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Abstract

This thesis focuses on improving the theoretical modelling of the process pp →
e+e−µ+µ− at LHC by including both EW and QCD higher-order perturbative cor-
rections. The EW corrections are studied at NLO fixed order and in a multijet-
merged parton-shower simulation. The NLO EW fixed order correction is studied
for the e+e−µ+µ− final state and, for the first time, for e+e−µ+µ− associated with
a jet. In the multijet-merged calculation, EW effects are included only via the
NLO virtual and NLL Sudakov approximations. To this end, the fixed order cal-
culation is used as a benchmark for these approximations. In both calculations,
the resummation of Sudakov logarithms is discussed, especially the matching to the
EW NLO fixed order calculation. For what concerns the higher order QCD correc-
tions, this is the NLO QCD of loop-induced e+e−µ+µ− production. Specifically, the
study conducted in this thesis focuses on loop-induced NLO parton-shower match-
ing. This calculation is compared to the fixed order NLO QCD and the 0+1-jet
merged matrix elements at leading order to highlight non-trivial effects due to the
NLO parton-shower matching. Due to the slow evaluation of the two-loop virtual
matrix elements, I have studied the possibility of improving the evaluation time
using a multi-dimensional interpolation method. Both these corrections have been
studied and implemented in the MC generator Sherpa.
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Introduction

The production of two Electroweak (EW) bosons is a fundamental process for testing
the gauge invariance of the Standard Model (SM). An example of their importance is
given by the independent discovery of the Higgs boson by the Large Hadron Collider
(LHC) [1] experiments A Toroidal LHC ApparatuS (ATLAS) [2] and Compact Muon
Solenoid (CMS) [3] in 2012. In these experiments, the Higgs boson was observed as
a scalar resonance at an energy of about 125GeV in the invariant mass spectrum of
four-lepton final states. This discovery sets a milestone in the understanding of the
SM gauge invariance. The di-boson production also gives a direct way for testing
the EW boson self-couplings. This makes the di-boson production very suitable
for some Beyond Standard Model (BSM) searches that modify such couplings e.g. ,
the triple gauge boson coupling between three neutral vector bosons [4] that is not
allowed by the gauge invariance of the SM.

With the very successful data-taking from LHC Run I, Run II, and the upcoming
Run III, which is going to have an even higher luminosity, reaching 300 fb−1 in 2028,
high-energy hadron-collider physics has entered its precision era. With the data
collected during the Run II of the LHC, between 2015 and 2018, the measured total
cross-section for a four-lepton final state with two same-flavor oppositely charged
leptons pair has reached the experimental accuracy of about 3% [5]. This uncertainty
is expected to be significantly reduced with the future high-luminosity upgrade of
the LHC, that plans to deliver a luminosity of up to 3000 fb−1, and improvements
on the particle detectors.

Theoretical predictions must match the experimental precision level with at least
the same level of accuracy. A recent calculation of the total cross-section of the
four-lepton production with two same-flavor oppositely charged leptons pairs [5] has
shown a theoretical uncertainty of about 3%, i.e. comparable with the experimental
uncertainty. The calculation was performed evaluating the process at the Quan-
tum Chromo-Dynamics (QCD) next-to-next-to-leading order (NNLO), with higher
order electroweak (EW) contributions included as a reweighting factor, depending
on the four-lepton invariant mass. The uncertainty in the theoretical predictions
comes from the renormalisation and factorisation scale dependence of an observ-
able evaluated in perturbation theory. The scale uncertainty gives an “estimate”
of higher-order corrections not included in a calculation. For this reason, it is vi-
tal to include higher-order contributions to reduce the uncertainty of theoretical
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Introduction 3

predictions evaluated in perturbation theory.
In this thesis are studied two types of higher order corrections to the e+e−µ+µ−

production in proton-proton collision, the next-to-leading order (NLO) EW [6] and
the NLO QCD correction to the loop-induced e+e−µ+µ− final state. Despite QCD
effects being usually dominant, NLO EW corrections are significantly enhanced in
high-energetic regions of the phase space becoming comparable to higher QCD mul-
tiplicity contributions. Including EW corrections is therefore essential for the correct
interpretation of actual measurements. A loop-induced process contributes formally
to the QCD NNLO correction. However, they can be studied separately from the
quark-initiated e+e−µ+µ− production, since they form an ultraviolet (UV) and in-
frared (IR) finite gauge invariant subset of processes. The importance to include
loop-induced processes in a calculation comes from the fact that they contribute
to half of the NNLO correction and increase the NLO QCD total cross-section by
about 10% [7].

The thesis is structured as follows. Chap. 1 gives a brief introduction to the SM
paying particular attention to its gauge invariance and how this dictates the form
of the interacting Lagrangian. QCD and EW theories are then discussed, pointing
out how these are built by just requiring gauge invariance. The EW spontaneous
gauge symmetry breaking, due to the masses of the EW gauge bosons Z and W±,
is also discussed, describing in particular how gauge invariance can be restored by
the Higgs mechanism. Finally, it is given a general overview of the regularisation of
the ultraviolet (UV) and infrared (IR) singularity arising from perturbation theory.

In Chap. 2 tools and numerical methods used throughout the thesis to make
predictions are discussed. These are based on Monte Carlo simulations to produce
events for experimental data comparison. Particular focus is put on the methods
available in the MC generator Sherpa, which is this thesis’s generator of reference.

Then, in Chap. 3 is presented the phenomenological motivation of this thesis.
Specifically, it discusses the state-of-the-art theoretical predictions and the latest
total cross-section measurements of the e+e−µ+µ− production.

Finally, in Chap. 4 and Chap. 5 the original results of this thesis are discussed.
Higher order EW corrections to the e+e−µ+µ− final state are discussed in Chap.
4. This Chapter first introduces the EW logarithms that cause the large EW en-
hancement at high energies and then the EW approximations used to include these
logarithms in a general multiple QCD emissions simulation. The approximations
are validated against the full fixed order NLO EW calculation for producing the
e+e−µ+µ− final state associated with 0- and 1-jet. The fixed order NLO EW Z-
boson pair production associated with a jet is discussed for the first time in the
work presented in Ref. [6] done in collaboration with E. Bothmann, D. Napoletano,
M. Schönherr and S. Schumann. Finally, the EW approximations are included in a
general QCD simulation to study their phenomenology. Loop-induced processes are
discussed in Chap. 5. This Chapter gives firstly a general overview of loop-induced
processes discussing their main characteristics. It is then presented the implemen-
tation of the NLO correction to the loop-induced process gg → e+e−µ+µ− in the
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MC generator Sherpa. The virtual part of the NLO correction if evaluated using
the public code ggvvamp [8]. Due to the very expensive numerical evaluation of the
virtual matrix elements, an interpolation framework has been developed to improve
its evaluation time. Finally, it is discussed the phenomenology of the NLO correc-
tion to the loop-induced e+e−µ+µ− production for both, a fixed order calculation
and matched to parton-shower.



Chapter 1

Introduction to the Standard
Model

The Standard Model (SM) is the theory built to describe the quantum dynamics
of the so far known elementary particles. These are twelve particles of matter,
with their respective anti-particles, and four mediators of elementary forces. The
particles of matter are in turn divided into two subgroups, quarks and leptons, which
are respectively strongly- and non-strongly-interacting particles. In each subgroup
there are six fermions. The first contains the up (u), down (d), charm (c), strange
(s), top (t) and bottom (b) quarks, while the second the electron e−, muon µ−,
tauon τ−, with corresponding neutrinos (νe, νµ and ντ ). The SM also includes
the dynamics of all the elementary forces but gravity (there still are no traces of
quantum gravity effects), plus the Higgs field. The coupling with the latter gives
rise to particle masses.

This model is the result of a world-wide effort that lasted almost the entire 20th
century. Its final theoretical formulation was achieved only in the mid-seventies
after the discovery of quarks from the deep inelastic scattering experiments done
at the Stanford Linear Accelerator in 1968 [9, 10] that proved the existence of
hadron constituents and opened the way to complete a theory for the strong in-
teraction that is, generally speaking, consistent with the formulation of QED and
electroweak Lagrangians. All these Lagrangians put together form a Lorentz and
U(1)×SU(2)×SU(3) invariant theory able to describe almost all particle phenomena
observed so far.

An important confirmation of this model came in 2012 with the discovery of the
Higgs boson made by the LHC experiments ATLAS [2] and CMS [3]. This boson
was theorized in 1964 by R. Brout, F. Englert [11], P. Higgs [12, 13], G. Guralnik,
C. R. Hagen and T. Kibble [14] and its discovery played a crucial confirmation of
the SM since it ensures the gauge invariance of the model. This property is going
to be discussed later in this chapter.

The three theoretical milestones that led to the formulation of the SM as it is
known today were Dirac’s quantum formulation of QED which posed the basis for the

5



Introduction to the Standard Model 1 6

mathematical structure of a relativistic quantum field theory, Fermi’s “tentativo”
of a theory for the β-decay that opened the road to build the general theory of
weak interactions later formulated by S. Weinberg [15] and A. Salam [16] and the
classifications of the observed hadrons according to the singlet states of the SU(3)
group proposed by M. Gell-Mann [17] and Y. Ne’eman [18].

In this chapter I am going to introduce the basics of the Standard Model of
electroweak and strong interactions starting by describing how interacting theories
can be built just by the requirement of gauge invariance. The theories for the strong
and weak forces are then built according to that procedure in order to highlight
the significant role gauge invariance plays in the SM. The reason to highlight this
aspect is that many experimental analyses focus on verifying the gauge invariance
of the SM by measuring the vector boson self couplings. Deviations from the theory
prediction may suggest the presence of new fundamental particles that modify those
couplings. I will then conclude giving an overview of the particles that are part of
the SM.

1.1 Gauge Invariant Field Theories

Symmetries have always played a central role in physics, specially after E. A.
Noether’s theorem that relates conserved physical quantities to the symmetries of a
system. This theorem is applicable to any theory including the quantum field theory
the SM is based upon.

Besides the geometrical symmetries of the SM which are related to well known
conserved physical quantities such as e.g. angular momentum and total energy, there
is also the very important invariance under the special unitary symmetry group
U(1)×SU(2)×SU(3) which is related to the SM conservation of charged currents.

The interesting fact about this symmetry group is that it implies a theory to be
interacting. Indeed, a free field theory would not be invariant under the action of a
local unitary gauge group.

The close relation between local gauge invariance and interacting quantum field
theories was first proposed by C. N. Yang and R. L. Mills [19]. Their idea came
by realizing that the two most studied and most predictive theories of fundamen-
tal forces, i.e. electromagnetism and gravitation, are both locally gauge invariant.
Electromagnetism, specially, keeps this invariance at both classical and quantum
level. The aim of Yang and Mills was to give a general prescription to build gauge
invariant theories, for a general special unitary group SU(N), similarly as Dirac’s
QED.

To give an idea of how gauge invariance and interacting theories are related, it is
often useful to look at the simpler case of QED. Local gauge transformation in QED
is generated by the special unitary group U(1). The fundamental representation of
this group is realized on the spinor field space as a complex local phase shift while
the adjoint representation is realized on the space of four-dimensional rank-one ten-
sor fields as a C(1) functional shift of the tensor of the adjoint representation. The
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gauge transformations of these objects then read

ψ(x) 7→ ψ′(x) = eiα(x) ψ(x),

ψ(x) 7→ ψ
′
(x) = e−iα(x) ψ(x),

Aµ(x) 7→ A′
µ(x) = Aµ(x) +

1

e
∂µα(x), (1.1.1)

where ψ(x) and ψ(x) represent respectively the fermionic spinorial field and its Dirac
adjoint

(
ψ(x) = ψ†γ0

)
carrying an electric charge e, while Aµ(x) is the neutral

electromagnetic vector boson field mediated by the photon. The QED Lagrangian
density invariant under the action of the transformations (1.1.1) is

LQED = ψ(x)
(
i /D −m

)
ψ(x)− 1

4
Fµν(x)F

µν(x) = LDirac + LEM, (1.1.2)

where /D is the so called covariant derivative written in Feynman slashed notation
( /D = γµDµ) defined as

Dµ = ∂µ − ieAµ(x). (1.1.3)

In Eq. (1.1.2), LQED has been divided into two Lagrangian densities, LDirac and
LEM. This separation is chosen in order to have two gauge invariant Lagrangians
that describe the dynamics of the spinor field and of the gauge vector boson field,
respectively. The gauge invariance of LDirac is simply given by the covariant deriva-
tive that is built in order to have Dµψ(x) transforming according to the fundamental
representation of U(1). In this way the complex phases of the covariant derivative of
ψ(x) and its Dirac adjoint cancel, leaving the Lagrangian U(1) invariant. Moreover,
the second term in (1.1.3) accounts for the interaction between the fermionic ψ(x)
and the bosonic Aµ(x) fields. This already shows how a free theory can not be
locally gauge invariant. If we expand the covariant derivative, it is easy to see the
form of the interaction part of the Lagrangian (1.1.2),

Lint = eψ(x)γµ ψ(x)Aµ(x). (1.1.4)

In Eq. (1.1.2), LEM accounts for the kinematics of the photon field where Fµν(x)
is the anti-symmetric stress-energy tensor defined as

Fµν(x) = ∂µAν(x)− ∂νAµ(x). (1.1.5)

The gauge invariance of LEM can be easily read off the following equivalence:
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Fµν(x)ψ(x) = ie (∂µAν(x)− ∂νAµ(x))ψ(x)

= ie [Dµ, Dν ]ψ(x). (1.1.6)

The second line of Eq. (1.1.6) proves the gauge invariance of Fµν(x) since the ap-
plication of the commutator of the covariant derivatives onto the spinor field is a
covariant object itself, therefore

(Fµν(x)ψ(x))′ = eiα(x)Fµν(x)ψ(x) = Fµν(x)ψ′(x). (1.1.7)

The gauge invariance of the field strength tensor can be proved in many ways, how-
ever the procedure used in this case, Eq. (1.1.6), is particularly useful for building
a general gauge invariant field theory since it gives a direct relation between the
covariant derivative and the strength tensor field.

Yang and Mills generalized the gauge invariance of QED to any arbitrary local
special unitary group SU(N) that act on an N -dimensional vector space spanned by
a linear combination of spinor objects. The elements of this N -dimensional space
can be written as Ψ(x) = (ψ1(x), . . . , ψN (x)) with ψi(x) being linearly independent
spinor fields. The gauge group acting on this vector space is realized as an N ×N
unitary matrix. The fundamental representation of this group is given by,

Ψ(x) 7→ Ψ′(x) = eiα
A(x)tAΨ(x) = U(x)Ψ(x), (1.1.8)

where tA, A = 1, . . . , N2 − 1 are the generators of the group and αA(x) is the
continuous real phase associated with each generator. Moreover, the index A is
euclidean-like, so we make no distinction between upper and lower indices. Also,

Einstein notation for repeated indices, αA(x)tA =
∑N2−1

A=1 αA(x)tA, is adopted.
The choice of the group generators is completely arbitrary as long as they satisfy

the following normalization trace condition,

Tr
[
tAtB

]
= TF δ

AB, (1.1.9)

with TF being an algebra constant of the fundamental representation.
The algebra formed by the SU(N) generators in the fundamental representation

is given by the following commutative relation,[
tA, tB

]
= ifABCtC , (1.1.10)

where fABC are the completely antisymmetric structure constants of this algebra.
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In order to build a gauge invariant Lagrangian for an N -dimensional spinor mul-
tiplet Ψ(x), it is necessary to define a covariant derivative similar to the QED one,
i.e. Eq. (1.1.3). In this case it is defined as

Dµ = ∂µI− igAA
µ (x)t

A, (1.1.11)

where I is the N × N identity matrix and AA
µ (x) is the vector boson associated

with the group generator tA. The covariance of Dµ is assured by defining the gauge
transformation for the vector boson field according to

AA
µ (x)t

A 7→ A′A
µ (x)tA = U(x)AA

µ t
AU †(x) +

i

g
U(x)∂µU

†(x). (1.1.12)

This transformation is the adjoint representation of the SU(N) group realized on the
vector field space. Eq. (1.1.12) ensures that the action of the derivative (1.1.11) on
Ψ(x) transforms like

DµΨ(x) 7→ D′µΨ′(x) = U(x)DµΨ(x). (1.1.13)

Using this definition of the covariant derivative it is possible to write down the gauge
invariant Lagrangian for the dynamics of an N-dimensional spinor multiplet,

LΨ = Ψ(x)
(
i /D −M

)
Ψ(x). (1.1.14)

Here M is a diagonal N ×N matrix containing the mass terms of the components
of Ψ(x).

The last part to add is the Lagrangian for the vector field. The main ingredient
is a field strength tensor Fµν(x) that contains first derivatives of the vector poten-
tials. This can be built accordingly to the QED one as shown in Eq. (1.1.6). Using
the covariant derivative defined in Eq. (1.1.11) we can derive the expression for the
N2 − 1 field strength tensors,

FA
µν(x)t

AΨ(x) = ig [Dµ, Dν ] Ψ(x)

= ig
(
∂µA

A
ν (x)− ∂νA

A
µ (x) + gfABCAB

µ (x)A
C
ν (x)

)
tAΨ(x). (1.1.15)

It is then possible to write down the gauge invariant Lagrangian density for the
vector boson dynamics,

LF = −1

4
FA
µν(x)F

A,µν(x). (1.1.16)
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Combining Eq. (1.1.14) and Eq. (1.1.16) it is possible to write the famous Yang-
Mills Lagrangian density for anN -dimensional spinor multiplet Ψ(x) invariant under
the action of the special unitary group SU(N):

LYM = Ψ(x)
(
i /D −mI

)
Ψ(x)− 1

4
FA
µν(x)F

A,µν(x). (1.1.17)

Actually, the theory as just written is also renormalizable making this the most
general four-dimensional renormalizable gauge invariant relativistic field theory. The
renormalization of a theory is going to be discussed in Sec. 1.2, but it is important
to highlight that other gauge invariant terms exist but are non-renormalizable.

A major new aspect of a Yang-Mills theory compared to QED is that in this case
cubic and quartic vector potential terms, arising from the non-commutativity of the
SU(N) group, are present. These are interpreted as self-interaction of the theory’s
vector bosons and have the following form:

Lself-int =− gsf
ABC∂µAA,ν(x)A

µ
B(x)A

ν
C(x)

− 1

4
fABCfADEAB,µ(x)AC,ν(x)A

µ
D(x)A

ν
E(x). (1.1.18)

Here the first line gives a three body interaction vertex and the second line gives a
four body interaction vertex.

Finally, in order to make predictions with this theory, it is necessary to choose a
gauge in which to compute observables. Without this choice it would not be possible
to define the Green’s function of the vector boson fields. The gauge fixing works by
simply including terms in the Lagrangian that break its gauge invariance. A very
common choice is the covariant gauge. This is a generalization of the Lorenz gauge
of classical electrodynamics, and it is defined as

Lgauge = − 1

2λ
∂µAA

µ (x)∂
νAA

ν (x). (1.1.19)

This choice then needs to be backed up by introducing a non-observable ghost field
needed to cancel unphysical degrees of freedom introduced by the gauge symmetry
breaking. For the covariant gauge the Lagrangian density for the ghost field is

Lghost = ∂µηA†(x)Dµ
ABη

B(x). (1.1.20)

Gauge invariant theories only allow for massless vector boson fields. A massive term,
such as m2AA

µ (x)A
µ,B(x)tAtB would break the gauge invariance of the theory. In-
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deed, the gauge transformation of a possible mass term for the vector boson field
would be,

m2A′A
µ (x)A′B,µ(x)tAtB =m2

[
AA

µ (x)A
B,µ(x) +AA

µ (x)∂
µαB(x)+

AB
µ (x)∂

µαA(x) + ∂µα
A(x)∂µαB(x)

]
×

× U(x)tAtBU †(x) ̸= m2U(x)AA
µ (x)A

B,µ(x)tAtBU †(x),
(1.1.21)

hence, m2A′A
µ (x)A′µ,B(x)tAtB ̸= m2AA

µ (x)A
µ,B(x)tAtB. However, methods to re-

cover gauge invariance of theories with massive vector bosons have been developed,
where the mass of the vector field comes from the coupling with a scalar field. This
mechanism, also known as the Englert–Brout–Higgs–Guralnik–Hagen–Kibble mech-
anism [11, 12, 13, 14], will be discussed later in this chapter, when introducing the
weak interacting Lagrangian where the weak force mediators, bosons Z and W , are
massive.

1.2 Renormalization of UV divergences

The non-linearity of the interacting Lagrangians discussed in the previous Sec. 1.1
makes it difficult to find general exact solutions of their equations of motion. Con-
sequently, these theories are usually studied either perturbatively or numerically by
computation on a grid or lattice. The latter is usually the standard method to treat
low-energy quantum systems.

High energy quantum field theory is mainly studied perturbatively. The ap-
proach used is taking the initial/incoming and final/outgoing state of an interacting
system as asymptotic states, i.e. solutions of the free theory. The initial state is
evolved using the theory’s interacting potential. This can be read from the second
term in the covariant derivative, Eq. (1.1.11). To give an example, the amplitude
of a generic QED observable is,

∞⟨Ψout| eig
∫
dx Ψ̂ /̂A Ψ̂ |Ψin⟩∞ = ∞⟨Ψout|

∑
n

1

n!

(
ig

∫
dx Ψ̂ /̂A Ψ̂

)n

|Ψin⟩∞

= ∞⟨Ψout|Ψin⟩∞ +∞ ⟨Ψout| ig
∫

dx Ψ̂ /̂A Ψ̂ |Ψin⟩∞ +O
(
g2
)

= ∞⟨Ψout|Ψin⟩∞ + S(Ψin,Ψout, g), (1.2.1)

where the interaction potential used is the one given in Eq. (1.1.4). In the last
line, the second term is the Scattering matrix that represents the interacting ampli-
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tude treated perturbatively, while the first term accounts for the possibility of an
interaction-free evolution from the initial to the final state.

Even if perturbing a free high energy quantum system, as just described, is a very
useful approach, it also has some drawback. The perturbative expansion contains
non-finite terms that make an observable expectation value divergent. This is obvi-
ously not the result one would expect and it is of course not shown by experimental
observations. Renormalization is the method used to get rid of these infinities by
redefining the quantities of a theory such as the fields, their masses and the coupling
constants that before being renormalized are called bare.

These infinities come from the ultraviolet (UV) sector of loop integrals. When
the set of singular loop integrals can be reduced to a finite set of divergent master
integrals a theory is said to be renormalizable, otherwise it is a non-renormalizable
theory [20]. The request that a renormalizable theory has to have a finite set of
divergent master integrals comes from the fact that these happen to be the same
at every perturbative order. Therefore, it is possible to resum them into a singular
multiplicative prefactor used to renormalize the quantities of a theory. Alternatively,
if this condition is not met, it would mean that there is an infinite number of these
singular factors making the renormalization of the theory’s objects impossible.

In order to regularize these divergent integrals, many techniques have been de-
veloped which isolate the singular terms from the finite result of a loop correction.
The most commonly used technique is Dimensional Regularization (DR). This tech-
nique consists of an analytical continuation of the four physical dimensions into a
4 − ϵ dimensional space, with ϵ being an arbitrary small constant. Changing the
dimensions of the space forces to introduce a scaling parameter µ to recover the
physical dimension of an amplitude. This is then expressed as a Laurent series in
terms of the infinitesimal variable ϵ depending on the unphysical regularization scale
µ. For completeness, it is important to mention that the use of unphysical scales
is made also in other regularization techniques like Pauli-Villars regularization [21]
which uses a UV cut-off to regularize a loop integral. It is clear that any physical
result can not depend directly on such a parameter. This is achieved by renormaliz-
ing the theory. Using DR a theory is renormalized by rescaling its parameters with
a function of ϵ, usually called Z(ϵ), divergent for infinitesimal values of ϵ.

Using this procedure, a renormalized theory will still depend on the unphysical
regularization scale µ. Since an arbitrary observable cannot directly depend on this
variable one has to require it to satisfy the following differential equation,

µ2
d

dµ2
G

(
Q2

µ2
, α

)
= 0. (1.2.2)

where G(·, ·) is for simplicity a dimensionless observable, α the fine structure con-
stant, e.g. g2/4π, and Q2 the energy scale at which we evaluate the observable. The
direct consequence of Eq. (1.2.2) is that the coupling constant, and similarly all the
other parameters of the theory, can be substituted with new functions that depend
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on the system’s energy. These parameters are called running parameters and en-
code the entire dependence over Q2 of G(·, ·). This is easily shown by expressing the
total derivative in (1.2.2) as sum of partial derivatives. The expression then becomes,[

µ2
∂

∂µ2
+ µ2

∂α

∂µ2
∂

∂α

]
G

(
Q2

µ2
, α

)
= 0. (1.2.3)

This differential equation can be solved by introducing the running coupling α(Q2)
defined as follows:

log

(
Q2

µ2

)
=

∫ α(Q2)

α

dx

β(x)
, α(µ2) ≡ α. (1.2.4)

Here β(x) is the beta function defined as

β(x) = µ2
∂x

∂µ2
. (1.2.5)

By taking the derivative of Eq. (1.2.4) it is clear that the running coupling evaluated
at Q2 is also a solution of Eq. (1.2.2). Indeed,

µ2
∂α(Q2)

∂µ2
= −β(α(Q2)), β(α)

∂α(Q2)

∂α
= β(α(Q2)) . (1.2.6)

The running of the coupling constant is nowadays a well established fact that has
been extensively studied. An example of the good agreement between the theoretical
prediction and data is shown for the strong coupling in Figure 1.1. Data is taken
from the experiments CMS [22, 23, 24], DØ[25, 26], H1 [27] and ZEUS [28] and
compared to the running of αs(Q

2) evaluated at two-loop accuracy with five active
flavors.

1.3 Quantum Chromodynamics

The strong force is the binding force between the hadron constituents, quarks and
gluons, together called partons. Quarks are fermions with fractional electric charge,
which can be either -1/3 or 2/3, and are the only fermions in the SM that can
interact through every known fundamental force. The strong charge carried by the
quarks exists in three different types named after the three colours red, blue and
green. Consequently, the strong charge is also called colour charge.

The existence of quarks was proposed in the prime 1960s by two independent
works made by M. Gell-Mann [30] and G. Zweig [31, 32]. These were follow-ups of
the hadron classification proposed in the previous years by M. Gell-Mann [17] and
Y. Ne’eman [18], in independent works. They showed that hadrons can be classified
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Figure 1.1: The figure represents the comparison between the data collected in various
experiments such as CMS [22, 23, 24], DØ[25, 26], H1 [27] and ZEUS [28], at a center-of-
mass energy of

√
s = 8TeV, and the theoretical running coupling. The theoretical result is

obtained by evolving αs(M
2
Z) using a beta function evaluated at two-loop order with five

active flavor quarks. This plot has been taken from the article [29] licensed with Creative
Common License 3.0

as singlets of the SU(3) symmetry group. This classification was called by M. Gell-
Mann the eightfold way. The singlet states, according to the colour naming, are
called white states, meaning that the quarks inside a hadron are organized in order to
have a neutral total colour charge. In these works it was also postulated that quarks
cannot be observed as free but only as bound states with neutral colour charge. This
property of QCD is called colour confinement. A very important confirmation of this
classification model came from the discovery of the Ω− baryon [33] that was first
predicted by this classification model and only later discovered. These studies on
the hadrons classification helped to understand that a theory describing a strongly
interacting system has to be SU(3) invariant and feature colour confinement.

The first request fits well in the general gauge field theory described in the pre-
vious section. A SU(3) invariant Lagrangian is nothing but Eq. (1.1.17), where the
spinor multiplet Ψ(x) contains the three differently coloured fermions,

Ψ(x) =


ψr(x)

ψg(x)

ψb(x)

 , (1.3.1)

where ψc(x), with c ∈ {r, g, b}, is the spinor carrying the colour charge c. The
group SU(3) has in total eight generators (N2 − 1 with N = 3 gives a total of eight

https://creativecommons.org/licenses/by/3.0/legalcode
https://creativecommons.org/licenses/by/3.0/legalcode
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independent generators). The strong force is therefore mediated by eight vector
bosons called gluons.

A common choice for the generators tA are the Gell-Mann matrices divided by
two,

tA =
1

2
λA, (1.3.2)

where,

λ1 =


0 1 0

1 0 0

0 0 0

 , λ2 =


0 −i 0

i 0 0

0 0 0

 , λ3 =


1 0 0

0 −1 0

0 0 0

 ,

λ4 =


0 0 1

0 0 0

1 0 0

 , λ5 =


0 0 −i
0 0 0

i 0 0

 , λ6 =


0 0 0

0 0 1

0 1 0

 ,

λ7 =


0 0 0

0 0 −i
0 i 0

 , λ8 =
1√
3


1 0 0

0 1 0

0 0 −2

 . (1.3.3)

The trace property of these matrices then reads

Tr
[
tAtB

]
=

1

2
δAB, (1.3.4)

with TF = 1/2. Finally the structure constants of the group generators are

f123 = 1, f257 = f147 = f246 = f345 =
1

2
,

f156 = f367 = −1

2
, f485 = f678 =

√
3

2
, (1.3.5)

with all the other components being zero.
Making use of the general Yang-Mills Lagrangian, Eq. (1.1.17), we can write

down the Lagrangian density to describe the dynamics of coloured particles as fol-
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lows,

LQCD =
∑
c

ψc(x)
(
i/∂µ −m

)
ψc(x) + gs

∑
c1,c2

Ψc1(x) /A
A
(x)tAc1c2AΨc1(x)

− 1

4

8∑
A=1

FA
µν(x)F

A,µν(x), (1.3.6)

where c, c1 and c2 are colour indices.
colour confinement is more complicated to prove analytically since there still is

no general exact solution for QCD. However it can be shown that QCD is an asymp-
totically free theory. This means that at very high energies quarks do not interact
with each other and the theory is essentially free, while at low energies (about the
typical hadronic scale of 200 MeV) the theory becomes very strongly interacting
pushing the parton towards the inner part of a hadron which is at a lower potential
energy. Even though this is not a direct proof of colour confinement it is a very good
indicator that coloured particles tend to stay very close together forming colourless
states to minimize their total energy. This effect is a consequence of running cou-
plings where in QCD it decreases increasing the energy of a system, see Fig. 1.1.
This behavior was studied and explained in 1973 by David Gross, Frank Wilczek
[34] and David Politzer [35]. The different behavior between QCD and QED is due
to the different sign taken by the beta function in the two cases. At the lowest
perturbative order of Eq. (1.2.5), where the beta function is usually written as,

β(x) = x
∞∑
n=0

bnx
n+1 = b0x

2 +O(x3), (1.3.7)

the solution of the differential equation (1.2.5) is

x(µ2) =
x(µ20)

1 + x(µ20)b0 log(µ
2/µ20)

. (1.3.8)

If b0 is negative (that is the case in QCD as shown in [34, 35]), x(µ2) is a monotone
decreasing function, otherwise, for positive b0, it is a monotone increasing function
(QED case). The asymptotic freedom is not just a feature of QCD, but it is a
consequence of the gauge vector boson self interaction. This means that this property
is entirely dictated by the gauge invariance of the theory and its non-commutativity.
The same thing would happen for the weak interaction, but in that case the force
mediators are so massive that they decay before showing any sign of confinement.

