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Abstract

Liquid-liquid phase separation is ubiquitous in everyday life, such as formation of oil
droplets in water. This phenomena has been observed in biological cells as well, where
membrane-less organelles, also known as condensates, form in the cell through Liquid-
liquid phase separation. Precise spatiotemporal regulation of condensates is essential for
proper functioning of the cell and it’s survival. The cell exercises this control through
various mechanisms, two of them being chemical reactions and external chemical gradi-
ents.

In this thesis, we will develop a fast and efficient numerical model for simulating dy-
namics of droplets which have been phase separated from a dilute phase, without solving
the computationally expensive Cahn-Hilliard equation that describes phase separation.
The aim of this thesis was to disentangle and model the effects of chemical reactions and
external chemical gradients on the dynamics of such phase separated droplets via numer-
ical simulations, and thus gain insights on how cell regulates the dynamics, formation,
dissolution and stability of it’s condensates.

In the first part of the thesis, we derive observations from typical simulations of the
Cahn-Hilliard model, and build the theory for an effective droplet model with reasonable
analytical assumptions. In such an effective droplet model, we replace the description
of the full volume fraction field stemming from the Cahn-Hilliard model with pertinent
degrees of freedom for the phase separated droplets. To this end, we consider a typical
situation of many spherical droplets formed via Liquid-liquid phase separation and are
far away from each other. Droplets are then well described by their positions and radii,
and the dilute phase dynamics by a coarse reaction-diffusion equation. We then study
interaction of the droplets with the dilute phase by discretizing their vicinity into thin
annular sectors. The dynamics of droplet growth and drift follows from material fluxes
exchanged between the droplet and the dilute phase, which are obtained from solving
a steady-state reaction-diffusion equation inside all sectors. These fluxes also affect the
dynamics of the dilute phase itself.

The effective droplet model has many simulation parameters which need to be carefully
chosen to faithfully capture growth and drift of droplets. In the second part of the thesis,
we choose optimum values for the simulation parameters in the effective droplet model
using a synthetic test-case and comparing it with the ground truth, i.e. simulations
using the Cahn-Hilliard model. We then demonstrate that our choice of the optimum
parameters indeed leads to faithful capturing of droplet dynamics in emulsions across a
multitude of situations; ranging from a single droplet in a large system to coarsening
behaviour of 105 droplets. Furthermore, we also show that our model accurately captures
the dynamic out of equilibrium behaviour of droplets in the presence of chemical reactions
and external chemical gradients.

Taken together, through rigorous testing and validation, we demonstrate that our
effective droplet model is a pragmatic, fast and a computationally efficient option, if

viii
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simulations of phase separated droplets in large-scale emulsions are desired. More im-
portantly, we emphasize that our model can serve as a modular platform and can incor-
porate a plethora of other relevant physical phenomena which play a role in controlling
condensate dynamics. By disentangling and separately studying their effects on droplet
dynamics, insights on how the cell regulates formation, dissolution, stability and size of
biomolecular condensates can be obtained.



Chapter 1

Introduction

Biological cells are complex structures comprising of various biomolecules. The internal

structure of the cell contains various membrane-bound organelles such as the nucleus, the

ER (endoplasmic reticulum) and Golgi apparatus scattered throughout the cytoplasm.

Fig. 1.1 shows the typically crowded intracellular environment with various organelles of

diverse sizes. For fulfilling it’s many functions, the cell needs to spatially and temporally

organize it’s interior, consisting of macromolecules such as DNA and RNA, in an ener-

getically efficient and fast manner. This is an incredibly difficult task, as every second,

thousands of biomolecular reactions happen inside the cell; see Ref. [2], of which a large

fraction happens in aqueous mediums, see Ref. [3].

One way this is achieved is through utilizing membrane-bound organelles; see Fig. 1.1,

which provide a physical barrier and act as a ‘sieve’ for proteins and macromolecules en-

tering from the intracellular environment. For example, the ER and Golgi apparatus

efficiently promote protein sorting and Mitochondria provide energy in form of ATP.

However, with the onset of advanced imaging technologies such as the Electron Micro-

scope and techniques such as light microscopy, it has became clear that the intracellular

environment also contains membrane-less organelles, also known as biomolecular conden-

sates.

1.1 Biomolecular condensates

In the last decade, much attention has been devoted to the formation of these aggregates.

The key reason for their formation is believed to be Liquid-liquid phase separation; see

Refs. [4, 5], which is the phenomena where molecules possessing certain physical or

chemical properties aggregate (consisting of various proteins and macromolecules) and

phase separate from the rest of the intracellular environment, similar to polymer con-

densation; see Ref. [6]. For example, membrane-less organelles (or condensates) called P

granules were observed in early stage C. elegans worm embryos by Brangwynne et al. [7],

1



CHAPTER 1. INTRODUCTION 2

Figure 1.1: Schematic showing the complex intracellular environment of the
cell. Figure shows various membrane-bound and membrane-less organelles scattered
throughout the cytoplasm inside the cell. Reprinted with permission from Boija et al. [1]
under License number 5287881024090.

which played a key role in establishing the anterior-posterior axis for the embryos. These

condensates are diverse in their appearances and shapes; see Fig. 1.2, possess complex-

ity in their composition, have multi-layered structures and can have sizes ranging from

nanometers; see Ref. [8], upto micrometers; see Ref. [9].

1.2 Condensates are often liquid-like droplets

Since these condensates form via Liquid-liquid phase separation, these condensates often

possess qualities similar to liquid droplets; see Fig. 1.3. For example, it was shown by

Brangwynne et al. [7] and Kroschwald et al. [11] that condensates: are spherical in shape,

exhibit coalescence events, fuse with other condensates and form spherical droplets, de-

form and flow when encountering physical obstacles and regain their shape upon removal

of the barrier. Additionally condensates exchange material with the surroundings via

diffusion; see Ref. [12], and exhibit wetting phenomena as well; see Ref. [13].

However, not all condensates are liquid-like droplets. Their structures and architec-

tures can also differ, from being purely liquid-like to gel-like aggregates; see Fig. 1.4.

In particular, condensates can have a liquid or solid shell enclosing a liquid core; see

Fig. 1.4A, see Fig. 1.4B and see Fig. 1.4C. Examples of such condensates can be found in

Refs. [14, 15]. Condensates can also form ‘nested droplets’; see Fig. 1.4F, where nucleolus

forms such an architecture; see Ref. [9]. Each of the sub droplets show liquid-like char-

acteristics and are immiscible as a result of different viscosities. Although not common,
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Figure 1.2: Membrane-less organelles appear in diverse forms inside the cell.
Membrane-less organelles (or condensates) possess diverse forms inside the cell and fulfil
various functions, as seen from the schematic of the cell in the centre. Reprinted with
permission from Bracha et al. [10] under License number 5287590488572.

condensates can also be non-spherical and form a network like assembly; see Ref. [16]

and Fig. 1.4G. They can even transition from a liquid droplet to a gel-like entity; see Ref.

[17] and Fig. 1.4H, and can exhibit viscoelastic properties as well; see Ref. [18]. Having

discussed the diverse architecture possible for condensates, we next discuss the important

question: what purpose do they serve?

1.3 Condensate function

Biomolecular condensates have been found to be essential for a wide range of functions, a

few being: rearranging molecules to facilitate RNA metabolism and stress signalling, but

their precise role is still not well understood. These functions exist across a wide range of

length-scales as well: from molecular scale (for example, augmentation or suppression of

chemical reaction rates, controlling folding dynamics of proteins) to the scale of the cell

itself (for example, recruiting proteins to specific locations). We discuss these functions

from the context of length-scales.
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Figure 1.3: P granules are liquid droplets inside C.elegans embryos (A) P gran-
ules localize to the posterior side of the early stage C.elegans embryo. (B) Two P granules
fuse and assume a spherical shape, similar to liquid droplets in minutes. (C) Photobleach-
ing of half a P granule shows fluorescence recovery in seconds along with kymograph of
linear intensity along the black line with red and blue indicating high and background
intensity respectively. (D) P granules deform in shear flow. Reprinted from Hyman et
al. [6] and slightly modified with permission from the publisher with License number
1210872-1.

1.3.1 Functions on a molecular scale

On the molecular scale, condensate formation can: a) Augment or inhibit reaction rates

simply as a consequence of increased concentration of the reactants inside; see Refs. [20,

21], and b) Offer reaction specificity by selectively enhancing the functioning of certain

biomolecules; see Ref. [22]. Subsequently, condensates can alter local reaction rates

and concentration of certain molecules. They also play a role in regulating nucleation-

dependant processes as well, which is evident in the accelerated nucleation of micro-

tubules; see Refs. [23, 24].

On the other hand, condensates can aid in suppression of reactions and decrease

overall activity, which is achieved by isolating certain molecules from their regions of

interactions or activity; see Refs. [25, 26]. Additionally, condensates like the nucleolus

are thought to play a key role in prevention of misfolded protein aggregates when the cell

encounters a sudden stress event. Upon heat shock, certain thermally unstable proteins

(which are prone to aggregation upon stress) are known to migrate in the nucleolus (so
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Figure 1.4: Collection of a few condensate architectures. Figure depicts collection
of diverse architectures for biomolecular condensates ranging from liquid like droplets to
gel-like structures. Reprinted with permission from Fare et al. [19] under the Creative
Commons Attribution License.

they do not aggregate), and are released back after the shock subsides; see Ref. [27].

1.3.2 Functions on the cellular scale

On the cellular scale, condensates can recruit and concentrate cellular materials to dis-

tinct locations within the cell. Consequently, size presents a big hurdle for the cell to

compartmentalize it’s interior and a clear correlation has been observed with cell size and

aberrant condensate formation. One way the cell alleviates this problem is by forming

different condensates and optimizing their functions accordingly; see Refs. [28, 29], thus

exhibiting the importance of spatiotemporal regulation of condensates by the cell.

However, large cells such as neurons, oocytes and muscle cells still must spend ad-

ditional energy to spatially organize their interior, as compared to smaller cells. In

particular, transport of RNA-protein condensates in neurons is essential for neuron func-

tioning; see Refs. [30, 31]. These condensates are utilized to transport mRNA molecules

efficiently over large distance in neurons (which can often be several metres in length; see

Ref. [32]). Failure to do so promotes formation of aberrant RNA-protein condensates,

which can potentially cause diseases such as amyotrophic lateral sclerosis; see Ref. [33].

Condensates can also function as storage bins, which can stock up RNA and proteins

throughout multiple divisions, for example the RNA binding protein FMR1 is thought

to implement this function in oocytes; see Ref. [34]. This storage is advantageous to

cells who do not undergo frequent cell division, as frequent division can potentially dilute
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condensate compositions.

Cells might also employ condensates to passively buffer stochastic noise, known as

gene expression noise; see Refs. [35, 36]. Furthermore, as the physics of phase separation

is sensitive to conditions such as temperature and pH; see Ref. [37], cells may have

evolved mechanism to utilize this sensitivity to serve as a signal to sense changes in the

environment. In particular, certain mRNA proteins rapidly condense in yeast cells in

response to a heat stress event as well as in response to an acidification of it’s cytoplasm,

thereby potentially acting as a heat sensing switch; see Refs. [38, 39, 40].

Taken together, there are still a lot of open questions about how condensates form

and their precise roles. Additionally, it is also unclear how the cell manages to control

the formation, disassembly and regulate their size and shape both in location and time,

which we discuss next.

1.4 Spatiotemporal regulation of condensates

From the previous section, spatiotemporal regulation of condensates plays a big role in

proper functioning of the cell. Since many of these condensates are liquid-like droplets,

a plethora of questions come to mind:

1. How is size and shape of such condensates maintained throughout the cell?

2. How does the cell manage to control the precise timing and location of condensate

dissolution and formation?

3. How do such condensates remain dispersed as an emulsion in the complex environ-

ment of the cytoplasm and not coarsen into one big aggregate?

Various mechanisms have been proposed till date including chemical reactions, chemical

gradients, pH and temperature regulation, physical barriers which prevent droplet-droplet

coarsening, usage of Pickering agents to slow down condensate dynamics and ripening,

transformation into gel-like structures to preserve certain functions and so on. We touch

upon a few of the mechanisms by which the cell is potentially thought to control forma-

tion, location and size of biomolecular condensates; while simultaneously discussing the

implications of poor spatiotemporal control over condensate dynamics as well.

1.4.1 Chemical gradients

The cell can also utilize chemical gradients throughout it’s cytoplasm to spatially orga-

nize intracellular condensates which plays an important role during the asymmetric cell

division. In the pioneering work by Brangwynne et al. [7], they investigated P granules

in early stage embryos of C. elegans. Prior to the first division, P granules are evenly
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Figure 1.5: Segregation of P granules in early C. elegans embryo. (A) Initially
well mixed P granules (in green) migrate from the anterior to the posterior side of the
cell, prior to the first cell division. Time measured relative to the meeting of two pro-
nuclei. (B) Spatially dependant saturation concentration is established along the anterior-
posterior axis, leading to droplet growth on the posterior side and dissolution events on
the anterior side. Reprinted from Berry et al. [44] and slightly modified with permission
from the publisher with License number 1210876-1.

distributed in the cell. As time passes, they localize to the posterior side of the cell, thus

creating the anterior-posterior axis of the cell; see Fig. 1.5A. This localization was shown

to be facilitated by gradient of MEX-5 (which is an RNA-binding protein), arising out

of different phosphorylation rates of MEX-5 along the anterior-posterior axis of the cell;

see Refs. [41, 42, 43].

Furthermore, it was also shown that the primary mechanism behind localization of P

granules was a spatially dependant demixing concentration along the anterior-posterior

axis; see Fig. 1.5B. This led to formation and growth of the granules at the posterior side

and dissolution events at the anterior side. Consequently, localization of P granules was

anti-correlated with the MEX-5 gradient.
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1.4.2 Chemical reactions

After phase separation induces the formation of biomolecular condensates, the cell now

has to actively tune condensate properties, so they do not coalesce and clump into one

single aggregate. It is very likely that cells utilize active processes to regulate the function

and structure of these condensates, such as: a) Utilizing molecular chaperones and b)

Enzymes that facilitate post translational modifications (PTMs) of proteins. We will

mainly focus on these two broad sub-types of active processes in this chapter and discuss

them next.

1.4.2.1 Molecular chaperones

Molecular chaperones are proteins which convert energy into reformulating protein-protein

interactions; see Refs. [45, 46], and are known to control dynamics, structural proper-

ties (for example, increasing porosity of condensates to enhance material exchanges) and

stability of stress granules when inducing and removing stress.

Jain et al. [14] investigated in vivo the structural properties of stress granules (which

encompass a dynamic shell with a stable core; see Fig. 1.4). Interactions of the core and

the shell (and thus the stability of stress granules) were shown to be modulated by a

chaperone TRiC/CCT, which also was identified as a key component of stress granules.

Similarly, Mateju et al. [47] identified the role of chaperones named HSP70 in prevent-

ing the formation of aberrant stress granules (containing misfolded proteins), which are

thought to be the key culprits in diseases such as amyotrophic lateral sclerosis (ALS)

in human cells. Furthermore, HSP70 also aides the dissolution of these stress granules

when stress is removed; also see Ref. [48], thereby showing that chaperones can act as

quality control managers to prevent aggregation of misfolded proteins, and preserving the

dynamics of stress granules.

Additionally, Qamar et al. [49] showed that a chaperone called transportin regulates

FUS (FUused in Sarcoma - an RNA binding protein) condensation and phase separation

in neuron terminals; see Ref. [50], and is important for preventing diseases such as familial

amyotrophic lateral sclerosis (fALS) and frontotemporal lobar degeneration (FTLD).

1.4.2.2 Post-Translational Modifications of proteins

PTMs of proteins are also considered as a key regulating mechanism of the dynamics and

structure of condensates, which function by adding key functional groups to proteins,

thus modifying their interactions with other biomolecules.

Hofweber et al. [51] investigated the role of PTMs of RBPs (RNA-binding proteins)

in regulating the dynamics of Ribonucleoprotein (RNP) granules, which are condensates

consisting of RBPs and RNA. Weak interactions between RBPs and RNA are responsible
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for phase separation, which are reduced by slow Arginine methylation (a type of PTM) of

RBPs, thereby almost always inhibiting phase separation; see Refs. [49, 52, 53]. Arginine

methylation of RBPs is thought to regulate RNP granules by two methods - through

modifications of protein-protein/RNA interactions and through altering the composition

of RBPs throughout the cytoplasm or in the nucleus. Interestingly, Arginine methylation

is found to both suppress; see Refs. [54, 55], and facilitate; see Refs. [56, 57], the dynamics

and formation of RNP granules.

Contrary to Arginine methylation, Phosphorylation (another type of PTM) is known

to be a fast and reversible mechanism and is known to both - suppress; see Refs. [58,

59], and promote; see Refs. [60, 61], phase separation. Similar to Arginine methylation,

Phosphorylation seems to be a key mechanism through which the dynamics, formation

and dissolution of RNP granules can be tuned. Phosphorylation is thought to regulate

RNP granules through altering the composition of RBPs by promoting or degrading

them, thereby controlling RNP granule formation; see Refs. [62, 63], and dissolution;

see Refs. [64, 65, 66]. Ambadipudi et al. [67] and Wegmann et al. [68] found that

Tau phosphorylation changes the charge distribution on the microtubule-binding domain

of Tau and enhances electrostatic interactions and promotes phase separation and the

growth of Tau droplets. These droplets are precursors to Tau aggregates, accumulation

of which play a role in Alzheimer’s disease; see Refs. [69, 70].

Thus, both - Arginine methylation and Phosphorylation in conjunction, can either

promote or inhibit phase separation and dynamics of RNP granules, and thus are good

candidates for tuning phase separation and dynamics of RNP granules; also see Refs.

[71, 72]. Lastly, Glycosylation is another PTM which regulates phase separation. In

particular, Roth et al. [73] found for the first time an inverse correlation between Phos-

phorylation and O-GlcNAcylation in human colon cells in regulating phase separation

and inhibiting tau protein condensation.

Enzymatic reactions can also play a role in the dynamics of condensates. In particular

Hondele et al. [74] found that DEAD-box ATPase family can control formation and

dissolution dynamics of RNA condensates in both - prokaryotes and eukaryotes. They

showed that ATPase exists in an ATP-bound state, which promotes phase separation of

condensates, and an ATP free state, which accentuates condensate dissolution. Utilizing

chemical reactions to control droplet growth has also been reviewed recently by Söding

et al. [75], where the authors put forward two important mechanisms - Enrichment

inhibition; see Refs. [76, 77], and Localization induction; see Refs. [78, 77].

These examples clearly highlight that chemical reactions play an important role in

tuning the dynamics and stability of condensates.
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Figure 1.6: Acidification of cytoplasm induces aggregation of proteins into
structures. Proteins aggregate into structures depending on cytosolic pH. When pH is
lowered from 7.4 (middle row) to 5.5 (top row), proteins assemble into structures (green
dots, top row) and help the transition of the cytoplasm from a liquid-like to a gel-like
entity. These structures were absent and proteins are well mixed when the cytoplasm was
almost pH neutral (bottom row), but present when the cytoplasm becomes acidic (top
row). Reprinted with permission from Munder et al. [40] and slightly modified under the
Creative Commons Attribution License.

1.4.3 Regulation of pH and temperature

pH as a regulatory mechanism for phase separation inside the cell has been studied

extensively; see Refs. [39, 79, 80, 81]. In particular, Bizzari et al. [38] and Orij et al. [39]

were one of the first to focus on pH as a regulatory mechanism for the cell. Orij et al. [39]

focused the yeast species Saccharomyces cerevisiae and demonstrated pH as a fast and

simple mechanism which the cell uses to spatially organize it’s intracellular condensates.

Munder et al. [40] in their seminal work, investigated how eukaryotic cells (budding

yeast) regulate pH in their cytoplasm to control the mobility and structual properties of

the condensates. In their natural habitat, yeast cells typically live in acidic environments

(pH ≈ 5.5), but the cytoplasm is kept at a neutral pH in normal circumstances (pH

≈ 7.3). However, when faced with nutrition scarcity, Munder et al. observed that upon

acidification, the cytoplasm transitions reversibly from liquid-like to gel-like structure;

see Fig. 1.6. The transition, which is facilitated through many proteins forming peculiar

structures upon a change in cytosolic acidity, is functionally important, as when the

cytoplasm is not allowed to solidify, the yeast cells simply die.

Organisms can also regulate phase separation utilizing temperature as a control pa-

rameter. For example, the effect of cyclical variations in temperature on the dissolution

and reformation of P-granules in early embryos of the C. elegans worm was studied by

Fritsch et al. [82], in agreement with earlier works by Putnam et al. [15] and [83],

who investigated mixing and de-mixing of P-granules from the cytoplasm. Fritsch et al.

[82] demonstrated through constructing in vivo phase diagrams that physics of phase

separation adequately explains this dynamic process of dissolution and reformation of P-

granules, which is dictated by local thermodynamic equilibrium. The P-granules undergo

dissolution upon increasing the temperature and their reformation is recovered upon cool-
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ing, thus showing that temperature can be a control mechanism that the organism uses

to control stability and dynamics of the condensates.

Temperature as a control parameter also appears in plants, for example, Zhu et al.

[84] investigated the link between stress tolerance, temperature and phase separation

in Arabidopsis thaliana (a model organism in plant based studies) and showed in vivo

that RNA-binding proteins called RBGD2 and RBGD4 condense upon increase in tem-

perature, thus improving heat resistance. Apart from these thermodynamic properties,

physical properties of the intracellular environment can also influence condensates, which

we discuss next.

1.4.4 Physical modifications of intracellular environment

Inside the crowded environment of the cell; see Ref. [85], dynamics of biomolecular

condensates are coupled with the dynamical properties of the cytoskeletal filaments, and

can thus influence each other’s size, shape and structural properties; see Fig. 1.7. We will

discuss some important studies which highlight how the cytoskeletal networks affects the

spatiotemporal dynamics of condensates.

Feric et al. [9] in their pioneering work investigated the role of nuclear actin in Oocytes

of the frog Xenopus laevis. They demonstrated the importance of actin mesh in keeping

the typically large nucleoli (∼ 450µm in diameter) from coalescing and sedimenting under

gravity, thus demonstrating the mechanically stablizing role of actin. Furthermore actin

network also acts as a ‘condensate sieve’, allowing smaller condensates to diffuse while

arresting the dynamics of bigger condensates.

Similarly, Enos et al. [86] showed that Pericentriolar material (PCM - outer layer of

centrosomes) dissolution in C. elegans embryo is governed by a dephosphorylation process

of the scaffolding protein known as SPD-5 and physical pulling forces ripping apart the

SPD-5 scaffolding; similar to the schematics in Fig. 1.7A. More recently, Garcia Quiroz

et al. [87] have shown that keratin filament networks in mammalian skin cell layers

can stabilize condensates known as keratohyalin granules; see Fig. 1.7B, and keep them

from fusing by caging, thus keeping individual condensates apart from each other and

maintaining their stability.

Böddekker et al. [93] investigated the interaction between cytoskeletal filaments (mi-

crotubules) and condensates (stress granules) to understand the role of viscoelastic en-

vironments in controlling phase separation inside U2OS epithelial cells. In the vicinity

of stress granules, microtubule network density is higher and the network is severely

deformed. Polymerization and depolymerization of the microtubules directly affected

the surface properties of stress granules, which hints at tuning of networks as a control

mechanism for the cell.

The presence of heterogeneous elastic networks can also affect phase separation - in
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Figure 1.7: Cytoskeletal networks influence the stability and dynamics of con-
densates. (A) Cytoskeletal filaments influence condensate stability by exerting physical
forces; see Ref. [86]. (B) Cytoskeletal networks can stabilize large condensates through
mechanical forces and act as a ‘condensate sieve’; see Ref. [87]. Heterogenous elastic
networks can reverse Ostwald-Ripening and stabilize small droplets; see Refs. [88, 89].
(C) Contracting or extending networks can control droplet dynamics; see Ref. [86]. (D)
Wetting phenomena can also influence and drive phase separation; see Ref. [13]. (E) Ac-
tive processes can stabilize emulsions of many droplets; see Refs. [90, 91]. Reprinted from
Wiegand et al. [92] with permission from the publisher with License number 1210880-1.

particular, reverse Ostwald-Ripening - where large droplets give up material and feed the

smaller droplets, as shown by Rosowski et al. [88, 89] and Vidal-Henriquez et al. [94],

shedding light on potentially controlling ripening processes by taking advantage of het-

erogeneous elastic networks inside cells. There also have been exciting recent advances in

exploring the viscoelastic network of chromatin, which exhibits slow coarsening of conden-

sates and retards coalescence. In particular, Qi et al. [95] studied condensate coalescence

in the presence of chromatin networks using theory and simulations and showed that

condensate (nucleoli) - chromatin interactions promoted nucleation, but hindered coa-

lescence. Similarly, anomalous diffusion of condensates due to physical constraints from

the viscoelastic chromatin network was reported by Lee et al. [96], where the coarsening

exponent was found to be β ∼ 0.12, as opposed to the theoretical prediction of β = 0.33;

see Refs. [91, 97].
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Lastly, wetting phenomena is also responsible to driving phase separation, for example,

Jiang et al. [98] showed that a protein called BuGZ forms liquid droplets on microtubules.

Similarly, Setru et al. [13] investigated the dynamics of droplets formed by condensation

of a protein called TPX2 on microtubules; see Fig. 1.7D. They showed that a fluid

instability drives the condensation and TPX2 droplets not only form a one dimensional

lattice on the microtubule branch, but the inter-droplet distance increases with increasing

TPX2 concentration. Taken together, all the above examples show the interplay between

condensate dynamics and the intracellular environment. However, instead of controlling

the properties of it’s internal environment, the cell can also regulate properties of the

condensates themselves, which we discuss next.

1.4.5 Modifying properties of condensates

Recently, applications from pharmaceutical and food industries, such as the usage of

‘Pickering agents’ in stabilizing emulsions; see review by Yang et al. [99] and references

therein, have inspired similar studies in the context of biological cells.

Pickering agents are solid particles, typically nanoscale sized, which adsorb on the

interfaces of liquid droplets with partial wetting. Adsorption is favoured energetically,

thereby reducing the affinity of the droplets towards lowering their surface area, leading

to slowing down of their coarsening. The discuss a few studies which suggest that cells

may recruit biopolymers (which are plenty in the cytoplasm; see Ref. [100]), as Pickering

agents. This is exciting as it could provide an additional pathway for the cell to as an

organizing principle for intracellular biomolecular condensates.

Folkmann et al. [101] studied and investigated mechanisms responsible for anomalous

coarsening of P granules (which are made up of RNA and a protein called PGL-3) in

C. elegans when transitioning from egg to embryo. Earlier studies by Putnam et al.

[15] have shown that an intrinsically disordered protein called MEG-3 stabilizes PGL-3

droplets by forming a scaffold around them, thus spatially regulating their condensation

in the cytoplasm. Folkmann et al. then identified MEG-3 clusters as a Pickering agents

inside the cell, which adsorb to the interface of P granules and pose as a physical obstacle,

slowing down their coarsening.

