorrespondence X is a partial equivalence, then C*(X) is a
Hilbert bimodule in the usual sense, see [10].

Proposition 2.38. Let G, H be groupoids and let X: G — H be a correspondence.
The C*-correspondence C*(X) is proper if the groupoid correspondence X is proper.

Proof. Let XogX* denote the orbit space of the action of G on the space X' x ¢ go X
given by (z,y) - g := (zg,yg) for all (z,y) € X X, g0 s X and all g € G with r(g) =
s(x). Let f € &(X og X*) be a compactly supported function. We set

VOO = Y flay)iy)

yeX:s(z)=s(y)

for all z € & and all ( € &(X). Let {,n € &(X). Then the function 6, ¢ €
S(X og &;) defined by

One(z,y):i= >, nlx-g)-£y-9)

9€G:r(9)=5(y)
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satisfies

() (C)(x) = Cy) D, nlz-g)-£y-9)

yeX:s(z)=5(y) g€G:r(g)=s(z)
= > g D Ewil-gh
g€G:r(g)=s(z) yEX:s(g)=5(y)

= n(z-g)(& (g™

Therefore, ¢(0,,¢) = |n)(¢| € K(C*(X)). Let a € &(H!). Then a acts on &(X) by
@) @)= Y ahenta). (2.23)

heG:r(h)=r(z)

The correspondence C*(X') is proper if ¢(a) is a compact operator for all a € G(H).
Since H is an étale groupoid, by Lemma 2.33, there is an approximate unit {a;}
for C*(#H) such that a; € Co(H"). Tt follows that C*(X) is proper if and only
if p(Cc(H?) € K(C*(X)). Let a € Co(H). We define

o a(r(y)) ifz=wy,
Ja(@,y) = {0 otherwise. (224)
Then
V(fa)() () = alr(z))€(z) = p(a)(§)(z). (2.25)

Hence ¢p(a) is a compact operator if its integral kernel f, is compactly supported
on the diagonal D := {[z,z] € X o X*}. The diagonal D is homeomorphic to the
space X /G via the map [z] — [z,z]. Furthermore, the map ry,: X/G — H° is
proper if and only if it induces a map Co(H®) — Co(X/G). This concludes our
proof. O

FEzxample 2.39. Let G and H be the same locally compact space, viewed as a
groupoid. Then a groupoid correspondence ‘H — G is the same as a topological
graph [20] with vertex space G = H, that is, a space X with a continuous
map H — X and a local homeomorphism X — G (see Example 2.22). The
groupoid C*-algebra of G is the commutative C*-algebra of Cy-functions on G,
and C*(X) is the C*-correspondence associated to a topological graph as in [20].
Proposition 2.38 says that such a correspondence is proper if and only if the
map H — X is proper, which is well-known (compare [33, Corollary 3.12]). The
composition of groupoid correspondences in this case is the usual fibre product,
and the multiplicativity of the map X — C*(X) is [1, Lemma 4.3], compare also
[33, Lemmas 6.1-4].
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2 Groupoid bicategories and the bicategory of C*-correspondences

2.6 Diagrams and colimits

2.6.1 Diagrams of groupoid correspondences

In this section, we define diagrams in the bicategory of groupoid correspondences,
natural transformations between such diagrams and colimits. We finish this section
by describing colimits of group actions in ®&t.

Let C be a category. We denote by &t€ the bicategory whose objects are
functors C — &t, arrows are transformations between such functors, and 2-arrows
are modifications (see [25]).

Functors were defined in Definition 2.2 and transformations between functors in
Definition 2.4. The following propositions can be considered as the definitions of
transformations, modifications and functors in &t. Their proofs are similar to the
proofs in the C*-algebraic setting in [11].

Proposition 2.40. A functor C — &t consists of
e locally compact groupoids G, for all objects x of C;
e correspondences Xy: G — Gy for all arrows g: x — y in C;

o isomorphisms pgp: Xy og, Xy — Xgn for all pairs of composable arrows
g:y—z, h:x—yinC;

such that
(1) Xy, is the identity correspondence on G, for all objects x of C;

(2) p1,.9: Xgog, Gy — Xy and g1, : Gz og, Xy — Xy are the canonical isomor-
phisms for all arrows g: x — y in C;

(3) for all composable arrows go1: Ty — X1, gi2: T1 — Ta, go23: T2 — T3, the
following diagram commutes:

Hg12,901 ngii%%/> Koo OGz, K23

(Xgol ngl Xng) 0912 X923 923,902
can. Xgos (2.26)
Xgor G, (X1, 9Gz, Xyo3) Hg13,901
idx, , °G., Hgss,012 Xgo1 ©G,, X1

Here go2 := g12 © go1, 913 = g23 © g12, and go3 := G23 © g12 © Go1-
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2.6 Diagrams and colimits

The diagram (2.31) commutes automatically if one of the arrows go1, g12
or ga3 s an identity arrow.

Proposition 2.41. Let (Qg,XgO,M;h) and (G1, Xgl,,u;h) be two functors from C
to &t. A transformation between them consists of

e proper correspondences v, from GO to GL for all objects x of C;
e isomorphisms Vg: vz og1 Xgl — XS °go Yy for all arrows g: x — y in C;
such that

(1) Vi,: 7z og Gl — gl ogo Yz s the canonical isomorphism for each object ©
inC;

(2) for each pair of composable arrows g: y — z, h: x — y in C, the following
diagram commutes:

i 0 1
Vi °g1 1dX91 Xy °Go Yy g1 X,

"z 0g1 Ay og1 Xy idxo ogg Vg

idy, og1 tg ), Xy ogy X ogo (2.27)
1 .
Yz ©g1 Xgh u[g) p Ogo idy,
0
Vo Yok 090 7

The diagram (2.27) commutes automatically if g or h is an identity arrow.

Proposition 2.42. Let (gg,Xgo,,ugvh) and (Q:}:,Xgl,u;h) be functors from C to &t
and let (v}, Vgl) and (vg,VgQ) be transformations between them. A modification
from (’y;,Vgl) to (’y%,ng) consists of isomorphisms of proper correspondences
Wyt vt — 42 for each object x in C such that the diagrams

VVm Og% idqu

V2 0g1 Xy V2 og1 Xy

v} V2 (2.28)
0 1 0 2
Xg 09 1y Xg g9 vy

lngO Ogg Wy

commute for all arrows g: x — y in C. This diagram commutes automatically if g
s an identity arrow.
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2 Groupoid bicategories and the bicategory of C*-correspondences

The composition of transformations is defined as follows. Describe functors C —
Grby (G, XY, #2,;0 (G, X, ,u;h) and (G2, X7, Mf;,h)v and transformations between
them by ( xl,ng) and ( mQ,ng) as above. The composite transformation is
defined by 79? := 79" og1 7,2 for objects x of C and

02. 2 _ 0 2 i 28'%63 "9 1 12
%

[/ 25 G2 X Yz ©gl ’yx °g2 X 7513 g1 Xg ogg Yy

Vgo g21d 12

0 02
X, °g9 T °g; W' =X °G9 Ty

for all arrows g: © — y in C. These (7)2, VOQ) indeed form a transformation.

Let C be a category and let (G, Xy, 1g.5) describe a functor C — &t. To describe
the colimit of this diagram, we only need transformations from (G, Xy, jtg.5) to
constant functors constp: C — &r, and modifications among such transformations.
The following definition is a special case of Definition 2.3.

Definition 2.43. Let D be a locally compact groupoid. The constant func-
tor constp: C — Gt maps all objects z of C to D, all arrows g in C to the identity
correspondence on D, and all pairs g, h to the canonical isomorphism D op D — D.

By Definition 2.5, a transformation from the functor given by (G, Xy, tig.n)
to constp is given by correspondences v, from G, to D for all objects = of C and
isomorphisms of correspondences

Vg: Yz — Xy 06, vy for all arrows g: * — y in C,
such that Vj_ is the canonical isomorphism for all objects  and the diagrams

Vi X oG, Yy

Y _—— \id/\’h og, Vg

id%“ X}, 0g, Xy 0g. (2.29)

YV \ g,k OG, id'Yz
Vg~ Xgh ©G. 7z

for composable arrows g: y — z, h: * — y in C commute. This diagram commutes
automatically if g or h is an identity arrow.

If (yi,Vgl) and (75,1/92) are two such transformations, then a modification
between them is given by isomorphisms of correspondences

Wt %13 — 'yg for all objects « of C,
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2.6 Diagrams and colimits

such that the diagrams

W,
% = 2
vl % (2.30)
g °Gy Vy i, og, W, g °Gy Vy

commute for all arrows g: x — y in C, see Definition 2.6. This diagram commutes
automatically if g is an identity arrow.

The colimit for a functor F': C — &t is, by definition, a groupoid H such that
the groupoid of arrows ‘H — D and 2-arrows between them is naturally equivalent
to the groupoid of transformations F' — constp and the modifications between
them for each locally compact groupoid D.

2.6.2 Diagrams of C*-correspondences

In this section, we describe diagrams in Corr, transformation between such diagrams
and modification between transformations. Our reference for this is [11, §4], where
the same is worked out for the bicategory of C*-algebras with nondegenerate
*-homomorphisms as arrows and unitary intertwiners as 2-arrows.

Proposition 2.44. A functor C — Corr consists of
e C*-algebras A, for all objects x of C;
e correspondences Eg: Ay — Ay for all arrows g: x — y in C;

e isomorphisms of correspondences pgp: Ep @a, Eg — Egn for all pairs of
composable arrows g: y — z, h: x =y in C;

such that
(1) &1, is the identity correspondence on A, for all objects x of C;

(2) p1,,9: Eg@a, Ay = & and g1, : Az @4, Eg — &4 are the canonical isomor-
phisms for all arrows g: © — y in C;

(3) for all composable arrows go1: Ty — T1, g12: T1 — T2, go3: To — T3, the
following diagram commutes:

®a4,, ide
Hoiz 0 = 24 5902 ®AI2 5923

(8901 ®Aw1 5912) ®Aw2 5923 923,902
Hcan. Eqos (2.31)
5901 ®Ax1 (5912 ®Aw2 5923) Hg13,901

id ® 5901 ®A;c1 5913
5901 Ar1 /’LQ231912
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2 Groupoid bicategories and the bicategory of C*-correspondences

Here go2 := g12 © go1, 913 = g23 © g12, and goz := g23 © g12 © go1 -

The diagram (2.31) commutes automatically if one of the arrows go1, gi2
or goz 1s an tdentity arrow.

Proposition 2.45. Let (Ag,Eg,ug’h) and (Aylc,c‘:gl,u;h) be two functors from C
to Cotr. A transformation between them consists of

e correspondences v, from A% to AL for all objects x of C;

e isomorphisms of correspondences Vy: vy @ a1 Sgl — 590 ®40 Yy for all ar-
rows g: x — 1y in C;

such that

(1) Vi, v ® A1 AL — AY ® A0 Vo is the canonical isomorphism for each object x
inC;

(2) for each pair of composable arrows g: y — z, h: © — y in C, the following
diagram commutes:

Ve ®aydey g0 @0y, @3 €}

Yo @ a1 EF D a £} \d&? ©ag Vy

id,, ® a1 u;hﬂ & ® a9 E) @10 72 (2.32)

1
Yz a1 Egpy ug pn ® 40 idy,
O b z
Vyn Egh © A0 7z

The diagram (2.32) commutes automatically if g or h is an identity arrow.

Proposition 2.46. Let (A2, Eg, ,ugh) and (AL, Sgl, M;,h) be functors from C to Corr
and let (v;,V,') and (72, V}) be transformations between them. A modification
from (v1, Vgl) to (72, VgQ) consists of isomorphisms of correspondences Wy : 2 — ~2
for all objects x in C such that the diagrams

Wa @ 41 idg1

g/glu i UV;Q (2.33)

idgg @0 Wy *

commute for all arrows g: * — y in C. This diagram commutes automatically if g
s an identity arrow.
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2.6.3 Examples
Group actions by homeomorphisms

Lemma 2.47. Let X be a locally compact space and let G be a discrete group.
There is an equivalence between G-actions on X by homeomorphisms and mor-
phisms G — &t which map the unique object in G to X.

Proof. First, let a: G — Homeo(X) be a group action. That is, oy := a(g)
are homeomorphisms on X such that agop, = a4, for all g,h € G. Let X,
be the correspondence given by X, := X as a topological space, with anchor
maps 7q,5q: Xg — X given by

re(x) =z, sq(x) 1= ag(z).

for all x € X. To define a functor G — &t we still need to define the multiplication
isomorphisms; these are given by

:u;,h: Xg Xsg,X,rh Xh = th, (xvag(x)) = .

It is routine to check that (Xg, g, ) is indeed a functor G — &r.
Conversely, let (Xg,,ugﬁh) be a functor G — &t with X1 = X. That is

Xy X — X are correspondences and fig p: Xgox X, = Xpg are isomorphisms of
correspondences. The correspondence X, is an equivalence for each g € G. By
Theorem 2.30, it is a Morita equivalence over the space X. This implies that
both r: &, — X and s: &; — X are homeomorphisms. Let

-1

Qg = Sg'l"g

for all g € G. Then
G — Homeo(X), g ag,

defines an action of G' on the space X. Moreover, the maps V, 1= s,: X; — X,
where X,: X — X are the correspondences as in the first part of the proof, form
an invertible transformation from the functor (Xy, py ) to the functor associated
to an action of G on X by homeomorphisms. O

Lemma 2.48. Let o: G — Homeo(X) be a group action on a space X by homeo-
morphism. The colimit of the action in &t is the transformation groupoid G x X.

Proof. Let (Xg,pg,) be the functor associated to a: G — Homeo(X) as in
Lemma 2.47. Let D be a groupoid and let (),V,) be a transformation from
(Xg, u;“,h) to constp. The group G acts on ) by

gy = Vy(ry(y),y). (2.34)
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2 Groupoid bicategories and the bicategory of C*-correspondences

Together with the D-equivariant map 7y, : YV/G — X, the group action of G on
gives an action of the transformation groupoid G' x X on Y that commutes with
the D-action (see [31, Proposition 4.10]). This gives a correspondence Y: G x X —
D. Conversely, let Y: G x X — D be a correspondence. By [31, Proposition 4.10]
this is equivalent to an action of G on Y with a G-map ry: Y — X. It follows
that Y: X — D is a correspondence using the anchor map ry. We define

Vo(ry(y),y) =gy (2.35)

for all g € G and all y € Y. Then V,: X Xid, X,y Y — Y is an isomorphism of
correspondences and (), V) satisfies the coherence condition in (2.29) and therefore
gives a transformation from (X4, M?,h) to constp. The above two constructions are
inverse to each other and natural in the formal sense. So they show that G x X is
the colimit. O
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In this chapter, we study Ore monoid actions in the bicategory of groupoid
correspondences. The most basic example of an Ore monoid is the monoid of
natural numbers N. An action of N in &t by proper correspondences is equivalent
to a single correspondence X: G — G for a groupoid G. To associate a C*-algebra
to the action given by X, we may first use the functor &t — €otr to obtain
a C*-correspondence £ := C*(X): C*(G) — C*(G) and then take the Cuntz-
Pimsner algebra Og¢.

Now we know from [2] that Og is the colimit of the action given by £ in the
correspondence bicategory €orr. We will show that the action given by X also has
a colimit groupoid H in &tr. Theorem 3.36 shows that H is a groupoid model of
the Cuntz—Pimsner algebra Og, that is, Og = C*(H).

Our construction of the groupoid colimit of an action of an Ore monoid P by
correspondence has two steps. We first show that an Ore monoid action by tight
correspondences always has a colimit. This is done in Section 3.2. In Section 3.3
we show how to approximate an Ore monoid action by correspondences through
an action by tight correspondences in a way that does not change the colimit, see
Theorem 3.30.

3.1 Ore monoids

In this section, we introduce Ore monoids and their actions in the bicategory of
groupoid correspondences ®r.

