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Abstract

In this thesis we numerically study non-equilibrium phenomena in one-dimensional quantum many-
body systems. We discuss extensions of the concepts of spectral functions and of the optical
conductivity to time-dependent non-equilibrium setups and compute these quantities by means of
matrix product state (MPS)-based methods.

In a first application we study the effect of a spin-selective particle-hole-like excitation on a Hubbard
model with an additional magnetic superstructure. Following the excitation, this model exhibits a
stable charge density, as well as a stable spin density pattern mirroring the superstructure. For
interacting systems we find an additional in-gap signal in the spectral function in the spin direction
opposite to the one we applied the excitation in, which also persists over time. Our results are
confirmed by a computation of the corresponding optical conductivity. We interpret our results as a
trace of an exciton, which we support by an analysis in the atomic limit, and therefore refer to our
findings as a peculiar spinful exciton. In contrast to many other setups, no long-range Coulomb
term is needed for this exciton to form.

Second, we apply the same calculus to compute non-equilibrium spectral functions of a Floquet-
driven system of interacting spinless fermions in the charge density wave (CDW) Mott insulator
phase, where we model the driving through a Peierls substitution ansatz. We find good agreement
of our results with computations from an effective model obtained from Floquet theory, as well as
Floquet side bands. These, however, do not show at all times as expected. Furthermore, another
in-gap signal occurs, that is somewhat reminiscent of free particles, which goes hand in hand with a
melting of the CDW pattern.
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1 Introduction

Characterizing different (classes of) materials for their properties is one of the major tasks in
condensed matter physics, both theoretically and experimentally. While in earlier times research was
mainly focused on setups at equilibrium, more recently interest has increased in also investigating
out-of-equilibrium situations. For instance, excited states have been investigated for their symmetries
[374] and dynamics [119, 267]. The investigation of thermalization processes being also pursued
[329], one reason for the shift of focus to out-of-equilibrium situations is the observation that
non-equilibrium quantum systems may show an entirely different behavior than their equilibrium
counterparts.

An example is the emergence of order in non-equilibrium quantum systems which has inspired a
lot of experimental and theoretical research. For instance, so-called time-crystal phases [312, 247]
have been predicted by theory to exist in Floquet-driven systems [190, 93] and to be stable [189,
94]. Research went as far as mapping out a phase diagram [415, 416], and, indeed, such systems
were realized in experiment through an interacting spin chain of trapped atomic ions [425] or spin
impurities in diamond [60]. Other than this also metastable ordered states have been found in
experiment following a photoexcitation, including hidden charge density wave (CDW) states [352],
light induced magnetic textures [89], or structural order in organic charge transfer crystals [66]. In
this context transitional structures have been measured [25] and non-equilibrium phase transitions
have been observed [302]. However, not only the creation of CDWs has been observed but also
the transformation of already existing ones. Materials to exhibit CDWs are for example cuprate
superconductors [115, 137, 411, 88, 7], where they actually compete with superconducting phases
[55, 116, 166, 341, 52]. The alteration of CDWs includes the optically driven transition between
different CDW states [394, 208], the enhancement of existent order [342], or even its transient
melting [317, 376, 351, 142, 344] following an excitation. In a similar experiment non-thermal
melting of germanium [340] has been observed as early as in 1999. The melting process can nowadays
even be controlled [232] and the stability of transient CDWs can be quantified [299]. Also, the
vaporization of CDW structures is possible [306] and, hence, transient CDWs can be classified by
their lifetime [147]. Instabilities in CDWs can also be measured [56] as can the effect of doping on
electron dynamics be measured [18]. While some of these experiments rely on diffraction methods,
the majority is conducted by means of photoemission spectroscopy (PES) [176, 177], a subclass
of spectroscopy [19], where the photoexcitation is achieved using ultrashort laser pulses [202] in
pump-probe setups. With this type of experiments, phase transitions can be observed [156, 265],
but also the lifetimes of photoelectrons have been measured [365]. Another interesting effect is
the observation of transient superconducting states in such non-equilibrium setups [157], which
can stem from or be influenced by orbital manipulation [308] or a transition from an ordered state
[100] but more importantly occurs at elevated temperatures [244]. In this context, the theoretical
concept of 𝜂-pairing is discussed, c.f. for instance [91]. Also, the effect of dissipation was discussed
[264]. Recently, a mechanism for the ultrafast control of magnetic subsystems by means of optically
induced spin transfer (OISTR) has been proposed theoretically [92, 78] and was later verified in
experiment [366, 348, 150]. Further experimental results in non-equilibrium quantum systems [168]
include the investigation of photoinduced magnetic switching [215], quantum interference [397], or

1



1 Introduction

of the dynamics of hot carriers [53], photoinduced strange metal states [74], or photodoped charge
transfer insulators [122], as well as the experimental observation of doublon dynamics [220, 219],
impact ionization [239, 313], the laser-assisted photoelectric effect [188, 186], or Auger recombination
[187].

Identifying theoretical mechanisms predicting the behavior in non-equilibrium setups is also actively
pursued in ongoing research. For instance, the enhancement [224] and melting [338] of charge order
following a transient laser pulse in strongly correlated systems were explained and similarly has
photoinduced enhancement of charge correlations been investigated [418]. In references [401] and
[284] light-induced superconductivity was examined, while reference [87] deals with the relaxation
times of photo carriers. Also, non-equilibrium steady-states have been found to exist [214]. Further
studies are devoted to investigating non-equilibrium dynamics [373, 403] which also includes research
on spin liquids [63] and the effects of frustration [34], the formation and relaxation of dressed quasi
particles [263], dynamical symmetry breaking [380], light-matter coupling [318], and reflectivity
transients [315].

In this work we will focus on the analysis of strongly correlated systems, of which the properties are
determined by interactions of particles. The theoretical description of strongly correlated systems is
a challenging topic since due to the interactions a treatment in terms of single-particle problems is in
general not guaranteed to yield qualitatively correct results. Hence, perturbative or fully numerical
approaches need to be applied. A very simple ansatz would be to perform a mean-field decoupling,
in which the interaction term is replaced such that single particles are coupled to the average
value of their neighbors. This approach, however, can produce incorrect results. Nevertheless have
effective single particle pictures been successfully applied in terms of band theory, which states a
system to be insulating when its Fermi energy lies between two separated bands and conductive
otherwise. That way, a framework to distinguish metals, semiconductors and insulators was found.
However, certain systems that are predicted to behave as conductors by band theory, turn out to be
insulating. Such systems are referred to as Mott insulators and are subject to intense research, both
in theory and in experiment [112].

Strong correlations in such materials are discussed as possible sources for increasing the efficiency
of photovoltaic devices [237, 236, 294]. Such an effect could be achieved through the formation of
multiple exciton generation, e.g. due to impact ionization. Excitons are bound particle-hole pairs
that come into existence in solids due to Coulomb interaction leading to a binding energy between
an electron excited to the conduction band and the remaining hole in the valence band [192, 193,
145]. Since they have strong influence on the optical properties of their compounds [23], for instance
by causing a bandgap renormalization [222, 58], excitons are subject to intense studies. Important
questions are how they are formed and which characteristics they possess in the presence of strong
correlations. Excitonic states have been discussed at equilibrium [412, 303], where those excitons
that are accessible by light are distinguished from those that are not, the latter of which are usually
referred to as dark excitons [330, 231, 13, 309]. In recent years other types of excitons have been
found. Among those are so-called interlayer excitons, where its electron and hole are spatially
separated into two layers [205, 419, 424] or moiré excitons, which form in moiré (super)lattices
consisting of two misaligned lattices [377, 174]. Such van-der-Waals heterostructures are frequently
encountered in well-controllable [295] transition metal dichalcogenides [175, 95, 426, 428]. Even and
hints for the existence moiré trions, which can in a very simple picture be regarded as excitons with
a charge, have been reported [221], as has the observation of biexcitons [246]. By doping, excitons
can be charged [44], there are studies concerning their lifetimes [143] and recombination times [211,
210, 245], and, perhaps most importantly, they can also be altered be it by a melting [121] or a

2



photoinduced enhancement [249, 364] of the band gap. Even more so, can the formation of excitons
be induced by optical excitations [172, 300, 301]. In Mott insulators [248, 112], excitons lead to
resonances, which may also occur in the gap region of the optical conductivity [170, 96].

More recently, the question has been studied how to identify (dark) excitons in angle resolved
PES-type (ARPES) measurements, both experimentally [398, 80, 228] and theoretically [292, 345,
35, 61]. To describe the results of ARPES-type experiments, spectral functions are employed [400].
As for the presence of excitons, in theoretical studies a midgap signature in the corresponding
spectral function is shown to occur, where the existence of nearest-neighbor or longer-range Coulomb
interactions is common to all the applied model systems.

In this thesis, we investigate the formation of excitons in Hubbard-like systems with only on-site
electron-electron interactions and an additional magnetic superstructure, but without longer-range
Coulomb interactions [197, 195, 33]. Instead, we investigate the effect of a single, direct particle-
hole-like excitation, in which a particle is assumed to be instantly excited over the gap without
changing its momentum. We apply this excitation in a single spin direction only, i.e. the electrons of
the other spin direction are not affected by the incoming light. Such a spin-selective excitation then
leads to the formation of spatially periodic charge-density or spin-density patterns, which are stable
on comparably long time scales [198]. This approach is motivated by the realization of spin-selective
photoexcitations as in spin-polarized ARPES or time-resolved ARPES (trARPES) experiments, c.f.
e.g. [194, 268, 8] for further reading or [427, 32] for applications. Indeed, nowadays trARPES is a
frequently and very powerful applied method in experimental physics when it comes to the analysis
of materials. Apart from the detection of excitons, for instance, also electron-phonon couplings have
been measured [250]. We will not simulate trARPES experiments in total, but rather aspects of
them. In doing so, we conduct simulations using time-dependent matrix product states (MPSs)
[320, 283] and study the time evolution of single-particle spectral functions, where we find the
photoexcitation to lead to additional signals only in the opposite spin direction than the one excited,
and the time-dependent optical conductivity. Therefore we call the excitonic signals we observe
spinful excitons. We study the recombination process of the particle-hole excitation and find its
time scale to be much longer than the ones amenable to MPS, which in our simulations corresponds
to times of ∼ 30fs in pump-probe experiments. Both the definitions for the time-dependent spectral
functions, as well as for the time-dependent optical conductivity are derived from their equilibrium
counterparts. However, these definitions are not unique, such that different variants may be more
suitable for certain problems. This problem becomes especially apparent when we apply our
formalism to a Floquet-driven system, which are also intensively studied, c.f. for instance [227, 57].
Here, we consider a so-called 𝑡𝑉 -chain of interacting spinless fermions and find, as Floquet theory
predicts, side bands, however not at all times. We further encounter another peculiar in-gap feature
in the spectrum, which we associate to the melting of a CDW.

This thesis is structured as follows: In chapter 2 we give a very brief review of quantum mechanics.
In chapter 3 we discuss basic numerical routines amongst other concepts. Chapter 4 will be devoted
to introducing the concept of matrix product states and operators including their properties. Based
on these insights we will present principal MPS-based algorithms in chapter 5, where we shall restrict
ourselves to zero temperature setups. We will introduce the models to be considered in chapter 7
followed by an introduction of our main observables in chapter 6. We will discuss different ways
to describe out-of-equilibrium setups with particular respect to the definition of non-equilibrium
spectral functions and optical conductivities. A motivation for the respective definitions will be
given. Chapters 8 and 9 then contain our main results, the former focusing on equilibrium properties
to gain a basic understanding of the models, the latter on the out-of-equilibrium situations. In
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chapter 10 we discuss Floquet-driven systems also explaining the pitfalls of our earlier set up scheme,
as well as its limits. Finally, a summary and an outlook will be provided in chapter 11.
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2 Basic Concepts of Quantum Mechanics

We begin with a very quick overview of quantum mechanics. Most of the concepts introduced here
will be applied in later sections of this work. This entire chapter is primarily based on the textbooks
[64, 65] and [314]. At first, we shall briefly introduce quantum states and operators. Next, the
Hilbert space and the Schrödinger equation are discussed, followed by the time-evolution operator
and an overview of the different dynamical pictures. Lastly, we introduce the concept of exact
diagonalization, which, in principle, allows to compute all quantum systems exactly, but due to its
complexity cannot be applied to arbitrary problems in practice. We will restrict our considerations
to 𝑇 = 0 as we will not be dealing with thermal systems in the remainder of this thesis. Note
further that this is the only section in this work where the reduced Planck constant ~ is denoted.
Afterwards we shall set ~ = 1.

2.1 States, Operators, and Second Quantization

The description of quantum systems is governed by so-called quantum states, which are obtained
from a generalization of representations of a system’s wave function 𝜓. We denote the quantum
state corresponding to a wave function 𝜓 by |𝜓⟩ in Dirac notation [79]. The state vectors of a
physical system constitute a vector space, the so-called Hilbert space ℋ , thus |𝜓⟩ ∈ ℋ . We further
denote the scalar product of two states |𝜓⟩ , ∣𝜓′⟩ ∈ ℋ by

𝑜 = ⟨𝜓∣𝜓′⟩ ∈ ℂ, (2.1)

which satisfies
⟨𝜓 ∣𝜓′⟩ = ⟨𝜓′ |𝜓⟩∗ . (2.2)

By ⟨𝜓| we denote the vector of the dual space ℋ ∗ corresponding to |𝜓⟩. Commonly |𝜓⟩ is called a
ket-vector or in short ket, while ⟨𝜓| is referred to as a bra-vector or simply bra, 𝑜 is also known as
the overlap of |𝜓⟩ and ∣𝜓′⟩. A state |𝜓⟩ to satisfy

‖ |𝜓⟩ ‖ ≔ √⟨𝜓|𝜓⟩ = 1 (2.3)

is called normalized, ‖ |𝜓⟩ ‖ is the norm of |𝜓⟩.

Quantum mechanical states may be modified by linear maps, so-called operators, �̂� ∶ ℋ ↦ ℋ such
that

∣𝜓′⟩ = �̂� |𝜓⟩. (2.4)

According to the correspondence principle, to every classical quantity there exists an operator in
quantum mechanics. Operators to fulfill

�̂� = �̂�† (2.5)
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2 Basic Concepts of Quantum Mechanics

are said to be Hermitian. Such Hermitian operators are observables

𝑂|u�⟩ = ⟨𝜓| �̂� |𝜓⟩ = ⟨�̂�⟩ = 𝑂 ∈ ℝ, (2.6)

which can be measured in experiment. The average result of multiple measurements of physical
quantity described by an observable then corresponds to the expectation value of the operator �̂�
with respect to the quantum state |𝜓⟩. The last two notations in the above equations are frequently
encountered short forms used when the state |𝜓⟩ with respect to which the measurement is conducted
is either clear or irrelevant. In most applications this will then be the so-called ground state of the
system we shall properly introduce in section 2.3. Operators in general do not commute, that is for
two operators �̂�1 and �̂�2 the commutator

[�̂�1, �̂�2] = �̂�1�̂�2 − �̂�2�̂�1 ≠ 0 (2.7)

does not vanish in general. An important concept in terms of operators commonly known as second
quantization is the introduction of creation and annihilation operators which each are adjoints of
the respective other. The former describes the creation of its corresponding (quasi) particle, the
latter its destruction. Creation and annihilation operators, ̂𝑏†

u� and ̂𝑏u� that fulfill

[ ̂𝑏u�, ̂𝑏u�] = 0 (2.8)

[ ̂𝑏†
u�, ̂𝑏†

u�] = 0 (2.9)

[ ̂𝑏u�, ̂𝑏†
u�] = 𝛿u�,u� (2.10)

are called bosonic, their corresponding (quasi) particles are referred to as bosons. If in turn for
operators ̂𝑓†

u� and ̂𝑓u�

{ ̂𝑓u�, ̂𝑓u�} = 0 (2.11)

{ ̂𝑓†
u�, ̂𝑓†

u�} = 0 (2.12)

{ ̂𝑓u�, ̂𝑓†
u�} = 𝛿u�,u� (2.13)

holds true, we encounter fermionic operators describing fermions. Here we have introduced the
anti-commutator {⋅, ⋅} which is defined via

{�̂�1, �̂�2} = �̂�1�̂�2 + �̂�2�̂�1. (2.14)

The above equations show a fundamental difference between fermions and bosons. While for the
former it is impossible for two identical particles to exist at the same instant, for the latter there is
no such upper bound. This property of fermions is referred to as the fermionic exclusion principle.

So far, we have actually without explicitly mentioning it investigated such quantum mechanical
systems that only describe a single wave function and, thus, a single particle problem. The concepts
introduced above, however, may be easily generalized for the description of many-body systems.
Consider a system of 𝐿 sites, each one describing a single particle problem. The quantum state is
then given by the tensor product

|𝜓⟩ = |𝜓0⟩ ⊗ |𝜓1⟩ ⊗ ⋯ ⊗ |𝜓u�−2⟩ ⊗ |𝜓u�−1⟩, (2.15)

the state |𝜓u�⟩ describing the system at site 𝑖. In this case, we also differentiate between local and
global operators, the former acting on only a single, while the latter modifying several or all sites.
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2.2 The Hilbert Space

Most often, the site a local operator acts on is indicated by an index. Crucial to many-body systems
is the presence of some sort of interaction between the individual sites since otherwise it would be
possible to solve the single particle problems individually. As we shall see below in section 7.1.1
an apparent many-body problem in a certain representation may be converted into a set of single
particle problems in another representation, a common example being the tight-binding model. This
class of problems is, however, very small.

2.2 The Hilbert Space

As we have learned in the previous section, the Hilbert space incorporates all quantum states a
physical system can take. Since the Hilbert space is a vector space, to each such Hilbert space there
corresponds a basis defining its dimension. This dimension may either be finite or infinite. As for
the former, consider a single spin-1/2 particle. Classically it may either be in the state |↑⟩ or |↓⟩.
Quantum mechanically, these two states form a basis of its Hilbert space, such that a general state
will be determined by a superposition

|𝜓⟩ = 𝑐↑ |↑⟩ + 𝑐↓ |↓⟩, 𝑐↑, 𝑐↓ ∈ ℂ (2.16)

with the additional constraint
𝑐2

↑ + 𝑐2
↓ = 1 (2.17)

if |𝜓⟩ is normalized. The prime example of an infinitely dimensional Hilbert space is the quantum
mechanical harmonic oscillator, where the states counting the number of modes |𝑛⟩ form the basis,
𝑛 ∈ {0, … , ∞}, such that a general state in this case is given by

|𝜓⟩ = ∑
u�

𝑐u� |𝑛⟩ 𝑐u� ∈ ℂ. (2.18)

As for many-body systems, the total Hilbert space is determined by ℋ = ⨂u� ℋu�, ℋu� being the
so-called local Hilbert space at site 𝑖. If we suppose all local Hilbert spaces to be identical, the
total Hilbert space is commonly called ℋ u�. Let 𝑑 be the local Hilbert space dimension. We, thus,
obtain

dim(ℋ u�) = 𝑑u�, (2.19)

that is the Hilbert space grows exponentially with system size. As we shall further elaborate on
in section 2.6 this particular property severely limits computational possibilities to a complete
treatment of such systems. The total Hilbert space of a many-body system may be divided into
sectors according to the total number of particles in the system summed over all sites. A Hilbert
space with such a property is called a Fock space.

2.3 The (Time-dependent) Schrödinger Equation

In quantum mechanics a quantum system is described by its possibly time-dependent Hamiltonian
�̂�(𝑡), which contains all information about the system’s properties. We further introduce the
quantum state |𝜓(𝑡)⟩ to describe the system at a certain time 𝑡 at zero temperature 𝑇 = 0.
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2 Basic Concepts of Quantum Mechanics

Conveniently, |𝜓(𝑡)⟩ is thus referred to as the state of the system at time 𝑡. All these states satisfy
the time-dependent Schrödinger equation [322, 323, 324, 325]

i~ d
d𝑡

|𝜓(𝑡)⟩ = �̂�(𝑡) |𝜓(𝑡)⟩, (2.20)

which clearly determines the time evolution of |𝜓(𝑡)⟩. The time-dependent Schrödinger equation
has the following properties:

1. It is linear, that is if |𝜓u�(𝑡)⟩ and |𝜓u�(𝑡)⟩ solve (2.20), so does

|𝜓(𝑡)⟩ = 𝑎 |𝜓u�(𝑡)⟩ + 𝑏 |𝜓u�(𝑡)⟩ , 𝑎, 𝑏 ∈ ℂ. (2.21)

Phrased differently, this property states that to any state |𝜓(𝑡0)⟩ = 𝑎 |𝜓u�(𝑡0)⟩ + 𝑏 |𝜓u�(𝑡0)⟩ at
time 𝑡0 the corresponding state at time 𝑡 is given by equation (2.21).

2. It is homogeneous in |𝜓(𝑡)⟩. This feature is of particular importance if it is expressed as a
differential equation of wave functions.

3. It is non-relativistic. The relativistic generalization is given by the Dirac equation. Since the
treatment of relativistic systems goes far beyond the scope of this thesis we refer to some
standard textbooks, e.g. [130], at this point for further reading.

If we are to describe the state |𝜓(𝑡)⟩ of the quantum system at any time 𝑡, thus, the “only” thing
we need to do is to solve the time-dependent Schrödinger equation (2.20).

An important special case is obtained if the Hamiltonian is time-independent, i.e.

�̂�(𝑡) = �̂�, (2.22)

which is of particular importance in the description of quantum systems in equilibrium. In this case,
the time-dependent Schrödinger equation (2.20) can easily be shown to be (partially) solved by the
ansatz

∣𝜓u�,u�(𝑡)⟩ = e−iu�u�u� ∣𝜓u�,u�(𝑡0)⟩, (2.23)

where 𝑡0 is to be kept fix. Inserting into equation (2.20) we obtain

~𝜔u� ∣𝜓u�,u�(𝑡0)⟩ = �̂� ∣𝜓u�,u�(𝑡0)⟩. (2.24)

Identifying the prefactor in the left-hand side of the above equation to correspond to an energy

𝐸u� = ~𝜔u�, (2.25)

we obtain the time-independent Schrödinger equation

�̂� ∣𝜓u�,u�(𝑡0)⟩ = 𝐸u� ∣𝜓u�,u�(𝑡0)⟩, (2.26)

which describes an eigenvalue problem. Hence, the states |𝑛, 𝑗⟩ = ∣𝜓u�,u�(𝑡0)⟩ are called the eigenstates
of �̂�, which we shall sort according to their eigenenergies

𝐸0 < 𝐸1 < ⋯ < 𝐸u�. (2.27)

The index 𝑗 was simply introduced to count possibly degenerate eigenstates. Should all eigenstates
be non-degenerate, it may safely be disregarded. All eigenstates corresponding to the lowest energy
𝐸0 are called the ground state of �̂�

|GS⟩ = |0, 𝑗⟩. (2.28)
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Hence, 𝐸0 is referred to as the ground state energy. Any system in equilibrium will stay in this
state and have this energy. Note that with setting up the time-independent Schrödinger equation
(2.26) we have transformed the problem of solving a linear differential equation into an algebraic
problem.

From the time-independent Schrödinger equation (2.26) we may further illustrate that the expectation
value of the Hamiltonian yields the energy of the system. This relation actually holds true in general,
i.e.

𝐸(𝑡) = ⟨𝜓(𝑡)| �̂�(𝑡) |𝜓(𝑡)⟩. (2.29)

2.4 The Time Evolution Operator

Consider an arbitrary quantum state |𝜓(𝑡0)⟩ at time 𝑡0. We define the time evolution operator
𝑈(𝑡, 𝑡0) which transforms the state |𝜓(𝑡0)⟩ into |𝜓(𝑡)⟩ at time 𝑡 via

|𝜓(𝑡)⟩ = 𝑈(𝑡, 𝑡0) |𝜓(𝑡0)⟩. (2.30)

Inserting the above into the time-dependent Schrödinger equation (2.20) we find

i~ d
d𝑡

𝑈(𝑡, 𝑡0) |𝜓(𝑡0)⟩ = �̂�(𝑡) 𝑈(𝑡, 𝑡0) |𝜓(𝑡0)⟩. (2.31)

Since |𝜓(𝑡0)⟩ was chosen to be arbitrary, for the time evolution operator

i~ d
d𝑡

𝑈(𝑡, 𝑡0) = �̂�(𝑡) 𝑈(𝑡, 𝑡0) (2.32)

must hold true. This equation can be formally solved, yielding

𝑈(𝑡, 𝑡0) = 𝒯 exp(− i
~

∫
u�

u�0

d𝑡′�̂�(𝑡′)), (2.33)

where 𝒯 is the time ordering operator. If the Hamiltonian at different times commutes, i.e.
[�̂�(𝑡′) , �̂�(𝑡″)] = 0, the time ordering operator may be dropped from equation (2.33). Note that
the Hamiltonian �̂�(𝑡) is crucial to the definition of the time evolution operator 𝑈(𝑡, 𝑡0). Therefore,
in complete rigor we should refer to 𝑈(𝑡, 𝑡0) as the time evolution operator with respect to �̂�(𝑡).

If the Hamiltonian is time-independent, the time evolution operator takes the simple form

𝑈(𝑡, 𝑡0) = e−iû�⋅(u�−u�0)/~. (2.34)

The time evolution operator has the following properties.

1. It is unitary, i.e.
𝑈†(𝑡, 𝑡0) 𝑈(𝑡, 𝑡0) = 𝟙. (2.35)

2. For 𝑡 = 𝑡0 it is the identity
𝑈(𝑡0, 𝑡0) = 𝟙. (2.36)
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3. It satisfies
𝑈(𝑡, 𝑡0) = 𝑈(𝑡, 𝑡′) 𝑈(𝑡′, 𝑡0) ∀𝑡′. (2.37)

From the above properties it is easy to deduce that

𝑈†(𝑡, 𝑡0) = 𝑈(𝑡0, 𝑡) . (2.38)

Often times we have 𝑡0 = 0. In this case we write

𝑈(𝑡) = 𝑈(𝑡, 0) (2.39)

for short, such that the adjoint is given by

𝑈†(𝑡) = 𝑈(−𝑡). (2.40)

2.5 Schrödinger vs. Heisenberg vs. Dirac Picture and Their Transitions

So far, in order to describe quantum mechanical systems, we have encountered time-dependent
quantum states |𝜓(𝑡)⟩S of which the time evolution is governed by the Schrödinger equation (2.20).
The quantum states may be altered through the application of operators �̂�S(𝑡), which may likewise
be time-dependent. All the above mentioned properties characterize the so-called Schrödinger
picture. We shall indicate for the remainder of this section states and operators belonging to this
particular picture with the subscript S.

The mathematics of quantum mechanics, however, may be conducted in different ways. We define
the Heisenberg picture, in which the entire time-dependence is shifted to the operators, leaving
the quantum states time-independent. We will use the subscript H to tell operators and states in
this picture apart from the Schrödinger picture. Let 𝑡0 be fix. We introduce the time-independent
quantum state in the Heisenberg picture as

|𝜓(𝑡0)⟩H = 𝑈†
S (𝑡, 𝑡0) |𝜓(𝑡)⟩S . (2.41)

Accordingly, an operator in the Heisenberg picture is related to its counterpart in the Schrödinger
picture via

�̂�H(𝑡) = 𝑈†
S (𝑡, 𝑡0) �̂�S(𝑡) 𝑈S(𝑡, 𝑡0). (2.42)

Differentiating this equation, we find the Heisenberg equation of motion

d
d𝑡

�̂�H(𝑡) = i [�̂�H(𝑡) , �̂�H(𝑡)]+(∂u��̂�S(𝑡))
H

= i [�̂�H(𝑡) , �̂�H(𝑡)]+𝑈†
S (𝑡, 𝑡0) (∂u��̂�S(𝑡)) 𝑈S(𝑡, 𝑡0) (2.43)

describing the time evolution of operators in the Heisenberg picture. With [⋅, ⋅] we describe the
commutator. Note that certain operators are independent of their representation in Heisenberg
or Schrödinger picture, most notably the Hamiltonian �̂� and its corresponding time evolution
operator 𝑈†(𝑡, 𝑡0) themselves since the Hamiltonian commutes with itself as can be easily verified
from inserting into equation (2.42).

For the sake of completeness we mention a third commonly applied dynamical picture, the interaction
or Dirac picture, which in some sense can be interpreted as a combination of the Schrödinger and
the Dirac picture. In its definition we decompose in the Schrödinger picture the Hamiltonian into

�̂�S(𝑡) = �̂�0,S(𝑡) + �̂�1,S(𝑡), (2.44)
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where we consider �̂�1,S(𝑡) to be a perturbation of an otherwise easily solvable system specified by
�̂�0,S(𝑡). Note that in most applications �̂�0,S(𝑡) is chosen to be time-independent. This, however, is
not required by its definition. We will use the subscript D to mark states and operators given in the
Dirac picture. We define a quantum state in the Dirac picture via

|𝜓(𝑡)⟩D = 𝑈†
0,S(𝑡, 𝑡0) |𝜓(𝑡)⟩S (2.45)

and an operator via
�̂�D(𝑡) = 𝑈†

0,S(𝑡, 𝑡0) �̂�S(𝑡) 𝑈0,S(𝑡, 𝑡0), (2.46)

where 𝑈0,S(𝑡, 𝑡0) is the time evolution operator in the Schrödinger picture with respect to only
�̂�0,S(𝑡). The time evolution of the states and operators is then given by

i~ d
d𝑡

|𝜓(𝑡)⟩D = �̂�1,S(𝑡) |𝜓(𝑡)⟩D (2.47)

and
d
d𝑡

�̂�D(𝑡) = i [�̂�0,S(𝑡) , �̂�D(𝑡)] + (∂u��̂�S(𝑡))
D

(2.48a)

= i [�̂�0,S(𝑡) , �̂�D(𝑡)] + 𝑈†
0,S(𝑡, 𝑡0) (∂u��̂�S(𝑡)) 𝑈0,S(𝑡, 𝑡0), (2.48b)

respectively. Equation (2.47) bears similarities to the Schrödinger equation (2.20), while equation
(2.48) is essentially the Heisenberg equation of motion (2.43). Note that in the Dirac picture the
Hamiltonian is not necessarily equal to its expression in the Schrödinger or Heisenberg picture, this
being only the case if �̂�0,S(𝑡) and �̂�1,S(𝑡) commute, i.e. [�̂�0,S(𝑡) , �̂�1,S(𝑡)] = 0.

Although in these three dynamical pictures that we have introduced above the states and operators
have in general different properties depending on their respective representation, certain features
are invariant. First, the quantum state at 𝑡0 is independent of the picture,

|𝜓(𝑡0)⟩S = |𝜓(𝑡0)⟩H = |𝜓(𝑡0)⟩D = |𝜓(𝑡0)⟩. (2.49)

Second, expectation values are likewise picture-independent,

S⟨𝜓(𝑡)| �̂�S(𝑡) |𝜓(𝑡)⟩S = H⟨𝜓(𝑡0)| �̂�H(𝑡) |𝜓(𝑡0)⟩H = D⟨𝜓(𝑡)| �̂�D(𝑡) |𝜓(𝑡)⟩D = ⟨𝜓(𝑡)| �̂�(𝑡) |𝜓(𝑡)⟩ (2.50)

Hence, we may drop the subscript in the above equations. Taking the expectation value with respect
to a state ∣𝜓(𝑡′)⟩ of the Heisenberg equation of motion (2.43) we may exploit equation (2.50), such
that we obtain the picture-independent result

d
d𝑡

⟨𝜓(𝑡′)∣ �̂�(𝑡) ∣𝜓(𝑡′)⟩ = i ⟨𝜓(𝑡′)∣ [�̂�(𝑡) , �̂�(𝑡)] ∣𝜓(𝑡′)⟩ + ⟨𝜓(𝑡′)∣ (∂u��̂�S(𝑡)) ∣𝜓(𝑡′)⟩. (2.51)

The above equation is referred to as the Heisenberg equation of motion for expectation values.
Nevertheless, we shall simply call both, equation (2.43) just like equation (2.51), the Heisenberg
equation of motion. If the state we are computing the expectation value with reference to is clear,
we may write equation (2.51) in short as

d
d𝑡

⟨�̂�⟩(𝑡) = i ⟨[�̂�(𝑡) , �̂�(𝑡)]⟩ + ⟨(∂u��̂�S(𝑡))⟩. (2.52)

Should the operator �̂�S(𝑡) further be time-independent, i.e. ∂u��̂�S(𝑡) = 0, we obtain the even easier
form

d
d𝑡

⟨�̂�⟩(𝑡) = i ⟨[�̂�(𝑡) , �̂�(𝑡)]⟩. (2.53)
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2.6 Exact / Full Diagonalization

Let us go back to the problem of solving the time-independent Schrödinger equation (2.26). As we
have already pointed out in section 2.3 we face an eigenvalue problem. Here the quantum states
take the role of vectors and accordingly may the operators be expressed as matrices. Let us by |𝑏u�⟩
denote a basis state of the Hilbert space ℋ , irrespective of whether it may be finite or not, of the
Hamiltonian �̂�. The index 𝑖 labeling the basis states, hence, takes values 𝑖 ∈ {0, … , dim(ℋ )}. It is,
thus, possible to set up a dim(ℋ ) × dim(ℋ )-size Hamilton matrix 𝐻, which is determined by

𝐻u�,u� = ⟨𝑏u�| �̂� ∣𝑏u�⟩. (2.54)

Diagonalizing this matrix
𝐻 = 𝑆 ⋅ 𝐷 ⋅ 𝑆†, (2.55)

where 𝐷 is diagonal and 𝑆 Hermitian, we find the eigenstates of �̂� to be determined by

|𝑛, 𝑗⟩ = ∑
u�

𝑆∗
u�,(u�,u�) |𝑏u�⟩. (2.56)

Their corresponding eigenenergies are given by

𝐸u� = 𝐷(u�,u�),(u�,u�). (2.57)

Consider now an arbitrary quantum state |𝜓(𝑡0)⟩ at fixed time 𝑡0. If we express this state in terms
of the previously found eigenstates

|𝜓(𝑡0)⟩ = ∑
u�

𝑐(u�,u�)(𝑡0) |𝑛, 𝑗⟩, (2.58)

its time evolution is completely determined by

|𝜓(𝑡)⟩ = ∑
(u�,u�)

𝑐(u�,u�)(𝑡0) e−iu�u�u� |𝑛, 𝑗⟩. (2.59)

Hence, we have complete knowledge of the entire quantum system.

While this result in theory appears to be satisfactory, in practice this procedure of what is commonly
called exact (or full [234]) diagonalization, ED or FD, is severely limited, compare for instance [167,
20], the problem being that the size of the Hilbert space grows exponentially with the system size 𝐿
in case of a many-body system. Clearly, if the Hilbert space is of infinite dimensions this methods
cannot be applied at all without modifications. With modern super computers system sizes of some
tens of particles may be solved by means of exact diagonalization. There exist numerous specified
algorithms to facilitate the actual diagonalization routine, see e.g. reference [21] for further reading.
We shall describe one method, the Lanczos algorithm in section 3.4. Yet still, the problem of the
exponentially growing Hilbert space cannot be tackled with conventional computers as advanced as
they may be or become. Thus, the need for approximative methods is evident. Over the last decades
several such methods have been developed each coming with their strengths and weaknesses. Such
methods include density functional theory (DFT) [83], dynamical mean field theory (DMFT) [114],
or quantum Monte Carlo methods (QMC) [258]. In this thesis we shall make use of the density
matrix renormalization group (DMRG), to which we devote section 4.1, c.f. [259] for a comparison
to ED. For a more comprehensive overview see for instance [101]. All these methods allow with
certain restrictions the evaluation of systems with larger Hilbert spaces. Their quality may be then
judged from reference data produced with ED for smaller systems.
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3 Typical Numerical Methods in Tensor Network
Computations

Before we begin with describing the key algorithms used in this thesis, we first set a base in
introducing underlying concepts. The language of matrix-product states (MPSs) requires a tensor-
based formulation. Hence, we will first introduce the concept of tensors in the first section of
this chapter. Next, we will explain their pictorial notation. As will become obvious, a purely
mathematical handling of tensors in terms of formulas becomes quite cumbersome and difficult to
process even for rather simple structures. Just like Feynman diagrams sketching the associated
relations provides an enormous benefit in understanding the corresponding calculations, plus in the
case of tensors or tensor networks to be more precise this notation by design enforces correctness.

The next two sections deal with decomposing matrices in terms of the QR decomposition and the
singular value decomposition (SVD), respectively. Both of these schemes are frequently applied in
MPS-based algorithms, the SVD being of particluar importance to achieve reasonable computational
times. We also elaborate on matrix operations focusing on their diagonalization. This procedure is
of particular importance in so-called exact diagonalization (ED) methods in physics. Therefore, we
introduce two algorithms in more detail, namely the QR algorithm in the former of the two sections
and the Lanczos algorithm to which we devote an additional section. The Lanczos algorithm will
become of crucial importance in DMRG algorithms to be presented in chapter 5.

Finite state machines will seem a rather stand-alone topic in this chapter. However, they are
advantageous to use when it comes to the systematic construction of matrix-product operators
(MPOs). It should further be mentioned that the concept of finite state machines itself largely
extends the application presented in this thesis, playing an important role in theoretical computer
science as well as in graph theory.

We will close this chapter with an extensive discussion of the discrete Fourier transform and its
various pitfalls compared to the analytic Fourier transform. In physics the application of Fourier
transforms is widespread as this scheme allows the transition from real space to momentum space
in which many quantities are defined. In the case of this thesis, they will become necessary in order
to calculate spectral functions. Although the analytical Fourier transform is quite easy to apply
and interpret this does not apply to its discrete analog, which exhibits a wide range of sources of
errors. Finally, we will introduce a Fourier-related transform, the sine transform, which is sometime
also referred to as the Fourier sine transform.

This entire chapter is based on various textbooks [125, 297, 378, 139, 118, 153, 154, 62, 39, 45]. We
shall also give the respective sources at points in the text where we feel them to fit best, which does
not mean, however, that they do not contain information on later or previously presented topics.
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3 Typical Numerical Methods in Tensor Network Computations

3.1 Tensors, Their Notation and Pictorial Representation

In simple words a tensor is nothing more than a well-ordered arrangement of numbers, that is for a
tensor 𝑇 of rank 𝑟 there is assigned a single number to every tuple 𝑖0, 𝑖1, … , 𝑖u�−2, 𝑖u�−1 of indices, with
𝑖u� ∈ {0, … , 𝑁u� − 1} which makes the entire tensor an object of dimensions 𝑁0×𝑁1×⋯×𝑁u�−2×𝑁u�−1.
Hence, a tensor of rank 0 is a simple scalar, a rank-1 tensor is a vector, and a rank-2 tensor a
matrix. In analogy to their notation, we denote the elements of 𝑇 by 𝑇u�0,u�1,…,u�u�−2,u�u�−1

. Since this
notation, albeit strictly logical and correct, tends to be quite confusing in longer equations in 1971
Roger Penrose introduced a graphical notation [290] in which a rank-𝑟 tensor 𝑇 is represented by
a geometrical shape with 𝑟 legs for its indices. Thus, more accurately what we actually have is a
general depiction of its elements 𝑇u�0,u�1,…,u�u�−2,u�u�−1

. We show examples of these representations in
figure 3.1.

𝑇 ≡ u� 𝑇u� ≡
u�

u�

𝑇u�,u� ≡ u�u� u� 𝑇u�,u�,u� ≡
u�u�

u�

u�

𝑇u�,u�,u�,u� ≡ u�u�

u�

u�

u�

Figure 3.1: Pictorial representation of tensors u� of different ranks u� in Penrose notation.
From left to right we have u� = 0, 1, 2, 3, 4, u� thus has the elements u� , i.e. it is a
scalar, u�u�, i.e. it is a vector, u�u�,u�, i.e. it is a matrix, u�u�,u�,u�, and u�u�,u�,u�,u�, respectively.
At the very right we show the dummy tensor which may be of any rank u� but with
u�u� = 1∀u� ∈ {0, … , u� − 1}. We will occasionally use this dummy tensor as a Kronecker
delta.

Mathematically tensors are understood as multi-linear maps between an input and an output vector
space and the notation changes slightly the indices of the former and latter being denoted as sub-
and superindices, respectively. Furthermore, dual vector spaces can be formally introduced. For the
sake of simplicity we shall not concern ourselves with these issues in this work, which makes the use
of super- or subindices arbitrary from a mathematical point of view. For a more rigorous treatment,
see for instance [165].

Tensors can be manipulated by contracting them with other tensors, i.e. by summing over a common
index. In Penrose notation this procedure is indicated by connecting the respective legs, c.f. figure
3.2 for an example.

𝑇 = 𝑇 ′𝑇 ″ ⇔ 𝑇u�,u�,u�,u� = ∑
u�

𝑇 ′
u�,u�,u�,u�𝑇 ″

u�,u� ≡ u�u�

u�

u�

u�

= u� ′ u�″u�

u�

u�

u�

u�

Figure 3.2: Example pictorial representation of a tensor contraction of a rank-4 and a
rank-2 tensor, u� ′ and u� ″, to a new rank-4 tensor u� .
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3.2 QR Decomposition

By regrouping the indices, we can furthermore change the shape of a tensor, that is we may either
absorb several indices into a new superindex (which we then give in parentheses) or decompose an
index into several subindices. Figure 3.3 shows an example of such a procedure.

𝑇u�,u�,u� ↔ 𝑇(u�,u�,u�) ≡
u�u�

u�

u�

↔
u�

(u�, u�, u�)

Figure 3.3: Example pictorial representation of reshaping a tensor u� rank-3 tensor into
a rank-1 tensor and vice versa.

In principle, the shape to represent the tensor may be chosen arbitrarily. In the remainder of this
work we shall associate with different shapes different properties of a tensor which will hopefully
become self-explaining from their respective introductions.

3.2 QR Decomposition

As a convenience for the reader we briefly review the QR decomposition, which will appear as a
subroutine in many of the algorithms presented in chapters 4 and 5, and the QR algorithm, which
may be used in ED computations, at this point. Here we focus on aspects important to keep in
mind for the particular applications in the remainder of this thesis rather than providing a complete
overview. For further reading we refer to [125] which also serves as the primary source for this
section.

Let 𝑀 ∈ ℂu�×u� be a complex matrix of rank 𝑟, then there exists a decomposition

𝑀 = 𝑄 ⋅ 𝑅 ≡ 𝑀u�,u� = ∑
u�

𝑄u�,u�𝑅u�,u� (3.1)

with a unitary matrix 𝑄 ∈ ℂu�×u�, i.e.
𝑄† ⋅ 𝑄 = 𝟙 (3.2)

and an upper triangular – or right – matrix 𝑅 ∈ ℂu�×u�, where 𝑑 = min(𝑎, 𝑏). A sketch is provided in
figure 3.4. Figure 3.5 shows equation (3.1) in tensor notation as defined in the above section.

𝑀 = 𝑄 ⋅ 𝑅 𝑀 = 𝑄 ⋅ 𝑅

Figure 3.4: Sketch of the QR decomposition as in equation (3.1) in case u� ≥ u� (left) or
u� < u� (right).
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3 Typical Numerical Methods in Tensor Network Computations

u�u� u� = u� u�u� u�
u�

Figure 3.5: Pictorial representation of the QR decomposition, c.f. equation (3.1), in
tensor network notation.

In case 𝑎 ≥ 𝑏 and 𝑟 = 𝑏 = 𝑑, i.e. the matrix 𝑀 is of full rank, this decomposition is also unique. We
should note that as defined above 𝑄 and 𝑅 provide the so-called reduced or thin QR decomposition
of 𝑀 . For 𝑎 ≥ 𝑏 it is possible to enhance 𝑄 by 𝑎 − 𝑏 orthonormal column vectors of dimension ℂu�

and 𝑅 by 𝑎 − 𝑏 lines of zeros, thereby obtaining 𝑄′ ∈ ℂu�×u� and 𝑅′ ∈ ℂu�×u� which yield a full QR
decomposition. This variant is sketched in figure 3.6. However, for our application the reduced QR
decomposition will prove to be sufficient.

𝑀 = 𝑄′ ⋅ 𝑅′

Figure 3.6: Sketch of the full QR decomposition.

As the QR decomposition lies at the core of many numerical algorithms, there exits a number of
variations in their computation, including optimizations for matrices 𝑀 with special properties to
speed up calculations. A common method to determine the QR decomposition of a matrix 𝑀 is via
the application of unitary Householder matrices

𝐻 = 𝟙 − 2ℎℎ† (3.3)

where ℎ are unit vectors ℎ†ℎ = 1. It can be shown that a subsequent application of Householder
matrices 𝐻 to the original matrix 𝑀 turns it into an upper triangular matrix. Thus, 𝑄 and 𝑅 are
given by

𝑄 = 𝐻1 ⋯ 𝐻u�, and (3.4)
𝑅 = 𝐻u� ⋯ 𝐻1 ⋅ 𝑀, (3.5)

respectively. Here 𝐻u� describes the 𝑖th Householder matrix. The total computational effort for
computing the QR decomposition is, hence, determined by 𝒪(𝑎𝑏𝑟). Note that optimizations for
matrices with special properties will perform much better [297].

To further outline applications of the QR decomposition, we now turn our attention to the QR
algorithm, which, although it is not applied directly in MPS computations, is of great importance
nonetheless, both in comparison to as well as a subroutine of the Lanczos algorithm to be presented
in section 3.4. In addition the already mentioned material in this section we refer to [139] for further
reading on this very broad topic.

The QR algorithm computes all eigenvalues and if desired their corresponding eigenvectors of a
quadratic matrix 𝑀 ∈ ℂu�×u�. The principle idea is to start from the initial matrix 𝑀0 ≔ 𝑀 and
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3.2 QR Decomposition

calculate for each step 𝑖 the QR decomposition 𝑀u� = 𝑄u� ⋅ 𝑅u�, then defining a new matrix

𝑀u�+1 = 𝑅u� ⋅ 𝑄u�. (3.6)

By construction we have

𝑀u�+1 = 𝑅u� ⋅ 𝑄u� = 𝑄†
u� ⋅ 𝑄u� ⋅ 𝑅u� ⋅ 𝑄u� = 𝑄†

u� ⋅ 𝑀u� ⋅ 𝑄u� = 𝑄†
u� ⋅ ⋯ ⋅ 𝑄0 ⋅ 𝑀0 ⋅ 𝑄0 ⋅ ⋯ ⋅ 𝑄u�, (3.7)

i.e. 𝑀u�+1 is similar to the original matrix 𝑀0 = 𝑀 , thus having the same eigenvalues. The above
sequence of matrices 𝑀u� can be shown to converge to an upper triangular matrix, the Schur form of
𝑀 , which exhibits its eigenvalues on its diagonal [125].

In practice however, the above scheme is not applied as it is numerically inefficient. Instead, 𝑀 is
first converted into an upper Hessenberg matrix �̃� , such that by definition all entries �̃�u�,u� with
𝛼 < 𝛽 − 1 vanish. Hence, �̃� is an upper triangular matrix with a non-zero first subdiagonal. This
conversion is achieved through the application of 𝑎 − 2 Householder matrices 𝐻u�, such that

�̃� = 𝐻†
u�−2 ⋅ ⋯ ⋅ 𝐻†

1 ⋅ 𝑀 ⋅ 𝐻1 ⋅ ⋯ ⋅ 𝐻u�−2 (3.8)

is again similar to 𝑀 . The almost upper triangular matrix �̃� can finally be transformed into
an actual upper triangular matrix via the subsequent application of so-called Givens matrices. A
Givens matrix 𝐺(𝛼, 𝛽; 𝑐, 𝑠) with |𝑐|2 + |𝑠|2 = 1, 𝑐, 𝑠 ∈ ℂ is of the form

𝐺(𝛼, 𝛽; 𝑐, 𝑠) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
⋱

1
𝑐∗ 𝑠∗

1
⋱

1
−𝑠 𝑐

1
⋱

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (3.9)

that is it is an identity matrix 𝟙 with the exceptions 𝐺u�,u� = 𝑐∗, 𝐺u�,u� = 𝑐, 𝐺u�,u� = 𝑠∗, and
𝐺u�,u� = −𝑠. After the application of 𝑎 − 1 Givens matrices defining �̃�u� = 𝐺(𝑖, 𝑖 + 1; 𝑐u�, 𝑠u�) �̃�u�−1

and �̃�0 = �̃� , the matrix

�̃�u�−1 = 𝐺(𝑎 − 1, 𝑎; 𝑐u�−1, 𝑠u�−1) ⋅ ⋯ ⋅ 𝐺(1, 2; 𝑐1, 𝑠1) ⋅ �̃� (3.10)

can be shown to be upper triangular containing the same eigenvalues as �̃� and, thus, 𝑀 . The
Givens coefficients 𝑐u� and 𝑠u� are given by

𝑐u� =
(�̃�u�−1)

u�,u�

√∣(�̃�u�−1)
u�,u�

∣
2

+ ∣(�̃�u�−1)
u�+1,u�

∣
2

, and (3.11)

𝑠u� =
(�̃�u�−1)

u�+1,u�

√∣(�̃�u�−1)
u�,u�

∣
2

+ ∣(�̃�u�−1)
u�+1,u�

∣
2

(3.12)
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3 Typical Numerical Methods in Tensor Network Computations

respectively.

Note, that in this modern implementation of the QR algorithm the QR decomposition is actually
not applied anymore. Only the name of the method remains.

With the calculations of eigenvalues being pivotal in numerics there exits a variety of modifications
and optimizations for this algorithm for input matrices 𝑀 with special properties. It is worth noticing
that the second step of the application of Givens matrices requires 𝒪(𝑎2) operations, such that the
computational cost of the algorithm decreases by one order of 𝑎 if an initial Hessenberg matrix 𝑀
is given as an input. In particular if 𝑀 is tridiagonal, and thus Hessenberg, the computational cost
reduces to just 𝒪(𝑎) [297].

3.3 Singular Value Decomposition (SVD)

As we will learn in chapter 4 the SVD is needed in the MPS framework as one of the central routines.
Hence, we will outline its basic properties in this section.

Consider again a matrix 𝑀 ∈ ℂu�×u� of rank 𝑟. For any matrix of this kind there exists at least one
decomposition such that

𝑀 = 𝑈 ⋅ 𝛤 ⋅ 𝑉 † ≡ 𝑀u�,u� = ∑
u�

𝑈u�,u�𝛤u�,u�𝑉 ∗
u�,u� (3.13)

where the matrices 𝑈 , 𝛤 and 𝑉 have the following properties: 𝑈 and 𝑉 are unitary matrices in
ℂu�×u� and ℂu�×u�, respectively, with 𝑑 = min(𝑎, 𝑏), and 𝛤 is a real diagonal matrix of dimension
𝑑 × 𝑑 containing 𝑟 ≤ 𝑑 positive entires, which we label by 𝜆u�, 𝑖 ∈ {1, … , 𝑟}. Clearly, if 𝑀 is of full
rank, we have 𝑑 = 𝑟. These 𝑟 positive coefficients 𝜆u� are called the singular values of 𝑀 , while the
entire scheme is dubbed the singular value decomposition (SVD) of matrix 𝑀 . Note that the use of
the adjoint matrix of 𝑉 in the above definition is pure convention. A sketch of an SVD is given in
figure 3.7, and figure 3.8 depicts equation (3.13) in tensor network notation as introduced above.

𝑀 = 𝑈 ⋅ 𝛤 ⋅ 𝑉 † 𝑀 = 𝑈 ⋅ 𝛤 ⋅ 𝑉 †

Figure 3.7: Sketch of the SVD as in equation (3.13) in case u� ≥ u� (left) or u� < u� (right).
Dashed lines: Dimensions after a truncation; data outside thes lines will be discarded.

u�u� u� = u� u� u� †u� u�
u� u�

Figure 3.8: Pictorial representation of the SVD, c.f. equation (3.13), in tensor network
notation.
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3.3 Singular Value Decomposition (SVD)

The key feature of the SVD in terms of this work is its application to data compression, c.f. also
[320]. Therefore, the matrices 𝑈 , 𝛤 , and 𝑉 need to be computed in such a way that the singular
values 𝜆u� in 𝛤 are arranged descendingly, i.e. 𝜆1 ≥ 𝜆2 ≥ ⋯ ≥ 𝜆u� > 0. In order to perform
a compression of 𝑀 one now introduces a maximum dimension (cutoff) 𝜒max ≤ 𝑟 to 𝛤 , that is
one discards all entries 𝛤u�,u� < 𝛤u�max,u�max

, and, if 𝜒max < 𝑟, all singular values 𝜆u� < 𝜆u�max
are

neglected. That way, one obtains new truncated matrices 𝑈 ′
u�max

∈ ℂu�×u�max, 𝑉 ′
u�max

∈ ℂu�×u�max,
and 𝛤 ′

u�max
∈ ℝu�max×u�max which yield the compressed matrix 𝑀′

u�max
= 𝑈 ′

u�max
⋅ 𝛤 ′

u�max
⋅ 𝑉 ′†

u�max
. The

accuracy of the approximation of 𝑀′
u�max

to 𝑀 now largely depends on the behavior of the singular
values 𝜆u�. If one chooses 𝜒max = 𝑟, that is one only discards zeros in 𝛤 keeping all the singular values
𝜆u�, obviously 𝑀′

u�max
= 𝑀 will hold. If the singular values 𝜆u� decay exponentially for increasing 𝑖,

then a non-trivial truncation will not have a too large effect on 𝑀′
u�max

. However, if the singular
values 𝜆u� are of similar size or in the worst case all equal, the SVD will change the original matrix
𝑀 dramatically, with 𝑀′

u�max
only vaguely mirroring its properties.

We illustrate these considerations in figure 3.9, where we plot different matrices 𝑀 ∈ ℝ480×480 and
compressed matrices 𝑀′

u�max
for different cutoffs 𝜒max. For all matrices 𝑀 we have

0 ≤ 𝑀u�,u� ≤ 1 ∀ 𝛼, 𝛽. (3.14)

We plot all these matrices 𝑀 in black and white with black corresponding to a value of 𝑀u�,u� of 1
and white corresponding to a value of 0. Values between 1 and 0 are depicted by shades of gray
with increasing lightness. We further define

1 ≔ 𝑀 | 𝑀u�,u� = 1 ∀ 𝛼, 𝛽 (3.15)

and
0 ≔ 𝑀 | 𝑀u�,u� = 0 ∀ 𝛼, 𝛽 (3.16)

as matrices containing only values of 1 or 0, respectively, and

𝐷u� ≔ 𝑀 | 𝑀u�,u� = {
1 if 𝛼 ≤ 𝛽 ± 𝑗
0 else

(3.17)

i.e. 𝐷1 is a tridiagonal matrix with all entries 1. Finally we define

𝐶u� ≔ 𝑀 | 𝑀u�,u� = {
1 if 𝛼 + 𝛽 ≤ 𝑗
0 else

. (3.18)

In figure 3.9a we now show SVDs for 𝑀 = 𝟙. As is evident from the singular value spectrum on the
right, for this matrix 𝑀 all the singular values 𝜆u� are equal. Hence none of the approximations
𝑀′

u�max
come close to the original matrix 𝑀 , with even for a large cutoff of 𝜒max = 120 the difference

is obvious. This example is of course very trivial as for the identity matrix 𝟙 we have 𝑈 = 𝑉 = 𝛤 = 𝟙
such that it is obvious that all singular values are given by 𝜆u� = 1 and a cutoff of 𝜒max will only
keep 𝜒max ones instead of the total 𝑟 ones, explaining the missing signature in the diagonal of the
compressed matrices 𝑀′

u�max
. Next, in figure 3.9b we have the case 𝑀 = 𝐷3. Here, the singular

values 𝜆u� decay, however only polynomially. While the approximation of the compressions 𝑀′
u�max

arguably matches the original matrix 𝑀 much better for a large cutoff of 𝜒max = 120, it still
exhibits a distinct shade of gray contrary to the original white. However, for an extremely low
cutoff 𝜒max = 5 the original structure already surfaces. These observations intensity in figure 3.9c
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3 Typical Numerical Methods in Tensor Network Computations

(a) u� = 𝟙.

(b) u� = u�3.

(c) u� = u�120.

(d) u� = (u�u�, u�u�) , u�u� = 1 ∈ ℝ480×240, u�u� = 0 ∈ ℝ480×240.

(e) u� encoding an image of Gauß.

Figure 3.9: Illustration of data compression via SVD. For several matrices u� ∈ ℝ480×480

the compressed matrices u�′
u�max

are shown. From left to right we have u� (original matrix),
u�′

1, u�′
5, u�′

48, u�′
120, and the corresponding singular value spectrum. To all entires

0 ≤ u�u�,u� ≤ 1 applies. A value of 1 corresponds to black, a value of 0 to white, values
between 1 and 0 are depicted by shades of gray with increasing lightness.
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3.3 Singular Value Decomposition (SVD)

where we show SVDs of 𝑀 = 𝐶120 which has exponentially decaying singular values 𝜆u�. Note that
here, for 𝜒max = 48, i.e. only a tenth of the original matrix dimension, the principal structure of 𝑀
has already fully emerged and there is only a slight difference visible compared to the compression
for the significantly larger cutoff of 𝜒max = 120. Figure 3.9d shows the optimum case for an SVD.
When 𝑀 = (𝑀u�, 𝑀u�) , 𝑀u� = 1 ∈ ℝ480×240, 𝑀u� = 0 ∈ ℝ408×240, there is only one singular value
𝜆1, such that all the compressions 𝑀′

u�max
model the original matrix 𝑀 exactly. Finally, in figure

3.9e we provide a classical visualization of the SVD’s usefulness in practice. An image of Gauß is
encoded as a matrix 𝑀 and subject to an SVD. Again, the singular values decay exponentially and
already for a maximum dimension of 𝜒max = 48 all the principal features of 𝑀 have developed, just
like in the previous example in figure 3.9c. Note that, of course, the same procedure could also
be applied to a colored image where three SVDs would have to be performed, one for each color
channel red, green, and blue.

We briefly mention that there also exist alternate definitions of the SVD regarding the dimensions of
the matrices 𝑈 , 𝛤 , and 𝑉 , such that 𝑈 ′ ∈ ℂu�×u�, 𝑉 ′ ∈ ℂu�×u�, and 𝛤 ′ ∈ ℝu�×u�, with 𝛤 still holding
the singular values 𝜆u� in its diagonal entries. A sketch of this constellation is depicted in figure 3.10.
In analogy to the QR decomposition, we may refer to this SVD as a full SVD, and accordingly

𝑀 = 𝑈 ′ ⋅ 𝛤 ′ ⋅ 𝑉 ′† 𝑀 = 𝑈 ′ ⋅ 𝛤 ′ ⋅ 𝑉 ′†

Figure 3.10: Sketch of the full SVD in case u� ≥ u� (left) or u� < u� (right).

to our previous definition as a thin or reduced SVD. In our numerical computations we shall only
make use of the latter.

In order to compute the singular values 𝜆u� in practice, one uses the similarity of 𝛤 ⊺ ⋅ 𝛤 with 𝑀† ⋅ 𝑀
which becomes evident trough the identity

𝑀† ⋅ 𝑀 = (𝑉 ⋅ 𝛤 ⊺ ⋅ 𝑈†) ⋅ 𝑈 ⋅ 𝛤 ⋅ 𝑉 † = 𝑉 ⋅ 𝛤 ⊺ ⋅ 𝛤 ⋅ 𝑉 †. (3.19)

From this observation it is clear that the singular values 𝜆u� of 𝑀 are determined by the square
roots of the positive eigenvalues of 𝑀† ⋅ 𝑀 . Hence, from these considerations, it would seem feasible
to calculate the eigenvalues of 𝑀† ⋅ 𝑀 , e.g. using the QR algorithm or the Lanczos algorithm
which will be discussed in the subsequent sections. However, in order to achieve numerical stability,
instead of performing this computation directly, the block matrix

�̃� = ( 0 𝑀
𝑀† 0

) (3.20)

is used [124]. After being subject to a Householder transformation where the same Householder
matrices 𝐻 we already encountered in the previous section are applied to it, it serves as an input to
an optimization of the QR algorithm, which then yields the desired quantities [123, 378].

The computational cost of calculating an SVD is given by 𝒪(𝑎𝑏𝑟), hence theoretically it scales the
same as the QR decomposition. However, in practice the latter is roughly twice as fast. Therefore,
if one is not interested in the singular values themselves, when it comes to decomposing a matrix
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3 Typical Numerical Methods in Tensor Network Computations

the QR decomposition should be favoured over the SVD. For more details on how to numerically
conduct an SVD see for instance [125, 378].

3.4 Lanczos Algorithm

When it comes to the computation of ground states in the MPS framework, which we will discuss in
section 5.1, the Lanczos algorithm [207, 125, 2] is one of the frequently applied subroutines. As
we already learned in section 2.6 it is also used in ED calculations. Since we will encounter it as a
(possible) subroutine in other MPS algorithms in chapter 5 we devote this section to it.

While the QR algorithm can be used to compute the eigenvalues and eigenvectors of quadratic
but otherwise generic matrices, the Lanczos algorithm requires the matrix 𝑀 ∈ ℂu�×u� to also be
hermitian, i.e.

𝑀 = 𝑀†. (3.21)
For matrices of this type the eigenvalues and eigenvectors are computed by means of the so-called
Krylov subspace

𝒦 u� ≡ span{ ⃗𝑣0, 𝑀 ⃗𝑣0, 𝑀2 ⃗𝑣0, … , 𝑀u� ⃗𝑣0} , (3.22)
which is created by successive application of the matrix 𝑀 to be investigated to an initial non-trivial
vector ⃗𝑣0 ∈ ℂu� that can be chosen arbitrarily. The total number of applications 𝑏 of the matrix 𝑀
to the initial vector ⃗𝑣0 determines the dimension of the Krylov space as 𝑏 + 1.

From the set { ⃗𝑣0, 𝑀 ⃗𝑣0, 𝑀2 ⃗𝑣0, … , 𝑀u� ⃗𝑣0} an orthogonal basis is constructed iteratively for 𝑖 ∈
{1, … , 𝑏} through

⃗𝑣u�+1 = 𝑀 ⃗𝑣u� − 𝛼u� ⃗𝑣u� − 𝛽2
u� ⃗𝑣u�−1 (3.23)

introducing

𝛼u� =
⃗𝑣†
u� 𝑀 ⃗𝑣u�

‖ ⃗𝑣u�‖2 , and (3.24)

𝛽u� =
‖ ⃗𝑣u�‖

‖ ⃗𝑣u�−1‖
(3.25)

and setting 𝛽0 = 0. The so-obtained vectors ⃗𝑣u� are called Lanczos vectors, from which a matrix

𝑉 = ( ⃗𝑣0, ⃗𝑣1, … , ⃗𝑣u�−1, ⃗𝑣u�) ∈ ℂu�×u�+1 (3.26)

can be constructed.

While Lanczos in his original work [207] multiplied this matrix 𝑉 with a vector he had generated
from polynomials and their roots obtaining all eigenvalues and eigenvectors, due to this procedure
being numerically unstable, modern implementations exploit the identity [125]

𝑀 = 𝑉 ⋅ �̃� ⋅ 𝑉 †, (3.27)

i.e. 𝑀 is similar to

�̃� =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝛼0 𝛽1 0 ⋯ ⋯ 0
𝛽1 𝛼1 𝛽2 ⋱ ⋮
0 𝛽2 ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ 𝛽u�−1 0
⋮ ⋱ 𝛽u�−1 𝛼u�−1 𝛽u�
0 ⋯ ⋯ 0 𝛽u� 𝛼u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (3.28)
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which is obviously tridiagonal since the Lanczos vectors ⃗𝑣u� are orthogonal to one another. This matrix
�̃� is then passed on to another algorithm which does the actual computations of its eigenvalues and
eigenvectors. Often times an optimized version of the QR algorithm is used, where the computation
of the eigenvalues is particularly efficient as discussed in the previous section. If the eigenvectors
are also to be calculated, the transition matrix 𝑉 needs to be saved to transform the eigenvectors of
the tridiagonal matrix �̃� to those of the original matrix 𝑀 . Otherwise it can be discarded.

Note that in modern versions of the Lanczos algorithm it is also common to work with an orthonormal
Lanczos basis [2]. Therefore, one starts with a normalized initial vector �⃗�′

0, which other than this
constraint can be chosen freely, and the recursion relation (3.23) changes to

�⃗�u�+1 = 𝑀�⃗�′
u� − 𝛼u��⃗�′

u� − 𝛽u��⃗�′
u�−1 (3.29)

with

𝛼u� = �⃗�′†
u� 𝑀�⃗�′

u� =
�⃗�†

u� 𝑀�⃗�u�

‖�⃗�u�‖2 , and (3.30)

𝛽u� = ‖�⃗�u�‖ . (3.31)

We use the prime to describe normalized vectors, i.e.

�⃗�′
u� =

�⃗�u�

‖�⃗�u�‖
, (3.32)

furthermore the transition matrix 𝑉 is now composed of the normalized vectors

𝑉 = (�⃗�′
0, �⃗�′

1, … , �⃗�′
u�−1, �⃗�′

u�) ∈ ℂu�×u�+1. (3.33)

The transition from these orthonormal Lanczos vectors to the solely orthogonal Lanczos vectors
discussed above is given by

⃗𝑣u� =
u�

∏
u�=1

∥�⃗�u�∥ �⃗�′
u�. (3.34)

By construction 𝑏 ≤ 𝑎 always holds true as the Lanczos vectors ⃗𝑣u� or �⃗�u� can be shown to converge
to the respective zero element ⃗0 ∈ ℂu� for increasing 𝑖, that is

⃗𝑣u�+1 = �⃗�u�+1 = ⃗0. (3.35)

However, in most implementations one defines a cutoff 𝑏 = 𝑖max through

∥ ⃗𝑣u�max
∥ ≤ 𝜀 ≪ 1, or (3.36)

∥�⃗�u�max
∥ ≤ 𝜀 ≪ 1, (3.37)

respectively.
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3.5 Finite State Machines (FSMs)

Based on [153, 154] we give a brief outline and background information to finite state machines
(FSMs) which we exploit in section 4.3.2 for setting up MPOs.

In theoretical computer science the study of models for computations and algorithms is governed by
the field of automata theory. The descriptions of the computer to be modeled is achieved through
the introduction of abstract machines, which come with distinct properties and rules on how and
when to apply changes to them.

The perhaps most common abstract machine is the Turing machine introduced by British mathemati-
cian Alan Turing in 1937 [381]. Its invention dramatically changed the perception of the modeling
of algorithms and therefore has manifested its pivotal position in both mathematics and computer
science. A Turing machine which by definition cannot be realized in real life is in principle able
to model the logic of any algorithm. Vice versa when giving a certain input, a so-called language,
to a Turing machine it can classify in how far it allows to construct any algorithm from the given
language. Such languages that can model any algorithm are called Turing complete, relating the
field of automata theory to the related problem of language theory.

FSMs in this context provide a subclass of abstract machines, that model algorithms which only
require a finite memory, that is so-called states. In mathematical rigor the most primitive FSM ℳ
is defined by a quintuple (𝑄, 𝑞0, 𝛴, 𝛿, 𝐹 ) where

• 𝑄 is a finite set of states 𝑄 = {𝑞0, 𝑞1, … , 𝑞u�}, |𝑄| < ∞, the states 𝑞0, 𝑞1, … , 𝑞u� being abstract
quantities describing ℳ and its properties at a given time. Note that these states 𝑞0, 𝑞1, … , 𝑞u�
are in no way associated with quantum mechanical states, e.g. |𝛹⟩, we encountered in previous
chapters, and that the notion of time in the context of FSMs is likewise not to be identified
with a physical time, it merely provides an order to the procedure of the simulation,

• 𝑞0 ∈ 𝑄 is the initial state, i.e. the state from which ℳ starts its simulation,

• 𝛴 is the FSM’s (input) alphabet, i.e. a set of symbols that ℳ knows to interpret and depending
on which it changes its state,

• 𝛿 ∶ 𝑄 × 𝛴 → 𝒫 (𝑄) is the state-transition function defining the above mentioned changes of
states depending on a given input from the alphabet 𝛴

• 𝐹 ⊂ 𝑄 is a subset of allowed or accepted final states for ℳ to end its simulation in. Note
that 𝐹 may also be empty.

Note, however, that there are also slightly different definitions [118]. FSMs can be conveniently
represented as graphs with its states 𝑞0, 𝑞1, … , 𝑞u� as the graph’s nodes and edges representing
the state transition function 𝛿 connecting the nodes. The quantity 𝒫 (𝑄) in the definition of the
state-transition function 𝛿 defines a set of states as its co-domain. If |𝒫 (𝑄)| = 1 the FSM ℳ is
called deterministic, i.e. for each transition 𝑄 × 𝛴 there exists only one possible final state. In
the case of |𝒫 (𝑄)| ≥ 1 the FSM ℳ is conveniently dubbed non-deterministic, meaning that now
different states may be reached for at least one transition 𝑄 × 𝛴. The state-transition function 𝛿
may also only be partially defined, that is for some transitions 𝑄 × 𝛴 one has |𝒫 (𝑄)| = 0. In this,
an FSM will halt when encountering an ill-defined transition 𝑄 × 𝛴.

As defined above an FSM of this type is also called an acceptor, meaning that for a given word 𝑤
composed of symbols from the alphabet 𝛴, the FSM will be in either a final state of 𝐹 having read
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the word 𝑤 completely, such that 𝑤 is called accepted, or it will end up on any other state. In this
case, 𝑤 is rejected by the FSM.

If the FSM is enhanced to a septuple (𝑄, 𝑞0, 𝛴, 𝛤 , 𝛿, 𝐹 , 𝜔) with

• 𝛤 the output alphabet of the FSM ℳ, i.e. a set of symbols it prints depending on

• 𝜔 the output function of the FSM ℳ

and the other quantities defined as before, it is called a transducer. An FSM of this kind is
characterized by its ability to transfer an input word 𝑤 composed of symbols from the input
alphabet 𝛴 into a word 𝑤′ composed of symbols from the output alphabet 𝛤 . The output function
may either be defined via 𝜔∶ 𝑄 → 𝛤 ∗, i.e. the output symbol depends on the state of the FSM ℳ or
via 𝜔∶ 𝑄 × 𝛴 → 𝛤 ∗, such that the output symbol depends on the transition of one state to another.
By 𝛤 ∗ we denote the language of 𝛤 , that is all strings that can be composed of elements from 𝛤 .
In the former case the FSM is called a Moore automaton, in the latter a Mealy automaton [154].
Both kinds of FSMs can be converted into one another, i.e. they describe the same procedures by
different means.

Note that, again, there exists different definitions in the literature. In certain cases, the set of finite
states may be unimportant to the functioning of the FSM, so that it is disregarded in its definition.
Another common variant is to combine the transition and output function, 𝛿 and 𝜔 to a transition
function 𝛥∶ 𝑄 × 𝛴 → 𝒫 (𝑄) × 𝛤 ∗. Note further, that for a non-deterministic transducer the input
alphabet 𝛴, as well as the output alphabet 𝛤 need to be expanded by the empty word 𝜀, such that
in the above definitions we need to replace 𝛴 and 𝛤 by (𝛴 ∪ {𝜀}) and (𝛤 ∪ {𝜀}), respectively.

Above the here explained automata there exist quite a few other specifications or generalizations.
For more details, the interested reader is to be referred to e.g. [153, 154], which most of this section
is based on. Over the course of this thesis, we will use deterministic FSMs of the Mealy type to
provide a general scheme for the construction of MPOs. More details on the exact properties of
these FSMs will be given in chapter 4.

3.6 The Discrete Fourier Transform

The spectral quantities we will discuss in chapter 6 rely in several aspects on Fourier transforms.
Since there are various definitions we will first briefly review the continuous Fourier transform and
therefrom its discretized counterpart putting particular focus on its application, as well as the
consequences of the discretization which are not encountered in pure analysis. A good overview of
many of the concepts we will discuss is given in reference [62].

Discrete Fourier transforms are, despite their seemingly simple definitions, a rather complex topic.
We provide a more detailed discussion of some of their properties, which are relevant for this work,
in appendix A.1.
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3.6.1 The Fourier Transform

Let 𝑓 ∶ ℝu� ↦ ℂ be an integrable function. Its Fourier transform is then given by

ℱ [𝑓( ⃗𝑥)]( ⃗𝑦) = ∫
ℝu�

𝑓( ⃗𝑥) e−iu⃗�⋅u⃗�d ⃗𝑥 (3.38)

and, provided it is itself integrable, the inverse transform is defined by

𝑓( ⃗𝑥) = ℱ −1[ℱ [𝑓( ⃗𝑥)]( ⃗𝑦)]( ⃗𝑥) = 1
(2π)u� ∫

ℝu�
ℱ [𝑓( ⃗𝑥)]( ⃗𝑦) eiu⃗�⋅u⃗�d ⃗𝑦. (3.39)

We note that there exist alternative definitions, this one regarding the prefactor

ℱ [𝑓( ⃗𝑥)]( ⃗𝑦) = 1
(2π)u�/2

∫
ℝu�

𝑓( ⃗𝑥) e−iu⃗�⋅u⃗�d ⃗𝑥, (3.40)

𝑓( ⃗𝑥) = ℱ −1[ℱ [𝑓( ⃗𝑥)]( ⃗𝑦)]( ⃗𝑥) = 1
(2π)u�/2

∫
ℝu�

ℱ [𝑓( ⃗𝑥)]( ⃗𝑦) eiu⃗�⋅u⃗�d ⃗𝑦, (3.41)

of which the advantage is to be unitary, and

ℱ [𝑓( ⃗𝑥)]( ⃗𝑦) = ∫
ℝu�

𝑓( ⃗𝑥) e−2πiu⃗�⋅u⃗�d ⃗𝑥, (3.42)

𝑓( ⃗𝑥) = ℱ −1[ℱ [𝑓( ⃗𝑥)]( ⃗𝑦)]( ⃗𝑥) = ∫
ℝu�

ℱ [𝑓( ⃗𝑥)]( ⃗𝑦) e2πiu⃗�⋅u⃗�d ⃗𝑦, (3.43)

permitting the omission of the prefactors entirely. Note, however, that in this case the values ⃗𝑦
in Fourier space will be scaled, i.e. divided, by a factor of 2π compared to the two previously
given definitions. The sign of the imaginary unit may also vary for other definitions. We will, for
these discussions, stick with the definition from (3.38), and (3.39), respectively. In addition, we
also mention the representation of the Dirac delta distribution most commonly encountered when
operating with Fourier transforms

𝛿( ⃗𝑦 − ⃗𝑧) = 1
(2π)u� ∫

ℝu�
e−i(u⃗�− ⃗u�)u⃗�d ⃗𝑥 = {

+∞, ⃗𝑦 − ⃗𝑧 = ⃗0
0, ⃗𝑦 − ⃗𝑧 ≠ ⃗0

. (3.44)

Note that in this case the prefactor is fixed and only the sign of the imaginary unit may be altered.
Therefore, using (3.38), and (3.39) factors of 2π are often encountered in Fourier transforms, but
neglected in a sloppy notation.