Similarly, Zhang et al. [102] suggested that EPG-2 clusters act in a similar way as

MEG-3 to regulate the dynamics of PGL droplets. EPG-2 accelerates the transition of

PGL-1/3 droplets into gel-like structures, rendering them less dynamic and more stable.

Lastly, Tauber et al. [103] also suggested a similar adsorption mechanism, indicating that

mRNAs aggregating on the surface of protein condensates may act as stabilizing agents.

All the above examples clearly exhibit the complex coupling between the condensate

dynamics and dense networks, suggesting cells can tune the network properties in their

interior to exert spatiotemporal control over formation, stability and dynamics of the
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condensates.

Computational and theoretical models can help unravel the coupling of condensates

and the intracellular environment and mechanisms of spatiotemporal control by the cell.

Computational models are generally useful, as exploring large parameter spaces is not a

limitation, relative to experimental studies. Additionally, studying the effects of control

parameters on long time and length-scales is an advantage for computational models.

We next discuss some computational and theoretical approaches used to study phase

separation behaviour.

1.5 Modelling and simulations of phase separation

Broadly speaking, computational models fall in two main categories: Field-based models

and Particle-based models.

1.5.1 Field-based models

The field-based models typically have a continuum based approach, where the presence

and effects of various biomolecules is represented by changes in the field variables like

density or composition ϕ(x). Then, a general free energy of the system is formulated as a

functional of the composition F [ϕ(x)] with an aim of minimizing the free energy, subject

to problem specific constraints, using numerical or analytical approaches. Typically,

phase separation will occur when a generic composition field will minimize the free energy

functional F . Additionally, such free energy formulations can then be extended to include

the effects of multi-component fluids, chemical reactions, fluid flows and model phase

separation in polymers as well.

One such field-based model has been typically used to model phase separation; namely

the Cahn-Hilliard model; see Ref. [104]. For example, the Cahn-Hilliard model, along

with theoretical models, has been utilized and modified to study phase separation in

binary and ternary mixtures. In particular, Berry et al. [105] investigated the disassembly

and assembly of nucleoli and ENDs (extranucleolar droplets) in C. elegans embryos using

a modified Flory-Huggins theory; see Ref. [4] for ternary solutions. Gasior et al. [106]

used a multi-phase Cahn-Hilliard model to study binding and unbinding of different

RNA-protein complexes with an aim to understand spatial patterning and it’s role in

intracellular organization.

The Cahn-Hilliard model has also been used to study phase separation in multi-

component systems and used to uncover different morphologies and coarsening behaviour

by Mao et al. [107]. Similarly, Vweza et al. [108] investigated the effects of macromolecu-

lar crowding on the coarsening dynamics and morphologies of small condensates, shedding

light on their growth and stability. Field-based models have also found applications in
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the area of polymer phase separation. In particular, phase separation in block copolymers

has been studied by Ren et al. [109] and by Fredrickson et al. [110], where they recovered

various morphological structures (cylindrical, lamellar) by using a modified version of the

Cahn-Hilliard-Cook model.

Field-based models have also been successful in studying effects on long time and

length-scales. In particular, Weber et al. [91, 97] have demonstrated coarsening behaviour

and effects of chemical gradients on phase separation. Jacobs et al. [111, 112] studied

phase separation in multi-component mixtures and the effect of random interactions in

the stability of multiple phases. The effects of chemical reactions and elasticity have been

simulated using field-based models as well. For example, Vidal-Henriquez et al. [94] have

studied and modelled the effects of elasticity of chromatin network on droplets, which

can serve as a base for further theoretical investigations. Lastly, the effects of chemical

reactions on droplet sizes, stability and coarsening behaviour in ternary mixtures was

studied by Wurtz et al. [113].

Taken together, we have summarized a few representative examples where field-based

models have been used to investigate phase separation in diverse areas. However, these

models have restricted application pertaining to phase separation in the cell, as they

do not possess the granularity, specificity and the resolution needed to consider specific

protein-protein interactions, as the internal composition of the cytoplasm in the cell is

composed of hundreds of biomolecules with specific sequences; see Ref. [100]. In the

following section, we will elaborate on a different type of model, which alleviates some of

the drawbacks of the field-based models.

1.5.2 Particle-based models

Where Field-based models lack, Particle-based models try to fill that void. Particle-

based models essentially aim to represent different phases in a phase separating mixture

as an ensemble of particles. These particles are typically governed by force fields, which

takes into account various interactions arising from chemical bonds and long range in-

teractions such as Coulomb interactions. A significant advantage particle-based models

have over field-based models is the ability to take into account correlations across atoms

or molecules without being explicitly integrated in the method. These models are of-

ten used in conjunction with experiments and are typically used to extract features and

information about phase separation at a molecular level.

Particle-based models fall into different categories as well, some being Molecular dy-

namics simulations, Coarse-grained models and Lattice-based models. Although these

models overlap quite a bit in their formulation and distinction between them is not al-

ways clear, we will consider them separately and elaborate on each of their merits and

demerits.
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1.5.2.1 Molecular dynamics simulations

Simulations falling under the broad umbrella of Molecular dynamics simulations; pro-

posed by Alder et al. [114], typically evolve dynamics of particles in time using numerical

integration of Newton’s laws of motion. For example, Chu et al. [115] investigated the

temperature and charge pattern dependence of a chaperone protein called Swc5 on phase

separation in biomolecules and role of Swc5 in chromatin formation. On similar lines,

Farr et al. [116] studied effects of chromatin compaction on nucleosome dynamics.

To study the interplay between long and short range interactions of intrinsically disor-

dered proteins on the stability, structure and dynamics of condensates, Hazra et al. [117]

used a coarse-grained molecular dynamics simulation model. A similar model was also

utilized by Espinosa et al. [118] to uncover physical principles governing the stability of

multi-component condensates and the effects of networks on these condensates.

However, considering that the crowded environment of the biological cell and the

presence of hundreds of biomolecules; see Ref. [119], Molecular-dynamics simulations

are extremely expensive, and the computational costs scale up quickly when simulating

biomolecules on the level of a single atom or molecule in three dimensions. Furthermore,

these simulations lack an important feature, which is relevant in the case of biomolecules

- which is their inability to predict rare events like conformational changes in proteins,

protein folding and nucleation events like the initial formation of nucleolus; see Ref. [120].

Some of these drawbacks can be eliminated by using Coarse-grained models, which we

will discuss next.

1.5.2.2 Coarse-grained models

Coarse-grained models partially alleviate the computational expensiveness of Molecular

dynamics simulations. They consider ensembles or clusters of atoms which are averages

over length scales and timescales, thus effectively reducing computational costs. In the

context of biomolecules, this can be thought of as a single interacting element which

represents a particular group of atoms. These models have often been used in conjunction

with experiments to uncover mechanisms of spatiotemporal control of the cell over the

formation and features of it’s condensates.

For example, Kaur et al. [121] employed a coarse-grained model of a ternary system

consisting of peptides and RNA complexes to demonstrate the importance of mixture

compositions in the spatial organization of multi-component condensates. Similarly, Teje-

dor et al. [122] utilized a similar model to study impact of RNA on condensate transport,

stability and spatiotemporal control over condensate dissolution and formation.

Recently, Benayed et al. [123] used a modified version of MARTINI coarse-grained

model; see Refs. [124, 125], to study biopolymer phase separation in the context of

droplet formation of the disordered protein called FUS-LCD. Zhang et al. [126] utilized
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a coarse grained approach to disentangle the roles of valency, stoichiometry and binding

strength of phase separating two-polymer systems; shedding light on how the cell might

be able to tune these roles via chemical modifications or synthesis/degradation to alter

and control the properties of the condensates.

1.5.2.3 Lattice-based models

Lattice-based models have also been utilized to study the physics of phase separation;

for example, the phenomena of gelation in phase separation in ternary systems and the

effects of intrinsically disordered linkers on droplet formation by Harmon et al. [127,

128]. Similarly, Ruff et al. [129] explored the role of scaffolds (which are multi-valent

macromolecules) in the assembly and disassembly of condensates. Notably, a recent

open-source package named LASSI (LAttice simulation engine for Sticker and Spacer

Interactions) has been developed by Choi et al. [130] to study phase separation in multi-

component systems; see Refs. [131, 132].

In this thesis, we focus on studying and capturing the effects of chemical reactions

and external chemical gradients on phase separated droplets at a cellular scale, we will

use field-based modelling and not particle-based approaches. This method allows us to

disentangle and simulate them separately, especially on long time and length-scales.

1.6 Outline of the thesis

In this thesis, we will develop a fast and efficient numerical model for simulating dynamics

of droplets, which are phase separated from a dilute phase, without solving the computa-

tionally expensive Cahn-Hilliard equation describing phase separation. Our motivation

comes from biology, where biomolecular condensates (which are formed in the intracellu-

lar environment) are spatiotemporally controlled by the cell using various mechanisms to

ensure proper functioning and survival of the cell. Out of many such control mechanisms,

the cell uses chemical reactions and external chemical gradients to maintain control over

the dynamics, structure and size of these condensates. In this thesis, we will utilize our

numerical model to disentangle and study the effects of chemical reactions and external

chemical gradients on the dynamics of droplets.

We start by introducing basic thermodynamic principles, leading upto dynamics of

phase separation, in Chapter 2. We then discuss an analytical approximation of the

Cahn-Hilliard model, i.e. the continuous model for phase separation, which describes

dynamics of phase separated droplets. In Chapter 3, we will build upon this analytical

approximation to formulate an effective droplet model, in which we separately consider

the dynamics of droplets and the dilute phase. We assume that droplets co-exist with a

background phase, described by a discretized volume fraction field, and we study their
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interaction with the background phase by discretizing their vicinity. The growth and drift

dynamics of droplets follow from the material fluxes exchanged between the droplet and

the background phase. These fluxes also affect the dynamics of the dilute phase itself,

which we describe via reaction-diffusion equations, thus making our effective droplet

model orders of magnitude faster than the Cahn-Hilliard model.

In Chapter 4, we use a synthetic test-case to study the effects of simulation parameters

of the effective droplet model and find their optimum values by comparing with the

ground truth, i.e. simulations using the the Cahn-Hilliard model. In Chapter 5 we

use the optimum parameters obtained from Chapter 4 and validate the effective droplet

model with known literature. We simulate various scenarios ranging from single droplet

in presence of chemical reactions and external chemical gradients to mean-field coarsening

of 105 droplets in a large dilute emulsion and compare these with simulations using the

the Cahn-Hilliard model (wherever computationally viable) and analytical predictions.

We demonstrate that the effective droplet model is able to accurately capture droplet

dynamics across diverse situations in and we are able to disentangle and separately study

the effects of chemical reactions and external chemical gradients on droplet growth and

drift. We find that the effective droplet model is a viable and a pragmatic option for

fast and computationally efficient simulations of phase separated droplets in large many-

droplet emulsions. Finally, in Chapter 6 we discuss future improvements and extensions

to the effective droplet model.



Chapter 2

Liquid-liquid phase separation for

binary fluids

The spontaneous segregation of a system into multiple phases of different composition

is commonly called as Phase separation. A frequent example of this phenomena is the

formation of spherical oil droplets from water. As we are primarily interested in modelling

the dynamics of droplets which have been phase separated from a dilute phase, we will

systematically build up the theory of phase separation.

In this chapter, we will start by deriving the basic thermodynamic principles gov-

erning Liquid-liquid phase separation for an incompressible binary fluid system, and we

will discuss the nature and dynamics of various phases the system forms. First, we will

restrict ourselves to passive phase separation. We will later include the effects of chemical

reactions, which are ubiquitous inside the biological cell, on the physics of phase sepa-

ration. We then focus on the situation where droplets are formed as a result of phase

separation from the dilute phase and arrive at dynamical equations for describing such

droplets and the dilute phase itself.

2.1 Thermodynamics of binary mixtures

We consider an incompressible binary fluid system, consisting of two fluids A, B. We use

the lattice description from classical thermodynamics and statistical mechanics to arrive

at the total free energy of such a system; see Refs. [133, 134] as following. On a lattice

with M lattice sites, consider that we have two types of molecules A,B, with NA and NB

representing their individual numbers. Hence, from incompressibility and particle conser-

vation we have NA+NB = M . We now define interaction energies between the molecules

themselves when two molecules are adjacent to each other. We define eAA - if we have

two A molecules together, eBB and eAB if B,B and A,B are together respectively; see

Ref. [91]. Note that various interactions such as van der Waals, electrostatic interac-

19
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tions between charged molecular groups, dipolar or entropy-driven interactions are all

encapsulated in these pair interactions and we restrict ourselves to only considering the

nearest-neighbour interactions. Further, the values of these energies determine whether

two molecules like being close to each other, i.e. if eAA < 0, then two A molecules close to

each other lower the total energy, thus keeping them together is energetically favourable.

When we keep the system at a constant temperature T , the Helmholtz free energy

for the binary homogeneous mixture, which can be thought of as a competition between

entropy and energy, reads as:

F = E − TS = E − kbT lnΩ,

where E is the internal energy, S is the entropy of the system, kb is the Boltzmann

constant and Ω are the number of states/arrangements.

We can calculate the internal energy E by considering a mean-field approximation;

see Refs. [133, 134] as following. We assume that if a certain lattice site is occupied

by A molecules, then the probability of the nearest neighbour also being molecule A is

given by ϕ = NA/M and that of being molecule B is NB/M = 1 − ϕ, as a result of

incompressibility. After neglecting the spatial correlations between the molecules and

using Stirling’s approximation, we arrive at the formulation for the internal energy E

and the free energy density f = F/V from Ref. [91] as:

E(ϕ) =
zM

2

[
eAAϕ

2 + 2eABϕ(1− ϕ) + eBB(1− ϕ)2
]
and (2.1a)

f(ϕ) =
z

2ν

[
eAAϕ

2 + 2eABϕ(1− ϕ) + eBB(1− ϕ)2
]
+

kbT

ν
[ϕ ln(ϕ) + (1− ϕ) ln(1− ϕ)] ,

(2.1b)

where z is the number of nearest neighbours for every lattice site (z = 6 for a cubic lattice),

V is the system volume and V/M = ν is the molecular volume, which we consider to be

equal for A and B in this thesis.

We next determine the physical and thermodynamic quantities pertinent to phase

separation by re-formulating the free energy density f(ϕ) from Eqs. (2.1b) as f(ϕ) =

ϕf(1) + (1 − ϕ)f(0) + fmixing(ϕ), where we separate the contributions from pure phases

and free energy of mixing given by:

fmixing(ϕ) =
kbT

ν
[ϕ ln(ϕ) + (1− ϕ) ln(1− ϕ) + χϕ(1− ϕ)] , (2.2)

where

χ =
z

2kbT
[2eAB − eAA − eBB] (2.3)

is the Flory–Huggins interaction parameter; see Refs. [4, 91].
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The term ϕ ln(ϕ)+(1−ϕ) ln(1−ϕ) is the contributions from entropy, whereas χϕ(1−ϕ)

is the energetic contribution. Note that since we consider equal molecular volumes for

A,B, fmixing(ϕ) is a symmetric function with respect to ϕ = 0.5. Furthermore, the free

energy density given by Eq. (2.1b) and the free energy density of mixing fmixing given by

Eq. (2.2) lead to identical phase separation equilibrium shown in Fig. 2.1; see Ref. [91].

We show in Appendix A that a necessary condition for phase separation to occur is the

existence of both - concave and convex regions in the free energy density.

From the Gibbs phase rule, a binary system can at most have 2 different phases at

a constant temperature T and a volume V ; see Ref. [135]. To develop the thermo-

dynamic description of phase separation, we now start with the simplest case that two

regions of different phases (i.e. regions with different volume fractions) exist together

in a thermodynamically large system and neglect any contributions from the interface,

which is region where there is a sharp change in the phases. This assumption is valid

because in the thermodynamic limit of infinite systems, the energetic contributions from

the interface is negligible.

2.2 Two phase co-existence

After obtaining the formulation for the free energy density of mixing for a homogeneous

binary incompressible mixture given by Eq. (2.2), the total free energy for a system with

two phases of different volume fractions then can be approximated as:

F ≈ V1f(ϕ1) + V2f(ϕ2), (2.4)

where V1, V2 are the volumes of phase 1 and 2 and ϕ1, ϕ2 are their volume fractions.

Following incompressibility, we have V1 + V2 = V and particle conservation reads as:

V1ϕ1 + V2ϕ2 = V ϕ and (2.5a)

V1 + V2 = V, (2.5b)

where ϕ =
∫
V ϕ dV

V
is the average volume fraction. We neglect the contribution from any

interfacial regions here, but in later sections, we include the contribution of the interface

in Eq. (2.4) as well.

The two phase system is stable only when the total free energy given in Eq. (2.4) is

minimal subject to the constraints given by Eqs. (2.5). Since the only two independent

variables are ϕ1, V1, we differentiate F from Eq. (2.4) with respect to [ϕ1, V1] to obtain

the equilibrium volume fractions ϕ0
1, ϕ

0
2 from the equations:
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f ′(ϕ0
1)− f ′(ϕ0

2) = 0 and (2.6a)

f(ϕ0
1)− f(ϕ0

2)− f ′(ϕ0
2)(ϕ

0
1 − ϕ0

2) = 0. (2.6b)

The first equation typically corresponds to a balance in the chemical potential µ = ν∂ϕf

and the second equation is a balance in the osmotic pressures Π = µϕ/ν − f(ϕ), which

taken together simply read as µ1 − µ2 = 0 and Π1 − Π2 = 0.

Note that ϕ0
1 = ϕ0

2 is a solution for Eqs. (2.6). We disregard this trivial solution and

seek another solution for ϕ0
1, ϕ0

2, which we can easily visualize when we plot the free

energy density f against the volume fraction ϕ, as seen from Fig. 2.1A.

The first condition from Eq. (2.6), i.e. f ′(ϕ0
1) − f ′(ϕ0

2) = 0 suggests that the slopes

of the lines at ϕ0
1 and ϕ0

2 are equal and the second condition from Eq. (2.6), i.e. f(ϕ0
1)−

fϕ0
2) − f ′(ϕ0

2)(ϕ
0
1 − ϕ0

2) = 0 tells that this slope is equal to the line joining the points

[ϕ0
1, f(ϕ0

1)] and [ϕ0
2, f(ϕ0

2)] (green line in Fig. 2.1A). The set [ϕ0
1, ϕ0

2] (green points in

Fig. 2.1A) is then simply such a set of points intersecting the free energy density, which

in the case of thermodynamic limit become the minima of the free energy density f(ϕ).

In general, the minima of f(ϕ) do not correspond to equilibrium volume fractions, as we

will see later. This is typically known as Maxwell’s construction; see Ref. [91].

Furthermore, we see from Fig. 2.1A that phase separation is only possible when the

average volume fraction ϕ lies between ϕ0
1, ϕ

0
2. For a large value of χ greater than a certain

value of χc, the free energy density can potentially contain a concave and a convex region;

see Fig. 2.1A, and can thus visually exhibit the lowering of the total free energy when the

system divides into two phases of unequal volume fractions. Furthermore, when χ < χc;

see Fig. 2.1A, the free energy density will have only convex regions and hence only the

homogeneous phase is possible; see Ref. [91]. This critical value χc is obtained from

calculating the inflection points of the free energy density from the equilibrium volume

fractions ϕ0
1, ϕ

0
2. Setting fmixing(ϕ

0
1) = fmixing(ϕ

0
2) and f ′

mixing(ϕ
0
1) = f ′

mixing(ϕ
0
2), we obtain

χc = 2; see Ref. [91]. Note that in this thesis, we will only consider the case χ > χc, as

we are interested in modelling phase separation phenomena.

So far, we have neglected the energetic contribution of interfacial region on the total

free energy of the system. In reality, an interfacial region will always exist because the

volume fraction must change smoothly between ϕ0
1, ϕ0

2. Hence, we next assume that the

system again consists of two phases, but now with an interface, and see how that affects

the total free energy of the system.
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2.3 Two-phase co-existence with an interface

In a system with two phases separated by an interface, the free energy density will have

contributions from the interfacial region in terms of the volume fraction ϕ and it’s spatial

gradients ∇ϕ; see Refs. [91, 136]. After integrating this free energy density with the

interfacial contributions over the volume V of the system, the total free energy density

of the system reads as a functional of ϕ; see Refs. [91, 136], as:

F [ϕ] =
1

ν

∫
dV

[
κ

2ν
|∇ϕ|2 + z

2
[eAAϕ+ eBB(1− ϕ)]

+ kbT [ϕ ln(ϕ) + (1− ϕ) ln(1− ϕ) + χϕ(1− ϕ)]

] (2.7)

However, Eq. (2.7) contains logarithmic terms, which can be avoided by considering

a simpler form of the total free energy, namely the Ginzburg-Landau free energy; see Ref.

[91], which reads as:

F [ϕ] =

∫ (
fGL(ϕ) +

κ

2
|∇ϕ|2

)
dV, (2.8)

where fGL(ϕ) is the Ginzburg-Landau free energy density and κ > 0 is a parameter related

to the interfacial tension; see Refs. [90, 91]. An important point has to be made from

Eq. (2.8): the contribution of the the gradient energy term κ|∇ϕ|2/2 gets lower when

interface width gets wider or more diffuse; see Ref. [136]. But this reduction in energy can

only be compensated by increasing material at the interface, thereby increasing fGL(ϕ).

The gradient term hence penalizes strong variations in the volume fractions across the

interface.

The reason we prefer using the Ginzburg-Landau free energy density fGL(ϕ) from

Eq. (2.8) instead of the free energy density given by Eq. (2.2) or Eq. (2.1b) is that fGL

qualitatively captures the relevant features of phase separation such as the existence of

two minima, concave and convex regions and a term which represents the interaction

term favouring phase separation. Additionally, the Ginzburg-Landau free energy density

also has a similar stability criterion and regimes of phase separation; see Fig. 2.1, as the

free energy density given by Eq. (2.2) (or Eq. (2.1b)); see Appendix A.

Henceforth, from this point onwards in the thesis, we consider the Ginzburg-Landau

free energy density which has a simple polynomial form and reads as:

fGL(ϕ) = f(ϕ) =
b

2
(ϕ− ϕ0

out)
2(ϕ− ϕ0

in)
2, (2.9)

where the minima ϕ0
in and ϕ0

out are the equilibrium concentrations in a thermodynamically

large system and b denotes the energy scale. Typically, we assume that in the thermody-
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namic limit, ϕ0
in will be a phase rich in droplet material A and ϕ0

out will be a phase rich

in dilute phase material B, and hence the notation [in/out].

To summarize, for a system of two phases with an interface, we can calculate the total

free energy from Eq. (2.8). However, we can simply separate the energy contribution of

the bulk phases and the energy contribution from the interface; see Ref. [91], and arrive

at explicit relations for the interface width w and surface tension γ, which we define and

discuss in the next section.

2.4 Interface width and surface tension

In a system of two phases with an interface, we can approximately separate the energy

contribution of the bulk phases and the energy contribution from the interface as:

F ≈ V1f(ϕ1) + V2f(ϕ2) + Finterface,

where Finterface is the free energy associated with the interface. In a thermodynamically

large system, we can assume that if the interface is sharp, i.e. the variation in the

phases occurs on a length-scale which is small as compared to the system size, it can be

approximated as a surface. Hence, we can approximate Finterface ≈ Sγ, where S is the

surface area of the interface and γ is the free energy per surface area of the interface, also

known as surface tension.

As the gradient term κ|∇ϕ|2/2 in Eq. (2.8) penalizes strong variations; see Ref. [136]

in the volume fractions across the phases, it will be the dominant term in Eq. (2.8)

near the interface. This forces the system to have a finite interface width w, which

can be calculated by considering a flat interface at position x = 0 in a one dimensional

thermodynamically large system. The equilibrium volume fractions far from the interface

read as ϕ|x→−∞ = ϕ0
in and ϕ|x→∞ = ϕ0

out. The total free energy of the system given by

Eq. (2.8) is minimized when the volume fraction profile across the phases reads as:

ϕ(x) =
ϕ0
in + ϕ0

out

2
+

ϕ0
in − ϕ0

out

2
tanh

( x
w

)
,

where w is the interface width given by w = 2
√

κ/b in our case; see Refs. [90, 91].

We can also calculate the surface tension γ by considering a flat interface of area S

at position x = 0 in a thermodynamically large system. The surface tension can now be

defined with the contributions from the interfacial region as:

γ =

∫ +∞

−∞

(
F [ϕ(x)]− F [ϕ0

in] + F [ϕ0
out]

2

)
dx.

which in our case reads as γ = (1/6)
√

b/κ; see Refs. [90, 91].
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Having calculated explicit expressions for surface tension γ and interface width w, we

now assume that we have two phases separated by an interface. Furthermore, the phase

consisting of molecules of A typically forms a droplet of radius R embedded in the phase

rich with molecules of B (dilute phase) and we next discuss the effects of surface tension

on such finite sized phase separated droplets.

2.5 Effect of surface tension on droplets

Consider a spherical droplet of radius R ≫ w formed by liquid-liquid phase separation

from the dilute phase in a system of volume V . Let ϕeq
in and ϕeq

out denote the equilib-

rium volume fractions of droplet material A inside and outside the droplet respectively.

The total free energy of such a system can simply be approximated by the sum of the

contributions from the droplet and the dilute phase as:

F ≈ Vd f(ϕin) + (V − Vd) f(ϕout) + S γ, (2.10)

where Vd = (4/3)πR3 is the volume of the droplet, S = 4πR2 is the surface area of the

droplet and γ is the interfacial surface tension. From mass conservation, the total amount

of droplet material must be conserved. Hence,

V ϕ = Vd ϕin + (V − Vd)ϕout, (2.11)

Similar to the treatment for Eqs. (2.6), we again minimize the total free energy from

Eq. (2.10) by taking the derivatives with respect to ϕin, Vd to arrive at the necessary

conditions as:

f ′(ϕin)− f ′(ϕout) = 0 and (2.12a)

f(ϕin)− f(ϕout)− f ′(ϕout)(ϕin − ϕout) +
2γ

R
= 0. (2.12b)

Similar to Eqs. (2.6), the first condition implies that the chemical potential are equal

inside and outside the droplet. Similarly, the second condition states that the difference

in the pressure inside and outside the droplet is a term which is directly proportional to

a the surface tension γ and inversely proportional to the droplet radius R, a term also

known as Laplace pressure; see Ref. [91].

The equilibrium volume fractions ϕeq
in , ϕeq

out (orange dots in Fig. 2.1A) satisfying

Eqs. (2.12) can again be determined from Maxwell’s construction as follows: We con-

struct two tangent lines (orange lines in Fig. 2.1A), which differ in their height by a value

of 2γ/R, and find the points of intersection of these tangents with the free energy density
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f(ϕ). Note that contrary to the situation of thermodynamic limit, ϕeq
in , ϕeq

out no longer

correspond to the minima of f(ϕ), but now get shifted slightly to the right (orange dots

in Fig. 2.1A), as a result of a finite Laplace pressure. In the limit of the droplet radius

R → ∞, we recover ϕeq
in , ϕeq

out as the minima of f(ϕ) (green dots in Fig. 2.1A).

