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Introduction

A Motivating Example

Let us begin this dissertation by looking at a few examples which motivate what we
are about to do. Consider the function

f(t) = e2π i ·
√

2·t + e2π i ·
√

5·t .

Suppose we have measured f and know, that it is of the form

K∑
k=1

ηk · e2π i ·ak·t, (1)

but we do not know the parameters K ∈ N, ηk ∈ C \ {0} and ak ∈ R for k =
1, 2, . . . ,K. If we want to find these parameters, which is usually described as solving
the parameter identification problem, then, knowing that f is of the form (1), a
natural idea is to compute its Fourier coefficients. Suppose we have measured f over
the interval [0, 1], then its Fourier coefficients are given by

f̂(n) =
∫ 1

0
f(t) · e−2π i ·n·t dt = 1

2π i ·
(

1− e2π i ·
√

2

n−
√

2
+ 1− e2π i ·

√
5

n−
√

5

)

for n ∈ Z. In particular, none of the Fourier coefficients are 0 and they do not reveal
the parameters K = 2, η1 = η2 = 1, a1 =

√
2 and a2 =

√
5. In other words, even

though f is the sum of only two exponential terms, it corresponds to an infinite
Fourier series. Why is that? As we will see in Chapter 3, the function f is not
periodic. But for the Fourier series corresponding to a function to be finite, it is
necessary that the function is periodic.
Now consider a different function, namely

g(t) = e2π i · 12 ·t + e2π i · 15 ·t .

1
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Clearly, this function is periodic. However, again assuming we know that g is of the
form (1) and we have measured it over the interval [0, 1], we find that its Fourier
coefficients are

ĝ(n) = 1
2π i ·

(
2

n− 1
2

+ 1− e2π i · 15

n− 1
5

)
for n ∈ Z. So again, all of these coefficients are different from 0 and they do not
reveal that K = 2, η1 = η2 = 1, a1 = 1

2 , and a2 = 1
5 . What happened this time?

In order to reconstruct a function of the form (1) using Fourier coefficients, it is not
sufficient that the function is periodic, but we actually need to know its exact period
and compute the Fourier coefficients using measurements of exactly the period length
(or a multiple thereof). Here however, g has a period of 10, but we only used data
from the interval [0, 1].

Let us consider one last example, namely

h(t) = e2π i ·1·t + e2π i · 12 ·t + e2π i · 15 ·t .

We find that its Fourier coefficients over the interval [0, 1] are given by

ĥ(n) = 1
2π i ·

(
2

n− 1
2

+ 1− e2π i · 15

n− 1
5

)

for n ∈ Z \ {1} and

ĥ(1) = 1 + 1
2π i

(
4 + 1− e2π i · 15

4
5

)
,

i.e., for n ∈ Z \ {1} they are equal to the Fourier coefficients of g and for n = 1
they only differ by an added 1. This added 1 arises from the fact that h contains the
1-periodic component 1 · e2π i ·1·t.
Looking more closely at ĝ(n) we note that

ĝ(n) = 1
2π i ·

(
2

n− 1
2

+ 1− e2π i · 15

n− 1
5

)

= 1
2π i ·

(
n− 1

5

)
· 2 +

(
1− e2π i · 15

)
·
(
n− 1

2

)
(
n− 1

2

)
·
(
n− 1

5

)
= 1

2π i ·

(
3− e2π i · 15

)
· n−

(
9
10 −

1
2 · e

2π i · 15
)

n2 − 7
10 · n+ 1

10

=: 1
2π i · r(n),

2
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where

r(x) =

(
3− e2π i · 15

)
· x−

(
9
10 −

1
2 · e

2π i · 15
)

x2 − 7
10 · x+ 1

10

is a rational function. Writing this differently, we see that

r(n) = 2π i ·ĝ(n).

In other words, the rational function r interpolates the values 2π i ·ĝ(n) at the points
n ∈ Z. As we will see, this observation holds true in the general case, i.e., for
P ∈ R>0, the Fourier coefficients of a function of form (1), which does not contain
P -periodic components, computed over an interval [0, P ], can always be described by
a rational function r. Even more, we will see that the parameters K, ηk, and ak for
k = 1, 2, . . . ,K can be reconstructed from r.

But what about ĥ(1) = 1 + r(1)? It will turn out that if a function contains
P -periodic components, where here P = 1, there exists a rational function that
interpolates all Fourier coefficients not corresponding to these components, while the
Fourier coefficients corresponding to P -periodic components give rise to unattainable
points.
These observations motivate why the first part of this thesis is dedicated to rational

interpolation and, in particular, rational interpolation with unattainable points.
Instead of functions of the form (1) we can more generally consider so-called ex-

ponential sums, which are functions of the form

K∑
k=1

ηk · eφk·t, (2)

with ηk ∈ C \ {0} and pairwise distinct φk ∈ C for k = 1, 2, . . . ,K. We will see
that the Fourier coefficients of exponential sums can also be described by rational
functions.

Applications for the Reconstruction of Exponential Sums

Popular and well-known methods to reconstruct the parameters K, ηk, and φk for
k = 1, 2, . . . ,K of an exponential sum of form (2) are Prony’s method [34] and so-
called Prony-like methods [57, 99, 103]. In this dissertation, we develop an alternative
algorithm to Prony’s method, which, following the observations above, is based on
rational interpolation of Fourier coefficients. Our algorithm can be used for the same
applications as Prony’s method.

3
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Exponential sums, and in particular Prony’s method as well as Prony-like methods,
have been studied extensively in recent years, see for example [7, 41, 72, 96, 97, 111].
Reconstruction methods for exponential sums have been successfully applied in phase
retrieval [4], signal approximation [16, 20], and sparse deconvolution in nondestruc-
tive testing [19]. The problem of parameter identification of exponential sums also
appears in applications such as model reduction in system theory [59], direction of
arrival estimation [65], exponential data fitting [88], image super-resolution [112],
and reconstruction of signals with finite rate of innovation [7, 111]. For further lit-
erature on Prony’s and Prony-like methods, as well as their generalizations, we refer
to [63, 94] and [92, Chapter 10] and the literature referenced therein.
We will study the problem of recovering exponential sums only in the one-dimen-

sional case. Over the past years, there has also been much interest in higher dimen-
sional versions of Prony’s and Prony-like methods, see for example [18, 31, 32, 40,
66, 79].

Organization of this Dissertation

In Chapter 1, we take an in-depth look at rational interpolation. Here we develop
most of the theory that we will need throughout this thesis. The content of this
chapter can be broken down into three main topics, classical rational interpolation,
barycentric rational interpolation, and the AAA algorithm.
In the part about classical rational interpolation, we give some known results, where

we put special emphasis on unattainable points. Since we are ultimately interested in
reconstructing a rational function r from samples thereof, respectively polynomials p,
q, and d such that r = p

q and d describes the unattainable points in the given data set,
our presentation of the material differs from the way rational interpolation is usually
viewed. In order to reflect this slightly different view, we will often not talk about
rational interpolation, but reconstruction of polynomials via rational interpolation.
Barycentric rational interpolation is known to be more stable than methods derived

directly from the classical theory. In the corresponding sections, we give the first
important result of this dissertation. Theorem 1.15 generalizes a well-known result,
which shows how barycentric rational interpolation is connected with special Löwner
matrices, to the case that the given data contains unattainable points. Since the
classical view on rational interpolation is theoretically more straightforward, we will
use it throughout this work to develop our theory. The barycentric approach is then
used the develop a numerical algorithm.

4
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The AAA algorithm [80] is an algorithm for rational approximation through succes-
sive barycentric rational interpolation. We later use it as part of our new algorithm
and show that it always converges in our setting.
In Chapter 2, we consider numerical aspects of the AAA algorithm and barycentric

rational interpolation in general. In particular, we develop a new stopping criterion
for the AAA algorithm, which is specially tailored to our problem. Further, we nu-
merically compare three different algorithms. One which is directly derived from
the classical approach to rational interpolation, the AAA algorithm, and another
algorithm based on barycentric rational interpolation. We study how well these algo-
rithms perform depending on different properties of the input functions and optimize
the AAA algorithm for our needs.
As noted in the introductory example, periodicity plays an important role when

analyzing functions using the Fourier transform. In Chapter 3, we present several
concepts, transitioning from classical trigonometric polynomials to exponential sums.
This chapter is meant to give some background knowledge and develop an intuition
for how the Fourier transform behaves for general exponential sums. At the end,
we give a uniqueness proof for exponential sums, showing that they are uniquely
defined by their parameters. This is needed in order to guarantee that the problem
of reconstructing the function parameters has a unique solution.
In Chapter 4, we thoroughly develop the theory that we already hinted at in the

motivating example. Many of the concepts we study will also come up in the same
or a very similar form later on. The chapter closes by presenting Main Theorem 4.5,
which is the basis of our algorithm for data obtained from the continuous Fourier
transform on an interval of arbitrary length.
In Chapter 5, we present an adaptation of the algorithm developed in Chapter 4

for so-called real almost-periodic functions.
Chapter 6 is analogous to Chapter 4 in that the theory which was first established

for classical Fourier coefficients is now developed for coefficients computed by the
discrete Fourier transform. Many results are the same as in Chapter 4. However,
special care is required when translating other results, in particular concerning alias-
ing. Going from classical Fourier coefficients to DFT coefficients allows us to apply
our algorithm in cases where we are given discrete samples of the function we want to
reconstruct. This makes our method comparable to Prony’s method, which also uses
discrete function samples, thereby allowing it to be used for the same applications
as described above. At the end of this chapter, we give Main Theorem 6.9, which
forms the theoretical foundation for our algorithm to reconstruct exponential sums

5
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from discrete function samples.
The dissertation ends by developing a numerically stable version of our algorithm,

called ESPIRA, in Chapter 7. We then thoroughly test the algorithm and compare
it to the Prony-like Matrix Pencil Method (MPM), which we present in detail in
Appendix B. This is done both with exact and noisy data. Without studying this in
detail, we also remark on our empirical observations with regard to the ill-posedness
of the parameter identification problem, i.e., the problem of obtaining good recon-
structions of the parameters K, ηk, and φk for k = 1, 2, . . . ,K, as opposed to just
finding a good approximation for the function f .

6







Part I.

Reconstruction of Polynomials via
Rational Interpolation





1. Rational Interpolation

1.1. Classical Rational Interpolation

In this first section, we present some theoretical aspects of rational interpolation.
Much has been written about this subject. For general introductions see [23, 102, 107].
More extensive overviews can be found in [77, 114].
Let us begin by recalling the problem of polynomial interpolation. Given sets of

distinct sample points (also called interpolation points, nodes or support points) xj ∈
C and sample values yj ∈ C, or simply samples (xj , yj) ∈ C2, for j = 1, 2, . . . ,M ∈ N,
find a polynomial p ∈ C[x] such that p(xj) = yj for all j = 1, 2, . . . ,M .
This problem has a unique solution given by

p(x) =
M∑
j=1

yj · `j(x),

where

`j(x) :=
M∏
i=1
i 6=j

x− xi
xj − xi

is the so-called Lagrange polynomial, see for example [102, 107], since Lagrange de-
scribed it in [68], even though he was not the first person to find this interpolation
formula, see [76].
Now define the set

Rm,n :=
{
p

q
: p, q ∈ C[x],deg(p) ≤ m, deg(q) ≤ n, q 6≡ 0

}
of rational functions with numerator degree at most m and denominator degree at
most n. We also say that Rm,n is the set of rational functions of type (m,n). Then
the problem of rational interpolation can be formulated as follows: Given m, n, and
a set ofM ∈ N samples (xj , yj) ∈ C2 where the sample points xj are pairwise distinct

11



1. Rational Interpolation

for j = 1, 2, . . . ,M , find a rational function p
q ∈ Rm,n such that

p(xj)
q(xj)

= yj for all j = 1, 2, . . . ,M. (1.1)

This problem goes back to Cauchy [24] and is therefore sometimes also referred to as
the Cauchy interpolation problem.
A direct consequence of equation (1.1) is that

p(xj)− yj · q(xj) = 0 for all j = 1, 2, . . . ,M, (1.2)

which is often called the linearized rational interpolation problem. Usually, one solves
the linearized problem in order to solve the rational interpolation problem. However,
a solution of (1.2) does not in general entail a solution to (1.1).
If q(xk) = 0 for some k ∈ {1, 2, . . . ,M}, then equation (1.2) implies that also

p(xk) = 0 and hence (1.2) is satisfied for every choice of yk. Let d := gcd(p, q) and
define p∗ := p

d and q∗ = q
d . Then we have

p

q
= p∗ · d
q∗ · d

= p∗

q∗
,

where p∗ and q∗ are coprime, i.e., they do not possess any common zeros. Then (1.2)
entails (1.1) if and only if yj = p∗(xj)

q∗(xj) for all j = 1, 2, . . . ,M . In particular, if p and q
are coprime, then (1.2) always entails (1.1).
For certain choices of sample points x1, x2, . . . , xM and sample values y1, y2, . . . , yM

it is then possible that there are pairs (xk, yk) for 1 ≤ k ≤ M such that p(xk)
q(xk) = yk

cannot be satisfied. These are called unattainable points. Therefore, unlike the
problem of polynomial interpolation, the problem of rational interpolation need not
have a solution. Note, however, that in the rational interpolation problem, other
than in the polynomial interpolation problem, we have specified a maximal degree
for the polynomials p and q. Were we to allow for arbitrary degrees, then every
solution to the polynomial interpolation problem would also be a solution to the
rational interpolation problem with q ≡ 1.

Let p := (p0, p1, . . . , pm)T ∈ Cm+1 and q := (q0, q1, . . . , qn)T ∈ Cn+1 denote the
coefficient vectors corresponding to the polynomials p and q, i.e.,

p(x) =
m∑
j=0

pj · xj and q(x) =
n∑
j=0

qj · xj ,

12



1.1. Classical Rational Interpolation

where, if deg(p) < m, we simply have pdeg(p)+1 = . . . = pm = 0 and analogously for
q. Then (1.2) gives rise to the following system of linear equations:


1 x1 x2

1 . . . xm1 y1 y1 · x1 y1 · x2
1 . . . y1 · xn1

1 x2 x2
2 . . . xm2 y2 y2 · x2 y2 · x2

2 . . . y2 · xn2
...

...
...

...
...

...
...

...
1 xM x2

M . . . xmM yM yM · xM yM · x2
M . . . yM · xnM


︸ ︷︷ ︸

=:Vm,n(x,y)∈CM×m+n+2

·
(

p
−q

)
= 0,

(1.3)
where x := (x1, x2, . . . , xM )T ∈ CM and y := (y1, y2, . . . , yM )T ∈ CM denote the
vectors of sample points and sample values. We will call Vm,n(x,y) an interpolation
matrix, later also reconstruction matrix. Note that equations (1.2) and (1.3) are
equivalent formulations of the same problem. Whenever p and q are polynomials with
deg(p) ≤ m and deg(q) ≤ n solving (1.2), their corresponding coefficient vectors solve
(1.3) and vice versa. Therefore, we can always interchange the notion of (pT ,−qT )T ∈
ker Vm,n(x,y) and p and q solving (1.2).

In general, the system of equations (1.3) is only guaranteed to have a non-trivial
solution if M ≤ m + n + 1. However, in order to develop the theory we need, we
will assume here that equation (1.2) holds regardless of M and, therefore, that there
always exists a non-trivial solution to Vm,n(x,y) · v = 0, i.e., one with v 6= 0. Put
differently, we assume that for the nullity of the matrix Vm,n(x,y) we always have
null Vm,n(x,y) := dim ker Vm,n(x,y) ≥ 1.
Moreover, we are interested in solutions to (1.2) where p 6≡ 0, which means that

we always want for (pT ,−qT )T ∈ ker Vm,n(x,y) that p 6= 0. In the next lemma, we
formulate a condition for this to hold, but first, we need to introduce some notation.
For N ∈ N, let v = (v1, v2, . . . , vN )T ∈ CN be a vector. Then we define ‖v‖0 :=∣∣{j ∈ {1, 2, . . . , N} : vj 6= 0

}∣∣, i.e., ‖v‖0 denotes the number of non-zero entries in v.
Although this is not a norm, it is often referred to as the 0-norm. Further, for a matrix
A = (aT1 ,aT2 , . . . ,aTN )T with rows aj for j = 1, 2, . . . , N and a set J ⊆ {1, 2, . . . , N},
we define the submatrix A|J = (aj)j∈J , i.e., A|J is a matrix that consists of the rows
of A indexed in J .

Lemma 1.1. Let m,n ∈ N and M ≥ m+n+1. Further, let x := (x1, x2, . . . , xM )T ∈
CM with pairwise distinct xj for j = 1, 2, . . . ,M and y := (y1, y2, . . . , yM )T ∈ CM .
Define Vm,n(x,y) as in equation (1.3) and assume that null Vm,n(x,y) ≥ 1.

13



1. Rational Interpolation

Then (0T ,−qT )T ∈ ker Vm,n(x,y) with q 6= 0 if and only if ‖y‖0 ≤ n. Moreover,
if ‖y‖0 ≤ n, then all non-trivial elements in the kernel of Vm,n(x,y) are of the form
(0T ,−qT )T .

Proof. (i) Suppose that (0T ,−qT )T ∈ ker Vm,n(x,y) with q 6= 0. This implies that

yj · q(xj) = 0 for all j = 1, 2, . . . ,M, (1.4)

where q is the polynomial corresponding to q with deg(q) ≤ n. But q has at most n
zeros and, hence, for equation (1.4) to hold, we must have yj = 0 for at least M − n
indices j ∈ {1, 2, . . . ,M}. Put differently, this means that ‖y‖0 ≤M −M + n = n.
(ii) Assume that ‖y‖0 ≤ n. We have

Vm,n(x,y) =


1 x1 x2

1 . . . xm1
1 x2 x2

2 . . . xm2
...

...
...

...
1 xM x2

M . . . xmM︸ ︷︷ ︸
=:Vm(x)

y1 y1 · x1 y1 · x2
1 . . . y1 · xn1

y2 y2 · x2 y2 · x2
2 . . . y2 · xn2

...
...

...
...

yM yM · xM yM · x2
M . . . yM · xnM︸ ︷︷ ︸

=:Y·Vn(x)

 ,

where Vm(x) ∈ CM×(m+1) and Vn(x) ∈ CM×(n+1) are Vandermonde matrices and
Y = diag(y). Since the xj are pairwise distinct for j = 1, 2, . . . ,M andM ≥ m+n+1,
it follows that Vm(x) and Vn(x) have full column rank m+ 1 respectively n+ 1, see
for example [6, Chapter 11].
Now define the index sets

J1 :=
{
j ∈ {1, 2, . . . ,M} : yj = 0

}
:=
{
j1
1 , j

1
2 , . . . , j

1
M−‖y‖0

}
and

J2 := {1, 2, . . . ,M} \ J1 :=
{
j2
1 , j

2
2 , . . . , j

2
‖y‖0

}
and denote with vj for j = 1, 2, . . . ,M the rows of Vm,n(x,y). Then we have
vj1

k
= (1, xj1

k
, x2

j1
k
, . . . , xm

j1
k
, 0, . . . , 0) ∈ Cm+n+2 for k = 1, 2, . . . ,M−‖y‖0 and therefore

Vm,n(x,y)|J1 =
(
vj1

k

)M−‖y‖0

k=1
=



1 xj1
1

x2
j1

1
. . . xm

j1
1

0 . . . 0
1 xj1

2
x2
j1

2
. . . xm

j1
2

0 . . . 0
...

...
...

...
...

...
1 xj1

M−‖y‖0
x2
j1
M−‖y‖0

. . . xm
j1
M−‖y‖0

0 . . . 0


.

(1.5)
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1.1. Classical Rational Interpolation

In particular, we have

Vm(x)|J1 =


1 xj1

1
x2

j1
1

. . . xm
j1

1

1 xj1
2

x2
j1

2
. . . xm

j1
2...

...
...

...
1 xj1

M−‖y‖0
x2

j1
M−‖y‖0

. . . xm
j1

M−‖y‖0

 .

Since ‖y‖0 ≤ n, it follows that M − ‖y‖0 ≥ m + n + 1 − n = m + 1. Therefore,
Vm(x)|J1 has full column rank m+ 1.
Suppose that (pT ,−qT )T ∈ ker Vm,n(x,y). Then it follows that (pT ,−qT )T ∈

ker Vm,n(x,y)|J1 and subsequently, by equation (1.5), p ∈ ker Vm(x)|J1 . But
Vm(x)|J1 has full column rank. Therefore, we must have p = 0. Hence, all vec-
tors in the kernel of Vm,n(x,y) must be of the form (0T ,−qT )T .

Finally, we show that null Vn(x)|J2 ≥ 1. We have

(
Y ·Vn(x)

)∣∣
J2

= diag
((
yj2
k

)‖y‖0

k=1

)
·Vn(x)|J2 ∈ C‖y‖0×(n+1),

where diag
(
(yj2

k
)‖y‖0
k=1

)
∈ C‖y‖0×‖y‖0 has full rank and Vn(x)|J2 ∈ C‖y‖0×(n+1) has full

row rank ‖y‖0. But this entails that null Vn(x)|J2 = n + 1 − ‖y‖0 ≥ n + 1 − n =
1. Using equation (1.5), it follows that if q ∈ ker Vn(x)|J2 , then (0T ,−qT )T ∈
ker Vm,n(x,y).

The following theorem is well known and can be found in similar form in the
literature, see for example [5, 26, 74, 84, 102, 114]. For the convenience of the
reader, we will present and prove it here in the form in which we will later use it. It
characterizes the kernel of Vm,n(x,y).

Theorem 1.2. Letm,n ∈ N andM ≥ m+n+1. Further, let x := (x1, x2, . . . , xM )T∈
CM with pairwise distinct xj for j = 1, 2, . . . ,M and y := (y1, y2, . . . , yM )T ∈
CM with ‖y‖0 ≥ n + 1. Define Vm,n(x,y) as in equation (1.3) and assume that
null Vm,n(x,y) ≥ 1. Moreover, denote by (xj1 , yj1), (xj2 , yj2), . . . , (xjν , yjν ) the unat-
tainable points in the set {(xj , yj) : j = 0, 1, . . . ,M} and define d∗(x) := (x − xj1) ·
(x− xj2) · . . . · (x− xjν ).
Then there exist, up to multiplication with a non-zero scalar, uniquely defined co-

prime polynomials p∗ 6≡ 0 and q∗ 6≡ 0 such that (pT ,−qT )T ∈ ker Vm,n(x,y) if and
only if the corresponding polynomials p and q are of the form p = p∗ · d∗ · s and
q = q∗ ·d∗ ·s for some polynomial s with deg(s) ≤ min{m−deg(p∗), n−deg(q∗)}−ν.
In particular, we have null Vm,n(x,y) = min{m− deg(p∗), n− deg(q∗)} − ν + 1.
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1. Rational Interpolation

Proof. (i) Let 0 6= (pT ,−qT )T , (p̃T ,−q̃T )T ∈ ker Vm,n(x,y) with corresponding
polynomials p, q, p̃ and q̃. Since ‖v‖0 ≥ n + 1, we have by Lemma 1.1 that p 6≡ 0
and p̃ 6≡ 0. Define d := gcd(p, q), d̃ := gcd(p̃, q̃) and set p∗ := p

d , q
∗ := q

d , p̃
∗ := p̃

d̃
as

well as q̃∗ := q̃

d̃
. First, we will show that p∗ = p̃∗ and q∗ = q̃∗ up to multiplication

with a non-zero scalar.
Note that p∗ and q∗ as well as p̃∗ and q̃∗ are coprime by construction. Since both

p and q as well as p̃ and q̃ satisfy equation (1.2), we have for j = 1, 2, . . . ,M that

p(xj)− yj · q(xj) = p̃(xj)− yj · q̃(xj) = 0

⇒ q̃(xj) ·
(
p(xj)− yj · q(xj)

)
= q(xj) ·

(
p̃(xj)− yj · q̃(xj)

)
⇔ q̃(xj) · p(xj) = q(xj) · p̃(xj).

But deg(q̃ · p) = deg(q̃) + deg(p) ≤ n+m ≤M − 1 and similarly deg(q · p̃) ≤ n+m ≤
M − 1. So p · q̃ and p̃ · q are polynomials of degree at most m + n which agree on
M ≥ m+ n+ 1 points. Therefore, it follows that p̃ · q = p · q̃.
Now we have

p̃∗ · d̃ · q∗ · d = p∗ · d · q̃∗ · d̃

⇔ p̃∗ · q∗ = p∗ · q̃∗

⇔ p̃∗ = p∗ · q̃∗

q∗

⇔ q∗ | q̃∗,

where we have used in the last step that p∗ and q∗ are coprime. It now follows that
there must exist a polynomial s∗ 6≡ 0 such that

q̃∗ = q∗ · s∗

and hence also
p̃∗ · q∗ = p∗ · q̃∗ = p∗ · q∗ · s∗ ⇔ p̃∗ = p∗ · s∗.

But since p̃∗ and q̃∗ are coprime, it follows that s∗ must be a non-zero scalar.
Hence, every vector (pT ,−qT )T ∈ ker Vm,n(x,y) corresponds to polynomials p

and q of the form p = p∗ · d and q = q∗ · d for some polynomial d. Since deg(p) ≤ m
and deg(q) ≤ n, it follows that deg(d) ≤ min{m− deg(p∗), n− deg(q∗)}.

If now (xk, yk) for 1 ≤ k ≤ M is an unattainable point, then both p and q and
therefore also d must contain the factor (x− xk). This is true for every unattainable
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1.1. Classical Rational Interpolation

point. Hence, we must have d = (x − xj1) · . . . · (x − xjν ) · s = d∗ · s with deg(s) ≤
min{m− deg(p∗), n− deg(q∗)} − ν.
Note that, since (pT ,−qT )T ∈ ker Vm,n(x,y) is equivalent to p and q satisfying

equation (1.2) and we assumed that null Vm,n(x,y) ≥ 1, it follows from the above
argument that there can be no more than min{m−deg(p∗), n−deg(q∗)} unattainable
points, i.e., ν ≤ min{m− deg(p∗), n− deg(q∗))}.
(ii) Now let s be an arbitrary polynomial with deg(s) ≤ min{m − deg(p∗), n −

deg(q∗)} − ν. Then clearly p := p∗ · d∗ · s and q := q∗ · d∗ · s with deg(p) ≤ m and
deg(q) ≤ n satisfy (1.2). Therefore, it follows that (pT ,−qT )T ∈ ker Vm,n(x,y).

(iii) Finally, define µ := min{m−deg(p∗), n−deg(q∗)}−ν and let {1, x, x2, . . . , xµ}
be the standard basis for polynomials of degree at most µ. Then the polynomials
p∗ · d∗, x · p∗ · d∗, x2 · p∗ · d∗, . . . , xµ · p∗ · d∗ are linearly independent (and analogously
for q∗). Define pj as the coefficient vector corresponding to xj · p∗ · d∗ and qj as the
coefficient vector corresponding to xj · q∗ · d∗ for 0 ≤ j ≤ µ. Then we have

pj = (0, . . . , 0︸ ︷︷ ︸
j

, p0, p1, . . . , pdeg(p∗)+ν , 0, . . . , 0︸ ︷︷ ︸
m−deg(p∗)−ν−j

)T ∈ Cm+1

and

qj = (0, . . . , 0︸ ︷︷ ︸
j

, q0, q1, . . . , qdeg(q∗)+ν , 0, . . . , 0︸ ︷︷ ︸
n−deg(q∗)−ν−j

)T ∈ Cn+1.

By (ii), we have (pTj ,−qTj )T ∈ ker Vm,n(x,y) for 0 ≤ j ≤ µ. Further, as is apparent
from their structure, these vectors are linearly independent.
Lastly, for s(x) = s0 +s1 ·x+ . . .+sµ ·xµ ∈ C[x], we find that p∗ ·d∗ ·s corresponds

to s0 ·p0 + s1 ·p1 + . . .+ sµ ·pµ (and analogously for q∗ ·d∗ · s). Hence, every element
in the kernel of Vm,n(x,y) can be written as

α0 · (pT0 ,−qT0 )T + α1 · (pT1 ,−qT1 )T + . . .+ αµ · (pTµ ,−qTµ )T

with α0, α1, . . . , αµ ∈ C and therefore (pTj ,−qTj )T for 0 ≤ j ≤ µ is a basis of
ker Vm,n(x,y) consisting of µ + 1 = min{m − deg(p∗), n − deg(q∗)} − ν + 1 vec-
tors.

Remark 1.3. The quantity min{m − deg(p∗), n − deg(q∗)} in Theorem 1.2 is known
as the defect of a rational function in Rm,n see for example [109]. Further, the
polynomial d∗ is also called the deficiency polynomial, see for example [52].
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1. Rational Interpolation

1.2. Reconstruction of Polynomials via Classical Rational
Interpolation

The traditional rational interpolation problem is described in (1.1). Further, in many
applications of rational interpolation it is assumed that the given data set does not
contain unattainable points. However, here we are interested in a slightly different
problem, namely exactly finding the polynomials p∗, q∗, and d∗ from Theorem 1.2.
In particular, we will be interested in finding and reconstructing unattainable points,
which is equivalent to reconstructing d∗. To emphasize that we do not just want
to solve problem (1.1), which is not solvable if there are unattainable points in the
given sample set anyway, but want to explicitly find p∗, q∗, and d∗ we talk about
the reconstruction of polynomials via rational interpolation or simply the polynomial
reconstruction problem.
The problem we want to solve is the following. For pairwise different sample points

x1, x2, . . . , xM ∈ C, we are given sample values of the form

yj = y∗j + ỹj (1.6)

such that
y∗j = p∗(xj)

q∗(xj)

for j = 1, 2, . . . ,M , where p∗ and q∗ are coprime polynomials with deg(p∗) = m∗ and
deg(q∗) = n∗. Further, we assume that ỹj 6= 0 for ν sample values yj1 , yj2 , . . . , yjν .
Our goal is to reconstruct the polynomials p∗ and q∗ (up to multiplication with a non-
zero scalar) and d∗(x) := (x−xj1) · (x−xj2) · . . . · (x−xjν ) fromM ≥ m∗+n∗+2ν+1
samples of the form (1.6). We will say that yjk are distorted sample values, or that
(xjk , yjk) are distorted samples for k = 1, 2, . . . , ν.

Before we go on, we introduce some notation. Let

S :=
{
(xj , yj) : j = 1, 2, . . . ,M

}
denote the set of given samples, where yj is as in equation (1.6), for j = 1, 2, . . . ,M .
Further, define the set

D :=
{
(xj , yj) ∈ S : ỹj 6= 0

}
.

From now on we will write

Vm,n(S) := Vm,n(x,y) (1.7)

18



1.2. Reconstruction of Polynomials via Classical Rational Interpolation

for x = (x1, x2, . . . , xM )T and y = (y1, y2, . . . , yM )T with (xj , yj) ∈ S for j =
1, 2, . . . ,M . Moreover, define for any set of sample points and values S̃ = {(xjk , yjk) :
k = 1, 2, . . . , |S̃|} ⊆ S the polynomial

dS̃(x) := (x− xj1) · (x− xj2) · . . . · (x− xj|S̃|). (1.8)

Of particular interest for us will be the polynomial dD.
Now note that for sample values as in equation (1.6) we have

p∗(xj) · dD(xj)− yj · q∗(xj) · dD(xj) = 0 for j = 1, 2, . . . ,M.

This means that the elements of D are precisely the unattainable points in the given
sample set. Moreover, the polynomials p∗, q∗ and dD are exactly the polynomials
which characterize the kernel of Vm,n(S) form ≥ m∗+ν and n ≥ n∗+ν, i.e., dD = d∗

in Theorem 1.2.
The following algorithm outlines a procedure to reconstruct the polynomials p∗,

q∗, and d∗.

Algorithm 1.4 (Reconstruction of Polynomials from Structured Samples).
Input: S = {(xj , yj) : j = 1, 2, . . . ,M}. A set of samples as in equation (1.6) with

M ≥ m∗ + n∗ + 2ν + 1.
m ≥ m∗+ ν and n ≥ n∗+ ν. Estimates for m∗ = deg(p∗), n∗ = deg(q∗), and

the number ν of unattainable points in S.

(i) Construct the matrix Vm,n(S).

(ii) Find (pT ,−qT )T ∈ ker Vm,n(S) with corresponding polynomials p and q.

(iii) Compute d = gcd(p, q) and set p∗ = p
d as well as q∗ = q

d .

(iv) Compute ỹj = yj − p∗(xj)
q∗(xj) for all j = 1, 2, . . . ,M .

(v) Set d∗(x) = (x − xj1) · (x − xj2) · . . . · (x − xjν ) for jk such that ỹjk 6= 0 for
k = 1, 2, . . . , ν.

Output: p∗, q∗ and d∗.
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1. Rational Interpolation

Let us take a closer look at the solvability of the polynomial reconstruction problem.

Lemma 1.5. Let p∗ and q∗ be coprime polynomials with deg(p∗) = m∗ and deg(q∗) =
n∗. Further, let m,n ∈ N and M ≥ m+n+2. Suppose we are given sets S and D as
above, i.e., S contains M samples with sample values of the form (1.6) and D ⊆ S

contains all distorted samples, where |D| = ν. If null Vm,n(S) = 0 then m < m∗ + ν

or n < n∗ + ν.

Proof. SinceM ≥ m+n+2, there need not exist a non-trivial solution to Vm,n(S)·v =
0. However, if m ≥ m∗ + ν and n ≥ n∗ + ν, then it follows directly that the
vector

(
(p∗)T ,−(q∗)T

)T ∈ Cm+n+2 corresponding to p∗ · dD and q∗ · dD is in the
kernel of Vm,n(S). Therefore, null Vm,n(S) = 0 can only be true if m < m∗ + ν or
n < n∗ + ν.

In the context of reconstruction of polynomials, this result can be understood as
follows. If the reconstruction matrix with at least as many rows as columns has only
a trivial kernel, then we have underestimated the degree of the polynomial p∗ · dD
or q∗ · dD which we wish to reconstruct. This could also mean that we do not have
enough undistorted samples from p∗

q∗ .
We collect a few more facts about polynomial reconstruction.

Remark 1.6. (i) We can use Lemma 1.5 in order to modify Algorithm 1.4. Given a set
S ofM samples, choose m and n such that m+n+2 ≤M . If then null Vm,n(S) = 0,
we know that we have either made a wrong choice for m and n or that we do not
have enough samples to reconstruct p∗ and q∗.
(ii) Of course this leaves out the question how to estimate m and n. However, later

on we will use the results of this section in order to reconstruct polynomials where we
know thatm∗ ≤ n∗−1, evenm∗ = n∗−1 almost surely. GivenM samples we therefore
choose n =

⌊
M−1

2

⌋
andm = n−1 such thatm+n = 2·

⌊
M−1

2

⌋
−1 ≤ 2·M−1

2 −1 = M−2.
If then null Vm,n(S) = 0, we can be sure that we have too few samples.

(iii) Suppose we are given a sample set S with sample values of the form (1.6) con-
taining ν unattainable points and where deg(p∗) = m∗ and deg(q∗) = n∗. According
to Theorem 1.2, it suffices to haveM = m∗+n∗+2ν+1 samples in order to reconstruct
p∗, q∗ and d∗. However, in this case the matrix Vm∗+ν,n∗+ν(S) ∈ CM×(m∗+n∗+2ν+2)

has always a non-trivial kernel. Therefore, unless we know m∗, n∗ and ν beforehand,
we have no way of knowing whether the polynomials corresponding the the kernel
vector of Vm∗+ν,n∗+ν(S) are indeed equal to p∗, q∗ and d∗. Following (i), we should
thus always take at least M = m∗ + n∗ + 2ν + 2 samples. However, even if we only

20



1.2. Reconstruction of Polynomials via Classical Rational Interpolation

consider reconstruction matrices with at least as many rows as columns, this is no
guarantee that we can either reconstruct the polynomials from which our samples
stem correctly or find that we have too few samples, as we discuss next.
(iv) Unfortunately, the reverse of Lemma 1.5 is not true. If null Vm,n(S) ≥ 1,

where we have M ≥ m+n+ 2 samples, then it does not follow that m ≥ m∗+ ν and
n ≥ n∗+ν, which implies that we can correctly reconstruct the polynomials p∗ and q∗.
This follows from the fact that if we have too few samples to begin with, it is always
possible that there are polynomials p̃ and q̃ with deg(p̃) < m∗ and deg(q̃) < n∗ such
that p̃

q̃ interpolates the given (attainable) points. We will illustrate this in Example
1.7. However, if we know m∗ and n∗ in advance, then we can formulate a reverse
result of Lemma 1.5.
(v) Let r = p∗

q∗ be a rational function of type (m∗, n∗), where p∗ and q∗ are coprime.
TheMacMillan degree of this function, which we will simply denote by deg(r), is given
by max{m∗, n∗}. If m ≥ deg(r) and we have a sample set S = {(xj , r(xj)) : j =
1, 2, . . . ,M} with M ≥ m∗ + n∗ + 1, then the rank (or equivalently the nullity) of
Vm,m(S) encodes deg(r), since, by Theorem 1.2, we have null Vm,m(S) = min{m−
m∗,m − n∗} − ν + 1 = m − deg(r) − 0 + 1 = m + 1 − deg(r), or equivalently
rk Vm,m(S) = 2 · (m + 1)− (m + 1) + deg(r) = m + 1 + deg(r). Later on, a similar
observation, namely that the degree of a rational function r is encoded in the rank
of a special Löwner matrix associated to r, will become very important.

Example 1.7. Consider the rational function

p∗(x)
q∗(x) = 10x3 − 43x2 + 51x− 12

4x3 − 18x2 + 22x− 6 ,

where p∗ and q∗ are coprime. Since deg(p∗) = deg(q∗) = 3, we need by Theorem 1.2
at least 7 samples in order to reconstruct p∗ and q∗. Suppose we are given a set of
M = 8 samples

S =
{

(0, 2),
(

1
2 , 4
)
, (1, 3), (2, 1),

(
5
2 ,−3

)
, (3, 4),

(
4, 72

25

)
,
(
5, 19

7

)}
.
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Then we get

V3,3(S) =



1 0 0 0 2 0 0 0
1 1

2
1
4

1
8 4 2 1 1

2
1 1 1 1 3 3 3 3
1 2 4 8 1 2 4 8
1 5

2
25
4

125
8 −3 −15

2 −75
4 −375

8
1 3 9 27 4 12 36 108
1 4 16 64 72

25
288
25

1152
25

4608
25

1 5 25 125 19
7

95
7

475
7

2375
7


with null V3,3(S) = 1 where the kernel is spanned by the vector

(−12, 51,−43, 10, 6,−22, 18,−4)T =
(
(p∗)T , (−q∗)T

)T
.

The matrix

V4,2(S) =



1 0 0 0 0 2 0 0
1 1

2
1
4

1
8

1
16 4 2 1

1 1 1 1 1 3 3 3
1 2 4 8 16 1 2 4
1 5

2
25
4

125
8

625
16 −3 −15

2 −75
4

1 3 9 27 81 4 12 36
1 4 16 64 128 72

25
288
25

1152
25

1 5 25 125 625 19
7

95
7

475
7


,

on the other, hand has full rank.
Now suppose that we have only 4 samples S1 =

{
(0, 2),

(
1
2 , 4
)
, (1, 3),

(
5, 19

7

)}
.

Then the matrix

V1,1(S1) =


1 0 2 0
1 1

2 4 2
1 1 3 3
1 5 19

7
95
7


is singular and its kernel is spanned by the vector (2,−8,−1, 3)T , which corresponds
to the polynomial

p̃(x)
q̃(x) = 8x− 2

3x− 1 .

This polynomial does indeed agree with p∗

q∗ at the points 0, 1
2 , 1 and 5. Note, however,
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1.3. Barycentric Rational Interpolation

that this only happens because we made an unfortunate choice for our sample set. If
we take, for example, the set S2 = {(0, 2), (1, 3), (2, 1), (3, 4)}, then

V1,1(S2) =


1 0 2 0
1 1 3 3
1 2 1 2
1 3 4 12


has full rank.
This underpins what we have said before. Given some knowledge about the degrees

m∗ and n∗ of the numerator and denominator polynomials p∗ and q∗, for example
that m∗ = n∗ − 1, we can infer from null Vm,n(S) = 0 for |S| ≥ m + n + 2 that
we have too few samples. If, on the other hand, null Vm,n(S) ≥ 1 then this is no
guarantee that we have enough samples to reconstruct p∗ and q∗.

1.3. Barycentric Rational Interpolation

The methods for rational interpolation and reconstruction of polynomials presented in
the previous sections have the great advantage of being quite straightforward. There-
fore, they lend themselves very well to theoretical considerations, which is what we
will use them for later on. However, it is well established that they suffer greatly
from numerical instability, which we will also see in the next chapter. This is mainly
due to the usually very bad condition of the Vandermonde matrices involved, see
[87]. We devote the following sections to presenting a more stable method for ra-
tional interpolation and reconstruction of polynomials, so-called barycentric rational
interpolation.
The first barycentric formula, as we will later call it, was already known by Jacobi

in 1825, see [61]. The second barycentric formula appears in the 1940s, see [39, 108].
Some early sources for barycentric interpolation are [23, 53, 113]. From the 1980s
onward, there has been a growing interest in this topic, see for example [9, 43, 54,
64, 101, 109] as well as the references therein and the literature mentioned in this
section. The stability of barycentric interpolation has been investigated in [55]. A
particularly good overview is given in [14]. We will follow this paper in introducing
barycentric rational interpolation.
As before, we start by looking at the problem of polynomial interpolation. Recall

that the unique polynomial of degree M − 1 interpolating the sample values yj ∈ C
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1. Rational Interpolation

at distinct sample points xj ∈ C for j = 1, 2, . . . ,M is given by

p(x) =
M∑
j=1

yj · `j(x) (1.9)

with

`j(x) :=
M∏
i=1
i 6=j

x− xi
xj − xi

.

We now rewrite this formula. To this end we define

`(x) :=
M∏
i=1

(x− xi) (1.10)

and the barycentric weights

wj :=
M∏
i=1
i 6=j

1
xj − xi

(1.11)

for j = 1, 2, . . . ,M . Then we can write

`j(x) = `(x) · wj
x− xj

.

Inserting this representation into equation (1.9) gives

p(x) = `(x)
M∑
j=1

wj
x− xj

· yj . (1.12)

This is called the “first form of the barycentric interpolation formula” [100]. As this
quote suggests, there is also a “second (true) form of the barycentric formula” [100]
and it is derived as follows. The function which constantly takes the value 1, in other
words, the polynomial of degree 0 given by p ≡ 1, can be written as

1 =
M∑
j=1

`j(x) = `(x)
M∑
j=1

wj
x− xj

. (1.13)

Here, the first equation is a special case of equation (1.9), where yj = 1 for all
j = 1, 2, . . . ,M . It follows from the fact that

∑M
j=1 `j(x) is (formally) a polynomial

of degree M − 1 which coincides with the degree 0 polynomial p ≡ 1 on M points.
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1.3. Barycentric Rational Interpolation

Dividing (1.12) by (1.13) and canceling the common factor `(x) then gives us

p(x) =
∑M
j=1

wj
x−xj · yj∑M

j=1
wj
x−xj

, (1.14)

which is simply called the barycentric formula.
One of the great advantages of the barycentric formula is that, even if the weights

wj are not exactly as defined in (1.11), as long as wj 6= 0, the function p will still
interpolate the value yj at the point xj for j = 1, 2, . . . ,M . This is true since we
have

lim
x→xk

p(x) = lim
x→xk

∑M
j=1

wj
x−xj · yj∑M

j=1
wj
x−xj

= lim
x→xk

∏M
j=1

1
x−xj

∑M
j=1wj · yj ·

∏M
i=1
i 6=j

(x− xi)∏M
j=1

1
x−xj

∑M
j=1wj ·

∏M
i=1
i 6=j

(x− xi)

=
wk · yk ·

∏M
i=1
i 6=k

(xk − xi)

wk ·
∏M
i=1
i 6=k

(xk − xi)
= yk

(1.15)

for k = 1, 2, . . . ,M . However, unless the weights are defined as in (1.11), the resulting
interpolation function will usually no longer be a polynomial but a rational function.
Since we are interested in interpolation with rational functions, let us take a closer
look at this.
It has been shown in [12, Lemma 2.1] that every rational function r ∈ RM−1,M−1

can be written in barycentric form. Since the proof of this result is constructive, we
repeat it here. Let r = p

q ∈ RM−1,M−1 with p and q coprime and r(xj) = yj for
j = 1, 2, . . . ,M . The first barycentric form of q is given by

q(x) = `(x)
M∑
j=1

wj
x− xj

· q(xj),

where `(x) and wj are defined as in equations (1.10) and (1.11). This equality follows
from the fact that on the right hand side of the equation we have a polynomial of
degree at most M − 1 which coincides with the polynomial q, which also has at most
degree M − 1, in M points. Now define

uj := wj · q(xj) (1.16)
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1. Rational Interpolation

for j = 1, 2, . . . ,M . Since p(xj)
q(xj) = yj , it follows that p(xj) = yj · q(xj). Therefore, the

first barycentric form of p is given by

p(x) = `(x)
M∑
j=1

wj
x− xj

· yj · q(xj) = `(x)
M∑
j=1

uj
x− xj

· yj .

Putting everything back together and canceling the common factors, we then find
that

r(x) = p(x)
q(x) =

∑M
j=1

uj
x−xj · yj∑M

j=1
uj

x−xj

. (1.17)

Equations (1.16) and (1.17) show another advantage of the barycentric represen-
tation. Given a set of samples {(xj , yj) : j = 1, 2, . . . ,M} for some M ∈ N, a point
(xk, yk) for some 1 ≤ k ≤ M is an unattainable point if and only if uk = 0, since in
this case q(xk) = 0, see for example [11, 104].
As noted before, the interpolation condition r(xj) = yj is satisfied for any choice

of weights uj 6= 0 for j = 1, 2, . . . ,M . However, only if uj = wj · q(xj) with wj as
in equation (1.11) for j = 1, 2, . . . ,M do we get r = p

q , i.e., with other weights, we
get a different rational function. This raises the question how to find the correct
weights given samples of p

q . Several methods have been proposed for this task. In
[13, 104, 116] the weights are computed as solutions to homogeneous linear equations.
Particularly, in [13], it is shown that the vector of weights u = (u1, u2, . . . , uM )T such
that the barycentric representation satisfies equation (1.17) is (up to multiplication
with a non-zero scalar) a unique solution to



1 1 . . . 1
x1 x2 . . . xM

x2
1 x2

2 . . . x2
M

...
...