The parton model

Due to colour confinement the only way to test QCD is by looking at processes
involving hadrons, e.g. probing a hadron with a sufficiently energetic electron to
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resolve its structure. In this way it is possible to study how the electron interacts with
the hadron’s constituents. This specific process is called deep inelastic scattering
(DIS).

The parton model was originally proposed by R. P. Feynman in Ref. [36]. He
argued that at high energies, scattering processes involving hadrons are actually the
result of the interaction with their constituents, which he named partons. At high
energies these are distributed inside a hadron according to their parton distribution
function (PDF) fp(x). These functions can be visualized as an instantaneous pic-
ture of a parton’s distribution at the time of the collision. This assumption holds
whenever the partons’ interaction time is much shorter than the partons’ change of
momentum and composition inside the hadron. With this assumption, scattering
processes involving hadrons can be treated as QCD processes weighted by the PDFs
of the partons involved in the scattering process carrying the momentum fraction,

pµq = xPµ
H. (1.3.9)

Here Pµ
H is the hadron four-momentum, pµq the partonic four-momentum and x its

momentum fraction.
Generally, a total hadronic cross section, taking the DIS as example, can be

written as

σ =

∫
dΦ

∫ 1

0
dx
∑
p

fp(x) σ̃p(x,Φ), (1.3.10)

where p runs over the partons taking part in the process, σ̃(x,Φ) is the partonic
differential cross section and Φ the phase space of the particles involved in the
partonic collision process.

1.4 Electroweak Theory

The weak force is the elementary force responsible for the β-decay. A theory for
the weak interaction can be built similarly to how it is done for QCD, i.e. finding a
spinor multiplet the force act upon and building a gauge invariant theory starting
from that. The spinor multiplet in this case was understood thanks to the extension
of Fermi’s β-decay theory [37] the V-A theory proposed by Feynman and Gell-Mann
[38], Marshak-Sudarshan [39] and Sakurai [40]. In this theory the Hamiltonian den-
sity for the weak interaction is

H =
GF√
2
Jµ(x)J

µ(x) + h.c., (1.4.1)

where GF is Fermi’s constant and Jµ(x) is the sum of the leptonic and hadronic
currents Jµ(x) = jµl (x) + jµh (x) that are
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jµl (x) = νe(x)γ
µ
(
1− γ5

)
e(x),

jµh (x) = u(x)γµ
(
1− γ5

)
[cos θc d(x) + sin θc s(x)] .

(1.4.2)

Here νe(x), e(x), u(x), d(x) and s(x) are the spinors representing respectively the
electron neutrino, electron, up, down and strange quark. The angle θc is the Cabibbo
angle, see Ref. [41]. From the current (1.4.2) it is easy to identify the spinor multi-
plet we are looking for, i.e. (

νLe (x)

eL(x)

)
, (1.4.3)

where L stands for the left helicity of the spinors e(x) and νe(x). This comes directly
from the use in Eq. (1.4.2) of the projection operator 1−γ5. It is then clear that the
weak interaction can be built as a SU(2) invariant relativistic quantum field theory.

This is a very well-known group since it is the same group used to represent
spinor spin states. The generators of this group are given by the Pauli matrices

τ1 =

(
0 1

1 0

)
, τ2 =

(
0 i

−i 0

)
, τ3 =

(
1 0

0 −1

)
. (1.4.4)

The first two can be combined into the operators τ+ = (τ1 + iτ2)/2 and τ− =
(τ1− iτ2)/2. Then, τ± and τ3 form a closed algebra with respect to the commutator[

τ+, τ−
]
= τ3, [τ3, τ

±] = ±2τ±. (1.4.5)

The generators τ+ and τ− are associated with two electrically charged gauge vector
bosons called W± (bosons), while the generator τ3 is associated to a neutral gauge
vector boson called W3. At the time of the development of the weak interaction
theory it was thought that this neutral vector boson could be identified with the
photon, however, despite being neutral, the W3 vector boson was soon realized not
to be the photon. There are two reasons for that, first this neutral vector boson
can also be emitted by neutrinos, which are electrically neutral, and second the
electromagnetic current does not distinguish between left- and right-handed spinor
helicities, while in this case the neutral vector boson couples only to left-handed
spinors. This was very strongly motivated by experimental evidence. Hence, right-
handed fermions are assigned to the scalar representation of the SU(2) group. At
this point a theory invariant under the action of the SU(2) group can be built as
shown in Sec. 1.1.

Thanks to the works of Glashow [42], Weinberg [15] and Salam [43] it was pos-
sible to unify the weak and electromagnetic forces into one single theory called
Electroweak (EW) theory (or Glashow-Weinberg-Salam model). The unification of
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these two theories requires the Lagrangian to be invariant under the U(1)×SU(2)
group. This invariance can be assured by requiring that each chiral fermionic field
transforms according to,

ψ(x) 7→ ψ′(x) = eig
′α(x)Y (ψ)

2 ψ(x), (1.4.6)

where g′ is the coupling associated to U(1) and Y (ψ) is a quantum number called
weak hypercharge specific for each ψ(x). The weak hypercharge is also the same
for all the components of the SU(2) multiplet since it has to commute with the
generators of the group SU(2). A new vector boson associated with the group U(1)
needs to be added to the three weak-force mediators bosons, W± and W 3. This
boson is canonically called Bµ(x).

With these ingredients it is possible to write down the covariant derivative for
the theory,

Dµ = ∂µ − i
g

2
W±,µ(x)τ± − i

g

2
Wµ

3 (x)τ3 − i
g′Y
2
Bµ(x), (1.4.7)

where Y is a diagonal matrix with Y (ψ) as its diagonal entries.
The theory now provides four massless gauge bosons, of which two are electrically

charged, W±,µ, and two electrically neutral, Wµ
3 and Bµ. However, the theory as

it is, still does not represent the experimental observations. Only one massless EW
boson has so far been observed (the photon), but, as shown in Eq. (1.1.21), mass
terms for gauge bosons break the Lagrangian’s gauge invariance. A solution to
recover the gauge invariance for a theory involving massive bosons was proposed,
almost at the same time, by three different groups, i.e. R. Brout, F. Englert [11],
P. Higgs [12, 13], G. Guralnik, C. R. Hagen and T. Kibble [14]. Their work was
later implemented in the modern theory of weak interaction made by S. Weinberg
[15] and A. Salam [16]. They have shown how it is possible to build a U(1)×SU(2)
invariant theory where three bosons can acquire mass and one is left massless.

The mechanism presented by P. Higgs on how a vector boson can acquire mass
coupling to a scalar field works as follows. The Lagrangian density for a doublet of
electrically charged scalar fields and invariant under U(1)×SU(2) is,

L = DµΦ
†(x)DµΦ(x)− V(Φ†(x)Φ(x)), (1.4.8)

where Dµ is the covariant derivative defined in Eq. (1.4.7). The scalar doublet
Φ(x) = (ϕ+(x), ϕ0(x)) is taken to have the first component positively electrically
charged and the second one electrically neutral. The potential V(Φ†(x)Φ(x)) is in-
stead defined as follows:

V(Φ†(x)Φ(x)) = λ(Φ†(x)Φ(x))2 + µ2Φ†(x)Φ(x). (1.4.9)



Introduction to the Standard Model 1 20

This potential has a minimum different from zero, Φ(x) = 0. This is responsible for
the spontaneous gauge symmetry breaking, since the vacuum of the Higgs field can
still couple to a vector boson leaving it with a mass term in its Lagrangian. The
minimum of the potential is reached for Φ†(x)Φ(x) = µ2/(2λ), where µ and λ are
general parameters, and the scalar doublet vacuum expectation value is,

⟨Φ⟩0 =
1√
2

(
0

v

)
, (1.4.10)

with v =
√
µ2/λ. The weak hypercharge is set in order to make the Higgs vacuum

state invariant under the action of the U(1) group so that the photon field does not
couple to it, and consequently it does not acquire mass. The Higgs vacuum state
then has to satisfy,

eiα(x)(τ3+Y )/2⟨ϕ(x)⟩0 = ⟨ϕ(x)⟩0. (1.4.11)

For the gauge transformation, the sum of τ3 and Y generators is used because the
massless vector boson has to be electrically neutral, therefore a combination of the
generators associated with electrically neutral vector bosons has to be used. The
only unbroken generator then is

Q =
τ3 + Y

2
=

(
1 0

0 0

)
, (1.4.12)

which we identify as the U(1) group generator.
It is possible now to evaluate the Lagrangian density (1.4.8) inserting the vac-

uum state of Φ(x). By doing this procedure one gets the following mass terms for
the vector bosons:

LM =
v2

8

[ (
gWµ

3 (x)− g′Y Bµ(x)
) (
gW3,µ(x)− g′Y Bµ(x)

)
+ 2g2W−

µ (x)W+,µ(x)
]
.

(1.4.13)

The mass term involving Wµ
3 (x) and B

µ(x) can be diagonalized performing a rota-
tion by an angle θW (called either Weinberg angle or electroweak mixing angle),(

Zµ(x)

Aµ(x)

)
=

(
cos θW − sin θW

sin θW cos θW

)(
Wµ

3 (x)

Bµ(x)

)
. (1.4.14)

The angle is fixed such that the masses of the two new vector bosons (Zµ and Aµ) are
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M2
Z =

(g2 + g′2)v2

4
, M2

A = 0. (1.4.15)

The Weinberg angle is then set by the relative strengths of the coupling constants
sin2 θW = g′2/(g2 + g′2) and amounts to θW ≃ 28.2° (value taken from the Particle
Data Group tables from 2020 [44]).
This choice gives the following Lagrangian density for the vector bosons mass terms,

LM =
g2v2

4
W−

µ (x)W+,µ(x) +
(g2 + g′2)v2

8
Zµ(x)Z

µ(x), (1.4.16)

where only three of the four EW gauge bosons are massive.
The Lagrangian density for the field Φ(x) can be reformulated in order to have

the vacuum state explicit. This is done by simply perturbing the vacuum state using
a general function H(x),

Φ(x) = eitA
αA(x)

v

(
0

H(x)+v√
2

)
. (1.4.17)

The function H(x) is the Higgs scalar field and tA the generators of SU(2) group
representing the three degrees of freedom (Goldstone modes [45, 46, 47]) that are
cancelled by the three massive gauge vector bosons, W± and Z. In this way the
only remaining dynamical scalar field is the Higgs field whose Lagrangian density is,

LH =
1

2
|∂µH(x)|2 − V

(
H2(x)

)
, (1.4.18)

with

V
(
H2(x)

)
=

1

2
M2

HH
2(x) +

M2
H

2v
H3(x) +

M2
H

8v2
H4(x). (1.4.19)

The same symmetry breaking mechanism has to be applied to the masses of
fermions which are not SU(2) invariant. This is true only for the weak force since
it acts differently on the left- and right-handed fermions. These are mixed in the
Dirac mass term:

m ψ(x)ψ(x) = m
(
ψL(x)ψR(x) + ψR(x)ψL(x)

)
. (1.4.20)

In this case the mass term of a fermion can be rewritten including its coupling to
the Higgs field,
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Lmf =

(
1 +

H(x)

v

)
mfψf (x)ψf (x). (1.4.21)

Including the Higgs field it is then possible to write up the U(1)×SU(2) invariant
Lagrangian density for the electroweak theory:

LEW =
∑
f

ψf (x)

(
i/∂ −mf − g

mfH(x)

2MW

)
ψf (x)

−
∑
f

ψf (x)

[
g

2
√
2
/W

+
(x)(1− γ5)τ+ + /W

−
(x)(1− γ5)τ−

+eQf /A(x) +
g

2 cos θW
/Z(x)(vf − afγ

5)

]
ψf (x)

+

(
M2

WW
−
µ (x)W+,µ(x) +

M2
Z

2
Zµ(x)Z

µ(x)

)
·
(
1 + g

H(x)

MW
+ g2

H2(x)

4M2
W

)
+ LH, (1.4.22)

where v = 2M2
W /g according to Eq. (1.4.16) and f runs over the leptonic flavors.

In the case of quarks the situation is analogous but a bit more involved. The
weak interaction acts differently on quarks than on leptons, as shown in Eq. (1.4.2).
In this case it is necessary to take into account the quark flavor mixing given by the
Cabibbo-Kobayashi-Maskawa (CKM) [41, 48] matrix,

d′(x)

s′(x)

b′(x)

 =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb



d(x)

s(x)

b(x)

 . (1.4.23)

In terms of the new spinor vector on the r.h.s. of Eq. (1.4.23), the weak interaction
takes the same form as it does for the leptons. Alternatively, the weak interaction
current could be written as

jq ∝ Vij ūi(x)γ
µ
(
1− γ5

)
dj(x), (1.4.24)

where ui(x) and dj(x) distinguish respectively quarks with electric charge 2/3 and
-1/3 of the positron electric charge. The complete U(1)×SU(2) gauge invariant
Lagrangian can be written as done for the fermions by keeping the quark mixing
matrix into account.
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1.5 The Standard Model

Adding the QCD Lagrangian in Eq. (1.3.6) to the electroweak and Higgs Lagrangian
in Eq. (1.4.22), one gets the famous U(1)×SU(2)×SU(3) invariant SM Lagrangian.

In total the SM describes the dynamics of 61 elementary particles of which 48 are
fermions and 13 bosons. The fermionic matter is divided into coloured and colour-
less particles called, respectively, quarks and leptons. Each of these two groups is
further split into three fermion generations made by electroweak isospin doublets,
e.g. (e, νe) or (u, d). The mediators of the fundamental forces described by the SM
are the photon (γ), gluon (g), Z boson, W boson and the Higgs (H) boson. This
organization is summarized in Tab. 1.1.

The theories described so far impose limitations only on the mathematical form
of the interaction between elementary particles. However, the number of different
fermions does not have any theoretical constraint. So far they have been limited
only by experimental evidence. The number of lepton generations is constrained
by the very accurate measurement of the Z boson decay width into neutrinos [49],
which is perfectly fitted only by a three lepton generations theory. The number of
quarks is instead somewhat constrained by the observed CP violation in K0 decay
[50]. This can happen only with at least three generations of quarks. The observed
CP-violation constrains the dimension of the quark mixing unitary CKM matrix,
given in Eq. (1.4.23). Its unitarity requires the CKM matrix to have n(n − 1)/2
independent parameters representing the mixing angles and n(n+ 1)/2 parameters
that are complex phases. Of these parameters, 2n− 1 are not physically significant
and can be reabsorbed into the quark fields. The total independent number of
complex phases then are 1/2 (n−1)(n−2). These are the cause of the observed CP-
violation. It is straightforward to see then that only for at least three generations of
quarks there can be CP-violation inK0 decay. Even if more than three generations of
quarks are in principle possible, there still haven’t been any experimental observation
indicating that this is the case.

1.6 Factorisation and Resummation of IR divergences

As discussed in Sec. 1.2, the UV divergences from loop diagrams are removed by
renormalizing the theory. However, an observable can also suffer from infrared (IR)
singularities. These come from the soft and/or collinear region of the phase space of
either virtual or real emission diagrams involving massless particles. The procedure
to treat these singularities is completely different from the regularization method
used for the UV ones. At fixed order in perturbative theory the IR divergence is
cancelled simply by taking into account both the squared amplitudes of the virtual
and real emission. These two pieces, indeed, can be shown to have the exact same
IR singularity but with opposite sign. This is discussed in many textbooks like in
Ref. [51].

The cancellation of the IR singularities leaves the real emission contribution with
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Flavor Mass [GeV ] Charge Isospin [L,R] Spin

e− 0.51×10−3 -1 -1/2, 0 1/2

µ− 0.106 -1 -1/2, 0 1/2

τ− 1.78±0.12 -1 -1/2, 0 1/2

νe < 1.1× 10−9 0 +1/2, · 1/2

νµ < 0.19× 10−3 0 +1/2, · 1/2

µτ < 18.2× 10−3 0 +1/2, · 1/2

u 2.16+0.49
−0.26 × 10−3 2/3 +1/2, 0 1/2

d 4.67+0.48
−0.17 × 10−3 -1/3 -1/2, 0 1/2

c 1.27± 0.2 2/3 +1/2, 0 1/2

s 93.4+8.6
−3.4 × 10−3 -1/3 -1/2, 0 1/2

t 4.18+0.03
−0.02 2/3 +1/2, 0 1/2

b 172.7± 0.3 -1/3 -1/2, 0 1/2

γ < 1× 10−27 0 0 1

g 0 0 0 1

W± 80.377± 0.012 ±1 ±1 1

Z 91.1876± 0.0021 0 0 1

H 125.25± 0.17 0 1/2 0

Table 1.1: Physical values of the particles included in the standard model. The value for the
particle masses are taken from the 2020 Particle Data Group tables reported in ref. [44].

a logarithmic enhancement in the soft and/or collinear region of the real emission
phase space. In Fig. 1.2 it is shown, for a calculation at QCD NLO accuracy (red
line), how observables sensible to real emission configurations fail to reproduce the
data in the collinear region. The observables shown are the transverse momentum
pllT and the angular variable ϕ∗η, defined in Ref. [52], of a lepton pair produced in
a proton-proton collision (Drell-Yan process), pp → ll̄ with l = e−, µ−, and a
center of mass energy of

√
s = 13TeV. The discrepancy with data in that region of

the phase space comes from the IR logarithmic enhancement caused by logarithms
of the type,

αn
s log

2n(x) and αn
s log

2n−1(x), (1.6.1)

where x is a function of the kinematic variables of the process that approaches 0
in the soft and/or collinear region of the phase space. The terms proportional to



Introduction to the Standard Model 1 25

b

b b
b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

Sherpa+O
penL

oops
Sherpa+O

penL
oops

b ATLAS
Fixed Order NLO
MC@NLO

10 1

10−2

10−1

Z → ℓℓ, dressed level, 66 GeV ≤ mℓℓ < 116 GeV, |ηℓ| < 2.5

pℓℓT [GeV]

1/
σ

d
σ

/
d

pℓ
ℓ T

b b b b b b b b
b

b
b

b
b

b
b

b
b

b
b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

Sherpa+O
penL

oops
Sherpa+O

penL
oops

b ATLAS
Fixed Order NLO
MC@NLO

10−2 10−1

1

10 1

10 2

Z → ℓℓ, dressed level, 66 GeV ≤ mℓℓ < 116 GeV, |ηℓ| < 2.5

φ∗
η

1/
σ

d
σ

/
d

φ
∗ η

Figure 1.2: In the figures are shown the transverse momentum pllT and the angular variable
ϕ∗η of the lepton pair in proton-proton collisions at

√
s = 13TeV. The plots show the

comparison of the QCD NLO calculation at fixed order and matched to the parton shower
using the Mc@Nlo method compared against experimental data ATLAS data from the
2019 analysis of Ref. [53].

αn log2n(x) are the leading logarithmic accuracy (LL) while the terms proportional
to αn log2n−1(x) are the next-to-leading logarithmic accuracy (NLL).

Nonetheless, these logarithms can be factorized from a real emission squared ma-
trix element at every perturbative order. The factorisation of the IR singular pieces
can be shown by taking the soft-collinear approximation of a generic real emission
process. To give an example it is enough to look at the emission of a photon with
momentum k off the incoming particles with momenta p1 and p2. The matrix ele-
ment for this process is,

− ie ū(p1)/ε(k)
/p1 − /k

(p1 − k)2
M(p1 − k, p2;Pf ) + (p1 ↔ p2)

= ie
ε(k) · p1
p1 · k

ū(p1)M(p1 − k) + (p1 ↔ p2) + reg. terms. (1.6.2)

In the limit of a soft emission, kµ → 0, it can be further simplified and we get

i e εµ(k)

[
pµ1
p1 · k

+
pµ2
p2 · k

]
M0(p1, p2;Pf ). (1.6.3)

Here M(p1, p2;Pf ) includes also the incoming spinor ū(·), and it now represents
the matrix element of the leading order. Pf , indicates all the external final state
momenta. Squaring Eq. (1.6.3) and summing over the photon helicities, we get the
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well known Eikonal term of the soft-collinear emissions,[
e2

p1 · p2
(p1 · k)(p2 · k)

]
|M0(p1, p2;Pf )|2 = J(p1, p2, k) |M0(p1, p2;Pf )|2 . (1.6.4)

As expected, the function J(p1, p2, k) is singular when the emitted particle is either
collinear to the incoming particles, (p1 · k)(p2 · k) → 0, or soft, k → 0. This same
approximation can be repeated for an arbitrary number of sequential soft-collinear
emissions. For a generic number of emissions, Eq. (1.6.4) becomes,

1

n!
[J(p1, p2, k)]

n |M0(p1, p2;Pf )|2 , (1.6.5)

where n! accounts for the over counting of identical emissions.
The sum of any possible number of soft/collinear emissions opens the possibility

to exponentiate IR divergent logarithms making the fixed order result finite. In Fig
1.2 the NLO QCD fixed order accurate calculation is compared against the NLO
QCD calculation matched to the parton-shower, which is a numerical technique to
resum soft and/or collinear QCD emissions. From the plots it is clear that the effects
of including multiple QCD emissions is to dampen the logarithmic enhancement of
the fixed order calculation improving the agreement with the experimental data.

The resummation of these logarithms can be done either analytically or numer-
ically. However, in this work we will focus on the numerical method using the
so-called parton-shower technique.



Chapter 2

Event Generation using Monte
Carlo methods

In the previous chapter the theory to model the quantum dynamics of the elementary
particles discovered so far has been introduced. In order to make predictions with it,
a direct mapping from a SM prediction to experimental signatures is needed. High
energy experiments, such as ATLAS and CMS at LHC, SLAC at Stanford, and CDF
and D0 at Fermilab, are collision experiments where the subject of study are the
scattering processes in either hadron-hadron, electron-hadron, or electron-positron
collisions. Monte Carlo (MC) event generators are the theoretical tools explicitly
built to fill this gap.

MC event generators are used to simulate every step of a two-body collision
process. They start by evaluating the hard scattering process that is modelled using
the S-matrix elements Eq. (1.2.1) in perturbation theory. In this step we have the
direct link to the SM fixed perturbative order predictions used to study many of
its features. The incoming and outgoing particles of the scattering process are then
let to radiate both QCD and QED particles until the typical hadronic energy scale
is reached. At this point the event generator starts the hadronisation process. In
this step, the newly produced final states are organized into hadrons, followed by
the hadronic decay chain into more stable particles detected in experiments. The
conversion from MC generated events and the signals recorded by detectors, or vice
versa, are usually done on the experimental side. The simulation of the detector
response is usually done using the software Geant4 [54, 55, 56]. The most common
general purpose Monte Carlo event generators are Sherpa [57], Herwig [58, 59],
Pythia [60]

The aim of this thesis is to improve the predictions of a general MC simulation,
performed with the computer program Sherpa, by including higher order perturba-
tive corrections. Therefore, in this Chapter, are given general concepts behind the
techniques used in this specific general-purpose event generator. Particular atten-
tion is given to the techniques used for producing an arbitrary number of QCD final
state particles, using the parton-shower approach, and on the calculation of QCD

27
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perturbative corrections. On the other hand, EW corrections are not discussed here
in order to help the reader following better the main results of this thesis. These
corrections will be discussed in Chap. 4.

2.1 Multiple QCD Emissions Simulation using a Parton
Shower

A large part of the detected signal in collision experiments comes from hadronic jets,
resulting from QCD jets hadronisation. This makes the modelling of jets a crucial
part of an MC simulation. As anticipated in Sec. 1.6 it is possible to use numerical
methods to include an arbitrary number of soft and/or collinear QCD emissions
using the method called parton-shower, that is based on the factorisation property
discussed in Sec. 1.6. This method treats multiple QCD emissions as a Markov
chain, meaning that they are modelled as iterative random events where each one
depends only on the the state of the previous event. This technique is based on the
Sudakov form factor [61], ∆a(t0, t), that gives the probability of no emission in the
energy range [t0, t],

∆a(t0, t) = exp

{
−
∑
b

∫ t

t0

dt′

t′

∫
dz
αs

2π
P̂ba(z)

}
, (2.1.1)

where t is the virtuality of the emitting parton pa and z the emitting parton energy
fraction z = Eb/Ea = 1 − Ec/Ea (the subscripts b and c refer to the products of
the branching) and P̂ab(t

′, z) is the non-regularized Altarelli-Parisi (AP) splitting
function [62] for the partons a and b. Non-regularized here means that they are still
IR divergent. In the context of the parton-shower, this IR divergence is removed by
simply applying a cut-off to the z variable, ϵ(t, t0) < z < 1− ϵ(t, t0) in the integral
of (2.1.1). The cut-off, which is to some extent arbitrary, can be interpreted as a
separation between resolvable and unresolvable splittings.

The AP splitting functions come from the factorisation of singular collinear terms
of a QCD real emission squared matrix element. The collinear limit of a partonic
emission is reached for small parton branching opening angles, i.e.

θ → 0 ⇒ t = p2T,a → 0. (2.1.2)

In this limit the squared real emission matrix element factorizes as

|Mn+1|2 ≃
coll. lim.

|Mn|2
αs

2π
P̂ab(z), (2.1.3)

where ab are the emitter and emitted partons. In Eq. (2.1.3), the integration over
the azimuth angle and the summation over the spin and polarisation of the external
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particles is understood.
The probabilistic interpretation of the Sudakov form factor can be understood

from the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation [62, 63, 64].
This equation describes the energy evolution of PDFs that is given by

t
∂

∂t

(
fa(x, t)

∆a(t0, t)

)
=

1

∆a(t0, t)

∑
b

∫
dz

z

αs(t)

2π
P̂ab(z)fb(x/z, t). (2.1.4)

Its integrated form gives the easily interpretable equation,

fa(x, t) = ∆a(t0, t)fa(x, t0) +
∑
b

∫ t

t0

dt′

t′
∆a(t0, t)

∆a(t0, t′)

∫
dz

z

αs(t
′)

2π
P̂ab(z)fb(x/z, t

′).

(2.1.5)

It is possible to visualize that a branching has happened at a certain energy t by
looking at the PDFs fa(x, t) energy fraction x. A change in x clearly means that
a splitting has happened since a parton’s energy fraction has changed. Then, the
first term in the equation keeps the energy fraction x unchanged. Therefore, it rep-
resents the PDF’s evolution from t0 to t where no branching has happened. The
initial PDF fa(x, t0) gets just scaled by the Sudakov form factor ∆a(t0, t), meaning
that it gives the probability of no-branching between the energies [t0, t]. The second
term, instead, has the PDF multiplied by the differential weight,∑

b

dt

t

dz

z

αs(t)

2π
P̂ab(z). (2.1.6)

This is interpreted as the differential splitting probability of the incoming parton a
with virtuality t and energy fraction z after the emission.
The factor ∆a(t0, t)/∆a(t0, t

′) = ∆a(t, t
′), instead, gives the probability of no-

branching between t′ and t. These two pieces combined give the probability that a
parton with virtuality t has split exactly once.

What a parton-shower does is to evolve any on-shell parton taking part in the
hard scattering process using a forward evolution for final-state partons and a back-
ward evolution for the initial-state partons. The main difference between these two
evolutions is that in the forward evolution the probability of having just one soft
and/or collinear emission is as for Eq. (2.1.5), i.e. ∆a(t)/∆a(t

′), while in the back-
ward evolution the single emission form factor is modified by including also the
parton’s density function as (fa(x, t

′)∆(t0, t)) / (fa(x, t)∆a(t0, t
′)) [65, 66].

What a parton-shower does is to evolve any on-shell parton in a hard scatter-
ing process according to Eq. (2.1.5), where the factor ∆a(t)/∆a(t

′) is randomly
generated by a uniform distribution over the interval [0, 1]. After a branching has
occurred the new particle is added to the ensemble of the final state particles and
the procedure is repeated iteratively until a target energy is reached.
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Following Eq. (2.1.5) the parton-shower can be easily applied to a leading order
calculation. For an n-particle final state the leading order differential cross-section
matched to the parton-shower reads

dσLO+PS = dΦnB(Φn)
∑
ab

[
∆a(t0, t) +

∫ t

t0

dt′

t′
∆a(t, t

′)
∫
dz

z

αs

2π
P̂ab(z)

]
, (2.1.7)

where t = t(Φn) and the indices a and b run over all the final state partons. B(Φn)
also contains the process’ luminosity, flux factor and the symmetry factor.

2.2 Matching NLO Accurate Matrix Elements to a Par-
ton Shower

Before discussing how next-to-leading order (NLO) accurate calculations can be
matched to a parton-shower it is important to discuss how an observable at the
NLO accuracy is numerically evaluated.

Following the discussion in Sec. 1.6, IR divergences can only be cancelled in-
cluding both the virtual and real emission corrections to a process. Numerically,
this is not so straightforward since the virtual and real corrections have different
phase spaces and a Monte Carlo event generator is designed to produce fully differ-
ential events. This means that virtual events are generated separately from the real
emission one leading to possible events with infinite weight. In order to make both
contributions IR finite during the event generation phase, NLO accurate calculations
are performed implementing subtraction terms that cancel the IR divergence of each
piece without affecting the NLO accuracy of the combined result.