We can also explicitly derive the expressions for the equilibrium volume fractions

inside and outside the droplet ϕeq
in , ϕeq

out. From Eqs. (2.12), we can expand them as

ϕeq
in = ϕ0

in + δϕin and ϕeq
out = ϕ0

out + δϕout to linear order in δϕin and δϕout, where ϕ0
in and

ϕ0
out are the equilibrium volume fractions in the thermodynamic limit; see Ref. [91]. We

then obtain

δϕout =
2γ

[ϕ0
in − ϕ0

out]f
′′(ϕ0

out)R
and (2.13a)

δϕin =
f ′′(ϕ0

out)

f ′′(ϕ0
in)

δϕout. (2.13b)

Note that δϕin, δϕout are positive, implying that surface tension slightly elevates the

equilibrium volume fractions inside and outside the droplets from the basal values ϕ0
in, ϕ

0
out

(which are the equilibrium volume fractions in the droplet phase and the dilute phase in

the thermodynamic limit). This effect is also inversely proportional to the droplet radius

R, implying larger droplets are less affected than small droplets. This has a consequence

when we discuss Ostwald-Ripening in detail in a later section.

To better see the effect of surface tension γ on the droplets, we re-write Eqs. (2.13)

as:

ϕeq
in = ϕ0

in

(
1 +

lγ,in
R

)
and (2.14a)

ϕeq
out = ϕ0

out

(
1 +

lγ,out
R

)
, (2.14b)

where lγ,out and lγ,in are capillary lengths given by:

lγ,in = (κ/b)1/2/[3ϕ0
in

(
ϕ0
in − ϕ0

out

)3
] and

lγ,out = (κ/b)1/2/[3ϕ0
out

(
ϕ0
in − ϕ0

out

)3
],

in the case of the free energy density given by Eq. (2.9) discussed in this thesis. Since we

consider strong phase separation (ϕ0
in ≫ ϕ0

out), a consequence of Eqs. (2.15) is lγ,out ≫ lγ,in,

leading to approximating the volume fraction inside the droplet as ϕin ≈ ϕ0
in. Thus, the

curvature of the droplets mostly only affects ϕout. Hence, we finally arrive at the effects

of surface tension on the basal values ϕ0
in, ϕ0

out, for a droplet of radius R.
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To summarize, if we start with a homogeneous phase in the spinodal regime (see

Fig. 2.1B), the system is unstable, so any perturbations in the system grow and we end

up with two bulk phases; see Appendix A. However, if we start with a homogeneous phase

in the nucleation and growth regime, droplets nucleate for sufficiently high perturbations,

and grow by taking up material from the dilute phase.

Having introduced the various phases possible from the free energy density given by

Eq. (2.9), we next introduce the dynamical equations for such phase-separating systems.

2.6 Continuous model of phase separation for passive

systems

The dynamics of the system follow from the continuity equation:

∂ϕ

∂t
+∇ · j = 0,

where j denotes diffusive fluxes which are driven by gradients in chemical potential µ;

see Ref. [91], which in our case of the free energy density (Eq. (2.9)) becomes:

µ = ν
δF

δϕ
= b(ϕ0

in − ϕ)(ϕ0
out − ϕ)(2ϕ− ϕ0

in − ϕ0
out)− κ∇2ϕ, (2.16)

where ν is the molecular volume of the droplet material. Linear non-equilibrium thermo-

dynamics implies that the fluxes are proportional to gradients in the chemical potential;

see Ref. [91], which reads as:

j = −Λ(ϕ)∇µ,

where Λ(ϕ) is a positive mobility; see Ref. [137]. Hence, the resulting equation takes the

form:
∂ϕ

∂t
= ∇ · [Λ(ϕ)∇µ], (2.17)

which we will refer to hence-forth in this thesis as the Continuous model of phase separa-

tion. Eq. (2.17) is traditionally also known as the Cahn-Hilliard equation; see Refs. [136,

104], which describes passive phase separation. In this thesis, we will refer to Eq. (2.17)

and it’s counterpart with chemical reactions Eq. (2.18) as the continuous model. In partic-

ular, two bulk phases with composition ϕ0
in and ϕ0

out typically emerge, which are separated

by a typically thin interface of width w = 2
√
κ/b and surface tension γ = (1/6)

√
b/κ.

Consider now a system of droplets formed from sufficiently finite perturbations inside

the nucleation and growth regime; see Appendix A. Droplets with smaller radius will have

a larger Laplace pressure (∝ R−1) and droplets with higher radius will consequently have

a smaller Laplace pressure. This difference causes a gradient of the chemical potential

between the droplets and thus material flows from the smaller to the larger droplets, a
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process known as Ostwald-Ripening ; see Ref. [91]. Eventually, only one droplet remains,

and we will elaborate more on this process in Chapter 5. Naturally, such a coarsening

is not favourable for biomolecular condensates, as their size and location needs to be

controlled by the cell in order to perform various biomolecular functions. One such way

of suppressing this coarsening behaviour is introduction of chemical reactions and make

the system active; see Refs. [90, 91, 138], which we will discuss in the following section.

2.7 Continuous model of passive phase separation

with chemical reactions

We now consider simple chemical reactions which convert the droplet material A into

dilute phase material B and vice versa, in which case the individual number of molecules

of A,B are no longer conserved, but their sum is. We assume that the chemical reactions

are typically local and can be often described by rate laws that depend on the composition.

In addition, we consider chemical reaction schemes which do not obey detailed balance

because in a reaction scheme obeying detailed balance, A and B can convert into each

other and the volume fractions ϕin, ϕout will relax into states where the total free energy

is minimized for a given average volume fraction ϕ =
∫
V ϕ dV

V
. This state is usually

the homogeneous state consisting of no droplets and hence broken detailed balance is

necessary; see Refs. [90, 91].

However, breaking of detailed balance is partly inspired from Biology as well. For

example, A,B can represent two states of a protein with their conversion facilitated

by phosphorylation dephosphorylation reactions, when the energy source is adenosine

triphosphate molecules; see Ref. [139]. Aguilera-Gomez et al. [140] highlighted the

general importance of MARylation in the formation and control of condensates in the

Drosophila oocyte. Similarly, phosphorylation of NBDY (which is an intrinsically dis-

ordered protein) has been shown by Na et al. [141] to be linked with the stability of

P-bodies. Similarly, Saurabh et al. [142] showed in vivo that ATP depletion promotes

phase separation in eukaryotic cells, also see Ref. [143].

Strong chemical reactions can actually destroy droplets and/or lead to droplet split-

ting; see Ref. [144] and they might also lead to more complicated patterns; see Refs. [138,

145], which go beyond the scope of this thesis. Hence, in this thesis, we consider situa-

tions in which detailed balance is broken, subsequently leading to novel non-equilibrium

effects in the system. For example, Zwicker et al. [90, 146] showed that Ostwald-Ripening

is shown to be suppressed when simple first order chemical reactions are present between

the droplet and the dilute phase material and multiple droplets can co-exist. Influence

of chemical gradients on phase separation has been studied by Weber et al. [97] and

revealed a physical mechanism for arresting droplet ripening.
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In this thesis, we focus on situations of weak reaction rates and hence, chemical

reactions introduce only a local sink/source term s(ϕ) in the continuity equation; see

Refs. [90, 91], as:
∂ϕ

∂t
+∇ · j = s(ϕ),

and the resulting dynamical equation then takes the form:

∂ϕ

∂t
= ∇ · [Λ(ϕ)∇µ] + s(ϕ). (2.18)

and we arrive at the dynamics of the system when local chemical reactions are present.

Note that Eq. (2.18) is a fourth-order, non-linear partial differential equation requiring

two boundary conditions for ϕ, µ. We here focus on the typical choice of no-flux condi-

tions (n · ∇µ = 0) and (n · ∇ϕ = 0), implying that dilute phase and droplet material

interact identically with the system’s boundaries, whose normal vector is denoted as n.

2.8 Thin interface approximation of the continuous

model

We now arrive at an important junction in this thesis. Till now, we have presented basic

principles of phase separation for an incompressible binary fluid system and arrived at

the effects of chemical reactions on the dynamics of phase separation.

Our aim in this thesis is to numerically simulate phase separation phenomena, in

particular, the dynamics of phase separated droplets. We hence restrict ourselves to the

nucleation and growth regimes of phase separation, and do not consider the spinodal

growth regime; see Fig. 2.1B. Furthermore, we assume that owing to sufficiently finite

perturbations, well defined droplets with typical radius (R ≫ w) have been phase sepa-

rated from the dilute phase, and we do not consider any nucleation events. Simply put,

we assume that droplets bigger than the interface width w have been formed as a result

of sufficiently finite perturbations in the nucleation and growth regime, whose dynamics

we are interested in simulating.

The dynamics of such a system with droplets phase separated from the dilute phase is

adequately described by Eq. (2.18). But beyond the linear regime (i.e. close to ϕ0
in, ϕ0

out

from Eq. (2.9)), Eq. (2.18) is difficult to solve analytically, as it is non-linear and contains

fourth order spatial derivatives. The continuous model, given by Eq. (2.18), can also be

prohibitively costly to simulate due to multiple reasons:

1. The interface needs to be spatially resolved, implying that the spatial discretization

of the system should be smaller than the typically small interface width w. Since we

typically consider dilute system of many droplets, simulations are computationally
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expensive because regions far away from the droplet interfaces typically exhibit very

low variation in the volume fraction ϕ as seen from Fig. 2.2.

2. Eq. (2.18) contains fourth order spatial derivatives, which limits the time steps to

extremely small values.

3. Interesting and relevant dynamics usually takes place on very long time scales,

for instance: during Ostwald-Ripening, the length scales in the system evolve as

t 1/3 following the Lifshitz-Slyozov-Wagner scaling laws; see Refs. [147, 148]. This

typically requires long simulations to capture the relevant behaviour.

Owing to these limitations, simulations of phase separated droplets become extremely

computationally expensive. From typical simulations of phase separated droplets using

the continuous model; see Fig. 2.2, we make certain observations which can enable us to

simulate such system of droplets faster and efficiently.
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Figure 2.1: Schematics of the free energy density for a binary system and the
corresponding phase diagram. (A) shows schematics for an asymmetric free energy
density for χ > χc as a function of volume fraction ϕ. Phase separation is possible only
when the average volume fraction lies between ϕ0

1, ϕ0
2. In the thermodynamic limit, the

equilibrium volume fractions [ϕ0
1, ϕ

0
2] (green dots) satisfying Eqs. (2.6) are the minima of

the free energy density. For the case when phase separation occurs and a droplet of radius
R forms, the equilibrium volume fractions (orange dots) shift slightly to the right and
the tangents at the equilibrium volume fractions differ in height by a value given by the
Laplace pressure. (B) Phase diagram for the system for different interaction parameters
χ as a function of the volume fraction ϕ. Below the critical interaction parameter χ < χc,
only one phase (the homogeneous state) exists. The phase boundary (thick black line);
also known as the binodal, separates this region from regions where phase separation
is possible. For χ > χc, lie two different regimes, namely the nucleation and growth
regimes and the spinodal decomposition regime. Between the binodal and the spinodal
(dashed black line), we have the nucleation and growth regime which suppresses any
infinitesimal perturbations. For low ϕ, sufficiently finite perturbations are required for
droplets (in yellow) to nucleate and grow in size in the dilute phase (in blue) and for
high value of ϕ, droplets and dilute phase simply swap places. Note that this regime is
possible for low and high values of ϕ, and for intermediate ϕ (spinodal decomposition
regime), infinitesimal perturbations grow and system phase separates into bi-continuous
structures. The intersection of the binodal and the spinodal is χc (blue dot), which in
the case of equal molecular volumes for A, B is χc = 2 and occurs at ϕ = 0.5; see Ref.
[91].
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Figure 2.2: Typical simulation state for the continuous model. Figure shows
a typical state for simulations of the continuous model (Eq. (2.18), s(ϕ) = 0) in the
nucleation and growth regime depicting the volume fraction field ϕ. Phase separated
droplets (yellow, with ϕin ≈ ϕ

(0)
in ) are round and variation of ϕin, ϕout in the droplets and

dilute phase (blue, with ϕout ≈ ϕ
(0)
out) itself is low. The basal values are chosen as ϕ

(0)
out = 0

and ϕ
(0)
in = 1 from Eq. (2.9).

The observations we make are:

1. Droplets are typically round due to surface tension effects, with the interface w

typically smaller than the droplet radius (R ≫ w). Typically, the interfacial width

w varies from 10− 100 nm; see Ref. [149], and is often a small quantity compared

to the typical length-scales in the system.

2. Strong phase separation exists between the droplet and the dilute phases, i.e. ϕ0
in ≫

ϕ0
out; see Fig. 2.1A.

3. Far away from the droplets, spatial variation in the volume fractions is low inside

the droplets and the dilute phase itself.

Since we have strong phase separation and low spatial variation of volume fractions inside

the droplet phase and inside the dilute phase, we can linearize Eq. (2.18) around ϕ0
in, ϕ

0
out

to obtain the reaction-diffusion equations which hold inside both the phases; see Ref. [91],

as:

∂ϕin/out

∂t
≈ Din/out∇2ϕin/out + s(ϕin/out), (2.19)

where Din/out = Λ(ϕ0
in/out) b is the diffusivity inside the droplets and outside the droplets

respectively. Eqs. (2.19) is known as the thin-interface approximation; see Ref. [90], of

the continuous model.

Thus, we arrive at a framework where Eqs. (2.19) enable us to separately consider the

volume fractions inside the droplets (ϕin) and outside the droplets, i.e. inside the dilute

phase (ϕout). We will discuss these reaction-diffusion equations for dynamics of droplets



CHAPTER 2. LIQUID-LIQUID PHASE SEPARATION FOR BINARY FLUIDS 33

and the dilute phase in more detail, in the next chapter. Note that the quantities κ,w and

Λ act as the link between the continuous model given by Eq. (2.18) and the dynamics

of the droplets and dilute phase from Eqs. (2.19), as κ,w appear in Eqs. (2.14) when

evaluating the equilibrium volume fractions for the droplets.

Hence, for phase separated droplets, we have separated the dynamical equations for

the droplets and the dilute phase; see Eqs. (2.19), from the continuous model given by

Eqs. (2.18). Note that Eqs. (2.19) contain only second order spatial derivatives and hence

are potentially much faster to simulate than Eqs. (2.18). In the next chapter, we discuss

on the procedure of formulating a numerical scheme using Eqs. (2.19) to simulate the

dynamics of the droplets and the background field. Since we separately consider dynamics

of the droplets and the dilute phase, the thin interface formulation essentially separates

the droplets in the foreground from the dilute phase material in the background. Hence,

we will call the dilute phase as background field in this thesis from this point on-wards.

2.9 Summary

In this chapter, we presented the basic principles of Liquid-liquid phase separation for

an incompressible binary fluid system using statistical mechanics and linear equilibrium

thermodynamics. We started with a microscopic picture of phase separation by con-

sidering a molecule based lattice model, where we defined interactions between pairs of

molecules and used the mean-field approximation; see Ref. [91], to determine the free

energy density and internal energy of the system; see Eqs. (2.1) and the Flory-Huggins

interaction parameter χ; see Eq. (2.3). We showed from Fig. 2.1, that for large values

of the interaction parameter χ > χc, the free energy density contains both - a concave

and a convex part, thus potentially lowering the total free energy and phase separating

the homogeneous mixture into two phases. Consequently, for χ < χc, only homogeneous

phases are possible and thus, no phase separation.

With an aim to arrive at the dynamical equations of phase separation, we first de-

termined the equilibrium volume fractions of the two phases when they phase separated:

a) In the thermodynamic limit without an interface, and b) With the inclusion of an

interfacial term. Since we wanted to simulate dynamics of phase separated droplets, we

focused on the nucleation and growth regimes and assumed finite sized droplets have

formed via sufficiently finite perturbations in the homogeneous state. Taking advantage

of the simple form of the Ginzburg-Landau free energy density (Eq. (2.9)) over the free

energy density given by Eq. (2.2), we used it to derive the effects of interface width w

and surface tension γ on the equilibrium volume fractions (Eqs. (2.14)) for droplets and

found that they are elevated from the basal values ϕ0
in, ϕ0

out; see Eq. (2.9).

We then derived the dynamical equations for passive phase separation by considering

that gradients in chemical potential µ drive the material fluxes and arrived at the tradi-
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tional Cahn-Hilliard equation describing passive phase separation, given by Eq. (2.17).

Next, we took into account the effect of local and weak chemical reactions, which break

detailed balance and lead to novel physics, on passive phase separation and arrived at the

dynamical equation for the system in presence of chemical reactions given by Eq. (2.18).

Finally, we showed the limitations and drawbacks in simulating the continuous model;

given by Eq. (2.18), for simulating the dynamics of phase separate droplets. Based

on valid assumptions, we then formulated an approximated analytical model; given by

Eqs. (2.19), which described the separation of the dynamics of droplets and the dilute

phase using simple reaction-diffusion equations.



Chapter 3

Effective simulations of droplets

In the previous chapter, we developed the framework for separately describing the volume

fraction inside the droplets (ϕin) and outside the droplet i.e. inside the background field

(ϕout). From typical simulations of the continuous model given by Eq. (2.18); see Fig. 2.2,

we assumed that:

1. Strong phase separation exists between the droplet material and the background

field, i.e. ϕ0
in ≫ ϕ0

out.

2. ϕin, ϕout themselves vary little inside the droplet and the background field respec-

tively and can be modelled using simple reaction-diffusion equations.

We thus arrived at the thin-interface approximation; see Eqs. (2.19) of the continuous

model. We next focus on utilizing this framework to develop a numerical model to

simulate dynamics of phase separated droplets and background field, known henceforth

as the effective droplet model.

The aim of the effective droplet model is to replace the detailed description of the

entire volume fraction field; given by Eq. (2.18), by the relevant degrees of freedom of

the droplets. In a typical situation of well-separated droplets that are spherical due

to surface tension, droplets are adequately described by their position xi, radii Ri and

volume fraction ϕin. The background field ϕout and the droplets are naturally coupled

through material exchanges, which we discuss and model in the subsequent sections.

Since material fluxes across the interface of the droplets give rise to their growth and drift,

we start by formulating dynamical equations for volume fractions ϕin, ϕout, evaluating

determining material fluxes, thus systematically building up the effective droplet model.

3.1 Volume fraction and fluxes inside droplets

We begin by considering a single droplet of radius R ≫ w embedded in a large background

field. Since ϕin typically varies only a little inside the droplets and remains close to ϕ0
in,

35
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we linearize ϕin around ϕ0
in to obtain the dynamical equation from the thin-interface

approximation; see Eqs. (2.19), as:

∂ϕin

∂t
≈ Din∇2ϕin + s(ϕin), (3.1)

where Din ≈ Λ(ϕ0
in) b is the diffusivity inside the interface of the droplet. Since ϕin is

linearized around ϕ0
in, the reaction flux s(ϕin) inside the droplet can also be linearized

around ϕ0
in as:

s(ϕin) ≈ s(ϕ0
in)− kin(ϕin − ϕ0

in),

where kin = −s′(ϕ0
in) denotes the reaction rate; see Ref. [91]. Note that positive rates

(kin > 0) stabilize the fraction ϕin, while large negative rates might destabilize leading

to unstable droplets. However, the instability is suppressed when the droplet radius R

is small compared to the reaction-diffusion length-scale, ξin =
√

Din/|kin|; see Ref. [91].

Since we here consider weak chemical reactions, ξin will be large, and we thus assume

that R ≪ ξin holds.

We then solve Eq. (3.1) in stationary state in a spherically symmetric system with

boundary conditions ϕin(R) = ϕeq
in and ∂rϕin(0) = 0; The analytical result for ϕin allows

us to estimate the diffusive flux jin inside the droplet; see Appendix D, as:

jin ≈ [−Din∇ϕin(R)]n ≈ R

d
s(ϕeq

in ) n , (3.2)

where d is the space dimension and the normal vector to the droplet surface is denoted by

n. Note that production of droplet material inside the droplet (s(ϕeq
in ) > 0) leads to an

outward flux jin · n > 0, which can drive droplet growth. Conversely, destroying droplet

material (s(ϕeq
in ) < 0) drives shrinking droplets. Having estimated the fluxes inside the

droplet, we next discuss dynamics of ϕout in the background field.

3.2 Dynamics of the background field

Droplets might also grow if they take up material from the surrounding. Spatial gradients

of ϕout outside the droplet surface lead to material fluxes into the droplet. In general,

ϕout can be calculated by considering that it will typically vary only little and stay close

to ϕ0
out. Similarly as inside the droplets, we can then linearize around the base value

ϕ0
out to obtain the reaction-diffusion equation from the thin-interface approximation; see

Eqs. (2.19), as:
∂ϕout

∂t
≈ Dout∇2ϕout + s(ϕout), (3.3)

where Dout = Λ(ϕ0
out) b is the diffusivity outside the droplets. Thus, in principle, both

ϕin, ϕout can be analytically calculated from Eq. (3.3) and Eq. (3.1) with appropriate
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boundary conditions.

3.3 Interfacial velocity and dynamics of the droplets

Material fluxes across droplets are responsible for their growth and drift; see Refs. [91,

97]. If we know the volume fraction profiles ϕin, ϕout from Eq. (3.1) and Eq. (3.3), we can

then evaluate the fluxes jin (inside the droplet) and jout (outside the droplet) to determine

the net accumulation of droplet material at the interface, which implies droplet growth.

Note that only the normal components of the fluxes affect the shape, while the tangential

components merely re-distribute material parallel to the interface. In general, these shape

changes of the isolated droplet are described by the interfacial speed as ∂tR = vn/(er ·n);
see Refs. [91, 97, 150], where er is the position unit vector to the droplet surface. Since

surface tension effects typically ensure a near-spherical shape, the interfacial speed vn

(see Appendix C) for spherical droplets can be written as:

vn ≈ jin − jout
ϕeq
in − ϕeq

out

· n. (3.4)

We thus have an expression for droplet growth in terms of the fluxes jin, jout. Generally,

these fluxes can result in shape fluctuations and non-spherical droplets; see Refs. [91,

144]. As we consider spherical droplets, it enables us to finally describe the dynamics of

spherical droplets; see Appendix B, as:

dR

dt
=

1

S

∫
Ω

vn dA and (3.5a)

dx

dt
=

d

S

∫
Ω

vnn dA, (3.5b)

where the integral is over the droplet surface Ω, d is the space dimension and S is the

surface area of the droplet. Thus, we arrive at a framework, where we can determine the

growth and drift of a single isolated droplet if we know the fluxes jin, jout inside and

outside the droplet interface.

To summarize, Eqs. (3.5) determine how an isolated droplet evolves in time. This

involves calculating ϕeq
in , ϕeq

out from Eqs. (2.14), jin from Eq. (3.2), the interfacial speed

vn from Eq. (3.4) and most importantly, the fluxes jout outside the droplet interface.

Evaluating jout is a central part of our model, which we discuss next.

3.4 Numerical model for many spherical droplets

We next present the methodology to derive the flux jout outside each droplet and derive

the numerical counterpart for Eqs. (3.5) in order to arrive at the discretized dynamics of
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Figure 3.1: Schematics of the simulation model, describing droplets and the
background field ϕout. (A) Droplets (top plane, gray spheres) co-exist with the back-
ground field ϕout (bottom plane) and interact with it only through material fluxes. For
simplicity, ϕout also exists at the location of the droplets, but this has negligible effect on
the dynamics. Gray lines (top plane) show lines of similar background field ϕout. Dense
lines indicate higher ϕeq

out for smaller droplets. (B) Isolated droplet (yellow) with a sur-
rounding shell of thickness ℓ (green), which is further discretized in N sectors of linear
size ∆s. The exchanged fluxes between droplet and background are determined in each
sector based on the equilibrium fraction ϕeq

out (red dots) and the value ϕ
(m)
out at the outer

side (black dot), which is determined from the background field using linear interpolation.
The background field ϕout is uniformly discretized on a Cartesian grid (cyan dots, gray
grid).

the droplets. We first consider the dynamics of the volume fraction of the background field

ϕout. In principle, the dynamics of ϕout follows from Eq. (3.3), with appropriate boundary

conditions applied at the system’s boundary and at all droplet surfaces. However, that

would mean solving for ϕout on the entire domain with holes at the locations of the

droplets, which would be numerically expensive and would potentially involve knowing

spatially resolved background field near the droplets.

However, we can simplify the description of the background field as variation in ϕout

is low and hence ϕout typically stays close to ϕ0
out. We can hence assume that ϕout spans

the entire domain, including where droplets are present, as the numerical value for ϕout

is small. This is a crucial assumption in our model, as this removes the computationally

expensive part to solve for the dynamics of ϕout on a complicated domain.

Hence in this description, we completely ‘de-couple’ droplets from the background field

and consider the droplets as local perturbations to background field at their respective

locations; see Fig. 3.1A. We next briefly discuss the dynamics of the background field

ϕout and return to dynamics of ϕin inside the droplets later.
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3.4.1 Dynamics of the background field

Generally, the dynamics of the background field ϕout is affected due to diffusion and

reactions, even if droplets are absent. Additionally, if the droplets are present, material

fluxes might flow in or out of the background field, eventually affecting the dynamics of

ϕout. To numerically capture the dynamics of ϕout, we discretize the continuous field ϕout

on a uniform Cartesian grid with a spatial discretization ∆x between the neighbouring

support points. We then evolve Eq. (3.3) for a given chemical reaction scheme s(ϕout) in

time using finite differences and an explicit temporal stepping, using a simulation package

py-pde, written in Python and developed in the Zwicker Group; see Ref. [151].

Note that since we do not need to resolve droplets at this scale, the spatial discretiza-

tion ∆x can be much larger than the interface width w, enabling us to simulate the

background field using Eq. (3.3) at significantly lower computational costs (and higher

speeds) compared to the continuous model Eq. (2.18). We next discuss the extent to

which a single droplet alters ϕout in it’s vicinity, enabling us to approximately calculate

jout outside the droplet.

3.4.2 Single droplet in an anisotropic environment

To obtain the fluxes in the outer vicinity of an isolated droplet, we need to determine

ϕout in the region surrounding this droplet. In general the vicinity of the droplet might

be anisotropic. We discretize the heterogeneous vicinity of the droplet by constructing

an annular region of thickness ℓ surrounding the droplet. We further discretize this shell

into N annular shell sectors; see Fig. 3.1B, to resolve spatial anisotropies of ϕout near

the droplet. These sectors are chosen uniformly in the angular directions for 2 and 3

dimensions and we assume that N is large so that fluxes in the angular directions are

negligible.

We then denote the volume fraction of the droplet material in the m-th sector as

ϕ
(m)
out (r), where r is a radial coordinate measuring the distance of the droplet surface

from the droplet position x. Assuming that the dynamics of ϕ
(m)
out (r) in the shell sector

relaxes quickly relative to the droplet growth and drift, we can determine ϕ
(m)
out (r) using

Eq. (3.3) in stationary state along with the boundary conditions ϕ
(m)
out (R) = ϕeq

out and

ϕ
(m)
out (R+ ℓ) = ϕ

(m)
shell. Here, ϕ

(m)
shell is the fraction of droplet material in the background field

at the outer side of the m-th shell sector, which we estimate from a linear interpolation

of the discretized background field ϕout; see Fig. 3.1B. Thus ϕ
(m)
shell is an approximate

representative volume fraction of the background field at the outer surface of the shell.

