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Abstract

For a Spin manifold M the Rosenberg index a([M]) is an obstruction against
positive scalar curvature metrics. When M is non-Spin but Spin®, Bolotov
and Dranishnikov suggested to apply the Rosenberg index to a suitable S!-
bundle L — M. We study this approach, in particular for the case m(L) #
m(M). We explain how the bundle construction can be turned into a non-
trivial natural transformation of bordism groups Q%" — %"  Then we
show that «([L]) € KO(C*(m(L))) always vanishes, but also give an example
where L nonetheless does not admit a positive scalar curvature metric.

The second part of the thesis concerns the relation of «([/N]) and «([M])
for certain codimension-2 submanifolds N C M. Following a construction of
Engel we extend the Thom map KO.(M) — KO,_o(N) to KO.(Bm(M)) —

KO,_5(Bmi(N)), and then further to KOT M) (Emy (M)) — KO0 (Emi (N)).
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1. Introduction

The notion of scalar curvature is perhaps the simplest way to measure how
the local geometry of a Riemannian manifold differs from Euclidean space.
For a long time there has been interest in the question which scalar curvature
functions can be realized by a Riemannian metric on a given smooth closed
manifold M. As it turns out, this problem mostly boils down to the ques-
tion whether M allows a Riemannian metric such that the scalar curvature is
(strictly) positive everywhere.

One main tool in the study of this problem are index-theoretical obstruc-
tions against positive scalar curvature (psc) metrics. When the manifold M is
Spin, the Dirac operator gives rise to a fundamental class [M|xo € KO(M) in
real K-homology. If M allows a psc metric, then the Rosenberg index of this
class, a([M]) € KO,(C*(m(M))) is the zero element in the real K-theory of
the group C*-algebra of the fundamental group. This means that a([M]) can
be used as an obstruction against the existence of psc metrics on M.

There are also several geometrical constructions that can be used to study
the psc question, such as fiber bundles, submanifolds and bordism. In this the-
sis we study how the index-theoretical obstruction combines with and relates to
certain geometrical constructions in two different settings: In the first part, we
apply the index obstruction to S'-principal bundles over a Spin® manifold M
and investigate if it can be used as an obstruction against psc metrics on M.
In the second part, we consider certain codimension-2 submanifolds N C M
and try to relate the Rosenberg index of M to that of the submanifold N.

We will begin by recapitulating in the most essential concepts
used in the following sections. This includes the notion of Spin- and Spin®-
structures, bordism groups and the index-theoretical obstruction.

In a small detour, we calculate in the effect that a change of the
Spin-structure on M has on the Rosenberg index a([M]). This recovers the
known fact that the vanishing of «([M]) does not depend on the choice of the
Spin-structure on M.

Theorem 1.1. Let sy, sy be two Spin-structures on a closed connected smooth
manifold M, related by the action of an element x € H'(M;Zs).

Then the Rosenberg indezes of the corresponding fundamental classes [M];,
[M]y are related by the formula

a([M]z) = (). 0 a[M]y),

where ®,: C*(m(M)) — C*(m1(M)) is a C*-automorphism that only depends
on the class x.

In the main part of this thesis, we investigate an approach that
was suggested by Bolotov and Dranishnikov ([BD14]) in order to deal with a
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manifold M that is not Spin but Spin®. In this setting the index obstruction
cannot be applied directly, but it is possible to construct an S!-principal bundle
L — M such that L is Spin. Then the obstruction can be applied to L and a
differential geometry argument shows that if L is not psc, then neither is M.
In the case w1 (L) = 7 (M) considered by Bolotov and Dranishnikov it turns
out that the obstruction for L always vanishes due to a bordism argument.
When 71(L) # 71 (M), however, things are much less clear. We explain the
Sl-bundle construction and the role of the fundamental group of the bundle,
which is a group extension of m;(M). We also show how the choices made in
the S'-bundle construction can be made in a canonical way, giving rise to a
natural transformation of bordism groups Q" — Qf_’ff °
Theorem 1.2. For every odd number n € N, n > 1, there is a non-trivial
natural transformation Q5P (1) — QP (. x BZ,).

In the general case (with not necessarily canonical choices) we investigate
the bordism group Q%™ (Bm; (L)) and the K-theory group KO(C*(r;(L))) and
show that in many cases the absence of odd torsion in the latter groups forces
the index obstruction to vanish. At the same time, however, a related example
due to Rosenberg suggests that the obstruction might be non-zero in some
cases. By using equivariant Spin-bordism groups we show that the obstruction
does vanish in all cases. On the other hand, we give an example where the
minimal hypersurface method of Schoen and Yau can be used to show that
the S'-bundle does not allow a psc metric.

Theorem 1.3. Let M be a closed connected Spin® manifold such that M is
not Spin and let L — M be an S'-bundle that is Spin.

Then the Rosenberq index of L inside KO(C*(m(L))) always vanishes. At
the same time there are examples where L does not allow a metric of positive
scalar curvature.

In we consider the Rosenberg index of a codimension-2 sub-
manifold N C M with trivial normal bundle. Hanke, Pape and Schick showed
([HPS15)) that if the induced map w1 (N) — 71(M) is injective and mo(N) —
mo(M) is surjective, then a([N]) € KO,,_o(C*(m1(IV))) is an obstruction against
psc metrics on M. The relation between a([M]) and «([N]) is unknown; ide-
ally there might be a homomorphism KO, (C*(m(M))) = KO,—o(C*(m1(N)))
sending one to the other.

So far such a homomorphism has not been found. However, we can make
a step in this direction by constructing on the topological side a transfer map
try: KOp(Bm(M)) — KO, _o(Bm(N)) that sends the class uy,([M]ko) to
un([N]ko), where uy; and uy are classifying maps for the universal coverings.
We explain the construction of this extension and discuss some examples where

it can be applied. Then we show that the transfer map can be extended even
further to KO™ M) (Em (M)) — KOZI_%V) (Em (N)).
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Theorem 1.4. Let M be a closed connected Spin-manifold and N a closed
connected codimension-2 submanifold with trivialized normal bundle. Assume
that m (N) — m (M) is injective and mo(N) — mo(M) is surjective.

Then there is, for any generalized multiplicative equivariant cohomology
theory E with If-restrictions, a map

treyny: EFOD(Em (M) — EXSY (B (N))

such that the following diagram commutes:

E.(M) —— EPM(Em (M)

ltTM l”ﬂ (M)

B o(N) —— E™M(Em (V)

Moreover, the transfer trx ) ts natural for multiplicative transformations of
equivariant cohomology theories with If-restrictions.
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2. Preliminaries

2.1 Positive scalar curvature metrics

When M is a Riemannian manifold, the scalar curvature function x: M — R
is defined to be the trace of the Ricci tensor. It is the simplest notion of
curvature and measures how the volume of a small ball in M differs from the
volume of a ball of the same radius in Euclidean space:

Vol(Be(x) c M) ) e? - k(x)

— 4
Vol(B.(0) C Rdm(3D)) 6-dim(M) 2 L)

In dimension 2 the scalar curvature is just twice the Gaussian curvature. In
arbitrary dimension its value at a point x € M equals twice the sum of the
sectional curvatures of all planes e; Ae;, i < j, where {e;}<, is an orthonormal
basis of T, M.

It is natural to ask which scalar curvature functions can be realized by a
Riemannian metric on a given manifold. This question is largely answered
by the following Trichotomy Theorem due to Kazdan and Warner ([KW75al,
[KWT5h]):

Theorem 2.1.1. Let M be a closed connected smooth manifold of dimension
> 3. Then exactly one of the following statements is true:

1. All smooth functions p: M — R can be realized as the scalar curvature
of a Riemannian metric on M.

2. A smooth function p: M — R can be realized as the scalar curvature
of a Riemannian metric on M iff it is either negative at some point or
identically 0. In the latter case the Riemannian metric must be Ricci-flat,
meaning its Ricci curvature vanishes everywhere.

3. A smooth function p: M — R can be realized as the scalar curvature of
a Riemannian metric on M iff it is negative somewhere.

Setting aside the special case of Ricci-flat metrics, the crucial question
remains whether a given manifold admits a metric of positive scalar curvature.
In this case we say that M is psc. We say that M is not psc if it does not
allow a positive scalar curvature metric.

Example 2.1.2. For n > 2 the usual metric on the sphere S™, that comes
from the standard embedding into R"*!, has positive scalar curvature. A

Example 2.1.3. When M is an arbitrary closed manifold, the product M x S?
allows a positive scalar curvature metric. Indeed, the scalar curvature of a
product manifold is just the sum of the scalar curvatures of the individual



6 2. PRELIMINARIES

manifolds. Since M is closed, the scalar curvature of an arbitrary fixed metric
on M is bounded below. By scaling the metric of S?, the curvature on S?
can be made as large as needed such that the product metric on M x S? has
positive scalar curvature. A

Example 2.1.4. In any dimension n the torus T" can be given a flat metric.
But with the index-theoretical methods described below it can be shown that
T™ does not allows a psc metric. A

The main tool for showing that a given manifold does allow a psc metric
is surgery. Gromov and Lawson, and independently Schoen and Yau, showed
the following ([GLS80], [SY79]):

Theorem 2.1.5. Let N be a closed psc manifold, and let M be obtained
from N by surgery of codimension > 3. Then M allows a psc metric.

The idea here is that the codimension is high enough for the transversal
sphere of the surgery to allow a psc metric. The difficult part is to find a
suitable transition from the psc metric on the handlebody to the psc metric
on N near the points where the handle is attached to V.

What makes [Theorem 2.1.5| particularly powerful is the fact that a bor-
dism W from M; to M, has a handle decomposition without handles of di-
mension < 2 if the inclusion M; C W is 2-connected ([Ran02], proof of 8.31).
Reversing the handlebody decomposition, M; can then be obtained from My
by surgery in codimension > 3. Therefore, if M is psc, then so is Mj.

This observation suggests that the psc question for a manifold M can be
decided by looking at the bordism classes wu,([M]gpin) € Q" (Bm(M)) or
u.([M]s0) € Q59 (Bm(M)), where u: M — Bm (M) is the classifying map
for the universal covering of M. (The reference map u is used to avoid surgery
in low (co)dimension.)

Gromov and Lawson showed ([GL8&0)):

Theorem 2.1.6. Let M be a simply connected closed smooth manifold of
dimension > 5 such that M is not Spin.
Then M allows a psc metric.

Stolz and Jung showed ([RSO01], 4.11):

Theorem 2.1.7. Let M be a closed connected oriented manifold of dimension
> 5 such that M 1is not Spin.

If the class u,([M]) € H,(Bm(M);Z) can be represented by a psc manifold,
then M 1s psc.

To show that a manifold does not allow a psc metric, there are three main
tools. Firstly, in dimension 4 the Seiberg-Witten invariant can be used. The
second tool is the minimal hypersurface method due to Schoen and Yau [SY79],
presented here in the formulation of Schick ([Sch9g]|, 1.6):



Spin-STRUCTURES, Spin°~-STRUCTURES AND THEIR OBSTRUCTIONS 7

Theorem 2.1.8. Let X be any topological space and let
HNX)={f([M]) € H,(X;Z) | f: M — X and M is a psc manifold} .

For 3 < m < 7 taking cap product with any a € H'(X;Z) maps H(X)
into H! (X).

Since H; (X) is just the image of the Hurewicz map mo(X) — Ho(X;Z),
it can be computed easily. [I'heorem 2.1.8| can then be applied iteratively, for
example to f =id: M — M, in the hope of leading the assumption that M is
psc into a contradiction.

The reason for the dimension restriction is that the proof uses Federer’s reg-
ularity theorem [Fed70] to show that a codimension-1 immersed submanifold
with (locally) minimal volume is in fact embedded. Lohkamp has announced a
way to overcome these technical limitations [Loh| and very recently there is a
preprint by Schoen and Yau where the result is proved without the dimension
constraints [SY17].

Finally, if M allows a Spin-structure on its tangent bundle, index theory
provides an obstruction against the existence of a positive scalar curvature
metric. We will explain this in more detail below.

2.2 Spin-structures, Spin‘-structures and their
obstructions

In this section we recapitulate some basic facts about Spin-structures and
Spin-structures.

Definition 2.2.1. Let v»: G — H be a homomorphism of topological groups
and let Py — X be a concrete (i.e., not up to bundle isomorphism) principal
H-bundle over X.

Then a G-structure on Py is represented by a principal G-bundle P; — X
and a bundle map ®: P; — Pp such that ¢(g).®(q) = ®(g.¢) for all g € G,
qc P G-

Two bundle maps ®: Py — Py and ®': P, — Py represent the same
G-structure iff there exists a G-bundle isomorphism ¥: P; — P/, making the
following diagram commutative:

Pg 2 > Pl

N
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For example, an n-dimensional vector bundle £ — X is orientable iff there
exists an SO(n)-structure on the O(n)-bundle of orthonormal frames in E
(for any metric on £). Different orientations correspond to different SO(n)-
structures.

We are interested in Spin(n)- and Spin®(n)-structures over a given SO(n)-
or O(n)-bundle.

Definition 2.2.2. For n > 3 the topological group Spin(n) is defined to be
the universal covering of SO(n), which is a two-fold covering. For n = 2,
Spin(n) is the non-trivial two-fold covering, for n = 1 it is the discrete group
with two elements. Zy acts on Spin via deck transformation.

Spin(n) is defined as the topological group
Spin(n) = Spin(n) xz, S* = (Spin(n) x S1)/Z,,

where Z, acts on S = U(1) by multiplication with 4-1.
There are canonical maps Spin(n) — Spin(n) — SO(n) given by inclusion
and projection. A

Remark 2.2.3. When Pso(,y — Po(n) represents an SO(n)-structure on a
given O(n)-bundle Po(,, and Pspinn) — Psom) represents a Spin(n)-structure
on Psoem), then the concatenation Py — FPowm) represents a Spin(n)-
structure on Poy).

In the other direction, if Pgyinm) — Pom) represents a Spin(n)-structure
on FPo(ny, it induces an SO(n)-structure on Pp(,), which is represented by
the associated bundle Pgyip () X $pin(n) SO(n), and which only depends on the
original Spin(n)-structure.

Furthermore, if Pgyipn) — Pom) and Pépin(n)
SO (n)-structure, then the associated SO(n)-bundles are isomorphic over Po(y).
In this particular case (SO(n) — O(n)) the isomorphism is uniquely deter-
mined, making it possible to compare Psyinn) — Pspin(n) X spin(n) SO(n) with
Pty = Pépinny X spin(n) SO(n) as Spin(n)-structures over a fixed SO(n)-
bundle. In this sense one can say that picking a Spin(n)-structure over an
O(n)-bundle is the same as first picking an orientation and then picking a

Spin(n)-structure over any SO(n)-bundle representing this orientation.

— Pon) give rise to the same

This simplification does not work for the situation Spin(n) — Spin‘(n) —
SO(n) because the bundle isomorphism between two representatives for the
same Spin®(n)-structure on Pso(, is not unique. A

There is a second — homotopy-theoretic — definition of G-structures.

Definition 2.2.4. Let the classifying spaces BG and BH be represented by
models such that the map BG — BH induced by the group homomorphism
: G — H is a fibration. And let f: X — BH be a concrete topological map
(i.e. not up to homotopy).
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Then a G-structure on f is represented by a lift over f

BG

P l
//

x L BH

and two lifts represent the same G-structure iff they can be connected by a
homotopy over f. A

In the case that the (concrete) bundle Py is pulled back from BH this
definition is equivalent to the first one (see [Las63]).

The homotopy-theoretic definition is not only more general, it can also
be used to answer the existence question for G-structures on a given H-
bundle in a nice way. In particular, for n > 3 the maps Spin(n) — SO(n),
Spin©(n) — SO(n) and Spin(n) — Spin(n) induce isomorphisms on all ho-
motopy groups except for the fundamental group, where they induce either
injections or surjections. It follows that the homotopy fibers of the induced
maps on the classifying spaces are Eilenberg-MacLane spaces:

K(Zs,1) — BSpin(n) — BSO(n)
K(Z,2) — BSpin‘(n) — BSO(n)
K(zZ,1) — BSpin(n) — BSpin®(n)

From obstruction theory (see [DK01]) it follows that the obstruction against
existence of a Spin(n)- or Spin‘(n)-structure on a Spin°(n)- or SO(n)-bundle
P — X is given by an element of a cohomology group of X. And also the set of
such structures, if non-empty, has a free and transitive action of a cohomology
group of X (this gives rise to a non-canonical correspondence).

lifting problem obstruction in | action of
Spin(n) — SO(n) H?(-;Zs) H'(-;Z,)
Spin‘(n) — SO(n) H3(;7Z) H?(;7)
Spin(n) — Spin®(n) H*(Z) HY(7Z)

The obstruction for Spin(n) — SO(n) is given by the second Stiefel-
Whitney class wq, the obstruction for Spin®(n) — SO(n) is given by the
third integral Stiefel-Whitney class W3, which is the image of ws under the
Bockstein boundary map. This means that a Spin®(n)-structure exists iff the
obstruction against Spin(n)-structures has an integral lift wy € H?(+;Z).

Remark 2.2.5. The action of the cohomology groups on the sets of Spin-
and Spin“-structures can also be described within the classical definition of
G-structures (see [LMS89] for Spin(n) — SO(n) and [Fri00] for Spin®(n) —
SO(n)). For example, if a € H'(X;Zsy) is the pullback of the generator
of H'(S0(n);Z,) under some map f: X — SO(n), then the action of a
on the set of Spin(n)-structures is just post-composition with the bundle
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automorphism Pso,) — Psom) given by f. This situation necessarily oc-
curs when dim(X) < mn: In this case a is the pullback of the generator of
HY(RP",Z,) under some map, and this generator is the pullback of the gen-
erator of H'(SO(n);Z,) under the map ¢: RP" = S™/Z, — SO(n) where ¢
sends ¢ € S™ to the linear map R™ — R"” that consists of reflection along the
hyperplane perpendicular to ¢ followed by reflection along some fixed hyper-
plane.

In particular, it follows that for dim(X) < n representatives Pgpyin(n),

P in(ny of different Spin(n)-structures must be isomorphic as abstract Spin(n)-
bundles, and the only difference is in the map to Pso(n). A

2.3 Bordism and KO-homology

Spin- and Spin“-bordism

We give a short review of bordism groups. For a detailed account see [Koc96].