...
xm−1

1 xm−1
2 . . . xm−1

M

y1 y2 . . . yM

y1 · x1 y2 · x2 . . . yM · xM
y1 · x2

1 y2 · x2
2 . . . yM · x2

M
...

...
...

y1 · xn−1
1 y2 · xn−1

2 . . . yM · xn−1
M


︸ ︷︷ ︸

=:Ṽm−1,n−1(x,y)∈Cm+n×M

·u = 0, (1.18)
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1.3. Barycentric Rational Interpolation

where x = (x1, x2, . . . , xM )T , y = (y1, y2, . . . , yM )T , m = deg(p), n = deg(q), and
M = m+n+1. In [13], it is assumed that n ≤ m. In [11], the case that m < n is also
discussed. The authors also consider the case that m > deg(p) or n > deg(q), which
leads to u not being unique anymore, since then null Ṽm−1,n−1(x,y) > 1. This can
lead to the barycentric representation as in (1.17) corresponding to a rational function
where the numerator and denominator polynomials contain a common factor. In
other words, using the language from Theorem 1.2, there exists a polynomial s with
deg(s) ≥ 1 such that

`(x)
M∑
j=1

uj
x− xj

· yj = p(x) · s(x) and `(x)
M∑
j=1

uj
x− xj

= q(x) · s(x).

In order to obtain a unique kernel vector, the authors suggest in this case to restart
the algorithm with n − 1 instead of n, i.e., computing the kernel of Ṽm−1,n−2(x,y)
instead of Ṽm−1,n−1(x,y). However, this relies on the assumption that n ≤ m and
might not be computationally feasible if the degrees of p and q are much smaller than
the initial guesses for m and n.

Note the similarity between the systems of equations in (1.3) and (1.18). As a
matter of fact we have Ṽm−1,n−1(x,y) = Vm−1,n−1(x,y)T for M = m+n+ 1. How-
ever, in order to solve the classical rational interpolation problem with deg(p) = m

and deg(q) = n we need the matrix Vm,n(x,y). Moreover, while Vm,n(x,y) de-
scribes interpolation conditions, Ṽm−1,n−1(x,y) imposes a degree condition, i.e., if
u satisfies equation (1.18), then it is ensured in the corresponding barycentric repre-
sentation that deg(p) ≤ m and deg(q) ≤ n, where the first m rows of Ṽm−1,n−1(x,y)
correspond to the degree of q and the last n rows correspond to the degree of p.

Although the authors claim in [13] that the approach presented above is numerically
stable, it still involves solving a homogeneous Vandermonde-like system of equations.
Moreover, it faces the same problems as the classical approach if the degrees of p
and q are unknown. Hence, the only advantage of this approach over the classical
approach is that unattainable points are automatically taken care of by virtue of the
barycentric representation. We will therefore consider another method for finding the
barycentric weights, which will lead to an iterative procedure, thereby also avoiding
the awkward re-running of the algorithm with reduced n as suggested in [13].
Before we continue, let us recall and clarify some important terms. First, we

need to distinguish between a rational function r and its representation as fraction
of polynomials p

q . We will say that two rational functions r1 and r2 are equal (in
an algebraic sense) and write r1 = r2, if there exist coprime polynomials p∗ and q∗
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1. Rational Interpolation

such that r1 = p∗·d1
q∗·d1

and r2 = p∗·d2
q∗·d2

for some polynomials d1 and d2. This means
that while r1 and r2 might have different representations, they are indeed the same
rational function. We need this distinction in order to define two important properties
of rational functions. As already introduced, the type of a rational function r = p

q is
given by

(
deg(p),deg(q)

)
. If deg(p) = deg(q) = m we will simply say that r is of type

m. The type of a rational function depends on its representation. Another important
concept is the degree of a rational function r. There are several ways of defining the
degree of a rational function. We will use the so-called MacMillan degree, which was
already mentioned in Remark 1.6 (v). It is defined as

deg(r) := max{deg(p∗),deg(q∗)}, (1.19)

where p∗ and q∗ are coprime and r = p∗·d
q∗·d for some polynomial d, i.e., the degree

of r is independent of its representation. To illustrate the difference between type
and degree consider r1 and r2 as above. The type of r1 is

(
deg(p∗ · d1),deg(q∗ · d1)

)
and the type of r2 is

(
deg(p∗ · d2),deg(q∗ · d2)

)
, which need not be the same. On the

other hand, we have deg(r1) = deg(r2) = max{deg(p∗), deg(q∗)}. A similar notion
is the exact type of a rational function, given by

(
deg(p∗),deg(q∗)

)
. We will not

need this concept here though. When we want to emphasize that the numerator and
denominator polynomials of a representation of a rational function r are coprime, we
will say that r is fully reduced or minimal (as shorthand for of minimal type), i.e.,
its type is equal to its exact type.
The distinction between the degree and the type of a rational function will become

important later on. The notions of degree and equality of rational functions we
employ represent an algebraic point of view on the problem at hand (algebraically,
there is no difference between the functions r1 and r2 above). However, once we will
concern ourselves with the numerics of the problem, the type of a rational function
will play an important role.
Now back to finding a suitble weight vector for a barycentric rational interpolation

function r. Antoulas and Anderson consider in [1] an implicit representation of
this function. If r is a rational function which interpolates a given sample set S =
{(xj , yj) : j = 1, 2, . . . ,M} with M ∈ N then

M∑
j=1

uj ·
r(x)− yj
x− xj

= 0, (1.20)

where uj 6= 0 for j = 1, 2, . . . ,M . This formulation is indeed equivalent to the
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1.3. Barycentric Rational Interpolation

formulation in (1.17), since we have

0 =
M∑
j=1

uj ·
r(x)− yj
x− xj

= r(x)
M∑
j=1

uj
x− xj

−
M∑
j=1

uj
x− xj

· yj

⇔ r(x) =
∑M
j=1

uj
x−xj · yj∑M

j=1
uj

x−xj

.

One has to be careful though that the equivalence above is not to be understood
pointwise. If x = xk for some 1 ≤ k ≤ M then the right hand side of the second
equation is of the form ∞−∞. However, as shown in equation (1.15), in this case
we have r(xk) = yk, as long as uk 6= 0. If, on the other hand,

M∑
j=1

uj
x̃− xj

=
M∑
j=1

uj
x̃− xj

· yj = 0

for some x̃ ∈ C, then r has either a zero, a pole, or a removable singularity at x̃. In
any case, this implies that the numerator and denominator polynomials have a factor
in common.
The goal of [1] is to study all minimal solutions of the rational interpolation problem

r(xj) = yj for j = 1, 2, . . . ,M . (Beware though that Antoulas and Anderson use
a different terminology than we do. They talk about finding a “minimal degree”
solution and define the MacMillan degree analogously to our definition of the type.)
As noted before, the function

r(x) =
∑M
j=1

uj
x−xj · yj∑M

j=1
uj

x−xj

will interpolate the samples (xj , yj) as long as uj 6= 0 for j = 1, 2, . . . ,M . Moreover,
r will generically be of type M − 1. The task now is to find a “lower complexity
barycentric representation” [10] of r, denoted by r′, such that

r′(x) =
∑M ′
j=1

uj
x−xj · yj∑M ′

j=1
uj

x−xj

is of minimal typeM ′−1 ≤M−1 and satisfies the interpolation conditions r′(xj) = yj

for all j = 1, 2, . . . ,M .
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1. Rational Interpolation

By construction, we have r′(xj) = yj if uj 6= 0 for j = 1, 2, . . . ,M ′. Now let
(xk, yk) ∈ S′ := {(xj , yj) : j = M ′ + 1,M ′ + 2, . . . ,M}. If r′(xk) = yk then it follows
from the implicit equation for r′ analogously to (1.20) that

0 =
M ′∑
j=1

uj ·
r′(xk)− yj

xk − xj
=

M ′∑
j=1

uj ·
yk − yj

xk − xj
=
(
yk − y1

xk − x1
,
yk − y2

xk − x2
, . . . ,

yk − yM ′

xk − xM ′

)
·


u1
u2
...

uM ′

 .

Therefore, if r′(xj) = yj for j = M ′ + 1,M ′ + 2, . . . ,M , we must have



yM′+1−y1
xM′+1−x1

yM′+1−y2
xM′+1−x2

. . .
yM′+1−yM′
xM′+1−xM′

yM′+2−y1
xM′+2−x1

yM′+2−y2
xM′+2−x2

. . .
yM′+2−yM′
xM′+2−xM′

...
...

...
yM−y1
xM−x1

yM−y2
xM−x2

. . .
yM−yM′
xM−xM′


︸ ︷︷ ︸

=:L

·


u1

u2
...

uM ′

 = 0.

The matrix L is called a divided-differences or Löwner matrix, after Karl Löwner, who
studied the connection between these matrices and rational interpolation in [73].
Note that the ordering of elements in S = {(xj , yj) : j = 1, 2, . . . ,M} does not

matter. The argument above works exactly the same if we take any subset T ′ ⊆ S

with |T ′| = M ′ ≤ M in order to build r′. In [1], the set T ′ is called column array
and the set S′ := S \ T ′ is called row array. The sets S′ and T ′ form a partition of
S. Let IS′ :=

{
j ∈ {1, 2, . . . , |S|} : (xj , yj) ∈ S′

}
be the index set corresponding to S′

and define IT ′ analogously. We will denote a Löwner matrix with row array S′ and
column array T ′ by

L(S′, T ′) :=
(
ys − yt
xs − xt

)
s∈IS′ ,t∈IT ′

. (1.21)

Given a Löwner matrix L(S′, T ′) which possesses a non-trivial kernel vector u =
(u1, u2, . . . , u|T ′|)T , we can attach a rational function to this matrix via

ru,T ′(x) :=
∑|T ′|
j=1

uj
x−xj · yj∑|T ′|

j=1
uj

x−xj

, (1.22)

where we assumed that IT ′ = {1, 2, . . . , |T ′|} in order to simplify notation. We know
already that this function interpolates all (xj , yj) ∈ T ′ for which uj 6= 0. Moreover,
this function interpolates all points (xk, yk) ∈ S′ for which

∑|T ′|
j=1

uj
xk−xj 6= 0, since in
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this case we have by construction that

0 =
|T ′|∑
j=1

uj ·
yk − yj
xk − xj

= yk

|T ′|∑
j=1

uj
xk − xj

−
|T ′|∑
j=1

uj
xk − xj

· yj

⇔ yk =
∑|T ′|
j=1

uj
xk−xj · yj∑|T ′|

j=1
uj

xk−xj

= ru,T ′(xk).

(1.23)

If, on the other hand,
∑|T ′|
j=1

uj
xk−xj = 0, then the left hand side of the above equivalence

implies that also
∑|T ′|
j=1

uj
xk−xj · yj = 0, which means that (xk, yk) is an unattainable

point. This result is also provided in [1, Corollary 2.15]. Note that this does not
contradict the fact that if (xj , yj) is an unattainable point, then uj = 0 for 1 ≤ j ≤
|T ′|, since the point (xk, yk) ∈ S′ is not used in the construction of ru,T ′ .

One of the main results (and for our purpose the most important result) of [1] is
the following.

Theorem 1.8 ([1, Main Lemma 2.5]). Let S = {(xj , yj) : j = 1, 2, . . . ,M} forM ∈ N
be a set of samples of a fully reduced rational function r, i.e., r(xj) = yj with pairwise
distinct xj for j = 1, 2, . . . ,M and the numerator and denominator polynomials of
r are coprime. Further, let S′ and T ′ be a partition of S. If |S′|, |T ′| ≥ deg(r) then
rk L(S′, T ′) = deg(r).

Put differently, this means that, given sufficiently many samples of a rational func-
tion r and a suitable partition of the sample set, the rank of the associated Löwner
matrix encodes the MacMillan degree of r. Recall that a similar result holds for
classical rational interpolation, see Remark 1.6 (v). Moreover, it does not matter
how the partition of S is chosen, as long as both S′ and T ′ contain at least deg(r)
elements, see [1, Corollary 2.24].
In [1], the results above are proved in the general case of multiple interpolation

points, which is similar to Hermite interpolation. This means that it is possible
that for some j ∈ {1, 2, . . . ,M} there are several sample values yj,0, yj,1, . . . , yj,µj
corresponding to a single sample point xj . Here, µj is called the multiplicity of
the point xj and a rational function r is said to interpolate the points (xj , yj,k) for
j = 1, 2, . . . ,M and k = 0, 1, . . . , µj if and only if r(k)(xj) = yj,k, where r(k) denotes
the k-th derivative of r.
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An earlier proof of these results in the case of distinct sample points, i.e., µj = 0
for all j = 1, 2, . . . ,M , can be found in [5, Theorem 2]. Another proof in this simpler
setting is presented in [58, Theorem 1.1].
It is also shown in [1, Corollary 2.6] that every deg(r) × deg(r) submatrix of

L(S′, T ′) has full rank. Later on we will use a similar result.

Corollary 1.9. Under the assumptions of Theorem 1.8, any deg(r) rows or columns
of the matrix L(S′, T ′) are linearly independent.

Proof. Let S′′ be an arbitrary subset of S′ such that |S′′| = deg(r). Then L(S′′, T ′)
has rank deg(r) by Theorem 1.8. Since the column rank of a matrix is equal to its
row rank, it follows that any deg(r) rows of L(S′, T ′) are linearly independent.

Now let T ′′ be an arbitrary subset of T ′ such that |T ′′| = deg(r). Then L(S′, T ′′)
has full rank deg(r) by Theorem 1.8 and the second claim follows.

The next lemma will play an important role in later proofs.

Lemma 1.10. Let r1 and r2 be rational functions with deg(r1) = δ1 and deg(r2) = δ2.
If r1 and r2 agree on δ1 + δ2 + 1 points x1, x2, . . . , xδ1+δ2+1, then r1 = r2.

Proof. Let r1 = p1
q1

and r2 = p2
q2
, where we assume that for both functions the

numerator and denominator polynomials are coprime. Then deg(p1),deg(q1) ≤ δ1

and deg(p2),deg(q2) ≤ δ2. We have

p1(xj) · q2(xj) = p2(xj) · q1(xj) for j = 1, 2, . . . , δ1 + δ2 + 1

and deg(p1 · q2),deg(p2 · q1) ≤ δ1 + δ2. Hence p1 · q2 = p2 · q1, which entails r1 = p1
q1

=
p2
q2

= r2.

Remark 1.11. Recall that we understand equality of rational functions in an alge-
braic sense, i.e., that in their fully reduced form the numerator and denominator
polynomials of rational functions are the same (up to a non-zero scalar).

The following result is the key to reconstructing barycentric rational functions. It
can be found in a similar form in [1, Lemma 2.17].

Lemma 1.12. Under the assumptions of Theorem 1.8, if 0 6= u ∈ ker L(S′, T ′), then
ru,T ′ = r.

Proof. First, note that we need to have |T ′| ≥ deg(r) + 1 := δ+ 1, since otherwise we
would have null L(S′, T ′) = 0, by Theorem 1.8. By construction, ru,T ′ interpolates
‖u‖0 points in T ′ and we have deg(ru,T ′) := δu,T ′ ≤ ‖u‖0 − 1 ≤ |T ′| − 1.
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Let ru,T ′ = pu,T ′
qu,T ′

. If qu,T ′(xk) = 0 for some (xk, yk) ∈ S′, then it follows from
u ∈ ker L(S′, T ′) that also pu,T ′(xk) = 0, see equation (1.23). But this means that
pu,T ′ and qu,T ′ have a factor in common, which implies that δu,T ′ ≤ ‖u‖0 − 2. In
general, if we define µ := |{(xk, yk) ∈ S′ : qu,T ′(xk) = 0}|, then it follows that
δu,T ′ ≤ ‖u‖0 − 1− µ.
By equation (1.23), we also find that ru,T ′ interpolates |S′|−µ points in S′. There-

fore, ru,T ′ coincides with r on at least |S′| − µ+ ‖u‖0 ≥ δ + ‖u‖0 − µ ≥ δ+ δu,T ′ + 1
points. Using Lemma 1.10, we then find ru,T ′ = r.

Antoulas and Anderson are only interested in the theoretical aspects of param-
eterizing all minimal degree solutions of the rational interpolation problem. They
do not, however, concern themselves with the question of how to actually compute
such a solution. This problem is treated in [58], where a straightforward algorithm
is proposed.

Algorithm 1.13 (Lagrange Rational Interpolation in Barycentric Form [58, Algo-
rithm 1.1]).
Input: S = {(xj , yj) : j = 1, 2, . . . ,M}. A set of M ≥ 2 deg(r) + 1 samples from a

rational function r.

(i) Partition S into S′ and T ′ such that |S′| =
⌊
M
2

⌋
and |T ′| =

⌈
M
2

⌉
.

(ii) Compute δ = rk L(S′, T ′).

(iii) Choose a new partition S′′, T ′′ with |S′′| = M − δ − 1 and |T ′′| = δ + 1.

(iv) Solve L(S′′, T ′′) · u = 0.

Output: ru,T ′′ = r. A minimal rational function interpolating the samples in S.

Remark 1.14. (i) It follows from Theorem 1.8 that the rank of L(S′, T ′) in step (ii)
coincides with the degree of the rational function from which the data was obtained,
i.e., δ = deg(r).

(ii) We would like to emphasize that this algorithm assumes that there exists a
rational function interpolating the given data, i.e., the set of sample points does not
contain any unattainable points. We will consider this problem in the next section.
(iii) The case that the data set contains unattainable points is briefly touched

in [58, Section 1.4], but not discussed in depth. A consequence of the presence of
unattainable points is that not all deg(r)× deg(r) submatrices of L(S′, T ′) have full
rank anymore.
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(iv) It is an important question how to partition the sample set in steps (i) and
(iii) of Algorithm 1.13. This problem is shortly discussed in [58, Section 2.1], where it
is demonstrated that the chosen partition has an enormous impact on the condition
of the reconstruction matrix and, therefore, also the results of the reconstruction.
A heuristic approach to improving the condition of the involved Löwner matrices
is presented, but the problem is not studied systematically. However, this heuristic
approach leads to good results for the reconstruction. The idea is to choose an
alternating partition of the sample set. This means that, assuming the sample set
S = {(xj , yj) : j = 1, 2, . . . ,M} is ordered with respect to the sample points, i.e.,
x1 < x2 < . . . < xM or x1 > x2 > . . . > xM , which of course assumes that the
sample points are real, we choose S′ =

{
(x2·j , y2·j) : j = 1, 2, . . . ,

⌊
M
2

⌋}
and T ′ ={

(x2·j−1, y2·j−1) : j = 1, 2, . . . ,
⌈
M
2

⌉}
.

1.4. Barycentric Rational Interpolation with Unattainable
Points

Both [1] and [58] are concerned with finding a rational interpolant to some data set
where the underlying assumption is that there exists a rational function interpolating
all the given data. We, on the other hand, are explicitly dealing with (possibly)
distorted data, i.e., data containing unattainable points. Therefore, we need a few
more results tailored to this task.
We have seen in equation (1.22) how to attach a barycentric function to a Löwner

matrix with non-trivial kernel. Lemma 1.12 also tells us that the rational function
thus obtained is actually the function that provided the sample data from which the
Löwner matrix was constructed. In this section, we will make extensive use of these
results.
As in Section 1.2, we will again consider samples of the form

yj = y∗j + ỹj = r(xj) + ỹj for j = 1, 2, . . . ,M

at pairwise different sample points x1, x2, . . . , xM ∈ C, where r is a completely re-
duced rational function with deg(r) = δ such that r(xj) = y∗j for j = 1, 2, . . . ,M
and we assume that ỹj 6= 0 exactly ν-times. Further, we will always assume that
M ≥ 2δ + 2ν + 1.
The following theorem is our main result regarding the interpolation of distorted

data via barycentric rational functions. We have given proofs of similar results, where
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1.4. Barycentric Rational Interpolation with Unattainable Points

the given data has some additional structure, in [36, Theorem 3.3] and [90, Theorem
5.1]. To our knowledge, there is no other result linking Löwner matrices built from
data containing unattainable points to barycentric rational functions.

Theorem 1.15. Let S = {(xj , y∗j + ỹj) : j = 1, 2, . . . ,M} be a set of partially
distorted samples, where y∗j = r(xj) for all j = 1, 2, . . . ,M and a rational function r
with deg(r) = δ. Further, assume that ỹk 6= 0 for exactly ν indices k ∈ {1, 2, . . . ,M}
and suppose that M ≥ 2δ+ 2ν + 1. Let S′, T ′ be a partition of S. If |S′| ≥ δ+ ν and
|T ′| ≥ δ + ν + 1, then rk L(S′, T ′) = δ + ν, i.e., null L(S′, T ′) = |T ′| − δ − ν ≥ 1 and
we have ru,T ′ = r for any u ∈ ker L(S′, T ′).

Proof. (i) Define D := {(xj , y∗j + ỹj) ∈ S : ỹj 6= 0} as well as DS′ := D ∩ S′ and
DT ′ := D ∩ T ′ with |DS′ | = ν1 and |DT ′ | = ν2, i.e., ν1 + ν2 = ν.

As before, denote by IS′ and IT ′ the index sets corresponding to S′ and T ′. Then
we have

L(S′, T ′) =
(
y∗s − y∗t
xs − xt

)
s∈IS′ ,t∈IT ′︸ ︷︷ ︸

=:R

+
(

ỹs
xs − xt

)
s∈IS′ ,t∈IT ′︸ ︷︷ ︸

=:DS′

+
( −ỹt
xs − xt

)
s∈IS′ ,t∈IT ′︸ ︷︷ ︸

=:DT ′

.

By Theorem 1.8, rk R = δ, i.e., null R = |T ′| − δ ≥ ν + 1, since |S′| ≥ δ + ν and
|T ′| ≥ δ + ν + 1. In particular, any δ + 1 columns of R are linearly dependent.
Therefore, there exist scalars u(1)

1 , u
(1)
2 , . . . , u

(1)
δ+1, u

(2)
1 , u

(2)
2 , . . . , u

(|T ′|−δ)
δ , u

(|T ′|−δ)
δ+1 6= 0

such that the vectors

u(1) = (u(1)
1 , u

(1)
2 , . . . , u

(1)
δ+1, 0, 0, . . . , 0︸ ︷︷ ︸

(|T ′|−δ−1)−times

)T ,

u(2) = (0, u(2)
1 , u

(2)
2 , . . . , u

(2)
δ+1, 0, 0, . . . , 0︸ ︷︷ ︸

(|T ′|−δ−2)−times

)T ,

...

u(|T ′|−δ) = (0, 0, . . . , 0︸ ︷︷ ︸
(|T ′|−δ−1)−times

, u
(|T ′|−δ)
1 , u

(|T ′|−δ)
2 , . . . , u

(|T ′|−δ)
δ+1 )T

are in the kernel of R. Clearly, the vectors u(1),u(2), . . . ,u(|T ′|−δ) are linearly inde-
pendent. Hence, they form a basis of ker R. Note that it is necessary that u(j)

i 6= 0
for all i = 1, 2, . . . , δ+1 and j = 1, 2, . . . , |T ′|−δ since any δ columns of R are linearly
independent by Corollary 1.9.
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1. Rational Interpolation

Further, DS′ contains exactly ν1 non-zero rows (all other rows only contain zeros)
and DT ′ contains exactly ν2 non-zero columns. More precisely, we have

DS′ = diag
(
(ỹs)s∈IS′

)
·
( 1
xs − xt

)
s∈IS′ ,t∈IT ′︸ ︷︷ ︸

=:C(S′,T ′)

and

DT ′ = C(S′, T ′) · diag
(
(−ỹt)t∈IT ′

)
,

where C(S′, T ′) is a so-called Cauchy matrix. It is well known that a square Cauchy
matrix

(
(ai − bj)−1)m

i,j=1 constructed from pairwise different values a1, a2, . . . , am,

b1, b2, . . . , bm ∈ C, m ∈ N, has full rank, see for example [98, Section 7]. Therefore,
any min{|S′|, |T ′|} ≥ δ + ν columns or rows of C(S′, T ′) are linearly independent.
Hence, the rows of DS′ , respectively the columns of DT ′ , are linearly independent,
i.e., rk DS′ = ν1 and rk DT ′ = ν2. Thus, it follows immediately that

rk L(S′, T ′) = rk(R + DS′ + DT ′) ≤ rk R + rk DS′ + rk DT ′ = δ + ν1 + ν2 = δ + ν

and it remains to show that equality holds.
(ii) First, assume thatD ⊆ T ′. Then DS′ = 0 and DT ′ contains exactly ν2 = ν non-

zero columns. Suppose w.l.o.g. that the first ν columns of DT ′ are non-zero. Then
the vectors u(ν+1),u(ν+2), . . . ,u(|T ′|−δ) are all in the kernel of L(S′, T ′) = R + DT ′ .
This follows easily since these vectors are by definition in the kernel of R and the
first ν entries of every vector are zero. Hence, they are also in the kernel of DT ′ .
Therefore, null L(S′, T ′) ≥ |T ′| − δ − ν.
We now show that there cannot be any more linearly independent vectors in the

kernel of L(S′, T ′). Suppose that there exists a vector ũ in the kernel such that γ of its
first ν entries are non-zero, i.e., ũ = (ũ1, ũ2, . . . , ũ|T ′|)T and ũj 6= 0 for γ indices 1 ≤
j ≤ ν. This vector is certainly linearly independent from u(ν+1),u(ν+2), . . . ,u(|T ′|−δ).
By construction, the rational function rũ,T ′ coincides with r on at least ‖ũ‖0−γ points
in T ′. As in the proof of Lemma 1.12, assume that the numerator and denominator
polynomials of rũ,T ′ are zero for µ points xj1 , xj2 , . . . , xjµ in S′. Then, by equation
(1.23), rũ,T ′ interpolates |S′| − µ points in S′ and deg(rũ,T ′) ≤ ‖ũ‖0 − µ− 1. Hence,
rũ,T ′ coincides with r on at least |S′| − µ + ‖ũ‖0 − γ ≥ δ + ν − γ + ‖ũ‖0 − µ ≥
δ+deg(rũ,T ′)+1 points (recall that γ ≤ ν). By Lemma 1.10, it follows that rũ,T ′ = r.
But this is a contradiction, since rũ,T ′ interpolates by construction γ unattainable
points. Therefore, there cannot exist a kernel vector such that any of its entries
corresponding to a non-zero column of DT ′ are not 0.
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1.4. Barycentric Rational Interpolation with Unattainable Points

Now consider the matrix R̂ which contains the (ν + 1)-st through |T ′|-th columns
of R. This matrix has |T ′| − ν ≥ δ + 1 columns and therefore, by Theorem 1.8,
rk(R̂) = δ, i.e., null R̂ = |T ′| − δ − ν. By the above argument, a vector u is in the
kernel of L(S′, T ′) if and only if u = (0T , ûT )T with û ∈ ker R̂. Hence, we must have
null L(S′, T ′) = null R̂ = |T ′| − δ − ν.
(iii) Suppose now that the row array S′ also contains unattainable points, i.e.,

DS′ 6= ∅. We have

rk L(S′, T ′) = rk(R + DS′ + DT ′) ≤ rk(R + DT ′) + rk DS′ .

We have already seen that rk DS′ = ν1. Further, (ii) shows that rk(R+DT ′) = δ+ν2.
Showing that the inequality above is indeed an equality requires a little more work.
First, we show, using a very similar argument as in (ii), that if a vector is in the kernel
of L(S′, T ′), it must be of the form (0T , ûT )T with û ∈ ker(R̂+D̂S′). Here, we assume
w.l.o.g. that only the first ν2 columns of DT ′ are non-zero and R̂, respectively D̂S′ , are
formed by taking the (ν2 + 1)-st through |T ′|-th columns of R and DS′ respectively.

For this, suppose, as in (ii), that there exists a vector ũ = (ũ1, ũ2, . . . , ũ|T ′|)T ∈
ker L(S′, T ′) such that ũj 6= 0 for γ indices 1 ≤ j ≤ ν2. Then rũ,T ′ coincides with
r on at least ‖ũ‖0 − γ points in T ′. Assume that the numerator and denominator
polynomials of rũ,T ′ are zero for µ points in S′. Then rũ,T ′ interpolates at least |S′|−µ
points in S′. In particular, since there are ν1 unattainable points in S′, it interpolates
|S′| − µ− ν1 attainable points in S′, and deg(rũ,T ′) ≤ ‖ũ‖0 − µ− 1. Therefore, rũ,T ′

agrees with r on at least |S′| − µ − ν1 + ‖ũ‖0 − γ ≥ δ + ν − ν1 − γ + ‖ũ‖0 − µ ≥
δ + deg(rũ,T ′) + 1 points (recall that γ ≤ ν2 and therefore ν − ν1 − γ ≥ 0). Hence,
we have, again with Lemma 1.10, that rũ,T ′ = r, which is a contradiction, since rũ,T ′

interpolates γ unattainable points, and the claim follows.
Now note that R̂+D̂S′ = L(S′, T ′\DT ′). Since |T ′\DT ′ | ≥ δ+ν+1−ν2 = δ+ν1+1

we still have rk R̂ = δ. Further, we find that L(S′, T ′ \ DT ′)T = L(T ′ \ DT ′ , S
′).

Therefore, we can repeat the argument from (ii) verbatim with (R̂ + D̂S′)T = R̂T +
D̂T
S′ instead of R + DT ′ to find that rk(R̂ + D̂S′)T = δ + ν1. Since rk(R̂ + D̂S′)T =

rk(R̂ + D̂S′), we then have, similar as in (ii), that null L(S′, T ′) = null(R̂ + D̂S′) =
|T ′ \DT ′ | − δ − ν1 = |T ′| − ν2 − δ − ν1 = |T ′| − δ − ν.

We can even explicitly write down a basis for ker L(S′, T ′). Since rk DS′ = ν1, any
ν1 +1 vectors DS′u(j), for j = 1, 2, . . . , |T ′|−δ, are linearly dependent. In particular,
there exist scalars w(1)

1 , w
(1)
2 , . . . , w

(1)
ν1+1, w

(2)
1 , w

(2)
2 , . . . , w

(|T ′|−δ−ν1)
ν1 , w

(|T ′|−δ−ν1)
ν1+1 6= 0
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such that the vectors

w(k) =
ν1+1∑
j=1

w
(k)
j · u

(k+j−1)

for k = 1, 2, . . . , |T ′|−δ−ν1 are in the kernel of DS′ . These vectors are clearly linearly
independent and also in the kernel of R. Further, for k = ν2+1, ν2+2, . . . , |T ′|−δ−ν1

they are also in the kernel of DT ′ (we still assume that only the first ν2 columns of
DT ′ are non-zero). Therefore, we have found |T ′|−δ−ν linearly independent vectors
in the kernel of L(S′, T ′).
(iv) Finally, we show that for u to be in ker L(S′, T ′), it is necessary that u ∈ ker R∩

ker DS′ ∩ker DT ′ . We already showed that we must have u ∈ ker DT ′ ∩ker(R+DS′),
i.e., u = (0T , ûT )T with û ∈ ker(R̂ + D̂S′), where we use the same notation as above.
To show the claim, we will again employ a similar argument as in the proof of

Lemma 1.12. Although we have already used this idea twice in this proof, we will
give the full argument for completeness’ sake.
If û ∈ ker(R̂ + D̂S′), then the rational function rû,T ′\DT ′ := r̂ = p̂

q̂ interpolates by
construction ‖û‖0 points in T ′ \DT ′ and |S′| − µ points in S′, where µ denotes the
number of points (xs, ys) ∈ S′ for which p̂(xs) = q̂(ys) = 0. Hence, since S′ contains
ν1 unattainable points, r̂ agrees with r on at least |S′| −µ− ν1 + ‖û‖0 ≥ δ+ ν− ν1 +
‖û‖0−µ ≥ δ+ deg(r̂) + 1 points, since ν ≥ ν1 and deg(r̂) ≤ ‖û‖0−µ− 1. Therefore,
we find with Lemma 1.10 that r̂ = r. But this implies that p̂(xs) = q̂(xs) = 0 for all
(xs, ys) ∈ DS′ , which in turn entails that û ∈ ker D̂S′ . Since û ∈ ker(R̂ + D̂S′), we
must then also have û ∈ ker R̂.
In particular, we have thus shown that every vector u ∈ L(S′, T ′) must also be in

the kernel of R and therefore, by Lemma 1.12, ru,T ′ = r.

Corollary 1.16. If in the setting of Theorem 1.15 we have |T ′| ≤ δ + ν and |S′| ≥
δ+ν, then it follows that null L(S′, T ′) = 0. In particular, we have rk L(S′, T ′) = δ+ν
whenever |S′|, |T ′| ≥ δ + ν.

Proof. (i) If there exists a non-trivial vector u = (u1, u2, . . . , u|T ′|)T ∈ ker L(S′, T ′),
then ru,T ′ has degree at most ‖u‖0−µ−1, where, as in the proof of Theorem 1.15, µ
is the number of points in S′ corresponding to common zeros of the numerator and
denominator polynomial of ru,T ′ . Further, ru,T ′ agrees with r on at least |S′| − µ−
ν1 + ‖u‖0 − ν2 ≥ δ + ν − ν1 − ν2 + ‖u‖0 − µ = δ + deg(ru,T ′) + 1 points. Hence, by
Lemma 1.10, ru,T ′ = r. This equality also implies that µ ≥ ν1.
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1.4. Barycentric Rational Interpolation with Unattainable Points

As shown in part (ii) of the proof of Theorem 1.15, all entries in u corresponding
to a non-zero column of DT ′ must be zero. Therefore, ‖u‖0 ≤ |T ′|−ν2. We now have
that deg(ru,T ′) ≤ ‖u‖0 − µ− 1 ≤ |T ′| − ν2 − ν1− 1 ≤ δ − 1, which is a contradiction
to ru,T ′ = r.

(ii) We have seen in Theorem 1.15 that rk L(S′, T ′) = δ + ν for |S′| ≥ δ + ν and
|T ′| ≥ δ + ν + 1. Now we showed the same result in the case that |T ′| = δ + ν.

Remark 1.17. (i) As we have seen in Theorem 1.15, it suffices to haveM = 2δ+2ν+1
samples in order to correctly reconstruct a rational function r of degree δ and where
ν samples are distorted. However, in practice this would require that we know δ

and ν in advance, since if |T ′| ≥ |S′| + 1 then we always have null L(S′, T ′) ≥ 1.
If |S′|, |T ′| < δ + ν, this means that we find a vector u ∈ ker L(S′, T ′) such that
ru,T ′ 6= r. Hence, unless we already know δ and ν, we need a sample set S containing
M ≥ 2δ + 2ν + 2 samples such that for every partition S′, T ′ of S with |S′| =

⌈
M
2

⌉
and |T ′| =

⌊
M
2

⌋
we get rk L(S′, T ′) = δ + ν and ru,T ′ = r for every u ∈ ker L(S′, T ′).

See also Remark 1.6 (iii), where we discuss the analogue result for classical rational
interpolation.
(ii) While, in the setting of Theorem 1.15, for every u ∈ ker L(S′, T ′) we find

that ru,T ′ = r in the sense of equality between rational functions, the representation
that we get is ru,T ′ =

p∗·dDS′
q∗·dDS′

, where, as in Section 1.2, dDS′ (x) =
∏|DS′ |
k=1 (x − xjk)

for (xjk , y∗jk + ỹjk) ∈ DS′ . In other words, if the data set S contains unattainable
points, then it is not guaranteed that the representation of the rational function ru,T ′

obtained from a vector u ∈ ker L(S′, T ′), where |S′| ≥ δ + ν and |T ′| ≥ δ + ν + 1, is
minimal. We will take a closer look at this when we deal with numerical issues. Note
that step (iii) in Algorithm 1.13 guarantees that we get a minimal solution. However,
this only works since we assume that the data contains no unattainable points. If
there are unattainable points in the given data, then we could only get a minimal
solution if D = DT ′ .
(iii) Using the previous two remarks, we can devise a new algorithm for reconstruct-

ing polynomials from distorted data assuming that we haveM ≥ 2δ+2ν+2 samples.
First, we employ Algorithm 1.13, where we choose a partition for the Löwner matrix
in step (i) of the algorithm according to the first remark here, in order to find a
rational function ru,T ′ . Then, we apply steps (iii) through (v) of Algorithm 1.4 in
order to reconstruct polynomials p∗, q∗ and d∗. However, we will later see a different
method, which will allow us to use this algorithm on sample sets containing distorted
data.
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(iv) Suppose we have a set S containingM samples and a partition S′, T ′ of S with
|S′| =

⌈
M
2

⌉
and |T ′| =

⌊
M
2

⌋
. IfM is even and null L(S′, T ′) = 0, then this means that

we have too few samples in order to reconstruct r. If M is odd and null L(S′, T ′) = 0
then this is a strong sign, although not a guarantee, that we have too few samples.
However, as already discussed in Remark 1.6 (iv), if we have too few samples, then
it is possible that there is a vector u ∈ ker L(S′, T ′) such that ru,T ′ 6= r, see Example
1.18.

Example 1.18. Consider the minimal rational function

r(x) =
2
x + 3

x−1 + 1
x−2 + 4

x−3
1
x + 1

x−1 + 1
x−2 + 1

x−3
= 10x3 − 43x2 + 51x− 12

4x3 − 18x2 + 22x− 6 ,

which we have already seen in Example 1.7. Suppose that we have a set of only
M = 4 samples S1 =

{
(0, 2),

(
1
2 , 4
)
, (1, 3),

(
5, 19

7

)}
, which we partition into S′1 ={(

1
2 , 4
)
,
(
5, 19

7

)}
and T ′1 = {(0, 2), (1, 3)}. Then we have

L(S′1, T ′1) =

 r( 1
2 )−r(0)

1
2

r( 1
2 )−r(1)
1
2−1

r(5)−r(0)
5

r(5)−r(1)
5−1

 =
(

4 −2
1
7 − 1

14

)
.

Clearly, we have u = (1, 2)T ∈ ker L(S′1, T ′1) but

ru,T ′(x) =
1·2
x + 2·3

x−1
1
x + 2

x−1
= 8x− 2

3x− 1 6= r(x).

This shows that if we have too few samples it is possible that the square Löwner
matrix associated to the samples is singular. However, note that, as mentioned in
Example 1.7, L(S′1, T ′1) is only singular because of an unfortunate choice of samples.
If instead the given data is S2 = {(0, 2), (1, 3), (2, 1), (3, 4)}, which we partition into
S′2 = {(0, 2), (1, 3)} and T ′2 = {(2, 1), (3, 4)}, then

L(S′2, T ′2) =
(
r(0)−r(2)
−2

r(0)−r(3)
−3

r(1)−r(2)
1−2

r(1)−r(3)
1−3

)
=
(
−1

2
2
3

−2 1
2

)

has full rank.
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Taking two more samples (2, 1) and (3, 4) and choosing a partition S′3 =
{(

1
2 , 4
)
,(

5, 19
7

)
, (3, 4)

}
and T ′3 = {(0, 2), (1, 3), (2, 1)} gives us

L(S′3, T ′3) =


r( 1

2 )−r(0)
1
2

r( 1
2 )−r(1)
1
2−1

r( 1
2 )−r(2)
1
2−2

r(5)−r(0)
5

r(5)−r(1)
5−1

r(5)−r(2)
5−2

r(3)−r(0)
3

r(3)−r(1)
3−1

r(3)−r(2)
3−2

 =


4 −2 −2
1
7 − 1

14
4
7

2
3

1
2 3

 ,

which has full rank, as we would expect from Theorem 1.8.
Finally, if we take two further samples

(
5
2 ,−3

)
,
(
4, 72

25

)
and partition the data into

S′4 =
{(

1
2 , 4
)
,
(

5
2 ,−3

)
,
(
4, 72

25

)
,
(
5, 19

7

)}
and T ′4 = {(0, 2), (1, 3), (2, 1), (3, 4)}, we get

L(S′4, T ′4) =



r( 1
2 )−r(0)

1
2

r( 1
2 )−r(1)
1
2−1

r( 1
2 )−r(2)
1
2−2

r( 1
2 )−r(3)
1
2−3

r( 5
2 )−r(0)

5
2

r( 5
2 )−r(1)
5
2−1

r( 5
2 )−r(2)
5
2−2

r( 5
2 )−r(3)
5
2−3

r(4)−r(0)
4

r(4)−r(1)
4−1

r(4)−r(2)
4−2

r(4)−r(3)
4−3

r(5)−r(0)
5

r(5)−r(1)
5−1

r(5)−r(2)
5−2

r(5)−r(3)
5−3


=


4 −2 −2 0
−2 −4 −8 14
11
50 − 1

25
47
50 −28

25
1
7 − 1

14
4
7 − 9

14

 .

We have null L(S′4, T ′4) = 1 and the kernel is spanned by (1, 1, 1, 1)T , which is exactly
the weight vector corresponding to r with respect to T ′4.
Note that if we partition the data differently, we will get a different weight vector.

But since we then also have different sample points, we will get the same function
in the end. For example, if we choose S′′4 =

{(
1
2 , 4
)
,
(

5
2 ,−3

)
, (3, 4),

(
5, 19

7

)}
and

T ′′4 =
{

(0, 2), (1, 3), (2, 1),
(
4, 72

25

)}
, we get

L(S′′4 , T ′′4 ) =



r( 1
2 )−r(0)

1
2

r( 1
2 )−r(1)
1
2−1

r( 1
2 )−r(2)
1
2−2

r( 1
2 )−r(4)
1
2−4

r( 5
2 )−r(0)

5
2

r( 5
2 )−r(1)
5
2−1

r( 5
2 )−r(2)
5
2−2

r( 5
2 )−r(4)
5
2−4

r(3)−r(0)
3

r(3)−r(1)
3−1

r(3)−r(2)
3−2

r(3)−r(4)
3−4

r(5)−r(0)
5

r(5)−r(1)
5−1

r(5)−r(2)
5−2

r(5)−r(4)
5−4


=


4 −2 −2 − 8

25
−2 −4 −8 98

25
2
3

1
2 3 −28

25
1
7 − 1

14
4
7 − 29

175

 ,

the kernel of which is spanned by u = (9, 8, 6, 25)T . Hence, we get

ru,T ′′4 (x) =
9·2
x + 8·3

x−1 + 6·1
x−2 + 72

x−4
9
x + 8

x−1 + 6
x−2 + 25

x−4
= 10x3 − 43x2 + 51x− 12

4x3 − 18x2 + 22x− 6 = r(x),

which shows that it does not matter how we partition the given sample set, as long
as the row and column array are large enough.

41



1. Rational Interpolation

Example 1.19. In this example, we show the effect of adding unattainable points.
Consider the minimal rational function

r(x) =
1·2
x + 2·3

x−1
1
x + 2

x−1
= 8x− 2

3x− 1 ,

which, as we have seen in Example 1.18, can be reconstructed from the sample set S ={
(0, 2),

(
1
2 , 4
)
, (1, 3),

(
5, 19

7

)}
. Now let us see what happens if we distort one sample,

which means that ν = 1, and use the sample set S1 =
{

(0, 2),
(

1
2 , 4
)
, (1, 3), (5, 3)

}
,

i.e., we replaced the sample
(
5, 19

7

)
by (5, 3) =

(
5, r(5) + 2

7

)
. Using the partition

S′1 =
{(

1
2 , 4
)
, (5, 3)

}
and T ′1 = {(0, 2), (1, 3)} we get

L(S′1, T ′1) =

4−2
1
2

4−3
1
2−1

3−2
5

3−3
5−1

 =
(

4 −2
1
5 0

)
,

which has clearly full rank, showing that in the presence of distorted samples it does
not suffice to take just M = 2 deg(r) + 2 samples.
We now take two more samples, so in totalM = 2 deg(r)+2ν+2 = 6 samples, and

consider the sample set S2 =
{

(0, 2),
(

1
2 , 4
)
, (1, 3),

(
2, 14

5

)
,
(
3, 11

4

)
, (5, 3)

}
, which we

first partition into S′2 =
{(

1
2 , 4
)
,
(
2, 14

5

)
,
(
3, 11

4

)}
and T ′2 = {(0, 2), (1, 3), (5, 3)}, i.e.,

the distorted sample is in the column array T ′2. This gives us

L(S′2, T ′2) =


4−2

1
2

4−3
1
2−1

4−3
1
2−5

14
5 −2

2
14
5 −3
2−1

14
5 −3
2−5

11
4 −2

3
11
4 −3
3−1

11
4 −3
3−5

 =


4 −2 −2

9
2
5 −1

5
1
15

1
4 −1

8
1
8

 .

This matrix has a kernel of dimension 1 spanned by (1, 2, 0)T , which is exactly the
weight vector corresponding to r with respect to T ′2. Note that the last column of
L(S′2, T ′2) corresponds to the distorted sample (5, 3). Consequently, the last entry of
the kernel vector, which is the weight corresponding to (5, 3), is 0.
Now let us just flip the row and column array to get the partition S′′2 = {(0, 2), (1, 3),

(5, 3)} and T ′′2 =
{(

1
2 , 4
)
,
(
2, 14

5

)
,
(
3, 11

4

)}
. Then the distorted sample is in the row
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1.5. The AAA Algorithm

array and we get

L(S′′2 , T ′′2 ) =


2−4
− 1

2

2− 14
5

−2
2− 11

4
−3

3−4
1− 1

2

3− 14
5

1−2
3− 11

4
1−3

3−4
5− 1

2

3− 14
5

5−2
3− 11

4
5−3

 =


4 2

5
1
4

−2 −1
5 −1

8
−2

9
1
15

1
8

 = L(S′2, T ′2)T .