Definition 3.1 ([27, Section IX.1]). A category C is filtered if it is nonempty and
(1) for any two objects x,y € Cp, there are z € Cy, g € C(x,z) and h € C(y, 2);

(2) for any two parallel arrows g, h € C(z,y), there are z € Cy and k € C(y, z)
with kg = kh.

Let P be a monoid and let Cp be the category with object set P and arrow
set P x P, where (p, ¢) is an arrow from p to pq, and where (pq,r) - (p,q) = (p, qr)
for all p,q,r € P. The category Cp is filtered if and only if P satisfies the following
Ore conditions:

(Orel) for all x1,x9 € P, there are y1,y2 € P with z1y1 = z2y2;
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3 Actions of Ore monoids

(Ore2) if zy; = xys for y1,y2,x € P, then there is z € P with y12 = y22.

Definition 3.2. We call P a right Ore monoid if the category Cp is filtered. We
call P a left Ore monoid if P°P is a right Ore monoid.

Condition (Ore2) follows if P has cancellation. Both hold if P C G for a group G
with PP~! = G.

Let P be an Ore monoid. We may construct a group completion G = G[P)]
of P by taking equivalence classes of formal fractions pg~! := (p,q) € P x P,
where (p1,q1) ~ (p2,q2) if there are elements ay, as € P with (pia1,qra1) =
(p2ag, g2az). The product of the elements [p1, ¢1] and [p2, go] is given by

[p1, q1][p2, 2] = [p1t1, qot2]

where t1, to € P are such that git; = pste. The group G is determined by the
monoid P, and every monoid morphism ¢: P — H for a group H extends to a
group homomorphism ¢: G — H. The group homomorphism is simply given by

¢lp, al = e(p)e(q) ™

for all [p,q] € G.

Ezample 3.3. Commutative monoids are Ore monoids. Normal monoids are also
Ore; here we say that a monoid P is normal if sP = Ps for all s € P. Non-abelian
free monoids are examples of monoids which do not satisfy the Ore conditions.

An action of an Ore monoid P in the bicategory &t is a functor F: P°? — G
(see Proposition 2.40). Here we think of an Ore monoid as a category with one
object (the identity) and elements of the monoid as arrows; the product of two
arrows p and q is pq.

We include the following definition for convenience.

Definition 3.4. Let G be a groupoid and let P be an Ore monoid. An action
of P°P on G by correspondences consists of the following data:

e correspondences X,: G — G for p € P\ {1};
e isomorphisms oy 4: Xpg = &) og X, for p,q € P\ {1}.

We assume that X; = G is the identity correspondence and that o, 1 and o1 4 are
the canonical homeomorphisms &), = &), og G and X; = G og &, for p,q € P. For
an action of P, we also require the diagram

Up,q Og id)(
Xp Og Xq Og Xt ! qu Og Xt
idx, og Uq,t[ W%q,t (3.1)
Xp Oog th qut
Op,qt
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to commute for all p,q,t € P\ {1}. This diagram commutes automatically
if p=1,¢g = 1ort =1, so our assumption implies that it commutes for
all p,q,t € P.

3.2 Actions of Ore monoids by tight correspondences

In this section, we describe colimits of Ore monoid actions by tight correspondences.
Let X: G — G be a tight correspondence. By Proposition 2.26, there is a local

homeomorphism
X XxigX =G, (z,y) — (z,y). (3.2)

The element (x,y) is the unique element in G with z(x,y) = y. By our assump-
tion, X is a tight correspondence. That is, r.: X' /G — G° is a homeomorphism.
Therefore, we may replace X' /G in Equation (3.2) with G°. Hence we obtain a
map

X X g0, X =G, (x,y) — (z,y). (3.3)

The existence of the map in Equation (3.3) for a tight correspondence is the main
feature which allows to construct a colimit groupoid for a given Ore monoid action
by tight correspondences.

Definition 3.5. Let G, H be locally compact groupoids. Let X: G — H be
a correspondence. We say that an open subset U C X is a bisection if the
restrictions of the source map sy and the quotient map p: X — X'/G to U are
both homeomorphisms.

Our definition implies that a bisection should meet every orbit of the right
action exactly once. We denote the set of all bisections of a correspondence X by
Bis(X). For a groupoid G, a bisection in the identity correspondence G: G — G is
the same as a bisection in the groupoid G. That is, an open set in G such that the
restriction of the source and range maps to this set are homeomorphisms.

In the following, we fix a groupoid G, an Ore monoid P and an action (X}, op4)
of P on G by tight correspondences. That is, &), is a tight correspondence for
all p € P and 0y 4: &pq — &) og X is an isomorphism for all p and ¢ € P. To
reduce notation, we write

Tp Tq = Up_é([xp’xq]) (3.4)

for all (zp,z4) € &) Xy, gor, Xg- We call z), - 24 € Ay the concatenation of x,
and 4. Let X og X be the quotient of the space &), X go ;X by the equivalence
relation (x,,y4) ~ (zpg,yqg) for all g € G with r(g) = sp(zp).

Let k € P. Let o/];q be the map

o/;q: Xp X905, Xg = Xpk Og X;k, (xp, zq) — [Tp - Tk, Tq - Th), (3.5)
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3 Actions of Ore monoids

where zj, € &), is such that ri(zy) = sp(zp). To see that (3.5) does not depend
on the choice of the point zj with ri(x) = sp(zp), let yi € X be another point
with 71 (yr) = sp(ap) = ri(xy). Since yi(yk, Tr) = x), we have

[Tp - Tk, g - 2] = [2p - (YklYks Tk)), Tq - (YUY k)]
= [(@p - Yk)Wks T)s (g - Yi) Wk> T)] = [Tp - Uk» Tq - Yi]-

In particular, for £ = 1, the last formula implies that

k k
O‘p,q(xpgv xqg) = ap,q(xpa xq)'

for all z,,z, and all g € G with 7(g) = sp(zp). Therefore, a’;’q induces a well-
defined map afg,q: Xp o Xy — Xpi 0 X,

Lemma 3.6. The map a’;’q: Xpo Xy — Xy o X;k is a local homeomorphism.
Moreover,

1 k __ Kkl
Qpl,gk © Xp,g = Apq (3'6)

for all p,q,k,l € P.

Proof. Let x = [z, 74] € &) og X;. We want an open subset U C X}, og X such
that x € U and the restriction map a’;,q\U is a homeomorphism. Let U; C &),
and Uy C A& be bisections with z, € Uy and 2, € Us. We claim that U :=
p(Ur Xy, gor, U2) C X og X is the desired open set. Let V' := i (sp(U1) N
sq(U2)). Then V is open in &}, since s, is a local homeomorphism and ry is
continuous. We may write V' as a union of bisections V' = (J;¢; V; for an index
set I. Let Q: Xpp X g, 60 s, Xk — Xpk 0g Xy, denote the quotient map. We define

. -1 -1
CZ—% = Q(Upyk ’ p(U1 Xspvgovrk ‘/’L) Xspk7g078qk quk ' p(U2 X5P7g07rl€ ‘/7’))

for all € I. Since 0, and o, are homeomorphisms and the quotient maps p
and @ are open by Proposition 2.10, T; is open for all i € I. Furthermore,

k
apq(U) = U T;.
i€l
To see this, let ¢ € I and let [z, - zk,yp - yi] € T;. Then sp(xp) = sk(yx) and
hence zj, = yi, since V; is a bisection. This implies that [z}, - zk, yp - Y] € a’;7q(U).
The other implication is clear. It follows that a’;’q(U ) is an open set. Since every

open set in X}, og A is a union of bisections of the form p(U; X 55,601 Us) for
U € X, and Uy € X, the map a’;,q is open. It remains to show that o/zfyq|U is

injective. Let [2p, 2q], [Yp, ygl € P(U1 X4, go s, U2) with a’;’q([:vaq]) = alqu([yp,yq]).
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3.2 Actions of Ore monoids by tight correspondences

Then 7,(zp) = rp(yp) and r¢(xq) = r¢(ys). This implies that x, = y, and x4 =y,
by our assumption that rp|y, and 74|y, are homeomorphisms. It follows that
[%p, 2] = [Up, g, and the map of _ is injective on p(Uy X,.G9,s,U2). The restriction
a§7q|U of O‘Izg,q on the open set U is open, injective and continuous. That is, the
map a’;’q\U is a homeomorphism. Finally, the maps (op4)pqecp are part of an
action of P on the groupoid G. Hence they satisfy condition (3.1). This implies
Equation (3.6). O

3.2.1 The construction of the colimit groupoid

Next we associate a groupoid H to the action (X,,0p,). We construct the
groupoid H by first constructing a “fibre” H, for all g € G = G[P]. Recall that
the elements of the group completion G = G[P] are equivalence classes of formal
fractions p1p2_1 for p1,po € P with 101302_1 ~ (p17)(par)~ L. For g € G we set

Ry :={(p1,p2) € P x P| p1p2_1 =g in G}. (3.7)

Let p = (p1,p2) and ¢ = (q1,92) € Ry. Let C%(p,q) be the set of all h € P
with p1h = ¢ and psh = ¢o. These are the arrows of a category Cl% with
multiplication given by that in P. The category C% is filtered by [1, Lemma 3.14].
This allows us to take the inductive limit of the spaces X}, og X with respect to

the connection maps O‘I;,q given in Equation (3.5). We set

(Mg, fp.q) = hg(é\,’p og X7, al;,q)v (3.8)
c9

where fp 41 &Xp og Xy — H, is the universal map associated to the inductive limit
space H,g, for all (p,q) € C}. Let

Hi=| | H, (3.9)
geG
Elements of H are equivalence classes of pairs [z, z4] € &), og X7, where [z, z,4] ~
a’;7q([xp, x4]) for all k € P. We will use this identification and, with a slight abuse
of notation, we will abbreviate f, ([zp, x4]) by [2p, 24] if no confusion can arise.
Our next goal is to show that the space H is in a canonical way a locally compact
groupoid with Hausdorff unit space H°.
Let g € G and let « = [z, z4] € Hy. We define the source and the range of = by

(@) 1= [p, 2p] = [rp(@p), rp(2p)];
su(x) := [2g, 2] = [rq(g), 7q(2q)]-
That is, [z}, 7] is the image of the point [x), 7)] € &) og A under the map f; .

Before defining a multiplication map on the groupoid #H, we need the following
lemma regarding the inner product map.

(3.10)
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3 Actions of Ore monoids
Lemma 3.7. Let p,t,k € P. Then

Tt(Tp - Tty Yp - Tk) = (Tp, Yp) Tk

for all (zp,yp) € Xp Xy, gor, Xp and all x € X4, xy € X with sp(xp) = r(2¢) and
sp(Yp) = (k).

Proof. We have zp(zp, yp) = yp and - ¢ - (Tp - 4, Yp - k) = Yp - . This implies

Yp - <513pa yp>_1xt<xp “ Tty Yp - l‘kz) =Yp Tk-

It follows that (xp, yp) " *@i(zp - T4, yp - T) = ) since the right action of G on A,
is free. Hence x(zp - ¢, Yp - k) = (Tp, Yp) Tk O

Now let x = [z),, 2¢, ] and y = [Yp,, Ygo] € H With 7, (yp,) = r¢, (24, ). Roughly
speaking, we want to define the product x-y as for pair groupoids. Think of x as the
image in H of an arrow starting with z,, and ending with z,,. Similarly, y is the
image of the arrow starting with y4, and ending with x,,. If po = ¢1 and y,,, = z4,,
then we may define the product = -y as [zp,, Y4, ]. In general, if the range of y is the
source of x, we may choose different representatives of x and y with this property.
To be more precise, since P is an Ore monoid, there are a,b € P such that p2b = q1a.
Let x4 € X, and y, € &}, with 74(zq) = sp, (2p,) and 74(Ys) = Sp,(Yp,). Then
[2p1, 2q,] = [Tp, * Tas Tqy - Ta] a0 [Ypy, Ygo| = [Ups - Yo, Ygs - Y] We define

[xpuxth] ’ [ypzv ng] = [xm "Za - <xq1 “Tas Ypo ‘yb>7 Yao 'yb]' (3’11)

The product formula (3.11) does not depend on the choice of the representa-
tives [xp,,xq] € Ap, og Xy, and [Yp,, Yg,] € Xp, 0g Xy, in H. To show this,
let k1, ko € P. Let also xy, € &), and xy, € X}, such that ry, (zg,) = sp, (xp,) and
Thy (Thy) = Spo(Tp,). We have

([x;ln * Lk Ly '$k1]a [ypz *Lhkoy Yqo 'Ikz]) = (['Tplvxm]v [ypmyqz]) € HZ‘

Next let ¢1, co, d1, do be such that kicy = ady and kaco = bdy. We can also find ¢4, to
such that d1t1 = dth. Then q1k161t1 = qladltl = pgbdztg = p2]€2€2t2. We may
replace ci1t1 by c1, cats by co and doto = dit; by t. We get kicy = at, kacog = bt
and q1kic1 = qrat = pabt = qakaca. Let also zy € Xy with r(zp) = s(x,) = s(xp).
Then z, -2t € Xy = Xy, and a2y € Xpp = Xpye,. 1t follows that z,-2¢ = xp, -2(,
and xp- T4 = Ty, - Ty, Where [Tg,, o)) = Oy o) (To-T¢) and [Ty, Tey| = Ohy o (T 24).
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3.2 Actions of Ore monoids by tight correspondences

Lemma 3.7 implies

[wpl “ Xy Loy Ly * Thy T - [yp2 *Thy " Legy Ygo * The CTey)

= [y - Ty - Ty - (Tqy - Thy * Teys Yps * Thy * Ten)s Ygo * Thy * Te)
= [xpl “ g Ty <xq1 “Ta Tty Yps *Yb - $t>ayq2 Yy - $t]

= [Tp, - Za - (Tqy - TarYpy - Y)Tt, Yo - Yo - L]

= [p, - Ta - (Tqy - Tar Yps * Yb)» Yo * Y]

= [

xplﬁwm] ! [yp2’y(I2]'

Therefore, the product formula gives a well-defined map H? — .
Finally, we define the inversion in ‘H by

[y, 2] T = [arg, @] (3.12)
for all [zp,x,4] € H.
Lemma 3.8. The map B: H° — GO, [z, 2] — 1p(2p), is a homeomorphism.

Proof. We have [z, x| = [rp(xp) - xp, rp(xp) - 2p] = [rp(2p), 7p(xp)] for all [z,, z,] €
‘H. This implies that the the map § is a bijection. It is open since the range map
rp is open in the groupoid G and H° C H; has the inductive limit topology. To
show that it is continuous, it suffices to see that the set

fpi,;(ﬁil(U)) = {Pp.p(Tp, 7p) | (2p, 7p) € Tgl(U) X 5p,G0,sp Tﬁl(U)}

is open if U C G is open. This follows since rp is continuous for all p € P. O
Lemma 3.9. For all g € G and all (p,q) € C}, the map fpq: X og X, — Hy s
a local homeomorphism.

Proof. The map f,, is open and continuous since the maps o/;yq are local homeo-
morphisms for all p, ¢,k € P by Lemma 3.6 and the space H, carries the inductive
limit topology. The proof that every point [z, z,] in Xjog Xy has a neighborhood U
such that the restriction of f, , to U is injective is as in the proof of Lemma 3.6. [J

For simplicity, we write ¢, := f,1: &, — H. That is,

tp(zp) = fpa([p, sp(zp)])- (3.13)

Proposition 3.10. With the groupoid structure defined above, H is an étale locally
compact groupoid with Hausdorff unit space.
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3 Actions of Ore monoids

Proof. Let U be an open set in H. Without loss of generality, we may assume
that U = fp, 4(U1 og Us) for open sets Uy C &), and Uy C &;. The inverse image of
the set U with respect to the multiplication map defined in Equation (3.11) is

U p(Ul Xsp,go,s;C Xk) Xre,G0 rk p(Xk Xsp,go,sq UQ);
kepP

this is open since the quotient maps p are open by Proposition 2.10. This implies
that Equation (3.11) defines a continuous map. The inverse image of U with
respect to the inversion defined in Equation (3.12) is

fap(Uz og UY),

which is open in H. Hence the inversion H — H is also continuous.