For the classes of groups B(n) = O(n), SO(n), Spin(n), Spin°(n) there are
canonical inclusions B(n) — B(n + 1) — ... that commute with the group
homomorphisms B(n) — O(n). For every principal B(n)-bundle P,y — M
these inclusions induce inclusions of principal bundles Pg(,) — Pp(ni1) — ...
A stable B-structure on a principal O(n)-bundle is represented by a B(n+ k)-
structure on the induced O(n + k)-bundle for some k. Two representatives
are stably equivalent if the induced B(n + k + k’)-structures are equivalent for
some k'

In the homotopy theoretic picture this definition of stable B-structures
translates as an equivalence class of lifts of the classifying map M — BO(n) —
BO(n+1) — ... along the sequence of fibrations

BB(n) —— BB(n+1) —— ...

| J

BO(n) —— BO(n+1) —— ...

Stable Spin- and Spin‘-structures are therefore examples of (multiplicative)
stable (B, y)-structures as defined by Lashof.

A B-structure on a smooth manifold M is defined as a stable B-structure
on the principal bundle of orthonormal frames in the normal bundle v(M) of
any embedding i: M — R¥. It is non-trivial but true that this definition does
not depend on the choice of the embedding. If M has a boundary, then we can
arrange that i(M) is contained in the half-space {zy > 0} C RY and i(OM)
is contained in the hyperplane R¥~! = {zy = 0} C RY. Then v(M)sn is
identified with the normal bundle of M inside RY~! and a stable B-structure
on M defines by restriction a stable B-structure on 0M.

Definition 2.3.1. Let X be a topological space.
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A closed singular manifold with B-structure f: (M,by) — X is null-
bordant if there exists a compact manifold with boundary W, a B-structure
by on W and a singular map F': W — X such that OW = M, by, restricts to
byr on OW and F restricts to f on OW.

The B-bordism groups QF(X) are defined as the bordism-equivalence classes
of singular k-manifolds with B-structure (f: (M,by) — X). The group addi-
tion is disjoint union. A

Remark 2.3.2. By the 2-out-of-3 principle one could equivalently define B-
structures using the stable tangent bundle. Furthermore, in the case of B =
SO, Spin, Spin© it follows from the description of the obstruction against and
classification of Spin- and Spin°-structures in terms of cohomology classes that
B-structures on the stable tangent bundle correspond to B-structures on the
non-stabilized tangent bundle. This simplifies the definition of B-bordism in
the case of B = S0, Spin, Spin®. A

The KO-fundamental class of a Spin-structure

When M is a manifold with a given Spin-structure, one can construct the cor-
responding Dirac differential operator which then gives rise to a fundamental
class in the real K-homology of M. This is described in [HR00]. We give a
short recapitulation.

The Clifford algebra Cly,, of a real Euclidean vector space V = R" (n =
dim(M)) is the algebra generated by V subject to the relations v - v = —||v||?.
There is an embedding p: Spin(n) — Cly,™ of the spin group into the group
of invertible elements of the Clifford algebra. Spin(n) then acts on the Clifford
algebra by conjugation. On V' C Cl, this action coincides with the action
Spin(n) — SO(n) N V.

Let now s: Pgy;, — Pso be a Spin-structure on the tangent bundle of M,
and let CI(M) be the Clifford-algebra bundle associated to the conjugation
action of Spin. Inside CI(M) sits the vector bundle Psy;, Xgpin V and the
Spin-structure s defines an isomorphism Py, X gpin V' = Pso xXg0 V = TM.
Therefore, we can think of TM as a sub-vector bundle of CI(M). Now let the
spinor bundle S — M be the vector bundle associated to Pg,;, via the left-
regular action Spin ~ Cly,,. The fibers of S are left and right modules for the
Clifford algebra. And the left-regular and conjugation actions fit together in
just the right way that there is a well-defined left action of the algebra bundle
Cl(M) on S.

The Clifford algebra can be given a scalar product such that the left-regular
representation of Spin is unitary. This induces a metric on §. Furthermore,
when a Riemannian metric is given on M, the Levi-Civita connection defines
a principal connection on the bundle Pgp. Then there is a unique lift to a
principal connection on Pgy;, which in turn induces a connection on §. The
Dirac operator corresponding to the Spin-structure s is the elliptic first-order
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differential operator ): T'(M,S) — I'(M,S) given by

n

D(u)(x) = ) _eiVeu()

=1

where {e;}<, is any orthonormal basis of T, M.

I) commutes with the right action of Cly,, on §. When M is complete
with regard to the Riemannian metric, I} can be extended to an unbounded
self-adjoint operator on L?(M,S). Using functional calculus it can then be
turned into a bounded operator x(Ip) that commutes with the multiplication
operators of Cy(M) up to compact operators and therefore defines an element
[Co(M) ~ L*(M,S),x(IP)] € KO,(M) in the Fredholm-module picture of
real K-homology. This element behaves similarly to the fundamental class
[M] € H,(M;Z) of an oriented manifold. We call it the KO-fundamental
class and denote it by [M]go. The class [M]|xo depends on the differential
structure of M and on the choice of the Spin-structure. It does not depend on
the Riemannian metric.

The natural transformation QP — KO

The construction of the fundamental class [M]go corresponding to a Spin-
structure is compatible with taking boundaries: If (W, sy/) is a compact Spin-
manifold with boundary (M,sy) and i: M — W is the inclusion, then
i([M]ko) = 0 € KO(M). Therefore, one can construct a natural transfor-
mation Q" (.) — KO.(-) by the assignment [f: (M,s) — X] — f([M]xo)
where [M]go is determined by s.

This transformation gets even simpler when one uses the geometric picture
of K-homology due to Baum and Douglas [BD82], which is equivalent to the
definition via Fredholm modules (see [BHS0T]).

Definition 2.3.3. Let X be a topological space. Elements of KO, (X) are
represented by quadruples (M, s, E, f) where M is a closed smooth manifold of
dimension n mod 8, s a Spin-structure on M, £ — M a real vector bundle and
f: M — X a continuous map. Two quadruples represent the same element
of KO,(X) if they are equivalent under the equivalence relation generated by
the following rules:

1. Direct sum of vector bundles:
(MI—lM,SI_lS,Ell—]EQafI—If) ~ (MJSJEI@E%JC)
2. Bordism:

(M, s1, Er, f1) ~ (Ms, —s2, Eo, f2) whenever there is a manifold with
boundary W, with a Spin-structure sy , vector bundle Ey — W and
map W — X such that OW = M, UM, and sy 2, 12, fi2is the induced
structure (—ss is obtained from sy by reversing the orientation).
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3. “Vector bundle modification”:

For any 8-dimensional vector bundle 7: H — M with a Spin-structure
sy it holds (M, s, E, f) ~ (Z,s7, F @ m*E, f o w) where Z is the unit
sphere bundle inside H & (M x R), sz is determined by s and sy, and
F is the reduced spinor bundle obtained from the Spin-structure sy (see
[BHSOT7]). This rule enforces Bott periodicity.

The addition is disjoint union. A

With this definition of K-homology the natural transformation sends the
class [M, s, f] € Q%""(X) to [M,s,M x R, f] € KO(X).

2.4 The index-theoretical obstruction

We now give an overview over the classical results about index-theoretical
obstructions. More information can be found in the survey [RSO01].

The basis for the index-theoretical obstructions against positive scalar cur-
vature is the Lichnerowicz-Schrédinger-Weitzenbock formula:

Theorem 2.4.1. Let M be a Riemannian manifold with Spin-structure, S —
M the corresponding spinor bundle, V: T'(M,S) — I'(M,T*M ® S) the con-
nection induced by the metric on M and Ip: T(M,S) — T'(M,S) the Dirac
operator.

Then it holds

1
» = AR

where V* 1s the formal adjoint and k s the scalar curvature function on M.

In particular, if M has a metric of positive scalar curvature, then lD2 has
a spectral gap at 0 and therefore ) is invertible. From the Fredholm-module
picture of K-homology it then follows that ¢.([M]xo) = 0 € KO,(pt) where ¢
is the collapse map. The other way around, this means that ¢.([M]ko) is an
obstruction against positive scalar curvature on M.

This obstruction can be combined with the positive results obtained from
surgery. Stolz showed ([St092]):

Theorem 2.4.2. Let M be a simply connected Spin manifold of dimension
> 5.
Then M is psc if and only if ¢.([M]xo) =0 € KO, (pt).

In the non-simply connected case the obstruction ¢.([M]xo) = 0 € KO, (pt)
is too crude. For example, the torus M = T® is Spin-null bordant, and this
implies ¢.([M]ko) = 0. The solution is to replace KO(pt) with the K-theory
of the (real) group C*-algebra, KO(C*(m(M))):

Using the Mishchenko-Fomenko bundle and the biproduct of KK-theory
one can construct an assembly map KO(Bm(M)) — KO(C*(m(M))) (see
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[Kas88, 6.2]). This map can be precomposed with the morphism induced by
a classifying map uy: M — B (M). Including the natural transformation
Q%P s KO we get the following diagram:

Qi (M) —— Q" (B (M)

l |

KO, (M) = KO,(Bm(M)) —= KO(C*(m(M)))

The natural transformation QP — KO also factors through the connec-
tive covering ko of the homology theory KO, and the assembly map 3 factors
through the Baum-Connes map KO™ ™) (Er (M)) — KO(C*(m,(M))).

We call the image of the fundamental class [M]gpim = [M, s,id] € Q™" (M)
under the concatenation a: Q%" (M) — KO(C*(w(M))) the Rosenberg index
of M. Intuitively speaking, it is obtained by forming a C*(m(M))-bundle
over M, with a twist given by the left-regular action m (M) ~ C*(m (M)),
and then taking the (graded) kernel of the Dirac operator twisted with the
C*-algebra bundle.

Using the fact that the C*(m;(M))-bundle is flat, Rosenberg refined the ar-
gument of Lichnerowicz-Schrédinger-Weitzenbock and showed that the Rosen-
berg index a([M]gpin) € KO,(C*(m1(M))) is an obstruction against positive
scalar curvature.

Remark 2.4.3. We have tacitly assumed — and will continue to assume — that
the classifying map u: M — Bm (M) is fixed at least up to homotopy. If we
replace u by another map u’ that also induces an isomorphism of fundamental
groups, then up to homotopy v’ factors as v’ = a4 o u where ay: Bm (M) —
B (M) is induced by a group automorphism ¢: w1 (M) — 7 (M). By natu-
rality of the assembly map it then holds

Bou ([M]ko) = B oag, ou.([M]go) = ®s 0 ou.([M]ko),

where ®: C*(m(M)) — C*(m(M)) is the C*-algebra automorphism induced
by ¢. In particular, the vanishing of a([M]gpi) does not depend on the choice
of w.

The Rosenberg index also depends on the choice of the Spin-structure.

This will be discussed in [Section 3| A

Remark 2.4.4. The C*-algebra C*(m(M)) can be taken to be either the
maximal or the reduced group C*-algebra, the Rosenberg index can be con-
structed in both cases. The Baum-Connes conjecture KO™M)(Er (M)) =
KO(C*(m(M))) assumes that the reduced C*-algebra is used.

On the other hand, while every group homomorphism induces a homo-
morphism of maximal group C*-algebras, this is not always the case for the
reduced C*-algebras (it is true if the kernel of the group homomorphism is
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amenable, which is the case for the homomorphisms we will consider in the fol-
lowing sections). Furthermore, the reduced version of the Rosenberg index fac-
tors through the induced map of the canonical quotient map C? .. (m(M)) —
C* 4(m1(M)) and therefore will never contain more information than the max-
imal version.

We will take C*(m1(M)) to be the maximal group C*-algebra, if not indi-
cated otherwise. A

The Rosenberg index is a very effective obstruction. Indeed, Rosenberg
and Stolz showed ([RS01], 4.13):

Theorem 2.4.5. Let M be a closed connected Spin manifold of dimension
>5 and upy: M — Bmy(M) a classifying map.

Assume that the assembly map KO(Bm(M)) — KO(C*(m(M))) is injec-
tive, and that the map ko(Bm(M)) — KO(Bm(M)) is injective.

Then M s psc if and only if a([M]gpim) =0 € KO, (C*(m1(M))).

For general fundamental groups the statement is wrong. In [Sch98] Schick
constructs a counterexample where the Rosenberg index vanishes but the min-
imal hypersurface method shows that the manifold is not psc.

One reason why [[heorem 2.4.5| may fail — especially in low dimensions —
is Bott periodicity. If Bt is an 8-dimensional simply-connected Spin manifold
with A(Bt) = 1, then a([M X% Bt]spin) = a([M]spin). But it may happen that
M x Bt is psc and M is not. This motivates a “stable” version of[I'heorem 2.4.5|
Stolz showed ([Sto02]):

Theorem 2.4.6. Let M be a Spin manifold and uy: M — Bmy(M) a clas-
sifying map. Let Bt be a simply connected Spin manifold of dimension 8
with A(Bt) = 1. Assume that the Baum-Connes map KO™ ™) (Em (M)) —
KO.(CL, (m(M))) is injective.

Then a([M]gpin) = 0 € KO(C*(m1(M))) if and only if the product manifold
M x Bt x --- x Bt allows a psc metric for sufficiently many Bt-factors.

If the manifold M is not Spin but has a Spin‘-structure, there is still a
Dirac operator that defines a fundamental class in the complex K-homology
group K, (M). Indeed, the group Spin® embeds into the group of invertible
elements inside the complexification of the Clifford algebra Cl, ®r C. This
can be used to construct a complex spinor bundle and a Dirac operator on this
bundle.

One important difference to the real case is that the connection on the com-
plex spinor bundle is not uniquely determined by the Riemannian metric on M.
Instead, it is determined uniquely only when one fixes in addition to the Levi-
Civita connection on M a principal connection on the S'-bundle determined by
the Spin®-structure. The analog of the Lichnerowicz-Schrodinger-Weitzenbock
formula then takes the following form (JLM89] D.12):
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Theorem 2.4.7. Let M be a Riemannian manifold with Spin°-structure and
S — M the corresponding spinor bundle. Let further w be the curvature 2-
form of a fized connection of the S*-bundle associated to the Spin®-structure,
let V:T'(M,S) - I'(M,T*M ® S) be the induced connection on the spinor
bundle and Ip: T'(M,S) — I'(M,S) the Dirac operator.
Then 1 .
2 *
w =V*'V + Z/ﬂ + 50.),

where Kk 1s the scalar curvature function on M and w denotes Clifford multi-
plication by the 2-form w.

In the special case where the S'-bundle associated to the Spin‘-structure
is classified by a torsion element in H*(M;Z), the S'-bundle can be given a
flat connection and the fundamental class [M]x can be used to construct an
obstruction against positive scalar curvature as before.

In we will try a different approach where no control over the
connection of the S'-bundle is assumed and instead its fundamental group
becomes important.



3. The effect of changing the Spin
structure

Let M be a Spin manifold with fundamental group I'. Different choices of
Spin-structures on M lead to different fundamental classes [M]gpi, € Q5P (M)
and [M]go € KO, (M). This leads to the question how the image a([M]spin)
behaves when the spin structure is changed. In particular, is it possible that
the obstruction vanishes for one spin structure, but not for another?

Already in [Ros86] it was noted that the answer to the last question is no.
The idea is that the group H'(M;Z,) acts on the set of Spin-fundamental
classes as well as on the group KO, (C*(I')), and « intertwines the actions.
Therefore, if the spin structures s; and s, are related by x.sy = s9, © €
HY(M;Zy), then a([M],,) = 0 implies a([M],s,) = z.a([M]s,) = 2.0 = 0. In
[Ros86] all details of this argument are omitted. In this section we will use
the calculus of KK-theory to explicitly calculate the effect that a change of
Spin-structures has on the Rosenberg index.

Let M be a closed connected smooth Spin manifold of dimension n, and
let the orientation of M be fixed. Let s1,s2: Psyi — Pgo be representatives of
two Spin-structures on T'M. As explained in sy can be obtained
from s; by postcomposing with an SO-bundle automorphism which is given
by a map a,: M — SO(n). This map determines a group homomorphism
0p: I' = m(SO) = Zy = {£1} C R. Via the isomorphism

r
I‘IOID(F7 ZQ) =~ Hom (m, Z2>

~ Hom(Hy(M,Z); Zs) = H"(M;Z,)

it also determines an element = € H'(M;Z,), and since the Eilenberg-MacLane
space K (Zs, 1) classifies Zo-bundles, this element defines a principal Z,-bundle
Y, > M.

Following the construction of the Dirac operators as in we
see that the spinor bundles S&;, Sy determined by the two Spin-structures are
canonically isomorphic as vector bundles with a right Clifford action. The
difference lies in the Clifford-actions Ai/o: TM — End(S;/2). Under the iden-
tification &) = S; as vector bundles, Ay = A\yoW(a,) where ¥(a,): TM — TM
is the vector bundle automorphism given by a,. Passing to the universal cov-
ering M we have the tangent bundle TM = TM x,; M, sitting inside the

Clifford algebra bundle CI(M) = CI(M) x5 M, and the two Clifford module
bundles 3’;72 =812 % M]\Z , with I acting on all of them. The lifted actions )/\1\//2
differ by precomposition with ¥(a, o p3;). But a, o py;: M — M — S0(n)
has a lift n: M — Spin(n) C CI(R™), which satisfies 7.n = ¢, () -n for v € I.

17
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Let now 1': :S:I — :S'; be given by the fiberwise Clifford multiplication with
~! from the left. Then T is a bundle isomorphism, compatible with the rlght

Chfford action, and it intertwines the actions A; o. Indeed, if i: ™ — C’l( )
is the inclusion from the second lifted Spin-structure and * denotes Clifford
multiplication, then for m € M, { € TM,,, ( € Sy:

M (€)(C) = Aa(ax(pzz(m)).£)(C)
ia(az(pyz(m)).§) x ¢
= n(m) x is(§) x n(m)~
=T ( 2(§) * T(¢))

= (T 0 X3(§) o T)(C).

By quotienting out the [-action we obtain Sy = Y, X7z, &1 as spinor bundles
with left Clifford action by 7'M and right action by CI(R™) (The twist is the
result of the twisted equivariance of  and T).

Since Zs is discrete, the connection on &; induces a connection on Sy =
Y, Xz, Si. This is a Dirac connection in the sense of [HR00, 11.1.9.] and
can therefore be used to construct the Dirac operator representing [M]y €
KO, (M).

Instead of twisting S; with Y, we can also construct the R-line bundle
Zy =Y, Xz, Zy by twisting the trivial line bundle Zy = R x M with Y, and
we can write

So=Y. Xz, 81 =Y, X, (Zo®81) = (Y, Xz, Z0) @51 =Z, R S;1.