The Fourier transform is the multidimensional continuous generalization of the Fourier series,
introduced by Joseph Fourier, stating that any integrable function 𝑓 ∶ 𝒳 ∈ ℝ ↦ ℂ of period 𝑋 may
be decomposed as

𝑓(𝑥) =
∞

∑
u�=−∞

𝑐u�ei2π u�u�
u� (3.45)

the Fourier or spectral coefficients given by

𝑐u� = 1
𝑋

∫
u�

0
𝑓(𝑥) e−i2π u�u�

u� d𝑥 = 1
𝑋

∫
u�/2

− u�/2

𝑓(𝑥) e−i2π u�u�
u� d𝑥. (3.46)
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Fourier’s aim was to show that 𝑓 being of period 𝑋 may be constructed as a superposition of sine
and cosine functions, thereby finding its spectrum. He, thus, decomposed

𝑓(𝑥) =
𝑎0
2

+
∞

∑
u�=1

(𝑎u� cos(2𝜋
𝜇𝑥
𝑋

) + 𝑏u� sin(2𝜋
𝜇𝑥
𝑋

)) (3.47)

with spectral coefficients

𝑎u� = 1
𝑋

∫
u�/2

− u�/2

𝑓(𝑥) cos(2π
𝜇𝑥
𝑋

) d𝑥, 𝜇 ≥ 0, (3.48)

𝑏u� = 1
𝑋

∫
u�/2

− u�/2

𝑓(𝑥) sin(2π
𝜇𝑥
𝑋

) d𝑥, 𝜇 ≥ 1. (3.49)

The representation (3.45) and (3.46) was then later found alongside with the transition

𝑎u� = 𝑐u� + 𝑐−u�, 𝜇 ≥ 0, (3.50)
𝑏u� = i (𝑐u� − 𝑐−u�) , 𝜇 ≥ 1. (3.51)

Note that while 𝑥 is a continuous variable, 𝜇 takes only integer values. Thus, the Fourier series
yield a discrete, however in general infinite, spectrum.

The transition from the Fourier series to the Fourier transform requires two steps. We first take
the period to become infinite, i.e. 𝑋 → ∞. Therefore, the output spectrum will become more and
more fine grained and eventually continuous. Hence, a representation by coefficients with integer
numbers will become unfeasible, which yields to the definition of the spectral variable

𝑦u� = 2π
𝜇
𝑋

(3.52)

becoming likewise continuous taking the limit to infinity alongside the introduction of an integral.
The inclusion of the factor 2π depends on convention, as is evident from comparing (3.38) and (3.39)
to (3.42) and (3.43). If chosen to be part of the Fourier space, as in (3.52), it will reappear in terms
of the prefactor, where it may, however be distributed freely, c.f. (3.38) and (3.39) or (3.40) and
(3.41). The extension from one to multiple dimensions is then only a formality replacing the one
dimensional scalars and volume forms in the integral by their multidimensional counterparts. The
Fourier transform, thus, maps functions between two different function spaces.

3.6.2 Discretization of the Fourier Transform

The Fourier transform being defined for functions of infinitely long periods, its discretization is
in general obviously erroneous. Additionally, instead of a function only a representation of finite
length may serve as an input. We will call this representation the input signal in the following.
Without any further physical interpretation the discrete Fourier transform is best understood as
two functions, one mapping a given input signal ⃗𝑐u⃗� with

𝑐u⃗�u�
= 𝑓( ⃗𝑥u�) (3.53)

of length 𝐿 from one space 𝒳 ⊂ ℂu�⋅u� to another signal ⃗𝑐u⃗� of the same length 𝐿 to another space
𝒴 ⊂ ℂu�⋅u�, and a second function mapping the representatives of the input space ⃗𝑥u� ∈ ℝu� to their
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counterparts in the output or Fourier space ⃗𝑦u� ∈ ℝu�. Note that in numerical implementations only
the former function is explicitly implemented. In simple words this means that a complex vector is
mapped onto another complex vector. In these notes we define the discrete Fourier transform via:

ℱ ∶ ⃗𝑐u⃗� ∈ 𝒳 ⊂ ℂu�⋅u� ↦ ⃗𝑐u⃗� ∈ 𝒴 ⊂ ℂu�⋅u�, 𝑐u⃗�u�
= ∑

u⃗�u�

e−iu⃗�u�u⃗�u�𝑐u⃗�u�
. (3.54)

The inverse or back(ward) transform is given by

ℱ −1 ∶ ⃗𝑐u⃗� ∈ 𝒴 ⊂ ℂu�⋅u� ↦ ⃗𝑐u⃗� ∈ 𝒳 ⊂ ℂu�⋅u�, 𝑐u⃗�u�
= 1

𝐿
∑
u⃗�u�

eiu⃗�u�u⃗�u�𝑐u⃗�u�
. (3.55)

Note that in this general multi-dimensional definition the indices of the input and output vectors
⃗𝑐u⃗� and ⃗𝑐u⃗� are vectors itself. Therefore, when it comes to the application on the computer one at

first needs to map these vectors to a one dimensional string of numbers, i.e.

∑
u⃗�u�

≔
u�−1

∑
u�=0

∑
u⃗�u�

≔
u�−1

∑
u�=0

u�−1

∑
u�′=0

, (3.56)

explaining why the total dimension of the in- and output vectors, ⃗𝑐u⃗� and ⃗𝑐u⃗�, is actually 𝐿 ⋅ 𝑁 .

More importantly, we emphasize that in applications each index of the in- and output signal, ⃗𝑥 and
⃗𝑦, corresponds to a physical quantity, i.e. the indices being discretizations themselves. The input

and output signals are, thus, to be understood as the values corresponding to an instance the index
encodes, c.f. again (3.53).

The (continuous or analytical) Fourier transform being defined for functions of infinite period,
the discrete Fourier transform is best to be seen as a generalization of the original Fourier series,
which is also apparent when comparing (3.54) to (3.46). Consequently, the input signal of the
discrete Fourier transform will be interpreted to be periodic, which generalizing (3.52) to also hold
in multiple dimensions will lead to a definition of the Fourier space. Introducing the Kronecker
delta

𝛿u�,u� = 1
𝐿

u�−1

∑
u�=0

e−i 2π
u� (u�−u�)u� = {

1, 𝜇 = 𝜈
0, 𝜇 ≠ 𝜈

, 𝜇, 𝜈 ∈ ℤ, (3.57)

which may be interpreted as the discretization of the Dirac delta distribution (3.44) in one dimension,
(3.55) can be shown to correctly define the inverse with the generalization of (3.55) to multiple
dimensions

𝛿u⃗�,u⃗� = 1
𝐿u� ∑

u⃗�
e−i 2π

u� (u⃗�−u⃗�)u⃗� = 1
𝐿u�

u�−1

∑
u�′=0

e−i 2π
u� (u⃗�−u⃗�)u�′u⃗�u�′ = {

1, ⃗𝜇 = ⃗𝜈
0, ⃗𝜇 ≠ ⃗𝜈

, ⃗𝜇, ⃗𝜈 ∈ ℤu�. (3.58)

Note that in this case, �⃗� is a vector holding indices.

3.6.3 Discrete Fourier Transform in One Dimension

The one-dimensional discrete Fourier transform is of particular importance as nearly any math
library in computer science implements it as the default case. Here

𝑁 = 1, (3.59)
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thus, the vectors ⃗𝑥u� and ⃗𝑦u� turn to scalars 𝑥u� and 𝑦u�. We emphasize that these components now
form vectors ⃗𝑥 and ⃗𝑦 describing physical quantities, while 𝑚 and 𝜇 are just integers running from 0
to 𝐿 − 1. The discrete forward and backward Fourier transform is then defined via

𝑐u�u�
= ∑

u�u�

e−iu�u�u�u�𝑐u�u�
, (3.60)

𝑐u�u�
= 1

𝐿
∑
u�u�

eiu�u�u�u�𝑐u�u�
. (3.61)

For the sake of completeness we mention that an alternative definition can be found in the literature
concerning the prefactor,

𝑐u�u�
= 1√

𝐿
∑
u�u�

e−iu�u�u�u�𝑐u�u�
, (3.62)

𝑐u�u�
= 1√

𝐿
∑
u�u�

eiu�u�u�u�𝑐u�u�
. (3.63)

As we will explain later, neither of these definitions will suit our purposes, which calls for a slight
modification. Until then, however, we shall operate with the former definitions (3.60) and (3.61),
also because these are the standard implementations in most programming libraries, in particular
Python (Numpy [141] and Scipy [393]) and C++ (e.g. FFTW [110]). Another variation to the
above definitions is the choice of the sign in the exponential. This convention, however, does not
play a role in the outcome of the transform’s results. We, again, followed the definitions in most
programming libraries.

In one dimension we consider a chain of length 𝐿 and a sampling 𝛿u�. The steps 𝑥u� at which we
sample our input signal ⃗𝑐u� are, thus, given by

𝑥u� = 𝛿u� ⋅ 𝑚, 𝑚 ∈ {0, … , 𝐿 − 1} ⇒ 𝑥u� ∈ {0, … , (𝐿 − 1) ⋅ 𝛿u�}. (3.64)

We already discussed in section 3.6.1 that the analytical Fourier transform in its original form
is defined for periodic signals of infinite length only. The latter constraint can obviously not be
realized in numerical calculations. Hence, by design, the discrete Fourier transform will assume for
the input signal ⃗𝑐u� to be periodic in 𝐿, that is

𝑐u�u�

!= 𝑐u�u�+u�u�
. (3.65)

Inserting (3.61), we find a constraint for the vector 𝑦 in reciprocal space,

𝑐u�u�+u�u�
= 1

𝐿
∑
u�u�

eiu�u�(u�u�+u�u�)𝑐u�u�
= 1

𝐿
∑
u�u�

eiu�u�u�u�u�𝑐u�u�
eiu�u�u�u�u� (3.66a)

= 𝑐u�u�
= 1

𝐿
∑
u�u�

eiu�u�u�u�𝑐u�u�
= 1

𝐿
∑
u�u�

eiu�u�u�u�u�𝑐u�u�
(3.66b)

⇒ eiu�u�u�u�u�
!= 1 ∀ 𝑦u� (3.66c)

⇒ 𝑦u�𝛿u�𝐿 != 2π ⋅ 𝜇. (3.66d)

We, thus, define the sampling of the output signal ⃗𝑐u� via

𝑦u� =
2π𝜇
𝛿u�𝐿

, 𝜇 ∈ {0, … , 𝐿 − 1} ⇒ 𝑦u� ∈ {0, … , (𝐿 − 1) ⋅ 2π
𝛿u�𝐿

}. (3.67)
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Hence, the step size for sampling of the output signal is given by

𝛿u� = 2π
𝛿u�𝐿

. (3.68)

In order to decrease the step size, i.e. to obtain a higher resolution in the reciprocal space, one
has to either increase the length 𝐿 of the input signal or the corresponding step size 𝛿u�. Choosing
𝛿u� too large, however, poses the danger of undersampling, i.e. missing contributions to the input
signal, and aliasing meaning the misinterpretation of the output signal. Increasing 𝐿 on the other
hand may be numerically expensive. An appropriate choice of these two quantities is, thus, always
a problem specific tradeoff. We stress in addition that only the step size of the input signal 𝛿u�
determines the range of the output signal 𝑦u� as is evident from the above equation. We compute

𝑐u�u�+u�u�
= ∑

u�u�

e−iu�u�(u�u�+u�u�)𝑐u�u�
= ∑

u�u�

e−iu�u�u�u�e−iu�u�u�u�𝑐u�u�
= ∑

u�u�

e−iu�u�u�u�e−iu�u�u�⋅ 2πu�
u�u�u� 𝑐u�u�

(3.69a)

= ∑
u�u�

e−iu�u�u�u�e−i2πu�𝑐u�u�
= ∑

u�u�

e−iu�u�u�u�𝑐u�u�
= 𝑐u�u�

, (3.69b)

to find that the output signal is of period 𝐿 as well.

Introducing the common but quite misleading abbreviations

𝑐u� ≔ 𝑐u�u�
(3.70)

𝑐u� ≔ 𝑐u�u�
(3.71)

we obtain for the discrete forward and backward Fourier transform

𝑐u� =
u�−1

∑
u�=0

e−i 2π
u�u�u� ⋅u�⋅u�u�⋅u�𝑐u� =

u�−1

∑
u�=0

e−i 2π
u� u�⋅u�𝑐u�, 𝜇 ∈ {0, … , 𝐿 − 1}, (3.72)

𝑐u� = 1
𝐿

u�−1

∑
u�=0

ei 2π
u�u�u� ⋅u�⋅u�u�⋅u�𝑐u� = 1

𝐿

u�−1

∑
u�=0

ei 2π
u� u�⋅u�𝑐u�, 𝑚 ∈ {0, … , 𝐿 − 1} (3.73)

which matches the definition in programming libraries. Note that these equations resemble the
discretization of (3.46), the only difference being the prefactor now being assigned to the backward
Fourier transform. Furthermore do we stress that the phase does not depend on the sampling of the
input signal 𝛿u�, which cancels out due to the determination of the output sampling 𝛿u� as a result of
(3.65). Therefore, may the discrete Fourier transform may be applied in the same way for two input
signals covering the same range with different samplings.

For a discrete Fourier transform from real to reciprocal space, we identify 𝑥 = 𝑟 and 𝑦 = 𝑘, whilst
for a transfrom from time to frequency space we have 𝑥 = 𝑡 and 𝑦 = 𝜔. We discuss these procedures
alongside other important properties of the discrete Fourier transform in appendix A.1 in great
detail.

3.7 The Discrete Sine Transform

Now that we have gained an overview of the discrete Fourier transform and its properties, we discuss
a related integral transform, the sine transform. We shall proceed as before, presenting at first the
continuous case and then deriving the discretization.
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3.7 The Discrete Sine Transform

3.7.1 The Sine (and Cosine) Transform

For integrable functions 𝑓 ∶ ℝu� ↦ ℝ from the definition of the Fourier transform (3.38) employing
Euler’s formula

ℱ [𝑓( ⃗𝑥)]( ⃗𝑦) = ∫
ℝu�

𝑓( ⃗𝑥) e−iu⃗�⋅u⃗�d ⃗𝑥 = ∫
ℝu�

𝑓( ⃗𝑥) cos( ⃗𝑦 ⋅ ⃗𝑥) d ⃗𝑥 − i ∫
ℝu�

𝑓( ⃗𝑥) sin( ⃗𝑦 ⋅ ⃗𝑥) d ⃗𝑥 (3.74)

we define the sine and consine transform via

𝒮 [𝑓( ⃗𝑥)]( ⃗𝑦) = ∫
ℝu�

𝑓( ⃗𝑥) sin( ⃗𝑦 ⋅ ⃗𝑥) d ⃗𝑥 (3.75)

𝒞 [𝑓( ⃗𝑥)]( ⃗𝑦) = ∫
ℝu�

𝑓( ⃗𝑥) cos( ⃗𝑦 ⋅ ⃗𝑥) d ⃗𝑥. (3.76)

In case that both, 𝒮 [𝑓( ⃗𝑥)]( ⃗𝑦) and 𝒞 [𝑓( ⃗𝑥)]( ⃗𝑦), are integrable themselves, the original function 𝑓 can
be obtained through

𝑓( ⃗𝑥) = ∫
ℝu�

𝒞 [𝑓( ⃗𝑥)]( ⃗𝑦) cos( ⃗𝑥 ⋅ ⃗𝑦) d ⃗𝑦 + ∫
ℝu�

𝒮 [𝑓( ⃗𝑥)]( ⃗𝑦) sin( ⃗𝑥 ⋅ ⃗𝑦) d ⃗𝑦, (3.77)

that is there exists no separate inverse for either transformation.

If, however, 𝑓 is one-dimensional and meets some symmetry criteria, the definitions (3.75) and
(3.76), as well as the inversion formula (3.77) simplify significantly. Let 𝑓 ∶ ℝ ↦ ℝ be integrable
and odd, i.e. −𝑓(𝑥) = 𝑓(−𝑥), its sine transform is given by

𝒮 [𝑓(𝑥)](𝑦) = ∫
∞

0
𝑓(𝑥) sin(𝑦 ⋅ 𝑥) d𝑥 (3.78)

and given 𝒮 [𝑓(𝑥)](𝑦) is also integrable an inversion is determined by

𝒮 −1[𝒮 [𝑓(𝑥)](𝑦)](𝑥) = 2
π

∫
∞

0
𝒮 [𝑓(𝑥)](𝑦) sin(𝑦 ⋅ 𝑥) d𝑦 (3.79)

Likewise, if 𝑓 ∶ ℝ ↦ ℝ be integrable and even, i.e. 𝑓(𝑥) = 𝑓(−𝑥), its cosine transform is given by

𝒞 [𝑓(𝑥)](𝑦) = ∫
∞

0
𝑓(𝑥) cos(𝑦 ⋅ 𝑥) d𝑥, (3.80)

which should it be integrable yields

𝒞 −1[𝒞 [𝑓(𝑥)](𝑦)](𝑥) = 2
π

∫
∞

0
𝒞 [𝑓(𝑥)](𝑦) cos(𝑦 ⋅ 𝑥) d𝑦 (3.81)

as the inverse. Sometimes the sine and cosine transform are only defined via (3.78) to (3.81) for
functions satisfying the above mentioned restrictions [39].

As for the case of Fourier transforms, there exists a number of slightly different definitions for the
sine and cosine transforms as well. First, some definitions of the sine transform include the imaginary
unit i. Second, (3.78) to (3.81) may all come with the prefactor √2

π
, another convention being

multiplying only (3.78) and (3.80) by 2. Finally, in analogy to (3.40) a factor of 1
(2π)u�/2 is occasionally

added in (3.75) and (3.76). In all these cases, the inverse formulas modify accordingly.

31



3 Typical Numerical Methods in Tensor Network Computations

3.7.2 Discretization of the One-dimensional Sine Transform

Just like for Fourier transforms the discretization of both sine and cosine transform is erroneous in
general, the same problem being that instead of a function only a representation of finite length can
serve as the input signal. The principle understanding for both transforms of two functions, one
mapping a given input signal ⃗𝑐u⃗� with

𝑐u⃗�u�
= 𝑓( ⃗𝑥u�) (3.82)

of length 𝐿 from one space 𝒳 ⊂ ℝu�⋅u� to another signal ⃗𝑐u⃗� of the same length 𝐿 to another space
𝒴 ⊂ ℝu�⋅u�, and a second function mapping the representatives of the input space ⃗𝑥u� ∈ ℝu� to
their counterparts in the output or Fourier space ⃗𝑦u� ∈ ℝu� also remains valid. Note, however, that
due to the restriction of its definition, now a real vector is mapped onto another real vector.

The analytical Fourier transform in its original form being defined for periodic signals of infinite
length, this by construction also holds true for the analytical sine and cosine transform. Hence, it is
only logical that also their discretizations, just like the one of the Fourier transform, by design need
to make assumptions regarding the input signal. These assumptions are, indeed, the requirements
in the definitions of (3.78) and (3.80), i.e. the input signal of the discrete sine transform will be
taken to stem from an odd function, while the input signal of the discrete cosine transform will be
taken to stem from an even function. This observations yields two consequences. First, the discrete
sine and cosine transforms are best understood in one dimension, i.e. 𝑁 = 1, such that the vectors

⃗𝑥u� and ⃗𝑦u� turn to scalars 𝑥u� and 𝑦u�, as here the meaning of even and odd is clearest, and second
can these constraints be implemented in different fashions each one altering the definitions slightly.
Thus, there are in total eight definitions for the discrete sine and cosine transforms each. We will
therefore proceed discussing only one definitions of the discrete sine transform, commonly known as
DST-I in the literature, and refer the interested reader to, e.g. [45] for further information. In the
remainder of this text we shall also refer to the discrete sine transform by means of a DST-I.

So, we define the discrete sine transform and its inverse through

𝑐ũ�u�
= ∑

ũ�u�

sin( ̃𝑥u� ̃𝑦u�) 𝑐ũ�u�
, (3.83)

𝑐ũ�u�
= 2

𝐿 + 1
∑
ũ�u�

sin( ̃𝑥u� ̃𝑦u�) 𝑐ũ�u�
. (3.84)

Regarding the prefactor there is again an alternative definition

𝑐ũ�u�
= √ 2

𝐿 + 1
∑
ũ�u�

sin( ̃𝑥u� ̃𝑦u�) 𝑐ũ�u�
, (3.85)

𝑐ũ�u�
= √ 2

𝐿 + 1
∑
ũ�u�

sin( ̃𝑥u� ̃𝑦u�) 𝑐ũ�u�
. (3.86)

These definitions implicitly construct an odd signal from the given input signal ⃗𝑐u� in the following
way: Let again 𝐿 be the length of the input signal 𝛿u� its sampling. This signal is first taken to be
enhanced by a data point corresponding to be at position zero, of which the value also is zero. Next,
this signal which now is of length 𝐿 + 1 is enhanced by another data point at its end also being zero.
Finally, the original input signal is added to the end in inverted order and with inverted sign. The
so-obtained data string of length 2(𝐿 + 1) is then taken as one period of an infinitely long signal.
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We may now introduce quasi steps ̃𝑥u� given by

̃𝑥u� = 𝛿u� ⋅ 𝑚, 𝑚 ∈ {1, … , 𝐿}, ⇒ ̃𝑥u� ∈ {1, … , 𝐿 ⋅ 𝛿u�} (3.87)

due to the introduction of extra values to the original input signal, in particular

𝑐ũ�0
= 0 (3.88)

𝑐ũ�u�+1
= 0. (3.89)

The assumed symmetry
𝑐ũ�u�

= −𝑐ũ�−u�
(3.90)

further implies considering periodicity

𝑐ũ�u�

!= 𝑐ũ�u�+ũ�2(u�+1)
. (3.91)

Using (3.84) yields the step size in quasi reciprocal space

𝑐ũ�u�+ũ�2(u�+1)
= 2

𝐿 + 1
∑
ũ�u�

sin(( ̃𝑥u� + ̃𝑥2(u�+1)) ⋅ ̃𝑦u�) 𝑐ũ�u�
(3.92a)

= 2
𝐿 + 1

∑
ũ�u�

sin( ̃𝑥u� ⋅ ̃𝑦u�) cos( ̃𝑥2(u�+1) ⋅ ̃𝑦u�) 𝑐ũ�u�

+ 2
𝐿 + 1

∑
ũ�u�

sin( ̃𝑥2(u�+1) ⋅ ̃𝑦u�) cos( ̃𝑥u� ⋅ ̃𝑦u�) 𝑐ũ�u�
(3.92b)

= 𝑐ũ�u�
= 2

𝐿 + 1
∑
ũ�u�

sin( ̃𝑥u� ⋅ ̃𝑦u�) 𝑐ũ�u�
(3.92c)

⇒ cos( ̃𝑥2(u�+1) ⋅ ̃𝑦u�) = cos(2 (𝐿 + 1) 𝛿u� ⋅ ̃𝑦u�) != 1 ∀ 𝑦u� (3.92d)

∧ sin( ̃𝑥2(u�+1) ⋅ ̃𝑦u�) = sin(2 (𝐿 + 1) 𝛿u� ⋅ ̃𝑦u�) != 0 ∀ 𝑦u�. (3.92e)

The sampling of the output signal ⃗𝑐ũ� is, hence, determined by

̃𝑦u� = π
(𝐿 + 1) 𝛿u�

⋅ 𝜇, 𝜇 ∈ {1, … , 𝐿}, ⇒ ̃𝑦u� ∈ { π
(𝐿 + 1) 𝛿u�

, … , π
(𝐿 + 1) 𝛿u�

⋅ 𝐿}, (3.93)

the sampling being
𝛿u� = π

(𝐿 + 1) 𝛿u�
. (3.94)

From definition (3.83), we find the enhancements (3.88) to (3.90) to also hold for the output signal
in quasi reciprocal space and from computing

𝑐ũ�u�+ũ�2(u�+1)
= ∑

ũ�u�

sin( ̃𝑥u� ( ̃𝑦u� + ̃𝑦2(u�+1))) 𝑐ũ�u�
= ∑

ũ�u�

sin( ̃𝑥u� ̃𝑦u� + ̃𝑥u� ̃𝑦2(u�+1)) 𝑐ũ�u�
(3.95a)

= ∑
ũ�u�

sin( ̃𝑥u� ̃𝑦u� + 𝛿u�𝑚 ⋅ π
(𝐿 + 1) 𝛿u�

2 (𝐿 + 1)) 𝑐ũ�u�
= ∑

ũ�u�

sin( ̃𝑥u� ̃𝑦u� + 2π𝑚) 𝑐ũ�u�

(3.95b)
= ∑

ũ�u�

sin( ̃𝑥u� ̃𝑦u�) 𝑐ũ�u�
= 𝑐ũ�u�

, (3.95c)
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the output signal to be of period 2 (𝐿 + 1) as well.

With the common abbreviations

𝑐u� ≔ 𝑐ũ�u�
(3.96)

𝑐u� ≔ 𝑐ũ�u�
(3.97)

we find the standard definition of the discrete forward and backward sine transform

𝑐u� =
u�

∑
u�=1

sin(
𝛿u� ⋅ 𝑚 ⋅ π
(𝐿 + 1) 𝛿u�

⋅ 𝜇) 𝑐u� =
u�

∑
u�=1

sin(
π𝜇𝑚

(𝐿 + 1)
) 𝑐u�, 𝜇 ∈ {1, … , 𝐿} , (3.98)

𝑐u� = 2
𝐿 + 1

u�

∑
u�=1

sin(
𝛿u� ⋅ 𝑚 ⋅ π
(𝐿 + 1) 𝛿u�

⋅ 𝜇) 𝑐u� = 2
𝐿 + 1

u�

∑
u�=1

sin(
π𝜇𝑚

(𝐿 + 1)
) 𝑐u�, 𝑚 ∈ {1, … , 𝐿} . (3.99)

We note that in contrast to the discrete Fourier transform discussed in section 3.6.2 due to assumption
(3.90) in order to create an odd input signal, the output signal in quasi reciprocal space of the
discrete sine transform will only cover half of the range of its analog in the discrete Fourier transform,
c.f. (3.67) and (3.93).

For a discrete sine transform in one dimension from real space to reciprocal space, we identify 𝑥 = 𝑟
and 𝑦 = 𝑘, as before. Again, a more detailed discussion can be found in appendix A.1.
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With the exponential growth of the Hilbert space as pointed out previously it is quite evident that
one needs to find ways to approximate these systems in such a way that one can investigate their
behavior in a reasonable time using reasonably many computational resources. Matrix product
states (MPSs) provide such an approximation. Although having been known in mathematics as well
as in physics for quite a long time [26, 9, 10, 274, 226], they have been rediscovered in the 1990s
over the development of the density matrix renormalization group (DMRG).

Ever since they have become a de-facto standard tool for describing the physics of one-dimensional
systems with short-range interaction due to their versatility and good scaling behavior.

Since the vast majority of the results to be presented in later chapters of this work is obtained from
computations based on matrix product states (MPSs) and matrix product operators (MPOs), we
give a rather detailed introduction to this topic in this chapter. This should, furthermore, allow the
reader to judge the validity of our results. We will first summarize the development of DMRG in
order to pave the way towards the introduction of MPSs and MPOs. We will then proceed with
a detailed description of their construction and key properties and close with a discussion of the
calculus, thereby outlining strengths and weaknesses of the approaches discussed. Note that matrix
product states are most powerful for system with open boundaries. Hence, unless stated otherwise,
we will only consider such systems. For a generalization to periodic boundary conditions c.f. [320],
which serves alongside [195, 280] as the primary source of this entire chapter. We mention that there
exist also extensions for the treatment of systems in the thermodynamic limit, so-called infinite
system MPSs, iMPSs, which we do not discuss here. Instead we refer, for instance, to [183, 272,
390, 275].

Standard algorithms involving MPSs and MPOs will be discussed in the following chapter.

4.1 A Very Brief History of DMRG

Based on Wilson’s numerical renormalization group (NRG) [409], in 1992 Steven White proposed
[406] and later expanded [407] the density matrix renormalization group, DMRG, for one-dimensional
systems which allowed him to compute the ground state and other observables of the Heisenberg
spin 𝑆 = 1 chain to a surprising accuracy surpassing other methods. The power of this new method
was quickly acknowledged in the community and further developed [279]. The DMRG served a
great deal when it came to the calculation of phase diagrams, c.f. for instance [319]. However, its
powers in other fields, namely in quantum information [387], were also discovered indicating it to be
applicable to more problems than “only” ground state computations.

In the early 2000s, several enhancements were introduced. In 2002 Eric Jeckelmann invented
the dynamical DMRG [171], or DDMRG for short, which allowed him to compute (equilibrium)
dynamical properties, like spectral functions or optical conductivities. At around the same time,
several extensions allowing the computation of time evolutions, then to be called tDMRG, were
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introduced [392, 70, 408] and the description of thermal quantum states was developed [386, 432].
From an early stage on it was noted [84] that the scheme of the DMRG can be formulated in
terms of tensor arithmetics [273] such that eventually the language of matrix product states, MPSs,
amongst other tensor-based algorithms like tree tensor networks [339] or fork tensor networks [24],
was developed.

The concept of MPSs has been adapted to two dimensions under the name of projected entangled
pair states (PEPSs) [385] and arbitrary dimensions as the multiscale entanglement renormalization
ansatz (MERA) [389]. For an introduction to the former see for instance [272]. In restricted cases
MPSs have been shown to obey to an area law [144, 384] as have PEPSs [388]. Thus, due to their
increased dimensions, handling the latter is significantly more complex such that they are not as
frequently applied as MPSs yet the focus lying rather on conceptional improvements, see for instance
[316].

Nowadays, MPSs have become a standard in describing one-dimensional quantum systems. Of the
many works dedicated to this topic we only named a few here. We should mention the comprehensive
reviews of Ulrich Schollwöck, both for classical DMRG [319], as well as for its re-expression in
terms of MPSs [320]. Since both these works are rather extensive for beginners we also refer to the
introductory courses [1] and [4].

As will become clear below, for systems with large local Hilbert spaces MPS computations also
become challenging, which necessitates the introduction of further methods, c.f. for instance [82,
354, 169]. To tackle these obstacles, recently an MPS-based extension to the DMRG, the so-called
projected purified DMRG (ppDMRG) has been introduced [196, 355, 353].

4.2 Matrix Product States

Consider any arbitrary many-body quantum state describing a system with 𝐿 sites

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝑐u�1,u�2,…,u�u�−1,u�u�
|𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ (4.1)

with 𝑐 ∈ ℂ and

|𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ ≡ |𝜎1⟩ |𝜎2⟩ ⋯ |𝜎u�−1⟩ |𝜎u�⟩ ≡ |𝜎1⟩ ⊗ |𝜎2⟩ ⊗ ⋯ ⊗ |𝜎u�−1⟩ ⊗ |𝜎u�⟩ . (4.2)

Let 𝑑 now be the local dimension of each state space on site 𝑖 = 1, … , 𝐿, i.e. card {𝜎u�} = 𝑑 ∀𝑖 ∈
{1, … , 𝐿}. The number of coefficients 𝑐u�1,u�2,…,u�u�−1,u�u�

is then determined by 𝑑u� reflecting the
exponential nature of the problem.

The idea of matrix product states is now to encode these 𝑑u� coefficients in a product of just 𝑑 ⋅ 𝐿
matrices 𝑀u�u� where each matrix only affects its assigned state space at site 𝑖. Thus, the arbitrary
quantum state in equation (4.1) is then given by

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝑀u�1
1 ⋅ 𝑀u�2

2 ⋅ ⋯ ⋅ 𝑀u�u�−1
u�−1 ⋅ 𝑀u�u�

u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ . (4.3)

Written down in this manner the state |𝜓⟩ is now conveniently called a matrix product state (MPS).
A graphical representation using the notation introduced in section 3.1 is given in figure 4.1. Note
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4.2 Matrix Product States

|𝜓⟩ ≡
u�1 u�2 ⋯ u�u�−1 u�u�

u�1 u�2 u�u�−1 u�u�

u�0 u�1 u�2 u�u�−2 u�u�−1 u�u�

Figure 4.1: Pictorial representation of a general MPS |u�⟩, c.f. equation (4.3).

that this decomposition of coefficients into matrices is far from being unique as can be envisaged
when thinking of an arbitrary invertible matrix 𝑋 (of proper dimension) such that

𝑀u�u�
u� → 𝑀u�u�

u� ⋅ 𝑋, 𝑀u�u�+1
u�+1 → 𝑋−1 ⋅ 𝑀u�u�+1

u�+1 . (4.4)

Hence, not even the dimensions of the matrices 𝑀u�u�
u� in equation (4.3) need to be the same for

different decompositions. Therefore, it is quite naive to believe to have reduced the problem from
an exponential to a linear one just by rewriting the coefficients in termes of matrices. Obviously,
however, it is clear that one has no need to make any of these dimension unnecessarily large. To
cover the coefficients exactly, the matrices need to be of the following dimensions:

u�u�1
1 u�u�2

2 ⋯ u�
u�u�/2
u�/2 u�

u�u�/2+1
u�/2+1 ⋯ u�u�u�−1

u�−1 u�u�u�
u�

(1 × u�) (u� × u�2) ⋯ (u�u�/2−1 × u�u�/2) (u�u�/2 × u�u�/2−1) ⋯ (u�2 × u�) (u� × 1)

if 𝐿 is even,

u�u�1
1 u�u�2

2 ⋯ u�
u�⌊u�/2⌋
⌊u�/2⌋ u�

u�⌈u�/2⌉
⌈u�/2⌉ u�

u�⌈u�/2⌉+1
⌈u�/2⌉+1 ⋯ u�u�u�−1

u�−1 u�u�u�
u�

(1 × u�) (u� × u�2) ⋯ (u�⌊u�/2⌋−1 × u�⌊u�/2⌋) (u�⌊u�/2⌋ × u�⌊u�/2⌋) (u�⌊u�/2⌋ × u�⌊u�/2⌋−1) ⋯ (u�2 × u�) (u� × 1)

if 𝐿 is odd. Note that from this visualization it is obvious that 𝑀u�1
1 and 𝑀u�u�

u� are actually vectors
rather than matrices to ensure that the final product of all the matrices 𝑀u�u�

u� in the end yields
a scalar. Often times, however a dummy index is added to these vectors in order to be able to
treat them as ordinary matrices. Furthermore, it is at this point worth mentioning that what we
have called “matrices” in this section so far are actually rank-3 tensors, whilst what we have called
“vectors” are actually rank-2 tensors, c.f. again figure 3.1 for further explanation of these issues.

Regarding the notation, we shall always denote physical indices as superindices, while we will
be using subindices for numerical or bond indices. In order to differentiate 𝑀u�u�†

u� from 𝑀u�u�
u� we

shall further denote the bond indices of the former with bars, as well as its tag. We present these
conventions in figure 4.2.

𝑀u�u�
u� ≡

u�u�u�u�−1

u�u�

u�u�

𝑀u�u�†
u� ≡

u�u�u�u�−1

u�u�

u�u�

Figure 4.2: Pictorial representation of an MPS u�u�u�
u� and its adjoint u�u�u�†

u� .
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Summing up over all the matrices 𝑀u�u�
u� one realizes that in order to represent the state |𝜓⟩ accurately

one needs to calculate 2 ∑⌊u�/2⌋
u�=1 𝑑2u� + (𝐿 mod 2) 𝑑2⌊u�/2⌋+1 matrix elements, which is more than the

𝑑u� coefficients one originally intended to decrease in number. It is at this point when the true power
of matrix product states comes into play: Instead of having the matrices grow in size such that the
total number of elements exceeds the number of coefficients one introduces a maximum dimension
𝜒max the matrices can assume and truncates all the matrices to this dimension of (𝜒max × 𝜒max)
that otherwise would be larger. In certain cases, however, it is actually possible to construct an
MPS with matrices of lower dimensions than the one presented above in the first place. A trivial
example are product states, where all matrices need only be of dimensions 1 × 1. We elaborate on
these issues in appendix B with the help of three example MPSs.

The above considerations illustrate that we are in need of

1. a procedure to construct an MPS efficiently, using only a minimum number of matrix elements,

2. a procedure to truncate the matrices efficiently if necessary, keeping the difference to the
uncompressed state as small a possible,

3. a measure to quantify the approximation of the MPS, and

4. a criterion to judge in how far a certain state of a certain problem with certain properties is
suitable for an MPS treatment.

We will address each of these issues in a subsequent section. Beginning with the first problem we will
show that an SVD introduced in section 3.3 will do the trick of an efficient construction of MPSs.
We will proceed showing that using an SVD will also provide a natural mechanism for truncation of
too large matrices, furthermore introducing a very convenient measure of this approximation, the
so-called discarded weight. Finally we will identify the entanglement entropy and its associated
area law as an appropriate measure to judge the use of MPSs and discuss different representations
of MPSs, which will become useful when developing MPS-based algorithms.

4.2.1 Construction of Matrix-Product-States via SVD

Let
|𝜓⟩ = ∑

u�1,u�2,…,u�u�−1,u�u�

𝑐u�1,u�2,…,u�u�−1,u�u�
|𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ (4.5)

with 𝑐 ∈ ℂ and 𝐿 the number of sites in the system under consideration again be the state we wish
to express as an MPS, c. f. equation (4.1). The goal is now to express this state in terms of a
matrix product as efficiently as possible.

We begin by interpreting the coefficients 𝑐u�1,u�2,…,u�u�−1,u�u�
as a tensor of rank 𝐿, calling each index

𝜎u� a physical index, c.f. figure 4.3 for a graphical representation. This tensor can now be reshaped
into a matrix via

𝛹u�1,(u�2,…,u�u�−1,u�u�) = 𝑐u�1,u�2,…,u�u�−1,u�u�
. (4.6)

If the matrix 𝛹 in the above equation is subject to an SVD, we obtain

𝛹u�1,(u�2,…,u�u�) = ∑
u�1

𝑈u�1,u�1
𝛤u�1,u�1

(𝑉 †)u�1,(u�2,…,u�u�−1,u�u�) . (4.7)
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4.2 Matrix Product States

|𝜓⟩ ≡
u�1 u�2 u� u�u�−1 u�u�u�

u�1 u�2 ⋯ u�u�−1 u�u�

Figure 4.3: Pictorial representation of the interpretation of a quantum state |u�⟩ as a
multi-dimensional tensor, c.f. equation (4.5).

Introducing
𝐴u�1

1;u�0,u�1
= 𝑈u�1,u�1

(4.8)

and reshaping

∑
u�1

𝛤u�1,u�1
(𝑉 †)u�1,(u�2,…,u�u�−1,u�u�) = ( ̃𝑉 †)

u�1,(u�2,…,u�u�−1,u�u�)
= 𝑐u�1,u�2,…,u�u�−1,u�u�

(4.9)

we obtain
𝑐u�1,u�2,…,u�u�−1,u�u�

= ∑
u�1

𝐴u�1
1;u�1

𝑐u�1,u�2,…,u�u�−1,u�u�
(4.10)

where 𝐴u�1
1;u�1

may be interpreted as a rank-2 tensor with a physical index 𝜎1 and a bond index 𝑚1
and 𝑐u�1,u�2,…,u�u�−1,u�u�

as a tensor of rank 𝐿 with bond index 𝑚1 and physical indices 𝜎2, … , 𝜎u�−1, 𝜎u�.
We proceed by reshaping 𝑐u�1,u�2,…,u�u�−1,u�u�

into a matrix

𝛹(u�1,u�2),(u�3,…,u�u�−1,u�u�) = 𝑐u�1,u�2,…,u�u�−1,u�u�
(4.11)

and subsequently decomposing the result which yields

𝛹(u�1,u�2),(u�3,…,u�u�−1,u�u�) = ∑
u�2

𝑈(u�1,u�2),u�2
𝛤u�2,u�2

(𝑉 †)u�2,(u�3,…,u�u�−1,u�u�) . (4.12)

Analogously to the above we define

𝐴u�2
2;u�1,u�2

= 𝑈(u�1,u�2),u�2
(4.13)

and reshape

∑
u�2

𝛤u�2,u�2
(𝑉 †)u�2,(u�3,…,u�u�−1,u�u�) = ( ̃𝑉 †)

u�2,(u�3,…,u�u�−1,u�u�)
= 𝑐u�2,u�3,…,u�u�−1,u�u�

(4.14)

such that
𝑐u�1,u�2,…,u�u�−1,u�u�

= ∑
u�1,u�2

𝐴u�1
1;u�1

𝐴u�2
2;u�1,u�2

𝑐u�2,u�3,…,u�u�−1,u�u�
. (4.15)

This procedure may now be repeated until the last site 𝐿 resulting in

𝑐u�1,u�2,…,u�u�−2,u�u�−1
= ∑

u�1,u�2,…,u�u�−2,u�u�−1

𝐴u�1
1;u�1

𝐴u�2
2;u�1,u�2

⋯ 𝐴u�u�−1
u�−1;u�u�−2,u�u�−1

𝐴u�u�
u�;u�u�−1

. (4.16)

With the exception of the first and last tensors 𝐴u�1
1 and 𝐴u�u�

u� all the other “matrices” 𝐴u�u�
u� are rank-3

tensors with one physical index 𝜎u� and two bond indices 𝑚u�−1 and 𝑚u�. For the sake of brevity and
uniformity, one often introduces dummy indices 𝑚0 and 𝑚u�, which may only take the value of 1,
on the edges, such that equation (4.16) reads

𝑐u�1,u�2,…,u�u�−1,u�u�
= ∑

u�0,u�1,…,u�u�−1,u�u�

𝐴u�1
1;u�0,u�1

𝐴u�2
2;u�1,u�2

⋯ 𝐴u�u�−1
u�−1;u�u�−2,u�u�−1

𝐴u�u�
u�;u�u�−1,u�u�

, (4.17)
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or in short
𝑐u�1,u�2,…,u�u�−1,u�u�

= 𝐴u�1
1 𝐴u�2

2 ⋯ 𝐴u�u�−1
u�−1 𝐴u�u�

u� . (4.18)

Inserting this result into the original equation (4.5) we find

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝐴u�1
1 𝐴u�2

2 ⋯ 𝐴u�u�−1
u�−1 𝐴u�u�

u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ , (4.19)

which is the (or rather a) decomposition of |𝜓⟩ into an MPS we were in search of.

For each element of the on-site local Hilbert space 𝜎u� we now have a matrix 𝐴u�u�
u� with bond indices

𝑚u�−1 and 𝑚u�. The dimensions of these matrices are determined by the SVD, i.e.

𝐴u�u�
u� ∈ ℂ(u�u�−1,u�u�), (4.20)

c.f. section 3.3, with the special cases 𝑟0 = 𝑟u� = 1. However the dimension will by construction
never exceed the numbers presented in the previous section. Note that so far we have not made any
remarks on truncation, i.e. up to this point the would obtain an exact representation of the state
|𝜓⟩, which is numerically even more costly as we have already seen.

4.2.2 Normalization and MPS Representations

Consider again the problem of constructing an MPS for a given state

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝑐u�1,u�2,…,u�u�−1,u�u�
|𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ , (4.21)

𝑐 ∈ ℂ and 𝐿 the system size, c.f. (4.5), as discussed in section 4.2.1.

The choice of reshaping the rank-𝐿 tensor 𝑐u�1,u�2,…,u�u�−1,u�u�
beginning from site 1 was entirely

arbitrary. The procedure works just as well starting from the last site 𝐿, reshaping

𝛹(u�1,u�2,…,u�u�−1),u�u�
= 𝑐u�1,u�2,…,u�u�−1,u�u�

(4.22)

and performing an SVD on the matrix 𝛹 yielding

𝛹(u�1,…,u�u�−1),u�u�
= ∑

u�u�−1

𝑈(u�1,…,u�u�−1),u�u�−1
𝛤u�u�−1,u�u�−1

(𝑉 †)u�u�−1,u�u�
. (4.23)

If we now define
𝐵u�u�

u�;u�u�−1,u�u�
= (𝑉 †)u�u�−1,u�u�

, (4.24)

𝑚u� again being a dummy index, we may in analogy to the procedure in 4.2.1 reshape

∑
u�u�−1

𝑈(u�1,…,u�u�−1),u�u�−1
𝛤u�u�−1,u�u�−1

= ̃𝑈(u�1,…,u�u�−1),u�u�−1
= 𝑐u�1,u�2,…,u�u�−1,u�u�−1

(4.25)

to have
𝑐u�1,u�2,…,u�u�−1,u�u�

= ∑
u�u�−1,u�u�

𝑐u�1,u�2,…,u�u�−1,u�u�−1
𝐵u�u�

u�;u�u�−1,u�u�
(4.26)

from which we can then construct

𝛹(u�1,u�2,…,u�u�−2),(u�u�−1,u�u�−1) = 𝑐u�1,u�2,…,u�u�−1,u�u�−1
(4.27)
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to continue SV decomposing and reshaping into tensors until we have

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝐵u�1
1 𝐵u�2

2 ⋯ 𝐵u�u�−1
u�−1 𝐵u�u�

u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ . (4.28)

We have, thus, found another way of decomposing |𝜓⟩ into an MPS.

The crucial observation at this point is that all the matrices 𝐴 and 𝐵 in the procedures introduced
above were constructed from matrices 𝑈 and 𝑉 † of the SVD, respectively, which we know to be
unitary from section 3.3. Thus, we find

𝛿u�u�,u�′
u�

= ∑
u�u�−1,u�u�

(𝑈†)u�u�,(u�u�−1,u�u�)
𝑈(u�u�−1,u�u�),u�′

u�
= ∑

u�u�−1,u�u�

(𝐴u�u�†
u� )

u�u�,u�u�−1

𝐴u�u�

u�;u�u�−1,u�′
u�

(4.29)

= ∑
u�u�

(𝐴u�u�†
u� 𝐴u�u�

u� )
u�u�,u�′

u�

, (4.30)

𝛿u�u�−1,u�′
u�−1

= ∑
u�u�,u�u�

(𝑉 †)u�u�−1,(u�u�,u�u�)
𝑉(u�u�,u�u�),u�′

u�−1
(4.31)

= ∑
u�u�,u�u�

𝐵u�u�

u�;u�u�−1,u�u�
(𝐵u�u�†

u� )
u�u�,u�′

u�−1

= ∑
u�u�

(𝐵u�u�
u� 𝐵u�u�†

u� )
u�u�−1,u�′

u�−1

(4.32)

or in short

∑
u�u�

𝐴u�u�†
u� 𝐴u�u�

u� = 𝟙, (4.33)

∑
u�u�

𝐵u�u�
u� 𝐵u�u�†

u� = 𝟙, (4.34)

c.f. figure 4.4 or 4.5, respectively. Note that the converse is in general not true, i.e.

u�u�

u�u�

u�u�

u�u�

u�u�−1

u�u�−1

u�u� =

u�u�

u�u�

Figure 4.4: Pictorial representation of equation (4.33).

u�u�

u�u�

u�u�−1

u�u�−1

u�u�

u�u�

u�u� =

u�u�−1

u�u�−1

Figure 4.5: Pictorial representation of equation (4.34).

∑
u�u�

𝐴u�u�
u� 𝐴u�u�†

u� ≠ 𝟙, (4.35)
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∑
u�u�

𝐵u�u�†
u� 𝐵u�u�

u� ≠ 𝟙. (4.36)

Due to the properties (4.33) and (4.34), the matrices 𝐴u�u�
u� (𝐴-matrices) and 𝐵u�u�

u� (𝐵-matrices) are
called left- or right-normalized, respectively. Analogously, an MPS consisting of only 𝐴-matrices

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝐴u�1
1 𝐴u�2

2 ⋯ 𝐴u�u�−1
u�−1 𝐴u�u�

u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ (4.37)

is referred to as left-canonical, while one entirely composed of 𝐵-matrices

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝐵u�1
1 𝐵u�2

2 ⋯ 𝐵u�u�−1
u�−1 𝐵u�u�

u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ , (4.38)

is called right-canonical. In figures 4.6 and 4.7 we present graphical representations of both these
cases.

|𝜓⟩ ≡
u�1 u�2 ⋯ u�u�−1 u�u�

u�1 u�2 u�u�−1 u�u�

u�0 u�1 u�2 u�u�−2 u�u�−1 u�u�

Figure 4.6: Pictorial representation of a left-canonical MPS |u�⟩, c.f. equation (4.37).

|𝜓⟩ ≡
u�1 u�2 ⋯ u�u�−1 u�u�

u�1 u�2 u�u�−1 u�u�

u�0 u�1 u�2 u�u�−2 u�u�−1 u�u�

Figure 4.7: Pictorial representation of a right-canonical MPS |u�⟩, c.f. equation (4.38).

The task of normalizing a general MPS

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝑀u�1
1 𝑀u�2

2 ⋯ 𝑀u�u�−1
u�−1 𝑀u�u�

u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ , (4.39)

composed of general matrices 𝑀u�u�
u� is, hence, reduced to bringing it either into left- or right-canonical

form. In order to obtain a left-canonical MPS, beginning from 𝑙 = 1 the matrix 𝑀u�u�
u� , i.e. the rank-3

tensor 𝑀u�u�
u�;u�u�−1,u�u�

, is reshaped into an actual matrix 𝑀′
u�;(u�u�−1,u�u�),u�u�

and then decomposed

𝑀′
u�;(u�u�−1,u�u�),u�u�

= ∑
u�′

u�

𝛩(u�u�−1,u�u�),u�′
u�
𝛯u�′

u�,u�u�
. (4.40)

where we require 𝛩 to be unitary, i.e. 𝛩 = 𝛩†. Next, we reshape

𝛩(u�u�−1,u�u�),u�′
u�

= 𝐴u�u�

u�;u�u�−1,u�′
u�

(4.41)

and take the next 3-tensor 𝑀u�u�+1
u�+1;u�u�,u�u�+1

converting it into a matrix �̃�u�+1;u�u�,(u�u�+1,u�u�+1) which we
then update by

𝑀′
u�+1;u�′

u�,(u�u�+1,u�u�+1)
= ∑

u�u�

𝛯u�′
u�,u�u�

�̃�u�+1;u�u�,(u�u�+1,u�u�+1). (4.42)
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After renaming the index 𝑚′
u� to 𝑚u� and reshaping 𝑀′

u�+1;u�u�,(u�u�+1,u�u�+1)
to 𝑀′

u�+1;(u�u�,u�u�+1),u�u�+1
steps

(4.40) to (4.42) may be repeated for this matrix, such that when 𝑙 = 𝐿 the MPS takes the desired
form. Note that for the decomposition into 𝛩 and 𝛯 several routines may be applied. In principle,
it is possible to again make use of an SVD, c.f. section 3.3, which would mean 𝛩 = 𝑈 and 𝛯 = 𝛤𝑉 †.
However, in most applications it is more desirable to instead do a QR decomposition, c.f. section
3.2, as it is numerically less costly. This then means 𝛩 = 𝑄 and 𝛯 = 𝑅. The disadvantage of the
QR-decomposition is that it does not allow for an efficient truncation. When it comes to normalizing
an MPS, however, there is usually no need to do so. Thus, in general, when it comes to the pure
construction of 𝐴- or 𝐵-matrices the QR-decomposition is preferred.

Normalizing an MPS into a right-canonical form involves in general one extra step. Starting from
𝑙 = 𝐿 we reshape 𝑀u�u�

u�;u�u�−1,u�u�
into 𝑀′

u�;u�u�−1,(u�u�,u�u�)
and decompose the complex conjugate

𝑀′
u�;(u�u�,u�u�),u�u�−1

= ∑
u�′

u�−1

𝛩(u�u�,u�u�),u�′
u�−1

𝛯u�′
u�−1,u�u�−1

(4.43)

allowing us to construct
𝛩u�′

u�−1,(u�u�,u�u�)
= 𝐵u�u�

u�;u�′
u�−1,u�u�

. (4.44)

Then we take 𝑀u�u�−1
u�−1;u�u�−2,u�u�−1

which we first reshape into �̃�u�−1;(u�u�−2,u�u�−1),u�u�−1
and update via

𝑀′
u�−1;(u�u�−2,u�u�−1),u�′

u�−1
= ∑

u�u�−1

�̃�u�−1;(u�u�−2,u�u�−1),u�u�−1
𝛯u�u�−1,u�′

u�−1
. (4.45)

Renaming the index 𝑚′
u�−1 to 𝑚u�−1 and reshaping 𝑀′

u�−1;(u�u�−2,u�u�−1),u�u�−1
to 𝑀′

u�−1;u�u�−2,(u�u�−1,u�u�−1)
allows us to repeat (4.43) to (4.45) until 𝑙 = 1. Note that working with the complex conjugate in
the procedure is not strictly necessary when applying the SVD. In that case it would be possible
constructing the 𝐵-matrices from matrices 𝑉 † and update �̃� by 𝑈𝛤 similar to the construction of
a right-canonical MPS presented in the beginning of this section, as for the SVD 𝑈 , as well as 𝑉 are
unitary. Consequently, QR- instead of SV-decomposing would have worked equally fine in section
4.2.1, the substitution simply being 𝑈 ≡ 𝑄 and 𝛤𝑉 † ≡ 𝑅. Likewise would QR-decomposing the
complex conjugated matrices 𝛹 in the construction of the right canonical MPS have been possible,
the drawback again being that this way no reasonable truncation is possible.

The concept of iteratively running through an MPS manipulating each matrix separately is known
as sweeping, where more precisely we call running from left to right a right-sweep and going from
right to left we refer to as left-sweeping. Beginning now with a left-normalized MPS performing a
right-sweep or equally beginning with a right-normalized MPS performing a left-sweep during this
procedure we will encounter MPSs of the form

|𝜓⟩ = ∑
u�1,u�2,…,u�u�−1,u�u�

𝐴u�1
1 𝐴u�2

2 ⋯ 𝐴u�u�−1
u�−1 𝑀u�u�

u� 𝐵u�u�+1
u�+1 ⋯ 𝐵u�u�−1

u�−1 𝐵u�u�
u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩, (4.46)

c.f. figure 4.8 for a sketch. This representation of an MPS is conveniently called mixed-canonical
and the site 𝑗 which is described by the only non-normalized matrix is referred to as the active site
or orthogonality center. As most intrinsically MPS-based algorithms rely on the above described
sweeping procedures, mixed-canonical MPSs are regularly encountered. Shifting the orthogonality
center works just like a single step in a normalization sweep. Depending on whether the orthogonality
center is to be moved form 𝑀u�u�

u� to the left or right, first 𝑀u� needs to be decomposed and then
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|𝜓⟩ ≡
u�1 ⋯ u�u�−1 u�u� u�u�+1 ⋯ u�u�

u�1 u�u�−1 u�u� u�u�+1 u�u�

u�0 u�1 u�u�−2 u�u�−1 u�u� u�u�+1 u�u�−1 u�u�

Figure 4.8: Pictorial representation of a mixed-canonical MPS |u�⟩ with orthogonality
center at site u�, c.f. equation (4.46).

reshaped according to equation (4.43) and (4.44) or (4.40) and (4.41), respectively. Afterwards
𝑀u�u�−1

u�−1 is updated according to equation (4.45), or 𝑀u�u�+1
u�+1 as in (4.42), and eventually recast into a

rank-3 tensor.

At this point, also the connection to classical DMRG becomes evident. Considering the entire
left-normalized matrices of a mixed-canonical MPS as one entity and all the right-normalized
matrices as another one, we reobtain the typical splitting of a physical state into two subsystems
native to DMRG consisting of a left part, a right part and a center site on which operations may be
performed on.

For the sake of completeness we mention that there is also an alternative representation of MPSs
introduced by Vidal decomposing into

|𝜓⟩ = ∑
u�1,…,u�u�

𝛤 u�1
u� ,1𝛬u� ,1𝛤 u�2

u� ,2𝛬u� ,2 ⋯ 𝛬u� ,u�−2𝛤 u�u�−1
u� ,u�−1𝛬u� ,u�−1𝛤 u�u�

u� ,u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩, (4.47)

which can be constructed from SVDs. In this representation all matrices 𝛬u� ,u� contain the singular
values of the respective SVD, thus, they are diagonal, and the 𝛬u� ,u� are unitary matrices. Introducing
the 1 × 1 dummy matrix 𝛬u� ,0 = 1 or 𝛬u� ,u� = 1 Vidal’s representation can be transformed into a
left- or right-canonical representation via

𝐴u�u�
u�;u�u�−1,u�u�

= ∑
u�u�−1

𝛬u� ,u�−1;u�u�−1,u�u�−1
𝛤 u�u�

u� ,u�;u�u�−1,u�u�
, or (4.48)

𝐵u�u�
u�;u�u�−1,u�u�

= ∑
u�u�

𝛤 u�u�
u� ,u�;u�u�−1,u�u�

𝛬u� ,u�;u�u�,u�u�
, (4.49)

respectively. As we will hardly make use of this representation in the remainder of this work, apart
from presenting a sketch in figure 4.9, we refer to Vidal’s original work [391] or [320] for further
reading.

|𝜓⟩ ≡
u�u� ,1 u�u� ,1 u�u� ,2 ⋯ u�u� ,u�−1 u�u� ,u�−1 u�u� ,u�

u�1 u�2 u�u�−1 u�u�

u�0 u�1 u�1 u�2 u�u�−2 u�u�−1 u�u�−1 u�u�

Figure 4.9: Pictorial representation of an MPS |u�⟩ in Vidal’s notation, c.f. equation
(4.47).

Note that while all the MPS representations introduced in this section have different properties,
they still describe the same physical state and, thus, the same physics. What representation will be
used depends on the respective algorithm manipulating the MPS as we will outline in chapter 5.
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4.2.3 Truncation and Discarded Weight

In this section we will discuss the compression of an MPS applying an SVD. This procedure leads to
the introduction of the important quantity of the discarded weight quite naturally. Note, however
that in practice this method is not applied as it does not yield an optimum truncation. Instead one
makes use of a variational approach. For pedagogical reasons we will nevertheless review the naive
compression via an SVD first and postpone the discussion of the variational approach to the next
section for it also requires a deeper understanding of MPSs.

The actual truncation of an MPS happens applying the SVD. As explained in detail in section 3.3
the matrix 𝛤 is diagonal containing the singular values of the decomposed matrix sorted from large
to small. The crucial point of the MPS representation is now to only take the 𝜒max largest singular
values into account by restricting 𝛤 to be at most of size (𝜒max × 𝜒max) if 𝑟u� > 𝜒max. Truncating
an MPS is thus achieved by applying the normalization routine we presented in the preceding
section, the only difference being that now the SVD needs to be applied in order to then contract
𝛤 and adjust 𝑈 and 𝑉 † accordingly. For this routine either a single left- or right-sweep may be
performed.

Clearly, the so-obtained approximation may be a rather drastic. However, from inspecting the
singular value spectra shown for the compression of images in figure 3.9 we also know that the size
of the singular values may also decrease exponentially. In order to quantify the error one has made
by enforcing this restriction, we define the discarded weight

𝛿u� = 1 −
u�max

∑
u�u�=1

𝜆2
u�u�

(4.50)

where the 𝜆u�u�
are the singular values of the matrix 𝛹(u�u�−1,u�u�),(u�u�+1,…,u�u�−1,u�u�). It is now obvious

that the quality of the approximation depends largely on the properties of the system or state under
consideration:

• In the most trivial case all singular values but one vanish. This is for example the case of all
the matrices 𝐴u�u� of a product state like in the examples presented in appendix B.

• If the singular values decay exponentially the approximation will only slightly change the
physical content of the state |𝜓⟩ but provide an enormous computational simplification. In
practice for systems of length 𝐿 ∈ 𝒪(10) with a local Hilbert space dimension of 𝑑 ≤ 4, often
a few hundred or thousand singular values suffice to represent the physics almost perfectly
with a discarded weight of an order up to 𝒪 (10−10).

• For a non-exponential decay of the singular values things start to get difficult. Depending on
the exact behavior the problem may be solvable to a satisfying precision, which is, however,
often at the cost of an increased computation time and memory usage.

• In case the singular values are of similar size, the approximation will obviously introduce a
significant error to the calculations such that further computations become obsolete and other
methods need to be applied.

• Hence, the worst case is that all singular value are equal. This is the case in the third example
we show in appendix B. Here, the truncation changes the state and consequently the physics
entirely, making MPSs entirely unsuitable for the problem.
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If one encounters a well-behaved case with reasonably fast decaying singular values the truncated
state may be renormalized afterwards such that

u�max

∑
u�u�=1

𝜆2
u�u�

= 1 (4.51)

for further computation.

It has been shown that one-dimensional systems with short-range interactions behave particularly
well, i.e. here the singular values decay exponentially, explaining the success and widespread
application of MPSs for such problems, c.f. reference [320]. In section 4.2.5 we will further elaborate
on the causes of this property.

4.2.4 Variational MPS Truncation

The SVD-based MPS truncation presented in the preceding section comes with the huge disadvantage
of never being optimal, its primary advantage being the speediness of its application. Hence, to
more accurately truncate an MPS a more evolved scheme is necessary. Such an algorithm is given
in terms of the variational truncation. We will present this procedure here in greater detail as it
also nicely illustrates the repeated application of sweeping through the chain.

Let ∣𝜓′⟩ be a given MPS which we wish to truncate into an MPS ∣𝜓⟩ of freely chosen maximum
bond dimension 𝜒max smaller than the maximum bond dimension 𝜒 of ∣𝜓′⟩. The principal idea is
to minimize the distance

∥∣𝜓′⟩ − ∣𝜓⟩∥2
2 = ⟨𝜓′ ∣𝜓′⟩ − ⟨𝜓′ ∣𝜓⟩ − ⟨𝜓 ∣𝜓′⟩ + ⟨𝜓 ∣𝜓⟩ (4.52)

with respect to ∣𝜓⟩ between both these states by iteratively running through the system computing

just the minimum with respect to a single site tensor 𝑀
u�u�
u� and updating the MPS in the process.

The hope then is that after a certain number of these sweeps an optimum truncation is actually
found. We begin by formally writing out the necessary condition for the distance ∥∣𝜓′⟩ − ∣𝜓⟩∥2

2 to

fulfill when minimized with respect to an entry of a single site tensor 𝑀
u�u�
u�

∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

∥∣𝜓′⟩ − ∣𝜓⟩∥2
2 = ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓 ∣𝜓⟩ − ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓 ∣𝜓′⟩ = 0. (4.53)

Let us now assume that ∣𝜓⟩ is given in a mixed-canonical form with orthogonality center at site 𝑗,
such that we have

∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓 ∣𝜓⟩ = ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,

u�u�−1,u�u�,
u�u�−1,u�u�

𝑀
u�u�

u�;u�u�,u�u�−1
𝑀

u�u�

u�;u�u�−1,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= 𝑀
u�u�

u�;u�u�−1,u�u�
. (4.54)

46



4.2 Matrix Product States

⟨𝜓 ∣𝜓′⟩ ≡ ℒ u�−1

u�′
u�

u�u�

ℛu�+1

u�′
u�−1

u�u�−1

u�′
u�

u�u�

u�u�

Figure 4.10: Pictorial representation of the overlap of two MPSs ∣u�′⟩ and ∣u�⟩, c.f. equation
(4.55).

If we express the overlap ⟨𝜓 ∣𝜓′⟩ in terms of newly defined left and right tensors, i.e.

⟨𝜓 ∣𝜓′⟩ = ∑
u�u�,

u�u�−1,u�u�,
u�′

u�−1,u�′
u�

ℒu�−1;u�u�−1,u�′
u�−1

𝑀
u�u�

u�;u�u�,u�u�−1
𝑀

′u�u�

u�;u�′
u�−1,u�′

u�
ℛu�+1;u�′

u�,u�u�
, (4.55)

c.f. figure 4.10, with the left tensor

ℒu�−1;u�u�−1,u�′
u�−1

= ∑
u�u�−2,u�′

u�−2,
u�u�−1

⎛⎜⎜⎜⎜⎜
⎝

𝐴
u�u�−1

u�−1;u�u�−1,u�u�−2

⎛⎜⎜⎜⎜⎜
⎝

⋯
⎛⎜⎜⎜⎜⎜
⎝

∑
u�0,u�′

0,
u�1

(𝐴u�1

1;u�1,u�0
𝑀′u�1

1;u�′
0,u�′

1
)

⎞⎟⎟⎟⎟⎟
⎠

⋯
⎞⎟⎟⎟⎟⎟
⎠

𝑀
′u�u�−1

u�−1;u�′
u�−2,u�′

u�−1

⎞⎟⎟⎟⎟⎟
⎠

, (4.56)

c.f. figure 4.11, and similarly the right tensor

ℒu�−1;u�u�−1,u�′
u�−1

≡

u�′
u�−1

u�u�−1

ℒ u�−1

=

u�′
1

u�1

u�′
2

u�2

⋯

⋯

u�′
u�−2

u�u�−2

u�′
u�−1

u�u�−1

u�′
u�−1

u�u�−1

u�′
0

u�0

u�′
1

u�1

u�′
2

u�2

u�′
u�−3

u�u�−3

u�′
u�−2

u�u�−2

u�1 u�2 u�u�−2 u�u�−1

Figure 4.11: Pictorial representation of the left tensor ℒu�−1;u�u�−1,u�′
u�−1

, c.f. equation
(4.56).
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ℛu�+1;u�′
u�,u�u�

≡ ℛu�+1

u�′
u�

u�u�

=

u�′
u�

u�u�

u�′
u�+1

u�u�+1

u�′
u�+2

u�u�+2

⋯

⋯

u�′
u�−1

u�u�−1

u�′
u�

u�u�

u�′
u�+1

u�u�+1

u�′
u�+2

u�u�+2

u�′
u�−2

u�u�−2

u�′
u�−1

u�u�−1

u�′
u�

u�u�

u�u�+1 u�u�+2 u�u�−1 u�u�

Figure 4.12: Pictorial representation of the right tensor ℛu�+1;u�′
u�,u�u�

, c.f. equation (4.57).

ℛu�+1;u�′
u�,u�u�

= ∑
u�u�+1,u�′

u�+1,
u�u�+1

⎛⎜⎜⎜⎜⎜
⎝

𝑀
′u�u�+1

u�+1;u�′
u�,u�′

u�+1

⎛⎜⎜⎜⎜⎜
⎝

⋯
⎛⎜⎜⎜⎜⎜
⎝

∑
u�u�,u�′

u�,
u�u�

(𝑀′u�u�

u�;u�′
u�−1,u�′

u�
𝐵u�u�

u�;u�u�,u�u�−1
)

⎞⎟⎟⎟⎟⎟
⎠

⋯
⎞⎟⎟⎟⎟⎟
⎠

𝐵
u�u�+1

u�+1;u�u�+1,u�u�

⎞⎟⎟⎟⎟⎟
⎠

, (4.57)

c.f. figure 4.12, we find for the second part in equation (4.53)

∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓 ∣𝜓′⟩ = ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,

u�u�−1,u�u�,
u�′

u�−1,u�′
u�

ℒu�−1;u�u�−1,u�′
u�−1

𝑀
u�u�

u�;u�u�,u�u�−1
𝑀

′u�u�

u�;u�′
u�−1,u�′

u�

ℛu�+1;u�′
u�,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= ∑
u�′

u�−1,u�′
u�

ℒu�−1;u�u�−1,u�′
u�−1

𝑀
′u�u�

u�;u�′
u�−1,u�′

u�
ℛu�+1;u�′

u�,u�u�
. (4.58)

Thus, using these simplifying expressions (4.53) reduces to the rather simple form

𝑀
u�u�

u�;u�u�−1,u�u�
= ∑

u�′
u�−1,u�′

u�

ℒu�−1;u�u�−1,u�′
u�−1

𝑀
′u�u�

u�;u�′
u�−1,u�′

u�
ℛu�+1;u�′

u�,u�u�
, (4.59)

c.f. figure 4.13, that is we have found an expression to obtain all matrices of the truncated MPS ∣𝜓⟩
from the given MPS ∣𝜓′⟩.
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𝑀
u�u�

u�;u�u�−1,u�u�
≡

u�u�u�u�−1

u�u�

u�u�

= ℒ u�−1

u�′
u�

ℛu�+1

u�′
u�−1

u�u�−1

u�′
u�

u�u�

u�u�

Figure 4.13: Pictorial representation of equation (4.59).

The idea for the truncation routine now is for a given trail MPS ∣𝜓⟩ to iteratively optimize each of
its site tensors according to equation (4.59). While in principle any mixed-canonical MPS can serve
as the initial trial MPS, it is most recommendable to use a roughly SVD-truncated MPS as obtained
from the algorithm introduced in the preceding section the reason being that variational methods
may become quite slow for improperly chosen initial states. Realizing that we may construct the
left and right tensors recursively via

ℒu�;u�u�,u�′
u�

= ∑
u�u�−1,u�′

u�−1,
u�u�

(𝐴
u�u�

u�;u�u�,u�u�−1
ℒu�−1;u�u�−1,u�′

u�−1
𝑀

′u�u�

u�;u�′
u�−1,u�′

u�
), (4.60)

ℛu�;u�′
u�−1,u�u�−1

= ∑
u�u�,u�′

u�,
u�u�

(𝑀
′u�u�

u�;u�′
u�−1,u�′

u�
ℛu�+1;u�′

u�,u�u�
𝐵

u�u�

u�;u�u�,u�u�−1
), (4.61)

c.f. figures 4.14 and 4.15, with the 1 × 1 dummy tensors ℒ0 and ℛu�+1 we execute the sweeping
procedure as follows. We begin the trial MPS ∣𝜓⟩ of which we suppose its active site to be at 𝑗 = 1.
To all its 𝑀 -matrices we add an extra subscript in square brackets indicating the number of the
sweep, thus in the beginning this subscript is [0]. We further need to have constructed all ℛ

[0]
u�

according to equation (4.57). Starting from 𝑗 = 1, we now for each 𝑗 first update the matrix 𝑀
[0]u�u�
u�

to 𝑀
[1]u�u�
u� as described by equation (4.59). Next, the orthogonality center of ∣𝜓⟩ is shifted to site

𝑗 + 1 through an SVD as described in section 4.2.2, ℛ
[0]
u�+1 is discarded and ℒ

[1]
u� is constructed from

𝑀
[1]u�u�
u� according to equation (4.60). At 𝑗 = 𝐿 this right sweep is completed and the distance which

ℒu�;u�u�,u�′
u�

≡

u�′
u�

u�u�

ℒ u� = ℒ u�−1

u�′
u�

u�u�

u�′
u�

u�u�

u�′
u�−1

u�u�−1

u�u�

Figure 4.14: Pictorial representation of the recursive construction of the left tensor
ℒu�;u�u�,u�′

u�
, c.f. equation (4.60).
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ℛu�;u�′
u�−1,u�u�−1

≡ ℛu�

u�′
u�−1

u�u�−1

=

u�′
u�−1

u�u�−1

u�′
u�

u�u�

ℛu�+1

u�′
u�

u�u�

u�u�

Figure 4.15: Pictorial representation of the recursive construction of the right tensor
ℛu�;u�′

u�−1,u�u�−1
, c.f. equation (4.61).

is now given by
∥∣𝜓′⟩ − ∣𝜓⟩∥2

2 = 1 − ⟨𝜓 ∣𝜓⟩ (4.62)

is evaluated. In case it has reached a certain threshold, the procedure is stopped. Otherwise a left
sweep is performed. Beginning with 𝑗 = 𝐿, for each 𝑗 the matrix 𝑀

[1]u�u�
u� is updated to 𝑀

[2]u�u�
u� as in

equation (4.59). Then, the orthogonality center of ∣𝜓⟩ is shifted to site 𝑗 − 1 through an SVD, ℒ
[1]
u�−1

is discarded and ℛ
[2]
u� is constructed from 𝑀

[2]u�u�
u� as specified by equation (4.60). At 𝑗 = 0 the sweep

is completed and the distance can be computed again. This procedure of right and left sweeps is
repeated until the desired distance or a maximum number of sweeps is reached. Clearly we could
have also started with an initial state with its active site at 𝑗 = 𝐿. In that case, we would have
started with a left sweep having constructed all ℒ

[0]
u� as in equation (4.56) prior the the beginning

of the procedure.

Note that in case the algorithm converges too slowly the maximally allowed bond dimension 𝜒max
might need to be chosen larger. An important caveat to keep in mind is that this scheme is not
guaranteed to yield the absolute minimum, that is, it is indeed possible for it to get stuck in a local
minimum. While in general, there is no ideal solution to this obstacle it can nevertheless, often
times be overcome by optimizing with respect to two sites. Such two-site variants are quite frequent
in variational approaches as we shall discuss in section 5.3.

4.2.5 Entanglement Entropy and the Area Law of Entanglement

So far we have learned how to truncate an MPS and identified the discarded weight as the principal
quantity to track when judging the accuracy of the approximation. The question remains, whether
the discarded weight is guaranteed to remain small. Indeed, such a theorem exists by means of
the area law of entanglement. However, it should be pointed out, that it has only been proven
conclusively for rather restricted cases. Nevertheless, it still provides a good intuition to what
systems are manageable and which are problematic to treat using MPSs.

We begin by remembering that for product states an efficient MPS representation will consist of
only 1 × 1 matrices. The reason for which we need to increase the matrices in dimension is due to
entanglement of an MPS. Hence, the more entangled a state is, the larger need the bond dimensions
be, the more urgent is our need to truncate this state and, evidently, the larger is the error we make
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during the truncation. Conversely, if the entanglement is guaranteed to stay small, we will only
make reasonably small errors when truncating an MPS.