Since L(S′′2 , T ′′2 ) = L(S′2, T ′2)T this matrix has a kernel of dimension 1. The kernel is
spanned by the vector u = (3,−50, 32)T , which gives us the rational function

ru,T ′′2 (x) =
3·4
x− 1

2
+ −50· 14

5
x−2 + 32· 11

4
x−3

3
x− 1

2
+ −50

x−2 + 32
x−3

= 8x2 − 42x+ 10
3x2 − 16x+ 5

= (8x− 2) · (x− 5)
(3x− 1) · (x− 5)

=
p∗(x) · dDS′′2

(x)

q∗(x) · dDS′′2
(x) ,

as we would expect from Remark 1.17 (ii).

1.5. The AAA Algorithm

In [80], the so-called Adaptive Antoulas-Anderson (or AAA for short) algorithm is
introduced. The algorithm is further developed in [42] and [81]. However, for our
purposes the core AAA algorithm, as presented in [80], is completely sufficient. The
authors developed the algorithm as a method for barycentric rational approximation
in which iteratively more and more values of a given data set are used for interpo-
lation, while the other values are approximated using a least-squares approach. The
algorithm terminates if either a prescribed accuracy or a prescribed maximal degree
of the approximant is attained. In this section, we will show that the AAA algorithm
is capable of exactly reconstructing a given rational function from partially distorted
samples. We already published these results in a similar form in [36, 90]. In the
presentation of the AAA algorithm, we closely follow the original source [80] but
employ the notation we have used so far.
For now, we will only consider the theoretical aspects of the AAA algorithm.

Suppose we are given a set S =
{
(xj , y∗j + ỹj) : j = 1, 2, . . . ,M

}
of partially distorted

43



1. Rational Interpolation

samples, where y∗j = r(xj) for all j = 1, 2, . . . ,M and a rational function r with
deg(r) = δ. Further, assume that ỹj 6= 0 for exactly ν indices j ∈ {1, 2, . . . ,M} and
that M ≥ 2δ + 2ν + 2. We will write yj = y∗j + ỹj for all j = 1, 2, . . . ,M .
The iteration process of the AAA algorithm then works as follows. First, we

have to initialize the algorithm, i.e., we need to pick the first sample we want to
interpolate. There are several options to do this. In [80], the algorithm is initialized
using the sample (xk, yk), 1 ≤ k ≤ M , for which

∣∣∣ 1
M

∑M
j=1 yj − yk

∣∣∣ is maximal. In
[36], we simply used (xk, yk) such that |yk| = maxj=1,2,...,M |yj |. In our experiments
we found that the first variant gives slightly better numerical results. Now we set
T (1) := {(xk, yk)} and S(1) := S \ S(1), i.e., T (1) contains the sample chosen for
interpolation and S(1) contains all other samples.
The general iteration step consists of two parts. Suppose that at step m we are

given a set T (m), consisting of m samples which we want to interpolate, and a set
S(m) := S \ T (m). Denote by

IT (m) =
{
j ∈ {1, 2, . . . ,M} : (xj , yj) ∈ T (m)} := {t1, t2, . . . , tm}

the index set corresponding to the points in T (m) and define

IS(m) := {s1, s2, . . . , sM−m}

analogously. Our goal is to choose a weight vector u(m) = (u1, u2, . . . , um)T in such
a way that the function

ru(m),T (m)(x) =
∑m
k=1

uk
x−xtk

· ytk∑m
k=1

uk
x−xtk

approximates the given data well. In other words, we want to have

ru(m),T (m)(xj) =
∑m
k=1

uk
xj−xtk

· ytk∑m
k=1

uk
xj−xtk

≈ yj for (xj , yj) ∈ S.

Linearizing this equation we aim for

m∑
k=1

uk
xj − xtk

· ytk ≈ yj ·
m∑
k=1

uk
xj − xtk

for (xj , yj) ∈ S(m). (1.24)

Note that in the linearized equation we only consider S(m) instead of S. This has
two reasons. First, ru(m),T (m) will generically interpolate all points in T (m) anyway.
However, we want to remark that this is not necessarily true, i.e., it is possible
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1.5. The AAA Algorithm

that some entries in u(m) are zero, which means that some points in T (m) are not
interpolated. If there are unattainable points in T (m), this behavior is even desired.
Second, the functions

m∑
k=1

uk
x− xtk

· ytk and
m∑
k=1

uk
x− xtk

generically have poles at the points in T (m).
It follows from equation (1.24) that we want to choose u(m) such that it minimizes

the error

M−m∑
l=1

∣∣∣∣∣
m∑
k=1

uk · ysl
xsl − xtk

−
m∑
k=1

uk · ytk
xsl − xtk

∣∣∣∣∣
2

=
M−m∑
l=1

∣∣∣∣∣
m∑
k=1

uk ·
ysl − ytk
xsl − xtk

∣∣∣∣∣
2

,

where we demand additionally that
∥∥u(m)∥∥

2 :=
(∑m

k=1 |uk|2
) 1

2 = 1. Since for any
1 ≤ l ≤M −m we have

m∑
k=1

uk ·
ysl − ytk
xsl − xtk

=
(
ysl − yt1
xsl − xt1

,
ysl − yt2
xsl − xt2

, . . . ,
ysl − ytm
xsl − xtm

)
·


u1

u2
...
um

 ,

we can rewrite this minimization problem as

u(m) ∈ argmin
u∈Cm
‖u‖2=1

∥∥∥L (S(m), T (m)
)
· u
∥∥∥

2
, (1.25)

with L
(
S(m), T (m)

)
∈ C(M−m)×m defined as in (1.21). Going forward, we will use

the simpler notation
L(m) := L

(
S(m), T (m)

)
for the Löwner matrix obtained in the m-th iteration step of the AAA algorithm.
The vector u(m) need not be unique. But even if it is not, this does not change the
outcome of the algorithm. If u(m) is a solution to (1.25) then we write

r(m) := ru(m),T (m) .

Note that this minimization problem only makes sense as long as
∣∣S(m)∣∣ ≥ ∣∣T (m)∣∣,

i.e., m ≤
⌊
M
2

⌋
, since otherwise the matrix L(m) would certainly possess a non-trivial

kernel vector, which would then solve the minimization problem.
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1. Rational Interpolation

The second part of the iteration step consists of choosing the next interpolation
point. This is done in a greedy manner by finding

(xtm+1 , ytm+1) ∈ argmax
(x,y)∈S(m)

∣∣∣r(m)(x)− y
∣∣∣ . (1.26)

Again, this problem might not have a unique solution, which nonetheless does not
affect the outcome of the algorithm. Lastly, the row and column arrays are updated
via T (m+1) := T (m) ∪ {(xtm+1 , ytm+1)} and S(m+1) := S(m) \ {(xtm+1 , ytm+1)}.

Finally, we need a stopping criterion for the iteration process. We postpone a more
detailed discussion of this question to later when we also consider numerical aspects
of the AAA algorithm. For the theoretical investigation in this section, we will stop
the algorithm once we found a vector u(m) such that L(m) ·u(m) = 0, or equivalently
null L(m) = 1. Note that this is different from the criteria proposed in [80].

At this point, we have to ask ourselves whether the AAA algorithm terminates in
the case that the given data stems from (possibly distorted) samples of a rational
function r and whether it will correctly reconstruct r. However, this is readily seen
from what we have already proven. As mentioned before, we have given different
proofs of this result in [36] and [90], where we assume that the given data has some
additional structure.

Theorem 1.20. Let S = {(xj , y∗j + ỹj) : j = 1, 2, . . . ,M} be a given set of partially
distorted samples, where y∗j = r(xj) for all j = 1, 2, . . . ,M and a rational function
r with deg(r) = δ. Further, let ỹj 6= 0 for exactly ν indices j ∈ {1, 2, . . . ,M}. If
M ≥ 2δ + 2ν + 2, then the AAA algorithm terminates after δ + ν + 1 iterations and
r(δ+ν+1) = r.

Proof. By Corollary 1.16, we have null L(m) = 0 as long as m ≤ δ + ν. By Theorem
1.15, we have null L(m) = 1 for m = δ + ν + 1 and r(δ+ν+1) = r.

Remark 1.21. Note that the convergence of the AAA algorithms solely relies on the
properties of the Löwner matrix it uses. The greedy process for choosing the next
interpolation points does not play a role here. However, this process improves the
numerical stability of the algorithm, as we will see in the next chapter.

Before we go on to look closer at numerical issues in the next chapter, let us present
the AAA algorithm in a clear way.
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1.5. The AAA Algorithm

Algorithm 1.22 (AAA Algorithm for Reconstruction of Rational Functions [80]).
Input: S = {(xj , yj) : j = 1, 2, . . . ,M}. A set of samples, where yj = y∗j + ỹj such

that there exists a rational function r with deg(r) = δ and y∗j = r(xj)
for all j = 1, 2, . . . ,M as well as ỹj 6= 0 exactly ν times and
M ≥ 2δ + 2ν + 2.

(i) Initialize the algorithm by choosing a starting point (xt1 , yt1), 1 ≤ t1 ≤M , for
example such that

∣∣∣ 1
M

∑M
j=1 yj − yt1

∣∣∣ is maximal or |yt1 | = maxj=1,2,...,M |yj |.
Set T (1) = {(xt1 , yt1)} and S(1) = S \ {(xt1 , yt1)}.

(ii) FOR m ≥ 1:

(a) Construct the matrix L(m) and find

u(m) ∈ argmin
u∈Cm
‖u‖2=1

∥∥∥L(m) · u
∥∥∥

2
.

(b) IF L(m) · u(m) = 0, then STOP. ELSE choose

(xtm+1 , ytm+1) ∈ argmax
(x,y)∈S(m)

∣∣∣r(m)(x)− y
∣∣∣

and set T (m+1) = T (m) ∪ {(xtm+1 , ytm+1)} as well as
S(m+1) = S(m) \ {(xtm+1 , ytm+1)}.

Output: r(δ+ν+1) = r.

Remark 1.23. (i) If in the iteration process of the algorithm L(m) · u(m) 6= 0 until
m ≥

⌊
M
2

⌋
+ 1, then this is a strong indicator that we have too few samples. There-

fore, instead of the for-loop in this pseudo code, in our implementation of the AAA
algorithm we use a while-loop with the condition that m ≤

⌊
M
2

⌋
, which is equivalent

to |T (m)| ≤ |S(m)| and return an error if the algorithm does not terminate until this
condition is violated. See also Remark 1.17 (iv).
(ii) Note that in this section we explicitly only covered the reconstruction of rational

functions and not, as is our eventual goal, the reconstruction of polynomials p∗, q∗

and d∗ such that r = p∗

q∗ is minimal and d∗ = dD, where D = {(xj , yj) ∈ S : ỹj 6= 0}.
We will come back to this problem a little later.
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2. Numerical Aspects of Barycentric
Rational Interpolation

So far, all our considerations have been of purely theoretical, i.e., algebraic, nature.
Now we turn to more practical considerations and the question of how to solve the
rational interpolation, respectively polynomial reconstruction problem, in a numeri-
cally stable and efficient way.

2.1. Implementation of the AAA Algorithm

Let us spell out the numerics involved in the AAA algorithm. In this section, we will
again closely follow [80]. First, we look at how to construct a Löwner matrix L(m)

efficiently. For this we introduce the matrix

C(m) := C
(
S(m), T (m)

)
:=
( 1
xs − xt

)
s∈I

S(m) ,t∈IT (m)

,

where, as in the previous chapter, S(m) and T (m) form a partition of a given sample
set S = {(xj , yj) : j = 1, 2, . . . ,M} at the m-th step of the AAA algorithm and IS(m)

as well as IT (m) are the corresponding index sets. The matrix C(m) is a so-called
Cauchy matrix, since Cauchy studied them in [25]. We have already seen Cauchy
matrices in the proof of Theorem 1.15. Further, define yS(m) := (ys)s∈I

S(m) and
YS(m) := diag

(
yS(m)

)
as well as yT (m) := (yt)t∈I

T (m) and YT (m) := diag
(
yT (m)

)
. We

can now write

L(m) =
(
ys − yt
xs − xt

)
s∈I

S(m) ,t∈IT (m)

= YS(m) ·C(m) −C(m) ·YT (m) .

The minimization problem (1.25) is solved by taking the final right singular vector
corresponding to the smallest singular value of a singular value decomposition L(m) =
UΣV∗, where V∗ = VT ∈ Cm×m. This means that if v1,v2, . . . ,vm denote the
columns of V, i.e., the singular vectors corresponding to the singular values σ1 ≥
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2. Numerical Aspects of Barycentric Rational Interpolation

σ2 ≥ . . . ≥ σm, then we take u(m) = vm. Note that by definition ‖vm‖2 = 1. For the
singular value decomposition, or SVD for short, see [110, Lectures 4, 5 and 31].
Now lets look at how to compute r(m)(xs) for all s ∈ IS(m) , which we need in

order to find the next interpolation point as in (1.26). For this, we first introduce
some notation. Let v,w ∈ Cn for n ∈ N be vectors. Then v � w and v � w
denote the pointwise (or elementwise) multiplication, respectively division, of these
vectors, i.e., if v = (v1, v2, . . . , vn)T and w = (w1, w2, . . . , wn)T , then v � w =
(v1 · w1, v2 · w2, . . . , vn · wn)T and v�w =

(
v1
w1
, v2
w2
, . . . , vnwn

)T
. Now compute

p(m) := C(m) ·
(
u(m) � yT (m)

)
and

q(m) := C(m) · u(m).

Then r(m) :=
(
r(m)(xs)

)
s∈I

S(m)
is given by

r(m) = p(m) � q(m).

Finally, we need to look at the stopping criterion. We again defer a more in depth
analysis of this topic to Section 2.2 and choose a numerical version of the criterion
proposed in the previous section. For a predetermined value ε > 0 let the algorithm
stop once σm

(
L(m)) ≤ ε, where σm

(
L(m)) denotes the m-th and thereby smallest

singular value of L(m).
Before we state the AAA algorithm in full detail, a quick word on its computa-

tional complexity. The factor dominating the computational cost is the computation
of the SVDs. At step m we have to compute an SVD of an (M −m) ×m matrix,
which has a complexity of O

(
(M −m)m2) = O

(
Mm2), see [110, Lecture 31]. Since

the AAA algorithm will (usually) terminate after δ + ν + 1 steps, where, as always,
δ denotes the degree of the rational function we want to reconstruct and ν the num-
ber of unattainable points in the given sample set, we get an overall computational
complexity of O

(
M(δ + ν)3).

An implementation of the AAA algorithm is included in the Chebfun package for
Matlab. In our computations, we used our own implementation of the algorithm for
various practical reasons, such as to incorporate our stopping criterion from above.
The problems discussed here present the main challenges in implementing the AAA
algorithm. Of course, much more detailed thought needs to go into an actual imple-
mentation, like how to update C(m) cleverly. For more information on this we refer
to [38, 80] and www.chebfun.org.
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2.1. Implementation of the AAA Algorithm

We sum up the findings of this section in a numerically more accurate presentation
of the AAA algorithm.

Algorithm 2.1 (Numerical AAA Algorithm for Reconstruction of Rational Func-
tions [80]).
Input: S = {(xj , yj) : j = 1, 2, . . . ,M}. A set of samples, where yj = y∗j + ỹj such

that there exists a rational function r with deg(r) = δ and y∗j = r(xj)
for all j = 1, 2, . . . ,M as well as ỹj 6= 0 exactly ν times and
M ≥ 2δ + 2ν + 2.

ε > 0. Accuracy for the stopping criterion.

(i) Initialize the algorithm.

(a) Choose (xt1 , yt1) ∈ S such that
∣∣∣ 1
M

∑M
j=1 yj − yt1

∣∣∣ is maximal.

(b) Set T (1) = {(xt1 , yt1)} and S(1) = S \ {(xt1 , yt1)}.

(ii) WHILE m ≤
⌊
M
2

⌋
:

(a) Construct C(m), yS(m) , YS(m) , yT (m) , YT (m) and

L(m) = YS(m) ·C(m) −C(m) ·YT (m) .

(b) Compute the SVD L(m) = UΣV∗.

(c) Set u(m) = vm, the final right singular vector.

(d) IF σm
(
L(m)) ≤ ε, then STOP. ELSE compute

p(m) = C(m) ·
(
u(m) � yT (m)

)
,

q(m) = C(m) · u(m),

r(m) = p(m) � q(m),

and

e(m) = r(m) − yS(m) = (es)s∈I
S(m) .
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(e) Set

tm+1 = argmax
s∈I

S(m)

|es|

and update

T (m+1) = T (m) ∪ {(xtm+1 , ytm+1)}

as well as

S(m+1) = S(m) \ {(xtm+1 , ytm+1)}.

(iii) If the algorithm did not terminate while m ≤
⌊
M
2

⌋
, return an error: Too few

samples.

Output: u(δ+ν+1) ∈ ker L(m). Vector of barycentric weights for the construction
of r(δ+ν+1).

T (δ+ν+1). Set of sample points and values for the construction of r(δ+ν+1).

Remark 2.2. As mentioned in Remark 1.23, the iteration process only makes sense
as long as |S(m)| ≥ |T (m)|, which is equivalent to m ≤

⌊
M
2

⌋
.

2.2. Stopping Criteria for the AAA Algorithm

After postponing this twice already, we finally talk about the choice of stopping
criteria for the AAA algorithm. In [80], two different stopping criteria are suggested
The first is that a maximal number of iterations mmax is specified beforehand, which
will generically (although not necessarily) coincide with the type of the resulting
rational approximant. For the second criterion, an approximation accuracy ε > 0 is
prescribed and the algorithm stops if at the m-th iteration step we have

max
s∈I

S(m)

∣∣∣r(m)(xs)− ys
∣∣∣ ≤ ε. (2.1)

In the implementation of the AAA algorithm, a relative tolerance is used, given by
ε = max1≤j≤M |yj | · ε̃ with the default value ε̃ = 10−13. We need to be careful though,
since if one or more samples are near a pole, then max1≤j≤M |yj | and therefore also
ε can become quite large. This then might lead to the algorithm stopping after only
a few steps and far too early, since the maximal error is already below the relative
tolerance. This actually happened in some of our tests. However, this problem can
be easily tackled by searching for outliers in the sample data and removing them
before running the algorithm.
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We will now look closer at the stopping criterion used in the preceding section,
which is closer to the theory developed in Chapter 1. It follows from Theorem 1.15
that we should stop the algorithm once null L(m) = 1. Numerically, this condition
can be implemented by choosing a threshold ε > 0 and stopping the algorithm as
soon as the smallest singular value of the Löwner matrix at the m-th step satisfies

σm
(
L(m)

)
≤ ε, (2.2)

as we already suggested in the previous section. This is similar to the way Matlab’s
rank function, which we actually used in our computations, works, where ε is chosen
adaptively depending on L(m).

As before, in the following δ denotes the degree of the rational function we wish
to reconstruct and ν the number of unattainable points in the given sample set

S =
{
(xj , y∗j + ỹj) : j = 1, 2, . . . ,M

}
,

i.e., r(xj) = y∗j for all j = 1, 2, . . . ,M with deg(r) = δ and ỹj 6= 0 for exactly ν

indices j ∈ {1, 2, . . . ,M}. As always, we write yj = y∗j + ỹj . Further, as in the
previous sections, in particular the proof of Theorem 1.15, we define the sets

D =
{
(xj , y∗j + ỹj) ∈ S : ỹj 6= 0

}
,

DS(m) = D ∩ S(m),

and

DT (m) = D ∩ T (m),

where S(m) and T (m) denote the partition of S obtained by the AAA algorithm in
the m-th step. Also as before in (1.8), for any set S̃ ⊆ S with corresponding index
set IS̃ ⊆ {1, 2, . . . ,M} let dS̃(x) =

∏
j∈IS̃ (x− xj) with the special case d∅ ≡ 1.

There is a crucial difference between the stopping criteria (2.1) and (2.2). Since
this difference is of algebraic nature and does not only arise in the numerical context,
we will discuss it in a theoretical setting. While maxs∈I

S(m)

∣∣r(m)(xs)−ys
∣∣ = 0 implies

that null L(m) ≥ 1, the reverse is not necessarily true. In particular, null L(m) = 1
need not imply that maxs∈I

S(m)

∣∣r(m)(xs)− ys
∣∣ = 0. Let us look at this more closely.
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2. Numerical Aspects of Barycentric Rational Interpolation

If at the (δ+ν+1)-st step of the AAA algorithm we have found a vector u(δ+ν+1) ∈
ker L(δ+ν+1), then this implies that r(δ+ν+1) = r. In particular, we have that

r(δ+ν+1)(xj) = y∗j for all (xj , y∗j + ỹj) ∈ S.

Now suppose that DS(δ+ν+1) 6= ∅, i.e., |DS(δ+ν+1) | = ν1 6= 0. This implies, as we
showed in the proof of Theorem 1.15 and demonstrated in Example 1.19, that the
numerator and denominator polynomials of r(δ+ν+1) have ν1 zeros in common. Hence,

r(δ+ν+1) =
p∗ · dD

S(δ+ν+1)

q∗ · dD
S(δ+ν+1)

for coprime polynomials p∗ and q∗ such that r = p∗

q∗ . In other words, r(δ+ν+1) is not
minimal.
On the other hand, we have

max
s∈I

S(δ+ν+1)

∣∣∣r(δ+ν+1)(xs)− ys
∣∣∣ = max

s∈I
S(δ+ν+1)

|ỹs| 6= 0.

Consequently, if we choose stopping criterion (2.1), the AAA algorithm will continue
for ν1 more steps until DS(δ+ν+ν1+1) = ∅. This follows from the fact that the greedy
selection of interpolation points will only choose distorted samples from step δ+ν+1
onward, since r(δ+ν+n+1) = r for all n = 0, 1, . . . , ν1. After δ + ν + ν1 + 1 steps the
AAA algorithm will stop and return a weight vector u(δ+ν+ν1+1) ∈ ker L(δ+ν+ν1+1).
Note that u(δ+ν+ν1+1) ∈ C(δ+ν+ν1+1) and dim ker L(δ+ν+ν1+1) = ν1 + 1. As we have
seen in the proof of Theorem 1.15, the ν entries of this vector corresponding to the
elements of DT (δ+ν+ν1+1) = D will be zero. It is possible that ‖u(δ+ν+ν1+1)‖0 = δ+ 1.
However, this is very unlikely and we will usually have ‖u(δ+ν+ν1+1)‖0 = δ + ν1 + 1.
But this implies that r(δ+ν+ν1+1) has type δ + ν1, i.e.,

r(δ+ν+ν1+1) = p∗ · d
q∗ · d

for some polynomial d with deg(d) = ν1.
These considerations show why stopping criterion (2.2) is more appealing in our

context. Occasionally the AAA algorithm chooses all distorted samples within the
first δ + ν + 1 steps. However, in practice this rarely happens. In this case, criterion
(2.2) stops the algorithm anyway after δ+ν+1 steps and it returns a function of type
δ + ν1 (since the ν2 weights corresponding to DT (δ+ν+1) are zero). Criterion (2.1),
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2.3. Froissart Doublets

on the other hand, makes the algorithm go on for ν1 more iterations before quite
possibly also returning a function of type δ + ν1. Note that in the case that ν = 0
the two criteria are theoretically equivalent.

2.3. Froissart Doublets

Now the question naturally arises how to deal with the fact that the AAA algorithm
might return a weight vector corresponding to a non-minimal function. First of
all, let us give our problem a name. We will call a point x̃ ∈ C such that for the
representation of a rational function r = p

q we have p(x̃) = q(x̃) = 0 a Froissart
doublet, after Marcel Froissart, who first studied this problem systematically in [44].
Froissart doublets have mostly been studied in connection with Padé Approximation,
see for example [46, 47, 106]. In [21], they are shortly discussed in connection with
barycentric rational interpolation.
In a more general sense, one says that r contains Froissart doublets if it has poles

lying very close to zeros, i.e., if there are points x̃ such that

q(x̃) = 0 and p(x̃+ ε) = 0 (2.3)

for some small |ε| > 0. The point x̃ is also called a spurious pole, or it is said that a
rational function has a spurious pole-zero pair. Clearly, these points cause problems
when performing numerical calculations with rational functions.
We will not go too deep into the theory of Froissart doublets here. Let us just

mention that this problem not only occurs in numerical calculations but also in an
exact setting. To illustrate this, consider the following example taken from [109].
Suppose we are given sample data {(−1, 1 + ε), (0, 1), (1, 1 + 2ε)} for some ε > 0.
Then

r(x) = (3 + 4ε)x− 1
3x− 1

is a minimal rational interpolant to this data. Clearly, r has a pole at 1
3 and a zero

at 1
3+4ε . The distance of the pole and the zero, however, is only

∣∣∣∣13 − 1
3 + 4ε

∣∣∣∣ = 4ε
9 + 12ε <

ε

2 .

In our case, i.e., if there are unattainable points in the given data set, the common
factors in the numerator and denominator would cancel out in an algebraic setting,
but numerically we will be in the situation of equation (2.3). If, as in our case,
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2. Numerical Aspects of Barycentric Rational Interpolation

the Froissart doublets arise from numerical computations as opposed to them stem-
ming from the underlying mathematical problem, as in the previous example, this is
sometimes emphasized by calling them numerical Froissart doublets.
We will consider two ways in which one can deal with numerical Froissart doublets.

The first follows [80] and the implementation of the AAA algorithm provided by
Chebfun. The second is a new idea tailored to our problem at hand.

In order to present the first approach, we need to make a quick detour into complex
analysis. Recall that if a function f has a simple pole at a point c ∈ C and admits a
Laurent series expansion in a pointed neighborhood of c, then it can be represented
in said neighborhood as

f(z) =
∞∑

n=−1
an · (z − c)n

with coefficients an ∈ C, see [69, Chapter 5]. The uniquely defined number a−1 is
called the residue of f at c and denoted by

Res
c
f := a−1,

see [69, Chapter 6].
We can now make the observation that spurious poles of rational functions are

characterized by having residues, which are small in absolute value. This can be
seen as follows. Let r = p

q be a rational function and assume that q(x̃) = 0 is a
simple zero and p(x̃+ ε) = 0 for some |ε| > 0, i.e., x̃ is a simple pole of r, and write
q(x) = q̃(x) · (x− x̃) and p(x) = p̃(x) · (x− x̃− ε). Note that, as polynomials, p and q
are entire functions, i.e., holomorphic on the whole complex plane. We now use [69,
Lemma 1.3] to obtain

Res
x̃
r = Res

x̃

p

q
= p(x̃)
q′(x̃) = p̃(x̃) · (x̃− x̃− ε)

q̃′(x̃) · (x̃− x̃) + q̃(x̃) = −ε p̃(x̃)
q̃(x̃) ,

which, since q̃(x̃) 6= 0, will usually be very small.
This observation is then used to first locate all Froissart doublets by finding the

poles of the function r(m) returned by the AAA algorithm after m steps and comput-
ing their residues. We will consider the problem of finding the poles of r(m) in the
next section. If the residue of a pole x̃ is smaller than a predetermined threshold,
the next step is to find the index of the support point in the row array T (m) which
lies closest to it, i.e.,

k = argmin
t∈I

T (m)

|x̃− xt|.
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2.3. Froissart Doublets

Then this point is removed from the data set, i.e., we set T (m)
1 = T (m) \ {(xk, yk)}.

This process is repeated for all poles with sufficiently small residues. If the algorithm
detects ν Froissart doublets this means that we end up with a new column array
T

(m)
ν with |T (m)

ν | = m− ν.
Finally, the matrix L

(
S(m), T

(m)
ν

)
:= L̃(m) ∈ C(M−m)×(m−ν) is constructed, an

SVD L̃(m) = UΣV∗ is computed and the new weight vector for the rational function
is set to ũ(m) = vm−ν the final right singular vector of V corresponding to the
smallest singular value σm−ν

(
L̃(m)).

The threshold used for identifying Froissart doublets in the Chebfun implementa-
tion of the AAA algorithm is 10−13, which we also used in our implementation.
Now let us look at how this Froissart doublet removal process works together with

the two stopping criteria investigated in the previous section. Before the process of
removing Froissart doublets starts, all points in T (m) which were assigned the weight
0 are removed. Curiously, in the Chebfun implementation of the AAA algorithm, a
point is only removed if its weight is exactly zero, which in actual numerical com-
putation will almost never happen. However, for our considerations, let us assume
that before the Froissart doublet removal process starts all samples corresponding to
nearly zero weights have been discarded, i.e., removed from T (m). We denote this new
set by T̃ (m) := T (m) \DT (m) . Practically, this is done by determining some threshold
and considering all weights with an absolute value below this threshold to be zero.
Recall that a weight being zero implies that it corresponds to an unattainable point.
However, if the weight is exactly zero, then this unattainable point will not give rise
to a Froissart doublet, since it is not considered in the construction of a corresponding
rational function. Loosely speaking, such a point is invisible to the function.
We first consider stopping criterion (2.2). For ease of reading we will from now on

work in an exact algebraic setting, i.e., we will not consider numerical errors. Then
(2.2) means that the algorithm stopped as soon as we reached null L(m) = 1, which,
by Theorem 1.15, implies that m = δ+ ν+ 1, where, as always, δ is the degree of the
rational function we want to reconstruct and ν is the number of unattainable points
in the sample set. We will assume throughout this section that ν 6= 0. As we have
seen in the previous section, the rational function we obtain from the kernel vector
of L(δ+ν+1) is represented as

r(δ+ν+1) =
p∗ · dD

S(δ+ν+1)

q∗ · dD
S(δ+ν+1)

. (2.4)

Since the ν2 unattainable points in DT (δ+ν+1) are not considered in the construction of
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2. Numerical Aspects of Barycentric Rational Interpolation

r(δ+ν+1), removing the unattainable points from the column set, i.e., using T̃ (δ+ν+1) =
T (δ+ν+1) \DT (δ+ν+1) to construct a new Löwner matrix and compute a weight vector
from it, will result in exactly the same function, respectively representation.
The function r(δ+ν+1) contains |DS(δ+ν+1) | = ν1 Froissart doublets. If ν1 6= 0,

the process described above would try to remove these by removing points from
T̃ (δ+ν+1). Suppose now that ν1 points are removed resulting in a new column array
T̃

(δ+ν+1)
ν1 . Now, since |T̃ (δ+ν+1)

ν1 | = δ + ν + 1 − ν1 − ν2 = δ + 1 and |S(δ+ν+1)| =
M − δ−ν−1 ≥ 2δ+2ν+2− δ−ν−1 = δ+ν+1, it follows with Corollary 1.16 that
null L

(
S(δ+ν+1), T̃

(δ+ν+1)
ν1

)
= 0, since S(δ+ν+1) still contains ν1 unattainable points.

This means that the Froissart doublet removal process discussed above does not work
in connection with stopping criterion (2.2).
Note that if we were to look for the points closest to a pole of r(δ+ν+1) not just in

T̃ (δ+ν+1) but in the whole set S, then we would find and remove the correct points,
namely all points in DS(δ+ν+1) . Therefore, we could modify the Froissart doublet
removal process in this way. However, we will later present a method tailored to
stopping criterion (2.2) which does not even require the computation of the poles of
r(δ+ν+1).
Now let us consider stopping criterion (2.1). As discussed above, this will stop the

algorithm after δ + ν + ν1 + 1 steps, where ν1 = |DS(δ+ν+1) |. Moreover, we will have
DT (δ+ν+ν1+1) = D, i.e., S(δ+ν+ν1+1) will not contain any unattainable points. Like
before, let T̃ (δ+ν+ν1+1) = T (δ+ν+ν1+1) \D with |T̃ (δ+ν+ν1+1)| = δ + ν1 + 1. As men-
tioned above, r(δ+ν+ν1+1) will generically contain ν1 Froissart doublets. Therefore,
ν1 points will be removed from T̃ (δ+ν+ν1+1) resulting in |T̃ (δ+ν+ν1+1)

ν1 | = δ + 1. Then
neither S(δ+ν+ν1+1) nor T̃ (δ+ν+ν1+1)

ν1 contain any unattainable points and it follows
with Theorem 1.8 that

null L
(
S(δ+ν+ν1+1), T̃ (δ+ν+ν1+1)

ν1

)
= 1,

which means that the rational function constructed from the weight vector in the ker-
nel of this matrix and T̃ (δ+ν+ν1+1)

ν1 is exactly the minimal representation of r. Hence,
the combination of stopping criterion (2.1) and the Froissart doublet removal process
implemented by the standard AAA algorithm will give us the desired outcome.
Note that in theory we could remove any ν1 points from T̃ and get the same

outcome. However, choosing to remove points close to Froissart doublets increases
the numerical stability of the procedure.
We have seen that stopping criterion (2.1) in combination with the Froissart dou-
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2.3. Froissart Doublets

blet removal process implemented in the AAA algorithm gives us the desired outcome.
However, we will usually need to compute more SVDs (of larger matrices) for the
stopping criterion and the removal process requires the computation of the poles of
the obtained rational function and their residuals. Let us now present a Froissart
doublet removal process for stopping criterion (2.2), which will only require one very
simple computation.
As mentioned above, once the algorithm stops, we get a function which is repre-

sented as in equation (2.4). In other words, the numerical Froissart doublets will
exactly correspond to the points in DS(δ+ν+1) . Looking closer at this set we can write

DS(δ+ν+1) =
{
(xs, ys) ∈ S(δ+ν+1) :

∣∣r(δ+ν+1)(xs)− ys
∣∣ = |ỹs| > 0

}
.

The condition defining the set DS(δ+ν+1) is easy to check numerically by just re-
placing the 0 in the inequality above with a suitable ε. We can then consider the
set S̃(δ+ν+1) := S(δ+ν+1) \ DS(δ+ν+1) . Then S̃(δ+ν+1) and T̃ (δ+ν+1) do not contain
unattainable points and |S̃(δ+ν+1)| = M − δ − ν − ν1 − 1 ≥ δ + ν2 + 1.

However, we still have |T̃ (δ+ν+1)| = δ+ν1 +1. Hence, we want to remove ν1 points
from T̃ (δ+ν+1). Note that the number ν1 is known at this point, since we already
found DS(δ+ν+1) and |DS(δ+ν+1) | = ν1. As above, from a mathematical point of view it
does not matter which points we remove. In our numerical experiments, we tried two
methods. First, we removed the ν1 samples (xt, yt) from T̃ (δ+ν+1) for which |yt| was
largest. This is similar to before, since if a point xt for t ∈ IT̃ (δ+ν+1) is close to a pole
of r(δ+ν+1), then we would expect yt to be large. Second, we simply removed the last
ν1 elements from T̃ (δ+ν+1), i.e., the elements which were added last. The idea behind
this ansatz is that the last elements in T̃ (δ+ν+1) are those where the approximation
error was smallest. In practice, both ideas lead to the very same outcome. For the
set T̃ (δ+ν+1)

ν1 , we thus obtain |T̃ (δ+ν+1)
ν1 | = δ + 1. Therefore, we find

null L
(
S̃(δ+ν+1), T̃ (δ+ν+1)

ν1

)
= 1,

which again lets us reconstruct r exactly.
Let us present our Froissart doublet removal process as an algorithm.
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2. Numerical Aspects of Barycentric Rational Interpolation

Algorithm 2.3 (Froissart Doublet Removal).
Input: S(δ+ν+1), T (δ+ν+1). Partition of the sample set S obtained by Algorithm 2.1.

u(δ+ν+1) = (u1, u2, . . . , uδ+ν+1)T . Weight vector obtained by Algorithm 2.1.
εS , εT > 0. Threshold for the detection of unattainable points in S(δ+ν+1)

and T (δ+ν+1).

(i) Construct C(δ+ν+1), yS(δ+ν+1) , YS(δ+ν+1) , yT (δ+ν+1) , YT (δ+ν+1) as in Section 2.1 and
compute

p(δ+ν+1) = C(δ+ν+1) ·
(
u(δ+ν+1) � yT (δ+ν+1)

)
,

q(δ+ν+1) = C(δ+ν+1) · u(δ+ν+1),

r(δ+ν+1) = p(δ+ν+1) � q(δ+ν+1)

and
e(δ+ν+1) = r(δ+ν+1) − yS(δ+ν+1) = (es)s∈I

S(δ+ν+1) .

(ii) Set

DS(δ+ν+1) =
{
(xs, ys) ∈ S(δ+ν+1) : |es| > εS , s ∈ IS(δ+ν+1)

}
and

DT (δ+ν+1) =
{
(xtj , ytj ) ∈ T (δ+ν+1) : |uj | < εT , 1 ≤ j ≤ δ + ν + 1

}
as well as

S̃(δ+ν+1) = S(δ+ν+1) \DS(δ+ν+1) and T̃ (δ+ν+1) = T (δ+ν+1) \DT (δ+ν+1) .

(iii) Remove ν1 = |DS(δ+ν+1) | points from T̃ (δ+ν+1) to obtain T̃ (δ+ν+1)
ν1 .

(iv) Construct C
(
S̃(δ+ν+1), T̃

(δ+ν+1)
ν1

)
, yS̃(δ+ν+1) , YS̃(δ+ν+1) , y

T̃
(δ+ν+1)
ν1

, Y
T̃

(δ+ν+1)
ν1

and

L
(
S̃(δ+ν+1), T̃ (δ+ν+1)

ν1

)
= YS̃(δ+ν+1) ·C

(
S̃(δ+ν+1), T̃ (δ+ν+1)

ν1

)
−C

(
S̃(δ+ν+1), T̃ (δ+ν+1)

ν1

)
·Y

T̃
(δ+ν+1)
ν1

.

(v) Compute the SVD L
(
S̃(δ+ν+1), T̃

(δ+ν+1)
ν1

)
= UΣV∗.

(vi) Set ũ = vδ+1 the final right singular vector.

Output: ũ ∈ ker L
(
S̃(δ+ν+1), T̃

(δ+ν+1)
ν1

)
. Vector of barycentric weights to construct r.

T̃
(δ+ν+1)
ν1 . Set of sample points and values for the construction of r.
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Remark 2.4. As already hinted at in Remark 1.17, this process can also be used in
connection with Algorithm 1.13, which means that this algorithm can be employed for
data containing unattainable points.

2.4. Zeros and Poles of Rational Functions

Finding the poles of a rational function is not only of importance for the Froissart
doublet removal process as proposed in the original AAA algorithm, it is a topic which
is also interesting in its own right and the key to reconstructing the numerator and
denominator polynomials. In fact, later on, we will be faced with the problem of
finding the poles of a fully reduced rational function. Since finding the poles of a
rational function means finding the zeros of its denominator polynomial, the problem
of finding the zeros of such a function, i.e., the zeros of the numerator polynomial, can
be dealt with in the same fashion.

We again follow [80], which refers to [64], and consider the procedure suggested
there. Note, however, that the method we will be looking at here was not developed
in [64]. But more on this later. First, we have to introduce two concepts.

Let A,B ∈ Cm×n. For x ∈ C, the expression

A− x ·B

is called a (linear) matrix pencil and denoted by (A,B). If m = n, i.e., A and B are
square matrices, and if det(A − x · B) 6≡ 0, i.e., there exist values x̃ ∈ C for which
det(A− x̃ ·B) 6= 0, then the matrix pencil is called regular. For a regular matrix pencil
(A,B), the values x̂ ∈ C for which det(A − x̂ · B) = 0 are called the eigenvalues of
the pencil and the problem of finding them is called a generalized eigenvalue problem.
If B = I, where I ∈ Cn×n denotes the identity matrix, then this is equivalent to the
usual eigenvalue problem. More on matrix pencils can be found in [45, chapter 12]
and [67].

Note that conventionally matrix pencils are written in the form A − x · B, while
eigenvalue problems are formulated as x · I − A. However, since det(x · I − A) =
(−1)n · det(A− x · I) both formulations are equivalent. For the rest of this section we
will follow the convention for eigenvalue problems.

The other concept we need to look at are so-called companion matrices. Given a
monic polynomial p, i.e., a polynomial with leading coefficient 1, with deg(p) = n, the
companion matrix of p is the matrix Cp ∈ Cn×n such that p is the characteristic and
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2. Numerical Aspects of Barycentric Rational Interpolation

minimal polynomial of Cp, i.e., p(x) = det(x · I−Cp). In particular, the zeros of p are
the eigenvalues of Cp, see [56, Section 3.3]. We will use this idea in order to compute
the zeros and poles of a rational function given in barycentric form.

Given a polynomial p(x) =
∑n
j=0 pj · xj with pj ∈ C for all j = 0, 1, . . . , n and

pn = 1, we have

Cp =



0 1
0 1

. . . . . .
0 1

−p0 −p1 . . . −pn−2 −pn−1


∈ Cn×n,

where every blank spot corresponds to a 0 entry. It can be easily seen that in fact
p(x) = det(x · I−Cp), for example, by computing the Laplace expansion of x · I−Cp

along the last row [95, Section 4.2].
If p is not monic, i.e., pn 6= 1, then we find that p(x) = det(x ·Bp −Cp), where

Bp =


1

. . .
1

pn

 ∈ Cn×n,

see [48, Section 7.2]. This means that while finding the zeros of a monic polynomial
corresponds to a classical eigenvalue problem, finding the zeros of an arbitrary polyno-
mial leads to a generalized eigenvalue problem. Therefore, the matrix pencil (Cp,Bp)
is also called a generalized companion matrix pencil [29].

Usually, the polynomial p is considered to be represented in the monomial basis, as
above. However, this is not necessary and the form of the companion matrix depends
on the basis in which p is written, see for example [3, 50]. Now let us consider a
polynomial p written in the first barycentric form as in (1.12), i.e.,

p(x) = `(x)
n∑
j=1

wj
x− xj

· yj , (2.5)

where xj , yj ∈ C and wj =
∏M
i=1
i 6=j

1
xj−xi as in (1.11) for j = 1, 2, . . . , n as well as

`(x) =
∏M
i=1(x−xi) as in (1.10). It has been shown in [28], which references the earlier

but unpublished [30] and has later been presented in a more concise way in [29], that
the zeros of p can be directly computed using the given parameters xj , yj and wj for
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j = 1, 2, . . . , n as finite eigenvalues of the generalized companion matrix pencil

x ·



1
1

. . .
1

0


︸ ︷︷ ︸

=:BL
p

−



x1 y1

x2 y2
. . . ...

xn yn

w1 w2 . . . wn 0


︸ ︷︷ ︸

=:CL
p

∈ C(n+1)×(n+1). (2.6)

The L in the superscript of the matrices stands for Lagrange, since this is a matrix
pencil in the Lagrange basis. Again, it is easily verified that p(x) = det(x ·BL

p −CL
p )

by computing the Laplace expansion of this pencil along the last row. The numerical
stability of this procedure has been investigated in [70].

Note that the zeros of p are the zeros of
∑n
j=1

wj
x−xj · yj , while, by construction, the

zeros of `(x) are not zeros of p. Considering the generalized eigenvalue problem

CL
p · v = λ ·BL

p · v,

we find that if x̂ is a zero of p, and hence of
∑n
j=1

wj
x−xj ·yj , the corresponding eigenvector

is given by
(

y1
x̂−x1

, y2
x̂−x2

, . . . , yn
x̂−xn , 1

)
. This can be seen directly by computing


x1 y1

. . . ...
xn yn

w1 . . . wn 0

 ·


y1
x̂−x1...
yn

x̂−xn
1

 =



x1·y1
x̂−x1

+ y1
...

xn·yn
x̂−xn + yn∑n
j=1

wj
x̂−xj · yj

 =


y1·(x1+x̂−x1)

x̂−x1...
yn·(xn+x̂−xn)

x̂−xn
0



= x̂ ·


y1

x̂−x1...
yn

x̂−xn
0

 = x̂ ·


1

. . .
1

0

 ·


y1
x̂−x1...
yn

x̂−xn
1

 .
(2.7)

Now observe that p(x) = det(x · BL
p − CL

p ) is only true if p is exactly of the form
as in (2.5), in particular, wj =

∏M
i=1
i 6=j

1
xj−xi . Equation (2.7), on the other hand, holds

true for any weights u1, u2, . . . , un. This means that the finite eigenvalues of a matrix
pencil as in (2.7) can give us the zeros of any function

∑n
j=1

uj
x−xj ·yj in partial fraction

form.
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Given a rational function in barycentric form,

r(x) =
∑n
j=1

uj
x−xj · yj∑n

j=1
uj

x−xj
=: p(x)

q(x) ,

it is now easy to see that its zeros can be computed by solving the generalized eigenvalue
problem CL

p ·v = λ ·BL
p ·v, where CL

p is defined as in (2.6) with the parameters xj , yj
and uj for j = 1, 2, . . . , n. The poles of r are then given by the zeros of q which
can be similarly computed with CL

q defined by the parameters xj , uj and yj = 1 for
j = 1, 2, . . . , n.

We mentioned before that the finite eigenvalues of the generalized companion matrix
pencil give us the zeros of a polynomial. This statement implies that the matrix pencil
also possesses infinite eigenvalues and indeed it does. In particular, a matrix pencil
as in (2.6) has two eigenvalues at ±∞ and all other n− 1 eigenvalues are finite. The
infinite eigenvalues can be understood in a heuristic way as follows. If in (2.7) we let
x̂→ ±∞, then we get

lim
x̂→±∞


x1 y1

. . . ...
xn yn

w1 . . . wn 0

 ·


y1
x̂−x1...
yn

x̂−xn
1

 = lim
x̂→±∞

x̂ ·


y1

x̂−x1...
yn

x̂−xn
0

 .

Taking the limit separately inside and outside of the vector on the right hand side of
this equation, this becomes


x1 y1

. . . ...
xn yn

w1 . . . wn 0

 ·


0
...
0
1

 = ±∞ ·


0
...
0
0

 = ±∞ ·


1

. . .
1

0

 ·


0
...
0
1

 .

This means that the eigenvector (0, 0, . . . , 0, 1)T corresponds to the two eigenvalues
±∞. A more detailed discussion of the infinite eigenvalues can be found in [28].

Another heuristic way to understand the infinite eigenvalues, is by invoking their
link to the zeros of a function in partial fraction form and noting that

lim
x̂→±∞

n∑
j=1

uj
x̂− xj

· yj = 0.
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Finally, if we know the zeros and poles of a rational function, we know the zeros of
its numerator and denominator polynomial, which allows us to reconstruct them up
to a scaling factor.

Remark 2.5. (i) In [60], the poles of a rational function are also computed as the eigen-
values of a matrix pencil. However, the generalized eigenvalue problem constructed
there is completely different from the one discussed here.

(ii) In order to solve a generalized eigenvalue problem, usually the so-called QZ
Method, see [49, Section 7.7], is employed. This is also the standard method used by
Matlab’s eig function.