The subtraction terms are IR-singular functions of the real emission phase space
that are subtracted from the real emission correction and added to the virtual cor-
rection, integrating them over the one-emission phase space. They are labelled as
DS(ΦB,Φ1), and the integrated ones as I(ΦB) =

∫
dΦ1D

S(ΦB,Φ1). The choice of
these functions is completely arbitrary as long as they are able to exactly cancel the
IR divergences of a process.

An NLO accurate calculation is then done by producing events according to

dσNLO = dΦn

[
B(Φn) + V (Φn) + I(Φn)

]
+ dΦn+1

[
R(Φn+1)−DS(Φn,Φ1)

]
. (2.2.1)

Here V (Φn) is the virtual correction that also includes the mass-factorisation terms
of the PDFs and R(Φn+1) the real emission correction. Events generated according
to the first term of the r.h.s. of Eq. (2.2.1) are called S-type events, and those
generated from the second term are called H-type events. Generating events using
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this approach assures that inclusive observables are NLO accurate and IR-finite.
However, the result still suffers from large logarithms in the soft/collinear region of
the real emission phase space, as discussed in Sec. 1.6.

Some NLO QCD subtraction methods developed so far include the antenna sub-
traction [67, 68], the FKS subtraction scheme [69] and the Catani-Seymour dipole
subtraction [70, 71]. The latter is implemented in Sherpa [72]. Therefore, we are
going to briefly discuss this subtraction method specifically.

The Catani-Seymour subtraction method is based on the dipole factorisation for-
mula [70, 71] presented in 1997 by S. Catani and M. H. Seymour in Ref. [70]. This
formula reproduces exactly the IR singularities of an n+1 final state squared matrix
element. In the singular regions of the phase space, collinear singularities happen
for pairs of partons, called emitter and emitted, with the following singular structure,

Dik,j ∝ − 1

2pipk
and Djk,i ∝ − 1

2pjpk
. (2.2.2)

Dipoles for the soft singularities, instead, also need a spectator. This is due to the
fact that soft singular terms factorize only as colour dipoles, and therefore the sin-
gularity is given by terms of the following form,

Dik,j ∝ − 1

(pipk)(pjpk)
. (2.2.3)

As an example, the complete expression of a massless soft/collinear singular dipole
where the emitter and emitted partons are both final states particles is given by the
following expression,

Dik,j = − 1

2pipk
m⟨1, . . . , ĩk, . . . , j̃, . . . ,m+1|Tj · Tik

T 2
ik

Vik,j |1, . . . , ĩk, . . . , j̃, . . . ,m+1⟩m.
(2.2.4)

Here Tj and Tik are the colour charges of the spectator and emitter, while Vik,j is a
dimensionless non-singular matrix in the emitter’s spin and colour space. From the
m-parton final state the partons i and k are combined into the “mother” particle (the
emitter) ĩk. The spectator j is instead mapped into j̃ with a momentum different
from the initial j-th parton momentum. The momentum of ĩk and j̃ are defined in
order to grant all partons to be on-shell and to fulfill the momentum conservation
p̃ik + p̃j = pi + pj + pk. An example of this splitting is given in Fig. 2.1 The cases
of initial state emitter with final state spectator and both initial state emitter and
spectator are left out for clarity.

The parton-shower matching to a NLO accurate calculation is done very similarly
to the LO case. The main difference is that in this case we have to be careful with
double counting between the parton-shower single emission off S-type events and
the actual hard real emission, especially in the soft and/or collinear region of the
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phase space. The two main approaches to avoid double counting when matching
NLO accurate matrix elements to a parton-shower are the POWHEG method [73, 74]
and the Mc@Nlo method [75].

pi

pj

pk

p̃j

p̃ik

Figure 2.1: Examples of a final state dipole splitting and how momenta are reorganized.

2.2.1 MC@NLO Method

In order for this method to be as general as possible, it uses a modified NLO
subtraction scheme to avoid the double counting of soft and/or collinear single-
emissions. This modified subtraction works by splitting the real emission contri-
bution into its infrared-singular DA(Φn,Φ1) and infrared-finite H(Φn+1) pieces,
R(Φn+1) = H(Φn+1) +DA(Φn,Φ1) [76]. The virtual correction is instead still reg-
ularized by the integrated CS dipoles I(Φn), as discussed previously. The singular
part of the real emission is then integrated over and added to the S-type events as
follows,

B̄(Φn) = B(Φn) + V (Φn) + I(Φn) +

∫
dΦ1

(
DA(Φn,Φ1)−DS(Φn,Φ1)

)
. (2.2.5)

Generating the first parton-shower emission using the new splitting functionsDA(Φn,Φ1)
ensures the NLO accuracy of the method and avoids double counting of soft and/or
collinear emissions. Consequently, in the Mc@Nlo method events up to the first
real emission are generated according to

dσMC@NLO = dΦnB̄(Φn)

[
∆̄(t0) +

∫
t0

dΦ1∆̄(t)
DA(Φn,Φ1)

B(Φn)

]
+ dΦn+1H(Φn+1), (2.2.6)

where ∆̄(t) is the Sudakov form factor with splitting kernels given byDA(Φn,Φ1)/B(Φn).
After the first emission, the parton-shower is let to radiate using its standard defi-
nition given in eq. (2.1.7).

The original Mc@Nlo method used the AP parton-shower splitting kernels to
subtract the IR singularities of the real emission squared matrix elements. With this
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choice it is possible to resum all the logarithms at the leading-logarithmic accuracy
(1.6.1) in the large-Nc limit. However, this might still lead to infinite results since
the modified subtraction of the real emission contribution has not cancelled the
singular sub-leading colour configurations. One can solve this by making a different
choice for DA(Φn,Φ1) to better match the colour structure of the real emission. The
Mc@Nlo method implemented in Sherpa uses the Catani-Seymour dipoles [77] for
the parton-shower first emission. This is called the S-Mc@Nlo method [78]. This
choice guarantees that the first parton-shower emission reproduces the right soft
and/or collinear limit of the real emission matrix element.

2.2.2 POWHEG Method

In this method the choice for DA(Φn,Φ1) is the squared real matrix element itself.
This choice helps to simplify the parton-shower matching since it is done like in Eq.
(2.1.7), by substituting

B(Φn) → B̄(Φn) = B(Φn)+V (Φn)+I(Φn)+

∫
dΦ1

(
R(Φn+1)−D(Φn,Φ1)

)
. (2.2.7)

Therefore, the parton-shower matching with an NLO accurate calculation in the
POWHEG method is done according to,

dσPOWHEG = dσNLO

[
∆̄(t0) +

∫
t0

dΦ1∆̄(t)
R(Φn+1)

B(Φn)

]
, (2.2.8)

where,

∆̄(t) = exp

{
−
∫
t0

dΦ1
R(Φn+1)

B(Φn)

}
. (2.2.9)

A major drawback of this approach is that in the Sudakov form factors there
are exponentiated terms that do not factorize at every perturbative order. This
usually leads to a harder radiation spectrum compared to the Mc@Nlo method
and generally may lead to unexpected results. However, since its first proposal this
method has been improved by limiting the region of activity of the parton-shower.
This helps to improve the agreement between the two methods and with the fixed
order calculation’s hard emission spectrum. A detailed comparison of the POWHEG

and Mc@Nlo methods has been presented in [78].

2.3 Merging Multi-Jet Matrix Elements

Despite the parton-shower being able to reproduce the soft and collinear behavior of
an arbitrary number of QCD emissions, its validity is restricted to a specific region of
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the phase space. Consequently, the parton-shower is not able to accurately describe
multiple hard jets or wide angle parton splittings. To have a more accurate descrip-
tion of the hard emission energy spectrum, the actual matrix elements for higher
multiplicities are needed. Moreover, these have to be carefully included in order to
avoid overlapping in phase space regions populated by both hard and parton-shower
emissions. This phase-space overlapping is avoided by multi-jet merging techniques,
that generally consist in separating resolvable and non-resolvable emissions using a
jet resolution scale, Qcut. The phase space region below Qcut is populated by a trun-
cated parton-shower while the region above Qcut is populated by the hard emission
matrix elements. Some algorithms developed to merge multi-jet matrix elements
into one event are the CKKW [79, 80], CKKW-L [81, 82] and MLM [83] methods
and their extensions to NLO matrix elements [84, 85, 86].

In the Sherpa event generator, the multi-jet merging algorithm implemented is
a generalisation of the CKKW approach presented in [87] for LO merging and [84,
85] for NLO QCD merging. Sherpa performs a backward-clustering using the kT -
algorithm to calculate the corresponding separation scale Qn+m, where n indicates
the core process multiplicity and m the additional number of jets. This scale is then
compared with the user defined Qcut. The jet multiplicity that survives the merging
cut is then evaluated, and sets the starting conditions for the truncated parton-
shower. A direct benefit of this method is that the renormalisation and factorisation
scales are dynamically set for the additional multiplicities. This accommodates the
multiscale nature of multiple real emissions.

When the multi-jet matrix elements used in the calculation are all at LO, events
are generated according to the following formula,

σMEPS@LO =
∑
n

∫
dΦnBn(Φn)Fn(µ

2
Q;Qcut). (2.3.1)

Here Fn(µ
2
Q;Qcut) is the truncated parton-shower functional that reads

Fn(µ
2
Q;Qcut) = ∆(tc, t) +

∫ t

tc

dΦ′
1Kn(Φ

′
1)Θ

(
Qcut −Qn+1(t

′)
)
∆(t′, t)Fn+1(t

′),

(2.3.2)

where Fn(t) is the truncated parton-shower generator. The scaleQn+1(t
′) used in the

truncated parton-shower is the smallest reconstructed emission scale for the n+1 new
particle ensemble. For NLO accurate matrix elements included in the calculation it is
necessary to distinguish also between configurations of the real emission correction
of the NLO matrix elements and higher multiplicities present in the calculation.
Since in Sherpa NLO accurate processes are matched to the parton-shower using
the Mc@Nlo method, the multi-jet merged calculation modifies the H-type events
in order to avoid populating the same phase space of higher multiplicities. Therefore,
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H-type events are constrained to populate only the phase space region belowQcut. In
this way inclusive observables are evaluated at the right NLO accuracy while higher
multiplicities matrix elements are let to populate the hard-emission’s phase space.
The constraint on the H-type events is done by simply applying the cut Θ(Qcut −
Qn+1) to the H-type events of the Mc@Nlo method. A qualitative representation
of S- and H-type events in the multijet-merging method is given in Fig. 2.2.

Figure 2.2: Examples of emissions contribution in S-, H-type and 1-jet events. S-type events
contain contributions from the core process and its first parton-shower emission, while the
real emission of the NLO correction, i.e. an H-type event, is constrained to be in a more
soft and/or collinear emission region. The hard emission is instead given by the correct full
1-jet matrix element.

The NLO accurate part of the multi-jet merged calculation is then evaluated
according to

σMEPS@NLO =

∫
dΦnB̄n×

×
[
∆̄(tc, µ

2
Q) +

∫ µ2
Q

tc

dΦ′
1K̄(Φ′

1)Θ(Qcut −Qn+1)∆̄(t′, µ2Q)Fn+1(t
′)

]

+

∫
dΦn+1H(Φn+1)Θ(Qcut −Qn+1)Fn+1(µ

2
Q, Qcut),

(2.3.3)

where ∆̄(tc, µ
2
Q) and K̄(Φ′

1) are respectively the modified Sudakov form factor and
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the modified splitting kernels used in the Mc@Nlo method (2.2.6) in order to
reproduce exactly the soft and collinear structure of NLO QCD matrix elements.
Moreover, higher LO multiplicities are supplemented with a local k-factor that de-
pends on the phase space of the highest multiplicity evaluated at NLO. This k-factor
has the following differential form,

kn(Φn,Φn+1) =
B̄n(Φn)

Bn(Φn)

(
1− Hn(Φn+1)

Bn+1(Φn+1)

)
+

Hn(Φn+1)

Bn+1(Φn+1)
. (2.3.4)

with n the multiplicity of the highest NLO-multiplicity.

2.4 State-of-the-art of NNLO Accurate Predictions

In recent years many processes have been calculated at the QCD NNLO accuracy,
both at fixed order and matched to a parton-shower. An example is the Drell-Yan
di-lepton production. This is known at QCD NNLO accuracy for both single boson
production [88, 89, 90] and the boson production associated with a jet [91, 92].
The NNLO correction of this process, for example, helps to reduce significantly the
theoretical uncertainty on the Z boson transverse momentum as shown in Ref. [93].
Such improvement in the theoretical prediction is crucial for the upcoming high
precision measurements at LHC experiments. Other processes known at NNLO
are, for example, di-photon production [94, 95], top-pair production [96], off-shell
di-boson production [97, 98, 99] and Higgs production [100].

Technically a completely automated method to generate and evaluate NNLO
corrections has not yet been developed. All the calculations mentioned above are
specific analytical solutions implemented in matrix element providers such as MA-
TRIX [101] and MCFM [102, 103, 104]. The difficulties to automate the evaluation
of NNLO corrections is due to the presence of two-loop integrals. These are not yet
possible to be automatically generated and evaluated due to the very complicated
two-loop structure, including the multiscale nature of the integrals and reduction
to master integrals. However, the development of general IR-subtraction schemes
has been recently very active. Some developed methods are the Antenna subtrac-
tion [105], nested soft-collinear [106], geometric subtraction [107] and local analytic
sector subtraction [108]. These subtraction schemes are also very useful in the devel-
opment of NNLO accurate calculations matched to a parton-shower. Nonetheless,
in this case the parton-shower matching has not yet been completely generalized,
which is true also for the dipole shower used in Sherpa. Some available methods are
reweighted MiNLO [109, 110], UNNLOPS [111] and MINNLOPS [112, 113, 114]. The
reweighted MiNLO and MiNNLOPS approach are both based on merging NLO+PS
matrix elements for colourless final states up to 1-jet with the 0-jet multiplicity eval-
uated at NNLO. Differently from the multi-jet merging presented in Sec. 2.3 this
method does not require any user-defined merging scale, but instead the merging is
done according to information from the pT -resummation. The UNNLOPS, instead,
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uses a modification of the unitarized CKKW algorithm UNLOPS [115]. Here, the
NNLO accurate calculation is regularized with a qT -subtraction where the zero-qT
has the exclusive NNLO calculation and qT values above it are at the right NLO
QCD accuracy.

2.5 The SHERPA Event Generator

Sherpa is a modular C++ code that simulates every step of a high energy collision
process where either the incoming particles are hadrons or leptons. The modular
structure of the code allows for easy improvements and modifications of the various
modules [57, 116, 117, 118, 119, 120]. Moreover, it gives to the user the possibility
to easily add plugins of their own such as new parton-showers, physical models or
external matrix element generators.

At the moment Sherpa has an explicit implementation of the SM and some of
its extensions, such as the Minimal Supersymmetric Standard Model (MSSM), the
ADD model for large extra dimensions and a set of operators used to parametrize
anomalous triple and quartic EW gauge boson self couplings. Sherpa’s modular
structure also allows the user to implement other BSM models by defining the BSM
model parameters and the new Feynman rules.

Sherpa starts by handling the incoming beams with the module BEAMS. Here if
there are initial state hadrons, Sherpa can use either internal PDFs or the external
code Lhapdf [121] which offers a very large set of PDFs.

The hard scattering matrix elements can be generated by both the AMEGIC [122]
and COMIX codes. These are in-house tree-level matrix-element generators. AMEGIC

is the original matrix-element supplier of Sherpa. It generates helicity amplitudes
from Feynman diagrams using the methods presented in Refs. [123, 124]. COMIX is
the newer fully automated tree-level matrix-element generator based on the colour-
dressed Berends-Giele recursion relations [125]. This method uses a recursive colour
sampling which makes it very suitable for high multiplicity QCD matrix elements
calculations. For this reason COMIX is used as the default generator for QCD high-
multiplicity calculations while AMEGIC is mostly used for lower QCD multiplicity
processes. Both these generators come with their own phase-space integrators [122]
based on multi-channel MC algorithms with VEGAS optimisation [126]. With the
future release of Sherpa (version 3.0.0) a new module will be included, EXTAMP,
which is a general interface to external matrix-element providers. This module is
particularly useful for processes that can not be generated with the default matrix-
element generators, such as for example loop-induced processes where the lowest
order contribution already contains a loop. This module can also be interfaced to
analytical matrix element providers such as MCFM, which can give faster semi-
analytic matrix element evaluation compared to the internal numerically evaluated
ones. The phase space integration is however not part of the module, and therefore
it has to rely on other phase space integration libraries included in Sherpa, such as
RAMBO [127]. Another possibility is to generate phase space integration libraries



Event Generation using Monte Carlo methods 2 38

using AMEGIC. This generates the phase space integration libraries for a generic final
state, optimized for the tree-like processes it knows. These libraries can be loaded at
run-time as external libraries making them available to the matrix element generator
used by the EXTAMPmodule. Part of this thesis’ work has been to validate and update
this module for the future release of Sherpa.

After the evaluation of the hard scattering process Sherpa performs the parton
showering of both final and initial states. The QCD radiation in this phase is handled
by the CSSHOWER++ and MCATNLO modules [77]. These implement the dipole shower
discussed in Sec. 2.1 for both LO and NLO parton-shower matching. The QED
radiation, instead, is handled by the PHOTONS++ module which applies the D. R.
Yennie, S. C. Frautschi and H. Suura (YFS) resummation [128] on the leptonic final
states [129, 130]. This method will be discussed in more details in Sec. 4.3. Besides
the hard scattering process and its matching to the parton-shower, Sherpa also
account for multiple particle interactions (MPI), which are semi-hard collisions, and
uses an independent parton-shower on these events as well. This part is taken care
from the AMISIC++ module [131].

Finally, when the parton-shower has reached the hadronic scale, Sherpa per-
forms the hadronisation of the particles produced by the parton-shower. This is done
by the module AHADIC++ [132], using the cluster-fragmentation model presented in
Ref. [133, 134]. Consequently, the identified hadrons, and tauons, are let to decay
into more stable particles by the module HADRONS++. The hadron decay chain is
performed using form factors from heavy-quark effective theory and light-cone sum
rules [135, 136], while τ -decays are modelled using the Kühn-Santamaria model [137]
and the form-factor parametrisation from Resonance Chiral Theory [138].



Chapter 3

Diboson production at the
Large Hadron Collider

Processes involving the production of two electroweak bosons constitute a very im-
portant test bed of the EW sector of the SM and BSM searches. These processes
are a direct way to test the EW spontaneous symmetry breaking, and its gauge
invariance. This is due to the fact that EW gauge boson self-coupling diagrams and
their interaction with the Higgs boson are directly accessible. Some examples of
these self-coupling diagrams are the Z-boson decay into W+W− or the four-body
interaction vertices like W+W− → ZZ or W+W− → W+W−. In Fig. 3.1 two ex-
amples for di-boson production diagrams in a parton-parton scattering that involve
EW gauge boson self-couplings are shown. The diagram on the left shows the decay
of an intermediate Z boson into a pair of W bosons in a gluon fusion process. This
diagram is part of the NNLO QCD correction of the pp → W+W− process. The
diagram on the right, instead, gives access to the quartic EW self coupling in the
production of two Z bosons associated with two jets. This process is part of the
NLO EW correction to the pp→ ZZjj process. For completeness, the same quartic
EW coupling could be accessed from the ZZ production in gluon fusion as virtual
EW correction to the gg → ZZ process. In any case, this diagram has not yet
been calculated due to the complications of treating massive two-loop integrals as
explained in Sec. 2.4. The importance of testing the EW gauge bosons self-coupling
terms in the SM Lagrangian is highlighted in Chap. 1

Access to gauge boson self coupling diagrams makes the production of two EW
bosons a very useful tool also to test BSM theories. An example of this is the triple
gauge boson coupling between three neutral vector bosons [4]. This interaction
vertex is not allowed by the SM, but it could be explained by modifications of
it, as described in [139]. Also many experimental analyses focus on the di-boson
production to find signs of any anomalies [140, 141, 142, 143].

The di-boson final state is also the main channel to study Higgs bosons, and it
constitutes a major background in Higgs boson measurements [144, 145, 146, 147].
Moreover, direct Higgs boson production diagrams have a sizeable destructive inter-
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Figure 3.1: Examples of di-boson production in proton-proton collision with triple and
quartic EW couplings. The diagram on the left shows the decay of an off-shell Z boson into
a pair of W bosons through gluon fusion at O

(
α2
sα

2
)
. The right and lower diagrams give an

example of quartic gauge boson self coupling in the production of two Z bosons both at the
order at O

(
α2
sα

3
)
. The first shows the di-boson production associated with two jets, while

the second shows the EW virtual correction to the ZZ production in gluon fusion.

ference with the continuous di-boson production [7]. Accurate modelling of di-boson
production is therefore necessary for high precision Higgs physics measurements, e.g.
evaluating its decay width [148, 149].

All these aspects together with the next LHC upgrade, which is expected to in-
crease the current luminosity of about 300 fb−1 to 3000 fb−1 in the decade 2028−2038
[150], make an accurate and complete modelling of the di-boson production channels
fundamental for future studies.

In this thesis the focus is put on just one specific four-lepton final state for the
di-boson production. This is the e+e−µ+µ− four-lepton final state. Since this final
state also contains intermediate virtual photons, Zγ∗ and γ∗γ∗, when referring to
ZZ production also virtual photons are included. This specific process has been
chosen because it provides the cleanest experimental signal in studying di-boson
production. This is due to the fact that there are no neutrinos or degenerate leptons
flavor in the final states.

In this chapter an overview of the state-of-the-art of the theoretical modelling
of the ZZ production is given, together with the latest measurement of the total
cross-section. Moreover, some BSM models that would particularly benefit from
improving the theoretical modeling of this process are also briefly discussed.

3.1 State-of-the-art of the Theoretical Modelling

The production of two EW gauge vector bosons in a proton-proton collision has
been computed so far at the NNLO QCD and NLO EW fixed-order accuracy for
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both on- and off-shell production. The LO and NLO QCD calculations are by now
known both analytically and numerically. The analytical NLO QCD computation
of the Z boson pair production was done thirty years ago for both on-shell [151]
and off-shell [152] final states. The numerical evaluation, instead, is by now fully
automated and included in general-purpose MC event generators such as Sherpa,
POWHEG, Matrix [101], MadGraph5 aMC@NLO [153] and more. In Sherpa the
evaluation of the virtual corrections for the ZZ production is done using external
loop matrix-element provider like OPENLOOPS [154], RECOLA [119, 155], MCFM[102,
103, 104], GOSAM [156] or MADLOOP [157].

Similarly to the NLO QCD corrections, the NLO EW correction to the LO QCD
ZZ production is well known both analytically [158, 159, 160, 161] and numerically
from the same tools used to calculate the NLO QCD correction. The combination
of the NLO QCD and NLO EW corrections was first done in Ref. [162] to study the
anomalous triple gauge coupling (aTGC) BSM model.

The NNLO QCD correction, instead, has so far been computed only analytically,
due to the limitations explained in Sec. 2.4. The analytical correction to the quark-
initiated off-shell ZZ production (i.e. not including any gg → 4l diagram) was
recently calculated in Ref. [163] and implemented in the Matrix event generator
[98, 164]. The LO accurate loop-induced gluon initiated di-boson production, part
of the NNLO QCD correction, is known analytically since 2013 [165], and can be
numerically evaluated using standard loop matrix-element generators. The virtual
QCD correction to this process is known analytically for both the ZZ and the
four-lepton final state with massless quarks running inside the loop [166, 8] and
very recently only for on-shell ZZ production including the full top-quark mass
dependence [167]. This is one of the first known N3LO virtual correction piece for
the inclusive four-lepton production. This correction has been implemented in the
MC event generators POWHEG [168], Matrix [169] and Sherpa (as part of the main
results of this thesis).

The parton-shower matching of these calculations has not yet reached a final
stage, and its development is still very active. Recently the NLO QCD+EW accurate
calculation has been matched with a QCD+EW parton-shower using the POWHEG

method presented in Ref. [170]. However, the method used in this reference is still
not complete since it lacks mixed QCD×EW parts of the correction. A general and
consistent inclusion of the NLO EW corrections in a full particle-level simulation is
still not available due to the high complexity of defining the parton-shower initial
conditions and history for mixed EW corrections. The parton-shower matching
is even more complicated in multijet-merging calculations due to the fact that it
requires a mix evolution of QCD and QED parton-shower emissions. Nonetheless,
it is possible to include approximate virtual EW corrections in a multijet-merged
calculation, using soft photons resummation methods to include also approximate
QED real emission kinematics. These corrections are one of the main results of this
thesis, and are going to be discussed in Chap. 4.

NNLO QCD accurate calculations have recently been matched to a parton shower
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[171]. The methods used for the NNLO QCD parton-shower matching are the same
as discussed in Sec. 2.4.

In Sherpa, the state-of-the-art of the e+e−µ+µ− calculation in a general multiple
QCD emission simulation includes a multi-jet merging calculation where the 0- and
1-jet multiplicity evaluated at NLO QCD are merged with up to three jets at LO. The
lower 0- and 1-jet multiplicities also include the approximated NLO EW correction
(see Chap. 4). Moreover, the loop-induced gluon initiated diagram is also included
at its NLO QCD accuracy matched to a parton-shower using the Mc@Nlo method.

3.2 Cross Section Measurements

To give an idea of the physical region covered by a detector the fiducial phase space
of the ATLAS detector [172] is briefly discussed as an example. This detector has
a cylindrical geometry covering almost a 4π solid angle, an inner particle tracking
detector surrounded by a thin superconducting solenoid providing a 2 Tesla axial
symmetric magnetic field, an electromagnetic and hadronic calorimeter, and a muon
spectrometer. The inner tracking detector covers a pseudorapidity region of |η| <
2.5, while the electromagnetic and hadronic calorimeters cover respectively a region
of |η| < 3.2 and |η| < 1.7 with a total coverage of the two calorimeters combined of
at most |η| = 4.9. Finally, the muon spectrometer has a total coverage of |η| < 2.7.

In ATLAS analyses prompt electrons are also “dressed”, meaning that the mo-
menta of photons in a radius of ∆R = 0.1 around them are summed to the electron’s
momentum. This is necessary due to the resolution of the electromagnetic calorime-
ter that detects also the EM energy around an electron. On the other hand, muons
are not dressed. This is because in their detection EM radiation is not included. The
isolation of leptons is done by summing the transverse momentum of all detected
charged particles around the lepton, within a cone of ∆R = 0.3. Moreover, it is
required that the ratio of the transverse momenta of the sum of all the particles
around the main lepton and the main lepton itself is higher than 0.16.

An example of fiducial selection cuts used in experimental analyses [5, 53] is that
the identified leptons (either electrons or muons) are required to have a transverse
momentum greater than 7GeV and a pseudorapidity of |η| < 2.47 for an electron
and a pT > 5GeV and |η| < 2.7 for a muon. Additional particles are also allowed
including possible BSM particles. Moreover, the leading and sub-leading leptons
are required to have respectively a transverse momentum of pT > 20GeV and pT >
10GeV, and any same-flavor oppositely charged lepton pair must have an invariant
mass of at least 5GeV.

The experimental value for the total cross-section of pp → 4l (l = e, µ) with a
center of mass energy

√
s = 13TeV in the ATLAS fiducial phase space is shown in

Table 3.1. Here the experimental cross-section is compared against two theoretical
estimations from Sherpa and POWHEG +Pythia 8. Both theoretical results are
in very good agreement with the experimental value, within the theoretical and
experimental uncertainties. The uncertainty of the measured total cross-section
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is expected to reach an accuracy of 1% with the next LHC and ATLAS detector
upgrades.

ATLAS Sherpa POWHEG +Pythia 8

Total cross-section [ fb ] 89± 3 86± 5 83± 5

Table 3.1: This data show the result of the ATLAS analysis from Ref. [5].

Sherpa’s result has been obtained merging up to three jets multiplicities where the
0- and 1-jet multiplicities are evaluated at NLO while the multiplicities from two
to three jets are evaluated at LO. The multi-jet merging method used is described
in Sec. 2.3. Additionally, loop-induced gg → 4l + 0, 1 samples are generated in
an independent simulation merging the 0- and 1-jet multiplicity matrix elements
at LO. POWHEG +Pythia 8’s result, instead, calculates the pp → 4l + X process
first at NLO and this is later rescaled by the NNLO calculation obtained with
Matrix [173, 101] as a function of m4l. The loop-induced process has been added
to this result too by using Sherpa’s calculation. Both cases have applied EW
effects as a reweighting of the virtual NLO EW correction as a function of m4l.
A comparison between predicted and measured total cross-sections for each four-
lepton final state with same-flavor opposite charged (SVO) leptons, i.e. e+e−µ+µ−,
e+e−e+e− and µ+µ−µ+µ− is shown in Ref. [174]. Again, all of these channels show
a good agreement with the theoretical prediction within the estimated uncertainties.

3.3 Beyond Standard Model Effects

As briefly discussed at the beginning of this chapter, the production of two EW gauge
bosons gives the possibility to study some very interesting BSM models. One of these
is the anomalous triple gauge coupling [139]. This model describes the existence of a
neutral triple gauge coupling which is not allowed by the gauge invariance of the EW
Lagrangian, Eq. (1.4.22). The interesting aspect of this model is that it gives an
indirect way to test gauge invariance of the EW sector of the SM. This BSM model
introduces four new couplings, two for the Z boson and two for the photon. Both
the Z boson and the photon have one CP -violating and one CP -conserving coupling
to a new electrically neutral vector boson. If this model is true it would increase
the production rate for high energetic final states. Therefore, signs of aTGC should
be visible in the high energy region of observables like di-boson invariant mass or Z
boson transverse momentum. A good modelling of the SM is crucial to improve the
limits set for this BSM theory. Examples of theoretical prediction for aTCG model
against ATLAS data for ZZ production in proton-proton collisions at a center-of-
mass energy of

√
s = 8TeV is given in Ref. [175]. In this work the constraints on

the new couplings introduced by the aTGC model are set to about ±3.5 × 10−3

with a 95% confidence level. Despite these values being very small they still do not
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entirely disprove the model requiring more accurate analysis from both theory and
the experimental side.