Now we show that H is étale. For all p € P, the map ry, is a local homeomorphism
by Lemma 2.20. Let [z,,z4] € H for p and ¢ € P. Then there are bisections
UcCX,and V € &; with x, € U and z, € V. We set

M = fpq(Uo V™) ={lyp.ysl € H | yp € U,yg € V}.
Then M is an open set; this follows since f,, is open by Lemma 3.9. Moreover,
for all [yp,yq] € M we have
21 ([Yps Yql) = B_l(rp(yp)), s1([Ups Yql) = 5_1(%(%))-

This implies that the maps r4 and sy are local homeomorphisms by Lemma 2.20
and Lemma 3.8. In addition, Lemma 3.8 implies that H° is Hausdorff since it is
homeomorphic to G°, which is Hausdorff by assumption. O

Before proving that the groupoid H is the colimit of the diagram (X, 0p4) we
prove the following results regarding the maps f, 4.

Lemma 3.11. Let g € G and let (p,q) € Cp. The map fpq: Xy og X — Hy is
injective if the left action of G on Xy is free for all k € P.

Proof. Let [zp, 24, [Yp,yq] € &y og X; be such that fp, o([2p, 24]) = fp.q([Ups Ygl)-
Then there is an element k£ € P and there are elements xp and y; € X with
ri(z) = sp(xp) and ri(yx) = sp(yp) and such that
[Tp - Ty Tg - Tk = [Yp * Yks Yg - Yi-
Hence there is an element g € G such that
Tp Tk = Yp " Yk9, Tg Tk = Yq  YrY-

This implies that there are hi, ho € G such that z, = y,h1, x5 = hl_lykg, Tq =
yqho and ) = h;lykg. It follows that hflykg = h;lykg and therefore h; =
ho by our assumption that the left action of G on A} is free for all £ € P.
Consequently, [zp, xq] = [yph1, ygh1] = [Yp, Yq) and the map f, , is injective. O
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3.2 Actions of Ore monoids by tight correspondences

Lemma 3.12. The map t1: G — H is a groupoid homomorphism. It is injective
if and only if the left action of G on X}, is free for all k € P.

Proof. Let g and h € G. We need to show that ¢1(g)~! = 11(¢g7!) and ¢1(gh) =
t1(g)t1(h). The first claim follows since

u(g) ™ =lg,s(9)) " =1Is(g), 9] =[s(9)g 99 1 =1lg " r(g)] =ulg™")

for all ¢ € G. And the second claim follows since

u(g)u(h) = 1[g,5(g)] - [h, s(h)] = [g(s(9), h), s(R)] = [gh, s(h)] = 11(gh)

for all g and h € G with r(h) = s(g). If the left action of G on X}, is free for
all k € P then the map ¢ = fp 1 is injective by Lemma 3.11. We assume now that
the map ¢ is injective. Let k € P and let (g, z1) € G X, go, Xy with g -z = 2y
We have

1(g) = [9,5(9)] = 92k, 2] = [7k, 28] = [5(9), 5(9)] = t1(s(9))-

Hence g = s(g) by the injectivity of ¢1. This implies that the left action of G on X
is free for all k € P. O

We omit the proof of the following lemma, which uses only properties of the
inner product map (see Proposition 2.26).

Lemma 3.13. The maps v, = fp1 for p € P satisfy the following properties:
(1) wp(xp)ei(g) = tp(zpg) for all g € G and x), € X, with r(g) = sp(xp).
(2) t(g)ip(xp) = tp(gxp) for all g € G and x, € X, with rp(zp) = s(g).
(3) wp(@p)ig(xg)™ = fpa([p, z4]) for all [xp, xy] € Xp og X7
(4) wp(@p) tp(yp) = 1({@p, yp)) for all xp, and y, € Xy with rp(zp) = p(Yp).-
(5) tp(xp)iq(xq) = tpg(xp - 4) for all z, € X, and x4 € Xy with sp(xp) = r¢(xq).

Remark 3.14. We have H1 = {[zp,yp] € H | xp,yp € Ap}. This is a clopen
subgroupoid of H. To see this, let p and ¢ € P and let [z, y,] € H1 and [z4,y,] €
Hi. Let k1 and ko € P be such that pk; = gko. Let also xj, and xg, be such
that 74, (2k,) = sq(zq) and g, (zx,) = sp(xp). Then we have

[Tp, Ypl * (g, Ygl = [Tp - Thy - (Up * Thy» Tq * Thy), Yg - Thal,

It follows that [x,,yp] - [¢,Yq] € Hi. Furthermore, for all [z,,y,] € H1 we
have [2p,yp] ™t = [yp,7p] € Hi. So H; is closed under taking inverses and
multiplication. Thus H; is a subgroupoid in H. It is also clopen in H.
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3 Actions of Ore monoids

Theorem 3.15. Let G be a groupoid and let (X,,0p4) be an action of an Ore
monoid P by tight correspondences. Let H be the groupoid constructed above.
Then H is the colimit of the diagram (X, op4) in &t, Sty and Stggh .

Proof. Let D be a groupoid and let (Y, ¢,) be a transformation from (&}, 0y 4)
to constp. That is, YV: G — D is a proper correspondence and ¢,,: X,ogY — Y is
an isomorphism of groupoid correspondences for all p € P. We want to extend )
to a correspondence J: H — D. The anchor map r: ) — H? is obtained using
the identification H° =2 G°, see Lemma 3.8. We extend the action of G on ) to
an action of the groupoid H as follows. For all z), € &), let S;,: YV — Y be the
partial map

Sun(®) = @pl[p,9]) (3.14)

for all y € Y with r(y) = sp(zp). Let y1, y2 € Y with r(y1) = r(y2) = sp(zp) and
Sap (Y1) = Sz, (y1). Then op(zp,y1) = @p(zp,y1) and hence [xp, y1] = [zp, yo] €
X og Y. It follows that there is g € G such that a:pg*1 = zp and gy1 = yo. But
then g = s(xp) since the right action of G on X' is free. Hence y; = g2, and Sz,
is injective. Let S, ! be the inverse of S;,. The domain of S;pl is the range
of S, and it consists of all elements y € ) with r(y) = rp(zp). To see this,
let y € Y with r(y) = rp(z;) be such an element and let (yp,y1) € & X, go ., V
be such that ¢,([yp,y1]) = y. This exists because ¢, is an isomorphism. We
have 7p(yp) = r(y). But r(y) = rp(zp) by assumption. Hence r,(xp) = 7p(yp)
which implies that there is an element g € G with y,9 = z,, because X, is a tight
correspondence. It follows that

eq([p: 1)) = eq([Upg, 9~ 11]) = q([xp, 97 1)) = Se, (97 1) = .

The last equation also says that S 4(y) = Sz,(gy) for all g € G with r(g) = s,(x}).
Equivalently, S;p%q(y) = g_lS;pl(y) for all g € G such that r(g) = sp(zp). More
generally, (2.29) implies

Separ(y) = Pok(Tp - Ths y) = p(ps Pr(Th,Y)) = S, Sy ()

for all k € P, x € X, and all y € Y with ri(x) = sp(xp) and r(y) = sp(xp). This
implies that
Sxp-:vk = SxpSgck (315)

for all z, € &}, and all z}, € &}, with r(zx) = sp(xp).
We define a left action of H on ) by

[, 4] - ¥ = S, 55, (1) (3.16)

for all p, g € P and all ([zp, 2], y) € (XpogXy) X, 20,0, Y. Equation (3.15) insures
that (3.16) is compatible with the inductive limit structure on H, for all g € G and
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3.2 Actions of Ore monoids by tight correspondences

hence gives a well-defined action of H on ). Clearly, this action commutes with
the right action of D on X. Therefore, V: H — D is a correspondence in &r. If the
correspondence ): G — D is proper (tight) then the map ry,: /D — H? = G°
is proper (a homeomorphism); that is, the correspondence ): H — D is proper
(tight).

Conversely, let YV: H — D be a correspondence. We may view Y: H — D as a
correspondence YV: G — D using the map ¢1: G — H. Recall that ¢,: X, = H is
the local homeomorphism given by

tp(@p) = fpa([p, sp(p)]),

see Equation (3.13). The anchor map r9: Y — G is given by
r(y) = B(r(y)),

where (: HO — GY is the homeomorphism defined in Lemma 3.8. The left action
of G on ) is given by
g-y:=ulg) y=Ilg,sg) v
for all g € G, y € Y with ry = s(g). The resulting action commutes with the right
action of D on ). For all p € P, we define
p(@p, ) = tp(Tp) -y = [p, idsp(xp)] Y (3.17)

for all (zp,y) € &) X, go,,, V. We have

ep(p9,97" - y) = p(@p9) - (1(g™") - y)
= tp(@p)u(9)(97") -y = tp(ap) -y = @p(p,y)
for all (zy,y) € &, X, go, YV and all g € G with r(g) = sp(xp) by Lemma 3.13.

Thus ¢, induces a well defined map ¢,: &, 06 Y — ). Next we show that ¢, is an

isomorphism. Let (2,,91), (Up,y2) € Xp X, g0r, ¥ With op(2p, y1) = 0p(Yp, y2)-
Then rp(zp) = rp(yp). Let g := (zp, yp). We have x,g = y,. Moreover, v,(xp) -y1 =

tp(Yp) - y2 implies

Y2 = Lp(yp)_le(xp) YL = Lp(xpg)_lép(xp) "Y1
= Ll(g_l)bp(xp)_lbp(xp) = 9_1 "Y1

Thus [yp, y2] = [2pg,97" - y1] = [z, y1]. Therefore, ¢,: X, og Y — Y is injective.
Now let y € ). Since 7, is surjective, there is a point z, € A}, such that
ry(y) = rp(zp). We set ¢ := Lp(xp)_l T [idsp(mp),xp] -y. Then

‘Pp($pvy/) = 1p(xp) - y = Lp(mp)bp(xp)_l Y =y.
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So ¢p is a bijection. Furthermore, we have

©p(92p,y) = tp(97p) -y = t1(9)tp(p) -y = g - ©p(Tp,Y)

for all (zy,y) € Xpx,, gor, Y andall g € G with s(g) = rp(zp). This implies that ¢,
is G-equivariant. It is also D-equivariant since V: H — D is a correspondence
and the right and left actions on ) commute. The map ¢, is the map induced
by multo (¢ xid): &), X, go .,V = H X go ., Y — V on the quotient space Xj,0g).
The map ¢, x id: Ap Xy go,, V — H Xs30,, YV is a local homeomorphism
(see Lemma 3.9). The multiplication map mult : H X 30, Y — V is a local
homeomorphism as well. Hence the product map mult o (¢, x id) is a local
homeomorphism, and so is its induced map on the space &}, og ). It follows that
¢p is an isomorphism of correspondences for all p € P.

Next let p,q € P and let ), € &), x4 € X, and y € Y with ry(y) = sq(x4) and
rq(zq) = Sp(xp). Then

‘qu(xp * g, y) = qu(fvp : qu) Y = Lp(xp)bq(xq) Y= ¢P($p> Soq(xqa Y))-

Hence the coherence condition (2.29) holds. This implies that (), ¢p) is a trans-
formation from (X}, 0} 4) to the constant diagram over D.

This construction is the inverse to the one above. Moreover, if the correspon-
dence Y: H — D is proper (tight) then }: G — D is also proper (tight).

Finally, isomorphisms of correspondences H — D are homeomorphisms ) — )’
that are equivariant with respect to the left H- and right D-actions. Thus an
isomorphism Y; — s is also equivariant with respect to the left G-actions, and
it intertwines the isomorphisms ¢, and gog, by Equation (3.17). Equivariance
with respect to the left G-actions means that it is an isomorphism between
correspondences G — D, and intertwining the maps ¢, and 4,0; means that it is a
modification (Y, ;) = (', ¢},)-

We have shown that

®t(H, D) = &'’ (X, 0p4), constp),
Qﬁtpmp (H’ D) = Qstgrop((xpa Up,q)v COnStD),

Btiignt (H, D) = @tgght((é\,’p, Op,q), constp).
Thus H is the colimit of the diagram (X}, 0p ) in ¢, Gryrop and Sriigne. O

3.2.2 Properties of the colimit groupoid

We study some properties of the colimit groupoid of an Ore monoid action by
tight correspondences. As before, let P be an Ore monoid and let (&X,,0,4) be an
action of P on a groupoid G by tight correspondences. Let H be the colimit of
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3.2 Actions of Ore monoids by tight correspondences

this action in &t. We will provide sufficient criteria for H to be Hausdorff and to
posses a grading over the group completion G = G[P] of P. We recall that H has
a decomposition H = | ] ¢ Hy, see Equation (3.8).

Proposition 3.16. The decomposition H = | e Hgy satisfies Hy-Hp C Hgpn and
7—[51 = Hg-1. Assume that s, is surjective for all p € P. Then Hy - Hp = Hyp for
all g, h € G.

Proof. Let g,h € G and let (p1,q1) € C%, (p2,q2) € C[j. Since P is an Ore
monoid, there are a,b € P such that ¢ga = pab. Furthermore, (p1,q1)(p2,q2) =

h *
(p1a, qut)(pzb, Q2b) = (plCL? QQb) € C}(JD . Now let [xpuxth] € fphfh (Xm °g qu) C Hg
and [xm?x%] € fpz,Q2 (‘Xm °g Xz;;) C Hp. Then

[xplvqu] ) [ypzvaQ] = [xm *Lg <xQ1 “Lay Ypo 'yb>’ytI2 'yb]

by (3.11). Thus [zp,,Tq] - [Ups»Yg.] € Hgn. Moreover, if [x,,24] € H,y then
[2p, 2q] 7 = [2q,2p] € Hy—1. So H 1 = Hy1.

We assume now that the maps s, are all surjective. Let g,h € G. Applying
the Ore condition (Orel), we may assume without loss of generality that gh =

pipy 'y g =pips " and h = papy* for pi,pa,ps € P. Let p,q € P with pg~! = gh
and let [xp, 4] € Hgn. Then there are ki, ko € P with pki = p1ko and gk = pako.
Let zy, € &), with ry, (zx,) = sp, (zp,) and let y € Xk, be such that sp,i, (y) =
Sk, (g, ). We have [z, - x4, y] € Hy and [y, 24 - 1, ] € Hp. Furthermore,

[@p * Thy s Y)[Ys Tq - Thy | = [Tp - They s Tg - Tk, ] = [T, g (3.18)
Thus Hgp € Hy - Hp, and therefore Hyp, = Hy - Hy, - O
Remark 3.17. Proposition 3.16 shows that the map

c:’;’-[:|_|7-[g—>G, Ty g,
geG

is a cocycle. Moreover, if the maps s, are surjective for all p € P, then the
decomposition H = | | ,cH, is a G-grading in the sense of [10].

Lemma 3.18. With the structure maps inherited from the groupoid H, the space
Hy: Hi — Ha is a partial equivalence for all g € G = G[P].