Solving Eq. (3.3) would require information about the reaction flux s(ϕout) inside the

shell sector, which we will discuss next.

Next, we focus our attention on the reaction flux inside the sector, given by s(ϕ
(m)
out )

from Eq. (3.3), and determine it’s effect on the dynamics of ϕ
(m)
out (r) inside the m-th shell
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sector. We assume that ϕ
(m)
out (r) varies only marginally in the shell sector which allows us

to linearize the reaction flux as a function of ϕ
(m)
out as:

s(ϕ
(m)
out ) ≈ Γout − kout ϕ

(m)
out ,

where

Γout =
ϕ
(m)
shell s(ϕ

eq
out)− ϕeq

out s(ϕ
(m)
shell)

ϕ
(m)
shell − ϕeq

out

and (3.6a)

kout =
s(ϕeq

out)− s(ϕ
(m)
shell)

ϕ
(m)
shell − ϕeq

out

, (3.6b)

are obtained from the boundary constraints s(ϕ
(m)
out )(R) = s(ϕeq

out) and s(ϕ
(m)
out )(R + ℓ) =

s(ϕ
(m)
shell). Taken together, the dynamics of ϕ

(m)
out (r) inside the shell sector can finally be

determined from the steady state of Eq. (3.3) as:

Dout∇2ϕ
(m)
out (r) + Γout − kout ϕ

(m)
out (r) ≈ 0, (3.7)

which can be analytically solved for ϕ
(m)
out (r); see Appendix E. Note that here we implicitly

assume that the angular discretization of the shell is small enough, so that ϕ
(m)
out is only a

function of the radial co-ordinate, which is the case for a large N .

Solving for ϕ
(m)
out gives us the local material fluxes outside the droplet surface for each

sector in the normal direction as j
(m)
out · n = [−Dout∇ϕ

(m)
out (R)] · n, where Dout is the

diffusivity outside the droplet. We thus arrive at the fluxes outside the droplet; see

Appendix E. Knowing the flux j
(m)
out · n outside each droplet for each m-th shell sector,

we next determine the growth and drift of a system of droplets.

3.4.3 Growth and drift of a system of droplets

To briefly summarize, we obtain an analytical approximation of ϕ
(m)
out (r) in each shell

sector, from which we determine the local flux j
(m)
out for a shell sector of a single isolated

droplet. We now consider a system of droplets much bigger than the interface width

(R ≫ w) and neglecting the small value of ϕeq
out, the interfacial velocity then reads from

Eq. (3.4) as:

vn ≈ jin − jout
ϕeq
in

· n,

Using the expression for jin from Eq. (3.2) along with the expression for j
(m)
out · n for the

m-th shell sector; see Appendix E, we finally arrive at a discretized form of Eqs. (3.5) for

each droplet as:
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∆R

∆t
≈ 1

ϕeq
in

N∑
m=1

Am

S

(
R

d
s(ϕeq

in )− j
(m)
out

)
and (3.8a)

∆x

∆t
≈ d

ϕeq
in

N∑
m=1

Am

S

(
R

d
s(ϕeq

in )− j
(m)
out

)
nm, (3.8b)

where R, S, V are the radius, surface area and volume of the droplet respectively, d is the

space dimension, Am is the inner area of the shell sector, d is the space dimension and

nm is the unit vector pointing from the droplet center to the m-th shell center; (orange

dot, see Fig. 3.1B). Eqs. (3.8) can then be easily extended to encompass the description

of multiple droplets and we thus arrive at the set of dynamical equations for describing

growth and drift of a system of droplets. Note that for the droplets to drift, the fluxes

j
(m)
out necessarily need to be anisotropic with respect to the droplet. This can be easily

seen from the fact that if the droplet vicinity is isotropic, the droplet will simply grow

and not drift.

We thus use Eqs. (3.8) to describe how internal reactions and external material ex-

change with the background field affects the dynamics of each droplet.

3.4.4 Coupling of droplets and background field

We next describe a crucial part of the numerical scheme which involves coupling of the

droplets with the background field. Eqs. (3.8) describes how droplets change when they

take up droplet material from the background field ϕout. Recall that the local flux j
(m)
out ·n

enters the shell sector at the inner shell sector boundary (red points in Fig. 3.1B). Due to

material conservation, the integrated flux Σ = j
(m)
out ·nAm needs to be removed from the

background field ϕout for each shell sector of each droplet at the midpoint of the inner shell

sector boundary (red points in Fig. 3.1B). Similar to the procedure when estimating ϕ
(m)
shell

from ϕout, we again use a linear interpolation to remove the respective amount from the

background field ϕout. Note that negative fluxes j
(m)
out distribute material from the droplets

to the background field. This procedure ensures that the total material flux toward the

droplet is taken from the background field and it preserves potential anisotropies of the

exchange.

3.4.5 Choosing the time-step ∆t

We discuss the procedure for calculating the time-step ∆t used in the numerical model,

which is a crucial simulation parameter as it potentially affects droplet growth and drift;

see Eqs. (3.8), as well as the dynamics of the background field ϕout; see Eq. (3.3). Nat-

urally, we wish to select a maximum allowed time-step which accurately captures the
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dynamics of the droplets and the background field.

Hence, ∆t should be chosen based on the minimum of the time-steps involved when

evolving:

1. The dilute field ϕout in time, according to Eq. (3.3).

2. The dynamics of the background ϕ
(m)
shell(r) inside the m-th shell sector, as described

by Eq. (3.7).

3. The dynamics of the droplets in time, according to Eqs. (3.8).

4. The time-step arising from chemical reactions.

Naturally, smaller values of ∆t imply more accurate simulations and larger values result

in faster (but less accurate) simulations. We next separately analyze the dynamics of the

background field, the shell, and the droplet growth to identify the maximal suitable value

of ∆t.

In general, the time-step for evolving Eq. (3.3) is determined from the mutual in-

terplay between reactions and diffusion. A standard von Neumann stability analysis of

Eq. (3.3) shows that our numerical scheme is stable if ∆t < ∆x2/(2Dout), where Dout is

the diffusivity outside the droplet. Consequently, a suitable time-step for evolving the

background field is ∆tbackground = 0.1∆x2/Dout, where we choose the constant pre-factor

conservatively as 0.1 instead of 0.5. Similarly, we define ∆tshell = 0.1ℓ2/Dout for the

shell. We also consider the time scale of reactions, ∆treaction = 0.1/(maxϕ |s(ϕ)|), based
on the maximal rate of s(ϕout) to accurately capture the effect of chemical reactions on

the dynamics of ϕout.

Finally, to ensure that the dynamics of droplet growth is captured correctly, we assume

the droplet growth rate (∆R/∆t) at each time-step to be proportional to their radius

R (neglecting the 1/R2 dependence); see Ref. [91], and limit the droplet growth rate

from Eqs. (3.8) to 10% of their previous size. In other words, we place a restriction such

that the relative growth of a single droplet R−1|dR/dt| is small during a single time-step

∆t. Assuming that typical droplets are not much smaller than the mean initial droplet

radius ⟨R⟩, this implies a maximal time-step ∆tdroplets = 0.1⟨R⟩2/Dout. This is specially

important when considering mean-field simulations as time-step ∆t would be too high

if it is calculated solely on the basis of the shell thickness (∆tshell) and the background

field discretization (∆tbackground). Such a large time-step will erroneously calculate the

droplet dynamics from Eqs. (3.8) and hence we have to consider the size of the droplets

as well when calculating the time-step ∆t. Finally, we choose the time-step ∆t which is

a conservative minimum of all the different time-steps mentioned above, i.e.

∆t = 0.1min

[
0.1∆x2

Dout

,
0.1⟨R⟩2

Dout

,
0.1ℓ2

Dout

,
0.1

(maxϕ |s(ϕ)|)

]
. (3.9)
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3.4.6 Algorithm and full simulation

The full numerical method involves evolving the state of the system, i.e., the discretized

background field ϕout(r) and the positions xi and radii Ri of all droplets in time. We

perform an explicit iteration in time, where the state at t + ∆t is directly determined

from the state at time t. We first evolve the reaction-diffusion equation Eq. (3.3) of the

background field and then iterate over all droplets. For each droplet, we determine the

fluxes j
(m)
out · n outside the m-th sector. We then remove the associated material from

the background field for all N shell sectors and update the droplet’s position and radius

according to Eqs. (3.8). Starting from an initial state at t = 0, the numerical algorithm

(see Algorithm 1), allows us to evolve the dynamics forward in time.

3.5 Summary

As we were interested primarily in simulating dynamics of phase separated droplets

and background field, we built upon the thin-interface approximation model given by

Eqs. (2.19) from Chapter 2, which separately describes the dynamics of droplets and

the background field. This model is an approximation of the continuous model given by

Eq. (2.18). To accurately model the dynamics of the droplets, we needed to calculate the

material fluxes in the droplets jin and outside the droplets jout, which govern how much

material enters or exits the droplets, thus affecting their dynamics.

We first described the dynamical equations for the volume fraction inside the droplet

ϕin from Eq. (3.1) and calculated jin from Eq. (3.2) based on chemical weak reactions.

Assuming that we knew the volume fraction outside the droplets ϕout in principle from

Eq. (3.3), jout outside the droplet could then be evaluated, leading to the interfacial speed

vn from Eq. (3.4), which led us to formulating the dynamical equations of growth and

drift for spherical droplets given by Eqs. (3.5).

We then focused on calculating the fluxes outside the droplets jout, which stem from

spatial gradients in ϕout. In principle, dynamics of ϕout followed from the dynamical equa-

tion Eq. (3.3) with appropriate boundary conditions at the droplet surfaces. However,

we greatly simplified the description of ϕout by assuming that ϕout also exists at locations

where the droplets exist as well; see Fig. 3.1A, and that the ϕout is slightly altered near

the droplets in the presence of the droplets. This meant that the dynamical equation for

ϕout Eq. (3.3) no longer needed complicated boundary conditions at the locations of the

droplets, but only boundary conditions at the edges of the domain.

Since droplets altered the background field near them, we wanted to quantify this

influence in order to accurately calculate the fluxes outside the droplet. To that end,

we discretized the surroundings of each droplet by considering annular shell sectors of

thickness ℓ and angular width ∆s. To obtain the fluxes in the m-th shell sector j
(m)
out , we
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needed the volume fraction field outside the droplet ϕ
(m)
out , which we solved from Eq. (3.7).

The boundary conditions used to solve Eq. (3.7) were ϕ
(m)
out (R) = ϕeq

out and ϕ
(m)
out (R+ ℓ) =

ϕ
(m)
shell and ϕ

(m)
shell was approximated from a linear interpolation of the background field ϕout.

We thus arrived at the fluxes outside the droplet, enabling us to write the numerical

counterpart of Eqs. (3.5) as Eqs. (3.8).

We then determined the coupling between the background field and the droplets

by removing the same amount of material from the background field that enters the

droplets, hence conserving mass. Next, we discussed the time-step ∆t calculations by

considering four different time-steps based on von Neumann stability analysis of Eq. (3.3),

and considering the minimum of them as the final time-step ∆t from Eq. (3.9). Finally,

we formulated the numerical algorithm; see Algorithm 1, for evolving droplet dynamics

from Eqs. (3.8) and background field ϕout from Eq. (3.3), using the time-step ∆t from

Eq. (3.9).
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• Input values for model parameters: b, κ,Λ, ϕ
(0)
in , ϕ

(0)
out;

• Input initial radii (Ri) and position (xi) of all droplets;
• Calculate diffusivity outside the droplets Dout = Λ(ϕ0

out) b;
• Input initial volume fraction of the dilute field ϕout(r, t = 0);
• Input formulation for chemical reaction fluxes s(ϕin), s(ϕout) inside and outside
the droplet respectively;
• Define total simulation time Tmax;
• Set values for simulation parameters ∆x, ℓ,∆s;
Function ⟨Ri⟩ , ℓ,∆x, s(ϕout), Dout:

• Estimate time-step ∆t for the simulation from Eq. (3.9);
return
while (t < Tmax) do

for (single droplet of radius R) do
• Calculate capillary lengths lγ,out, lγ,in from Eq. (2.15);
Function R, lγ,out, lγ,in, ϕ

0
out, ϕ

0
in:

• Calculate equilibrium volume fractions ϕeq
in , ϕ

eq
out from Eq. (2.14);

return
• Construct the annular shell of thickness ℓ around the droplet;
• Discretize the droplet surface into N uniformly spaced shell sectors and
locate the co-ordinates of their midpoints (in black; see Fig. 3.1B);
for (the mth shell sector out of N sectors) do

• Calculate ϕ
(m)
shell (in black; see Fig. 3.1B) from linear interpolation of

grid-points of ϕout (in cyan, see Fig. 3.1B);

Function ϕ
(m)
shell, ϕ

eq
out, s(ϕ

eq
out), s(ϕ

(m)
shell):

• Evaluate Γout, kout from Eqs. (3.6);
return

Function ϕeq
in , ϕ

eq
out, ϕ

(m)
shell, Dout, Ri,Γout, kout, ℓ:

• Calculate volume fraction inside the shell sector ϕ
(m)
out (r) from

Eq. (3.7) with boundary conditions ϕ
(m)
out (R) = ϕeq

out and

ϕ
(m)
out (R + ℓ) = ϕ

(m)
shell;

• Evaluate fluxes outside the droplet jout · n from ϕ
(m)
out (r); see

Appendix E;

return
• Locate the co-ordinates of points of material exchange (in red; see
Fig. 3.1B);

• Remove amount equal to j
(m)
out · nAm from the background field ϕout,

at the points of material exchange;

end
• Calculate total amount of fluxes outside the droplet by summing up the
contributions of jout from all N shell sectors;
• Calculate total amount of fluxes inside the droplet jin from Eq. (3.2);
• Update the droplet radii and position using Eqs. (3.8);

end
• Evolve ϕout from Eq. (3.3) using time-step ∆t on the entire domain;
• Obtain updated ϕout and updated position and radii for all droplets at time
t+∆t;

end

Algorithm 1: Numerical algorithm for evolving droplet dynamics from Eqs. (3.8)
and background field ϕout from Eq. (3.3).



Chapter 4

Choosing estimates for simulation

parameters

The algorithm described in the previous chapter; see Algorithm 1, for evolving dynamics

of droplets from Eqs. (3.8) and dynamics of the background field dynamics from Eq. (3.3),

has several simulation parameters that need to be chosen wisely for an accurate and fast

simulation. In particular, from Fig. 3.1, we see that we need to specify: a) Discretization

∆x of the background field volume fraction ϕout, b) Shell thickness ℓ and c) Width ∆s of

a shell sector. Note that for d = 2, 3 dimensions, we respectively use ∆s ≈ 2πR/N and

∆s ≈
√
4πR2/N ; see Fig. 3.1B.

While ∆x and ∆s are discretization parameters, where we expect better accuracy (and

worse performance) for smaller values, the shell thickness ℓ is a simulation parameter

that determines how the droplets interact with the background field and its effect is

less obvious. We first discuss the effects of each of the simulation parameter on the

dynamics of droplets and the background field. We then choose suitable values for all

three parameters (∆x, ℓ,∆s) using a detailed simulation of the continuous model given

by Eq. (2.18) as ground truth to be compared with simulations using the effective droplet

model.

4.1 Grid discretization ∆x

The spatial discretization ∆x; (see Fig. 4.1), determines the resolution at which spatial

variations of the background field ϕout are resolved. Consequently, the choice of ∆x is

based on the physics of the problem:

1. If spatial variation in ϕout is negligible and a mean-field model is desired, ∆x can

be arbitrarily large so that ϕout can vary only in time and little in space.

2. If spatial variation of ϕout between droplets are important, ∆x needs to be smaller
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Figure 4.1: Simulation parameters ∆x, ℓ,∆s in the effective droplet model
shown in a shell sector. ∆x is the resolution of the discretized background field
ϕout and is an important parameter to capture it’s dynamics described by Eq. (3.3). ℓ
and ∆s discretize the vicinity of the droplet into N uniformly chosen sectors. We solve
for ϕ

(m)
out (r) inside the m-th shell sector from Eq. (3.7) using the boundary conditions

ϕ
(m)
out (R) = ϕeq

out and ϕ
(m)
out (R+ ℓ) = ϕ

(m)
shell, which is estimated from a linear interpolation of

the discretized background field ϕout. We then evaluate the fluxes jin; see Eq. (3.2), and
jout; see Appendix E, to calculate dynamics of droplets described by Eqs. (3.8).

or equal than the mean droplet separation to resolve droplet-droplet interactions

mediated through the background field ϕout.

3. External gradients that affect droplets; see Refs. [91, 97, 152, 153, 154] can also

play a role in determining the resolution of ϕout, as ∆x needs to be on the order of

the droplet radii, so spatial anisotropies can be resolved on the droplet level.

To summarize, several competing length-scales of interest can exist such as the mean

droplet radius, mean droplet-droplet separation distance, external gradients, reaction-

diffusion length-scales; see Ref. [91] at which the resolution of ϕout is desired. Conse-

quently, we fix ∆x based on the length-scale at which the resolution of ϕout is needed.

4.2 Annular shell thickness ℓ

The most important part of the effective droplet model is how accurately material ex-

changes between the droplets and the background field ϕout are captured. These material

exchanges form the core of our numerical model, which allows us to ‘de-couple‘ droplets

from the background field. Recall that in the vicinity of each droplet, ϕout is altered as a

consequence of it’s existence. To appropriately describe the fluxes outside the droplets,

we interpolate the background field in an annular shell of thickness ℓ around the droplet,

which is further discretized into N uniformly chosen sectors.

The shell thickness ℓ (see Fig. 4.1) thus plays a major role in calculating the fluxes

outside the droplet jout; see Appendix E, and an incorrect value for ℓ could potentially
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impact the growth and drift of droplets. The thickness ℓ of the shell can thus be inter-

preted as an interpolation length-scale and its value affects the accuracy of the simulation

as:

1. If ℓ is too small, the fluxes j
(m)
out are overestimated since they scale with ℓ−1 (see

Appendix E). Additionally, it would lead to an underestimation of the effect the

droplet has on altering ϕout in it’s vicinity.

2. If ℓ ≫ ∆x, the background field ϕout would not be evaluated in the vicinity of

the droplet, so interactions close to the droplet cannot be estimated accurately. It

would also imply that ϕm
shell would be calculated far away from the droplet, leading

to an erroneous representation of ϕout close to the droplet.

Taken together, we conclude that ℓ ∼ ∆x is a reasonable choice for the shell thickness

and we later show that this choice works well.

4.3 Shell sector width ∆s

To resolve spatial anisotropies of ϕout around the vicinity of a droplet, we discretize the

shell of thickness ℓ into N uniformly chosen sectors; see Fig. 4.1. Consequently, the

discretization of the vicinity of the droplet is directly proportional to the number of shell

sectors N , and a higher value for N would potentially lead to a higher accuracy at the

expense of larger computational cost. Note that this implies that the dynamics of larger

droplets will be described by more sectors to faithfully capture the interaction with their

surrounding.

Similar to the shell thickness, ∆s also plays a role in accurately calculating the fluxes

j
(m)
out in the vicinity of the droplet. To obtain the correct estimates for j

(m)
out , ϕ

m
shell has to

be calculated for the m-th shell sector by interpolating the background field ϕout once

per shell sector. The choice of ∆s affects the simulation in the following ways:

1. ∆s ≫ ∆x leads to fewer points of exchange for each sector and an inaccurate esti-

mate of material fluxes. Additionally, it also results in under-resolving of potential

heterogeneity of ϕout in the vicinity of the droplet, thus potentially affecting it’s

drift speed and position.

2. The lower limit of ∆s is also limited by the background field discretization ∆x, as

increasing N will have hardly any benefit, if the distance ∆ between interpolation

points is already smaller than ∆x. For d = 2 dimensions, ∆ is roughly ∆s ≈
2πR/N , and in d = 3 dimensions, we define ∆ as ∆s ≈

√
4πR2/N ; see Fig. 3.1B.
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Taken together, we again conclude that ∆s ∼ ∆x is a reasonable choice for the shell

thickness, which we discuss next. To summarize, we gave qualitative arguments towards

the right choices for the simulation parameters, which for ∆x is the resolution of ϕout

desired and for ℓ,∆s is ℓ ≈ ∆s ≈ ∆x.

Next, we test our claim for the optimum choices of the simulation parameters by

comparing our effective model to simulations using continuous model. We use a test-

case to investigate and quantify the effects of each simulation parameter. The test-case

which we consider has to possess enough complexity so that changes in the simulation

parameters have to sufficiently affect the dynamics of the droplets and the background

field. We hence need a test-case such that it possesses the following qualities:

1. Heterogeneity in the background field ϕout to correctly capture it’s dynamics, so

that the accuracy of the choice for ∆x can be verified.

2. Heterogeneity of ϕout in the vicinity of the droplets, so that the accuracy for the

choice of ℓ,∆s can be verified.

Our test case thus consists of two identical passive droplets, both of initial radius R0 =

20w; where w = 2
√

κ/b (see Chapter 2), and whose centers are separated by Sd = 10R0;

see Fig. 4.2A. The droplets are placed in a background of vanishing initial fraction, so

the system is under-saturated and the droplets will shrink over time; see Fig. 4.2B.

For the continuous model, instead of simulating a 3 dimensional system which would

be computationally expensive, we exploit the angular symmetry of the problem. We

consider an azimuthally symmetric cylindrical domain where r, z ∈ [0, 682w]. Conversely,

our effective model is simulated in a 3-dimensional cubic domain of size L = [0, 1000w]3.

We first simulate the droplet pair using the continuous model for a duration T after

which the droplets typically have shrunk by about 20%. We then simulate our effective

droplet model for the same time T and compare the final radii of the droplets from both

the simulations. The deviation of the mean droplet radius ⟨R∗⟩ of our effective model

compared to the radius ⟨RCM⟩ of the continuous model allows us to determine the crucial

simulation parameters ∆x, ℓ, and ∆s.

4.4 ∆x ≈ ∆s ≈ ℓ is an optimum choice for the simu-

lation parameters

We first quantify the effects of changing the shell thickness ℓ on the accuracy of the

simulation. We keep the background field discretization ∆x ≈ R0, as we aim to capture

the interaction on a droplet level. Fig. 4.3A shows the final mean radii of the droplets

⟨R∗⟩ obtained from the effective droplet model and ⟨RCM⟩ (gray dashed line) obtained
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Figure 4.2: Schematics of the test-case (A) and typical behaviour of the ef-
fective droplet model for varying simulation parameters (B). (A) Two droplets
with radii R0 = 20w are placed with their centers Sd = 10R0 apart in an empty back-
ground, ϕout(r, t = 0) = 0, with their shells (in green). (B) Mean droplet size ⟨R⟩ as a
function of time for simulations using the continuous model (in black) and for varying
simulation parameters for the effective droplet model (in orange). ⟨R⟩ shows drasti-
cally different behaviour for some simulation parameters (orange lines) for the effective
droplet model when compared to the continuous model (black line), thus highlighting
the importance of choosing optimum values of simulation parameters for the effective
droplet model. (A, B) The continuous model simulations are performed in an azimuthally
symmetric cylindrical domain of bounds r, z ∈ [0, 682w] with a spatial discretization of
0.5w. Effective simulations used a 3-dimensional cubic domain of size L = [0, 1000w]3

with lγ,in = 0.166w and the simulation parameters were varied from uniformly choosing
∆x ∈ [0.5R0, 10R0],∆s ∈ [0.25R0, 2R0] and ℓ ∈ [0.5R0, 5R0]. Additional model parame-

ters are s = 0, Λ = w2/b τ , ϕ
(0)
out = 0, ϕ

(0)
in = 1, τ = w2/Dout, and w = 2

√
κ/b.

from the continuous model for ∆x ≈ ∆s. We see that the error is less than ±5% between

⟨R∗⟩ and ⟨RCM⟩ for the choice of ℓ ≈ R0. Similarly, we now fix ∆x ≈ ℓ; see Fig. 4.3B and

see that the error is less than ±5% between ⟨R∗⟩ and ⟨RCM⟩ for the choice of ∆s ≈ R0.

Taken together, Fig. 4.3 successfully shows that ∆x ≈ ℓ ≈ ∆s is a sensible choice for

the parameters of our algorithm and leads to the best estimate of the droplet growth.

Finally, in order to ensure that our choice for the optimum parameters is independent

of this particular test-case, we vary the initial radius of the droplets R0 and their initial

separation distance Sd; see Appendix F, as:

1. R0 = 10w and Sd = 40w.

2. R0 = 10w and Sd = 100w.

3. R0 = 20w and Sd = 80w.

We follow the same procedure as before and simulate the droplet pair using the con-

tinuous model for a duration T after which the droplets typically have shrunk by about
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Figure 4.3: Effect of shell thickness ℓ and sector size ∆s on simulations of a
passive droplet pair. (A) Mean droplet size ⟨R∗⟩ as a function of ℓ (orange dots) for
∆x ≈ ∆s ≈ R0 compared to the ground truth ⟨RCM⟩ (gray dashed line) obtained from
the continuous model. The choice ℓ ≈ R0 (green dashed line) provides good agreement
and the error between ⟨RCM⟩ (dotted grey line) and ⟨R∗⟩ is less than ±5%. (B) ⟨R∗⟩ as a
function of ∆s (blue dots) for ∆x ≈ ℓ ≈ R0 compared to ⟨RCM⟩, where the error between
⟨RCM⟩ (dotted grey line) and ⟨R∗⟩ is less than ±5%. Remaining parameters are specified
in Fig. 4.2.

20%, then simulate our effective droplet model for the same time T and compare the final

radii of the droplets from both the simulations.

We report that our conclusion for the optimum choice of the simulation parameters

largely remain unchanged with the above three test cases; see Fig. F.1, and hence we

conclude that ∆x ≈ ∆s ≈ ℓ is an optimum choice for the simulation parameters, where

∆x is determined from the resolution of ϕout desired. Finally the optimum time-step ∆t

is then chosen using Eq. (3.9) from the optimum set of parameters [∆x, ℓ,∆s].

To see how this choice of the optimum parameters affects accuracy and speed of the

simulation, we present various simulation scenarios in the next chapter, which range from

single droplets in an heterogeneous environment to droplet coarsening of large dilute

emulsions. We first simulate these systems with the effective droplet model using the

optimum parameters and then show the effects of varying these parameters on droplet

growth and drift.

4.5 Summary

In Chapter 3, we formulated the numerical algorithm for the effective droplet model;

given by (Algorithm 1), which evolved droplet dynamics according to Eqs. (3.8) and the

background field volume fraction field ϕout according to Eq. (3.3), with the time-step ∆t

calculate from Eq. (3.9).

In this chapter, we discussed the various simulation parameters arising from the effec-

tive droplet model, namely ∆x, ℓ,∆s and their effects on the simulation. We then sought
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to find the values for optimum simulation parameters which best replicate droplet dy-

namics, when compared with simulations using the continuous model given by Eq. (2.18).