In order to judge how entangled a quantum state is we are in need of a measure of entanglement.
While there exist numerous such quantities [47], in case of MPSs usually the entanglement entropy,
also known as von Neumann entropy is employed. For MPSs, this quantity can best be derived
from Vidal’s notation (4.47). We therefore start with an MPS

|𝜓⟩ = ∑
u�1,…,u�u�

𝛤 u�1
u� ,1𝛬u� ,1𝛤 u�2

u� ,2𝛬u� ,2 ⋯ 𝛬u� ,u�−2𝛤 u�u�−1
u� ,u�−1𝛬u� ,u�−1𝛤 u�u�

u� ,u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩, (4.63)

which we decompose into two parts, i and ii, describing two subsystems introducing

|𝛼u�⟩i = ∑
u�1,…,u�u�

(𝛤 u�1
u� ,1𝛬u� ,1𝛤 u�2

u� ,2𝛬u� ,2 ⋯ 𝛬u� ,u�−2𝛤 u�u�−1
u� ,u�−1𝛬u� ,u�−1𝛤 u�u�

u� ,u�)u�u�
|𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩, (4.64)

|𝛼u�⟩ii = ∑
u�u�+1,…,u�u�

(𝛤 u�u�+1
u� ,u�+1𝛬u� ,u�+1𝛤 u�u�+2

u� ,u�+2𝛬u� ,u�+2 ⋯ 𝛬u� ,u�−2𝛤 u�u�−1
u� ,u�−1𝛬u� ,u�−1𝛤 u�u�

u� ,u�)
u�u�

∣𝜎u�+1, 𝜎u�+2, … , 𝜎u�−1, 𝜎u�⟩, (4.65)

such that the entire state is given by

|𝜓⟩ = ∑
u�u�

𝛬u� ,u�;u�u�,u�u�
|𝛼u�⟩i |𝛼u�⟩ii = ∑

u�u�

𝜆u�u�
|𝛼u�⟩i |𝛼u�⟩ii . (4.66)

This representation of |𝜓⟩ is commonly known as the Schmidt decomposition. Because it makes use
of the system’s eigenbasis, the density operator takes the rather simple form

𝜌 ≔ |𝜓⟩⟨𝜓| = (𝛬u� ,u�)
2 , (4.67)

from which the von Neumann entropy can be computed via

𝑆vN ≔ −Tr(𝜌 ln(𝜌)) = −Tr((𝛬u� ,u�)
2 ln((𝛬u� ,u�)

2)) = − ∑
u�u�

(𝜆2
u�u�

ln(𝜆2
u�u�

)) (4.68)

to tell us, how much the two subsystems we divided the system into are entangled with each other.

The crucial observation now is that for a gapped system 𝒮 of arbitrary size and dimensions, the
von Neumann entropy roughly scales as [388]

𝑆vN ∼ 𝒪(∂𝒮 ) , (4.69)

that is the edge of the system. This expression is known as the area law of entanglement. Its
consequences for one-dimensional systems are of particular importance. Irrespective of its size 𝐿 the
edge ∂𝒮 will always stay constant. Hence, for one-dimensional gapped systems the entanglement
entropy stays constant with growing system size, which as a consequence tells us that such systems
can be efficiently truncated as the discarded weight stays small. Thus, the area law of entanglement
shows, why MPSs are such a powerful method in one dimension, and also why their extensions to
multiple dimensions, namely PEPS and MERA, are far more restricted in their versatility. Note
again, however, that the area law of entanglement (4.69) was actually only proven to exactly hold
for ground state searches of one-dimensional gapped systems [144, 50], which are rather strict
constraints, and to be violated for gapless fermionic systems [410, 120]. In particular the behavior of
time evolutions is not governed. Still, it serves as a good point of reference to judge how promising
an MPS treatment of a physical system is in the first place.
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4.3 Matrix Product Operators

The extension of the procedures we discussed in the preceding section regarding the construction of
MPSs in order to describe physical states to operators is rather convenient. Let �̂� ∶ ℋ ↦ ℋ be a
quantum mechanical operator mapping states of an 𝐿-site system with local dimension 𝑑 to one
another, i.e. dim(ℋ ) = 𝑑u�. Thus, in its most general form �̂� may be represented as

�̂� = ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

𝑐(u�1,u�2,…,u�u�−1,u�u�),(u�′
1,u�′

2,…,u�′
u�−1,u�′

u�) ∣𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩⟨𝜎′
1, 𝜎′

2, … , 𝜎′
u�−1, 𝜎′

u�∣. (4.70)

Hence, the goal is to express the coefficients 𝑐(u�1,u�2,…,u�u�−1,u�u�),(u�′
1,u�′

2,…,u�′
u�−1,u�′

u�) ∈ ℂ as a product
of matrices analogously to the treatment of quantum states, such that in the end we have

�̂� = ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

𝑊 u�1,u�′
1

1 ⋅ 𝑊 u�2,u�′
2

2 ⋅ ⋯ ⋅ 𝑊 u�u�−1,u�′
u�−1

u�−1 ⋅ 𝑊 u�u�,u�′
u�

u�

∣𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩⟨𝜎′
1, 𝜎′

2, … , 𝜎′
u�−1, 𝜎′

u�∣, (4.71)

c.f. figure 4.16 for a graphical representation. The principal difference towards the MPS representation

�̂� ≡ u�1 u�2 ⋯ u�u�−1 u�u�

u�1 u�2 u�u�−1 u�u�

u�′
1 u�′

2 u�′
u�−1 u�′

u�

u�0 u�1 u�2 u�u�−2 u�u�−1 u�u�

Figure 4.16: Pictorial representation of a general MPO û�, c.f. equation (4.71).

is that for the case of MPOs the 𝑊 -tensors are of rank 4 unlike the 𝑀 - (or 𝐴- or 𝐵-) tensors, which
were of rank 3. Further, the number of coefficients 𝑐(u�1,u�2,…,u�u�−1,u�u�),(u�′

1,u�′
2,…,u�′

u�−1,u�′
u�) increases to

𝑑2u� illustrating that the number of possible MPO representations is even larger than for MPSs.
Nevertheless, it is in principle possible to construct MPOs from SV decomposing the reshaped
coefficients as explained in section 4.2.1 for MPSs the only differences being that for the SVDs
double indices (𝜎u�, 𝜎′

u�) take the place single indices 𝜎u� and accordingly in the end the matrices 𝑈 or
𝑉 † need to be reshaped into rank-4 tensors.

In the following two sections we will outline shortly, how MPOs can be conveniently constructed,
starting with single site operators and then extending to more complex ones.

4.3.1 Single site MPOs

In many body physics one frequently encounters operators that only act on one single site, ̂𝑜u�(𝑗), 𝑗
being the site and ̂𝑜(𝑗) the possibly site-dependent operator that acts on the local Hilbert space
only. Note that in a many body problem this local Hilbert space is orders of magnitudes smaller
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�̂� ≡ ⋯ u�u� ⋯

u�1 u�u�−1
u�u�

u�u�+1 u�u�

u�′
1

u�′
u�−1

u�′
u�

u�′
u�+1 u�′

u�
u�0 u�1 u�u�−2 u�u�−1 u�u� u�u�+1 u�u�−1 u�u�

Figure 4.17: Pictorial representation of a single site MPO û�, c.f. equation (4.72).

than the total one which allows a rather efficient implementation as an MPO without truncations.
We begin by noting that any local operator ̂𝑜u�(𝑗) can be extended to a formally global one via

�̂� = ̂𝐼1 ⊗ ̂𝐼2 ⊗ ⋯ ⊗ ̂𝐼u�−1 ⊗ ̂𝑜u�(𝑗) ⊗ ̂𝐼u�+1 ⊗ ⋯ ⊗ ̂𝐼u�−1 ⊗ ̂𝐼u�, (4.72)

c.f. figure 4.17, where ̂𝐼 is the local identity. The rank-4 𝑊 -tensor thus simplifies dramatically,
being simply determined by

𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
= 𝛿u�,u� ⟨𝜎u�∣ ̂𝑜u�(𝑙) ∣𝜎′

u�⟩ + (1 − 𝛿u�,u�) 𝛿u�u�,u�′
u�
. (4.73)

Note that for this case the bond indices 𝑤u�−1 and 𝑤u� are dummy indices taking only one value.
Hence, the total 𝑊 -tensor is of dimension 𝑑2.

4.3.2 Construction of Matrix-Product Operators from FSMs

In most cases complex operators are combinations of usually only a few local ones. We will call the
set containing these local operators 𝛺. Thus, a general operator may be expressed as

�̂� = ∑
𝒫

𝒫 (
u�

⨂
u�=1

̂𝑜u�(𝑙)) , (4.74)

that is the sum over all paths 𝒫 consisting of successively applied local operators ̂𝑜(𝑙) ∈ 𝛺 at all
sites 𝑙 of the system. Note that evidently ̂𝐼u� ∈ 𝛺. In order to construct an MPO, we decompose the
operator into

�̂� = �̂�1 ⋅ �̂�2 ⋅ ⋯ ⋅ �̂�u�−1 ⋅ �̂�u� (4.75)

introducing operator-valued matrices �̂�u� containing local operators ̂𝑜u�(𝑙) ∈ 𝛺. Once this decomposi-
tion is known, the MPO can be constructed from these operator valued matrices through

𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
= ⟨𝜎u�∣ �̂�u�;u�u�−1,u�u�

∣𝜎′
u�⟩ . (4.76)

Note that for the operator in equation (4.75) to give a string of local operators, �̂�1 and �̂�u� need
to be a row or column vector, respectively. Note further that for an single site MPO ̂𝑜(𝑗) equation
(4.72) already specifies the operator-valued matrices �̂�u� via

�̂�u� = {
̂𝑜u�(𝑗) if 𝑙 = 𝑗
̂𝐼u� else

, (4.77)

which implies that in this case all indices 𝑤u� are dummy indices taking only the value of 1.
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𝐼

𝐴 𝐵

𝐹

̂𝐼

̂𝐼

𝑡hop
̂𝑓† −𝑡hop

̂𝑓

̂𝑓 ̂𝑓†

⟶ �̂�u� =

𝐼 𝐴 𝐵 𝐹

⎛⎜⎜⎜⎜
⎝

⎞⎟⎟⎟⎟
⎠

𝐼 ̂𝐼 𝑡hop
̂𝑓† ̂𝑓 0

𝐴 0 0 0 −𝑡hop
̂𝑓

𝐵 0 0 0 ̂𝑓†

𝐹 0 0 0 ̂𝐼

Figure 4.18: Example illustration of the generation of operator-valued matrices û�u� from
an FSM in case of the tight binding model, c.f. section 7.1.1. The green and red boxes
show û�1 and û�u�, respectively. This plot was generated adapting LATEX code by Thomas
Köhler and Sebastian Paeckel which was used to create figures 3(a) and 4(b) in reference
[282].

The crucial observation reported by Crosswhite et al. [67, 68] is that these operator valued matrices
�̂�u� can be constructed from FSMs which we introduced in section 3.5. The idea is to encode the
summands in equation (4.74) by means of a Mealy automaton. Starting from an initial state 𝐼
going over arbitrarily many intermediate states until finally reaching the final state 𝐹 each edge in
the FSM corresponds to the application of one local operator ̂𝑜u�(𝑙). The use of loops in the FSM
is explicitly wanted at this point to keep the structure as simple as possible. Hence, for an 𝐿-site
system each path through the FSM consisting of exactly 𝐿 edges beginning at the initial state 𝐼 and
ending at the final state 𝐹 will correspond to one path in 𝒫 from equation (4.74). All these paths
in sum then describe the total operator �̂�. The transition from such an FSM to the operator-valued
�̂� -matrices is straight forward: Let 𝑓 be the number of states in the FSM. Thus �̂�u� is a matrix
of dimension 𝑓 × 𝑓 each line and column corresponding to one particular state of the FSM. In a
next step the local operators ̂𝑜u�(𝑙) from the edges of the FSM are inserted into �̂�u� such that for an
operator ̂𝑜u�(𝑗) connecting states 𝑆1 and 𝑆2 of the FSM

�̂�u�;u�1,u�2
= ̂𝑜u�(𝑗) (4.78)

holds. Note that the FSM is best constructed exploiting as many symmetries of the operator �̂� to
encode as possible, such that the dimensions 𝑓 of �̂�u� are kept small. We mention that at the edges
�̂�1 and �̂�u� are determined by the first row and last column of the general, i.e. the bulk matrices
�̂�u�, respectively. We illustrate these rather abstract explanations with an example in figure 4.18.

Note that FSMs will simply provide a systematic approach to finding a decomposition of �̂� according
to equation (4.75). The task of decomposing �̂� efficiently into a product of operator-valued matrices
is therefore just shifted to constructing an efficient FSM. Clearly, there are many ways to set up an
FSM describing an operator. Other than trying to keep the FSM as small as possible, i.e. reduce
the number of nodes to its minimum value, thereby reusing as many subpaths as possible, there
is no general algorithm to constructing an efficient FSM. Hence, at this point most care needs to
be taken in order to achieve satisfactory speed in the computations with the so-generated MPOs.
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More details on how to proceed and further properties regarding the constructions of MPOs from
FSMs are given in references [282, 195, 280].

4.4 MPS-MPO Calculus

Now that we have gained a basic understanding of MPSs and MPOs and their respective individual
properties and construction schemes, in this section we will learn how to manipulate and how to
perform calculations with both of them.

4.4.1 Computation of Scalar Products and Expectation Values

In order to calculate the overlap of two MPSs, ∣𝜓⟩ and ∣𝜓′⟩ care needs to be taken regarding the
order of the contractions. We have to compute

⟨𝜓′ ∣𝜓⟩ = ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

(𝑀′u�′
u�†

u� ⋯ 𝑀′u�′
1†

1 ) ⋅ (𝑀u�1
1 ⋯ 𝑀u�u�

u� ) ⟨𝜎′
1, … , 𝜎′

u� ∣𝜎1, … , 𝜎u�⟩ (4.79a)

= ∑
u�1,…,u�u�

∑
u�0,…,u�u�,
u�′

0,…,u�′
u�

𝑀′u�u�

u�;u�′
u�,u�′

u�−1
⋯ 𝑀′u�1

1;u�′
1,u�′

0
𝑀u�1

1;u�0,u�1
⋯ 𝑀u�u�

u�;u�u�−1,u�u�
. (4.79b)

Suppose now we first evaluated the sums over the bond indices, 𝑚u� and 𝑚′
u�. That way, before actually

computing an overlap, we would undo the decomposition introduced by the MPS formulation, and
could have, likewise just naively evaluated an overlap of two general states (4.5). Hence, it is much
more efficient to rearrange the tensors and evaluate the sums iteratively by site, starting from 1 or
analogously 𝐿. This procedure yields

⟨𝜓′ ∣𝜓⟩ = ∑
u�u�−1,u�′

u�−1,
u�u�,

u�u�,u�′
u�

⎛⎜⎜⎜⎜⎜
⎝

𝑀u�;′u�u�

u�′
u�,u�′

u�−1

⎛⎜⎜⎜⎜⎜
⎝

⋯
⎛⎜⎜⎜⎜⎜
⎝

∑
u�0,u�′

0,
u�1

(𝑀′u�1

1;u�′
1,u�′

0
𝑀u�1

1;u�0,u�1
)

⎞⎟⎟⎟⎟⎟
⎠

⋯
⎞⎟⎟⎟⎟⎟
⎠

𝑀u�u�

u�;u�u�−1,u�u�

⎞⎟⎟⎟⎟⎟
⎠

(4.80a)

= ∑
u�u�

⎛⎜
⎝

𝑀′u�u�†
u�

⎛⎜
⎝

⋯ ⎛⎜
⎝

∑
u�2

⎛⎜
⎝

𝑀′u�2†
2

⎛⎜
⎝

∑
u�1

(𝑀′u�1†
1 𝑀u�1

1 )⎞⎟
⎠

𝑀u�2
2

⎞⎟
⎠

⎞⎟
⎠

⋯⎞⎟
⎠

𝑀u�u�
u�

⎞⎟
⎠

, (4.80b)

c.f. figure 4.19, or

⟨𝜓′ ∣𝜓⟩ = ∑
u�1,u�′

1,
u�1,

u�0,u�′
0

⎛⎜⎜⎜⎜⎜
⎝

𝑀u�1

1;u�0,u�1

⎛⎜⎜⎜⎜⎜
⎝

⋯
⎛⎜⎜⎜⎜⎜
⎝

∑
u�u�,u�′

u�,
u�u�

(𝑀u�u�

u�;u�u�−1,u�u�
𝑀′u�u�

u�;u�′
u�,u�′

u�−1
)

⎞⎟⎟⎟⎟⎟
⎠

⋯
⎞⎟⎟⎟⎟⎟
⎠

𝑀′u�1

1;u�′
1,u�′

0

⎞⎟⎟⎟⎟⎟
⎠

(4.81a)
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⟨𝜓′ ∣𝜓⟩ ≡

u�1 u�2 ⋯ u�u�−1 u�u�
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2 ⋯ u�′
u�−1 u�′
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Figure 4.19: Pictorial representation of the successive computation of the overlap ⟨u�′ ∣u�⟩
according to equation (4.80).

= ∑
u�1

⎛⎜
⎝

𝑀u�1
1

⎛⎜
⎝

⋯ ⎛⎜
⎝

∑
u�u�−1

⎛⎜
⎝

𝑀u�u�−1
u�−1

⎛⎜
⎝

∑
u�u�

(𝑀u�u�
u� 𝑀′u�u�†

u� )⎞⎟
⎠

𝑀′u�u�−1†
u�−1

⎞⎟
⎠

⎞⎟
⎠

⋯⎞⎟
⎠

𝑀′u�1†
1

⎞⎟
⎠

,

(4.81b)

c.f. figure 4.20, respectively. Mind that in this representation exploiting (4.33) or (4.34) the result
is obviously 1, if ∣𝜓⟩ = ∣𝜓′⟩ and both are left- or right-normalized, respectively. In doing so, we
have decreased the numerical cost of the entire computation from 𝒪(𝑑u�) to just 𝒪(𝑑𝐿𝜒3

max).

Computing the expectation value for an MPO �̂� works similarly. We now have to evaluate

⟨𝜓′∣ �̂� ∣𝜓⟩ = ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�,

u�″
1,…,u�″

u�,
u�‴

1 ,…,u�‴
u�

(𝑀′u�′
u�†

u� ⋯ 𝑀′u�′
1†

1 ) ⋅ (𝑊 u�″
1,u�‴

1
1 ⋯ 𝑊 u�″

u�,u�‴
u�

u� ) ⋅ (𝑀u�1
1 ⋯ 𝑀u�u�

u� ) (4.82a)

⟨𝜎′
1, … , 𝜎′

u� ∣𝜎″
1 , … , 𝜎″

u�⟩ ⟨𝜎‴
1 , … , 𝜎‴

u� ∣𝜎1, … , 𝜎u�⟩ (4.82b)

= ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

∑
u�1,…,u�u�,
u�′

1,…,u�′
u�,

u�1,…,u�u�,
u�′

1,…,u�′
u�

𝑀′u�′
u�

u�;u�′
u�,u�′

u�−1
⋯ 𝑀′u�′

1

1;u�′
1,u�′

0
𝑊 u�′

1,u�1

u�0,u�1
⋯ 𝑊 u�′

u�,u�u�

u�u�−1,u�u�

𝑀u�1

1;u�0,u�1
⋯ 𝑀u�u�

u�;u�u�−1,u�u�
, (4.82c)

which is again orders of magnitude faster when contracting over the physical indices first starting

⟨𝜓′ ∣𝜓⟩ ≡

u�1 u�2 ⋯ u�u�−1 u�u�

u�′
1 u�′

2 ⋯ u�′
u�−1 u�′

u�

u�0

u�1 u�2 u�u�−2 u�u�−1

u�u�

u�′
0 u�′

1 u�′
2 u�′

u�−2 u�′
u�−1

u�′
u�

u�1 u�2 u�u�−1 u�u�

Figure 4.20: Pictorial representation of the successive computation of the overlap ⟨u�′ ∣u�⟩
according to equation (4.81).
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⟨𝜓′∣ �̂� ∣𝜓⟩ ≡ u�1 u�2 ⋯ u�u�−1 u�u�
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1 u�′

2 ⋯ u�′
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u�′
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2 u�′
u�−1 u�′

u�

Figure 4.21: Pictorial representation of the successive computation of the expectation
value ⟨u�′∣ û� ∣u�⟩ according to equation (4.83).

from 1 or 𝐿. The former option gives

⟨𝜓′∣ �̂� ∣𝜓⟩ = ∑
u�u�−1,u�′

u�−1,
u�u�−1,u�u�,

u�u�,u�′
u�,

u�u�,u�′
u�

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑀′u�′
u�

u�;u�′
u�,u�′

u�−1
𝑊 u�′

u�,u�u�

u�;u�u�−1,u�u�

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⋯

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�0,u�′

0,
u�0,

u�1,u�′
1

(𝑀′u�′
1

1;u�′
1,u�′

0
𝑊 u�′

1,u�1

1;u�0,u�1
𝑀u�1

1;u�0,u�1
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⋯

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

𝑀u�u�

u�;u�u�−1,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (4.83)

c.f. figure 4.21, while the latter one yields

⟨𝜓′∣ �̂� ∣𝜓⟩ = ∑
u�1,u�′

1,
u�1,u�0,
u�1,u�′

1,
u�0,u�′

0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑀u�1

1;u�0,u�1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⋯

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,u�′

u�,
u�u�,

u�u�,u�′
u�

(𝑀u�u�

u�;u�u�−1,u�u�
𝑊 u�′

u�,u�u�

u�;u�u�−1,u�u�
𝑀′u�′

u�

u�;u�′
u�,u�′

u�−1
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⋯

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

𝑊 u�′
1,u�1

1;u�0,u�1
𝑀′u�′

1

1;u�′
1,u�′

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (4.84)

c.f. figure 4.22, We note, however, that there exists an alternative. The expectation value may also
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Figure 4.22: Pictorial representation of the successive computation of the expectation
value ⟨u�′∣ û� ∣u�⟩ according to equation (4.84).

be computed contracting the recursively defined left and right tensor

𝒲
ℒ

u�;u�u�,u�u�,u�′
u�

= ∑
u�u�−1,u�′

u�−1,
u�u�,u�′

u�,
u�u�−1

(𝑀
′u�′

u�

u�;u�′
u�,u�′

u�−1
𝒲

ℒ

u�−1;u�′
u�−1,u�u�−1,u�u�−1

𝑊
u�′

u�,u�u�

u�;u�u�−1,u�u�
𝑀

u�u�

u�;u�u�−1,u�u�
),

(4.85)

𝒲
ℛ

u�;u�′
u�−1,u�u�−1,u�u�−1

= ∑
u�u�,u�′

u�,
u�u�,u�′

u�,
u�u�

(𝑊
u�′

u�,u�u�

u�;u�u�−1,u�u�
𝑀

u�;u�u�

u�u�−1,u�u�
𝒲

ℛ

u�+1;u�u�,u�u�,u�′
u�
𝑀

′u�′
u�

u�;u�′
u�,u�′

u�−1
), (4.86)

c.f. figures 4.23 and 4.24, which gives

⟨𝜓′∣ �̂� ∣𝜓⟩ = ∑
u�u�/2,u�u�/2,u�′

u�/2

𝒲
ℒ

u�/2;u�u�/2,u�u�/2,u�′
u�/2

𝒲
ℛ

u�/2+1;u�′
u�/2,u�u�/2,u�u�/2

, (4.87)

c.f. figure 4.25. Here 𝒲
ℒ

0 and 𝒲
ℛ

u�+1 are 1 × 1 × 1 dummy tensors. The advantage of this approach

𝒲
ℒ

u�;u�u�,u�u�,u�′
u�

≡ u�u�

u�u�

u�′
u�

u�ℒ
u� = u�ℒ

u�−1 u�u�

u�u�

u�′
u�

u�u�

u�u�

u�′
u�

u�u�−1

u�u�−1

u�′
u�−1

u�u�

u�′
u�

Figure 4.23: Pictorial representation of the recursive construction of the left tensor
𝒲

ℒ

u�;u�u�,u�u�,u�′
u�
, c.f. equation (4.85).
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𝒲
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Figure 4.24: Pictorial representation of the recursive construction of the right tensor
𝒲

ℛ

u�;u�′
u�−1,u�u�−1,u�u�−1

, c.f. equation (4.86).

⟨𝜓′∣ �̂� ∣𝜓⟩ ≡ u�ℒ
u�/2 u�ℛ

u�/2+1

u�u�/2

u�u�/2

u�′
u�/2

Figure 4.25: Pictorial representation of the computation of the overlap ⟨u�′∣ û� ∣u�⟩ by

means of the left tensor 𝒲
ℒ

u�/2;u�u�/2,u�u�/2,u�′
u�/2

and the right tensor 𝒲
ℛ

u�/2+1;u�′
u�/2,u�u�/2,u�u�/2

,

c.f. equation (4.87).

is that it allows for a parallelization of the procedure as 𝒲
ℒ

u�/2 and 𝒲
ℛ

u�/2+1 can be computed
individually according to (4.85) or (4.86), respectively, so that in the end only the final contraction
(4.87) needs to be performed.

We close this section with the remark that for single site MPOs, i.e. �̂� = ̂𝑜(𝑗), as introduced in
section 4.3.1, the computation of the expectation value reduces to just two tensor contractions

⟨𝜓∣ �̂� ∣𝜓⟩ = ∑
u�u�−1,u�u�−1,

u�u�,u�u�,
u�u�−1,u�u�,

u�u�,u�′
u�

(𝑀
u�′

u�

u�;u�u�,u�u�−1
𝑊

u�′
u�,u�u�

u�;u�u�−1,u�u�
𝑀

u�u�

u�;u�u�−1,u�u�
), (4.88)

c.f. figure 4.26, where we used a mixed-canonical representation for both MPSs, ∣𝜓⟩ and ∣𝜓′⟩ allowing
us to exploit (4.33) and (4.34).

4.4.2 Manipulation of MPSs and MPOs

In this section we will discuss manipulations of MPSs and MPOs which do not involve the respective
other.
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Figure 4.26: Pictorial representation of the computation of the overlap ⟨u�′∣ û� ∣u�⟩ for a
single site MPO, c.f. equation (4.88).

The by far easiest procedure is the multiplication with a scalar 𝜆 ∈ ℂ. For both, the scalar-MPS as
well as the scalar-MPO multiplication the factor 𝜆 may be incorporated in one freely chosen tensor,
i.e. in order to compute

∣𝜓⟩ = 𝜆 ⋅ ∣𝜓′⟩ (4.89)
we have

𝑀
u�u�
u� = 𝜆 ⋅ 𝑀

′u�′
u�

u� , (4.90)
while

�̂� = 𝜆 ⋅ �̂�′ (4.91)
is computed through

𝑊
u�′

u�,u�u�
u� = 𝜆 ⋅ 𝑊

′u�′
u�,u�u�

u� . (4.92)
Due to numerical efficiency usually 𝑗 = 1 or 𝑗 = 𝐿 is chosen. A distribution of 𝜆 over all tensors is
equally unorthodox.

Another rarely occurring manipulation is the bare multiplication of two MPOs. Its computation,
however is rather simple involving only the contraction over shared physical indices:

�̂� = �̂�′�̂�″ = ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�,

u�″
1,…,u�″

u�,
u�‴

1 ,…,u�‴
u�

(𝑊 ′u�1,u�″
1

1 ⋯ 𝑊 ′u�u�,u�″
u�

u� ) ⋅ (𝑊 ″u�‴
1 ,u�′

1
1 ⋯ 𝑊 ″u�‴

u� ,u�′
u�

u� )

∣𝜎1, … , 𝜎u�⟩ ⟨𝜎″
1 , … , 𝜎″

u� ∣𝜎‴
1 , … , 𝜎‴

u� ⟩ ⟨𝜎′
1, … , 𝜎′

u�∣ (4.93a)

= ∑
u�′

0,…,u�′
u�,

u�″
0,…,u�″

u�,
u�1,…,u�u�,
u�′

1,…,u�′
u�,

u�″
1,…,u�″

u�

𝑊 ′u�1,u�″
1

1;u�′
0,u�′

1
⋯ 𝑊 ′u�u�,u�″

u�

u�;u�′
u�−1,u�′

u�
𝑊 ″u�″

1,u�′
1

1;u�″
0,u�″

1
⋯ 𝑊 ″u�″

u�,u�′
u�

u�;u�″
u�−1,u�″

u�

∣𝜎1, … , 𝜎u�⟩ ⟨𝜎′
1, … , 𝜎′

u�∣ (4.93b)

= ∑
u�′

0,…,u�′
u�,

u�″
0,…,u�″

u�,
u�1,…,u�u�,
u�′

1,…,u�′
u�

⎛⎜
⎝

∑
u�″

1

𝑊 ′u�1,u�″
1

1;u�′
0,u�′

1
𝑊 ″u�″

1,u�′
1

1;u�″
0,u�″

1

⎞⎟
⎠

⋯ ⎛⎜
⎝

∑
u�″

u�

𝑊 ′u�u�,u�″
u�

u�;u�′
u�−1,u�′

u�
𝑊 ″u�″

u�,u�′
u�

u�;u�″
u�−1,u�″

u�

⎞⎟
⎠
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∣𝜎1, … , 𝜎u�⟩ ⟨𝜎′
1, … , 𝜎′

u�∣ (4.93c)

= ∑
u�0,…,u�u�,
u�1,…,u�u�,
u�′

1,…,u�′
u�

𝑊 u�1,u�′
1

1;u�0,u�1
⋯ 𝑊 u�u�,u�′

u�

u�;u�u�−1,u�u�
∣𝜎1, … , 𝜎u�⟩ ⟨𝜎′

1, … , 𝜎′
u�∣ (4.93d)

= ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

𝑊 u�1,u�′
1

1 ⋯ 𝑊 u�u�,u�′
u�

u� ∣𝜎1, … , 𝜎u�⟩ ⟨𝜎′
1, … , 𝜎′

u�∣, (4.93e)

c.f. figure 4.27, where we have introduced the compact tensors

𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
= 𝑊 u�u�,u�′

u�

u�;(u�′
u�−1,u�″

u�−1),(u�′
u�,u�″

u� ) = ∑
u�″

u�

𝑊 ′u�u�,u�″
u�

u�;u�′
u�−1,u�′

u�
𝑊 ″u�″

u� ,u�′
u�

u�;u�″
u�−1,u�″

u�
. (4.94)
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Figure 4.27: Pictorial representation of equation (4.93).

Note that now the bond dimension of �̂� is determined by the product of the bond dimensions
of �̂�′ and �̂�″. Hence, in practice, most often this construction of an MPO is rather inefficient
necessitating a subsequent truncation, c.f. chapter 4.3. Instead �̂� should rather be implemented
individually, i.e. through an extra FSM as described in section 4.3.2. In practice, a product of two
MPOs will be encountered either when it comes to the application to an MPS, �̂�′�̂�″ ∣𝜓⟩, or the
computation of a scalar product, ⟨𝜓′∣ �̂�′�̂�″ ∣𝜓⟩. In these cases it is more efficient to apply the
MPOs one after another to ∣𝜓⟩, which we will discuss in the upcoming sections, or in case of the
latter, the scalar product of �̂�″ ∣𝜓⟩ and �̂�′ ∣𝜓′⟩ may be computed.

As there is no reasonable definition of a multiplication of two MPSs, that is two Ket vectors, we now
turn our attention to the evaluation of sums of MPSs and MPOs. While multiplications are rather
straight forward to compute in the MPS and MPO representation, taking the sum is somewhat
more tedious as it requires the entire construction of new tensors. Let us begin with the sum of two
MPSs, i.e. we wish to calculate

∣𝜓⟩ = ∑
u�1,…,u�u�

𝑀u�1
1 ⋯ 𝑀u�u�

u� |𝜎1, 𝜎2, … , 𝜎u�−1, 𝜎u�⟩ = ∣𝜓′⟩ + ∣𝜓″⟩ . (4.95)
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Here, no direct contraction is possible such that we need to set up new 𝑀 -matrices

𝑀u�u�

u�;u�u�−1,u�u�
= [(𝑀′u�u�

u� 0
0 𝑀″u�u�

u�

)]
u�u�−1,u�u�

= [𝑀′u�u�
u� ⊕ 𝑀″u�u�

u� ]
u�u�−1,u�u�

(4.96)

for 𝑙 = 2, … , 𝐿 − 1 and the special cases

𝑀u�1

1;u�0,u�1
= [(𝑀′u�1

1 𝑀″u�1
1

)]
u�0,u�1

, (4.97)

𝑀u�u�

u�;u�u�−1,u�u�
= [(𝑀′u�u�

u�

𝑀″u�u�
u�

)]
u�u�−1,u�u�

. (4.98)

Clearly, with the exception of the edges, the bond dimensions of the MPS ∣𝜓⟩ are now given by
the sum of the bond dimensions of ∣𝜓′⟩ and ∣𝜓″⟩ which might require a subsequent truncation,
c.f. section 4.2 which certainly increases computational costs and might lead to loss of accuracy.
Therefore MPS additions should be applied cautiously. An extreme example is the explicit addition
of identical MPSs instead of a multiplication. The addition of two MPOs

�̂� = ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

𝑊 u�1,u�′
1

1 ⋯ 𝑊 u�u�,u�′
u�

u� ∣𝜎1, … , 𝜎u�⟩⟨𝜎′
1, … , 𝜎′

u�∣ = �̂�′ + �̂�″ (4.99)

works entirely analogously introducing

𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
= [(𝑊 ′u�u�,u�′

u�
u� 0
0 𝑊 ″u�u�,u�′

u�
u�

)]
u�u�−1,u�u�

= [𝑊 ′u�u�,u�′
u�

u� ⊕ 𝑊 ″u�u�,u�′
u�

u� ]
u�u�−1,u�u�

(4.100)

for 𝑙 = 2, … , 𝐿 − 1 and

𝑊 u�1,u�′
1

1;u�0,u�1
= [(𝑊 ′u�1,u�′

1
1 𝑊 ″u�1,u�′

1
1

)]
u�0,u�1

, (4.101)

𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
= [(𝑊 ′u�u�,u�′

u�
u�

𝑊 ″u�u�,u�′
u�

u�

)]
u�u�−1,u�u�

. (4.102)

4.4.3 Direct Application of an MPO to an MPS

Consider a quantum state |𝜓⟩ encoded as an MPS and an operator �̂� described by an MPO. In
principle the computation of the state �̂� |𝜓⟩ can be conducted in a straight forward fashion via

�̂� |𝜓⟩ = ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�,

u�″
1,…,u�″

u�

(𝑊 u�1,u�′
1

1 ⋯ 𝑊 u�u�,u�′
u�

u� ) (𝑀u�″
1

1 ⋯ 𝑀u�″
u�

u� ) ∣𝜎1, … , 𝜎u�⟩ ⟨𝜎′
1, … , 𝜎′

u�∣𝜎″
1 , … , 𝜎″

u�⟩

(4.103a)

= ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

∑
u�0,…,u�u�
u�0,…,u�u�

𝑊 u�1,u�′
1

1;u�0,u�1
⋯ 𝑊 u�u�,u�′

u�
u�;u�u�−1,u�u�

⋅ 𝑀u�′
1

1;u�0,u�1
⋯ 𝑀u�′

u�
u�;u�u�−1,u�u�

∣𝜎1, … , 𝜎u�⟩

(4.103b)
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= ∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

∑
u�0,…,u�u�
u�0,…,u�u�

(𝑊 u�1,u�′
1

1;u�0,u�1
𝑀u�′

1
1;u�0,u�1

) ⋯ (𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
𝑀u�′

u�
u�;u�u�−1,u�u�

) ∣𝜎1, … , 𝜎u�⟩

(4.103c)

= ∑
u�1,…,u�u�,
u�0,…,u�u�
u�0,…,u�u�

�̃�u�1
1;(u�0,u�0),(u�1,u�1) ⋯ �̃�u�u�

u�;(u�u�−1,u�u�−1),(u�u�,u�u�) ∣𝜎1, … , 𝜎u�⟩ (4.103d)

= ∑
u�1,…,u�u�

�̃�u�1
1 ⋯ �̃�u�u�

u� ∣𝜎1, … , 𝜎u�⟩ = ∣ ̃𝜓⟩, (4.103e)

c.f. figure 4.28, introducing new rank-3 tensors

�̃�u�u�
u�;(u�u�−1,u�u�−1),(u�u�,u�u�)

= ∑
u�′

u�

𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
𝑀u�′

u�
u�;u�u�−1,u�u�

. (4.104)

u�1 u�2 ⋯ u�u�−1 u�u�

u�1 u�2 ⋯ u�u�−1 u�u�

u�1 u�2 u�u�−1 u�u�

u�0 u�1 u�2 u�u�−2 u�u�−1
u�u�

u�0

u�1 u�2 u�u�−2 u�u�−1

u�u�
u�′

1 u�′
2 u�′

u�−1 u�′
u�

=
ũ�1 ũ�2 ⋯ ũ�u�−1 ũ�u�

u�1 u�2 u�u�−1 u�u�

ũ�0 ũ�1 ũ�2 ũ�u�−2 ũ�u�−1 ũ�u�

Figure 4.28: Pictorial representation of equation (4.103).

Thus, we have created a new MPS ∣ ̃𝜓⟩ which is now of the larger dimension �̃� = 𝑚 ⋅ 𝑤. Obviously,
a repeated application of MPOs to an MPS therefore will lead to a dramatic and in most cases
unnecessary increase in the bond dimension, which then raises the need for truncating ∣ ̃𝜓⟩ as
described in section 4.2.4. The entire procedure of direct application and subsequent truncation,
however, is numerically costly, making it impractical to use. Therefore MPO-application schemes
are desirable that keep the bond dimension comparably low. We will present two such mechanisms
in the next sections.

4.4.4 Variational Application of an MPO to an MPS

Given the local structure of MPSs a site-wise optimization forced itself quasi onto us when we start
to think harder about possible alternatives. We have already encountered the variational truncation
of an MPS in section 4.2.4, and indeed the procedure to the variational MPO application does not
differ too much from it. Nevertheless, we will give a detailed presentation of the algorithm at this
point to further illustrate the advantages of variational sweeping.
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⟨𝜓∣ �̂� ∣𝜓′⟩ ≡ 𝒲 ℒ
u�−1 u�u�

u�′
u�

u�u�

𝒲 ℛ
u�+1

u�u�−1

u�′
u�−1

u�u�−1

u�u�

u�′
u�

u�u�

u�′
u�

u�u�

Figure 4.29: Pictorial representation of the overlap ⟨u�∣ û� ∣u�′⟩, c.f. equation (4.108).

We begin an MPS ∣𝜓′⟩ onto which we intend to apply an MPO �̂� to obtain a new MPS ∣𝜓⟩. Thus,
in this case the distance

∥�̂� ∣𝜓′⟩ − ∣𝜓⟩∥2
2

= ⟨𝜓′∣ �̂�†�̂� ∣𝜓′⟩ − ⟨𝜓′∣ �̂�† ∣𝜓⟩ − ⟨𝜓∣ �̂� ∣𝜓′⟩ + ⟨𝜓 ∣𝜓⟩ (4.105)

needs to be minimized with respect to ∣𝜓⟩. The formal minimization constraint with respect to an

entry of a single site tensor 𝑀
u�u�
u� then reads

∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

∥�̂� ∣𝜓′⟩ − ∣𝜓⟩∥2
2

= ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓 ∣𝜓⟩ − ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓∣ �̂� ∣𝜓′⟩ = 0. (4.106)

Just like in the truncation routine we note that if ∣𝜓⟩ is given in a mixed-canonical form with
orthogonality center at site 𝑗 we obtain

∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓 ∣𝜓⟩ = ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,

u�u�−1,u�u�,
u�u�−1,u�u�

𝑀
u�u�

u�;u�u�,u�u�−1
𝑀

u�u�

u�;u�u�−1,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= 𝑀
u�u�

u�;u�u�−1,u�u�
,

(4.107)
c.f. equation (4.54). In strict analogy to the truncation scheme the overlap ⟨𝜓∣ �̂� ∣𝜓′⟩ is expressed
with the help of newly defined left and right tensors, i.e.

⟨𝜓∣ �̂� ∣𝜓′⟩ = ∑
u�u�,u�′

u�,
u�u�−1,u�u�,
u�u�−1,u�u�,
u�′

u�−1,u�′
u�

𝒲
ℒ

u�1−;u�u�−1,u�u�−1,u�′
u�−1

𝑀
u�u�

u�;u�u�,u�u�−1
𝑊

u�u�,u�′
u�

u�;u�u�−1,u�u�
𝑀

′u�′
u�

u�;u�′
u�−1,u�′

u�
𝒲

ℛ

u�+1;u�′
u�,u�u�,u�u�

, (4.108)

c.f. figure 4.29, where

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�′
u�−1

= ∑
u�u�−2,u�′

u�−2,
u�u�−2,

u�u�−1,u�′
u�−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝐴
u�u�−1

u�−1;u�u�−1,u�u�−2
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⋯

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�0,u�′

0,
u�0,

u�1,u�′
1

(𝐴u�1

1;u�1,u�0
𝑊 u�1,u�′

1

1;u�0,u�1
𝑀′u�′

1

1;u�′
0,u�′

1
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⋯

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

𝑊
u�u�−1,u�′

u�−1

u�−1;u�u�−2,u�u�−1
𝑀

′u�′
u�−1

u�−1;u�′
u�−2,u�′

u�−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (4.109)

c.f. figure 4.30, is just the left tensor and

𝒲
ℛ

u�+1;u�′
u�,u�u�,u�u�

= ∑
u�u�+1,u�′

u�+1,
u�u�+1,

u�u�+1,u�′
u�+1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑊
u�u�+1,u�′

u�+1

u�+1;u�u�,u�u�+1
𝑀

′u�′
u�+1

u�+1;u�′
u�,u�′

u�+1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⋯

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,u�′

u�,
u�u�,

u�u�,u�′
u�

(𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
𝑀′u�′

u�

u�;u�′
u�−1,u�′

u�
𝐵u�1

1;u�u�,u�u�−1
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⋯

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

𝐵
u�u�+1

u�+1;u�u�+1,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (4.110)

c.f. figure 4.31, is just the right tensor we defined for the computation of the operator expectation
value, c.f. section 4.4.1, the only difference being that in this case the usage of 𝐴- and 𝐵-matrices is

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�′
u�−1

≡ 𝒲 ℒ
u�−1 u�u�−1

u�′
u�−1

u�u�−1

= u�1

u�′
1
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u�2

u�′
2
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⋯

⋯

⋯
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u�1 u�2 u�u�−2 u�u�−1

Figure 4.30: Pictorial representation of the left tensor 𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�′
u�−1

, c.f. equation
(4.109).

65



4 Matrix Product States and Matrix Product Operators

𝒲
ℛ

u�+1;u�′
u�,u�u�,u�u�

≡ 𝒲 ℛ
u�+1u�u�

u�′
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Figure 4.31: Pictorial representation of the right tensor 𝒲
ℛ

u�+1;u�′
u�,u�u�,u�u�

, c.f. equation
(4.110).

essential to the routine. Thus, the second part in equation (4.106) is given by

∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓∣ �̂� ∣𝜓′⟩ = ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,u�′

u�,
u�u�−1,u�u�,
u�u�−1,u�u�,
u�′

u�−1,u�′
u�

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�′
u�−1

𝑀
u�u�

u�;u�u�,u�u�−1

𝑊
u�u�,u�′

u�

u�;u�u�−1,u�u�
𝑀

′u�′
u�

u�;u�′
u�−1,u�′

u�
𝒲

ℛ

u�+1;u�′
u�,u�u�,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(4.111a)

= ∑
u�′

u�,
u�u�−1,u�u�,
u�′

u�−1,u�′
u�

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�′
u�−1

𝑊
u�u�,u�′

u�

u�;u�u�−1,u�u�
𝑀

′u�′
u�

u�;u�′
u�−1,u�′

u�
𝒲

ℛ

u�+1;u�′
u�,u�u�,u�u�

, (4.111b)
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Figure 4.32: Pictorial representation of equation (4.112).

which yields for equation (4.106)

𝑀
u�u�

u�;u�u�−1,u�u�
= ∑

u�′
u�,

u�u�−1,u�u�,
u�′

u�−1,u�′
u�

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�′
u�−1

𝑊
u�u�,u�′

u�

u�;u�u�−1,u�u�
𝑀

′u�′
u�

u�;u�′
u�−1,u�′

u�
𝒲

ℛ

u�+1;u�′
u�,u�u�,u�u�

, (4.112)

c.f. figure 4.32. Obviously, the left and right tensors can be constructed recursively, c.f. equations
(4.85) and (4.86),

𝒲
ℒ

u�;u�u�,u�u�,u�′
u�

= ∑
u�u�−1,u�′

u�−1,
u�u�,u�′

u�,
u�u�−1

(𝐴
u�u�

u�;u�u�,u�u�−1
𝒲

ℒ

u�−1;u�u�−1,u�u�−1,u�′
u�−1

𝑊
u�u�,u�′

u�

u�;u�u�−1,u�u�
𝑀

′u�′
u�

u�;u�′
u�−1,u�′

u�
) (4.113)

𝒲
ℛ

u�;u�′
u�−1,u�u�−1,u�u�−1

= ∑
u�u�,u�′

u�,
u�u�,u�′

u�,
u�u�

(𝑊
u�u�,u�′

u�

u�;u�u�−1,u�u�
𝑀

′u�′
u�

u�;u�′
u�−1,u�′

u�
𝒲

ℛ

u�+1;u�′
u�,u�u�,u�u�

𝐵
u�u�

u�;u�u�,u�u�−1
), (4.114)

c.f. figures 4.33 and 4.34, with 𝒲 ℒ
0 and 𝒲 ℛ

u�+1 being 1 × 1 × 1 dummy tensors.
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Figure 4.33: Pictorial representation of the recursive construction of the left tensor
𝒲

ℒ

u�;u�u�,u�u�,u�′
u�
, c.f. equation (4.113).

With the above considerations we may set up the scheme for variationally sweeping through the
MPS as follows: Starting from a trial MPS ∣𝜓⟩ with its active site at 𝑗 = 1 and all 𝒲

ℛ[0]
u� constructed
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Figure 4.34: Pictorial representation of the recursive construction of the right tensor
𝒲

ℛ
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, c.f. equation (4.114).

according to equation (4.110) we update the matrix 𝑀
[0]u�u�
u� to 𝑀

[1]u�u�
u� as described by equation

(4.112). We have again added the extra subscript in square brackets indicating the number of the
sweep. Then, the orthogonality center of ∣𝜓⟩ is shifted to site 𝑗 + 1, c.f. section 4.2.2, 𝒲

ℛ[0]
u�+1 is

discarded and 𝒲
ℒ [1]

u� is constructed from 𝑀
[1]u�u�
u� according to equation (4.113). As 𝑗 = 𝐿 is reached

this right sweep is completed, the distance

∥�̂� ∣𝜓′⟩ − ∣𝜓⟩∥2
2

= 1 − ⟨𝜓 ∣𝜓⟩ (4.115)

is computed, and, should it have reached a certain threshold, the algorithm terminates, otherwise
it continues with a left sweep. Therewith starting from 𝑗 = 𝐿, for each 𝑗 the matrix 𝑀

[1]u�u�
u� is

updated to 𝑀
[2]u�u�
u� as in equation (4.112), the orthogonality center of ∣𝜓⟩ is shifted to site 𝑗 − 1,

𝒲
ℒ [1]

u�−1 is discarded, and 𝒲
ℛ[2]

u� is constructed from 𝑀
[2]u�u�
u� according to equation (4.113) until 𝑗 = 0

is reached. Then the distance can be computed again and the procedure of right and left sweeps
may be repeated until the desired distance or a maximum number of sweeps is reached. Just like
for the truncation scheme, we could have also started with an initial state with its active site at
𝑗 = 𝐿, which would have necessitated the construction of all 𝒲

ℒ [0]
u� , c.f. equation (4.109), to begin

with a left sweep.

4.4.5 Zip-up Application of an MPO to an MPS

So far we have encountered two methods to compute the application of an MPO to an MPS. While
the direct application comes with the disadvantage of significantly increasing the MPS’s bond
dimension, the variational application may suffer from convergence problems. It would therefore be
beneficial to come up with a scheme that is reasonably exact as the direct application keeping the
bond dimension comparably low. Indeed, such a mechanism exists by means of the zip-up method
as introduced by Stoudenmire et al. in [356]. The principal idea is to site-wise contract the MPS-
and MPO-matrices and to directly perform an SVD as part of the MPS-MPO contraction allowing
an immediate truncation. Note, however, that this method operates under the assumption that
the application of the MPO will only mildly destroy the MPS’s canonical form, which justifies a
truncation as part of the contraction process. A typical example of an MPO to meet this assumption
is the time-evolution operator (with a significantly small time step of course.)
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4.4 MPS-MPO Calculus

Let us assume that we have a given right-normalized MPS ∣𝜓⟩ to which we want to apply the MPO
�̂�. We begin by constructing a new tensor from the contributions of ∣𝜓⟩ and �̂� at site 𝑗 = 1 via

𝑁u�1

1;u�0,(u�1,u�1) = ∑
u�′

1,u�0,u�0,u�0

𝛤0;u�0,u�0
(𝑉 †

0 )
u�0,(u�0,u�0)

𝑊 u�1,u�′
1

1;u�0,u�1
𝐵u�′

1

1;u�0,u�1
, (4.116)

where we for the sake of generalization have introduced the 1 × 1 dummy tensors 𝛤0 and 𝑉 †
0 . Now,

for all 𝑗, first the new tensor is SV decomposed

𝑁
u�u�

u�;u�u�−1,(u�u�,u�u�)
= ∑

u�u�

𝑈
u�u�

u�;u�u�−1,u�u�
𝛤u�;u�u�,u�u�

(𝑉 †
u� )

u�u�,(u�u�,u�u�)
, (4.117)

the matrix 𝑈 of the SVD is identified with an 𝐴-matrix

𝐴
u�u�

u�;u�u�−1,u�u�
= 𝑈

u�u�

u�;u�u�−1,u�u�
, (4.118)

and the remaining matrices of the SVD are fused with the subsequent 𝑀 - and 𝑊 -matrices to form

𝑁
u�u�+1

u�+1;u�u�,(u�u�+1,u�u�+1)
= ∑

u�′
u�+1,u�u�,u�u�,u�u�

𝛤u�;u�u�,u�u�
(𝑉 †

u� )
u�u�,(u�u�,u�u�)

𝑊
u�u�+1,u�′

u�+1

u�+1;u�u�,u�u�+1
𝐵

u�′
u�+1

u�+1;u�u�,u�u�+1
, (4.119)

such that we obtain a left-normalized MPS as 𝑗 = 𝐿 is reached. If necessary this resulting MPS
may then be subject to a further truncation as explained in section 4.2.3 or 4.2.4.

Clearly we could have just as well started from a left-normalized MPS. In that case we begin at site
𝑗 = 𝐿 with the construction of the new tensor

𝑁u�u�

u�;(u�u�−1,u�u�−1),u�u�
= ∑

u�′
u�,u�u�,u�u�,u�u�

𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
𝐴u�′

u�

u�;u�u�−1,u�u�
𝑈u�;(u�u�,u�u�),u�u�

𝛤u�;u�u�,u�u�
, (4.120)

where this time 𝑈u� and 𝛤u� are 1 × 1 dummy tensors. Then, for all 𝑗, the SVD runs as

𝑁
u�u�

u�;(u�u�−1,u�u�−1),u�u�
= ∑

u�u�−1

𝑈
u�−1;(u�u�−1,u�u�−1),u�u�−1

𝛤u�−1;u�u�−1,u�u�−1
(𝑉 †

u� )
u�u�

u�u�−1,u�u�
, (4.121)

𝑉 † is identified with a 𝐵-matrix

𝐵
u�u�

u�;u�u�−1,u�u�
= (𝑉 †

u� )
u�u�

u�u�−1,u�u�
, (4.122)

and the remaining matrices are fused with the preceding 𝑀 - and 𝑊 -matrices giving

𝑁
u�u�−1

u�−1;(u�u�−2,u�u�−2),u�u�−1
= ∑

u�′
u�−1,u�u�−1,u�u�−1,u�u�−1

𝑊
u�u�−1,u�′

u�−1

u�−1;u�u�−2,u�u�−1
𝐴

u�′
u�−1

u�−1;u�u�−2,u�u�−1

𝑈
u�−1;(u�u�−1,u�u�−1),u�u�−1

𝛤u�−1;u�u�−1,u�u�−1
. (4.123)

Thus, at 𝑗 = 1 a right-normalized MPS is obtained.
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5 Algorithms Using Matrix Product States

Having gained a basic understanding of MPSs and their properties, we now present the algorithms
used to obtain the results presented in this work. We begin with an explanation of the the ground
state search which was derived from classical DMRG algorithms. Here we follow the excellent review
by Schollwöck [320] also incorporating ideas from [280]. Second, we introduce several time evolution
routines, where regarding both the style of presentation, as well as terminology we stick close to the
review article by Paeckel et al. [283], or equally [280] and [195]. References for further reading in
the following sections are also to a large extend taken from these primary sources.

5.1 DMRG Ground State Search

The original aim of DMRG computations being to find ground states, this algorithm has, obviously,
been reformulated in terms of the newer language of MPSs. In this chapter we will set up yet
another variational scheme, which transfers the original DMRG routine to the MPS framework.
Mathematically this procedure is a non-linear Gauß–Seidel method, c.f. for instance [271]. Again, we
will encounter very familiar concepts from the variational MPS truncation, as well as the variational
MPO application, c.f. sections 4.2.4 and 4.4.4, respectively.

Let �̂� be the Hamiltonian to consider. If ∣𝜓⟩ is the (or a in case of degeneracy) ground state of �̂�
then it minimizes the expression

𝐸0 =
⟨𝜓∣ �̂� ∣𝜓⟩

⟨𝜓 |𝜓⟩
(5.1)

with the ground state energy 𝐸0 and ⟨𝜓 ∣𝜓⟩ ensuring normalization. Based on this observation we
may set up the following functional

ℒ = ⟨𝜓∣ �̂� ∣𝜓⟩ − 𝜆 ⟨𝜓 ∣𝜓⟩, (5.2)

which we need to minimized with respect to ∣𝜓⟩ in order to find the ground state. Here 𝜆 is a
Lagrange multiplier, which will, once the routine is done, hold the ground state energy. As for
the variational schemes we discussed so far, we will optimize ∣𝜓⟩ site wise. We, hence, begin with

minimizing the functional with respect to an entry of a single site tensor 𝑀
u�u�
u�

∂ℒ

∂𝑀
u�u�

u�;u�u�,u�u�−1

= ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓∣ �̂� ∣𝜓⟩ − 𝜆 ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓 ∣𝜓⟩ = 0. (5.3)
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5 Algorithms Using Matrix Product States

As usual, c.f. (4.54) or (4.107), we take ∣𝜓⟩ to be given in a mixed-canonical form with orthogonality
center at site 𝑗 such that we have

∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓 ∣𝜓⟩ = ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,

u�u�−1,u�u�,
u�u�−1,u�u�

𝑀
u�u�

u�;u�u�,u�u�−1
𝑀

u�u�

u�;u�u�−1,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= 𝑀
u�u�

u�;u�u�−1,u�u�
. (5.4)

Furthermore, ⟨𝜓∣ �̂� ∣𝜓⟩ is once again expressed in terms of left and right tensors

⟨𝜓∣ �̂� ∣𝜓⟩ = ∑
u�u�,u�′

u�,
u�u�−1,u�u�,
u�u�−1,u�u�,
u�u�−1,u�u�

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�u�−1
𝑀

u�u�

u�;u�u�,u�u�−1
𝑊

u�u�,u�′
u�

u�;u�u�−1,u�u�
𝑀

u�′
u�

u�;u�u�−1,u�u�
𝒲

ℛ

u�+1;u�u�,u�u�,u�u�

(5.5)
with

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�u�−1
= ∑

u�u�−2,u�u�−2,
u�u�−2,

u�u�−1,u�′
u�−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝐴
u�u�−1

u�−1;u�u�−1,u�u�−2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⋯

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�0,u�0,

u�0,
u�1,u�′

1

(𝐴u�1

1;u�1,u�0
𝑊 u�1,u�′

1

1;u�0,u�1
𝐴u�′

1

1;u�0,u�1
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⋯

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

𝑊
u�u�−1,u�′

u�−1

u�−1;u�u�−2,u�u�−1
𝐴

u�′
u�−1

u�−1;u�u�−2,u�u�−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(5.6)

𝒲
ℛ

u�+1;u�u�,u�u�,u�u�
= ∑

u�u�+1,u�u�+1,
u�u�+1,

u�u�+1,u�′
u�+1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑊
u�u�+1,u�′

u�+1

u�+1;u�u�,u�u�+1
𝐵

u�′
u�+1

u�+1;u�u�,u�u�+1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⋯

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,u�u�,

u�u�,
u�u�,u�′

u�

(𝑊 u�u�,u�′
u�

u�;u�u�−1,u�u�
𝐵u�′

u�

u�;u�u�−1,u�u�
𝐵u�1

u�;u�u�,u�u�−1
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⋯

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

𝐵
u�u�+1

u�+1;u�u�+1,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(5.7)

as in (4.109) and (4.110) with the difference that in this case both MPSs are the same and expressed
in the mixed-canonical representation, c.f. figures 5.1 and 5.2. In the actual algorithm, these
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𝒲 ℒ
u�−1 ≡ 𝒲 ℒ

u�−1 u�u�−1

u�u�−1

u�u�−1

= u�1

u�1

u�1

u�2

u�2

u�2

⋯

⋯

⋯

u�u�−2

u�u�−2

u�u�−2

u�u�−1

u�u�−1

u�u�−1

u�u�−1

u�u�−1

u�u�−1

u�0
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u�0

u�1

u�1

u�1

u�2

u�2

u�2

u�u�−3

u�u�−3

u�u�−3

u�u�−2
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u�u�−2

u�′
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2 u�′
u�−2 u�′

u�−1

u�1 u�2 u�u�−2 u�u�−1

Figure 5.1: Pictorial representation of the left tensor 𝒲 ℒ
u�−1, c.f. equation (5.6).

𝒲 ℛ
u�+1 ≡ 𝒲 ℛ

u�+1u�u�

u�u�

u�u�

= u�u�

u�u�

u�u�

u�u�+1

u�u�+1

u�u�+1

u�u�+2

u�u�+2

u�u�+2

⋯

⋯

⋯

u�u�−1

u�u�−1

u�u�−1

u�u�

u�u�

u�u�

u�u�+1

u�u�+1

u�u�+1

u�u�+2

u�u�+2

u�u�+2

u�u�−2

u�u�−2

u�u�−2

u�u�−1

u�u�−1

u�u�−1

u�u�

u�u�

u�u�

u�′
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u�+2 u�′
u�−1 u�′

u�

u�u�+1 u�u�+2 u�u�−1 u�u�

Figure 5.2: Pictorial representation of the right tensor 𝒲 ℛ
u�+1, c.f. equation (5.7).

tensors are again constructed recursively, c.f. equations (4.85) and (4.86) or (4.113) and (4.114),

𝒲
ℒ

u�;u�u�,u�u�,u�u�
= ∑

u�u�−1,u�u�−1,
u�u�,u�′

u�,
u�u�−1

(𝐴
u�u�

u�;u�u�,u�u�−1
𝒲

ℒ

u�−1;u�u�−1,u�u�−1,u�u�−1
𝑊

u�u�,u�′
u�

u�;u�u�−1,u�u�
𝐴

u�′
u�

u�;u�u�−1,u�u�
) (5.8)

𝒲
ℛ

u�;u�u�−1,u�u�−1,u�u�−1
= ∑

u�u�,u�u�,
u�u�,u�′

u�,
u�u�

(𝑊
u�u�,u�′

u�

u�;u�u�−1,u�u�
𝐵

u�′
u�

u�;u�u�−1,u�u�
𝒲

ℛ

u�+1;u�u�,u�u�,u�u�
𝐵

u�u�

u�;u�u�,u�u�−1
) (5.9)

with 1 × 1 × 1 dummy tensors 𝒲 ℒ
0 and 𝒲 ℛ

u� . We show schematics of these procedures in figures 5.3
and 5.4, respectively. The second part in equation (5.3) now takes the rather familiar form

∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⟨𝜓∣ �̂� ∣𝜓⟩ = ∂

∂𝑀
u�u�

u�;u�u�,u�u�−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,u�′

u�,
u�u�−1,u�u�,
u�u�−1,u�u�,
u�u�−1,u�u�

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�u�−1
𝑀

u�u�

u�;u�u�,u�u�−1
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𝑊
u�u�,u�′

u�

u�;u�u�−1,u�u�
𝑀

u�′
u�

u�;u�u�−1,u�u�
𝒲

ℛ

u�+1;u�u�,u�u�,u�u�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(5.10a)

= ∑
u�′

u�,
u�u�−1,u�u�,
u�u�−1,u�u�

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�u�−1
𝑊

u�u�,u�′
u�

u�;u�u�−1,u�u�
𝑀

u�′
u�

u�;u�u�−1,u�u�
𝒲

ℛ

u�+1;u�u�,u�u�,u�u�
(5.10b)

= ∑
u�′

u�,u�u�−1,u�u�

𝒪
u�u�,u�′

u�

u�;u�u�−1,u�u�−1,u�u�,u�u�
𝑀

u�′
u�

u�;u�u�−1,u�u�
, (5.10c)

where we have introduced the new tensor

𝒪
u�u�,u�′

u�

u�;u�u�−1,u�u�−1,u�u�,u�u�
= ∑

u�u�−1,u�u�

𝒲
ℒ

u�−1;u�u�−1,u�u�−1,u�u�−1
𝑊

u�u�,u�′
u�

u�;u�u�−1,u�u�
𝒲

ℛ

u�+1;u�u�,u�u�,u�u�
, (5.11)

which we show in figure 5.5. Thus, equation (5.3) reduces to

𝜆𝑀
u�u�

u�;u�u�−1,u�u�
= ∑

u�′
u�,u�u�−1,u�u�

𝒪
u�u�,u�′

u�

u�;u�u�−1,u�u�−1,u�u�,u�u�
𝑀

u�′
u�

u�;u�u�−1,u�u�
, (5.12)

c.f. figure 5.6. Reshaping the tensors 𝑀 and 𝒪 into bare vectors, we find equation (5.12) to simply
reflect an eigenvalue problem

𝜆𝑀
u�;(u�u�,u�u�−1,u�u�)

= ∑
(u�′

u�,u�u�−1,u�u�)

𝒪
u�;(u�u�,u�u�−1,u�u�),(u�′

u�,u�u�−1,u�u�)
𝑀

u�;(u�′
u�,u�u�−1,u�u�)

, (5.13)

for which efficient numerical solvers exist, for instance by means of the Lanczos algorithm [207]
we introduced in section 3.4. Other frequently applied schemes are the Jacobi-Davidson [76, 343]
routine or the Arnoldi iteration [16].

𝒲 ℒ
u� ≡ u�u�

u�u�

u�u�

𝒲 ℒ
u� = 𝒲 ℒ

u�−1 u�u�

u�u�

u�u�

u�u�

u�u�

u�u�

u�u�−1

u�u�−1

u�u�−1

u�′
u�

u�u�

Figure 5.3: Pictorial representation of the recursive construction of the left tensor 𝒲 ℒ
u� ,

c.f. equation (5.8).
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𝒲 ℛ
u� ≡ 𝒲 ℛ

u�u�u�−1

u�u�−1

u�u�−1

= u�u�−1

u�u�−1
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u�u�

u�u�

𝒲 ℛ
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u�u�

u�u�

u�u�

u�′
u�
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Figure 5.4: Pictorial representation of the recursive construction of the right tensor 𝒲 ℛ
u� ,

c.f. equation (5.9).
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Figure 5.5: Pictorial representation of the tensor 𝒪
u�u�,u�′

u�
u� , c.f. equation (5.11).
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Figure 5.6: Pictorial representation of equation (5.12).
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Based on the above observation we may now set up an iterative sweeping procedure to conduct an
MPS-based DMRG ground state search. We begin with an initial MPS ∣𝜓⟩ which has its active site

at 𝑗 = 1 having constructed all right tensors 𝒲
ℛ[0]

u� according to equation (5.7). As usual, the extra
subscript in square brackets indicates the number of the sweep. For all 𝑗 we now first construct
the tensor 𝒪 [1]

u� according to equation (5.11) to set up the eigenvalue problem (5.13). Then, 𝑀 [0]
u�

is replaced by 𝑀 [1]
u� , which is reshaped from the eigenvector of the previously set up eigenvalue

problem corresponding to the smallest eigenvalue, which itself is taken as the new ground state
energy 𝐸[1]

0 . Next, the orthogonality center of ∣𝜓⟩ is shifted to site 𝑗 + 1 as described in section

4.2.2, 𝒲
ℛ[0]

u�+1 is discarded and 𝒲
ℒ [1]

u� is constructed from 𝑀 [1]
u� according to equation (5.8). At 𝑗 = 𝐿

this right sweep is finished and

𝜖 = ⟨𝜓∣ �̂�2 ∣𝜓⟩ − (⟨𝜓∣ �̂� ∣𝜓⟩)2 (5.14)

is evaluated to check for convergence. If ∣𝜓⟩ really is a ground state 𝜖 will take a value close to zero.
Thus, in case it has reached a certain threshold, the algorithm terminates, otherwise it continues
with a left sweep: Starting from 𝑗 = 𝐿, for each 𝑗 the tensor 𝒪 [2]

u� is constructed, the corresponding
eigenvalue problem is solved to replace 𝑀 [1]

u� by 𝑀 [2]
u� , which is generated from the eigenvector

corresponding to the smallest eigenvalue, that serves as the new ground state energy 𝐸[2]
0 . The

orthogonality center of ∣𝜓⟩ is then shifted to 𝑗 − 1, 𝒲
ℒ [1]

u� is discarded, and 𝒲
ℛ[2]

u�+1 is constructed
from 𝑀 [2]

u� . When 𝑗 = 1 is reached 𝜖 can be computed again and the procedure of right and left
sweeps continues until 𝜖 is sufficiently small or a maximum number of sweeps is achieved. We could
have, of course, also started with an initial MPS with its active site at 𝑗 = 𝐿 and having constructed
all 𝒲

ℒ [0]
u� according to equation (5.6) to begin with a left sweep.

As ground states are most often the basis for further computations, for example observables, their
accuracy is of particular importance. However, unfortunately, there is again no guarantee for the
procedure to converge to a global minimum. Therefore, the choice of the initial state is of great
importance. A quite naive way is to start with a randomly generated MPS. In more elaborate
schemes one tries to manually create an MPS that to a certain degree already fulfills certain
properties known of the ground state. Still in some cases one might actually have to start with
random MPSs. Nevertheless, in such cases it is often useful to conduct the ground state search stage
wise, that is one performs several ground state searches, where in each stage the Hamiltonian is
made more and more complex until its final form is implemented each time using the resulting MPS
of the previous stage – which by no means needs to be converged – as the initial state for the current
stage. It is likewise possible to increase the Hamiltonian’s complexity with each sweep. Conducting
the ground state search by means of these so-called warm-up sweeps is a standard approach. More
details are discussed by Paeckel in great detail in [280]. Again, there is no general routine for this
procedure and finding the best scheme to reliably converge an MPS to the ground state often requires
a good portion of intuition. After the ground state search is done, it is highly recommendable to
run sanity checks by means of computing local observables to test for the fulfillment of certain
symmetries, if they are known to exist in the system under investigation. Possible observables
could for instance be the local particle density, to find out if all particles in the system are equally
distributed, in case this is expected from the ground state, or a certain spin configuration.
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5.2 Time Evolution

When it comes to the numerical time-evolution of a quantum state, the problem usually boils down
to compute

∣𝜓(𝑡 + 𝛿𝑡)⟩ = 𝑈(𝑡 + 𝛿𝑡, 𝑡) ∣𝜓(𝑡)⟩ = e−iû�(u�)u�u� ∣𝜓(𝑡)⟩, (5.15)

that is for a given quantum state ∣𝜓(𝑡)⟩ at time 𝑡, we want to compute the quantum state at a
subsequent time ∣𝜓(𝑡 + 𝛿𝑡)⟩, 𝛿𝑡 being the time step of our sampling. This choice allows us to express
the time evolution operator 𝑈(𝑡 + 𝛿𝑡, 𝑡) explicitly in the last equality of equation (5.15).

The computation of a full time evolution from 𝑡 = 0 to 𝑡 = 𝑡max is then nothing more than
subsequently solving equation (5.15) 𝑡max/𝛿𝑡 times. Note that due to the discretization all numerical
time evolution schemes will inevitably introduce an error in each iteration. In order to judge in how
far the obtained results are trustworthy it is therefore most recommendable to, if accessible, measure
appropriate observables for each time step. Furthermore it is obvious that there is a maximally
accessible time for each such algorithm. There is no generically superior time evolution method,
by contrast does the success of each scheme depend greatly on the properties of the system it is
applied to. We will therefore shortly review several commonly used time evolution methods also
dealing with assumptions they make and which systems they are best used for.

In general there exist two types of time evolution schemes, those to approximate the time evolution
operator 𝑈(𝑡 + 𝛿𝑡, 𝑡) which then is applied to the initial state ∣𝜓(𝑡)⟩, and those to directly compute
the time evolved state ∣𝜓(𝑡 + 𝛿𝑡)⟩. Amongst the former are the time-evolving block decimation
(TEBD) or Trotter-Suzuki algorithm, as well as the W-I and W-II method, while the global and
local Krylov method, and the time-dependent variational principle (TDVP) are representatives of
the latter.

This differentiation being made, it is worth mentioning that the second class of solvers itself falls
into two subgroups. In the first one, represented by the global Krylov method, 𝑈(𝑡 + 𝛿𝑡, 𝑡) ∣𝜓(𝑡)⟩
is approximated as a whole according to equation (5.15). The second subgroup does the time
evolution iteratively by solving a sequence of local ones. Therefore, a Lie-Trotter decomposition of
the time-dependent Schrödinger equation (2.20) is performed, which involves expressing the total
Hamiltonian as a sum of 𝑛 local Hamiltonians �̂�u�(𝑡), i.e.

�̂�(𝑡) = ∑
u�

�̂�u�(𝑡). (5.16)

Whilst in general it is not possible to solve this problem as a whole, to a first order approximation a
solution may be obtained from solving a string of equations

∣𝜓u�,u�−1(𝑡 + 𝛿𝑡, 𝑡)⟩ = 𝑈u�(𝑡 + 𝛿𝑡, 𝑡) ∣𝜓u�−1(𝑡 + 𝛿𝑡, 𝑡)⟩ = e−iû�u�(u�)u�u� ∣𝜓u�−1(𝑡 + 𝛿𝑡, 𝑡)⟩, (5.17)

where each subsequent initial state is constructed from its predecessor

∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡)⟩ = ∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡)⟩(∣𝜓u�,u�−1(𝑡 + 𝛿𝑡, 𝑡)⟩). (5.18)

which recursively defines the partially evolved states ∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡)⟩ together with

∣𝜓0(𝑡 + 𝛿𝑡, 𝑡)⟩ = ∣𝜓(𝑡)⟩, (5.19)
∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡)⟩ = ∣𝜓(𝑡 + 𝛿𝑡)⟩, (5.20)
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in case the procedure starts from 𝑛 = 1. In case we begin at 𝑛 = 𝐿, we have

∣𝜓u�,u�+1(𝑡 + 𝛿𝑡, 𝑡)⟩ = 𝑈u�(𝑡 + 𝛿𝑡, 𝑡) ∣𝜓u�+1(𝑡 + 𝛿𝑡, 𝑡)⟩ = e−iû�u�(u�)u�u� ∣𝜓u�+1(𝑡 + 𝛿𝑡, 𝑡)⟩, (5.21)

∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡)⟩ = ∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡)⟩(∣𝜓u�,u�+1(𝑡 + 𝛿𝑡, 𝑡)⟩) (5.22)

and

∣𝜓u�+1(𝑡 + 𝛿𝑡, 𝑡)⟩ = ∣𝜓(𝑡)⟩, (5.23)
∣𝜓1(𝑡 + 𝛿𝑡, 𝑡)⟩ = ∣𝜓(𝑡 + 𝛿𝑡)⟩. (5.24)

This iterative computation of the time-evolved state ∣𝜓(𝑡 + 𝛿𝑡)⟩ is carried out in the global Krylov
method, as well as in the TDVP. In terms of the MPS language in very simple words these two
algorithms solve the time-dependent Schrödinger equation for all site-tensors individually and fuse
the so-obtained solutions into a whole by means of a projection for the former and a backward time
evolution for the latter algorithm, respectively.

5.2.1 The Time-evolving Block Decimation (TEBD)

For this algorithm [392, 408, 70, 386] a Trotter-Suzuki decomposition [362, 360, 361] of the
Hamiltonian �̂�(𝑡) needs to be found manually. Therewith �̂�(𝑡) is expressed as a sum of internally
commuting parts, that is

�̂�(𝑡) =
u�u�

∑
u�=1

�̂�u�(𝑡), (5.25a)

�̂�u�(𝑡) =
u�u�

∑
u�=1

ℎ̂u�,u�(𝑡), (5.25b)

0 = [ℎ̂u�,u�(𝑡) , ℎ̂u�,u�′(𝑡)]. (5.25c)

The important observation is that because of equation (5.25c), the time evolution of each part is
given by simply taking the exponentials of the individual summands

e−iû�u�(u�)u�u� =
u�u�

∏
u�=1

e−iℎ̂u�,u�(u�)u�u� (5.26)

as follows from the Baker–Campbell–Hausdorff formula. Using the commuting parts (5.25b), the
time evolution operator in equation (5.15) is to first order approximated by

𝑈(𝑡 + 𝛿𝑡, 𝑡) = 𝑈TEBD1(𝑡 + 𝛿𝑡, 𝑡) + 𝒪(𝛿𝑡) ≈
u�u�

∏
u�=1

e−iû�u�(u�)u�u�, (5.27)

where the exact error is determined by the commutator of the Baker–Campbell–Hausdorff formula.
Halving the time step 𝛿𝑡 and rearranging the order of the commuting parts the scheme may be
improved to a second order approximation

𝑈(𝑡 + 𝛿𝑡, 𝑡) = 𝑈TEBD2(𝑡 + 𝛿𝑡, 𝑡) + 𝒪(𝛿𝑡3) ≈
u�u�

∏
u�=1

e−iû�u�(u�)u�u�/2
1

∏
u�=u�u�

e−iû�u�(u�)u�u�/2, (5.28)
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and even a fourth order approximation can be constructed by

𝑈(𝑡 + 𝛿𝑡, 𝑡) = 𝑈TEBD4(𝑡 + 𝛿𝑡, 𝑡) + 𝒪(𝛿𝑡5) ≈ 𝑈TEBD2(𝑡 + 𝛿𝑡1, 𝑡) 𝑈TEBD2(𝑡 + 𝛿𝑡1, 𝑡)
𝑈TEBD2(𝑡 + 𝛿𝑡2, 𝑡) 𝑈TEBD2(𝑡 + 𝛿𝑡1, 𝑡) 𝑈TEBD2(𝑡 + 𝛿𝑡1, 𝑡), (5.29)

where we have introduced

𝛿𝑡1 = 1
4 − 41/3

𝛿𝑡 and 𝛿𝑡2 = (1 − 4𝛿𝑡1) 𝛿𝑡. (5.30)

The TEBD algorithm is rather simple to implement once the decomposition of �̂�(𝑡) is found. Based
on these internally commutating parts, first the respective parts of the time evolution operator are
constructed as MPOs according to equation (5.26). Depending on what approximation is to be
applied, these MPOs are applied successively to the initial MPS ∣𝜓(𝑡)⟩ as specified by equation
(5.27), (5.28), or (5.29), respectively. Therefore, the algorithms discussed in sections 4.4.3, 4.4.4, or
4.4.5 may be applied. Clearly, for the bond dimension not to dramatically increase truncation needs
to be applied.