Another important BSM model that affects the production of two off-shell EW
bosons is the global baryon-number-minus-lepton-number (B−L) model [176] where
B−L is treated as a local gauge symmetry of the SM. The consequence of breaking
this symmetry is the non-conservation of the baryon and lepton numbers individually
which would have important consequences in the lepto- and baryogenesis in early
Universe models. Proton decay is a consequence of the B − L symmetry breaking.
However, this is very hard to observe since its lifetime is expected to be between
1032 and 1036 years [177], which is much longer than the age of the Universe.

The request of having a B −L invariant Lagrangian let us introduce a new EW
neutral vector boson, called Z ′. Similar to the Higgs mechanism, the spontaneous
breaking of the B − L symmetry introduces a new “Higgs”-like particle (h2) which
mixes with the observed Higgs boson. A direct consequence of this symmetry is the
shifting of the W boson mass due to new loop contributions involving the two Higgs
bosons and their mixing angle [178, 179]. However, there is still no experimental
sign of either these new bosons.



Chapter 4

Electroweak Corrections to
e+e−µ+µ−

The combination of EW and QCD NLO corrections has recently seen a very active
development. However, they have not yet been fully integrated in general multiple
QCD emissions simulations. This Chapter shows a method to include approximated
EW corrections in a QCD simulation in Sherpa. These approximations are based
on the high energy behavior of EW loop matrix elements, i.e. at scales much larger
than the typical EW energy scale. In this high energy limit the EW virtual matrix-
elements are dominated by Sudakov logarithms [61]. Moreover, in Refs. [180, 181],
it was shown the factorisation of these logarithms at leading-logarithm (LL) and
next-to-leading logarithm (NLL) accuracy at every perturbative order.

The EW approximations discussed in this chapter are based on the high-energy
limit of the full NLO EW correction.

To validate the accuracy of the approximations, these are compared against the
fixed order NLO EW calculations for the e+e−µ+µ− production and the production
associated with a jet. These calculations allow to study both the EW approximations
accuracy and the effect of one extra QCD radiation on the EW corrections. The
e+e−µ+µ−j final state at the NLO EW fixed order accuracy has been studied for
the first time in this thesis, and published in [6] in collaboration with E. Bothmann,
D. Napoletano, M. Schönherr, S. Schumann. In the context of the fixed order EW
correction, it is also studied the possibility to resum the high energy EW Sudakov
logarithms to all orders and their matching to the fixed order NLO EW calculation.
Finally, it is discussed the phenomenology of the EW approximations in a general
QCD simulation in Sherpa.
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4.1 High Energy Behavior of Electroweak Virtual Cor-
rections

The EW Sudakov logarithms are enhanced in phase space configurations where all
kinematic invariants are significantly larger than the typical EW energy scale. These
are classified into double logarithms (DL), that are leading EW Sudakov logarithms,
and single logarithms (SL), that instead are sub-leading logarithms arising from the
collinear virtual emission of a weak gauge boson. These two classes are made up by
terms of the form,

L(|rij |,M) =
α

4π
log2

|rij |
M2

, l(rij ,M) =
α

4π
log

rij
M2

, (4.1.1)

where rij = (pi + pj)
2 is a kinematic invariant of the calculation.

DLs were first studied by V. V. Sudakov in 1956 [61] and later generalized to all
DL and SL by A. Denner and S. Pozzorini [181, 180] for both one- and two-loop EW
corrections at LL and NLL accuracy. They have also shown the universal factori-
sation of these logarithms at every perturbative order. It is important to point out
that this high-energy approximation can not yet be applied to QCD loop diagrams
since new type of high-energy logarithms may arise from EW boson exchange inside
the quark-loop.

The fully automated evaluation of the EW logarithms has been implemented
in Sherpa in Ref. [182]. This implementation uses the COMIX matrix element
generator to evaluate all the necessary tree-like matrix elements needed by the EW
Sudakov approximation, in a fully differential way. This method allows for the
evaluation of EW Sudakov logarithms in any possible final state multiplicity as long
as the computational resources allow it.

Even though nowadays the NLO EW corrections have been calculated for a
variety of processes, and are now becoming a standard in MC simulations, a full
EW NLO fixed order calculation is still limited to low multiplicity final states. On
the other hand the high energy approximation of EW loop corrections allow to study
EW effects for processes with a high final-state multiplicity, thanks to the fact that
this approximation has a tree-like computational complexity.

In order to give a general idea of how the EW Sudakov logarithms look like, it is
useful to briefly discuss the two classes of logarithms, DL and SL. These are usually
split into four subclasses, Leading Soft-Collinear (LSC), Sub-leading Soft-Collinear
(SSC) and Collinear (C). In terms of these logarithms the approximated loop matrix
element can be written as,

Mi1...in
virt (p1, . . . , pn) ≃ Mi1...i′k...i

′
l...in

0 δi′kiki
′
lil
, (4.1.2)

where the ik run over final state flavor. The δi′kiki
′
lil

is the sum of all the logarithmic
contributions coming from the four subclasses, and it satisfies the U(1)×SU(2) alge-
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bra. This tensor structure is due to the factorisation property of these logarithms.
However, the factorized Born matrix element is not the same for each logarithm
subclass since the δi′kiki

′
lil

changes the final state signature.

Leading Soft-Collinear Logarithms

The first subclass of Sudakov logarithms discussed here is the leading soft-collinear
logarithms. These arise from the soft and collinear virtual emission of the W , Z or
γ boson for which the δ tensor reads,

δLSCi′kik
= −1

2

[
CEW
i′kik

L(s)− 2
(
IZi′kik

)2
log

M2
Z

M2
W

l(s)

]
, (4.1.3)

where CEW is the EW Casimir operator, IZi′kik
the Z gauge coupling and finally, L(s)

and l(s) are the logarithms in Eq. (4.1.1) for which M =MW . The δ tensor in this
case is always diagonal except for the cases of transversally polarized neutral gauge
boson. In this case there is a mixing between amplitudes involving a Z boson and
those involving a photon.

ik

ij

Va Va

ik

Figure 4.1: Example of diagrams showing the configurations that give rise to leading soft-
collinear logarithms, sub-leading soft-collinear logarithms (left) and collinear/soft single log-
arithms (right).

Sub-leading Soft-Collinear Logarithms

Sub-leading logarithms carry the angular dependency of the soft-collinear approxi-
mation. In this case the δ is,

δVa,SCC
i′kiki

′
lil

= 2IVa
i′kik

I V̄a
i′lil

log
|rkl|
s
l(s). (4.1.4)

Different from the LSC logarithms, here the δ tensor depends on the type of the
vector gauge boson exchanged (Va = {γ, Z,W±}) and on the final state lepton pair.
So it does no longer depend on just one single final-state.
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Collinear/Soft Single Logarithms

These logarithms arise from both the running of the field renormalisation constants
and the splitting of a final state particle into two internal lines with one of these
being an EW vector boson. In Fig. 4.1 are shown example diagrams for these loga-
rithms. The δ for these terms act on chiral fermions as,

δCiki′k
= δσkσ′

k

[
3

2
CEW
λk

− 1

8s2W

(
(1 + δλkR)

m2
λkσk

M2
W

+ δλkL
m2

λkσ̄k

M2
W

)]
l(s). (4.1.5)

In this expression λk and σk refer respectively to the fermion chirality and its isospin.
The subscript σ̄k stands for the opposite of σk, i.e. σ̄k = −σk. The term sW is, in-
stead, the Weinberg angle. If an external particle is a transversally polarized W
boson, the logarithmic behavior of Eq. (4.1.5) remains the same, with the only
difference being in the squared brackets. Now, in the square brackets there is a com-
bination of Dynkin operators [183] proportional to the one-loop coefficient of the
β-function. Longitudinally polarized final state W bosons, instead, are substituted
by Goldstone bosons for which the δ reads,

δC
ϕ±
k ϕ±

k

=

[
2CEW

ik
− NC

4sW

m2
t

M2
W

]
l(s). (4.1.6)

To give an idea of how each of these logarithms affects a leading order calculation,
in Fig. 4.2 is shown, the ZZ production at leading order comparing each class of
logarithm separately and with the full EWsud correction. The observables shown
are the Z-boson pair invariant mass and leading lepton transverse momentum. The
large negative EW correction is driven by the LSC logarithms, while the SSC and
C give a positive correction, yet not as large as the LSC, leaving the full EWsud

correction negative.

4.2 Electroweak Approximations: EWvirt and EWsud

Besides the high-energy EW approximation described in the previous Section, now
dubbed EWsud, The other EW approximation studied in this thesis is called EWvirt.
Also this approximation, like the EWsud approximation, is based on enhanced high
energy EW Sudakov logarithms. The EWvirt approximation consists in simplifying
the full NLO EW correction by keeping only the virtual part and the integrated soft-
collinear subtracted terms of the NLO EW fixed order calculation. This integrated
subtraction term is needed to regularize the virtual matrix element. In Sherpa the
IR cancellation for NLO EW calculations is done using the same methods for NLO
QCD calculations [184].

The use of the complete virtual matrix element makes the EWvirt approximation
more expensive than the EWsud, especially for higher final state multiplicity. More-
over, the EW virtual matrix elements are not yet known for any arbitrary process. Its
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Figure 4.2: Effects of the EW Sudakov LSC, SSC and C logarithms on the leading order of
the pp → e+e−µ+µ− process. The differential observable shown are the di-boson invariant
mass and the leading lepton transverse momentum.

use is therefore limited to low final-state multiplicity processes. In multi-jet merged
calculations, however, EW effects in the EWvirt approximation, can be propagated
to higher QCD multiplicities modifying the local k-factor of a MeNloPs calculation
as given in Eq. (2.3.4).

In a leading order calculation both approximations are applied as a differential
k-factor to the Born piece, i.e.

dσLO+EW = dΦB(Φ)
(
1 + δEW(Φ)

)
, (4.2.1)

where the δEW function respectively for the EWvirt and the EWsud, reads

δEWvirt (Φ) =
V EW(Φ) + IEW(Φ)

B(Φ)
, δEWsud (Φ) =

V EW
NLL(Φ) + IEWNLL(Φ)

B(Φ)
= KNLL

sud (Φ).

(4.2.2)

The IEWNLL term is the integrated real photon emission in the soft-collinear approxi-
mation at the same logarithmic accuracy as the V EW

NLL(Φ).
The strict high-energy limit of the EWsud approximation, which requires that all

the kinematic invariants of a calculation are simultaneously much larger than the
EW energy scale, would set to zero all the EW Sudakov logarithms for processes
with intermediate electroweak bosons (either Z or W ). This is due to the Breit-
Wigner distribution that imposes the decay product of an intermediate EW boson
to be in the EW energy region. Here this problem is addressed by clustering pairs
of leptons (k, l) whose masses are close to the intermediate weak boson mass MV

(V = Z,W ) and share the same quantum numbers. The clustering is done according
to the following criterion,
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∆kl =
|mkl −MV |

ΓV
< ∆thr, (4.2.3)

with ΓV being the resonant EW boson width. The new phase space of the clustered
amplitude is built by assigning the lepton pair four-momenta to the new external
EW vector boson, pV,kl = pk + pl. Afterwards, the momenta of the new clustered
amplitude are reshuffled in order to bring the new external EW vector bosons on-
shell, i.e. p2V,kl =M2

V . The EW correction δEWsud(Φm) is therefore evaluated in this
new phase space. The threshold value adopted in this work is ∆thr = 10. This value
has been varied by a factor of 2, upward and downward, without noticing any dif-
ference in differential observables, such as the leading lepton transverse momentum
and leading Z-boson transverse momentum.

4.3 Soft-photons Resummation

The EW approximation studied in this chapter account only for corrections from EW
virtual boson exchange. The real emission kinematics is instead taken into account
using the YFS soft photon resummation in Sherpa. The soft photon resummation is
only applied to final state leptons in order not to interfere with the strongly ordered
resummation of QCD radiations generated by the parton-shower.

The YFS resummation works by clustering the final state leptons into intermedi-
ate pseudo-resonant weak bosons, similarly to what is done in the EWsud approxima-
tion, and correcting their leading-order decay width with the all-order resummation
of soft real and virtual emitted photons. The general differential expression for the
resummed decay width ΓYFS is,

dΓYFS = dΓ0 e
αY (ωcut)

∑
nγ

1

nγ !

[ nγ∏
i=1

dΦkiαS̃(ki)Θ(k0i − ωcut)

]
C. (4.3.1)

Here the function exp{αY (ωcut)} is the resummed form factor that exponentiate all
the logarithms of the unresolved real and virtual soft-photons, while the rest of the
expression account for a number nγ of resolved emitted photons with four momentum
ki which are distributed according to the eikonal factor S̃(ki). The parameter ωcut

is used to distinguish between resolved and unresolved photons phase space regions.
The default value of this cut variable used in Sherpa is ωcut = 1MeV. Finally, the
factor C contains exact higher order corrections, that in our case are up to the NLO
EW accuracy. The explicit expressions for Y (ωcut), S̃(ki) and C are given in [129].
Recently this method has been extended to a lager set of processes, specially with
initial state leptons, in Ref. [185].

It is important to point out that the phase space region populated by the EWvirt

and EWsud approximations overlaps with the unresolved resummed soft photons
from YFS. Nonetheless, during this study we found out that the overlapping is non-
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logarithmic in the high-energy limit, and therefore it does not spoil the logarithmic
accuracy of the EW approximations.

4.4 Resummation of High-Energy Electroweak Sudakov
Logarithms

The factorisation property of the high energy EW Sudakov logarithms allows for
their exponentiation [186, 187, 188, 189, 190, 191, 192, 193, 194]. This prop-
erty allows us to improve predictions at very high energy since the large EW Su-
dakov logarithms are included at all perturbative orders. The resummation of
these logarithms is simply done by the exponentiation of the EWsud correction,
i.e. δEWsud → exp

{
δEWsud

}
. The EWvirt approximation contains also non-logarithmic

terms that do not exponentiate, making this EW approximation not suitable for
exponentiating the EW Sudakov logarithms. For a LO accurate calculation the ex-
ponentiation is simply done as follow,

dσLO+EWexp
sud = dΦB(Φ) exp

(
δEWsud (Φ)

)
. (4.4.1)

An example of the effect of the EWsud exponentiation is given in Fig. 4.3. Here,
it is shown the comparison between EWsud and the exponentiated EWsud for the
transverse momentum of the hardest Z boson in the pp → e+e−µ+µ− process at
LO with a center of mass energy

√
s = 13TeV. The plot in Fig. 4.3 shows clearly

that exponentiating higher order the high energy EW Sudakov logarithms at NLL
logarithmic accuracy produces a harder spectrum in the high energy range.

Finally, the exponentiation of the EWsud logarithms can also be matched to the
full NLO EW calculation improving its high energy description of the result. In the
next calculations the NLO EW matching has been done as follows,

dσNLO EW+NLL EWexp
sud = dΦ B(Φ)

[
exp

(
δEWsud (Φ)

)
− δEWsud (Φ) + δEW(Φ)

]
.

(4.4.2)

Here the first correction O(α) of the exponentiated EWsud is removed and the full
NLO EW calculation is used instead. The differential δEW(Φ) is the full NLO EW
local k-factor

δEW(Φ) =
V EW(Φ)

B(Φ)
+ dΦ1

REW(Φ · Φ1)

B(Φ)
. (4.4.3)

The theoretical scale uncertainty in the NLO EW matched calculation is not af-
fected by the EW Sudakov logarithms resummation since scheme depending terms
are not included beyond the fixed order accuracy of the calculation. In any case,
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Figure 4.3: Comparison of the EWsud approximation and its exponentiation applied to the
on-shell production of two Z bosons at leading order accuracy. Off-shell dynamics is taken
into account by letting them decay according to the Breit-Wigner distribution.

scheme dependence enters the resummed factor through the running coupling α of
the Sudakov logarithms. For this reason the uncertainty estimation is more reliable
in the fixed-order regime. A discussion on the scheme dependence is given in the
following Section.

4.5 Event Production at NLO EW Fixed Order Accu-
racy

In order to validate the accuracy of the EW approximations, these are compared
against the NLO EW correction to the e+e−µ+µ− final state for both the 0- and
1-jet multiplicity. Both these processes are evaluated at leading-order QCD in order
to keep the comparison as simple as possible. The e+e−µ+µ− final state plus one
jet is also useful for understanding the impact of extra QCD radiations on the EW
corrections before applying the EWvirt and EWsud approximations to a multiple
QCD emission simulation.

Numerical Setup

The following calculations have been performed using the fully automated Sherpa
+OPENLOOPS/RECOLA framework that will be available in next major release of
Sherpa (v3.0.0). The interface to the matrix element generator RECOLA to this
version of Sherpa is part of the technical contributions of this thesis. In Appendix
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A are shown some validation plots for this implementation. RECOLA is used to
evaluate all the virtual matrix elements of the 4l+ j process in both NLO EW fixed
order calculation and EWvirt approximation. All the other loop matrix elements are
evaluated using OPENLOOPS. The reason why RECOLA is used for the four-lepton
production associated with a jet is purely technical since OPENLOOPS, at the time of
writing the work published in Ref. [6], did not have the EW virtual correction library
of the process e+e−µ+µ−j publicly available. Both these programs, OPENLOOPS

and RECOLA, use the tensor-reduction library Collier in order to write the loop
matrix elements in terms of known 1-loop diagrams’ master integrals. Moreover,
OPENLOOPS uses the program CutTools to compute 1-loop amplitudes at the
integrand level. All the other parts of the simulation are taken care of by Sherpa
using its internal matrix element generators AMEGIC and COMIX.

The proton-proton collision is simulated with a center of mass energy
√
s =

13TeV and the SM masses and widths of the Z,W,H bosons and top-quark are set
to the following values,

MOS
W = 80.385GeV ΓOS

W = 2.085GeV

MOS
Z = 91.1876GeV ΓOS

Z = 2.4952GeV

Mh = 125.0GeV Γh = 0.00407GeV

mt = 173.2GeV Γt = 0 .

The other particles are treated as massless. Consequently, a five flavor scheme for the
SM parameters running is used throughout this Chapter. The weak boson masses
and the weak mixing angle are evaluated in the complex-mass scheme,

µ2V =M2
V − iMV ΓV , sin2 θw = 1− µ2W

µ2Z
, (4.5.1)

where the pole masses and widths are obtained from the on-shell ones according to
[195],

MV =
MOS

V√
1 +

(
ΓOS
V /MOS

V

)2 , ΓV =
ΓOS
V√

1 +
(
ΓOS
V /MOS

V

)2 . (4.5.2)

The default scheme chosen to evaluate the renormalized EW coupling constant is
the Gµ scheme with the Fermi’s constant GF set to,

GF = 1.16637× 10−5GeV−2, (4.5.3)

according to [44]. The EW coupling constant is then evaluated as,
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αGµ =

√
2

π
GFM

2
W

(
1− M2

W

M2
Z

)
= 1/132.294 . (4.5.4)

In order to understand the non-trivial EW scheme dependence of the fixed order
NLO EW correction, and how well this is captured by the EW approximations, the
fixed order results and the EW approximated ones have also been computed in the
α(M2

Z) scheme,

α(M2
Z) = 1/128.802. (4.5.5)

The main difference in these two schemes is that the Gµ-scheme includes also higher
order operators, reducing the size of the NLO EW correction compared to the α(M2

Z)
scheme. This is explained in detail in Sec. 4.5.2. An automated EW scheme varia-
tion, as for the strong coupling constant αs, is not yet available due to the fact that
different EW schemes would also affect other EW parameters, such as gauge vector
boson masses and EW mixing angle.

The PDF set used is NNPDF31 nlo as 0118 luxqed from Lhapdf, through its
interface with Sherpa. The strong coupling constant is set accordingly to,

αs(M
2
Z) = 0.118 . (4.5.6)

Finally, the renormalisation and factorisation scales are set to

µR = µF = 1
2 (ET,2e + ET,2µ) ,

where the transverse energies of the two vector bosons given by

ET,2ℓ =
√
m2

2ℓ + p2T,2ℓ .

Event Selection

The analysis used in the following calculations covers the fiducial phase space of the
ATLAS detector. Similarly to the discussion in Sec. 3.2, photons collinear to a final
state lepton, in a cone of radius R = 0.1, are combined together. This combina-
tion is also essential to regularize the IR singularity of real emitted photons, both
from the fixed order real photon emission correction and the resummed collinear-soft
photons. On the dressed leptons are applied cuts on their transverse momentum,
rapidity and distance with other leptons,

pT,ℓ > 20GeV, |yℓ| < 2.5, ∆Rℓℓ′ > 0.1 . (4.5.7)
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Final state jets, in both the e+e−µ+µ−j NLO EW fixed-order and the multi-jet
merged calculation, are defined using the anti-kt algorithm [196] with the standard
R = 0.4 cone radius. On the identified jets are applied cuts on their transverse
momentum, rapidity and distance with the leptons,

pT,j > 30GeV, |yj | < 4.5, ∆Rℓj > 0.4 . (4.5.8)

4.5.1 Contributions at Leading- and Next-to-leading EW Order

In this section are discussed the contributions to the LO and NLO EW correction
for the e+e−µ+µ− and e+e−µ+µ−j final states. Moreover, in order to be as gen-
eral as possible, also diagrams with external photons, are included in the calculation,
whether they are initial or final states. The EW approximations, EWvirt and EWsud,
are benchmarked against the full NLO EW keeping as reference also the e+e−µ+µ−

at LO. The YFS soft photon resummation is included only in the EW approximated
samples in order to keep the comparison with the fixed order NLO EW as simple as
possible. Moreover, effects of the all-order EW Sudakov logarithms resummation at
the NLL accuracy, are discussed for both leading and next-to-leading order calcu-
lation. Finally, the EW scheme dependence is discussed for the total cross-sections
and differential distributions. For the latter, specifically, this is displayed as an
uncertainty band. It is important to point out that this can not be interpreted as
an actual theoretical uncertainty band since it takes into account only two schemes.
However, it is still useful to understand the EW renormalisation scheme dependence.
As an extra benchmark for the EW approximations, the total cross-sections have
been calculated using an additional high-energy cut, i.e. pT,2e > 600GeV, to study
the effects of the EW approximations in their regime of validity.

Inclusive production

At the lowest perturbative order, i.e. O(α4), the four-lepton inclusive production
has two possible initial states, a quark-antiquark or a photon pair (photon induced).

qq̄ → e+e−µ+µ−, γγ → e+e−µ+µ− (4.5.9)

An example of these processes is given in Fig. 4.4a. Despite being numerically small,
photon induced production is included for completeness since it contributes at this
order of accuracy. In Fig. 4.5 are instead given some example of the contributing EW
virtual diagrams. Two of these are the 6-point diagram for both the quark-antiquark
and di-photon initial states. These diagrams have two interesting aspects. Firstly,
they include the e+e−µ+µ− production with only W boson as virtual intermediate
states, and secondly, the photon induced diagram contains triple EW gauge boson
coupling through vector boson fusion (VBS) whose phenomenological relevance has
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been discussed in Chap. 3.
The real emission, that is at the order O(α5), opens up a new initial state channel

with a quark and a photon. The contributing partonic processes to the real emission
correction are,

qq̄ → e+e−µ+µ−γ, γγ → e+e−µ+µ−γ and γq̄( ) → e+e−µ+µ−q̄( ). (4.5.10)

Examples of these diagrams are shown in Fig. 4.4b. The inclusion of the new channel
is very important because it contains collinear singularities that cancel the corre-
sponding ones in both quark- and photon-initiated virtual diagrams.

In Tab. 4.1 are shown the total cross sections for the B and V+R pieces of the
fixed order calculation separated by initial state channels. All the total cross sections
reported in this table have a statistical uncertainty below permille, it is therefore not
reported here. As anticipated, the photon-induced diagrams and the initial states
with just one single photon give a very small correction to the total cross sections,
but again, they have to be included for completeness and they are needed to cancel
all the IR singularities in the calculation. The largest contribution is given by the
quark-initiated processes.

qq̄-initiated γγ-initiated γq̄( )-initiated

B 9.805 0.014 -

V+R -0.788 0.004 0.001

Table 4.1: Total cross sections of the Born and the NLO EW correction to the e+e−µ+µ−

production divided by the three available initial-state channels. The total cross-sections are
given in femtobarn [ fb ].

Production in association with a jet

The diagrams that contribute at the Born level to the e+e−µ+µ−j final state at the
perturbative order O

(
αsα

4
)
, are

q q̄ → e+e−µ+µ− g and g q̄( ) → e+e−µ+µ− q̄( ).

These diagrams can be visualized by attaching an external gluon to the Born-level
quark-initiated diagrams of the four-lepton production shown in Fig. 4.4a. Since we
also include final state photons, the virtual correction for the four lepton production
associated with a jet has two new channels compared to the leading-order. These are,

q q̄ → e+e−µ+µ− γ and γ q̄( ) → e+e−µ+µ− q̄( ).
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Figure 4.4: Example Born-level (a) and real-emissions diagrams (b) contributing to pp →
e+e−µ+µ− +X at O

(
α4
)
and O

(
α5
)
, respectively.
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Figure 4.5: Example one-loop diagrams contributing to pp→ e+e−µ+µ− at O
(
α5
)
.

These two new channels are actually QCD-loops coming from the QCD virtual
correction to the EW real emission diagrams of the 0-jet case. The rest of the
virtual diagrams are pure EW loops. Examples of these diagrams are given in Fig.
4.6.

The real emission diagrams are

q q̄ → e+e−µ+µ− g γ , g q̄( ) → e+e−µ+µ− γ q̄( ) ,

γ q̄( ) → e+e−µ+µ− g q̄( ) , γ g → e+e−µ+µ− q q̄ and q̄( ) q̄( ) → e+e−µ+µ− q̄( ) q̄( ).
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Figure 4.7: Example real-emission QCD–EW interference contributions in q̄( )q̄( ) →
e+e−µ+µ−q̄( )q̄( ).

The first four processes are real emissions that account only for either one EW or
QCD radiation at O

(
αsα

5
)
. These processes are responsible for the cancellation of

IR singularities from the virtual emission contributions needed to make the NLO
calculation IR finite. The latter process needs a separate discussion. This process is
an interference between O

(
e6
)
and O

(
gse

5
)
diagrams that are respectively EW and

QCD real emission diagrams. To help visualize the interfering diagrams, in Fig. 4.7
are shown two examples. Due to the colour algebra, the interference can happen only
between s− and t−channels or t− and u−channels. Usually, interference terms are
relatively small for inclusive observables, but since in this case this is the only process
with two initial state valence quarks, i.e. uu, ud, or dd, a sizeable contribution may
be expected.

4.5.2 Electroweak Scheme Dependence

There are three main choices for the EW coupling constant when working with pro-
cesses involving EW interactions, α(0), α(M2

Z) and Gµ. The choice of the scheme
strongly depends on the process under consideration. In the α(0) scheme, the renor-
malisation is done in the Thompson limit, i.e. Q2 = 0. When this scheme is used
for processes at the EW energy scale Q2 ∼ M2

Z the coupling constant needs to be
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evolved from α(0) to α(M2
Z) using the running coupling equation,

α(M2
Z) =

α(0)

1−∆α(M2
Z)
. (4.5.11)

The term in the denominator ∆α(M2
Z) [197, 198] comes from the resummation of the

UV logarithms from the renormalisation procedure. In this term, logarithms from
the charge renormalisation constant are also included. These produce logarithms
like α log(M2

Z/m
2
f ), where mf is the mass of all the light fermions. At the one-loop

accuracy, ∆α(M2
Z) reads,

∆α(M2
Z) =

α(0)

3π

∑
f ̸=t

Nf
CQ

2
f

[
log

M2
Z

m2
f

− 5

3

]
. (4.5.12)

This logarithms are instead not present in the α(M2
Z) scheme where the renormal-

isation is done directly at Q2 = M2
Z . In this case the ∆α(M2

Z) terms are cancelled
by the renormalisation of the coupling constant removing every light fermion log-
arithm. These makes the α(M2

Z) scheme a better choice over the α(0) scheme for
calculations involving massive EW bosons. On the other hand, the α(0) scheme
is more suitable for calculations involving external photons, since the renormalisa-
tion of their on-shell propagator cancels exactly the light-fermion logarithms. An
optimal choice would be a mixed scheme where external photons couple according
to the α(0) scheme and internal EW bosons according to α(M2

Z). Finally, the Gµ

scheme is derived from Fermi’s constant GF setting the value of α to Eq. (4.5.4).
This scheme is related to the α(0) scheme by the following relation at the NLO EW
accuracy [199, 200],

αGµ = α(0)

(
1 + ∆α(M2

Z)−∆ρ
cos2 θw

sin2 θw

)
+O

(
α3
)
, (4.5.13)

where,

∆ρ =
3α(0)m2

t

16π sin2 θwM2
W

. (4.5.14)

From Eq. (4.5.13) it is clear that in the Gµ scheme α is renormalized at a similar
scale as the α(M2

Z) scheme due to the presence of ∆α(M2
Z). This makes also this

scheme preferable over the α(0) scheme for processes involving massive EW bosons.
For what concern the difference with the α(M2

Z) scheme, these lay in the extra term,
∆ρ. This term is the same to the one arising from the renormalisation of the weak
mixing angle θw, that is sin

2 θw → sin2 θw +∆ρ cos2 θw. Therefore, the combination
of αGµ/ sin

2 θw cancels universal terms coming from the renormalisation of the theory
parameters [201]. This can also be seen as if the renormalisation correction of αGµ
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is absorbed into the weak mixing angle renormalisation. This property makes the
Gµ scheme more suitable for processes involving W bosons, since the coupling has
exactly the form αGµ/ sin

2 θw. The Gµ scheme, is therefore a better choice over the
α(M2

Z) scheme for processes involving W bosons. In the case Z bosons are present
in the process, the Gµ scheme is still a better choice because at least a part of ∆ρ
is absorbed from the weak mixing angle renormalisation.