We claimed that the optimum values for these simulation parameters are ∆x ≈ ℓ ≈
∆s. To verify our claim, we simulated a synthetic test-case comprising of a pair of

identical droplets shrinking in a vanishing background field.

We first simulated the droplet pair using the continuous model for a duration T after

which the droplets typically had shrunk by about 20%. We then simulated our effective

droplet model for the same time T and compared the final radii of the droplets from

both the simulations. The deviation of the mean droplet radius ⟨R∗⟩ of our effective

model compared to the radius ⟨RCM⟩ of the continuous model allowed us to determine

the optimum values of the simulation parameters which most faithfully model droplet

dynamics as ∆x ≈ ℓ ≈ ∆s ; see Fig. 4.3 and Fig. F.1.



Chapter 5

Comparison with known literature

Until now we elaborated on the development of the numerical algorithm for the effective

droplet model. This model is built from the thin-interface approximation of the con-

tinuous model Eq. (2.18) and evolves the dynamics of the droplets via Eqs. (3.8) and

dynamics of the background field ϕout using Eq. (3.3). We then laid out a procedure for

choosing the optimum values for the various simulation parameters ∆x, ℓ,∆s by compar-

ing simulations of a test-case with the ground-truth i.e simulations using the continuous

model. We then arrived at the conclusion that ∆x ≈ ℓ ≈ ∆s is indeed an optimum choice

for the simulation parameters, and finally the time-step ∆t is chosen from Eq. (3.9) using

the optimum values for [∆x, ℓ,∆s].

We now demonstrate that the effective droplet model accurately captures the dynam-

ics of the droplets and the background field in diverse scenarios, using the optimum values

for the simulation parameters. In Chapter 1, we discussed how biological cells use a setup

featuring external chemical gradients and chemical reactions to control the position of

droplets in their interior. We cite a few more examples to put the point across.

Rai et al. [155] showed that during mitosis, an enzyme known as DYRK3 dissolves

only selected condensates but keeps others such as P-bodies and nucleoli untouched, to

prevent aberrant condensation. The same kinase (DYRK3) is also known to dissolve

stress granules during stress recovery, as shown by Wippich et al. [156]. Brangwynne et

al. [7] in their seminal work showed that P-granules localize to the posterior side in early

stage C. elegans embryos, which is governed by a gradient of a protein known as MEX-5.

On similar lines, Griffin et al. [41] showed how phosphorylation and dephosphorylation

reactions generate concentration gradients throughout the cytoplasm. Weber et al. [97]

utilized theory and simulations to explore the influence of chemical gradients on phase

separation, thus shedding insights into how cells utilize local concentration gradients to

spatially organize biomolecular condensates in their cytoplasm.

However, the cell also has to spatially control the ripening of condensates and pre-

venting them from aggregating together and forming bigger droplets, which can happen

due to Brownian mediated coalescence or Ostwald-Ripening ; see Refs. [91, 97]. Brow-
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nian mediated coalescence requires droplets to be physically close to each other, where

they merge into bigger droplets upon contact. On the other hand, Ostwald-Ripening is

governed by gradients of chemical potential arising between the droplets as a result of

unequal equilibrium volume fractions, due to heterogeneity in their size. Generally, the

cytoplasm inside the cell can show visco-elastic properties; see Ref. [157], which might

lead to a slow ripening of the condensates. Weiss et al. [158] also demonstrated that

condensates can be strongly influenced by the cytoskeleton, and anomalous diffusion can

arise due to molecular crowding, thus adversely affecting larger condensates and in turn

not affecting diffusion across smaller condensates as much. Thus, in this thesis, we will

focus on Ostwald-Ripening and we will not consider Brownian mediated coalescence.

In the following section, we demonstrate that the effective droplet model is able to

simulate two mechanisms (out of many), which the cell potentially uses to regulate the

dynamics of condensates - in particular, chemical reactions and external chemical gradi-

ents. To help disentangle the individual roles of these two mechanisms and to study how

they affect dynamics of phase separated droplets, we consider them separately: first in

simulations of single droplet systems, and then simulations of many droplet systems.

We start by considering a simple scenario of a single passive droplet growing when

immersed in a supersaturated background field. We compare droplet growth using the

effective droplet model, simulations using the continuous model and analytical results. We

then slowly build up complexity by adding chemical reactions and chemical gradients and

more droplets; comparing them with simulations using the continuous model (wherever

computationally possible) and analytical predictions, eventually reaching the situation

where we simulate the coarsening dynamics of hundreds of droplets using the effective

droplet model, as the continuous model is computationally expensive to be simulated.

5.1 Passive droplet in a large background field

We start by considering the simplest case of a passive droplet immersed in a large back-

ground field ϕout. We immerse the droplet in an initial volume fraction ϕ∞ much greater

than it’s equilibrium volume fraction ϕeq
out, so the droplet grows in time. We demonstrate

that the effective droplet model captures the growth of the droplet accurately when com-

pared with simulations using the continuous model and analytical predictions.

As the droplet experiences an isotropic environment, the fluxes jout entering the

droplet from the background field will be isotropic in all directions, and hence the droplet

will only grow and not drift; see Eqs. (3.8). We next derive the volume fractions inside

and outside the droplet ϕin, ϕout analytically, enabling us to calculate the material fluxes

jin, jout, leading to droplet growth.
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5.1.1 Volume fraction profile and material fluxes inside the droplet

Owing to symmetry, we place a spherically symmetric co-ordinate system at the centre of

the droplet with r being the radial co-ordinate. Since ϕin inside the droplet typically varies

only a little, we use the thin-interface approximation; see Eqs. (2.19), of the continuous

model to approximately arrive at the dynamical equation for ϕin as:

∂ϕin

∂t
≈ Din∇2ϕin, (5.1)

where Din is the diffusivity inside the droplet. We invoke the standard quasi-static ap-

proximation and assume that the droplet radius changes on a timescale which is much

slower than the transients in Eq. (5.1); see Ref. [91].

We can then analytically solve for ϕin from the stationary state of Eq. (5.1), using

the boundary conditions ϕin(R) = ϕeq
in and ∂rϕin(0) = 0 and we thus obtain a constant

volume fraction inside the droplet as ϕin(r) = ϕeq
in .

5.1.2 Volume fraction profile and material fluxes outside the

droplet

Similar to inside the droplet, the volume fraction inside in the background field ϕout also

typically varies a little and is hence described from the thin-interface approximation; see

Eqs. (2.19), as:

∂ϕout

∂t
≈ Dout∇2ϕout, (5.2)

where Dout is the diffusivity outside the droplet. We solve for ϕout from the stationary

state of Eq. (5.2) using the boundary conditions ϕout(R) = ϕeq
out and far from the droplet

ϕout(∞) = ϕ∞. We thus obtain the volume fraction profile outside the droplet as ϕout(r) =

ϕ∞ + (ϕeq
out − ϕ∞)(R/r) and solution thus reveals that ϕout will monotonically approach

ϕ∞.

5.1.3 Material flux balance and droplet growth rate

Spatial gradients in ϕin and ϕout lead to local material fluxes outside the droplet as

jout ·n = [−Dout∇ϕout(R)] ·n = −D [ϕ∞/R− ϕeq
out/R], and inside the droplet as jin ·n =

[−Din∇ϕin(R)] · n = 0. Note that, we typically assume same diffusivity D inside and

outside the droplets, i.e. Dout ≈ Din = D. The interfacial speed vn is calculated from
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Eq. (3.4), and we can calculate the droplet growth rate from Eq. (3.5a) as:

dR

dt
=

1

S

∫
Ω

vn dA = D

(
ϕ∞

R
− ϕeq

out

R

)
, (5.3)

where S is the surface area of the droplet, Ω is the droplet surface and dA is the area

element on the droplet surface. Note that the only solution for dR/dt = 0 from Eq. (5.3)

is R∗ (as ϕeq
in , ϕeq

out depend on the droplet radius R; see Eqs. (2.14)). Droplets smaller

than the critical radius R∗, defined as the radius at which the equilibrium volume fraction

of the droplet equals the local supersaturation, dissolve quickly and is hence an unstable

radius.

Having calculated the droplet growth rate analytically, we validate our choices for

the optimum simulation parameters for the effective droplet model by simulating a single

passive droplet of radius R0 = 2w embedded in a large supersaturated background field

of value ϕout(t = 0) = ϕ∞ = 0.1. The droplet grows over time by ingesting material from

the surroundings, as ϕeq
out < ϕ∞.

Exploiting the symmetry of the problem, the continuous model uses a spherically sym-

metric domain of size r ∈ [0, 400w] and the effective droplet model uses a 3 dimensional

periodic domain of size [−L,L]3 with L = 322w with optimum simulation parameters

(∆x ≈ ℓ ≈ ∆s ≈ R0). Fig. 5.1 shows a good agreement with the analytical prediction

from Eq. (5.3) and the continuous model.

We next focus on a slightly complex situation where a passive droplet is immersed in

a gradient of the droplet material. Note that in this case, the droplet experiences a local

a non-isotropic environment and may potentially drift in space.

5.2 Passive droplet in an external volume fraction

gradient

Earlier studies by Weber et al. [91, 97] have considered two-component phase separation

with the inclusion of a third (inert) component called the regulator, which maintains an

external gradient of the equilibrium volume fraction throughout the system. Since we

focus on a binary system, we impose a volume fraction gradient of the droplet material

via appropriate boundary conditions. Similar to the previous case of passive droplet, we

again derive analytical predictions for the growth and drift of such a droplet using the

thin-interface approximation and compare them with simulations performed using the

continuous model and with the effective droplet model using the optimum parameters.

We will first derive ϕin, ϕout, enabling us to calculate the material fluxes jin, jout, enabling

us to predict droplet growth and drift. Consider an isolated passive droplet of radius R

with a spherical co-ordinate system centred at the droplet position x0. The volume
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Figure 5.1: Passive droplet growing when immersed a large supersaturated
background field. Droplet radius R as a function of time t when immersed in a uniform
supersaturation of volume fraction ϕ∞. Simulations using the effective droplet model with
optimum parameters (blue line) matches well with analytical prediction from Eq. (5.3)
(dashed line) and simulations using the continuous model (orange line). Inset shows
the simulation snapshot at t = 103τ from the effective droplet model, with the droplet
(in white) and the background field ϕout reaching ϕ∞ = 0.1 far from the droplet. The
continuous model uses a spherically symmetric domain with r ∈ [0, 400w] along with
periodic boundary conditions and ϕ(r, t = 0) = ϕ∞. The effective model uses a 3-
dimensional periodic domain of size [−L,L]3 with L = 322w, ϕout(r, t = 0) = ϕ∞,
∆x ≈ ℓ ≈ ∆s ≈ R0 and periodic boundary conditions. Remaining parameters are
specified in Fig. 4.2.

fraction outside the droplet can thus be expressed as ϕout(r, θ, φ), where r is the radial

distance from the centre of the droplet and θ ∈ [0, 2π), φ ∈ [0, π] are the polar and

azimuthal angles. Without loss of generality, we assume that the droplet experiences a

one dimensional gradient that varies along the x-coordinate as seen from Fig. 5.2.

In general, a position dependant supersaturation outside the droplet might lead to

non-spherical droplets and possible deformations in their shapes. However, in this thesis,

we focus solely on spherical droplets by assuming that a large surface tension γ quickly

nullifies any deformations in droplet shape.

Contrary to the case of a passive droplet in a supersaturated medium, the droplet here

experiences a volume fraction ϕ∞, which far from the droplet reads as ϕ∞ = α+β r cosφ

because of the existence of the external gradient; see Fig. 5.2. Here α, β are the mean

volume fraction and strength of the gradient respectively at the position of the droplet.

We invoke the thin-interface approximation; see Eqs. (2.19), and as ϕin inside the

droplet typically varies only a little, we solve for ϕin from the steady state of Eq. (5.1),
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Figure 5.2: Schematics of volume fractions inside and outside of a passive
droplet immersed in an external volume fraction gradient. A droplet of radius
R at location x = 0 is placed in a position dependant volume fraction ϕ∞(x). ϕeq

in , ϕeq
out

are volume fractions inside and outside the interface, given by Eqs. (2.14).

using the boundary conditions ϕin(R) = ϕeq
in and ∂rϕin(0) = 0 to obtain ϕin(r) = ϕeq

in .

Similar to inside the droplet, the volume fraction inside in the background field ϕout

also typically varies a little; see Eqs. (2.19), and can be solved from Eq. (5.1) using

the boundary conditions ϕout(R) = ϕeq
out and far from the droplet ϕout(∞) = ϕ∞ =

α + β r cosφ. We thus obtain the volume fraction profile outside the droplet as:

ϕout(r, φ) = α

(
1− R

r

)
+ β cosφ

(
r − R3

r2

)
+ ϕeq

out

R

r
.

We evaluate the local fluxes at the droplet surface as:

jin · n = [−D∇ϕin(R)] · n = 0 and

jout · n = [−D∇ϕout(R)] · n = −D

(
3βcosφ+

α

R
− ϕeq

out

R

)
,

where we assume equal diffusivities inside and outside the droplet. Note that jout ·n has

an angular dependence, and hence the droplet will drift as a result of unequal fluxes on

it’s surface. We then calculate the interfacial speed vn from Eq. (3.4) and arrive at the

droplet growth and drift speed along the x co-ordinate from Eq. (3.5a) and Eq. (3.5b) as:

dR

dt
=

1

4π

∫
Ω

D

(
3 β cosφ+

α

R
− ϕeq

out

R

)
dA =

Dα

R
− Dϕeq

out

R
and (5.5a)

dx0

dt
=

3

4π

∫
Ω

D

(
3 β cosφ+

α

R
− ϕeq

out

R

)
cosφ dA = 3Dβ, (5.5b)
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where Ω is the droplet surface and dA is the area element on the droplet surface. Note

that the drift speed is a constant value depending only on the strength of the gradient

β and the diffusivity D. Naturally, increasing β would lead to higher drift speeds for a

constant diffusivity.

Having calculated the droplet growth rate and drift speed analytically, we validate

our choices for optimum parameters for the effective droplet model. We simulate a single

passive droplet of initial radius R0 = 20w immersed in a linear volume fraction gradient

of the droplet material maintained via appropriate boundary conditions. Similar to the

case of the passive droplet growing in a supersaturated medium, the passive droplet in

this case also grows over time by taking material from the surroundings. Furthermore,

as jout · n has a angular dependence, it results in unequal fluxes leading to droplet drift

along the gradient.

Depending on the strength of the gradient β, we demonstrate that the effective droplet

model captures droplet dynamics in both situations - for high and low value of β. We

first consider the case of high β = 8.3 × 10−5w−1, as shown in Fig. 5.3A and Fig.

5.3B. The continuous model uses a cylindrical domain with r ∈ [0, 400w], z ∈ [−L1, L1]

with L1 = 600w, azimuthal symmetry, and boundary conditions µ(z = −L1) = 0 and

µ(z = L1) = 0.072 bw3 to impose the gradient. Note that imposing a condition on the

chemical potential µ means that the system can be assumed to be coupled to infinite

reservoirs at it’s z-boundaries, which enables us to maintain the gradient of the volume

fraction field ϕ throughout the system. The effective model uses a 3-dimensional box of

size [−L2, L2]
3 with L2 = 422w, ∆x ≈ ℓ ≈ ∆s ≈ R0, and boundary conditions ϕout(y =

−L2) = 0.01483 and ϕout(y = L2) = 0.0851. Fig. 5.3B shows a good agreement with

the analytical predictions for droplet growth and drift from Eqs. (5.5) and simulations

using the continuous model. We then consider the scenario with low β = 4.2× 10−5w−1,

as shown in Fig. 5.3C and Fig. 5.3D. The continuous model for this case uses the same

parameters as the case with high β, but with boundary conditions µ(z = −L1) = 0

and µ(z = L1) = 0.0427 bw3 to impose the gradient. The effective model uses the same

parameters as the case with high β, but with boundary conditions ϕout(y = −L2) =

0.007 and ϕout(y = L2) = 0.042. Fig. 5.3D also shows a good agreement with the

analytical predictions for droplet growth and drift from Eqs. (5.5) and simulations using

the continuous model.

Additionally, it is interesting to see that increasing approximations of the continuous

model (in orange) lead to increasingly worse estimates for droplet drift, as the analyti-

cal predictions from the thin-interface approximation (dashed line); see Eqs. (2.19), are

approximations of the continuous model, and the effective droplet model (in blue) is an

approximation of Eqs. (2.19). Finally, note that the match for the droplet drift speed,

given by (dx0/dt = 3Dβ) in three dimensions, gets worse for increasing β, which is

expected, as seen from Fig. 5.3B and Fig. 5.3D.
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Figure 5.3: Droplet dynamics in external gradients. (A) Droplet radius R as a
function of time t for the effective droplet model (blue), analytical prediction (dashed
line) and the continuous model (orange). The inset shows a schematic of the simulation
with the strong gradient of droplet material imposed in the background. (B) Droplet
drift speed v as function of t. (C, D) Droplet radius R and drift speed v versus time
t for a weak gradient. (A, B) The continuous model uses a cylindrical domain with
r ∈ [0, 400w], z ∈ [−L1, L1] with L1 = 600w and azimuthal symmetry along with the
boundary conditions µ(z = −L1) = 0 and µ(L1) = 0.072 bw3 to maintain the gradient
throughout the system. The effective model uses a 3-dimensional box of size [−L2, L2]

3

with L2 = 422w, ∆x ≈ R0, ℓ ≈ ∆s ≈ R0 along with the boundary conditions ϕout(y =
−L2) = 0.01483 and ϕout(y = L2) = 0.0851. (C, D) To maintain the gradient throughout
the system, the continuous model uses the boundary conditions µ(z = −L1) = 0 and
µ(z = L1) = 0.0427 bw3 and the effective droplet model uses the boundary conditions
ϕout(y = −L2) = 0.007 and ϕout(y = L2) = 0.042 with the remaining parameters same
as (A, B). Note that in the absence of droplets, boundary conditions imply identical
linear gradient in the continuous model as ϕ = ϕ(z) and in the effective droplet model
as ϕout = ϕout(y), which were also used to initialize the background for both the models.
Remaining parameters are specified in Fig. 4.2.
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Figure 5.4: Effect of varying shell thickness ℓ on droplet dynamics in external
gradients. (A, C) show droplet radius R and (B, D) show drift speed v as a function of
time t for continuous model (orange), the effective droplet model with optimum parame-
ters (∆x ≈ ℓ ≈ ∆s ≈ R0) (blue), the effective droplet model with varying shell thickness
ℓ (green) and the analytical prediction (dashed line). (A, B) Simulations performed for
the same parameters as in Fig. 5.3A and Fig. 5.3B. (C, D) Simulations performed for the
same parameters as in Fig. 5.3C and Fig. 5.3D. Droplet growth remains fairly unaffected,
but droplet drift speed v is highly sensitive to changes in ℓ, with (B) and (D) highlighting
the importance of choosing the optimum value for ℓ. Shell thickness values are uniformly
chosen between ℓ ∈ [0.25R0, 10R0] with ∆x ≈ ∆s ≈ R0.

Lastly, we study the accuracy of the effective droplet model for simulation parameters

other than the optimum values. We keep ∆x,∆s at their optimum value (∆x ≈ ∆s ≈
R0), but uniformly vary the shell thickness between ℓ ∈ [0.25R0, 10R0].

Fig. 5.4 reveals the importance of choosing the optimum value for ℓ and further

validates our choice of the optimum simulation parameters. For both the cases - high

(Fig. 5.4A, Fig. 5.4B) and low (Fig. 5.4C, Fig. 5.4D) strength of the gradient β, the

droplet growth remains unaffected but the drift speed v is highly sensitive to the value of

ℓ. Strong deviations from the droplet drift speed occur for values of ℓ which are either too

small or too large compared to ∆x. As mentioned before, the flux j
(m)
out · n outside each

droplet for each m-th shell sector scales with ℓ−1; see Appendix E. Thus small values of

ℓ imply larger fluxes, implying a stronger droplet drift speed. For values of ℓ which are

too large, the droplet drift speed again deviates strongly from the analytical prediction
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from Eqs. (2.19). This is because for large ℓ, the value of ϕ
(m)
shell is higher than the true

value (which is near the droplet) as a result of the gradient of ϕout. Thus, for large ℓ,

ϕm
shell is calculated far away from the droplet, leading to an erroneous representation of

ϕout close to the droplet. Lastly, we also perform simulations for 2 dimensional systems;

see Appendix G, and validate our choice for the optimum simulation parameters.

Taken together, the effective droplet model accurately captures the effects of external

gradients on droplet dynamics, both in low and high values of the gradient and for two;

see Appendix G, and three dimensional systems. However, the difference in simulation

times is stark between the continuous model (∼ 10 simulation days) and the effective

droplet model (∼ 10 simulation minutes with optimum parameters) with identical High-

performance computing hardware for simulations in Fig. 5.3 and Fig. 5.4, thus making

the effective droplet model a computationally viable alternative to the continuous model

when simulating such systems.

Next, we shift our attention to demonstrating the hallmark of this model - which is the

ability to simulate large three dimensional systems with many droplets. Note that again

we do not simulate this scenario using the continuous model, as it is computationally

expensive. In this case, we compare the effective droplet model only with analytical

predictions. We begin by discussing the interactions of many passive droplets in a dilute

emulsion.

5.3 Ostwald-Ripening in passive emulsions

In emulsions consisting of many passive droplets, large droplets typically grow at the

expense of smaller droplets, a phenomenon known as Ostwald-Ripening ; see Refs. [91,

159]. Consider a system of N passive droplets with radii Ri, which are far apart from

each other. The droplets are immersed in a large background field of low supersaturation

and hence, nucleation events are rare. As the droplet density is small and the supersat-

uration is low, all the droplets share a common supersaturation ϕ∞(t), through which

all droplet-droplet interactions are mediated. Each droplet then behaves like an isolated

droplet which experiences a volume fraction ϕ∞(t) far away from it, which depends on

the number of droplets present and on time. From volume conservation, the dynamics of

the supersaturation ϕ∞ is described as:

ϕVsystem = ϕeq
in

N∑
i=1

Vi(t) + ϕ∞(t)

(
Vsystem −

N∑
i=1

Vi(t)

)
, (5.6)

where Vsystem is the system volume, Vi(t) is the volume of a single droplet of radius Ri(t).

Thus, droplet dynamics is still determined by Eq. (5.3), but the supersaturation each

droplet encounters far from it is governed by Eq. (5.6).
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Assuming a large system as compared to the droplet volumes Vsystem ≫
∑N

i=1 Vi(t) and

neglecting any spatial correlations between the droplets, Lifshitz and Slyozov predicted

that the average droplet radius ⟨Ri⟩ grows as t1/3 in this case; see Refs. [147, 148, 159].

In such dilute emulsions, large droplets grow at the expense of smaller droplets, in which

the average droplet radius ⟨R⟩ in the system grows as
[
⟨Ri⟩3(t)− ⟨Ri⟩30(t)

]
∝ t, where

⟨Ri⟩0 indicates the initial average radius of the droplets.

Furthermore, in the limit of vanishing supersaturation, Ostwald-Ripening follows the

Lifshitz-Slyozov-Wagner scaling laws, where the re-scaled radius ρ = Ri/⟨Ri⟩ follows a

universal shape of the droplet-size distribution H(ρ); see Refs. [91, 159], as:

H(ρ) =
4

9
ρ2
(
1 +

ρ

3

)−7/3
(
1− 2ρ

3

)−11/3

exp

(
1− 3

3− 2ρ

)
. (5.7)

Having briefly described the analytical predictions for droplet growth and size distribution

for a system of passive droplets undergoing Ostwald-Ripening, we next demonstrate that

our effective droplet model captures these predictions well.

Indeed our simulation of 105 droplets indeed recovers the t1/3 scaling; see Fig. 5.5A,

when we simulate a dilute emulsion by setting the discretization ∆x to the system size

(and thus ℓ ≈ ∆x), as a mean-field approach is desired. Note that we need a single

sector to discretize the vicinity of each droplets, as they are assumed to be far from

each other and thus their vicinity is nearly isotropic. Moreover, Fig. 5.5B shows that the

distribution of radii also follows the universal shapeH(ρ) given by Eq. (5.7). Our effective

model thus faithfully captures the dynamics of many droplets, optionally even beyond

the Lifshitz-Slyozov regime by increasing the spatial resolution to capture correlations in

droplet growth.

5.3.1 Effect of simulation parameters

Next, we briefly look at the effect of the simulation parameter time-step ∆t on the

coarsening dynamics of passive droplets in a dilute emulsion. The time-step is a crucial

simulation parameter, as it plays an important role in capturing the dynamics of the

droplets given by Eqs. (3.8). Fig. 5.6 shows the effects of choosing time-steps which are

higher than the optimum time-step ∆toptimum dictated by Eq. (3.9).

As expected, higher values of ∆t lead to an incorrect capturing of the t1/3 scaling of

the average droplet radius ⟨Ri⟩, as seen from Fig. 5.6. This is because in the mean-field

limit with no chemical reactions, the smallest time-step is ∆tdroplets = 0.1⟨Ri⟩2/Dout (as

∆x ≈ ℓ ≈ L, where L is the system size), which also dictates the final time-step given by

Eq. (3.9). Thus choosing a time-step ∆t which strays away increasingly from ∆toptimum

given by Eq. (3.9) will naturally lead to incorrect capturing of the diffusive fluxes between

the droplets, leading to an incorrect scaling for the droplet radii. Thus, our choice of the



CHAPTER 5. COMPARISON WITH KNOWN LITERATURE 64

Figure 5.5: Ostwald-Ripening in passive emulsions. (A) Mean droplet radius ⟨Ri⟩
as a function of time t shows the expected scaling ⟨Ri⟩ ∝ t1/3; see Refs. [147, 148, 159].
Inset shows snapshot at t = 2× 108τ . (B) Frequency H(ρ) of the re-scaled mean radius
ρ = Ri/ ⟨Ri⟩ at t = 2 × 108τ compared to the expected universal distribution (black);
see Refs. [147, 148]. (A, B) Simulations using the effective droplet model were carried
out in a 3 dimensional periodic cubic domain of size [0, L]3, where L = 104w. We used
∆x ≈ ℓ ≈ L and a single shell sector to approach the mean field solution. 105 droplets
were initialized with radii chosen uniformly in [9.5w, 10.5w] in an initial background field
ϕout(t = 0) = 0.05. Remaining parameters are specified in Fig. 4.2.

time-step ∆t from Eq. (3.9) is indeed an optimum choice as seen from Fig. 5.6.

5.4 Suppression of Ostwald-Ripening in active emul-

sions

As a final example for demonstrating the effective droplet model, we consider the interac-

tion of many active droplets in a dilute emulsion. In the case of simple first order reactions

which convert droplet material A into background field material B, Ostwald-Ripening is

suppressed and multiple droplets of a fixed size are produced; see Ref. [90].

Generally speaking, in the case of first order reactions, we can argue towards the exis-

tence of a stable size for the droplets through balance between material fluxes inside and

outside the droplet as follows: droplet material is produced mainly in the background

field and diffuses toward the droplet. Inside the droplet, it gets destroyed due to chem-

ical reactions which convert droplet material into background field material; which then

diffuses into the background field.