Proof. By Remark 3.14, H; is a groupoid. Moreover, for all [z, yr] € Hi and all
[zp, yq) € Hg with r(xp) = r(yg), we have

[Tk Yk] - [Tps Yg) = [Tk - Ta - Yk - Ta, Tp - Yb), Yq - Yb)s

where a,b € P are such that ka = pb and z, € X, yp € A} satisfy r(z,) = s(zk)
and r(ys) = 5(yq). This implies that [z, yx]- [2p, y4] is an element of H,. It follows

49



3 Actions of Ore monoids

that the restriction of the multiplication map mult: H X 20 . H — H to the space
Hi1 X900 » Hg defines a left action of the groupoid H; on the space H,. This action
is free and proper by construction. Similarly, the groupoid H; acts freely and
properly on the right on H, and the two actions commute. Thus H,: Hi — H;
is a bicorrespondence. The source and range maps in the groupoid H are local
homeomorphisms by Proposition 3.10. We need to show that s.: Hi\H, — HY
is injective. The claim regarding the range anchor map follows similarly. Let
[@p,, 2q,] and [Yp,, Yg.] € Hg With 7(yg,) = r(z4,). Since P is an Ore monoid, there
are a,b € P with ¢qia = ¢b. Let z, € X, and y, € &}, with r(z,) = s(zq,) and
() = $(yg)- We have [z, 24,] = [Tp, *Ta; Tq, Ta] and [Yp,, Ygo] = [Yps - Ubs Ygo - Y-
Let g := (g, - Ta, Yqo - Yb)- Then since pra = pob, we have [yp, - Yb, Tp, - Tag '] € Hi1.
Moreover,

[Yps = Yb» Ty 'magil] [2py, T ] = [Ypa - Yo, Ty 'xagil] - [@p, - Tay Ty, - Ta)
= [yp2 “Yb, Ty 'xag]
= [ym “Ybs Yqo yp] = [ypzv yqz]

And the claim follows. O

Remark 3.19. By Lemma 3.18, the bicorrespondence H,: H1 — H; is a groupoid
equivalence Hg: Hilp3,) — Hilsr,), where Hil,3,) is the restriction of the
groupoid H; to the open invariant set r(Hy) C H’, and similarly for H1 sz, )-
Finally, we have

r(Hg) = U Tq(sgl(sp(Xp)))

(p,9)€C

for all g € G.

Assume now that all s, are surjective. Then H,: H1 — H; is an equivalence
for all g € G. Let multy j,: Hy o1 Hp, — Hgn be the map induced by the product
map in H. Then mult,, is an isomorphism and (Hg4, mult, ) is an action of the
group G°P on H; in &r.

Proposition 3.20. Let G be a groupoid and let (X, 0y 4) be an action of an Ore
monotid P by tight correspondences. Assume that the groupoid G is Hausdorff and
the left action of G on X, is free for all p € P. Then the groupoid H is Hausdorff.

Proof. If the groupoid H is not Hausdorff, then there are elements g, h € H that
have no disjoint neighborhoods. Since H° is Hausdorff, this implies s(g) = s(h)
and r(g) = r(h); otherwise we can use the range or source map to get disjoint
neighborhoods for g and h. It follows that s(g) € #°9) and h=lge Hj(g) have no

s(g) (9)
disjoint neighborhoods. Hence in order to prove that the groupoid H is Hausdorff,
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3.2 Actions of Ore monoids by tight correspondences

it suffices to show that for every element z € H° and for every pair g, h € H® of
distinct points there are disjoint open sets U,V C H such that g is in U and h
in V.

Now assume that the groupoid G is Hausdorff and that the left action G on &),
is free for all p € P. The groupoid H is Hausdorff if and only if the groupoid H;
is Hausdorff. To see this, let g € G and let [xp, 4], [Yp, yq) € Hg With rp(zp) =
rq(rq) = 1p(yp) = 74(yq). By Proposition 3.16 we have H, - H,-1 C Hy. Hence
if H1 is Hausdorff, then there are disjoint open neighborhoods U and V for the
points [z, Yq] = [Tp, T4] " [Yp, ¥g] and [yg, yg), respectively. The open sets [x, z4]-U
and [z, 24| - V form disjoint neighborhoods for [z, 2], [yp, y4] € Hg, respectively.

We will show that H; is Hausdorff. Let z € G° and let [le,,y},], [mg, yf)] € Hi

for p € P be two distinct points such that r,(x}) = rp(22) = rp(yp) = rp(y5) = .

Since 75, is a homeomorphism, we have [z,,45] = [2p, 2pg], [22,y2] = [2p, Tph]
for x, = .%'11) = .%'12) and g, h € QZ((;C:) with g # h. Since G is Hausdorff, there are

disjoint open bisections Uy, Us C G such that g € Uy, h € Uy. Let U be an open
bisection containing the point x,. The multiplication map

‘Xp Xsp,go,T g — Xpa (:Ephg) = Ipg,

is open. Hence U - U; is open for i = 1,2. We set V; := fp,,(U X, go,, U -U;)
for i = 1,2. Then Vi, V5 are open neighborhoods of (z,,zpg9) and (z,, zph),
respectively. This follows because the maps f,, are open for all p € P by
Lemma 3.9. Now assume that Vi NV # (). Then there are elements (xp, yp - g1),
(‘T;)vy;; ’ 92) evU Xsp,go,sp U - U; such that fp,p([ajmyp ’ gl]) = fp,p([x;)’y;) ’ 92])'
Thus rp(x,) = rp(2;,) and r,(yp) = 75(y,) and therefore x, = z, and y, = y,
since 7, is a homeomorphism on the set U. By Lemma 3.11 the map f,, is

injective. So [z}, y, - g2] = [Tp,yp - 1] € & og X, Thus y,g1 = ypg2 and
hence g1 = go € Uy NUs, which contradict our assumption that U, Us are disjoint.
Thus Vi N V5 = (). This finishes the proof. d

3.2.3 Product systems associated with tight Ore monoid actions

The image of the Ore monoid action (X),0,,) under the functor &r — Corr
is a product system in Fowler’s sense over the monoid P, see [1, §3]. In the
following, we show that the groupoid constructed in Section 3.2.1 is a groupoid
model for the Cuntz—Pimsner algebra of the product system constructed from
the action (&), 0p ) using the functor &t — Corr. The product system associated
with (X}, 0 4) consists of

e the groupoid algebra C*(G) as a coefficient algebra;

e correspondences C*(&},) from C*(G) to itself for all p € P\ {1};
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3 Actions of Ore monoids

e isomorphisms of correspondences i : C*(X}) @cx(g) C*(Xy) — C*(Ayy) for
all p,q € P\ {1} given by

tp.a(f1 @ f2) = (f1 ® fa) o opq

for all fi € 6(X,) and f2 € S(X,). The maps p, , satisfy the associativity
condition

Hpgr © (A ®a pigr) = fipgr © (tipg ©a1d): & @4 Eq ®A Er = Epgr-
This follows from the associativity condition (3.1) for o, 4.

In [2], we describe the Cuntz—Pimsner algebra for a given product system as the
full sectional C*-algebra of a Fell bundle. We recall the construction of the Fell
bundle from the product system (C*(X}))pep-

The isomorphism g, ,: C*(A)) ®4 C*(Xy) = C*(Apq) induces a nondegenerate
*-homomorphism

Pp.q: K(C*(Xp)) = K(C* (X)), T pip (T ®a idC*(Xq))N;,q (3.19)

The correspondence &), is tight. Hence C*(X}) is proper; ¢, ,(K(C*(X}))) is
contained in K(C*(Xpq)).
For (p1,p2) € Ry, let Op, p, := K(C*(X),), C* (X}, )). We define a contraction

90217172 : Opl,pz - Op1h,p2h’ T :upl,h(T XA idC*(Xh))'u;g,h- (3'20)

The maps Lpqu form a functor from C% to the category of Banach spaces with
linear contractions. The category C% is filtered. This allows us to take the
colimit Oy of this diagram. If g; and g2 € G, (p1,p2) € Ry, and (p2,p3) € Ry,,
then (p1,p3) € Ry, g, The composition of compact operators gives a bounded
bilinear map Op, p, X Op, ps — Op, p;- These maps induce a bounded linear map

Oy, X Ogy — Oy, (3.21)

In addition, the adjoint maps O, 5, —+ Op, p,, T = T™ induce an involution O, —
O4-1. The multiplication maps and the involutions on (Oy)gec give a Fell bundle
over the group G. By [1, Theorem 3.16], the Cuntz—Pimsner algebra of the product
system (C*(G), C*(X)), tp,q) is isomorphic to the full sectional C*-algebra of the
Fell bundle (Og)4eq-

Theorem 3.21. The groupoid C*-algebra C*(H) is canonically isomorphic to the
Cuntz-Pimsner algebra of the product system (C*(X)))pcp over P described above.
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3.2 Actions of Ore monoids by tight correspondences

Proof. For p, q € P, let ¢y, 4: &(&), 06 X)) — K(C*(A;), C*(A})) be the map given
by
Ypg(F)(E)(xp) = Z f([zp, mg])E(24)
xq€Xyg:s(wp)=5(zq)
for f € &(X), og X;), ¢ € C*"(X,) and z, € &),. We claim that 1 is an injective
*-homomorphism.
Let £ € &(&,), n € 6(A&,). Then the function ¢, € (X}, og X;) given by

Gﬁ,n([wpaxq]) = Z §(wp-g)-n(zg-9)
9€G:r(g)=s(zq)
satisfies
wp,q(eém)@)(xp) = Z C(zq) Z E(zp - g) - n(zq-g)
xqg€Xg:8p(Tp)=5q(xq) g€G:r(g)=s(zq)
= > Ezmpg) > n(xg)¢(zq-g7")
9€G:r(g9)=s(zp) rq€Xq:5(9)=5(wq)

= Y O

geGr(g)=s(zp)
=¢- <777 <> (xp)
= &) (nl(¢)(zp)

for all x, € &p. Thus ¥y 4(0¢ ;) = [£)(n] € K(C*(AY), C*(A})). Let f € &(XpogXy)
be such that ¢, 4(f) = 0. Then

Vp,a(f)(E)(zp) = Z &(zq) f(xp,xg) =0

2q€Xg:s(xp)=5(xq)

for all £ € C*(X),) and z), € &,. In particular, the equality holds for the func-
tions f;, € C*(&p) given by fo (2q) = f(zp,z4) for all z, € Xy, x, € &
with s(x,) = s(zq). Thus

Up,q(f)(fa,)(@p) = Z Flxp, 29) f(p, 74) = 0.

zq€Xq:s(zp)=5(zq)
Hence f(zp,zq) = 0 for all (x),24) € &) X, go s, Xy Thus 4 is injective from

&y og Xy to K(C*(&X,),C*(A})). We have related compact operators C*(X,) —
C*(X,) to kernel functions, getting continuous linear maps

Kpq = 6(& 0g A7) € K(C*(Ag), C*(A3)).
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Let f1 € &(&X,0g X)) and f2 € &(X;0g X)) for p,q, k € P. Then the convolution
product fi x fo € G(H) is an element in &(AX), og X}7); it is given by

fl*fZ(xpzxk) = Z fl(fpaxq)f2($q’xk)~
zq€Xq:s(zg)=5(zk)
Furthermore,

Yp (1 x f2)(§)(xp) = Z () Z fi(zp, zq) f2(2q, k)

TR €EXys(xy)=s(zp) xq€Xg:s(xg)=5(zp)

= > > E(wp) fi(p, ) fo g, 1)

TR EXg:s(xg)=s(xp) Tq€Xg:s(xq)=5(xp)
= Upg(f1) (g (f2)(€)) (2p)

for all £ € &(Xy) and all ), € &}, Let £ € &(&)), n € &(Xy). Then 0 . € S(H)
is supported on the set X; og X. It is given by

‘9:775(5@1, l‘p) = Z 77(3510 “g)- f(ajq g) = eé,n(xp’ xq)-
9€G:r(g)=s(zq)

Hence
wp,q( ;75) = wp,q(af,n) = ‘§><77‘ = "’7><§’* = wq,p(en,g)*

We have proved that the convolution on &(H!) restricted to Ky, ps © Kpy po
for p1,p2,p3 € P is a map to Ky, ;,; the description of the composition of compact
operators C* (&), ) — C*(A&,,) — C*(A),) through kernel functions shows that the
convolution on &(H;) and the composition of compact operators both restrict to
the same map K, p; @ Kp, p, — Kp, ps- Furthermore, the involution on &(H?!)
and the involution K(C*(X,,), C*(A,,)) = K(C*(A,), C*(&,,)) restrict to the
same map Kp, », — Kp, ;-

Next let p,q,k € P. Equation (3.5) gives a map a’;’q: Xp og X; — Xpk, og Xq*k.

It induces a map (a’;q)*: K} q = Kpkgr by setting

(g o) () [Tpk, Tqr] = > Y([zp, zk])- (3.22)
[xp, K| €EXpog XY

ol ([zp,@i])=[zpk,zqk]

The following diagram commutes:

k
Kpq (Oép,q)* Kpre,qk
o |k (323)
K(C*(X), C*(Ap)) = K(C*(Xgr), C* (Xpk))
q:p
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3.2 Actions of Ore monoids by tight correspondences

Now let p € P. The space &), o X} is a subgroupoid of the groupoid H. To see
this, let [z}, yp] and [my, np| in X}, o Ay with rp(myp) = rp(yp). Then

[Zps Yp] -+ [Mps np] = [2p(Yps mip), M),

which belongs to X}, 0 Xy Recall that (y,,m,) is the unique point in G with y,g =
m,,. Moreover,

[Zp, ?/p]_l = [Yp, )

for all [z, y,] € &) o A, Finally, the unit space of the groupoid &), o Xy is given
by
(AXp o X;)O = {lzp, zp] € X 0 A}

Therefore, the map
Xpo Xy = Xp/G,  [zp, xp] =[],

is a homeomorphism. The *-algebra structure on K, , comes also from the structure
of &, 0 &;. The C*-completion C*(Kj ) of Kjj is the groupoid algebra C*(X, o
Xy ). The space &), induces a Morita equivalence between the groupoid X}, o Xy
and Gl (x,), see [34, p. 5]. Hence C*(Kp,) = C*(&) o &) is Morita—Rieffel
equivalent to C*(Gl,(x,))- Thus the inclusion map K, — K(C*(&})) extends to
an isomorphism

C*(Kpy) — K(C7 (X)),

This implies that the inclusion K, , — &(H;) C C*(H) gives a *-homomorphism
K(C*(&},)) — C*(H). In addition,

Hy = lim &), og Ay (3.24)

implies

& (Hy) = lim & (%, og ;). (3.25)

Moreover, a C*-seminorm on &(#;) which is continuous with respect to the
inductive limit topology is the same as a family of C*-seminorms on &(&), og &)
each continuous with respect to the inductive limit topology. Thus

C*(H1) = lim C* (& og X7) = lim K(C*(%,)) = Oy

By the results of [10], the C*-algebra C*(H) is the sectional C*-algebra of
the Fell bundle (C*(Hy))seqip) Let g € G[P]. Then C*(H,) is the comple-
tion of &(H,) in the norm obtained from the right C*(#;)-valued inner prod-
uct. By [1, Theorem 3.15], the Cuntz—Pimsner algebra O of the product sys-
tem (C*(A}))pep is the sectional C*-algebra of the Fell bundle (Og)seqp), Where
Oy = hﬂ(p,q)ecl’; K(C* (&), C*(&,)). Here Oy is completed with respect to the
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right O;-valued inner product. Since &(H,) = li_n>1(p Jecs S(Xp og Xy) is a
) P
dense subspace in Oy, it follows that O, is isomorphic to H,. Thus the Fell

bundles (C*(H,))geqrp) and (Oy)geqip) are isomorphic. So O is isomorphic to
C*(H). O

3.3 Actions of Ore monoids by proper correspondences

In this section, we study Ore monoid actions in the bicategory of proper corre-
spondences &tprop. We show two main results. First, every diagram of Ore shape
in Btpop has a colimit. Secondly, the colimit of a diagram of Ore shape is a
groupoid model of the Cuntz—Pimsner algebra of the associated product system.

To construct the colimit of an Ore monoid action in Gy, we provide a colimit
preserving map from Qﬁtgop to @tgght for a given monoid P. This allows us to
apply the construction in Section 3.2 to obtain a groupoid colimit of a given action
by proper correspondences. We also show that the map Qitlljrop — thgght induces
a colimit preserving map on the C*-algebraic level. This gives a concrete groupoid
model for the Cuntz—Pimsner algebra of the product system associated with an

Ore monoid action in Srprp.

3.3.1 Tightening a proper Ore monoid action

In this section, we fix a groupoid G, an Ore monoid P and an action (X}, 0p4)
of P on G by proper correspondences. As a preparation, we start with some results
about proper correspondences.

Lemma 3.22. Let D be a groupoid and let X, Y be proper D-correspondences.
Then the map rxy: X oY/D — X /D given by

rayl(z,y)] =[]
1S proper.