Note that the commuting parts (5.26) are particularly easy to encode as MPOs if their respective
summands act on sites close to one another. If this is not the case depending on the problems in
between the application of these commuting parts swap gates may be applied to move the affected
sites closer together. After their time evolution, the same swap gates need to be applied in reverse
order to undo this alteration. Generally speaking, the TEBD requires quite some additional thought
before it may be applied successfully. Any alterations and even the choice, which approximation to
use, are often rather problem specific. Depending on the value of the time step 𝛿𝑡 it might even
not be useful to construct a fourth order TEBD scheme as it requires five times as many operator
applications as the second order variant. For systems with only nearest-neighbor interactions,
however, the decomposition is quickly found, c.f. for instance [165].

5.2.2 W-I / W-II

The W-I and W-II methods as introduced by Zaletel et al. [420] are generalizations of the Euler
approximation of the time evolution operator 𝑈(𝑡 + 𝛿𝑡, 𝑡) which make particular use of decomposing
the Hamiltonian as

�̂�(𝑡) = ∑
u�

�̂�u�(𝑡). (5.31)

To second order 𝑈(𝑡 + 𝛿𝑡, 𝑡) then approximates to

𝑈(𝑡 + 𝛿𝑡, 𝑡) ≈ 1 − i𝛿𝑡 ∑
u�

�̂�u�(𝑡) − 1
2

(𝛿𝑡)2 ∑
u�,u�

�̂�u�(𝑡) �̂�u�(𝑡), (5.32)

which itself will be subject to further approximations.

Beforehand, however, we recall the possibility to express any operator which naturally includes
Hamiltonians as a product of operator-valued matrices, c.f. equation (4.75)

�̂�(𝑡) = �̂�1(𝑡) ⋅ �̂�2(𝑡) ⋅ ⋯ ⋅ �̂�u�−1(𝑡) ⋅ �̂�u�(𝑡). (5.33)
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We proceed by realizing that we may express these matrices as follows

�̂�u�(𝑡) =

1 u�u� 1

⎛⎜
⎝

⎞⎟
⎠

1 𝟙 ̂𝐶u�(𝑡) �̂�u�(𝑡)
u�u�−1 𝟘 ̂𝐴u�(𝑡) �̂�u�(𝑡)

1 𝟘 𝟘 𝟙
, (5.34a)

�̂�1(𝑡) =
1 u�1 1

( )1 𝟙 ̂𝐶1(𝑡) �̂�1(𝑡) , �̂�u�(𝑡) =

1

⎛⎜
⎝

⎞⎟
⎠

1 �̂�u�(𝑡)
u�u�−1 �̂�u�(𝑡)

1 𝟙
(5.34b)

with operator valued matrices ̂𝐴u�(𝑡), �̂�u�(𝑡), ̂𝐶u�(𝑡), and �̂�u�(𝑡) of dimensions as specified in the above
equations. Expressing equation (5.33) by means of these matrices, we find

�̂�(𝑡) = ∑
u�

�̂�u�(𝑡) + ∑
u�

̂𝐶u�(𝑡) �̂�u�+1(𝑡) + ∑
u�,u�

̂𝐶u�(𝑡) ( ∏
u�<u�<u�

̂𝐴u�(𝑡)) �̂�u�(𝑡) = ∑
u�

�̂�u�(𝑡), (5.35)

which gives a rather clear interpretation of its components. The �̂�u�(𝑡) describe local parts of the
Hamiltonian, ̂𝐶u�(𝑡) and �̂�u�(𝑡) mark the beginning and end of an action, respectively, and the ̂𝐴u�(𝑡)
are used to express longer-ranged actions, an important case being long-range interactions. Note
that ̂𝐴u�(𝑡) = 𝟘 if there are no long-range components to the Hamiltonian.

In order to approximate equation (5.32), we restrict its double sum to incorporate only such �̂�u�(𝑡)
and �̂�u�(𝑡) that do not overlap

𝑈u�(𝑡 + 𝛿𝑡, 𝑡) = 1 − i𝛿𝑡 ∑
u�

�̂�u�(𝑡) − (𝛿𝑡)2 ∑
u�,u�

′�̂�u�(𝑡) �̂�u�(𝑡) ≈ ∏
u�

(1 − i𝛿𝑡�̂�u�(𝑡)), (5.36)

which we indicate by the primed sum. We have also neglected the factor of 1/2 at this point, which
will, however not significantly influence the error that we make as it is of the same order as the
original approximation. This approximate operator may be expressed as a product of operator-valued
matrices �̂� u�

u� (𝑡, 𝛿𝑡) which themselves are constructed from the previously introduced matrices ̂𝐴u�(𝑡),
�̂�u�(𝑡), ̂𝐶u�(𝑡), and �̂�u�(𝑡) via

�̂� u�
u� (𝑡, 𝛿𝑡) = (𝟙 + i𝛿𝑡�̂�u�(𝑡) ̂𝐶u�(𝑡)

i𝛿𝑡�̂�u�(𝑡) ̂𝐴u�(𝑡)
), (5.37a)

�̂� u�
1 (𝑡, 𝛿𝑡) = (𝟙 + i𝛿𝑡�̂�1(𝑡) ̂𝐶1(𝑡)), �̂� u�

u�(𝑡, 𝛿𝑡) = (𝟙 + i𝛿𝑡�̂�u�(𝑡)
i𝛿𝑡�̂�u�(𝑡)

), (5.37b)

which serve as the basis for constructing an MPO by means of an FSM as described in section
4.3.2. Unfortunately, this approximation is not very good as it already fails to describe purely local
Hamiltonians. Therefore, we relax the constraint in equation (5.36) a bit by allowing the double
sum to also include �̂�u�(𝑡) and �̂�u�(𝑡) that overlap by at most one site, thereby introducing

𝑈u�u�(𝑡 + 𝛿𝑡, 𝑡) = 1 − i𝛿𝑡 ∑
u�

�̂�u�(𝑡) − (𝛿𝑡)2 ∑
u�,u�

″�̂�u�(𝑡) �̂�u�(𝑡) ≈ ∏
u�

(1 − i𝛿𝑡�̂�u�(𝑡)). (5.38)
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Here the doubly primed sum indicates the less strict approximation. Analogously to the previous
approximation, we intend to express 𝑈u�u�(𝑡 + 𝛿𝑡, 𝑡) as a product of operator-valued matrices. In
this case, however, there exists no closed form to write down these matrices. Instead, we begin by
generally defining

�̂� u�u�
u� (𝑡, 𝛿𝑡) = (

�̂� u�u�
u�u�

(𝑡, 𝛿𝑡) �̂� u�u�
u�u�

(𝑡, 𝛿𝑡)
�̂� u�u�

u�u�
(𝑡, 𝛿𝑡) �̂� u�u�

u�u�
(𝑡, 𝛿𝑡)

), (5.39a)

�̂� u�u�
1 (𝑡, 𝛿𝑡) = (�̂� u�u�

u�1
(𝑡, 𝛿𝑡) �̂� u�u�

u�1
(𝑡, 𝛿𝑡)), �̂� u�u�

u� (𝑡, 𝛿𝑡) = (
�̂� u�u�

u�u�
(𝑡, 𝛿𝑡)

�̂� u�u�
u�u�

(𝑡, 𝛿𝑡)
), (5.39b)

of which the entries are determined by

�̂� u�u�
u�u�;u�,u�(𝑡, 𝛿𝑡) = (𝛿u�u�,u�u�

𝛿u�u�,u�u�
𝛿u�u�,u�u�

𝛿u�u�,u�u�
)

exp
⎡
⎢⎢⎢
⎣

⎛⎜⎜⎜⎜⎜
⎝

i𝛿𝑡�̂�u�(𝑡) 0 0 0
̂𝐶u�;u�(𝑡) i𝛿𝑡�̂�u�(𝑡) 0 0

i𝛿𝑡�̂�u�;u�(𝑡) 0 i𝛿𝑡�̂�u�(𝑡) 0
̂𝐴u�;u�,u�(𝑡) i𝛿𝑡�̂�u�;u�(𝑡) ̂𝐶u�;u�(𝑡) i𝛿𝑡�̂�u�(𝑡)

⎞⎟⎟⎟⎟⎟
⎠

⎤
⎥⎥⎥
⎦

⎛⎜⎜⎜⎜
⎝

1
0
0
0

⎞⎟⎟⎟⎟
⎠

, (5.40)

with 𝑆u� ∈ {𝐴u�, 𝐵u�, 𝐶u�, 𝐷u�}. As the derivation of the above equation is rather involved, we refer
the interested reader to [283] or [280]. We close this section with two remarks on the usage of the
newly defined schemes. First do we note that both approximations are of the same accuracy, yet the
error of 𝑈u�u�(𝑡 + 𝛿𝑡, 𝑡) is smaller than the one of 𝑈u�(𝑡 + 𝛿𝑡, 𝑡). Therefore, the W-II method should
always be preferred over W-I. Second, we emphasize that this method is particularly suited for
Hamiltonians with long-ranged interactions and should, hence, be applied preferentially for such
systems.

5.2.3 Global Krylov

The principal idea of the global Krylov method [286, 201, 111, 72, 396, 311] is to project the initial
quantum state ∣𝜓(𝑡)⟩ onto a Krylov subspace, c.f. section 3.4, and then construct the subsequent
state ∣𝜓(𝑡 + 𝛿𝑡)⟩ within this subspace.

Setting up a 𝐾 + 1-dimensional Krylov subspace of orthonormal Krylov vectors is achieved similarly
to equation (3.22) via

𝒦 u� ≡ span{∣𝑣0⟩, �̂� ∣𝑣0⟩, �̂�2 ∣𝑣0⟩, … , �̂�u� ∣𝑣0⟩} = span{∣𝑣0⟩, ∣𝑣1⟩, ∣𝑣2⟩, … , ∣𝑣u�⟩}, (5.41)

where we start from

∣𝑣0⟩ =
∣𝜓(𝑡)⟩

‖|𝜓(𝑡)⟩‖
. (5.42)

Next, we construct a projector onto this subspace through

̂𝑃 u� =
u�

∑
u�=0

∣𝑣u�⟩⟨𝑣u�∣ = 𝑉 †
u�𝑉u�, (5.43)
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which we formally express in terms of the state vector

𝑉u� =
⎛⎜⎜⎜⎜⎜⎜⎜
⎝

⟨𝑣0∣
⟨𝑣1∣

⋮
⟨𝑣u�−1∣
⟨𝑣u�∣

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

. (5.44)

Applying this projection to equation (5.15) then yields

∣𝜓(𝑡 + 𝛿𝑡)⟩ = ̂𝑃 u�e−iû�(u�)u�u� ̂𝑃 u� ∣𝜓(𝑡)⟩ = 𝑉 †
u�

∞

∑
u�=0

(
(−i𝛿𝑡)u�

𝑛!
𝑉u��̂�(𝑡)u� 𝑉 †

u�) 𝑉u� ∣𝜓(𝑡)⟩. (5.45)

Defining
𝑇u� = 𝑉u��̂�(𝑡) 𝑉 †

u�, (5.46)

that is
(𝑇u�)

u�,u�
= ⟨𝑣u�∣ �̂�(𝑡) ∣𝑣u�⟩, (5.47)

we introduce the following approximation

𝑉u��̂�(𝑡)u� 𝑉 †
u� ≈ 𝑇 u�

u�, (5.48)

which is only exact for 𝑛 ≤ 𝐾. Thus, equation (5.45) simplifies to

∣𝜓(𝑡 + 𝛿𝑡)⟩ ≈ 𝑉 †
u�

∞

∑
u�=0

(
(−i𝛿𝑡)u�

𝑛!
𝑇 u�

u�) 𝑉u� ∣𝜓(𝑡)⟩ = 𝑉 †
u�e−iu�u�u�u�𝑉u� ∣𝜓(𝑡)⟩ (5.49a)

= ∑
u�,u�

∣𝑣u�⟩ (e−iu�u�u�u�)
u�,u�

⟨𝑣u� ∣𝜓(𝑡)⟩ (5.49b)

= ∥∣𝜓(𝑡)⟩∥ ∑
u�

(e−iu�u�u�u�)
u�,0

∣𝑣u�⟩. (5.49c)

In the last equality we have used that

⟨𝑣u� ∣𝜓(𝑡)⟩ = 𝛿u�,0 ∥∣𝜓(𝑡)⟩∥ (5.50)

bearing in mind the definition of ∣𝑣0⟩ (5.42) and the orthonormality of the Krylov vectors. The
matrix exponential in equation (5.49) is easily computed through diagonalizing

𝑇u� = 𝑄†
u�𝐷u�𝑄u�, (5.51)

with 𝐷u� being diagonal, such that

e−iu�u�u�u� = 𝑄†
u�e−iu�u�u�u�𝑄u�. (5.52)

A few remarks are in order. First note that the error in equation (5.48) scales as 𝛿𝑡u�/𝑛! and can,
hence, be made very small for a sufficient number of iterations. Second, we emphasize that until
this point we did not exploit any MPS properties in the derivation of this method. Indeed, the
global Krylov solver may just as well be implemented by means of other numerical techniques,
such as exact diagonalization. When it comes to the use of MPSs due to their inherent truncation,
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setting up the Krylov space is particularly tedious. With the truncation absent, its construction
would be analogous to the procedure described in the discussion of the Lanczos algorithm in section
3.4, that is the orthogonalization of subsequent Krylov vectors would only need to be performed
considering its two predecessors. For truncated, i.e. regular, MPSs, this inherent orthogonalization
is unfortunately lost. Therefore any additional Krylov state needs to be orthogonalized with respect
to all its predecessors. In practice this is achieved by variationally minimizing the functional

𝐹 = ∥�̂�(𝑡) ∣𝑣u�⟩ − ∣𝑣u�+1⟩∥2 + ∑
u�<u�

𝜆u� ⟨𝑣u�+1 ∣𝑣u�⟩ , (5.53)

where the 𝜆u� are Lagrange multipliers ensuring that

⟨𝑣u�+1 ∣𝑣u�⟩ = 0, 0 ≤ 𝑙 ≤ 𝑘. (5.54)

Once the Krylov states are constructed, however, the huge advantage of MPSs come into play, that
is the construction of 𝑇u� according to equation (5.47). With MPSs, it is not necessary to explicitly
construct states �̂�(𝑡) ∣𝑣u�⟩ as part of the computation of ⟨𝑣u�∣ �̂�(𝑡) ∣𝑣u�⟩, but instead is it possible to
directly evaluate these terms at a much lower computational cost.

All the mentioned advantages and disadvantages aside, the global Krylov method is still a rather
general scheme that does not make efficient use of MPS specific properties, in particular their
locality. This observation motivates the introduction of algorithms more natural to MPSs, as for
example the local Krylov method or TDVP which will be discussed in the following sections.

5.2.4 Local Krylov

What hereafter is referred to as the local Krylov method is a reformulation of time-step targeting
DMRG [111, 102, 235, 305, 307] in terms of the MPS framework. This analogy was elaborated
extensively on by Paeckel et al. in reference [283] and also [280]. It should be noted that despite the
method’s name, the local solver need not be a Krylov method, also Runge-Kutta solvers have been
applied. In these explanations, however, we stick close to [283] and go with Krylov solvers. The
main idea of the local Krylov method is to site-wise time-evolve a given MPS ∣𝜓(𝑡)⟩ to ∣𝜓(𝑡 + 𝛿𝑡)⟩
and for each subsequent site to first express the updated 𝑀 -matrices in terms of the initial time 𝑡.
In short this means that tensors at time 𝑡 are expressed in terms of tensors at time 𝑡 + 𝛿𝑡. This is
achieved using projectors which we will define in the following.

We begin with the left projector onto ∣𝜓(𝑡)⟩

𝒫 ∣u�⟩ℒ
u� (𝑡) =

⎛⎜⎜⎜⎜⎜⎜
⎝

∑
u�1,…,u�u�,
u�′

1,…,u�′
u�

𝐴u�1
1 (𝑡) ⋯ 𝐴

u�u�
u� (𝑡) 𝐴

†u�′
u�

u� (𝑡) ⋯ 𝐴†u�′
1

1 (𝑡) ∣𝜎1, … , 𝜎u�⟩⟨𝜎′
1, … , 𝜎′

u�∣
⎞⎟⎟⎟⎟⎟⎟
⎠

⊗ (
u�

⨂
u�=u�+1

�̂�u�) (5.55a)

= (𝒫 ∣u�⟩u�
u� (𝑡) 𝒫 ∣u�⟩u�†

u� (𝑡)) ⊗ (
u�

⨂
u�=u�+1

�̂�u�) (5.55b)
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and its counterpart, the right projector onto ∣𝜓(𝑡)⟩

𝒫 ∣u�⟩ℛ
u� (𝑡) = (

u�−1

⨂
u�=1

�̂�u�)

⊗
⎛⎜⎜⎜⎜⎜⎜
⎝

∑
u�u�,…,u�u�,
u�′

u�,…,u�′
u�

𝐵
†u�u�
u� (𝑡) ⋯ 𝐵†u�u�

u� (𝑡) 𝐵u�′
u�

u� (𝑡) ⋯ 𝐵
u�′

u�
u� (𝑡) ∣𝜎u�, … , 𝜎u�⟩⟨𝜎′

u�, … , 𝜎′
u�∣

⎞⎟⎟⎟⎟⎟⎟
⎠

(5.56a)

= (
u�−1

⨂
u�=1

�̂�u�) ⊗ (𝒫 ∣u�⟩u�
u� (𝑡) 𝒫 ∣u�⟩u�†

u� (𝑡)) (5.56b)

with

𝒫 ∣u�⟩u�
u� (𝑡) = ∑

u�1,…,u�u�

𝐴u�1
1 (𝑡) ⋯ 𝐴

u�u�
u� (𝑡) ∣𝜎1, … , 𝜎u�⟩, (5.57)

𝒫 ∣u�⟩u�
u� (𝑡) = ∑

u�u�,…,u�u�

𝐵u�u�
u� (𝑡) ⋯ 𝐵

u�u�
u� (𝑡) ∣𝜎u�, … , 𝜎u�⟩, (5.58)

c.f. figures 5.7 to 5.10 for the respective sketches.

𝒫 ∣u�⟩ℒ
u� (𝑡) ≡

u�1(u�) ⋯ u�u�−1(u�) u�u�(u�)

u�1(u�) ⋯ u�u�−1(u�) u�u�(u�)

⋯

u�1 u�u�−1 u�u� u�u�+1 u�u�

u�′
1 u�′

u�−1 u�′
u� u�′

u�+1 u�′
u�

u�0 u�1 u�u�−2 u�u�−1

u�0 u�1 u�u�−2 u�u�−1

u�u�

u�u�

Figure 5.7: Pictorial representation of the left projector 𝒫 ∣u�⟩ℒ
u� (u�), c.f. equation (5.55).

𝒫 ∣u�⟩ℛ
u� (𝑡) ≡ ⋯

u�u�(u�) u�u�+1(u�) ⋯ u�u�(u�)

u�u�(u�) u�u�+1(u�) ⋯ u�u�(u�)

u�1 u�u�−1 u�u� u�u�+1 u�u�

u�′
1 u�′

u�−1 u�′
u� u�′

u�+1 u�′
u�

u�u� u�u�+1 u�u�−1 u�u�

u�u� u�u�+1 u�u�−1 u�u�

u�u�−1

u�u�−1

Figure 5.8: Pictorial representation of the right projector 𝒫 ∣u�⟩ℛ
u� (u�), c.f. equation (5.56).

Therefrom we first construct the isolation operator

ℐ ∣u�⟩
u� (𝑡, 𝑡′) = 𝒫 ∣u�⟩u�

u�−1 (𝑡) ⊗ �̂�u� ⊗ 𝒫 ∣u�⟩u�
u�+1 (𝑡′), (5.59)

84



5.2 Time Evolution

𝒫 ∣u�⟩u�
u� (𝑡) ≡

u�1(u�) u�2(u�) ⋯ u�u�−1(u�) u�u�(u�) u�u�

u�1 u�2 u�u�−1 u�u�

u�0 u�1 u�2 u�u�−2 u�u�−1

Figure 5.9: Pictorial representation of the projector 𝒫 ∣u�⟩u�
u� (u�), c.f. equation (5.57).

𝒫 ∣u�⟩u�
u� (𝑡) ≡

u�u�−1 u�u�(u�) u�u�+1(u�) ⋯ u�u�−1(u�) u�u�(u�)

u�u� u�u�+1 u�u�−1 u�u�

u�u� u�u�+1 u�u�−2 u�u�−1 u�u�

Figure 5.10: Pictorial representation of the projector 𝒫 ∣u�⟩u�
u� (u�), c.f. equation (5.58).

c.f. figure 5.11, and, hence, another projector, which we depict in figure 5.12, onto the reduced
site-space at site 𝑗 through

�̂� ∣u�⟩
u� (𝑡, 𝑡′) = 𝒫 ∣u�⟩ℒ

u�−1 (𝑡) ⊗ �̂�u� ⊗ 𝒫 ∣u�⟩ℛ
u�+1 (𝑡′) (5.60a)

= (𝒫 ∣u�⟩u�
u�−1 (𝑡) ⊗ �̂�u� ⊗ 𝒫 ∣u�⟩u�

u�+1 (𝑡′)) ⋅ (𝒫 ∣u�⟩u�†
u�−1 (𝑡) ⊗ �̂�u� ⊗ 𝒫 ∣u�⟩u�†

u�+1 (𝑡′)) (5.60b)

= ℐ ∣u�⟩
u� (𝑡, 𝑡′) ℐ ∣u�⟩†

u� (𝑡, 𝑡′) (5.60c)

and we define the short notations

�̂� ∣u�⟩
u� (𝑡) = �̂� ∣u�⟩

u� (𝑡, 𝑡), (5.61)

ℐ ∣u�⟩
u� (𝑡) = ℐ ∣u�⟩

u� (𝑡, 𝑡). (5.62)

The crucial observation now is that with

�̂�u�(𝑡) = 1
𝐿 ‖|𝜓(𝑡)⟩‖

�̂� ∣u�⟩
u� (𝑡) �̂�(𝑡) �̂� ∣u�⟩

u� (𝑡) (5.63)

indeed an approximate Lie-Trotter decomposition of the time-dependent Schrödinger equation is
obtained assuming that ∥∣𝜓(𝑡)⟩∥ is invariant under the time evolution. In a further approximation,
we may, thus, conduct the time evolution sequentially.

ℐ ∣u�⟩
u� (𝑡, 𝑡′) ≡ u�1(u�) ⋯ u�u�−1(u�) u�u�+1(u�′) ⋯ u�u�(u�′)

u�1 u�u�−1 u�u� u�u�+1 u�u�

u�0 u�1 u�u�−2
u�u�−1 u�u�

u�u�+1 u�u�−1 u�u�

Figure 5.11: Pictorial representation of the isolation operator ℐ ∣u�⟩
u� (u�, u�′), c.f. equation

(5.59).
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�̂� ∣u�⟩
u� (𝑡, 𝑡′) ≡

u�1(u�) ⋯ u�u�−1(u�) u�u�+1(u�′) ⋯ u�u�(u�′)

u�1(u�) ⋯ u�u�−1(u�) u�u�+1(u�′) ⋯ u�u�(u�′)

u�1 u�u�−1 u�u� u�u�+1 u�u�

u�′
1 u�′

u�−1 u�′
u� u�′

u�+1 u�′
u�

u�0 u�1 u�u�−2
u�u�−1 u�u�

u�u�+1 u�u�−1 u�u�

u�0 u�1 u�u�−2

u�u�−1 u�u�

u�u�+1 u�u�−1 u�u�

Figure 5.12: Pictorial representation of the projector û�∣u�⟩
u� (u�, u�′), c.f. equation (5.60).

Let us therefore consider the general partially time-evolved state in MPS mixed-canonical represen-
tation with active site 𝑗

∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ = ∑
u�1,…,u�u�

𝐴u�1
1 (𝑡′) ⋯ 𝐴u�u�−1

u�−1 (𝑡′) 𝑀u�u�
u� (𝑡) 𝐵u�u�+1

u�+1 (𝑡″) ⋯ 𝐵u�u�
u� (𝑡″) ∣𝜎1, … , 𝜎u�⟩, (5.64)

see figure 5.13. We now compute the time evolution according to equation (5.17) or (5.21) using

∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ ≡
u�1(u�′) ⋯ u�u�−1(u�′) u�u�(u�) u�u�+1(u�″) ⋯ u�u�(u�″)

u�1 u�u�−1 u�u� u�u�+1 u�u�

u�0 u�1 u�u�−2 u�u�−1 u�u� u�u�+1 u�u�−1 u�u�

Figure 5.13: Pictorial representation of the general partially time-evolved state in MPS
mixed-canonical representation with active site u�, ∣u�u�(u�′, u�, u�″)⟩, c.f. equation (5.64).

the single-site Hamiltonian (5.63) obtained from the Lie-Trotter decomposition of the Schrödinger
equation and find

∣𝜓u�(𝑡′, 𝑡 + 𝛿𝑡, 𝑡″)⟩ = 𝑈u�(𝑡 + 𝛿𝑡, 𝑡) ∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ = e−iû�u�(u�)u�u� ∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ (5.65a)

= e−i 1
u�∥∣u�(u�)⟩∥

û�
∣u�⟩
u� (u�′,u�″)û�(u�)û�

∣u�⟩
u� (u�′,u�″)u�u� ∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ (5.65b)

= ℐ ∣u�⟩
u� (𝑡′, 𝑡″) e−i 1

u�∥∣u�(u�)⟩∥
ℐ

∣u�⟩†
u� (u�′,u�″)û�(u�)ℐ

∣u�⟩
u� (u�′,u�″)u�u�ℐ ∣u�⟩†

u� (𝑡′, 𝑡″) ∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩. (5.65c)

Note that the argument in the exponential has a very familiar structure, namely

𝒪u�(𝑡′, 𝑡, 𝑡″) = ℐ ∣u�⟩†
u� (𝑡′, 𝑡″) �̂� (𝑡) ℐ ∣u�⟩

u� (𝑡′, 𝑡″) = 𝒲
ℒ

u�−1(𝑡′, 𝑡) 𝑊
u�u�,u�′

u�

u� (𝑡) 𝒲
ℛ

u�+1(𝑡″, 𝑡), (5.66)

c.f. figure 5.14, which is the exact same tensor as defined in equation (5.11), including the left
and right tensors from equation (5.6) and (5.7), respectively, the only difference being the time
dependence of the tensors. All 𝑊 -matrices of the Hamiltonian �̂�(𝑡), which for the sufficiently small
chosen step size in the discretization is taken to be fairly constant, will of course all invariably depend
on 𝑡, all 𝐴-matrices in 𝒲

ℒ
u�−1(𝑡′, 𝑡) then depend on 𝑡′, and, likewise, all 𝐵-matrices in 𝒲

ℛ
u�−1(𝑡″, 𝑡)

on 𝑡″. We stress that the 𝑡-dependence in both, 𝒲
ℒ

u�−1(𝑡′, 𝑡) and 𝒲
ℛ

u�−1(𝑡″, 𝑡), is solely due to the
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𝒪u�(𝑡′, 𝑡, 𝑡″) ≡

u�1(u�′) ⋯ u�u�−1(u�′) u�u�+1(u�″) ⋯ u�u�(u�″)

u�1(u�) ⋯ u�u�−1(u�) u�u�(u�) u�u�+1(u�) ⋯ u�u�(u�)

u�1(u�′) ⋯ u�u�−1(u�′) u�u�+1(u�″) ⋯ u�u�(u�″)

u�0

u�1 u�u�−2 u�u�−1 u�u� u�u�+1 u�u�−1

u�u�

u�0 u�1 u�u�−2 u�u�−1 u�u� u�u�+1 u�u�−1 u�u�

u�0

u�1 u�u�−2

u�u�−1 u�u�

u�u�+1 u�u�−1

u�u�u�1 u�u�−1 u�u� u�u�+1 u�u�

u�′
1 u�′

u�−1 u�′
u� u�′

u�+1 u�′
u�

= 𝒲 ℒ
u�−1(u�′, u�) u�u�(u�) 𝒲 ℛ

u�+1(u�″, u�)
u�u�−1

u�u�−1

u�u�−1

u�u�

u�u�

u�u�

u�′
u�

u�u�

Figure 5.14: Pictorial representation of equation (5.66).

𝑊 -matrices of the Hamiltonian. Bearing in mind equations (5.8) and (5.9), we note that these
tensors can efficiently be constructed recursively making them accessible at a reasonable cost in a
site-wise integration scheme.

Realizing that
ℐ ∣u�⟩†

u� (𝑡′, 𝑡″) ∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ = 𝑀u�u�
u� (𝑡) ∣𝜎u�⟩, (5.67)

see also figure 5.15, applying ℐ ∣u�⟩†
u� (𝑡′, 𝑡″) to both sides we may greatly simplify equation (5.65) to

just
𝑀u�u�

u� (𝑡 + 𝛿𝑡) = e−i 1
u�∥∣u�(u�)⟩∥

𝒪
u�
(u�′,u�,u�″)u�u�𝑀u�u�

u� (𝑡), (5.68)

where we have neglected the physical state ∣𝜎u�⟩ as we are now facing a single site problem. This
equation is of the exact type as equation (5.15) with 1

u�‖|u�(u�)⟩‖
𝒪u� (𝑡′, 𝑡, 𝑡″) taking the role of �̂�(𝑡)

𝑀u�u�
u� (𝑡) ∣𝜎u�⟩ ≡

u�1(u�′) ⋯ u�u�−1(u�′) u�u�(u�) u�u�+1(u�″) ⋯ u�u�(u�″)

u�1(u�′) ⋯ u�u�−1(u�′) u�u�+1(u�″) ⋯ u�u�(u�″)

u�0

u�1 u�u�−2 u�u�−1 u�u� u�u�+1 u�u�−1

u�u�

u�0 u�1 u�u�−2 u�u�−1 u�u� u�u�+1 u�u�−1
u�u�

u�1 u�u�−1 u�u� u�u�+1 u�u�

=
u�u�(u�)u�u�−1

u�u�

u�u�

Figure 5.15: Pictorial representation of equation (5.67).
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and 𝑀u�u�
u� the one of ∣𝜓(𝑡)⟩. Hence, if 𝑀u�u�

u� is reshaped into a vector and 1
u�‖|u�(u�)⟩‖

𝒪u� (𝑡′, 𝑡, 𝑡″) into a
matrix the Krylov method as explained in section 5.2.3 may be applied to obtain a vector describing
𝑀u�u�

u� (𝑡 + 𝛿𝑡) which can then be reshaped back into a proper 𝑀 -matrix.

We conclude that we indeed succeeded in reformulating the time evolution of the entire MPS
∣𝜓(𝑡)⟩ into a series of local problems. However, one obstacle remains. We cannot simply shift the
orthogonality center from 𝑗 to 𝑗 ± 1 (depending on whether we perform a left or a right sweep) as
the time evolved 𝑀 -matrices at time 𝑡 + 𝛿𝑡 are in general given in a different basis as the initial 𝐴-
or 𝐵-matrices at time 𝑡. Instead, we first need to express these tensors in terms of the new basis at
time 𝑡 + 𝛿𝑡. We therefore introduce the basis transformation tensors

𝒬
ℒ

u�;u�u�,u�u�
(𝑡 + 𝛿𝑡, 𝑡) = ∑

u�u�−1,u�u�−1,u�u�

⎛⎜
⎝

𝐴
u�u�

u�;u�u�,u�u�−1
(𝑡 + 𝛿𝑡)

⎛⎜
⎝

⋯ ⎛⎜
⎝

∑
u�0,u�0,u�1

(𝐴u�1

1;u�1,u�0
(𝑡 + 𝛿𝑡) 𝐴u�1

1;u�0,u�1
(𝑡))⎞⎟

⎠
⋯⎞⎟

⎠
𝐴

u�u�

u�;u�u�−1,u�u�
(𝑡)⎞⎟

⎠
, (5.69)

𝒬
ℛ

u�;u�u�−1,u�u�−1
(𝑡 + 𝛿𝑡, 𝑡) = ∑

u�u�,u�u�,u�u�

⎛⎜
⎝

𝐵
u�u�

u�;u�u�−1,u�u�
(𝑡)

⎛⎜
⎝

⋯ ⎛⎜
⎝

∑
u�u�,u�u�,u�u�

(𝐵u�u�

u�;u�u�−1,u�u�
(𝑡) 𝐵u�u�

u�;u�u�,u�u�−1
(𝑡 + 𝛿𝑡))⎞⎟

⎠
⋯⎞⎟

⎠
𝐵

u�u�

u�;u�u�,u�u�−1
(𝑡 + 𝛿𝑡)⎞⎟

⎠
, (5.70)

c.f. also figures 5.16 and 5.17, which also may be constructed recursively, c.f. figures 5.18 and 5.19,

𝒬
ℒ

u�;u�u�,u�u�
(𝑡 + 𝛿𝑡, 𝑡) = ∑

u�u�−1,u�u�−1,u�u�

(𝐴
u�u�

u�;u�u�,u�u�−1
(𝑡 + 𝛿𝑡)

𝒬
ℒ

u�−1;u�u�−1,u�u�−1
(𝑡 + 𝛿𝑡, 𝑡) 𝐴

u�u�

u�;u�u�−1,u�u�
(𝑡)), (5.71)

𝒬
ℛ

u�;u�u�−1,u�u�−1
(𝑡 + 𝛿𝑡, 𝑡) = ∑

u�u�,u�u�,u�u�

(𝐵
u�u�

u�;u�u�−1,u�u�
(𝑡) 𝒬

ℛ

u�+1;u�u�,u�u�
(𝑡 + 𝛿𝑡, 𝑡) 𝐵

u�u�

u�;u�u�,u�u�−1
(𝑡 + 𝛿𝑡))

(5.72)

𝒬
ℒ
u� (𝑡 + 𝛿𝑡, 𝑡) ≡

u�u�

u�u�

u�ℒ
u� (u� + u�u�, u�)

=

u�1(u�)

u�1(u� + u�u�)

u�2(u�)

u�2(u� + u�u�)

⋯

⋯

u�u�−1(u�)

u�u�−1(u� + u�u�)

u�u�(u�)

u�u�(u� + u�u�)

u�u�

u�u�

u�0

u�0

u�1

u�1

u�2

u�2

u�u�−2

u�u�−2

u�u�−1

u�u�−1

u�1 u�2 u�u�−1 u�u�

Figure 5.16: Pictorial representation of the left basis transformation tensor 𝒬ℒ
u� (u� + u�u�, u�),

c.f. equation (5.69).
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𝒬
ℛ
u� (𝑡 + 𝛿𝑡, 𝑡) ≡ u�ℛ

u� (u� + u�u�, u�)

u�u�−1

u�u�−1

=

u�u�−1

u�u�−1

u�u�(u�)

u�u�(u� + u�u�)

u�u�+1(u�)

u�u�+1(u� + u�u�)

⋯

⋯

u�u�−1(u�)

u�u�−1(u� + u�u�)

u�u�(u�)

u�u�(u� + u�u�)

u�u�

u�u�

u�u�+1

u�u�+1

u�u�−2

u�u�−2

u�u�−1

u�u�−1

u�u�

u�u�

u�u� u�u�+1 u�u�−1 u�u�

Figure 5.17: Pictorial representation of the left basis transformation tensor 𝒬ℛ
u� (u� + u�u�, u�),

c.f. equation (5.70).

𝒬
ℒ
u� (𝑡 + 𝛿𝑡, 𝑡) ≡

u�u�

u�u�

u�ℒ
u� (u� + u�u�, u�) = u�ℒ

u�−1(u� + u�u�, u�)

u�u�(u�)

u�u�(u� + u�u�)

u�u�

u�u�

u�u�−1

u�u�−1

u�u�

Figure 5.18: Pictorial representation of the recursive construction of the left basis trans-
formation tensor 𝒬ℒ

u� (u� + u�u�, u�), c.f. equation (5.71).

with 𝒬
ℒ
0 (𝑡 + 𝛿𝑡, 𝑡) and 𝒬

ℛ
u�+1(𝑡 + 𝛿𝑡, 𝑡) being 1 × 1 dummy tensors. Then we update the subsequent

tensor via

𝑀u�u�+1

u�+1;u�u�,u�u�+1
(𝑡) = ∑

u�u�

𝒬
ℒ

u�;u�u�,u�u�
(𝑡 + 𝛿𝑡, 𝑡) 𝐵u�u�+1

u�+1;u�u�,u�u�+1
(𝑡), (5.73)

𝑀u�u�−1

u�−1;u�u�−1,u�u�
(𝑡) = ∑

u�u�

𝐴u�u�−1

u�−1;u�u�−1,u�u�
(𝑡) 𝒬

ℛ

u�;u�u�,u�u�
(𝑡 + 𝛿𝑡, 𝑡), (5.74)

c.f. figures 5.20 and 5.21, in case a right or left sweep is performed, respectively.

In total, the entire algorithm to time evolve an MPS ∣𝜓(𝑡)⟩ to ∣𝜓(𝑡 + 𝛿𝑡)⟩ reads as follows: For a
right sweep we require ∣𝜓(𝑡)⟩ to have its active site at 𝑗 = 1 and first need to construct all tensors

𝒬
ℛ
u� (𝑡 + 𝛿𝑡, 𝑡) ≡ u�ℛ

u� (u� + u�u�, u�)

u�u�−1

u�u�−1

=

u�u�−1

u�u�−1

u�u�(u�)

u�u�(u� + u�u�)

u�ℛ
u�+1(u� + u�u�, u�)

u�u�

u�u�

u�u�

Figure 5.19: Pictorial representation of the recursive construction of the left basis trans-
formation tensor 𝒬ℛ

u� (u� + u�u�, u�), c.f. equation (5.72).
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𝑀u�u�+1
u�+1 (𝑡) ≡

u�u�+1(u�)u�u�

u�u�+1

u�u�+1

= u�ℒ
u� (u� + u�u�, u�)

u�u�+1(u�) u�u�+1u�u�

u�u�

u�u�+1

Figure 5.20: Pictorial representation of equation (5.73).

𝑀u�u�−1
u�−1 (𝑡) ≡

u�u�−1(u�)u�u�−2

u�u�−1

u�u�−1

=
u�u�−2 u�u�−1(u�)

u�ℛ
u� (u� + u�u�, u�)

u�u�−1

u�u�−1

u�u�−1

Figure 5.21: Pictorial representation of equation (5.74).

𝒲
ℛ[0]

u� (𝑡, 𝑡) according to equation (5.7) unless of course we have access to them from a previous
sweep. At this point, we only use 𝐵- and 𝑊 -matrices from ∣𝜓(𝑡)⟩ and �̂�(𝑡), respectively. Then, the
steps are as follows (As usual the index in square brackets indicates the number of the sweep.):

1. From 𝑗 = 1 on

a) From ∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡, 𝑡)⟩ construct 𝒪 [1]
u� (𝑡 + 𝛿𝑡, 𝑡, 𝑡) according to equation (5.66).

• Remark: We may identify ∣u�u�(u� + u�u�, u�, u�)⟩ as from equation (5.64) with ∣u�u�(u� + u�u�, u�)⟩ from equation (5.18).

b) Solve equation (5.68) to find 𝑀 [1]u�u�
u� (𝑡 + 𝛿𝑡) and obtain, hence, ∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡 + 𝛿𝑡, 𝑡)⟩.

• Remark 1: Solving equation (5.68) may, for example be achieved by applying the Krylov method described
in section 5.2.3.

• Remark 2: The state ∣u�u�(u� + u�u�, u� + u�u�, u�)⟩ corresponds to ∣u�u�+1,u�(u� + u�u�, u�)⟩ in equation (5.17).

c) Decompose 𝑀 [1]u�u�
u� (𝑡 + 𝛿𝑡) to obtain 𝐴[1]u�u�

u� (𝑡 + 𝛿𝑡).
• Remark 1: This and the following steps are necessary as the MPS needs to be updated to continue the time

evolution as specified by equation (5.18).

• Remark 2: Either a QR decomposition or an SVD may be applied depending on whether or not truncation
is desired similarly to what was explained in section 4.2.2.

d) Construct 𝒬
ℒ [1]
u� (𝑡 + 𝛿𝑡, 𝑡) alongside with 𝒲

ℒ [1]
u�−1 (𝑡 + 𝛿𝑡, 𝑡) as defined by equations (5.71)

and (5.9), respectively.
• Remark 1: The remaining part of the decomposition from the previous step is discarded.

• Remark 2: For the construction of 𝒲
ℒ [1]

u�−1 (u� + u�u�, u�) we use u�
[1]u�u�
u� (u� + u�u�) and u�

u�u�,u�′
u�

u� (u�).

e) Update the subsequent tensor 𝐵[0]u�u�+1
u�+1 (𝑡) with the help of 𝒬

ℒ [1]

u�;u�u�,u�u�
(𝑡 + 𝛿𝑡, 𝑡) according

to equation (5.73) to obtain 𝑀 [1]u�u�+1
u�+1 (𝑡) and, thus, ∣𝜓u�+1(𝑡 + 𝛿𝑡, 𝑡, 𝑡)⟩.
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5.2 Time Evolution

• Remark: The state ∣u�u�+1(u� + u�u�, u�, u�)⟩ then corresponds to ∣u�u�+1(u� + u�u�, u�)⟩ in equation (5.18).

This procedure is repeated until 𝑗 = 𝐿 is reached.

For a left sweep we start with ∣𝜓(𝑡)⟩ to having its active site at 𝑗 = 𝐿 and constructing all tensors

𝒲
ℒ [0]

u� (𝑡, 𝑡) according to equation (5.6) unless they are already known from a previous sweep. We
solely use 𝐴- and 𝑊 -matrices from ∣𝜓(𝑡)⟩ and �̂�(𝑡), respectively. Then the procedure goes like
this:

1. From 𝑗 = 𝐿 on

a) From ∣𝜓u�(𝑡, 𝑡, 𝑡 + 𝛿𝑡)⟩ construct 𝒪 [1]
u� (𝑡, 𝑡, 𝑡 + 𝛿𝑡) according to equation (5.66).

• Remark: We may identify ∣u�u�(u�, u�, u� + u�u�)⟩ as from equation (5.64) with ∣u�u�(u� + u�u�, u�)⟩ from equation (5.18).

b) Solve equation (5.68) to find 𝑀 [1]u�u�
u� (𝑡 + 𝛿𝑡) and obtain, hence, ∣𝜓u�(𝑡, 𝑡 + 𝛿𝑡, 𝑡 + 𝛿𝑡)⟩.

• Remark 1: As before, solving equation (5.68) may, for example be achieved by applying the Krylov method
described in section 5.2.3.

• Remark 2: The state ∣u�u�(u�, u� + u�u�, u� + u�u�)⟩ corresponds to ∣u�u�−1,u�(u� + u�u�, u�)⟩ from equation (5.21).

c) Decompose 𝑀 [1]u�u�
u� (𝑡 + 𝛿𝑡) to obtain 𝐵[1]u�u�

u� (𝑡 + 𝛿𝑡).
• Remark 1: This and the following steps are necessary as the MPS needs to be updated to continue the time

evolution as specified by equation (5.18)..

• Remark 2: Either a QR decomposition or an SVD may be applied depending on whether or not truncation
is desired similarly to what was explained in section 4.2.2.

d) Construct 𝒬
ℛ[1]

u�;u�u�,u�u�
(𝑡 + 𝛿𝑡, 𝑡) alongside with 𝒲

ℛ[1]
u�−1 (𝑡 + 𝛿𝑡, 𝑡) as defined by equations

(5.72) and (5.8), respectively.
• Remark 1: The remaining part of the decomposition from the previous step is discarded.

• Remark 2: For the construction of 𝒲
ℛ[1]

u�−1 (u� + u�u�, u�) we use u�
[1]u�u�
u� (u� + u�u�) and u�

u�u�,u�′
u�

u� (u�).

e) Update the subsequent tensor 𝐴[0]u�u�−1
u�−1 (𝑡) with the help of 𝒬

ℛ[1]

u�;u�u�,u�u�
(𝑡 + 𝛿𝑡, 𝑡) according

to (5.74) to obtain 𝑀 [1]u�u�+1
u�−1 (𝑡) and, thus, ∣𝜓u�−1(𝑡, 𝑡, 𝑡 + 𝛿𝑡)⟩.

• Remark: The state ∣u�u�−1(u�, u�, u� + u�u�)⟩ then corresponds to ∣u�u�−1(u� + u�u�, u�)⟩ in equation (5.22).

The sweep ends when 𝑗 = 1 is reached.

In a complete time evolution from 𝑡 = 0 to 𝑡 = 𝑡max left and right sweeps are conducted alternately
until 𝑡max is reached and after each sweep �̂�(𝑡) is updated according to the discretization 𝛿𝑡.
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5 Algorithms Using Matrix Product States

5.2.5 The Time-dependent Variational Principle (TDVP)

The principal idea of the TDVP [135, 136] can easily be understood under the assumption that
the quantum state ∣𝜓(𝑡 + 𝛿𝑡)⟩ will not differ too much from the original one ∣𝜓(𝑡)⟩. Therefore,
instead of projecting ∣𝜓(𝑡)⟩ onto ∣𝜓(𝑡 + 𝛿𝑡)⟩ as does the local Krylov, before the time evolution is
conducted, the Hamiltonian �̂�(𝑡) is projected onto the tangent space of ∣𝜓(𝑡)⟩ and the solution of
the time-dependent Schrödinger equation is only computed on the so-obtained manifold of MPSs.

We therefore define the projector onto the tangent space of ∣𝜓(𝑡 + 𝛿𝑡)⟩ through [283]

𝒯 ∣u�⟩(𝑡) =
u�

∑
u�=1

𝒫 ∣u�⟩ℒ
u�−1 (𝑡) ⊗ �̂�u� ⊗ 𝒫 ∣u�⟩ℛ

u�+1 (𝑡) −
u�−1

∑
u�=1

𝒫 ∣u�⟩ℒ
u� (𝑡) ⊗ 𝒫 ∣u�⟩ℛ

u�+1 (𝑡) (5.75a)

=
u�

∑
u�=1

ℐ ∣u�⟩
u� (𝑡) ℐ ∣u�⟩†

u� (𝑡) −
u�−1

∑
u�=1

𝒥 ∣u�⟩
u� (𝑡) 𝒥 ∣u�⟩†

u� (𝑡), (5.75b)

where we have introduced

𝒥 ∣u�⟩
u� (𝑡, 𝑡′) = 𝒫 ∣u�⟩u�

u� (𝑡) ⊗ 𝒫 ∣u�⟩u�
u�+1 (𝑡′), (5.76)

𝒥 ∣u�⟩
u� (𝑡) = 𝒥 ∣u�⟩

u� (𝑡, 𝑡), (5.77)

c.f. figure 5.22. Note that for this construction we used the projectors from the previous section, c.f.

𝒥 ∣u�⟩
u� (𝑡, 𝑡′) ≡ u�1(u�) ⋯ u�u�(u�)

u�u� u�′
u�

u�u�+1(u�′) ⋯ u�u�(u�′)

u�1 u�u� u�u�+1 u�u�

u�0 u�1 u�u�−1 u�′
u�+1 u�′

u�−1 u�′
u�

Figure 5.22: Pictorial representation of the projector 𝒥 ∣u�⟩
u� (u�, u�′), c.f. equation (5.76).

equations (5.55) to (5.62) or equally figures 5.7 to 5.12. The tangent space operator 𝒯 ∣u�⟩(𝑡) from
equation (5.75) has a rather intuitive interpretation. The first term gives all MPSs that differ in at
most one site from the original MPS ∣𝜓(𝑡)⟩ while the second term removes all those MPSs that by
coincidence coincide with ∣𝜓(𝑡)⟩. Hence, the tangent space of ∣𝜓(𝑡)⟩ is constructed from MPSs that

differ in one site from ∣𝜓(𝑡)⟩, that is 𝑀
u�u�

u� is replaced by �̃�
u�u�

u� with [151]

𝑀
u�u�

u� ⋅ �̃�
†u�u�

u� = 0. (5.78)

Thus, instead of solving equation (5.15), we restrict ourselves to only doing the computation on the
above defined tangent space, i.e.

∣𝜓(𝑡 + 𝛿𝑡)⟩ = 𝑈𝒯 ∣u�⟩(u�)(𝑡 + 𝛿𝑡, 𝑡) ∣𝜓(𝑡)⟩ = e−i𝒯 ∣u�⟩(u�)û�(u�)u�u� ∣𝜓 (𝑡)⟩, (5.79)

= e
−i(∑u�

u�=1 ℐ
∣u�⟩
u� (u�)ℐ

∣u�⟩†
u� (u�)−∑u�−1

u�=1 𝒥
∣u�⟩
u� (u�)𝒥

∣u�⟩†
u� (u�))û�(u�)u�u�

∣𝜓 (𝑡)⟩. (5.80)
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As this problem, still, is not solvable in general, we in a first order approximation decompose the
above equation into 2𝐿 − 1 individual problems

∣𝜓(𝑡 + 𝛿𝑡)⟩ = e−iℐ
∣u�⟩
u� (u�)ℐ

∣u�⟩†
u� (u�)û�(u�)u�u� ∣𝜓 (𝑡)⟩, (5.81)

∣𝜓(𝑡 + 𝛿𝑡)⟩ = e+i𝒥
∣u�⟩
u� (u�)𝒥

∣u�⟩†
u� (u�)û�(u�)u�u� ∣𝜓 (𝑡)⟩, (5.82)

which we solve sequentially having again split the original problem into a series of local ones. Note
in particular that of those 2𝐿 − 1 problems we have 𝐿 forward time evolutions (5.81) and 𝐿 − 1
backward time evolutions (5.82).

Let us therefore again begin with the general partially time-evolved quantum state in MPS mixed-
canonical representation with active site 𝑗, c.f. also equation (5.64) or figure 5.13,

∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ = ∑
u�1,…,u�u�

𝐴u�1
1 (𝑡′) ⋯ 𝐴u�u�−1

u�−1 (𝑡′) 𝑀u�u�
u� (𝑡) 𝐵u�u�+1

u�+1 (𝑡″) ⋯ 𝐵u�u�
u� (𝑡″) ∣𝜎1, … , 𝜎u�⟩. (5.83)

For sequentially solving the individual problems, equation (5.81) takes the form

∣𝜓u�(𝑡′, 𝑡 + 𝛿𝑡, 𝑡″)⟩ = e−iℐ
∣u�⟩
u� (u�′,u�″)ℐ

∣u�⟩†
u� (u�′,u�″)û�(u�)u�u� ∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ (5.84a)

= e−iℐ
∣u�⟩
u� (u�′,u�″)ℐ

∣u�⟩†
u� (u�′,u�″)û�(u�)u�u�ℐ ∣u�⟩

u� (𝑡′, 𝑡″) ℐ ∣u�⟩†
u� (𝑡′, 𝑡″) ∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩ (5.84b)

= ℐ ∣u�⟩
u� (𝑡′, 𝑡″) e−iℐ

∣u�⟩†
u� (u�′,u�″)û�(u�)ℐ

∣u�⟩
u� (u�′,u�″)u�u�ℐ ∣u�⟩†

u� (𝑡′, 𝑡″) ∣𝜓u�(𝑡′, 𝑡, 𝑡″)⟩, (5.84c)

which, with the exception of the prefactor 1
u�‖|u�(u�)⟩‖

, is exactly the same as equation (5.65). Thus,
c.f. equation (5.66) or figure 5.14, we again identify the exponential with

𝒪u�(𝑡′, 𝑡, 𝑡″) = ℐ ∣u�⟩†
u� (𝑡′, 𝑡″) �̂� (𝑡) ℐ ∣u�⟩

u� (𝑡′, 𝑡″) = 𝒲
ℒ

u�−1(𝑡′, 𝑡) 𝑊
u�u�,u�′

u�

u� (𝑡) 𝒲
ℛ

u�+1(𝑡″, 𝑡) (5.85)

thereby obtaining the tensor (5.11) with time-dependent left and right tensors from equation (5.6)
and (5.7), respectively. Bearing in mind equation (5.67) and multiplying both sides of equation
(5.84) by ℐ ∣u�⟩†

u� (𝑡′, 𝑡″) we find neglecting the physical state ∣𝜎u�⟩

𝑀u�u�
u� (𝑡 + 𝛿𝑡) = e−i𝒪

u�
(u�′,u�,u�″)u�u�𝑀u�u�

u� (𝑡), (5.86)

in strict analogy to equation (5.68). Hence, this problem may be solved by means of the Krylov
method as explained in section 5.2.3.

In order to derive a similar single-site problem for the backward time evolution (5.82) we proceed
analogously. First, we introduce the general partially time-evolved transition state with active site
𝑗

∣𝜓u�;u�(𝑡′, 𝑡, 𝑡″)⟩ = ∑
u�1,…,u�u�

𝐴u�1
1 (𝑡′) ⋯ 𝐴u�u�

u� (𝑡′) 𝐶u�(𝑡) 𝐵u�u�+1
u�+1 (𝑡″) ⋯ 𝐵u�u�

u� (𝑡″) ∣𝜎1, … , 𝜎u�⟩, (5.87)

c.f. figure 5.23, allowing us similarly to the derivation of problem (5.84) to transform equation
(5.82) into

∣𝜓u�;u�(𝑡′, 𝑡, 𝑡″)⟩ = ei𝒥
∣u�u�⟩
u� (u�′,u�″)𝒥

∣u�u�⟩†
u� (u�′,u�″)û�(u�)u�u� ∣𝜓u�;u�(𝑡′, 𝑡 + 𝛿𝑡, 𝑡″)⟩ (5.88a)
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∣𝜓u�;u�(𝑡′, 𝑡, 𝑡″)⟩ ≡

u�1(u�′) ⋯ u�u�(u�′) u�u�(u�) u�u�+1(u�″) ⋯ u�u�(u�″)

u�1 u�u� u�u�+1 u�u�

u�0 u�1 u�u�−1 u�′
u� u�u� u�u�+1 u�u�−1 u�u�

Figure 5.23: Pictorial representation of the general partially time-evolved transition state
with active site u�, ∣u�u�;u�(u�′, u�, u�″)⟩, c.f. equation (5.87).

= ei𝒥
∣u�u�⟩
u� (u�′,u�″)𝒥

∣u�u�⟩†
u� (u�′,u�″)û�(u�)u�u�𝒥

∣u�u�⟩
u� (𝑡′, 𝑡″) 𝒥

∣u�u�⟩†
u� (𝑡′, 𝑡″) ∣𝜓u�;u�(𝑡′, 𝑡 + 𝛿𝑡, 𝑡″)⟩ (5.88b)

= 𝒥
∣u�u�⟩
u� (𝑡′, 𝑡″) ei𝒥

∣u�u�⟩†
u� (u�′,u�″)û�(u�)𝒥

∣u�u�⟩
u� (u�′,u�″)u�u�𝒥

∣u�u�⟩†
u� (𝑡′, 𝑡″) ∣𝜓u�;u�(𝑡′, 𝑡 + 𝛿𝑡, 𝑡″)⟩, (5.88c)

The argument in the exponential for this computation can be expressed via

𝒪u�;u�(𝑡′, 𝑡, 𝑡″) = 𝒥
∣u�u�⟩†
u� (𝑡′, 𝑡″) �̂� (𝑡) 𝒥

∣u�u�⟩
u� (𝑡′, 𝑡″) = 𝒲

ℒ
u� (𝑡′, 𝑡) 𝒲

ℛ
u�+1(𝑡″, 𝑡), (5.89)

c.f. figure 5.24, using again time-dependent versions of the left and right tensors from equation

𝒪u�;u�(𝑡′, 𝑡, 𝑡″) ≡

u�1(u�′) ⋯ u�u�(u�′) u�u�+1(u�″) ⋯ u�u�(u�″)

u�1(u�) ⋯ u�u�(u�) u�u�+1(u�) ⋯ u�u�(u�)

u�1(u�′) ⋯ u�u�(u�′) u�u�+1(u�″) ⋯ u�u�(u�″)

u�0

u�1 u�u�−1 u�′
u� u�u� u�u�+1 u�u�−1

u�u�

u�0 u�1 u�u�−1 u�u� u�u�+1 u�u�−1 u�u�

u�0

u�1 u�u�−1

u�′
u� u�u�

u�u�+1 u�u�−1

u�u�u�1 u�u� u�u�+1 u�u�

u�′
1 u�′

u� u�′
u�+1 u�′

u�

= 𝒲 ℒ
u� (u�′, u�) 𝒲 ℛ

u�+1(u�″, u�)
u�u�

u�′
u�

u�′
u�

u�u�

u�u�

Figure 5.24: Pictorial representation of equation (5.89).

(5.6) and (5.7), respectively, where all 𝐴-matrices in 𝒲
ℒ

u�−1(𝑡′, 𝑡) depend on 𝑡′, all 𝐵-matrices in

𝒲
ℛ

u�−1(𝑡″, 𝑡) on 𝑡″, and the dependence on time 𝑡 is only due to the 𝑊 -matrices of the Hamiltonian.
Evidently 𝒪u�;u�(𝑡′, 𝑡, 𝑡″) can, thus, be constructed recursively as follows from equations (5.8) and
(5.9). We compute

𝒥
∣u�u�⟩†
u� (𝑡′, 𝑡″) ∣𝜓u�;u�(𝑡′, 𝑡, 𝑡″)⟩ = 𝐶u�(𝑡), (5.90)
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5.2 Time Evolution

𝐶u�(𝑡) ≡

u�1(u�′) ⋯ u�u�(u�′) u�u�(u�) u�u�+1(u�″) ⋯ u�u�(u�″)

u�1(u�′) ⋯ u�u�(u�′) u�u�+1(u�″) ⋯ u�u�(u�″)

u�0

u�1 u�u�−1 u�′
u� u�u� u�u�+1 u�u�−1

u�u�

u�0 u�1 u�u�−1 u�′
u� u�u� u�u�+1 u�u�−1

u�u�

u�1 u�u� u�u�+1 u�u�

= u�u�(u�)u�′
u� u�u�

Figure 5.25: Pictorial representation of equation (5.90).

c.f. figure 5.25, and apply 𝒥
∣u�u�⟩†
u� (𝑡′, 𝑡″) to both sides of equation (5.88) to find

𝐶u�(𝑡) = ei𝒪
u�;u�

(u�′,u�,u�″)u�u�𝐶u�(𝑡 + 𝛿𝑡), (5.91)

which, as before, is of type (5.15) with 𝒪u�;u� (𝑡′, 𝑡, 𝑡″) as �̂�(𝑡) and 𝐶u� as ∣𝜓(𝑡)⟩, its solution being
obtained from the Krylov method explained in section 5.2.3.

Now we have all the ingredients to formulate the TDVP algorithm in its entirety: For a right sweep
we start with ∣𝜓(𝑡)⟩ with its active site at 𝑗 = 1 and construct all tensors 𝒲

ℛ[0]
u� (𝑡, 𝑡) according to

equation (5.7) in case we do not have access to them from a previous sweep using only 𝐵- and
𝑊 -matrices from ∣𝜓(𝑡)⟩ and �̂�(𝑡), respectively. Then the routine goes as follows, the index in square
brackets specifies again the number of the sweep:

1. From 𝑗 = 1 on

a) From ∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡, 𝑡)⟩ construct 𝒪 [1]
u� (𝑡 + 𝛿𝑡, 𝑡, 𝑡) according to equation (5.85).

• Remark: We may identify ∣u�u�(u� + u�u�, u�, u�)⟩ as from equation (5.83) with ∣u�u�(u� + u�u�, u�)⟩ from equation (5.18).

b) Solve equation (5.86) to find 𝑀 [1]u�u�
u� (𝑡 + 𝛿𝑡) and obtain, hence, ∣𝜓u�(𝑡 + 𝛿𝑡, 𝑡 + 𝛿𝑡, 𝑡)⟩.

• Remark 1: Solving equation (5.86) may, for example, be achieved by applying the Krylov method described
in section 5.2.3

• Remark 2: The state ∣u�u�(u� + u�u�, u� + u�u�, u�)⟩ corresponds to ∣u�u�+1,u�(u� + u�u�, u�)⟩ in equation (5.17).

c) Decompose
𝑀 [1]u�u�

u� (𝑡 + 𝛿𝑡) = 𝐴[1]u�u�
u� (𝑡 + 𝛿𝑡) ⋅ 𝐶 [1]

u� (𝑡 + 𝛿𝑡), (5.92)

c.f. figure 5.26, yielding the state ∣𝜓u�;u�(𝑡 + 𝛿𝑡, 𝑡 + 𝛿𝑡, 𝑡)⟩, c.f. equation (5.87).

• Remark: Here, a QR decomposition rather than an SVD is preferably applied as that way both, the norm
as, well as the energy of the state are conserved.

d) Construct 𝒲
ℒ [1]

u� (𝑡 + 𝛿𝑡, 𝑡) and therefrom 𝒪u�;u�(𝑡 + 𝛿𝑡, 𝑡 + 𝛿𝑡, 𝑡) as defined by equations
(5.9) and (5.89), respectively.

e) Solve equation (5.91) to obtain 𝐶 [1]
u� (𝑡).

• Remark: Again, the Krylov method, c.f. section 5.2.3, may be applied here.
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f) Contract
𝑀 [1]u�u�

u�+1 (𝑡) = 𝐶 [1]
u� (𝑡) ⋅ 𝐵[0]u�u�+1

u�+1 (𝑡), (5.93)

5.27, to end up with ∣𝜓u�+1(𝑡 + 𝛿𝑡, 𝑡, 𝑡)⟩.

• Remark 1: Now, ∣u�u�+1(u� + u�u�, u�, u�)⟩ corresponds to ∣u�u�+1(u� + u�u�, u�)⟩ in equation (5.18).

• Remark 2: Only by means of this second backward time evolution equation (5.18) is satisfied.

At 𝑗 = 𝐿 the sweep has ended and we have time evolved ∣𝜓(𝑡 + 𝛿𝑡)⟩ from ∣𝜓(𝑡)⟩.

𝑀 [1]u�u�
u� (𝑡 + 𝛿𝑡) ≡

u�[1]
u� (u� + u�u�)u�u�−1

u�u�

u�u�

=
u�[1]

u� (u� + u�u�) u�[1]
u� (u� + u�u�)u�u�−1

u�u�

u�u�
u�′

u�

Figure 5.26: Pictorial representation of equation (5.92).

𝑀 [1]u�u�+1
u�+1 (𝑡) ≡

u�[1]
u�+1(u�)u�u�

u�u�+1

u�u�+1

=
u�[1]

u� (u�) u�[0]
u�+1(u�)u�u�

u�u�+1

u�u�+1
u�′

u�

Figure 5.27: Pictorial representation of equation (5.93).

The procedure for a left sweep works quite analogously. We begin with ∣𝜓(𝑡)⟩, the active site being

𝑗 = 𝐿 and might need to construct all tensors 𝒲
ℒ [0]

u� (𝑡, 𝑡) defined by equation (5.6). Only 𝐴- and
𝑊 -matrices from ∣𝜓(𝑡)⟩ and �̂�(𝑡), respectively, are incorporated at this point. Then the algorithm
goes

1. From 𝑗 = 𝐿 on

a) From ∣𝜓u�(𝑡, 𝑡, 𝑡 + 𝛿𝑡)⟩ construct 𝒪 [1]
u� (𝑡, 𝑡, 𝑡 + 𝛿𝑡) according to equation (5.85).

• Remark: We may identify ∣u�u�(u�, u�, u� + u�u�)⟩ as from equation (5.83) with ∣u�u�(u� + u�u�, u�)⟩ from equation (5.18).

b) Solve equation (5.86) to find 𝑀 [1]u�u�
u� (𝑡 + 𝛿𝑡) and obtain, hence, ∣𝜓u�(𝑡, 𝑡 + 𝛿𝑡, 𝑡 + 𝛿𝑡)⟩.

• Remark 1: As before, solving equation (5.86) may, for example, be achieved by applying the Krylov method
described in section 5.2.3

• Remark 2: The state ∣u�u�(u�, u� + u�u�, u� + u�u�)⟩ corresponds to ∣u�u�−1,u�(u� + u�u�, u�)⟩ in equation (5.21).

c) Decompose
𝑀 [1]u�u�

u� (𝑡 + 𝛿𝑡) = 𝐶 [1]
u�−1(𝑡 + 𝛿𝑡) ⋅ 𝐵[1]u�u�

u� (𝑡 + 𝛿𝑡), (5.94)

c.f. figure 5.28, yielding the state ∣𝜓u�;u�(𝑡, 𝑡 + 𝛿𝑡, 𝑡 + 𝛿𝑡)⟩, c.f. equation (5.87).

• Remark: Here, a QR decomposition rather than an SVD is preferably applied as that way both, the norm
as, well as the energy of the state are conserved.
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d) Construct 𝒲
ℛ[1]

u� (𝑡 + 𝛿𝑡, 𝑡) and therefrom 𝒪u�;u�(𝑡, 𝑡 + 𝛿𝑡, 𝑡 + 𝛿𝑡) as defined by equations
(5.8) and (5.89), respectively.

e) Solve equation (5.91) to obtain 𝐶 [1]
u�−1(𝑡).

• Remark: Again, the Krylov method, c.f. section 5.2.3, may be applied here.

f) Contract
𝑀 [1]u�u�−1

u�−1 (𝑡) = 𝐴[0]u�u�−1
u�−1 (𝑡) ⋅ 𝐶 [1]

u�−1(𝑡), (5.95)

c.f. figure 5.29, to end up with ∣𝜓u�−1(𝑡, 𝑡, 𝑡 + 𝛿𝑡)⟩.

• Remark 1: Now, ∣u�u�−1(u�, u�, u� + u�u�)⟩ corresponds to ∣u�u�−1(u� + u�u�, u�)⟩ in equation (5.22).

• Remark 2: Only by means of this second backward time evolution equation (5.22) is satisfied.

The sweep is complete when 𝑗 = 1 is reached.

𝑀 [1]u�u�
u� (𝑡 + 𝛿𝑡) ≡

u�[1]
u� (u� + u�u�)u�u�−1

u�u�

u�u�

=
u�[1]

u�−1(u� + u�u�) u�[1]
u� (u� + u�u�)u�u�−1

u�u�

u�u�
u�′

u�−1

Figure 5.28: Pictorial representation of equation (5.94).

𝑀 [1]u�u�−1
u�−1 (𝑡) ≡

u�[1]
u�−1(u� + u�u�)u�u�−2

u�u�−1

u�u�−1

=
u�[0]

u�−1(u� + u�u�) u�[1]
u�−1(u� + u�u�)u�u�−2

u�u�−1

u�u�−1
u�′

u�−1

Figure 5.29: Pictorial representation of equation (5.95).

Just like for the local Krylov method in a complete time evolution left and right sweeps are conducted
alternately until the maximum time is reached and after each sweep �̂�(𝑡) is updated according to
the discretization 𝛿𝑡.

5.3 One-site Vs. Two-site Implementations

For all variational methods from the above chapters, including the variational compression and the
variational MPO application, as well as the local Krylov algorithm, we have presented the so-called
one-site variant only. An extension to all these methods is provided by a two-site variant, where
instead of one active site, two neighboring active sites are modified in each step of each sweep. In
case of a right sweep, we construct a two-site active tensor by reshaping

𝑀u�u�,u�u�+1
u�,u�+1 = 𝑀u�u�

u� 𝐵u�u�+1
u�+1 , (5.96)
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for a left sweep, we have
𝑀u�u�−1,u�u�

u�−1,u� = 𝐴u�u�−1
u�−1 𝑀u�u�

u� , (5.97)

and clearly, the left and right tensors need to be adjusted accordingly. The principal ideas of the
respective algorithms, however, remain the same. Once the two-site active tensor is updated, it is
decomposed to obtain the new 𝐴- or 𝐵-matrix, respectively. At this point, the algorithms proceed
slightly differently. The two-site local Krylov method discards the remainder of the SVD of the
time-evolved two-site active tensor and projects the two subsequent sites from 𝑗 on into the new
basis. The two-site implementation of the TDVP, instead, uses the remainder to construct an
𝑀 -matrix at site 𝑗 ± 1 and then does the backward time evolution as in the one-site implementation.
In DMRG the procedure is similar: After solving the local problem, e.g. by means of applying the
Lanczos algorithm, for the two-site active tensor, the result is SV decomposed and the remainder
is simply fused to the subsequent tensor which corresponds to an ordinary shift of the active site.
The extension for the variational MPS truncation and the variational MPO application is by far
the easiest. After the SVD, the remainder is discarded and the next two-site active tensor is
constructed.

With more operations required the two-site variants for all the algorithms are obviously slower than
their one-site counterparts. Nevertheless, most often the two-site variants are preferred as they allow
through the SVD for flexibility regarding the bond dimensions, that is it can be enhanced, if during
the algorithm the originally chosen one turns out to be too small. Yet still, another disadvantage is
that the extra SVD will, provided truncation is applied, introduce an additional error. Especially
when it comes to the TDVP its two-site variant is disadvantageous in the sense that unlike for the
one-site implementation both, the norm and the energy, of the time-evolved MPS are no conserved
quantities anymore. Hence, often times a hybrid scheme is employed. First the time evolution is
computed using the two-site variant until the bond dimension saturates or a previously specified
maximum value is reached, afterwards the scheme is changed to the one-site implementation, c.f.
references [283, 280, 127] for further reading.
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6 Single Particle Spectral Functions and Optical
Conductivities In and Out-of-equilibrium and Excitation
Protocols

We present the spectral function, as well as the optical conductivity as the principle observables for
our investigations. We will show that these quantities are related to one another. Since both are
measured in different types of experiments, we will, hence, also discuss and later compute both.
Here we proceed similarly as is done in reference [284] which served as the basis for this chapter.
However, we shall also go beyond and explore several variants for the theoretical description of
out-of-equilibrium setups. As we shall learn there is no single general theory. Instead, depending
on the particular problem different approaches have been proposed of which we will give a brief
overview at the end of this chapter.

6.1 Spectral Functions

Spectral functions have already been described in great detail, where, at this point we refer to two
examples [48, 178] for detailed explanations and [357] for a quick introduction. All these works have
in common, however, that they concern equilibrium, both thermal and non-thermal, systems, c.f. for
instance [260]. Even in these cases, however, the computation of spectral functions is a non-trivial
task when it comes to many-body problems. Here, often only an approximative solution is possible.
A standard approach would be the application of perturbation theory as for example in references
[75, 113, 430, 230]. Still, spectral functions have already been computed numerically applying
the DMRG, see for instance [203, 414]. Spectral functions are of great importance when it comes
to the theoretical explanation of equilibrium [71], as well as non-equilibrium [184] ARPES-type
experiments.

However, when it comes to a description of out-of-equilibrium phenomena, the situation is quite
confusing since instead of a single clear approach there exists a plethora of different definitions
depending on the particular problem at hand. The theoretical challenge, as we shall particularly
elaborate on in section 6.1.2, is how to transform a two-time Green’s function into a single-frequency
spectral function. Indeed, this problems is only hardly covered even in modern textbooks, see for
instance [347]. While some approaches conduct two partial transformations, c.f. for example [266],
others only do one. This path has, for instance, been chosen in references [15, 51, 255, 256, 257]
and shall also be our method of choice. Thus, in this section we shall first present our definition of
Green’s functions to then directly derive time-dependent non-equilibrium spectral functions from
which their equilibrium analog may be derived as a special case. We will predominantly focus on
a Fourier transform-based approach to obtain the spectral functions, but also briefly outline how
to construct them from a frequency space approach, namely the Chebyshev formalism followed by
an explanation of why this procedure is impractical to a treatment of non-equilibrium problems.
We only mention at this point that there do exist other methods, for instance the band Lanczos
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algorithm, c.f. [213], but will refrain from further explanations at this point. While the topic of
non-equilibrium spectral functions is in general rather wide, we refer to [5] for a brief introduction.
We will devote section 6.3 to discussing more complex problems.

6.1.1 Green’s Functions

We define the lesser and greater Green’s function for operators ̂𝐴 and �̂� and times 𝑡1 and 𝑡2 with
respect to state ∣𝜓⟩ via

𝒢 <
û�,û�

(𝑡1, 𝑡2) = ⟨𝜓∣ ̂𝐴(𝑡1) �̂�(𝑡2) ∣𝜓⟩, (6.1)

𝒢 >
û�,û�

(𝑡1, 𝑡2) = ⟨𝜓∣ �̂�(𝑡2) ̂𝐴(𝑡1) ∣𝜓⟩. (6.2)

Employing a mixture of the Heisenberg and the Schrödinger picture, exploiting basic properties of
the time evolution operator 𝑈(𝑡2, 𝑡1), c.f. sections 2.4 and 2.5, respectively, we find these functions
to fulfill the following identities

𝒢 <
û�,û�

(𝑡1, 𝑡2) = ⟨𝜓∣ ̂𝐴(𝑡1) �̂�(𝑡2) ∣𝜓⟩ = ⟨𝜓∣ 𝑈†(𝑡1, 0) ̂𝐴𝑈(𝑡1, 0) 𝑈†(𝑡2, 0) �̂�𝑈(𝑡2, 0) ∣𝜓⟩ (6.3a)

= ⟨𝜓∣ 𝑈†(𝑡2, 0) 𝑈(𝑡2, 0) 𝑈†(𝑡1, 0) ̂𝐴𝑈(𝑡1, 0) 𝑈†(𝑡2, 0) �̂�𝑈(𝑡2, 0) ∣𝜓⟩ (6.3b)

= ⟨𝜓(𝑡2)∣ ̂𝐴(𝑡1 − 𝑡2) �̂� ∣𝜓(𝑡2)⟩ (6.3c)

= ⟨𝜓∣ 𝑈†(𝑡1, 0) ̂𝐴𝑈(𝑡1, 0) 𝑈†(𝑡2, 0) �̂�𝑈(𝑡2, 0) 𝑈†(𝑡1, 0) 𝑈(𝑡1, 0) ∣𝜓⟩ (6.3d)

= ⟨𝜓(𝑡1)∣ ̂𝐴�̂�(𝑡2 − 𝑡1) ∣𝜓(𝑡1)⟩, (6.3e)

𝒢 >
û�,û�

(𝑡1, 𝑡2) = ⟨𝜓∣ �̂�(𝑡2) ̂𝐴(𝑡1) ∣𝜓⟩ = ⟨𝜓∣ 𝑈†(𝑡2, 0) �̂�𝑈(𝑡2, 0) 𝑈†(𝑡1, 0) ̂𝐴𝑈(𝑡1, 0) ∣𝜓⟩ (6.4a)

= ⟨𝜓∣ 𝑈†(𝑡1, 0) 𝑈(𝑡1, 0) 𝑈†(𝑡2, 0) �̂�𝑈(𝑡2, 0) 𝑈†(𝑡1, 0) ̂𝐴𝑈(𝑡1, 0) ∣𝜓⟩ (6.4b)

= ⟨𝜓(𝑡1)∣ �̂�(𝑡2 − 𝑡1) ̂𝐴 ∣𝜓(𝑡1)⟩ (6.4c)

= ⟨𝜓∣ 𝑈†(𝑡2, 0) �̂�𝑈(𝑡2, 0) 𝑈†(𝑡1, 0) ̂𝐴𝑈(𝑡1, 0) 𝑈†(𝑡2, 0) 𝑈(𝑡2, 0) ∣𝜓⟩ (6.4d)

= ⟨𝜓(𝑡2)∣ �̂� ̂𝐴(𝑡1 − 𝑡2) ∣𝜓(𝑡2)⟩. (6.4e)

Note that compared to most standard textbooks we have neglected the imaginary unit i and
(different) signs in our definitions of 𝒢 <

û�,û�
(𝑡1, 𝑡2) and 𝒢 >

û�,û�
(𝑡1, 𝑡2).