1

)
(m
)

We will use the following classes in (real) KK-Theory:

o [M]; € KK(C(M), Cly,,) is represented by the (normalized) Dirac op-
erator y(Ip;) acting on the first spinor bundle S;.

o [M]y € KK(C(M), Cly,,) is represented by the (normalized) Dirac op-
erator x(ID,) acting on the modified spinor bundle S,.

e 5 € KK(R,C(M)®C*(T)) is represented by the zero operator on the
Hilbert module F of continuous sections from M into the C*(I')-bundle
twisted by the fundamental group action, i.e.,

F={feC(M,C"I))| f(g.x) = g.f(x) Vg € T'}.

e o € KK(C*(I'),C*(I')) is represented by the zero operator on C*(I)
viewed as a Hilbert module over itself. The left action is given by
P: C*(I') = C*(I), 8, — ¢(g) - 6,. (Note that P! = P)

e 2 € KK(C(M),C(M)) isrepresented by the zero operator on the Hilbert
module Z of continuous sections from M into the line bundle Z,, i.e.,

Z={feC(M,R)| f(gx) = ¢(g9)f(z),g € T}.
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Finally, for any C*-algebras A, B, D let
. KK (A, B) —» KK(A&D, B&D)

be given by tensoring the Hilbert module with D and the operator with
id: D — D. With this notation

a([Mli)2) = BOcanec o=@ ([M]1/2)

(see [Kas88| 6.2]).
The following is a special case of twisting the KK-class of a differential
operator with a vector bundle:

Lemma 3.1. Let [M];, [M]s, z be as above, then it holds
[M]s = 2@cn [ M.

Proof. Working with the representatives above, we show that y(/),) acting
on L*(M,S,) represents the Kasparov product of z and [M];, as in definition
18.4.1 in [Bla98].

As Hilbert bimodules, L*(M, $5) = Z&canL*(M, $,). Also, the represen-
tative of z has the zero operator and x(ID,) is a Fredholm operator, so we just
have to check that x(ID,) is a x(IP;)-connection in the sense of [Bla98, 18.3.1],
i.e., that for any £ € Z

(3'1) TE ’ X(E1> - X(lD2) ’ T£ € K(LQ(Ma 81)7L2(M7 82))7
(3.2) X(D1) - T = T - x(1y) € K(LA(M, Sy), L* (M, S1)),

where T¢(y) = E®y and T¢* (y@y') = (y, €)Y/

We partition M into a finite number of pieces P;, such that each piece has
an open neighborhood U; over which Z, can be trivialized in a way that is
compatible with the connection. This trivialization is unique up to a sign and
determines a unitary equivalence of L*(U,S;) and L?(U,S,). The equivalence
intertwines the actions of C'(M). Furthermore it identifies ]D”Ui with lP2|Ui

and by [HROO, 10.8.4] it follows that also X(lDl)M and X(ZDQ)‘UZ, are identified

modulo compact operators. Because the operators (1P, /2) commute with the
action of C'(M) up to compacts, they map L?-functions supported in P; to L*-
functions supported in U; (modulo compacts). Finally, under the identification
L*(U, &) = L*(U, S,) the operators Ty and T¢" restrict to multiplication with a
function in C(U;), determined by &. Since such multiplications commute with
x (1, /2) up to compacts, it follows that the conditions above are satisfied when
we restrict the domain of the operators to L?-functions over a single piece P;.
Because the number of pieces is finite, this means that the conditions hold in
general.

This shows that x(ID,) acting on L?(M,S,) represents the Kasparov prod-

uct of z and [M];, concluding the proof. O
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The next lemma contains the key observation of this computation.

Lemma 3.2. Let 3, 7, x, ¢ be as above, then

BRcanec-mTo ) (2) = BRounscmTemn (@)-

Proof. Since the operators of the representatives on both sides are zero and
the left action is just R-id, it suffices to show that the (C(M)®C*(T'))-Hilbert
modules are unitarily equivalent. Both Hilbert modules have the trivial grad-
ing. The left one can be written as

FRcnecr)(Z @ C*(T)) = CHEN(M, C*(T)) Rc(M)aC*(T) Cre? (M, C*(T)).

Here C"@'(M ,C*(I")) denotes the subset consisting of those bounded con-
tinuous functions in Cy(M,C*(I')) = Cy(M) @ C*(I') that are invariant under
the action of I' specified by - ® -. The actions used are A for left multiplica-
tion with g, ¢ for multiplication with ¢(g), tr for the trivial action and u for

translation, i.e., (u(g9)f)(-) = f(g~').
The right Hilbert module can be written as

FR&anec-m (C(M)@C* (D)) = CHENM, C*(F))®2(M)®C*(F)C#®tr(j\za c*(I)).

Here the ® above the tensor is a reminder of the non-standard left action
of C*(I") on the right hand module.
Both Hilbert modules are in fact unitarily equivalent to C*<¥* (M, C*(T)).
The equivalences are given by
ur: CFN (B, C*(1) G-y CH99(M, C*(D)) — CHA (AL, 0°(T)),
qOT = q-r,
uy: "M, C*(T) @ anscer) CH (M, C(T)) — CH## (M, C*(T),
qr— (Pogq)-r.

Both maps are well defined on the algebraic tensor product. To see that they
indeed map into C*®?*(M,C*(T")) we compute for u;

(1(9) ® 2(g)X(9)(ar)(y) = ©(9)g - alg~'y) - (g~ "y)
= (u(g) @ M) (@) (y) - (1(g) @ (9))(1)(y)
=q(y) -r(y) = qr(y)
and for usy
(1(9) @ e(9)A(9)(q) - 7)(y) = w(9)g - (Pq) (g~ 'y) - (g "y)
=0(g)- (®q) (g 'y) - r(g7'y)
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Both maps respect the right action of C'(M)® C*(I") and they respect the
(C(M) @ C*(I"))-valued scalar product. This means that they extend to an
injective map on the C*-tensor product.

It just remains to check that the maps are surjective. Let an element
s € CH9NM,C*(T)) be given. After applying a [-invariant partition of unity
on M , we may assume that s is supported in a small ['-neighborhood of a
point, that can be trivialized as U x I.

Now the function go: U x 1 — C*(I'), go(u x 1) = &; can be extended
to a function ¢; € C“®A(M, C*(T")). Define r1(y) to be ¢(y)~" - s(y) on TU
and zero elsewhere. Then uy(qy ® 1) = 5. Also, ds € C*®*(M,C*(I')) and
U (Ps® 1) = s. O

Finally, we piece it all together.

Theorem 3.3. Let M be a connected closed smooth spin manifold with fized
orientation, let s, se be two spin structures on M and [M]y, [M]y the KO-
fundamental classes corresponding to these spin structures. Let x € HY(M;Zs)
be the unique element that modifies s; into sy and let ® = &, be the corre-
sponding automorphism of C*(I").
Then
a([M]z) = @.(a([M]1)).

Proof. To simplify notation we abbreviate A = C(M)®C*(T'). We use the
properties of the Kasparov product described in [Bla98, 18.9] to calculate:
[M]2)

2Q@cn[M])

2)@atc-r)([M)

$)@ate(ry([M]1)

a([M]z) = BRatem)(
= BT (
= BT (
2 B& ate

= BR4(P®id)

2 56 A(@@id). (r- () ((M]s

= B a(tem) (M) @Tcr,.,. (¢)

= Oé([M]l)®c*(r)®010,n7—010,n <¢>
= . (a([M]1))

Equality a) is by and equality b) is by [Bla98|, 17.8.6]. O



4. The S!'-bundle construction

4.1 Motivation: Bolotov and Dranishnikov’s
article

The starting point for our investigation of the circle bundle construction is
the preprint of an article by Bolotov and Dranishnikov ([BD14]), in which
they examine the connection between positive scalar curvature and Gromov’s
(IGro96]) notion of macroscopic dimension:

Definition 4.1.1. The macroscopic dimension of a metric space X, denoted
dim,,.(X) is the smallest number n € Zso U {oo} such that there exists an
n-dimensional simplicial complex K and a continuous map f: X — K such
that

3C € RVE € K+ diam(f'(k)) < C.
A

Remark 4.1.2. The given requirement on the map f is called “uniformly
cobounded” by Dranishnikov. We note that f is not required to be proper. A

Example 4.1.3. The macroscopic dimension of a simplicial complex is al-
ways bounded above by the dimension of the complex. Gromov showed that
for complete, uniformly contractible Riemannian manifolds equality holds:
dim,,.(M) = dim(M).

In particular, dim,,.(R") = n. A

Example 4.1.4. For any (n — 2)-dimensional manifold M,

dim(M x S?) =n, but dim,,. (M x S?)<n-—2.

This shows how macroscopic dimension can see the large scale features of
a space. Note also that M x S? is psc by [Example 2.1.3] JAN

Example 4.1.5. For X = (T")®)| the k-skeleton of the torus, k > 2, the
universal covering X is coarsely equivalent (in the sense of [HRO00, 6.1.17])
to R™. But dimmc()?) < k.

This shows how macroscopic dimension can see the small scale features of
a space. A

Generalizing [Example 4.1.4] Gromov conjectured:

Conjecture 4.1.6. Let M be a closed psc manifold.
Then dim,,.(M) < dim(M) — 2.

22
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Both Bolotov and Dranishinikov investigated Gromov’s notion of macro-
scopic dimension and made progress towards his conjecture. One sufficient
condition for dim,,.(M) < m — 2 is when the classifying map uy: M —
B (M) of the universal covering M can be deformed into the (n — 2)-skeleton
Bm (M )("_2). The question when such a deformation is possible can be at-
tacked with obstruction theory. In [BD10] Bolotov and Dranishnikov showed
that the obstruction can be seen in connective K-homology:

Theorem 4.1.7. Let M be a closed Spin n-manifold with n > 3, and suppose
that a classifying map up: M — Bmy (M) takes the ko-fundamental class to
zero: upr,([M]ko) = 0 € ko, (Bmy(M)).

Then uyy can be homotoped into By (M)

Because the image of uys, ([M]y,) under the map
ko(Bm(M)) —— KO(Bm(M)) —— KO(C*(m(M)))

is the Rosenberg index, which vanishes for psc manifolds, it follows:

Corollary 4.1.8. |Conjecture 4.1.6| is true for Spin-manifolds whose funda-
mental groups satisfy the following conditions:

e The map ko(Bmy(M)) — KO(Bm (M)) is injective.
o The map KO(Bm(M)) — KO(C*(m(M))) is injective.

Remark 4.1.9. The conditions on the fundamental group are the same as
in [Theorem 2.4.5, Bolotov and Dranishnikov call them the Rosenberg-Stolz
conditions. A

In the preprint [BD14] Bolotov and Dranishnikov tried to show the follow-
ing statement (Theorem 5.3):

Proposition 4.1.10. Let M be a closed psc manifold of dimension > 5, such
that M s orientable but not Spin and m (M) satisfies the Rosenberg-Stolz
conditions. And let up: M — By (M) be a classifying map.

Then up,([M]) =0 € H,(Bmi (M); Q).

Their argument proceeds as follows: They find a Spin manifold N’ with
m(N') = m (M) such that un,([N]) € H,(Bm(M);Z) is a non-zero multiple
of upr,([M]). By taking the connected sum with CP? x S"* and applying
surgery they create a manifold N with mo(N) = Z, such that N is Spin® but
N is not Spin (compare |Examp1e 4.2.1[). Because M is psc, |Theorem 2.1.7|
implies that IV is psc.

Next, Bolotov and Dranishnikov construct an S* principal bundle 7y, : L —
N such that L is psc and Spin, mo(N) = 0 and mp,: m (L) — (V) is an
isomorphism. From the last condition it follows that a classifying map uy: L —
B (L) factors through M and hence uj, can be deformed into the (dim(L)—1)-
skeleton. Using obstruction theory they argue that u;, can be deformed further
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into the (dim(L) — 3)-skeleton and by a rather long and technical argument
involving spectral sequences they conclude that uy/,([N']) = un,([N]) =0 €
H,(Bm(M);7Z).

The problem with their argument is that the S'-bundle L is the Spin-
boundary of the corresponding disk bundle (see . And because
the bundle projection 7 induces an isomorphism of fundamental groups,
ur,([L)spin) = 0 € Q%P"(Bmy(L)). This means that also uz,([L]xo) = 0 €
KO(Bm (L)) and o([L]spin) = 0 € KO(C*(m1(L)). Because m (M) satisfies
the Rosenberg-Stolz conditions, it follows that L automatically has positive
scalar curvature, even if the original manifold M does not.

Actually, Bolotov and Dranishnikov need the fact that L is psc only to
show that ur,([L],) = 0 € ko(Bm(L)). And this follows directly from
U, ([L)spin) = 0 € Q%P"(Bm (L)), again independent of whether or not M
is psc.

Therefore, the same argument could also be applied to M = T**#CP",
the manifold of [Example 4.2.1] for which the statement is false. Assuming
that mathematics is consistent, the proof has to be wrong. In the final version
of their article ([BD16]) Bolotov and Dranishnikov abandoned the argument
altogether.

4.2 The S'-bundle construction

Although the proof as a whole is flawed, Bolotov and Dranishnikov’s argument
in|Proposition 4.1.10/includes the following interesting idea: If a manifold is not
Spin but Spin®, then we can form an S*-principal bundle over the manifold that
does allow a Spin-structure. The index obstruction can be computed for this
bundle. Finally, a differential geometry argument shows that any obstruction
against positive scalar curvature on the bundle is also an obstruction for the
original manifold.

If this argument could provide non-vanishing obstructions against psc, it
could possibly give new results about some manifolds where none of the clas-
sical methods works, including the following motivating example.

Example 4.2.1. Let M = T2#CP®, the connected sum of a torus with a
complex projective space. By computing the Stiefel-Whitney classes wy and
W3 one can see that CPY is not Spin but Spin®, and that the same is true for
M and M. In fact, M is perhaps the simplest example of a Spin® manifold
with non-trivial fundamental group and non-spin universal covering.

Because M has a non-trivial fundamental group, [Iheorem 2.1.6| does not
apply. Since the dimension is > 7, the original theorem of Schoen and Yau
does not work. Finally, M is not Spin, hence index theory cannot be applied.
In fact, it is not known (pending Schoen and Yau’s latest preprint [SY17]), if
M admits a psc metric, although it is expected that it does not. A




THE S'-BUNDLE CONSTRUCTION 25

We consider now a general closed Spin® manifold M such that M is not
Spin. The bundle construction works as follows: The obstruction against the
existence of a Spin-structure on the tangent bundle of an orientable mani-
fold M is the second Stiefel-Whitney class wy € H*(M;Zs,), and if M admits
a Spin®-structure, then the obstruction lifts to H%(M;Z).

But H%(M;Z) also classifies the S'-principal bundles over M, since the
Eilenberg-MacLane space K(Z,2) = CP> is also the classifying space for
St-bundles. Therefore, any lift wy, € H*(M;Z) of wy defines an S'-bundle
. L — M.

Lemma 4.2.2. L is a Spin manifold.

Proof. L is the boundary of the corresponding disk bundle 77: L — M sitting
inside the complex line bundle L° — M. The tangent space of this disk
bundle is the direct sum T'D = 75 (T'M & L°). But the Stiefel-Whitney class
for L° is just the mod 2 reduction of the Euler class w,, that is we(7T'M). And
wi(TM) =w(L°) =0.

Therefore,
wo(TL) = mp," (wo(TM & L°))
= 7" (wo(TM) + wa (L))
= 7" (wa(TM) + wo(T'M))
=7.*(0) =0 € H*(L; Zy).

This means that the disk bundle has a Spin-structure, hence the S'-bundle
as its boundary also has a Spin-structure. [

Finally, we have to see that if M admits a metric of positive scalar curva-
ture, then so does L. To do this, fix a metric gy; of positive scalar curvature
on M, an S'-invariant metric gg1 on S!, and use a partition of unity to ob-
tain a principal S'-connection on L — M. Then by Vilms’ theorem ([Bes08,
9.59]) there exists a unique metric g, on L such that (L,gr) — (M, guy) is a
Riemannian submersion, g; restricts to gs1 on the fibers and the horizontal
distribution of the submersion is given by the principal connection.

If one multiplies the metric gs1 by some constant ¢ > 0, then the resulting
metric gr, changes with ¢. This is called the canonical variation. The scalar
curvature of L can be computed as follows ([Bes08|, 9.70d]):

Theorem 4.2.3. Let kg1 and ky; denote the scalar curvatures on the fiber
and base space of a Riemannian submersion with totally geodesic fibers, and
let K% be the scalar curvature of the total space as a function of the scaling
by t.

Then it holds:

/-stL:;-/iSmL/fMOWL—t-\A]Q,

where A is a tensor field on M that is obtained from gy att = 1.
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Because kg1 = 0, |A]? is bounded and ; is bounded below by some € > 0,
it follows that x; > 0 for ¢ > 0 sufficiently small. Geometrically, this means
that the fiber is made small.

Remark 4.2.4. [Theorem 4.2.3| could also be applied to fiber bundles with
a different fiber than S (if it can be made a totally geodesic Riemannian
submersion). But it is important that S' admits a metric of vanishing scalar
curvature, such that the summand 1/t - kg1 does not blow up.

And it is important that S' does not admit a metric of positive scalar
curvature because otherwise, by starting with this metric and then making ¢
small, one would always get a psc metric on L, independent of (M, g). A

One obvious problem with the circle bundle construction is that L is the
Spin-boundary of the associated disk bundle and therefore represents zero in
both Q%" (pt) and Q%™ (BT;(M)). Since the index map factors through Spin
bordism, it follows that the obstruction must be zero in KO(C*(I'y(M))). In
fact, if m (L) = m (M), then Wiemeler showed ([Wiel6, 1.5]) that L admits a
non-St-invariant psc metric.

Things are much less clear, however, when (L) differs from (M) and
when one takes the index in KO(C*(m(L))). In this case the disk bundle
associated to L does not provide a singular null-bordism of L — B (L). And
in the case where the manifold M is Spin there are simple examples, like the
trivial S'-bundle over a torus, where the Rosenberg index does not vanish for

the bundle.

4.3 The fundamental group of the S'-bundle

Let, as before, M be a Spin® manifold such that M is not Spin, and let
71 L — M be an S'-bundle such that L is Spin. In this section we investigate
the fundamental group (L), which depends on the S'-bundle, and which
plays a crucial role for the question when the index obstruction a([L]spin) €

KO(C*(m(L))) vanishes.

Lemma 4.3.1. Let M be a closed manifold with universal covering p: M —

M, such that M is Spin® but neither M nor M are Spin. Let L — M be an
St-bundle over M such that L is Spin, and let x;, € H*(M;Z) be the element
that classifies L.

Then w1 (L) is a central extension of w1 (M) by a finite odd cyclic group Z,,.
Here n is the largest integer k such that p37*(xr) =0 € HQ(M; Zy,).