4.5.3 Phenomenology of ZZ Production

It is now discussed the phenomenology of the pp→ e+e−µ+µ−+X process. In Tab.
4.2 are reported the relative corrections to the leading order of the NLO EW fixed
order, EWvirt, EWsud and the exponentiated EWsud matched to the LO and NLO
EW calculations. The first interesting observation from these total cross sections is
the difference between the two EW schemes in the leading order and NLO EW. At
leading order, i.e. O

(
α4
)
, the change of the EW scheme result in a simple rescaling

factor due to the different values of α. Indeed the fourth power of α in the two
EW schemes, using the values given in Eq. (4.5.4) and Eq. (4.5.5), is exactly
11.3%. At NLO EW, the scheme dependence is instead no longer trivial. The mass
factorisation and real emission terms still have the EW scheme dependence as a
simple rescale of the coupling constant α. The EW correction, instead, has a non-
trivial scheme dependence that differs very much both in magnitude and structure
as can be appreciated by the two very different sizes of the NLO EW correction in
the two EW schemes of −6.8% for the Gµ and −19.4% for the α(M2

Z) scheme. The
smaller impact of the NLO EW correction on the leading order calculation in the
Gµ-scheme shows how this is more adequate for calculations involving massive EW
bosons, as anticipated in Sec. 4.5.2.

Looking at the two EW approximations, the EWvirt is the one that better cap-
tures the non-trivial EW scheme dependence of the full NLO EW correction. This
is due to the fact that it uses the full virtual matrix-elements responsible for the
non-trivial scheme-dependence. On the other hand the EWsud has a leading-order-
like scheme dependence due to the fact that the scheme dependence enters only via
the tree-like matrix-elements that multiply the Sudakov logarithms. The NLO EW
matched result, dubbed in the table NLO EW + NLL EWexp

sud, does not show any
significant difference in the scheme dependence compared to the NLO EW fixed or-
der result since the effect of the resummed EW Sudakov logarithms is very small in
fully inclusive observables.

Each approximation under consideration can reproduce quite well the NLO EW
fixed order result with an extra reduction of the leading order total cross section up
to 1%. The small discrepancy between the NLO EW fixed order result and the EW
approximations is due to the use in the latter of the YFS soft photon resummation.
On the NLO EW+NLL EWexp

sud result, instead, the impact of the resummed EWsud

logarithms is rather negligible. This is due to the fact that the resummed higher
order logarithms contribute only at very high energy where the dominant correction
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to the total cross-section is already given by the Sudakov logarithms of the NLO EW
correction. In order to have a better comparison between the NLO EW fixed order
calculation and the EW approximations, in Tab. 4.2 the EW corrections are shown
also with an additional high-energy cut. In this case the full fixed order correction
is responsible for a negative correction of −42% which is in very good agreement
with both the EWvirt and EWsud approximations with a correction respectively of
−45% and −39%. In this case the effect of the EWsud resummation on the NLO EW
calculation is, as expected, more sizeable reducing the negative impact of the NLO
EW fixed order calculation to −36%. It is clear then that higher order Sudakov
logarithms increase the production rate at very high energies.

pp→ e+e−µ+µ− fiducial cross section corrections to LO

Scheme Region LO NLO EW LO+ EWvirt +YFS LO+ EWsud +YFS LO+ EWexp
sud +YFS NLO EW+NLL EWexp

sud

Gµ inclusive 9.819 fb −6.8% −7.9% −7.3% −7.2% −6.7%

α(M2
Z) 10.928 fb −19.4% −20.2% −7.7% −7.6% −19.3%

δ
α(M2

Z)
Gµ

11.3% −3.8% −3.6% 10.8% 10.8% −3.7%

Gµ high energy 4.27 · 10−3 fb −42% −45% −39% −33% −36%

Table 4.2: Inclusive fiducial cross sections for pp → e+e−µ+µ− at
√
s = 13 TeV at LO

along with the relative corrections for NLO EW, NLO EW + NLL EWexp
sud and the EWsud

and EWvirt approximations in both Gµ and α(M2
Z) scheme. The table also gives results for

the “high-energy” region, which requires pT,2e > 600GeV in addition to the fiducial cuts.

The differential observables studied are shown in Fig. 4.8. These are the invariant
mass of the four-lepton system m4l, transverse momentum of the electron pair pT,2e,
Z-boson distance ∆R2e,2µ and electron rapidity ye− . Moreover, the NLO EW fixed
order calculation is reported in both the Gµ and the α(M2

Z) schemes as a “scheme
uncertainty” band taking as reference the calculations obtained in the Gµ-scheme.

From the differential observables is immediately clear the very good agreement
between the EW approximations and the full NLO EW fixed order calculation. The
Z-boson distance is the only observable to display a noticeable difference for values
smaller than π. This is due to the fact that this region is dominated by real-photon
radiation that for the EW approximations is entirely populated by the YFS soft-
photon resummation. From this observable, it is also clear the role played by the
non-trivial EW scheme dependence of the virtual correction. The region below π,
being populated only by the real emission events, has a tree-like scheme dependence
of about 14%, exactly the ratio of the α to the power of 5 in the two EW schemes
under consideration. While in the region above π the uncertainty band changes sign
due to the fact that this region is also populated by the virtual correction.

The effects of the EW corrections can be discussed by separating the observables
into two classes, energy-dependent and energy-independent. In the former class
there are the four-lepton invariant mass and the electron pair transverse momen-
tum, while the latter there are the Z-boson distance and the electron rapidity. The
energy-independent observables do not show any particular EW effect besides in the
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Figure 4.8: Observable distributions for the pp → e+e−µ+µ− process. From top left to
bottom right it is shown the four-lepton invariant massm2e2µ, the Z-boson distance ∆R2e,2µ,
the transverse momentum of the di-electron pair pT,2e, and the rapidity of the electron
ye− . Results are given at LO and NLO EW. These are compared to approximative EW
calculations. The NLO EW is given for the Gµ and α(M2

Z) renormalisation schemes All
predictions are calculated using Sherpa+OPENLOOPS/RECOLA.

∆R2e,2µ, as discussed before. In the single electron rapidity distribution the EW
corrections act as constant k-factors. The energy-dependent observables, instead,
show a large suppression in the tail of the distributions. The only difference between
the two is that the electron pair transverse momentum displays a stronger suppres-
sion. This happens because single EW bosons are more directly affected by virtual
boson exchanges than the full e+e−µ+µ− final state. Finally, for these observables
both approximations fall within 5-10% from the fixed order NLO EW result in the
last displayed bin. In accordance with the observations in the total cross sections
with the additional high energy cut, the NLO EW calculation matched to the re-
summed EWsud has a smaller suppression at high energies of about 5-10% in the
last displayed bin of the energy-dependent plots.
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4.5.4 Phenomenology of ZZ Production in Association with One
Jet

The calculation presented in this section is the first public study of the full NLO
EW effects for the e+e−µ+µ− production associated with a jet. Differently from the
previous case, checking the EW approximations here requires more care due to the
presence of QCD-EW interference diagrams that are not included in the approxi-
mated calculations. However, contributions from interference diagrams are typically
small in inclusive observables but can be sizeable in one-jet exclusive observables.

pp→ e+e−µ+µ−j fiducial cross section corrections to LO

Scheme Region LO NLO EW LO+ EWvirt +YFS LO+ EWsud +YFS LO+ EWexp
sud +YFS NLO EW+NLL EWexp

sud

Gµ inclusive 5.170 fb −6.6% −8.5% −6.9% −6.7% −6.4%

α(M2
Z) 5.754 fb −19.2% −20.6% −6.9% −6.7% −19.0%

δ
α(M2

Z)
Gµ

11.29% −3.7% −3.4% 11.3% 11.3% −3.7%

Gµ high energy 6.64 · 10−3 fb −33% −37% −30% −25% −29%

Table 4.3: Inclusive fiducial cross sections for pp → e+e−µ+µ−j at
√
s = 13 TeV at LO

along with the relative corrections for NLO EW, NLO EW + NLL EWexp
sud and the EWsud

and EWvirt approximations in both Gµ and α(M2
Z) scheme. The table also gives results for

the “high-energy” region, which requires pT,2e > 600GeV in addition to the fiducial cuts.

In Tab. 4.3 are given the total cross-sections for the same calculation setups
used in the previous section. The results obtained in this case follow very closely
what was observed in the four-lepton production.

The full NLO EW calculation corrects the leading order by a −6.6% and −19.2%,
respectively for the Gµ and α(M2

Z) schemes. This suggests that one additional
QCD real emission does not affect significantly EW effects. Moreover, the similarity
between this case and the inclusive four lepton production also shows that the non-
trivial NLO contributions present in this case, such as QCD loop matrix elements
and QCD-EW interference, are small for more inclusive calculations. To give an
example, if we exclude QCD loops and the QCD-EW interference, the correction to
the LO becomes −7.2%, which is just 0.4% bigger than the full NLO EW correction.

The EWvirt in this case shows a worse agreement with the full NLO EW result,
due to the missing QCD loop matrix elements and QCD-EW interference terms.
Indeed, comparing the EWvirt approximation to the NLO EW fixed order without
these contributions increase the level of agreement of the two calculations, reducing
it to 1.3% from 2%. The EWsud, on the other hand, shows a better agreement with
the full NLO EW calculation. This is in part accidental since this approximation
neglects important terms in the inclusive total cross section calculation. However,
it is important to highlight the overall good agrement in the Gµ scheme for the EW
approximations and the full NLO EW fixed order calculation. Finally, like for the
inclusive four-lepton production, the resummation of the Sudakov logarithms has a
small impact on the total cross section.
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Figure 4.9: Leptonic observable distributions as shown in Fig. 4.8 but for the pp →
e+e−µ+µ−j process.

The observables studied in the previous case are repeated here and are shown
in Fig. 4.9. The EW effects are again comparable to the observation of the pre-
vious case. The only difference is in the EW scheme dependence, and the size of
the NLO EW corrections that are just slightly reduced. This again suggests that
the EW Sudakov logarithms factorize with respect to at least one additional QCD
emission. Therefore, the final state distribution of EW charges is not affected by
QCD corrections, that is also discussed in Ref. [202].

A major difference from the 0-jet case is in the Z-boson distance observable. In
this case the region below π is already populated at leading order by the extra final
state jet included in the calculation. This means that also this region gets the large
EW virtual correction, resulting in a smaller EW scheme dependence and no jump
between the regions below and above π for the EW approximated calculations. This
observable displays now an almost flat NLO EW correction of about 5-10%.

Finally, for this process two one-jet observables have been studied in order to
check the behavior of the EW corrections and the effects of the QCD-EW interference



Electroweak Corrections to e+e−µ+µ− 4 65

diagrams. The jet observables under study are the hardest jet transverse momentum
pT,j and the angular separation between the hardest jet and the four-lepton system
∆ϕ4l,j . Both observables are shown in Fig. 4.10.

In order to check the effects of the interference between QCD and EW diagrams
a new line labelled “NLO EW (no interf.)” is included. This refers to the full NLO
EW calculation excluding only the interfering diagrams. It is important to stress
again that this contribution is not included in neither EW approximations since they
are simply applied to the Born-level matrix elements. Moreover, these diagrams are
IR finite, meaning that they are not even approximated by the YFS soft-photon
resummation.

In order to make a more fair comparison between the two EW approximations
and the NLO EW fixed order result, these have been compared to the “NLO EW
(no interf.)” line. This comparison is shown in the lower ratio panel in Fig. 4.10.
The upper panel, instead, compare the full NLO EW fixed order calculation to
the one where the QCD-EW interference terms are excluded. In the azimuthal
angle separation between the four-lepton system and the hardest jet, real emissions
populate the angular range 0◦ ≤ ∆ϕ4l,j ≤ 180◦, while the back-to-back final state
configuration, i.e. ∆ϕ4l,j = 180◦, is also populated by Born kinematics. This means
that for non-back-to-back configurations the EW approximated results are entirely
modelled by the YFS resummation. From the lower panel we can see that the YFS
modelling of multiple soft-photon emission is able to reproduce quite well the NLO
EW fixed order spectrum specially in the range 0◦ < ∆ϕ4l,j < 90◦. The region 90◦ <
∆ϕ4l,j < 180◦, instead, shows an offset of about 20 − 30%. This was also observed
in the ∆R2e2µ observable from the 0-jet calculation for ∆R2e2µ < π. From the
upper ratio panel we can see that the effect of the QCD-EW interference diagrams
is a bump at high ∆ϕ4l,j peaked around 120◦ with a difference of roughly 30%.
The two lines, instead, converge for smaller angle separations. In this observable
it is possible to appreciate the effects of the non-trivial scheme dependence in the
renormalisation factors of the EW virtual correction looking at the rightmost bin.
This bin gets populated also by virtual emission diagrams that are responsible for
the jump displayed in the EW approximated calculations. Also for the hardest jet
transverse momentum the impact of the QCD-EW interference diagrams is quite
sizeable, specially at energies above 300GeV. Still the EW approximations agree
very well with the “NLO EW (no interf.)” result. In particular in this case an
excellent agreement for the EWvirt approximation is displayed. These observations
suggest that limiting the jet activity using a jet veto can improve the agreement
between the EW approximations and the full NLO EW fixed order calculation,
without the need of excluding pieces of the calculation. This possibility was studied
in Ref. [202] for theWW andWWj production using only the EWvirt approximation
to approximate EW effects. In this work was observed a very good agreement
between the two calculations proving that a jet veto is a good way for improving the
accuracy of EW approximations. However, it has to be noted that a jet veto has to
be carefully added to the calculation since it introduces logarithms of the jet-veto
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Figure 4.10: Distributions for the azimuthal distance between the four-lepton system and
the leading jet ∆ϕ4ℓ,j1 (left), and the leading-jet transverse momentum pT,j1 (right) for
the pp → e+e−µ+µ−j process. They are given at LO and at NLO EW and compared to
approximative EW calculations. The NLO EW is given for the Gµ (black line) and α(M2

Z)
(grey line) renormalisation schemes, and the span between the two is marked by a hatched
band. In addition, the NLO EW is plotted without interference terms (“no interf.”). All
predictions are calculated using Sherpa+OPENLOOPS/RECOLA.

scale that would need to be resummed.
Finally, it is also important to note that even in the absence of jet vetoes, the

inclusion of QCD real emission corrections would size the impact of the QCD-EW
interference diagrams since it is well known that NLO QCD corrections are of the
order of 100% at high energies [203]. Moreover, in a multi-jet merged calculation,
the merging cut would limit even more the activity of such process. In order to give
a clear idea of the effects of higher QCD multiplicities on the size of the four-quark
diagram, in Fig. 4.11 is added to the NLO EW calculation the NLO QCD correction
which include diagrams of the order O

(
α2
sα

4
)
with both virtual and real emissions.

Particular care was taken in order to avoid including the same diagrams twice. Only
coloured initial- and final-states have therefore been allowed.

In both observables the effect of the QCD-EW interference diagrams has been re-
duced by the dominating extra QCD radiation. Specially for the angular separation
between the four-lepton system and the hardest jet. In the hardest-jet transverse
momentum their effect is still visible but it is now reduced to a correction of about
20% at pT,j1 = 1.5TeV compared to the only NLO EW case where the correction
was more than 70% at this transverse momentum.
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Figure 4.11: Distributions for the azimuthal distance between the four-lepton system and
the leading jet ∆ϕ4ℓ,j1 (left), and the leading-jet transverse momentum pT,j1 (right) for the
pp→ e+e−µ+µ−j process. The reference sample (red line) is evaluated at NLO EW + QCD
including multiplicative terms. This is compared with the same calculation excluding the
QCD-EW interference diagrams. All predictions are calculated using Sherpa+OPENLOOPS.

4.6 Electroweak Effects in a General QCD Simulation

Finally, the results for EW effects in a general QCD simulation for the production
of the four-lepton final state e+e−µ+µ− are discussed. Firstly, is given a general
analysis of how EW approximations are implemented in Sherpa’s multi-jet merged
framework together with a validation of the implementation. In the validation step,
it is checked that the choices made for the inclusion of the EW approximations, do
not spoil the claimed accuracy of the calculation and do not introduce any spourious
effect. To conclude the chapter, it is going to be discussed the phenomenology for the
production of two off-shell Z bosons in a multi-jet merged setup with EW corrections.

4.6.1 Electroweak Approximation in Multi-jet Merged Samples

The purpose of a multijet-merged calculation is to describe the effects of multiple
real QCD radiations relying on the actual matrix elements instead of considering
solely the soft-collinear approximation used in a parton-shower. This method is
particularly important for an accurate modelling of high-energetic QCD radiations.
This very same region is also sensible to EW corrections as discussed so far. It is
thus important to have a consistent and detailed treatment of EW effects alongside
a multiple QCD hard emission simulation.

The multijet-merging method implemented in Sherpa has already been intro-
duced in Sec. 2.3. The combination of EW corrections with this method requires
particular care in order to not interfere with the ordering of the QCD emissions
either hard or soft. In this case all the results include soft-photons real emission off
the final state leptons according to the YFS method.
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In the multijet-merging method EW approximations are applied as a local k-
factor to the pieces of the calculation. For leading order matrix elements, evaluated
according to Eq. (2.3.1), EW corrections enter as,

Bn → Bn

(
1 + δEWn

)
, (4.6.1)

while in NLO accurate calculations EW corrections are applied to both S- and H-
type events, see Eq. (2.3.3), as

Bn → Bn

(
1 + δEWn,S

)
, Hn → Hn

(
1 + δEWn,H

)
. (4.6.2)

Special care has also to be taken when dealing with leading order matrix elements
merged on top of NLO QCD accurate matrix elements. In this case EW corrections
enter the calculation also through the local k-factor of Eq. (2.3.4), applying the
transformations in Eq. (4.6.1) and Eq. (4.6.2) to Born, S- and H-type bits in the
local k-factor. This allows to propagate EW effects to higher multiplicities, specially
for the EWvirt approximation since EW virtual matrix elements may not be available
or just computationally too expensive.

To deal with the computational cost of the actual EW virtual matrix elements
used in the EWvirt approximation, this is applied only to S-type events of the mul-
tiplicities evaluated at NLO, i.e.

δEWn,S (Φn) =
VEW

n (Φn) + IEWn (Φn)

Bn (Φn)
,

δEWn,H (Φn+1) = 0 , and δEWvirt,n,B (Φn) = 0 .

(4.6.3)

There is also another possibility to define δEWn,S that is,

δEWn,S (Φn) =
VEW

n (Φn) + IEWn (Φn)

Bn (Φn)
. (4.6.4)

These two choices differ by terms of relative accuracy O(αsα) and are referred to
respectively as multiplicative and additive method. The multiplicative and additive

nature of these two δEWn,S follows the fact that in the expression Bn

(
1 + δEWn,S

)
when

using the δEWn,S from Eq. (4.6.4), the B̄n(Φn) in the denominator leave the EW
corrections just as additive terms, while when using the definition from Eq. (4.6.3)
the VQCD

n (Φn) + IQCD
n (Φn) gets multiplied by VEW

n (Φn) + IEWn (Φn) accounting for
approximate mixed QCD-EW corrections. Their effects are studied in the following
validation step. The practical choice to set to zero the EWvirt for Born and H-type
events requires a careful validation of the EWvirt approximation in order to be sure
that no important contribution is left out the calculation.

The EWvirt approximation enters the local k-factor of higher multiplicities as
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follows,

kEWvirt,m (Φm,Φm+1) =
Bm (Φm)

(
1 + δEWvirt,m,S(Φm)

)
Bm (Φm)

(
1− Hm (Φm+1)

Bm+1 (Φm+1)

)

+
Hm (Φm+1)

Bm+1 (Φm+1)
,

(4.6.5)

where m = nNLO
max . The local k-factor is built in such a way that in (nNLO

max + l)-
jet events the underlying nNLO

max -jet topology receives the right EW approximate
correction at the claimed accuracy.

The EWsud approximation, not having the same computational constraints of
the EWvirt, is applied to every piece of the calculation, thus

δEWsud,n,B (Φn) = δEWsud,n,S (Φn) = KNLL
sud,n (Φn) and δEWsud,n,H (Φn+1) = KNLL

sud,n+1 (Φn+1) .
(4.6.6)

Including the EWsud approximation in this way, let the multi-jet merged calculation
to have all the important EW Sudakov logarithms at the NLL logarithmic accuracy
for every jet multiplicity. The higher multiplicities evaluated at leading order also
receive EW corrections from the local k-factor. However, these get cancelled by the
H-type events avoiding any double counting of the higher-order EW effects, resulting
in the correct NLL accuracy of the EW Sudakov logarithms. Similarly to the fixed
order case, the EWsud correction could be exponentiated using the simple mapping
1 + δEWsud → exp

{
δEWsud

}
.

Loop-induced gluon initiated contributions both for 0- and 1- jet multiplicities
are also taken into account. These are matched in a separate sample using the
MePs@Lomethod described in Sec. 2.3. The possibility to generate these processes
separately comes from the fact that they do not interfere with any of the processes
in the MePs@Nlo. For the EW virtual matrix elements instead, these are not
yet available for this process. The EWvirt approximation is thus not applicable
for loop-squared processes. The EWsud, on the other hand, could be used since
there is no technical limitation in the algorithm implemented in Sherpa. However,
a detailed study of the high energy behavior of EW corrections for loop-squared
diagrams has not yet been done and the implemented set of logarithms in the EWsud

approximation may be incomplete not representing the right NLL accuracy for the
EW Sudakov logarithms. This is due to possible new logarithms arising from virtual
EW gauge bosons exchanged between the quarks inside the loop. For this reason
also the EWsud is not applied to this sample.

The QCD virtual correction for the gg → e+e−µ+µ− process has been recently
computed [8]. Its implementation in Sherpa is part of the original outcome of this
thesis and it is presented in details in Chap. 5. However for the results in this
Chapter, loop-induced processes are considered only at leading order, for both the
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0- and 1-jet multiplicity. This choice has been made in order to have a clear and
clean phenomenological study of EW corrections to processes where they act upon.
The loop-induced process has been considered only to check the impact of other
large corrections that are part of a general calculation. Some examples of some
contributing loop-induced diagrams respectively for the 0- and 1-jet multiplicity are
given in Fig. 5.6 and Fig. 5.8.

4.6.2 Validation of the EW Approximations

In this multi-jet merged calculation the processes pp → e+e−µ+µ− and pp →
e+e−µ+µ−j are evaluated at NLO QCD accuracy while the processes pp→ e+e−µ+µ−jj
and pp → e+e−µ+µ−jjj are instead evaluated at leading order accuracy. In order
to have another reference for the validation of the EW approximations’ implemen-
tation, the MePs@Nlo calculation is also compared against the MePs@Lo with
all jet multiplicity evaluated at leading order. In the differential observables the
MePs@Lo sample includes also the EWsud approximation. The implementation of
the EWvirt approximation does not allow to use it in a MePs@Lo calculation since
its δEWvirt,n,B (Φn) is by default set to zero. Moreover, it is not yet possible to apply
EW corrections only to some specific Born multiplicity. In the studied observables,
the MePs@Lo has been rescaled by a global QCD factor taken by the ratio of the
MePs@Nlo and MePs@Lo total cross-section using the values in Tab. 4.4. The
reason for rescaling the MePs@Lo sample is to capture non-trivial higher order
kinematical effects.

The CKKW algorithm for the multijet matrix element merging has been used
with a merging cut of

Qcut = 30GeV. (4.6.7)

All other scales in the calculation, i.e. renormalisation, factorisation and resumma-
tion scales, are set according to the CKKW scale-setting prescription described in
Sec. 2.3. The renormalisation scale µR = µCKKW is then set to

αn
s (µ

2
CKKW) = αs(t1) . . . αs(tn), (4.6.8)

where ti is the scale of the ith-emission reconstructed by the CKKW clustering al-
gorithm. The core process scale, meaning that no emission has happened, is set to
the transverse energy defined as

µcore =
1

2
(ET,ee + ET,µµ) . (4.6.9)

In Tab. 4.4 are reported the total cross-sections evaluated in the fiducial phase
space defined in Sec. 4.5. The first noticeable result is that higher order real QCD
emissions increase the total cross-section by about 13% compared to the leading
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order fixed order total cross-section given in Tab. 4.2. This shows again the large
impact of multiple QCD hard emissions also in fully inclusive calculations. In-
stead, evaluating the 0- and 1-jet multiplicity at NLO increases the MePs@Lo
cross-section by a further 20%. In the differential observables discussed below the
MePs@Lo is then rescaled by a factor of 1.2 to match the MePs@Nlo total cross-
section. The EW effects on the total cross-section of the MePs@Nlo are slightly
smaller compared to the fixed order calculations of Sec. 4.5. In this case they
amount to a negative correction of about 4% for both EWvirt and EWsud. The ex-
ponentiated EWsud instead reduce the dampening effect of the EW corrections by a
1%. The reason why the EW corrections in this case are smaller is because the YFS
soft photon resummation now is also included in the reference samples.

pp→ e+e−µ+µ− + jets fiducial cross section corrections to MePs@Nlo+YFS

Scheme Region MePs@Lo+YFS MePs@Nlo+YFS ×EWvirt ×EWsud ×EWexp
sud

Gµ inclusive 11.10 fb 13.34 fb −4% −4% −3%

Table 4.4: Inclusive fiducial cross sections for pp → e+e−µ+µ− + jets at
√
s = 13TeV

for MePs@Lo and MePs@Nlo in the Gµ scheme including YFS photon emissions. For
the MePs@Nlo predictions, relative corrections for the combination with the EWvirt and
EWsud approximations are also listed.

The observables taken under consideration for the validation of the EW ap-
proximation in a multi-jet merged calculation have been separated into two sets.
The first includes only lepton exclusive observables, that are four lepton invariant
mass m2e2µ, Z-boson separation ∆R2e2µ, transverse momentum of the electron pair
pT,2e and the four lepton transverse momentum pT2e2µ, while the second set only
jet observables, that are angular separation between the four-lepton system and the
hardest jet, hardest jet transverse momentum pT,j1 , jet multiplicity Njet and sub-
leading jet transverse momentum pT,j2 . All these plots have two lower panels. The
upper one shows the EW corrections relative to the MePs@Nlo QCD calculation
while the lower shows the size of the contributions that make up the MePs@Nlo
sample.

Each observable shows very similar EW effects to those observed in the fixed
order calculations. To summarize, in the high energy regime EW corrections produce
a large destructive effect, as it is clear from every energy-dependent observable ( four-
lepton invariant mass and the transverse momentum observables). On the other
hand, energy-independent observables receive an almost flat, small and negative
correction from both EWsud and EWvirt corrections. In particular for the number of
jets Njet observable it confirms the behavior discussed in Sec. 4.5.4 that QCD real
emissions do not change the qualitative behavior of EW effects. This property can
be explained by the fact that QCD emissions are predominantly soft and collinear,
meaning that it does not significantly change the final state EW charge distribution
nor induce any other additional large scale.
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The lower panel in the plots of Fig. 4.12 and Fig. 4.13 shows the S- and H-type
events for both 0- and 1-jet multiplicities and the Born events for 2- and 3-jet mul-
tiplicities. The contribution of H-type events is very small across all observables,
contributing at most 5% in the ∆ϕ4l,j1 observable, only in the low angle separation
region. This ensures that there is no significant admixture of H-type events in the
observables under consideration, justifying the choice made for the EWvirt approxi-
mation to turn it off in these events. The small impact of the H-type events is not
surprising since they are constrained to be below the merging cut by θ(Qcut−Qn+1)
(See Eq. (2.3.3)). The 2- and 3-jet samples, on the other hand, have a more sizeable
contribution with an impact of more that 20% for ∆2e2µ < π, ∆ϕ4l,j1 < π, Njet > 1
and in the tail of all the transverse-momentum observables. Generally put, 2- and
3-jet samples give a larger contribution for kinematical configurations that require
hard and/or widely separated jets. On these events, the EWvirt approximation is ap-
plied only through the MeNloPs local k-factor. However, no significant difference
between the EWvirt and EWsud is displayed, meaning that the choice of propagating
EW effects in the EWvirt approximation to higher multiplicities via the MeNloPs
local k-factor does not introduce any spurious effect.

Finally, the rescaled MePs@Lo +EWsud does not show any major differences
in regions dominated by 0-jet kinematics. Instead, it differs from the MePs@Nlo
+EWvirt/EWsud up to 10% in the rest of the phase space. Looking at the impact
of the EWsud correction to the MePs@Nlo it is noticeable an almost identical
behavior. This follows the fact that H-type events are negligible. This provides a
very important validation for the implementation of the EWsud approximation since
it means that there is no difference whether the EWsud is applied to leading order
or S-type events.

4.6.3 Phenomenology of EW Effects

With the structural analysis of the multi-jet merged sample of the previous Section, it
is now possible to safely apply these approximations and discuss their phenomenol-
ogy. The previous MePs@Nlo sample is now supplemented with a theoretical
uncertainty band defined enveloping the 7-point scale variation of the QCD renor-
malisation and factorisation scale [204],{
(12µR,

1
2µF), (

1
2µR, µF), (µR,

1
2µF), (µR, µF), (µR, 2µF), (2µR, µF), (2µR, 2µF)

}
.