2.5. Numerical Examples

Now let us put all the theoretical considerations so far into practice. In this section,
we will compare the performance of the classical Vandermonde approach with that
of Algorithm 1.13, which we will from now on call Ionit,ă’s algorithm, and the AAA
algorithm. For the AAA algorithm, we will also compare the different stopping criteria
and Froissart doublet removal processes.

All algorithms are implemented in Matlab and wherever possible we make use
of Matlab’s internal routines or preexisting code. For example, instead of choosing
a fixed threshold and saying that a matrix has become singular once its smallest
singular value lies below this threshold, as proposed in stopping criterion (2.2), we use
Matlab’s rank function, which adaptively sets the threshold value for every matrix
anew. We also make use of Chebfun functions such as reval and prz to evaluate a
rational function given in barycentric form and compute its poles, residues, and zeros.
Note that prz implements the methods for finding zeros and poles discussed in Section
2.4.

However, as mentioned before, we do not use the Chebfun implementation of the
AAA algorithm. The main reason for this is that using our own implementation makes
it easier to adapt it to our needs and implement, for example, our stopping criterion
(2.2) and the corresponding Froissart doublet removal process. For ease of reading
we will refer to stopping criterion (2.1) as the error criterion and to (2.2) as the rank
criterion.

For Ionit,ă’s algorithm, as noted earlier in Remark 1.14 (iii), we need to decide on how
to partition the sample set. We tried three types of partitioning. GivenM samples and
assuming that the sample points are ordered, i.e., x1 < x2 < . . . < xM these are a linear
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2. Numerical Aspects of Barycentric Rational Interpolation

partition, in which the column array T ′ contains the first
⌊
M
2

⌋
samples, a random parti-

tion, in which T ′ contains
⌊
M
2

⌋
randomly chosen samples, and an alternating partition,

in which T ′ contains every other sample, i.e., (x1, y1), (x3, y3), . . . , (x2·bM/2c, y2·bM/2c).
In each case the row array S′ contains all other samples.

In [58], it is recommended to use an alternating partition and shortly discussed why
this is beneficial. Our experiments confirm that the alternating partition gives the
best results. For all comparisons in this section, we therefore use Ionit,ă’s algorithm
with an alternating partition.

The implementation of the Vandermonde algorithm we use here differs from Algo-
rithm 1.4. Instead of taking any kernel vector from the reconstruction matrix and then
computing the greatest common divisor of the numerator and denominator polynomial
in order to get a unique solution, which is famously ill-posed, see [82, 86, 105], we use
a method inspired by Ionit,ă’s algorithm. First we build the matrix VbM/2c,bM/2c(S)
as in equation (1.3), where S denotes the given sample set of size M , and compute its
rank. By Remark 1.6 (v), we know that rk VbM/2c,bM/2c(S) = bM/2c+ 1 + deg(r) and
hence deg(r) = rk VbM/2c,bM/2c(S)−bM/2c−1. We then build Vdeg(r),deg(r)(S) which,
by Theorem 1.2, has a kernel of dimension 1. Note that this assumes that there are
no unattainable points in the sample set. However, in the following, we will not use
the Vandermonde algorithm for data with unattainable points anyway.

2.5.1. Test Data and Parameters

All experiments reported here are carried out by collecting data from 10.000 randomly
created rational functions r = p

q . These functions are constructed by first fixing the
degree of the denominator polynomial q, which will then also be the degree of r. For
each sample function, the degree of the numerator polynomial p is chosen randomly
in the range 2 ≤ deg(p) ≤ deg(q).

Next we fix the range in which the zeros of p and q should lie, i.e., we choose a number
rzer such that the zeros lie in the interval [−rzer, rzer]. In particular, this means that we
only consider real polynomials. Then we uniformly draw deg(p), respectively deg(q),
numbers from this interval. We make sure that we never draw the same number twice
for any polynomial in order to ensure that the rational function does not have multiple
zeros or poles as well as that the sets of zeros of p and q have no elements in common
so that p and q are guaranteed to be coprime. The polynomials p and q are than
created using Matlab’s poly command.
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Finally, we build the sample data. For this, we have to fix two more parameters,
namely the number of unattainable, or distorted, points ndist contained in the sample
set and the number of additional sample points nadd. As we mentioned in Remark 1.6
(iv) and Remark 1.17 (i), we need at least 2 · (deg(r) + ndist + 1) values in order to
reconstruct a function r from distorted sample values. The number nadd determines
how many more samples than that we have given. We therefore set M = 2 · (deg(r) +
ndist + 1) + nadd and simply choose the sample points to be 1, 2, . . . ,M . In order to
avoid very bad reconstruction results, we check whether some of the sample points are
close to a pole. More precisely, we make sure that the distance between a sample point
and the nearest pole is always at least 10−15. We then evaluate r at the sample points.
If ndist = 0, there is nothing more to do. Otherwise, we randomly choose ndist indices
and add a distortion to the corresponding sample values. For the amplitude of the
distortion we first compute the median ȳ of all sample values from the given function
and then randomly choose the distortion to lie in the set [−1.5·ȳ,−0.5·ȳ]∪[0.5·ȳ, 1.5·ȳ].
Summing up, the parameters determining the sample data are:

1. The degree of the denominator polynomial deg(q), which coincides with the
degree of the rational function deg(r).

2. The range of the zeros of the polynomials rzer.

3. The number of additional points nadd.

4. The number of distorted points in the sample set ndist.

2.5.2. Condition Numbers of Reconstruction Matrices

Let us start our investigation by looking at the condition numbers of the reconstruction
matrices. Of course, since our goal in every algorithm is to find a kernel vector of the
reconstruction matrix, it makes no sense to talk about the condition numbers of these
very matrices. In order to talk sensibly about condition numbers, we use the following
observations.

Let A be the reconstruction matrix with null A = 1 obtained from any of the three
algorithms. Further, define A(m×n) as the submatrix containing the first m rows and
the first n columns of A. If A is a Löwner matrix, i.e., if we used the AAA or Ionit,ă’s
algorithm, then it follows from Theorem 1.8 and [1, Corollary 2.6] that A(rk A×rk A)

has full rank.
Now consider A = Vdeg(r),deg(r)(S) ∈ CM×(2·deg(r)+2) with S being a sample set of

size M . This matrix has rank 2 · deg(r) + 1. According to Theorem 1.2, we have
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that A(2·deg(r)+1×2·deg(r)+2) = A(rk A×rk A+1) has also rank 2 · deg(r) + 1, or, put dif-
ferently, null A(rk A×rk A+1) = 1. Let now (pT ,−qT )T ∈ ker A(rk A×rk A+1), where
p,q ∈ Cdeg(r)+1. Then, since deg(r) = deg(q) by construction of the samples, we have
for q = (q0, q1, . . . , qdeg(r))T that qdeg(r) 6= 0. Now suppose that null A(rk A×rk A) ≥ 1,
i.e., there exists a vector v ∈ ker A(rk A×rk A). But then we would have (vT , 0)T ∈
ker A(rk A×rk A+1), which, since (pT ,−qT )T and (vT , 0)T are clearly linearly indepen-
dent, contradicts null A(rk A×rk A+1) = 1. Hence, A(rk A×rk A) must have full rank.

These considerations show that finding the unique kernel vector of A is equivalent
to finding the unique solution to A(rk A×rk A) · x = a, where a is the last column of
A(rk A×rk A+1). Therefore, we say that the condition of the reconstruction matrix A is
the condition of A(rk A×rk A).

To produce the following data we set rzer = 10, ndist = 0, and nadd = 0, which
means that we had M = 2 · deg(r) + 2 samples, and varied the degree of the rational
functions. For the AAA algorithm, we used the rank stopping criterion (2.2). We only
computed the condition of the found reconstruction matrix if it actually had a kernel
of dimension 1. In the next section, we will shortly talk about why this is not always
the case. Also, we only show data from matrices where the expected rank was found
correctly, i.e., as we would expect from the theory.

Figure 2.1 shows the mean of the condition numbers for all matrices where the rank
was found correctly.

5 6 7 8 9 10
10

12

10
13

10
14

10
15

10
16

Vandermonde

Ionita

AAA

Figure 2.1.: Mean condition numbers of different reconstruction matrices for growing
degrees of the original function with rzer = 10 and nadd = 0.
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The first thing to note about this graph is that for degrees higher than 7, there is
no data for the Vandermonde algorithm. This is because for degree 8 there was only
1 function, for which the degree is detected correctly and none for the higher degrees.
But more on that in the next section.

Other than that we, see that the condition of the Vandermonde-type matrices is
one to two orders of magnitudes worse than the condition of the Löwner matrices.
The matrices obtained from Ionit,ă’s and the AAA algorithm display a very similar
behavior, where for higher degrees the matrices from Ionit,ă’s algorithm have a lower
condition number and behave more consistently. Overall, we observe that the condition
numbers grow about a half to one order of magnitude per degree, which certainly, at
least among other factors, has to do with the fact that the matrices simply grow in
size.

Now let us look at some data in more detail. In Table 2.1 we display the mean,
median, minimum, and maximum of the condition numbers per degree for the matrices
where the rank was detected correctly.

deg Stat Vander Ionit,ă AAA

5

Mean 2.1371e+14 2.6930e+12 2.5373e+12
Med 2.5785e+12 3.3775e+07 5.8265e+07
Min 3.2806e+06 1.6026e+01 6.2545e+01
Max 3.2554e+16 3.1966e+15 4.6068e+15

7

Mean 1.2403e+15 1.2946e+14 1.7488e+14
Med 4.4057e+14 5.9992e+11 6.8350e+11
Min 2.7377e+11 2.0204e+04 5.9020e+04
Max 5.7809e+16 4.8462e+15 2.1686e+17

9

Mean 5.9905e+14 6.5554e+15
Med 2.0915e+14 1.5173e+14
Min 2.7897e+08 2.4392e+08
Max 7.2663e+15 7.5603e+18

Table 2.1.: Mean, median, minimum, and maximum condition numbers for different
reconstruction matrices and degrees of the original function with rzer = 10
and nadd = 0.

This more detailed data mostly confirms our observations from the previous graph.
The numbers for the Vandermonde-type matrices are always orders of magnitudes
worse than those for the Löwner matrices. Further, we see again that the data from
Ionit,ă’s and the AAA algorithm is very similar.
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A few more notes on the Löwner matrices. First observe that, while for any of those
matrices the condition numbers are very high, the minimal condition, especially at
low degrees, is quite good. For example, it is around 16 respectively 62 for degree 5.
Looking at the median, again, especially for the lower degrees, we see that it is orders
of magnitude better than the mean. This tells us that while some matrices have an
extremely large condition number, most of them seem to be moderately conditioned.

Finally, a few words on the data for degree 9. As we have seen already in Figure 2.1,
the mean condition of the matrices from the AAA algorithm is an order of magnitude
worse than that of the matrices from Ionit,ă’s algorithm. However, the median value for
the AAA algorithm is even slightly better than that for Ionit,ă’s algorithm. Looking at
the maximum condition number explains where this discrepancy comes from. Further,
note that here the mean and median values are roughly of the same size. This is due
to the fact that of the 10.000 functions which were evaluated, for less than 300 the
rank was found correctly, which means that the set from which we computed this data
is very small.

2.5.3. Degree of the Reconstructed Function

While looking at the condition numbers of the involved matrices gives us a first hint
at how our problem behaves, it does not give us a very deep insight. Ultimately,
our goal is to reconstruct a rational function r from given sample data and not just
approximate some given data by a rational function r̃, which, although very similar,
are different problems after all. Therefore, it is of utmost importance that we find the
correct degree of the rational function r from which our data stems.

For our first observations, we use the very same data as in the previous section.
Figure 2.2 shows the number of times each algorithm detects the correct rank of the
reconstruction matrix.

This impressively confirms what we could only have guessed after looking at the
condition numbers. Ionit,ă’s and the AAA algorithm perform very similarly, with
Ionit,ă’s algorithm being slightly better, while the naive Vandermonde algorithm falls
far behind.

In Table 2.2, we not only report the exact numbers of how often the rank is detected
correctly but also how often the detected rank is too low and how often it is too high.

Recall that in order to produce this data we use M = 2 · deg(r) + 2 samples,
i.e., the minimal number of samples necessary to reconstruct the functions. This
also means that, theoretically, the initial matrices for the Vandermonde and Ionit,ă’s
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Figure 2.2.: Number of times the rank of different reconstruction matrices is detected
correctly for growing degrees of the original function with rzer = 10 and
nadd = 0.

algorithm should have a nullity of 1 and the AAA algorithm should stop in the last
step before the column array gets larger than the row array. Looking at the data it is
not surprising to see that the Vandermonde algorithm often underestimates the rank of
the reconstruction matrix since it is well known that the larger a Vandermonde matrix
gets, the more likely it is that it gets numerically rank deficient. Interestingly, we also
see the reverse phenomenon for the Löwner matrices. If the rank of the reconstruction
matrix is too high, then this means for Ionit,ă’s algorithm that the initial matrix has
numerically full rank and for the AAA algorithm that the iteration process does not
terminate before the column array got too large. Note, however, that this is only true
here since we use the minimum necessary number of samples. We will talk a little bit
more about this when we look at the impact of additional samples.

So far we considered the effect of changing the degree of the function we want
to reconstruct. We now shortly investigate the influence of increasing the second
parameter rzer, i.e., the range of the zeros and poles of the function. Figure 2.3 again
shows the number of times the rank of the reconstruction matrix is detected correctly
depending on the parameter rzer. The degree of the functions is fixed to be 5 and again
nadd = 0.
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deg rank Vand Ionit,ă AAA

5
c 9124 9980 9988
l 876 6 7
h 0 14 5

6
c 4171 9846 9802
l 5829 148 198
h 0 0 6

7
c 280 8849 8629
l 9720 1147 1368
h 0 4 3

8
c 1 5699 5264
l 9999 4298 4736
h 0 3 0

9
c 0 2062 1757
l 10000 7935 8243
h 0 3 0

10
c 0 249 172
l 10000 9751 9828
h 0 0 0

Table 2.2.: Number of times the rank of different reconstruction matrices is found
correctly (c), too low (l), or too high (h), for growing degrees of the
original function with rzer = 10 and nadd = 0.

The impact of increasing rzer on the two methods based on Löwner matrices is
almost neglectable here, where the AAA algorithm performs a little better than Ionit,ă’s
algorithm. We will not go deeper into analyzing the exact numbers, but, for rzer = 10,
the AAA algorithm finds the correct rank 9988 times and Ionit,ă’s algorithm 9980
times. For rzer = 100, these numbers are 9272 and 9173. Again, the Vandermonde
algorithm performs extremely poorly. For rzer = 10, the rank is detected correctly
9124 times. This number goes down to just 314 for rzer = 100.

However, for larger degrees the impact of increasing rzer appears to be greater.
Figure 2.4 shows data analogous to the previous graph, but this time for deg(r) = 7
and only the AAA as well as Ionit,ă’s algorithm.

Interestingly, here the number of correctly detected ranks increases at first, before
then going down considerably. Now Ionit,ă’s algorithm is notably better. For rzer = 10,
we find for Ionit,ă’s algorithm that the rank is detected correctly 8849 times and for
the AAA algorithm 8629 times. For rzer = 100, we have 2439, respectively 1748.
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Figure 2.3.: Number of times the rank of different reconstruction matrices for func-
tions of degree 5 is found correctly for growing rzer with nadd = 0.
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Figure 2.4.: Number of times the rank of different reconstruction matrices for func-
tions of degree 7 is found correctly for growing rzer with nadd = 0.
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Let us quickly summarize our findings so far. By now it should be sufficiently
clear that the Vandermonde algorithm is not suited for any practical application.
Considering only the Löwner-matrix-based methods, they both perform very similarly.
Increasing the degree of the wanted function and increasing the range of its zeros and
poles both negatively affect the reconstruction (in terms of finding the correct degree).
However, the effect of increasing the degree is much larger.

Now let us look at the parameter nadd, the number of added samples. From now on,
we will not consider the Vandermonde algorithm anymore. This is not just because
the algorithm performed badly until now, but even for deg(r) = 5 and rzer = 10 it
sufficed to add just 9 samples and the algorithm did not find the correct rank a single
time.

Before we look at the data, we need to discuss some fundamental differences in how
the two Löwner-matrix-based algorithms work. Ionit,ă’s algorithm first creates a matrix
from the given data, computes its rank, and then, if necessary, removes columns from
the matrix such that the resulting new matrix has (at least theoretically) a nullity of
1. For every column which gets removed, a row is added.

The AAA algorithm works just the other way around. It adds columns to a matrix
while at the same time removing rows until some stopping criterion is met (at the
moment, since we use the rank stopping criterion (2.2), until the matrix becomes
singular). Another very important distinction is that while for Ionit,ă’s algorithms it
is necessary that the kernel of the final matrix has exactly dimension 1, so that we
get a unique result, this is not the case for the AAA algorithm. It will always return
the singular vector to the smallest singular value regardless of the numerical rank of
the final matrix. Even if the smallest singular value is not unique, the AAA algorithm
returns just one weight vector.

Note that it is very well possible that for the error stopping criterion (2.1) the final
matrix in the AAA algorithm has numerically a full rank. It is also possible for both
stopping criteria that the final matrix has a kernel of dimension larger than 1. In
particular, for the rank stopping criterion, the kernel of the final matrix can at most
have dimension 2. This follows since the algorithm stops as soon as the matrix does
not have full rank anymore. But this means that in the penultimate step the matrix
has full rank. In the last step, one column is added to the matrix and one row removed,
which can increase the nullity by at most 2.

These differences have the following effect on the outcome of the algorithms. In order
to get a weight vector of the correct size deg(r), it is necessary that Ionit,ă’s algorithm
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detects the rank of the Löwner matrix correctly, so that the reshaped matrix has the
right size. However, additionally, this reshaped matrix needs to have a (numerical)
nullity of 1 since otherwise there is either no or not a unique kernel vector. For the
AAA algorithm, on the other hand, the final matrix only has to have the right column
size (at least as long as there are no unattainable points in the data set, but we will
deal with this later).

Until now, as noted before, we worked with the minimal necessary number of samples
M = 2 · deg(r) + 2, which, as also discussed earlier, means that the rank of the final
reconstruction matrices can only be too high if the initial matrix for Ionit,ă’s algorithm
has full rank or the AAA algorithm does not terminate before the column set gets
too large. Adding more samples, we start to see some new phenomena. For Ionit,ă’s
algorithm, as before, the detected rank can be correct, too low, or too high. However, if
before the rank was detected correctly, then this automatically meant that the matrix
had a kernel of dimension one. With added points, it is possible that the rank is
initially detected correctly but the nullity of the reshaped matrix can be 0, i.e., too
low, or larger than 1, i.e., too high. For the AAA algorithm, we will from now on focus
more on the size of the final matrix than its rank.

The following data was produced using the parameters deg(r) = 7, rzer = 50 and by
varying nadd. First, let us look at nadd = 0 in Table 2.3 separately in order to see from
where we start and illustrate the differences between this case and nadd > 0 discussed
here.

rank correct rank too low rank too high
nullity 1 0 > 1 1 0 > 1 1 0 > 1
Ionit,ă 7536 0 0 2418 11 16 0 19 0
AAA 7035 0 0 2836 0 126 0 3 0

size correct size too low size too high
rank c l h c l h c l h
AAA 7035 123 3 0 2839 0 0 0 0

Table 2.3.: Number of times the rank of different reconstruction matrices is (initially
- for Ionit,ă’s algorithm) found correctly, too low, or too high, as well as
whether the (reshaped - for Ionit,ă’s algorithm) matrices have a kernel
of dimension 1, 0, or larger than 1. Number of times the size of the
final matrix from the AAA algorithm is correct, too low, or too high and
whether its rank is correct (c), too low (l), or too high (h). Original
functions of degree 7 with rzer = 50 and nadd = 0.
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In case of Ionit,ă’s algorithm, the rank in this table refers to whether the rank of the
reconstruction matrix is initially found correctly, i.e., whether step (ii) in Algorithm
1.13 delivers the correct result. The nullity refers to the nullity of the reshaped matrix,
used in step (iv) of Algorithm 1.13. Let us put this data into perspective. First, note
that the 19, respectively 3, times the detected rank is too high mean that, since nadd =
0, the initial matrix has full rank, respectively the algorithm does not terminate before
the column set gets too large. As soon as we start adding samples these particular
phenomena stop occurring, i.e., the initial matrix never has full rank and the AAA
algorithm always terminates properly. Also, due to the fact that nadd = 0, the matrix
size cannot grow too large in the AAA algorithm. The most interesting numbers, as
discussed above, are the number of times the Ionit,ă algorithm finds the correct rank
and the reshaped matrix, which in this case is the initial matrix, has the right size
and the number of times the AAA algorithm finds the correct matrix size. Here, these
numbers are 7536 and 7161, although the latter contains the 3 times the algorithm
does not terminate.

One last remark on this data. While, as noted above, the AAA algorithm always
returns a weight vector, Ionit,ă’s algorithm only returned 9954 results, namely only
those for which the kernel of the (possibly reshaped) matrix has dimension 1.

Before we compare the two algorithms, we look a little closer at the data from
Ionit,ă’s algorithm in Table 2.4, where we will see an interesting pattern.

rank correct rank too low rank too high
nadd / null 1 0 > 1 1 0 > 1 1 0 > 1

50 6762 0 868 257 0 29 6 0 2078
100 7132 0 990 189 0 29 0 0 1660
250 7489 0 1160 180 0 38 0 0 1133
500 7645 0 1321 240 0 47 0 0 787

Table 2.4.: Number of times the initial rank of the reconstruction matrix from Ionit,ă’s
algorithm is found correctly, too low, or too high, as well as whether the
reshaped matrices have a kernel of dimension 1, 0, or larger than 1 for
original functions of degree 7 with rzer = 50.

We see that for higher numbers of added points, and with just 6 exceptions for
nadd = 50, every time the rank of the initial matrix is overestimated, the nullity of the
reshaped matrix is too large. Recall that if rk is the numerically detected rank of the
initial matrix, then a new matrix is constructed with a column array of size rk + 1,
which, in theory, should have a nullity of 1. However, if the rank is initially computed
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too large, then rk+1 will be larger than deg(r)+1, the correct column size. In theory,
the reshaped matrix should therefore have a nullity larger than 1 and apparently this
is also the case in practice.

This leads to a very simple but effective modification of Ionit,ă’s algorithm. After
computing the rank of the initial matrix and creating a new reshaped matrix, we again
compute the rank rk of this new matrix, i.e., the matrix from step (iv) of Algorithm
1.13. Then, we compare rk to the column size of the matrix. If the difference is
larger than 1, the nullity will also be larger than 1. In this case, we create a new
reshaped matrix with a column array of size rk + 1. If necessary, this process can also
be repeated.

This modification adds some complexity to Ionit,ă’s algorithm and also shifts its
character from being very static to being a little more dynamic. However, the results of
this simple modification speak for themselves. We used the modified Ionit,ă algorithm
on the same input data as used to produce the results in Table 2.4. The following
table shows the number of times the final matrix from the modified algorithm has the
correct rank and a kernel of dimension 1, i.e., the results displayed for the non-modified
algorithm in the first column of Table 2.4.

nadd 50 100 250 500
8696 8671 8529 8368

Without showing the actual numbers, let us present a few more observations from
this data. First, with just very few exceptions for small nadd, the final matrices had
usually either the correct rank, or the rank was too low, i.e., there were usually no
matrices with too high rank. Second, with at most 2 exceptions among 10.000 eval-
uated functions, the final matrices had almost always a nullity of 1. And lastly, for
large nadd, the number of matrices for which the rank was initially detected correctly
in the non-modified algorithm was actually larger than the number of final matrices in
the modified algorithm with correct rank. However, the number of matrices with the
correct rank and a kernel of dimension 1 was still considerably larger for the modified
algorithm.

In our experiments, the modified Ionit,ă algorithm always delivered better results
than the non-modified. Therefore, we will from now on only use the modified version
for our comparisons. Going forward, we will also include the AAA algorithm with
the error stopping criterion (2.1) in our investigations. Recall that for data without
unattainable points both stopping criteria are theoretically equivalent.
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Figure 2.5 shows the behavior of the original and modified Ionit,ă algorithm as well
as the AAA algorithm with the two different stopping criteria under increasing nadd.
For Ionit,ă’s algorithm, the data displayed is the number of times the rank is detected
correctly and the final matrix has a kernel of dimension 1. For the AAA algorithm,
we show the number of times the final matrix has the correct size.
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Figure 2.5.: Number of times the rank of the reconstruction matrix is correctly found
and the final matrix has a kernel of dimension 1 for Ionit,ă’s algorithm
and the number of times the reconstruction matrix has the correct size
for the AAA algorithm for growing nadd. Original functions of degree 7
with rzer = 50.

First, we note again that the original Ionit,ă algorithm does not only perform much
worse than the AAA algorithm but also than the modified version. Only if there are
no added points, Ionit,ă’s algorithm gives better results than both AAA variants. In-
terestingly, in this case, the AAA algorithm with the error stopping criterion performs
extremely badly with just 4638 times where the size is found correctly and one time
where the algorithm does not terminate.

For added numbers in the range of 10 to 100, the two AAA variants and the modified
Ionit,ă algorithm give very similar results. However, going beyond 100 added points,
the performance of Ionit,ă’s algorithm starts to get worse, approaching the performance
of the original variant. At the same time, the results of both AAA variants are very
close to each other and do not seem to be affected a lot by further increasing the
number of added points.
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We ran some more tests, in which we looked at the effect of added samples for
different degrees of the function we want to reconstruct. What we observed was that
the lower the degree of the function is, the better Ionit,ă’s algorithm performs, i.e., the
lower the degree, the more added samples it takes until the AAA algorithm reaches the
same or a better performance than Ionit,ă’s algorithm. On the other hand, the higher
the degree of the function, the fewer added samples it takes until the AAA algorithm
outperforms Ionit,ă’s algorithm.

Overall, adding more sample points clearly improves the results of the AAA algo-
rithm. Let us again consider the example reported in Table 2.2, where we found that
if the function we want to reconstruct has a degree of 10, the AAA algorithm with the
rank stopping criterion finds the correct rank only 172 times. Adding 250 samples,
but otherwise using the same parameters, this number goes up to 985 and the correct
size of the matrix is found 987 times. Even more impressive, using the error stopping
criterion, the correct rank is found 1102 times and the correct size even 1920 times.

The increased performance of the AAA algorithm with a growing number of added
points can heuristically be explained as follows. Recall that a greedy algorithm is used
to choose the next interpolation point. If we now have more samples, this means that
there are more options to choose from which point is taken next. This in turn means
that the algorithm can, in some sense, make better choices.

As mentioned before, Ionit,ă’s algorithm starts with a matrix having a large column
size, especially if there are many added points, which is then decreased (in case of
the modified algorithm possibly more than once). The AAA algorithm, on the other
hand, increases the column size of the matrix one by one. It is now tempting to try
and explain the worse performance of Ionit,ă’s algorithm by the fact that it works with,
in terms of the column size, larger matrices. In order to test this hypothesis, we also
tried a sort of hybrid method, one could also call it an adaptive Ionit,ă algorithm, in
which we iteratively added more points to the column array and removed them from
the row array, until the matrix became singular, as in the AAA algorithm with the
rank stopping criterion. However, other than in the AAA algorithm, we chose the next
interpolation point in such a way that we ended up with an alternating partition, as
used by Ionit,ă algorithm. The results from this algorithm were never better than the
results from Ionit,ă’s algorithm and usually just slightly worse. This might be due to
the way Matlab’s rank function works. It computes the rank of a matrix by counting
how many singular values are above a certain threshold and uses the maximum of the
row and column size as a factor in determining this threshold. Since the row sizes
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of the matrices in the adaptive algorithm are higher than the row size for the initial
matrix of Ionit,ă’s algorithm and the row size is the maximum of row and column sizes,
this means that the thresholds for a matrix to be considered singular are higher in the
adaptive algorithm. This is possibly also the reason why the number of final matrices
with correct rank in the modified Ionit,ă algorithm is lower than the number of matrices
where the rank is initially detected correctly in the original version.

It is an interesting question in its own right, which is just briefly touched in [58],
how to choose an optimal partition of the sample set if such a partition even exists.
As already mentioned, the alternating partition we use for Ionit,ă’s algorithm is clearly
better than a linear or random partition. However, the results from the last paragraph
imply that the partition found by the AAA algorithm is even better.

We finish this section by taking a closer look at the differences between the two
stopping criteria for the AAA algorithm in Table 2.5.

size correct size too low size too high
crit nadd c l h sum c l sum c l h sum

rank

50 8556 3 0 8559 0 456 456 5 0 980 985
100 8958 0 0 8958 0 413 413 2 0 627 629
500 9193 0 0 9193 0 600 600 0 0 207 207

1000 9049 0 0 9049 0 812 812 3 0 136 139
1500 8916 0 0 8916 0 978 978 2 0 104 106

error

50 8468 7 373 8848 86 436 522 1 0 629 630
100 8855 45 99 8999 12 345 357 22 0 622 644
500 8843 293 0 9136 0 218 218 264 7 375 646

1000 8703 448 0 9151 0 199 199 379 10 261 650
1500 8627 529 0 9156 0 193 193 435 14 202 651

Table 2.5.: Comparison of the two stopping criteria for the AAA algorithm. Number
of times the size of the final matrix is found correctly, too low, or too
high, as well as how often the rank of the final matrix is correct (c), too
low(l), or too high (h). Original functions of degree 7 with rzer = 50.

First, note that it is not possible that the column size of the final matrix is too low
while its rank is too high. This follows since, if the column size n is too low, it means
that n ≤ deg(r), which in turn means that the rank of this matrix can be at most
deg(r). But this is the correct rank.

As we have already seen in Figure 2.5, the total number of matrices for which the
size is detected correctly is very similar for both stopping criteria, with the error
criterion appearing to perform slightly better for larger nadd (with the exception of
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nadd = 250, 500). However, it seems that the number of correctly detected sizes changes
more with the rank stopping criterion while for the error stopping criterion this number
is almost constant for nadd ≥ 500.

Unsurprisingly, the number of times the size is detected correctly correlates much
stronger with the number of times the rank is detected correctly for the rank criterion
than for the error criterion. Moreover, for the rank criterion, it cannot happen that
the size is correct but the rank too high, or the size too low but the rank correct, or
the size too high but the rank too low. The first and second cases both would imply
that the final matrix has full rank. In the third case, the column size s of the final
matrix being too large means s ≥ deg(r) + 2, while the rank being too low means that
it is strictly smaller than deg(r), which implies that the nullity is strictly larger than
2 and this is not possible, as noted above.

For the rank criterion, we observe that, with the exception of nadd = 50, the number
of times the size and therefore also the rank is too low increases constantly as nadd

increases, while at the same time the number of times the size and rank are too high
decreases. This might again be explained by the way Matlab’s rank function uses the
size of a matrix for determining its numerical rank. We experimented with different
thresholds in which the size of the matrix is given less weight. However, this does
not result in an overall better performance. Instead, whenever a parameter leads to a
decrease in the number of times the rank is detected too low, it usually increases the
number of times the rank is detected too high by roughly the same amount.

Now let us look at the error criterion. First, note that at least for larger nadd there
are again no matrices where either the size is detected correctly but the rank too high,
or the size is detected too low but the rank correctly. However, there the similarities
between the two criteria already end.

For nadd ≥ 500, the total number of times the size is detected correctly, too low,
or too high does not appear to change a lot. However, it is interesting how the
distribution of the ranks of the final matrices changes. This also tells us more about
how this stopping criterion works.

Differently than for the rank stopping criterion, the number of times the size and
rank of the final matrix are too low constantly goes down. This is probably best
explained as follows. Recall that the error stopping criterion stops the iteration process
once a rational function is found which approximates the data not yet interpolated
sufficiently well. This means that if the algorithm stops before the matrix has the
correct size, it has found a rational function of smaller degree than the function we
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want to reconstruct which already approximates the given sample data quite well.
Now it is clear that the fewer samples we have, the more likely it is that there exists
such a function. Or, put the other way around, the more samples we have, the less
likely it becomes that a function of smaller degree than that of the wanted function
approximates all the data well. Hence, the number of times the algorithm terminates
before the size of the final matrix is large enough decreases.

Looking at the matrices where the size was found correctly, we see that the number of
times the rank is too low, which implies that the matrix has a kernel of dimension larger
than 1, increases with the number of added points. This might again be explained by
the way Matlab’s rank function works. However, it is very interesting that the
number of times the size is found too high but the rank correct increases at roughly
the same rate as the number of times the size is found correctly but the rank too low.
First of all, this explains why the overall number of times the size is found correctly is
about the same for both stopping criteria. But we can deduce more from this.

If, with the error stopping criterion, the column size of the final matrix is too high,
then this means that the given data could not be approximated sufficiently well by a
rational function of the correct degree. This implies that in these cases the numerical
errors are too large. There are two more things to note regarding the fact that the
rank of the final matrix is very often correct anyway. First, despite the fact that
the sample values do not seem to be approximated very well, the structure of the
data still shows the degree of the underlying function. And second, and this will
become important when we consider data with unattainable points, for those samples
where the final matrix has the correct rank but its size is too large, the rank criterion
would have terminated correctly, however, even though in these cases the degree of
the reconstructed function would be correct, it would still approximate the given data
badly.

The very few times, less than 0.2%, the size of the final matrix is too large while its
rank is too low, are neglectable, and probably again due to Matlab’s rank function.

2.5.4. Reconstruction Errors

We now look at how well the different algorithms, respectively variants, reconstruct a
given rational function r = p

q . Here, we only consider numerical errors. We will con-
sider the overall reconstruction error for the rational function and the reconstruction
error for the poles, i.e., the zeros of the denominator polynomial p.
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It is clear why we should be interested in the reconstruction error for the poles of
the function. If we know the zeros of q, we can then reconstruct it, as noted before.
Moreover, finding the poles of a rational function as accurately as possible will play
an important role later on in this work.

In the same way, we could argue that we should look at the reconstruction error for
the zeros of the rational function, which are also the zeros of the numerator polynomial
p. However, if r̃ denotes the reconstructed rational function, then we will usually have,
that r̃ is of type (deg(r̃), deg(r̃)) due to numerical errors. In particular, we will have
for the reconstructed numerator polynomial p̃ that deg(p̃) = deg(r̃). Recall from
Section 2.5.1 that the test data we use is constructed such that deg(q) = deg(r) and
2 ≤ deg(p) ≤ deg(q). If now for the original functions r and p we have deg(r) > deg(p)
and assuming that r̃ has the correct degree, i.e., deg(r̃) = deg(r), this means that p̃
has too many zeros. In our experiments, we observed that if the algorithms found
the correct degree of the rational function (by producing a matrix of the right size),
then the set of zeros of p̃ usually contained good reconstructions of the correct zeros
alongside some spurious zeros. Often in these cases, the superfluous zeros were either
very large, i.e., several orders of magnitudes larger than the true zeros, or appeared as
complex conjugate numbers (recall that all our test data was real), implying that p̃ has
an irreducible factor of degree 2. However, the second observation can only be used to
reliably remove superfluous zeros if the input data is real. The first observation seems
to deliver a relatively good condition for superfluous zeros, but, in our experiments, we
saw still too many exceptions to derive a reliable rule. Moreover, we did not test if this
behavior can also be observed for complex input data. Note that a large magnitude
of the superfluous zeros implies that we actually have a good approximation for the
numerator polynomial. Let us illustrate this with a small example.

Suppose we want to reconstruct the function x− 5 and the reconstruction we get is
ε1 · x2 + (ε1 · (5 + ε2) + 1) · x + (5 + ε2). For small values of ε1 and ε2, this is a good
approximation to the original function. However, the reconstructed polynomial can be
factorized as

ε1 ·
(
x− 1

ε1

)
·
(
x− (5 + ε2)

)
.

This means that we have a good reconstruction of the original zero 5 and a superfluous
zero 1

ε1
, which can be arbitrarily large.

In general, we note that without any prior knowledge about the numerator polyno-
mial, such as whether it is real or an estimate for the range of its zeros, it appears to
be very hard to reconstruct p accurately. Fortunately, we will later use rational inter-
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polation to reconstruct functions for which we know that deg(p) = deg(q)− 1 almost
surely. We will then be able to use this knowledge to enforce that the reconstructed
function has type (deg(q) − 1, deg(q)), which will give us a good reconstruction of p
as well. Therefore, we do not study the problem of finding the correct degree of the
numerator polynomial here.

In order to measure the reconstruction error, we use the ∞-norm for the error in
the poles to get a worst-case estimate. For the reconstruction error of the rational
function, we proceed as follows. We compute the relative error in the 2-norm, which
better shows how well the function is approximated overall than the ∞-norm, i.e., if r
is the original function and r̃ the reconstructed, we look at the error

‖r̃ − r‖2
‖r‖2

.

More precisely, we sample both the original and reconstructed function in the interval
[−rzer, rzer] with a step size of 0.1, which results in sample vectors r and r̃. Now note
that if we have sampled the original function close to a pole, or maybe even close to
several poles, then r will contain several very large entries, which means that ‖r‖2 will
also be very large. This might lead to the relative error being quite small, thereby
obscuring the true quality of the approximation. Therefore, we decided to remove
values from r which are likely to be too close to a pole. There are several ways to do
this which all give slightly different results. In the end, we decided to use Matlab’s
isoutlier function with its default criterion to detect outliers in the entries of r and
remove them to obtain the new vector rc. We then remove the corresponding entries
from r̃ to get r̃c and computed the error

‖r̃c − rc‖2
‖rc‖2

.

We would like to remark that this way of measuring the reconstruction error is rather
uncommon. In the literature, this error is often measured in an interval which does not
contain any poles. We, on the other hand, use the interval [−rzer, rzer], which contains
all poles and zeros of the original function.

Reconstruction Error for Rational Functions

Now let us look at the reconstruction errors for rational functions. The following data
was produced by fixing rzer = 50 and varying the degree and the number of added
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points. We only show data for samples, where the size of the reconstruction matrix
was detected correctly and, in case of Ionit,ă’s algorithm, the nullity was 1. In the first
line of Table 2.6, we report the respective numbers.

We first comment on some trends we can see in this data, which confirm what we have
observed so far. As already discussed, increasing the degree of the rational function we
want to reconstruct leads to worse performance of all algorithms, not just regarding
the number of times the correct degree of the original function, or equivalently the
correct size of the final matrix, is found, but also regarding the reconstruction error.
Further, concerning the matrix size, increasing the number of added points will lead
to a better performance of the AAA algorithm, while the performance of Ionit,ă’s
algorithm gets worse. Note again that the two AAA variants deliver very similar
results, with one major exception. For degree 9 and nadd = 500, the AAA algorithm
with the error stopping criterion finds the correct size of the matrix 530 times more
than the algorithm with the rank stopping criterion.

Before we look closer at the reconstruction errors, let us just quickly look at this
discrepancy between the two AAA variants in a little more detail. For degrees 5 and 7,
we see that the number of times the degree of the original function is correctly found
keeps increasing with increasing nadd for both variants. However, for degree 9 and the
rank stopping criterion the number first increases and then decreases again slightly.
At the same time, the number keeps increasing for the error stopping criterion. Now
look back at Table 2.5, where we compared the two variants in more detail with regard
to increasing nadd. Recall that the data there was for degree 7. We also see there that
while the number of correctly found degrees keeps increasing for the error stopping
criterion, the number for the rank stopping criterion peaks at nadd = 500 and starts to
decrease again when adding more samples. Looking at Figure 2.5 we see that the peak
actually already occurs at nadd = 250. These observations might hint at a general
behavior of the rank stopping criterion. Namely that the number of correctly found
degrees peaks at some point and then decreases again. The higher the degree, the
earlier this point seems to occur. We tested this hypothesis on smaller sample sets and
the results seem to confirm it. This behavior might be, at least in part, again due to
the way Matlab’s rank function works, but there might also be other factors at play.
We also looked at the behavior of the error stopping criterion for more degrees and
values of nadd. There, it seemed that the number of correctly found degrees increases
until a certain point and then remains stable, i.e., it neither decreases nor increases
in any meaningful way. However, more testing would be necessary to confirm these
results.

85



2. Numerical Aspects of Barycentric Rational Interpolation

deg
=

5
7

9
Stat

M
eth

n
add

=
50

200
500

50
200

500
50

200
500

Size
Ion

9967
9953

9928
8696

8582
8368

4682
4554

4197
A
rk

9482
9780

9863
8559

9182
9193

6049
6804

6668
A
err

9741
9746

9740
8848

9083
9136

6129
6977

7198

M
ean

Ion
7.1445e−

02
1.7795e−

02
1.0393e−

02
7.5634e−

01
1.7711e−

01
2.1448e−

01
2.7554e+

00
1.4063e+

00
2.3740e−

01
A
rk

2.2164e−
03

3.0220e−
04

2.7025e−
04

1.4788e−
01

4.2495e−
02

5.1400e−
02

2.9371e+
00

1.1727e+
00

1.3163e−
01

A
err

2.6582e−
03

3.2223e−
04

3.0542e−
04

8.5365e−
01

6.8793e−
02

8.7834e−
02

2.3970e+
00

1.3200e+
00

2.0143e−
01

M
ed

Ion
1.3501e−

07
9.4433e−

08
1.3480e−

07
1.7237e−

04
9.1213e−

05
7.6437e−

05
7.2960e−

03
2.9654e−

03
8.2821e−

03
A
rk

8.4785e−
09

2.5608e−
09

1.9480e−
09

1.0116e−
05

2.2507e−
06

1.3913e−
06

1.7522e−
03

3.3581e−
04

5.0938e−
04

A
err

8.9742e−
09

2.5312e−
09

1.9142e−
09

1.0682e−
05

2.3126e−
06

1.5305e−
06

1.6307e−
03

4.7052e−
04

9.5377e−
04

M
in

Ion
9.7062e−

14
5.6770e−

14
7.5801e−

14
2.5579e−

12
2.3076e−

12
8.3379e−

13
2.4239e−

10
1.1448e−

10
7.0215e−

09
A
rk

1.8543e−
15

2.0023e−
15

2.7005e−
15

1.0452e−
14

3.5413e−
14

1.4942e−
14

1.8601e−
13

7.3217e−
14

4.9070e−
11

A
err

1.8543e−
15

2.0023e−
15

2.7005e−
15

1.0452e−
14

3.5413e−
14

1.4942e−
14

1.8601e−
13

7.3217e−
14

4.9070e−
11

M
ax

Ion
3.5391e+

02
5.1028e+

01
1.6038e+

01
1.8643e+

03
2.7780e+

02
3.6356e+

02
2.0444e+

03
2.8863e+

03
1.3435e+

01
A
rk

4.9129e+
00

3.3107e−
01

5.4962e−
01

1.4570e+
02

8.7254e+
01

1.2252e+
02

6.5803e+
03

2.7361e+
03

3.3731e+
01

A
err

4.9129e+
00

3.3107e−
01

5.4962e−
01

6.2636e+
03

8.7254e+
01

1.2252e+
02

6.5803e+
03

2.7361e+
03

3.3731e+
01

Table
2.6.:C

orrectly
found

sizes
of

the
reconstruction

m
atrix

as
w
ell

as
m
ean,

m
edian,

m
inim

um
,
and

m
axim

um
of

the
reconstruction

errors
for

functions
w
ith

rzer =
50.

86



2.5. Numerical Examples

We see something very interesting when we compare the mean and median errors
of the two AAA variants. Although the errors are very similar for both variants, two-
thirds of the time the algorithm with the rank stopping criterion produces a slightly
smaller error than the algorithm with the error stopping criterion. Intuitively, one
would expect the error criterion to perform better. Unfortunately, we do not have an
explanation for this behavior. It might have to do with the fact that some of the final
matrices produced with the error stopping criterion have a numerical nullity larger
than 1. However, we were not able to definitively establish a connection here.

Generally, as noted above, we observe that the higher the degree, the larger the
reconstruction error gets. The median error, for example, gets worse roughly two to
three orders of magnitude each time the degree is increased by 2. We also see that
adding additional samples generally decreases the reconstruction error. This is even
true for Ionit,ă’s algorithm, where sometimes the error is best for nadd = 200 and
sometimes for nadd = 500, but for both these numbers the error is always better than
for nadd = 50. The only two exceptions to this are for degree 9 the median and
minimum error for nadd = 500 and the maximum error for nadd = 200.

Looking at the overall error, especially the median error, we see that all algorithms
achieve quite good results. What is interesting, though, is that the median error
is much smaller than the mean error. In fact, it is up to six orders of magnitude
smaller and usually three to four orders of magnitude better than the mean error.
This implies that the reconstruction is very good most of the time with relatively few
but large exceptions. And indeed, this suspicion seems to be confirmed once we look
at the minimum and maximum errors.

Considering the minimum and maximum errors, first note that, with one notable
exception, both variants of the AAA algorithm have the same errors, implying that
these errors are achieved for the same sample. The exception is for degree 7 and
nadd = 50. We looked closer at this example and found that the sample which produced
the largest error for the rank stopping criterion actually produced the second-largest
error for the error stropping criterion, while the sample which produced the largest
error for the error criterion was not even among the samples with the ten largest errors
for the rank criterion. However, we did not find any particular reasons why this sample
would produce such a large error for the error stopping criterion.

One thing that immediately stands out is the huge difference between the minimum
and maximum errors. Up to 17 orders of magnitude lie in between the two errors for
both AAA variants at degree 9 and nadd = 200 and for the AAA algorithm with error
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stopping criterion at the before mentioned degree 7 and nadd = 50. The latter example
also constitutes the example with the largest maximal error with 6.2636e+03. Recall
that this number refers to the relative error in the 2-norm. This means that for this
sample the error was more than 6000 times larger than the original function.