Proof. The correspondence X o) is proper by Proposition 2.27. That is, the map
induced by the range map ryoy.: X o ¥/D — DY is proper. We have ryoy, =
rasxory.y. It follows that ry y is a proper map since X' 0) /D is Hausdorff and ry,
is proper and continuous. O

Let D be a groupoid and let X and ) be proper D-correspondences. For x € X
we let

Cr={2€ XY |rxy(z]) = [z]}.

Let C, := p~1(Cy) C X X po, Y, where p: X X po, Y — X o) be the orbit
space projection.
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Lemma 3.23. Let D be a groupoid and let X and Y be proper D-correspondences.
For all x € X, the restriction of the quotient map p: X X po, Y — X o) to C,
18 injective.

Proof. Let (x,&1), (z,&2) € X xgo Y be such that p(z,&1) = p(x,&). It follows
that there is an element g € Dy, such that (x - 9,971 - &) = (z,&). Hence
z-g=xand g~ - & = &. By our assumption, the right action of D on X is free.
This implies g = s(z) and hence &; = . O

Finally, let S, y: Cp C X 0)Y — Y be the map given by

S y(£) :=pryop*(€) (3.26)
for all £ € Cy, where pry: X' X po, YV — Y is the projection map.

Corollary 3.24. Let D be a groupoid and let X: D — D and Y: D — D be
proper correspondences. For all v € X, the map Sy y: Cp — Y is injective and
continuous.

Proof. The map Sy is continuous since it is the composition of two continuous
maps. It is injective by Lemma 3.23. O

Now we turn back to our monoid action (Xj, oy, 4). The isomorphisms oy, , induce
homeomorphisms oy 4, : Xpq /G — Xp og &y /G. We abbreviate

Tpg += TXp, Xy © Op,qy Xpg/G — Xp/G (3.27)

for all p,q € P. Lemma 3.22 implies that r, 4 is proper for all p and ¢ € P. Notice
that 71, is the map induced by the range map rx, on the quotient space X,/G by
our assumption that Xj is the identity correspondence G: G — G. Moreover, since
the maps oy, 4 satisfy (3.1) we obtain

Tp,qTpq,t = Tp,qt (3.28)

for all p,q,t € P. Thus (X,/G,r,,) is a projective system over the directed
category Cp (see Definition 3.1). We denote its projective limit by

M = @1 (Xp/G.7pq)- (3.29)
Cp

A point n € HY is given by (1)pep With 7, 4(npg) = 1p for all p,q € P.
Lemma 3.25. The space HC is locally compact and Hausdorff. The maps
Tp: HO — X/G, (Mp)pep = Nps

are proper for all p € P.
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Proof. By Proposition 2.17, the spaces &,/G are locally compact Hausdorff for
all p € P. The maps r, 4 are proper for all p,q € P. The proof then follows using
similar arguments as in [1, Lemma 4.9]. O

There is a map r: H° — G° given by

r(n) =r11(m)

for all = (n,)pep € H°. The associativity condition (3.28) implies that r(n) =
(rx,)«(np) for all p € P. Moreover, Lemma 3.25 implies that r: H* — G is a
proper map; it is the anchor map of a natural action of G on HV. It is given by

g (Mp)pepr = (97p)peP (3.30)
for all g € G and all n = (n,)pep € H® with r(n) = s(g). Let
G:=GnxH

be the transformation groupoid associated with this action. Let

Xy = Xy X, go, H° (3.31)

for all p € P. We claim that /f’p is naturally a tight correspondence over the
groupoid G. First, we define the anchor maps Tpy 8p: G — H° = GV Given
a point n € H® and an element x, € X, such that 7(n) = s,(z,), we may
concatenate x, to n and get a new point x, -1 € HO, defined formally by

(Tp - M)pt = Ppt © O-];,tl (p, 71) (3.32)

for all ¢ € P, where pp;: Xpr — Xp/G is the quotient map and 7] is any point
in A; such that p¢(n;) = n:. If b € P is not of the form pt for some ¢ € P then by
the Ore condition, we may find k1 and ko € P with bk = pko. We define

(p b = ok, (Tp - M)phs) - (3.33)

The point (x, - )+ does not depend on the choice of 7; since o, tl is G-equivariant.

Here we use implicitly that because the Ore monoid pP is cofinal in P there is a
homeomorphism

H = lim (/G 7pq) = lim (Xpt /G Tpk.pi)- (3.34)
Cop

Cp

It follows that, for all =, € &}, we have a map

(HO)sr(@e) —5 20, N Ty ).
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We define the range and source maps 7, 5, : /f’p — HY as

fp(xp» n) = Lp - 1, §p(xp, n)=n (3.35)

for all (z,,1) € X, X, go,, H°.
The right action of G on X is given by

(p: 1) - (9,¢) = (zpg. g 'n) (3.36)

for all ((zp,n), (g,¢)) € &, X5HO g G. And the left action is given by

(9,C) - (2p,m) = (g - 2p,m) (3.37)

for all ((g,¢), (zp,n)) € g X 56 HO Xp.

Lemma 3.26. The map 5p: /'?p — HO is a local homeomorphism for all p € P. It
is surjective if s, is surjective.

Proof. We may use the following pullback diagram

Y 0 P
Ap = &p X5, g0 H' — Ap

J{prQ =3 J/s »

H ———— ¢
The source map s,: &), — G is a local homeomorphism, hence so is the parallel
map 5. Similarly, 5, is surjective if s, is. O

Lemma 3.27. The map 7, induces a homeomorphism 7p, ip/g — HY for
allp € P.

Proof. To see that the map 7, is surjective, let n = (n,)pcp € H. Let 1), € X,
be such that p,(n,) = np. For all t € P we write (; := Sy x,(npt). Recall from
Equation (3.26) that Sy x, (1pt) = pry op~L(npt), where p: Chy C Xp X, g0, Xt —
Xp og X is the quotient map. Let g € P. Then r44(Cqt) = 74, © Sy x,, (1lpgt). But
Tq,t O S%, Xy = Sm’w X, © T'pg,t- This implies that

rqt(Cat) = Sn;ﬂ/"fq 0 Tpg,t (Mpgt) = Sn{,ﬂq (Mpg) = Cq

and therefore ¢ € H°. By construction, (1, - C)pt = Myt for all t € P. Let b € P.
Since P is an Ore monoid we may find k1 and ko € P with bk, = pko. We define

(M- b = Tk ((n; : C)m) = bk, (Tpks) = Toky (Moky) = M-
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3 Actions of Ore monoids

Thus n;,-¢ = 1 and 7, is surjective. To see that 7, is injective, let (2, &), (yp,n) €

X with :r:p E=1yYp-1n. So pp o th(yp,nt) = ppt © cr];tl(xp,ﬂ) for all t € P.
Hence o, Hyp,mh) = p’tl(xp, &)h for an element h € G. This means that there is
an element g € G such that r(g) = sp(zp) and

(ypg, 9~ ') = (2, & - h).

Consequently, the points (z,,¢) and (yp,7) represent the same point in X,/G.
Finally, the map 7,, is open and continuous since the space H is endowed
with the projective limit topology and 7, is given by the maps o} L and py, see
Equation (3.32), which are both open and continuous for all ¢ € P. O

Lemma 3.28. 2’22 is a tight correspondence over the groupoid G for allp € P.
The left action of G on X, is free if the left action of G on X, is free.

Proof. The defining formulas of the actions (3.37), (3.36) show that the right and
left actions of the groupoid G on X commute; the right action of G on X is
free and proper since the right action of G on &), is free and proper and the left
action of G on /'?p is free if the left action of G on X}, is free. The source map
on X is a local homeomorphism By Lemma 3.26. The map Tp, : /'\N.’p /G — HYis a
homeomorphism by Lemma 3.27. O

Next we show that the isomorphisms opq: Xpg — A)p og &y lift to isomor-
phisms 7 4: qu — X og X Let 7 4: Xp G X — qu be the map given by

Tpﬂ([xpaé)yqvn]) = (Uﬁl[xpayq]a 77) (338)
for all [z, &, g, n] € X, 0g Xy.
Lemma 3.29. 7,,: X o5 X — qu is an isomorphism for all p,q € P.

Proof. First we have to check that Equation (3.38) gives a well-defined map.
If [2p, &, yq, 1) = [}, &L, yq, n'l € X, 05 Xq, then there is an element (g,¢) € G such
that g¢ = ¢ and (v,9,97 ¢, 9~ yp,n) = ( p,§1 yq, n') as elements in the space
Xp Xs,.G0.r HO X5, 10,7 Xgq Xq,G0.r HO. Thus n' =n, z,9 = :1:;,, gy, = y;. Then

Tp,q([méafl7y;7771]) = (O-pi,;[mpgvgilyq]?n)
= (Up_,;[xpqu]vn)
= Tpa([2p, & Yg: M),

so the map 7,4 is well defined. Now let [z, &, yq, 7], [25, &4, vk, n'] € X, og Xy be
such that Tp,q([xpa 57 Yq> 77}) = Tp,q([xgln 517 y;> 771]) Then

(O-p_,; [xp7 yq]’ 77) = (O-p_,; [x;ln y;] ) 771)
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_ 1 ~1 — 1l 1] QG : : : :
Hence n =n" and o, ;[zp, yq| = 0, ,[7,, y,]- Since o4 is an isomorphism, there is

an element g € G such that (z,g,9 1y,) = (xll,, y;) in X X, gor, Xq. Thus z,g =
le), gy, = y;. In addition, &' = y; =gty n=gt So

[2p, &5y, m) = (29,97, 97 g m) = [2p, &, g, 7). (3.39)
Then 7, is injective. Next let (2p4,7) € Xpq. Since 0y, is an isomorphism, there
is (23, 22) € X, XG0,y Xq With o(zpq) = [2y,22]. Then (z,,22-n) € X, (x2,7) €
XQ) (x;ln ﬂfg 1, .CL‘g, 77) € Xp XSP,QO,THO X§p,’H0,Fq Xq qu,go,rHO and T(:U[l” 933‘77, IZ, 77) =

(o alwh, 22],n) = (xpg,n). Then 7,4 is surjective. It is also open and continuous
since o, ; is a homeomorphism. To see that 7, 4 is G-equivariant, let [z,,,yq4, 7] €

X o5 zfq and let (g,¢) € G satisfy g¢ = 7. We have

Toa([2p: & 9g:m)) - (9:C) = (05 4%p, Ygl.m) - g
= (0p.41Tp, Yglg. 9 '0) = (0 4Tp, Yqg], 9~ 'n)
= Tp,q([%af’?/qgag_ln]) = Tpq([Tp: & yg, 1] - (9,Q))-

Similarly, (9,€) - Tp,q([@pa&yqvﬁ]) = Tp,q((9, O)[xp, & yg, m]) for all [x,&,yq, ] €
XogX, andall (g,(¢) € G with ¢ = UI;; [, Yq]-n. Since £ = yq-n, we have 7p(z,,§) =

xp'f:%;;[xpqu]'ﬁzc- O

For all p,q € P, we set 6p 4 := TI;,}. The maps 6, 4 satisfy Equation (3.1), since
the maps o0, 4 satisfy the same condition, being part of an action of P on G by
proper correspondences. Moreover, the correspondence /'\N,’p is tight for all p € P
by Lemma 3.28. Tt follows that (X,,,,) defines an action of P on G by tight
correspondences. Hence it has a colimit by Theorem 3.15. It remains to show that
the colimit of this action is a colimit of the original diagram.

Theorem 3.30. The diagrams (X,,0,,) and (X,,6,,) have the same colimit
in Gr.

Proof. The colimit of the diagram (X}, 5,,,) exists by Theorem 3.15. We set
H = colim(X,, 5p ). (3.40)

We will show that the groupoid H given by Equation (3.40) is also a colimit of
the diagram (X, 0p ). This is sufficient since the colimit of a diagram is unique
(up to isomorphism) if it exists.

Let D be a groupoid and let (Y, ¢p) be a transformation from (X}, ,) to
constp. For all p € P, the isomorphism ¢, Ly Ay og YV, composed with the
projection ry, y: X, 06 Y — A}, /G, gives a map ¢,: Y — &,,/G. On the one hand,
we have

_ . . 1
Tl Xpg ¥ (Tpq X 1dy)(idx, Xg @5 ') =12,y
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3 Actions of Ore monoids

for all p,q € P. So

1

—1 . . -1\ — -1
Tp.T Xy, ¥ (0p g Xg idy)(idx, Xg v, )@, =Ta, v,

for all p,q € P. On the other hand, the maps ¢, satisfy the coherence condi-
tion (2.27). Therefore,

(074 ¥g idy)(idx, Xg o5 ), = 0pg -
Thus

Tp.q¥pq = Up- (3.41)

Equation (3.41) says that (1p)pep is an inverse limit map from Y to (X,/G,rpq).
Hence it induces a continuous map ., = @¢pi Y H = @Xp /G. We define

a left action of G on Y, using Vs as a left anchor map, by setting
(9.8 y:=g"y, (3.42)

for all (g,€) € G, y € YV with ¢ (y) = &. This action is well defined and commutes
with the right action of D. This implies that ) is also a correspondence from g
to D.

Let p € P. We want to extend the isomorphism ¢,: &), og YV — Y to an
isomorphism @, : /'\N,’p ogY — Y, so that (./f,’p, ©p) becomes a natural transformation

from (i’p, Gp,q) to constp. We claim that the map

@p: ‘)213 OQ~ y - y’ ((J"Pag)ay) = Sop(xpay)’ (343)

achieves this.

Lemma 3.31. For allp € P, ¢p: 2?}, o Y — Y is an isomorphism of corre-
spondences. (Y, pp) is a transformation from (/fp,&pg) to the constant diagram
constp.

Proof. First, let ((zp,£),y) € &, X 5.0 o Y and let (g,1) € G with s (y) =
gn = rg(g,n). Then

~p((l‘pg, g_lg)v g_ly)
ep(p9, 97" y) = op(Tp, y)
Gp((7p,€), ).

Gp((2,€)(g,m), (9,m) " y) =

It follows that ¢, is a well defined map. Now let ((zp,&),y) € A}, X 55,60 oo
Y and let ((27,€),9) € X %, goy ¥ with @p((2,6),9) = &p((a7,€),9/).
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3.3 Actions of Ore monoids by proper correspondences

Then @p(wp, y) = @p(ry,,y"). Since ¢, is an isomorphism, there is an element g € G
r_

such that rg(g) = ry(y) and (x),,y') = (2pg9,9'y). This implies 2, = x,,9, y =

g1y and hence & = Yoo (g7'Y) = g7 oo (y) = g€, The element (g, g~ '¢) € g
satisfies

(2, €)(9,97'€), (9,97 ) = (29,976, 9 'y) = (2, €),0)).

Then [(z,,£), 9] = [(zp, €),y] € X, og V. It follows that the map ¢, is injective.
Next let y € ¥ and let (zp,2) € &}, X, go ., V be such that ¢p(2p, 2) = y. Then
the point = = ((zp, po(2)), 2) satisfies ¢p([x]) = y. Thus the map @, is surjective.
The definition of the left action of G on /'?p and the fact that ¢, is G, D-equivariant
imply that ¢, is a G, D-equivariant.