In Sherpa this scale variation is fully automated using an on-the-fly reweighting
strategy [205]. The αs and PDF scales in the parton shower are varied accord-
ingly. The reason why the theoretical scale uncertainty has been evaluated only
for the MePs@Nlo calculation is because in this way it is possible to understand
the phenomenological relevance of the EW corrections under consideration. In a
separate sample, the 0+1-jet loop-induced four-lepton production is added to the
MePs@Nlo calculation labelled MePs@Loop2. This is presented as a separate
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Figure 4.12: Differential leptonic observables for the process pp → e+e−µ+µ− + jets. The
reference calculation is a MePs@Nlo calculation in the Gµ scheme. On top of it, EWvirt

and EWsud approximations are applied. The EWsud approximation is also shown for a
MePs@Lo calculation, rescaled by the total MePs@Nlo rate using the total cross-section
QCD k-factor of 1.20. The four observables from top left to bottom right are: the invari-
ant mass of the four-lepton system m2e2µ, the Z-boson distance ∆R2e,2µ, the transverse
momentum of the di-electron pair pT,2e, and the transverse momentum of the four-lepton
system pT,2e2µ. All predictions are calculated using Sherpa+OPENLOOPS/RECOLA. The
first ratio plot shows the relative size of the EW corrections, while the second one gives the
relative size of the contributions to the MePs@Nlo prediction.
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Figure 4.13: As Fig. 4.12 but for jet observables. Shown are from top left to bottom right:
the angular separation between the four-lepton system and the hardest jet ∆ϕ4ℓ,j1 , the
number of jets Njet, and the transverse momenta of the hardest jet pT,j1 and second hardest
jet pT,j2 .

sample in order to isolate large effects from loop-induced diagrams to give a clear
idea of the impact of loop-induced processes on the MePs@Nlo +EW corrections
samples without over-complicating the study of EW effects on the processes they are
applied to. In this case the additive EWvirt is not shown since in the previous section
the two schemes did not display any noticeable difference. The EWsud, instead, is
shown also exponentiated.
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Figure 4.14: Distributions of leptonic observables for pp → e+e−µ+µ− + jets production.
The reference calculation is given by the MePs@Nlo result in the Gµ scheme, with the
grey band that indicates the 7-point scale-variation uncertainty. On top of it, loop-induced
corrections and EWvirt/EWsud approximations are applied. From top left to bottom right
the shown observables the four-lepton invariant mass m2e2µ, the Z-boson distance ∆R2e,2µ,
the di-electron transverse momentum pT,2e, and four-lepton transverse momentum pT,2e2µ.
All predictions are calculated using Sherpa+OPENLOOPS/RECOLA.

In Fig. 4.14 are shown the same inclusive observables studied in the validation
step. These are m2e2µ, pT,2e, ∆R2e,2µ and pT,2e2µ. The first thing to notice is the
larger QCD scale uncertainty in the phase space region where higher multiplicities
contributions are more dominant. Particularly, for ∆R2e,2µ < π and pT,2e2µ >
100GeV, where the four-lepton system recoil against hard QCD emissions. In these
regions the QCD scale uncertainty reaches 10%. In both, four-lepton invariant mass
and leptons transverse momentum, the scale uncertainty is not able to cover the
large effects of the EW corrections, specially for energies above 200GeV. On the
other hand, in scale-less observables the effect of the EW correction is almost entirely
covered by the theoretical QCD scale uncertainty band.
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The jet observables, ∆ϕ4ℓ,j1 , Njet, pT,j1 and pT,j2 shown in Fig. 4.15, get large
corrections by the 2- and 3-jet multiplicity samples, as shown previously in Fig. 4.13.
This is reflected in a much larger scale uncertainty when compared to the inclusive
observables given in Fig. 4.14. The magnitude of this theoretical uncertainty is due
to the fact that higher order multiplicities are taken at leading order. The uncer-
tainty band goes on average from a -10% to a +20% of the nominal value. The larger
scale uncertainty reduces to about ±5% in the region dominated by more inclusive
samples, which are evaluated at NLO QCD accuracy. This is particularly visible in
the first bin of the number of jet observable Njet. However, this large QCD scale
uncertainty does not cover the very large EW correction in energy dependent observ-
ables such as pT,j1 and pT,j2 . Specifically, in the leading-jet transverse momentum
observable the EW approximations are about -20% at pT,j1 = 1TeV.

The impact of the MePs@Loop2 is overall flat and increases the MePs@Nlo
calculation by about 5 − 10%. The larger impact from the loop-induced processes
comes from low energy regions, i.e. roughly below 200 GeV. This means that their
inclusion in a complete calculation would not affect much the size of the EW correc-
tions in the high energy region. The smaller impact of the loop-induced processes at
high energies is due to the fact that it is evaluated only for 0- and 1-jet multiplicities
while that energy region is dominated by higher QCD multiplicities.

Finally, the exponentiated EWsud gives almost identical results compared to the
non-exponentiated one, MePs@Nlo +EWsud, due to the moderate absolute value
of the EWsud correction for the observables under consideration.
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Figure 4.15: As Fig. 4.14 but for jet observables. Shown are from top left to bottom right:
the angular separation between the four-lepton system and the hardest jet ∆ϕ4ℓ,j1 , the
number of jets Njet, and the transverse momenta of the hardest jet pT,j1 and second hardest
jet pT,j2 .



Chapter 5

QCD Corrections to e+e−µ+µ−:
Gluon Fusion

This section presents the second set of original outcome from this thesis work. This
chapter discusses a particular class of processes called loop-induced gluon-initiated,
briefly discussed in previous sections. As for the EW corrections discussed in Chap.
4, this study of the loop-induced processes focuses on the e+e−µ+µ− final state.
Beside this final state, another process is discussed in order to highlight common
features of loop-induced gluon-initiated processes such as large NLO QCD correction
and non-trivial parton-shower matching effects. This is the on-shell production of
a Higgs boson associated with a Z boson in gluon fusion. The discussion includes
results published in the 2019 Les-Houches proceedings [206], done in collaboration
with E. Bothmann, M. Calvetti, P. Francavilla, C. Pandini and E. Re.

Lately, there has been much work on the four-lepton production through gluon
fusion due to its phenomenological importance [168, 169, 207]. This chapter focuses
on a technical study of the parton-shower matching performed in Sherpa.

5.1 Introduction to Four-lepton Production in Gluon
Fusion

Loop squared diagrams are a virtual radiative correction appearing at NNLO. The
amplitude of the loop-induced process belongs to this class of diagrams with the
main difference that it appears as its first non-trivial contribution, i.e. its leading
order. The gluon initiated loop induced diagram is a particularly important example
due to its phenomenological relevance. Indeed, it has been crucial in the discovery
of the Higgs boson [2, 3] since its main production channel is in fact a gluon initiated
loop induced process gg → H∗ → (Z/γ∗)(Z/γ∗). An example of Higgs production
in gluon fusion is given in the second diagram of Fig. 5.6.

The production of the four-lepton final state e+e−µ+µ− in gluon fusion plays a
very important role in its theoretical modelling for two main reasons. Firstly, the

78
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gluon-gluon initial state channel is opened for the first time by this process in the
NNLO QCD correction of the process pp → e+e−µ+µ−. As such, it is expected
to have a sizeable impact on inclusive observables, moreover this is increased even
further by the large initial state gluon flux. Secondly, it has an enhanced scale
uncertainty due to the fact that it contributes at O

(
α2
s

)
with a leading order like

renormalisation and factorisation scale dependence.
The leading order of loop-induced processes has been known for a long time

[208, 209], and their evaluation is nowadays fully automated both numerically and
analytically. The numerical evaluation is done with standard loop matrix element
providers such as, RECOLA and MADLOOP [210], while the analytical evaluation of
loop induced amplitudes at leading order is implemented in the MC generators Ma-
trix or MCFM. The NLO QCD virtual correction to gg → e+e−µ+µ−, which is
formally an N3LO correction, can not yet be automatically computed via numerical
methods due to the complicated structure of multi-loop matrix elements as discussed
in Sec. 2.4. However, the analytical expression for the off-shell di-boson produc-
tion is known in the case of massless quark-loops [211, 212, 8], and very recently
also with full top-quark mass dependence in the case of on-shell final state Z-boson
pair [167, 213]. The massless virtual correction has been implemented in the matrix-
element generators POWHEG [168] and Matrix [169]. Concerning the MC generator
Sherpa, the massless virtual two-loop matrix elements have been implemented in
this thesis work. The implementation will be part of the next major release of
Sherpa v3.0.0. In all these implementations, top-quark effects have been included
via approximations. In the MC generators Matrix and Sherpa these have been
taken into account rescaling the massless virtual amplitude with the leading order
matrix element with full top-quark mass dependence. This method is described in
Sec. 5.3.2. In POWHEG, top-quark mass effects have been taken into account by
using the large-mt expansion as presented in Ref. [212]. Due to these approxima-
tions, the evaluation of the gluon-initiated loop-induced e+e−µ+µ− production can
be considered accurate only within the range m2e2µ < 2mt. The top-quark mass de-
pendence of the di-boson production through gluon fusion is discussed more in detail
in Sec. 5.3.2. The real emission correction, instead, is readily available from the au-
tomated one-loop matrix-element generators with full top-quark mass dependence.
In principle, also higher multiplicities could be evaluated using RECOLA. However,
this possibility has been investigated in this thesis finding that the evaluation time
for a single phase space point in a simple MePs set-up is O(s). For this reason this
contribution is not included in the results discussed below.

The tools already available for parton-shower matching can be applied to this
case with no extra modifications. This is due to the fact that, despite being a loop-
squared type of contribution, it does not contain any UV or IR singularity. This
aspect is discussed in detail in Sec. 5.1.3. The matching to the NLO accurate loop-
induced calculation has already been investigated for the four-lepton final state using
the POWHEG method [168, 207]. On the other hand an in-depth analysis of the NLO
matching uncertainties has never been done for the process under consideration. A
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preliminary study on this matter was presented for the di-Higgs production in Ref.
[214]. This aspect of the parton-shower matching to the NLO accurate loop-induced
process in e+e−µ+µ− is the main focus of this chapter.

5.1.1 Higgs Production in Gluon Fusion

A good example of loop-induced processes is Higgs production via gluon fusion. In
Fig. 5.1 the result of a simulation from the ATLAS collaboration [53] is shown
highlighting the impact of each sub-process in the four-lepton invariant mass spec-
trum. This simulation gives a clear idea of the important role played by the gluon-
gluon channel in on-shell Higgs production which dominates over the other pro-
cesses, namely continuous gluon-initiated ZZ production gg → ZZ → 4l, qq̄ → 4l
and other Higgs production channels like vector-boson fusion (VBF) and Higgs-
strahlung. Moreover, while Higgs production is usually studied on-shell due to the
very small decay-width of about 4MeV [44], its off-shell production can become quite
sizeable, especially in the four-lepton high invariant mass. This is due to destruc-
tive interferences between off-shell Higgs boson production gg → H∗ → V V → 4l
(signal) and continuous di-boson production gg → V V → 4l (background). To
give an example of the size of the signal-background interference, here are the total
cross-sections for the signal, background and interference contributions in the total
cross-section of the e+e−µ+µ− production in gluon fusion

σsig = 0.074(1) fb

σbkg = 2.90(1) fb (5.1.1)

σint = −0.154(1) fb.

These values are taken from Ref. [207]. The signal-background interference adds a
negative correction of about 5.5% to the total gg → e+e−µ+µ− cross-section, i.e.
σtot = σsig + σbkg + σint. In Ref. [207] the process under consideration is evaluated
with a center-of-mass energy of

√
s = 13TeV, imposing only two selection cuts

on the final-state leptons to focus on off-shell Higgs production, i.e. a Z-boson of
invariant mass 60GeV < mll < 120GeV and four-lepton invariant mass 150GeV <
m4l < 340GeV. Off-shell Higgs production is known to be a fundamental tool to
determine its decay width [215, 165]. These examples highlight the need of having a
sound modelling of loop induced processes for accurate predictions in Higgs physics
analyses.

5.1.2 Impact of gg → ZZ on the Theoretical Scale Uncertainty

The fact that a loop-induced process has a leading-order-like QCD scale dependence
at the O

(
α2
s

)
perturbative order together with the large PDFs, unsurprisingly makes
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Figure 5.1: Four-lepton final state invariant mass spectrum where is highlighted the contri-
bution of the quark initiated (solid green line), the gluon initiated loop-induced (solid light
blue line) and vector boson fusion (dashed black line) production. Moreover, of the loop-
induced process are also shown the direct Higgs production in gluon fusion pp → H → 4l
(dashed blue line) and continuous background di-boson production pp→ ZZ → 4l (dashed
red line). The Figure is taken from Ref. [53], and it is covered by the Creative Commons
Attribution 4.0 International Public License copyright that allows either public or commer-
cial reproduction of the results shown in the work.

its renormalisation and factorisation QCD scale variations particularly large. Con-
sidering on-shell ZZ production for simplicity, Tab. 5.1 shows the total cross-sections
for the qq̄-LO, qq̄-NLO, gg-LO and the NLO+ggLO contributions at a center-of-mass
energy of

√
s = 13TeV including their renormalisation and factorisation scale un-

certainty evaluated using the standard 7-point scale variation. From the table we
see the well known scale uncertainty reduction between the qq̄-LO and the qq̄-NLO
which reduces the uncertainty from +3.4%/− 4.2% to +2.2%/− 1.8%. The gg-LO
total cross-section, as expected, displays a very large scale uncertainty of about 20%,
which when combined with the qq̄-NLO contribution increases the overall scale un-
certainty by about 1%. In Ref. [169, 7] the impact of the gg loop-induced channel
scale uncertainty is compared also against the quark initiated processes at NNLO
QCD. In these works it has been observed that the loop-induced process contributes
to more than half of the total NNLO QCD correction to pp → e+e−µ+µ−. This
large contribution makes the loop-induced process impact on the renormalisation
and factorisation scale uncertainty quite sizeable. Indeed, in Ref. [169] it is shown
that the quark-initiated process at NNLO, i.e. excluding the gluon-initiated loop
induced contribution, reduces the scale uncertainty of the NLO calculation by 1%,
while taking into account also the loop induced contribution makes the complete
NNLO correction having a scale uncertainty of about 0.5% bigger than the NLO

https://creativecommons.org/licenses/by/4.0/legalcode
https://creativecommons.org/licenses/by/4.0/legalcode


QCD Corrections to e+e−µ+µ−: Gluon Fusion 5 82

scale uncertainty.

Processes
Total Cross Section

[fb]

qq̄-LO 11.67(4)+3.4%
−4.2%

qq̄-NLO 14.73(6)+2.2%
−1.8%

gg-LO 1.095(2)+22.8%
−17.8%

qq̄-NLO+gg-LO 15.83(6)+3.5%
−2.9%

Table 5.1: Total cross-sections of the process pp → e+e−µ+µ− for the quark initiated LO
and NLO, the gluon initiated LO and the quark initiated NLO with the LO gluon initiated.
The total cross-section values are given in fb.

Since the QCD scale uncertainty increment is due to the fact that the di-boson
production through gluon fusion has a leading-order-like QCD scale dependence it
is essential to have its NLO correction included for high precision analyses.

5.1.3 Parton Shower Matching Uncertainty

The fact that the available parton-shower matching methods can be applied to loop-
induced processes without any modification follows directly from the fact that loop-
induced processes do not have any lower order contribution than a loop-squared.
Indeed, the universal UV and IR singularities enter the calculation as terms propor-
tional to lower order matrix elements, which in this case there are none. To give
a more accurate description of why this happens it is sufficient to look at the gen-
eral amplitude renormalisation procedure substituting the bare couplings with the
running ones. The relation between the bare coupling constant αu

0 and the running
coupling αs(µ

2) at one-loop order in the standard MS is given by

αu
sµ

2ϵ
0 Sϵ = αs(µ

2)µ2ϵ
[
1− αs(µ

2)

2π

β0
ϵ

+O
(
α2
s

(
µ2
))]

, (5.1.2)

where µ0 is the regularisation scale, usually set to µ20 = s, β0 is the first order of the
QCD beta function expansion in power of αs(µ

2) (1.2.5), µ2 the scale at which we
perform the renormalisation and finally Sϵ is the spherical factor of the MS scheme
which is defined as Sϵ = exp [ϵ(log 4π + γE)] with γE being Euler’s gamma. Using
this expression to renormalize a generic amplitude at NLO accuracy, where A0

u and
A1

u are respectively the leading- and next-to-leading order unrenormalized ampli-
tudes, one gets
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Figure 5.2: Examples of contributing diagrams to the production on the on-shell Z- and
Higgs-boson through gluon fusion.

A0 = A0
u

A1 = A1
u − β0

ϵ
A0.

It is clear from these equations that if a process has no tree-like Born contributions
it does not have any UV divergence nor renormalisation scale dependence other
than the one coming from the coupling constant. Moreover, as shown in Sec. 1.6
IR divergent terms, in either loop matrix element or the respective real emission
matrix element, are proportional to the Born matrix element, and therefore the
leading order of a loop-induced processes can not have any IR singularity.

The parton-shower matching for this kind of processes can therefore be done
using the already available tools. Nonetheless, unique features of loop-induced pro-
cesses make NLO parton-shower matching not completely straightforward. This
requires particular care when studying the results of a NLO calculation matched to
a parton-shower. This aspect is described in detail in Sec. 5.4.

In order to give an extra point of view of the physics of loop-induced processes,
it is now discussed the leading order parton-shower matching for the ZH (Higgs-
strahlung) on-shell production.

Higgs-strahlung

The Higgs-strahlung is a phenomenologically relevant example of loop-induced gluon-
initiated process. Its relevance comes from the fact that it is a direct way to study
the H → ZZ interaction vertex, needed to test the EW gauge symmetry breaking
mechanism.

Here, the parton-shower matching uncertainty is studied for the on-shell pro-
duction of a Higgs production associated with a Z-boson. Off-shell effects on the
final-state bosons are included using the Breit-Wigner distribution. The Z boson
is let to decay into an electron-positron pair, and the Higgs boson to a bb̄ pair.
The samples were generated using both Sherpa and POWHEG +Pythia 8 for the
leading order parton-shower matching. The MePs samples are compared against a
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multi-jet merged calculation merging the 0- and 1-jet multiplicity matrix elements
at leading order using Sherpa.

The process is simulated in a proton-proton collision at a center-of-mass energy
of

√
s = 13TeV. The PDF set used is the PDF4LHC15 which uses PDFs at NLO

QCD accuracy. The renormalisation and factorisation scale have been set to the
transverse energy,

µR = µF = H⊥ =
√
M2

H + p2H,⊥ +
∑
i

p
(i)
⊥ , (5.1.3)

while as EW scheme was used the Gµ-scheme.
In Sherpa’s samples, the loop-induced matrix element has been evaluated us-

ing OPENLOOPS, and it was matched to Sherpa’s internal default Catani-Seymour
dipole shower. POWHEG, instead, evaluates the loop-induced process using its inter-
nal code ggHZ, and matching it to the parton-shower in Pythia 8.2. The POWHEG

parton-shower matching to Pythia 8 is done in two ways. The default match-
ing uses the so called wimpy shower, which sets the parton-shower starting scale
to the invariant mass of the ZH system, while the second setting used is a ve-
toed power-shower starting at the kinematical limit p⊥ =

√
ŝ/2. The analysis used

was developed in order to be as close as possible to the ranges probed in experi-
mental analyses. Electrons produced by the Z-boson decay are required to have a
transverse momentum higher than 7GeV, pe,⊥ > 7GeV, and a pseudo-rapidity of
|η| < 2.7 within a lepton-pair mass range of 81GeV < mll < 101GeV. Jets are
reconstructed using the anti-kT algorithm with jet-radius parameter R = 0.4, jet
transverse momentum pj,⊥ > 25GeV and a pseudo-rapidity of |η| < 4.5. Jets are
also discarded if an electron is produced within a cone ∆R < 0.4 from the jet-axis.
For the theoretical uncertainties, Sherpa’s samples also include the parton-shower
starting scale variation bands varied by a factor of two both upward and downward.

In Fig. 5.3 are reported the four observables under study. These are the ZH sys-
tem transverse momentum pZH

⊥ , the number of jets Njets, the hardest jet transverse

momentum pj⊥ and the angle separation between the Z-boson and the Higgs boson
∆ϕ(Z,H). The transverse momentum observables display a very large matching
uncertainty in the energy region dominated by hard real emission configurations,
i.e. above 200 GeV. This is expected since the parton-shower is outside its region
of validity. This is also reflected in the very large difference between Sherpa’s
and Pythia’s parton-shower radiation pattern in the ZH high energy transverse
momentum. In the parton-shower region of validity there is, instead, a good agree-
ment between the parton-showers, especially between Sherpa and Pythia’s wimpy
shower. A similar behavior is observed for the angular separation of the Z- and Higgs
boson for values far from the back-to-back scattering, i.e. for an angle separation
∆ϕ(Z,H) < 2. However, in this observable the parton-showers under consideration
show a very good agreement. The number of jet observable Njets, instead, shows
a very different radiation pattern between Sherpa’s and Pythia’s parton-showers.
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Figure 5.3: Comparison of the 0-jet inclusive distribution for the POWHEG +Pythia 8
wimpy and vetoed power shower setups and the SHERPA prediction

This time the difference is not covered by the Sherpa’s parton-shower starting scale
uncertainty. This shows that the parton-shower starting scale uncertainty can not
entirely cover the matching scheme uncertainty.

This large parton-shower matching uncertainty is not characteristic just of loop-
induced processes, but it is general for parton-showers. This uncertainty can be
reduced including higher multiplicity matrix elements in the calculation. In this
case, it is used Sherpa’s multijet-merging algorithm to merge the 0- and 1-jet mul-
tiplicity at leading order. To this calculation is added a 7-point renormalisation
and factorisation scale variation to understand how MePs calculations compare to
actual theoretical uncertainties in observables dominated by real emission configu-
rations.

The comparison of the MePs and multi-jet merged calculations is shown in
Fig. 5.4. The differential observables taken under consideration are the ZH sys-
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Figure 5.4: Comparison of the 0+1-jet inclusive distribution for the POWHEG+PYTHIA
8 wimpy and vetoed power shower setups and the SHERPA prediction

tem transverse momentum pZH
⊥ and the angular separation between the two bosons

∆ϕ(Z,H). Both observables display large deviations between the MePs and 0+1-
jet merged calculations that exceed the theoretical scale uncertainty of the multi-jet
merged result. In the transverse momentum observable, both MePs calculations
have a harder spectrum compared to the 0+1-jet calculation for energies around
pZH
⊥ = 250GeV, The MePs calculations, instead, become softer in the hard emis-

sion tail, failing to capture the hard emission spectrum of the 0+1-jet calculation.
Similarly, in the ZH angle separation the MePs calculation shows large deviations
from the 0+1-jet merged calculations that exceed the scale uncertainty band for az-
imuthal separation of about 1.5−2. The large deviations displayed in the transverse
momentum region around 250GeV can be attributed to the initial state gluon split-
ting functions together with the fact that gluons have access to the full PDF x-range,
in contrast with initial state valence quarks that have the PDF constrained around
just one value of x. Indeed, a similar behavior has also been observed for other
loop-induced processes like on-shell di-Higgs production [214] and gg → e+e−µ+µ−

shown in Fig. 5.5a for the ZZ and hardest jet transverse momentum. In order to
have a direct comparison with a quark-initiated process, in Fig. 5.5b is shown the
same calculation as for the samples of Fig 5.5a. The quark-initiated 0-jet calculation
largely underestimates the real emission spectrum for energies above 40GeV in both
the ZZ and hardest jet transverse momentum, on the contrary, the loop-induced
calculation has a harder spectrum in the energy region between 40GeV and 90GeV
for both transverse momentum observables. The large impact of the gluon splitting
function in the loop-induced parton-shower matching indicates that a particular care
is needed when studying the matching to NLO accurate loop-induced calculations.
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(a) gg → e+e−µ+µ−
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(b) pp → e+e−µ+µ−

Figure 5.5: Comparison of the 0+1-jet inclusive distribution to the 0-jet matched to parton-
shower in Sherpa.
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Figure 5.6: Examples of leading order contributing diagrams.

5.2 Anatomy of NLO QCDDi-boson Production in Gluon
Fusion

This section presents the diagrams that make up the NLO QCD calculation for the
gluon initiated e+e−µ+µ− production. The contributions considered here are such
that the intermediate EW bosons can only be emitted by either a loop quark or an
external final state lepton. This is an important distinction from the real emission
diagrams where one Z boson may be emitted from an initial state quark. This is
needed to separate gluon-initiated loop-induced from quark-induced contributions
that coexist at higher orders. Although in merging calculations these quark-induced
processes are not directly included, they are still approximated by the parton-shower.

5.2.1 Leading Order

At the leading order, i.e.O
(
α2
sα

4
)
, the only loop induced process is gg → e+e−µ+µ−.

The diagrams of this process have three different topologies, that are: box, Higgs
triangle and single Z-boson triangle diagrams. These are shown respectively from
left to right in Fig. 5.6.

It is important to note that in the single resonant diagram, the Z-boson couples
to the quark loop only via its axial mode. This gives the possibility to directly study
the axial coupling mode of the Z-boson, especially because these type of diagrams
are dominant in the energy region m2e2µ ≃ MZ , which is well separated from the
double-resonant energy region, i.e. m2e2µ ≃ 2MZ .

5.2.2 Next-to-Leading Order

At the NLO QCD the virtual diagrams do not have any new initial state channel,
but there is a new diagram topology, i.e. double triangle diagrams. An example is
given in the second diagram of Fig. 5.7. In these type of diagrams the external EW
bosons are attached to two different triangle quark-loops. Double triangle diagrams
give a non-zero contribution only if the quarks running inside the loop are massive.
For massless quark-loops the vector mode of the Z-boson coupling is zero due to
Furry’s theorem, while the axial mode cancels out for degenerate isospin doublets.
However, since these double-triangle processes exchange a highly off-shell t-channel
gluon, their contribution to the total cross-section is only at few permille [212]. The
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Figure 5.7: Examples of virtual corrections to gg → e+e−µ+µ−.

virtual correction to a box-like diagram is instead simply a new internal virtual
gluon line. This is exchanged between either the external gluons, within the quark-
loop or an external gluon, or inside the quark-loop. Box diagrams allow for massive
and massless quark-loops. In the case of massive loops, the two external bosons
can couple with each of their mode, while a massless quark-loop would vanish the
vector-axial coupling due to charge parity conservation [209, 216]. Finally, the class
of single triangle-like diagrams can only have an axial coupling to the quark-loop,
as discussed for leading-order triangle diagrams. This axial coupling mode allows
only for non-degenerate isospin doublets in the loop, meaning that only a massive
quark-loop would give a non-zero contribution.

In the real emission diagrams, there are two new channels, i.e. qq̄ and gq̄( ). The
processes contributing to the real emission correction for the e+e−µ+µ− production
in gluon-fusion are,

g g → e+e−µ+µ− g , q̄( ) g → e+e−µ+µ− q̄( ) and q q̄ → e+e−µ+µ− g.

Some example diagrams are given in Fig. 5.8. Quark-initiated diagrams (q̄( )g and
qq̄) can interfere with the NLO QCD real emission amplitudes of the e+e−µ+µ−

production. These interferences are part of the NNLO QCD correction to the four-
lepton production. In principle the separation between these two contributions is not
possible and in some works they have been therefore kept out, see for example Ref.
[212, 168]. However, since these contributions come from a gauge invariant subset
of diagrams, and their IR singularities are cancelled by the collinear singularities of
the PDFs, they can actually be included in our calculations. A more complicated
situation happens in a multi-jet merged calculation where both the standard quark
initiated and loop-induced four-lepton production are considered. Here higher order
contributions in the standard quark initiated processes can, at least, approximate
the loop-induced real emission corrections. This problem is solved by including in
the loop-induced real emission samples only diagrams where the external EW vector
bosons couple either to the closed quark-loop or to the external leptons, as explained
in Ref. [217].
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Figure 5.8: Examples of real emission contributions

5.3 Implementation in SHERPA Monte Carlo Event Gen-
erator

The simulation of loop-induced gluon-initiated processes at leading order is already
fully automated in Sherpa v2 via an extension of AMEGIC that allows to use an
external matrix element generator in leading order calculations. However, this im-
plementation can not be easily extended beyond leading order accuracy limiting the
use of loop-induced processes to fixed order, Mc@Nlo or 0+1-jet merging calcu-
lations. In the next major release of Sherpa, it will be available a new module
called EXTAMP that allows to use any external matrix-element provider as general
matrix-element generator. The validation and maintenance of this module took a
good part of the technical workload needed to produce the main results of this thesis.
In particular, now EXTAMP can handle Mc@Nlo and multi-jet merged calculations
at NLO. In Appendix A are show some validation plots to confirm the consistency
between the updated EXTAMP module and internal default frameworks.

With this module it is possible to use the external matrix element generator
OPENLOOPS to get the needed loop-squared matrix elements for the leading order
and NLO QCD real emission. The virtual amplitude for massless quarks is instead
taken from the public C++ code ggvvamp [8], which provides the analytical expres-
sion for the virtual amplitude’s form factors. In order to use this code it has been
necessary to develop an interface to EXTAMP. Since this is the only available virtual
correction to gg → e+e−µ+µ−, an event-wise validation of its implementation was
not possible. Therefore, the validation has been done comparing the total cross-
section from Sherpa’s implementation and the one calculated in [169] using the
same C++ library.
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5.3.1 The ggvvamp Library

The evaluation of the virtual amplitude is based on the decomposition of two loop
massless amplitudes into four-point master integrals with massless internal propa-
gators and two external massive legs. These master integrals are already well known
and were presented for equal final state masses in Refs. [218, 219] and for different
final state masses in Refs. [220, 221, 222, 163].

g
q

q̄

g

g

g

q

q̄

Figure 5.9: Example of QCD virtual corrections to a di-boson production in gluon fusion
O
(
α3
sα

2
)
with a quark-antiquark pair in the final-state.