Proof. From the long exact sequence of the fibration S' — L — M
o (M) — 1 (SY) — m (L) — m (M) — m(St) — ...

it follows that 71(L) is an extension of (M) by a quotient of m;(S!) = Z.
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To see that this is a central extension, consider the restriction of the S!-
bundle to the 1-skeleton of M. This is the trivial S'-bundle S* x MM, Every
element in 7;(M) can be represented by a map S* — M® which can then
be lifted to {pt} x MM c S' x MM < L. All of these lifts commute in
71 (St x MW) with the generator of m(S'), and this still holds true in (L),
which is a quotient of 7, (ST x M1).

To find n we have to consider the map 0y: (M) — m(S) = Z of the
long exact sequence above. This map is precisely the evaluation map of the
homomorphism

pif () € HA(M;Z) = Hom(Hy(M, Z)) = Hom(mo (M), Z).

Indeed, when ¢: S? — M represents an element [¢] € mo(M), let mp/: L' —
S? be the pullback of L — M along ¢. L' is the S'-bundle classified by
¢*(z) € H*(S*%Z).
L' —— L

L]

S?2 —— M

The identification 7;(S?) & Z is made with the same isomorphism that was
used for the correspondence of S'-bundles with elements in H?(+;Z) (coming
from a choice of orientation on the fibre of the canonical bundle over CP>),
and the identification m(S?) = Z is made with the same isomorphism that
was used in the Hurewicz map above. Then 0([¢]) = 0a2(¢«(1)) = ¢.(02(1)),

which is equal to the generator of 7;(S*) multiplied with the evaluation of =

on [¢].

But now Im(dy: mo(M) — m1(S)) is the same as Im(p37*(z): Hy(M;Z) —
Z), which is the submodule of Z generated by the largest integer k& such that
pif(x) = 0 € HA(M;Zy).

Finally, the condition that M is not Spin means that P (w) # 0 €
H2(M; Zs), hence py*(z) € Hom(H2(M; 7),7) must assume an odd value
on some homology element. But then the image of 0y: mo(M) — m1(S?) is
generated by an odd element. O]

This implies the following corollary about the set of Spin-structures on L:

Corollary 4.3.2. Let m,: L — M be as above and let L be the disk bundle
associated to L. The map

{ Spin-structures on L} — {Spin-structures on L}

induced by taking the boundary of the disk bundle is a bijection.

Proof. The set of Spin-structures has a free transitive action of H'(-;Z,)
and this action is compatible with taking boundaries. Therefore, it suffices
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to show that mp*: H'(L;Zy) — H'(L;Zy) is a bijection. But H'(-;Zy) =
Hom(m(-),Zs). And because n is odd, the kernel of every homomorphism
m (L) — Zo must contain the kernel of the extension Z,, — m (L) — m (M).
Hence every homomorphism (L) — Z is the pullback of a (unique) homo-
morphism (L) = m (M) — Zy under the inclusion L C L. O

The isomorphism classes of central group extensions

0 > Lo, > I > I > 0

correspond to elements in H?(I';Z,,). This is usually described in the language
of 2-cocycles on the group I' (see [Bro82], IV.3). But the correspondence can
also be seen in the picture of classifying spaces:

By [Mil56l, 3.1] every model for the Eilenberg-MacLane space K(Z,,2) that
has countably many cells can be seen as the base space of a classifying bundle
E — K(Z,,2) for principal bundles of a certain topological group G, which by
the long exact sequence of homotopy groups has to be homotopy equivalent to
BZ,.

For ¢: BI' — K(Z,,2) a representative of an element [¢p] € H*(BT;Z,),
the pullback ¢*(FE) is aspherical. As in the proof of one sees that
the map m(¢*(E)) — m (BI') induced by the projection is a central extension
of I' by Z,.

Lemma 4.3.3. The central extension m(¢*(E)) — m(BT) is given by the
element [¢] € H*(BT'; Zy,).

Proof. For simplicity we choose a model for BI" with one 1-cell for every group
element and one 2-cell for every relation g;9o = g3. We also assume that
K(Z,,2) has a base point pt, a trivial 1-skeleton and a single 2-cell, and that
the map ¢ is cellular. Consider now the following diagram of maps between
pairs of spaces, where the vertical maps are the bundle projections:

(¢"(B), 7} ) (BTW)) —— (E,BLZ,)

lﬂd)* (B) lﬂ'E

(BI,BI) —*—— (K(Z,,2), pt)

¢ maps the 1-skeleton of BT to the base point of K(Z,,2), and this de-
fines a trivialization of ¢*(E) over the 1-skeleton, which in turn defines a
set-theoretical section s: I' — 71(¢*(£)). The 2-cocycle determined by this
section is defined as £(g1, g2) = £(91)€(92)€(g192)*. To find its value on (g1, go)
we consider the 2-cell D of the corresponding relation. There is a trivialization
7: ¢*(E)p = D x BZ,. On 0D the difference between this trivialization and
the first trivialization is given by a map n: S — BZ,, and (g1, ¢g2) is given
by the homotopy class [n] € m(BZ,) = Zy.
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To find this value let ¥: D — ¢*(F) be the section determined by the
trivialization 7. £(gy,g2) is given by 9y o (7). o ¢.([¢]) € m(BZy) = Z,,
where [¢)] € my(D,0D) is the relative homotopy class represented by ¢ and
Oy: oK (Zn,2)) — m(BZ,,) is the boundary map of the long exact sequence.

But 0y is an isomorphism. Furthermore, by commutativity of the above
diagram,

~

() 0 u([¥]) = bu © (T4 (1))([¥1]) = (¢10)+([D, OD]) € ma(K (Zn, 2)).

This means that (g1, g2) captures the mapping degree of ¢|p. After choosing
compatible generators of H?(K(Zy,2); Z,), 72(K(Zy,2)) and 7,(BZ,,) the re-
sult is just the pullback of the 2-cocycle representing 1 € H*(K(Z,,2);Z,),
evaluated on the cell D.

This finishes the proof. n

We can now describe the central extension 7 (L) — (M) in terms of the
cohomology class z;, € H?(M;Z) that classifies L.

Lemma 4.3.4. Let L — M be an S'-bundle such that Z,, — w1 (L) — m (M)
is a central extension, and upy: M — Bri (M) a classifying map. Let further
xy € H*(M;Z) be the element that classifies the bundle L and let ju,(xr) €
H?(M;Z,) be its image under the coefficient change.

Then i, (1) has a unique lift y € H*(Bw(M);Z,,) and this lift classifies
the central extension m (L) — w1 (M).

Proof. First we lift p,(xr) to H*(Bm(M);Z,). Note that Bm (M) can be
obtained from M by attaching cells of dimension > 3. For the problem of
extending xy, to Bm (M) only the attaching of 3-cells is relevant. We have
to check that for every attaching map ¢: S — M of a 3-cell the pullback

¢* (pin (1)) is zero.

But ¢ factors through M , and |[Lemma 4.3.1| implies

" (un(z1)) = " (P37 (pn(xL))) = 0.

The lift is unique because one can assume that By (M) and M have identical
2-skeleta. Then every 2-cochain on B (M) that restricts to a coboundary
on M is already a coboundary on B (M).

Next we have to show that the lift y € H?(Bw(M);Z,) classifies the
central extension. Let K(Z,2) — K(Z,,2) be the map representing the coef-
ficient change p,: H*(-;Z) — H*(-;Z,). Because the total bundle F(Z,?2) is
contractible, the map E(Z,2) — K(Z,2) — K(Zy,2) lifts to a bundle map
E(Z,2) — E(Z,,2). By naturality of the long exact sequence of homotopy
groups this map induces a surjection on the fundamental groups of the fibers.

n () defines via pullback a BZ,-bundle L. — M and a map of fiber bun-
dles (not compatible with the group action) L — L that induces a surjection on
the fundamental groups of the fibers. Then the induced map (L) — (L)
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is a surjection. It is also an injection because the kernel is generated by n
times the generator of m;(S') and this element is already zero in (L) by
assumption. Hence m (L) = 7T1(E)

But since p,(x L) is also the pullback of vy, Lis isomorphic to the pullback
of the BZ,-bundle K — B (M) that corresponds to y. And the map L—K
induces an isomorphism of fundamental groups. Then 71 (L) & 7 (L) = m (K),
which is the central extension corresponding to y. O]

Finally, we address the question which central extensions of (M) can
be realized as the fundamental group of a Spin S'-bundle over the non-Spin
manifold M.

Theorem 4.3.5. Let M be a manifold such that M is Spin® but M s not
Spin, and let n be odd and y € H*(Bmw(M);Z,). Furthermore, assume that
there exists a map ¢: S* — M such that ¢* is surjective on H*(-;7Z).

Then the following are equivalent:

1. There exists an S'-bundle L — M such that L is Spin and m (L) is the
central extension given by y.

2. dp(un*(y)) = 0 € H¥(M;Z), where 5g is the boundary map in the Bock-
stein sequence for the change of coefficients i, : 7 — Zy,.

Proof. 1 = 2: Let x, € H*(M;Z) classify L. Then
op(un’™(y)) = dp(pa(zL)) = 0.

2 = 1 : Let dp(ua*(y)) = 0 € H3(M;Z). Then by exactness of the
Bockstein sequence there is some z; € H?(M;Z) such that up*(y) = pin(z1).
x1 is unique up to n - H?(M;Z).

Now x; defines an S'-bundle L;, but L; will not necessarily be Spin. As be-
fore let wy € H?(M;Zsy) be the obstruction against M having a Spin-structure
and let wy, € H*(M;Z) be any integral lift.

Let xo = z1 + n(wy — x1). Then p,(x2) = pn(z1) = up*(y). Furthermore,

po(22) = wo. As in|Lemma 4.2.2] it follows that the S'-bundle Ly correspond-

ing to x5 is Spin.

Finally, by [Lemma 4.3.T], we have to ensure that n is the largest integer such
that p,(p37*(x)) = 0. Let £ € H?(M; Z) be such that ¢*(§) is a fixed generator
1 € H*(S%7Z). And let x3 € H*(M;Z) be obtained from z, by adding a
multiple of 2n&, such that ¢*(x3) equals n or 2n, depending on whether or not
the pullback of T'M along ¢ is Spin.

Then the S'-bundle corresponding to x3 is also Spin and p,(x3) = up*(y)
as before. Furthermore, since ¢ factors through (Z 52 s M » le(pyf(w3)) can
only be zero if k divides 2n. But such a k also has to be odd, whence n is
indeed the largest suitable integer. Now the S'-bundle L3 corresponding to x3
is Spin, and its fundamental group is the extension of m (M) by Z,, which is
given by y. O
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Remark 4.3.6. dp(y) =0 € H*(M;Z) is a sufficient — but not necessary —
condition for dp(ur*(y)) =0 € H*(Bm(M); Z). A

Finally, the structure of the fundamental group I'" = m1(L) leads to the
first result about the index a([L]gyim) € KO(C*(IV)):

Lemma 4.3.7. Let wp: L — M as before, T' = m(M), I" = w1 (L) and uyy,
uy, classifying maps.

Then ur,,([L)spin) € QP™(BI”) has odd order.

In particular, it follows that a([L]spim) € KO(C*(I")) has odd order.

Proof. Let ¢: BIY — BI' be the map induced by the group homomorphism
q: I — I'. The proof uses spectral sequences in order to show that the map
0. QP(BIY) — Q%"(BT) becomes an isomorphism after tensoring with
Z[n71], i.e., after making n invertible.

Because @, our,([L]spin) = tnrrs 0L ([L]spin) = 0 € QP (BI), this implies
that ur,([L]spin) = 0 € Q%" (BI') ® Z[n~'] and therefore ur,([L]spin) must
be an element of odd order.

First, note that H,(BZ,, {pt};Z) consists purely of n-torsion. Hence the
collapsing map BZ,, — {pt} induces an isomorphism H,(BZ,;Z) ® Zn™'] =
H.({pt};Z) ® Z[n~']. Because Z[n~!] is a flat module over Z, it follows that

also the induced map
Tor(H, 1(BZ,;Z),A) ® Z[n™'] —— Tor(H,_1({pt}), A) ® Zn™"]

is an isomorphism for all coefficient rings A. By applying the Five Lemma to
the short exact sequence of the Universal Coefficient Theorem, using again flat-
ness, one sees that the collapsing map induces an isomorphism H,(BZ,; A) ®
Zin™Y — H.({pt}; A) @ Z[n"].

The collapsing map induces a map between the spectral sequences FE and
F converging to Q%"(BZ,) and Q%™ ({pt}), respectively. By the previ-
ous observation, the collapsing map induces an isomorphism E? @ Z[n™1] —
F? ® Z[n™'] between the second pages. Because Z[n™'] is flat, the induced
map on E? ® Z[n™'] — F? ® Z[n™'] is still an isomorphism, and the same is
true for the following pages up to E*°. The Five Lemma then shows (again
using flatness) that the collapsing map induces an isomorphism between the
iterated extensions QP"(BZ,) ® Z[n~!] and Q%" ({pt}) ® Z[n"']. As be-
fore, it follows from the Universal Coefficient Theorem that the induced map
H,(X;Q%"(BZ,))QZn"'] — H,(X; Q%" ({pt}))®Z[n"'] is an isomorphism
for any space X.

Next, consider the generalized Atiyah-Hirzebruch spectral sequences E’
and F’ converging to the Spin-bordism groups of the spaces BI” and BI,
both viewed as a fibration over BI' with fiber BZ, and {pt}, respectively.
In the case of BI" the homotopy action of the fundamental group I' on the
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fiber BZ,, is trivial because the fiber bundle, being classified by an element in
H?(BT'; Z,) is trivial over the 1-skeleton of BT.

The projection map ¢: BIY — BI' is a map of fibrations and therefore
induces a map between the spectral sequences £’ and F’. By the computation
above the induced map is an isomorphism on E”> ® Z[n™'] — F* @ Z[n™1].
Again it follows from flatness of Z[n™!] that the induced map gives an isomor-
phism on £’ ® Z[n™1] — F'*° ® Z[n~!] and finally on Q2P (BI") ® Z[n~!] —
Q%P"(BT) ® Zn™"]. O

4.4 A natural transformation from Q""" to (5rin

The S'-bundle construction as described in [Section 4.2 involves choices for the
Sl-bundle and the Spin-structure on it. In this section we will try to make
these choices canonical; the goal is to turn the bundle construction into a
natural transformation from QP to (P,

First, we consider the choice of the S'-bundle. When M is given with
a specific Spin‘-structure s¢: M — BSpin®(k), then associated to the Spin®-
structure there is a 1-dimensional complex line bundle called the determinant
bundle (see [Eri00, p. 52]). The U(1)-bundle inside the determinant bundle is
classified by the pullback along s¢ of a generator e, € H*(BSpin®(k);Z) (the
choice of the generator corresponds to the choice of orientation on S'). Since
(s9)*(er) = wo(T'M) mod 2, the corresponding S'-bundle 7y: L — M allows
a Spin-structure.

When we fix an orientation on the group S* acting on L, this determines an
orientation on L. However, the Spin-structure on L is not determined by the
Spin‘-structure on M. For example, when M = S! with a given orientation,
there is only one Spin‘-structure on M, but there are four Spin-structures on
the total space of the induced bundle L = T? — M. Motivated by
we want to restrict ourselves to Spin-structures that are the bound-
ary of Spin-structures on the determinant bundle. But for M = S! that still
leaves two options.

Before we consider this further, however, we must also deal with a second
problem, which is that the bundle L. — M is Spin-null-bordant. In partic-
ular, for any choice of Spin-structures on the determinant bundle the map
QS — QP () given by (M, f) + (L, f omy) is the zero map. This
problem can be circumvented by mapping Q"°(-) not into Q5¥7(-) but into
Q" (- x BZ,,) for some fixed odd n. Here Q%" (- x BZ,) is a functor, mapping
f: X =Y to(fxid),: Q¥"(X x BZ,) — Q™Y x BZy,).

In order to implement this, we start by fixing once and for all an odd
number n € N, n > 1, and generators ¢, € H*(BSpin®; Z). We do this in such
a way that ep.; maps to e, under the map induced by the canonical inclusion
i : BSpin©(k) — BSpin‘(k + 1).
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Then for all & € N the element n - e, € H*(BSpin©(k);Z) classifies an S'-
bundle K — BSpin(k). It satisfies 71 (K}) = Z,, and we fix a classifying map
(up to homotopy) uy: Ky — BZ,. Kj is isomorphic to the pullback bundle
Yi(Kg41) and we choose the maps uy, in such a way that uy factors through
Uk41-

If now (M, s, f) is a manifold with Spin‘-structure s*: M — BSpin®(k)
and a singular map f: M — X, welet 7y, L — M be the pullback of K} along
s¢ and we let L — X x BZ, be the map f o m, X uy, o s¢, where s¢: L — Kj,
is the map of the pullback. This construction is compatible with passing to
stable Spin‘-structures.

The Spin-structure on L has yet to be determined and we have yet to show
that the construction is compatible with the bordism relation. But first we

give two examples that show that the construction can produce non-trivial
elements in Q%" (X x BZ,).

Example 4.4.1. If f: M = pt — X = pt, then the above procedure yields

|:7Z: (Sla Sbord) — BZn < prm(BZn)

where sy,.q is the bordant Spin-structure and 12 the inclusion of the 1-skeleton
BZ,".
This is a non-zero element of Q%7"(BZ,). A

Example 4.4.2. If f =id: M = S' — X = 8!, then the procedure yields
x = [(id,9): (' x S, 5) = S x an]

where s is the bordant Spin-structure on the first S! factor and not yet deter-
mined on the second factor.

The projection S! x BZ, — BZ, and the inclusion BZ, — S! x BZ,
induce a splitting Q57" (S' x BZ,) = QP"(BZ,) ® Q5" (XBZ,). We show
that for both possible choices of s the bordism class x is non-zero in the second
summand, which means that the map Q7™ (S1) — Q57" (S! x BZ,) given by
our construction does not factor through Q57" (BZ,).

Indeed, the boundary map of the Mayer-Vietoris sequence induces an iso-
morphism 9: Q5" (LBZ,) = Q""(BZ,), and to compute d(x) we have to
restrict (id,?)) to the preimage of {pt} x BZ, C S x BZ,. This means

~

that d(x) = [1/): (SL, Spora) — BZH} , which is non-zero by the previous exam-
ple. A

We have to check that it is possible to choose the Spin-structure on the
Sl-bundles in a consistent way. This is a serious issue as the following related
problem shows:

Problem 4.4.3. Letn € N be fized. For every Spin® manifold (M, s°) choose
on the S*-bundle L,,, produced from (M, s¢) by the above construction, a Spin-
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structure s (and therefore a Spin orientation [Ly)spim € Q7™ (L,)), such that
the following condition is fulfilled:
For every S*-bundle map

L, —25 1/

L

M —2 M
D, ([Ly)spin) = 0 € Q%" (L') holds whenever ®,([M]gpinc) = 0 € Q™ (M").
Theorem 4.4.4. There is no solution to this problem.