6.1.2 Derivation of the Spectral Function

Based on the definition of the lesser and greater Green’s functions, (6.1) and (6.2), from the above
section, we define momentum-dependent specifications

𝒢 <(𝑘, 𝑡1, 𝑡2) = 𝒢 <
̂u�†
u�, ̂u�u�

(𝑡1, 𝑡2) = ⟨𝜓∣ ̂𝑐†
u�(𝑡1) ̂𝑐u�(𝑡2) ∣𝜓⟩, (6.5)

𝒢 >(𝑘, 𝑡1, 𝑡2) = 𝒢 >
̂u�†
u�, ̂u�u�

(𝑡1, 𝑡2) = ⟨𝜓∣ ̂𝑐u�(𝑡2) ̂𝑐†
u�(𝑡1) ∣𝜓⟩ , (6.6)

where ̂𝑐(†)
u� is the annihilation (creation) operator for a single fermion of momentum 𝑘. For the

remainder of this chapter, we extend the notion of 𝑘 not only to the physical momentum but also
to other quantum numbers like spin or band indices. It may, thus, be also regarded as a superindex.
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The momentum dependent Green’s functions form the basis to introducing time-dependent lesser
and greater spectral functions. Clearly, to obtain such spectral functions at this point a Fourier
transform from time to frequency space needs to be performed, which, however, as there are two
time variables, may be done in different ways. In principle, there exist two procedures yielding two
similar yet in general different definitions. For further reading on this issue we refer, for instance, to
[179].

We begin with the definition in so-called Wigner coordinates, where we have

𝒜 <(𝑘, 𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′

𝒢 <(𝑘, 𝑡 + 𝑡′/2, 𝑡 − 𝑡′/2) (6.7a)

= ∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝜓(𝑡 − 𝑡′/2)∣ ̂𝑐†

u�(𝑡′) ̂𝑐u� ∣𝜓(𝑡 − 𝑡′/2)⟩, (6.7b)

𝒜 >(𝑘, 𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′

𝒢 >(𝑘, 𝑡 + 𝑡′/2, 𝑡 − 𝑡′/2) (6.8a)

= ∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝜓(𝑡 − 𝑡′/2)∣ ̂𝑐u� ̂𝑐†

u�(𝑡′) ∣𝜓(𝑡 − 𝑡′/2)⟩. (6.8b)

In this case 𝑡 is also called the average time, while 𝑡′ is referred to as the relative time. Note that
because the momentum-dependent Green’s functions are Hermitian symmetric in 𝑡′, that is

𝒢 <,>(𝑘, 𝑡 − 𝑡′/2, 𝑡 + 𝑡′/2) = 𝒢 <,>∗(𝑘, 𝑡 + 𝑡′/2, 𝑡 − 𝑡′/2), (6.9)

we may compute the spectral functions through

𝒜 <,>(𝑘, 𝜔, 𝑡) = 2Re(∫
∞

0
d𝑡′e−iu�u�′

𝒢 <,>(𝑘, 𝑡 + 𝑡′/2, 𝑡 − 𝑡′/2)). (6.10)

An alternative is provided by means of using relative coordinates

𝒜 <(𝑘, 𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′

𝒢 <(𝑘, 𝑡 + 𝑡′, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝜓(𝑡)∣ ̂𝑐†

u�(𝑡′) ̂𝑐u� ∣𝜓(𝑡)⟩, (6.11)

𝒜 >(𝑘, 𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′

𝒢 >(𝑘, 𝑡 + 𝑡′, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝜓(𝑡)∣ ̂𝑐u� ̂𝑐†

u�(𝑡′) ∣𝜓(𝑡)⟩, (6.12)

where the Fourier transform is simply performed in the relative time 𝑡′. Note that in this case, the
momentum-dependent Green’s functions are not Hermitian symmetric in 𝑡′ anymore, i.e. in general
we have

𝒢 <,>(𝑘, 𝑡 − 𝑡′, 𝑡) ≠ 𝒢 <,>∗(𝑘, 𝑡 + 𝑡′, 𝑡) . (6.13)

If, however, we assume (6.13) to approximately hold for the problem under investigation, the
computation of the spectral function reduces to

𝒜 <,>(𝑘, 𝜔, 𝑡) = 2Re(∫
∞

0
d𝑡′e−iu�u�′

𝒢 <,>(𝑘, 𝑡 + 𝑡′, 𝑡)). (6.14)

From a physical point of view, this assumption is particularly valid, if the system under consideration
is expected to only slightly deviate from the equilibrium case. For further remarks on this issue see
appendix C.
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The choice of which of the above transformations to apply highly depends on the problem at hand.
We will get back to this issue in section 6.3. Note further that in numerical computations we need
to add an extra term enforcing convergence. This is achieved by means of an additional damping 𝜂,
i.e. we change in the above Fourier transformations

𝜔 → 𝜔 − i𝜂, 𝜂 > 0 (6.15)

The right choice of 𝜂 is again a non-trivial task. Chosen too large it will result in a too strong
broadening of the output signal such that smaller components might be suppressed. If, on the other
hand, it is too weak it might not serve its original purpose.

In case we take equation (6.13) by heart the numerical evaluation of equations (6.11) and (6.12)
becomes more difficult. Then, more care needs to be taken, see appendix A.1.6. We show how
these approaches change the output data in appendix C. There we will find that for the numerical
computations of spectral functions it is best to make use of Hermitian symmetry in 𝑡′ when its
application is physically reasonable. In other cases damping and zero padding the input signal
may already lead to satisfactory results for the real part, while the absolute value should always be
considered as interpretable in order to be able to rule out effects originating from spectral leaking.
Note that we will restrict our discussions to time-independent Hamiltonians for which the spectral
functions can be proven to be not only real but also positive, when relative coordinates are employed,
as shown in appendix C.

In either case of choice of coordinates or Fourier transform, the total spectrum is given by

𝒜(𝑘, 𝜔, 𝑡) = 𝒜 <(𝑘, 𝜔, 𝑡) + 𝒜 >(𝑘, 𝜔, 𝑡). (6.16)

Note that spectral functions are conceptually closely related to dynamic structure factors for spin
operators, compare for instance [359, 54, 27], so that these considerations should be applicable to
these quantities as well.

6.1.3 Special Case of Non-interacting Time-independent Systems with Respect to an
Eigenstate

In case the Hamiltonian of the system is time-independent and the state ∣𝜓⟩ the Green’s functions
are computed with reference to is an eigenstate of this very Hamiltonian, such that we have

𝑈(𝑡2, 𝑡1) ∣𝜓⟩ = e−iû�(u�2−u�1) ∣𝛼⟩ = e−iu�u�(u�2−u�1) ∣𝛼⟩, (6.17)

the Green’s functions will only depend on a time difference

𝒢 <
û�,û�

(𝑡1, 𝑡2) = ⟨𝛼∣ ̂𝐴(𝑡1 − 𝑡2) �̂� ∣𝛼⟩ = ⟨𝛼∣ ̂𝐴�̂�(𝑡2 − 𝑡1) ∣𝛼⟩, (6.18)

𝒢 >
û�,û�

(𝑡1, 𝑡2) = ⟨𝛼∣ �̂�(𝑡2 − 𝑡1) ̂𝐴 ∣𝛼⟩ = ⟨𝛼∣ �̂� ̂𝐴(𝑡1 − 𝑡2) ∣𝛼⟩, (6.19)

and, thus, a single time variable 𝑡′ = 𝑡1 − 𝑡2, i.e.

𝒢 <
û�,û�

(𝑡′) = ⟨𝛼∣ ̂𝐴(𝑡′) �̂� ∣𝛼⟩ = ⟨𝛼∣ ̂𝐴�̂�(−𝑡′) ∣𝛼⟩, (6.20)

𝒢 >
û�,û�

(𝑡′) = ⟨𝛼∣ �̂�(−𝑡′) ̂𝐴 ∣𝛼⟩ = ⟨𝛼∣ �̂� ̂𝐴(𝑡′) ∣𝛼⟩, (6.21)
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This follows directly from equations (6.1) and (6.2). Clearly, this property is inherited by the
spectral functions, such that, as a consequence, both definitions using Wigner or relative coordinates
collapse to the same expression

𝒜 <,>(𝑘, 𝜔) = ∫
∞

−∞
d𝑡′e−iu�u�′

𝒢 <,>(𝑘, 𝑡′) = 2Re(∫
∞

0
d𝑡′e−iu�u�′

𝒢 <,>(𝑘, 𝑡′)). (6.22)

We can formally solve the above equation by employing the Lehmann representation of the
momentum-dependent Green’s functions

𝒢 <(𝑘, 𝑡′) = ⟨𝛼∣ ̂𝑐†
u�(𝑡′) ̂𝑐u� ∣𝛼⟩ = ∑

u�
⟨𝛼u�∣ eiû�u�′ ̂𝑐†

u�e−iû�u�′ ∣𝑛u�−1⟩ ⟨𝑛u�−1∣ ̂𝑐u� ∣𝛼u�⟩, (6.23a)

= ∑
u�

ei(u�u�
u� −u�u�−1

u� )u�′ ⟨𝛼u�∣ ̂𝑐†
u� ∣𝑛u�−1⟩ ⟨𝑛u�−1∣ ̂𝑐u� ∣𝛼u�⟩ (6.23b)

= ∑
u�

ei(u�u�
u� −u�u�−1

u� )u�′ ∣⟨𝑛u�−1∣ ̂𝑐u� ∣𝛼u�⟩∣2, (6.23c)

𝒢 >(𝑘, 𝑡′) = ⟨𝛼∣ ̂𝑐u� ̂𝑐†
u�(𝑡′) ∣𝛼⟩ = ∑

u�
⟨𝛼u�∣ ̂𝑐u� ∣𝑛u�+1⟩ ⟨𝑛u�+1∣ eiû�u�′ ̂𝑐†

u�e−iû�u�′ ∣𝛼u�⟩, (6.24a)

= ∑
u�

ei(u�u�+1
u� −u�u�

u� )u�′ ⟨𝛼u�∣ ̂𝑐u� ∣𝑛u�+1⟩ ⟨𝑛u�+1∣ ̂𝑐†
u� ∣𝛼u�⟩ (6.24b)

= ∑
u�

e−i(u�u�
u� −u�u�+1

u� )u�′ ∣⟨𝑛u�+1∣ ̂𝑐†
u� ∣𝛼u�⟩∣2. (6.24c)

Here we have expanded our notation with a superscript of the particle number 𝑀 to indicate the
respective particle number sectors of the Hilbert space we operate in. Note also that by construction
the momentum-dependent Green’s functions are Hermitian symmetric in 𝑡′. Inserting the Lehmann
representations into equation (6.22), we find for the spectral functions

𝒜 <(𝑘, 𝜔) = ∫
∞

−∞
d𝑡′ ∑

u�
e−i(u�−(u�u�

u� −u�u�−1
u� ))u�′ ∣⟨𝑛u�−1∣ ̂𝑐u� ∣𝛼u�⟩∣2 (6.25a)

= 2π ∑
u�

𝛿(𝜔 − (𝐸u�
u� − 𝐸u�−1

u� )) ∣⟨𝑛u�−1∣ ̂𝑐u� ∣𝛼u�⟩∣2, (6.25b)

𝒜 >(𝑘, 𝜔) = ∫
∞

−∞
d𝑡′ ∑

u�
e−i(u�+(u�u�

u� −u�u�+1
u� ))u�′ ∣⟨𝑛u�+1∣ ̂𝑐†

u� ∣𝛼u�⟩∣2 (6.26a)

= 2π ∑
u�

𝛿(𝜔 + (𝐸u�
u� − 𝐸u�+1

u� )) ∣⟨𝑛u�+1∣ ̂𝑐†
u� ∣𝛼u�⟩∣2. (6.26b)

We learn that the lesser spectral function shows peaks at those energies that correspond to the
energy differences of the reference state ∣𝛼u�⟩ and all eigenstates of the sector of the Hilbert space
with one less particle. Similarly, the greater spectral function has its peaks at energies corresponding
to the differences of the energies of all eigenstates with one additional particle and the reference
state ∣𝛼u�⟩.

If we in addition to the assumptions of measuring with respect to an eigenstate and a time
independence of the Hamiltonian suppose it to be bilinear, which implies also that it is non-
interacting, i.e.

�̂� = ∑
u�

𝜀u� ̂𝑐†
u� ̂𝑐u�, (6.27)
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the spectral functions have a very clear interpretation. From the Heisenberg equation of motion
(2.43) we obtain

d
d𝑡

̂𝑐†
u�(𝑡) = i ∑

u�′

𝜀u�′ [ ̂𝑐†
u�′ ̂𝑐u�′, ̂𝑐†

u�] = i ∑
u�′

𝜀u�′ ̂𝑐†
u�′ { ̂𝑐†

u�, ̂𝑐u�′} = i ∑
u�′

𝜀u�′ ̂𝑐†
u�′𝛿u�,u�′ = i𝜀u� ̂𝑐†

u� (6.28a)

⇒ ̂𝑐†
u�(𝑡) = eiu�u�u� ̂𝑐†

u�, (6.28b)

which yields

𝒢 <(𝑘, 𝑡′) = ⟨𝛼∣ ̂𝑐†
u�(𝑡′) ̂𝑐u� ∣𝛼⟩ = eiu�u�u�′ ⟨𝛼∣ ̂𝑐†

u� ̂𝑐u� ∣𝛼⟩, (6.29)

𝒢 >(𝑘, 𝑡′) = ⟨𝛼∣ ̂𝑐u� ̂𝑐†
u�(𝑡′) ∣𝛼⟩ = eiu�u�u�′ ⟨𝛼∣ ̂𝑐u� ̂𝑐†

u� ∣𝛼⟩ (6.30)

and thus

𝒜 <(𝑘, 𝜔) = ∫
∞

−∞
d𝑡′e−i(u�−u�u�)u�′

⟨𝛼∣ ̂𝑐†
u� ̂𝑐u� ∣𝛼⟩ = 2π𝛿(𝜔 − 𝜀u�) ⟨𝛼∣ ̂𝑐†

u� ̂𝑐u� ∣𝛼⟩, (6.31)

𝒜 >(𝑘, 𝜔) = ∫
∞

−∞
d𝑡′e−i(u�−u�u�)u�′

⟨𝛼∣ ̂𝑐u� ̂𝑐†
u� ∣𝛼⟩ = 2π𝛿(𝜔 − 𝜀u�) ⟨𝛼∣ ̂𝑐u� ̂𝑐†

u� ∣𝛼⟩. (6.32)

Hence, in this special case the lesser spectral function reflects the dispersion relation 𝜀u� at the
occupied modes of the reference state ∣𝛼⟩, while the greater spectral functions reflects those that
are not. The eigenstates are equally simple, namely

∣𝛼u�⟩ = ∏
u�∈u�u�

̂𝑐†
u� |∅⟩, (6.33)

where 𝐾u� is a set of 𝑀 ordered indices 𝑘, i.e. card(𝐾u�) = 𝑀 and 𝑘u� < 𝑘u�+1∀𝑘u� ∈ 𝐾u� and |∅⟩ is
the vacuum state. In simple words, the eigenstates are determined by successively adding 𝑀 modes
to the vacuum. The ordering of the indices is required to avoid fermionic sign problems.

Often times the reference state is the ground state, i.e. |𝛼 = 0⟩ = |GS⟩. For this eigenstate the 𝑀
indices 𝑘u� are chosen for which the dispersion relation 𝜀u�u�

takes the 𝑀 smallest values, such that
the lesser spectral function resembles the occupied part of the lowest energies of the dispersion and
the greater spectral function the remaining unoccupied part. A frequent notation is

|GS⟩ = ∏
u�≤u�F

̂𝑐†
u� |∅⟩, (6.34)

where 𝑘F is called the Fermi wave vector.

6.1.4 Construction from MPSs

Evaluating the spectral functions in terms of MPSs poses several difficulties we shall address at
this point. Suppose that the problem at hand is to compute the lesser or greater spectral function
𝒜 <,>(𝑘, 𝜔, 𝑡) at a fixed time 𝑡. As we learned from section 6.1.2 this first requires calculating a
momentum-dependent Green’s function 𝒢 <,>(𝑘, 𝑡1, 𝑡2). While this task is mathematically well
defined care needs to be taken in its numerical evaluation.
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The first problem is that in terms of their real space expressions the operators ̂𝑐(†)
u� are of global

type and need to be applied to (possibly) time-evolved states. Time-evolved MPSs, however, are
in general already comparably strongly entangled. While the application of a global MPO, unless
it is composed of a product of local operators, to an MPS alone leads to a rather strong increase
in entanglement, applying it to a strongly entangled MPS is clearly problematic, especially as the
so-obtained MPS needs to be subject to a further time evolution. We therefore exploit that the
momentum-dependent operators can be expressed as a sum of local ones, that is

̂𝑐(†)
u� = ∑

u�
𝑆(∗)

u�,u� ̂𝑐(†)
u� (6.35)

with local annihilation and creation operators ̂𝑐(†)
u� and a unitary transformation matrix 𝑆, such

that equations (6.5) and (6.6) become

𝒢 <(𝑘, 𝑡1, 𝑡2) = ∑
u�,u�′

𝑆∗
u�,u�′𝑆u�,u� ⟨𝜓∣ ̂𝑐†

u�′(𝑡1) ̂𝑐u�(𝑡2) ∣𝜓⟩, (6.36)

𝒢 >(𝑘, 𝑡1, 𝑡2) = ∑
u�,u�′

𝑆u�,u�′𝑆∗
u�,u� ⟨𝜓∣ ̂𝑐u�′(𝑡2) ̂𝑐†

u�(𝑡1) ∣𝜓⟩. (6.37)

The disadvantage of this procedure is evident. Instead of one computation 𝐿2 need to be performed
on the MPS level, 𝐿 being the system size, which corresponds to a massive increase in computational
resources. The so-obtained expectation values can then be fused into the entire momentum dependent
Green’s function in a post processing routine. If these 𝐿2 computations can be conducted in parallel,
roughly the same time will be required for the entire calculus. Our experience is that done so the
MPO applications converge significantly faster so that it would be wrong to assume that the total
computational time increases by a factor of 𝐿2 compared to the naive approach.

The second problem lies in the obvious discretization of the time evolution and the therewith
associated iterative computation of the expectation values in equations (6.36) and (6.37). Here, the
computational effort depends massively on the coordinates chosen to perform the Fourier transform
in.

We begin with the less demanding scenario of relative coordinates. Recalling equations (6.11) (6.12)
and our above considerations, we need to compute the correlation matrices

𝐶<
u�′,u�(𝑡′) = ⟨𝜓(𝑡)∣ ̂𝑐†

u�′(𝑡′) ̂𝑐u� ∣𝜓(𝑡)⟩, (6.38)

𝐶>
u�,u�′(𝑡′) = ⟨𝜓(𝑡)∣ ̂𝑐u� ̂𝑐†

u�′(𝑡′) ∣𝜓(𝑡)⟩, (6.39)

for 𝒢 <(𝑘, 𝑡 + 𝑡′, 𝑡) and 𝒢 >(𝑘, 𝑡 + 𝑡′, 𝑡), respectively. We have not indexed the time 𝑡 in this notation

as it is supposed to be constant. Furthermore, for these calculations we have 𝑡′ ≥ 0. Let us define

∣𝜙<
u� ⟩ = ̂𝑐u� ∣𝜓(𝑡)⟩, (6.40)

∣𝜙>
u� ⟩ = ̂𝑐†

u� ∣𝜓(𝑡)⟩, (6.41)

∣𝜙<,>
u� ⟩

u�
= 𝑈(𝑛𝛿𝑡′, 0) ∣𝜙<,>⟩ = 𝑈(𝛿𝑡′, 0) ∣𝜙<,>

u� ⟩
u�−1

, (6.42)

∣𝜓⟩u� = 𝑈(𝑛𝛿𝑡′, 0) ∣𝜓(𝑡)⟩ = 𝑈(𝛿𝑡′, 0) ∣𝜓⟩u�−1, 0 ≤ 𝑛 ≤ 𝑛max. (6.43)

Here, 𝛿𝑡′ is the time step of the discretized time evolution. The discretized correlation matrices
may now be computed via

𝐶<
u�′,u�(𝑛𝛿𝑡′) = u�⟨𝜓∣ ̂𝑐†

u�′ ∣𝜙<
u� ⟩u�, (6.44)
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𝐶>
u�,u�′(𝑛𝛿𝑡′) = u�⟨𝜙>

u� ∣ ̂𝑐†
u�′ ∣𝜓⟩u� (6.45)

which yields a rather simple algorithm to compute the spectral functions:

1. For all 𝑟

a) Compute ∣𝜙<
u� ⟩ or ∣𝜙>

u� ⟩ according to equation (6.40) or (6.41), respectively.

b) While 𝑛 ≤ 𝑛max

i. Compute ∣𝜙<
u� ⟩u� or ∣𝜙>

u� ⟩u� according to equation (6.42).

ii. Compute ∣𝜓⟩u� according to equation (6.43).

iii. Compute the correlation matrix elements 𝐶<
u�′,u�(𝑛𝛿𝑡′) or 𝐶>

u�,u�′(𝑛𝛿𝑡′) according to
equation (6.44) or (6.45) for all 𝑟′.

2. Compute the momentum-dependent Green’s function 𝒢 <(𝑘, 𝑡 + 𝑡′, 𝑡) or 𝒢 >(𝑘, 𝑡 + 𝑡′, 𝑡), which
of course are now discretized, according to equation (6.36) or (6.37) .

3. Compute the spectral function 𝒜 <(𝑘, 𝜔, 𝑡) or 𝒜 >(𝑘, 𝜔, 𝑡) according to equation (6.11) or (6.12)
or by means of equation (6.14) using a discrete Fourier transform, c.f. section 3.6, in all cases.

Hence, for a system of 𝐿 sites we require 𝐿 (1 + 3 (𝑛max + 1)) + 2 operations of which step 1, i.e.
setting up the correlation matrix, with 𝐿 (1 + 3 (𝑛max + 1)) operations is by far the most laborious
one. Note that step 1(b)iii actually involves 𝐿 computations, which however due to their local
nature are significantly less costly than all the other ones, allowing us to count them as equally
demanding to a single global operation. We also emphasize that the individual operations do not
require the same amount of time, MPS time evolutions (especially for later times) being in general
orders of magnitude more demanding than applications of local MPOs or computations of overlaps.
Furthermore, we should mention that this algorithm is rather inefficient in the sense that the time
evolution of ∣𝜓(𝑡)⟩ is computed 𝐿 times. However, the alternative of just doing the computation
once would require storing all states ∣𝜓⟩u� on disc. Depending on the system size, as well as MPS
parameters like the maximum dimension and of course 𝑛max this approach can quickly demand an
enormous amount of disc space making this solution unfeasible. Supposing that in the approach we
presented above all states that are not needed any more are either deleted or overwritten we only
need disc space for storing 2𝐿 MPSs, which is for most computations of this kind substantially less
than the 𝑛max + 1 + 𝐿 MPSs that needed to be saved otherwise, since typically 𝑛max ≫ 𝐿.

In the case of Wigner coordinates the computations become more cumbersome. Based on equations
(6.7) and (6.8) and our above considerations the correlation matrices take the forms

𝐶<
u�′,u�(𝑡′) = ⟨𝜓(𝑡 − 𝑡′/2)∣ ̂𝑐†

u�′(𝑡′) ̂𝑐u� ∣𝜓(𝑡 − 𝑡′/2)⟩ (6.46a)

= ⟨𝜓(𝑡 + 𝑡′/2)∣ ̂𝑐†
u�′𝑈†(0, 𝑡′/2) 𝑈 (𝑡′/2, 0) ̂𝑐u� ∣𝜓(𝑡 − 𝑡′/2)⟩, (6.46b)

𝐶>
u�,u�′(𝑡′) = ⟨𝜓(𝑡 − 𝑡′/2)∣ ̂𝑐u� ̂𝑐†

u�′(𝑡′) ∣𝜓(𝑡 − 𝑡′/2)⟩ (6.47a)

= ⟨𝜓(𝑡 − 𝑡′/2)∣ ̂𝑐u�𝑈†(0, −𝑡′/2) 𝑈 (−𝑡′/2, 0) ̂𝑐†
u�′ ∣𝜓(𝑡 + 𝑡′/2)⟩, (6.47b)

for 𝒢 <(𝑘, 𝑡 + 𝑡′/2, 𝑡 − 𝑡′/2) and 𝒢 >(𝑘, 𝑡 + 𝑡′/2, 𝑡 − 𝑡′/2), respectively. Again, we have not indexed
𝑡 which we suppose to be constant. We continue by defining

∣𝜓⟩±u� = 𝑈(±𝑛𝛿𝑡′, 0) ∣𝜓(𝑡)⟩ = 𝑈(±𝛿𝑡′, 0) ∣𝜓⟩±u�∓1, 0 ≤ 𝑛 ≤ 𝑛max, (6.48)
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∣𝜙<
u� ⟩±u� = ̂𝑐u� ∣𝜓⟩±u�, (6.49)

∣𝜙>
u� ⟩±u� = ̂𝑐†

u� ∣𝜓⟩±u�, (6.50)

∣𝜉<,>
u� ⟩

±u�,∓u�
= 𝑈(∓𝑚𝛿𝑡′, 0) ∣𝜙<,>

u� ⟩
±u�

= 𝑈(∓𝛿𝑡′, 0) ∣𝜉<,>
u� ⟩

±u�,∓u�±1
, 0 ≤ 𝑚 ≤ 𝑛, (6.51)

such that we can express the correlation matrices through

𝐶<
u�′,u�(𝑛2𝛿𝑡′) = +u�,−u�⟨𝜉<

u�′∣𝜉<
u� ⟩−u�,+u�, (6.52)

𝐶>
u�,u�′(𝑛2𝛿𝑡′) = −u�,+u�⟨𝜉>

u� ∣𝜉>
u�′⟩+u�,−u�. (6.53)

The algorithm to calculating the spectral functions then goes:

1. While 𝑛 ≤ 𝑛max

a) Compute ∣𝜓⟩−u� and ∣𝜓⟩+u� according to equation (6.48).

b) For all 𝑟

i. Compute ∣𝜙<
u� ⟩+u� and ∣𝜙<

u� ⟩−u� or ∣𝜙>
u� ⟩+u� and ∣𝜙>

u� ⟩−u� according to equation (6.49) or
(6.50).

ii. While 𝑚 ≤ 𝑛

A. Compute ∣𝜉<
u� ⟩−u�,+u� and ∣𝜉<

u� ⟩+u�,−u� or ∣𝜉>
u� ⟩−u�,+u� and ∣𝜉>

u� ⟩+u�,−u� according to
equation (6.43).

c) Compute the correlation matrix elements 𝐶<
u�′,u�(𝑛2𝛿𝑡′) or 𝐶>

u�,u�′(𝑛2𝛿𝑡′) according to
equation (6.52) or (6.53).

2. Compute the discretized momentum-dependent Green’s function 𝒢 <(𝑘, 𝑡 + 𝑡′/2, 𝑡 − 𝑡′/2) or

𝒢 >(𝑘, 𝑡 + 𝑡′/2, 𝑡 − 𝑡′/2) according to equation (6.36) or (6.37) .

3. Compute the spectral function 𝒜 <(𝑘, 𝜔, 𝑡) or 𝒜 >(𝑘, 𝜔, 𝑡) according to equation (6.10) using a
discrete Fourier transform, c.f. section 3.6.

For this procedure in total (𝑛max + 1) (2𝐿 + 3) + 𝐿𝑛max (𝑛max + 1) + 2 operations are necessary,
which is an order of magnitude in 𝑛max higher than for the computation for relative coordinates.
Note that here we counted steps 1a, 1(b)i, and 1(b)iiA as containing two operations each due
to the computation of two states. As before the construction of the correlation matrix is the
computationally most demanding task. Regarding disk usage this algorithm will need to store
2𝐿𝑛max MPSs again assuming that unneeded ones are either discarded or overwritten. Thus, also
regarding this aspect the usage of Wigner coordinates performs one order of magnitude in 𝑛max
worse than the variant with relative coordinates. Note further that in order to achieve the same
resolution as the calculus with relative coordinates we need to decrease the time step 𝛿𝑡′ by a factor
of 2.

While in theoretical calculations most often infinitely large systems are investigated for an infinite
time, in numerical practice for the framework we have introduced so far clearly bounds to both
quantities need to be introduced. Most obvious is the choice of a size 𝐿 of the system under
investigation, which may have an influence on other numerical measurements, a phenomenon known
as finite size effects. Minimizing these effects is a rather artistic procedure in numerics since there is
no algorithm to apply. Here we shall discuss the maximum time 𝑡′

max that should be reached in
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the time evolutions. For a given interacting system we only consider the non-interacting part in
equilibrium, i.e. such that the system in principle would be analytically solvable. Then we compute
𝐶<

u�′,u�/2(𝑡′) (or equally 𝐶>
u�′,u�/2(𝑡′)) and plot the results with respect to both 𝑡′ and 𝑟′. We will find

a light cone-like structure beginning from the initial perturbation at site 𝐿/2 propagating through
the system. This can be seen as a manifestation of Lieb-Robinson bounds [216, 251, 206], which
state that even in non-relativistic quantum systems there is an upper limit of the speed information
propagates with. Clearly in an infinitely large system the light cone would extend infinitely. In the
𝐿 site system, however, it will reach the edges at a certain time, which we shall take as 𝑡′

max later on.
For open boundaries, the information will be reflected at this edges while for periodic boundaries it
will interfere with the branch coming from the other edge. These reflections or interferences will
cause finite size effects and are therefore to be avoided as much as possible. Actually, one finds [276]
that 𝑡′ may be chosen so large that up to two times the edges of the system are reached without
the appearance of noticeable finite size effects. This is a rather reassuring observation as 𝐶<

u�′,u�(𝑡′)
especially for 𝑟 ∼ 0 and 𝑟 ∼ 𝐿1 one edge is reached (almost) instantly. In order to compare results
for different interactions and and out-of equilibrium setups to one another, it is highly desirable
to fix 𝑡′

max and also 𝛿𝑡′ to a definite value. Here the time at which the edges are first reached in
𝐶<

u�′,u�/2(𝑡′) (or 𝐶>
u�′,u�/2(𝑡′)) in the equilibrium system without interactions provides a good point

of reference, especially since at least in this case it is known to be easily expandable.

We close this section with two remarks on frequently applied simplifications regarding the computa-
tion of spectral functions with MPSs. As we learned in chapter 4 open boundaries are preferred in
most MPS applications. Still often times, even though the MPS computations are done with open
boundary conditions the transformations (6.36) or (6.37) are often done with respect to periodic
boundaries, that is technically an incorrect transformation matrix 𝑆 is applied. While in many
cases this procedure works amazingly well for equilibrium spectral functions, it must not be applied
for time-dependent spectral functions in out-of-equilibrium setups, since then band occupations for
non-interacting systems become time-dependent contrary to the analytically obtained results.

Another common approximation is to assume spatial translational invariance when it comes to
computing the correlation matrices, i.e. to take

𝐶<,>
u�′,u�(𝑡′) = 𝐶<,>

u�′,u�/2(𝑡′) (6.54)

in equations (6.38), (6.39), (6.46), and (6.47). Although the computational effort is clearly decreased
by a factor of 𝐿, for smaller systems this simplification may result in unphysical artifacts even in
equilibrium spectral functions especially if the MPS calculus is done using open boundary conditions
and even more so for systems with a non-trivial unit cell.

The quality of any numerical computation of spectral functions may be judged by computing the
spectral moments [262] to which certain sum rules apply [200]. We will not compute any other
moments than the zeroth one, which gives the particle number and, due to assuming equation (6.14)
to hold, is correct at all times. For an analysis of (equlibrium) spectral functions and its moments
see for instance [42, 41].

6.1.5 The Chebyshev Formalism

So far we have essentially computed spectral functions through Fourier transforming time-dependent
Green’s functions. As time-evolutions are numerically quite costly to perform and at least when it
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comes to MPS computations always come with a certain error, it would be desirable to circumvent
them wherever possible and to directly work in frequency space. Of course, the evaluation of
time-dependent spectral functions will always require time evolutions. In this case, we would only
want to avoid the second time evolution from which the spectrum is obtained.

Indeed, such frequency space methods do exist. However, they are most often restricted to time-
independent systems with respect to an eigenstate, which in most cases is the ground state. Note
further that only very recently an MPS recursion method for the computation of spectral function
was proposed [368], so far, unfortunately also for equilibrium spectral functions only. In this section
we will briefly explain the so-called Chebyshev method and illustrate why its generalization to
non-equilibrium spectral functions is problematic. For an application see for instance [371, 370].

In principle, the Chebyshev formalism can be regarded as a further development of the DDMRG
[369], which, nevertheless, relies on the same assumptions. Let us now consider a time-independent
system where we aim at calculating Green’s functions with respect to an eigenvector |𝛼⟩. In this
case, we can take equations (6.20) and (6.21) and express their Fourier transforms through

∫
∞

−∞
d𝑡′e−iu�u�′

𝒢 <
û�,û�

(𝑡′) = ∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝛼∣ eiu�u�u�′ ̂𝐴e−iû�u�′�̂� ∣𝛼⟩ (6.55a)

= ∫
∞

−∞
d𝑡′ ⟨𝛼∣ ̂𝐴e−i(u�−u�u�+û�)u�′

�̂� ∣𝛼⟩ = ⟨𝛼∣ ̂𝐴𝛿(𝜔 − 𝐸u� + �̂�) �̂� ∣𝛼⟩,

(6.55b)

∫
∞

−∞
d𝑡′e−iu�u�′

𝒢 >
û�,û�

(𝑡′) = ∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝛼∣ �̂�eiû�u�′ ̂𝐴e−iu�u�u�′ ∣𝛼⟩ (6.56a)

= ∫
∞

−∞
d𝑡′ ⟨𝛼∣ ̂𝐴e−i(u�−û�+u�u�)u�′

�̂� ∣𝛼⟩ = ⟨𝛼∣ ̂𝐴𝛿(𝜔 − �̂� + 𝐸u�) �̂� ∣𝛼⟩,

(6.56b)

such that the spectral functions are given by

𝒜 <(𝑘, 𝜔) = ⟨𝛼∣ ̂𝑐†
u�𝛿(𝜔 − 𝐸u� + �̂�) ̂𝑐u� ∣𝛼⟩, (6.57)

𝒜 >(𝑘, 𝜔) = ⟨𝛼∣ ̂𝑐u�𝛿(𝜔 − �̂� + 𝐸u�) ̂𝑐†
u� ∣𝛼⟩. (6.58)

The delta functions may now be expressed by means of a Chebyshev expansion (and the kernel
polynomial method [405]), which ultimately results in an iterative algorithm to compute the spectral
functions to in principle arbitrary accuracy. We do not give the details here but rather refer to
[152] for further reading regarding the exact algorithm. This approach has established itself for
its respective class of problems and is particularly characterized by the excellent resolution of its
results. As already mentioned, in most applications the state of reference is the ground state, such
that for an MPS treatment the Chebyshev formalism can be conducted once the ground state and
its energy are known, two quantities which we know from section 5.1 to be easily accessible.

We note that in order to set up equation (6.57) and (6.58) we exploited that we computed the
expectation value with respect to an eigenvalue of which we know the time evolution, i.e.

e−iû�u�′ ∣𝛼⟩ = e−iu�u�u�′ ∣𝛼⟩. (6.59)

This is the crucial point in the derivation which we easily see from considering the opposite case,
where the state of reference is explicitly no eigenstate, let us say ∣𝜓(𝑡)⟩. If we wanted to set up an
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equation analogously to (6.57) or (6.58) we would need to decompose

e−iû�u�′ ∣𝜓(𝑡)⟩ = ∑
u�

𝜆u�(𝑡) e−iu�u�u�′ ∣𝑛u�⟩, (6.60)

such that for the spectral functions we would obtain

𝒜 <(𝑘, 𝜔, 𝑡) = ∑
u�

𝜆∗
u�(𝑡) ⟨𝑛u�∣ ̂𝑐†

u�𝛿(𝜔 − 𝐸u� + �̂�) ̂𝑐u� ∣𝜓(𝑡)⟩, (6.61)

𝒜 >(𝑘, 𝜔, 𝑡) = ∑
u�

𝜆u�(𝑡) ⟨𝜓(𝑡)∣ ̂𝑐u�𝛿(𝜔 − �̂� + 𝐸u�) ̂𝑐†
u� ∣𝑛u�⟩. (6.62)

In these equations we could in principle use a Chebyshev expansion to evaluate the delta functions
proceeding analogously as in the special case considered above. However, we would be required to
know all eigenstates ∣𝑛u�⟩ and to perform the procedure for all these eigenstates. This is clearly
unfeasible in practice since the number of eigenstates grows exponentially with the system size. Note
that in the above description we implicitly assumed relative coordinates, c.f. section 6.1.2. As the
Green’s functions in Wigner coordinates come with a 𝑡′ dependence in the states the expectation
value is taken with respect to, for this case two decompositions would be necessary which would
square the amount of computations to do. We conclude that while it is in principle possible to
naively extend the Chebyshev formalism to general non-equilibrium setups, it cannot be applied in
numerical practice, at least for reasonably large systems.

6.2 Optical Conductivity

We now present the optical conductivity as the second principal observable of the computations to
be conducted in this thesis. As for the case of spectral functions, optical conductivities have been
studied in great detail in equilibrium setups, c.f. for instance [372], and are at the core for Drude
theory [431]. Here we follow references [212] and [336] to extend the formalism to non-equilibrium
situations, which has been applied, e.g. in [225]. Another approach to computing the (equilibrium)
optical conductivity through a quantum stochastic time evolution is presented in reference [31]. We
shall also discuss the relation to the spectral function to gain a better grasp of how to interpret the
optical conductivity.

6.2.1 Definition and Evaluation from Linear Response Theory

Unlike Green’s functions, which are a quite general concept in many-body physics, from which
the spectral functions are then derived, the optical conductivity is motivated directly from linear
response theory. Consider a system which is subject to an external perturbation field 𝐸(𝑡). Assuming
that under this perturbation the system remains sufficiently close to the ground state the so-induced
current is given by

⟨ ̂𝚥(𝑡1)⟩ = ∫
∞

−∞
d𝑡2𝜎(𝑡1, 𝑡2) 𝐸(𝑡2). (6.63)

Here we have introduced the current operator

̂𝚥 = −i𝑡hop ∑
u�

( ̂𝑐†
u�+1 ̂𝑐u� − ̂𝑐†

u� ̂𝑐u�+1), (6.64)

110



6.2 Optical Conductivity

where just like in the previous chapter 𝑟 is a general site index, i.e. it may contain additional quantum
numbers like, for instance, the spin as well. Note that the current operator is explicitly defined
by means of real space operators. We will at a later point turn to its expression in momentum
space operators. The response function 𝜎(𝑡1, 𝑡2) in equation (6.63), which measures the response
of the current at time 𝑡2 with respect to a perturbation at time 𝑡1, is referred to as the optical
conductivity. In general it is determined by

𝜎(𝑡1, 𝑡2) = 𝜃(𝑡1 − 𝑡2) 1
𝐿

(⟨𝜓(𝑡1)∣ ̂𝑠 ∣𝜓(𝑡1)⟩ + ∫
∞

−∞
d𝑡3𝜒(𝑡1, 𝑡3)), (6.65)

where we have introduced the stress tensor

̂𝑠 = 𝑡hop ∑
u�

( ̂𝑐†
u� ̂𝑐u�+1 + ̂𝑐†

u�+1 ̂𝑐u�), (6.66)

the two-time susceptibility

𝜒(𝑡1, 𝑡3) = −i𝜃(𝑡1 − 𝑡3) ⟨𝜓∣ [ ̂𝚥(𝑡1) , ̂𝚥(𝑡3)] ∣𝜓⟩, (6.67)

and where 𝜃 is the Heaviside step function. Note that with all Heaviside functions applied the
integral in equation (6.65) actually only runs from 𝑡2 to 𝑡1.

We will mostly be interested in a time- and frequency-dependent formulation of the optical conduc-
tivity. However, just like in the case of spectral functions discussed in the previous section, there is
no general definition of how to perform the Fourier transform to frequency space. We therefore
choose relative coordinates, thereby defining

𝜎(𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′𝜎(𝑡 + 𝑡′, 𝑡). (6.68)

Often times the optical conductivity is evaluated regarding its real and imaginary part, where we
have

𝜎(𝜔, 𝑡) = 𝜎1(𝜔, 𝑡) + i𝜎2(𝜔, 𝑡). (6.69)

6.2.2 Special Case of Non-interacting Time-independent Systems with Respect to an
Eigenstate

Let us again assume the Hamiltonian of the system to be time-independent and the reference state
∣𝜓⟩ be an eigenstate, c.f. equation (6.17). In this case the two-time susceptibility (6.67) becomes

𝜒(𝑡1, 𝑡3) = −i𝜃(𝑡1 − 𝑡3) (⟨𝛼∣ ̂𝚥(𝑡1) ̂𝚥(𝑡3) ∣𝛼⟩ − ⟨𝛼∣ ̂𝚥(𝑡3) ̂𝚥(𝑡1) ∣𝛼⟩) (6.70a)

= −i𝜃(𝑡1 − 𝑡3) (⟨𝛼∣ eiû�u�1 ̂𝚥e−iû�(u�1−u�3) ̂𝚥e−iû�u�3 ∣𝛼⟩ − ⟨𝛼∣ eiû�u�3 ̂𝚥e−iû�(u�3−u�1) ̂𝚥e−iû�u�1 ∣𝛼⟩)
(6.70b)

= −i𝜃(𝑡1 − 𝑡3) (⟨𝛼∣ eiû�(u�1−u�3) ̂𝚥e−iû�(u�1−u�3) ̂𝚥 ∣𝛼⟩ − ⟨𝛼∣ ̂𝚥eiû�(u�1−u�3) ̂𝚥e−iû�(u�1−u�3) ∣𝛼⟩) (6.70c)

= −i𝜃(𝑡1 − 𝑡3) ⟨𝛼∣ [ ̂𝚥(𝑡1 − 𝑡3) , ̂𝚥(0)] ∣𝛼⟩ = 𝜒(𝑡1 − 𝑡3), (6.70d)

and, thus, only depends on the relative time 𝑡1 − 𝑡3. Together with

⟨𝛼(𝑡1)∣ ̂𝑠 ∣𝛼(𝑡1)⟩ = ⟨𝛼∣ eiû�u�1 ̂𝑠e−iû�u�1 ∣𝛼⟩ = ⟨𝛼∣ eiu�u�u�1 ̂𝑠e−iu�u�u�1 ∣𝛼⟩ = ⟨𝛼∣ ̂𝑠 ∣𝛼⟩ (6.71)
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we find the optical conductivity from equation (6.65) to also only depend on the relative time
𝑡1 − 𝑡2

𝜎(𝑡1, 𝑡2) = 𝜃(𝑡1 − 𝑡2) 1
𝐿

(⟨𝛼∣ ̂𝑠 ∣𝛼⟩ + ∫
∞

−∞
d𝑡3𝜒(𝑡1 − 𝑡3)) = 𝜎(𝑡1 − 𝑡2), (6.72)

with the integral after the application of all Heaviside functions running from 0 to 𝑡1 − 𝑡2. As a
consequence, the defining equation of the optical conductivity (6.63) turns into a convolution, of
which the Fourier transform is known to yield

𝑗(𝜔) = ∫
∞

−∞
d𝑡1e−iu�u�1 ⟨ ̂𝚥(𝑡1)⟩ = ∫

∞

−∞
d𝑡1e−iu�u�1 ∫

∞

−∞
d𝑡2𝜎(𝑡1 − 𝑡2) 𝐸(𝑡2) (6.73a)

= (∫
∞

−∞
d(𝑡1 − 𝑡2) e−iu�(u�1−u�2)𝜎(𝑡1 − 𝑡2)) (∫

∞

−∞
d𝑡2e−iu�u�2𝐸(𝑡2)) = 𝜎(𝜔) 𝐸(𝜔), (6.73b)

that is in this case in frequency space the current is directly proportional to the perturbation
with the optical conductivity taking the role of the proportionality constant. Evidently, we can
compute

𝜎(𝜔) =
𝑗(𝜔)
𝐸(𝜔)

. (6.74)

In reference [336] the optical conductivity is derived to be given via

𝜎(𝜔) = 1
𝜔𝐿

∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝛼∣ [ ̂𝚥(𝑡′) , ̂𝚥(0)] ∣𝛼⟩ + π

𝐿
⟨𝛼∣ ̂𝑠 ∣𝛼⟩ 𝛿(𝜔) = 𝜎1(𝜔) + i𝜎2(𝜔). (6.75)

We compute the Lehmann representations

⟨𝛼u�∣ ̂𝚥(𝑡′) ̂𝚥(0) ∣𝛼u�⟩ = ∑
u�

⟨𝛼u�∣ eiû�u�′ ̂𝚥e−iû�u�′ ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝚥 ∣𝛼u�⟩ (6.76a)

= ∑
u�

ei(u�u�
u� −u�u�

u� )u�′ ⟨𝛼u�∣ ̂𝚥 ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝚥 ∣𝛼u�⟩ (6.76b)

= ∑
u�

ei(u�u�
u� −u�u�

u� )u�′ ∣⟨𝑛u�∣ ̂𝚥 ∣𝛼u�⟩∣2, (6.76c)

⟨𝛼u�∣ ̂𝚥(0) ̂𝚥(𝑡′) ∣𝛼u�⟩ = ∑
u�

⟨𝛼u�∣ ̂𝚥 ∣𝑛u�⟩ ⟨𝑛u�∣ eiû�u�′ ̂𝚥e−iû�u�′ ∣𝛼u�⟩ (6.77a)

= ∑
u�

ei(u�u�
u� −u�u�

u� )u�′ ⟨𝛼u�∣ ̂𝚥 ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝚥 ∣𝛼u�⟩ (6.77b)

= ∑
u�

ei(u�u�
u� −u�u�

u� )u�′ ∣⟨𝑛u�∣ ̂𝚥 ∣𝛼u�⟩∣2, (6.77c)

⟨𝛼u�∣ ̂𝑠 ∣𝛼u�⟩ = 𝑡hop ∑
u�

∑
u�

(⟨𝛼u�∣ ̂𝑐†
u� ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝑐u�+1 ∣𝛼u�⟩

+ ⟨𝛼u�∣ ̂𝑐†
u�+1 ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝑐u� ∣𝛼u�⟩) (6.78a)

= 𝑡hop ∑
u�

∑
u�

(⟨𝛼u�∣ ̂𝑐†
u� ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝑐u�+1 ∣𝛼u�⟩

+ ⟨𝑛u�∣ ̂𝑐u�+1 ∣𝛼u�⟩∗ ⟨𝛼u�∣ ̂𝑐†
u� ∣𝑛u�⟩∗) (6.78b)

= 2𝑡hop ∑
u�

∑
u�

Re(⟨𝛼u�∣ ̂𝑐†
u� ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝑐u�+1 ∣𝛼u�⟩) (6.78c)

where we have again used the general particle number 𝑀 as a superscript, to confirm that the
optical conductivity is actually a real number

𝜎(𝜔) = 1
𝜔𝐿

∑
u�

∣⟨𝑛u�∣ ̂𝚥 ∣𝛼u�⟩∣2 ∫
∞

−∞
d𝑡′ (e−iu�−(u�u�

u� −u�u�
u� )u�′ − e−iu�−(u�u�

u� −u�u�
u� )u�′)
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+ 2𝑡hop
π
𝐿

∑
u�

∑
u�

Re(⟨𝛼u�∣ ̂𝑐†
u� ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝑐u�+1 ∣𝛼u�⟩) 𝛿(𝜔) (6.79a)

= 1
𝜔𝐿

∑
u�

∣⟨𝑛u�∣ ̂𝚥 ∣𝛼u�⟩∣2 (𝛿(𝜔 − (𝐸u�
u� − 𝐸u�

u� )) − 𝛿(𝜔 − (𝐸u�
u� − 𝐸u�

u� )))

+ 2𝑡hop
π
𝐿

∑
u�

∑
u�

Re(⟨𝛼u�∣ ̂𝑐†
u� ∣𝑛u�⟩ ⟨𝑛u�∣ ̂𝑐u�+1 ∣𝛼u�⟩) 𝛿(𝜔). (6.79b)

As this structure is clearly symmetric in 𝜔, i.e.

𝜎(𝜔) = 𝜎(−𝜔), (6.80)

often times only frequencies 𝜔 > 0 are regarded when it comes to its interpretation. In this
case 𝜎(𝜔 > 0) is a common notation. In general, only the real part of the optical conductivity is
interpreted since this is also the quantity that is measured in experiments. Then, 𝜎1(𝜔 > 0) is
referred to as the regular part, while 𝜎1(𝜔 = 0) is called the Drude peak, the prefactor of the delta
peak being known as the Drude weight [69, 209]. Its properties are discussed in Drude theory, where
it is used to differentiate between insulators and metals [146, 182]. As for this work, we shall be
more interested in the regular part.

Concerning the relation to the spectral function, it is worth to distinguish between systems with
a trivial unit cell and such with a more complex structure, as well as between open and periodic
boundaries. The case of a trivial unit cell and periodic boundaries is easily computed. We again
assume the Hamiltonian to be bilinear

�̂� = ∑
u�

𝜀u� ̂𝑐†
u� ̂𝑐u�, (6.81)

where we explicitly assume the system to consist of one single band only. Only in this case, the
current operator can be expressed in terms of momentum space operators as

̂𝚥 = ∑
u�

̃𝜀u� ̂𝑐†
u� ̂𝑐u�, (6.82)

with coefficients ̃𝜀u�, which clearly commutes with the Hamiltonian. Thus, from the Heisenberg
equation of motion (2.43) we learn that

d
d𝑡

̂𝚥(𝑡) = 0 ⇒ ̂𝚥(𝑡) = 𝑐, (6.83)

i.e. the current operator is constant in time. As a consequence, the Fourier transform in equation
(6.75) will be applied to a constant function, which will result in a sole peak at 𝜔 = 0.

If, however, the system is described in terms of complex unit cell, which will result in a multi-band
structure, or if we consider open boundaries, the situation changes significantly. Here we give the
explicit calculus for the former case. The Hamiltonian, whilst still bilinear, is determined by

�̂� = ∑
u�,u�

𝜀u�,u� ̂𝑐†
u�,u� ̂𝑐u�,u�, (6.84)

while the current operator takes the more complex form

̂𝚥 = ∑
u�,u�,u�′

̃𝜀u�,u�,u�′ ̂𝑐†
u�,u� ̂𝑐u�,u�′, (6.85)
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where we have introduced the band index 𝜈. Two such examples will be presented in equations
(7.84) and (7.85) in section 7.2.2. Note also that the ̃𝜀u�,u�,u�′ are in general complex numbers.
Now, analogously to equation (6.28) we can compute the time-dependent creation and annihilation
operators through the Heisenberg equation of motion

d
d𝑡

̂𝑐†
u�,u�(𝑡) = i ∑

u�′,u�′

𝜀u�′,u�′ [ ̂𝑐†
u�′,u�′ ̂𝑐u�′,u�′, ̂𝑐†

u�,u�] = i ∑
u�′,u�′

𝜀u�′,u�′ ̂𝑐†
u�′,u�′ { ̂𝑐†

u�,u�, ̂𝑐u�′,u�′} (6.86a)

= i ∑
u�′,u�′

𝜀u�′,u�′ ̂𝑐†
u�′,u�′𝛿u�,u�′𝛿u�,u�′ = i𝜀u�,u� ̂𝑐†

u�,u� ⇒ ̂𝑐†
u�(𝑡) = eiu�

u�,u�
u� ̂𝑐†

u�,u�, (6.86b)

d
d𝑡

̂𝑐u�,u�(𝑡) = i ∑
u�′,u�′

𝜀u�′,u�′ [ ̂𝑐†
u�′,u�′ ̂𝑐u�′,u�′, ̂𝑐u�,u�] = −i ∑

u�′,u�′

𝜀u�′,u�′ { ̂𝑐u�,u�, ̂𝑐†
u�′,u�′} ̂𝑐u�′,u�′ (6.87a)

= −i ∑
u�′,u�′

𝜀u�′,u�′ ̂𝑐u�′,u�′𝛿u�,u�′𝛿u�,u�′ = −i𝜀u�,u� ̂𝑐u�,u� ⇒ ̂𝑐u�(𝑡) = e−iu�
u�,u�

u� ̂𝑐u�,u�, (6.87b)

such that the time-dependent current operator takes the form

̂𝚥(𝑡) = ∑
u�,u�,u�′

̃𝜀u�,u�,u�′ ̂𝑐†
u�,u�(𝑡) ̂𝑐u�,u�′(𝑡) = ∑

u�,u�,u�′

̃𝜀u�,u�,u�′e
i(u�

u�,u�
−u�

u�,u�′)u� ̂𝑐†
u�,u� ̂𝑐u�,u�′. (6.88)

Inserting this result into equation (6.75) we find

𝜎1(𝜔) = 1
𝜔𝐿

∑
u�,u�,u�′,
ũ�,ũ�,ũ�′

̃𝜀
u�,u�,u�′

̃𝜀
ũ�,ũ�,ũ�′

∫
∞

−∞
d𝑡′e−i(u�−(u�

u�,u�
−u�

u�,u�′))u�′

⟨𝛼∣ [ ̂𝑐†
u�,u�

̂𝑐
u�,u�′

, ̂𝑐†
ũ�,ũ�

̂𝑐
ũ�,ũ�′

] ∣𝛼⟩

(6.89a)

= 1
𝜔𝐿

∑
u�,u�,u�′,
ũ�,ũ�,ũ�′

̃𝜀
u�,u�,u�′

̃𝜀
ũ�,ũ�,ũ�′

⟨𝛼∣ [ ̂𝑐†
u�,u�

̂𝑐
u�,u�′

, ̂𝑐†
ũ�,ũ�

̂𝑐
ũ�,ũ�′

] ∣𝛼⟩ 𝛿(𝜔 − (𝜀u�,u� − 𝜀u�,u�′)), (6.89b)

that is in this case the regular part of the optical conductivity measures the energy differences of
the different bands.

Although all the considerations in this section are only mathematically correct in a very limited
number of cases, that is for non-interacting time-independent systems and in case the state of
reference is an eigenstate, the above stated principal result is also found in interacting setups as we
will see in chapters 8 and 9.

6.2.3 Peierls Substitution

Light-matter interaction is a central concept in solid state physics and, as such, efficient methods to
its modeling are required. While a full quantum treatment of a light pulse is quite cumbersome,
often a semi classical treatment is sufficient. This approach is justified if the light’s wavelength is
orders of magnitude larger than the probe’s lattice constant, which certainly holds in pump-probe
experiments where solids are illuminated by lasers. Typical lattice constants are of the order of
𝑎 = 10−10 m [17] and wavelengths of lasers are given by 𝜆 > 10−7 m [404] meeting the above
assumption.

Hence, we aim at including a classical electromagnetic field into our formalism following reference
[277]. The procedure to do so via minimal coupling [129], which corresponds to a situation with
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large photon numbers or high intensities of the applied light, is referred as Peierls substitution
[288]. We begin with general considerations (That is we shall briefly think in three dimensions.)
and introduce an electric field ⃗𝐸( ⃗𝑟, 𝑡) and a magnetic field �⃗�( ⃗𝑟, 𝑡). Assuming the fields to vanish for
infinitely large distances we may express both quantities in Coulomb gauge by the vector potential

⃗𝐴( ⃗𝑟, 𝑡) via

⃗𝐸( ⃗𝑟, 𝑡) = − ∂
∂𝑡

⃗𝐴( ⃗𝑟, 𝑡), (6.90)

�⃗�( ⃗𝑟, 𝑡) = ∇⃗ × ⃗𝐴( ⃗𝑟, 𝑡). (6.91)

We may, without loss of generality, further assume for the magnetic field to only point into 𝑧-direction,
and, thus, the vector potential in only 𝑦-direction, such that equations (6.90) and (6.91) simplify
to

𝐸u�( ⃗𝑟, 𝑡) = − ∂
∂𝑡

𝐴u�( ⃗𝑟, 𝑡), (6.92)

𝐵u�( ⃗𝑟, 𝑡) = ∂
∂𝑥

𝐴u�( ⃗𝑟, 𝑡). (6.93)

Following a redefinition of the Wannier functions, see, for instance, [277] for a derivation, the Peierls
substitution manifests itself in two ways in second quantization. First, assuming a slow variance of

⃗𝐴( ⃗𝑟, 𝑡) the hopping term of the kinetic part of the model changes to

𝑡hop,u�,u� → 𝑡hop,u�,u�(𝑡) ≈ exp(−i ∫
u⃗�u�

u⃗�u�

d ⃗𝑟′ ⃗𝐴( ⃗𝑟′, 𝑡)) 𝑡hop,u�,u�, (6.94)

where we have allowed the hopping to be site-dependent to cover a more general setup. Second, the
system’s overall energy is enhanced by an on-site term modeling the coupling of the electronic spin
to the magnetic field

�̂�Zee(𝑡) = 𝑔s𝜇B ∑
u�

𝐵u�( ⃗𝑟u�, 𝑡) ̂𝑆u�
u� , (6.95)

the so-called Zeeman term. Here we have introduced the Landé factor 𝑔s and Bohr’s magneton 𝜇B,
as well as the spin operator ̂𝑆u�

u� . Note that often times 𝐵u�( ⃗𝑟, 𝑡) is orders of magnitude smaller than
𝐸u�( ⃗𝑟, 𝑡) and 𝐴u�( ⃗𝑟, 𝑡). In a concrete modeling this may easily be checked by means of equations
(6.92) and (6.93). If so, the Zeeman term can be neglected, and bearing in mind that the spatial
dependence of the vector potential only results in a finite magnetic field, c.f. equation (6.93), it may
be chosen spatially independent in the first place. In this case equations (6.92) and (6.94) simplify
to

𝐸u�(𝑡) = − ∂
∂𝑡

𝐴u�(𝑡), (6.96)

𝑡hop,u�,u� → 𝑡hop,u�,u�(𝑡) ≈ exp(−i𝐴u�(𝑡) ∫
u⃗�u�

u⃗�u�

d ⃗𝑟′) 𝑡hop,u�,u�, (6.97)

respectively.

In case of only one-dimensional systems we take our model to point in 𝑥-direction and identify

𝐸(𝑟, 𝑡) = 𝐸u�(𝑟, 𝑡), (6.98)
𝐴(𝑟, 𝑡) = 𝐴u�(𝑟, 𝑡), (6.99)
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𝐵(𝑟, 𝑡) = 𝐵u�(𝑟, 𝑡). (6.100)

Furthermore, equation (6.94) becomes exact and turns to

𝑡hop,u� → 𝑡hop,u�(𝑡) = exp(−i ∫
u�+1

u�
d𝑟′𝐴(𝑟′, 𝑡)) 𝑡hop,u� (6.101a)

≈ exp(− i
2

(𝐴(𝑟, 𝑡) + 𝐴(𝑟 + 1, 𝑡))) 𝑡hop,u�. (6.101b)

For a spatially independent vector potential, the approximation in the above equation is again exact,
such that the sole effect of the Peierls substitution is a change in the hopping amplitude as

𝑡hop,u� → 𝑡hop,u�(𝑡) = exp(−i𝐴(𝑡)) 𝑡hop,u�. (6.102)

6.2.4 Numerical Computation

With MPSs, in principle it would be possible to compute the optical conductivity analogously to
spectral functions by means of subsequent MPO applications, c.f. section 6.1.4. However, as is
clear from its definition in section 6.2.1 the optical conductivity is a four point correlation function.
Bearing in mind that both MPS time evolutions and applications of (global) operators lead to a
quick growth of the MPS entanglement, it is understandable that this naive approach to computing
the optical conductivity is rather cumbersome. Therefore, when it comes to the numerical we shall
follow the experimentally motivated approach described in reference [336].

The main idea is to compute the optical conductivity through equation (6.74), which was strictly
derived only for rather constrained cases, and extend this formalism to general setups. We wish
to calculate the current with respect to a perturbation by an electric field 𝐸(𝑡). This electrical
perturbation field is introduced to the procedure by means of a Peierls substitution. Thus, the
current operator becomes

̂𝚥(𝑡′, 𝑡) = −i𝑡hop ∑
u�

(eiu�p(u�′,u�) ̂𝑐†
u�+1 ̂𝑐u� − e−iu�p(u�′,u�) ̂𝑐†

u� ̂𝑐u�+1), (6.103)

while the kinetic part of the Hamiltonian changes to

�̂�kin → �̂�kin,p = −𝑡hop ∑
u�

(eiu�p(u�′,u�) ̂𝑐†
u�+1 ̂𝑐u� + e−iu�p(u�′,u�) ̂𝑐†

u� ̂𝑐u�+1), (6.104)

where we have introduced the vector potential 𝐴p (𝑡) which is related to the electric field via

𝐸(𝑡) = ∂
∂𝑡

𝐴p (𝑡) (6.105)

and already set the path for the use of relative coordinates, that is actually we have

𝐴p (𝑡′, 𝑡) = 𝐴p (𝑡′ + 𝑡). (6.106)

These prerequisites set, the time dependent probe current with respect to a general state ∣𝜓(𝑡)⟩ at
time 𝑡 is then gained from evaluating

𝑗p(𝑡′, 𝑡) = ⟨𝜓(𝑡)∣ 𝑈p(𝑡, 𝑡′ + 𝑡) ̂𝚥(𝑡′, 𝑡) 𝑈p(𝑡′ + 𝑡, 𝑡) ∣𝜓(𝑡)⟩
− ⟨𝜓(𝑡)∣ 𝑈(𝑡, 𝑡′ + 𝑡) ̂𝚥𝑈(𝑡′ + 𝑡, 𝑡) ∣𝜓(𝑡)⟩, (6.107)
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with 𝑡′ ≥ 0 and ̂𝚥 the time-independent current operator from equation (6.64). As ∣𝜓(𝑡)⟩ could
be any non-equilibrium state, we computed the expectation value of the current operator (6.103)
twice in order to isolate the system’s response onto the applied perturbation from the general
non-equilibrium time evolution. First ̂𝚥(𝑡′, 𝑡) is measured with respect to the time evolution of
∣𝜓(𝑡)⟩ with the perturbative probe pulse switched on, that is 𝑈p(𝑡′ + 𝑡, 𝑡) is the time evolution
operator generated from the Hamiltonian of which the kinetic part is given by �̂�kin,p, c.f. equation
(6.104). Second it is evaluated for the time evolution without the probe pulse, 𝑈(𝑡′ + 𝑡, 𝑡) being
derived from the original Hamiltonian �̂�. Then the latter current is subtracted from the former to
isolate the effect of the probe pulse onto the current. We now compute a time-dependent optical
conductivity in strict analogy to equation (6.74) via

𝜎(𝜔, 𝑡) = 𝜎1(𝜔, 𝑡) + i𝜎2(𝜔, 𝑡) =
𝑗p(𝜔, 𝑡)

i(𝜔 + i ̃𝜂) 𝐿𝐴p(𝜔, 𝑡)
, (6.108)

where we have introduced the Fourier transformed current and vector potential

𝑗p(𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−i(u�−iũ�)u�′𝑗p(𝑡′, 𝑡), (6.109)

𝐴p(𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−i(u�−iũ�)u�′𝐴p(𝑡′, 𝑡). (6.110)

Here we have already incorporated the damping ̃𝜂 to enforce convergence. We stress that for these
computations we explicitly do not assume time translational invariance as in equations (6.10) or
(6.14). Note that for the optical conductivity we will only be interested in the part of 𝜔 > 0 and
therefore have adjusted the denominator of equation (6.108).

As for the probe pulse we choose it to be of Gaussian form

𝐴p(𝑡′, 𝑡) = 𝐴0,pe−
(u�+u�′−u�u�)2

2u�2 cos(𝜔p(𝑡 + 𝑡′ − 𝛥𝑡)), (6.111)

which takes its maximum at 𝑡 + 𝑡′ = 𝛥𝑡. To ensure that this probe pulse captures the out-of-
equilibrium situation at time 𝑡 without having too much of an influence on the system’s time
evolution, the pulse’s width 𝜏 has to be very small compared to any other time scales such as
oscillation periods. Even a few time steps 𝛿u� may suffice. The amplitude 𝐴0,p may easily be several
magnitudes smaller than the system’s parameters and 𝛥𝑡 is best to be chosen such that the peak is
closest to time 𝑡 as possible without 𝐴p(𝑡′, 𝑡) becoming noticeably unsteady when approximating
𝐴p(𝑡′, 𝑡) = 0 for 𝑡′ < 0. The probe frequency 𝜔p can than be chosen rather freely. We mention
that in equation (6.111) we have used a rather simple form of the Peierls substitution as the site
dependence was dropped to simplify the computations. Note that if the pumping of the system
itself is modeled by a Peierls substitution, the probe process needs to be modeled through a second,
superposing Peierls substitution. We conclude that in general the computation of the time-dependent
probe current requires two time evolutions, one with and one without the probe pulse. In the easier
case of a computation in equilibrium or if one knows that the pumping will have no effect on the
expectation value of the current operator the subtrahend in equation (6.107) vanishes and requires
no extra computation.
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6.3 Classes of Out-of-equilibrium Problems and Approaches to Their
Numerical Simulations for Excited Systems

As we have learned in section 6.1 in out-of-equilibrium setups the definition of the time-dependent
spectral functions is far from being unique. Indeed, depending on what problem is to be theoretically
described different definitions are applied.

Time-dependent spectral functions as we have defined them in section 6.1.2 have in the past been used
to investigate mainly two kinds of problems. The first class is given by describing the post-quench
behavior where excitations are modeled in a theoretically simple fashion by changing a parameter of
the model system’s Hamiltonian of which previously the ground state was computed. The procedure
then consists of computing the time evolution of the initial ground state with respect to the quenched
Hamiltonian such that in general a time-dependent spectral function will be obtained as the ground
state of the initial Hamiltonian is no longer an eigenstate of the quenched one.

Other than this, Floquet systems where the Hamiltonian shows a periodicity in time have been
investigated by means of these spectral functions. These systems seem to be particularly prone
to such a treatment which does not come to too much surprise given that for Floquet systems
an effective Hamiltonian can be derived [85] such that for long enough times the system should
be considerable as quasi equilibrated. A variant of computing the spectral function consists of
averaging over one time period, which of course looses the time dependence [382, 6]. Note that when
it comes to the description of driven systems, we should distinguish between investigations that
operate at longer times such that they are in a quasi steady state and, thus, an effective equilibrium,
such that Floquet theory is applicable, and those where a driving has just turned on. In the latter
case transient effects might occur which could lead to even unphysical artifacts in the spectral
functions.

In recent years, a thorough theoretical description of pump-probe experiments has been aspired
with particular focus on trARPES-like measurements. Here the ordinary time-dependent spectral
functions we considered so far are not sufficient anymore. Instead, the probe pulse needs to be taken
into account. A cumbersome derivation of Freericks et al. [104, 108, 103, 105, 106] and equally
Braun et al. [43] culminated in a far more complex relation for time-dependent spectra, of which
the essence is best summarized by the following formulation

𝒜(𝑘, 𝜔, 𝑡) = ∫
∞

−∞
∫

∞

−∞
d𝑡1d𝑡2e−iu�(u�1−u�2)𝑠(𝑡1, 𝑡) 𝑠(𝑡2, 𝑡) 𝒢 <(𝑘, 𝑡1, 𝑡2) (6.112)

with 𝑠 being the probe pulse function. Note that the actual relation is even more complex. For a
detailed analysis, we, thus, refer to the original work and its subsequent enhancements, and at this
point shall only focus on the main differences to our previous approaches. We learn that here a full
integration over both times of the two-time lesser Green’s function is conducted and that the time
dependence solely stems from the probe pulse function. The case of a continuous probe pulse is
governed by setting 𝑠 ≡ 1, which, however, is not guaranteed to converge anymore. Equation (6.112)
will even diverge for equilibrium setups, meaning its application is also limited. However, we should
mention that in the original formulation by Freericks et al. the spectral function did not loose its
time dependence only from investigating a continuous probe pulse. We further note that there exist
alternative expression for this relation as well, c.f. for instance [333], and that the interpretation
regarding trARPES experiments is lengthly discussed in [109]. Albeit the rather complex structure
of equation (6.112), its computation has already been pursued by means of full diagonalization [402],
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DMFT [107], analytically [252], and also by means of MPSs [90]. As for the latter, another calculus
by Zawadzki et al. [421] was conducted through a tunneling approach inspired by scanning tunneling
spectroscopy [422]. The principal idea is to couple the sample under investigation to an ancilla
probe system of which the sites themselves are uncoupled and to then measure the occupation of the
probe chain over time for different coupling strengths. This approach has even been demonstrated
to also recover results for equilibrium setups. However, it has nevertheless not been free of artifacts.
Another ansatz, also proposed by Zawadzki et al. [423] is based on a recreation of a scattering effect
[383].

We conclude that depending on the type of problem, a suitable theoretical definition of the spectral
function must be chosen in advance to then design the simulation accordingly. At this point, there
is again no general procedure.
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7 Interacting and Non-interacting Models with Simple or
Large Unit Cells and Their Band Structures

The main purpose of this chapter is introduce the principal model for our investigation, a one-
dimensional Hubbard model with a magnetic superstructure, c.f. chapter 7.2.2. Beforehand, however,
we begin with rather general considerations about models with trivial and non-trivial unit cells also
introducing the tight binding model and the Hubbard model, which both are textbook standards.
Of the many works we only give [229] as a reference at this point. Lastly, we will briefly discuss
different mechanisms to model excitations thereby pushing the systems out of equilibrium.

7.1 Models with Trivial Unit Cells

We say a model has a trivial unit cell if (generally speaking only in the bulk) in real space its
Hamiltonian is invariant against a translation by one lattice site.

In this case, the kinetic part is most often given by

�̂�kin = −𝑡hop ∑
u�

( ̂𝑐†
u� ̂𝑐u�+1 + ̂𝑐†

u�+1 ̂𝑐u�), (7.1)

where 𝑟 takes again the role of a general index and 𝑡hop is referred to as the hopping parameter.
Furthermore, we take the system to be of 𝐿 sites, i.e. 𝑟 ∈ {0, … , 𝐿 − 1} and set the lattice spacing
to 𝑎 = 1.

If we assume periodic boundary conditions, that is

𝑟 = 𝐿 ≡ 𝑟 = 0 ⇔ ̂𝑐(†)
u� = ̂𝑐(†)

0 , (7.2)

equation (7.1) can easily be diagonalized by means of an ordinary (discrete) Fourier transform as
introduced in sections 3.6.3 and A.1.1. Therefore, we define momentum space operators through

̂𝑐u� = 1√
𝐿

∑
u�

e−iu�u� ̂𝑐u� ⇔ ̂𝑐†
u� = 1√

𝐿
∑

u�
eiu�u� ̂𝑐†

u� (7.3a)

⇔ ̂𝑐u� = 1√
𝐿

∑
u�

eiu�u� ̂𝑐u� ⇔ ̂𝑐†
u� = 1√

𝐿
∑

u�
e−iu�u� ̂𝑐†

u�, (7.3b)

with the discretized momenta 𝑘u� given by

𝑘u� = −π +
2π𝜇
𝐿

, 𝜇 ∈ {0, … , 𝐿 − 1} ⇒ 𝑘u� ∈ {0, … , (𝐿 − 1) ⋅ 2π
𝐿

} (7.4)
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where we have exploited translational invariance to have the momenta run from −π (inclusive) to
+π (exclusive). Inserting into equation (7.1), we find the kinetic part of the Hamiltonian to be
determined by

�̂�kin = −𝑡hop
1
𝐿

∑
u�,u�,u�′

e−i(u�−u�′)u� (eiu�′ + e−iu�) ̂𝑐†
u� ̂𝑐u�′ = −𝑡hop ∑

u�
2 cos(𝑘) ̂𝑐†

u� ̂𝑐u� = ∑
u�

𝜀u� ̂𝑐†
u� ̂𝑐u�, (7.5)

where we have applied the Kronecker delta (3.57) expressed in the usual sloppy notation in the
second equality. The quantity 𝜀u� is called dispersion.