As will be shown later, the total material flux inside the droplet Jin scales as droplet

volume, whereas the total material flux outside the droplet Jout scales with the droplet
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Figure 5.6: Effect of time-step ∆t on Ostwald-Ripening in passive emulsions.
Mean droplet radius ⟨Ri⟩ as a function of time t shows the expected scaling ⟨Ri⟩ ∝ t 1/3;
see Refs. [147, 148, 159], for low values of time-step ∆t and deviates strongly for higher
∆t, thus validating our choice of the optimum time-step ∆t obtained from Eq. (3.9).
Remaining parameters are specified in Fig. 5.5.

radius. Hence, we qualitatively expect the droplet to have a stable size based on the

balances of the fluxes. We elaborate on this point in the next section, where we study

the effects of first order reactions on a single isolated droplet. Note that although the

effective droplet model is formulated for generic reactions with complicated expressions

for the reaction fluxes s(ϕin), s(ϕout), here we focus on demonstrating the model for simple

first-order reactions with linearized reaction fluxes which depend only on the composition.

We utilize a thin-interface description approach to formulate the dynamics of the

volume fraction inside (ϕin) and outside (ϕout) the droplets; see Refs. [90, 91]. The

chemical reaction scheme for the first-order reactions looks as:

A
kb
⇌
kf

B, (5.8)

where droplet material A gets converted into background field material B inside the

droplet with the rate kb and the background field material gets converted into droplet

material inside the background field with the rate kf . Hence, the reaction flux in Eq. (5.8)

for both: inside the droplet and outside the droplet (i.e. inside the background field)

reads as s(ϕin/out) = kf(1 − ϕin/out) − kb ϕin/out. As we are interested in regimes where

droplets are stable, we assume that local thermal equilibrium is quickly established and

limit ourselves to regimes where kf , kb are small as compared to the rate obtained from

diffusion across the interface of the droplets given by D(in/out)/w
2; see Ref. [90].

First, we focus on the simple case of a single active droplet achieving a stable size, and
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then shift our attention to systems with multiple active droplets which exhibit suppression

of Ostwald-Ripening.

5.4.1 Single active droplet in a large background field

As mentioned before, active droplets can achieve a stable radius based on the balance

of fluxes across the interface. We aim to derive this stable radius for an active droplet

with first-order chemical reactions immersed in a large background field, using the thin-

interface approximation for the droplets; see Refs. [90, 91].

Similar to the case of a passive droplet in a large background field, we again assume

strong phase separation and assume that ϕin, ϕout themselves vary little inside the droplet

and the background field respectively. Typically in a large system, chemical equilibrium

is achieved far from the droplet when the reaction flux s(ϕ) = 0 and the average volume

fraction is given by ϕ∞ = kf/(kf + kb); see Refs. [90, 91].

Consider an isolated active droplet of radius R ≫ w immersed in a large background

field. Owing to symmetry, we place a spherically symmetric co-ordinate system at the

centre of the droplet with r being the radial co-ordinate. Since ϕin typically varies only a

little, we use the thin-interface approximation; see Eqs. (2.19), of the continuous model

to approximately arrive at the dynamical equation for ϕin as:

∂ϕin

∂t
≈ Din∇2ϕin + kf(1− ϕin)− kb(ϕin), (5.9)

where Din is the diffusivity inside the droplet. We can analytically solve for ϕin from the

stationary state of Eq. (5.9), using the boundary conditions ϕin(R) = ϕeq
in and ∂rϕin(0) = 0

and obtain

ϕin(r) = (ϕeq
in − ϕ∞)

(
R

r

) sinh
(

r
ξin

)
sinh

(
R
ξin

) + ϕ∞.

The solution reveals that ϕin increases monotonically inside the droplet till it at-

tains a value ϕeq
in and varies on the characteristic reaction-diffusion length-scale ξin =√

Din/(kf + kb); see Ref. [91].

Similar to inside the droplet, the volume fraction in the background field ϕout also

typically varies a little and is hence described from the thin-interface approximation; see

Eqs. (2.19), as:

∂ϕout

∂t
≈ Dout∇2ϕout + kf(1− ϕout)− kbϕout, (5.10)

where Dout is the diffusivity outside the droplet. Outside the droplet, we solve for ϕout
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from the stationary state of Eq. (5.10), using the boundary conditions ϕout(R) = ϕeq
out and

ϕout(∞) = ϕ∞. We thus obtain

ϕout(r) = [ϕeq
out − ϕ∞]

[
R

r

]
e

(
R−r
ξout

)
+ ϕ∞.

This solution also reveals that ϕout increases/decreases monotonically from ϕeq
out to ϕ∞

and varies on the characteristic reaction-diffusion length-scale, ξout =
√
Dout/(kf + kb).

Simply put, ϕout reaches a value ϕ∞ at a distance of roughly ξout from the droplet surface.

Thus, when we mean large systems, we consider system sizes L which are L ≫ ξout, which

is the definition we use in this thesis. Consequently, finite systems would imply L ∼ ξout.

Spatial gradients in ϕin and ϕout at the droplet surface lead to local material fluxes out-

side the droplet as jout = [−Dout∇ϕout(R)] and inside the droplet as jin = [−Din∇ϕin(R)].

Note that, we typically assume same diffusivity D inside and outside the droplets, i.e.

Dout ≈ Din = D, which also implies ξin ≈ ξout = ξ. The fluxes then read as:

jin · n = D(ϕeq
in − ϕ∞)

 1

R
−

coth
(

R
ξ

)
ξ

 and (5.11a)

jout · n = D(ϕeq
out − ϕ∞)

[
1

R
+

1

ξ

]
. (5.11b)

We can now calculate the interfacial speed vn from Eq. (3.4) and thus arrive at the

stationary states for the droplet by numerically solving for vn = 0. This typically reveals

two solutions R∗, R (as ϕeq
in , ϕeq

out depend on the droplet radius R; see Eqs. (2.14)).

Droplets smaller than the critical radius R∗, defined as the radius at which the equi-

librium volume fraction of the droplet equals the local supersaturation, dissolve quickly

and is hence an unstable radius. On the other hand, droplets greater than R > R∗ grow

until they reach the radius R and don’t grow any further. This follows from Eqs. (5.11)

as: For R ≪ ξ, Jin =
∫
Ω
jin dA = 4πR2 jin scales with the volume of the droplet, which is

seen from expanding the last term in jin ·n as
[
ξ −R coth

(
R
ξ

)]/
(Rξ) ≈ −R/(3 ξ2). On

the other hand, Jout =
∫
Ω
jout dA = 4πR2 jout scales with the radius of the droplet, which

is seen from expanding the last term in jout ·n. Hence destruction of droplet material due

to Jin takes over if the droplet starts to grow bigger than R. The droplet then shrinks

back to R, thus indicating that this is the stable radius.

Having numerically solved for the stable radius R after equating the fluxes from

Eqs. (5.11) for large systems, we now show that our effective droplet model agrees well

with these predictions. Indeed, as seen from Fig. 5.7A, the stable radius R3D (black line)

obtained from the analytics (jin = jout in Eqs. (5.11)) compares well with simulations of

the effective droplet model with optimum parameters (blue line) for large systems, but
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Figure 5.7: Single active droplet reaches a stable radius in a large system
(A) and a finite system (B). (A) Droplet radius R as a function of time t. The
droplet reaches a fixed size R3D (dashed line) in a large system. R3D is obtained from
numerically solving for jin = jout from Eqs. (5.11), compares well with the effective
droplet model (blue) and deviates from the continuous model (orange). Simulations
using the effective droplet model were carried out for a droplet of initial radius R0 = 4w
with ϕout(t = 0) = ϕ∞ in a 3-dimensional periodic cubic domain of size [0, L1]

3, where
L1 = 767w with ∆x ≈ ℓ ≈ ∆s ≈ R0. Simulations using the continuous model were
carried out for a droplet of initial radius R0 = 4w with ϕ(t = 0) = ϕ∞ in a spherically
symmetric domain of size r ∈ [0, 5ξ]. (B) Droplet reaches a fixed radius Rs (dashed green
line) given by Eq. (5.14) for a finite system and compares well with simulations using
the effective droplet model (blue) and using the continuous model (orange). Simulations
using the continuous model were carried out for a droplet of initial radius R0 = 4w with
ϕ(t = 0) = ϕ∞ in a spherically symmetric domain of size r ∈ [0, 0.8ξ]. Simulations using
the effective droplet model were carried out with ϕout(t = 0) = ϕ∞ in a 3-dimensional
periodic cubic domain of size [0, L2]

3, where L2 = 122w. As Rs is calculated from a mean-
field approach, simulation parameters were ∆x ≈ ℓ ≈ ∆s ≈ L2. (A-B) Model parameters
are s(ϕ) = kf(1−ϕ)−kbϕ, kf = 1×10−5τ−1 and kb = 1×10−4τ−1. Remaining parameters
are specified in Fig. 4.2.

deviates from the continuous model (orange line). This deviation occurs because R3D is a

numerical solution from setting jin = jout in Eqs. (5.11). We simulate the effective droplet

model for a single active droplet of initial radius R0 = 4w in a periodic 3 dimensional

large system of size [0, L1]
3, where L1 = 767w. We start with an initial background field

ϕout(t = 0) = ϕ∞, and the droplet grows until it reaches a stable radius. Simulations

using the continuous model were carried out for a droplet of initial radius R0 = 4w with

ϕ(t = 0) = ϕ∞ in a spherically symmetric domain of size r ∈ [0, 5ξ]. We choose optimum

parameters, which in this case are ∆x ≈ ℓ ≈ ∆s ≈ R0, as we desire to accurately model

the vicinity of the droplet and the resulting fluxes.

We also simulate a single active droplet reaching it’s fixed size for a large 2 dimensional

system and compare it with the analytical predictions, too study how well the effective

droplet model works for two dimensions. As seen from Fig. 5.8, the stable radius R2D
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Figure 5.8: Single active droplet reaches a stable radius in a large two dimen-
sional systems. Droplet radius R as a function of time t, which reaches a fixed size
R2D (dashed line) given by numerically solving for jin = jout from Eqs. (5.11) for 2 di-
mensions, and compares well with the effective droplet model (blue) and the continuous
model (orange). Simulations using the effective droplet model were carried out for a
droplet of initial radius R0 = 4w with ϕout(t = 0) = ϕ∞ in a 2-dimensional periodic
square domain of size [0, L1]

2, where L1 = 843w. Simulation parameters were selected
as ∆x ≈ ℓ ≈ ∆s ≈ R0. Simulations using the continuous model were carried out for a
droplet of initial radius R0 = 4w with ϕ(t = 0) = ϕ∞ in a polar domain of size r ∈ [0, L2],
where L2 = 5ξ. Model parameters are s(ϕ) = kf(1 − ϕ) − kbϕ, kf = 1 × 10−5τ−1 and
kb = 1× 10−4τ−1. Remaining parameters are specified in Fig. 4.2.

obtained from the analytical predictions (jin = jout in Eqs. (5.11)) compares well with

simulations of the effective droplet model with optimum parameters. We simulate the

effective droplet model for a single active droplet of initial radius R0 = 4w in a periodic

2 dimensional large system of size [0, L1]
3, where L1 = 843w. We start with an initial

background field ϕout(t = 0) = ϕ∞, and the droplet grows until it reaches a stable radius.

We choose optimum parameters as well, which in this case are ∆x ≈ ℓ ≈ ∆s ≈ R0.

Simulations using the continuous model were carried out for a droplet of initial radius

R0 = 4w with ϕ(t = 0) = ϕ∞ in a polar domain of size r ∈ [0, L2], where L2 = 5ξ.

Additionally, it is again interesting to see that increasing approximations of the con-

tinuous model (in orange) lead to increasingly worse estimates for droplet drift, as the

analytical predictions from the thin-interface approximation (dashed line); see Eqs. (2.19),

are approximations of the continuous model, and the effective droplet model (in blue) is

an approximation of Eqs. (2.19).

We next consider multiple interacting active droplets and their tendency to suppress

Ostwald-Ripening, eventually showing that simulations using the effective droplet model

recover suppression of Ostwald-Ripening. Note that again we do not simulate this scenario

using the continuous model, as it is computationally expensive. In this case too, we

compare the effective droplet model with analytical predictions.
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5.4.2 Multiple interacting active droplets and suppression of

Ostwald-Ripening

Until now, we have shown that a single isolated active droplet reaches a stable radius R in

a large system, which is calculated from a balance of the fluxes jin, jout inside and outside

the droplets from Eqs. (5.11). However, a system of active droplets in a finite sized system

can also reach a stable radius, effectively suppressing Ostwald-Ripening, which amongst

other parameters, depends on the reaction rates kf , kb, the system volume Vsystem.

In this section, we briefly discuss the mean-field approach developed by Zwicker et al.

[90] and elaborate on the stable radius which multiple interacting active droplets in an

emulsion attain. Generally, in an emulsion of N active droplets in a finite sized system,

the supersaturation ϕ in the system which is felt outside each droplet is ϕ ≤ ϕ∞. This

is in contrast to the case of a single active droplet because now the droplet material is

limited and has to be shared amongst N droplets. We thus qualitatively expect the stable

radius of the droplets in such a system to be lesser than R.

The dynamics of ϕ is governed by the simple reaction-diffusion equation, where we

invoke the quasi-static approximation and we assume that ϕ relaxes quickly when com-

pared with the droplet growth rates. Taking into account contributions from the droplets

following Eq. (5.8), we arrive at the dynamical equation for ϕ as:

∂tϕ = kf(1− ϕ)− kb(ϕ) +

∑N
i=1

∫
Ωi

jin · n
Vsystem

, (5.12)

where the last term accounts for diffusive fluxes, Ωi is the ith droplet surface and Vsystem

is the system volume, along with Vsystem ≫ Vtotal.

Thus, the dynamics of the droplets are still described by the fluxes obtained from

Eqs. (5.11) and the droplet growth rate from Eq. (3.4), but now the volume fraction far

from the droplets is governed by Eq. (5.12). We thus arrive at a complete description for

the dynamics of N active droplets in a finite system of volume Vsystem.

Next, we turn our focus to calculating the fixed radius every droplet in such a system

attains. Consider a system of N active droplets, all of which attain a common radius Rs.

The slowest rate of relaxation to such a state is given as:

λ =
Dw

6R3
s

− 2kb
3

, (5.13)

which is obtained when a linear stability analysis is performed for Eq. (5.12) and Eq. (3.4)

around Rs; see Refs. [90, 91]. Note that λ does not contain any information about the

number of droplets, as it considers only a mean-field coupling of the droplet and the

background field. Furthermore, λ < 0 implies the steady state Rs is stable, which means
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that all the droplets have to be greater than the threshold radius given as:

Rth =

[
Dw

4kb

] 1
3

,

obtained by setting λ = 0. Thus, multiple droplets can have a stable size only if Rs > Rth.

In most cases, this condition is satisfied for sufficiently large kb; see Ref. [90].

Hence, the value of Rs all the N droplets attain depends on the droplet density:

1. If the droplet density is small, i.e. N/Vsystem ≫ ξ−3, droplets do not significantly

alter the volume fraction far from them (ϕ ≈ ϕ∞); see Eq. (5.12), and thus the stable

radius stays the same for a single active droplet in a large system, i.e. Rs ≈ R.

Simply put, this means Ostwald-Ripening is suppressed in such low density systems

and each droplets attains a radius Rs ≈ R.

2. If the droplet density is large, i.e. N/Vsystem ≪ ξ−3, the stable radius Rs is less

than R. This is simply because the total amount of droplet material is limited,

which is shared commonly between N droplets. In principle, this supersaturation

ϕ is solved from the coupled equations Eq. (5.12) and Eq. (3.4). However, we can

approximately calculate ϕ by arguing that the total volume of droplet material

Vsystem ϕ∞ is an upper bound for the total droplet volume, i.e. N Vs ≈ Vsystem ϕ∞.

The stable radius Rs can then be simply calculated as:

Rs =

[
3Vs

4π

] 1
3

, (5.14)

and thus Ostwald-Ripening is again suppressed, but with droplets of a smaller size

than R.

We can also qualitatively explain why does a system of N active droplets with first-order

reactions attain a state where all the droplets have the same radius given by Rs. In the

absence of chemical reactions, Ostwald-Ripening is observed and droplets coarsen over

time, which is also seen from Eq. (5.13) - when chemical reactions are absent, λ > 0 and

is proportional to the size of the droplets. The primary reason for small droplets to shrink

and big droplets to grow bigger is surface tension, as the material flux is directed from

the smaller droplets (having a high value of ϕeq
out) towards the bigger droplets (having a

low value of ϕeq
out). However, in the case of first order reactions, surface tension effects will

be countered by diffusive fluxes originating from the background field into the droplet

due to chemical reactions and hence multiple droplets of the same size can co-exist.

Having developed a mean-field framework for calculating the fixed size for a system

of N active droplets, we aim to demonstrate that the effective droplet model is able to

capture this fixed size which the droplets attain. We choose three different mean-field
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coarsening scenarios in increasing complexity and compare simulations using the effective

droplet model with the analytical predictions:

1. A single active droplet in a finite system.

2. A pair of active droplets coarsening in a large and a finite system.

3. Multiple active droplets coarsening in a large and a finite system.

5.4.2.1 Coarsening of a single active droplet in a finite system

We start by demonstrating that the effective droplet model captures the mean-field coars-

ening of a single active droplet in a finite system. We simulate a droplet of initial radius

R0 = 4w embedded in an initial volume fraction ϕ∞ = kf/(kf +kb) and let it coarsen over

time. As seen from Fig. 5.7B, the droplet reaches a fixed radius Rs (dashed green line)

given by Eq. (5.14) and compares well with simulations using the effective droplet model

(blue) and using the continuous model (orange). Note that since the system size is small

as compared to ξ, R3D (in black) is a poor estimate for the stable radius. Exploiting

the symmetry of the problem, we use a spherically symmetric domain for the continuous

model of size r ∈ [0, 0.8ξ]3 with ϕ(t = 0) = ϕ∞. Simulations using the effective droplet

model were carried out with ϕout(t = 0) = ϕ∞ in a 3-dimensional periodic cubic do-

main of size [0, L2]
3, where L2 = 122w. As Rs is calculated from a mean-field approach,

simulation parameters for the effective droplet model were chosen as ∆x ≈ ℓ ≈ ∆s ≈ L2.

Additionally, it is again interesting to see that increasing approximations of the con-

tinuous model (in orange) lead to increasingly worse estimates for droplet drift, as the

analytical predictions from the thin-interface approximation (dashed line); see Eqs. (2.19),

are approximations of the continuous model, and the effective droplet model (in blue) is

an approximation of Eqs. (2.19).

5.4.2.2 Coarsening of a pair of active droplets coarsening in a large system

and a finite system

Next, we demonstrate that the effective droplet model captures the mean-field coarsening

of a pair of active droplets in: a) Large system and b) Finite system. We simulate two

droplets of initial radius R0 = [20w, 80w] immersed again in a supersaturation equal to

ϕ∞, and let them coarsen over time. Simulations using the effective droplet model were

carried out for a pair of droplets, of initial radius R0 = [20w, 80w] in a 3-dimensional

periodic cubic domain of size [0, L1]
3 for a finite system, where L1 = 200w and size

[0, L2]
3 for a large system, where L2 = 104w. As Rs is calculated from a mean-field

approach, simulation parameters were ∆x ≈ ℓ ≈ ∆s ≈ L1 for the finite system and

∆x ≈ ℓ ≈ ∆s ≈ L2 for a large system. Note that we do not simulate this system with

the continuous model, owing to computational costs.
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Figure 5.9: Mean-field coarsening of a pair of active droplets in a finite system
(A) and a large system (B). (A) Droplet radius R as a function of time t for a pair of
active droplets in a finite system, which reaches a fixed size Rs (dashed green line) pre-
dicted from Eq. (5.14), and compares well with the effective droplet model (blue). (B) The
droplet pair reaches a fixed radius R3D (dashed black line) given by numerically solving for
jin = jout from Eqs. (5.11) for a large system and compares well with simulations using the
effective droplet model (blue). (A-B) Simulations using the effective droplet model were
carried out for a pair of droplets, of initial radius R0 = [20w, 80w] in a 3-dimensional pe-
riodic cubic domain of size [0, L1]

3 for a finite system, where L1 = 200w and size [0, L2]
3

for a large system, where L2 = 104w. Model parameters are s(ϕ) = kf(1 − ϕ) − kbϕ,
kf = 1 × 10−5τ−1, kb = 1 × 10−4τ−1 and ϕout(t = 0) = ϕ∞. As Rs is calculated from
a mean-field approach, simulation parameters were ∆x ≈ ℓ ≈ ∆s ≈ L1 for (A) and
∆x ≈ ℓ ≈ ∆s ≈ L2 for (B). Remaining parameters are specified in Fig. 4.2.

Fig. 5.9A shows that the droplets in the finite system reach a fixed radius Rs (dashed

green line) given by Eq. (5.14) and compares well with simulations using the effective

droplet model (blue). The deviation of the stable radii from R3D is strong and expected,

as R3D is analytically calculated for large systems. On the contrary, Fig. 5.9B shows a

good agreement of the effective droplet model with the theoretically predicted R3D for

the droplet pair in a large system.

Thus our model successfully demonstrates the coarsening of a pair of droplets and

agrees well with the analytical predictions and the continuous model. Next, we consider

slightly complex situations of multiple active droplets.

5.4.2.3 Coarsening of multiple active droplets in a large system

We consider the interaction of many active droplets in a large dilute system and simulate

100 droplets with radii uniformly chosen in [10w, 50w] and placed in a periodic cubic

domain of size [0, L]d with L = 1000w in an initial supersaturation equal to ϕ∞.

Fig. 5.10, Fig. 5.11 show that the emulsions with broad initial sizes quickly converge

to a mono-disperse distributions for 1, 2 and 3 dimensional systems. The stable radii

R1D, R2D, R3D are obtained from setting jin = jout in Eqs. (5.11) and they compare well
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Figure 5.10: Suppression of Ostwald-Ripening by first-order chemical reac-
tions. (A, B) Radii R as a function of time t of droplets evolving in d = 2 dimensions
(A) and d = 3 dimensions (B). The theoretically expected radii are indicated by dashed
horizontal lines for 2 dimensions as (R2D) and for 3 dimensions as (R3D). R2D, R3D are
obtained by numerically solving for jin = jout from Eqs. (5.11). 100 droplets with radii
chosen uniformly in [10w, 50w] were placed in a periodic cubic domain of size [0, L]d

with L = 1000w. Model parameters are s(ϕ) = kf(1 − ϕ) − kbϕ, ϕout(t = 0) = ϕ∞,
kf = 1×10−5τ−1, kb = 1×10−4τ−1, ∆x ≈ ℓ ≈ L, and a single shell sector for all droplets.
Remaining parameters are specified in Fig. 4.2.

with simulations using the effective droplet model. Note that we do not use the continuous

model for comparison, as it is extremely computationally costly, given the sizes of the

system which we simulate.

5.4.2.4 Coarsening of multiple active droplets in a finite system

As a final example, we consider the interaction of many active droplets in a finite system.

It is known that multiple interacting active droplets undergoing first-order reactions typ-

ically arrange themselves in a hexagonal lattice for 2 dimensional systems; see Ref. [90],

and as shown from simulations of the continuous model; see Fig. 5.12. In the steady state

the droplets position themselves such that all of them share a common supersaturation

ϕ given by Eq. (5.12). We now seek to recapitulate this phenomena using the effective

droplet model. Note that we do not simulate such systems using the continuous model,

owing to prohibitive computational costs.

We simulate the effective droplet model for 10 droplets (Fig. 5.13A) and 40 droplets

(Fig. 5.13C) of initial radius R0 chosen uniformly in [9.5w, 10.5w] in a periodic 3 dimen-

sional system of size [0, L]2, where L = 103w. We start with an initial background field

ϕout(t = 0) = ϕ∞, and the droplets grow until a stable radius is reached. As we are

primarily interested in the spatial resolution on a droplet level, we resolve ϕout on the

scale of a single droplet. This also ensures that the drift of the droplets is also captured

correctly, which is an important factor in the formation of the lattice.

As seen from Fig. 5.13A and Fig. 5.13C, we recover this phenomena for a 2 dimensional
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Figure 5.11: Suppression of Ostwald-Ripening by first-order chemical reactions
in one dimension. Droplet radii R as a function of time t of active droplets evolving
in d = 1 dimension. The theoretically expected radius is indicated by dashed horizontal
line. 100 droplets with radii chosen uniformly in [10w, 50w] are placed in a periodic one-
dimensional Cartesian domain of size [0, L] with L = 1000w. Remaining parameters are
specified in Fig. 5.10.

finite system with different initial conditions consisting of increasing droplet number.

Furthermore, the stable radius Rs predicted from Eq. (5.14) agrees well with the effective

droplet model, as seen from Fig. 5.13B and Fig. 5.13D, and deviates increasingly from

R2D given by numerically solving for jin = jout from Eqs. (5.11), with increasing droplet

density. This is expected, as the prediction for R2D assumes droplet density to be low. For

the simulations with low droplet density (Fig. 5.13A, Fig. 5.13B), Rs > R2D as Vs = πR2
s

(for two dimensions) is directly proportional to the system volume Vsystem and hence will

approach a large number as the system size L → ∞. Consequently, for simulations with

high droplet density (Fig. 5.13C, Fig. 5.13D), Rs < R2D as R2D assumes the system

size to be large. This interesting interplay between Rs, R2D is also seen from Fig. 5.13B,

Fig. 5.13D. Taken together, we in this section, we demonstrated that our effective model

faithfully recovers important physical behaviour of active droplets.

5.5 Summary

In the last chapter; Chapter 4, we formulated the effective droplet model in detail which

governs droplet dynamics according to Eqs. (3.8) and the dynamics of the background

field ϕout using Eq. (3.3). We then put forward the numerical algorithm; see Algorithm

1, and used a test-case of a pair of identical passive droplets shrinking in a vanishing

volume fraction to conclude that the optimum values for the effective droplet model are

[∆x ≈ ℓ ≈ ∆s].

In this chapter, we validated our claim of optimum simulation parameters for the

effective droplet model by comparing it with known analytical results from literature

and simulations using the continuous model (wherever computationally viable). We were
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Figure 5.12: Active droplets with first order reactions forming a 2 dimensional
lattice using the continuous model. Simulations using the continuous model shows
active droplets forming a lattice in a 2 dimensional system using first-order reactions;
see Ref. [90]. The continuous model used a 2-dimensional periodic Cartesian domain of
size [0, L]2, where L = 103w. Model parameters are s(ϕ) = kf(1 − ϕ) − kbϕ, ϕ(t = 0) is
chosen as a random uniform field ϕ ∈ [0.1, 0.4] on the entire domain, kf = 3 × 10−4τ−1,
kb = 1× 10−3τ−1. Remaining parameters are specified in Fig. 4.2.

motivated from biology, in particular, simulating two mechanisms the cell potentially

uses to regulate the dynamics of condensates - chemical reactions and external chemical

gradients. To help disentangle the individual roles of these two mechanisms, we consid-

ered them separately; first in simulations of single droplet systems, and then through

simulations of many droplet systems.