At this point, we would like to briefly examine a little more how we acquired that
data. Recall that we sample the original and reconstructed functions and then remove
points using Matlab’s isoutlier function on the sampled values of the original
function. If we do not do this, i.e., if we do not remove any sample values, then we get
for degree 7 and nadd = 50 a maximum error of 6.0623e+02. We already mentioned
that removing particularly large samples values before computing the error might lead
to larger errors since ‖rc‖2 ≤ ‖r‖2, i.e., the number we divide by in order to obtain
the relative error gets smaller. However, usually, not removing too large values from
r results in worse errors. For example, the mean and median errors are one to two
orders of magnitudes worse when we do not remove outliers. This can be explained
as follows. Suppose we have a good approximation to the original function in the
sense that the poles of the reconstruction lie close to the poles of the original. Now,
regardless of how close the poles of the functions are to each other, as long as they are
not identical, the difference between the functions gets arbitrarily large the closer we
get to the pole, which of course influences the overall error. As a short illustration of
this, simply consider the function 1

x and 1
x+ε . Their difference

1
x
− 1
x+ ε

= ε

x2 + ε · x

gets arbitrarily large as we get closer to 0. If we now remove a large value from r, i.e.,
one, which probably lies very close to a pole, then the corresponding value in r̃ lies
probably also very close to a pole and the difference between the values of the original
and reconstructed function is very large.

We examined the data more closely in order to understand better how the very
large reconstruction errors come about. Unfortunately, we were not able to answer
this question conclusively. Some factors which might play a role are for example the
errors in the poles. One would imagine that if the reconstructed function has a pole in
the wrong place, this leads to large reconstruction errors. However, we found examples
for functions where the poles are badly reconstructed and yet the overall reconstruction
error is very good. Another factor might be if the original function has some poles
which lie very close together or pairs of poles and zeros which are very close. But
again, we found examples where this is the case but the overall reconstruction is very
good.
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On the other hand, we found examples where the reconstruction error is quite bad,
yet the original parameters of the function are reconstructed very well. We illustrate
this with an example. The following table shows the exact values of the original and
reconstructed poles and zeros of a function of degree 7 with nadd = 50 from the AAA
algorithm with the rank stopping criterion.

orig. zero rec. zero orig. pole rec. pole
−47.1414 −46.6976 −47.7147 −47.3314

33.6049 33.6050 −42.3808 −42.3013
−38.1955 −38.2141
−27.2396 −27.2393
−20.2959 −20.2959
−8.1935 −8.1935
21.9015 21.9015

The overall reconstruction error for this example is 36.5772, which is the sixth-
largest error in the whole data set. However, the individual parameters of the function
are reconstructed very well. The algorithm even detects the correct degree of the
numerator polynomial. In this case, the large overall reconstruction error might be
due to the fact that the original function has a pole and a zero which lie very close
together. Although this is a particularly outstanding example, it is not uncommon
that for examples with a large reconstruction error the zeros and poles are actually
reconstructed quite well. This shows us that the overall reconstruction error might
not be the best measure to determine the quality of the reconstruction. This will also
become clear when we look at the reconstruction errors for the poles in more detail.

Reconstruction Error for Poles

Table 2.7 shows the reconstruction errors for the poles of the same samples as in Table
2.6.

Again we see much of the behavior we already know. Increasing the degree of
the original function decreases the performance while adding more samples generally
increases it. Overall, the AAA variants perform very similarly but better than Ionit,ă’s
algorithm. The median error is again much better than the mean, which leads to the
same conclusions as before.

Looking at the minimal reconstruction errors we find once more that both AAA
variants always produce the same outcome. As an interesting side note, for degree 5
the minimal error stays the same regardless of the number of added points.
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More interesting things are going on with the maximal errors. First, note that for
degree 9 Ionit,ă’s algorithm produces the best maximal error. However, this is just
due to the fact that the set for which this data is computed, i.e., the samples where
the correct rank is found and the matrix has a nullity of 1 is much smaller than
the set of samples where the AAA variants find the correct size. Running the AAA
algorithms only on those samples used to compute the errors for Ionit,ă’s algorithm,
we get far better results than from Ionit,ă’s algorithm. From now on, we will therefore
only compare the two AAA variants.

Other than for the overall maximal reconstruction error, the two AAA variants
only have the same maximal reconstruction error for the poles three times. We now
look at how these large errors come about. But first an interesting observation. One
would expect that large errors when reconstructing the poles lead to large overall
reconstruction errors. However, this does not seem to be the case. We looked at the
100 samples which produce the largest overall reconstruction error and the 100 samples
which produce the largest error in the poles. The following table shows the number of
samples which are in both sets for both stopping criteria.

deg = 5 deg = 7 deg = 9
nadd 50 200 500 50 200 500 50 200 500
rank 71 66 57 32 44 45 9 23 29
error 69 65 61 29 41 40 8 19 19

This observation suggests that there is no strong correlation between the error in
the poles and the overall reconstruction error. We looked further and found that not
even once the sample which produces the largest overall reconstruction error is also
the sample with the largest error in the poles. Even more, with the exception of
degree 5 and nadd = 50, the sample which produces the largest error in the poles is
not even among the 100 samples which produce the largest overall error. This is true
for both AAA variants. On the other hand, with the exception of degree 9 for both
variants and degree 7 with nadd = 50 for the rank stopping criterion, the examples
which produce the largest overall reconstruction error are not among the 100 examples
with the largest errors in the poles.

Before, we saw an example where even though the zeros and poles of the original
function were reconstructed very well, the overall reconstruction error was quite large.
Now let us look at an example where the overall reconstruction error is very good but
reconstruction of the poles is bad. Again, the following table shows the results for a
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function of degree 7 with nadd = 50, which was reconstructed using the AAA algorithm
with the rank stopping criterion.

orig. zero rec. zero orig. pole rec. pole
−48.1312 −48.1320 −30.1814 −37.2469
−37.8951 −37.8552 −14.5528 −14.5528
−30.3711 −37.2900 −1.1518 −1.1518
−30.1289 −30.3147 13.3378 13.3378

−87.8575e−03 −87.8575e−03 20.4308 20.4308
17.4070 17.4070 34.8323 34.8323
19.4064 19.4064 39.1053 39.1053

We see that the algorithm completely fails to reconstruct the leftmost pole. The
error here is 7.0655, which is the seventh-largest of all reconstruction errors for the
poles. However, the overall reconstruction error for the function is just 5.7359e-05,
which is the same order of magnitude as the median reconstruction error. This shows
again impressively that there does not seem to be a close connection between the
overall reconstruction error and the error in the reconstructed poles. A fact which is
further supported by the observation that the overall reconstruction error for samples
where the degree of the original function was not correctly detected (which means that
the reconstruction has either too few or too many poles) was usually just slightly worse
than if the degree was detected correctly.

However, we will not take a closer look at samples where the degree was not detected
correctly. Instead, we like to remark that the above example is somewhat typical.
Note that, except for the leftmost, all poles were reconstructed exactly, at least up
to four digits after the comma. The three rightmost, i.e., largest, zeros were also
reconstructed with the same precision. When looking closer at those examples where
the reconstruction error for the poles was very large we noted that most of the time
the largest error occurred at the leftmost pole.

Recall now that for reconstruction we used the M = 2 · (deg(q) + 1) + nadd sample
points 1, 2, . . . ,M . This means that the leftmost pole is also the one farthest away from
the sample points. To test whether this is the reason for large errors in the poles we
ran the two AAA variants again, using the symmetric sample points −

⌈
M
2

⌉
,−
⌈
M
2

⌉
+

1, . . . ,
⌊
M
2

⌋
. We report our findings for degree 7 in Table 2.8.

Comparing these results to those reported in Table 2.6 and Table 2.7, we see that
the performance of the algorithms increases dramatically. To illustrate this, we would
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nadd 50 200 500

Size Ark 9279 8793 9289
Aerr 9522 8731 8735

Fct. Err.

Mean Ark 1.5621e−04 3.8310e−07 1.1888e−06
Aerr 7.7107e−04 4.4779e−07 8.7342e−07

Med Ark 5.2461e−10 3.5667e−12 4.5805e−12
Aerr 5.9833e−10 3.5397e−12 3.5307e−12

Min Ark 4.4917e−15 3.6346e−15 3.4138e−15
Aerr 4.4917e−15 3.6346e−15 3.4138e−15

Max Ark 3.5393e−01 1.7034e−03 4.6522e−03
Aerr 5.5419e+00 1.7034e−03 4.6522e−03

Pol. Err.

Mean Ark 1.3301e−04 5.9877e−08 9.9371e−07
Aerr 8.6050e−04 4.1797e−07 6.8278e−07

Med Ark 1.7019e−09 1.5064e−12 1.9718e−12
Aerr 1.8382e−09 1.4921e−12 1.4992e−12

Min Ark 7.1054e−15 7.1054e−15 3.5527e−15
Aerr 7.1054e−15 7.1054e−15 3.5527e−15

Max Ark 3.5356e−01 1.3454e−04 5.4953e−03
Aerr 6.1733e+00 3.1182e−03 5.4953e−03

Table 2.8.: Correctly found sizes and reconstruction errors for the overall function
and the poles of a function of degree 7 with rzer = 50 for symmetric
sample data.

like to point out that for nadd = 200 and nadd = 500 all maximum errors are even
better than the mean errors for non-symmetric samples. We also computed the data
for degrees 5 and 9. In both cases, we saw similar improvements.

The only surprising observation is that the number of correctly found degrees is
considerably lower for nadd = 200 for both variants and even more so for the error
stopping criterion and nadd = 500. We close this section by once more looking at
the number of correctly found degrees. We present the data for non-symmetric and
symmetric samples in Table 2.9.

Let us first point out what is probably most striking. If nadd is large, then Ionit,ă’s
algorithm fails (almost) completely for symmetric data, while for nadd = 50 the re-
sults for symmetric data are better for degree 7 and 9. Especially for degree 9, the
performance of Ionit,ă’s algorithm with symmetric data is only slightly worse than
that of the AAA algorithm with the error stopping criterion for non-symmetric data.
While adding more points always decreases the performance of Ionit,ă’s algorithm, we
unfortunately cannot explain why this is so dramatic for symmetric data.
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non-symmetric symmetric
deg nadd 50 200 500 50 200 500

5
Ion 9967 9953 9928 9859 9530 1099
Ark 9482 9780 9863 9741 9541 9775
Aerr 9741 9746 9740 9889 9542 9719

7
Ion 8696 8582 8368 9196 373 0
Ark 8559 9182 9193 9279 8793 9289
Aerr 8848 9083 9136 9522 8731 8735

9
Ion 4682 4554 4197 7152 0 0
Ark 6049 6804 6668 8588 7991 8594
Aerr 6129 6977 7198 8888 7731 7741

Table 2.9.: Correctly found degrees of functions with rzer = 50 for symmetric and
non-symmetric samples.

Let us comment on some subtler observations. We will only consider the two AAA
variants from now on. For nadd = 50 the performance of both variants is always
better for symmetric data. For nadd = 500, this is true for degree 9 for both variants
and for degree 7 only for the rank stopping criterion. Moreover, for nadd ≥ 200, the
rank stopping criterion always performs better than the error stopping criterion, with
the small exception of degree 5 and nadd = 200 for symmetric data, where the error
stopping criterion finds the correct degree one time more.

Interestingly, the performance of both variants goes down for nadd = 200, before then
increasing again. This effect is far more pronounced for the rank stopping criterion.
For the error stopping criterion, the numbers stay almost the same. This is especially
interesting in contrast to the non-symmetric data, where we saw that the performance
of the algorithm with error stopping criterion constantly increased.

We investigated this phenomenon further. Let rs = deg(q) + 1 +
⌈
nadd

2
⌉
denote the

range of symmetric sample points, i.e., all sample points are in the interval [−rs, rs]. We
looked at the number of correctly found degrees for different degrees and combinations
of rzer and rs. Independent of the degree we observed, as already mentioned above,
that choosing nadd > 0 improves the performance. However, after initially going up,
the number of correctly found degrees goes down as rs gets closer to rzer. For rs ≈ rzer,
we observed the worst performance. Note that rs ≈ rzer means that the interval from
which we take the samples coincides almost exactly with the interval in which all poles
and zeros of the rational function lie. As rs > rzer gets larger, the performance then
increases again. But even for very large numbers of nadd the number of correctly found
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degrees is usually much lower then the best observations we made. These best results
usually occur for rs ≈ rzer

4 . We got comparable results when using a sample distance
of 2 instead of 1, which means that for the same rs we had roughly half the number of
added sample points. This implies that, at least for symmetric sample points, the range
in which we sample is even more important than the number of additional samples.

We also tried to sample only outside of [−rzer, rzer]. Regardless of nadd this gives
better results than for rs ≈ rzer. However, it usually takes more additional samples to
achieve the same performance as for rs ≈ rzer

4 . We suspect that the poor performance
for rs ≈ rzer has something to do with the fact that in this case there is a relatively
large fraction of sample points which lie in some sense close to a pole. However, we
did not investigate this any further.

2.5.5. Tolerance for the Error Stopping Criterion

Since from now on we will only be looking at the two AAA variants, there is one
more parameter we have not yet talked about, namely the tolerance used for the error
stopping criterion. Until now, we performed all our experiments using the relative
tolerance max1≤j≤M |yj | · ε̃ with ε̃ = 10−13, where y1, y2, . . . , yM denote the given
sample values. This relative tolerance is suggested in [80].

We tried different values for ε̃ and found that in our setting ε̃ = 10−12 often gives
the best results, where we again measured how good the algorithm performs in terms
of the number of times the degree of the original function is correctly determined. To
make this statement more precise, for symmetric samples, we always get better results
for ε̃ = 10−12. For non-symmetric data, the picture is not as clear. Our experiments
seem to point to the conclusion that the strongest influence on which tolerance works
best is the magnitude of rzer. The lower rzer, the better the performance of ε̃ = 10−13

seems to be compared to ε̃ = 10−12. This phenomenon gets more prominent for larger
degrees and lower numbers of nadd. Let us have a closer look at some data to see in
more detail what is happening. The upper half of Table 2.10 displays the same data
as the lower half of Table 2.5.

As we would expect, we see that lowering the tolerance to ε̃ = 10−12 leads to more
final matrices where the column size is too small, in fact more than twice as many
as for ε̃ = 10−13. On the other hand, the number of matrices where the columns
size is too large for ε̃ = 10−12 is only about a quarter of the number for ε̃ = 10−13.
This explains why the number of correctly found sizes is, with the sole exception of
nadd = 50, always larger for ε̃ = 10−12. Interestingly though, for both ε̃ = 10−13 and
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size correct size too low size too high
ε̃ nadd c l h sum c l sum c l h sum

10−13

50 8468 7 373 8848 86 436 522 1 0 629 630
100 8855 45 99 8999 12 345 357 22 0 622 644
500 8843 293 0 9136 0 218 218 264 7 375 646

1000 8703 448 0 9151 0 199 199 379 10 261 650
1500 8627 529 0 9156 0 193 193 435 14 202 651

10−12

50 8013 0 809 8822 570 456 1026 0 0 152 152
100 8625 0 468 9093 335 416 751 0 0 156 156
500 9212 49 78 9339 21 482 503 4 0 154 158

1000 9140 195 37 9372 0 467 467 9 0 152 161
1500 9086 284 14 9384 0 455 455 17 0 144 161

Table 2.10.: Comparison of tolerances for the error stopping criterion. Number of
times the size of the reconstruction matrix is correct, too low, or too
high, as well as how often the rank of the matrix is correct (c), too low
(l), or too high (h) for original functions of degree 7 with rzer = 50.

ε̃ = 10−12, the total number of samples where the final matrix has too many columns
stays relatively constant regardless of nadd.

Regarding the distribution of ranks, we see similar trends for both tolerances. In
both cases, we can observe different correlations of the rank and the final size of the
reconstruction matrix depending on nadd. If nadd is high, then there seems to be a
strong correlation between the size of the final matrix being too low and the rank being
too low. Generally, the size and the rank being too low seem to be stronger correlated
for ε̃ = 10−13. On the other hand, if nadd is low, then there seems to be a strong
correlation between the size and the rank of the final matrix being too high. Here, the
correlation, regardless of nadd, seems to be stronger for ε̃ = 10−12. For matrices where
the size was detected correctly, we see that for both tolerances the number of times the
rank is too high goes down with increasing nadd, while the number of times the rank is
too low goes up. For ε̃ = 10−12, the first effect is stronger and the second weaker. This
leads to a stronger correlation between the correctly found rank and size. Overall, for
nadd ≥ 500, there seems to be a stronger correlation between the rank and the size of
the final matrix for ε̃ = 10−12 than for ε̃ = 10−13. This puts the former variant closer
to the rank criterion.

Now note that while lower values of rzer tend to lead to better performance, higher
degrees and lower numbers of nadd tend to lead to worse performance, both regarding
the number of correctly found degrees and the overall reconstruction error. We ob-
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served that, especially for low rzer, increasing the degree leads to an increased number
of final matrices with too small column size. Naturally, this increase is stronger for
ε̃ = 10−12. On the other hand, the increase of final matrices with column size too large
is stronger for ε̃ = 10−13. However, even for ε̃ = 10−13, the number of matrices which
have a too small column size has a greater impact on the overall performance. There-
fore, the slower increase of the number of these matrices leads to ε̃ = 10−13 performing
better at higher degrees. We show this effect in the following Table 2.11.

degree ε̃ s. cor. s. low s. high

5 10−13 9917 5 78
10−12 9962 32 6

6 10−13 9804 72 124
10−12 9765 223 12

7 10−13 9386 374 240
10−12 9158 809 33

8 10−13 8432 1253 315
10−12 7857 2091 52

Table 2.11.: Comparison of tolerances for the error stopping criterion regarding the
size of the reconstruction matrix for a function with rzer = 30 and nadd =
50 for non-symmetric samples.

For comparison, we show the same examples again, this time with symmetrical data,
in Table 2.12.

degree ε̃ s. cor. s. low s. high

5 10−13 9852 0 148
10−12 9985 0 15

6 10−13 9724 0 276
10−12 9967 0 33

7 10−13 9512 0 488
10−12 9921 0 79

8 10−13 9210 0 790
10−12 9858 8 134

Table 2.12.: Comparison of tolerances for the error stopping criterion regarding the
size of the reconstruction matrix for a function with rzer = 30 and nadd =
50 for symmetric samples.
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For symmetric samples, ε̃ = 10−12 clearly performs better. However, what this
shows is that without additional knowledge, for example about the distribution of the
sample points, it is hard to give a general recommendation on which tolerance should
be used.

When comparing the reconstruction errors for the two tolerances, we found that
they are very similar. Interestingly, if nadd is low, then ε̃ = 10−12 produces slightly
smaller errors. This is in line with the observation we made before when comparing
the rank and error criterion and found that the rank criterion actually produces better
errors. However, for large nadd we found that ε̃ = 10−13 produces slightly better errors.

2.5.6. Froissart Doublet Removal and Reconstruction of Unattainable
Points

First, let us look at how adding a Froissart doublet removal process affects the AAA
algorithm in the case where there are no distorted values in the data set. Recall that
both stopping criteria sometimes lead to the final matrix having a too large column
size, see Table 2.5. This implies that, at least in theory, the function reconstructed from
these matrices will contain Froissart doublets. We would therefore expect that adding
a Froissart doublet removal process will increase the performance of both variants in
terms of how often they find the correct degree of the original function. And indeed, for
the error stopping criterion, this is what we observe regardless of how the parameters,
i.e., the degree of the original function, rzer, or nadd, are chosen, or whether we use
symmetrical or unsymmetrical data. For the rank stopping criterion, we see a different
picture. To illustrate this, we use the same examples as in Table 2.6 and Table 2.7
and show how often the correct degree is found in Table 2.13.

deg = 5 7 9
Meth fdr 50 200 500 50 200 500 50 200 500

Ark no 9482 9780 9863 8559 9182 9193 6049 6804 6668
yes 9483 9781 9863 8562 9187 9182 6059 6808 6591

Aerr no 9741 9746 9740 8848 9083 9136 6129 6977 7198
yes 9771 9778 9775 9043 9279 9332 6533 7418 7652

Table 2.13.: Number of times the AAA variants find the correct degree of a function
with rzer = 50 for non-symmetric samples and a tolerance of ε̃ = 10−13 for
the error stopping criterion with and without Froissart doublet removal
(fdr) and different nadd.
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As mentioned before, we see an increased performance for the error stopping criterion
throughout. For the rank stopping criterion, we see just slightly better performance
for nadd = 50 and nadd = 200. For nadd = 500, we get the same results for degree 5
and even worse results for degree 7 and 9. This can be explained as follows.

Recall that we have seen in Table 2.5 that for growing nadd, the error stopping
criterion produces more matrices where the column size is too large than the rank
criterion. The rank criterion, on the other hand, produces fewer matrices where the
column size is too large and therefore more where the column size is too low. Now, as
mentioned above, Froissart doublets will usually arise from matrices where the column
size is too large.

And indeed, looking at the data in more detail, we found that the Froissart doublet
removal process always decreased the number of matrices where the column array was
too large. This effect was more prominent for the error stopping criterion as well.
So not only were there more matrices for which Froissart doublets could be removed
but there were, relatively speaking, also more matrices where this was actually done.
This is probably due to the fact that, while the overall number of matrices where the
column size is too large stays relatively constant for the error criterion, the number of
matrices which at the same time possess the correct rank grows as nadd gets larger.
Hence, the nullity of these matrices gets larger than 1. Now, in an exact algebraic
setting, if a Löwner matrix has a nullity of n and we construct a rational function
from a kernel vector which has only non-zero entries then this function will have n− 1
Froissart doublets. It is likely that this is what leads to the observation that for growing
numbers of nadd more and more matrices which initially have a too large column size
are resized during the Froissart doublet removal process.

Using symmetrical data even increases this effect. Recall that we saw in Table
2.9 that for symmetrical data and larger nadd the error stopping criterion performed
noticeably worse than the rank criterion. Adding the Froissart doublet removal process
leads to both criteria performing very similarly.

For both variants, we observed that sometimes the number of matrices where the
column size was too low also grew in the process of removing Froissart doublets.
This means that some matrices for which the size was initially found correctly had
also elements removed from the column array or that too many Froissart doublets
were removed from a matrix which was initially too large. However, the increase of
matrices where the column size was too small was much lower than the decrease of
matrices where the column size was initially too large. Moreover, as discussed earlier,
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2. Numerical Aspects of Barycentric Rational Interpolation

Froissart doublets do not only arise in a numerical context but can be embedded
into the original function. So it is possible that a function for which the degree was
initially found correctly simply happened to have one or more pole-zero pairs lying
close together, which were then removed.

Another factor that influences how the rank stopping criterion works is the tolerance
we use in order to detect unattainable points in the row array. Recall from Section
2.2 that for the error stopping criterion all unattainable points are contained in the
column array once the algorithm stops. For the rank criterion, on the other hand, it
can happen that some unattainable points are still in the row array. These are found,
as described in Algorithm 2.3, by choosing a threshold and sorting out all elements of
the row array which are too far away from the value of the reconstructed function at
the same point. In order to produce the data presented above we chose this threshold
to be max1≤j≤M |yj | · ε̃ with ε̃ = 10−12, where y1, y2, . . . , yM denote the given sample
values. Bear in mind that we used the same threshold with ε̃ = 10−13 for the error
stopping criterion. As it turns out, this threshold is too restrictive. It even happened
for higher degrees and higher numbers of nadd that the algorithm classified more points
in the row array as unattainable, as there were in total left in the column array after
removing points for which the weight was too small. Recall that we need to remove
the same number of points from the column array as there are unattainable points
in the row array. For example, for degree 9 and nadd = 500 this even happened 241
times.

Now it is important to find a good balance for the threshold for removing unattain-
able points from the row array. If we choose it too low, then too many points will
be classified as unattainable, since the overall reconstruction error is not as low as
the threshold, as has happened here. Choosing this parameter too high might lead to
unattainable points in the row array being overlooked. We found that ε̃ = 10−8 gives
satisfactory results and seems to be a good balance. In fact, using this parameter the
number of times the degree of the original function is found correctly in the above
example is always the same with and without Froissart doublet removal.

We also have to shortly talk about the threshold for the weights in order to sort
out unattainable points in the column array. The above data was produced using
a threshold of 10−8 · 1

dim(w) . Here, dim(w) denotes the size of the weight vector w,
in Matlab terms, if w is the weight vector, then this quantity is length(w). The
reasoning behind this scaling is that the SVD returns normed singular vectors, which
means that the larger the vector is, the smaller its entries (in absolute terms) tend
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to be. Generally, we observed that for data without or with just a few unattainable
points lower thresholds worked very well. For more distorted values as well as higher
degrees, we needed a higher threshold. We found that 10−5 · 1

dim(w) works very well
and strikes a good balance here.

Regarding the reconstruction errors of the overall function and the poles, there is
not much to say. We did not observe any significant differences there. Hence, we do
not report these errors here in detail.

But now let us turn to the question how well the algorithms perform if the data
contains unattainable points. It turns out that adding more distorted points decreases
the performance of the algorithms, again measured in terms of how often they find
the correct degree of the given function. We will show this behavior in the following
example. In order to produce this data, we again used functions of degree 7 with
rzer = 50. Further we chose nadd = 100 and, in order to ensure a meaningful comparison
to all our previous examples, used non-symmetric data and ε̃ = 10−13 for the error
stopping criterion. We randomly chose ndist samples, which were then distorted by a
randomly selected value in the set [−1.5 · ȳ,−0.5 · ȳ]∪ [0.5 · ȳ, 1.5 · ȳ], where ȳ denotes
the median of the given sample values.

Table 2.14 shows first the number of functions for which the degree of the original
function is detected correctly, then the number of functions where the unattainable
points are found correctly, i.e., the distorted samples are correctly identified as such,
and finally the number of functions for which both the degree and the unattainable
points are found correctly. This is followed by some statistics on the reconstruction
errors of the distorted values, i.e., if y = y∗+ ỹ is a sample value, where y∗ is the value
of the reconstructed function and ỹ some added distortion, we look at how well ỹ is
reconstructed. For each function, the error reported is the maximal distance between ỹ
and its reconstruction, i.e., the error is measured in the ∞-norm. For these statistics,
we used all samples where the unattainable points were correctly identified and not
just those, where also the rank was found correctly.

We first observe that with growing ndist the number of correctly found degrees goes
down. This effect appears to be stronger for the error stopping criterion. So while
for ndist ≤ 4 the error criterion delivers a better performance, for ndist ≥ 5, the rank
criterion finds the correct degree more often. We also see that the total number of
correctly identified unattainable points is extremely high and close to the total number
of samples. Here, the error stopping criterion always performs better than the rank
criterion. Also, the number of times both the degree and the unattainable points
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are detected correctly is very close to the number of times just the degree is found
correctly.

The reconstruction errors are extremely low. Especially the minimal error is even 0
for ndist ≤ 3. Interestingly, the maximum error for the rank criterion for ndist ≥ 5 is
extremely large. Unfortunately, we do not have a good explanation for this. However,
looking at the corresponding median errors, we see that these cases are clearly outliers.
Moreover, these large errors completely disappear if we use symmetrical samples.

Two more final remarks. Regarding the overall reconstruction error and the error in
the poles, we did not see any significant differences whether we added distorted values
or not. And lastly, unsurprisingly, the magnitude of the distortion values influences
how well unattainable points are detected. The larger the distortion, the better the
performance. We also experimented with adding distortions where we used the mean
of the given sample values as a reference instead of the median. Since the mean of the
sample values is usually larger than the median, we observed that the unattainable
points are correctly identified even more often than in the above-reported cases.

2.5.7. Conclusions

After this long and detailed chapter let us briefly sum up our most important findings.
What is absolutely clear by now is that the algorithms based on Löwner matrices,
i.e., Ionit,ă’s algorithm and the AAA algorithm, are far more stable and deliver a much
better performance than the naive algorithm using a Vandermonde-type reconstruction
matrix.

Generally speaking, increasing rzer and the degree of the function we want to recon-
struct decreases the performance of all algorithms both with regard to the number of
times the correct degree is found as well as with regard to the reconstruction errors.
Increasing nadd increases the performance of the AAA algorithm and, at the same
time, decreases the performance of Ionit,ă’s algorithm. In particular, for nadd = 0,
Ionit,ă’s algorithm is usually better, while ,for nadd > 0, the AAA algorithm deliv-
ers better results. However, increasing nadd indefinitely does not keep increasing its
performance. Moreover, the partition of the sample set constructed by the AAA algo-
rithm for nadd > 0 seems to be better than the alternating partition used by Ionit,ă’s
algorithm.

Something we have not studied here in any depth, but which is of course always
important when we consider interpolation, is how to cleverly choose the sample points.
We saw that the sample points have a large impact on how well the reconstruction
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process works. In particular, we saw that since the functions we wanted to reconstruct
had both positive as well as negative poles and zeros, choosing both positive and
negative sample points gives better results. Even more, we saw that the quality of the
reconstruction seems to be related to how far the range of the sample points covers
the range of the zeros and poles. However, to our knowledge, there does not exist a
theory on how to best sample rational functions. In practice, usually equispaced or
Chebychev points are used, see for example [64].

While we could observe clear trends for the parameters discussed so far, this was
not always the case. It is not completely clear how to choose a suitable tolerance for
the error stopping criterion of the AAA algorithm, since the outcome depends strongly
on the previously mentioned parameters. Moreover, while both AAA variants display
a very similar performance, we cannot say if one is generally better than the other.
Again, depending on the above parameters, sometimes the one and sometimes the
other gives better results.
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3. From Trigonometric Polynomials to
Exponential Sums

3.1. Periodicity

Periodicity, or rather lack thereof, will play an important role later on when we consider
the Fourier series expansion, respectively the Fourier coefficients, of exponential sums.
We therefore shortly review some properties of periodic functions.

Definition 3.1. We say that a non-constant function f : R → C is periodic if there
exists a number P ∈ R>0 such that

f(t+ P ) = f(t) ∀t ∈ R.

The smallest P ∈ R>0 such that this equation holds is called the fundamental period
of f .

Lemma 3.2 (Properties of Periodic Functions). Let f be a periodic function with
fundamental period P . Then the following hold:

(i) f is n · P -periodic for any n ∈ N.
(ii) If f is R-periodic for some R ∈ R>0, then R = n · P for some n ∈ N.
(iii) The function f(· + c) for any fixed c ∈ R has also fundamental period P .

Proof. (i) and (iii) are obvious.
(ii) Since by assumption P is the smallest number such that f(t) = f(t+ P ) for all

t ∈ R, we must have R ≥ P . Further, by (i),

f(t) = f(t− n · P + n · P ) = f(t− n · P ) = f(t− n · P +R)

for any n ∈ N. Therefore f is (R−n·P )-periodic for any n ∈ N such that R−n·P > 0.
Now choose ñ ∈ N such that 0 ≤ R−ñ·P < P . It cannot happen that 0 < R−ñ·P < P

since this contradicts the assumption that f has fundamental period P . Hence, we
must have R = ñ · P .
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Theorem 3.3. Let f and g be continuous periodic functions with fundamental periods
P and Q respectively, i.e., f(t) = f(t + P ) and g(t) = g(t + Q) for all t ∈ R, and
suppose that f + g is not constant. Then the function f + g is periodic if and only if
there exist nP , nQ ∈ N such that nP · P = nQ ·Q.

Proof. (i) Suppose there exist nP , nQ ∈ N such that nP · P = nQ · Q and define
R := nP · P = nQ ·Q. Since, by Lemma 3.2(i), both f and g are R-periodic, we have

(f + g)(t) = f(t) + g(t)

= f(t+R) + g(t+R)

= (f + g)(t+R),

i.e., f + g is R-periodic.
(ii) Suppose f + g is periodic with fundamental period R ∈ R>0, i.e.,

f(t) + g(t) = (f + g)(t) = (f + g)(t+R) = f(t+R) + g(t+R)

for all t ∈ R. We can rewrite this equation as

f(t)− f(t+R) = g(t+R)− g(t). (3.1)

Now distinguish two cases. First, suppose that both sides of equation (3.1) are con-
stant, i.e., f(t) − f(t + R) ≡ g(t + R) − g(t) ≡ c for some c ∈ R. In particular this
implies that f(t) = f(t+R)+c. But then also f(t+R) = f(t+2 ·R)+c. Inserting this
into the first equation we find that f(t) = f(t+ 2 ·R) + 2 · c and it follows inductively
that f(t) = f(t+ n ·R) + n · c for any n ∈ N.

If c 6= 0, we conclude that f is unbounded. But, since f is periodic, this entails that
it has at least one pole in every interval [0, P ), which contradicts the assumption that
f is continuous. If, on the other hand, c = 0 it follows that f(t) = f(t + R) as well
as g(t) = g(t + R) and hence, by Lemma 3.2(ii), R = nP · P and R = nQ · Q, i.e.,
nP · P = nQ ·Q, for some nP , nQ ∈ N.

Now suppose that both sides of equation (3.1) are not constant. Since f and, by
Lemma 3.2(iii), f(· + R) have both fundamental period P , it follows with (i) that
f(t)− f(t+R) is P -periodic and analogously g(t+R)− g(t) is Q-periodic. Let P̃ be
the fundamental period of f(t) − f(t + R) and g(t + R) − g(t). Then it follows from
Lemma 3.2(ii) that there exist nP , nQ ∈ N such that P = nQ · P̃ and Q = nP · P̃ , i.e.,
P̃ = P

nQ
= Q

nP
and hence nP · P = nQ ·Q.
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Remark 3.4. The condition that nP · P = nQ · Q in Theorem 3.3 implies that P
Q =

nQ
nP
∈ Q>0. If two numbers x, y ∈ R \ {0} satisfy x

y ∈ Q \ {0}, then they are called
commensurable. A set of more than two numbers is called commensurable if all its
elements are pairwise commensurable.

Similarly, we have P = nQ
nP
· Q, where nQ

nP
∈ Q>0. More generally, if for x1, x2, . . . ,

xK ∈ R with K ∈ N the equation
∑K
k=1 qk · xk = 0 has a solution with qk ∈ Q \ {0}

for k = 1, 2, . . . , K, then these numbers are called rationally dependent.
Commensurability entails rational dependence. However, for K ≥ 2 the reverse is

not true. For example, the numbers
√

2,
√

2+
√

3, and
√

3 are rationally dependent but
not commensurable. Nonetheless, the terms commensurable and rationally dependent
are often used interchangeably. Moreover, although these terms are used frequently,
especially in the engineering literature, they are hardly ever rigorously defined.

We show an equivalent definition of commensurability, which we will later use.

Lemma 3.5. A set of numbers x1, x2, . . . , xK ∈ R\{0} with K ∈ N is commensurable
if and only if there exists an a ∈ (R \Q) ∪ {1} such that xk = a · qk with qk ∈ Q \ {0}
for all k = 1, 2, . . . , N . We also say that x1, x2, . . . , xK ∈ a ·Q \ {0}.

Proof. (i) Suppose that there exists an a ∈ R \ Q ∪ {1} such that xk = a · qk with
qk ∈ Q \ {0} for all k = 1, 2, . . . , N . For any 1 ≤ m < n ≤ N we then have
xm
xn

= a·qm
a·qn = qm

qn
∈ Q \ {0}. Hence, x1, x2, . . . , xK are commensurable.

(ii) Now suppose that x1, x2, . . . , xK are commensurable. Write x1 = a · q1 for
a ∈ (R \ Q) ∪ {1} and q1 ∈ Q \ {0}. Note that any non-zero real number can be
written in this form. Since x1, x2, . . . , xK are commensurable, it follows in particular
that xk

x1
= q̃k ∈ Q \ {0} for all k = 2, 3, . . . , K. Therefore, we have xk = x1 · q̃k =

a · q1 · q̃k =: a · qk, where qk ∈ Q \ {0}.

Theorem 3.3 is actually well known. We decided to show the proof here anyway be-
cause it helps to develop an intuition to better understand the concepts we will present
in the next sections. Showing when the sum of an arbitrary number of continuous pe-
riodic functions is again periodic requires a little more work and further assumptions.
We reference here a result from [78].

Theorem 3.6 ([78, Theorem 2.1]). Let f1, f2 . . . , fK for K ∈ N be continuous periodic
functions. If all partial sums of these functions with less than K terms are non-
constant, then the sum f1 + f2 + . . . + fK is periodic if and only if the periods of the
summands are commensurable.
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Remark 3.7. Note that while part (i) of the proof of Theorem 3.3 can be easily gener-
alized to arbitrary sums, the condition that all partial sums must not be constant is
needed to generalize the second part of the proof.

3.2. Trigonometric Polynomials and Their Generalizations

One of the most important classes of periodic functions are (complex) trigonometric
polynomials, which are of the form

f(t) := η0 +
K∑
k=1

ηk · e2π i ·nk
P
·t (3.2)

for t ∈ R with P ∈ R>0, K ∈ N, η0 ∈ C, ηk ∈ C \ {0} and nk ∈ Z \ {0} for all
k = 1, 2, . . . , K. This notation is a little uncommon. However, we use it in order to
have a consistent notation throughout this chapter.

It is easily seen that any non-constant component of this function, i.e., ηk · e2π i ·nk
P
·t

for k = 1, 2, . . . , K, is periodic with period P . Therefore, the function f is again
periodic with period P . Trigonometric polynomials, or, in the case that K = ∞,
trigonometric series, lie at the core of classical Fourier analysis. We will now look at
ways to generalize trigonometric polynomials.

If P is the fundamental period of a trigonometric polynomial as in (3.2), then we
say that this function has a base frequency of 1

P . The first generalization we consider
is a function with multiple base frequencies. Let P1, P2, . . . , PN ∈ R>0 be incommen-
surable. A quasi-periodic function is of the form

f(t) := η0 +
K∑

k1,k2,...kN=1
ηk1,k2,...,kN · e

2π i ·
(
nk1
P1

+
nk2
P2

+...+
nkN
PN

)
·t
,

with all parameters as above except that now ηk1,k2,...,kN ∈ C. These functions occur
naturally in Hamiltonian mechanics and are used to describe multi-periodic motions
of integrable systems, see [2, Chapter 10, Appendix 8], as well as in nonlinear dy-
namics, see [62, Chapter 1]. Adding or multiplying trigonometric polynomials with
incommensurable base frequencies results in a quasi-periodic function. Since the base
frequencies are incommensurable, quasi-periodic functions are not periodic, or, put dif-
ferently, they have a period of infinity. We will actually prove this shortly in Theorem
3.8.
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Going one step further, we arrive at almost-periodic functions, which have the form

f(t) := η0 +
K∑
k=1

ηk · e2π i ·ak·t, (3.3)

where again all parameters are as in (3.2) but this time ak ∈ R \ {0} is arbitrary
for k = 1, 2, . . . , K. Almost-periodic functions have been extensively studied, see for
example [15, 27]. More generally, the term almost-periodic function refers to a function
which is in the closure of the set of all functions of form (3.3) with respect to different
metrics. Some results from classical Fourier analysis can be generalized to the setting
of almost-periodic functions. They are also used in the theory of differential equations,
see for example [71]. If K = ∞, the term nonharmonic Fourier series is also used,
see [85, 115]. Almost-periodic functions will usually be non-periodic, except in the
case where the ak for k = 1, 2, . . . , K are commensurable. We take a closer look at
this in Theorem 3.8. Note that some authors call any function of the form (3.3) a
trigonometric polynomial.

We will later also look at real almost-periodic functions of the form

f(t) := ρ0 +
K∑
k=1

ρk · cos(2π · ak · t+ bk), (3.4)

with ρ0 ∈ R, ρk ∈ R>0, ak ∈ R \ {0}, and bk ∈ [0, 2π) for k = 1, 2, . . . , K. Indeed,
writing Re(η0) = ρ0 and ηk = ρk · ei bk for k = 1, 2, . . . , K in (3.3), we see that a real
almost-periodic function is just the real part of an almost-periodic function.

W.l.o.g. we can further assume that ak ∈ R>0 for all k = 1, 2, . . . , K since for a < 0
and b ∈ [0, 2π) we have cos(a · t + b) = cos(−a · t − b) = cos(−a · t + 2π − b), where
−a > 0 and 2π − b ∈ (0, 2π]. But whether we use the interval (0, 2π] or [0, 2π) for
the phase shift does not matter. Even more, we can assume w.l.o.g. that all ak are
pairwise distinct since for a, ρ, γ ∈ R>0 and b, c ∈ [0, 2π) with b 6= c we find that

ρ · cos(a · t+ b) + γ · cos(a · t+ c) = Γ · cos
(
a · t+ b+c

2 + ϕ
)

with

Γ =
√
ρ2 + γ2 + 2ργ · cos(b− c)

and

ϕ = atan2
(
(ρ− γ) · sin

(
b−c

2

)
, (ρ+ γ) · cos

(
b−c

2

))
,

113



3. From Trigonometric Polynomials to Exponential Sums

where atan2 is defined in (5.5). Since the proof of this is rather technical, yet not very
insightful, we put it into Appendix A.

While it is clear that trigonometric polynomials are periodic, seeing that almost-
periodic functions are generally non-periodic requires that we also check the additional
condition from Theorem 3.6, i.e., that all partial sums are non-constant. It turns out
that this condition is always satisfied for almost-periodic functions, as we will see in
Lemma 3.10. However, we will give a direct proof of when an almost-periodic function
is periodic or non-periodic in order to get a better understanding of their structure. As
we will shortly discuss in the next section, this proof also applies to real almost-periodic
functions.

Theorem 3.8. A function of the form f(t) = η0 +
∑K
k=1 ηk · e2π i ·ak·t for η0 ∈ C,

ηk ∈ C \ {0}, and pairwise distinct ak ∈ R \ {0} for k = 1, 2, . . . , K is periodic if and
only if the set of ak is commensurable.

Proof. (i) If the set of ak is commensurable, then, by Lemma 3.5, there exists an
a ∈ R\Q∪{1} such that ak ∈ a ·Q\{0} for k = 1, 2, . . . , K. We can therefore rewrite
f as

f(t) = η0 +
K∑
k=1

ηk · e2π i ·ak·t = η0 +
K∑
k=1

ηk · e2π i ·a·qk·t .

Assume w.l.o.g. that all denominators of qk for k = 1, 2, . . . , K are positive and let
P̃ > 0 be their least common multiple. Then qk · P̃ := nk ∈ Z \ {0}. Setting P := P̃

a

we can then write

f(t) = η0 +
K∑
k=1

ηk · e2π i ·nk
P
·t,

which is just a trigonometric polynomial and hence periodic. In particular, f has
fundamental period P .

(ii) Now suppose that f is periodic with fundamental period P . Then we have

f(t) = η0 +
K∑
k=1

ηk · e2π i ·ak·t = η0 +
K∑
k=1

ηk · e2π i ·ak·(t+P ) = f(t+ P ).

Rewriting this equation gives us

f(t)− f(t+ P ) =
K∑
k=1

ηk ·
(
1− e2π i ·ak·P

)
· e2π i ·ak·t ≡ 0. (3.5)

We will see in Lemma 3.10 that, since all ak are pairwise distinct, the functions e2π i ·a1·t,
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e2π i ·a2·t, . . . , e2π i ·aK ·t are linearly independent over C. Therefore, equation (3.5) can
only hold if e2π i ·ak·P = 1 for all k = 1, 2, . . . , K. But this means that ak · P ∈ Z \ {0},
which implies that for any 1 ≤ m < n ≤ K we have am·P

an·P = am
an
∈ Q \ {0}, i.e., the set

of ak is commensurable.

For completeness’ sake let us give a justification for the term almost-periodic func-
tion. The following result holds for the more general set of functions called uniformly
almost-periodic functions. These are functions contained in the closure of the set of all
functions of form (3.3) with respect to the metric d(f, g) := supt∈R |f(t)− g(t)|, where
f and g are functions mapping from R to C.

Theorem 3.9. A continuous function f is uniformly almost-periodic if and only if
for every ε > 0 there exists a number l(ε) > 0 with the property that every interval of
length l(ε) of the real line contains at least one number τ(ε) such that

∣∣f(t+ τ(ε)
)
− f(t)

∣∣ < ε for all t ∈ R.

The number τ(ε) is called a translation number or an ε-almost-period of f .

Proof. The proof can be found by combining Theorems 1.9, 1.10, and 1.11 from [27].

Theorem 3.9 can be used as an alternative definition for uniformly almost-periodic
functions. In fact, this is the definition used by Harald Bohr in [17], where he originally
introduced the concept of almost-periodic functions.

Although all the concepts we have seen so far are fascinating subjects on their own,
we do not go any deeper into the theory surrounding them. Rather, we use them as
stepping stones on the way to exponential sums. These are functions of the form

f(t) := η0 +
K∑
k=1

ηk · eφk·t, (3.6)

where now φk ∈ C \ {0}. This is a further generalization of (3.3), since almost-
periodic functions can be characterized as exponential sums where we demand that
φk ∈ iR \ {0} for all k = 1, 2, . . . , K. However, there is a crucial difference between
exponential sums and almost-periodic functions. While for the latter every term in
the sum, except the constant term, is a periodic function, this is no longer true for
exponential sums. If we write φ = 2π i ·a+b for a, b ∈ R, each non-constant summand,
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3. From Trigonometric Polynomials to Exponential Sums

or component, of the exponential sum satisfies the equation

eφ·(t+
1
a) = e

b
a · eφ·t,

i.e., for b 6= 0, it is not a periodic function. Nonetheless, all our results from here on
out do not only hold for exponential sums but also for almost-periodic functions and
hence quasi-periodic functions and trigonometric polynomials.

In the literature, the term exponential sum often refers to a slightly different concept,
namely functions of the form

f(t) := η0 +
K∑
k=1

ηk · ztk, (3.7)

with zk ∈ C \ {0, 1}. Now note that we can write every z ∈ C \ {0} as z = eφ,
where φ ∈ C with Imφ ∈ [0, 2π). Therefore, (3.7) can be viewed as a special case of
(3.6). However, we briefly need to talk about some subtleties regarding the behavior
of complex exponentials in order to justify this claim. For φ ∈ C we generally have(

eφ
)t 6= eφ·t, which can be easily seen by looking at the example e2π i ·t 6=

(
e2π i )t =

1t = 1. In short, this is due to the multibranch nature of the complex logarithm. If
we restrict the imaginary part of φ to [0, 2π), then this effectively means that we fix
one branch of the complex logarithm and therefore, for φ ∈ C with Imφ ∈ [0, 2π),
we do have

(
eφ
)t = eφ·t. This argument shows that although we will only work with

exponential sums of the form (3.6), all our results also hold for functions of the form
(3.7).