Finally, the map (¢p)pcp satisfies condition (2.29). Therefore, the definition of
the isomorphisms &, , implies that (@,)ycp satisfies the same condition. We have
the pullback diagram

5 Ty xid
X, o. ,_C’;O,ryplx ;’Xp Xspvgovry

P 75,
lép op J/\r/)l) op
id
Y N

So @, o p is open and continuous since ¢, o p is. Hence @, is open and continuous
since p is open and continuous. This concludes the proof of the lemma. O

Conversely, let (), $,) be a transformation from (X}, 5,4) to constp. There is
a natural action of G on ). The right anchor map is given by r)g,(y) =rg(ry(y)).
The action is defined by

g-y=1(971y) -y (3.44)

for all y € Y and g € G with r)g,(y) = s(g).
This action commutes with the right action of D on ). Next we define

Pp: Ap X 5p,G0.75 Y=Y, (@p, y) = @p((Tps Ty (Y)), y)- (3.45)

Using similar arguments as in Lemma 3.31, we see that (y,,)) is a trans-
formation from (&),,0p4) to the constant diagram constp. The two construc-
tions (Y, pp) — (¥, ¢p) and (Y, @p) — (Y, ¢p) are inverse to each other. Moreover,
a modification between two transformations (¢,,Y) and (¢},,)’) is an isomor-
phism w: Y — Y’ of G, D-correspondences that intertwines ¢, and <p;, see Equa-
tion (2.30). Equation (3.42) says that w is an isomorphism of G, D-correspondences
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3 Actions of Ore monoids

and Equation (3.43) says that it intertwines ¢, and ¢;,. Consequently, w is a modi-
fication from (), §p) to (3, &},). Similarly, by Equation (3.44) and Equation (3.45),
a modification between two transformations (), @) to ()', @),) is the same as a
modification between (Y, ;) and (), ¢;,). Thus we have an equivalence between
the groupoids Cotr” ((&,,0,,), constp) and Core” ((X,, 5,.,), constp). Therefore,
the diagrams (X, 5,4) and (X,,0,,) have the same colimit in &t. This colimit

is ‘H by Theorem 3.15. Ul

3.3.2 The product systems

Let £ be an étale groupoid. Let S C Bis(£) be an inverse semigroup. Let u € S
be a bisection (see Definition 3.5). Then the map a(u): r(u) — s(u), s(g) — r(g)
is a homeomorphism. And the map

a: S ILY,  uea(u), (3.46)

is a semigroup homomorphism. See [16, Proposition 5.3|. This gives an action of S
on LY. Furthermore, the action of S on £° by partial homeomorphisms induces an
action of S on Cq(L£") by partial isomorphisms, that is, an action by isomorphisms
between closed ideals in Co(£"). For simplicity, we also denote the induced action
by a. In what follows, we assume that S is wide inverse semigroup. That is, the
inclusion map S — Bis(L) is a wide representation, see [28, Definition 2.18], and
Uues v = L'. Equivalently, the transformation groupoid S x £° is isomorphic
to the groupoid L. For instance, we may take S = Bis(£) (see [9, Proposition
5.1]). For a wide inverse semigroup S C Bis(G), the groupoid C*-algebra C*(L) is
naturally isomorphic to the crossed product S x Co(L°) (see [16, Proposition 9.7]).

Definition 3.32. Let S be a unital inverse semigroup. Let D be a C*-algebra and
F a Hilbert D-module. A representation of S on F is a semigroup homomorphism
from S to the inverse semigroup I (F) of isomorphisms between sub-Hilbert modules
of F. Let a: S — I(F) be a representation. For u € S, let F,, be the domain of
the isomorphism a(u).

Definition 3.33. Let X be a locally compact Hausdorff space. And let a: S —
I(X) be an action of S on X by partial homeomorphisms. Let F, denote the
domain of the homeomorphism «(u). We also denote by « the action of S
by partial isomorphisms on Co(X). A covariant representation of (S,X) is a
pair (3, F), where F is a correspondence from Cy(X) to a C*-algebra D and [ is
a representation of S on F such that

(1) the domain of f(u) is F,, = Co(FEy+)F and its codomain is Co(E,)F;
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3.3 Actions of Ore monoids by proper correspondences

(2) B(u)pcyx)(a)B(u)* = poyx)(a(u)(a))
for all uw € S and all a € Co(Ey+).

Covariant representations of inverse semigroup actions have been introduced in
[43, Definition 4.5], see also [16, Definition 8.1].

Proposition 3.34. Let L be an étale groupoid and let S C Bis(L) be a wide
inverse semigroup. Let D be a C*-algebra. Then there is a bijection between the
set of correspondences F: C*(L) — D and the set of covariant representations

of (S,L£°) on Hilbert D-modules.

Proof. Let F: C*(£) — D be a correspondence. The correspondence £: L0 — £
is proper. Hence, by Proposition 2.38, the C*-correspondence C*(L): Co(L°) —
C*(L) is a proper.

We denote B,, := Co(u*)F and

B(u): Byr = By,  f-&—=a(u)(f) &
See (3.46) for the definition of a. Then we have

(B(u)(f1-&1), Bu)(f2 - &2)) = (a(u)(f1) - &, a(u)(f2) - 2)
= (&1, (a(u)(f1) a(u)(f2) - &2)
= (&1, a(u™u)(fi f2) - &)

= (&, fife &) = (fi- &, f2- &2).

It follows that S(u) is an isometry. It is surjective since o(u) is an isomorphism.
Hence (u): B, — By~ is an isomorphism of Hilbert D-modules. We will show
that (8, F) is a covariant representation. Condition (1) is satisfied by construction.
Next we check condition (2). Let u € S and let a € Co(£"). Then for all f-¢ € B+
we have

o~ o~~~

pluap(u)*(f -§) = a(u)(aa(u)(f)) - € = a(u)(a)f - &.

Furthermore, the map §: S — I(F) is a semigroup homomorphism since a: S —
I(Co(L£?)) is a semigroup homomorphism.

To prove the converse, let (3, F) be a covariant representation of the pair (S, £°).
By [16, Theorem 9.8], C*(£) = Co(L") x S. We define an action of C*(£) on F
as follows. Let f € &(L£). Then there is a natural number n € N such that f =

> h—1 fr © |, for bisections uy,...,u, € S and f € Ce(ujuy) for k =1,...,n
We set
e(f)(&) = f &= Blur)pcycoy(fr)(€). (3.47)
k=1
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Equation (3.47) gives a well defined map @,,cg Cc(u) — B(F). For the map ¢ to
extend to a map &(L) — B(F), it has to vanish on the kernel of the natural map
E: @,e5Cc(u) = &(L). By [10, Proposition B.2], the kernel of E is given by
the closed linear span of the set of elements of the form fd, — fd, for f € C.(u),
u,v € S and u C v, where §,, is the characteristic function on u. Let fd, — fd,
be such an element. Then f = go s, with g € Cc(u*u). We have 5(u) = S(v)|£,
since u C v and (3, F) is a representation. Hence

(fou — fou) - &= B(w)Pcy(0)(9)(§) — B(v)pcy(£oy(9)(€) =0

for all £ € F. It follows that ¢(fd, — fd,) = 0. Since ¢ is continuous, it vanishes
on the kernel of E and gives a well-defined map &(£) — B(F). This map extends
to a non-degenerate *-homomorphism @c=(zy: C*(£) — B(F). The map pc+ ()
restricts to (3, F) by construction. This finishes the proof. O]

Let X be a locally compact Hausdorff space. Let £ be a groupoid acting on X.
Let S C Bis(£) be such that S x £° 22 £. Then the action of £ on X is equivalent
to an action of S on X by partial homeomorphisms, see [9, Theorem 3.7]. The
action of S is given as follows. Let e € S be an idempotent. Let X, := r~1(e).
Now for each u € S, define au,: Xy+y — Xyur by

ay(z) =9 -, (3.48)
where g € u is the unique element with r(x) = s(g).

Lemma 3.35. Let X be a locally compact Hausdorff space. Let L be a groupoid
acting on X. Let S C Bis(L) be a wide inverse semigroup. Let D be a C*-algebra.
There is a bijection between the set of correspondences F: C*(L x X) — D and
the set of non-degenerate covariant representations of (S, X).

Proof. The inverse semigroup S is wide in the groupoid £ x X. Hence the claim
follows from Proposition 3.34. O

Theorem 3.36. The product systems (C*(X,), fip.q) and (C*(X,), pip.q) have the
same colimits in Corr and in Cottyrep. The groupoid H is a groupoid model for
the Cuntz—Pimsner algebra of the product system (C*(Xp), fp.q)-

Proof. Let D be a C*-algebra and let (F,V}) be a transformation from the dia-
gram (C*(&X,), fip,q) to constp. Here F: C*(G) — C*(D) is a correspondence and
VZ,,: C*(X,) Dcx () F — F is an isomorphism for all p € P; the isomorphisms Vp
satisfy condition (2.32).

Now the natural (left) action of G on G commutes with the right action of G on
itself by multiplication. Hence G:G—Gisa correspondence (an actor in fact). It
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is proper since ry: G / G = H" — GV is proper by Lemma 3.25; and hence it induces

a non-degenerate *-homomorphism ¢: C*(G) — C*(G).
We define

Up: 2\~"p—>Xp og g, (xp, &) — [xp, &)

The map v, is injective and G-equivariant. Let z = [, (¢, )] € &) og G, then z =
[pg, &] = vp(xpg, §). Hence v, is surjective. Let (g,n) € G and (zp, &) € &), satisfy
gn =&. Then

Vp(xpvg)(gvn) = [%97&](9#’7) = [$p9777] = [xpgagilg]‘

Therefore, v, is G-equivariant. It is also open and continuous. Hence it is an
isomorphism. Thus its image under the functor &t — €orr is an isomorphism

C* (&) = C* (&) ®c+(g) C*(9)-
As a result, we obtain isomorphisms

(3.49)

Let V,: C*(&Xp) ®c+gy F — F for p € P be the product of the isomorphisms
in (3.49). Since V, satisfies condition (2.27), the isomorphisms V}, also satisfy (2.27).
This implies that (F,V},) is a transformation from (C*(&}), y1p ) to the constant
diagram constp.

Conversely, let (F,V},) be a transformation from (C*(X}), f1p,q) to the constant
diagram constp. We want to construct a transformation from (C*(&,), fip,) to
constp. The space X}, is a correspondence from the space &,,/G to G, where the left
anchor map r = p,: &, — X,/G is the quotient map. The image of X,: &,,/G — G
under the functor &v — Corr is a C*-correspondence C*(A&}): Co(X,/G) — C*(G).
That is, the C*-algebra Co(X/G) acts on the Hilbert C*(G)-module C*(&),) by
pointwise multiplication. The Hilbert D-modules C*(X}) ®cx(gy F and F are
isomorphic via the map V. Hence we may view F as a C*-correspondence
from Co(AX,/G) to D. The left action of Co(X},/G) on F is given by ¢, (x,/g)(a) ==
V;)aVP*I. Furthermore, for all p,q € P, the map 7, 4: X,q/G — X},/G is proper by
Lemma 3.25. Hence it induces a map 7, ,: Co(Xp/G) — Co(Apg/G). We claim
that

PCo(Xpa/G) T prg = PCo(X/G)- (3.50)

First, we have

Voq = Vp(ider(a,) ®cr(g) Va) (U g @c(x,) idF).
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Hence
Vog' = (tpq ®cr(g) idF)(iderx,) ®cr(g) Vg IVy -
We also have

(Upg @ (@) 1F) (17,4()) (up,g ®cr(x,) idF) = a @cx(g) ider(x,) O+ (g) 1dF-

So

PCo(X0/0)Tpra(@) = Voga Bc(g) 1dF) Vg
= Vp(ide () ®cr(g) Va)(a ®cr(g) ide(x,) ®c+(g) idF)-
(ides(x) ®ceg) Vg V!
= Vp(a ®cxg) idr)V, ' = poy(x,/0)(@)-

And the claim follows. Equation (3.50) and the universal property of the inductive
limit imply that (o, (x,/g))pep induces a map

s Tnn(Co(Xy/G), ) — BF).
Cp

This map is non-degenerate since ¢c,(x,/g) is non-degenerate for all p € P.
Furthermore,

im(Co(X,/G), 75.4) = Colim(X, /G, 7,4)) = Co(H).

CP Cp

Summing up, we obtain a C*-correspondence F: Co(H") — D. And F is a
correspondence C*(G) — D. We have to show that F extends to a correspon-
dence F: C*(G) = C*(G x H°) — D. By Proposition 3.34, the correspondence
F: C*(G) — D is equivalent to a non-degenerate covariant representation (o, F)
of the pair (5,G%). We will show that the pair (a, F), where F is now a cor-
respondence from Co(H°) to D, is also a covariant representation. Then using
Proposition 3.34 again we get a correspondence F: C*(,C’;) — D. First, linearity
of the maps V,, for p € P implies condition (1) in Definition 3.33. Secondly, the
action of G on &), /G induces an action of S on X, /G. The resulting action induces
an action of S on Cy(X},/G). With a slight abuse of notation, we denote this action
also by a. The action is given by

oy (fp(xp)) = fplg - p] (3.51)

for all f, € 6(X,/G), v € S and z, € G, where g € u is the unique ele-
ment with s(g) = r(zp). This action commutes, as expected, with the maps
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7pq" Co(Xp/G) — Co(Xpe/G) for all p,qg € G and induces the action of S on
Co(H"). We only need to check that the condition (2) in Definition 3.33 holds for
the pairs (5, Co(AX,/G)) for all p € P. Now let p e P. Let u € S, f, € C.(X,/G).
Then for all §, ® £ € C*(&}) ®cx(g) F and all f € &(u), we have

Bu) fpB(u®)(Vp(f&p @ €)) = Bu)Vy(fpa(u)(f)Ep @ ). (3.52)

But for all =, € X}, we have

fpa(u*)(f)ép(xp) = fp[xp]f(g_l)fp@_lxp)v

where g € u is the unique element with r(g) = r,(xp). It follows that

fpa(u®)(f)&p = a(u) (fp)e(u®) (f)&p-
Thus

Bu) fpB (™) (Vo(f&p @ €)) = Vip(a(u)(fp) f&p @ §) = alu)(fp)Vp(FEp @ €). (3.53)

This implies that the condition (2) is satisfied. Therefore, we get a correspon-
dence F: C*(G) — D. Furthermore, equality (3.49) holds. Hence we have a
transformation (F,V}) from (C*(X,), fipq) to constp. Clearly, the transformation
from (C*(X,), ttp.q) to constp obtained as before from (F,V}) is again (F, V).
Finally, let (F,V,,) be a transformation from (C*(X},), fip.q) to constp. Let (3, F)
be the representation of (S, G°) obtained as before. Let u be a bisection in X, for

p € P and let f € Co(u*u). Then fos|, € Co(u) C Co(X,/G). So

o(f o slu) = Blu)e(f).

The functions of the form f o s|, span a dense subset in Cy(X,/G). Hence the
action of Cy(X,/G) is given by the action of Co(G%) on F and the isomorphisms
V, constructed from the action as above. Thus (F, Vp) is determined uniquely by
the transformation from (C*(AX),), i1y ) to constp obtained from it. O

3.4 Examples

3.4.1 Actions by local homeomorphisms

Let X be a locally compact Hausdorff space. Let P be an Ore monoid acting
on X by local homeomorphisms. We can turn this action into an action by
correspondences on the space X in two different ways. First, for all p € P we may
form the correspondence X, as a copy of the space X with source and range maps
given by

spi=p: X =X, r,i=id: X = X.
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3 Actions of Ore monoids

The map opq: X Xs, x,r, X, (,p(x)) = 2, is a correspondence isomorphism.
Clearly, the isomorphisms o, , satisfy the coherence condition (3.1). Second, we
may take the dual X of X;. That is, X; = X as a topological space and the
source and range maps are given by

=id: X = X, ri=p X=X

Similarly, the map o, ,: X x5, x.r, X, (q(2),2) = =, is a correspondences isomor-
phism.
What are the colimits of the diagrams (X, 0p,) and (X, 05 ) in &t?

(a) We start with the diagram (X, op ). This diagram consists of tight correspon-
dences, which allows us to apply the method in Section 3.2 to get the colimit.
Let p,q, k € P. Then the map a P Xp XspXosq Xg = Xpk Xsp Xosge Xgk 18
the identity map. It follows that for all geG = G [P] the inductive limit
space H, can be described by

Hg = |_| Xp Xsva»sq Xq
(p.a)ERy

={(z,p,¢,y) E X xPxPx X |pg ' =g, p(x) =q(y)}.

The groupoid H is the disjoint union of all #,. Therefore, as a space, H can
be written as

H={(r,9,9) € X xGx X |Ip1,p2 € P, g=pip5", p1(x) = p2(v)}.