We started by considering simple scenarios involving a single droplet and moved to

more complex situations, eventually reaching a point where we simulated coarsening be-

haviour of 105 droplets. As our aim was to simulate dynamics of phase separated droplets

accurately, throughout all the simulation scenarios, we primarily focused on comparing

droplet growth and drift. Wherever possible, we derived the equations for growth (and

drift) of the droplets using the thin-interface approximation given by Eqs. (2.19).

First, we simulated a passive droplet growing in a large supersaturated system and

simulations using the continuous model, the effective droplet model with optimum pa-

rameters and analytical predictions; see Refs. [91, 97], match well; see Fig. 5.1. Next, we

validated the effective droplet model for a passive droplet in an external volume fraction

gradient; see Fig. 5.3 and tested the effective droplet model for this scenario for simu-

lation parameters other than the optimum values, thus highlighting the importance of

choosing the correct values for the simulation parameters; see Fig. 5.4.

We then moved on to demonstrate the hallmark of this model - the ability to simulate

large scale emulsions of many droplets. To this end, we simulated Ostwald-Ripening ; see

Fig. 5.5, and the effective droplet model accurately captured the t 1/3 scaling of the mean

droplet radii; see Refs. [91, 159]. Note that we did not simulate Ostwald-Ripening with

the continuous model, as the system sizes we chose would have been prohibitively costly.

All of the above simulations were representative examples of droplets in passive phase
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Figure 5.13: Active droplets with first order reactions forming a two dimen-
sional lattice using the effective droplet model. Active droplets with first-order
chemical reactions attain a stationary radius and form a lattice in 2 dimensional systems
using the effective droplet model. (A) and (C) show 10 and 40 active droplets with radii
chosen uniformly in [9.5w, 10.5w] and placed in a periodic Cartesian domain of size [0, L]2

with L = 103w. (B) and (D) show droplet radius R with time and a good agreement
of the stable radius from the effective droplet model with the theoretically predicted Rs

(dashed red line) from Eq. (5.14). R2D (dashed black line), given by numerically solving
for jin = jout from Eqs. (5.11), deviates increasingly from Rs, for increasing droplet den-
sities. Model parameters are s(ϕ) = kf(1−ϕ)− kbϕ, ϕout(t = 0) = ϕ∞, kf = 1× 10−5τ−1,
kb = 1× 10−4τ−1, ∆x ≈ ∆s ≈ ℓ ≈ R0. Remaining parameters are specified in Fig. 4.2.

separation. We then introduced (weak) first-order chemical reactions and successfully

validated it’s effects on droplet dynamics using the effective droplet model for various

scenarios. The situations we considered were: a) Single active droplet in a finite system

and a large system reaching a stable radius; see Fig. 5.7 and Fig. 5.8, b) A pair of

active droplets in a finite system and a large system reaching a common stable radius;

Fig. 5.9, and c) Many active droplets in a finite system and a large system reaching a

common stable radius; see Fig. 5.10 and Fig. 5.11. Furthermore, we were also successful in

recovering an ordered state for many active droplets in two dimensions, using the effective

droplet model and thus demonstrating suppression of Ostwald-Ripening ; see Fig. 5.13. In

all the above scenarios, we reported that the effective droplet model accurately captured

the growth (and drift) of droplets, as well as large scale coarsening events.
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Taken together, we thus demonstrated that our effective model faithfully recovers

important physical behaviour of passive and active droplets. Furthermore, it is able

to capture and disentangle the effects of chemical gradients and chemical reactions on

droplet dynamics, optionally even beyond the mean-field regime by increasing the spatial

resolution to capture correlations in droplet growth.



Chapter 6

Conclusion and outlook

In this thesis, we developed a fast and efficient numerical model to simulate dynamics

of phase separated droplets in large-scale emulsions in the presence of chemical reactions

and chemical gradients, circumventing the need of solving the computationally expen-

sive Cahn-Hilliard equation; see Refs. [91, 104, 136], describing phase separation. We

were motivated from numerous examples from biology, specifically biological cells, which

need to organize their intracellular environment in a precisely regulated spatiotemporal

manner to properly function and survive. One way the cell achieves this is through man-

ufacturing membrane-less organelles (or condensates) in an energetically efficient way

using Liquid-liquid phase separation. Additionally, aberrant condensates; which form via

poor spatiotemporal regulation by the cell, are implicated in many diseases, a few being:

familial amyotrophic lateral sclerosis (fALS), frontotemporal lobar degeneration (FTLD);

see Ref. [49], amyotrophic lateral sclerosis (ALS); see Ref. [47] and Alzheimer’s disease;

see Refs. [69, 70]. This precise control of the cell over it’s condensates is thought to

be accomplished through various mechanisms, a few being: utilizing chemical gradients,

chemical reactions via PTMs, regulating pH and temperature, physically modifying it’s

internal environment through forming networks and using pickering agents to modify the

surface properties of the condensates.

We were interested disentangling and separately investigating the roles of two im-

portant mechanisms out of the above, namely chemical reactions and external chemical

gradients, through numerical simulations of dynamics of phase separated droplets. How-

ever, simulating the traditional Cahn-Hilliard equation of phase separation (continuous

model given by Eq. (2.18)) for large systems in three dimensions is prohibitively costly,

as small time steps and fine grid discretizations have to be used. Earlier works have im-

proved the computational speeds of this model using approaches such as using multi-grid

methods; see Ref. [160], finite element modelling; see Refs. [161, 162], incorporating

meshless methods; see Ref. [163] and adaptive grids; see Refs. [164, 165], to overcome

the challenges posed, but the fundamental drawbacks still persist.

However, since we are interested primarily in modelling dynamics of droplets, we cir-

79
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cumvented these problems by focusing only on phase separation inside the nucleation and

growth regime, and assuming that sufficiently finite perturbations have already nucleated

droplets. We discussed the thin-interface approximation; see Eqs. (2.19), which was a

coarse-grained analytical formulation of the continuous model subject to strong phase

separation, low variation of volume fractions in the droplet phase and the dilute phase

themselves and large droplet sizes compared to the interface width. This approximation

describes dynamics of droplets and dynamics of the dilute phase separately, instead of

the full volume fraction field from the continuous model; see Fig. 3.1, thus effectively

‘de-coupling’ the description of phase separated droplets from the dilute phase. This

analytical approach was utilized by Zwicker et al. [90] to study kinetics of many droplet

systems and effects of chemical reactions on such systems.

The aim of this thesis was to then utilize the thin-interface approximation, build a

numerical model (the effective droplet model) upon it to simulate the dynamics of phase

separated droplets in presence of chemical reactions and external chemical gradients, and

thus obtain insights how the cell is able to robustly regulate the size and shape of the

condensates in spite it’s complex intracellular environment which experiences thousands

of biomolecular reactions every second. Using the thin-interface approximation, we built

up the effective droplet model systematically and chose optimum values for various sim-

ulation parameters based on comparisons with simulations using the continuous model.

We then demonstrated that the effective droplet model captures droplet dynamics ac-

curately for two extreme scales, namely a) simple scenarios typically involving a single

droplet or a pair of droplets and b) Ostwald-Ripening of 105 droplets, where it accurately

replicates the theoretical predictions for the t1/3 scaling of the mean radius from Refs.

[159, 147]. In addition, we studied the roles of two important mechanisms that influence

the physics of phase separation - chemical reactions and external chemical gradients on

droplet dynamics, by simulating them individually and thus disentangling their effects

on growth and drift of droplets.

We now reasonably assume that with optimum choices for the simulation parameters;

as described in Chapter 4, intermediate-scale scenarios (which are computationally ex-

pensive to be simulated using the continuous model), for example, many-droplet systems

in the presence of chemical reactions and chemical gradients, should also be captured well

using the effective droplet model, which we will demonstrate and discuss next.

6.1 Droplet dynamics in the presence of chemical re-

actions and external volume fraction gradient

We now present the final demonstration of the effective droplet model, where we simulate

the combined effect of chemical reactions and external volume fraction gradients on the
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dynamics of the droplets; see Fig. 6.1. We simulate many active droplets in a large

three dimensional system and the droplets are immersed in an external volume fraction

gradient (along one dimension) of the droplet material. Based on results from Chapter

5, we expect the droplets to drift in the direction of the gradient. Additionally, as seen

from Chapter 5, droplets with first-order reactions (and in the absence of an external

gradient) attain a stable radius R3D in three dimensions, which is based on flux balances

and given by numerically solving for jin = jout from Eq. (5.11). Hence, we hypothesize

the following: if we want to achieve both: stable radii (size control) and droplet drift

(position control) for the droplets, chemical reactions and external chemical gradients

might be the right combination to materialize such a situation.

To investigate our claim, we now simulate four droplets with radii chosen uniformly

in [0.8 ⟨R0⟩ , 1.2 ⟨R0⟩], where ⟨R0⟩ = 40w. The droplets are placed in cubic domain of size

[0, L]3 with L = 103w with ∆x ≈ ℓ ≈ ∆s ≈ ⟨R0⟩; see Fig. 6.1, along with the boundary

conditions ϕout(x = −L/2) = 0 and ϕout(x = L/2) = 0.1 to maintain the one-dimensional

gradient and no-flux boundary conditions at the remaining system boundaries. Indeed

as seen from Fig. 6.1, we observe that droplets (shown as two dimensional projections)

grow as they drift along the (one dimensional) gradient and they approach the fixed

radius given by R3D, thus achieving both - size control and droplet drift. Thus, through

simulations of the effective droplet model, we are able to qualitatively demonstrate spa-

tiotemporal size control of biomolecular condensates, where precise location and size is

controlled by the cell potentially through chemical gradients and chemical reactions; see

Refs. [7, 166].

6.2 Future extensions to the effective droplet model

Having modelled the effects of chemical reactions and external chemical gradients on

droplet dynamics, we now discuss and propose future improvements for the effective

droplet model. This model has been extended to integrate elasticity and utilized by

Vidal-Henriquez et al. [94, 167] to study droplet ripening in passive emulsions with the

presence of an elastic matrix. This is a valuable extension to the model, as cells are

thought to utilize chromatin networks to suppress coalescence of condensates and thus

stabilizing them; see Refs. [9, 92, 93]. Additional extensions such as fluid flows which

are pertinent to biological cells; see Refs. [7, 13, 168]. In particular, Seyboldt et al. [150]

investigated the role of hydrodynamic flows in stabilizing droplets in presence of strong

chemical reactions. Fluid flows can be incorporated by including advection terms in the

dynamics of volume fractions inside the droplets and in the background field.

Further, we currently have ignored the effects of droplet splitting and coalescence.

Coalescence can be incorporated in the model through volume conservation of droplets

touching each other. Inside biological cells, condensates have been shown to exhibit
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Figure 6.1: Active droplets ripening along external gradients in three dimen-
sional systems. Figure shows ripening of active droplets in three dimensional systems at
intermediate snapshots, using effective droplet model. Droplets (white circles) are shown
as two dimensional projections and arrow shows the direction of the gradient along which
the droplets grow and drift. (A-B) Active droplets with first-order chemical reactions
under the influence of an external volume fraction (one-dimensional) gradient grow to-
wards a fixed size and drift towards the gradient direction, thus qualitatively depicting
spatiotemporal size control of biomolecular condensates. The gradient is maintained only
along the x direction through boundary conditions. (C) Droplet radius R as a function
of time t for different droplets approaching a fixed size R3D (dashed line), which is ob-
tained from numerically solving for jin = jout from Eqs. (5.11); ; compare to Fig. 5.10. 4
droplets with radii chosen uniformly in [0.8 ⟨R0⟩ , 1.2 ⟨R0⟩], where ⟨R0⟩ ≈ 40w are placed
in cubic Cartesian domain of size [0, L]3 with L = 103w with ∆x ≈ ℓ ≈ ∆s ≈ ⟨R0⟩
along with the boundary conditions ϕout(x = −L/2) = 0 and ϕout(x = L/2) = 0.1 and
no-flux boundary conditions at the remaining system boundaries. Model parameters are
s(ϕ) = kf(1 − ϕ) − kbϕ, ϕout(t = 0) = ϕ∞, kf = 1 × 10−5τ−1 and kb = 1 × 10−4τ−1.
Remaining parameters are specified in Fig. 4.2.

anomalous coarsening behaviour, primarily due to hindrance and physical barrier which

curb their ability of coalesce; see Refs. [9, 87, 93, 96]. Thus including the effects of

droplet coalescence in the model will be a useful extension. Droplet splitting along with

non-spherical droplets will also be a valuable addition to the model, as it is relevant when

considering strong chemical reactions; see Refs. [144, 150].

Taken together, we demonstrated that the effective droplet model faithfully captures

the effects of chemical reactions and external chemical gradients on droplet dynamics.

Additionally, the gain in computational speed of the effective droplet model is shown

to be orders of magnitude faster than simulations of the continuous model given by

Eq. (2.18) for similar systems, making it a viable and a pragmatic option for fast and

computationally efficient simulations of phase separated droplets in large many-droplet

emulsions. Most importantly, our model can be used as a modular platform, which can

be extended to include other relevant physical phenomena which play a role in controlling
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condensate dynamics, thus shedding insights on the formation, dissolution, stability and

sizes of biomolecular condensates.



Appendix A

Instabilities of the homogeneous

state

We briefly examine the stability of the homogeneous state when it is introduced in the two

regimes from Fig. 2.1, namely the nucleation and growth regime and the spinodal decom-

position regime, and prove that a necessary condition for spontaneous phase separation

is f ′′(ϕ) < 0, i.e. regions where f(ϕ) is convex. Here f(ϕ) is the free energy density given

by Eq. (2.1) or Eq. (2.9), as both of the free energy densities exhibit identical behaviour

for stability of the phases; see Ref. [91].

A.1 Spinodal decomposition regime

We first focus on the spinodal decomposition regime, where infinitesimal fluctuations in

the homogeneous state are unstable, thus promoting phase separation into the minima

described by the free energy density. We start by assuming in an homogeneous state, small

perturbations lead to the formation of two phase separated domains, each of volume δV .

The resulting volume fractions for the two domains read as ϕ1 = ϕ− δϕ and ϕ2 = ϕ+ δϕ,

as mass conservation dictates that the average volume fraction ϕ must remain constant.

The free energy change in this case can be calculated as:

δF = δV f(ϕ1) + δV f(ϕ2)− 2δV f(ϕ) = δV (δϕ)2f ′′(ϕ).

Thus, we see that if f ′′(ϕ) < 0 (i.e. f(ϕ) is convex), the infinitesimal perturbations are

energetically favourable and will grow. This regime is commonly referred to as the Spin-

odal decomposition; see Fig. 2.1. Consequently, f ′′(ϕ) > 0 implies that the perturbations

will die down, making phase separation energetically unfavourable for infinitesimal per-

turbations. We will now see the conditions for phase separation to be initiated in the

region where f(ϕ) is concave.
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A.2 Nucleation and growth regime

We now focus on the nucleation and growth regime and see the conditions for which the

perturbations in this regime grow. As infinitesimal perturbations in this regime die down

quickly, we explore what happens when we have finite perturbations.

Let us assume the finite perturbation to be of the kind where a droplet of radius R

forms and the volume fraction in the dilute phase ϕout changes by an amount δϕ, where

δϕ ≪ ϕ. From Eq. (2.10), the free energy change in this case can be calculated as:

δF = Vdf(ϕin) + (V − Vd)f(ϕ− δϕ)− V f(ϕ) + Sγ, (A.1)

where we used ϕout = ϕ − δϕ, V is the volume of the system, Vd = (4/3)πR3 is the

volume of the droplet, S = 4πR2 is the surface area and ϕ is the average volume fraction.

Similarly, from Eq. (2.11), we have Vd ϕin + (V − Vd)(ϕ− δϕ) = V ϕ. Thus, we calculate

the change in volume fraction δϕ as:

δϕ = ϕ− V ϕ− Vdϕin

V − Vd

. (A.2)

Expanding δϕ from Eq. (A.2) in linear order, we have from Eq. (A.1),

δF ≈ Vd[f(ϕin)− f(ϕ)− f ′(ϕ)(ϕin − ϕ)] + Sγ. (A.3)

From Eq. (A.3), we can qualitatively see that the term Sγ (∼ R2) will dominate for small

radius and thus increasing the droplet radius further is not energetically favourable. On

the other hand for large radius, the term proportional to Vd will dominate (∼ R3). Hence,

if the droplet is larger than a critical radius Rc, it will further lower the free energy as it

increases in size. We can calculate this critical radius by setting ∂R δF = 0, which gives

us:

Rc = (2γ)/[f(ϕin)− f(ϕ)− f ′(ϕ)(ϕin − ϕ)].

Note that the critical radius Rc is proportional to the surface tension γ. We hence prove

that in the nucleation and growth regime, sufficiently finite perturbations are required to

initiate phase separation and form droplets.



Appendix B

Droplet dynamics for spherical

droplets

Here, we derive the equations for the growth speed and drift rate of droplets of arbitrary

shape described by Eqs. (3.5) in two and three dimensions; see Refs. [91, 97].

For simplicity, we focus on d = 3 dimensions, but the derivation works analogously in

all dimensions. The 2D surface of a 3D droplet can be parameterized by points R(θ, φ)

with parameters θ and φ. For simplicity, we consider droplet shapes that are star domains,

so we can place a spherical coordinate system inside the droplet and write R(θ, φ, t) =

P (θ, φ, t)er, where θ and φ denote the typical angles and P (θ, φ, t) denotes the distance

of the surface from the origin.

The droplet volume reads V = d−1
∫
P d dΩ, where dΩ is the solid angle element,

which reads dΩ = sin θ dθdφ for spherical coordinates. The volume changes in time as

∂tV =
∫
(∂tP )P d−1 dΩ, where ∂tP is the interfacial speed in the radial direction. We

obtain it from the normal speed vn, given by Eq. (3.4), using the geometric relation

vn = (∂tP ) er · n, which implies ∂tP = vn/(er · n).
Additionally, the differential element dΩ can be linked to the surface area element dA

by P d−1dΩ = er · n dA. Taken together, the rate of change of the radius R of a sphere

with volume V , given by ∂tR = (∂tV )/S for the surface area S, can then be expressed as

Eq. (3.5a).

Similarly, we analyze the center-of-mass position x = [(d + 1)V ]−1
∫
P d+1erdΩ. We

find ∂t(xV ) =
∫
P d(∂tP )erdΩ =

∫
Pvner dA. If the droplet is initially centered on the

origin, x = 0, this implies ∂tx = V −1
∫
Pvner dA. This expression is equivalent to

Eq. (3.5b) for spherical droplets, where P (θ, φ) = R, er = n, and R/V = d/S.
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Interfacial velocity of droplets

Here, we briefly derive the interfacial speed of the droplets. We investigate the dynamics

of the droplet interface by analyzing an infinitesimal cuboid placed on the interface. The

cuboid is aligned with the interface and covers an area element dA of it. It protrudes by

distances ϵin and ϵout inside and outside the interface, respectively, so its volume is given

by (ϵin + ϵout) dA.

Keeping the cuboid fixed in space, the distances change by the interfacial speed vn

in the normal direction, ∂tϵin = −∂tϵout = vn. We use this to express the time derivative

of the amount of material in the cuboid, Φ = (ϵinϕ
eq
in + ϵoutϕ

eq
out) dA, as ∂tΦ =

(
ϕeq
invn +

ϵin∂tϕ
eq
in − ϕeq

outvn + ϵout∂tϕ
eq
out

)
dA. On the other hand, the amount Φ changes due to

material fluxes, ∂tΦ ≈ (jin − jout) · n dA, where we neglect chemical reactions in the

infinitesimal volume element and divergences of fluxes tangential to the interface.

Equating the two expressions for ∂tΦ in the limit of vanishing ϵin and ϵout, we have

vn ≈ jin − jout
ϕeq
in − ϕeq

out

· n,

which is Eq. (3.4). We thus have an expression for the normal interfacial speed vn in

terms of the fluxes jin, jout.
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Appendix D

Fluxes evaluated inside the droplets

We seek to determine the fluxes jin inside the droplet. As the fluxes follow from the

volume fraction profile inside the droplet ϕin, which is determined from the stationary

state of Eqs. (2.19) as:

∂ϕin

∂t
≈ Din∇2ϕin + s(ϕ0

in)− kin(ϕin − ϕ0
in),

where Din = Λ(ϕ0
in) b is diffusivity. We solve the steady state of above equation for ϕin

in a co-ordinate system with angular symmetry centered at the droplet. We use the

boundary conditions ϕin(R) = ϕeq
in and ∂rϕin(0) = 0, where r is the radial co-ordinate. ϕin

then reads in 1, 2 and 3 dimensions as

ϕin,3D(r) = ϕ0
in +

s(ϕ0
in)

kin
−

R sinh
(

r
ξin

)
s(ϕeq

in )

r sinh
(

R
ξin

)
kin

, (D.1a)

ϕin,2D(r) = ϕ0
in +

s(ϕ0
in)

kin
−

I0

(
r
ξin

)
s(ϕeq

in )

I0

(
R
ξin

)
kin

, (D.1b)

ϕin,1D(r) = ϕ0
in +

s(ϕ0
in)

kin
−

cosh
(

r
ξin

)
s(ϕeq

in )

cosh
(

R
ξin

)
kin

, (D.1c)

where I0 is the Modified Bessel Functions of the First Kind and ξin =
√
Din/|kin| is the

reaction-diffusion length-scale; see Ref. [91]. Assuming R ≪ ξin, the fluxes inside the

interface then read as

jin ≈ [−Din∇ϕin(R)] ≈ R

d

[
s(ϕ0

in)− kin(ϕ
eq
in − ϕ0

in)
]
n, (D.2)

where d is the space dimension.
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Appendix E

Fluxes evaluated inside droplet shells

We seek to determine the fluxes outside the droplet. The fluxes follow from the volume

fraction profile outside the droplet ϕout by considering Eq. (3.3) in an annular shell of

thickness ℓ surrounding the droplet, which we further discretize into N sectors uniformly

chosen in the angular dimensions; see Fig. 3.1.

We assume the volume fraction in the m-th sector as ϕ
(m)
out (r) and solve for ϕ

(m)
out (r)

using Eq. (3.7) in stationary state along with the boundary conditions ϕ
(m)
out (R) = ϕeq

out and

ϕ
(m)
out (R+ ℓ) = ϕ

(m)
shell. Here, we estimate ϕ

(m)
shell from a linear interpolation of the discretized

background field ϕout; see Fig. 3.1. Furthermore, we assume that ϕ
(m)
out (r) varies only

marginally in the shell sector and we linearize the reaction flux s(ϕ
(m)
out ); see Ref. [91], as

s(ϕ
(m)
out ) ≈ Γout − kout ϕout,

where Γout, kout are obtained from the constraints s(ϕ
(m)
out )(R) = s(ϕeq

out) and s(ϕ
(m)
out )(R +

ℓ) = s(ϕ
(m)
shell); see Eqs. (3.6). We can then evaluate the local material fluxes at the

droplet surface in the normal direction as j
(m)
out · n = [−Dout∇ϕ

(m)
out (R)] · n, where Dout is

the diffusivity outside the droplets. The expressions for the normal fluxes in 1, 2, and 3

dimensions read
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j
(m)
out,1D · n = Dout

(ϕeq
outkout − Γout) cosh

(
ℓ

ξout

)
−
(
ϕ
(m)
shellkout − Γout

)
koutξout sinh

(
ℓ

ξout

) ,

j
(m)
out,2D · n = Dout

(ϕeq
outkout − Γout) T1 − ξout

R

(
ϕ
(m)
shellkout − Γout

)
koutξout T2

,

j
(m)
out,3D · n = Dout

(ϕeq
outkout − Γout)

(
R coth

(
ℓ

ξout

)
+ ξout

)
− ℓ+R

sinh
(

ℓ
ξout

) (ϕ(m)
shellkout − Γout

)
koutξoutR

,

(E.1a)

where T1, T2 in j
(m)
out,2D · n are given by:

T1 =

[
I1

(
R

ξout

)
K0

(
ℓ+R

ξout

)
+K1

(
R

ξout

)
I0

(
ℓ+R

ξout

)]
and

T2 =

[
K0

(
R

ξout

)
I0

(
ℓ+R

ξout

)
− I0

(
R

ξout

)
K0

(
ℓ+R

ξout

)]
,

Kα, Iα are Modified Bessel Functions of the Second and First Kind respectively, R is

the droplet radius, ℓ is the thickness of the shell sector and ξout =
√

Dout/|kout| is the

reaction-diffusion length-scale; see Ref. [91].

Note that Γout, kout from Eqs. (3.6) will diverge when ϕ
(m)
shell ≈ ϕeq

out. In that case, we

reason that if ϕ
(m)
shell ≈ ϕeq

out, s(ϕ
(m)
shell) will also be close to s(ϕeq

out), as we consider linearized

weak reactions. We hence formulate s(ϕ
(m)
out ) as a constant value given by:

s(ϕ
(m)
out ) = Γout = [s(ϕeq

out) + s(ϕ
(m)
shell)]/2.

The expressions for the normal fluxes in 1, 2, and 3 dimensions then read

j
(m)
out,1D · n =

Dout(ϕ
eq
out − ϕ

(m)
shell)

ℓ
− Γoutℓ

2
, (E.3a)

j
(m)
out,2D · n =

Γoutℓ(ℓ+ 2R)− 4ϕeq
outDout + 4ϕ

(m)
shellDout

4R log
(

R
ℓ+R

) +
ΓoutR

2
, (E.3b)

j
(m)
out,3D · n = −Γoutℓ

2(ℓ+ 3R)− 6ϕeq
outDout(ℓ+R) + 6ϕ

(m)
shellDout(ℓ+R)

6ℓR
. (E.3c)

We thus arrive at the formulation for the fluxes evaluated in the droplet shells.



Appendix F

Robustness of the test-case

Having shown that the optimum simulation parameters; see Chapter 4, for the test-case

of a droplet pair of initial radius R0 = 20w and separation distance Sd = 200w are

∆x ≈ ∆s ≈ ℓ ≈ R0; see Fig. 4.3, we now vary R0, Sd to show that our conclusions about

the optimum simulation parameters stay the same.

We simulate three different systems as [R0, Sd] = [10w, 40w], [10w, 100w] and [20w, 80w]

with the background field discretization fixed at ∆x ≈ R0, as we aim to capture the inter-

action on a droplet level. We utilize the same methodology as before; see Fig. 4.3, where

we first simulate the droplet pair using the continuous model for a duration T after which

the droplets typically have shrunk by about 20%. We then simulate our effective droplet

model for the same time T and compare the final radii of the droplets from both the

simulations.

Top row (A,B,C) from Fig. F.1 represents the first set of simulations, namely where

we fix [R0, Sd] = [10w, 40w]. Fig. F.1A shows the final mean radii of the droplets ⟨R∗⟩
obtained from the effective droplet model and ⟨RCM⟩ (gray dashed line) obtained from

the continuous model for ∆x ≈ ∆s. We see that the error is less than ±5% between ⟨R∗⟩
and ⟨RCM⟩ for the choice of ℓ ≈ R0. Similarly, we now fix ∆x ≈ ℓ; see Fig. F.1B, and

see that the error is less than ±5% between ⟨R∗⟩ and ⟨RCM⟩ for the choice of ∆s ≈ R0.