3.3. Uniqueness of Exponential Sums

We will spend the rest of this thesis developing methods to reconstruct exponential
sums from samples of different nature. By reconstruction we mean the recovery of
the parameters η0, ηk, and φk for exponential sums as in (3.6) as well as ρ0, ρk, ak,
and bk for real almost-periodic functions as in (3.4) for k = 1, 2, . . . , K. In order to
show that this reconstruction even makes sense, we first have to show that all of these
parameters are uniquely determined.

We give the following proofs only for exponential sums, which directly entails that
the results also hold for almost-periodic functions. Further, we can write a real almost-
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3.3. Uniqueness of Exponential Sums

periodic function as

f(t) = ρ0 +
K∑
k=1

ρk · cos(2π · ak · t+ bk) = ρ0

2 +
K∑

k=−K

ρk
2 · e

i bk · e2π i ·ak·t (3.8)

with a0 = b0 = 0, b−j = −bj , a−j = −aj and ρ−j = ρj for j = 1, 2, . . . , K. This is
again an almost-periodic function, just with shifted indices, and therefore the proofs
are also valid for real almost-periodic functions. In [90], we gave a uniqueness proof
for real almost-periodic functions similar to the one presented here.

Lemma 3.10. Let φ1, φ2, . . . , φK ∈ C \ {0} be pairwise distinct. Then the functions
1, eφ1·t, eφ2·t, . . . , eφK ·t are linearly independent over C on any interval T ⊆ R of non-
zero length.

Proof. We use the fact that eφ·t satisfies the ordinary differential equation

dn
dtn eφ·t = φn · eφ·t

for any n ∈ N0.
Suppose that the functions 1, eφk·t for k = 1, 2, . . . , K are linearly dependent on T .

Then there exist η0, η1, . . . , ηK ∈ C that are not all zero such that

η0 +
K∑
k=1

ηk · eφk·t ≡ 0

on T . W.l.o.g. assume that ηk 6= 0 for all k = 0, 1, . . . , K, otherwise, i.e., if ηk̃ = 0 for
some 0 ≤ k̃ ≤ K, just leave out the corresponding function eφk̃·t.

Since the functions eφk·t are smooth we can differentiate this sum K times and get
the following system of equations

η0 +
K∑
k=1

ηk · eφk·t ≡ 0,

K∑
k=1

φk · ηk · eφk·t ≡ 0,

...
K∑
k=1

φKk · ηk · eφk·t ≡ 0,
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3. From Trigonometric Polynomials to Exponential Sums

which we can rewrite as a matrix-vector multiplication to get

1 1 1 . . . 1
0 φ1 φ2 . . . φK

0 φ2
1 φ2

2 . . . φ2
K

...
...

... . . . ...
0 φK1 φK2 . . . φKK


︸ ︷︷ ︸

=:V

·



η0 0 0 . . . 0
0 η1 0 . . . 0
0 0 η2 . . . 0
...

...
... . . . ...

0 0 0 . . . ηK


︸ ︷︷ ︸

=:E

·



1
eφ1·t

eφ2·t

...
eφK ·t


︸ ︷︷ ︸

=:e(t)

≡ 0.

Now V is a square Vandermonde matrix and E is a square diagonal matrix. Hence,
we can easily calculate the determinant

det(V · E) = det(V) · det(E) =
∏

0≤m<n≤K
(φn − φm) ·

K∏
k=0

ηk,

where we have set φ0 = 0. Since ηk 6= 0 for k = 0, 1, . . . , K and since all φk are pairwise
distinct, we find that det(V · E) 6= 0. Hence, V · E has full rank and V · E · e(t) ≡ 0
can only be true if e(t) ≡ 0 on T . This, however, is clearly not the case. Note that
this does not depend on the fact that η0 6= 0, which leads to the first entry of e(t)
being 1, since none of the functions eφk·t for k = 1, 2, . . . , K constantly vanishes on
any interval of non-zero length.

Theorem 3.11 (Uniqueness of Exponential Sums). Let

η0 +
K∑
k=1

ηk · eφk·t = γ0 +
K̃∑
k=1

γk · eψk·t

on an interval T ⊂ R of non-zero length, where φ1, φ2, . . . , φK ∈ C \ {0} as well as
ψ1, ψ2, . . . , ψK̃ ∈ C \ {0} are each pairwise distinct, η0, γ0 ∈ C and ηk, γk ∈ C \ {0}
for all k = 1, 2, . . . , K (respectively K̃). Then K = K̃ and, after a suitable ordering
of the terms, φk = ψk as well as ηk = γk for all k = 0, 1, . . . , K.

Proof. Assume w.l.o.g. that K ≤ K̃ and η0 6= 0. If

η0 +
K∑
k=1

ηk · eφk·t−γ0 −
K̃∑
k=1

γk · eψk·t ≡ 0 (3.9)

on T , then it follows from Lemma 3.10 and the assumption that ηk, γk 6= 0 as well as
η0 6= 0, that the functions 1, eφk·t, eψk·t for k = 1, 2, . . . , K (respectively K̃) are linearly
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3.3. Uniqueness of Exponential Sums

dependent. But then, since all φk and ψk are each pairwise distinct, there must exist
indices 1 ≤ k1 ≤ K and 1 ≤ k2 ≤ K̃ such that φk1 = ψk2 .

W.l.o.g. assume that k1 = k2 = K. We can then rewrite equation (3.9) and get

η0 − γ0 +
K−1∑
k=1

ηk · eφk·t +(ηK − γK) · eφK ·t−
K̃∑
k=1
k 6=K

γk · eψk·t ≡ 0

on T . However, this still implies that the functions 1, eφ1·t, eφ2·t, . . . , eφK ·t, eψ1·t, . . . ,
eψK−1·t, eψK+1·t, . . . , eψK̃ ·t are linearly dependent. Since φK is different from all φk and
ψk with k 6= K, it follows that there must exist 1 ≤ k3 ≤ K − 1 and 1 ≤ k4 ≤ K̃ with
k4 6= K such that φk3 = ψk4 . W.l.o.g. assume that k3 = k4 = K − 1 and rewrite the
sum as before. We can continue this reduction process until we arrive at

(η0 − γ0) +
K∑
k=1

(ηk − γk) · eφk·t−
K̃∑

k=K+1
γk · eψk·t ≡ 0.

But the functions 1, eφ1·t, eφ2·t, . . . , eφK ·t, eψK+1·t, . . . , eψK̃ ·t are linearly independent by
construction. Hence, we must have ηk − γk = 0 for all k = 0, 1, . . . , K and γk = 0 for
all k = K + 1, K + 2, . . . , K̃, which entails that K̃ = K, and the claim follows.
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4. Reconstruction of Exponential Sums
from Fourier Coefficients

4.1. Periodic Fourier Transform of Exponential Sums

Let f ∈ C1(R) be a P -periodic function. Then f can be expressed as a Fourier series,
i.e.,

f(t) =
∞∑

n=−∞
cPn (f) · e2π i · n

P
·t, (4.1)

with Fourier coefficients

cPn (f) := f̂P (n) := 1
P

∫ P

0
f(t) · e−2π i · n

P
·t dt, (4.2)

where f̂P denotes the periodic Fourier transform with period P , see [92, Remark 1.4].
The equality in (4.1) is understood in the sense that for any t0 ∈ R the sequence of
partial Fourier sums

∑k
n=−k c

P
n (f) ·e2π i · n

P
·t0 convergs to f(t0) as k →∞, i.e., the series

converges pointwise. This follows from the Convergence Theorem of Dirichlet-Jordan
[92, Theorem 1.34].

Now suppose that f is a P -periodic function with jump discontinuities at 0 and
P and f |(0,P ) ∈ C1((0, P )

)
, where f |(0,P ) denotes the restriction of f to the interval

(0, P ). Then the Fourier series corresponding to f still converges to f pointwise on
each interval of the form (m · P, (m + 1) · P ) for m ∈ Z, which also follows from [92,
Theroem 1.34]. We can use this fact to compute the Fourier series corresponding to
an arbitrary function f ∈ C1(R) on an interval (0, P ). For this, define the periodized
function

fP (t) :=
∑
m∈Z

f(t−m · P ) · χ[m·P,(m+1)·P )(t), (4.3)

where

χT (t) =

1, if t ∈ T

0, if t 6∈ T
(4.4)
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4. Reconstruction of Exponential Sums from Fourier Coefficients

is the indicator function on the set T . This is a P -periodic function which coincides
with f on the interval [0, P ). Accordingly, the Fourier series representation of fP
coincides with f on the interval (0, P ).

In the following lemma, we look at the Fourier coefficients of exponential sums.

Lemma 4.1. Let f(t) = η · eφ·t with η ∈ C \ {0} and φ ∈ C. Further, let P > 0. If
φ = 2π i ·mP for some m ∈ Z then

f̂P (n) =

η if n = m,

0 else

for n ∈ Z. Otherwise

f̂P (n) = 1
P
· η

2π i · nP − φ
·
(
1− eφ·P

)
for n ∈ Z.

Proof. For n ∈ Z, we have

f̂P (n) = 1
P

∫ P

0
η · eφ·t · e−2π i · n

P
·t dt

= η

P

∫ P

0
e(φ−2π i · n

P )·t dt.

If φ = 2π i · nP we find then
f̂P (n) = η.

Otherwise

f̂P (n) = η

P
·
[

1
φ− 2π i · nP

· e(φ−2π i · n
P )·t

]P
0

= η

P
· 1
φ− 2π i · nP

·
(

eφ·P · e−2π i ·n︸ ︷︷ ︸
=1

−1
)

and it follows directly that f̂P (n) = 0 if φ = 2π i ·mP for m ∈ Z with m 6= n.

Remark 4.2. Note that if φ 6= 2π i ·mP for any m ∈ Z, the Fourier coefficients of f
decay with a rate of O

( 1
n

)
. This is due to the fact that we are actually computing the

Fourier coefficients of the periodized function fP as in (4.3), which is discontinuous,
see [75, Section 2.3.1]. Further, we have in this case that f̂P (n) 6= 0 for all n ∈ Z.
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4.2. Reconstruction of Functions without P -Periodic Components

4.2. Reconstruction of Functions without P -Periodic
Components

In this section we will consider exponential sums as in (3.6), i.e., with ηk ∈ C \ {0}
and pairwise distinct φk ∈ C \ {0}, where we additionally assume that η0 = 0 and
φk 6= 2π i · nP for any n ∈ Z and all k = 1, 2, . . . , K, i.e., none of the components are
P -periodic. Then, by equation (4.2) and Lemma 4.1, the Fourier coefficients of

f(t) =
K∑
k=1

ηk · eφk·t

are given by

f̂P (n) = 1
P

K∑
k=1

ηk
2π i · nP − φk

·
(
1− eφk·P

)

= 1
P
·

∑K
k=1 ηk ·

(
1− eφk·P

)
·
∏K
l=1
l 6=k

(
2π i · nP − φl

)
∏K
k=1

(
2π i · nP − φk

)
for n ∈ Z. This means that we can write

f̂P (n) = 1
P
·
p
(
2π i · nP

)
q
(
2π i · nP

) (4.5)

with polynomials

p(x) :=
K∑
k=1

ηk ·
(
1− eφk·P

)
·
K∏
l=1
l 6=k

(x− φl) (4.6)

and

q(x) :=
K∏
k=1

(x− φk). (4.7)

We have already published the following result in [91].

Lemma 4.3. The polynomials p and q in equations (4.6) and (4.7) have the following
properties:

(i) q
(
2π i · nP

)
6= 0 for any n ∈ Z.

(ii) q is monic, i.e., its leading coefficient is 1.
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4. Reconstruction of Exponential Sums from Fourier Coefficients

(iii) p and q are coprime.

(iv) p 6≡ 0.

(v) deg(q) = K and deg(p) ≤ K − 1.

(vi) The set of parameters ηk and φk for k = 1, 2, . . . , K such that deg(p) < K − 1
is a Lebesgue null set in C2K , where we identify C2K ' R4K . In other words,
deg(p) = K − 1 almost surely, which we will write deg(p) a.s.= K − 1.

Proof. (i) This follows from the fact that φk 6= 2π i · nP for any n ∈ Z and all k =
1, 2, . . . , K.

(ii) This is clear from the definition.
(iii) The polynomial q possesses exactly the zeros φ1, φ2, . . . , φK and we have

p(φk) = ηk ·
(
1− eφk·P

)
·
K∏
l=1
l 6=k

(φk − φl) 6= 0 (4.8)

for k = 1, 2, . . . , K since eφk·P 6= 1 and all φk are pairwise distinct.
(iv) This can be seen immediately from equation (4.8). Another way to prove this.

is as follows. Suppose that p ≡ 0. Since q
(
2π i · nP

)
6= 0, equation (4.5) implies that

then f̂P (n) = 0 for all n ∈ Z. But then it follows that f ≡ 0 (see e.g. [92, Theorem
1.3]).

(v) This is clear from the definition.
(vi) The leading coefficient of p is given by

pK−1 =
K∑
k=1

ηk ·
(
1− eφk·P

)
.

We now interpret this as a multivariate function in the parameters ηk ∈ C \ {0} ⊂ C
and φk ∈ C \ {0} ⊂ C, i.e.,

pK−1 : C2K → C, pK−1(z) =
K∑
k=1

zk ·
(
1− ezK+k·P

)
,

where z = (z1, z2, . . . , z2K) ∈ C2K . Therefore, if the leading coefficient pK−1 = 0, then
(η1, . . . , ηK , φ1, . . . , φK) is a zero of pK−1(z).

By Osgood’s Lemma, see [51, Theorem 2], the function pK−1 is holomorphic on C2K

since it is continuous on C2K and holomorphic in each variable separately. Then, by
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[51, Corollary 10], the set {z ∈ C2K : pK−1(z) = 0} has Lebesgue measure zero, where
we identify C2K ' R4K . Therefore, it follows that the set of parameters ηk and φk for
k = 1, 2, . . . , K such that pK−1 = 0, i.e., deg(p) < K − 1, is a Lebesgue null set.

The fact conveyed in equation (4.5) can be interpreted as follows. The values P ·
f̂P (n) sample the rational function p

q at the points 2π i · nP . Therefore, we can use
Theorem 1.2 to conclude that p and q can be uniquely reconstructed from 2K Fourier
coefficients via Algorithm 1.4. This observation is the core and basis of our new
algorithm to reconstruct exponential sums.

However, in order to reconstruct the exponential sum f , we need to extract the
parameters ηk and φk for k = 1, 2, . . . , K from p and q.

Theorem 4.4. Given polynomials p and q as in equations (4.6) and (4.7), we can
reconstruct the parameters ηk and φk for k = 1, 2, . . . , K via

q(φk) = 0

and

ηk = p(φk) ·
(
1− eφk·P

)−1
·
K∏
l=1
l 6=k

(φk − φl)−1.

Proof. It is obvious from equation (4.7) that every φk for k = 1, 2, . . . , K is a zero of q.
Moreover, since φ1, φ2, . . . , φK are pairwise distinct, q has only zeros with multiplicity
1. Hence, each zero corresponds exactly to one parameter φk.

Further, we have for j = 1, 2, . . . , K that

p(φj) =
K∑
k=1

ηk ·
(
1− eφk·P

)
·
K∏
l=1
l 6=k

(φj − φl)

= ηj ·
(
1− eφj ·P

)
·
K∏
l=1
l 6=j

(φj − φl).

Since φj 6= φl for j 6= l and φj 6= 2π i · nP for any n ∈ Z, i.e., eφj ·P 6= 1, the claim for ηk
for k = 1, 2, . . . , K follows.
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4.3. Reconstruction of Functions with P -Periodic
Components

We will now consider exponential sums where we allow for η0 6= 0 and φk = 2π i · nP for
some n ∈ Z \ {0} and some 1 ≤ k ≤ K, i.e.,

f(t) = η0 +
K∑
k=1

ηk · eφk·t,

with η0 ∈ C and ηk, φk ∈ C \ {0}. In order to increase readability of this section we
will use a slightly different notation than above and say that

f(t) =
K∑
k=1

ηk · eφk·t, (4.9)

where φk ∈ C for all k = 1, 2, . . . , K, i.e., we incorporate the the constant term into
the sum so that we do not have to deal with it separately.

4.3.1. Functions Containing Periodic and Non-Periodic Components

First, we assume that the function contains both P -periodic and non-P -periodic com-
ponents. Denote

Lnp :=
{
k ∈ {1, 2, . . . , K} : φk 6= 2π i · nP for any n ∈ Z

}
and

Lp :=
{
k ∈ {1, 2, . . . , K} : φk = 2π i · nP for some n ∈ Z

}
.

Then, by equation (4.2) and Lemma 4.1, the Fourier coefficients of such a function are
given by

f̂P (n) = 1
P

∑
k∈Lnp

ηk
2π i · nP − φk

·
(
1− eφk·P

)
+
∑
k∈Lp

ηk · χ{φk}
(
2π i · nP

)
for n ∈ Z with χ as in (4.4). Put differently, we have

f̂P (n) = 1
P
·
p
(
2π i · nP

)
q
(
2π i · nP

) +
∑
k∈Lp

ηk · χ{φk}
(
2π i · nP

)
(4.10)
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for n ∈ Z, where

p(x) :=
∑
k∈Lnp

ηk ·
(
1− eφk·P

)
·
∏
l∈Lnp
l 6=k

(x− φl) (4.11)

and

q(x) :=
∏
k∈Lnp

(x− φk) (4.12)

are coprime polynomials with deg(p) a.s.= |Lnp| − 1 and deg(q) = |Lnp| as well as
q
(
2π i · nP

)
6= 0 for all n ∈ Z, by Lemma 4.3.

Comparing equation (4.10) with equation (1.6), we find that this is the same situa-
tion as considered in Section 1.2. More precisely, with

d(x) :=
∏
k∈Lp

(x− φk) (4.13)

we get
p
(
2π i · nP

)
· d
(
2π i · nP

)
− P · f̂P (n) · q

(
2π i · nP

)
· d
(
2π i · nP

)
= 0 (4.14)

for n ∈ Z, where deg(p · d) a.s.= |Lnp|+ |Lp| − 1 = K − 1 and deg(q · d) = |Lnp|+ |Lp| =
K. Therefore, we can reconstruct p, q, and d from M ≥ 2K suitable samples using
Algorithm 1.4.

Given a set

S =
{(

2π i ·njP , P · f̂P (nj)
)

: nj ∈ Z, j = 1, 2, . . . ,M
}

(4.15)

of M ≥ 2K sample points and values containing the set

D :=
{(

2π i ·n∗P , P · f̂P (n∗)
)

: 2π i ·n∗P = φk for some k ∈ Lp and n∗ ∈ Z
}
, (4.16)

we see from equation (4.10) that the points in D are the unattainable points in the
problem of finding a rational function of type (K − 1, K) that interpolates S. In
other words, the P -periodic components of the function correspond precisely to the
unattainable points of this rational interpolation problem.

In particular, if k ∈ Lp and φk = 2π i ·n∗P for some n∗ ∈ Z then we have

f̂P (n∗)− 1
P
·
p
(
2π i ·n∗P

)
q
(
2π i ·n∗P

) = ηk. (4.17)
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From this, we can directly recover the parameter ηk for k ∈ Lp. This means that the
value by which the unattainable point in the rational interpolation problem is distorted
corresponds to the coefficient of the P -periodic component. Further, the parameter
φk is then simply given by φk = 2π i ·n∗P .

4.3.2. Functions Containing only Periodic Components

There is one more issue we need to address. Until now, we have assumed that the
function f contains at least one component which is not P -periodic. But what happens
if f only consists of P -periodic components, i.e., f is just a trigonometric polynomial
and the Fourier samples f̂P (n) already provide the correct decomposition?

Suppose that we have M ≥ 2K̃ samples of an exponential sum f as in (4.9), where
K̃ ≥ K. Let x and y be vectors of sample points and values, i.e.,

x = (x1, x2, . . . , xM )T = 2π i ·
(
n1
P ,

n2
P , . . . ,

nM
P

)T
and

y = (y1, y2, . . . , yM )T = P ·
(
f̂P (n1), f̂P (n2), . . . , f̂P (nM )

)T
.

If f contains only P -periodic components, then, using Lemma 4.1, we get

yj =

P · ηk if φk = 2π i ·njP for some k ∈ {1, 2, . . . , K},

0 else

for all j = 1, 2, . . . ,M . In particular, we have ‖y‖0 = K ≤ K̃. But then it follows from
Lemma 1.1 that every vector in the kernel of VK̃−1,K̃(x,y) is of the form (0T ,−qT )T .

If, on the other hand, f contains at least one non-P -periodic component, then yj = 0
for at most |Lnp| − 1 + |Lp| = K − 1 indices j ∈ {1, 2, . . . ,M}. This can be seen from
equation (4.10) as follows. We have for n ∈ N that

1
P
·
p
(
2π i · nP

)
q
(
2π i · nP

) +
∑
k∈Lp

ηk · χ{φk}
(
2π i · nP

)
= 0

if either
p
(
2π i · nP

)
q
(
2π i · nP

) = 0 and φk 6= 2π i · nP

for all k = 1, 2, . . . , K or
p
(
2π i · nP

)
q
(
2π i · nP

) = −ηk
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for some 1 ≤ k ≤ K such that φk = 2π i · nP . Since deg(p) ≤ |Lnp| − 1 and q
(
2π i · nP

)
6=

0, the first case happens at most |Lnp|−1 = K−|Lp|−1 times. The second case occurs
at most |Lp| times. So in total we have f̂P (n) = 0 at most K−|Lp|−1 + |Lp| = K−1
times.

Therefore, if f contains at least one P -periodic component, ‖y‖0 ≥ M −K + 1 ≥
K + 1 and hence every vector in the kernel of VK̃−1,K̃(x,y) is of the form (pT ,−qT )T

where p 6= 0 and q 6= 0. It follows that if any element of ker VK̃−1,K̃(x,y) is of the
form (0T ,−qT )T , which, by Lemma 1.1, is equivalent to all elements in the kernel
being of this form, then we know that φk = 2π i ·njP for all k = 1, 2, . . . , K and certain
j ∈ {1, 2, . . . ,M}. In this case we can directly recover φk and ηk from the sample
values f̂P (nj).

However, the above argument gives us an even simpler criterion to determine whether
the given exponential sum contains only P -periodic components. Since, if the function
contains non-P -periodic components we have ‖y‖0 ≥M −K+ 1 ≥

⌈
M
2

⌉
+ 1, it follows

immediately that if ‖y‖0 ≤
⌈
M
2

⌉
, it can only contain P -periodic components.

4.4. Main Theorem and Algorithm for Classical Fourier
Coefficients

Summing up our findings so far gives us one of the main results of this thesis.

Main Theorem 4.5 (Reconstruction of Exponential Sums from Fourier Coefficients).
Given an exponential sum f(t) =

∑K
k=1 ηk ·eφk·t with ηk ∈ C\{0} and pairwise distinct

φk ∈ C for all k = 1, 2, . . . , K, the parameters ηk and φk can be uniquely reconstructed
from 2K Fourier coefficients f̂P (n) with arbitrary P > 0 and suitable n ∈ Z.

Parameter K?

Proof. From equation (4.14) and Lemma 4.3(iii), (v), it follows with Theorem 1.2 that
the polynomials p, q, and d as in (4.11), (4.12), and (4.13) can be reconstructed from
2K samples using Algorithm 1.4. Since q and d are monic and P is known, we can
uniquely reconstruct all polynomials. Using Theorem 4.4 and equation (4.17), we can
reconstruct ηk and φk for k = 1, 2, . . . , K. By Theorem 3.11, these parameters uniquely
determine the exponential sum f .

An immediate consequence of this theorem is the following.
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4. Reconstruction of Exponential Sums from Fourier Coefficients

Corollary 4.6. Let f and g be exponential sums consisting of at most K compo-
nents. Given samples

(
2π i ·njP , P · f̂P (nj)

)
and

(
2π i ·njP , P · ĝP (nj)

)
for nj ∈ Z and

j = 1, 2, . . . ,M with M ≥ 2K containing all Fourier coefficients corresponding to
P -periodic components of f and g, if f̂P (nj) = ĝP (nj) for all j = 1, 2, . . . ,M , then
f = g, i.e., the two functions are defined by the same parameters.

We can now formulate a procedure to reconstruct exponential sums from Fourier
samples.

Algorithm 4.7 (Reconstruction of Exponential Sums from Fourier Coefficients).
Input: S =

{(
2π i ·njP , P · f̂P (nj)

)
: nj ∈ Z, j = 1, 2, . . . ,M

}
. A set of M Fourier

samples from an exponential sum f with K components.

(i) IF
∥∥∥(f̂P (nj)

)M
j=1

∥∥∥
0
≤
⌈
M
2

⌉
, then STOP. The function f contains only P -periodic

components. Reconstruct the parameters ηk and φk for k = 1, 2, . . . , K directly
from f̂P (nj).

(ii) Set n =
⌊
M−1

2

⌋
and m = n− 1 and construct the matrix Vm,n(S) as in (1.7).

(iii) Find (pT ,−qT )T ∈ ker Vm,n(S).

(iv) IF null Vm,n(S) = 0, then STOP. There are too few samples.

(v) ELSE set p and q the polynomials corresponding to p and q. Compute d =
gcd(p, q) and set p∗ = c · pd as well as q∗ = c · qd , where c ∈ R is chosen such that
q∗ is monic.

(vi) Find the roots φk of q∗ and compute

ηk = p∗(φk) ·
(
1− eφk·P

)−1
·

deg(q∗)∏
l=1
l 6=k

(φk − φl)−1

for k = 1, 2, . . . , deg(q∗).

(vii) Compute

ỹj = P · f̂P (nj)−
p∗
(
2π i ·njP

)
q∗
(
2π i ·njP

)
for all j = 1, 2, . . . ,M . IF ỹj 6= 0, set φk = 2π i ·njP and ηk = ỹj

P for k =
deg(q∗) + 1, deg(q∗) + 2, . . . , K.

Output: Parameters K, ηk, φk for k = 1, 2, . . . , K and possibly η0 defining f .
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Remark 4.8. (i) Note that step (iv) in the above algorithm is justified by Lemma 1.5,
respectively Remark 1.6 (i). Further, as already noted in Remark 1.6 (iv), it is possible
that for M < 2K we have null Vm,n(S) ≥ 1.

(ii) If f contains P -periodic components, we can only reconstruct them if we have
the correct samples, i.e., if φk = 2π i · nP for some n ∈ Z and some 1 ≤ k ≤ K, then we
need to have the sample

(
2π i · nP , P · f̂P (n)

)
.

(iii) If, on the other hand, f does not contain any P -periodic components, then it
does not matter which samples we take, as long as we have enough of them.
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5. Reconstruction of Real Almost-Periodic
Functions from Fourier Coefficients

5.1. Periodic Fourier Transform of Real Almost-Periodic
Functions

As we have seen in equation (3.8), a real almost-periodic function consisting of K
components can always be written as a (complex) almost-periodic function consisting
of 2K components. Therefore, if we want to reconstruct a real almost-periodic function,
we need twice as many samples as for a complex one, i.e., 4K. However, the Fourier
coefficients of real almost-periodic functions have a special structure, which we can use
to develop a modification of our Algorithm 4.7 for real almost-periodic functions. This
modified algorithm will only need 2K samples in order to reconstruct a real almost-
periodic function with K components. We have published the results from this chapter
in [90]. The following is the analogue of Lemma 4.1.

Lemma 5.1. Let f(t) = ρ · cos(2π · a · t + b) with ρ, a ∈ R>0 and b ∈ [0, 2π) or
(ρ, a, b) ∈ R× {(0, 0)}, i.e., f(t) ≡ ρ. Further, let P > 0. If a = m

P for some m ∈ N0,
then

f̂P (n) =


ρ, if n = m = 0,
ρ
2 ·
(

cos(b)± i · sin(b)
)
, if n = ±m 6= 0,

0, else

for n ∈ Z. Otherwise

f̂P (n) = 1
π · P

· ρ · sin(π · a · P )
a2 − n2

P 2

·
(
a · cos(π · a · P + b) + i · nP · sin(π · a · P + b)

)
for n ∈ Z.
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5. Reconstruction of Real Almost-Periodic Functions from Fourier Coefficients

Proof. We will use that

f̂P (n) = 1
P

∫ P

0
f(t) · e−2π i · n

P
·t dt

= 1
P

∫ P

0
f(t) · cos

(
2π · nP · t

)
dt− i 1

P

∫ P

0
f(t) · sin

(
2π · nP · t

)
dt

and compute the real and imaginary part of f̂P (n) separately.
First, we compute Re f̂P (n). Suppose that a = m

P for some m ∈ N0. If m = n = 0
we have

Re f̂P (n) = 1
P

∫ P

0
ρ · cos(b) · 1dt = ρ · cos(b) = ρ · 1

since we assumed that if a = 0 then also b = 0.
Using the trigonometric identity

cos(x) · cos(y) = 1
2 ·
(

cos(x+ y) + cos(x− y)
)

we find

Re f̂P (n) = 1
P

∫ P

0
ρ · cos(2π · a · t+ b) · cos

(
2π · nP · t

)
dt

= 1
P
· ρ2

∫ P

0
cos

(
2π ·

(
a+ n

P

)
· t+ b

)
+ cos

(
2π ·

(
a− n

P

)
· t+ b

)
dt.

For m = ±n 6= 0, i.e., a = ± n
P 6= 0, we get

Re f̂P (n) = 1
P
· ρ2

∫ P

0
cos

(
±4π · nP · t+ b

)
+ cos(b)dt

= 1
P
· ρ2 ·

([
± 1

4π· n
P
· sin

(
±4π · nP · t+ b

)]P
0

+ P · cos(b)
)

= ρ

2 · cos(b).

Now suppose that a 6= ± n
P . Then

Re f̂P (n) = 1
P
· ρ2 ·

([
1

2π·(a+ n
P ) · sin

(
2π ·

(
a+ n

P

)
· t+ b

)]P
0

+
[

1
2π·(a− n

P ) · sin
(
2π ·

(
a− n

P

)
· t+ b

)]P
0

)

= 1
P
· ρ2 ·

(
1

2π·(a+ n
P ) ·

(
sin(2π · a · P + b)− sin(b)

)
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5.1. Periodic Fourier Transform of Real Almost-Periodic Functions

+ 1
2π·(a− n

P ) ·
(

sin(2π · a · P + b)− sin(b)
))

= ρ·a
2π·P ·

(
a2− n2

P2

) · ( sin(2π · a · P + b)− sin(b)
)
.

If a = m
P for some m ∈ N0, m 6= ±n, then it follows immediately that Re f̂P (n) = 0.

Otherwise, using the trigonometric identity

sin(x+ y)− sin(x− y) = 2 · cos(x) · sin(y) (5.1)

we find

sin(2π · a · P + b)− sin(b) = 2 · sin(π · a · P ) · cos(π · a · P + b),

which leads to

Re f̂P (n) = 1
π · P

· ρ · sin(π · a · P )
a2 − n2

P 2

· a · cos(π · a · P + b).

Similarly, we calculate Im f̂P (n). Using the trigonometric identity (5.1) again, we
find

Im f̂P (n) = − 1
P

∫ P

0
ρ · cos(2π · a · t+ b) · sin

(
2π · nP · t

)
dt

= − 1
P
· ρ2

∫ P

0
sin
(
2π ·

(
a+ n

P

)
· t+ b

)
− sin

(
2π ·

(
a− n

P

)
· t+ b

)
dt.

For n = 0, we immediately see that Im f̂P (n) = 0. For a = ± n
P 6= 0, we get

Im f̂P (n) = − 1
P
· ρ2

∫ P

0
± sin

(
±4π · nP · t+ b

)
∓ sin(b)dt = ±ρ2 · sin(b).

For a 6= ± n
P , we have

Im f̂P (n) = − 1
P
· ρ2 ·

([
−1

2π·(a+ n
P ) · cos

(
2π ·

(
a+ n

P

)
· t+ b

)]P
0

−
[

−1
2π·(a− n

P ) · cos
(
2π ·

(
a− n

P

)
· t+ b

)]P
0

)

= − 1
P
· ρ2 ·

(
−1

2π·(a+ n
P ) ·

(
cos(2π · a · P + b)− cos(b)

)
+ 1

2π·(a− n
P ) ·

(
cos(2π · a · P + b)− cos(b)

))
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5. Reconstruction of Real Almost-Periodic Functions from Fourier Coefficients

= − ρ· n
P

2π·P ·
(
a2− n2

P2

) · ( cos(2π · a · P + b)− cos(b)
)
.

If a = m
P for some m ∈ N0, m 6= ±n, then it follows that Im f̂P (n) = 0. Otherwise,

using the trigonometric identity

cos(x+ y)− cos(x− y) = −2 · sin(x) · sin(y)

gives us

cos(2π · a · P + b)− cos(b) = −2 · sin(π · a · P ) · sin(π · a · P + b),

i.e.,
Im f̂P (n) = 1

π · P
· ρ · sin(π · a · P )

a2 − n2

P 2

· nP · sin(π · a · P + b).

Remark 5.2. Note that for n ∈ N0 we have f̂P (−n) = f̂P (n), which comes from the
fact that f is real valued, see [92, p.14].

5.2. Reconstruction of Functions without P -Periodic
Components

We again start by considering functions without P -periodic components, i.e.,

f(t) =
K∑
k=1

ρk · cos(2π · ak · t+ bk),

where ρk, ak ∈ R>0 and bk ∈ [0, 2π) with ak 6= n
P for any n ∈ N0 and all k = 1, 2, . . . , K.

Then we find, similar as in Section 4.2, that

f̂P (n) = −1
π · P

K∑
k=1

ρk · sin(π · ak · P )
n2

P 2 − a2
k

·
(
ak · cos(π · ak · P + bk)

+ i · nP · sin(π · ak · P + bk)
)

for n ∈ Z. This can again be written as

f̂P (n) = −1
π · P

·
p
(
n
P

)
q
(
n
P

) ,
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5.2. Reconstruction of Functions without P -Periodic Components

with

p(x) :=
K∑
k=1

ρk · sin(π · ak · P ) ·
(
ak · cos(π · ak · P + bk)

+ i ·x · sin(π · ak · P + bk)
)
·
K∏
l=1
l 6=k

(
x2 − a2

l

)

and

q(x) :=
K∏
k=1

(
x2 − a2

k

)
,

where p and q are coprime polynomials and q is monic with q
(
n
P

)
6= 0 for all n ∈ Z.

However, other than in Section 4.2, now deg(p) ≤ 2K − 1 and deg(q) = 2K. Hence,
by Theorem 1.2, we need at least 4K samples in order to reconstruct p and q.

Remark 5.3. The fact that we need twice as many samples in the real case than in the
complex case can be explained heuristically by observing that a real almost-periodic
function contains, in some sense, only half as much information as a complex one.
After all, the real function is just the real part of a complex function, i.e., the complex
function also contains the information of the imaginary part.

Through a simple trick though, we will be able to reduce the number of required
samples to only 2K. For n ∈ Z \ {0}, we define the modified Fourier coefficients by

c̃Pn := Re f̂P (n) + i Pn · Im f̂P (n)

= −1
π · P

K∑
k=1

ρk · sin(π · ak · P )
n2

P 2 − a2
k

·
(
ak · cos(π · ak · P + bk) + i · sin(π · ak · P + bk)

)
.

Since c̃Pn = c̃P−n, we will from now on only consider n ∈ N.
In order to simplify notation we will write

Ck := ρk · sin(π · ak · P ) · cos(π · ak · P + bk) and

Sk := ρk · sin(π · ak · P ) · sin(π · ak · P + bk)
(5.2)

for k = 1, 2, . . . , K. Defining the polynomials

p̃(x) :=
K∑
k=1

(
ak · Ck + iSk

)
·
K∏
l=1
l 6=k

(
x− a2

l

)
(5.3)
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and

q̃(x) :=
K∏
k=1

(
x− a2

k

)
, (5.4)

we then find that

c̃Pn = −1
π · P

·
p̃
(
n2

P 2

)
q̃
(
n2

P 2

) .
Moreover, p̃ and q̃ possess the same properties as p and q above, i.e., they are coprime
and q̃ is monic with q̃

(
n2

P

)
6= 0. But now we have deg(p̃) ≤ K − 1 and deg(q̃) = K.

This means that we can reconstruct p̃ and q̃ from just 2K modified samples of the form(
n2

P 2 , −π · P · c̃Pn
)
for n ∈ N. However, it is important to note that these samples must

not be symmetric with respect to 0 since
(

(−n)2

P 2 , −π · P · c̃P−n
)

=
(
n2

P 2 , −π · P · c̃Pn
)
,

i.e., if we were to sample symmetrically around 0, we would just get two times the
same samples.

Remark 5.4. Recall that for a real signal f we have f̂P (−n) = f̂P (n) for n ∈ N0,
see Remark 5.2. We can use this fact to heuristically explain why 2K samples suffice
to reconstruct the polynomials corresponding to Fourier coefficients of a real almost-
periodic signal. Since we sample asymmetrically, i.e., we have f̂P (n) for certain n ∈ N,
we automatically also know f̂P (−n) = f̂P (n). This means that although we only took
2K samples, using this symmetry property, we actually know 4K samples.

As in Section 4.2, we find that p̃ 6≡ 0, where the proof is exactly the same as in
Lemma 4.3 (iv). Furthermore, using the same argument as in Lemma 4.3 (vi), we find
that the set of parameters ρk, ak ∈ R>0 and bk ∈ [0, 2π) for k = 1, 2, . . . , K such that
the leading coefficient of p̃ satisfies

p̃K−1 =
K∑
k=1

(
ak · Ck + iSk

)
= 0

is a Lebesgue null set, i.e., deg(p̃) a.s.= K − 1.
The next theorem is the analogous result to Theorem 4.4. However, before we state

it, we need to introduce the so-called two-argument or four-quadrant arctangent func-
tion. This function probably originated from the FORTRAN programming language,
see [83]. While for numbers x, y ∈ R such that (x, y) 6= (0, 0) the function arctan

(
x
y

)
returns a value in the interval

(
−π

2 ,
π
2
]
, the two-argument arctangent will take into ac-

count the signs of x and y and return a value in the range (−π, π]. For (x, y) 6= (0, 0),
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it is defined in terms of the arctangent as

atan2(x, y) :=



arctan
(
x
y

)
if y > 0,

arctan
(
x
y

)
+ π if y < 0 and x ≥ 0,

arctan
(
x
y

)
− π if y < 0 and x < 0,

+π
2 if y = 0 and x > 0,

−π
2 if y = 0 and x < 0,

(5.5)

see also [92, p.12].

Theorem 5.5. Given polynomials p̃ and q̃ as in equations (5.3) and (5.4), we can
reconstruct the parameters ρk, ak, and bk for k = 1, 2, . . . , K via

q̃(a2
k) = 0,

Ck =
Re p̃

(
a2
k

)
ak ·

∏K
l=1
l 6=k

(
a2
k − a2

l

) ,
Sk =

Im p̃
(
a2
k

)∏K
l=1
l 6=k

(
a2
k − a2

l

) ,
ρk =

√
C2
k + S2

k

| sin(π · ak · P )| ,

and

bk = atan2
(

Sk
ρk · sin(π · ak · P ) ,

Ck
ρk · sin(π · ak · P )

)
− π · ak · P mod 2π.

Proof. First, we can recover a2
k for k = 1, 2, . . . , K by computing the zeros rk of q̃.

Since ak > 0 for all k = 1, 2, . . . , K, this immediately gives us ak = √rk. On account
of all ak being pairwise distinct, we recover these parameters uniquely.

Once we know ak, we can compute Ck and Sk as in (5.2) for k = 1, 2, . . . , K via

p̃
(
a2
k

)
=
(
ak · Ck + iSk

)
·
K∏
l=1
l 6=k

(
a2
k − a2

l

)

⇔
p̃
(
a2
k

)∏K
l=1
l 6=k

(
a2
k − a2

l

) = ak · Ck + iSk.
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This means that

Ck =
Re p̃

(
a2
k

)
ak ·

∏K
l=1
l 6=k

(
a2
k − a2

l

)
and

Sk =
Im p̃

(
a2
k

)∏K
l=1
l 6=k

(
a2
k − a2

l

)
for k = 1, 2, . . . , K. Writing out Ck and Sk as in (5.2) we find that

C2
k + S2

k = ρ2
k · sin2(π · ak · P ) ·

(
cos2(π · ak · P + bk) + sin2(π · ak · P + bk)︸ ︷︷ ︸

=1

)
.

Recall that ak 6= n
P for any n ∈ N and hence sin(π · ak · P ) 6= 0. Since ak as well as P

are known and ρk > 0, we then get

ρk =

√
C2
k + S2

k

| sin(π · ak · P )| .

Further, for k = 1, 2, . . . , K we have

Sk
Ck

= sin(π · ak · P + bk)
cos(π · ak · P + bk)

= tan(π · ak · P + bk).

Hence, we find

bk =
(

atan2
(

Sk
ρk · sin(π · ak · P ) ,

Ck
ρk · sin(π · ak · P )

)
− π · ak · P

)
mod 2π.

Note that we have to use Sk
ρk·sin(π·ak·P ) and Ck

ρk·sin(π·ak·P ) instead of just Sk and Ck since
atan2 uses the signs of the arguments to determine a unique solution.

These results hold true even in the case that either Ck = 0 or Sk = 0 for all
k = 1, 2, . . . , K.

5.3. Reconstruction of Functions with P -Periodic
Components

Now let us consider functions containing P -periodic components. First, note that the
case that the function only contains P -periodic components is completely analogous
to the complex case discussed in Section 4.3.2. Therefore, we do not need to consider
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it separately and only look at the case that the function contains both P -periodic and
non-P -periodic components.

Similarly as in Section 4.3.1, let

Lnp :=
{
k ∈ {1, 2, . . . , K} : ak 6= n

P for any n ∈ N
}

and

Lp :=
{
k ∈ {1, 2, . . . , K} : ak = n

P for some n ∈ N
}
.

Then, according to Lemma 5.1, the Fourier coefficients of the real almost-periodic
function are given by

f̂P (n) = −1
π · P

∑
k∈Lnp

ak · Ck + i · nP · Sk
n2

P 2 − a2
k

+ ρ0 · χ{0}
(
n
P

)
+
∑
k∈Lp

ρk
2 ·

(
cos(bk)± i · sin(bk)

)
· χ{±ak}

(
n
P

)
for n ∈ Z with χ as in (4.4) and Ck, Sk as in (5.2). As in the previous section, we have
for n ∈ N the modified Fourier coefficients

c̃Pn = Re f̂P (n) + i Pn · Im f̂P (n)

= −1
π · P

∑
k∈Lnp

ak · Ck + iSk
n2

P 2 − a2
k

+
∑
k∈Lp

ρk
2 ·

(
cos(bk) + i ·Pn · sin(bk)

)
· χ{ak}

(
n
P

)
.

Then

c̃Pn = −1
π · P

·
p̃
(
n2

P 2

)
q̃
(
n2

P 2

) +
∑
k∈Lp

ρk
2 ·

(
cos(bk) + i ·Pn · sin(bk)

)
· χ{ak}

(
n
P

)
,

with
p̃(x) :=

∑
k∈Lnp

(
ak · Ck + iSk

)
·
∏
l∈Lnp
l 6=k

(
x− a2

l

)

and
q̃(x) :=

∏
k∈Lnp

(
x− a2

k

)
,

where p̃ and q̃ are coprime with deg(p̃) ≤ |Lnp| − 1 and deg(q̃) = |Lnp| as well as
q̃
(
n2

P 2

)
6= 0 for all n ∈ N. Note that at this point we ignore the constant term ρ0. We

will deal with it separately later.
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5. Reconstruction of Real Almost-Periodic Functions from Fourier Coefficients

As for exponential sums, this means that the P -periodic components of the function
f correspond to the unattainable points in the rational interpolation problem we have
to solve in order to find p̃ and q̃. Therefore, as in Section 4.3.1, if ak = n∗

P for some
n∗ ∈ N and some 1 ≤ k ≤ K, we get

c̃Pn∗ + 1
π · P

·
p̃
(

(n∗)2

P 2

)
q̃
(

(n∗)2

P 2

) = ρk
2 ·

(
cos(bk) + i · Pn∗ · sin(bk)

)
=: ỹn∗ .

Then, since ρk > 0, we find

ρk = 2 ·
√(

Re ỹn∗
)2 +

(
n∗

P · Im ỹn∗
)2

and
bk = atan2

(
2n∗
ρk·P · Im ỹn∗ ,

2
ρk
· Re ỹn∗

)
.

Finally, let us consider the constant term ρ0. We have

f̂P (0) = 1
π · P

∑
k∈Lnp

ak · Ck
a2
k

+ ρ0 = Re p̃(0)
q̃(0) + ρ0,

which means that if f̂P (0) is given, we can easily recover ρ0 via

ρ0 = f̂P (0)− Re p̃(0)
q̃(0) .

However, if we are given a function and not just Fourier samples, we can alternatively
calculate ρ0 by first computing a reconstruction without taking the constant term into
account and then comparing this reconstruction with the given function. If they differ
by a constant, then we have found ρ0. This means that in the case that a function is
given it is not necessary to know f̂P (0).

Lastly, we note that Main Theorem 4.5 holds analogously for real almost-periodic
functions, i.e., they are uniquely determined by 2K modified Fourier coefficients.

We can now present a dedicated algorithm to reconstruct real almost-periodic func-
tions.
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Algorithm 5.6 (Exact Reconstruction of Real Almost-Periodic Signals).
Input: S =

{(
n2
j

P 2 ,−π · P · c̃Pnj
)

: nj ∈ N, j = 1, 2, . . . ,M
}
. A set of M modified

Fourier samples from a real almost-periodic function f with K
components.(

0, f̂P (0)
)
. Fourier sample corresponding to the constant term of f (optional).

(i) IF
∥∥∥(c̃Pnj)Mj=1

∥∥∥
0
≤
⌈
M
2

⌉
, then STOP. The function f contains only P -periodic

components. Reconstruct the parameters ρk, ak, and bk for k = 1, 2, . . . , K
directly from f̂P (nj).

(ii) Set n =
⌊
M−1

2

⌋
and m = n− 1 and construct the matrix Vm,n(S) as in (1.7).

(iii) Find (pT ,−qT )T ∈ ker Vm,n(S).

(iv) IF null Vm,n(S) = 0, then STOP. There are too few samples.