The groupoid structure on H is given by

1 -1 1

(z,p1p3 5, 9) (Y p2p3 ' 2) = (2, pap3 5 2), (u,pgHv) = (v,qp~t, )

for all (x,plpgl,y), (y,pgpgl, 2), (u,pqg~t,v) € H. That is, the groupoid H
is the transformation groupoid associated with the action of P on X.

(b) We describe the colimit of the diagram (X, 05 ;). For this to be a diagram
of proper correspondences, we need to assume from now on that the local
homeomorphisms p: X — X are proper for all p € P. We also associated in
[1] a groupoid to an action of an Ore monoid by topological correspondences.
We will show that the groupoid constructed in [1] is isomorphic to the colimit
of the diagram (X, 0, ) in ®r. First, the projection map rpq: Xpg — Xp
is given by rp4(z) = ¢(z) for all x € X,,;. The unit space of the colimit
groupoid is the inverse limit of (X4, ) 4) over the filtered category Cp. That
is, H? = &incp (Xpg»q). That is, a point z € HY is given by (zp)pep With
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q(zpq) = 7. Elements of H° are called complete histories. Moreover, the
tight correspondences X for p € P are given by

X, =X, Xsp X HO = {(z, (zp)) € X, x HO |z = p(zp)}-

The range map on X; is given by

Tp(Tp, ) = Tp - 1.
Recall that, by Equation (3.33), we have

(Tp - Mpt = U;;,tl@pa Ne) = Nt

for all t € P. That is, the range map on a pair (z,,71) in H’ simply
concatenates z, to the complete history 1. The source map on X is given
by

5p(zp,m) = 1.

To land back in the setting of [1], we transform the action (X,,&,,) to an
action as in the previous case (a). The range map 7, is a homeomorphism by
Lemma 3.27. Therefore, we may replace X; by H using 7p. We also replace
the source map 5, by so7, 1. The new tight correspondence is then X; =
HO: HO — HO, where the range map on X; is the identity and the source
map 5, is the local homeomorphism which takes a complete history 7 and
forgets what happens in the last time period of length p. Formally, 5,(n); =
npt for t € P. Finally, we replace the isomorphisms & . X; X 5, 10,7, X ¢
X;q with the isomorphisms 7 ,: H? X5 304 HO = H°, (x,5p(x)) — . The
colimit groupoid H of the action (X;, G5 4) is then given by
H={(2,9,y) €H* x G xH° | Ip1,p2 € P, g =p1py ", 3p, () = 5py(y)}.

Thus, we obtain the transformation groupoid associated with the action of P
on HY given by the local homeomorphism §,, compare [1, Definition 4.12].

3.4.2 Self-similar group actions

In the following, we fix a self-similar group action (G, X), see Example 2.23.
We want to compute the groupoid model associated with the N-action given by
iterations of the (proper) correspondence X x G: G — G. First we show that the
iterations (X x G)": G — G are given by self-similarities (G, X™). The group G
acts on the space X™ recursively by

g(zw) = g(x)gl.(w)
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3 Actions of Ore monoids

for all g,h € G, z € X and all w € X"~ '. And the cocycle G x X" — G is given
by

Glerzsan = laleg - - - lzn

This gives a self-similar group action (G, X™) and hence a correspondence X" x
G:G—G.

Lemma 3.37. Let (G,X) be a self-similar group and let X = X x G be the
associated correspondence. Then for all n € N the n-fold composition X, is
isomorphic to the correspondence X" x G: G — G.

Proof. The map 9,,: X, — X™ x G given by

[((‘Tla 91)7 (372792)7 s (J:nv gn)])
= (21, 91(22)5 -+ ((91]2292) |25 - - - In—1) (), ((91]2292) |25 - - - Gn—1) |20 n),

is an isomorphism. This follows since the correspondences X,, and X™ x G are
discrete and the map 1, is a bijection and G equivariant. O

In [37], Nekrashevych associates a C*-algebra Og x to a self-similar group (G, X)
and in [37, §5.2] he associates a groupoid model D¢ to Og x. The groupoid D¢ is
given as follows. Let (G, X) be the quotient of the free inverse semigroup generated
by the set {S;,S% | € X} UG under the relations

(1) the relations in the group Gj
(2) S3Sy=1forall z € X and S;S, =0 for z # y.

The inverse semigroup (G, X) acts on the space X“ by the local homeomorphisms

SugSy (v€) = ug(§).

The groupoid D¢ is then the groupoid of germs of this action. In the theory of
self-similar groups, the action of G on X* is always assumed to be faithful; see [37].
Under this assumption, the germ groupoid is the same as the transformation
groupoid of the action. Thus if the action of G on X* is faithful, then the
transformation groupoid (G, X) x X% is always effective.

Theorem 3.38. Let (G, X) be a self-similar group and let X = X x G be the
associated correspondence. Then (G, X) x X¥ is isomorphic to the colimit H of the
diagram (N, +) = &tpop associated with X. If the action of G on X* is faithful,
then D¢ is effective; it is isomorphic to H.
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Proof. By Equation (3.29), the unit space H° of the groupoid model H is
H = @('Xn/Ga Tn,m)s

where 7y, , is the map

Tom: X"T/G — X"/G,

[(l’l, gl)a (552,92)7 SRR (xn+m>gn+m)n+m] — [(xlv gl)a (5523 gQ)a SEE) (:Una gﬂ)]
(3.54)

By Lemma 3.37, X, /G is homeomorphic to the space X™. This homeomorphism
is equivariant with respect to the left G-actions on &,,/G and X". Under these
homeomorphisms, the maps 7, ,, for n,m € N correspond to the maps X" —
X", (x1...Zpem) — (21...2,), which we also denote by 7y,,,. Thus HO is
homeomorphic to
XY = @(X”,rmm).

The space X“ is the space of right infinite words on the alphabet X in the
terminology of [37]. We identify X“ with H° in the sequel. The action of the
group G on the set of right infinite words X* = H° is obtained recursively from
Equation (2.13). It is given by

g- (‘Tlvx% .- ) = (g(ml)ag|:c1(x2)7g‘x1x2<x3)a .- )

for g € G and z; € X. Next, let n € N. The tight correspondence X,: Gx XY —
G x X% is given by X, = X" X G x X%“. The source and range maps §, and 7,
are given by

gn((l'l,fL'Q, e 7$n79)a77) =1,
Fn((l'l,CUQ, cee 7$n7g)777) - (.Tl,iUQ, cee 71'71) : (9 . 77)

for all (z1,z2,...,2n,9,m) € X" x G x X¥. That is, the range of an ele-
ment (z1,22,...,Zn,9,m) € X™ X G x X% is obtained by first acting with the
group element g on 7 and then concatenating the finite word (x1,x9,...,2,) to
the resulting infinite path g - 7.

Let n,m € N. We have

Xn 0Gxxw X;L =

{[(,9,8), (9,2, ] | (Z,9,6), (4,h,€)) € (X" X G x X¥) > (X™ x G x X?)}, |
3.55
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3 Actions of Ore monoids

where the equivalence relation is given by

((2,9,8), (5,7, €) ~ (&, gt,t" - &), (7, ht, 7))

forall¢ € G. Thus ((fvgaé.)v (gv h, 5)2 ~ ((@ghfl, h§)7 (ga 1, hf)) in )E'TLOGKXW ‘)E:;L
Hence we can rewrite X, ognxx« &, as the equivalence classes of quadruples

(Z,9,9,€) in the space X" x G x X™ x X“ under the equivalence relation

(Z,9,9,€) ~ (Z,9h™ ", 5, hE)

for all h € G. If k € N, then the map a’fhm is given by

Oé]rfb,m([jjvgag7£]) = [i ’ g(i),g|g,§§, 77]

for all [Z, g, 7, &] € Xp ogw x+ 2?7;‘1, where 7 € X% and zZ € X* are such that zn = &.

Finally, the groupoid H as a set is given by

H=A[z,9,9,¢] | (Z,9,9,§) € X" x G x X" x X for some n,m € N}.

The unit space of H is X“ and the source and range maps on H are
s(lz,9,9,€]) =98, r([2,9,5,8) =z -9(¢)
for all [z, g,y,&] € H. The inverse of an element [z, g,y,{] € H is
([Z, 9,9, €)' = 7,971, 7, 9(E)]-
If ([z,9,9,€], [, h, Z,m]) € H? with z € X, 5 € X™ and z € X* then
[%,9,9,8] - [U: b, Z,m] = [Z, gh, Z,7].

Since ([, 9, 5, €], [5, hs 2, 1)) € H2, we have j€ = § - h(n). So & = h(1).
We check that the map

1/137'[—>DG, [‘%797g7§]'_>[sigsgagj§]v

is an isomorphism. Let [Z,g,7,&] € H. Then
V((7,9.9.€]7") = ¢lg, 97" 7, 9(6)]

(3.56)

(3.57)

(3.58)

= [Sgg_ls;,i‘ : g(&)] = [Sﬂ?gsgag : g]—l = Qp([i’gvgvf])_l’

If ([Z,9.9.€,[J, h, Z,m]) € H? with z € X", j € X™ and Z € X* then

= [SzgS; - SyhS3, zn] = [SzghSs, 2]

= [jvghv 5777] = 1/)([:5,9,,@,6] ’ [ga h, 2777})'
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This implies that ¢ is a groupoid homomorphism. Let a = [SzgSj,{] € Dg. Then
since § is in the domain of the local homeomorphism 53957, it is of the form yn
for n € X“. Then [z,9,7,n] € H and ¥([Z, g,y,7n]) = a. Hence ® is surjective. Let
[Z,9,9,m] € H with ¥([Z,9,9,n] = [Sz955,9 1] € DY,. This implies that there
is an open set V = yU C X* such that the restriction SigS;f]V is trivial. This
implies that £ = ¢ and g acts trivially on the open set U C X“. We may assume
without loss of generality that U = zX*“ with z € X* and k € N. Since g acts
trivially on U, we have g(z) = z and g|z acts trivially on X“. Furthermore, n € U.
Hence n = z¢ for some element £ € X“. This implies that

([T 9,9,m) = [29(2), 9]z, 22, §].

If g|z = 1 then

@y ([, 9.9,0]) = [22,1,22,€],
and [Z, g,y,n] is a unit in the groupoid H. So ¢ is injective. Furthermore, for H
to be effective, we have to ask for the action of G on X to be faithful. This is

true since the action of G on X* is faithful. The map 1 is open and continuous
since H,, is endowed with the inductive limit topology for all n € Z. O
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4 Colimit equivalent diagrams

An interesting question when studying C*-dynamics is whether two (generalised)
dynamical systems have isomorphic crossed products. For singly generated dynam-
ical systems we may achieve that two dynamical systems give isomorphic crossed
products by asking for an isomorphism between the objects being acted on; and
this isomorphism should intertwine the actions in the obvious sense. We may also
ask for two arrows with opposite directions between the objects being acted on such
that their compositions give the generators of the dynamical systems we started
with. This has been called strong shift-equivalence (see [32]). The description of
crossed products of generalised actions in Cotr as colimits of diagrams allows us,
for instance, to realise that a strong shift equivalence is itself a diagram containing
both actions as subdiagrams, so that the colimit of this diagram is isomorphic to
the colimits of both subdiagrams.

We prove in this chapter that under certain assumptions on a diagram, we
may restrict to any cofinal object and obtain an Ore monoid action with the
same colimit as the original diagram. This is done in the abstract setting of
a general bicategory. We verify in the last section that our notion of colimit
equivalence generalises that of shift-equivalence for graphs and C*-correspondences
when restricting to the bicategories Corr and &r.

4.1 Colimit equivalent diagrams in general bicategories

Filtered categories
In the following we relax the notion of filtered categories.
Definition 4.1. A nonempty category C is called weakly filtered if

(1) for any two objects z, y € Cyp, there is an object z € Cy and arrows g € C(z, 2)
and h € C(y, 2);

(2) for any two parallel arrows g, h € C(y1,y2), there is an object y3 € Cy and
arrows ki, ko € C(y2,ys3) such that k1g = kah.

If we demand in (2) that k1 = ko, then C is a filtered category in the notation of
27, §TX.1].
From (1) and (2), it follows that

7
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(3) for all g1, g2 € C with s(g1) = s(g2), there are ki, ko € C such that
kg1 = kaga.

The category C is called 2-directed if it is weakly filtered and
(4) if k1g = kag for k1, k2, g € C, then there is h € C with hk; = hks.
Notice that for monoids, the notions of Ore and 2-directed coincide.

Conditions (3)—(4) imply that we can construct a (discrete) groupoid from the
category C. This is done as follows. Let X x P be the quotient of C x,.C =
{(g,h) € C1 xC1 | r(9) = r(h)} by the equivalence relation (g1,h1) ~ (g2, h2)
if there are ki, k2 € C such that (kigi,kih1) = (kage, kaha). The object set
of X x P is identified with Cy by the map x + [(idy,id;)]. The source and range
maps are given by r(g,h) := s(g) and s(g,h) := s(h) for all (g,h) € G. The
multiplication is given by (g1, h1)(g2, h2) = (k191, k2h2), where ki, ko € C are
such that k1h; = kogo. Conditions (3) and (4) imply that the multiplication
does not depend on the choice of k1, ko and that it is well defined. The inverse
of an element [(g,h)] € G is given by [(g,h)]™! := [(h,g)]. Define ic: C — G
by ic(g) := [(id,(g), g)]. Then ic is a faithful functor from C to G.

Definition 4.2. Let C be a category and let C' be a full subcategory of C. We
say that C! is cofinal if for any object y € Cp, there is an object € C} and an
arrow g € C(y,z). We say that an object x is cofinal if the subcategory C(z, x) is
cofinal.

Lemma 4.3. A cofinal subcategory C' of a 2-directed category C is also 2-directed.

Proof. Let C! be a cofinal subcategory of a 2-directed category C. We will show
that conditions (1), (2) and (4) hold in C!. Condition (1) follows because every
cofinal subcategory is full. Let g1, go € C! with s(g1) = s(g2). Then there
are ki, ko € C such that kg1 = kogo. Since C! is cofinal there is an object z € Cé
and an arrow [: (k) — z. The arrows lky, lky € C! satisfy lk1gy = lkogo, and
condition (2) follows. Condition (4) follows similarly. O

Lemma 4.4. Let C be a 2-directed category and let x be a cofinal object in C.
Then for every triple (g, h, k) with r(g) = r(k) = = and h € C(s(k), s(g)) there are

&1, &2 € C(r(g),r(g)) with & gh = &ok.
Proof. Let (g, h,k) be as in the assumption. Let y; = s(g) and y2 = s(k).
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By our assumption that C is 2-directed, there is an object y € Cp, and there are
elements 71, ne € C(x,y) with nygh = nok. There is also an arrow t € C(y, )
since x is cofinal. Let & := tn; and & := tny. It follows that &1 gh = &k with
fl,fQEC(:E,{L‘). ]

Let G, G' denote the groupoid completions of C, C! respectively. Then G! is
the restriction of G to the object set G} if C! is a cofinal subcategory of C. In
particular, if = is an object in a 2-directed category C such that C(x,z) is cofinal,
then the group completion of the monoid C(x, z) is the isotropy group of x in the
groupoid completion of C.