Proof. Consider the case M = T? with the Spin°-structure corresponding to
a trivial bundle L,, — M. And consider three maps 5170, 5071 and 51,1 from
M to S'. The first map is the projection onto the first S factor of M, the
second the projection onto the second factor, and the third is the product of
these two, using the group structure of S'. Let ®. . = ®. x id: L, — S* x S*
be the corresponding maps between the total spaces of the bundles.

In all three cases the induced map on Q%" sends the class [M]gpinc to
0 € QP (S) = QP (pt) ® Q™ (pt). The image of [M]gpime in Q7™ (pt)
is zero because M is null-bordant and Q7™ (pt) = 0.

Now let s’ be any chosen Spin-structure on L, = T? x S' and [L,]spm
the corresponding Spin-orientation. The fixed orientation on the S'-fiber de-
termines a trivialization of the normal bundle of M x pt C L,. Let s’ be
the induced Spin-structure on M and [M]gp:, the corresponding orientation
class. Consider (®..), ([Lnlspmn) € Q57"(S* x S1) = Q§F"(S*) @ Q5" (SY),
where the direct sum decomposition is made along the S'-factor that is the
fiber of the bundle S' x S* — 8. The image of [L,]spn in the second
summand is obtained by restricting ®.. to the preimage of S* x pt, yielding
(3.).([M]spin) € 257" (S").

After a second decomposition Q57" (S?) = Q5P (pt) & Q" (pt) the image
of [M]gpin in the summand Q5P (pt) is again obtained by restricting ®.. to
the preimage of some point, which is a circle with either the bording or the
non-bording Spin-structure. The problem demands that the image of [L,] gy
has to be zero for all three maps. In particular, it has to be zero in the
summand pr "(pt), which means that for all three maps ®.. the restriction
to the preimage (5.,.)_1(pt) C (M,s) must be the circle with the bordant
Spin-structure.

Since M is parallelizable, the bundle Pso(M) of oriented orthonormal
frames in T'M is trivializable. A trivialization &: Pso(M) — M x SO(2)
determines a Spin-structure Pgy;, (M) = M x Spin — M x SO = Pgo(M),
and by retrivializing with a suitable map M — SO(2) we can achieve that the
determined Spin-structure is s. When S is any of the three preimage circles,
we choose an orientation of the normal bundle v(S) of S C T? Then the
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induced Spin-structure on S is determined by &g which is a trivialization for
the bundle of oriented orthonormal frames in 7'S @& v(S) = T'S & (S x R).
We can compare §|s to the trivialization 7 that comes from the decomposition
TSev(S)=(SxR)& (S xR) (where the orientation is chosen to match that
of £) and determines the non-bordant (S'-equivariant) Spin-structure.

The difference between the trivializations ¢ and 7 is given by a map
a(S): S — SO(2). The two trivializations determine the same Spin-structure
on S iff the induced map a(S),: m(S) = m(SO(2)) — Zs is trivial, such that
it can be lifted to o/(S): S — Spin(2). Therefore, the induced Spin-structure
on S is the bordant one iff a(S),(1) # 0 € Z,. Thinking of S as an immersed
circle, this property does not change under regular homotopies. But we can
homotope the preimage circles S, So,1, 51,1 such that S ; follows the path of
first Sp1 and then S . This means that a(S11). = a(So01)« + @(S1,0).. Hence
at least one of the three maps has to be trivial and at least one of the three
preimage circles is not Spin-null-bordant. This gives a contradiction. O]

Although |[Problem 4.4.3| has a negative answer, there is still a way out: In
the counterexample of the above proof we were working with Q%™ (L/), but in
the actual setting we only have QP (M’ x BZ,), losing some information.

Theorem 4.4.5. Let (f o, X 12) L, — X x BZ, be constructed from a
singular Spin® manifold (f: (M, s®) — X) as explained above.

Then the bordism class (f oy, X @)*([Ln]spm) € Q% (X x BZ,) does not
depend on the choice of the (bordant along the S*-fiber) Spin-structure on L.

Proof. Let [Ly]y and [L,]2 be the Spin orientations corresponding to two differ-
ent Spin-structures on L,,. Then [L,]; —[L,]2 and hence (f o7y, X @)*([Ln]l)—
(fomp, % @Z)*([Ln]g) lies in the kernel of the natural transformation : Q%" —
%Y. Furthermore, since both Spin-structures on L,, are induced from a Spin-
structure on the corresponding disk bundle, both [L,]; and [L,]2 map to zero
in Q%" (X), which means that (f ow, X ), ([La1) — (f o, x ), ([Ln2)
lies in the kernel of the map pr,: Q%" (X x BZ,) — Q%" (X).

The proof of also works in this situation to show that every
element in Ker(pr,) has odd order. Similarly, we now show that every element
in the kernel of n has order 2™ for some m € N. Both results together imply
the claim.

To see that every element of Ker(n) has order 2™, we note that the map
n(pt): Q" (pt) — Q°(pt)

becomes an isomorphism after inverting 2 (see [LM89, I1.2]). For a general
space X we use the Atiyah-Hirzebruch spectral sequences

E, = H;(OGQM (p) = QP™(X),  Ef, = Hi(XG 900 (pt)) = Q%9(X).

The natural transformation 7 induces a map between these spectral se-
quences. This map is an isomorphism on E? ® Z[27'] — E”> @ Z[27!]. Since
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Z[271] is a flat module over Z, it is still an isomorphism on E? ® Z[27!] —
E? @ Z[27'] and on the following pages up to E*. The Five Lemma then
shows (again using flatness) that 7 is an isomorphism even between the iter-
ated extensions Q%P (X) ® Z[271] — Q59 (X) ® Z[271]. O

This result means that the choice of the Spin-structure on the S'-bundle in
our construction is irrelevant. For every topological space X we now define the
map 7'(X) from the set of isomorphism classes of singular Spin“-manifolds in
X to the bordism group Q%" (X x BZ,) by sending (M, s¢, f) to the bordism
class [Ly, s, f o7, X ug, o 5% € Q%"(X x BZ,), where 7, : L, — M is the
bundle constructed above, f o7, X ug, o ¢ the map constructed above, and
s is any Spin-structure on L.

If (M, s§, f) is the boundary of a singular Spin“-manifold (W, s, F'), then
T((M, s, f)) is the oriented boundary of the Spin-manifold T'((W, s§;,, F')), and
we can rechoose the Spin-structure on T'((M, sS;, f)) such that it is even the
Spin-boundary. This means that 7'(X) sends bordant manifolds to zero and
thus defines a map

QP (X)) — QX x BZy,).

This map is natural because the singular map f: M — X is not used in the
construction of the S*-bundle, and it is compatible with the group addition
[My, 8§, il + [Ma, 85, fo] = [My U Ma, 57U s5, f1 U fa].

It also respects the boundary map of the Mayer-Vietoris exact sequence.
Indeed, a Mayer-Vietoris decomposition X = AU B induces a decomposition
X xBZ, = (AxBZ,)U(B xBZ,). If (M, s, f) is a singular Spin°-manifold
on X and N C M a codimension-1 submanifold such that f(N) C AN B,
then (M', f") = T((M, s, f)) is a singular Spin-manifold on X x BZ, and
(N, f|’N,) = T((N, S{ys fin)) is a codimension-1 submanifold inside it with
f'(N) C (A x BZ,) N (B x BZ,). The Mayer-Vietoris boundary map sends
[M, 5%, f] to [N, sy, fin] and [M’, f'] to [N', fiy.], and thus commutes with the
natural transformation induced by 7.

In summary we have shown:

Theorem 4.4.6. For every odd number n € N, n > 1, there is a non-trivial
natural transformation of homology theories QP™(-) — QP (- x BZ,).

Remark 4.4.7. The construction always leads to an S'-bundle that corre-
sponds to an element in n - H*(M;Z), with n odd. In the remaining sections
we will again work in the most general setting where the S'-bundle and the
Spin-structure on it may be arbitrary. A

4.5 Rosenberg’s example

The result of is somewhat disheartening — any obstruction that
arises from the S!'-bundle construction would have to be quite subtle. The



ROSENBERG’S EXAMPLE 37

following example, due to Rosenberg ([Ros86]), deals with a very similar situ-
ation where such subtleties may occur. It shows that a non-psc manifold may
have a finite, n-fold covering that is psc, even when n is odd.

Consider the group G = Z? x4 Z where Z acts on Z? via the matrix

A= (‘} ‘é) € SL(2,7).

As BG one can take the 2-torus bundle over S* with twist given by A.

The homology groups H,.(BG;Z) can be computed directly: BG can be
decomposed into two parts by cutting S* along two points and cutting BG —
St accordingly. The Mayer-Vietoris sequence is

—— H\(T?) @ H,(T?) —2— H,(T?) & H,(T?) —— H,(BG) 7

L H,_(T?) & H,_1(T?) 2 H,_(T?) & H,_,(T2) — H,_(BG) —

1 1

with A = (1 A ) We may simplify this to

L —— H,(T?) =% H,(T?) —— H,(BG) 7

[—> H,_1(T?) 225 H, ((T?) —— H, (BG) —— ...

a special case of the Wang sequence.

Here A, = det(A) = 1 in degree n = 2 and in degree n = 1 the map A, —1
is injective with a cokernel of order 3. The only non-trivial extension problem
is that for H;, which is the abelianization of G, i.e., Z & Z3. We compute:

Hy(BG;Z)=7; H\(BG,Z)=7®Zs; Hy(BG;Z)=17Z; H3BG;Z)="17

The E? page of the Atiyah-Hirzebruch spectral sequence that converges to
KO,(BG) looks like this:

510 0 0 0
4 Ze|Zs| Z
30 0 0 0
2| Zp Zs Zs Zs
1 Zo Zig Lo Loy
0 Zols T
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The E? page of the Atiyah-Hirzebruch spectral sequence that converges to
Q%P (BG) looks the same in the region that is shown here because the first
few coefficients of the two homology theories coincide. Moreover, the natural
transformation Q5P (X) — KO,,(X) is a bijection for X = pt and -3 <n <7
(In [Mil63] Milnor gives generators for Q5P (pt), n < 8, and by [LMS89, Section
I1.7] these map bijectively onto the generators of KO(pt)).

The entry El2 4 = L@Zs survives to the E* page and therefore is a subgroup

of Q""" (BG):

0 — Z&®Zs — QFP"(BG) s Lo

o

In E7, = Hy(BG; Q5P (pt)) there is an element of order 3, which can be
represented by a singular Spin manifold [f: M — BG]. By performing 0- and
1- surgery on M, we can arrange for f to induce an isomorphism of fundamental
groups without changing the bordism class [M, f] € Q%" (BG).

Therefore, f.([M]ko) € KO5;(BG) has order 3. Since the group G is
torsion-free and solvable, it follows ([Ros86], 1.5) that the assembly map
KO.(BG) — KO*(C}(@)) is an isomorphism. Hence the Rosenberg index
does not vanish for M and M is not psc.

Because A3 = 1, Z* embeds into G as a subgroup of index 3. Thus
prs: T2 — BG is a threefold covering. Let M’ be the pullback of this covering:

ML e

| Jpm

M~ BG
Then [M', f'] = prs'([M, f]) € Q%™(T3) is the image under the transfer
homomorphism and must also have order three. But Q%*(T?) does not contain
elements of odd torsion, so [M’, f'] = 0 € Q%™ (T?). Because f’ is a classifying
map for the universal covering of M’, it follows that a([M']spin) = 0. By
|Theorem 2.4.5it follows further that M’ admits a psc metric.

4.6 The operator algebra side

As before let L — M be a Spin circle-bundle over a Spin® manifold with M
non-Spin, and let IV — I' be the induced central extension of fundamental
groups. In it was shown that the index «([L]spin) must always
have odd torsion.

In this section we look at the algebra C*(I") in order to determine when
KO(C*(I")) can contain odd torsion and when it cannot. In this section we
take C*(I') to be the reduced group C*-algebra. We think of it as a Real
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C*-algebra, that is, as a complex C*-algebra with a given involution 7 (see
[HROO, Appendix B]).

Because Z,, is a central subgroup of I, there is a (non-real) homomorphism
¢: O Y ochen) = CF(Zn) = Z(CH(T))

from the algebra of continuous C-valued functions on the spectrum o(C[Z,]) C
C into the center of C*(I'). In particular, there exist in C(I') n central
projections p; = n -3, ;- e"/m2mis, with the property that > ez, i = L.
Therefore, C*(I") splits as a complex C*-algebra into

Cr(I') = D p,CH(T).

J€Ln

The involution 7 maps p; to p_;. Hence it maps p,;C;(I") bijectively onto
p—;Cx(I"). As a Real C*-algebra C}(I") splits into

G =pCi e @ ,Cr(1) ®p_,CiI).

0<j<n/2

In K-theory this becomes

(41)  KO(CH(I") = KO(pCi(I) & €D KO(p;Cr (') © p—;Cr (L)),

0<j<n/2

The map ¢.: Ci(I") — C*(I') induced by ¢: I — I' (the induced map
exists, because the kernel of the group extension is finite) is surjective because
q is surjective (and C*-homomorphisms have closed images). It sends py to 1 €
CH(I") and p; to 0 for j # 0. Restricted to poC;(I"”) the map is injective because
it is injective on the dense subspace pyC[I"]. Therefore, poC}(I") = C*(I') as
Real C*-algebras and in the decomposition of the map g is just
the projection onto the first summand.

On the topological side, the push-forward wup,([L]xo) € KO(BI”) gets
mapped to zero under the map KO(BI") — KO(BI'). Since the assembly
map is natural, the index must be zero in the summand KO(C}(I')). This
only leaves the summands KO(p,;C;(I") & p_;C/(I')). Because the involution
exchanges p,;C(I'") and p_;C;(I"), these groups are isomorphic to the complex
K-theory groups K (p;Cx(I")).

The complex C*-algebra p;C;(I") can be viewed as a twisted group C*-
algebra of the group T'.

Definition 4.6.1. Let G be a discrete group and w: GxG — T a 2-cocycle on
G (i.e., w(s, t)w(r, st) = w(r, s)w(rs,t), w(l,s) =w(s,1) =1 forallr, s, t € G).
The algebraic twisted group algebra C[G;w] is defined as the vector space of
finitely supported functions from G to C, with multiplication and involution
given by
g O0n = w(g,h)gn, 0, = w(g,g ") Gy
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The left-reqular w-representation of C[G;w] on (*(G) is given by (the linear
extension of)

dg.0n, = w(g, h)dg

The reduced twisted group algebra C}(G;w) is the completion of C[I';w]
with respect to the left-regular w-representation. A

If two cocycles wy,ws are cohomologous, the resulting C*-algebras are iso-
morphic.
The following is a special case of a classical result (see, e.g., [ELG9, Section

3]).

Lemma 4.6.2. Let IV — T" be a central extension of a discrete group by a
finite cyclic group Z,,, and let p; be the central projections in C}(I") as above.

Then p;C(I") is (isomorphic to) a twisted group C*-algebra C}(I'; w;) with
the twist w; determined by the cohomology class that classifies the central ex-
tension.

Proof. Let s: I' — I be any (set-theoretic) split of the quotient map ¢: IV —
[Cand let & T X T — Zy,, £(71,72) = s(71)s(72)(s(7172)) ™! be the resulting
cocycle, representing the extension IV — I' (see [Bro82, IV.3]). s extends
linearly to a (non-multiplicative) map between the group algebras C[I'] and
C[I"]. The (non-multiplicative) linear maps n;: C[I'l — p;C[I"] defined by
d, > p;s(7) are bijective. The multiplication transforms in the following way:

nj((s’n) ’ 77]'(6’}'2) =Dj- 5(6’71> ) 5(6’72>
=Dj- 5(’717 72) ’ 3(57172)

— el €(mn2)2mi/j pj 3(57172)

= €j~€('y1,'yz)-27ri/j . 7/]] (57172)

Therefore, p;C[I"] can be identified with the twisted group algebra C[I';wj]
where w; € Z(I'; T) is the cocycle j - &.

The C*-algebra p;C(I") is the completion of p;C[I"] with respect to the
left action on the Hilbert space p;¢*(I"). Because 7, is an isometry up to a
factor of y/n, it extends to an isomorphism of Hilbert spaces betweeen £2(T")
and p;¢*(T”). With this identification the action satisfies

1j(05,)-05, = wj(71,72) * Oyims-
Therefore, the left-regular action p;,C[I"] ~ p;¢*(I") is equivalent to the
left-regular wj-representation of C[I';w;]. Hence p,C(I") = C}(I'; w;). O

For the K-theory of twisted group C*-algebras there is the following result
(proved in [ELPW10, Theorem 0.3] for locally compact groups).

Theorem 4.6.3. Let wi,wy € Z2(I;T) be homotopic cocycles and assume
that I satisfies the Baum-Connes conjecture with coefficients.

Then K, (CHT;wy)) =2 K (CHI;we)).
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This theorem can be applied to the motivating [Example 4.2.1]

Lemma 4.6.4. For M = CP¥*#T* the circle bundle construction never
gives a non-vanishing obstruction.

Proof. By a([L]spin) must be an element of odd order. Hence it
suffices to show that KO(C!(I")) = KO(CK(I")) & @ K(C}(I';w;)) does not
contain odd torsion.

The group I' = Z* is amenable and hence ([HKOI, Theorem 1.1]) satis-
fies the Baum-Connes conjecture with coefficients. Furthermore, we have the
following commutative diagram, where all maps are changes of coefficients:

HX(T:7) —— H*T:Z,)

| |

H?(T;R) —— H*(T;T)

The twists w; € H*(I;T) come from H*(T;Z,). For I' = Z* the top
horizontal map is surjective. Therefore, the w; can be lifted to H*(T';Z) and
hence to H?(I'; R). There, every cocycle is null-homotopic via the homotopy
w;(t) =1t-wj, t € [0,1]. Therefore, by the previous theorem,

KO.(C}(I") 2 KO.(C(D)) & @ K.(C; () = KO*(T*) & ) K*(T*),

which does not contain odd torsion. O

It is clear that this reasoning also works for many other examples of circle
bundles. It does not apply if either KO(C*(I")) contains odd torsion, or the
Bockstein map H*(T';Z,) — H3(I';Z) is non-zero, or I' does not satisfy the
Baum-Connes conjecture with coefficients.

4.7 Vanishing of the index

As before let 7y : L — M be a Spin circle bundle over a closed Spin® manifold
with M non-Spin. And let I' = m (M), I'' = 71 (L) be the fundamental groups.
[ is a central extension of I' by a finite cyclic group.