For open boundary conditions, which formally means

̂𝑐(†)
u� = 0, (7.6)

we can similarly diagonalize the Hamiltonian (7.1) by means of a sine transform, c.f. sections 3.7.2
and A.2, and also reference [29]. We define the following operators in momentum space

̂𝑐u� = √ 2
𝐿 + 1

∑
u�

sin(𝑘𝑟) ̂𝑐u� ⇔ ̂𝑐†
u� = √ 2

𝐿 + 1
∑

u�
sin(𝑘𝑟) ̂𝑐†

u� (7.7a)

⇔ ̂𝑐u� = √ 2
𝐿 + 1

∑
u�

sin(𝑘𝑟) ̂𝑐u� ⇔ ̂𝑐†
u� = √ 2

𝐿 + 1
∑

u�
sin(𝑘𝑟) ̂𝑐†

u�, (7.7b)

for the discretized momenta

𝑘u� =
𝜋 (𝜇 + 1)

𝐿 + 1
, 𝜇 ∈ {0, … , 𝐿 − 1} ⇒ 𝑘u� ∈ { π

𝐿 + 1
, … , π

𝐿 + 1
⋅ 𝐿}. (7.8)

Inserting the above into equation (7.1) we obtain

�̂�kin = − 𝑡hop
2

𝐿 + 1
∑

u�,u�,u�′

(sin(𝑘𝑟) sin(𝑘′(𝑟 + 1)) ̂𝑐†
u� ̂𝑐u�′ + sin(𝑘(𝑟 + 1)) sin(𝑘′𝑟) ̂𝑐†

u� ̂𝑐u�′) (7.9a)

= − 𝑡hop
2

𝐿 + 1
∑

u�,u�,u�′

(sin(𝑘𝑟) sin(𝑘′𝑟) cos(𝑘′) ̂𝑐†
u� ̂𝑐u�′ + sin(𝑘𝑟) cos(𝑘′𝑟) sin(𝑘′) ̂𝑐†

u� ̂𝑐u�′)

− 𝑡hop
2

𝐿 + 1
∑

u�,u�,u�′

(sin(𝑘𝑟) sin(𝑘′𝑟) cos(𝑘) ̂𝑐†
u� ̂𝑐u�′ + cos(𝑘𝑟) sin(𝑘′𝑟) sin(𝑘) ̂𝑐†

u� ̂𝑐u�′) (7.9b)

= − 𝑡hop ∑
u�,u�′

( 2
𝐿 + 1

∑
u�

sin(𝑘𝑟) sin(𝑘′𝑟) cos(𝑘′) ̂𝑐†
u� ̂𝑐u�′)

− 𝑡hop ∑
u�,u�′

( 2
𝐿 + 1

∑
u�

sin(𝑘𝑟) sin(𝑘′𝑟) cos(𝑘) ̂𝑐†
u� ̂𝑐u�′)

− 𝑡hop ∑
u�,u�′

( 2
𝐿 + 1

∑
u�

(sin(𝑘𝑟) cos(𝑘′𝑟) sin(𝑘′) + cos(𝑘𝑟) sin(𝑘′𝑟) sin(𝑘)) ̂𝑐†
u� ̂𝑐u�′) (7.9c)

= − 𝑡hop ∑
u�,u�′

(𝛿u�,u�′ cos(𝑘′) ̂𝑐†
u� ̂𝑐u�′) − 𝑡hop ∑

u�,u�′

(𝛿u�,u�′ cos(𝑘) ̂𝑐†
u� ̂𝑐u�′) (7.9d)

= − 𝑡hop ∑
u�

2 cos(𝑘) ̂𝑐†
u� ̂𝑐u� = ∑

u�
𝜀u� ̂𝑐†

u� ̂𝑐u�. (7.9e)

Here we have used the identity

sin(𝑥 + 𝑦) = sin(𝑥) cos(𝑦) + cos(𝑥) sin(𝑦), (7.10)
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as well as the very important relations

𝛿u�,u�′ = 2
𝐿 + 1

∑
u�

sin(𝑘𝑟) sin(𝑘′𝑟) (7.11)

0 = 2
𝐿 + 1

∑
u�

(sin(𝑘𝑟) cos(𝑘′𝑙) sin(𝑘′) + cos(𝑘𝑟) sin(𝑘′𝑟) sin(𝑘)) ∀ 𝑘, 𝑘′, (7.12)

which we have again expressed in sloppy notation. Note that unfortunately

2
𝐿 + 1

∑
u�

sin(𝑘𝑟) cos(𝑘′𝑟) sin(𝑘′) ≠ 0 (7.13)

for arbitrary 𝑘 and 𝑘′. This will significantly complicate matters for a non-trivial unit cell.
Conveniently, we obtain the same dispersion relation 𝜀u� for both cases of boundary conditions, the
only difference being its sampling due to the different constraints of the discretized momenta.

The current operator, however, behaves entirely differently depending on the boundary conditions.
For periodic boundary conditions we insert (7.3b) into equation (6.64) to find the similarly simple
expression

̂𝚥 = −i𝑡hop
1
𝐿

∑
u�,u�,u�′

e−i(u�−u�′)u� (eiu�′ − e−iu�) ̂𝑐†
u� ̂𝑐u�′ = 𝑡hop ∑

u�
2 sin(𝑘) ̂𝑐†

u� ̂𝑐u� = ∑
u�

̃𝜀u� ̂𝑐†
u� ̂𝑐u�, (7.14)

while for open boundaries using (7.7b) we obtain

̂𝚥 = + i𝑡hop
2

𝐿 + 1
∑

u�,u�,u�′

(sin(𝑘𝑟) sin(𝑘′(𝑟 + 1)) ̂𝑐†
u� ̂𝑐u�′ − sin(𝑘(𝑟 + 1)) sin(𝑘′𝑟) ̂𝑐†

u� ̂𝑐u�′) (7.15a)

= + i𝑡hop
2

𝐿 + 1
∑

u�,u�,u�′

(sin(𝑘𝑟) sin(𝑘′𝑟) cos(𝑘′) ̂𝑐†
u� ̂𝑐u�′ + sin(𝑘𝑟) cos(𝑘′𝑟) sin(𝑘′) ̂𝑐†

u� ̂𝑐u�′)

− i𝑡hop
2

𝐿 + 1
∑

u�,u�,u�′

(sin(𝑘𝑟) sin(𝑘′𝑟) cos(𝑘) ̂𝑐†
u� ̂𝑐u�′ + cos(𝑘𝑟) sin(𝑘′𝑟) sin(𝑘) ̂𝑐†

u� ̂𝑐u�′) (7.15b)

= + i𝑡hop ∑
u�,u�′

( 2
𝐿 + 1

∑
u�

sin(𝑘𝑟) sin(𝑘′𝑟) cos(𝑘′) ̂𝑐†
u� ̂𝑐u�′)

− i𝑡hop ∑
u�,u�′

( 2
𝐿 + 1

∑
u�

sin(𝑘𝑟) sin(𝑘′𝑟) cos(𝑘) ̂𝑐†
u� ̂𝑐u�′)

+ i𝑡hop ∑
u�,u�′

( 2
𝐿 + 1

∑
u�

(sin(𝑘𝑟) cos(𝑘′𝑟) sin(𝑘′) − cos(𝑘𝑟) sin(𝑘′𝑟) sin(𝑘)) ̂𝑐†
u� ̂𝑐u�′) (7.15c)

= + i𝑡hop ∑
u�,u�′

( 4
𝐿 + 1

∑
u�

(sin(𝑘𝑟) cos(𝑘′𝑟) sin(𝑘′)) ̂𝑐†
u� ̂𝑐u�′) = ∑

u�,u�′

̃𝜀u�,u�′ ̂𝑐†
u� ̂𝑐u�′. (7.15d)

Comparing equations (7.14) and (7.15) to one another, we note that the fundamental differences for
both boundary conditions manifest in several ways. First, we note that for periodic boundaries,
the current operator is purely real whilst it is purely imaginary for open boundaries. In either
case, however, the operator is hermitian such that their expectation values are real. Second, for
the former situation the operator is diagonal in momentum space, which does not hold true for the
latter.
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7.1.1 The Tight Binding Model and Its Extensions

Assuming free electrons, i.e. such that do not interact, the so-called tight binding model can be
derived from the general solid state Hamiltonian, c.f. for instance [229]. We present it at this point
for spinless fermions, that is

�̂�tb = −𝑡hop ∑
u�

( ̂𝑓†
u�

̂𝑓u�+1 + ̂𝑓†
u�+1

̂𝑓u�), (7.16)

which is nothing but a specification of the kinetic Hamiltonian (7.1). Thus, its representation in
momentum space is given by equation (7.5) or (7.9)

�̂�tb = −𝑡hop ∑
u�

2 cos(𝑘) ̂𝑎†
u� ̂𝑎u� = ∑

u�
𝜀u� ̂𝑎†

u� ̂𝑎u�, (7.17)

and for the current operator we have

̂𝚥tb = 𝑡hop ∑
u�

2 sin(𝑘) ̂𝑎†
u� ̂𝑎u�, (7.18)

for periodic boundaries or

̂𝚥tb = i𝑡hop ∑
u�,u�′

( 4
𝐿 + 1

∑
u�

(sin(𝑘𝑟) cos(𝑘′𝑟) sin(𝑘′)) ̂𝑎†
u� ̂𝑎u�′) (7.19)

for open boundaries, respectively, c.f. equation (7.14) or (7.15). The cosine-like dispersion relation
𝜀u� is typical for free electrons. Here we have introduced the naming convention of indicating
all creation and annihilation operators in momentum space for non-generic models by ̂𝑎†

u� or ̂𝑎u�,
respectively.

The tight binding model can be extended by adding an interaction term as follows

�̂�u�u� = �̂�u� + �̂�u� = −𝑡hop ∑
u�

( ̂𝑓†
u�

̂𝑓u�+1 + ̂𝑓†
u�+1

̂𝑓u�) + 𝑉 ∑
u�

�̂�u��̂�u�+1, (7.20)

where we have obeyed the Pauli principle that two fermions cannot occupy the same site. This model
is also referred to as the 𝑡𝑉 -chain. Note that the interaction term �̂�u� is quadrilinear. Therefore,
for finite interaction 𝑉 the 𝑡𝑉 -chain cannot be diagonalized through the introduction of momentum
space operators. Nevertheless, we can still express the model in terms of momentum space operators
which yield equation (7.17) for �̂�u� = �̂�tb as a diagonal part and

�̂�u� = 𝑉 ∑
u�,u�′,u�″,u�‴

𝛤u�,u�′,u�″,u�‴ ̂𝑎†
u� ̂𝑎u�′ ̂𝑎†

u�″ ̂𝑎u�‴. (7.21)

as an additional perturbation. Here we have introduced the transition tensor

𝛤u�,u�′,u�″,u�‴ = ∑
u�

𝑆∗
u�,u�𝑆u�′,u�𝑆∗

u�″,u�+1𝑆u�‴,u�+1 (7.22)

having exploited equation (6.35) with

𝑆u�,u� = 1√
𝐿

e−iu�u� (7.23)
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for periodic boundaries and

𝑆u�,u� = √ 2
𝐿 + 1

sin(𝑘𝑟) (7.24)

for open boundaries, respectively. Note that 𝛤u�,u�′,u�″,u�‴ can easily be evaluated numerically.

Regarding the interaction part there is an alternative of defining the 𝑡𝑉 -chain, that is

�̂�u� = 𝑉 ∑
u�

(�̂�u� − 1
2

) (�̂�u�+1 − 1
2

), (7.25)

of which the advantage is that expressed this way the entire Hamiltonian is particle-hole symmetric,
i.e. invariant under the transformation

̂𝑓†
u� → ̂𝑓u�, ⇔ �̂�u� → (1 − �̂�u�) (7.26)

c.f. also [429] for further explanations. In this case, the entire Hamiltonian in momentum space
reads

�̂�u�u� = �̂�u� + �̂�u� (7.27)

= ∑
u�

(−2𝑡hop cos(𝑘) − 𝑉 ) ̂𝑎†
u� ̂𝑎u� + 𝑉 ∑

u�,u�′,u�″,u�‴

𝛤u�,u�′,u�″,u�‴ ̂𝑎†
u� ̂𝑎u�′ ̂𝑎†

u�″ ̂𝑎u�‴ + 𝑉
4

, (7.28)

i.e. the major changes are a shift in the dispersion and an additional constant.

7.1.2 The Hubbard Model

In attempt to explain electron correlations in narrow energy bands beginning in 1963 John Hubbard
issued a series of publications [158, 159, 160, 161, 162, 163] where he proposed the following model

�̂�Hub = �̂�kin + �̂�u� = −𝑡hop ∑
u�,u�

( ̂𝑐†
u�,u� ̂𝑐u�,u�+1 + ̂𝑐†

u�,u�+1 ̂𝑐u�,u�) + 𝑈 ∑
u�

�̂�↑,u��̂�↓,u�. (7.29)

Here we consider electrons with spin 𝜎. The interaction is now on-site, meaning that two electrons
of opposite spin occupying the same lattice site will cost an energy of 𝑈 . The Hubbard model is of
paramount importance in modern solid state physics as it is one of the easiest models of electronic
systems to include interactions. Alongside with several modifications it has been studied extensively
in the past [98] which amongst its original purpose led to a basic understanding of physical processes
like for instance band magnetism, the Mott metal-insulator transition, high-𝑇c superconductivity,
and, early on, ferromagnetism [133, 180]. To this day, no general solution to the Hubbard model is
known. In one dimension, however, it can be solved exactly by means of a Bethe ansatz which leads
to the introduction of the so-called Lieb-Wu equations [217, 218]. Note that the derivation is rather
involved and not obtained in terms of second quantization. We will only present some very basic
properties of the one-dimensional Hubbard model and refer to [97] for further reading.

Regarding its structure, the Hubbard model is quite similar to the 𝑡𝑉 -chain. For a non-interacting
system, i.e. 𝑈 = 0, we have nothing more than two independent tight-binding models, one for each
spin direction. Hence, the kinetic part in momentum space reads

�̂�kin = −𝑡hop ∑
u�,u�

2 cos(𝑘) ̂𝑎†
u�,u� ̂𝑎u�,u� = ∑

u�,u�
𝜀u� ̂𝑎†

u�,u� ̂𝑎u�,u�, (7.30)
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c.f. equation (7.5) or (7.9), the only difference to equation (7.17) being the summation over the spin.
Note that while we present the spectral function only spin-resolved, the optical conductivity may
either be shown totally or spin-resolved. We therefore define the total current operator as

̂𝚥Hub = ∑
u�

̂𝚥Hub,u�, (7.31)

where with the help of equation (7.14) or (7.15) we have introduced the spin-resolved current
operator

̂𝚥Hub,u� = 𝑡hop ∑
u�

2 sin(𝑘) ̂𝑎†
u�,u� ̂𝑎u�,u�, (7.32)

for periodic boundaries or

̂𝚥Hub,u� = i𝑡hop ∑
u�,u�′

( 4
𝐿 + 1

∑
u�

(sin(𝑘𝑟) cos(𝑘′𝑟) sin(𝑘′)) ̂𝑎†
u�,u� ̂𝑎u�,u�′), (7.33)

for open boundaries, again bearing strong similarities to equation (7.18) or (7.19), respectively.
Similarly to the 𝑡𝑉 -chain, the interaction part in momentum space is given by

�̂�u� = 𝑈 ∑
u�,u�′,u�″,u�‴

𝛤u�,u�′,u�″,u�‴ ̂𝑎†
↑,u� ̂𝑎↑,u�′ ̂𝑎†

↓,u�″ ̂𝑎↓,u�‴ (7.34)

with
𝛤u�,u�′,u�″,u�‴ = ∑

u�
𝑆∗

u�,u�𝑆u�′,u�𝑆∗
u�″,u�𝑆u�‴,u� (7.35)

and the definitions from equations (7.23) and (7.24).

The Hubbard Hamiltonian can, just like the 𝑡𝑉 -chain, be expressed particle-hole symmetrically
via

�̂�u� = 𝑈 ∑
u�

(�̂�↑,u� − 1
2

) (�̂�↓,u�+1 − 1
2

), (7.36)

such that the entire Hamiltonian in momentum space becomes

�̂�Hub = �̂�kin + �̂�u� (7.37)

= ∑
u�,u�

(−2𝑡hop cos(𝑘) − 𝑈) ̂𝑎†
u�,u� ̂𝑎u�,u� + 𝑈 ∑

u�,u�′,u�″,u�‴

𝛤u�,u�′,u�″,u�‴ ̂𝑎†
↑,u� ̂𝑎↑,u�′ ̂𝑎†

↓,u�″ ̂𝑎↓,u�‴ + 𝑈
4

, (7.38)

c.f. equation (7.25) and (7.27), respectively.

7.2 Models with Large Unit Cells

The Hamiltonian of a model with a unit cell of size 𝑋 will only be translationally invariant with
respect to shifts of 𝑋 sites. In real space it is therefore useful to decompose the site index 𝑟 into a
cell index 𝑙 and an intra cell index (or sub cell index) 𝑗, such that we have

𝑟 = 𝑋𝑙 + 𝑗, 𝑟 ∈ {0, … , 𝐿 − 1}, 𝑙 ∈ {0, … , 𝑁 − 1}, 𝑁 = 𝐿
𝑋

, 𝑗 ∈ {0, … , 𝑋 − 1}, (7.39a)

⇒ ̂𝑐(†)
u� = ̂𝑐(†)

u�,u�, (7.39b)
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where the total system size 𝐿 should be a multiple of the unit cell’s size 𝑋.

For this case diagonalizing a bilinear Hamiltonian under periodic boundary conditions requires
two steps. First we perform a (discrete) Fourier transform in the cell index 𝑙 only, such that any
non-interacting Hamiltonian will be given by

�̂�0 = ∑
u�

∑
u�,u�′

𝐶u�,u�,u�′ ̂𝑐†
u�,u� ̂𝑐u�,u�′, (7.40)

where we have defined the Fourier transform via

̂𝑐u�,u� = 1√
𝑁

∑
u�

e−iu�u� ̂𝑐u�,u� ⇔ ̂𝑐†
u�,u� = 1√

𝑁
∑

u�
eiu�u� ̂𝑐†

u�,u� (7.41a)

⇔ ̂𝑐u�,u� = 1√
𝑁

∑
u�

eiu�u� ̂𝑐u�,u� ⇔ ̂𝑐†
u�,u� = 1√

𝑁
∑

u�
e−iu�u� ̂𝑐†

u�,u�. (7.41b)

Here we have again used the usual sloppy notation. We clarify that here in real space the sampling
is

𝑙u� = 𝑋𝑛, 𝑛 ∈ {0, … , 𝑁 − 1}, (7.42)

which yields in momentum space

𝑘u� = − π
𝑋

+
2π𝜇
𝑋𝑁

, 𝜇 ∈ {0, … , 𝑁 − 1} ⇒ 𝑘u� ∈ {− π
𝑋

, … , (𝑁 − 1) ⋅ 2π
𝑋𝑁

}. (7.43)

From these considerations we already see that for a system with a non-trivial unit cell the Brillouin
zone shrinks to the range [−π/𝑋, π/𝑋[ instead of [−π, … , π[ known from models with a one-site unit
cell. The tensor 𝐶 in equation (7.40) can be interpreted as a 𝑘-dependent matrix of size 𝑋 × 𝑋.
As the whole Hamiltonian is hermitian the same needs to hold for 𝐶u�. Therefore we are able to
introduce unitary matrices 𝑇u� to diagonalize this matrix, i.e.

𝐶u� = 𝑇u�𝐷u�𝑇 †
u� ⇔ 𝐶u�,u�,u�′ = ∑

u�
𝑇u�,u�,u�𝐷u�,u�,u�𝑇 ∗

u�,u�′,u�, (7.44)

𝐷u� being a diagonal matrix. Hence, defining the full momentum space operators

̂𝑐u�,u� = ∑
u�

𝑇 ∗
u�,u�,u� ̂𝑐u�,u� = 1√

𝑁
∑
u�,u�

e−iu�u�𝑇 ∗
u�,u�,u� ̂𝑐u�,u�, (7.45a)

⇔ ̂𝑐†
u�,u� = ∑

u�
𝑇u�,u�,u� ̂𝑐†

u�,u� = 1√
𝑁

∑
u�,u�

eiu�u�𝑇u�,u�,u� ̂𝑐†
u�,u�, (7.45b)

⇔ ̂𝑐u�,u� = 1√
𝑁

∑
u�

eiu�u� ̂𝑐u�,u� = 1√
𝑁

∑
u�,u�

eiu�u�𝑇u�,u�,u� ̂𝑐u�,u�, (7.45c)

⇔ ̂𝑐†
u�,u� = 1√

𝑁
∑

u�
e−iu�u� ̂𝑐†

u�,u� = 1√
𝑁

∑
u�,u�

e−iu�u�𝑇 ∗
u�,u�,u� ̂𝑐†

u�,u�, (7.45d)

we may diagonalize equation (7.40) completely, such that we obtain

�̂�0 = ∑
u�,u�

𝜀u�,u� ̂𝑐†
u�,u� ̂𝑐u�,u� (7.46)

with the dispersion
𝜀u�,u� ≔ 𝐷u�,u�,u�. (7.47)
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Mathematically speaking, the dispersion at momentum 𝑘 is thus given by the eigenvalues of 𝐶u�,
while the matrices 𝑇u� hold their corresponding eigenvectors. In this fully diagonalized notation the
index 𝜈 is interpreted as labeling the band. Note that to comply with oral conventions, we will
count the band index differently

𝜈 ∈ {1, … , 𝑋}. (7.48)

We have thus shown that a non-trivial unit cell results in a multi band structure. Note that
a rigorous application of the schemes derived in section 6.1 will result in the spectral functions
depending on both, the momentum and the band (index), i.e.

𝒜 <,>
u� (𝑘, 𝜔, 𝑡) = 𝒜 <,>(𝑘, 𝜈, 𝜔, 𝑡). (7.49)

We shall call this quantity the spectral component of band (index) 𝜈, or the 𝜈-component for short,
to the total spectral function

𝒜 <,>(𝑘, 𝜔, 𝑡) = ∑
u�

𝒜 <,>
u� (𝑘, 𝜔, 𝑡). (7.50)

In principle this procedure can be extended to arbitrary quantum numbers. In all other cases
however, namely the spin 𝜎, we will evaluate all the channels of the respective quantum number
individually.

Note that the Lehmann representations of the band components of the greater and lesser spectral
function computed with respect to an eigenstate |𝛼⟩, compare equations (6.25) and (6.26), are given
in strict analogy to equation (7.49) as

𝒜 <
u� (𝑘, 𝜔) = ∑

u�
𝛿(𝜔 − (𝐸u�

u� − 𝐸u�−1
u� )) ∣⟨𝑛u�−1∣ ̂𝑐u�,u� ∣𝛼u�⟩∣2, (7.51)

𝒜 >
u� (𝑘, 𝜔) = ∑

u�
𝛿(𝜔 + (𝐸u�

u� − 𝐸u�+1
u� )) ∣⟨𝑛u�+1∣ ̂𝑐†

u�,u� ∣𝛼u�⟩∣2. (7.52)

Inspired by the procedure applied in reference [3] we consider the case of a system to consist of a
single unit cell only. Then we have 𝑙 = 0, i.e. there will also only be a single momentum 𝑘 = 0, such
that we have

̂𝑐(†)
u�,u� = ̂𝑐(†)

u�,u� (7.53)

and hence equations (7.51) and (7.52) equal their momentum-independent forms

𝒜 <(𝜔) = ∑
u�,u�

𝛿(𝜔 − (𝐸u�
u� − 𝐸u�−1

u� )) ∣⟨𝑛u�−1∣ ̂𝑐u�=0,u� ∣𝛼u�⟩∣2 = ∑
u�

𝒜 <(𝑘, 𝜔), (7.54)

𝒜 >(𝜔) = ∑
u�,u�

𝛿(𝜔 + (𝐸u�
u� − 𝐸u�+1

u� )) ∣⟨𝑛u�+1∣ ̂𝑐†
u�=0,u� ∣𝛼u�⟩∣2 = ∑

u�
𝒜 >(𝑘, 𝜔). (7.55)

For the current operator there is no general closed expression. The Fourier transform in the cell
index can be easily applied yielding

̂𝚥 = ∑
u�,u�,u�′

̃𝜀u�,u�,u�′ ̂𝑐†
u�,u� ̂𝑐u�,u�′, (7.56)

where the specific structure of the model determines ̃𝜀u�,u�,u�′ which may become arbitrarily unpleas-
ant.
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Just like the matrices of eigenvectors 𝑇u�, ̃𝜀u�,u�,u�′ will often need to be evaluated numerically. Whilst
this procedure may be quite cumbersome, it still provides a well-founded algorithm. Unfortunately,
the situation is even more complex for open boundaries. Therefore we devote a new section to this
matter. We do mention, however, that, if the model under investigation has special properties, other
methods may also be applied, c.f. for instance [337].

7.2.1 The General Sine Transform

For open boundary conditions care needs to be taken when diagonalizing even a bilinear Hamiltonian
if the unit cell is non-trivial [238]. As pointed out in reference [77] additional effects, e.g. Zak phases,
can add to an already complex problem [240]. Because it always relies on some form of periodicity,
we cannot even partially apply a (discrete) Fourier transform as in the case of periodic boundaries,
neither can we make use of a sine transform. The problem, again, is that equation (7.13) does not
vanish in general. Hence, we will introduce a scheme that very much resembles the procedure from
equation (7.44) onwards, which also relies on a matrix diagonalization. As we will see below, this
method comes with severe limitations.

We begin by noting that any bilinear Hamiltonian can be expressed through

�̂�0 = ∑
u�,u�′

𝐻u�,u�′ ̂𝑐†
u� ̂𝑐u� (7.57)

with the Hamiltonian matrix 𝐻. This we diagonalize via

𝐻 = 𝑃 𝐷𝑃 † ⇔ 𝐻u�,u�′ = ∑
u�

𝑃u�′,u�𝐷u�,u�𝑃 ∗
u�,u�. (7.58)

introducing a diagonal matrix 𝐷 and a hermitian matrix 𝑃 . Defining

̂𝑐u� = ∑
u�

𝑃 ∗
u�,u� ̂𝑐u� ⇔ ̂𝑐†

u� = ∑
u�

𝑃u�,u� ̂𝑐†
u� ⇔ ̂𝑐u� = ∑

u�
𝑃u�,u� ̂𝑐u� ⇔ ̂𝑐†

u� = ∑
u�

𝑃 ∗
u�,u� ̂𝑐†

u�, (7.59)

and identifying
𝜀u� = 𝐷u�,u� (7.60)

we arrive at
�̂�0 = ∑

u�
𝜀u� ̂𝑐†

u� ̂𝑐u�, (7.61)

which is the desired diagonalization.

The crucial observation at this point is that when we apply this technique to Hamiltonian (7.1),
of which the unit cell is trivial, with open boundaries, we obtain the exact same values for the
dispersion 𝜀u� as with the ordinary sine transform, c.f. section 3.7. Therefore, we label the momenta
by

𝑘u� =
π (𝜇 + 1)

𝐿 + 1
, 𝜇 ∈ {0, … , 𝐿 − 1} ⇒ 𝑘u� ∈ { π

𝐿 + 1
, … , 2π

𝐿 + 1
⋅ 𝐿}. (7.62)

that is the same as in equation (7.8). Note that we have not used any properties of the unit cell in
the above derivation, so the application to systems with trivial unit cells is well defined. As the
methods yield the same result in this special case, including only depicting half of the first Brillouin
zone, we refer to the procedure in this section as the general sine transform. Note, however, that its
application is severely limited.
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The problem is that our newly defined method comes without any order of the eigenvalues, that is,
a priori it is not clear what eigenvalue 𝜀u� belongs to what momentum 𝑘. Only the knowledge that
for 𝑘 ≥ 0 the dispersion relation of the Hamiltonian (7.1) is monotonously increasing saved us here,
meaning that if we arrange the eigenvalues 𝜀u� ascendingly, we can identify them as corresponding to
the momenta calculated from (7.62). Hence, in order for this method to be applicable, we need to
know in advance that the dispersion is monotonous for momenta 𝑘 ≥ 0 and that we will only obtain
results for positive momenta. This is obviously a strong restriction. A great illustrative example is
to apply this scheme to the same Hamiltonian (7.1) but with periodic boundary conditions, of which
we also know the dispersion relation, the famous cosine shape, c.f. equation (7.17). As in the case
of periodic boundary conditions, the momenta’s range stretches from negative values to positive
ones, the second constraint is violated. With the exception of the edge and the center momentum
of the first Brillouin zone, we will obtain two times the same eigenvalues 𝜀u�, corresponding to the
momenta 𝑘 and −𝑘, respectively. While the values themselves are perfectly correct, we have no
technique to arrange them in the right order, which makes the method obsolete at this point. Note
further that the knowledge of the monotonous behavior of the dispersion relation is most often only
clear for the case of periodic boundaries. We will then just transfer this property to the system with
open boundaries only because we have no reason to assume that it would change. There will be no
mathematically rigorous derivation. Note that, indeed, in general especially at the edges, the results
for the dispersion 𝜀u� will deviate from their counterparts for periodic boundaries. This, however, is
a finite size effect, that can in principle be corrected with the treatment of larger systems.

If we despite these restrictions and uncertainties still apply the general sine transform it is obvious
from equation (7.62) that for a non-trivial unit cell the dispersion relation will be presented in the
extended zone scheme. We will still need to manually fold the results back to the first Brillouin
zone where we will reintroduce the band index via

̂𝑐(†)
u�′,u� = {

̂𝑐(†)
(u�−1)u�π/(u�+1)+u�′, 𝜈 mod 2 = 1
̂𝑐(†)
(u�u�+1)π/(u�+1)−u�′, 𝜈 mod 2 = 0

, 𝜈 ∈ {1, … , 𝑋}, (7.63)

which we have expressed in the usual sloppy notation having defined

𝑘′
u� =

π (𝜇 + 1)
𝐿 + 1

, 𝜇 ∈ {0, … , 𝑁 − 1} ⇒ 𝑘′
u� ∈ { π

𝐿 + 1
, … , 2π

𝐿 + 1
⋅ 𝑁}. (7.64)

Note that to perform this step we need to know the number of bands 𝑋 in advance, which is likewise
most often obtained from a computation using periodic boundary conditions. We further mention
that in case we are only considering a single unit cell, equations (7.54) and (7.54) hold true in this
situation as well.

Finally, we obtain the current operator from inserting (7.59) into equation (6.64)

̂𝚥 = −i𝑡hop ∑
u�,u�,u�′

(𝑃 ∗
u�,u�𝑃u�+1,u�′ − 𝑃 ∗

u�+1,u�𝑃u�,u�′) ̂𝑐†
u� ̂𝑐u�′. (7.65)

7.2.2 The Hubbard Model with a Magnetic Superstructure

In this thesis we will mostly study a variant of the one-dimensional Hubbard model presented in
section (7.1.2), which we obtain by the addition of a magnetic superstructure

�̂� = �̂�0 + �̂�u� = �̂�kin + �̂�u� + �̂�u�, (7.66a)
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�̂�kin = −𝑡hop ∑
u�,u�

( ̂𝑐†
u�,u� ̂𝑐u�,u�+1 + ̂𝑐†

u�,u�+1 ̂𝑐u�,u�), (7.66b)

�̂�u� = 𝑈 ∑
u�

�̂�↑,u��̂�↓,u�, (7.66c)

�̂�u� = ∑
u�

𝛥u�𝑆u�
u� with 𝑆u�

u� = 1
2

(�̂�↑,u� − �̂�↓,u�). (7.66d)

New to the hopping amplitude 𝑡hop and the on-site Coulomb repulsion 𝑈 , comes 𝛥u� which describes
an on-site Zeeman term of strength 𝛥 and for finite values will lead to structure with multiple bands.
Clearly, for 𝛥 = 0 the original Hubbard model is obtained. We will consider cases of staggered
magnetic fields allowing us to express the Hamiltonian in terms of cell and intra cell indices as
follows

�̂�kin = − 𝑡hop ∑
u�,u�

(
u�−2

∑
u�=0

( ̂𝑐†
u�,u�,u� ̂𝑐u�,u�,u�+1 + ̂𝑐†

u�,u�,u�+1 ̂𝑐u�,u�,u�)

+ ( ̂𝑐†
u�,u�,u�−1 ̂𝑐u�,u�+1,0 + ̂𝑐†

u�,u�+1,0 ̂𝑐u�,u�,u�−1)), (7.67a)

�̂�u� = 𝑈 ∑
u�,u�

�̂�↑,u�,u��̂�↓,u�,u�, (7.67b)

�̂�u� = ∑
u�,u�

𝛥u�

2
(�̂�↑,u�,u� − �̂�↓,u�,u�), (7.67c)

with 𝑋 again being the size of the unit cell. Originally this model was proposed in references [33,
197, 195] with an on-site potential 𝛥u� alternating every two sites (𝛥, 𝛥, −𝛥, −𝛥) of strength 𝛥
and, thus, a four-site unit cell. Here, for the ground state of praseodymium calcium manganite
(Pr1−u�Cau�MnO3, PCMO) 𝑡2u� electrons of the manganese atoms were identified to freeze out,
such that the so-formed crystal of Zener polarons due to Hund’s coupling provides a pairwise
antiferromagnetically aligned background, a superlattice, for free 𝑒u� electrons to move through
the system. Taking repulsion between electrons into account and neglecting interactions with the
lattice the Hamiltonian takes the above Hubbard-like form is obtained. While derived to model the
situation best at quarter filling we will also consider the case of half filling where the model can be
simplified to just a site wise alternating 𝛥u�, i.e. (𝛥, −𝛥), and, hence, a two-site unit cell. We will
use the superscripts 4𝛥 and 2𝛥 to distinguish between these two superlattices. In the context of
this thesis, we will refer to these variants as the four band and the two band model, respectively.
Note that in references [149, 148, 285, 310] similar structures were also found in OSMP [134, 395]
states, which are obtained in ladder systems like BaFe2Se3, although the coupling of the conduction
electrons there is realized via a Heisenberg exchange term rather than a Zeeman term.

We further mention that for finite sizes 𝐿 this model is not particle-hole symmetric as �̂�u� flips
its sign under transformation (7.26). Only the bare Hubbard model can be transformed such, c.f.
equation (7.37). Note, however, that at least for periodic boundary conditions the dispersion of
neither �̂�4u� nor �̂�2u� changes since only 𝛥2 contributes to equations (7.73) or (7.78), respectively.
As for �̂�4u� there exists another interesting property for open boundaries. Defining the unit cell
differently with 𝛥u� being (𝛥, −𝛥, −𝛥, 𝛥) or (−𝛥, 𝛥, 𝛥, −𝛥) we find edge states in its spectrum.
We will not investigate this model in the remainder of this text in order to avoid potential interference
to our simulations from this effect and leave this analysis for future research.
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Next, for both cases we shall discuss the dispersion of the non-interacting part for periodic boundary
conditions. Proceeding analogously to equations (7.40) to (7.41b) in order to diagonalize �̂�4u�

0 , we
define

̂𝑏u�,u�,u� = 1√
𝑁

∑
u�

e−iu�u� ̂𝑐u�,u�,u� ⇔ ̂𝑏†
u�,u�,u� = 1√

𝑁
∑

u�
eiu�u� ̂𝑐†

u�,u�,u� (7.68a)

⇔ ̂𝑐u�,u�,u� = 1√
𝑁

∑
u�

eiu�u� ̂𝑏u�,u�,u� ⇔ ̂𝑐†
u�,u�,u� = 1√

𝑁
∑

u�
e−iu�u� ̂𝑏†

u�,u�,u�, (7.68b)

such that we have
�̂�4u�

0 = ∑
u�,u�

∑
u�,u�′

𝐶4u�
u�,u�,u�,u�′

̂𝑏†
u�,u�,u�

̂𝑏u�,u�,u�′, (7.69)

with

𝐶4u�
u�,u� =

⎛⎜⎜⎜⎜⎜
⎝

𝜎𝛥/2 −𝑡hop 0 −𝑡hopei4u�

−𝑡hop 𝜎𝛥/2 −𝑡hop 0
0 −𝑡hop −𝜎𝛥/2 −𝑡hop

−𝑡hope−i4u� 0 −𝑡hop −𝜎𝛥/2

⎞⎟⎟⎟⎟⎟
⎠

, (7.70)

where we identify 𝜎 =↑≡ +1 and 𝜎 =↓≡ −1. Diagonalizing 𝐶4u� as in equation (7.44) we obtain
the full momentum space operators

̂𝑎u�,u�,u� = ∑
u�

𝑇 ∗
u�,u�,u�,u�

̂𝑏u�,u�,u� ⇔ ̂𝑎†
u�,u�,u� = ∑

u�
𝑇u�,u�,u�,u�

̂𝑏†
u�,u�,u� (7.71a)

⇔ ̂𝑏u�,u�,u� = ∑
u�

𝑇u�,u�,u�,u� ̂𝑎u�,u�,u� ⇔ ̂𝑏†
u�,u�,u� = ∑

u�
𝑇 ∗

u�,u�,u�,u� ̂𝑎†
u�,u�,u�, (7.71b)

and thus, c.f. equation (7.46),

�̂�4u�
0 = ∑

u�,u�,u�
𝜀4u�

u�,u� ̂𝑎†
u�,u�,u� ̂𝑎u�,u�,u� (7.72)

with the dispersion

𝜀4u�
u�,u� = 𝑠1,u�𝑡hop

√√√

⎷
2 + 𝛥2

4𝑡2
hop

+ 𝑠2,u�2√cos2(2𝑘) + 𝛥2

4𝑡2
hop

, 𝑠 = (−1 −1 +1 +1
+1 −1 −1 +1) (7.73)

for the four bands 𝜈 = 1, 2, 3, 4. The discretized momenta follow from (7.43) as

𝑘u� = −π
4

+
2π𝜇
4𝑁

, 𝜇 ∈ {0, … , 𝑁 − 1} ⇒ 𝑘u� ∈ {−π
4

, … , −π
4

+ (𝑁 − 1) ⋅ π
2𝑁

}, (7.74)

𝑁 being again the number of unit cells, and the first Brillouin zone (BZ), clearly, extends as
[−π/4, … , π/4[.

As for 𝐻2u�
0 we, likewise, employ equation (7.68) yielding

�̂�2u�
0 = ∑

u�,u�
∑
u�,u�′

𝐶2u�
u�,u�,u�,u�′

̂𝑏†
u�,u�,u�

̂𝑏u�,u�,u�′. (7.75)

Here, the corresponding matrix takes the simpler form

𝐶2u�
u�,u� = (

𝜎𝛥/2 −𝑡hop (1 + ei2u�)
−𝑡hop (1 + e−i2u�) −𝜎𝛥/2

), (7.76)
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which by means of equation (7.44) can be diagonalized to obtain full momentum space operators
analogous to those in equation (7.71) with adjusted eigenvector matrices 𝑇u�,u�. Therefrom, we
derive the diagonalization

�̂�2u�
0 = ∑

u�,u�,u�
𝜀2u�

u�,u� ̂𝑎†
u�,u�,u� ̂𝑎u�,u�,u� (7.77)

with the dispersion

𝜀2u�
u�,u� = 𝑠u�𝑡hop√

𝛥2

4𝑡2
hop

+ 2 (cos(2𝑘) + 1) , 𝑠u� = (−1)u� (7.78)

for two bands 𝜈 = 1, 2. The discretized momenta are given by

𝑘u� = −π
2

+
2π𝜇
2𝑁

, 𝜇 ∈ {0, … , 𝑁 − 1} ⇒ 𝑘u� ∈ {−π
2

, … , −π
2

+ (𝑁 − 1) ⋅ π
𝑁

}, (7.79)

such that the first Brillouin zone increases to [−π/2, … , π/2[.

In figure 7.1 we show 𝜀4u�
u�,u� and 𝜀2u�

u�,u� for various values of 𝛥. We first note that with increasing 𝛥

Figure 7.1: Dispersion relations of û�4u�
0 and û�2u�

0 , u�4u�
u�,u� and u�2u�

u�,u�, c.f. equations (7.73)
and (7.78), for various values of u� and PBCs. The contributions of u� = 1, 2, 3, 4 are
shown in blue, green, cyan, and magenta, respectively.

the bands flatten significantly, such that at 𝛥 = 8 they are nearly dispersionless. This feature is
stronger for �̂�4u�

0 than for �̂�2u�
0 , yet still the effect is clearly visible. We further observe that for

�̂�4u�
0 the system can be readily divided into two lower and two upper bands, their distance being

for finite 𝛥 always around a value of 2. The distance of the upper and lower band for �̂�2u�
0 , or

the respective two for �̂�4u�
0 , roughly scales as 2𝛥/3. Note that for 𝛥 = 0 in both cases we obtain

nothing more than the cosine dispersion of the tight binding model but folded back to a quarter or
half of the first Brillouin zone, respectively.

In the case of open boundaries, we apply the general sine transform as presented in section 7.2.1 to
find the momentum space operators

̂𝑎(†)
u�,u�′,u� =

⎧{{{
⎨{{{⎩

̂𝑎(†)
u�,u�′, 𝜈 = 1
̂𝑎(†)
u�,(u�/2+1)u�/(u�+1)−u�′, 𝜈 = 2
̂𝑎(†)
u�,(u�/2)u�/(u�+1)+u�′, 𝜈 = 3
̂𝑎(†)
u�,u�−u�′, 𝜈 = 4

(7.80)
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with discretized momenta

𝑘′
u� =

π𝜇
𝐿 + 1

, 𝜇 ∈ {1, … , 𝐿/4} ⇒ 𝑘′
u� ∈ { π

𝐿 + 1
, … , π

𝐿 + 1
⋅ 𝐿

4
} (7.81)

for �̂�4u�
0 , while for �̂�2u�

0 we obtain

̂𝑎(†)
u�,u�′,u� = {

̂𝑎(†)
u�,u�′, 𝜈 = 1
̂𝑎(†)
u�,u�−u�′, 𝜈 = 2

(7.82)

alongside with

𝑘′
u� =

π𝜇
𝐿 + 1

, 𝜇 ∈ {1, … , 𝐿/2} ⇒ 𝑘′
u� ∈ { π

𝐿 + 1
, … , π

𝐿 + 1
⋅ 𝐿

2
}. (7.83)

As we already pointed out the bands follow the results for periodic boundaries well, however small
deviations occur at the edges of the Brillouin zone for �̂�4u�

0 . We address this issue in figure 7.2 where
we compare the results for both models at different system sizes 𝐿. We note that with increasing 𝐿
the bulk is represented more and more accurately, while strictly at the edges the effect remains.

Figure 7.2: Comparison of the dispersion relations for OBCs and PBCs presented in
the extended zone scheme. In the former case u�4u�,OBC

u�,u� and u�2u�,OBC
u�,u� are obtained from

a general sine transform, c.f. section 7.2.1. For PBCs equations (7.73) and (7.78) are
evaluated for the momenta gained from equation (7.81) or (7.83), respectively; for even u�
the output is flipped; concatenating the so-obtained results of all bands we find u�4u�,PBC

u�,u�

and u�2u�,PBC
u�,u� for û�4u�

0 and û�2u�
0 . Black lines: Reference data according to equation

(7.73) and (7.78), respectively. Top line: Comparison of (a) u�4u�,OBC
u�,u� and u�4u�,PBC

u�,u� or (b)
u�2u�,OBC

u�,u� and u�2u�,PBC
u�,u� for u�/u�hop = 2 and u� = 32. Bottom line: Differences of these

quantities for u� = 32 (blue), u� = 64 (green), and u� = 128 (cyan). Vertical black lines:
Edges of the unit cell.
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Therefore, we take this to be a finite size effect and will primarily focus on the bulk behavior to
neglect this feature. Evidently, for 𝐿 → ∞ and 𝑘 > 0 the results for open boundaries will converge
to their respective counterparts for periodic boundary conditions.

We close this discussion with a brief description of the current operator starting with the case
of periodic boundary conditions. Expressing ̂𝚥 (6.64) in terms of cell and intra cell indices and
subsequently inserting equations (7.68a) and (7.71a), we find for �̂�4u�

̂𝚥4u� = − i𝑡hop ∑
u�,u�

2

∑
u�=0

( ̂𝑐†
u�,u�,u� ̂𝑐u�,u�,u�+1 − ̂𝑐†

u�,u�,u�+1 ̂𝑐u�,u�,u�)

− i𝑡hop ∑
u�,u�

( ̂𝑐†
u�,u�,3 ̂𝑐u�,u�+1,0 − ̂𝑐†

u�,u�+1,0 ̂𝑐u�,u�,3) (7.84a)

= − i𝑡hop
1
𝑁

∑
u�,u�,u�,u�′

ei(u�−u�′)u�
2

∑
u�=0

( ̂𝑏†
u�,u�,u�

̂𝑏u�,u�′,u�+1 − ̂𝑏†
u�,u�,u�+1

̂𝑏u�,u�′,u�)

− i𝑡hop
1
𝑁

∑
u�,u�,u�,u�′

ei(u�−u�′)u� (ei4u�′ ̂𝑏†
u�,u�,3

̂𝑏u�,u�′,0 − e−i4u� ̂𝑏†
u�,u�,0

̂𝑏u�,u�′,3) (7.84b)

= − i𝑡hop ∑
u�,u�

2

∑
u�=0

( ̂𝑏†
u�,u�,u�

̂𝑏u�,u�,u�+1 − �̂�†
u�,u�,u�+1

̂𝑏u�,u�,u�)

− i𝑡hop ∑
u�,u�

(ei4u� ̂𝑏†
u�,u�,3

̂𝑏u�,u�,0 − e−i4u� ̂𝑏†
u�,u�,0

̂𝑏u�,u�,3) (7.84c)

= − i𝑡hop ∑
u�,u�,u�,u�′

(
2

∑
u�=0

𝑇 ∗
u�,u�,u�,u�𝑇u�,u�,u�+1,u�′ − 𝑇 ∗

u�,u�,u�+1,u�𝑇u�,u�,u�,u�′) ̂𝑎†
u�,u�,u� ̂𝑎u�,u�,u�′

− i𝑡hop ∑
u�,u�,u�,u�′

(ei4u�𝑇 ∗
u�,u�,3,u�𝑇u�,u�,0,u�′ − e−i4u�𝑇 ∗

u�,u�,0,u�𝑇u�,u�,3,u�′) ̂𝑎†
u�,u�,u� ̂𝑎u�,u�,u�′ (7.84d)

= ∑
u�,u�,u�,u�′

̃𝜀4u�
u�,u�,u�,u�′ ̂𝑎†

u�,u�,u� ̂𝑎u�,u�,u�′. (7.84e)

Analogously, for �̂�2u� we obtain

̂𝚥2u� = − i𝑡hop ∑
u�,u�

( ̂𝑐†
u�,u�,0 ̂𝑐u�,u�,1 − ̂𝑐†

u�,u�,1 ̂𝑐u�,u�,0 + ̂𝑐†
u�,u�,1 ̂𝑐u�,u�+1,0 − ̂𝑐†

u�,u�+1,0 ̂𝑐u�,u�,1) (7.85a)

= − i𝑡hop
1
𝑁

∑
u�,u�,u�,u�′

ei(u�−u�′)u� ( ̂𝑏†
u�,u�,0

̂𝑏u�,u�′,1 − ̂𝑏†
u�,u�,1

̂𝑏u�,u�′,0)

− i𝑡hop
1
𝑁

∑
u�,u�,u�,u�′

ei(u�−u�′)u� (ei2u�′ ̂𝑏†
u�,u�,1

̂𝑏u�,u�′,0 − e−i2u� ̂𝑏†
u�,u�,0

̂𝑏u�,u�′,1) (7.85b)

= − i𝑡hop ∑
u�,u�

( ̂𝑏†
u�,u�,0

̂𝑏u�,u�,1 − ̂𝑏†
u�,u�,1

̂𝑏u�,u�,0 + ei2u� ̂𝑏†
u�,u�,1

̂𝑏u�,u�,0 − e−i2u� �̂�†
u�,u�,0

̂𝑏u�,u�,1) (7.85c)

= − i𝑡hop ∑
u�,u�,u�,u�′

(𝑇 ∗
u�,u�,0,u�𝑇u�,u�,1,u�′ − 𝑇 ∗

u�,u�,1,u�𝑇u�,u�,0,u�′) ̂𝑎†
u�,u�,u� ̂𝑎u�,u�,u�′

− i𝑡hop ∑
u�,u�,u�,u�′

(ei2u�𝑇 ∗
u�,u�,1,u�𝑇u�,u�,0,u�′ − e−i2u�𝑇 ∗

u�,u�,0,u�𝑇u�,u�,1,u�′) ̂𝑎†
u�,u�,u� ̂𝑎u�,u�,u�′ (7.85d)

= ∑
u�,u�,u�,u�′

̃𝜀2u�
u�,u�,u�,u�′ ̂𝑎†

u�,u�,u� ̂𝑎u�,u�,u�′. (7.85e)
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For open boundary conditions equation (7.65) remains the most general expression demonstrating
that the momentum space representation of ̂𝚥 is in general cumbersome.

7.3 Floquet Driven Systems

If an explicitly time-dependent Hamiltonian is periodic in time, i.e.

�̂�(𝑡) = �̂�(𝑡 + 𝑇 ), (7.86)

where 𝑇 is the period, it is referred to as a Floquet Hamiltonian named after French mathematician
Gaston Floquet. Such models have some quite interesting properties, which is investigated in the field
of Floquet theory, c.f. reference [138] for an introduction. From inserting into the time-dependent
Schrödinger equation (2.20), formally a time-periodic time evolution operator

𝑈F(𝑡, 𝑡0) = 𝑈F(𝑡 + 𝑇 , 𝑡0), (7.87)

c.f. section 2.4, can be derived. Characteristic to Floquet theory is now that (with certain extensions
to finite-dimensional systems on finite time scales) an effective Hamiltonian based on this time
evolution operator can be derived as

�̂�F = 𝑈†
F (𝑡, 𝑡0) �̂�(𝑡) 𝑈F(𝑡, 𝑡0) − i𝑈†

F (𝑡, 𝑡0) d
d𝑡

𝑈F(𝑡, 𝑡0). (7.88)

Crucially this effective Hamiltonian is time-independent, which, as described, e.g., in sections
6.1.3 and 6.2.2, significantly simplifies further computations. For more details on these and other
properties of Floquet-driven systems see for instance [85]. In recent years, Floquet theory has
become a topic of increased attention also in condensed matter theory, see for instance [179, 382],
where its implications regarding spectral functions are discussed.

A very simple way to transform existing models into Floquet systems is the application of a Peierls
substitution, which we discussed in section 6.2.3, c.f. for instance reference [241]. In this thesis we
shall restrict ourselves to only investigating a simple particle-hole symmetric 𝑡𝑉 -chain, see equation
(7.25), section 7.1.1, where we have transformed

𝑡hop,u� → 𝑡hop,u�(𝑡) = exp(−i𝐴(𝑡)) 𝑡hop,u�, (7.89)

c.f. equation (6.102), with
𝐴(𝑡) = sin(𝜔F𝑡). (7.90)

7.4 Modeling of (Photo) Excitations

So far, we have discussed different models, their properties and applications. We shall now introduce
mechanisms to the theoretical treatment of excitations pushing the system out of equilibrium. Here
we discuss four such principal approaches.

Perhaps the most common way to model out-of equilibrium situations in theoretical or numerical
solid state physics is the concept of a sudden quench. Here, a parameter of the Hamiltonian is
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changed during the calculus or simulation process. This could involve a change at a certain point 𝑡0
during a time evolution, i.e.

�̂�(𝑡) = {
�̂�1(𝑡), for 𝑡 < 𝑡0

�̂�2(𝑡), for 𝑡 ≥ 𝑡0
, (7.91)

or conducting the time evolution with a different Hamiltonian the ground state was obtained with
respect to corresponding to the special case 𝑡0 = 0. The evident advantage of quench protocols is
that they are easy to realize in theoretical computations or numerical simulations. However, judging
in how far these changes mirror an experimental setup may be rather cumbersome.

A common approach in particular when it comes to the modeling of photo excitations is a semi-
classical treatment by means of a Peierls substitution, c.f. section 6.2.3 or reference for [86] an
application. The difficulty in this approach lies within the introduction of a time dependence to the
Hamiltonian

�̂� → �̂�Peierls(𝑡), (7.92)

if the original model was chosen to be time-independent, since for instance, the evaluation of
time-dependent expectation values is more complicated in general. Just like quenching the system a
Peierls substitution usually changes the Hamiltonian globally. Therefore, both these ansatzes mainly
correspond to rather strong excitations. For continuously driven systems the numerical treatment,
at least by means of MPSs, is somewhat peculiar. When starting the simulation from a ground
state, what is actually modeled is a system where the driving is suddenly switched on, which is
contrary to the assumption of periodicity in time, c.f. equation (7.86). Thus, in this case only in
the long-time limit the properties of this driven model can be safely expected to be understood
from Floquet theory [85].

For more detailed analyses more parts of a model, like e.g. light fields, need to be described quantum
mechanically. Clearly, a full quantum treatment with a principal system �̂�S that is to be excited
and an exciting system �̂�E is also possible. In this case, the actual excitation is realized by some
sort of coupling ̂𝐶(�̂�S, �̂�E) of the two respective systems, such that the total Hamiltonian reads

�̂� = �̂�S + �̂�E + ̂𝐶(�̂�S, �̂�E). (7.93)

This approach is by design the most exact one and, hence, in its rigorous execution the most
complex.

Having quench protocols in mind, instead of changing the Hamiltonian another comparably simple
approach is to change the quantum state of the system under consideration. When it comes to
modeling a (photo) excitation this procedure corresponds to the application of an operator ̂𝛬 to the
ground state resulting in an out-of equilibrium state

|𝜓⟩ = ̂𝛬 |GS⟩. (7.94)

The exact design of the operator then primarily defines the excitation. Again, there exist several
approaches. If the system under consideration is given in spatial coordinates, the theoretically
easiest realizable excitation would correspond to a shift in real space, i.e.

̂𝛬 = ̂𝑐†
u� ̂𝑐u�. (7.95)

In principle any arbitrary operator may be chosen to push the syste out of equilibrium. The major
task then is only to justify this choice. Due to the rapid change, this process is somewhat similar to
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quenches. Unlike semi-classical or full quantum treatments these approaches can only model the
effect of an excitation but not the actual process of the excitation itself. Nevertheless, if the primary
goal is to understand the post excitation behavior both are fairly good approximations.
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8 Spectral Quantities of the Hubbard Model with a
Magnetic Superstructure in Equilibrium

Before we begin with the evaluation of full time-dependent spectral functions and optical conduc-
tivities, we first turn our attention to the conceptually easier task of computing these quantities
in equilibrium, that is with respect to the ground state, such that we can tell effects in out-of-
equilibrium setups apart from those that are intrinsic to the model. We study two variants of
the Hubbard Hamiltonian wth a magnetic superstructure (7.66), namely the two-band and the
four-band versions, �̂�2u� and �̂�4u�, as introduced in section 7.2.2, restricting our analysis to the
case of zero temperature, 𝑇 = 0. The Hubbard and the tight binding model are then considered as
special cases, setting 𝛥 = 0 or 𝛥 = 𝑈 = 0, respectively. Note that we did not include phonons in
any of our models. We expect this to be a valid analysis, as long as the coupling between phonons
and itinerant electrons is weak. A simple model to incude such interactions is the Hubbard-Holstein
model [367, 140] for which equilibrium spectral functions have been computed, for instance in
[261].

The computations of both, the spectral functions, as well as the optical conductivities will be
conducted applying MPSs following the procedures outlined in sections 6.1.4 and 6.2.4, respectively.
We will consider systems of size 𝐿 = 32, which for MPS computations is a rather small number.
However, as we have learned in section 6.1.4 the computation of the spectral function scales with 𝐿
which results in a considerable effort also for MPSs. In order to save on computational resources
we shall work in the regime of open boundaries. Unless stated otherwise, all time evolutions are
conducted using the TDVP in its two-site implementation with a maximum bond dimension of
𝜒max = 500. We will be working in units of the hopping amplitude 𝑡hop, which equals setting
𝑡hop = 1. For the computation of the spectral functions, we use a time step of 𝛿𝑡′ ⋅ 𝑡hop = 0.05 and
choose a maximum time of 𝑡′

max ⋅ 𝑡hop = 8.0, at which the light cone associated to the Lieb-Robinson
bounds hit the system’s edges for an excitation in the center, c.f. section 6.1.4. In order to compute
the discretized Fourier transforms we introduce the damping factor 𝜂, which we choose such that at
the maximum time the input signal has dropped to a value of 0.05, i.e. 𝜂 = − ln(0.05) / (𝑡′

max ⋅ 𝑡hop).
Furthermore, to artificially increase the resolution of our data, we apply zero padding such that
the input signal of the Fourier transform increases to length 8 ⋅ 2⌈log2(u�′

max/u�u�+1)⌉. As for the optical
conductivity, we choose the parameters of the probe pulse (6.111) as 𝛥𝑡′ ⋅ 𝑡hop = 0.25, 𝜏 ⋅ 𝑡hop = 0.05,
𝐴0 = 0.5, and 𝜔p/𝑡hop = 2.38. In this case we time evolve longer setting 𝑡′

max ⋅ 𝑡hop = 25.0 with
a time step of 𝛿𝑡′ ⋅ 𝑡hop = 0.01 and choose a damping factor of ̃𝜂/𝑡hop = 0.1. We will present the
optical conductivity in two ways, with and without zero padding to rule out misinterpretations due
to possible artificial signals originating from this procedure. In the case of zero padding we enhance
our data by 16 times its length with zeros.

In the remainder of this chapter we will discuss the case of 𝛥/𝑡hop = 2. Furthermore, only results
for spin 𝜎 =↑ will be shown as the dispersion relations are spin-independent, c.f. equations (7.73)
and (7.78). Both, this and the succeeding chapter, are primarily based on the author’s work [243].
However, we will present the results ins far greater detail here. The general concept will be to first
discuss �̂�4u� and afterwards �̂�2u�. We will find that the latter essentially captures the results of
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8 Spectral Quantities of the Hubbard Model with a Magnetic Superstructure in Equilibrium

the former model, whilst also being simpler. Nevertheless, we decided to first show �̂�4u� as it is
closer to the original model describing manganites at quarter filling. As we will see, however, in
this setup only minor effects occur in our treatment. Therefore we switched to half filling allowing
the simplification to �̂�2u�. In our analysis, we shall first discuss non-interacting setups, followed
by two interacting ones with 𝑈/𝑡hop = 4 and then 𝑈/𝑡hop = 16 as a reference. Again, we will find
essentially the same behavior for 𝑈/𝑡hop = 16 as for 𝑈/𝑡hop = 4. In either case we shall first present
greater and lesser spectral functions followed by optical conductivities, which we will see to show
signals at energies corresponding to the differences of those where the greater and lesser spectral
function are non-zero. Since both quantities are relevant in experiments, we decided to discuss them
both, also enabling us to compare to other work. We are well aware that this approach in general
may at times feel quite repetitive. On the other hand, however, this way a complete overview is
provided. Who has little time shall be advised that the key points of our findings will become clear
from understanding the results for �̂�4u� with 𝑈/𝑡hop = 4.

8.1 Properties of the Non-interacting System

As a first step to our analyses we compute the equilibrium spectral functions and optical conductivities
for non-interacting systems, i.e. 𝑈 = 0 which for finite values of 𝛥 realize a band insulator. Clearly
from a physical point of view these computations are unnecessary since for these setups analytical
solutions exist as we have explained in detail in section 6.1.3 and 6.2.2, respectively. Numerics-wise
however, the benefit is threefold: These computations provide an excellent benchmark to test the
validity of our numerical approaches, from the results of these routines we learn about their general
properties, and based on these insights we can better identify physical effects in subsequent more
complex simulations for interacting systems where analytical solutions are not that easily obtained
or even non-existent.

8.1.1 Four Band Model

We begin with an analysis of �̂�4u�. In figure 8.1 we show the lesser and greater spectral functions
for quarter and half filling in the first BZ alongside the analytical dispersion relations for periodic
and open boundary conditions as obtained from equation (7.73) or (7.60), respectively. As expected,
our numerical results perfectly follow the dispersion relation for OBCs. In the case of quarter filling
only the first band of the lesser spectral function 𝒜 <

↑ (𝑘, 𝜔) is occupied, while in the greater spectral
function 𝒜 >

↑ (𝑘, 𝜔) the weight is equally distributed amongst the top three bands. At half filling the
results are equally satisfactory the bottom two bands being occupied for 𝒜 <

↑ (𝑘, 𝜔) and the top two
occupied for 𝒜 >

↑ (𝑘, 𝜔). Comparing the dispersion relations for OBCs and PBCs we also note the
deviation at the edges which we mentioned in section 7.2.1. We still depict the dispersion relation
for PBCs to visualize these finite size effects from the OBCs. In addition to the main signals we
also note weaker structures seemingly resembling the former.

In order to study the spectra in more detail, we turn to the examination of cross sections which we
present in figure 8.2 taken at 𝑘 = 4π/33, i.e. the center of half of the first BZ. Here we depict our
results in even more detail showing not only the full spectral function, but also its components from
each band. Just like theory predicts we find for each band only contributions from one band index
in all cases investigated, confirming the quality of our MPS approach. We can now also comment on
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Figure 8.1: Single particle spectral functions 𝒜 <
↑ (u�, u�) and 𝒜 >

↑ (u�, u�) in equilibrium for
û�4u� with u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the
first BZ at quarter, (a) and (b), and half (u�max = 1000) filling, (c) and (d), respectively.
The green dashed lines show the band structure of the non-interacting system calculated
with PBCs, the green dots correspond to the calculation with OBCs.

Figure 8.2: Cross section of the data shown in figure 8.1 at u� = 4π/33 for quarter, (a)
and (c), and half filling, (b) and (d). The total spectral function is shown in red, the
contribution from the four band indices u� = 1, 2, 3, 4 are given in blue, green, cyan, and
magenta, respectively. Vertical dashed light green lines: ground state peak positions in the
non-interacting case obtained for PBCs.
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the resolution, where we find the peaks for each band to be rather broad. This is mainly due to the
comparably short time 𝑡′

max we used to obtain the time evolved signal to apply the Fourier transform
to. The broadening 𝜂 then amplified this effect. We could reduce it by increasing the system size 𝐿
which would allow for longer time evolutions. As we discussed above, however, the computational
effort would be considerable especially when it comes to the time-dependent spectral functions to be
computed. We further note that all peaks are accompanied by a certain ringing which we can trace
back to originate from the discrete Fourier transform having observed the same feature in section
A.1.7 as part of the discussion of different Fourier transforms. These wiggles are, thus, unphysical
and should be regarded as to what accuracy we can safely interpret our numerical data. Still, this
task is not as trivial as it might seem as can best be understood from figure 8.2(c), which shows
that due to the large broadening of the individual band contributions the total spectral function
shows quite strong in gap weights resulting from the superposition. From figures 8.2(b) and (d) we
also learn that we cannot in general assume the ringing effects to cancel out in the total spectral
function. By contrast, they might even add to each other. Another effect of the large broadening
best to be observed in figure 8.2(c) is that the total spectral function might show different peak
heights although the individual components are equally strong. We conclude that due to these
numerical restrictions we should only interpret the spectral functions qualitatively. Nevertheless
do our numerical results meet the analytical predictions. Upon close inspection, c.f. for instance
the 𝜈 = 3 contribution in figure 8.2(c), we also see that the peaks of the spectral functions do not
exactly match their analytical positions. This, however, is only a minor effect and can again be
explained by the use of OBCs in the MPS computations.

Lastly, we present the corresponding optical conductivity in figure 8.3. As discussed in section 6.2.2
we expect to find peaks at frequencies corresponding to energy differences of the different bands,
however the hight of the respective peaks does not become clear from equation (6.89). We do find

Figure 8.3: Real part of the optical conductivity u�1(u�, u�) in equilibrium for û�4u� with
u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs at quarter, (a),
and half (u�max = 1000) filling, (b), respectively. Data points: Obtained from Fourier
transforming according to (6.109) and (6.110). Solid lines: Application of 16 times zero
padding. This figure is adapted from the author’s work [243].

142



8.1 Properties of the Non-interacting System

massive differences between the heights of these peaks, yet still their positions indeed match the
theoretical expectations.

8.1.2 Two Band Model

We now turn to the somewhat easier case of �̂�2u� starting with depicting the lesser and greater
spectral function in figure 8.4. Here we only consider the situation of half filling. As before, we

Figure 8.4: Single particle spectral functions 𝒜 <
↑ (u�, u�) and 𝒜 >

↑ (u�, u�) in equilibrium for
û�2u� with u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the first
BZ at half filling. The green dashed lines show the band structure of the non-interacting
system calculated with PBCs, the green dots correspond to the calculation with OBCs.

present our results in the first BZ and show the analytical dispersion relations for PBCs and OBCs
as obtained from equation (7.78) or (7.60), respectively, as a reference. We find a near perfect
agreement of the numerical data with these dispersions noting that here even in the analytical
calculations the difference between the cases of PBCs and OBCs is almost imperceptible. With only
two bands, at half filling clearly in 𝒜 <

↑ (𝑘, 𝜔) and 𝒜 >
↑ (𝑘, 𝜔) only the bottom or top one is occupied,

respectively. As there is no interference of contributions from different bands in either spectral
function we can also observe the ringing quite well.

The benefit of the two-band system also show in the analysis of the cross sections in figure 8.5. We
again take the center of half of the first BZ as a reference, which in this case means 𝑘 = 8π/33. Here
we can clearly see that the total spectral function has only a contribution from one single band, the
other one being zero for both the lesser, as well as the greater spectral function. This property is
especially beneficial when it comes to interpreting the total spectral function since now no artificial
weight from taking the sum over several bands may show up.

In figure 8.6 the optical conductivity for this setup is shown. From figure 8.5 we might expect
a sole peak at 𝜔/𝑡hop ≈ 3.6 which would be the difference of the peaks of the lesser and greater
spectral function. Instead however, the peak is at 𝜔/𝑡hop ≈ 2.1 and fades out until 𝜔/𝑡hop ≈ 4.5
which is substantially longer than its behavior towards smaller frequencies. While at first sight these
results do not seem to coincide, comparing to the full spectral functions in figure 8.4 provides an
explanation. Here we find that at the edge of the BZ, i.e. at 𝑘 = 16π/33 the distance of the lesser
and greater spectral function is roughly 𝜔/𝑡hop ≈ 2 which again matches the peak in the optical
conductivity. The peak distance then steadily increases for smaller momenta until 𝜔/𝑡hop ≈ 4.5 at
𝑘 = π/33. As the optical conductivity is not a momentum-resolved quantity it will, hence, cover
properties over the entire BZ. In the analysis of �̂�4u� in the preceding section these issues were not
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Figure 8.5: Cross section of the data shown in figure 8.4 at u� = 8π/33. The total spectral
function is shown in red, the contribution from the two band indices u� = 1, 2 are given in
blue and green, respectively. Vertical dashed light green lines: ground state peak positions
in the non-interacting case obtained for PBCs.

Figure 8.6: Real part of the optical conductivity u�1(u�, u�) in equilibrium for û�2u� with
u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs at half filling. Data
points: Obtained from Fourier transforming according to (6.109) and (6.110). Solid lines:
Application of 16 times zero padding. This figure is adapted from the author’s work [243].

as obvious due to the less steep dispersion and the existence of multiple bands. This example nicely
illustrates their interplay when it comes to the interpretation of these two quantities. Note that
we also find a signal at 𝜔 = 0. This, however, is an unphysical Drude peak which we obtain for
finite systems as an artifact due to the discretization of the Fourier transform and, thus, ignore.
Therefore, we shall only pay little attention to signals at small frequencies, c.f. [336].

8.2 Properties of the System with Interaction

We now analyze the introduction of a finite interaction 𝑈 to the model in equilibrium to then
judge the effects of a photo excitation. While in the non-interacting case, as we have discussed
in section 6.1.3 and seen in the previous one, the spectral function will simply resemble the band
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structure, for interacting systems the distribution of spectral weight cannot be associated to bands
in a stricter sense anymore as their definition ceases to be valid due to the quadrilinear terms in
equation (7.66c). Nevertheless, they still qualitatively describe the system under consideration
and we will at times refer to contributions to the interacting spectral functions as belonging to a
particular band corresponding to the non-interacting case (in the sense that in the limit 𝑈 → 0 the
considered feature can be traced back to contribute to this band).

8.2.1 Four Band Model

We again begin with investigating �̂�4u� at half or quarter filling, the latter case corresponding to
the toy-manganite system introduced in reference [197]. Due to the larger number of interacting
particles, however, we expect stronger correlation effects at half filling at finite 𝑈 leaving an extension
of our study to also this situation, which goes beyond the aforementioned modeling, only logical.

In figures 8.7 and 8.8 we display the lesser and greater spectral functions in the periodic zone
scheme, i.e. the first Brillouin zone (BZ), for 𝑈/𝑡hop = 4 and 𝑈/𝑡hop = 16, respectively. The former
choice of the interaction approximately matches values obtained in reference [197] from ab-initio
calculations, the latter one serves as a comparative study to strongly interacting systems. As a
reference we also show the positions of the bands from the non-interacting system (7.73). We begin

Figure 8.7: Single particle spectral functions 𝒜 <
↑ (u�, u�) and 𝒜 >

↑ (u�, u�) in equilibrium for
û�4u� with u�/u�hop = 4 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the
first BZ at quarter, (a) and (b), and half filling, (c) and (d), respectively. The green dashed
lines show the band structure of the non-interacting system calculated with PBCs, the
green dots correspond to the calculation with OBCs. This figure is taken from the author’s
work [243].

by noting that there the discontinuity at the edges of the first BZ, which we already encountered in
the non-interating case, c.f. figure 8.1, persists and is even featured more prominently as is best to
be observed in figures 8.7(b) and 8.8(d).
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Figure 8.8: Single particle spectral functions 𝒜 <
↑ (u�, u�) and 𝒜 >

↑ (u�, u�) in equilibrium for
û�4u� with u�/u�hop = 16 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the
first BZ at quarter, (a) and (b), and half filling, (c) and (d), respectively. The green dashed
lines show the band structure of the non-interacting system calculated with PBCs, the
green dots correspond to the calculation with OBCs.

At quarter filling, for 𝒜 < (𝑘, 𝜔), c.f. figures 8.7(a) and 8.8(a), the result seems very similar to
the non-interacting case, apart from a slight shift to higher frequencies and a weak flattening
of the occupied band. Thus, 𝑈 appears to only play a minor role and to cause merely a small
renormalization of the band structure. This can be understood by the fact that a finite 𝛥 suppresses
double occupancies of a site with electrons of different spin directions, and that at low fillings
hence the Coulomb interaction is not expected to show a strong effect on the occupied branch of
the spectral function. By contrast, 𝒜 >(𝑘, 𝜔) shown in figures 8.7(b) and 8.8(b) deviates strongly
from the non-interacting band structure. While the second band is fairly closely reproduced by the
accumulation of spectral weight, the shift of the third band is already considerable. In addition, a
new feature at 𝜔 ≈ 6 or 𝜔 ≈ 18, respectively, is obtained, which is approximately at an energy of
𝑈/𝑡hop higher than the third band, where at 𝜔 ≈ 2 only a small signal can be observed. Thus, the
fourth band in the non-interacting case appears to have split into two.

Contrary to the case of quarter filling, for a half-filled system the interaction has quite a significant
impact on 𝒜 < (𝑘, 𝜔) already as seen in figures 8.7(c) and 8.8(c), a splitting of the lowest band 𝜈 = 1
compared to the non-interacting case being perhaps most prominent. Although the structure of
four bands separated by a gap appears to remain, a significant shift to higher energies is visible,
covering a larger region than the size of the band gap in the non-interacting systems. Accordingly,
the unoccupied part of the spectral function, i.e. the greater spectral function 𝒜 >(𝑘, 𝜔), also
shows its weight at significantly higher energies. This is related to the large value of the Hubbard
interaction, which at 𝛥 = 0 would lead to a separation of the upper and the lower Hubbard band
∼ 𝑈 Since 𝒜 >(𝑘, 𝜔) can be shown to reflect the behavior of 𝒜 <(𝑘, 𝜔) mirrored at 𝑈/2𝑡hop, as is
evident from comparing figures 8.7(c) and 8.8(c) to 8.7(d) and 8.8(d), we interpret the system as
possessing two Hubbard bands, a filled lower Hubbard band and an empty upper Hubbard band,
separated by a gap, which, however, due to the finite value of 𝛥 possess a further fine structure.
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The corresponding Hubbard satellites appearing at energies 𝜔/𝑡hop ≈ −2.5 and 𝜔/𝑡hop ≈ 6.5
or 𝜔/𝑡hop ≈ 18.5, respectively, are visible at all values of 𝑘, although being less pronounced at
𝑘 = 8π/33 ≈ π/4, which, as we have already pointed out above, we attribute to our choice of OBCs.
Hence, the interactions cause a splitting of the lowest band. This fine structure connects in part to
the band-structure of the noninteracting system, as well as to correlation induced Hubbard satellites,
c.f. for instance [375]. We, thus, interpret the system as a hybrid of a non-interacting band- and
of a strongly correlated insulator, with a stronger reminiscence to Mott-Hubbard insulators. In
the following we will therefore refer to our system as correlated band insulator. Irrespective of the
filling or greater or lesser spectral function, we find all features to be rather flat, i.e. the dispersion
depends only weakly on 𝑘, the effect increasing with growing interaction 𝑈 .

To perform a more detailed analysis, we will focus on cross sections taken at fixed 𝑘. We again
choose 𝑘 = 4π/33 ≈ π/8 as it is the center of half of the first BZ showing the results in figures 8.9 and
8.10. In addition to these cross sections, we also computed the excitation energies of the spectral

Figure 8.9: Cross section of the data shown in figure 8.7 at u� = 4π/33 for quarter,
(a) and (c), and half filling, (b) and (d). Solid lines: 𝒜 <

↑ (u� = 4π/33, u�); dashed lines:
𝒜 >

↑ (u� = 4π/33, u�). The total spectral function is shown in red, the contribution from the
four band indices u� = 1, 2, 3, 4 are given in blue, green, cyan, and magenta, respectively.
Vertical dashed light green lines: ground state peak positions in the non-interacting case
obtained for PBCs. Vertical gray (black) bars: excitation energies for 𝒜 <

↑ (𝒜 >
↑ ) as obtained

from equation (7.54) ((7.55)) for one unit cell, i.e. u� = 4. The heights of the bars
correspond to their respective weights. All bars have been scaled such that in each cross
section the largest bar (irrespective of belonging to 𝒜 <

↑ or 𝒜 >
↑ ) takes a value of 0.8 times

the plot’s maximum range in u�-direction. This figure is taken from the author’s work [243].

functions of one unit cell, i.e. 𝐿 = 4 for OBCs from the Lehmann representation of the Green’s
function, c.f. equations (7.54) and (7.55), by full diagonalization (FD). The motivation behind this
approach is that, with the effective absence of a dispersion due to the interaction 𝑈 , the particles
are able to move almost freely within each band. Hence from this point of view the system size is
not important anymore allowing the approximation by a single unit cell. We plot bars of heights
corresponding to the weights at the so-obtained excitation energies having in addition scaled their
sizes to match the scaling of the cross sections and, in general, we find a good agreement between
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Figure 8.10: Cross section of the data shown in figure 8.8 at u� = 4π/33 for quarter,
(a) and (c), and half filling, (b) and (d). Solid lines: 𝒜 <

↑ (u� = 4π/33, u�); dashed lines:
𝒜 >

↑ (u� = 4π/33, u�). The total spectral function is shown in red, the contribution from the
four band indices u� = 1, 2, 3, 4 are given in blue, green, cyan, and magenta, respectively.
Vertical dashed light green lines: ground state peak positions in the non-interacting case
obtained for PBCs. Vertical gray (black) bars: excitation energies for 𝒜 <

↑ (𝒜 >
↑ ) as obtained

from equation (7.54) ((7.55)) for one unit cell, i.e. u� = 4. The heights of the bars
correspond to their respective weights. All bars have been scaled such that in each cross
section the largest bar (irrespective of belonging to 𝒜 <

↑ or 𝒜 >
↑ ) takes a value of 0.8 times

the plot’s maximum range in u�-direction.

our numerical data and the exact results for the small system. Note however, that due to the
comparably large broadening 𝜂 of the numerical data, we cannot reproduce small peaks neighboring
larger ones, c.f. e.g. the components at 𝜔/𝑡hop ≈ 1.6 in figure 8.9(a) or 𝜔/𝑡hop ≈ −1.7 in figure
8.9(b) while for smaller peaks farther apart from a large one, their contribution is exaggeratedly
represented in the total spectral function, as for instance at 𝜔/𝑡hop ≈ 2.4 in figure 8.9(a). Here,
the FD results provide valuable additional information and help in identifying numerical artifacts.
Nevertheless, in principle can we conclude that our numerical results match the FD ones fairly well,
both with respect to peak positions, as well as their respective heights. We further find that the
peaks in the total spectral functions are primarily determined by their corresponding bands in the
non-interacting case.