FEzxample 4.5. Let Cs be the path category of the directed graph

The arrows in C,s are composites (SR)", (RS)", R(SR)", S(RS)" for n > 0,
where (SR)? and (RS)? are interpreted as the identity arrows on z and y, re-
spectively. We claim that C4 is 2-directed. Condition (1) in Definition 4.1 is
satisfied. To show that (2) holds, let g and h be two parallel arrows in C5. We
have four cases. If g, h: * — x, then they are necessarily of the form g = (SR)"
and (SR)™ for n,m € N. We assume without loss of generality that n > m. We
have (SR)" ™(SR)™ = (SR)"™ and we may choose k1 = (SR)" ™ and ks = id.
The other three cases can be treated similarly. It follows that Cg is weakly filtered.
In addition, Condition (4) holds, even more, Cs is path cancellative. This implies
that Cs is 2-directed. Notice that it is not a filtered category. It is routine to check
that the full subcategories Cs(x, z) and Cs(y,y) are cofinal in Cs.
More generally, for n € N, let D} be the path category of

R1 R2 Rnfl
TN N TN
1’1\_/£U2vl‘3 iUnfl\_/{L‘n
S1 So Sp_1

And let C be the quotient of D7 generated by the relations R;_1S;—1 ~ S;R;
for i =2,...,n — 1. In this case, the full subcategories C'(x1,z1) and C¢(xy, zp)
are cofinal in C'. We prove next that C;' is 2-directed. Let 1 <7 <! < j <n and
let g = (Rij)ij_l < Spm1 - (SiRy)® - Sp -+ - S; be an arrow from z; to x; with a,
k € N. Then using the identifications R,,_1Sm-1 ~ SmBRyn form=2,...,n—1
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we get
FSi1---Si1- (SiR)™ Sy Si

) (
DS St (Ri-Sie 1) S-S
R;iS;)FS;_1-+-Si—a - (Si=1Ri—1)"Si—1 - S+ Si
*Si 1S o (R—281-1)*S;_1 -+ Si

= (R;S;)"*Sj1---S;.

It follows that any arrow from z; to z; for 1 < i < j < n is of the form
(Rij)ij_l'”Si for k € N. Let ki, ko € N and let g = (Rij)kl j—l"'Sz';
h = (R;jS;)*S;_1---S; be two such arrows. We may assume without loss of
generality that k; > ko. Then we have (R;S;)¥17%2h = g and therefore Condition
(2) in Definition 4.1 is satisfied. The other conditions in Definition 4.1 follow as in
the case of n = 2.

Definition 4.6. Let M be a bicategory with all 2-arrows being invertible. We
call two diagrams D7 and Do colimit equivalent if they have the same colimit.

Theorem 4.7. Let M be a bicategory with all 2-arrows being invertible. Let C be
a 2-directed category and x € Cy a cofinal object. Let F: C — M be a functor, and
let F, be its restriction to the monoid C(x,z). Then F and F, have equivalent
colimits.

Proof. We will make an extensive use of the coherence conditions (2.3) and (2.8)
in this proof. To avoid tedious repetition of these arguments, we will omit parts
of the calculations to make the proof clearer.

Let D € M be an object. We want an equivalence of groupoids

Ry : MC@2)(F, constp) = ME(F, constp).

This implies the equivalence of the colimits for both diagrams. Recall that colimits
are only well-defined up to equivalence in M.
Since C(z,x) is a full subcategory of C we have an obvious map

U, : MC(F, constp) — M@ (E, constp).

This map sends an object (G, V) € MC(F, constp)o (a transformation) to its restric-
tlon (Gz, Vz) to the monoid C(x, z). The image under the map ¥, of a modification

W: (G V1Y) — (G2, V?) is the restricted modification W,: (GL, V1) — (G2, V2).
We need an inverse R, of ¥,. Let (T3,U,) € Mc(x’x)(Fm,constD)o be a trans-
formation (see Definition 2.5). We want to extend this transformation to a
transformation from F' to constp.
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First, let y € C°. The object x is cofinal. So we can choose an arrow hy:y — x.
We define
Ty =T, o F(hy).

Secondly, let g: yo — y1 be an arrow in C. Since C is 2-directed and x is cofinal,
Lemma 4.4 gives 1, & € C(x, x) such that

£1hylg = thyz'
Let (ﬁf}l’@: F(&)F (hy,) = F(&1)F (hy,)F(g) be the 2-arrow given by
¢§1,§2 = (idp§1 * u’;yll ’g) * u&zl,hylg * Ugy by,
= (“Eihyl * idF(g)) * ugﬁlyl g ¥ Uea by, -
The last equality follows from the associativity condition (2.3). We define
U§1’§2 = (Ugll * idF(hyl)oF(g))(idTw * ¢§1,§2) * (Ug2 * idF(hyQ))' (4.1)

This is a 2-arrows Uggl’g2 from Ty, = T, 0 F'(hy,) to T, o F(g) = Ty o F(hy,) o F(g).
Lemma 4.8. The 2-arrow Ugfl’g2 does not depend on the choice of &1 and &s.

Proof. Let g, & and & as before. First we show that for all £ € C(z, x) we have

U§§17k§2 — Ug§1752. (4.2)
By repeated application of (2.3):

d)’;gl,k& (uk,fg * idF(hyz))

— (0 -1 .
= (Upg, iy, * idp(q Ukerhy, g " Uhéaihy, (Uh,g, * 1dF(hy2))

)
1 1 .
uk&hhm * ldF )ukflhyl g " Wk&ahy, (ldF(k) * U§2,hy2)
1 .
)ukflhyl g uk7§1hy19<ldF(k) * ué?vhyz)
@)

(Uk g1y, * 1dE(g)) (i) * Ug_ﬁzyl o) (dpw) * Ugy ny, )

= (Uk,g; * idF(hyl)OF(g)>(idFk * ¢§1752).

Hence

GEER = (up e, % idpn, )or(e)) (dE, * 657%) (up g, * idp, ). (4.3)
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Therefore,

Uy = (U «idp,, yor(g) (idz, * 8552) 5 (Usg, * id )
= (Ug," *1dp(ny, yor (o) (Uy ' *idpe,)) * (idp) * ¢51%2)*
(Ui + dpiey) + Ugy) #idm, ) = USE. (4.4)

Here we used the identity Uge, = (idr, * upe,)(Ur * idp(e,)) * Ug, and a similar
identity for U, ,;&, as (T, U,) € MC@2)(F, constp) is a transformation and hence
satisfies (2.8).

Now let (n1,m2) € C(z,x) be another pair satisfying n1hy, g = n2hy,. There
are ki, ko € C(x,x) such that k1§ = komi. Hence k1&ahy, = kanphy,. Since C is
2-directed (Definition 4.1), there is an element z € C(z, x) such that zki1&a = zkana.
Therefore, we have

Uénée — rkiénzki&e _ rzkemizkenz — e
g g g g :

So, the 2-arrow Ug&f2 does not depend on the choice of the pair (£, &2). O

Let Uy := Ugl@. Next we verify the coherence condition (2.8). Let g: y2 — 11
and h: y3 — ya be two composable arrows in C. Then there are &1, &, & and
& € C(z, x) with &hy,h = &3hy, and &1hy, g = & hy,. Since C(xz, z) is Ore, there
are 11, 72 € C(x,x) with m1&, = n2€2. Then

7]1§1hylgh = mféhyzh = 772§2hy2h = 772§3hy3-

The elements 7&1, & = 122 and 7283 satisty mé&ihy, g = m&hy,, m&shy,h =
n2&3hy, and n1&1hy, gh = 12&3hy,. Therefore, without loss of generality, we may
choose & = &; and we get

§1hy, gh = §ahy,h = §3hy,.

Similar computations as in the proof of (4.3) show that

(idF(El)F(hyl) * u;i)¢§}m’£g = (¢§1’§2 * ith)gb%’&S. (4.5)

This equation will be relevant in the following.
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4.1 Colimit equivalent diagrams in general bicategories

To check (2.8), we start with the following commuting diagram:

U§3 * ldF(hyS) (T:B o F(§3)) © F(hys)

Ty o F(hys,) id
id (T,oF(&) o Flhy,)  (46)
Ty o F(hys,) id

Uy #idp(n,,) (T o F(&3)) 0 F(hy,)
Let
Ky = (Ug," # idpn,, yorm)(idr, * ¢7%),
Ky i= (Ug" #1dp,, yor(gorm) (idr, * 65 x idpg, ) (idz, * ¢2),
Ky = (Ug *idpn,, yor(gn) (dz, * 95,%).
Then the diagram
Ky % (Ugy *idpn,,))  Typo F(hy,)o F(h)

T, o F(hy,) Ky *id « Kyt
ﬂid Ty o F(hy,)o F(g)o F(h)
Ty o F(hys;) K3 +id x Ky

K3 * (Ugy *idp(p,,)) Ty o F(hy,) o Fyp
also commutes. Computing the expressions in the diagram gives
Ky (Ug, * idF(hyS)) = Uy,
Ky xid Ky ' = Uy *idp),
Kz xid* Ky' = id(g,0p(h,,)) * tgh:
K3 % (Ug, * idF(hyS)) = Ugp.
So the following diagram commutes:

Un _ TyoF(hy,)oF(h)

Ty o F(hy,) — Ug it
ﬂid T, 0 F(hy,) o F(g) o F(h) (47)
Ty o F(hy,) —_ id(TzoF(hyl)) * Ug b

Ugn TrOF(hyl)Oth
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4 Colimit equivalent diagrams

Substituting Ty, = TyoFy,, for i = 1,2, 3, in the last diagram, we get the coherence
condition in (2.8). So (T,U) is a transformation from C to constp. Let (T}, Ufl)
and (T}, UEI) be transformations in MS(®)(F,, constp), and let W,: T} — T2 be
a modification between (T}, Ug) and (T}, Ug) As we have seen before, we can
extend (T2, Ug) to a transformation (7%, U}) € MC(F,constp) fori = 1,2. Next we
show that we can extend the modification W, to a modification W from (7!, Ugl)
to (TQ,UQQ). For all y € Cy, define W,,: Ty1 — Ty2 by

Wy = Wx * idF(hy)'
We verify that W satisfies the coherence condition (2.10). Let g: y1 — y2 be an ar-

row in C and let &1, & be such that &1 hy, g = &ahy,. The coherence condition (2.10)
is satisfied for the monoid C(z,z). Therefore, the following diagram commutes:

7! i 72
of3 U, (4.8)
T, o F(&) W, ridpe, T; o F(&)
Hence
Tio F(h,,) Wo + Crtn,) 720 F(ly,)
U, *idp,,) Ug, *idp(p,,)
T o F(&) o F(hy,) T? o F(&) o F(hy,)

W$ * idF(Eg) * idF(hyQ)

also commutes. Next, notice that

-1 . . .
(U2 *idpu,, yor(g) (idr, * &5 ) (Wa * idp(ey)orn,,))
. -1 . .
(ldTm * ¢§1’£2 )(Ufll * ldF(hyl)oF(g)) = Wyl * ldF(g). (4.10)

The last equality holds since W, = Ugl_l(Wx * idF(gl))Uglla see (4.8). Hence
multiplying Ug2 * idp(p,,) in (4.9) with (U£171 * idF(hyl)oF(g))(ide * qﬁgl@) and
multiplying Ué *idp(p,,) with (U521_1 * idF(hyl)OF(g))(ide * ¢§17§2), we get that the
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4.2 Applications

diagram
W?JQ
1 s »
Ulll Ju? (4.11)
T’!}l ° F(g) Ty21 © F(g)

Wy1 * ldF(g)

commutes. Therefore, W is a modification. Now let W' be another modification
from (T, U}) to (T?,UZ) with W, = W, Let y € C°. Then the following diagram
comimutes:

1
Tl Wy T2
y y
Uy, =id|l Ui, =1d
Ta} 0 F<hy) Ta? o F(hy)

Thus Wy = W, xidp,). So the modification W1 is uniquely determined by
Wl=Ww,. O

Corollary 4.9. Let C be a 2-directed category and C1 be a connected cofinal
subcategory of C. Let F': C — M be a functor and let Fy be its restriction to Cy.
Then F' and Fy have equivalent colimits.

Let C be a 2-directed category and let z, y € Cy be such that C(z,x), C(y,y)
are cofinal. Let F': C — M be a functor and let F,, F), be its restrictions to the
monoids C(z,x) and C(y,y), respectively. A direct consequence of Corollary 4.9 is
that F, and Fj, have equivalent colimits.

4.2 Applications

We apply Theorem 4.7 in the bicategories &t and Corr.

4.2.1 Shift equivalence of C*-correspondences

Mubhly, Pask and Tomforde [32] introduced a notion of equivalence for correspon-
dences which generalises “elementary strong shift equivalence” of graphs. This
notion also has an elegant interpretation in terms of colimits, which then allows
to extend it to diagrams of more general shape.

Definition 4.10. Let A and B be C*-algebras and let £&1: A -+ Aand &: B — B
be correspondences. An elementary strong shift equivalence between & and &
consists of correspondences £g: A — B and £g: B — A with

E1=2ER®AEs and E =2 Es ®p Er.
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4 Colimit equivalent diagrams

Let strong shift equivalence be the equivalence relation generated by elementary
strong shift equivalence. Thus a strong shift equivalence between £ and & consists
of

e C*-algebras A ... A, for n € N such that A = A and A,, = B;

e correspondences €, : A; — A1 and Eg;: Ajy1 — A;jfori=1...n—1such
that

(1) & = gRl ® A, 531 and & = 55n71 XA,y anfw
(2) Es,_, ®a, Er,_, = &R, @A, Es; fori=2,...,n—1.

We recall the definition of the categories Cs and C? from Example 4.5. An
elementary strong shift equivalence between £, and &> defines a functor from Cs
to Corr, mapping R(SR)" — EX4" @4 Er, (SR)" +— 24", and so on. Up to
isomorphism, this functor is determined by £r and £g because Cs is generated
freely by the arrows R and S.

Let €p,: A; = Ajpq and E,: Ajy1 — A; fori =1,...,n — 1 be a strong shift
equivalence between &£; and £. As before, the assignments S; — g, and R; — &g,
fori =1,...,n — 1, determine a functor §': D? — Corr. The isomorphisms in
Condition (2) allow to descend this to a functor S: C}! — €orr. Theorem 4.7
implies that the colimit of the diagram &: CI — Corr in Corr is Morita—Rieffel
equivalent to the colimit of either of the diagrams S;: N — €otr and §,: N — Corr
obtained by restricting S to C'(z, z) and C2(y, y), respectively. We include a direct
proof of this fact for n = 1.

Proposition 4.11. Let S be the functor Cs — Cottpop corresponding to the strong
shift equivalence

where A and B are C*-algebras and Er and Eg are proper correspondences. Let Sy
and S be the diagrams (N, +) — Cottpop generated by Ep®@pEs: A — A and Es® 4
Er: B — B, respectively. Then

colim(S) = colim(S1) = colim(S2)
in Cott, that is, these colimits are Morita—Rieffel equivalent.

Proof. Let D be a C*-algebra. A transformation from S to constp is a quadru-
ple (Fa,FpB,Us,Ug), where

Fa:A— D, Fp: B—D
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4.2 Applications

are correspondences and
Ugs: Es @4 Fa — Fp, Ur: Er®@p Fp — Fa
are isomorphisms of correspondences. This induces isomorphisms
Ua: (Er®@pEs) ®a Fa — Fa, Up: (s ®a Er) @B FB — FB.

Here we use implicitly that €otv is associative up to canonical isomorphism.
Hence we get transformations (F4,U4) and (Fp,Up) from S; and Sz to constp,
respectively. Conversely, let (F4,U4) be a transformation from S; to constp.
Define

Fpi=Es®a Fa, Us :=idr,,

and let Ug: Eg ®p Fp — Fa be the composite of Us: (Er ®p Es) ®a Fa — Fa
and the associator €g ®p Fp = (Er ®@p Es) ®4 Fa. This gives a transforma-
tion (Fa,Fp,Us,Ur) from S to constp. This is a quasi-inverse for the functor
taking (Fa, Fp,Us,URr) to (Fa,Up). Similarly, a transformation (Fp, Up) from Sy
to constp induces a transformation from S to constp. By the universal property of
the colimit, this means that the diagrams S, S; and S; have the same colimit. [

Similarly,

Proposition 4.12. Let S be the functor Cs — Stpop corresponding to the strong
shift equivalence

where G and H are groupoids and Xr and Xg are groupoid correspondences.
Let S and Sy be the diagrams (N,+) — Gpop generated by Xp oy Xg: G — G
and Xg og Xr: H — H, respectively. Then

colim(S) = colim(S1) = colim(S2)

in Cottprep, that is, these colimits are equivalent.
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