We will now show that the Rosenberg index of the bundle L always vanishes.
Therefore, no index-theoretic obstruction against positive scalar curvature can
be obtained from the bundle construction. The proof requires equivariant
bordism groups and equivariant K-homology groups, which we briefly recall.

The equivariant viewpoint

Definition 4.7.1. Let M be a smooth manifold and I' ~ M a proper action
of a discrete group. In this case there exists a ['-invariant Riemannian metric
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on M and hence the derivative of the action defines an action of I' on the
O(n)-bundle Py of orthonormal frames in 7M.

A T'-Spin-structure on T'M consists of a principal Spin(n)-bundle Pg,;,, an
action I' ~ Pgp;, and a ['-equivariant bundle map Pgyi, — Po that restricts
in each fiber to the canonical map Spin(n) — O(n). Two Spin-structures
Pspin — Po and Pg,;, — Po are equivalent if there is an equivariant bundle
isomorphism Pgy;,, — Pépm that is compatible with the maps to FPo. A

As in the non-equivariant case we can pass to stable Spin-structures. If the
[-manifold M has a boundary, then we can stabilize TOM by adding to it the
normal bundle of 9M C M, which is canonically identified with OM x R. Then
the restriction of a I'-Spin-structure on T'M to OM defines a I'-Spin-structure
on TOM @ (OM x R).

Example 4.7.2. If M is the universal covering of the closed manifold M and
s: Pgyin — Ppis a Spin-structure on M, then the bundle of orthonormal frames

on TM can be identified with the pullback Po X M , and the Spin-structure

s defines a 71 (M)-Spin-structure on M given by Psyi, Xy M — Po X M.
In the other direction, if a 1 (M)-Spin-structure on M is given, then by

quotienting out the (M )-action one gets a Spin-structure on M. A

The equivariant Spin-bordism groups are now defined analogously to
fnition 2.3.11

Definition 4.7.3. Let X be a topological space and I' ~ X a proper action
of a discrete group.

The equivariant Spin-bordism group Q} (X) is the abelian group of bordism
classes of T-equivariant maps (M, s) — X, where M is a I'-compact, proper
[-manifold of dimension k, without boundary, and s is a I'-Spin-structure on

M. JAN

There is also an equivariant version of geometric K-homology that is equiv-
alent to the analytic version. It is the equivariant analogue of [Definition 2.3.3|
See [BHS10] for a complete definition, the proof of equivalence in the complex
case (the real case is analogous, see their Remark 4.1) and the relation to the
Baum-Connes map. See also [BOOSW10] and |[GMW].

Definition 4.7.4. Let (X, A) be a pair of topological spaces and I' ~ (X, A)
a proper action of a discrete group. Elements of K OE(X , A) are represented
by quadruples (M, s, E, f), where M is a I'-compact, proper I-manifold of
dimension n mod 8, s is a I'-Spin-structure on M, E — M a real I'-vector
bundle and f: M — X a continuous I'-equivariant map such that f(OM) C A.
The equivalence relation is generated by:

1. Direct sum of vector bundles equals disjoint union
2. Equivariant bordism

3. Equivariant vector bundle modification
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A

As in the non-equivariant case there is the natural transformation that
sends [M, s, f] € QL(X) to [M,s, M x R, f] € KOL(X).

Furthermore, as expected for equivariant homology theories (see [Liic02a])
there are induction structures on the equivariant Spin-bordism groups and the
equivariant K-homology groups: If X is a I'-space and ¢: ' — G a group
homorphism with kernel acting freely on X, then there are functorial isomor-
phisms

X)X xpG)  and  KOL(X) = KOY(X xrG).

In the special case where m(M) acts freely on the universal covering M
of a closed Spin-manifold (M,s) and ¢: m (M) — {e} is the trivial map

this correspondence sends [M, s, id] ng;”m(M) to [M,s,id] € QY (M) and
[M,s, M x R, id] € KO, (M) to [M,3,M x R,id] € KO- (M).

The vanishing of the index
As mentioned in [Section 2.4] the Rosenberg index
a: QM) — KO(C* (7 (M)))

factors through the equivariant K-homology group KO'(Ex;(M)). Here ET
denotes the classifying space for proper I'-actions (see [Liic02b], 1.28). It is
a proper I'-CW-complex, determined up to I'-equivariant homotopy by the
requirement that for every x € EI' the isotropy group I', = {g € ' | g.x =
x} is finite and for every finite subgroup H C T the fixed-point set EI'? is
contractible. It has the universal property that for every (numerably) proper
I-space X there is a unique (up to I'-homotopy) equivariant map X — ET'.

Using the equivariant setup, the Rosenberg index « is the map from the
top left to the bottom right in the following commutative diagram:

Qu(L) -----» Q' (L) —— QI (BI") —— QI (ET)

| | | |

KO,(L) ---» KO (L) — KOY (EI") — KOY'(EI") 2% KO, (C*(I"))

Here the dashed arrows denote the transfer to the equivariant theories, the
vertical arrows denote the maps from the natural transformation, BC' is the
Baum-Connes map and all other horizontal arrows are induced by the classi-
fying topological maps.

We want to show that the fundamental class [L, s, id] € Q.(L) (s being
a Spin-structure on L) is mapped to zero in KO,.(C*(I')). By the preceding
commutative diagram it suffices to show that its image in QL' (EI") is zero.
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Consider the following commutative diagram where all morphisms are in-
duced by the topological maps and the IV-action on the spaces in the bottom
row factors through I':

Q' (L) — QU(ET") — O (ED)

! J |

O (M) — QU(ET) — QL(EI)

EI' with the action I — I' ~ EI" is a proper I'-CW-complex because
the kernel of the extension IV — I is finite. Because it satisfies the necessary
requirements on the isotropy groups and the fixed point sets, it is therefore
also a model for EI”. By the universal property of EIV the map EI" — EI’
can then be taken to be the identity and therefore induces an isomorphism on
the bordism groups.

By the commutativity of the diagram it therefore suffices to show that the
image of [L]gpin vanishes in QU (M), i.e., that the singular manifold L — M is
[-equivariantly Spin-null-bordant.

The key observation is now that the universal covering L can be viewed
as an_S'-bundle over the universal covering M. Let L' be the pullback of
py: M — M and mp: L — M:

L

L ——

lpL/ lpﬂ

L2y M

Then L' — L is the covering corresponding to the subgroup Z, C I'. And
at the same time L' — M is the S'-bundle corresponding to z, = p37* (L)
(where x, € H*(M;Z) classifies the bundle L).

Lemma 4.3.1) implies z/ € n - H2(Z\7; Z). Also, H1(1\7; Z) = 0 is torsion-
free, and by the universal coefficient theorem the same is true for H Q(M AN
Therefore, let L” be the unique S*-bundle over M classified by zpr = Yn-xp €
HQ(]T/[/; Z). Then there is a well defined map L" — L"/7Z, = L' given by
quotienting out the action of Z,, C S* ~ L”. This map is a covering. Because
M is simply connected, the fundamental group m;(L”) is generated by the
inclusion of the fiber S* — L”. But this inclusion maps to a null-homotopic
circle under the covering map L” — L', thus it is itself null-homotopic. This
means that L” is simply connected and hence the universal covering of L’ and
of L. _ -

Now, the S!-bundle L — M is the boundary of the corresponding disk
bundle L. The action IV ~ L extends to L, on the zero-section of the disk
bundle it is just I' — I' ~ M. Because both L and L are connected and
the I'-action on L respects the orientation, it also respects the orientation on
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L. Tt remains to check that L can be equipped with a I"-Spin-structure that
restricts on the boundary to the Spin-structure on L.

First we check that L admits a non-equivariant Spin-structure. Indeed,
this is true for the disk bundle L of the lifted S Lbundle L'. Then, because
n is odd (this is where the assumption that M is non-Spin comes in through

Lemma 4.3.1)), z7» =z, mod 2. It follows (compare |[Lemma 4.2.2))
wy(TT) = (myz)" (wa(TM) +ws(I7)) = (mrr)" (wa(TM) + ws(L%)) = 0,

hence L is Spin. Because both L and L are simply connected, there is, when
neglecting the I action, exactly one Spin-structure s: ngm — Pso on L,

and its boundary is the unique Spin-structure s: ngm — Pgo on L. After
stabilizing we may assume that ngm and ngm are Spin(k) principal bundles
for the same k. Then ﬁgpin - ?Sp'm and taking the boundary of s just means
restricting the map to ﬁgpm. We have to lift the [-action from Pgp to Py
such that it coincides with the given (stabilized) I-action on ﬁgpm.

But both 5§ and 5 are the universal coverings of Pgo and ﬁgo, respectively.
Therefore, if we fix any point vy € f’spm C ngm, then for every v € I the
assignment vy — 7.7y extends uniquely to a map on both ngm and ngm
The resulting map IV x ngm — ngm is a group action because it is one on
the orbit of vy. It agrees with the given action on ngm and it makes the map
P Spin — Pgo equivariant.

This finishes the proof of the first part of

Theorem 4.7.5. Let M be a closed Spin® manifold such that M is not Spin
and let wp,: L — M be an S*-bundle that is Spin.
Then the Rosenberg index of L inside KO(C*(m(L))) always vanishes.

Remark 4.7.6. By interpreting the cohomology class z;, as a I'-invariant
element of Hom(7o(M),nZ) one sees that 3 = 1/n -z € Hom(my(M),Z) is
also I'-invariant. This, however, does not necessarily mean that x; € H 2(]\7 A
is the pullback of an element y € H*(M;Z) (which would be equivalent to the
corresponding S'-bundle being a pullback from a bundle over M).

In the general setting pg: X — X there are two possible reasons why
a m (X)-invariant element x € H 2(X;Z) might not be a pullback of an ele-
ment in H?(X;Z). The first reason is that 2 might have non-zero values on
ker (p)?*: Hg()z; Z) — Ho(X; Z)) This can happen when the classifying map
ux: X — Bm(X) does not induce a surjection on Hj, for example when X is
the 2-skeleton of T3. For more information see [Bro82], Theorem VII.7.9 and
Exercise 6 on the Cartan-Leray spectral sequence. This problem, however,
does not arise in the above setting: Because the coefficient ring Z is torsion-
free, x7 evaluates to zero exactly when n - 27 = z/ evaluates to zero and x,
is the pullback of xy.
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If x evaluates to zero on ker (p)?*: Ho(X:7Z) — HQ(X;Z)>, it defines an

element of Hom <Im <p)~(*: Hy(X:7Z) — Hy(X; Z)) ,Z). The second problem
that may occur is that this homomorphism might not extend to Hy(X;Z).
By the Hurewicz isomorphism Im (p;(*: Hy(X;7Z) — Ho(X: Z)) is the sub-
group of Hy(X;Z) that can be represented by singular 2-spheres, and this sub-
group in turn is precisely ker (ux,: Ha(X;Z) — Hy(Bm(X));Z)). Therefore,
the second problem may occur if Hy(Bmi(X));Z) contains torsion.
As an example take as X the 2-skeleton of the classifying space for

G=7ZX1Z, = {z,a | zaz_la_l,a”}

and let y € H*(X; Z) evaluate to 1 on the relation zaz *a™'. Then /n-p5*(y) €
H?(X;7Z) is not the pullback of any v/ € H?*(X;Z). JAN

4.8 Example for a non-psc circle bundle

Finally, we give an example where the S*-bundle produced by our construction
does not admit a psc metric. This means that the bundle construction does
not in itself remove all information pertaining to positive scalar curvature.
Instead, it will, in some cases, lead to non-psc Spin manifolds with vanishing
index-theoretical obstruction. Such manifolds have been known to exist for
some time. They are, however, considered to be the exception. The bundle
construction might be used to construct a class of examples where this behavior
occurs.

The first example for a non-psc manifold with vanishing Rosenberg index
was given by Schick in [Sch98]. Schick realizes an element of odd order inside
QSP™(B(Z* x Z3)) by a singular manifold (M, f). After doing surgery one can
assume that f is a classifying map for w1 (M). Then, because KO,(C*(Z X Z3))
does not contain odd torsion, a([M]spin) = 0 € KO5(C*(Z x Z3)). But with
the minimal hypersurface method it can be shown that M is non-psc.

Our circle bundle situation is very similar to this counterexample and we
can use essentially the same proof.

Example 4.8.1. Let M = T*#CP? and x € H?(M;Z) the element that
comes from the generator of H*(CP?;Z) = Z. The circle bundle L — M given
by 3z is a Spin manifold with fundamental group G = Z* x Zs. A

To show that L is non-psc, we first calculate (uy).([L]) € H5(BG;Z). Let
S = 83 be the transversal sphere of the connected sum M = T*#CP? and
let S x [0,1] be a neighborhood of S. Because L is a trivial S'-bundle over
S x [0,1], there is a bordism W between L and an S'-bundle L' = L; U Ly —
T*UCP?2 Namely, W is obtained from M x [0, 1] by attaching D* x [0, 1] x S*
along S x [0,1] x S x {0} € M x [0,1]. The bundle L' again corresponds to
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3z € H?*(T* U CP?;Z), meaning, in particular, that L; is the trivial bundle
over T*. The inclusion M C W is 2-connected and thus the map u;: L — BG
extends to uy: W — BG.

In H5(W;Z) one has 0 = O[W] = ip.([L]) — t1.([L1]) — d2.([L2]) (where
ig, 11,19 are the obvious inclusions). Hence

(ur)«([L]) = (uw ©i0)«([L]) = (uw 0 ir)+([La]) + (uw 0d2)«([L2])-

Now (uw oi1).([L1]) = [TY] x y € H*(BG;Z) where y € H,(BZ3;Z) is a
generator. And because CP? is simply connected, uy o iy factors through
BZ; x pt C BG, such that (uw o is).([Le]) € H5(BZ3) C H5(BG). It follows
that if ay,as, a3 € H(BG;Z) correspond to the first three S! factors of BG,
then

a; N (az N (ag N (ug)«([L]))) # 0 € Hy(BG; Z).

On the other hand, there is the following corollary of the minimal hyper-
surface method ([Sch98, 1.6]):

Theorem 4.8.2. Let X be any topological space and let
HNX)={f.(IM]) € H(X;Z)| f: M — X and M is a psc manifold} .
For 3 < m < 7 taking cap product with any a € H'(X;Z) maps H,(X)
into H! 1 (X).

By the above theorem, if L were psc, then 0 # ay N (a2 N (a3 N fi([L]))) €
HY(BG). But Hy (BG) is trivial because S? is the only psc 2-manifold and
all maps S? — BG are null-homotopic. Therefore, L does not allow a metric
of positive scalar curvature.



5. The codimension-2 transfer

5.1 Motivation

When the Spin manifold M has a suitable codimension-2 submanifold N, an
obstruction against positive scalar curvature on M can also be obtained by
applying the Rosenberg index o to N instead of M. Building on the work of
Gromov and Lawson ([GL83]) Hanke, Pape and Schick showed the following
([HPS1]):

Theorem 5.1.1. Let M be an n-dimensional Spin manifold and N C M
a connected submanifold of codimension 2 with trivial normal bundle v(N).
Assume that i (N) — m (M) is injective and mo(N) — mo(M) surjective.

Then a([N]spin) € KOp,_o(C*(m1(N))) is an obstruction against the exis-
tence of psc-metrics on M.

Remark 5.1.2. Actually, the statement given in [HPS15] assumes that mo (M)
is trivial. But the proof still works for mo(N) — mo(M) surjective, and even
for mo(N) & (M \ N) — mo(M) surjective.

Indeed, the only place where the requirement w3 (M) = 0 is needed is to
show that the map m (0Dv(N)) — 7 (M \ Dv(N)) is an injection, where
Dv(N) denotes the disk bundle inside the normal bundle of N C M, 0Dv
denotes its boundary, M — M is the covering corresponding to the subgroup
m(N) C m(M) and the inclusion Dv(N) — M is a lift of the inclusion
Dv(N) C M.

If (a,t) € m(0Dv) = m(N) x Z lies in the kernel of this map, then com-
mutativity of the van Kampen pushout diagram

m(N) X Z —— m(N)

l L

’iTl(M\N) — m (M)

implies a = 0. But if ¢ # 0, then the null-homotopy of (0,t) inside M \ Dv
together with the null-homotopy inside D? C Dv forms a singular sphere
¢: S? — M. The homology class defined by this sphere has non-trivial inter-
section with the homology class given by N. The contradiction now follows
from the weakened condition that mo(N) @ m(M \ N) — ma(M) is surjec-
tive. (Because mo(N) — mo(M) factors through mo(M \ N), this is actually
equivalent to mo(M \ N) — my(M) being surjective.)

The proof also uses (M) = 0 to show that Ho(M, N;Z) = 0. But what
is needed is only Hy(M;Z) — Hy(M, N;7Z) surjective, and this follows from
H,(N;Z) — H,(M;Z) injective and the long exact sequence of homology. A

48
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It is unclear how the obstruction «([N]spin) relates to the obstruction
a([M]spin). For example, when a[M]gy, = 0 and the Baum-Connes map
is injective for 7y (M), then by [Theorem 2.4.6| M x Bt x --- x Bt is psc. Then
by [Theorem 5.1.1|it holds a([N]spin) = a([N x Bt x --- x Bt]) = 0. But it is
not known if in general a([M]gpin) = 0 implies a([N]gpin) = 0.

The best possible result would be if there existed transfer homomorphisms
triop: KOL(M) — KO._o(N), tre: KO(C*(m(M))) = KO._o(C*(m1(N)))
such that tryp([M]ko) = [N]ko and the diagram

KOy(M) —=— KO,(C*(m(M)))

ltnop ltrc*

KO, 3(N) —— KO, o(C*(m(N)))
commutes. The obvious candidate for the map ¢r = try,, is the composition
KO,(M)— KO.,(M,M\ Dv(N)) = KO.(Dv(N),0Dv(N)) = KO,_o(N)

where the first map is the forgetful map and the second one is the Thom isomor-
phism, obtained by taking the cap product with f*(e), where e € KO*(D?, S")
is the doubly suspended unit and f: (Dv(N),0Dv(N)) — (D? S') is the
trivialization.

A suitable map tro« has been found by Zeidler ([Zeil7, 1.8]) in the case
where N C M is a codimension-1 submanifold. In the codimension-2 case no
appropriate map has been found so far.

Since the map o factors through KO(Bmy(+)) and KO™(Em(-)), we con-
sider the intermediate step of extending the transfer map ¢r., on the topolog-
ical side to KO,(Bm(M)) — KO,_5(Bm(N)) and to KO™™)(Er,(M)) —
KOT_(QN ) (Em(N)). If m (M) satisfies the Baum-Connes Conjecture, this will
also give the homomorphism ¢rc«. The first extension can be done by general-
izing a construction of Engel ([Eng17]). We do this in[Section 5.3} The second
extension is made in [Section 5.4, Both extensions will be part of the upcoming
article [NSZ| of Nitsche, Schick and Zeidler.