Additionally, Fig. F.1C shows the error ϵ between the continuous model and the effective

droplet model ϵ = [⟨R∗⟩ − ⟨RCM⟩]/[⟨RCM⟩] for varying ℓ,∆s with ∆x ≈ R0. Note that

for small ℓ, the figure shows a large value for the error. This is expected as the fluxes

jout ·n scale as ℓ−1; see Appendix E. The black dashed line indicates a value equal to R0

and we see that the error ϵ is less than ±5% for ∆s ≈ ℓ ≈ R0.

Rows (D,E,F) from Fig. F.1 represent the second set of simulations, namely where we

fix R0, Sd = [10w, 100w] and rows (G,H,I) represent the last set of simulations, namely

where we fix R0, Sd = [20w, 80w]. Thus, from all the three different systems: [R0, Sd] =

[10w, 40w], [10w, 100w] and [20w, 80w], we see that ∆x ≈ ∆s ≈ ℓ ≈ R0 is a reasonable

choice for the effective droplet model for which the error ϵ between the continuous model

and the effective droplet model is less than ±5%.
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Figure F.1: Effect of shell thickness ℓ and sector size ∆s on simulations of a
passive droplet pair. (A-C) show simulations for the droplet pair when [R0, Sd] =
[10w, 40w]. (A) Mean droplet size ⟨R∗⟩ from the effective droplet model as a function of
ℓ (orange dots) for ∆x ≈ ∆s ≈ R0 compared to the ground truth ⟨RCM⟩ (gray dashed
line) obtained from the continuous model. The choice ℓ ≈ R0 (green dashed line) provides
good agreement and the error between ⟨RCM⟩ (dashed grey line) and ⟨R∗⟩ is less than
±5%. (B) ⟨R∗⟩ as a function of ∆s (blue dots) for ∆x ≈ ℓ ≈ R0 compared to ⟨RCM⟩,
where the error between ⟨RCM⟩ (dashed grey line) and ⟨R∗⟩ is less than ±5%. (C)
Colorbar shows the error between the continuous model and the effective droplet model
ϵ = [⟨R∗⟩ − ⟨RCM⟩]/⟨RCM⟩ is less than ±5% for ∆s ≈ ℓ ≈ R0. (D-F) show simulations
for the droplet pair when [R0, Sd] = [10w, 100w]. (G-I) show simulations for the droplet
pair when [R0, Sd] = [20w, 80w]. We thus conclude that ∆x ≈ ∆s ≈ ℓ ≈ R0 is the
optimum choice for the simulation parameters for the effective droplet model. Remaining
parameters are specified in Fig. 4.2.



Appendix G

Droplet dynamics in external

gradients in two dimensional systems

Primarily, studies of phase separated condensates have mostly focused on three dimen-

sional droplets. However, two dimensional phase separation is also relevant, for example,

aggregation of shape regulating proteins; see Ref. [169] and emulsions in two dimensions;

see Refs. [90, 91, 154, 153].

We aim to demonstrate the effective model for a passive droplet in the presence

of an external volume fraction gradient in two dimensional systems. We compare the

simulations using the effective droplet model with the continuous model and analytical

predictions. Similar to a passive droplet in an external gradient in a three dimensional

system; see Chapter 5, we first derive the droplet growth rate and drift speed for a passive

droplet in an external volume fraction gradient in a large 2 dimensional system.

Consider an isolated passive droplet of radius R ≫ w with a polar co-ordinate system

centred at the droplet position x0. The volume fraction outside the droplet can thus be

expressed as ϕout(r, θ), where θ ∈ [0, 2π]. For simplicity, we again assume that the droplet

experiences a one dimensional gradient that varies along the x-coordinate without loss

of generality. We utilize the framework of thin interface approximation and solve for

the volume fraction profiles ϕin, ϕout inside and outside the droplet. Since ϕin inside the

droplet typically varies only a little, we use the thin-interface approximation and solve

for ϕin from the steady state of Eq. (5.1) using the boundary conditions ϕin(R) = ϕeq
in and

∂rϕin(0) = 0 to obtain ϕin(r) = ϕeq
in .

Similar to inside the droplet, the volume fraction inside in the background field ϕout

also typically varies little can be solved from Eq. (5.1) using the boundary conditions

ϕout(R) = ϕeq
out and far from the droplet ϕout(L) = ϕ∞ = α + β L cos θ, where L is the

size of the large domain. Note that since the volume fraction around the droplet varies

as log(R), we do not consider truly infinite systems, but a large finite system of size L.
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We thus obtain the volume fraction profile as

ϕout(r, θ) =
α− ϕeq

out log(L)

log(R)

1− log(L)
log(R)

+

(
ϕeq
out −

α−ϕ
eq
out log(L)

log(R)

1− log(L)
log(R)

)
log(r)

log(R)
+

(
βr − R2β

r

)
cos(θ).

We now evaluate the local fluxes at the droplet surface similar to the approach used

earlier as jin = 0,

jout · n = −D

2β cos(θ) +

(
ϕeq
out −

α−ϕ
eq
out log(L)

log(R)

1− log(L)
log(R)

)
R logR

 ,

and calculate the interfacial speed vn from Eq. (3.4). We finally arrive at the droplet

growth and drift speed from Eq. (3.5a) and Eq. (3.5b) as

dR

dt
=

1

2π

∫
Ω

D

2β cos(θ) +

(
ϕeq
out −

α−ϕ
eq
out log(L)

log(R)

1− log(L)
log(R)

)
R logR

 dA =
D(α− ϕeq

out)

R log L
R

and (G.1a)

dx0

dt
=

1

π

∫
Ω

D

2β cos(θ) +

(
ϕeq
out −

α−ϕ
eq
out log(L)

log(R)

1− log(L)
log(R)

)
R logR

 cos(θ) dA = 2Dβ, (G.1b)

where D is the diffusivity, L is the system size, R is the droplet radius, Ω is the droplet

surface and dA is the area element on the droplet surface.

We simulate a single passive droplet of initial radius R0 = 6w immersed in a linear

volume fraction gradient of the droplet material. Similar to the case of the passive

droplet growing in a supersaturated medium, the passive droplet in this case also grows

over time by taking material from the surroundings. Furthermore, as jout · n has an

angular dependence, it results in unequal fluxes leading to droplet drift along the gradient.

The continuous and the effective droplet model use a Cartesian two dimensional domain

with x, y ∈ [−L,L], with L = 500w. The boundary conditions are µ(x = −L) = 0

and µ(x = L) = 0.0427 bw3 for the continuous model and ϕout(x = −L) = 0 and

ϕout(x = L) = 0.05 to maintain the gradient throughout the system. The effective model

uses ∆x ≈ ℓ ≈ ∆s ≈ R0. Fig. G.1 shows droplet growth and drift speed using the

effective droplet model with optimum parameters (∆x ≈ ℓ ≈ ∆s ≈ R0), simulations
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Figure G.1: Droplet dynamics in external gradients in two dimensional systems.
(A) Droplet radius R as a function of time t from the effective droplet model (blue),
analytical prediction (dashed line) from Eqs. (G.1) and the continuous model (orange).
The inset shows a schematic of the simulation with the imposed gradient of droplet
material. (B) Droplet drift speed v as function of t using the effective droplet model (blue)
and the analytical prediction (dashed line) from Eqs. (G.1), with simulations using the
continuous model (orange). (A, B) The continuous and the effective droplet model uses
a Cartesian 2 dimensional domain with x, y ∈ [−L,L], with L = 500w. The boundary
conditions are µ(x = −L) = 0 and µ(x = L) = 0.0427 bw2 for the continuous model
and ϕout(x = −L) = 0 and ϕout(x = L) = 0.05 to maintain the gradient throughout
the system. The effective model uses ∆x ≈ ℓ ≈ ∆s ≈ R0. Note that in the absence
of droplets, boundary conditions imply identical linear gradient in the effective droplet
model as ϕ = ϕ(x) and in the continuous model as ϕout = ϕout(x), which were also used
to initialize the background for both the models. Remaining parameters are specified in
Fig. 4.2.

using the continuous model and analytical predictions from Eqs. (G.1).
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[45] Malin Åkerfelt, Richard I. Morimoto, and Lea Sistonen. “Heat shock factors: in-
tegrators of cell stress, development and lifespan”. In: Nature Reviews Molecular
Cell Biology 11.8 (2010), pp. 545–555. issn: 1471-0080. doi: 10.1038/nrm2938.
url: https://doi.org/10.1038/nrm2938.

[46] Jens Tyedmers, Axel Mogk, and Bernd Bukau. “Cellular strategies for controlling
protein aggregation”. In: Nature Reviews Molecular Cell Biology 11.11 (2010),
pp. 777–788. issn: 1471-0080. doi: 10.1038/nrm2993. url: https://doi.org/
10.1038/nrm2993.

[47] Daniel Mateju et al. “An aberrant phase transition of stress granules triggered by
misfolded protein and prevented by chaperone function”. In: The EMBO Journal
36.12 (2017), pp. 1669–1687. doi: https://doi.org/10.15252/embj.201695957.
eprint: https://www.embopress.org/doi/pdf/10.15252/embj.201695957.
url: https://www.embopress.org/doi/abs/10.15252/embj.201695957.

[48] EdwardW.J. Wallace et al. “Reversible, Specific, Active Aggregates of Endogenous
Proteins Assemble upon Heat Stress”. In: Cell 162.6 (2015), pp. 1286–1298. issn:
0092-8674. url: https://www.sciencedirect.com/science/article/pii/
S0092867415010934.

[49] Seema Qamar et al. “FUS Phase Separation Is Modulated by a Molecular Chap-
erone and Methylation of Arginine Cation- πInteractions”. In: Cell 173.3 (2018),
720–734.e15. issn: 0092-8674. doi: https://doi.org/10.1016/j.cell.2018.
03 . 056. url: https : / / www . sciencedirect . com / science / article / pii /
S009286741830388X.

[50] Chen Chen et al. “Fused in Sarcoma: Properties, Self-Assembly and Correlation
with Neurodegenerative Diseases”. eng. In: Molecules (Basel, Switzerland) 24.8
(2019), p. 1622. issn: 1420-3049. doi: 10.3390/molecules24081622. url: https:
//doi.org/10.3390/molecules24081622.

[51] Mario Hofweber and Dorothee Dormann. “Friend or foe—Post-translational mod-
ifications as regulators of phase separation and RNP granule dynamics”. In: Jour-
nal of Biological Chemistry 294.18 (2019), pp. 7137–7150. issn: 0021-9258. doi:
https://doi.org/10.1074/jbc.TM118.001189. url: https://www.sciencedirect.
com/science/article/pii/S0021925820367934.

[52] Veronica H. Ryan et al. “Mechanistic View of hnRNPA2 Low-Complexity Domain
Structure, Interactions, and Phase Separation Altered by Mutation and Arginine
Methylation”. In: Molecular Cell 69.3 (2018), 465–479.e7. issn: 1097-2765. url:
https://www.sciencedirect.com/science/article/pii/S1097276517309796.

https://doi.org/10.1088/1361-6633/aaa61e
https://doi.org/10.1088/1361-6633/aaa61e
https://doi.org/10.1088/1361-6633/aaa61e
https://doi.org/10.1038/nrm2938
https://doi.org/10.1038/nrm2938
https://doi.org/10.1038/nrm2993
https://doi.org/10.1038/nrm2993
https://doi.org/10.1038/nrm2993
https://doi.org/https://doi.org/10.15252/embj.201695957
https://www.embopress.org/doi/pdf/10.15252/embj.201695957
https://www.embopress.org/doi/abs/10.15252/embj.201695957
https://www.sciencedirect.com/science/article/pii/S0092867415010934
https://www.sciencedirect.com/science/article/pii/S0092867415010934
https://doi.org/https://doi.org/10.1016/j.cell.2018.03.056
https://doi.org/https://doi.org/10.1016/j.cell.2018.03.056
https://www.sciencedirect.com/science/article/pii/S009286741830388X
https://www.sciencedirect.com/science/article/pii/S009286741830388X
https://doi.org/10.3390/molecules24081622
https://doi.org/10.3390/molecules24081622
https://doi.org/10.3390/molecules24081622
https://doi.org/https://doi.org/10.1074/jbc.TM118.001189
https://www.sciencedirect.com/science/article/pii/S0021925820367934
https://www.sciencedirect.com/science/article/pii/S0021925820367934
https://www.sciencedirect.com/science/article/pii/S1097276517309796


BIBLIOGRAPHY 102

[53] Timothy-J. Nott et al. “Phase Transition of a Disordered Nuage Protein Generates
Environmentally Responsive Membraneless Organelles”. In: Molecular Cell 57.5
(2015), pp. 936–947. issn: 1097-2765. doi: https:/ /doi.org/10 .1016/j.
molcel . 2015 . 01 . 013. url: https : / / www . sciencedirect . com / science /
article/pii/S1097276515000143.

[54] Natalia Dolzhanskaya et al. “Methylation regulates the intracellular protein-protein
and protein-RNA interactions of FMRP”. In: Journal of Cell Science 119.9 (May
2006), pp. 1933–1946. issn: 0021-9533. doi: 10.1242/jcs.02882. eprint: https:
//journals.biologists.com/jcs/article-pdf/119/9/1933/1369403/1933.

pdf. url: https://doi.org/10.1242/jcs.02882.

[55] Wei-Chih Tsai et al. “Arginine Demethylation of G3BP1 Promotes Stress Granule
Assembly”. In: Journal of Biological Chemistry 291.43 (2016), pp. 22671–22685.
issn: 0021-9258. doi: https://doi.org/10.1074/jbc.M116.739573. url:
https://www.sciencedirect.com/science/article/pii/S0021925820357343.

[56] Ken Matsumoto et al. “PRMT1 is required for RAP55 to localize to processing
bodies”. In: RNA Biology 9.5 (2012), pp. 610–623. doi: 10.4161/rna.19527.
eprint: https://doi.org/10.4161/rna.19527. url: https://doi.org/10.
4161/rna.19527.

[57] Marcos Arribas-Layton et al. “The C-Terminal RGG Domain of Human Lsm4
Promotes Processing Body Formation Stimulated by Arginine Dimethylation”. In:
Molecular and Cellular Biology 36.17 (2016), pp. 2226–2235. doi: 10.1128/MCB.
01102-15. eprint: https://journals.asm.org/doi/pdf/10.1128/MCB.01102-
15. url: https://journals.asm.org/doi/abs/10.1128/MCB.01102-15.

[58] Shannon N. Rhoads et al. “The prionlike domain of FUS is multiphosphorylated
following DNA damage without altering nuclear localization”. In: Molecular Bi-
ology of the Cell 29.15 (2018). PMID: 29897835, pp. 1786–1797. doi: 10.1091/
mbc.E17-12-0735. eprint: https://doi.org/10.1091/mbc.E17-12-0735. url:
https://doi.org/10.1091/mbc.E17-12-0735.

[59] Ailin Wang et al. “A single N-terminal phosphomimic disrupts TDP-43 poly-
merization, phase separation, and RNA splicing”. In: The EMBO Journal 37.5
(2018), e97452. doi: https://doi.org/10.15252/embj.201797452. eprint:
https://www.embopress.org/doi/pdf/10.15252/embj.201797452. url:
https://www.embopress.org/doi/abs/10.15252/embj.201797452.

[60] T. Kampers et al. “RNA stimulates aggregation of microtubule-associated protein
tau into Alzheimer-like paired helical filaments”. In: FEBS Letters 399.3 (1996),
pp. 344–349. issn: 0014-5793. doi: https://doi.org/10.1016/S0014-5793(96)
01386- 5. url: https://www.sciencedirect.com/science/article/pii/
S0014579396013865.

[61] Tara Vanderweyde et al. “Contrasting Pathology of the Stress Granule Proteins
TIA-1 and G3BP in Tauopathies”. In: Journal of Neuroscience 32.24 (2012),

https://doi.org/https://doi.org/10.1016/j.molcel.2015.01.013
https://doi.org/https://doi.org/10.1016/j.molcel.2015.01.013
https://www.sciencedirect.com/science/article/pii/S1097276515000143
https://www.sciencedirect.com/science/article/pii/S1097276515000143
https://doi.org/10.1242/jcs.02882
https://journals.biologists.com/jcs/article-pdf/119/9/1933/1369403/1933.pdf
https://journals.biologists.com/jcs/article-pdf/119/9/1933/1369403/1933.pdf
https://journals.biologists.com/jcs/article-pdf/119/9/1933/1369403/1933.pdf
https://doi.org/10.1242/jcs.02882
https://doi.org/https://doi.org/10.1074/jbc.M116.739573
https://www.sciencedirect.com/science/article/pii/S0021925820357343
https://doi.org/10.4161/rna.19527
https://doi.org/10.4161/rna.19527
https://doi.org/10.4161/rna.19527
https://doi.org/10.4161/rna.19527
https://doi.org/10.1128/MCB.01102-15
https://doi.org/10.1128/MCB.01102-15
https://journals.asm.org/doi/pdf/10.1128/MCB.01102-15
https://journals.asm.org/doi/pdf/10.1128/MCB.01102-15
https://journals.asm.org/doi/abs/10.1128/MCB.01102-15
https://doi.org/10.1091/mbc.E17-12-0735
https://doi.org/10.1091/mbc.E17-12-0735
https://doi.org/10.1091/mbc.E17-12-0735
https://doi.org/10.1091/mbc.E17-12-0735
https://doi.org/https://doi.org/10.15252/embj.201797452
https://www.embopress.org/doi/pdf/10.15252/embj.201797452
https://www.embopress.org/doi/abs/10.15252/embj.201797452
https://doi.org/https://doi.org/10.1016/S0014-5793(96)01386-5
https://doi.org/https://doi.org/10.1016/S0014-5793(96)01386-5
https://www.sciencedirect.com/science/article/pii/S0014579396013865
https://www.sciencedirect.com/science/article/pii/S0014579396013865


BIBLIOGRAPHY 103

pp. 8270–8283. issn: 0270-6474. doi: 10.1523/JNEUROSCI.1592-12.2012. eprint:
https://www.jneurosci.org/content/32/24/8270.full.pdf. url: https:
//www.jneurosci.org/content/32/24/8270.

[62] Aristeidis P. Sfakianos et al. “The mTOR-S6 kinase pathway promotes stress gran-
ule assembly”. In: Cell Death & Differentiation 25.10 (2018), pp. 1766–1780. issn:
1476-5403. doi: 10.1038/s41418-018-0076-9. url: https://doi.org/10.
1038/s41418-018-0076-9.
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D Faraldo-Gómez et al., e56159. issn: 2050-084X. doi: 10.7554/eLife.56159.
url: https://doi.org/10.7554/eLife.56159.

[133] Roger Balian. From Microphysics to Macrophysics: Methods and Applications of
Statistical Physics. Volume II. Springer Science & Business Media, 2007.

[134] Roger Balian. From Microphysics to Macrophysics: Methods and Applications of
Statistical Physics. Volume I. Springer Science & Business Media, 2007.

https://doi.org/10.1021/jp071097f
https://doi.org/10.1021/jp071097f
https://doi.org/10.1021/jp071097f
https://doi.org/10.7554/eLife.62403
https://doi.org/10.7554/eLife.62403
https://doi.org/10.1088/1367-2630/aab8d9
https://doi.org/10.1088/1367-2630/aab8d9
https://doi.org/10.1088/1367-2630/aab8d9
https://doi.org/10.7554/eLife.30294
https://doi.org/10.7554/eLife.30294
https://doi.org/10.1073/pnas.2017184118
https://www.pnas.org/doi/pdf/10.1073/pnas.2017184118
https://www.pnas.org/doi/abs/10.1073/pnas.2017184118
https://www.pnas.org/doi/abs/10.1073/pnas.2017184118
https://doi.org/10.1371/journal.pcbi.1007028
https://doi.org/10.1371/journal.pcbi.1007028
https://doi.org/10.7554/eLife.59663
https://doi.org/10.7554/eLife.59663
https://doi.org/10.7554/eLife.56159
https://doi.org/10.7554/eLife.56159


BIBLIOGRAPHY 111

[135] Amir Faghri and Yuwen Zhang. “2 - THERMODYNAMICS OF MULTIPHASE
SYSTEMS”. In: Transport Phenomena in Multiphase Systems. Ed. by Amir Faghri
and Yuwen Zhang. Boston: Academic Press, 2006, pp. 107–176. isbn: 978-0-12-
370610-2. doi: https://doi.org/10.1016/B978-0-12-370610-2.50007-6. url:
https://www.sciencedirect.com/science/article/pii/B9780123706102500076.

[136] John W. Cahn and John E. Hilliard. “Free Energy of a Nonuniform System. I. In-
terfacial Free Energy”. In: The Journal of Chemical Physics 28.2 (1958), pp. 258–
267. doi: 10.1063/1.1744102. eprint: https://doi.org/10.1063/1.1744102.
url: https://doi.org/10.1063/1.1744102.

[137] S. R. de Groot and P. Masur. Non-Equilibrium Thermodynamics. Dover Publica-
tions, 1984.

[138] Sharon C. Glotzer, Edmund A. Di Marzio, and M. Muthukumar. “Reaction-
Controlled Morphology of Phase-Separating Mixtures”. In: Phys. Rev. Lett. 74
(11 1995), pp. 2034–2037. doi: 10.1103/PhysRevLett.74.2034. url: https:
//link.aps.org/doi/10.1103/PhysRevLett.74.2034.

[139] Akif Uzman. “Molecular biology of the cell (4th ed.): Alberts, B., Johnson, A.,
Lewis, J., Raff, M., Roberts, K., and Walter, P.” In: Biochemistry and Molecu-
lar Biology Education 31.4 (2003), pp. 212–214. doi: https://doi.org/10.
1002/bmb.2003.494031049999. eprint: https://iubmb.onlinelibrary.wiley.
com / doi / pdf / 10 . 1002 / bmb . 2003 . 494031049999. url: https : / / iubmb .
onlinelibrary.wiley.com/doi/abs/10.1002/bmb.2003.494031049999.

[140] Angelica Aguilera-Gomez and Catherine Rabouille. “Membrane-bound organelles
versus membrane-less compartments and their control of anabolic pathways in
Drosophila”. In: Developmental Biology 428.2 (2017). Hubrecht Institute centen-
nial, from embryos to stem cells, pp. 310–317. issn: 0012-1606. doi: https://
doi.org/10.1016/j.ydbio.2017.03.029. url: https://www.sciencedirect.
com/science/article/pii/S0012160617300131.

[141] Zhenkun Na et al. “Phosphorylation of a Human Microprotein Promotes Dissocia-
tion of Biomolecular Condensates”. In: Journal of the American Chemical Society
143.32 (2021). PMID: 34346674, pp. 12675–12687. doi: 10.1021/jacs.1c05386.
eprint: https://doi.org/10.1021/jacs.1c05386. url: https://doi.org/10.
1021/jacs.1c05386.

[142] Saumya Saurabh et al. “ATP-responsive biomolecular condensates tune bacterial
kinase signaling”. In: Science Advances 8.7 (2022), eabm6570. doi: 10.1126/
sciadv .abm6570. eprint: https: / /www .science .org / doi / pdf/ 10. 1126/
sciadv.abm6570. url: https://www.science.org/doi/abs/10.1126/sciadv.
abm6570.

[143] Gopal K. Pattanayak et al. “Daily Cycles of Reversible Protein Condensation in
Cyanobacteria”. In: Cell Reports 32.7 (2020), p. 108032. issn: 2211-1247. doi:

https://doi.org/https://doi.org/10.1016/B978-0-12-370610-2.50007-6
https://www.sciencedirect.com/science/article/pii/B9780123706102500076
https://doi.org/10.1063/1.1744102
https://doi.org/10.1063/1.1744102
https://doi.org/10.1063/1.1744102
https://doi.org/10.1103/PhysRevLett.74.2034
https://link.aps.org/doi/10.1103/PhysRevLett.74.2034
https://link.aps.org/doi/10.1103/PhysRevLett.74.2034
https://doi.org/https://doi.org/10.1002/bmb.2003.494031049999
https://doi.org/https://doi.org/10.1002/bmb.2003.494031049999
https://iubmb.onlinelibrary.wiley.com/doi/pdf/10.1002/bmb.2003.494031049999
https://iubmb.onlinelibrary.wiley.com/doi/pdf/10.1002/bmb.2003.494031049999
https://iubmb.onlinelibrary.wiley.com/doi/abs/10.1002/bmb.2003.494031049999
https://iubmb.onlinelibrary.wiley.com/doi/abs/10.1002/bmb.2003.494031049999
https://doi.org/https://doi.org/10.1016/j.ydbio.2017.03.029
https://doi.org/https://doi.org/10.1016/j.ydbio.2017.03.029
https://www.sciencedirect.com/science/article/pii/S0012160617300131
https://www.sciencedirect.com/science/article/pii/S0012160617300131
https://doi.org/10.1021/jacs.1c05386
https://doi.org/10.1021/jacs.1c05386
https://doi.org/10.1021/jacs.1c05386
https://doi.org/10.1021/jacs.1c05386
https://doi.org/10.1126/sciadv.abm6570
https://doi.org/10.1126/sciadv.abm6570
https://www.science.org/doi/pdf/10.1126/sciadv.abm6570
https://www.science.org/doi/pdf/10.1126/sciadv.abm6570
https://www.science.org/doi/abs/10.1126/sciadv.abm6570
https://www.science.org/doi/abs/10.1126/sciadv.abm6570


BIBLIOGRAPHY 112

https://doi.org/10.1016/j.celrep.2020.108032. url: https://www.
sciencedirect.com/science/article/pii/S2211124720310172.

[144] D. Zwicker et al. “Growth and division of active droplets provides a model for
protocells”. In: Nature Physics 13 (2016). doi: 10.1038/nphys3984.

[145] Jacob J. Christensen, Ken Elder, and Hans C. Fogedby. “Phase segregation dy-
namics of a chemically reactive binary mixture”. In: Phys. Rev. E 54 (3 1996),
R2212–R2215. doi: 10.1103/PhysRevE.54.R2212. url: https://link.aps.
org/doi/10.1103/PhysRevE.54.R2212.

[146] David Zwicker et al. “Centrosomes are autocatalytic droplets of pericentriolar
material organized by centrioles”. In: Proceedings of the National Academy of
Sciences 111.26 (2014), E2636–E2645. doi: 10.1073/pnas.1404855111. eprint:
https://www.pnas.org/doi/pdf/10.1073/pnas.1404855111. url: https:
//www.pnas.org/doi/abs/10.1073/pnas.1404855111.

[147] I.M. Lifshitz and V.V. Slyozov. “The kinetics of precipitation from supersatu-
rated solid solutions”. In: Journal of Physics and Chemistry of Solids 19.1 (1961),
pp. 35–50. issn: 0022-3697. doi: https://doi.org/10.1016/0022-3697(61)
90054- 3. url: https://www.sciencedirect.com/science/article/pii/
0022369761900543.

[148] Carl Wagner. “Theorie der Alterung von Niederschlägen durch Umlösen (Ostwald-
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