The code evaluates the form factors at both leading order and NLO accuracy for
the 2 → 2 process, g(p1)+g(p2) → V1(p3)+V2(p4). Here each external vector boson
is treated off-shell, and it can be either a Z- or W -boson, or a photon γ∗. The fact
that the virtual correction has been calculated only for this 2 → 2 process means
that it cannot be used for quark final states since it would be missing virtual gluon
exchange involving coloured final states, see for example Fig. 5.9. The general form
of the amplitude for the 2 → 2 process considered here can be written as,

M(p1, p2; p3) = δa1a2NV1V2ϵ
ρ
1(p1)ϵ

σ
2 (p2)Mµνρσ(p1, p2; p3)ϵ

∗µ
3 (p3)ϵ

∗ν
4 (p4). (5.3.1)

Here the momenta of the incoming gluons are p1 and p2, and p3 and p4 the momenta
of the electroweak final state bosons. The multiplying factors δa1a2 and NV1V2 are
respectively the gluons colour factor, which is 1/8, and the two electroweak bosons
couplings to the internal quark-loop. The amplitude is written to depend only on
three of the four momenta involved in the process because of the momentum conser-
vation, p4 = p1+p2−p3. Since the two electroweak bosons couple to a massless loop
the only possible diagram topology they can couple to is the box-like, as explained
in Sec. 5.2.2. The EW factor NV1V2 for this diagram can take the following forms,

Nγγ =
1

2

∑
i

[(
Lγ
qiqi

)2
+
(
Rγ

qiqi

)2]
, NZγ =

1

2

∑
i

(
LZ
qiqiL

γ
qiqi +RZ

qiqiR
γ
qiqi

)
,

NZZ =
1

2

∑
i

[(
LZ
qiqi

)2
+
(
RZ

qiqi

)2]
, NWW =

1

2

∑
i,j

LW
qiqjL

W
qjqi ,

where
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Lγ
qiqj = −eqiδqiqj , Rγ

qiqj = −eqiδqiqj ,
LZ
qiqj =

I
qi
3 −sin2 θweqi
sin θw cos θw

δqiqj , LZ
qiqj = − sin2 θweqi

cos θw
δqiqj ,

LZ
qiqj = 1√

2 sin θw
ϵqiqj , RW

qiqj = 0,

are the couplings to the left- and right-handed quark helicities. The QCD couplings
are instead included in the tensor Mµνρσ(p1, p2; p3).

Due to Lorentz invariance, the tensor Mµνρσ(p1, p2; p3) can be decomposed into
138 independent tensors which can be further reduced to 20 since 118 of them are
transverse to the external bosons’ polarisation vectors that have to satisfy

ϵ1 · p1 = ϵ1 · p2 = 0

ϵ2 · p1 = ϵ2 · p2 = 0

ϵ3 · p3 = ϵ4 · p4 = 0.

These relations come from the polarisation sum rules

∑
λ

ϵ∗µλ,1(p1)ϵ
ν
λ,1(p1) =

∑
λ

ϵ∗µλ,2(p2)ϵ
ν
λ,2(p2) = −gµν + pµ2p

ν
1 + pµ1p

ν
2

p1 · p2∑
λ

ϵ∗µλ,j(pj)ϵ
ν
λ,j(pj) = −gµν +

pµj p
ν
j

p2j
.

These relations use the same gauge fixing as in Ref. [8]. The first line is the sum
over the incoming gluons’ polarisations, while the second sums over the massive
final state EW gauge bosons. The index j = [3, 4] identifies either the boson with
momentum p3 or p4.

The amplitude in Eq. (5.3.1) can be written as a sum of 20 linearly independent
tensors multiplied by a form factor. In the calculation taken as reference, Ref. [8],
the tensors are defined as follows,

M(p1, p2; p3) = δa1a2NV1V2ϵ
ρ
1(p1)ϵ

σ
2 (p2)Mµνρσ(p1, p2; p3)ϵ

∗µ
3 (p3)ϵ

∗ν
4 (p4)

= δa1a2NV1V2

 20∑
j=1

Aj(p1, p2; p3)Tj,µν(p1, p2; p3)

 ϵ∗µ3 (p3)ϵ
∗ν
4 (p4).

(5.3.2)

The explicit expressions for the kinematic tensors Tj,µν(p1, p2; p3) are given in Ref.
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[8]. The C++ code ggvvamp evaluates the leading order and virtual correction of the
regularized Aj ’s form factors in the kinematic variables s, t, p23, p

2
4. In Sherpa is

implemented the squared of the amplitude in Eq. (5.3.2) at leading order and for
its virtual correction, according to,

|M|2 = α2

32
π2TFN

2
V1V2

[(αs

2π

)2 ∣∣∣S(1)
∣∣∣2 + 2

(αs

2π

)3
Re
(
S(1)S̄(2)

qT

)]
. (5.3.3)

Here
∣∣S(1)

∣∣2 and Re
(
S(1)S̄

(2)
qT

)
are both averaged over the initial state gluons’ po-

larisation and summed over the final state EW boson polarisation. The amplitudes
product is done in matrix form as

Re(SaSb) = Ai
aTijA

j
b, (5.3.4)

where Ai
a are the form factors evaluated by ggvvamp with i, j being the form factor

number from 1 to 20 and a, b the perturbative order, i.e. either (1) or (2). The T ij

is instead,

T ij = Dρρ′Dσσ′
Dµµ′

3 Dνν′
4 T i

µνρσT
j
µ′ν′ρ′σ′ . (5.3.5)

The tensors T i
µνρσ are the same as in Eq. (5.3.2) but this time they do not include

the gluons’ polarisation vectors, i.e. T i
µν = ϵρ1(p1)ϵ

σ
2 (p2)T

i
µνρσ. The D’s tensors are

the sum over the external bosons polarisations. The first two are for the gluons and
the other two for the EW bosons,

Dµν =
∑
λ

ϵµ∗λ ϵ
ν
λ = −gµν + pµ1p

ν
2 + pν1p

µ
2

p1 · p2
, (5.3.6)

Dµν
j =

∑
λj

ϵµ∗λj ϵ
ν
λj

= −gµν +
pµj p

ν
j

p2j
. (5.3.7)

All tensor contractions and manipulations have been performed using the Mathe-
matica package Package-X [223]. The generated squared form factors have been
organized in terms of the functions,

β3 = 1− t
M2

3
, β4 = 1− t

M2
4
,

β3s = 1− β3
M2

3
s , β4s = 1− β4

M2
4
s ,

βf =
s−M2

3−M2
4

2 ,

which helped to reduce the length of the expression allowing for an easy and fast
export as a C++ code. With this implementation of the ggvvamp library it is possible
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to use Sherpa to evaluate the gg → V V process at NLO QCD for off-shell EW
bosons. The four-lepton final state amplitudes need a separate implementation due
to the fact that the ggvvamp code supply the four-lepton form factors in the spinor-
helicity formalism [224, 225, 226, 227]. However, the form factors for the four-lepton
production

g(p1) + g(p2) → V1(p3) + V2(p4) → l5(p5) + l̄6(p6) + l7(p7) + l̄8(p8), (5.3.8)

in the spinor-helicity formalism can be written in terms of the form factors of Eq.
(5.3.2). The advantage of using this formalism is that it simplifies the amplitude
evaluation and its squaring. In this formalism, spinors are rewritten as a pair of
Weyl spinors as

1

2

(
1 + γ5

)
u(pi) = u+(pi) ≡ |i⟩, 1

2

(
1− γ5

)
u(pi) = u−(pi) ≡ |i]. (5.3.9)

The multiplication between these spinors is then defined as,

ū−(pi)u+(pj) ≡ ⟨ij⟩ = [ij]∗. (5.3.10)

These two objects, ⟨ij⟩ and [ij], are directly related to the spinors four-momenta, i.e.

⟨ij⟩ =
√(

p0i + p3i

)(
p0j − p3j

) p1i + i p2i√(
p1i
)2

+
(
p2i
)2
 − (i↔ j). (5.3.11)

On the other hand, in the spinor-helicity notation the two external massless polari-
sation vectors become,

ϵµ1,+(p1) =
[2|γµ|1⟩√

2[12]
, ϵµ1,−(p1) =

⟨2|γµ|1]√
2⟨12⟩

,

ϵµ2,+(p2) =
[1|γµ|2⟩√

2[21]
, ϵµ2,−(p2) =

⟨1|γµ|2]√
2⟨21⟩

, (5.3.12)

where the spinors |1⟩ and |2⟩ carry respectively the momenta p1 and p2.
In these terms, the amplitude for the four-lepton final state has in total four in-
dependent helicities. Two are for the incoming gluons and two for the final-state
lepton pairs. In the spinor-helicity formalism, the latter reads

JµL(pi, pj) = [j|γµ|i⟩ = Jµ∗R (pi, pj) = JµR(pj , pi). (5.3.13)
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Each of these can take two values [R,L], or often also defined as [+,−]. There
is a total of 16 possible helicity configurations that can be reduced to 2 via sym-
metry relations. From Eq. (5.3.13) it is clear that the two helicities of the lep-
ton currents are equivalent if the momenta of the outgoing leptons are exchanged,
while from the definition of the spinor product in Eq. (5.3.9) it is easy to see that
ϵµi,+(pi) = ϵ∗µi,−(pi). Thanks to these symmetry relations, the total amount of indepen-
dent helicity configurations can be reduced to two, (λ1, λ2, λ3, λ4) = (L,L,L, L) and
(λ1, λ2, λ3, λ4) = (L,R,L, L). In (λ1, λ2, λ3, λ4) the helicities 1 and 2 are for the in-
coming gluons while helicities 3 and 4 for the outgoing lepton currents. The two miss-
ing initial state gluon helicity configurations (λ1, λ2) = (R,L) and (λ1, λ2) = (R,R)
are related to (λ1, λ2) = (L,L) and (λ1, λ2) = (L,R) by a simple complex conjuga-
tion,

MRLLL(p1, p2; p5, p6, p7, p8) = [MLRLL(p1, p2; p5, p6, p7, p8)]
∗,

MRRLL(p1, p2; p5, p6, p7, p8) = [MLLLL(p1, p2; p5, p6, p7, p8)]
∗. (5.3.14)

The three missing helicity configurations for the final-state lepton currents, (λ3, λ4) =
(R,L), (λ3, λ4) = (L,R), (λ3, λ4) = (R,R) are instead related to (λ3, λ4) = (L,L)
by exchanging the final-state momenta of the lepton pairs, i.e.

Mλ1λ2RL(p1, p2; p5, p6, p7, p8) =Mλ1λ2LL(p1, p2; p6, p5, p7, p8),

Mλ1λ2LR(p1, p2; p5, p6, p7, p8) =Mλ1λ2LL(p1, p2; p5, p6, p8, p7), (5.3.15)

Mλ1λ2RR(p1, p2; p5, p6, p7, p8) =Mλ1λ2LL(p1, p2; p6, p5, p8, p7) .

It is then possible to write down the helicity amplitudes for the production of four
final-state leptons in gluon fusion in terms of the identified di-boson amplitude given
in Eq. (5.3.2), i.e.

Mλ1λ2LL(p1, p2; p5, p6, p7, p8) =

δa1a2NV1V2(4πα)
2

LV1
f5f6

LV2
f7f8

DV1(p5 + p6)DV2(p7 + p8)
× (5.3.16)

× ϵρ1λ1
(p1)ϵ

σ
2λ2

(p2)Mµνρσ(p1, p2; p3)J
µ
L(p5, p6)J

ν
L(p7, p8),

where the function DV (q) is the denominator of the intermediate electroweak vector
bosons’ propagator, that can have the following forms based on the flavor of the EW
vector boson,
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Dγ∗(q) = q2, DV=Z,W (q) = q2 −M2
V + i ΓVMV . (5.3.17)

The third line of Eq. (5.3.16) can either be computed using the form factors from
Eq. (5.3.2) or it can be rewritten in terms of new form factors that depend on the
independent helicity configurations, and the Ai(p1, p2; p3)’s form factors. The former
possibility would make the implementation of the four-lepton final state amplitude
more compatible with the implementation of the identified di-boson production am-
plitude, but it would also make the matrix elements very long and hard to manipu-
late. On the other hand, the latter option helps to make Eq. (5.3.16) compact and
readable. Therefore, the helicity amplitude is implemented in Sherpa using 9 new
helicity form factors. The helicity amplitude with this choice reads,

Mλ1λ2LL(p1, p2; p5, p6, p7, p8) =

δa1a2NV1V2(4πα)
2

LV1
f5f6

LV2
f7f8

DV1(p5 + p6)DV2(p7 + p8)
×

× Cλ1λ2

[
[2/p31⟩

(
Eλ1λ2

1 ⟨57⟩[68] + Eλ1λ2
2 ⟨15⟩⟨17⟩[16][18]

+ Eλ1λ2
3 ⟨15⟩⟨27⟩[16][28] + Eλ1λ2

4 ⟨25⟩⟨17⟩[26][18]
+Eλ1λ2

5 ⟨25⟩⟨27⟩[26][28]
)
+ Eλ1λ2

6 ⟨15⟩⟨17⟩[16][28]

+ Eλ1λ2
7 ⟨15⟩⟨17⟩[26][18] + Eλ1λ2

8 ⟨15⟩⟨27⟩[26][28]
+ Eλ1λ2

9 ⟨25⟩⟨17⟩[26][28]
]
, (5.3.18)

where the factor Cλ1λ2 are,

CLL = [1 /p32⟩
⟨12⟩
[12]

, CLR = [2 /p31⟩. (5.3.19)

The ggvvamp code also provides the analytical expressions for these helicity form
factors Eλ1λ2

i in terms of the Ais. The explicit relations between these two objects
are again reported in Ref. [8], therefore they are not repeated here.

The regularisation of the two-loop amplitude is done for the Ai form factors
which directly make the Eλ1λ2

i functions to be UV and IR finite. The renormalisa-
tion is done using the conventional dimensional regularisation in 4 − ϵ dimensions
in the MS scheme at the scale µ2 = ŝ, where ŝ is the invariant mass squared of the
initial partonic system. The technical aspect of the UV renormalisation for these
amplitudes follows closely the discussion of Sec. 5.1.3. The IR regularized virtual
amplitude is given in ggvvamp in two subtraction schemes, qT -subtraction [228] and
Catani subtraction [229]. In the ggvvamp code the subtraction scheme choice is left
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to the user. The IR regularisation is performed as follows,

A0
fin = A0

IR-div

A1
fin = A1

IR-div − I(ϵ)A0
IR-div, (5.3.20)

where, for gluon initiated processes, the IR-singular function I(ϵ) is,

I(ϵ) = − eϵγ

Γ(1− ϵ)

(
µ2F
ŝ

)ϵ(
1

ϵ2
+
iπ

ϵ

)
CA − 1

ϵ
β0

(
µ2F
ŝ

)ϵ

+ δ, (5.3.21)

with δ being a constant specific for the regularisation scheme adopted. In the qT -
subtraction scheme this is simply δqT = 0 while in the Catani subtraction scheme it
is,

δCS = −1

2
π2CA + iπβ0. (5.3.22)

In Sherpa, the subtraction scheme is chosen to be the qT -subtraction despite the
fact that the Catani-Seymour subtraction is the default used in Sherpa. This choice
was made to simplify the implementation of the virtual amplitudes scale dependent
terms from the IR- and UV-regularisation. The implementation is made consistently
with Sherpa’s default Catani-Seymour subtraction.

5.3.2 Top Quark Mass Approximation

In Sherpa, all the loop-squared amplitudes needed to compute a loop-induced
process at NLO are evaluated using external loop matrix-element generators like
OPENLOOPS. In these generators the loop-squared amplitudes are computed with
full top-quark mass dependence by default, even though they can also be computed
in the Nf = 5 flavor scheme. The virtual matrix element evaluated by ggvvamp

account only for massless quark-loops. Therefore, top-quark mass effects have to be
added to have a reliable NLO correction, especially for the IR-singularity cancella-
tion between the virtual and real emission diagrams above 2mt. In order to give
an idea of the top-quark mass effects for a loop-induced process, in Fig. 5.10 are
shown the di-boson invariant mass, single Z-boson transverse momentum, pseudo-
rapidity difference of the Z-boson pair and pseudorapidity of the hardest lepton for
the gg → e+e−µ+µ− process at leading order for both full top-quark dependence
and in the Nf = 5 calculation. The invariant mass distribution shows a flat off-
set for mZZ < 2mt of about 5% between the two calculations, while they start to
diverge for energies above 400GeV. Similarly, the single Z-boson transverse mo-
mentum shows the same 5% difference but this time only up to about 100GeV. The
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difference between the scale at which top-quark effects become dominant in these
two observables is due to the fact that in the di-boson invariant mass the contin-
uous ZZ production is the dominant contribution [207], and due to the Z boson
couplings to the quark-loop, the top-quark starts to contribute more only above its
threshold production, i.e. mZZ ≃ 2mt. On the other hand, in transverse momentum
observables the direct Higgs boson production is comparable to the continuous ZZ
production [207]. For the direct Higgs production top-quark effects become sizeable
already at the Higgs mass energy scale, i.e. about 125GeV. The di-boson pseudora-
pidity difference and single lepton pseudorapidity, instead, show a good agreement
between the two calculations displaying only a flat shift of about 5%. From these
observables, it is clear that energy-independent observables are not much affected by
top-quark effects, while they can be quite sizeable in energy-dependent observables.
In the light of what has just been described, the evaluation of the e+e−µ+µ− pro-
duction in gluon fusion at NLO using the ggvvamp library for the virtual amplitude
is expected to provide a good approximation at energies below 2mt for invariant
mass distributions or below mH in transverse momentum distributions.

A more detailed discussion about top-quark effects in the virtual amplitude is
given in Ref. [167]. Here the authors have compared the large-mt approxima-
tion [230, 231] of the virtual amplitude with their calculation with full top-quark
mass dependence. Their results showed that the large-mt approximation, holds very
well for energies below 2mt while it starts to rapidly deteriorate at higher energies.
This motivates the use of top-quark approximations to study this process at these
energies. However, the large-mt approximation has not been used in Sherpa’s im-
plementation of the ggvvamp because the approximated amplitudes are not publicly
available. In its place, the full virtual amplitude A(1)(Φ) is calculated in the massless

approximation where the massless virtual amplitude A(1)
no-top(Φ) is reweighted by the

one-loop amplitude with full top-quark mass dependence, i.e. multiplying it by the

factor A(0)(Φ)/A(0)
no-top(Φ). The virtual correction is therefore evaluated according

to,

V (Φ) = A(0)∗(Φ)A(1)(Φ) ≃ A(0)∗(Φ)
A(0)(Φ)

A(0)
no-top(Φ)

A(1)
no-top(Φ)

= B(Φ)
A(0)∗

no-top(Φ)A
(1)
no-top(Φ)

A(0)∗
no-top(Φ)A

(0)
no-top(Φ)

= B(Φ)
Vno-top(Φ)

Bno-top(Φ)
.

(5.3.23)

The Born piece with full top-quark mass dependence B(Φ) is the same as the Born
piece used in the NLO calculation, while the massless pieces are both taken from
the ggvvamp library.
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Figure 5.10: Comparison of di-boson production in gluon fusion with and without top-quark
mass dependence. The simulation has been performed using Sherpa + OPENLOOPS.

5.3.3 Validation of the Implementation

The implementation of the ggvvamp code in the MC generator Sherpa described so
far has been validated against the calculation presented in Ref. [169]. In this work
the e+e−µ+µ− production in gluon fusion is evaluated at NLO QCD, including
all the initial-state real emission channels (see Sec. 5.2.2). In both Ref. [169]
and Sherpa’s calculation OPENLOOPS is used to evaluate all the one-loop matrix
elements and ggvvamp to evaluate the virtual matrix element. Top-quark mass
effects are included in both calculations using the same approximation, given in Eq.
(5.3.23). The leading order and real emission matrix elements are evaluated using
the OPENLOOPS libraries ppllll2 and ppllllj2, that include full top-quark and
Higgs-boson dependence.

Concerning Sherpa’s calculation, the numerical evaluation of the real emis-
sion matrix elements showed to fluctuate significantly in the soft/collinear emission
phase-space regions. To this end, the numerical stability was controlled using two
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settings. The first is OPENLOOPS’ internal stability check for loop-squared am-
plitudes stability kill2 (a stability threshold evaluated according to a scaling
criterion that uses either double or quadruple precision, a detailed description is
given in Ref. [154]). This parameter was set to 0.01 and its value was varied by
a factor of 10, upward and downward, without noticing any significant difference.
The second setting is Sherpa’s DIPOLES: AMIN. This acts as a low energy cut-off in
the evaluation of the H-type events in order to avoid miscancellations in the dipole
subtraction for the very soft and collinear region. In Sherpa the default value is
set to 10−8. In this case, it is found that a value of at least 10−6 is necessary to
have a stable evaluation of the real subtracted term. Also, it was noticed that too
large values of AMIN, i.e. above 10−4, have a noticeable impact on the NLO total
cross-section at the percent level. For this calculation the AMIN value is set to 10−6.
It is interesting to note that such numerical instability in the soft/collinear region
happens only for a four-lepton final state calculation. It is instead not present, or
at least it happens for more remote phase-space regions, for the on-shell di-boson
production in gluon fusion.

The validation set-up evaluates the process gg → e+e−µ+µ− at NLO QCD for a
center-of-mass energy of

√
s = 13TeV. The renormalisation and factorisation scales

are set to half the four-lepton invariant mass µ = m4l/2, the EW scheme to the
Gµ-scheme, with GF = 1.16639 × 10−5GeV−2 and the αs is set accordingly to the
PDF set NNPDF30 nnlo as 0118. The vector boson masses, the top-quark’s mass
and width, and the bottom mass have been set according to [169], i.e.

MOS
W = 80.385GeV ΓOS

W = 2.085GeV

MOS
Z = 91.1876GeV ΓOS

Z = 2.4952GeV

Mh = 125.0GeV Γh = 0.00407GeV

mb = 4.18GeV Γb = 0

mt = 173.2GeV Γt = 1.44262GeV .

The cuts used are taken from an ATLAS analysis in Ref. [175] in order to cover the
fiducial phase space of the ATLAS detector described in Sec. 3.2, plus extra phase
space cuts specific for the di-boson production, such as constraining the lepton-pair
invariant mass to 66GeV ≤ me+e−/µ+µ− ≤ 116GeV. The cuts used then are,

Cuts

pT,e/µ > 7 GeV, one electron with |ηe| < 4.9, the others |ηe| < 2.5, |ηµ| < 2.7

∆Ree/µµ > 0.2, ∆Reµ > 0.2, 66 GeV ≤ me+e−/µ+µ− ≤ 116 GeV

In Tab. 5.2 are reported the total cross-sections for the loop-induced e+e−µ+µ−
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production at both leading order and NLO QCD. The comparison shows perfect
agreement between the two calculations within statistical uncertainty.

Order Reference [fb] [169] Sherpa [fb]

LO 2.0052(1) 2.003(7)

NLO 3.626(1) 3.631(4)

Table 5.2: Comparison between the implementation of the ggvvamp code from Ref. [169]
and the implementation done in Sherpa and presented here for the loop-induced e+e−µ+µ−

production at
√
s = 13TeV.

Since the computation of these amplitudes is very demanding, it is essential to
make sure that the on-the-fly scale variations available in Sherpa [205] can also be
applied for this process in order to simplify its theoretical uncertainty estimation.
To this end, to make sure that the on-the-fly scale variation implemented in Sherpa
works also for this process we did a point-by-point comparison of the on-the-fly scale
variation for the same process evaluated at two different central scale values, m4l

and 2 · m4l. In this way the on-the-fly evaluation of the NLO correction at the
scales (µR, µF ), (2µR, µF ), (µR, 2µF ) and (2µR, 2µF ) with the central scale set to
m4l has to match the on-the-fly evaluation at the scales (µR/2, µF /2), (µR, µF /2),
(µR/2, µF ) and (µR, µF ) for the calculation with the central scale set to 2m4l. This
test shows perfect agreement between the on-the-fly variation and the explicit scale
variation for every phase space point tested. Tab. 5.3 shows an example for one
phase space point looking separately at the BVI and RS part of the calculation.

5.3.4 Fast Evaluation of the Two-Loop Amplitudes

The evaluation of the very complex analytical virtual matrix element can be very
time-consuming due to the evaluation of many polylogarithmic functions. Moreover,
in the ggvvamp code the authors have implemented a routine to ensure numerical
stability that increases the computational time even further. This routine does a
point-wise stability check that consists in evaluating the Aj functions twice, once
at double precision and once at quadruple precision. In case the two results are
not in agreement within a user defined accuracy the code switches to higher nu-
merical accuracy repeating the comparison. This procedure is repeated until the
user requested accuracy is met. Due to this procedure and the complexity of the
amplitude’s analytical structure, the evaluation time of the virtual matrix-element’s
form factors is at the order of seconds. In Fig. 5.11 the distribution of the evalua-
tion time of all form factors Aj at both leading and next-to-leading order is shown.
The evaluation of the leading order form factors is also taken into account because
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(µR, µF ) m4l 2 ·m4l (µR, µF )

factors BVI RS BVI RS factors

(1,1) 2.79097 1.56608 2.79097 1.56608 (1/2,1/2)

(2,1) 2.4373 1.20853 2.4373 1.20853 (1,1/2)

(1,2) 2.96485 1.46515 2.96485 1.46515 (1/2,1)

(2,2) 2.5606 1.13065 2.5606 1.13065 (1,1)

Table 5.3: Comparison between explicit scale variation and on-the-fly scale variation in
Sherpa for the BVI and RS part of the e+e−µ+µ− production in gluon-fusion. The two
columns m4l and 2m4l represent the user defined renormalisation and factorisation scale at
which the BVI and RS pieces are evaluated, while each row represents one on-the-fly scale
variation. The on-the-fly scale variations for each central scale are organized in order to ease
the comparison between the two on-the-fly scale variation BVI and RS pieces evaluation.

they can not be computed separately since they are needed for the virtual matrix
element regularisation. The plot has been generated evaluating 5000 random phase
space points covering the entire four-lepton phase space. The evaluation has been
performed on an Intel® Xeon® Gold 6126 CPU @ 2.60GHz. From the plot it is pos-
sible to read the average computational time for one phase space point, i.e. about
2s to 3s. The large computational time makes the use of this library very impracti-
cal for phenomenological studies, especially in complex simulations involving many
weight variations. However, there are different ways to deal with this problem. For
instance, in a fixed order calculation a possibility is to generate the BVI and RS
samples separately. The BVI piece converges faster than the RS due to the simpler
phase space, therefore it needs fewer events to get to the same statistical accuracy
of the RS piece. This can be improved even further by reducing the fraction of
evaluated virtual terms in the BVI sample, since the leading contribution in BVI
is given by the Born piece, meaning that the virtual correction can be evaluated
for fewer events without affecting the accuracy of the result. Evaluating the virtual
correction only for a fraction of the generated points can also be used in a Mc@Nlo
calculation where it is not possible to separately generate the BVI and RS samples.
However, these methods do not help in every, e.g. unweighted event generation.

To this end another method is given by using an interpolation framework. The
development and implementation of this method is part of the original results of
this thesis. The virtual matrix element interpolation framework developed here is
similar to some extent to the one presented in Ref. [232] used to interpolate a pre-
evaluated grid for the two-loop form factors of the NNLO QCDW+W− production.
The interpolation is done by using multidimensional cubic splines [233] that can
be accessed from the public code Btwxt [234]. This code employs cubic Hermite
splines in a given N-dimensional interval where each polynomial is defined by the
interval values and their first derivative on the corners of it. The library has been

https://github.com/bigladder/btwxt
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Figure 5.11: Time distribution of the evaluation of the ggvvamp form factors.

implemented in the development branch of Sherpa as part of the ggvvamp library
add-on. This code is used to interpolate a pre-evaluated grid for the 72 form fac-
tors Eλ1λ2

i (s, t,m2
3,m

2
4) of the helicity amplitudes given in Eq. (5.3.18). It therefore

actually builds 72 independent interpolators. In order to have a good interpolation
performance, it is crucial to have a suitable parametrisation of the four kinematic
variables s, t, M2

3 and M2
4 the helicity form factors depend on. A denser grid is

needed in regions where the form factors have a larger derivative, i.e. for soft and/or
collinear configurations of the two intermediate EW gauge bosons [8]. To this end
each point of the four-dimensional kinematic space (s, t,m2

3,m
2
4) is uniquely mapped

to a four-dimensional unit hypercube (x1, x2, x3, x4) = [0, 1]4 as follows:

M2
{3,4} =M2

{3,4},min + xα{3,4}
(
M2

{3,4},max −M2
{3,4},min

)
,

β3 =
k
(
s,M2

V1
,M2

V2

)
s+M2

V1
−M2

V2

= as(1− x3) + bsx3, (5.3.24)

cos θ3 =
2t+ s−M2

V1

k
(
s,M2

V1
,M2

V2

) = 1− 2at(1− x4)− 2btx4.

The range of the EW vector bosons masses mapped into the x1 and x2 variables
goes from M{3,4},min =

√
40GeV to M{3,4},max = 1300GeV. The lower boundary is

chosen in order to avoid instability The exponent α in the first line of Eq. (5.3.24) is
needed to have a finer binning in the small EW boson mass region. By testing this
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value, it has been found that α = 5 minimizes the interpolation error on the NLO
total cross-section. Both smaller and larger values showed deviations from the exact
total cross-section of a few percent. The s and t variables are mapped to the physical
quantities β3 and cos θ3 that are respectively the relativistic velocity and cosine of
the scattering angle of the EW boson with momentum p3. These two variables are
then mapped to the hypercube axes x3 and x4. However, since at the edges of the
(β3, cos θ3) plane the form factors have a very large derivative [8], the mapping to
the x3 and x4 variables has been done adding four small cut-offs, as, bs, at and bt, to
avoid numerical instabilities. To improve further the accuracy of the interpolation,
it would be advantageous to reduce the grid binning in the highly relativistic β3 → 1
and highly collinear | cos θ3| → 1 regions. Alternatively, it is possible to divide the
(x3, x4) plane into four regions and build a grid for each one of these separately. A
similar grid splitting method has been used in Ref. [232]. In Fig. 5.12 it is shown
how the four grids are mapped to cover the (β3, cos θ3) plane. These four grids are
all built as four-dimensional unit hypercubes with 50 grid points for each of the
hypercube dimensions. Each grid uses the same parametrisation of Eq. (5.3.24),
differing only by the choice of as, bs, at and bt. These are set in order to cover the
entire (β3, cos θ3) plane, excluding only the highly relativistic and collinear regions.
The phase space points not covered by this grid are evaluated using a linear extrap-
olation method. The pre-evaluated grids implemented in Sherpa use the following
cut-offs for the four regions:

Sector 1 Sector 2

as = 0.8, as = 0.8,

bs = 0.9999, bs = 0.9999,

at = 0.5, at = 0.01,

bt = 0.99, bt = 0.5,

Sector 3 Sector 4

as = 0.0001, as = 0.0001,

bs = 0.8, bs = 0.8,

at = 0.5, at = 0.01,

bt = 0.99, bt = 0.5.