(v) ELSE set p and q the polynomials corresponding to p and q. Compute d =
gcd(p, q) and set p∗ = c · pd as well as q∗ = c · qd , where c ∈ R is chosen such that
q∗ is monic.

(vi) Find the roots rk of q∗ and set ak = √rk for k = 1, 2, . . . , deg(q∗). Compute

Ck =
Re p∗

(
a2
k

)
ak ·

∏K
l=1
l 6=k

(
a2
k − a2

l

) and Sk =
Im p∗

(
a2
k

)∏K
l=1
l 6=k

(
a2
k − a2

l

)
and set

ρk =

√
C2
k + S2

k

| sin(π · ak · P )|
as well as

bk = atan2
(

Sk
ρk · sin(π · ak · P ) ,

Ck
ρk · sin(π · ak · P )

)
− π · ak · P mod 2π

for k = 1, 2, . . . , deg(q∗).

(vii) Compute

ỹj = c̃Pnj + 1
π · P

·
p∗
(
n2
j

P 2

)
q∗
(
n2
j

P 2

)
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5. Reconstruction of Real Almost-Periodic Functions from Fourier Coefficients

for all j = 1, 2, . . . ,M . IF ỹj 6= 0 set ak = nj
P as well as

ρk = 2 ·
√(

Re ỹnj
)2 +

(
nj
P · Im ỹnj

)2

and
bk = atan2

(
2nj
ρk·P · Im ỹnj ,

2
ρk
· Re ỹnj

)
for k = deg(q̃) + 1, . . . , K.

(viii) IF f̂P (0) is given, compute

ρ0 = f̂P (0)− Re p̃(0)
q̃(0)

Output: Parameters K, ak, bk, ρk for k = 1, 2, . . . , K and possibly ρ0 defining f .

Remark 5.7. As thoroughly discussed in Part I, both Algorithm 4.7 and Algorithm 5.6
are not suited for actual numerical computations. They rather serve as demonstrations
that we can reconstruct exponential sums and real almost-periodic functions from
Fourier data. We will look at a numerically more feasible algorithm in Chapter 7.
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Part III.

Reconstruction of Exponential
Sums from DFT Coefficients





6. Reconstruction of Exponential Sums
from DFT Coefficients

6.1. Discrete Fourier Transform of Exponential Sums

The algorithms developed in the previous part work with classical Fourier coefficients.
They can be used in practice if, for example, the given measurements are already from
the Fourier transform of the function we wish to reconstruct. However, when we are
given measurements of a function, we usually cannot compute the continuous Fourier
transform. Instead, we can compute the discrete Fourier transform of a sample vector.
We have published most of the results from this chapter in [36].

Let f = (fm)M−1
m=0 ∈ CM forM ∈ N be a vector of equispaced samples from a function

f . Then the discrete Fourier transform of f is defined as f̂ := (f̂n)M−1
n=0 ∈ CM with

discrete Fourier coefficients

f̂n := 1
M

M−1∑
m=0

fm · e−2π i ·n·m
M , (6.1)

see for example [92, Chapter 3]. Note that many authors, including [92], as well
as many programming library functions, such as Matlab’s fft, define the discrete
Fourier coefficients without the normalization factor 1

M . However, this does not effect
any of our results.

The following lemma is the DFT analogue to Lemma 4.1.

Lemma 6.1. Let f(t) = η · eφ·t with η ∈ C \ {0} and φ ∈ C. Further, let P > 0
and suppose that we have M ∈ N equispaced samples (fm)M−1

m=0 of f from the interval
[0, P ), i.e., fm = f

(
m·P
M

)
for m = 0, 1, . . . ,M − 1. If φ = 2π i · lP for some l ∈ Z then

f̂n =

η, if n ≡ l modM

0, else
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6. Reconstruction of Exponential Sums from DFT Coefficients

for n = 0, 1, . . . ,M − 1. Otherwise

f̂n = η

M
· 1− eφ·P

1− e
φ·P−2π i ·n

M

(6.2)

for n = 0, 1, . . . ,M − 1.

Proof. We have

f̂n = 1
M

M−1∑
m=0

fm · e−2π i ·n·m
M

= 1
M

M−1∑
m=0

η · eφ·
m·P
M · e−2π i ·n·m

M

= η

M

M−1∑
m=0

(
e
φ·P−2π i ·n

M

)m
.

If φ = 2π i · lP for l ∈ Z such that n ≡ l modM , i.e., l−n = j ·M for some j ∈ Z, then

e
φ·P−2π i ·n

M = e2π i · l−n
M = e2π i · j·M

M = e2π i ·j = 1

and hence

f̂n = η

M

M−1∑
m=0

1m = η

M
·M = η.

Otherwise we find

f̂n = η

M
· 1− eφ·P−2π i ·n

1− e
φ·P−2π i ·n

M

= η

M
· 1− eφ·P ·

=1︷ ︸︸ ︷
e−2π i ·n

1− e
φ·P−2π i ·n

M

,

where we have used that
M−1∑
m=0

zm = 1− zM
1− z

for any z ∈ C \ {1}. Note that e
φ·P−2π i ·n

M = 1 only if φ = 2π i · lP for l ∈ Z such
that n ≡ l modM . In particular, if φ = 2π i · lP for some l ∈ Z with n 6≡ lmodM ,
it follows that l − n ∈ Z \M · Z and therefore e

φ·P−2π i ·n
M = e2π i · l−n

M 6= 1 as well as
1− eφ·P = 1− e2π i ·l = 0, which means that in this case f̂n = 0.
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6.2. Reconstruction of Functions without P -Periodic Components

Remark 6.2. (i) In the following, we will use a rewritten form of (6.2), namely

f̂n = η

M
· 1− eφ·P

1− eφ· PM · e−2π i · n
M

= e2π i · n
M · η

M
· 1− eφ·P

e2π i · n
M − eφ· PM

. (6.3)

(ii) Let us briefly consider the special case that fm = f(m), which is equivalent to
assuming that P = M . As a matter of fact, we can even assume this w.l.o.g. since
given any function f as well as numbers P andM we can instead of f use the function
f̃ := f

(
P
M · ·

)
such that f

(
m·P
M

)
= f̃(m). Then (6.3) becomes

f̂n = e2π i · n
M · η

M
· 1− eφ·M

e2π i · n
M − eφ

. (6.4)

This also means that the condition that φ 6= 2π i · lP , which is the same as demanding
that eφ·t is not P -periodic, becomes φ 6= 2π i · lM for any l ∈ Z. Writing z = eφ with
Imφ ∈ [0, 2π), as in (3.7), this implies that z 6= e2π i · l

M for any l = 0, 1, . . . ,M − 1,
i.e., z is not an M-th root of unity, and (6.4) becomes

f̂n = e2π i · n
M · η

M
· 1− zM

e2π i · n
M −z

. (6.5)

We will see in Remark 6.4 (ii) that fm = f(m) entails that we must have Imφ ∈ [0, 2π).
Therefore, assuming that fm = f(m) automatically means that we can only consider
exponential sums as in (3.7).

Since (6.3) is more general in the sense that we can choose P and M independently
and (6.4), respectively (6.5), are just special cases, we will throughout this chapter
always consider (6.3), i.e., we will assume that fm are equispaced samples, but not
necessarily fm = f(m) for m = 0, 1, . . . ,M − 1 and M ∈ N.

6.2. Reconstruction of Functions without P -Periodic
Components

As in in Chapters 4 and 5 we will first consider exponential sums as in (3.6) which do
not contain P -periodic components, i.e., functions of the form

f(t) =
K∑
k=1

ηk · eφk·t
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6. Reconstruction of Exponential Sums from DFT Coefficients

with ηk, φk ∈ C \ {0} such that the φk are pairwise distinct and φk 6= 2π i · lP for any

l ∈ Z and all k = 1, 2, . . . , K. For P > 0 and M ∈ N, let f =
(
f
(
m·P
M

))M−1

m=0
be a

vector of equispaced samples from f . Then, by equations (6.1) and (6.3), the discrete
Fourier transform of f is given by f̂ :=

(
f̂n
)M−1
n=0 with

f̂n = e2π i · n
M

M

K∑
k=1

ηk ·
1− eφk·P

e2π i · n
M − eφk· PM

= e2π i · n
M

M
·

∑K
k=1 ηk ·

(
1− eφk·P

)
·
∏K
l=1
l 6=k

(
e2π i · n

M − eφl· PM
)

∏K
k=1

(
e2π i · n

M − eφk· PM
)

for n = 0, 1, . . . ,M − 1. Thus, we find similarly as in Chapter 4 that

f̂n = e2π i · n
M

M
·
p
(
e2π i · n

M

)
q
(
e2π i · n

M

) (6.6)

with polynomials

p(z) :=
K∑
k=1

ηk ·
(
1− eφk·P

)
·
K∏
l=1
l 6=k

(
z − eφl·

P
M

)
(6.7)

and

q(z) :=
K∏
k=1

(
z − eφk·

P
M

)
. (6.8)

As in the case of classical Fourier coefficients, we find that q
(
e2π i · n

M

)
6= 0 for any

n ∈ Z, deg(q) = K, deg(p) ≤ K − 1, and q is monic, see Lemma 4.3 (i), (ii) and (v).
However, differently from the classical case, the question whether p and q are coprime,
see Lemma 4.3 (iii), needs to be addressed separately.

Lemma 6.3. If φk 6≡ φl mod 2π i ·MP for all 1 ≤ k < l ≤ K then the polynomials p
and q in (6.7) and (6.8) are coprime.

Proof. First note that q possesses exactly the zeros eφk· PM for k = 1, 2, . . . , K and we
have

p
(
eφk·

P
M

)
= ηk ·

(
1− eφk·P

)
·
K∏
l=1
l 6=k

(
eφk·

P
M − eφl·

P
M

)
.

Since by assumption ηk 6= 0 and φk 6= 2π i · lP for any l ∈ Z, i.e., 1− eφk·P 6= 0, we must
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6.2. Reconstruction of Functions without P -Periodic Components

have for p
(
eφk· PM

)
to be zero that

eφk·
P
M − eφl·

P
M = 0

for some l ∈ {1, 2, . . . , K}, l 6= k, which is equivalent to

φk ≡ φl mod 2π i ·M
P

(6.9)

and the claim follows.

Remark 6.4. (i) The condition that φk 6≡ φl mod 2π i ·MP for all 1 ≤ k < l ≤ K

in Lemma 6.3 is rather technical. However, from equation (6.9), we can deduce a
more intuitive condition. For this note that (6.9) is equivalent to Reφk = Reφl and
Imφk ≡ Imφl mod 2π · MP or equivalently Imφk · P2π ≡ Imφl · P2π modM . Assuming
that Imφk ≥ 0 for all k = 1, 2, . . . , K this means that if

M > max
k=1,2,...,K

{
Imφk

}
· P2π , (6.10)

it follows that p and q are coprime given the φk are pairwise distinct, which we always
assume anyway. If we allow for Imφk ∈ R, then (6.10) becomes

M > max
k=1,2,...,K

{
| Imφk|

}
· P
π
.

As we will see in Theorem 6.5, this condition is required in any case to be able to
uniquely reconstruct the parameters φk for k = 1, 2, . . . , K. Put differently, this con-
dition is needed in order to prevent aliasing. Another way to view this is that we need
to sample the function we want to reconstruct with a sampling distance of less than

2π
maxk=1,2,...,K{Imφk} , respectively

π
maxk=1,2,...,K{| Imφk|} .

(ii) Assuming that fm = f(m), which, as noted in Remark 6.2, is equivalent to
P = M , the condition (6.10) becomes

2π > max
k=1,2,...,K

{
Imφk

}
.

This is just the condition we had for exponential sums with knots eφk = zk ∈ C for k =
1, 2, . . . , K as in (3.7). Moreover, in this case the condition that φk 6≡ φl mod 2π i ·MP
for all 1 ≤ k < l ≤ K from Lemma 6.3 simply becomes zk 6= zl for 1 ≤ k < l ≤ K.

153



6. Reconstruction of Exponential Sums from DFT Coefficients

(iii) Under the additional assumption from Lemma 6.3, properties (iv) and (vi) from
Lemma 4.3 hold analogously as for classical Fourier coefficients, i.e., p 6≡ 0 and the set
of parameters ηk and φk for k = 1, 2, . . . , K such that deg(p) < K − 1 is a Lebesgue
null set. Since the leading coefficient of p is here the same as in the exact case, the
proof of the latter statement can be repeated verbatim. The first assertion follows
with Lemma 6.3 by noting that p

(
eφk· PM

)
6= 0 for k = 1, 2, . . . , K.

Before we continue, we need to introduce the so-called argument function. Let
z = r · eiϕ = x + i y ∈ C \ {0} be a complex number, with r ∈ R>0, ϕ ∈ [0, 2π) and
(x, y) ∈ R2 \ {(0, 0)}. Then the argument function is defined as

arg(z) := atan2(y, x) = ϕ,

see for example [22, p.16]. Note that we define arg as a single valued function with a
value in the interval [0, 2π). In the literature, it is sometimes defined as a set valued
function mapping z to the set {ϕ + 2π · n : z = r · eiϕ, ϕ ∈ [0, 2π), n ∈ Z} or as a
function mapping into [−π, π), which is also the definition used by Matlab’s angle
function.

The following theorem tells us, analogously to Theorem 4.4, how we can reconstruct
the parameters ηk and φk for k = 1, 2, . . . , K from p and q. For better readability,
we will only cover the case that Imφk ≥ 0 and remark on the case Imφk ∈ R for
k = 1, 2, . . . , K later.

Theorem 6.5. Given polynomials p and q as in equations (6.7) and (6.8) with Imφk ≥
0 for all k = 1, 2, . . . , K, where M > maxk=1,2,...,K{Imφk} · P2π , we can reconstruct the
parameters ηk and φk for k = 1, 2, . . . , K via

Imφk = M

P
· arg(rk) and Reφk = M

P
· ln

(
|rk|

)
for q(rk) = 0,

where ln denotes the natural logarithm, and

ηk = p(rk) ·
(
1− eφk·P

)−1
·
K∏
l=1
l 6=k

(rk − rl)−1.

Proof. Since φk 6= φl and M > maxk=1,2,...,K{Imφk} · P2π , it follows with Remark 6.4(i)
as in the proof of Lemma 6.3 that

φk ·
P

M
6≡ φl ·

P

M
mod 2π i
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6.2. Reconstruction of Functions without P -Periodic Components

for 1 ≤ k < l ≤ K. Therefore, q possesses the distinct zeros rk = eφk·
P
M for k =

1, 2, . . . , K. Since Imφk · PM < 2π, we can uniquely reconstruct Imφk = M
P · arg(rk)

and Reφk = ln
(
|rk|

M
P

)
= M

P · ln
(
|rk|

)
for k = 1, 2, . . . , K.

Further, we have for j = 1, 2, . . . , K that

p(rj) =
K∑
k=1

ηk ·
(
1− eφk·P

)
·
K∏
l=1
l 6=k

(rj − rl)

= ηj ·
(
1− eφj ·P

)
·
K∏
l=1
l 6=j

(rj − rl).

Since rj 6= rl for j 6= l and φk 6= 2π i · nP for any n ∈ Z, i.e., eφj ·P 6= 1, the claim for ηk
follows.

Remark 6.6. If we allow in Theorem 6.5 that Imφk ∈ R for k = 1, 2, . . . , K, then, by
Remark 6.4(i), we need to demand that M > maxk=1,2,...,K

{
| Imφk|

}
· Pπ . This implies

that | Imφk| · PM < | Imφk| · π
maxk=1,2,...,K{| Imφk|} ≤ π for all k = 1, 2, . . . , K. Therefore,

if in this case arg(rk) ∈ [π, 2π) for some 1 ≤ k ≤ K, we know that Imφk < 0. This is
consistent with defining the arg function as mapping into [−π, π).

We can now again interpret equation (6.6) to express that the values M

e2π i · n
M
· f̂n

sample the rational function p
q at the points e2π i · n

M for n = 0, 1, . . . ,M − 1. Theorem
1.2 then tells us that we need at least 2K DFT values in order to reconstruct p and q
via Algorithm 1.4.

However, Lemma 6.3, respectively Remark 6.4, and Theorem 6.5 also imply that in
order to ensure that p and q are coprime and the parameters φk for k = 1, 2, . . . , K are
uniquely determined by these polynomials, we need thatM > maxk=1,2,...,K{Imφk}· P2π ,
respectively M > maxk=1,2,...,K{| Imφk|} · Pπ . Define

φmax :=


max

k=1,2,...,K
{Imφk} · P2π if Imφk ≥ 0 for k = 1, 2, . . . , K,

max
k=1,2,...,K

{| Imφk|} · Pπ if Imφk ∈ R for k = 1, 2, . . . , K.
(6.11)

Then this means that in fact we need M ≥ max{2K, bφmaxc+ 1} samples in order to
reconstruct a given function.

This opens up the question of how to either estimate φmax a priori, or how to handle
aliasing. However, we will not address these questions here. For a way to deal with
the latter problem, we refer to [33].
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6. Reconstruction of Exponential Sums from DFT Coefficients

6.3. Reconstruction of Functions with P -Periodic
Components

Analogously to Section 4.3, we will now look at exponential sums as in (3.6), i.e.,

f(t) = η0 +
K∑
k=1

ηk · eφk·t,

where we now allow for η0 6= 0 and φk = 2π i ·mP for some m ∈ Z and 1 ≤ k ≤ K. For
increased readability, we will, again as in Section 4.3, use the notation

f(t) =
K∑
k=1

ηk · eφk·t,

with ηk ∈ C \ {0} and pairwise distinct φk ∈ C for all k = 1, 2, . . . , K. Since we allow
that φk = 0 for some 1 ≤ k ≤ K, this means that the constant term is incorporated
into the sum. Further, we will assume throughout this section that Imφk ≥ 0 for all
k = 1, 2, . . . , K and M > maxk=1,2,...,K{Imφk} · P2π .

First, we note that, by Lemma 6.1, the case that the function contains only P -
periodic components is the same as in section 4.3.2, i.e., if f contains only P -periodic
components, then and only then do we have ‖y‖0 ≤

⌈
M
2

⌉
, where

y = M ·
(

f̂n

e2π i · n
M

)M−1

n=0

denotes the vector of given sample values used for rational interpolation.
The case that f contains both P -periodic and non-P -periodic components is also

very similar to the classical case. Therefore, we will only briefly study it here. For
more details, see section 4.3.1.

Let

Lnp :=
{
k ∈ {1, 2, . . . , K} : φk 6= 2π i ·mP for any m ∈ Z

}
(6.12)

and

Lp :=
{
k ∈ {1, 2, . . . , K} : φk = 2π i ·mP for some m ∈ Z

}
. (6.13)

Then, by equation (6.1) and Lemma 6.1 together with equation (6.3), the values of
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the discrete Fourier transform f̂ of an equispaced sample vector f of f are given by

f̂n = e2π i · n
M

M

∑
k∈Lnp

ηk ·
1− eφk·P

e2π i · n
M − eφk· PM

+
∑
k∈Lp

ηk · χ{φk}
(
2π i · nP

)
for n = 0, 1, . . . ,M − 1. Now assume that we have a set of samples

S =
{(

e2π i · n
M ,

M

e2π i · n
M

· f̂n
)

: n = 0, 1, . . . ,M − 1
}
.

Since M > maxk=1,2,...,K{Imφk} · P2π , the set S automatically contains all points
(

eφk·
P
M ,

M

eφk· PM
· f̂φk· P2π i

)
(6.14)

for k ∈ Lp, i.e., all the samples corresponding to P -periodic components of f are
guaranteed to be contained in the sample set.

We then find that

p
(
e2π i · n

M

)
· d
(
e2π i · n

M

)
− M

e2π i · n
M

· q
(
e2π i · n

M

)
· d
(
e2π i · n

M

)
= 0 (6.15)

for n = 0, 1, . . . ,M − 1, with

p(z) :=
∑
k∈Lnp

ηk ·
(
1− eφk·P

)
·

K∏
l∈Lnp
l 6=k

(
z − eφl·

P
M

)
, (6.16)

q(z) :=
∏
k∈Lnp

(
z − eφk·

P
M

)
, (6.17)

and

d(z) :=
∏
k∈Lp

(
z − eφk·

P
M

)
, (6.18)

where deg(p · d) a.s.= K − 1 and deg(q · d) = K. Therefore we can reconstruct p, q, and
d from M ≥ max{2K, bφmaxc + 1} samples, with φmax as in (6.11), using Algorithm
1.4.

In particular, if k ∈ Lp and φk = 2π i ·n∗P for some 0 ≤ n∗ ≤M − 1, then

f̂n∗ −
e2π i ·n

∗
M

M
·
p
(
e2π i ·n

∗
M

)
q
(
e2π i ·n∗

M

) = ηk. (6.19)

From this we can directly recover the parameters ηk and φk for k ∈ Lp.
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Remark 6.7. We shortly comment on the case that we allow for Imφk ∈ R for k =
1, 2, . . . , K and accordingly demand that M > maxk=1,2,...,K{| Imφk|} · Pπ . Assume
that k ∈ Lp and Imφk ≤ 0, i.e., φk = −2π i ·n∗P for some n∗ ∈ N. Note that since
| Imφk| < π·M

P , it follows that n∗ < M
2 .

We first consider the samples corresponding to P -periodic components as in (6.14).
In this setting, the P -periodic component ηk · eφk·t corresponds to the DFT value
f̂M+φk· P2π i

= f̂M−n∗ .
Analogously, we find that (6.19) becomes

f̂M−n∗ −
e2π i ·M−n

∗
M

M
·
p
(
e2π i ·M−n

∗
M

)
q
(
e2π i ·M−n∗

M

) = f̂M−n∗ −
e−2π i ·n∗

M
·
p
(
e−2π i ·n∗

)
q
(
e−2π i ·n∗

) = ηk.

Finally, we want to remark on the reconstruction of real almost-periodic functions
from DFT data.

Remark 6.8. As we have seen in equation (3.8), we can always interpret a real almost-
periodic function containing K components as an exponential sum containing 2K
components, implying that we need twice as many, i.e., 4K, samples for reconstruction.
This is true for both the continuous and the discrete case. In Chapter 5, we saw that
for classical Fourier coefficients it sufficed to have 2K samples in order to reconstruct
a real almost-periodic function. We explained this heuristically by the fact that we
are able to collect the data asymmetrically and use that f̂P (−n) = f̂P (n), see Remark
5.4. We also looked for an analogous result for DFT data but could not find one.
We believe that it is not possible to obtain such a result. A heuristic explanation
for this is that for real input signals, the DFT values always satisfy f̂M−n = f̂n for
n = 1, 2, . . . ,M − 1 and f̂0 ∈ R, see [92, Chapter 3]. This means that the discrete
Fourier transform always returns symmetric data, which in turn means that we cannot
exploit any asymmetry in the data, as we did in Chapter 5. In some sense, the DFT
of length M of a real input function only returns M

2 independent data points. Put
differently, the DFT of length 2K of a real almost-periodic function does not give us
enough information, namely only K independent data points, in order to reconstruct
the given function, which requires 2K data points.
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6.4. Main Theorem and Algorithm for DFT Coefficients

We now come to the second main result of this thesis.

Main Theorem 6.9 (Reconstruction of Exponential Sums from DFT Coefficients).
Let f(t) =

∑K
k=1 ηk · eφk·t be an exponential sum with ηk ∈ C \ {0} and pairwise

distinct φk ∈ C for all k = 1, 2, . . . , K. Further, let P > 0 be arbitrary and M ≥
max{2K, bφmaxc + 1} with φmax as in (6.11). Then the parameters ηk and φk can be
uniquely reconstructed from M samples of the form fm = f

(
m·P
M

)
using the values of

the discrete Fourier transform f̂n for n = 0, 1, . . . ,M − 1.

Parameter K?

Proof. From equation (6.15) and Lemma 6.3 together with Remark 6.4 as well as
Lemma 4.3(v), it follows by Theorem 1.2 that the polynomials p, q, and d as in equa-
tions (6.16), (6.17), and (6.18) can be reconstructed from 2K samples using Algorithm
1.4. Since q and d are monic and P is known, we can uniquely reconstruct all poly-
nomials. Using Theorem 6.5 and equation (6.19), we can reconstruct ηk and φk for
k = 1, 2, . . . , K. By Theorem 3.11, these parameters uniquely determine the exponen-
tial sum f .

A corollary of this result is a new uniqueness theorem for exponential sums. Recall
that Theorem 3.11 states that two exponential sums are equal, i.e., defined by the
same parameters, if they agree on any interval T ⊆ R of non-zero length.

Theorem 6.10 (Uniqueness of Exponential Sums). Let

f(t) =
K∑
k=1

ηk · eφk·t and g(t) =
K̃∑
k=1

γk · eψk·t

be exponential sums, where ηk, γk ∈ C\{0} for all k = 1, 2, . . . , K, respectively K̃, and
φ1, φ2, . . . , φK ∈ C\{0} as well as ψ1, ψ2, . . . , ψK̃ ∈ C\{0} are each pairwise distinct.
Further, let P > 0 be arbitrary and M ≥ max

{
2K, 2K̃, bφmaxc+ 1, bψmaxc+ 1

}
, where

φmax and ψmax are defined as in (6.11). If f
(
m·P
M

)
= g

(
m·P
M

)
for m = 0, 1, . . . ,M − 1

then K = K̃ and, after a suitable ordering of the terms, φk = ψk as well as ηk = γk

for all k = 1, 2, . . . , K.

This result is not new, in the sense that there exist algorithms which can recover
exponential sums from discrete samples, implying the statement of Theorem 6.10. We
will briefly touch on these algorithms in the next chapter and in Appendix B.
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We can now present an algorithm for the reconstruction of exponential sums from
discrete function samples.

Algorithm 6.11 (Reconstruction of Exponential Sums from Discrete Samples).
Input: f = (fm)M−1

m=0 =
(
f
(
m·P
M

))M−1

m=0
∈ CM . Vector of equispaced samples from an

exponential sum f with K components, where P > 0 and
M ≥ bφmaxc+ 1.

(i) Compute the DFT f̂ = (f̂n)M−1
n=0 of f and set

S =
{(

e2π i · n
M ,

M

e2π i · n
M

· f̂n
)

: n = 0, 1, . . . ,M − 1
}
.

(ii) IF
∥∥∥(f̂n)M−1

n=0

∥∥∥
0
≤
⌈
M
2

⌉
, then STOP. The function f contains only P -periodic

components. Reconstruct the parameters φk and ηk for k = 1, 2, . . . , K directly
from f̂n.

(iii) Construct the matrix VbM−1
2 c−1,bM−1

2 c(S) as in (1.7).

(iv) Find (pT ,−qT )T ∈ ker Vm,n(S).

(v) IF null VbM−1
2 c−1,bM−1

2 c(S) = 0, then STOP. There are too few samples.

(vi) ELSE set p and q the polynomials corresponding to p and q. Compute d =
gcd(p, q) and set p∗ = c · pd as well as q∗ = c · qd , where c ∈ R is chosen such that
q∗ is monic.

(vii) Find the roots rk of q∗ and compute Imφk = M
P · arg(rk), Reφk = M

P · ln (|rk|)
as well as

ηk = p∗(rk) ·
(
1− eφk·P

)−1
·

deg(q∗)∏
l=1
l 6=k

(rk − rl)−1

for k = 1, 2, . . . , deg(q∗).

(viii) Compute

ỹn = M

e2π i · n
M

· f̂n −
p∗
(
e2π i · n

M

)
q∗
(
e2π i · n

M

)
for all n = 0, 1, . . . ,M − 1. IF ỹn 6= 0, set φk = 2π i · nP and ηk = e2π i · n

M

M · ỹn for
k = deg(q∗) + 1, . . . , K.
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Output: Parameters K, ηk, and φk for k = 1, 2, . . . , K defining f .

Remark 6.12. (i) Note that in step (viii) of Algorithm 6.11 we tacitly assumed that
Imφk ≥ 0 for all k = 1, 2, . . . , K. If we allow for Imφk ∈ R, then we have to change
this step according to Remark 6.7.

(ii) If the number of given samples is less than bφmaxc+1 then we cannot reconstruct
the imaginary parts of all φk correctly. As mentioned before, this problem is discussed
in more depth in [33]. In the case that, instead of just samples, we are given a function
from which we can sample at will, we can always compare the outcome of Algorithm
6.11 to the given function and, if they differ, rerun the algorithm with more samples.
However, this only works if we have access to the actual function.
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7.1. The Algorithm

Finally, we can harvest the fruits of our labor so far. In the previous chapter, we
developed an algorithm to reconstruct exponential sums from function samples using
the discrete Fourier transform and rational interpolation. In Chapters 1 and 2, we
looked in detail at a numerically stable method for rational interpolation. Now we
combine our findings to obtain a numerically stable algorithm for the reconstruction
of exponential sums from discrete sample values. Although we will only present the
algorithm for DFT data, it can in principle, with minor changes, also be applied to
data from classical Fourier coefficients as well as modified Fourier coefficients from real
almost-periodic functions. We have published the results of this section in [36].

We already have almost all ingredients for our algorithm. Given equispaced samples
fm for m = 0, 1, . . . ,M − 1, with sufficiently large M , from an exponential sum f ,
we first compute the DFT values f̂n for n = 0, 1, . . . ,M − 1. Then we use the AAA
algorithm as discussed in Sections 1.5 and 2.1 in order to find a rational interpolant
for the given data

S =
{(

e2π i · n
M ,

M

e2π i · n
M

· f̂n
)

: n = 0, 1, . . . ,M − 1
}
.

Using a Froissart doublet removal process as in Section 2.3, we then find the unattain-
able points in the given data, which, by equation (6.15), correspond to the P -periodic
components of the given function.

Let S̃ denote the subset of the sample set S, where all unattainable points have been
removed. We thus obtain a minimal rational function in barycentric form, given by a
weight vector u and a partition S′, T ′ of S̃, which interpolates all points in S̃. We will
denote the set of indices of the points in S̃ by IS̃ .
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Now we know by (6.6) and Lemma 1.10 that

ru,T ′(z) =

∑|T ′|
j=1

uj

z−e2π i ·
nj
M

·M · e−2π i ·
nj
M ·f̂nj∑|T ′|

j=1
uj

z−e2π i ·
nj
M

=

∑
k∈Lnp ηk ·

(
1− eφk·P

)
·
∏K
l∈Lnp
l 6=k

(
z − eφl· PM

)
∏
k∈Lnp

(
z − eφk· PM

)
=

∑
k∈Lnp

ηk ·
(
1− eφk·P

)
z − eφk· PM

,

where nj for j = 1, 2, . . . , |T ′| denote the indices of the samples in T ′ and Lnp denotes
the indices of the non-P -periodic components of f as in (6.12). It follows that the
zeros of q(z) =

∏
k∈Lnp

(
z − eφk· PM

)
are the poles of ru,T . We already discussed how to

find the poles of a rational function in barycentric form using a generalized eigenvalue
problem in Section 2.4. Once we know the poles rk = eφk· PM , we can reconstruct φk for
k = 1, 2, . . . , K as in Theorem 6.5 via Imφk = M

P · arg(rk) and Reφk = M
P · ln

(
|rk|

)
.

Knowing φk we can than also compute eφk·P .
We mentioned in Section 2.5.4 that it is hard to reconstruct the numerator polyno-

mial p since, due to numerical errors, it is likely that the reconstructed function has
type (|T ′| − 1, |T ′| − 1). However, we do not actually need to reconstruct p, as would
be necessary to apply Theorem 6.5, in order to find the last missing parameters ηk for
k = 1, 2, . . . , K. Instead, we note that

ru,T ′
(
e2π i · n

M

)
=

∑
k∈Lnp

ηk ·
(
1− eφk·P

)
e2π i · n

M − eφk· PM
= M

e2π i · n
M

· f̂n

for all n ∈ IS̃ . This is an overdetermined system with the K unknown parameters
ηk and |IS̃ | = M − |Lp| ≥ K + |Lnp| equations, where Lp denotes the indices of the
P -periodic components of f as in (6.13). We can therefore compute the least squares
solution x = (xk)k∈Lnp of(

1
e2π i · n

M − eφk· PM

)
n∈IS̃ , k∈Lnp

· x =
(

M

e2π i · n
M

· f̂n
)
n∈IS̃

and find
ηk = xk

1− eφk·P

for all k ∈ Lnp.
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Now we have everything we need in order to present a numerically stable reconstruc-
tion algorithm. However, before we do that, we present one last result. In Theorem
1.20, we have seen that the convergence of the AAA algorithm relies on the fact that
the Löwner matrix, which lies at the core of the iteration process, becomes singular at
some point. We gave a general proof of this fact in Theorem 1.15. If the given data S
does not contain unattainable points, i.e., there is a rational function r interpolating
all points in S, then Theorem 1.8 tells us that the rank of the Löwner matrix L(S′, T ′)
as in equation (1.21) with a partition of S such that |S′|, |T ′| ≥ deg(r) is equal to
deg(r). In [36] and [90], we proved this directly, where we used the structure of the
given Fourier data f̂P (n) respectively f̂n. We present the proof for DFT data here.
The continuous case is very similar.

Lemma 7.1. Let f =
∑K
k=1 ηk · eφk·t be an exponential sum with ηk, φk ∈ C \ {0} for

k = 1, 2, . . . , K. Further, let P > 0 and M ≥ 2K such that φk 6= 2π i · jP for any j ∈ Z
and all k = 1, 2, . . . , K as well as φk 6≡ φl mod 2π i ·MP for 1 ≤ k < l ≤ K. Given
the discrete Fourier transform f̂ = (f̂n)M−1

n=0 of a vector f ∈ CM of equispaced samples
from f , set

S =
{(

e2π i · n
M ,M · e−2π i · n

M ·f̂n
)

: n = 0, 1, . . . ,M − 1
}

and let S′, T ′ be a partition of S such that |S′| ≥ K. If |T ′| ≥ K then rk L(S′, T ′) = K

and if |T ′| < K then null L(S′, T ′) = 0.

Proof. Denote by IS′ and IT ′ the sets of indices of samples in S′, respectively T ′. Then
we have

L(S′, T ′) = M ·
(

e−2π i · s
M f̂s − e−2π i · t

M f̂t

e2π i · s
M − e2π i · t

M

)
s∈IS′ , t∈IT ′

=


∑K
k=1 ηk

(
1− eφk·P

)
·
(

1
e2π i · s

M − eφk·
P
M
− 1

e2π i · t
M − eφk·

P
M

)
e2π i · s

M − e2π i · t
M


s∈IS′ , t∈IT ′

=

 K∑
k=1

ηk
(
eφk·P −1

)
· 1(

e2π i · s
M − eφk· PM

)
·
(
e2π i · t

M − eφk· PM
)

s∈IS′ , t∈IT ′
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=
(

1
e2π i · s

M − eφk· PM

)
s∈IS′ , k=1,...,K

· diag
((
ηk
(
eφk·P −1

))K
k=1

)

·
(

1
e2π i · t

M − eφk· PM

)
k=1,...,K, t∈IT ′

,

where we have used (6.3) for the second equality. Since φk 6= 2π i · jP for any j ∈ Z and
all k = 1, 2, . . . , K, it follows that the matrix

E := diag
((
ηk
(
eφk·P −1

))K
k=1

)

has full rank. Further, as already mentioned in the proof of Theorem 1.15, the ranks
of the Cauchy matrices

CS′ :=
(

1
e2π i · s

M − eφk· PM

)
s∈IS′ , k=1,...,K

and

CT ′ :=
(

1
e2π i · t

M − eφk· PM

)
k=1,...,K, t∈IT ′

are given by min
{
|IS′ |, K

}
and min

{
K, |IT ′ |

}
. Since we assume that |IS′ | ≥ K, it

follows that CS′ has full column rank and therefore the matrix CS′ · E has also full
column rank K. If now |IT ′ | < K then CT ′ too has full column rank and we have
null(CS′ ·E ·CT ′) = null L(S′, T ′) = 0. However, if |IT ′ | ≥ K then rk CT ′ = K and it
follows that rk L(S′, T ′) = K.

Finally, we present our algorithm. In [36], we named this algorithm ESPIRA for
Estimation of Signal Parameters by Iterative Rational Approximation.

Algorithm 7.2 (ESPIRA).
Input: f = (fm)M−1

m=0 =
(
f
(
m·P
M

))M−1

m=0
∈ CM . Vector of equispaced samples from an

exponential sum f with K components, where P > 0 and
M ≥ max{2K, bφmaxc+ 1}.

(i) Compute the DFT f̂ = (f̂n)M−1
n=0 of f and set

S =
{(

e2π i · n
M ,

M

e2π i · n
M

· f̂n
)

: n = 0, 1, . . . ,M − 1
}
.
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(ii) IF
∥∥∥(f̂n)M−1

n=0

∥∥∥
0
≤
⌈
M
2

⌉
, then STOP. The function f contains only P -periodic

components. Reconstruct the parameters φk and ηk for k = 1, 2, . . . , K directly
from f̂n.

(iii) ELSE use Algorithm 2.1 with a Froissart doublet removal process to reconstruct
a rational function r interpolating the DFT values of the non-periodic part of f
and find the indices kj ∈ {0, 1, . . . ,M − 1} for j = 1, 2, . . . , ν corresponding to
the periodic components of f .

(iv) Set φkj = 2π i ·kjP and ηkj = f̂kj − e2π i ·
kj
M

M · r
(
e2π i ·

kj
M

)
for j = 1, 2, . . . , ν.

(v) Find the poles ξkj of r and reconstruct φkj via Imφkj = M
P ·arg(ξkj ) and Reφkj =

M
P · ln(|ξkj |) for j = ν + 1, ν + 2, . . . , K.

(vi) Compute the least squares solution x =
(
xkj
)K
j=ν+1 of

(
1

e2π i · n
M − eφkj ·

P
M

)
n∈IS̃ , j=ν+1,...,K

· x = M ·
(
e−2π i · n

M ·f̂n
)
n∈IS̃

,

where IS̃ denotes the index set of the attainable sample points in S, and set

ηkj =
xkj

1− eφkj ·P

for j = ν + 1, ν + 2, . . . , K.

Output: Parameters K, ηk, and φk for k = 1, 2, . . . , K defining f .

Remark 7.3. Like before in step (viii) of Algorithm 6.11, we have tacitly assumed in
step (iv) of Algorithm 7.2 that Imφk ≥ 0 for all k = 1, 2, . . . , K. As already mentioned
in Remark 6.12, if we allow for Imφk ∈ R, then we have to change this step according
to Remark 6.7.

7.2. Numerical Examples

We finish this thesis by looking at how well our algorithm works in practice. In order
to assess its performance, we will compare it to the Matrix Pencil Method (MPM)
[57]. This is a so-called Prony-like method. Prony’s Method [34] is a well-known and
popular method to reconstruct exponential sums from discrete samples. However, the
classical method is known to be unstable, see [94]. Therefore, several more stable
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Prony-like methods have been proposed. Besides MPM, these are for example MUSIC
[103] and ESPRIT [99]. For our comparisons in this section, we will use an improved,
state-of-the-art version of the MPM algorithm as proposed in [97]. We present the
MPM algorithm in more detail in Appendix B. In [36], we also gave a short review of
MPM and ESPRIT.

As in Chapter 2, we will look at the performance on large sets of randomly generated
functions, but we will also consider specific examples in more detail. The test functions

f(t) =
K∑
k=1

ηk · eφk·t

are generated by fixing the number of components K and the period P over which we
sample, i.e., we sample from the interval [0, P ), as well as the ranges for Re ηk, Im ηk,
Reφk and Imφk for k = 1, 2, . . . , K. Let rRe η be the range for Re ηk for k = 1, 2, . . . , K.
We then choose Re ηk uniformly from the interval [−rRe η, rRe η] and proceeded in the
same way for Im ηk,Reφk and Imφk for all k = 1, 2, . . . , K. Additionally, we make sure
that the parameters φk for k = 1, 2, . . . , K are always pairwise distinct. We always use
1.000 randomly chosen functions for our experiments. Further, unless stated otherwise,
we use

M = max
{

2K + 2,
⌊
rImφ · Pπ

⌋
+ 1

}
(7.1)

samples for the reconstruction. This is the minimal number of samples needed in order
to guarantee that the function can be reconstructed, see Remark 1.17 (i), and there is
no aliasing, i.e., φk for k = 1, 2, . . . , K can always be reconstructed, see Remark 6.4(i).

The reported errors are calculated as follows. For the parameters ηk and φk, let
η̃j and φ̃j be the output of the respective algorithms for j, k = 1, 2, . . . , K. First, we
match the output to the given parameters by finding

η̃k = argmin
j=1,2,...,K

|ηk − η̃j | and φ̃k = argmin
j=1,2,...,K

|φk − φ̃j | (7.2)

for k = 1, 2, . . . , K. We then compute the relative errors

∆η := maxk=1,2,...,K |ηk − η̃k|
maxk=1,2,...,K |ηk|

and ∆φ := maxk=1,2,...,K |φk − φ̃k|
maxk=1,2,...,K |φk|

.

In order to compute the error for the reconstruction f̃ of f , we sample both functions
in the interval [0, P − 0.01] with a sampling distance of 0.01, which means that we get
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N = 100 · bP c samples fn and f̃n. The error is then computed as

∆f := maxn=1,2,...,N |fn − f̃n|
maxn=1,2,...,N |fn|

.

We quickly need to talk about the matching process in (7.2). Since the parame-
ters φk are always pairwise distinct, we can, at least in principle, always match the
reconstructed value φ̃k uniquely to the original value φk for all k = 1, 2, . . . , K. For
η̃k and ηk, on the other hand, this is not necessarily true since we never demand
that the original ηk have to be pairwise distinct for k = 1, 2, . . . , K. Therefore, it
would make sense to only match φ̃k and φk and then match η̃k and ηk accordingly.
We can do this since the algorithms always return the reconstructed parameters in
pairs (η̃j , φ̃j) for j = 1, 2, . . . , K. However, in practice it can and does happen that
argminj=1,2,...,K |φk − φ̃j | is not unique for all k = 1, 2, . . . , K. In other words, it
can happen that two (or possibly even more, which is highly unlikely though) recon-
structed values φ̃j lie closer to the same φk̃ for 1 ≤ k̃ ≤ K than to all other original
values φk for k = 1, 2, . . . , K, k 6= k̃. If we now match several φ̃j to the same φk̃ and
accordingly match several η̃j to the same ηk̃, this can result in an unreasonably large
error ∆η, which does not reflect how well the parameters were actually reconstructed.
We therefore decided to match the parameters η̃k and ηk as well as φ̃k and φk for
k = 1, 2, . . . , K separately as in (7.2). Moreover, since we choose the parameters ηk
randomly, it is extremely unlikely, that two or more of them are equal, which means
that usually it should be possible to match them uniquely. We also looked at how
often it happens that the parameters φ̃k and φk for k = 1, 2, . . . , K are not matched
uniquely and found that this happens very rarely. Generally, in cases where the error
∆φ was overall larger, it happened more often that there was no unique matching.
This observation is not very surprising. However, even in the worst cases we observed,
it happened less than 2% of the time that there was no unique matching. Even more,
we computed the error ∆η both using the matching described in this paragraph as well
as (7.2). We found that although in the cases where the matching of φ̃k and φk was
not unique the method described here produced larger maximum errors, and hence a
large mean error, the median error over all ∆η was always the same as when using
(7.2).

Recall that in Chapter 2 we found that for the error stopping criterion of the AAA
algorithm a relative tolerance with the factor 10−13 worked best. However, in our
experiments, we found that this tolerance is not ideal here. Instead, a relative tolerance
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with the factor 10−10 provided the best outcome. Moreover, while, in the setting of
Chapter 2, the Froissart doublet removal process worked best if we chose a relative
tolerance with the factor 10−5 in order to remove elements corresponding to small
weights from the column array, here, a factor of 10−8 proved to be better.

In this section, we will compare the MPM algorithm with the ESPIRA algorithm in
two variants. These variants refer to the stopping criterion employed in the AAA al-
gorithm. ESPIRA (err) or (error) denotes the variant with the error stopping criterion
(2.1) and ESPIRA (rank) the variant with the rank stopping criterion (2.2).

7.2.1. Exact Data

We will proceed in this section as follows. We start with a given set of parameters and
then vary one parameter at a time and observe the effects. We found in our tests that
varying the size of the parameters ηk for k = 1, 2, . . . , K does not seem to have much
of an effect at all. Therefore, we will not consider this parameter any further. For all
experiments reported here, we fix rRe η = rIm η = 10. As in Chapter 2, when looking
at the reconstruction errors, we always only consider data from functions where the
number K of components was detected correctly.

We first consider the effect of increasing the number K of components in the expo-
nential sum. Our starting point is given by the parametersK = 5, P = 5, rImφ = 2π·10
and rReφ = 0, i.e., Reφk = 0 for all k = 1, 2, . . . , K. In Table 7.1, we report the results
for these parameters.

Method K Par Mean Median Minimum Maximum

ESPIRA (err) 1000
∆η 5.3457e−11 5.3452e−14 9.3725e−15 3.7613e−08
∆φ 1.1079e−14 3.6694e−16 1.1549e−16 3.4706e−12
∆f 7.4256e−14 3.8495e−14 1.1745e−14 3.0916e−12

ESPIRA (rank) 1000
∆η 5.3457e−11 5.3452e−14 9.3725e−15 3.7613e−08
∆φ 1.1079e−14 3.6694e−16 1.1549e−16 3.4706e−12
∆f 7.4256e−14 3.8495e−14 1.1745e−14 3.0916e−12

MPM 970
∆η 7.3958e−11 5.4662e−14 1.0082e−14 2.8989e−08
∆φ 2.0052e−14 5.5091e−16 1.4683e−16 4.1585e−12
∆f 3.9108e−14 3.6789e−14 1.4372e−14 1.0534e−13

Table 7.1.: Number of times the numberK of components is found correctly as well as
mean, median, minimum, and maximum of the relative errors for K = 5,
P = 5, rRe η = rIm η = 10, rImφ = 2 · π · 10 and rReφ = 0.