Regarding the situation at quarter filling, which is depicted in figures 8.9(a) and 8.10(a) we, indeed,
find the peak in 𝒜 <(𝑘, 𝜔) to be primarily determined by its corresponding band in the non-interacting
case. We can furthermore confirm our assumption that it was primarily the fourth band that split
for 𝒜 >(𝑘, 𝜔), while the other three unoccupied bands are largely unaffected at 𝑈/𝑡hop = 4, c.f.
figure 8.9(a). By contrast, for larger 𝑈 all contributions of 𝒜 >(𝑘, 𝜔) show this splitting as can be
seen in figure 8.10. The distance of roughly 4 = 𝑈/𝑡hop or 16 = 𝑈/𝑡hop between the two subpeaks
underpins our interpretation of the system as a hybrid of a non-interacting band insulator and of
a strongly correlated insulator. At this point we emphasize again, that we need to refrain from
the strict interpretation in terms of bands as in general for interacting systems not only one band
index corresponds to a peak in the spectral weight. Note that actually in figure 8.9(a) already the
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𝜈 = 3 contribution of 𝒜 >(𝑘, 𝜔) in addition to a major signal close to the energy corresponding to
the non-interacting system also has a contribution at 𝜔/𝑡hop ≈ 7.4, which is closer to the second
peak of the spectral function corresponding to band index 𝜈 = 4. Thus, if we wish to maintain the
notion of bands in our discussion we need to water down its definition as a range of energies around
a selected peak in the spectral function.

As for the case of half filling given in figures 8.9(b) and 8.10(b) we find the lesser and greater
spectral function to be symmetric as expected. Regarding the structure of the spectral functions,
the principal features remain to be the two peaks, which connect to the non-interacting band
structure, but are shifted to higher energies. We read off the energy difference between the
rightmost peak of 𝒜 <(𝑘, 𝜔) and the leftmost peak of 𝒜 >(𝑘, 𝜔) as 𝛥𝜔/𝑡hop ≈ 3.9 ≈ 4 = 𝑈/𝑡hop and
𝛥𝜔/𝑡hop ≈ 15.8 ≈ 16 = 𝑈/𝑡hop, which further confirms our interpretation as a separation into an
upper and a lower Hubbard band with a fine structure. In addition, we encounter a splitting of
the leftmost peak of 𝒜 <(𝑘, 𝜔), corresponding to the lowest band index 𝜈 = 1 at 𝜔/𝑡hop ≈ −2.5 and
accordingly the same feature for the rightmost peak of 𝒜 >(𝑘, 𝜔), corresponding to the largest band
index 𝜈 = 4 at 𝜔/𝑡hop ≈ 6.5 or 𝜔/𝑡hop ≈ 18.5, respectively. We note that also in this case these
features can all be well explained from the FD calculations.

In figures 8.11 and 8.12 we show the corresponding optical conductivities. Despite the rather noisy
signal, we report that in either case the main peaks, to be found at energies 𝜔 ∼ 𝑈 , both in number
and in position match the energy distances of the energetically largest contribution of 𝒜 <(𝑘, 𝜔) and
the major contributions of 𝒜 >(𝑘, 𝜔) which can be taken from the cross sections in figures 8.9 and
8.10, respectively. At quarter filling the first contribution is orders of magnitudes larger than all
the remaining ones. To accurately display the latter ones, we have cut the figures at a maximum
value. The dominance of this first signal comes to little surprise since the lowest unoccupied band

Figure 8.11: Real part of the optical conductivity u�1(u�, u�) in equilibrium for û�4u� with
u�/u�hop = 4 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs at quarter, (a), and
half filling, (b), respectively. Data points: Obtained from Fourier transforming according
to (6.109) and (6.110). Solid lines: Application of 16 times zero padding. This figure is
adapted from the author’s work [243].
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Figure 8.12: Real part of the optical conductivity u�1(u�, u�) in equilibrium for û�4u� with
u�/u�hop = 16 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs at quarter, (a), and
half filling, (b), respectively. Data points: Obtained from Fourier transforming according
to (6.109) and (6.110). Solid lines: Application of 16 times zero padding. This figure is
adapted from the author’s work [243].

of 𝒜 >(𝑘, 𝜔) is energetically significantly closer to the highest occupied region of 𝒜 <(𝑘, 𝜔) compared
to the case of half filling. Hence, the peaks seen in the equilibrium optical conductivity mainly
correspond to transferring a particle from the occupied to the unoccupied parts of the spectrum
and, thus, mimic the band structure. There are also a number of further contributions occurring
with lower weights which we attribute to distances to the multiple less dominant peaks in 𝒜 <(𝑘, 𝜔)
and 𝒜 >(𝑘, 𝜔). Since many of these structures are energetically close to one another, our resolution
is not strong enough to ensure an accurate display.

Let us briefly mention at this point that with increasing interaction strength 𝑈 the lesser and greater
spectral functions move farther apart from one another in energy and, thus, alongside do the signals
in the optical conductivity shift to larger energies. We will also encounter this behavior in section
8.2.3. Note that this particular feature is just an effect of the absence of a chemical potential to
our model (7.66) and has no further consequences regarding the physical effects we will find in the
chapters to come.

8.2.2 Two Band Model

We now turn our attention to �̂�2u�, where we only consider half filling, the primary aim being
to find out, in how far this simplified model mirrors the features we encountered for �̂�4u� in this
case. We present 𝒜 <(𝑘, 𝜔) and 𝒜 >(𝑘, 𝜔) in the first BZ for 𝑈/𝑡hop = 4 and 𝑈/𝑡hop = 16 in figures
8.13 and 8.14 analogously to the depiction in figures 8.7 and 8.8. Compared to �̂�4u� we find a
significantly stronger dispersion at 𝑈/𝑡hop = 4, which, however, also becomes less intense for larger
interactions as evident from the depiction of the case of 𝑈/𝑡hop = 16. Other than that, the behavior
is quite similar, although, clearly, we now only encounter two major bands. A renormalization of

150



8.2 Properties of the System with Interaction

Figure 8.13: Single particle spectral functions 𝒜 <
↑ (u�, u�) and 𝒜 >

↑ (u�, u�) in equilibrium for
û�2u� with u�/u�hop = 4 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the first
BZ at half filling. The green dashed lines show the band structure of the non-interacting
system calculated with PBCs, the green dots correspond to the calculation with OBCs.

Figure 8.14: Single particle spectral functions 𝒜 <
↑ (u�, u�) and 𝒜 >

↑ (u�, u�) in equilibrium
for û�2u� with u�/u�hop = 16 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs
in the first BZ at half filling. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. This figure is taken from the author’s work [243].

the band structure can be reported, as well as the formation of an additional signal below and
above the dominant contribution for 𝒜 <(𝑘, 𝜔) in figures 8.13(a) and 8.14(a) and 𝒜 >(𝑘, 𝜔) in figures
8.13(b) and 8.14(b), respectively. We present the cross sections at 𝑘 = 4π/33 ≈ π/8 in figures
8.15 and 8.16 including FD results obtained for a single unit cell, i.e. 𝐿 = 2, from the Lehmann
representation, c.f. equations (7.54) and (7.55). We find 𝒜 <(𝑘, 𝜔) to be almost entirely determined
by contributions corresponding to first band index 𝜈 = 1, while the same applies to 𝒜 >(𝑘, 𝜔) for
𝜈 = 2. For 𝑈/𝑡hop = 4, due to the relatively strong dispersion the agreement between the MPS
and the FD data is less good compared to �̂�4u�. However, the FD results still qualitatively confirm
the additional signal at 𝜔/𝑡hop ≈ −3.8 for 𝒜 <(𝑘, 𝜔) and 𝜔/𝑡hop ≈ 7.8 for 𝒜 >(𝑘, 𝜔), respectively. At
larger 𝑈 this discrepancy diminishes significantly, best to be observed in figure 8.16, where the
additional Hubbard satellites at 𝜔/𝑡hop ≈ −3.8 and 𝜔/𝑡hop ≈ 19.5 for 𝒜 <(𝑘, 𝜔) and 𝒜 >(𝑘, 𝜔) almost
perfectly match the FD data. Again, 𝒜 <(𝑘, 𝜔) and 𝒜 >(𝑘, 𝜔) are mirrored at 𝜔 = 𝑈/2𝑡hop. Thus,
we can say that at half filling �̂�2u� preserves the key feature of a band splitting of the lowest band
of 𝒜 <(𝑘, 𝜔) and the highest band of 𝒜 >(𝑘, 𝜔) with increasing 𝑈 which we found for �̂�4u�.

As for the optical conductivity, here the interpretation is once again much easier for �̂�2u� as
compared to �̂�4u�. We present our numerical results in figures 8.17 and 8.18 for 𝑈/𝑡hop = 4 and
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Figure 8.15: Cross section of the data shown in figure 8.13 at u� = 8π/33. Solid lines:
𝒜 <

↑ (u� = 8π/33, u�); dashed lines: 𝒜 >
↑ (u� = 8π/33, u�). The total spectral function is shown

in red, the contribution from the two band indices u� = 1, 2 are given in blue and green,
respectively. Vertical dashed light green lines: ground state peak positions in the non-
interacting case obtained for PBCs. Vertical gray (black) bars: excitation energies for 𝒜 <

↑
(𝒜 >

↑ ) as obtained from equation (7.54) ((7.55)) for one unit cell, i.e. u� = 2. The heights of
the bars correspond to their respective weights. All bars have been scaled such that in
each cross section the largest bar (irrespective of belonging to 𝒜 <

↑ or 𝒜 >
↑ ) takes a value of

0.8 times the plot’s maximum range in u�-direction. This figure is taken from the author’s
work [243].

Figure 8.16: Cross section of the data shown in figure 8.14 at u� = 8π/33. Solid lines:
𝒜 <

↑ (u� = 8π/33, u�); dashed lines: 𝒜 >
↑ (u� = 8π/33, u�). The total spectral function is shown

in red, the contribution from the two band indices u� = 1, 2 are given in blue and green,
respectively. Vertical dashed light green lines: ground state peak positions in the non-
interacting case obtained for PBCs. Vertical gray (black) bars: excitation energies for 𝒜 <

↑
(𝒜 >

↑ ) as obtained from equation (7.54) ((7.55)) for one unit cell, i.e. u� = 2. The heights of
the bars correspond to their respective weights. All bars have been scaled such that in
each cross section the largest bar (irrespective of belonging to 𝒜 <

↑ or 𝒜 >
↑ ) takes a value of

0.8 times the plot’s maximum range in u�-direction.

𝑈/𝑡hop = 16, respectively. For 𝑈/𝑡hop = 4 we note that the dominant peaks at 𝜔/𝑡hop ≈ 5.2
and 𝜔/𝑡hop ≈ 9.0 roughly match the difference of the positions of the dominant peak in 𝒜 <(𝑘, 𝜔)
and the two peaks in 𝒜 >(𝑘, 𝜔) as shown in figure 8.15. We again explain the discrepancies with
the comparably large dispersion of this model. Our understanding is further supported by the
situation of 𝑈/𝑡hop = 16, the peaks at 𝜔/𝑡hop ≈ 16.8, 𝜔/𝑡hop ≈ 20.2, and 𝜔/𝑡hop ≈ 22.5 almost
perfectly matching the differences of all the peak positions from 𝒜 <(𝑘, 𝜔) and 𝒜 >(𝑘, 𝜔) in figure
8.16. Further, we find a small contribution at 𝜔/𝑡hop ≈ 1.6 or 𝜔/𝑡hop ≈ 3.3, respectively, which
corresponds to the differences of the two peak positions of either 𝒜 <(𝑘, 𝜔) and 𝒜 >(𝑘, 𝜔). We take
that this contribution stems from the inaccurate description of interacting systems by means of
bands and conclude that although not evident from equation (6.89) also in the interacting case
the optical conductivity shows its peaks at energies corresponding to the energy differences of the
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Figure 8.17: Real part of the optical conductivity u�1(u�, u�) in equilibrium for û�2u� with
u�/u�hop = 4 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs at half filling. Data
points: Obtained from Fourier transforming according to (6.109) and (6.110). Solid lines:
Application of 16 times zero padding. This figure is adapted from the author’s work [243].

Figure 8.18: Real part of the optical conductivity u�1(u�, u�) in equilibrium for û�2u� with
u�/u�hop = 16 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs at half filling. Data
points: Obtained from Fourier transforming according to (6.109) and (6.110). Solid lines:
Application of 16 times zero padding. This figure is adapted from the author’s work [243].

signals in the (greater and lesser) spectral functions.

8.2.3 Full Diagonalization Analysis of the Effect of the Interaction Strength

Driven by the observation that the approximative calculation of the spectral functions for large
𝑈 with FD in a single unit cell provides rather clear insights, we further analyze the influence of
𝑈 in figure 8.19. We begin our discussion with 𝒜 <(𝑘, 𝜔) for �̂�4u� at half filling as given in figure
8.19(b). Starting from 𝑈 = 0, we can directly follow how the non-interacting bands are renormalized
regarding their positions and weights, and also, which new features are caused by 𝑈 . For example,
we find that a weak additional structure is formed at 𝜔/𝑡hop ≈ −3, which is not related to the
non-interacting band structure. Also, we observe that both the first (around 𝜔/𝑡hop ≈ −2) and the
second band (around 𝜔/𝑡hop ≈ 0) are subject to a renormalization with growing 𝑈 . However, while
the second band appears to saturate at a value of 𝜔 ≈ 0, a new structure due to 𝑈 emerges in the
vicinity of the first band, which for 𝑈/𝑡hop ≳ 10 then becomes the dominant feature taking over the
weight from the original first band. Starting at 𝑈/𝑡hop ≈ 2 we furthermore find the formation of
a new signal beneath the original first band at 𝜔/𝑡hop ≈ −2.5 of which the weight grows further
with increasing 𝑈 . This explains the band splitting of the 𝜈 = 1 band observed in figures 8.9(b) and
8.10(b). We also very vaguely encounter a small signal at 𝜔/𝑡hop ≈ −4 of which we found a trace
in figure 8.9(b). Thus, for larger interactions 𝒜 <(𝑘, 𝜔) predominantly possesses two renormalized
bands, which stem from the non-interacting band structure, and two additional features, which
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Figure 8.19: 𝒜 <
↑ (u�, u�) (red) and 𝒜 >

↑ (u�, u�) (blue) as a function of u� obtained from FD
of a single unit cell of û�4u� with OBCs according to equations (7.54) and (7.55) for the
case of quarter (a) and half filling (b). The intensity of the line color indicates the weight
u� of the respective peaks, i.e. u�u�(u�) = ∑u� ∣⟨u�| ̂u�↑,u� |GS⟩(u�)∣2. The figure was cut at
u�0 − u�u� = −5 at the bottom and u�0 − u�u� = 20 at the top when all peaks occur with
u� ≪ 0.2. Insets: Zoom into the specified regions. Dashed lines: Separator of 𝒜 <

↑ (u�, u�)
and 𝒜 >

↑ (u�, u�). Solid lines: Analytical results for the edges of bands u� = 1 (blue), u� = 2
(green), u� = 3 (cyan), and u� = 4 (magenta) for u� = 0 and PBCs. Note that some lines
with finite weights at u� = 0 are not located in the respective bands which is due to their
computation with OBCs. This figure is taken from the author’s work [243].
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are correlation induced. Figure 8.19(b) additionally depicts 𝒜 >
↑ (𝑘, 𝜔), illustrating the symmetry

of 𝒜 <
↑ (𝑘, 𝜔) and 𝒜 >

↑ (𝑘, 𝜔) at 𝑈/2𝑡hop as expected from analytical computations. This plot also
suggests, that with increasing 𝑈 the upper and lower Hubbard band we identified above will grow
further apart matching the characteristics of a Mott insulator. The total spectral function, hence,
is composed of two Hubbard bands with an additional peak structure, which partly is due to the
non-interacting band structure, and partly due to interaction effects. Clearly, the weight takeover,
which is highlighted in the inset also occurs for 𝒜 >

↑ (𝑘, 𝜔), best to be seen at 𝑈/𝑡hop = 14. From the
inset, we find that at 𝑈/𝑡hop ≈ 8 the weights of the overtaking and overtaken line are roughly equal,
while at 𝑈/𝑡hop = 16 the process is more or less completed.

Interestingly, we find a similar behavior also at quarter filling as is shown in figure 8.19(a). Here,
there is only little change to 𝒜 <

↑ (𝑘, 𝜔) with growing 𝑈 as expected due to the low particle density.
While it comes only with a very small renormalization and three almost negligible side bands,
𝒜 >

↑ (𝑘, 𝜔) exploits a much richer structure. In addition to a similar weight takeover to the third band
as in the case of half filling, which is highlighted in the inset, the fourth band showcases another
interesting phenomenon. At 𝑈 = 0 one expects to find a sole signal of weight 1 analytically, but
when looking into the numbers, we find in fact two signals of weight 0.5 each. Hence, two signals
appear to have collapsed into one resulting in a degeneracy. This shows an actual band splitting for
increasing 𝑈 , unlike the weight take over, we discussed above. In the latter case, it is not clear from
our computations, that it must be a contribution from the same band the weight from a fade out
line is transferred to. The degeneracy, however, leaves no other explanation than an actual splitting.
Note that only one of the two major branches from the split fourth band scales with 𝑈 , the other
one is only slightly renormalized around 𝜔/𝑡hop ≈ 2.5. Again, the former branch is subject to weight
takeover for larger 𝑈 .

For �̂�2u�, due to the smaller unit cell of 𝐿 = 2, the spectrum in the Lehmann representation is
significantly less evolved than for �̂�4u� consisting only of two contributions as given in figure 8.20, a
dominant band, which survives in the case 𝑈 = 0, and a satellite band, which takes only some weight
from the dominant one for large 𝑈 . Both contributions are also subject to some renormalization.
As 𝒜 >

↑ (𝑘, 𝜔) will behave analogously apart from scaling with 𝑈 we do not depict it for this setup.
We may, as for the case of �̂�4u�, interpret the system as being composed of two Hubbard bands
with a fine structure.

Figure 8.20: 𝒜 <
↑ (u�, u�) as a function of u� obtained from FD of a single unit cell of û�2u�

with OBC according to equation (7.54) for the case of half filling. The intensity of the line
color indicates the weight u� of the respective peaks u�u�(u�) = ∑u� ∣⟨u�| ̂u�↑,u� |GS⟩(u�)∣2. At
u� = 0 the non-interacting band structure is reproduced. This figure is taken from the
author’s work [243].

155



156



9 Spectral Quantities of the Hubbard Model with a
Magnetic Superstructure Out of Equilibrium: Formation
of Spatial Structures and Excitons

Now that we have gained a well-founded understanding of our model system in equilibrium, we
turn to the analysis of out-of-equibrium setups. We will focus on simulations of photo excitations
by, for example, sunlight which are characterized by carrying only a very small number of photons
per unit of time. In the long run, we hope procedures of this type to be able to explain absorption
processes in photoactive layers like solar cells. Regarding our model, the result of such a process
corresponds to a transition of spectral weight in the ground state lesser spectral function to previously
unoccupied regions, the simplest form being an excitation from the highest occupied band to the
lowest unoccupied band. As already mentioned, in the strongly interacting system, the notion of
bands is somewhat peculiar; what we mean in this case is an electron-hole excitation shifting an
electron from a (𝑘, 𝜔)-value on the upper edge of the support of 𝒜 <(𝑘, 𝜔) to the lower region of
support of 𝒜 >(𝑘, 𝜔) leaving a hole in the former. Furthermore do we focus on excitations of particles
of a specific spin-direction (In this work we choose spin-↑.) of which the purpose is twofold: (i) we
are allowed to study the effect of interactions in greater detail by considering the dynamics in both
spin directions separately; (ii) this procedure is reminiscent of spin-selective excitations, which can
be realized, e.g., in spin-polarized ARPES experiments, typically by circularly polarized light.

As we have elaborated on in section 7.4 a suitable method to describe such setups is the manipulation
of the ground state |GS⟩ by an operator ̂𝛬, c.f. equation (7.94), since we are primarily interested in
the time evolution of the system following the excitation rather than the excitation process itself.
Here we choose

̂𝛬 = ̂𝑎†
↑,u�′,u� ̂𝑎↑,u�,u�, (9.1)

which for non-interacting systems corresponds to an exact shift of one particle of spin-↑ at momentum
𝑘 in band 𝜈 to momentum 𝑘′ in band 𝜇. We will restrict our discussion in this work to excitations
that only change the band from the highest occupied to the lowest unoccupied one, but leave the
momentum invariant, i.e. 𝜇 = 𝜈 + 1 and 𝑘′ = 𝑘. Furthermore, we choose 𝑘 = 4π/33 ≈ π/8 for �̂�4u�

and 𝑘 = 8π/33 ≈ π/4 for �̂�2u�, i. e. the center of half of the first BZ, since in these cases finite
size effects as on the edges of the first BZ, c.f. section 8.2, are expected to be negligible. Clearly,
for �̂�4u� we have 𝜈 = 2 and 𝜇 = 3 at half and 𝜈 = 1 and 𝜇 = 2 at quarter filling, respectively, the
latter pair of band indices also applying to the computations with �̂�2u� at half filling.

Note, that despite the operators ̂𝑎(†)
u�,u�,u� being obtained from the definition of a non-interacting

system, we will still apply (9.1) as is for interacting systems as well. Hence, in these cases an
approximative electron-hole excitation is modeled. Nevertheless, our findings justify this approach
since in either case most of the respective structures corresponding to lower or upper bands in the
non-interacting setup are affected as we will show below. Note further that the interpretation of
exciting only one particle is quite naive when it comes to the interpretation of the spectral functions.
We illustrate this by the following Gedanken experiment. Imagine applying the same procedure to
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two (non-interacting) systems which only differ in size, the second one being twice as large as the
first one. In this case due to the discretization, the signal in the post-excitation spectral function
of the first system will appear to be twice as large as the signal in the second one. Therefore, we
shall better think of this type of excitation as a shift of low electron densities rather than of actual
particles.

9.1 Immediate Post-excitation Effects on Non-Interacting Systems

As we have already mentioned above, excitation (9.1) is exact for non-interacting systems. Computed
in the same way as the ground state spectral functions we, hence, expect the exact same results
with the exception of the momentum 𝑘 and the band indices 𝜈 and 𝜈 + 1 the excitation was applied
to. At 𝑘 itself the contribution of 𝜈 should vanish entirely, while for 𝜈 + 1 it should look the same
as the 𝜈-contribution in the ground state the peak only being at 𝜔 = 𝜀u�,u�+1 instead of 𝜔 = 𝜀u�,u�.
Hence, regarding the spectral function these computations provide a sanity check to the validity of
equation (9.1).

9.1.1 Four Band Model

To confirm the above considerations we present the corresponding results for �̂�4u� in figure 9.1,
where, indeed, we find the lesser spectral functions 𝒜 <

u� (𝑘, 𝜔, 𝑡 = 0) to follow exactly their ground
state counterparts, with the exception of 𝒜 <

↑ (𝑘, 𝜔, 𝑡 = 0) at 𝑘 = 4π/33 where in the case of quarter
filling the entire weight from the first band has been shifted to the second one, c.f. figure 9.1(a),
or from the second to the third band for a half filled system, c.f. figure 9.1(c), just as equation
(9.1) demands. Note in particular, that in the spin-↓ direction depicted in figures 9.1(b) and (d) no
change in the spectral function is observed also meeting our expectations since in a non-interacting
setup both spin channels are decoupled.

We further confirm these findings in figure 9.2, where we present the cross sections of the lesser
spectral functions at 𝑘 = 4π/33. As for the spin-↓ direction shown in figures 9.2(c) and (d) we
find that the lesser spectral function to exactly match the ground state case. Of more interest
at this point is an analysis of the contributions of the bands to the total spectral function in the
spin-↑ direction. With figures 9.2(a) and (b) we further confirm that at quarter filling indeed the
𝜈 = 1-contribution has vanished entirely the weight being solely transferred to the 𝜈 = 2-contribution
and analogously at half filling the 𝜈 = 2-contribution has vanished while only the 𝜈 = 3-contribution
has taken over the spectral weight.

In addition to the spectral functions, we also present the corresponding optical conductivities in
figure 9.3. Again, the spin-↓ contributions do not differ from the ground state results, c.f. figures
9.3(e) and (f). We only find a new peak in the spin-↑ contribution, which then affects the total
optical conductivity. In the case of quarter filling this peak emerges at 𝜔/𝑡hop ≈ 1.8, see figures 9.3(a)
and (c), which roughly equals the difference of the second and third band depicted in figure 9.2(a).
At half filling the additional peak occurs at 𝜔/𝑡hop ≈ 1.7, c.f. figures 9.3(b) and (d), matching the
energy difference of the third and fourth band as can be verified in figure 9.2(b). These findings
further confirm our understanding of the optical conductivity showing peaks at the energy differences
of occupied and unoccupied sectors of the total spectral function as predicted by equation (6.89).
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Figure 9.1: Lesser spectral function 𝒜 <
u� (u�, u�, u� = 0) immediately after the electron-hole

excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32 sites
with OBCs in the first BZ at quarter, (a) and (b), and half filling, (c) and (d), respectively.
(a) and (c) show the spin-↑ direction, (b) and (d) the spin-↓ direction. The green dashed
lines show the band structure of the non-interacting system calculated with PBCs, the
green dots correspond to the calculation with OBCs.

Figure 9.2: Cross section of the data shown in figure 9.1 at u� = 4π/33 (solid lines) for
quarter, (a) and (c) and half filling, (b) and (d). (a) and (b) show the spin-↑ direction,
(c) and (d) the spin-↓ direction. The dotted (light dashed) lines show the ground state
results of figure 8.2 for the lesser (greater) spectral functions. The total spectral function is
shown in red, the contribution from the four band indices u� = 1, 2, 3, 4 are given in blue,
green, cyan, and magenta, respectively. Vertical dashed light green lines: ground state
peak positions in the non-interacting case obtained for PBCs.
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Figure 9.3: Real part of the optical conductivity u�1(u�, u�) immediately after the excitation,
i.e. u� = 0, (solid blue) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32
sites with OBCs at quarter, (a), (c), and (e), and half filling, (b), (d), and (f), respectively.
(a) and (b) show the total optical conductivity, (c) and (d) the spin-↑ direction, and (e) and
(f) the spin-↓ direction. The dashed red lines show the equilibrium ground state results,
i.e. u� = −∞. Data points: Obtained from Fourier transforming according to (6.109) and
(6.110). Solid lines: Application of 16 times zero padding. This figure is adapted from the
author’s work [243].

9.1.2 Two Band Model

Qualitatively we obtain very much the same results for �̂�2u� as for �̂�4u�. In figure 9.4 we again find
the spin-↓ contribution of the lesser spectral function to be entirely unaffected by the excitation,
while in the spin-↑ direction the only difference compared to the ground state lies at 𝑘 = 8π/33 the
weight from the first band being shifted to the second.

From the cross sections at 𝑘 = 8π/33 as shown in figure 9.5 we confirm both these findings. Indeed,
the weights in the spin-↓ direction overlap with the ground state values. In the spin-↑-direction
the 𝜈 = 1-contribution of the lesser spectral function has vanished the weight being taken by the
𝜈 = 2-contribution. Note that for this easier setup with only two bands following excitation (9.1), if
applied correctly, weight can only be transferred to the sole other empty band making the analysis
less complicated.
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Figure 9.4: Single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) immediately after the

electron-hole excitation (9.1) for û�2u� with u�/u�hop = 0 and u�/u�hop = 2 for a system of
u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑ direction, (b)
the spin-↓ direction. The green dashed lines show the band structure of the non-interacting
system calculated with PBCs, the green dots correspond to the calculation with OBCs.

Figure 9.5: Cross section of the data shown in figure 9.4 at u� = 8π/33 (solid lines) for
half filling. (a) shows the spin-↑ direction, (b) the spin-↓ direction. The dotted (light
dashed) lines show the ground state results of figure 8.5 for the lesser (greater) spectral
functions. The total spectral function is shown in red, the contribution from the four band
indices u� = 1, 2, 3, 4 are given in blue, green, cyan, and magenta, respectively. Vertical
dashed light green lines: ground state peak positions in the non-interacting case obtained
for PBCs.
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Figure 9.6: Real part of the optical conductivity u�1(u�, u�) immediately after the excitation,
i.e. u� = 0, (solid blue) for û�2u� with u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32
sites with OBCs at half filling. (a) shows the total optical conductivity, (b) the spin-↑
direction, and (c) the spin-↓ direction. The dashed red lines show the equilibrium ground
state results, i.e. u� = −∞. Data points: Obtained from Fourier transforming according
to (6.109) and (6.110). Solid lines: Application of 16 times zero padding. This figure is
adapted from the author’s work [243].

We show the accompanying optical conductivity in figure 9.6. Here, the only difference to the
ground state data, apart from a change in the Drude peak, stems from the spin-↑-direction, c.f.
figures 9.6(a) and (b), where we find an additional contribution at 𝜔/𝑡hop ≈ 3.6, which matches
the difference of the first and second band, as can be seen in figure 9.5. Note that while this
additional feature occurs at the correct frequency as predicted from equation (6.89) its behavior
of decreasing the optical conductivity appears somewhat counterintuitive. However, the complex
prefactors in equation (6.89) do not forbid such results which leads us to the conclusion that the
optical conductivity is not necessarily easier to interpret than the spectral functions.

9.2 Immediate Post-excitation Effects on Interacting Systems

The non-interacting systems showing the expected behavior following the excitation (9.1) we now
consider interacting systems applying, however, the same operator ̂𝛬 as before. As we already
mentioned above, some care needs to be taken since i) due to the scattering between the electrons,
the weight corresponding to the quantum number 𝜈 is in general not restricted to one (𝑘, 𝜔)-point,
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and ii) correlation effects will in general cause some weight to remain in the region it is supposed to
be excited from. Nevertheless, we find that for the systems under investigation here, modeling the
photo excitation in this way is justified as still the majority of weight is shifted.

9.2.1 Four Band Model

We begin our analysis with �̂�4u� for which in figure 9.7 we show the result of excitation (9.1)
at 𝑈/𝑡hop = 4 for both, half and quarter filling. In either case do we observe that in the spin-↑

Figure 9.7: Single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) immediately after the

electron-hole excitation (9.1) for û�4u� with u�/u�hop = 4 and u�/u�hop = 2 for a system of
u� = 32 sites with OBCs in the first BZ at quarter, (a) and (b), and half filling, (c) and
(d), respectively. (a) and (c) show the spin-↑ direction, (b) and (d) the spin-↓ direction.
The green dashed lines show the band structure of the non-interacting system calculated
with PBCs, the green dots correspond to the calculation with OBCs. This figure is taken
from the author’s work [243].

direction the upper occupied “band” gets emptied at 𝑘 = 4π/33 as desired, and a restricted region
at the same 𝑘-value but higher energies gets occupied corresponding to the support of the “lowest
unoccupied band” in 𝒜 >

↑ (𝑘, 𝜔), c.f. figures 9.7(a) and (c). From figures 9.7(a) and (b) we find that
apart from the slight renormalization as already discussed in the previous section, at quarter filling
the situation appears to resemble the non-interacting case even at finite 𝑈 which further indicates
that at this filling and value of the parameters interaction effects are not dominant. In the case
of half filling as shown in figures 9.7(c) and (d), however, the behavior differs significantly from
the non-interacting setup. First, in 𝒜 <

↑ (𝑘 = 4π/33, 𝜔, 𝑡 = 0) a remnant of the electron remains at
its ground state energy, and the population at higher energies in 𝒜 <

↑ (𝑘, 𝜔, 𝑡 = 0) is smeared out a
bit, that is also neighboring 𝑘-values to the one we chose take a certain although small amount
of weight. At the same time, however, even though we did not apply an excitation there, we find
the electrons in the spin-↓ to be affected as well for we observe a response in between the gap
between the occupied and the unoccupied region of the spectral function at 𝜔/𝑡hop ≈ 2.5. This is a
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Figure 9.8: Single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) immediately after the

electron-hole excitation (9.1) for û�4u� with u�/u�hop = 16 and u�/u�hop = 2 for a system of
u� = 32 sites with OBCs in the first BZ at quarter, (a) and (b), and half filling, (c) and
(d), respectively. (a) and (c) show the spin-↑ direction, (b) and (d) the spin-↓ direction.
The green dashed lines show the band structure of the non-interacting system calculated
with PBCs, the green dots correspond to the calculation with OBCs.

remarkable finding, which we further analyze by changing the value of the interaction 𝑈 . In figure
9.8 we show the spectral functions of figure 9.7 but this time for 𝑈/𝑡hop = 16. Qualitatively, we find
the same features. Two aspects, however, deserve some more attention. At quarter filling, c.f. figure
9.8(a), the excitation in the spin-↑ direction produces a somewhat twofold signal in 𝒜 <

↑ (𝑘, 𝜔, 𝑡 = 0)
since we find considerable weight at 𝜔/𝑡hop ≈ 18 which corresponds more to the third than to the
second band. For the half-filled system the additional signal in 𝒜 <

↓ (𝑘, 𝜔, 𝑡 = 0) shown in figure 9.8(d)
occurs at 𝜔/𝑡hop ≈ 13.8 and is thus even more clearly separated from the lower edge of support of
the greater spectral function.

In order to better quantify the features described above, we present cross sections at 𝑘 = 4π/33
for all spectral functions given in figure 9.7 in figure 9.9 for the case of 𝑈/𝑡hop = 4. Analogously,
for 𝑈/𝑡hop = 16 we show cross sections corresponding to figure 9.8 in figure 9.10. In addition,
the figures also feature the ground state results from figures 8.9 and 8.10, respectively, allowing a
direct comparison of the spectral function pre and post excitation. We begin with analyzing the
situation for 𝑈/𝑡hop = 4. At quarter filling as shown in figure 9.9(a) and (c), we indeed find the
previously occupied lowest band at 𝜔/𝑡hop ≈ −2 to be completely emptied for the spin-↑ direction,
c.f. figure 9.9(a). Instead 𝒜 <

↑ (𝑘, 𝜔, 𝑡 = 0) now takes the weight of the 𝜈 = 2-contribution of the
ground state greater spectral function 𝒜 >

↑ (𝑘, 𝜔). Note that the respective lines overlap almost
entirely, and other than this, there are no particular features noticeable in 𝒜 <

↑ (𝑘, 𝜔, 𝑡 = 0). The
spin-↓ direction, c.f. figure 9.9(c), shows a similar expected behavior as 𝒜 <

↓ (𝑘, 𝜔, 𝑡 = 0) almost
overlaps completely with the respective ground state spectral function 𝒜 <

↓ (𝑘, 𝜔). We attribute the
slight changes to the respective features of the ground state spectral function to scattering effects
in between different 𝑘-values and conclude that at quarter filling, there is only a redistribution of
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Figure 9.9: Cross section of the data shown in figure 9.7 at u� = 4π/33 (solid lines) for
quarter, (a) and (c) and half filling, (b) and (d). (a) and (b) show the spin-↑ direction,
(c) and (d) the spin-↓ direction. The dotted (light dashed) lines show the ground state
results of figure 8.9 for the lesser (greater) spectral functions. The total spectral function is
shown in red, the contribution from the four band indices u� = 1, 2, 3, 4 are given in blue,
green, cyan, and magenta, respectively. Vertical dashed light green lines: ground state
peak positions in the non-interacting case obtained for PBCs. Vertical gray (black) bars:
excitation energies for 𝒜 <

u� (𝒜 >
u� ) in the ground state as obtained from equation (9.1) for

one unit cell, i.e. u� = 4. The heights of the bars correspond to their respective weights.
All bars have been scaled such that in each cross section the largest bar takes a value of
0.8 times the plot’s maximum range in u�-direction. The red arrow highlights the in-gap
spectral weight in 𝒜 <

↓ (u�, u�, u� = 0) (see text for further details). This figure is adapted
from the author’s work [243].

weight over the excitation energies known from the ground state calculus. Other effects appear
to play only a negligible role. The spin-↑ direction at half filling depicted in figure 9.9(b) also
behaves as expected, the dominant effect being that the spectral weight of the 𝜈 = 2 contribution
to 𝒜 <

↑ (𝑘, 𝜔), which makes for most of the highest occupied band, has vanished. We find that it
has been predominantly transferred mainly to energies of the 𝜈 = 3 contribution of 𝒜 >

↑ (𝑘, 𝜔), as
both lines, again, almost overlap. The remnant of weight in the highest occupied band of 𝒜 <

↑ (𝑘, 𝜔)
can further be identified to stem from its 𝜈 = 3 contribution, which is clearly unaffected in our
modeled excitation (9.1) further illustrating its approximative character. Turning our attention to
𝒜 <

↓ (𝑘, 𝜔, 𝑡 = 0) in figure 9.9(d) we find that also in this case the 𝜈 = 2 contribution of 𝒜 <
↓ (𝑘, 𝜔) has

dropped quite significantly. Unlike for the spin-↑ contribution, however, the removed weight does not
appear at any frequency to be explained by the FD computation, but at 𝜔 ≈ 2.5, c.f. the red arrow in
figure 9.9(d). Comparing to 𝒜 >

↓ (𝑘, 𝜔) we can also surely conclude that this feature cannot be derived
as an artifact of ground state properties, as the contribution of 𝒜 <

↓ (𝑘, 𝜔, 𝑡 = 0) at 𝜔 ≈ 2.5 is much
higher than the left-hand edge of 𝒜 >

↓ (𝑘, 𝜔). Thus, we take this feature to be a real mid-gap state.
Bearing in mind that here all 𝑘-values are affected almost equally, c.f. figure 9.7, we will henceforth
refer to this phenomenon as a mid-gap band. The cross sections for the case of 𝑈/𝑡hop = 16 given in
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Figure 9.10: Cross section of the data shown in figure 9.8 at u� = 4π/33 (solid lines) for
quarter, (a) and (c) and half filling, (b) and (d). (a) and (b) show the spin-↑ direction,
(c) and (d) the spin-↓ direction. The dotted (light dashed) lines show the ground state
results of figure 8.10 for the lesser (greater) spectral functions. The total spectral function
is shown in red, the contribution from the four band indices u� = 1, 2, 3, 4 are given in
blue, green, cyan, and magenta, respectively. Vertical dashed light green lines: ground
state peak positions in the non-interacting case obtained for PBCs. Vertical gray (black)
bars: excitation energies for 𝒜 <

u� (𝒜 >
u� ) in the ground state as obtained from equation (9.1)

for one unit cell, i.e. u� = 4. The heights of the bars correspond to their respective weights.
All bars have been scaled such that in each cross section the largest bar takes a value of
0.8 times the plot’s maximum range in u�-direction. The red arrow highlights the in-gap
spectral weight in 𝒜 <

↓ (u�, u�, u� = 0) (see text for further details). This figure is adapted
from the author’s work [243].

figure 9.10 further support these findings. We put particular emphasis on 𝒜 <
↑ (𝑘, 𝜔, 𝑡 = 0) at quarter

filling shown in figure 9.10(a) where we find the split excitation we observed in figure 9.8(a) to
be entirely explained by the FD data. Not only is the weight at 𝜔/𝑡hop ≈ 18 almost completely
taken by the 𝜈 = 2-contribution, as should be the case from the excitation, but also do the FD
computations predict spectral weight at this energy. We can, hence, safely attribute this somewhat
unintuitive appearance of 𝒜 <

↑ (𝑘, 𝜔, 𝑡 = 0) as an effect of the more complex spectrum due to the
interaction. This is in stark contrast to the behavior of 𝒜 <

↓ (𝑘, 𝜔, 𝑡 = 0) as shown in figure 9.10(d).
Again, the additional feature at 𝜔/𝑡hop ≈ 13.8 cannot be explained through features of the spectral
function in equilibrium as neither the FD nor the MPS results predict a contribution there.

At half filling, the occurrence of these mid-gap bands also manifests itself in the optical conductivity
𝜎1(𝜔, 𝑡) which we show in figures 9.11 and 9.12 for 𝑈/𝑡hop = 4 or 𝑈/𝑡hop = 16, respectively. In
addition we show the respective ground state data from figures 8.11 and 8.12 as a reference. For a
more detailed analysis, we present the optical conductivity both in total as well as spin-resolved.
At quarter filling only slight changes can be reported, where at 𝜔/𝑡hop ≈ 3.8 or 𝜔/𝑡hop ≈ 4.3 for
𝑈/𝑡hop = 4 or 𝑈/𝑡hop = 16, c.f. figures 8.11(a),(c),(e) or 8.12(a),(c),(e), respectively the weight
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Figure 9.11: Real part of the optical conductivity u�1(u�, u�) immediately after the excitation,
i.e. u� = 0, (solid blue) for û�4u� with u�/u�hop = 4 and u�/u�hop = 2 for a system of u� = 32
sites with OBCs at quarter, (a), (c), and (e), and half filling, (b), (d), and (f), respectively.
(a) and (b) show the total optical conductivity, (c) and (d) the spin-↑ direction, and (e) and
(f) the spin-↓ direction. The dashed red lines show the equilibrium ground state results,
i.e. u� = −∞. Data points: Obtained from Fourier transforming according to (6.109) and
(6.110). Solid lines: Application of 16 times zero padding. This figure is adapted from the
author’s work [243].

increases at a very low rate. At half filling, however, as depicted in figures 8.11(b),(d),(f) or
8.12(b),(d),(f) the post excitation data match the ground state data with the exception of an
additional peak at 𝜔/𝑡hop ≈ 2, which corresponds to the difference of the mid-gap band to the
lowest occupied region of support of the equilibrium greater spectral function, c.f. figures 9.9(d) and
9.10(d). We conclude that in a general setup the notion of the optical conductivity exhibiting its
peaks at those energies that need to be spent to transfer spectral weight from one band to another
appears to be valid as well. Note that this particular behavior is not evident, since equation (6.89)
has only been proven for the special case of a time-independent Hamiltonian and a computation of
the optical conductivity with respect to an eigenstate. Other than that, the post excitation optical
conductivities only differ from their ground state counterparts in the height of the remaining original
peaks. The effect is quite intuitively understood when interpreting the peak heights as corresponding
to a certain probability with which weight may be transferred. Following the excitation the spectral
weight is distributed differently such that an adaption of their corresponding transfer options is only
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Figure 9.12: Real part of the optical conductivity u�1(u�, u�) immediately after the excitation,
i.e. u� = 0, (solid blue) for û�4u� with u�/u�hop = 16 and u�/u�hop = 2 for a system of u� = 32
sites with OBCs at quarter, (a), (c), and (e), and half filling, (b), (d), and (f), respectively.
(a) and (b) show the total optical conductivity, (c) and (d) the spin-↑ direction, and (e) and
(f) the spin-↓ direction. The dashed red lines show the equilibrium ground state results,
i.e. u� = −∞. Data points: Obtained from Fourier transforming according to (6.109) and
(6.110). Solid lines: Application of 16 times zero padding.

logical. At half filling, this effect is particularly strong, since the mid-gap band is closer to 𝒜 <(𝑘, 𝜔),
such that it is less costly and thus more likely to transfer weight from there to the energetically lowest
lying contributions of the unoccupied part of the spectrum. This interpretation is in particular
confirmed when comparing the two cases of 𝑈/𝑡hop = 4 and 𝑈/𝑡hop = 16, the additional peak
being significantly larger for the latter, c.f. figure 9.11(b),(d),(f) and 9.12(b),(d),(f). Note further
that, although in the spectral function there is no mid-gap band in the spin-↑ direction after the
excitation, c.f. figures 9.7(c), 9.9(b), 9.8(c), and 9.10(b), the optical conductivity still exhibits the
additional signal in both spin directions, and even more so does this effect also occur at quarter
filling. As this behavior is not excluded by equation (6.89), we take it as a further consequence of
the scattering effects due to interactions.
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9.2.2 Two Band Model

We close these analyses with a discussion of the situation for �̂�2u� for which we give the full lesser
spectral functions after the excitation 𝒜 <(𝑘, 𝜔, 𝑡 = 0) in figures 9.13 and 9.14 for 𝑈/𝑡hop = 4 and
𝑈/𝑡hop = 16, respectively. When it comes to the effects of the excitation, in this simplified model,

Figure 9.13: Single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) immediately after the

electron-hole excitation (9.1) for û�2u� with u�/u�hop = 4 and u�/u�hop = 2 for a system of
u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑ direction, (b)
the spin-↓ direction. The green dashed lines show the band structure of the non-interacting
system calculated with PBCs, the green dots correspond to the calculation with OBCs.
The blue dotted line depicts the maxima of 𝒜 >

u� (u�, u�) extracted from figure 8.13(b). This
figure is taken from the author’s work [243].

Figure 9.14: Single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) immediately after the

electron-hole excitation (9.1) for û�2u� with u�/u�hop = 16 and u�/u�hop = 2 for a system of
u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑ direction, (b)
the spin-↓ direction. The green dashed lines show the band structure of the non-interacting
system calculated with PBCs, the green dots correspond to the calculation with OBCs.

we appear to have combined the advantageous features of the excitation of �̂�4u� at quarter and half
filling. First, we note that in the spin-↑ direction in figures 9.13(a) and 9.14(a) the remaining weight
in the lower band is significantly less than for the situation at half filling in �̂�4u�, c.f. figures 8.13(c)
and 8.14(c), respectively. Second, in addition we find a mid-gap band in the spin-↓ direction at
𝜔/𝑡hop ≈ 2.4 or 𝜔/𝑡hop ≈ 16.8, respectively, as seen in figures 9.13(b) and 9.14(b), the only difference
being that in this case the weight in the mid-gap band is not as equally distributed as in figures
8.7(b) and 8.8(b). While for 𝑈/𝑡hop = 4 the weight is rather more accumulated at larger momenta
in the case of 𝑈/𝑡hop = 16 it is a bit stronger in the center of the first BZ. In figure 9.13 we have
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also sketched the first maximum of the greater spectral function as extracted from the data of figure
8.13(b) to further illustrate that in the spin-↑ direction after the excitation weight is actually shifted
to energies corresponding to previously unoccupied regions of the spectrum and to clearly identify
the additional feature in 𝒜 <

↓ (𝑘, 𝜔, 𝑡 = 0) as a mid-gap band.

An analysis of the cross section at 𝑘 = 8π/33 to be found in figures 9.15 and 9.16 confirms our
findings. As expected, the dominant 𝜈 = 1-contribution in 𝒜 <

↑ (𝑘, 𝜔) has vanished entirely in

Figure 9.15: Cross section of the data shown in figure 9.13 at u� = 8π/33 (solid lines)
for half filling. (a) shows the spin-↑ direction, (b) the spin-↓ direction. The dotted (light
dashed) lines show the ground state results of figure 8.15 for the lesser (greater) spectral
functions. The total spectral function is shown in red, the contribution from the four band
indices u� = 1, 2, 3, 4 are given in blue, green, cyan, and magenta, respectively. Vertical
dashed light green lines: ground state peak positions in the non-interacting case obtained
for PBCs. Vertical gray (black) bars: excitation energies for 𝒜 <

u� (𝒜 >
u� ) in the ground state

as obtained from equation (9.1) for one unit cell, i.e. u� = 4. The heights of the bars
correspond to their respective weights. All bars have been scaled such that in each cross
section the largest bar takes a value of 0.8 times the plot’s maximum range in u�-direction.
The red arrow highlights the in-gap spectral weight in 𝒜 <

↓ (u�, u�, u� = 0) (see text for further
details). This figure is adapted from the author’s work [243].

𝒜 <
↑ (𝑘, 𝜔, 𝑡 = 0) and is to be found at the frequency corresponding to the 𝜈 = 2 contribution of

𝒜 >
↑ (𝑘, 𝜔), c.f. figures 9.15(a) and 9.16(a). Due to the significantly easier superstructure, there is

only a slight remnant caused by the 𝜈 = 2 contribution to 𝒜 <
↑ (𝑘, 𝜔). As for the spin-↓ direction in

figures 9.15(b) and 9.16(b), the mid-gap state can be shown not to correspond to any frequency
of 𝒜 >

↓ (𝑘, 𝜔) and for 𝑈/𝑡hop = 4 is even further apart from its 𝜈 = 2 contribution than in the case
of �̂�4u�, c.f. figure 9.9(d). Furthermore, figure 9.16(b) illustrates that the mid-gap band is more
bound to the greater equilibrium spectral function than to the lesser. We attribute the other
deviations between the spectral functions before and after excitation again to scattering processes
in the 𝑘-values and conclude, that the formation of mid-gap bands appears to be general effect of a
magnetic superstructure.

In figures 9.17 and 9.18 we again show the optical conductivities before and after the excitation
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Figure 9.16: Cross section of the data shown in figure 9.14 at u� = 8π/33 (solid lines)
for half filling. (a) shows the spin-↑ direction, (b) the spin-↓ direction. The dotted (light
dashed) lines show the ground state results of figure 8.16 for the lesser (greater) spectral
functions. The total spectral function is shown in red, the contribution from the four band
indices u� = 1, 2, 3, 4 are given in blue, green, cyan, and magenta, respectively. Vertical
dashed light green lines: ground state peak positions in the non-interacting case obtained
for PBCs. Vertical gray (black) bars: excitation energies for 𝒜 <

u� (𝒜 >
u� ) in the ground state

as obtained from equation (9.1) for one unit cell, i.e. u� = 4. The heights of the bars
correspond to their respective weights. All bars have been scaled such that in each cross
section the largest bar takes a value of 0.8 times the plot’s maximum range in u�-direction.
The red arrow highlights the in-gap spectral weight in 𝒜 <

↓ (u�, u�, u� = 0) (see text for further
details).
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Figure 9.17: Real part of the optical conductivity u�1(u�, u�) immediately after the excitation,
i.e. u� = 0, (solid blue) for û�2u� with u�/u�hop = 4 and u�/u�hop = 2 for a system of u� = 32
sites with OBCs at half filling. (a) shows the total optical conductivity, (b) the spin-↑
direction, and (c) the spin-↓ direction. The dashed red lines show the equilibrium ground
state results, i.e. u� = −∞. Data points: Obtained from Fourier transforming according
to (6.109) and (6.110). Solid lines: Application of 16 times zero padding. This figure is
adapted from the author’s work [243].
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Figure 9.18: Real part of the optical conductivity u�1(u�, u�) immediately after the excitation,
i.e. u� = 0, (solid blue) for û�2u� with u�/u�hop = 16 and u�/u�hop = 2 for a system of u� = 32
sites with OBCs at half filling. (a) shows the total optical conductivity, (b) the spin-↑
direction, and (c) the spin-↓ direction. The dashed red lines show the equilibrium ground
state results, i.e. u� = −∞. Data points: Obtained from Fourier transforming according to
(6.109) and (6.110). Solid lines: Application of 16 times zero padding.

to find essentially the same features as in figures 9.11 and 9.12 for �̂�4u�. After the excitation the
optical conductivity shows an additional feature at 𝜔/𝑡hop ≈ 2 corresponding to the energy difference
of the mid-gap band and the equilibrium greater spectral function, as is evident from inspecting
figures 9.15(b) and 9.16(b) and the contributions at the other energies are are less pronounced. The
major difference to the situation at �̂�4u� is that in this case the additional peak in the optical
conductivity is almost exclusively due to the spin-↓ contribution which makes the interpretation
somewhat easier. We also refer to the simpler band structure of �̂�2u� as an explanation of this
circumstance.

9.2.3 Formation of Excitons

In attempt to explain the mid-gap feature we identified in the preceding sections, we start with
a simple calculation in the atomic limit, i.e. 𝑡hop → 0, allowing us to conduct the calculus in real
space. In this case, the spectrum will consist of two Hubbard bands that are separated by the
interaction strength 𝑈 through a Mott gap.
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We begin with considering a single unit cell for �̂�4u�. In this case, the ground state and the
corresponding ground state energy are straight forwardly obtained as

|GS⟩ = |↓↓↑↑⟩ ≡ 𝐸0 = −2𝛥. (9.2)

An excitation in the spin-↑ direction can now be approximated by shifting one particle such that a
resulting state and its energy would be given by

|𝜓1⟩ = |↓↕ 0 ↑⟩ ≡ 𝐸u�1
= 𝑈 − 𝛥. (9.3)

We shall call the doubly occupied site a doublon, and the empty site a hole. As we are interested in
the effect on the spin-↓ direction, we remove a particle, where we have in principle two options

̂𝑐↓ |𝜓1⟩ = {
|0 ↕ 0 ↑⟩ ≡ 𝐸u�=1 = 𝑈 − u�

2
|↓↑ 0 ↑⟩ ≡ 𝐸u�=2 = −u�

2

, (9.4)

such that the energy differences in equation (9.1) are given by

𝐸u�1
− 𝐸u� = {

−u�
2

, 𝑛 = 1
𝑈 − u�

2
, 𝑛 = 2

. (9.5)

Indeed, one of this rather primitive computations predicts a signal in the gap region 𝑈 of 𝒜 <(𝑘, 𝜔)
and 𝒜 >(𝑘, 𝜔). For this setup, we also consider a second order process which would correspond to
shifting two spin-↑ particles, i.e.

|𝜓2⟩ = |↕↕ 00⟩ ≡ 𝐸u�2
= 2𝑈, (9.6)

based on which the effect of the spin-↓ direction yields

̂𝑐↓ |𝜓2⟩ = {
|↑↕ 00⟩ ≡ 𝐸u�=1 = 𝑈 + u�

2
|↕↑ 00⟩ ≡ 𝐸u�=2 = 𝑈 + u�

2

. (9.7)

Since in this case the energies are identical, we find only a sole signal at energy

𝐸u�2
− 𝐸u�=1,2 = 𝑈 − 𝛥

2
, (9.8)

which is also in the gap region. For �̂�2u� the calculus is again easier since the unit cell consists of
only two sites. The ground state and its energy are given by

|GS⟩ = |↓↑⟩ ≡ 𝐸0 = −𝛥, (9.9)

which for the excited state yields

|𝜓⟩ = |↕ 0⟩ ≡ 𝐸u� = 𝑈. (9.10)

Therefrom we obtain the state

̂𝑐↓ |𝜓⟩ = |↑ 0⟩ ≡ 𝐸u�=1 = +𝛥
2

, (9.11)
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which is needed in equation (9.1) to compute the peak positions in the spectral function as

𝐸u� − 𝐸u�=1 = 𝑈 − 𝛥
2

. (9.12)

As for �̂�4u� a mid-gap feature is predicted.

We now try to explain the physical origin of these mid-gap signals. As discussed in, e.g., reference [96]
at equilibrium peaks in the optical conductivity below the Mott gap indicate the formation of
excitons in interacting electron systems. Hence, the question arises if this interpretation also applies
to the post excitation setup we investigate in this work; in case of exciton formation, we expect
additional signals in both the optical conductivity and the spectral function. The latter is expected
to show a feature at an energy, which corresponds to the conduction band (upper Hubbard band)
minus the binding energy 𝐸u� of the exciton [61, 293]. In a Mott insulator the relation between the
binding energy 𝐸u�, the Mott gap 𝐸u� and the peak position of an exciton in the optical conductivity
𝜔exc is given by [96, 172, 30] 𝐸u� = 𝐸u� − 𝜔exc. The Mott gap can be read off directly from the
spectral function, so that we do not need further computations and we can directly check for this
expectation.

We find that we need to differentiate between �̂�4u� and �̂�2u�. For the former we find an additional
peak at 𝜔/𝑡hop ≈ 2 in the optical conductivity independent of the interaction strength 𝑈 , see figures
9.3, 9.11, and 9.12. Since at 𝑈 = 0 the spin-↑ and spin-↓ electrons are not coupled, there is no
additional signal in the spectral function, c.f. figure 9.1 and, hence, can its origin in general not be
traced back to the formation of excitons. Thus, we conclude that additional peaks in the optical
conductivity after a photo excitation do not necessarily indicate the formation of excitons. For
�̂�2u� the situation is clearer due to the simpler band structure. We again find peaks at 𝜔/𝑡hop ≈ 2
after the excitation, but this time it depends on 𝑈 , c.f. figures 9.6, 9.17, and 9.18. Note that for
𝑈 = 0 also the ground state optical conductivity shows a peak at 𝜔 ≈ 2 contrary to the cases
of finite 𝑈 . Hence, these signals cannot be of the same origin. We conclude that for �̂�4u� two
effects are superimposed. We indeed take the additional signals at 𝜔/𝑡hop ≈ 2 in either model
at finite interaction 𝑈 to be related to the formulation of spin-↓ excitons as they correspond to
additional features in 𝒜 <

↓ (𝑘, 𝜔, 𝑡 = 0), the mid-gap states occurring at energies 𝜔/𝑡hop ≈ 2 below
the upper Hubbard band, c.f. figures 9.9(d), 9.10(d), 9.15(d), and 9.16(d). Note, that these are not
the expected energies 𝐸u� − 𝐸u� above the lower Hubbard band but rather 𝐸u� − 𝜔exc, contrary to
the situation investigated in [61].Therefrom we deduce that in the spectral function the excitonic
mid-gap band is found below the upper Hubbard band, but shifted downwards by the excitonic
energy 𝜔exc rather than the binding energy 𝐸u�. The additional peak for the case of �̂�4u� is also
due to its particular band structure: In this case the upper and lower Hubbard bands show two
internal structures, which are separated by 𝜔/𝑡hop ≈ 2 for large 𝛥, which follows from equation
(7.73). When a spin-↑ electron is in the third band, it takes 𝜔/𝑡hop ≈ 2 to shift it to the fourth band,
explaining the peak in figure 9.3 at 𝑈 = 0 in the spin-↑ direction. Indeed, in the non-interacting
case, there is no such peak in the spin-↓ direction, and also at finite 𝑈 the major contribution is
only in the spin-↑ direction, see figures 9.11 and 9.12. As there are only two bands for �̂�2u� at
𝑈 = 0 following the excitation, the difference in energy between occupied and unoccupied parts of
the spectrum will stay the same, namely 𝜔/𝑡hop ≈ 2, so that in this case the peak in the optical
conductivity is again due to the band structure.

Having the simplified picture of the atomic limit in mind, our findings are explained by the alternating
magnetic background potential and the resulting preferred arrangement for the spin-↑ and spin-↓
electrons in the ground state. This particular superstructure hinders the motion of the hole and
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−𝛥/2 𝑈 −𝛥/2

−𝛥/2 0 −𝛥/2

𝐸 = 𝑈 − 2𝛥

(a) Excitation.

𝐸 = 𝑈 − 𝛥

−𝛥/2

−𝛥/2

(b) Hole hopping.

𝐸 = 𝑈

(c) Doublon moving to the right.

𝐸 = 𝑈 − 2𝛥

(d) Doublon moving to the left.

Figure 9.19: Illustration of the effect of spin-selective excitations, in which only the
spin-up electrons are affected. In these simple illustrations, we assume the excitation
induces a local current moving the spin-up electrons by one lattice site. (a) Situation
immediately after the excitation. The numbers at each position give the energy cost in
the atomic limit which sum up to the total energy u�. (b) The hole has hopped to the
right resulting in an increased total energy. (c) Situation in case the doublon moves away
from the hole: The total energy increases further. (d) Situation in case the doublon moves
with the hole: u� decreases again. We conclude that it is most beneficial for the hole and
doublon to move as a pair realizing an excitonic binding. This figure is adapted from the
author’s work [243].

of the doublon after the excitation, as illustrated in figure 9.19 for a single localized excitation in
�̂�2u�: At finite 𝑈 , after the excitation the spin-↓ electrons are on the one hand repelled by the
excited spin-↑ electron and would favor to move away, on the other hand they are hindered by the
staggered potential in their motion, so that an effective binding to the original place is realized.
Furthermore, at half filling the energy of the system grows with the separation 𝑑 of the hole and
the doublon as 𝑑 ⋅ 𝛥. This leads to a confinement of doublon and hole, since the energy is lowest if
both are neighboring each other, and hence to the formation of an exciton. Note that the exciton
is able to move through the system, since the energy of the system remains the same as long as
doublon and hole occupy neighboring sites. The spin-↑ electron can furthermore not directly move
back to the original place, as it has no channel to distribute the energy gained after the excitation.
Such a recombination process is only possible when scattering to further particles takes place and
will be studied in section 9.4.

In reference [35] midgap states in the spectral function of correlated insulators were associated to
excitons in two-dimensional extended Hubbard systems with nearest neighbor (n.n.) interaction 𝑉 ,
which is the cause for the binding between hole and doublon as it induces an attraction between
a doubly occupied and an empty site. The resulting binding then incures the formation of an
exciton, which can be seen in photoemission spectra. In comparison, the exciton observed here
has some unusal properties: i) in contrast to references [96, 172] the excitonic signature in 𝜎1(𝜔, 𝑡)
appears only after the photoexcitation; ii) the exciton is formed without a 𝑉 -term in the Hubbard
Hamiltonian, i.e. even at very strong screening; iii) the features differ for both spin directions and,
hence, we shall like to label this exciton spinful; iv) it appears at a different energy.
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The study of exciton signatures in ARPES is an ongoing topic [331, 304, 173, 293, 399, 81, 346,
228]. In these experiments, an electron is emitted, and hence only the breaking of an exciton can be
observed, i.e. the system needs to be subject to a photo excitation first, like in pump-probe setups,
to create the exciton. Due to the finite binding energy of the electron-hole pair, an in-gap signature
is expected to appear at frequencies below the conduction or upper Hubbard band, respectively,
for band or Mott insulators. The energy difference of this exciton signature and the conduction or
upper Hubbard band is the binding energy [61, 293]. As mentioned above, here the new feature in
the spectral function appears at an energy 𝐸u� above the lower Hubbard band. This is the case, since
the upper Hubbard band in the spin-↓ direction remains empty even after the excitation. Hence,
removing a spin-↓ electron in the photoemission process will cost the energy given by the band
structure plus the binding energy of the exciton, leading to the feature at the observed energy in the
spectral function. This would also be true if the excitation existed not only in one spin direction,
so that the spectral function would also show such a feature at 𝐸u� − 𝜔exc. As a consequence we
find that in correlated band insulators like the ones considered here, trARPES measurements in
pump-probe setups obtain an additional feature not at the energy expected for bright excitons, i.e.
the energy of the upper Hubbard band minus the binding energy, but at the energy given by the
lower Hubbard band plus the binding energy.

We come to conclude that an on-site Hubbard interaction 𝑈 in the presence of a magnetic super-
structure can generically lead to the formation of a spinful exciton in the spin direction opposite to
the excited one. This interpretation is further supported by the similarity of our findings for the
two different models �̂�4u� and �̂�2u� as well as the results of Lenarčič et al. which also involved
excitons in systems with a magnetic background [211, 210]. In these works the presence of short
range antiferromagnetic spin correlations in ground states was essential, as well as spin excitations
which also connect to the approach we outlined above.

9.3 Excursus: Transient Behavior in Real Space – Formation of Spatial
Patterns

We now investigate the transient behavior of our system. Before we turn back to the spectra,
however, we first analyze the effect of the excitation (9.1) onto local observables and discuss their
time evolutions as done by the author and his collaborators in reference [198]. This section will
predominantly include those parts of the work, to which we refer the interested reader for further
information, the author himself was most dedicated to. We will consider the local particle density
⟨�̂�u�⟩(𝑡), as well as the local magnetization ⟨ ̂𝑆u�

u� ⟩(𝑡). For these computations, we slightly change the
model’s parameters to 𝐿 = 40 and 𝑘 = π/11. We will furthermore only discuss �̂�4u� at quarter
filling. Our results are shown in figure 9.20, where by means of equation (9.1) we perform the
weakest spin-selective excitation possible. In the top row of figure 9.20 we first show results for
the non-interacting system in the absence of a magnetic field, i.e. 𝑈 = 𝛥 = 0. We find that
Friedel-like oscillations [117, 28] in the local particle densities ⟨�̂�u�⟩ we encounter in the ground
state are preserved after the excitation, however being slightly more pronounced. This behavior
can be explained with the observation that now, through the excitation, the system has absorbed
a little amount of energy which does not decay with time 𝑡. Most importantly, however, we do
not encounter the formation of a new pattern in the local particle densities ⟨�̂�u�⟩(𝑡) following the
excitation. By contrast, for the local spin densities ⟨ ̂𝑆u�

u� ⟩(𝑡), we do find a very vague pattern
following the excitation, which we attribute to the energy absorption. If 𝛥 takes a finite value as
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Figure 9.20: Time evolution of system (7.66) with u� = 40 sites from tDMRG at quarter
filling following the operator-based spin-selective excitation (7.94) at time u� = 0. First
column: total energy of the system. Second column: particle density ⟨û�u�⟩(u�) in the bulk
(sites 8-32). Third column: local magnetizations ⟨ ̂u�u�

u� ⟩(u�), also in the bulk. The color
bars on the right indicate the values for ⟨û�u�⟩(u�) and ⟨ ̂u�u�

u� ⟩(u�′), respectively. The top row
shows results for an excitation acting only on spin-↑ particles in the absence of a magnetic
structure, u� = 0, and without interaction, u� = 0. The second row shows results for the
same excitation, but with u�/u�hop = 8 (and, thus, for adjusted operators) and u� = 0. In
contrast, the third row shows results for the same excitation and also u�/u�hop = 8 but
u� = 4. The bottom row shows results for an excitation acting on both spin directions
for u�/u�hop = 8 and u�/u�hop = 4. The time evolutions are obtained employing the TDVP
in its two-site implementation with a time step u�u� = 0.05, a maximum bond dimension
u� = 1000, and a discarded weight of u� < 10−12. Note that for times u� < 0 no time
evolution was calculated explicitly as for this case analytics require the system to stay
invariant. Instead the corresponding data of the ground states was plotted repeatedly to
better illustrate the effect of the excitation. This figure is adapted from the author’s work
[198].

in the second row of figure 9.20, the periodic pattern in the local spin densities ⟨ ̂𝑆u�
u� ⟩(𝑡), which

follows the magnetic microstructure, is weakened after the excitation and a stable CDW-like pattern
in the charge density ⟨�̂�u�⟩(𝑡) is induced following the periodicity of the Zeeman term in equation
(7.66) as is also shown in reference [326]. Furthermore, we find from the third panel of figure 9.20
that the introduction of an interaction 𝑈 to the system yields the same observations. Finally, the
bottom panel depicts the time evolution for a photoexcitation coupling to both spin directions, i.e.
equation (9.1) has to be expanded by spin-↓ operators. Again, the periodic pattern in the local spin
densities ⟨ ̂𝑆u�

u� ⟩(𝑡), is weakened after the excitation, however the energy absorption does not result
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in a pattern in the charge density ⟨�̂�u�⟩(𝑡), where we just encounter an increased spread across the
whole bulk.

In reference [198] we find qualitatively the same behavior for the case of a spin-selective Peierls
substitution. Due to the weaker nature of the excitation performed here, the emerging structures are
less pronounced, nevertheless does this show that the observed features are generic to spin-selective
photoexcitations. In either case we find the induced charge and spin patterns to have a much longer
lifetime than the time scales amenable to an MPS treatment. We explain this behavior generically,
i.e. independent of the model’s dimension. The excitation leads to a redistribution of 𝑘-modes,
which in this model are conserved quantities. Hence, without further effects no decay mechanism
could lead to a destruction of the spatial patterns. To better estimate the lifetime of the patterns,
further effects, like phonons, would need to be included, which we leave for future research at this
point.

Note that in the case of low photon densities details of the charge density pattern depend on
peculiarities of the excitation, e.g., whether it is at the edge of the Brillouin-zone or close to the
center. Employing the scheme outlined above applying more creation and annihilation operators,
the effects of going to higher energy densities (i.e., allowing for a larger number of electrons to be
excited) may also be investigated. We then expect to see a stronger charge density pattern, but also
leave this problem for future research.

9.4 Transient Behavior of Spectral Quantities

Now we analyze the time evolution of the excited system in greater detail putting particular focus on
the lifetimes of the mid-gap bands, we identified in section 9.2. For �̂�4u� at quarter filling following
the electron-hole excitation (9.1), we only identify a rather quick but not entire decay back into the
ground state on the same time scales we will investigate in this section. Therefore, we only consider
the case of half filling at this point.

9.4.1 Four Band Model

We begin with a benchmark computation for 𝑈/𝑡hop = 0. In figure 9.21 we show shots of 𝒜 <
u� (𝑘, 𝜔, 𝑡)

at selected times 𝑡, starting from 𝑡 ⋅ 𝑡hop = 1 corresponding to figures 9.1(c) and (d). From section
6.1.3 we know the spectral function of non-interacting systems to be independent of time 𝑡, if
the Hamiltonian itself is time-independent, and, therefore, expect not to find any changes in the
numerical data. This is indeed the case, which we take as proof for our approach to be valid.
Analogously, in figures 9.22 and 9.23 we present shots of 𝒜 <

u� (𝑘, 𝜔, 𝑡) in a similar way at selected
times 𝑡, including 𝑡 = 0 corresponding to figures 9.7(c) and (d) and 9.8(c) and (d), respectively.
Comparing figures 9.22(a) and (i) or 9.23(a) and (i), in the spin-↑ direction we indeed find a decay
of weight back into the ground state configuration at 𝑘 = 4π/33, where the particle was taken from,
that is the main effect appears to be a recombination of the particle-hole pair. In addition there is
a clear accumulation of weight at frequencies corresponding to the lowest lying band of 𝒜 >

↑ (𝑘, 𝜔),
c.f. figures 8.7(d) and 8.8(d). Furthermore, weight is also transferred to neighboring momenta.
Strikingly, in the ↓-direction, we cannot report a major decay of the mid-gap band.

In order to further quantify these findings, we compute the total weight of 𝒜 <
u� (𝑘, 𝜔, 𝑡) for certain

frequency regions we associate with particular bands as a function of time presenting the results
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Figure 9.21: Single particle spectral function 𝒜 <
u� (u�, u�, u�) at different times, u� = 0 being

directly after the electron-hole excitation in the spin-↑ direction at u� = 8u�/33, for û�4u�

with u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the first
BZ at half filling, c.f. figures 9.1(c) and (d). The left column shows results for the spin-↑
direction, the right results for the spin-↓ direction. The light green dashed lines show
the band structure of the non-interacting system calculated with PBCs, the green dots
correspond to the calculation with OBCs.
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Figure 9.22: Single particle spectral function 𝒜 <
u� (u�, u�, u�) at different times, u� = 0 being

directly after the electron-hole excitation in the spin-↑ direction at u� = 8u�/33, for û�4u�

with u�/u�hop = 4 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the first
BZ at half filling, c.f. figures 9.7(c) and (d). The left column shows results for the spin-↑
direction, the right results for the spin-↓ direction. The light green dashed lines show
the band structure of the non-interacting system calculated with PBCs, the green dots
correspond to the calculation with OBCs.
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Figure 9.23: Single particle spectral function 𝒜 <
u� (u�, u�, u�) at different times, u� = 0 being

directly after the electron-hole excitation in the spin-↑ direction at u� = 8u�/33, for û�4u�

with u�/u�hop = 16 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the first
BZ at half filling, c.f. figures 9.8(c) and (d). The left column shows results for the spin-↑
direction, the right results for the spin-↓ direction. The light green dashed lines show
the band structure of the non-interacting system calculated with PBCs, the green dots
correspond to the calculation with OBCs.
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Figure 9.24: Total spectral weight of 𝒜 <
u� (u�, u�, u�) in between frequencies u�1 and u�2

summed over certain momenta u� for û�4u� at half filling after the electron-hole excitation
as specified in figure 9.22. In case u�1 or u�2 is not given, the range was extended until
u�min or u�max, respectively.

in figures 9.24 and 9.25. We define those regions of interest (ROIs) in two different ways. A
first approach is to limit these regions by an upper and a lower frequency, 𝜔1 and 𝜔2, respectively.
Numerically, however in doing so we may only report tendencies in the behavior of the system. In
particular, the total weight will in general not sum up to a natural number, which would correspond
to a particle number the reason being that due to the discrete Fourier transforms also the numerous
side peaks we observed in appendix A.1.1 will contribute to the total particle weight even though they
are displaced to arbitrarily large frequencies. As a consequence only summing over all frequencies 𝜔
and momenta 𝑘 without restrictions yields the total number of particles of spin 𝜎 in the system,
i.e. 16. Hence, a second approach is to exploit symmetries of the system and define the ROIs in
only setting the lower or upper frequency, 𝜔1 or 𝜔2, the remaining one then being the numerically
maximum or minimum resolvable frequency, 𝜔max or 𝜔min, respectively. The green and red lines
in figures 9.24(a) and 9.25(a) show the population in the ROI at momentum 𝑘 = 4π/33 to which
the particle was excited to or from which it was taken from. The blue line shows the sum of both.
We find that the populations in these ROIs are ∼ 0.25 or ∼ 0.6, respectively, at time 𝑡 = 0. The
interactions then induce a recombination of this electron-hole pair, and we find that by 𝑡 ⋅ 𝑡hop = 2
already the weight of both regions has become equal. The recombination process continuous, but
apparently takes much longer than the time scales we are able to investigate. The sum of both
weights is approximately constant in time, but shows small fluctuations. In figures 9.24(b) and
9.25(b) we have defined the ROIs exploiting the system’s symmetry at 𝜔 = 𝑈/2 at half filling, which
we then took as the separating frequency. Here, the sum indeed yield 2 at all times corresponding
to the half filling meaning that at all times each momentum must take a total of 2 particles. The
disadvantage for this particular system is that with this definition the bottom band that was not
primarily affected by the excitation is incorporated in the analysis, such that we cannot identify a
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Figure 9.25: Total spectral weight of 𝒜 <
u� (u�, u�, u�) in between frequencies u�1 and u�2

summed over certain momenta u� for û�4u� at half filling after the electron-hole excitation
as specified in figure 9.23. In case u�1 or u�2 is not given, the range was extended until
u�min or u�max, respectively.

time scale at which the recombination process has led to an equal occupation of the emptied an filled
region immediately after the excitation. Going back to the restricted ROIs in figures 9.24(a) and
9.25(a) we conclude that, since the sum of both contributions is approximately constant, scattering
from or to other momenta seems to play a minor role. Therefore, we show the time evolution in
the same ROIs at neighboring momenta, where we find that interband scattering leads to a slight
redistribution of weights from the lower to the upper Hubbard band in the course of time, the change
in population being linear. For all momenta further away the populations within our estimated
accuracy do not change noticeably in time. In order to quantify in how far the weight in the upper
band increases over time, we show the weight over all momenta 𝑘, as well as the difference to the
contribution from 𝑘 = 4π/33 in figures 9.24(b) and 9.25(b), where we have again divided the system
into an upper and a lower half at 𝜔 = 𝑈/2. While the weight at 𝑘 = 4π/33 drops as expected with
increasing time, the total weight in the upper band stays again nearly constant with only some
slight oscillations, such that the difference only makes up for the losses at 𝑘 = 4π/33. We attribute
this effect to intra-band scattering as the dominant feature. As the contribution to the total weight
in the upper band is only little, we come to the conclusion that we are not to expect effects like
carrier multiplication or impact ionization in these setups. For the spin-↓ direction we show the
behavior in two ROIs, with and without restrictions. As is clearly visible over time there are only
slight oscillations to this particular weight which leads us to the conclusion that at least for the
time scales treatable by our methods, this mid-gap band is a stable persisting feature, its actual
lifetime being substantially longer.