(5.3.25)

With the settings just described, each grid needs to evaluate 504 phase space
points, which with the ggvvamp average evaluation time of 2s per point would need
about 20 months. Using standard parallelisation methods, the creation time of the
grid can be easily brought down to a few days, using 500 jobs. A drawback of this
method is that at run time the grids have to be loaded into RAM requiring about
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Figure 5.12: Sectors of the (β3, cos θ3) plane corresponding to the four pre-evaluated (x3, x4)
grids.

15 minutes on the same system used in the ggvvamp time distribution evaluation
and 15 GB of RAM. However, once the grids are loaded their interpolation time
takes O(ms), i.e. three orders of magnitude faster than the analytical result from
ggvvamp, and slightly faster than the Born or real emission contributions.

The validation of the grid interpolation has been done by comparing only the
BVI part of the e+e−µ+µ− loop-induced production of the fixed order NLO cal-
culation. The exact calculation is dubbed BV Iex, and the interpolated calculation
BV Iint. The two calculations have been performed using Sherpa’s default SM pa-
rameters, a center-of-mass energy of

√
s = 13TeV, the NNPDF30 nnlo as 0118 PDF

set and setting the renormalisation and factorisation scales to µR = µF = m4l/2.
The analysis used is the standard Rivet [235] analysis for MC validation of the ZZ
production, MC ZZINC, which implements cuts on the lepton-pairs to avoid photon
singularities, i.e. 66 < m2l < 116GeV.
In this set-up, the total cross-sections for the BVI part of the NLO calculation agree:

σex = 1.438(2) fb,

σint = 1.439(3) fb.
(5.3.26)

Similarly, inclusive observables show a very good agreement between the two cal-
culations as can be seen from Fig. 5.13. The plots show the four-lepton invariant
mass, leading lepton pseudorapidity, single Z-boson pseudorapidity and leading lep-
ton transverse momentum. In all these observables the exact calculation and the
interpolated one are in very good agreement. Small deviations are only observed in
the high energy region of the four-lepton invariant mass and leading lepton trans-
verse momentum, but these can be attributed to statistical fluctuations. In Fig.
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Figure 5.13: Comparison of the BVI part of the NLO fixed order e+e−µ+µ− production in
gluon fusion evaluated using the exact result from the ggvvamp code and the four-dimensional
interpolation. The simulations have been done using Sherpa + OPENLOOPS.

5.14 the ∆ηZZ and ∆RZZ observables are shown. In this case, large deviations of
about 15% are in the tail of the distributions, i.e. |∆ηZZ | > 4.5 and ∆RZZ > 5.5.
This is due to the fact that in that phase space region the interpolator switches to
its extrapolation method due to the fact that those points are not covered by the
pre-evaluated grid. Despite these differences, this interpolation framework is a very
useful tool. For example, it can be used as a surrogate for the loop-induced virtual
matrix element in unweighted event generation. Only when an event is accepted, a
full evaluation using the analytical virtual matrix element from ggvvamp is required.
Similarly to the technique described in Ref. [236].

The results in Sec. 5.4 for the Mc@Nlo calculation are all generated using the
exact virtual matrix element after testing the simulation setup with the interpolated
grid. In those tests there has been no statistically significant difference between the
exact and interpolated calculation.
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Figure 5.14: Comparison of the BVI part of the NLO fixed order e+e−µ+µ− production in
gluon fusion evaluated using the exact result form the ggvvamp code and the four-dimensional
interpolation. The simulations have been done using Sherpa + OPENLOOPS.

5.4 NLO Di-Boson Production in Gluon Fusion Matched
to Parton Shower

Sec. 5.1.3 has discussed the parton-shower matching to loop-induced gluon-initiated
processes at leading order. In that case, it was shown that the parton-shower match-
ing for loop-induced processes could produce non-trivial effects due to the large
gluon initial state flux and splitting function. In observables sensitive to QCD emis-
sions, such as the di-boson transverse momentum, the leading-order parton-shower
matched calculation (Figs. 5.4 and 5.5a) produces a harder spectrum than the 0+1-
jet merged matrix-element calculation in the transition region from soft/collinear to
hard emissions. This is not observed in qq̄ initiated processes, as shown in Fig. 5.5b
for the e+e−µ+µ− production at leading order, suggesting that the parton-shower
matching to NLO loop-induced gluon-initiated processes has to be studied carefully
before using it for phenomenological studies. The parton-shower matching to the
NLO gg → e+e−µ+µ− loop-induced process is going to be studied by comparing
the Mc@Nlo to the fixed order calculation. Due to the parton-shower unitarity,
these two calculations are expected to coincide at least for inclusive observables, and
especially they are expected to reproduce the same one-jet high transverse momen-
tum spectrum. The fixed order calculation is supplemented by an uncertainty band
defined as the envelope of the renormalisation (µR) and factorisation (µF ) 7-point
scale variations, i.e.{
(12µR,

1
2µF), (

1
2µR, µF), (µR,

1
2µF), (µR, µF), (µR, 2µF), (2µR, µF), (2µR, 2µF)

}
.

TheMc@Nlo calculation features a scale-variation uncertainty band for the parton-



QCD Corrections to e+e−µ+µ−: Gluon Fusion 5 108

shower starting scale. This has been varied by a factor of 2 both upward and
downward, i.e. {1

2µPS , µPS , 2µPS}. Together with these samples, the MePs 0+1-
jet merged calculation is also included. This sample is added in order to highlight
the role played by the significant virtual correction in the showered calculation. All
these calculations have been performed using the same SM and PDF parameters
used in the validation of Sherpa’s ggvvamp implementation. The fixed order renor-
malisation and factorisation scales are instead set to the final-state lepton pairs’
mean transverse energy, i.e.

µR = µF =
1

2
(ET,ee + ET,µµ) . (5.4.1)

This is also used to set the renormalisation and factorisation scales of the core pro-
cess in the Mc@Nlo and MePs 0+1-jet calculations. In the merged calculation,
the merging cut is set to Qcut = 30GeV, while the renormalisation, factorisation,
and resummation scales are set using the CKKW algorithm as for the results of
Sec. 4.6.2. It is essential to note that each 1-jet process also includes the qq̄ and gq
initial-state channels. Finally, the phase space cuts used are,

pT,2l > 25 GeV, |ηZ | < 3.5, ∆Ree/µµ > 0.2,

66 GeV ≤ me+e−/µ+µ− ≤ 116 GeV.

These are general cuts for the standard MC validation analyses MC ZZINC and
MC ZZJETS from the Rivet repository. In Tab. 5.4 the results for the total cross-
sections from the three calculations are shown. The first thing to notice is that the
fixed order and Mc@Nlo total cross-sections are in perfect agreement. This is ex-
pected due to the unitarity of the parton-shower, and it confirms that the Mc@Nlo
method is working as it should also for NLO loop-induced processes. Instead, the
comparison to the MePs 0+1-jet total cross-section shows a very large NLO k-
factor of about +75%, which is not covered by the still very large fixed order scale
variation uncertainty which goes from -10% to +27%. The size of the fixed order
scale uncertainty and the NLO correction agrees with other calculations [169, 207].
The parton-shower starting scale uncertainty of the Mc@Nlo result has not been
reported because it was smaller than the statistical error of the nominal value. The
large NLO k-factor and theoretical uncertainty indicate that for an accurate descrip-
tion of the e+e−µ+µ− production, the NLO correction of loop-induced four-lepton
production needs to be included.

The effects of the parton-shower matching are studied by looking at more exclu-
sive observables. In Fig. 5.15 and Fig. 5.17 are shown respectively lepton and jet
exclusive observables. Together with the comparison of the fixed order calculation
against the Mc@Nlo and MePs 0+1-jet calculations, a second ratio plot is added
showing the contribution of the S- and H-type events in the Mc@Nlo sample.
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Loop Ind. pp→ e+e−µ+µ−+jets NLO Mc@Nlo MePs 0+1-jet

Total Cross Section [fb] 1.7904(49)+27%
−10% 1.793(7) 1.0184(6)

Table 5.4: Total cross-sections for the pp → e+e−µ+µ− in gluon fusion evaluated at fixed
order NLO, Mc@Nlo and MePs 0+1-jet.

The lepton observables taken into consideration are the four-lepton invariant
mass m2e2µ, di-boson transverse momentum pT,2e2µ, leading Z-boson transverse mo-
mentum pT,Z and pseudorapidity difference of the boson pair ∆η2e,2µ. Except for
the di-boson transverse momentum, for every other lepton observable the Mc@Nlo
is in very good agreement with the fixed order calculation. The comparison with
the MePs 0+1-jet calculation shows that the virtual correction has a more consider-
able impact in the low energy region in both the four-lepton invariant mass and the
leading Z-boson transverse momentum. Indeed, in the four-lepton invariant mass
distribution, both NLO calculations are about 75% bigger than the MePs 0+1-jet
in the on-shell region, i.e. at about m2e2µ = 2MZ , and only 45% bigger at 500GeV.
Very large deviations between the Mc@Nlo and fixed order calculations are instead
displayed in the di-boson transverse momentum. Here, the nominal Mc@Nlo de-
viates from the fixed order by more than 100% for energies between 40GeV and
100GeV. Furthermore, in this energy region, the Mc@Nlo displays a very large
parton-shower starting scale uncertainty reaching 200% difference with the fixed or-
der at about 150GeV. At higher energies, theMc@Nlo calculation converges to the
fixed order calculation reproducing the right single hard QCD emission spectrum.
However, despite this deviation being similar to the one observed in the leading
order loop-induced parton-shower matching in Fig. 5.4 and Fig. 5.5a, they can not
be traced back to the same origin. The reason why they are different is given by
the fact that the MePs 0+1-jet line does not display any bump, and it is, on the
contrary, in very good agreement with the fixed order result in the hard emission
energy region. This means that it can not just be a large parton shower effect due to
the size of the gluon splitting functions and their incoming luminosity. It has instead
to be linked to the large virtual correction in the NLO calculation matched to the
parton-shower since it is the only different piece between the MePs 0+1-jet and
Mc@Nlo. Indeed, by looking at the second ratio panel of the di-boson transverse
momentum it is clear that the large deviation of the Mc@Nlo calculation comes
from S-type events that are dominant up until 100GeV. At higher energies, the
Mc@Nlo sample is dominated by the H-type events that correctly reproduce the
hard emission spectrum of the fixed order calculation as expected.

The large contribution to the S-type events comes from higher order terms in-
cluded in the Mc@Nlo method. These terms can be understood by rearranging
the Mc@Nlo formula from Eq. (2.2.6) for the case of an observable insensitive to
Born configurations,
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⟨O ⟩ =
∫
dΦBdΦ1B̄(ΦB)∆(t, µ2PS)

D(ΦB,Φ1)

B(ΦB)
Θ(µ2PS − t)O(ΦR)

+

∫
dΦRH(ΦR)O(ΦR). (5.4.2)

Taking this expression outside the Sudakov suppression region, i.e. ∆(t, µ2PS) = 1,
and writing explicitly the real emission contribution, Eq. (5.4.2) becomes

⟨O ⟩H =

∫
dΦBdΦ1

(
B̄(ΦB)−B(ΦB)

) D(ΦB,Φ1)

B(ΦB)
Θ(µ2PS − t)O(ΦR)

+

∫
dΦRR(ΦR)O(ΦR)

=

∫
dΦBdΦ1 (V (ΦB) + I(ΦB)) K̄(ΦB,Φ1)Θ(µ2PS − t)O(ΦR)

+

∫
dΦRR(ΦR)O(ΦR). (5.4.3)

From the last equivalence in Eq. (5.4.3) it is clear that the energy region that should
be populated only by the real emission matrix elements also gets populated by S-
type events of the form [V (ΦB) + I(ΦB)] · K̄(ΦB,Φ1)Θ(µ2PS − t). This is formally
a contribution at the order O

(
α4
sα

4
)
that does not spoil the claimed accuracy of

the Mc@Nlo calculation. Moreover, this term can be considered the soft and/or
collinear approximation of the virtual correction for the real emission diagrams. In
loop-induced processes the size of [V (ΦB) + I(ΦB)]·K̄(ΦB,Φ1) can be comparable to
the R(ΦR) piece of the NLO calculation due to the very large virtual correction and
gluon splitting function. Moreover, the presence of the Θ(µ2PS − t) explains the very
large parton-shower starting scale uncertainty in the Mc@Nlo sample. Indeed, for
smaller choices of µPS , the activity of these higher order terms is reduced, improving
the agreement between the fixed order and theMc@Nlo as observed in the di-boson
transverse momentum distribution in Fig. 5.15. On the contrary, larger values of the
parton-shower starting scale would let these terms populate the higher energy region
worsening the agreement with the fixed order. The same effect was observed in the
NLO loop-induced di-Higgs production in Ref. [214]. It is important to point out
that these higher order terms are not only present in the Mc@Nlo method but also
in the POWHEG method, as shown in Refs. [168, 207], leading to the very same kind
of deviation. In quark-initiated processes, the higher order terms do not produce
such a sizeable contribution due to the more modest size of the virtual correction
and parton splitting functions, as shown in Fig. 5.16.

The jet observables studied in Fig. 5.17 are the leading jet transverse momen-
tum pT,j , the separation between the Z-boson and leading jet ∆R(2e2µ, j), pseu-
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dorapidity of the leading jet ηj and the inclusive jet multiplicity Njet. The leading
jet transverse momentum displays the same Mc@Nlo deviation as the four-lepton
transverse momentum. In this case, its nominal value deviates from the leading
order at most by 80% at about 65GeV. It again covers the energy range from
40GeV to 100GeV with a very large parton-shower starting scale uncertainty that
largely exceeds the fixed order renormalisation and factorisation scale uncertainty.
The MePs 0+1-jet sample is again in good agreement with the fixed order cal-
culation in the hard emission region. The separation of the di-boson system with
the leading-jet shows a good agreement between the Mc@Nlo and the fixed order
calculation for ∆R(2e2µ, j) > π. The small deviations displayed can be attributed
entirely to parton-shower effects since the Mc@Nlo and the MePs 0+1-jet differ
only by a constant factor. In this case, the parton-shower starting scale uncertainty
is relatively small, especially for ∆R(2e2µ, j) > π. The region ∆R(2e2µ, j) < π has
a larger parton-shower uncertainty since it is entirely populated by it. The flat dif-
ference between the Mc@Nlo and MePs 0+1-jet of about 75% is again a confirma-
tion of the correct behavior of the parton-shower matched to an NLO loop-induced
process. The pseudorapidity of the leading jet and the inclusive jet multiplicity
observables show a very interesting behavior. In this case, the Mc@Nlo is about
35% bigger than the fixed order and 75% than the MePs 0+1-jet calculations in
both the one-jet inclusive cross-section and throughout the range of the leading jet
pseudorapidity. It is very interesting to note that the difference between Mc@Nlo
and MePs 0+1-jet is still of the same order as the 0-jet NLO correction despite
these observables being formally at leading order. This is due to the fact that the
Mc@Nlo sample is dominated by S-type events, meaning that these observables
are populated mainly by soft/collinear emissions according to the first line of Eq.
(5.4.2). In other words, in the leading-jet pseudorapidity and the one-jet inclusive
cross-section, the Mc@Nlo sample is still about 70% bigger than the MePs 0+1-
jet sample because the soft/collinear emissions in the Mc@Nlo are weighted by
B̄(ΦB) while in the MePs 0+1-jet they are weighted by B(ΦB), reproducing so
the displayed 75% difference of the 0-jet NLO correction between the two samples.
Moreover, the parton-shower starting scale uncertainty of the Mc@Nlo sample is
not large enough to make up for this 75% difference. All these observations suggest
that observables sensitive to jet configurations in loop-induced processes may still
receive substantial corrections from higher orders terms.



QCD Corrections to e+e−µ+µ−: Gluon Fusion 5 112

Sherpa+OpenLoops+ggvvampSherpa+OpenLoops+ggvvamp

Fixed Order
MC@NLO
MEPS 0+1-jet

10−7

10−6

10−5

Invariant mass of boson pair

d
σ

/
d

m
2e

2µ
[p

b/
G

eV
]

0.5
0.6
0.7
0.8
0.9

1
1.1
1.2
1.3
1.4

R
at

io
to

FO

200 250 300 350 400 450 500
-0.5

0

0.5

1

1.5

2

S
H

m2e2µ [GeV]

R
at

io
to

M
C

@
N

L
O

Sherpa+OpenLoops+ggvvampSherpa+OpenLoops+ggvvamp

Fixed Order
MC@NLO
MEPS 0+1-jet

10−4

Pseudorapidity difference of boson pair

d
σ

/
d

∆
η

2e
,2

µ
[p

b]

0.4
0.6
0.8

1
1.2
1.4

R
at

io
to

FO

-3 -2 -1 0 1 2 3
-0.5

0

0.5

1

1.5

2

S
H

∆η2e,2µ

R
at

io
to

M
C

@
N

L
O

Figure 5.15: Distributions of leptonic observables for the loop-induced e+e−µ+µ− + jets
production. The Mc@Nlo calculation is compared against the fixed order. These two
lines are supplemented with uncertainty bands for, respectively, the parton-shower starting
scale and the renormalisation and factorisation scale 7-point variation. The MePs 0+1-jet
is also included as extra reference. The four observables shown from top left to bottom
right are: the invariant mass of the four-lepton system m2e2µ, the transverse momentum
of the four-lepton system pT,2e2µ the leading Z-boson transverse momentum pT,Z , and the
pseudorapidity difference of the Z-boson pair ∆η2e,2µ. All predictions are calculated using
Sherpa+OPENLOOPS +ggvvamp. The first ratio plot shows the showered samples relative
to the fixed order, while the second one gives the relative size of the contributions to the
Mc@Nlo prediction.
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Figure 5.16: Distributions for the pp → e+e−µ+µ− + jets process at NLO QCD. The
Mc@Nlo calculation is compared against the fixed order. The fixed order line is sup-
plemented with the renormalisation and factorisation scale 7-point variation uncertainty
band. The four observables shown from top left to bottom right are: the invariant mass of
the four-lepton system m2e2µ, the transverse momentum of the four-lepton system pT,2e2µ

the leading-jet pseudorapidity ηj , and the leading-jet transverse momentum pT,j . All pre-
dictions are calculated using Sherpa+OPENLOOPS.
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Figure 5.17: Distributions of jet observables for the loop-induced e+e−µ+µ− + jets produc-
tion. The Mc@Nlo calculation is compared against the fixed order. These two lines are
supplemented with uncertainty bands for, respectively, the parton-shower starting scale and
the renormalisation and factorisation scale 7-point variation. The MePs 0+1-jet is also
included as extra reference. The four observables shown from top left to bottom right are:
the leading-jet transverse momentum pT,j , the separation between the Z boson pair and
the leading jet ∆RZZ,j the leading-jet pseudorapidity ηj , and the inclusive number of jets
Njet. All predictions are calculated using Sherpa+OPENLOOPS +ggvvamp. The first ratio
plot shows the showered samples relative to the fixed order, while the second one gives the
relative size of the contributions to the Mc@Nlo prediction.
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With the upcoming Run III and the future high luminosity upgrade of the LHC,
datasets will reach an unprecedented accuracy. In particular, the experimental un-
certainty on di-boson measurements is expected to decrease to just a few percent on
many differential observables, such as the four-lepton invariant mass and transverse
momentum. Theoretical predictions are then required to match the experimental
measurements’ high precision level. Specifically, calculations based on perturbation
theory need to be improved, including higher-order corrections.

High precision measurements for the di-boson production are crucial for testing
the gauge invariance of the SM because they allow studying the effects of the EW
gauge boson self-coupling dictated by the gauge symmetry. Moreover, many BSM
models introduce terms in the SM Lagrangian that modify these couplings by break-
ing the SM gauge invariance. High precision measurements are crucial to set limits
on the couplings and masses of possible new particles and further investigate the
SM.

In this thesis the higher order corrections taken under consideration are the
NLO EW to pp→ e+e−µ+µ−+ jets and NLO QCD to gg → e+e−µ+µ− in a general
multiple QCD emission simulation.

Since a general framework to include the full NLO EW correction in a multi-jet
merged calculation is not fully developed yet, in this thesis, EW corrections have
been studied via two approximations, the high-energy virtual EW (EWvirt) and
Sudakov (EWsud) approximations, that were already implemented and automated
in Sherpa. Both these approximations are based on the fact that in the high
energy region of the phase space, the NLO EW correction is dominated by Sudakov
logarithms from the virtual matrix element. In this thesis, these EW approximations
have been in the first place compared to the full NLO EW correction to the pp →
e+e−µ+µ− and pp→ e+e−µ+µ−j processes, in order to check how well they capture
the exact high energy behavior of the full NLO EW correction.

The EW virtual matrix elements have been evaluated for the 0- and 1-jet pro-
cess, respectively with OPENLOOPS and RECOLA. Sherpa’s interface to the RECOLA

matrix element generator has required to be ported and validated to the new version
of Sherpa (v3.0.0). The validation of the EW approximations has shown very good
agreement with the fixed order NLO EW calculation. Only in the case of jet observ-
ables for the four-lepton production associated with one jet a significant discrepancy
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with the fixed order calculation was observed. The cause for this discrepancy is found
to be a QCD-EW interference finite contribution to the real emission that is not part
of the EW approximations. However, the impact of this contribution is shown to be
significantly reduced by including the NLO QCD correction, improving the agree-
ment between the EW approximations and the fixed order calculation. The effects of
matching the fixed order NLO EW calculations to the resummed EW Sudakov loga-
rithms are studied in this validation. The effect of the resummation has been shown
to reduce the negative correction of the fixed order NLO EW calculation in the very
high-energy region. The overall good level of agreement of the EW approximations
motivates their use in a MePs@Nlo calculation based on the NLO QCD 0- and
1-jet multiplicity and LO and 2- and 3-jet multiplicity matrix elements. Both the
total cross-section and the differential observables studied here have shown a good
agreement between the predictions with the two approximations. However, sys-
tematic deviations have been observed for phase space regions dominated by higher
multiplicities’ matrix elements. These deviations are explained by the different ways
EWvirt and EWsud approximations are applied to the pieces of the multi-jet merged
calculation. Specifically, the EWvirt is applied to higher multiplicities only via a local
k-factor using the EW virtual matrix elements of the lower multiplicities. Instead,
in the EWsud approximation, higher multiplicity matrix elements receive the correct
NLL EW Sudakov factor. Finally, the phenomenology of EW effects in this setup
has been studied, including the theoretical uncertainty for the reference calculation,
i.e. MePs@Nlo. The impact of the EW Sudakov logarithms is observed to exceed
the theoretical uncertainty for high energetic configurations reaching up to -40%.

The second higher order correction to the pp → e+e−µ+µ− process studied in
this thesis is the NLO QCD of the loop-induced gg → e+e−µ+µ−. The study of
this process focuses on its parton-shower matching at both leading order and NLO.
The leading order parton-shower matching highlights general features specific to
loop-induced processes, such as the large initial state gluon luminosity and splitting
functions. To give an idea of the generality of these features, the leading order ZH
on-shell production in gluon fusion matched to parton-shower was discussed. In this
study, two different parton-shower were considered, Sherpa and Pythia 8. Both
these parton-showers have shown very similar behavior with differences covered by
Sherpa’s parton-shower starting scale uncertainty. These two calculations have also
been compared to the MePs@Lo 0+1-jet merged matrix elements. In this compar-
ison, the multi-jet merged calculation included the scale variation uncertainty. As
expected, the LO+PS calculations failed to capture the hard emission spectrum of
the MePs@Lo calculation. However, it was also observed that the parton-shower
produces a harder spectrum that exceeds the scale uncertainty of the MePs@Lo
calculation for energies between 40GeV to 100GeV. This behavior is characteristic
of loop-induced processes due to the large gluon splitting functions. This obser-
vation suggests that the NLO parton-shower matching has to be carefully checked
to identify any possible parton-shower artifact. The evaluation of the NLO loop-
induced e+e−µ+µ− production used OPENLOOPS for the Born and real emission
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matrix elements and ggvvamp for the virtual matrix elements. The interface to the
ggvvamp code in Sherpa and its validation is part of the technical achievements of
this thesis. Due to the highly complex structure of the virtual matrix element, its
single phase-space point evaluation takes, on average, 2 seconds. The large evalu-
ation time makes the NLO loop-induced four-lepton production quite impractical
for unweighted event generation or simulations involving several weight variations.
An interpolation framework has been developed for a fast evaluation of the virtual
matrix elements in order to solve this problem. With this method, the average single
phase-space point evaluation takes on the order of milliseconds. However, the main
results of this thesis have been evaluated using the actual analytical matrix element.
The interpolation is, instead, used for preliminary tests of the setup. Turning to the
NLO parton-shower matching results. The NLO loop-induced has been matched to
the parton-shower using the Mc@Nlo method, including the parton-shower start-
ing scale uncertainty in the sample. This calculation has been compared to the NLO
fixed order calculation that includes the renormalisation and factorisation scale un-
certainty and the MePs@Lo merging the 0+1-jet multiplicity matrix elements at
the leading order. From this analysis has been observed that in the total produc-
tion rate and differential observables that are insensible to jet configurations, the
fixed order and Mc@Nlo calculations are in perfect agreement. Instead, the com-
parison with the MePs@Lo displayed the very large NLO k-factor of about 75%
featured by loop-induced processes. In observables sensible to jet configurations,
such as the four-lepton transverse momentum, the Mc@Nlo displayed substantial
deviations from the fixed order in the energy range from 40GeV to 100GeV. Unlike
the leading order matching, this discrepancy is due to higher order corrections in-
troduced by the Mc@Nlo method, which are generally small. However, in the case
of loop-induced processes, these are enhanced by the large NLO k-factor and gluon
splitting functions. The significant effects of these higher order terms suggest that
loop-induced processes may still receive significant contributions from their NNLO
correction.

To give an outlook, the most immediate improvement to the results presented
here concerns the NLO QCD correction to the loop-induced e+e−µ+µ− production.
The virtual matrix element implemented and studied in this thesis has top-quark
mass effects included only via approximation. Analytical calculations, including the
complete top-quark mass dependence, have started to appear only very recently
[167]. The interface to the ggvvamp code developed in Sherpa is general enough
for a simple implementation of the virtual matrix elements’ form factors with full
top quark mass dependence. Implementing such amplitudes will give us a complete
description of the NLO QCD loop-induced four-lepton production. Moreover, the
interpolation framework developed for the fast evaluation of the massless virtual
matrix elements form-factors is expected to work as well, giving a fast alternative
for phenomenological studies of the full NLO loop-induced correction.

Another important follow-up is to include matched EW corrections in a multi-jet
merged calculation. This can be achieved by matching the EWvirt approximation
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to the all-order resummation of the EW Sudakov logarithms at NLL logarithmic
accuracy, using the exponentiated EWsud approximation. The motivation to include
the all-order resummed EW Sudakov logarithms with the EWvirt approximation is
to improve the description of very energetic regions of the phase space that are where
many BSM new elementary particle candidates should contribute the most.

The higher order corrections presented in this thesis are the state-of-the-art of
the pp → e+e−µ+µ+ process modelling in both fixed order and fully differential
multijet-merged MC simulations. This work will be fundamental for the upcoming
measurements of e+e−µ+µ− four-lepton production at the LHC in Run III and the
future HL-LHC.



Appendix A

OPENLOOPS and RECOLA

Validation

In this appendix are reported some validation plots for the porting of Sherpa’s
interface to the RECOLA matrix element generator to its version 3.0.0, and the de-
velopment and update of the new module, EXTAMP. Since this thesis focuses on the
e+e−µ+µ− production the plots in Fig. A.2 are all calculations of this process.

Each sub-figure in Fig. A.2 contains ratio plots with different calculations of the
same observable, while different sub-figures show different observables. The calcu-
lations under consideration are:

• LO+PS. The reference calculation uses AMEGIC, and it is compared against
EXTAMP using OPENLOOPS as matrix element generator. The parton-shower
used is Sherpa’s default Catani-Seymour shower.

• Mc@Nlo. The reference calculation uses AMEGIC and OPENLOOPS for the
virtual amplitude. This is compared against EXTAMP using OPENLOOPS for
every matrix element. The parton-shower used is Sherpa’s default Catani-
Seymour shower.

• NLO QCD. Both calculations use AMEGIC to evaluate the tree-like matrix ele-
ments, while the virtual correction is evaluated with OPENLOOPS in the refer-
ence line and with RECOLA in the compared calculation.

• NLO EW. Both calculations use AMEGIC to evaluate the tree-like matrix ele-
ments, while the virtual correction is evaluated with OPENLOOPS in the ref-
erence line and with RECOLA in the compared calculation. These calculations
are done in the Gµ scheme.

The showered samples are reported for the four-lepton invariant mass, the sep-
aration of the Z-boson pair, the azimuthal angle difference of the Z-boson pair
and the di-boson transverse momentum, while the fixed order calculations for the
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(a) Four-lepton invariant mass.
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(b) Separation of the Z-boson pair.
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Figure A.1: Validation plots for the EXTAMP module and the update of RECOLA. Each sub-
figure contains calculations for the same observable. The observables considered are, the
four-lepton invariant mass Fig. A.2a, the separation of the Z-boson pair Fig. A.2b. The
different calculations considered are: LO+PS, Mc@Nlo, fixed order NLO QCD and fixed
order NLO EW.

four-lepton invariant mass, the separation of the Z-boson pair, the pseudorapidity
difference and the leading Z-boson transverse momentum All calculations show a
good level of agreement within the statistical uncertainty.



OPENLOOPS and RECOLA Validation A 121

(a) Azimuthal angle difference of
the Z-boson pair.
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(b) Four-lepton transverse momen-
tum.
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(c)Pseudorapidity difference of the
Z-boson pair.
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(d) Leading Z-boson transverse
momentum.
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Figure A.2: Validation plots for the EXTAMP module and the update of RECOLA. Each sub-
figure contains calculations for the same observable. The observables considered are, the
azimuthal angle difference of the Z-boson pair Fig. A.2a, the di-boson transverse momen-
tum Fig.A.2b, the pseudorapidity difference Fig. A.2c and the leading Z-boson transverse
momentum Fig. A.2d. The different calculations considered are: LO+PS, Mc@Nlo, fixed
order NLO QCD and fixed order NLO EW.
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