5.2 Examples and restrictions on the funda-
mental groups

The situations where [I'heorem 5.1.1| can be applied include the following two
classes of examples:

Example 5.2.1. The lowest-dimensional examples (except for N = {pt})
consist of the embedding of N = S! into an orientable 3-dimensional mani-
fold M. From the Wu formulas it follows that M is automatically Spin. One
still has to require that the inclusion N — M induces an injection on 7y, and

that my(M) = 0 (which implies that M is aspherical, see [Lemma 5.3.9)).
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These examples were investigated by Gromov and Lawson in [GL83], sec-
tion 8. A

Example 5.2.2. A second class of examples consists of M a fiber bundle with
base space ¥ an orientable surface of genus > 0, and N — M the inclusion
of a fiber. Because the base space of the bundle is aspherical, the long exact
sequence of homotopy groups

— m(N) — m(M) — (X)) — m(N) — m(M) —

shows that the inclusion N — M always induces a surjection on m, and an
injection on ;. We have to require that M is Spin, then N is also Spin. A

Next, we examine the restrictions that the conditions Dv(N) =2 N x D?|
m(N) — m (M) injective and mo(N) — mo(M) surjective pose on the funda-
mental groups of N, M and M \ N.

Lemma 5.2.3. The conditions m(N) — w1 (M) injective, mo(N) — mo(M)
surjective imply that the groups m (N), m(0Dv(N)) = 7 (N) X Z, m (M) and
m (M \ N) fit into the following pushout diagram:

7'[‘1(N) X L —— 7T1(N)

|

7T1(M\N) — 7T1(M)
The vertical maps in the diagram are injections.

Proof. The existence of the pushout diagram follows from van Kampen’s The-
orem applied to the decomposition M = Dv(N)U(M\ Dv(N)). The argument
that the map m (N x S1) — 7 (M \ N) is injective is the same as the one given

in Remark 5.1.21 O
This leads to the question which pushout diagrams can occur.

Lemma 5.2.4. For any injective group homomorphism i: H — G of finitely
presented groups there is a manifold pair N C M of closed connected Spin
manifolds to which|{Theorem 5.1.1| can be applied, with m(N) = H, m(M) =G
and the map m (N) — w1 (M) given by i.

Proof. By using 0-, 1- and 2-surgery one can construct a high-dimensional
Spin-manifold N with 7 (N’) = H and m(N’) = 0. The surgery can be
performed in such a way that the tangent bundle of N’ is stably trivializable.
In particular, N’ is Spin. Now let N = N’ x S3, M’ = N’ x S® and N — M’
induced by an embedding S® — S5 Since S°\ S? ~ S! and the induced
map m (0Dv(S® C S°)) — m(S®\ S?) is an isomorphism, 7 (0Dv(N)) —
w1 (M’ \ Dv(N)) is also an isomorphism.
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Next, we apply 0- and 1- surgery to M’ — away from Dvr(N) — such that
m(M'\Dv(N)) = (GxZ)/{[H,Z]) and 71 (0Dv(N)) — m (M"\ Dv(N)) is the
canonical map. Finally, we apply 2-surgery to M’ away from Dv(N) to ensure
mo(M'\ Dv(N)) = 0 and let M be the resulting manifold. Then m (M) =G
and m(N) — m (M) is the prescribed map i. Again, the surgeries can be
made in such a way that M’ is Spin. It remains to check that mo (M) = 0.

Consider the Mayer-Vietoris sequence for the decomposition of M as the
union of A = p%(DV(N)) and B the closure of M \ A.

— Hy(A;Z) & Hy(B;Z) — Ho(M;Z) 3 H\(AN B;Z) — H\(B;Z) —

AN B is homotopy equivalent to a disjoint union of circles, with one circle Sjy

for each coset [g] € m(M)/m(N). Since B is the pullback of M along the
inclusion M \ Dv(N) — M,

m(B) = ker(m (M \ Dv(N)) — m (M)),

which in this example is the free group with one generator ay = gzg~! for
every coset [g| € m(M)/m(N) (here z =1 € Z). The image of the circle Siy
under the inclusion AN B — B represents the generator ag.

This means that the map H(ANB;Z) — Hy(B;Z) is injective, and hence
the boundary map 0 is zero. By exactness of the Mayer-Vietoris sequence and
the Hurewicz Theorem applied to mo (M), this means that mo(M) = Ho(M;7Z)
is a quotient of Hy(A;Z) & Ho(B;Z) = Hy(B;Z). Since the construction of
M gives my(B) = m(M \ Dr(N)) = 0, the classifying space for m(B) can
be obtained from B by attaching cells of dimension > 3. Hence Hs(B;Z) =
Hy(Bm(B);Z) = 0. This means that the quotient mo(M) is also trivial, fin-
ishing the proof. O

The examples produced in the preceding proof are psc manifolds and there-
fore have trivial Rosenberg indexes. However, shows that if we
want to construct the transfer map KO, (C*(m(M)) = KO,._o(C*(m(N))) on
the level of C*-algebras, we cannot rely on any special properties of the groups
involved.

When including the group m(M \ N), the question of which pushout di-
agrams can be realized becomes more difficult. For example, the following
pushout diagram cannot be realized:

Example 5.2.5. Consider the pushout diagram of groups

7 —— 1

L]

72 — > 7

where the left vertical map is the inclusion into one of the factors. Assume
that the diagram is realized by a suitable inclusion N — M. Let Y be the
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CW-complex obtained from M \ Dv(N) by killing the second homotopy group
with 3-cells, and let X = Dv(N) Ugpyny Y. Then m5(X) = 0 because we
require that my(N) — mo(M) is surjective and mo(N) = mo(0Dv(N)).

Since Bm (M) and Bm (M \ N) can be obtained from X and Y, respec-
tively, by attaching only cells of dimension > 4,

Hy(X;Z) = Hy(Bm(X);Z) = Ho(Bm(M);Z) = Hy(BZ; Z) = 0,
Hy(Y:Z) = Hy(Bmy(Y): Z) = Hy(Bmy(M \ N): Z) = Hy(BZ2: Z) = 7.

But since N is simply connected, the map Hy(N x S, Z) — Ho(N x D% 7Z) is
an isomorphism. This is a contradiction to the exactness of the Mayer-Vietoris
sequence of the decomposition of X = Dy(N)UY

— Ho(N x SY,Z) — Ho(N x D*7) ® Ho(Y;Z) — Ho(X;Z) —
z 0

A

Smith ([Smi78|]) investigated which groups can occur for m (M \ N) in
the case that N — M induces an isomorphism of fundamental groups. The
following is his main result specialized to the case of a trivial normal bundle.

Theorem 5.2.6. Let f: N — M be a codimension-2 inclusion of compact
connected manifolds with trivial normal bundle, such that m(N) — 7w (M) is
an isomorphism, wo(N) — mo(M) is a surjection and dim(N) > 3.

Then a finitely presented group G can be realized as the fundamental group
of the complement of an embedding homotopic to f iff G fits into an extension
q: G — w1 (N) x Z with split s such that ¢~*(1 x Z) is normally generated by
5(0,1) and Ho(q (1 x Z);Z) = 0.

Using surgery as in the proof of |[Lemma 5.2.4] the required initial inclusion
f: N — M can be constructed for every fundamental group H = m(N) =

m1(M). Therefore, it follows:

Corollary 5.2.7. Let H and G be finitely presented groups. Then the follow-
ing are equivalent:

1. There exists a codimension-2 inclusion of compact connected Spin mani-
folds N C M with trivial normal bundle, such that m(N) = m (M) = H,
m(M\ N) =G and m(N) — ma(M) surjective.

2. G is an extension q: G — H x Z with split s such that ¢ *(1 x Z) is
normally generated by s(0,1) and Hy(qg7'(1 x Z);Z) = 0.

5.3 Extending the transfer map

Adapting the method of Engel ([Engl7]), the codimension-2 transfer map can
be extended to B(m(M)). The idea for this goes back to Schick. In this
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section we give a proof that works for general equivariant homology theories
on I'-CW-complexes. In addition to the usual axioms (see [Liic02al) we will,
however, demand that the homology theory allows an operation that we call
“lf-restriction” (the “If” stands for locally finite).

Definition 5.3.1. Let I' be a countable discrete group, let m be a subgroup,
and let Y be a -CW-complex. A m-invariant CW-subcomplex K C Y is called
[-locally w-finite, if for every cell ¢ C K the subset {y € I' | y.c C K} C I'is
a union of only finitely many right-translates of = C T'. A

Remark 5.3.2. In the following we always assume that I' acts properly on Y.
In this case the definition is saying that given any ['-cell of Y the subcomplex K
may contain only finitely many of the m-cells that together form the I'-cell.
Equivalently, K C Y is I'-locally w-finite iff for every I'-compact subspace
X CY the space K N X is m-compact.

If, however, the I'-action is not proper, then w-finiteness is determined
by looking at the group I', not at the complex K. For example, when Y is
compact, then K can only be I'-locally 7-finite if K is empty or [ : 7| < oc.

The reason why the above definition is made this way is to ensure that the
preimage of a I'-locally m-finite subcomplex under a I'-equivariant map is still
[-locally w-finite. A

If K C Y is asubcomplex of a CW-complex, we will in the following denote
by Y\ K the sub-CW-complex that is the closure of the complement, and by
OK the subcomplex K N (Y \ K).

Definition 5.3.3. We say that a generalized equivariant homology theory F
has If-restrictions if for every inclusion of groups © C I', for every proper I'-
CW-complex Y and for every I'-locally m-finite subcomplex K C Y there is a
natural homomorphism rx: EL(Y) — ET(Y,Y \ K) = E7(K,0K).

Furthermore, we require these maps to be compatible with the induction
isomorphisms in the following sense: When I' acts freely on Y and Uk is a
m-invariant neighborhood of K such that v.Ux N Uk # 0 only for v € 7 C T,
then there are automatically induction isomorphisms

ENY)=2 E.(Y/T), ET(K,0K)=E,(K/m,0K/x).
There is also the usual forgetful map

E.(Y)T)— E.(Y/I,Y/T'\ K/7) = E.(K/7,0K /).
We require that the following diagram commutes:

EX(Y) —— EI(K,0K)

| E

E.(Y/T) —— E.(K/,0K/7)
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Lemma 5.3.4. K-homology has lf-restrictions.

Proof. Asin[Section 4.7 we use the geometric picture of equivariant K-homology.
Let m, I, Y, K as before. And let (M,s, E, f) be a singular I'-Spin manifold
with a I-vector bundle, representing a K-homology class in KO (Y).

To define the lf-restriction map we have to find any w-invariant m-compact
submanifold with boundary M’ C M, such that f(M \ M’) C Y \ K. The re-
stricted K-homology cycle (M, s\ar, Ejar, farr), with an action of only 7, then
defines an element in KO7(Y,Y \ K) = KOJ (K, 0K) that does not depend on
the concrete choice of M’. The construction is compatible with taking disjoint
unions, with vector bundle addition and with vector bundle modification. Be-
cause the method given below to find M’ can also be applied to bordisms, the
construction is compatible with the bordism relation and therefore defines a
natural group homomorphism from KO (Y) to KOT(K,0K).

If T acts freely on Y and Uk /T" = Ug/7m for a m-invariant neighborhood
of K, then it also holds that I' acts freely on M and Vi /T' = Vi /7 for a
m-invariant neighborhood Vi of f~!(K). We may arrange that M’ C V. The
induction isomorphisms are given by quotienting the group action out of a
given K-homology cycle. Therefore, we can see on the level of cycles that the
diagram of [Definition 5.3.3|is commutative.

It remains to construct the submanifold M’ C M. Because M is smooth
and I' ~ M acts properly, M allows a I-CW-structure ([IlI00]) and we can
equivariantly homotope the map f: M — Y to a cellular map. By
the preimage f~'(K) is [-locally m-finite in M. Because M is
[-compact, f~(K) is m-compact. Now we choose a [-invariant Riemannian
metric on M and consider the function d: M — R that assigns to m € M
the distance from m to f~*(K). This function is m-equivariant. The induced
function d: M/m — R is the distance function (in the metric induced from M)
to the compact set f~'(K)/x. Hence d is proper.

Next, we need an equivariant smooth approximation of d. Because the
action I' ~ M is proper, every point m € M has a I'-invariant neighborhood
of the form | |\ spab(m) Wiy, Where Stab(m) is the stabilizer of m. Because
M is T'-compact, it is covered by a finite set of such neighborhoods. Because all
stabilizer groups are finite, one can construct a I'-invariant smooth partition
of unity subordinate to the covering. Using the partition of unity we can
now smoothen d separately on each neighborhood. This works by choosing a
smoothening on one W,, ), averaging it over the finite stabilizer group and
extending it equivariantly to the whole neighborhood.

Finally, pick any regular value r > 0 of d such that d=!([r,c0)) N f~1(K) =
(0. The preimage M’ = d~'((—o0,r]) C M is a m-invariant submanifold with
boundary. Because d is still a proper function after smooth approximation,
M’ is m-compact. O

Remark 5.3.5. In the above construction we could have included an interme-
diate step where we consider the original K-homology cycle (M, s, F, f) with
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only a m-action and think of it as representing a class in some sort of locally
finite K-homology (this is the motivation for the name “Ilf-restrictions”). From
a conceptual viewpoint it would be best to formulate axioms for a locally finite
equivariant generalized homology theory, from which the lf-restrictions could
be obtained as a special case. But for the moment we are mostly interested in
applying the lf-restrictions to extend the transfer map. A

Now we use lf-restrictions to construct the extension of the transfer map.

Theorem 5.3.6. Let M be a closed connected smooth manifold and let N be
a codimension-2 closed connected submanifold with trivialized normal bundle.
Assume that 1 (N) — (M) is injective and mo(N) — mo(M) is surjective.

Then there is, for any generalized multiplicative cohomology theory E that
has If-restrictions, a map

treon)y: Eo(Bmi(M)) = E.o(Bmi(N))
such that the following diagram commutes:

E (M) — E,(Bm(M))

ltrm ltrnl (M)

E. o(N) =25 B, »(Bm(N))

Moreover, the transfer trr ) ts natural for multiplicative transformations of
equivariant cohomology theories with lf-restrictions.

Proof. As before let Dv be the disk bundle inside the normal bundle of V.
The transfer map try: E.(M) — E._o(N) is given by passing to the relative
group E.(M,M \ Dv) = E,(Dv,0Dv) and then taking the cap product with
the Thom class f*(e) € E*(Dv,dDv), which is the pullback of the suspended
unit e € E*(D? S') under a map f: (Dv,0Dv) — (D? S') representing the
trivialization of the normal bundle.

Using the equivariant picture the same map can also be expressed as follows:
Let M be the covering of M corresponding to the subgroup 7 (N) C 71 (M)
and let N C M be a lift of the inclusion N C M.

Then 71 (N) — (M) is an isomorphism and 7o (N) — 7(M) is surjective.
From the long exact sequence of homotopy groups it follows 7,(M, Dv) = 0
for £ < 2, and by the relative Hurewicz theorem the same is then true for
Hy(M,Dv) = H,(M \ Dv,0Dv). But now the long exact sequence of the
pair (M \ Dv,dDv) shows that the map H,(0Dv;Z) — H,(M \ Dv;Z) is an
isomorphism. And by the Universal Coefficient Theorem the same is then true
for the map H'(M \ Dv;Z) — H'(0Dv;Z).

Since S! is the Eilenberg-MacLane space K(Z,1), this means that the
trivialization map (Dv,dDv) — (D?,S') of the normal bundle can be extended
to a map f: (M,M \ Dv) — (D? S'), and the extension is unique up to
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homotopy. Precomposition with the projection of the universal covering M —
M gives a m;(N)-invariant map f: (M, M \ Dv) — (D?,S!).

Let now 75 : EFM(M) - Efl(N)(Z)VV, dDv) be the lf-restriction associ-
ated to the inclusion of groups m;(N) C 7 (M) and the 7 (M )-locally m; (NN)-
compact subspace Dv C M. And let f*(e) € E2(M, M \ Dv) = E2(Dv,dDv)
be the pullback of the doubly suspended unit e € E*(D?, S1).

Then there is a map

tra: EROD(M) — ERN)Y(Dy, D) — EZSY(Dv)

given by try(z) = rg, () N f*(e). Via the induction isomorphisms this corre-
sponds to a map E,(M) — E,_o(N). Because the lf-restriction is compatible
with induction isomorphisms, this map coincides with the transfer map tr,.

Next, let @y : M — En (M) be a classifying map. We will construct
a w1 (N)-invariant map f: (Em (M), Ex (M) \ K) — (D?,5") such that the
subspace K C Em (M) is m (M )-locally 7 (IV)-compact, uys becomes a map
of pairs (M, M \ Dv) — (Ex (M), Em (M) \ K) and f o, is homotopic to
fas a map of pairs.

Then, if ix: K — Em (M) and rg: B (Er (M) —» EFY(K,0K)
are the inclusion and the lf-restriction, there is a map

ey ny: EFOD(Em (M) — B2 (Em (M)

given by tr. n)(z) = (ix)«(rx(z) N f*(e)).

But Em(M) is also a model for Em(N) (and N — M — Em (M) a
classifying map). Therefore, under the induction isomorphisms this gives
a map trr ): Eu(Bm(M)) = E.o(Bm(N)). The naturality of the cap-
product implies 7, (ar) 0 (@ar)s = (Un)s © trar and therefore tr,, (ar) o (unr)s =
(un)s © try (). Furthermore, the transfer map #r, ) only depends on the
homotopy class of f , and if for f fixed the set K is made larger (within the
allowed bounds), the transfer map will not change by naturality of the cap
product.

It remains to find f and K. Note that Ex; (M) can be obtained from M by
adding free 7 (M )-orbits of cells of dimension > 3. Starting with fo — M and
Ky = Dvl/, we proceed inductively on the dimension of added cells, extending
f and possibly extending K in each step.