170



7.2. Numerical Examples

5 10 15 20 25 30 35 40 45 50
0

200

400

600

800

1000

ESPIRA (error)

ESPIRA (rank)

MPM

5 10 15 20 25 30 35 40 45 50
10

-15

10
-10

10
-5

10
0

ESPIRA (error)

ESPIRA (rank)

MPM

5 10 15 20 25 30 35 40 45 50

10
-15

10
-10

10
-5

ESPIRA (error)

ESPIRA (rank)

MPM

5 10 15 20 25 30 35 40 45 50
10

-14

10
-12

10
-10

10
-8

ESPIRA (error)

ESPIRA (rank)

MPM

Figure 7.1.: Number of times the number K of components is detected correctly as
well as the median of ∆η, ∆φ and ∆f for increasing K with P = 5,
rRe η = rIm η = 10, rImφ = 2 · π · 10 and rReφ = 0.
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As we can see, the reconstruction errors for the functions as well as the coefficient
and exponent values are very similar for all methods. However, while both ESPIRA
variants detect the number of components correctly every time, MPM does so only for
97% of the samples. Figure 7.1 shows how the algorithms perform for increasing K.

Regarding the errors, all three algorithms perform very similarly. For ∆η and ∆φ,
ESPIRA (error) seems to be slightly better for largeK. However, this might just be due
to the fact that for large K this algorithm finds the correct number of components far
less often than the other two algorithms, meaning that the presented data is obtained
from far fewer samples. Moreover, we would like to note that for K = 50 the Cauchy
matrix in step (v) of Algorithm 7.2 with the error stopping criterion had an Inf entry
for two samples where the number of components was detected correctly. This means
that the parameters ηk for k = 1, 2, . . . , K could not be recovered. We therefore
manually removed these samples before computing the errors.

Looking at ∆f , we see that MPM outperforms both ESPIRA variants. Especially
for large K, it is up to an order of magnitude better.

Now, let us consider how often the number of components is found correctly. For
K ≤ 35, all algorithms perform relatively reliably with ESPIRA (rank) performing
best. In fact, forK from 5 to 30 it finds the correct number of components between 996
and 1000 times. For K > 35, all algorithms quickly become less accurate. Especially
ESPIRA (error) performs poorly here. For K larger than 40, MPM again performs
better than ESPIRA (rank).

We want to remark here that K = 50 means that the rational function which
we use in ESPIRA to reconstruct the function parameters has degree 50. Recall
that we have seen in Chapter 2 that the AAA algorithm does not find the correct
degree for more than 25% of the samples already at degree 9 and with 500 added
sample points. This is roughly the same performance as ESPIRA (rank) delivers for
K = 45. This observation becomes even more impressive if we consider that we use
M = max

{
2K + 2, 2π · 10 · 5

π + 1
}

samples. In other words, for K = 45 we take
101 samples, which is just 9 more than the minimal number of samples we need to
take in order to be able to solve the rational interpolation problem in the ESPIRA
algorithm. For K = 50, we even only take 2K+ 2 = 102 samples. This shows that the
structure inherent to the DFT data we use for rational interpolation greatly stabilizes
the interpolation process.

One would now naturally assume that adding more samples would increase the
performance, at least of the ESPIRA algorithms. However, we tried doing this and
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although the performance increased, it did so only very slightly. This is most likely
due to the fact that adding more sample points while keeping P constant, means that
the sampling distance decreases, potentially increasing the condition numbers of the
involved Löwner matrices, which then offsets the advantage gained by having more
sample points. We find a much larger effect by increasing P , which, by equation
(7.1), in this case also increases the number of samples. Before we show the effect of
increasing P in Figure 7.2, we give a detailed overview over the data for K = 50 in
Table 7.2.

Method K Par Mean Median Minimum Maximum

ESPIRA (err) 125
∆η 9.0638e−02 1.0177e−02 1.1846e−08 6.6889e−01
∆φ 7.5508e−02 1.1149e−05 4.3994e−11 1.1691e+00
∆f 1.4705e−03 4.5658e−10 2.7860e−13 1.4142e−01

ESPIRA (rank) 277
∆η 1.5979e−01 8.3435e−02 1.1846e−08 1.0281e+00
∆φ 1.1020e−02 3.2485e−04 4.3994e−11 6.3159e−01
∆f 3.3009e−07 1.1650e−09 2.7860e−13 1.8318e−05

MPM 357
∆η 1.6004e−01 8.8952e−02 2.4797e−09 1.5380e+00
∆φ 1.4878e−02 3.0459e−04 9.3963e−12 3.9709e−01
∆f 1.6989e−02 1.0950e−10 6.6280e−14 1.0000e+00

Table 7.2.: Number of times the numberK of components is found correctly as well as
mean, median, minimum, and maximum of the relative errors for K = 50,
P = 5, rRe η = rIm η = 10, rImφ = 2 · π · 10, and rReφ = 0. For ESPIRA
(error) only 123 samples were considered for computing the errors (see
text).

First, let us note that we saw similar effects as shown in Figure 7.2 for smaller values
of K. However, since for smaller K the performance of the algorithms is already quite
good, the improvement was not as impressive as for the displayed data. We start by
looking at how the number of correctly detected K develops. For both ESPIRA vari-
ants, the performance increases drastically. However, while ESPIRA (error) stagnates
at about 930 from P = 9 onward, ESPIRA (rank) finds the correct K between 994
and 999 times for P larger than 10 and 985 times for P = 9.

Something curious happens with the MPM algorithm. Until P = 9, it is slightly
better than ESPIRA (rank), with the exception of P = 8, but for P = 10 its per-
formance drops dramatically. For P = 11, the performance is then comparable to
ESPIRA (error) before there is another drop for P = 12. Finally, the algorithm seems
to stabilize at around 960. We are not sure why this happens, but we observed that
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Figure 7.2.: Number of times the number K of components is detected correctly as
well as the median for ∆η, ∆φ and ∆f for increasing P with K = 50,
rRe η = rIm η = 10, rImφ = 2 · π · 10 and rReφ = 0.
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MPM performs very poorly for P = 10, regardless of K or rImφ. For P = 12, we
saw that MPM performs poorly regardless of K, but, changing rImφ, we could not
observe this effect again. This strange behavior is something we could observe often in
our experiments. While the ESPIRA algorithms behaved very consistently and as one
would expect, as seen here by finding the correct K more often for larger P , the MPM
algorithm often displayed unexpected results for particular parameter values and only
those particular values. In this sense, we believe that the ESPIRA algorithms and in
particular the algorithm with the rank stopping criterion are more robust than MPM.

Looking at the errors we see that, as we would expect, all errors go down when we
increase P . However, there are a few more observations to make. First, note that
considering ∆f , the error first drops considerably, but the minimal error is actually
attained at P = 8 for MPM respectively P = 9 for both ESPIRA variants. After
that, the errors get just slightly worse with increasing P . This is despite the fact that
∆η and ∆φ keep decreasing. This observation gives us a first hint that the problem
of parameter identification, i.e., finding good approximations for the parameters φk
and ηk for k = 1, 2, . . . , K as opposed to only finding a good approximation for f , is
ill-posed. Another hint can be found if we compare the errors of ESPIRA (error) to
MPM. While for P ≤ 7 the errors ∆η and ∆φ for ESPIRA are smaller than or very
comparable to the errors of MPM, the error ∆f is clearly smaller for MPM.

In Table 7.3 we present the detailed data for P = 15.

Method K Par Mean Median Minimum Maximum

ESPIRA (err) 922
∆η 6.9532e−04 1.7736e−09 5.5502e−13 3.3064e−01
∆φ 1.1959e−07 1.7395e−12 1.1668e−15 9.0424e−05
∆f 3.8323e−12 5.1777e−13 1.1613e−13 2.3920e−09

ESPIRA (rank) 997
∆η 1.4956e−03 1.9566e−09 5.5502e−13 3.3064e−01
∆φ 1.3655e−03 2.2461e−12 1.1668e−15 1.0290e+00
∆f 1.9941e−04 5.7438e−13 1.1613e−13 1.3387e−01

MPM 966
∆η 1.3115e−03 2.1402e−10 2.8343e−13 6.2775e−01
∆φ 5.7118e−07 1.8611e−13 1.0367e−15 4.9673e−04
∆f 1.6519e−13 1.5955e−13 8.8891e−14 1.7844e−12

Table 7.3.: Number of times the numberK of components is found correctly as well as
mean, median, minimum, and maximum of the relative errors for K = 50,
P = 15, rRe η = rIm η = 10, rImφ = 2 · π · 10 and rReφ = 0.
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Let us now look at the effect of changing rImφ. It is hard to quantify this isolated.
Generally, if rImφ is small then P needs to be large in order to reconstruct the given
function and its parameters. Heuristically, this can be explained as follows. If rImφ is
small, then the frequencies of all components of the function are small, which means
that their period is large. If now P is small as well, then any component performs
just a few complete cycles, if any at all, in [0, P ). This of course makes it harder to
detect the components. The number of components K also plays an important role
here. The larger K, the larger P has to be. We found in our experiments that the
impact of increasing K is severe, as can be seen in Table 7.4.

As we have seen already, given K and rImφ, increasing P will decrease the recon-
struction errors. Since this is nothing new, we will not consider errors here. Instead,
we fix K and decrease rImφ. For any rImφ, we report the smallest P ∈ N such that K
is detected correctly at least once. This data is shown in Table 7.4.

P

K rImφ ESPIRA (err) ESPIRA (rank) MPM

10

2π · 10 1 1 1
2π · 9 1 1 1
2π · 8 1 1 1
2π · 7 1 1 1
2π · 6 1 1 1
2π · 5 1 1 1
2π · 4 1 1 1
2π · 3 1 1 1
2π · 2 2 1 1
2π · 1 3 2 2

25

2π · 10 2 2 2
2π · 9 2 2 2
2π · 8 3 2 2
2π · 7 3 3 3
2π · 6 4 3 3
2π · 5 4 4 4
2π · 4 5 4 4
2π · 3 7 6 6
2π · 2 10 8 8
2π · 1 19 16 16

Table 7.4.: Number of times the number K of components is found correctly for
rRe η = rIm η = 10 and rReφ = 0, where P ∈ N is the smalles number such
that the respective algorithm finds K correctly at least one time.
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Since the test data we used so far was generated randomly, it is highly unlikely that
any of the test functions contained P -periodic components. In order to test how the
algorithms work in that case, we therefore deliberately add P -periodic components
to the functions. Before we show the results, we need to discuss one special aspect.
Recall that in step (ii) of Algorithm 7.2, we checked if the input data stems from a
P -periodic function, i.e., one for which all components are P -periodic. This was done
in order to reconstruct the components directly from the DFT data. However, since in
practice it is unlikely that a sufficiently large number of DFT coefficients is actually 0,
we have to choose a threshold for when to regard a DFT coefficient as being 0. In our
experiments, we found that a threshold of 10−8 is large enough to reliably identify P -
periodic functions and small enough not to mistake non-P -periodic functions for being
P -periodic. Nonetheless, for the following data, we look at how ESPIRA handles
periodic functions directly. It turns out that if the input functions are P -periodic,
performing ESPIRA (rank) on them gives comparable results to reconstructing the
function parameters directly from the DFT data. Unfortunately, this is not true for
ESPIRA (error). We will demonstrate this in Table 7.5. Figures 7.3 – 7.6 show how
the algorithms perform for different numbers of P -periodic components and different
values of K.

Let us start by looking at how often the number K of components is found correctly.
Here, ESPIRA (rank) delivers an impressive performance. For K = 10, it finds the
correct K every single time. Similarly, for K = 25, it finds the correct K every time
except for the purely periodic functions, i.e., functions with 25 P -periodic components,
where it finds the correct K 999 times. MPM performs not quite as well here. For
K = 10, it finds the correct K on average 993 times and just 955 times for K = 25.
For K = 50, MPM finds the correct number of components on average 980 times, while
ESPIRA (rank) averages 997 times. Now, let us turn to ESPIRA (error). It is clear
from looking at Figure 7.3 that it performs very poorly regardless of K. For K = 50
and P -periodic functions, i.e., functions with 50 P -periodic components, it does not
find the correct number of components a single time. This is an interesting observation
since, looking back at Table 2.14, we found before that the AAA algorithm with the
error stopping criterion performs slightly better than the AAA algorithm with the
rank stopping criterion for smaller numbers of unattainable points and just slightly
worse for larger numbers of unattainable points. Here, on the other hand, the Froissart
doublet removal process for the error stopping criterion seems to perform extremely
poorly. We tried to improve these results by experimenting with different parameters
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Figure 7.3.: Number of times the number K of components is correctly detected for
different values of K and increasing number of P -periodic components
with P = 15, rRe η = rIm η = 10, rImφ = 2 · π · 10, and rReφ = 0.
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Figure 7.4.: Median of ∆η for different values of K and increasing number of P -
periodic components with P = 15, rRe η = rIm η = 10, rImφ = 2 · π · 10,
and rReφ = 0.
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Figure 7.5.: Median of ∆φ for different values of K and increasing number of P -
periodic components with P = 15, rRe η = rIm η = 10, rImφ = 2 · π · 10,
and rReφ = 0.
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Figure 7.6.: Median of ∆f for increasing number of P -periodic components with P =
15, rRe η = rIm η = 10, rImφ = 2 · π · 10, and rReφ = 0.

181



7. The ESPIRA Algorithm

for the Froissart doublet removal process but with no success. We therefore assume
that this process is unsuitable for the data in the given setting.

We now turn to ∆η. First, we note that this error is almost constant for the MPM
algorithm. Only for K = 50, there is a considerable improvement for very large
numbers of periodic components. Both ESPIRA variants behave almost identically for
K = 10, improving considerably for a growing number of P -periodic components. We
can also observe this trend for K = 25, where ESPIRA (error) performs clearly better.
However, always keep in mind that we only compute the errors for those functions
where K is detected correctly. Since this number is small for ESPIRA (error) and
K = 25, 50, it is hard to assess how meaningful the results for the errors are. We
will therefore not comment on the performance of ESPIRA (error) for K = 50 any
further. Regarding ESPIRA (rank) for K = 50, we see that ∆η gets slightly worse
for an increasing number of P -periodic components, but is very small if the given
functions are completely P -periodic. We will look at this case in more detail in Table
7.5. Comparing MPM and ESPIRA (rank), the difference in the errors becomes as
large as almost two orders of magnitude. This behavior is interesting since it is in
contrast to what we observed for smaller K, where the errors decreased for more P -
periodic components. Unfortunately, we do not have a good explanation for why this
happens.

Looking at ∆φ, we observe the same behavior as for ∆η. We would just like to note
the fact that for the ESPIRA algorithms no data is displayed for P -periodic functions
for K = 10, 25, which is due to the errors being 0. For K = 50 and ESPIRA (rank),
this is also because the error is 0, while for ESPIRA (error), this is because it did
not detect K correctly at all, see Table 7.5. In any case, note that for K = 10, the
observed errors are already close to machine precision.

For ∆f , there is again nothing new to see. It is remarkable that for MPM the error
is even closer to being constant than for ∆η and ∆φ. For ESPIRA (rank) and K = 50,
on the other hand, the error grows even faster than the errors for the parameters, such
that for 40 P -periodic components it is over three orders of magnitude worse than
the error for MPM. Moreover, as we have seen similarly before, for K = 50 and 20
P -periodic components, there was one sample where K was detected correctly but the
Cauchy matrix in step (v) of Algorithm 7.2 with the rank stopping criterion had an
Inf entry so that we had to remove this sample manually.

We now look closer at the case that the input functions are indeed P -periodic. In
Table 7.5, we compare the two ESPIRA variants to recovering the function parameters
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K Method K corr Par Mean Median Minimum Maximum

10

error 866
∆η 2.6280e−14 2.5479e−14 6.2091e−15 5.6733e−14
∆φ 0 0 0 0
∆f 1.6851e−14 1.5708e−14 4.4380e−15 5.3230e−14

rank 1000
∆η 2.6315e−14 2.5695e−14 6.1128e−15 5.6733e−14
∆φ 0 0 0 0
∆f 1.6884e−14 1.5761e−14 5.2525e−15 5.3230e−14

DFT 1000
∆η 2.5416e−14 2.4362e−14 6.1612e−15 5.4046e−14
∆φ 0 0 0 0
∆f 1.4293e−14 1.3731e−14 4.3651e−15 3.0222e−14

25

error 374
∆η 3.0665e−14 3.0402e−14 1.4206e−14 5.9945e−14
∆φ 0 0 0 0
∆f 2.2387e−14 1.9203e−14 7.3561e−15 7.1195e−14

rank 999
∆η 3.1722e−14 3.1394e−14 1.1282e−14 6.1643e−14
∆φ 0 0 0 0
∆f 2.3493e−14 2.0421e−14 7.3561e−15 8.7886e−14

DFT 1000
∆η 3.0225e−14 2.9935e−14 1.1541e−14 6.1448e−14
∆φ 0 0 0 0
∆f 1.6931e−14 1.6675e−14 7.2538e−15 2.8760e−14

50

error 0 - - - - -

rank 999
∆η 1.2655e−06 3.5681e−14 1.8061e−14 1.2642e−03
∆φ 8.1986e−19 0 0 8.1904e−16
∆f 1.0819e−07 2.9782e−14 9.5305e−15 1.0808e−04

DFT 1000
∆η 3.3995e−14 3.3542e−14 1.6893e−14 6.4420e−14
∆φ 0 0 0 0
∆f 2.0487e−14 2.0187e−14 9.7446e−15 3.4707e−14

Table 7.5.: Comparison of the two ESPIRA variants with direct reconstruction of the
parameters from DFT data for P -periodic functions. Number of times
the number K of components is found correctly as well as mean, median,
minimum, and maximum of the relative errors for P = 15, rRe η = rIm η =
10, rImφ = 2 · π · 10, and rReφ = 0.
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directly from the DFT data, using a threshold of 10−8 in order to detect if the input
data stems from a P -periodic function. Ignoring the fact that ESPIRA (error) performs
poorly when it comes to detecting the correct number of components, there is hardly
any difference between ESPIRA and directly recovering the parameters for K = 10, 25.
In particular, the phase parameters φk for k = 1, 2, . . . , K are recovered with machine
precision. Only for K = 50, where ESPIRA (error) fails completely, we find that, with
the exception of ∆φ, ESPIRA (rank) produces larger maximum errors than the direct
variant. This means that even if we leave out step (ii) of Algorithm 7.2, we still get
good results for P -periodic functions, at least for ESPIRA (rank).

Until now, we have actually just looked at (almost) periodic functions. However,
our algorithm as well as MPM were actually developed to deal with exponential sums.
Therefore, we now consider functions where rReφ 6= 0 and show our findings in Figure
7.7.

For rReφ ≤ 5, both ESPIRA variants perform very well. Especially ESPIRA (rank)
finds the correct K all the time until rReφ = 6. However, from rReφ = 6 onward,
the performance of ESPIRA (error) drops again dramatically. Comparing MPM and
ESPIRA (rank), we see that the latter algorithm performs better until rReφ = 8. In
particular, within this range, MPM finds the correct K on average 962 times, while
ESPIRA (rank) does so 997 times.

Regarding ∆η and ∆φ, we see a similar behavior as before, where the errors for
MPM are slightly better than for both ESPIRA variants. Again, the relatively small
errors for ESPIRA (error) and large rReφ are most likely only due to the fact that the
errors are computed for relatively few samples. What is interesting though, is that the
errors decrease at first. Also, note that the impact of increasing rReφ on the errors
is far larger than what we observed for the other parameters. Increasing rReφ by 1
increases the error by roughly an order of magnitude.

Finally, let us look at ∆f . Interestingly, it is almost constant and almost the same for
all algorithms. The fact that ∆f is roughly constant, while both ∆η and ∆φ increase
drastically for growing rReφ shows once more that the parameter identification problem
is ill-posed.

Before we consider noisy data, we show three specific examples. Here, we will only
use ESPIRA (rank) without spelling it out every time. In order to specify the given
functions, we use parameter vectors η := (η1, η2, . . . , ηK) and φ := (φ1, φ2, . . . , φK) for
K ∈ N.
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Figure 7.7.: Number of times the number K of components is correctly detected as
well as the median for ∆η, ∆φ, and ∆f for increasing rReφ with K = 15,
P = 3, rRe η = rIm η = 10, and rImφ = 2 · π · 10.
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The first example serves two purposes, it demonstrates once more the ill-posed
nature of the parameter identification problem and it provides a warning to be careful
how to choose P when dealing with exponential sums. We consider the function given
by

η = (3, 2, 1, 5) and

φ = (5.6 + 2π i ·0.45, 2.3 + 2π i ·2.98, 0.7 + 2π i ·3, 2π i ·5).
(7.3)

This function can be seen on the interval [0, 1] in Figure 7.8. In Table 7.6, we show the
reconstruction errors for P = 1. In this example, we again use the minimal necessary
number M of samples to reconstruct f .
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0

Figure 7.8.: Real part of the function specified by the parameters in (7.3) on the
interval [0, 1].

∆η ∆φ ∆f
ESPIRA 3.0354e−12 5.4264e−13 6.6006e−15
MPM 1.3159e−12 2.5666e−13 1.6572e−15

Table 7.6.: Reconstruction errors for the function specified by the parameters in (7.3)
for P = 1.

The observed results are very much what we would expect from our observations so
far. If we now increase P , we see that the errors are getting worse until for P = 7,
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both algorithms fail to find K = 4 correctly. Increasing P further, we find that
both algorithms reconstruct the function using just one term. This one term is 3 ·
e(5.6+2π i ·0.45)·t. We show the function on the interval [0, 10] in Figure 7.9 and record
the reconstruction errors for f as well as η1 = 3 and φ1 = 5.6 + 2π i ·0.45 in Table 7.7.
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Figure 7.9.: Real part of the function specified by the parameters in (7.3) on the
interval [0, 10].

∆η1 ∆φ1 ∆f
ESPIRA 3.4303e−13 5.7897e−15 2.1110e−14
MPM 3.3413e−13 5.6384e−15 2.5088e−14

Table 7.7.: Reconstruction errors for the function specified by the parameters in (7.3)
for P = 10.

In Table 7.7, we see that not just the parameters η1 and φ1 are reconstructed very
well, but also f as a whole. Looking at Figure 7.9 gives us a hint at why this happens.
Since Reφ1 is larger than Reφk for k = 2, 3, 4, the term 3 · e(5.6+2π i ·0.45)·t dominates
the whole function f for large values of t. Moreover, for large P , we also have that
maxt∈[0,P ] |f(t)| becomes very large, which means that the relative error ∆f is likely to
become very small. This once more shows that the parameter identification problem
is ill-posed. Even though we were only able to reconstruct one component of f , this
was enough to get a very good reconstruction of f on the interval [0, 10].
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The following two examples will look at clustered frequencies, i.e., frequencies which
lie very close to each other. The first example is given by the parameters

η = (6, 5, 1, 4, 5,−1, 3, 2, 3,−4) and

φ = 2π i
1000 · (7, 21, 51, 52, 53, 200, 201, 202, 543, 894).

(7.4)

This function has two frequency clusters, one around 52 and one around 201. Having
frequencies which lie so close together, we need to sample the function over a relatively
large interval [0, P ] in order to be able to reconstruct the parameters. Here, we choose
P = 25 and again M minimal. Table 7.8 shows the results of the reconstruction.

∆η ∆φ ∆f
ESPIRA 1.8934e−02 4.1358e−05 2.3022e−12
MPM 6.5265e−02 1.3728e−04 6.0355e−14

Table 7.8.: Reconstruction errors for the function specified by the parameters in (7.4)
for P = 25.

Both algorithms reconstructed the function and its parameters well, where the er-
rors for the function parameters are smaller for ESPIRA, while the function itself is
reconstructed better by MPM.

The last example in this section is a function which has all frequencies clustered
around 200. It is given by

η = (6, 5, 1, 4, 5,−1, 3, 2, 3,−4) and

φ = 2π i
1000 · (196, 197, 198, 199, 200, 201, 202, 203, 204, 205).

(7.5)

This time, since all frequencies lie very close together, we need to sample over a
much larger interval. Table 7.9 presents the results for P = 500 and minimal M .

∆η ∆φ ∆f
ESPIRA 3.1895e−03 6.3496e−05 9.6560e−12
MPM 2.3926e−02 4.4102e−04 6.5838e−13

Table 7.9.: Reconstruction errors for the function specified by the parameters in (7.5)
for P = 500.
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As before, both algorithms perform well, with ESPIRA having smaller errors for the
parameters and MPM having a smaller error ∆f .

Let us briefly sum up our findings of this section. It has become clear that ESPIRA
(error) definitely displays the weakest performance of the three algorithms considered
here since it is often not able to find the correct number of components of a given
function. ESPIRA (rank) and MPM, on the other hand, perform very similarly, where
MPM usually produces smaller errors, while ESPIRA (rank) usually finds the correct
number of components more often. We have seen in our experiments that it is not
possible to say with certainty which algorithm is better in general since varying the
given parameters only slightly can result in the one or the other algorithm delivering
better results.

7.2.2. Noisy Data

Lastly, let us consider noisy data. We will not go into as much detail as in the previous
section since, generally speaking, all the trends we observed there also hold in the noisy
case.

Here, we have to provide the correct number of components K beforehand to the
algorithms since neither ESPIRA nor MPM can detect the correct number of com-
ponents only from noisy data. However, this change can easily be implemented. For
ESPIRA, this also means that we do not consider the two different stopping criteria.
In a sense, we use a third stopping criterion, namely to let the algorithm run until
the rational function provided by the AAA algorithm has degree K. We also do not
need to consider Froissart doublet removal, i.e., P -periodic components, in this case
since it is highly unlikely that the rational function obtained from the AAA algorithm
interpolates all, or even just most, of the given DFT samples from the noisy data. This
in turn means that the AAA algorithm would interpret all, or most, of the samples
which are not interpolated by the obtained rational function of degree K as Froissart
doublets, which clearly makes no sense.

We add noise to the given samples as follows. For each function f in our exper-
iment, let F denote the samples taken from f . We add normally distributed noise
with mean 0 to the real and imaginary part of the sample values, which we generate
by n = 0.5*std(F)*(randn(size(F)) + 1i*randn(size(F))), where std(F) is the
standard deviation of the samples.

In Figures 7.10 and 7.11, we show how ESPIRA and MPM compare for K = 10, 25
and increasing P . We also show the mean of the signal-to-noise ratio, or SNR for
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short, which is defined as

SNR := 20 · log10

(
std(F)
std(n)

)
,

that results from adding the noise n.
Looking at the data, we see the true strength of ESPIRA. It clearly outperforms

MPM every time. Especially for K = 25, ESPIRA reconstructs η in the median up to
more than 3 orders of magnitude better than MPM and ∆f is up to over 2 orders of
magnitude better.

Another interesting observation is that for K = 10 even though the SNR is going
down until P = 8, meaning that the proportion of the signal in the observed noisy
data is decreasing, the results of ESPIRA keep getting better, which is somewhat
counterintuitive.

Note that we did not actively implement any denoising measures in the ESPIRA
algorithm. However, since we approximate the given function in the frequency domain
using only K dominant frequencies in order to reconstruct the function, this naturally
leads to a denoising.

This last observation gives rise to a new idea. Recall that in the AAA algorithm,
which sits at the core of ESPIRA, we employ a greedy step in order to find the next
sample value we want to interpolate, see step (ii)(b) of Algorithm 1.22 or step (ii)(e) of
Algorithm 2.1. This step consists of finding the sample for which the difference between
the value of the rational function obtained so far and the sample value is largest.
Inspired by the observation made in the previous paragraph, we tried to use an even
simpler greedy step in the case of noisy data, namely choosing the next interpolation
point as the sample which has the largest absolute value among all samples not yet
interpolated. However, this does not usually improve the quality of the reconstruction.
While simply using the largest sample value as the next interpolation point results in
∆φ being up to only half as large as when using the classical variant, it also leads
to ∆η being up to twice as large. Generally, ∆φ is smaller for the variant described
here and ∆η is smaller for the classical variant. Regarding ∆f both variants perform
very similarly with sometimes the one and sometimes the other variant being better.
However, in our experiments, we did not see a clear pattern emerge.

Let us briefly report on some more findings without giving detailed data. We did not
only experiment with adding normally distributed noise but also uniformly distributed
noise. The results we observed were virtually the same as for normally distributed
noise. As already noted in the previous section, increasing the number of additional
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Figure 7.10.: Mean SNR as well as median of ∆η, ∆φ, and ∆f for incresing P with
rRe η = rIm η = 10, rImφ = 2 · π · 10, and rReφ = 0.
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Figure 7.11.: Mean SNR as well as median of ∆η, ∆φ, and ∆f for incresing P with
rRe η = rIm η = 10, rImφ = 2 · π · 10, and rReφ = 0.
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sample points has far less of an effect than increasing P , i.e., the interval in which
we sample. However, adding more sample points usually seems to improve the results
of ESPIRA slightly, while it actually slightly worsens the results of MPM. We also
tried different levels of noise, i.e., noise produced via s*std(F)*(randn(size(F)) +
1i*randn(size(F))) for different values of s. This of course results in different SNR
values. Comparing the results of ESPIRA and MPM, we found that the smaller the
SNR value is, i.e., the more the samples are corrupted by noise, the better ESPIRA
performs compared to MPM. As in the previous section, we also looked at the effect
of increasing rReφ. Interestingly, in this case, both algorithms perform very similarly,
with ∆η and ∆φ usually being smaller for ESPIRA and ∆f being smaller for MPM.

We close this chapter by looking at one last specific example. We again consider the
function given by the parameters in (7.4), where, as above, we add noise generated by
0.5*std(F)*(randn(size(F)) + 1i*randn(size(F))). For this example, we use a
far larger sampling interval than before, namely [0, 1500], i.e., P = 1500. We report
our findings in Table 7.10 and show the reconstruction results on the interval [0, 50] in
Figures 7.12 and 7.13.

∆η ∆φ ∆f
ESPIRA 1.7228e−01 1.1774e−03 1.5463e−01
MPM 2.7701e+01 1.1334e+00 9.2596e−01

Table 7.10.: Reconstruction errors for the function specified by the parameters in
(7.4) for P = 1500 and SNR 2.98.

In Table 7.10, we see the results that we would have expected. ESPIRA is roughly
two orders of magnitude better than MPM for ∆η and three orders of magnitude better
for ∆φ. Looking closely at ∆f , we find that ESPIRA is almost one order of magnitude
better. However, what this actually means becomes clear once we look at Figures 7.12
and 7.13. There, we can see that even though the noisy samples, marked as dots in
the plots, deviate quite a lot from the original function, ESPIRA reconstructs both
the real and imaginary part very well. The reconstruction obtained by MPM on the
other hand, although clearly following the shape of the original function, is far more
off. This reconstruction often seems to lie closer to the noisy sample data than the
actual function.
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Figure 7.12.: Reconstruction of the real part of the function given by (7.4) by ESPIRA
and MPM for noisy input data with SNR 2.98. Original function in
black.
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Figure 7.13.: Reconstruction of the imaginary part of the function given by (7.4)
by ESPIRA and MPM for noisy input data with SNR 2.98. Original
function in black.
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Conclusion and Outlook

Let us shortly sum up our findings. We have seen in Chapters 4 and 6 that, both in the
continuous and discrete case, the Fourier coefficients with respect to a period P of an
exponential sum can be interpreted as samples from a rational function. This rational
function can be reconstructed via rational interpolation of the Fourier coefficients.
If the function contains P -periodic components, then the set of Fourier coefficients
contains unattainable points.

Further, we showed in our Main Theorems 4.5 and 6.9 that the parameters defining
an exponential sum can, under suitable conditions, be uniquely recovered from the
rational function interpolating the Fourier coefficients. We therefore devised the new
Algorithms 4.7 and 6.11 to recover these parameters from Fourier samples using ra-
tional interpolation. Since the latter algorithm works with DFT coefficients, it can be
used directly on function samples.

In order to obtain a numerically stable algorithm, we used barycentric rational
interpolation, more precisely the AAA algorithm. We showed in Chapter 1 that in
our case the AAA algorithm always converges. In particular, we demonstrated that
this is also true if the given data contains unattainable points, i.e., the given function
includes P -periodic components. To do this, we used Theorem 1.15. It generalizes
a well-known result, which links barycentric rational interpolation to certain Löwner
matrices, to the case that the data from which the Löwner matrix is built contains
unattainable points. We also developed a new stopping criterion based on this theorem
that is more suitable to our problem than the original stopping criterion for the AAA
algorithm.

Finally, we thoroughly tested our new ESPIRA algorithm and compared it to the
well-established MPM algorithm. We found that both algorithms deliver very good
results. Usually, MPM produced slightly better errors. However, in many cases,
ESPIRA found the correct number of terms in the exponential sum more often than
MPM. Overall it appeared that ESPIRA behaves more consistently with regard to the
input data, i.e., it behaves in a more predictable fashion than MPM. At this point,
we once more want to point out, that MPM has been around for more than 30 years
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and has seen considerable improvements over time. In particular, as we discussed in
Appendix B, we used a version of MPM including a preconditioning step that greatly
enhances its performance. Our algorithm, on the other hand, has not yet seen such
refinement. Nonetheless, even in its current form, we saw that, if we have noisy input
data, ESPIRA clearly outperforms MPM.

This leads to the question of what can be done next. As just mentioned, we are
certain that it is possible to improve ESPIRA by way of improving its implementation.
For example, we found that the overdetermined system of equations involving a Cauchy
matrix that is used to reconstruct the coefficient parameters ηk for k = 1, 2, . . . , K of
an exponential sum with K terms is sometimes a source of relatively large errors.
Improving upon this step would certainly benefit ESPIRA in general.

Some research expanding on topics of this thesis has already been conducted. In
[35], the findings of Chapter 4 are generalized to so called Extended Exponential Sums.
These are functions of the form

K∑
k=1

 Jk∑
j=1

γj,k · tj
 · eφk·t,

i.e., exponential sums where the constant coefficient ηk for k = 1, 2, . . . , K has been
replaced by a polynomial.

We argued in Remark 6.8 that it is probably not possible to modify the algorithm
for DFT data similarly as in Chapter 5, i.e., if the input data stems from a real almost-
periodic function, we cannot modify the algorithm such that it only needs two times as
many samples as the number of components of the function, as opposed to four times
as many. However, if instead of the discrete Fourier transform the discrete cosine
transform is used, this is possible, as has been shown in [37].

An idea we have not looked into at all is to consider a different method for rational
interpolation than the AAA algorithm. In the case of noisy data, one might even con-
sider not using rational interpolation but rather rational approximation, for example
by employing the RKFIT algorithm [8].

Another path to follow could be to emulate developments in Prony’s method. For
example, in [89] the generalized Prony method has been introduced, which was further
improved in [93]. This method can be used to reconstruct functions of the form

K∑
k=1

ηk · vλk ,
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where ηk ∈ C \ {0} and vλk for k = 1, 2, . . . , K are eigenfunctions of a linear operator
on a normed vector space corresponding to pairwise distinct elements λk in the point
spectrum of the operator. We believe that ESPIRA can also be generalized to be used
in this setting.

Since all our results were obtained in the one-dimensional case, a natural question
to ask is whether they can be generalized to higher dimensions. Such generalizations
exist for Prony’s and Prony-like methods, see for example [18, 32, 31, 40, 66, 79].
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A. Sums of Cosines with Common
Frequency

Lemma A.1. For a, ρ, γ ∈ R>0 and b, c ∈ [0, 2π) with b 6= c we have

ρ · cos(a · t+ b) + γ · cos(a · t+ c) = Γ · cos
(
a · t+ b+c

2 + ϕ
)
,

where

Γ =
√
ρ2 + γ2 + 2ργ · cos(b− c)

and

ϕ = atan2
(
(ρ− γ) · sin

(
b−c

2

)
, (ρ+ γ) · cos

(
b−c

2

))
.

Proof. Throughout this proof we will use the trigonometric identities

cos(x± y) = cos(x) · cos(y)∓ sin(x) · sin(y)

and
1
2 ·
(

cos(x+ y) + cos(x− y)
)

= cos(x) · cos(y),

where the second identity is a straightforward consequence of the first. We have

ρ · cos(a · t+ b) + γ · cos(a · t+ c)

= ρ+γ
2 · 2 ·

1
2 ·
(
cos

(
a · t+ b+c

2 + b−c
2

)
+ cos

(
a · t+ b+c

2 −
b−c

2

))
+ ρ−γ

2 · 2 ·
1
2 ·
(
cos

(
a · t+ b+c

2 + b−c
2

)
− cos

(
a · t+ b+c

2 −
b−c

2

))
= ρ+γ

2 · 2 · cos
(
b−c

2

)
︸ ︷︷ ︸

=:Γ1

· cos
(
a · t+ b+c

2

)
− ρ−γ

2 · 2 · sin
(
b−c

2

)
︸ ︷︷ ︸

=:Γ2

· sin
(
a · t+ b+c

2

)
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and

Γ2 = ρ2 + γ2 + 2ργ cos(b− d)

= ρ2 + γ2 + 2ργ · cos
(
b−d

2 + b−d
2

)
= (ρ2 + γ2) ·

(
cos2

(
b−d

2

)
+ sin2

(
b−d

2

))
+ 2ργ ·

(
cos2

(
b−d

2

)
− sin2

(
b−d

2

))
= (ρ+ γ)2 · cos2

(
b−d

2

)
+ (ρ− γ)2 · sin2

(
b−d

2

)
= Γ2

1 + Γ2
2.

Hence (Γ1

Γ

)2
+
(Γ2

Γ

)2
= 1,

and therefore, we can find ϕ ∈ [0, 2π) such that Γ1
Γ = cos(ϕ) and Γ2

Γ = sin(ϕ). Since

Γ2

Γ1
=

Γ2
Γ
Γ1
Γ

= sin(ϕ)
cos(ϕ) = tan(ϕ),

we get
ϕ = atan2(Γ2,Γ1).

Finally we find

Γ · cos
(
a · t+ b+c

2 + ϕ
)

= Γ · cos
(
a · t+ b+c

2

)
· cos(ϕ)− Γ · sin

(
a · t+ b+c

2

)
· sin(ϕ)

= (ρ+ γ) · cos
(
a · t+ b+c

2

)
· cos

(
b−c

2

)
− (ρ− γ) · sin

(
a · t+ b+c

2

)
· sin

(
b−c

2

)
= ρ · cos(a · t+ b) + γ · cos(a · t+ c).
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B. The Matrix Pencil Method

We gave an overview of Prony’s method and the Matrix Pencil Method similar to the
presentation here in [36]. In this chapter, we work with exponential sums of the form
(3.7), i.e.,

f(t) =
K∑
k=1

ηk · ztk,

with ηk, zk ∈ C \ {0} where the zk are pairwise distinct for k = 1, 2, . . . , K, since this
is the form commonly used in the literature. However, all results can be generalized
to hold for exponential sums of the form (3.6).

We start by presenting the classical Prony method as it can be found, for example,
in [94]. First, define the Prony polynomial

p(z) :=
K∏
k=1

(z − zk) = zK +
K−1∑
j=0

pj · zj .

Let M ≥ 2K and define fm = f(m) for m = 0, 1, . . . ,M − 1. Then we find that

K−1∑
j=0

pj · fn+j =
K−1∑
j=0

pj

K∑
k=1

ηk · zn+j
k =

K∑
k=1

ηk · znk
K−1∑
j=0

pj · zjk

=
K∑
k=1

ηk · znk ·
(
p(zk)︸ ︷︷ ︸

=0

−zKk
)

= −
K∑
k=1

ηk · zn+K
k = −fn+K

for n = 0, 1, . . . ,M −K − 1. This leads to the linear system

(fn+j)M−K−1,K−1
n,j=0 · p = −(fn+K)M−K−1

n=0 ⇔ (fn+j)M−K−1,K
n,j=0︸ ︷︷ ︸

=:HM−K−1,K

·

p
1

 = 0, (B.1)

205



B. The Matrix Pencil Method

where p = (p0, p1, . . . , pK−1)T and

HM−K−1,K =



f0 f1 f2 . . . fK

f1 f2
... ...

f2
... ...

... ... ...

fK
...

... fM−2

fM−K−1 . . . . . . fM−2 fM−1


(B.2)

is a so called Hankel matrix. Therefore, we can reconstruct p by solving (B.1) and find
zk for k = 1, 2, . . . , K by computing the roots of p.

Finally, we note that
K∑
k=1

ηk · zmk = fm

for m = 1, 2, . . . ,M − 1. This means that, writing z = (z1, z2, . . . , zK)T , we can
compute ηk for k = 1, 2, . . . , K by solving

VM−1(z)T ·
(
ηk
)K
k=1 =

(
fm
)M−1
m=0 ,

with a Vandermonde matrix

VM−1(z) =


1 z1 z2

1 . . . zM−1
1

1 z2 z2
2 . . . zM−1

2
...

...
...

...
1 zK z2

K . . . zM−1
K

 .

It is well known that a Hankel matrix of the form (B.2), i.e., where the entries are
equispaced samples of an exponential sum, can be factorized as

HM−K−1,K = VM−K−1(z)T · diag
((
ηk
)K
k=1

)
·VK(z).

More general, if L ≥ K is an estimate for the number K of components and we have
M ≥ 2L samples given, then the Hankel matrix HM−L−1,L can be factorized as

HM−L−1,L = VM−L−1(z)T · diag
((
ηk
)K
k=1

)
·VL(z). (B.3)
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Since VM−L−1(z)T has full column rankK and VL(z) has full row rankK, this implies
that rk HM−L−1,L = K, i.e., the rank of HM−L−1,L encodes the number of terms in
the exponential sum.

Using (B.3). we now derive the Matrix Pencil Method. This method was first
introduced in [57]. However, in our presentation we will loosely follow [97]. Define

H0
M−L−1,L−1 := (fn+j)M−L−1,L−1

n,j=0 and H1
M−L−1,L−1 := (fn+j+1)M−L−1,L−1

n,j=0 ,

where the first matrix is obtained from HM−L−1,L by removing the last column and
the second by removing the first column. It can be easily verified that

H0
M−L−1,L−1 = VM−L−1(z)T · diag

((
ηk
)K
k=1

)
·VL−1(z)

and

H1
M−L−1,L−1 = VM−L−1(z)T · diag

((
ηk · zk

)K
k=1

)
·VL−1(z).

The Matrix Pencil Method is based on the observation that the rectangular matrix
pencil

z ·H0
M−L−1,L−1 −H1

M−L−1,L−1 = VM−L−1(z)T · diag
((
ηk · (z − zk)

)K
k=1

)
·VL−1(z)

has rank K for all z ∈ C \ {zk : k = 1, 2, . . . , K} and rank K− 1 for z = z1, z2, . . . , zK .
Note that in the special case that L = K and M = 2K the matrices H0

M−L−1,L−1 =
H0
K−1,K−1 and H1

K−1,K−1 are square matrices with full rank. This means that zk
for k = 1, 2, . . . , K are the eigenvalues of the regular matrix pencil z · H0

K−1,K−1 −
H1
K−1,K−1 and finding them is a generalized eigenvalue problem, see Section 2.4.
We now compute a QR decomposition with column pivot, see [110, Lecture 7] and

[49, Section 5.5.6], to obtain

HM−L−1,L ·P = Q ·R,

where Q ∈ C(M−L)×(M−L) is unitary, P ∈ C(L+1)×(L+1) is a permutation matrix, and

R =

R̂
0

 ∈ C(M−L)×L+1,

with a trapezoidal matrix R̂ ∈ CK×L+1 of full row rank K. Constructing
(
PT
)0 and
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(
PT
)1 by removing the last, respectively first, column from PT , we can then rewrite

z ·H0
M−L−1,L−1 −H1

M−L−1,L−1 = z ·Q ·R ·
(
PT )0 −Q ·R ·

(
PT )1

= Q ·
(
z ·R ·

(
PT )0 −R ·

(
PT )1).

Since Q is unitary and using the structure of R, we find that the matrix pencil

z · R̂ ·
(
PT )0 − R̂ ·

(
PT )1 ∈ CK×L (B.4)

has rank K for all z ∈ C \ {zk : k = 1, 2, . . . , K} and rank K− 1 for z = z1, z2, . . . , zK .
In [97], the authors suggest to add a further preconditioning step. Let R̂ = (rkl)K,L+1

k,l=1

and define D := diag
(
(rkk)Kk=1

)
, where, by construction, rkk 6= 0 for all k = 1, 2, . . . , K.

Now write
S0 := D−1 · R̂ ·

(
PT )0 and S1 := D−1 · R̂ ·

(
PT )1.

Then the matrix pencil
z · S0 − S1

has the same properties as (B.4) and can be used to find zk for k = 1, 2, . . . , K.
We found in our experiments that using this preconditioning step greatly improves

the performance of the MPM algorithm. We also used this variant for our comparisons.
Finally, the values zk for k = 1, 2, . . . , K are computed as the eigenvalues of

((
S0)T)† · (S1)T ∈ CK×K

where
((

S0)T)† denotes the Moore-Penrose pseudoinverse of
(
S0)T . This can be seen

as follows. Since z · S0 − S1 has full row rank for all z ∈ C \ {zk : k = 1, 2, . . . , K}, it
follows that z ·

(
S0)T −(S1)T has full column rank for all z ∈ C\{zk : k = 1, 2, . . . , K}.

Put differently, we have null
(
zk ·

(
S0)T − (S1)T ) = 1 for k = 1, 2, . . . , K. In particular,

the nullity is exactly 1, which means that there is a unique vector xk ∈ CK such that
(
zk ·

(
S0)T − (S1)T) · xk = 0 (B.5)

for all k = 1, 2, . . . , K. Since
(
S0)T has full column rank K, it follows that

((
S0)T)† =

(
S0 ·

(
S0)T)−1

· S0, (B.6)
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see [49, Section 5.5.4]. Putting (B.5) and (B.6) together, we find that

((
S0)T)† · (zk · (S0)T − (S1)T) · xk =

(
zk · I−

((
S0)T)† · (S1)T) · xk = 0,

where I ∈ CK×K denotes the identity matrix. In other words, xk is an eigenvector of((
S0)T)† · (S1)T to the eigenvalue zk for k = 1, 2, . . . , K.
Lastly, the values ηk for k = 1, 2, . . . , K are computed by solving an overdetermined

system of linear equations as in the classical Prony algorithm.
It remains to mention that for the MPM algorithm, we need an estimate L of the

number of components K. In the implementation we used, we chose L =
⌊
M
2

⌋
.
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