We complement this discussion by analyzing the time dependence of the optical conductivity shown
in figures 9.26 and 9.27 putting particular focus on the features induced by the excitation. We
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Figure 9.26: Real part of the time-dependent optical conductivity u�1(u�, u�) for û�4u� with
u�/u�hop = 2 and u�/u�hop = 4 for a system of u� = 32 sites with OBCs at half filling before
(ground state, u� = −∞, red; c.f. figure 9.11(b)) and after (u� ≥ 0, blue) the excitation (9.1).
16 times zero padding was applied.

Figure 9.27: Real part of the time-dependent optical conductivity u�1(u�, u�) for û�4u� with
u�/u�hop = 2 and u�/u�hop = 16 for a system of u� = 32 sites with OBCs at half filling before
(ground state, u� = −∞, red; c.f. figure 9.12(b)) and after (u� ≥ 0, blue) the excitation (9.1).
16 times zero padding was applied.

find that the additional peak at 𝜔/𝑡hop ≈ 2 to be stable and to essentially not change with time, an
observation which further supports that the lifetime of the excitonic state is substantially longer
than the time scales amenable to an MPS treatment. We further see that the other features at
frequencies 𝜔/𝑡hop ≳ 2 also do not change in time, and that no other features appear. At low
frequencies, we observe a time dependent oscillation at 𝜔 → 0, which rather than a physical effect is
merely a consequence of the numerical computation of the optical conductivity as elaborated on in
section 6.2.4.

Lenarčič et al. [211, 210] for their antiferromagnetic system report a recombination of excitons through
magnon emission. To what extend this behavior relates to our setups needs to be investigated.

9.4.2 Two Band Model

We find essentially the same behavior, that is a redistribution of weight in the upper band for the
spin-↑ direction and in the mid-gap band in the spin-↓ direction also for the easier model �̂�2u� at
half filling. As in section 9.4.1 we first benchmark our computations for 𝑈/𝑡hop = 0 to be found in
figure 9.28, compare also figure 9.4. The benchmark again meets our expectations.
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9 Spectral Quantities of the Hubbard Model with a Magnetic Superstructure Out of Equilibrium:
Formation of Spatial Structures and Excitons

Figure 9.28: Single particle spectral function 𝒜 <
u� (u�, u�, u�) at different times, u� = 0 being

directly after the electron-hole excitation in the spin-↑ direction at u� = 8u�/33, for û�2u�

with u�/u�hop = 0 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the first BZ
at half filling, c.f. figure 9.4. The left column shows results for the spin-↑ direction, the
right results for the spin-↓ direction. The light green dashed lines show the band structure
of the non-interacting system calculated with PBCs, the green dots correspond to the
calculation with OBCs.
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9.4 Transient Behavior of Spectral Quantities

Figure 9.29: Single particle spectral function 𝒜 <
u� (u�, u�, u�) at different times, u� = 0 being

directly after the electron-hole excitation in the spin-↑ direction at u� = 8u�/33, for û�2u�

with u�/u�hop = 4 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the first BZ
at half filling, c.f. figure 9.13. The left column shows results for the spin-↑ direction, the
right results for the spin-↓ direction. The light green dashed lines show the band structure
of the non-interacting system calculated with PBCs, the green dots correspond to the
calculation with OBCs. This figure is adapted from the author’s work [243].
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9 Spectral Quantities of the Hubbard Model with a Magnetic Superstructure Out of Equilibrium:
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Figure 9.30: Single particle spectral function 𝒜 <
u� (u�, u�, u�) at different times, u� = 0 being

directly after the electron-hole excitation in the spin-↑ direction at u� = 8u�/33, for û�2u�

with u�/u�hop = 16 and u�/u�hop = 2 for a system of u� = 32 sites with OBCs in the first BZ
at half filling, c.f. figure 9.14. The left column shows results for the spin-↑ direction, the
right results for the spin-↓ direction. The light green dashed lines show the band structure
of the non-interacting system calculated with PBCs, the green dots correspond to the
calculation with OBCs.
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9.4 Transient Behavior of Spectral Quantities

Figure 9.31: Total spectral weight of 𝒜 <
u� (u�, u�, u�) in between frequencies u�1 and u�2

summed over certain momenta u� for û�2u� at half filling after the electron-hole excitation
as specified in figure 9.29. In case u�1 or u�2 is not given, the range was extended until
u�min or u�max, respectively. This figure is adapted from the author’s work [243].

Figure 9.32: Total spectral weight of 𝒜 <
u� (u�, u�, u�) in between frequencies u�1 and u�2

summed over certain momenta u� for û�2u� at half filling after the electron-hole excitation
as specified in figure 9.30. In case u�1 or u�2 is not given, the range was extended until
u�min or u�max, respectively.
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9 Spectral Quantities of the Hubbard Model with a Magnetic Superstructure Out of Equilibrium:
Formation of Spatial Structures and Excitons

From figures 9.29 and 9.30 we, however, learn that here the redistribution of weight is more localized
than for �̂�4u�. In the spin-↑ direction the weight is only transferred to momenta neighboring
𝑘 = 8π/33 and in the spin-↓ direction the mid-gap band is more pronounced at larger momenta.
We attribute this behavior to the comparably strong dispersion of �̂�2u� compared to �̂�4u�.

Nevertheless, following an analogous treatment as conducted before, we can confirm the stability
over time of both effects in figures 9.31 and 9.32. The major difference to �̂�4u� here is that the
recombination in the spin-↑ direction takes longer as to be seen in figures 9.31(a) and 9.32(a), the
weights at 𝑘 = 8π/33 becoming roughly equal only at 𝑡 ⋅ 𝑡hop = 8.

This feature, however, has no major effect on the time evolution of the optical conductivity, which
we present in figures 9.33 and 9.34. The additional peak at 𝜔/𝑡hop ≈ 2 stays stable over time as do
the original features from the ground state.

Figure 9.33: Real part of the time-dependent optical conductivity u�1(u�, u�) for û�2u� with
u�/u�hop = 2 and u�/u�hop = 4 for a system of u� = 32 sites with OBCs at half filling before
(ground state, u� = −∞, red; c.f. figure 9.17(a)) and after (u� ≥ 0, blue) the excitation (9.1).
16 times zero padding was applied. This figure is adapted from the author’s work [243].

Figure 9.34: Real part of the time-dependent optical conductivity u�1(u�, u�) for û�2u� with
u�/u�hop = 2 and u�/u�hop = 16 for a system of u� = 32 sites with OBCs at half filling before
(ground state, u� = −∞, red; c.f. figure 9.18(a)) and after (u� ≥ 0, blue) the excitation (9.1).
16 times zero padding was applied.
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10 In-gap Band Formation in a Periodically Driven Charge
Density Wave Insulator

We extend our studies of non-equilibrium spectral functions to Floquet-driven correlated setups.
This chapter is part of the author’s publication [278]. Contrary to our analysis so far, our system
is now subject to a time-dependent continuous driving rather than a quench-like excitation. As
already pointed out in section 7.4, this procedure allows us to also study the excitation process
itself contrary to the situations investigated so far. Here, we conduct our simulations on the simpler
model of a 𝑡𝑉 -chain of spinless fermions as introduced in section 7.1.1 where we have set 𝑉 /𝑡hop = 5
in order to focus on effects of the driving. Since the spinless fermions are numerically less costly
to evaluate, we increased the system size to 𝐿 = 64. Compared to our previous analysis, we make
some more changes. Whilst we shall still make use of relative coordinates, we shall obey equation
(6.13), such that equation (6.14) does not hold anymore. As a consequence we will perform the
Fourier transforms only by applying a damping, c.f. equation (6.15), and zero padding of eight times
the input signal’s length. Hence, we cannot expect the spectral function to be strictly positive
anymore. As is also explained in appendix C we will present the real and imaginary part, as well as
the absolute value of our results in this chapter, where for the interpretation we mainly focus on the
real part and the absolute value. That way, we are enabled to rule out possible leaking effects in the
imaginary part due to the discretization of the Fourier transform. We shall, furthermore, apart from
the lesser spectral function (6.11) also investigate the total spectrum (6.16). As a benchmark for the
MPS-generated data of the time evolution of the non-equilibrium Green’s functions, reference results
were provided by Alexander Osterkorn. In that, for non-interacting systems the corresponding
equations of motion of the Green’s functions were set up using the Heisenberg equation of motion
(2.43) and subsequently integrated numerically. Here, a good agreement was found. Note that in
our numerical calculus, we clearly cannot start our time-evolutions from an infinitely evolved initial
state. Instead at 𝑡 ⋅ 𝑡hop = 0 we take the system to be in the ground state. Hence, our simulation is
more reminiscent of a sudden switching on of the driving.

Inspired by the work of Kennes et al. [185] we investigate two situations. The 𝑡𝑉 -chain, a Bethe
ansatz integrable model, is known to exhibit a quantum phase transition from a metallic phase,
also called a Luttinger liquid, c.f. reference [321] for an introduction, into a CDW Mott insulator
phase at 𝑉 /𝑡hop = 2. Hence, at 𝑉 /𝑡hop = 5 we are deep in the CDW Mott insulating phase. In this
case the spectrum will consist of an upper and a lower Mott band, which are separated by a gap
𝐺/𝑡hop ≈ 1.58. In the so-called Magnus case, that is when the system is driven at a frequency well
above the band gap 𝐺, an effective time-independent Hamiltonian can be derived by means of a
zeroth order approximation [241, 63] with a renormalized hopping parameter

𝑡eff
hop = 𝐽0(1) 𝑡hop ≈ 0.7652𝑡hop, (10.1)

where 𝐽0 is the zeroth Bessel function.

We present the spectra for this Magnus case in figures 10.1, 10.2, and 10.3 for the real part, imaginary
part, and absolute value, respectively. In figure 10.1(a) and 10.3(a) we first show the equilibrium
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10 In-gap Band Formation in a Periodically Driven Charge Density Wave Insulator

Figure 10.1: Real part of the spectra 𝒜 (u�, u�, u�) of the (periodically driven, u�F/u�hop =
10) u�u� -chain at u� /u�hop = 5. Panel (a) shows the spectrum of the undriven system
in equilibrium, whereas panel (e) depicts the equilibrium spectrum of the model with
renormalized hopping, c.f. equation (10.1). The remaining panels show the spectra of the
driven system at different times. In the gap of the system we find spectral weight appearing
that is well approximated by equation (10.2) (dashed line). All data is obtained for a
system with u� = 64 sites and open boundary conditions.

Figure 10.2: Imaginary part of the spectra 𝒜 (u�, u�, u�) of the (periodically driven,
u�F/u�hop = 10) u�u� -chain at u� /u�hop = 5. Panel (a) shows the spectrum of the undriven
system in equilibrium, whereas panel (e) depicts the equilibrium spectrum of the model
with renormalized hopping, c.f. equation (10.1). The remaining panels show the spectra of
the driven system at different times. All data is obtained for a system with u� = 64 sites
and open boundary conditions.

spectrum, that is in the case of 𝐴(𝑡) = 0 as a reference. Next, in figures 10.1(b), (c), and (d),
and 10.3(b), (c), and (d) we show the non-equilibrium spectra at times 𝑡 ⋅ 𝑡hop = 0, 10, and 20,
respectively. Finally, a reference equilibrium spectrum with the effective hopping according to
equation (10.1) is shown in figures 10.1(e) and 10.3(e). From figures 10.1(a) and 10.3(a) we find
the holon continuum [291] at equilibrium to be separated by a gap around 𝜔/𝑡hop = 0 of which the
minimum size at 𝑘 = 32π/65 ≈ π/2 is given by 𝐺/𝑡hop ≈ 2 which matches the Bethe ansatz result.
We then choose 𝜔F/𝑡hop as the driving frequency. The non-equilibrium spectrum at 𝑡 ⋅ 𝑡hop = 0 is
very similar to the equilibrium result. Still, it possesses some additional features, already, these
being the appearance of a new in-gap band and a slight change of the holon continuum in size and
form. In addition, around frequencies 𝜔/𝑡hop ≈ ±10, weak signals appear, which seem to echo the
in-gap feature. These are reminiscent of Floquet side bands, which are expected for this periodically
driven system, since Floquet theory predicts a periodic repetition of band structures in frequency
space [334], and have already been observed in experiment [99]. However, it is noteworthy that one
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Figure 10.3: Absolute value of the spectra 𝒜 (u�, u�, u�) of the (periodically driven,
u�F/u�hop = 10) u�u� -chain at u� /u�hop = 5. Panel (a) shows the spectrum of the undriven
system in equilibrium, whereas panel (e) depicts the equilibrium spectrum of the model
with renormalized hopping, c.f. equation (10.1). The remaining panels show the spectra of
the driven system at different times. All data is obtained for a system with u� = 64 sites
and open boundary conditions.

seems to obtain such echoes only of the in-gap signal, but not of the other features. A reason for this
might be that at the chosen intensity of the driving the strength of further Floquet echoes is smaller
than our numerical resolution. At later times 𝑡 ⋅ 𝑡hop = 10 and 𝑡 ⋅ 𝑡hop = 20, the shape of the holon
continuum does not further change, but the in-gap signal becomes more pronounced. Interestingly,
the Floquet-like bands for our choice of parameters do not appear at the instances of time depicted.
However, at other times they indeed do weakly occur again, which suggests that they oscillate in
time. An explanation for this particular behavior could be that the simulation corresponds to a
sudden switching on of the driving. We observed similar effects also in our benchmark calculations
for non-interacting setups.

In addition, we find the in-gap signal to be reminiscent of a cosine band as we illustrate by showing
the function

𝜀u� = −2.5𝑡hop cos(𝑘) (10.2)

in figure 10.1(b). Indeed, this reproduces the structure fairly well. The change in size of the holon
continuum, on the other hand, is to be expected according to the renormalization of the hopping
strength in the effective Floquet-Hamiltonian, see again reference [185]. In figures 10.1(e) and 10.3(e)
a good comparison of the corresponding features of the driven system is obtained.

Our findings are further confirmed by figure 10.4, which shows cross sections at 𝑘 = 32π/65 ≈ π/2
of the real part of the spectrum at times 𝑡 ⋅ 𝑡hop = 0, 10 and 20. In all cases, we identify two main
bands and smaller peaks. We focus in the following on the behavior of the main bands and of the
largest peak at 𝜔/𝑡hop = 0. At time 𝑡 ⋅ 𝑡hop = 0, the Mott bands show a small difference between
the non-equilibrium result and the result of the effective Hamiltonian, which decreases further at
later times. It is noteworthy that the similarity is already obtained at waiting time 𝑡 ⋅ 𝑡hop = 0,
although Floquet theory is expected to be most predictive in the long time limit. On the time scale
treated by us, the peak at 𝜔/𝑡hop = 0 becomes more pronounced with time and is a stable new
feature. Furthermore, when increasing the system size it appears to sharpen. Note that for this kind
of simulations, the real part of the spectral function is not necessarily guaranteed to be positive.
Hence, the analysis as a representation of the density of states is comparably complicated. Here,
however, our results seem to be entirely positive. If occurring at all, negative weights turned out
to be negligibly small. Still, we find that the time-dependent signal is not at all times symmetric
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10 In-gap Band Formation in a Periodically Driven Charge Density Wave Insulator

Figure 10.4: Cross section of the data shown in figure 10.1 at u� = 32π/65 ≈ π/2 (solid
red lines) at times u� ⋅ u�hop = 0, 10 and 20, (a), (b), and (c), respectively. The dashed
blue (dotted black) lines show the equilibrium results as in figure 10.1(a) (the equilibrium
results of the effective model as in figure 10.1(e)) as a reference.

, c.f. in particular figure 10.4(c). To account for the redistribution of weight as a consequence of
the mid-gap signal we show normalized data for figure 10.4 in figure 10.5. Here we further confirm
the good approximation of the effective Floquet Hamiltonian with the exception of the additional
signal.

To better understand these findings, we study in figures 10.6, 10.7, and 10.8 the second setup, where
the same system is driven with frequency 𝜔F/𝑡hop ≈ 4.2 (corresponding to laser light with wavelength
500 nm, c.f. reference [198]) for comparison. This setup is not resonant, since 𝜔F > 𝐺, however,
neither are we in the Magnus case anymore. We shall refer to this configuration as close-to-resonance
in subsequent discussions. Note that for this simulation we only consider the lesser spectral function.
In this case, the additional feature in the gap region is even stronger pronounced and it goes hand in
hand with a significant reduction of the original spectral features of the Mott insulator, indicating a
rather complete melting of the CDW crystal state after a waiting time of 𝑡 ⋅ 𝑡hop ∼ 10.

We further find that the formation of the in-gap signal is, indeed, accompanied by a melting of the
CDW structure this model exhibits in its ground state. We study the time evolution of the CDW
order parameter

𝒪CDW(𝑡) = 1
𝐿

∑
u�∈𝒞

(⟨�̂�u�+1(𝑡)⟩ − ⟨�̂�u�(𝑡)⟩) (10.3)
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Figure 10.5: Cross section of the data shown in figure 10.1 at u� = 32π/65 ≈ π/2 (solid
red lines) at times u� ⋅ u�hop = 0, 10 and 20, (a), (b), and (c), respectively. The dashed
blue (dotted black) lines show the equilibrium results as in figure 10.1(a) (the equilibrium
results of the effective model as in figure 10.1(e)) as a reference. This figure shows the
same data as figure 10.4 but normalized.

Figure 10.6: Real part of the spectra 𝒜 (u�, u�, u�) of the (periodically driven, u�F/u�hop ≈ 4.2)
u�u� -chain at u� /u�hop = 5. Panel (a) shows the spectrum of the undriven system in
equilibrium. The remaining panels show the spectra of the driven system at different times.
All data is obtained for a system with u� = 64 sites and open boundary conditions.
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10 In-gap Band Formation in a Periodically Driven Charge Density Wave Insulator

Figure 10.7: Imaginary part of the spectra 𝒜 (u�, u�, u�) of the (periodically driven,
u�F/u�hop ≈ 4.2) u�u� -chain at u� /u�hop = 5. Panel (a) shows the spectrum of the un-
driven system in equilibrium. The remaining panels show the spectra of the driven system
at different times. All data is obtained for a system with u� = 64 sites and open boundary
conditions.

Figure 10.8: Absolute value of the spectra 𝒜 (u�, u�, u�) of the (periodically driven,
u�F/u�hop ≈ 4.2) u�u� -chain at u� /u�hop = 5. Panel (a) shows the spectrum of the un-
driven system in equilibrium. The remaining panels show the spectra of the driven system
at different times. All data is obtained for a system with u� = 64 sites and open boundary
conditions.

where 𝒞 includes the four even center sites of the system Since the CDW phase of this model is
characterized by an exact superposition of two symmetry-broken ground states, for a finite system
the order parameter vanishes in a completely symmetric setup. Thus, to be able to track the
dynamics of the CDW order parameter, we apply a “pinning field” at the edge of the system,
which selects one of the ground states. In addition, we keep track of the time evolution of the
energy, 𝐸(𝑡) = ⟨�̂�(𝑡)⟩, which serves as a measure for the heating of the system. As can be seen in
figure 10.9(a), closer to resonance, i.e. 𝜔F/𝑡hop ≈ 4.2, 𝒪CDW(𝑡) vanishes completely on a time scale
𝑡 ⋅ 𝑡hop ∼ 10, which is in agreement with the time scale on which the holon continuum disappears
in the spectral function. At 𝜔F/𝑡hop = 10 the situation is more complicated, but also in this case
we report a partial melting of the CDW state, which seems to continue to longer times than the
ones amenable to our methods. Furthermore, an oscillatory behavior is observed, which we leave for
future investigations. Since the parameters of the effective Hamiltonian are deeper in the CDW
phase, at equilibrium one would expect a larger CDW order parameter. However, here in this
out-of-equilibrium setup we, instead, find a weakening of the order. Non-integrable Floquet systems
in the long time limit are assumed to realize an infinite temperature state, c.f. [85]. We monitor
the energy in figure 10.9(b) finding it to increase as a function of time, which indicates that on the
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Figure 10.9: Dynamics of the order parameter 𝒪CDW(u�) (a) and the total energy u�(u�)
(b) after the sudden switch on of the driving field at u� ⋅ u�hop = 0. The data for the Magnus
case, i.e. u�F/u�hop = 10, (close-to-resonance case, i.e. u�F/u�hop ≈ 4.2) is shown in blue (red).
For this simulation we have u� = 32 and keep u� /u�hop = 5.

transient time scales inspected the infinite temperature state is not yet achieved.

Our analysis indeed shows some intriguing results. Yet still open questions remain. In particular, the
exact reasons behind the formation of the in-gap band is curious. Here, a Bethe ansatz-based calculus
could lead to further insights. Moreover does the possibility of negative weights pose difficulties
regarding the interpretation of any data of this kind of simulations. So far, a conclusive general
scheme has not been found. This very basic problem is most likely to spark further research. A
starting point could be to investigate the behavior of differently defined spectral functions, compare,
e.g., section 6.1.2 and references [179] and [382].
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11 Summary and Outlook

In this thesis we discussed numerical methods to predict or explain results from spectroscopy
experiments in out-of-equilibrium setups. Based on the works by Freericks et al. [104, 108, 103, 105]
or equally Braun et al. [43] we therefore first introduced a possible extension of the definition of
spectral functions to a time-dependent quantity, where, following the findings by Kalthoff et al.
[179], we also discussed different approaches. With our so-obtained routines we aim at providing
an explanation for measurements of time-resolved ARPES-like experiments. In addition, we also
simulated the time-dependent optical conductivity as proposed by Shao et al. [336] and Lenarčič et
al. [212].

Our numerical methods of choice were MPS-based algorithms, in particular the MPS implementation
of the DMRG for ground state searches, the TDVP to compute time evolutions, and MPS alterations
by a variational MPO application. After a rather extensive introduction to these numerical concepts
and their associated algorithms we presented routines to compute the above mentioned observables
in great detail.

With these tools in our hand, we investigated the behavior of two variants of a one-dimensional
Hubbard model with a magnetic superstructure as introduced in [197, 195, 33] following a spin
selective (photo)excitation. First, however, we needed to properly understand the model in equilib-
rium. Therefore, in a first step, we considered the ground state spectral function of two variants of
the system, where we identified at finite interactions 𝑈 an upper and a lower Hubbard band, which
each possess an additional fine structure caused by the super structure. We confirmed these results
by means of an FD calculation for a system consisting of only a single unit cell and found that the
peaks of the optical conductivity can be identified with band transitions in the spectral function.

As is further elaborated on in reference [198] this spin-selective photoexcitation together with the
microstructure leads to the formation of periodic spin- or charge patterns on femtosecond time
scales, a scenario which connects to the recently introduced OISTR effect [78, 92]. In this case
theory predicts ultrafast spin transfer using ab-initio methods, which was experimentally confirmed
in Heusler- and magnetic materials [366, 348, 150]. While in the OISTR setup, the site-dependent
difference of the local density of states of the minority and majority spins in equilibrium is found
to be the reason for ultrafast transfer of magnetic moments, in reference [198] the excitation was
first modeled by high intensity light pulses of duration ∼ 10fs by a generalized Peierls substitution
ansatz, which then led to the formation of patterns during the application of the pulse. For this
thesis we altered the way the excitation is modeled to a more microscopic variant, which involved
the subsequent approximations of a creation and annihilation operator in momentum space. The
principal idea here was for the interaction to be of so low intensity that it could simply be understood
as a single-photon excitation, in which at fixed momentum one particle is excited over a band-gap.
We chose the excitation to involve only spin-↑ operators and did, indeed, find qualitatively the same
effects as for the Peierls substitution.

For this setup we then evaluated the time evolution and computed the time-dependent spectral
functions and optical conductivities. In the former we observed recombination of the excited
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electron and the hole and found the populations to have become equally strong at 𝑡 ⋅ 𝑡hop ∼ 10. In
addition, at neighboring momenta inter band scattering led to a population growth in the upper
Hubbard band in the spin-↑ direction. While for systems without interaction our results matched
our expectations from analytical calculations, we found for 𝑈/𝑡hop > 0 in all cases an in-gap signal
in the spin-↓ direction even though it was not touched by our excitation. These new features
were also accompanied by additional peaks in the optical conductivity. Inspired by similar work
by Bittner et al. [35] we found a confinement of doublons and holes to nearest neighbors, which
similar to their explanation allowed us to interpret the new mid-gap band as a manifestation of the
formation of excitons. This understanding was further supported by works of Lenarčič et al. who
report the existence of excitons in systems with a magnetic background [211, 210]. Since in our
case the excitons only appeared after the photoexcitation and only in the opposite spin direction
we labeled them spinful. Another special property of this exciton is given by the fact that the
additional in-gap signal in the spectral function of these excitons occurs at an energy of the edge
of the lower Hubbard band plus the binding energy contrary to the findings in reference [61]. We
find the new features to be nearly time-independent in both the spectral function and the optical
conductivity on the time scales investigated.

In experiment it would be interesting to investigate for these peculiar spinful excitons using materials
which show magnetic super structures. Such materials are indeed known to exist, examples being
CE-structures in manganites [155], or orbital-selective Mott phases in iron-based ladder compounds
such as BaFe2Se3 [148, 285, 149, 310]. Alternatively, this can also be studied in ultracold gases
on optical lattices, where there is a great amount of expertise regarding their creation [36, 38],
as well as their control [37]. The realization of a magnetic background on such lattices has
also already been demonstrated by Aidelsburger et al. [12, 11], the knowledge on how to set up
systems with superlattices being even older [289, 328] with research in this field also incorporating
quantum computing [14], charge pumps [223], or superexchange [379]. Note also that the successful
implementation of spin-dependent optical superlattices [413] or such systems that are based on
varying spin degrees of freedom [327] has been reported. Models with an ionic, c.f. reference [242],
instead of a magnetic pattern may also be investigated. The spin-selective photoexcitation might
be implemented by means of modulation spectroscopy [199, 128], an approach that has also been
applied to investigate decay times of doublons [358, 332]. In materials, spin-selective excitations
may furthermore be realized via circularly polarized monochromatic light [46]. As for optical
lattices, dynamics can be investigated using quantum-gas microscopes which, since they allow for
a single-site resolution [22, 287, 59, 269, 40], are also relevant in the field of quantum computing
[132, 131]. Finally, spectral functions have also already been measured, e.g. by Stewart el al. [350].
In the long run it would be interesting to extend the studies to systems with more than only
two species of particles, e.g., SU(N) systems like the ones proposed in reference [126] based on
alkaline-earth atoms. Furthermore, since in reference [198] compounds with locally alternating
chemical potentials are shown to behave similarly as those with a magnetic microstructure regarding
the formation of CDWs, it seems promising to analyze them as well. For theoretical studies the
Fermi-Hubbard-Harper model, c.f. for instance [349], or the so-called ionic Hubbard model [164]
appear suitable [73]. Its phase diagram is already known in one dimension [233] and CDWs have
been observed [242]. Candidate materials are charge transfer salts [181]. Also, since we never relied
on the dimensions of our models in our reasoning, we expect our scenario to be valid for generic
systems with a microstructure.

One might be tempted to believe that it would now be up to experimental physics to deliver the
final piece to obtain a complete picture of these phenomena. This, however, is a clear misjudgment
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as there are numerous theoretical issues to also be addressed, which becomes most apparent in
the analysis of a simple Floquet-driven 𝑡𝑉 -chain. While we did find the general shape of the
non-equilibrium spectral function to be predicted correctly by an effective Floquet Hamiltonian,
computing only several variants of the spectral functions, we also found Floquet side bands as they
are predicted by Floquet theory not to occur at all times under the driving. Further, we observed
another in-gap feature for interacting systems which seems to be connected to the melting of a CDW.
Since both quantities, the time-dependent spectral functions, as well as the time-dependent optical
conductivity are not uniquely defined, it would be desirable to compare the results for different
definitions as mentioned above, similarly to the procedure in references [257] and [254]. Regarding
Floquet Hamiltonians also analyzing the time-averaged spectral functions as proposed by Uhrig et
al. [382] should also be considered. Moreover, in reference [335] an analysis applying the procedure
introduced by Freericks et al. as explained in section 6.3 led to convincing results for a driven system.
For this model it would also be nice to compare to an analytical solution obtained from a Bethe
ansatz.

Setting up the Hubbard model with the magnetic superstructure for open boundaries has also shed
light on an entirely different field of physics. If the unit cell is chosen such that for open boundaries
it shows dangling bonds at the edges, this property could be a starting point for an analysis on the
topological properties, which is another field of intense research activity [204], also in the context of
ARPES-type experiments, c.f. for instance [191].

Regarding the findings associated to the excitonic mid-gap signal, this work could pave the way to
setting up protocols for the creation and control of excitonic features in solids. Similarly to what
is known as Floquet engineering, in future works it might be possible to create compounds with
excitons of arbitrary properties, that is to do an exciton engineering.
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A Additional Information on the Discrete Fourier and the
Discrete Sine Transform

We shed light on further aspects regarding the discrete Fourier and the discrete sine transform. This
appendix can be seen as a direct continuation of sections 3.6 and 3.7, respectively.

A.1 The Discrete Fourier Transform

A.1.1 One-dimensional Discrete Fourier Transform from Real to Reciprocal Space

The physical problem at hand is to transform a quantity given at a position 𝑟u� into another quantity
given for a momentum 𝑘u�. Thus, we identify 𝑥 = 𝑟 and 𝑦 = 𝑘 in comparison to section 3.6.3.
Inspired by the name of the output space, for this type of transform the reciprocal space is often
times referred to as momentum or 𝑘-space.

In one dimension we consider a chain of 𝐿 sites, i.e. the position is given by

𝑟u� = 𝑎 ⋅ 𝑚, 𝑚 ∈ {0, … , 𝐿 − 1} ⇒ 𝑟u� ∈ {0, … , (𝐿 − 1) ⋅ 𝑎}, (A.1)

where 𝑎 = 𝛿u� is the step size we use to sample over the chain, a convenient choice being the lattice
constant. As we investigate crystals, naturally the signal ⃗𝑐u� is periodic in real space, i.e. (3.65)
holds true, provided of course we cover a signal over a multiple of the unit cell, which we will always
assume. This constraint then yields the corresponding physical values for the momenta

𝑘u� =
2π𝜇
𝑎𝐿

, 𝜇 ∈ {0, … , 𝐿 − 1} ⇒ 𝑘u� ∈ {0, … , (𝐿 − 1) ⋅ 2π
𝑎𝐿

}. (A.2)

Note that technically we would have to multiply by ~ which is set to ~ = 1 for these notes.

The step size for the momenta 𝑘u� is thus given by

𝛿u� = 2π
𝑎𝐿

. (A.3)

In order to obtain a higher resolution in reciprocal space, this step size has to be decreased, which
obviously means either increasing the length 𝐿 of the signal or the real space step size 𝑎. As the
latter quantity is intrinsic to the system, only the former option is physically meaningful. Hence,
the range of the reciprocal space is determined by 𝑎.

We close this section with the remark that one often encounters the sloppy notation

𝑐u� ≔ 𝑐u�u�
, (A.4)

𝑐u� ≔ 𝑐u�u�
. (A.5)

in literature, especially if 𝑎 = 1 is set for numerical convenience.
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A.1.2 One-dimensional Discrete Fourier from Time to Frequency Space

As before we use the results from section 3.6.3, with the input signal given in the time domain, i.e.
𝑥 = 𝑡, and the output signal living in frequency space, i.e. 𝑦 = 𝜔. From a physical point of view the
major difference to the Fourier transform from real to reciprocal space is that the Fourier transform
from time to frequency space is by definition one-dimensional as there is only one dimension of time.
In terms of Fourier’s original idea, we want to decompose the input signal into a superposition of
periodic sine or cosine signals with frequencies 𝜔 allowing us to reconstruct the input signal from
these components. Clearly, the assumption here is that the input signal is just one period of an
infinitely periodic system. In general, however, especially when dealing with the time evolution of a
complex many-body system this cannot be true, making (3.65) an intrinsic source of errors to this
procedure.

We consider a signal of 𝐿 time steps 𝛿u�. Thus, the current time is given by

𝑡u� = 𝛿u� ⋅ 𝑚, 𝑚 ∈ {0, … , 𝐿 − 1} ⇒ 𝑡u� ∈ {0, … , (𝐿 − 1) ⋅ 𝛿u�}, (A.6)

and we find for the frequencies

𝜔u� =
2π𝜇
𝛿u�𝐿

, 𝜇 ∈ {0, … , 𝐿 − 1} ⇒ 𝜔u� ∈ {0, … , (𝐿 − 1) ⋅ 2π
𝛿u�𝐿

} (A.7)

of which the step size is, hence, given by

𝛿u� = 2π
𝛿u�𝐿

. (A.8)

A higher resolution in frequency space is obtained by either increasing the length 𝐿 of the signal or
the time step 𝛿u�. For one usually aims at a well-resolved signal in the time domain as well resulting
in a rather small time step 𝛿u�, the maximum time and, thus, the length 𝐿 of the input signal need
to be chosen comparably large.

We further note that the 𝜔u� physically define an angular frequency, rather than an ordinary
frequency 𝜈u�, both quantities being related by

𝜔(u�) = 2π𝜈(u�). (A.9)

The ordinary frequency is, thus, given by

𝜈u� =
𝜔u�

2π
=

𝜇
𝛿u�𝐿

, (A.10)

which is, however, rarely used in applications.

A.1.3 Shifts

As mentioned in section 3.6.3 the range of the output signal goes from 𝑦u�=0 = 0 to 𝑦u�=u�−1 =
(𝐿 − 1) 2π

u�u�u�
, which is also the way most implementations store the data. However, in most

applications in physics we prefer an ordering from 𝑦u�=−⌊u�/2⌋ = − ⌊u�
2

⌋ 2π
u�u�u�

= − π
u�u�

to 𝑦u�=⌊u�/2⌋−1 =
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A.1 The Discrete Fourier Transform

(⌊u�
2

⌋ − 1) 2π
u�u�u�

. Exploiting the symmetry from equation (3.69), our problem can be sketched as
follows:

given order aspired order
𝑦u�=0 𝑦u�=−⌊u�/2⌋

⋮ ⋮
𝑦u�=⌊u�/2⌋−1 𝑦u�=−1

𝑦u�=⌊u�/2⌋ = 𝑦u�=−⌊u�/2⌋ 𝑦u�=0

⋮ ⋮
𝑦u�=u�−1 = 𝑦u�=−1 𝑦u�=⌊u�/2⌋−1

The aspired order may, hence, be obtained by taking the last ⌈u�/2⌉ values of the output signal and
shifting them to its beginning.

This step can be circumvented by introducing

𝑦u�′ = 𝑦u�−⌊u�/2⌋, (A.11)

which yields

𝑐u�u�′ = ∑
u�u�

e−iu�u�u�u�′𝑐u�u�
= ∑

u�u�

e−iu�u�u�u�𝑐u�u�
e−iu�u�

2π
u�u�u� (− u�

2 ) = ∑
u�u�

e−iu�u�u�u�𝑐u�u�
e−iu�u�u� 2π

u�u�u� (− u�
2 ) (A.12a)

= ∑
u�u�

e−iu�u�u�u�𝑐u�u�
eiπu� = ∑

u�u�

e−iu�u�u�u�𝑐u�u�
(−1)u� ≕ ∑

u�u�

e−iu�u�u�u�𝑐′
u�u�

. (A.12b)

Thus, by multiplying the input signal 𝑐u�u�
alternately by ±1 the output signal 𝑐u�u�′ will be shifted

by half the range 𝐿, just as desired. Note that for this procedure to work, the length of the signal 𝐿
must be an even number.

A.1.4 Back Transform

Let us assume that we have only a one-way implementation of the discrete Fourier transform, e.g.
(3.60). Then, we have to generate (3.61) from our only implementation. Applying the forward
discrete Fourier transform twice, we obtain exploiting (3.65):

input transform second transform
𝑐u�u�=0

𝑐u�u�=0
𝐿 ⋅ 𝑐u�u�=−0

= 𝐿 ⋅ 𝑐u�u�=0

𝑐u�u�=1
𝑐u�u�=1

𝐿 ⋅ 𝑐u�u�=−1
= 𝐿 ⋅ 𝑐u�u�=u�−1

⋮ ⋮ ⋮
𝑐u�u�=u�−1

𝑐u�u�=u�−1
𝐿 ⋅ 𝑐u�u�=−(u�−1)

= 𝐿 ⋅ 𝑐u�u�=1

Two problems are evident: First, the final result after the second transform is now multiplied by
the size 𝐿 of the signal. This error can be corrected easily by just dividing by 𝐿. Second and more
importantly, the order is incorrect. We would have needed to rearrange (and stretch) the signal
such that

input transform rearrange second transform
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𝑐u�u�=0
𝑐u�u�=0

1
𝐿

𝑐u�u�=−0
= 1

𝐿
𝑐u�u�=0

𝐿
𝐿

⋅ 𝑐u�u�=−0
= 𝑐u�u�=0

𝑐u�u�=1
𝑐u�u�=1

1
𝐿

𝑐u�u�=−1
= 1

𝐿
𝑐u�u�=u�−1

𝐿
𝐿

⋅ 𝑐u�u�=−(u�−1)
= 𝑐u�u�=1

⋮ ⋮ ⋮ ⋮

𝑐u�u�=u�−1
𝑐u�u�=u�−1

1
𝐿

𝑐u�u�=−(u�−1)
= 1

𝐿
𝑐u�u�=1

𝐿
𝐿

⋅ 𝑐u�u�=−1
= 𝑐u�u�=u�−1

Unfortunately this correction cannot be achieved by a phase shift. One has to rearrange by hand.
However, one is free to either first apply the discrete Fourier transform first and then rearrange or
do it the other way around. Note that this problem cannot be fixed by just reversing the order of
the coefficients after the first transform, as this procedure would yield:

input transform reverse second transform
𝑐u�u�=0

𝑐u�u�=0
𝑐u�u�=u�−1

𝐿 ⋅ 𝑐u�u�=−(u�−1)
= 𝐿 ⋅ 𝑐u�u�=1

𝑐u�u�=1
𝑐u�u�=1

⋮ ⋮

⋮ ⋮ 𝑐u�u�=1
𝐿 ⋅ 𝑐u�u�=−1

= 𝐿 ⋅ 𝑐u�u�=u�−1

𝑐u�u�=u�−1
𝑐u�u�=u�−1

𝑐u�u�=0
𝐿 ⋅ 𝑐u�u�=−0

= 𝐿 ⋅ 𝑐u�u�=0

Here, still the coefficient for 𝑚 = 0 is misplaced. Therefore, if provided it is highly recommendable
to use a math library’s explicit implementation of the back transform.

A.1.5 Normalization

Computing the sum over the entire output signal as obtained from equation (3.60), we find

∑
u�u�

𝑐u�u�
= ∑

u�u�,u�u�

e−iu�u�u�u�𝑐u�u�
= ∑

u�u�

(∑
u�u�

e−iu�u�u� 2πu�
u�u�u� ) 𝑐u�u�

= ∑
u�u�

(𝐿
𝐿

∑
u�u�

e−i2π u�u�
u� ) 𝑐u�u�

(A.13a)

= 𝐿 ∑
u�u�

𝛿u�,0𝑐u�u�
= 𝐿𝑐u�0

. (A.13b)

The total of the output signal is, hence, determined by the first component of the input signal
stretched by a factor of the length of the signal. In physical applications, this additional factor
proves to be impractical when it comes to the interpretation of the output signal, especially when 𝑐u�0
is known to have a particular meaning. Furthermore does it introduce problems in the comparison
of data sets. Take for instance the case, where we have the exact same input signal over the exact
same range twice but sampled with a different step size. Both data sets then differ only in length,
but should contain the same information. When computing (A.13), however, different results are
obtained.

For these two reasons it is desirable to modify the definitions of the discrete Fourier transform from
(3.60) and (3.61) to

𝑐u�u�
= 1

𝐿
∑
u�u�

e−iu�u�u�u�𝑐u�u�
, (A.14)
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𝑐u�u�
= ∑

u�u�

eiu�u�u�u�𝑐u�u�
, (A.15)

respectively, such that
∑
u�u�

𝑐u�u�
= 𝑐u�0

. (A.16)

Unless stated otherwise, we will always make use of this convention in the remainder of this work
using (A.16) as a sanity check. We emphasize that definition (A.14) now resembles the discretization
of (3.46), making it the more appropriate convention. Unfortunately, the common convention does
not have it that way. One may have alternatively exchanged the use of forward and backward
Fourier transform the interpretation being that the given input signal is more naturally represented
in Fourier space.

A.1.6 Spectral Leaking

So far, we have investigated properties of the discrete Fourier transform regarding its various
definitions and conventions. Now, we will take a closer look at how the input signal may influence
the output signal. This Fourier analysis is a central aspect of signal processing. In addition to the
textbooks mentioned so far concerning this topic we give [270, 363, 296] as the primary sources for
this section. Reference [298] provides an overview form an engineering perspective.

We will illustrate our findings with the help of the example function

𝑓(𝑥) = 1 + sin(𝜔0 ⋅ 𝑥 − 𝜑) , 𝜑 = 0, 𝜔0 = 2π ⋅ 4
5

≈ 5.03, (A.17)

of which we from (3.38) and (3.44) know the Fourier transform to be given by

ℱ [𝑓(𝑥)](𝑦)
2π

= 𝛿(𝑦) + i
2

(𝛿(𝑦 + 𝜔0) − 𝛿(𝑦 − 𝜔0)) . (A.18)

Note that we have chosen a real function for illustrative purposes only. All considerations presented
in the following could likewise be performed for complex functions as well. In figure A.1 we show
the discrete Fourier transform of (A.17) as obtained from (A.14), where we have taken an input
signal of length 1000 and step size 𝛿u� = 0.005 as specified by (3.53) yielding in one dimension

𝑐u�u�
= 𝑓(𝑥u�) . (A.19)

A few remarks are in order. Comparing the center and the bottom line holdings the zoomed images
of figure A.1 we note that while the spectrum covers a broad range, the spectral resolution in the
area of interest is quite poor, illustrating the considerations regarding equation (3.68). Contrary to
the analytically computed Fourier transform, the discrete Fourier transform does not show delta
distributions but rather peaks of finite length, of which the size corresponds to their prefactors
in equation (A.18). The peaks in the discrete Fourier transform can, nevertheless, be identified
to occur exactly at the predicted points for both the real and the imaginary part of the output
signal.

The above observations, however, only apply to a very special case of the discrete Fourier transform,
that is, when the input signal precisely covers a multiple of its period. We change the length of
the input signal to 𝐿 = 800 and present the discrete Fourier transform calculated in the same way

207



A Additional Information on the Discrete Fourier and the Discrete Sine Transform

Figure A.1: Discrete Fourier transform of (A.17) for u� = 1000 and u�u� = 0.005. Input
signal (a) and its assumed continuation by the algorithm (b). Real part (c), imaginary
part (d), and absolute value (e) of the discrete Fourier transform and respective zomms
into the center of the spectrum (f), (g), and (h). In this example, the input signal covers a
multiple of the input function’s period.

Figure A.2: Discrete Fourier transform of (A.17) for u� = 800 and u�u� = 0.005. Input
signal (a) and its assumed continuation by the algorithm (b). Real part (c), imaginary
part (d), and absolute value (e) of the discrete Fourier transform and respective zomms
into the center of the spectrum (f), (g), and (h). In this example, the input signal covers a
multiple of the input function’s period.
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as before in figure A.2. The input signal is now of incomplete period, which is also the default
case for most applications in practice where one does not know the function modeling the input
signal in advance. As the plot of the periodic continuation in figure A.2(b) shows, the input
signal now has discontinuities resulting in contributions from the previously only imaginary part
of the output signal to be also found in the real part. This effect is known as spectral leaking.
Additionally an over or undershooting of the output signal close to the original peak positions is
encountered. If there are many contributions close to one another in the output signal, these effects
are particularly problematic fostering misinterpretations. Note, however, that the absolute value
remains qualitatively the same, which is why, when interpreting discrete Fourier transforms one
often sticks to describing properties of its absolute value. However, the peak positions, which are
often most important, are now not hit precisely anymore due to an insufficient sampling. Another
evident disadvantage is that any information concerning the sign is lost with this procedure. In
summary, although both sampling describe the same function and, thus, are analytically described
by the same Fourier transform, we obtain substantially different outcomes for the discrete Fourier
transform.

Tackling the aforementioned problems of the discrete Fourier transform is the principal objective of
Fourier analysis in signal processing. The idea is to modify the input signal in such a way that its
spectral properties are enhanced in the discrete Fourier transform, while the so-introduced error
stay negligibly small. One approach is to make the input signal as periodic as possible. This feature
can be achieved through the multiplication by window functions, i.e.

𝑐u�u�
↦ 𝑐u�u�

⋅ 𝑤(𝑥u�) (A.20)

There exist quite a bunch of such functions, each with certain properties, see e.g. [297, 49, 253] for
an overview. In what follows we shall restrict ourselves to discussing only two representatives. We
begin with the so-called von-Hann window which is defined via

𝑤vH(𝑥u�) = 1
2

(1 − cos( 2π𝑚
𝐿 − 1

)) . (A.21)

The results for the discrete Fourier transform of the adjusted input signal are given in figure A.3.
With the von-Hann window vanishing at its beginning and end, the input signal can obviously be
periodically continued. Note that this feature may become problematic, if the input signal does not
show any periodicity and takes particularly large values at the beginning. Moreover will the sanity
check (A.16) not function anymore. Regarding our example function, however, the procedure works
reasonably well. In comparison to the bare signal depicted in figure A.2 we find the absolute value
of the ouput signal to be less broadened. Still, however, the agreement to the exact transform is
only of qualitative nature. One finds the ringing effects in the real and imaginary part in figures
A.3(f) and A.3(g) to be enhanced as compared to their respective counterparts in figure A.2. As an
alternative to the von-Hann window we present the Hamming function

𝑤H(𝑥u�) = 25
46

− 21
46

⋅ cos( 2π𝑚
𝐿 − 1

) . (A.22)

showing the corresponding results in figure A.4. With 𝑤H(𝑥0) = 4/46 ≠ 0 (A.16) may now be
applied again, multiplying the result by 46/4. Other than that the results hardly differ from the
modification with the von-Hann window, the only apparent difference being that the input signal
again exhibits discontinuities.
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Figure A.3: Discrete Fourier transform of (A.17) adjusted with a von-Hann window for
u� = 800 and u�u� = 0.005. Input signal (a) and its assumed continuation by the algorithm
(b). Real part (c), imaginary part (d), and absolute value (e) of the discrete Fourier
transform and respective zomms into the center of the spectrum (f), (g), and (h). In this
example, the input signal covers a multiple of the input function’s period.

Figure A.4: Discrete Fourier transform of (A.17) adjusted with a Hamming window for
u� = 800 and u�u� = 0.005. Input signal (a) and its assumed continuation by the algorithm
(b). Real part (c), imaginary part (d), and absolute value (e) of the discrete Fourier
transform and respective zomms into the center of the spectrum (f), (g), and (h). In this
example, the input signal covers a multiple of the input function’s period.
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Figure A.5: Discrete Fourier transform of (A.17) modulated by a damping with u� = 0.75
for u� = 800 and u�u� = 0.005. Input signal (a) and its assumed continuation by the
algorithm (b). Real part (c), imaginary part (d), and absolute value (e) of the discrete
Fourier transform and respective zomms into the center of the spectrum (f), (g), and (h).
In this example, the input signal covers a multiple of the input function’s period.

Another important modification of the input signal is the introduction of a damping

𝑐u�u�
↦ 𝑐u�u�

⋅ e−u�⋅u�u� (A.23)

with the damping constant 𝜂 > 0. We present the results for this procedure in figure A.5 finding
them to be qualitatively the same as the application window functions in figures A.3 and A.4. Again,
only the absolute value provides a proper basis for interpretations. Note that due to the damping
the signal at earlier instances is preferred and, thus, is particularly useful for signals where the
beginning differs considerably from the center and end. Modulating the input signal with a damping
is, however, not only done by means of correcting the output signal removing unwanted side effects.
Its primary aim is often also to apply a converging factor to the input signal, a property that is
particularly useful when the input signal is known to contain degeneracies or increase towards its
end. The actual choice of the value for the damping 𝜂 is nevertheless a rather delicate affair. Chosen
too large, it may suppress features at later signals of the input signal entirely, while when it takes
an insufficiently large value numerical noise may turn out to be improperly removed. The choice is,
thus, rather problem specific requiring some experience and often times several tries.

We have already mentioned that while the spectrum of the output signal, i.e. the range of the
quantity 𝑦 is rather large, the particular region is only poorly resolved. In section 3.6.3 we found
that the resolution can be increased for a larger value of 𝐿. In practice one often has a signal
of given length, of which the continuation is not known. The aim is now to continue the signal
artificially without changing its content. There exists several techniques, e.g. linear prediction [270]
where subsequent coefficients of the input signal are computed from fitting the given data. An easier
approach is the so-called zero padding, where the size of the input signal is increased form

𝐿 → 𝐿′ (A.24)
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Figure A.6: Discrete Fourier transform of (A.17) with additional zero padding of 3u� for
u� = 800 and u�u� = 0.005. Input signal (a) and its assumed continuation by the algorithm
(b). Real part (c), imaginary part (d), and absolute value (e) of the discrete Fourier
transform and respective zomms into the center of the spectrum (f), (g), and (h). In this
example, the input signal covers a multiple of the input function’s period.

with 𝐿′ being usually a multiple of 𝐿 and setting all new coefficients to zero

𝑐u�u�
= ⋯ = 𝑐u�u�′−1

= 0. (A.25)

Note that conversely, zero padding may also be understood in terms of the application of a rectangular
window function, which of a given input signal will remove all entries for later instances. We present
the effects of this procedure in figure A.6 where we have extended the length of the signal to four
times its original size. From A.6(b) we find the obvious discontinuous nature of the so-defined input
signal. One usually aims at choosing 𝐿′ so large that the period of the discontinuity is too small
to be resolved by the discrete spectrum. Comparing the results with the previous figures we find
qualitatively the same behavior. However, the output signal now exhibits an enormous ringing,
i.e. in addition to the expected peaks, there exist multiple smaller subpeaks. This is a particularly
unwanted side effect of zero padding. When the output signal is unknown this feature may introduce
significant errors to the output, especially when there are contributions to the spectrum of similar
weight.

Zero padding is, thus, rarely used alone to modify the input signal, but rather in combination
with one of the above methods. In figure A.7 we show the Fourier transforms combining the three
measures introduced above with a zero padding of eight times the original length of the signal. In
comparison to the analytical result and the previous figures we find only the absolute value to yield
a proper interpretation. Bearing in mind, however that actually at the respective points one expects
a delta peak the broadening of the output signal due to these measures becomes evident, a feature
that is particularly problematic if the spectrum consists of components close to one another. We
further note that there are still slight remnants of the ringing introduced by the zero padding in the
output signal, which are, however, small compared to the signal’s actual peaks.
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Figure A.7: Discrete Fourier transform of (A.17) with additional zero padding of 8u� for
u� = 800 and u�u� = 0.005 and a modification of the original data with a von-Hann window
(green), a Hamming window (blue), and a damping of u� = 0.75 (red): (a) real part, (b)
imaginary part, (c) absolute value.

We conclude that the discrete Fourier transform in general yields results of only qualitative nature.
Furthermore is in general only the absolute value to be interpreted, or should at least be considered
predominantly, due to spectral leaking. Often times the input signal is on an excerpt, that is it does
not start at the beginning of its period but is rather shifted by a phase, in our example (A.17) this
could mean 𝜑 ≠ 0. The absolute value is in particular useful when one is only interested in where
spectral weight occurs, as it can be shown to be independent of this very phase. Window functions,
damping and zero padding may smoothen the output signal, however they also introduce errors
to the output signal, broaden actual peaks and may suppress properties of the input signal. We
emphasize again that there is no generic procedure to obtain the best output signal from a discrete
Fourier transform as the choice of the appropriate technique depends largely on properties of the
input signal. It is, hence, advisable to vary procedures in advance before choosing a final scheme.
Moreover, when it comes to comparing different data sets and their discrete Fourier transforms, it
is highly recommendable to use the same technique to have the same artifacts to be expected.

A.1.7 Transforming Non-periodic Signals Exploiting Symmetries

In the previous section we found that discrete Fourier transforms most often only yield qualitative
results, only the absolute value being of importance when it comes to interpreting the output signal.
If, however, an additional symmetry is known to exists to the data, its inclusion into the discrete
Fourier transform results in a considerably better understanding of the output signal.

An important symmetry in the context of physics is given by

𝑐u�−u�
= 𝑐∗

u�u�
. (A.26)
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A Additional Information on the Discrete Fourier and the Discrete Sine Transform

Suppose now, we have an input signal of length 𝐿 and know that (A.26) holds true. We extend the
input signal to be of length 𝐿′ = 2𝐿 − 1 adding coefficients

𝑐u�2u�−u�
= 𝑐∗

u�u�
∀ 𝑚 ∈ {1, … , 𝐿 − 1} . (A.27)

We have, thus, added the preceding values of the input signal accoring to (A.26) to its end making
use of equation (3.65). As a result, we obtain

𝑐u�u�
= 1

𝐿
∑
u�u�

e−iu�u�u�u�𝑐u�u�
= 1

𝐿
e−iu�0u�u�𝑐u�0

+ 1
𝐿

2u�−1

∑
u�=1

e−iu�u�u�u�𝑐u�u�
(A.28a)

= 1
𝐿

𝑐u�0
+ 1

𝐿

u�−1

∑
u�=1

(e−iu�u�u�u�𝑐u�u�
+ e−iu�2u�−u�u�u�𝑐u�2u�−u�

) (A.28b)

= 1
𝐿

𝑐u�0
+ 1

𝐿

u�−1

∑
u�=1

(e−iu�u�u�u�𝑐u�u�
+ e−iu�−u�u�u�𝑐∗

u�u�
) (A.28c)

= 1
𝐿

𝑐u�0
+ 1

𝐿

u�−1

∑
u�=1

(e−iu�u�u�u�𝑐u�u�
+ eiu�u�u�u�𝑐∗

u�u�
) (A.28d)

= i
𝐿

Im[𝑐u�0
] + 1

𝐿
Re[𝑐u�0

] + 2
𝐿

u�−1

∑
u�=1

Re[e−iu�u�u�u�𝑐u�u�
] (A.28e)

again using (3.65). Note that in order to obtain a smooth output signal, we could have additionally
first damped the input signal and then applied zeros to its end as described in the preceding
section.

We find the output signal to be entirely real apart from an imaginary contribution of the input
signal’s first entry. If this term also vanishes we are not restricted to interpreting only the absolute
value anymore. In fact, even if the imaginary part does not vanish do we know it to only occur
at one instance of the output signal, which we may regard separately. Hence, using the symmetry
(A.26) we managed to keep the sign information of the discrete Fourier transform. This feature is
highly useful when it comes to interpreting data, in particular if other constraints apply, e.g. the
requirement for all values to be positive.

In figure A.8 we illustrate this procedure for the example function

𝑓(𝑥) = cos(𝜔0 ⋅ 𝑥) − cos(𝜔1 ⋅ 𝑥) , 𝜔0 = 2π ⋅ 4
5

≈ 5.03, 𝜔1 = 2π ⋅ 7
5

≈ 8.8, (A.29)

for which (A.26) clearly holds true with (A.19), having also damped the input signal and applied
zero padding as mentioned before. The Fourier transform given by, c.f. (3.38) and (3.44),

ℱ [𝑓(𝑥)](𝑦)
2π

= 1
2

(𝛿(𝑦 + 𝜔0) + 𝛿(𝑦 − 𝜔0) − 𝛿(𝑦 + 𝜔1) − 𝛿(𝑦 − 𝜔1)) . (A.30)

we show the numerical results for different dampings 𝜂. We find that all output signals resemble
the analytical result quite well having in mind our findings from the previous section. Despite a
broadening due to zero padding and damping the peaks including their orientation match their
expected position. We also briefly discuss the effects of a damping at this example. For 𝜂 = 0.5
the input signal is clearly underdamped with considerable ringing amplitudes being clearly visible.
On the other hand, for 𝜂 = 3.0 the signal is overdamped, the exact peak positions being hardly
distinguishable. For the intermediate dampings 𝜂 = 0.75, 1.0, 1.5 the informational gain in equal the
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A.2 The Discrete Sine Transform

Figure A.8: Discrete Fourier transform of (A.29) exploiting (A.26) with additional zero
padding of 8u� for a given signal of u� = 800 with u�u� = 0.005 and a damping of u� = 3.0
(cyan), u� = 1.5 (magenta), u� = 1.0 (blue), u� = 0.75 (red), and u� = 0.5 (green): (a) real
part, (b) imaginary part, (c) absolute value.

peaks broadening more and more with increasing damping. An appropriate choice for 𝜂 is thus a
value at which ringing effects are vaguely visible allowing to classify them as an numerical artefact
thereby depicting the maximally resolvable peak sizes. We close this section with the remark that in
this procedure the damping must not be substituted by the application of a von-Hann or Hamming
window, (A.21) or (A.22), respectively, as these procedures will yield very wrong results further
illustrating the challenge of finding the proper scheme to apply a discrete Fourier transform.

A.2 The Discrete Sine Transform

We discuss the one-dimensional discrete sine transform from real to reciprocal space. In strict
analogy to the problem outlined in section A.1.1 we wish to transform a quantity given at a position
𝑟u� into another quantity given for a momentum 𝑘u� thereby identifying 𝑥 = 𝑟 and 𝑦 = 𝑘.

With 𝐿 as the length of the system the (quasi) position, i.e. after the implicit inclusion of the
original input signal, is given by

𝑟u� = 𝑎 ⋅ 𝑚, 𝑚 ∈ {1, … , 𝐿}, ⇒ 𝑟u� ∈ {𝑎, … , 𝐿𝑎}, (A.31)

with the lattice constant 𝑎 = 𝛿u�. The discrete sine transform is best suited for physical problems
with open boundaries. With the inclusion of two extra data points of zero in (3.88) and (3.89) the
underlying idea for the quantum mechanical wave function to vanish at the edges of a system with
open boundaries is implemented. The extension according to (3.90) is then purely mathematical
and has no further physical interpretation. Thus, for the (quasi) momenta we obtain

𝑘u� = π
(𝐿 + 1) 𝑎

⋅ 𝜇, 𝜇 ∈ {1, … , 𝐿}, ⇒ 𝑘u� ∈ { π
(𝐿 + 1) 𝑎

, … , π
(𝐿 + 1) 𝑎

⋅ 𝐿}, (A.32)
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A Additional Information on the Discrete Fourier and the Discrete Sine Transform

where, again, we have set ~ = 1, and their step size is given by

𝛿u� = π
(𝐿 + 1) 𝑎

. (A.33)

Clearly, the quasi momenta cover only half of the Brillouin zone, which is a direct consequence of
the quasi positions technically covering only half of the input signal after its enhancement. Likewise,
there is no physical meaning to the transformed data for negative quasi momenta. Hence, for both
the positions and momenta, only positive values are considered and the prefix “quasi” is dropped in
general discussions.
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B Simple Illustrations for MPSs

We consider the maximum dimensions the individual matrices need to take in order for an MPS to
exactly represent its associated quantum state. As already explained in section 4.2, in general an
exact representation requires 2 ∑⌊u�/2⌋

u�=1 𝑑2u� + (𝐿 mod 2) 𝑑2⌊u�/2⌋+1 matrix elements. The approach
to reduce this number is then to introduce a maximum dimension of (𝜒max × 𝜒max) to the matrices.
For large enough system sizes 𝐿 this then leads to a dramatic decrease in the number of elements to
be operated with and, hence, an enormous speed-up in runtime, as well as a significant decrease in
computational resources. An example illustrating these considerations is presented in figure B.1.

We close this introduction to matrix product states with a few examples, similar to the presentation
in [4], thereby motivating the subsequent sections. Let us consider a one-dimensional system of
length 𝐿 = 4 with a local Hilbert space dimension of 𝑑 = 2, e.g. a spin-1/2 system with 𝜎u� ∈ {↑, ↓} ∀𝑖.
First, we want to encode the state ∣𝜓1⟩ = |↑↑↓↑⟩ as a product of matrices. This is possible using
the matrices given in figure B.2. The state ∣𝜓1⟩ is obviously a product state consisting of just one
basis state. Hence, the matrices 𝑀u�u� need to be chosen in such a way that only one combination of
multiplications of one representative per site 𝑖 yields a value of 1 whilst all the other products vanish
such that they will not contribute to the superposition in equation (4.3). The bottom two lines in
figure B.2 show a choice of a set of matrices 𝑀u�u� obeying the dimensions given above. However,
as can be seen in lines three and four there exists another (by far more convenient) choice of a
set of matrices 𝑀u�u� with significantly less dimensions. On a large scale such a simplification may
dramatically increase the performance of an MPS-based code. Hence, the numbers for the matrix
dimensions given above only serve as an upper bound for the number of matrix elements to be
operated with. Next, we decompose the state ∣𝜓2⟩ = 1/√

2 |↑↓↓↑⟩+1/√
2 |↑↑↓↑⟩, which also is a product

state, into a product of matrices. The result is depicted in figure B.3 As can be seen immediately
the matrix decomposition of this state can also be chosen in such a way that only matrices of
trivial dimensions (1 × 1) need to be applied. These observation lead to the claim that the matrix
dimensions will have to decrease if the state to be compressed is entangled. Indeed this is the case
which we will demonstrate by attempting to express ∣𝜓3⟩ = 1/√

3 |↑↑↑↑⟩+ 1/√
3 |↓↓↓↓⟩+ 1/√

3 |↑↓↓↑⟩ in
terms of MPSs as can be obtained from figure B.4. For this state there is no decomposition making
use of only (1 × 1) matrices. Instead, the maximum number of matrix dimensions possible needs to
be exploited to represent only the desired basis states in the sum according to equation (4.3). Note
that this is still a rather simple case and that here all three basis states contribute equally to the
total state ∣𝜓3⟩ – which rarely occurs in many-body problems. Despite its simplicity, however, this
example illustrates the effects of truncation very well. Suppose that we will only allow a maximum
matrix dimension of 𝜒max = 3. Hence, the second and third matrix need to be truncated to matrices
of dimension (2 × 3) and (3 × 2) respectively. This procedure will obviously introduce an error to
the MPS representation of the state ∣𝜓3⟩. A first and very naive way to perform this truncation
might be to just omit the fourth column for matrices 𝑀u�2 and the fourth row for matrices 𝑀u�3.
This procedure will naturally reduce the matrices to the maximum allowed dimensions, however it
comes with the severe drawback that the obtained MPS representation will now encode the state
∣ ̃𝜓3⟩ = 1/√

3 |↑↑↑↑⟩ + 1/√
3 |↑↓↓↑⟩ which is in no way close to the original state ∣𝜓3⟩ also loosing its

normalization.
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Figure B.1: Comparison of the number u� of coefficients u�u�1,u�2,…,u�u�−1,u�u�
(red) versus

the number u� of matrix elements of an MPS representation of state |u�⟩ with (blue) and
without (green) truncation u�max = 3 for different system sizes u� with a local Hilbert space
dimension of u� = 2. Note that the number of coefficients grows exponentially in u� and is
surpassed by the number of matrix elements if no truncation is employed. With truncation,
however, the number of matrix elements only grows polynomially leading to a massive
increase in performance.
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Figure B.2: Representation of the state ∣u�1⟩ = |↑↑↓↑⟩ in terms of matrix products.
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Figure B.3: Representation of the state ∣u�2⟩ = 1/√
2 |↑↓↓↑⟩ + 1/√

2 |↑↑↓↑⟩ in terms of
matrix products.
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Figure B.4: Representation of the state ∣u�3⟩ = 1/√
3 |↑↑↑↑⟩ + 1/√

3 |↓↓↓↓⟩ + 1/√
3 |↑↓↓↑⟩

in terms of matrix products. Red: Elements to be omitted when naively truncating the
matrices to be of no larger dimension u�max = 3. This truncation will neither represent
the original state ∣u�3⟩ but rather ∣ ̃u�3⟩ = 1/√

3 |↑↑↑↑⟩ + 1/√
3 |↑↓↓↑⟩ nor will it preserve the

normalization.
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C Comparison of Variants of the Discrete Fourier
Transform and Their Effect on the Spectral Function

We discuss how different approaches to tackle spectral leaking as introduced in appendix A.1.6 affect
spectral functions which we defined in section 6.1.2. Here we consider the example of 𝒜 <

u� (𝑘, 𝜔, 𝑡 = 0)
immediately after the electron-hole excitation (9.1) for �̂�4u� with 𝑈/𝑡hop = 0 and 𝛥/𝑡hop = 2 at
half filling only, c.f. figures 9.1(c) and (d), section 9.1.1. Note that since this is a non-interacting
problem it may be solved analytically, as contrary to equation (6.13) Hermitian symmetry in 𝑡′

actually holds true, c.f. section 6.1.3. We nevertheless chose an exactly solvable model at this point
to illustrate the effects of the different approaches and their deviation form the exact results. This
particular choice has the additional advantage that since both spin sectors in this model are entirely
decoupled, with the excitation only in the spin-↑ direction, the spin-↓ direction will resemble the
ground state, such that we are allowed to study the post-excitation behavior as well with just a
single evaluation of the data.

Before we begin, however, we first show that using relative coordinates, both the lesser, as well
as the greater spectral function are positive real quantities for a time-independent Hamiltonian
regardless of whether the system is interacting or not. Therefore, we again make use of the Lehmann
representation we encountered multiple times in chapter 6 and exploit that in this case the time
evolution operator is given by

𝑈(𝑡2, 𝑡1) ∣𝜓⟩ = e−iû�(u�2−u�1) ∣𝜓⟩, (C.1)

c.f. also equation (6.17). Thus, for the lesser spectral function we find

𝒜 <(𝑘, 𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝜓(𝑡)∣ ̂𝑐†

u�(𝑡′) ̂𝑐u� ∣𝜓(𝑡)⟩ (C.2a)

= ∑
u�,u�,u�

∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝜓(𝑡) ∣𝑚u�⟩ ⟨𝑚u�∣ eiû�u�′ ̂𝑐†

u�e−iû�u�′ ∣𝑛u�−1⟩

⟨𝑛u�−1∣ ̂𝑐u� ∣𝑝u�⟩ ⟨𝑝u� ∣𝜓(𝑡)⟩ (C.2b)

= ∑
u�,u�,u�

∫
∞

−∞
d𝑡′e−i(u�−(u�u�

u�−u�u�−1
u� ))u�′ ⟨𝜓(𝑡) ∣𝑚u�⟩ ⟨𝑚u�∣ ̂𝑐†

u� ∣𝑛u�−1⟩

⟨𝑛u�−1∣ ̂𝑐u� ∣𝑝u�⟩ ⟨𝑝u� ∣𝜓(𝑡)⟩ (C.2c)

= ∑
u�

∫
∞

−∞
d𝑡′e−i(u�−(u�u�

(u�+1)−u�u�−1
u� ))u�′

⟨𝜓(𝑡) ∣(𝑛 + 1)u�⟩ ⟨(𝑛 + 1)u�∣ ̂𝑐†
u� ∣𝑛u�−1⟩

⟨𝑛u�−1∣ ̂𝑐u� ∣(𝑛 + 1)u�⟩ ⟨(𝑛 + 1)u� ∣𝜓(𝑡)⟩ (C.2d)

= ∑
u�

𝛿(𝜔 − (𝐸u�
(u�+1) − 𝐸u�−1

u� )) ∣⟨(𝑛 + 1)u�∣ ̂𝑐†
u� ∣𝑛u�−1⟩∣2 ∣⟨(𝑛 + 1)u� ∣𝜓(𝑡)⟩ ∣2. (C.2e)

The greater spectral function is given analogously via

𝒜 >(𝑘, 𝜔, 𝑡) = ∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝜓(𝑡)∣ ̂𝑐u� ̂𝑐†

u�(𝑡′) ∣𝜓(𝑡)⟩ (C.3a)
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= ∑
u�,u�,u�

∫
∞

−∞
d𝑡′e−iu�u�′ ⟨𝜓(𝑡) ∣𝑚u�⟩ ⟨𝑚u�∣ ̂𝑐u� ∣𝑛u�+1⟩

⟨𝑛u�+1∣ eiû�u�′ ̂𝑐†
u�e−iû�u�′ ∣𝑝u�⟩ ⟨𝑝u� ∣𝜓(𝑡)⟩ (C.3b)

= ∑
u�,u�,u�

∫
∞

−∞
d𝑡′e−i(u�+(u�u�

u� −u�u�+1
u� ))u�′ ⟨𝜓(𝑡) ∣𝑚u�⟩ ⟨𝑚u�∣ ̂𝑐u� ∣𝑛u�+1⟩

⟨𝑛u�+1∣ ̂𝑐†
u� ∣𝑝u�⟩ ⟨𝑝u� ∣𝜓(𝑡)⟩ (C.3c)

= ∑
u�

∫
∞

−∞
d𝑡′e−i(u�+(u�u�

(u�−1)−u�u�+1
u� ))u�′

⟨𝜓(𝑡) ∣(𝑛 − 1)u�⟩ ⟨(𝑛 − 1)u�∣ ̂𝑐u� ∣𝑛u�+1⟩

⟨𝑛u�+1∣ ̂𝑐†
u� ∣(𝑛 − 1)u�⟩ ⟨(𝑛 − 1)u� ∣𝜓(𝑡)⟩ (C.3d)

= ∑
u�

𝛿(𝜔 + (𝐸u�
(u�−1) − 𝐸u�+1

u� )) ∣⟨(𝑛 − 1)u�∣ ̂𝑐u� ∣𝑛u�+1⟩∣2 ∣⟨(𝑛 − 1)u� ∣𝜓(𝑡)⟩ ∣2. (C.3e)

Note that, unfortunately, these equations do not hold when Wigner coordinates are employed, since
the state |𝜓⟩ also depends on 𝑡′ and, hence, the Fourier transform cannot be guaranteed to be
positive. Note further that in practice in the above calculations we have 𝑡′ ≥ 0 which, however,
leads to similar results for the real part of the Fourier transform.

Even so, however, also when using relative coordinates, not assuming Hermitian symmetry in 𝑡′

and not mirroring the input signal as explained in appendix A.1.7 has some unpleasant side effects.
First, it may lead to unphysical negative spectral weights, and second the imaginary part of the
output signal is not guaranteed to vanish, c.f. also section 6.1.2. Therefore we shall now examine the
real and imaginary part, as well as the absolute value of the spectral function to gain a complete
overview of the situation. To better illustrate negative weights we have changed the color code for
the two former observables.

We begin by adjusting the input signal of the Fourier transform from time to frequency space with
a von-Hann window and applying zero padding of eight times the signal’s length. The resulting
spectral function is then presented in figures C.1, C.2, and C.3 showing its real, imaginary part,
and absolute value, respectively. For the former two, we find major overshootings in the output

Figure C.1: Real part of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) immediately

after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2 for a
system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was adjusted with a von-Hann window and
enhanced with a string of zeros eight times its length.
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Figure C.2: Imaginary part of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) imme-

diately after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2
for a system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was adjusted with a von-Hann window and
enhanced with a string of zeros eight times its length.

signal making a reasonable analysis impossible. We conclude that in this case, only the absolute
value should be interpreted. Here, the results match the analytical results. Comparing to figures
9.1(c) and (d) we find significantly less oscillations close to the actual bands. However, the entire
spectrum is less sharply reproduced.

Figure C.3: Absolute value of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) imme-

diately after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2
for a system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was adjusted with a von-Hann window and
enhanced with a string of zeros eight times its length.

As can be seen in figures C.4, C.5, and C.6 we find essentially the same behavior when substituting
the von-Hann window by a Hamming window.

Lastly, we investigate the procedure of applying a damping and eight times zero padding without
assuming Hermitian symmetry in 𝑡′. The real part shown in figure C.7 resembles the reference
results in figures 9.1(c) and (d) quite well. Interestingly, for this example, there are no negative
weights, which, however must not be understood as a general statement. However, the imaginary
part now takes non-zero values contrary to the analytical result, c.f. figure C.8. Hence, in general it
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Figure C.4: Real part of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) immediately

after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2 for a
system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was adjusted with a Hamming window and
enhanced with a string of zeros eight times its length.

appears to be advantageous to, again, interpret the absolute value as shown in figure C.9. Here, the
results match the reference data in figures 9.1(c) and (d) well again, however, with a significantly
stronger background. As a positive side effect, on the other hand, the oscillations in the reference
data are now suppressed.

We conclude that for the numerical computations of spectral functions it is best to make use of
Hermitian symmetry in 𝑡′ when its application is physically reasonable. In other cases damping and
zero padding the input signal may already lead to satisfactory results for the real part, while the
absolute value should always be considered as interpretable in order to be able to rule out effects
originating from spectral leaking.

Figure C.5: Imaginary part of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) imme-

diately after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2
for a system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was adjusted with a Hamming window and
enhanced with a string of zeros eight times its length.
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Figure C.6: Absolute value of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) imme-

diately after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2
for a system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was adjusted with a Hamming window and
enhanced with a string of zeros eight times its length.

Figure C.7: Real part of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) immediately

after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2 for a
system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was only damped with an exponential
function and enhanced with a string of zeros eight times its length.
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Figure C.8: Imaginary part of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) imme-

diately after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2
for a system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was only damped with an exponential
function and enhanced with a string of zeros eight times its length.

Figure C.9: Absolute value of the single particle spectral functions 𝒜 <
u� (u�, u�, u� = 0) imme-

diately after the electron-hole excitation (9.1) for û�4u� with u�/u�hop = 0 and u�/u�hop = 2
for a system of u� = 32 sites with OBCs in the first BZ at half filling. (a) shows the spin-↑
direction, (b) the spin-↓ direction. The green dashed lines show the band structure of the
non-interacting system calculated with PBCs, the green dots correspond to the calculation
with OBCs. For these computations the signal was only damped with an exponential
function and enhanced with a string of zeros eight times its length.
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