When a 71 (M)-orbit of k-cells is added, then by the induction hypothesis
on local compactness of K on the (k — 1)-skeleton only finitely many of the
m1(IV)-orbits inside it attach to cells lying in K. These finitely many 7 (V)-
orbits have to be added to K. On the other m;(V)-orbits the map fv can be
extended with values in S! because 7;(S') = 0 for k > 1. The resulting map
[ (Em (M), Em (M)\ K) — (D2, S") is unique up to homotopy and enlarging
of K. O
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Remark 5.3.7. As mentioned in the proof, the transfer map tr., ;) does

not depend on the choices made for f and K. Just like tr,; it does, however,
depend on the embedding N C M and on the choice of the trivialization of
the normal bundle Duv. A

Remark 5.3.8. As in [Theorem 5.1.1] the assumption that mo(N) — mo(M)
be surjective can be weakened to my(N) @ ma(M \ N) — mo(M) surjective. A

It is a natural question whether the extension of the transfer map could
also be defined in the non-equivariant setting, i.e., using only the base spaces
Bm (M), Bri(N), B (M \ N) of the classifying spaces. This works if the
pushout diagram of the fundamental groups induces a pushout diagram of the
corresponding classifying spaces:

m(0Dv) ——— m(N) B (0Dv) —— Bm(N)
| = | |
m(M\ Dv) —— m (M) Bmi (M \ Dv) —— Bm (M)

In this case the classifying map dDv — Bm(0Dv) = Bm(N) x S! can be
extended to classifying maps N — B (N) x D? and M\ Dv — Bm (M \ Dv)
and these maps combine to a classifying map M — B (M) that respects the
decomposition. Because the classifying maps induce isomorphisms of funda-
mental groups and S' = K(Z, 1), the trivialization map (Dv, dDv) — (D? S!)
extends to a map g: (Bm(N) x D? Bm(N) x S) — (D?,S1) (uniquely up to
homotopy). Taking the cap product with ¢g*(e) defines a transfer map

E,(Bm(M)) — E.(Br(N) x D*, Br(N) x S') = E,_o(Bm(N) x D?)

To see that this map coincides with the transfer constructed in
rem 5.3.6| note that the construction in the first part of the proof can be
applied to Bm(N) x D? C B (M).

The resulting map f: (Em (M), Em (M) \ Em(N) x D?) — (D2 S) is
a suitable candidate for f: (Em (M), Emy (M) \ K) — (D2 S'). Then, by
uniqueness of ( f , K), the two transfer maps are equal.

In fact, this non-equivariant approach can be applied to both classes of
examples given in

Lemma 5.3.9. In both|Example 5.2.1| and [Example 5.2.2| it is true that

B7T1(N> X D2 UBﬂl(N)Xsl B7T1(M \ N)

is a model for By (M).

Proof. For [Example 5.2.1| — the embedding of S* into an oriented 3-manifold
— we simply show that the spaces N, dDv, M and M \ Dv are all aspherical.

This is obvious for N and dDv. Furthermore, since 7 (M) is infinite, M is
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non-compact and therefore Hg(M ;Z) = 0. Also, WQ(M ) = 0 by assumption.
Therefore M is contractible by the Hurewicz Theorem. It just remains M\ Dv.

Because M is aspherical, the Sphere Theorem implies that M is an irre-
ducible and hence a prime 3-manifold (see for example [Hat]). This means
that mo(M \ N) = 0. Otherwise, the Sphere Theorem would give an embedded
sphere S? — M \ N C M representing a non-trivial element of my(M \ N).
This sphere would determine a decomposition, which would be trivial since
M is prime: M = M'#D3. Then N has to be contained in one of the two
summands, and since m(N) — m (M) is injective, N C M’. But now the
embedded sphere has a null-homotopy inside the D3-summand, which lies in
M C N, giving a contradiction. o

In addition to mo(M \ N) =0, H3(M \ N;Z) = 0 holds as before, and from
the Hurewicz Theorem it follows that M \ N is aspherical.

For [Example 5.2.2| assume that N — M — X is a fiber bundle over an
aspherical surface. Then (M) is an extension of m1(X) with kernel 7 (V).
The induced map Bm (M) — Bm(X) = ¥ can be turned into a fiber bundle
by passing to the model Em; (M) ~ Em; (M) x Emy(X) with the diagonal action
of my (M) and 7: Bm (M) — Bm(X) = X induced by the projection onto the
second factor of the new model.

But now Bm (M) decomposes as B (M) = 7~ 1(D? Cc ) Uurn (X \ D?).
The pieces 7~1(D? C X), 7~1(X \ D?) and the intersection 7=1(0D? C ) are
classifying spaces for the groups 71 (N), 1 (M\N) and 7 (N x S'), respectively.

O]

On the other hand, the conditions on w1 (N) — w1 (M) and mo(N) — mo(M)
do not imply that the classifying spaces always fit into a pushout diagram. The
fundamental group G occurring in the following example was given in [Hil02,
Section 14.10] as an example for a high-dimensional knot group that is not a
2-knot group. The space Bm(G) was first constructed in [CS76] as an example
for a “fake projective space”.

Example 5.3.10. Consider the group G = Z3 xp Z where Z acts on Z3 by
the matrix

0
0
-1 0

Because the matrix (B — 1) is invertible, G is normally generated by the
generator of Z. It fits into the following pushout diagram:

10
B = 01
1

7 —— {e}
|
G —— {e}

The homology of G can be computed just like in with the Wang
sequence
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5 H(T%Z) —— Hy(BG;Z)

det(B)—1
—

[—> H3(T% Z) H3(T% Z) —— H3(BG;Z)

L Ho(T3;Z) 2225 Hy(T3,Z) —— Ho(BG;Z) j

L H(T3%;2) 2=% H(T3;2) ———— ...

Using the basis {e; A e, €1 A eg,ea A ez} for Z3 A Z? we calculate that the
matrices

-1 0 1 -1 1 0
BANB-1=|1 -1 0 B-1=(0 -1 1
0 1 =2 -1 1 -1

are both invertible. Also, det(B) — 1 = —2. Hence
Ho(BG;Z)=7; H(BG;Z)=0; HyBG;Z)=0; H3BG;Z)="Z,.
In particular, this shows that in the pushout diagram

S' = BZ —— D? = B{e}

| |

BG —— X

the space X has a non-trivial third homology group and hence cannot be a
classifying space for the trivial group.

To see that the pushout diagram of fundamental groups can occur in a
situation where the transfer map exists, construct a high-dimensional manifold
with fundamental group G. Perform 1-surgery on the generator of Z C G that
normally generates G. Let M be the resulting manifold and let N — M be
the inclusion of the transversal sphere of the 1-surgery. A

Remark 5.3.11. Even though the classifying spaces of the previous example
do not fit into a pushout diagram, it is not clear if one can pass from (M \ Dv)
to a quotient, such that the classifying spaces of the resulting groups do fit
into a pushout diagram.

More generally, disregarding the group 71 (M \ Dv), one could try to embed
B7(N) x D? into a model of By (M) such that

H'Bnr (M) \ Br(N) x D*Z) — H'(Bm(N) x S'; Z)

is an isomorphism, and try to find a map M — Bmr(M) restricting to maps
N — Bm(N) and M \ Dv — B (M) \ Bry(N) x D?. Tt is not clear if this
is possible. A
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5.4 Extending the transfer map further to EG

In this section we extend the transfer map from Em (M) to the classifying
space for proper actions Em; (M ). The basic idea is the same as in the proof of
|Theorem 5.3.6f To describe the transfer map in terms of a map into the pair of
spaces (D?,S') and then to extend this map. Just as with the free classifying
space EI' we can, for every subgroup m C I'; use EI' as a model for Ex.

Definition 5.4.1. Let I' be a countable discrete group, m a subgroup and X
a [-CW-complex.
A reference map on X is a mw-invariant cellular map of pairs

(X, X\ K) — (D%, 8",

where K C X is a I'-locally m-finite subcomplex.

Two reference maps f;: (X, X \ K;) — (D? S'), i € {0,1} are equivalent
if fo = f1 as maps from X to D2

Two reference maps fy, fi on X are homotopic if there is a reference map F’
on X x [0, 1], such that the restrictions to X x {0} and X x {1} are equivalent
to fo and fi. A

Remark 5.4.2.
1. If (f, K) is a reference map on X and ¢: Y — X is a morphism of I'-CW

complexes, then the pullback (f o ¢, ¢~1(K)) defines a reference map on
Y.

2. The requirement that the homotopy F must be a reference map itself
means that “most” cells in X must be mapped to S' C D? during the
entire homotopy. JAN

A reference map (f, K) on a I-CW-complex X gives rise to a transfer
homomorphism

tris By (X) = BIy(X), @ (ix)(rx(z) 0 f*(e)).

Here if is the inclusion K — X, rg is the lf-restriction EL (X) — ET(K,0K)
and e is the twice-suspended unit of the cohomology theory.

Equivalent reference maps give rise to the same transfer homomorphism.
Indeed, for Ky C K this is true by naturality of the cap product. And for
general K, Ky we note that K; U K5 is also a I'-locally 7-finite subcomplex.
Furthermore, homotopic reference maps give rise to the same transfer map.
Finally, if (f, K) is a reference map on X and ¢: ¥ — X is a morphism of
I'-CW complexes, then ¢, o try., = try o ¢,. To extend the transfer map con-
structed in |T heorem 5.3.6| further to EF' ™ (Emr (M)) it is therefore sufficient
to find a lift (up to homotopy of reference maps) of the reference map f that
induces the transfer map.

Next, we rephrase reference maps in terms of cohomology:
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Definition 5.4.3. Let I' be a countable discrete group and 7 a subgroup.

A m-invariant cellular cochain with values in Z on a I'-CW-complex is called
a ['-m-almost-cocycle if its coboundary is non-zero only on I'-locally 7-finitely
many cells.

Two I'-m-almost-cocycles xg, r; are cohomologous if there is a m-invariant
1-chain y, such that x; — xg = Jdy outside of a I'-locally 7-finite subcomplex.
In this case we write 1 — z¢ ~ Jy. JAN

Lemma 5.4.4. There is a correspondence between homotopy classes of refer-
ence maps and I'-m-almost-cohomology classes in degree 1.

Proof. A reference map f gives rise to a I'-m-almost-cocycle by assigning to a
1-cell ¢ the value f|."(1) with 1 € H'(S*;Z) a fixed generator. Conversely, if a
I-m-almost-cocycle z is given, the requirement f|.*(1) = z(c) defines a (unique
up to homotopy) map f on the 1-skeleton. By the almost-cocycle-property of
x this map can be extended to a reference map on the 2-skeleton. And because
S1 is aspherical, it can be extended further to all of X. The extensions are
unique up to homotopy (of reference maps), because S! is aspherical.
Similarly, if x4, s, are the cocycles corresponding to two reference maps,
then a homotopy F' between these reference maps determines a 1-almost-
cocycle on X x [0, 1], which in turn gives a 0-cochain y such that xy, —x s, ~ 0y.
In the other direction, if 1 — xg ~ 0y, then g, x; and y together de-
fine a 1-almost-cocycle on X x [0, 1] which in turn gives a reference map on
X x [0,1]. O

We now want to show that up to homotopy every reference map on the
classifying space EI' can be lifted to the proper classifying space EI'. By the
correspondence this amounts to lifting a I'-m-almost-cocycle.

The lifting problem does not depend on the concrete models for EI', EI’
because two different models are always I'-homotopy equivalent, and the I'-
homotopies give rise to homotopies of reference maps.

For EI' we take any ['-CW-complex model that is locally compact. For ex-
ample, such a model can be obtained by starting with the simplicial model de-
scribed in Mislin’s appendix to [Val02], where n-simplices correspond to finite
subsets of I' of cardinality n + 1. After passing to the barycentric subdivision
this becomes a I'-CW-complex with countably many I'-cells. We fix an enu-
meration of the I'-cells, such that every n-cell occurs in the enumeration after
the (< n)-cells it is attached to. Then we build the iterated mapping cylinder
of the (countably infinite) chain of inclusions ) = Fy C Fy; C F; C ..., where
Fy, is obtained from Fj_; by adding the k-th I'-cell in the enumeration. Be-
cause all stabilizers are finite, the iterated mapping cylinder of all finite chains
of inclusions Fy C - -+ C F}, is locally compact (as a simple CW-complex with-
out group action) and the same then holds for the whole iterated mapping
cylinder.

For EI" we also start with a locally compact I'-CW-complex model ET'y that
we similarly obtain from any I'-CW-complex model with countably many cells.
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Then we set EI' = EI'y x EI' with the diagonal I'-action and the canonical
map ¢: EI' — EI' becomes the projection onto the second factor. The quo-
tient spaces m\EI' and T'\EI" are locally compact CW-complexes. Since our
coefficient module Z has the trivial I'-action, HX(El';Z) = H*(7\EI'; Z) and
H*(ET;Z) = H*(7\EI';Z) (here H* is the Bredon equivariant cohomology).

The map ¢: 7\EI' — 7\EI is not a fibration, but with sheaf cohomology
there is still the Leray spectral sequence. Using the terminology of Bredon
[Bre67] we let the “families of supports” W and ® be the families of compact sets
on m\EI' and 7\ EI respectively. Then both ¥ and ® are paracompactifying in
the sense of [Bre67, 1.6.1], which means that sheaf cohomology with supports
in ¥, ® and constant coefficient module Z coincides with singular cohomology
([Bre67, 111.1.1]). By [Bre67, 11.10.5] all fibers ¢~'(y) are W-taut. Then by
[Bre67, IV.6.1] there is a spectral sequence H?(m\ET; A") = HP*"(7\EIL';Z)
where the germ of the sheaf A" at a point y € 7\EI is given by H" (¢! (y); Z).
From the choice of the model for ET it is clear that the preimages f~!(y) are
models for the classifying spaces Bm, of the stabilizer groups m, C .

Theorem 5.4.5. Let m C T be finitely presented groups, EI' and EI' be rep-
resented by the models above, and let q: EI' — EI' represent the canonical
map. Then any I'-w-almost-cocycle of degree 1 on EI' can be lifted to a I'-m-
almost cocycle on EI'. Furthermore, any two lifts of the same almost-cocycle
are cohomologous as almost-cocycles.

Proof. Let a 1-almost-cocycle £ be given on EI'. We can remove I'-locally 7-
finitely many cells from EI" such that £ becomes a true m-invariant cocycle on
the remaining CW-complex EI'\ K. Indeed, we have to remove the I-locally
m-finitely many 2-cells where £ is not a cocycle, and then inductively all cells
of higher dimension that attach to already removed cells. In each step we only
have to remove I'-locally m-finitely many cells, then this is also true in total.

Because ¢ is [-invariant and the action of I' on both EI" and EI is proper,
the image of the removed set g(K) is I-locally m-finite. By
the preimage of this set K = ¢~ (q(Ky)) is also I'-locally 7-finite. Since in
our model ¢ is just the projection onto the second factor, both EI' \ K and
EI'\ ¢(K) are (m-invariant) sub-CW-complexes of EI' and EI', respectively.

The restricted map gwr\(r\kx): 7\(EI' \ K) — 7\(EI' \ ¢(K)) still has a
Leray spectral sequence as described above. Because the stabilizer groups
m, are all finite, H'(Bm,;Z) = 0. It follows that ES' = 0 on the second
page of the spectral sequence. On the oco-page we then have E%! = 0 and
EY = E,° = HY(7\(ET'\ ¢(K));Z). This means that

H'(n\(ET \ K);Z) = H'(x\(ET \ ¢(K)); Z)
and the isomorphism is given by gBr\(=\x)-.

In particular, £ lifts to a m-invariant (true) cocycle on ET'\ ¢(K') which then
defines an almost-cocycle on EI'. And any two lifts are cohomologous. O
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From the previous theorem, together with the description of the transfer
map in terms of almost-cocycles, it follows:

Corollary 5.4.6. The transfer map can be extended to the classifying space
for proper actions EI':

Let M be a closed connected Spin manifold and N a closed connected sub-
manifold of codimension 2 with trivialized normal bundle. Assume that the
induced map m (N) — m (M) is injective and mo(N) — mo(M) is surjective.

Then there is, for any generalized multiplicative equivariant cohomology
theory E with [f-restrictions, a map

treyny: EFOD(Em (M) — EZSY (B (N))

such that the following diagram commutes:

E.(M) —— EI"Y)(Em (M)

ltTM l”ﬂ (M)

E. »(N) —— E™N(Em (N))

Moreover, the transfer trx ) is natural for multiplicative transformations of
cohomology theories with [f-restrictions.

Remark 5.4.7. Since the lift of the reference map is unique (up to homotopy),
the extension of the transfer map should be canonical in some sense. Recall
however that already the construction of [['heorem 5.3.6| depends not only on
the groups m (V) C m (M), but also on the specific embedding N C M and
the trivialization of the normal bundle. A

Generalization to higher cohomology degrees

By setting @ = I' and not removing any cells it is clear that the proof of
[Theorem 5.4.5also works to show that ¢ induces an isomorphism H}(ET; Z) &
HL(ET; Z).

The spectral sequence can be exploited further to give results in higher
degrees. The next simplest step is to relate Hl'(El';Z) to HF(EI';Z) under
the assumption that H*(BG;Z) = 0 for all finite subgroups G C I' and all
1<k<n.

In particular, for n = 2 the assumption is automatically fulfilled. This
case might also play a role in future work on the codimension-2 transfer: If
the normal bundle of N C M is orientable but not trivializable, its twist is
described by a second cohomology class. When we try to extend the transfer
map, the information about the twist has to be carried around. Therefore it
is natural to ask when an element £ € HZ(EG;Z) can be lifted to H3(EG;Z).
The following theorem provides the answer:
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Theorem 5.4.8. Let ' be a countable discrete group and q: BI' — T'\EL the
canonical map from the classifying space for free I'-actions to the classifying
space for proper T'-actions. Assume that n > 2 and H*(BG;Z) = 0 for all
finite subgroups G CT' and all 1 < k < n.

Then q induces an injection ¢*: H"(T\EI'; Z) — H™(BI';Z). Furthermore,
an element £ € H"(BI';Z) lies in the image of the induced map iff ic*(§) =
0 € H"(BG;Z) for all inclusions of finite subgroups ic: BG — BI.

Proof. We use the same spectral sequence as in [['heorem 5.4.5, For the com-
putation of H™(BI';Z) there are only two relevant (i.e., non-vanishing) entries
on the E,, page: One is E%* = E3° = H2(EI'; Z), the other one is E%" which
is a subgroup of Eg ™. Together they produce the extension problem

0 y B0 » H*(BI';Z) —— E2" —— 0 .

o0

This shows that the induced map ¢* is injective.
If £ lies in the image of ¢* and G C I is a finite subgroup, then the
commutative diagram

EG — ET

|

pt —= EG » BT

implies i¢*(§) = 0 € H*(BG; Z). Conversely, if £ is not in the image of ¢* then
it maps to a non-trivial element of Eg ™ This group is by definition the group
of global sections from I'\EI" into the sheaf A with germs A, = H"(BL'y;Z).
Since the image of £ is a non-trivial section, there is a point y € I'\EI" such
that the restriction of £ to ¢~'(y) is non-trivial. Recall now that ¢~ '(y) is
a model for BI', and the inclusion of the fiber represents the canonical map
BI'y, — BI'. This finishes the proof. O

Remark 5.4.9. With the same approach as in [['heorem 5.4.5|this result can
also be applied to almost-cohomology classes. A
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